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Abstract

Since the 1990s, wavelet theory has been adopted for numerically solving the partial dif-
ferential equations (PDEs). There is an immense research available on wavelet based
techniques for numerically solving PDEs. But the theory of wavelet to numerically solve
PDEs on arbitrary manifolds is yet in its emerging phase. Moreover, handling general
boundary conditions using wavelets is also a tedious task. In this thesis, fast adaptive
methods based on wavelets and their variants are developed which are easily extendable to
general manifolds and can handle general boundaries. Second generation wavelet, spectral
graph wavelet (SPGW) and curvelet are used for this purpose. Curvelet is already used in

various areas of engineering, but to best of our knowledge it has very thin appearance in
the field of PDEs.

We started with Daubechies and second-generation wavelet to get a better understanding
of wavelet-based methods for solving PDEs. Daubechies wavelet have been widely used
for numerically solving PDEs, but we have used Daubechies wavelet for solving real life
problems, i.e., traffic flow problems. Furthermore, we developed a Matlab toolbox which
contains the routines for the second generation wavelet transformation and inverse wavelet
transformation on the space Lo([a,b]). These wavelet transforms are further used for
computing the wavelet and scaling function values (¢(z) and ¢(x) respectively). We have
also included the Matlab code for generating second generation wavelet based adaptive

grid in our suite.

As our aim was to tackle PDEs with different boundaries and Daubechies wavelet based
methods are limited to periodic boundary conditions, we used second generation wavelet
and third generation wavelet. The construction of second and third-generation wavelets
is unaffected by boundaries because these wavelets are built directly on the space where
one needs to tackle his/her problems. These wavelets can be used for solving all types of
boundaries, however in case of classical wavelets like Daubechies wavelets, additional efforts

are to be made to include all types of boundaries in addition to its basic construction.

To be able to solve PDEs with solution having orientation features, we shifted to curvelets.
Curvelets are attractive, because they effectively describe essential problems in which
wavelet designs are far from ideals. The importance of curvelet is described in the fol-

lowing ways:

e Because of the bad orientation selectivity of wavelets, they do not present higher-

dimensional irregularities efficiently. This makes curvelets interesting as they can



yield an ideally adapted mathematical architecture to represent functions that display

smooth punctuated curve.

e Tools from hereditary multi-scale analysis such as wavelets are insufficient to detect,
establish or present a compact presentation of the intermediate dimensional arrange-
ment. Curvelet is the better product because it produces better-adapted choices by

consolidating concepts from geometry with ideas from classical multiscale analysis.

e Although there is wide research available for wavelets on arbitrary manifolds, yet
the theory of wavelets for numerically solving PDEs on arbitrary manifolds is in its
emerging phase. The most significant characteristic of the curvelet is that it can be

designed on arbitrary manifolds.

Curvelet based fast adaptive technique is constructed for numerically solving PDEs on
general manifolds. This method uses closest point form for approximating the Laplacian-
Beltrami (V?) operator and some suitable method (e.g., Crank Nicolson) for time integra-

tion of a given PDE. Curvelet is used for the following two purposes:

e For compression of the differential operators and hence for the rapid computation of

the powers of the matrices associated with the PDE’s numerical solution.

e Curvelet coefficients are used as an indicator function to guide the refinement of the

node arrangement and in this way curvelet is used for adaptivity.

We have tested the curvelet based adaptive methods on many problems in one dimen-
sion, two dimension, three dimension and on the general manifolds. On the sphere, we
have solved the non-linear Schrodinger equation (NLS) which is a standout amongst the
most important physics models with several applications in various fields, for example,
self-focussing in laser pulses, non-linear optics, models of protein elements, plasma ma-
terial science and so on. The experimental results in MATLAB shows that in terms of

computational time, the developed technique is highly efficient.

Altogether, the proposed methods are applied on a large number of test problems. Some
of these test problems are elementary PDEs (Burger’s equation) and some are more chal-
lenging problems (reaction-diffusion equation on the sphere, Schnakenberg model evolving
on the surface of ellipsoid). These numerical tests reveal that the proposed methods can
accurately capture the development of localized patterns on all scales and adapt the node
arrangement accordingly. The CPU time analysis of the methods reveals that the methods
are efficient as compared to the traditional methods. The convergence of the proposed

methods is also numerically verified.
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Chapter 1

Introduction

In the late 1980s, Grossmann and Morlet [1] introduced wavelet bases as a tool for image
and signal processing. Wavelet applications at the beginning include seismic signals anal-
ysis, image processing, pattern recognition [2, 3], edge-detection [4], image compression,
denoising [5], speech recognition [6] and computer graphics [7]. Their potency is now well
established in many of the above fields such as the U.S. Federal Department of Investigation
uses wavelets in its finger impression database and are one of the constituents of the new
compression standard for MPEG media. It was seen that such bases permit the objects
(images, signals and turbulent fields) to be represented with singularities of complicated
structures with small fraction of degrees of freedom, a feature that is especially encourag-
ing when considering of an application for numerically solving partial differential equations
(PDEs). It is verifiable truth that numerous non-linear PDEs emerging in the real world
have solutions in which the shocks are developed (e.g., that contains local phenomena) and
there are interactions between various scales (e.g., turbulence). In wavelet spaces [8,9],
these solutions are usually well-represented. In combination with the mathematical rigor
of multi-resolution analysis, the capability of wavelets to recognize and isolate localized
framework, for example, vortices and shocks made them interesting contestants for adap-
tive computational methods. Shortly, numerous appealing mathematical characteristics of
wavelets (such as compact support, property of localization in wave-number and physical
space, effective multi-scale decomposition, the presence of fast wavelet transformation [10]
and vanishing moments etc.) along with the approaches for pre-conditioning and compress-
ing the matrices [11] and operators motivates their utilization for the adaptive numerical
solutions of PDEs.

The first attempt was made to use wavelet bases for numerically solving PDEs in the
beginning of 1990s, when the first straightforward adaptive wavelet technique was devel-
oped [12]. In 1991, Beylkin executed the survey of numerical estimation in view of wavelets.
The research was represented in the sort of military AD note [13], conference paper [14]
and official journals [15,16]. For the calculation purpose, Daubechies wavelet was used.
Consequently, Jaffard demonstrated prevalence of resolving elliptic PDEs by using the

wavelet [17,18]. Zweig noticed that the general wave condition, whereon the continuous



wavelet transform depends, could be employed to know the phenomenon associated in the
sense of hearing procedure [19]. Chen and Dahmen started associated analyzes [20, 21].
These former research reports had a grand influence and encouraged the wavelet applica-
tions in numerical estimation. From this point forward, plenty of research foundations and
educational institutions started to direct the wavelet-study. These studies demonstrated
that wavelet multiresolution, its characteristics, vanishing moment, short support and
norm-equivalence were supreme and universal in solving the differential equation. Differ-
ent wavelet approaches have been advanced for solving several types of linear and non-linear
PDEs for example heat and transport equations [22], Laplace/Poisson equations [23] and
reaction-diffusion equations [24-26], Burger’s equation [27, 28], the nonlinear Schrodinger
equations [29] and the Stokes equations [30,31]. In 1995, a multilevel wavelet-collocation
approach was developed by Vasilyev for solving PDEs [32]. This method uses the standard
concept of collocation with wavelet approximation. The multilevel wavelet collocation
technique suggested by Vasilyev depends on the localization characteristics of wavelets.
Tchiamichian and Liandrat [27], Maday et al. [33], Ravel and Maday [34], Bertoluzza et
al. [35] and Bacry et al. [36] have demonstrated that multi-resolution form of bases of
wavelet is easy as well as useful structure for spatially adaptive approaches. In 1996, a
vigorously adaptive multilevel wavelet collocation approach was developed by Paolucci and
Vasilyev for solving PDEs in one spatial domain [37]. The method is an extension of col-
location method proposed in [32]. In 1997, Paolucci and Vasilyev proposed a fast adaptive
collocation approach for multi-dimensional PDEs [38]. A large portion of the wavelet cal-
culations for tackling PDEs can deal with periodic boundaries easily [27,33,35,36]. The
efficient handling of general boundaries is yet an open query although various prospects to
deal with this issue have been designed [39-43].

In spite of the vast literature available, the subject of wavelet based techniques for nu-
merically solving PDEs on arbitrary manifolds is yet in its emerging phase. Numerous
approaches have been developed for constructing the wavelets on arbitrary manifolds. The
wavelet basis in [44,45] is developed in light of certain forms of manifolds which could be
presented as a separate union of the standard cube’s continuous parametrization. It has nu-
merous drawbacks from a practical viewpoint as its formation depends entirely on smooth
parametric images of the unit cube. This issue is settled in [46], where finite-element sup-
ported bases of wavelet respecting a random initial triangularisation are developed. In [47]
wavelets are built on the sphere. For solving PDEs on the sphere, an adaptive wavelet
collocation technique has been proposed by M. Mehra and N. Kevlahan by using second
generation spherical wavelets [48] in 2008 and this work was further extended for elliptical
problems in [49]. The method is a generalization of the adaptive collocation approach to

the curved manifolds. The biggest problem with the second generation wavelet is that to



approximate the manifold, an initial mesh structure is needed.

In spite of that, for estimating the general manifold, an initial mesh framework is hard
to obtain. The mesh-free techniques can handle this problem. One can refer [50,51] for
details of mesh-free strategies in PDEs. In [50,52] from the scattered data evaluation and
PDEs view-point, mesh-free approximation techniques, for instance, moving least-square
method and radial basis functions are considered. [51] accumulates survey of the methods
that contribute to the advancement of this research area. In 2014, an adaptive meshfree
diffusion wavelet technique has been proposed for tackling PDEs on the sphere [53]. In [54]
spectral graph wavelet based fast adaptive and meshfree method has been proposed for
numerically solving PDEs on sphere. This approach utilizes the radial basis functions for

discretizing the space and some suitable method for discretizing time of a given PDE.

Bertoluzza et al. considered evaluation of error and efficiency of wavelet based numerical
algorithms and wavelet collocation methods [55-58]. One variant of the wavelet colloca-
tion technique is the adaptive method for the numerical solution of PDEs on a staggered
non-tensorial grid on the sphere [59-61]. This requires two families of wavelets and an
appropriate way to ensure that thresholding achieves the required error control. Kaber
et al. proposed wavelet multiscale algorithms and wavelet finite volume methods [62,63].
Berrone et al. proposed wavelet-Galerkin algorithm in any solution region [64]. Ama-
ratunga, Williams and Radha employed wavelet optimized finite element approach for
exploring the microscale atomic framework [65,66]. Micchelli and Chen proposed Galerkin
algorithms of discrete wavelet [67]. Piessens et al. proposed a course on applications of
wavelets considered in the numerical analysis [68]. He et al. also conducted progressive

analysis of wavelet-based adaptive schemes and error estimation [69-72].

