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Abstract

In this thesis, we study the applications of Lie group theory to the nonlinear partial

differential equations (PDEs) or their systems which represent some of the important

physical phenomena. Our primary objective in this thesis is to identify the symmetries

of PDEs in order to obtain exact solutions and a further point is also to discuss the inte-

grability and physical behaviour of the equations. The investigations carried out in this

thesis are confined to the applications of Lie group methods to the six nonlinear systems

which are the (2+1)-dimensional Calogero Degasperis (CD) equation with its generalized

form, the coupled Klein-Gordon-Schrödinger (KGS) equation along its variable coeffi-

cients form, the (2+1)-dimensional potential Kadomstev Petviashvili (PKP) equation

and its generalized form, the generalized Dullin-Gottwald-Holm (GDGH) equation and

the generalized Bretherton equation.

Our thesis comprises of six chapters. In the introductory part some important features

of Lie groups and symmetries are demonstrated and the mathematical fundamentals of

continuous group theory are reviewed which are of great importance to the work dealt

in Chapters 2-6.

In Chapter 2, we study the (2+1)-dimensional Calogero Degasperis equation and its

generalized form for similarity reductions and exact solutions. For CD equation, we have

derived infinite-dimensional symmetries involving two arbitrary functions Q(t), R(t) and

for certain specific values of arbitrary functions involved in solutions, we obtain periodic

and kink wave solutions. In this Chapter, the CD equation with time dependent coef-

ficients (VCCD) has also been investigated using symmetry approach. The interesting

outcome of the study is that the VCCD equation is shown to be Painléve integrable and

also yields new physically important solutions.

Chapter 3 is devoted to the use of combination of Lie group method and modified

(G′/G)-expansion method to KGS equations. Firstly, we have derived the symmetries

of KGS equations and use them to reduce equation to a nonlinear ODE system. Then,

with the use of modified (G′/G)-expansion method, more explicit traveling wave solu-

tions involving arbitrary parameters are found out, which are expressed by the hyperbolic

functions, the trigonometric functions and rational functions. The variable coefficients

KGS equation has also been studied for symmetries and new physically important solu-

tions.
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In Chapter 4, the (2+1)-dimensional PKP equation has been investigated for symme-

tries and exact solutions as this equation has many physical applications from water

waves to plasma physics and field theories. The symmetries of PKP equation turn out

to be infinite dimensional and using the obtained symmetries, we have reduced equa-

tion to (1+1)-dimensional PDEs in three different cases. The reduced PDEs are again

studied for their reductions to ordinary differential equations (ODEs) and then besides

recovering certain available results, some new interesting results are derived. As the

variable coefficient generalizations of PKP equation (VCPKP) are able to provide more

realistic models in physical situations, so we have also studied the Painléve properties,

similarity reductions and invariant solutions of VCPKP equation in this chapter.

Chapter 5 is concerned with a new generalized DGH equation (GDGH) which has

been investigated for its classical and nonclassical symmetries. We have also obtained

new solutions of GDGH equation corresponding to different choices of arbitrary function

involved f(u).

Chapter 6 deals with the investigation of symmetries and exact solutions of generalized

Bretherton equation with variable cooefficients which contains some particular impor-

tant equations such as Duffing equation, Landau-Ginburg-Higgs equation, sin-Gordon

equation and φ4 equation. In this Chapter, sech-ansätz method and some other methods

are successfully used to obtain solitary wave solutions.
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Chapter 1

Introduction

1.1 Literature Survey and Motivation

Problems of physical interest are often translated in terms of differential equations that

may turn out to be linear or nonlinear, ordinary or partial. Exact solutions of these

resulting equations are of much interest both from mathematical and application points

of view. On account of their applications in the disciplines of mathematics, chemistry,

engineering and in almost all branches of theoretical physics, including classical me-

chanics, quantum mechanics and relativity, differential equations and their symmetries

have retained their central role. One reason for the overall prominence of the concept

of symmetry is its nativeness and its simplicity. Intuitively speaking, a symmetry is a

transformation of an object leaving this object invariant. This is clearly such a general

property that it can be recovered almost everywhere in nature and, correspondingly, in

numerous areas of science and art.

The concept of continuous symmetry is formalized by Lie groups and thus, become a

part of the foundations of mathematics. They link with many branches of mathematics,

from analysis to number theory, passing through topology, algebraic geometry and so

on. The main motivation for investigating symmetries of differential equations is:

• Mapping known solutions to other solutions,

• Extensions to methods of integration of ordinary differential equations,

• Construction of invariant solutions, i.e., solutions which are unaltered under the

action of a subgroup of the admitted group, and,

• Detection of linearising transformation.

1



Chapter 1. Introduction 2

The symmetry analysis of differential equations was developed and applied by Sophus Lie

[130] during the period 1872-1899. Despite of its important features, the Lie’s approach

to differential equations was not exploited for half a century and only the abstract theory

of Lie groups grew. It was in the Forties of last century, with the work of G. Birkhoff

[47] and I. Sedov [77] on dimensional analysis, that the theory gave relevant results in

concrete applied problems and then, it was developed to an advanced state through

the pioneering efforts of Ovsiannikov [83] in the late 1950’s. By the late 1960’s and

early 1970’s, the whole field was active again and new applications of group theory were

being developed by a number of researchers including Cantwell [24], Bluman and Cole

[50], Bluman and Anco [49, 52], Bluman and Kumei [53], Stephani [54], Hydon [109],

Olver [111], Ibragimov [101], Grundy [117], Bhutani et al. [104, 105, 106], Hill et al.

[31, 62, 63, 64], Clarkson and Mansfield [108], Gagnon and Winternitz [76].

Lie symmetry analysis of differential equations provides a powerful and fundamental

framework to the exploitation of systematic procedures leading to the integration by

quadrature of ordinary differential equations, to the determination of invariant solutions

of initial and boundary value problems, to the derivation of conservation laws, to the con-

struction of links between different differential equations that turn out to be equivalent.

Lie has eastablished that if an ODE admits a one-parameter group of transformations,

then special solutions called invariant solutions can be constructed without knowledge

of the general solution of the ODE. Such solutions are invariant curves of the group.

For an exhaustive review of Lie’s work on this aspect, we refer to the works of Lie and

Engel [131], Cohen [7], Goursat [38], Dickson [75], Ince [40] and Hermann [118].

The key idea of Lie’s theory of symmetry analysis of differential equations relies on the

invariance of the latter under a transformation of independent and dependent variables.

This transformation forms a local group of point transformations establishing a diffeo-

morphism on the space of independent and dependent variables, mapping solutions of

the equations to other solutions. Any transformation of the independent and depen-

dent variables in turn induces a transformation of the derivatives. Lie showed that the

problem of finding the Lie group of point transformations leaving invariant a differential

equation (ordinary or partial), i.e., a point symmetry of a differential equation (DE),

reduced to solving related linear systems of determining equations for its infinitesimal

generators. He also showed that a point symmetry of a DE leads, in the case of an ordi-

nary differential equation, to reducing the order of the DE and in the case of a partial

differential equation, to finding special solutions called invariant (similarity) solutions

of the DE. In this direction, some recent contributions are from Gandarias and Bruzón

[93, 94, 97], Nucci [87, 88], Anco and Dennis [126], Biswas et al. [25], Gupta et al.

[72, 73, 99, 100, 121, 122, 135], A. Bihlo et al. [1, 2], Sharma et al. [149, 150], Y.K.

Gupta et al. [163, 164].
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Modern developments in applications of Lie group methods have proceeded in a variety

of directions. General theories of infinite-dimensional Lie groups and algebras [152] and

Lie pseudo-groups, arising in relativity, field theory, fluid mechanics, solitons, and geom-

etry, remain elusive. Higher order or generalized symmetries, in which the infinitesimal

generators also depend upon derivative coordinates, first proposed by Noether [41] have

been used to classify integrable (soliton) systems. Recursion operators are used to gener-

ate such higher order symmetries, and, via Noether’s theorem, higher order conservation

laws [111]. Most recursion operators are derived from a pair of compatible Hamiltonian

structures, and demonstrate the integrability of biHamiltonian systems. The higher

order symmetries also appear in series expansions of Bäcklund transformations in the

spectral parameter.

Lie’s classical theory is a source for various generalizations. Among these generalizations

there are the following techniques:

1. Nonclassical method [51]

2. General method of differential constraints [42, 112]

3. Introduction of approximate symmetries [102, 148]

4. Generalized symmetries [111]

5. Equivalence transformations [56]

6. Nonlocal symmetries [53, 110, 111]

There also exist alternative methods, which are not based on the applications of group

theory, such as Direct method [107], Bäcklund transformation [27], Painlevé analysis

[66, 67], Inverse scattering transformation [90]. Recently, a variety of powerful methods,

such as the tanh-sech method [16, 155], extended tanh method [17, 125], sine-cosine

method [6, 18], Hirota method [19, 20], homogeneous balance method [36, 95], Jacobi

elliptic function method [26, 37], F-expansion method [61, 86], homotopy perturbation

method [28, 146], variational iteration method [58, 59], non-perturbative method [60],

extended (G′/G)-expansion method [127], modified (G′/G)-expansion method [160] were

developed.

The work comprising this thesis is based on the applications of two techniques viz.

Lie classical method and nonclassical method. The prime motivation in carrying out

this study has been to demonstrate the importance and efficacy of these methods over

various other methods available in literature. Some specific physical sytems, governed

by nonlinear partial differential equations have been considered to accomplish the task.
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The description of the various systems studied and forming the subject of investigation

for different chapters is made in brief in section (1.8). The problems studied are dealt

with in two phases - in the first, the symmetries of the sytem under investigation are

derived using either of the above mentioned method and then in the second phase, after

successful deduction of the reduced systems of ODEs, the efforts are confined to furnish

the exact solutions with the help of the following methods:

1. Hyperbolic functions expansion method

2. Jacobi elliptic function method

3. Extended (G′/G)-expansion method

4. Modified (G′/G)-expansion method

In some (2+1)-dimensional problems, we have also studied the Painlevé properties of

the equation and used classical method two times to reduce the equation to ODE and

then find solutions using above written methods.

After giving a brief survey of the available literature relevant to the work put up in

chapters, we reproduce in the following sections, certain characterstic features of the

techniques utilized, general notions essential for understanding and carry over of the Lie

classical method, nonclassical method to find more solutions, Painlevé analysis to check

integrability, Hyperbolic functions expansion method, Jacobi elliptic function method,

Extended (G′/G)-expansion method, Modified (G′/G)-expansion method to furnish new

solutions.

1.2 Lie Classical Method to Construct Solutions of PDEs

In this section we will show how to find local symmetries of a given PDE system. A

local symmetry maps solutions of the PDE system into one-parameter families of solu-

tions. However, there can exist solutions that map into themselves, i.e., are invariant,

under the action of a local symmetry of the PDE system. Such solutions are called in-

variant solutions (similarity solutions) and include the well-known self-similar solutions

(automodel solutions) that result from scaling symmetries. The method of finding in-

variant solutions is commonly referred to as the classical method. To start with classical

method, we will firstly present some fundamentals of Lie group theory [24, 49] (refer to

sections (1.2.1) to (1.2.7)).
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1.2.1 One-Parameter Lie Groups

Let the vector x = (x1, x2, ..., xn) lie in some continous open set D on the n-dimensional

Euclidean manifold Rn. Define the transformation

T ε : {x∗ = X(x; ε)} . (1.2.1)

The function X is infinitely differentiable with respect to the real variables x and an

analytic function of the real continous parameter ε, which lies in an open interval, S. The

transformation T ε is a one-parameter Lie group with respect to the binary operation

of composition if and only if:

(i) There is an identity element ε→ ε0 such that

T ε0 : {X(x; ε0) = x} . (1.2.2)

(ii) For every value of ε, there is an inverse ε→ εinv such that

T εinv : {X(x∗; εinv) = x} . (1.2.3)

(iii) The binary operation of composition produces a transformation i.e. a member of

the group T ε1 .T ε2 = T ε3 , i.e., the group is closed. Consider two members of the

group,

T ε1 : {x∗∗ = X(x∗; ε1)} , (1.2.4)

and

T ε2 : {x∗ = X(x; ε2)} . (1.2.5)

If we compose T ε1 , T ε2 , we get

T ε3 : {x∗∗ = X(x; ε3)} , (1.2.6)

where ε3 = φ(ε1, ε2) ∈ S. The function φ defining the law of composition of T ε is an

analytic function of ε1 ∈ S and ε2 ∈ S and is commutative, i.e., φ(ε1, ε2) = φ(ε2, ε1);

thus, Lie groups are abelian.

(iv) The group is associative, i.e.

(T ε1 .T ε2).T ε3 = T ε1 .(T ε2 .T ε3) (1.2.7)
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1.2.2 Infinitesimal Form of a Lie Group

Consider a one-parameter Lie groups of the form

T ε : {x∗ = X(x; ε)} , (1.2.8)

where ε is the group parameter and assumed to be defined in such a way that the identity

element is ε0 = 0. Now, expanding (1.2.8) in a Taylor series about ε = 0, we get

x∗ = x+ ε
(
∂X(x;ε)
∂ε

∣∣∣
ε=0

)
+ ε2

2

(
∂2X(x;ε)
∂ε2

∣∣∣
ε=0

)
+ ...

= x+ ε
(
∂X(x;ε)
∂ε

∣∣∣
ε=0

)
+O(ε2).

(1.2.9)

The derivatives of X(x; ε) with respect to the group parameter ε evaluated at ε = 0 are

called the infinitesimals of the group and are denoted by ξ(x), where ξ(x) = ∂X(x;ε)
∂ε

∣∣∣
ε=0

.

1.2.3 Lie Series, Group Operator and Infinitesimal Invariance Condi-

tions for Function

A function ψ(x) is said to be invariant under the Lie group of transformations (1.2.1)

if and only if

ψ(x∗) = ψ(x) (1.2.10)

or equivalently, if and only if ψ(x) satisfies the condition

n∑
i=1

ξi(x)
∂ψ(x)
∂xi

= 0. (1.2.11)

The operator

X = X(x) =
n∑
i=1

ξi(x)
∂

∂xi
. (1.2.12)

is called the group operator or the infinitesimal generator and Xψ is called the Lie

derivative of ψ. Procceding to higher order derivatives, we can write ψ(x∗) as a Taylor

series around ε = 0:

ψ(x∗) = ψ(x) + εXψ(x) +
ε2

2
X2ψ(x) + ...+

εn

n!
Xnψ(x) +O(εn+1). (1.2.13)

If the series converges, it is termed as Lie series and

ψ(x∗) =
∞∑
n=0

εn

n!
Xnψ(x), (1.2.14)
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which can be written as

ψ(x∗) = exp(εX)ψ(x). (1.2.15)

1.2.4 Lie Algebra

For the Lie group of transformations with infinitesimal generators V1, V2, the commu-

tator (Lie bracket) of V1, V2 is first order operator defined by

[V1, V2] = V1V2 − V2V1. (1.2.16)

The commutator has the following properties:

1. Bilinearity:

[aV1 + bV2, V3] = a[V1, V3] + b[V2, V3], (1.2.17)

[V1, aV2 + bV3] = a[V1, V2] + b[V1, V3], (1.2.18)

where a, b ∈ R.

2. Skew-Symmetry:

[V1, V2] = −[V2, V1]. (1.2.19)

3. Jacobi Identity:

[V1, [V2, V3]] + [V3, [V1, V2]] + [V2, [V3, V1]] = 0. (1.2.20)

The commutator of two vector fields again is a vector field. Moreover, if Vi and Vj

are two infinitesimal generators of a symmetry transformation, the commutator of both

generators will again be a generator of a symmetry group [54, 109]. As a consequence,

the set of all infinitesimal generators is closed under commutation of vector fields, thus

possessing more structure than just that of vector space. This additional closure property

endows the space of infinitesimal generators with an additional algebraic structure, the

so called Lie algebra.

Hence, having found some of the infinitesimal generators Vi of an r-parameter Lie group

it may be possible to find new generators by computing the commutators of the known

ones. A common way to visualise the structure of a Lie algebra is the commutator table

[111]. Let V1, V2, ..., Vr be a basis of r-dimensional Lie algebra, then its commutator

table has (i, j)-th entry [Vi, Vj ]. Because the commutator is antisymmetric it suffices to

compute just the part above the diagonal, as [Vi, Vj ] = −[Vj , Vi]. The commutator table

therefore reads:
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Table 1.1: Commutator Table
V1 V2 ... Vr

V1 0 [V1, V2] ... [V1, Vr]
V2 −[V1, V2] 0 ... [V2, Vr]
... ... ... ... ...
Vr −[V1, Vr] −[V2, Vr] ... 0

1.2.5 Classification of Subalgebras and Group Invariant Solutions

Classification of subgroups of Lie symmetry groups of differential equations is an essential

part in the study of these equations. This is since classification allows for an efficient

computation of group-invariant solutions, without the possibility of an occurrence of

equivalent solutions. Classifying subgroups may further lead to the construction of

simple ansätze for the corresponding equivalence classes of reduced differential equations.

Thereby, the classification also provides an important step for further investigations of

properties of these reduced equations.

The classification of subgroups of symmetry groups is usually done by the classification

of the associated Lie subalgebras with respect to the adjoint representation [83, 111] and

to compute the adjoint representation, we use the Lie series

Ad(exp(εv))w0 = w0 − ε[v, w0] +
ε2

2
[v, [v, w0]] + ... (1.2.21)

The classification of one-dimensional subalgebras of the whole symmetry algebra is done

by an inductive approach [111]. Let V1, V2, ..., Vr are basis of Lie algebra, then we start

with the most general infinitesimal generator,

V = a1V1 + a2V2 + a3V3 + ...+ arVr, (1.2.22)

and simplify it as much as possible by means of adjoint actions. Depending on the

respective values of the coefficients ai, i = 1, ..., r, we will find the list of inequivalent

one-dimensional subalgebras. On using the inequivalent one-dimensional subalgebras of

the maximal Lie invariance algebra, group invariant reductions can be easily carried out

which corresponds to group invariant solutions of studied equations.
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1.2.6 Point Transformations and Point Symmetries

Consider a system R(x;u) of N PDEs of order k with n independent variables x =

(x1, x2, ..., xn) and m dependent variables u(x) = (u1(x), u2(x), ..., um(x)) given by

Rσ(x, u, ∂u, ..., ∂ku) = 0, σ = 1, 2, ...N. (1.2.23)

Partial derivatives are denoted by uµi = ∂uµ(x)/∂xi; the notation

∂u ≡ ∂1u =
(
u1

1(x), ..., u
1
n(x), ..., u

m
1 (x), ..., umn (x)

)
(1.2.24)

denotes the set of all first-order partial derivatives;

∂pu =
{
uµi1...ip

∣∣µ = 1, 2, ...,m; i1, ..., ip = 1, 2...n
}

=
{

∂puµ(x)

∂xi1 ,...∂xip

∣∣µ = 1, 2, ...,m; i1, ..., ip = 1, 2...n
} (1.2.25)

denotes the set of all partial derivatives of order p.

A point transformation is a one-to-one transformation acting on the n+m-dimensional

space (x;u). In particular, a point transformation is of the form

x∗ = f(x, u),

u∗ = g(x, u).
(1.2.26)

Through invariance of contact conditions, a point transformation (assuming that (1.2.26)

is differentiable as needed) naturally extends to a one-to-one transformation acting on

(x, u, ∂u, ..., ∂pu)-space for p = 1, 2, ....

In particular the pth extended transformation of (1.2.26) is given by

(x∗)i = f i(x, u),

(u∗)µ = gµ(x, u),

(u∗)µi = hµi (x, u, ∂u),

. . .

(u∗)µi1...ip = (h)µi1...ip(x, u, ∂u, ..., ∂
pu),

(1.2.27)

where i, i1, ..., ip = 1, 2...n;µ = 1, 2, ...,m; (u∗)µi = ∂(u∗)µ(x)/∂(x∗)i, etc. In particular,

the transformed components of first-order derivatives are determined by
(u∗)µ1
. . .

. . .

(u∗)µn

 =


hµ1

. . .

. . .

hµn

 = A−1


D1g

µ

. . .

. . .

Dng
µ

 (1.2.28)



Chapter 1. Introduction 10

where A−1 is the inverse of the Jacobian matrix

A =


D1f

1 . . . D1f
n

. . . . . . . . .

. . . . . . . . .

Dnf
1 . . . Dnf

n

 (1.2.29)

in terms of total derivative operators

Di =
∂

∂xi
+ uµi

∂

∂uµ
+ uµii1

∂

∂uµi1
+ uµii1i2

∂

∂uµi1i2
+ . . . , (1.2.30)

where i = 1, 2, ..., n. The transformed components of higher-order derivatives are deter-

mined by 
(u∗)µi1i2...ip−11

. . .

. . .

(u∗)µi1i2...ip−1n

 =


hµi1i2...ip−11

. . .

. . .

hµi1i2...ip−1n

 = A−1


D1h

µ
i1i2...ip−1

. . .

. . .

Dnh
µ
i1i2...ip−1

 (1.2.31)

Now let us consider the situation where the point transformation (1.2.26) is a one-

parameter Lie group of point transformations given by

(x∗)i = f i(x, u; ε) = xi + ξi(x, u) +O(ε2), i = 1, 2..., n,

(u∗)µ = gµ(x, u; ε) = uµ + ηµ(x, u) +O(ε2), µ = 1, 2...,m,
(1.2.32)

with the corresponding infinitesimal generator given by

X = ξi(x, u)
∂

∂xi
+ ηµ(x, u)

∂

∂uµ
. (1.2.33)

A one-parameter Lie group of point transformations (1.2.32) induces one-parameter Lie

groups of point transformations acting on (x, u, ∂u)-space,..., (x, u, ∂u, ..., ∂ku)-space, as

follows:

(u∗)µi = uµi + εη
(1)µ
i (x, u, ∂u) +O(ε2),

. . .

. . .

(u∗)µi1i2...ik = uµi1i2...ik + εη
(k)µ
i1i2...ik

(x, u, ∂u, ..., ∂ku) +O(ε2),

(1.2.34)

with the extended infinitesimals given by

η
(1)µ
i = Diη

µ − (Diξ
j)uµj ,

. . .

. . .

η
(k)µ
i1i2...ik

= Dikη
(k−1)µ
i1i2...ik−1

− (Dikξ
j)uµi1i2...ik−1j

,

(1.2.35)



Chapter 1. Introduction 11

where µ = 1, 2, ...,m; i, ij = 1, 2, ..., n for j = 1, 2, ...k with k = 2, 3, ...

The kth extended infinitesimal generator (kth prolongation of (1.2.33)) is given by

X(k) = ξi(x, u) ∂
∂xi

+ ηµ(x, u) ∂
∂uµ + η

(1)µ
i (x, u, ∂u) ∂

∂uµi

+ . . .+ η
(k)µ
i1i2...ik

(x, u, ∂u, ..., ∂ku) ∂
∂uµi1i2...ik

.
(1.2.36)

Definition 1.2.1. (Point Symmetry) A one-parameter Lie group of point transfor-

mations (1.2.32) leaves the PDE system R(x;u) (1.2.23) invariant if and only if its kth

extension (1.2.36) leaves invariant the solution manifold of R(x;u) in (x, u, ∂u, ..., ∂ku)-

space, i.e., it maps any family of solution surfaces of the PDE system (1.2.23) into an-

other family of solution surfaces of PDE system (1.2.9). In this case, the one-parameter

Lie group of point transformations (1.2.32) is called a point symmetry of the PDE

system R(x;u).

Definition 1.2.2. u = Θ(x), with components uν = Θν(x), ν = 1, 2...,m, is an invari-

ant solution of the PDE system R(x;u) (1.2.23) resulting from the point symmetry

(1.2.33) if and only if

(i) uν = Θν(x) is an invariant surface of the point symmetry (1.2.33) for each ν =

1, 2, ..m.

(ii) u = Θ(x) is a solution of R(x;u) (1.2.23).

It follows that u = Θ(x) is an invariant solution of the PDE system R(x;u) resulting

from the point symmetry (1.2.33), if and only if u = Θ(x) satisfies

(i)

X(uν −Θν(x)) = 0 when u = Θ(x), ν = 1, 2, ...,m

↔ X(uν −Θν(x))
∣∣∣
u=Θ(x)

, ν = 1, 2, ...,m

↔ ην(x,Θ(x))− ξi(x,Θ(x))∂Θν(x)
∂xi

= 0, ν = 1, 2, ...,m

↔ Xuν
∣∣∣
u=Θ(x)

= 0, ν = 1, 2, ...,m;

(1.2.37)

where X is the infinitesimal generator (1.2.33) in evolutionary form which is given by

X = (ηµ(x, u)− ξi(x, u)uµi )
∂

∂uµ
(1.2.38)

(ii)

Rσ(x, u, ∂u, ...., ∂ku) = 0 when u = Θ(x), σ = 1, 2, ..., N

↔ Rσ(x,Θ(x), ∂Θ(x), ..., ∂kΘ(x)) = 0, σ = 1, 2, ..., N

↔ Rσ(x, u, ∂u, ...., ∂ku)
∣∣∣
u=Θ(x)

= 0, σ = 1, 2, ..., N.

(1.2.39)
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In (1.2.39) ∂jΘ(x) denotes the components ∂jΘµ(x)/(∂xi1 ...∂xij ), µ = 1, 2, ...,m, for

ij = 1, 2, ..., n with j = 1, 2, ..., k. The solutions of equations (1.2.37) are invariant

surfaces of the point symmetry (1.2.33). Equations (1.2.37) and (1.2.39) define the

classical method to obtain particular solutions of a PDE system R(x;u) (1.2.23).

1.2.7 Lie’s Algorithm

In summary, u = Θ(x) is a solution (invariant solution) of the PDE system R(x;u)

(1.2.23) obtained through the classical method if and only if there exists a Lie group

of point transformations with infinitesimal generator X given by (1.2.33) (X given by

(1.2.38)) with its kth extension given by (1.2.36)

(i)

X(k)Rσ(x, u, ∂u, ..., ∂ku)
∣∣∣
Rλ(x,u,∂u,...,∂ku)=0Nλ=1

= 0, σ = 1, 2, ..., N ; (1.2.40)

(ii)

Xuν
∣∣∣
u=Θ(x)

= 0, ν = 1, 2, ...,m; (1.2.41)

(iii)

Rσ(x, u, ∂u, ..., ∂ku)
∣∣∣
u=Θ(x)

= 0, σ = 1, 2, ..., N. (1.2.42)

Having found a point symmetry with infinitesimal generator X given by (1.2.33) through

solving the linear system of determining equations (1.2.40), one can proceed in two ways

to solve the systems of equations (1.2.41) and (1.2.42) to find an invariant solution

u = Θ(x), as follows:

Invariant form method: Here one first solves the invariant surface conditions (1.2.41)

by explicitly solving the corresponding characteristic equations for u = Θ(x) given by

dx1

ξ1(x, u)
= . . . =

dxn

ξn(x, u)
=

du1

η1(x, u)
= . . . =

dum

ηm(x, u)
. (1.2.43)

If z1(x, u), . . . , zn−1(x, u), h1(x, u), ..., hm(x, u), are n+m− 1 functionally independent

constants of integration that arise from solving the characteristic system of ODEs

(1.2.43) with the Jacobian ∂(h1, h2, ..., hm)/∂(u1, u2, ..., um) 6= 0, then the general solu-

tion u = Θ(x) of the invariant surface condition equations (1.2.41) is given implicitly by

the invariant form

hν(x, u) = Hν(z1(x, u), ..., zn−1(x, u)), (1.2.44)
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where Hν is an arbitrary differentiable function of its arguments, ν = 1, 2, ...,m. Note

that z1(x, u), . . . , zn−1(x, u), h1(x, u), ..., hm, (x, u) are n+m−1 functionally independent

invariants of the one-parameter Lie group of point transformations with the infinitesimal

generator X given by (1.2.33), and hence are n+m−1 canonical coordinates for the one-

parameter Lie group of point transformations with the infinitesimal generator X given

by (1.2.33). Let zn(x, u) be the (n +m)th canonical coordinate satisfying Xzn = 1. If

the PDE system R(x;u) (1.2.23) is transformed by the corresponding invertible point

transformation into a PDE system S(z;h) with independent variables z = (z1, z2, ..., zn)

and dependent variables h = (h1, h2, ..., hm), then the transformed PDE system S(z;h)

has the translation point symmetry given by

(z∗)i = zi, i = 1, 2, ..., n− 1,

(z∗)n = zn + ε,

(h∗)ν = hν , ν = 1, 2, ...,m.

(1.2.45)

Thus the variable zn does not appear explicitly in the transformed PDE system S(z;h)

and hence the transformed PDE system has particular solutions of the form (1.2.44)

that in turn define, implicitly, specific functions u = Θ(x) which are invariant solutions

of the PDE system R(x;u) (1.2.23), i.e., the PDE system R(x;u) (1.2.23) has invariant

solutions implicitly given by the invariant form (1.2.44). In particular, these invariant

solutions are found by solving a reduced system of DEs with n−1 independent variables

z1, z2, ..., zn−1 and m dependent variables h1, h2, ..., hm. The variables z1, z2, ..., zn−1

are commonly called similarity variables. The reduced system of DEs is found by

substituting the invariant form (1.2.44) into the given PDE system R(x;u) (1.2.23). It

is assumed that this substitution does not lead to a DE system with a singular equation.

Note that if ∂ξ/∂u ≡ 0, as is commonly the case, then zi = zi(x), i = 1, 2, ..., n− 1. In

the case when R(x;u) (1.2.23) has two independent variables, i.e., n = 2, the reduced

system of DEs is an ODE system with independent variable z = z1.

Direct substitution method: This procedure is essential if one is unable to solve

explicitly the invariant surface condition equations (1.2.41), i.e., if one is unable to

obtain the general solution of the characteristic ODE system (1.2.43). Without loss of

generality, one can assume that ξn(x, u) 6= 0. Then the first-order PDE system (1.2.41)

can be written as

∂uν

∂xn
=
ην(x, u)
ξn(x, u)

−
n−1∑
i=1

ξi(x, u)
ξn(x, u)

∂uν

∂xi
, ν = 1, 2, ...,m. (1.2.46)

From (1.2.46) and its differential consequences, it follows that any term involving deriva-

tives of components of u with respect to the independent variable xn can be expressed in
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terms of components of x and u as well as derivatives of components of u with respect to

the independent variables x1, x2, ..., xn−1. Hence, after directly substituting (1.2.46) and

its differential consequences for any partial derivative with respect to xn appearing in the

given PDE system R(x;u) (1.2.23), one obtains a reduced DE system directly involving

the m dependent variables u1, u2, ..., um, the n−1 independent variables x1, x2, ..., xn−1,

the derivatives of u1, u2, ..., um with respect to x1, x2, ..., xn−1, and the parameter xn. A

solution u = Φ(x1, ..., xn−1;xn) of this reduced DE system yields an invariant solution

u = Θ(x) of the given PDE system R(x;u) (1.2.23) provided that the invariant surface

condition equations (1.2.41) or, equivalently, the given PDE system R(x;u) (1.2.23) it-

self, are also satisfied. In the case when R(x;u) (1.2.23) has two independent variables,

i.e., n = 2, the reduced system of DEs is an ODE system. Here the constants of in-

tegration that appear in the general solution of the reduced ODE system are arbitrary

functions of the parameter xn, and these arbitrary functions are then determined by

substituting the general solution into either the invariant surface condition equations

(1.2.41) or the given PDE system R(x;u) (1.2.23).

1.3 Nonclassical Method

The classical method to find invariant solutions can be generalized to the nonclassical

method. Here one considers an augmented system of PDEs consisting of the given PDE

system and an unknown constraint system and seeks symmetries that leave invariant

this augmented system such that the invariant surface condition is the unknown con-

straint system itself. In general, such symmetries do not map solutions of the given PDE

system into one-parameter families of solutions but are useful to find further specific so-

lutions beyond those obtained by the classical method. However, in the nonclassical

method, the (over-determined) system of determining equations for symmetries is non-

linear unlike the situation in the calculations for local symmetries. By construction,

solutions obtained by the nonclassical method include those obtained by the classical

method. The nonclassical method was introduced by Bluman [48] and Bluman and Cole

[51] with the restriction that the invariant surface condition is of the form arising for

point symmetries. For further discussions of the nonclassical method, the readers can

refer to Levi and Winternitz [32], Olver and Rosenau [112, 113], Nucci and Clarkson

[89] and Clarkson and Mansfield [108], but here we are presenting a brief outline [49] of

this method.

As we discussed earlier, the nonclassical method, introduced in Bluman [48] and Bluman

and Cole [51], generalizes and includes Lie’s classical method for obtaining solutions of

PDEs. Here one first seeks functions ξi(x, u), ηµ(x, u), i = 1, 2, ..., n, µ = 1, 2, ...,m,
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so that (1.2.33) is a “symmetry” (“nonclassical symmetry”) of the augmented PDE

system A(x;u) consisting of the given PDE system R(x;u) (1.2.23), the invariant surface

condition equations

Iν(x, u, ∂u) = ην(x, u)− ξi(x, u)
∂uν

∂xi
= 0, ν = 1, 2, ...,m, (1.3.1)

and the differential consequences of (1.3.1). Consequently, one obtains an overdeter-

mined set of nonlinear determining equations for the unknown functions ξi(x, u), ηµ(x, u),

i = 1, 2, ..., n, µ = 1, 2, ...,m. It is straightforward to show that, for any set of ξi(x, u),

ηµ(x, u), i = 1, 2, ..., n, µ = 1, 2, ...,m, (1.2.33) is a symmetry of the invariant surface

condition equations (1.3.1), and from this it follows that the nonclassical method in-

cludes Lie’s classical method. The resulting set of determining equations is nonlinear

due to the substitution of the equations (1.3.1) (each written in solved form with re-

spect to some derivative term) and their differential consequences into the symmetry

determining equations (1.2.40) that now hold only for solutions of the augmented PDE

system. In the nonclassical method, the invariant surface condition equations (1.3.1) are

essentially a set of constraint equations of a specific form. In particular, the nonclassical

method is equivalent to seeking all solutions of the PDE system (1.2.23) of the form

(1.3.1) for any possible set of ξi(x, u), ηµ(x, u), i = 1, 2, ..., n, µ = 1, 2, ...,m. The set

of determining equations satisfied by ξi(x, u), ηµ(x, u), i = 1, 2, ..., n, µ = 1, 2, ...,m, are

the compatibility conditions for the existence of solutions of the augmented PDE system

A(x;u) that includes the PDE system R(x;u) and the constraint equations (1.3.1).

A “nonclassical symmetry” is not a symmetry of a given PDE system R(x;u) (1.2.23)

unless the infinitesimals yielding an infinitesimal generator (1.2.33) yield a point sym-

metry of R(x;u). Otherwise, a mapping resulting from such an infinitesimal generator

maps no solution of R(x;u) (1.2.23) into a different solution of R(x;u). It just maps

the solution obtained by the nonclassical method into itself. In other words, strictly

speaking, the nonclassical method is not a “symmetry” method but an extension of

Lie’s symmetry method (“classical method”) for the purpose of finding specific solutions

of PDEs.

Consider the situation of a scalar PDE of order k with two independent variables (x, t)

and dependent variable u, given by

R(x, t, u, ∂u, ..., ∂ku), k = 1, 2, ..., n, (1.3.2)

where n is order of PDEs. Let ξ1 = ξ(x, t, u), ξ2 = τ(x, t, u). Then the set of invariant

surface condition equations (1.3.1) becomes the invariant surface condition equation

ξ(x, t, u)ux + τ(x, t, u)ut = η(x, t, u). (1.3.3)
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From the nature of the constraint invariant surface condition equation (1.3.3), without

loss of generality, in using the nonclassical method, two simplifying cases need only be

considered when solving the determining equations for (ξ(x, t), τ(x, t), η(x, t, u)), namely,

τ ≡ 1; τ ≡ 0, ξ ≡ 1. This follows from the observations that if τ 6= 0, then the constraint

invariant surface condition equation (1.3.3) can be divided through by τ , and hence,

without loss of generality, one can set τ ≡ 1, so that there are really only two independent

infinitesimals; similarly if τ ≡ 0, ξ 6= 0, then the constraint invariant surface condition

equation (1.3.3) can be divided through by ξ, and hence, without loss of generality, one

can set ξ ≡ 1, so that here there is really only one independent infinitesimal. For a given

set of infinitesimals (ξ(x, t), τ(x, t), η(x, t, u)) that satisfies the nonlinear determining

equations, one can use either the invariant form or direct substitution method to find

the resulting solutions of the scalar PDE (1.3.2).

1.4 The Painlevé Test

Painlevé analysis [29] is the study of the singularity structure of differential equations.

Specifically, we are concerned with how the singularities of the solutions depend on the

initial conditions of the differential equation.

Definition 1.4.1. A differential equation has the Painlevé property if all the movable

singularities of all its solutions are poles.

A singularity is movable if it depends on the constants of integration of the ODE. For

instance, the Riccati equation,

w′(z) + w2(z) = 0, (1.4.1)

has the general solution w(z) = 1/(z− c), where c is the constant of integration. Hence,

(1.4.1) has a movable simple pole at z = c because it depends on the constant of

integration. The solutions of ODE can have various kinds of singularities; including

branch points and essential singularities. Weiss et al. (WTC) [66, 67] have defined the

Painlevé property for PDE and developed a method for testing a common particular

type of movable singularity, without studying any similarity reductions. This Painlevé

test has proved to be a useful criterion for the identification of completely integrable

PDE. In the following section, for details of the WTC-method for testing PDEs for the

Painlevé property, we are presenting some outlines from [29]:
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1.4.1 Algorithm

Consider a system of M polynomial differential equations,

F (u(z), u′(z), u′′(z), ..., u(m)(z)) = 0, (1.4.2)

where F has components F1, F2, ..., FM , the dependent variable u(z) has components

u1(z), u2(z), ..., uM (z), the independent variable z has components z1, z2, ..., zN , and

u(mi)(z) denotes the collection of mixed derivative terms of order mi so that the order

of system is m =
∑M

i=1mi. If there are any arbitrary coefficients parameterizing the

system, we assume they are nonzero.

In general, a function of several complex variables cannot have an isolated singularity.

