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Abstract

Multiple-criteria decision-making (MCDM) problems are the imperative part of modern
decision theory where a set of alternatives has to be assessed against the multiple influential
attributes before the best alternative is selected. In a decision-making(DM) process, an
important problem is how to express the preference value. Due to the increasing complexity
of the socioeconomic environment and the lack of knowledge or the data about the DM
problems, it is difficult for the decision maker to give the exact decision as there is always
an imprecise, vague or uncertain information. To deal with this, the theory of the fuzzy sets
(FSs) or its extensions such as intuitionistic fuzzy sets (IF'Ss), interval-valued intuitionistic
fuzzy sets (IVIFSs), type-2 fuzzy sets (T2FSs), etc., are widely used by the researchers so
as to minimize the uncertainty level. During the last decades, the researchers are paying
more attention to these theories and have successfully applied it to the various situations
in the DM process. Nevertheless, neither the FS nor IFS theory is able to deal with
indeterminate and inconsistent information. For instance, we take a person giving their
opinion about an object with 0.5 being the possibility that the statement is true, 0.7 is
the possibility that the statement is false and 0.2 being the possibility that he or she is
not sure. To resolve this, Smarandache in 1998, introduced a new component called the
“indeterminacy-membership function” and added the “truth membership function” and
“falsity membership function”, all which are independent components lying in |0~, 1*[, and
hence the corresponding set is known as a neutrosophic set (NS), which is the generalization
of the IFS and FS. However, without specification, NSs are difficult to apply to real-life
problems. Thus, a particular case of the NS called a single-valued NS (SVNS) and the

interval neutrosophic set (INS) has been proposed by the researchers.
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After this pioneering work, researchers have been engaged in extensions and applica-
tions to different disciplines. However, the most important task for the decision-maker is
to rank the objects. For this, researchers have made efforts to enrich the concept of infor-
mation measures as well as aggregation operators in neutrosophic environments. Among
these, an aggregation operator is an important part of the DM which usually takes the
form of mathematical function to aggregate all the input individual data into a single one.
However, an information measure such as the distance and similarity measures, comple-
mentary to each other, are defined to differentiate between the two or more objects. Thus
in order to handle the information in a more accurate and certain manner, there is a need

to plan/adopt suitable methodologies to solve the DM problems.

The objective of this research work is to develop some new methodologies under the
environment of the NS by utilizing available information and uncertain data. For it, we
define several information measures such as distance measures, similarity measures, diver-
gence measures as well as aggregation operators for solving the DM problems. The various
desirable relations between the proposed measures and operators are studied. Later, we
developed some new concept of new theory named as Possibility linguistic NSs by embed-
ding the features of the possibility degrees to the linguistic features of the NSs. Afterward,
based on all the developed theories, we present an efficient method to solve the DM prob-
lems in which information related to each alternative is assessed under the consideration
of the experts’ features. Several real-life practical examples are taken to demonstrate the

approach and compared their performance with some of the existing studies.

The present thesis is organized into eleven chapters which are briefly summarized as fol-

lows:

A brief account of the related work of various authors in the evaluation of DM ap-
proaches by using several approaches is presented in the first chapter. In Chapter 2, the

basics and preliminaries related to the NSs are given.

Chapter 3 presents some new aggregation operators by hybridizing the averaging and
geometric aggregation operators with an attitude character parameter. The influence of
this parameter will also be analyzed and shows its property. The advantages of adding the

parameter are to control the effects of the decision parameters towards the biased ones.
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Further, some properties of proposed operators are investigated. To address more features,
an algorithm is presented to addressed the problems using SVNS and INS features into the
DM problem. Last, a numerical example is presented to show its superiority with respect

to the several existing approaches.

In Chapter 4, we developed some new aggregation operators based on the Frank
t-norm operational law under the SVNS environment. The Frank t-norm operation has
an additional parameter which can give a flexible environment to the decision makers to
choose their decisions, according to their desired goals. Based on the proposed aggregation
operators, an algorithm for solving the MCDM approach is presented and illustrated with

a numerical example to show its applicability.

In Chapter 5, by taking the features of the Muirhead mean (MM) to consider inter-
relationships among any number of arguments assigned by a variable vector, we introduce
two new prioritized MM aggregation operators, such as the single-valued neutrosophic
(SVN) prioritized MM (SVNPMM) and SVN prioritized dual MM (SVNPDMM) under
SVN set environment. In addition, some properties of these new aggregation operators
are investigated and some special cases are discussed. Furthermore, we propose a new
method based on these operators for solving the MCDM problems and illustrate with a

numerical example.

In Chapter 6, we developed a non-linear programming model based TOPSIS ap-
proach for solving MCDM problems with incomplete weight information. The relative
closeness coefficient(RCC) degree of the TOPSIS method is formulated based on the dis-
tance measures. Further, the importance of the attribute weights is taken in the form of
interval numbers rather than a real single number. Several special cases of the proposed
approach are discussed in detail. In the developed non-linear programming model of RCC,
a Charles-Chooper approach is utilized to solve the problem. The applicability of this pre-
sented approach is demonstrated with a numerical example of a power generation project
and computed their results with several existing studying results.

Chapter 7 presents an axiomatic definition of divergence measure for SVNSs. The
properties of the proposed divergence measure have been studied. Further, we develop a

novel technique for order preference by similarity to ideal solution (TOPSIS) method for
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solving single-valued neutrosophic multi-criteria DM with incomplete weight information.
Finally, a numerical example is presented to verify the proposed approach and to present
its effectiveness and practicality.

In Chapter 8, we developed some bi-parametric generalized distance measure be-
tween the pairs of SVNSs. The presented measures utilized the concept of L, norm and
the degree of uncertainties. The various properties and relationships between them are
investigated. Later on, the applicability of these measures is explained with the help of
pattern recognition and medical diagnosis problems.

Chapter 9 discusses the new concept of the logarithm operational laws for the pairs of
SVNNs. Further, based on these proposed laws, some new aggregation operators named
as logarithmic weighted averaging and geometric operators for SVNSs are defined and
investigated their properties. To further strengthen their applicability, we developed an
algorithm based on these operators for solving MCDM problems and demonstrate it with
a numerical example. Finally, the influence of the logarithm is examined to show the
behavior of the decision makers towards their optimal decision.

Chapter 10 deal with DM problems to address qualitative information rather than
quantitative information. For it, a concept of linguistic SVNS is utilized with linguistic
variables to represent the data. Further, to add prioritized factor during analyzing the
data, we developed some new laws and hence based on it, some new prioritized weighted
averaging and geometric aggregation operators are developing to address the problems with
linguistic SVN (LSVN) information. The technique corresponding to them is demonstrated
with a numerical example and compared with the existing studies.

In Chapter 11, we present a new theory named as Possibility LSVNS(PLSVNS) for
evaluation of DM problems with the qualitative preference values. The presented idea
considered the degree of the possibility value towards each linguistic features of SVNS.
Based on the features of PLSVNS, theories of COPRAS method and weighted averaging
and geometric aggregation operators have been defined where the weight vector of the
attributes are computed with some information measures. The applicability as well fea-
sibility of the developed methods are explained with a numerical example. Finally, the

advantages of the presented concepts are explained.
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Chapter 1

Introduction

Decision-making (DM) is a subjective process utilized in both businesses and academic
classes for the design of a strategy among the given alternatives scenario by processing
the different preferences of the expert(s). To complete the process, the most important
problem is to choose the appropriate decision about the task and to find the optimal results.
DM is a crucial task for all those professions where experts apply their knowledge in a given
zone to take an appropriate decision. However, in many situations, the alternatives among
which one must choose or make decisions need to be evaluated in light of multiple criteria.
For it, generally, a set of decision makers has taken to evaluate the given alternatives. The
focus of such a process is to assign the preferences of decision makers together to solve a
specific issue by following some general principle of the DM process.

The general process of multicriteria decision making (MCDM) or multiattribute deci-
sion making (MADM) problem consists a set of alternatives A = {41, As,..., A} and
criteria G = {G1,Ga, ..., G} such that it is divided into two mutually disjoint sets namely,
the cost and the benefit criteria. The importance factor of these criteria is given in the
form of weight vector (wy,ws,...,wp) such that w; > 0 and i w; = 1. The decision

Jj=1
matrix corresponding to given alternatives is given as:

g1 Go ... Gy

A1 (A A ... A

Mo A A Am o Ay
Am Aml Am2 cee Amn



where A;; represents the preference of decision maker for alternative A;(i = 1,2,...,m)
over the criteria G;(j = 1,2,...,n).

However, due to various constraints in day-to-day life, decision makers may unable
to give their judgments in exactly crisp form. Thus, to handle it, they prefer to give
their preferences under the uncertain and imprecise in nature by using the theory of
fuzzy set(FS)[195]. Using this theory, decision makers use the membership degree(MD) to
represent their judgment. But with the growing complexity, there always exists a degree
of hesitancy between the preferences of the DM and hence the analysis conducted under
such circumstances is not ideal. To address it, an important extension of FSs such as
intuitionistic fuzzy set(IFS) [7], type-2 fuzzy set (T2FS) [100], hesitant fuzzy set (HFS)
[151], the interval-valued IFS (IVIFS) [6] and so on appears simultaneously. All the
extensions are characterized by non-membership degree (NMD) along with MD such that
their sum is less than one.

The theories of FS, IFS, and IVIFS are incapable of managing a certain kind of un-
certainties such as indeterminate and inconsistent information. To get rid of such uncer-
tainties, a new theory of Neutrosophic sets (NSs) was introduced by Smarandache [141],
which is a branch of philosophy, studies the nature and scope of neutralities, and it is a
generalization of dialectics. In NSs, the uncertain information is represented as the tuple
of membership, non-membership and indeterminacy degrees, all are independent and lies
in J0~, 17[. However, without specification, NSs are difficult to apply to real-life problems.
Thus, an extension of the NS called single-valued neutrosophic set (SVNS) [155] and in-
terval neutrosophic set (INS) [154] theories have been proposed. The aim of this work is
to develop some novel techniques to access the best alternative(s) for the decision makers
under the NS environment. Brief literature on various issues related to the MCDM process

by using existing methods have been reviewed and are given section-wise hereafter.

1.1 Literature review

In this section, we have briefly reviewed the MCDM or MADM approaches under the

different scenario summarized as follows.



1.1.1 Review of aggregation operators

The aggregation operators (AOs) is one of the most collective phase and process during
ordering the alternatives. The basic principle of AOs is to aggregate the various values
into collective ones. Since in MADM process, these always occur more than one attribute
values towards a single alternative and hence the process of AOs play a significant role
between them. In other words, to evaluate the given information in DM, the important
aspect of solving the problem is to design an appropriate mathematical function which
aggregates the different preference of the decision makers into the collective ones. Often,
AOQOs are based on the arithmetic, geometric, and integrals means, etc. In that direction, Ye
[175] presented the operational laws of SVNSs and SVN weighted average and geometric
(WAG) AOs denoted by SVNWA and SVNWG. Liu et al. [79] developed some generalized
neutrosophic AOs based on Hamacher operations and named as SVN Hamacher weighted
averaging (SVNHWA), SVN Hamacher ordered weighted averaging (SVNHOWA), SVN
Hamacher weighted geometric (SVNHWG) and SVN Hamacher ordered weighted geomet-
ric (SVNHOWG). Peng et al. [113] defined the improved operations of SVN numbers
(SVNNs) and developed their corresponding ordered WAG AOs. Abdel-Basset, Manoga-
ran, Gamal and Smarandache [2] solved the supplier selection problem using the neutro-
sophic set environment. Peng and Liu [116] presented an algorithm for solving DM problem
under neutrosophic soft set environment. Ma, Wang, Wang and Wu [94] presented solved
the MCDM problem under an interval neutrosophic linguistic environment. Later on,
some different kinds of AOs have been proposed by the authors in [69, 79, 82, 124]. Apart
from it, there are many AOs proposed by the researchers such as weighted averaging and
weighted geometric operators [113, 175, 182], Hamacher operations based generalized AOs
[79], the generalized AOs based on the triangular norms[5, 78, 85, 202], prioritized AOs
[87, 166, 186], operators based on exponential or logarithmic operations[92, 133, 144, 184],
Einstein AO’s[67], AO’s based on Dombi and Schweizer-Sklar norms operatos[24, 80, 163]

to aggregate different neutrosophic values.

All these above operators, aggregate the given criterion values without considering the

precedence relationship among them. To get rid of this flaw, Yang and Li [170] extends the



power operator to NS domain which can consider the importance of attributes by consid-
ering the support over each other and relieve the influence of unreasonable attribute values
of different alternatives given by decision-makers. Wu et al. [166] defined the prioritized
WAG operators for SVNNs. Liu and Wang [87] developed the prioritized ordered WAG
operators while Ji et al. [57] established the single-valued prioritized Bonferroni mean op-
erator by using the Frank operations. Liu and Wang [86] applied the Bonferroni mean to
neutrosophic environment and introduce the SVN normalized weighted Bonferroni mean
(SVNNWBM) operator. Wang, Yang and Li [159] proposed the Maclaurin symmetric
mean (MSM) aggregation operators to capture the correlation between the aggregated ar-
guments. Liu and Liu [81] developed the prioritized ordered weighted/geometric operators
in the neutrosophic environment and Ji et al. [57] established the SVN Frank normalized
prioritized Bonferroni mean (SVNFNPBM) operator by using the Frank operations. Apart
from this, researchers have proposed many efficient and practical aggregating operators for
the problems having correlated criterion, such as the power average operator [60, 76, 84],
Heronian mean (HM) [69], Bonferroni mean (BM) operator [57, 86, 164, 171], Choquet
integral operators [74, 135, 142, Muirhead mean (MM) operators [88]. A bibliometric

analysis of NS is presented in Peng and Dai [115].

1.1.2 Review of information measures

Distance and similarity measures, complementary to each other, are defined to differentiate
between the two or more objects. These two measures can be considered as two diverse
perspectives of discrimination. The similarity measure utilized to show the proximity
whereas the distance measure is utilized to show the contrast between the objects. Since
the distance and similarity measures play a significant role in real life, numerous analysts
have been defined by various distance and similarity measures in different environments.
Under the neutrosophic domain, several researchers have presented different kinds of in-
formation measures to solve DM problems. For example, Broumi and Smarandache [17]
introduced the Hausdorff distance, while Majumdar [95] presented the Hamming and Eu-
clidean distance for comparing the SVNSs. Ye [173] presented the concept of correlation

for single-valued neutrosophic numbers (SVNNs). Additionally, Ye [181] improved the



concept of cosine similarity for SVNSs, which was firstly introduced by Kong et al. [62] in
a neutrosophic environment. Peng and Dai [114] presented an approach based on similarity
measures and TOPSIS (“Technique for order preference by similarity to ideal solution”)
to solve the DM problem under the SVNS environment. Aside from these, various authors
have incorporated the idea of NS theory into the similarity measures [96, 176], distance
measures [54, 177], the cosine similarity measure [17, 18, 181]. Thus, it has been concluded
that the information measures such as entropy, divergence, distance, similarity, etc., are
of key importance in a number of theoretical and applied statistical inference and data

processing problems.

1.1.3 Review of TOPSIS approach

The approaches described in Section 1.1.2 are based on the distance/similarity measures
to compute the similarities between two sets, by considering only one reference point.
However, in our day-to-day life, we all are more curious to select the optimal alterna-
tive(s) which is more consistently performed based on the ranking values that are only
makes the benefit conceivable but also keep away from as much as a hazard as could
be allowed. To deal with this, numerous approaches have developed time to time in the
literature such as ELECTRE(“ELimination and Choice Expressing REality”)[12], CO-
PRAS(“Complex proportional assessment”)[198], (PROMETHEE)(“Preference Ranking
Organisation Method for Enrichment Evaluations”)[99], VIKOR(“VlseKriterijuska Op-
timizacija I Komoromisno Resenje ”)[109], TOPSIS(“Technique for order preference by
similarity to ideal solution”)[56] and so on. Among them, TOPSIS is one of the most suc-
cessful approaches to deal with it under the underlying principle that it selects the best
alternative(s) which has the smallest distance from the PIS(“Positive Ideal Solution”) and
the largest distance from the NIS(“Negative Ideal Solution”). In it, PIS is recognized
as “speculative elective”, which is framed as a composite of the best-characterized rating
values, that is, it maximizes the benefit criterion values while NIS represents the worst
exhibited rating values, that is, it minimizes the cost criterion values. The prominent char-
acteristic of this approach is that they not only take into account the distance between

the sets but also examine the similarity or dissimilarity between the sets so as to avoid the



conclusion based on the small distance or large similarity. Further, by considering both the
positive and negative ideals in this approach, it will give a suitable choice to the decision
makers during ranking the alternatives. Keeping these features in mind, researchers have

investigated their problems by enriching the TOPSIS method.

Traditionally, TOPSIS method utilizes crisp strategies to evaluate the objects. How-
ever, with the complexities in the data system, it is difficult for the system analyst to
record the data and hence uncertainty plays a role. To address it, researchers have
utilized IFS and IVIFS to deal the fuzzy information into the system and hence pre-
sented the TOPSIS approaches under the evaluations of different problems like evalu-
ation and selection of advanced manufacturing technology [97]; for ranking of the life
cycle sustainability performance of different pavement choices [64]; selection process for
group DM without aggregating the different decision matrices [194]; applied in portfo-
lio selection problem [59]; selection of knowledge management system by combining the
quality function deployment with IFS TOPSIS [68]. Apart from them, many other ap-
proaches related to TOPSIS method under IFS/IVIFS environment have been proposed
in [21, 22, 26, 27, 32, 33, 35, 36, 42, 43, 45, 50, 65, 66, 104, 108, 130, 153, 162, 201].

As TFS or IVIFS does not handle the complete information about the fuzzy informa-
tion. However, SVNS or INS is the successful extensions of the existing theories (IFS
or IVIFS is a special case of SVNS or INS respectively) to describe the information by
using incomplete, indeterminate and inconsistent. Therefore, researchers have presented
their theories to extend the TOPSIS approach with SVNS information. For example, Chi
and Liu [28] presented a TOPSIS method by utilizing maximizing deviation strategy for
solving the DM problems under the INS environment. Sahin and Yigider [134] presented
the TOPSIS approach under SVNS environment for solving the supplier selection prob-
lem. Zhang and Wu [202] established a method for solving MCDM where the information
about the attribute weights are incomplete. In it, they design an optimization model to
compute the criteria weight and have a TOPSIS method to rank alternatives under SVNS
and INS environment. Tian, Zhang, Wang, Wang and Chen [150] introduced a compre-
hensive method for manage the MCDM with INS, involves the two mathematical models

for finding optimal weights and form weighted closeness coefficient on the basis of TOPSIS



and cross-entropy of IVNSs. Biswas et al. [14] introduced the TOPSIS method for solving
group DM problems, where attributes values are represented in terms of SVNNs. Reddy
et al. [127] built up the MCDM method with the association of Analytic Hierarchy Pro-
cess(AHP) and TOPSIS technique to rank the given alternatives under INS environment.
Pouresmaeil et al. [117] presented a method to solve the MCDM problem by combining
the features of the TOPSIS with the VIKOR method under the SVNS environment. Otay
and Kahraman [111] put forward the interval neutrosophic TOPSIS strategy to pick the
finest approach in the supply of almost deformity free items. Moreover, Abu-Faty [4]
hybridized the game theory with neutrosophic TOPSIS to solve the group DM problems.
Peng and Dai [114] presented three algorithms for solving MADM problems based on the
modified TOPSIS, Multi-Attribute Border Approximation area Comparison and the simi-
larity measure under the SVNS information. The neutrosophic Analytic Network Process
and AHP-TOPSIS strategies which contribute for selection process under SVNS domain
have been developed by the authors in [3, 110]. Selvachandran and Peng [137] presented
the integrated weighting methods and TOPSIS for a ranking scenario in the neutrosophic
domain. Biswas et al. [15] discussed the process of solving the group DM problems by
using TOPSIS approach under SVNS and INS domain. However, apart from them some
other approaches by using the TOPSIS method to solve the DM problems are investigated
by the authors [37, 128, 167] under NS domains.

1.1.4 Review of linguistic approaches

In the previous sections, we discuss the MCDM approaches which can describe the fuzzy
essence of the objective world by quantitative measurement. But, as we know, in genuine
MCDM process numerous subjective qualities cannot be estimated quantitatively. Like,
choosing ventures for distinctive sort of financing arrangement or assessing the ‘conve-
nience’ or ‘luxury’ for various types of auto/motors, the specialist typically needs to give
his/her inclinations over choices with the data communicated in linguistic characteriza-
tion similar to, ‘very good’, ‘fair’, ‘poor’,etc. while assessing the vehicle’s speed semantics
marks like ‘quick’, ‘exceptionally quick’, ‘moderate’ can be utilized. For such scenario,

the concept of a linguistic variable (LV) is a more feasible tool for different aspects in the



real world which cannot be surveyed in quantitative structures but in qualitative setting

51, 52, 196).

But the use of only LV has a disadvantage as the uncertain and conflicting data can-
not be handled by it, that is, the linguistic terms such as ‘good’ is not associated with
acceptance degree and non-acceptance degree in DM process. Consequently, to encourage
the specialists to portray both degrees with linguistic assessment, Wang and Li [157] as-
sembled the LV with IFS which consolidated the benefits of both environments. In this
manner, IFS with the qualitative linguistic aspects can totally express the uncertain qual-
itative aspects is a decent prospect in MCDM. Due to this, it has been generally utilized
in different fields and in recent years had favorable performances [25, 63, 83, 91, 112, 156].
The above collaboration is truly appropriate to be utilized for portraying the ambiguity
of the human mind. Thus, the investigation on the different characteristics of MCDM
issues dependent on the association of LVs and IFSs has incredible importance. However,
there is a downside of using this concept as it is not able to manage the independent

indeterminacies in the different decision processes.

Since, the NSs characterized the indeterminacy factor independently, which can de-
scribe the value of a statement between truth and falsehood, therefore, the huge produc-
tion of work in NS theory has been done. The investigation related to the utilization of
SVNSs/INSs to MCDM issues has essentially included the advancement of AOs. NSs have
a tendency to manage the independent indeterminacy and the AOs of NSs presents a favor-
able way to collaborate the NS data. But still, they are unable to represent the qualitative
aspects of the given information. In order to eliminate this significant gap in intuitionistic
linguistic theory and neutrosophic set theory, Ye [179] initialized the notion of interval
neutrosophic linguistic set(INLS) for solving the MCDM problems. Further, Ye [180)]
proposed the SVN linguistic (SVNL) set (SVNLS), which is represented as (sg, (i, p,v))
where (p, p,v) is SVNN and represents the truth, indeterminacy and falsity degree of
some linguistic variable sg. Ye [183] investigated the basic AOs in order to aggregate the
SVNL numbers (SVNLNs) and solve the MCDM on manufacturing system. Later on, to
aggregate the SVNLNs in the decision process in which the criteria values are correlated

to each other, Tian, Wang, Zhang, Chen and Wang [149] provided the Bonferroni mean



operator in SVNLN domain. Ma, Wang, Wang and Wu [94] applied the concept of INLS in
choosing medical treatment preferences in the medical MCDM. The generalization to some
SVNL AQ’s is done by Tian et al. [148]. Wang, Yang and Li [159] founded the Maclurian
symmetric mean(MSM) operator for exploring the decision process with SVNLSs. Also,
the MSM operator is extended to INLS domain by Geng et al. [47]. Yang et al. [172] intro-
duced the power operator by using the Einstein norms for taking its advantages in INLSs.
Afterward, Wang, Tian, Zhang, Zhang and Wang [158] utilized neutrosophic linguistic

information in order to introduce the novel neutrosophic cloud model.

However, the assessment in the above theory has only one linguistic variable whose ac-
ceptance, indeterminacy and non-acceptance are still the real numbers and is inadequate
to express complete qualitative data. Therefore, Li et al. [71] introduced the neutro-
sophic sets with the linguistic membership(sy), linguistic indeterminacy(sy) and linguistic
non-membership(s,) called linguistic neutrosophic numbers(LNN) with are represented
as (Sy,Sp, So). Further, Fang and Ye [39] presented the weighted average and geomet-
ric operators for decision process in linguistic neutrosophic set(LNS) domain. Afterward,
Fan et al. [38] presented the Bonferroni mean operator for LNNs with its applications to
the DM process. Later on, Liang et al. [72] applied the concept of LNNs to solve the
human resource management evaluation problem with LNNs as rating values. Cui et al.
[31] collaborated the LNNs with uncertain variables and developed weighted average and
weighted geometric AOs under the linguistic neutrosophic uncertain number environment.
Liu, Mahmood and Khan [82] presented the AO’s by combining the power and Heronian
mean (HM) AOs by utilizing the LNNs. Liu and You [89] developed the Hamy mean oper-
ators for aggregation process and entropy measures for determining the criteria weights to
handle the LNN group DM problems.Wang and Liu [161] presented an MCDM technique
based on the generalized partitioned BM AQ’s for neutrosophic linguistic numbers. Ye and
Cui [190] hybridized the concept of LNNs and interval linguistic numbers and developed

their operational laws for obtaining the AOs.

Apart of AOs, building of information measures like distance measure, similarity mea-
sure, entropy measure,etc. and other DM strategies has been broadly examined for their

wide applications in DM strategies. Building on SNSs, INSs, SVNLSs, INLSs and LNS, the
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similarity measure [41, 98, 102, 103, 105, 118, 145, 169, 176, 185, 188, 192, 193], distance
measure[30, 58, 75, 129, 136, 152, 191], entropy measure[29, 54, 119, 120, 132, 150, 165, 189]
gives the fruitful contribution in investigation DM process. Apart of these measures, sev-
eral DM methods such as TOPSIS[14, 15, 111, 114, 117, 134], VIKOR[1, 55, 93, 169],
ELECTRE[143, 199], GRA[13], MUTIMOORA [10], CODAS[16], DEMATEL|2, 8, 9, 77,
146], WASPAS[107, 197], AHP[123]. Later on, a MULTIMOORA approach is proposed
by Tian et al. [147] for ranking the given choices with SVNLNs as preference values.
Tian et al. [148] developed an appropriate technique which assimilates the TOPSIS based
QUALIFLEX approach to investigate the selection problem under the neutrosophic lin-
guistic(NL) data and for choosing project delivery system NL preference relations are
designed by Liu and Luo [76]. For the selection of mining project with LNN preference
values, Liang et al. [73] extended the TOPSIS approach for making the best investment.
For finding the similarity among the LNNs, Shi and Ye [138] developed the cosine mea-
sures for the decision process. In 2018, Shi and Ye [139] introduced the concept of the
correlation coefficient between the LNNs and apply it to group DM problems. Li, Wang
and Wang [70] developed the EDAS method for the most desirable alternative in the group
decision process under the LNN environment. Recently, Liu and You [90] presented the
projection measures for LNNs which not only consider the distance but also the included
angle in the MCDM problems. Researchers have taken a keen interest in LNN environ-
ment to investigate the different kinds of MCDM problems and introduce the innovative

findings for various decision problems.

1.2 Gaps and motivation towards the work

As from the above sections, it is noticed that the NSs gave a representative approach
whereas the determinations imposed by the IFSs are very narrow towards the evaluation
of the data under the imprecise environment. This is due to the fact that in IFSs, the
membership degree p and non-membership degree v have the property that p+ v < 1.
However, if the condition is ruled out by an expert during an evaluation then under such

cases NSs play a dominant role. Further, by taking its advantages, NSs turned into a
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scientific tool, got consideration from numerous DMs and scholarly analysts for creating

and improving the neutrosophic techniques. But sometimes these existing techniques

may face some drawbacks during evaluating the objects and hence leads to an inaccurate

result. Therefore, new approaches ought to be developed to intensify the DM problem

and to bridge the gaps between the numerous existing research works. Some of the gaps,

existing in the NS literature are listed as below:

(i)

(i)

(iii)

In the investigation of AQ’s, it has been found that their significance highly depends
on its final compiled value. This means that the final value should be independent of
some irrelevant factors. But, the obtained values by some existing weighted averaging
and geometric operators[113] may tend towards the maximum arguments or the
argument with higher importance respectively. Therefore, such operators may lead

to an inaccurate result during the ordering.

The existing AO’s [69, 79, 86, 113, 166], and their corresponding extensions have
aggregated the information with either the assumption that they are independent or
by taking two or more interrelation criteria argument during the process. By doing
these, the results computed by them are totally independent or uncorrelated to each
other. Also, it is quite understood that during the DM process, the various features
are correlated to each other and hence the factor of the proper prioritization should

be included into the process to get the desirable results.

Most of the existing studies under the SVNS/INSs are conducted with the assumption
that the attribute weights about the criteria are known as prior and a constant real
number. Also, it is quite reasonable that the final ranking order highly depends
on the attribute weights. Thus there is a need to include the information about the
attribute weights in the analysis and computed by the formulating some optimization

model to get the optimal weights.

In the light of an information measure such as distance or similarity or entropy
under the SVNS or INS environment, it has been observed that the measure defined
in [17, 95, 181, 192] have failed to classified the objects under some certain cases.

This is due to the non-consideration of the proper factors during the formulation of
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1.3

the DM process. Thus, there’s ought to develop a more appropriate and adaptable

measure to tackle such situations also.

To address some more realistic information during the consideration of the param-
eter. Thus, to address it, we develop new logarithm operational laws based SVNN

operations and explore their studies to solve DM problems.

From the linguistic neutrosophic environment, it is observed that the existing studies
are limited to the access where there is precise possibility degree towards the rating
of linguistic numbers to handle the qualitative information. But there is always occur
a degree called as possibility degree towards the accessibility of the linguistic rating.
Hence, there is a need to extend the concept of linguistic SVNS to the possibility

environment to select the appropriate objects.

Objective and Structure of the Thesis

By motivating from the above gaps and to modify them for solving the DM problems

under the SVNS/INS environment, the purpose of the present thesis is to develop some

new methods and algorithm under the imprecise and fuzzy environment.

1.3.1 Objective of the Thesis

The complete objectives of the work are summarized as below:

(O1)

(02)

(03)

(04)

To develop some information measures under neutrosophic environment for decision

making process.
To develop some aggregation operator in neutrosophic domain.

To formulate some strategical optimization model to optimize the decision parame-

ters under uncertain environment.

To develop some probabilistic based operator/measures under the neutrosophic set

environment.
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1.3.2 Structure of the Thesis

The present thesis is assembled into eleven chapters including the present one that contains
mainly the literature review. The rest of the chapters are described below:

In Chapter 2 the basics and the preliminaries related to the SVNS and/or INS which
are to be used in the subsequent chapters are given.

Chapter 3 presents some new AQO’s by hybridizing the averaging and geometric ag-
gregation operators with an attitude character parameter. The influence of this parameter
will also be analyzed and shows its property. The advantages of adding the parameter are
to control the effects of the decision parameters towards the biased ones. Further, some
properties of proposed operators are investigated. To address more features, an algorithm
is presented to address the problem of SVNS/INS into the DM problem. In the end, a
numerical example is presented to show its superiority with respect to the several existing
approaches.

In Chapter 4, we developed some new AQO’s based on the Frank t-norm operational
law under the SVNS environment. The Frank t-norm operation has an additional parame-
ter which can give a flexible environment to the decision makers to choose their decisions,
according to their desired goals. Based on the proposed aggregation operators, an al-
gorithm for solving the MCDM approach is presented and illustrated with a numerical
example to show its applicability.

Chapter 5 discusses the concept of Muirhead mean(MM) operator and extend it to
the SVNS environment by developing some new aggregation operators. Under it, the
interrelationship among the different criteria is addressed properly by the property of MM
operator. Based on it, we developed MM operator and its dual operator for the different
SVNNs. In addition, the involvement of the parameter vector makes the accumulation
procedure increasingly adaptable. The examination of the developed operators is tested
by presenting an algorithm to solve the MCDM approach and explain it with a numerical
example.

Chapter 6 developed a nonlinear programming model based TOPSIS approach for
solving MCDM problems with incomplete weight information. The relative closeness coef-

ficient(RCC) degree of the TOPSIS method is formulated based on the distance measures.
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Further, the importance of the attribute weights is taken in the form of interval num-
bers rather than a real single number. Several special cases of the proposed approach are
discussed in detail. In the developed non-linear programming model of RCC, a Charles-
Chooper approach is utilized to solve the problem. The applicability of this presented
approach is demonstrated with a numerical example of a power generation project and

computed their results with several existing studying results.

Chapter 7 presents an axiomatic definition of divergence measure for single-valued
neutrosophic sets (SVNSs). The properties of the proposed divergence measure have
been studied. Further, we develop a novel technique for order preference by similarity
to ideal solution (TOPSIS) method for solving single-valued neutrosophic MCDM with
incomplete weight information. Finally, a numerical example is presented to verify the

proposed approach and to present its effectiveness and practicality.

In Chapter 8, we developed some bi-parametric generalized distance measure be-
tween the pairs of SVNSs. The presented measures utilized the concept of L, norm and
the degree of uncertainties. The various properties and relationships between them are
investigated. Later on, the applicability of these measures is explained with the help of

pattern recognition and medical diagnosis problems.

Chapter 9 discusses the new concept of the logarithm operational laws for the pairs of
SVNNs. Further, based on these proposed laws, some new aggregation operators named
as logarithmic weighted averaging and geometric operators for SVNSs are defined and
investigated their properties. To further strengthen their applicability, we developed an
algorithm based on these operators for solving MCDM problems and demonstrate it with
a numerical example. Finally, the influence of the logarithm is examined to show the

behavior of the decision makers towards their optimal decision.

Chapter 10 deal with DM problems to address qualitative information rather than
quantitative information. For it, a concept of linguistic SVNS is utilized with linguistic
variables to represent the data. Further, to add prioritized factor during analyzing the
data, we developed some new laws and hence based on it, some new prioritized weighted
averaging and geometric aggregation operators are developing to address the problems with

linguistic SVN (LSVN) information. The technique corresponding to them is demonstrated
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with a numerical example and compared with the existing studies.

In Chapter 11, we present a new theory named as Possibility LSVNS(PLSVNS) for
evaluation of DM problems with the qualitative preference values. The presented idea
considered the degree of the possibility value towards each linguistic features of SVNS.
Based on the features of PLSVNS, theories of COPRAS method and weighted averag-
ing and geometric AO’s have been defined where the weight vector of the attributes are
computed with some information measures. The applicability as well feasibility of the
developed methods are explained with a numerical example. Finally, the advantages of

the presented concepts are explained.
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Chapter 2

Preliminaries

In this chapter, we present the basic concepts and the mathematical structure related to

SVNSs, INSs, LSVNS, aggregation operators, etc., over the universal set X.

2.1 Neutrosophic sets

In 1998, Smarandache [140] presented the idea of the neutrosophic set(NS) by considering
the features of these independent degrees namely truth degree (TD), indeterminacy degree
(ID) and the falsity degree (FD) to represent the preference of an object. The NS is an
extension of TF'S and has been widely applied in many domains. The formal definition of

the NS over the universal set X is given as follows.

Definition 2.1.1. [140] A NS A over X is defined as

A= {([E,CA([E), HA(.’E),(pA(.I‘)) | S X} (21)

where (4(x), ka(x), pa(z) represents the TD, ID, FD respectively, and are real standard
or non-standard subsets of |0~, 17 [ such that 0~ < sup (4(z)+sup k4(z)+sup pa(z) < 3T

for all x € X'. Here, sup represents the supremum of the set.

Since, this set is non-standard subset of |07, 17[, so it is difficult to apply in real-
life problem. To enhance it, Wang et al. [155] presented the concept of single-valued
neutrosophic (SVN) set (SVNS), which is defined as follows.

17
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2.1.1 Single-valued Neutrosophic set

Definition 2.1.2. [155] A SVNS A in X is defined as

A= {(z,Cal2), ka(@), pa(x)) | 2 € X}

where (4, k4,04 : X = [0,1], be TDs, IDs and FDs such that with 0 < {a(x) + ka(x) +
oa(r) < 3 for all x € X. The pairs of these degrees are denoted by A = (¢, k, ) and

called as single-valued neutrosophic number (SVNN).

Definition 2.1.3. [155] For two SVNSs A; = ((1,k1,¢1) and A2 = ((2, k2, ¢2), the

operations are defined as follows:
(i) (Union:) A; U Ag = (max((1, (2), min(k1, K2), min(e1, ©2)).
(i) (Intersection:) A; N Ay = (min((r, (2), max(k1, k2), max(p1, ¢2)).
(iii) (Complement:) Af = (¢1,1 — K1,(1)-
(iv) (Containment:) A; C Ay if (1 < (2,k1 > k2 and @1 > 2.
(v) (Equality:) A; = Ay if and only if A; C Ay and Ay C Aj;.
Definition 2.1.4. [155] For a SVNN A = ((, k, ¢), a score function is defined as
SA) =(-r—¢ (2.2)
while an accuracy function is
HA) =C+r+o (2.3)

Based on these two functions, an order relation between two SVNNs A and B denoted
by A > B if either the inequality S(A) > S(B) or S(A) = S(B) A H(A) > H(B) holds.

Here ‘ > means “preferred to”.

2.1.2 Interval Neutrosophic set

In our day-to-day DM problems, it is always preferred by a decision maker to give their

decision in the form of interval sets rather than a crisp number to remove the ambiguity
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during the process. To address it in NS environment, Wang et al. [154] presented the
concept of interval neutrosophic set(INS) in which TD, ID, and FD are represented as

interval numbers. Mathematically, an INS is defined as follows:

Definition 2.1.5. [154] A INS A over X is defined as

A={(#. @), fa(@), pa@) | € X) | (2.4)
where K4,K4, 94 : X — [0,1] are respectively represents the TD, ID and FD. Also, for
each point z € X, these membership degrees be represented in terms of interval numbers
as Ca(z) = [(f(2),A(@)], Raz) = [p4(2), k4(2)] and Ga(z) = [pG(2), ¢4 (2)] with
0< (ﬂ(x)—i—ﬁ%(m)—i—cp%(m) < 3. For simplicity, the triplet A = ([Cﬁ, Cfﬂ [/ifl, m%] [(pi, @%])
is called interval neutrosophic numbers (INNs) if 0 < pf < pf < 1; 0 < pf < pY <1,
0<VA<VA <1 and ,uA—FpA—FVA < 3 holds.

Definition 2.1.6. [154] Let A; = <[Cf’,<§]],[KJL,/{]U],[QO]L,QO?]), j = 1,2 be two INNs,
then the set theoretic operations between them are defined as:
[max (¢f, () ,max (¢1', ¢3')], [min (7, 55 ) .

min (/illj, HQU)L [min (901L> SOQL) , min (<P(1]> SOQU)]

(i) A U Ay =

[min (¢, ¢F) ,min (¢, &), [max (rf, k%),
max (r{, k)], [max (¢, %) ,max (o}, ¢5)]

(iii) Af = ([o, 7], [1 =7, 1 = 1], [¢F, ¢T])-

(ii)) A1 NAg =

() Ay € Ay G < G ol < Y w2 b 2 o 2 ok o 2 o,
(V) A1 = Ay & A1 C Ay and A D As.

Definition 2.1.7. [200] Let A = ([¢4, Y], k4, £4], [¢4. ©4]) be INN. Then, the score

function of A is defined as

CL‘FCU_HL_HU_(PL—(PU
S(A) = 2AT5A A2A A PA (2.5)

and the accuracy is:

G+ +rh+ Y+l + oY
H(A) = 5

Then, the comparison law for any two different INNs A; and Ajs is defined as:
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(i) if S(A1) > S(A2) then A; > Ag; where “ =" means “preferred to”.
(i) if S(A1) = S(A2) then,

(a) H(A1) > H(A2) then A; = Ay;
(b) H(A;) = H(A2) then A; = As.

2.1.3 Linguistic single-valued neutrosophic set

In the DM problems, it is sometimes difficult to access the information in terms of quan-
titative data, perhaps it is better to represent in terms of qualitative information. For
example, to rate a certain food item in the restaurant, we generally used the word “good”,
“tasty”, etc. So to deal with qualitative information, the concept of linguistic variables

(LVs) [196] is used. The characteristics of LV are stated as below.

Definition 2.1.8. [53]Let Q = {s, | h = 0,1,...,t} be the linguistic term set (LTS)
with odd cardinality where s;, represents a possible value for a LV, satisfies the following

characteristics:
(i) s, <sp< z<h.
(ii) Negation operator: Neg(si) = s¢_k.

Further, Xu [168] extended the LTS @ from discrete to continuous LTS @ defined as
Q = {sn|s0 < sp < st,h € [0,t]} where ‘¢’ is even number. Fang and Ye [39] utilize the
concept of LVs and SVNNs to define a linguistic single-valued neutrosophic set (LSVNS)

as:

Definition 2.1.9. [39] A LSVNS “A” in universe of discourse X is defined as

A= {(z,s9(z), syp(x), ss(z)) | z € X}, (2.7)

where sp(), 5y(2), so(x) € Q represent the linguistic membership, linguistic indetermi-
nacy and linguistic non-membership degrees of x to A, respectively, with condition that
0<O0+¢+0 <3t Ve e X. The triple (sg, sy, Ss) is called linguistic single-valued
neutrosophic number (LSVNN).
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Definition 2.1.10. [39] For LSVNN A = (sg, Sy, S5 ), the score value of A is defined as

S(A) = s@tro-y—0)/3 (2.8)

while an accuracy function is

H(A) = S(6+¢+0)/3 (2.9)
Definition 2.1.11. [39] For two LSVNNs A; = (sg,, Sy,, So1) and Az = (Sg,, Sy, 50,), We
have
(1) A1 C A if 61 < 6, 91 > 92, and 01 > 9.
(ii) Ay = A iff A; C Ap and Ay O A».
(ili) Af = (S0q, Sy1» 56, )-
(iv) A1 U Ay = (max(sg, , Sg,), Min(sy, , Sy, ), Min(se, , Sg,))-

(v) A1N Az = (min(sg,, 56,), Max(Sy, , Sy ), MAX(Sqy, Sory ) )-

2.2 Information Measures

In the literature, information measures such as distance, similarity, entropy, etc., play
a dominant role during the DM process. Similarity measure and distance measure are
functions that give the degree of similarity and discrimination respectively among the two
objects. Entropy measure quantifies the degree of fuzziness or uncertain information and
the inclusion measure between two sets gives the extent to which a set is contained in
another set. All these measures of information have been extensively explored by many
researchers and scholars as vital topics. Here, we have presented some overview of these
measures between the different SVNSs and INSs. For it, let ®(X') be either collection of
SVNSs/INSs over the universal set X'.

2.2.1 Distance measures

Definition 2.2.1. [17] A real-valued function D : ®(X) x &(X) — [0,1] is called as

distance measure, if D satisfies the following properties for A, B,C € ®(X):
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(P1) 0 < D(A,B) <1
(P2) D(A,B) = 0 if and only if A = B.

(P3) D(A,B) = D(B, A).

(P4) If A C B C C then D(A, B) < D(A,C) and D(B,C) < D(A,C).

For two SVNSs .,41 = {(mj,(1(xj),m1(xj),<p1(xj)) ‘ T 5 S X} and .AQ = {(xj,CQ(.ZUj),
ka(xj), wa(x;)) | ¢; € X}, 5 = 1,2,...,n, some of the existing distance measures are

defined as follows:

(i) The extended Hausdorff distance [17]:

) Zmax { Can () = Cap ()], |y () w:cj),} -
oy () — 0.5 ()]

(ii) The normalized Hamming distance is given by Majumdar [95]:

Dnu(Ai, A2) =

gin i { (Cay () — Cay ()] + [k, () — a, <:cj>} o

i=1 + 1o (25) — pay ()]

(iii) The normalized Euclidean distance is given by Majumdar [95]:

n Tj)— z;) |2 kA (25) — Ka,(z) |2 i
DAy (lz{ [ Can () = Caay) o | oty (25) = ) | }) 1)

3
"= + 1 o (25) = paa ()

(iv) The generalized weighted distance measure [174]:
| Can () = Can () 19 + | kay (25) — Kay () |9 v
(x; i) |¥ + | k4, (T5) — KA (T
Dy(Ar, Az) = ( E w;j { s 2 n o }) (2.13)

+ o, () — pa,(zj) [

where ¢ > 0 and w; > 0 is the weight of an element z;;(j = 1,2,...,n) with

n
Z wj =1.
j=1
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Moreover, when g = 1,2, we can obtain weighted Hamming distance and weighted Eu-

clidean distance for SVNSs, respectively, as follows:

DAy, Ag) = ij | Cay () — Cap(x)) | + [ Kay () — Ky (z5) | (2.1

+ | v () — pa,(z)) |

Tj)— X 2 Y Tj)— K € 2 2
DAl Ay (;iwj{ [ Can () = Canly) P o | oty () = o) | }) 15

i=1 + o () — pas ()
On the other hand, for any two LSVNSs, Liang et al. [73] introduced a distance formula

of LSVNNs A4; = (593., S saj) , (7 =1,2), as follows:

(1 Gor) = FGs0) 1941 F (s0umy) — F (sv) 1)\
Dy(Ar, A2) = | 5 (2.16)
s + | f( t—o1) ) —f (S(t*Uz)) ¥

where f(s;) = 2;h € [0,#] is the linguistic scale function.

2.2.2 Similarity measures

Definition 2.2.2. [181] A real valued function &' : ®(X) x ®(X) — [0,1] is called the

similarity measure, if S’ for A, B,C € ®(X) satisfies the following properties :
(P1) 0<S'(A,B)<1

(P2) S'(A,B)=1< A=B.

(P3) S'(A,B) =S8'(B, A).

(P4) If A C B CC then 8'(A,B) > S'(A,C) and §'(B,C) > §'(A,C).

For a collection of SVNSs, some existing similarity measures are defined as follows over

the set X.
(i) The cosine similarities [181]:

Sesi(A B) = Zcos 7 [Calzy) — CB(x))| V [Ka(z)) — KkB(7))] 217)

Vpa(zs) = es(z;)|
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and

S8 = L3 o [Z (<A<:cj> = Gl + lkale) mm)] o1
j=1

+ |pa(zj) — ep(z))|

and their corresponding distances denoted by Dog1 = 1—Scg1 and Doge = 1—S¢os9.

(ii) The tangent similarities [192]:

ShAB) 1 iitan {Z (c,mj) = G(a)| V rale) f‘és(iﬁj)\/)] 210

j=1 lpalz;) — pn(z))|

and

Sm(AB) — 1 iit&n {17; (mxj) — ()] + |malz;) - ng(xj))] 220
j=1

+ lpa(z;) — pp(z;)|

and their corresponding distances denoted by Dp; =1 — Sy and Dpo =1 — Spo.

2.3 Archimedean t-norms and Archimedean t-conorms
A t-norm (fuzzy intersection)[61, 101] *7” is a binary operation on [0, 1] i.e.
T :[0,1] x [0,1] — [0,1] (2.21)
defined by
(B1NBs)(x) =T (Bi(x),B2(x))  Va€0,1] (2.22)

where By and Bs are arbitrary fuzzy sets. Further, the mapping T satisfies the following

axioms for all a,b,d € [0, 1]

Axiom 1: T(a,1) =a (Boundary Condition)
Axiom 2: If b < d then T (a,b) < T (a,d) (Monotonicity)
Axiom 3: T (a,b) = T (b,a) (Commutativity)

Axiom 4: T (a,T(b,d)) =T (T (a,b),d) (Associativity)
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Alternatively, a t-conorm (fuzzy union)[61, 101] ‘S’ is also a binary operation on [0, 1]

given by
S:[0,1] x [0,1] = [0,1] (2.23)
defined by
(B1UBs)(x) =S (Bi(z), B2(x)) V€ [0,1] (2.24)

Also, the mapping ‘S’ further satisfies the boundary, monotonicity, commutativity and
associativity conditions.

The relation between ‘S’ and ‘7’ norms is given as
S(a,b)=1-T(1—a,1—->b) Va,bel0,1] (2.25)

A class of fuzzy intersection (t-norm) is obtained if t-norm also satisfies the additional
axioms [61, 101], i.e.,

Axiom 5: 7T is continuous function (Continuity)

Axiom 6: T (a,a) < a (Subidempotency)

Axiom 7: If a1 < ag and by < by implies T (a1,b1) < T (ag,b2)  (Strict monotonicity)

Similarly, for t-conorm, Axiom 6 is replaced by S(a,a) > a and is called superidempo-
tency.

A continuous t-norm that satisfy the subidempotency i.e., T(a,a) < a is called an
Archimedean t-norm(AT)[61, 101]. If it also satisfies the strict monotonicity then it is
called strict Archimedean t-norm. On the other hand, a continuous t-conorm that satisfies
the superidempotency i.e. S(a,a) > a is called an Archimedean t-conorm (AC) [61, 101].
If it also satisfies the strict monotonicity then it is called strict Archimedean t-conorm.

Furthermore, strict AT and AC can be expressed in the form of continuous function

y:[0,1) = [0,1] and 2 : (0,1] — [0, 1] respectively for a,b € [0, 1] as
T(a,b) ==z7"(2(a) + 2(b)) and S(a,b) =y~ (y(a) + y(b))

where z(or y) is a decreasing(or increasing) function with z(1) = 0, y(0) = 0 and z(a) =
y(1 — a). However, some standard union and intersection form for a,b € [0, 1] are defined

as [61, 101]:
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(i) Standard intersection and union

T (a,b) = min(a, b)

(ii) Algebraic product and algebraic sum

T (a,b) =ab ;

(iii) Bounded Difference and Sum

T (a,b) = max(0,a+b—1)

(iv) Drastic intersection and union

a ;whenb=1
T(a,b)=<1b

;when a =1

0 ;otherwise

(v) Yagar class of t-norm and t-conorm

S(a,b) = max(a,b)

S(a,b) =a+b—ab

; S(a,b) =min(1,a +b)

a ;whenb=0
S(a,b) =< p

;when a =0

1 ;otherwise

T(a,b) =1 —min (1, [(1—a)’+ (1 — b)p]up) ;
S(a,b) = min [1, (aP + bp)l/p}

where p > 0.

Apart from them, some other well known ATs and ACs with their generator function

are summarized in Table 2.1 [61, 101].

Table 2.1: Some AT and AC with their relative additive generators

Name t-norm Additive generator t-conorm Additive generator
T (a,b) z(t) S(a,b) y(t)
Algebraic ab —log(t) a+b—ab —log(1—1t)
ab 2—-t a+b 1+t
Einstei —_— It _— log [ —
wstem I+ (1—a) (-0 A T+ab B\1—¢
ab v+ (1=t a+b—ab—(1—~)ab v+ (1 =y)(1-1)
Hamacher (v > 0 [ T (e S i b gro-abm YR log (L= "=
amacher (v >0) |\ ST~ ap) °g< t T—(1—)ab o8 1t
) (AT —1) (A —1) ! (M —1) (AP —1) A—1
Frank(A > 1) logy <1 + e — —log o1 logy ( 1+ s E— —log P
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2.4 Aggregation operator

The operations AT and AC are commonly used to combine several fuzzy sets into a single

set by using desirable pattern is called as aggregation operators (AOs).

Definition 2.4.1. An aggregation operator on ‘n’ fuzzy sets (n > 2) is defined as
F:[0,1]" — [0,1] (2.26)

Let By, Bs,... B, be first ‘n’ fuzzy sets defined on X, then function ‘F’ produce an ag-
gregate fuzzy set B by operating the membership degrees of these sets for each z € X,

ie.,

B(z) = F (Bi(z), Ba(x), ..., By(x)) (2.27)
Further, an aggregation operator F must satisfies the three axiomatic conditions.
Axiom 1: F(0,0,...,0) =0and F(1,1,...,1) =1 (Boundary condition)
Axiom 2: If a; < b; for all i, then F (a1, aq2,...,a,) < F(b1,ba,...,b,) (Monotonicity)
Axiom 3: F is continuous. (Continuity)

Based on the AT and AC operation as defined in Table 2.1, researchers have presented
several kinds of AOs under the neutrosophic sets and its extensions, which are defined as

follows.

Definition 2.4.2. [113, 155, 184] For two SVNNs A; = ({1, K1, p1) and A = (2, K2, ¥2),
and a real number A > 0, the basic operational laws by using Algebraic AT and AC

operations between them are defined as

(i) A1 @Az = (G + Q2 — G2, Kik2, P12) 5

(i) A1 ® Az = (G2, k1 + K2 — Kik2, 1 + P2 — P192) 3
(i) A = (1—(1=¢)r)¢d);

(iv) A} = (1= (1= k)N 1= (1 =)t



28

(v) AA = (A6, 1= A%, 1 =A%) if X\ e (0,1)
(A/N)7C 1= (/0% 1—(1/N)%) ifa>1

and are all also SVINNs.

Based on these operations, Peng et al. [113] defined the certain geometric and averaging

AOs for the collection of SVNNs A; = ((j,K5,%5);J = 1,2,...,n, which are defined as

follows:
SVNWG (A, Ag, ..., A H e T || [CEh N B | [CER (2.28)
Jj=1 j=1
and
SVNWA (A, As, ..., A H (1—¢) H )5, [ [ () (2.29)
: : j:l

where w; > 0 be the weight vectors of A; with ) w; = 1. Then, SVNWG and SVNWA
j=1
represents the SVN weighted geometric and averaging operator respectively.

Further, Peng et al. [113] defined the ordered weighted averaging and geometric AOs,
denoted by SVNOWA and SVNOWG, for a collection of SVNNs, which are defined as
below
SVNOWA(AL, Az, .-, An) = (1 = I =) T1 (rep) ™ 1T (%(j))wj> (2:30)

j= Jj= j=
and
SVNOWG(A1, Az, -, An) = <H1 (Ce)™ 1= TT(L = mggp)*, 1= T1 (L~ %%(j))““j) (2.31)
Jj= j= Jj=
where § is a permutation of (1,2,...,n) such that Ag;_1) > Ag) for j=2,...,n

Later on Wu et al. [166], define some prioritized weighted AO’s named as SVN priori-

tized weighted average (SVNPWA) and SVN prioritized geometric average operators, for

a collection of SVNNs A; = ({j,k5,7%;)(j = 1,2,...,n) as
H; H; H;
> - £ 2 1 - 3
SVNPWA (A, Ag, ..., Ay) = [ 1 - H (1—¢)7= H e =7 | (232)
7=1 7j=1 7=1
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and

SVNPGA(AL Az, An) = | TG 1= TT(—sj)= 1= [T =)= " | (2.33)

where Hy =1 and H; = H S(Ag)(1=2,...,n).
However, on the dlfferent collections of the INNs A; = (] ]L ,C]U ], [ﬁf , Eg-]], [gof, gog-]]),
(j = 1,2,...,n) and by using Algebraic AT and AC operations, [200] defined some

weighted average and geometric AOs which are represented as

H 1_CJ w] 1_H(1_CJ)wj )
J=1

INWA (A, As, ..., A)) = | & (2.34)

IT 65 T || TLeH™ T1 )

=1 =1 =1 =1

and

INWG(A1, A, ..., Ap) =

where w; > 0 be the weight vector of INNs A; such that Z wj = 1.
As similar to SVNSs/INSs and the features of AT and AC operations as defined in
Table 2.1, many scholars have presented the operational laws for the LSVNSs also.

Definition 2.4.3. [39] For LSVNNs A = (sg,5¢,55), A1 = (S6,,5¢1,50,) and Ay =
(5645 S1ps» S, ) and for real A > 0, the operational laws based on Algebraic AT and AC are
defined as:

() A1 & Ay = (St (01/t+02/t—0102/t2)> St(¢1w2/t2)’St(UW?/tQ))'
(i) A1 @ Ag = (4(0100/£2)> St(r /t-rpn/t—b102/12)> St(o1 [t-400 ft—102/12))
(iii) AA = <st 1—(1-0/6)*)s St(w/t)hst(o/tﬁ)'

(iv) A* = (St(e/t))\vSt(lf(lfw/t)/\)vSt(lf(lfa/t)/\)>'
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Based on these operational laws, Fang and Ye [39] discussed the weighted averaging
and geometric AOs, denoted by LNNWAA and LNNWGA respectively, for a collection of
LSVNNs A; = (86;, 8¢, 50;); (1 = 1,2,...,n) as follows.