Throughout the previous two generations, the speculations of numerical techniques based
on wavelet have been expanded in a various fields. In a nutshell from the prospects of
algorithm formation, the primary numerical analysis approaches based on wavelets are

classified as follows:
a. Wavelet Galerkin technique
b. Wavelet collocation technique
c. Wavelet optimized technique
— Wavelet optimized finite difference technique
— Wavelet optimized finite element technique

— Wavelet optimized finite volume technique



d. Wavelet meshless technique
e. Wavelet boundary element (WBE) approach
f. Miscellaneous wavelet-supported numerical techniques

In the class of the previously mentioned techniques, weighted residual approach i.e.,
wavelet-Galerkin approach and wavelet-collocation approach are the primeval numerical
algorithms in computational mechanics, therefore it is important to represent these algo-
rithms in an autonomous category despite the fact that they have common background
with another techniques. In view of the Galerkin approach i.e., the famous weighted
residual approach, finite element method (FEM) is employed. As compared to another
methods, FEM is more universal in nature. Various beneficial software is developed on
the basis of FEM, in particular NASTRAN, ANSYS. In spite of that, FEM’s efficiency in
specific areas is not ideal. Boundary element method (BEM) is proposed for enhancing
the efficiency and accuracy of FEM. Moreover, meshing is a vital and severe task in BEM
or FEM for any complicated figures. To avoid such issues, the meshless approach has
been developed. In the standard numerical strategies, for the purpose of approximating
unknown quantities, it is critical and important for generating the shape functions that
are complex, time-consumable and in fact more difficult to understand in some particular
situation. Besides, the complexness of shape functions will bring about the increment in
computational rate in the entire solution procedure. Determining a new technique that is
naive and feasible is beneficial for developing shape functions. In addition, it appears to be
a difficult job. Therefore we should turn to any other mathematical implementations. The
classical strategies, in conjunction with wavelet, represent a new aspect in the execution.
They behave like the fundamental foundation of characterization and conceptual basis.

Wavelet based numerical methods have the following benefits:

1. The localization of wavelets, both in space and scale, governs an efficient sparse
representation of pseudo differential operators (and its inverses) and functions by
taking non-linear thresholding of the coefficients of wavelet and governs the matrices

depicting the operators.

2. The best marvelous characteristic of study of wavelet for numerically solving PDEs is
their capability to evaluate the local regularity of the result, as by local mesh refine-
ment, it accepts self-adaptive discretizations. Moreover, the evaluation of function
spaces with respect to coefficients of wavelet function and the associated standard
norm equivalence [18,73] approves preconditioning of diagonal operators in wavelet

space.

3. The differential operator can be directly computed in a wavelet domain with high



speed and accuracy by setting threshold values in the domain of wavelet.

4. The presence of the FWT methods yield calculations with ideal linear complexity.

Regardless of above points of interest, wavelets have a few restrictions, for example, poor
orientation sensitivity. To mitigate these limitations, curvelets [74, 75|, shearlets [76],
bendlets [77] and many more had been introduced. These are important as they can ef-
fectively address interesting issues where wavelet concepts are far away from ideals. They
appear in terms of basic elements that exhibit excessive sensitivity to direction and are also
highly anisotropic. They can be utilized to deal with PDEs on general manifolds, because
they can be structured on general manifolds.

In this thesis, wavelet and its variants based fast adaptive methods are developed which
are easily extendable to general manifolds. Daubechies wavelet, second-generation wavelet,
spectral graph wavelet (SPGW) and curvelet are used for this purpose. Curvelets are al-
ready used in various areas of engineering, but to best of our knowledge it has very thin
visibility in the field of PDEs. We have made an attempt to exploit useful properties
of curvelets for numerical solutions of PDEs. We started with Daubechies and second-
generation wavelet to get a better understanding of wavelet-based methods for solving
PDEs. Daubechies wavelet have been widely used for numerically solving PDEs, but we
have used Daubechies wavelet for solving real life problems ¢.e., traffic flow problems. Fur-
thermore, we developed a Matlab toolbox which contains the routines for the second gen-
eration wavelet transformation and inverse wavelet transformation on the space Lo(]a, b]).
These wavelet transforms are further used for computing the wavelet and scaling function
values (¢ (x) and ¢(z) respectively.

As our aim was to tackle PDEs with different boundaries and Daubechies wavelet based
methods are limited to periodic boundary conditions, we used second generation wavelet
and third generation wavelet. The construction of second and third-generation wavelets
are not limited to periodic boundary conditions because these wavelets are built directly
on the space where one needs to tackle his/her problems. These wavelets can be used
for solving all types of boundaries, however in case of classical wavelets like Daubechies
wavelets, additional efforts should be made to include all types of boundaries in addition
to its basic construction. Therefore, in this thesis, second and third generation wavelet
based fast adaptive methods are developed for solving PDEs.

This chapter provides a brief description of Daubechies wavelet. In section (1.2), a con-
cise explanation of how wavelets can be utilized for numerically solving PDEs has been

provided. Organization of the thesis is given in section (1.3).
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1.1 Daubechies wavelet

Named after Ingrid Daubechies, the Daubechies wavelets [78] are a class of compactly
supported orthogonal wavelets. These are the most famous in the class of all first generation

wavelets.

1.1.1 Real line

Multi-resolution analysis (MRA) is a common structure for the wavelet theory, a mathe-
matical structure that generally describes wavelets. MRA provides basic insights into the
theory of wavelets and also leads to important algorithms. MRA’s objective is to represent
the random function f € Lo(R) at different levels of detail. Daubechies in [78,79] used the
same for showing that 3 an orthogonal wavelet with short support for a positive integer n
such that all the derivatives upto the nth order exist. The following axioms described the
MRA:

1. Vi C VIt (subspaces are nested),

2. f(z) € VI iff f(2z) € V7! for all j € Z (invariance to dilation),

3. W = La(R),

jez
4. {¢(x — k)|k € Z} is an orthonormal basis for V° (invariance to translation) for a

function ¢(x) € V°; this is called the scaling function.

A sequence of nested approximation spaces V/ in Ly(R) is described by MRA, such that
the closure of their union is equal to L£5(R). The approximation of f is the projection of

a function f € L£5(R) onto V' that converges to f as j — oo.

Given the nested subspaces V7, the detail space W/ is defined as the orthogonal complement
of V7 in Vi je., V' L W/ and

Vit = Vi g WY, (1.1.1)

Consider now two sub-spaces V% and V/ with J > Jy. Applying (1.1.1) recursively we

obtain

Vv =vhg (Q; Wj> : (1.1.2)

Jj=Jo



Thus any function in V’ can be represented as a linearly combination of the functions in
Vo and WP, j = Jy, Jo+1,- -+, J—1; hence it can be analyzed on different scales separately.
From this separation of scales, MRA received its name. Note that we will call J, as the

coarsest approximation level and J as the finest approximation level.

As the set {¢(x — k)|k € Z} is an orthonormal basis for V° by axiom (4) of MRA, it
follows by repeated application of axiom (2) that {¢].(z) = 2//2¢(2/x — k)|k € Z} is an
ortho-normal basis for V/ and similarly, there exists a function 1 (x) € W° (which is called
the mother wavelet) such that {1} (z) = 29/%(2/z — k)|k € Z} is an orthonormal basis for
Wi, Since ¢3(z) = ¢(z) € V° C V!, we have

o) = 3 mok(w). b= [ ole)oh(o)ds (1.13)

k=—o00

Only finitely many hy, k = 0,1,--- D — 1 will be non-zero for Daubechies compactly sup-
ported scaling function, here D is an even non-negative integer and is known as the wavelet-

genus. Therefore we have

o(x) = \/526 hio(2x — k). (1.1.4)

Eqn. (1.1.4) is called the dilation-equation (for the scaling function it is a two scale-relation)
and hq, by, -+, hp_1 are called the low-pass filter coefficients. Likewise, Daubechies com-

pactly supported wavelet 1(z) € W° C V! is defined by

vlx) = VY. gio(2r ). (115)

Eqn. (1.1.5) is called the wavelet equation (for the wavelet function it is a two scale
relation) and g, g1, -+, gp—1 are called the high-pass filter coefficients. The relation which
connects the filter-coefficients is as: gx = (=1)*hp_1_p,k =0,1,---,D — 1. An important
consequence of (1.1.4) and (1.1.5) is that supp(¢) = supp(¢) = [0,D — 1], see [78]. It
follows that

k k+D-1

supp(¢1,) = supp(iy) = I, = {
It should be noted that there are generally no closed (explicit) analytical formulas for
either Daubechies wavelet or scaling functions (¢)(z) and ¢(x) respectively) excepting the
Haar scaling function (¢(z) = 1if z € [0,1), ¢(z) = 0 else) and the Haar wavelet function
(Y(z) =1ifx €]0,.5), ¥(zr) = —1if x € [.5,1), ¥(z) = 0 else). Furthermore, values can
be calculated at dyadic points for general scaling and wavelet functions using the cascade
algorithm [78,80].



1.1.2 Periodic domain

Earlier, on the whole real line, our functions have been defined, i.e., f € Ly(R). The
domain of space is a finite interval for most of the useful applications for instance data
fitting, image processing or problems involving differential equations say, for simplicity,
the function f is periodic on the interval [0, 1] i.e., f(0) = f(1). These situations can be
managed with using the following periodic scaling and wavelet functions:

Let ¢ € L5(R) and ¢ € Lo(R) represents the basic scaling function and the basic wavelet
that from an MRA as defined in section (1.1.1). We define the 1-periodic scaling function
for any j, k € Z as

Z¢]x+n —2]/22 ¢ (x +n) —k),r €R,

and the 1-periodic wavelet
= i Yl (x +n) = 29/ i V(2 (x +n) —k),r €R. (1.1.6)
The 1-periodicity can be verified as follows
Pl(r+1) = Z¢Jx+n+1 Z ol (x +m) = ¢l (),

n=—oo m=—00

and similarly ¢/ (z+1) = ¢/ (x). With regard to periodic scaling and wavelet functions [10],

some of the useful results are as:
1. ¢ (x) is constant and is equal to 277/2 for j < 0.
2. 4l (x) =0 for j < —1.

3. ¢l (z) and ¢/ (z) are periodic in the shift parameter & with period 2/ for j > 0.

Now suppose

Vi = <{q3£(x),x 0 1]};1> and W/ — <{¢Dg(;p),x € [0, 1]}jzol>,

it is observed that the V7 nests in the same way as the V/ nests in MRA axiom 1 (see
section 1.1.1), i.e

VO VEC V2 C - Ly([0,1]),



and U;io Vi = L5([0,1]). The orthogonality property of the non periodic wavelet and
scaling functions continued to the interval limited periodic versions which indicates that
Vi@ Wi = pitl,
So the space £5([0, 1]) has the decomposition
memzvh@<€ﬁmy
Jj=Jo

for some Jy > 0.

1.1.2.1 Scaling function transformation and Inverse scaling function transfor-

mation

Assume that a function f € L£([0,1]) with f(0) = f(1) is given and we want to evaluate

the projection of this function onto the space Vi , 1.€.,
Py f(x) =) qoi(x), =01, (1.1.7)

It should be noted that there are two natural ways of obtaining the scaling function coef-
ficients ¢} of (1.1.7).

1. Projection: As the basis functions are orthogonal, hence the coefficients ¢, can be

computed by utilizing the following result

i = [ Ha)ii .

This is known as the orthogonal projection method. An adequately accurate quadra-

ture technique can approximate the integral.

