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Abstract

In this thesis, we study the applications of Lie group theory to the nonlinear partial
differential equations (PDEs) or their systems which represent some of the important
physical phenomena. Our primary objective in this thesis is to identify the symmetries
of PDEs in order to obtain exact solutions and a further point is also to discuss the inte-
grability and physical behaviour of the equations. The investigations carried out in this
thesis are confined to the applications of Lie group methods to the six nonlinear systems
which are the (2+1)-dimensional Calogero Degasperis (CD) equation with its generalized
form, the coupled Klein-Gordon-Schrédinger (KGS) equation along its variable coeffi-
cients form, the (2+1)-dimensional potential Kadomstev Petviashvili (PKP) equation
and its generalized form, the generalized Dullin-Gottwald-Holm (GDGH) equation and

the generalized Bretherton equation.

Our thesis comprises of six chapters. In the introductory part some important features
of Lie groups and symmetries are demonstrated and the mathematical fundamentals of
continuous group theory are reviewed which are of great importance to the work dealt

in Chapters 2-6.

In Chapter 2, we study the (241)-dimensional Calogero Degasperis equation and its
generalized form for similarity reductions and exact solutions. For CD equation, we have
derived infinite-dimensional symmetries involving two arbitrary functions Q(¢), R(t) and
for certain specific values of arbitrary functions involved in solutions, we obtain periodic
and kink wave solutions. In this Chapter, the CD equation with time dependent coef-
ficients (VCCD) has also been investigated using symmetry approach. The interesting
outcome of the study is that the VCCD equation is shown to be Painléve integrable and

also yields new physically important solutions.

Chapter 3 is devoted to the use of combination of Lie group method and modified
(G'/G)-expansion method to KGS equations. Firstly, we have derived the symmetries
of KGS equations and use them to reduce equation to a nonlinear ODE system. Then,
with the use of modified (G’/G)-expansion method, more explicit traveling wave solu-
tions involving arbitrary parameters are found out, which are expressed by the hyperbolic
functions, the trigonometric functions and rational functions. The variable coefficients
KGS equation has also been studied for symmetries and new physically important solu-

tions.
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In Chapter 4, the (2+1)-dimensional PKP equation has been investigated for symme-
tries and exact solutions as this equation has many physical applications from water
waves to plasma physics and field theories. The symmetries of PKP equation turn out
to be infinite dimensional and using the obtained symmetries, we have reduced equa-
tion to (141)-dimensional PDEs in three different cases. The reduced PDEs are again
studied for their reductions to ordinary differential equations (ODEs) and then besides
recovering certain available results, some new interesting results are derived. As the
variable coefficient generalizations of PKP equation (VCPKP) are able to provide more
realistic models in physical situations, so we have also studied the Painléve properties,

similarity reductions and invariant solutions of VCPKP equation in this chapter.

Chapter 5 is concerned with a new generalized DGH equation (GDGH) which has
been investigated for its classical and nonclassical symmetries. We have also obtained

new solutions of GDGH equation corresponding to different choices of arbitrary function
involved f(u).

Chapter 6 deals with the investigation of symmetries and exact solutions of generalized
Bretherton equation with variable cooefficients which contains some particular impor-
tant equations such as Duffing equation, Landau-Ginburg-Higgs equation, sin-Gordon
equation and ¢* equation. In this Chapter, sech-ansitz method and some other methods

are successfully used to obtain solitary wave solutions.
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Chapter 1

Introduction

1.1 Literature Survey and Motivation

Problems of physical interest are often translated in terms of differential equations that
may turn out to be linear or nonlinear, ordinary or partial. Exact solutions of these
resulting equations are of much interest both from mathematical and application points
of view. On account of their applications in the disciplines of mathematics, chemistry,
engineering and in almost all branches of theoretical physics, including classical me-
chanics, quantum mechanics and relativity, differential equations and their symmetries
have retained their central role. One reason for the overall prominence of the concept
of symmetry is its nativeness and its simplicity. Intuitively speaking, a symmetry is a
transformation of an object leaving this object invariant. This is clearly such a general
property that it can be recovered almost everywhere in nature and, correspondingly, in

numerous areas of science and art.

The concept of continuous symmetry is formalized by Lie groups and thus, become a
part of the foundations of mathematics. They link with many branches of mathematics,
from analysis to number theory, passing through topology, algebraic geometry and so
on. The main motivation for investigating symmetries of differential equations is:

e Mapping known solutions to other solutions,

e Extensions to methods of integration of ordinary differential equations,

e Construction of invariant solutions, i.e., solutions which are unaltered under the

action of a subgroup of the admitted group, and,

e Detection of linearising transformation.
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The symmetry analysis of differential equations was developed and applied by Sophus Lie
[130] during the period 1872-1899. Despite of its important features, the Lie’s approach
to differential equations was not exploited for half a century and only the abstract theory
of Lie groups grew. It was in the Forties of last century, with the work of G. Birkhoff
[47] and I. Sedov [77] on dimensional analysis, that the theory gave relevant results in
concrete applied problems and then, it was developed to an advanced state through
the pioneering efforts of Ovsiannikov [83] in the late 1950’s. By the late 1960’s and
early 1970’s, the whole field was active again and new applications of group theory were
being developed by a number of researchers including Cantwell [24], Bluman and Cole
[50], Bluman and Anco [49, 52], Bluman and Kumei [53], Stephani [54], Hydon [109],
Olver [111], Ibragimov [101], Grundy [117], Bhutani et al. [104, 105, 106], Hill et al.
[31, 62, 63, 64], Clarkson and Mansfield [108], Gagnon and Winternitz [76].

Lie symmetry analysis of differential equations provides a powerful and fundamental
framework to the exploitation of systematic procedures leading to the integration by
quadrature of ordinary differential equations, to the determination of invariant solutions
of initial and boundary value problems, to the derivation of conservation laws, to the con-
struction of links between different differential equations that turn out to be equivalent.
Lie has eastablished that if an ODE admits a one-parameter group of transformations,
then special solutions called invariant solutions can be constructed without knowledge
of the general solution of the ODE. Such solutions are invariant curves of the group.
For an exhaustive review of Lie’s work on this aspect, we refer to the works of Lie and
Engel [131], Cohen [7], Goursat [38], Dickson [75], Ince [40] and Hermann [118].

The key idea of Lie’s theory of symmetry analysis of differential equations relies on the
invariance of the latter under a transformation of independent and dependent variables.
This transformation forms a local group of point transformations establishing a diffeo-
morphism on the space of independent and dependent variables, mapping solutions of
the equations to other solutions. Any transformation of the independent and depen-
dent variables in turn induces a transformation of the derivatives. Lie showed that the
problem of finding the Lie group of point transformations leaving invariant a differential
equation (ordinary or partial), i.e., a point symmetry of a differential equation (DE),
reduced to solving related linear systems of determining equations for its infinitesimal
generators. He also showed that a point symmetry of a DE leads, in the case of an ordi-
nary differential equation, to reducing the order of the DE and in the case of a partial
differential equation, to finding special solutions called invariant (similarity) solutions
of the DE. In this direction, some recent contributions are from Gandarias and Bruzén
[93, 94, 97], Nucci [87, 88], Anco and Dennis [126], Biswas et al. [25], Gupta et al.
[72, 73, 99, 100, 121, 122, 135], A. Bihlo et al. [1, 2], Sharma et al. [149, 150], Y.K.
Gupta et al. [163, 164].
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Modern developments in applications of Lie group methods have proceeded in a variety
of directions. General theories of infinite-dimensional Lie groups and algebras [152] and
Lie pseudo-groups, arising in relativity, field theory, fluid mechanics, solitons, and geom-
etry, remain elusive. Higher order or generalized symmetries, in which the infinitesimal
generators also depend upon derivative coordinates, first proposed by Noether [41] have
been used to classify integrable (soliton) systems. Recursion operators are used to gener-
ate such higher order symmetries, and, via Noether’s theorem, higher order conservation
laws [111]. Most recursion operators are derived from a pair of compatible Hamiltonian
structures, and demonstrate the integrability of biHamiltonian systems. The higher
order symmetries also appear in series expansions of Béacklund transformations in the

spectral parameter.

Lie’s classical theory is a source for various generalizations. Among these generalizations

there are the following techniques:

1. Nonclassical method [51]

2. General method of differential constraints [42, 112]
3. Introduction of approximate symmetries [102, 148]
4. Generalized symmetries [111]

5. Equivalence transformations [56]

6. Nonlocal symmetries [53, 110, 111]

There also exist alternative methods, which are not based on the applications of group
theory, such as Direct method [107], Bécklund transformation [27], Painlevé analysis
[66, 67], Inverse scattering transformation [90]. Recently, a variety of powerful methods,
such as the tanh-sech method [16, 155], extended tanh method [17, 125], sine-cosine
method [6, 18], Hirota method [19, 20], homogeneous balance method [36, 95|, Jacobi
elliptic function method [26, 37], F-expansion method [61, 86], homotopy perturbation
method [28, 146], variational iteration method [58, 59], non-perturbative method [60],
extended (G’/G)-expansion method [127], modified (G’/G)-expansion method [160] were
developed.

The work comprising this thesis is based on the applications of two techniques viz.
Lie classical method and nonclassical method. The prime motivation in carrying out
this study has been to demonstrate the importance and efficacy of these methods over
various other methods available in literature. Some specific physical sytems, governed

by nonlinear partial differential equations have been considered to accomplish the task.
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The description of the various systems studied and forming the subject of investigation
for different chapters is made in brief in section (1.8). The problems studied are dealt
with in two phases - in the first, the symmetries of the sytem under investigation are
derived using either of the above mentioned method and then in the second phase, after
successful deduction of the reduced systems of ODEs, the efforts are confined to furnish

the exact solutions with the help of the following methods:

—_

. Hyperbolic functions expansion method

2. Jacobi elliptic function method

w

. Extended (G'/G)-expansion method

=

. Modified (G'/G)-expansion method

In some (2+1)-dimensional problems, we have also studied the Painlevé properties of
the equation and used classical method two times to reduce the equation to ODE and

then find solutions using above written methods.

After giving a brief survey of the available literature relevant to the work put up in
chapters, we reproduce in the following sections, certain characterstic features of the
techniques utilized, general notions essential for understanding and carry over of the Lie
classical method, nonclassical method to find more solutions, Painlevé analysis to check
integrability, Hyperbolic functions expansion method, Jacobi elliptic function method,
Extended (G’/G)-expansion method, Modified (G’/G)-expansion method to furnish new

solutions.

1.2 Lie Classical Method to Construct Solutions of PDEs

In this section we will show how to find local symmetries of a given PDE system. A
local symmetry maps solutions of the PDE system into one-parameter families of solu-
tions. However, there can exist solutions that map into themselves, i.e., are invariant,
under the action of a local symmetry of the PDE system. Such solutions are called in-
variant solutions (similarity solutions) and include the well-known self-similar solutions
(automodel solutions) that result from scaling symmetries. The method of finding in-
variant solutions is commonly referred to as the classical method. To start with classical
method, we will firstly present some fundamentals of Lie group theory [24, 49] (refer to
sections (1.2.1) to (1.2.7)).
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1.2.1 One-Parameter Lie Groups

Let the vector x = (z!, 22, ..., 2") lie in some continous open set D on the n-dimensional

Euclidean manifold R™. Define the transformation
T {z* =X(z;€)}. (1.2.1)

The function X is infinitely differentiable with respect to the real variables z and an
analytic function of the real continous parameter €, which lies in an open interval, S. The
transformation 7 is a one-parameter Lie group with respect to the binary operation

of composition if and only if:

(i) There is an identity element € — €p such that

T : {X(z5€0) = z}. (1.2.2)

(ii) For every value of €, there is an inverse € — €, such that
T {X(2"; €mn) = x} . (1.2.3)

(iii) The binary operation of composition produces a transformation i.e. a member of

the group 7. 72 = T, i.e., the group is closed. Consider two members of the

group,
T {z™ =X(z%;e1)}, (1.2.4)

and
T {z* =X(z;€e2)} . (1.2.5)

If we compose T, T2, we get
T {z* =X(x;€e3)}, (1.2.6)

where €3 = ¢(€1,€2) € S. The function ¢ defining the law of composition of T is an
analytic function of ¢; € S and ez € S and is commutative, i.e., ¢(e1, €2) = ¢(e2, €1);

thus, Lie groups are abelian.

(iv) The group is associative, i.e.

(T1.T%2).T% = T4 (T.T%) (1.2.7)
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1.2.2 Infinitesimal Form of a Lie Group

Consider a one-parameter Lie groups of the form

T¢: {z* =X(z;¢)}, (1.2.8)

where € is the group parameter and assumed to be defined in such a way that the identity

element is ¢g = 0. Now, expanding (1.2.8) in a Taylor series about € = 0, we get

v ot (S| )y (T )+
< - (1.2.9)
oo (29| )40

The derivatives of X(z;€) with respect to the group parameter € evaluated at e = 0 are

called the infinitesimals of the group and are denoted by &(z), where &(x) = % .

1.2.3 Lie Series, Group Operator and Infinitesimal Invariance Condi-

tions for Function

A function v (z) is said to be invariant under the Lie group of transformations (1.2.1)
if and only if
P(a") = Y(x) (1.2.10)

or equivalently, if and only if ¥ (z) satisfies the condition

Zg@ (%Z =0. (1.2.11)

The operator
E ’ 1.2.12

is called the group operator or the infinitesimal generator and X is called the Lie
derivative of ¥. Procceding to higher order derivatives, we can write ¥(x*) as a Taylor

series around € = 0:
2 n
P(x*) = (x) + eXop(z) + %X%(a:) 4ot %X”z/}(x) + O(eth). (1.2.13)

If the series converges, it is termed as Lie series and

i i‘ (1.2.14)
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which can be written as

Y(x*) = exp(eX)(x). (1.2.15)

1.2.4 Lie Algebra

For the Lie group of transformations with infinitesimal generators Vi, Va, the commu-

tator (Lie bracket) of Vi,V is first order operator defined by
V1, Vo] = ViVa = Vol (1.2.16)

The commutator has the following properties:

1. Bilinearity:

[aVy + bVa, V3| = a[Vh, V3] + b[Va, V3], (1.2.17)
[Vi,aVa + bVs] = a[V1, Vo] + b[V1, V3], (1.2.18)
where a,b € R.
2. Skew-Symmetry:
V1, Vo] = —[Va, VA]. (1.2.19)
3. Jacobi Identity:
V1, [Va, V3]] + [V3, [V1, V2| + [Va, [V3, Vi]] = 0. (1.2.20)

The commutator of two vector fields again is a vector field. Moreover, if V; and V;
are two infinitesimal generators of a symmetry transformation, the commutator of both
generators will again be a generator of a symmetry group [54, 109]. As a consequence,
the set of all infinitesimal generators is closed under commutation of vector fields, thus
possessing more structure than just that of vector space. This additional closure property
endows the space of infinitesimal generators with an additional algebraic structure, the

so called Lie algebra.

Hence, having found some of the infinitesimal generators V; of an r-parameter Lie group
it may be possible to find new generators by computing the commutators of the known
ones. A common way to visualise the structure of a Lie algebra is the commutator table
[111]. Let Vi, Vs, ...,V be a basis of r-dimensional Lie algebra, then its commutator
table has (7, 7)-th entry [V;, V;]. Because the commutator is antisymmetric it suffices to
compute just the part above the diagonal, as [V;, V;] = —[V}, V;]. The commutator table

therefore reads:
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TABLE 1.1: Commutator Table

% Vs V.
V2 —[Vl,VYQ] 0 [‘/27‘/7"]

1.2.5 Classification of Subalgebras and Group Invariant Solutions

Classification of subgroups of Lie symmetry groups of differential equations is an essential
part in the study of these equations. This is since classification allows for an efficient
computation of group-invariant solutions, without the possibility of an occurrence of
equivalent solutions. Classifying subgroups may further lead to the construction of
simple anséatze for the corresponding equivalence classes of reduced differential equations.
Thereby, the classification also provides an important step for further investigations of

properties of these reduced equations.

The classification of subgroups of symmetry groups is usually done by the classification
of the associated Lie subalgebras with respect to the adjoint representation [83, 111] and
to compute the adjoint representation, we use the Lie series

€2

Ad(exp(ev))wy = wo — €[v, wo| + E[v, [v, wol] + ... (1.2.21)

The classification of one-dimensional subalgebras of the whole symmetry algebra is done
by an inductive approach [111]. Let Vi, Vs, ..., V,. are basis of Lie algebra, then we start

with the most general infinitesimal generator,
V=1V +aVao+asVs+...+a,V;, (1.2.22)

and simplify it as much as possible by means of adjoint actions. Depending on the
respective values of the coefficients a;,7 = 1,...,7, we will find the list of inequivalent
one-dimensional subalgebras. On using the inequivalent one-dimensional subalgebras of
the maximal Lie invariance algebra, group invariant reductions can be easily carried out

which corresponds to group invariant solutions of studied equations.
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1.2.6 Point Transformations and Point Symmetries

Consider a system R(z;u) of N PDEs of order k with n independent variables z =

(!, 22,...,2™) and m dependent variables u(z) = (u!(z),u?(z),...,u™(z)) given by

R (z,u,0u, ...,0%u) =0, 0=1,2,..N. (1.2.23)
Partial derivatives are denoted by uf = du”(x)/0z%; the notation

ou=0"u= (uj(z),....up (), o uf* (), oy ul(z)) (1.2.24)

’ N
denotes the set of all first-order partial derivatives;

oPu = {uflzpm =1,2,...,mi1,...,0p = 1,2...n}
:{ OPut(z)

Azil,...0z'P

(1.2.25)

W= 1,2, e i, e iy = 1,2...n}

denotes the set of all partial derivatives of order p.

A point transformation is a one-to-one transformation acting on the n 4+ m-dimensional

space (x;u). In particular, a point transformation is of the form

B (1.2.26)
u*

Through invariance of contact conditions, a point transformation (assuming that (1.2.26)

is differentiable as needed) naturally extends to a one-to-one transformation acting on

(z,u, du, ..., 0Pu)-space for p = 1,2, ....

In particular the pth extended transformation of (1.2.26) is given by

where 4,41, ...,ip = 1,2..n;u = 1,2, ..., m; (u*)} = d(u*)*(z)/d(z*)?, etc. In particular,
the transformed components of first-order derivatives are determined by

(u*)f Y Dyg*

| =4t (1.2.28)

(U*)% h‘ri Dyg"
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where A~ is the inverse of the Jacobian matrix

DifY ... Dif"

A | (1.2.29)

D,f' ... D,f"

in terms of total derivative operators

(3 o) ,LL 0 # o
Di 8 ’LW—F 7'7'187—1_ 7,7,1128 Zm +7 (1230)

where i = 1,2, ...,n. The transformed components of higher-order derivatives are deter-

mined by
)1 I I
(u )iliz...z‘p,ﬂ hilig...ip,ll Dlhz‘m..zp 1
p— T pu— Ail e (1.2.31)
) K I I
_(u )’ilig...’ip_ln_ _hiliz...ip_ln_ Dnhll’bz dp— 1]

Now let us consider the situation where the point transformation (1.2.26) is a one-

parameter Lie group of point transformations given by

(%) = fix,use) = ' + &z, u) + O(?), i=1,2...,n,

(1.2.32)
(W) = g'(z,u;€) = ut + nt(x,u) + O(?), p=1,2...,m,
with the corresponding infinitesimal generator given by
X =&z, u) a. + nf(x u)i (1.2.33)
T 0t T Quk

A one-parameter Lie group of point transformations (1.2.32) induces one-parameter Lie
groups of point transformations acting on (x, u, du)-space,..., (z,u, du, ..., 0*u)-space, as

follows:

(W) = ut + en™* (2,0, 0u) + O(e?),

)

(1.2.34)
(“*)Zmzk = “Zzgzk + fnz(fz‘)ﬁ..ik (z,u, 0u, ..., 6ku) + 0(€),
with the extended infinitesimals given by
0 = Dap — (D),
(1.2.35)

(k) _ (k=1)p
772112 g _Dzknlllz dp—1 — (D Zk£j> Wiin..ig_1j
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where p=1,2,...,m;4,1; = 1,2,...,nfor j =1,2,...k with £ = 2,3, ...

The kth extended infinitesimal generator (kth prolongation of (1.2.33)) is given by

X0 = € (2, u) 22 + 1 (, u) g + 1l (@, u, Ou) 52
e . 5 i (1.2.36)
+...+n - (x,u, 0uy .y O%U) 5 ——

182..0k a“%z‘?..ik

Definition 1.2.1. (Point Symmetry) A one-parameter Lie group of point transfor-
mations (1.2.32) leaves the PDE system R(x;u) (1.2.23) invariant if and only if its kth
extension (1.2.36) leaves invariant the solution manifold of R(z;u) in (z,u, du, ..., 0%u)-
space, i.e., it maps any family of solution surfaces of the PDE system (1.2.23) into an-
other family of solution surfaces of PDE system (1.2.9). In this case, the one-parameter
Lie group of point transformations (1.2.32) is called a point symmetry of the PDE
system R(x;u).

Definition 1.2.2. v = O(z), with components u” = ©"(x), v =1,2...,m, is an invari-
ant solution of the PDE system R(x;u) (1.2.23) resulting from the point symmetry
(1.2.33) if and only if

(i) v¥ = ©¥(x) is an invariant surface of the point symmetry (1.2.33) for each v =

1,2,..m.

(ii) uw = O(z) is a solution of R(x;u) (1.2.23).

It follows that u = ©(x) is an invariant solution of the PDE system R(x;u) resulting

from the point symmetry (1.2.33), if and only if u = ©(z) satisfies

(4)
X(u” —0Y(z)) =0when u=06(x), v=12,...,m
— X(u” —06"(z))

vr=1

2. ...
wb@)’ © 7 »m (1.2.37)
o (2,0(x) - €(2,0(@) 21 =0, v=1,2,..,m

oxt
- Xu¥ =0, v=1,2,...,m;

u=0(z)

where X is the infinitesimal generator (1.2.33) in evolutionary form which is given by

X = (n"(z,u) — £ (x, u)uf)% (1.2.38)

R?(x,u,0u,....,0"u) = 0 when v = 0(z), 0=1,2,..,N
— R(x,0(x),00(x),...,0°0(z)) =0, 0=1,2,...N

« RO (x,u,0u,....,0%u) o) =0, oc=1,2,...,N.
u= x

(1.2.39)
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In (1.2.39) 3’O(x) denotes the components §/0#(x)/(0z"...02%), p = 1,2,...,m, for
ij = 1,2,...,n with j = 1,2,...,k. The solutions of equations (1.2.37) are invariant
surfaces of the point symmetry (1.2.33). Equations (1.2.37) and (1.2.39) define the
classical method to obtain particular solutions of a PDE system R(z;u) (1.2.23).

1.2.7 Lie’s Algorithm

In summary, © = O(x) is a solution (invariant solution) of the PDE system R(x;u)
(1.2.23) obtained through the classical method if and only if there exists a Lie group
of point transformations with infinitesimal generator X given by (1.2.33) (X given by
(1.2.38)) with its kth extension given by (1.2.36)

(i)

X(k)RU(J:, u, Ou, ..., 0%u)

R (x,u,@u,...,@ku):OiV:l

=0, v=1,2,...,m; (1.2.41)

R (z,u,0u, ..., 0%u) =0, 0=1,2,..,N. (1.2.42)

u=0(z)

Having found a point symmetry with infinitesimal generator X given by (1.2.33) through
solving the linear system of determining equations (1.2.40), one can proceed in two ways
to solve the systems of equations (1.2.41) and (1.2.42) to find an invariant solution

u = 0(x), as follows:

Invariant form method: Here one first solves the invariant surface conditions (1.2.41)

by explicitly solving the corresponding characteristic equations for v = ©(x) given by

dz! dzx™ dut du™
== = = (1.2.43)
&z, u) &(xu) 0z, u) n"(x, u)
If 24 (2, u), ..., 2" Ya,u), h (2, u), ..., A" (x,u), are n +m — 1 functionally independent

constants of integration that arise from solving the characteristic system of ODEs
(1.2.43) with the Jacobian d(h', h?,...,h™)/0(ut, u?, ...,u™) # 0, then the general solu-
tion u = ©(z) of the invariant surface condition equations (1.2.41) is given implicitly by
the invariant form

RY (z,u) = HY (2N (x,u), ..., 2" (z,u)), (1.2.44)
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where H" is an arbitrary differentiable function of its arguments, v = 1,2, ..., m. Note
that z'(z,u), ..., 2" Yz, u), h' (x,u), ..., A", (x,u) are n+m—1 functionally independent
invariants of the one-parameter Lie group of point transformations with the infinitesimal
generator X given by (1.2.33), and hence are n+m—1 canonical coordinates for the one-
parameter Lie group of point transformations with the infinitesimal generator X given
by (1.2.33). Let z™(z,u) be the (n + m)th canonical coordinate satisfying X2" = 1. If
the PDE system R(x;u) (1.2.23) is transformed by the corresponding invertible point
transformation into a PDE system S(z; h) with independent variables z = (2!, 22, ..., 2")
and dependent variables h = (h!, h?, ..., k™), then the transformed PDE system S(z;h)

has the translation point symmetry given by

(2")" =2"+¢, (1.2.45)

Thus the variable z™ does not appear explicitly in the transformed PDE system S(z; h)
and hence the transformed PDE system has particular solutions of the form (1.2.44)
that in turn define, implicitly, specific functions © = ©(x) which are invariant solutions
of the PDE system R(z;u) (1.2.23), i.e., the PDE system R(x;u) (1.2.23) has invariant
solutions implicitly given by the invariant form (1.2.44). In particular, these invariant
solutions are found by solving a reduced system of DEs with n — 1 independent variables
24 22, ..., 2" " and m dependent variables h',h?,...,h™. The variables z', 22, ..., 2" !
are commonly called similarity variables. The reduced system of DEs is found by
substituting the invariant form (1.2.44) into the given PDE system R(z;u) (1.2.23). It
is assumed that this substitution does not lead to a DE system with a singular equation.
Note that if 9¢/0u = 0, as is commonly the case, then 2* = zi(z), i =1,2,...,n — 1. In
the case when R(z;u) (1.2.23) has two independent variables, i.e., n = 2, the reduced

system of DEs is an ODE system with independent variable z = z1.

Direct substitution method: This procedure is essential if one is unable to solve
explicitly the invariant surface condition equations (1.2.41), i.e., if one is unable to
obtain the general solution of the characteristic ODE system (1.2.43). Without loss of
generality, one can assume that £"(z,u) # 0. Then the first-order PDE system (1.2.41)

can be written as

£z, u) Ou”
& (x,u) Oa'’

v=12..m. (1.2.46)

From (1.2.46) and its differential consequences, it follows that any term involving deriva-

tives of components of u with respect to the independent variable ™ can be expressed in
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terms of components of x and u as well as derivatives of components of u with respect to
the independent variables z!, 22, ..., 2" ~!. Hence, after directly substituting (1.2.46) and
its differential consequences for any partial derivative with respect to ™ appearing in the

given PDE system R(z;u) (1.2.23), one obtains a reduced DE system directly involving

the m dependent variables u', u?, ..., 4™, the n— 1 independent variables 2!, 22, ..., 2" 1,
the derivatives of u', u?, ..., u™ with respect to z', 22, ...,2" !, and the parameter z". A
solution v = ®(z!, ..., 2"~ 1;2™) of this reduced DE system yields an invariant solution

u = ©(x) of the given PDE system R(x;u) (1.2.23) provided that the invariant surface
condition equations (1.2.41) or, equivalently, the given PDE system R(x;u) (1.2.23) it-
self, are also satisfied. In the case when R(z;u) (1.2.23) has two independent variables,
i.e., n = 2, the reduced system of DEs is an ODE system. Here the constants of in-
tegration that appear in the general solution of the reduced ODE system are arbitrary
functions of the parameter x™, and these arbitrary functions are then determined by

substituting the general solution into either the invariant surface condition equations
(1.2.41) or the given PDE system R(z;u) (1.2.23).

1.3 Nonclassical Method

The classical method to find invariant solutions can be generalized to the nonclassical
method. Here one considers an augmented system of PDEs consisting of the given PDE
system and an unknown constraint system and seeks symmetries that leave invariant
this augmented system such that the invariant surface condition is the unknown con-
straint system itself. In general, such symmetries do not map solutions of the given PDE
system into one-parameter families of solutions but are useful to find further specific so-
lutions beyond those obtained by the classical method. However, in the nonclassical
method, the (over-determined) system of determining equations for symmetries is non-
linear unlike the situation in the calculations for local symmetries. By construction,
solutions obtained by the nonclassical method include those obtained by the classical
method. The nonclassical method was introduced by Bluman [48] and Bluman and Cole
[61] with the restriction that the invariant surface condition is of the form arising for
point symmetries. For further discussions of the nonclassical method, the readers can
refer to Levi and Winternitz [32], Olver and Rosenau [112, 113], Nucci and Clarkson
[89] and Clarkson and Mansfield [108], but here we are presenting a brief outline [49] of
this method.

As we discussed earlier, the nonclassical method, introduced in Bluman [48] and Bluman
and Cole [51], generalizes and includes Lie’s classical method for obtaining solutions of

PDEs. Here one first seeks functions & (z,u), n*(z,u), i = 1,2,....n, p = 1,2,....,m,
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so that (1.2.33) is a “symmetry” (“nonclassical symmetry”) of the augmented PDE
system A(x;u) consisting of the given PDE system R(x;u) (1.2.23), the invariant surface

condition equations

v

I"(xz,u,0u) = n"(x,u) — §i(x,u)% =0, v=1,2,....,m, (1.3.1)
and the differential consequences of (1.3.1). Consequently, one obtains an overdeter-
mined set of nonlinear determining equations for the unknown functions &*(z, u), n(z, u),
i=1,2,..,n, p=1,2,..,m. It is straightforward to show that, for any set of £(x,u),
n*(xz,u), t = 1,2,...,n, p = 1,2,....;m, (1.2.33) is a symmetry of the invariant surface
condition equations (1.3.1), and from this it follows that the nonclassical method in-
cludes Lie’s classical method. The resulting set of determining equations is nonlinear
due to the substitution of the equations (1.3.1) (each written in solved form with re-
spect to some derivative term) and their differential consequences into the symmetry
determining equations (1.2.40) that now hold only for solutions of the augmented PDE
system. In the nonclassical method, the invariant surface condition equations (1.3.1) are
essentially a set of constraint equations of a specific form. In particular, the nonclassical
method is equivalent to seeking all solutions of the PDE system (1.2.23) of the form
(1.3.1) for any possible set of & (z,u), n*(x,u), i = 1,2,....,n, u = 1,2,....,m. The set
of determining equations satisfied by &' (z,u), n*(z,u), i = 1,2,...,n, u=1,2,...,m, are
the compatibility conditions for the existence of solutions of the augmented PDE system

A(z;u) that includes the PDE system R(z;u) and the constraint equations (1.3.1).

A “nonclassical symmetry” is not a symmetry of a given PDE system R(z;u) (1.2.23)
unless the infinitesimals yielding an infinitesimal generator (1.2.33) yield a point sym-
metry of R(xz;u). Otherwise, a mapping resulting from such an infinitesimal generator
maps no solution of R(z;u) (1.2.23) into a different solution of R(z;w). It just maps
the solution obtained by the nonclassical method into itself. In other words, strictly
speaking, the nonclassical method is not a “symmetry” method but an extension of
Lie’s symmetry method (“classical method”) for the purpose of finding specific solutions
of PDEs.

Consider the situation of a scalar PDE of order k with two independent variables (z,t)

and dependent variable u, given by
R(x,t,u,du,...,0%u), k=1,2,..,n, (1.3.2)

where n is order of PDEs. Let &' = &(x,t,u),£? = 7(x,t,u). Then the set of invariant

surface condition equations (1.3.1) becomes the invariant surface condition equation

E(z, t,u)ug + 7(2, b, w)ur = n(z, t,u). (1.3.3)
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From the nature of the constraint invariant surface condition equation (1.3.3), without
loss of generality, in using the nonclassical method, two simplifying cases need only be
considered when solving the determining equations for (§(x,t), 7(x,t),n(z,t,u)), namely,
7=1;7 =0, = 1. This follows from the observations that if 7 # 0, then the constraint
invariant surface condition equation (1.3.3) can be divided through by 7 , and hence,
without loss of generality, one can set 7 = 1, so that there are really only two independent
infinitesimals; similarly if 7 = 0,£ # 0, then the constraint invariant surface condition
equation (1.3.3) can be divided through by &, and hence, without loss of generality, one
can set £ = 1, so that here there is really only one independent infinitesimal. For a given
set of infinitesimals (£(z,t), 7(x,t),n(x,t,u)) that satisfies the nonlinear determining
equations, one can use either the invariant form or direct substitution method to find

the resulting solutions of the scalar PDE (1.3.2).

1.4 The Painlevé Test

Painlevé analysis [29] is the study of the singularity structure of differential equations.
Specifically, we are concerned with how the singularities of the solutions depend on the

initial conditions of the differential equation.

Definition 1.4.1. A differential equation has the Painlevé property if all the movable

singularities of all its solutions are poles.