For example, f(z) = 1/z has an isolated singularity at the point z = 0, but the function

of two complex variables, w = u+ iv, z = x+ iy,

f(w, z) =
1
z
, (1.4.3)

has a two-dimensional manifold of singularities in the four-dimensional space of these

variables, namely the points (u, v, 0, 0). Therefore, we will define a pole of a function of

several complex variables as a point (a1, a2, ..., aN ), in whose neighborhood the function

can be written in the form

f(z) =
h(z)
g(z)

, (1.4.4)

where g and h are both analytic in a region containing (a1, a2, ..., aN ) in its interior, and

g(a1, a2, ..., aN ) = 0, h(a1, a2, ..., aN ) 6= 0. (1.4.5)

Thus, the WTC-method considers the singularity structure of the solutions around man-

ifolds of the form

g(z) = 0, (1.4.6)

where g(z) is an analytic function of z = (z1, z2, ..., zN ) in a neighborhood of the man-

ifold. Specifically, if the singularity manifold is determined by (1.4.6) and u(z) is a

solution of the PDE, then we assume a Laurent series solution

ui(z) = gαi(z)
∞∑
k=0

ui,k(z)gk(z), i = 1, 2, ...,M, (1.4.7)

where the ui,k(z) are analytic functions of z with ui,0(z) 6= 0 in a neighborhood of the

manifold and αi is an integer (with at least one αi < 0).
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Substituting (1.4.7) into (1.4.2) and equating coefficients of like powers of g(z) deter-

mines the possible values of αi and defines a recursion relation for ui,k(z). The recursion

relation is of the form

Qkuk = Gk(u0, u1, ..., uk−1, g, z), (1.4.8)

where Qk is an MXM matrix and uk = (u1,k, u2,k, ..., uM,k).

For (1.4.2) to pass the Painlevé test, the series (1.4.7) should have m − 1 arbitrary

functions and hence corresponds to the general solution of the equation. The m − 1

arbitrary functions ui,k(z) occur when k is one of the roots of det(Qk) = 0. These roots

r1 ≤ r2 ≤ ... ≤ rm are called resonances. The algorithm for the Painlevé test is com-

posed of the following three steps:

1. Determine the dominant behavior: It is sufficient to substitute

ui(z) = χig
αi(z), i = 1, 2, ...,M, (1.4.9)

where χi is a constant, into (1.4.2) to determine the leading exponents αi ∈ Z (one of

which must be a negative integer). In the resulting polynomial system, equating every

two possible lowest exponents of g(z) in each equation gives a linear system to determine

αi. The linear system is then solved for αi.

If one or more exponents αi remain undetermined, we assign integer values to the free

αi so that every equation in (1.4.2) has at least two different terms with equal lowest

exponents. Once αi is known, we substitute

ui(z) = ui,0(z)gαi(z), i = 1, 2, ...,M, (1.4.10)

into (1.4.2). We then solve the (typically) nonlinear equation for ui,0(z), which is found

by requiring that the leading terms balance. By leading terms, we mean those terms

with the lowest exponent of g(z).

If any of the αi are non-integer, all the αi are positive, or any of the ui,0(z) ≡ 0, then

the algorithm terminates.

2. Determine the resonances: For each αi and ui,0(z), we calculate the integers

r1 ≤ r2 ≤ ... ≤ rm for which ui,rj (z) is an arbitrary function in (1.4.7). To do this, we

substitute

ui(z) = ui,0(z)gαi(z) + ui,r(z)gαi+r(z) (1.4.11)
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into (1.4.2). Then, keeping only the terms with the lowest exponents of g(z), we require

that the coefficients of ui,r(z) equate to zero. This is done by computing the roots for r

of det(Qr) = 0, where the MXM matrix Qr satisfies

Qrur = 0, ur = (u1,r, u2,r, ..., uM,r)T . (1.4.12)

If any of the resonances are non-integer, then the solutions of (1.4.2) have a movable

algebraic branch point and the algorithm terminates. If rm 6∈ Z+, then the algorithm

terminates; if rm−s+1 = ... = rm = 0 and s of the ui,0(z) found in Step 1 are arbitrary,

then (1.4.2) has the Painlevé property. If (1.4.2) is parameterized, the values for r1 ≤
r2 ≤ ... ≤ rm may depend on the parameters, and hence restrict the allowable values for

the coefficients.

There is always a resonance at −1 which corresponds to the arbitrariness of g(z), and

is often called the universal resonance. When there are negative resonances other than

−1, then the series solution is not the general solution and further analysis is needed to

determine if (1.4.2) passes the Painlevé test.

3. Find the constants of integration and check compatibility conditions: For

the system to possess the Painlevé property, the arbitrariness of ui,r(z) must be verified

up to the highest resonance level. This is done by substituting

ui(z) = gαi(z)
rm∑
k=0

ui,k(z)gk(z) (1.4.13)

into (1.4.2), where rm is the largest positive integer resonance.

For the (1.4.2) to have the Painlevé property, the (M + 1)XM augmented matrix

(Qk/Gk) must have rank M when k 6= r and rank M − s when k = r, where s is

the algebraic multiplicity of r in det(Qr) = 0, 1 ≤ k ≤ rm, and Qk and Gk are as

defined in (1.4.8). If the augmented matrix (Qk/Gk) is the correct rank, solve the linear

system (1.4.8) for u1,k(z), ..., uM,k(z) and use the results in the linear system at level

k + 1.

If the linear system (1.4.8) does not have a solution, then the solution of (1.4.2) has a

movable logarithmic branch point and the algorithm terminates. Often, when (1.4.2) is

parameterized, carefully choosing the parameters will resolve the difference in the ranks

of Qk and (Qk/Gk). If the algorithm does not terminate, then the solutions of (1.4.2)

are free of movable algebraic or logarithmic branch points and (1.4.2) has the Painlevé

property.
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1.5 Hyperbolic Functions Expansion Method

The tanh method or hyperbolic tangent method is a powerful facility for obtaining trav-

eling wave solutions [3] for classes of nonlinear wave equations and nonlinear evolution

equations. The tanh method was introduced many years ago and it has become a stan-

dard simple wave solution technique. In particular, this method plays an important

role in solving the class of problems that exhibit dispersive effects and reaction-diffusion

features. Using the tanh method, exact solutions as well as approximate solutions can

be obtained for a vast class of nonlinear ordinary equations and partial differential equa-

tions. The tanh method is developed by Malfliet [155, 156] where the tanh is introduced

as a new variable. This method generates solutions in the form of the various product

terms of tanh and sech functions. Here, we are going to present an overview of tanh-

function method for a single partial differential equation with two variables and it can

be easily extended to a system with more number of differential equations. The method

mainly consists following steps [151]:

1. Let us consider a partial differential equation in two independent variables,

F (u, ux, ut, uxx, ...) = 0, (1.5.1)

where u(x, t) is function of variables x and t. Since, we are looking for traveling

wave solutions, the first step is to introduce the wave transformation, u(x, t) =

u(ξ), where ξ = x ± ct and c is the wave velocity. It transforms the equation

(1.5.1) to an ODE as folllows:

F (u, u′, u′′, u′′′, ...) = 0, (1.5.2)

where prime (′) denotes d
dξ .

2. In this step, we introduce a new independent variable Y and then the following

sum is suggested as a solution of reduced ODE:

u(x, t) = u(ξ) =
R∑
r=0

arY
r, (1.5.3)

where

Y = tanh(ξ) = tanh(x± ct), (1.5.4)
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and ar are constants to be determined later. The value of R can be determined by

using the homogeneous balancing method, that is, by balancing the highest order

derivative terms with the highest nonlinear terms in the system (1.5.2).

3. The introduction of new independent variable brings out the following changes in

derivatives:
d
dξ → (1− Y 2) d

dY ,
d2

dξ2
→ (1− Y 2)(−2Y d

dY + (1− Y 2) d2

dY 2 ),

...

...

(1.5.5)

4. Substituting (1.5.3) in reduced ODE (1.5.2) and on using (1.5.5), we will get an

equation in terms of Y r. Because the coefficients of Y r have to be vanished, we will

get set of algebraic equations comprising the nonlinear equations in ar involving

c. The solutions to the algebraic equations give us various relations among the

physical parameters and the undetermined constants in the form (1.5.3). Using

these constants in (1.5.3), solutions of the system (1.5.1) can be obtained.

1.6 Jacobi Elliptic Functions Method

As we know, exact solutions may describe not only the propagation of nonlinear waves

but also spatially localized structures of permanent shape that may be of interest to

experiments and to obtain such special exact solutions of nonlinear evolution equations,

direct ansätze methods are always useful. To construct the proper ansätze, a clue may be

given from Painlevé analysis, which is based on seeking solutions whose movable critical

points are poles only. Thus the use of elliptic function functions in the ansätz is rather

natural because they are the most general functions having such singular points and has

the relations with nonlinear equations. Some more solutions such as soliton solutions

and triangular periodic solutions can also be established as the limits of Jacobi doubly

periodic wave solutions [14, 15, 133]. Since it is algorithmic procedure to obtain such

solutions, so with the advent of computer software this method is easy to implement.

Softwares Mathematica and Maple are used successfully by different authors [39, 172]

to obtain variety of periodic solutions including some shock wave solutions and solitary

wave solutions.

Here, the Jacobi sine function method [13] is presented only for one partial differential

equation, the method can be easily extended for system of partial differential equations.

Similar procedure can be followed for other Jacobi functions also. Consider a constant
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coefficients partial differential equation for a function u(x, t) of the form

G(u, ux, ut, uxx, utt, uxt, ...) = 0. (1.6.1)

The first step is to unite the independent variables x, t into one particular variable

through the new variable

ξ = x+ ct, u(x, t) = U(ξ), (1.6.2)

where c is the wave speed and it reduces (1.6.1) to an ODE of the following form:

G(U,U ′, U ′′, U ′′′, ...) = 0. (1.6.3)

Our main goal is to find exact or at least approximate solutions, if possible, for this

ODE. For this purpose, using the Jacobi elliptic function expansion method, U(ξ) can

be expressed as a finite series of Jacobi elliptic function, sn(ξ,m),

u(x, t) = U(ξ) =
N∑
i=0

aisn
i(ξ,m), (1.6.4)

where sn(ξ,m) is the Jacobi elliptic sine function with argument ξ and modulus m. The

parameter N is determined by balancing the linear term(s) of highest order with the

nonlinear one(s). And,

cn2(ξ) = 1− sn2(ξ), dn2(ξ) = 1−m2sn2(ξ),
d
dξsn(ξ) = cn(ξ)dn(ξ), d

dξ cn(ξ) = −sn(ξ)dn(ξ), d
dξdn(ξ) = −m2cn(ξ)sn(ξ),

(1.6.5)

where cn(ξ) and dn(ξ) are the Jacobi elliptic cosine function and the Jacobi elliptic

function of the third kind, respectively, with the modulus m(0 < m < 1). Since the

highest degree of dpU
dξp is taken as

O(d
pU
dξp ) = N + p, p = 1, 2, 3, ...

O(U q d
pU
dξp ) = (q + 1)N + p, q = 0, 1, 2, ... p = 1, 2, 3, ...

(1.6.6)

Normally N is a positive integer, so that an analytic solution in closed form may be ob-

tained. Substituting Eqs. (1.6.4)-(1.6..7) into Eq. (1.6.2) and comparing the coefficients

of each power of sn(ξ) in both sides, to get an over-determined system of nonlinear

algebraic equations with respect to c, ai. Solving the over-determined system of nonlin-

ear algebraic equations by use of Maple, if there is a real nontrivial solution of these

equations, then we will get a solution of the form (1.6.3) for the differential equation.

We can also get other kinds of Jacobi doubly periodic wave solutions as when m → 1,
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the Jacobi functions degenerate to the hyperbolic functions,

sn(ξ) → tanh(ξ), cn(ξ) → sech(ξ), dn(ξ) → sech(ξ). (1.6.7)

and, when m→ 0, the Jacobi functions degenerate to the triangular functions,

sn(ξ) → sin(ξ), cn(ξ) → cos(ξ), dn(ξ) → 1. (1.6.8)

1.7 The (G′/G)-Expansion Method

In the recent decade, several direct methods for finding the explicit traveling wave so-

lutions to nonlinear evolution equations (NLEEs) have been proposed that have been

discussed in earlier sections. Using these methods, many exact solutions including the

solitary wave solutions, shock wave solutions and periodic wave solutions are obtained.

More recently, a new method which is called the (G′/G)-expansion method [96] has

been proposed to construct more explicit traveling wave solutions to many NLEEs. This

method can also be applied to some NLEEs with variable coefficients [142]. The key ideas

of this method are that the traveling wave solutions of NLEEs can be constructed by

means of various solutions of a second order linear ordinary differential equation and the

traveling wave solutions are expressed in terms of hyperbolic, trigonometric and rational

functions. In the further sections, we are going to describe extended (G′/G)-expansion

method [127] and modified (G′/G)-expansion method [160].

1.7.1 Description of an Extended (G′/G)-Expansion Method

Consider the nonlinear partial differential equation in the following form:

F (u, ut, ux, utt, uxt, uxx, ...) = 0, (1.7.1)

where u = u(x, t) is unknown functions and F is a polynomial in u(x, t) and its partial

derivatives. In the following, we give the main steps [127] for solving (1.7.1) using an

extended (G′/G)-expansion method.

1. The traveling wave variable

u(x, t) = u(ξ), ξ = x− V t, (1.7.2)
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where V is a constant to be determined later, permits us reducing (1.7.1) to an ODE in

the form

P (u,−V u′, u′, V 2u′′,−V u′′, u′′, ...) = 0, (1.7.3)

where P is a polynomial in u(ξ) and its total derivatives.

2. Suppose the solution of (1.7.3) can be expressed in (G′/G) as follows:

u(ξ) = a0 +
n∑
i=1

ai
(
G′

G

)i
+ bi

(
G′

G

)i−1

√√√√ν

(
1 +

1
µ

(
G′

G

)2
) , (1.7.4)

where G = G(ζ) satisfies the following second-order linear ODE:

G′′(ζ) + µG(ζ) = 0, (1.7.5)

while ai, bi(i = 1, 2, ..., n) and a0 are constants to be determined, such that ν = ±1

and µ 6= 0. The positive integer n can be determined by balancing the highest-order

derivatives with the nonlinear terms appearing in (1.7.3).

3. Substituting (1.7.4) into (1.7.3) and using (1.7.5), collecting all terms with the same

powers of
(
G′

G

)k
and

(
G′

G

)k√
ν
(
1 + 1

µ

(
G′

G

)2)
together, and equating each coefficient of

them to zero, yield a set of following algebraic equations for a0, a1, b1 and V .

4. Since the general solution of (1.7.5) has been well known for us, then substituting

ai, bi, V and the general solution of (1.7.5) into (1.7.4), we have the traveling wave

solutions of the nonlinear partial differential equation (1.7.1).

1.7.2 Description of Modified (G′/G)-Expansion Method

Suppose that a nonlinear partial differential equation is given by

F (u, ut, ux, utt, uxx, ...) = 0, (1.7.6)

where u = u(x, t) is an unknown function and F is a polynomial in and its partial

derivatives, in which the highest order derivatives and nonlinear terms are involved. In

the following we give the main steps of the modified (G′/G)-expansion method [160]:
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1. The traveling wave variable

u(x, t) = u(ξ), ξ = k(x− ct), (1.7.7)

where k and c are constants, permits us to reduce Eq. (1.7.6) into the following ODE:

P (u, u′, u′′, u′′′, ...) = 0. (1.7.8)

2. Suppose that the solution of Eq. (1.7.8) can be expressed by a polynomial (G′/G)

as follows:

u(ξ) = α0 +
m∑
i=1

[
αi

(
G′

G

)i
+ α−i

(
G′

G

)−i]
, (1.7.9)

where G = G(ξ) satisfies the second order linear ODE

G′′ + µG = 0, (1.7.10)

where α0, αi, α−i, µ are constants to be determined.

3. The parameter m in (1.7.9) can be found by balancing the highest order derivative

term and the highest nonlinear term in (1.7.6) or (1.7.8) and conclude the following:

(a) If m is a positive integer then go to step 4,

(b) If m is not positive integer, we put u = vm and then return to step 1.

4. Substituting (1.7.9) into (1.7.8) and using (1.7.10), collecting all terms with the same

powers of (G′/G) together and then equating each coefficient of the resulted polynomial

to zero, yield a system of algebraic equations for α0, αi, α−i, c, µ.

5. Since the general solutions of (1.7.10) are well known to us, then substituting

α0, αi, α−i, µ and the general solutions of (1.7.10) into (1.7.9) we have the traveling

wave solutions of Eq. (1.7.6).

1.8 Problems To Be Considered

Keeping in view the rich treasure and wide applicability of nonlinear equations in almost

every field, we have in this thesis carried out the application of Lie group analysis for

obtaining exact solutions to nonlinear partial differential equation and their systems also.
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In short, this thesis is devoted to a wide range of applications of continuous symmetry

groups to following physically important systems of differential equations:

1. The (2+1)-dimensional Calogero Degasperis equation with its variable coefficients

form

2. The coupled Klein-Gordon-Schrödinger equation with its generalized form

3. The (2+1)-dimensional potential Kadomstev Petviashvili equation and its gener-

alized form

4. The variable coefficient Dullin-Gottwald-Holm equation

5. The generalized Bretherton equation with variable coefficients

Chapter 2 deals with the study of following Calogero-Degasperis (CD) equation which

is (2+1)-dimensional nonlinear PDE of fourth order:

ψxt − 4ψxψxy − 2ψyψxx + ψxxxy = 0. (1.8.1)

On carrying over the Lie group method to CD equation, we have derived the groups of

transformations admitted by the equation under consideration. Consequently, by using

the symmetries involving arbitrary functions, the equation has been reduced to (1+1)-

dimensional PDE with variable coefficients which is again studied for its symmetries,

reductions and invariant solutions. The solutions obtained by us are such that they

involve certain arbitrary functions such as Q(t), R(t) and some other parameters also.

To understand more about physical phenomena of CD equation, we consider the variable

coefficient CD (VCCD) equation

ψxt + α(t)ψxψxy + β(t)ψyψxx + γ(t)ψxxxy = 0, (1.8.2)

where α(t), β(t), γ(t) are arbitrary functions. To study the Painlevé properties, we have

performed the Painlevé analysis of VCCD equation and applied the Lie-group formal-

ism to deduce the symmetries and to reduce the (2+1)-dimensional VCCD equation

to lower dimensional equations which are again investigated by different methods such

as extended (G′/G)-expansion method, Hyperbolic rational function expansion method,

Jacobi elliptic function method to obtain certain new exact solutions.

Chapter 3 is devoted to the study of following coupled Klein-Gordon-Schrödinger (KGS)

equation:
utt − c2uxx + u+ |v|2 = 0,

ivt + vxx + uv = 0,
(1.8.3)
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where v(x, t) is a complex function, u(x, t) is a real one and i2 = −1. The coupled

KGS equation is reduced to a nonlinear ODE by using Lie classical symmetries and var-

ious solutions of nonlinear ODE are obtained by the modified (G′/G)-expansion method

proposed recently. With the aid of solutions of nonlinear ODE, more explicit travel-

ing wave solutions of the coupled KGS equation are found out and the traveling wave

solutions are expressed by the hyperbolic functions, trigonometric functions and ratio-

nal functions. We have also investigated the symmetries of variable coefficients Klein-

Gordon-Schrödinger (VCKGS) equation that will be utilized to reduce studied equation

to various system of ODEs and then construct their solutions.

In Chapter 4, we study the following (2+1)-dimensional potential Kadomstev Petvi-

ashvili (PKP) equation for invariance under continuous group of transformations via Lie

classical approach:

σxt +
3
2
σxσxx +

1
4
σxxxx +

3
4
σyy = 0. (1.8.4)

For the PKP equation, we get infinite-dimensional symmetries and using the subalgebras

of Lie algebras, it is shown that there are three group theoretic reductions of this equation

depending on certain choices of arbitrary functions of time occuring in the symmetries.

The reduced PDEs are again investigated by Lie group method to obtain ODEs and

solutions of these reduced ODEs have provided us with new solutions of PKP equations

such as periodic and kinky periodic solutions involving upto three arbitrary functions

f(t), g(t), h(t). The solutions obtained by us are new and more general, more precisely,

solutions in literature can be recovered from our general solutions. In recent years,

much attention has also been paid to equations with variable coefficients as the physical

situations in which nonlinear systems arise tend to be highly idealized due to assumption

of constant coefficients. This has led us to undertake the study of following PKP equation

with variable coefficients (VCPKP) and to derive the admissible forms of the coefficients

along with their exact solutions:

σxt + α(t)σxσxx + β(t)σxxxx + δ(t)σyy = 0, (1.8.5)

where α(t), β(t) and δ(t) are arbitrary functions. We have performed the Painlevé

analysis to check the integrability of Eq. (1.8.2) and obtained certain conditions on

α(t), β(t), δ(t) to pass the Painlevé test. The efforts are then concentrated on finding

the symmetries, reductions and exact solutions of VCPKP equation by using various

methods including extended (G′/G)-expansion method and others.

In Chapter 5, we study the classical and nonclassical symmetries of Generalized Dullin-

Gottwald-Holm (GDGH) equation

ut − α2uxxt + 2wux + f(u)ux + γuxxx = α2(2uxuxx + uuxxx), (1.8.6)
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for various choices of f(u) and obtained certain new solutions of GDGH equation.

Chapter 6 is devoted to the perturbed nonlinear Klein-Gordon equation with time-

dependent coefficients which is the so-called generalized Bretherton equation with vari-

able coefficients (VCGBE)

utt + α(t)uxx + β(t)uxxxx + δ(t)um + θ(t)un = 0, (1.8.7)

where u = u(x, t) is unknown function to be determined, α(t), β(t), δ(t), θ(t) are arbitrary

time functions and the exponent m is a natural number and for the exponent n ∈ N

we assume that n 6= 1 and n 6= m. Particular cases corresponding to certain specific

values of the parameters involved and those spatial forms for which the equation can

be reduced to ODEs are presented. The sech-ansätze method and other methods are

successfully used to derive solutions for VCGBE and we have also plotted some figures

to see the propagation and asymptotic characteristics of the solitary waves.



Chapter 2

The (2+1)-Dimensional Calogero

Degasperis Equation with its

Variable Coefficients Form1

2.1 Introduction

The (2+1)-dimensional CD or breaking soliton equation in the form

ψxt − 4ψxψxy − 2ψyψxx + ψxxxy = 0. (2.1.1)

was first eastablished by Calogero and Degasperis [43, 44] and is used to describe the

(2+1)-dimensional interaction of a Riemann wave propagating along the y-axis with a

long wave along the x-axis.

The mathematical interest of this equation stems from the fact that it is, in a well

defined sense, the generic member of a class of integrable partial differential equations

[143], associated with certain infinite-dimensional Lie algebras and groups [152]. Finding

special solutions and investigating the corresponding properties of solutions are very im-

portant in both practice and theory for understanding these problems. The Hamiltonian

structure and the Lax pair of equation (2.1.1) have been given by Li [165]. Multi-soliton

solutions and algebra-geometric solutions were also found in [159]. In [157], Ma et al.

present a general class of Riemann theta function solution to two similar breaking soliton

equations. In [174], using computerized symbolic computation, new families of soliton-

like solutions are obtained for (2+1)-dimensional breaking soliton equations using an
1A part of this chapter has been published in International Journal of Nonlinear Science, 13

(2012) 475-481 and some part has been published in Physica Scripta, 86 (2012) 035005 (11
pages).

29
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ansätz and these solutions contain traveling wave solutions that are of important signif-

icance in explaining some physical phenomena. With the help of symbolic computation,

sixteen kinds of new special exact soliton-like solutions of (2+1)-dimensional breaking

soliton equation are obtained by further generalized projective Riccati equation method

in [173]. Zhang and Meng [69] derived a general variable separation solution of the (2+1)-

dimensional breaking soliton system and two classes of novel localized coherent struc-

tures like both multipeakon-antipeakon solution and multi compacton-anticompacton

solutions are found by selecting appropriate functions.

In the study of the (2+1)-dimensional nonlinear physical models, much effort has been fo-

cused on the single valued localized excitations, such as solitoffs, dromions, rings, lumps,

breathers, instantons, peakons, compactons, localized chaotic and fractal patterns and

in this direction Zhang et al. [70] obtained folded solitary waves and foldons in the

(2+1)-dimensional breaking soliton equation. Sheng Zhang [141] obtained many new

and more general exact non-traveling wave and coefficient function solutions including

soliton-like solutions, trigonometric function solutions, exponential solutions and ratio-

nal solutions using a generalized auxiliary equation method. Radha and Lakshmanan

[123] studied the existence of Dromion like structures in the (2+1)-dimensional breaking

soliton equation. Quan [158] used the new idea of a combination of Lie group method

and homoclinic test technique to seek non-traveling wave solutions.

As we know, the knowledge of point or higher-order symmetries of a differential equation

becomes a basis for finding the corresponding solutions known as invariant solutions or

exact solutions. Most differential equations (or systems of differential equations) which

arise in real life applications contain arbitrary functions of dependent variable or its

derivatives and independent variables. These arbitrary functions also called arbitrary

elements or parameters can be obtained from experiments or known natural laws. How-

ever, in some problems of interest or practical applications they may not be deduced

from experiments or physical laws. In such cases we use the method of group classifica-

tion to specify their forms and also, in multifarious real physical backgrounds, nonlinear

partial differential equations with variable coefficients often provide more powerful and

realistic models than their constant coefficient counterparts when the inhomogeneities

of media is considered. So it is of great importance to find exact solutions of NLPDEs

with variable coefficients and recently, many authors have researched in this direction

[72, 73, 122]. In this chapter, we also study the following variable coefficient CD equation

(VCCD equation):

ψxt + α(t)ψxψxy + β(t)ψyψxx + γ(t)ψxxxy = 0, (2.1.2)
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which is an important mathematical model in nonlinear physics and we have studied

this for integrability and the exact solutions using combination of Lie classical method

and several other methods including extended (G′/G)-expansion method. Variable-

coefficient NLEEs are not completely integrable unless the variable coefficients satisfy

some specific constraint conditions. Thereby, we will find the conditions for the equation

(2.1.2) to pass the Painlevé test firstly, then the symmetries and exact solutions are

considered.

In the following sections, with the aid of Lie group theory we reduce the CD equation to

partial differential equation in two variables and the reduced PDE is again operated by

Lie classical method to get the ordinary differential equations and further solutions of

ODEs yields another family of solutions involving upto two arbitrary functions of vari-

able t. In section (2.3), we perform the Painlevé analysis for VCCD equation (2.1.2).

We use Lie classical method to generate various symmetries of the VCCD equation and

the admissible forms of the coefficients that admit the classical symmetry group corre-

sponding to each member of the optimal system of subalgebras that helps us to reduce

VCCD equation to (1+1)-dimensional PDEs and then to ODEs. We also investigate

reduced ODEs for their exact solutions.

2.2 The Calogero Degasperis Equation

In this section, we will study the exact solutions of the CD equation with the aid of

symmetry group. Quan [158] and Tian [147] have studied the equation (2.1.1) and

obtained solutions by assuming particular values for arbitrary constants and functions

in symmetries. But, here we are discussing the reductions and solutions of CD equation

for the general case.

2.2.1 Lie Symmetries, Classification of One-dimensional Subalgebras

and Group Invariant Solution

In order to apply the classical method to the CD equation (2.1.1) with three indepen-

dent variables and one field, we consider the one parameter Lie group of infinitesimal

transformations in x, y, t, ψ given by:

ψ
′
= ψ + εη(x, y, t, ψ) +O(ε2)

x
′
= x+ εξ(x, y, t, ψ) +O(ε2)

y
′
= y + εφ(x, y, t, ψ) +O(ε2)

t
′
= t+ ετ(x, y, t, ψ) +O(ε2),

(2.2.1)
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where ε is the group parameter. It is therefore, necessary that this one transformation

leaves the set of solutions of (2.1.1) invariant. This yields an overdetermined linear sys-

tem of equations for the infinitesimals ξ(x, y, t, ψ), φ(x, y, t, ψ), τ(x, y, t, ψ), η(x, y, t, ψ).

The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the

form

X = ξ ∂
∂x + φ ∂

∂y + τ ∂
∂t + η ∂

∂ψ . (2.2.2)

By applying the classical method to (2.1.1), we obtain the following system of determin-

ing equations:

(i) ξxx = 0, ξy = 0, ξψ = 0,

(ii) τx = 0, τy = 0, τψ = 0,

(iii) φx = 0, φψ = 0,

(iv) ηxx = 0, ηxψ = 0, ηxt = 0, ηyψ = 0, ηψψ = 0, (v) − ηψ + ξx − τt + φy = 0,

(vi) 4ηx + φt = 0,

(vii) ξt + 2ηy = 0,

(viii) ηtψ − 4ηxy − ξxt = 0,

(ix) 2ξx − τt + φy = 0.
(2.2.3)

whose solution is:

η = −pxy
2 − cx− ptψ − 2qψ − Q′(t)y

2 +R(t)

ξ = ptx+ 2qx+Q(t)

φ = 2pyt+ 4ct

τ = 2pt2 + 4qt.

(2.2.4)

Note that the corresponding Lie symmetry algebra depends on two functions Q(t), R(t)

of t. Having determined the infinitesimals of (2.1.1), then the symmetry variables are

found by solving the invariant surface conditions

Φ ≡ ξ ∂
∂x + φ ∂

∂y + τ ∂
∂t − η = 0. (2.2.5)

or the corresponding characterstic equations

dψ
−pxy

2
−cx−ptψ−2qψ−Q′(t)y

2
+R(t)

= dx
ptx+2qx+Q(t) = dy

2pyt+4ct = dt
2pt2+4qt

. (2.2.6)

Integration of (2.2.6) provides the reduced variables:

ρ = x e
∫ −q

2pt2+4qt
dt

(2pt2+4qt)
1
4
− (
∫ Q(t)

(2pt2+4qt)
5
4
(e
∫ −q

2pt2+4qt
dt)dt),

σ = y e
∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2
− (
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt).

(2.2.7)
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and the following reduction for the field:

ψ(x, y, t) = χ(x, y, t) + e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4
H(ρ, σ), (2.2.8)

where

χ(x, y, t) = −pxyt
2(2pt2+4qt)

− cxt
(2pt2+4qt)

− yQ(t)
2(2pt2+4qt)

− qye

∫ q

2pt2+4qt
dt

(2pt2+4qt)
3
4

(
∫ Q(t)

(2pt2+4qt)
5
4
(e
∫ −q

2pt2+4qt
dt)dt)

+ e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

(
∫ R(t)

(2pt2+4qt)
3
4
(e
∫ q

2pt2+4qt
dt)dt).

(2.2.9)

Substitution of the reduction ansätz (2.2.7)-(2.2.9) gives us:

Hρρρσ − 2HσHρρ − 4HρHρσ − 2qρHρρ − 4qHρ = 0. (2.2.10)

Proceeding in the similar manner as earlier, we get the symmetry algebra admitted by

(2.2.10) is
V1 = ρ ∂

∂ρ − 2σ ∂
∂σ −H ∂

∂H

V2 = ∂
∂ρ − qσ ∂

∂H

V3 = ∂
∂σ

V4 = ∂
∂H .

(2.2.11)

We now present the optimal system of one-dimensional subalgebras for the equation

(2.2.10). The method used here for obtaining the one-dimensional optimal system of

subalgebras is that given in [83, 111]. This approach, in essence, is taking a general

element from the Lie algebra and reducing it to its simplest equivalent form by applying

carefully choosen adjoint transformations. The commutator table of the Lie symmetries

of equation (2.2.10) and the adjoint representation of the symmetry group of (2.2.10)

on its Lie algebra are given in Tables (2.1) and (2.2). For brevity, we only consider the

construction of the optimal system of one-dimensional subalgebras for the Eq. (2.2.10)

in detail and they will be listed in Table (2.3) as they can be derived in like manner.

Table 2.1: Commutator Table
V1 V2 V3 V4

V1 0 −V2 2V3 V4

V2 V2 0 qV4 0
V3 −2V3 −qV4 0 0
V4 −V4 0 0 0

The optimal system for (2.2.11) consists of following vector fields:

(i) V1, (ii) V2, (iii) V2 + V3, (iv) V3, (v) V4. (2.2.12)
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Table 2.2: Adjoint Table
V1 V2 V3 V4

V1 V1 V2e
ε V3e

−2ε V4e
−ε

V2 V1 − εV2 V2 V3 − εqV4 V4

V3 V1 + 2εV3 V2 + qεV4 V3 V4

V4 V1 + εV4 V2 V3 V4

Because corresponding to vector field V2 and V4, PDE (2.2.10) is identically satisfied,

that’s why we confine ourselves to remaining vector fields.

Table 2.3: Similarity Reductions of PDE (2.2.10) to ODEs

Essential Similarity Similarity Reduced
fields variable(ζ) solution(H) ODEs

V1 ρσ
1
2 σ

1
2F (ζ) ζF ′′′′(ζ) + 4F ′′′(ζ)− 2F (ζ)F ′′(ζ)− 6ζF ′(ζ)F ′′(ζ)

−8(F ′(ζ))2 − 4qζF ′′(ζ)− 8qF ′(ζ) = 0

V2 + V3 ρ− σ −qσ2

2 + F (ζ) F ′′′′(ζ) + 2qζF ′′(ζ)− 6F ′(ζ)F ′′(ζ) + 4qF ′(ζ) = 0

V3 ρ F (ζ) ζF ′′(ζ) + 2F ′(ζ) = 0

1. Vector field V1

The reduced ODE corresponding to vector field V1 (as shown in Table 2.3) has the

following solutions:
(i) F (ζ) = C0

(ii) F (ζ) = C0 − qζ

(iii) F (ζ) = −2
√
q coth(C0 +

√
qζ)

(iv) F (ζ) = −2
√
q tanh(C0 +

√
qζ),

(2.2.13)

where C0 is arbitrary constant. The solution (2.2.13) leads by back substitution to the

solution of equation (2.1.1) of the form

(i) ψ(x, y, t) = χ(x, y, t) + C0e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

(y e
∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2
− (
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2
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(ii) ψ(x, y, t) = χ(x, y, t) + e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

(y e
∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2
− (
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2

(C0 − q((x e
∫ −q

2pt2+4qt
dt

(2pt2+4qt)
1
4
− (
∫ Q(t)

(2pt2+4qt)
5
4
(e
∫ −q

2pt2+4qt
dt)dt))(y e

∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2

−(
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2 ))

(iii) ψ(x, y, t) = χ(x, y, t) + e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

(y e
∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2
− (
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2

(−2
√
q coth(C0 +

√
q((x e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4
− (
∫ Q(t)

(2pt2+4qt)
5
4
(e
∫ −q

2pt2+4qt
dt)dt))(y e

∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2

−(
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2 )))

(iv) ψ(x, y, t) = χ(x, y, t) + e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

(y e
∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2
− (
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2

(−2
√
q tanh(C0 +

√
q((x e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4
− (
∫ Q(t)

(2pt2+4qt)
5
4
(e
∫ −q

2pt2+4qt
dt)dt))(y e

∫ 2q

2pt2+4qt
dt

(2pt2+4qt)
1
2

−(
∫

4ct

(2pt2+4qt)
3
2
(e
∫ 2q

2pt2+4qt
dt)dt))

1
2 ))),

(2.2.14)

where χ(x, y, t) is given by equation (2.2.9). By the analysis of solutions obtained corre-

sponding to vector field V1, we conclude that solutions (2.2.14) depend upon four con-

stants p, q, c, C0 and two arbitrary functions Q(t), R(t) of time. Depending upon these

constants and functions of time, we obtain certain periodic and bell profile solutions.

For p = q = 1, c = C0 = 0 and Q(t) = (2t2+4t)
5
4

e( 1
4

log(t+2)− 1
4

log(t))
, R(t) = 0, with y = sin(x) so-

lution (2.2.14)(iv) takes the form of periodic solutions as shown in Fig. (2.1). By taking

the same considerations for constants and arbitrary functions, for y = cos(x) solution

(2.2.14)(iii) takes the form of bell profile solutions and with Q(t) = 0, y = x sin(x) solu-

tion (2.2.14)(iv) behaves as kink wave as shown in Fig. (2.2) and Fig. (2.3) respectively.

2. Vector field V2 + V3

For q 6= 0, we are able to obtain trivial solutions only for the reduced ODE corresponding

to vector field V2 + V3. For q = 0, integrating equation once, multiplying integrated

equation with F ′′(ζ), again integrating and on substituting F ′(ζ) = J(ζ), we get

J ′(ζ)2 − 2J(ζ)3 + 2K1J(ζ) + 2K2 = 0, (2.2.15)

where K1,K2 are arbitrary constants. Solving equation (2.2.15), we get

J (ζ) = ℘
(
1/2 22/3ζ + C1, 2K1

3
√

2, 2K2

)
3
√

2, (2.2.16)

where C1 is arbitrary constant and ℘ denotes the WeirstrassP function.
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Figure 2.1: The periodic solu-
tion (2.2.14)(iv) for p = q =
1, c = C0 = 0 and Q(t) =

(2t2+4t)
5
4

e( 1
4 log(t+2)− 1

4 log(t))
, R(t) = 0, y =

sin(x)

Figure 2.2: The bell profile so-
lution (2.2.14)(iii) for p = q =
1, c = C0 = 0 and Q(t) =

(2t2+4t)
5
4

e( 1
4 log(t+2)− 1

4 log(t))
, R(t) = 0, y =

cos(x)

Figure 2.3: The kink wave solution (2.2.14)(iv) for p = q = 1, c = C0 = 0 and Q(t) =
0, R(t) = 0, y = x sin(x)
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3. Vector field V3

The reduced ODE has the following solution:

F (ζ) = C1 +
C2

ζ
, (2.2.17)

where C1, C2 are arbitrary constants and solution (2.2.17) corresponds to the following

solution of Eq. (2.1.1):

ψ(x, y, t) = χ(x, y, t) + e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

C1 + C2

x e

∫ −q
2pt2+4qt

dt

(2pt2+4qt)
1
4

−(
∫ Q(t)

(2pt2+4qt)
5
4

(e

∫ −q
2pt2+4qt

dt
)dt)

 ,

(2.2.18)

where χ(x, y, t) is given by (2.2.8).

2.3 The Calogero Degasperis Equation with Variable Co-

efficients

In this section, we work for integrability, symmetries and exact solutions of VCCD

equation.

2.3.1 Painlevé Analysis for VCCD Equation

As we have already discussed the Painlevé analysis method in chapter 1 (section (1.4))

to check the integrability of PDEs, in this section we are applying that method to

study the Painlevé properties of VCCD equation. By applying the Painlevé test, Toda

and Kobayashi [74, 144, 145] extended integrable equations with variable coeffcients

to higher-dimensions and also checked the integrability of generalized KdV-family with

variable coefficients in (2+1)-dimensions. Now, we are looking for a solution of equation

(2.1.2) in the Laurent series expansion with g = g(x, y, t):

ψ(x, y, t) = ψ0g
α +

∞∑
r=1

ψrg
r−1, (2.3.1)

where ψr = ψr(x, y, t) and g = g(x, y, t) are analytic functions in a neighborhood of

g = 0. In this case, the leading order α = −1 and

ψ0 =
12γ(t)gx
α(t) + β(t)

, (2.3.2)
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where gx denotes the partial differentiation of g(x, y, t) with respect to x. For finding

the resonances, the full Laurent series (2.3.1) is substituted into (2.1.2) and by equating

the coefficients of like terms, the polynomial equation is derived as

−(r2 − 1)(r − 4)(r − 6)(α(t) + β(t))2γ(t)g(r−2)ψr = F (ψr−1, ..., ψ0, gx, gy, gt, ...).