2. Interpolation: The coefficients ¢, are selected such that the projection of f on V,

and f coincides at the node points at level j, i.e.,

A=
f<§>_zc-]]{;¢.]]{;(§)7 1:0717...727“_17

here r € N is known as the function’s dyadic resolution.



By using the interpolation technique for obtaining the ¢, we can obtain from (1.1.7)

z 2
f(2—) = Zcqui(;),

-1 L
223 Y g (m(hk‘);]' 2 q”) 7

where m(l, k) = 277" — |27 Now if j is such that 2/ > D — 1, then we have

[ i 1, k))gsta
f(y) :2J/QZCJk¢ (%)7 l=0,1,---,2" =1, (1.1.8)

k=0

(see [10] for reference). From (1.1.8) we see that m(l, k) serves as an index into the vector
of pre-computed values of ¢. For this to make sense m(l, k) must be an integer, which
leads to the restriction

j+q—r=>0.

Suppose ¢; = [c), ¢, -+, c); )" and f. = [£(0), fF(1/2"), -, f((2" —1)/2")]7, then (1.1.8)
can be written as
fr - TT,jCj7 (119)

where T, ; is a matrix of size 2" x 2/. Given f,, computing ¢; using (1.1.9) is called the
scaling function transformation (ST) and given the ¢;, computing f, using (1.1.9) is called

the inverse scaling function transformation (IST).

1.1.2.2 Wavelet and Inverse wavelet transform

For f € L£5(R), the projection onto the space V/ is given as

Pyf(x) = > déi(@), (1.1.10)

k=—o00

which is given only in terms of scaling functions. Now since V/ = V=1 & Wi~! we can

write Py; f(z) in terms of scaling and wavelet functions as

Ppf(x)= Y d ¢l @)+ Y &l (). (1.1.11)

10



There is a relationship between the coefficients {c]}rez, {ch  trez and {d} '}rez given
by

o)

—1
A= 3 M (1112
=0

at = G Chyos- (1.1.13)
l

)

Il
o

Computing the coefficients {¢} " }rez and {d} " Yrez from {cl}rez is called partial wavelet
transform (PWT). Applying (1.1.12) and (1.1.13) recursively, for j = J,.J —1,--- , Jo+ 1

starting from the initial sequence {c{}rez will give us the coefficients of the expansion

o0 J—-1 oo
Pofa) = abel @)+ 3 S divi (). (1.1.14)
k=—o00 j=Jo k=—o0

This process of computing {¢;° }rez, {dh, 5 = Jo, -+ ,J — 1} from {c] }rez is called the full

wavelet transform (FWT). Similarly there exists an inverse relation

na(k)
C,j€ = Z Clj_lhk_gl + di_lgk—%; (1.1.15)
I=n1(k)

where ny (k) = [2==2+] and ny(k) = | £]. Obtaining {cLYhez from {c] " hrez and {d ' }rez
is called inverse partial wavelet transform (IPWT). The inverse full wavelet transform
(IFWT) is obtained by the repeated application of the (1.1.15) for j = Jy + 1,Jy +
2, .

1.2 Wavelet-based numerical methods

Mathematical characteristics of wavelets inspires its utilization for numerically solving
PDEs [81]. The localization of wavelets, both in space and scale, governs an efficient sparse
representation of pseudo differential operators (and its inverses) and functions by taking
non-linear thresholding of the wavelet’s coefficients of the functions. The most finest char-
acteristic of wavelet analysis for numerically solving PDEs is its capability to evaluate the
local regularity of the result, that permits adaptive discretizations with natural local mesh
refining [82]. Moreover, the evaluation of function spaces with respect to the coefficients of
wavelet and the associated norm equivalences [73] permits diagonal preconditioning of op-

erators into the wavelet space. At last, the continuation of the FWT leads to methods with
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optimum linear complexity. The reviewer is recommended to the accompanying surveys

for a more mathematical overview on wavelet algorithms for PDEs [23, 83, 84].

The present wavelet-based methods can be characterized into various forms relying upon
either they take partial or full benefits of wavelet analysis, to be specific, wavelet compres-
sion, multiresolution properties, the identification of localized structures and consequent
utilization for adapting the grid, interpolation based on wavelet, FWT and active error

control. Wavelet based algorithms for solving PDEs are considered as:

1.2.1 Wavelet Galerkin approach

The degrees of freedom in Galerkin strategy are the extension parameters of a class of basic
functions and these extension parameters are not within wavelet range (implies that not in
physical range). Besides that, in wavelet Galerkin algorithms, dealing with nonlinearities

is difficult which can be take care of with a couple of methods.

e Quadrature formula approach [68] (loses its exactness because of the approximating

calculations).

e Pseudo approach [85] (firstly project wavelet range to physical range, calculate non-
linear terms in physical range and afterward back to wavelet range, this technique is
not very reasonable in light of the fact that it demands the transformation between

the physical range and wavelet range).

e Connection coefficients approach [86] (costly approach because of the summation

over numerous indices).
1.2.1.1 Connection coefficients approach
Let f € V7, then

FD(z) = i Aol V(z), zeR, (1.2.1)

l=—0

@ will generally have disconnections with V7 so f(@ is projected back upon V’

12



here

49 = [ 1wl ). (1.22)

Substitute Eqn. (1.2.1) into Eqn. (1.2.2) and performing some operations, we achieve

o0

A= 3" 2T 0o <k < oo, (1.2.3)
where .
rd — /gb(x)gbfld)(x)dx, n € 7, (1.2.4)

are known as connection coefficients. Since ¢(z) has compact support i.e., [0, D — 1] (For
the Daubechies wavelet, D is called the genus), it is demonstrated that the support of
qﬁ,(fl)(:c) and ¢(x) coincide just for —(D — 2) < n < (D — 2), thats why, they have just

2D — 3 non zero connection-coefficients. Hence Eqn. (1.2.3) depreciates as

D—-2
A= 3" ¢ 2 jkel (1.2.5)

n=2—D

If f is a function with periodicity one, then

b=

fyoir B €L,

and
j(d) _ j(d)
o = c§€+2j, ke Z.

Therefore it is necessary to take into account 27 coefficients of either type and Eqn. (1.2.5)

become Do
(4 . , .
Cljf( : - Z Cj<n+k>2j 2]d]_—‘z’ k= 07 ]-7 e 72] - 17 (126)
n=2—D

that can be composed in the matrix frame as
D =pec, (1.2.7)
here [DW]i cpips,, = 29T, k=0,1,---,2 = 1;n=2-D,3-D,---,D—2and

(D (D D@ |
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where the matrix D? is the differentiation projection matrix. If differentiated function is

. ) (d)
periodic with period L then we get ¢/@ = DI here D@ = %—d

1.2.1.2 Numerical Examples

We illustrate Galerkin method for time-dependent advection-diffusion equation with peri-

odic boundaries.

ou ou 0*u
E + CL% V@, t> O, (128)

w(z,0) = h(z), z € (0,1),
u(z,t) = u(x+1,t), t >0,

here v is a positive constant and h(x) = sin(kz). Now, we will solve this equation by
expanding it in scaling function and wavelet function.

Method based on scaling function expansion:- We begin the discretization of Eqn.

(1.2.8) with respect to time to achieve the Euler pattern
utt — .
T zT z)
i.€.,
u" T — " = votu?, — adtu”. (1.2.9)

x

Replace u(x) with the approximation by means of

201
w(w) =3 ddl @) (1.2.10)
k=0
271 o
wi(x) =Y (e)idh(x), (1.2.11)
k=0
271 o
W, () = Y (P )on(x), (1.2.12)
k=0
(CORV IS
where (¢’ );, is given as,
(Cud)ﬂc - [D(d)cu]k7
D—2
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here d is the function’s derivative. Now, Galerkin discretization scheme is used for de-
termining the coefficients (c,)]. Multiply Eqn. (1.2.9) by ¢/(z) and integrate over unit

interval gives the relation

1 1 1 1

/ (WY (2)l (z)d— / (WY ()] (z)dx = vt / (tae)? (2) ] () dw+adt / () (2) ] (w)d,

0 0 0 0

where [ =0,1,2,...,2/ — 1. Using Eqn. (1.2.9), Eqn. (1.2.10), Eqn. (2.2.6), Eqn. (1.2.12)
and the orthonormality of scaling function, we get
P =t T 4 at DV
where 7%[ stands for the scaling function’s coefficients vector related to u. At last, we
come to the algebraic linear system
T = AT

u,l?

(1.2.13)

where A = I +v0tD? —adtD' which can be solved. The analytical solution to this problem

with periodic boundary condition is:
Ugna (2, ) = exp " " sin(k(z — at)), (1.2.14)

where 1, stands for analytical solution. Fig. (1.1) shows the comparison between numer-
ical and analytical value of the Eqn. (1.2.8) at different time. Fig. (1.2) gives the relation
between error between numerical and analytical value versus no. of grid points (N). It
shows that as NV increases, error decreases.

Method based on wavelet function expansion:- Substitute d, = We, and dy =
Weyp in Eqn. (1.2.13), it yields

AWTd, = WTdy, (1.2.15)

Let

A = WAWT = W(=D® + al)WT,

= —WDAIWT 4 al,
= —D? 4 al,
where D@ = WD@WT. Then
Ad, = dy, (1.2.16)
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Figure 1.1: Solution of time-dependent linear advection-diffusion problem (v = 0.03,
a=1)at t =0.1s, 0.5s and 1s using Galerkin technique.
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Figure 1.2: Error between numerical and analytical value versus N for Galerkin
technique.
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which is the wavelet discretization of advection-diffusion equation. Consequently, there is
a capability of utilizing wavelet compression to decrease the mathematical complication of
Eqn. (1.2.16).

1.2.2 Wavelet Collocation approach

Collocation approach include mathematical operators performing on collocation points
(values of point) in the physical range [87]. Wavelet-collocation technique is generally
constructed by selecting a wavelet and some kind of grid arrangement that can be adjusted
numerically. In fact, one achieves finite differences over non uniform lattice. Dealing with
nonlinearities in wavelet-collocation approach is simple job because of collocation nature

of method. The procedure for solving this method is explained ahead:

1.2.2.1 Collocation method

In the space V7, the f (x) function is estimated as

271 -1

Py f(w) =) i (@), (1.2.17)

k=0

where ¢, are coefficients of scaling function. Differentiating d (non-negative integer) time,
Eqn. (1.2.17) becomes

FD(@) =205 ddi(x). (1.2.18)

The estimated function will overlap with the exact function at the node points in the region

at level j (collocation points) in the collocation approach, hence Eqn. (1.2.18) gives

J

[\

1

FO/2) =23 /2, (12.19)

£
I
o

where [ = 0,1,---,2/ —1. Hence by computing the scaling function coefficients, ci;, reduces
to solve the equation of matrix
i@ =pde (1.2.20)



here fi@ = (f@(0),-- f@O(Z=1)) @ = (¢} .- ¢, ) and matrix D@ is represented

as } g
0 0 - 0 ¢, - gl ¥
@ 9 0 E z
gd) gbgd) - : : : g)_l
o 0 o,
D@ — 9id+j/2 925%1)—2 g)_g cee oo 0
0 @, -~ 0 : : .
0 . ¢@ 0
. o
: : P S
I 0 ([‘)1)_2 (/15%)_3 QZSgd) 0 |

For solving c,7c by using the Eqn. (1.2.20), it is necessary to evaluate D\¥, for which the

D values at the dyadic rationals are required.