A singularity is movable if it depends on the constants of integration of the ODE. For

instance, the Riccati equation,
w'(2) + w?(z) =0, (1.4.1)

has the general solution w(z) = 1/(z — ¢), where ¢ is the constant of integration. Hence,
(1.4.1) has a movable simple pole at z = ¢ because it depends on the constant of
integration. The solutions of ODE can have various kinds of singularities; including
branch points and essential singularities. Weiss et al. (WTC) [66, 67] have defined the
Painlevé property for PDE and developed a method for testing a common particular
type of movable singularity, without studying any similarity reductions. This Painlevé
test has proved to be a useful criterion for the identification of completely integrable
PDE. In the following section, for details of the WTC-method for testing PDEs for the

Painlevé property, we are presenting some outlines from [29]:
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1.4.1 Algorithm

Consider a system of M polynomial differential equations,
Fu(z2),d (2),u"(2), ...,u™(2)) = 0, (1.4.2)

where F' has components Fi, Fy, ..., Fjy, the dependent variable u(z) has components
u1(z),u2(2),...,upr(2), the independent variable z has components zi, 2o, ..., zn, and
u(™)(z) denotes the collection of mixed derivative terms of order m; so that the order
of system is m = Ef\i 1 m;. If there are any arbitrary coefficients parameterizing the

system, we assume they are nonzero.

In general, a function of several complex variables cannot have an isolated singularity.
For example, f(z) = 1/z has an isolated singularity at the point z = 0, but the function

of two complex variables, w = u + iv, 2 = x + iy,

f(w,z) = lv (143)

z

has a two-dimensional manifold of singularities in the four-dimensional space of these
variables, namely the points (u,v,0,0). Therefore, we will define a pole of a function of
several complex variables as a point (a1, ag, ..., an), in whose neighborhood the function
can be written in the form )
h(z
f(z) = M2 (1.4.4)
9(2)

where g and h are both analytic in a region containing (aj, as, ...,ay) in its interior, and

g(ai,az,...,an) =0, h(a,as,...,an) # 0. (1.4.5)

Thus, the WTC-method considers the singularity structure of the solutions around man-
ifolds of the form
g(z) =0, (1.4.6)

where g(z) is an analytic function of z = (21, 29, ..., zx5) in a neighborhood of the man-
ifold. Specifically, if the singularity manifold is determined by (1.4.6) and u(z) is a

solution of the PDE, then we assume a Laurent series solution
(e.)
ui(z) = g% (2) Zuiyk(z)gk(z), i=1,2,..., M, (1.4.7)
k=0

where the u; ;(z) are analytic functions of z with u;o(2) # 0 in a neighborhood of the

manifold and «; is an integer (with at least one a; < 0).
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Substituting (1.4.7) into (1.4.2) and equating coefficients of like powers of g(z) deter-
mines the possible values of «; and defines a recursion relation for u; j(2). The recursion

relation is of the form
Qrur = Gr(ug, ui, ..., ug—1, 9, 2), (1.4.8)

where Q) is an M X M matrix and uy = (ul,k7u2,k7 e UME)-

For (1.4.2) to pass the Painlevé test, the series (1.4.7) should have m — 1 arbitrary
functions and hence corresponds to the general solution of the equation. The m — 1
arbitrary functions u; ;(z) occur when k is one of the roots of det(Qy) = 0. These roots
r1 <19 < ... <1y are called resonances. The algorithm for the Painlevé test is com-

posed of the following three steps:

1. Determine the dominant behavior: It is sufficient to substitute
ui(z) = xig%(2), i=1,2,..., M, (1.4.9)

where y; is a constant, into (1.4.2) to determine the leading exponents «; € Z (one of
which must be a negative integer). In the resulting polynomial system, equating every
two possible lowest exponents of g(z) in each equation gives a linear system to determine

«;. The linear system is then solved for «;.

If one or more exponents «; remain undetermined, we assign integer values to the free
a; so that every equation in (1.4.2) has at least two different terms with equal lowest

exponents. Once «; is known, we substitute
ui(2) = uio(2)9%(2), i=1,2,.... M, (1.4.10)

into (1.4.2). We then solve the (typically) nonlinear equation for u; o(2), which is found
by requiring that the leading terms balance. By leading terms, we mean those terms

with the lowest exponent of g(z).

If any of the «; are non-integer, all the a; are positive, or any of the u;o(z) = 0, then

the algorithm terminates.

2. Determine the resonances: For each «; and u;o(z), we calculate the integers
r1 <7y < ... <y for which u; - (2) is an arbitrary function in (1.4.7). To do this, we
substitute

ui(2) = u;0(2)g% (2) + uir(2)g* 1" (2) (1.4.11)
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into (1.4.2). Then, keeping only the terms with the lowest exponents of g(z), we require
that the coefficients of u;,(2) equate to zero. This is done by computing the roots for r
of det(Q,) = 0, where the M X M matrix @, satisfies

Qrur =0, up = (u1,, u,yr, ...,uM’,,)T. (1.4.12)

If any of the resonances are non-integer, then the solutions of (1.4.2) have a movable
algebraic branch point and the algorithm terminates. If 7, € Z™*, then the algorithm
terminates; if r,,—s41 = ... = r,, = 0 and s of the u;(z) found in Step 1 are arbitrary,
then (1.4.2) has the Painlevé property. If (1.4.2) is parameterized, the values for r <
ro < ... < r,, may depend on the parameters, and hence restrict the allowable values for

the coeflicients.

There is always a resonance at —1 which corresponds to the arbitrariness of g(z), and
is often called the universal resonance. When there are negative resonances other than
—1, then the series solution is not the general solution and further analysis is needed to

determine if (1.4.2) passes the Painlevé test.

3. Find the constants of integration and check compatibility conditions: For
the system to possess the Painlevé property, the arbitrariness of u;,(z) must be verified

up to the highest resonance level. This is done by substituting
Tm
ui(z) = g% (2) Zui7k(z)gk(z) (1.4.13)
k=0

into (1.4.2), where r,, is the largest positive integer resonance.

For the (1.4.2) to have the Painlevé property, the (M + 1)XM augmented matrix
(Qk/Gk) must have rank M when k # r and rank M — s when k = r, where s is
the algebraic multiplicity of r in det(Q,) = 0, 1 < k < rp, and Qp and Gy are as
defined in (1.4.8). If the augmented matrix (Q/Gy) is the correct rank, solve the linear
system (1.4.8) for uj (%), ..., uprrk(2) and use the results in the linear system at level
k+1.

If the linear system (1.4.8) does not have a solution, then the solution of (1.4.2) has a
movable logarithmic branch point and the algorithm terminates. Often, when (1.4.2) is
parameterized, carefully choosing the parameters will resolve the difference in the ranks
of Qi and (Qx/Gy). If the algorithm does not terminate, then the solutions of (1.4.2)

are free of movable algebraic or logarithmic branch points and (1.4.2) has the Painlevé

property.
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1.5 Hyperbolic Functions Expansion Method

The tanh method or hyperbolic tangent method is a powerful facility for obtaining trav-
eling wave solutions [3] for classes of nonlinear wave equations and nonlinear evolution
equations. The tanh method was introduced many years ago and it has become a stan-
dard simple wave solution technique. In particular, this method plays an important
role in solving the class of problems that exhibit dispersive effects and reaction-diffusion
features. Using the tanh method, exact solutions as well as approximate solutions can
be obtained for a vast class of nonlinear ordinary equations and partial differential equa-
tions. The tanh method is developed by Malfliet [155, 156] where the tanh is introduced
as a new variable. This method generates solutions in the form of the various product
terms of tanh and sech functions. Here, we are going to present an overview of tanh-
function method for a single partial differential equation with two variables and it can
be easily extended to a system with more number of differential equations. The method

mainly consists following steps [151]:

1. Let us consider a partial differential equation in two independent variables,
F(u, gy Uty Uy -..) = 0, (1.5.1)

where u(z,t) is function of variables x and t. Since, we are looking for traveling
wave solutions, the first step is to introduce the wave transformation, u(z,t) =
u(§), where £ = z &+ ¢t and c is the wave velocity. It transforms the equation
(1.5.1) to an ODE as folllows:

F(u,u' ;o 0" ...) =0, (1.5.2)

where prime () denotes d%.

2. In this step, we introduce a new independent variable Y and then the following

sum is suggested as a solution of reduced ODE:

R
u(z,t) =u(§) =) aY", (1.5.3)
r=0

where
Y = tanh(§) = tanh(x £ ct), (1.5.4)
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and a, are constants to be determined later. The value of R can be determined by
using the homogeneous balancing method, that is, by balancing the highest order

derivative terms with the highest nonlinear terms in the system (1.5.2).

3. The introduction of new independent variable brings out the following changes in

derivatives:
d% — (1 - YQ)TO{/,
2 2
de = (=Y (2 oy + (1Y) ),

(1.5.5)

4. Substituting (1.5.3) in reduced ODE (1.5.2) and on using (1.5.5), we will get an
equation in terms of Y. Because the coefficients of Y have to be vanished, we will
get set of algebraic equations comprising the nonlinear equations in a, involving
c. The solutions to the algebraic equations give us various relations among the
physical parameters and the undetermined constants in the form (1.5.3). Using

these constants in (1.5.3), solutions of the system (1.5.1) can be obtained.

1.6 Jacobi Elliptic Functions Method

As we know, exact solutions may describe not only the propagation of nonlinear waves
but also spatially localized structures of permanent shape that may be of interest to
experiments and to obtain such special exact solutions of nonlinear evolution equations,
direct ansatze methods are always useful. To construct the proper ansétze, a clue may be
given from Painlevé analysis, which is based on seeking solutions whose movable critical
points are poles only. Thus the use of elliptic function functions in the ansétz is rather
natural because they are the most general functions having such singular points and has
the relations with nonlinear equations. Some more solutions such as soliton solutions
and triangular periodic solutions can also be established as the limits of Jacobi doubly
periodic wave solutions [14, 15, 133]. Since it is algorithmic procedure to obtain such
solutions, so with the advent of computer software this method is easy to implement.
Softwares Mathematica and Maple are used successfully by different authors [39, 172]
to obtain variety of periodic solutions including some shock wave solutions and solitary

wave solutions.

Here, the Jacobi sine function method [13] is presented only for one partial differential
equation, the method can be easily extended for system of partial differential equations.

Similar procedure can be followed for other Jacobi functions also. Consider a constant
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coefficients partial differential equation for a function u(x,t) of the form
G (Uy Ugy Uty Uz, Uggy Uty -..) = 0. (1.6.1)

The first step is to unite the independent variables x,t into one particular variable
through the new variable
E=x+ct, u(z,t)=U(E), (1.6.2)

where ¢ is the wave speed and it reduces (1.6.1) to an ODE of the following form:
Gu,u’,u”,u”,..)=0. (1.6.3)

Our main goal is to find exact or at least approximate solutions, if possible, for this
ODE. For this purpose, using the Jacobi elliptic function expansion method, U(&) can

be expressed as a finite series of Jacobi elliptic function, sn(&, m),

N
u(a,t) =U(&) =Y _ aisn’(¢,m), (1.6.4)
=0

where sn (&, m) is the Jacobi elliptic sine function with argument ¢ and modulus m. The
parameter N is determined by balancing the linear term(s) of highest order with the

nonlinear one(s). And,

cen?(€§) =1 - sn?(§), dn®(¢) =1-m?sn*(§),

1.6.5
Lon(€) = enl€)dn(c), den(€) = —sn(€)dn(e), Ldn(e) = —men(on(e),

where cn(€) and dn(§) are the Jacobi elliptic cosine function and the Jacobi elliptic

function of the third kind, respectively, with the modulus m(0 < m < 1). Since the

daru

eV is taken as

highest degree of

O(Cg;g) = N+p7 p= 172137“'

1.6.6

Normally N is a positive integer, so that an analytic solution in closed form may be ob-
tained. Substituting Eqgs. (1.6.4)-(1.6..7) into Eq. (1.6.2) and comparing the coefficients
of each power of sn(§) in both sides, to get an over-determined system of nonlinear
algebraic equations with respect to ¢, a;. Solving the over-determined system of nonlin-
ear algebraic equations by use of Maple, if there is a real nontrivial solution of these
equations, then we will get a solution of the form (1.6.3) for the differential equation.

We can also get other kinds of Jacobi doubly periodic wave solutions as when m — 1,
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the Jacobi functions degenerate to the hyperbolic functions,
sn(§) — tanh(&), cn(§) — sech(§), dn(&) — sech(§). (1.6.7)

and, when m — 0, the Jacobi functions degenerate to the triangular functions,

sn(§) — sin(€), en(€) — cos(€), dn(§) — 1. (1.6.8)

1.7 The (G'/G)-Expansion Method

In the recent decade, several direct methods for finding the explicit traveling wave so-
lutions to nonlinear evolution equations (NLEEs) have been proposed that have been
discussed in earlier sections. Using these methods, many exact solutions including the
solitary wave solutions, shock wave solutions and periodic wave solutions are obtained.
More recently, a new method which is called the (G’/G)-expansion method [96] has
been proposed to construct more explicit traveling wave solutions to many NLEEs. This
method can also be applied to some NLEEs with variable coefficients [142]. The key ideas
of this method are that the traveling wave solutions of NLEEs can be constructed by
means of various solutions of a second order linear ordinary differential equation and the
traveling wave solutions are expressed in terms of hyperbolic, trigonometric and rational
functions. In the further sections, we are going to describe extended (G’/G)-expansion
method [127] and modified (G'/G)-expansion method [160].

1.7.1 Description of an Extended (G'/G)-Expansion Method

Consider the nonlinear partial differential equation in the following form:
F(U,Ut,ux,Utt,uxt,uxa;,..-) 207 (171)

where u = u(x,t) is unknown functions and F' is a polynomial in u(z,t) and its partial
derivatives. In the following, we give the main steps [127] for solving (1.7.1) using an

extended (G'/G)-expansion method.

1. The traveling wave variable

u(z,t) =u(), {=x—Vt, (1.7.2)
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where V' is a constant to be determined later, permits us reducing (1.7.1) to an ODE in
the form
P(u, =V o/, V2", V" ", ..) =0, (1.7.3)

where P is a polynomial in u(£) and its total derivatives.

2. Suppose the solution of (1.7.3) can be expressed in (G'/G) as follows:

w(€) = ap + Z: ai (g) s (Cé)_l v (1 +; (%)2) , (1.7.4)

where G = G(() satisfies the following second-order linear ODE:

G"(C) + nG(¢) =0, (1.7.5)

while a;,b;(i = 1,2,...,n) and ap are constants to be determined, such that v = +1
and pu # 0. The positive integer n can be determined by balancing the highest-order

derivatives with the nonlinear terms appearing in (1.7.3).

3. Substituting (1.7.4) into (1.7.3) and using (1.7.5), collecting all terms with the same

! k ’ k ’
powers of (%) and (%) \/l/ (1 + % (%)2) together, and equating each coefficient of

them to zero, yield a set of following algebraic equations for ag,a1,b; and V.

4. Since the general solution of (1.7.5) has been well known for us, then substituting
a;,b;, V and the general solution of (1.7.5) into (1.7.4), we have the traveling wave

solutions of the nonlinear partial differential equation (1.7.1).

1.7.2 Description of Modified (G'/G)-Expansion Method

Suppose that a nonlinear partial differential equation is given by
F(U,Ut,ux,'lttt,uxx,...) :07 (176)

where u = wu(z,t) is an unknown function and F' is a polynomial in and its partial
derivatives, in which the highest order derivatives and nonlinear terms are involved. In

the following we give the main steps of the modified (G’'/G)-expansion method [160]:



Chapter 1. Introduction 25

1. The traveling wave variable
w(z,t) = ul€), € = k(z—cb), (L7.7)
where k and ¢ are constants, permits us to reduce Eq. (1.7.6) into the following ODE:

Pu,u u" 4", ...) = 0. (1.7.8)

2. Suppose that the solution of Eq. (1.7.8) can be expressed by a polynomial (G'/Q)

as follows: ' ‘
S G\’ G\
= il = il = , 1.7.9
w© =0+ 3 o (G ) +as() (179
where G = G(§) satisfies the second order linear ODE
G" + uG =0, (1.7.10)

where oy, o, a_;, it are constants to be determined.

3. The parameter m in (1.7.9) can be found by balancing the highest order derivative

term and the highest nonlinear term in (1.7.6) or (1.7.8) and conclude the following:
(a) If m is a positive integer then go to step 4,
(b) If m is not positive integer, we put u = v™ and then return to step 1.

4. Substituting (1.7.9) into (1.7.8) and using (1.7.10), collecting all terms with the same

powers of (G'/G) together and then equating each coefficient of the resulted polynomial

to zero, yield a system of algebraic equations for «ag, i, a—;, ¢, u.

5. Since the general solutions of (1.7.10) are well known to us, then substituting
ap, o, o—;, v and the general solutions of (1.7.10) into (1.7.9) we have the traveling

wave solutions of Eq. (1.7.6).

1.8 Problems To Be Considered

Keeping in view the rich treasure and wide applicability of nonlinear equations in almost
every field, we have in this thesis carried out the application of Lie group analysis for

obtaining exact solutions to nonlinear partial differential equation and their systems also.



Chapter 1. Introduction 26

In short, this thesis is devoted to a wide range of applications of continuous symmetry

groups to following physically important systems of differential equations:

1. The (2+1)-dimensional Calogero Degasperis equation with its variable coefficients

form
2. The coupled Klein-Gordon-Schrodinger equation with its generalized form

3. The (2+1)-dimensional potential Kadomstev Petviashvili equation and its gener-

alized form
4. The variable coefficient Dullin-Gottwald-Holm equation

5. The generalized Bretherton equation with variable coefficients

Chapter 2 deals with the study of following Calogero-Degasperis (CD) equation which

is (2+1)-dimensional nonlinear PDE of fourth order:

th - 4¢x¢xy - 2¢y¢x:c + @Z)x:c:r:y =0. (1'8'1)

On carrying over the Lie group method to CD equation, we have derived the groups of
transformations admitted by the equation under consideration. Consequently, by using
the symmetries involving arbitrary functions, the equation has been reduced to (1+1)-
dimensional PDE with variable coefficients which is again studied for its symmetries,
reductions and invariant solutions. The solutions obtained by us are such that they
involve certain arbitrary functions such as Q(t), R(t) and some other parameters also.
To understand more about physical phenomena of CD equation, we consider the variable

coefficient CD (VCCD) equation

Yt + O‘(t)wxdjzy + ﬁ(ﬂﬂ’yd&x + ’Y(t)@b:mxy =0, (1.8.2)

where «a(t), 5(t),(t) are arbitrary functions. To study the Painlevé properties, we have
performed the Painlevé analysis of VCCD equation and applied the Lie-group formal-
ism to deduce the symmetries and to reduce the (2+41)-dimensional VCCD equation
to lower dimensional equations which are again investigated by different methods such
as extended (G'/G)-expansion method, Hyperbolic rational function expansion method,

Jacobi elliptic function method to obtain certain new exact solutions.

Chapter 3 is devoted to the study of following coupled Klein-Gordon-Schrédinger (KGS)
equation:
Ugt — gy +u |2 =0,

(1.8.3)
W + Vpr +uv = 0,
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where v(z,t) is a complex function, u(z,t) is a real one and i2 = —1. The coupled
KGS equation is reduced to a nonlinear ODE by using Lie classical symmetries and var-
ious solutions of nonlinear ODE are obtained by the modified (G’/G)-expansion method
proposed recently. With the aid of solutions of nonlinear ODE, more explicit travel-
ing wave solutions of the coupled KGS equation are found out and the traveling wave
solutions are expressed by the hyperbolic functions, trigonometric functions and ratio-
nal functions. We have also investigated the symmetries of variable coefficients Klein-
Gordon-Schrodinger (VCKGS) equation that will be utilized to reduce studied equation

to various system of ODEs and then construct their solutions.

In Chapter 4, we study the following (2+1)-dimensional potential Kadomstev Petvi-
ashvili (PKP) equation for invariance under continuous group of transformations via Lie
classical approach:

3 1 3

For the PKP equation, we get infinite-dimensional symmetries and using the subalgebras
of Lie algebras, it is shown that there are three group theoretic reductions of this equation
depending on certain choices of arbitrary functions of time occuring in the symmetries.
The reduced PDEs are again investigated by Lie group method to obtain ODEs and
solutions of these reduced ODEs have provided us with new solutions of PKP equations
such as periodic and kinky periodic solutions involving upto three arbitrary functions
f(t),g(t), h(t). The solutions obtained by us are new and more general, more precisely,
solutions in literature can be recovered from our general solutions. In recent years,
much attention has also been paid to equations with variable coefficients as the physical
situations in which nonlinear systems arise tend to be highly idealized due to assumption
of constant coefficients. This has led us to undertake the study of following PKP equation
with variable coefficients (VCPKP) and to derive the admissible forms of the coefficients

along with their exact solutions:
Ozt + (t)03000 + B(t)Ozzea + 0(t)oyy =0, (1.8.5)

where a(t),5(t) and d(t) are arbitrary functions. We have performed the Painlevé
analysis to check the integrability of Eq. (1.8.2) and obtained certain conditions on
a(t),B(t),d(t) to pass the Painlevé test. The efforts are then concentrated on finding
the symmetries, reductions and exact solutions of VCPKP equation by using various

methods including extended (G’/G)-expansion method and others.

In Chapter 5, we study the classical and nonclassical symmetries of Generalized Dullin-
Gottwald-Holm (GDGH) equation

g — gy + 2wuy + fw)ug + Yugee = a2(2uxum + Uy, (1.8.6)
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for various choices of f(u) and obtained certain new solutions of GDGH equation.

Chapter 6 is devoted to the perturbed nonlinear Klein-Gordon equation with time-
dependent coefficients which is the so-called generalized Bretherton equation with vari-
able coefficients (VCGBE)

gt + a(t) gy + B(t)Ugpar + 0(H)u™ + 0(t)u™ = 0, (1.8.7)

where u = u(x, t) is unknown function to be determined, «(t), 5(t),0(t), 6(t) are arbitrary
time functions and the exponent m is a natural number and for the exponent n € N
we assume that n # 1 and n # m. Particular cases corresponding to certain specific
values of the parameters involved and those spatial forms for which the equation can
be reduced to ODEs are presented. The sech-anséitze method and other methods are
successfully used to derive solutions for VCGBE and we have also plotted some figures

to see the propagation and asymptotic characteristics of the solitary waves.



Chapter 2

The (241)-Dimensional Calogero

Degasperis Equation with its

Variable Coefficients Form'

2.1 Introduction

The (2+1)-dimensional CD or breaking soliton equation in the form

wact - 4%%;; - 2¢y¢xa¢ + wxac;ry =0. (2'1'1)

was first eastablished by Calogero and Degasperis [43, 44] and is used to describe the
(2+1)-dimensional interaction of a Riemann wave propagating along the y-axis with a

long wave along the z-axis.

The mathematical interest of this equation stems from the fact that it is, in a well
defined sense, the generic member of a class of integrable partial differential equations
[143], associated with certain infinite-dimensional Lie algebras and groups [152]. Finding
special solutions and investigating the corresponding properties of solutions are very im-
portant in both practice and theory for understanding these problems. The Hamiltonian
structure and the Lax pair of equation (2.1.1) have been given by Li [165]. Multi-soliton
solutions and algebra-geometric solutions were also found in [159]. In [157], Ma et al.
present a general class of Riemann theta function solution to two similar breaking soliton
equations. In [174], using computerized symbolic computation, new families of soliton-

like solutions are obtained for (241)-dimensional breaking soliton equations using an

LA part of this chapter has been published in International Journal of Nonlinear Science, 13
(2012) 475-481 and some part has been published in Physica Scripta, 86 (2012) 035005 (11

pages).
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ansitz and these solutions contain traveling wave solutions that are of important signif-
icance in explaining some physical phenomena. With the help of symbolic computation,
sixteen kinds of new special exact soliton-like solutions of (2+41)-dimensional breaking
soliton equation are obtained by further generalized projective Riccati equation method
in [173]. Zhang and Meng [69] derived a general variable separation solution of the (2+1)-
dimensional breaking soliton system and two classes of novel localized coherent struc-
tures like both multipeakon-antipeakon solution and multi compacton-anticompacton

solutions are found by selecting appropriate functions.

In the study of the (241)-dimensional nonlinear physical models, much effort has been fo-
cused on the single valued localized excitations, such as solitoffs, dromions, rings, lumps,
breathers, instantons, peakons, compactons, localized chaotic and fractal patterns and
in this direction Zhang et al. [70] obtained folded solitary waves and foldons in the
(241)-dimensional breaking soliton equation. Sheng Zhang [141] obtained many new
and more general exact non-traveling wave and coefficient function solutions including
soliton-like solutions, trigonometric function solutions, exponential solutions and ratio-
nal solutions using a generalized auxiliary equation method. Radha and Lakshmanan
[123] studied the existence of Dromion like structures in the (241)-dimensional breaking
soliton equation. Quan [158] used the new idea of a combination of Lie group method

and homoclinic test technique to seek non-traveling wave solutions.

As we know, the knowledge of point or higher-order symmetries of a differential equation
becomes a basis for finding the corresponding solutions known as invariant solutions or
exact solutions. Most differential equations (or systems of differential equations) which
arise in real life applications contain arbitrary functions of dependent variable or its
derivatives and independent variables. These arbitrary functions also called arbitrary
elements or parameters can be obtained from experiments or known natural laws. How-
ever, in some problems of interest or practical applications they may not be deduced
from experiments or physical laws. In such cases we use the method of group classifica-
tion to specify their forms and also, in multifarious real physical backgrounds, nonlinear
partial differential equations with variable coefficients often provide more powerful and
realistic models than their constant coefficient counterparts when the inhomogeneities
of media is considered. So it is of great importance to find exact solutions of NLPDEs
with variable coeflicients and recently, many authors have researched in this direction
[72, 73, 122]. In this chapter, we also study the following variable coefficient CD equation
(VCCD equation):

1/}” + a(ﬂd’x%:y + /B(t)d}ywxx + ’Y(t)wa:zxy = O, (212)
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which is an important mathematical model in nonlinear physics and we have studied
this for integrability and the exact solutions using combination of Lie classical method
and several other methods including extended (G’/G)-expansion method. Variable-
coefficient NLEEs are not completely integrable unless the variable coefficients satisfy
some specific constraint conditions. Thereby, we will find the conditions for the equation
(2.1.2) to pass the Painlevé test firstly, then the symmetries and exact solutions are

considered.

In the following sections, with the aid of Lie group theory we reduce the CD equation to
partial differential equation in two variables and the reduced PDE is again operated by
Lie classical method to get the ordinary differential equations and further solutions of
ODE:s yields another family of solutions involving upto two arbitrary functions of vari-
able t. In section (2.3), we perform the Painlevé analysis for VCCD equation (2.1.2).
We use Lie classical method to generate various symmetries of the VCCD equation and
the admissible forms of the coefficients that admit the classical symmetry group corre-
sponding to each member of the optimal system of subalgebras that helps us to reduce
VCCD equation to (141)-dimensional PDEs and then to ODEs. We also investigate

reduced ODEs for their exact solutions.

2.2 The Calogero Degasperis Equation

In this section, we will study the exact solutions of the CD equation with the aid of
symmetry group. Quan [158] and Tian [147] have studied the equation (2.1.1) and
obtained solutions by assuming particular values for arbitrary constants and functions
in symmetries. But, here we are discussing the reductions and solutions of CD equation

for the general case.

2.2.1 Lie Symmetries, Classification of One-dimensional Subalgebras

and Group Invariant Solution

In order to apply the classical method to the CD equation (2.1.1) with three indepen-
dent variables and one field, we consider the one parameter Lie group of infinitesimal

transformations in x,y, t, 1 given by:

W =1+ en(z,y,t,9) + O(e)
x' =z + e(z,y,t,9) + O(€?)
y, =y+ €¢(1‘, Y, t, d)) + 0(62)
t =t+er(x,y,t,0) + O(e2),

(2.2.1)
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where € is the group parameter. It is therefore, necessary that this one transformation
leaves the set of solutions of (2.1.1) invariant. This yields an overdetermined linear sys-
tem of equations for the infinitesimals &(z,y,t,¥), d(x,y,t, ), 7(x,y,t, ), n(x, y,t, ).
The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the
form

X=¢(2+¢2+75+ng (2.2.2)

By applying the classical method to (2.1.1), we obtain the following system of determin-

ing equations:

(i) €z =0, § =0, & =0,

(11) 7, =0, 7y =0, 7y, =0,

(iii) ¢p =0, ¢y =0,

(10) Nz =0, Ny = 0, Nut =0, Nyy = 0, Ny =0, (v) —ny +& — Tt + ¢y =0,
(vi) 4np + ¢ = 0,

(vii) & + 2m, =0,

(vidd) Ny — ANy — Eat = 0,

(iw) 26, — 7 + ¢y = 0.

(2.2.3)
whose solution is:
n=--5Y—cx—ptp—2q — L(Qt)y + R(t)
= pt 2qx + Q(t
§ = ptr + 2qz + Q(1) (2.2.4)
¢ = 2pyt + 4ct
T = 2pt? + 4qt.

Note that the corresponding Lie symmetry algebra depends on two functions Q(t), R(t)
of t. Having determined the infinitesimals of (2.1.1), then the symmetry variables are

found by solving the invariant surface conditions
@Ef%+¢%+7%—n:0. (2:2.5)

or the corresponding characterstic equations

dyp dx dy dt

B0 prp—2q- TV R(r) | PEH20eFQE) T 2pyldel  2pitagl’ (2.2.6)
Integration of (2.2.6) provides the reduced variables:
e _
po g QW (o] mEt gy
(2pi2 4 dqt) | (2pt2-+4qt) T (2.2.7)
it 2.
o= ej 2pt2+4qtdt . 4ct (Gf ﬁdt)dt).

1 3
(2pt2+4qt)2 (2pt2+4qt) 2
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and the following reduction for the field:

[ ot dt
Y,y t) = x(,9,1) + S22 H p,0), (2:2.8)
(2pt2+4qt)4
where
(z,y,t) = s—BEul __ __crt___ Yy qye'[ a2 Q1) ef 2pt2_7i4qtdt)
X\Z, Y, 202pt2+4qt)  (2pt2+aqt)  2(2pt+4qt) (2p? 1400) 3 (2p? 14q0) T
-9 .
ST B o) staa gy,
(@2pt2+aqt)T ) (2pt2+4qt) 1
(2.2.9)
Substitution of the reduction ansétz (2.2.7)-(2.2.9) gives us:
H,ppo —2H,H,, —4H,H,; — 2qpH,, — 4qH, = 0. (2.2.10)

Proceeding in the similar manner as earlier, we get the symmetry algebra admitted by
(2.2.10) is
Vlngp_?Ug%_Ha%

Vel O o0

2o %o (2.2.11)
V3 - 870'
Vi= 57

We now present the optimal system of one-dimensional subalgebras for the equation
(2.2.10). The method used here for obtaining the one-dimensional optimal system of
subalgebras is that given in [83, 111]. This approach, in essence, is taking a general
element from the Lie algebra and reducing it to its simplest equivalent form by applying
carefully choosen adjoint transformations. The commutator table of the Lie symmetries
of equation (2.2.10) and the adjoint representation of the symmetry group of (2.2.10)
on its Lie algebra are given in Tables (2.1) and (2.2). For brevity, we only consider the
construction of the optimal system of one-dimensional subalgebras for the Eq. (2.2.10)

in detail and they will be listed in Table (2.3) as they can be derived in like manner.

TABLE 2.1: Commutator Table
Vi Vo Vs | Vy
Vi 0 Vo | 2V3 | V)
Vool V2 0 |gVa| O
Va | =2Va | —qVa| O | O
Via| =V, 0 0 0

The optimal system for (2.2.11) consists of following vector fields:

(@) Vi, (i) Vo, (iii) Va+Va, (iv) Vi, (v) Vi (2.2.12)
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TABLE 2.2: Adjoint Table

Vi Vo V3 Vy
Vi %1 Voe© Ve %€ | Vye ©
Vo | V1—¢€Va Vo Va—eqVy | Vi
Vs | Vi+2eVs | Va4 qeVy V3 Vy
Vi | Vi+eVy Vo V3 Vy

Because corresponding to vector field Vo and Vjy, PDE (2.2.10) is identically satisfied,

that’s why we confine ourselves to remaining vector fields.