$ n 75 n Y
t<1—_H1(1—ej/t)“J‘> t(Anle/t)“f)
” ” (2.36)

S T
t(_n (o]-/tw)
Jj=1
S n , S " s
(H (0;/1)% ) t<1 I1 (le/t)“’ﬂ'>
Jj=1 Jj=1

LNNWGA(A1, A, ..., Ay) = (2.37)
S n
t<1— 11 <1—aj/t)“f>
j=1

2.5 Description of the multiattribute decision making

LNNWAA (A, Ao, ..., An) =

and

In this thesis, we have presented various algorithms to solve the MADM problem by
utilizing the input features of the SVNS or INSs. For it, the brief description of the
MADM process is given as below.

Assume that there are m alternatives, denoted by A;, Ao, ..., A;,, which are evaluated
under the set of n attributes, denoted by G = {G1,Ga,...,G,}, and give their preferences
either in the form of the SVNNs a;; = ((ij, kij, ij) or in INNs a;; = (| U,C 1, [KE i g]
[gp{}, (plU]])), i=1,2,...,m;5=1,2,...,n where (;; (or ([ ”,C U1)) be the degree that the

L

Kijs U])) be the dissatisfaction degree

alternative A; satisfies the attribute G;; ;5 (or ([&
of the alternative A; under the attribute G; and ¢;; (or ([gpij,goij])) be the degree of
indeterminacy such that (;, kij, pi; € [0,1], (5 + Kij + @i < 3 or ZJ,C], i ”7%37%3

[0, 1], CU + HU + 90@] < 3. Thus, the rating values corresponding to each alternative are

represented in the form of SVNNs over the universal set X as follows:

Ai = {(9,Gij(95), kij(G)), i (G))) | G5 € G},

while under INNs, these rating values are represented as

=1{(G5,1¢55(G)), ¢ (G, [5155(G), 555G, [055(G5), 055(G)]) | G5 € G}
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where ¢ = 1,2,...,m;j = 1,2,...,n. Thus, the complete decision matrix of the given

alternative is summarized as M = (a;j)mxn. Let w;(j =1,2,...,n) be the weight of the

n

criteria G; such that w; > 0 and > wj = 1. In order to access these given alternatives, a

j=1

set of ‘I’ decision makers DM = {D/\/l(l), DMP ... DM (l)} are invited to evaluate them

and find the finest alternative(s). The general procedure to access the best alternative(s)

is summarized in the following steps:

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Discretion the attribute set G into two disjoint sets namely the benefit (F;) and
the cost (F3) attributes, if required, such that Fi,Fo C G, F1 N Fy = () and
FiUF =4G.

Normalize the rating values of the cost type attributes into the benefit type by
using the following normalization equation
;i 5 ifjeF
rig =4 " (2.38)
Ozfj s if j € Fo

where afj represent the complement of the number «;; under the considered en-

vironment.

Aggregate the preference values of the all the alternatives into the overall collective

values by using appropriate method/technique.

Utilize the appropriate deneutrosophication method to compute the crisp value of

the alternatives.

Rank the alternatives based on the deneutrosophication values and select the best

one(s) according to them.
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Chapter 3

Hybrid weighted aggregation
operators under neutrosophic set
environment and their applications
to decision-making process

In this chapter, we present some new AOs by hybridizing the averaging and geometric
features with an attitude character parameter. The influence of the parameters will also
be analyzed and shows its property. The advantages of adding the parameter are to control
the effects of the decision parameters towards the biased ones. Further, some properties of
proposed operators are investigated. To address more features, an algorithm is presented
to addressed the problems using SVNS and INS features into the decision-making problems

(DMPs). Finally, a numerical example is presented to show its superiority.

3.1 Introduction

The extensive literature related to AOs under the SVNSs and INSs environment are re-
viewed in Section 1.1.1 of Chapter 1. However, from the existing studies, it is concluded
that an effective aggregation is one of the most important research areas in the field of
decision-making. Aggregation, which more often than not, includes mathematical opera-

tors, isn’t only an average; rather, it represents a more general notion. The results of the

!The content of this chapter is published as “Some hybrid weighted aggregation operators under neu-
trosophic set environment and their applications to multicriteria decision-making”, Applied Intelligence,
48(12), 4871 - 4888, 2018 (Impact Factor: 1.983).
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AO are meaningful if the aggregated value given by it is unbiased, that is, it should never
tend to one or some number(s)(among to be combined) whose weight is on the higher side
and doesn’t tend to a maximum or the minimum arguments.

After a deeper study of these AOs, it has been observed that if we utilized the existing
SVNWA or SVNOWA operators then under some certain cases their aggregated values
may result in a tendency to the maximum value. On the other hand, if we take SVNWG or
SVNOWG operators then aggregated values may result in a tendency to the argument with
higher importance respectively. Hence, they give unrealistic results in some situations.
Thus, it is necessary to handle such issue of removing the biases during the process.
Therefore, we focus our attention to extend these operators under the SVNS as well as
INS environment. Hence, the main objective of this chapter is to introduce some new AOs
which have characteristics of both the averaging and geometric operators. In order to
achieve this objective, we propose some hybrid weighted AOs under the neutrosophic set
environment. These AOs are called as hybrid SVN weighted averaging and geometric (H-
SVNWAG) and hybrid SVN ordered weighted averaging and geometric (H-SVNOWAG).
Further, some special cases of these proposed operators are investigating and showed that
it reduces to some existing operators. The characteristics of the proposed ones are also
studied. Also, in the chapter, the proposed operators are studied under INS environment.
Finally, an MCDM approach has been presented and illustrated with a numerical example

to validate it.

3.1.1 Motivation towards the proposed aggregation operators

The extensive literature on the AOs under SVNS environment are described in Section
1.1.1 of Chapter 1, while the expression of some of these existing AOs are summarized
in Section 2.4 of Chapter 2. After reviewing from these existing operators, it has been
observed that the operators such as SVNWA, SVNWG, SVNOWA, SVNOWG defined in
Egs. (2.28), (2.29), (2.30), (2.31) of Chapter 2 respectively have some shortcomings during
aggregating the collections of SVNNs. The shortcomings of them are explained below with

some numerical examples.

Example 3.1.1. Consider two NSs represented in the form of single-valued as A; =
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(0.0001,0,0) and A2 = (1,0,0). In order to aggregate these numbers, we utilize Egs.
(2.28), (2.29), (2.30), (2.31) corresponding to the weight vector w = (0.9,0.1)”. The

aggregated values by the existing AOs are summarized as follows:

operator | SVNWA SVNWG SVNOWA  SVNOWG
Value (1,0,0)  (0.00025, 0, 0) (1,0,0) (0.3981, 0, 0)

On the other hand, if we take w = (0.1,0.9) as weight vector, then the aggregated values

corresponding to these existing operators are summarized as

operator | SVNWA SVNWG SVNOWA SVNOWG
Value | (1,0,0) (0.3981,0,0)  (1,0,0)  (0.00025, 0, 0)

Thus, from the above cases, we noticed that the aggregated values of SVNWA and
SVNOWA operators tend to the maximum argument while the aggregated values of the
SVNWG and SVNOWG operator may tend to the value having maximum weight. So, it
is concluded from these results that the existing operators may not give reasonable results
to rank the alternatives. Thus, there is a need to modify these AOs so as to get a fair
decision during the process. To address them, we define some new AQOs under the NSs

domain, which is presented in the next section.

3.2 Aggregation operators with SVIN information

Let ®(X) be the collection of all nonzeros SVNNs over the set X. In this section, we
propose some hybrid AO’s namely, Hybrid SVN weighted averaging and geometric (H-
SVNWAG) and Hybrid SVN ordered weighted averaging and geometric (H-SVNOWAG)
AOs to aggregate the collections of SVNNs.

3.2.1 Hybrid weighted aggregation operator

Definition 3.2.1. For a collection of SVNNs A;(j =1,2,...,n), a HHSVNWAG operator
is a mapping H-SVNWAG : &(X')" — ®(X) defined as
n A n 1-X
H-SVNWAG(A1, Ay, ..., An) = | Puwid; | Q) [ QA (3.1)
j=1 Jj=1
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where A € [0,1] be a real number which represents the attitudinal characteristic of the
decision maker towards an aggregation process, as it gives the weighted average to the

averaging and geometric AOs, and w; > 0 is the standardized weight vector of A; with

n
Z wj =1.
j=1

Theorem 3.2.1. Let A; = ({j,kj,¢;) be the collection of “n” SVNNs. Then, the ag-
gregated value of such numbers by H-SVNWAG operator is again a SVNN and is given
by

n A n 1-X
1-TTa-¢= | TI¢ ,
j=1 j=1
n A n 1-A
H-SVNWAG(A1, Az, .., An) = | 1— [ 1 [] <" [Ta-xp) | 32

j=1 J=1

" A n 1-A
- 1=]I¢" )] [T -
j=1 j=1

Proof. By using the operational laws for SVNNs A;(j = 1,2,...,n) and a real number
A € [0,1], we have

and  JTAY = [T 1- H(1 —k;)*, 1= (=)
j=1 =

which implies that

T j
Duwidi| =
Jj=1



and

n 1—X n 1—X
n 1-A (H(Cj)w’> - (H(l = Hj)“’) ,
A _ j=1 j=1
({1 _

Thus, by Definition 3.2.1, we have

H-SVNWAG(A;, As, . .., Ay)

oo

n n 1= n A/
(1—H(1—Cj>wj> (H(Cj)wj> 71—<1—H(ﬂj)°“) (H(l—’ﬂj

- " A jzi 1-2
1- (1 -11 (s@y)“’j> (H(l - sog‘)“])

Hence, the result.
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To demonstrate the working of the H-SVNWAG operator, we explain it with a numer-

ical example as below.

Example 3.2.1. Let A; = (0.9,0.1,0.1), A2 = (0.92,0.1,0.05) and A3 = (0.7,0.1,0.2) be
three SVNNs and w = (0.3,0.5,0.2)7 be its weight vector. Without loss of generality, we
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assume that A = 0.5 be a real number. Then, by utilizing the given information, we have

1-X

A
3 3
=Jla=g= ) (1T¢
j=1 j=1

0.5 _
- (1 —(1-0.9)%3 x (1-0.92)%% x (1 — 0.7)0-2) x (0.9%3 x 0.9299 x 0.702) 17
= 0.8769
3 A 3 1-X
1= 1= ] s [ =)
j=1 j=1

A 1-X
3

3
1= 1] e [T =)~

j=1 j=1
= 1= (1= (0.1)%3 x (0.05)% x (0.2)°2)"° ((1 = 0.1)%3 x (1 — 0.05)% x (1 —0.2)°2)"

= 0.0891

Hence, by Eq. (3.2), we get H-SVNWAG(A;1, A2, A3) = (0.8769,0.100,0.0891).

Remark 3.2.1. It is evident from the proposed operator that if we assign some particular

value to A, then it reduces to some existing AO’s. For instance,
(i) if A =1, then H-SVNWAG is reduced to SVNWA [113] operator, and
(i) if A =0 then it is reduced to SVNWG [113] operator.

Example 3.2.2. Consider two NSs represented in the form of single-valued as A; =
(0.3,0.4,0.2) and Ay = (0.5,0.4,0.4). In order to aggregate these two numbers, we take
the importance of these numbers as w; = 0.3 and we = 0.7. Now, in order to analyze
the influence of the parameter A, the aggregated value corresponding to A; and Aj are
computed for different values of A ranging from 0 to 1 and their results along with their
score values are summarized in Table 3.1. From their corresponding results, it has been

observed that with the increase of the parameter A, the score value corresponding to the

5
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Table 3.1: Aggregated number and score value for different value of A
A= 0 0.2 0.4 0.5
Aggregated value  (0.4290,0.4000,0.3459)  (0.4325,0.4000,0.3418)  (0.4360,0.4000, 0.3376)  ( 0.4378,0.4000, 0.3355)

Score value -0.3170 -0.3093 -0.3015 -0.2977

A= 0.6 0.8 1.0

(0.4396,0.4000,0.3334)  (0.4432,0.4000,0.3292)  (0.4469,0.4000, 0.3249)
score value -0.2938 -0.2859 -0.2780

aggregated value also increases. Also, it is observed from it that when A = 0.5 then
it shows a neutral effect on the operator, while when A = 1, then proposed operator
reduces to SVNWA [113] operator, and A = 0 then it reduces to SVNWG [113] operator.
Further, from the table, it has been concluded that with the increase of A from 0 to 1,
the relative score of the alternatives increases. Thus, based on these different parametric
values, system analyst/decision maker may possess the power to alter the ranks of the
alternatives. For instance, if the decision makers want to pay more attention towards the
optimistic approach towards the aggregation, then he or she may choose the largest value
of A so that the score value increases and consequently the membership degree increases.
Contrary to the optimism decision makers, the pessimistic decision makers tend to choose
the smaller value of A. Therefore, based on the attitude, behavioral characteristic of the
decision maker toward the ranking order related to optimistic and pessimistic behavior,
they can choose the desired one accordingly. Therefore, the proposed hybrid AO is more

generic to aggregate the different preferences of the decision makers.

For a collection of SVNNs A; = (¢;, k4, ¢;); (j = 1,2,...,n), the H-SVNWAG operator
satisfy the certain properties namely, idempotency, boundedness and monotonicity which

are stated as follows.

(P1) (Idempotency) Let A be another SVNN and if A; = A for all j, then we have
H-SVNWAG(A;, Ay, ..., A,) = A
(P2) (Boundedness) For SVNNs Aj;; (j =1,2,...,n), we have
A~ < H-SVNWAG (A, Az, ..., Ay) < AT

where A~ = (min{G}, max{r;}, max{p;}) and A" = (max{¢;},min{x;}, min{; ).
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(P3) (Monotonicity) If A; and B; be two collections of SVNNs such that A; < B; for all

7, then

H-SVNWAG (A1, As, . .., Ay) < H-SVNWAG(B1, Bs, . ..., By)

Since SVNWA and SVNWG operators satisfy these properties so by the definition of

H-SVNWAG operator, it follows directly and hence we omit their proofs.

Theorem 3.2.2. For a collection of SVNNs A;(j = 1,2,...,n), the existing operators
SVNWA, SVNWG and the proposed operator H-SVNWAG satisfy the following inequality

SVNWG (A1, As, ..., Ay) < HSVNWAG( A, Ao, . .., Ay) < SUNWA (A1, Ao, ..., Ap)

Proof. For SVNNs A; = (¢j,K4,9;)(j = 1,2,...,n) and w = (w1, w2,...,w,)T be their
n n n

normalized weight vector, then we have [] C}Uj <1-JI1—=¢)* and 0 < [] (;Jj, 1-—
j=1 j=1 j=1

[1(1—¢5)% <1. Therefore, for a real number A € [0, 1] we have
j=1

1-A 1-A
n n
11" < (1-JJa—¢)~
j=1 j=1
which implies that
A 1-A
n n n
1-Ja-¢)e I1¢” <1-JJa—¢)~ (3.5)
j=1 j=1 j=1
n W n n W n
Similarly, for [[ ;7 > 1— J[(1 —£;)* and J] ;7 > 1 — J[(1 —¢;)*7, we have
J=1 J=1 j=1 j=1
A 1-X
n n n
s <i—1=1]x7 ] |TI—sp (3.6)
j=1 j=1 j=1
and
A 1-A
n n n
e <1-(1-T1¢7 | |TIQ - e (3.7)

<
Il
—_
<.
I
-
<
Il
-
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Thus, by using Egs. (3.5), (3.6), (3.7) and the definition of score function, we get

S(SVNWA (A1, Az, ..., Ay))

n

SRR | ((ERSEES | iR 1

J=1

IV
RS
[a—
|
=
—
|
L
k,E
N~ —
> |l

= S(H-SVNWAG(A;, As, ..., Ay,))

Hence, H-SVNWAG (A1, As, ..., A,) < SVNWA(A;, Ag,..., A,). Similarly, we can ob-
tain that H-SVNWAG(A;, Ag, ..., A,) > SVNWG(A, A, ..., A,). Thus, we get the
required proof. O

Example 3.2.3. Consider the collection of three SVNNs 4; = (0.9,0.1,0.1), Ay =
(0.92,0.1,0.05) and Az = (0.7,0.1,0.2) and w = (0.3,0.5,0.2)” be the weight vector of
A;(j = 1,2,3). Without loss of generality, we assume that A = 0.5. Now, by using the
existing AOs SVNWA and SVNWG as well as the proposed operator H-SVNWAG defined
in Egs. (2.29), (2.28) and (3.2) respectively, we get

SVNWA (A, As, A5) = (0.8886,0.1,0.0812)
SVNWG(A;, Az, A3) = (0.8653,0.1,0.0969)
and H-SVNWAG (A, Az, A3) = (0.8769,0.1,0.0891)

Thus, the score value of these aggregated numbers are computed by using Eq. (2.2) and
we get S(SVNWA) = 0.7074, S(SVNWG) = 0.6685 and S(H-SVNWAG) = 0.6878. Since
S(SVNWG) < S(H-SVNWAG) < S§(SVNWA) and hence by Definition 2.1.4 of Chapter

2, we get
SVNWG(A;1, A2, A3) < H-SVNWAG( A1, A2, A3) < SVNWA (A4, Az, A3)

which validates the Theorem 3.2.2.
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3.2.2 Hybrid ordered weighted aggregation operator

In this section, we define an ordered weighted hybrid aggregation operator for a collection

of SVNNs.

Definition 3.2.2. A H-SVNOWAG operator is a mapping H-SVNOWAG : A(X)" —
A(X) defined on A(X) as

A 1-A
H-SVNOWAG(A1, Ay, ..., Ap) = (@ ijg(j)) X (@ A;”gj)> (3.8)
j=1 j=1

n
where w; > 0 be an associated positional weight vector with ) w; = land £ : {1,2,...,n}
j=1
— {1,2,...,n} is a permutation function such that Ag;_1) > Ag(;) for j =2,3,...,nie,
Ag(j—1) is the jth largest element in the set {A;, A2,..., A,} and A be any real number

in [0,1].

Theorem 3.2.3. The aggregated value for a collection of SVNNs A; = ((j, k;,¢;), (j =
1,2,...,n) by using H-SVNOWAG is still a SVNN and is given by

. e 1

1- H(l — Ce(i)™ H cg”(;‘-) ,
j=1 j=1

1

H-SVNOWAG (A;, Az, ..., Ay) = | 1— [ 1— Hﬁggj) 1:[ (1 — Kegj))”

1-A

1= 1—H¢2”é> [101=#e”
=1 j=1

Proof. Based on the SVNOWA and SVNOWG operators and the operational laws of
SVNNs, we have
n A n 1-X
H-SVNOWAG (A1, Az, ..., Ap) = | D wjdes | @ | QAL

n n )‘ n n
H (1= )™ T welsys [T 1 =TI —re)™,
_ =1 =1 ® j=1 =1
H el 1= T = ee)®
7j=1

1-X
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Iy ; 11<0) :

Jj=1 Jj=1

- 15 Q| 1- H (1= re(z)™ ;
j= j=

{
( |

—_
—_

-1 ¥ 1= | TT (1 = @)™

Jj= Jj=

n A 1-A A n 1-X
( ' ’) (H S ) (1 - H Fel) ) (H (- ﬂs(;o)w]) ,
j=1 Jj=1
- n T 1=A
i=1 j=1

Hence, the result. O

—_
—_

The working of the proposed H-SVNOWAG operator is demonstrated with a numerical

example as follows.

Example 3.2.4. Consider three SVNNs 4; = (0.4,0.2,0.6), A, = (0.3,0.1,0.4) and
Az = (0.7,0.2,0.1) with their importance vector w = (0.6,0.3,0.1)T. In order to give the
permutation to the SVNNs, we compute the score values of them by using Eq. (2.2) and
hence get S(A;) = —0.4, S(A2) = —0.2 and S(A3) = 0.4. Since, S(A3) > S(A2) > S(A1)
so therefore, A¢(1) = A3, Ag2) = Az and Ag3) = A1 Without loss of generality, we take
A = 0.5 and by utilizing Eq. (3.9), we have

H-SVNOWAG(A,, Az, A3)

3 1-X 3 A 3 1-X
(11_[(145 ") ) (H >> 1= (1H“?&>) (H(ll’vs(])) ) ;
j=1 j=1 j=1
= X 1-2
( H el ) (H (1 - <Pf<j>)““)
j=1

(1= (1=0.7)%6 x (1=0.3)%3 x (1 —0.4)°1)" x (0.796 x 0.3%3 x 0.495)"°

= | 1—(1=(02)% x (0.1)%% x (0.2)°1)" x ((1 = 0.2)%6 x (1 —0.1)°3 x (1 —0.2)"1),

1-— (1 _ (0.1)0‘6 % (0'4)0.3 % (0.6)0'1)0'5 « ((1 _ 0'1)0,6 % (1— 0.4)0.3 (1 - 0.6)0'1)
= (0.5482,0.1669, 0.2244)
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According to the properties of the SVNOWA and SVNOWG operators , it is clear that
the H-SVNOWAG operator also satisfies the following properties

(P1) (Idempotency) Let A is another SVNN and if A; = A, for all j, then

H-SVNOWAG(A1, Ay, ..., Ay) = A

(P2) (Boundedness) For a collection of SVNNs A;, we have
A~ <H-SVNOWAG (A, As, ..., A,) < AT

where A = (mjin{Cj}’ m]aX{/”vj}, mjaX{st}) and A" = (m?x{gj}, mjin{f”vj}, mjin{%})-

(P3) (Monotonicity) For two different SVNNs A; and B, j = 1,2,...,nsuch that A; < B;

for all j, then

H-SVNOWAG(A;, As, . .., Ay) < H-SVNOWAG(By, Bs, . ..., By)

(P4) (Commutativity) If (A}, A,,. .., A)) be any permutation of (A4, Ag, ..., A,), then

H-SVNOWAG (A, As, . .., A,) = H-SVNOWAG (A}, A, ..., A.)

Theorem 3.2.4. For a collection of SVNNs A;(j =1,2,...,n), the operators SVNOWA,
SVNOWG and H-SVNOWAG satisfies the following inequality

SVNOWG (A1, As, ..., Ayn) < H-SVNOWAG (A1, As, ..., A,) < SUNOWA (A, As, ..., Ap)

Proof. Tt can be obtained as similar to Theorem 3.2.2, so we omit here. O

3.2.3 Superiority of the proposed aggregation operators

In order to show the superiority of the aggregation operator H-SVNWAG and H-SVNOWAG
with respect to the existing operators, we revisit the Example 3.1.1 as considered in Section

3.1.1.

Example 3.2.5. Consider two SVNNs A; = (0.0001,0,0) and A2 = (1,0,0) as taken in

the Example 3.1.1 and w = w = (0.9,0.1)” be the weight vector corresponding to them.
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Without loss of generality, we take A = 0.5 and utilized the proposed H-SVNWAG and
H-SVNOWAG AOs given in Egs. (3.2) and (3.9) respectively to aggregate the numbers.

The results corresponding to these operators are

H-SVNWAG(A;, Ay) = (0.0158,0,0),

and H-SVNOWAG(A;, A2) = (0.6310,0,0).

Clearly, it has been seen that H-SVNWAG lie between SVNWA and SVNWG, while
H-SVNOWAG operator value lie between SVNOWA and SVNOWG.

On the other hand, if we utilize the weight vector w = w = (0.1,0.9) to the SVNNs
A; and A, then the aggregated values by utilizing the proposed AOs H-SVNWAG and
H-SVNOWAG defined in Egs. (3.2) and (3.9) corresponding to parameter A = 0.5 are

H-SVNWAG(A;, As) = (0.6310,0,0),

and  H-SVNOWAG(A;, As) = (0.0158,0,0)

Again, from it, we observed that the aggregated value obtained by using H-SVNWAG
operator lies between the existing SVNWA and SVNWG operators, while value obtained
through H-SVNOWAG operator lies between SVNOWA and SVNOWG operators.

Hence, from the above, we conclude that the proposed hybrid operators are unbiased
as they are not tending towards maximum argument as shown by SVNWA and SVOWA
operators and also not tending towards the maximum weight value as shown by SVNWG
and SVNOWG operators. Therefore, the proposed operator gives the aggregated values

which are much more informative.

3.3 Aggregation operators with INS information

In this section, the above proposed hybrid operators are extended to INS environment
where the data towards accessing the information is represented in the form of inter-

vals. For it, let G(X) be the collection of the INNs A; = (| j’;,CJU], [/QJL,/{?], [@]L,gog-]]),

(j = 1,2,...,n) over the universal set X such that []L,CJU], [RJL,&?], [(pf,(p?]) C [0,1]

with QJU + /-ig.] + cpg.] < 3 for all j. Then, in the following, we present some new hybrid
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AOs namely, hybrid interval neutrosophic weighted and ordered weighted averaging and

geometric operators denoted by H-INWAG and H-INOWAG for a collection of the INNs.

Definition 3.3.1. For any real number A € [0,1] and for a collection of INNs A; =

([ ]L,CJU], [ﬁf, ng], [gof,gogﬂ), (7=1,2,...,n),a HINWAG operator is a mapping H-INWAG :

G(X)" — G(X) defined as

A 1-X

HINWAG(A, Az, .., An) = | Pwid; | Q) | XA (3.10)
j=1 j=1

(1_1%[(1_(})%) (f[ (CJL)%> ) <l—ﬁ(1_cj(f)wﬂ'> (i (C]U)wg) ]
A o) o) )|
(e o) o o)

where w; > 0 is the normalized weight of A;;(j =1,2,...,n) and X represents the attitu-

—

dinal characters of the decision makers towards the AO.

Theorem 3.3.1. For a collection of INNs A;(j = 1,2,...,n), the existing AOs INWA,
INWG and the proposed operator H-INWAG satisfies the following inequality

INWG(A;, Ag, ..., Ap) < HINWAG(AL, As, ..., Ay) < INWA(AL As, ..., Ay)

Proof. Tt can be easily proved as similar Theorem 3.2.2, so we omit here. O

Definition 3.3.2. Let A; = (| ]L, C]U], [m]L, /@g-]], [gojL, gogj}), j=1,2,...,n be a collection of

INNs. A H-INOWAG operator of dimension n is a mapping H-INOWAG : G(X)" — G(X),

that has an associated positional weight vector w; > 0 such that ) w; = 1, defined as
j=1

H-INOWAG (A;, A, ..., Ay)

A 1-X
n

= | Puwidy| &K (X)Ag’é) (3.11)
j=1

Jj=1
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( 11 (nz@)“”) (ﬁ (<>)) * ] ,
) i) (e o)

Jj=1

where (£(1),£(2),...,&(n)) is a permutation of (1,2,...,n) such that Ag;_1)y > Ag(; for

j=2,3,...,nand X € [0,1] be a real number.

Theorem 3.3.2. For a collection of INNs A;(j = 1,2,...,n), the existing AOs INOWA,
INOWG and the proposed operator H-INOWAG satisfies the following inequality

INOWG(Ay, A, ..., Ay) < HINOWAG (A1, Ag, ..., Ay) < INOWA (A, A, . .., Ay)

Proof. Follows from Theorem 3.2.2. O

3.4 Proposed approaches based on developed operators

In this section, we develop two approaches based on the developed operators to solve the
DMPs under the NSs environment.

The general brief description of the problem is given in Section 2.5 of Chapter 2 in
which rating information of the “m” alternatives A; under the “n” different attributes G;
are given by an experts in terms of either SVNNs or INNs. The collection information
obtained from them is summarized in the decision matrix M = (@;j)mxn. Then, based on
the considered environment and the developed operators, we define two new approaches
under the SVNSs and INSs, to solve the DMPs and hence to find the most desirable

alternative(s) as below.

3.4.1 Approach I

In this approach, assume that rating values o;; of the alternatives are assessed in terms
of SVNNs as a;; = (Gij, kij, vij), © = 1,2,...,m;j = 1,2,...,n where (;;, kij, ©ij rep-

resents the degree of satisfaction, indeterminacy, and dissatisfaction, respectively, of A;
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corresponding to attribute G; such that 0 < (5, kij, @i; < 1 and (j; + kij +@i; < 3. Then,

the following steps of the proposed steps, based on either H-SVNWAG or H-SVNOWAG

operator, are summarized to solve the problems.

Step 1.

Step 2.

Step 3.

Step 4.

Arrange the information about the alternatives in the matrix M = (;)mxn-

Aggregate the individual values of each alternative under different attributes either
by using H-SVNWAG or H-SVNOWAG operator. For example, if a person wants
to utilize the H-SVNWAG operator, then the aggregated values r; = ((;, K4, ©i)

for each alternative are computed as

r, — H—SVNWAG(OJZ'LOJZ'Q,.. am)

n 1=A " . 1-X
(1_1_[ I_CU ) (HCZ]) ,1— (1—1_‘[1"&:);) (H(l—nij)w7> ,
Jj=1 j=1 j=1
A n 1-X
(1 i ) (n . >)
j=1

while by using H-SVNOWAG operator, we get the aggregated values r; as

ry = H—SVNOWAG(O(H, QUjQy v v vy Ozin)

(1 - 12[1 (1= G ) (H ng ])> ) ( H K ])> (f[l (1- Hz‘g(‘j))wj) ,
(1 - H‘P ) (H - %s(j))wj)

to aggregate all the individual SVNNs oy (j = 1,2,...,n) into the collective SVNN
Ti(i = 1,2,.. . ,m).

Compute the score values S(r;) of each of the aggregated number r;(i = 1,2,...,m)
by using Eq. (2.2). If there is no difference between two score values S(r3,) and
S(rp,) for any two positive by, be, then we need to calculate the accuracy values of

the alternatives as H(rp,) and H(rp,) by using Eq. (2.3).

Rank all the feasible alternatives A;(i = 1,2,...,m) according to the Definition

2.1.4 and hence select the most desirable alternative(s).
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3.4.2 Approach II

In this approach, we assume that an expert give their preferences in terms of interval

numbers as

gj7 [lnf <A( ) sup CA(QJ)] ) [inf ’%A(gj%
Ai == ’gj S g
sup k4(Gj)] , [inf 0 4(G;), sup p.a(G;)]

where [inf CA(gj)v sup CA(g])] - [Ov 1]a [inf ”A(gj)> sup H.A(gj)] - [07 1]> [inf @A(gj)’ sup @A(gj)]

W

C [0, 1] represents the interval degrees of “satisfaction”, “indeterminacy”, and “dissatisfac-

tion”, respectively of A; corresponding to attribute G; such that sup (4(G;) +sup k4(G;)+

sup ¢ .4(G;j) < 3. For simplicity, this attribute value is denoted by a;; = ([C”,C 1, [kE Kits mg]
L UV (L U U
[soija SOU])’ where [ i) 7,]]’ [KJ 150 2]] [802]7 Soz]] [O 1] and C + ﬁ i+ 30 <3. Under this en-

vironment, the following steps are proposed to solve the MCDM problem based on either

H-INWAG or H-INOWAG operator.

Step 1. Arrange the information in terms of the interval-valued decision matrix M =

(aij)mxn-
Step 2. Utilize either appropriately H-INWAG operator

T, = H—INWAG(OZH,OQQ,.. Oém)

( ﬁ1—<w ) ( (¢h) ) ,(1_f[(1—<§;)”f) (ﬁ(dj)““) ]
= 1—(1—ﬁ(h‘,i ) (
( 114 )( ~eh) ) 71—(1—_" () ( <1—w5§>°*) }
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to aggregate the preference values into the collected INN r;(i = 1,2,...,m).

Step 3. Compute the score values S(r;) of each of the aggregated INNs r;(i = 1,2,...,m)
by using Eq. (2.5). If there is no difference between two score values S(rp,) and
S(rp,) for any two positive by, by, then we need to calculate the accuracy values of

the alternatives as H(rp,) and H(rp,) by using Eq. (2.6).

Step 4. Rank all the feasible alternatives A;(i = 1,2,...,m) according to the Definition

2.1.7 and hence select the most desirable alternative(s).

3.5 Illustrative example

The above developed approaches are illustrated with a numerical example, which can be

read as.

3.5.1 A case study

Demonetization is the withdrawal of a particular form of currency from circulation. On
8 November 2016, Government of India announced in a broadcast to the nation that Rs.
500 and Rs. 1,000 currency notes would no longer be recognized legally as currency. This
step was taken to crack down the use of illicit and counterfeit cash to fund illegal activity
and terrorism. The government knew that demonetization will affect the Indian economy
and may also drop the country’s Gross domestic product (GDP) growth. So before the
announcement of the demonetization, the Government wanted to conduct the survey of
the effect of this bold move on various sectors of the Indian economy to take further
decisions. For doing this, Indian government hired an economist or decision maker who
is able to handle this kind of situation and able to crack that which sector (alternative)
of the Indian economy will be affected by the demonetization. For this, decision maker
assumes the five important sectors on which our Indian economy depends and were given
as A; (Agricultural Sector), As (Real-Estate Sector), A3 (Information Technology Sector),
Ay (Education Sector), A5 (Industrial Sector). For evaluation, decision maker considered

criterion in the terms how much the effect of the demonetization on particular sector which



o1

are summarized as: Gy (Very low effect), Go(Low effect), G3(Regular effect), G4( High effect)

and Gs(Very high effect). The importance of each attribute Gj;;(j = 1,2,3,4,5) is taken

in the form of weight vector as w = (0.2,0.25,0.15,0.3,0.1)7 in the DMP and in order to

make the decision more pessimistic for future goals then manipulate the aggregation by

using the OWA weighted vector w = (0.1,0.2,0.2,0.2,0.3)7.

By following the steps of the Approach I, the best alternative(s) is obtained as follows:

Step 1.

Step 2.

Step 3.

Step 4.

The characteristics of each alternative is accessed in terms of SVNNs and hence

the decision matrix is summarized in Table 3.2.

By utilizing the proposed operators along with some existing operators to ag-
gregate the given information, their corresponding results are summarized in Ta-
ble 3.3 which includes the SVNWA, SVNWG, SVNOWA, SVNOWG, SVNHWA,
SVNHWG, H-SVNWAG and H-SVNOWAG operators.

By using Eq. (2.2), the score values of aggregated numbers shown in Table 3.3,

are summarized in Table 3.4.

According to score values, the ordering of the alternatives is shown in Table 3.5
in which > means “preferred to”. From these results, it has been seen that the
best alternative is A by all the operators while the different AOs have different
ranking strategies which are slightly different. Thus, based on the decision makers

preference in terms of their AOs used, the results may lead to different decisions.
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Table 3.2: Neutrosophic decision maker matrix

G1 Go gs G4 G5
Al | (05,03,04) (0.5,02,03) (0.2,0.2,0.6) (0.3,0.2,0.4) (0.3,0.3,0.4)
Ay | (0.7,0.1,03)  (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2) (0.7,0.1,0.2)
As | (0.5,03,04) (0.6,0.2,04) (0.6,0.1,0.2) (0.5,0.1,0.3) (0.6,0.4,0.3)
As| (07,03,02) (0.7,02,02) (0.4,0.5,0.2) (0.5,0.2,0.2) (0.4,0.5,0.4)
As | (0.4,0.1,0.3) (0.5,0.1,0.2) (0.4,0.1,0.5) (0.4,0.3,0.6) (0.3,0.2,0.4)

Table 3.3: Neutrosophic aggregated results by using aggregated operators(A = 0.5)

SVNWA [113]

SVNWG [113]

SVNHWA [79]

v=2

=3

(
(
(
(
(

0.3862, 0.2259, 0.3956)
0.6585, 0.2125, 0.2400)
0.5528,0.1702,0.3213)
0.5842,0.2727,0.2144)
0.4178,0.1490,0.3708)

(0.3553,0.2314, 0.4132)
(0.6531, 0.2548, 0.2467)
(0.5477,0.2020, 0.3337)
(0.5502, 0.3074, 0.2227)
(0.4110,0.1751,0.4271)

(0.3812,0.2264, 0.3980)
(0.6578,0.2165, 0.2407)
(0.5520,0.1726, 0.3230)
(0.5790,0.2765,0.2151)
(0.4167,0.1508,0.3788)

(0.3782,0.2266, 0.3992)
(0.6575,0.2181,0.2410)
(0.5516,0.1735,0.3237)
(0.5766,0.2781,0.2154)
(0.4160,0.1515, 0.3825)

SVNOWA [113]

SVNOWG [113]

H-SVNWAG

H-SVNOWAG

Ay
As
As
Ay
As

(
(
(
(
(

0.3413,0.2352,0.4389)
0.6536,0.2169,0.2352)
0.5528,0.2107,0.3326)
0.5301, 0.3429, 0.2462)
0.4193,0.1261,0.3455)

(0.3096,0.2416, 0.4605)
(0.6481,0.2598,0.2416)
(0.5477,0.2483,0.3432)
(0.4947, 0.3842, 0.2661)
(0.3862,0.1848, 0.4563)

(0.3704, 0.2286, 0.4045)
(0.6558, 0.2340, 0.2434)
(0.5502, 0.1862, 0.3275)
(0.5669, 0.2903, 0.2185)
(0.4144, 0.1622, 0.3996)

(0.3251,0.2384, 0.4498)
(0.6508, 0.2386, 0.2384)
(0.5502,0.2297,0.3380)
(0.5121,0.3639, 0.2563)
(0.3893,0.1723,0.4365)
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Table 3.5: Ordering of the alternatives under SVNS environment

Existing operators

SVNWA [113]
SVNOWA [113]
SVNWG [113]
SVNOWG [113]
SVNHWA [79]

Ordering Proposed operators Ordering
Ay = Ay = Az = As = Ay H-SVNWAG Ay = Az = As = A5 = Ay
Ay = Az = Ay = As = A H-SVNOWAG Ag = Ay = Az = A5 = A

.\—mv.\fv..\bmv.\ﬁmv.\f
Ay = Az = Ay = As = Ay
Ay = Ay = Az = As = Ay

Table 3.6: Information about each alternative under five characteristics in form of INNs

G

Gy

Gs

(0.4,0.6],[0.2,0.3],0.3,0.5))
(0.7,0.8],[0.1,0.2], [0.3,0.5])
([0.5,0.6],[0.3,0.4], [0.4,0.5))
(0.6,0.7],0.3,0.5], [0.2, 0.4])
([0.4,0.5),[0.1,0.2], (0.3, 0.4])

Qm Qw
([0.45,0.55],[0.1,0.2],[0.3,0.4])  ([0.2,0.3],[0.1,0.2],[0.6,0.7])
([0.65,0.80],[0.2,0.3],[0.3,0.5])  ([0.5,0.7],]0.2,0.3],[0.2,0.3])
(0.60,0.65],[0.2,0.3],[0.3,0.4])  ([0.4,0.6],[0.1,0.2],[0.2,0.3])
(0.70,0.80], [0.1,0.2],0.1,0.2])  ([0.4,0.5],[0.5,0.6],[0.1,0.2])
([0.50,0.60], [0.1,0.2],[0.2,0.3])  ([0.3,0.4],[0.1,0.2],[0.5,0.6])

(0.2,0.4],[0.2,0.3],0.3,0.4])
(0.6,0.7],[0.4,0.5], [0.2,0.3])
(0.4,0.5],[0.1,0.3],[0.3,0.4])
([0.3,0.5],[0.1,0.2],[0.2,0.3])
([0.3,0.4],[0.2,0.3], 0.5, 0.6))

([0.2,0.4], [0.3,0.4], [0.4, 0.6])
([0.6,0.7],[0.1,0.3], [0.2,0.3])
(0.6,0.7],[0.4,0.5], [0.3,0.4])
([0.3,0.4], [0.5,0.6], [0.4, 0.5])
(0.2,0.3],[0.2,0.4], [0.3,0.4])
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On the other hand, if we follow the steps of the Approach II then the best alterna-

tive(s) is obtained as follows:

Step 1: The rating values of each alternative is measured in the form of INNs and are

summarized in Table 3.6.

Step 2: Aggregate these values into the collective one by using proposed operators as well
as some existing operators such as INWA, INWG, INOWA, INOWG, INFWA,
INFWG, INHWA and INHWG. Their results are presented in Table 3.7.

Step 3: Utilize Eq. (2.5) and the score values are summarized in Table 3.8.

Step 4: The ordering of the alternatives are summarized in Table 3.9 which indicates that

the best alternative is A by all the approaches.

3.5.2 Discussion

It is observed from these computed values that the score values of the alternatives obtained
by using proposed H-SVNWAG (or H-SVNOWAG) operator lie between the score values
obtained by using SVNWA and SVNWG (or SVNOWA and SVNOWG) operators. Thus,
the aggregated values of the proposed operators are more or less closed to moderate values
between the aggregated values of the existing operators. Also, from Table 3.5 and Table
3.9, it is clearly seen that the final ranking order of the alternatives based on SVNWA,
SVNWG, and H-SVNWAG (or INWA, INWA, H-INWAG) operators are different from
the ones based on SVNOWA, SVNOWG and H-SVNOWAG (or INOWA, INOWA, H-
INOWAG) operators. For instance, in the former one, the alternative As is preferable
over Ay while in the order position weight values A4 is preferable over Ajz. Since the
decision maker in the proposed operators can choose the desired value of the parameter A
according to their preferences and hence the developed approach is more flexible to choose
the alternatives according to his or her desired goals than the existing ones.

Further, it is revealed from Tables 3.5 and 3.9 that the best and worst alternatives are
same for the considered problem, but it is observed from the aforementioned mentioned

examples (Examples 3.1.1 and 3.2.5) that the existing studies produce some unreliable



56

results while the proposed ones can overcome these shortcomings. Also, it is noted that the
existing averaging operators SVNWA and SVNOWA emphasize more on the group points
while geometric operators SVNWG and SVNOWG emphasize personal major points. On
the other hand, the proposed operator aggregates their preferences with the parameter
A and show their rationality in the information aggregations. By assigning a particular
value to A, we can observe that the proposed operators reduce to the existing operator.
For instance, if A = 1 then it reduces to SVNWA while for A = 0 it becomes SVNWG
operator. Therefore, the proposed approach is more generic to solve the stated problem

under SVN decision-making environment.

3.5.3 Sensitivity Analysis

Keeping in mind the end goal is to get the effect of the parameter A on the score values and
positioning of the alternatives, an examination has been finished by increasing the values
of the parameter \ from O to 1. The overall score values computed by using proposed
operators are summarized in Table 3.10. From this, it validates that with the increase of
the parameter A, the score values of the proposed operator increases. This impact of A
values on the decision makes our proposed approach more flexible as the decision-maker(s)
can choose the parameters according to their preferences and practical situations. For in-
stance, if the decision makers can take a decision as per the pessimistic nature, then at that
point a smaller value of A can be chosen to aggregate so as to decrease the scores values.
On to contrary, if a higher value is allocated to parameter A then score value will increase
and it makes an optimism decision to the decision makers. Nonetheless, with the variation
of these values, the best option is the same which affected that the outcomes are objective
and can’t be changed by decision makes’ inclination of cynicism and hopefulness. Thus,
in this manner, the ranking results are reliable. Further, it is seen that when A = 0, then
the proposed H-SVNWAG/H-INWAG reduces to SVNWG/INWG and H-SVNOWAG/H-
INOWAG reduces to SVNOWG/INOWG. Also, it has been highlighted that if A = 1, then
the H-SVNWAG /H-INWAG reduces to SVNWA /INWA and H-SVNOWAG/ H-INOWAG
reduces to SVNOWA /INOWA.



Table 3.7: Neutrosophic aggregated results by using aggregated operators(A = 0.5)

o7

INWA [200] INWG [200]
A; (]0.3123,0.4731],[0.1578,0.2625], [0.3426, 0.4737])  ([0.2814,0.4499], [0.1725, 0.2729], [0.3662, 0.4993])
Az (]0.6223,0.7500], [0.2000, 0.3224], [0.2400, 0.3775])  ([0.6143,0.7434], [0.2398, 0.3501], [0.2467,0.3984])
Az (]0.4980, 0.5981],[0.1702,0.3147], [0.2990, 0.4006])  ([0.4820, 0.5885], [0.2020, 0.3304], [0.3075, 0.4080])
Ay ([0.5052,0.6344],[0.1863,0.3162], [0.1625, 0.2844])  ([0.4447,0.5882], [0.2611, 0.3876], [0.1852,0.3077])
As  ([0.3676,0.4691], [0.1320, 0.2421], [0.3590, 0.4468])  ([0.3467,0.4497], [0.1414, 0.2532], [0.3985, 0.4804])

INOWA [200] INOWG[200]
Ap ([0.2725,0.4456],[0.1835,0.2896], [0.3757,0.5283])  ([0.2491, 0.4228],[0.2038, 0.3043], [0.4024, 0.5541])
Az ([0.6043,0.7344],[0.2000, 0.3358], [0.2259, 0.3497])  ([0.5970, 0.7286], [0.2398, 0.3587], [0.2314, 0.3672])
Az ([0.5170,0.6155],[0.2107, 0.3478], [0.3140, 0.4156])  ([0.5030, 0.6063], [0.2483, 0.3667], [0.3226, 0.4231])
Ay ([0.4424,0.5649], [0.2786,0.4161], [0.2000, 0.3280])  ([0.3973,0.5242], [0.3621, 0.4851], [0.2398, 0.3613])
As  ([0.3169, 0.4182],[0.1414,0.2670], [0.4119, 0.4571])  ([0.2961,0.3995], [0.1515, 0.2855], [0.4395, 0.4819])

INHWA[79]
v =2 y=3

A; ([0.3072,0.4693], [0.1589,0.2637], [0.3454, 0.4774])  ([0.3040, 0.4672], [0.1593, 0.2641], [0.3468, 0.4794])
Ay (0.6212,0.7493],[0.2035, 0.3259], [0.2407, 0.3805])  ([0.6207,0.7490], [0.2049, 0.3275], [0.2410, 0.3819])
Az ([0.4953,0.5967],[0.1726,0.3167], [0.3001, 0.4017])  ([0.4940, 0.5960], [0.1735, 0.3175], [0.3005, 0.4022])
Ay ([0.4951,0.6277],[0.1923,0.3249], [0.1641, 0.2870])  ([0.4899, 0.6247], [0.1948, 0.3290], [0.1647,0.2882])
As  ([0.3641, 0.4658], [0.1325,0.2432], [0.3647, 0.4521])  ([0.3621, 0.4641], [0.1327, 0.2437], [0.3672, 0.4547])

H-INWAG H-INOWAG
A; - ([0.2964,0.4613],[0.1652,0.2677], [0.3545, 0.4867])  ([0.2606, 0.4340], [0.1937, 0.2970], [0.3892, 0.5414])
Az ([0.6183,0.7467],[0.2201, 0.3076], [0.2434, 0.3880])  ([0.6006, 0.7315], [0.2201, 0.3184], [0.2286, 0.3585])
Az (0.4900, 0.5933], [0.1862, 0.3226], [0.3033, 0.4043])  ([0.5099, 0.6109], [0.2297, 0.3573], [0.3184,0.4194])
Ay ([0.4740,0.6109], [0.2246,0.3529], [0.1739, 0.2961])  ([0.4193, 0.5442], [0.3216, 0.4517], [0.2201, 0.3449])
As  ([0.3570,0.4593],[0.1367,0.2477], [0.3598, 0.4639])  ([0.3170,0.4191], [0.1465, 0.2670], [0.3863, 0.4894])
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Table 3.8: Score values of aggregated INNs

INWG [200] INWA [200]

INOWA[200] INOWG [200]

Aq -0.2898 -0.2256 -0.3295 -0.3963
As 0.0614 0.1162 0.1137 0.0643
A3 -0.0887 -0.0442 0.0778 -0.1258
Ay -0.0544 0.0952 -0.1077 -0.2633
As -0.2283 -0.1626 -0.2712 -0.3046
INHWA[79] Proposed operators
=2 N =3 H-INWAG  H-INOWAG
Aq -0.2345 -0.2392 -0.2582 -0.3633
Ay 0.1099 0.1072 0.1029 0.1032
As -0.0495 -0.0519 -0.0666 -0.1020
Ay 0.0772 0.0690 0.0187 -0.1874
As -0.1813 -0.1861 -0.1959 -0.2765

Table 3.9: Ordering of the alternatives under INS environment

Existing operators

Ordering

Proposed operators

Ordering

INWA [200]
INOWA [200]
INWG [200]
INOWG [200]
INHWA [79]

Ay = Ay = Az = As = A3
Ay = As = Ay = As = Ay
.\bwv..\fv..\bwv..\—mv..\:
Ao = Az = Ay = As = Ay
\waaA%Y\AwY\AmY.\AH

H-INWAG
H-INOWAG

Ay = Ay = Az = A5 = A
.\va..\ﬁwv..\b»v..\ﬁwv..\f
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3.6 Conclusion

The fundamental goal of this work is to introduce some new hybrid AOs which are pro-
ficient to aggregate the behavior of the averaging and geometric operators. However, it
has been considered from the existing studies that the aggregated values obtained by av-
eraging or geometric operators are either tending towards the most extreme arguments or
towards the greatest weight value. Thus, they don’t give the unbiased aggregated values.
By taking care of their restrictions, some new hybrid neutrosophic weighted average and
geometric AOs have been developed under the SVNS as well as INS environment which
can give the moderate values in the aggregation process. The desirable properties of these
are also investigated. The major advantages of these proposed operators are that the
various existing AOs such as averaging and geometric are the special case of the proposed
one. Further, depending on the standardize decision-matrix and the proposed operators,
two methods for solving DMPs have been developed under the SVNS as well as INS envi-
ronment. The approach has been illustrated with a numerical example and their results
are compared with some of the existing approaches to show the validity of it. From the
study, it is observed that the existing operators under the SVNS/INS environment can be
taken as a special case of the proposed measure. Finally, a parameter \ will give various

choices to the decision makers to make a decision according to his or her desired goals.



Chapter 4

Novel Frank t-norm based
aggregation operators for
single-valued neutrosophic
numbers with their applications

In this chapter, we developed some new aggregation operators (AOs) based on the Frank
t-norm operational law under the SVNS environment. The Frank t-norm operation has
an additional parameter which can give a flexible environment to the decision makers to
chose their decisions, according to their desired goals. Based on the proposed AOs , an
algorithm for solving the MCDM approach is presented and illustrated with a numerical

example to show its applicability.

4.1 Introduction

The extensive literature related to the AOs for solving the decision-making problems
under the SVNSs environment is described in Section 1.1.1 of Chapter 1. However, all
aforementioned AOs are mainly based on the algebraic operational laws of general t-
norms and their dual t-conorms. The most widely used norm operations are a product
and probabilistic sum [34], because these pairs of the triangular norm are useful to carry

out computing. However, the main drawbacks of the probability triangular norms are that

!The content of this chapter is published as “Novel single-valued neutrosophic decision making operators
under Frank norm operations and its application”, International Journal for Uncertainty Quantification,
6(4), 361 - 375, 2016. (Impact Factor: 0.967).
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lack of flexibility and robustness. Apart from them, some of the existing AOs are derived
by either the fuzzy extension principle or based on the triangular norms. For more details
about them under the SVNSs, we refer to read [17, 79, 96, 131, 173, 177, 178].

Frank triangular norms [40], is one of the most important norm operations and the
generalizations of probabilistic and product t-norm and t-conorm. Also, it satisfying the
compatibility property. Since the Frank triangular norms involve the parameter (shown in
Table 2.1 of Chapter 2) which can provide more flexibility and robustness in the process of
information fusion and make it more adequate to model practical DM problems than other
triangular norms. To the best of our knowledge, very fewer investigations on AOs based
on Frank t-norms for the DM problems have been done by the authors. For instance, Qin
and Liu [121] have presented an AO for triangular interval type-2 fuzzy set during the
DM process. Qin et al. [122] presented a hesitant fuzzy AO based on the Frank t-norm
operations. Garg and Singh [46] presented some series of AOs for the triangular interval
type-2 IFSs based on the Frank t-norms for DM problems. Thus, to enrich the study of
the SVNSs, an AO is the crucial factor so it is meaningful to study AOs based on the
triangular norm operations.

Therefore, keeping inspiration from the fact that SVNS have a great powerful ability to
model the imprecise and ambiguous information, the present chapter discusses the various
AOs for the SVNNs based on Frank’s t-norms for DM problems. For it, an operational
law on different SVNSs and their corresponding averaging and geometric AOs have been
proposed. Further, a method within the multi-criteria decision analysis based on these
operators of SVNSs has been proposed for handling the uncertainties in the collective
information. Finally, a numerical example is given to illustrate the approach and compare

with the several existing algorithms.

4.2 Frank AT and AC based operational laws for SVINNs

Based on the definition of AT and AC, as described in Section 2.3 of Chapter 2, we have
taken the Frank AT and AC operational laws whose additive generators are defined in

Table 2.1 of Chapter 2. In brief, Frank operations include the Frank product(®p) and
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Frank sum (@) which are defined in the following ways:

— A - 1)
A—1
(A — (W - 1)
A—1

Al—x
TOFyYy = 1—log/\<1+( ),)\>1 V(z,y) € [0,1)?

TRFY = logA(1+ ),)\>1 Y(z,y) € [0,1)

Further, it can be easily verified that the Frank sum and product satisfy the following

properties, i.e.,

e (zdpy)+ (z@ry)=x+y

0(z®ry) + (z®ry) _ O(z&ry) + I(=Qry) _ 1

® ox ox oy oy

In addition, Frank t-norm and t-conorm have also two special cases given as follows.

(i) When A — 1, we have x @py =z +y — xy and  ®p y = xy which are the algebraic

t-norm and the algebraic t-conorm, respectively.
(i) When A — +o00, we have z ®p y = min(z 4+ y, 1), * ®p y = max(0,x +y — 1), which

are the Lukasiewicz t-norm and Lukasiewicz t-conorm, respectively.

4.2.1 Operational laws for SVNNs

By keeping the features of Frank AT and AC, we define the basic operational laws for the
different SVNNs as follows:

Definition 4.2.1. Let A; = ({1, k1, ¢1) and Az = ((2, k2, 92) be two SVNNs and A > 1

be a real number, then the operational rules based on Frank norms are defined as follows:

A= (Al -1 AR — 1) (N2 — 1
A1 Az = <l—log)\(1—|—( /\)_(1 )>,log)\<1+( )\)_(1 )>,
AP —1)(A\*2 -1
log,\<1—|-< /\)_(1 )>>
and

& =D - 1) (- - 1)
Y1 ),1—log/\(1+ o1 ),

A1 ®r Ay = <log>\<1+

1=p1 _ 1-—p2 _
i (1 O
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Theorem 4.2.1. The operations defined in Definition 4.2.1 for two SVNNs A; and Ay
are also SVINNs.