1.2.2.2 Numerical Computation of ¢

The values of the general wavelet and scaling functions can be calculated by using the
cascade algorithm [78,80] at dyadic points which is described as:

Evaluating ¢ at integers: The scaling function ¢ is compactly supported on the interval
[0, D — 1] with ¢(D — 1) =0 and ¢(0) = 0 for D > 4 [78].

By putting z =0,1,--- ;D —2in

D—1
$(x) = V2 hpp(2x — k), (1.2.21)
k=0
We get a linear homogeneous system of conditions. For D = 6 we get
(6(0)] [ ho 1 [0)]
o(1) he hi ho o(1)
d(2)| = V2 [hy hs hy hy ho| x |6(2)]| = Ae®(0), (1.2.22)
®(3) hs hy hs ho #(3)
[6(4). i hs ha]  [6(4)]

here the function ®(z) is represented by
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It is noticed that finding the solution of Eqn. (1.2.22) is similar to find the solution of the
eigenvalue problem
Ap®(0) = AP(0). (1.2.23)

The solution of Eqn. (1.2.22) is the eigen-vector of Ay analogous to the eigen-value A = 1.
Evaluating ¢ at dyadic rationals: After acquiring ®(0) from Eqn. (1.2.22), we can further
use Eqn. (1.2.21) to get the estimation of ¢ at all the mid-points within the integers in the

135
interval, to be specific, a vector ®(1/2). Substituting x = - into Eqn. (1.2.21)

‘ 27979
gives
(6(3)] (1o 1 [o0]
. ¢(3) hy hi hg (1)
¢(3) hs ha hs h ¢(3)
(3. ! hs ha]  |o(4)]
Now, we get the rationals in the form of %, here k is odd
[ o(4) ] o ]
#(3) hi ho -
¢(3) hy hi ho (0)
¢(7) hs ha hi h ¢(3)
O3 | _ g |t hs he ohol o f6(3) 1995
o(1) hs ha hs by hi|  |6(3)| (1-2.25)
o(3) hs hi hs hy ¢(3)
o(7) hs ha hs| |o(3))
o(4) hs  hy
()] i hs |

which can be written as
1 1
of5) = we(3)
4 2
o2) - aoll)
4 2

We can proceed as follows by using the two similar matrices for all calculation steps until
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a desired resolution 27 is obtained, for i = 2,3,--- ,¢and k =1,3,5,--- , 2971 — 1,

k k
z) - ao()
ko1 k

o(z+3) = 4ol3)

Similarly, 1 function values can be calculated from the values of ¢ by utilizing the equation

of wavelet

U(x) = \/52_ g2z — k), (1.2.26)

Y(m/29) = \/52_: ged(2m /29 — k). (1.2.27)
k=0

To compute the ¢(¥) values at the dyadic rationals, Eqn. (1.2.21) is differentiated d times,

then we obtain

D—-1
¢ (x) = 2'V2Y " hyp¢ (22 — k). (1.2.28)
k=0
On substitution z = 0,1,--- , D — 1 in Eqn. (1.2.28) we achieve the system
2740 (0) = 4,2 (0), (1.2.29)

the matrix Ay is already defined in Eqn. (1.2.22). From Eqn. (1.2.29) it is apparent that

related to the eigen-value 27¢, ¢¢(0) is the eigen-vector of the Ay matrix. Now substituting

r =1 %, %, .-+ into Eqn. (1.2.28), leads to the equation which is in the matrix form as

2
1 1
D[ =) =924, @[ =

<2) 1 2 )

where A; is given by Eqn. (1.2.24). Similarly, we acquire the ®@ estimations for a desired
resolution. Differentiating Eqn. (1.2.26) d times yields

D—-1
() =22 " gro (22 — k),
k=0

that can be utilized for evaluating the (¥ (z) values from the ¢@(z) values.

20



1.2.2.3 Numerical Example

Now we demonstrate collocation method for time-dependent advection diffusion equation

Eqn. (1.2.8). On discretizing the Eqn. (1.2.8) with respect to time, we get
u"tt — " = votu, — adtu?, (1.2.30)

Replace u(x) with the approximation as

u(r) = - clél (), (1.2.31)
un(z) = 3 @Y (@) (1.2.32)
Uo(z) = 3 (3PN (), (1.2.33)

Using Eqn. (1.2.31), Eqn. (1.2.32) and Eqn. (1.2.33) in Eqn. (1.2.30), we get

211 271 271 271
A" o) = > A () +vdt Y A" (P ) (x) —adt Y " (9W)(x). (1.2.34)
k=0 k=0 k=0 k=0

On solving the above system, we get the solution for u(z). Fig. (1.3) displays the relation
between numerical and exact value of the Eqn. (1.2.8) at different time. Fig. (1.4) gives
the relation between error between numerical and analytical value versus no. of grid points

N. It shows that as /V increases, error decreases.

1.2.3 Wavelet Optimized method

In wavelet optimized method, wavelets can be combined with finite difference [88], finite
element [89] or finite volume method [44]. Here wavelets are used to generate adaptive
grid. Out of these, wavelet optimized finite difference (WOFD) is most famous. WOFD
is introduced by Leland Jameson [90]. Instead of representing the solution in the form of
wavelet or scaling function expansion, the wavelet transformation can be employed to figure
out where the finite-difference grid should be refined or coarsened [48,91-93]. Wavelets
give an ideal procedure for selecting grid where dispersed grids are set in areas of the
domain where the solutions are continuous (for example in a fluid mechanics problem,

where flow is continuous) and fine framework is put in areas of the region where-ever
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Figure 1.3: Solution of time-dependent linear advection-diffusion problem (v = 0.03,
a=1)at t=0.1s, 0.5s and 1s using collocation technique.
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Figure 1.4: Error between numerical and analytical value versus N for collocation
technique.
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solutions are disorganized. A computationally effective execution of such a technique
requires the advancement of a computational situation particularly tailored to adaptive
multi-resolution wavelet transformations. This is one such primary reason why numerous
scientists purposefully avoided adaptive wavelet techniques. Further, compressing features
of wavelets and the capacity to recognize localized arrangements made it a successful

candidate to be utilized together with another numerical methods [94].

A fruitful use of the WOFD is suggested by Adechi et al. [95] to numerically decide the
neutral curve in the vitality plane of Lewis number-activation. Numerical results of WOFD
are reliable with those presented through asymptotic and linear stability studies. Further,
Bauer [96] presented the effective utilization of the WOFD in terms of conservation laws.
In his investigation, he uses wavelet for defining a hybrid adaptive technique for PDEs
in conservative form. Further, Schwarz et al. developed the wavelet-based finite volume
technique [89]. In the above analysis Daubechies wavelet has been used for defining the

grid. Diffusion wavelet for grid adaptation is used by Goyal and Mehra in [97].

1.2.4 Wavelet meshless method

Numerous issues of practical significance, like fragmentation, crack propagation and large
deformations are described by a continuous change in the geometry of the domain under
examination. The analysis of this class of problems by traditional finite difference and finite
element strategies can be an expensive and cumbersome task. The study of large deforma-
tions issues by the finite element approach may require the constant remeshing of the area
to elude the breakdown of the computation because of the over mesh distortion. In fact,
in problems where only a few meshes are required for estimation, mesh generation could
be a definitely more expensive and time-consumable job than developing and arranging
the discrete set of equations. For the study of this class of problems, meshless techniques
provide an attractive alternate. In computational mechanics, the meshless approach is a
talk of the town presently. Several meshless strategies have been planned and accomplished
amazing advancement, for example the element-free Galerkin (EFG) approach [98,99], the
diffuse element approach (DEA) [100], the mesh-less local Petrov Galerkin (MLPG) ap-
proach [101] and the mesh free-point interpolatory approach (PIA) [102]. In the above
meshless approaches, the test function and the associated form of the differential equa-
tion are distinct. He et al. observed that wavelet functions possess the characteristics
of orthogonality and compactness that can overcome the redundancy in calculating other
field functions and increase accuracy or lessened the calculation [103]. The fundamental

concept of wavelet mesh-less strategy is presented concisely as follows:
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In mesh-less approach, the shape function is known as the window, weighing or kernel
function, which is indicated by € domain as shown in Fig. (1.5). The main feature of
the window function is its compactness, where the size of support is determined by the
dilation or smoothing length parameter. If in the solution area €2, N groups of nodes are
taken then U(x) = (ug,v,) takes the form as

=D aidn(re(X)), (1.2.35)

L=1 keZ

XXl
Tdef
the consequence radius of the interpolatory nodes and af stands for the scaling function

here X, = (zr,yr) are interpolatory nodes and rp(X) = . Here 4.5 stands for
coefficients ¢(rz(X)). Scaling functions are similar to the shape functions and «/, is similar
to the variables that are related to nodes in the traditional mesh-less techniques. It should
also be noted that wavelet-based techniques are not the same as conventional mesh-less
approaches as they are nonessential to utilize data of nodes for creating the shape function.

Therefore, no nodes or meshes are required for approximation [104].

Figure 1.5: Discretization using meshless methods.

The remaining solving strategies for governing equations by using wavelet-based methods
are the same as other meshless methods after the development of shape functions. For
further detail, refer to [104,105]. In these studies, Daubechies wavelet is used for solving
two dimensional elastic problems. Neither nodes nor meshes are required in this approach
as the scaling functions are used directly for approximating the function. In [50], meshfree
estimation approach, such as moving least-square approach and the radial basis functions

are constructed from the PDEs point of perspectives and approximation of the dispersed
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data approximation. [51] is a bundle of research articles that add to the progress of this
research field. In [53], a fast adaptive diffusion wavelet approach is proposed for numer-
ically solving PDEs on sphere. Before that, the formulated wavelet-meshfree techniques
were restricted to flat geometry. In [54], a fast adaptive spectral graph wavelet technique
is proposed for numerically solving PDEs. The main highlights of these wavelets are that
they can be built on arbitrary manifolds and their development does not require an origi-
nal mesh that discretize the manifold. These highlights made spectral graph wavelet and
diffusion wavelet a particular option for mesh free techniques on arbitrary manifolds. The
constructed approach can be generalized to general manifolds. These papers were signif-
icant critical point for the researchers who used wavelets for numerically solving PDEs
on general manifolds as diffusion wavelet and spectral graph wavelet have many useful

advantages over the extant wavelets.

Meshless methods based on wavelets utilizes the unique features of wavelets for developing
formulation for solution. Compared to conventional meshless techniques, it is more brief
in shape function development. Moreover, the features of wavelet ensure the efficiency
and precision when evaluating the integral, that can be shown numerically. Therefore,
developing the field function of meshless approach using wavelet basis function is a new

concept in theory and an improvement in algorithm [104].