(2.3.3)

Using equation (2.3.3), the resonances are found to be

r = −1, 1, 4, 6. (2.3.4)

As usual, the resonance at r = −1 corresponds to the arbitrariness of the singular

manifold g(x, y, t) = 0. Therefore there are three compatibility tests at r = 1, 4 and 6.

When r = 1, ψ1 is arbitrary; r = 4, ψ4 is arbitrary; r = 6, we can get the compatibility

condition which corresponds to the following relations in arbitrary variable coefficients

of Eq. (2.1.2):

(i) α(t) = 2β(t),

(ii) − 9 (β (t))2 d
dtγ (t) + 9β (t) γ (t) d

dtβ (t) = 0.
(2.3.5)

Then we obtain the following explicit constraints on the variable coefficients α(t), β(t)

and γ(t) for Eq. (2.1.2) to pass the Painlevé test:

α(t) = 2β(t), γ(t) = C1β(t), (2.3.6)

where C1 is arbitrary constant.

Remark 2.3.1. In [143], Alagesan et al. performed the Painlevé test for uncoupled

breaking soliton equation (2.1.1) and also derived the associated Bäcklund transforma-

tion and bilinear form directly from the Painlevé test, but here we have performed the

integrability test for breaking soliton equation with variable coefficients and found cer-

tain constraints on variables α(t), β(t), γ(t) given by Eq. (2.3.6) for VCCD equation to

be integrable.

2.3.2 Classical Lie Symmetry Analysis

Here, we will study the similarity reductions and exact solutions of the VCCD equation

with the aid of symmetry group, i.e., the Lie group of transformations acting on the

independent variables (x, y, t) and the dependent variable ψ. By following the same

procedure as in section (2.2), we get the following forms for the infinitesimal elements
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η, ξ, φ and τ :
ξ = a1x+ a2

τ = 1
β(t)((a1 − a3)

∫
β(t)dt+ a7)

φ = a4

∫
α(t)dt+ a6

η = a3ψ + a4x+ a5,

(2.3.7)

where a1, a2, a3, a4, a5, a6 and a7 are arbitrary constants. The functions α(t), β(t) and

γ(t) are governed by the following conditions:

α′(t)β(t)− α(t)β′(t) = 0,

γ(t)τt + τγ′(t)− 2a1γ(t) = 0.
(2.3.8)

The infinitesimal generators of the corresponding Lie algebra are given by

V1 = x ∂
∂x +

(∫
β(t)dt
β(t)

)
∂
∂t ,

V2 = ψ ∂
∂ψ −

(∫
β(t)dt
β(t)

)
∂
∂t ,

V3 = x ∂
∂ψ +

(∫
α(t)dt

)
∂
∂y ,

V4 = ∂
∂x ,

V5 = 1
β(t)

∂
∂t ,

V6 = ∂
∂y ,

V7 = ∂
∂ψ .

(2.3.9)

Here, we can see that the Lie symmetry operators and the Lie algebra depend on the

solutions for α(t), β(t), γ(t). Thus, we can deduce that the VCCD equation has an

infinite continous group of transformations which is generated by the infinite-dimensional

Lie algebra spanned by the operators (2.3.9). Using (1.2.16) and (1.2.21), we can find

commutator and adjoint relations for (2.3.9) which are interpreted in following tables as

under:

Table 2.4: Commutator Table
V1 V2 V3 V4 V5 V6 V7

V1 0 0 V3 −V4 −V5 0 0
V2 0 0 −V3 0 V5 0 −V7

V3 −V3 V3 0 −V7 −K1V6 0 0
V4 V4 0 V7 0 0 0 0
V5 V5 −V5 K1V6 0 0 0 0
V6 0 0 0 0 0 0 0
V7 0 V7 0 0 0 0 0
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Table 2.5: Adjoint Table
V1 V2 V3 V4 V5 V6 V7

V1 V1 V2 V3e
−ε V4e

ε V5e
ε V6 V7

V2 V1 V2 V3e
ε V4 V5e

−ε V6 V7e
ε

V3 V1 + εV3 V2 − εV3 V3 V4 + εV7 V5 + εV6 V6 V7

V4 V1 − εV4 V2 V3 − εV7 V4 V5 V6 V7

V5 V1 − εV5 V2 + εV5 V3 − εK1V6 V4 V5 V6 V7

V6 V1 V2 V3 V4 V5 V6 V7

V7 V1 V2 − εV7 V3 V4 V5 V6 V7

The optimal system for (2.3.9) consists of following vector fields:

(i) V1 + aV2, (ii) V2 + bV4, (iii) V3 + cV4 + dV5,

(iv) V4 + pV5, (v) V5 + qV7, (vi) V6 + sV7, (vii) V7,
(2.3.10)

where a, b, c, d, p, q and s are arbitrary constants. Since, corresponding to essential vector

field V7, equation (2.1.2) is identically satisfied, Hence in Table 2.6 we confine ourselves

to list the remaining six essential fields of the optimal system and in each case, we get

α(t) = K1β(t).

2.3.2.1 Group Invariant Reductions with One-Dimensional Subalgebras and

Exact Solutions

In this section, corresponding to each essential vector field in the optimal system, the

reduced PDEs in two variables ρ and σ are obtained. Since, each reduced PDE can

be further studied for symmetry reductions, but to avoid cumbersome results, here the

reduced PDEs are studied only for physically significant reductions along with their ex-

act solutions by using extended (G′/G)-expansion method, hyperbolic rational function

expansion method and others.

1. Vector Field V1 + aV2

The reduced PDE in this case is given by

−(1−a)Hσ−σHσσ+K1(1−a)HσHρσ+(1−a)HρHσσ+K2(1−a)
2

1−aHρσσσ = 0, (2.3.11)

where K1,K2 are arbitrary constants. To reduce the PDE, let us assume the transfor-

mation of the form

H(ρ, σ) =
1
σ
F (ζ), ζ = ρσ2, (2.3.12)
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Table 2.6: Similarity Variables, Forms and Coefficient Functions of VCCD Equation

Essential Similarity Similarity Coefficient
fields variables(ρ, σ) solution(ψ) functions(γ(t))

V1 + aV2 y,
(∫
β(t)dt

) a
1−a H(ρ, σ) K2β(t)

(
(1− a)

∫
β(t)dt

) 1+a
1−a

x

(
∫
β(t)dt)

1
1−a

V2 + bV4 y, 1

(
∫
β(t)dt)H(ρ, σ) K2β(t)

(
−
∫
β(t)dt

)−1

x+ b log
(∫
β(t)dt

)

V3 + cV4 + dV5 x− c
d

(∫
β(t)dt

)
, x2

2c +H(ρ, σ) K2β(t)
y − K1

2d

(∫
β(t)dt

)2
V4 + pV5 y, H(ρ, σ) K2β(t)

px−
(∫
β(t)dt

)
V5 + qV7 x, q

(∫
β(t)dt

)
+H(ρ, σ) K2β(t)

y

V6 + sV7 x, sy +H(ρ, σ) K2β(t)
t

which reduces the equation (2.3.11) to ODE of the form

8K2(1− a)
2

1−a ζ2F ′′′′(ζ) + 24K2(1− a)
2

1−a ζF ′′′(ζ) +
(
6K2(1− a)

2
1−a − 4ζ

)
F ′′(ζ)

+4(K1 + 1)(1− a)ζF ′(ζ)F ′′(ζ) + 2(1− a)(K1 − 1)(F ′(ζ))2 + (1− a)(2−K1)
F (ζ)F ′(ζ)

ζ

−2K1(1− a)F (ζ)F ′′(ζ)− (1 + a)F (ζ)
ζ + 2aF ′(ζ) = 0,

(2.3.13)

where prime (′) denotes the differentiation with respect to the variable ζ. To get a

solution for Eq. (2.3.13), let us assume that (2.3.13) admits a solution in the form

F (ζ) =
b0
ζ

+ b1 + b2ζ. (2.3.14)
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On Substitution, we get b0 = b1 = 0 and b2 = 1
K1

. Hence, we find the solution of Eq.

(2.1.2) as follows:

ψ(x, y, t) =
xy

K1

(∫
β(t)dt

) . (2.3.15)

2. Vector Field V2 + bV4

The reduced PDE is

−Hσ + bHσσ +K1HσHρσ +HρHσσ −K2Hρσσσ = 0. (2.3.16)

Make transformation as follows:

H(ρ, σ) = H(ζ), ζ = ρ− Cσ, (2.3.17)

where C is non-zero constant. Substituting (2.3.17) into Eq. (2.3.16) obtains an ODE

to ζ. Integrating it once with respect to ζ and taking integration constant to zero, yield

2K2C
2H ′′′(ζ) + C(1 +K1)(H ′(ζ))2 + 2bCH ′(ζ) + 2H(ζ) = 0. (2.3.18)

We seek the solution of Eq. (2.3.18) in the following form

H(ζ) =
b0 tanh(ζ) + b1 + b2sech(ζ)
tanh(ζ) + b3 + b4sech(ζ)

, (2.3.19)

where b0, b1, b2, b3 and b4 are constants to be found out. The substitution of the form

of H(ζ) in equation (2.3.18) brings forth the several possibilities for values of constants

and all these possibilities correspond to the following solutions of Eq. (2.1.2):

(i) ψ(x, y, t) = b2
sech(y−1/2u(x,t))(

∫
β(t)dt)−1

(−1+tanh(y−1/2u(x,t))) ,

(ii) ψ(x, y, t) = b0
(tanh(y−1/2u(x,t))+1−sech(y−1/2u(x,t))b4

−1)(
∫
β(t)dt)−1

(−1+tanh(y−1/2u(x,t))+b4 sech(y−1/2u(x,t))) ,
(2.3.20)

with the restriction that α(t) = −β(t) and u(x, t) =

(
−b+

√
b2−4K2

)
(x+b ln(

∫
β(t)dt))

K2
. By

the analysis of solutions obtained in this section, we conclude that solutions (2.3.20)

depends upon certain arbitrary constants and function β(t). Depending upon these

constants and function of time, we obtain certain periodic and kinky wave solutions.

For b0 = b4 = K2 = 1, y = sin(x), β(t) = cos(t) and for y = cos(x), β(t) = 1, solution

(2.3.20)(ii) behaves as periodic and kinky wave as shown in Fig. (2.4) and Fig. (2.5)

respectively.
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Figure 2.4: The figure of periodic
solution (2.3.20)(ii) for b0 = b4 =
K2 = 1, y = sin(x), β(t) = cos(t)

Figure 2.5: The figure of kink pe-
riodic solution (2.3.20)(ii) for b0 =
b4 = K2 = 1, y = cos(x), β(t) = 1

3. Vector Field V3 + cV4 + dV5

In this case, we get the following (1+1)-dimensional nonlinear PDE with variable coef-

ficients:

− c

d
Hρρ +

K1

c
ρHρσ +K1HρHρσ +

1
c
Hσ +HρρHσ +K2Hρρρσ = 0. (2.3.21)

To reduce the above Eq. to ODE, make the transformation as follows:

H(ρ, σ) =
c

d
σ − 1

2c
ρ2 +

1
ρ
F (ζ), ζ = σρ4. (2.3.22)

Substituting Eq. (2.3.22) into Eq. (2.3.21) yields nonlinear ODE as follows:

K2

(
6F ′(ζ) + 204ζF ′′(ζ) + 288ζ2F ′′′(ζ) + 64ζ3F ′′′′(ζ)

)
+ 2F (ζ)F ′(ζ) + 16ζ2F ′′(ζ)

+4ζ(F ′(ζ))2 +K1

(
−3F (ζ)F ′(ζ)− 4ζF (ζ)F ′′(ζ) + 12ζ(F ′(ζ))2 + 16ζ2F ′(ζ)F ′′(ζ)

)
+ 1

d = 0.
(2.3.23)

To get a solution for (2.3.23), let us assume that the ODE admits a solution of the form

F (ζ) =
b0
ζ

+ b1 + b2ζ. (2.3.24)
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In this case we get b0 = 0, b1 = −(6dK2b2+1)
4db2

and b2 = b2. Hence, we find the solution of

Eq. (2.1.2) as follows:

ψ(x, y, t) = 1/2 x2

c + c

(
y + 1/3 (

∫
β(t)dt)2

d

)
d−1 − 1/2

(
x− c

∫
β(t)dt
d

)2
c−1

+
(

1/4 −6 dK2 b2−1
db2

+ b2

(
y + 1/3 (

∫
β(t)dt)2

d

)(
x− c

∫
β(t)dt
d

)4
)(

x− c
∫
β(t)dt
d

)−1
,

(2.3.25)

with the restriction that α(t) = −2
3β(t).

2. Vector Field V4 + pV5

The reduced PDE is given as

K2p
2Hρσσσ + pHρHσσ +K1pHσHρσ −Hσσ = 0. (2.3.26)

In this section, we seek solutions of Eq. (2.3.26) by extended (G′/G)-expansion method

as described in section (1.7.2). The traveling wave variable

H(ρ, σ) = H(ζ), ζ = ρ− Cσ, (2.3.27)

where C is a constant to be determined later, permits us reducing the Eq. (2.3.26) to

an ODE in the form

− 2K2p
2CH ′′′ + (pK1 + p)(H ′)2 − 2H ′ +K3 = 0, (2.3.28)

where K3 is constant of integration. Suppose the solution of (2.3.28) can be expressed

in (G′/G) as follows:

H(ζ) = a0 +
n∑
i=1

ai
(
G′

G

)i
+ bi

(
G′

G

)i−1

√√√√ν

(
1 +

1
µ

(
G′

G

)2
) , (2.3.29)

where G = G(ζ) satisfies the second-order linear ODE (1.7.5), while ai, bi(i = 1, 2, ..., n)

and a0 are constants to be determined, such that ν = ±1 and µ 6= 0. On balancing the

highest-order derivatives with the nonlinear terms appearing in (2.3.28), we get n = 1.

Substituting (2.3.29) into (2.3.28) and using (1.7.5), collecting all terms with the same

powers of
(
G′

G

)k
and

(
G′

G

)k√
ν
(
1 + 1

µ

(
G′

G

)2)
together, and equating each coefficient of

them to zero, yield a set of following algebraic equations for a0, a1, b1 and C:

(i) K1 pb1
2ν

µ + 12K2 p
2Ca1 + pa1

2 +K1 pa1
2 + pb1

2ν
µ = 0,

(ii) 2K1 pa1 b1 + 12K2 p
2Cb1 + 2 pa1 b1 = 0,
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(iii) K1 pb1
2ν + 16K2 p

2Ca1 µ+ 2K1 pa1
2µ+ pb1

2ν + 2 pa1
2µ+ 2 a1 = 0,

(iv) 10K2 p
2Cb1 µ+ 2K1 pa1 µ b1 + 2 b1 + 2 pa1 µ b1 = 0,

(v) 4K2 p
2Ca1 µ

2 +K1 pa1
2µ2 + 2 a1 µ+ pa1

2µ2 +K3 = 0.

(2.3.30)

Solving these algebraic equations by Maple, we obtain the following results:

Case 1:

a0 = a0, a1 = − 3
pµ(K1 + 1)

, C =
1

4p2µK2
, b1 = K3 = 0. (2.3.31)

Case 2:

a0 = a0, a1 = − 6
pµ(K1 + 1)

, C =
1

p2µK2
, b1 = ±

6
√

1
µν

p(K1 + 1)
, K3 = 0. (2.3.32)

From (2.3.29) and the general solution of (2.3.30), we deduce the traveling wave solutions

of (2.3.28). When µ > 0, then Case 1 gives the exact traveling wave solution as:

H(ρ, σ) = a0 −
3
(
B cos

(√
µ
(
ρ−1/4 σ

p2µK2

))
−A sin

(√
µ
(
ρ−1/4 σ

p2µK2

)))
p−1 1√

µ
(K1+1)−1(

A cos
(√

µ
(
ρ−1/4 σ

p2µK2

))
+B sin

(√
µ
(
ρ−1/4 σ

p2µK2

))) ,

(2.3.33)

where A,B are arbitrary constants. Case 2 gives the solution of Eq. (2.3.28) as:

H(ρ, σ) = a0 −
6
(
B cos

(√
µ
(
ρ− σ

p2µK2

))
−A sin

(√
µ
(
ρ− σ

p2µK2

)))
p−1 1√

µ
(K1+1)−1(

A cos
(√

µ
(
ρ− σ

p2µK2

))
+B sin

(√
µ
(
ρ− σ

p2µK2

)))

±6
√

1
µ ν

√√√√ν

(
1 +

(
B cos

(√
µ
(
ρ− σ

p2µK2

))
−A sin

(√
µ
(
ρ− σ

p2µK2

)))2

(
A cos

(√
µ
(
ρ− σ

p2µK2

))
+B sin

(√
µ
(
ρ− σ

p2µK2

)))2

)
(K1 + 1)−1 p−1.

(2.3.34)

When µ < 0, then Case 1 gives the exact traveling wave solution as:

H(ρ, σ) = a0 − 3
√
−µ

(
B cosh

(√
−µ
(
ρ−1/4 σ

p2µK2

))
+A sinh

(√
−µ
(
ρ−1/4 σ

p2µK2

)))
p−1µ−1(K1+1)−1(

A cosh
(√

−µ
(
ρ−1/4 σ

p2µK2

))
+B sinh

(√
−µ
(
ρ−1/4 σ

p2µK2

))) .

(2.3.35)

and Case 2 gives the solution as:

H(ρ, σ) = a0 + 6
√
−µ

(
B cosh

(√
−µ
(
ρ− σ

p2µK2

))
+A sinh

(√
−µ
(
ρ− σ

p2µK2

)))
p−1µ−1(K1+1)−1(

A cosh
(√

−µ
(
ρ− σ

p2µK2

))
+B sinh

(√
−µ
(
ρ− σ

p2µK2

)))

±6
√

1
µ ν

√√√√ν

(
1−

(
B cosh

(√
−µ
(
ρ− σ

p2µK2

))
+A sinh

(√
−µ
(
ρ− σ

p2µK2

)))2

(
A cosh

(√
−µ
(
ρ− σ

p2µK2

))
+B sinh

(√
−µ
(
ρ− σ

p2µK2

)))2

)
(K1 + 1)−1 p−1.

(2.3.36)

Corresponding to the above solutions (2.3.33)-(2.3.36), solutions of Eq. (2.1.2) are given

by the relation

ψ(x, y, t) = H(ρ, σ), ρ = y, σ = px−
(∫

β(t)dt
)
. (2.3.37)
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Figure 2.6: The figure of periodic
solution (2.2.33) for µ = ν = p =
K2 = b1 = A = 1,K1 = a0 = B =

0, y = sin(x), β(t) = tan(t)

Figure 2.7: The figure of periodic
solution (2.2.36) for µ = ν = p =
K2 = b1 = A = 1,K1 = a0 = B =

0, y = sin(x), β(t) = 0

In this section, certain solutions obtained by extended (G′/G) method behaves as peri-

odic solutions for different values of constants and functions involved. For µ = ν = p =

K2 = b1 = A = 1,K1 = a0 = B = 0, y = sin(x) and with β(t) = tan(t) and β(t) = 0,

solutions (2.3.33) and (2.3.36) takes the form of periodic solutions as shown in Fig. (2.6)

and Fig. (2.7) respectively.

5. Vector Field V5 + qV7

In this case, we get the following (1+1)-dimensional nonlinear PDE:

K1HρHρσ +HρρHσ +K2Hρρρσ = 0. (2.3.38)

Make transformation as follows:

H(ρ, σ) = H(ζ), ζ = ρ− Cσ, (2.3.39)

where C is a non-zero constant. Substitute (2.3.39) into Eq. (2.3.38) to obtain an ODE

to ζ. Integrating it once with respect to ζ yield

(K1 + 1)(H ′)2 + 2K2H
′′′ +K3 = 0, (2.3.40)

where K3 is constant of integration. Multiplying Eq. (2.3.40) by H ′′ and then once

more integrating with respect to ζ, taking integration constant to zero and substituting
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H ′(ζ) = J(ζ), we get
K1 + 1

3
J3 +K2(J ′)2 +K3J = 0. (2.3.41)

Here, we will seek the solutions of Eq. (2.3.41) using Jacobi elliptic function method.

For this, we consider the solution of (2.3.41) in the form

J(ζ) = a0 + a1sn(ζ,m) + a2sn
2(ζ,m), (2.3.42)

where sn(ζ,m) is the Jacobi elliptic sine function with modulus m. On substituting

Eq. (2.3.42) into (2.3.41) and performing algebraic calculations, we obtain the following

results:

Case 1: One has

a0 = 0, a1 = 0, a2 = − K3

4K2
, m = i, K1 = −(K3 + 48K2

2 )
K3

, (2.3.43)

which corresponds to the following solution of Eq. (2.1.2):

ψ(x, y, t) = q

∫
β (t) dt− 1/4

K3 (−x+ Cy − E (sn (−x+ Cy, i) , i))
K2

, (2.3.44)

where E denotes the elliptic integral of second kind.

Case 2: One has

a0 = − K3

4K2
, a1 = 0, a2 =

K3

2K2
,m =

√
2, K1 = −(K3 + 48K2

2 )
K3

, (2.3.45)

and in this case, the solution of Eq. (2.1.2) takes the following form:

ψ(x, y, t) =

q
∫
β (t) dt− 1/4 K3 (x−Cy)

K2
+ 1/2

K3 (1/2x−1/2Cy+1/2E(sn(−x+Cy,
√

2),
√

2))
K2

.
(2.3.46)

Case 3: One has

a0 = − K3

2K2
, a1 = 0, a2 =

K3

2K2
,m =

√
2

2
, K1 = −(12K2

2 +K3)
K3

, (2.3.47)

and equation (2.1.2) possesses the following solution in this case:

ψ(x, y, t) =

q
∫
β (t) dt− 1/2 K3 (x−Cy)

K2
+ 1/2

K3 (2x−2Cy+2E(sn(−x+Cy,1/2
√

2),1/2
√

2))
K2

.
(2.3.48)

6. Vector Field V6 + sV7

The reduced PDE is given by

Hρσ + sβ(σ)Hρρ = 0. (2.3.49)
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On solving the equation, we get

H(ρ, σ) = F1(σ) + F2(ρ− s

∫
β(σ)dσ), (2.3.50)

where F1, F2 are arbitrary functions and the above solution corresponds to the solution

of Eq. (2.1.2) as

ψ(x, y, t) = sy + F1(t) + F2(x− s

∫
β(t)dt). (2.3.51)

2.4 Discussions

In this chapter, we have presented the similarity reductions of Eq. (2.1.1) and (2.1.2)

by classical Lie group method and some new solutions are given, including the periodic

solutions, bell profile solutions etc. The discussions on our results are as follows:

• Firstly, Eq. (2.1.1) has been reduced to (1+1)-dimensional nonlinear Eq. (2.2.10)

by means of the classical Lie group method. The (1+1)-dimensional reduced PDE

is further reduced to ODEs using several transformations and reduced ODEs are

studied to get several exact general solutions which corresponds to solutions of Eq.

(2.1.1).

• The solutions of Eq. (2.1.1) obtained by us are such that one can choose the

arbitrary functions Q(t), R(t) along with various other parameters, in a suitable

manner, to simulate physical situations governed by Eq. (2.1.1) to obtain particu-

lar solutions having desired features (as shown in Figures 2.1-2.3). To understand

the solutions well, we plot the graphs of the solution surfaces with some special

parameters. As shown in Figures 2.1,2.2 and 2.3 the periodic solutions, bell profile

solutions and kinky wave solutions can be obtained through solutions (2.2.14).

• In this chapter, we have also checked the Painlevé property of (2+1)-dimensional

VCCD equation and prove that VCCD equation is integrable under certain re-

strictions on coefficients of equation under study.

• The Lie group method is utilized for the purpose of obtaining the group infinites-

imals of VCCD equation and the basic fields of the optimal system lead to reduc-

tions that are inequivalent with respect to the symmetry transformations.

• The motivation for the present study lies in the physical importance of VCCD

equation (2.1.2) and the need to have exact solutions. The solutions furnished

by us brings forth a new class of exact periodic and kinky wave solutions. In

almost all the cases, one can choose the arbitrary function β(t) along with various
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other parameters, in a suitable manner and this provides enough freedom to build

solutions that may correspond to particular physical situations.

• If we consider the new time variable as

T (t) =
∫ t

0
β(t)dt, (2.4.1)

then the VCCD equation can be reduced to the following form:

β(t)(ψxT + α′(t)ψxψxy + ψyψxx + γ′(t)ψxxxy) = 0, (2.4.2)

where α′(t) = α(t)
β(t) , γ

′(t) = γ(t)
β(t) . Then, the Lie symmetry operators involving

variable t will be transformed to

V1 = x ∂
∂x + T (t)

β(t) ≡ x ∂
∂x + T ∂

∂T , α′(t) = K1, γ′(t) = K2T,

V2 = ψ ∂
∂ψ −

T (t)
β(t)

∂
∂t ≡ ψ ∂

∂ψ − T ∂
∂T , α′(t) = K1, γ′(t) = −K2

T ,

V3 = x ∂
∂ψ + (

∫ t
0 α(t′)dt′) ∂∂y ≡ x ∂

∂ψ +K1T (t) ∂∂y , α′(t) = K1, γ′(t) = γ′(t),

V5 = 1
β(t)

∂
∂t ≡

∂
∂T , α′(t) = K1, γ′(t) = K2.

(2.4.3)

Hence, we deduce that the analysis done by us in this manuscript can also be

performed by using (2.4.1)-(2.4.3) in more simpler way, but finally we will get the

same solutions of VCCD equation.

It is worth to be mentioned that, with the aid of Maple, the exact solutions re-

ported here in this chapter are found to indeed satisfy the VCCD equation.





Chapter 3

The Coupled

Klein-Gordon-Schrödinger

Equation and its Generalized

Form1

3.1 Introduction

We have considered the Klein-Gordon-Schrödinger equation [22, 23] in the form

utt − c2uxx + u+ |v|2 = 0,

ivt + vxx + uv = 0,
(3.1.1)

where v(x, t) is a complex function, u(x, t) is a real one and i2 = −1. This system is a

classical model described the interaction between conservative complex neutron field and

neutral meson Yukawa in quantum field theory. It possesses two conserved quantities,

which are

Q(t) = ||v||2 = Q(0),

E(t) = 1
2(||u||2 + ||ut||2 + ||ux||2 + ||vx||2)− (|v|2, u) = E(0),

(3.1.2)

where Q(0) and E(0) are constants depending only on initial values, and ||.|| and (., .)

denote the norm and inner product in any Hilbert space, respectively.
1A part of this chapter has been published in Mathematical Methods in Applied Sciences, 35

(2012) 1175-1187.
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In the literature, the existence, uniqueness, and asymptotic behaviour of global solution

of Klein-Gordon-Schrödinger equations are considered in [22, 23] and the exact solitary

wave solution is given in [68]. Numerically, two conservative difference schemes are con-

structed in [84, 85] and the multisymplectic method is considered in [78]. In [139], the

modified decomposition method was used for finding the solutions for the coupled KGS

equations with initial conditions and the approximate solutions to the equations have

been calculated without any need to a transformation techniques and linearization of

the equations. Wang [115] established a rational physical model for controlling KGS

dynamics system. In the case of perturbation caused by disturbances and uncertainties

in control field, numerical quantum approach is presented for finding the quantum op-

timal control pairing of perturbative system. Assume that the amplitude of perturbed

disturbance is bounded, then perturbative optimal quantum control is investigated both

in theoretic and computational aspects. Based on a reliable semi-discrete algorithm,

numerical simulations interpret the effectiveness of performing control design. In [140],

a class of discrete-time orthogonal spline collocation schemes for solving coupled KGS

equations with initial and boundary conditions are considered. These schemes are con-

structed by using piecewise cubic Hermite interpolations in space combined with finite

difference methods in time. It is proved that the schemes have the conservation laws

of discrete energy, and possess second order accuracy in maximum norm and fourth

order in L2-norm for time and space, respectively. The conservation laws and rate of

convergence are also verified in numerical experiments.

Some new generalized solitary solutions of the KGS equations are obtained by Wang

et al. [166] using the Exp-function method, which include some known solutions ob-

tained by the F-expansion method and the homogeneous balance method. Darwish

et al. [9] devised an algebraic method to uniformly construct a series of explicit exact

solutions for the coupled KGS equations. By applying the Jacobi elliptic function expan-

sion method, the periodic solutions for a class of coupled nonlinear Klein-Gordon equa-

tions, which include coupled nonlinear Klein-Gordon equation, coupled nonlinear Klein-

Gordon-Schrödinger equations and coupled nonlinear Klein-Gordon-Zakharov equations,

are obtained in [134]. Anjan Biswas and Houria Triki [5] obtains the 1-soliton solution

of the KGS equation with power law nonlinearity. The solitary wave ansatz is used to

carry out the integration. The efficient, unconditionally stable and accurate numerical

methods for approximations of the KGS equations with/without damping terms are pre-

sented in [153]. The key features of methods used are based on:

(i) the application of a time-splitting spectral discretization for a Schrödinger-type equa-

tion in KGS,

(ii) the utilization of Fourier pseudospectral discretization for spatial derivatives in the

Klein-Gordon equation in KGS,
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(iii) the adoption of solving the ordinary differential equations in phase space analyti-

cally under appropriate chosen transmission conditions between different time intervals

or applying Crank-Nicolson/leap-frog for linear/nonlinear terms for time derivatives.

Because of the wide range of applications in several branches of physics, the generalized

Klein-Gordon-Schrödinger equation i.e. variable coefficient Klein-Gordon-Schrödinger

(VCKGS) equations are the subject of studies both in physical and mathematical con-

texts. In this chapter, we also consider the following form of coupled Klein-Gordon-

Schrödinger equation [22, 23] with variable coefficients:

utt + f(t)uxx + g(t)u+ h(t)|v|2 = 0,

ivt + p(t)vxx + q(t)uv = 0,
(3.1.3)

where v(x, t) is a complex function, u(x, t) is a real one and i2 = −1. Here, the coef-

ficients f(t), g(t), h(t), p(t), q(t) are the functions of independent variable t that corre-

sponds to new or more realistic physical conditions. In the following sections, we have

obtained the symmetries of VCKGS equation and utilized them to obtain new physically

important solutions.

The study in this chapter has been structured as follows. In section (3.2), Eq. (3.1.1)

and Eq. (3.1.3) has been decomposed into three coupled PDEs and then using the Lie

classical approach, symmetries are obtained. On using the obtained symmetries, we

reduce the number of independent variables of the coupled K-G-S equation and VCKGS

equation and some exact solutions are also obtained. In section (3.3), one of the reduced

equation is studied by modified (G′/G)-expansion method to obtain new traveling wave

solutions and some solutions are also graphically interpreted. In the last section (3.4),

some conclusions are made.

3.2 Classical Lie Symmetry Analysis

In the study of nonlinear partial differential equations, a long established systematic

approach to find exact solutions is the method of classical Lie point symmetry analysis.

The method of point symmetry analysis involves looking for a Lie group of invertible

transformations that map every solution of the differential equation to another solution

of the differential equation. In this section, we use Lie classical method (as described

in Chapter 1) to investigate the symmetry reductions of the Klein-Gordon-Schrödinger

equation (3.1.1) and VCKGS equation (3.1.3).
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3.2.1 The Klein-Gordon-Schrödinger Equation

In this subsection, we perform Lie symmetry analysis for the KGS equation. Since v(x, t)

is a complex function, so as to separate real and imaginary parts, we take the complex

function v(x, t) as

v(x, t) = a(x, t) + ib(x, t), (3.2.1)

which decomposes the system (3.1.1) into the following system of equtaions:

utt − c2uxx + u+ a2 + b2 = 0,

at + bxx + ub = 0,

−bt + axx + au = 0.

(3.2.2)

To find the symmetries, let us consider the Lie group of point transformations as

u∗ = u+ εφ(x, t, u, a, b) +O(ε2),

a∗ = a+ εψ(x, t, u, a, b) +O(ε2),

b∗ = b+ εη(x, t, u, a, b) +O(ε2),

x∗ = x+ εξ(x, t, u, a, b) +O(ε2),

t∗ = t+ ετ(x, t, u, a, b) +O(ε2),

(3.2.3)

which leaves the system (3.2.2) invariant. The method for determining the symmetry

group of (3.2.2) consists of finding the infinitesimals φ, ψ, η, ξ and τ , which are functions

of x, t, u, a, b. Assuming that the system (3.2.2) is invariant under the transformations

(3.2.3), we get the following relation from the coefficients of the first order of ε:

φtt − c2φxx + φ+ 2aψ + 2bη = 0,

ψt + ηxx + uη + bφ = 0,

−ηt + ψxx + aφ+ uψ = 0,

(3.2.4)

where ηt, ηxx, ψt, ψxx, φxx and φtt are extended (prolonged) infinitesimals acting on an

enlarged space that includes all derivatives of the dependent variables bt, bxx, at, axx, uxx
and utt . The infinitesimals are determined from invariance condition (3.2.4), by setting

the coefficients of different differentials equal to zero. We obtain a large number of PDEs

in φ, ψ, η, ξ and τ that need to be satisfied. The general solution of this large system

provides following forms for the infinitesimal elements φ, ψ, η, ξ and τ :

ξ = c1, τ = c2, φ = 0, ψ = c3a, η = c3b, (3.2.5)
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where c1, c2 and c3 are arbitrary constants. Now we can reduce the system (3.1.1) to

system of ODEs using characteristic equation:

dx

ξ
=
dt

τ
=
du

φ
=
da

ψ
=
db

η
. (3.2.6)

Solving characteristic equation and using (3.2.1) we have the following similarity vari-

ables for system (3.1.1)

u(x, t) = U(ξ), v = e(iθ)V (ξ), ξ = x+ αt, θ = px+ rt, (3.2.7)

where α, p, r are constants, we have a relation α + 2p = 0 and reduce system (3.1.1) to

the following system of ODEs

(α2 − c2)U ′′(ξ) + U(ξ) + V 2(ξ) = 0,

V ′′(ξ) + U(ξ)V (ξ)− (r + p2)V (ξ) = 0,
(3.2.8)

where the prime means differentiation with respect to ξ. In this case we get only trivial

symmetries, so we will get only traveling wave solutions of the equation (3.1.1) and for

the traveling wave solutions, we will apply Modified (G′/G)-expansion method to the

reduced ODE (3.2.8) as in section (3.3).

3.2.2 The Generalized Klein-Gordon-Schrödinger Equation

In this section, in virtue of classical Lie group method, we will discuss the classical

similarity reductions and exact solutions for the VCKGS equation (3.1.3). First of all,

we take the complex function v(x, t) as

v(x, t) = r(x, t) + is(x, t), (3.2.9)

which decomposes the system (3.1.3) into the following system of equtaions:

utt + f(t)uxx + g(t)u+ h(t)(r2 + s2) = 0,

rt + p(t)sxx + q(t)us = 0,

−st + p(t)rxx + q(t)ur = 0.

(3.2.10)

Proceeding in similar manner as mentioned earlier, we get the following forms of the

infinitesimal elements φ, ψ, η, ξ and τ for VCKGS equation:

ξ = c2x+ c5, τ = c3t+ c6, φ = c4u, ψ = c1r, η = c1s, (3.2.11)
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where φ, ψ, η, ξ, τ are infinitesimals corresponding to u, r, s, x, t, respectively and time

variables f(t), g(t), h(t), p(t), q(t) satisfy the following conditions:

τf ′(t)− 2f(t)ξx + 2τtf(t) = 0,

τp′(t) + τtp(t)− 2p(t)ξx = 0,

τg′(t) + 2τtg(t) = 0,

τh′(t) + 2τth(t)− φuh(t) + 2h(t)ηs = 0,

τq′(t) + τtq(t) + q(t)φu = 0.

(3.2.12)

The infinitesimal generators of the corresponding Lie algebra are given by

Z1 = s ∂∂s + r ∂∂r , Z2 = x ∂
∂x , Z3 = t ∂∂t , Z4 = u ∂

∂u , Z5 = ∂
∂x , Z6 = ∂

∂t . (3.2.13)

In general, there are infinite number of subalgebras of this Lie algebra formed from any

linear combination of generators Zj ; j = 1, 2, 3, 4, 5, 6 and to any sublagebra one can get

the reduction using characterstic equations:

dx
ξ = dt

τ = du
φ = dr

ψ = ds
η . (3.2.14)

However, this problem becomes manageable by recognizing that if two algebras are

similar, i.e. they are connected to each other by a transformation from the symmetry

group, then their corresponding invariant solutions are connected to each other by the

same transformation. Therefore, it is sufficient to put all similar subalgebras in to one

class and select a representative from each class. The set of all these representatives

is called an optimal system as discussed in chapter 1. Thus, the optimal system for

(3.2.13) consists of following vector fields:

(i) Z1 + αZ2 + βZ3 + γZ4, (ii) Z2 + pZ3 + qZ4, (iii) Z3 + cZ4 + Z5, (iv) Z3 + dZ4,

(v) Z4 + aZ5 + Z6, (vi) Z4 + bZ5, (vii)Z5 + Z6, (viii)Z5, (ix) Z6,

(3.2.15)

3.2.2.1 Symmetry Reductions and Exact Solutions

In this section, we will make use of the optimal system of vector fields (3.2.15) and

reduce the Eq. (3.1.3) to ODEs. The similarity variables and the similarity solutions of

the Eq. (3.1.3) can be obtained by solving characterstic equation (3.2.14) and the coef-

ficient functions are given by equation (3.2.12). The general solution of these equations

involves two constants, one become independent variable ζ and other plays the role of

new dependent variables F (ζ), G(ζ),H(ζ).
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Vector Field Z1 + αZ2 + βZ3 + γZ4

For this vector field, on solving the equations (3.2.12) and (3.2.14), we obtain

u(x, t) = t
γ
βF (ζ), v(x, t) = t

1
β eiG(ζ)H(ζ), ζ = xt

−α
β ,

f(t) = K1t
2α−2β
β , g(t) = K2

t2
, h(t) = K3t

γ−2−2β
β , p(t) = K4t

2α−β
β , q(t) = K5t

−β−γ
β ,

(3.2.16)

where K1,K2,K3,K4,K5 are arbitrary constants. Substituting (3.2.16) into Eq. (3.1.3),

we have the functions F (ζ), G(ζ),H(ζ) which must satisfy the following system of ODEs:

γ
β ( γβ − 1)F (ζ)− αγ

β2 ζF
′(ζ)− α

β (γ−α−ββ )ζF ′(ζ) + α2

β2 ζ
2F ′′(ζ)

+K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

1
βH(ζ)− α

β ζH
′(ζ) + 2K4G

′(ζ)H ′(ζ) +K4G
′′(ζ)H(ζ) = 0,

α
β ζG

′(ζ)H(ζ) +K4H
′′(ζ)−K4G

′(ζ)2H(ζ) +K5F (ζ)H(ζ) = 0.