TABLE 2.3: Similarity Reductions of PDE (2.2.10) to ODEs

Essential | Similarity | Similarity Reduced
fields | variable(C) | solution(H) ODEs
" port GEF() | CF™(Q) +4F"(¢) — 2F(Q)F"(C) — 6CF'(Q)F" ()

—8(F'(¢))* — 4qCF"(¢) = 8¢F'(¢) =0

Vo + V3 p—o =9+ F(Q) | F™(C) +2qCF"(C) — 6F'(Q)F" () + 4qF'(¢) = 0

V3 p F(¢) CF(Q) +2F'(¢() =0

1. Vector field 1}
The reduced ODE corresponding to vector field V7 (as shown in Table 2.3) has the

following solutions:

(i) F(¢) = Co

(i) F(C)=Co—q( (2.2.13)
(iit) F(C) = —2y/qcoth(Co + /q¢)

(iv) F(¢) = —2y/qtanh(Cy + \/q¢),

where Cj is arbitrary constant. The solution (2.2.13) leads by back substitution to the
solution of equation (2.1.1) of the form

—q i 24 9

. C ef 2ptZ gt ) o ag? Act [ —5L—dt 1
(1) v(@,y,t) = x(@,y,t) + = —(y* - — C (e’ Wi T)dt))>
(2pt2+4qt) 1 (2pt2+4qt)2 (2pt2+4qt) 2
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| opmiag ™, 3 t22«qk4 74 [ 22 —dt 1
1 T t) = xlx t) + <=2 E e P a — _det (o) 2pZraqt ) 2
( ) ¢( » Ys ’) i(( »Ys ) (2pt2+4qt)i (y (2pt2+4qt)% ( ](2pt22—(i]-4qt)%( ) ))
e B 1 —q [ —29 —dt
(Co— (@220 (f QO (o] s )y (e 2o
(2pt2 +4qt) 1 (2pt2+4qt) 4 (2pt2+4qt)2
e VNED)
(2pt +4qt
st ) witiaa | o dt 1
i1 z,y,t) = x(z,y,t) + &—1 e Wt ([ At () 2pZraq )2
(111) Y(x,y,t) = x(z,y )f fpﬁijt)% (y (222:)4@)% f ({q(th;:4qt)g( o dt) )
2 h e 2pte+4qt - t 2pt2+dqt e 2pte+4qt
(“2eo(Co+ VI~ dlgrte! P oy
—l 1
—(J ottt an) )
I priam® 2 t22«qk4 74 [ 2L —dt 1
) T t) = xlx t) + &2 £ e P a — _det (o) 2pZ1aqt ) 2
( ) @Z’( » Ys ) X( ' Ys ) (2pt2+4qt) (y (2pt2+4qt)% ( (2pt2+4qt)%( | N ) ))
(~2y/tanh(Co + /(e ([ QO (] gt gy e B
(2 t2+4qt) 1 (2pt2+4qt)% (2pt2+4qt)%
- f 2pt2+4qt% fzpt2+4qt )dt)) )

(2.2.14)
where x(z,y,t) is given by equation (2.2.9). By the analysis of solutions obtained corre-
sponding to vector field V;, we conclude that solutions (2.2.14) depend upon four con-
stants p, q, ¢, Cp and two arbitrary functions Q(t), R(t) of time. Depending upon these
constants and functions of time, we obtain certain periodic and bell profile solutions.
Forp=¢q¢=1,c=Cp=0and Q(t) = (212 a0 | R(t) = 0, with y = sin(x) so-

e(l 7 log(t+2)— 1 7 log(t))’
lution (2.2.14)(iv) takes the form of perlodlc Solutlons as shown in Fig. (2.1). By taking

the same considerations for constants and arbitrary functions, for y = cos(z) solution
(2.2.14)(iii) takes the form of bell profile solutions and with Q(t) = 0,y = xsin(z) solu-
tion (2.2.14)(iv) behaves as kink wave as shown in Fig. (2.2) and Fig. (2.3) respectively.

2. Vector field V5 + V3

For g # 0, we are able to obtain trivial solutions only for the reduced ODE corresponding
to vector field Vo + V3. For ¢ = 0, integrating equation once, multiplying integrated
equation with F”(¢), again integrating and on substituting F’(¢) = J(¢), we get

J'(¢)* = 2J(¢)* + 2K1J (¢) + 2K, = 0, (2.2.15)
where K1, Ky are arbitrary constants. Solving equation (2.2.15), we get
J(C)Z@(1/222/3C+Cl,2K1 5’/5,2K2) V2, (2.2.16)

where C] is arbitrary constant and p denotes the WeirstrassP function.
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Ficure 2.1: The periodic solu- FicUre 2.2: The bell profile so-

tion (2.2.14)(iv) for p = q¢q = lution (2.2.14)(iii) for p = ¢ =

Le = Cp = 0 and Q(t) = L,e = Cy = 0 and Q(t) =

(262 441) 7 - _ (22 441) 1 _ _

e(ilog(t+2)—%log(t))’R(t) =0,y = e(%1og(t+2)_%10g(t))7R(t) =0,y =
sin(zx) cos(x)

FIGURE 2.3: The kink wave solution (2.2.14)(iv) for p = ¢ =1,¢ = Cy = 0 and Q(t) =
0,R(t) =0, y = zsin(x)
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3. Vector field V3
The reduced ODE has the following solution:
&)

F(¢)=C+ c

(2.2.17)

where C1, Cy are arbitrary constants and solution (2.2.17) corresponds to the following
solution of Eq. (2.1.1):

=49 g4
ef 2pt2+4qt

Y(,y,t) = X(2,y,1) + |Gt ———= = - ,
(2pt2+4qt)1 xef 2pt?+4qt1dt —( Q) ; (ef Wi‘lqtdt)dt)
(2pt2+4qt) 4 T (2pt2+44qt)d
(2.2.18)

where x(z,y,t) is given by (2.2.8).

2.3 The Calogero Degasperis Equation with Variable Co-

efficients

In this section, we work for integrability, symmetries and exact solutions of VCCD

equation.

2.3.1 Painlevé Analysis for VCCD Equation

As we have already discussed the Painlevé analysis method in chapter 1 (section (1.4))
to check the integrability of PDEs, in this section we are applying that method to
study the Painlevé properties of VCCD equation. By applying the Painlevé test, Toda
and Kobayashi [74, 144, 145] extended integrable equations with variable coeffcients
to higher-dimensions and also checked the integrability of generalized KdV-family with
variable coefficients in (2+1)-dimensions. Now, we are looking for a solution of equation

(2.1.2) in the Laurent series expansion with g = g(z,y,1):
o
U@,y 1) = Yog® + Y trg" (2.3.1)
r=1

where ¢, = ¥,(z,y,t) and g = g(z,y,t) are analytic functions in a neighborhood of
g = 0. In this case, the leading order a = —1 and

_ 129(t) g
Yo = al) + B0 (2.3.2)
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where g, denotes the partial differentiation of g(z,y,t) with respect to z. For finding
the resonances, the full Laurent series (2.3.1) is substituted into (2.1.2) and by equating

the coefficients of like terms, the polynomial equation is derived as

—(r2 —D(r—4)(r —6)(a(t) + ﬂ(t))Q’y(t)g(’"_Q)wr = F(Yr—1,...,%0, 9z, Gy» Gt ---)-

(2.3.3)

Using equation (2.3.3), the resonances are found to be
r=-1,1,4,6. (2.3.4)
As usual, the resonance at r = —1 corresponds to the arbitrariness of the singular

manifold g(x,y,t) = 0. Therefore there are three compatibility tests at r = 1,4 and 6.
When r = 1, ¢; is arbitrary; r = 4, 1,4 is arbitrary; » = 6, we can get the compatibility
condition which corresponds to the following relations in arbitrary variable coefficients
of Eq. (2.1.2):

(1) aft) = 26(b),

(2.3.5)
(i) —9 (B(6)> &y () +98(6)7 () BB (t) = 0.

Then we obtain the following explicit constraints on the variable coefficients «(t), 3(t)

and 7(t) for Eq. (2.1.2) to pass the Painlevé test:

a(t) = 26(t), ~(t) = C15(1), (2.3.6)

where C is arbitrary constant.

Remark 2.3.1. In [143], Alagesan et al. performed the Painlevé test for uncoupled
breaking soliton equation (2.1.1) and also derived the associated Backlund transforma-
tion and bilinear form directly from the Painlevé test, but here we have performed the
integrability test for breaking soliton equation with variable coefficients and found cer-
tain constraints on variables «a(t), 3(t),(t) given by Eq. (2.3.6) for VCCD equation to
be integrable.

2.3.2 Classical Lie Symmetry Analysis

Here, we will study the similarity reductions and exact solutions of the VCCD equation
with the aid of symmetry group, i.e., the Lie group of transformations acting on the
independent variables (z,y,t) and the dependent variable ¥. By following the same

procedure as in section (2.2), we get the following forms for the infinitesimal elements
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1n,&,¢ and T:
&= a1:1:—|—a2

—a4f dt—l—ag
n = az + a4 + as,

(2.3.7)

where ai, a9, as, a4, as,a6 and a7 are arbitrary constants. The functions a(t), 5(t) and

v(t) are governed by the following conditions:

o/ (8)B(t) — a(t)s'(t) = 0

) (2.3.8)
V(&)1 + 7 (t) — 2a17(t) = 0.
The infinitesimal generators of the corresponding Lie algebra are given by
_ JB®dt\ o
Vi= l’ax + ( B(1) ) ot
_ 0 JBM®)dt\ o
ve=vdy — (5505°) &
Vs =z + ([ a(t)dt) &,
=9 (2.3.9)
oz’
—_1 0
= B ot

Here, we can see that the Lie symmetry operators and the Lie algebra depend on the
solutions for a(t),3(t),v(t). Thus, we can deduce that the VCCD equation has an
infinite continous group of transformations which is generated by the infinite-dimensional
Lie algebra spanned by the operators (2.3.9). Using (1.2.16) and (1.2.21), we can find
commutator and adjoint relations for (2.3.9) which are interpreted in following tables as

under:

TABLE 2.4: Commutator Table

i | Ve Vs |2} Vs Ve | V7
|41 0 0 Vs -V Vs 0 0
Vo 0 0 -V 0 Vs 0| -V
Va| =Vs | V3 O |-V |-KiVg| 0| O
Vi| W 0 | 0 0 0 0
Vs | Vs | =V5 | KiVs | O 0 0 0
Ve | O 0 0 0 0 0 0
Vel 0 V7 0 0 0 0 0
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TABLE 2.5: Adjoint Table

Vi Vo V3 Vy Vs Ve | V7
%1 %1 Vo Vze™® Vye€ Vse€ Vo | Vz
Vo Vi Vo Vaef Vi Vse ¢ | Vs | Vzes
V3 | Vi+eVz | Vo—eV3 V3 Vit+eVr | Vs+eVs | Vo | Vi
Vi | Vi—€Vy Vo V3 —eVr Vy Vs Ve | Vo
Vs | Vi—€Vs | Va+€eVs | V3 —eK Vs Vi Vs Vo | Vz
Ve Vi Vo V3 Vy Vs Ve | V7
V7 1 Vo — eV V3 Vy Vs Ve | V7

The optimal system for (2.3.9) consists of following vector fields:

(i) Vi+aVa, (id) Va+bVy, (i) Va+ Vi + dVs,

) . N (2.3.10)
(iv) Va+pVs, (v) Vs+qVz, (vi) Vs + sVz, (vii) Vi,

where a, b, ¢, d, p, ¢ and s are arbitrary constants. Since, corresponding to essential vector
field V7, equation (2.1.2) is identically satisfied, Hence in Table 2.6 we confine ourselves

to list the remaining six essential fields of the optimal system and in each case, we get

a(t) = K15(t).

2.3.2.1 Group Invariant Reductions with One-Dimensional Subalgebras and

Exact Solutions

In this section, corresponding to each essential vector field in the optimal system, the
reduced PDEs in two variables p and o are obtained. Since, each reduced PDE can
be further studied for symmetry reductions, but to avoid cumbersome results, here the
reduced PDEs are studied only for physically significant reductions along with their ex-
act solutions by using extended (G’/G)-expansion method, hyperbolic rational function

expansion method and others.
1. Vector Field Vi + als
The reduced PDE in this case is given by
2
—(1—a)Hy—0Hyo+Ki(1—a)HyHpo+(1—a)H,Hyo+ Ko(1—a) ™0 Hppoo =0, (2.3.11)

where K1, Ko are arbitrary constants. To reduce the PDE, let us assume the transfor-
mation of the form
1
H(p,0) = —F(),¢ = po, (2.3.12)
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TABLE 2.6: Similarity Variables, Forms and Coefficient Functions of VCCD Equation

Essential Similarity Similarity Coef ficient
fields variables(p, o) solution (1)) functions(y(t))
Vi+aVs v, (J B)dt) ™7 H(p,0) | KaB(t) (1~ a) [ B()dE) T
(f ﬁ(t)dt)ﬁ
Vo + bV Y, WH(Py o) K0(t) (— [ B(t) )
z + blog ([ B(t)dt)
V3 + cVy + dVs — < ([ B@)adt), 2+ H(p,0) Ksf(t)
% (/ Bt)d)”
Vi+pVs v, H(p, o) Kap(t)
px — ([ B(t)dt)
Vs +qV7 z, q ([ B(t)dt) + H(p,0) K>B(t)
Yy
Vo + sVz z, sy + H(p,0) Kaf3(t)
t

which reduces the equation (2.3.11) to ODE of the form

8Ko(1 — a)Ta C2F" () + 24K5(1 — a) T2 (F" (¢) + <6K2(1 — )T - 4g) F(¢)
HA(Ky +1)(1 = a)CF/(QF"(Q) +2(1 — a) (K1 = 1)(F'(Q))? + (1 — a)(2 — k) FLE

—2K1(1 - a)F(Q)F"(¢) — (1+a) 7 +2aF"(¢) =0,
(2.3.13)

where prime (') denotes the differentiation with respect to the variable (. To get a

solution for Eq. (2.3.13), let us assume that (2.3.13) admits a solution in the form

F(¢) = bgo + b1+ baC. (2.3.14)
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On Substitution, we get by = by = 0 and by = %1 Hence, we find the solution of Eq.

(2.1.2) as follows:

_ 1Y
P(x,y,t) = AL O] (2.3.15)

2. Vector Field V5 + bV}
The reduced PDE is

—H, +bHyo + K1HoHpo + HyHyo — KoHpooe = 0. (2.3.16)
Make transformation as follows:
H(p,0) = H((),( =p— Co, (2.3.17)

where C' is non-zero constant. Substituting (2.3.17) into Eq. (2.3.16) obtains an ODE

to (. Integrating it once with respect to ¢ and taking integration constant to zero, yield
2K>,C?H" (¢) + C(1 + K1) (H'(¢))* + 20CH'(¢) + 2H(C) = 0. (2.3.18)

We seek the solution of Eq. (2.3.18) in the following form

_ botanh(¢) + by + basech(()
H(Q) = tanh(¢) + bg + basech(¢)

(2.3.19)

where bg, b1, bo, b3 and by are constants to be found out. The substitution of the form
of H(¢) in equation (2.3.18) brings forth the several possibilities for values of constants

and all these possibilities correspond to the following solutions of Eq. (2.1.2):

. sech(y—1/2u(z,t))( [ B(t)dt) ™"
(1) ¥(z,y,t) = by (71+tanh(y71/(2u(:c,t))g ,

_ 2.3.20)
. tanh(y—1/2 u(,t))+1—sech(y—1/2u(z,t))ba 1) ([ B(t)dt) " (
(“) w(l',y,t) = bo ( (=1+tanh(y—1/2 u(z,t))+bs sech(y714/2 u)(gs,t))) ) ’
—bt/b2—4 K5 ) (z+bIn d
with the restriction that «(t) = —f(t) and u(x,t) = ( * 22<(2 +hin(/80) t)) By

the analysis of solutions obtained in this section, we conclude that solutions (2.3.20)
depends upon certain arbitrary constants and function [((¢). Depending upon these
constants and function of time, we obtain certain periodic and kinky wave solutions.
For by = by = Ko = 1,y = sin(x), 5(t) = cos(t) and for y = cos(zx), 3(t) = 1, solution
(2.3.20)(ii) behaves as periodic and kinky wave as shown in Fig. (2.4) and Fig. (2.5)

respectively.
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FIGURE 2.4: The figure of periodic FicURrE 2.5: The figure of kink pe-
solution (2.3.20)(ii) for by = by = riodic solution (2.3.20)(ii) for by =
Ky =1,y =sin(x), 3(t) = cos(t) by =Ko =1,y =cos(x),8(t) =1

3. Vector Field V35 + cV4 + dV5
In this case, we get the following (1+41)-dimensional nonlinear PDE with variable coef-

ficients:

c K 1
— Hyp+ —pHpo + Ky HyHpg + —Ho + HypHo + Ko Hyppo = 0. (2.3.21)

To reduce the above Eq. to ODE, make the transformation as follows:

c 1 1
H(p,0) = 20 %/72 + ;F(C)aC =op. (2.3.22)

Substituting Eq. (2.3.22) into Eq. (2.3.21) yields nonlinear ODE as follows:

K5 (6F'(C) + 204CF"(¢) + 288C2F" () + 64¢C3F"(C)) 4+ 2F (O)F'(¢) + 16¢*F"(C)

HAC(F'(Q))* + K1 (=3F(Q)F'(¢) — 4CF(Q)F"(C) + 12¢(F'(€))* + 163 F (O F"(C)) + 3 = 0.
(2.3.23)

To get a solution for (2.3.23), let us assume that the ODE admits a solution of the form

F(¢) = %O + b1 + ba(. (2.3.24)
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—(6dK2by+1)

1dby and by = by. Hence, we find the solution of

In this case we get bg = 0,b; =
Eq. (2.1.2) as follows:

2 ~ 2
Y(z,y,t) =1/2 % +cly+1/3 7“/8(2)[#) > dt—1/2 (:c - 70']%(;)%) ¢!

2 . 4 . -1
_|_<1/4M§b22b21_|_52 <y+1/3(f/3(2)dt)> (z_w> > (x_W) 7

(2.3.25)
with the restriction that a(t) = —23(t).
2. Vector Field Vy + pVj5
The reduced PDE is given as
Kop*Hpooo + PHyHyo + KipHyHpy — Hyp = 0. (2.3.26)

In this section, we seek solutions of Eq. (2.3.26) by extended (G’/G)-expansion method

as described in section (1.7.2). The traveling wave variable
H(p, 0) = H(C),C =p—_Co, (2327)

where C is a constant to be determined later, permits us reducing the Eq. (2.3.26) to
an ODE in the form

— 2Kop*CH" + (pKy + p)(H')? — 2H' + K3 = 0, (2.3.28)

where K3 is constant of integration. Suppose the solution of (2.3.28) can be expressed
in (G'/@G) as follows:

H(C):ao—i—g az'(g)ieri(CG*”)i_l U<1+;<g>2> , (2.3.29)

where G = G(() satisfies the second-order linear ODE (1.7.5), while a;, b;(i = 1,2, ...,n)

and ag are constants to be determined, such that v = £+1 and p # 0. On balancing the

highest-order derivatives with the nonlinear terms appearing in (2.3.28), we get n = 1.

Substituting (2.3.29) into (2.3.28) and using (1.7.5), collecting all terms with the same

! k / k ’
powers of (%) and (%) v (1 + % (%)2> together, and equating each coefficient of

them to zero, yield a set of following algebraic equations for ag,a1,b; and C"

(4) Klp#blzy +12 K3 p*Cay + par® + K1 par® + Lf” — 0,
(i4) 2 K1 pai by + 12 Ko p*Cby + 2 pay by = 0,
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(131) Ky pb1?v + 16 Ko p?Cay o1+ 2 K1 pai®p + pbi v + 2 pai®p + 2 a1 = 0,
(iv) 10 Ko p?Chy p+ 2 Ky pay by + 2by + 2pay puby = 0, (2.3.30)
(v) 4 Ko p?Cay pi? + K1 pai®p® + 2a1 p + par’p® + K3 = 0.

Solving these algebraic equations by Maple, we obtain the following results:

Case 1:

3 1
ao=ag, G = ———— = — b = K3=0. 2.3.31
o pu(K1 +1) 42Ky’ ’ ( )
Case 2:

6./-L

6 1 uv
aw=ag, 4= ————— = =+ Y g0 (23.32
O T T (K + 1) prukKs T T p(Ki+1) (2.3.32)

From (2.3.29) and the general solution of (2.3.30), we deduce the traveling wave solutions

of (2.3.28). When p > 0, then Case 1 gives the exact traveling wave solution as:

3(Bcos(f(p 1/4 Q#Kz))fAsm(\f@ 1/4 #KZ)))p_lﬁ(Kﬁl)_l

H(p)o‘):a()— (Acos(f(ﬁ 1/4 m))-}-Bsm(\f(P 1/4 PQ:KQ))> )

where A, B are arbitrary constants. Case 2 gives the solution of Eq. (2.3.28) as

0 <Bcos<f(p_p HKQ))_ASin<‘/ﬁ(p_p MKz))) S EEED
(Acos(Vilogz7m ) ) + B (Vi iy )

+ [ (), Belalmm) A al)) -

+6 (1 T (Acos(vi(o- 7 ) )+ Bsin(vii(o- 7)) ) > (K141)~

H(p,0) =ap—

nv

(2.3.34)

When i < 0, then Case 1 gives the exact traveling wave solution as:

(Bcosh(r(p 1/4 2 K >)+Asmh(\/7(p 1/4 2:K2>)) 1=Ky 41) 7t

H(P,U) =ag — SF (Acosh<\/7<p 1/4 m)>+351nh(ﬁ<9—1/ » uK )))
2.

3.35)

and Case 2 gives the solution as:

a
2

(Bcosh(ﬁ(pfp %, i ))JrAsmh(F(pfp e 2)>>p_1#_1(K1+1)_1
(Aot (Va0 gy )) +Boinh (Voo iy )))

H(p,0) =ap+6+/—n

16 1 o1 <Bc0sh<\/—7M(P—7p2;K2))+A51nh( ( p2:K2)>)z> K Jrl) 1 _1
" ( (Aeom (Vo)) + B (Vo (o)) )
(2.3.36)

Corresponding to the above solutions (2.3.33)-(2.3.36), solutions of Eq. (2.1.2) are given
by the relation

b(x,y.t) = H(p,0), p=y, 0 =px — (/ ﬂ(t)dt) . (2.3.37)



Chapter 2. The Calogero Degasperis Equation with Variable Form 46

FI1GURE 2.6: The figure of periodic Ficure 2.7: The figure of periodic

solution (2.2.33) for p = v = p = solution (2.2.36) for p = v = p =

ngb]_:A:l,K]_:aO:B: K2:b1:A:1,K1=(L0:B:
0,y = sin(x), B(t) = tan(t) 0,y = sin(x),8(t) =0

In this section, certain solutions obtained by extended (G’/G) method behaves as peri-
odic solutions for different values of constants and functions involved. For y =v =p =
Ky=b=A=1,K; =ay= B =0,y =sin(z) and with §(¢) = tan(¢) and 8(t) = 0,
solutions (2.3.33) and (2.3.36) takes the form of periodic solutions as shown in Fig. (2.6)
and Fig. (2.7) respectively.

5. Vector Field V5 + qV7

In this case, we get the following (141)-dimensional nonlinear PDE:
K\H,H,, + H,,H; + K2H,,,; = 0. (2.3.38)
Make transformation as follows:
H(p,0)=H((), (=p—Co, (2.3.39)

where C' is a non-zero constant. Substitute (2.3.39) into Eq. (2.3.38) to obtain an ODE
to (. Integrating it once with respect to ¢ yield

(K1 +1)(H")? +2K,H" + K3 = 0, (2.3.40)

where K3 is constant of integration. Multiplying Eq. (2.3.40) by H” and then once

more integrating with respect to (, taking integration constant to zero and substituting
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H'(¢) = J(C), we get

Ki+1 3 2 _

TJ + Ko (J)*+ KsJ =0. (2.3.41)
Here, we will seek the solutions of Eq. (2.3.41) using Jacobi elliptic function method.

For this, we consider the solution of (2.3.41) in the form
J(¢) = ao + arsn(¢,m) + agsn®(¢,m), (2.3.42)

where sn(¢,m) is the Jacobi elliptic sine function with modulus m. On substituting
Eq. (2.3.42) into (2.3.41) and performing algebraic calculations, we obtain the following
results:

Case 1: One has

2
Ks i, Ky = —w, (2.3.43)

ap , ai , a2 4K27 K

which corresponds to the following solution of Eq. (2.1.2):

e (— g _ N
vt =g B0 -1 T EE DT ORLO) o 4
2
where E denotes the elliptic integral of second kind.
Case 2: One has
K3 K3 (K3 + 48K3)
aop 4K27 ay 07 a 2K27m \/>7 1 KS ) ( 3 5)
and in this case, the solution of Eq. (2.1.2) takes the following form:
U(z,y,t) = (2.3.46)
r— T— C sn(—z+Cly, , T
qfﬁ(t)dt_1/4K3(K2cy)+1/2K3(1/2 1/2 y+1/2[i( ( + y\/i)\/ﬁ))
Case 3: One has
K K3 V2 (12K3 + K3)
ao 2K, U 0, a2 ok, T g K ) (2.3.47)
and equation (2.1.2) possesses the following solution in this case:
Y(x,y,t) = (2.3.48)
qfﬁ (t)dt — 1/2 K (gcy) 12 Ks (2x—20y+2E(sn<I—(j+Cy,l/2\/5),1/2\/5))' 3.

6. Vector Field Vi + sV7
The reduced PDE is given by

H,s + spB(0)H,, = 0. (2.3.49)
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On solving the equation, we get

Hip,o) = Fi(0) + Fa(p— s / B(0)do), (2.3.50)

where Fi, F5 are arbitrary functions and the above solution corresponds to the solution
of Eq. (2.1.2) as

Y(z,y,t) = sy + Fi(t) + Fo(z — s/ﬁ(t)dt). (2.3.51)

2.4 Discussions

In this chapter, we have presented the similarity reductions of Eq. (2.1.1) and (2.1.2)
by classical Lie group method and some new solutions are given, including the periodic

solutions, bell profile solutions etc. The discussions on our results are as follows:

e Firstly, Eq. (2.1.1) has been reduced to (141)-dimensional nonlinear Eq. (2.2.10)
by means of the classical Lie group method. The (141)-dimensional reduced PDE
is further reduced to ODEs using several transformations and reduced ODEs are

studied to get several exact general solutions which corresponds to solutions of Eq.
(2.1.1).

e The solutions of Eq. (2.1.1) obtained by us are such that one can choose the
arbitrary functions Q(t), R(t) along with various other parameters, in a suitable
manner, to simulate physical situations governed by Eq. (2.1.1) to obtain particu-
lar solutions having desired features (as shown in Figures 2.1-2.3). To understand
the solutions well, we plot the graphs of the solution surfaces with some special
parameters. As shown in Figures 2.1,2.2 and 2.3 the periodic solutions, bell profile

solutions and kinky wave solutions can be obtained through solutions (2.2.14).

e In this chapter, we have also checked the Painlevé property of (241)-dimensional
VCCD equation and prove that VCCD equation is integrable under certain re-

strictions on coefficients of equation under study.

e The Lie group method is utilized for the purpose of obtaining the group infinites-
imals of VCCD equation and the basic fields of the optimal system lead to reduc-

tions that are inequivalent with respect to the symmetry transformations.

e The motivation for the present study lies in the physical importance of VCCD
equation (2.1.2) and the need to have exact solutions. The solutions furnished
by us brings forth a new class of exact periodic and kinky wave solutions. In

almost all the cases, one can choose the arbitrary function 3(t) along with various
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other parameters, in a suitable manner and this provides enough freedom to build

solutions that may correspond to particular physical situations.

e [f we consider the new time variable as
t
T(t) = / B(t)dt, (2.4.1)
0
then the VCCD equation can be reduced to the following form:
B() (Wt + & () atbuy + Yyhze + 7 () Yazay) = 0, (2.4.2)

where o/(t) = %, Y(t) = % Then, the Lie symmetry operators involving

variable ¢ will be transformed to

Bl =

T
V=i~ st = Vs~ Tar /() =K1, 7() =",
Vs =2+ (Jya®)dt) & = s + KaT(H) £, o/(t) = K1, +(t) =7(t),
Vs =g = ar» () =K1, (1) = K>

(2.4.3)
Hence, we deduce that the analysis done by us in this manuscript can also be
performed by using (2.4.1)-(2.4.3) in more simpler way, but finally we will get the

same solutions of VCCD equation.

It is worth to be mentioned that, with the aid of Maple, the exact solutions re-

ported here in this chapter are found to indeed satisfy the VCCD equation.






Chapter 3

The Coupled
Klein-Gordon-Schrodinger

Equation and its (Generalized

Form'

3.1 Introduction

We have considered the Klein-Gordon-Schrédinger equation [22, 23] in the form

Ugt — gy +u+ |v|2 =0, (3.1.1)
Wy + Vgg +uv = 0, ’

where v(z,t) is a complex function, u(z,t) is a real one and i?> = —1. This system is a
classical model described the interaction between conservative complex neutron field and
neutral meson Yukawa in quantum field theory. It possesses two conserved quantities,

which are

Q(t) = [[v]]* = Q(0),

1 2 2 2 2 2 <3'1'2)
E(t) = 5([[ull® + [uel | + [Juall® + [[val[*) = (Jv]*,w) = E(0),

where Q(0) and E(0) are constants depending only on initial values, and ||.|| and (., .)

denote the norm and inner product in any Hilbert space, respectively.

LA part of this chapter has been published in Mathematical Methods in Applied Sciences, 35
(2012) 1175-1187.
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In the literature, the existence, uniqueness, and asymptotic behaviour of global solution
of Klein-Gordon-Schrédinger equations are considered in [22, 23] and the exact solitary
wave solution is given in [68]. Numerically, two conservative difference schemes are con-
structed in [84, 85] and the multisymplectic method is considered in [78]. In [139], the
modified decomposition method was used for finding the solutions for the coupled KGS
equations with initial conditions and the approximate solutions to the equations have
been calculated without any need to a transformation techniques and linearization of
the equations. Wang [115] established a rational physical model for controlling KGS
dynamics system. In the case of perturbation caused by disturbances and uncertainties
in control field, numerical quantum approach is presented for finding the quantum op-
timal control pairing of perturbative system. Assume that the amplitude of perturbed
disturbance is bounded, then perturbative optimal quantum control is investigated both
in theoretic and computational aspects. Based on a reliable semi-discrete algorithm,
numerical simulations interpret the effectiveness of performing control design. In [140],
a class of discrete-time orthogonal spline collocation schemes for solving coupled KGS
equations with initial and boundary conditions are considered. These schemes are con-
structed by using piecewise cubic Hermite interpolations in space combined with finite
difference methods in time. It is proved that the schemes have the conservation laws
of discrete energy, and possess second order accuracy in maximum norm and fourth
order in L?-norm for time and space, respectively. The conservation laws and rate of

convergence are also verified in numerical experiments.

Some new generalized solitary solutions of the KGS equations are obtained by Wang
et al. [166] using the Exp-function method, which include some known solutions ob-
tained by the F-expansion method and the homogeneous balance method. Darwish
et al. [9] devised an algebraic method to uniformly construct a series of explicit exact
solutions for the coupled KGS equations. By applying the Jacobi elliptic function expan-
sion method, the periodic solutions for a class of coupled nonlinear Klein-Gordon equa-
tions, which include coupled nonlinear Klein-Gordon equation, coupled nonlinear Klein-
Gordon-Schrodinger equations and coupled nonlinear Klein-Gordon-Zakharov equations,
are obtained in [134]. Anjan Biswas and Houria Triki [5] obtains the 1-soliton solution
of the KGS equation with power law nonlinearity. The solitary wave ansatz is used to
carry out the integration. The efficient, unconditionally stable and accurate numerical
methods for approximations of the KGS equations with/without damping terms are pre-
sented in [153]. The key features of methods used are based on:

(i) the application of a time-splitting spectral discretization for a Schrodinger-type equa-
tion in KGS,

(ii) the utilization of Fourier pseudospectral discretization for spatial derivatives in the

Klein-Gordon equation in KGS,
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(iii) the adoption of solving the ordinary differential equations in phase space analyti-
cally under appropriate chosen transmission conditions between different time intervals

or applying Crank-Nicolson/leap-frog for linear /nonlinear terms for time derivatives.

Because of the wide range of applications in several branches of physics, the generalized
Klein-Gordon-Schrédinger equation i.e. variable coefficient Klein-Gordon-Schrédinger
(VCKGS) equations are the subject of studies both in physical and mathematical con-
texts. In this chapter, we also consider the following form of coupled Klein-Gordon-

Schrodinger equation [22, 23] with variable coefficients:

e + f(D)uae + g(t)u + h(t)|v]* =0,

. (3.1.3)
v + p(t) Ve + q(t)uv = 0,

where v(x,t) is a complex function, u(x,t) is a real one and i> = —1. Here, the coef-
ficients f(t),g(t),h(t),p(t),q(t) are the functions of independent variable ¢ that corre-
sponds to new or more realistic physical conditions. In the following sections, we have
obtained the symmetries of VCKGS equation and utilized them to obtain new physically

important solutions.

The study in this chapter has been structured as follows. In section (3.2), Eq. (3.1.1)
and Eq. (3.1.3) has been decomposed into three coupled PDEs and then using the Lie
classical approach, symmetries are obtained. On using the obtained symmetries, we
reduce the number of independent variables of the coupled K-G-8 equation and VCKGS
equation and some exact solutions are also obtained. In section (3.3), one of the reduced
equation is studied by modified (G’/G)-expansion method to obtain new traveling wave
solutions and some solutions are also graphically interpreted. In the last section (3.4),

some conclusions are made.