Proof. Let A1 = (C1, k1, ¢1) and Az = (C2, K2, 2) be two SVNNs such that 0 < (j, k4, ¢ <

1 and (; + ~;j + ¢; < 3 for j = 1,2. Now for real number X > 1, we have

()\1_1 - 1)()\1_1 -1) ()\1_41 — 1)()\1_<2 -1)
<
logA(l—i- o1 )_logA(l—i- N1 )
()\1—0 _ 1)()\1—0 _ 1)

<

<log, (1 + o1 )

()\1—C1 _ 1)()\1—C2 _ 1)

< <
- O_log)\<1+ - )_1

Hence, 0 < 1 — log, <1 + ()‘l_glfi)i(i‘l_gfl)) < 1. Similarly, for 0 < k1,k9 < 1 and

0 < 1,02 <1, we get

Iil_l K2_1
o <og, (14 D0 0) g

$1 _ w2 _
and 0 <log, (1 + % )\1)0\1 1)> <1

Further, since (j, kj, ¢; are independent to each other and hence we get

()\1—C1 _ 1)()\1—C2 _ 1)
)
(W1 — 1) (A% — 1))
A—1
AP (A2 — 1)
sy

0 < 1-—logy <1+

+log) (1 +

+10g)\ (1 + (

which indicates A; ®r As is SVNN. Similarly, we can prove that A; @ As is also SVNN.
O

Theorem 4.2.2. Let A = ((,k,p) is a SVNN and 7 > 0 be a real number. Then, we

N 1) M 1)1
nA = (1—10g/\ <1+(()\—1)77_)1>,10g)\ (1+<(A_1)77)_1>’

(H)) @)

have

is also SVNN.
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Proof. We prove the results by induction on 7 and then by analogy, we can obtain the

same for any real positive number 7. For n = 2 and by Definition 4.2.1, we have

2A = Aor A
O RO Ok A =D =1)!
(O — D' = )Y
log, <1+ O—1) ))

- (110gA (1+((A;__<1_)21)12> ;logy <1+((;K__1)12)21>7

(7 1)?
lOg/\ <1 + m
Thus, result holds for n = 2. Assume it holds for n = k. Now, for n = k + 1, we have to

prove

1-¢ _ q1\k+1 K _ 1\k+1
(k+1)A = <1—logA <1+()‘(/\_11))k> ,log <1+()\(>\_11))k),

(A7 — 1)kt
1 1+ —r
o ( Ty
The left hand side can be rewritten as (k + 1)A = kA ®©r A, and based on operations
defined in Definition 4.2.1, we have

1=C _ 1)k K _ 1\k
(kA) & A = <1—log)\ <1+((>:\_1),€1_)1>,10g/\ <1+(()\)‘_1)?_1>,

log, (1 " m> ) Op (¢ 1)
<)\1—(1—1ogA (1+%>) B 1) (AI=C — 1)

(A=1) ’

= 1—1log, |1+

-k ) ( (P -1k )
log <1+ - log 1+ ——
(,\ MO sy A UTOSDRT) (e
L+ 1+

oD s log)y

log, oD
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)\l—C_l k+1 )\H_lk+1 )\go_lk—l-l
= (1—10g)\<1+( (/\—1))’€ ),log,\<1+( (A—l))k ),log/\<1+( ()\—1))’“ >>

Therefore, result holds for n = k 4+ 1. Further, it can be easily verified that

AL=0 _ 1)n A=C 1)
0=1—log, <1+()> <1 —log, <1+()>

(A= 1)1 (A= 1)1
()\1—1 _ 1)77 B
Sl—log)\<1—l—()\1)n1 =1
A0 — 1) AR —1)7
0= logA <1 + (()\—1)77)—1> < logA (1 + (()\_1)73_1)
AL=1)7\
A0 — 1) AP —1)7
and OzlogA <1+(()\_1>77)—1> §log>\ <1+(()\_1)77)_1>
AL=1)7\
Also,
_ Ay AT
0<1-log, <1+ D1yt + log, 1+()\_1)7771
(A¥ —1)7
+log)\ <1 + W <3
and hence nA is a SVNN. O

Theorem 4.2.3. For a real number n > 0 and a SVNN A = ((, k, ¢), the operation A"

defined by
(¢ 1y (i - 1y
no_ EASAN VA _ woo =)
A = (logA (1"’ ()\_ 1)77_1 ,1 log)\ 1+ (A— 1)77_1 ;

(Al=P —1)m
1-1 14+
o ( o
is again a SVNN.

Proof. 1t can be easily follows from the Theorem 4.2.2, so it is omit them here. O

4.2.2 Properties of the operational laws

In this section, we investigate some properties of the proposed operations laws as follows.
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Theorem 4.2.4. (Commutative law) Let A; = (;, ki, i) (i = 1,2) be two SVNNs, then
(i) At or Ao = A ®F Ay
(i) A1 ®@r Ay = A ®@r A1
Theorem 4.2.5. (Associative law) Let A; = ({;, ki, i) (i = 1,2,3) be three SVNNs, then
(1) (A &F A2) ©F A3 = A1 ©F (A2 BF As3).
(ii) (A1 ®@F A2) @F A3 = A1 ®F (A2 @F A3).
Theorems 4.2.4 and 4.2.5 are straightforward and we omit their proofs.

Theorem 4.2.6. If A; = ({, ki, ¢i)(i = 1,2) be two SVNNs, n > 0 be a real number,

then
(i) n(A; @& A2) =nA; ®F nAs.
(i) (A1 ®p A2)" = (A1)" @p (A2)".
(iﬁ) mAL Br A = (771 + 772),41.
(iv) (AD)™ @p (A)™ = (A)mtme.,
Proof. We prove the parts (i) and (iii) and hence similar for other.

(i) For SVNNs A, A3 and real number 1 > 0, we have

n(Ar ®&r Az)
(AlogA(l—i-()\l*Cl—1)(>\1*C2—1)/>\—1) _ 1)’7

(A—=1)n—1 ’

K1 _ Ko _ n _ _ n
(AlogA (1+%) _1) (AlogA (1+W) _1)

logA 1+ —1)n—T 710g)\ 1+ (A=1)n—1

= 1—10g>\ 1+
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(A= 1)1 (A= 1)1

Af1-1)"(AP2-1)"
(A=1)n
log, (1 + ()\ )77 T ))

A= )T (A6 AL — 1) (\R2 — 1)"
_ (1—10g)\<1+( 5 )1()2 )>,10g)\<1—|—( ()\—)1()277—1 >),

()T (A e 1) (11" (\2 1)
= 1—1log, | 1+ (A-LF ,log (1 + (Ao ) )

()\@01 _ 1)77 P2 — 1 n
log/\<1+ O 1)
(At=61-1)" (A1=¢2—1) oy o
() () () ()
= 1—10g>\ 1 )\ ,log)\ 1+ )\_1 s

<(>\¢>1 1)7 sz 1)77
1 1
log, (1 L\ m (A - )

o (1—¢)"_ n— 1 o (1—¢2)" _ _q1yn—1
(}\1 g)\(l+(A 1 /(>\ 1) ) )\1 2 1+ A )/(A 1) )_1>

== 1710g)\ — ,
(Alogk(lJr()\“l 1) T/A=1)1~ 1 1 ( 10%)\ 1+ )\CQ 1 /(/\71)7771)_1)
logy [ 1+ — ,
(Alogx(w(k*"l D7/ -1 ( Jloga (1+(x%2-1) /<x71)"—1)71>
logy | 1+ =
= A1 ®rnAs

(iii) For real numbers 1,72 > 0, we have

mAL ©r n2A
(- aym ()
/\log,\ <1+(A1>"11 . /\10g,\ 1+W .

= 1—10g)\ 1+

>
|
—
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K1 _1)M1 ARL—1)72
(}\logx <1+ Ei_l)nll)—l ) _ 1) (}\10&\ (1+ E/\_1)n12)—1 ) . 1>
1 1
Og )\ + A—1 )
(A(m),l)”l (A(tm),l)”?

)\log/\ 1+W B 1 )\10g/\ 1+W B 1
1 1
ogx | 1+ PO

()\1_41 . 1)771+772 ()\m _ 1)771+772
= [1-logy |1+ (= Dyntm , logy <1 + ()\_1)711-|—772—1> ’

()\m _ 1)771+772
log, (1 + —()\ )yt

= (m +mn2)A1

4.3 Aggregation operators based on Frank operational laws

for SVNSs

Based on the Definition 4.2.1, we will discuss some averaging and geometric AOs for set

of all SVNNs. For it, let ®(X') be the collection of SVNNs defined over X.

Definition 4.3.1. Let A; = ({;, ki, p;) be the collections of “n” SVNNs. A mapping
SVNEFWA : &(X)" — ®(X), given by

SVNEWA (A1, Ag, ..., Ay) = (w1 A1) ©F (w2 A2) ©F ... DF (wnAp) (4.2)

n

where w; > 0 be the weight vector of the A;’s with > w; = 1. Then SVNFWA is called
i=1

SVN Frank weighted averaging operator.

Definition 4.3.2. Let A; be the collection of “n” SVNNs. A mapping SVNFWG :
O(X)" — P(X), defined by

SVNFWG(Al, As, ... ,.An) = .Acfl QF ./43)2 R ... QF ./4%” (4.3)
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is called SVN weighted geometric AO, where w; > 0 be the weight vector of SVNN A;’s

n
with Z W; = 1.
i=1

Theorem 4.3.1. For a collection of “n” SVNNs A; = ((;, ki, pi), the aggregated value by
using SVNFWA operator is also a SVNN and is expressed as

SVNFWA (A;, Az, ..., An)
1 —log) (1 + H ()\I_Ci — 1)%) ,logy <1 + H (N — 1)wi) )

log) (1 + ﬁ (AP — 1)““)

i=1
Proof. In order to prove the above result, it is sufficient to prove that Eq. (4.5) holds for

any vector w.

SVNFWA (A1, Az, ..., An)

n n

[T (A —1)™ [T (A% —1)*
= 1 —log, 1+ =L - ,logy 1—|—i:1—n ,
(A — 1)1-;1%71 (A — 1)1;%71
[T (e =1y
logy [ 1+ 53— —— (4.5)
h—nET

We prove this by induction on n. Now, for n = 2, we have

(1 (12 0 (e
wlAl = (1 10g>\ (1 + ()\ — 1)W1—1 ,log)\ 1 + (A — ]_)UJl—l )

wody = (1—1ogk<1+m),10&(1+m)’

and by using Definition 4.2.1, we get

SVNFWA (A1, A2) = (w1A1) OF (w2 Az)



(Alog/\(l-l-()\l—Cl _1)w1/(,\—1)w1—1)_1> (}\log)\(l+(>\1_g2_l)wz/Q_l)wQ—l)_l)

71

(1 —log, (1 +

(1 1)1

A—1

)

("2 -1)2

()\logk(l-&-wwll) - 1) (}\log)\ (1+m> o 1)
log/\ 1+ A—1 ’
()\logk (1+ <A—1)W1*1) — 1) (AlogA (H(A—l)”’l) — 1)
log)\ 1+ A—1
2 1-G wi 2 kg Wi
1()\ 7'_]‘) 1()\7,_1)’
i= =
= 1—logy | 1+ (A — 1)witwz—1 logy [ 1+ (A — 1)wrtwz—1 |7
2 .
I (O - 1)
=1
logy | 1+ O = Dot T

Thus, result holds for n = 2. Assume result holds for n = k, then for n = k£ + 1, we have

SVNEWA (A1, Aa, ..., Ay Agky1)

A

1+

= SVNFWA(AL A?) ceey Ak) @F (Wk+1Ak+1)
et

k.
> owi—1
A—1)i=1

-1

1 —log,

A

k .
logy [ 1+ IT ()\“ifl)wi/(k—l)’bz
i=1

—1

logy | 1+
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k
k ) 2 wi—l log (1+(X"k+1—1)‘”’“*1/(/\—1)“”““71)
logy | 14 [T (A%i—1)%i [ (A—1)i=1 —1[A
=1

A -1

logy | 1+ S}
k+1 k+1
[T =1 I (v — 1)
= |1-logy |1+ 5—s Jogy | 1+ 51—

n-n= h—1=T
k+1
I O — 1

logy | 1+ =1 o
n-n=T
Therefore, result holds for n = k + 1. O

Theorem 4.3.2. Let A; = ((;, ki, p;) be “n” SVNNs. The aggregated value by using
Definition 4.3.2 is again a SVNN and is given by

SVNFWG (A, Ag, ..., Ayp)

log <1 + ﬁ (AC" — 1)%) ,1—log)y <1 + ﬁ ()\1—&' _ 1)%‘) :
=1 i=1

n
1 —log, (1 + H ()\1—%‘ — 1)%‘)
i=1
Proof. As similar to above theorem, we can obtained their proof. O

Further, it is observed that both the developed operators namely SVNFWA and SVN-
FWG have certain properties such as idempotency, monotonicity, and boundedness. As
an example, we have explained it by taking SVNFWA operator, while it is similar to other

ones.

Property 4.3.1. If all SVNNs A;’s are equal to A, then

SVNFWA (A, As, ..., Ay) = A
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Proof. Let A; = (¢, ki, i) be SVNNs such that A; = A = ((, K, ¢) then by definition of
the equality of two SVNNs we have (; = ¢, k; = k and ¢; = ¢. Thus, by Eq. (4.4) and

n
> w; =1, we have
i=1

SVNFWA(A, A,..., A) = (1 ~log, <1 + f[ (AH - 1)“") log), (1 + f[ (A — 1)‘”) :

i=1

logy, (1 + ﬁ (A\¥ — 1)“”) )
i=1

> wi > wi
= (1 — log, <1 + ()\1_4 — 1)i:1 ) ,log, (1 + (N —1)i= ) ,

> wi
logy (1 + (A\¥ = 1)i=t ) )

= (1 — log, (1 + ()\1—( — 1)) Jogy (1+ (A" —1)),

logy (1 4+ (A\¥ — 1)))

= ((,5,9)
= A

Property 4.3.2. (Monotonicity) Let A; = ({;, ki, i) and AL = (¢, &, ¢l), (i =1,2,...,n)

be two collections of SVNNs with ¢; < ¢/, k; > &, and ¢; > ¢}, for all 4, then
SVNFWA(A;, As, ..., A,) < SVNFWA(A], AL, ..., AL).

Proof. Since A; and A} be two SVNNs such that for all i, {; < ¢/, k; > K} and ¢; > ¢}

and A > 1 be a real number. Therefore, A\!=¢ > A=< implies that

1+ﬁ(A1—@— wb>1+H (A6 — 1)
=1

n
L+ [T = 1)
& 0< —=1 <1

L+ TG =1
i=1
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L4+ [T ¢ - 1)
=1

= log/\ S 0
L T - 1
i=1
& 1-log, (1 + H(Alf@ — 1)"”) <1-logy (1 + H()\lfg — 1)“1')
i=1 i=1

Further, x; > «/ implies that

n

L+ v — 1= > 14 [ = 1)

i=1 i=1

& logy,

< logy (1 + ﬁ()\’“ - 1)“”') > log) (1 + ﬁ()\’“; - 1)“”)

i=1

Similarly, for ¢; > ¢, we get

log, (1 + ﬁ(/\% _ 1)%) > log), (1 + ﬁ()\w; _ 1)wi> )

i=1 i=1

Therefore, by score function of SVNN, we get
SVNFWA (A1, A, ..., Ay) < SVNFWA (A}, A, ..., AL)
O

Property 4.3.3. For a collection of SVNNs A;’s, take A~ = (min (;, max k;, max ;) and
7 7 7
At = (max (;, min k;, min ¢;) then A~ < SVNFWA (A, Az, ..., A,) < AT
(2 (2 2

Proof. By using idempotency and monotonicity properties of SVNFWA operator, this

result can be followed directly. Hence, we omit their proof at here. ]

4.4 Decision making method based on proposed operators

The general description of the decision making problem is given in Section 2.5 of Chapter
2 under the SVNS environment. Under it, the given alternatives A;(i = 1,2,...,m)

are assessed under the different attributes G;j(j = 1,2,...,n) by an expert. The rating
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information provided by an expert are summarized in the decision matrix M = (;)mxn
where a;; = (Gij, Kij, @ij) such that 0 < (5, k45,55 < 1 and G + kij + @ij < 3. Here,
Gijs kij and @;; represents the degrees of “truth membership function”, “indeterminacy-
membership function” and a “falsity membership function” of the alternative 4; under
attribute G; respectively.

Then, based on the developed operators, we present an approach to solve the MADM

problems, whose steps are summarized as follows:

Step 1: Normalize the matrix M, if required, by using Eq. (2.38) of Chapter 2 and hence

get the normalized matrix R = (74;)mxn-

Step 2: Aggregate the different preference values of the alternative r;; by using either
SVNFWA or SVNFWG operator to get the collective information r; = ({;, ki, ©;)
towards the each alternative A;, (i = 1,2,...,m). For example, by utilizing

SVNFWA operator, we get

r; = SVNEWA(ri1, 79, Tin)

= 1—1logy [ 1+

—.

i n
(Al—%‘ - 1)"” Jogy [ 1+ JT v — 1= |,
j=1

7=1

logy | 1+ [ (a9 — 1) (4.7)
j=1
and by SVNFWG operator, we get

Ty = SVNFWG(TZL Ti2, ..., Tin)

= [0z [ 1+ T (r - 1)wj A —logy [ 14 (" — 1) |,
j=1

j=1
n
1—1logy | 1+ H (A% — 1)* (4.8)
j=1
Step 3: Compute the score values of r;, (i =1,2,...,m) as
S(ri) =G — ki — i (4.9)

Step 4: Rank the alternatives based on the decreasing values of S(-) and select the best

one(s).
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4.5 Illustrative example

The above proposed approach is illustrated with a numerical example, which can be read

as

Consider a certain university, in which a computer center wants to improve the work

productivity. For it they wants to select a new information system from the set of four

different alternatives A;,7 = 1, 2, 3,4 which are evaluated by the decision maker under the

different criteria, namely the “cost of hardware/software” (Gi), “contribution to organiza-

tional performance” (Gy) and “effort to transform from current system” (G3) whose weight

vector is w = (0.4,0.2,0.4)7. After evaluation, the rating values of these alternatives are

summarized in the form of SVNNs as below.

G1
A T(0.265,0.350,0.385)
M~ A [(0:345,0.245,0.410)
As 1(0.365,0.300,0.335)
Ay 1(0.430,0.300,0.270)

Go
(0.280,0.610,0.330
(0.280,0.710,0.430
(0.205,0.685, 0.480
(0.295,0.755, 0.460

—_ — — —

gs
(0.245,0.275, 0.480)
(0.245,0.375, 0.380)
(0.340, 0.370, 0.290)
(0.310, 0.520, 0.170)

Then, the steps of the Section 4.4 corresponding to SVNFWA operator are executed

here for the considered problem.

Step 1: Since G1 & G3 are the cost criteria and hence the normalized matrix R is obtained,

by using Eq. (2.38) of Chapter 2, as

Step 2: Without loss of generality, we use A = 2 and hence by Eq.

[(0.265,0.350, 0.385
(0.345,0.245, 0.410
(0.365,0.300, 0.335

(0.430,0.300,0.270

) (
) (
) (
) (

0.330, 0.390, 0.280
0.430, 0.290, 0.280
0.480,0.315,0.205
0.460, 0.245, 0.295

0.245,0.275, 0.480
0.245,0.375, 0.380

) )]
) )
) (0.340,0.370, 0.290)
) )]

(
(
(
(

0.310,0.520,0.170

(4.7), the aggre-

gated values of each alternative are obtained as r; = (0.2705,0.3955,0.3251), ro =

(0.3249,0.3689,0.3010), r3 = (0.3799,0.2871,0.3296), and 4 = (0.3907, 0.2289, 0.3612).

Step 3: By Eq. (4.9), we get S(r1)
S(r4) = —0.1994.

—0.4501; S(rs)

—0.3450; S(rs) = —0.2368 and
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Step 4: As S(r4) > S(r3) > S(r2) > S(r1) and thus the ranking order of the alternatives
is Ay = Az = Ao = A;. Therefore, the best alternative is Aj4.

Further, if we utilize the SVNFWG operator instead of SVNFWA to aggregate the given
information during Step 2 of the developed approach, then their corresponding results are

summarized as follows.
Step 1: As similar as that of above.

Step 2: Without loss of generality, we use A = 2 and hence by Eq. (4.8), we get the
collective values of the alternatives are r1=(0.2685, 0.3292,0.4056), ro=(0.3152,
0.3080, 0.3734), r3=(0.3752, 0.3316, 0.2922) and r4=(0.3831, 0.3865, 0.2364).

Step 3: By Eq. (4.9), we get S(r1) = —0.4664, S(r2) = —0.3661, S(r3) = —0.2486 and
S(r4) = —0.2399.

Step 4: As S(ra) > S(r3) > S(r2) > S(r1) and thus the ranking order of the alternatives

is Ay = Az = Ao = A;. Therefore, the best alternative is again Ajy.

On the other hand, if we apply the various existing approaches [17, 79, 96, 131, 173,
177, 178] from the field of DM to the considered problem, then their corresponding rating
values as well as the ranking of the alternatives are summarized in Table 4.1. From these
results, it has been analyzed the best alternatives coincides with the proposed ones and
hence the proposed methods have a suitable tool for solving the DM problems under the

uncertain environment.

4.5.1 Sensitivity Analysis

In order to see the influence of the parameter A on the decision making, an analysis has
been conducted in which different values of A(= 1,1.5,2,2.5,3,5,10,15) have been taken
for the considered problem. Based on these parameters, the proposed approach has been
applied and their corresponding score values, as well as the ranking of the alternatives,
are summarized in Table 4.2. From it, it has been observed that with the increase of A,

score value by SVNFWA operators is decreasing while increases for SVNFWG operators.
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Further, it has been concluded that the ranking of the given alternative is symmetric and

found that the most suitable alternative is A4 and A; is the least one.

4.6 Conclusions

Aggregation operators play a crucial role during the DM process as most of the data
related to system identification are uncertain in nature. For this, the neutrosophic set
theory has been utilized in the present manuscript and hence the performance of each
object has been measured in terms of SVNNs. In order to aggregate all these preferences,
a Frank-operator based an AO such as SVNFWA and SVNFWG have been proposed in
this chapter. Some of its desirable properties have also been investigated. Further, a
DM approach has been presented based on these operators and hence illustrated with a
numerical example in which each alternative is assessed in terms of SVNNs. By comparison
with the existing approaches, it has been concluded that the proposed operators show a
more stable, practical and optimistic nature to the decision makers during the aggregation
process. Measure values corresponding to different values of A will offer the various choices
to the decision-makers in assessing the alternatives. Therefore, the present approach

becomes more consistent and reliable to present the degree of fuzziness.
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Table 4.2: Effect of the parameter A on ranking of the alternatives

Score value of alternative Ranking

A Operator A Ao As Ay
1 SVNFWA | -0.4486 -0.3433 -0.2357 -0.1960 | A4 > A3z > A2 = Ay
SVNEFWG | -0.4677 -0.3678 -0.2496 -0.2434 | Ay > A3z > Az = Ay
r SVNFWA | -0.4495 -0.3443 -0.2363 -0.1980 | A4 > A3z = A2 = Ay
SVNEFWG | -0.4669 -0.3668 -0.2490 -0.2413 | Ay > A3z > Az >~ A;
) SVNFWA | -0.4501 -0.3450 -0.2368 -0.1994 | A4 > A3z > A2 = Ay
SVNFWG | -0.4664 -0.3661 -0.2486 -0.2399 | Ay > A3z > Az >~ A;
o s SVNFWA | -0.4506 -0.3456 -0.2371 -0.2004 | A4 > A3z = A2 = Ay
SVNEFWG | -0.4660 -0.3656 -0.2484 -0.2389 | Ay > A3z > Az >~ A;
5 SVNFWA | -0.4509 -0.3460 -0.2373 -0.2012 | A4 > A3z > A2 = Ay
SVNFWG | -0.4657 -0.3652 -0.2482 -0.2381 | Ay > A3z > Az >~ A;
. SVNFWA | -0.4518 -0.3471 -0.2380 -0.2033 | A4 > A3 > A2 = Ay
SVNFWG | -0.4649 -0.3642 -0.2476 -0.2360 | A4 = A3 = Ay = A
10 SVNFWA | -0.4530 -0.3484 -0.2388 -0.2074 | Ay >~ A3 >~ Ay = Ay
SVNFWG | -0.4639 -0.3629 -0.2470 -0.2336 | Ay > A3z = Az >~ A;
15 SVNFWA | -0.4536 -0.3484 -0.2388 -0.2060 | A4 > A3z > Az ~ Ay
SVNFWG | -0.4635 -0.3623 -0.2466 -0.2324 | Ay > A3 = Az >~ A;




Chapter 5

Prioritized Muirhead Mean
Aggregation Operator under
Neutrosophic Set Environment
and its applications

SVNS, as an extension and generalization of an IFS, is a powerful tool to describe the
fuzziness and uncertainty, and Muirhead mean (MM) is a well-known AO which can con-
sider interrelationships among any number of arguments assigned by a variable vector. In
order to take advantages of both, in this chapter, we introduce two new prioritized MM
AOs, such as the SVN prioritized MM (SVNPMM) and SVN prioritized dual MM (SVN-
PDMM) under SVN set environment. In addition, some properties of these new AOs are
investigated and some special cases are discussed. Furthermore, we propose a new method
based on these operators for solving the MCDM problems and illustrate with a numerical

example.

5.1 Introduction

From the literature of AOs in Chapter 1, it is analyzed that the input arguments used
during the aggregation may not be independent of each other and in complex problems,

the involvement of interrelationship between the argument values always occurs in DM

!The content of this chapter is published as “Multi-criteria decision-making method based on prioritized
Muirhead mean aggregation operator under Neutrosophic set environment”, Symmetry, 10(7), 280, 2018;
doi: 10.3390/sym10070280 (Impact Factor: 1.256).
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process. Moreover, the DM process always encounters a problem of some criterion values,
provided by the decision makers, whose impact on the DM process are unduly high or
unduly low; this consequently affects the final output of the process. To handle both the
scenarios in the DM process, we develop two new AOs named as SVN prioritized MM
(SVNPMM) and SVN prioritized dual MM (SVNPDMM) operators, by extending the
operations of SVNNs by using MM and prioritized operators. MM operator is a powerful
and useful aggregation technique with the feature that it considers the interrelationships
among all arguments which makes it more powerful and comprehensive than BM, MSM
and HM. Moreover, the MM has a parameter vector which can make the aggregation
process more flexible. Further, an MCDM method based on these proposed operators
under the SVNS environment where preferences related to each alternative is expressed in
terms of SVNNs has been established. An illustrative example is presented to testify the
efficiency and superiority of the proposed method by comparative analysis with the other
existing methods. Apart from these, we verify that the proposed methods have advantages
with respect to existing operators as follows: (1) some of the existing AOs can be taken
as a special case of the proposed operators under NSs environment, (2) they consider the
interrelationship among all arguments, (3) they are more adaptable and feasible than the
existing AOs based on the parameter vector, (4) the presented approach considers the

preferences of the decision maker in terms of risk preference as well as risk aversion.

5.2 Neutrosophic Prioritized Muirhead Mean Operators

Let ®(X) be a collection of “n” SVNNs A; and o is the permutation of (1,2,...,n) such
that A,j_1) < Agy) for j = 2,3,...,n. Then, in this section, we develop some new

prioritized based MM AOs on ®(X).

5.2.1 Single-Valued Neutrosophic Prioritized Muirhead Mean Operator

Definition 5.2.1. For a collection of SVNNs A;(j = 1,2,...,n), a SVNPMM operator
is a mapping SVNPMM : &(X)" — ®(X) defined as
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SVNPMM(A, Ag, . An) = | @D [ (n&Aa)” |77, (B

. i=1
where §; = ZI"(”) ,Hi=1,Hj = [[ S(Ak);(j =2,...,n), Sy is collection of all permuta-
> Hj k=1
j=1

tions of (1,2,...,n) and P = (p1,p1,...,Pn) € R"™ be a vector of parameters.

Theorem 5.2.1. For a collection of SVNNs A; = ((j, k4, ¢;), (7 =1,2,...,n), the aggre-
gated value by Eq. (5.1) is again a SVNN and given by

SVNPMM (A1, As, ..., Ay)

1\
n n! >
Pj =1
1- | JI 1—H(1—(1—Cau>)”5ﬂ')J T
€S j=1
1N\
n Ny n! jglpj
= |1 H 1 _ Hg(j)nfj) - (5.2)
UES j=1
1N\
n i ") X
1 H 1 — oy ) ’
O'ESn Jj=1

Proof. For SVNN A;(j =1,2,...,n) and by Definition 2.4.2 of Chapter 2, we have

w6 Aoi) = (1= (1= G k™, oty ™)
(1 — (1= ))"53) - (1 - f”vo(j)ngjyj )

and (nfj.Ag(j))pj = P
1—<1—%() 5) ’

Thus,

D f[(nsjAa@)”j = II (1—

€Sy j=1 gESy
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Now,
n

3 v
SVNPMM(A;, Ay, . .., Ay) = (;, B [] (n&A- )

oSy j=1

(e )y )
(e (e )
(e neer)) )

Thus Eq. (5.2) holds. Furthermore, 0 < Co(j)s Bo(j)s Po(j) < 1 so we have 1 —

(1 CU(]))n€J € [0,1] and H (1-(1- Co(h) )"éﬂ)pJ € [0, 1], which implies that
J_

1 (H ( ﬁ(l— 1-¢ ))"fa> )) 0,1].
0ESh j=1
Hence,

o< (i (11 (o)) )

g€eS, j=1

2
<
13
-
3
£

2
M=
i
)

Similarly, we have

and

which complete the proof. d
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The working of the proposed operator is demonstrated through a numerical example,

which is illustrated as follow.

Example 5.2.1. Let A; = (0.5, 0.2, 0.3), A2 = (0.3, 0.5, 0.4) and A3 = (0.6, 0.5, 0.2) be

three SVNNs and P = (1, 0.5, 0.3) be the given parameter vector. By utilizing the given
—1

information and H; = H S(Ag); (7 =2,3), we get Hy =1, Hy = 0.74 and H3 = 0.2257.

Hence, §; = n"“ becomes & = 0.5087, & = 0.3765, &3 = 0.1148. Therefore,
> Hj

J
i=1

s
(-

] {f

1 0.5
(1 _ 0'5)3><0.5087> % (1 _ ( —0. 3 3x0.3765 % (1 3><0 1148

1— 06 3x0.1148

0.5
x (1= ( —0. 5 3x0. 5087) X

)}
{-( )< (11 vapeone)”)
fi-( ) <1< >< >}
{-( )< (100 < )]
{-( )< (1-a-ngpom) )

1— (1 _ 0.3)3><0.3765

1— (1 _ 0.6)3X0'1148

1— 03 3x0.3765

1— (1 _ 0.5)3><0.5087 x (1= (

0.5

1— 03 3x0.3765

1— (1 _ 0.6)3X0'1148 1— ( —0. 5 3x0.5087

0.5
6 3x0. 1148)

- {1 _ (1 _ (0‘2)3><0.5087> ' o (1 B (0‘5)3><0.3765> 05 y (1 - (0.5)3><0.1148> 0.3}
(

1 0.5 0.3
1 _ (0‘5)3X0.3765> X <1 _ (0.2)3X0.5087> X (1 _ (0.5)3X0.1148> }
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and

(-

1

O 5 3x0.1148 %

1
X

0 2 3x0.5087 >

1

O 5 3x0.1148 %

)
)
)
)

.000093196

i

1
3 3x0.5087 %

1

(0.
(0.4)3%0-3765 ) 5

1
X

1

3 3x0.5087 %

(0.
1
O 2 3%x0.1148 %

#in)

)

)
02) ) .

")

)

)

.00000093195.

1-—
1-—
1-—

1—

(-
(1
(-
(-

1—

1—

1—

1—

(-
(1
(1
(1
(1
(1

0 5 3x0.3765

0 5 3x0.1148

0 2 3x0.5087

O 4 3x0.3765
O 3 3x0.5087

O 2 3x0.1148
O 3 3x0.5087

)
™)
)
)

)
)
)
™)
)
)

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

< (1
< (1
< (1
< (1

X (1-—

.
.
.
.
.

(1

0.3
0 2 3x0.5087

0.3
0 2 3x0.5087

0 5 3x0.3765

0.3
0 5 3x0.3765

)}
)}
)}
)}

0 2 3x0.1148
0 2 3x0.1148

0 3 3x0.5087

0 4 3x0.3765
0 4 3x0.3765

)]
)]
033X°5°87>03}
)]
)]
)]

Hence, by using Eq. (5.2), we get the aggregated value by SVNPMM is

(1 - (0.0052)1/6>

SVNPMM (A, Az, As3)

1/1.8

1/1.8
1— (1 — (0.00000093195)1/6>

(0.7415,0.1246, 0.0562).

1/1.8
11— (1 - (0.000093196)1/6> ,
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It is observed from the proposed operator that it satisfies the certain properties which

are stated as follows.

Theorem 5.2.2. If A; = ((j, K5, ¢5) and A’ = ((}, K, ¢;) are two SVNNs such that

G < (G, Ky > K and @; > ¢ for all j, then
SVNPMM(A1, As, ..., A,) < SUNPMM (A, AS, ..., AL).

This property is called monotonicity.

!

. H' .
Proof. For two SVNNs A; and A’. Let § = % and ¢ = 29 where H; = 1,
J i, j >
=1 j=1
j—1 Jj=1
Hj = [ S(A) and Hy =1, H} = [[ S(A}) for (j =2,3,...,n), such that §;, &’ € [0,1].
k=1 k=1

As for all j we have (,(;) < (é(j) which implies that (1 — Cg(j))”51' >(1-— C(’T(j))” 3‘, Thus,
né\ Pi ne' \Pi
(1 - (1-G) 5’) ' < (1 - (1= G 5]) J
L né\Pi ne! \Pi
and ] (1 - (1=Gw) gj) ‘< | (1 - (1-Gw) 5’) .

3

j=1 j=1
Further, we have
n N\ Pj n 1\ Pj
11 1_H(1— (1—40(1‘))”5]) > [ (1-11 (1— (1—C$(j))n£j>
o€Sn j=1 o€Sy, j=1
and
i'

Hence, we get

3=
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Similarly, we have

1 o
n » nl _le]
e
0 1 {E
gESy, j=1
1N
n » nl jZIPJ
1 né J =
>1-|1- 1—H<1—/<c(]) J)
oESy 7=1
and
1 nl
n nl g pj

J

s (e (T (- T1 0 407)”

UGSn ]:1

Therefore, by Definition 2.1.4 of Chapter 2, we have

SVNPMM(Ay, As, ..., Ay) < SUNPMM (A, A, ..., A).

O]

Theorem 5.2.3. For a collection of SVNNs A; = ((j,kj,¢;)(j = 1,2,...,n). Let A~ =
¢,k ,97) and AT = (T, kT, ") be the lower and upper bound, respectively, of the

SVNNs where ¢~ = min{¢;}, k= = max{r;}, ¢~ = max{yp;}, (* = max{¢(;}, v* =
j j j j

min{x;} and ¢t = min{y;}, then
J J
A” < SVNPMM(Ay, As, ..., A,) < AT,
This property is called boundedness.

Proof. Since min{(;} < (j, therefore min{(;} < (,(;), which implies
j j

né; nt;
(1 — min Cj> > (1= Cog)™

ng; Pbj né:\ Pi
e

and
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Then,
n ng; by n ne\ P
1—(1—m1n<j> gH(l—(1_<O_(j)) J> .
j=1 ! j=1
Further,
n n&;\ P n ne\ P
I (=TI (0= (1-ming) ") )= I (+=TI(- 0 -co)®)" )
7ESy, j=1 / sES, j=1
which implies that
1 n1
n n&;\ Pi nl j§1p]
1-{ I (1-1] (1— <1—mmgj> )
o€Sh j=1

ie.,

O’GSn

< |- (H (1 TI0-0- cgun”@)”)) B

In the same manner, we get

0ESH j=1
and
1\
n ; n! jglpj
pm=1-|1-|( ][ 1—H(1—90a(j)"§j>J :
0ESH 7=1

Hence, ((7,k,p~) < SVNPMM(A;, As, ..., A,). Similarly, we have

SVNPMM (A1, As, ..., An) < (CF 6T, 1),

which completes the proof.
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Theorem 5.2.4. Let Aj be any permutation of A4; then we have
SVNPMM(A1, As, ..., A,) = SVNPMM (A, As, ..., Ay).
This property is called commutativity.

Proof. The proof of this theorem can be easily followed from Eq. (5.2), so we omit it
here. O

Theorem 5.2.5. If the priority level of all the SVNNs is taken to be the same then
SVNPMM operator reduces to SVN Muirhead mean (SVNMM) operator. This property

is called reducibility.

Proof. Take §; = L) % for all j denotes the prioritized level. As &; is same for all j,
H;

M

1
so, we have (n;)A,(j) = Ag(j), which implies

<
Il

1

L . > Py
SVNPMM(.Al,.AQ, e ,.An) = (771,| @ HAZ?])) j=1

o€S, j=1
—  SUNMM(A;, As, ..., Ay).

3

O

However, apart from these, the following particular cases are observed from the pro-

posed SVNPMM operator by assigning different values to P = (p1,p2,-..,Pn)-

1) If P = (1,0,...,0), then SVNPMM operator becomes the SVN prioritized weighted
average (SVNPWA) operator which is given as

Ho1) =

1

SVNPMM(Ay, Ay, ..., An) = | = P _

7”L. oESy Z Hj
i=1

= PyA
j=1

= SVNPWA(Ay, Ay, ..., Ay).
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2) When P = (A,0,...,0), then SVNPMM operator yields to SVN generalized hybrid
prioritized weighted average (SVNGHPWA) operator as shown below

NS
SVNPMM(A;, Ay, ..., Ay) = ,EB Ho) g
'UESn ZH
1
P ’
_ - . A
= n@(néjA])
7j=1

= SVNGHPWA(Aj, As, ..., Ay).

3) If P = (1,1,0,...,0), then Eq. (5.1) reduces to SVN prioritized Bonferroni mean
(SVNPBM) operator as below

N[

U HO'
SVNPMM(AL Az, oo An) = | — yan ) PR R eI
v g€y Z H Z Hj
i=1

H;
- n| EB R As
ors Z H > Hy

= SVNPBM(Al, Ag, AR,

Il
—

t terms n —t terms
—_—  —A
4) If P = (1,1...,1, 0,0...,0 ), then SVNPMM operator yields to SVN prioritized

Maclaurin symmetric mean (SVNPMSM) operator as follows

o=

2n't | H;
SVNPMM(A1, Az, ..., A) = | = D Q| 724,
n! 1<y < g=1 ZHT
<dpsm r=1

5.2.2 Single-Valued Neutrosophic Prioritized Dual Muirhead Mean Op-

erator

In this section, we propose prioritized dual AO based on the MM under the SVNS envi-

ronment.
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Definition 5.2.2. A SVNPDMM operator is a mapping SVNPDMM : ®(X)" — &(X)

given by

3

1 - né;
SVNPDMM(A, As, ..., Ay) = 1P widi)™ | - 53

7

Y. pj \o€Sa i=1
j=1
Theorem 5.2.6. The collective value by using Eq. (5.3) is still a SVNN and is given as

SVNPDMM (A1, As, ..., Ay)

- pj ” jélpj
- (1= (- H(1—<(, )J :
oc€Sh 7j=1
N
n ;i n! jglp]
| (1 (=TT 0y | s
oc€Sh j=1
1N w
n s\ A
y =
1= H H(l_ (1= @5(5))" )
oE€Sh =
Proof. The proof follows from Theorem 5.2.1. O

In order to illustrate the working of this operator, we demonstrate it through an

illustrative example as follows.

Example 5.2.2. If we have taken the data as considered in Example 5.2.1 to illustrate
the AO as defined in Theorem 5.2.6 then, we have

I (- IL(-ch)"

1 0.5 0.3
1 _ O 5 3x0.5087 % ( 0 3 3x0. 3765) X (1 _ (0.6)3X0'1148> }

1 O 6 3x0.1148

X
—
=
|
N /’::\\ N

1 0.5 0.3
O 3 3x0. 3765) X ( O 5 3x0. 5087) X (1 _ (0.6)3X0'1148> }

X
——
—
|

1 0.5 0.3
X < O 3 3x0. 3765) X (1 _ (0.5)3X0.5087> }
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1 0.5 0.3
1 1 O 3 3x%0. 3765> % <1 _ (0'6)3><0.1148> X <1 _ (0.5)3X0.5087> }

1 0.5 0.3
O 5 3x0. 5087> % <1 _ (0'6)3><0.1148> X (1 _ (0.3)3X0.3765> }

1 0.5 0.3
O 6 3x%0. 1148> % <1 _ (0'5)3X0.5087> X (1 _ (0'3)3X0.3765> }

Similarly, we have

and

X

1_

(1(1@())§>pj)

—0. 5 3x0.3765
—0. 2 3x0.5087
—0. 5 3x0.3765
—0. 5 3x0.1148
—0. 5 3x0.1148

) (o
) (o
) (i
) (-
) (i
) (i

—0. 2 3x0.5087

0.3
—0. 5 3x0. 1148)
0.3
—0. 5 3x0. 1148>
0.3
—0. 2 3x0. 5087>
0.3
—0. 2 3x0. 5087)

0.3
—0. 5 3x0. 3765)

0.3
—0. 5 3x0.3765

—_——— —— —— —(— —— ——

{1 - <1 -- 0'3)3X0'5087>1 X <1 - (1- 0.4)3><0‘3765> 05 « <1 - 0.2)3X0.1148) 0.3}
{1 ) <1 -0 0'4)3X0.3765>1 . <1 —(- 0‘3)3X0‘5087> " X <1 -(1- 0_2)3><0~1148> 0'3}
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1 0.5 0.3
X {1 _ <1 _ ( —0. 2 3x%0. 1148> X <1 —0. 4 3x%0. 3765> X <1 —0. 3 3x%0. 5087) }

1 0.5 0.3
X {1 _ <1 _ ( —0. 4 3x0. 3765> X <1 —0. 2 3x0. 114S> X <1 —0. 3 3x0. 5087> }

1 0.5 0.3
X {1 _ <1 _ ( —0. 3 3x0. 5087) X <1 —0. 2 3x0. 1148> X <1 —0. 4 3x0. 3765) }

1 0.5 0.3
X {1 _ <1 _ ( —0. 2 3x0. 1148) X <1 —0. 3 3x0. 5087> x <1 —0. 4 3x0. 3765) }
= 0.0791.

SVNPDMM(A;, Ay, A3) =

1

(1 - (0.0791)é) B

1

1.8 1.8
1— <1 - (0.00042495)35) : (1 - (0.0268)é> :

= (0.1631,0.6441, 0.5535).

Similar to SVNPMM operator, it is observed that this SVNPDMM operator also satis-
fies same properties for a collection of SVNNs A;(j = 1,2,...,n) which are stated without

proof as below.
(P1) Monotonicity: If A; < A’ for all j, then

SVNPDMM (A1, As, ..., An) < SVNPDMM(A}, A, ..., AL).

(P2) Boundedness: If A, and A" are lower and upper bound of SVNNs then

A~ < SVNPDMM(A;j, A, ..., A,) < AT.

(P3) Commutativity: For any permutation (A;, As, ..., A,) of the (A;, Aa, ..., Ay), we have

SVNPDMM (A1, A, . .., A,) = SUNPDMM(A;, As, ..., Ay).

5.3 Multi-criteria decision-making approach based on pro-

posed operators

In this section, we present an MCDM approach for solving the problems under the SVNS

environment by using the proposed operators.



95

5.3.1 Proposed decision-making approach

The description of the MCDM process is given in Section 2.5 of Chapter 2. The evalua-
tion of each alternative is done under the SVNS environment and represent their rating
values in a SVN decision matrix M = (&;j)mxn Where ai; = ((ij, Kij, pij) such that
0 < Gij, Kig, pig < 1 and G5 + Kij + pij < 3.

Then, the following steps have been proposed to solve the decision making problems

by using proposed operators.

Step 1: Normalize the data of the matrix M, if required, by using Eq. (2.38) of Chapter

2 and hence obtained the normalized decision matrix R = (74;).

Step 2: Compute H;j(i =1,2,...,m) as

1 D oa=1

Hij = 7j—1 ) (55)
H (Tzk) ;o J=2,...,n.
k=1

Step 3: For a given parameter P = (p1,p2, . . ., Pn), utilize either SVNPMM or SVNPDMM
operator to get the collective values r; = ((;, ki, )i = 1,2,...,m) for each

alternative as

Ty = SVNPMM(T‘M, Ti2y - .. ,rm)

1\ @
- s\ ") A"
.. J -
- IT (11 (1—(1—@0(]‘))”&“) ;
ocESH 7j=1
1N\
n ;i n! jglpj
= (== IT [ -TT(r-+i)” , (5.6)
oESy 7j=1
1N\
i & \Pi " jglp]
T ij J -
- (-Tre- )

oESy 7j=1
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or

r; = SVNPDMM(71, 72, ..., in)

- i \P ” jilp]
né; J -
== I (=TT (v =) ,
oc€Sh j=1
1N
n » n! jglpj
(1 (e eorer)) )| o
0ESh j=1
1 L
n nt\ X opj
&;\" =
1- H 1_H<1_(1_9010(])) ]>
0cESH 7=1
where §;; = M > 0.
> Hij
j=1
Step 4: Calculate score values of the overall aggregated values r; = ((, ki, i) (i =
1,2,...,m) by using equation
S(T’Z) — + (CZ R Sol)( CZ Sol) . (58)

2

Step 5: Rank all the feasible alternatives A;(i = 1,2,...,m) according to Definition 2.1.4

of Chapter 2 and hence select the most desirable alternative(s).

The above mentioned approach has been illustrated with a numerical example discussed

in Section 5.3.2.

5.3.2 Illustrative example

A travel agency named Marricot Tripmate has excelled in providing travel related services
to domestic and inbound tourists. The agency wants to provide more facilities like detailed
information, online booking capabilities, the ability to book and sell airline tickets, and
other travel related services to their customers. For this purpose, the agency intends to
find an appropriate information technology (IT) software company that delivers affordable
solutions through software development. To complete this motive, the agency forms a

set of five companies (alternatives), namely, Zensar Tech (A;), NIIT Tech (Az), HCL
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Tech(A3), Hexaware Tech(Ay4), and Tech Mahindra (As) and the selection is held on
the basis of the different criteria, namely, technology expertise (Gy), service quality (G2),
project management (G3) and industry experience (G4). The prioritization relationship for
the criterion is G = Go = G3 = G4. In order to access these alternatives, an expert was
invited and he gives their preferences toward each alternative in the form of SVNN. Their

complete preferences of the expert are summarized in Table 5.1.

Table 5.1: Single-valued neutrosophic decision making matrix.

G1 ) gs G4
A (0.5,0.3,0.4) (0.5,0.2,0.3) (0.2,0.2,0.6) (0.3,0.2,0.4)
As (0.7,0.1,0.3) (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2)
As (0.5,03,04) (0.6,0.2,04) (0.6,0.1,0.2) (0.5,0.1,0.3)
A; (0.7,0.3,02) (0.7,02,0.2) (0.4,0.5,0.2) (0.5,0.2,0.2)
As (0.4,0.1,0.3) (0.5,0.1,0.2) (0.4,0.1,0.5) (0.4,0.3,0.6)

Then, the following steps of the proposed approach have been executed as below

Step 1: As all the criteria values are of the same types, the original decision matrix need

not be normalized.

Step 2: Compute H;;(j = 1,2,3,4) by using Eq. (5.5), we get

0.3642]
0.4464
0.4575 |
0.1134
0.6024_

0.4921
0.7200
0.5320
0.5154
0.6806

Step 3: Without loss of generality, we take P = (0.25,0.25,0.25,0.25) and use SVNPMM
operator given in Eq. (5.6) to aggregate 7;(j = 1,2,3,4) and hence we get
r1 = (0.9026, 0.0004, 0.0118); r5 = (0.9963, 0.0008, 0.0007); 75 = (0.9858, 0.0001,

0.0029); r4 = (0.9877, 0.0021, 0.0002) and 75 = (0.9474, 0.0000, 0.0093).
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Step 4:

Step 5:

By Eq. (5.8), we get S(r1) = 0.9959, S(r2) = 0.9992, S(r3) = 0.9998, S(ry) =
0.9978 and S(rs) = 0.9990.

Since S(rg) > S(r2) > S(rs) > S(r4) > S(r1) and thus ranking order of their
corresponding alternatives is Az = As = As = A4 = A;. Here > refers “preferred

ki

to”. Therefore, As is the best one according to the requirement of the travel

agency.

Contrary to this, if we utilize SVNPDMM operator then the following steps are exe-

cuted as:

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:

5.3.3

Similar to above Step 1.
Similar to above Step 2.

For a parameter P = (0.25,0.25,0.25,0.25), use SVNPDMM operator given in
Eq. (5.7) we get r1 = (0.0069, 0.7379, 0.9413); r» = (0.1034, 0.7423, 0.7782);
rs = (0.0428, 0.6021, 0.8672); r4 = (0.0625, 0.8271, 0.6966) and r5 = (0.0109,
0.5340, 0.9125).

The evaluated score values by using Eq. (5.8) are S(r;) = 0.2226, S(r2) = 0.1628,
S(rs) = 0.3396, S(r4) = —0.0554 and S(rs) = 0.4222.

The ranking order of the alternatives, based on the score values, is A5 >~ Az >

A1 = Ay = Ay and hence As as the best alternative among the others.

Comparison Study

If we apply the existing prioritized AO named as SVN prioritized operator [166] on the

considered problem, then the following steps of the Wu et al. [166] approach have been

executed as follows:

Step 1:

Use SVNPWA operator as given in Eq. (2.32) of Chapter 2 to calculate the ag-
gregated values (;(i = 1,2,3,4,5) of each alternative A; are f; = (0.4392,0.2407,
0.3981), B2 = (0.6681,0.1864,0.2602), B3 = (0.5461,0.1929, 0.3414), 4= (0.6294,
0.2844, 0.2000) and S5 = (0.4291,0.1141, 0.3232).
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Step 2: Compute the cross entropy E for each f3; from AT = (1,0,0) and A~ = (0,0, 1)
based on the equation E(f1,2) = (sin(; — sin2) x (sin(¢; — ¢2)) + (sink; —
sin ko) x (sin(k1 — K2)) + (singy —sings) x (sin(¢1 — ¢2)) and then evaluate Sg,
by using equation Sz, = ol 675%3:2231 Vot The values corresponding to it are:

Sp, = 0.4642, S, = 0.1755, S, = 0.3199, Sg, = 0.1914 and S, = 0.4007.

Step 3: The final ranking of alternative, according to the values of Sg,, is Ay > A4 >
Az = As = A;.

From above, we have concluded that the A5 is the best alternative and A; is the worst
one. However, from their approach [166], it has been concluded that they have completely
ignored the interrelationships among the multi-input arguments and hence the ranking

order are quite different.

5.3.4 Influence of Parameter P on the Decision-Making Process

The proposed AOs have two prominent advantages. First, it can reduce the bad effects
of the unduly high and low assessments on the final results. Second, it can capture the
interrelationship between SVN attributes values. Moreover, both of the two AOs have a
parameter vector P, which leads to more flexibility during the aggregation process. Fur-
ther, the parameter vector P plays a significant role in the final ranking results. In order to
illustrate the influence of the parameter vector P = (p1, pa, ..., pn) on the score functions
and the ranking results, we set different values to P in the SVNPMM and SVNPDMM
operators and their corresponding results are summarized in Table 5.2. From this table,
it is concluded that the score value of each alternative decreases by SVNPMM operator
while it increases by SVNPDMM operator. Therefore, based on the decision maker behav-
ior, either A3z or As are the best alternatives to be chosen for their desired goals. Thus,

the parameter vector P can be viewed as decision makers’ risk preference.

5.3.5 Further Discussion

The prominent advantage of the proposed AOs is that the interrelationship among all

SVNNSs can be taken into consideration. Moreover, it has a parameter vector that leads to
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flexible AOs. To show the validity and superiorities of the proposed operators, we conduct
a comparative analysis whose characteristics are presented in Table 5.3. From this table, it
is concluded that the approaches presented in [79, 113, 175] are based on a simple weighted
averaging operator. However, in these approaches, some of the weakness is (1) they assume
that all the input arguments are independent, which is somewhat inconsistent with reality;
(2) they cannot consider the interrelationship among input arguments. However, on the
contrary, the proposed method can capture the interrelationship among input arguments.
In addition to that, the proposed operator has an additional parameter of P which provide
a feasible aggregation process. In addition, some of the existing operators are deduced
from the proposed operators. Thus, the proposed method is more powerful and flexible
than the methods in [79, 113, 175].

In [57, 86], authors presented an approach based on the BM AO where they considered
the interrelationship between the arguments. However, the main flaws of these approaches
are that they consider only two arguments during the interrelationship. On the other
hand, in [159] authors have presented an AO based on MSM by considering two or more
arguments during the interrelationship; however, these methods [57, 86, 159] fail to reflect
the interrelationship among all input arguments. Finally, in [69] authors used the Heronian
mean AQOs without considering any interrelationship between the arguments.

As compared with these existing approaches, the merits of the proposed approach
are that it can reflect the interrelationships among all the input arguments. In addition,
the proposed operators have an additional parameter of P which makes the proposed

approach more flexible and feasible.

5.4 Conclusions

Muirhead means AO is more flexible by using a variable and considering the multiple
interrelationships between the pairs of the input arguments. On the other hand, SVNS
is more of a generalization of the F'S, IFS to describe the uncertainties in the data. In
order to combine their advantages, in the present chapter, we develop some new MM AOs

for the SVNSs including the SVNPMM and the SVNPDMM. The desirable properties
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of these proposed operators and some special cases are discussed in detail. Moreover, we
presented two new methods to solve the MCDM problem based on the proposed operators.
The proposed method is more general and flexible, not only by considering the paramet-
ric vector P but also by taking into account the multiple interrelationships between the
input argument. Apart from this, the remarkable characteristic of the proposed opera-
tor is to reflect the correlations of the aggregated arguments by considering the fact that
those different criteria having different priority levels. The mentioned approach has been
demonstrated through a numerical example and compares their corresponding proposed
results with some of the results of existing approaches. Furthermore, by changing the
values of the parameter P, an analysis has been done which concludes that the proposed
operators provide more choices to the decision makers according to their preferences. In
addition, it is also regarded as considering the risk preference of decision makers by the
parameter P. So, the proposed approach is more suitable and flexible to solve practical

and complex MCDM problems.



Table 5.2: Ranking results of alternatives using proposed operators for different values of P.

Parameter Vector Operator Score Values of Alternatives Ranking
P A Ao As Ay As Results

(1,0.0.0) SVNPMM  0.9975 0.9997 0.9999 0.9989 0.9990 As = Ay > As = Ay = A4
ke SVNPDMM 0.2184 0.0876 0.2942 -0.1233 0.3632 As > A3 = A; = Ay = Ay
(1.1.0.0) SVNPMM  0.9844 0.9969 0.9988 0.9920 0.9940 As = Ay > As = Ay = A4
b SVNPDMM 0.3638 0.2801 0.4851 0.0162 0.5597 Az > A3 = A; = Ay = Ay
(1.1.1.0) SVNPMM  0.9723 0.9926 0.9968 0.9809 0.9887 A3 = Ay > As = Ay = A4
T SVNPDMM 0.4268 0.3846 0.5529 0.1219 0.6053 A = A3 = A; = Ay = Ay
(1.1.1.1) SVNPMM  0.9624 0.9868 0.9942 0.9659 0.9851 As = Ay > As = Ay = A4
T SVNPDMM 0.4617 0.4507 0.5955 0.2079 0.6341 As > A3z = A; = Ay = Ay
(2.2.2.2) SVNPMM  0.9443 0.9633 0.9836 0.9189 0.9767 Az > As = Ay = A; = Ay
e SVNPDMM 0.5165 0.5024 0.640 0.3016 0.6698 As > A3 = A; = Ay = Ay
(3.3.3.3) SVNPMM  0.9322 0.9440 0.9744 0.8896 0.9715 Az > As > Ay = A; = Ay
ke SVNPDMM 0.5369 0.5018 0.6490 0.3142 0.6853 As > A3 = A; = Ay = Ay
1111 SVNPMM  0.9824 0.9965 0.9987 0.9903 0.9943 A3 = Ay = As = Ay = A4
(z:2:2:2) SVNPDMM 0.3652 0.3217 0.4982 0.0490 0.5661 Az > As>= A; = Ay = Ay
L1 11 SVNPMM  0.9959 0.9992 0.9998 0.9978 0.9990 As = Ay > As = Ay = A4
(3339) SVNPDMM 0.2226 0.1628 0.3396 -0.0554 0.4222 Az > A= A; = Ay = Ay
(2.0.0.0) SVNPMM  0.9890 0.9984 0.9990 0.9953 0.9931 A3 = Ay = Ag = A5 = A4
e SVNPDMM 0.3571 0.1886 0.4228 -0.1009 0.4781 As > A3 = A; = Ay = Ay
(3.0.0.0) SVNPMM 09814 0.9964 0.9974 0.9898 0.9860 As = Ay > Ag = A5 = A4

SVNPDMM 0.4139 0.2426 0.4645 -0.0595 0.5008 As > A3 > A; = Ay = Ay

102

SVNPMM: single-valued neutrosophic prioritized Muirhead mean, SVNPDMM: single-valued neutrosophic prioritized dual Muir-
head mean.
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Chapter 6

Non-linear programming method
for multi-criteria decision making
problems under interval
neutrosophic set environment

In this chapter, we developed a nonlinear programming model based TOPSIS approach for
solving MCDM problems with incomplete weight information. The relative closeness coef-
ficient(RCC) degree of the TOPSIS method is formulated based on the distance measures.
Further, the importance of the attribute weights is taken in the form of interval num-
bers rather than a real single number. Several special cases of the proposed approach are
discussed in detail. In the developed non-linear programming model of RCC, a Charles-
Chooper approach is utilized to solve the problem. The applicability of this presented
approach is demonstrated with a numerical example of a power generation project and

computed their results with several existing studying results.