(3.2.17)

To construct solutions for above system, let us suppose that system (3.2.17) assumes

the solution in the following form:

F (ζ) = a0 + a1ζ + a2ζ
2,

G(ζ) = b0 + b1ζ + b2ζ
2,

H(ζ) = c0 + c1ζ + c2ζ
2,

(3.2.18)

where a0, a1, a2, b0, b1, b2, c0, c1, c2 are constants to be determined. Using (3.2.18) in

ODEs (3.2.17), we get a set of algebraic equations which can be solved to get the

following solution of eq. (3.1.3):

u(x, t) = −1/9 t
γ
β
(
−α+ 2α2 − 1

)
x2
(
t
−α
β

)2
K4

−1β−2K5
−1,

v(x, t) = tβ
−1

e
i

(
b0+1/6 (α−1)x2

(
t
−α
β

)2

K4
−1β−1

)
c1 xt

−α
β ,

(3.2.19)

and from (3.2.16), we get K1 = 0,K3 = 1/9
(2α+1)(α−1)(4α2+2αβ−4αγ−γ β+K2 β2+γ2)

K5 β4c12K4
.

Vector Field Z2 + pZ3 + qZ4

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

u(x, t) = t
q
pF (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = xt

− 1
p ,

f(t) = K1t
2−2p
p , g(t) = K2

t2
, h(t) = K3t

q−2p
p , p(t) = K4t

2−p
p , q(t) = K5t

−p−q
p ,

(3.2.20)
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Substituting (3.2.20) into Eq. (3.1.3), it follows the corresponding reduced ODEs:

q(q−p)
p2

F (ζ)− q
p2
ζF ′(ζ)− q−p−1

p2
ζF ′(ζ) + 1

p2
ζ2F ′′(ζ) +K1F

′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

−1
pζH

′(ζ) + 2K4G
′(ζ)H ′(ζ) +K4G

′′(ζ)H(ζ) = 0,
1
pζG

′(ζ)H(ζ) +K4H
′′(ζ)−K4G

′(ζ)2H(ζ) +K5F (ζ)H(ζ) = 0.
(3.2.21)

Solving above system of equations using substitution (3.2.18), we get the following values

of u(x, t), v(x, t):

u(x, t) = t
q
p

(
9
8
K3 p2c02

3−2 q+p −
3pc02K3 xt−p

−1

16(3−2 q+p)
√
− K1

9 p+9−18 q

+
9K3 c02(p+1−2 q)x2

(
t−p

−1
)2

16(3−2 q+p)K1

)
,

v(x, t) = e
i

(
b0+2

√
− K1

9 p+9−18 q
xt−p

−1
K4

−1+1/6x2
(
t−p

−1
)2
K4

−1p−1

)
(
c0 − 1/12 c0 xt−p

−1 1√
− K1

9 p+9−18 q

p−1

)
,

(3.2.22)

and on using (3.2.20), we have K2 = −33+34q−17p−9q2+9pq
9p2

,K5 = −32K1(3−2q+p)
81K4(p+1−2q)K3p2c02 .

Vector Field Z3 + cZ4 + Z5

This case yields the following forms of invariants and coefficient functions:

u(x, t) = tcF (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = x− log(t),

f(t) = K1t
−2, g(t) = K2

t2
, h(t) = K3t

c−2, p(t) = K4t
−1, q(t) = K5t

−c−1.
(3.2.23)

On using (3.2.23) into eq. (3.1.3), it corresponds to the following system of reduced

ODEs:

c(c− 1)F (ζ)− (2c− 1)F ′(ζ) + F ′′(ζ) +K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

−H ′(ζ) + 2K4G
′(ζ)H ′(ζ) +K4G

′′(ζ)H(ζ) = 0,

G′(ζ)H(ζ) +K4H
′′(ζ)−K4H(ζ)(G′(ζ))2 +K5F (ζ)H(ζ) = 0.

(3.2.24)

The variable coefficients Klein-Gordon-Schrödinger equation has the following solution

corresponding to above system of ODEs:

u(x, t) = −1/4
tc(C2

2+4K4
2)

C2
2K5K4

,

v(x, t) = −1/2 ei
(
1/2

x−log(t)
K4

+C2

)√
−C4

(
e
x−log(t)
C2

)−2(
e
C3
C2

)−2
((

e
x−log(t)
C2

)2(
e
C3
C2

)2

+ 1

)
,

(3.2.25)

where C2, C3, C4 are arbitrary constants and K1 = −1,K2 = −c2 + c,K3 = 0.
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Vector Field Z3 + dZ4

On solving the equations (3.2.12) and (3.2.14), we get

u(x, t) = tdF (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = x,

f(t) = K1t
−2, g(t) = K2

t2
, h(t) = K3t

d−2, p(t) = K4t
−1, q(t) = K5t

−d−1,
(3.2.26)

We get the following system of ODEs using above transformations:

d(d− 1)F (ζ) +K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

2K4G
′(ζ)H ′(ζ) +K4G

′′(ζ)H(ζ) = 0,

K4H
′′(ζ)−K4(G′(ζ))2H(ζ) +K5F (ζ)H(ζ) = 0.

(3.2.27)

The above reduced system of ODEs corresponds to following solution of eq. (3.1.3):

u(x, t) = −6 tdK4 C5
2℘(C4+C5 x,0,C1)

K5
,

v(x, t) = −6 eiC1
√
K1K4K3K5C5

2℘(C4+C5 x,0,C1)
K3K5

,
(3.2.28)

where C1, C4, C5 are arbitrary constants, K2 = −d2 +d and ℘ denotes WeirstrassP func-

tion.

Vector Field Z4 + aZ5 + Z6

Following the same way as above, we get

u(x, t) = etF (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = x− at,

f(t) = K1, g(t) = K2, h(t) = K3e
t, p(t) = K4, q(t) = K5e

−t,
(3.2.29)

Substituting (3.2.29) into eq. (3.1.3), it follows the following system of reduced ODEs:

F (ζ)− 2aF ′(ζ) + a2F ′′(ζ) +K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

−aH ′(ζ) + 2K4G
′(ζ)H ′(ζ) +K4G

′′(ζ)H(ζ) = 0,

aG′(ζ)H(ζ) +K4H
′′(ζ)−K4(G′(ζ))2H(ζ) +K5F (ζ)H(ζ) = 0.

(3.2.30)

On solving the above system of ODEs, we get the following solution:

u(x, t) = −1/4
et(a2C2

2+4K4
2)

C2
2K5K4

,

v(x, t) = −1/2 ei
(
1/2

a(x−at)
K4

+C2

)√
−C4

(
e
x−at
C2

)−2
(

e
C3
C2

)−2
((

e
x−at
C2

)2
(

e
C3
C2

)2

+ 1

)
,

(3.2.31)

where C2, C3, C4 are arbitrary constants and K1 = −a2,K2 = −1,K3 = 0.
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Vector Field Z4 + bZ5

For this case, the similarity variable, similarity solution and coefficient functions are

obtained as follows:

u(x, t) = e
x
b F (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = t,

f(t) = f(t), g(t) = g(t), h(t) = 0, p(t) = p(t), q(t) = 0,
(3.2.32)

On using (3.2.32), eq. (3.1.3) transforms to following system of ODEs:

b2F ′′(ζ) + f(ζ)F (ζ) + b2g(ζ)F (ζ) = 0,

H ′(ζ) = 0,

G′(ζ)H(ζ) = 0.

(3.2.33)

For f(ζ) = ζ, g(ζ) = ζ2, we get the following solution of eq. (3.1.3):

u(x, t) = e
x
b

(
C1 F1(−1/16 −4 b4+i

b4
; 1/2;

1/4 i(2 b2t+1)2

b4
)e

−1/2 it(1+b2t)
b2

)

+e
x
b

(
C2 F1(−1/16 −12 b4+i

b4
; 3/2;

1/4 i(2 b2t+1)2

b4
)
(
2 b2t+ 1

)
e
−1/2 it(1+b2t)

b2

)
,

v(x, t) = eiC2C1,

(3.2.34)

where C1, C2 are arbitrary constants and F1 represents the hypergeometric function.

For f(ζ) = sin(ζ), g(ζ) = 1, eq. (3.1.3) possesses the following solution:

u(x, t) = e
x
b

(
C1C

(
4,−2 b−2,−1/4π + 1/2 t

)
+ C2 S

(
4,−2 b−2,−1/4π + 1/2 t

))
,

v(x, t) = eiC2C1,

(3.2.35)

where C1, C2 are arbitrary constants and C,S represents Mathieu cosine and Mathieu

sine functions respectively.

Vector Field Z5 + Z6

For this vector field, solving equations (3.2.12) and (3.2.14), we get

u(x, t) = F (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = x− t,

f(t) = K1, g(t) = K2, h(t) = K3, p(t) = K4, q(t) = K5,
(3.2.36)

By using above transformations in VCKGS equation, we get the following system of

ODEs:

F ′′(ζ) +K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

−H ′(ζ) + 2K4G
′(ζ)H ′(ζ) +K4G

′′(ζ)H(ζ) = 0,

G′(ζ)H(ζ) +K4H
′′(ζ)−K4H(ζ)(G′(ζ))2 +K5F (ζ)H(ζ) = 0.

(3.2.37)
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Solving above system of ODEs, we get the following solutions of eq. (3.1.3):

(i) u(x, t) = −1/4 1+16K4
2C3

2

K5K4
,

v(x, t) = ei
(
1/2 x−t

K4
+C2

) (
1/2C4 + C4 (sinh (r(x, t)))2

)
,

(ii) u(x, t) = −1/4 1+36K4
2C3

2

K5K4
,

v(x, t) = ei
(
1/2 x−t

K4
+C2

) (
−3/4C4 cosh (r(x, t)) + C4 (cosh (r(x, t)))3

)
,

(3.2.38)

where C2, C3, C4 are arbitrary constants and r(x, t) = C2 +C3 (x− t) ,K2 = 0,K3 = 0.

Vector Field Z5

For this vector field, solving the equations (3.2.12) and (3.2.14), we get

u(x, t) = F (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = t,

f(t) = f(t), g(t) = g(t), h(t) = h(t), p(t) = p(t), q(t) = q(t),
(3.2.39)

The above forms of invariants and coefficient functions transforms VCKGS equation to

following system of ODEs:

F ′′(ζ) + g(ζ)F (ζ) + h(ζ)H(ζ)2 = 0,

−G′(ζ)H(ζ) + q(ζ)F (ζ)H(ζ) = 0,

H ′(ζ) = 0.

(3.2.40)

For h(ζ) = 0, g(ζ) = ζ, Eq. (3.1.3) yields the following solution:

u(x, t) = C3Ai(−t) + C4Bi(−t),
v(x, t) = ei(

∫
(C3 Ai(−t)+C4Bi(−t))q(t)dt+C1)C2,

(3.2.41)

where C1, C2, C3, C4 are arbitrary constants and Ai(t), Bi(t) are Airy wave functions.

For h(ζ) = 0, g(ζ) = ζ2, we get the another solution for Eq. (3.1.3).

u(x, t) = C1

√
t J 1

4

(
1/2 t2

)
+ C2

√
tY 1

4

(
1/2 t2

)
,

v(x, t) = e
i

(∫
q(t)

(
C1

√
tJ 1

4
(1/2 t2)+C2

√
tY 1

4
(1/2 t2)

)
dt+C1

)
C2,

(3.2.42)

where C1, C2 are arbitrary constants and J and Y are Bessel functions of first and second

kind respectively.
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Vector Field Z6

Following the same way as above, we get

u(x, t) = F (ζ), v(x, t) = eiG(ζ)H(ζ), ζ = x,

f(t) = K1, g(t) = K2, h(t) = K3, p(t) = K4, q(t) = K5,
(3.2.43)

The above tranformations corresponds to the following reductions of eq (3.1.3):

K1F
′′(ζ) +K2F (ζ) +K3H(ζ)2 = 0,

K4H
′′(ζ)−K4H(ζ)(G′(ζ))2 +K5F (ζ)H(ζ) = 0,

2G′(ζ)H ′(ζ) +G′′(ζ)H(ζ) = 0.

(3.2.44)

The above system of ODEs can be solved to get the following solutions:

(i) u(x, t) = −K4 (2C4 (sin(C1+C3 x))
2C3

2−2C4 (cos(C1+C3 x))
2C3

2)
(−1/2C4+C4 (cos(C1+C3 x))

2)K5
,

v(x, t) = eiC1

(
−1/2C4 + C4 (cos (C1 + C3 x))

2
)
,

(ii) u(x, t) = −9K4 C4
4(eC1+C3 x)12

C3
2−K4 C2

2

K5 C4
4(eC1+C3 x)12 ,

v(x, t) = eiC1C4

(
eC1+C3 x

)3
,

(iii) u(x, t) = K4 C2
2

K5 (C4+C5 (C1+C3 x))
4 ,

v(x, t) = eiC1 (C4 + C5 (C1 + C3 x)) ,

(iv) u(x, t) =

−K4 C3
2 sin(C1+C3 x) (3/4C4+6C4(cos(C1+C3 x))

2−3C4 (sin(C1+C3 x))
2)(v(x,t)/eiC1)3−K4 C2

2

K5 (v(x,t)/eiC1)4 ,

v(x, t) = eiC1

(
−3/4C4 sin (C1 + C3 x) + C4 (sin (C1 + C3 x))

3
)
,

(3.2.45)

where C1, C2, C3, C4, C5 are arbitrary constants and K2 = 0,K3 = 0. It is worth men-

tioning here that the solutions (3.2.45) are functions of x only.

3.3 Exact Traveling Wave Solutions for Eq. (3.1.1) Using

Modified (G′/G)-Expansion Method to Reduced ODE

(3.2.8)

In this section, we utilized the modified (G′/G)-expansion method as discussed in section

(1.7). Assume that the solution of Eqs. (3.2.8) can be expressed by a polynomial in

(G′/G) as follows:

U(ξ) = a0 +
∑m

i=1

{
ai

(
G′(ξ)
G(ξ)

)i
+ bi

(
G′(ξ)
G(ξ)

)−i}
,

V (ξ) = c0 +
∑n

j=1

{
cj

(
G′(ξ)
G(ξ)

)j
+ dj

(
G′(ξ)
G(ξ)

)−j}
,

(3.3.1)
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where a0, ai, bi, c0, cj , dj are constants and the positive integers m,n can be determined

by considering the homogeneous balance of the highest order derivatives and highest

order nonlinear appearing in ODEs (3.2.8). The function G(ξ) is the solution of the

auxiliary linear ODE

G′′(ξ) + µG(ξ) = 0, (3.3.2)

where µ is a constant to be determined and the nonzero parameter µ in Eq. (3.3.2)

plays an essential role in the determination of the type of the solutions. Indeed,

1. If µ < 0 then we find the hyperbolic-type solutions and we have

G′

G =
√
−µ
(
A sinh

√
−µξ+B cosh

√
−µξ

A cosh
√
−µξ+B sinh

√
−µξ

)
, (3.3.3)

2. If µ > 0 then we find trigonometric-type solutions and we have

G′

G =
√
µ
(
A cos

√
µξ−B sin

√
µξ

A sin
√
µξ+B cos

√
µξ

)
, (3.3.4)

where A,B are arbitrary constants. Noticing the homogeneous balance of highest or-

der derivatives and nonlinear terms appearing in Eq. (3.2.8), we get m = 2, n = 2.

Consequently, it follows from (3.3.1) that

U(ξ) = a0 + a1

(
G′(ξ)
G(ξ)

)
+ a2

(
G′(ξ)
G(ξ)

)2
+ b1

(
G′(ξ)
G(ξ)

)−1
+ b2

(
G′(ξ)
G(ξ)

)−2
,

V (ξ) = c0 + c1

(
G′(ξ)
G(ξ)

)
+ c2

(
G′(ξ)
G(ξ)

)2
+ d1

(
G′(ξ)
G(ξ)

)−1
+ d2

(
G′(ξ)
G(ξ)

)−2
.

(3.3.5)

On substituting (3.3.5) into the first equation of ODE (3.2.8) and using linear ODE

(3.3.2), collecting all terms with the same powers of (G′/G) together and equating their

coefficients to zero, yield a system of algebraic equations for a0, a1, a2, b1, b2, c0, c1, c2, d1, d2,

µ, p as follows:(
G′

G

)−4
: 24 p2b2 µ

2 − 6 c2b2 µ2 + d2
2 = 0,(

G′

G

)−3
: −2 c2b1 µ2 + 8 p2b1 µ

2 + 2 d1 d2 = 0,(
G′

G

)−2
: 32 p2b2 µ− 8 c2b2 µ+ d1

2 + 2 c0 d2 + b2 = 0,(
G′

G

)−1
: −2 c2b1 µ+ b1 + 2 c1 d2 + 8 p2b1 µ+ 2 c0 d1 = 0,(

G′

G

)0
: a0 − 2 c2a2 µ

2 + 8 p2a2 µ
2 + c0

2 + 8 p2b2 + 2 c1 d1 + 2 c2 d2 − 2 c2b2 = 0,(
G′

G

)1
: 2 c2 d1 + a1 + 2 c0 c1 + 8 p2a1 µ− 2 c2a1 µ = 0,(

G′

G

)2
: c1

2 + 2 c0 c2 + a2 − 8 c2a2 µ+ 32 p2a2 µ = 0,(
G′

G

)3
: 2 c1 c2 − 2 c2a1 + 8 p2a1 = 0,
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(
G′

G

)4
: −6 c2a2 + c2

2 + 24 p2a2 = 0. (3.3.6)

Substituting (3.3.5) into the second equation of ODE (3.2.8), yields following system of

algebraic equations:(
G′

G

)−4
: b2 d2 + 6 d2 µ

2 = 0,(
G′

G

)−3
: b2 d1 + 2 d1 µ

2 + b1 d2 = 0,(
G′

G

)−2
: −p2d2 − rd2 + 8 d2 µ+ b1 d1 + a0 d2 + b2 c0 = 0,(

G′

G

)−1
: −rd1 + a1 d2 + a0 d1 − p2d1 + b2 c1 + 2 d1 µ+ b1 c0 = 0,(

G′

G

)0
: 2 c2 µ2 + a1 d1 + a2 d2 + b1 c1 + b2 c2 + a0 c0 + 2 d2 − rc0 − p2c0 = 0,(

G′

G

)1
: 2 c1 µ− rc1 + a1 c0 − p2c1 + a2 d1 + b1 c2 + a0 c1 = 0,(

G′

G

)2
: a2 c0 − rc2 − p2c2 + a1 c1 + 8 c2 µ+ a0 c2 = 0,(

G′

G

)3
: a2 c1 + a1 c2 + 2 c1 = 0,(

G′

G

)4
: 6 c2 + a2 c2 = 0.

(3.3.7)

Solving the algebraic equations (3.3.6) and (3.3.7), yields the following cases:

Case (i). a0 = 0, a1 = 0, a2 = 0, b1 = 0, b2 = −(4r+c2)2

32 , c0 = 0, c1 = 0, c2 = 0,

d1 =
√

2(4r+c2)
8 , d2 = 0, µ = r

2 + c2

8 , p = c
2 ,

Case (ii). a0 = 3r
4 + 3c2

16 −
3
√

16r2+8rc2+c4−16
16 , a1 = 0, a2 = 0, b1 = 0,

b2 = 3
32 + 3(−r

8
− c2

32
+ 1

32

√
16r2+8rc2+c4−16)r

2 + 3c2(−r
8
− c2

32
+ 1

32

√
16r2+8rc2+c4−16)

8 ,

c0 = 3
√

−r
8 − c2

32 +
√

16r2+8rc2+c4−16
32 , c1 = 0, c2 = 0, d1 = 0,

d2 = 3(−r8 − c2

32 +
√

16r2+8rc2+c4−16
32 )(3/2), µ = −r

8 − c2

32 +
√

16r2+8rc2+c4−16
32 ,

p =
√

−r
2 + c2

8 −
√

16r2+8rc2+c4−16
8 ,

Case (iii). d2 = − 3
32

(
−1/2 c2 − 2 r + 1/2

√
c4 + 8 rc2 + 16 r2 + 8

)−3/2
,

a1 = 0, a2 = −6, b2 = 3
32

(
−c4 + (1/4 c2 + r)

(
2 c2 − 8 r + 2

√
c4 + 8 rc2 + 16 r2 + 8

)
− 2− 4 rc2

)−1
,

b1 = 0, c0 = 0, c1 = 0, c2 = 6
√
−1/2 c2 − 2 r + 1/2

√
c4 + 8 rc2 + 16 r2 + 8, d1 = 0,

a0 = −3
2

−c4+1/4 c2(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−2+r(2 c2−8 r+2

√
c4+8 rc2+16 r2+8)−4 rc2

−c6+(1/4 c4+2rc2+4r2)(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−3 c2−12 r+

√
c4+8 rc2+16 r2+8−8 rc4−16 r2c2

,

µ = −
(
−4 c2 − 16 r + 4

√
c4 + 8 rc2 + 16 r2 + 8

)−1
, p = 1/4

√
2 c2 − 8 r + 2

√
c4 + 8 rc2 + 16 r2 + 8,

Case(iv). a0 = 0, a1 = 0, a2 = −2, b1 = 0, b2 = 0, c0 = 0,

c1 =
√

2, c2 = 0, d1 = 0, d2 = 0, µ = r
2 + c2

8 , p = c
2 ,
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Figure 3.1: Traveling Solution of
the field u1(x, t)

Figure 3.2: Traveling Solution of
the field |v1(x, t)|

Case (v). a0 = r + c2

4 , a1 = 0, a2 = −2, b1 = 0, b2 = −(4r+c2)2

128 , c0 = 0, c1 =
√

2,

c2 = 0, d1 = −
√

2(4r+c2)
16 , d2 = 0, µ = −r

4 − c2

16 , p = c
2 ,

Case (vi). a0 = r
2 + c2

8 , a1 = 0, a2 = −2, b1 = 0, b2 = −(4r+c2)2

512 , c0 = 0, c1 =
√

2,

c2 = 0, d1 = −
√

2(4r+c2)
32 , d2 = 0, µ = r

8 + c2

32 , p = c
2 .

(3.3.8)

Corresponding to the above six cases and on substituting the general solution of (3.3.2)

given by (3.3.3) and (3.3.4), we obtained traveling wave solutions of the coupled Klein-

Gordon-Schrödinger equation (3.1.1) which have been descibed in following subcases:

Subcase 1. If µ > 0, we obtain

Case (i) gives the following values of u(x, t) and v(x, t):

u1(x, t) = −1/32
(4 r+c2)2

(
A sin

(√
1/2 r+1/8 c2(x−ct)

)
+B cos

(√
1/2 r+1/8 c2(x−ct)

))2

(1/2 r+1/8 c2)
(
A cos

(√
1/2 r+1/8 c2(x−ct)

)
−B sin

(√
1/2 r+1/8 c2(x−ct)

))2 ,

v1(x, t) = 1/8
ei(1/2 cx+rt)

√
2(4 r+c2)

(
A sin

(√
1/2 r+1/8 c2(x−ct)

)
+B cos

(√
1/2 r+1/8 c2(x−ct)

))
√

1/2 r+1/8 c2
(
A cos

(√
1/2 r+1/8 c2(x−ct)

)
−B sin

(√
1/2 r+1/8 c2(x−ct)

)) .

(3.3.9)

On choosing the constants r = 1, c = 2, A = 1, B = 2, the traveling waves corresponding

for u1(x, t) and |v1(x, t)| (where |v1(x, t)| represents the norm of v1(x, t)) have been

shown in Fig. (3.1) and Fig. (3.2) respectively.
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Corresponding to Case (ii), we have

u2(x, t) = 3r
4 + 3c2

16 −
3
√

16r2+8rc2+c4−16
16 +(

3
32 + (3/2r + 3/8c2)(−r8 − c2

32 + 1
32

√
16r2 + 8rc2 + c4 − 16)

)
(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

µ−1

(A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2 ,

v2(x, t) = ei(px+rt)
(

3
√
−1/8 r − 1/32 c2 + 1/32

√
16 r2 + 8 rc2 + c4 − 16

)
+3ei(px+rt)

(
(−1/8 r−1/32 c2+1/32

√
16 r2+8 rc2+c4−16)3/2(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

µ (A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2

)
,

(3.3.10)

where µ, p are given by µ = −r
8 −

c2

32+
√

16r2+8rc2+c4−16
32 , p =

√
−r
2 + c2

8 −
√

16r2+8rc2+c4−16
8 .

Case (iii) yields the following solution of Eq. (3.1.1):

u3(x, t) =
−3
2

−c4+1/4 c2(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−2+r(2 c2−8 r+2

√
c4+8 rc2+16 r2+8)−4 rc2

−c6+(1/4 c4+2rc2+4r2)(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−3 c2−12 r+

√
c4+8 rc2+16 r2+8−8 rc4−16 r2c2

−6
µ (A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2

(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

+ 3
32

(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

(−c4+(1/4 c2+r)(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−2−4 rc2)µ (A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2 ,

v3(x, t) = ei(px+rt)
(

6
√
−1/2 c2−2 r+1/2

√
c4+8 rc2+16 r2+8µ (A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2

(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

)
−ei(px+rt)

(
3
32

(A sin(√µ(x−2 pt))+B cos(√µ(x−2 pt)))2

(−1/2 c2−2 r+1/2
√
c4+8 rc2+16 r2+8)3/2

µ (A cos(√µ(x−2 pt))−B sin(√µ(x−2 pt)))2

)
,

(3.3.11)

where µ, p are given by µ = −
(
−4 c2 − 16 r + 4

√
c4 + 8 rc2 + 16 r2 + 8

)−1
,

p = 1/4
√

2 c2 − 8 r + 2
√
c4 + 8 rc2 + 16 r2 + 8.

Corresponding to Case (iv), we get

u4(x, t) = −2
(1/2 r+1/8 c2)

(
A cos

(√
1/2 r+1/8 c2(x−ct)

)
−B sin

(√
1/2 r+1/8 c2(x−ct)

))2

(
A sin

(√
1/2 r+1/8 c2(x−ct)

)
+B cos

(√
1/2 r+1/8 c2(x−ct)

))2 ,

v4(x, t) =
ei(1/2 cx+rt)

√
2
√

1/2 r+1/8 c2
(
A cos

(√
1/2 r+1/8 c2(x−ct)

)
−B sin

(√
1/2 r+1/8 c2(x−ct)

))
A sin

(√
1/2 r+1/8 c2(x−ct)

)
+B cos

(√
1/2 r+1/8 c2(x−ct)

) .

(3.3.12)

Case (v) corresponds to the following solution of Eq. (3.1.1):

u5(x, t) = r + 1/4 c2

−2
(−1/4 r−1/16 c2)

(
A cos

(√
−1/4 r−1/16 c2(x−ct)

)
−B sin

(√
−1/4 r−1/16 c2(x−ct)

))2

(
A sin

(√
−1/4 r−1/16 c2(x−ct)

)
+B cos

(√
−1/4 r−1/16 c2(x−ct)

))2

− 1
128

(4 r+c2)2
(
A sin

(√
−1/4 r−1/16 c2(x−ct)

)
+B cos

(√
−1/4 r−1/16 c2(x−ct)

))2

(−1/4 r−1/16 c2)
(
A cos

(√
−1/4 r−1/16 c2(x−ct)

)
−B sin

(√
−1/4 r−1/16 c2(x−ct)

))2 ,
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v5(x, t) =

ei(1/2 cx+rt)

(√
2
√
−1/4 r−1/16 c2

(
A cos

(√
−1/4 r−1/16 c2(x−ct)

)
−B sin

(√
−1/4 r−1/16 c2(x−ct)

))
A sin

(√
−1/4 r−1/16 c2(x−ct)

)
+B cos

(√
−1/4 r−1/16 c2(x−ct)

)
)

−ei(1/2 cx+rt)1/16

( √
2(4 r+c2)

(
A sin

(√
−1/4 r−1/16 c2(x−ct)

)
+B cos

(√
−1/4 r−1/16 c2(x−ct)

))
√
−1/4 r−1/16 c2

(
A cos

(√
−1/4 r−1/16 c2(x−ct)

)
−B sin

(√
−1/4 r−1/16 c2(x−ct)

))
)
.

(3.3.13)

The coupled Klein-Gordon-Schrödinger equation has following solution with respect to

case (vi):

u6(x, t) = 1/2 r + 1/8 c2

−2
(1/8 r+1/32 c2)

(
A cos

(√
1/8 r+1/32 c2(x−ct)

)
−B sin

(√
1/8 r+1/32 c2(x−ct)

))2

(
A sin

(√
1/8 r+1/32 c2(x−ct)

)
+B cos

(√
1/8 r+1/32 c2(x−ct)

))2

− 1
512

(4 r+c2)2
(
A sin

(√
1/8 r+1/32 c2(x−ct)

)
+B cos

(√
1/8 r+1/32 c2(x−ct)

))2

(1/8 r+1/32 c2)
(
A cos

(√
1/8 r+1/32 c2(x−ct)

)
−B sin

(√
1/8 r+1/32 c2(x−ct)

))2 ,

v6(x, t) =

ei(1/2 cx+rt)

(√
2
√

1/8 r+1/32 c2
(
A cos

(√
1/8 r+1/32 c2(x−ct)

)
−B sin

(√
1/8 r+1/32 c2(x−ct)

))
A sin

(√
1/8 r+1/32 c2(x−ct)

)
+B cos

(√
1/8 r+1/32 c2(x−ct)

)
)

−1/32ei(1/2 cx+rt)
( √

2(4 r+c2)
(
A sin

(√
1/8 r+1/32 c2(x−ct)

)
+B cos

(√
1/8 r+1/32 c2(x−ct)

))
√

1/8 r+1/32 c2
(
A cos

(√
1/8 r+1/32 c2(x−ct)

)
−B sin

(√
1/8 r+1/32 c2(x−ct)

))
)
.

(3.3.14)

The traveling waves for u6(x, t) and |v6(x, t)| for r = 8, c = 4, A = 1, B = 2 are shown

in Fig. (3.3) and Fig. (3.4) respectively.

Subcase 2. If µ < 0, then we obtain

Case (i) gives the exact traveling wave solution of Eq. (3.1.1) as:

u7(x, t) = 1/32
(4 r+c2)2

(
A cosh

(√
−1/2 r−1/8 c2(x−ct)

)
+B sinh

(√
−1/2 r−1/8 c2(x−ct)

))2

(1/2 r+1/8 c2)
(
A sinh

(√
−1/2 r−1/8 c2(x−ct)

)
+B cosh

(√
−1/2 r−1/8 c2(x−ct)

))2 ,

v7(x, t) = 1/8
ei(1/2 cx+rt)

√
2(4 r+c2)

(
A cosh

(√
−1/2 r−1/8 c2(x−ct)

)
+B sinh

(√
−1/2 r−1/8 c2(x−ct)

))
√
−1/2 r−1/8 c2

(
A sinh

(√
−1/2 r−1/8 c2(x−ct)

)
+B cosh

(√
−1/2 r−1/8 c2(x−ct)

)) .

(3.3.15)

Equation (3.1.1) possesses the following solution corresponding to Case (ii):

u8(x, t) = 3/4 r + 3/16 c2 − 3/16
√

16 r2 + 8 rc2 + c4 − 16−(
3
32 + (3r

2 + 3c2

8 )
(
−r
8 − c2

32 + 1
32

√
16 r2 + 8 rc2 + c4 − 16

))
(A cosh(

√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2µ−1

(A sinh(
√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

,

v8(x, t) = ei(px+rt)
(

3
√
−1/8 r − 1/32 c2 + 1/32

√
16 r2 + 8 rc2 + c4 − 16

)
−3ei(px+rt)

(
(−1/8 r−1/32 c2+1/32

√
16 r2+8 rc2+c4−16)3/2

(A cosh(
√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2

µ (A sinh(
√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

)
,

(3.3.16)
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Figure 3.3: Traveling Solution of
the field u6(x, t)

Figure 3.4: Traveling Solution of
the field |v6(x, t)|

where µ, p are given by µ = −r
8 −

c2

32+
√

16r2+8rc2+c4−16
32 , p =

√
−r
2 + c2

8 −
√

16r2+8rc2+c4−16
8 .

Case (iii) corresponds to the following values of u(x, t) and v(x, t):

u9(x, t) =
−3
2

−c4+1/4 c2(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−2+r(2 c2−8 r+2

√
c4+8 rc2+16 r2+8)−4 rc2

−c6+(1/4 c4+2rc2+4r2)(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−3 c2−12 r+

√
c4+8 rc2+16 r2+8−8 rc4−16 r2c2

+6 µ (A sinh(
√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

(A cosh(
√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2

− 3
32

(A cosh(
√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2

(−c4+(1/4 c2+r)(2 c2−8 r+2
√
c4+8 rc2+16 r2+8)−2−4 rc2)µ (A sinh(

√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

,

v9(x, t) =

ei(px+rt)
(
−6

√
−1/2 c2−2 r+1/2

√
c4+8 rc2+16 r2+8µ (A sinh(

√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

(A cosh(
√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2

)
+ei(px+rt)

(
3
32

(A cosh(
√
−µ(x−2 pt))+B sinh(

√
−µ(x−2 pt)))2

(−1/2 c2−2 r+1/2
√
c4+8 rc2+16 r2+8)3/2

µ (A sinh(
√
−µ(x−2 pt))+B cosh(

√
−µ(x−2 pt)))2

)
,

(3.3.17)

where µ, p are given by µ = −
(
−4 c2 − 16 r + 4

√
c4 + 8 rc2 + 16 r2 + 8

)−1
,

p = 1/4
√

2 c2 − 8 r + 2
√
c4 + 8 rc2 + 16 r2 + 8. The traveling waves for u9(x, t) and

|v9(x, t)| for r = 1, c = 2, A = 1, B = 1/2 are shown in Fig. (3.5) and Fig. (3.6)

respectively.
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Figure 3.5: Traveling Solution of
the field u9(x, t)

Figure 3.6: Traveling Solution of
the field |v9(x, t)|

Case (iv) yields the following solution of Eq. (3.1.1):

u10(x, t) = 2
(1/2 r+1/8 c2)

(
A sinh

(√
−1/2 r−1/8 c2(x−ct)

)
+B cosh

(√
−1/2 r−1/8 c2(x−ct)

))2

(
A cosh

(√
−1/2 r−1/8 c2(x−ct)

)
+B sinh

(√
−1/2 r−1/8 c2(x−ct)

))2 ,

v10(x, t) =
ei(1/2 cx+rt)

√
2
√
−1/2 r−1/8 c2

(
A sinh

(√
−1/2 r−1/8 c2(x−ct)

)
+B cosh

(√
−1/2 r−1/8 c2(x−ct)

))
A cosh

(√
−1/2 r−1/8 c2(x−ct)

)
+B sinh

(√
−1/2 r−1/8 c2(x−ct)

) .

(3.3.18)

Case (v) gives the following traveling wave solution:

u11(x, t) = r + 1/4 c2

+2
(−1/4 r−1/16 c2)

(
A sinh

(√
1/4 r+1/16 c2(x−ct)

)
+B cosh

(√
1/4 r+1/16 c2(x−ct)

))2

(
A cosh

(√
1/4 r+1/16 c2(x−ct)

)
+B sinh

(√
1/4 r+1/16 c2(x−ct)

))2

+ 1
128

(4 r+c2)2
(
A cosh

(√
1/4 r+1/16 c2(x−ct)

)
+B sinh

(√
1/4 r+1/16 c2(x−ct)

))2

(−1/4 r−1/16 c2)
(
A sinh

(√
1/4 r+1/16 c2(x−ct)

)
+B cosh

(√
1/4 r+1/16 c2(x−ct)

))2 ,

v11(x, t) =

ei(1/2 cx+rt)

(√
2
√

1/4 r+1/16 c2
(
A sinh

(√
1/4 r+1/16 c2(x−ct)

)
+B cosh

(√
1/4 r+1/16 c2(x−ct)

))
A cosh

(√
1/4 r+1/16 c2(x−ct)

)
+B sinh

(√
1/4 r+1/16 c2(x−ct)

)
)

−1/16ei(1/2 cx+rt)
( √

2(4 r+c2)
(
A cosh

(√
1/4 r+1/16 c2(x−ct)

)
+B sinh

(√
1/4 r+1/16 c2(x−ct)

))
√

1/4 r+1/16 c2
(
A sinh

(√
1/4 r+1/16 c2(x−ct)

)
+B cosh

(√
1/4 r+1/16 c2(x−ct)

))
)
.

(3.3.19)

The traveling waves for u11(x, t) and |v11(x, t)| for r = 8, c = 4, A = 1, B = −2 are

shown in Fig. (3.7) and Fig. (3.8) respectively.
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Figure 3.7: Traveling Solution of
the field u11(x, t)

Figure 3.8: Traveling Solution of
the field |v11(x, t)|

Equation (3.1.1) has the following solution corresponds to Case (vi):

u12(x, t) = 1/2 r + 1/8 c2

+2
(1/8 r+1/32 c2)

(
A sinh

(√
−1/8 r−1/32 c2(x−ct)

)
+B cosh

(√
−1/8 r−1/32 c2(x−ct)

))2

(
A cosh

(√
−1/8 r−1/32 c2(x−ct)

)
+B sinh

(√
−1/8 r−1/32 c2(x−ct)

))2

+ 1
512

(4 r+c2)2
(
A cosh

(√
−1/8 r−1/32 c2(x−ct)

)
+B sinh

(√
−1/8 r−1/32 c2(x−ct)

))2

(1/8 r+1/32 c2)
(
A sinh

(√
−1/8 r−1/32 c2(x−ct)

)
+B cosh

(√
−1/8 r−1/32 c2(x−ct)

))2 ,

v12(x, t) =

ei(1/2 cx+rt)

(√
2
√
−1/8 r−1/32 c2

(
A sinh

(√
−1/8 r−1/32 c2(x−ct)

)
+B cosh

(√
−1/8 r−1/32 c2(x−ct)

))
A cosh

(√
−1/8 r−1/32 c2(x−ct)

)
+B sinh

(√
−1/8 r−1/32 c2(x−ct)

)
)

−1/32ei(1/2 cx+rt)
( √

2(4 r+c2)
(
A cosh

(√
−1/8 r−1/32 c2(x−ct)

)
+B sinh

(√
−1/8 r−1/32 c2(x−ct)

))
√
−1/8 r−1/32 c2

(
A sinh

(√
−1/8 r−1/32 c2(x−ct)

)
+B cosh

(√
−1/8 r−1/32 c2(x−ct)

))
)
.

(3.3.20)

3.4 Discussions and Concluding Remarks

In this chapter, we have established the traveling wave solutions of the Klein-gordon-

Schrödinger Eq. (3.1.1) using Lie classical method and the modified (G′/G)-expansion

method. These traveling wave solutions are expressed in terms of hyperbolic, trigono-

metric and rational functions involving arbitrary parameters. When these parameters

are taken special values, the solitary waves are derived from the traveling waves. It has
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been shown that the proposed method is direct, concise, basic and effective and easy

to calculate, and it is a powerful mathematical tool for obtaining exact traveling wave

solutions of nonlinear evolution equations and can be used to solve other nonlinear PDEs

in mathematical physics.