3.2 Classical Lie Symmetry Analysis

In the study of nonlinear partial differential equations, a long established systematic
approach to find exact solutions is the method of classical Lie point symmetry analysis.
The method of point symmetry analysis involves looking for a Lie group of invertible
transformations that map every solution of the differential equation to another solution
of the differential equation. In this section, we use Lie classical method (as described
in Chapter 1) to investigate the symmetry reductions of the Klein-Gordon-Schrédinger
equation (3.1.1) and VCKGS equation (3.1.3).
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3.2.1 The Klein-Gordon-Schrodinger Equation

In this subsection, we perform Lie symmetry analysis for the KGS equation. Since v(x,t)
is a complex function, so as to separate real and imaginary parts, we take the complex
function v(z,t) as

v(z,t) = a(z,t) +ib(z,t), (3.2.1)

which decomposes the system (3.1.1) into the following system of equtaions:

Ut — CUgy +u+a®>+b> =0,
a; + byy +ub =0, (3.2.2)
—bs + agy +au = 0.

To find the symmetries, let us consider the Lie group of point transformations as

u* =u+ ep(z,t,u,a,b) + O(?),

a* = a+ e(z,t,u,a,b) + O(e2),

b* = b+ en(z,t,u,a,b) + O(e2), (3.2.3)
¥ =1+ e&(z,t,u,a,b) + O(e?),

t* =t + er(x,t,u,a,b) + O(e?),

which leaves the system (3.2.2) invariant. The method for determining the symmetry
group of (3.2.2) consists of finding the infinitesimals ¢, ¢, n, £ and 7, which are functions
of z,t,u,a,b. Assuming that the system (3.2.2) is invariant under the transformations

(3.2.3), we get the following relation from the coefficients of the first order of e:

P — 2P + ¢ + 2avp + 2bn = 0,
Pt + 0™ + un + bg = 0, (3.2.4)
—nt + 9™ + ag + urp = 0,

where nt, n*® ! p*® ¢ and @' are extended (prolonged) infinitesimals acting on an
enlarged space that includes all derivatives of the dependent variables by, by, Gty Qg Ugy
and uy . The infinitesimals are determined from invariance condition (3.2.4), by setting
the coefficients of different differentials equal to zero. We obtain a large number of PDEs
in ¢,%,n,& and 7 that need to be satisfied. The general solution of this large system

provides following forms for the infinitesimal elements ¢, ¥, 7, and 7:

E=c, T=co, =0, ¢ =c3a, n=csb, (3.2.5)
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where c¢1,co and c3 are arbitrary constants. Now we can reduce the system (3.1.1) to

system of ODEs using characteristic equation:
T __Z_Z_T (3.2.6)

Solving characteristic equation and using (3.2.1) we have the following similarity vari-

ables for system (3.1.1)
u(z,t) = U(E), v=2eOV(€), E=a+at, §=pz+rt, (3.2.7)

where «, p, 7 are constants, we have a relation a + 2p = 0 and reduce system (3.1.1) to

the following system of ODEs

(a® =) U" (&) +UE) +V3(€) =0,

(3.2.8)
V(&) + UV (E) — (r+p*)V(E) =0,

where the prime means differentiation with respect to £. In this case we get only trivial
symmetries, so we will get only traveling wave solutions of the equation (3.1.1) and for
the traveling wave solutions, we will apply Modified (G’/G)-expansion method to the
reduced ODE (3.2.8) as in section (3.3).

3.2.2 The Generalized Klein-Gordon-Schrodinger Equation

In this section, in virtue of classical Lie group method, we will discuss the classical
similarity reductions and exact solutions for the VCKGS equation (3.1.3). First of all,

we take the complex function v(z,t) as
v(z,t) =r(x,t) +is(z,t), (3.2.9)
which decomposes the system (3.1.3) into the following system of equtaions:

Ut + f(t)ucr:a: + g(t)u + h(t)(TQ + 82) =0,
Tt 4+ p(t) Sz + q(t)us =0, (3.2.10)
—5t + p(t)rye + q(t)ur = 0.

Proceeding in similar manner as mentioned earlier, we get the following forms of the

infinitesimal elements ¢, ¥, 7n, & and 7 for VCKGS equation:

E=coxr+c5, T=c3t+cg, ¢=cqu, Y =cir, n =18, (3.2.11)
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where ¢,,n,&, 7 are infinitesimals corresponding to u, 7, s, x,t, respectively and time

variables f(t), g(t), h(t),p(t), q(t) satisfy the following conditions:

Tf'(t) = 2f ()& + 2mf(t) =

T (t) + Tp(t) — 2p( )éx 0,
g/ (t) + 2mg(t) = (32.12)
TH (t) + 21¢h(t) — h(t) + 2h(t)ns = 0,

(
7q'(t) + 1eq(t) + q(t)pu = 0.

The infinitesimal generators of the corresponding Lie algebra are given by
Zi=sd+rd, Zo=al, Zy=t8, Zi=ul, Zz=2, Zs=2. (3213

In general, there are infinite number of subalgebras of this Lie algebra formed from any
linear combination of generators Z;;j = 1,2, 3,4,5,6 and to any sublagebra one can get

the reduction using characterstic equations:

de _ dt _ du _ dr _ ds (3.2.14)

However, this problem becomes manageable by recognizing that if two algebras are
similar, i.e. they are connected to each other by a transformation from the symmetry
group, then their corresponding invariant solutions are connected to each other by the
same transformation. Therefore, it is sufficient to put all similar subalgebras in to one
class and select a representative from each class. The set of all these representatives
is called an optimal system as discussed in chapter 1. Thus, the optimal system for

(3.2.13) consists of following vector fields:

(7,) Zv+ aZs + BZ3 + v Zy, (27,) Zo + pZs + qZy, (ZZZ) Zs 4 cly+ Zs, (w) Zs+dZy,
(2}) Zys+aZs + Zg, (UZ) Z4+ bZ5, (’Uii)Zg, + Zg, (Uiii)Zg,, (’L(L‘) Zg,
(3.2.15)

3.2.2.1 Symmetry Reductions and Exact Solutions

In this section, we will make use of the optimal system of vector fields (3.2.15) and
reduce the Eq. (3.1.3) to ODEs. The similarity variables and the similarity solutions of
the Eq. (3.1.3) can be obtained by solving characterstic equation (3.2.14) and the coef-
ficient functions are given by equation (3.2.12). The general solution of these equations
involves two constants, one become independent variable ¢ and other plays the role of
new dependent variables F'(¢), G(¢), H(().
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Vector Field 71 + aZs + 73+ vZ4
For this vector field, on solving the equations (3.2.12) and (3.2.14), we obtain

w(z,t) = tF F(C), v(z,t)

2a—28 —2-28 2a—0 -B-
F6)=Kit 7, g(t)=5, h(t)=Kst 7 , p(t)=FKst 7, q(t)=Kst 7,
(3.2.16)

where K1, Ko, K3, K4, K5 are arbitrary constants. Substituting (3.2.16) into Eq. (3.1.3),
we have the functions F(¢), G(¢), H(¢) which must satisfy the following system of ODEs:

3G = DFQ = FCF(Q) = §O=FCF(O) + 5:CF()
HELF"(Q) + Ko F (C) + K3H(C)* =0,

FH(Q) = §CH'(Q) + 246 (O H'(C) + KaG"(QH(C) =0,
SCCNQOH Q) + KaH"(¢) = KaG' (¢ H(Q) + K5 F(Q)H(¢) = 0.

(3.2.17)

To construct solutions for above system, let us suppose that system (3.2.17) assumes

the solution in the following form:

F(¢) = ao + a1{ + a2(?,
G(¢) = bo + bi¢ + baC?, (3.2.18)
H(() = co+ 1€ + e2(?,

where ag, ay, az, by, b1, ba, co, c1,co are constants to be determined. Using (3.2.18) in
ODEs (3.2.17), we get a set of algebraic equations which can be solved to get the
following solution of eq. (3.1.3):

u(z,t) = —1/9tg (—a+2a%—1)2? ( ) K, 187 2K57 1,

(b0+1/6 a—1)z (t%>2K4_1ﬂ_1> N (3219)

—1 —
cixt B,

v(x,t) =t7 e

(2a+1)(a— 1)(4a2+20¢[3 davy— 'yﬁJrKQﬁer'y)

and from (3.2.16), we get K1 =0, K3 =1/9 s Bl ?Ks

Vector Field Z; +pZs5 + qZy
For this case, the similarity variable, similarity solution and coefficient functions are as
follows:

u(a,t) = 1 F(C), vl,t) = dCOH(), (=at™r,
q—2p 2—p —p—q

fOy=Kit 7, glt) =22, h(t)=Kst » , p(t)=Kat 7 , q(t)=Kst v ,
(3.2.20)
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Substituting (3.2.20) into Eq. (3.1.3), it follows the corresponding reduced ODEs:
UL Q) = SCF'(C) = THACF(C) + HC2F"(Q) + K F(C) + K2 F(¢) + K3 H(C)” =0,
—5CH'(C) + 2K4G' (O H'(C) + KaG"(Q)H(¢) = 0,

LG H(Q) + KaH"(¢) — K4G'(Q)*H(C) + K5 F(Q)H(C) = 0.
(3.2.21)

Solving above system of equations using substitution (3.2.18), we get the following values

of u(x,t),v(z,t):

+
K 16(3—2 K
qTp 16(372q+p)\/79p+9i18q ( q+p) 1

— 2
1 2 _ 2(1—p 1)
u(z,t) = tr (9 K3 p*co® 3pco? Ks wt P 9K co® (p+1-2)2° ¢ )
vy 8 3-2 ’
K S B
bo+2 /g ot P Kamt1/62% (007 ) Ky 1)

v(x,t) = el<
co—1/12¢ xt‘pil%mp_l )
V-t

—33434¢—17p—9¢2+9pq
[ ) K5

(3.2.22)

_ —32K;(3—2¢+p)
- 81K4(p+1—2q)K3p2602 :

and on using (3.2.20), we have Ky =

Vector Field Z5 + cZ4 + Z5

This case yields the following forms of invariants and coefficient functions:

u(xvt) - tCF(C)u ’U(.f,t) - elG(C)H(C)7 (=x— log(t),
ft)=Kit72, g(t) =52, h(t) = Kst™%, p(t) = Kqt~', q(t) = Kzt~ L.

On using (3.2.23) into eq. (3.1.3), it corresponds to the following system of reduced
ODEs:

c(e—=1)F(¢) — (2c = )F'() + F"(¢) + K1 F"(¢) + K2 F(¢) + K3sH(¢)* = 0,
—H'(¢) + 2K4G' () H'(¢) + K4G"(Q)H(¢) =0,

G'(Q)H(C) + KeH"(¢) — KaH(C)(G'(())? + K5 F(Q)H(C) = 0.
(3.2.24)

The variable coefficients Klein-Gordon-Schrodinger equation has the following solution

corresponding to above system of ODEs:

t°(Co24+4 K42
u(z,t) = —1/4 L),

. z—log(t) z—log(t) -2 C3 -2 z—log(t) 2 C3 2
v(g;’t):_l/261<1/2 K, +C2)\/_C4 (e Ty ) (ecg> ((e Cy ) (ecﬁ) +1],

(3.2.25)
where Cy, C3, Cy are arbitrary constants and K; = —1, Ky = —c? 4+ ¢, K3 = 0.
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Vector Field Z5 + dZ,
On solving the equations (3.2.12) and (3.2.14), we get

u(@,t) =t"F(C), v(z,t) =“OH(C), (=g,

3.2.26
£ = Kut=, gt) = 52, h() = Kot=2, ple) = Kat™, q(t) = K==,
We get the following system of ODEs using above transformations:
d(d —1)F(C) + K1 F"(Q) + K2 F(C) + KsH () =0,
LG/ (O H'(C) + KaG (O H(C) = 0, (3.2.27)

Ky H"(¢) — K4(G'(¢))*H(C) + K5 F(C)H(¢) = 0.

The above reduced system of ODEs corresponds to following solution of eq. (3.1.3):

u(:L‘, t) = —6 LK G5 KJ(%JFCWU L Cl) (3 2 28)
ch\/Kl K4 K3 K5 C5 gJ(C4+C5$OC1) e
v(z,t) = —6° oy ,

where Cy, Cy, Cs are arbitrary constants, Ko = —d?>+d and p denotes WeirstrassP func-

tion.

Vector Field Z, + aZs + Zg

Following the same way as above, we get

u(z,t) = et F(¢), v(z,t) =eCOH(), ¢ =1z — at,

(3.2.29)
f(t) = Ki, g(t) = K2, h(t) = Kze', p(t) = K4, q(t) = Kze™,

Substituting (3.2.29) into eq. (3.1.3), it follows the following system of reduced ODEs:

F(¢) — 2aF'(¢) + a*F"(¢) + K1 F"(¢) + K2F<<> + K3H(()* =0,
—aH'(¢) + 2K4G'(Q)H'(¢) + K4G"(Q)H(() = (3.2.30)
aG'(Q)H (C) + K4H"(¢) — K4(G'())*H (¢) + K5 (QH(¢) = 0.

On solving the above system of ODEs, we get the following solution:

et (a2Co%4+4 K42
; a(z—at) c—aty =2 [ C3\ 2 e—at\2 / C3\ 2
ol 1) = —1/26 (V2 K4t+€2)\/‘04(e =) () <(e =) <> +1>,

where Cy, C3, Cy are arbitrary constants and K; = —a?, Ko = —1, K3 = 0.
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Vector Field Z, + bZ;
For this case, the similarity variable, similarity solution and coefficient functions are

obtained as follows:

(3.2.32)

On using (3.2.32), eq. (3.1.3) transforms to following system of ODEs:

B*F"(C) + F(Q)F(C) +b°g(Q)F(¢) =0,
H'(¢) =0, (3.2.33)

G'(OH(C) =0.

For f(¢) = ¢, g(¢) = ¢2, we get the following solution of eq. (3.1.3):

" i(2p2 2 —1/2it(1+b2t)

u(x,t) = eb (ca Fy(—1/16 =4, 1y, YA ) =
. i(26%t41)° “1/2it(10%) 3.2.34
eb <02 Fl( 1/16 712b4+z 3/2 %) (2 b2t + 1) e b2 > , ( )

v(z,t) = e'20Y,

where C7,Cy are arbitrary constants and F} represents the hypergeometric function.

For f(¢) =sin(¢),g(¢) =1, eq. (3.1.3) possesses the following solution:

u(z,t) =ev (C1C (4, —2b72,—1/47+1/2t) + Co S (4, —2b72, —1/47 +1/2t)),
v(x,t) = 20y,
(3.2.35)
where Cy, (s are arbitrary constants and C, S represents Mathieu cosine and Mathieu

sine functions respectively.

Vector Field Z5 + Zg
For this vector field, solving equations (3.2.12) and (3.2.14), we get

u(x,t) = F(C)v ’U(x,t) = eiG(OH(C)a (=x—t,

(3.2.36)
f(t) = Ki, g(t) = Ko, h(t) = K3, p(t) = Ka, q(t) = K5,

By using above transformations in VCKGS equation, we get the following system of
ODEs:

F'(¢) + K1 F"(¢) + K2 F(C) + K3H(C)? = 0,
—H'(¢) +2K4G'(Q)H'(C) + K4G"(C)H(C) = 0, (3.2.37)
G'(Q)H(() + KyH"(¢) — Ky H(C)(G'(€))* + KsF(¢)H(¢) = 0.
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Solving above system of ODEs, we get the following solutions of eq. (3.1.3):

(i) u(z,t)=—1/4 %’
o(et) = RIC) (1204 4 4 (sinh (2 1)))?)
(i1) w(x,t) = —1/4 136 KL2Co? (3.2.38)
’ Ks Ky

i(1/2 2=t
v(z,t) = ez(1/2 Ky +CQ) (—3/4 Cy cosh (r(x,t)) + Cy (cosh (r(x,t)))?’) ,
where Cq, C5, Cy are arbitrary constants and r(x,t) = Co + C5 (x — t), Ko = 0, K3 = 0.
Vector Field Z5
For this vector field, solving the equations (3.2.12) and (3.2.14), we get

eiG(OH(C)v ¢ =t
g(t), h(t) =h(t), p(t)=p(t), qt)=q(?),

g
—~
s
=

I

|
—~
2\
:—/
=N
8

~
~

I

(3.2.39)
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The above forms of invariants and coefficient functions transforms VCKGS equation to

following system of ODEs:

F"(¢) + g(Q)F(¢) + h(O)H(¢)* =0,

—G'(QOH(C) +a(QF(QH(C) =0, (3.2.40)
H'(¢) =0.
For h(¢) = 0,9(¢) = ¢, Eq. (3.1.3) yields the following solution:
u(ac, t) =Cj A’i(—t) +Cy B’i(—t), (3'2‘41)

o(w,t) = e’i(f(Cg Ai(—t)+Cy Bi(—t))q(t)dt-&-(h)c%

where Cy,Cy, C3,Cy are arbitrary constants and Ai(t), Bi(t) are Airy wave functions.
For h(¢) = 0,g(¢) = ¢?, we get the another solution for Eq. (3.1.3).

u(z,t) = C1VtJL (1/2%) + Cs \/EYi (1/2¢2),
z'(fq(t) C1 \/EJ%I(l/QtQ)-i-CQ \/ZY%xr(l/2t2))dt+Cl) o

2

(3.2.42)
v(z,t) =e

where C7, Cs are arbitrary constants and J and Y are Bessel functions of first and second

kind respectively.
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Vector Field Zg

Following the same way as above, we get

u(z,t) = F(C), v(z,t) = eiG(OH(C), (=,

(3.2.43)
f(t) = K1, g(t) = Ko, h(t) = K3, p(t) = Ky, q(t) = K5,

The above tranformations corresponds to the following reductions of eq (3.1.3):

K\F"(¢) + K2F(¢) + K3H(¢)” =0,
K4H" () — K4H(C)(G'())2 + KsF(O)H(¢) =0, (3.2.44)
2G'(Q)H'(¢) + G"(Q)H(C) = 0.

The above system of ODEs can be solved to get the following solutions:

i K4 (2C4 (sin(C1+C5 2))?C3%2—2 Cy (cos(C1+Cs x))* C3?)
(/L) U(IE,t) - (—1/204+C4 (cos(C1+Cs a)))Q)K5 ’

v(z,t) = 1 (—1/2 Cy+ Cy (cos (C1 + C3 x))2> ,
(i) (o, t) = — LHaCa (C1e") ey Ky C?

Ks C44(e01+63 1)12 !
v(x,t) = 10y (eClJrC”)S,
(iii) u(z,t) = K, Cp?

K5 (C4+C5 (C14+Cs )t
v(z,t) = €1 (Cy + C5 (C1 + C32)),
() u(z,t) =
K4 O3 sin(C14C3 z) (3/4 C1+6 Ca(cos(C1+Cs ))?—3 Ca (sin(C1+Cs 2))?) (v(,) /e7C1 ) — Ky Co?
B K (v(:p,t)/eicl)4 ’
vz, t) = O (—3/4 Cy sin (C) + O3 z) + Cy (sin (Cy + Cs x))3) ,

(3.2.45)
where C7,Co, C3,Cy,Cy are arbitrary constants and Ko = 0, K3 = 0. It is worth men-

tioning here that the solutions (3.2.45) are functions of z only.

3.3 Exact Traveling Wave Solutions for Eq. (3.1.1) Using
Modified (G'/G)-Expansion Method to Reduced ODE
(3.2.8)

In this section, we utilized the modified (G’/G)-expansion method as discussed in section
(1.7). Assume that the solution of Egs. (3.2.8) can be expressed by a polynomial in
(G'/@) as follows:

U(§) =ao+ 2%, 4 a (g((g)))i b (g((g)_i} 7

, i (3.3.1)
B n G/ 5 J G/ é J
V(€) =co+ Zj:l G (G((f))) +d; <G((£))> } ’
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where ag, a;, b;, co, ¢j,d; are constants and the positive integers m,n can be determined
by considering the homogeneous balance of the highest order derivatives and highest
order nonlinear appearing in ODEs (3.2.8). The function G(§) is the solution of the
auxiliary linear ODE

G"(€) + nG(€) = 0, (3.3.2)

where 1 is a constant to be determined and the nonzero parameter p in Eq. (3.3.2)

plays an essential role in the determination of the type of the solutions. Indeed,

1. If 4 < 0 then we find the hyperbolic-type solutions and we have

G _ — Asinh \/jﬂf‘f‘BCOSh Hé‘
G \/7 (Acosh v/—p&+Bsinh \/Tug) ) (333)

2. If u > 0 then we find trigonometric-type solutions and we have

G _ Acos \/pé—Bsin /i€
= = \/IU’ (Asin /1é+B cos \/,75) ) (334)

where A, B are arbitrary constants. Noticing the homogeneous balance of highest or-
der derivatives and nonlinear terms appearing in Eq. (3.2.8), we get m = 2,n = 2.

Consequently, it follows from (3.3.1) that

U(€) =ap+a (GG,(%))> + ag (gég)Q + b1 (g((g)))_l + by <G/((§))>_2 )
) (€

(3.3.5)

U

¢
V() =cota (g(%) ) te (g((f)))Q +d <%)_1 2 (G(g >_2 '

On substituting (3.3.5) into the first equation of ODE (3.2.8) and using linear ODE

(3.3.2), collecting all terms with the same powers of (G'/G) together and equating their
coeflicients to zero, yield a system of algebraic equations for ag, a1, as, b1, bo, cg, ¢1, c2, d1, ds,

u,p as follows:

24 p?by 112 — 6 2by % + dy? = 0,

//~
N—
W~

| |
w

—2¢%by i+ 8p*b p 4+ 2di do = 0,

|
N

32p2b2/,6—862b2u—|—d12+200d2—|—b2 =0,

I
—

—2¢%by 1+ b1 +2c1dy + 8p?by pu+2cpdy =0,

ao—262a2u2+8p2a2u2+602—|—8p2b2—|—2cld1+202d2—2c2b2 =0,

[y

2ch1+a1+20001+8p2a1u—202a1u:0,

[\

012+20002+a2—802a2,u+32p2a2,u:0,

N N N T N N N T N
QR A R AR QY AQ AR QQ

A W e e W W g
o

w

2¢1 ¢ —2c%a; + 8pPa; =0,
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N 4
(%) ¢ —6car+? +24p%a = 0. (3.3.6)

Substituting (3.3.5) into the second equation of ODE (3.2.8), yields following system of

algebraic equations:

b2d2+6d2,u2 :0,

N——
W~

| |
w

bodi +2dy p* 4 bida =0,

|
o

—p2d2—Td2+8d2u+bld1+a0d2+5200=0,

|
—

—rdy + a1 dy + agdy — p*dy +bacy +2dy i+ by cg = 0,

o

202u2+a1d1+a2d2+b101+6202+aoco+2d2—rco—p200:0,

2¢i i —rer 4+ aycop — pPer +asdy +bico +ager =0,

V)

N N N N N N, N TN,
QR A AR QR AQ A QU QA AR
A e e e e e U g

T ascy —TCQ—p202+a161 +8cop+ apgce =0,
3
:asc)+ajco+2c =0,
4
: 6ca+agscg =0.
(3.3.7)
Solving the algebraic equations (3.3.6) and (3.3.7), yields the following cases:
Case (i). ap=0, a1 =0, aa =0, by =0, b2:7(427262)2, c0=0,c1=0, =0,

dlzwv d2:07 ,U:%—i-%,p:%,

.. 2 1672 2 A
Case (ii). ap = ‘%” + 31% — 3VI16r +81’"60 +2=16 00 =0, ay =0, by =0,
. 2 . 2
(= — <+ L V16r24+8rc2+c2—16)r 3c2(ZE— < + L V/16r2+8rc2+c*—16
8§ 33733 - + 8§ 33733 <
M

— 3
by = 55 +
_ 2 V162 2 A
60:3\/%—%2—1- Lori8rete 10 ¢) =0, e =0, dy =0,
_q(=r _ c V16r2+8rc2+c*—161(3/2) _ —r _ V16r248rc?4+c1—16
d=3(% — 5+ 32 W p=g -t 52 )

- 4 c2  V/16r2+48rc24ct—16
2 8 8 ’

p:

—3/2
Case (iii). d» = —5, (—1/2 A —2r+1/2V/A +8r2 + 1672 + 8) ,

-1
a1 =0, ag = —6, 62:3% (—c4+(1/402+r) (202—87“+2\/c4+8rc2+16r2+8> —2—47“02) ,

b1 =0, co=0, c1 =0, ¢ :6\/—1/2@2—2r+1/2\/c4+8r02+16r2+8, dy =0,
_ _3 fc4+1/402(20278r+2\/c4+8r02+16r2+8)72+r(2c2787“+2 \/c4+8r02+16r2+8)74r02

a0 =3 —cO4+(1/4 A 42rc?+4r2) (228742 V14872 +16 12+8) =3 2~ 127+ 48 rc?+16 r2+-8—8rct —16 r2¢2

1
,u:—(—402—16T+4\/c4+8r62+167’2+8) , p:1/4\/202—8r+2\/c4+8r02+167’2+8,

Case(iv). a9 =0, a1 =0, ag = -2, by =0, bo =0, ¢o =0,
61:\/57 62:07 dlZO, d2:07 /L:%+§vp:%a
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Ficure 3.1: Traveling Solution of FIGURE 3.2: Traveling Solution of
the field uq (z,t) the field |vq(x,1)]

Case (v). a():r—i—%, a1 =0, as = -2, by =0, bgz%, co=0, c1 =2,

—V2(4r+c? _ 2
=0, dy = 2D gy =0, u=7 - % p=¢,

Case (vi). ag =5 + %, a1 =0, ag =—2, by =0, by = 7_(4;’?;2)2, co=0, c1 =2,
=0, dy= 20 gy =0, p=5+ 5, p="5.

(3.3.8)
Corresponding to the above six cases and on substituting the general solution of (3.3.2)
given by (3.3.3) and (3.3.4), we obtained traveling wave solutions of the coupled Klein-
Gordon-Schrédinger equation (3.1.1) which have been descibed in following subcases:
Subcase 1. If y > 0, we obtain

Case (i) gives the following values of u(x,t) and v(x,t):

U (.CIZ t) o _1/32 (47"—i-c2)2(Asin(\/W(oc—ct))-i-Bcos<\/m(gc—ct)))2
1L L) = (1/2r+1/8c2)(Acos(\/m(x—ct)) —Bsin(\/m(x_ct))>2y
ei(1/2cz+rt)\/5(4r+c2)(Asin(W(ac—ct)) +Bcos<\/m(x—ct)))

\V1/2r+1/8c? (Acos(\/1/27“+1/802(1‘—ct)) —Bsin(\/1/27"+1/802(:L‘—ct))>
(3.3.9)

On choosing the constants r = 1,¢ = 2, A = 1, B = 2, the traveling waves corresponding

vi(z,t) =1/8

for wi(x,t) and |vi(z,t)| (where |vi(z,t)| represents the norm of wvi(z,t)) have been

shown in Fig. (3.1) and Fig. (3.2) respectively.
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Corresponding to Case (ii), we have

V16r2+8rc2+c*—16
2$,t)—3r—|— 2 _ 3/16r +§i%c +c 16+

u
(& +G/2r+ 3/8c )&~ &+ 5 V167 T8 + T 10))
( sm( (z—2pt) )+B Cos(\/ﬁ(a:—2pt)))2,u*1

( cos( (z— 2pt)) Bsin(\/ﬁ(ac—2pt)))2

(1) = eilPrtrt) (3 \/—1/87« —1/32¢2+1/32 /1672 + 872 + ¢t — 16

I

+ 3¢ilptr) < (—1/8r—1/32¢241/32 VI6 1748247 —16) " * (Asin(/i(z—2 pt) )+ B cos( (@ —2pt)) )
" (A COS(\/E($72 pt))fB sin(\/ﬁ(172pt)))2

(3.3.10)
VieriisrraA-1s . /- NiTr R TN ST
where p, p are given by u = - 32+ 16r2+8r62+c4 16 p= 5 + % — 16T2+8g02+c4 16
Case (iii) yields the followmg solution of Eq. (3.1.1):
u:;(.%', t) =
_3 —C4+1/402(262—87"+2\/C4+87‘C2+167"2+ ) 2+7’(262—87’+2\/C4+87‘C2+167"2+ ) —4rc?

2 —cS+(1/4ch+2rc2+4r2) (22— 8r+2\/c4+8r02+16r2+8) 321274/ cT+87rc2+16 r24-8—8rct—1672¢2
M(Acos(\/ﬁ(x—th)) Bsm(\/ﬁ(x 2pt)))
(Asin(\/ﬁ(r—2pt))+Bcos(\f(z—2pt)))
(Asin(\/ﬁ(a:—th))—i-Bcos(\/ﬁ(x—th))>2
(—c4+(1/4 c2+7’)(2 c2—8r+42 m)—2—4 ch),u (A cos(\/ﬁ(x—Zpt))—B sin(\/ﬁ(m—2pt)))2 ’

3
+33

Ug(.%' t) :ei(prth \/ 1/2¢2— 2r+1/2\/mu(Acos(f(x 2pt)) Bsin(\/ﬁ(:z:Zpt)))2>
’ (Asm(f(a: th))—l—Bcos(f(ac 2pt)))

_ei(paz+7“t) 3 (A sin(\/ﬁ(:J:prt))JrB cos(\/ﬁ(gcprt)))2
2 (—1/2c2—27"+1/2\/c4+8r02+167“2+8)3/2u(Acos(\/ﬁ(m—2pt))—Bsin(fx 2 pt) ))2
(3.3.11 )

-1
where p, p are given by p = — (—402 — 16T+4\/C4+87‘62+16T2+8) ,
p= 1/4\/262—8r+2\/c4+8rc2+16r2+8.

Corresponding to Case (iv), we get

5 (1/21”-1—1/802)(14005(\/1/2r+1/802(x—ct))—Bsin(\/1/2r+1/802(a:—ct)>)2

u4($>t) T (Asin(s/1/2r+1/802(:c—ct)>+Bcos(\/1/2r+1/802(x—ct)))2 '
(2.1 i(1/2catrt) /3, /1/2741/8 c2 (Acos(\/1/2r+1/802(x—ct)) —Bsin(\/1/2r+1/8c2(a:—ct)>)
V4T, 1) = .

Asin(\/1/2 r+1/8 CQ(I—Ct))+BCOS(\/1/2T+1/8 cz(x—ct))
(3.3.12)

Case (v) corresponds to the following solution of Eq. (3.1.1):

us(x,t) =r +1/4c

» (—1/4T—1/16c2)(Acos(\/—1/4r—1/1602(z—ct))—Bsin(w/—1/4r—1/16c2(29v—ct)))2
(Asin(s/—1/47'—1/16CQ(x—ct))—&—Bcos(\/—1/4r—1/1602(m—ct)>>

1 (4r+02)2(Asin<\/—1/47”—1/1602(z—ct)) -i—Bcos(\/—1/41”—1/16c2(;13—ct)))2

128 (-1/4r—1/16 02)(Acos<\/ —1/4r—1/16 cz(x—ct)) —B sin(\/—1/4r—1/16 02(93—015)))2 ’
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vs(2, 1) =
/2ot <\/§\/W (Acos(/~1/ar—1/16¢ (@—ct)) ~Bsin(/~1/4r—1/16¢% (v—ct)) ) )
Asin(/~1/Ar—1/16 2(x—ct) ) + B eos (/—1/r—1/16 2(z—ct)
_eil1/2etr) /1 ( Va(ar+e?) (Asin(y/~1/Ar— 1716 2 (a—ct) )+ Bcos(/~1/ar—1]16 2(a—ct))
V/1/Ar—1/166% (Acos(/~1/ar—1/16 2 (z—ct))~Bsin(/~1/Ar—1/16(z—ct)) )
(3.3.13)

The coupled Klein-Gordon-Schrodinger equation has following solution with respect to

case (vi):

ug(x,t) =1/27r 4+ 1/8¢c?
_2 (1/87+1/32¢2) (Acos(/1/8711/32 2 (a—ct)) ~Bsin(/1/8r11/32 2 (a—ct)) )
(Asin(y/I/Br+1/32E(0—ct)) + B cos /15182 2 (a—ct) )
L (aree)’ (Asin(\/1/8 417323 (0—ct)) +Beos(y/18r1/32 2 (a—ct)) )
512 (1/87+1/32¢2) (Acos(y/1/87+1/32 2 (w—ct) )~ Bsin(\/1/81+1/32 2 (2 —ct) ) )
ve(z,t) =
(12 (ﬁ\/m (Acos(/T/87 1173263 (a—ct) )~ Bsin( /18117328 (a—ct))
Asin<W(m—ct))—i—Bcos(W(m—ct))
1 geiti/2enn) ( Va(arte2) (Asin(y/1/87+1/32 2 (a—ct)) +B cos(/1/811/32 2 (a—ct)) ) > |

29

/1/81+1/32c2 (Acos(\ /1/87+1/32 c2(x—ct)) B sin(\ /1/87+1/32 cQ(x—ct)))
(3.3.14)

The traveling waves for ug(x,t) and |vg(z,t)| for r = 8,¢ = 4,A = 1, B = 2 are shown
in Fig. (3.3) and Fig. (3.4) respectively.
Subcase 2. If iy < 0, then we obtain

Case (i) gives the exact traveling wave solution of Eq. (3.1.1) as

(4 7“+02)2 (A cosh(W(m—ct))—i—B sinh(\/m(ac—ct)))2
(1/2r+1/8c2)(Asinh(\/—1/27’—1/802(90—015)) +Bcosh(\/—1/27“—1/802(z—ct))>2 ’
ei(1/2 C$+"'t>\/§(4r+c2) (Acosh(w/—l/Q r—1/8 62(£E—Ct)) +B sinh(w/ —-1/2r-1/8 02(z—ct))>

v —1/2r—1/8¢c? (Asinh(\/—1/27“—1/802(z—ct)) +Bcosh<\/—1/27‘—1/802(:5—015)))
(3.3.15)

ur(z,t) =1/32

vr(z,t) =1/8

Equation (3.1.1) possesses the following solution corresponding to Case (ii):

ug(w,t) = 3/4r +3/16¢* —3/16 V1672 + 8rc? + c* — 16—
(2+&+%) (7-5+% \/16r2+8r02+c4— 16))

(A cosh(v/—p(x—2pt))+Bsinh(v/—u(z—2 pt)))
(Asinh(y/—p(z—2pt))+B cosh(v/—p(z—2pt)))?

vg(z,t) = etPrtrt) (3\/ 1/87 —1/32¢2 4+ 1/32v1672 + 8rc? + c* — 16)

w‘w

—36i(px+ﬁ) ( 1/87—1/32¢?+1/32/1672+8 rc2+ct— 16)3/ (A cosh(y/—(x—2 pt))+Bsinh(y/—p(z—2 pt)))?
1 (Asinh(y/—(x—2 pt))+B cosh(y/—p(z—2 pt)))?