6.1 Introduction

The extensive literature related to approaches based on the TOPSIS and the distance
measures to solve the decision making (DM) problems under the SVNSs and INSs is

presented in Chapter 1. From these studies, it is reviewed that the aforementioned theories

!The content of this chapter is published as “Non-linear programming method for multi-criteria decision
making problems under interval neutrosophic set environment”, Applied Intelligence, 48(8), 2199 - 2213,
2018 (Impact Factor: 1.983).
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have a great contribution in various fields; however, some limitations have been observed

which is outlined below:

(i) The evaluation of given data on MCDM problem, by using existing approaches needs
complete information about weights. However, due to increasing complexity, time
pressure or lack of data in practical situations, it is difficult to provide exact weights

to the criteria under consideration.

(ii) For ranking purposes in MCDM problems, various aggregating operators, distance,
correlation coefficients [19, 20, 132, 177, 181, 200] utilize the interval neutrosophic
information and processing that information into a crisp number. The procedure of
aggregating the interval-valued information into the real number leads to the loss of

a lot of information and final decision obtained from them is not always trustworthy.

(iii) Some methods for ranking the alternatives are highly tedious and not concentrate
on reducing the computational complexities. So processing the information by such
methods is quite time-consuming and will not help in the situations when the expert

requires immediate result.

So, an interesting and important issue is how to utilize the collective interval neutro-
sophic decision matrix and the unknown preferences information to find the most desir-
able alternative(s) during the DM process. In the light of this, in this chapter, we have
presented a concept of new nonlinear programming (NLP) method for solving the DM
problems with the concept of the closeness coefficient of the TOPSIS method. During
the formulation, the information related to each alternative is measured in the forms of
interval neutrosophic numbers (INNs). A weighted distance between an alternative and
the interval neutrosophic positive ideal solution (INPIS), as well as the interval neutro-
sophic negative ideal solution (INNIS) is used to define the concept of closeness coefficient,
which is continuous and monotonic functions with respect to the degrees of the truth, the
indeterminacy, and the falsity degrees of the alternatives and preferences. Then, a pair
of two auxiliary nonlinear fractional programming models is constructed to calculate the
closeness coefficients’ interval of the alternatives with respect to the INPIS, which can be

used to generate ranking order of the alternatives.
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6.2 Proposed Non-linear Programming model for MCDM

problem

MCDM problem plays a very important role to find out the most desirable alternative
among the set of feasible alternatives having criterion with unequal importance. These
problems which incorporate uncertainty, imprecision, inconsistency can also be represented

by INSs. An MCDM problem under this environment can be outlined as:

6.2.1 Description of MCDM problem under INSs

The description of the MCDM problem is given in Section 2.5 of Chapter 2 under the
INS environment, i.e., the overall representation of these rating values can be framed

into the DM matrix as M = (®j)mxn = ((] 5,{5-], [ﬁfj,mg], [nszj,gog]))an Further,

it is noted that the different criteria plays an important role during the evaluations of
the alternatives thus it is necessary to consider their different priority levels, instead of
giving equal priorities, in real-life problems. For it, assume that the weight vector for each
criterion G;(j = 1,2,...,n) is expressed as an interval set W; = {(G;, [ij,ij], [ ]L,fju],
[T]]L,nj[-]] | G; € G}, which is usually denoted by W; = (([w]j;,wg]], [ JL,ij], [njL,ng]]))an

forshortsuchthatogwfSijg1;0§§j’;§§§]§1;0§nf§n§]§1and

ij + ng + njU < 1. Here, the interval [w]L , ij] represents that the decision maker thinks

the membership degree of the importance factor of criteria Gj(j = 1,2,...,n) must be at

least wJL , whereas at most ij. Similarly, for other terms.

6.2.2 Determination of ideal solutions

As the matrix M is an INS, so the two ideals namely, interval neutrosophic positive and
negative ideal solutions, denoted by INPIS (A") and INNIS (A~) respectively may be
taken as A1 = ([1,1],[0,0],[0,0])1xn and A~ = ([0,0], [1,1], [1,1])1xn respectively. From
these, it has been seen that A" and A~ are complement to each other. However, apart from

fixed values, INPIS A" and INNIS A~ can also be defined as A" = (([g;“, g;-“], [h;r, h;r],

[k;-r,kj]))lxn, and A~ = (([9; .95 ],[h; . h;], [k;,k;]))1xn where g;-r = mjax{g“g | i =

) )

1,2,...,m}, h;‘ = Hl]ln{/ﬁ}z[} | i =1,2,...,m}, kj+ = mjm{goé i =1,2,...,m}, g; =
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U
ij

m]m{gé | i =1,2,...,m}, hy = mjax{/@ | i =1,2,....m}, k; = mjax{cpg |

IA

1,2,...,m}. Since g; < CZ-% < Cg < g;-r, h;r < KZ-L]- < Hg < h; and k’;r < %’Lj < SD%
k7, therefore, for all i, j, ([g;,g;],[h;,h;],[k;k;]) C ([ L g],[ﬁfj,ﬂg],[nfj,ng])

(lo g1 10 11, Tt ).

N

6.2.3 Separation measurement values

The weighted Hamming distance measure for INS are taken to compute measurement
values between the alternatives A; from its reference values A" and A~. For it, assume
that for any (;; € [{ig,cg], Kij € [Hfj,ﬁg], Yij € [@fj,gpg], wj € [ij,w]U},fj € [gjL,ng]
and n; € [nf,ng], the separation measure of A; from AT = (([1,1],[0,0]),(0,1)) and
A= =(([0,0],[1,1]),(1,0)) are defined as

n

D(A;, AT) =) {%’(1 — Gij) + &g + Wij} (6.1)
j=1
and
D(A, A7) =) {%‘Cij +& (1 = kij) +m;(1 = %)} (6.2)
j=1

However, if an expert utilize AT = ([g;r,g;r], [hj,hﬁ, [kj,kﬁ)lm, and A~ = ([g; . 9; ],

[h: hi ], [k, k;])1xn then the separation measures between them are defined as

77 VAR
D(A;, AT) = z"; {Wj(gf = Gij) +&(wig — BJ) + (i — kf)} (6.3)
J:
and
D(A;, A7) = z”; {%’(Cn —g;) +&(hy — ki) +mi(k; — %’j)} (6.4)
J:

6.2.4 Relative-closeness coefficient and its monotonicity

To measure the relative strength of the alternatives A;, (i = 1,2,...,m) with respect to
At and A~, we define the closeness-coefficients of the alternatives by Eq. (6.5) as

D(AH A_)
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provided D(A;, AT) # 0. Here, (j, kij, i; are m x n matrices, (w;), (&), (n;) are the
n— dimensional column weights corresponding to the truth, indeterminacy, and falsity
degrees of criteria G;. Further, it is noticed that 0 < D(A;, A7) < D(A;, A7)+ D(A;, A™)
and hence 0 < gr{Z‘((Cij)me (Kij)mxn7 (‘Pij)mxm (wj)IXnv (fj)lxm (nj)IXN) < 1. Also, from
Eq. (6.5), it has been seen that R; is a continuous function of 3n(m + 1) variables, which
rises sharply even for a small value of m and n. For example, if m = 2 and n = 3 then
there are 27 unknown variables, whereas if m = 4 and n = 5 then there are 75 unknown
variables. Therefore, it is a tedious task to invest effort leading to large computational
time and excess cost. So, there is a need for construction of a time-efficient algorithm to
resolve this problem so that the number of unknowns gets reduced.

To do so, firstly we check the monotonicity, boundedness and continuity of the function
R; with respect to the unknown variables G; € [¢5, (], kij € K], £5] and wij € [of, ©l],
respectively. For it, by taking the measures given in Eqgs. (6.1) and (6.2), we explicit the

expression of R; given in Eq. (6.5) as

f:l {wjgij + & (1 — kig) + (1 — %’j)}
j=

-

{%‘Cz‘j +&(1 = kij) +mi(1 = %‘j)} + il {%‘(1 — Gij) + &k + njé%}
iz

1

J

M=

‘ {%‘Cz'j + & (1= rgg) + (1 — %’j)}
= ! - (6.6)
Zl(wj + & + 1)
J:

Il
—

To address the monotonic behavior of R;(i = 1,2, ...,m), differentiate it partially with

respect to (;;; (1 =1,2,...,m;j =1,2,...,n), we get the following set of equations

89%1 o w]'
G Y (wi+& +my)

(6.7)

Since, wj,&;,n; > 0 therefore it follows that ggj]? > 0. Especially, for w; # 0, gz.j; > 0.
Therefore, 9R; are monotonic and non-decreasing functions of the variables (;;.

In same manner, partial derivatives of JR; with respect to x;; and ¢;; are computed as

ORi _ ¢ s
Okij i (wi+& +my) (68)
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and

oR; —1j
Opij i (wy + &+ ;)

(6.9)

respectively. Since {;,n; > 0, therefore % < 0 and

OR; OR;
? 0Kz’ Opij

8‘)%1- ]
T <0 . Especially, for £; # 0,n; #

< 0, therefore, R; are monotonic and non-increasing functions of the variables
kij and @;;.

Further, (5, kij, ij,wj, &j,n; are all closed and bounded elements of the subintervals
of the interval [0, 1] then the continuous functions fR; are bounded, that is, the value of R;
lies in the range [0, 1] which is denoted by [RE, RY] respectively. Therefore, by the basic
definition as well as the continuous nature of the function fR;, we have 0 < %f < SR? <1
for ¢;; € [Ci?, g | and so on. Therefore, the RCC of an alternative A; is an interval-valued
set [RF, MY and lies in the interval [0, 1]. Further, it can be seen that RE + (1 — RY) =
1 — (RY — ML) <1 and thus the set [RE, RY] can be equivalently expressed as an IFS
R, = (RF,1 — RY) which shows that closeness degree of alternatives A; to AT is RF
whereas their non-closeness is 1 — RY. Hence, the set R; = [RF, RV can be used to

determine the rankings.

6.2.5 Auxiliary NLP models

Since 9%5 and 9%5] are the lower and upper bounds of fR;, respectively, which is bounded
and continuous functions of the variables (j, kij, @ij,w;, & and n; (i = 1,2,...,m;j =
1,2,...,n). Now by combining with Eq. (6.6), RF and RV can be captured by solving

the NLP models, constructed as follows:

RE = min {R; ((Gij)mxn, (Kij)mxns (@i )mxns (@7 1xms (€5)15n, (0)150) } (6.10)

and

Ry = max {R ((Cij)mxn: (Kig)mxns (@i mxns (@5)1xns (§) 15 (1) 1xn) } (6.11)

subject to

((Cij)mxna (/‘iij)mxna (Soij)mxna (Wj)lxm (fj)lxm (77]')1><n)
€ Q¢ X Qe X Oy X £, x Qe x Q)
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Here, Q¢ = {(Gij)mxn | ¢ ] < Gj < 45}7 Q= {(Kij)mxn | "%‘Lj < Rij < "%‘Uj}a Q, =
{(i)msxn | %‘j < ij < ‘Pz’j}v Q= {(wj)ixn | WjL Swj s W]U}v Qe = {(§)1xn | € <& <
§]U} and Q, = {(1)1xn | njL <n; < njU} and Q¢ x QX Qy, X Qy, X Q¢ x Qy is the cartesian
product of all the sets. As stated above, fR; are the monotonic and continuous functions

and hence it reaches its minimum at the lower bounds C of the intervals [ngv ¢ U] and the

upper bounds of /{ . and 90” of the intervals [r} Kits g] and [cp”, gom] respectively. Therefore,
model (6.10) can be further reduce to
mzL = min {m ( )m><7w (K‘%)ana (SOZUj)erw (wj)lxna (fj)lxrw (Uj)lm)}
s.t. ((Wj)lxm (fj)lxm (nj)lxn) € Q, x Qé X Qﬁ (6.12)
which may equivalently be written as
> fusch+ 61— w5+ (1= 5}
" = min{ - (6.13)

> (wj+& +my)

.

ijgwj<w]U ;o 7=12,...,n
s.t. ]Lﬁfj S€§J ;o j=12,....n (6.14)

Obviously, the model (6.13) is a nonlinear fractional programming model (NLFPM) and
the unknown variables are reduced to 3n, which is less than that of unknown variables in
the model (6.10), and hence it can be easily solved as compared to the model (6.10).

Similarly, RY given in model (6.11) attains its maximum at the upper bounds of the

interval | ”,C -] and the lower bounds of the intervals [H”, mg] and [cpfj, gog] respectively.

Thus, model (6.11) reduces to

3 (et + 60— sf) + (1~ oB)
RY = max{ - (6.15)
.21(‘”1‘ +&+m)
J:

which consists of 3n unknown variables subject to constraints given in Eq. (6.14). Also,

this model has lesser number of unknown variables than the model (6.11).
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Now, these models (6.13) and (6.15) can be simplified as linear programming models

based on Charnes and Cooper’s transformations [49]. For it, let 2z = —1——
_Zl (w;+&+n;5)
=

r; = z&j, y; = zn; and hence based on these transformations, the above NLFPMs are

s tj = ZWy,

transformed into the equivalent linear programming models as follows:

|l = minz {tjczg +ri(1— Hg) +y;(1 - SOZ)}

s.t. anf <yp<anfy Xty =1 (6.16)

and

n
Q{lU = maXZ{tng—i-?”j(l_’fil})+yj(1_90iLj)}
j=1

L U. L U.
wy <ty < zwiy o 287 Sy < 265
n

s.t. anf <yp<aniy Yty =1 (6.17)

j=1
z>0
which can be solved easily by using any existing method and thus RCC of each alternative
Ai(i =1,2,...,m) can be obtained in the form of the interval set R; = [RF, RV].
In order to rank the different alternative, the inclusion-comparison probability of
Ai = Ai i,k € {1,2,...,m} is denoted by p(A; = Ax) and hence the likelihood of
the alternatives p(A; = Ay) = p(R; 2 Ry) is defined by using Eq. (6.18) as

U _yL
p(A; = Ar) = p(R; 2 Ry) = max {1 — maX{L(Q?:S n Z{(zmk),()} ,0} (6.18)

where R; and Ry, are corresponding closeness coefficient interval numbers of alternatives
A; and A (i, k =1,2,...,m), L(Ry) = RY —RE and L(R;) = RY — R are the hesitation
degrees of A; and A; respectively and their corresponding likelihood matrix is denoted by
P = (pik)mxm where pjr, = p(A; = Ag); (i,k = 1,2,...,m). Further, it has been clearly
observed that 0 < p; < 1 and p;x + pg; = 1; (4, k = 1,2,...,m) which implies that P is

the fuzzy-complementary-judgement matrix. Now, based on the values of p;x, the optimal



113

degrees of the alternative A;(i = 1,2,...,m) are computed as:
1 " m
= (S prt- -1 6.19
" om(m —1) <k_1p“C * 2 ) (6.19)

and select the best alternative(s), according to the decreasing order of values of 6;’s.

Based on the above analysis, the following steps are summarized to proposed a TOPSIS

method based on NLP model to solve MCDM problem.

Step 1: Arrange the rating values of each alternative A;(i = 1,2, ..., m) given by an expert
in terms of matrix M = ((| iLj, 5], [mfj,ﬁg], [apfj, Lpg]))mxn
Step 2: Summarize the subjective weight vector Wj, (j = 1,2,...,n) to each criterion G;.

Step 3: Construct the models (6.16) and (6.17) for each alternative A; and hence obtain
their RCCs R; = [RE, MY fori = 1,2,...,m.

Step 4: Construct the likelihood matrix and obtain the values of 6;’s by using Eq. (6.19).

Step 5: Based on the descending values of 0;’s, rank the given alternatives.

6.3 Additional features of the proposed NLP models

The proposed designed models (6.13) and (6.15) also has some additional features as

compared to the other approaches which are enlisted below:

(i) Tt is noticed that the discussion given in Section 6.2.2 is based on fixed A' and
A~ which results that RCCs could not show any variation even if the alternatives

are changed. However, if a decision-maker can define these references points as

At = ([g;‘rvg;'r]v [h+ h+]7 [kJr k{r])lxn’ and A” = ([g;vg;]’ [hy by ]y [k; 5k D)ixn as

777 7777 77 7777

given in Section 6.2.2, then by using Eqgs. (6.3) and (6.4), we explicitly defined the
RCC of the alternatives A;(i = 1,2,...,m) as follows:
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n

Zl(wj(én —g; )+E& (hy —rig)+n;(ky —9ij))

%i = n = n
,Zl(wj(gf*@jﬂfj(%'*hf)JrTij(Wj*kf))*_Zl(wj(@j*-‘};)*gj(h;*""'j)““(k;*%j))
J= =
Zl (wj(Qj — g;) + Ej(h; - /Qij) + le(k; - ‘Pij))
]:

=
—
(S
<

(gF = 97) + &(hy = h) +m(h; — k)

.
Il
_

Thus, in view of (6.10) and (6.11), RF and RY can similarly be captured by solving

the NLP models as follows:

mZL = min {mz((gfj)mxn, (/{%)mxna (@%)mxru (Wj)lxna (é-j)lxnv (nj)lxn)}

s.t. ((Wj)lxn, (gj)lxnv (Uj)lxn) € QUJ X Qg X QW

(6.20)

mZU = Inax {%z((gg)mxnv (Hz'Lj)ana (907,%)an7 (wj)lxna (5j)1><n7 (nj)lxn)}

s.t. ((wW5)1xns (§)1xns (1) 1xn) € o X Qe X Qy

(6.21)

respectively. Thus, RCCs and ranking of the alternatives can be found for the given

set of alternatives.

(ii) If the weights of the criterion are known a priori, then we can still utilize the Egs.

(6.20) and (6.21) provided all the constraints ((wj)lxn, (&)1, (Uj)lxn) € Q, X

Q¢ x Q, and regard all variables weights as known constants. Then, Y and RY of

alternative A; (i = 1,2,...,m) to AT are obtained directly as

5> (wj< L o)+ 65— k) 4 (k7 — L)

- B )
EQMQ—QHQW}WP+WE—@D

and
. 5 (e =)+ 505 = nb) + ey — b))
)

respectively.

(6.22)

(6.23)
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(iii) If in the proposed approach, we utilize the weighted Euclidean distances

DA, AT) = (1> {%‘(1 = Gij)? + & (kij)? + ?7;‘(%)2} (6.24)
j=1
and
DA, A7) = | {%’(%)2 + & (1= ki) + (1 — %)2} (6.25)
j=1

in place of the weighted Hamming distances between the alternatives A; and AT, as

well as A~ then the RCC of the alternatives A; to A" is written as follows:

i {wj(Cz‘j)2+§j(1—f€ij)2+7ij(1—%j)2}

j=1

R; = (6.26)

$ il {wj(1—Ci,i)2+£j(fii,j)2+77.7'(%‘j)z}+\J il {wj(gij)zﬁj(I_Hij)unj(l_%)z}
Jj= =

Now, according to the monotonicity of fR; as stated earlier, the bounds of RCC i.e.,

9%{4 and 9%5] are obtained by solving the models

%zL = min {%z(@é)anv ("%’)mxw (@%)an; (wWj)1xns (&) 1xn, (Uj)an)} (6.27)

and

m? = max {%z((cg)mxnv (/{z‘[‘;‘)mxny (QDZ‘Lj)ana (Wj)lxna (gj)lxna (nj)1><n)} (628)
respectively, subject to ((w;)ixns (&)1xns (M) 1xn) € S X Qe x €1y,

If the weights of the each criterion are known a priori and a real numbers, say w; such
that w; > 0, 2?21 wj = 1 instead of interval numbers, then we can still utilize the
Egs. (6.13) and (6.15) provided all the constraints and variables weights as known

as constants. Thus, RY and MY of alternatives A; to AT are obtained directly as

1 n
mfzgzwj{wrg{;—ng—gog} (6.29)
j=1
1 n
and 9{?:§ij {2+Cg—f€iLj—<PiLj} (6.30)
j=1

respectively.
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6.4 Illustrative example

In this section, a real example related to the selection of a suitable company to set up power

plants in a country is used to demonstrate the proposed method under INS environment.

6.4.1 A case study

Electric power generation is a state-controlled subject. The government has liberalized
power generation of the user industry to bridge the demand and supply gap. Punjab’s,
one of the states of India, installed capacity at the end of the 10th plan is 6088 MW, in-
cluding own generation, share from Bhakra Beas Management Board (BBMB) and various
central sector projects. During the 11th plan, two thermal generation projects, namely
500 MW Lehra Mohabat Stage-1I and 540 MW Goindwal Sahib Thermal Power Project
are expected to be commissioned. In addition to this, 263 MW Hydel Generation projects
are also expected to be commissioned during the 11th Plan. Thus, the total generation
is expected to be about 7451 MW at the end of the 11th plan against the expected peak
demand of 11000 MW during the year 2011-12. Therefore, the Punjab Government has
planned to develop three Thermal Power Plants at Rajpura, Talwandi Sabo and Gidder-
baha having a capacity of 1320 MW, 1980 MW, and 2640 MW respectively on Build-
Own-Operate (BOO) basis. For this purpose, Government of Punjab wants to select a
developer(company) of the project based on the Tariff Based Competitive Bidding Process
(Case-2) on BOO basis for the supply of 100 percent power to the Punjab State Electric-
ity Board (PSEB) for 25 years as per the guidelines of Government of India. In order to
do this, PSEB makes a list of integrated power companies (alternatives) as follows: .4;
(KSK Energy Ventures limited), A2 (Hartek Power Private Limited), A3 (JSW Energy
Limited), A4 (CESC Limited), A5 ( NTPC Limited) which can handle the development of
considering power project. A decision maker is hired by Government wants to select the
best Project company based on the following four criteria: G; (Reliability), Go (Adapted
strategy), Gs (Financial model for a project) and G4 (Availability of fuel supplier). Then

the steps of the mentioned approach are executed as follows:

Step 1: The rating values of the alternatives given by an expert in terms of INNs are



summarized in Table 6.1.
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Table 6.1: Interval valued neutrosophic DM matrix

Gi G2 g3 G4
A | ([0.7,0.8),[0.5,0.7],0.1,0.2])  ([0.6,0.8],[0.4,0.5],0.3,0.3])  ([0.8,0.8],[0.4,0.6],[0.1,0.2]) ([0.7,0.9],[0.3,0.4], 0.2, 0.2])
As | (106,0.8,[0.4,0.6],[0.1,03))  ([0.5,0.7],[0.3,0.5],[0.1,0.3]) ([0.6,0.6],[0.2,0.3], [0.4,0.5]) ([0.6,0.8], 0.4, 0.4], [0.2,0.4])
As | (0.4,0.6],[0.2,0.2],[0.2,0.4])  ([0.6,0.7],[0.4,0.6],[0.3,0.4]) ([0.7,0.8],[0.6,0.7],0.1,0.2]) ([0.5,0.6],[0.5,0.6], 0.2, 0.3])
Ay | ([0.4,05],[0.5,0.6],0.4,0.4])  ([0.5,0.6],[0.3,0.4],0.4,0.5]) ([0.6,0.7],[0.7,0.8],[0.2,0.3]))  ([0.8,0.9],[0.3,0.4],[0.1,0.2])
As | ([0.6,0.7),[0.4,0.5],0.4,0.5])  ([0.8,0.9],[0.3,0.4],0.1,0.2]) ([0.7,0.8],[0.5,0.6],[0.1,0.2]) ([0.5,0.7],[0.5,0.5], 0.2, 0.3])

Step 2: Assume the interval weights of the attribute G;, (j = 1,2,3,4) as W = {([0.1,0.3],
0.1,0.2], [0.2,0.4]), ([0.2,0.5], [0.1,0.2], [0.15,0.25]), ([0.25,0.4], [0.2,0.3], [0.15,
0.3]), ([0.15,0.3], [0.1,0.3],[0.3, 0.4])}.

Step 3: Based on the gathered data and on the basis of models (6.16) and (6.17), the

optimization models for an alternative A; are formulated as:

ML = min(0.7t; 4+ 0.6ty + 0.8t5 + 0.7ty + 0.3r] + 0.5r9 + 0.473 + 0.674
+0.8y1 + 0.7y + 0.8y3 + 0.8y4)
(0.102 <t <03z, 010z <r; £0.20z; 0.202 <y <040z
0.20z <t <0.5z; 0.102 <719 <£0.20z; 0.15z < y9 <0.252
s.t. 0.25z < t3 < 0.4z; 0.20z <73 <0.30z; 0.15z <y3 <0.30z (6.31)
0.152 <t4 £03z; 0.102 <7ry £0.30z; 0.30z < yq4 <0.402
|t ty) =1 2 >0
and
MY = max(0.8t; 4 0.8ty 4 0.8t3 4 0.9t4 4 0.5r1 + 0.619 + 0.613 + 0.774
+0.9y; + 0.7y2 + 0.9y3 + 0.8y4)
0.102 <t; £0.3z; 0.102 <r; <£0.20z; 0.20z <y; <0.40z
0.20z <te £0.5z; 0.102 <1re <£0.20z; 0.15z < y9 <0.252
s.t. 0252 < t3 < 0.4z 020z <rs <030z 0.15z<ys;<0.30z (6.32)

0.152 <ty <0.3z; 0.102 <ry <0.30z; 0.30z <yq <040z

| Siatitrity) =1 220
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Step 4:

Step 5:

The optimal values of these models are obtained as ¥ = 0.62857 and RY =
0.79538, i.e., the RCC interval of A; is R = [0.62857, 0.79538]. Similarly, the
RCCs of other alternatives are obtained as SRy = [0.56792, 0.77017]; R3=[0.53636,
0.73148]; M4=[0.53214, 0.69824] and R5=[0.5990, 0.77142] respectively.

By Eq. (6.18), the likelihood probability matrix is given as

Ai Aa A3 Ay As
Ay [ 05 0.6163 0.7157 0.7907 0.5778]
Az 03837 0.5 0.5884 0.6462 0.4555
As [0.2843 0.4116 0.5  0.5519 0.3589
As [0.2093 0.3538 0.4481 0.5  0.2913
As [0.4222 0.5445 0.6411 0.7087 0.5 |

and hence by Eq. (6.19) we get 6; = 0.2350; 62 = 0.2037; 63 = 0.1803; 04 = 0.1651;
and 05 = 0.2158.

Based on values of 6;’s, we get the ranking order of the alternatives as A; = As >
As = A3z = Ay and conclude that A; i.e., the KSK Energy ventures Limited,

company is the best for the required task.

On the other hand, by taking a real weight vector w = p = n = (0.15,0.25, 0.375,0.225)7

of the attribute instead of interval one, then the develop method is still applicable to to

rank the alternative. The necessary steps corresponding to them are performed as below:

Step 1:

Step 2:

Step 3:

The information related to each alternative is summarized in Table 6.1.

The weight information is taken as w = p = n = (0.15,0.25,0.375,0.225)", the
INPIS and INNIS are taken as AT = (([1, 1], [0,0], [0,0]))2x3 and A~ = (([0, 0],
[1,1], [1,1]))2xs, respectively.

By Egs. (6.29) and (6.30), the bounds of RCCs of each alternative A;(i =
1,2,3,4,5) are computed as Ry = [0.6475,0.7525], Ry = [0.5867,0.6800], Rs =
[0.5683,0.6817], R4 = [0.5558,0.6508] and Rs = [0.6283,0.7283].
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Step 4: The likelihood probability matrix is represented as

Ay As As Ay As
A1 [ 05 0.8361 0.8434 0.9833 0.6057]
Az 01639 0.5 0.5403 0.6593 0.2672
As [0.1565 0.4597 0.5  0.6040 0.2500
As [0.0167 0.3407 0.3960 0.5  0.1154
As [0.3943 0.7328 0.7500 0.8846 0.5 |

pP=

and hence by Eq. (6.19) we get 6; = 0.2634, 03 = 0.1815, 65 = 0.1735, 4 = 0.1434
and 05 = 0.2381.

Step 5: Thus, the ranking order of the alternatives is A; = As = Az = A3 = A4 and the

best one is Aj.

6.4.2 Comparison Analysis of the obtained results

In order to conduct a comparative analysis of the proposed method with some existing
approaches under the INS environment, an analysis has been conducted by taking the
real weight vectors of the criteria as a constant rather than the interval numbers. For
it, we have taken the weight of the criteria be either w = (0.15,0.25,0.375,0.225)" or
giving an equal importance to each criteria, i.e., by taking a weight vector to be w =
(0.25,0.25,0.25, 0.25)T. Based on these vectors and the considered data, given in Table
6.1, corresponding to the alternatives, the comparative analysis of the existing approaches
as proposed by the authors in [19, 20, 132, 177, 181, 200] has been summarized in Table
6.2. From this table, it has been concluded that the best alternative is A; and the ranking
order of the five alternatives is Ay = A5 = A4 = A3 = A, which is same as that obtained
by using the existing measures [19, 132, 177, 181, 200] except the cosine similarity measure
as proposed in [20], which validate the existence of the approach.

From this analysis, it has been concluded that results obtained by the existing methods
and our methodology are the same. However, the principles, as well as the procedure of
the approaches, are remarkably different. The former methods simply summed the values

of the INSs on the alternatives A;(i = 1,2,...,m) using the set operations, distance
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measures, etc., and ranked the alternatives based on their overall collective values. The
latter takes into consideration not only both the INPIS AT and the INNIS A~ but the
relative importance of the weighted-Hamming as well as weighted Euclidean distances
between A; and A~, as well as A~. Also, we can easily see that the former approaches
are unable to solve the DM problems with weights of the interval-number sets. Thus, the
proposed methodology can suitably solve the problem in a real-life situation and can be

found as an alternative place than of the existing measures in the INS environment.

6.4.3 Superiority of the proposed approach

In this section, we have presented some counterexamples which show that the existing ap-
proaches under the INS environment fail to rank the given alternatives while the proposed

approach can overcome their shortcoming.

Example 6.4.1. Consider a DM problem which consists of two alternatives, namely Ay
and As which are going to be evaluated by the decision maker under the set of three
criteria, G1,Gs and Gs. Assume that the importance of these criteria are given in the form
of the weight vector w = (0.5,0.3,0.2)7. The main objective of the problem is to find
the best alternative. For this, a decision maker evaluates each alternative and give their

preferences in form of INN which are summarized as follows:

G Ga g3
My = A [([04,0.5],[0.1,0.2],[0.2,0.3])  ([0.7,0.8],(0.1,0.2],[0.1,0.2])  ([0.3,0.4],[0.1,0.2],[0.4,0.5])
Ay [(]0.5,0.6],[0.1,0.2],[0.3,0.4]) ([0.6,0.7],[0.1,0.2],[0.1,0.2]) (]0.3,0.5],[0.1,0.2],[0.3,0.4])

Based on this decision-matrix, if we utilize the existing TOPSIS approach [28] to find the

best alternative, then the following steps have been executed as:

Step 1: The information of each alternative in INS environment is represented in the form

of decision matrix Mj.

Step 2: The positive and negative ideal solutions considered by decision maker are AT =

(([1,1],10,0],10,0]))2x3 and A~ = (([0,0], [1, 1], [1, 1]))2x3, respectively.
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Step 3: Based on these values the normalized Hamming distance, (D), between the alter-
natives A; (i = 1, 2) and its ideals values are evaluated as D(Ay, AT) = D(As, AT) =
0.2800 and D(A;, A7) = D(Az, A7) = 0.7200.

Step 4: The RCC C(-) of each alternative is C(A;) = AT Z(f)lig(_f)h 2 = 0.5 and
C(Az) = D(Az,ﬁ(f)lir’g(ijz,ﬁf) = 0.5. Since, C(A;) = C(Az) and hence we con-

clude that the existing TOPSIS approach is unable to rank the given alternatives.

On the other hand, if we utilize the proposed approach for above considered data, then

the following steps have been executed as:
Step 1: As same as that of above.
Step 2: As same as that of above.

Step 3: Using the Eqs. (6.22) and (6.23) for given information, we obtain the RCC R;(i =
1,2) for alternative A; as 91 = [0.6533,0.7533] and Ry = [0.6500, 0.7567].

Step 4: The likelihood probabilities matrix is expressed as

A1 As
p - A [0.5000 0.49975]
Az [0.50024 05000

and values of 6;’s are 67 = 0.4998 and 65 = 0.5001.
Step 5: Since 65 > 61 and hence A is the best one.

Thus, from the example, we conclude that the proposed approach can easily distinguish
between the alternatives A; and A, and found that alternative As is superior than the
alternative A; while the existing TOPSIS approach as proposed in [28] is unable to identify

the best one.

Example 6.4.2. Consider a DM problem which consists of two alternatives A; and As

and three criteria G1, Go and G3 whose weight vector is 0.5, 0.25 and 0.25. In order to get
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the best alternative under the given set, decision maker evaluates all the alternatives and

give their preference values in terms of INNs, which are summarized as follows:

G G2 g3
My— Ai [(02,0.6],0.1,0.2], 0.10,0.30)) ([0.3,0.5,[0.1,0.2],[0.10,0.30]) ~([0.1,0.7],(0.1,0.2],[0.10,0.30])
As 1([0:2,0.6],]0.1,0.2],[0.15,0.25])  ([0.3,0.5,[0.1,0.2],[0.15,0.25])  ([0.1,0.7],[0.1,0.2], [0.15,0.25])

If we utilize the existing approach [58] to compute the distance measures of the alter-
native from its fixed ideal alternatives, then we get their respective measure values are
D(A;, At) = D(A2, AT) = 0.2 and D(Ay,A”) = D(A2, A~) = 0.2667. Thus, RCCs for
these two alternatives are equal and hence, it is unable to choose the best one.

On the other hand, if we apply the Eqgs. (6.22) and (6.23), then we obtain the RCC
intervals of the alternatives A; and Az as R = [0.5667,0.8] and Ry = [0.583,0.7833]. The

likelihood probabilities values are summarized as

Ay As
p - A [o.5000 0.5001]
As 04998  0.5000

and hence by Eq. (6.19), we get 6; = 0.5 and 03 = 0.4995. Since #; > 02 and hence we

conclude that the alternative A; is better alternative than the alternative As.

From the results of two above examples, it is clear that the proposed TOPSIS approach
is more suitable and effective comparing with the other existing TOPSIS approaches.
According to the above comparative and superiority analysis to address the DM problems,

the proposed approach has the following advantages:

(i) The existing approaches [19, 20, 132, 177, 181, 200] under the NS environment have
considered only the PIS for the ranking purposes. On the other hand, the proposed
method has considered both the PIS and NIS during the analysis. It means that
all the given data is utilized and chances of loss of information are reduced, which
implies that the proposed approach may enhance the profits without ignoring the

risk factors while taking the decisions.
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(ii) The approach in the IFS is a special case of the NSs. Also, the weight vector
information to the criteria is taken in the form of the intervals rather than point
values which reduce the discrimination during the analysis. Hence the proposed
approach is more generalized and suitable for solving the DM problems than the

existing ones.

6.5 Conclusion

This chapter addressed the methodology to solve the DM problems under the INS en-
vironment where rating values of all alternatives, as well as the preference information
on different criteria, are expressed with the interval numbers rather than real numbers.
To solve the model, two fractional programming models based on the TOPSIS method
are established to obtain an RCC interval where preference information is independently
determined for each alternative. Later, with the Charnes and Cooper’s transformation
technique, the proposed models are transformed into two simpler linear programming
models to compute the RCC of the alternatives. Finally, using the likelihood probabilities
values of the interval numbers, the given alternatives are ranked. The relevant properties
of the proposed models are also examined. Further, an algorithm to solve the DM prob-
lems is presented and a practical example is considered to verify its feasibility with the
several existing approaches. Also, it is examined that some of the existing studies such
as IFSs and IVIFSs are the special cases of the proposed one. Finally, the superiority
of the proposed approach has been presented and showed that some of the existing ap-
proaches under INS environment fail to rank the alternatives while the proposed approach

can suitably work for it.



124

Table 6.2: Comparative study with existing approaches

Methods Ay A As Ay As Ranking order
When weight vector w = (0.25,0.25,0.25,0.25)7 has considered
Cosine similarity [20] 0.2085 0.2105 0.2028 0.1971 0.2077 | Ay = A1 = A5 = Az = Ay
Similarity [19] 0.4242 0.3836 0.3735 0.3743 0.4182 | Ay = A5 = As = Ay = A3
Similarity [19] 0.5833 0.5083 0.5167 0.5333 0.5750 | Ay = A5 = Ay = As = Ay
Normalized Hamming distance [177] | 0.3958 0.4083 0.4333 0.4458 0.4000 | A; = A5 = A = Az >~ Ay
Weighted arithmetic operator [200] | 0.3247 0.2806 0.2544 0.2160 0.2986 | A; = A5 = Az >~ Az >~ A4
Weighted geometric operator [200] 0.2944 0.2431 0.1685 0.1087 0.2542 | A1 = A5 = As = A3 = Ay
Improved cosine similarity [181] 0.2030 0.2001 0.1938 0.1894 0.2016 | A; > A5 = A2 = A3 = Ay
Cross entropy [132] 0.4667 0.4750 0.5333 0.5667 0.4917 | A; = Ay = A5 = A3 = As
Proposed approach 0.2607 0.1862 0.1777 0.1482 0.2273 | A; = A5 = Ay = A3 = Ay
When weight vector w = (0.15,0.25,0.375,0.225)” has considered

Cosine similarity[20] 0.2095 0.2149 0.1976 0.1949 0.2057 | Ay = A; = A5 = A3 = A4
Similarity[19] 0.4282 0.3915 0.3751 0.3758 0.4180 | Ay = A5 = As = Ay = A3
Similarity[19] 0.5867 0.5158 0.5292 0.5408 0.5733 | A1 = A5 = Ay = Az = Ao
Normalized Hamming distance[177] | 0.3917 0.4008 0.4408 0.4492 0.3992 | A; > A5 = Ag = A3 = Ay
Weighted arithmetic operator [200] | 0.3326 0.2972 0.2227 0.2000 0.3069 | A; >~ A5 = Ay = A3 = Ay
Weighted geometric operator[200] 0.3057 0.2569 0.1498 0.0870 0.2669 | A; = A5 = A2 = A3 = Ay
Improved cosine similarity[181] 0.2040 0.2018 0.1921 0.1886 0.2018 | A; = A5 = Ay = A3 = As
Cross entropy[132] 0.4592 0.4658 0.5492 0.5758 0.4833 | A1 = Ay = A5 = Ag = Ay
Proposed approach 0.2634 0.1815 0.1735 0.1434 0.2381 | A1 = A5 = As = Az = Ay




Chapter 7

A novel divergence measure and
its based TOPSIS method for
single-valued neutrosophic sets

In this chapter, we present an axiomatic definition of divergence measure for single-valued
neutrosophic sets (SVNSs). The properties of the proposed divergence measure have
been studied. Further, we develop a novel technique for order preference by similarity
to ideal solution (TOPSIS) method for solving single-valued neutrosophic MCDM with
incomplete weight information. Finally, a numerical example is presented to verify the

proposed approach and to present its effectiveness and practicality.

7.1 Introduction

The literature related to the information measure approaches for SVNSs are presented in
Chapter 1. However, apart from them, TOPSIS developed by Hwang and Yoon [56] is
well-known DM approach to find the best alternative(s) based on its ideal values. The
chief advantages of the TOPSIS are to consider positive and negative ideal solutions as
anchor points to reflect the contrast of the currently achievable criterion performances. In
TOPSIS, the preferred alternative should have the shortest distance from the positive-ideal

solution and the farthest distance from the negative-ideal solution. The difference between

!The content of this chapter is published as “A novel divergence measure and its based TOPSIS method
for multi criteria decision-making under single-valued neutrosophic environment”, Journal of Intelligent &
Fuzzy Systems, 36(1), pp. 101 - 115, 2019 (Impact Factor: 1.426).
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the TOPSIS and the neutrosophic TOPSIS is in their rating approaches. The merit of
neutrosophic TOPSIS is to designate the importance of attributes and the performance of
alternatives with respect to various attributes by using SVNNs instead of precise numbers.
Under this environment, Biswas et al. [14], Ye [180] presented the TOPSIS method for
DM problems based on the distance measure to rank the alternatives.

Consequently, keeping the flexibility and efficiency of SVNS, the theme of this work
is to present a novel divergence measure for SVNSs to find discrimination between them.
Further, based on it, a TOPSIS method for solving the neutrosophic DM problem has
been presented. The proposed measure has elegant properties, which are expressed and
tested in the work to enhance the employability of this measure. In contrast to the
classical TOPSIS method, which is based on a distance measure, this chapter applies the
proposed divergence measure to establish the comparative index of closeness coefficient.
The strength of this extension has been demonstrated by an example of the DM process.
Finally, through an example, the superiority of divergence based TOPSIS method over
classical TOPSIS has been shown.

7.2 Proposed divergence measure

Let ®(X) be the class of SVNSs over the universal set X'. Then for any A, B € ®(X), a real
function Dv : ®(X) x ®(X) — R is called a divergence measure, denoted by Dv(A|B), if

it satisfies the following axioms:
(P1) Du(AB) > 0.

(P2) Du(AB) = Du(B|A).
(P3) Du(A|B) =0 if A= B.
(P4) Du(A|B) = Du(A°|B°).

Definition 7.2.1. For two SVNSs A = (Ca(zj),ka(z)), va(z;) | z; € X) and B =
(CB(z5), kB(xj), ¢B(z;) | z; € X), the divergence measure of A against B is to measure

the degree of discrimination between the pair is defined as:
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\/(CA(%’))2 + (Cs(5))?  Caley) + Cpl(ay) ]
2 2
Du(A|B) = n(\/ﬁl—l)z; +\/(RA(%‘))2 -QF (kB(25))*  Kalz)) -2F rB(T;) (7.1)
J:
_+\/(@A($j))2 -2F (eB(2))*  palz)) -2F SDB(l‘j)_

Theorem 7.2.1. The divergence measure Dv(.A|B), as defined in Definition 7.2.1, for two
SVNSs A and B satisfies the following four axioms.

(P1) Du(A|B) > 0.

(P2) Du(A|B) = Du(B|A).
(P3) Du(AB) =0 if A=B.
(P4) Du(A|B) = Du(A°|B°).

Proof. For two SVNSs A = (Ca(zj),ka(zj), pa(zj)|lz; € X) and B = (¢g(z;), kp(xj),

vB(x;) |z; € X), we have

(P1) Since 0 < Ca(xj),ka(zj), pa(z;) < 1 and 0 < (g(z;), kB(x;), v8(z;) < 1 which

)
implies that \/@A(xj»Q;(cB(mj»Z > Salei) s \/ (ealaa)? Hms (@) males) brs(a;)

and \/(@A(f’fj))2;r(¢s(mj))2 > ”A(xj);r%(xj) for each j. Therefore, from Eq. (7.1), we

get Dv(A|B) > 0.
(P2) It is trivial from the Eq. (7.1).

(P3) Assume that A = B which implies (4(z;) = ((z;), ka(z;) = kp(x;) and g a(x;) =

() for each j, which implies that

Du(AlB) = 5 EZ:l Calwy) — Cala;) + kalz;) — ralz;) + palz;) _SOA(l"j)] =0.

(P4) For SVNSs A and B, we have A° = (pa(z;), ka(z;), Ca(z;)) and B¢ = (pg(z;),
kB(z;), (g(z;)), so by Eq. (7.1), we have



128

_\/(SOA(CCJ‘))Q + (o8(x7))?  palz)) +oplz;) ]
2 2

1 - ka(z; kB(z; ka(zj) + kp(z;

Du(A°|B°) = n(\@_l); +\/( A( J))2—2+—( 5(z;))? . Al J);_ B(z;)
(Calzi))? + (CB(x5))*  Calz;) + Cs(x;)

| \/ 2 B 2 i

= Duv(AlB)
Hence, Dvu(A|B) is a valid divergence measure. O

Also, it is observed that Duv(.A|B) satisfies certain properties which are stated as below:

Theorem 7.2.2. For SVNS A = (Ca(zj), ka(xj), pa(zj)| ; € X), Du(A|A°) = 0 if and

only if (4(z;) = pa(z;) for each z; € X.

Proof. For SVNS A = (Ca(z;), sa(xj), pa(zj)| zj € X), we have A® = (pa(z)), ca(z;),
Calzj) |z; € X). Thus, from Eq. (7.1), we get

Du(A|A°) =0

N n<\/§1_1>22 N@A(W +la)_ ale) teale)|

- WCA(:@))? +ealrg)” A LA o gor each 0 € X
<<A\(/§j) _ ‘Pfigj)f —0 foreachz; € X

& Ca(zj) = pa(z;) foreachz; € X

Hence, Dv(A|A°) = 0 if and only if (4(z;) = pa(z;) for each z; € X. O

Theorem 7.2.3. For SVNS A = (Ca(xj), ka(z;), pa(z;)| z; € X), Du(A|A°) =1 if and

only if either (4(z;) =0, pa(z;) =1 or alx;) =1, pa(z;) =0.
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Proof. For SVNS A, we have Du(A|A°) = 1 which implies that

n

1 22[\/(@(%’))2 + (palz;))*  Calz)) + ‘P.A("Ej)} _

n(v2 —1) = 2 2
" z;))? + z45))? xj xj n(v2 -1
N ; [\/@A( ) . (palz;))*  Cal )J;SDA( )] _n( . )
(Ca(@))® + (palz))?  Calz)) +palz;)  (V2-1)
& \/ 5 - 5 = 5 , for each z;

which implies that (4(zj)¢a(xzj) = 0 and hence Dv(AJA°) = 1 if and only if either

Calzj) =0, pa(zj) =1or Calz;) =1, pa(zj) =0. O]
Theorem 7.2.4. For SVNSs A and B, we have Dv(A|B¢) = Dv(A°|B).

Proof. As A® = (pa(x;), ka(z;), Calzj)lz; € X) and B = (pp(x;), ki(e)), (5(2))|z; €
X) be the complement of the SVNSs A and B, then from Eq. (7.1) we have

_\/(%4(%'))2 + (¢8(2;))*  palz)) + (a(z))
2 2
WAB) = — 1 Y (ka(x)))?* + (k(x5))*  Kalz;) + rB(2;)
DulA1B) n(ﬂ—l); +\/ 2 - 2
_ +\/(CA($3‘))2‘|2’(<PB($3‘))2 B CA(xj)J;SOB(%')_
-\/(CA(%))Q + (o8(5))?  Calzy) +on(z;) ]
2 2
. W;_l)z o fCAD Cae)F _ ) + )
j=1
(pal@;))® + (CB(x5))*  palz;) + ()
_+\/ A 5 B YA 5 B |
= Du(A|B)

O]

Divide the universe X’ into two disjoint parts X; and X, where X3 = {z; : z; €
X, A(z;) C B(zj)} and Xy = {z; : ; € X,B(z;) C A(x;)}. Based on these considera-
tions, we further propose some properties of the divergence measure which are explained

as follows:
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Theorem 7.2.5. If A and B be two SVNSs defined on universal set X, then
Du(ANB|AUB) = Du(A|B).

Proof. Let A = (Ca(x;), sa(x;), pa(zj)|z; € X) and B = (Ca(x;), k8(7;), e8(x;)|2; € X)
be two SVNSs defined on the universal set X', then by Eq. (7.1), we have

Du(ANB|AUB)
—V@waWV;%Qwﬂ%DQ_de%ﬂggwd%)

_ Tml_ 1);"; . \/me(asz : (kaus()? mguj)—;mug(zj)
N \/(@AmB(xj))z -QF (paus()?  pans(x;) ;r auB(2;)
\/ (Calz)))? : (¢s(27)? _ Calz)) : ¢slz;) ]

- n(\/il— 5 x;ﬁ n \/(m(iﬁj))2 ;r (rB(x5))* %A(xj);rﬁs(xj)
|+ \/(sm(svj))2 ;r (p(7)))*  palz)) ;r e8(7;)
\/ (¢B(;))? ; (Calz))?  (a(z)) ; Calzy)

i n(\/il—l)m;@ n \/(/~"»B(fﬂj))2 *2- (Fa(z;))* ﬂs(wj);m(:rj)

N \/(9018(333'))2 J2r (palz))?  oplz)) J2r pa(z))
— Du(AB)
Thus, the result holds. O

Theorem 7.2.6. For two SVNSs A and B, we have
(i) Dv(AlAUB) = Du(B|AN B)
(i) Du(AlANB) = Du(BlAU B)

(ii) Dv(A|AU B) + Du(AlANB) = Du(A|B)

(iv) Dv(B|AUB) + Du(B|AN B) = Dv(A|B)
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Proof. We will prove the first part and rest can be proved in the same manner. By the

definition of divergence, we have

Do(AlAU B)
[ \/(CA(CL’J‘))Q + (Caus()))*  Calxj) + Caun(z;)
2 2
— n(\/il— 5 ; N \/(HA(JJJ'))2 +2(KAUB(%‘))2  ral(y) +2HAUB(9UJ‘)
(pa(@;)? + (paus(x;)?*  palz;) + paus(z;)
+\/ 2 a 2
_\/(CA(%))2 + (Cs(24))*  Calz)) + (B(7))
2 2
_ 1 (ka(x)))? + (k(x5))*  kalz;) + r8(2;)
B n(\/ﬁ—l)wjze;\;l +\/ . 2 : - 2 :
|+ \/(SOA(%'W -QF (eB(7;))* @A(xj);rws(fvj)
[ \/(CA(%‘))Q + (Calx))?  Calz)) +Calz))
2 2
1 K X5 K X5 K X5 K X5
n n(\/ﬁ—l)wgﬁ Jr\/( Al ]))2—;( (@) kKl g)-QF Alz))
N \/(SOA(IJ'))2 + (palz)?*  walz)) +palz))
L 2 2
_\/(CA(%))Q + (C8(24))*  Calz)) + (B(7))
2 2
_ 1 (ka(x)))? + (k(x)))*  Kkalz;) + r8(2;)
N n(\/i—l)wjze;q +\/ B T 72
N \/(@A(xj))2 ;r (p5(z)))*  palz)) ;r eB(z;)
Also,
Du(B|AN B)
_\/(CB(%'))Z + (Cans(x5))* (%)) + Cann(x))
2 2
- - e 52|+ oGl Goanu@s)V _ ) + (s
(p5(25))? + (pans(r;)*  ws(2)) + vans(@;)
+\/ 2 B 2




132

n(v2 —1)

n(v2—1)

1
WS T)

z;E€EX]

Tj €Xy

sz-Xl

_\/(CB(%‘))2 + (Calx;)?  CBlay) + Calwj)

2 2
N \/(“B(ffj))Q + (ka(z)))*  kB(z;) + Kalz))
2 2
N \/(SDB(%‘))Q + (palz)?  ws(z;) + palz))
2 2
_\/(CB(ij))2 + (Cs(z5))*  ¢B(=)) + (a(x))
2 2
N \/(Fﬂzs’(ﬂfj))2 + (ks(25))*  kp(x;) + Ks(z))
2 2
n \/(908(%'))2 —QF (p5(z)))*  ps(z)) —QF eB(z;))
\/(CA(%))Q + (C8(25))*  Calz)) + ¢p(xy)
2 2
N \/(KA(JSJ'))2 + (ks(x5))?  Kalz)) + rp(z))
2 2
(pa(x))? + (e8(7))*  palz)) +¢n(z))
+\/ 2 B 2

Then, from Egs. (7.2) and (7.3), we get Dv(A|AU B) = Dv(B|AN B).

Theorem 7.2.7. If A, B and C be three SVNSs defined on the universal sets X, then

(i) Du(A|C) + Du(B|C) — Du(AUBIC) > 0,

(ii) Du(A|C) + Du(BIC) — Du(ANBIC) > 0

Proof. In this property, we prove only the first part because of having analogously similar

proofs.

_\/(CA(%'))Q + (Ce(x5))*  Calwy) + Celz))
2 2

N \/(fu(ﬂvg‘))2 ;r (ke(z)?  Kalz)) ;r ke ()
(pal(;)* + (pc(x)?  palz)) + vc(z;)
+\/ 2 B 2

[ \/(CB(UEJ'))2 + (Ge(x)))?  CBlx)) + Celz))
2 2
(kB(75))* + (ke(x)))*  kB()) + Ke(T))
+\/ 2 B 2
(oB(x))? + (we(r;))?  wB(x)) + welx))
+\/ 2 - 2




and

Du(AUB|C)

Then,

2

n \/('Wtuls(ﬂ?j))2 + (ke(z5))*

[ \/(CAUB($j))2 + (Ce(%5))*  Caus(z)) + Celz))

2

KAuB(T;) + ke(w;)
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J=1 2 2
n \/(‘PAUB(xj))2 + (pe(7)))*  paus(x)) + vc(z))
2 2
_\/(Czs(ﬂf/‘j))2 + (Ce(@)?  CB(xs) + Celx))
2 2
(kB(;))* + (Ke(x5))*  rB(x;) + Kelz))
x;ﬁ +\/ 2 2
(e8(25))* + (pc(z)))*  es(z)) +pclz))
+\/ 2 a 2

_\/(CA($j))2 + (Ge(@)))?  Calz;) + Ce(y)

2 2
(ka(5))? + (ke(25))*  Kalx)) + Ke(w;)
%ZG;(Q +\/ 2 B 2
|+ \/(SOA(%‘))Q ;r (pc(z;)® @A(IE;‘);@C(%)

Du(A|C) 4+ Dv(B|C) — Dv(A U B|C)

n(VZ—1)

1
n(v2—1)

2

Tj eXx

>

T EX

—\/(CA('%'J')>2 + (Ce(z)))?  Calwy) + Celz))
2
(ka(z))* + (ke(x;)?  Kalz;) + ke(z;)
+\/ 2 a 2
|+ \/(@A(%‘))Q -2|r (pc(x))?  palz;) ;r pe(z))
[ \/(CB(%'))2 + (Ge(x))?  CBlxs) + Celz))
2
N \/(fﬂfj‘(@“j))2 -2F (rc(z))?*  kp(z)) ;r ke (x;)
(eB(2;))* + (pc(z)))*  ¢(x;) + pc(z;)
+\/ 2 a 2

Since, ((x}), k(x;), ¢(z;) € [0,1] for all z; € X. Thus, we get Dv(A|C)+Dv(B|C)—Dv(AU

B|C) > 0.