Keeping in view the efficacy and physical importance of the Klein-Gordon-Schrödinger

equations, we have studied here the coupled KGS equation in variable form. By the

Lie classical approach, we have investigated the symmetries of VCKGS equations and

utilized these symmetries for obtaining group infinitesimals that are helpful in the re-

duction of a system of PDEs to a system of ODEs. After that by solving the reduced

ODEs, new exact solutions are obtained.

Remark 3.4.1. By applying the Lie classical approach, we are able to find vector fields

that are used to derive exact solutions of the nonlinear system (3.1.3) in variable form.

Corresponding to certain vector fields, we have obtained solutions involving special func-

tions such as Airy wave functions, Bessel functions, Mathieu functions etc.

Remark 3.4.2. Here, the variable form of KGS equation has been studied for new sym-

metry reductions and exact solutions that are not found in the literature.

It is worth mentioning here that the authenticity of all the solutions has been checked

with the aid of Maple software.





Chapter 4

The (2+1)-Dimensional potential

Kadomstev Petviashvili Equation

and its Generalized Form1

4.1 Introduction

The (2+1)-dimensional PKP equation [21, 154]

σxt +
3
2
σxσxx +

1
4
σxxxx +

3
4
σyy = 0, (4.1.1)

describes the dynamics of 2-dimensional, small, but finite amplitude waves and solitons

in a variety of media, for example, in plasma physics, hydrodynamics and solid-state

physics. This equation is also derived in various physical contexts assuming that the wave

is moving along x and all changes in y are slower than in the direction of motion [91]. It

is well known that the PKP equation arises in number of remarkable non-linear problems

both in physics and mathematics. The mathematical interest of this equation stems from

the fact that it is associated with certain infinite-dimensional Lie algebras and groups

[152]. The solutions of PKP equation have been studied extensively in various aspects

since they were first found. By using various techniques and methods exact traveling

wave solutions, linearly solitary wave solutions, soliton-like solutions and some numerical

solutions were obtained. Senthivelan [98] has studied the traveling wave reductions

for certain (2+1)-dimensional and (3+1)-dimensional physically important nonlinear

evolutionary equations by using the homogeneous balance method. In [33, 34], Li and

Zhang obtained some exact solutions by improving on the key steps of homogeneous
1A part of this chapter has been published in Applied Mathematics and Computation, 219

(2013) 5290-5302.
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balance method. Kaya and El-Sayed [30] have presented an Adomian’s decomposition

method for obtaining the numerical soliton-like solutions of PKP equation. Inan and

Kaya [55] found some exact linear soliton solutions by improved tanh function method.

Exact periodic kink-wave solution, periodic soliton and doubly periodic solutions for the

PKP equation are obtained using homoclinic test technique and extended homoclinic

test technique in [169]. Z. Dai et al. [170, 171] discovered singular periodic soliton and

spatial temporal bifurcation for KP equation. Zhu and Geng [71] obtained N-soliton

solution of the variable coefficient KP equation by using Pfaffian technique. Here, we

obtain the similarity reductions of the PKP equation followed by their exact group-

invariant solutions.

The physical situations in which nonlinear equations arise tend to be highly idealized

due to assumption of constant coefficients. Due to this, much attention has been paid on

study of nonlinear equations with variable coefficients to obtain exact solutions and some

recent contributions are in [72, 73, 122]. These exact solutions provide much information

about nonlinear phenomena and well descibed various aspects of the physical phenomena

and these solutions are also useful to discuss and examine the sensitivity of physical

phenomena with several important parameters described by variable coefficients. In

this chapter, we will also study the generalized form of PKP equation i.e. the (2+1)-

dimensional PKP equation with variable coefficients

σxt + α(t)σxσxx + β(t)σxxxx + δ(t)σyy = 0, (4.1.2)

where α(t), β(t) and δ(t) are arbitrary functions.

The outline of this chapter is as follows: In section (4.2), by using the Lie group theory,

we find out the symmetries of PKP equation (4.1.1), utilize the symmetries to reduce

equation to (1+1)-dimensional linear and nonlinear PDEs and then construct the ex-

act solutions. In section (4.3), we investigate variable coefficient potential Kadomstev

Petviashvili (VCPKP) equation (4.1.2) for integrability and for the exact solutions us-

ing combination of Lie classical method and several other methods including extended

(G′/G)-expansion method and some concluding remarks are given in last section.

4.2 The potential Kadomstev Petviashvili Equation

In this section, we will first determine the Lie point symmetries of (4.1.1) and then use

them to construct some exact solutions.
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4.2.1 Invariance and Infinitesimal Characterization

To apply the classical method to (2+1)-dimensional PKP equation, we consider the one

parameter Lie group of infinitesimal transformations in (x, y, t, σ). The associated Lie

algebra of infinitesimal symmetries is the set of vector fields of the form

V = ξ ∂
∂x + φ ∂

∂y + τ ∂
∂t + η ∂

∂σ . (4.2.1)

We then require that the transformations leave the set of solutions of (4.1.1) invariant.

This yields an overdetermined following linear system of equations for the infinitesimals

ξ(x, y, t, σ), φ(x, y, t, σ), τ(x, y, t, σ) and η(x, y, t, σ):

(i) φx = 0, φσ = 0,

(ii) τx = 0, τt = 0, τσ = 0,

(iii) ξσ = 0,

(iv) ησσ = 0,

(v) 1
4τt −

3
4ξx = 0,

(vi) −3
2 ξxx + ηxσ = 0,

(vii) φt + 3
2ξy = 0,

(viii) 3
4ξx −

3
2φy + 3

4τt = 0,

(ix) 3
2ησ + 3

2τt − 3ξx = 0,

(x) − ξxxx − ξt + 3
2ηxxσ + 3

2ηx = 0,

(xi) 3ηxσ − 3
2ξxx = 0,

(xii) − 3
4ξyy −

1
4ξxxxx + ηxxxσ − ξxt + 3

2ηxx + ηtσ = 0,

(xiii) − 3
4φyy + 3

2ηyσ = 0,

(xiv) ηxt + 1
4ηxxxx + 3

4ηyy = 0.

(4.2.2)

The general solution of this large system provides following forms for the infinitesimal

elements η, ξ, φ and τ :

η = −f(t)σ + x2

3 f
′(t) + x(−4

9y
2f ′′(t)− 4

9yg
′′(t) + 2

3h
′(t)) + 4

81y
4f ′′′(t)

+ 8
81y

3g′′′(t)− 4
9y

2h′′(t),

ξ = xf(t)− 2
3y

2f ′(t)− 2
3yg

′(t) + h(t),

φ = 2yf(t) + g(t),

τ = 3
∫
f(t),

(4.2.3)

where f(t), g(t) and h(t) are arbitrary functions of t in a C∞ class and the primes denote

time derivatives. We find that the symmetry algebra of the PKP equation is infinite

dimensional and depends on three arbitrary functions of time. The general element of

the symmetry algebra of the PKP equation can be written as V = X(f) +Y (g) +Z(h),
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where

X(f) = 2yf(t) ∂∂y + 3
∫
f(t) ∂∂t + xf(t) ∂∂x −

2
3y

2f ′(t) ∂∂x − σf(t) ∂
∂σ

+1
3x

2f ′(t) ∂
∂σ −

4
9xy

2f ′′(t) ∂
∂σ + 4

81y
4f ′′′(t) ∂

∂σ ,

Y (g) = g(t) ∂∂y −
2
3yg

′(t) ∂∂x −
4
9xyg

′′(t) ∂
∂σ + 8

81y
3g′′′(t) ∂

∂σ ,

Z(h) = h(t) ∂∂x + 2
3xh

′(t) ∂
∂σ −

4
9y

2h′′(t) ∂
∂σ .

(4.2.4)

4.2.2 Similarity Variables, Similarity Forms and Reduction of Inde-

pendent Variables

Having determined the infinitesimals, we find the symmetry variables by solving the

invariant surface condition

Φ ≡ ξ ∂
∂x + φ ∂

∂y + τ ∂
∂t − η = 0. (4.2.5)

The general solution of above equation involves three constants, two become independent

variables ρ, ψ and other plays the role of new dependent variable H(ρ, ψ). By solving

the equation (4.2.5) we have

σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
H(ρ, ψ), (4.2.6)

where

χ(x, y, t) = 1
9
x2f(t)
(
∫
f(t))

− 4
27
xy2f ′(t)
(
∫
f(t))

+ 8
81
xy2f(t)2

(
∫
f(t))2

+ 4
243

y4f ′′(t)
(
∫
f(t))

− 8
243

y4f(t)f ′(t)
(
∫
f(t))2

+ 40
2187

y4f(t)3

(
∫
f(t))3

− 4
27

xyg′(t)
(
∫
f(t))

+ 8
243

y3g′′(t)
(
∫
f(t))

+ 2
9

xh(t)
(
∫
f(t))

− 4
27

y2h′(t)
(
∫
f(t))

− 32
729

y3g′(t)f(t)
(
∫
f(t))2

+ 8
81
xyf(t)g(t)
(
∫
f(t))2

+ 80
2187

y3g(t)f(t)2

(
∫
f(t))3

− 16
729

y3g(t)f ′(t)
(
∫
f(t))2

+ 8
81
yg(t)h(t)
(
∫
f(t))2

+ 2
81

xg(t)2

(
∫
f(t))2

− 8
243

y2g(t)g′(t)
(
∫
f(t))2

+ 20
729

y2f(t)g(t)2

(
∫
f(t))3

+ 20
2187

yg(t)3

(
∫
f(t))3

+ 8
81
y2h(t)f(t)
(
∫
f(t))2

.

(4.2.7)
ρ = y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
,

ψ = x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
.

(4.2.8)

Here σ(x, y, t) is a solution of the PKP equation for any sufficiently smooth function

f(t) 6= 0 if and only if H(ρ, ψ) satisfies the equation

3
4Hρρ + 3

2HψHψψ + 1
4Hψψψψ = 0. (4.2.9)

If f(t) = 0, then on solving the characterstic equation (4.2.5) we have

σ(x, y, t) = ν(x, y, t) + 1√
g(t)

H(ρ, ψ), (4.2.10)
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where

ν(x, y, t) = 1
6
x2g′(t)
g(t) + 1

9
xy2g′(t)2

g(t)2
− 1

3
xyh(t)g′(t)

g(t)2
− 1

2
xh(t)2

g(t)2
− 2

9
xy2g′′(t)
g(t) − 1

27
y4g′(t)g′′(t)

g(t)2

+ 2
27
y3h(t)g′′(t)

g(t)2
+ 2

81
y4g′′′(t)
g(t) + 2

3
xyh′(t)
g(t) + 4

27
y3h′(t)g′(t)

g(t)2
+ 2

3
y2h(t)h′(t)

g(t)2
− 4

27
y3h′′(t)
g(t) + 1

54
y4g′(t)3

g(t)3

−1
9
y3h(t)g′(t)2

g(t)3
− 1

2
y2g′(t)h(t)2

g(t)3
.

(4.2.11)
ρ =

∫ t
0 g(s)

−3
2 ds,

ψ = x

g(t)
1
2
− yh(t)

g(t)
3
2

+ 1
3
y2g′(t)

g(t)
3
2
.

(4.2.12)

In this case σ(x, y, t) is a solution of the PKP equation for g(t) 6= 0 if and only if H(ρ, ψ)

satisfies the equation

Hρψ + 3
2HψHψψ + 1

4Hψψψψ = 0. (4.2.13)

If f(t) = 0 and g(t) = 0, following the same way as in above cases, we get

σ(x, y, t) = 1
3
x2h′(t)
h(t) − 4

9
xy2h′′(t)
h(t) + 4

81
y4h′′′(t)
h(t) +H(y, t). (4.2.14)

Here (4.2.14) solves the PKP equation for any sufficiently smooth h(t) 6= 0 if and only

if H(y, t) solves the linear equation

Hyy = 0. (4.2.15)

Combining the above results, we obtain some reduced equations of Eq. (4.1.1) expressed

by Eqs. (4.2.9), (4.2.13) and (4.2.15), respectively. Meanwhile many new solutions of

Eq. (4.1.1) from these reduced Eqs. can be achieved (as we have done in the next

section).

4.2.3 Solutions of PKP Equation Obtained by Symmetry Reduction

Our main goal is to derive exact solutions of (4.1.1) as exact solutions are helpful for

mathematical as well as physical description. In this section, we will look for some exact

solutions of Eq. (4.1.1) by the reduced equations in above section.

4.2.3.1 Exact Solutions of Eq. (4.2.9)

Next, we look for the group-invariant solutions to Eq. (4.2.9). The finite-dimensional

symmetries of Eq. (4.2.9) form a five-dimensional Lie algebra generated by following
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vector fields:
Z1 = ψ ∂

∂ψ + 2ρ ∂
∂ρ −H ∂

∂H

Z2 = ∂
∂ψ

Z3 = ∂
∂ρ

Z4 = ρ ∂
∂H

Z5 = ∂
∂H .

(4.2.16)

The communication relations between these vector fields is given in Table (4.1). To each

s-parameter subgroup there corresponds a family of group invariant solutions. So, in

general, it is quite impossible to determine all possible group-invariant solutions of a

PDE. In order to minimize this search, it is useful to construct the optimal system of

solutions. It is well-known that the problem of the construction of the optimal system

of solutions is equivalent to that of the construction of the optimal system of subalge-

bras. Here, we will deal with the construction of the optimal system of one-dimensional

subalgebras of (4.2.16). The construction of the one-dimensional optimal system of sub-

algebras can be carried out by using a global matrix of the adjoint transformations as

suggested in [83, 111]. The latter problem, tends to determine a list (that is called

an optimal system) of conjugacy inequivalent subalgebras with the property that any

other subalgebra is equivalent to a unique member of the list under some element of the

adjoint representation. To deal with the optimal system of subalgebras of (4.2.16), the

adjoint representation is given in Table (4.2).

Table 4.1: Commutator Table
Z1 Z2 Z3 Z4 Z5

Z1 0 −Z2 −2Z3 3Z4 Z5

Z2 Z2 0 0 0 0
Z3 2Z3 0 0 Z5 0
Z4 −3Z4 0 −Z5 0 0
Z5 Z5 0 0 0 0

Table 4.2: Adjoint Table
Z1 Z2 Z3 Z4 Z5

Z1 Z1 Z2e
ε Z3e

2ε Z4e
−3ε Z5e

−ε

Z2 Z1 − εZ2 Z2 Z3 Z4 Z5

Z3 Z1 − 2εZ3 Z2 Z3 Z4 − εZ5 Z5

Z4 Z1 + 3εZ4 Z2 Z3 + εZ5 Z4 Z5

Z5 Z1 + εZ5 Z2 Z3 Z4 Z5
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The optimal system for (4.2.16) consists of following vector fields:

(i) Z1, (ii) Z2 + βZ4, (iii) Z2 + Z3 + βZ4, (iv) Z3 + Z4, (v) Z3 − Z4,

(vi) Z3, (vii) Z4, (viii) Z5.

(4.2.17)

In Table (4.3), we list the similarity variable, form and the reduced ODEs corresponding

Table 4.3: Similarity Reductions of PDE (4.2.9) to ODEs

Essential Similarity Similarity ReducedODEs
fields variable(ζ) solution(H)

Z1
ψ√
ρ

1√
ρF (ζ) 9

16F (ζ) + 15
16ζF

′(ζ) + 3
16ζ

2F ′′(ζ)
+3

2F
′(ζ)F ′′(ζ) + 1

4F
′′′′(ζ) = 0

Z2 + βZ4 ρ βρψ + F (ζ) F ′′(ζ) = 0

Z2 + Z3 + βZ4 ψ − ρ β
2ρ

2 + F (ζ) 3β
4 + 3

4F
′′(ζ) + 3

2F
′(ζ)F ′′(ζ) + 1

4F
′′′′(ζ) = 0

Z3 + Z4 ψ ρ2

2 + F (ζ) 3
4 + 3

2F
′(ζ)F ′′(ζ) + 1

4F
′′′′(ζ) = 0

Z3 − Z4 ψ −ρ2
2 + F (ζ) −3

4 + 3
2F

′(ζ)F ′′(ζ) + 1
4F

′′′′(ζ) = 0

Z3 ψ F (ζ) 3
2F

′(ζ)F ′′(ζ) + 1
4F

′′′′(ζ) = 0

to the optimal system, since corresponding to the vector fields Z4 and Z5, PDE (4.2.9)

is identically satisfied, so in the table we list the remaining vector fields.

1. Vector field Z1: To solve the reduced ODE in this case, we seek a special solution

in the following form:

F (ζ) = C0ζ
−1 + C1 + C2ζ, (4.2.18)

where C0, C1, C2 are arbitrary constants. On substituting (4.2.18) in the reduced ODE,

we get values of constants as C0 = 2, C1 = 0, C2 = 0 and correseponding to values of
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constants, solution of equation (4.1.1) is given as:

σ(x, y, t) = χ(x, y, t)

+ 2

(
∫
f(t))

1
3
( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)−1,

(4.2.19)

where χ(x, y, t) is given by equation (4.2.7).

4. Vector field Z2 + βZ4: The reduced ODE has a solution

F (ζ) = C0 + C1ζ, (4.2.20)

where C0 and C1 are arbitrary constants. The solution (4.2.20) leads by back substitu-

tion to the solution of equation (4.1.1) of the form

σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(β( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)

( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)

+(C0 + C1( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
))),

(4.2.21)

where χ(x, y, t) is given by equation (4.2.7).

3. Vector field Z2 + Z3 + βZ4:

Case (i): Integrating the reduced ODE (as shown in Table 4.3) with respect to ζ, we

get
3β
4
ζ +

3
4
F ′(ζ) +

3
4
F ′(ζ)2 +

1
4
F ′′′(ζ) +K1 = 0, (4.2.22)

where K1 is arbitrary constant. Multiplying Eq. (4.2.22) with F ′′(ζ) and again inte-

grating, we get the reduced equation as follows:

3β
4
ζF ′(ζ)− 3β

4
F (ζ) +

3
8
F ′(ζ)2 +

1
4
F ′(ζ)3 +

1
8
F ′′(ζ)2 +K1F

′(ζ) +K2 = 0, (4.2.23)

where K2 is arbitrary constant. Let us assume that Eq. (4.2.23) takes the solution in

the form

F (ζ) = C0ζ
−1 + C1 + C2ζ, (4.2.24)

where C0, C1, C2 are constants to be determined. On substituting (4.2.24) in Eq.

(4.2.23), we get the values of constants as C0 = 0, C1 = 1/6 3C2
2+2C2

3+8K1 C2+8K2
β , C2 =
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C2, which corresponds to the following solution of Eq. (4.1.1):

σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(β2 ( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)2 + 1/6 3C2

2+2C2
3+8K1 C2+8K2
β

+C2( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)

−C2( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)),

(4.2.25)

where χ(x, y, t) is given by Eq. (4.2.7).

Case (ii): For β = 0, the reduced ODE has the following solutions:

(i) F (ζ) = C0 + C1ζ

(ii) F (ζ) = C0 +
√

3 cot(C1 +
√

3
2 ζ)

(iii) F (ζ) = C0 −
√

3 tan(C1 +
√

3
2 ζ),

(4.2.26)

where C0 and C1 are arbitrary constants. The solutions (4.2.26) leads by back substi-

tution to the solution of equation (4.1.1) of the form

(i) σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(C0 + C1(( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3

−1
3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)− y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
))

(ii) σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(C0 +

√
3 cot(C1 +

√
3

2 (( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)− ( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
))))

(iv) σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(C0 −

√
3 tan(C1 +

√
3

2 (( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)− ( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)))),

(4.2.27)

where χ(x, y, t) is given by equation (4.2.7).

Case (iii): For β = 0, integrating the reduced ODE with respect to ζ, we get the

following equation:

3F ′(ζ) + 3F ′(ζ)2 + F ′′′(ζ) +K1 = 0, (4.2.28)

where K1 is arbitrary constant. Multiplying Eq. (4.2.28) with F ′′(ζ), integrating and

taking F ′(ζ) = J(ζ), we get

3
2
J(ζ)2 + J(ζ)3 +

1
2
J ′(ζ)2 +K1J(ζ) +K2 = 0, (4.2.29)

where K2 is constant of integration. For K2 = 0, we get solution of Eq. (4.2.29) as

follows:

J(ζ) = −1/2− 2C4
2℘

(
C3 + C4 ζ,−1/4

−3 + 4K1

C4
4 ,−1/8

2K1 − 1
C4

6

)
, (4.2.30)
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where C3, C4 are arbitrary constants and ℘ denotes WeirstrassP function.

4. Vector field Z3 + Z4: Integrating the reduced ODE with respect to ζ, we get

3
4
ζ +

3
4
F ′(ζ)2 +

1
4
F ′′′(ζ) +K1 = 0, (4.2.31)

where K1 is arbitrary constant. Multiplying Eq. (4.2.31) with F ′′(ζ) and again inte-

grating, we get the reduced equation as follows:

3
4
ζF ′(ζ)− 3

4
F (ζ) +

1
4
F ′(ζ)3 +

1
8
F ′′(ζ)2 +K1F

′(ζ) +K2 = 0, (4.2.32)

where K2 is arbitrary constant. On substituting (4.2.24) in Eq. (4.2.32), we get values

of constants as C0 = 0, C1 = 1/3C2
3 + 4/3K1C2 + 4/3K2, C2 = C2, which corresponds

to following solution of Eq. (4.1.1):

σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(1
2( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)2 + 1/3C2

3 + 4/3K1C2

+4/3K2 + C2( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)),

(4.2.33)

where χ(x, y, t) is given by Eq. (4.2.7).

5. Vector field Z3 − Z4: Integrating the reduced ODE with respect to ζ, we get

− 3
4
ζ +

3
4
F ′(ζ)2 +

1
4
F ′′′(ζ) +K1 = 0, (4.2.34)

where K1 is arbitrary constant. Multiplying Eq. (4.2.34) with F ′′(ζ) and again inte-

grating, we get the reduced equation as follows:

− 3
4
ζF ′(ζ) +

3
4
F (ζ) +

1
4
F ′(ζ)3 +

1
8
F ′′(ζ)2 +K1F

′(ζ) +K2 = 0, (4.2.35)

On using the same substitution as (4.2.24), we get the following solution of Eq. (4.1.1):

σ(x, y, t) = χ(x, y, t) + 1

(
∫
f(t))

1
3
(−1

2( y

(
∫
f(t))

2
3
− 1

3

∫ g(t)

(
∫
f(t))

5
3
)2 − 1/3C2

3 − 4/3K1C2

−4/3K2 + C2( x

(
∫
f(t))

1
3

+ 2
9

yg(t)

(
∫
f(t))

4
3

+ 2
9

y2f(t)

(
∫
f(t))

4
3
− 1

3

∫ h(t)

(
∫
f(t))

4
3
− 2

27

∫ g(t)2

(
∫
f(t))

7
3
)),

(4.2.36)

where χ(x, y, t) is given by Eq. (4.2.7).

6. Vector field Z3: Integrating the reduced ODE with respect to ζ, we get

3F ′(ζ)2 + F ′′′(ζ) +K1 = 0, (4.2.37)
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where K1 is arbitrary constant. Multiplying (4.2.37) with F ′′(ζ), integrating it with

respect to ζ, taking integration constant to be zero and assuming F ′(ζ) = J(ζ), we

obtain

2J(ζ)3 + J ′(ζ)2 + 2K1J(ζ) = 0. (4.2.38)

We get the general solution of above ODE as

J (ζ) = −℘
(
1/2 22/3ζ + C1,−2K1

3
√

2, 0
)

3
√

2, (4.2.39)

where C1 is arbitrary constant and ℘ denotes WeirstrassP function.

4.2.3.2 Exact Solutions of Eq. (4.2.13)

Using Lie Classical Approach

In this section, we will apply Lie classical approach to reduce the no of independent

variables in Eq. (4.2.13). In this direction, equation (4.2.13) yields the symmetries as

under:
η = bψ +Q(ρ)

ξ = 3
2bρ+ c

τ = a,

(4.2.40)

where η, ξ and τ are infinitesimals corresponding to H,ψ and ρ, respectively and a, b and

c are arbitrary constants and Q(ρ) is an arbitrary function of ρ. The similarity variable

and form can be obtained by solving the characterstic equations

dρ
τ = dψ

ξ = dH
η . (4.2.41)

The general solution of these equations involves two constants, one becomes new inde-

pendent variable ζ and other F play the role of new dependent variable. Hence, we

get
ζ = ψ − 3b

4aρ
2 − c

aρ

H(ρ, ψ) = b
aψρ+ 1

aR(ρ) + F (ζ),
(4.2.42)

where
∫
Q(ρ)dρ = R(ρ), which is an arbitrary function of ρ. On substituting the equa-

tion (4.2.42) in equation (4.2.13), we get the reduced ODE as

a
4F

′′′′(ζ) + 3a
2 F

′(ζ)F ′′(ζ)− cF ′′(ζ) + b = 0. (4.2.43)

Case (i): Integrating Eq. (4.2.43) with respect to ζ, we get

a

4
F ′′′(ζ) +

3a
4
F ′(ζ)2 − cF ′(ζ) + bζ +K1 = 0, (4.2.44)
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where K1 is arbitrary constant. Multiplying Eq. (4.2.44) with F ′′(ζ) and again inte-

grating, we get

a

8
F ′′(ζ)2 +

a

4
F ′(ζ)3 − c

2
F ′(ζ)2 + bζF ′(ζ)− bF (ζ) +K1F

′(ζ) +K2 = 0, (4.2.45)

where K2 is constant of integration. On substituting (4.2.24) in Eq. (4.2.45), we get

values of constants as C0 = 0, C1 = 1/4 −2 cC2
2+aC2

3+4K1 C2+4K2
b , C2 = C2, which corre-

sponds to the following solution of Eq. (4.1.1):

σ(x, y, t) = ν(x, y, t) + 1√
g(t)

( ba(
x

g(t)
1
2
− yh(t)

g(t)
3
2

+ 1
3
y2g′(t)

g(t)
3
2

)(
∫ t
0 g(s)

−3
2 ds) + 1

aR(
∫ t
0 g(s)

−3
2 ds)

+1/4 −2 cC2
2+aC2

3+4K1 C2+4K2
b + C2(( x

g(t)
1
2
− yh(t)

g(t)
3
2

+ 1
3
y2g′(t)

g(t)
3
2

)− 3b
4a(
∫ t
0 g(s)

−3
2 ds)2

− c
a(
∫ t
0 g(s)

−3
2 ds))),

(4.2.46)

where ν(x, y, t) is given by (4.2.11).

Case (ii): For b = 0, integrating the equation (4.2.43) once and taking the integration

constant to be zero, we obtain

aF ′′′(ζ) + 3a(F ′(ζ))2 − 4cF ′(ζ) = 0. (4.2.47)

We assume that the solution of equation (4.2.47) can be expressed in the following form

F (ζ) = a0+a1eζ+a2e−ζ

b0+b1eζ+b2e−ζ
, (4.2.48)

where a0, a1, a2, b0, b1 and b2 are constants to be found out. The substitution of the form

of F (ζ) in equation (4.2.47) brings forth the several possibilities for values of constants

and all these possibilities have been described in the following two subcases:

Subcase 1: a− 4c = 0{
a0 = a2b0

b2
, a1 = a2b1

b2
, a2 = a2, b0 = b0, b1 = b1, b2 = b2;{

a0 = b0(−2b1+a1)
b1

, a1 = a1, a2 = 0, b0 = b0, b1 = b1, b2 = 0;{
a0 = a0, a1 = −(4a2

2b0
2b2+2a0

2b2
3−6a2a0b2

2b0+a2
3b0

2+a2a0
2b2

2−2a2
2a0b2b0−4a0b2

3b0+4a2b0
2b2

2)

4b2
4 ,{

a2 = a2, b0 = b0, b1 = −(−2a0b2
2b0+a2

2b0
2+a0

2b2
2+2a2b0

2b2−2a2a0b2b0)

4b2
3 , b2 = b2;

(4.2.49)
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which corresponds to the solution of equation (4.2.47) as

(i) F (ζ) = a2
b2

(ii) F (ζ) = a1
b1
− 2b0

b0+b1eζ

(iii) F (ζ) =
4b2

4a0−(4a2
2b0

2b2+2a0
2b2

3−6a2a0b2
2b0+a2

3b0
2+a2a0

2b2
2−2a2

2a0b2b0−4a0b2
3b0+4a2b0

2b2
2)eζ+4a2b2

4e−ζ

4b2
4b0−b2(−2a0b2

2b0+a2
2b0

2+a0
2b2

2+2a2b0
2b2−2a2a0b2b0)eζ+4b2

5e−ζ
.

(4.2.50)

Subcase 2: a− 4c 6= 0{
a0 = b0a1

b1
, a1 = a1, a2 = b2a1

b1
, b0 = b0, b1 = b1, b2 = b2 (4.2.51)

which corresponds to the “constant” solution of equation (4.2.47). The solutions of Eq.

(4.1.1) corresponding to subcases 1, 2 are given by relation (4.2.10), (4.2.11), (4.2.12)

and (4.2.42).

Case (iii): For b = 0, integrating the equation (4.2.43) once with respect to ζ, multilying

the integrated equation with F ′′(ζ) and again integrate it, assuming F ′(ζ) = J(ζ), we

obtain

a(J ′(ζ))2 + 2aJ(ζ)3 − 4c(J(ζ))2 − C1J(ζ) + C2 = 0, (4.2.52)

where C1 and C2 are arbitrary constants. Corresponding to ODE, choosing C2 = 0,

solutions of equation (4.2.52) are given as

J (ζ) = 2/3 c
a − 2C4

2℘

(
C3 + C4 ζ, 1/6 3 aC1+8 c2

C4
4a2 ,− 1

54

c(9 aC1+16 c2)
C4

6a3

)
, (4.2.53)

where C3, C4 are arbitrary constants and ℘ denotes WeirstrassP function. In this case,

the solution of equation (4.2.43) is given by

F (ζ) =
∫
J(ζ)dζ + C5, (4.2.54)

where C5 is arbitrary constant.

Using Homoclinic Test Method In this section, Eq. (4.2.13) is considered to ob-

tain more periodic soliton solutions using homoclinic test method. The homoclinic test

method [167, 168] is a technique which usually can be used to construct exact homo-

clinic orbit solution for non-linear integrable equation, it was applied successfully to

study spatiotemporal bifurcation of equilibrium solution for some integrable equation in

recent years.
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Firstly, integrating Eq. (4.2.13) once with respect to ψ and taking integration constant

to zero, we obtain

Hρ +
3
2
(Hψ)2 +

1
4
Hψψψ = 0. (4.2.55)

Making transformation of unknown function in Eq. (4.2.55) as

H = 2(ln f)ψ. (4.2.56)

Substituting (4.2.56) into (4.2.55) and using the bilinear form, we can get

(DψDρ +
1
4
Dψ

4)(f.f) = 0, (4.2.57)

where the Hirota operator D is defined as [119]. In this case we choose extended homo-

clinic test function

f = e−p1(ψ−w1ρ) + c1 cos(p2(ψ + w2ρ)) + c2e
p1(ψ−w1ρ), (4.2.58)

where p1, p2, w1, w2, c1 and c2 are constants to be determined. Substituting (4.2.58) into

(4.2.57) yields a set of algebraic equations as follows:

(i) 1/2c1 p2
4 + 1/2 c1 p1

4 − 2 c1 p2
2w2 − 2 c1 p1

2w1 − 3 p1
2c1 p2

2 = 0,

(ii) 2 c1 p2 p1
3 − 2 p1w1 c1 p2 + 2 c1 p2w2 p1 − 2 p1 c1 p2

3 = 0,

(iii) 2 c2 p1w1 c1 p2 − 2 c1 p2 c2 p1
3 + 2 c2 p1 c1 p2

3 − 2 c1 p2w2 c2 p1 = 0,

(iv) 1/2 c1 c2 p2
4 + 1/2 c1 c2 p1

4 − 2 c1 c2 p1
2w1 − 3 c1 c2 p2

2p1
2 − 2 c1 c2 p2

2w2 = 0,

(v) c2
(
−4 p1

2w1 + 4 p1
4
)

+ c1
2p2

4 − c1
2p2

2w2 = 0.
(4.2.59)

Solving the above algebraic equations, we get the following solutions of Eq. (4.2.55):

(i) H(ρ, ψ) = 2 −p1 e
−p1 (ψ−p12ρ)+c2 p1 e

p1 (ψ−p12ρ)
e−p1 (ψ−p12ρ)+c2 ep1 (ψ−p12ρ)

,

(ii) H(ρ, ψ) =

2

−p1 e
−p1 (ψ−(1/4 p1

2−3/4 p2
2)ρ)−c1 sin(p2 (ψ+(1/4 p22−3/4 p12)ρ))p2−1/4

c1
2p2

2e
p1 (ψ−(1/4 p1

2−3/4 p2
2)ρ)

p1


(

e−p1 (ψ−(1/4 p12−3/4 p2
2)ρ)+c1 cos(p2 (ψ+(1/4 p22−3/4 p12)ρ))−1/4

c1
2p2

2e
p1 (ψ−(1/4 p12−3/4 p2

2)ρ)

p1
2

) ,

(iii) H(ρ, ψ) = −2 p1 e
−p1 (ψ−1/4 p1

2ρ)
e−p1 (ψ−1/4 p1

2ρ)+c1
,

(iv) H(ρ, ψ) = 2
−ip2 e−ip2 (ψ−w1 ρ)−c1 sin(p2 (ψ+(w1+2 p22)ρ))p2+1/4 ic12p2 eip2 (ψ−w1 ρ)

e−ip2 (ψ−w1 ρ)+c1 cos(p2 (ψ+(w1+2 p22)ρ))+1/4 c12eip2 (ψ−w1 ρ)
,

(v) H(ρ, ψ) = 2
−ip2 e

−ip2 (ψ+p2
2ρ)−c1 sin(p2 (ψ+p22ρ))p2+ic2 p2 e

ip2 (ψ+p2
2ρ)

e−ip2 (ψ+p2
2ρ)+c1 cos(p2 (ψ+p22ρ))+c2 eip2 (ψ+p2

2ρ)
.

(4.2.60)

Corresponding to above solutions, solutions of Eq. (4.1.1) are given by the relation

(4.2.10), (4.2.11) and (4.2.12).
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4.2.3.3 Exact Solutions of Eq. (4.2.15)

Integrating (4.2.15) we obtain a family of solutions of the PKP equation depending on

three arbitrary functions of time:

σ(x, y, t) = 1
3
x2h′(t)
h(t) − 4

9
xy2h′′(t)
h(t) + 4

81
y4h′′′(t)
h(t) + yq(t) + r(t), (4.2.61)

where q(t) and r(t) are arbitrary functions of time.

4.2.4 Analysis and Discussions of Solutions

Now, we wish to show the major features of exact solutions obtained in section (4.2.3).

One of the main feature of solutions is that the form and the behavior of solutions are

strongly affected by the arbitrary functions f(t), g(t) and h(t) which are involved in

symmetry algebra of PKP equation. As fact, we have freedom in selecting functions

f(t), g(t) and h(t) appropriately, according to some actual physical requirements. So,

we can choose the f(t), g(t) and h(t) in terms of trigonometric, hyperbolic and jacobi

elliptic functions to display physical behavior of solutions.

• By the analysis of solutions obtained in section (4.2.3.1), we conclude that so-

lutions (4.2.27) depend upon two constants C0, C1 and three arbitrary functions

f(t), g(t), h(t) of time. Depending upon these constants and functions of time, we

obtain certain periodic and kinky periodic solutions. For C0 = 0, C1 = 1, x =

1, f(t) = h(t) = 1, g(t) = sin(t) and C0 = 0, C1 = 1, y = cos(x), f(t) = g(t) =

1, h(t) = sech(t)t
4
3 solution (4.2.27)(ii) takes the form of periodic solution as shown

in Fig. (4.1) and kinky periodic solution as shown in Fig. (4.2).

• We also observe that certain solutions include several properties of kinematics, for

example, solution (4.2.50)(ii) represents periodicity on t-axis and paraboloid on

y-axis for a1 = b0 = b1 = 1, c = 1, x = 0, g(t) = 1, h(t) = cos(t), R(t) = sech(t) as

shown in Fig. (4.3) and also solution (4.2.50)(ii) takes the form of kinky periodic

solution (Fig. (4.4)) for a1 = 0, b0 = b1, c = 1, x = 1, g(t) = 1, h(t) = sin(t), R(t) =

cos(t).

• We also analyze that the solution (4.2.60)(ii) behaves as periodic solution for p1 =

1, p2 = 2, c1 = 1, h(t) = (cos(t))2, y = sin(x), g(t) = 1 and (4.2.60)(i) represents

the kinky solution for g(t) = 1, y = sn(x, 2), h(t) = cn(t, 1), p1 = 1, c2 = 2, where

sn(x, 2), cn(t, 1) represents jacobi elliptic functions with modulus 2, 1 respectively.
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Figure 4.1: The form of periodic
solution (4.2.27)(ii) for C0 = 0, C1 =
1, x = 1, f(t) = h(t) = 1, g(t) =

sin(t)

Figure 4.2: The kinky periodic so-
lution (4.2.27)(ii) for C0 = 0, C1 =
1, y = cos(x), f(t) = g(t) = 1, h(t) =

sech(t)t
4
3

Figure 4.3: The periodic solution
(4.2.50)(ii) for a1 = b0 = b1 =
1, c = 1, x = 0, g(t) = 1, h(t) =

cos(t), R(t) = sech(t)

Figure 4.4: The kinky periodic
form of solution (4.2.50)(ii) for a1 =
0, b0 = b1, c = 1, x = 1, g(t) =

1, h(t) = sin(t), R(t) = cos(t)



Chapter 4. The PKP Equation and its Generalized Form 89

Figure 4.5: The periodic solution
(4.2.60)(ii) for p1 = 1, p2 = 2, c1 =
1, h(t) = (cos(t))2, y = sin(x), g(t) =

1

Figure 4.6: The kink solution
(4.2.60)(i) for g(t) = 1, y =
sn(x, 2), h(t) = cn(t, 1), p1 = 1, c2 =

2

4.3 The Generalized potential Kadomstev Petviashvili Equa-

tion

In this section, we work for integrability, symmetries and exact solutions of VCPKP

equation.