(3.3.16)
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FicURrRE 3.3: Traveling Solution of FicURE 3.4: Traveling Solution of
the field ug(x,t) the field |vg(x, )]

V16r2+8rc2+ct—16 V167r2+8rc?4+ct—16
32 :

2
— —-_r [l
yP=1y\ 3 T3 3

where u, p are given by pu = %”—%4-

Case (iii) corresponds to the following values of u(z,t) and v(z,t):

UQ(J;’ t) =
_3 —C4+1/4C2(262—87‘+2 \/c4+8r02+16r2+8)—2+7'(202—87“+2 \/c4+8r02+16r2+8)—4r02
2 —06-1—(1/4c4+2rc2+4r2)(2c2—8r+2\/c4—|—8rc2+167"2+8)—3c2—12r+\/c4+8r02+16r2+8—8rc4—16r202
+6 p (Asinh(v/=p(z—2pt))+ B cosh(y/—p(z—2pt)))*
(A cosh(v/—p(z—2 pt))+Bsinh(v/—u(z—2 pt)))* )
3 (A cosh(v/=p(x—2pt))+Bsinh(y/—p(z—2pt)))
32 (—c4+(1/402+r)(2 c2—8r+2+/c1+8 r02+16r2+8)—2—4r02)p (Asinh(y/—(z—2pt))+B cosh(v/—p(z—2pt)))*’

vg(z,t) =

pi(pz+rt) 6 \/—1/2 2—274+1/2/c 48 rc2+16 r2+8u (Asinh(v/—(x—2 pt))+B cosh(v/—u(z—2 pt)))*
(A cosh(y/—a(z—2 pt))+ B sinh(y/—u(z—2 pt)))*

Leilprtrt) (3 (A cosh(y/=p(z—2pt))+B sinh(y=p(z~2pt)))*
32 (“1/2¢2—274+1/2 VA8 12+ 161748) " 1 (Asinh(y/=7i(z—2 pt) )+ B cosh(y/—fi(z—2 pt)))?
(3.3.17)

-1
where 1, p are given by p = — (—402 — 167+ 4V c* 4+ 8rc? + 1612 -|—8> ,

p=1/4V2c—8r+2Vc " +8rc2 + 1672+ 8. The traveling waves for ug(z,t) and
lvg(z,t)| for r = 1,¢ = 2,A = 1,B = 1/2 are shown in Fig. (3.5) and Fig. (3.6)

respectively.



Chapter 3. The Coupled KGS Equation and its Generalized Form 69

FicURE 3.5: Traveling Solution of FIGURE 3.6: Traveling Solution of
the field ug(x,t) the field |vg(x, )]

Case (iv) yields the following solution of Eq. (3.1.1):

(1/27"—1-1/8 02) (Asinh(ﬁ —-1/2r—1/8 cz(a:—ct)) +B COSh(\/—1/2 r—1/8 cz(x—ct)>>2

UIO(:E’t) - (Acosh(w/—1/27"—1/8cz(x—ct)>+Bsinh(\/—1/2r—1/802(a:—ct)>)2 ’
( t) ei(1/2c”+’"t)\/§\/—1/2r—1/8(32(Asinh(\/—1/27’—1/862(33—(:15))+Bcosh(\/—1/2r—1/802(z—ct)>>
V10T, = .

Acosh(\/—1/2 r—1/8 cz(x—ct)) +Bsinh<\/ —-1/2r—1/8 CQ(x—ct))
(3.3.18)

Case (v) gives the following traveling wave solution:

ury(z,t) =7+ 1/4c2

(-1/47-1/16 c2)(Asinh(\/m(zfct))+B cosh(\/m(xfct)))z
(Acosh(y/1/4741/16 2 (a—ct)) + B sinh(\/1/4r+1/16 & (a—ct)) )

. (47+¢2)? (Acosh(y/1/47+1/16 (s —ct) )+ Bsinh(/1/47+1/16 Z(a—ct) ) )

128 (—1/4r—1/1602)(A sinh(\/1/47"+1/16 CQ(LL‘—Ct)> +B COSh(\/ 1/4r+1/16 C2(I—Ct))>2 ’

+2

2

V11 (.fL', t) =
i(1/2 catrt) V24/1/4741/16 c2 (A sinh(s/ 1/4r+1/16 02(acfct)) +B cosh(\/ 1/4r4+1/16 cQ(xfct)>)
¢ Acosh(\/1/4r+1/16 c2(m—ct))+Bsinh<\/1/47‘+1/16c2(a:—ct))
1 /160101 2671 \/5(47"-‘,—02)<Acosh(\/1/4r+1/16 c2(a:—ct)) +B sinh(«/1/4r+1/16 c2($—ct)>>
€ \/1/4r+1/1602(Asinh<\/1/4r+1/16cz(x—ct))+Bcosh(\/1/47"+1/1662(x—ct))) ’
(3.3.19)

The traveling waves for ui1(z,t) and |v11(z,t)| for r = 8,¢ = 4,A = 1,B = —2 are

shown in Fig. (3.7) and Fig. (3.8) respectively.
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FicUure 3.7: Traveling Solution of FI1GURE 3.8: Traveling Solution of
the field wuyq (2, 1) the field |vq1(z, )]

Equation (3.1.1) has the following solution corresponds to Case (vi):

upa(z,t) = 1/2r +1/8¢2

9 (1/8r+1/3202)(Asinh(V71/81'71/3202(:10701‘,))+Bcosh<\/71/81"71/3202(907015)))2

(Acosh(\/71/8r71/3202(xfct)>+Bsinh(\/71/87171/3202(3:701%)))2
1 (47’—}—02)2(Acosh(ﬁ—1/8T—1/3202(x—ct)) +Bsinh<\/—1/87"—1/3202(90—015)))2

512 (1/8r+1/3202)<Asinh(\/—1/8r—1/3202(x—ct)>+Bcosh<\/—1/8r—1/32c2(w—ct)))2’
vlg(as,t) =

i(1j2casrr) [ V2V IBT-1/32E (Asinh(\/—l/Sr—1/32 c2(a:—ct))+B cosh(\/—l/Sr—1/32 c2(x—ct)))
€ Acosh(\/—1/8r—1/32cz(az—ct))+Bsinh(\/—1/8r—1/32c2(:1:—ct))
—1/32€i(1/2 ca-trt) < \/5(4r+02)(A cosh<\/71/8 r—1/32 cQ(xfct))+Bsinh<\/71/81”71/32 cQ(wfct)))

/—1/87—1/32c2 (Asinh(\/71/8r71/32 02(zfct)> +B cosh(\/fl/S r—1/32 cQ(xfct)>) ‘
(3.3.20)

3.4 Discussions and Concluding Remarks

In this chapter, we have established the traveling wave solutions of the Klein-gordon-
Schrodinger Eq. (3.1.1) using Lie classical method and the modified (G’/G)-expansion
method. These traveling wave solutions are expressed in terms of hyperbolic, trigono-
metric and rational functions involving arbitrary parameters. When these parameters

are taken special values, the solitary waves are derived from the traveling waves. It has
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been shown that the proposed method is direct, concise, basic and effective and easy
to calculate, and it is a powerful mathematical tool for obtaining exact traveling wave
solutions of nonlinear evolution equations and can be used to solve other nonlinear PDEs

in mathematical physics.

Keeping in view the efficacy and physical importance of the Klein-Gordon-Schrédinger
equations, we have studied here the coupled KGS equation in variable form. By the
Lie classical approach, we have investigated the symmetries of VCKGS equations and
utilized these symmetries for obtaining group infinitesimals that are helpful in the re-
duction of a system of PDEs to a system of ODEs. After that by solving the reduced

ODEs, new exact solutions are obtained.

Remark 3.4.1. By applying the Lie classical approach, we are able to find vector fields
that are used to derive exact solutions of the nonlinear system (3.1.3) in variable form.
Corresponding to certain vector fields, we have obtained solutions involving special func-

tions such as Airy wave functions, Bessel functions, Mathieu functions etc.

Remark 3.4.2. Here, the variable form of KGS equation has been studied for new sym-

metry reductions and exact solutions that are not found in the literature.

It is worth mentioning here that the authenticity of all the solutions has been checked

with the aid of Maple software.






Chapter 4

The (2+1)-Dimensional potential

Kadomstev Petviashvili Equation

and its Generalized Form!

4.1 Introduction

The (2+1)-dimensional PKP equation [21, 154]

3 1 3
Oyt + §O'x0'xx + Zo'xx:c:c + Zayy =0, (4.1.1)

describes the dynamics of 2-dimensional, small, but finite amplitude waves and solitons
in a variety of media, for example, in plasma physics, hydrodynamics and solid-state
physics. This equation is also derived in various physical contexts assuming that the wave
is moving along = and all changes in y are slower than in the direction of motion [91]. It
is well known that the PKP equation arises in number of remarkable non-linear problems
both in physics and mathematics. The mathematical interest of this equation stems from
the fact that it is associated with certain infinite-dimensional Lie algebras and groups
[152]. The solutions of PKP equation have been studied extensively in various aspects
since they were first found. By using various techniques and methods exact traveling
wave solutions, linearly solitary wave solutions, soliton-like solutions and some numerical
solutions were obtained. Senthivelan [98] has studied the traveling wave reductions
for certain (2+41)-dimensional and (3+1)-dimensional physically important nonlinear
evolutionary equations by using the homogeneous balance method. In [33, 34], Li and

Zhang obtained some exact solutions by improving on the key steps of homogeneous

1A part of this chapter has been published in Applied Mathematics and Computation, 219
(2013) 5290-5302.

73
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balance method. Kaya and El-Sayed [30] have presented an Adomian’s decomposition
method for obtaining the numerical soliton-like solutions of PKP equation. Inan and
Kaya [55] found some exact linear soliton solutions by improved tanh function method.
Exact periodic kink-wave solution, periodic soliton and doubly periodic solutions for the
PKP equation are obtained using homoclinic test technique and extended homoclinic
test technique in [169]. Z. Dai et al. [170, 171] discovered singular periodic soliton and
spatial temporal bifurcation for KP equation. Zhu and Geng [71] obtained N-soliton
solution of the variable coefficient KP equation by using Pfaffian technique. Here, we
obtain the similarity reductions of the PKP equation followed by their exact group-

invariant solutions.

The physical situations in which nonlinear equations arise tend to be highly idealized
due to assumption of constant coefficients. Due to this, much attention has been paid on
study of nonlinear equations with variable coefficients to obtain exact solutions and some
recent contributions are in [72, 73, 122]. These exact solutions provide much information
about nonlinear phenomena and well descibed various aspects of the physical phenomena
and these solutions are also useful to discuss and examine the sensitivity of physical
phenomena with several important parameters described by variable coefficients. In
this chapter, we will also study the generalized form of PKP equation i.e. the (2+1)-

dimensional PKP equation with variable coefficients
Ozt + (t) 023000 + B(t)Orpaa + 6(t)oyy =0, (4.1.2)

where «(t), 5(t) and §(t) are arbitrary functions.

The outline of this chapter is as follows: In section (4.2), by using the Lie group theory,
we find out the symmetries of PKP equation (4.1.1), utilize the symmetries to reduce
equation to (141)-dimensional linear and nonlinear PDEs and then construct the ex-
act solutions. In section (4.3), we investigate variable coefficient potential Kadomstev
Petviashvili (VCPKP) equation (4.1.2) for integrability and for the exact solutions us-
ing combination of Lie classical method and several other methods including extended

(G'/G)-expansion method and some concluding remarks are given in last section.

4.2 The potential Kadomstev Petviashvili Equation

In this section, we will first determine the Lie point symmetries of (4.1.1) and then use

them to construct some exact solutions.
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4.2.1 Invariance and Infinitesimal Characterization

To apply the classical method to (2+41)-dimensional PKP equation, we consider the one
parameter Lie group of infinitesimal transformations in (z,y,t,0). The associated Lie

algebra of infinitesimal symmetries is the set of vector fields of the form
V=(2+08 +75+nd. (4.2.1)

We then require that the transformations leave the set of solutions of (4.1.1) invariant.

This yields an overdetermined following linear system of equations for the infinitesimals

£(x7 y7 t’ 0)7 ¢("B7 y7 t? 0-)7 T("L‘7 y7 t? O-) a’nd n($7 y? t? U):

1’) 0 QSO' — 7
zz)Tx—O =0, 7, =0,
iit) & = 0,

i) Neo = 0,

»lk\w

(

(

(

(

(v) %Tt =0,
(vi) *3€m + Mo = 0,
(vid) ¢1 + 36 =0, (4.2.2)
(vidi) $6z — 50y + 37 =0,

(ix) 3 5N + Tt — 3£, =0,

(2) — &oaa — & + 3Maao + 310 =0,

(1) 3z — 3z =0,

(wii) — 4§yy 4£$a¢:pm + Nezzo — Sat + %nmz + e =0,

(ziii) — 4¢yy 277y0' =0,

(

13“1) Nzt + 4nxmzx + 477yy =0.

The general solution of this large system provides following forms for the infinitesimal

elements 1, £, ¢ and 7:

n=—f(t)o + 5 f(t) + (22 f"(t) — dyg"(t) + 21 () + &yt f"(¢)
+arytg” (t) — 5UPh (1),

§=xf(t) = 3971 (t) — 3ug (t) + h(t), (4.2.3)

¢ =2yf(t)+g(t),

T:3ff(t)

where f(t), g(t) and h(t) are arbitrary functions of ¢ in a C'*° class and the primes denote
time derivatives. We find that the symmetry algebra of the PKP equation is infinite
dimensional and depends on three arbitrary functions of time. The general element of

the symmetry algebra of the PKP equation can be written as V = X (f)+ Y (g) + Z(h),
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where

XU%Z%ﬂﬂ%+3ff)%+wﬂ04‘“yf%) —of(t) &
+322 /(1) 2 — a2 (D + &yt (),

Y(g) =g(t) & - 3yg( )& — sy ()2 + 881y39/”( )&,

Z(h) = h(t) & + 32/ (1) & — §y*h" (1) &

(4.2.4)

4.2.2 Similarity Variables, Similarity Forms and Reduction of Inde-
pendent Variables

Having determined the infinitesimals, we find the symmetry variables by solving the

invariant surface condition

@E§%+¢%+T%—n=0. (4.2.5)

The general solution of above equation involves three constants, two become independent
variables p,1 and other plays the role of new dependent variable H(p,1). By solving
the equation (4.2.5) we have

o(z,y,t) = x(z,y,t) + ——+H(p,v), 4.2.6
(z,y,t) = x(2,y,t) 7703 (p, ) (4.2.6)
where
12 4 wf) 8 wAf®? | 4 y4f”(t) I (G R (0
X@y,t) = 57y ~ @) TSI T am (Jf) ~ 288 ([ fp)? AT FOF
SO N WO W (ONRNY (R yg(t) QRN $27,G0
TR W) B Fw) T OCF@) T ®) 79 ([F1)7 8L ([ (1)
480 yPgf®)? 16 y’9()S () | 8 yg(Dh(D) _,_; zg(t)” y g(t)g() 120 (D)
2187 U F@F ~ 720 (f@)? ST F@)? TSI @) — 213 T ray? T 9 ()
420 yg(t) + 4 8 y2h(t) f(t)
2187 (PR + 81T fG7
(4.2.7)
— U ; g(t)
(f f(8)3 (f f)3’
p=—=2 42 yg(t)4 +2 Y2 f(t) f h(t) . f (4.2.8)
Jrent  graent  Ygraent 3 grapt 7T (ff

Here o(z,y,t) is a solution of the PKP equation for any sufficiently smooth function
f(t) # 0 if and only if H(p, 1)) satisfies the equation

1Hpp + 3 HyHyy + 3 Hyyyy = 0. (4.2.9)
If f(t) =0, then on solving the characterstic equation (4.2.5) we have

o(z,y,t) = v(z,y,t) + —=H(p, ), (4.2.10)

Q

—~
o+

~
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where
_12%g'(t) | 1zyd () 1axyh(t)g'(t)  1zh()?  2xy%¢"(b) 1 y*g ()" (1)
V(@) = 55560 + 5 — 3R sy — 5 e g0 .
+gy3h(t)g”(t) + 2 ytg"'(t) | 2y () n 4 P (D' (1) + 2y2hMP () 4 y3R'®) | 1 yte'(1)®
27 g(t)? 81 g(t) 3 g() 27 g(t)? 3 g(t)? 27 g(t) 54 g(t)3
15h()g ()2 1y%g (H)h(t)?
9 g3 2 g3

(4.2.11)

z _ _ yh(t) | 192%9'(1) (4.2.12)
1 3 —"_ .
g)z  g(t)2

In this case o(x,y, t) is a solution of the PKP equation for ¢(t) # 0 if and only if H(p, 1)

satisfies the equation

Hpy + 5 HyHyy + 1 Hpppy = 0. (4.2.13)

If f(t) =0 and g(t) = 0, following the same way as in above cases, we get

{EQ}’L/ T Qh// 4h///
o(z,y,t) =yl — dnell g L L H(y,b). (4.2.14)

Here (4.2.14) solves the PKP equation for any sufficiently smooth h(t) # 0 if and only
if H(y,t) solves the linear equation

Hy, = 0. (4.2.15)

Combining the above results, we obtain some reduced equations of Eq. (4.1.1) expressed
by Egs. (4.2.9), (4.2.13) and (4.2.15), respectively. Meanwhile many new solutions of
Eq. (4.1.1) from these reduced Eqs. can be achieved (as we have done in the next

section).

4.2.3 Solutions of PKP Equation Obtained by Symmetry Reduction
Our main goal is to derive exact solutions of (4.1.1) as exact solutions are helpful for

mathematical as well as physical description. In this section, we will look for some exact

solutions of Eq. (4.1.1) by the reduced equations in above section.

4.2.3.1 Exact Solutions of Eq. (4.2.9)

Next, we look for the group-invariant solutions to Eq. (4.2.9). The finite-dimensional

symmetries of Eq. (4.2.9) form a five-dimensional Lie algebra generated by following
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vector fields:
Zy = + 208 - Hip

Zy = 4

Z3 =%, (4.2.16)
Zy = p3y

Zs = 5%

The communication relations between these vector fields is given in Table (4.1). To each
s-parameter subgroup there corresponds a family of group invariant solutions. So, in
general, it is quite impossible to determine all possible group-invariant solutions of a
PDE. In order to minimize this search, it is useful to construct the optimal system of
solutions. It is well-known that the problem of the construction of the optimal system
of solutions is equivalent to that of the construction of the optimal system of subalge-
bras. Here, we will deal with the construction of the optimal system of one-dimensional
subalgebras of (4.2.16). The construction of the one-dimensional optimal system of sub-
algebras can be carried out by using a global matrix of the adjoint transformations as
suggested in [83, 111]. The latter problem, tends to determine a list (that is called
an optimal system) of conjugacy inequivalent subalgebras with the property that any
other subalgebra is equivalent to a unique member of the list under some element of the
adjoint representation. To deal with the optimal system of subalgebras of (4.2.16), the

adjoint representation is given in Table (4.2).

TABLE 4.1: Commutator Table

7L | 2o | Zs | Zi | Zs
Z1 0 —Zo | =275 | 344 | Zs
Za Z 0 0 0 0
Zs | 275 | 0 o |z |o
Zy | =324 0 —Zs 0 0
A Zs 0 0 0 0
TABLE 4.2: Adjoint Table
7 7 Zs 7 7
Z1 Z1 Zoe 23626 Z4€_36 Zse” €
Zy | 21— €y Zy Z3 Zy Zs
Zg Zl - 2623 Z2 Zg Z4 - €Z5 Z5
Zy | 21+ 3eZy Zy Zs + €25 Zy Zs
Zs | Z1+€Zs | Zy Z3 Zy Zs5
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The optimal system for (4.2.16) consists of following vector fields:

(i) Zy, (it) Zao+ BZa, (iii) Zo+ Z3+ BZs, (v) Zz+ Zs, (v) Z3 — Za,
(U’i) Zg, (U’LZ) Z47 (’UZZ’L) Z5.

(4.2.17)

In Table (4.3), we list the similarity variable, form and the reduced ODEs corresponding

TABLE 4.3: Similarity Reductions of PDE (4.2.9) to ODEs

Essential Similarity | Similarity ReducedODEs
fields variable(¢) | solution(H)
7 NG Q) 165 (C) + RCF(Q) + 152 F"(©)
+SF(OF"(Q) + 1F"(¢) =0
Zy + 324 p Bpy + F(C) F'(¢)=0
Zo+Z3+ 020 | —p | 5PPHFQ) | IO+ EF(QF" QO+ 1F"(¢) =0
Zs+ Zs ¥ &+ F(Q) SHEFQF Q) + 1P =0
Zs~ Zs ¥ £+ F(C) 2+ 3F(QF"(C) + 1F™(¢) =0
Zs Y F(¢) SFIQOF"(C) + 1 F"(¢) =0

to the optimal system, since corresponding to the vector fields Z; and Z5, PDE (4.2.9)

is identically satisfied, so in the table we list the remaining vector fields.

1. Vector field Z;: To solve the reduced ODE in this case, we seek a special solution

in the following form:

F(¢) = Colt + C1 + O,

(4.2.18)

where Cy, C1,Cy are arbitrary constants. On substituting (4.2.18) in the reduced ODE,

we get values of constants as Cy = 2,C7 = 0,C9 = 0 and correseponding to values of




Chapter 4. The PKP FEquation and its Generalized Form 80

constants, solution of equation (4.1.1) is given as:

O'(.’E,y,t) = X(:E Y, )

2 x yg(t) 2 Y2 f(t) 1 _9®)?
rt +2 ~1
(J70)3 ([ £ 9(ff<t)>% T ff >% ) TroF)
(4 2.19)
where x(z,y,t) is given by equation (4.2.7).
4. Vector field Zs + 3Z4: The reduced ODE has a solution
F() = Co + Gl (4.2.20)

where Cy and C are arbitrary constants. The solution (4.2.20) leads by back substitu-

tion to the solution of equation (4.1.1) of the form

o\, 7t = z, 7t + L Y t) -
(z,y,t) = x( zit)) (M?}i)(ﬂ(w(t)gh()gf ) .

T Tt T 0T 3 ) 1.2.21
(% T35 s 9(ff((t)))% N s B (4.2.21)
H(Co+ Oy (—Y—y — L[ 90 _yy),

(Co 1(<ff<t>>% 3f(ff(t))%)))

where x(z,y,t) is given by equation (4.2.7).

3. Vector field Z; + Z3 4+ 624

Case (i): Integrating the reduced ODE (as shown in Table 4.3) with respect to ¢, we

get 5
5 R F’<<)+fF’(<)2+

1
0 SF(C) + Ky =0, (4.2.22)

4
where K7 is arbitrary constant. Multiplying Eq. (4.2.22) with F”({) and again inte-

grating, we get the reduced equation as follows:

Per(o) - 2R + SF07 + (PP

38 n éF”@)? FKUF(C) 4 Ky =0, (4.2.23)

where K is arbitrary constant. Let us assume that Eq. (4.2.23) takes the solution in

the form
F(¢) = Co¢™! + C1 + O, (4.2.24)

where Cp,C1,Co are constants to be determined. On substituting (4.2.24) in Eq.

(4.2.23), we get the values of constants as Cyp = 0,C; = 1/6 3Cy"+2 02328 K 8K ¢y =
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(3, which corresponds to the following solution of Eq. (4.1.1):

o(z,y,t) = x(z,y,t) + ——(5(— 11/ 302720 18 K1 Cod8 Ky
() = Xy )()(/f<t>>%(2f()/f< 5 3i§/f ¥ (/)2 K
Cy z +2 +2 fl t fl g(t
((ff(t 3 (ff(t)% 9([f(t)% 3f (f f(¢ ))% 27 f ) )
- 2 f t) 5 )a
(ff 3 w3

(4.2.25)
where x(z,y,t) is given by Eq. (4.2.7).
Case (ii): For =0, the reduced ODE has the following solutions:

(i) F(¢) =Co+ Ci(C
(i) F(C) = Co+ V3cot(Cy + %) (4.2.26)
(1) F(C) = Co — V3tan(Cy + (),

where Cy and C; are arbitrary constants. The solutions (4.2.26) leads by back substi-

tution to the solution of equation (4.1.1) of the form

2
(i) o(@,y,t) = x(z,y,t) + —2—(Co+ Ci((—= +g w42 /0,

(] F(1))3 (fft))% Jrens: V(s
f h(t4_; g(t)27)_ , f gt
3 )3 (f f(6)8 (ff(t))g o3 >% 5 o
u z,y,t) = xx,y,t) + 1 +\/§C0t Cy+ z +2 Y9
e ff()y 1= h‘?)) (ff(t»%((t)Z ( 1 ((ff( AN
2_yf) 1 t _ 2 g Y _ 1 g
TS 3/ (f f()3 27f(ff(t)) 7~ ((ff(t))% ff fft))s)))) o
' = L (Cy—+3tan(Cy 4 %2 z 2_vg
(iv) Uim)y, t) = X(w Y, )+ (ff(t))%(()Q V3tan(Cy + 53 (( f(()t T+ 57 1)
2 YA 2 g(t _ Yy _1 t
5y 3f 27f<ff(t>>§) ((ff(t»% f(f (t»%))))’
(4.2.27)

where x(z,y,t) is given by equation (4.2.7).
Case (iii): For § = 0, integrating the reduced ODE with respect to (, we get the
following equation:

3F'(CQ) +3F'(O)* + F"(¢) + K1 = 0, (4.2.28)

where K is arbitrary constant. Multiplying Eq. (4.2.28) with F”((), integrating and
taking F'(¢) = J((), we get

gJ(C)Z +J(O)? + %J’(c)2 + K1 J(C) + Ky =0, (4.2.29)

where K is constant of integration. For Ky = 0, we get solution of Eq. (4.2.29) as

follows:

J(Q) = —1/2—20; p(cg+o4<,—1/4
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where Cs, Cy are arbitrary constants and p denotes WeirstrassP function.

4. Vector field Z3 + Z4: Integrating the reduced ODE with respect to ¢, we get

3 3 0 1, _
1C+1F ()7 + ZF (€)+ K1 =0, (4.2.31)

where K7 is arbitrary constant. Multiplying Eq. (4.2.31) with F”({) and again inte-

grating, we get the reduced equation as follows:

2P+ %F’(C)?’ FIFTCR 4 K F(Q) + Ky = 0, (4.2.32)

3
O -] 5

where K> is arbitrary constant. On substituting (4.2.24) in Eq. (4.2.32), we get values
of constants as Cp = 0,C, = 1/3 053 + 4/3 K1 Cy +4/3 Ky, Cy = Co, which corresponds
to following solution of Eq. (4.1.1):

_ 1 ; y g(t) 3
o(ey.t) = x(@w.t) + o (s — 5 A 1G, +4/?;ch2
_|_4 3K +C T +2 yg(t) +2 Y f h(t) _ l g(t) ,

/3K 2(<ff<t>>% S rant O sy % 3f (J $@)3 ol (./'f(t»%))

(4.2.33)
where x(z,y,t) is given by Eq. (4.2.7).

5. Vector field Z5 — Z4: Integrating the reduced ODE with respect to (, we get

3 3 / 2 1 1 _
— SO SFQ + F(Q) + Ka =0, (4.2.34)

where K7 is arbitrary constant. Multiplying Eq. (4.2.34) with F”({) and again inte-

grating, we get the reduced equation as follows:

- SF(Q + 5RO + {0

1 1 + 1F”(g‘)? + K1 F'(¢) + Ky = 0, (4.2.35)

8

On using the same substitution as (4.2.24), we get the following solution of Eq. (4.1.1):

o(z,y,t) = y(z,yt)+ —L— (-1 9t 2 _1/30,3 —4/3 K, C
(520:1) = X0 ) <ff<t>>%((t)2<<fft>g§(t) ] t) /3¢ W/ H
—4/3 K. +C T +2 yg +2 Yy 1 2 g
/3K 2(<ff<t>)% S rant 9 rant “3 o (J F@)3 27f<ff<t>>%))
(4.2.36)

where x(z,y,t) is given by Eq. (4.2.7).

6. Vector field Z3: Integrating the reduced ODE with respect to {, we get

3F'(C)? + F"() + K, =0, (4.2.37)
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where K is arbitrary constant. Multiplying (4.2.37) with F”({), integrating it with
respect to ¢, taking integration constant to be zero and assuming F'(¢) = J(¢), we
obtain

2J(C)3 + J'(¢)? + 2K1J(¢) = 0. (4.2.38)

We get the general solution of above ODE as
J(¢) =—p (1/2 228¢ 4+ Cy, —2 K1 V2, 0) 2, (4.2.39)

where (] is arbitrary constant and g denotes WeirstrassP function.

4.2.3.2 Exact Solutions of Eq. (4.2.13)

Using Lie Classical Approach
In this section, we will apply Lie classical approach to reduce the no of independent

variables in Eq. (4.2.13). In this direction, equation (4.2.13) yields the symmetries as

under:
n = b+ Q(p)
E=3bp+ec (4.2.40)
T = a,

where 7, € and 7 are infinitesimals corresponding to H, ¢ and p, respectively and a, b and
c are arbitrary constants and Q(p) is an arbitrary function of p. The similarity variable
and form can be obtained by solving the characterstic equations

dp

T

_dy _ dH
=& _di (4.2.41)

The general solution of these equations involves two constants, one becomes new inde-
pendent variable ( and other F' play the role of new dependent variable. Hence, we
get

(=vp—32p2—<p

H(p,%) = 2¥p+ ;R(p) + F(Q),
where [ Q(p)dp = R(p), which is an arbitrary function of p. On substituting the equa-
tion (4.2.42) in equation (4.2.13), we get the reduced ODE as

(4.2.42)

%F””(C) + %GFI(C)FH<C> —cF"(¢)+b=0. (4.2.43)

Case (i): Integrating Eq. (4.2.43) with respect to ¢, we get

%F’”(C) + %F’(C)Q —cF'({) +b¢ + K1 =0, (4.2.44)
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where K7 is arbitrary constant. Multiplying Eq. (4.2.44) with F”({) and again inte-

grating, we get

SEV(Q 4+ F(Q = SF(Q)” +CF(Q) = bF(Q) + K1 F/(Q) + K2 =0, (4.2.45)

where K> is constant of integration. On substituting (4.2.24) in Eq. (4.2.45), we get

_ 2 3
values of constants as Cp = 0,C1 = 1/4 2cCh™+ally ;4 [ Cotd Ky (o,

= (2, which corre-

sponds to the following solution of Eq. (4.1.1):

_ 1 b z yh(t) 1 t ;3
o(z,y,t) =v(z,y,t) + g(t)(a(g(t)% oL o fo 2 ds) + 2 R( fo )2 ds)
+1/4 —20022+a023;—4K1 Co+4 Ko + 02(( z ( 1 y2g (t) fO 2 dS

g(t)2 g(t>% T30
—(fo9(s)® " ds))
(4.2.46)

where v(z,y,t) is given by (4.2.11).