1.2.5 Wavelet boundary element approach

As compared to wavelet collocation or wavelet Galerkin approach, boundary element ap-
proach is usually higher effective for reducing the problem dimension by less PC time,
storage and more accuracy. It allows specialists to filter unwanted data and also to target
on the concerned portion of the area [106]. Furthermore, construction of boundary element
approach generally leads to fully populated matrices. It means that in accordance with
square of the problem size, the computational time and storage requirements will tend to
increase. Finite element matrices, on the other hand, are generally banded (elements are
associated locally) and the storage requirements for system matrices generally increases
quite linearly with the problem size. Compression strategies (e.g., multipole expansions,
hierarchic matrices or adaptive cross approximation) can therefore be utilized to enhance
the boundary element approach. Several people concentrate on extending the primary
thought of the wavelet-based programmes for boundary element technique based integral
equations for compressing the fully populated matrices and accelerate the computational
speed. The primary use of multi-scale estimation of wavelet was examined [107,108]. The

procedure of wavelet boundary element approach for the case of Neumann boundary value
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problem has been explained as follows:
We consider the Neumann problem with smooth boundary I' as follows:

Au = 0,

Ou el (1.2.36)
B — = u’ll? u L.
on

u
here — stands for the exterior normal derivative, u,, € H'/?(T) is the given function.

on
In order to ensure that the Eqn. (1.2.36) has solutions, u, should meet the conditions of

consistency.
/unds = 0. (1.2.37)
r

The Green function is stated as

no 1o (=2)+(y+vy)
Clep) = _Eln(x —2)+(y—y)

The normal boundary integral equation is

() = _% ¥ (),

and the poisson function is

here * means convolution. The integral-kernel is a vigorously singular integral-kernel that

can be viewed as the Hadamard’s finite-partial integration.

UoﬂJo // m(x y(;UQ)d dy,
R2 -

F(vo(z)) :/Rvo(x)un(x)dx,

Hence, the Eqn. (1.2.36) is stated as

The bilinear model is

The linear functional is:

D e (Uo,’ljo) = F(Uo), (1238)

up(z) mu'(x) = Y u (@) r(x), (1.2.39)



where ¢y (x) is the wavelet function.

On substituting the Eqn. (1.2.39) into Eqn. (1.2.38), we achieve the discrete solving

function
M

3" wt (@) D(dn, &) = Flon).

k=—M

here —M <[ < M. The associated form of matrix is

AX =b, (1.2.40)
where,
A = (D(¢ka¢l))(2M+l)><(2M:1)7 (1.2.41)
X = (W s ul)T, (1.2.42)
b = (F(¢—M)7F(¢—M+l)a'--7F<¢M)>' (1.2.43)

Therefore, by solving a matrix function of Eqn. (1.2.40) the associated Neumann boundary

value problem could be solved.

On solving the neumann boundary value problem, it has been found that the discretization
of the boundary integral condition is a key advance of the boundary element approach in
resolving engineering issues. This is because of the belief that the liability of the boundary
element approximation is specifically linked to the model of the discrete boundary element
where a suitable mesh should be used to accurately present the original problem in both
its geometry as well as in state variables [109]. Despite that, in an analysis of traditional
boundary element technique, mesh configuration relies on an examiner’s intuition or ex-
perience. In case, an initial solution is abandoned, at that point a completely new data
class showing a new mesh should be prepared. Clearly the analysis of traditional boundary
element technique is very expensive and tedious task and there is no assurance that the

end result is adequately precise.

Neumann problem is classified as one of the easiest problems for boundary element method.
In light of the above process, Spasojevic et al. recommended that by utilizing the or-
thogonal Haar wavelet, wavelet boundary element method acquire inadequately boundary
element matrices that emerged from Laplace condition with mixed boundaries [107]. In
addition, Schneider et al. used bi-orthogonal wavelets to develop significantly sparser
matrices than those acquired using the traditional hair wavelet [108]. They also noticed
that a sparser boundary element lattices were prompted by the highest order of vanishing

moments (decides the smoothness of wavelet basis).
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In recent times, several types of wavelet boundary element techniques by utilizing the
distinctive wavelets were recommended for compression of boundary element conditions
for creating the fast boundary element method. Abe and Koro used an orthogonal Haar
wavelet and non-orthogonal spline for developing a h-version hierarchal boundary element
method for 2-D Laplace equation, separately [110,111]. Taking into account the ultimate
goal of reducing memory consumption and saving estimation time, the wavelet estimation
coefficients were deducted to frame additional boundary element matrices. Harbrecht et
al. proposed a bi-orthogonal wavelet estimate for the mixed approach of finite element and
boundary element method to solve an external Dirichlet boundary value problem [112].
For the purpose of additional speed up the wavelet BEM, Cabeleiro and Gonzalez pro-
vided a parallel iteration solver, similar to the usually used parallel estimation of the
conventional boundary element method [113]. Tausch stretched out p-version wavelet
boundary element technique to deal with tokes flow utilizing quasi-vanishing moments
of wavelet [114]. Abe and Koro suggested an useful deterministic method of optimum
threshold constant by rejecting the estimated wavelet coefficients without affecting the
accuracy [115]. With the help of BEM, Bucher et al. proposed a rapid method for imme-
diately addressing problems with numerous load cases [116]. Eppler et al. have extended
the bi-orthogonal wavelet BEM to the problems of shape optimization [117]. Pursuing
Wrobel’s research [116], Bucher et al. proposed another computational system to execute
the necessary 2-D wavelet transformation in sub domains [117,118]. The wavelet bound-
ary element approach was connected to the fluid dynamics by Ravnik et al. [119]. They
suggested that the governing equations in the composition of speed-vorticity and acquired
solutions of the consequent system of equation by using compression of the Haar wavelet
matrix. They also expanded the basic idea to the boundary element and finite element hy-
brid techniques [120]. Xiao et al. used Daubechies wavelet to solve 2-D Laplace condition
and wavelet boundary element matrices estimated by fast Fourier transformation [121].
For solving the diffusion equation, Barmada expanded Daubechies wavelet based wavelet
boundary element approach [122]. Ravnik et al. expanded Daubechies wavelet boundary
element method and conventional finite element method for solving diluted flows of parti-
cles. [123]. Herbrecht and Eppler have extended the bi-orthogonal spline wavelet boundary
element method to optimize the figure for external 2 and 3-dimensional electromagnetic
shaping [124]. Attarnejad and Ebrahimnejad extended the Daubechies wavelet to funda-
mental problems of elasticity [125]. Xiao et al. epitomized the different wavelet boundary
element compression methods, showed their achievements with regard to practical prob-
lems with acoustic dispersion, capacitance extraction, stokes flow and suggested a posteriori
compressing technique for wavelet boundary element matrices [126]. They subsequently

presented a wavelet boundary element technique with an ascending function and showed
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that the complexity for new strategy never exceeds [127] and stretched out the technique to
huge scale stokes flow [128]. Furthermore, Tausch and Xiao have proposed a fast-wavelet
multipole technique to take full advantage of the fast multipole and wavelet compression
techniques [129]. Wen et al. have improved the quasi-vanishing moment wavelet to 3-D
electrostatic feature analysis [130]. Ebrahimnejad et al. proposed a Daubechies wavelet
boundary element technique for inspecting 2-D elasticity difficulties [131]. To embed the
fast wavelet boundary element approach to selectable CPU cores using Intel’s Open Mp
library, Reinauer et al. developed a boundary element approach multilevel (hierarchical)
wavelet compression strategy [132]. Randrianarivony and Harbrecht improved the wavelet
boundary element approach to inspect possible surface charge that hikes through salvation

continuum models [133].

In summary, examination, further research and issues of wavelet boundary element ap-
proach lies in the four basic perspectives. The first is the competent wavelet boundary
element strategy for estimating p version or h version at different levels using scaling
functions or nascent wavelet or scaling functions at different levels. Second, wavelet deter-
mination with great properties is still a difficult task to explain explicit problems. Third,
as we aware about, the coefficients of the wavelet estimation are mainly non-zero however
majority of smooth areas leads to small wavelet estimation coefficients. The sensible trun-
cation strategy is therefore the way to compress BEM matrices without affecting precision.
At last, the composition of wavelet boundary element technique and the conventional fast
algorithm of boundary element technique (e.g., parallel computing strategy, fast-multipole

strategy) or finite element method is a vital future course.

1.2.6 Miscellaneous numerical methods based on wavelet

In addition to the above mentioned numerical strategies, a few well-examined problems
or approaches demonstrate a new strength on combining with wavelet, for example, the
non-linear terms, non-linear boundaries, method of optimizing numerical techniques and
adaptivity analysis in time. Now, we are attempting to present some of the remarkable nu-
merical methods based on hybrid wavelets that are not included in the above classification.

As an effective supplement to the present classification, they are planned to execute.

1.2.6.1 Lagrangian wavelet techniques

The traveling wavelet strategy [134] is an intriguing extension of the adaptive wavelet tech-

niques, where wavelet size and wavelet position can change persistently with time. Despite
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that, because of the wavelet collision problem, it turns out that this appealing technique
is uncertain when testing the non-linear problems. Bergdorf and Koumoutsakos [41] used
Lagrangian particle approach with multi-resolution wavelet-based adaptive grid to over-
come the wavelet collision issue. The technique is an extension of the adaptive wavelet
collocation strategy [91,135] by associating it with particle techniques [136]. This approach
prompts the development of new particle methods with adaptive multi-resolution capabil-
ities. Haefele et al. [137] designed an application for plasma simulations using particle

techniques to determine the Vlasov equation and grid adaptation based on wavelets.

1.2.6.2 Space-Time wavelet techniques

A large part of the numerical strategies that are gradually adapting, both wavelet-based
and non-wavelet-based, depend on spatial adaptation, while comprehensively adjusting the
time stepping, either to ensure steadiness or to address the time-integration flaw. It makes
these strategies far from ideal for issues which are all the while irregular in both time
and space. To overcome this problem, various adaptive time-stepping methods have been
pursued for space-adaptive discretization of PDEs. In terms of adaptive wavelet schemes,
Mallat et al. [138] proposed a time step dependent on the scale for the first ever. They
used this strategy to the Burger’s equation and linear parabolic equations. To overcome
this constraint, spatially variable time steps have been introduced for adaptive multi-
resolution algorithms [139-141] and employed in composition with time-step control [140]
for the compressible Euler conditions. The fundamental idea behind these schemes is that
the time step is enforced by the stability condition at the optimal level of determination
for explicit time integration approaches, while the time step can be extended in the areas
of coarser resolution without degrading the demand for stability. The incomplete values

between two scales are interpolized in time at the boundaries.

Regardless of the various advantages of local time stepping schemes (particularly with
regard to multi-resolution methods or adaptive wavelet techniques), they are still depen-
dent on the traditional time-stepping approach and hence this results in the aggregation
of errors in time, despite the fact that flaws in spatial time integration are managed at
all times. Kevlahan et al. [142] proposed a simultaneous space-time adaptive wavelet col-
location scheme to address this problem, where the problem is solved in a computational
space-time field, that usually adapting to space and time resolution to adequately resolve
the solution’s spatially and temporarily intermittent forms. This technique also allows
the global time-integration error to be controlled by building a nearby optimal grid for
the entire space-time arrangement. The effectiveness and accuracy of the approach is

demonstrated by the combination of two-dimensional vortex [142] and two dimensional
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homogeneous turbulence [143,144] problems. The space-time approach utilizes generously
less space-time grid points (in a few cases upto 20 time less) and rapid as compared to a
similar adaptive time-marching approach of wavelets while achieving the identical universal
accuracy. The principle downside of the simultaneous space-time approach is a significantly
large memory demand that could be reduced by solving the problem using temporal slices,
as Kevlahan et al. describe [142].