4.3.1 Painlevé Analysis for VCPKP Equation

A PDE is said to possess the Painlevé property if the only singularities of the general

integral which can live on arbitrary non-characteristic (movable) hypersurfaces are poles

as discussed in section (1.4) of this thesis. This Painlevé test has proved to be a useful

criterion for the identification of completely integrable PDE. The leading order of the

solution of equation (4.1.2) is assumed as

σ(x, y, t)≈σ0g
α, (4.3.1)

where σ0 = σ0(x, y, t) and g = g(x, y, t) are analytic functions of x, y and t. On substi-

tuting equation (4.3.1) into (4.1.2) and equating the most dominant terms, the following
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results are obtained:

α = −1, σ0 =
12β(t)gx
α(t)

, (4.3.2)

where gx denotes the partial differentiation of g(x, y, t) with respect to x. For finding

the resonances, the full Laurent series

σ(x, y, t) = σ0g
−1 +

∑
σrg

r−1, (4.3.3)

where σr = σr(x, y, t), is substituted into (4.1.2) and by equating the coefficients of like

terms, the polynomial equation is derived as

β (t) (α (t))2 σr (x, y, t) (g (x, y, t))r−2 r4 + 23β (t) (g (x, y, t))r−2 σr (x, y, t) r2 (α (t))2

+10β (t) (g (x, y, t))r−2 σr (x, y, t) r (α (t))2 − 24β (t) (g (x, y, t))r−2 σr (x, y, t) (α (t))2

−10β (t) (α (t))2 σr (x, y, t) (g (x, y, t))r−2 r3.

(4.3.4)

Using equation (4.3.4), the resonances are found to be

r = −1, 1, 4, 6. (4.3.5)

As usual, the resonance at r = −1 corresponds to the arbitrariness of the singular

manifold g(x, y, t) = 0. Therefore there are three compatibility tests at r = 1, 4 and 6.

When r = 1, σ1 is arbitrary; r = 4, σ4 is arbitrary; r = 6, we can get the compatibility

condition which corresponds to the following relations in arbitrary variable coefficients

of Eq. (4.1.2):

(i) 3β (t)
(
d
dtα (t)

)2 − 3
(
d
dtβ (t)

)
α (t) d

dtα (t)− β (t)α (t) d2

dt2
α (t) + (α (t))2 d2

dt2
β (t) = 0,

(ii) 3
(
d
dtβ (t)

)
(α (t))2 δ (t)− 4β (t)

(
d
dtα (t)

)
δ (t)α (t) + β (t) (α (t))2 d

dtδ (t) = 0,

(iii) − 6
(
d
dtβ (t)

)
(α (t))2 δ (t)− 2β (t) (α (t))2 d

dtδ (t) + 8β (t)
(
d
dtα (t)

)
δ (t)α (t) = 0.

(4.3.6)

Then we obtain the explicit constraints on the variable coefficients α(t), β(t) and δ(t)

for Eq. (4.1.2) to pass the Painlevé test

β(t) = C1 α (t) + C2

(∫
α (t) dt

)
α (t) ,

δ(t) = C3 e
∫
−
−C1

d
dt
α(t)+3C2 (α(t))2−C2

∫
α(t)dt d

dt
α(t)

α(t)(C1+C2
∫
α(t)dt)

dt
,

(4.3.7)

where C1, C2, C3 are arbitrary constants.
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4.3.2 Lie Point Symmetries and Classification of One-Dimensional Sub-

algebras

In this section, we intend to deduce the one-dimensional optimal system of vector fields

corresponding to Eq. (4.1.2). To this end, first we utilize the classical Lie group method

to construct the infinitesimals admitted by (4.1.2). By calculation, we show that the

symmetries of Eq. (4.1.2) form a seven-dimensional Lie algebra generated by the follow-

ing vector fields:

V1 = x ∂
∂x +

(
2
∫
α(t)dt
α(t)

)
∂
∂t , V2 = σ ∂

∂σ −
(∫

α(t)dt
α(t)

)
∂
∂t , V3 = x ∂

∂σ +
(∫
α(t)dt

)
∂
∂x ,

V4 = ∂
∂y , V5 = 1

α(t)
∂
∂t , V6 = ∂

∂x , V7 = ∂
∂σ .

(4.3.8)

and the functions α(t), β(t) and δ(t) are governed by the following conditions:

β(t)τt + τβ′(t)− 3a1β(t) = 0,

δ(t)τt + τδ′(t) + a1δ(t) = 0.
(4.3.9)

Then the non zero commutation relations of the Lie algebra are as follows:

[V1, V3] = V3, [V1, V5] = −2V5, [V1, V6] = −V6, [V2, V3] = −V3, [V2, V5] = V5,

[V2, V7] = −V7, [V3, V1] = −V3, [V3, V2] = V3, [V3, V5] = −V6, [V3, V6] = −V7,

[V5, V1] = 2V5, [V5, V2] = −V5, [V5, V3] = V6, [V6, V1] = V6,

[V6, V3] = V7, [V7, V2] = V7, (4.3.10)

where the Lie brackets are obtained using the expression [Vi, Vj ] = Vi(Vj) − Vj(Vi). As

we know, classification of subgroups of Lie symmetry groups of differential equations is

an essential part in study of equations. This is since classification allows for an efficient

computation of group-invariant solutions, without the possibility of an occurence of

equivalent solutions as discussed in section (1.2). The classification of subgroups of

symmetry groups is usually done by the classification of the associated Lie subalgebras

w.r.t. the adjoint representation and the adjoint action for the Lie algebra for (4.1.2) is

given as follows:

Adj(exp(εV1)V3) = e−εV3, Adj(exp(εV1)V5) = e2εV5, Adj(exp(εV1)V6) = eεV6,

Adj(exp(εV2)V3) = eεV3, Adj(exp(εV2)V5) = e−εV5, Adj(exp(εV2)V7) = eεV7,

Adj(exp(εV3)V1) = V1 − εV3, Adj(exp(εV3)V2) = V2 − εV3,

Adj(exp(εV3)V5) = V5 + εV6 + ε2

2 V7, Adj(exp(εV3)V6) = V6 + εV7,
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Adj(exp(εV5)V1) = V1 − 2εV5, Adj(exp(εV5)V2) = V2 + εV5,

Adj(exp(εV5)V3) = V3 − εV6, Adj(exp(εV6)V1) = V1 − εV6,

Adj(exp(εV6)V3) = V3 − εV7, Adj(exp(εV7)V2) = V2 − εV7, (4.3.11)

where the adjoint action is given by the Lie series (1.2.21) and we have shown the cases

here for which Adj(exp(εVi)Vj) 6= Vj . A one-dimensional optimal system for (4.1.2) is

given as follows:

(i) V1 + aV2 + bV4, (ii) V2 + cV4, (iii) V3 + dV4 + V5, (iv) V3 + pV4,

(v) V4 + V5 + qV7, (vi) V4 + rV7, (vii) V5 + sV7, (viii) V6,

(ix) V7,

(4.3.12)

where a, b, c, d, p, q, r and s are arbitrary constants.

4.3.3 Group Invariant Solutions

In this subsection, we construct the group invariant solutions to eq. (4.1.2) according

to the classification of one-dimensional subalgebras. With those Lie algebras, we reduce

equation (4.1.2) to two independent variables partial differential equations and further

to ordinary differential equations. These reduced ODEs are further studied for some

exact solutions of Eq. (4.1.2).

4.3.3.1 Vector Field V1 + aV2 + bV4

For this vector field, on solving the equations (4.3.9) and (4.2.5) we obtain

σ(x, y, t) =
(∫
α(t)dt

) a
2−aH(ρ, ψ), ρ = x

(
∫
α(t)dt)

1
2−a

, ψ = y − b
2−a log

(∫
α(t)dt

)
,

β(t) = K1α(t)
(
(2− a)

∫
α(t)dt

) 1+a
2−a , δ(t) = K2α(t)

(
(2− a)

∫
α(t)dt

)a−3
2−a .

(4.3.13)

Substituting (4.3.13) into Eq. (4.1.2), we have the function H(ρ, ψ) which must satisfy

the following PDE:

(a− 1)Hρ − ρHρρ − bHρψ + (2− a)HρHρρ +K1(2− a)
3

2−aHρρρρ

+K2(2− a)
−1
2−aHψψ = 0.

(4.3.14)

To reduce the PDE (4.3.14), let us assume the transformation of the form

H(ρ, ψ) = ρψ − (2− a)
1

2−a (a− 1)
ψ3

6K2
+
ψ2

2
+ F (ζ), ζ = ρ− (2− a)ψ, (4.3.15)
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which reduces the equation (4.3.14) to ODE of the form

(a− 1)F ′(ζ)− ζF ′′(ζ)− b+ b(2− a)F ′′(ζ) + (2− a)F ′(ζ)F ′′(ζ)

+K1(2− a)
3

2−aF ′′′′(ζ) +K2(2− a)
1
a−2 +K2(2− a)

2a−3
a−2 F ′′(ζ) = 0,

(4.3.16)

where prime (′) denotes the differentiation with respect to the variable ζ and K1,K2

are arbitrary constants. To get a solution for Eq. (4.3.16), let us assume that (4.3.16)

admits a solution in the form

F (ζ) =
b0
ζ

+ b1 + b2ζ. (4.3.17)

Substituting this in Eq. (4.3.16), we get b0 = 0, b1 = b1, b2 = −(−b+K2(2−a)
1
a−2 )

(a−1) . Hence,

we find the solution of Eq. (4.1.2) as follows:

σ(x, y, t) =
(∫
α(t)dt

) a
2−a

((
x

(
∫
α(t)dt)

1
2−a

)
(r(y, t))− (2− a)

1
2−a (a− 1) (r(y,t))3

6K2

)

+
(∫
α(t)dt

) a
2−a

(
b1 + −(−b+K2(2−a)

1
a−2 )

(a−1)

(
x

(
∫
α(t)dt)

1
2−a

− (2− a)(r(y, t))

)
+
(

(r(y,t))2

2

))
,

(4.3.18)

where r(y, t) = y − b
2−a log

(∫
α(t)dt

)
.

4.3.3.2 Vector Field V2 + cV4

Following the same way as above, we get

σ(x, y, t) = 1

(
∫
α(t)dt)H(ρ, ψ), ρ = x, ψ = y + c log

(∫
α(t)dt

)
,

β(t) = K1α(t)
(
−
∫
α(t)dt

)−1
, δ(t) = K2α(t)

(
−
∫
α(t)dt

)−1
.

(4.3.19)

Substituting (4.3.19) into Eq. (4.1.2) yields a reduced nonlinear PDE with constant

coefficients:

−Hρ + cHρψ +HρHρρ −K1Hρρρρ −K2Hψψ = 0. (4.3.20)

Make transformation as follows:

H(ρ, ψ) = H(ζ), ζ = ψ − wρ, (4.3.21)

where w is a non-zero constant. Substituting (4.3.21) into Eq. (4.3.20) obtains an ODE

to ζ. Integrating it once with respect to ζ and taking integration constant to zero, yield

2wH(ζ)− 2cwH ′(ζ)− w3(H ′(ζ))2 − 2K1w
4H ′′′(ζ)− 2K2H

′(ζ) = 0. (4.3.22)
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We seek the solution of Eq. (4.3.22) in the following form

H(ζ) = b0 + b1ζ + b2ζ
2, (4.3.23)

where b0, b1 and b2 are constants to be found out. On substitution of the form of H(ζ)

in equation (4.3.22), we get b0 = b1
2K2

2

2c2
, b1 = b1, b2 = c2

2K2
2 with w = −K2

c . Then

corresponding solution of Eq. (4.1.2) is as follows:

σ(x, y, t) =

(
1/2 b1

2K2
2

c2
+ b1 (r(x, y, t)) + 1/2 c2 (r(x, y, t))2K2

−2
)

(∫
α (t) dt

) , (4.3.24)

where r(x, y, t) = y + c ln
(∫
α (t) dt

)
+ K2 x

c

4.3.3.3 Vector Field V3 + dV4 + V5

Solving the equations (4.2.5) and (4.3.9), we get

σ(x, y, t) = x
(∫
α(t)dt

)
− 1

3

(∫
α(t)dt

)3 +H(ρ, ψ), ρ = y − d
∫
α(t)dt,

ψ = x− 1
2

(∫
α(t)dt

)2
, β(t) = K1α(t), δ(t) = K2α(t).

(4.3.25)

Substituting (4.3.25) into Eq. (4.1.2) yields a reduced nonlinear PDE with constant

coefficients:

K1Hψψψψ +HψHψψ +K2Hρρ − dHρψ + 1 = 0. (4.3.26)

To reduce the Eq. (4.3.26) to ODE, make the transformation as follows:

H(ρ, ψ) =
d2

4K2
ψ +

d3

24K2
2 ρ−

1
2K2

ρ2 +
2
3
ρ+ F (ζ), ζ = ψ +

d

2K2
ρ. (4.3.27)

Substituting Eq. (4.3.27) into Eq. (4.3.26) yields nonlinear ODE as follows:

K1F
′′′′(ζ) + F ′(ζ)F ′′(ζ) = 0. (4.3.28)

Integrating it once with respect to ζ yield

K1F
′′′(ζ) +

1
2
(F ′)2(ζ) +K3 = 0, (4.3.29)

where K3 is constant of integration. Multiplying Eq. (4.3.29) by F ′′ and then integrating

with respect to ζ, taking integration constant to zero and substituting F ′(ζ) = J(ζ), we

get

K1(J ′(ζ))2 +
1
3
J(ζ)3 +K3J(ζ) = 0. (4.3.30)
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Solving the above ODE, we get the solution of (4.3.30) as follows:

J(ζ) = −℘

(
1/6

22/3
√

3ζ√
K1 22/3

+ C1,−3K3 22/3, 0

)
22/3, (4.3.31)

where C1 is arbitrary constant, ℘ denotes WeirstrassP function and final solution of Eq.

(4.1.2) is given by relations (4.3.25) and (4.3.27).

4.3.3.4 Vector Field V3 + pV4

This case yields the following forms of invariants and coefficient functions:

σ(x, y, t) = x2

2(
∫
α(t)dt) +H(ρ, ψ), ρ = t, ψ = x− y(

∫
α(t)dt)
p , α(t) = α(t),

β(t) = β(t), δ(t) = δ(t).
(4.3.32)

Substituting (4.3.32) into Eq. (4.1.2), the VCPKP equation transforms to following

equation:

Hρψ+
α(ρ)(∫
α(ρ)dρ

)(ψHψψ+Hψ)+α(ρ)HψHψψ+β(ρ)Hψψψψ+
1
p2
δ(ρ)

(∫
α(ρ)dρ

)2

Hψψ = 0.

(4.3.33)

Eq. (4.3.33) can be integrated with respect to ψ to get the following form:

Hρ +
α(ρ)(∫
α(ρ)dρ

)(ψHψ) + α(ρ)
Hψ

2

2
+ β(ρ)Hψψψ +

1
p2
δ(ρ)

(∫
α(ρ)dρ

)2

Hψ = J(ρ),

(4.3.34)

where J(ρ) denotes the arbitrary function of ρ. Due to complexity of the above integrated

equation (4.3.34), we are unable to obtain nontrivial solutions for it.

4.3.3.5 Vector Field V4 + V5 + qV7

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

σ(x, y, t) = qy +H(ρ, ψ), ρ = x, ψ = y −
(∫
α(t)dt

)
, β(t) = K1α(t), δ(t) = K2α(t).

(4.3.35)

Substituting (4.3.35) into Eq. (4.1.2), we get

K1Hρρρρ +HρHρρ +K2Hψψ −Hρψ = 0. (4.3.36)
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The traveling wave variable

H(ρ, ψ) = H(ζ), ζ = ρ− wψ, (4.3.37)

where w is a constant to be determined later, permits us reducing the Eq. (4.3.36) to

an ODE in the form

2K1H
′′′(ζ) + 2(w +K2w

2)H ′(ζ) + (H ′(ζ))2 +K3 = 0, (4.3.38)

where K3 is constant of integration. The ODE (4.3.38) possesses the following solutions:

Case 1: Multiplying Eq. (4.3.38) by H ′′(ζ) and then once more integrating with respect

to ζ, taking integration constant to zero and substituting H ′(ζ) = J(ζ), we get

K1(J ′(ζ))2 + (w +K2w
2)J(ζ)2 +

1
3
J(ζ)3 +K3J(ζ) = 0. (4.3.39)

Solving the above ODE, we get the solution of (4.3.39) as follows:

J(ζ) = −w −K2w
2 − 12C2

2K1℘ (C1 + C2ζ, C3, C4) , (4.3.40)

where C1, C2 are arbitrary constants, ℘ denotes WeirstrassP function and

C3 = w2+K2
2w4+2K2w3−K3

12K1
2C2

4 , C4 =
w(2K2

3w5+6K2
2w4+6K2w3+2w2−3K2wK3−3K3)

432K1
3C2

6 .

Case 2: In this case, we seek solutions of Eq. (4.3.38) by extended (G′/G)-expansion

method as desribed in section (1.7.2). Suppose the solution of (4.3.38) can be ex-

pressed in (G′/G) as Eq. (1.7.4) where G = G(ζ) satisfies the second-order linear ODE

(1.7.5). On balancing the highest-order derivatives with the nonlinear terms appearing

in (4.3.38), we get n = 1. Substituting (1.7.4) into (4.3.38) and using (1.7.5), collecting

all terms with the same powers of
(
G′

G

)k
and

(
G′

G

)k√
ν
(
1 + 1

µ

(
G′

G

)2)
together, and

equating each coefficient of them to zero, yield a set of following algebraic equations for

a0, a1, b1 and w:

(i) − 12K1 a1 + b1
2ν
µ + a1

2 = 0,

(ii) − 12K1 b1 + 2 a1 b1 = 0,

(iii) 2 a1
2µ− 2wa1 + b1

2ν − 2K2w
2a1 − 16K1 a1 µ = 0,

(iv) 2 a1 µ b1 − 2wb1 − 10K1 b1 µ− 2K2w
2b1 = 0,

(v) − 2wa1 µ+K3 + a1
2µ2 − 2K2w

2a1 µ− 4K1 a1 µ
2 = 0.

(4.3.41)
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Solving these algebraic equations by Maple, we obtain the following results:

Subcase 1:

a0 = a0, a1 = 12K1, w =
−1 +

√
1 + 16K2K1µ

2K2
, b1 = K3 = 0. (4.3.42)

Subcase 2:

a0 = a0, a1 = 6K1, w =
−1 +

√
1 + 4K2K1µ

2K2
, b1 = ±6

√
µ

ν
K1, K3 = 0. (4.3.43)

From (1.7.4) and the general solution of (1.7.5), we deduce the traveling wave solutions

of (4.1.2) as follows:

When µ > 0, then Subcase 1 gives the exact traveling wave solution as follows:

σ(x, y, t) = qy + a0 + 12K1

√
µ(B cos(√µ(u(x,y,t)))−A sin(√µ(u(x,y,t))))
(A cos(√µ(u(x,y,t)))+B sin(√µ(u(x,y,t)))) , (4.3.44)

Subcase 2 gives the solution of Eq. (4.1.2) as follows:

σ(x, y, t) = qy + a0 + 6K1

√
µ(B cos(√µ(v(x,y,t)))−A sin(√µ(v(x,y,t))))
(A cos(√µ(v(x,y,t)))+B sin(√µ(v(x,y,t))))

±6
√

µ
νK1

√
ν

(
1 + (B cos(√µ(v(x,y,t)))−A sin(√µ(v(x,y,t))))2

(A cos(√µ(v(x,y,t)))+B sin(√µ(v(x,y,t))))2

)
.

(4.3.45)

When µ < 0, then Subcase 1 gives the exact traveling wave solution as follows:

σ(x, y, t) = qy + a0 + 12K1

√
−µ(B cosh(

√
−µ(u(x,y,t)))+A sinh(

√
−µ(u(x,y,t))))

(A cosh(
√
−µ(u(x,y,t)))+B sinh(

√
−µ(u(x,y,t))))

. (4.3.46)

and Subcase 2 gives the solution as follows:

σ(x, y, t) = qy + a0 + 6K1

√
−µ(B cosh(

√
−µ(v(x,y,t)))+A sinh(

√
−µ(v(x,y,t))))

(A cosh(
√
−µ(v(x,y,t)))+B sinh(

√
−µ(v(x,y,t))))

±6
√

µ
νK1

√
ν
(
1− (B cosh(

√
−µ(v(x,y,t)))+A sinh(

√
−µ(v(x,y,t))))2

(A cosh(
√
−µ(v(x,y,t)))+B sinh(

√
−µ(v(x,y,t))))2

)
,

(4.3.47)

where A,B are arbitrary constants and u(x, y, t) = x − (−1+
√

1+16K2K1µ)(y−
∫
α(t)dt)

2K2
,

v(x, y, t) = x − (−1+
√

1+4K2K1 µ)(y−
∫
α(t)dt)

2K2
. In this case, certain solutions obtained by

extended (G′/G) method behaves as periodic solutions for different values of constants

and functions involved. For q = a0 = 0, µ = ν = K1 = K2 = A = B = 1, y = sin(x)

and with α(t) = 0 and α(t) = tan(t), solutions (4.3.44) and (4.3.45) takes the form of

periodic solutions as shown in Fig. (4.7) and Fig. (4.8) respectively.
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Figure 4.7: The figure of periodic
solution (4.3.44) for q = a0 = 0, µ =
ν = K1 = K2 = A = B = 1, y =

sin(x), α(t) = 0

Figure 4.8: The figure of periodic
solution (4.3.45) for q = a0 = 0, µ =
ν = K1 = K2 = A = B = 1, y =

sin(x), α(t) = tan(t)

4.3.3.6 Vector Field V4 + rV7

For this vector field, on Solving the equations (4.2.5) and (4.3.9) we are able to obtain

σ(x, y, t) = ry +H(ρ, ψ), ρ = x, ψ = t, α(t) = α(t), β(t) = β(t), δ(t) = δ(t).

(4.3.48)

On using (4.3.48), the VCPKP equation transforms to:

β(ψ)Hρρρρ + α(ψ)HρHρρ +Hρψ = 0. (4.3.49)

After applying the Lie symmetry method, equation (4.3.49) yields the symmetries as

under:
ξ1 = a1ρ+ a4,

τ1 = 1
α(ψ)((2a1 − a2)

∫
(α(ψ) dψ) + a3),

η1 = a2H + a5,

(4.3.50)

where a1, a2, a3, a4, a5 are arbitrary constants and ξ1, τ1, η1 are infinitesimals correspond-

ing to ρ, ψ,H. The function β(ψ) is governed by the following condition:

β(ψ)τψ + τβ′(ψ)− 3a1β(ψ) = 0. (4.3.51)
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The infinitesimal generators of the corresponding Lie algebra are given by

Z1 = ρ ∂
∂ρ +

(
2
∫
α(ψ)dψ
α(ψ)

)
∂
∂ψ , Z2 = H ∂

∂H −
(∫

α(ψ)dψ
α(ψ)

)
∂
∂ψ , Z3 = 1

α(ψ)
∂
∂ψ ,

Z4 = ∂
∂ρ , Z5 = ∂

∂H .
(4.3.52)

A one-dimensional optimal system for (4.3.49) is given as follows:

(i) Z1 + d1Z2, (ii) Z2, (iii) Z2 + Z4, (iv) Z3 + d2Z4 + d3Z5, (4.3.53)

where d1, d2, d3 are arbitrary constants. In Table (4.4), we list the similarity variable,

similarity solution and forms of coefficient functions corresponding to the optimal system

(4.3.53).

Table 4.4: Similarity Variables, Forms and Coefficient Functions of Equation (4.3.49)

Essential Similarity Similarity Coefficient
fields variables(ζ) solution(H) functions(β(ψ))

Z1 + d1Z2
ρ

(
∫
α(ψ)dψ)

1
2−d1

(∫
α(ψ)dψ

) d1
2−d1 F (ζ) K1α(ψ)

(∫
α(ψ)dψ

) 1+d1
2−d1

Z2 ρ 1

(
∫
α(ψ)dψ)F (ζ) −K1α(ψ)

(∫
α(ψ)dψ

)−1

Z2 + Z4 ρ+ log
(∫
α(ψ)dψ

)
1

(
∫
α(ψ)dψ)F (ζ) −K1α(ψ)

(∫
α(ψ)dψ

)−1

Z3 + d2Z4 + d3Z5 ρ− d2

(∫
α(ψ)dψ

)
d3

(∫
α(ψ)dψ

)
+ F (ζ) K1α(ψ)

Now, we will discuss the reductions corresponding to above mentioned vector fields.

1. The reduced ODE corresponding to vector field Z1 + d1Z2 is given as follows:

(d1 − 1)F ′(ζ)− ζF ′′(ζ) + (2− d1)F ′(ζ)F ′′(ζ) + (2− d1)K1F
′′′′(ζ) = 0. (4.3.54)

Integrating Eq. (4.3.54) with respect to ζ, taking integration constant to be zero, we

get:

d1F (ζ)− ζF ′(ζ) +
(2− d1)

2
(F ′(ζ))2 + (2− d1)K1F

′′′(ζ) = 0. (4.3.55)
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We assume that the solution of Eq. (4.3.55) takes the form

F (ζ) =
b0
ζ

+ b1 + b2ζ, (4.3.56)

where b0, b1, b2 are arbitrary constants. On substituting (4.3.56) in Eq. (4.3.55), we get

b0 = 0, b1 = −1/2b22, b2 = b2 with the restriction that d1 = 1. Hence, the corresponding

solution of (4.1.2) is as follows:

σ(x, y, t) = ry − 1/2 b22

∫
α (t) dt+ b2 x. (4.3.57)

2. The vector field Z2 reduces Eq. (4.3.49) to the following ODE:

− F ′(ζ) + F ′(ζ)F ′′(ζ)−K1F
′′′′(ζ) = 0. (4.3.58)

Integrating Eq. (4.3.58) with respect to ζ and taking integration constant to be zero,

we get:

− F (ζ) + (F ′(ζ))2 −K1F
′′′(ζ) = 0. (4.3.59)

Solving above ODE, we get solution of Eq. (4.1.2) as follows:

σ(x, y, t) = ry +

(
1/2C2

2C3
2 + C3 (C1 + C2 x) + 1/2

(C1 + C2 x)
2

C2
2

)(∫
α (t) dt

)−1

,

(4.3.60)

where C1, C2, C3 are arbitrary constants.

3. The vector field Z2 + Z4 corresponds to the following ODE:

F ′′(ζ)− F ′(ζ) + F ′(ζ)F ′′(ζ)−K1F
′′′′(ζ) = 0. (4.3.61)

On solving Eq. (4.3.61) for K1 = 0, we get the following solution:

F (ζ) = W
(
eζC1

)
+ 1/2

(
W
(
eζC1

))2
+ C2, (4.3.62)

where C1, C2 are arbitrary constants and W denotes the LambertW function. Hence,

the solution (4.3.62) gives the following solution of Eq. (4.1.2):

σ(x, y, t) = ry +
W
(
ex+log(

∫
α(t)dt)C1

)
+ 1/2

(
W
(
ex+log(

∫
α(t)dt)C1

))2
+ C2∫

α (t) dt
. (4.3.63)

4. The reduced ODE corresponding to vector field Z3 + d2Z4 + d3Z5 is as follows:

− d2F
′′(ζ) + F ′(ζ)F ′′(ζ) +K1F

′′′′(ζ) = 0. (4.3.64)
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Integrating above ODE with respect to ζ, we get

− d2F
′(ζ) + 1/2F ′(ζ)2 +K1F

′′′(ζ) +K2 = 0, (4.3.65)

where K2 is arbitrary constant. Multiplying Eq. (4.3.65) by F ′′(ζ) and then once

more integrating with respect to ζ, taking integration constant to zero and substituting

F ′(ζ) = J(ζ), we get

− d2/2J(ζ)2 + 1/6J(ζ)3 +K1/2J ′(ζ)2 +K2J(ζ) = 0. (4.3.66)

On solving Eq. (4.3.66), we get

J(ζ) = d2 − 12K1C4
2℘

(
C3 + C4 ζ,−1/12

−d2
2 + 2K2

K1
2C4

4 ,
1

216
d2

(
3K2 − d2

2
)

K1
3C4

6

)
,

(4.3.67)

where C3, C4 are arbitrary constants.

4.3.3.7 Vector Field V5 + sV7

Solving the equations (4.2.5) and (4.3.9), we get

σ(x, y, t) = s
(∫
α(t)dt

)
+H(ρ, ψ), ρ = x, ψ = y, β(t) = K1α(t), δ(t) = K2α(t).

(4.3.68)

Substituting (4.3.68) into the VCPKP equation, we obtain

K1Hρρρρ +HρHρρ +K2Hψψ = 0. (4.3.69)

The traveling wave variable

H(ρ, ψ) = H(ζ), ζ = ρ− wψ, (4.3.70)

where w is a constant to be determined later, permits us reducing the Eq. (4.3.69) to

an ODE in the form

2K1H
′′′(ζ) + 2K2w

2H ′(ζ) + (H ′(ζ))2 +K3 = 0, (4.3.71)

where K3 is constant of integration. The ODE (4.3.71) possesses the following solutions:
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Case 1: Multiplying Eq. (4.3.71) by H ′′(ζ) and then once more integrating with respect

to ζ, taking integration constant to zero and substituting H ′(ζ) = J(ζ), we get

K1(J ′(ζ))2 +K2w
2J(ζ)2 +

1
3
J(ζ)3 +K3J(ζ) = 0. (4.3.72)

Solving the above ODE, we get the solution of (4.3.72) as follows:

J(ζ) = −K2w
2−12C2

2K1 ℘

(
C1 + C2 ζ, 1/12

−K3 +K2
2w4

C2
4K1

2 ,
1

432
K2w

2
(
2K2

2w4 − 3K3

)
C2

6K1
3

)
,

(4.3.73)

where C1, C2 are arbitrary constants and ℘ denotes WeirstrassP function.

Case 2: In this case, we seek solutions of Eq. (4.3.71) by extended (G′/G)-expansion

method as discussed in section (1.7). By applying this method, we get a set of following

algebraic equations for a0, a1, b1 and w:

(i) b1
2ν
µ + a1

2 − 12K1 a1 = 0,

(ii) − 12K1 b1 + 2 a1 b1 = 0,

(iii) 2 a1
2µ+ b1

2ν − 2K2w
2a1 − 16K1 a1 µ = 0,

(iv) − 10K1 b1 µ− 2K2w
2b1 + 2 a1 µ b1 = 0,

(v) − 4K1 a1 µ
2 + a1

2µ2 − 2K2w
2a1 µ = 0.

(4.3.74)

Solving these algebraic equations by Maple, we obtain the following results:

Subcase 1:

a0 = a0, a1 = 12K1, w = 2
√
K1µ

K2
, b1 = K3 = 0. (4.3.75)

Subcase 2:

a0 = a0, a1 = 6K1, w =
√
K1µ

K2
, b1 = ±6

√
µ

ν
K1, K3 = 0. (4.3.76)

From (1.7.4) and the general solution of (1.7.5), we deduce the traveling wave solutions

of (4.1.2) as follows:

When µ > 0, then Subcase 1 gives the exact traveling wave solution as:

σ(x, y, t) = s
∫
α (t) dt+ a0

+12K1
√
µ

(
B cos

(√
µ
(
x−2

√
K1 µ
K2

y
))
−A sin

(√
µ
(
x−2

√
K1 µ
K2

y
)))

(
A cos

(√
µ
(
x−2

√
K1 µ
K2

y
))

+B sin
(√

µ
(
x−2

√
K1 µ
K2

y
))) , (4.3.77)
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Subcase 2 gives the solution of Eq. (4.1.2) as:

σ(x, y, t) = s
∫
α (t) dt+ a0 + 6K1

√
µ

(
B cos

(√
µ
(
x−2

√
K1 µ
K2

y
))
−A sin

(√
µ
(
x−2

√
K1 µ
K2

y
)))

(
A cos

(√
µ
(
x−2

√
K1 µ
K2

y
))

+B sin
(√

µ
(
x−2

√
K1 µ
K2

y
)))

±6
√

µ
νK1

√√√√(ν)

(
1 +

(
B cos

(√
µ
(
x−2

√
K1 µ
K2

y
))
−A sin

(√
µ
(
x−2

√
K1 µ
K2

y
)))2

(
A cos

(√
µ
(
x−2

√
K1 µ
K2

y
))

+B sin
(√

µ
(
x−2

√
K1 µ
K2

y
)))2

)
.

(4.3.78)

When µ < 0, then Subcase 1 gives the exact traveling wave solution as:

σ(x, y, t) = s
∫
α (t) dt+ a0

+12K1
√
−µ

(
B cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+A sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
)))

(
A cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+B sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
))) . (4.3.79)

and Subcase 2 gives the solution as:

σ(x, y, t) = s
∫
α (t) dt+ a0

+6K1
√
−µ

(
B cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+A sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
)))

(
A cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+B sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
)))

±6
√

µ
νK1

√√√√ν

(
1−

(
B cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+A sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
)))2

(
A cosh

(√
−µ
(
x−2

√
K1 µ
K2

y
))

+B sinh
(√

−µ
(
x−2

√
K1 µ
K2

y
)))2

)
,

(4.3.80)

where A,B are arbitrary constants. Certain solutions obtained by extended (G′/G)

method behaves as kink wave solutions for different values of constants and functions

involved. For s = 1, a0 = 0,K1 = 2, µ = ν = −1,K2 = 3, y = tan(x) and with

α(t) = sech(t) and α(t) = cosh(t), solutions (4.3.79) and (4.3.80) takes the form of kink

wave solutions as shown in Fig. (4.9) and Fig. (4.10) respectively.

4.3.3.8 Vector Field V6

Following the same way, we get

σ(x, y, t) = H(ρ, ψ), ρ = y, ψ = t, α(t) = α(t), β(t) = β(t), δ(t) = δ(t). (4.3.81)

Using (4.3.81), Eq. (4.1.2) transforms to following linear PDE:

Hρρ = 0. (4.3.82)

On solving the equation (4.3.82), we get

σ(x, y, t) = yF1(t) + F2(t). (4.3.83)

where F1, F2 are arbitrary functions.
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Figure 4.9: The figure of kink wave
solution (4.3.79) for s = 1, a0 =
0,K1 = 2, µ = ν = −1,K2 = 3, y =

tan(x), α(t) = sech(t)

Figure 4.10: The figure of kink
wave solution (4.3.79) for s = 1, a0 =
0,K1 = 2, µ = ν = −1,K2 = 3, y =

tan(x), α(t) = cosh(t)

4.4 Conclusion and Discussions

In this chapter, we have investigated the symmetries and invariant solutions of PKP

and VCPKP equation. Firstly, the Lie group method is utilized for obtaining the group

infinitesimals of PKP equation. This equation turn out to have infinite-dimensional sym-

metry group, the Lie algebras of which involve arbitrary functions. Using subalgebras

of PKP algebra, we have reduced the PKP equation in PDEs in two variables and then

they are again applied by Lie symmetry method to reduce them to ODEs and for each

element in the optimal system, certain exact solutions are obtained. One of the reduced

PDE is again investigated with the help of Homoclinic test method to obtain more so-

lutions. To the best of our knowledge, reduction of (2+1)-dimensional PKP equation to

two dimensional PDE’s using infinite dimensional symmetry algebra are new. Due to

dependence of solutions on arbitrary functions, the solutions of PKP equation obtained

by us are new and have not been reported earlier in literature. The solutions obtained

by us are such that one can choose the arbitrary functions f(t), g(t), h(t) along with

various other parameters, in a suitable manner, to simulate physical situations governed

by Eq. (4.1.1) to obtain particular solutions having desired features (as shown in Figures

(4.1)-(4.6)). By using Lie Symmetry method, we obtain new type of special solutions of

PKP equation, which includes exact periodic and periodic kinky solutions.
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With symbolic computation in section (4.3), we have performed the Painlevé analysis

for VCPKP equation (4.1.2) and obtained its explicit Painlevé-integrable condition. We

have presented the similarity reductions of Eq. (4.1.2) by classical Lie group method

and plenty of new solutions are given, including the periodic solutions and kink wave

solutions. The availability of mathematical computer software like Maple facilitates the

tedious algebraic calculations. It is worth to mention here that the correctness of the

solutions has been checked with the aid of software Maple.





Chapter 5

The Variable Coefficient

Dullin-Gottwald-Holm Equation1

5.1 Introduction

Dullin et al. [116] derived the following equation:

mt + c0ux + umx + 2mux = −γuxxx, x ∈ R, t ∈ R. (5.1.1)

which is called Dullin-Gottwald-Holm (DGH) equation, by using asymptotic expansions

directly in the Hamiltonian for Euler equations in the shallow water regime and thereby

is shown to be bi-Hamiltonian and has a Lax pair formulation. DGH equation combines

the linear dispersion of Korteweg-de Vries (KdV) equation with the nonlinear/nonlocal

dispersion of the Camassa-Holm (CH) equation, yet still preserves integrability via the

inverse scattering transform (IST) method. Eq. (5.1.1) in dimensionless time-space vari-

ables (t, x) models the unidirectional propagation of two dimensional waves in shallow

water over a flat bottom. In (5.1.1), u(t, x) represents the horizontal component of the

fluid velocity, m = u − α2uxx is a momentum variable, the constants α2 and γ/c0 are

squares of length scales, and c0 =
√
gh (where c0 = 2w) is the linear wave speed for

undisturbed water at rest at spatial infinity. Using the notation m = u − α2uxx, we

rewrite the DGH equation as

ut − α2uxxt + 2wux + 3uux + γuxxx = α2(2uxuxx + uuxxx). (5.1.2)
1A part of this chapter has been published in International Journal of Nonlinear Science, 10

(2010) 146-152 and some part has been communicated to International Journal of Engineering
Mathematics.
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Recently, the authors [35, 79, 80, 81] studied the well-posedness of Cauchy problem and

the scattering problem for the DGH equation. Moreover, the issue of passing to the

limit as the dispersive parameter tends to zero for the solution of DGH equation was

investigated, and the scattering data of the scattering problem for the equation were

explicitly expressed in [79]. Octavian G. Mustafa [103] investigated the low regularity

conditions needed for the Cauchy problem of DGH equation via the semigroup approach

of quasilinear hyperbolic equations of evolution and the viscosity method. Yue Liu

[162] investigated the problems of the existence of global solutions and the formation of

singularities for the DGH equation. In [82], Gui et al. studied the limit behaviour of the

solutions to a class of nonlinear dispersive wave equations, which can be seen as some

extension of DGH equation. Y. Li and P. Olver [161] studied the well-posedness, blow-

up and the low regular solutions for an integrable nonlinearly dispersive model wave

equation. In [8], Adrian Constantin and Jonatan Lenells presented a simple algorithm

for the inverse scattering approach to the Camassa-Holm equation.

In this chapter, the following form of Generalized Dullin-Gottwald-Holm equation (GDGH)

i.e. DGH equation with variable coefficient is going to be studied:

ut − α2uxxt + 2wux + f(u)ux + γuxxx = α2(2uxuxx + uuxxx), (5.1.3)

where the first term is the evolution term and the fourth term is the nonlinear term,

while the rest of the terms account for dispersion. This equation with f(u) = 3u ap-

peared in [114] in connection with study of periodic waves such as peakon-like periodic

waves, compacton-like periodic waves and singular periodic waves, their dynamical be-

haviors and certain strange phenomena using semi-inverse method and integral bifurca-

tion method. The 1-soliton solution of the GDGH were obtained in [4] when f(u) = cum.