Theorem 7.2.8. For three SVNSs A, B and C, we have

Du(AN B|C) + Du(AU BIC) = Du(A|C) + Du(BIC)

O]
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Proof. For three SVNSs A = (Ca(xj), ka(zj), valzj)lz; € X), B = (¢(z;), kp(xj),
ep(zj)|r; € X) and C = (¢e(xj), ke(z4), we(z;)|r; € X) and by definition of the diver-

gence measure, we have

Du(ANBIC)
[ \/(CAnB(!Ej))2 + (Ce(®5))*  Cans(z)) + Ge(z))
2 2
S T (rans ()P + (re()?  rans(a;) + re(z;)
- TS +\/AB 2 c  KanB : c
n \/(¢AmB($j))2 + (pe(x5))*  pans(x)) + pc(z;)
L 2 2
-\/(CA(%‘))Z + (Ge()))?  Galw)) + Celzy)
2 2
_ (\/51 5 S+ \/(HA(ij))2+(/~€c($j))2  ral@y) + re(z))
" T jex 2 2
(pa(zy))® + (pe(x))*  palz)) + pe(z;)
: +\/ 2 - 2
_\/(CB(xj))z + (Ge(@5))* (@) + Ce(z))
2 2
1 (rB(2))? + (ke(x)))®  rp(x;) + Ke(x))
i n(ﬁ—l)g/\;2 +\/ : 2 : - 2 :
|+ \/(%(fﬁj))Q -2F (pe(x)))? 908(333')‘2"806(53]')
Also,
Du(AUBIC)
[ \/(CALUB(JUJ))2 + (Ce(x)))*  Caun(z)) + Ce())
2 2
_ 5 (5aus (@) + (re(@,)?  mavs(ay) + e(ay)
”(\/i_l)jﬂ +\/AB 5 C _ kAuB > C
N \/(SOAUB(IJ'))2 + (e(x)))®  paus(z)) + pc(z))
L 2 2
_\/(CB(%‘))Q + (Ce()))*  ¢a(x;) + Gelxy)
2 2
_ (\/511) S| \/(HB(%’))2 + (re(z)?  ki(xy) + ke(z))
n T jex 2 2
(e8(25))* + (c(x;))?  en(x;) + ¢c(z))
i +\/ 2 - 2
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-\/(CA(%‘))Q + (Gel(x))?  Calwy) +Cely) ]
2 2
1 (ha(z))? + (ke(x)))*  Kalz)) + ke(z))
+n(f—1)jEZX2+\/AJQC]_A]2C]
(pa(xi)? + (pc(@;)*  palz;) + eclz))
et etz

Thus, by adding these equations, we get Dv(ANB|C)+Dv(AUB|C) = Dv(A|C)+Du(B|C).
O

Theorem 7.2.9. For two SVNSs A and B, we have
(i) Du(A|B) = Du(A°|B°)

(ii) Du(A|B°) = Duv(A%B)

(iii) Dv(A|B) + Du(A|B) = Dv(A|B%) + Du(A|B°)

Proof. First and second parts are similar and third part can be proved by adding first and

second one. Proof of the part (ii) follows from Theorem 7.2.4. O

Definition 7.2.2. For two SVNSs A = (Ca(z;), ka(xj), pa(zj)| z; € X) and B = (¢g(z;),
kB(z;), ps(xj)| ; € X), the weighted divergence measure of A against B is to measure

the degree of discrimination between the pair is defined as:

\/ (Calzy)? + (CB(x;)?  Calay) + Calx)) ]
2 2
; R S - (ka(@))? + (i5(17))?  ralzy) + rs(z))
PulAIf) = {5y D AL nle)? _ sale) sl |
_+\/(<PA<333'))2 ;r (en(;))? sm(ﬂcj)—zﬂpzs(wj)_

7.3 TOPSIS approach based on proposed divergence mea-

sure

In this section, a TOPSIS method based on the proposed divergence measure for SVNSs

has been presented.
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7.3.1 Maximizing divergence method for determine the weights

In this subsection, we construct a nonlinear programming model by maximizing the di-
vergence value Dv(w) to find the optimal weights of the criteria. For this, let A be the
set of the partially known weight information. For j¥* criteria, the divergence of the i"
alternative to all the other alternatives can be defined as follows:

m

Dij =Y Du(AlAg)

q=1

where Du(A;;|Ag;) denotes the divergence measure between the two alternatives A;; and

Ayj defined in Definition 7.2.1.

m mm
Let D; = >~ D;; = > Y Dv(A;j|Ag;) represents the total divergence values of all the
i=1 i=1¢=1
alternatives to other alternatives for j*" attributes and hence
n n m m
Do(w) = Z w;D; = Z Z Z w;Du(A;j|Agj)
j=1 j=1i=1 q=1

represents the total divergence values of all the alternatives with respect to all criteria.
Under these, a nonlinear optimization model has been constructed to determine the

optimal weight vector as follow:

max Dv(w) = Z Z Z w;Dv(Aij|Agj)
j=1 i=1 ¢=1
subject to w; € A ,w; > 0, (7.5)

n
ij' =1
j=1

W

By solving this model, we get the optimal weight w = (w1, ws, ..., w,)? of the criteria.
On the other hand, if information about the criteria weights are completely unknown,

then we establish another nonlinear optimization model as

max Dv(w) = Z Z Z w;Du(Aij| Agj)
j=1i=1 q=1
subject to w; >0, (7.6)

n

Zw32.21

Jj=1
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Solve the above model by using the Lagrangian multiplier method and hence get the
normalized weight vector as
m m
> 2 Du(AijlAg)
i=1g=1

355 S0 Dol Ay Ay)

j=li=1g=1

wj = (7'7)

7.3.2 Proposed TOPSIS approach

TOPSIS method [56] is a simple and effective tool to solve the DM problems which aims to
pick out the best alternative(s) with the shortest distance from the positive ideal solution
(PIS) and the farthest distance from the negative ideal solution (NIS). In this section,
instead of using the distance measures to figure the relative closeness coefficient, the con-
cept of divergence measure is appropriately applied to the main structure of the TOPSIS
method.

The brief description of the decision making process is given in Section 2.5 of Chapter
2, where rating values of each alternative is assessed in terms of the SVNNs and is denoted
by aij = (Gij, Kij, @ij), © = 1,2,...,m;j = 1,2,...,n, where (;j, Kij, @i; represents the
degree of satisfaction, indeterminacy, and dissatisfaction, respectively, of A; corresponding
to criteria G; such that 0 < (5, K5, 9i; < 1 and G + k45 + @i < 3. Then, the following
steps of the TOPSIS method have been summarized for solving the DM problems under

SVNN information by using the proposed measures as:

Step 1: Arrange the collective information: Collect the information related to each al-
ternative A;(i = 1,2,...,m) and arranged them in the form of the neutrosophic

decision-matrix M = (@) mxn-

Step 2: Normalize the decision matriz: By using Eq. (2.38) of Chapter 2, we normalize

the matrix rating values of M into the normalized decision matrix R = (r;;).

Step 3: Determine the attribute weights:  The weights of the different criteria w =
(w1, w3, ..., wy)T are determined by solving the optimization model (7.5) or (7.6)
accordingly whether the information about the criteria weights are partially known

and completely unknown.
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Step 4: Determine the discrimination of each alternative from ideal and anti-ideal alter-

Step 5:

natives:

as given in decision matrix R =

As 0 < Gj, Kij,ij < 1 and hence all rating values of the alternative

(7ij)mxn are SVNNs. Therefore, accordingly

the membership degrees of relative positive ideal ideal solution (RPIS) may be
expressed as AT = (1,0,0)1x,. Similarly, the membership degrees of the rel-
(Oa ]-a 1)1><n-

are complement to each other.

ative negative ideal solution (RNIS) may be summarized as A~ =
From these, it has been seen that AT and A~

Furthermore, instead of fixing the degree of A" to be 1, 0 and 0, the decision

+ ot

maker may varying it by defining AT and A~ respectively as ( PRV INT Nixn,
and (;,K;,¢;))1xn Where (f = mzax{g}-jﬁ =1,2,...,m}, /ij = miln{/iij\i =
1,2,...,m}, ¢f = min{pyli = 1,2,...,m}, ¢ = min{Gli = 1,2,...,m},
(2 (2
k; = max{r;li = 1,2,...,m}, p; = max{p;[i = 1,2,...,m}. From this, it
(2 7
has been clearly seen that ((¢;, x5, ©;)) € (g, kijy i) S (¢, 57, 9))-

In order to compare the different alternatives, the divergence measure defined in

Eq. (7.4) is used to measures the degree of discrimination between an alternative

A; and the RPIS AT as well as the RNIS A~ as follows:

i \/(Q‘j(ﬂj))Q + (T ri))? Gilrig) + ¢ (i) ]
2 B 2
Do (A AT) = (\/; 5 jé wj (Kij(ri;))? ;r (5] (rij))*  hij(ris) ;FK;F(W) (7.8)
\/ (P (rg)2 + (6} 13)? iirig) + ¢ (1)
+ —
L 2 2 J
and
\/ (Gilrap)? + (G (r)?  Grig) + G (r3g) ]
- 2
v 14-) = ¢ W (Kij(rij))? +("‘f (rij))? “7](7%])“‘"@ (rij) .
Duul) = gt S | 1 2 79
¢ (pij(rij)) % (rij))?  @ii(rig) + @5 (r35)
_ . |
Compute the relative-closeness coefficient: Based on Egs. (7.8) and (7.9), the

relative-closeness coefficient of the alternative A;(i = 1,2,...

,m) with respect to
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AT and A~ is defined as follows:

R — ’Dvw(Ai\Af)
"7 Duy(Ai| A7) + Doy (A AT)

(7.10)

provided Du,,(A;|AT) # 0. It has been seen that 0 < Duy,(A;| A7) < Duy, (A A7)
+Duvy, (A;]AT) and hence 0 < R; < 1.

Step 6: Rank the alternative: Based on the descending order of the values of R;, we rank

the alternatives A;(i = 1,2,...,m) and select the best alternative(s).

7.4 Illustrative Example

The above developed approach is illustrated with a numerical example as follows.

7.4.1 A case study

A travel agency naming, Marricot Trip mate , has excelled in providing travel related
services to domestic and Inbound tourists . Agency wants to provide more facilities like
detailed information, online booking capabilities, allow to book and sell airline tickets, car
rentals, hotels, and other travel related services etc. to their customers. For this purpose,
agency intends to find an appropriate information technology (IT) software development
company that delivers affordable solutions through software development. To complete
this motive, agency forms a set of five companies (alternatives), namely, Zensar Tech (A;),
NIIT Tech (Asz), HCL Tech(A3), Hexaware Tech(A4), and Tech Mahindra (As) and the
selection is held on the basis of the different criteria, namely, Technology Expertise (G1),
Service quality (G2), Project Management (Gs), Industry Experience (G4). Now, we can
obtain the evaluation of an alternative A;(i = 1,2,3,4,5) with respect to the criterion
Gi(j =1,2,3,4) from the questionnaire of a domain expert. For instance, corresponding
to alternative A; under criterion G;, when we ask the opinion of an expert about the
alternative Ay with respect to the criterion Gy, he or she may that the “possibility degree
in which the statement is good” is 0.5, “the statement is false” is 0.4 and “the degree
in which he or she is unsure” is 0.3. In this case, the evaluation of this alternative is

represented as SVNN «a1; = (0.5,0.3,0.4). In the similar manner, we can obtain all the
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evaluations of the alternatives .A; with respect to criterion G;. Then, the following steps

of the proposed approach have been executed to find the most desirable alternative(s).

Step 1: The complete rating values of all the alternatives are given in the decision matrix

M = (o) as
1 Go g3 G4
Ay /(0.5,0.3,04) (0.5,0.2,0.5) (0.2,0.2,0.6) (0.3,0.2,0.4)
A | (0.7,0.1,0.3)  (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2)
M= 4,1(05,03,04) (0.6,02,04) (0.6,0.1,0.2) (0.5,0.1,0.3)
As | (07,03,02)  (0.7,0.2,0.2) (0.4,0.5,0.2) (0.5,0.2,0.2)
As \(0.4,0.1,0.3) (0.5,0.1,0.2) (0.4,0.1,0.5) (0.4,0.3,0.6)

Step 2:

Step 3:

Step 4:

Since all the criteria are of the benefit types, so there is no need of normalizing

process.

Consider the partial information about the criterion weights given by A = {0.10 <
w; <£0.2,0.2 <wpy £0.3,0.2 < ws <0.25,0.15 < wy < 0.25,w; > O,Z?:l w; =

1} and hence the optimization model (7.5) is constructed as follows:

maximize Dv(w) = 0.3344w; + 0.2372wy + 0.7670w3 + 0.4519wy

subject to weA

By solving this model, we get the optimal weight vector of criteria w = (0.2,0.3,0.25,
0.25)T.

The RPIS and RNIS is calculated from the given information as A™ = {(Gy, (0.7,0.1,
0.2)), (Ga,(0.7,0.1, 0.2)), (Gs,(0.6,0.1, 0.2)), (Gu, (0.6, 0.1, 0.2))} and A~ =
{(G1,(0.4,0.3, 0.4)), (G2, (0.5, 0.2,0.5)), (Gs, (0.2, 0.5,0.6)), (G4, (0.3, 0.4,0.6))}.
Thus, the degree of discrimination between the alternative A;(i = 1,2,3,4,5) to
AT and A~ are computed by using Eqgs. (7.8) and (7.9) and get as
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'Dvw(.A1|.A+)
[ [0.52 +0.72  0.5+0.7 [0.52+0.72  0540.7
2 - . -
0 { 5 5 }+03{ 5 5
2 2 2 2
095 [022 4062 02+0.6 025 [0.32+0.62 03406
2 2 2 2
[032 +0.12  0.3+0.1 [022 012 0.2+0.1
2 - 0.3 -
1 +0 { 2 2 }+ { 2 2
(V21 2 2 221012 02401
( ) 095 [022+012 0.2+0.1 Coosd 02 A01 0240
2 2 2 2
0.4240.22 04+40.2 0.524+0.22 0.5+0.2
244/ - 344/ .
+0 { 5 5 +0.3 . 5
624022 0. . 421022 04402
025 [0.62+022  0.6+0.2 025 [0.42+022 0440
2 2 2 2
= (.1487
and
Dvw(A1|A7>
[ (0524042 05404 [052+ 052 0.5+05
0.2{ 5 - } +0.3{ 5 -
2 2 2 2
025 [0.22+022 02+0.2 025 [0.32+032 03403
2 2 2 2
0.3240.32 0.3+40.3 0224022 0.2+40.2
) +0.2{ 5 - +0.3 5 -
(V21 [0.22 2 21042 02404
( ) 095 022+052 02+05 095 0224042 0240
2 2 2 2
(042 4042 04404 [0.52+0.52 0.5+ 0.5
2 - ‘ -
+0 { 5 5 +0.3 5 5
6241062 0. . 421062 0.4+0.
025 [0.62+0.62  0.6+0.6 025 [0.42 4062 04406
2 2 2 2
= 0.0357
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}
}
|

}
}
|

Similarly, we can calculate the others and get Dvy, (Az|AT) = 0.0512; Dy, (Az| A7) =
0.1453; Duy, (A3 A1) = 0.0466; Duy, (A3 A7) = 0.1457; Duy, (A4l AT) = 0.0661;
Duw(Ag]A™) = 0.1298; Dy (A5 AT) = 0.0914 and Dvy,(As|A~) = 0.0933.

The closeness coefficients of " alternative A;(i = 1,2,3,4,5) is calculated by

using Eq.

(7.10) and are given as Ry = 0.1936; Ry = 0.7396; R3 = 0.7577;
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R4 = 0.6628; and Rs = 0.5052.

Step 6: Therefore, the optimal ranking of these five alternatives are A3z = As = Ay =
As = Ay, and thus, the best alternative is Az namely HCL Tech.

7.4.2 Test Criteria for proposed approach

Wang and Triantaphyllou [160] established the following testing criteria to evaluate the
validity of such types of methods.

Test criterion 1: “An effective DM method should not change the indication of
the best alternative on replacing a non-optimal alternative by another worse alternative
without changing the relative importance of each decision criteria.”

Test criterion 2: “An effective DM method should follow transitive property.”

Test criterion 3: “When a DM problem is decomposed into smaller problems and

same method is applied on smaller problems to rank the alternatives, combined ranking

of the alternatives should be identical to the original ranking of un-decomposed problem.”

The validity of the proposed TOPSIS method is tested using these test criteria.

Validity test under criterion 1

Under this test criterion, the rating values of the non-optimal alternative A; and the worse
alternative As is replaced with the another ones and hence their updated decision matrix

is summarized as

g1 Go g3 G4
Ay [(0.4,0.3,05) (0.5,0.2,0.5) (0.6,0.2,0.2) (0.4,0.2,0.3)
A | (0.7,0.1,03)  (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2)
M= 4, 1(05,0.3,04) (0.6,0.2,0.4) (0.6,0.1,0.2) (0.5,0.1,0.3)
As | (07,03,02) (0.7,0.2,0.2) (0.4,0.5,0.2) (0.5,0.2,0.2)
As \(0.3,0.1,0.4) (0.2,0.1,0.5) (0.5,0.1,0.4) (0.6,0.3,0.4)

Based on this information, by applying the proposed approach, we compute the diver-

gence measures of each alternative A;(1 = 1,2,...,5) to (A") and (A~) are Du, (A1 |AT) =
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0.0889, Duy(A1|A™) = 0.0703, Duv,(A2|AT) = 0.0512, Du,(Az| A7) = 0.1307,
Duy(Az|AT) = 0.0466, Dvy, (A3 A7) = 0.1247, Dv,(Ag |AT) = 0.0661, Dvy, (A A7)
= 0.1337, Duy(As|AT) = 0.1309 and Duv,,(As|.A~) = 0.0650. Thus, the optimal values of
the relative closeness coefficient of each alternative are computed by using Eq. (7.10) as
R = 0.4416; Re = 0.7187; Ry = 0.7279 R4 = 0.6693 and R5 = 0.3317. According to the
descending order of these values, the alternatives are ranked as Az = Az = Aq = Ay = As.
Thus, the best alternative is remain unchanged i.e., As. Hence the proposed method is

valid under test criterion 1.

Validity test using criterion 2 and 3

Under it, if we decomposed the original problem into a set of { A1, A2, A4}, {A1, A3, A5},
{Ag, Ayg, A5}, {A2, A3, A5} and {A1, A3, Ay}, then the proposed approach has been ap-
plied to these subproblems. The ranking orders of the alternatives is As = Ay = A,
Az = As = A1, Ay = Ay = As, Az = As = As and Az = Ay = A; respectively and hence
the combined ranking order is A3 > As = A4 = A5 = Ay, which is identical to original
problem. Therefore, it displays transitive property and hence the proposed method is

valid under the test criterion 2 and 3.

7.4.3 Superiority of the proposed approach over the existing approaches

In this section, we have presented some counterexamples to show that the existing ap-
proaches [14, 95, 181] under SVNS environment fail to rank the given alternatives while

the proposed divergence measure can overcome their shortcoming.

Example 7.4.1. Consider a DM problem in which there are two alternatives, namely, A;
and Ay which are evaluated by a decision maker under the three different criteria denoted
by G1,Go and G3. The preference values of each alternative given by the decision maker

are summarized under SVNS environment as follows:

g1 Go gs
© — A [(050203) (0.60301) (0.3,020.4) (711)
As 1(0.4,0.3,0.2) (0.6,0.2,0.2) (0.4,0.3,0.3)
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In order to find the best alternative, we utilize the existing TOPSIS approach as proposed
by Biswas et al. [14]. For it, the following steps of their approach are followed as

Step 1: The information of each alternative in SVNS environment is represented in the

form of decision matrix as given in Eq. (7.11).

Step 2: The positive and negative ideal solutions are obtained as AT = {( 0.5, 0.2,0.2),
(0.6, 0.2,0.1 ), (0.4, 0.2,0.3 )} and A~ ={(0.4,0.3, 0.3), (0.6,0.3,0.2), (0.3,0.3,0.4)},

respectively.

Step 3: Based on these values, the hamming distance measures between the alternatives
A;(i = 1,2) and ideals solutions are evaluated as d( A1, A") = 0.0444, d(Ay, A™) =
0.0444, d(As, AT) = 0.0444 and d(Az, A™) = 0.0444.

Step 4: Thus, the optimal values of the relative closeness coefficient R; = PP j%:;‘(} v

of each alternative A;(i = 1,2) are computed as R; = 0.5 and Rs = 0.5. Hence,

this method is unable to rank the given alternatives.

On the other hand, if we utilize the proposed divergence measure to compute the discrim-
ination between the alternatives and the ideal solutions then their measurement values
are Dv(A;1]AT) = 0.0137, Dv(As]|AT) = 0.0167, Dv(A;|A~) = 0.0167 and Dv(Az|A~) =
0.0137. Thus, the relative closeness coefficient R;(i = 1,2) of the alternative A; (i = 1,2)
is computed by using Eq.(7.10) as R = 0.5500 and Ry = 0.4500. Since Ry > R which
gives us that A; is better alternative than As. Therefore, proposed divergence based
TOPSIS approach is able to rank the alternatives in the situation when existing approach

fails.

Example 7.4.2. Consider two SVNSs A; and Ay defined over the universal set X =

{z1,29,..., 25} as
Ay = { (21,0.5,0.3,0.2), (2,0.5,0.2,0.3), (x3,0.9,0.0,0.1), (4, 0.5, 0.4, 0.1), (a:5,0.7,0.1,0.2)}
and

Ag = { (21,0.7,0.2,0.1), (x2,0.5,0.4,0.1), (z3,0.9,0.1,0.0), (x4, 0.6,0.3,0.1), (x5, 0.8, 0.0, 0.2)}
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Then the aim of this problem is to classify the unknown pattern B € SVNS(X) which is
defined as

(21,0.7,0.1,0.2), (z2,0.6,0.3,0.1), (z3,0.7,
B=

0.1,0.2), (24,0.5,0.4,0.1), (z5,0.4,0.5,0.1)

in one of the class of A; and A,. For it, if we apply the existing normalized Hamming
(dy) and Euclidean (qy) distances [95] as defined in Eqgs. (7.12) and (7.13) respectively,

between the alternatives A;(i = 1,2) and the unknown pattern B

(AL B) = 1 z”: Cai (w5) — Ca(@5)| + KA, (z5) — KB(;)] (7.12)

j=1 + o4, (75) — o))

and

n Ti)— z:))? ko (27) — kg(z:))?
(AL B) = %Z (Ca (z5) — CB(x5))” + (Ka,( J)2 5(25)) (7.13)
i=1 + (pa;(z5) — wB(7;))

then, we get the measurement values corresponding to the set A; and Az as dy (A1, B) =
dn(Ag, B) = 0.1333 and gy (A1, B) = gn(Az, B) = 0.1751. Thus, this existing approach
is unable to classify the pattern B with any one of the class of A; and A3. On the other
hand, if we apply the proposed divergence measure between the alternative A4;(i = 1,2)
and B, then we get their values as Dv(A;|B) = 0.0901 and Dv(Az|B) = 0.1061. Hence, we
conclude that unknown pattern B is most likely to belong to the class of As. Therefore,
the proposed divergence measure is successfully work in those cases where the existing

measure fails.

Example 7.4.3. Consider two SVNSs A; = {(x1,0.6,0.1, 0.2), (z2,0.5,0.1,0.3), (x3,0.4,
0.1,0.1)} and Ay = {(z1,0.5, 0.1 ,0.2), (z2,0.4, 0.1,0.3), (x3,0.4,0.1,0.1)} defined over
the universal set X = {x1,x9,23}. Let the ideal solution considered by decision maker
is B = {(z1,0.6,0.1,0.2), (z2, 0.4, 0.1,0.3), (23,0.5,0.1,0.1)}. In order to rank these

alternatives, we apply the existing improved cosine similarity measures [181], defined in
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Egs. (7.14) and (7.15), as

SG1 (A, B) — iicos gmax |Ca () = CB(5)], [k, (25) — wB(2;)], 714)
j=1

I loa,(z5) — oB(x5)]

and

" |<Ai($j)_CB(xj)|+|Kw4¢(xj) _’%B(xj” (7.15)

SGa(A;,B) = 1 Zcos u
s + lpa, (x) — oB(x))|

and hence obtain their corresponding measurement values are SG1 (A1, B) = SG1(Az, B) =
0.3292 and SGa(A;1,B) = SG2(Az,B) = 0.3315. Thus, their approach is unable to rank
the alternatives. On the other hand, if we compute the proposed divergence measurement
values for these two alternatives, then we get their respective values are Dv(Ay,B) =
0.0045 and Dv(Az, B) = 0.0041 and hence conclude that A; is the best alternative than
As.

Hence, we can say that the proposed divergence measures, as well as their correspond-
ing TOPSIS approach, are able to solve the DM problem in a better way under SVNS

environment where the existing studies fail to rank the alternatives.

7.5 Conclusion

In this chapter, the theory of SVNS has been enriched by proposing a new information
measure, called a divergence measure, to evaluate the discrimination between the two
SVNSs. Some properties and the correlations of the measure have been investigated in
detail. A maximizing divergence method has been presented to determine the optimal
criterion weights under SVN environment. Then, a single-valued neutrosophic TOPSIS
is proposed to solve the DM problems. A practical example is given to validate its effec-
tiveness and practicality. From the study, we resolve that the proposed measure shows its

superiority in those cases also where the existing measures fail to classify the objects.



Chapter 8

Bi-parametric distance measures
on single-valued neutrosophic sets
with applications to Pattern
Recognition and Medical
Diagnosis

In this chapter, we developed some bi-parametric generalized distance measure between
the pairs of SVNSs. The presented measures utilized the concept of L, norm and the
degree of uncertainties. The various properties and relationships between them are inves-
tigated. Later on, the applicability of these measures is explained with the help of pattern

recognition and medical diagnosis problems.

8.1 Introduction

The classical measure theory has been widely used to represent uncertainties in data.
However, these measures are valid only for precise data, and hence they may be unable
to give accurate judgments for data uncertain and imprecise in nature. To handle it,
Smarandache [141] introduced a neutrosophic set (NS), which is the generalization of the

IFS and FS. However, without specification, NSs are difficult to apply to real-life problems.

!The content of this chapter is published as “Some new biparametric distance measures on single-valued
neutrosophic sets with applications to pattern recognition and medical diagnosis”, Information, 8(4), 162,
2017; doi:10.3390/info8040162
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Thus, a particular case of the NS called a single-valued NS (SVNS) has been proposed by
Smarandache [141], Wang et al. [155].

Since the literature presented in Section 1.1.2 of Chapter 1, it is observed that distance
measure plays a significant role during the DM process. Further, it has been deduced
from studies that similarity, entropy and divergence measures could be induced by the
normalized distance measure on the basis of their axiomatic definitions. On the other hand,
SVNSs is one of the most successful theories to handle the uncertainties and certainties
in the system, but little systematic research has explored these problems. The gap in the
research motivates us to develop some families of the distance measures of the SVNS to
solve the DM problem.

The main contributions of this work are summarized as follows: (i) to highlight the
shortcomings of the various existing distance measures under the single-valued neutro-
sophic information through illustrative examples; (ii) to overcome the shortcomings of the
existing measures, this paper defines some new series of parametric distance measures be-
tween SVNSs, which depend on two parameters, namely, p and ¢, where p is the L, norm
and t identifies the level of uncertainty. The various desirable relations between these
have been investigated in detail. Then, we utilized these measures to solve the problem of
pattern recognition as well as a medical diagnosis and compared their performance with

that of some of the existing approaches.

8.2 Some New Distance Measures between SVINSs

In this section, we present the Hamming and the Fuclidean distances between SVNSs,

which can be used in real scientific and engineering applications.

8.2.1 Proposed Distance measures

Letting ®(X') be the class of SVNSs over the universal set X', then we define the distances
for SVNSs, A = (Ca(wi), ka(@i), pa(w:) | @ € X) and B = ((8(2:), k8(2:), o8(7i) | @i €

X), by considering the uncertainty parameter ¢, as follows:
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(i) Hamming distance:

| = t(Calwi) = Clw:)) + (raa) — k(i) + (palws) = en(w:)|
DiAB) = gy 2 | | = tale) = k(@) = (pale) = wn(@) + Ca@) = Ga@)] | (81)

+ | = tlpalmi) — e5(xi) — (ra(w:) — k(@) + (Calzi) — Ca(wi))]

(ii) Normalized Hamming distance:

| — t(Cal@i) — CB(xi) + (ka(i) — () + (pa(zi) — 5(2:))]
3n<2+t)2 + | = tmale:) = m(@:) = (pale:) — o) + (Cal@:) — Ca(@:)))| (82)

+| = tlpalmi) — pB(2:) — (ka(:) — K@) + (Calm) — alas))|

Do(A,B) =

(iii) Euclidean distance:

| = t(Calai) = Ca(i) + (malz:) — 55(:)) + (Palz:) — es(:)|
Dy(AB) = | gy & |+~ tsaen) = (o)) — (palen) — () + Calor) — o) (8.3)
+| = tlalz:) — pnlai) — (ma(z:) — wp(:) + (Cales) — Cal@i)]

(iv) Normalized Euclidean distance:

| = t(Cales) — () + (Rale) — ris(e)) + (oales) — s V)

DuAB) = | gy | 4] = tlae) — nu) — (pali) — () + (Cae) — Galo)) | (8-4)
+ | = tpalei) — on(2i) — (kale:) — kp(z:) + (Cale:) — Cala)|?

where t > 3 is a parameter.

Proposition 8.2.1. The above-defined distance Ds(.A, B), between two SVNSs A and B,

satisfies the following properties:

(P1) 0 < Dy(A,B) < 1

(P2) Da(A,B) =0 iff A = B.

(P3) Dy(A, B) = Da(B, A).

(P4) If A C B CC, then Dy(A,C) > Da(A, B) and Dy(A,C) > Dy(B,C), for C € B(X).

Proof. For two SVNSs A and B, we have
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(P1)

(P2)

(P3)

(P4)

0 < Calzi), Ca(xi) < 1,0 < ka(z;), wp(z;) <1 and 0 < a(xi), p(wi) < 1. Thus,

| Calws) —Calxs) IS 1, | ka(e;) —m(xi) |1, | palz) —ep(x;) |< 1and | t(Calx;) —
¢s(z;)) | t. Therefore,

| (tCa(@i) = palwi) — ka(wi)) — ((Cs(2i) — pn(2i) — K5(2i) |< (2 +1)
| (tra(@i) + palzi) — Calwi)) — (trp(xi) + en(xi) — (a(xi)) [< (2 +1)
| (tpa(wi) + ralwi) — Calwi)) — (bop(wi) + rp(ei) — Cs(wi)) |< (2 +1)

Hence, by the definition of Da, we obtain 0 < Ds(A, B) < 1.

Firstly, we assume that A = B, which implies that (4(z;) = (g(x:), ka(zi) = kB(zs),
and pa(xz;) = ep(z;) for i = 1,2,..,n. Thus, by the definition of Ds, we obtain
Dy(A,B) = 0. Conversely, assuming that Dy(A, B) = 0 for two SVNSs A and B,

this implies that

| = t(Calxi) — (8(xi) + (ka(xi) — kB(xi)) + (pal(zi) — e(Ti))]
+ | = tkalxi) — r(xi) — (palzi) — es(xi)) + (Calzi) — (5(T0))] =0
+ | = tlpal®i) — p5(xi) — (kalzi) — sp(w:) + (Calwi) — C5(w:))]

or

| — t(Calzi) — C8(wi)) + (kal(xs) — kB(x) + (palzi) —es(x:))| = 0
| = t(ka(xs) — kB(xi) — (palzi) — p5(xi) + (Calzi) — ()| = 0
| — t(pa(zs) — ep(x:) — (ka(zs) — k5(x:)) + (Calzi) — Cs(x))] = 0

After solving, we obtain (a(x;) — (g(zi) = 0, Ka(zi) — kp(zi) = 0 and @a(z;) —

ep(x;) = 0, which implies (a(x;) = (g(x;), ka(x;) = kp(x;) and pa(x;) = p(z;).
Therefore, A = B. Hence Dy(A,B) = 0iff A= B.

This is straightforward from the definition of Dj.

If A C B CC, then Ca(z;) < (glxi) < Ce(wi), walwi) > kp(zi) > ke(wi) and

pa(xi) = pp(xi) = pc(wi), which implies that (a(zi) — (s(zi) > Calwi) — Ce(wi),
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pa(zi)—ep(xi) < palzi)—pc(xi), and ka(x;)—rB(2i) < Ka(2;)—ke(zi). Therefore,

| — t(Calwi) — (B(wi) + (ka(@i) — kp(xi) + (palwi) — pn(2i))]
< | = t(Calwi) = Cel@i)) + (ka(wi) — re(xi) + (palwi) — pe(:))]

| = t(ka(xi) — £B(2:) = (palz:i) — wp(x:) + (Calwi) — CB(2:))]
< | = tralzi) = ve(@) — (pal@i) — pel@i)) + (Calzi) — Ce(@:))]

and | —t(pa(@i) — en(2:i) — (kalzi) — wp(x:) + (Calws) — CB(2:))]
< [ = tlpal@i) — pelwi) — (kalwi) — Kelxi)) + (Calwi) — Ce(@:))]

By adding, we obtain Dy(A,B) < Dy(A,C). Similarly, we obtain Dy(B,C) <
Dy (A,C).

Proposition 8.2.2. Distance D, as defined in Eq. (8.4) is also a valid measure.

Proof. For two SVNSs A and B, we have

(P1) 0 < Calzi),¢g(zi) < 1, 0 < ka(x;),kB(zi) < 1 and 0 < @a(z;), pp(z;) < 1.
Thus, | Calzi) — ¢8(@) [£ 1, | kalzi) — kp(zi) | 1, | palzi) — ep(xi) [< 1 and
| t(Ca(zi) — (B(x;)) | < t. Therefore,

| = t(Cal@i) = ¢al@i)) + (ka(wi) — kp(@i) + (Lalzi) — s(@)]* < (2+1)°
| — t(ka(:) — kB(2) = (palzi) — op(x:) + (Calzs) — (alx))* < (2+ 1)
| — t(pa(z:) — on(xi) — (kal:) — £p(z:) + (Calzs) — (alx))* < (2+ 1)
Hence, by the definition of Dy, we obtain 0 < Dy(A,B) <1
(P2) Assuming that A = B implies that (a(x;) = (p(x;), ka(x;) = kg(z;) and pa(x;) =

ep(z;) for i = 1,2,...,n, and hence using Eq. (8.4), we obtain Dy(A,B) = 0
Conversely, assuming that D4(A, B) = 0 implies

| — t(Ca(wi) — (B(m:)) + (kalzi) — KB(2:) + (pa(zi) — e8(z:)]* =0

| — t(ra(z:) — kB(2:) — (palzi) — pB(2) + (Calws) — (alai))|* =0
and | — t(pa(xi) — oB(®:)) — (ka(z:) — KB(x:) + (Calw:) — C(x))]* =0
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After solving these, we obtain (4(z;) —(p(zi) = 0, ka(x;) —kp(x;) = 0 and @ 4(z;) —
pp(zi) = 0; that is, Ca(z;) = (B(2:i), Kalzi) = kp(xi) and pa(zi) = pp(x;) for t > 3.
Hence A = B. Therefore, D4(A,B) =0 iff A= B.

(P3) This is straightforward from the definition of Dy.

(P4) If A C B C C, then Ca(zi) < (p(xi) < Celxs), kalxs) > kp(x;) > ke(zi), and

oa(zi) > pp(x;) > @c(x;). Therefore

| = t(Calws) = Co(w) + (ka(w:) — mp(@:) + (pale:) — es(@:)|?
< | = t(Ca(@) = Celm) + (Ralas) — ke (@) + (palz:) — pe(x:)[?

| = t(ralzi) — kp(:) = (palzi) — ps(ei) + (Calz:) — Cala:))|?
< | = t(ral@) = re(@) = (palzi) = we(@) + (Calws) — Cela))l?

and | = t(palz:) = pn(r:) = (kalz:) = mp(:) + (Cales) — (o))
< | = tpale:) = pe(@)) = (ka(zi) = we(w:) + (Calw:) = Ce(x)?

Hence by the definition of Dy, we obtain Dy(A, B) < Dy(A,C). Similarly, we obtain
D4(B>C) < D4(-A7C)

O]

However, in many practical situations, the different sets may have taken different
weights, and thus weight w;(i = 1,2,...,n) of the element x; € X should be taken into
account. In the following, we develop a weighted Hamming distance and the normalized

weighted Euclidean distance between SVNSs.

(i) The normalized weighted Hamming distance:
| = t(Calmi) — CB(x) + (Kalzi) — wB(:) + (palz:) — ()|
(2 Pl Z wi | 4| = tralzi) — kp(@:) — (pale:) — op(x:) + Cale:) — Ca(a)| | (8.5)

+ | = tlpalxi) — en(xi) — (kalz:) — £B(w:) + (Calzs) — Bw:)|

Ds(A, B) =

(ii) The normalized weighted Euclidean distance:

| = t(Cales) — Calan)) + (ralas) — ms(es) + (palad) — o) \)

DUAB) = § oy S | +] = tlmalie) — ra) — (palen) — ou(en) + (Cae) — Go(oi)|* (8.6)

+ | = tlpa(@i) — (@) — (kalai) — rp(wi) + (Calwi) — CB(%‘))|2
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where t > 3 is a parameter.

It is straightforward to check that the normalized weighted distance Dy (A, B)(k = 5,6)
between SVNSs A and B also satisfies the above properties (P1)—(P4).

8.2.2 Advantages of the proposed measures

This section addressed that the existing measures defined in Section 2.2 of Chapter 2 have

some shortcoming which is explained with some numerical examples as below:

Example 8.2.1. Consider two known patterns A and 3, which are represented by SVNSs
in a universe X’ given by A = (x,0.5,0.0,0.0 | x € X), B = (x,0.0,0.5,0.0 | z € X).
Consider an unknown pattern C € ®(X’), which is recognized where C = (x,0.0,0.0,0.5 |
x € X); then the target of this problem is to classify the pattern C in one of the classes A
or B. If we apply the existing measures [17, 95, 181, 187] defined in Egs. (2.10), (2.11),
(2.12), (2.17), (2.18), (2.19) and (2.20) of Chapter 2, then we obtain

Pair Dy Dyxw Dne Dcsi Dcos2 D11 D1y
(A,C) 0.5 0.3333 0.4048 0.2929 0.1340 0.4142 0.2679
(B, C) 0.5 0.3333 0.4048 0.2929 0.1340 0.4142 0.2679

Thus, from this, we conclude that these existing measures are unable to classify the pattern
C with A and B. Hence these measures are inconsistent and unable to perform ranking.
On the other hand, if we apply the proposed distance measures Dy and Dy on the
data considered in example 8.2.1 to classify the pattern C, then corresponding to the
parameter ¢t = 3, we obtain Ds(A,C) = 0.3333, D2(B,C) = 0.1333, D4(A,C) = 0.3464 and
D4(B,C) = 0.1633. Thus, the pattern C is classified with the pattern B and hence is able

to identify the best pattern.

Example 8.2.2. Consider two SVNSs defined on the universal set X given by A =
(2,0.3,0.2,0.3 | z € X) and B = (2,0.4,0.2,0.4 | x € X). If we replace the degree of
falsity membership of A (0.3) with 0.4, and that of B (0.4) with 0.3, then we obtain new
SVNSs as P = (2,0.3,0.2,0.4 | x € X) and Q = (2,0.4,0.2,0.3 | z € X'). Now, by using
the distance measures defined in Egs. (2.10), (2.11), (2.12), (2.17), (2.18), (2.19) and

(2.20) of Chapter 2, we obtain their corresponding values as follows:
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Pair Dy Dnw Dne Dcsi Decs2 Dr1i Dn

(A,B) 0.1 0.066 0.077 0.013 0.006 0.078 0.052
(P,Q) 0.1 0.066 0.077 0.013 0.006 0.078 0.052

Thus, it has been concluded that by changing the falsity degree of SVNSs and keeping
the other degrees unchanged, the values of their corresponding measures remain the same.
Thus, there is no effect of the degree of falsity membership on the distance measures.
Similarly, we can observe the same for the degree of truth membership functions.

On the other hand, if we utilize the proposed distances Dy and D4 for the above-
considered example 8.2.2, then their corresponding values are Da(A, B) = 0.0267, D2(P, Q) =
0.0667, D4(A, B) = 0.0327 and Dy (P, Q) = 0.6930. Therefore, there is a significant effect
of the change in the falsity membership on the measure values and hence consequently on

the ranking values.

8.2.3 Relation between the proposed measures

In this section, we derive the various inequalities between the developed measures.

Proposition 8.2.3. Measures D; and Ds satisfy the following properties:

Proof. We can easily obtain that D;(A, B) = nDy(A, B), and thus by Proposition 8.2.1,
we obtain 0 < Dj(A,B) < n. Similarly, we can obtain 0 < D3(A, B) < n'/2. O

Proposition 8.2.4. Distance measures Dy and D5 satisfy the relation D5 < Ds.

n
Proof. Because w; > 0, Y w; = 1, then for any two SVNSs A and B, we have D5(A, B) =
i=1

st 3 i (1= t(Calw) — o) + (i) — (i) + (0 a(w) — 91 0) |+ —t (a2

)-
(i) = (pa(w) = 05(@) + (Calad) o) [+ | —tpala) = on(a) — (kalw) =)+
<cA<xz>—<B<mz>>|)}s b 2 (1 HCalm) = Gs(w) + () — ms(w0) + (pa(e) -
e+ |~ ) v - pala) )+ Calo ol + |~ ale)
o) = (ka(ws) = k(i) + (Calwi) = Ca(@:)]); that is, D5(A,B) < Dy(A,B). O
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Proposition 8.2.5. Let A and B be two SVNSs in X'; then D5 and Dg are the distance

measures.

Proof. Because w; € [0,1] and > w; = 1 then we can easily obtain 0 < D5(A,B) <
i=1
Da(A, B). Thus, D5(A, B) satisfies (P1). The proofs of (P2)—(P4) are similar to those of

Proposition 8.2.1. Similar is true for Dg. O
Proposition 8.2.6. The distance measures Dy and Dg satisfy the relation Dg < Dy.
Proof. The proof follows from Proposition 8.2.4. O
Proposition 8.2.7. The distance measures Dy and D satisfy the inequality Dy < +/Ds.
Proof. For two SVNSs A and B, we have

| = H(Cal@s) — Ca(@)) + (ka(@s) — r(3)) + (palws) — op(@)) < (2+1)?

| — t(ra(z:) — sB(2) — (pal@s) — es(x) + (Calzi) — (a(2:)]? < (24 1)

| = t(palzi) = pp(2:) — (ka(zi) — r5(@:) + (Cali) — C(xi)]? < (2+1)?
which implies that

—t(Ca(®i) — (p(wi)) + (kal(zi) — £(x1)) + (pa(z:i) — pB(T:)) |2

24+t =1
—t(ka(zi) — k() — (alzi) — o) + (Calzi) — CB(x:)) |2 <1

241 B
—t(pa(wi) — pp(wi) = (ka(xi) — k() + (Calzi) — (B(T:)) |2 <1

24+t -

For any a € [0, 1], we have a® < a. Therefore,

‘ —t(Ca(@i) — C5(xi)) + (ralwi) — k(@) + (palzi) — op(i)) ‘2

241
< ’—t(CA(%‘) —(B(®i)) + (kalzi) — s(xi)) + (Pa(zi) — pB(T:)) ’
- 241
‘—t(’fA(%) — kp(xi)) — (alxi) — () + (Calzs) — (B(2:)) ‘2
241
< ’—t(/‘ﬂA(ﬂfi) — k() — (a(z;) — o)) + (Calws) — CB(w4)) ’
- 241t
and ‘_t(@/l(ﬂ?i) — (i) — (ka(zi) — k(i) + (Calwi) — (B(@i)) ’2
2+t

< ‘ —t(palzi) = pp(@i)) — (kalwi) = rp(xi)) + (Ca(wi) — Ca(wi)) ‘
a 24t
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By adding these inequalities and by the definition of D4, we have

D4(A,B) =
1/2
| — t(Calwi) = o)) + (kalzi) — r(ei) + (palz:i) — @B(fﬂi))\z
1
321 0)? Yo+ | — t(kalz:) — kp(2:) — (palz:) — n(@) + (Calzs) — Cs(x)|*
i=1
+| = tlpal@) — es(@:) — (ralws) — rs(@:) + (Calw:) = Csla)|”
1/2
. | = t(Calxi) — C(x:) + (ka(wi) — K5(wi) + (palzi) — @i(xi))|
1
S ) ; + [ = t(ral@:) = kp(2i) = (palzi) — ep(2i) + (Calei) — ¢a())]
+ | = tlpa(@i) — pn(x:i) — (ka(x:) — k(i) + (Cale:) — (alxi))|
< (Dy(A,B))'/?
As A and B are arbitrary SVNSs, thus we obtain Dy < v/Ds. O
Proposition 8.2.8. Measures Dg and Dj satisfy the inequality Dg < +/Ds.
Proof. The proof follows from Proposition 8.2.7. O

The Hausdroff distance between two non-empty closed and bounded sets is a measure
of the resemblance between them. For example, we consider A = [z1, 23] and B = [y1, y2]
in the Euclidean domain R; the Hausdroff distance in the additive set environment is given

by the following [48]:
H(A,B) :max{ |21 =y || 22 —y2 | }

Now, for any two SVNSs A and B over X = {1, z2,...,x,}, we propose the following

utmost distance measures:

e Utmost normalized Hamming distance:
| = t(Calxi) — C(w:) + (kal®:) — kB(2i) + (palzi) — pB(2i))l,
m 2, max | — t(kalzi) — rp(@) — (palzi) — op(x:) + (Calzs) — Csla)), | (8.7)

| = tlpalxi) — pp(xi) — (ka(zi) — KB(2i)) + (Calzi) — CB(2:))]

D{(A,B) =

e Utmost normalized weighted Hamming distance:
| = t(Calmi) = CBlxi)) + (kalzi) — kp(xi) + (walzi) — ep(wi))l,
DY (A.B) = gy o womie | | = malim) — (o)) — (palos) — () + (Calo) — Cote)l | (8:8)

| = tlpalei) = vp(2:) = (kali) — rp(i)) + (Calwi) — C5(wi))]
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e Utmost normalized Euclidean distance:

(1 e — Cote) + () — () + (o) — pste) |
1 T

DY (AB) = § g yr 2o max | | = (i) — (@) = (pale) = en(i)) + (Calar) — sl (8.9)
i=1
| = tlpalen) = (i) = (sale) = ms(e) + (Calai) = Cale) P

e Utmost normalized weighted Euclidean distance:

/
| = H(Calmi) — Gola) + (o) — i) + (palw) — ou) ) )
1

DIAB) = gy Do wimax | | — t(sa(a) — (i) — (pale) — @s(ai)) +(Cale) sl | o (8:10)

| = tlpa(@i) — op(xi) = (a(@i) = w5(@:) + (Calw:) = Cola:))?

Proposition 8.2.9. The distance D (A, B) defined in Eq. (8.7) for two SVNSs A and B

is a valid distance measure.
Proof. The above measure satisfies the following properties:

(P1) As A and B are SVNSs, so | Ca(x;) — (g(xi) |< 1, | ka(x;) — kp(x;) |[< 1 and
| oa(zi) — pp(x;) |[< 1. Thus,

| (tCa(@i) = palwi) = ka(wi)) = (tCs(2i) — pn(@i) — K5(2i)) |[< (2 +1)
| (tra(zi) + palmi) — Calwi)) — (trp(zi) + en(xi) — (a(xi)) |< (2 +1)

| (tpa(wi) + ralzi) — Calwi)) — (bop(w:) + k(i) — (alxi)) [< (2 +1)

IN

Hence, by the definition of D, we obtain 0 < D (A, B) <1
(P2) Similar to the proof of Proposition 8.2.1.

(P3) This is clear from Eq. (8.7).

(P4) Let A C B C C, which implies (a(2;) < (g(w:) < Ce(@i), kalzi) > wp(i) > we(ws)
and @ a(z;) > pB(z:) = pc(x;). Therefore, |—t(Ca(zi) —(B(2i)) +(kalzi) —rB(z:))+
(pa(mi) —pp(@i))| < | = tCalwi) — Ce(@i)) + (kalzi) — ke(xi) + (pal@i) — vc(z)l,
| —t(kalzi)—rp(xi) = (Palzi) —pB(@i)+(Calzi) —CB(2:))| < [—t(ra(zi) —Ke(wi) —
(pal@i) —pe(@i))+ (Calwi) —Ce(w:))| and | —t(pa(wi) —pp(wi)) — (kal@i) —rB(2:)) +
(Calwi)—CB(xi))| < [—t(palzi)—pc(@i))—(kalzi)—re(zi))+(Calzi) —Ce(@i))], which
(x i)

impliesthatm?X(|*t(CA(%)*CB(wi))ﬂL(ﬁA i) — k() + (palxi) —ps(:)l, | —
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t(ra(zi) — kB(xi) — (Palzi) — (i) + (Calzi) — CB(x), | — tlpalzi) —pp(ai)) —
(ka(wi) = rp(:) + (Calws) = Ca(w:))]) < max (| = #(Calws) = Celw)) + (ralwi) —
ke (i) + (pali) — pe(@i))l, | — t(ral@i) — ve(@i) — (palzi) — ee(@i) + (Calw:) —
Ce(x:))| and | = t(p.a(x:) — pe(w:)) — (kalw:i) — we(@i)) + (Calwi) — Celai))]). Hence
DH(A,B) < DH(A,C). Similarly, we obtain DI (B,C) < DI (A4,C).

Proposition 8.2.10. For A, B € ®(X), DI, DI and DY are the distance measures.
Proof. The proof follows from the above Proposition. O

Proposition 8.2.11. The measures D4 and DI satisfy the following inequality: DI <
DI,

Proof. Because w; € [0,1], therefore

Dy’ (A, B)
max <| —t(Calwi) — Co(:) + (kalwi) — k(i) + (palz:) — ps(@i))l,
1 n
=TT | |- @) — () — () — ga(e)) + (Caled) -~ Golr),
| = t(palzi) — op(x:) — (Kal(zi) — £5(2:)) + (Calwi) — CB(%))D
. | = t(Calzi) — CB(2:) + (kal@i) — kp(2i) + (palzi) — ws(2i))];
1
S et ;max | = t(ra(z:) = rp(2:)) — (pal@:) — o8(2:) + (Calws) — (@),
| —t(pa(wi) —op(r:) — (ka(zs) — rw5(x:) + (Calwi) — Ca(ws))|
= D (A, B)
Hence, Df < D{{ . O

Proposition 8.2.12. The measures DY and DI satisfy the inequality DI (A4,B) <
DI (A, B).

Proof. The proof follows from Proposition 8.2.11. 0
Proposition 8.2.13. The measures Df and DI satisfy the inequality D?fl < D{I .

Proof. Because for any a € [0,1], a® < a < a'/?, the remaining proof follows from Propo-

sition 8.2.7. O
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Proposition 8.2.14. The measures DI and D satisfy the inequality DI < /DI.

Proof. The proof follows from Proposition 8.2.13. O

Proposition 8.2.15. The measures D{I and Dy satisfy the following inequality:

DI < D,

n
Proof. For positive numbers a;, i = 1,2, ...,n, we have max{az} Z . Thus, for any two
=1

SVNSs A and B, we have DI (A, B) = m; max; (| = H(Cawi) = Co(wi)) + (ra(w)
k(7)) + (palz:) — ep(@i)l,| — tka(@:) — k(@) —(palzi) — ¢s(2:)) + (CA(l“i) -
@)l | = tloalx:) — vp(xi) — (kalwi) — kB(z:) + (Calzi) — CB(J?@))I) T2TD i |-
t(Calxi) —CB(@:)) + (ra(wi) —rB(@i) +(palwi) —pB(@:) +| —t(ra(z:) —rp(x )) ( ( i)—
eB(2:))+(Calmi) — (i) |+ —tlpalzi) —pp(@i) — (ka(zi) — kB (i) +(Calzi) —(a(w:i))| =
Dy (A, B). Hence DI < Dy. O

Proposition 8.2.16. The measures Dg and Dy satisfy the following inequality:
Dy <D,
Proof. The proof follows from Proposition 8.2.15. O

Proposition 8.2.17. The measures Dy, D5 and Dfl satisfy the following inequalities:

(i) D2 > PEPE

(ii) Dy > 1/Ds - DY,

Proof. Because Dy > D5 and Dy > D{{ , by adding these inequalities, we obtain Dy >
H
%. On the other hand, by multiplying these, we obtain Dy > /D5 - DI, O

8.3 Generalized Distance Measure

The above-defined Hamming and Euclidean distance measures are generalized for the two

SVNSs A and B on the universal set X as follows:

[ 1 tCal@i) = () + (malwi) — () + (palzi) — en(@a)l” v

DP(A,B) = e D |+ 1= tmalz:) — sp(zi) — (pal@:) — pp(:) + (Calzs) — Calx:)) P
i=1
+ 1= tlpali) = en(i) = (kalzi) = £p(2i) + (Calzs) — Ca(i))I”

(8.11)
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where p > 1 is an L, norm and ¢ > 3 represents the uncertainty index parameters.

In particular, if p = 1 and p = 2, then the above measure, given in Eq. (8.11), reduces

to measures Dy and Dy defined in Eqs. (8.2) and (8.4), respectively.

Proposition 8.3.1. The above-defined distance DP(A, B), between SVNSs A and B,
satisfies the following properties (P1)—(P4):

(P1) 0 < DP(A,B) < 1.

(P2) DP(A,B) =0, iff A=B.

(P3) DP(A,B) = DP(B, A).

(P4) If A C B CC, then DP(A,C) > DP(A, B) and DP(A,C) > DP(B,C).
Proof. For p > 1 and t > 3, we have the following:

(P1) For SVNSs, | Ca(wi) = ((wi) |< 1, | ma(wi) —rp(ei) |[<1and [ pa(z:) —ep(ri) [< 1.

Thus, we obtain

—(2+1) <t(Calzi) — ¢B(xi)) — (pal®i) — pp(:) — (kal(zi) — Kp(2:)) < (2+1)
—(241t) < —t(ka(zi) — kB(z:) — (palxi) — o5(xi) + (Calzs) — ((xi)) < (2+1)

—(2+1) < —tlpalwi) — (i) — (kalzi) — r(2i) + (Calei)) — (i) < (2+1)

which implies that

0 < [t(Calxs) = ¢al@i)) — (palwi) — ps(@:) — (alwi) — rp(@:))]” < (2+ 1)
0 < | = t(ralzs) — kp(@:)) = (palzi) — ps(@) + (Calwi) — Ca(@:))]" < 2+ 1)
|

0 < | = tlpal®i) = pn(:) = (kale:) — w5(@:) + (Calzi) = C(i)|” < (2+ 1)
Thus, by adding these inequalities, we obtain 0 < DP(A, B) < 1.

(P2) Assuming that A = B < (a(z) = (p(x;), kalz) = kp(z;), and pa(x) = ¢g(z;),
thus, DP(A,B) = 0.
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Conversely, assuming that DP(A, B) = 0 implies that

| —t(Calzi) — CB(xi) + (Ka(xi) — rp(xi) + (palzi) — w5(2i))| =0
| = t(ka(xi) — kB(xi)) — (pa(@i) — p8(Ti) + (CalTi) — (B(23))| = 0
| —tlpalzi) — o(xi) — (Ka(zi) — k(@) + (Calz:) — CB(zi))| =0

and hence, after solving, we obtain (4(x;) = (g(z;), ka(x;) = kp(x;) and p4(x;) =
vp(zi). Thus, A= B.

(P3) This is straightforward.

(P4) Let A C B C C; then Ca(z;) < (B(zi) < Ce(xi), kalwi) > kp(ri) > ke(x;) and
oalxi) > pp(z;) > we(r;). Thus, Calx:) — Clxi) > Calws) — (o), ralw;) —

kB(xi) < ka(xi) — ke(x;) and @ a(x;) — ps(e;) < pa(x;) —pc(x;). Hence, we obtain

| = t(Calmi) — CB(%:)) + (Kalzi) — k(7)) + (alzi) — ep(z:))
< | = tCal@i) — Ce(@i)) + (kalwi) — re(xi) + (palzi) — pe(@:) |
| = t(ra(@i) — £B(2) — (0ali) —ps(@:i) + (Calws) — (o)) [P
< | = t(ralwi) — re(xi) — (palzi) —pe(i) + (Calzi) — Cel@i))[?
and [ —t(palwi) —op(x:i) — (kalzi) — wp(2:) + (Calwi) — Caxi)) P
(

< | = tlpal@i) = pelwi) = (kalzi) = re(wi)) + (Calzi) = Cel@i)[?

Thus, we obtain DP(A, B) < DP(A,C). Similarly, DP(B,C) < DP(A,C).