The split-step scheme, also known as the beam propagation method, is a well-known time-
stepping scheme for finding the solution of non-linear PDEs in optical applications. It is
traditionally used in association with a spatial discretizing scheme based upon a Fourier
spectral scheme in which case it is called the Fourier split-step scheme or FFT split-step.
If the split-stepping is used with wavelet based grid adaptation scheme then the resulting

scheme is known as the wavelet split-step scheme.

1.2.6.3 Wavelet techniques on general manifolds

To develop wavelet based methods on general manifolds, the transformation of the wavelet
should be generalized to non-tensorial meshes produced to conform to arbitrary manifolds.
For constructing the wavelets on general manifolds, various techniques have been pro-
posed. In [44,145] wavelet bases are developed in light of certain form of manifolds which
can be presented as separate union of smooth parametric images of a standard cube. It
has numerous drawbacks from a practical viewpoint as its formation depends entirely on
smooth parametrization of the unit cube. This issue is settled in [46], where finite element
supported wavelet bases respecting an arbitrary initial triangularization are developed.
Wavelets are developed on the sphere (a specific kind of manifold) in [47]. Swelden and his
collaborators developed the second-generation wavelet by using the lifting technique [146]

that has various constructive benefits over the traditional wavelets.

In spite of vast literature available, the subject of wavelet based methods for numerically
solving PDEs on general manifolds is yet in its emerging phase. For solving PDEs on the
sphere, an adaptive wavelet collocation method has been developed by M. Mehra and N.
Kevlahan by using second generation spherical wavelets [48] in 2008 and this work was
further extended for elliptic problems in [49]. The fact that curvelet and spectral graph
wavelet provide us wavelet transforms on nontensorial meshes has motivated us to use
these for solving PDEs.
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1.3 Organisation of the thesis

The research work exhibited in this thesis is an endeavor to create a few techniques for
numerically solving PDEs based on wavelets and its variants. The proposed work encap-
sulates these approaches which are weaved into seven chapters. Chapter 1 is the current
chapter where we discussed the literature and introduce the most famous wavelet i.e.,

Daubechies wavelet.

In chapter 2, wavelet optimized upwind conservative method (WOUC) has been developed
for solving traffic flow problems. Daubechies wavelet has been used to decide where the
grid needs to be refined or coarsened for representing the solution optimally. Daubechies
wavelet has been extensively used for solving PDEs, but in the 2nd chapter we explored the
use of these wavelets to solve real-life problems i.e., traffic flow problems. These wavelets
are the most famous in the class of first generation wavelets. It has been shown that how
a dynamic adaptive wavelet technique works in a simple way with local singularities of the

solution of the traffic-flow problems.

In chapter 3, a set of Matlab routines for the second generation wavelet transforma-
tion and inverse wavelet transformation on the space Ly([a,b]) is presented which are
given in the appendix. These wavelet transforms are further used for computing the
wavelet and scaling function values (¢(z) and ¢(x) respectively). The second-generation
wavelet so constructed has been used for the adaptive-grid generation. In the collec-
tion of the Matlab routines, three Matlab functions namely, Reconstruction_testing.m,
AdaptiveGrid_standard_testing.m and AdaptiveGrid_modified_testing.m are pro-
vided for generating the adaptive grid. After constructing the second generation wavelet,
second generation wavelet optimized finite difference method (SGWOFD) is developed for
solving the Burger’s equation with distinct boundaries. The viscid Burger’s equation is
considered with Dirichlet, periodic, Robin and Neumann’s boundaries. For the approxima-
tions of the differential operators, central finite difference scheme has been used and Crank
Nicolson’s technique has been used for integrating time. Numerical solutions have been
optimized on an adaptive grid which is generated using the second-generation wavelet.
The second-generation wavelet has the beauty that its construction is not affected by the
boundaries. The method’s convergence has been checked for each test problem. The com-
putational time carried out by SGWOFD has been computed for each test problem and has
been compared with the computational time carried out by the finite difference technique
on a uniform grid. It has been revealed that SGWOFD is highly efficient.

In chapter 4, spectral graph wavelet optimized finite difference method (SPGWOFD) has
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been proposed for solving Burger’s equation with distinct boundary conditions. Central
finite difference approach is utilized for the approximations of the differential operators
and the grid on which the numerical solution is obtained is chosen with the help of spec-
tral graph wavelet. Four test problems (with Dirichlet, Periodic, Robin and Neumann’s
boundary conditions) are considered and the convergence of the technique is checked. For
assessing the efficiency of the developed technique, the computational time carried out by
the developed technique is compared to that of the finite difference method. It has been

observed that developed technique is extremely efficient.

In chapter 5, curvelet optimized finite difference method (COFD) has been developed
which is used for solving PDEs. The technique uses finite difference approximations for
differential operators involved in the PDEs. After the approximation, curvelet is used for
the compressing the differential operators and thus the dyadic powers of the operators
required to solve PDEs are calculated quickly and efficiently. Furthermore, compression
and reconstruction errors for the curvelet have been tested with respect to different param-
eters. The developed method has been applied on five test problems of different nature.
For each test problem the method’s convergence has been verified. Moreover, to measure
the efficiency of the proposed technique the computational time carried out by the method
is compared with the computational time carried out by finite difference technique. It is

observed that the proposed method is computationally very efficient.

In chapter 6, a dynamically adaptive curvelet technique has been developed for solving non-
linear Schrodinger equation. Central finite difference technique is used for approximating
the one and two dimensional differential operators and radial basis functions (RBFs) are
used for approximating the differential operators on the sphere. The grid on which the
equation is solved, is obtained using curvelets. For one and two dimensional non-linear
Schrodinger equation, the computational time carried out by the proposed technique is
compared with the computational time taken by the finite difference technique. Moreover,
the problem on the sphere has been considered for which, the computational time carried
out by the RBF collocation technique is compared to that of computational time taken by
the proposed technique. The developed technique is found to perform better in terms of
computational time, for example on sphere computational effort reduces by 4 times using

proposed method.

Chapter 7 proposes a dynamically adaptive curvelet technique for solving PDEs on the
general manifolds. The closest point form has been employed for approximating the
Laplacian-Beltrami (V?) operator. Curvelets are used to obtain the grid on which the
equation is solved. The computational time carried out by the developed technique is

compared with the computational time carried out by the closest point approach and the
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proposed technique is found to perform better in terms of computational time. To the
best of our insight, ours is the first attempt to exploit the useful features of curvelet for
solving PDEs on general manifolds. The developed technique has been applied on 3 test
problems namely reaction-diffusion equation on a sphere, Schnakenberg model evolving on
the surface of ellipsoid and the well-known Fitzhugh-Nagumo equations. The numerical
outcomes reveal that the proposed method can precisely catch the development of the
localized patterns on all the scales and the arrangement of nodes are adapted accordingly.
The method’s convergence has also been checked.

The overall concluding observations of this study and few significant directions for the

future scope are given in the end of chapters.
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Chapter 2

First generation wavelet based numerical meth-

ods for solving PDEs

Mathematical solutions of PDEs modeling many real life phenomenon exhibit singulari-
ties [147,148] and these singularities are of physical relevance. For example these singular-
ities represent the concentration of stress in elasticity [149] and boundary layer in viscous
flows [150] etc. Therefore it is required that these singularities be resolved accurately by
numerical methods. PDE’s numerical solution is estimated when solution is approximated
at discrete set of points of grid. Higher collection of grid points are needed for detecting
all the characteristics of the solution, but it increases the cost of both computing and
storage. The set needed to discover all of the solution’s features may in some cases surpass
the practical restraints. To address this issue, we are working on an adaptive grid ar-
rangement that will continue to change over time according to the evolution of the PDE’s
numerical solution. Rather than taking a large set of points of grid, extra points of grid are
included only in the regions where the PDE’s numerical solution has sharp characteristics
in the adaptive node framework [151]. The process of adding the points of grid, uses the

information gained during a given step of a numerical method.

Adaptive mesh refining (AMR) is the extremely common adaptive technique [152]. In
AMR, the coarsest cartesian grid covers the whole computational region. On the basis of
some a-posteriori principle, individual grid-cells are chosen to refine when going from one
stage of the numerical method to the another stage. For instance, the model might be
mass per unit cell, so high density areas are more profoundly resolved. Undoubtedly, these
strategies are computationally efficient over their corresponding non adaptive counterparts.
However, the mathematical theory for these methods (e.g., the convergence rate of the
adaptive technique describing the contrast between the exactness and effectiveness of the

method’s complexity) is not explained precisely [153].

However, the benefit with wavelet based adaptive methods is that there are sound theo-
retical results that can answer basic questions such as the adaptive method’s convergence
rate. In this chapter Daubehies wavelet has been used for adapting the grid, as the adap-

tive grid clearly has advantages over the use of a static grid. The method presented in
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this chapter falls under the category of wavelet optimized methods. Different numeri-
cal schemes, namely upwind non-conservative, upwind conservative, Lax-Friedrichs, Lax-
Wendroff, MacCormack and Godunov are applied and compared on traffic flow problems.
The best scheme namely upwind conservative is used for wavelet optimized approach to

solve the traffic flow problem for two distinct situations.

2.1 Daubechies wavelet based adaptive grid

Daubechies wavelet based grid generation is based on the following theorem,

Theorem 2.1.1 For wavelet wi, let Mz% be the no. of vanishing moments and suppose
that f € CM(R). At that point the coefficients of wavelet d{; degenerate as follows

jdf] < Ca27 002 max | 0 (¢)|

iy

where Cyy is a constant and is not dependent on k., j and Ij7k:Supp{wi} =[k/2),(k+D —

1)/27].

From above theorem, it can be interpreted that at any scale and location, the function’s os-
cillations could be captured by the wavelets. Let a function f(x) is given for x € Z, where
Z is an interval, then function f(x) is broken down into an arrangement of coefficients of
wavelet which relies upon two parameters, scale parameter and region parameter, called as
d{;, here j is the scale and k is the region parameter. If the wavelet’s coefficient magnitude
is large, i.e., |d§€| > ¢, here € is a threshold parameter (user’s selected parameter), then
from the above theorem we deduce that f has non smoothness at this location and hence
grid can be refined at this location. Now we demonstrate the grid generation technique.