Case (ii): For b = 0, integrating the equation (4.2.43) once and taking the integration

constant to be zero, we obtain

aF"(C) + 3a(F'())* — 4cF'(C) = 0. (4.2.47)

We assume that the solution of equation (4.2.47) can be expressed in the following form

< —<
F(¢) = tmetme s (4.2.48)

where ag, a1, as, by, by and by are constants to be found out. The substitution of the form
of F(¢) in equation (4.2.47) brings forth the several possibilities for values of constants
and all these possibilities have been described in the following two subcases:

Subcase 1: a —4c =0

b b :
ap = 20, a1 =L, az = az, bo = by, b1 = b1, by = by;

bo(—2b1+a
GOZ%, a1 = a1, az =0, bp = b, b1 = b1, by =0;

(4&22b02b2+2a02b2 —6a2aob22bo+a23b0 +a2a02b2 —2a92 agbabg— 4a0b23b0+4a2b02b22)
4yt

ap = ap, a1 =

—(—2agb22bo+az?bo?+ag?ba?+2a2b9%ba—2azapbabo) by = bo:
4b23 y U2 — 02,

az = az, by = by, by =

(4.2.49)
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which corresponds to the solution of equation (4.2.47) as

(1) F(Q) =42
(it) F(¢) = 3 — poipae
(iid) F(C) =

41)24a()—(4(1221)()262—i-2a02bg3—ﬁazaobz2bo-‘y-az31)02—i-azao2bz2—2(122a()bzbo—4(10bQSb()—|—4a2b()2622)6C-i-4azl)2467<

4bg4b0—b2(—2a0b22b0+a22b02+a02b22+2a2b02b2—2a2a0b2b0)e<+4b253*4
(4.2.50)

Subcase 2: a —4c # 0

{(IQ = b%(lll, ap = ay, a2 = bi?l, b(] = b(), b1 = bl, b2 = b2 (4.2.51)

”

which corresponds to the “constant” solution of equation (4.2.47). The solutions of Eq.
(4.1.1) corresponding to subcases 1, 2 are given by relation (4.2.10), (4.2.11), (4.2.12)

and (4.2.42).

Case (iii): For b = 0, integrating the equation (4.2.43) once with respect to ¢, multilying
the integrated equation with F”({) and again integrate it, assuming F'({) = J((), we

obtain

a(J'(¢))* +2aJ(¢)® — 4e(J(¢))* = C1J(¢) + C2 = 0, (4.2.52)

where C7 and Cy are arbitrary constants. Corresponding to ODE, choosing Cy = 0,

solutions of equation (4.2.52) are given as

2 9aC1416¢?
J(()=2/3¢-2Cs% (03 +ChC1/630C8E (C)> . (4253
where Cs, Cy are arbitrary constants and p denotes WeirstrassP function. In this case,

the solution of equation (4.2.43) is given by

F(Q) = [ J(¢Q)d¢ + Cs, (4.2.54)

where Cj is arbitrary constant.

Using Homoclinic Test Method In this section, Eq. (4.2.13) is considered to ob-
tain more periodic soliton solutions using homoclinic test method. The homoclinic test
method [167, 168] is a technique which usually can be used to construct exact homo-
clinic orbit solution for non-linear integrable equation, it was applied successfully to
study spatiotemporal bifurcation of equilibrium solution for some integrable equation in

recent years.
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Firstly, integrating Eq. (4.2.13) once with respect to ¢ and taking integration constant

to zero, we obtain

3 1
H,+ §(H¢)2 + 5 Hyw = 0. (4.2.55)

Making transformation of unknown function in Eq. (4.2.55) as
H =2(In f)y. (4.2.56)
Substituting (4.2.56) into (4.2.55) and using the bilinear form, we can get
(DyD, + in)(f.f) =0, (4.2.57)

where the Hirota operator D is defined as [119]. In this case we choose extended homo-

clinic test function
f=e P W=we) 4 o cos(pa(th + wap)) + coePt (Pw1P) (4.2.58)

where p1, p2, w1, we, c; and cg are constants to be determined. Substituting (4.2.58) into

(4.2.57) yields a set of algebraic equations as follows:

i) 1/2c1 p2* +1/2c1 p1* — 2¢1 pawa — 21 pr?ws — 3p1c1 po? =0,
ii) 2c1pap1® — 2prwy c1pa +2c1 pawapr — 2p1erpad =0,

(

(

(iii) 2caprwi c1pa —2c1pacapr® + 2capr ¢ p2® — 2¢1 pawacapr =0,

() 1/2c1 capa* +1/2c1 copr* — 2¢1 capr®wi — 3er capa®p1? — 2¢1 2 p®wa = 0,
(

v) c2 (—4p1?wr +4p1?) + ei?pe? — e pr’wr = 0.
(4.2.59)

Solving the above algebraic equations, we get the following solutions of Eq. (4.2.55):
2

. _pje Pl (w7p12p) te &Pl (d}*pl /J)
(1) H(p, ) =2 plefm (¢*P12P)+022:;1 (v—p120) ’
(it) H(p,¢) =

—p1 (w*(1/4p1273/4p22)ﬂ) 2552601 (w7(1/4p1273/4p22)p) )

—he —c1 sin(pa (¢+(1/4p22-3/4p12)p) )p2—1/4 P22 -

2

_ _ 2 2 o2, 2.p1 (¥—(1/4p12-8/4p22)p) ’
(e p1 (= (1/4212-3/4222)0) ¢ cos(pa (w-+(1/4p22—3/4p12)p))—1/4 222 "

-p1 (w—1/4p12p>
.. _ p1Le
(”Z) H(p, 'QD) =2 e~ P1 (¢71/4p12p)+61 )
. o —ipae P2 (Vmw1R) —cy sin(py (Y+(w1+2p2?)p) )pa+1/4ici2pg eP2 (Vw1 P)
() H(p,¥) = 2 =i i 5; cos(pe (0 (wr F2pa)p)) F1 /A Pam =m0

(v) H(p,¥) ipg e~ (br2’e
v) H(p,¥) =2

ey sin(pa (1+pa2p) )patica pa o2 (V172%0)

o= P2 (w+p22p)+cl cos(pa (Y-+pa2p))+ca P2 (v+p22p)

(4.2.60)
Corresponding to above solutions, solutions of Eq. (4.1.1) are given by the relation

(4.2.10), (4.2.11) and (4.2.12).
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4.2.3.3 Exact Solutions of Eq. (4.2.15)

Integrating (4.2.15) we obtain a family of solutions of the PKP equation depending on

three arbitrary functions of time:

1‘2h' T 2h// 4h///
= 5t va(t) + (), (4.2.61)

where ¢(t) and r(t) are arbitrary functions of time.

4.2.4 Analysis and Discussions of Solutions

Now, we wish to show the major features of exact solutions obtained in section (4.2.3).
One of the main feature of solutions is that the form and the behavior of solutions are
strongly affected by the arbitrary functions f(t),g(¢t) and h(t) which are involved in
symmetry algebra of PKP equation. As fact, we have freedom in selecting functions
f(t),g(t) and h(t) appropriately, according to some actual physical requirements. So,
we can choose the f(t),g(t) and h(t) in terms of trigonometric, hyperbolic and jacobi

elliptic functions to display physical behavior of solutions.

e By the analysis of solutions obtained in section (4.2.3.1), we conclude that so-
lutions (4.2.27) depend upon two constants Cp, C and three arbitrary functions
f(t),g(t), h(t) of time. Depending upon these constants and functions of time, we
obtain certain periodic and kinky periodic solutions. For Cy = 0,C7 = 1,z =
L, f(t) = h(t) = 1,9(t) = sin(t) and Cy = 0,C; = 1,y = cos(x), f(t) = g(t) =
1, h(t) = sech(t)t% solution (4.2.27)(ii) takes the form of periodic solution as shown
in Fig. (4.1) and kinky periodic solution as shown in Fig. (4.2).

e We also observe that certain solutions include several properties of kinematics, for
example, solution (4.2.50)(ii) represents periodicity on t-axis and paraboloid on
y-axis for a; = by =b1 = 1l,c = 1,2 = 0,9(t) = 1, h(t) = cos(t), R(t) = sech(t) as
shown in Fig. (4.3) and also solution (4.2.50)(ii) takes the form of kinky periodic
solution (Fig. (4.4)) for a1 =0,bg = b1, c =1, =1,¢9(t) = 1, h(t) = sin(¢t), R(t) =
cos(t).

e We also analyze that the solution (4.2.60)(ii) behaves as periodic solution for p; =
1,p2 = 2,¢c1 = 1,h(t) = (cos(t))?,y = sin(x),g(t) = 1 and (4.2.60)(i) represents
the kinky solution for g(t) = 1,y = sn(z,2),h(t) = cn(t,1),p1 = 1,co = 2, where

sn(x,2),en(t, 1) represents jacobi elliptic functions with modulus 2, 1 respectively.
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FIGURE 4.1: The form of periodic FIGURE 4.2: The kinky periodic so-

solution (4.2.27)(ii) for Cy = 0,C; = lution (4.2.27)(ii) for Cy = 0,C; =

Lo = 1f(t) = Alt) = 1,g(t) — Ly = cos(z), /(1) = g(t) = 1,h(t) =
sin(t) sech(t)t3

FIGURE 4.3: The periodic solution FIGURE 4.4: The kinky periodic
(4.2.50)(ii) for a3y = bg = by = form of solution (4.2.50)(ii) for a; =
l,e = 1,z = 0,9(t) = 1,h(t) = 0,bp = bi,e = Lz = 1,9(t) =

cos(t), R(t) = sech(t) 1, h(t) = sin(t), R(t) = cos(t)
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FIGURE 4.5: The periodic solution Ficure 4.6: The kink solution

(4.2.60)(ii) for p1 = 1,p2 = 2,¢1 = (4.2.60)(i) for g¢g(t) = ly =

1,h(t) = (cos(t))?,y = sin(x), g(t) = sn(z,2),h(t) = en(t,1),p1 = 1,c0 =
1 2

4.3 The Generalized potential Kadomstev Petviashvili Equa-

tion

In this section, we work for integrability, symmetries and exact solutions of VCPKP

equation.

4.3.1 Painlevé Analysis for VCPKP Equation

A PDE is said to possess the Painlevé property if the only singularities of the general
integral which can live on arbitrary non-characteristic (movable) hypersurfaces are poles
as discussed in section (1.4) of this thesis. This Painlevé test has proved to be a useful
criterion for the identification of completely integrable PDE. The leading order of the

solution of equation (4.1.2) is assumed as
o(x,y,t)=opg®, (4.3.1)

where o9 = o¢(z,y,t) and g = g(z,y,t) are analytic functions of z,y and ¢. On substi-

tuting equation (4.3.1) into (4.1.2) and equating the most dominant terms, the following
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results are obtained:

126(t)ga
a(t)

where g, denotes the partial differentiation of g(z,y,t) with respect to z. For finding

a=-1,00= (4.3.2)

the resonances, the full Laurent series

o(x,y,t) =009~ Zarg -1 (4.3.3)

where 0, = o,(z,y,t), is substituted into (4.1.2) and by equating the coefficients of like

terms, the polynomial equation is derived as

B(1) () or (2, y.8) (9 (2,y,0)) 2 r +236.(8) (9 (2,9,1)) 7 or (2,9, 8) r* (a (t))?
+105 (1) (9 (@, 9. 6)" ov (2,5, 0) 1 (@ (£)* =24 8 (1) (9 (2,9, 8))" 2 or (2., 1) (a (1))
_106(75) (a( )) (Jj,y,t) (g(x7y7t))7‘727'3'

(4.3.4)

Using equation (4.3.4), the resonances are found to be
r=—1,1,4,6. (4.3.5)
As usual, the resonance at r = —1 corresponds to the arbitrariness of the singular

manifold g(x,y,t) = 0. Therefore there are three compatibility tests at » = 1,4 and 6.
When r = 1, o1 is arbitrary; r = 4, o4 is arbitrary; r = 6, we can get the compatibility
condition which corresponds to the following relations in arbitrary variable coefficients
of Eq. (4.1.2):

(t) (La t>> ~3(Lp)at)La(t)-Bt)alt) Lat)+(a(t) L8(t) =0,
< > (%ﬁ(t)) (@ ()0 (t) —48(t) (2a(t)d(t)a(t)+ () (a(t) Ls(t) =0,
iii) —6 (&B(1) (@ (t)?6(t) =28 () (a(t)® L5 (t) + 8B (1) (La (1) d(H)a(t) =

Then we obtain the explicit constraints on the variable coefficients a(t), 5(t) and §(t)
for Eq. (4.1.2) to pass the Painlevé test

Bt)=Crat)+Cy (fa(t)dt)alt),

01 La(t)+3 Cy (a(1)2—Cy [a(t)dt-La(t)

(4.3.7)
i(t) = Cs ef_ a(t)(C1+Cy [a(t)dt)

dt

)

where C1, Cy, C3 are arbitrary constants.
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4.3.2 Lie Point Symmetries and Classification of One-Dimensional Sub-

algebras

In this section, we intend to deduce the one-dimensional optimal system of vector fields
corresponding to Eq. (4.1.2). To this end, first we utilize the classical Lie group method
to construct the infinitesimals admitted by (4.1.2). By calculation, we show that the
symmetries of Eq. (4.1.2) form a seven-dimensional Lie algebra generated by the follow-

ing vector fields:

2 [ a(t)dt

9 0 9 a(t)dt\ o 2l 0
Vlzxa“r( a(t) >E’ VQ:U%_(IQ(,‘,) )E’%:.’I}%‘i‘(fa(t)dt)%,
V4:%7 %:ﬁga ‘/6:%7 VYZQ%

(4.3.8)
and the functions «(t), (t) and §(t) are governed by the following conditions:
t '(t) — 3a18(t) = 0,
Bty +78'(2) ~ 3ar () o)

() + 70’ (t) + a16(t) = 0.

Then the non zero commutation relations of the Lie algebra are as follows:
[‘/Yla‘/é] = VY37 [Vla%] = _2V57 [Vla‘/ﬁ] = _V67 [V27VY3] = _V37 [V27VY5] = V57

Vo, Vel = Vi, [Vs,Vi] = = Vs, [V5, Vo] = V3, [V5, V5] = Vs, [V, V] = V7,
Vs, Vi] = 2V5, [Vs, V] = =V5, [V5, V3] = Vg, [Vs,Vi] = Vs,
Ve, V3] =V, [Va, V] = V7, (4.3.10)

where the Lie brackets are obtained using the expression [V;, V;] = V;(V;) — V;(V;). As
we know, classification of subgroups of Lie symmetry groups of differential equations is
an essential part in study of equations. This is since classification allows for an efficient
computation of group-invariant solutions, without the possibility of an occurence of
equivalent solutions as discussed in section (1.2). The classification of subgroups of
symmetry groups is usually done by the classification of the associated Lie subalgebras
w.r.t. the adjoint representation and the adjoint action for the Lie algebra for (4.1.2) is

given as follows:
Adj(exp(eV1)V3) = e V3, Adj(exp(eVy)Vs) = e2 Vs, Adj(exp(eV1) Vi) = eV,

Adj(exp(eVa)V3) = e Vi, Adj(exp(eVa)Vs) = e Vs, Adj(exp(eVa)Vr) = eV,
Adj(exp(eVa)Vi) = Vi — eV, Adj(exp(eVa)Va) = Vo — €V3,

Adj(exp(eV3)Vs) = Vs + €V + %Vn Adj(exp(eV3)Vs) = Vi + €V,
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Adj(exp(eVs)Vi) = Vi — 26V, Adj(exp(eVs)Va) = Vo + €V,
Adj(exp(eVs)V3) = V3 — eV, Adj(exp(eVg)Vi) = Vi — €V,
Adj(exp(eVg)Va) = Vi — eVy, Adj(exp(eVr)Va) = Vo — €V, (4.3.11)

where the adjoint action is given by the Lie series (1.2.21) and we have shown the cases
here for which Adj(exp(eV;)V;) # Vj. A one-dimensional optimal system for (4.1.2) is

given as follows:

(1) Vi+aVa+0bVy, (ii) Va+cVy, (iii) V3 +dVy+ Vs, (iv) Va+pVy,
(v) Va+ Vs +qVz, (vi) Vi+rVe, (vii) Vs + sVz, (viii) Vg, (4.3.12)
(w:) Vz,

where a, b, c,d, p,q,r and s are arbitrary constants.

4.3.3 Group Invariant Solutions

In this subsection, we construct the group invariant solutions to eq. (4.1.2) according
to the classification of one-dimensional subalgebras. With those Lie algebras, we reduce
equation (4.1.2) to two independent variables partial differential equations and further
to ordinary differential equations. These reduced ODEs are further studied for some

exact solutions of Eq. (4.1.2).

4.3.3.1 Vector Field V; +als + bV4

For this vector field, on solving the equations (4.3.9) and (4.2.5) we obtain

o(x = (|« 7 — 2 Y=y —s21o Q ,
(z,y,t) = ([ a(t)dt) ™= H(p,¥), p o= Y=y 2_a1g(f_ (t)dt)

| 8(t) = Kaa(t) (2 — a) [ a(t)dt) > .

14a

B(t) = Kra(t) (2 = a) [ a(t)dt) =

(4.3.13)
Substituting (4.3.13) into Eq. (4.1.2), we have the function H(p, 1)) which must satisfy
the following PDE:

3
(a =1)H, — pHpp = bHpy + (2 —a)HpHpp + K1(2 — a) 22 Hpppp

= (4.3.14)
—|—K2(2 — a) 2—a wa = 0.

To reduce the PDE (4.3.14), let us assume the transformation of the form

1 oo
Hph) = po— (2= )7 (a— D+ 4 PO, (= p-(2-a)p,  (4315)
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which reduces the equation (4.3.14) to ODE of the form

(@a=1F'(¢) = CF"(¢) =b+b(2 = a)F"(¢) + (2 — a) F'(Q)F"(¢)

5 B %a-3 (4.3.16)
+K1(2 —a)7= F"(() + K2(2 — a)*=2 + K3(2 — a) ==z F"(() = 0,

where prime (') denotes the differentiation with respect to the variable ¢ and Ki, Ko
are arbitrary constants. To get a solution for Eq. (4.3.16), let us assume that (4.3.16)

admits a solution in the form

_1
Substituting this in Eq. (4.3.16), we get by = 0,by = by, by = ‘("’“((5?5“)“‘2). Hence,

we find the solution of Eq. (4.1.2) as follows:

o(xz,y,t) = (| « e —2 | (r(y,t)) — ) (g — (r(y,t)*
(@nt) = (f alt)de) ((U@umﬂ2a><<yt» 2 - @)™ - 1) )

+(f (t )dt) (b + = bH({an;a)m) ((fa(t;;t)ﬁ _ (2—a)(7‘(y,t))> + (%) 7

(4.3.18)
where 7(y,t) = y — 52 log ([ a(t)dt).
4.3.3.2 Vector Field V5 + cVy
Following the same way as above, we get
o(z,y, H(p,v), p=z, v =y+clog (t)dt),
o(@y,1) = (fa ) (7, 9) (J attydt) (4.3.19)

B(t) = Kra(t) (= [ a())dt) ™", 6(t) = Kaa(t) (= [ alt)dt) ™.

Substituting (4.3.19) into Eq. (4.1.2) yields a reduced nonlinear PDE with constant
coeflicients:
— H,+cHyy + H,H,, — K\H,,,, — KyH,; = 0. (4.3.20)

Make transformation as follows:
H(p,v) = H((),( =9 —wp, (4.3.21)

where w is a non-zero constant. Substituting (4.3.21) into Eq. (4.3.20) obtains an ODE

to (. Integrating it once with respect to ¢ and taking integration constant to zero, yield

2wH (¢) — 2cwH'(¢) — w’(H'(¢))? — 2K 1w H" (¢) — 2Ka H'(¢) = 0. (4.3.22)
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We seek the solution of Eq. (4.3.22) in the following form
H(C) = bo + b1¢ + ba¢?, (4.3.23)

where by, by and by are constants to be found out. On substitution of the form of H(()

in equation (4.3.22), we get by = bl;g22,b1 = by,by = 2;”(222 with w = =2, Then

corresponding solution of Eq. (4.1.2) is as follows:

(1/2 552 4 by (r(a,y,0) + 1/26% (r(w,9,)) Ko 72)

Y,t) = , 4.3.24
i (Jo () .
where 7(z,y,t) =y + cln ([a (¢) dt) + %
4.3.3.3 Vector Field V3 +dV, + V5
Solving the equations (4.2.5) and (4.3.9), we get

o(w,y,t) = ([ a(t)dt) — §([a(t)dt)’ + H(p,¥), p=y—d[ a(t)dL, (4.3.25)

=z —L([a®)dt)?, B(t) = Kia(t), 6(t) = Kaaft).

Substituting (4.3.25) into Eq. (4.1.2) yields a reduced nonlinear PDE with constant
coeflicients:
K\Hypyy + HypHyy + KoHpp — dHpy +1 = 0. (4.3.26)

To reduce the Eq. (4.3.26) to ODE, make the transformation as follows:

H(p, ) = ﬁlw s ﬁ;p Pt PO =k g (320)
Substituting Eq. (4.3.27) into Eq. (4.3.26) yields nonlinear ODE as follows:
K1F" () + F'(OF"(¢) = 0. (4.3.28)
Integrating it once with respect to ¢ yield
K1 F"(¢) + %(F’)2(C) + K3 =0, (4.3.29)

where K3 is constant of integration. Multiplying Eq. (4.3.29) by F” and then integrating
with respect to (, taking integration constant to zero and substituting F'(¢) = J(¢), we
get

Ky((O) + 570 + K () =0. (4.3.30)
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Solving the above ODE, we get the solution of (4.3.30) as follows:

22/3\/§C
\ /}(1 22/3

where (' is arbitrary constant, p denotes WeirstrassP function and final solution of Eq.
(4.1.2) is given by relations (4.3.25) and (4.3.27).

J(C)=—p (1/6 +C1,-3K3 22/3,0) 2%/3, (4.3.31)

4.3.3.4 Vector Field V5 + pV,

This case yields the following forms of invariants and coefficient functions:

oo .0) = g + Hlp0), p =1, v == LA o) — ag)

Substituting (4.3.32) into Eq. (4.1.2), the VCPKP equation transforms to following

equation:

a(p) 1 ’
Hmﬁ_i)(wwa—i—Hd,)+a(p)H¢H¢¢+ﬁ(p)H¢w¢¢+?5(P) (/a(p)dp) Hyy =0.

(J alp)dp

(4.3.33)
Eq. (4.3.33) can be integrated with respect to v to get the following form:
Hy b Ot + ) 4 30 s+ 000 [ atord) 1o = a0
@ — o = ;
p (fa(p)dp) Y PI—5 P)Hopapr) P2 P p)ap Y p
(4.3.34)

where J(p) denotes the arbitrary function of p. Due to complexity of the above integrated

equation (4.3.34), we are unable to obtain nontrivial solutions for it.

4.3.3.5 Vector Field Vy + V5 + gV7

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

o(z,y,t) = qy+ H(p,¥), p==, v =y~ ([alt)dt), B(t) = Kia(t), §(t) = Kza(t).
(4.3.35)
Substituting (4.3.35) into Eq. (4.1.2), we get

KiHpppp + HpHpp + KoHyy — Hpy = 0. (4.3.36)
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The traveling wave variable

H(p,v) = H(C),¢ = p — wi, (4.3.37)

where w is a constant to be determined later, permits us reducing the Eq. (4.3.36) to
an ODE in the form

2K 1 H" (¢) + 2(w 4 Kow?)H'(¢) + (H'(¢))* + K3 = 0, (4.3.38)
where K3 is constant of integration. The ODE (4.3.38) possesses the following solutions:
Case 1: Multiplying Eq. (4.3.38) by H”({) and then once more integrating with respect
to ¢, taking integration constant to zero and substituting H'({) = J(¢), we get

KO + (0 Kau)J(Q) + 3 7(0° + K3 () = . (4.3.39)
Solving the above ODE, we get the solution of (4.3.39) as follows:
J(¢) = —w — Kyw? — 12052K 19 (Cy 4+ Co(, C3,Cy) , (4.3.40)

where C1, Cy are arbitrary constants, o denotes WeirstrassP function and
Cro — WK w1 2Koud Ky o w(2K 23w +6 Ko 2wt +6 Kow®+2w? —3KowK3—3K3)
3= 12K,2C51 S 432K,°C5° :

Case 2: In this case, we seek solutions of Eq. (4.3.38) by extended (G’/G)-expansion

method as desribed in section (1.7.2). Suppose the solution of (4.3.38) can be ex-

pressed in (G'/G) as Eq. (1.7.4) where G = G(() satisfies the second-order linear ODE

(1.7.5). On balancing the highest-order derivatives with the nonlinear terms appearing

in (4.3.38), we get n = 1. Substituting (1.7.4) into (4.3.38) and using (1.7.5), collecting

all terms with the same powers of (%)k and (%)k %v (1 + i (%)2> together, and
o

equating each coefficient of them to zero, yield a set of

llowing algebraic equations for

ap,ai,b; and w:

(i) —12Kyap + 22 +a)% =0,

(1) —12K1by +2a1 by =0,

(iii) 2a1%p — 2way + b1%v — 2 Ky w?a; — 16 Ky ay p =0, (4.3.41)
(iv) 2a1 by —2wby — 10 K1 by — 2 Ko w?by = 0,

(v) —2wayp+ K3+ a1?p? —2Kow?ay p— 4 Ky ap p? = 0.
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Solving these algebraic equations by Maple, we obtain the following results:

Subcase 1:

-1+ 14+ 16KK
apg = ag, a1 = 12K1, w = + + 2 1,LL’ bl = Kg =0. (4342)
2K,
Subcase 2:
—1++1+4KoK
a0 = ag. ay = 6K, w— — 2;; 281y 16\/EK1, K3 =0. (4.3.43)
2 v

From (1.7.4) and the general solution of (1.7.5), we deduce the traveling wave solutions
of (4.1.2) as follows:

When g > 0, then Subcase 1 gives the exact traveling wave solution as follows:

\/E(B cos(\/ﬂ(u(x,y,t)))fA sin(\/ﬁ(u(x,y,t)))) (4344)

0’(.1‘, Y t) =qy+ao+ 12K, (A cos(\/ﬁ(u(x,y,t)))-i—B sin(\/ﬁ(u(x,y,t)))) ’

Subcase 2 gives the solution of Eq. (4.1.2) as follows:

\/E(B cos(\/ﬁ(v(m,y,t)))fA sin(\/ﬁ(v(x,y,t))))
(A cos(\/ﬁ(v(z,y,t)))+B sin(\/ﬁ(v(z,y,t))))

. 2 (4.3.45)
:I:G\/gKl \/y (1 I EBCOS(\/ﬁ(v(m,y,t)))—Asm(\/ﬁ(v(m,y,t)))) )

o(z,y,t) = qy +ao + 6K,

A cos(\/ﬁ(v (x,y,t)))+B sin(\/ﬁ(v (x,y,t))) )2

When i < 0, then Subcase 1 gives the exact traveling wave solution as follows:

_ V(B cosh(y Ti(u(z..4)))+ A sinb(y Th(u(z 1))
o(@,9,8) = qy + a0 + 12K e Gy B (Vo e ) (43+46)

and Subcase 2 gives the solution as follows:

_ /= (B cosh(y/i(v(.y.4)))+ Asinh (v Hi(v(z.y.)))
o(@,y, 1) = qy + a0+ 6K gt any 03) + B sinh (/i wl.0)))) (43.47)
6,21, o (1 — BTl A (/i) i
v (Acosh(y/=p(v(z,y,t)+Bsinh(v=p(v(z,y,t)))* )’

(—1+VIFI6K2 K1 pn) (y— [ a(t)dt)
2K, ’

where A, B are arbitrary constants and u(z,y,t) = = —

(—1+VIFAR, K1) (y— [ a(t)dt)
2K>

v(z,y,t) = x — . In this case, certain solutions obtained by
extended (G'/G) method behaves as periodic solutions for different values of constants
and functions involved. For ¢ = ay = 0,u =v =K, = Ky = A= B = 1,y = sin(z)
and with «a(t) = 0 and «(t) = tan(t), solutions (4.3.44) and (4.3.45) takes the form of

periodic solutions as shown in Fig. (4.7) and Fig. (4.8) respectively.
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FI1GURE 4.7: The figure of periodic FicURE 4.8: The figure of periodic

solution (4.3.44) for ¢ = ag =0, = solution (4.3.45) for ¢ = ag =0, =

v=K =Ky =A=B=1,y = v=K =Ky =A=B=1,y =
sin(z),a(t) =0 sin(x), a(t) = tan(t)

4.3.3.6 Vector Field V, +rV7

For this vector field, on Solving the equations (4.2.5) and (4.3.9) we are able to obtain
o(z,y,t) =ry+ H(p,b), p=w, v =1, a(t) = a(t), B(t) = B(t), 6(t) = 0(t).

On using (4.3.48), the VCPKP equation transforms to:

ﬂ("v/))prpp + a(w)Hppr + pr =0. (4.3.49)

After applying the Lie symmetry method, equation (4.3.49) yields the symmetries as

under:
51 =aip+ aq,
T = o (2a1 — a2) [(a($) dy) + az), (4.3.50)
n' = axH + as,

where a1, as, as, as, as are arbitrary constants and £, 71, n' are infinitesimals correspond-

ing to p,v, H. The function ((¢) is governed by the following condition:

BTy + 70/ (¥) = 3a1B(¥) = 0. (4.3.51)
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The infinitesimal generators of the corresponding Lie algebra are given by

%7

o) o)
Z4:%7 Z5:87H

A one-dimensional optimal system for (4.3.49) is given as follows:

a(y) ) o>

1 0
al¥)9v7 (4.3.52)

(i) Zy + d1Zsy, (ii) Za, (1i1) Zo+ Z4, (iv) Zs+ daZy + d3Zs, (4.3.53)

where dy,dy, ds are arbitrary constants. In Table (4.4), we list the similarity variable,

similarity solution and forms of coefficient functions corresponding to the optimal system

(4.3.53).

TABLE 4.4: Similarity Variables, Forms and Coefficient Functions of Equation (4.3.49)

Essential Similarity Similarity Coef ficient
fields variables(Q) solution(H) functions(B(v))
Btz | | (Ja)dy) T Q) | Kia(y) ([ alg)ds) T
(Ja(p)dy)>=4
Zy p TeayFO | ~Kia@) (Ja@)dy)
Z+Zi | ptlog(fa@dy) | o FO | —Ka@) (fa@)dy)
Zy+daZa+d3Zs | p—da ([ a@)dyp) | ds([a(d)dy)+F(Q) Kia(y)

Now, we will discuss the reductions corresponding to above mentioned vector fields.

1. The reduced ODE corresponding to vector field Z; 4+ di Zs is given as follows:

(di ~ DF'(Q) — CF(Q) + (2 — d)F'(QF"(Q) + (2 — d) K F"(¢) = 0. (4.3.54)

Integrating Eq. (4.3.54) with respect to (, taking integration constant to be zero, we

get:

diF(¢) — CF'(¢) +

(2—dy)
2

(F'(¢))* + (2 — d1) K1 F"(¢) = 0. (4.3.55)
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We assume that the solution of Eq. (4.3.55) takes the form

PIQ) = 2 b+ bt (4.3.56)

where bg, b1, bg are arbitrary constants. On substituting (4.3.56) in Eq. (4.3.55), we get
bp=0,b1 = —1/2b§, by = by with the restriction that d; = 1. Hence, the corresponding

solution of (4.1.2) is as follows:

o(z,y,t) =1y — 1/2by> /a (t)dt + bo x. (4.3.57)

2. The vector field Z3 reduces Eq. (4.3.49) to the following ODE:
— F'(¢) + F'(Q)F"(¢) = K1 F""(¢) = 0. (4.3.58)

Integrating Eq. (4.3.58) with respect to ¢ and taking integration constant to be zero,
we get:
— F(¢) + (F'(€))* = K1 F"(¢) = 0. (4.3.59)

Solving above ODE, we get solution of Eq. (4.1.2) as follows:

o(x,y,t) =ry+ (1/2022032+O3 (Cy +ng)+1/2(01+02$)2> </a(t)dt>_1,

Cy?
(4.3.60)
where C1, Cy, (3 are arbitrary constants.
3. The vector field Zy + Z4 corresponds to the following ODE:
F'(¢) = F'(¢) + F'(QF"(C) — K1 F™(¢) = 0. (4.3.61)
On solving Eq. (4.3.61) for K1 = 0, we get the following solution:
2
F(O)=W (e%“l) +1/2 (W <e<01)) + Oy, (4.3.62)

where C1,Cy are arbitrary constants and W denotes the LambertW function. Hence,

the solution (4.3.62) gives the following solution of Eq. (4.1.2):

- (ex+]og(fa(t)dt)cl) +1/2 (W (ex+log(fa(t)dt)cl))2 +Cy
fa (t)dt

o(z,y,t) =ry+ . (4.3.63)

4. The reduced ODE corresponding to vector field Z3 + doZ4 + d3Z5 is as follows:

—doF"(¢) + F'(OF"(¢) + K1 F""(¢) = 0. (4.3.64)



Chapter 4. The PKP Equation and its Generalized Form 101

Integrating above ODE with respect to (, we get
— doF'(¢) + 1/2F(¢)* + K1 F"(¢) + Ky = 0, (4.3.65)

where Ks is arbitrary constant. Multiplying Eq. (4.3.65) by F”(¢) and then once

more integrating with respect to (, taking integration constant to zero and substituting
F(¢) = J(C), we get

—do/2J(0)? +1/6J(C) + K1/2J'(¢)* + K2J(¢) = 0. (4.3.66)
On solving Eq. (4.3.66), we get
—do? 42K, 1 dy (3Ky—do?)