If the weight vector w;, (i = 1,2,...,n) of each element is considered such that w; €
[0,1] and Y w; = 1, then a generalized parametric distance measure between SVNSs A
i
and B takes the following form:

(1 - etz - o) + (kale) - ms@) + (oaw) - eser \)"

DP(A,B) = 2+t sz +| = tlral@:) — ms(x:) — (pale:) — en(@:) + (Calzi) — Cal:))I” (8.12)
+ | = Hpal@i) = en(@) = (ral@i) = rs(i) + (Calai) — Ga(z)IP)

In particular, if p =1 and p = 2, Eq. (8.12) reduces to Egs. (8.5) and (8.6), respectively.



162

Proposition 8.3.2. Let w = (w1, ws,...,w,)T be the weight vector of z;, (i = 1,2,...,n)
n
with w; > 0 and > w; = 1; then the generalized parametric distance measure between the

SVNSs A and B defined by Eq. (8.12) satisfies the following:

(P1) 0 < DP(A,B) < 1.

(P2) DP(A,B) = 0 iff A= B.

(P3) DP(A, B) = DP(B, A);

(P4) AC B CC then DP(A,C) > DP(A, B) and DP(A,C) > DP(B,C).

Proof. The proof follows from Proposition 8.3.1. 0

8.4 Illustrative examples

In order to illustrate the performance and validity of the above-proposed distance mea-
sures, two examples from the fields of pattern recognition and medical diagnosis have been
taken into account.

8.4.1 Application of Distance Measure in Pattern Recognition

Consider three known patterns Ay, As and Az, which are represented by the following

SVNSs in a given universe X = {z1,x2,r3,T4}:

Ay = {(21,0.7,0.0,0.1), (2,0.6,0.1,0.2), (z5,0.8,0.7,0.6), (z4,0.5,0.2,0.3)}
Ay = {(21,0.4,0.2,0.3), (22,0.7,0.1,0.0), (23,0.1,0.1,0.6), (24,0.5,0.3,0.6)}

As = {(21,0.5,0.2,0.2), (z2,0.4,0.1,0.2), (z3,0.1,0.1,0.4), (z4,0.4,0.1,0.2)}
Consider an unknown pattern B € ®(X), which will be recognized where
B = {(21,0.4,0.1,0.4), (x2,0.6,0.1,0.1), (23,0.1,0.0,0.4), (x4, 0.4,0.4,0.7)}

Then, the target of this problem is to classify the pattern B in one of the classes Aj,

A or As. For this, proposed distance measures, Dl,Dg,Dg,D4,D{I and Dgl , have been
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computed from B to Ax(k = 1,2,3) corresponding to ¢ = 3, and the results are given as

follows:

D1(A1, B) = 0.5600; Di(A2,B) =0.2932; D;(Asz,B) = 0.4668
Do( A1, B) = 0.1400; Da(Az,B) = 0.0733; Dy(Asz,B) = 0.1167
Ds( A1, B) = 0.3499; D3(Az,B) = 0.1641; D3(Asz, B) = 0.3120
Dy(A1,B) = 0.1749; Dy(A2,B) = 0.0821; Dy(Asz,B) = 0.1560

DHE (A1, B) =0.0633; DI (A, B) =0.0300; D (A3, B) = 0.0567
DI (A, B) = 0.1252; DI (Ag,B) = 0.0560; DI (A3, B) =0.1180

Thus, from these distance measures, we conclude that the pattern B belongs to the
pattern As. On the other hand, if we assume that the weights of x1, 9, 3 and z4 are 0.3,
0.4, 0.2 and 0.1, respectively, then we utilize the distance measures D5,D6,D§I and Df

for obtaining the most suitable pattern as follows:

Ds5(A1,B) =0.0338; Ds(Az, B) = 0.0162; As, B) = 0.0233

DI (A1, B) =0.0148; D (A,, B) = 0.0068; Az, B

Ds5(As, B) =
Ds(A1, B) = 0.0861; Dg(As, B) = 0.0369; Dg(Asz, B) = 0.0604

DH (A3, B) = 0.0117

Dyl (A3, B)

DI (A1, B) =0.0603; D (A, B) =0.0258; Az, B) = 0.0464

Thus, the ranking order of the three patterns is As, A3 and A;, and hence As is the most
desirable pattern to be classified with B. Furthermore, it can be easily verified that these

results validate the above-proposed propositions on the distance measures.

8.4.2 Comparative analysis of the results with existing measures

The above-mentioned measures have been compared with some existing measures under
an NS environment for showing the validity of the approach whose results are summarized
in Table 8.1. From these results, it has been shown that the final ordering of the pattern
coincides with the proposed measures, and hence it shows the conservative nature of the

measures.
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Table 8.1: Measurement values and ranking order of Pattern recognition Example

Measure Value of B from
Methods Ranking Order
A Ao As
Dy (defined in Eq. (2.10)) [17]  0.3250 0.1250 0.2500 Ay = Ag = A,

Correlation coefficient [17] 0.7883 0.9675 0.8615 Ay > Az > A;

Dyp (defined in Eq. (2.12)) [95]  0.5251 0.7674 0.6098 A; = A3 = Ay
Scst (defined in Eq. (2.17)) [181] 0.8209 0.9785 0.8992 Ay = As = A,
Scso (defined in Eq. (2.18)) [181] 0.8949 0.9911 0.9695 Aj = Ag = A,
Sr1 (defined in Eq. (2.19)) [187]  0.7275 0.9014 0.7976 Ay = As = A,
Sty (defined in Eq. (2.20)) [187]  0.9143 0.9673 0.9343 Ay = As = A,

8.4.3 Application of Distance Measure in Medical Diagnosis

Consider a set of diseases Q = {Q;(“Viral fever”),Qq(“Malaria”), Qs(“Typhoid”), Q4
(“Stomach Problem”), Qs (“Chest problem”)} and a set of symptoms S = {s; (“Tem-
perature”), so (“HeadAche”), s3 (“Stomach Pain”), s (“Cough”), s5 (“Chest pain”)}.
Suppose a patient, with respect to all the symptoms, can be represented by the following

SVNS:

(s1,0.8,0.2,0.1), (s2,0.6,0.3,0.1), (s3,0.2,0.1,0.8),
P (Patient) =
(54,0.6,0.5,0.1), (s5,0.1,0.4,0.6)

and each diseases Qi (k =1,2,3,4,5) is given in Table 8.2.

Table 8.2: Rating values of diseases in terms of SVNNs

S1 52 S3 S4 S5
Q1 | (0.4,0.6,0.0) (0.3,0.2,0.5) (0.1,0.3,0.7) (04,0.3,0.3) (0.1,0.2,0.7)
Qs | (0.7,0.3,0.0) (0.2,0.2,0.6) (0.0,0.1,0.9) (0.7,0.3,0.0) (0.1,0.1, 0.8)
Qs | (0.3,0.4,0.3) (0.6,0.3,0.1) (0.2,0.1,0.7) (0.2,0.2,0.6) (0.1,0.0,0.9)
Q4| (0.1,0.2,0.7) (0.2,0.4,0.4) (0.8,0.2,0.0) (0.2,0.1,0.7) (0.2,0.1,0.7)
Qs | (0.1,0.1,0.8) (0.0,0.2,0.8) (0.2,0.0,0.8) (0.2,0.0,0.8) (0.8,0.1,0.1)

Now, the target is to diagnose the disease of patient P among Q1, O2, O3, Q4 and Os.
For this, proposed distance measures, Dl,DQ,Dg,D4,D{{ and Dglf , have been computed

from P to Qr(k = 1,2,...,5) and are given in Table 8.3. Thus, from these distance
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Table 8.3: Measurement values and ranking order of Medical diagnosis example

Measures Measure value of P from Ranking order
A Qs Q3 Q4 s
Dy 0.6400 0.9067 0.6333 1.4600 1.6200 | Q3 > Q1 > Q2 > Q4 > Qs
Dy 0.1280 0.1813 0.1267 0.2920 0.3240 | Q3 > Q1 > Q2 > Q4 > Qs
D3 0.3626 0.4977 0.4113 0.7566 0.8533 | Q1 > Q3 > QDo = Oy > Os
Dy 0.1622 0.2226 0.1840 0.3383 0.3816 | Q1 > Q3 > Qo > Q4 > Qs
D 0.0613 0.0880 0.0627 0.1320 0.1400 | Q1 > Qs > Qo > Qq > 95
DI 0.1175 0.1760 0.1373 0.2439 0.2661 | Q1 > Q3 > Qo > Q4 > Qs

measures, we conclude that the patient P suffers either from the disease Q3 or Q7. On
the other hand, if we assign weights 0.3, 0.2, 0.2, 0.1 and 0.2 corresponding to Q(k =
1,2,...,5), respectively, then we utilize the distance measures D5,D6,D§ and Df for
obtaining the most suitable pattern. the results corresponding to them are summarized in
Table 8.4. Thus, on the basis of the ranking order, we conclude that the patient P suffers

either from the disease Q3 or Q.

Table 8.4: Weighted measurement values and ranking order of Medical diagnosis example

Measures Measure value of P from Ranking order
Q1 ) Q3 Q4 Qs
Ds 0.0284 0.0403 0.0273 0.0625 0.0684 | Q3 > Q1 > Qo > Qg > Q5
Dg 0.0795 0.1101 0.0862 0.1599 0.1781 | Q1 > Q3 > Qo > Q4 > Q5
DI 0.0135 0.0200 0.0129 0.0276 0.0289 | O3 > Q1 > Qo > Q4 > Q5
DI 0.0572 0.0885 0.0636 0.1139 0.1226 | Q1 > Q3 > Q2 > Q4 > Q5

8.4.4 Comparative analysis of the results with some existing approaches

In order to verify the feasibility of the proposed DM approach based on the distance
measure, we conducted a comparison analysis based on the same illustrative example. For
this, various measures as presented in Egs. (2.10), (2.11), (2.12), (2.17), (2.18), (2.19) and
(2.20) of Chapter 2 are taken, and their corresponding results are summarized in Table

8.5, which shows that the patient P suffers from the disease Q;.
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Table 8.5: Comparison of diagnosis result using existing measures.

Approach Ranking Order
Dy (defined in Eq. (2.10)) [17] Q1> Q3> Qo > Qy > Qs
Correlation [17] Q1> Q2= Q3> Q4> Qs

Distance measure [176]

p=1 Q3= Q1= Qo= Q4> Qs
p=2 Q1= Q3> Q> Q> D5
p=3 Q1> Q3> Q2= Q4= Qs
pP=95 Q1= Q3= Qo= Q4> Qs
Dnp (defined in Eq. (2.11)) [95] Q3> Q1 > Q2 = Q4 = Qs
Dyp (defined in Eq. (2.12)) [95] Q1 = Q3= Q2 = Q4 = Q5
Scs1 (defined in Eq. (2.17)) [181] Q1 > Q3 > Qg = Q4 = Qs
)

( (

(defined in Eq. (2.18)) [181] Q1 = Qo = Q3 = Q4 = Qs

St1 (defined in Eq. (2.19)) [187] Q1 = Q3= Q2 = Q4 = Qs
2

St1 (defined in Eq. (2.20)) [187] Q1 = Q3= Qo = Q4 = Qs

Scsi

8.4.5 Effect of the Parameters p and ¢ on the Ordering

However, in order to analyze the effect of the parameters ¢ and p on the measure values,
an experiment was performed by taking different values of p (p = 1,1.5,2,3,5,10) corre-
sponding to a different value of the uncertainty parameter ¢ (¢t = 3,5,7). On the basis of
these different pairs of parameters, distance measures were computed, and their results are
summarized in Tables 8.6 and 8.7, respectively, for the considered examples corresponding
to different criterion weights.

From these, the following observations have been taken:

(i) For a fixed value of p, it has been observed that the measured values corresponding
to each alternative increase with the increase in the value of t. On the other hand,
by varying the value of ¢ from 3 to 7, corresponding to a fixed value of p, this implies

that values of the distance measures of each diagnosis from the patient P increase.

(ii) It has also been observed from this table that when the weight vector has been
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Table 8.6: Results of classification of given sample using proposed distance measure.
When Equal Importance Is given to Each Criteria When Weight Vector (0.3,0.4,0.2,0.1)7 Is Taken

P t DP(A,B) DP(Ay,B) DP(A3,B) Ranking DP(A1,B) DP(Aq,B) DP(As3,B) Ranking
3 0.1400 0.0733 0.1167 Ag = Az = Ay 0.0338 0.0162 0.0233 Ao - As = Ay
1 5 0.1667 0.0762 0.1214 Ag = Az = Ay 0.0387 0.0170 0.0248 Ao - As = Ay
7 0.1815 0.0778 0.1241 Ag = Az = Ay 0.0414 0.0175 0.0256 Ao - As = Ay
3 0.1598 0.0783 0.1374 Ag = Az = Ay 0.0620 0.0277 0.0426 Ag = As = Ay
1.5 5 0.1924 0.0817 0.1437 Ag = Az = Ay 0.0723 0.0293 0.0452 Ag = As = Ay
7 0.2116 0.0838 0.1480 Ag = Az = Ay 0.0784 0.0304 0.0469 Ag - As = Ay
3 0.1749 0.0821 0.1560 Ag = Az = Ay 0.0861 0.0369 0.0604 Ag = Ag = Ay
2 5 0.2137 0.0859 0.1646 Ag = Ag = Ay 0.1021 0.0392 0.0644 Ag = Ag = Ay
7 0.2374 0.0885 0.1705 Ag = Az = Ay 0.1120 0.0408 0.0671 Ag = Ag = Ay
3 0.1970 0.0880 0.1875 Ag = Az = Ay 0.1229 0.0507 0.0927 Ao - Ag = Ay
3 5 0.2469 0.0929 0.02012 Ay = Az > A 0.1497 0.0543 0.1000 Ao - Ag = Ay
7 0.2785 0.0962 0.2098 Ag = Az = Ay 0.1672 0.0566 0.1046 Ao = Ag = Ay
3 0.2240 0.0967 0.2314 Ag = Ay = Az 0.1680 0.0689 0.1469 Ag = As = Ay
5 5 0.2902 0.1041 0.2526 Ag = Az = Ay 0.2128 0.0749 0.1605 Ag = As = Ay
7 0.3326 0.1087 0.2650 Ag = Az = Ay 0.2426 0.0786 0.1685 Ag = As = Ay
3 0.2564 0.1107 0.2830 Ag = A; = A3 0.2203 0.0939 0.2248 Ay = A = A3
10 5 0.3421 0.1231 0.3131 Ag = Az = Ay 0.2915 0.1047 0.2487 Ay = Az = Ay
7 0.3942 0.1304 0.3301 Ag = Az = Ay 0.3356 0.1109 0.2622 Ay - Az = Ay

assigned to each criterion weight, then the measurement values are less than that of

an equal weighting case.

(iii) Finally, it is seen from the table that the measured values corresponding to each

alternative Qp(k = 1,2,3,4,5) are conservative in nature.

For each pair, the measure values lie between 0 and 1, and hence, on the basis of this,
we conclude that the patient P suffers from the Q; disease. The ranking order for the
decision-maker is shown in the table as (13245), which indicates that the order of the
different attributes is of the form Q1 = Q3 = Q9 = Q4 = Q5. Hence @Q; is the most

desirable, while Qj5 is the least desirable for different values of ¢ and p.

8.4.6 Advantages of the Proposed Method

According to the above comparison analysis, the proposed method for addressing DM

problems has the following advantages:
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(i) The distance measure under the IFS environment unable to deal with indeterminacy,
which commonly occurs in real-life applications. Because SVNSs is a successful
tool in handling indeterminacy, the proposed distance measure in the neutrosophic

domain can effectively be used in many real applications in DM.

(ii) The proposed distance measure depends upon two parameters p and ¢, which help in
adjusting the hesitation margin in computing data. The effect of hesitation will be
diminished or almost neglected if the value of t is taken very large, and for smaller
values of t, the effect of hesitation will rise. Thus, according to requirements, the
decision-maker can adjust the parameter to handle incomplete as well as indetermi-
nate information. Therefore, this proposed approach is more suitable for engineering,

industrial and scientific applications.

(iii) It is seen that some existing measures under NS environments are unable to dis-
tinguish the given alternatives; hence their corresponding algorithm may give an
irrelevant result. The proposed measure has the ability to overcome these flaws;

thus it is a more suitable measure to tackle problems.

8.5 Conclusions

SVNSs are applied to problems with imprecise, uncertain, incomplete and inconsistent
information existing in the real world. Some existing measures have in trouble to rank the
objects. Here in this chapter, we overcome these flaws by proposing an alternative way
to define new generalized distance measures between the two SVNNs. Further, a family
of normalized and weighted normalized Hamming and Euclidean distance measures has
been proposed for the SVNSs. Some desirable properties and their relations have been
studied in detail. Finally, a DM method has been proposed on the basis of these distance
measures. To demonstrate the efficiency of the proposed coefficients, numerical examples
of pattern recognition as well as medical diagnosis have been taken. A comparative study,
as well as the effect of the parameters on the ranking of the alternative, will support the
theory and hence demonstrate that the proposed measures are an alternative way to solve

the DM problems.
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Chapter 9

Logarithmic operational laws for
single-valued neutrosophic
numbers and their applications to
decision making

In this chapter, we discuss the new concept of the logarithm operational laws for the pairs
of SVNNs. Further, based on these proposed laws, some new AOs named as logarithmic
weighted averaging and geometric operators for SVNSs are defined and investigated their
properties. To further strengthen their applicability, we developed an algorithm based on
these operators for solving MCDM problems and demonstrate it with a numerical example.
Finally, the influence of the logarithm is examined to show the behavior of the decision

makers towards their optimal decision.

9.1 Introduction

The literature related to the AOs under the domain of the SVNSs are summarized in
Section 1.1.1 of Chapter 1. It is well known that during the aggregation process, the most
important process is to define the operational laws. But from the existing literature, it
is observed that most of the existing AOs are based on the assumption that weight is a

crisp number within [0,1]. However, Ye [184] introduced the exponential operational laws

!The content of this chapter is published as “New Logarithmic operational laws and their applications
to multiattribute decision making for single-valued neutrosophic numbers”, Cognitive Systems Research,
52, 931 - 946, 2018 (Impact Factor: 1.425).
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as a supplement of operational laws of SVNSs, where the bases are the real numbers and
the exponents are SVNSs. With the growing sound of the SVNS both in depth and scope,
different kinds of some new operational laws and the aggregation methods are needed. As
a kind of important mathematical operation, the logarithmic operational law of SVNSs is
necessary to be developed in the field of the aggregation process.

In the light of the advantages of the SVNSs and in order to consummate the logarith-
mic operational laws under the SVNS circumstances, we define the logarithmic operational
law (LOL) of SVNSs and SVNNs, in which the logarithm base A is taken as a positive
real number. Also, some properties of LOL are discussed. Furthermore, in the field of
the aggregation process, the weighted averaging and geometric operators are developed
with the help of LOLs under SVNS environment. These operators are named as logarithm
single-valued neutrosophic (L-SVN) weighted average (L-SVNWA), L-SVN weighted geo-
metric (L-SVNWG), L-SVN ordered weighted average (L-SVNOWA) and L-SVN ordered
weighted geometric (L-SVNOWG). For instance, the basic averaging and geometric oper-
ators are the special cases of the proposed operators. Various prominent characteristics of
these operators are discussed in details. Then, we utilized these operations and operators
to develop an MCDM approach. At last, we influence the selection of the logarithm base
and the logarithm operations for SVNNs in practice. Since proposed operators have dif-
ferent forms through choosing different values of A. Therefore, the decision maker’s can

take the decision according to their own choice.

9.2 Logarithmic operational laws for SVNSs

In this section, we have introduced some new logarithmic operational laws (LOL) for the

SVNNE.

9.2.1 Logarithmic Operational laws

Let A be SVNNs and A > 0 be a real number. Since log, 0 and log;  is not defined in
real numbers, so we assume that A # 0 where 0 is the zero SVNN, A # (0,1,1) and A # 1

throughout the study.
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Definition 9.2.1. Let X be the non-empty fixed set and A = {(z, {4(x), ka(z), pa(x))|z €
X'} be SVNS, then we can define a logarithm operational laws of SVNS A as follows:

logy A = {(z,1 —log, Ca(x),logy(1 — K a(2)),log\(1 — pa(x)))|z € X} (9.1)

where 0 < A <min{C4,1 — k4,1 —pa} <1, A # 1. Tt is clearly seen that the log, A is
also SVNS. As it is clear from the definition of SVNS, for all z € X, the functions {4, k4

and ¢ 4 satisfy:
Ca: X = (0,1],ka: X = [0,1),04 : X = [0,1)

and 0 < (a(z) + ka(x) + pa(z) <3. 0 < A <min{Ca,1 — k4,1 —pa} <1and X # 1,

then the membership function:
1—1logyCa: X —=[0,1], V 2 € X = 1—1log,Ca(x) €[0,1],

the indeterminacy function

logh\(1—k4): X = [0,1], V 2€ X —=log\(1—ra(x)) €0,1],
and the non-membership function:

logy(1— pa): X > [0,1], ¥ @€ X —logy(1 - pale)) € [0,1],
Therefore,

logy A = {(x,1 —logy Ca(x),1og (1 — ka(x)),logy\(1 — pa(z)))|z € X},

where 0 < A <min{¢4,1 — ka,1 —pa} <1,A#1is SVNS.
Definition 9.2.2. Let A = ((, k,¢) be SVNN. If

(1 —log), ¢, log, (1 — k), log, (1 — @)) ;0 <A <min{(,1-k,1-¢} <1

log)\A:
(1—10g% C,log%(l—n),log%(l—go)) ;0 < % <min{¢,1—k,1 —p} <L, A#1

(9.2)

then the function log, A is called a logarithmic operator, and the value log, A is called

Logarithmic SVNN (L-SVNN). Here, we take logy 0 =0, A > 0, A # 1.

Theorem 9.2.1. For SVNN A, the value of operator log, A is SVNN.
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Proof. Let SVNN A = ((,k, ) satisfies 0 < ( <1,0< k< 1,0<p <land (+r+¢p < 3.
The, following two cases happens.

Case 1: When 0 < A < min{(,1 — k,1 — ¢} < 1,A # 1. Thus, 0 < log, (,log,(1 —
k),logy\(1 —¢) < 1 and hence 0 < 1 —logy ¢ < 1,0 <logy(1 —k) < 1,0 <
logy(1 —¢) <1and 0 <1-—1logy(+logy(1—k)+logy(l—¢) < 3. Therefore,
log, A is SVNN.

Case 2: When A > 1 and 0 < % <1 and % < min{¢,1 — k,1 — ¢}, so it is easy to obtain
that logy A is SVNN.

Hence, the operator logy A is SVNN. ]

Example 9.2.1. Let A= (0.6,0.4,0.5) be SVNN, A = 0.3, then

logy A = (1—108;0.3(0-6),108;0,3(0-6),108;0,3(0-5))

= (0.5757,0.4243,0.5757)
If A\ = 3 then,

log%A = log%(0.6,0.4,0.5)
= (1- log%(O.ﬁ), log%(O.G), log%(0.5))

= (0.5350,0.4650, 0.6309)

Next, we discuss some basic properties of L-SVNN log, A based on LOL by taking

A € (0,1), while for A > 1 it can be obtained analogously.

Theorem 9.2.2. Let A = ({,k,) be SVNN. If 0 < A <min{¢,1 —k,1 —p} <L,A#1
then

(i) Alexd = 4;

(ii) logy M = A.
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Proof. (i) According to the Definitions 2.4.2 of Chapter 2 and Definition 9.2.2, we have

Aogy A _ (AHH% Q)1 — ploga(1=r) 1 _ )\log,\(lﬂP))
AT — (1= k), 1= (1—¢))

= (¢, k)
= A

(ii) From Definition 9.2.2, we have

logy M = log, (AH 1M1 v)
= (1~ Togy A Jogy (1 = (1= %), logy (1 — (1= A9)))
= (G r9)
— A

O

Theorem 9.2.3. Let A; = ({, ki, i)(1 = 1,2), be two SVNNs, 0 < A < min;{¢;, 1 —
ki, 1 —¢;} <1and XA # 1. Then,

(i) logy A1 @ logy Az = logy Az @ logy Aj,
(ii) logy A1 ® logy Az =logy Az ® log, Aj.

Theorem 9.2.4. Let A; = ((;, K4, 0i)(i = 1,2,3) be three SVNNs, 0 < A < min{¢;,1 —
Kiy1 —p;} <1and X\ # 1. Then,

(1) (logy A1 @ logy A2) @ logy Az = logy A1 & (logy Az @ logy As),
(ii) (logy A1 ®logy A2) ® logy As = logy A1 ® (logy A2 ® logy As3).
Proof. The proof is trial. O

Theorem 9.2.5. Let A; = ({;, ki, vi)(i = 1,2) be two SVNNs, 0 < A < min{¢;, 1 —k;,1 —
vit <1, A# 1 and k, k1, ka > 0 be three real numbers. Then,

(i) Ek(logy A1 @logy A2) = klogy A1 & klogy As,
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(ii) (logy A1 ®logy A2)* = (logy A1)* @ (logy A2)",
(iii) kqlogy A1 @ kalogy A1 = (k1 + k2) logy, Ai,
(iv) (logy A" @ (logy A1)** = (logy Ay)ktr2,
() (G0 A)™)" = (tog, A,
Proof. For SVNNs A;, A2 and by Definition 9.2.2, we get
logy A1 = (1 —logy (1, log,(1 — #1), log,(1 — 1))

and

log, A2 = (1 —logy (2,log, (1 — K2),log, (1 — cpg))
and hence by using the operations laws between two SVNNs, we have

logy A1 @ logy A2
1 — (logy ¢1) (logy C2) ,logy (1 — k1) logy (1 — k2),
logy (1 = 1) log, (1 = ¢2)

and

logy A1 ® log), As
(1 —logy ¢1) (L —logy ¢2), 1 — (1 —logy (1 — k1)) (1 —logy(1 — K2)),

1 — (1 —logy(1—¢1)) (1 —logy(1 — 2))

(i) For a real number k > 0, we have

k(logy A1 @ logy As)
- (1 - (1ogA ¢ilog, qg)k, (logA(l — k1) logy (1 — @)k,
(10&(1 — 1) logy (1 - wz))k)
(1 - (1ogA gl)k(logA @)k, (log/\(l - m1)>k(log>\(1 - ﬁg))k,

(10831 —¢0)) " (1oma(1 — 2))")
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- (1 - <log)\ Cl)ka (10gA(1 - “1))k’ (logk(l - @1))’“)

o (1= (108:¢)  (loga(1 =) (Togs1 = ) )
= klogy, A1 @ klog, A2

(ii) For a real number k > 0, we have

(log A @ logy Az)"
= (1108 )1~ o 2)) 1 (1~ Toma (1 — 1)1 ~logy (1~ 52))
1 ((1 log(1 —1))(1 — logy (1 — m)))k)
- ((1 log, g1> (1 log, gg) , (1 “log, (1 — m))k(1 “log, (1 —@))k,
(1 logy (1 — @1 ) (1 “log, (1 — m))k)
- ((1 log, gl>k (1 log, (1 — m))k,l - (1 —log, (1 — 901)>k)
o ((1-10yc)" 1~ (1= togy (1)) 1= (1- gy (1 — )

(log,\ .Al)k ® (log,\ Ag)k

(iii) For real positive number k; and ko, we have

]{51 IOg/\ Al &) kg log)\ ./41

( <logA Cl)kl (logx(l - ﬁ1)>k17 (10&(1 - w))kl)
( (108;,\ Cl) (log)\(l Hl)>k2a (10gA(1 - 901))k2>
(1-

<10gA Cl) (10&(1 — H1)>k1+k27 (109))\(1 - <P1)>
— (k1 + ko) logy A

k1 +k2)

(iv) For real positive number k; and k2. Since

(1ogA A1>k1 - ((1 —logy (1), 1= (1 = logy (1 — k1)), 1 = (1 = logy (1 — cpl))kl>

and

<log/\ A1>k2 = ((1 — log,, Cl)kz, 1-— (1 —log, (1 — Iil))kZ, 1-— (1 —log, (1 — <p1))k2>
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and hence

(1ogA ,41) ® (1ogA Al)
(1108, g1> — (1-10g,(1 - nl))kl, 1 (1~ Togy(1 - w1)>kl>
o ((1-10yc)" 1~ (1= togs(1— ) " 1= (1 - Togy1 - 1))
((1 log, gl)kl (1 _log, gl) 11— (1 “log, (1 — m))k1 (1 “log, (1 — m))kz,
(1 - 1ogA (1- 1)) " (1-1ogp(1 - @1))k2)
— ((1-108,6)" 1= (1- gy (1 - k) T L (- oy - )T

= (togy )"

(v) For positive real numbers k; and kg, we have

<<log)\.’41>kl>k2
oy kg \ 2
( 1-logy 1) ,1—(1—logA<1—m)) S ) ))
R R S A
(

k1ko
log, A )

O]

Theorem 9.2.6. Let A = ((,k,¢) be SVNN. If 0 < A\; < Ay < min{(,1 —x,1 — ¢} <
1, A1, A2 # 1, then logy, A > log,, A and log, A <log,, A for 0 < /\% < /\—11 < min{(,1 —
K, 1=} <1, A1, M # 1

Proof. By Definition 9.2.2, we have
logy, A = <1 —logy, ¢, logy, (1 — k), logy, (1 — <P)>
and  logy, A= (1 — logy, ¢, logy, (1 — ), logy, (1 — 90)>

IfO <A <A <min{(,1 —k,1 ¢} <1and A, A2 # 1, then 1 —log,, ( > 1 —log,, ,
logy, (1 — k) <logy, (1 — &) and log,, (1 — ¢) <logy,(1 — ¢) which implies that logy, A >

10g>\2 ./4
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On the other hand, when A1, Ao > 1 and Ay < Ao, we get 0 < %2 < % < min{¢,1 —
K, 1 — ¢} < 1,A1,A2 # 1. Therefore, as discussed above, we can also obtain log,, A <
log,, A. O

Theorem 9.2.7. Let A; = ({1, k1, ¢1) and Ay = ({2, k2, p2) be two SVNNs. If ¢(; < (o,
01 > @2 and K1 > ko, e, A1 < Ao, 0 < A < min{{,1 — ki, 1 — ¢} < 1,A # 1, then
log, A; < log, As.

Proof. Similar with Theorem 9.2.6. 0

9.2.2 Aggregation operators
Based on the LOL of SVNNs, we define some weighted AOs as follows.

Definition 9.2.3. Let A; = (;, ki, i) (i = 1,2,...,n) be a collection of SVNNs, 0 < \; <
min{{;, 1 — Kk, 1 — @i} <1, A\ # 1 and let L-SVNWA : " — . If

L-SVNWA(A1, Az, ..., Ap) = wilogy, A1 @ walogy, A2 @ ... wylog, An (9.3)

then the function L-SVNWA is called logarithmic SVN weighted averaging operator, where

n
w = (w1, ws,...,wy)" is the weight vector of logy, A; with w; >0 and > w; = 1.
i=1

Theorem 9.2.8. Let A; = (G, ki, vi)(i = 1,2,...,n) be a collection of SVNNs. Then,

the aggregated value by using L-SVNWA operator is also SVNN and is given by

L-SVNWA (A1, Ao, ..., Ay)

1- ﬁ (log/\i Cz‘)wi, ﬁ <log/\i(1 - ni)>wi, G,

1:71L i=1 . ;0< A <ming 11—k, p LA #1L
H(logxi(l—%)) 1— o

=1 .
_ (9.4)

1ﬁ(10g;i Ci)UJi,ﬁ(log;i(lni))wi, G,

=1 i—1 .
! ! ;0<)\%§m1n 11—k, ¢ SLA#L

n

11 (logi(l —e))"

i=1

1—¢;

Proof. We prove the result given in Eq. (9.4) by employing mathematical induction on n

for 0 < \; <min{¢,1— ki, 1 — i} <1, \; # 1. Since for each i, A; = (¢, ki, pi) is SVNN
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which implies that ¢, ki, p; € [0,1] and (; + x; + @i < 3. Then the following steps of the

mathematical induction are executed.

Step 1:

Step 2:

For n = 2, we get L-SVNWA (A;, A2) = w1<log/\1 Al) &) u}g(logA2 .Ag). Since
by Definition 9.2.2, we can see that log,, A1 and log,, A2 are SVNNs and hence
wi logy, A1 @ walog), A3 is also SVNN. Further, for A; and A, we have

L-SVNWA(A;, A3) = wilogy, A1 @ walogy, Az

= (1 — <log>\1 Cl)WIa (IOgA1(1 - 51)>W17 <log,\1(1 - <P1)>W1)
@ (1 - (10&2 CQ)W, (10&2(1 = Hz))w, (logxz(l - @z))w)

= <1 - H (log/\i Ci)Wi, i

=1 7

<logAi(1 — /ii)>wi,
1
2

(NN

=1

Thus, result holds for n = 2.
Assume Eq. (9.4) holds for n = k. Now, for n = k + 1, we have

L-SVNWA (A1, As, . . ., Ajy1)

= L-SVNWA(A, Ao, ..., Ap) ® wi1 10g>\k+1 A1

- (1 - f[ (108, c)ﬁ (1ogy, (1 - m))“if{ (1ogs, (1 - w))”)
(1o, (1= 0re)) )

Pl P i=1
k1 W, k1 w; L wi
- (1= (o)™ T om0 T (o 0-0)°)

Wk+1

Wk+1
& (1= (loga,,, o) s (10ga,,, (1= misn)

1= 1= 1=

and the aggregated value is also SVNN. Therefore, Eq. (9.4) holds for n = k + 1
also. Hence, result is true for all positive integer n by the means of principle of

mathematical induction.

On the other hand, if \; > 1 and 0 < /\% < min{¢;, 1 — ki, 1 — i} < 1, A # 1, we can also
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get
L-SVNWA (A1, As,..., Ay) = (1 - Hl (10% Q) H1 (10%(1 — m)) "
[T (los (1 - ¢1) )
i=1
and aggregated value is SVNN. 0
Remark 9.2.1. If )\1 = )\2 = ... = )\n = )\, 0< A < mini{Q,l —K,,L',l —(pi} < 1,)\ 7& 1,

then L-SVNWA operator reduces to the following

L-SVNWA(A;, As, ..., A,) = (1—121(10&4;) ,ﬁ(log)\l—m )"

i=1 i=1

IT (toest1 - 20)”)

i=1

Example 9.2.2. Let A; = (0.5,0.3,0.2), Ay = (0.2,0.4,0.3) and A3 = (0.6,0.3,0.5) be
three SVNNs and w = (0.2,0.5,0.3)T is the weight vector of them. Considering A\; = \g =
A3 = 0.1 and then

L- SVNWA (A1, Az, As3)

logA Q) ,ﬁ (logA 1 — k) ) ,ﬁ (log)\ 1 —cpz)>Wi>

=1 =1

logg (1 —0.3 ) ? (logo.l(l - 0.4)>&5 X <log0.1(1 - 0.3)>037

= (1 logg1 (0. 5)) i (log0.1(0.2)>0'5 x (log0'1(0.6))0'3,
(
<log0 (1-0.2) ) o2 <log0.1(1 — ().3))0'5 X <logo_1(l — 0.5))0'3>

- (0.5814,0.1854,0.1721)

Next, we give some properties of the proposed L-SVNWA operator for \y = Ay = ... =
Ap = A, and 0 < A < mini{¢,1 — ki, 1 —p;} < 1,\ # 1 and w; be the weight vector of

n
SVNN 4; such that w; > 0 and ) w; = 1.
i=1

Property 9.2.1. If all SVNNs A; = A(: = 1,2,...,n), then

L-SVNWA(A,, Ag, ..., A,) = log, A
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Proof. Let A = ((,k,¢) is SVNN such that A; = A for all i. Then, by Theorem 9.2.8, we

get

L-SVNWA(A;, As, . .., Ay)

S T

:]:

(IOgA(l - <Pi)>wi>

i=1 i=1 i=1
= <l—ﬁ(log/\g“) ,ﬁ(log)\ 1—n) ,ﬁ(log)\(l—gp)y%)
i=1 i=1 i=1

- (1 — (1ogs c)Z (1oga(1 - >)Z (1oga(1 - w))élw)

— (1 —logy ¢, logy(1 — £),log) (1 — 90))

= log;\ ./4
O]

Property 9.2.2. If A; = (G, ki, i) (i = 1,2,...,n) with A7 = (min;{¢; }, max;{k; }, max;{¢; })
and A" = (max;{¢;}, min;{x;}, min;{;}), then

logy A~ < L-SVNWA (A, As, ..., A,) <logy AT

Proof. Since, for any i, min;{¢;} < ¢ < max;{¢(}, mini{x;} < k; < max;{k;}, and
min;{y;} < p; < max;{¢;}. Thisimplies that A~ < A; < A". Assume that L-SVNWA (A;,

A27 LKD) An) = log)\A = (CAa KA?@.A)? 10g)\ A™ = (C.A_v KA+, (10.,4"')7 IOg)\ -’4+ = (CA"’? RA-

© 4-). Then, based on the monotonicity of logarithm function, we have

a4 = 1- H (log)\ Ci)% >1- H (logA miin{g})wi =1 —logy(min{G}) = (4,

i=1 i=1
n

KA = ﬁ <log>\ (1—r; > H (log/\ (1— mm{m})) = log, (1 — min{k;}) = k4

1 =

(1o0(1 )" = TT (108201~ min{iah))™ = logs (1~ minfi)) = s

[y

.
Il

=

and oy =
1

ﬂ,
.
—_

Also

n

o = 1-T[ (tomnc)™ <1~ IT (lomama{ci}) ™ = 1 - logy (max{Gi}) = Car
=1 =1

KA = ﬂ (logA (1 -k ) H (log)\ (1-— max{m})) = log (1 —max{k;}) = K4+
i=1

i=1
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and

n

ei=1] (1oga(1 = ¢1)) " < TT (Toga(l = max{pi})) ™ = loga(1 — max{pi}) = par
=1 =1

Based on score function, we get

S(logy A) = (a—Ka—pu4

IN

Ca+ — a- —oa- = S(logy A7)

and

S(logy A) = Ca—Ka— 04

> Ca- —har — par = S(logy A7)
Hence, S(logy A7) < S(logy A) < S(logy AT). Now, we discuss the three cases:
Case 1: If S(logy A7) < S(logy A) < S(logy A™), then result holds.

Case 2: If S(logy AT) = S(logy A) then (4 — k4 — A = (a+ — kg- — p4- which implies
that (4 = 4+, k4 = ka- and g4 = @4 and hence H(logy, AT) = H(log, A).

Case 3: If S(logy A~) = S(logy A) then (4 — ka4 — oA = (4~ — kaq+ — @4+ which implies
that (4 = (4, k4 = ka+ and g4 = @ 4+ and hence H(logy A~) = H(log, A).

Therefore, by combining all these cases, we get
logy A~ < L-SVNWA (A, As, ..., A,) <logy AT
O

Property 9.2.3. Let A; = (¢, ki, i) and Af = (¢, k7, ¢7)(i = 1,2,...,n) be two collec-

70

tions of SVNNs. If ¢; < (7, ks > K, ;i > @7, then
L-SVNWA(A;, Ag, ..., A,) < L-SVNWA (A7, A5, ..., A})

Proof. Follows from the above, so we omit here. O
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Definition 9.2.4. A L-SVN ordered weighted average (L-SVNOWA) operator is a map-
n
ping L-SVNOWA : " — @, such that w = (w1, ws, ..., wp)’, with w; >0 and > w; =1,

i=1
and
L-SVNOWA (Ay, Ag, ..., A,) = (wl log,\m) AU(1)> &> <w2 log/\am Ag(g)) &
) (wn logAa(n) Aa(n)) (9.5)
where 0 < Ay ;) < mln{CU @)1 = Ko@), 1 — S%(i)} < 1,As) # 1 and o is the permutation

of (1,2,...,n) such that Ag(i_l) > Ay fori=2,3,...,n

Theorem 9.2.9. For a collection of SVNNs A; = ((;, ki, i) (i = 1,2,...,n), the aggre-
gated value by using L-SVNOWA operator is still SVNN and given by

L-SVNOWA (A1, As, . .., Ay)

L= ﬁ1 <l°g%<l> C"<i>>wz’ ﬁ (1055&@(1 - “o(i)))wzv Coti)

i— . i=1 ;0< A o (i) <min; ¢ 1 — Ko (i) < 17)\0'(1') 7é 1
logy, ., (1~ @o))
_ £[1 ( @ ) B 20!

17H(logT1(i)Co()) ﬁ(log 1 17/1'[,())) Co()

i=1 ., i=1 ;0 < = () <min; ¢ 1 — Ko (i) <1, /\o'(i) #1

H (logﬁ(i)(l - @a(i))) Z L = o)

i=1

Proof. The proof follows from Theorem 9.2.8. O

Definition 9.2.5. Let A; = (;, ki, i) (i = 1,2,...,n) be a collection of SVNNs, 0 < \; <
min{(;, 1 — Kk, 1 — @i} <1, )\ # 1 and let L-SVNWG : & — ®. If
K3

L-SVNWG(A1, As, ..., Ayp) = (logy, A1) ® (logy, A2)* @ ... @ (logy, An)“"  (9.7)

then the function L-SVNWG is called logarithmic SVN weighted geometric operator, where

n
w = (w1, wa,...,wn,)T is the weight vector of log,, A; with w; >0 and ) w; = 1.
i=1

Theorem 9.2.10. The aggregated value by L-SVNWG operator for SVNNs A; = ((, ki, ¢i)
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is also SVNN and is given by

L-SVNWG(A1, Ag, . .., Ay)

n n

H (1—logy, ¢;)* . 1— H (1 —log,, (1 - Ri))wa G
i=1 . i=1 0< A <ming ¢ 1—k; p <L A#1
1—};[1(1—10&\1.(1—%)) Z 1—

_ (9.8)

H(llog;@)wi,lﬁ(llogl(l/ﬁ)> ’7 Gi
' i=1 .

’ n 0< - <min ¢ 1 -k p SLAH#L

wj
1-— 1-1 1—;
H< Og)\%( ‘Pz)) 1—;

i=1

Definition 9.2.6. A logarithmic SVN ordered weighted geometric (L-SVNOWG) operator
is a mapping L-SVNOWG : ®" — &, such that w = (wy,ws,...,w,)’, with w; > 0 and

n
w; =1, and
=1

(2

w1 w2
L-SVNOWG(AL, A, ., An) = (l0g, ) Ao) @ (o, Ao) @

Wn

® <log/\a . .Aa(n)) (9.9)

where 0 < A,y < min{Co(i); 1 = Ko(iys L — @)} < 1, As() # 1 and o is the permutation
of (1,2,...,n) such that A,;_1) > Ay fori =2,3,...,n.

Theorem 9.2.11. For a collection of SVNNs A; = ((;, k4, i) (i = 1,2,...,n), the aggre-
gated value by using L-SVNOWG operator is still SVNN and given by

L-SVNOWG (AL, As, ..., Ay)
I1 (1 ~log, | g,(i))“’ 1-11 (1 ~log, (1~ Hg(i))>%, Coti)

i=1 i=1 0 <A@y Sming ¢ 1— Ky ¢ < LA #L

n

-1 (1 —log, (1 - %m))

i1 1- Po (i)
_ (9.10)

wi n wj
H (1 — lOgﬁm <0(1)> ,1— 1_[1 (1 — log%(l — Ha(i))) s Ccr(i)
i=

- Z0)
i=1 : 1 i #
i ;0 < 0 <min; { 1 — Ko (i) <SLA#1

wi

n

1-1] <1 —log 1 (1— %(i)))wi

1
i=1 Po

1= w50

Proof. Similar to Theorem 9.2.8. ]

As similar to L-SVNWA operator, the L-SVNOWA, L-SVNOWG and L-SVNWG op-

erators also have the same properties. Furthermore, if Ay = Ao = ... = A\, = A,
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0 < A < min{Cy(i), I — Ko@) L — @oi)t < 1, then L-SVNOWA, LSVNOWG operators

becomes

L-SVNOWA (A}, As, ..., Ay) = (1 . ﬁ (1ogA gg(i)>wi, ﬂ <log)\(1 _ mo(i))>wi,

i=1 i=1
f[ (log,\(l - S%(z‘)))wi)
and -
L-SVNOWG(A;, Ay, ..., A,) = ( (1 — log, gg(i))“i, 1-T] (1 —log,(1 — mam))wi,
i=1 i=1
1- f[ (1 —log, (1 — S%(z‘)))UJZ)

=1
9.3 Proposed MADM method

The general description of the MADM method is given in Section 2.5 of Chapter 2. Here,
the collection information of the given alternatives is taken in the form of the SVN decision
matrix M = (ajj)mxn Where a;; = ((ij, Kij, pij) such that 0 < (5, k45,055 < 1 and
Gij + Kij + @ij < 3. Corresponding to each SVNN, the logarithm base index for them are
denoted by A\;; where 0 < A\jj < min{(;;, 1 —kij, 1=y} <1, A\ #1fori=1,2,...,m;j =
1,2,...,n and are summarized in the matrix format A = (A\j;)mxn. To access the attribute

weights of G;, we convert the matrix M into its equivalent logarithm score matrix S as

g1 Go - Gn
Ar [ S(logy,, a11)  S(logy,, a12) ... S(logy,, a1n)
g— Az | S(logy, asn) S(logy,, azz) ... S(logy,, as) (9.11)
Am \S(ogy, , am1) S(ogy ,am2) ... S(logy, mn)

where S(logy . ai;) =1 —logy,; Gij —logy, (1 — k4;) — logy,. (1 — ;) is the score function

of log)\ij a;;j. Let w; > 0 be the partial unknown weight vector of the attribute G; with

n
Y- w; = 1. Then, the weighted sum of each alternative, called as suitability function
j=1

Q(A;), is obtained as

QA) =) wSy 5 i=12...m (9.12)
j=1
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Based on this function, a mathematical programming model for determining the weight

vector is formulated as below.

max f = zm:zn:wjgij

i=1 j=1

n
st Y wy=1 (9.13)
7j=1

where H is the set consisting of the partial information of the attribute weights. Af-
ter solving this model, we get the weight vector w = (wy,ws,...,w,)?. Now, based on
these weight vectors, aggregate all the preference values either by using L-SVNWA or L-
SVNWG or L-SVNOWA or L-SVNOWG and get the collective one. Later, rank the given
alternatives based on the score values of obtained SVNN’s and choose the desired one(s).

In the nutshells, after combination all the above demonstrations, our proposed DM

method under SVNN environment has been summarized as follows.

Step 1: Formulate the neutrosophic decision matrix M of rating values of the alternative

A; and the parameters \;j fori =1,2,...,m;5=1,2,...,n.
Step 2: Compute the score matrix S as given in Eq. (9.11).

Step 3: Formulate and solve the optimization model (9.13) to determine the attribute

weights w = (w1, wa, ..., wp)’.

Step 4: Utilize the appropriate AO such as L-SVNWA, or L-SVNOWA, or L-SVNWG or
L-SVNOWG to aggregate the different preferences of the decision maker.

Step 5: Rank the alternative by using score function and chose the best alternative(s).

9.4 Illustrative example

The proposed approach is illustrating with a practical example which is stated as below.
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9.4.1 Case study

Goods and Services Tax (GST) is an indirect tax which is designed to make India an
integrated common market. While GST promises to the user in an era of the unified
indirect tax regime, integrating India into a single homogenous market, it comes with
certain complications inherited from the legacy tax regime. With the government gearing
up to enforce the GST in Punjab from July 1, the issue of traders having limited computer
knowledge and poor connectivity. In order to counter this, the state government has
planned to train more than 2,000 youths as ‘GST Mitra’ to cater the traders. Punjab
GST Mitra Scheme, which has to be started as a pilot project from Patiala, proposes to
assist taxpayers in furnishing the details of outward supplies, inward supplies and returns,
filing claims or refunds, filing any other applications, etc., in GST Regime. It aims to
create a group of Tax professionals available in the locality or at the doorstep of the

taxpayer, at affordable costs throughout the State of Punjab.

The poor internet connectivity in far-flung areas has emerged as a big stumbling block
in the success of ‘GST Mitra’ scheme. In order to provide the online services to run this
scheme, state government is planning to give contract combinedly to private mobile service
provider along with state-owned BSNL. For this, the Indian government had been issued
the global tender to select the contractor for these projects in the newspaper and considered
the five attribute required for its namely, Technology Expertise (G;), Service quality (G2),
Bandwidth (Gs3), Internet speed (G4) and Customer Services (Gs). The importance of
these attribute is taken as partially known. The five contractors (i.e. alternatives) namely,
“Jaihind Road Builders private (Pvt.) limited (Ltd.)” (A7), “J.K. Construction” (As),
“Build quick Infrastructure Pvt. Ltd.” (As), “Relcon Infra projects Ltd.” (A4), and
“Tata Infrastructure Ltd.” (As) bid for these projects. Then, the aim of the government

is to recognize the best internet service to their own citizens.

The approach described in Section 9.3 are executed here step by step to compute the

best alternatives.

Step 1: The rating values of the expert towards the given alternatives A;(i = 1,2,3,4,5) are



listed as

g1
(0.5,0.3,0.4)

(0.7,0.1,0.3)
(0.5,0.3,0.4)
(0.7,0.3,0.2)
(0.4,0.1,0.3)

Go
(0.5,0.2,0.3)
(0.7,0.2,0.3)
(0.6,0.2,0.4)
(0.7,0.2,0.2)
(0.5,0.1,0.2)

Gs
0.2,0.2,0.6)
0.6,0.3,0.2)

0.4,0.5,0.2)

(
(
(0.6,0.1,0.2)
(
(

0.4,0.1,0.5)

G4
(0.3,0.2,0.4)
(0.6,0.4,0.2)
(0.5,0.1,0.3)
(0.5,0.2,0.2)
(0.4,0.3,0.6)
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G5
(0.3,0.3,0.4)
(0.7,0.1,0.2)
(0.6,0.4,0.3)
(0.4,0.5,0.4)
(0.3,0.2,0.4)

In this matrix, corresponding to alternative A; under criterion Gy, the rating (0.5,

0.3, 0.4) represents that an expert gives the possibility degree in which the statement

is good is 0.5, the statement is false is 0.4 and the degree in which he or she is

unsure is 0.3. The other values in the matrix have similar meanings. Furthermore,

the preferences of the logarithm base \;; are taken as

0.4 0.3
04 0.2
0.3 04
0.4 0.2
0.3 04

0.1
0.3
0.3
0.3
0.2

Step 2: By using Eq. (9.11), the score matrix S is

g1 G
Ap [-0.7032 —0.0573
Ay | 01065  0.4181
Az [—0.2962 —0.3585
As [—0.0220  0.5011
As [—0.1448 —0.1150

g3

0.2
0.4
0.2
0.4
0.3

—0.1938
0.0941
0.3029

—0.5221

—0.0655

0.2
0.3
0.4
0.1
0.2
G4 gs

—0.2041 —0.2871]
—0.3585  0.4309

0.2822 —0.5042
—0.2435  0.0792
—0.8184 —0.2041]

Step 3: Assume that the partial weight information is H = {0.15 < w; < 0.20, 0.2 < wq <

0.3,0.2 <ws <04, 0.22 < wy <0.25, 0.15 < ws < 0.20} and hence, an optimization
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model (9.13) becomes

max f = —1.0598w; + 0.3884wy — 0.3844w3 — 1.3423w,4 — 0.4854ws
s.t. 0.15<w; £020 ; 0.20<wy<0.30
0.20<w3 <040 ; 022<ws4<0.25
015 <ws <020 ; wi4wrtwy+ws+ws=1

w1, W, w3, w4, ws > 0
and hence after solving we get w = (0.15,0.28,0.20,0.22,0.15)7.

Step 4a: Utilize the L-SVNWA aggregation operator, as given in Eq. (9.3), to aggregate all
the rating of the matrix M corresponding to each alternative A;(i = 1,2,3,4,5).

The collective values are

ri = L-SVNWA(a11, a1z, a13, a4, a15)

- (1 = ﬁ (108, 1) f[ (108, (1 - mu))“”,ﬁ (108, (1 - som)“”)

= (0.3130,0.1753,0.3544)

ro = L-SVNWA (a1, aga, aas, aoq, a25)

= (1 — <10g0.4(0.7)>0.15 X (10g0.2(0-7)>

0.28 0.20
X <1og0.3(0.6)) X

< (1020,4(06)) " x (1ogos(0.1)) " (logg4(0.9)) "



Step 4b:

Step 5:
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X (log0.2(0.8)>028 X (log0_3(0.7))0‘20 X <10g0_4(0.6)>0.22 X

X <log0.3(0.9))0'15, <10g0.4(0.7))0'15 X (log0.2(0.7)>0'28 X

8 (log0_3(0.4))0'20 x (10g0'4(0.8))0’22 X (10g0.3(0.8)>0'15>

= (0.6486,0.1989,0.2313)

Similarly, we can get r3 = (0.4989,0.1733,0.3321), r4 = (0.5585,0.2736,0.1942) and
5 = (0.2849,0.1249, 0.3758).

If we utilize L-SVNWG aggregation operator, given in Eq. (9.8) to aggregate the
decision information, then the values are obtained as r; = (0.3006, 0.1992, 0.3709),
rg = (0.6147, 0.2764, 0.2421), r3 = (0.4899, 0.2490, 0.3819), r4 = (0.4416, 0.3313,
0.2004), and r5 = (0.2724, 0.1488, 0.4597).

The score values of the aggregated numbers r;’s corresponding to L-SVNWA operator
are S(r1) = —0.2168, S(r2) = 0.2185, S(r3) = —0.0066, S(r4) = 0.0907 and S(r5) =
—0.2158. Thus, the ranking order of the alternatives is Ay = A4 = A3 = A5 = A;j.
On the other hand, score values of the aggregated number obtained through L-
SVNWG operator are S(ry) = —0.2695, S(r2) = 0.0962, S(r3) = —0.1410, S(ry) =
—0.0900 and S(r5) = —0.3362. Thus, the ranking order of the alternatives is Ay >

Ay = A3 = Ay = As in which = means “preferred to”.

From these ranking order, we see that the best alternative remains A, by both the oper-

ators while the alternative A5 = A; for averaging and A; = As for geometric AO. Thus,

according to the decision maker behavior either as an optimistic or pessimistic, they can

select the alternatives accordingly and reach their desired goals.

9.4.2 Validity test

Wang and Triantaphyllou [160] established the following testing criteria to evaluate the
validity of MADM methods.

Test criterion 1: “An effective MADM method does not change the index of the best

alternative by replacing a non-optimal alternative with a worse alternative without shifting
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the corresponding importance of every decision attribute”.

Test criterion 2: “To an effective MADM method must be satisfied transitive property”.
Test criterion 3: “If we decomposed a MADM problem into the sub DM problems and
same MADM method is utilized on subproblems to rank alternatives, the collective ranking

of alternatives must be identical to ranking of un-decomposed DM problem”.

Validity test by criterion 1

Under the test criterion 1, we change the rating value for non-optimal alternative A; by
an arbitrary worse alternative A} as A} = {(G1, 0.4, 0.4, 0.6), (G2, 0.3, 0.4, 0.5), (Gs, 0.1,
0.5, 0.4), (G4, 0.2, 0.3, 0.5), (G5, 0.2, 0.4, 0.4)} which are summarized as

g1 Go g3 G4 Gs
AL £(0.4,0.4,0.6) (0.3,0.4,0.5) (0.1,0.5,0.4) (0.2,0.3,0.5) (0.2,0.4,0.4)
As | (0.7,0.1,0.3)  (0.7,0.2,0.3) (0.6,0.3,0.2) (0.6,0.4,0.2) (0.7,0.1,0.2)
M= 4, 1(05,03,04) (0.6,02,04) (0.6,0.1,0.2) (0.5,0.1,0.3) (0.6,0.4,0.3)
As | (07,03,02)  (0.7,0.2,0.2) (0.4,0.5,0.2) (0.5,0.2,0.2) (0.4,0.5,0.4)
As \(0.4,0.1,0.3) (0.5,0.1,0.2) (0.4,0.1,0.5) (0.4,0.3,0.6) (0.3,0.2,0.4)

Then, by utilizing the proposed approach using L-SVNWA operator to this transform data,
we get the score values of the alternatives A;(i = 1,2, 3,4,5) as —0.7859, 0.2185, —0.0066,
0.0907 and —0.2158. Thus, ranking order of the alternatives is Ag = Ay > A3 = A5 = A}

and it validate the test criterion 1.