The study in this chapter is structured as follows. In Sec. (5.2), we study the Lie

symmetries of the GDGH equation, its Lie algebra, and also the corresponding optimal

system. We also present the reduction obtained from the optimal system of subalgebras.

These equations admit symmetries that lead to further reductions. In search of more

symmetries, in Sec. (5.3), we apply the nonclassical method to Eq. (5.1.3).

5.2 Classical Symmetries

As we have already mentioned in Chapter 1 that there is no existing general theory for

solving nonlinear PDEs. The classical method for finding symmetry reductions of PDEs

is the Lie group method. The fundamental basis of this method is that when a differential

equation is invariant under a Lie group of transformations, a reduction transformation
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exists. For PDEs with two independent variables, a single group reduction transforms

the PDEs into ODEs, which are generally easier to solve. Motivated by the fact that

symmetry reductions for many PDEs cannot be obtained by using classical symmetries,

there have been several generalizations of the classical Lie group method for symmetry

reductions, so we have also investigated its nonclassical symmetries (refer to section

(1.3)). Here, we study Eq. (5.1.3), where u is a function of two real variables x and t

and f(u) is an arbitrary function of u, from the standpoint of the theory of symmetry

reductions in PDEs. Using this theory, we find that for the GDGH equation, some

similarity solutions are solutions with physical interest. A vector field

X = ξ ∂
∂x + τ ∂

∂t + η ∂
∂u , (5.2.1)

is a generator of point symmetry of equation (5.1.3) if

X [3](ut − α2uxxt + 2wux + f(u)ux + γuxxx − α2(2uxuxx + uuxxx))
∣∣∣
(5.1.3)

= 0,

(5.2.2)

where the operator X [3] is the third prolongation of the operator X defined by

X [3] = X + ηx ∂
∂ux

+ ηxx ∂
∂uxx

+ ηxxx ∂
∂uxxx

+ ηxxt ∂
∂uxxt

, (5.2.3)

where ηt, ηx, ηxx, ηxxx andηxxt are extended (prolonged) infinitesimals acting on an en-

larged space that includes all derivatives of the dependent variables ut, ux, uxx, uxxx and

uxxt. The set of determining equations for the group infinitesimals η, ξ and τ which we

get from (5.2.2) after equating the coefficients of various derivative terms to zero, is as

follows:

(i) τx = 0 = τu,

(ii) ξu = 0,

(iii) ηuu = 0

(iv) ξxx − 2ηxu = 0,

(v) 2ξx − α2ηxxu = 0,

(vi) − 2α2ηu − 2α4ηxxu + 6α2ξx − 2α2τt = 0,

(vii) − α2η + γτt + α2γηxxu − α2uτt − α4uηxxu − 3γξx + α2ξt + 3α2uξx = 0,

(viii) − 2α2ηx + 3γηxu − α2ηtu − 3γξxx + 2α2ξxt + 3α2uξxx − 3α2uηxu = 0,

(ix) 3γηxxu − 2α2ηxx + τtf(u)− f(u)ξx − 2α2ηxtu + α2ξxxt − 2wξx + 2wτt + ηf ′(u)

−γξxxx + α2uξxxx + 2α2wηxxu − 3α2uηxxu − ξt + α2ηxxuf(u) = 0,

(x) f(u)ηx − α2uηxxx + ηt − α2ηxxt + 2wηx + γηxxx = 0.
(5.2.4)
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The structure of the determining equations prompts the selection of the following forms

of infinitesimals:

η = C1u+ C2, τ = −C1t+ C3, ξ = (C2 + γ
α2C1)t+ C4, (5.2.5)

where C1, C2, C3 and C4 are arbitrary constants and f must satisfy the equation

f(u)τt + 2wτt + ηf ′(u)− ξt = 0. (5.2.6)

The Lie algebra associated with equation (5.1.3) consists of following four vector fields:

V1 = −t ∂∂t + γ
α2 t

∂
∂x + u ∂

∂u , V2 = ∂
∂u + t ∂∂x , V3 = ∂

∂t , V4 = ∂
∂x .

(5.2.7)

5.2.1 Optimal System

In this section, we intend to deduce the one-dimensional optimal system (as discussed

in section (1.2)) of eq. (5.1.3). By calculation, we show that the symmetries of eq.

(5.1.3) form a four-dimensional Lie algebra generated by vector fields (5.2.7). To find

an optimal system, we require nonzero Lie brackets and adjoint representations for the

Lie algebra which are shown as below:

The nonzero Lie brackets or commutator relations of the Lie algebra for (5.1.3) are as

follows:

[V1, V2] = −V2, [V1, V3] = V3 − γ
α2V4, [V2, V1] = V2,

[V2, V3] = −V4, [V3, V1] = γ
α2V4 − V3, [V3, V2] = V4,

(5.2.8)

where the Lie brackets are obtained using the expression [Vi, Vj ] = ViVj − VjVi and the

adjoint relations are given by using the Lie series

Ad(exp(εVi))Vj = Vj − ε[Vi, Vj ] +
ε2

2
[Vi, [Vi, Vj ]]− ..., (5.2.9)

Here, we are showing the only cases where Ad(exp(εVi)Vj) 6= Vj . Thus the adjoint rela-

tions for the Lie algebra for (5.1.3) are calculated as follows:

Ad(exp(εV1)V2) = V2e
ε, Ad(exp(εV1)V3) = γ

α2V4 + e−ε(V3 − γ
α2V4)

Ad(exp(εV2)V1) = V1 − εV2, Ad(exp(εV2)V3) = V3 + εV4,

Ad(exp(εV3)V1) = V1 − ε( γ
α2V4 − V3), Ad(exp(εV3)V2) = V2 − εV4.

(5.2.10)
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A one-dimensional optimal system for (5.1.3) is given as follows:

V1 + aV4, V2 + bV3, V3, V4, (5.2.11)

where a, b are arbitrary constants.

5.2.2 Symmetry Reductions and Exact Solutions

The similarity variables and forms can be obtained by solving following characterstic

equations:
dx

ξ
=
dt

τ
=
du

η
. (5.2.12)

The general solution of these equations involves two constants; one becomes the new

independent variable ζ and the other, say F , plays the role of new dependent variable.

On substituting these solutions of (5.2.12) in equation (5.1.3), one gets the reduced or-

dinary differential equation.

1. Vector field V1 + aV4: For this vector field, on using the characterstic equations

(5.2.12), the similarity variable, the form of similarity solution and coefficient function

is as follows:

ζ(x, t) = x+ a log t+ γ
α2 t, u(x, t) = 1

tF (ζ), f(u) = cu− (2w + γ
α2 ),

(5.2.13)

where c is any constant. On using these in equation (5.1.3), the reduced ODE is given

by
−F (ζ) + aF ′(ζ) + α2F ′′(ζ)− aα2F ′′′(ζ) + cF (ζ)F ′(ζ)

−2α2F ′(ζ)F ′′(ζ)− α2F (ζ)F ′′′(ζ) = 0,
(5.2.14)

where prime (′) denotes the differentiation with respect to the variable ζ. We solved the

reduced ODE (5.2.14) and obtained the following solutions:

(i) u(x, t) = C2 e
C1+1/3

√
3
√
c

(
x+

√
3α log(t)√

c
+
γ t

α2

)
α−1

t ,

(ii) u(x, t) =
C2

e
C1+1/6

√
3
√
c

(
x+

√
3α log(t)√

c
+
γ t

α2

)
α−1

2

t ,

(iii) u(x, t) =
C2

e
C1+1/9

√
3
√
c

(
x+

√
3α log(t)√

c
+
γ t

α2

)
α−1

3

t ,

(5.2.15)

where C1 and C2 are arbitrary constants and a =
√

3α√
c

. The evolution of solution

(5.2.15)(i) with C2 = 1, C1 = 2, c = 1, α = 2, γ = 3 has been shown in Fig. 1 for t = 1
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Figure 5.1: The solution (5.2.15)(i) for t = 1 (thick line), t = 2 (thin line), t = 3 (dotted
line)

(thick line), t = 2 (thin line), t = 3 (dotted line). We have obtained some more solutions

of (5.2.14) with c = 3 that have been mentioned below:

(i) u(x, t) =
C2 cosh

(
C1−

(
x+a log(t)+ γ t

α2

)
α−1

)
t ,

(ii) u(x, t) =

(
−3/4C2 cosh

(
C1−1/3

(
x+a log(t)+ γ t

α2

)
α−1

)
+C2

(
cosh

(
C1−1/3

(
x+a log(t)+ γ t

α2

)
α−1

))3
)

t ,

(iii) u(x, t) =
C2 sinh

(
C1−

(
x+a log(t)+ γ t

α2

)
α−1

)
t ,

(iv) u(x, t) =

(
3/4C2 sinh

(
C1−1/3

(
x+a log(t)+ γ t

α2

)
α−1

)
+C2

(
sinh

(
C1−1/3

(
x+a log(t)+ γ t

α2

)
α−1

))3
)

t ,

(5.2.16)

where C1 and C2 are arbitrary constants. By the analysis of solutions (5.2.16), we

conclude that these solutions depend upon constants C1, C2, a, γ, α. Depending upon

these constants, we obtain certain kinky solutions as shown in Fig. 5.2 and Fig. 5.3 for

solutions (5.2.16)(i) and (5.2.16)(iv) with C1 = 1, C2 = 1, a = 2, γ = 3, α = 4.

2. Vector field V2 + bV3: From vector field V2 + bV3, we obtain the transformation and

coefficient function as:

ζ(x, t) = x− t2

2b , u(x, t) = t
b + F (ζ), f(u) = u+ c, (5.2.17)
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Figure 5.2: The figure of kink so-
lution (5.2.16)(i)

Figure 5.3: The figure of kink so-
lution (5.2.16)(iv)

where c is arbitrary constant and F (ζ) satisfies the following ODE:

1
b + 2wF ′(ζ) + F (ζ)F ′(ζ) + cF ′(ζ) + γF ′′′(ζ)− 2α2F ′(ζ)F ′′(ζ)− α2F (ζ)F ′′′(ζ) = 0.

(5.2.18)

The above ODE can be integrated to reduce the order but due to complexity, more

solutions cannot be obtained.

3. Vector field V3: In this case, the form of transformation is as follows:

ζ(x, t) = x, u(x, t) = F (ζ), f(u) = f(u), (5.2.19)

where F (ζ) satisfies the following ODE:

2wF ′(x) + f(u)F ′(x) + γF ′′′(x)− 2α2F ′(x)F ′′(x)− α2F (x)F ′′′(x) = 0. (5.2.20)

To solve the above ODE, we have considered following different cases for values of f(u):

Case 1: If f(u) = u, then the solution of Eq. (5.2.20) corresponds to the following

solution of GDGH equation:

u(x, t) = (γ+6wα2)
α2

(
−1+

(
tanh

(
1/6

−6C1 α+
√

3x
α

))2
) , (5.2.21)

where C1 is arbitrary constant.
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Case 2: If f(u) = u2, then we get the following solution of Eq. (5.1.3):

u(x, t) = −1/3 γ
α2 + 24α2C4

2℘
(
C3 + C4 x,− 1

216
18α4w+γ2

C4
4α8 , C1

)
, (5.2.22)

where C1, C3, C4 are arbitrary constants and ℘ denotes the WeirstrassP function.

4. Vector field V4: From vector field V4, we obtain the following transformation:

ζ = t, u(x, t) = F (ζ), f(u) = f(u), (5.2.23)

where F (ζ) satisfies the following ODE:

F ′(ζ) = 0, (5.2.24)

which corresponds to the “constant” solution of Eq. (5.1.3).

5.3 Nonclassical Method

Bluman and Cole [51] made an important breakthrough in the theory of symmetry

reductions and it is their technique that we shall be using here. In their study of

symmetry reductions of the linear heat equation, they proposed the so-called nonclassical

method of group-invariant solutions, which is a generalization of the classical Lie method.

The basic idea of the nonclassical method [97] is that PDE (5.1.3) is augmented with

the invariant surface condition

ξux + τut − η = 0, (5.3.1)

which is associated with the vector field

V = ξ(x, t, u)
∂

∂x
+ τ(x, t, u)

∂

∂t
+ η(x, t, u)

∂

∂u
. (5.3.2)

Requiring that both (5.1.3) and (5.3.1) be invariant under the transformation with in-

finitesimal generator (5.3.2), we can obtain an overdetermined system of nonlinear equa-

tions for the infinitesimals ξ(x, t, u), τ(x, t, u) and η(x, t, u). The number of determining

equations arising is smaller in the nonclassical method than in the classical method

because there are fewer linearly independent expressions in the derivatives. In addi-

tion to the nonclassical method, the determining equations are usually highly nonlinear

unlike the determining equations for the classical method which are linear. Because

all solutions of the classical determining equations necessarily satisfy the nonclassical

determining equations, the solution set can be larger in the nonclassical case. We can
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distinguish two different cases.

Case 1: In the case τ 6= 0, we can set τ = 1 without loss of generality. The non-

classical method applied to (5.1.3) yields following eight determining equations for the

infinitesimals:

(i) ξu = 0,

(ii) ηuu = 0,

(iii) − α2η + α4ηxxuξ + 3α2uξx − 3γξx + α2ξt − 2α2ξxξ + α2γηxxu − α4uηxxu = 0,

(iv) − 2α2ηu − 2α4ηxxu + 6α2ξx = 0,

(v) 3α2uξxx − 3γξxx − 4α2ξx
2 − α4ηxxuηu − α2ηtu − 3α2uηxu + 2α4ηxxuξx + 2α2ξxηu

+2α2ξxt − 2α2ηx + 3γηxu − α2ξξxx + 2α2ξηxu = 0,

(vi) − 4α2ηxu + 2α2ξxx = 0,

(vii) α2ηxxuf(u)− γξxxx + ηf ′(u)− 2wξx + 3γηxxu − 3α2ξxξxx + α2ξxxt + α2uξxxx

−2α2ηxx − ξt + 6α2ξxηxu − 2α2ηxtu − f(u)ξx + α4ηxxuξxx + α2ξxxηu + 2α2wηxxu

−3α2uηxxu − 2α4ηxuηxxu − 2α2ηuηxu = 0,

(viii) − α4ηxxuηxx + 2α2ξxηxx + ηt − α2uηxxx + f(u)ηx − α2ηxxt − 2α2ηxηxu

+2wηx + γηxxx + α2ηxξxx = 0.
(5.3.3)

Solving above system of equations, we obtain

ξ = C1t+ C2 η = C1, f(u) = u+ c, (5.3.4)

where c, C1, C2 are arbitrary constants. We can assert that for τ 6= 0, we recover only

the classical symmetries and that the nonclassical symmetries of the GDGH equation

have been completely classified. We can state that Eq. (5.1.3) does not admit proper

nonclassical symmetries with τ = 1 for any function f(u).

Case 2: In this case, we set τ = 0, ξ = 1 and so the invariant surface condition reduces

to ux = η(x, t, u). Hence we obtain the differential consequences as follows:

uxx = ηx + ηuux, uxxx = ηxx + 2ηηxu + η2ηuu + ηuuxx,

uxxt = ηxt + ηxuut + ηηtu + ηηuuut + ηu(ηt + ηuut).
(5.3.5)

Applying nonclassical method to Eq. (5.1.3) and equating coefficients of powers of ut to

zero then generates the following determining equations:

(i) − α4ηuuηxuηx − ηα4η2
uuηx − ηα4ηxxuηuu − 2 ηα4ηxuuηxu − α4ηuuη

2
uηx − ηα4ηuuηxuηu

−α4ηxxuηxu − η3α4ηuuuηuu − 2ηα2ηuuηu − ηα4ηuuη
3
u − η2α4ηuuuη

2
u − 2α2ηxuηu

−η2α4ηuuuηxu − 2η2α4ηxuuηuu − η2α4η2
uuηu − α4ηxxuη

2
u − 2ηα4ηxuuη

2
u = 0,
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(ii) − α2uηxxx − 3 η2α2η2
u + η2 d

duf (u)− 2 ηα2ηxtu + η3γ ηuuu − 6 η2α2ηxu − 3α2ηηxx

−α2ηutηx + 3ηγηxxu − 2α2ηxuηt + ηt + 3γηxuηx + 3η2γηxuu − α4ηxxuηxt − 3η3α2ηuu

+2wηx − 2α2η2
x + γ ηxxx + f(u)ηx − α2ηxxt − η3α4ηuuuηut − η3α2uηuuu + η3α2ηuuuf(u)

−η2α4ηuuuηxt − ηα4ηxxuηut + ηα2ηxxuf(u)− ηα2ηutηu − α4ηuuηxtηx − α4ηxxuuηxx

+α2ηxxuγ ηxx − α4ηxxuηuηt − 4η3α4ηxuuηu − 2η3α4ηuuuηx − 2η3α4ηuuη
2
u − 3α2uηxuηx

−5α2ηηuηx + 3ηγηuuηx − 3ηα2uηxxu − 2ηα4ηxxuηx + 3ηγηxuηu − 2ηα4ηuuη
2
x − 2ηα4ηxuuηxt

−2 ηα2ηuuηt + 2 ηα2ηxxuw − 3η2α2uηxuu + 2η2α2ηxuuf(u)− 4η2α4ηxuuηx − 2η2α4ηxuuηut

−2η2α4ηxxuηu + 3η2γηuuηu + 2η3α2ηuuuw − 2η4α4ηuuuηu + 4η2α2ηxuuw − ηα4ηuuη
2
uηt

−η3α4ηuuuuη
2
u + η2α2ηuuuγηxx − η4α4ηuuuuηuu − η3α4η2

uuuηu + η4α2ηuuuγηuu − η2α2ηuut

+η3α2η2
uuγηu + η3α2ηuuuγ η

2
u − ηα4ηuuηutηx − ηα4ηuuηxtηu − ηα4ηxxuuη

2
u − η2α4ηuuuηuηt

+η2α2ηxxuγηuu − η2α4ηuuuuηxx + η2α2ηuuf(u)ηu + η2α2η2
uuγηx + η2α2ηuuγη

3
u + ηα2ηuuf(u)ηx

+ηα2ηxxuγ η
2
u + ηα2ηuuγ ηxxηu − ηα4ηuuuηxxηu + η2α2ηuuuγ ηuηx − η2α4ηuuuuηuηx

−η2α4ηuuuη
3
u + 2 η3α2ηxuuγ ηuu + 2 η3α2ηuuuγ ηxu − 2η3α4ηxuuuηuu − 2η3α4ηuuuuηxu

−3 ηα2uηuuηx + 2 ηα2ηuuwηx − 2 ηα4ηxuuuηxx + 2 ηα2ηuuγ ηxuηx − 3 ηα2uηxuηu

+2 η2α2ηuuγ ηxuηu + 2 ηα2ηxuuγ ηxx + 4 η2α2ηxuuγ ηxu − 4 η2α4ηxuuuηxu + 2 ηα2ηuuγη
2
uηx

+2 ηα2ηxuuγ ηuηx − 2 ηα4ηxuuuηuηx − 2 ηα4ηuuuηxuηx − 2 ηα4ηxuuηuηt − 2 ηα4ηuuuη
2
uηx

+2 η2α2ηxuuγ η
2
u − 2 η2α4ηxuuuη

2
u − 4 η2α4ηuuηxηu + 2 ηα2ηxxuγ ηxu − 2 ηα4ηxxuuηxu

+2 η2α2ηuuwηu − 2 η2α4ηuuuηxuηu − α4ηuuηuηtηx + α2ηuuγ ηuη
2
x − 3 η2α2uηuuηu − η2α4ηxxuuηuu

−η2α4ηuuηutηu − η2α4η2
uuuηx + α2ηuuγ ηxxηx − α4ηuuuηuη

2
x + α2ηxxuγ ηuηx − α4ηxxuuηuηx

−α4ηuuuηxxηx = 0.
(5.3.6)

The complexity of above system of equations is the reason why we cannot solve them in

general. We hence proceed by making several ansätz on the form of η(x, t, u):

1. For an arbitrary f(u), we obtain an arbitrary η(x, t, u) = η(u).

2. For f(u) = 3α2k1
2u+C1, then we get η(u) = k1u+k2. On using the characterstic

equations (5.2.12), the similarity variable and the form of similarity solution is as

follows:

ζ(x, t) = t, u(x, t) = −k2

k1
+ ek1 xF (ζ) . (5.3.7)

On using these in (5.1.3), we get the reduced ODE as

−F ′(ζ)+α2k1
2F ′(ζ)− 2wk1F (ζ)+2α2k1

2k2F (ζ)− k1C1F (ζ)− γk1
3F (ζ) = 0. (5.3.8)

On solving the above ODE, we get the following solution of Eq. (5.1.3):

u(x, t) = −k2
k1

+ ek1 xC2 e
k1 tC1

(αk1+1)(αk1−1) e
k1

3tγ
(αk1+1)(αk1−1)

(
e

k1 tw
(αk1+1)(αk1−1)

)2(
e

k1
2tα2k2

(αk1+1)(αk1−1)

)−2

.

(5.3.9)



Chapter 5. The Variable Coefficient Dullin-Gottwald-Holm Equation 117

Remark 5.3.1. In the case when f(u) = cum that have discussed in [4], using conditions

(5.2.4) and (5.2.6) we get trivial symmetries so we will get only traveling wave solutions

of the equation (5.1.3). Therefore, for f(u) = cum, we conclude that the non-constant

similarity reduction of the GDGH equation obtainable using classical Lie method is the

traveling wave solution.

5.4 Summary

In this chapter, we have obtained the complete Lie group classification for GDGH equa-

tion (5.1.3). We have constructed the optimal system that lead to reductions of equa-

tion (5.1.3) to ODEs and for each element in the optimal system some solutions are

also obtained. We have also applied the nonclassical method to investigate some more

smmetries.





Chapter 6

The Generalized Bretherton

Equation with Variable

Coefficients1

6.1 Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear

partial differential equations, which are involved in many fields from physics to biol-

ogy, chemistry, mechanics, plasma physics, optical fibers, chemical kinematics, chemical

physics and geochemistry, etc. As mathematical models of the phenomena, the inves-

tigation of exact solutions of NLPDEs will help one to understand these phenomena

better. In this chapter, we will study perturbed nonlinear Klein-Gordon equation with

time-dependent coefficients which is the so-called generalized Bretherton equation with

variable coefficients

utt + α(t)uxx + β(t)uxxxx + δ(t)um + θ(t)un = 0, (6.1.1)

where u = u(x, t) is unknown function to be determined, α(t), β(t), δ(t), θ(t) are arbitrary

time functions and the exponent m is a natural number and for the exponent n ∈ N

we assume that n 6= 1 and n 6= m [10, 45, 124]. This equation is a generalization of the

Bretherton equation

utt + uxx + uxxxx + u− u2 = 0, (6.1.2)

which was first introduced by Bretherton [46] as a model of a dispersive wave system

to investigate the resonant nonlinear interaction between three linear modes. When
1A part of this chapter has been published in Nonlinear dynamics, 71 (2013) 1-12.
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α(t) = 0 and β(t), δ(t), θ(t) are constants, Eq. (6.1.1) can be considered as a formal

fourth-order extension of the classical Klein-Gordon equation, but it also inherits a

Schrödinger structure; however, it can be noted that the equation satisfies neither fi-

nite speed propagation nor mass conservation. Eq. (6.1.1) is a generalized form of the

equation that arises in particle field theory and this equation contains some particu-

lar important equations such as Duffing equation [92], Landau-Ginburg-Higgs equation

[120], sin-Gordon equation [132] and φ4 equation [12]. The constant coefficients version

of Eq. (6.1.1) (with m = 1) was studied by Levandosky [136, 137] who investigated the

stability and instability of the solitary waves of this equation. Levandosky and Strauss

[138] also established time decay of the solutions of this equation. Recently, Romeiras

[45] obtained periodic and solitary traveling wave solutions by a truncated Painlevé anal-

ysis. More precisely, for m = 1 and n = 2, 3, 5, he used a truncated Painlevé expansion

method and obtained some kink solutions and (periodic) singular solutions. He also

applied the unified algebraic method and obtained various periodic solutions in terms

of elliptic functions.

Our interest in the present chapter is to search for the exact solutions for Eq. (6.1.1).

In this direction, the layout of our chapter is as follows. Section 6.2 is devoted to the

outline of Lie classical method to generate various symmetries of the Eq. (6.1.1), the

admissible forms of the coefficients that admit the classical symmetry group and reduced

ODEs corresponding to each member of the optimal system of subalgebras. Section 6.3

contains the solutions of variable cofficient version of Generalized Bretherton equation

corresponding to the solutions of reduced ODEs. Some discussion is given in section 6.4.

6.2 Classical Lie Symmetry Analysis

In this section, we first determine the Lie point symmetries of (6.1.1) and then use them

to reduce it to lower dimension equations.

6.2.1 Lie Point Symmetries and Optimal System

Let us consider the equation (6.1.1) is invariant under following transformation:
u

x

t

 −→

u

x

t

+ ε


η(x, t, u)

ξ(x, t, u)

τ(x, t, u)

 , (6.2.1)

where ε is an infinitesimal parameter.
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On invoking the invariance criterion, the following relation from the coefficients of the

first order of ε is deduced:

ηtt + α(t)ηxx + τα′(t)uxx + β(t)ηxxxx + τβ′(t)uxxxx +mδ(t)um−1η + τδ′(t)um

+nθ(t)un−1η + τθ′(t)un = 0,
(6.2.2)

where prime (′) denotes the derivatives with respect to t and ηtt, ηxx and ηxxxx are ex-

tended (prolonged) infinitesimals acting on an enlarged space that includes all derivatives

of the dependent variables utt, uxx and uxxxx. The infinitesimals are determined from

invariance condition (6.2.2), by setting the coefficients of different differentials equal to

zero. We obtain a large number of following PDEs in η, ξ and τ that need to be satisfied:

(i) τx = 0, τu = 0,

(ii) ξt = 0, ξu = 0,

(iii) ηuu = 0,

(iv) 2τtβ(t)− 4β(t)ξx + τβ′(t) = 0,

(v) 4β(t)ηxu − 6β(t)ξxx = 0,

(vi) τα′(t)− 4β(t)ξxxx − 2α(t)ξx + 2τtα(t) + 6β(t)ηxxu = 0,

(vii) 2ηtu − τtt = 0,

(viii) 2α(t)ηxu − α(t)ξxx + 4β(t)ηxxxu − β(t)ξxxxx = 0,

(ix) unτθ′(t) + ηtt + 2τtθ(t)un + α(t)ηxx − ηuδ(t)um + β(t)ηxxxx + umτδ′(t)

+2τtδ(t)um +mδ(t)ηum−1 − ηuθ(t)un + nθ(t)un−1η = 0.

(6.2.3)

The general solution of this large system provides following forms for the infinitesimal

elements η, ξ and τ :

ξ = a1x+ a5, τ = a2t
2 + a3t+ a6, η = (a2t+ a4)u, (6.2.4)

where a1, a2, a3, a4, a5 and a6 are arbitrary constants. The functions α(t), β(t), δ(t) and

θ(t) are governed by the following conditions:

2α(t)τt + τα′(t)− 2a1α(t) = 0,

2β(t)τt + τβ′(t)− 4a1β(t) = 0,

2δ(t)τt + τδ′(t) + (m− 1)(a3t+ a4)δ(t) = 0,

2θ(t)τt + τθ′(t) + (n− 1)(a3t+ a4)θ(t) = 0.

(6.2.5)

The infinitesimal generators of the corresponding Lie algebra are given by

V1 = x ∂
∂x , V2 = t2 ∂∂t + ut ∂∂u , V3 = t ∂∂t , V4 = u ∂

∂u , V5 = ∂
∂x , V6 = ∂

∂t . (6.2.6)

In general, there are infinite number of subalgebras of this Lie algebra formed from any

linear combination of generators Vj ; j = 1, 2, 3, 4, 5, 6 and to any sublagebra one can get



Chapter 6. The Generalized Bretherton Equation with Variable Coefficients 122

the reduction using characterstic equations:

dx

ξ
=
dt

τ
=
du

η
. (6.2.7)

To find the optimal system, we have to firstly compute the commutator and adjoint

relations. Using (1.2.16) and (1.2.21), we can find commutator and adjoint relations for

(6.2.6) which are interpreted in following tables as under:

Table 6.1: Commutator Table
V1 V2 V3 V4 V5 V6

V1 0 0 0 0 −V5 0
V2 0 0 −V2 0 0 −2V3 − V4

V3 0 V2 0 0 0 −V6

V4 0 0 0 0 0 0
V5 V5 0 0 0 0 0
V6 0 2V3 + V4 V6 0 0 0

Table 6.2: Adjoint Table

V1 V2 V3 V4 V5 V6

V1 V1 V2 V3 V4 V5e
ε V6

V2 V1 V2 V3 + εV2 V4 V5 V6 + ε(2V3 + V4) + ε2V2

V3 V1 V2e
−ε V3 V4 V5 V6e

ε

V4 V1 V2 V3 V4 V5 V6

V5 V1 − εV5 V2 V3 V4 V5 V6

V6 V1 V2 − ε(2V3 + V4) + ε2V6 V3 − εV6 V4 V5 V6

The optimal system for (6.2.6) consists of following vector fields:

(i(a)) V1 + aV2 + bV4 + V6, (i(b)) V1 + aV2 + bV4 − V6, (ii) V1 + cV2 + dV4,

(iii(a)) V2 + hV4 + jV5 + V6, (iii(b)) V2 + hV4 + jV5 − V6, (iv) V2 + kV4 + lV5,

(v(a)) V3 + qV4 + V5, (v(b)) V3 + qV4 − V5, (vi) V3 + rV4,

(vii(a)) V4 + sV5 + V6, (vii(b)) V4 + sV5 − V6, (viii) V4 + wV5,

(ix(a)) V5 + V6, (ix(b)) V5 − V6 (x) V5 (xi)V6,

(6.2.8)

where a, b, c, d, h, j, k, l, q, r, s and w are arbitrary constants.

6.2.2 Symmetry Reductions

In this subsection, we will make use of the optimal system of vector fields (6.2.8) and

reduce the Eq. (6.1.1) to ODEs. The similarity variables and the similarity solutions
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of the Eq. (6.1.1) can be obtained by solving characterstic equation (6.2.7) and the

coefficient functions are given by equation (6.2.5). The general solution of these equa-

tions involves two constants, one become independent variable ζ and other plays the role

of new dependent variable F (ζ). Because, the discrete symmetry (t, x, u) → (t,−x, u)
will map (v(a)) to (v(b)) and (t, x, u) → (−t, x, u) will map (vii(a)), (ix(a)) to (vii(b)),

(ix(b)) respectively, and therefore, in the optimal system, only thirteen generators are

considered, while neglecting the other three.

Type (i(a)) V1 + aV2 + bV4 + V6

For this vector field, on solving the equations (6.2.5) and (6.2.7) we obtain

u(x, t) =
√
at2 + 1e

b√
a

tan−1(
√
at)
F (ζ), ζ = xe

−1√
a

tan−1(
√
at)
,

α(t) = K1
(at2+1)2

e
2√
a

tan−1(
√
at)
, β(t) = K2

(at2+1)2
e

4√
a

tan−1(
√
at)
,

δ(t) = K3(at2 + 1)
−m−3

2 e
−(m−1)b√

a
tan−1(

√
at)
, θ(t) = K4(at2 + 1)

−n−3
2 e

−(n−1)b√
a

tan−1(
√
at)
,

(6.2.9)

where K1,K2,K3,K4 are arbitrary constants. Substituting (6.2.9) into Eq. (6.1.1), we

have the function F (ζ) which must satisfy the following ODE:

(b2 + a)F (ζ) + (1− 2b)ζF ′(ζ) + ζ2F ′′(ζ) +K1F
′′(ζ) +K2F

′′′′(ζ)

+K3(F (ζ))m +K4(F (ζ))n = 0.
(6.2.10)

Type (i(b)) V1 + aV2 + bV4 − V6

Following the same way as above, we get

σ(x, y, t) =
√
at2 − 1

(√
at−1√
at+1

) b
2
√
a
F (ζ), ζ = x

(√
at−1√
at+1

) −1
2
√
a
,

α(t) = K1
(at2−1)2

(√
at−1√
at+1

) 1√
a
, β(t) = K2

(at2−1)2

(√
at−1√
at+1

) 2√
a
,

δ(t) = K3(at2 − 1)
−m−3

2

(√
at−1√
at+1

)−(m−1)b

2
√
a

, θ(t) = K4(at2 − 1)
−n−3

2

(√
at−1√
at+1

)−(n−1)b

2
√
a

.

(6.2.11)

Substituting (6.2.11) into Eq. (6.1.1) yields a reduced ODE as follows:

(b2−a)F (ζ)+(1−2b)ζF ′(ζ)+ζ2F ′′(ζ)+K1F
′′(ζ)+K2F

′′′′(ζ)+K3(F (ζ))m+K4(F (ζ))n = 0.

(6.2.12)

Type (ii) V1 + cV2 + dV4

Solving the equations (6.2.5) and (6.2.7), we get

u(x, t) = te
−d
ct F (ζ), ζ = xe

1
ct , α(t) = K1

t4
e
−2
ct ,

β(t) = K2
t4
e
−4
ct , δ(t) = K3(t)(−m−3)e

(m−1)dt
c , θ(t) = K4(t)(−n−3)e

(n−1)dt
c .

(6.2.13)



Chapter 6. The Generalized Bretherton Equation with Variable Coefficients 124

Substituting (6.2.13) into Eq. (6.1.1) yields a reduced ODE with variable coefficients:

d2F (ζ)+(1−2d)ζF ′(ζ)+ζ2F ′′(ζ)+c2K1F
′′(ζ)+c2K2F

′′′′(ζ)+c2K3(F (ζ))m+c2K4(F (ζ))n = 0.

(6.2.14)

Type (iii(a)) V2 + hV4 + jV5 + V6

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

u(x, t) =
√
t2 + 1eh tan−1 tF (ζ), ζ = x− j tan−1 t, α(t) = K1

(t2+1)2
,

β(t) = K2
(t2+1)2

, δ(t) = K3(t2 + 1)
(−m−3)

2 e−(m−1)h tan−1 t,

θ(t) = K4(t2 + 1)
(−n−3)

2 e−(n−1)h tan−1 t.

(6.2.15)

Substituting (6.2.15) into Eq. (6.1.1), it follows the corresponding reduced ODE:

(h2+1)F (ζ)−2hjF ′(ζ)+j2F ′′(ζ)+K1F
′′(ζ)+K2F

′′′′(ζ)+K3(F (ζ))m+K4(F (ζ))n = 0.

(6.2.16)

Type (iii(b)) V2 + hV4 + jV5 − V6

This case yields the following forms of invariants and coefficient functions:

u(x, t) =
√
t2 − 1

(
t−1
t+1

)h
2
F (ζ), ζ = x− j

2 log
(
t−1
t+1

)
, α(t) = K1

(1−t2)2
,

β(t) = K2
(1−t2)2

, δ(t) = K3(t2 − 1)
(−m−3)

2

(
t−1
t+1

)−(m−1)h
2

,

θ(t) = K4(t2 − 1)
(−n−3)

2

(
t−1
t+1

)−(n−1)h
2

.

(6.2.17)

Substituting (6.2.17) into Eq. (6.1.1), the Generalized bretherton equation with time-

dependent coefficients transforms to the following ODE :

(h2−1)F (ζ)−2hjF ′(ζ)+j2F ′′(ζ)+K1F
′′(ζ)+K2F

′′′′(ζ)+K3(F (ζ))m+K4(F (ζ))n = 0.

(6.2.18)

Type (iv) V2 + kV4 + lV5

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

u(x, t) = te
−k
t F (ζ), ζ = x+ l

t , α(t) = K1
t4
,

β(t) = K2
t4
, δ(t) = K3t

(−m−3)e
(m−1)k

t , θ(t) = K4t
(−n−3)e

(n−1)k
t .

(6.2.19)

Substituting (6.2.19) into Eq. (6.1.1), it follows the corresponding reduced ODE:

k2F (ζ)− 2klF ′(ζ) + l2F ′′(ζ) +K1F
′′(ζ) +K2F

′′′′(ζ) +K3(F (ζ))m +K4(F (ζ))n = 0.

(6.2.20)
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Type (v(a)) V3 + qV4 + V5

Following the same way as above, we get

u(x, t) = tqF (ζ), ζ = x− log t, α(t) = K1
t2
, β(t) = K2

t2
,

δ(t) = K3t
(−2−(m−1)q), θ(t) = K4t

(−2−(n−1)q).
(6.2.21)

Substituting (6.2.21) into Eq. (6.1.1), it follows the corresponding reduced ODE:

q(q−1)F (ζ)−(2q−1)F ′(ζ)+F ′′(ζ)+K1F
′′(ζ)+K2F

′′′′(ζ)+K3(F (ζ))m+K4(F (ζ))n = 0.

(6.2.22)

Type (vi) V3 + rV4

On Solving the equations (6.2.5) and (6.2.7), we get

u(x, t) = trF (ζ), ζ = x, α(t) = K1
t2
, β(t) = K2

t2
,

δ(t) = K3t
(−2−(m−1)r), θ(t) = K4t

(−2−(n−1)r).
(6.2.23)

On using (6.2.23), Eq. (6.1.1) transforms to following ODE:

r(r − 1)F (ζ) +K1F
′′(ζ) +K2F

′′′′(ζ) +K3(F (ζ))m +K4(F (ζ))n = 0. (6.2.24)

Type (vii(a)) V4 + sV5 + V6

Solving the equations (6.2.5) and (6.2.7), we get

u(x, t) = etF (ζ), ζ = x− st, α(t) = K1, β(t) = K2,

δ(t) = K3e
(1−m)t, θ(t) = K4e

(1−n)t.
(6.2.25)

Substituting (6.2.25) into (6.1.1), we obtain

F (ζ)−2sF ′(ζ)+s2F ′′(ζ)+K1F
′′(ζ)+K2F

′′′′(ζ)+K3(F (ζ))m+K4(F (ζ))n = 0. (6.2.26)

Type (viii) V4 + wV5

Following the same way, we get

u(x, t) = e
x
wF (ζ), ζ = t, α(t) = α(t), β(t) = β(t), δ(t) = 0, θ(t) = 0. (6.2.27)

Using (6.2.27), Eq. (6.1.1) transforms to following ODE:

F ′′(ζ) +
(
α(ζ)
w2

+
β(ζ)
w4

)
F (ζ) = 0. (6.2.28)
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Type (ix(a)) V5 + V6

For this vector field, on solving the equations (6.2.5) and (6.2.7) we obtain

u(x, t) = F (ζ), ζ = x− t, α(t) = K1, β(t) = K2, δ(t) = K3, θ(t) = K4, (6.2.29)

Substituting (6.2.29) into Eq. (6.1.1), we have the function F (ζ) which must satisfy the

following ODE:

F ′′(ζ) +K1F
′′(ζ) +K2F

′′′′(ζ) +K3(F (ζ))m +K4(F (ζ))n = 0. (6.2.30)

Type (x) V5

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

u(x, t) = F (ζ), ζ = t, α(t) = α(t), β(t) = β(t), δ(t) = δ(t), θ(t) = θ(t). (6.2.31)

Substituting (6.2.31) into Eq. (6.1.1), it follows the corresponding reduced ODE:

F ′′(ζ) + δ(ζ)(F (ζ))m + θ(ζ)(F (ζ))n = 0. (6.2.32)

Type (xi) V6

Following the same way, we get

u(x, t) = F (ζ), ζ = x, α(t) = K1, β(t) = K2, δ(t) = K3, θ(t) = K4. (6.2.33)

Using (6.2.33), Eq. (6.1.1) transforms to following ODE:

K1F
′′(ζ) +K2F

′′′′(ζ) +K3(F (ζ))m +K4(F (ζ))n = 0. (6.2.34)

Combining the above results, we obtain some reduced equations of Eq. (6.1.1) expressed

by Eqs. (6.2.10), (6.2.12), (6.2.14), (6.2.16), (6.2.18), (6.2.20), (6.2.22), (6.2.24), (6.2.26),

(6.2.28), (6.2.30), (6.2.32) and (6.2.34), respectively. Meanwhile many new solutions of

Eq. (6.1.1) from these reduced Eqs. can be achieved (as we have done in the next

section).