K12C44 ) ﬁ K13046 ’
(4.3.67)

J(C) = d2 —12 K4 042@ <C3 + C14 <7_1/]‘2

where Cs, C4 are arbitrary constants.

4.3.3.7 Vector Field V5 + sV7
Solving the equations (4.2.5) and (4.3.9), we get

oz, y,t) = s([alt)dt) + H(p,¥), p=1z, Y=y, B(t) = Kia(t), i(t) = Kza(t).

(4.3.68)
Substituting (4.3.68) into the VCPKP equation, we obtain
K1Hpppp + HyH ) + KoHyy = 0. (4.3.69)
The traveling wave variable
H(p,v) = H(C),¢ = p — w), (4.3.70)

where w is a constant to be determined later, permits us reducing the Eq. (4.3.69) to

an ODE in the form
2K H"(¢) + 2Kw?H'(¢) + (H'(¢))* + K3 = 0, (4.3.71)

where K33 is constant of integration. The ODE (4.3.71) possesses the following solutions:
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Case 1: Multiplying Eq. (4.3.71) by H”({) and then once more integrating with respect
to ¢, taking integration constant to zero and substituting H'(¢) = J({), we get

1
Ki(J'(Q) + Kaw? J(Q)* + 2J(0O) + K3 J () = 0. (4.3.72)
Solving the above ODE, we get the solution of (4.3.72) as follows:

K3+ K?w! 1 Kyw? (2K2*w" — 3 K3)

J(¢) = —Kyw?>—12C5%K C1+Cy(1/12 ———= —
(C) 2W 2 1@( 1+ 02, / C24K12 ’ 432 C2GK13

(4.3.73)

where C1, Cy are arbitrary constants and p denotes WeirstrassP function.

Case 2: In this case, we seek solutions of Eq. (4.3.71) by extended (G’/G)-expansion
method as discussed in section (1.7). By applying this method, we get a set of following

algebraic equations for ag, a1, b; and w:

(i) 22 40y — 12 Ky ay =0,

(i) —12 Kby +2a1 by =0,

(131) 2a1%u+ b?v — 2 Ko w?a; — 16 Ky ap g = 0, (4.3.74)
(iv) —10K1byp—2Kyw?by +2ay puby =0,

(v) —4Kyiayp®+a’p? —2Kow?ag = 0.

Solving these algebraic equations by Maple, we obtain the following results:

Subcase 1:
Kip

—— by =K3=0. 4.3.75
0 3 ( )

ap = ap, a1:12K1, w =2

Subcase 2:

K
ap = ag, a1 = 6Ky, w= /- b = 16\/EK1, K3 =0. (4.3.76)
K2 v

From (1.7.4) and the general solution of (1.7.5), we deduce the traveling wave solutions
of (4.1.2) as follows:

When g > 0, then Subcase 1 gives the exact traveling wave solution as:

o(x,y,t) =s [a(t)dt + ag
(Bcos(\/ﬁ(:pf2 Ty))fflsin(\/ﬁ@ﬁfQ %@y))) (4377)
P (a2 ) (2 )

)
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Subcase 2 gives the solution of Eq. (4.1.2) as

o(z,y,t) =s [alt

(
ire | (ﬁ(ﬂc 2/ %y) )~ Asin ( (z W%“y
16\/:K1J()<1 o 55) N

dt+a0+6K1\/><BcoS<\/ﬁ 172\/%?;))71%111 \/ﬁExQ\/I;l;ty>>)

When p < 0, then Subcase 1 gives the exact traveling wave solution as:

(z,y,t) = sfa ) dt + ag
S e Y ) O GG ) (43.79)
“2K1F(Acosh( V(e[ ) B (V2 ) )

and Subcase 2 gives the solution as:

(x,y,t) = sfa t) dt + ag
(Bcosh(r(z 2 K“‘ ))—&—Asmh(ﬁ(m 2 I;l;y>))
6 K1 v/~ Izs K
+ m(Acosh( (:c 2\/ 1“ ))+B51nh( (1’ 2\/ 1 ))) (4.3.80)

f | (1 (eo(vm(ae ) e asion(vn (-2 )
iﬁ\ﬂKJ (1 (A cosh (v=r(e—2/5y) )+ Bsinh (/=5 (o~ W’““))))

where A, B are arbitrary constants. Certain solutions obtained by extended (G’/G)

method behaves as kink wave solutions for different values of constants and functions
involved. For s = 1l,a9 = 0,K; = 2,u = v = —1,Ky = 3,y = tan(z) and with
a(t) = sech(t) and a(t) = cosh(t), solutions (4.3.79) and (4.3.80) takes the form of kink
wave solutions as shown in Fig. (4.9) and Fig. (4.10) respectively.

4.3.3.8 Vector Field

Following the same way, we get
o(z,y,t) = H(p,0), p=y, ¥ =1, a(t) = alt), B(t) = B(t), 6(t) = 5(¢). (4.3.81)
Using (4.3.81), Eq. (4.1.2) transforms to following linear PDE:
H,,=0. (4.3.82)
On solving the equation (4.3.82), we get
o(x,y,t) = yFi(t) + Fa(t). (4.3.83)

where Fi, F5 are arbitrary functions.
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F1GURE 4.9: The figure of kink wave FIGURE 4.10: The figure of kink

solution (4.3.79) for s = 1,049 = wave solution (4.3.79) for s = 1,ag =

0,Ki=2,u=v=-1,Ky =3,y = 0,Ki=2,u=v=—-1,Ky =3,y =
tan(x), a(t) = sech(t) tan(x), a(t) = cosh(t)

4.4 Conclusion and Discussions

In this chapter, we have investigated the symmetries and invariant solutions of PKP
and VCPKP equation. Firstly, the Lie group method is utilized for obtaining the group
infinitesimals of PKP equation. This equation turn out to have infinite-dimensional sym-
metry group, the Lie algebras of which involve arbitrary functions. Using subalgebras
of PKP algebra, we have reduced the PKP equation in PDEs in two variables and then
they are again applied by Lie symmetry method to reduce them to ODEs and for each
element in the optimal system, certain exact solutions are obtained. One of the reduced
PDE is again investigated with the help of Homoclinic test method to obtain more so-
lutions. To the best of our knowledge, reduction of (2+1)-dimensional PKP equation to
two dimensional PDE’s using infinite dimensional symmetry algebra are new. Due to
dependence of solutions on arbitrary functions, the solutions of PKP equation obtained
by us are new and have not been reported earlier in literature. The solutions obtained
by us are such that one can choose the arbitrary functions f(t),g(t), h(t) along with
various other parameters, in a suitable manner, to simulate physical situations governed
by Eq. (4.1.1) to obtain particular solutions having desired features (as shown in Figures
(4.1)-(4.6)). By using Lie Symmetry method, we obtain new type of special solutions of

PKP equation, which includes exact periodic and periodic kinky solutions.
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With symbolic computation in section (4.3), we have performed the Painlevé analysis
for VCPKP equation (4.1.2) and obtained its explicit Painlevé-integrable condition. We
have presented the similarity reductions of Eq. (4.1.2) by classical Lie group method
and plenty of new solutions are given, including the periodic solutions and kink wave
solutions. The availability of mathematical computer software like Maple facilitates the
tedious algebraic calculations. It is worth to mention here that the correctness of the

solutions has been checked with the aid of software Maple.






Chapter 5

The Variable Coefficient
Dullin-Gottwald-Holm Equation!

5.1 Introduction

Dullin et al. [116] derived the following equation:
my + CoUg + umg + 2muy = —Yugzer, * € Rt € R, (5.1.1)

which is called Dullin-Gottwald-Holm (DGH) equation, by using asymptotic expansions
directly in the Hamiltonian for Euler equations in the shallow water regime and thereby
is shown to be bi-Hamiltonian and has a Lax pair formulation. DGH equation combines
the linear dispersion of Korteweg-de Vries (KdV) equation with the nonlinear/nonlocal
dispersion of the Camassa-Holm (CH) equation, yet still preserves integrability via the
inverse scattering transform (IST) method. Eq. (5.1.1) in dimensionless time-space vari-
ables (¢, z) models the unidirectional propagation of two dimensional waves in shallow
water over a flat bottom. In (5.1.1), u(t, z) represents the horizontal component of the
fluid velocity, m = u — a?uy, is a momentum variable, the constants o and v/co are
squares of length scales, and ¢y = v/gh (where ¢y = 2w) is the linear wave speed for
undisturbed water at rest at spatial infinity. Using the notation m = u — oug,, we

rewrite the DGH equation as

U — Ut + 2wy + SUly 4+ VUppy = 042(2ugcumC + Ulgyg). (5.1.2)

LA part of this chapter has been published in International Journal of Nonlinear Science, 10
(2010) 146-152 and some part has been communicated to International Journal of Engineering
Mathematics.
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Recently, the authors [35, 79, 80, 81] studied the well-posedness of Cauchy problem and
the scattering problem for the DGH equation. Moreover, the issue of passing to the
limit as the dispersive parameter tends to zero for the solution of DGH equation was
investigated, and the scattering data of the scattering problem for the equation were
explicitly expressed in [79]. Octavian G. Mustafa [103] investigated the low regularity
conditions needed for the Cauchy problem of DGH equation via the semigroup approach
of quasilinear hyperbolic equations of evolution and the viscosity method. Yue Liu
[162] investigated the problems of the existence of global solutions and the formation of
singularities for the DGH equation. In [82], Gui et al. studied the limit behaviour of the
solutions to a class of nonlinear dispersive wave equations, which can be seen as some
extension of DGH equation. Y. Li and P. Olver [161] studied the well-posedness, blow-
up and the low regular solutions for an integrable nonlinearly dispersive model wave
equation. In [8], Adrian Constantin and Jonatan Lenells presented a simple algorithm

for the inverse scattering approach to the Camassa-Holm equation.

In this chapter, the following form of Generalized Dullin-Gottwald-Holm equation (GDGH)

i.e. DGH equation with variable coefficient is going to be studied:
Up — Pger + 2wy + FU) Uy + YViger = 02 (2uplipe + Uliges), (5.1.3)

where the first term is the evolution term and the fourth term is the nonlinear term,
while the rest of the terms account for dispersion. This equation with f(u) = 3u ap-
peared in [114] in connection with study of periodic waves such as peakon-like periodic
waves, compacton-like periodic waves and singular periodic waves, their dynamical be-
haviors and certain strange phenomena using semi-inverse method and integral bifurca-

tion method. The 1-soliton solution of the GDGH were obtained in [4] when f(u) = cu™.

The study in this chapter is structured as follows. In Sec. (5.2), we study the Lie
symmetries of the GDGH equation, its Lie algebra, and also the corresponding optimal
system. We also present the reduction obtained from the optimal system of subalgebras.
These equations admit symmetries that lead to further reductions. In search of more

symmetries, in Sec. (5.3), we apply the nonclassical method to Eq. (5.1.3).

5.2 Classical Symmetries

As we have already mentioned in Chapter 1 that there is no existing general theory for
solving nonlinear PDEs. The classical method for finding symmetry reductions of PDEs
is the Lie group method. The fundamental basis of this method is that when a differential

equation is invariant under a Lie group of transformations, a reduction transformation
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exists. For PDEs with two independent variables, a single group reduction transforms
the PDEs into ODEs, which are generally easier to solve. Motivated by the fact that
symmetry reductions for many PDEs cannot be obtained by using classical symmetries,
there have been several generalizations of the classical Lie group method for symmetry
reductions, so we have also investigated its nonclassical symmetries (refer to section
(1.3)). Here, we study Eq. (5.1.3), where u is a function of two real variables = and ¢
and f(u) is an arbitrary function of u, from the standpoint of the theory of symmetry
reductions in PDEs. Using this theory, we find that for the GDGH equation, some

similarity solutions are solutions with physical interest. A vector field
X=¢2+72 +n2, (5.2.1)
is a generator of point symmetry of equation (5.1.3) if

XBup — 0Py + 2wug + F(u)ty + Yigzr — 02 (2uplpr + Ulpry ) ) 0,
(5.2.2)
where the operator X3 is the third prolongation of the operator X defined by

XBl = X gl rrgld fgrer g0y et 20 (5.2.3)
where nt, n%, n** n**® andn®! are extended (prolonged) infinitesimals acting on an en-

larged space that includes all derivatives of the dependent variables wuy, g, Uz, Uprr and
Uzzt- The set of determining equations for the group infinitesimals 7, £ and 7 which we
get from (5.2.2) after equating the coefficients of various derivative terms to zero, is as

follows:

(

(

(

(

(v) 28 — &*Nugu = 0,
(vi) — 2a217u - 2a477mu + 602¢, — 2021 = 0,

(vii) — &®n 47t + P Ve — APuty — UTery — 37Ee + 02& + 30Pu, = 0,

(vidi) — 201, + 3YNpu — O Nou — 3¥Eaa + 20280t + 302U e — 307 Unpy = 0,

(i) 3YNeau — 202100 + 7o f (1) — f(u)a — 202 Nptu + 2 Eaer — 20E, + 20T + nf (u)
Ve + 0P Upre + 202WNgpu — 30 UNew — & + P Naguf (1) = 0,

(.CU) f(u)'r/x - 012U77xmc + N — a277xxt + 2w77x + VNzzz = 0.
(5.2.4)
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The structure of the determining equations prompts the selection of the following forms

of infinitesimals:
n = Cru + Cy, T =—-Cit + Cs, £ = (Co+ HC)t+ Cy, (5.2.5)
where C1, Cy, C3 and Cy are arbitrary constants and f must satisfy the equation
fu)m + 2wr +nf'(u) — & = 0. (5.2.6)
The Lie algebra associated with equation (5.1.3) consists of following four vector fields:

Vi =

gl
Flo

‘/1 _t7 + Tti _|_ u77 ‘/2 7 + ti’ ‘/3 .

5.2.1 Optimal System

In this section, we intend to deduce the one-dimensional optimal system (as discussed
in section (1.2)) of eq. (5.1.3). By calculation, we show that the symmetries of eq.
(5.1.3) form a four-dimensional Lie algebra generated by vector fields (5.2.7). To find
an optimal system, we require nonzero Lie brackets and adjoint representations for the

Lie algebra which are shown as below:

The nonzero Lie brackets or commutator relations of the Lie algebra for (5.1.3) are as

follows:

V1, Vo] = —Va, Vi, V3] = V3 — 5 Vi, [Va, i] = V2,

(5.2.8)
[V27 ‘/3} — _V;La [VY3a Vl] - %V4 - ‘/?37 [‘/37 ‘/2} == V4>

where the Lie brackets are obtained using the expression [V;, V;] = V;V; — V;V; and the

adjoint relations are given by using the Lie series

2

Ad(eap(eVi)V; = Vy = e[Vi, Vil + 5 Vi, [V, Vil = (5.2.9)

Here, we are showing the only cases where Ad(exp(eV;)V;) # V;. Thus the adjoint rela-

tions for the Lie algebra for (5.1.3) are calculated as follows:

Ad(exp(eVh)Va) = Vaet, Ad(exp(eV1)V3) = BVi+e (Vza — LVy)
Ad(exp(eVa)Vh) = Vi — eVa, Ad(exp(eVa)V3) = Vi + €V, (5.2.10)
Ad(exp(eV3)V1) = Vi — e(5Va — V3), Ad(exp(eV3)Va) = Vo — €V
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A one-dimensional optimal system for (5.1.3) is given as follows:

Vi + aVy, Vo + bV3, Vs, Vi, (5.2.11)

where a, b are arbitrary constants.

5.2.2 Symmetry Reductions and Exact Solutions

The similarity variables and forms can be obtained by solving following characterstic
equations:

dz = % = d—u (5.2.12)
The general solution of these equations involves two constants; one becomes the new
independent variable ¢ and the other, say F', plays the role of new dependent variable.

On substituting these solutions of (5.2.12) in equation (5.1.3), one gets the reduced or-

dinary differential equation.

1. Vector field V; + aVjy: For this vector field, on using the characterstic equations
(5.2.12), the similarity variable, the form of similarity solution and coefficient function

is as follows:

((x,t) =z +alogt + Jt, u(z,t) = %F(C), fu) =cu— 2w+ %),
(5.2.13)
where ¢ is any constant. On using these in equation (5.1.3), the reduced ODE is given
by
—F(¢) +aF'(¢) + o®F"(C) — ac®F"(¢) + cF(Q)F'(C)

(5.2.14)
—20°F'(Q)F"(C) — o*F(¢)F"(¢) = 0,

where prime (') denotes the differentiation with respect to the variable (. We solved the

reduced ODE (5.2.14) and obtained the following solutions:

C1+1/3 \/ﬁﬁ(ﬂwﬂg)a_l
(1) w(z,t) = L2 : |

2

2

! 2.1
(17) u(x,t) = : | (5.2.15)
V3a log(t) _ 3
Ca (e01+1/9\/§\/5(z+\/5g+l5>a 1)
(#0i) u(z,t) = T )
where C'y and (5 are arbitrary constants and a = % The evolution of solution

(5.2.15)(i) with Cy = 1,C = 2,¢ = 1, = 2,y = 3 has been shown in Fig. 1 for t =1



Chapter 5. The Variable Coefficient Dullin-Gottwald-Holm Equation 112

10 8 &

FIGURE 5.1: The solution (5.2.15)(i) for ¢ = 1 (thick line), ¢ = 2 (thin line), ¢t = 3 (dotted
line)

(thick line), ¢t = 2 (thin line), ¢ = 3 (dotted line). We have obtained some more solutions
of (5.2.14) with ¢ = 3 that have been mentioned below:
O3 cosh(C1—(a+alog(t)+1s a1
(i) u(z,t) = ”“(l@j%ﬁaﬁa)

<73/4 Ca cosh(lel/S (:p+alog(t)+l—2t>o¢_1)+02 (cosh(lel/S <x+a10g(t)+z—2t)a_1>)3>
t )

(73) u(z,t) =

Co sinh(Cl—(era log(t)—i-Z—;)a—l)
t )
3/4Cy sinh(C1-1/3 (s+alog(t)+ 24 )a™ 1) +Cs (sinh (C1-1/3 (a+a 1og(t)+172t>a_1>>3>
t (5.2.16) ,

where C7 and Cy are arbitrary constants. By the analysis of solutions (5.2.16), we

(7i7) u(x,t) =

(iv) u(z,t) = (

conclude that these solutions depend upon constants C7,Cs,a,y, a. Depending upon
these constants, we obtain certain kinky solutions as shown in Fig. 5.2 and Fig. 5.3 for

solutions (5.2.16)(i) and (5.2.16)(iv) with C1 =1,Cy =1,a =2,y =3,a = 4.

2. Vector field V5 +bV3: From vector field V5 + bV3, we obtain the transformation and

coefficient function as:

(o, t)=a— L, u(z,t) = L+ F(C), flu) =u+ec, (5.2.17)
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FI1GURE 5.2: The figure of kink so- FicURrE 5.3: The figure of kink so-
lution (5.2.16)(i) lution (5.2.16)(iv)

where c¢ is arbitrary constant and F'(¢) satisfies the following ODE:

§ o+ 2wF (C) + F(OF'(C) + cF'(¢) +vF"(¢) — 2a”F'(Q)F"(¢) — a®F(Q)F"(¢) = 0.
(5.2.18)
The above ODE can be integrated to reduce the order but due to complexity, more
solutions cannot be obtained.

3. Vector field V3: In this case, the form of transformation is as follows:

C(l’,t) =7, u(a:,t) = F(C)v f(u) = f(u)7 (5'2'19)

where F'(() satisfies the following ODE:
2wF (2) + [(W)F(z) + 7 F"(2) - 202 F(2)F"(x) — *F(@)F"(z) = 0. (5.2.20)

To solve the above ODE, we have considered following different cases for values of f(u):

Case 1: If f(u) = u, then the solution of Eq. (5.2.20) corresponds to the following
solution of GDGH equation:

(’y+6 wa2)

U(x’ t) - a2<—1+<tanh(1/6 ;6013'*'\/570))2) ’ (5'2'21)

where (] is arbitrary constant.
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Case 2: If f(u) = u?, then we get the following solution of Eq. (5.1.3):

u(z,t) = —1/3 1 +24 o2C%p (Cg + Cyw, — 516 M, C’l) ) (5.2.22)

Cyta8
where C1, C3,Cy are arbitrary constants and g denotes the WeirstrassP function.

4. Vector field V,: From vector field Vy, we obtain the following transformation:

(=t @ =FQ,  f)=f), (5.2.23)
where F'(() satisfies the following ODE:
F'(¢) =0, (5.2.24)

which corresponds to the “constant” solution of Eq. (5.1.3).

5.3 Nonclassical Method

Bluman and Cole [51] made an important breakthrough in the theory of symmetry
reductions and it is their technique that we shall be using here. In their study of
symmetry reductions of the linear heat equation, they proposed the so-called nonclassical
method of group-invariant solutions, which is a generalization of the classical Lie method.
The basic idea of the nonclassical method [97] is that PDE (5.1.3) is augmented with

the invariant surface condition
Eug +T1ur —n =0, (5.3.1)
which is associated with the vector field

0 0 0
V = ¢&(x,t, u)% + 7(x,t, u)a +n(x,t, u)% (5.3.2)

Requiring that both (5.1.3) and (5.3.1) be invariant under the transformation with in-
finitesimal generator (5.3.2), we can obtain an overdetermined system of nonlinear equa-
tions for the infinitesimals &(x, t,u), 7(x, t,u) and n(x,t, ). The number of determining
equations arising is smaller in the nonclassical method than in the classical method
because there are fewer linearly independent expressions in the derivatives. In addi-
tion to the nonclassical method, the determining equations are usually highly nonlinear
unlike the determining equations for the classical method which are linear. Because
all solutions of the classical determining equations necessarily satisfy the nonclassical

determining equations, the solution set can be larger in the nonclassical case. We can
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distinguish two different cases.

Case 1: In the case 7 # 0, we can set 7 = 1 without loss of generality. The non-
classical method applied to (5.1.3) yields following eight determining equations for the

infinitesimals:

(i) &u=0,

(#1) Tuu = 0,

(i) — a®n + a*neeué + 30Pul, — 37Es + & — 2026,.€ + AP YNepn — Pt ungz, = 0,
(iv) — 2a®n, — 200y + 602&, = 0,

(v) 302usr — 3Véae — 402" — M apully — 21y — 302Uy + 20 Nezuba + 2072y
+202801 — 2020, + 3YNpu — 02E&a + 20%ENu = 0,

(vi) —4a®1zy + 20265, =0,

(Vi) O PNazuf (W) = Vexza + 0f (1) = 20E0 + 3VNepu — 30°Eabnn + P Eant + 0 Ubprs
=202 — & + 602 Eatpu — 20700ty — [(W)Ex + M Nrzubar + P Euanu + 207 Weay
=30 UNseu — 20 NeuNeeu — 20204 N2y = 0,

(viii) — M Magules + 20%ENee + Nt — PUNwgs + [(WN2 — 2 Naat — 2015 New

+2w77x + YNz + a277x£:ca: =0.
(5.3.3)

Solving above system of equations, we obtain
E=Cit+ Oy n = Ch, flu)=u+c, (5.3.4)

where ¢, C1,Cy are arbitrary constants. We can assert that for 7 # 0, we recover only
the classical symmetries and that the nonclassical symmetries of the GDGH equation
have been completely classified. We can state that Eq. (5.1.3) does not admit proper

nonclassical symmetries with 7 = 1 for any function f(u).

Case 2: In this case, we set 7 = 0,£ = 1 and so the invariant surface condition reduces

to u; = n(z,t,u). Hence we obtain the differential consequences as follows:

Ugy = Tz + Nulaz, Uggr = Moz + 20Mzu + 77277uu + Nulgz,

(5.3.5)
Uggt = Nrt + Neult + Mty + NMunUt + Ny (nt + nuut)-

Applying nonclassical method to Eq. (5.1.3) and equating coefficients of powers of u; to

zero then generates the following determining equations:

(Z) - a477uu77:cu77m - 770547712m77x - na477$a:u77uu -2 na4nxuunwu - a477uu777377w - na477uu77xu77u
— M gz — 13O N — 2002wy — NN — N2 Nuun? — 20200y

_77204477uuu7733u - 277204477wuu77uu 7720447712w77u —at nxzunu - 277a477wuu773 =0,
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(“) - 042U77$m -3 772a27712L + 772% (u> -2 na277:vtu + 7737 Nuuu — 6 772a277mu -3 a27777xz

— 0?1y + 30V Nezu — 207 Neul + Nt + 3wl + 30 Vluu — O Nezullzt — 37° N

+2wng — 20202 + Y Nawa + FWNe — & Near — D3 Nuuunue — 1P unuun + 12 0Py f (1)

2 et — N Nwaulut + N Neau f (0) = N NwTu — & Nuunzie — O NeputiNes

+02NazuY Naw — O Naauutle — 403 Nauunu — 2030 Nuune — 20°a*nuun? — 30> ungun.

—5 2Nt + 3 Nuulle — 3N UNLpw — 200 epulle 4+ 30V Neuly — 2004w — 200 Neuu et
200Nt + 2102 N — 3020 gy + 2020 Ngu f (1) — 4% 0 puune — 202 Npuutiu
=202 Nagunu + 302V Nuantu + 20 PN — 20 Ny + 402 PN — natnuuning

— 1 0ty + 07 O N VN — 1 O N W, — 1215 un + 0 O N Y1 — 12 P st
030?02, + 0Py 12 — N0 Nt — N ety — N0 Nazutn? — 1?0 Nuuiuie
A2 Nz Y — 1P Wz + 77 P f (W) 10+ 2P0, + 02PNV, + NN f (W)
N Y M+ N Y N u — N D Wwa Ny + 72wy Nulle — 77O N W7
120 uny + 2730 Nauny M + 27202 Nuway Mew — 2030 Nawatiun — 20 O Nuun ey

=3 noPunuutle + 2 N0 N Wie — 2100 Neuu ez + 21002 NuuY Naulle — 3 N2 Uy

2020 Ny Neulu + 2N NwwnY Nez + 402 Ny Naw — A0 NpuaWzu + 200 N Y e
200 Ny Mulle — 2 N0 e nue — 2004 D unNeutle — 200 New it — 210 1 un?n.
2102wy Mo — 202 Nt — 402 e + 200 Nz ow — 2170 Npau Wiy

+2 120wy — 202 Nu e — N + Oy 1un? — 320 unuune — 120 ey
—n2 M Nt — P02, une + 1wy Nealle — AU + O NeguY Nulle — O Naau Ut

— My unpa e = 0.
(5.3.6)

The complexity of above system of equations is the reason why we cannot solve them in

general. We hence proceed by making several ansétz on the form of n(x,t, u):

1. For an arbitrary f(u), we obtain an arbitrary n(z,t,u) = n(u).

2. For f(u) = 3a2k,?u+ C4, then we get 7(u) = kju+ ko. On using the characterstic
equations (5.2.12), the similarity variable and the form of similarity solution is as

follows:

((z,t) =1t, w(z,t) = ——= 4+ eMTE (). (5.3.7)
On using these in (5.1.3), we get the reduced ODE as
— F'(O) + a?k°F'(¢) — 2wk F(C) 4 202k1 ko F () — k1 C1F(¢) — k13 F(¢) = 0. (5.3.8)

On solving the above ODE, we get the following solution of Eq. (5.1.3):

ky tCy kq 3ty ky tw 2 kq2ta2ky —2
U(IE, t) — _% _|_ek1 -7302e(ak1+1)(ak171)e(ak1+1)(ak171) e(aklﬁ»l)(aklfl) e(ak1+l)(ak171) .

(5.3.9)
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Remark 5.3.1. In the case when f(u) = cu™ that have discussed in [4], using conditions
(5.2.4) and (5.2.6) we get trivial symmetries so we will get only traveling wave solutions
of the equation (5.1.3). Therefore, for f(u) = cu™, we conclude that the non-constant
similarity reduction of the GDGH equation obtainable using classical Lie method is the

traveling wave solution.

5.4 Summary

In this chapter, we have obtained the complete Lie group classification for GDGH equa-
tion (5.1.3). We have constructed the optimal system that lead to reductions of equa-
tion (5.1.3) to ODEs and for each element in the optimal system some solutions are
also obtained. We have also applied the nonclassical method to investigate some more

smmetries.






Chapter 6

The Generalized Bretherton
Equation with Variable
Coefficients!

6.1 Introduction

It is well known that nonlinear complex physical phenomena are related to nonlinear
partial differential equations, which are involved in many fields from physics to biol-
ogy, chemistry, mechanics, plasma physics, optical fibers, chemical kinematics, chemical
physics and geochemistry, etc. As mathematical models of the phenomena, the inves-
tigation of exact solutions of NLPDEs will help one to understand these phenomena
better. In this chapter, we will study perturbed nonlinear Klein-Gordon equation with
time-dependent coefficients which is the so-called generalized Bretherton equation with

variable coefficients
g + a(t)uge + L) Ugpar + (t)u™ + 6(t)u" =0, (6.1.1)

where u = u(x, t) is unknown function to be determined, «(t), 5(t), 0(t), 6(t) are arbitrary
time functions and the exponent m is a natural number and for the exponent n € N
we assume that n # 1 and n # m [10, 45, 124]. This equation is a generalization of the
Bretherton equation

Ust + Uy + Uggze + U — U2 =0, (612)

which was first introduced by Bretherton [46] as a model of a dispersive wave system

to investigate the resonant nonlinear interaction between three linear modes. When

LA part of this chapter has been published in Nonlinear dynamics, 71 (2013) 1-12.
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a(t) = 0 and ((t),6(t),0(t) are constants, Eq. (6.1.1) can be considered as a formal
fourth-order extension of the classical Klein-Gordon equation, but it also inherits a
Schrédinger structure; however, it can be noted that the equation satisfies neither fi-
nite speed propagation nor mass conservation. Eq. (6.1.1) is a generalized form of the
equation that arises in particle field theory and this equation contains some particu-
lar important equations such as Duffing equation [92], Landau-Ginburg-Higgs equation
[120], sin-Gordon equation [132] and ¢* equation [12]. The constant coefficients version
of Eq. (6.1.1) (with m = 1) was studied by Levandosky [136, 137] who investigated the
stability and instability of the solitary waves of this equation. Levandosky and Strauss
[138] also established time decay of the solutions of this equation. Recently, Romeiras
[45] obtained periodic and solitary traveling wave solutions by a truncated Painlevé anal-
ysis. More precisely, for m = 1 and n = 2, 3,5, he used a truncated Painlevé expansion
method and obtained some kink solutions and (periodic) singular solutions. He also
applied the unified algebraic method and obtained various periodic solutions in terms

of elliptic functions.

Our interest in the present chapter is to search for the exact solutions for Eq. (6.1.1).
In this direction, the layout of our chapter is as follows. Section 6.2 is devoted to the
outline of Lie classical method to generate various symmetries of the Eq. (6.1.1), the
admissible forms of the coefficients that admit the classical symmetry group and reduced
ODEs corresponding to each member of the optimal system of subalgebras. Section 6.3
contains the solutions of variable cofficient version of Generalized Bretherton equation

corresponding to the solutions of reduced ODEs. Some discussion is given in section 6.4.

6.2 Classical Lie Symmetry Analysis

In this section, we first determine the Lie point symmetries of (6.1.1) and then use them

to reduce it to lower dimension equations.

6.2.1 Lie Point Symmetries and Optimal System

Let us consider the equation (6.1.1) is invariant under following transformation:

u u n(x,t,u)
x| — |z| +e|&(x,t,u)]|, (6.2.1)
t t T(z,t,u)

where € is an infinitesimal parameter.



Chapter 6. The Generalized Bretherton Equation with Variable Coefficients 121

On invoking the invariance criterion, the following relation from the coeflicients of the

first order of ¢ is deduced:

%+ a(t)n™ + 1a! (Huge + BN 4 76" () tgzze + mI(E)u™ Iy + 76 ()u™
+nf(t)u™ Iy + 76 (t)u" = 0,
(6.2.2)

T are ex-

TXXT

where prime (') denotes the derivatives with respect to ¢ and n', n** and 7
tended (prolonged) infinitesimals acting on an enlarged space that includes all derivatives
of the dependent variables g, uz, and Uzz.,. The infinitesimals are determined from
invariance condition (6.2.2), by setting the coefficients of different differentials equal to

zero. We obtain a large number of following PDEs in 7, £ and 7 that need to be satisfied:

(1) 72 =0, 7, =0,

(i4) & =0, & =0,

(731) Muu = 0,

(iv) 21 B(t) — 4B(t)6 + 7A'(t) =

(v) 48(0)1es — 6B(D)es = 0, 60
(vi) 7/ (t) = 4B(t)€eae — 20(t)&e + 210x(t) + 68(8)Nwau = O,

(vit) 21, — Tt = 0,

(viii) 20(t) Nz — (t)&aa + 4B(E)Nozau — B(t)€aaze = 0,

(iz) u™r0 (t) + nu + 270 (H)u™ + a(t)Nge — Nud(E)u™ + B(E)Npazs + u™ 70’ (t)
+278(t)u™ + md(t)nu™ L — n, 0(t)u™ + nd(t)u"1n = 0.