Validity test by criteria 2 and 3

Under these test, we have decomposed original DM problem into three sub problems with
alternatives {A1, As, A4, A5}, {A1, A3, Ay, A5} and { A9, A3, A4, A5}. Now, by applying
proposed MADM approach on these alternatives by using L-SVNWA approach then we
get As = Ay = As = Ay, Ay = A3 = As = Ay and Ay = Ay = A3z = As respectively.
Therefore, from these, we get the final ranking order as A = Ay = A3z = A5 = A; which

is same as the original ranking. Hence, it validates test criteria 2 and 3.
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9.4.3 Influence of logarithm operation and )\ selection in practice

Here, we have investigated the influence of the logarithm operations for SVNNs and the
selection of the logarithm base parameter A in practice. From SVNN A, the operation
of logarithm is defined as logy A = (1 — log, ¢,logy(1 — k),logy(1 — ¢)) and 0 < A <
min{¢,1 — k,1 — ¢} < 1. When 0 < X < 1, log, 7 increases as X increases, however, the

larger the value of a real number ~, the smaller the value of log), v is.

(P1) From the properties of the logarithm function of real numbers, and from the definition

of log, A, we observe that

(a) There always exists a real number \; = ( ¢ such that
o if A=)y, then 1 —log, ( = (;
e if A > )\q, then 1 — log, ¢ < (; and
o if A\ < A1, then 1 — log, ¢ > C.
(b) There always exists a real number Ay = (1 — /{)% such that
o If A = )y, then log, (1 — k) = K;
o If A > )y, then log, (1 — k) > &;
o If A < Ay, then log, (1 — k) < k.
(¢) There exists a real number \3 = (1 — (p)% such that
o If A = A3, then log, (1 — ¢) = ¢;
o If A > )3, then logy (1 — ¢) > ¢;

o If A < A3, then logy (1 —¢) < ¢.

(P2) If we choose a relative small number A such that A < A\; < A2 < A3 and A < ¢
then by part (P1), we have 1 —logy, ¢ > (, logy(1 — k) < k and logy(1 — ¢) < .
From this, it implies that log, A > A, i.e., the value of SVNN A will be increased
after applying the logarithmic operator. In other words, the logarithm operator will

enhanced the values of SVNN.

(P3) If we choose the parameter A in such a way that \; < A < Ay < A3, then we get

1 —1logy ¢ < ¢, logy(1 — ) < ¢ and logy (1 — k) < k which suggests that the value
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of the truth, indeterminacy and the falsity degrees are decreased after applying the

logarithm operator.

(P4) If we choose the parameter X in such a way that \; < A2 < XA < A3, then we get
1 —1logy ¢ < ¢, logy(1 — k) > k and log, (1 — ¢) < ¢ which suggests that the value
of the truth and falsity degrees decreases while indeterminacy degree increases after

applying the logarithm operator.

(P5) If we choose a relatively large number A such that A\; < Ay < A3 < A then we get

log, A < A. That is, the logarithm operator will reduce the value of SVNN.

Therefore, based on this comprehensive evaluation, the decision maker can select the
desired value of A for their suitable task. For instance, if we want to enhance the SVNN
which is undervalued for poor information, then we can choose the logarithm operator
with a small number A, and vice versa. This task has been illustrated in the following
example.

Consider A;=(0.3, 0.5, 0.3), Ay =(0.7, 0.2, 0.4), A3=(0.2, 0.7, 0.1) and A4=(0.4, 0.2,
0.8) be four SVNNs, which is the achievement of the employ evaluated by the their senior
administrator during their promotion interview. In the following, we show the different

comprehensive evaluation based on the above results.

(1) If we utilized traditional SVN'WA operator with senior administrator weight w = (0.25,
0.25, 0.25, 0.25)7 towards the rating, then

El = SVNWA(AI; -/427 A37 A4)

(e oo

Jj=1 Jj=1 Jj=1

— (0.7 x 0.3 x 0.8 x 0.6)%%, (0.5 x 0.2 x 0.7 x 0.2)%2,

(0.3 x 0.4 x 0.1 x 0.8)%%

(0.4365, 0.3440, 0.3130)

(2) Assume that the values of A;(j = 1,2,3,4) are all undervalued for evaluator’s pref-
erences and have re-evaluated according to (P1). In order to get more reasonable re-

sults, expert will agree to adjust their scores by using logarithm operator and then by
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(P1), we get (A11, M2, M3, A1a) = (0.1791,0.3046, 0.1337,0.2172), (Aa1, Aoz, Aog, Aag) =
(0.2500, 0.3277, 0.1791, 0.3277) and (A3, As2, As3, Asa)= (0.3046, 0.2789, 0.3487,
0.1337) be the threshold values of A;(j = 1,2,3,4). Here, we assume that \; = Ay =
A3 = Mg = 0.15, then

Ly = LSVNWA (A1, Az, A3, A4)

logA CJ) ﬁ (logA (1—ry ) f[ (logA (1- SOJ))WJ)

( J=1

_ (1 logg 15 0. 3)0.25 y (10g0.15 07) 0.25 y (logo'lg, 0'2) 0.25 y <10g0.15 0.4>0.25’
(
(

0.25
logg 15 0.5 x logg 15 0.8 x logy 15 0.3 % logg 15 0. 8) ,

0.25
logg, 15 0.7 x logg 15 0.6 x logg 15 0.9 x logg 15 0. 2) >

— (0.5298,0.2380,0.2210)

(3) In order to induce the values of A;(j = 1,2, 3,4) reasonable and by taking the different
weight of the senior administrator during evaluating the achievement of the employ,

we suppose that \y = 0.2, Ay = 0.4, A\3 = 0.1 and A\y = 0.2 and w; = we get

Aj
235':1 /\j ’
wy = 0.2222, wy = 0.4444, w3 = 0.1111 and w4 = 0.2223. Thus, by using L-SVNWA

operator to aggregate the different preference, we have

L3 = LSVNWA (A1, Az, Az, Ay)

1—]:[ logy,; CJ) ,ﬁ(logA 1—/-@;)],]%(10& 1—%))wj>

Jj=1 Jj=1

0.2222 0.4444 0.1111 0.2223
= (1- logo 5 0. 3> X (logM 0.7) X (logo_l 0.2) X (logm 0.4) ,

0.2222 0.4444 0.1111 0.2223
logy 5 0 ) X <log0'4 0.8> X <log0'1 0.3> X <log0'2 0.8> )

0.2222 0.4444 0.1111 0.2223
(log020 7) X <log0_40.6> X <log0_10.9> X <log0_2 0.2>

0.4773, 0.2655, 0. 3917)

(4) Consider the weight of the senior administrator which are going to evaluate the per-

formance of the employs are not equally distributed. For it, we assume that during
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the evaluation, the weight of second administrator is double than the third ones and
half than the one administrator. On the other hand, the importance of the first ad-
ministrator is double than the fourth administrator. Thus, it implies that wy = 4/9,

= 2/9, wg = 1/9 and wy = 2/9 for some acceptable reasons. Further, for the

undervalued SVNNs, assume that A\ = Ay = A3 = Ay = 0.15, then

L4 = L-SVNWA(AL As, Az, Ag)

1—- ﬁ (10gA Cj)wjvﬁ (log)\ 1 — k) ) ﬁ <log)\ 1- S"J)>wj>

(

4/9 2/9 1/9 2/9
1- <logo_15 0.3) x (log0_150.7> x <log0.15 0.2> x <log0_150.4) ,

logg 15 0. 5) (10g0.15 0.8> 2 X (logo.w 0.3) e X (10g0‘15 0.8) 2/9,

(
<log0 15 0. 7) (logolm 0.6) 20 X (logo.w 0.9) e X (log0.15 0.2) 2/9>
(

0.5293,0.2347, 0. 2486)

Hence, based on score function, we get Lo > £4 > L1 > L3 which is in accordance with

our expectation.

9.4.4 Comparison with other existing methods

In order to verify the validity of our method, we make a comparison between our proposed
operator with the weighted averaging and geometric AOs as proposed by the authors in
[79, 113, 175, 184] for multi attribute DM with SVN information. Under this, if we utilize
weighted averaging AOs such as SVNWA [113], SVNOWA[113], NWA[175], SVNHWA|[79],
and SVNFWA [106] under SVN environment to aggregate the information of each alter-
native into the collective one, then the aggregated values corresponding to these operators
are summarized in Table 9.1 along with the proposed operators. On the other hand, the
aggregated values by using some existing geometric AOs which include the NWG[175],
SVNWG[113], SVNOWG][113], SVNFWG[106], SNWEA[184] and SVNHWG|[79] opera-
tors are summarized in Table 9.2 along with the proposed geometric operators. By using

these collective values and the score functions, the ranking order of the alternatives are



197

Table 9.1: Neutrosophic aggregated results by averaging operators

SVNWA([113]

SVNOWA[113]

NWA[175]

SVNFWA([106]

A
Ay
As
Ay

(0.3779,0.2259, 0.4002)
(0.6615,0.2052,0.2381)
(0.5656,0.1763,0.3131)
(0.5722,0.2929,0.2219)
(0.4165,0.1413,0.3607)

(
(
(
(

(

0.3820, 0.2449,0.4071)
0.6663,0.1801, 0.2430)
0.5597,0.1838, 0.3122)
0.5706, 0.3145, 0.2219)
0.3960, 0.1373,0.3696)

(0.3779,0.2314,0.4223)
(0.6615,0.2426, 0.2446)
(0.5656, 0.2109, 0.3272)
(0.5722,0.3348,0.2338)
(0.4165,0.1633,0.4131)

(0.3755, 0.2262, 0.4018)
(0.6611,0.2072, 0.2385)
(0.5652,0.1779,0.3141)
(0.5692, 0.2956, 0.2225)
(0.4159,0.1422, 0.3646)

SVNHWA [79]

v=2

v=3

L-SVNWA

L-SVNOWA

(0.3725,0.2264, 0.4033)
(0.6608, 0.2086, 0.2388)
(0.5648,0.1790, 0.3149)
(0.5663,0.2978, 0.2230)
(0.4151,0.1427, 0.3680)

(
(
(
(
(

0.3693, 0.2266, 0.4048)
0.6604, 0.2099, 0.2390)
0.5645, 0.1800, 0.3157)
0.5635, 0.3000, 0.2234)
0.4143,0.1432,0.3714)

(0.3130,0.1753,0.3544)
(0.6486,0.1989,0.2313)
(0.4989,0.1733,0.3321)
(0.5585,0.2736, 0.1942)
(0.2849,0.1249,0.3758)

(0.3229,0.1926,0.3607)
(0.6549,0.1719,0.2368)
(0.4896,0.1823,0.3303)
(0.5561,0.2975,0.1942)
(0.2442,0.1209,0.3834)

Table 9.2: Neutrosophic aggregated results by geometric operators

SVNWG[113]

SVNOWG(113]

NWG [175]

SVNHWG [79]

y=2

v=3

Ay
As
As
Ay

(0.3446,0.2314, 0.4223)
(0.6561,0.2426, 0.2446)
(0.5609, 0.2109, 0.3272)
(0.5344,0.3348,0.2338)
(0.4078,0.1633,0.4131)

(0.3516,0.2517, 0.4222)
(0.6612,0.2173,0.2497)
(0.5548,0.2257,0.3233)
(0.5320, 0.3524, 0.2338)
(0.3882,0.1555, 0.4065)

(
(
(
(
(

0.3446, 0.2259, 0.4002
0.6561,0.2052, 0.2381
0.5609,0.1763,0.3131
0.5344, 0.2929, 0.2219
0.4078,0.1413,0.3607

)
)
)
)
)

(0.3491, 0.2305, 0.4183)
(0.6570,0.2374,0.2437)
(0.5617, 0.2059, 0.3250)
(0.5406,0.3275,0.2316)
(0.4091,0.1603, 0.4046)

(0.3511, 0.2300, 0.4162)
(0.6576, 0.2338, 0.2430)
(0.5621, 0.2025, 0.3237)
(0.5439,0.3232, 0.2302)
(0.4097, 0.1582, 0.3997)

SVNFWG [106]

SNWEA [184]

L-SVNOWG

L-SVNWG

A
As
Az
Ay

(0.3471,0.2311,0.4204)
(0.6565,0.2405, 0.2442)
(0.5612, 0.2089, 0.3263)
(0.5373,0.3317,0.2329)
(0.4085,0.1622, 0.4092)

(0.0058,0.8315,0.9665)
(0.1399,0.7168,0.7589)
(0.0727,0.6965, 0.8422)
(0.0362,0.9206, 0.8428)
(0.0184,0.6522, 0.9338)

(
(
(
(
(

0.2771,0.2359, 0.4040
0.6159, 0.2422,0.2635
0.4909, 0.2743,0.3657
0.4278,0.3678,0.2126
0.2727,0.1333, 0.4240

)
)
)
)
)

(0.3006,0.1992, 0.3709)
(0.6147,0.2764,0.2421)
(0.4899, 0.2490, 0.3819)
(0.4416,0.3313,0.2004)
(0.2724,0.1488, 0.4597)

summarized in Table 9.3 in which > means “preferred to”. From these results, it has been

seen that the best alternative is Ao by all the operators while the different AOs have dif-

ferent ranking strategies which are slightly different. Thus, we can conclude that decision

maker reach different decisions based on their preference in terms of AOs.
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Table 9.3: Ordering of the alternatives

Existing operators Ordering Proposed operators Ordering

NWA [175] Ay = As = Ay = As = Ay

SVNWA[113] Ay = Az = Ay = As = Ay | L-SVNWA Ag = Ay = Az = As = Ay
SVNOWA[113] Ay = Az = Ag = As = Ay | L-SVNOWA Ag = Ag = As = As = Ay
SVNWGI113] Ay = Az = Ay = As = A1 | L-SVNWG Ag = Ay = Az = Ay = As
SVNOWG(113] Ay = Az = Ay - As = Ay | L-SVNOWG Ay = Az = Ay = As = Ay
SVNFWA[106] Az = Az = Ay = As = Ay

SVNHWA[79] (v =2) Ay > As > Ay = As = Ay
SVNHWA[79] (y=3) As > Az = Ay = As = A
NWG [175] Ag = Az = Ay = As = Ay
SVNFWGJ[106] Ag = Az = Ay = As = Ay
SVNHWG[79] (v =2) Ay > Az > Ay = As = Ay
SVNHWG[79] (y=3) Az > Az = Ay = As = A
SNWEA[184] Ag = Az = As = Ay > Ay

9.5 Conclusion

In this chapter, we present a novel logarithm operational laws (LOL) of SVNSs with the
real base number A which is a useful supplement to the existing operational laws. Also, we
have examined their properties and correlations. Based on these LOLs, we developed the
weighted averaging and geometric AOs named as L-SVNWA, L-SVNOWA, L-SVNWG,
and L-SVNOWG. Then, we utilized these operators to develop a multiattribute DM ap-
proach for solving the practical problem with SVN fuzzy information. The proposed
approach has been verified by an illustrative example. A comparative study with several
of the existing approaches is presented to show their superiority as well as the validity of
the approach. At last, the influence of the logarithm operations, as well as the selection
of the logarithm base A, are discussed. From the study, it is concluded that the proposed
operational laws and the AOs can equivalently solve the DM problem in a more efficient
manner. Also, by assigning a different parameter to base A, the decision maker can choose

the best alternative according to his or her preferences.



Chapter 10

Linguistic single-valued
neutrosophic prioritized
aggregation operators and their
applications to group
decision-making

This chapter deal with DM problems to address qualitative information rather than quan-
titative information. For it, a concept of linguistic SVNS is utilized with linguistic vari-
ables (LVs) to represent the data. Further, to add prioritized factor during analyzing the
data, we developed some new laws and hence based on it, some new prioritized weighted
averaging and geometric AOs are developing to address the problems with LSVN infor-
mation. The technique corresponding to them is demonstrated with a numerical example

and compared with the existing studies.

10.1 Introduction

In the literature, most of the AOs are based on the assumption that input argument which
we want to aggregate are independent but it may be possible that there are interactions

among the DM criteria in the neutrosophic domain. To resolve this issue, Liu and Wang

!The content of this chapter is published as “Linguistic single-valued neutrosophic prioritized aggre-
gation operators and their applications to multiple-attribute group decision-making”, Journal of Ambient
Intelligence and Humanized Computing, 9(6), 1975 - 1997, 2018 (Impact Factor: 1.423).
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[86] applied the Bonferroni mean to the neutrosophic environment and introduce the SVN
normalized weighted Bonferroni mean (SVNNWBM) operator. Also, Yang and Li [170]
extends the power operator to NS domain which can consider the attribute values to
support each other. Wang, Yang and Li [159] proposed the Maclaurin symmetric mean
(MSM) AOs to capture the correlation between the aggregated arguments. These exist-
ing operators have not considered the condition in which the criteria are dependent and
have precedence relation among them. To overcome these flaws, Wu et al. [166] defined
the prioritized weighted average operator (SVNPWA) and prioritized weighted geometric
operator (SVNPWG) for SVNs. Further, Liu and Wang [87] developed the prioritized
ordered weighted/geometric operators in the neutrosophic environment and Ji et al. [57]
established the prioritized Bonferroni mean operator by using the Frank operations. Garg
and Kumar [44] presented a linguistic connection number for intuitionistic fuzzy set and

implemented on the DM problems.

In the neutrosophic environment, the information which is evaluated is quantitative in
nature and is expressed by the means of numeric numbers. But in real applications, the
decision-makers’ opinions or preferences is usually uncertain due to increase in complexi-
ties and the subjective nature of human thoughts. Thus, the exact numbers are not the
best option to represent such kind of qualitative information. For this, a new concept,
namely, LVs [196] has been established to access the information which cannot estimate by
exact numbers. Due to the great importance of LVs, it has been becoming the hot topic
of research among the researchers. Based on this idea, Li et al. [71] introduce the linguis-
tic neutrosophic sets(LNSs) in which membership, indeterminacy, and non-membership
are expressed as a LV instead of real numbers and also proposed some Heronian mean
operators. Fang and Ye [39] introduced most basic AOs, namely, Linguistic neutrosophic
number weighted averaging and geometric operators. For more details about the extensive
literature related to SVNSs under the linguistic approaches, we refer to read Section 1.1.4
of Chapter 1. During their formulation, it has been assumed that all the arguments have
the same priority level. However, these existing operators cannot consider the relationship

between the attributes.
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In the light of the advantages of the LVs and SVNSs, in this chapter, we utilize linguis-
tic neutrosophic number (LNN) and prioritized operator (PO) to aggregate the different
preferences of the decision makers. In the approach, LNN is used to represent the informa-
tion qualitatively while PO is used to consider the interdependency relationship between
the attributes by the power weighting. So far, in the literature, the existing PO cannot
process the LNNs during the formulation and hence there is an important significance
to study it in the present article. For it, we will propose some new prioritized weighted
averaging and geometric AOs for the situations in which different criteria’s have different
priority level under the LSVN environment. Various desirable relations are also investi-
gated. Then, based on the proposed operators, a group DM approach presents to solve the
problems. The developed approach demonstrates with a numerical example and compared

their results with some of the existing approaches under the linguistic environment.

10.2 Operational laws for Linguistic SVNS

In this section, we discuss some operational laws and corresponding properties for LSVNNs.

Definition 10.2.1. [39] Let @ = {so, s1,...,s:} is a LTS with odd cardinality ¢ + 1 and
Q= {sn | s0 <sp <si,h€0,t]}. Then, a LSVNS A in X is defined as

A= {(:r:, s0(2), 5(7), 50(2)) | @ € X}, (10.1)

where sp(), s4(), s0(x) € Q represent the linguistic truth, indeterminacy and falsity
degrees of = to A, respectively, with condition 0 < 6 + v + o < 3t. The triple (sg, sy, S5)
is called LSVN number (LSVNN).

Definition 10.2.2. Let A = (sg, 5y, 55), A1 = (86, 515 50;) and Az = (Sg,, Sy, S0) be
three LSVNNs and A > 0 be any real number, then

(i) A1 @ Ag = (st(eﬁez_eggz)vst(@;ﬂz)”t(ﬂgz))‘

t t

) A9 40 = (s o o) o))

9 3= (5 5y oer )
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iV AA - S y S y S o .

2= (saposioonry o0

Definition 10.2.3. Let A = (sg, 5y, 55), A1 = (56,515 50;) and Az = (Sg,, Sys5 S0) be
three LSVNNs, then

(i) A° = (55, 5y, 59);

(il) A3 UAg = (max(591,392),min(8w1, swz),min(sm,s@));
(iii) A3 NAy = (min(sel, 505 ), MAX(Sy ; Sypy ), MAX (S, 5 802));
(iv) A; = Az if sg, = Sy, Sy = Sy, aNd S = Sgy;

(v) A1 > Az if 59, > 595, S, < Sy, and 55, < 54,

Theorem 10.2.1. All the operational laws for LSVNNs given in Definition 10.2.2, i.e.,
A1 @ Ay, A1 @ Ay, M and A* are also LSVNNs.

Proof. For two LSVNNs A; and Ay, we have

R )
Since we have, 0< 91,92 <t=0< 91/t,02/t <1=0< (1 — 91/75)(1 — Hg/t) <1=
0<1—(1-61/t)(1—0/t) <1. Thus, we get 0 < t(1 — (1 —0;/t)(1 — 62/t)) < t. Also,
0<o01,00<t=0<o01/t,oa/t <1=0<0102/t? <1=0<t(0102/t?) < t. Further,

0< t(l —(1—=0,/t)(1 — Hg/t)) + t(0102/t2) + t(wlng/tz) < 3t. Therefore, A1 ® As is a
LSVNN. Similarly, we can prove for the other parts. O

Theorem 10.2.2. Let A = (sg,5¢,55), A1 = (561, 5¢1,50,) and Az = (84, Sy, S0,) be
three LSVNNs and A, A1, A2 > 0 be three real numbers, then we have

(i) A1 A2 = Ay B A;.
(ii) AM(A1 @ A2) = A1 © M.
(iil) MAD N A = (A1 + A2)A.

(iV) A1 @ Ay = Ay @ Aj.



(v) A} @ A = (A1 @ A2)N.
(vi) AM @ ANz = AMHA2,

(vii) A3 U A2 = A2 U A;.
(viii) A1 NAs = A2 N Ay

(ix) (A1 UA) N Ay = As.

(x) (A1NA)U Az = As.
(xi) MAp UAg) = A1 U AAs.
(xii) A} UAY = (A1 U A)™.

(xiii) AS @ AS = (A © Ag)C.
(xiv) AS @ AS = (A1 & Ay)°.
(xv) A UAS = (A1 N Ay)e.
(xvi) AfNAS = (A1 U A"
(xvil) (AN = (MNA)°.
(xviii) A(A°) = (AY)e.
Proof. We will prove the parts (i), (iii) and the proofs of others are similar.

(ii) For A > 0,
AAL B Az) = A (St(l(l93)(1"3))’%(7’”13’2)’%(”152))

) G@%—%kaﬁﬁwmx%r%wrwr)

= M DN

(iii) For A1, A2 > 0 be real numbers,

MA:(%lozwy%w“ﬂ@w

-

t

N—— ~~——

and XA = (St(l(li))\z)’st(w)>g’8t(i)>\2
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Thus,

MADNA = (0 g0

Stw)““?’st(:)M“?)

<St(1_(1_?)>\1+>\2) ) St(y)/\l-,—/\Q 5 St(‘z)/\1+/\2>
= (M+X)A

O
Theorem 10.2.3. Let Ay = (Sg,, Sy, 5 50,) and Az = (Sg,, Syy, Soo) be two LSVNNSs, then
(i) (A1UA2) @ (A1 NAg) = A1 & As.
(ii)) (A3 UA) @ (A1 NA2) = A ®@ As.
Proof. We will prove part (i), proof of other is similar.

(i) As we have,

AiUAy = (max(se1 , S0), MIN(Sy, , Sy ), Min(sq,, 302)>
= <Smax(91,92)7 Smin(t1,12)s Smin(ol,az))

and AiNAy = (min(sel ;565 ), MAX(Sy, ; Sypy ), MAX (S, 5 502)>
= (Smin(91 ,02)» Smax(1,92) > Smax(oy ,02))

Therefore,
(A1 U A2) @ (A1 N Ay)

- § max(61,02) , min(01,62) 7max(01,92)min(91,92) ’ $ min(vY1,19) max(y{,¥9) )
t t + t t t t

12
S .
¢ [ min(oy,09) max(oy,09)
7 7

(St (91/t+92/t79192/t2) ’ St (wle/tg) ’ St(Ulag/t2)>
= A1 A
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Theorem 10.2.4. Let A, Ay and A3z be three LSVNNs, then
(1) (A3 UAs) N Ag = (A N As) U (Ax N As).
(i) (A1 NA) U Az = (A UAs) N (Ay U As).
(iii) (A1 UA) @ Ag = (A1 @ A3) U (A & A3).
(iv) (A1NAg) @Az = (A @ A3) N (A2 D As3).
(v) (AHUAy) @ A = (A1 @ A3) U (A @ A3).
(vi) (A1 NA) ® Az = (A1 @ A3) N (A2 @ Ag).
Theorem 10.2.5. Let Aj, A; and Az be three LSVNNS, then
(1) AjUAy U A3 = A; U A3 U Ay.
(i) A1 N A2 N A3 = A1 NA3N As.
(iii) A1 A2 B A3 = A1 & A3 & As.
(iv) A1 @ A2 @ A3 = A1 @ A3 ® As.

Proof of Theorems 10.2.4 and 10.2.5 are straightforward, so we omit here.

10.3 Prioritized AO for linguistic single-valued neutrosophic
sets
In this section, for collection of “n” LSVNNs A; = (sg,, sy,, So;) denoted by €2, we presents

some new prioritized AOs for LSVNss, namely, LSVN prioritized weighted /ordered weighted

averaging and geometric AOs.
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10.3.1 Prioritized weighted averaging operator

Definition 10.3.1. A LSVNPWA operator is a mapping LSVNPWA : Q" — Q, be defined

as

LSVNPWA (A, Ay, ..., Ay) = P &A;
i=1

=1 (s(a)

where & = ﬁ, T)=1and T; = kH1 —(i = 2,3,...,n). Here I(S(Ay)) repre-

sents the subscript of score function, S(Ay), of the LSVNN Ay.

Theorem 10.3.1. For a collection of LSVNNs A; = (sg,, Sy, 50,)(i = 1,2,...,n), the
aggregated value by using proposed LSVNPWA operator is still a LSVNN and is given
by:

LSVNPWA (A, As, ..., A,)

_>§i),st(iﬁl(?)gi>> (10.2)

Proof. Firstly, we will prove Eq. (10.2) by mathematical induction on n. Since for all

I
VR
Vo)
o~
/N
T
o
=t
VS
T
|
N——
o
~_
V)
S
i
7/~
w‘ﬁ

i, Ai = (86,,5¢,,50;) is LSVNN so we have 6; 4+ ¢; + 0; < 3t. Then the following steps of

the mathematical induction have been followed.

Step 1: For n = 2, we have

LSVNPWA (A1, A2) = &A1 @ EA

(0-)7) (1 0-%)")

Hence result is true for n = 2.
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Step 2: Assume the Eq. (10.2) is true for n = z, then for n = z + 1, we have

z+1 z

T; T; T. 11
@ — A= @ Ai @ Az
i=1 Zlel T; ' i=1 Zjill T; ' Z:i—ll T; ’

Il
/
»
o~
I/
—
|
w
Il =+
=l
—~
=
|
5
S~—
™
S‘N
IS
!
~
V)
-
w
=+
=5
~~
s
™
[
e
e
N——
V)
o~
w
L=
—
+2
—
™
““N
R
e
N——
N~ —

Hence the result given in Eq. (10.2), is true for all n € Z*

n &
Further, 0 € 4 <1 =0<1-%<1=0<1-J[(1-%) <1=0<
=1

n &i
t (1 — Hl (1 — %) ) < t. Similarly, we get
i

0<t (f[l (?>£> ot (ﬁ (?f) <t

Also,

(10-9) (1)) )

)

Thus, Eq. (10.2) is still LSVNN, which completes the proof of the theorem.

Example 10.3.1. Let Ay = (s1, s3,54), A2 = (83,2,51) and A3 = (s4, $1, $2) be three
LSVNNSs. Based on the score function of LSVNNs, we get I(S(A1)) = 3.3333, I(S(A2)) =
5.3333 and I(S(A3)) = 5.6667 and hence T} = 1, T, = 0.4167 and 75 = 0.2778. By

utilizing this information, we get

LSVNPWA (A1, A, As)

= 88(1712[(179/8)51')78 3 &)'° [ 3
i=1 ¢ 3 H (1/11/8) 8 7,1:[1 (UZ'/S)

1=1
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88 (1(1é)0.5902>< (17%)0.2459>< (1481)0.1639) ’ SS <(g)0.5902>< (%)0.2459>< (é)0.1639> ’

88 <(4)0_5902X (1)042459X (2)0.1639>
8 8 S
= (52.120% 52.26785 52.5390)

Theorem 10.3.2. Let A; = (sq,, 5¢;,50;) (i = 1,2,...,n) be the collection of LSVNNS,

then LSVNPWA operator satisfies the following properties:
(P1): (Idempotency) If all A; (i =1,2,...,n) are equal, i.e. A; = A, then

LSVNPWA (A1, Az, ..., Ay) = A

(P2): (Monotonicity) If A; = (s, Sy, Sor) and A; = (g, Sy, So;) be two collections of
LSVNNs such that 6, > 6;, ¥ < 1; and o, < o; for all 7, then

LSVNPWA (A}, Ay, ..., A7) > LSVNPWA (A, Ay, ..., Ay)

(P3): (Boundedness) Let A~ = (miin{s(;i},mlax{swi},mzax{sai}) and AT = (mzax{s(;i},

min{siﬁi}? min{sy,}), then
A~ < LSVNPWA (A, As, ..., A,) < A*

Proof. For a collection of LSVNNs, we have

(P1) Since A; = A for all i, then we have

LSVNPWA (A;, Ag, ..., A) :@Z@ T'A: E S TA.A:.A
i=1 ~i=17% i=1 ~i=170

(P2) Since 6, > 6; and §; = ZnTilT € [0,1]. Hence, we have
i=1 "1
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which implies

t(l—ﬁ(l—?)gZ) 2t<1—£[1<1—0;>&> (10.3)

Similarly, for ¢, < ; and o} < 0;, we can get

: @ (ﬁ)f) <t (1:1 <¢;>§> (104

@) e

Thus, from inequalities (10.3), (10.4), (10.5) and Definition 2.1.11 of Chapter 2, we

and

have

LSVNPWA (A}, A, ..., A.) > LSVNPWA (A1, Ay, ..., Ay)

(P3> Since miH{SQi} < s, < maX{Sei}> m.in{swi} < Sy < maX{Swi} and m.in{scn} <
i i i i i

So; < max{sy, }, thus from above property, we have
(2

A~ < LSVNPWA (A, Ay, ..., A,) < AT

O]

Next, we introduce the AO which unifies the concept of prioritized weighted average
with the ordered weighted operator and named as LSVN prioritized ordered weighted
averaging (LSVNPOWA) operator.

Definition 10.3.2. A LSVNPOWA operator is a mapping LSVNPOWA : Q" — Q

defined as follows:

LSVNPOWA (A1, Ay, ..., An) = EP &5 (10.6)
i=1
i—1
where 71 = 1 and T; = ] w(z = 2,3,...,n), 0 is permutation of (1,2,...,n)
k=1

such that §(i) > 6(i — 1) fori =2,3,...,n.
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Theorem 10.3.3. The aggregated value of all “n” LSVNNs A; = (sg,, Sy,, S¢;) by using
LSVNPOWA operator is still a LSVNN and is given by:

LSVNPOWA (A1, As, ..., Ap)

- (neey) i) o) o

Proof. The proof is same as of Theorem 10.3.1, so we omit here. O

Example 10.3.2. Consider the data as given in Example 10.3.1, we get 71 = 1, T =
0.4167 and T3 = 0.2778. Based on the score function of LSVNNs, we get I(S(A41)) =
3.3333, I(S(A2)) = 5.3333 and I(S(A3)) = 5.6667. Thus, I(S(A3)) > I(S(A2)) >
I(S(A1)) and hence Asqy = Az, As2) = A2 and Asiz) = Aj. Therefore, by using the
Eq. (10.7) and ¢t = 8, we get

LSVNPOWA (Ay, As, As)

= (e (e )
88 <1_(1_§>045902X (1_%>042459X (l_é)o.wsg) ’ 88 <(é)0.5902>< (%)0.2459>< (2)0.1639) ’

s
2 0.5902 1\ 0.2459 4\ 01639
(@) (")
= (53.3684, 51.4198, 51.8805)
As similar to LSVNPWA operator, the proposed LSVNPOWA operator also satisfies

the properties as mentioned in Theorem 10.3.2.

10.3.2 Prioritized weighted geometric operator

Here, we have presented some geometric AOs under LSVN environment.

Definition 10.3.3. Let A;, (i = 1,2,...,n) be a collection of LSVNNs. The LSVNPWG
operator is a mapping LSVNPWG : Q" — Q, such that

LSVNPWG(A, A, ..., Ay) = (X) A
i=1
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i1 /(s
where T =1 and T; = [] w
k=1

Theorem 10.3.4. For a collection of LSVNNs A; = (sg,, Sy, 55;), (1 = 1,2,...,n), the

(i=2,3,...,n).

aggregated value by using proposed LSVNPWG operator is still a LSVNN and is given
by:

LSVNPWG(Ay, As, ..., Ay)

_ S n N\ & , S N v . ,S . |
() ) o) o

Proof. 1t is similar to Theorem 10.3.1 and hence we omit them here. 0

Example 10.3.3. Let A; = (s9,51,584), A2 = (81, 82,53) and A3 = (s4, S5, 1) be three
LSVNNs. Based on the score function of LSVNNs, we get I(S(A1)) = 4.3333, I(S(A2)) =
4 and I(S(A3)) = 4.6667 and hence 77 = 1, Tp = 0.5417 and T35 = 0.2708. By utilizing

this information and ¢ = 8, we get

LSVNPWG Ay, Az, As)

S 3

Ngr S NS )
- 81.1;[1(%)6 8(1—1_]2[1(1—1’[;)52) 8(1—1_12[1(1—(;;)&1)

S

8((%)0'5517>< (%)O'QQSQX (%)0'1494) ! 88 <1(1213)0‘5517>< (17%)02989>< (12)04494) ’

S

8 <1_ (1_%)0.5517>< (1_%)042989>< (1_é)0.1494>

= (52.0865, S1.5646, 52.9837)

Here, we extend the prioritized weighted geometric operator to prioritized ordered

weighted geometric operator for the LSVNNE.

Definition 10.3.4. Let A; = (sg,, S¢;, S0,),(i = 1,2,...,n) be LSVNNs. Then a LSVN
prioritized ordered weighted geometric(LSVNPOWG) is defined as follows:

LSVNPOWG(A1, A, .., An) = Q) A5 (10.9)
=1

i—1
where T1 =1 and T; = [] w

k=1
such that §(i) > d(i — 1) for i = (2,3,...,n).

(1=2,3,...,n), and 0 is permutation of (1,2,...,n)
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Theorem 10.3.5. The aggregated value of all LSVNNs A; = (sg,, Sy;, S0;), (0 = 1,2,...,n),
by using LSVNPOWG operator is still a LSVNN and is given by:

LSVNPOWG(Ay, As, ..., Ap)
S R N S A A A O A R A (10.10)
(7)) e
Proof. The proof of this theorem is similar to above Theorem. O

Example 10.3.4. Consider the data as given in Example 10.3.3, we get 77 = 1, Ty =
0.5417 and T3 = 0.2708. Based on the score function of LSVNNs, we get S(A1) = 54,3333,
S(Ag) = s4 and S(A3) = sage67- Thus, I(S(A3)) > I(S(A2)) > I(S(A;1)) and hence
Asy = Az, As2) = Az and Ayseg) = A1. Therefore, by using the Eq. (10.7), we get

LSVNPOWG (A1, Az, As)

S : ) ) S i S ) i
— ( 8(2:1(068(1))51)7 8<1i1§[1(1¢58<i))§>7 8<1i1ﬁ1(1068(1))5>)
%)0,5517>< (%)O.QQSQX (%)01494), 58 <1_(1_5)0‘5517X (1_%)0'2989X (1_515)0‘1494) )

VA
oo
7N
—

S
8 (1_ (1_%)0.5517>< (1_%)0.2989>< (1_3)01494)

= (53.09097 52.6954 5 51.7833)

As similar to LSVNPWA operator, the developed operators, LSVNPWG and LSVN-

POWG also satisfies the properties as mentioned in Theorem 10.3.2.

10.3.3 Fundamental properties of the developed operators

n
Lemma 10.3.1. Let 2; >0, w; >0 ,=1,2,...,n, Y w; =1, then
i=1

n n
[T <> win (10.11)
=1 =1

with equality if and only if x1 =z = ... = x,



213

Theorem 10.3.6. For a collection of LSVNNs, A;; (1 =1,2,...,n), we have
LSVNPWA(A;, Ay, ..., A,) > LSVNPWG(Ay, Ao, ..., Ay)

Proof. Let A; = (s;, Sy, 50;); (1 = 1,2,...,n) be the collection of LSVNNs and 0 <
1 —(6;/t) < 1. Then by using Lemma 10.3.1 for & > 0, we have

i=1 =1
n 01 & n n (91
= T0(-%) =22 ()
=1 i=1 i=1

Thus, we have

t (1 —ilj[l (1 - i’>g> > ¢ <£[1 (9;>£> (10.12)

(%)) = (-11(0-%)°) 0.3
(th) st (1 - ﬁl (1- i)€> (10.14)

Thus, from the inequalities (10.12), (10.13), (10.14) and Definition 2.1.11 of Chapter 2,

Similarly, we get

we get
<St(1f11<1i@')“‘)’st(iﬁl(?)gf)’s (gﬁl(“g)&l))
z <St(ﬁ1(i> i)’st(lf}i(lfﬁ )§’>St(1lﬁl(1?)§l>>
Hence,

LSVNPWA (A}, As, ..., A,) > LSVNPWG (A, As, . .., Ay)
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Lemma 10.3.2. For any real numbers a,b € [0, 1], we have
a+b—ab>ab and 1—(1—-a)b>a
Theorem 10.3.7. Let A and A;; (i = 1,2,...,n) be a collection of LSVNNs then
(i) LSVNPWA(A1 DA, A2 DA, ..., A, DA) > LSVNPWA(A1® A, AR A, ..., A, ®A);
(i) LSVNPWG(A @A, A28 A, ..., A, ®A) > LSVNPWG(A1®A, A®A, ..., A,0A);
(iii) LSVNPWA(A1 ¢ A, A2 @ A, ..., A, & A) > LSVNPWA (A, Ag, ..., Ay) @ A;
(iv) LSVNPWG(A1 ¢ A, A2 @ A, ..., A, & A) > LSVNPWG(A, Ay, ..., Ay) @ A;
(v) LSVNPWA (A, Az, ..., A) @ A > LSVNPWA(A @ A, AR A, ..., A, @ A);
(vi) LSVNPWG(A;, Az, ..., A,) & A>LSVNPWG(A; @ A, AR A, ..., A, @ A);
(vii) LSVNPWA(A1, A, ..., A,) @ A > LSVNPWA (A, A, ..., Ap) @ A;
(vili) LSVNPWG( Ay, Az, ..., Ap) ® A > LSVNPWG(A;, Az, ..., A,) ® A.
Proof. We will prove the parts (i) & (iii) and the proofs of remaining are similar.

i) Since A; = (sg., Sv.»S0,), (1 =1,2,...,n), A= (89, Sy, S,) are LSVNNs and A > 0,
1 wl 1 w

be a real number, then

LSVNPWA(A @ A, Ay A, ... A, B A)

(St(aﬁ((l?)@W)’St(ﬁ(ﬁ#)&)’st(l

and LSVNPWA(A; @ A, Ay @ A, ..., A, @ A)

s
~~
Q
ex::“’q'
~—
"
&
~
v

) (St(lﬁl(lilffl)’st(ﬁl(l(1?)(1%:))“)’2(1&(1(1?)(1:»@))

By using Lemma 10.3.2, we have 0;/t + 6/t — (0;/t)(0/t) > (0;/t)(6/t) which implies
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that
1= 6/t —0/t+ 6,0/ <1—(6:/t)(6/1)
o (-8 ()10
- : & o\ &
= T1((-%) (-9)) <11(-%)
i ((CRICHIEE ()
Thus,

(-TT(-9) (-2) ) 2o (-1 -2

Also, we have 1 — (1 — 1;/t) (1 —¢/t) > ;9 /t?, which implies,

(T (%) () ) =T (1))

Similarly, we get

(6 0-0-0)) = (free))

Therefore, by using Definition 2.1.11 of Chapter 2, we get

LSVNPWA(A & A, Ay B A, ..., A, & A) > LSVNPWA(A, @ A, AR A,..., A, R A)

Hence the result.

(iii) By using Lemma 10.3.2, we have

((5))+ 0 (- THe- ) ()

)

(-10-3)) ()

Therefore,
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()
St f{i’?)
- f( (11 (%) )(‘f>>2f(ﬂ<‘”i¢>&)

Similarly, we can get

(- (T ) 0-9) =TT

1=

Hence, by Definition 2.1.11 of Chapter 2, we get

LSVNPWA(A; @ A, As @ A, ..., A, ® A) > LSVNPWA (A, As, ..., Ay) @ A

Lemma 10.3.3. For any two numbers, 0 < a,b < 1 and for A > 0 we have

1—(1-a)*1—=0)>(a)
and

(1—a)*b > —a™(1—10)

Theorem 10.3.8. Let A; = (s¢,,5y,,50;), (1 = 1,2,...,n) be a collection of LSVNNs and
A = (56, 5y, 55) be any other LSVNN, then for real number A > 0, we have

(i) LSVNPWA(MA; @A NABA, ..., AA, B A) > LSVNPWA (AT A, AR A, ..., A
A)

(ii) LSVNPWCGAA DA NADA, ..., A, BA) > LSVNPWG (A} @A, A3RA, ..., AA®
A)

(iii) LSVNPWA (A} DA, DA, ..., AADA) > LSVNPWANA; A, MR A, ..., AA,®
A)
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(iv) LSVNPWG (A @A, A38A, ..., ANBA) > LSVNPWG(AA @A, AR A, ..., AA,®
A)

Proof. We will prove part (i) & (iii) and the proofs of remaining parts are similar.

(i) Since A;(i =1,2,...,n) and A are the LSVNNs then for A > 0 we have

LSVNPWA(M; @ A A DA, ..., A, D A)

(Ao en)) (Al @))
(e 5)%)

and

LSVNPWA(A} @ A, A @ A, ..., A A)

(= (') ol (-0 )

By Lemma 10.3.3 , we have

1—(1—0;/t) (1—6/t) > (6;/t)* (8/t)
= (1-0;/t) (1 —0/t) <1—(0:/)(0/t)

< () () <R (' (0)

ey
< A1) () =002 (0-)

=

Similarly, we have

() ) ) = (- 0= (-9))
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Therefore, by Definition 2.1.11 of Chapter 2, we get

LSVNPWA(AA; & A Ay ® A, ... A, @ A)
> LSVNPWA(A @ A, A @A, ..., A\ @ A)

Hence the result.
(iii) Since A;(: =1,2,...,n) and A are the LSVNNs then for A > 0 we have

LSVNPWA(A} @ A, A @ A,..., A @A)

(A (-6 00)") (B (-0 ) )

and

LSVNPWA(MA; @ A, A2 @ A, ..., A, @ A)

(R -Ce)n)) (ACC-6)e-n))

From Lemma 10.3.3, (1 — (6;/1))(8/t) > —(6:/t)" (1 — (6/t)), which implies, 1 —
O/t) + (1= (6:/))(0/t) > 1= (0/t) — (6:,/) (1 = (6/1)) = 1 — (g/t)(l — (-
6:/))") > (1= (6/1)) (1= (6:/1)*) = ﬁ[l (1—(9/t)(1—(1—(0i/t>))\)) > ﬁl ((1—

n &

& :
o) (- @/0) 1= 1 (1-en- - em)) <111 (-

i=1

&
0/1)(1 - (91-/75))‘)> , which implies

(16D 0-))

Also, we have (1 —;/t)(¢/t) > —(vi/t) (1 — (/t)), which implies, (1/t) —
(1= v/ w/t) < (/t) + (/) (0= @) = ($) (1-(1-9) <1-



219

(1 = (;)A) (1- %) impies,
A(E(-C-2)) =t (- () 0-0)

Similarly, we have
n o g A fl n Ui A o fz
(I - 0-9) ) = (- (- () 0-9))
Hence, we get
LSVNPWA (A @ A, Ay @ A,..., A\ ® A)
> LSVNPWA(M; @ A, A @ A, ..., A, @ A)

O]

Theorem 10.3.9. Let A; = (s¢,, 5y,,50;), (1 = 1,2,...,n) be a collection of LSVNNs and
A = (sg, 5y, S5) is also LSVNN, then for A > 0, we have

(i) LSVNPWA(AA; ® A, MMs @ A,... A, ® A) < LSVNPWA(AAL, M, ..., AA,)
< LSVNPWA(MA; & A, Ay @ A, ..., AA, & A)

(il) LSVNPWG(AA; @ AN @ A, ..., My © A) < LSVNPWG(AAL, Ma, ..., Ay,) <
LSVNPWG(AA; & AN B A, ... A, & A)

(iii) LSVNPWA(A} @ A, A3 ® A, ..., A} @ A) < LSVNPWA(A}, A}, ..., A})
<LSVNPWA(A} @ A, A @ A, ..., A) & A)

(iv) LSVNPWG (A} @ A, A @ A, ..., A} © A) < LSVNPWG (A}, A3, ..., A})
< LSVNPWG(A} @ A, Ay D A,..., AN B A)

(v) A LSVNPWA (A}, As, ..., A,) ® A < ALSVNPWA (A1, As, ..., Ay)
< ALSVNPWA (A, As, ..., Ay) @ A

(vi) A LSVNPWG (A1, As, ..., An) ® A < ALSVNPWG(A;, As, ..., Ay)

< ALSVNPWG(A;, Ay, ..., A,) & A
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Proof. We will prove part (i) and remaining parts are similar.
(i) For any A; = (sp,, 5¢,,50;) and A = (sg, 5y, 55 ), We have

LSVNPWA(M; @ A, AA2 @ A, ..., A, @ A)

(L)) ) () en))

and
LSVNPWA(AAL, Mo, ..., AA)
(en(e-9)) (@)
(f1(5))
and

LSVNPWA(MA;1 & A MA@ A, ... ) 0A, & A)

(e (een)) (o))

S n oy A g &
(L))
We shall prove this part in two steps :

First, we first prove LSVNPWA (A @ A, MR A, ..., AA, @A) < LSVNPWA (AA;,
Ao, .. AR).

Since, 0 <1 — (1 —6;/t)* < 1,0 < (6/t) < 1, then based on the Lemma 10.3.4, we

have
1—(1—(1=0,/)Y(1—0/t) > (1—6,/t)"
- ﬁ<1— 1— (1 6,/t) )(1—9/t> >

=1

1((-2))
i )
<t (1 f[( )A>§z> (10.15)

.
.

:t1ﬁ<(eg>

1=
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Now, we have

Similarly,

(0= (-5 6-9)) =)

Therefore, from Eqgs. (10.15), (10.16) and (10.17), we get

==
—_
N
/N
N
>/
N———
o
N~
—
[a—
e
—
\]
N—

LSVNPWA(MM; ® A A @ A, ..., My ® A) < LSVNPWA(AA1, Ay, ..., AM,)

Later, we prove LSVNPWA(AA;, Mg, ..., \A,) < LSVNPWA(MA; @& A, A2 @
A MA@ A).

A
Since, 0 < (1 — @> <1,0< (1 — g) < 1, therefore we have

f[ ((ﬁ)AY) (10.19)

and
- g; >\ o i e o; )\ &
({16 @0) <o (1)) 0.0)
1=1 i=1
Therefore, from inequalities (10.18), (10.19) and (10.20), we get

LSVNPWA (M1, Ay, ..., AA4,) < LSVNPWAAA; @ A\ @ A, ..., A4, & A).

Hence, based on these steps, we get the result.
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Lemma 10.3.4. If Ay, As € [0,1] and a real number A > 0, we have
(i) A1 P Ay > A1 @ Ag;
(ii) AA; > A}

Theorem 10.3.10. Let A; = (sg,, Sy, 50;), (i = 1,2,...,n) be a collection of LSVNNs
and A = (sg, 5y, S5) is also LSVNN, then for A > 0, we have

(i) A LSVNPWA(A;, As, ..., A,) @ A> (LSVNPWA (A, Az, ..., Ax)) @ A
(ii) A LSVNPWG (A1, Az, ..., An) @ A > (LSVNPWG (A, Az, ..., Ap))* @ A
(iii) (LSVNPWA(A1, A, ..., A,))* @ A > ALSVNPWA (A, As, ..., A,) ® A

(iv) (LSVNPWG(A;, Ag, ..., Ax))* @ A > ALSVNPWG (A, As, ..., Ay) ® A

Proof. Proof is trivially follows from above Lemma and Theorems. O

10.4 An approach based on proposed operators for solving

DM problems

In this section, we present a DM approach based on proposed operators under linguistic

neutrosophic set environment.

10.4.1 Proposed approach

The description of the MADM is given in Section 2.5 of Chapter 2. Suppose the decision

matrix given by the decision-maker DM@ is denoted by rl(?) = (s p(@s S w(q),sg(q)) and

ij

hence formulated the LSVN decision matrix R(@ = (7“5?) . Based on these the follow-
nxm

ing steps have been summarized for describing the DM approach based on the proposed

operators as:

Step 1: Calculate Ti(f)(q =1,2,...,1), as follows

€9) .

Ty = 1L (10.21)
(@ _ ij/)

7 = ] —5 (10.22)



Step 2:

Step 3:

Step 4:
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Aggregate all the decision matrices into a collective one R = (74;)nxm by utilizing

the LSVNPWA or LSVNPWG operator which is as follows:

rij = LSVNPWA(ri! r) . oDy

§ (9 ) 8 7@ ) S 7@
e o -
— } o @\ ¥ T L@ ¥ T L@ x 1l
1 H <1_7‘tj> - ' H ( Zt] > - ' H <th> -
q=1 q=1 q=1
or
1 (2 @
Ty = LSVNPWG(TU N PRI )
§ 79 )8 79 )8 7@
2J 2] 23

= s Xl: TZ.(;I) ! »{@ Xl: Tz‘(Jq) l o0 zl: Ti,(Jq)
t H ( lf ) =1 t| 1— H <17 7«t.7 ) q=1 t] 1— 1_.[ (17 ztj ) q=1
g=1 1 1

Th = 1 (10.23)
j—1
I(S(ry;
T, = ( (tr J)); (10.24)
v=1

Aggregate these LSVNNs r;; into collective overall LSVNNs r; = (sg,, S¢;, S0, )5
1=1,2,...,n either by using LSVNPOWA operator:

ry = LSVNPOWA(T“, Ti2y e ooy rim) (1025)
S CTij N\ s S T , S T4
_ m y % Tyj y g Tij P % T;
= t|1-11 (1_95?]))1-:1 J i (wéiw))jzl J ¢| 11 ( 6551]))3:1 !
Jj=1 Jj=1 j=1

or by using LSVNPOWG operator

ry = LSVNPOWG(TH, Ti2y - .. ,T’im) (10.26)

S T4 , S T; ;S T;
m m

— m /0, > Ty m - X Ty m N 2 Ty
t H1<M) j=1 t] 1— H <1,M) J=1 t] 1— H (1,65(7#) j=1
j=
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Step 5: Calculate the subscript value of score function for each r;(i = 1,2,...,n), by using
I(S(ri)) = (2t +0; — i — 03)/3 (10.27)

Step 6: Rank the alternatives A;(i = 1,2,...,n) according to the descending order of

score values and hence choose the best one(s).

10.4.2 Illustrative example

In this section, the proposed approach has been illustrative by a numerical example.

Goods and Services Tax (GST) is one indirect tax for the whole nation, which will
make India a unified common market. While GST promises to the user in an era of the
unified indirect tax regime, integrating India into a single homogenous market, it comes
with certain complications inherited from the legacy tax regime. With the government
gearing up to enforce the GST in Punjab from July 1, the issue of traders having limited
computer knowledge and poor connectivity. In order to counter this, the state government
has planned to train more than 2,000 youths as ‘GST Mitra’ to cater the traders. Punjab
GST Mitra Scheme, which has to be started as a pilot project from Patiala, proposes to
assist taxpayers in furnishing the details of outward supplies, inward supplies and returns,
filing claims or refunds, filing any other applications, etc., in GST Regime. It aims to
create a group of Tax professionals available in the locality or at the doorstep of the tax
payer, at affordable costs throughout the State of Punjab.

The poor internet connectivity in far-flung areas has emerged as a big stumbling block
in the success of ‘GST Mitra’ scheme. In order to provide the online services to run this
scheme, state government is planning to give contract combinedly to private mobile service
provider along with state-owned BSNL. For this purpose, committee formed by the govern-
ment short-listed the four internet service provider, namely, Bharti Airtel (4;), Relience
Communications (Asg), vodafone India (Az) and Mahanagar Telecom Nigam (A4) un-
der the criteria: Customer Services (G;), Bandwidth (Gz), Pacakage Deal (G3), Total Cost
(G4). The prioritization relationship for the criterion are G; > Go > G3 = G4. The decision-
makers have evaluated these different alternative A;(i = 1,2, 3,4) under the set of criteria

Gj(j = 1,2,3,4) and give their decision preferences in terms of LSVNNs on the basis of
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the linguistic term set: Q = {so = “extremely poor”,s; = “very poor”, s = “poor”, s3 =

“slightly poor”,ss = “fair”,s; = “slightly good”, s = “good”,s; = “very good”, sg =

“extremely good” and obtains three decision matrices M@ shown in Table 10.1 which

are given by three decision-makers DM, DM@ and DM®B) respectively.

Then, the steps of the developed algorithms are executed as follows.

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

By utilizing the Eqgs. (10.21) and (10.22), we get

1111 [0.5416 0.5417
o b1l e 0.6250 0.5000
1111 0.6250 0.4583
111 1] 0.5417 0.5833
[0.2708 0.3385 0.2431 0.2188]
5 04688 0.2500 0.2951 0.3646

T7B) —

0.2865 0.1910 0.2674 0.2778

0.4167
0.7083
0.4583
0.5833

10.2708  0.3160 0.4375  0.4427 |

0.3750
0.5833
0.4167
0.7083)

Based on the information given in Table 10.1, the aggregated value obtained by

LSVNPWA operator using Eq. (10.2) are summarized in Table 10.2.

The values of T;; for the data given in Table 10.2 are computed as

0.6006 0.3924 0.2242]
0.6910 0.3644 0.2170
0.5677 0.2482 0.1262
0.5683 0.3218 0.2071

N
Il
— = s

By Eq. (10.7), the overall collective values of the alternatives A; are computed as

r1 = (83.7123, $2.2050, S2.7154), T2 = (S3.9492, S1.9681, $2.6355), T3 = (53.0489, $2.9908,

32‘8874)7 and rqy = (33.66947 52.3764; 32.1958)'

The subscript of the score functions for these numbers are I(S(r;)) = 4.9307 ,
I(S(rq9)) = 5.1152, I(S(r3)) = 4.3902 and I(S(r4)) = 5.0324.

Thus, the ranking order of the four alternatives, based on the score values, is

obtained as Ay = A4 = A; = Az and hence As is the best internet provider

company .
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On the other hand, if we utilize the LSVNPWG and LSVNPOWG operators instead

of averaging operators to find the best alternative(s) then the following steps has been

executed as follows,

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Same as above.