Suppose X ¢ is the current coarsest grid and f(x;) is known. We will fix a resolution

jexe
p such that the initial grid is a : 5 : b = X* (Wh;re X¥ is called the finest possible grid
of the required domain [a,b]). Using linear interpolation, we compute expanded f(x) on
the finest grid X*. There are also other techniques available for interpolation i.e., cubic
interpolation, spline interpolation etc. But we choose the simplest one 7.e., linear inter-
polation. We then apply fast wavelet transformation (FWT) to this expanded f(z) and
calculate the coefficient of the discrete scaling function and the coefficient of the wavelet
function. All the points associated to the discrete scaling function coefficients will remain
intact. Wavelet function coefficients will be larger where the solution is discontinuous and
small in the area of smoothness. The grid-points will remove from the area where |d}| < €

(threshold chosen by user) and the point |d}| > ¢ is kept intact. Therefore when the
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Figure 2.1: The adaptive grid for (a) Sawtooth function having discontinuity at = = 0.5
(b) Sawtooth function having discontinuity at x = 0.8 (¢)
f(z) = sin(27z) 4+ exp(—10*(z — 0.5)?).

|d‘,’€| value is large then, we add 1/2/7! spacing points about k/2’ position. Furthermore,
we found it feasible for distributing points evenly over the whole interval in the light of
the Thm. 2.1.1 as the larger gradient could be located anywhere within the associated
wavelet’s support. Fig. (2.1) displays the adaptive grid generated for distinct functions
using the above-mentioned technique. Algorithm of Daubechies wavelet based adaptive

grid generation is as follows:

e We will fix a resolution p such that the initial grid is a : & : b = X (where F is

2p
called the finest possible grid of [a, b]).

Compute {f(z;)}jexr from {f(z;)};ex using interpolation.

Apply FWT on the expanded f(z) for obtaining the coefficients of scaling and wavelet

function.

Start with X~.

Keep intact all the points that corresponds to the scaling functions.
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e Keep the points where |d§f| > € intact.

e Delete all the other points.

2.2 Traffic low problem formulation

Enthusiasm in modeling traffic flow has been increased these days due to burgeoning traffic
jams. Traffic flow is an analysis of travelers interactions (it includes cyclists, pedestrians,
drivers and their automobiles) and infrastructures (which includes signals, highways and
devices for traffic control) in order to understand and develop an optimum transport struc-
ture with efficient traffic movement and minimize traffic jam issues [154, 155]. Nowadays,
traffic flow is one of the main societal and economical problem related to transportation
in industrialized countries. Traffic problem include: installation of traffic light or stop
signs; cycle timing of traffic lights; where to construct flyovers, whether to change a two
way street to a one way street, number of lanes on a road; where to construct overpasses,
exits and entrances. In particular, the main aim is to study the traffic phenomena with an
objective of eventually making decisions which may palliate congestion, reduce accidents,
maximize traffic flow, minimize automobile exhaust pollution etc. Depending upon the
communication of a larger no. of vehicles, traffic acts in a non-linear and convoluted way.
Ideally, if the vehicle flow behavior can be assumed exactly, then in theory the compre-
hensive traffic throughput along an area of road could be magnified by flow adjustment in
critical areas. This is of the specific interest to high-density regions, due to the accidents,
high-volume crest time density or one or more road lanes being closed. In the course of
recent decades, many analysts have proposed different theories and models of traffic flows
to explain the traffic evolution rules [156-159]. Traffic can be considered as a compressible
flow of specific velocity and density, the behavior of which is described by the equation of
continuity and the equation of state (density-flow relationship of equilibrium).

Now, we consider a traffic-flow of the cars with just a single lane on a capacious road.
Suppose that p(x,t) stands for the cars density (in cars per kilometer) and f(z,t) be the

traffic flow rate where x € R represents the position and t > 0 denotes the time. At time

2
t, the no. of cars in the interval (21, 22) is [ p(x,t)dz and v(z,t) denotes the speed of cars
1

at time t and position x. At time t, the no. of cars that pass through z (in length of unit)
is p(z,t)v(z,t). By using the conservation law (shown in Fig. (2.2), the following equation

has been obtained:

2

p plx, t)dx = p(z1,t)v(z1,t) — p(ae, t)v(Ts,t). (2.2.1)

1
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On integrating the Eqn. (2.2.1) w.r.t time and assume that v and p are integrable functions,

we get

to x2 t2

[ gt dude = [ plortutent) = plas, ot dadt,

t1 1 t1
to x2

_ / / %p(x,t)v(w,t)dxdt. (2.2.2)

t1 x1
Since x1, x5 € R, ty, ty > 0 are random, we achieve

p | 9w _

= R, ¢> 0. 2.2.
5t o =0 TER >0 (2.2.3)

It must be accompanied by an initial condition of the form p(z,0) = po(z), = € R. In

—_— —_—
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Figure 2.2: Flow of cars.

heavy traffic we will drive at slow speed but on a highway we might ideally want to drive
at a speed Vg, and we will stop (v = 0) in a fullback where the cars are packed i.e.,
(P = Pmax)- Eqn. (2.2.3) contains two unknown functions v and p and we assume the
velocity v is a function of p. The relation between v and p is defined by different models

which are discussed as below:

e Lighthill-Whitham Richards Model:

dp , Opv(p) _
ot * or 0
0(p) = Vmax(1 — pp ), 0<p< Prnax. (2.2.4)

By using the transformation v = 1 — 2—2—, the simplified form of this equation is

max

given as below:

ou ou B

5 Tug =0 (2.2.5)

e Greenberg Model:
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In the Greenberg model, a logarithmic relation is assumed between speed and density.
It is presumed that vehicle’s speed for low densities could be very large for this

particular model.

dp | 9pv(p)
— 0
ot oa /
v(p) = Umaxln Pmax 0 < p < Pmax-
This implies,
dp ; Oplnp 0
ot 9

The model can be analytically derived, that’s why the model has become very pop-
ular. However, main disadvantage of this model is that density becomes zero when
speed reaches infinity. Hence this cannot be used for predicting speeds at lower den-
sities. It shows that the model has an inability for predicting the speeds at lower

densities.

Underwood’s Exponential Model: This model has been put forward to resolve the

limitations of the model of Greenberg. Underwood proposed an exponential model

idea which is given as follows:

v(p) = Umax exp_%,

here py stands for the optimal density i.e., that density which corresponds to the
maximum flow. The major limitation of the model is that velocity becomes zero
as density goes to infinity. It demonstrates the model’s inability to predict higher
density speeds.

Payne-Whitham Model:

Whitham (1974) and Payne (1971) proposed, one of the foremost non equilibrium
trafficcmodel which we call as Payne-Whitham(PW) model. Two PDEs are used by
PW to represent the traffic dynamics.

dp | Opv(p)

ot + Ox 0
Jpv 0, , B
20 T aglev () = 0.

Traffic “mass” conservation is described by the first PDE and the second attempts

to mimic the equation of fluid momentum. The gas particles flow is emulated by
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this model. The above equations are actually referred to as the Euler equation of
gas dynamics having pressure p(p) = ap*, a >0, A > 1. PW model has a limitation

that there might be solution occurs when the speed v is not positive [160].

e Aw Rascle Model:

dp | dpv(p)

ot T T ow 0
0 o,
= (pv+pp(p)) + = (pv” + pup(p)) = 0.

ot ox

In an attempt to improve the Payne-Whitham model, Rascle put forward this model. It
has been followed from microscopic models [161]. The model is designed to illustrate the

anisotropic traffic behaviour.

In this chapter, LWR model has been considered [162,163]. The first model which was used
to express the one-dimensional and unidirectional traffic flow on a highway is LWR model.

On substituting Eqn. (2.2.4) in Eqn. (2.2.3), we obtain the following equation.

dp 0 (Umax

— e — =0, z€R, ¢t>0. 2.2.6
5% B p(p p)) T € > (2.2.6)

pmax

Since the above equation indicates the conservation of number of cars, that’s why this
equation is called the conservation law. By bringing it in a dimensionless form, Eqn.

(2.2.6) can be written in a simplified way. Assume that 7 and L stands for the typical time

L t 2
and length, such that, — = v.. Introduce x, = f’ te=—, u=1-— d , we have
T L T Prmax
dp 1 0 | pmax Pmax Ou
“r _ 2 1— = _ 2.2.7
ot — rot, { 5 “)} or Ot (22.7)
8 P 1 8 Pmax 1
S | Ymax 1— = T35 |Ymax— 5 11— =(1 )
o[t = 2] = L 2 - w3040
 Pmax 0

oy (%2) (2.2.8)

In the place of (xg,t5) we write (x,t), therefore we achieve

ou 0 [u?
E—f‘a—x(?) = 0, xeR, t>0, (229)
u(z,0) = wup(z), x € R,
with ug = 1—2-20
pma]}
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For the tailback (p = pimaz) we have u = —1 and u = 1 when the highway is empty. Eqn.

(2.2.9) is nothing but inviscid Burger’s equation.

The traffic flow models are non-linear, so in this chapter, the study has been conducted to

discretize the non-linear equation.

ou ou
o + U = 0, zeR, t>0 (2.2.10)
u(z,0) = wup(z), ze€R (2.2.11)

Riemann Problem:- The initial value problem (IVP) (2.2.10) having discontinuous initial

profile of the form

ur, 5 T S O)
up(z) = (2.2.12)
ug 5 x> 0.

is known as the Riemann problem. The case when u;, > ugr has been considered as a 1st
test problem, i.e., u;, = 1 and ug = 0. In the traffic flow interpretation, density of vehicles

in x > 0 is large as compared to the density when x < 0. The discontinuous function

ur ; x < st,
up(z) = (2.2.13)
ur ; * > st.

where s = %(uL + ug), is a weak solution of the above problem. It could be verified that
this is the unique weak solution of the problem. The whole situation alters for the opposite

case i.e., ur, = 0 and ug = 1. For this case, the solution of the traffic flow problem is:

0 ;z2<0,
u(z) =42 ; 0<az<t, (2.2.14)
1 5 x>t

2.3 Numerical methods

The problem formed in the section (2.2) is solved by using upwind non-conservative, up-
wind conservative, Lax-Friedrichs, Lax-Wendroff, MacCormack and Godunov scheme for
comparison purpose. Out of these schemes, best scheme is used for wavelet optimized
method.
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Figure 2.3: Exact solution and Numerical solution for the traffic flow problem by using
the above schemes.

Upwind nonconservative:- This scheme reads as follows

n+1
i

At
_.n ni,n n—1
=u! —ul(ul —u

i 7 )EJ

u

(2.3.1)

43



——p=2 ——p=2
10' -* pew 10' -» pew
_D. _CL
© ©
g g
7 7
E E
3:10 FEEE--8-=-f-===-= F-=-=-=-4 3::]_0
:'m\‘
0 500 1000 1500 2000 0 500 1000 1500 2000
N N
-o-p:2 —o—p:2
101 =& p=00 ]_01 =& D=0
_D.
“©
g
7
€
33 10’
0 500 1000 1500 2000 0 500 1000 1500 2000
N N
-0-p:2 —o—p:2
101 - ‘p=°0 ]_01 - -p:oo
_D. _O.
o o
> >
£ £
210’ 210’
:':r_n\
. . O | . L o Seel
0 500 1000 1500 2000 0 500 1000 1500 2000
N N

Figure 2.4: Error between numerical and analytical value versus no. of grid points for
Upwind non-conservative, Upwind conservative, Lax-Friedrichs, Lax-Wendroff,
MacCormack, Gudonov scheme respectively.

here At is time spacing and Ax is space spacing and u} is the solution value at ith
location in space and at nth time. Eqn. (2.3.1) is stated as the upwind non-conservative
technique. The approach is in consistence with Eqn. (2.2.10) and for continuous solutions
it is acceptable however in general, as the grid is refined, it does not converge to a weak

discontinuous solution.