The general solution of this large system provides following forms for the infinitesimal

elements 7, € and 7:

€ =a1x+ a5, T = ast® + ast + ag, n = (ast + as)u, (6.2.4)

where aq, as, a3, a4, as and ag are arbitrary constants. The functions «(t), 3(t), d(t) and

6(t) are governed by the following conditions:

2a(t)m + 7/ (t) — 2a1(t) = 0,
2B(t)m + 7'(t) — 4a1B(t) = 0, (6.2.5)
26(t)7 4 76’ () + (m — 1) (ast + ag)d(t) = 0, o
20(t)1e + 70'(t) + (n — 1)(ast + a4)0(t) =0
The infinitesimal generators of the corresponding Lie algebra are given by
Vlzx%> Vo = t28 +Utaua ‘/é_tatv V;l:u[;%a V5:%7 ‘/6:% (626)

In general, there are infinite number of subalgebras of this Lie algebra formed from any

linear combination of generators V;; j = 1,2,3,4,5,6 and to any sublagebra one can get
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the reduction using characterstic equations:
d dt d
ar_a_a (6.2.7)
£ n

To find the optimal system, we have to firstly compute the commutator and adjoint
relations. Using (1.2.16) and (1.2.21), we can find commutator and adjoint relations for

(6.2.6) which are interpreted in following tables as under:

TABLE 6.1: Commutator Table

Vi Vo Vs [ Vi| Vs Vs
Vil 0 0 0 0| -V 0
Vol O 0 V5| 0 0 —2V3 -V,
Vsl 0 Vo 0 0 0 —Vs
Vil O 0 0 0 0 0
Vs | Vs 0 0 0] O 0
Vel O |2Vs+Vy | Vg 0 0 0
TABLE 6.2: Adjoint Table
Vi Vo V3 Vi| Vs Vs
Vi Vi Vo V3 Vy | Vse€ Vs
Vo Vi Vo Va+eVa | Vi | Vs | Vo4 e(2V3+ Vi) + 2V
V3 Vi Voe™ ¢ V3 Vil Vs Veee
Vi Vi Vo V3 Vil Vs Vs
Vs | Vi —€Vs Vo V3 Vil Vs Ve
Ve Vi Vo —e(2Va+ Vi) + 2V | Vs — eV | Vi | Vs Ve

The optimal system for (6.2.6) consists of following vector fields:

(i(a)) Vi +aVa +bVy+ Vi, (i(b)) Vi +aVo +0Vy — Vs, (i4) Vi +cVa + dVy,
(#i(a)) Va+ hVa+ jVs + Vg, (idi(b)) Va + hVi+ jV5 = Ve, (iv) Va+ kVi +1V5,
(v(a)) Va+qVa+ Vs, (v(b)) Va+qVa—Vs, (vi) Vs+rVi,

(vii(a)) Va+ sVs + Vs, (vii(b)) Va+ sVs — Vi, (viit) Vi + wVs,

(

iz(a)) Vs + Ve, (iz(b)) Vs — Vi () Vs (2i)Vs,
(6.2.8)

where a,b,c,d, h,j,k,l,q,7,s and w are arbitrary constants.

6.2.2 Symmetry Reductions

In this subsection, we will make use of the optimal system of vector fields (6.2.8) and

reduce the Eq. (6.1.1) to ODEs. The similarity variables and the similarity solutions
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of the Eq. (6.1.1) can be obtained by solving characterstic equation (6.2.7) and the
coefficient functions are given by equation (6.2.5). The general solution of these equa-
tions involves two constants, one become independent variable ¢ and other plays the role
of new dependent variable F'((). Because, the discrete symmetry (¢, z,u) — (t,—x,u)
will map (v(a)) to (v(b)) and (t,z,u) — (—t,z,u) will map (vii(a)), (ix(a)) to (vii(b)),
(ix(b)) respectively, and therefore, in the optimal system, only thirteen generators are

considered, while neglecting the other three.

Type (i(a)) Vi+aVa+bVy+ Vs
For this vector field, on solving the equations (6.2.5) and (6.2.7) we obtain

tan_l(\/at) (C), ¢ = xe\% tan_l(\/at)’

b
u(x,t) = \/mef
4 aun_1 a
a(t) = (atfﬁeﬁ \ft)’ Bt) = (tgﬁ)z@ﬁt (\ft)’
m —(m—1)b an e —(n— an—
5(t) = Ks(at? +1) % e va 1(\”)’ 0(t) = Ku(at2 +1)"% e by (ft)

(6.2.9)
where K1, Ko, K3, K4 are arbitrary constants. Substituting (6.2.9) into Eq. (6.1.1), we
have the function F'(¢) which must satisfy the following ODE:

(2 + @)F(0) + (1= )CF'(C) + C*F"() + KiF(0) + KaF™ ()

(6.2.10)
+EK3(F ()™ + Ka(F(¢))" = 0.
Type (i(b)) Vi +aVs +bVi — Vg
Following the same way as above, we get
_ Jat-1\7va _ L (Va—1) e
O'(.’E,y,t) =Vat? -1 ft+1 F(C) C =z Vat+1 ’
_ K Vat—1 vat—11) va
alt) = gt (V) 7 80 )= @ty ) e
5@:mwunﬂ*Q§DQﬁ,m>fmw—n () T
(6.2.11)

Substituting (6.2.11) into Eq. (6.1.1) yields a reduced ODE as follows:

(b?=a) F(O)+(1=2b)CF' Q)+ F" (O + K1 F (O + K2 F"" (O + I3 (F ()™ + K4 (F()" = 0.
(6.2.12)
Type (ii) Vi+cVa+dVy
Solving the equations (6.2.5) and (6.2.7), we get
ulz,t) = te F(C), ¢ =zem, aft) = Krew,

E m 1)t n— 6.2.13
B1) = K27 6(1) = K922 g(1) = ypynee2e OHP
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Substituting (6.2.13) into Eq. (6.1.1) yields a reduced ODE with variable coefficients:

d*F(O)+(1=2d)CF' (OGP F" (O+ K1 F (O Ko F™ (O)+¢* K3(F ()" +c K4 (F(¢))" = 0.
(6.2.14)
Type (ili(a)) Vo +hVi+jVs+ Ve
For this case, the similarity variable, similarity solution and coefficient functions are as
follows:
w(z,t) = VE F 1eh ™ HR(C), ( =z — jtan " t, at) = AL

2+1)2>
ﬁ(t) = (752]_,’(_721)2, (5(?5) = K3(t2 + 1)<*W;3) e*(mfl)htan—lt’ (6'2_15)
0(t) = Ky(t> +1) 7 e~ (n=Dhtan™'t,

(=n—3)

Substituting (6.2.15) into Eq. (6.1.1), it follows the corresponding reduced ODE:

(B2 +1)F(¢) =2hj F'(¢) + 52 F" () + K1 F" (¢) + K2F" (¢) + K3 (F ()™ + K4(F ()" = 0.

(6.2.16)
Type (iii(b)) Vo +hVy+ V5 — Vs
This case yields the following forms of invariants and coefficient functions:
& .
u(e,t) = VP =1 (1) F(Q), (=~ f1og (151)  alt) = Zp.
—(m—1)h
(=m=3) _
Bt) = L5, 0(t) = Ks(t? — 1) (gﬁ) ) (6.2.17)
e —(n—1)h
() = Kt - )75 (1)

Substituting (6.2.17) into Eq. (6.1.1), the Generalized bretherton equation with time-

dependent coefficients transforms to the following ODE :

(h* =1)F(¢) =2hj F'(¢) + 57 F" (¢) + K1 F"(¢) + K2 F"(¢) + K3(F(¢))™ + K4 (F ()" = 0.
(6.2.18)

Type (iv) Vo +kVi+1Vs

For this case, the similarity variable, similarity solution and coefficient functions are as

follows:

u(a,t) =te T F(Q), (=a+1, a(t) = 5,
ﬁ(t) = %a i(t) = th(fmfg)e(mitl)k

e 6.2.19
o) = kvt (0219

Substituting (6.2.19) into Eq. (6.1.1), it follows the corresponding reduced ODE:

K2F(C) = 2KLF'(Q) + PF"(C) + K1 F"(¢) + Ko F™"(¢) + K3(F(C)™ + Ka(F(¢)" =
(6.2.20)
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Type (v(a)) Va+qVi+Vs

Following the same way as above, we get

u(z,t) =t1F((), ( =z —logt, a(t) = &1, B(t) = 22,

2.21
5(t) = Kgt2—(m=1a) () = Kyt(-2—(n=1)0), (6.2.21)

Substituting (6.2.21) into Eq. (6.1.1), it follows the corresponding reduced ODE:

a(q—1)F(C)—(2¢—1)F'(¢)+ F"(C)+ K1 F" (Q)+ Ko " (¢) + K3 (F ()" + K4(F(C))" = 0.

(6.2.22)
Type (vi) Viz+rV,
On Solving the equations (6.2.5) and (6.2.7), we get
r _ _K _K

5(t) = Kgt(=2=(m=1r) - g(¢) = K t(=2=(n=1)r),
On using (6.2.23), Eq. (6.1.1) transforms to following ODE:
r(r—1)F(C) + K1 F"(¢) + K2 F"(¢) + K3(F(¢)™ 4+ K4(F(¢))" = 0. (6.2.24)

Type (vii(a)) Vi+sVs+ Vs
Solving the equations (6.2.5) and (6.2.7), we get

U(ZL‘,t) = etF(C)a ¢ =x — st, Oé(t) = K, B(t) = Ko,

5(t) = K3e=mt g(t) = Kyel-m)t, (6.2.25)

Substituting (6.2.25) into (6.1.1), we obtain

F(C)=25F'(Q)+52F" () + K1 F"(O)+ Ko F"(O)+ K (F(O)) ™+ K4(F(C))" = 0. (6.2.26)

Type (viii) Vi+wVs

Following the same way, we get

U(l’,t) = 65F(C), ¢ =t Oé(t) = Oé(t), ﬁ(ﬂ = ﬁ(t)a 5(t) =0, G(t) =0. (6227)
Using (6.2.27), Eq. (6.1.1) transforms to following ODE:

F"(¢) + (“u(g) + i()i)) F(¢)=0. (6.2.28)
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Type (ix(a)) Vs+ Vs
For this vector field, on solving the equations (6.2.5) and (6.2.7) we obtain

u(x,t) = F(C), ( =z —t, at) = K1, B(t) = Ks, §(t) =Kz, 0(t) = K4, (6.2.29)

Substituting (6.2.29) into Eq. (6.1.1), we have the function F'(¢) which must satisfy the
following ODE:

F"(C) + K1 F"(¢) + Ko F"(¢) 4+ K3(F ()™ + K4(F(¢))™ = 0. (6.2.30)

Type (x) Vs
For this case, the similarity variable, similarity solution and coefficient functions are as

follows:
u(z,t) = F(C), ¢ =t, alt) =a(t), B(t) = B(t), o(t) = &(t), O(t) = 0(t).  (6.2.31)
Substituting (6.2.31) into Eq. (6.1.1), it follows the corresponding reduced ODE:
F'(Q) + (O F Q)™ +0(OF(C)" =0. (6.2.32)

Type (xi) Vs

Following the same way, we get
u(z,t) = F(C), (==, a(t) = Ky, B(t) = K, 6(t) = K3, 0(t) = Ky4. (6.2.33)
Using (6.2.33), Eq. (6.1.1) transforms to following ODE:
Ky F(C) + KaF"() + Ks(F(O)™ + Ka(F(O)" = 0. (6.2.34)

Combining the above results, we obtain some reduced equations of Eq. (6.1.1) expressed
by Egs. (6.2.10), (6.2.12), (6.2.14), (6.2.16), (6.2.18), (6.2.20), (6.2.22), (6.2.24), (6.2.26),
(6.2.28), (6.2.30), (6.2.32) and (6.2.34), respectively. Meanwhile many new solutions of
Eq. (6.1.1) from these reduced Eqgs. can be achieved (as we have done in the next

section).

6.3 Exact Solutions of Reduced ODEs

Our main goal is to derive exact solutions of (6.1.1) and for this purpose, we will look

for some exact solutions of the reduced ordinary differential equations in section (6.2).
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6.3.1 Solutions of Eqgs. (6.2.10), (6.2.12) and (6.2.14)

Case I: m #1
We seek the solutions of Eqgs. (6.2.10), (6.2.12) and (6.2.14) in the following form

F(¢) = ACP, (6.3.1)

where A and p are constants to be found out. We need to equate the exponents of ¢
suitably such that their respective coefficients become zero. By equating the exponents
p—4 and pn, we have p = ﬁ and also, by equating the exponents p—2 and pm, we get
p = 1=-. Hence, we should have n = 2m — 1 (where m % 1). On substituting (6.3.1)
into Eq. (6.2.10), we get the following solution of Eq. (6.1.1):

bran~! (vat)

u(z, t) =vVat? +1le Va

2
— -1 an~1(Va (1-m)
((2 \/_7K2m+2K[2('in2+3K2m3 (—1—|—m)_2)( L+m) ) (q;e_t\/(aft)> 7

(6.3.2)
where K = —/— =Kamt2Bmi s o mt ¢y (1 4 )™ and @ = — =20 tmt Apstimet
On using (6.3.1) into Eq. (6.2.12), Eq. (6.1.1) has the following solution:

i)
t— 2/a
u(,t) = Vat* —1 (\/gtJrl)
(—14m) ! _ N\ T
((z [ S (L g ) 2) ) (= () ™)

(6.3.3)

where iy = — [~ =Kam= 2K mit 3 Kam? joy (1 4 ) ™! and o = P=20mbtmt tpstimet

On using the relation (6.3.1) in (6.2.14) corresponds to the following solution of Eq.
(6.1.1):

9 1
u(x,t) = te” “lfmet

((2 \/_ —Ks m+2K12(2n2+3K2 m3 (-1+ m)_2> (1+m)‘1> (xei) ﬁ , (6.3.4)

where K; = —\/— —K m+2KIQ(£”2+3K2 Ky (1+m) "t and d = =2 (=1 +m) .

Case II: m=1
4

In this case by equating the exponents p — 4 and pn, we get p = 1=.. Hence, on
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substituting (6.3.1) into Eq. (6.2.10), we get the following solution of Eq. (6.1.1):

btan— ! (\/Et)

u(z,t) =vVat: +1le Va

- tan ™ t 4(1,,1)—1 6.3.5
((—8 ¢ (3+n><3n+1>(n+1>)(‘”") > <xe—}(”) | (6.3.5)

Ky (—14n)*

_ b2—20%n+b%n2—8b+8bn+16+K3—2 K3 n+ K3 n?
1-2n+n? :

where K1 =0 and a =

On using (6.3.1) in Eq. (6.2.12), Eq. (6.1.1) has the following solution:

a1\ /2 7a
u(z, t) = Vat? — 1 (ﬁ;}) Ve

_ —n)~! 6.3.6
(—8 Ko (3+n)(3n+1)(n+1)>(_1+n) 1 x (\/atfl)_l/Q 7 1= ( )
K4 (—1+n)* Vat+1 )
where K1 =0 and a = b2_252”+b2”2_8btégflilij3_2K3 ntKsn?
Eq. (6.2.14) corresponds to the following solution of Eq. (6.1.1):
(=1+4n)~! 4(1-n)~*
u(x,t) = te~ai ((—8 K B;?gff;gfnﬂ)) ) (xe%) , (6.3.7)

where K1 = 0 and a = \/—K3~ ' (bn —b+4) (=1 +n)~*. Finally, in all the above solu-

tions, it is necessary to have KoKy < 0.

6.3.2 Solutions of Egs. (6.2.16), (6.2.18), (6.2.20), (6.2.22) and (6.2.26)

We seek the solutions of Eqgs. in the following form
F(¢) = A¢?, (6.3.8)

for m = 1, where A and p are constants to be found out. We need to equate the

exponents of ¢ suitably such that their respective coefficients become zero. By equating

the exponents p — 1 and pn, we have p = 1. On substituting (6.3.8) into Eq. (6.2.16),

1-n-

we get the following solution of Eq. (6.1.1):

_ . 71+n_1 1
o) = V1O (<2 )T ot )7L 039
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where K1 = —j2, Ko =0, K3 = —h%> —1,hjK,; < 0.

On using the relation (6.3.8) in (6.2.18) corresponds to the following solution of Eq.
(6.1.1):

atet) == (1) ((~2mtie) ) (o 1/2inom (1)) ™
(6.3.10)

where K1 = —j2, Ko =0,K3 = —h%> +1,hjK,; < 0.

Eq. (6.1.1) possesses the following solution corresponding to Eq. (6.2.20):

_k Kl (—1+7’L)_1 I ﬁ

where K1 = —1?, Ky =0, K3 = —k? klK, < 0.

Eq. (6.2.22) corresponds to the following solution of Eq. (6.1.1):

_ (—14n)~! 1
u(w, t) = t9 ((—Kf(‘il}m)) ) (& — log (£)) T | (6.3.12)

where K1 = —1,Ky =0, K3 = —¢*> + ¢, (2¢ — 1) K4 < 0.

We get the following solution of Eq. (6.1.1) corresponding to Eq. (6.2.26):

1

. . (=1+n) 7! 1
U(Z]}', t) =€ (—2 m) (.’1}' — St) (1=n) N (6313)

where K1 = —s%, Ko =0, K3 = —1,sK4 < 0.

6.3.3 Solutions of Egs. (6.2.24), (6.2.30) and (6.2.34)

Case I: m # 1
Let us consider the solutions of Eq. (6.2.24) in the following form:

F(¢) = Asech(¢)P. (6.3.14)

We need to equate the exponents of sech(() suitably such that their respective coefficients

become zero. By equation the exponents pn — 4, p and pm — 4, p — 2, we get p = %
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FI1GURE 6.1: The figure of the soli- FIGURE 6.2: The wave profile for so-
ton profiles of (6.3.15) with K; = lution (6.3.16) with K3 = 10, K4 =
1/2, Ky =20, K4 = —10,m = 10 —2,m = 20
and p = % respectively, hence, we should have n = 2m — 1. On substituting (6.3.14)

into Eq. (6.2.24), we get the following solitary wave solutions of Eq. (6.1.1):

‘ (m—1)""
ule,t) = 1" ((2 /R tans (i — 1)) ) (sech (@) 77

(6.3.15)
(4K2m3+4K2m2+4K2m+4K2+K1mB—KlmQ—K1m+K1)
where K3 = ,
(m2_2m+1)\/_2K2mQ—Klgirt+3K2m3
1/2m2— 1/2+1/2 4_4m3+6m2—4 1-64 Ko—16 K 2432 K —-16 K
po— M2mEomd /241 /2yml A md b mE A m 164 Ky A6 Ky mPt8 Kam 16Ky g g e ),

(m—1)
The figure 6.1 shows the soliton profiles of (6.3.15) with K = 1/2, Ko = 20, K4 =

—10,m = 10.

On using (6.3.14) into Eq. (6.2.30), Eq. (6.1.1) has the following solution:

) (m=1)7! 2
u(@,t) = ((—1/2 KafmD) ) (sech (—z + 1)) 77 (6.3.16)
where K; = 1/4 —4m4K4+3K32m3—7£?27(n?—411)m31(4+5 K3?m—K3?
m° K4 (m+ ’
2 5_ 4 3_ 2 —
Ky, = —1/16 Ks?(3mP—13m+22m—18 m?+7m—1) and K3K4 < 0. The wave profile for

m3 Ky (m+1)
solution (6.3.16) can be imagined similar to profile of (6.3.15) with K3 = 10, K, =

—2,m = 20.
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On using the relation (6.3.14) in (6.2.34) corresponds to the following solution of Eq.
(6.1.1):

(o, t) = (( 1/ W)(m_”l> (sech ()20 (6.3.17)

K32(3m—1)(m?—2m+1)?
Kam3(m+1)

2(3m—1)(m?—2m+1)

where K; = 1/4 R (D)

0.

, Ky = —1/16

and K3K4 <

Case II: m =1
In this case by equating the exponents pn — 4 and p, we get p =

%1 Hence, on
substituting (6.3.14) into Eq. (6.2.24), we get the following solution of Eq. (6.1.1):

(71—1)71 y—1
u(z,t) =t ((—8 K W*;jj(iﬁj)lg(”“)) ) (sech (z))* V7" (6.3.18)
h - 1/2n2—n+1/2+1/2\/n4—4n3+6n2—4n+1+512K2n+256K2n2—4K3n4+16K3n3+16K3n—24K3n2—4K3+256K2
where r = Ciin)?
242n45)K.
, Ky = —4% and K,Ky < 0.

Eq. (6.2.30) corresponds to the following solution of Eq. (6.1.1):

(n—1)"1 _
u(,t) = <( 1/8 CEIGREI ) ) (sech (—z+ 1)V (63.19)
4 2 2_ K3 (n*—4n3+6n2—4n+1
where Ky = —1/16 Kan'+2 Ko n® £1602 8 Ky ns2ne5 Kot16 e, — L 3 (n n2n+2n—tl n )’

and K3K, < 0. The evolution of solution (6.3.19) with K3 = 20, K4, = —5,n = 10 at
t =0,¢t=1andt = 2 has been shown in Fig. (6.3), Fig. (6.4) and Fig. (6.5) respectively.

Eq. (6.1.1) possesses the following solution corresponding to Eq. (6.2.34):

n n (n=1)7" n—1)""1
u(z,t) = <<—1/8 %) > (sech (1:))4( v (6.3.20)

(n4+2 n%—8 n+5)K3
n242n+1

1 K3( 474n3+6n274n+1)
— 64 n24+2n+1

where K1 = —1/16 , Ky = and K3K4 < 0.

6.3.4 Solutions of Eqgs. (6.2.28) and (6.2.32)

We assume that the solution of equation (6.2.28) can be expressed in the following form:

F(¢) = Aers. (6.3.21)
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FIGURE 6.3: FIGURE 6.4: FIGURE 6.5:
The figure The figure The figure
of solution of solution of solution
(6.3.19)  with (6.3.19)  with (6.3.19)  with
Ky = 20,K, = Ky = 20,K, = Ky = 20,K, =
—5,n = 10 at -5,n = 10 at -5,n = 10 at

On substituting (6.3.21) into (6.2.28), we get the following solution of Eq. (6.1.1):

u(z,t) = Aez+£tw, (6.3.22)
2,4

where a(t) = —%ﬁ*@(t).

Let us consider the solutions of Eq. (6.2.32) in the following form:

F(¢) = Asn(¢, q)", (6.3.23)

where sn((,q) is the Jacobi elliptic sine function with modulus q. We need to equate

the exponents of sn((,q) suitably such that their respective coefficients become zero.

2 andpzli

n—1

By equation the exponents pn + 2, p + 4 and pm + 2, p, we get p = -
respectively, hence, we should have n = 2—m. On substituting (6.3.23) into Eq. (6.2.32),

we get the following solution of Eq. (6.1.1):

w(z,t) = A(sn (t,)20™ " (6.3.24)

A(14m)

A=H™M(_34m)
Am(1-2m+m?2)

where §(t) = —2 rmim?

and 0(t) = —2
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6.4 Conclusion

This chapter obtains the Lie symmetries and similarity reductions of variable coefficients
generalized Bretherton equation and further reduced ODEs have been studied to obtain
certain exact solitary wave solutions. The sech-ansétze method and other methods
were successfully used to derive these solutions.It needs to be noted that however some
figures were plotted to see the propagation and asymptotic characteristics of the solitary
waves. We should notice that the obtained solutions in this chapter play a crucial role in
numerical simulation and the understanding of solitons dynamics of variants of studied

equation where they facilitate the verification of numerical solvers.






Summary

In the study of nonlinear partial differential equations, the discovery of symmetries and
exact solutions has great theoretical and practical importance. These exact solutions
for nonlinear systems are used as models for physical or numerical investigations and
often reflect qualitatively on the behaviour of more complicated solutions. In this thesis
entitled “Lie Group Applications to Some Nonlinear Systems”, our prime focus
is to obtain symmetries and exact solutions of certain nonlinear PDEs representing
important physical phenomenon which are the (241)-dimensional Calogero Degasperis
(CD) equation with its generalized form, the coupled Klein-Gordon-Schrédinger (KGS)
equation along its variable coefficients form, the (2+1)-dimensional potential Kadomstev
Petviashvili (PKP) equation and its generalized form, the generalized Dullin-Gottwald-
Holm (GDGH) equation and the generalized Bretherton equation. To determine the
admissible symmetries, the methods - Lie classical approach and Nonclassical method
have been utilized. Both these techniques consist of steps which can be applied in
a very systematic manner. After obtaining the point symmetries of the system under
investigation, our attempt is to reduce the number of independent variables of the system
corresponding to each element of the optimal system and then reduced equations have
been studied by several methods including extended (G’/G)-expansion method, modified
(G'/G)-expansion method, Jacobi elliptic function method and several methods and also,
it may be noted that the solutions obtained for various systems in the thesis include

periodic solutions, traveling wave solutions, kink wave solutions, solitons etc.

In chapters 2, 3 and 4, Lie group method has been applied on constant coefficients as well
as on variable coefficients versions of equations that helps us to reduce (2+1)-dimensional
equations to (14+1)-dimensional equations and (1+41)-dimensional equations to ODEs.
In case of variable coefficients equations, most of the solutions involve an arbitrary
coefficient function and it enables us to control and discuss the behaviour of solutions
as governed by the choice of this arbitrary function. Another important aspect achieved
in this thesis is to check whether studied equation is integrable or not by using Painlevé
property. We have performed Painlevé test on variable coefficient equations studied in
chapters 2 and 4 and obtained constraints on coefficients for equation to be Painlevé

integrable.

Motivated by the fact that symmetry reductions for many PDEs cannot be obtained
by using classical symmetries, there have been several generalizations of the classical
Lie group method for symmetry reductions, so we have also investigated nonclassical
symmetries in chapter 5. We have obtained the complete Lie group classification for the

studied equation in this chapter and obtained new results.
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We have also eastablished the traveling wave solutions of generalized Bretherton equation
with variable coefficients in chapter 6 by using sech-ansitze and some other methods.
We have also plotted some figures to see the propagation and asymptotic characteristics

of the solitary wave solutions obtained here.

In short, we can say that work in our thesis is devoted to investigating a wide range of
applications of continous symmetry groups to physically important systems of partial
differential equations. It is worth mentioning that in spite of the focus on symmetries
and exact solutions, the author found it really difficult at times to find symmetries for
variable coefficient equations as symmetries for constant coefficient equations can be
obtained by some mathematical softwares. Keeping in view this limitation, it will be
really interesting if such softwares can be developed. In this thesis, it is also a herculean
task to extract solutions of PDEs from reduced ODEs and to fulfill this aim, some
specific forms of solutions of ODEs have been assumed. Thus, the general solution of
reduced ODEs, their physical interpretation and to study the nonclassical symmetries

of variable coefficient equations brings forth tremendous scope of future work.



Appendix A

Extended Infinitesimals

A.1 Extended infinitesimals for (241)-dimensional PDEs

The following expressions for extended infinitesimals 7%, n™%, n*t, n¥¥, n** for (2+1)-
dimensional PDEs can be easily obtained from equation (1.2.35) for the space (z,y,t,o(z,y,t))
where &, ¢, 7,1 are infinitesimals corresponding to x,y,t, o:

T

n* = —0&s — 500'902 + Ny — OtTe0z — Uy¢x + NoOx — 04Ty — Uy¢agw (A'l'l)

— 2 2 3
't = —0yOg boo — Ot0:°Tgo — 02600 — Uy¢a:a: - 20’:chbe - 20'a:y¢00':1: + 2M3o0y — 20447y

2
—385020 22 + NooOz” — 028zz + Nex — OtToOzz — 20102 Tus — 20248z — Uy¢00z$ — OtTzxx
FNoOza — 2044To 0z — 20y¢x00'x - 251‘0'0-2?2
(A.1.2)
t __ 2 2
ntt = _Uyam¢00'0't — OxtTt — O-ygbxt — Teo0t" — 0:°6to — 0x€at + NoOut — O4tTe — OzxSo0t
2 2
—0yPoOst — Ot02Tie — 028200t — Ot 02Tog — OzyPo0t — 028500t — Oxalt — O4Tat + Nat
FNeo0t + OxNte — 204To Ozt — Uyax¢ta - Uyt¢0'0-$ - O'y¢:c00't + 02Noo0t — Oxtbs — ny¢t
—O044To0z — 2§5604001 — Oyt Py
(A.13)
_ 2 2
N = —04Te0yy — 02850yy — 2010yTyo — 3Px0y0yy — 204y50y* — 0,0y E0o — T4 Tyy
2 2
—20:8y00y + NoaOy” — OyPyy — 010y " Too — 20y1Ta0y + NaOyy — 205yEa0y — 204y Oy

_O'xgyy + Nyy + 277y00y - O'y3¢00 - 20':ch£y - 20ytTy
(A.1.4)

TTTT 3 2 2
= _4Umy0x Gooo — 1204440:Tro + 602" No000sz — 6022102 Too — 40102 Tezz0

n
_6O'wxyo'a,’2¢aa - 100’x25000'xwx - 4ny¢aaxzx — 40404 To0 020z — 120xyax¢aaga:$
1204404760020 — 6Ut0szaaasz — 120102 Te0002e — 120—y0-x¢xaoo'mx

_6Uy0:c2¢aacfascm - 4Uy0$¢cmgza:a: - 6Uy¢a:m003333 - 120$y012¢macr - 60$$y¢00$m

2 3
—240, f:caao'mc —12044024Teo — 1851:%70':00'1% + 4N56040 220 — 402102 Too0
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—4044To00ze — 60t Toe002e — 12024 Toao0r — 120zy¢xw00z - 12th0$27100 + 1296604022
—16£26040 202 — 150m§UUU$I2 - Uy¢aaxxxx — 0tToO0zzzx — Ut0x4Taaaa - O'yo'x4¢000'0'
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_4§IIZ‘UO—I2 — 60422820 + 6nrxaoax2 — 40328 ae + ANpoOrre — 6020t Tee — 4024 Taze + 377000:Ux2

—40 10028z + ONezoOsz + MrzroOr — 6013§xxoa - 0-:2550000 - 4Ux4§maao - 4awy¢xzm + Nrzaa
(A.15)

From the equations (1.2.35), one may easily obtain the following expressions for the
extended infinitesimals 7%, nY, n*®, n*¥, n*, n***Y  where 1 is dependent on z,y,t and

&, ¢, 1,m are infinitesimals corresponding to x, y, t, v:

771 = _wocfa: - &,lﬂ/’xQ + N — thwwx - wy(,bx + 771#¢x - thz — 1/}y¢¢1/)x (A.l.ﬁ)

1Y = —thydy — dytby” + Ny — PrTythy — Yaly + Nty — Pry — Yalytdy (A.L7)

77” = _2wy¢mp¢x — 20t Ty — 7;[)13&#7,/) - 1/1y¢¢¢m - 2£xw¢x2 - @Z}thm - 7/}90511 - 2¢xy¢x
_wyﬁbaxaz - %%%ww + Wbm - 3§w¢x1/1m - 2%;/%% + Ww%Q + 277:1:1[1¢:v - 2¢t¢z7':m/)

_¢t7—1,/ﬂ/]m + New — 2Vp2s — 2¢xt7—¢¢x - thd’xQTd)w
(A.18)

n*tY = —%&w% - ¢t¢x7¢¢¢y - d}myﬁby + %w% - ¢xy£x - ¢x2£y¢v - ¢mc€y - %wwa
‘Hbacnyw - ¢y¢a:y - pry(ﬁm + nwwﬂcy - wytTm - wxfmy - thacy - wztﬂpwy - wtwaﬂ'yw
+%W¢¢y - ¢y2¢x¢ww - ¢t7'a:w¢y - %x&pwy - wyy¢w¢x - ¢x2€ww¢y - wytTw¢x

—?ﬂtﬂp%y - 2¢y¢w¢xy - 2§¢w:v¢zy - thTy - ¢y¢x¢y¢ + Ny
(A.19)

77xt = _wywm¢d)¢wt - wath - wmy¢t - ¢r£zt - wt'rmt - wmmgt - ¢z2§tw - ¢yt¢a¢
— Y4 Te — ¢y¢xt + ¢x77tw + nxwwt + W%t — Vutbe — VTt — %2&@,0%: - waﬁgaﬂ/ﬂ/}t
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(A.1.10)
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=30y e taa by — 3VeVaaTopply — 3Ve Toppply — 3Vl Taoyyply — Wetarlayy
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— 300t Ty ty — 3VuetuaTpy — 3uayBoy — 30tV Tozyy — 3Vazalapty — 3Vu>Euppptly
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A.2 Extended Infinitesimals for (1+1)-dimensional PDEs

The following extended infinitesimals for ¢*%, ¢, nt, n*®, 1t 1)*® can be obtained by
using the equations (1.2.35) acting on space (z,t, u(x,t),a(x,t),b(z,t)) and &, 7, 0,1, n

are infinitesimals corresponding to x,t, u, a, b:
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(A.2.1)
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On using the equations (1.2.35), the following extended infinitesimals for nt, n®, ¢ n',

LXLTT

nrET pret p can be obtained for dependent variable u(z,t) and &, 7,7 are infinitesi-

mals corresponding to x,t, u:

Nt =me+ (e — 7)) u — Eug — o — gy (A.2.7)
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