By applying the LSVNPWG operator, defined in (10.8), we get the aggregated

preference values, which are summarized in Table 10.3.

Based on the information in Table 10.3, calculate the values of Tj;(i = 1,2,3,4;j =
1,2,3,4).

[1.0000 0.5601 0.3227 0.1600)
1.0000 0.6772 0.3322 0.1717
1.0000 0.5287 0.2245 0.1097
1.0000 0.4800 0.2562 0.1557 |

By Eq. (10.10), we get the aggregated LSVNNs r;; (i = 1,2,3,4) as r1 = (83.3612,
52.8224, $3.6029); T2 = (53.5786, $2.4942, $2.9723), T3 = (52.3486, $3.2682, $3.0002), and

T4 = (53.2664, 52.7254, 52.8026)-

By Eq. (10.27), we get I(S(r1)) = 4.3120 , I(S(r2)) = 4.7041, I(S(r3)) = 4.0267
and I(S(rs)) = 4.5795.

According to the score values, the ranking order of alternatives is Ay = Ay >

A1 = As and hence A, provides best internet service.

10.4.3 Comparative Analysis

To further prove the validity and effectiveness of the proposed operator, we conduct the

comparative analysis by applying the LNNWAA operator [39] on the same illustrative ex-

ample by taking same importance to the decision makers and the criteria’s. The following

steps shows the procedure of DM process by means of LNNWAA operator as

Step 1:

The aggregated matrix is obtained by using the LNNWAA operator as shown in
Table 10.4.



227

Step 2: By using LNNWAA operator, we get the collective overall values r;(i = 1,2, 3,4)

as 11 = (54.3729, $1.9421, 52.2072), T2 = (53.4867, 52.2748, S2.7737), T3 = (527316, 52.8845,

52.9676) and 74 = ($3.2377, 52.3175, $2.6180)-

Step 3: The score values are S(r1) = 53779, S(12) = S4.8127, S(r3) = S4.2932 and S(r4) =

54.7674-

Step 4: According to the score values, the ranking order of alternatives is A; = Ag >

A4 = A3z and hence A; is best one.

It is clear that ranking as well the best alternative obtained by this method and the
method proposed in this work is slightly different. The possible reason for this difference
is that while aggregating the three decision matrix, the proposed operator consider the
priority relationship among the decision maker and taking weights according to the priority
relationship. Also, while aggregating the final aggregated matrix, the proposed operator
take the priority relationship into account with the ordered operators. But, these concepts

are not involved during the aggregation process done by the existing LNNWAA operator.

10.5 Conclusion

The linguistic approach represents the qualitative aspects, which can provide a different
way to express the uncertainty in the real world. The purpose of the work is to develop a
DM method which combines the concept of prioritization among the criteria’s and AOs to
aggregate the set of alternatives in order to reach a suitable and best-qualified alternative.
In this chapter, some linguistic neutrosophic prioritized operators have been developed
from both arithmetic and geometric points of view which consider the priority relationship
among the attributes. Further, these operators were employed to establish an innovative
MCGDM approach for evaluating the best alternative for the ‘GST Mitra’ scheme. Based
on the comparison analysis, we can conclude that the proposed method can be successfully
utilized in evaluating the best alternative and is more robust than simple algebraic and

geometric operators because of the involvement of the priority levels of different criteria.
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Table 10.1: Linguistic neutrosophic decision making matrices given by decision makers

g1 Go g3 G4
A1 | (84,84,83) (s3,81,85) (82,53,55) (s2,53,56)
DD Az | (54,83,52) (s1,52,83) (S5,51,83) (s3,51,54)
Az | (s5,83,53) (s2,53,84) (S2,54,83) (51,54,53)
Ag | (s3,85,51) (82,82,52) (s3,82,83) (s5,52,82)
A1 | (s3,85,52) (54,54,81) (83,51,84) (52,51,53)
PME Az | (s5,51,82) (s2,85,51) (83,85,54) (85,54,52)
Az | (s2,84,53) (52,83,85) (S4,52,81) (s3,51,52)
Ay | (s2,51,85) (83,83,83) (85,81,82) (84,52,51)
Ai | (s6,51,51) (s5,82,81) (87,82,81) (86,51,52)
DM Az | (s5,82,52) (s2,52,83) (s1,52,56) (53,854,55)
Az | (s1,82,53) (52,56,54) (83,54,53) (54,82,51)
Ay | (s3,85,84) (s2,51,86) (54,85,82) (51,52,56)
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Chapter 11

Possibility linguistic single-valued
neutrosophic sets and its
application

In this chapter, we develop a new concept named as possibility linguistic single-valued
neutrosophic set (PLSVNS) for better dealing with the imprecise and uncertain informa-
tion during the DM process. The presented idea considered the degree of the possibility
value towards each linguistic features of SVNS. The prominent characteristics of this set
are that it considers two distinctive sorts of information such as the membership, inde-
terminacy, non-membership degrees, and their corresponding possibility degree. Based
on the features of PLSVNS, theories of COPRAS method and weighted averaging and
geometric AOs have been defined where the weight vector of the attributes are computed
with some information measures. The applicability, as well as the feasibility of the devel-
oped methods, are explained with a numerical example. Finally, the advantages of the

presented concepts are explained.

11.1 Introduction

In the neutrosophic environment, the information which is evaluated is quantitative in

nature and is expressed by the means of numeric numbers. But in a real scenario, most

!The content of this chapter is published as “Algorithms for possibility linguistic single-valued neutro-
sophic decision-making based on COPRAS and aggregation operators with new information measures”,
Measurement, 138, pp. 278 - 290, 2019 (Impact Factor: 2.218).
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of the times the uncertain or imprecise data evaluated by the decision maker has the
qualitative aspects. Like, while figure out the level of ‘performance’ of any distributor
company, decision maker wants to convey his/her assessment by using the labels such as
“extremely poor”, “poor”, “fair”, “slightly good”, “very good”, “extremely good”, etc.
In these situations, the linguistic variables [196] are used to access the information and
deal with the qualitative data. In the field of NS environment, Li et al. [71] introduce the
concept of linguistic neutrosophic sets (LNSs) in which membership, indeterminacy, and
non-membership are expressed as a linguistic variable instead of real numbers. In recent
years, multicriteria methods such as Analytic hierarchy process (AHP), VIseKriterijumska
Optimizacija I Kompromisno Resenje (VIKOR) method, TOPSIS and COPRAS method
have been increasingly used for quantitative and qualitatively evaluation of complicated
economic or social processes. The aim of the evaluation is to choose the best alterna-
tives, ranking the alternatives in the order of their significance. Among these, COPRAS
method was firstly introduced by Zavadskas et al. [198] in 1994. This method compares
the alternatives and determines their priorities under the conflicting criteria by taking
into account the criteria weights. Chatterjee et al. [23] have done comparative analysis on
different methods such as AHP, VIKOR, TOPSIS, COPRAS with regards to a computa-
tional procedure, effortlessness, probability of visual understanding and kind of the data
and concluded that COPRAS strategy shows outperform among them. In the literature,
there are many applications of COPRAS method. For instance, Razavi Hajiagha et al.
[126] presented the COPRAS method for the information in the intuitionistic terms. Rathi
and Balamohan [125] used the COPRAS method to solve the group DM problem under
fuzzy environment. Zolfani et al. [203] applies the complex assessment strategy to the en-
vironmental issues by taking the decision problem. Bausys et al. [11] gives its contribution

to the COPRAS method in a neutrosophic domain.

Since all the above-stated studies are widely used into the different environment, but
under some certain cases, these existing approaches fail to be utilized for the issues where
the linguistic neutrosophic data is given by the experts over various criteria. Furthermore,
in the definition of the LSVNS, the possibility of each element of universal set related to

each criterion is considered as 1. This poses a limitation in the modeling of some problems.
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However, in some practical situations, the possibility of each element related to each object
may be different from 1. For instance, consider the linguistic term “intelligence” and
three experts evaluate the candidate. The possibility of the intelligence of a candidate
by the first expert can be 0.8. However, the linguistic rating values in terms of SVNSs
corresponding to a candidate is (ss, s2,84) where s3 represent the degree of agreement
towards the statement, so represent the degree of indeterminacy and s4 represent a degree
of falsity towards the statement. Based on it, the other experts can be expressed with
some different possibility values. Thus, to represent such information more clearly, there is
a need to introduce a set which represents all of the corresponding possibility neutrosophic

values.

From this point of view, we introduce the concept of possibility linguistic single-valued
neutrosophic set (PLSVNS) based on an idea that each of the elements of the universe has
got a possibility degree related to each element of the neutrosophic set. Also, we define
some basic operational laws, score and accuracy functions, comparison laws to rank the
different PLSVNSs. Based on the operational laws of possibility linguistic single-valued
numbers (PLSVNs), we stated some weighted averaging and geometric AOs. Furthermore,
this chapter extends the COPRAS strategy to the PLSVNS environment. The important
highlights of the COPRAS method are: (1) it consider both the angles of the criteria,
namely benefit and cost ones, based on the complex proportional assessment; (2) this
strategy is compelled to get the DM outcomes in a more convenient way; (3) this strategy
makes conceivable to figure out the gap between each alternative and the best one by
evaluating the utility degree. Owing to the advantages of both the AOs and COPRAS
method, the aim of this chapter is to tackle the challenges under the PLSVNS by developing
two MCGDM approaches to manage the information for PLSVNSs, which not only have a
great power in distinguishing the optimal alternative, but also can obtain met the optimal
conditions as per our real-life situations. Therefore, motivated from the features of AOs,

COPRAS method and LSVNS, the following are the fundamental targets for this work:

i) to present a new concept of possibility LSVNS and their associated score/accuracy

function, comparison laws and basic operational laws;
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ii) to propose different weighted averaging and geometric AOs under PLSVNS envi-
ronment where the information related to each object is represented in terms of

PLSVNNs;

iii) to develop some new distance measures for PLSVNSs to catch the closeness and the

discrimination among the sets;

iv) to establish the COPRAS method to rank the PLSVNSs;

V) to create two different algorithms based on AOs and COPRAS method to illuminate

group DM issues;

vi) to exhibit an illustration where significance of preferences based on PLSVNS decision

problems has been clarified.

11.2 Possibility linguistic SVN sets

In the section, we introduce the concept of PLSVNSs and hence define its some operational

laws.

Definition 11.2.1. A PLSVNS “A” in universal set X is defined as follows:

A= {(se(x),s¢(x),sg(x);p(x)) | z € X} (11.1)

which consists of two kind of information: one is LSVN value (sg(x), sy (z), s¢(z)) and
other one is possibility degree, p(z), of existence of this LSVN value for any z € X and
p(x) € (0,1] . For convenience, we denote A as (sg, sy, So;p) and named as possibility

LSVN number (PLSVNN).

To compare two PLSVNNSs, the score and the accuracy functions are stated as below:
Definition 11.2.2. Let A = (sp, sy, So;p) is PLSVNN. Then the score function (Sc) is
defined as

Se(A) = L2EF 93; Y=9) ¢ o1 (11.2)
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and the accuracy function (H) is defined as

0+ +o)

H(A) = 2L - € [0,1] (11.3)

Definition 11.2.3. For two PLSVNNs A and B, an order relation for ranking them is
defined as

(i) if Sc(A) > Sc(B), then A > B, where “>" means “preferred to”;
(ii) if Sc(A) = Sc(B), and H(A) > H(B), then A > B.

Next, we present some of basic operations laws between the two PLSVNNs and their

relations are studied.

Definition 11.2.4. For two PLSVNNs A; = (sg,, 8y, 50,3 01) and Az = (86, Sy, So03 D2),

we have

(1) Af = (s, 515 5015 1 — p1)-

(ii) A1 < Az if 01 <02, 91 > 92, 01 > 02 and p1 < pa.

(ili) A1 UAg = (max{sg,, se, }, min{sy, , Sy, }, min{sq, , 8¢, }; max{pi, pa}).
(iv) A1NAy = (min{sel, S0, 1, Max{ sy, , Sy, }, Max{ss,, Soy }; min{pl,p2}>.

Based on the Archimedean t-norms and conorms defined in Table 2.1 of Chapter 2,

the basic operational laws are as:

Definition 11.2.5. Let A; = (s¢;, 8¢, 55,5Pj), j = 1,2 be two PLSVNNs and A > 0, then
(D) A1 @ Az = (511-(1-01/)(1-02/0) St(wa102/82) St(r012)3 L = (1= 1) (1 = p2)).
(i) A1 ® Az = (54010, /12)1 St(1—(1—tp1 /8) (1—tb2 /1))> St(1— (1—0r1 /8) (1—0r2 /1)) P1P2) -

() A1 = (54110100 S o231 = (1= 20)%).

. A
(iv) A7 = (St(el/m’St(l—(l—wl/t)k)’5t(1—<1—al/t>*)?(pl) )

Theorem 11.2.1. If A; and Ay be any two PLSVNNs and A > 0 be any real number,
then A; @ Az, A; ® Az, A and A7 are also PLSVNN.
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Proof. Let A; = (sej,squ,saj;pj), j = 1,2 be two PLSVNNs then by the definition of

PLSVNNs, we have, 0 < 61,60y < t which implies that 0 < 971,972 < 1 and hence 0 <

1—(1—"71) (1—972)§1:>0§t<1—(1—971> (1—%))9.

Also, for 0 < 01,00 <t =0< %, 2 <1=0< %32 <1=0<6(92) <t

Similarly, we can get 0 <t (%) <t.

Further, since each component is independent and hence we get

01 0 0102 192
O§t<1—<1—t> <1—t>>+t< - >+t< e )§3t.

Also, 0 <1—(1—p1) (1 —p2) <1. Thus, A; & Ay is a PLSVNN. Similarly, we can prove
that A; ® As, AA; and .A{‘ are also PLSVNNSs. O

Theorem 11.2.2. Let A;, Ay be two PLSVNNs and A, A1, A2 > 0 be real numbers, then
(i) A @ Az = A2 @ Ay
(il) A1 ® Ay = Ay ® Ay.

(iii) A (A1 & A2) = AA1 & MMo.

(iv) (A1 ® A" = A @ A).
(v) ALAL @ Ao Ar = (A1 4 A2) Ay

(vi) A} @ AP = AP

Proof. Here, we shall prove (i), (iii) and (v) parts while the other will prove in same

manner. For two PLSVNNs A; = (sg,, Sy,, So1501) and As = (Sg,, Syas Sov; P2), We have

(i) It is straightforward.
(iii) By Definition 11.2.5, we have

| e e ey

S(zga)il ™ (1—=p1) (1 = p2)

+2

)\(./41 @Az) =
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Hence, A (./41 D ./42) =M D A\As.

(v) Since A; is PLSVNN and Ay, Ay > 0 are real numbers, so

AMAL B XA = (St(1—<1—9t1>>\1)7St(wtl)>\1,st(otl))\l;1 -(1 —pl))q)
v (St 1—(1—"%)&)’St(”’%)k”st("%)*?; it _Pl)A2>
[ty e e

A1+
eyt T Lo

st(l—(l—%>A1+A2> ) St(%>)\l+)\2’

)>\1+>\2

St(oil)MJrAzS - (1 — D1

t

= ()\1 + )\2) A

Hence, M A1 & A2 A1 = ()\1 + )\2) Aj.

Theorem 11.2.3. For three PLSVNNs A4, Ay and A3, we have
(i) (A1UA)® (A1 NA) = A1 @ As.
(i) (A1UA2) ® (A1 NAz) = A @ A

(iii) (A3 UA2) N As = (A1 NA3)U (AN A3).
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(iv) (AN Ag) U Az = (A1 U Ag) N (Az U As).
(v) (A1 UA2) @ Az = (A @ Az) U (A2 ® As3).
(vi) (A1 NA) ® Az = (A1 @ A3) N (A2 @ Asg).
(vil) (A1 UA2) ®@ Az = (A1 ® A3) U (A2 @ A3).
(vili) (A1 NA2) ® Ag = (A1 ® A3) N (A2 @ A3).
Proof. We shall proof the parts (i) and (ii) only, the rest will proved similarly.
(i) If A1 = (Spy, s Sou; P1) and Az = (S, Sy S0p; P2) be two PLSVNNs. Then

(A1 U ./42) (.Al N Az)
mac{so,, 9, ) min{ s, S, ) min{ s, 50,1 ey, o}

@ (mln{391,392} max{sy, , Sy, }, Max{ss,, Sos }; mln{pl,pg})

( ( max{sgl,SQQ}) (1 min{391,392}>> ) St(min{sd)l,st}max{swl,sw2}> )
© - t +2

St(min{sal,SUQ};aX{sal,30'2}); 1- (1 - maX{ppr}) (1 - min{plaPQ}))

t

(St(1—< —%) (1—972))"%(101;)2) ) St(agz); 1—(1—p1)(1— pz))

= A8 A

(iii) If A1 = (Sg,,Sy1sSo1301) and Az = (Sg,, Syy, So; P2) and Az = (Sgy, Sy, Soa;D1) be
three PLSVNNs. Then
(A1 UAy) N A3

= (max{sel,SQQ}, min{sy, , Sy, > min{sy,, So, }; max{pl,pg}) N (8055 Sips+ Soz3 P1)

= ( min{max{sg, , Sg, }, 50, }, max{min{sy, , Sy, }, Sy }, max{min{sy,, sou }, 503 };
min{max{pi, p2}, p3}>

= (rnin{s{;1 , 805 > aX{ Sypy » Sy MAX{ S0y s Sorg }3 min{p1,p3}) N
(min{892, 56, }, MAX{ Sy, Sy |, MAX{ Sy, Sy }5 MIN{ P2, p3})

= (A1NAs)U (AN A;3)
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11.3 Information measures and AQOs for the proposed PLSVNSs

This section presents the different measures and the AOs for PLSVNSs as follows.

11.3.1 Distance measures

Definition 11.3.1. Let A; and Ay be two PLSVNSs and 7 > 1, then the generalized

normalized distance between them is stated as

Lo ‘pl(l‘j)w — pa(a) U |y |y () 22D _p2(%‘)@
D; (A1, A2) = 4 57 2 . oo |” (11.4)
=t +‘p1(fﬂj) S = pa(ry) =

Theorem 11.3.1. The measure defined in Definition 11.3.1 satisfies the following axioms
(P1) 0 <D; (A1, A2) <1

(P2) D; (A1, A2) = 0if Ay = As.

(P3) Dr (A1, A2) = D (A2, Ar).

Proof. For PLSVNSs A; and A, we have

IN

(P1) 0 < 91(:’;‘),92(%) <1,0< My% <1,0< 0'1(;3]'),5’2(:']') < 1 and 0
xX

N
J—‘
|
—_
IN

p1(xj),p2(xj) < 1. Therefore, we get, —1 < pi(x )% —pQ(xj)GZ( i

IN

paa) 2 — p(a) 2 < 1 —1 < () 2 — paay) 2 < 1 and 0

T 0o (s . . o (z ol
‘pl(xj)%'})_m(wj)%ﬂ ”pl(wj)w—m(%‘)w 7’p1(xj) L)y () 21| <
1, which implies

9 T 0o (x; T T T T
[pr(a) 25 — o) 25| ) 22 — o) 2
0= Z T < 3n.
‘pl () 2 = po o) 252
Thus, we have
1
02(z;) |7 T 2T p=
1 ¢ )pl(x])M — p2(j) 2(tj) + Pl(xj)w—m(%’)w
0=435, Z <1
3n youleg) oy |7
J=1 + pl(xj) i p2(x]) I

Hence, 0 < D; (A1, A42) <1
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(P2) If Ay = Ay, then 01(x;) = Oa(x;), ¥1(x5) = ¥2(x)) , 01(x;) = o2(z;) and pi(z;) =

p2(z;) for all ;, which implies

DT -A17A2
‘pl x])w —Pl(xj)w + p1(f€j)¢1(t ) p(z )%(txj) -
e 22— )72
=0

(P3) This property is trivial.
O

Remark 11.3.1. From the Definition 11.3.1, it is stated that when 7 = 1,2, Eq. (11.4)

reduces to normalized Hamming and Euclidean distances, respectively.

Definition 11.3.2. For two PLSVNSs A; and As, the generalized normalized similarity

between them is defined as

Sr (A1, Ag)
1
_{Ls [p1(2) 2422 — () 20| o | () 2122 — () 2 7(11 5)
B sn = Noulzg) Noe(@) |7 .
+ Pl(l'j) L pQ(xJ) t

Theorem 11.3.2. The similarity S; (A1,.A2) defined in Definition 11.3.2 satisfies the

following properties:

(S1) 0< 8, (A1, As) <1

(S2) S, (Ar, Ag) = 1if Ay = As.
(S3) S: (A1, A2) = S (A2, Ar) .

Proof. Similar to above, so we omit here. O

11.3.2 Aggregation operators for PLSVINSs

For a collection of PLSVNNs A; = (sg,, 8y, So;; p;), we define the some weighted averaging
and geometric AOs. Let F'(X) be the collections of PLSVNN over the universal set X
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Definition 11.3.3. For “n” PLSVNNs A;;j = 1,2,...,n, the PLSVN weighted averaging
and geometric operators, denoted by PLSVNWA and PLSVNWG respectively, are defined

as:
PLSVNWA (A, As, ..., Ay) = éijj (11.6)
j=1
and
PLSVNWG(A;1, As, ..., A,) = é}Ajf (11.7)
j=1

n
where wj is the associated weight of A; with w; > 0 and ) w; = 1.
j=1

Theorem 11.3.3. The aggregated value of the collection of PLSVNNs A;;j =1,2,...,n,
by using PLSVNWA operator is a still PLSVNN and is defined as

PLSVNWA (A;, A, ..., Ay) (11.8)

= 5 n L\ W 78 mn L\ Wa 78 n N\ Wa 71_ (1_p)wj
(-fio-n) () (pe) e

j=1
Proof. We will prove Eq. (11.8) by applying the induction on n, which involves the

following steps:

Step 1: For n = 2, we have A; = (Sg,, Sy, Sov3P1) and Az = (Sg,, Sy, Som; P2). Thus, by
the operational laws of PLSVNNs, we have

s = (5 () 2o nst - 0
and
wnte = (5o ooy ) npyest = 00
Then, by using addition law, we get
PLSVNWA (A, As) = w1 Ay @ waAs
= (o) ey - )
& (o syt - 0-m)

Tt
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Thus, the result is true for n = 2.

Step 2: Assume that the Eq. (11.8) holds for n = r, then for n = r 4+ 1, we have

PLSVNWA (A1, Ao, ..., Ari1)
= @ wjA; © wri1Arg1
j=1

- S r N Wi 78 s N\ W 78 r N 71_ (]‘_p)wj
() (i) i) "

©® <5t<1(1ert+1)“’r+1) ) 5,5(@)“%“ ) St(a"%)“’rﬁLl 1—(1— pr+1)wr+1>

r+1
= S P41 0, \“j 'S [r41 v\ »S [r41 0\ ;1_H(1_pj)Wj
(-0 ) (e ) S (mer) s

Thus, the result holds for n = r + 1, then by principle of mathematical induction, the

result holds for all positive integers n. O

Theorem 11.3.4. The aggregated value for a collection of “n” PLSVNNs A; by using
PLSVNWG operator is still PLSVNN and is given as

PLSVNWG (A1, As, ..., Ap)

WS [ . IRV [ B0 (11.9)
7)) )

n
where w; is the associated weight of A; with w; > 0 and ) w; = 1.
j=1

<

|
VA
o~
<>
=
~
>

Proof. As similar to Theorem 11.3.3, so we omit here. O
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As an example of PLSVNWA operator, it is concluded that they satisfies the certain

characteristics which are given as below.

Theorem 11.3.5. For PLSVNNs A; = (s¢,,5y;,50;;P5);] = 1,2,...,n, with weights

vector w = (wy,ws, ... ,wn)T, the proposed operator satisfies the following properties:

(P1) (Idempotency) If all A; = A; Vj are equal where A is another PLSVNN, then

PLSVNWA (A, Az, ..., Ay) = A

(P2) (Monotonicity) Let B; = (303751&;’5%;17;) be another collection of PLSVNNs such

that 0 < 0;; % > 1, 0% > s5; and p; < p;. Then,

PLSVNWA (By, Bs, ..., B,) < PLSVNWA (A;, As, ..., Ay)

(P3) (Boundedness) If A~ = (min(sy, ), max(sy, ), max(s,, ); min(p;)) and A" = (max(sy, ),
j j J j j

min(sy, ), min(sy,); max(p;)) be two PLSVNNs, then
J J J
A~ < PLSVNWA (A1, As, ..., Ay) < AT
Proof. (P1) If Aj = A = (54, Sy, 503 p) for all j, then

PLSVNWA (A, A, ..., Ay)

] <St(1ﬁl<1?>“ﬂ)’st(.

~
i
/
w‘f
SN——
€
<
N———
V2]
ﬁ
<
T
/N
w‘j
SN——
€
<
N————
<
Il
i

= (86,5¢,50;D)
= A
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(P2) If ¢ < 0; for all j, then we have

0 A
9;'§9j = 1——]21_64
t t
9/‘ wj ) wj
= < —J> 2(1_63)
t t
i 0"\« n 0.\ %
-2 > _
= (%) =1(-7)
Jj=1 7j=1
n 9/ Wiy n 9 wj
- -] <1- _ 4
= -I(-2) =107
Jj=1 j=1
i g\ “i 0.\ i
(%)) oo
Jj=1 7j=1
Ontheotherhand,¢§-zwjforallj,whichimpliest(H(iﬁ') J >t 1 (%)wj
J=1 Jj=1
Similarly, we can provet(H (”Tg) j) Zt<H (ol'g)w]> and 1— ] ( —I%> i <
j=1 7j=1 j=1

1— ] (1 — %)% Hence, by Definition 11.2.4, we can easily deduce that
j=1

PLSVNWA (By, Bs, ..., By) < PLSVNWA (A1, As, ..., An).

(P3) As we know, mjin (sej) <sp, < max (89].) ) mjin (5%) <y, < max (s¢,), mjin (55,) <
8o, < max (sgj) and min (p;) < p; < max(p;). Then by using idempotency and
j j J
monotonicity properties , we can get PLSVNWA(A~, A™,..., A7) < PLSVNWA(A;,
Ao, ... Ay) < PLSVNWA (AT, AT, ..., AT) which implies

A~ < PLSVNWA(Ay, As, ..., A,) < AT,

11.4 COPRAS method with PLSVN information

COPRAS method is mainly developed by Zavadskas et al. [198], which consists of the direct
and relative dependencies of the importance and the utility degree of the alternatives under

the contrary criteria values. This method takes into consideration the given choices with
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regards to the distinct criteria and their corresponding weights. This method has the
capability to consider both beneficial and non-beneficial criteria, which can be evaluated
independently during the assessment process. The main advantage of this method is that
it can be utilized to calculate the utility degree of the given choices showing the degree to
which one alternative is way better or more awful than other opinions taken for comparison.

Consider a DM problem whose description is given in Section 2.5 of Chapter 2. As-
sume that rating information towards the assessment of the alternatives is provided by an
expert in terms of PLSVNNs «;; = (59” s Spiss Sois Pij), where 80:;» Sihij» So;; Tepresents the
satisfactory, indeterminant, non-satisfactory degree in linguistic term, respectively, and p;;
is the corresponding possibility of the LSVNN. Then the procedure to solve the MADM

problem by using proposed COPRAS method is summarized in the following steps.

Step 1: Summarize the collection information in terms of decision matrix K = (;)mxn-

Step 2: Construct the weighted decision matrix Ky = (Qij)mxn Where a;; = (sg , 7.
ij i

CE Dij) is computed as
az’j = WjQsj
- (‘%(1(1eg‘j)“j)73t<1/)tij)“f73t<fr”) w31 = (1 = pg)* ) (11.10)

Step 3: Assume that out of n attributes, k are of the benefit types (F7) and the remaining
n — k are the cost types (F2). In Fi, the higher is the rating values, the better
is the fulfillment of the goal. Thus, their rating values are aggregated by utilizing
PLSVNWA operator and get

k
Qi = Pa; (11.11)
j=1

k
= ~ wi\ s ~ wi\ 9 1_ 2
(%)) S ) S () T

Step 4: For F3, the lower is the values, the better is the fulfillment of our goal. Thus,
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their values are again aggregated by utilizing PLSVNWA operator and get

n—k
T o= @ a (11.12)

Jj=k+1

n—k
— S n—k T\ Wi )S n—k 7. “’"S n—k s w)l_ (1_5@])“}]

(i o)) i ) e AL

j=k+1 j=k+1 j=k+1
Step 5: Determine the minimal value of T; as:
Tiin = min{7;} (11.13)
K2

where minT; = min{T},Ts,...,Tn}.
K3

Step 6: Calculate the relative significance value or priority value of the alternatives by

using Eq. (11.14) as

<mm>§ o(T)
Sc

= Sc(Qi) + m
Se(Ts) ;

provided Sc(T;) # 0 (11.14)

The value of V; expresses the degree of satisfaction earned by the alternative. The
maximum value of V; represents the higher priority of that alternative i.e. Viax

is the best choice among the given choices.

Step 7: Compute the quantitative utility for each alternative as

U; = (VW ) x 100% (11.15)

where Vijax = max{V;} is non-zero. It can be easily seen that utility degree is
7

directly related with the relative priorities of the alternatives.

Hence, this COPRAS method permits for assessing the direct and relative dependence
of priorities and utility degree of the considered alternatives in a DM problem including
different criteria, their weights and the rating values of alternative with regard to all the

criteria.
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11.5 Approaches for solving DM problems

This section offers two different DM approaches which utilize based on the COPRAS
technique and the AOs with some new information measures under the PLSVNNs. The

presented approaches are illustrated with a numerical example.

11.5.1 Determination of the weight information

Consider a group DM problem whose description is given in Section 2.5 of Chapter 2 with
“I” decision makers DM(I), DM(Q), ..., DM (). Each decision makers evaluates the given
“m” alternatives in the form of PLSVNNs az(?) = (805‘?)’qu;g‘?)’sog‘?);pg?))' The complete
information of the decision maker ratings is summarizeé in njlatrix] M@,

Assume that the importance of each decision maker and criterion are given in the form
of weights as (A, A®) ... A®W) and (w1, ws, . .., w,) respectively such that 0 < A9, w; <
1 and i A9 = 1; i wj = 1. If the weights of such criteria and decision makers are
known qa: 1priori thenjjvle can easily utilized. On the other hand, if the information about

them are completely unknown then we utilize the following entropy measure procedure to

compute the weight vector of each decision maker and criteria.

(i) Weight vector for decision maker DMD g=1,2,... 1.

For the collection of ‘I’ decision maker DM DM ... DMWY the entropy E(9, (q
1,2,...,1) is defined as

Ms

B —

(Q) 0 (1 - 72-((1)>
sin +sin | ————~ | -1 (11.16)

2

(\/2 -1) S

where fy(q) 3m Z pl] (2t + 05}1) — %(}1) — J§?)>.

In DM problems, if decision makers have comparable almost distinctive choices for
different alternatives, the entropy value will be bigger. That is, the more prominent
value of entropy for the decision maker, the smaller is the differences between the
choices. According to entropy theory, if the entropy value is smaller over the choices
then more valuable information is provided by the decision maker in the DM pro-

cedure. Therefore, a decision maker with small entropy value will be given a higher
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(i)

priority than others. Then, by combining the above aspects, the weights for decision

maker DM(‘?); (g =1,2,...,1) based on the entropy E9 ig defined as:
1 — E@

A D — l
- E(@)
qg=1

(11.17)

l
where A9 € (0,1] and 3 A\ = 1. From the Eq. (11.17), it can easily conclude that
q=1

smaller the value of E(@, the greater weight will be assigned to the decision maker
DM,
Weight vector for each criterion G;(j =1,2,...,n)

For the set of ‘n’ criteria G1,Ga, ..., Gy, of the collective decision matrix, the entropy

Fj,(j=1,2,...,n) is defined as

Fj = m(\f12—1) ‘ml [sin (%J) + sin (W) - 1] (11.18)

1=

where

Ci 7

ij 0 g

- 1[G

1—D, (a(q) a+>

(@) -
g + [o
i

2

9(;1)
+

0|2 (@ i
iy o+ TG ij + Vig
Pij—¢ — Py | T

Pij=— — Py

2)1 (11.19)

+ _ + . : (@ _+) :
Here o = (393, swi;, sai—j,pij) is a positive ideal solution and D- (aij ,ozl-j) is the

Euclidean distance between the each preference value of decision matrices and the

positive ideal preference values a;.;. In order to evaluate the information by con-
sidering all the aspects, we define the weights of criteria by using entropy Fj as

follows:

(11.20)

n
where w; € (0,1] and )" w; = 1. From the Eq. (11.20), it can easily conclude that
=1

]7
smaller the value of F}, the greater weight will be assigned to the criteria w;.
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Now, based on the collective information under PLSVN environment and the weight

vector, we develop two new approaches based on COPRAS and the AOs to find the most

accessible alternative(s). The procedure steps fall under these approaches are described

below.

11.5.2 Approach based on COPRAS method

In this section, we present a DM approach to rank the given alternative(s) by using the

proposed COPRAS method under PLSVN environment. The steps involved in solving the

group DM problems under this approach are summarized as below, where the flow chart

is presented in Fig. 11.1.

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Aggregate the preferences of each decision matrix given by the different decision

makers DM@ in the form of the decision matrices M0 = (ozl(?)) into a single

decision matrix M = (a;;) by utilizing the PLSVNWA operator.
Compute the weighted decision matrix K, by using Eq. (11.10).

By using Eq. (11.11) to compute the aggregated values of the weighted decision

matrix for benefit type criteria.

Utilize Eq. (11.12) to aggregate the rating values of the cost type criteria into a

single ones.

Compute the relative priority values of each alternative by using Eqgs. (11.13) and
(11.14).

Determine the utility degree for each alternative by using Eq. (11.15).

Rank the alternative according to decreasing order of the utility degree.
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Figure 11.1:

| }

Define the alternatives Appoint a team of decision makers Determine the criteria

I_"

Formulate the group decision-making
problem using PLSVN'S information

l

Assign the rating values of cach

alternative using PLSVNNs

Compute the weight
vectors for decision
makers and criteria 1
If weghts are
I l l No known priori Yes
Utilize Eq. (11.17) to derive the Utilize Eq. (11.20) to derive
decision maker weights the criteria weights

Summarize the weight
information as #*! and @

}

Aggregate preference of each decision
maker by PLSVNWA operator

l

Computed the weighted
decision matrix by Eq. (11.10)

Aggregate the benefit criteria Aggregate the cost criteria
values by Eq. (11.11) values by Eq. (11.12)

Compute relative priority values
by Eq(11.13) and Eq.(11.14)

|

| Calculate utility degree by Eq.(11.15) |

Rank the alternatives

Expert satisifed?

Flowchart of the proposed approach based on COPRAS method
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11.5.3 Approach based on the AOs

In this section, we present a DM approach to rank the given alternative(s) by using the

proposed weighted averaging or geometric AOs. The steps followed under this approach

are summarized as below, where the flow chart is presented in Fig. 11.2.

Step 1:

Step 2:

In the decision matrix M@ transform the rating values (ozg?)) of each cost type

criteria into the benefit type by using the normalizing formula as

(D) : T
@ 3053_1),3%?),305?),17” > ; for benefit type criteria

VP

" . (9)

(11.21)
8,(0)8,(@, Sg(); 1-— Dij ) ; for cost type criteria
ij iJ iJ

and hence obtain the normalized decision matrix H@ = (rg-l)) corresponding to

each decision maker.

Aggregate the preferences of each decision maker towards the each alternative into
the collective one. For it, the preferences values TZ(;-]), qg=1,2,...,1 are aggregated
either by using PLSVNWA or PLSVNWG operator. For instance, if we utilize
PLSVNWA operator and weight vector A@ to aggregate each decision maker

preferences corresponding to each alternative then the overall values of alternative

A; under criteria G;, denoted by a; = (sg;;, Sy, S0y, Pij) 18 given by

Ckij

PLSVNWA( L@ r@) (11.22)

7‘] ’ Z] ’ 7y
! @)
S (@ NONEE (@) NONEE (@) NONE H ( p” )
= ! OU ! TPU i Uij q=1
tl1-11|1-—+ t| 11 t| I
g=1 t q=1 t q=1 t

On the other hand, if we utilize PLSVNWG operator to aggregate the preference

values of each decision maker then the aggregated values are computed as

Oéij

PLSVNWG( SN m) (11.23)

Tig +Tigo ' Tij
l (a)
@)\*
H (p,»j )

S A@y S ) S Ala)y
t H t|1-11 | 1——— t|1-J1 | 1———
q=1 t q=1 t q=1 t

A(@)
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Step 3:

Step 4:

Step 5:

Aggregate the values a;;(j = 1,2,...,n) by utilizing the weight vector of criteria
w;j(j = 1,2,...,n) and the appropriate averaging or geometric AO to get the
collective values of each alternative o;(i = 1,2,...,m). For instance, if we take

PLSVNWA operator to aggregate each value then we get the collective value

Q= (59i7 S'Ibia Sa'zvpl) as

Q; = PLSVNWA(OJH, (e 75T ,am) (11.24)

n

— S n N W y S n o\ wa y S n N 71_ (1_p2)wj
t(l—j]_[ (1-%2) J) t(jH (i) ]> t<jH (%) ]> 31;[1 ’

=1 =1

On the other hand, by taking PLSVNWG operator to aggregate the values, we

get
o = PLSVNWG((Xﬂ,O&Q,...,O&m) (11.25)
n
— S . 75 . 75 . 7H(p’l])wj
t —L tl1- 1——=L t1— 1——=2 i
(.07) (o 0mm)™) (o f1.0-%) ) 3
Compute the score value of the aggregate number o; = (s, Sy, 50,1Pi),0 =
1,2,...,n as

Se(ay) = PILE 01'3; Yi = oi) (11.26)

However, if the score values of two aggregated PLSVNNs are equal then, calculate

their accuracy values as:

H(ay) = pi(ei*;f”‘”) (11.27)

Obtain the ranking order of alternatives using Definition 11.2.3 and hence select

the most desirable one(s).
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Figure 11.2: Flowchart of the proposed approach based on AOs
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11.6 Numerical example

The above presented approaches are illustrated with a numerical example related to out-
sourcing supplier selection problem and compared their results with some of the existing

approaches.

In the following case study, we discuss the IT Outsourcing Selection problem. Millen-
nium semiconductors (MS), established in October 1995, is an ISO 9001—2015 organization
with the distribution of electronic components as its core expertise. MS is the leading dis-
tributor of electronic components in India is synonymous with innovation and today it is
one of the most reputed names in the market. MS has established roots in almost every
region of India with catering more than 1500 customers all segments from the last two
decades. It participates in innovative work, creation and showcasing of items, for example,
full shading ultra brilliance LED epitaxial items, chips, compound sun-powered cells and
high power concentrating sun oriented items. The branch workplaces of MS is situated
in Delhi, Bangalore, Hyderabad, Ahmedabad, Chennai and Mumbai in India and abroad
workplaces in Singapore and Shenzhen (China). MS contributes the extraordinary layer
part of labour and financial resources to its competition rather than IT. The outsourcing
of IT is a better option for MS as of its lack of ability to do it efficiently. Therefore, MS
selects the following outsourcing providers: Tata Consultancy Services (A1), Infosys (Az),
Wipro (Asz), HCL (A4) and TatvaSoft (As) under the four criteria namely, Design devel-
opment (Gi), Quality product (Gz2), Delivery time (Gs) and Cost (G4). Now to find the
more suitable or best outsourcing provider among the above choices, MS hires the three
decision makers DM DM and DM@ who have the responsibilities to evaluate the
given alternatives and rate their preferences in terms of PLSVNN on the basis of linguistic
term set with ¢ = 8. The rating values of these decision makers are summarized in the

form of the matrices in Table 11.1.

In order to compute the importance of each decision maker and criterion, we find
the weight vector associated with them by using rating values of each decision maker
summarized in Table 11.1. For it, by using Egs. (11.16) and (11.17), we compute the
weight vector to the decision maker DM(Q), g=1,2,3as AV =0.3333, \@ = 0.3337 and
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A3 = 0.3330. Similarly, the weight vectors corresponding to each criteria are computed by

utilizing Egs. (11.18) and (11.20) and hence we get w; = 0.3188, we = 0.2345, w3 = 0.1666

and wy = 0.2801. Then, based on these information, we applied the above developed two

approaches to find the most desirable alterative(s).

11.6.1 Results based on COPRAS method

The following steps of the proposed approach are executed on to the considered data to

find the most suitable alternative(s).

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Utilize PLSVNWA operator to aggregate the values of Table 11.1 and represent

the collective values in Table 11.2.

By using Eq. (11.10), the weighted decision matrix K, is represented in Table
11.3.

By using Eq. (11.11), the values of @;’s are computed as Q1 = (53.9969, $3.4511,
s3.7607; 0.2726), Q2 = (S3.8201, 53.1345, 53.5190; 0.2320), Q3 = (527389, 54.0031, 54.0034;

0.3567), Q4 = (s3.0427, 53.8353, S3.4440; 0.3466) and Q5 = (s2.5758, S4.2611, 53.7606;

0.2721).

By Eq. (11.12), we get T = (s2.8214, 53.8850, S4.7547; 0.2262), To = (S2.5772, S5.0721,

54.0373; 0.2125), T3 = (52.3203, $5.0720, S4.7723; 0.2804), T4 = (53.3650, 55.2043, 54.6455;
0.2256) and T5 = (s2.7551, S4.3069, S3.2846; 0.2137).

By using Eq. (11.14), we get the priority values as V7 = 0.2357, V4, = 0.2308,
V3 =0.2472, V4, = 0.2678 and V5 = 0.2070.

Thus, the utility degrees are computed by Eq. (11.15) for each alternative and
get Uy = 87.9963, Uy = 86.1720, Us = 92.2850, Uy = 100 and Us = 77.2776.

Based on the values of U;’s, we get the ranking order as A4 = A3z = A1 = Ay = As

and hence the best one is Aj4.
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11.6.2 Results based on AOs

The steps of the approach mentioned in Section 11.5.3 are executed as below:

Step 1: As attributes G3 and G4 are the cost types so the normalized decision matrices are
obtained by using Eq. (11.21). The updated decision matrices are summarized in

Table 11.4.

Step 2: With weights A2 ¢ = 1,23 and the data given in Table 11.4, we aggregate pref-
erence values by PLSVNWA and PLSVNWG operators. The aggregated values

corresponding to them are summarized in Tables 11.5 and 11.6 respectively.

Step 3a: By taking weight w;(j = 1,2,3,4) of the attribute and preference value summa-
rized in Table 11.5, the collective values of each alternative are obtained by using
PLSVNWA operator. The obtained values are o; = (84,6502, S1.6759, S2.8675; 0.5346),
a2 = (54.2708, 51.9873, 52.6049; 0.4826), a3 = (53.9177, 52.5380, 52.9814; 0.5806), cig = (53.8576,

525382, S2.8849; 0.6080) and a5 = (529333, 52.2040, S2.9741; 0.5278).

Step 3b: On the other hand, by utilizing PLSVNWG operator to values of Table 11.6, we
get o = (53.9210, 51.8%07, S3.8%01; 0.4893), a2 = (s3.2653, 52.3319, 53.3192; 0.4396),
a3z = (836117, S2.6842, 53.3163; 0.5199), ay = (s3.3501, S2.8224, S4.1309; 0.5920) and

as = (52.2265, S2.4149, S3.7717; 0.4811).

Step 4: By applying Eq. (11.26) to the values obtained during Step 3a, we get Sc(a;) =
0.3588, Sc(ag) = 0.3134, Sc(az) = 0.3483, Sc(ay) = 0.3657 and Sc(as) = 0.3005,
while score values for the values obtained from Step 3b are Sc(a;) = 0.2887, Sc(ag) =

0.2494, Sc(ag) = 0.2948, Sc(as) = 0.3058 and Sc(as) = 0.2413.

Step 5: The final ranking order of the given alternatives are obtained as A4 = A; = A3z >
As = As corresponding to PLSVNWA operator while A4 >~ As = A; = As = Aj to
the PLSVNWG operator. Here > refers “preferred to”. Thus, we conclude that Ay

is the best alternative among the given ones.
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11.6.3 Comparative analysis

In this section, the proposed approaches are compared with the various existing studies
in order to defend its dominance in DM problems. It is noticeable that the PLSVN
environment reduces to LSVN environment if we take the possibility of each element in
the PLSVNS as one. So, to analyze the behavior of our proposed approaches, we compare
them to the existing theories [39, 73] by taking the same numerical example. But for
this comparative study, we firstly convert the PLSVNNs into LSVNNs by fixing values of

P =1;(i=1,2,3,4,55=1,2,3,4,¢ = 1,2,3).

(i) Based on the reduction of PLSVNNs to LSVNNs, we apply the approach given by
Fang and Ye [39], on the considered example. Under it, we aggregate the given prefer-
ence values by using the existing linguistic neutrosophic number weighted averaging

operator and hence obtain the score values of each alternative A;(i =1,2,...,5) as

Sc(Ay) = 0.7194;  Sc(Az) = 0.7423;  Sc(As) = 0.6554;

Sc(Ay) = 0.6968;  Sc(As) = 0.6945.

Thus, the ranking order of the given alternatives is obtained as As = A; = Ay >

As = As and hence conclude that Ay is the best alternative.

On the other hand, if we utilize linguistic neutrosophic number weighted geometric
AO to aggregate the different rating values then the score values corresponding to

each alternative are obtained as

Sc(Ap) = 0.7111; Sc(Az) = 0.7321; Sc(As) = 0.6513;

Sc(Ayg) = 0.6732;  Sc(As) = 0.6838.

Based on these score values, we obtain the final ranking order of the alternatives as

A2>-.A1>-.A5>-.A4>.A3.

It can be easily seen that that ranking results are given by these operators and the
proposed approach based on operators totally vary from each other. This fluctua-
tion in results is due to various reasons. The approach used by the existing ones

didn’t normalize the given data but our proposed approach do so. Also, the AOs for
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PLSVNSs takes the possibility of each LSVNS but in the aggregate process of the
LSVNSs, the possibility didn’t come into play for numerical evaluations. Thus, we
can conclude that the ignorance of the one factor, that is, possibility degree in the
data shows the great divergence in final results. But it is clear that involvement of
the possibility of each member of the PLSVNS gives more reliable information in case
of complex uncertainties. Moreover, LSVNS is a particular case of PLSVNS. Thus,
we can say the proposed approach based on operators give more genuine results than

the existing one.

If we utilize the prioritized weighted averaging AQO, as given in Chapter 10 to the
considered data then the final score values of each alternative A;(i = 1,2,...,5) are

obtained as

Sc(A1) = 0.7006;  Sc(Az) = 0.7002;  Sc(As) = 0.6143;

Sc(Ay) = 0.6529;  Sc(As) = 0.6226.

Thus, the ranking order of the alternatives is obtained as A; = As = Ay = A5 = As

and get A; is the most desirable alternative.

On the other hand, if we utilize the prioritized weighted geometric AO to the given
information then the final scores are obtained corresponding to the given alternatives

are

Sc(Ap) = 0.6341; Sc(Az) = 0.6356; Sc(Az) = 0.5917;

Sc(A4) = 0.5771;  Sc(As) = 0.5503.

Based on these score values, the final ranking order of the given alternatives is ob-
tained as Ay = Ay = Az = A4 = As. From this study, it is observed that the final
ranking order of the given alternatives obtained through the proposed approach and
the existing approaches is entirely different. This is due to the fact that the com-
putational procedure to find the weights of the factors of the proposed approach is
different from the existing studies. In the existing studies, the weights of each deci-

sion maker and criteria are obtained by taking account the priority of each criterion
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while in the proposed approach, these weights vectors are computed by using the

entropy measures.

If we apply the TOPSIS method, as proposed by Liang et al. [73], under the LSVN
environment to the normalized decision matrices obtained by taking all the possibility
degree to be one, then the final ranking order of the given alternatives is obtained as
Ao = Ay = A3 = Ay = As. Compared this ranking order with the proposed ranking
order by COPRAS method, we found that ranking results by the TOPSIS method
are far apart from ranking results of COPRAS method. This difference is due to the
fact that both ranking methods adopt different strategies. In TOPSIS, calculation
and final ranking are obtained by involving the concept of worst and the best ideal
solutions of the DM problems under consideration. In contrast to this, COPRAS
method gives the ranking results without finalizing the ideal solutions and use the

procedure of aggregating the benefit and cost criteria individually which is not done

in TOPSIS method.

11.6.4 Advantages of proposed approaches

This section explores the advantages of the proposed work as follows.

(i)

Real life DM problems are often possibilistic and as well as qualitative in nature. This
chapter caught the significance of taking the idea of possibility along with the LSVNS
in demonstrating the present practical circumstances. As the assigned possibility
degree to the element of LSVNS represents the possibility of occurrence of linguistic
membership, indeterminacy, and non-membership, therefore, this combination has

high potential in true representation in the field of computational intelligence.

From the presented study, it is observed that the proposed operator is a general-
ization of the existing ones in the LSVNS environment if we put the value of the
possibility of each element in LSVNS equals to 1. As we take possibility as 1, so
the proposed PLSVNWA and PLSVNWG AOs reduce to existing Linguistic neutro-
sophic number weighted averaging and geometric operators [39], respectively. This

shows the proposed concept is much more generalized than existing ones.
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(iii) In this chapter, we use the COPRAS method as the ranking method which is a
suitable strategy to prepare the information in a sensible and effective way. The
strategy used by the COPRAS can process the criterion information from distinctive
points based on the complex proportional calculation, which contains more accurate
information compared with other strategies basically dealing with the benefit criteria

or the cost criteria.

(iv) This chapter introduces a new entropy measure that not only provides the overall
information about the amount of uncertainty imbued in the specific structure but
also used as an effective tool in the DM process. In the DM process, the allocation
of weights to the decision maker as well as criteria in order to signify the preference

of both, the proposed entropy measure has been utilized.

11.7 Conclusion

In this chapter, we have introduced the new concept of PLSVNSs along with information
measures and AOs under the same scenario. The current speculations just manage the
qualitative aspects without incorporation of possibility and hence the final outcomes are
sometimes inadmissible in grabbing the best choice. To resolve this, this chapter presents
the LSVNSs which are imbued with the possibility in the decision process and are named
as PLSVNSs. Also, in this chapter, we give the operational laws for this proposed set-
theoretic structure with uncertainties and then explore the various relationships among
these operations. Further, some weighted averaging and geometric AOs for the PLSVNSs
are proposed based on the averaging and geometric conception for assembled the PLSVNSs
in the single value. Also, the two approaches are given for evaluating the information with
completely unknown weights and these weights are calculated by utilizing the entropy
measure. The illustrative example demonstrates all the concepts of the proposed work in

this chapter.
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Table 11.2: Aggregated decision matrix by PLSVNWA operator used in COPRAS method

Gi

Ga

gs

G4

5.7109, 51.5878, 51.5871; 0.4056

55.3789, 51.25965 52.0000; 0.4233

A v
A v
AE w@mﬁmww%fmwwm@?o mmmC
($5.4807, 52.6204, 51.2506; 0.66983)
( )

54,0000, 52.5204, 51.5874; 0.5838

5.7108, 51.9991, 52.8845; 0.6699

55.71065 51.8169, 51.5874; 0.4570

A v
A v
A&om&twww%?mwmm@?oﬂwmv
(53.00005 $1.5870, 52.7144; 0.6698)
( )

54.0848 52.6211, 52.8842; 0.4190

($5.116, 51.5878, S2.8849; 0.6366)
$3.6914, 52.8842, 52.0000; 0.5281
$4.00005 52.8841, 52.0000; 0.7115

( )
( )
A.&.m@w? $3.1748, 52.0000; 0.4959 v
( )

$5.00005 52.0000, 51.2596; 0.4151

54.8932, 52.5204, 52.2807; 0.4572

85.1158, 51.2596, 51.5878; 0.4686

A v
A v
A,ﬁ,ﬁmfE.mmqm“mw.mm%wo.mmmv
(56,0000, 52.6204, 52.6204; 0.5358)
( )

54.8245, 51.8169, 51.00005 0.5358

Table 11.3: Weighted decision matrix

G1

G2

g3

G4

82.6315, 84.7775, S4.7772; 0.1316

$92.3946 54.43765 S5.1423; 0.1347

A v
A v
Am:s?.wmwmm?.wmu%ﬁoEmov
(5246505 $5.6049, $4.4376; 0.2199)
( )

$1.58615 85.5358, S4.7772; 0.1909

82.03465 85.7788, 56.2077; 0.1624

$2.0344, 55.6507 55.47465 0.1096

A v
A v
A&.mw?mm.@mm?ma.wmmao.:@v
(50.83505 $5.4743, 56.2086; 0.1624)
( )

51.2344, 56.1579, 56.2976; 0.1003

$1.25065 56.11085 56.7500; 0.1097

80.78365 $6.7497, 56.3504; 0.0905

A v
A v
Amomﬂm?mi@?mmwm?oHmwv
(51.1659, 56.8585, 5635043 0.0848)
( )

$1.20595 56.3504, 55.8796; 0.0707

51.8619, 55.0860, 55.6353; 0.1308

51.9884, 56.0116, 55.0860; 0.1341

A v
A v
A&.Smbm@o:?mm.osomo.:@v
(52.5743, 56.1754, 55.8522; 0.1538)
( )

51.8242, 55.4257, 54.4683; 0.1538
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Table 11.5: Aggregated decision matrix by PLSVNWA operator

g1 Go gs G4
A1 | (85.7100, 51.5878, 51.5874; 0.4056) (857109, $1.9990, S2.8844; 0.6699)  (83.0678, S1.5878, S4.1617; 0.3684) (52,3542, 52.5205, 54.4818; 0.6084)
As | (55.3780, 51.2506, 52.0000; 0.4232)  (85.7106, 51.8169, 5158743 0.4570) (82,0000, 52.8843, 53.6346: 0.5283)  (51.6840, 51.2506, 54.9328; 0.5359)
As | (s4.3654, 52,2801, 52.28045 0.6581)  (s4.0848, 522801, 52.28043 0.7381) (527503, 52.8840, 54.0000; 0.3048)  (s3.8408, 51.5878, S4.2179; 0.4191)
Ay | (85.4807, $2.6204, 51.2506; 0.6698)  ($3.0000, 51.5870, 52.7143; 0.6698)  (2.0000, 53.1749, 54.4812; 0.5842)  (53.0000, 52.6204, 6.0000; 0.4687 )
As | (54.0000, 52.5205, 51.5873; 0.5838) (540848, S2.6211, S2.8843; 0.4190)  (81.3503, 52.0000, 55.0000; 0.6317)  (51.0000, 51.8169, 54.5782; 0.4687)

Table 11.6: Aggregated decision matrix by PLSVNWG operator

G Go g3 Ga
Ay | (85.6466, S1.6840, S1.6837; 0.3915) (55,6467, 52.4811, 53.8307; 0.6074)  (s2.8849, 516840, S5.1166; 0.3634) (52,2808, 52.7593, S4.8033; 0.5428)
As | (85.3130, 51.3503, 52.0000; 0.3636) (55,6463, 52.0577, S1.6837; 0.3914) (82,0000, 53.0672, 53.6915; 0.4718) (515878, 51.3503, 55.1157; 0.5314)
As | (54.3085, 52,3534, $2.3537; 0.6215)  (53.9144, 52.3534, 52.3537; 0.6318)  (52.5205, 53.0672, $4.0000; 0.2885)  (3.4210, 51.6840, S4.4437; 0.3780)
Ay | (55.2422, 52,6864, 51.3503: 0.6649) (530000, 51.6833, 53.2377; 0.6649)  (52.0000, $3.4212, 54.80243 0.5041)  (53.0000, 52.6864 56.0000; 0.4642)
As | (540000, 527593, 5219115 0.5039)  (53.9144, 52.6870, 53.0672; 0.3779)  (51.2596, $2.0000, 5.0000; 0.5849)  (51.0000, 52.0557, S4.8245; 0.4642)
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