6.3 Exact Solutions of Reduced ODEs

Our main goal is to derive exact solutions of (6.1.1) and for this purpose, we will look

for some exact solutions of the reduced ordinary differential equations in section (6.2).
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6.3.1 Solutions of Eqs. (6.2.10), (6.2.12) and (6.2.14)

Case I: m 6= 1

We seek the solutions of Eqs. (6.2.10), (6.2.12) and (6.2.14) in the following form

F (ζ) = Aζp, (6.3.1)

where A and p are constants to be found out. We need to equate the exponents of ζ

suitably such that their respective coefficients become zero. By equating the exponents

p−4 and pn, we have p = 4
1−n and also, by equating the exponents p−2 and pm, we get

p = 2
1−m . Hence, we should have n = 2m − 1 (where m 6= 1). On substituting (6.3.1)

into Eq. (6.2.10), we get the following solution of Eq. (6.1.1):

u(x, t) =
√
at2 + 1e

b tan−1(
√
at)√

a((
2
√
−−K2m+2K2m2+3K2m3

K4
(−1 +m)−2

)(−1+m)−1
)(

xe−
tan−1(

√
at)√

a

) 2
(1−m)

,

(6.3.2)

whereK1 = −
√
−−K2m+2K2m2+3K2m3

K4
K3 (1 +m)−1 and a = − b2−2 b2m+b2m2−4 b+4 bm+4

1−2m+m2 .

On using (6.3.1) into Eq. (6.2.12), Eq. (6.1.1) has the following solution:

u(x, t) =
√
at2 − 1

(√
at−1√
at+1

) b
2
√
a((

2
√
−−K2m+2K2m2+3K2m3

K4
(−1 +m)−2

)(−1+m)−1
)(

x
(√

at−1√
at+1

)− 1
2
√
a

) 2
(1−m)

,

(6.3.3)

where K1 = −
√
−−K2m+2K2m2+3K2m3

K4
K3 (1 +m)−1 and a = b2−2 b2m+b2m2−4 b+4 bm+4

1−2m+m2 .

On using the relation (6.3.1) in (6.2.14) corresponds to the following solution of Eq.

(6.1.1):

u(x, t) = te2 1
(−1+m)ct((

2
√
−−K2m+2K2m2+3K2m3

K4
(−1 +m)−2

)(−1+m)−1
)(

xe
1
ct

) 2
(1−m)

,
(6.3.4)

where K1 = −
√
−−K2m+2K2m2+3K2m3

K4
K3 (1 +m)−1 and d = −2 (−1 +m)−1.

Case II: m = 1

In this case by equating the exponents p − 4 and pn, we get p = 4
1−n . Hence, on
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substituting (6.3.1) into Eq. (6.2.10), we get the following solution of Eq. (6.1.1):

u(x, t) =
√
at2 + 1e

b tan−1(
√
at)√

a((
−8 K2 (3+n)(3n+1)(n+1)

K4 (−1+n)4

)(−1+n)−1)(
xe−

tan−1(
√
at)√

a

)4 (1−n)−1

,
(6.3.5)

where K1 = 0 and a = − b2−2 b2n+b2n2−8 b+8 bn+16+K3−2K3 n+K3 n2

1−2n+n2 .

On using (6.3.1) in Eq. (6.2.12), Eq. (6.1.1) has the following solution:

u(x, t) =
√
at2 − 1

(√
at−1√
at+1

)1/2 b√
a((

−8 K2 (3+n)(3n+1)(n+1)

K4 (−1+n)4

)(−1+n)−1)(
x
(√

at−1√
at+1

)−1/2 1√
a

)4 (1−n)−1

,

(6.3.6)

where K1 = 0 and a = b2−2 b2n+b2n2−8 b+8 bn+16+K3−2K3 n+K3 n2

1−2n+n2 .

Eq. (6.2.14) corresponds to the following solution of Eq. (6.1.1):

u(x, t) = te−
b
at

((
−8 K2 (3+n)(3n+1)(n+1)

K4 (−1+n)4

)(−1+n)−1)(
xe

1
at

)4 (1−n)−1

, (6.3.7)

where K1 = 0 and a =
√
−K3

−1 (bn− b+ 4) (−1 + n)−1. Finally, in all the above solu-

tions, it is necessary to have K2K4 < 0.

6.3.2 Solutions of Eqs. (6.2.16), (6.2.18), (6.2.20), (6.2.22) and (6.2.26)

We seek the solutions of Eqs. in the following form

F (ζ) = Aζp, (6.3.8)

for m = 1, where A and p are constants to be found out. We need to equate the

exponents of ζ suitably such that their respective coefficients become zero. By equating

the exponents p− 1 and pn, we have p = 1
1−n . On substituting (6.3.8) into Eq. (6.2.16),

we get the following solution of Eq. (6.1.1):

u(x, t) =
√
t2 + 1eh tan−1(t)

((
−2 hj

K4 (−1+n)

)(−1+n)−1)(
x− j tan−1 (t)

) 1
(1−n) , (6.3.9)
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where K1 = −j2,K2 = 0,K3 = −h2 − 1, hjK4 < 0.

On using the relation (6.3.8) in (6.2.18) corresponds to the following solution of Eq.

(6.1.1):

u(x, t) =
√
t2 − 1

(
t−1
t+1

)1/2h
((
−2 hj

K4 (−1+n)

)(−1+n)−1)(
x− 1/2 j log

(
t−1
t+1

)) 1
(1−n)

,

(6.3.10)

where K1 = −j2,K2 = 0,K3 = −h2 + 1, hjK4 < 0.

Eq. (6.1.1) possesses the following solution corresponding to Eq. (6.2.20):

u(x, t) = te−
k
t

((
−2 kl

K4 (−1+n)

)(−1+n)−1)(
x+ l

t

) 1
(1−n) , (6.3.11)

where K1 = −l2,K2 = 0,K3 = −k2, klK4 < 0.

Eq. (6.2.22) corresponds to the following solution of Eq. (6.1.1):

u(x, t) = tq
((
− 2 q−1
K4 (−1+n)

)(−1+n)−1)
(x− log (t))

1
(1−n) , (6.3.12)

where K1 = −1,K2 = 0,K3 = −q2 + q, (2q − 1)K4 < 0.

We get the following solution of Eq. (6.1.1) corresponding to Eq. (6.2.26):

u(x, t) = et
((
−2 s

K4 (−1+n)

)(−1+n)−1)
(x− st)

1
(1−n) , (6.3.13)

where K1 = −s2,K2 = 0,K3 = −1, sK4 < 0.

6.3.3 Solutions of Eqs. (6.2.24), (6.2.30) and (6.2.34)

Case I: m 6= 1

Let us consider the solutions of Eq. (6.2.24) in the following form:

F (ζ) = Asech(ζ)p. (6.3.14)

We need to equate the exponents of sech(ζ) suitably such that their respective coefficients

become zero. By equation the exponents pn − 4, p and pm − 4, p − 2, we get p = 4
n−1
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Figure 6.1: The figure of the soli-
ton profiles of (6.3.15) with K1 =

1/2,K2 = 20,K4 = −10,m = 10

Figure 6.2: The wave profile for so-
lution (6.3.16) with K3 = 10,K4 =

−2,m = 20

and p = 2
m−1 respectively, hence, we should have n = 2m− 1. On substituting (6.3.14)

into Eq. (6.2.24), we get the following solitary wave solutions of Eq. (6.1.1):

u(x, t) = tr

((
2
√
−2K2m2−K2m+3K2m3

K4
(m− 1)−2

)(m−1)−1
)

(sech (x))
2

(m−1) ,

(6.3.15)

where K3 = (4K2m3+4K2m2+4K2m+4K2+K1m3−K1m2−K1m+K1)

(m2−2m+1)

√
− 2K2m

2−K2m+3K2m
3

K4

,

r = 1/2m2−m+1/2+1/2
√
m4−4m3+6m2−4m+1−64K2−16K1m2+32K1m−16K1

(m−1)2
and K2K4 < 0.

The figure 6.1 shows the soliton profiles of (6.3.15) with K1 = 1/2,K2 = 20,K4 =

−10,m = 10.

On using (6.3.14) into Eq. (6.2.30), Eq. (6.1.1) has the following solution:

u(x, t) =
((
−1/2 K3 (3m−1)

K4m

)(m−1)−1)
(sech (−x+ t))

2
(m−1) , (6.3.16)

where K1 = 1/4 −4m4K4+3K3
2m3−7K3

2m2−4m3K4+5K3
2m−K3

2

m3K4 (m+1)
,

K2 = −1/16
K3

2(3m5−13m4+22m3−18m2+7m−1)
m3K4 (m+1)

and K3K4 < 0. The wave profile for

solution (6.3.16) can be imagined similar to profile of (6.3.15) with K3 = 10,K4 =

−2,m = 20.
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On using the relation (6.3.14) in (6.2.34) corresponds to the following solution of Eq.

(6.1.1):

u(x, t) =
((
−1/2 K3 (3m−1)

K4m

)(m−1)−1)
(sech (x))

2
(m−1) , (6.3.17)

where K1 = 1/4
K3

2(3m−1)(m2−2m+1)
K4m3(m+1)

, K2 = −1/16
K3

2(3m−1)(m2−2m+1)2

K4m3(m+1)
and K3K4 <

0.

Case II: m = 1

In this case by equating the exponents pn − 4 and p, we get p = 4
n−1 . Hence, on

substituting (6.3.14) into Eq. (6.2.24), we get the following solution of Eq. (6.1.1):

u(x, t) = tr
((
−8 K2 (n+3)(3n+1)(n+1)

K4 (n−1)4

)(n−1)−1)
(sech (x))4 (n−1)−1

, (6.3.18)

where r = 1/2n2−n+1/2+1/2
√
n4−4n3+6n2−4n+1+512K2n+256K2n2−4K3n4+16K3n3+16K3n−24K3n2−4K3+256K2

(−1+n)2

, K1 = −4(n2+2n+5)K2

1−2n+n2 and K2K4 < 0.

Eq. (6.2.30) corresponds to the following solution of Eq. (6.1.1):

u(x, t) =
((
−1/8 (n+3)(3n+1)K3

K4 (n+1)

)(n−1)−1)
(sech (−x+ t))4 (n−1)−1

, (6.3.19)

whereK1 = −1/16 K3 n4+2K3 n2+16n2−8K3 n+32n+5K3+16
n2+2n+1

,K2 = 1
64

K3 (n4−4n3+6n2−4n+1)
n2+2n+1

,

and K3K4 < 0. The evolution of solution (6.3.19) with K3 = 20,K4 = −5, n = 10 at

t = 0, t = 1 and t = 2 has been shown in Fig. (6.3), Fig. (6.4) and Fig. (6.5) respectively.

Eq. (6.1.1) possesses the following solution corresponding to Eq. (6.2.34):

u(x, t) =
((
−1/8 (n+3)(3n+1)K3

K4 (n+1)

)(n−1)−1)
(sech (x))4 (n−1)−1

, (6.3.20)

where K1 = −1/16 (n4+2n2−8n+5)K3

n2+2n+1
, K2 = 1

64

K3 (n4−4n3+6n2−4n+1)
n2+2n+1

and K3K4 < 0.

6.3.4 Solutions of Eqs. (6.2.28) and (6.2.32)

We assume that the solution of equation (6.2.28) can be expressed in the following form:

F (ζ) = Aepζ . (6.3.21)
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Figure 6.3:
The figure
of solution
(6.3.19) with
K3 = 20,K4 =
−5, n = 10 at

t = 0

Figure 6.4:
The figure
of solution
(6.3.19) with
K3 = 20,K4 =
−5, n = 10 at

t = 1

Figure 6.5:
The figure
of solution
(6.3.19) with
K3 = 20,K4 =
−5, n = 10 at

t = 2

On substituting (6.3.21) into (6.2.28), we get the following solution of Eq. (6.1.1):

u(x, t) = Ae
x+ptw
w , (6.3.22)

where α(t) = −p2w4+β(t)
w2 .

Let us consider the solutions of Eq. (6.2.32) in the following form:

F (ζ) = Asn(ζ, q)p, (6.3.23)

where sn(ζ, q) is the Jacobi elliptic sine function with modulus q. We need to equate

the exponents of sn(ζ, q) suitably such that their respective coefficients become zero.

By equation the exponents pn + 2, p + 4 and pm + 2, p, we get p = 2
n−1 and p = 2

1−m

respectively, hence, we should have n = 2−m. On substituting (6.3.23) into Eq. (6.2.32),

we get the following solution of Eq. (6.1.1):

u(x, t) = A (sn (t, i))2 (1−m)−1

, (6.3.24)

where δ(t) = −2 A(1+m)
Am(1−2m+m2)

and θ(t) = −2 A−1+m(−3+m)
1−2m+m2 .
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6.4 Conclusion

This chapter obtains the Lie symmetries and similarity reductions of variable coefficients

generalized Bretherton equation and further reduced ODEs have been studied to obtain

certain exact solitary wave solutions. The sech-ansätze method and other methods

were successfully used to derive these solutions.It needs to be noted that however some

figures were plotted to see the propagation and asymptotic characteristics of the solitary

waves. We should notice that the obtained solutions in this chapter play a crucial role in

numerical simulation and the understanding of solitons dynamics of variants of studied

equation where they facilitate the verification of numerical solvers.





Summary

In the study of nonlinear partial differential equations, the discovery of symmetries and

exact solutions has great theoretical and practical importance. These exact solutions

for nonlinear systems are used as models for physical or numerical investigations and

often reflect qualitatively on the behaviour of more complicated solutions. In this thesis

entitled “Lie Group Applications to Some Nonlinear Systems”, our prime focus

is to obtain symmetries and exact solutions of certain nonlinear PDEs representing

important physical phenomenon which are the (2+1)-dimensional Calogero Degasperis

(CD) equation with its generalized form, the coupled Klein-Gordon-Schrödinger (KGS)

equation along its variable coefficients form, the (2+1)-dimensional potential Kadomstev

Petviashvili (PKP) equation and its generalized form, the generalized Dullin-Gottwald-

Holm (GDGH) equation and the generalized Bretherton equation. To determine the

admissible symmetries, the methods - Lie classical approach and Nonclassical method

have been utilized. Both these techniques consist of steps which can be applied in

a very systematic manner. After obtaining the point symmetries of the system under

investigation, our attempt is to reduce the number of independent variables of the system

corresponding to each element of the optimal system and then reduced equations have

been studied by several methods including extended (G′/G)-expansion method, modified

(G′/G)-expansion method, Jacobi elliptic function method and several methods and also,

it may be noted that the solutions obtained for various systems in the thesis include

periodic solutions, traveling wave solutions, kink wave solutions, solitons etc.

In chapters 2, 3 and 4, Lie group method has been applied on constant coefficients as well

as on variable coefficients versions of equations that helps us to reduce (2+1)-dimensional

equations to (1+1)-dimensional equations and (1+1)-dimensional equations to ODEs.

In case of variable coefficients equations, most of the solutions involve an arbitrary

coefficient function and it enables us to control and discuss the behaviour of solutions

as governed by the choice of this arbitrary function. Another important aspect achieved

in this thesis is to check whether studied equation is integrable or not by using Painlevé

property. We have performed Painlevé test on variable coefficient equations studied in

chapters 2 and 4 and obtained constraints on coefficients for equation to be Painlevé

integrable.

Motivated by the fact that symmetry reductions for many PDEs cannot be obtained

by using classical symmetries, there have been several generalizations of the classical

Lie group method for symmetry reductions, so we have also investigated nonclassical

symmetries in chapter 5. We have obtained the complete Lie group classification for the

studied equation in this chapter and obtained new results.
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We have also eastablished the traveling wave solutions of generalized Bretherton equation

with variable coefficients in chapter 6 by using sech-ansätze and some other methods.

We have also plotted some figures to see the propagation and asymptotic characteristics

of the solitary wave solutions obtained here.

In short, we can say that work in our thesis is devoted to investigating a wide range of

applications of continous symmetry groups to physically important systems of partial

differential equations. It is worth mentioning that in spite of the focus on symmetries

and exact solutions, the author found it really difficult at times to find symmetries for

variable coefficient equations as symmetries for constant coefficient equations can be

obtained by some mathematical softwares. Keeping in view this limitation, it will be

really interesting if such softwares can be developed. In this thesis, it is also a herculean

task to extract solutions of PDEs from reduced ODEs and to fulfill this aim, some

specific forms of solutions of ODEs have been assumed. Thus, the general solution of

reduced ODEs, their physical interpretation and to study the nonclassical symmetries

of variable coefficient equations brings forth tremendous scope of future work.



Appendix A

Extended Infinitesimals

A.1 Extended infinitesimals for (2+1)-dimensional PDEs

The following expressions for extended infinitesimals ηx, ηxx, ηxt, ηyy, ηxxxx for (2+1)-

dimensional PDEs can be easily obtained from equation (1.2.35) for the space (x, y, t, σ(x, y, t))

where ξ, φ, τ, η are infinitesimals corresponding to x, y, t, σ:

ηx = −σxξx − ξσσx
2 + ηx − σtτσσx − σyφx + ησσx − σtτx − σyφσσx (A.1.1)

ηxx = −σyσx2φσσ − σtσx
2τσσ − σx

3ξσσ − σyφxx − 2σxyφx − 2σxyφσσx + 2ηxσσx − 2σxtτx
−3ξσσxσxx + ησσσx

2 − σxξxx + ηxx − σtτσσxx − 2σtσxτxσ − 2σxxξx − σyφσσxx − σtτxx

+ησσxx − 2σxtτσσx − 2σyφxσσx − 2ξxσσx2

(A.1.2)
ηxt = −σyσxφσσσt − σxtτt − σyφxt − τxσσt

2 − σx
2ξtσ − σxξxt + ησσxt − σttτx − σxxξσσt

−σyφσσxt − σtσxτtσ − σxξxσσt − σt
2σxτσσ − σxyφσσt − σx

2ξσσσt − σxxξt − σtτxt + ηxt

+ηxσσt + σxηtσ − 2σtτσσxt − σyσxφtσ − σytφσσx − σyφxσσt + σxησσσt − σxtξx − σxyφt

−σttτσσx − 2ξσσxσxt − σytφx
(A.1.3)

ηyy = −σtτσσyy − σxξσσyy − 2σtσyτyσ − 3φσσyσyy − 2φyσσy2 − σxσy
2ξσσ − σtτyy

−2σxξyσσy + ησσσy
2 − σyφyy − σtσy

2τσσ − 2σytτσσy + ησσyy − 2σxyξσσy − 2σyyφy
−σxξyy + ηyy + 2ηyσσy − σy

3φσσ − 2σxyξy − 2σytτy
(A.1.4)

ηxxxx = −4σxyσx3φσσσ − 12σxxtσxτxσ + 6σx2ησσσσxx − 6σxxtσx2τσσ − 4σtσxτxxxσ
−6σxxyσx2φσσ − 10σx2ξσσσxxx − 4σxyφσσxxx − 4σtσxτσσσxxx − 12σxyσxφσσσxx
−12σxtσxτσσσxx − 6σtσx2τσσσσxx − 12σtσxτxσσσxx − 12σyσxφxσσσxx
−6σyσx2φσσσσxx − 4σyσxφσσσxxx − 6σyφxxσσxx − 12σxyσx2φxσσ − 6σxxyφσσxx
−24σx2ξxσσσxx − 12σxtσxxτxσ − 18ξxxσσxσxx + 4ησσσxσxxx − 4σxtσx3τσσσ
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−4σxtτσσxxx − 6σtτxxσσxx − 12σxtτxxσσx − 12σxyφxxσσx − 12σxtσx2τxσσ + 12ηxσσσxσxx
−16ξxσσxσxxx − 15σxξσσσxx2 − σyφσσxxxx − σtτσσxxxx − σtσx

4τσσσσ − σyσx
4φσσσσ

−4σyσx3φxσσσ − 4σxxxtτσσx − 12σxxyφxσσx − 4σtσx3τxσσσ − 3σtσ2
xxτσσ − 5ξσσxσxxxx

−4σtσxxxτxσ − 6σxxtτσσxx − 6σtσx2τxxσσ − 10ξσσxxσxxx − 6σyσx2φxxσσ − 10σx3ξσσσσxx

−12σxyφxσσxx − 3σyσxx2φσσ − 4σyφxσσxxx − 4σyσxφxxxσ − 4σxxxyφσσx − σyφxxxx + ησσxxxx

−σtτxxxx − σxξxxxx + σx
4ησσσσ − 6σxxyφxx − 4σxxxtτx + 4σx3ηxσσσ − 4σxxxyφx − 12ξxσσxx2

−4ξxxxσσx2 − 6σxxxξxx + 6ηxxσσσx2 − 4σxxξxxx + 4ηxσσxxx − 6σxxtτxx − 4σxtτxxx + 3ησσσxx2

−4σxxxxξx + 6ηxxσσxx + 4ηxxxσσx − 6σx3ξxxσσ − σx
5ξσσσσ − 4σx4ξxσσσ − 4σxyφxxx + ηxxxx

(A.1.5)

From the equations (1.2.35), one may easily obtain the following expressions for the

extended infinitesimals ηx, ηy, ηxx, ηxy, ηxt, ηxxxy, where ψ is dependent on x, y, t and

ξ, φ, τ, η are infinitesimals corresponding to x, y, t, ψ:

ηx = −ψxξx − ξψψx
2 + ηx − ψtτψψx − ψyφx + ηψψx − ψtτx − ψyφψψx (A.1.6)

ηy = −ψyφy − φψψy
2 + ηy − ψtτψψy − ψxξy + ηψψy − ψtτy − ψxξψψy (A.1.7)

ηxx = −2ψyφxψψx − 2ψxtτx − ψx
3ξψψ − ψyφψψxx − 2ξxψψx2 − ψtτxx − ψxξxx − 2ψxyφx

−ψyφxx − ψyψx
2φψψ + ηψψxx − 3ξψψxψxx − 2ψxyφψψx + ηψψψx

2 + 2ηxψψx − 2ψtψxτxψ
−ψtτψψxx + ηxx − 2ψxxξx − 2ψxtτψψx − ψtψx

2τψψ
(A.1.8)

ηxy = −ψxξxψψy − ψtψxτψψψy − ψxyφy + ηxψψy − ψxyξx − ψx
2ξyψ − ψxxξy − φxψψy

2

+ψxηyψ − ψyφxy − ψyyφx + ηψψxy − ψytτx − ψxξxy − ψtτxy − ψxtτψψy − ψtψxτyψ

+ψxηψψψy − ψy
2ψxφψψ − ψtτxψψy − ψxxξψψy − ψyyφψψx − ψx

2ξψψψy − ψytτψψx

−ψtτψψxy − 2ψyφψψxy − 2ξψψxψxy − ψxtτy − ψyψxφyψ + ηxy
(A.1.9)

ηxt = −ψyψxφψψψt − τxψψt
2 − ψxyφt − ψxξxt − ψtτxt − ψxxξt − ψx

2ξtψ − ψytφx

−ψttτx − ψyφxt + ψxηtψ + ηxψψt + ηψψxt − ψxtξx − ψxtτt − ψx
2ξψψψt − ψxξxψψt

−ψxyφψψt − ψyψxφtψ − ψxxξψψt + ψxηψψψt − ψtψxτtψ − ψttτψψx − ψyφxψψt

−ψytφψψx − ψt
2ψxτψψ − ψyφψψxt − 2ξψψxψxt − 2ψtτψψxt + ηxt

(A.1.10)
ηxxxy = −3ψyyψx2φxψψ − 3ψyψxφxxyψ − ψtψx

3τyψψψ − 4ξψψxyψxxx − 3ψy2ψxxφxψψ

−6ψyψxyφxxψ − 3ψxxtτxψψy − 3ψyψx2φxyψψ − 3ψxtτψψxxy + 3ψxηxxψψψy − 3ψy2ψx
2φxψψψ

−3ψtψx2τxyψψ − 6ψx2ξψψψxxy − 3ψxxξxxψψy + 3ψxψxxηyψψ − 6ψxξxxψψxy − 6ψyφxψψxxy
+3ηψψψxyψxx − 3ψxtψxxτyψ − 6ψxtψxτxyψ − 6ψxyyφxψψx − 3ψxx2ξψψψy − 3ψxytτxx
−3ψxyψxxφyψ − 3ψxtψx2τyψψ − 3ψxtτxxψψy − 3ψxyψx2φyψψ − 6ψxytψxτxψ − 3ψxxyyφψψx
−3ψytψxτxxψ − 3ψyyψxφxxψ + 3ψxxηxψψψy − 3ψtψxxyτxψ − 3ψy2ψxφxxψψ − 3ψxxtτψψxy
−6ψxyψxφxyψ − 3ψyψxxφxyψ − 3ψtψxxτxyψ − 6ψxy2ψxφψψ − 2ψyφψψxxxy − 4ψx3ξψψψψxy

−3ψxxtψxτyψ + 3ψx2ηψψψψxy − 6ψx2ψxxξyψψ − 3ψtψxyτxxψ − 3ψxytτψψxx − 3ψxxytτψψx
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+3ψx2ηxψψψψy − 6ψxyφψψxxy − 3ψyyφxψψxx − 9ψx2ξxψψψxy − 3ψytψx2τxψψ

−3ψxytψx2τψψ − 3ψxyyφψψxx + ψx
3ηyψψψ − ψtτxxxy − ψxxxtτy − ψyφxxxy − ψx

4ξyψψψ

−ψxxxyφy + ηxxxψψy + ψxxxηyψ − φxxxψψy
2 − ψtψx

3τψψψψψy − ψtψxxxτψψψy − 4ξψψxψxxxy
−3ψxyyψx2φψψ − 9ξxψψxyψxx − 3ψxxyψxφyψ − ψyyφψψxxx − ψyψxxxφyψ − 3ψxyφxxy
−ψytψx3τψψψ − ψyyψx

3φψψψ − ψxxxtτψψy − ψtτxxxψψy − ψyψx
3φyψψψ − 6ξψψxxψxxy

−ψy2ψx
3φψψψψ − ψxξxxxψψy + ψxxxηψψψy + ψx

3ηψψψψψy − ψx
4ξψψψψψy − 3ψytψxxτxψ

−ψtψxxxτyψ − ψy
2ψxxxφψψ − ψtτψψxxxy − ψytτψψxxx + 6ψxηxψψψxy − 4ψxψxxxξyψ

+ηψψxxxy − ψxxxxξy − ψxxxxξψψy + ηxxxy − 3ψxyyφxx − 3ψxxyyφx − 3ψxxyξxx − 3ψxxxyξx
−3ψx2ξxxψψψy + 3ηxxψψxy − 3ψxxytτx + 3ψx2ηxyψψ − 3ψxx2ξyψ − 3ψxxxξxy − 3ψxxξxxy
+3ηxψψxxy − 3ψx2ξxxyψ − ψxξxxxy − ψyyφxxx − ψytτxxx − ψxyξxxx + 3ψxxηxyψ − 3ψxtτxxy
−12ψyψxφxψψψxy − 12ψxξψψψxxψxy − 6ψtψxτxψψψxy − 3ψy2ψxψxxφψψψ − 6ψxy2φxψ

−3ψyψxψxxφyψψ − 3ψtψxxτxψψψy − 3ψtψx2τxψψψψy − 3ψtψxτxxψψψy − 9ψxψxxξxyψ
−3ψtψxψxxτyψψ − 6ψx2ψxxξψψψψy − 9ψxψxxξxψψψy − 3ψxxtψxτψψψy + 3ηψψψxψxxy
+3ψxψxxηψψψψy − 4ψxψxxxξψψψy − 3ψyyψxφψψψxx − 6ψyψxyφψψψxx + 3ψxηxxyψ
−6ψyψxφψψψxxy − 3ψytψxτψψψxx − 3ψtψxyτψψψxx − 3ψtψxτψψψxxy − 9ξxψψxψxxy
−3ψtψx2τψψψψxy − 6ψyψx2φψψψψxy − 6ψxtψxτψψψxy − 6ψxtψxτxψψψy − 3ψxxtτxy
−3ψxtψx2τψψψψy − 3ψxtψxxτψψψy − 3ψxxyφxy − 3ψtψxτxxyψ − 3ψxxxξxψψy − 3ψx3ξxψψψψy

−ψtψxψxxτψψψψy − 3ψx3ξxyψψ − 6ψxtψxyτxψ
(A.1.11)

A.2 Extended Infinitesimals for (1+1)-dimensional PDEs

The following extended infinitesimals for φxx, φtt, ηt, ηxx, ψt, ψxx can be obtained by

using the equations (1.2.35) acting on space (x, t, u(x, t), a(x, t), b(x, t)) and ξ, τ, φ, ψ, η

are infinitesimals corresponding to x, t, u, a, b:

φxx = −3ξuuxuxx − 2utbxτxb − utbx
2τbb − 2ux2bxξub − 2uxaxξxa − 2uxtτbbx + 2uxφuaax

+2bxφabax − 2utuxτxu − 2uxtτaax − utτaaxx − utax
2τaa − 2ux2axξua − utux

2τuu − utτbbxx

−2uxxξbbx − 2uxbxξxb − uxξbbxx − uxξaaxx − 2uxxξaax − utτuuxx + 2bxφubux − 2utaxτxa
−utτxx + φxx − ux

3ξuu + φbbbx
2 − uxξxx + φaaax

2 + 2φxuux + 2φxaax + φuuux
2 − 2uxtτx

−2utuxτubbx − 2uxbxξabax − 2utaxτabbx + φbbxx + φuuxx + φaaxx − 2uxxξx − uxax
2ξaa

+2φxbbx − uxbx
2ξbb − 2ux2ξxu − 2utuxτuaax − 2uxtτuux

(A.2.1)
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φtt = −2uttτaat − 2uxutξtu − uxat
2ξaa + 2btφubut − 2uxtξaat − uxξaatt − 3τuututt

−uxut2ξuu − utτaatt − 2utbtτtb − 2uxatξta − uxξuutt − 2uttτbbt − 2ut2btτub − utbt
2τbb

−2utatτta − uxξbbtt − uxbt
2ξbb − utτbbtt + 2atφuaut − utat

2τaa − 2ut2atτua − 2uxtξbbt
+2btφabat − 2uxbtξtb + φtt − 2utbtτabat − 2uxutξuaat − 2uxutξubbt − 2uxbtξabat − utτtt

+φbbbt2 + φaaat
2 + φuuut

2 − uxξtt − 2uxtξt + 2φtbbt + 2φtaat + 2φtuut − 2τtuut2 − 2uttτt
+φuutt + φbbtt − 2uxtξuut + φaatt − ut

3τuu
(A.2.2)

ηt = ηbbt − btτaat − btτt + ηt − τbbt
2 + ηuut − bxξuut − bxξaat + ηaat − bxξbbt

−bxξt − btτuut
(A.2.3)

ηxx = −2bxaxξxa − 2btaxτxa + 2uxηubbx − 2bxtτuux − 2bxtτbbx − 2btuxτxu + ηxx − 3ξbbxbxx
−btτbbxx − 2bxtτaax + 2axηuaux − bxξuuxx + 2axηabbx − 2bxxξaax − bxξaaxx − 2btbxτxb
−2bx2uxξub − 2bxuxξxu − 2btuxτuaax − 2btuxτubbx − 2bxaxξuaux − 2btbxτabax − 2bxxξx
+ηaaxx + ηbbxx − bxξxx − 2bxtτx − 2ξxbbx2 + 2ηxuux + ηaaax

2 + 2ηxaax − bx
3ξbb + ηuuux

2

+ηbbbx2 + 2ηxbbx − btτxx − 2bx2axξab − bxux
2ξuu − btbx

2τbb − bxax
2ξaa − btax

2τaa

−btux2τuu − btτuuxx − btτaaxx − 2bxxξuux + ηuuxx
(A.2.4)

ψt = −atτt − axξt + ψt + ψuut − axξuut − axξaat − axξbbt + ψaat + ψbbt − atτbbt

−τaat2 − atτuut
(A.2.5)

ψxx = −2axtτbbx − atτuuxx − axξbbxx − axux
2ξuu − atτaaxx − atτbbxx − axξuuxx

−2axxξuux + ψxx − 2axxξx + ψaaxx + ψuuxx − axξxx + ψaaax
2 − ax

3ξaa + ψbbbx
2 + ψuuux

2

−atτxx + 2ψxuux − 2ξxaax2 − 2axtτx + 2ψxaax + 2ψxbbx + ψbbxx − 2axbxξubux − 2atbxτubux
−2atbxτabax − 2ataxτuaux − 2axtτuux − 2axxξbbx − atax

2τaa − ux
2atτuu − atbx

2τbb

−2axtτaax − axbx
2ξbb − 2uxatτxu + 2uxψubbx + 2bxψabax − 2ax2uxξua − 2atbxτxb − 2axξxbbx

−2axξxuux + 2uxψuaax − 2ataxτxa − 2ax2bxξab − 3ξaaxaxx
(A.2.6)

On using the equations (1.2.35), the following extended infinitesimals for ηt, ηx, ηxx, ηtt,

ηxxx, ηxxt, ηxxxx can be obtained for dependent variable u(x, t) and ξ, τ, η are infinitesi-

mals corresponding to x, t, u:

ηt = ηt + (ηu − τt)ut − ξtux − τuut
2 − ξuuxut (A.2.7)

ηx = ηx + (ηu − ξx)ux − τxut − ξuux
2 − τuuxut (A.2.8)

ηxx = ηxx + (2ηxu − ξxx)ux − τxxut + (ηuu − 2ξxu)ux2 − 2τxuuxut + (ηu − 2ξx)uxx
−2τxutx − 3ξuuxuxx − τuutuxx − 2τuuxutx − τuuux

2ut − ξuuux
3

(A.2.9)
ηtt = ηuutt − 2τtuut2 − 2uttτt − uxξtt + 2ηtuut − utτtt − 3τuututt + ηuuut

2 − ut
2uxξuu

−ut3τuu − 2uxtξuut − 2uxξtuut − 2uxtξt − uxξuutt + ηtt
(A.2.10)
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ηxxx = ηxxx + (3ηxxu − ξxxx)ux − τxxxut − 3τxxuuxut + 3 (ηxuu − ξxxu)ux2 − 3τxuuutux2

+(ηuuu − 3ξxuu)ux3 − τuuuux
3ut − ξuuuux

4 − 3τxxutx + 3 (ηxu − ξxx)uxx − 3τxuutuxx
+3 (ηuu − 3 ξxu)uxuxx − 6τxuuxutx − 6ξuuux2uxx − 3τuuuxtux2 − 3τuuuxxuxut
−3 ξuuxx2 − 3 τuuxxutx − 3 τxutxx + (ηu − 3 ξx)uxxx − 4ξuuxuxxx − τuuxxxut − 3τuuxxtux

(A.2.11)
ηxxt = −3ξuutxuxx − 2τxuuttux − τuuuxxut

2 − 3ξtuuxuxx + (ηuu − 2ξxu − τtu)uxxut
−τxxφtt − 3ξuuxutxx − 2τxuttx + (2ηxtu − ξxxt)ux − ξtuxxx − 3ξuuutuxuxx − 4τuuuxututx

−τxxuut2 − τxuuuxut
2 + (ηu − 2ξx − τt)utxx − 2 τuuxt2 + ηxxt + (2ηxuu − ξxxu − 2τxtu)uxut

−τuuuux2ut
2 − 2τuututxx − ξuutuxxx − 2τuuxuttx − τuuux

2utt + (2ηuu − ξxx − 2τtx)utx
−τuuxxutt + (ηxxu − τxxt)ut + (ηuuu − 2ξxuu − τtuu)ux2ut − ξuuuux

3ut − 4τxuutuxt
+(ηuut − 2ξxtu)ux2 − ξuutux

3 + (ηtu − 2ξtx)uxx + 2 (ηuu − 2ξxu − τtu)uxutx
(A.2.12)

ηxxxx = 4ηuuuxuxxx − 4utux3τxuuu − 4uxxxtτuux − 5ξuuxuxxxx + 6ux2ηuuuuxx − 10ξuuxxuxxx
−4uxtux3τuuu − 6utuxxτxxu − 24ux2ξxuuuxx − 4utuxτxxxu − 6utux2τxxuu − 4uxtτuuxxx
+ηxxxx − 12uxtuxτxxu + 12uxηxuuuxx − 12utuxτxuuuxx − 12uxtuxτuuuxx − 4utuxτuuuxxx
−3utuxx2τuu − 10ux2ξuuuxxx − 10ux3ξuuuuxx − utτuuxxxx − 6uxxtux2τuu − 12uxtτxuuxx
−18uxξxxuuxx − 6utux2τuuuuxx − 12uxtux2τxuu − 12ξxuuxx2 − 4ux4ξxuuu

−uxξxxxx + 4ηxxxuux − 4uxtτxxx + 4ux3ηxuuu − 4ξxxxuux2 − 6ux3ξxxuu + 6ux2ηxxuu

−4uxxξxxx − 6uxxtτxx − 4uxxxtτx − 6uxxtτuuxx + ux
4ηuuuu − ux

5ξuuuu − utτxxxx

−6uxxxξxx − 4uxxxxξx + 6ηxxuuxx + ηuuxxxx + 4ηxuuxxx + 3ηuuuxx2 − 12uxxtτxuux
−15uxξuuuxx2 − 16ξxuuxuxxx − utux

4τuuuu − 4utτxuuxxx
(A.2.13)
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formation, Lax pairs and the Schwarzian derivative, J. Math. Phys. 24 (1983) 1405

(9 pages).

[67] J. Weiss, M. Tabor and G. Carnevale, The Painlevé property for partial differential
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