There is a simple condition to avoid convergence of a method to non-solutions, that we
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require. For this, the method should be conservative, 7.e., in the form

At
“?+1 =u — [F(u?,p,uﬁﬂh T vu?Jrq) - F(u?ﬂHl’u?*p’ T ’uﬁrq*l)]?x’

here F'is a function of p+ ¢ + 1 arguments which is called the function of numerical-flux.

The easiest case is ¢ = 1 and p = 0, here

. . . " IWAY
ui+1 =) — [F(u] aui+1) — Fui_y, uj )]A_x

This expression is interpreted as cell average. Conservative methods are the methods that

confirm this scheme. This class includes the following schemes.

u(x,t)

t X

(a) Lax-Friedrichs (b) Lax-Wendroff

(c¢) Godunov

Figure 2.5: Numerical solution of Riemann Problem with u; =1 and ug = 0 and
dt = 0.001.
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Upwind conservative:- Now we examine a general scalar conservative law

ou  Of(u)
ot T or Y

and a conservative method (called up-wind conservative) is obtained by using the standard

finite difference discretizations,

et

uptt = = [f(uf) = ful,

For the traffic low problem we have,

it _ a1 1 o] At

— — A 2 - A -
Uy Uy Q(Uz) Q(UZ—I) A,ﬁlj‘

Lax-Friedrichs:- For the nonlinear system, the Lax-Friedrichs scheme is:

n+l __ 1 At

S(uiy i) = [f(uhy) — f(u?—l)]m’

u, 5

The scheme could be written into the conservative form by taking

At 1

F(ui,uiyy) = (u; — u”l)E + 5[

f(ui) + fuie)].
For the traffic flow problem we have,

n+1 __ 1 2 1 n At

n n 1 n 2
up = 5(“171 +uiy) — §(ui+1) - 5(%71) AL’
Lax-Wendroff:- For the non-linear conservative forms, the Lax-Wendroff method is a
2nd order scheme and is represented as:

A
Pl = () — )

L) ) = F) = £ ) () = FE )5 305

U

where w5 = (U + uiz12). For the traffic flow problem we have, f’(u) = u. So,

n n 1 n 1 n At 1 n n
W =l - Gl - 500055 G+ )

(GUEA — SF) — GOE ) GO 500 5

Mac-Cormack:- Another similar scheme is known as the Mac-Cormack scheme. Firstly
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(e) MacCormack

(f) Godunov

Figure 2.6: Analytical solution and Numerical solution for the traffic flow problem by
using the above schemes.

forward-difference scheme is applied and after that backward-difference scheme is applied
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for achieving the 2nd order accuracy.

A
wp= = ) — f))
1 A
W= ) = ) f(uiy)]

Godunov:- Another numerical scheme for solving the traffic flow problem that is presented
in this chapter comes under the category of finite-volume techniques. The basic concept
of the Godunov’s scheme is as follows. Assume that on the nth layer, assume that « is a

numerical solution. At t =t,,

Az
ut(z,t) =, xi—— <z <zt —,
2 2
On the interval [t,,t,41], we denote u(z,t) to be a solution of the Riemann problems
collection. On the next layer u™', the numerical solution is determined by average of
u(z,t,11) over the interval z; — % <r<uwz+ %. This phenomena is reduced to a simple

conservative method as:

U’i+1 = U — [F(uj’uj—&-l) - F(uj—17uj)]ﬂ7
here F' is the numerical flow and is represented as F'(u,v) = @, here u* is described as

following;:
When u© > v then

u U
= )9
v ;otherwise.
When u < v then
u ju >0,
ut=<v ;v<0,
0 ;u<0<Lw.

Now having explained all the schemes, the numerical results have been presented. Numer-
ical solution of the problem (2.2.10) for the above two cases when uy, > ugr and u;, < ug by
using the different schemes (upwind nonconservative, upwind conservative, Lax-Friedrichs,
Lax-Wendroff, MacCormack, Gudonov) are discussed below.

Case 1. Riemann Problem with u;, = 1 and ug = 0.
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Figure 2.7: Error between numerical and analytical value versus no. of grid points for
Upwind non-conservative, Upwind conservative, Lax-Friedrichs, Lax-Wendroff,
MacCormack, Gudonov scheme respectively.

e Fig. (2.3) shows the graph of the analytical solution and numerical solution for the
traffic flow problem by using different numerical schemes (No. of Grid points are
chosen to be 200 and At is chosen to be 0.001). Az and At is chosen to be in accor-
dance with Courant-Friedrichs-Lewy (CFL) condition so that u% < 1 is satisfied.
The condition of CFL is a mandatory requirement that should be satisfied for the sta-
bility of numerical scheme. CFL condition, however, is a condition that is necessary

but not a sufficient requirement for numerical scheme stability. It can be observed
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from these graphs that the upwind conservative scheme and Godunov scheme gives
same results and converges near to exact solution. Lax-Friedrichs method is more

diffusive than Upwind method as shown by numerical outcomes.

e Fig. (2.4) displays the graph of the no. of grid points (/N) versus error between
numerical and analytical value i.e., ||Unum — Uanallp- It is clear from the graphs that
error decreases when no. of grid points increases. Numerical results indicate that
Godunov type finite volume scheme is stable but can lead to large errors due to its
slow convergence. We have also observed that Upwind non-conservative scheme does

not provide good results for discontinuous solution.

e Fig. (2.5) displays the numerical solution of the problem by applying Lax-Friedrichs,

Lax-Wendroff and Godunov scheme.

(a) Lax-Friedrichs (b) Lax-Wendroff

(¢) Godunov

Figure 2.8: Numerical solution of Riemann Problem with u; = 0 and ug = 1 and
dt = 0.001.

Case 2. Riemann Problem with u; = 0 and ug = 1.

e Fig. (2.6) shows the graph of the analytical solution and numerical solution for the
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Riemann problem when u; = 0 and ur = 1 by using different numerical schemes. We
have observed from the graphs that, MacCormack provides better results and con-
verges near to exact solution. Lax-Friedrichs method is more diffusive than Upwind

method as shown by numerical outcomes.

e Fig. (2.7) shows the relation between no. of grid points (N) and error between
numerical and analytical value i.e., ||Unum — Uanallp- It is clear from the graphs that

as no. of grid points increases error decreases.

e Fig. (2.8) displays the numerical outcomes of the problem by using Lax-Friedrichs,

Lax-Wendroff and Godunov scheme.

Now best scheme has been obtained named as upwind conservative which will be used
for wavelet optimized method and this method is called as wavelet optimized upwind
conservative (WOUC) scheme.

Table 2.1: Grid modifications while solving case 1

Time () N (e =0) N (e)
0 1024 115
0.0625 115 131
0.1250 131 121
0.1875 121 128
0.2500 128 134
0.3125 134 136
0.3750 136 140
0.4375 140 141

Table 2.2: The performance of WOUC while solving case 1.

€ CPU time taken | CPU time taken )
(in seconds) (in seconds)
(e=0) (When we take
€ into account)
1072 1.912 0.4168 4.587
1074 1.912 0.6904 3.137
1076 1.912 0.923 2.07
1078 1.912 1.04 1.83
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2.3.1 WOUC applied to Traffic-flow problem

In this sub-section, WOUC will be applied to Riemann problem for two cases when uy > ug

and uy, < ug.

ou  Of(u)

ot tor Y
w2

where f(u) = -

with an initial

ur <0,
u(z,0) = ug(x) =
ug ;x> 0.

The aim of this section is to demonstrate the WOUC by applying the Dg wavelet to create
a solution on a non-uniform grid. There is a finer grid size to prevent oscillations from
developing at the ‘shock’. More precisely, we can say that one has a adequately refined
grid to avoid an increase the fluctuations in the solution. In all of the following plots,
the spatial and temporal discretization is achieved according to the Upwind conservative
scheme. The threshold on WOUC coefficients that decides which grid points to be used
depends on the magnitude of the wavelet coefficients. It is noted that when the threshold
on WOUC coefficients is set to 0, then finite difference technique is obtained on the uniform

finest grid. The size of the sparser grid relies upon the user’s selected threshold.

Table 2.3: Modifications of the grid while solving case 2

Time (¢) | N(e=0) | N (e
0 256 67
0.0625 67 73
0.1250 73 33
0.1875 83 93
0.2500 93 101
0.3125 101 111
0.3750 111 119
0.4375 119 127

Case 1: Traffic flow problem with u;, =1 and ug = 0.
WOUC method is applied for solving this problem. Table (2.1) displays the modifications
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Traffic flow WOUC (t = 0.5) Traffic flow WOUC (t = 0.725)

— Solution
o WOUC grid

Ul —Solution u
' o WOUC grid '

Ry 1 15 508 1 15

X X
Traffic flow WOUC (t = 0.95386)
15 ‘ ‘
1

— Solution
o WOUC grid

05 1 15
X

Figure 2.9: Solution and corresponding adaptive grid at time ¢t = 0.5, t = 0.725, t = 0.953

respectively.
Error Error

0.4 ; . . 04 . .

0.2t 0.2

0 0
-0.2 -0.2
-04 -0.4
-06 -06
-08 -08

™ 05 1 15 2 '10 05 1 15 2

Figure 2.10: Point wise error at time ¢ = 0.5, t = 0.725.
of the grid at distinct times. The coefficient of time-compression is defined as © = ng—éf(f)o),
where CPU(¢) denotes the CPU time taken when threshold e is used and CPU(e = 0) de-
notes the time taken where there is no threshold. Table (2.2) shows the variation of e
versus CPU(e). It has been found that © decreases on decreasing the € value. The higher
the © value, the adaptive technique is more efficient. Fig. (2.9) represents the solution

and the associated WOUC grid at distinct times. Fig. (2.10) displays the pointwise error
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Grid modifications Grid modifications

15; 15
1 1
Pts added Pts added
- Pts removed - Pts removed
Y05 Y05
0 0
-05 : : : : -05 : : : :
05 1 15 2 0 0.5 1 15 2
X X

Figure 2.11: Added and removed points at time ¢ = 0.5 and ¢t = 0.95

at distinct times and it can be seen that where there are variations in the solution, the
error value is maximum and therefore more grid points must be included at this region.
Fig. (2.11) shows the added and removed points at distinct times. It is found that where

the value of gradient is small grid is sparse and where large gradient appears grid is dense.

Traffic flow WOUC (t = 0.25) Traffic flow WOUC (t = 0.5)
15 ‘ ‘ 15 ‘ ‘

1r 1
u u
0.5 0.5
—Solution — Solution
o WOUC grid o WOUC grid
0 05 1 15 0 05 1 15
X X
Traffic flow WOUC (t = 0.75)
15 ‘ ‘
—Solution
o WOUC grid
1
u
0.5
0 05 1 15

X

Figure 2.12: Solution and corresponding adaptive grid at time ¢ = 0.25, t = 0.5, t = 0.752
respectively.
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Table 2.4: The performance of WOUC while solving case 2.

€ CPU time taken | CPU time taken ©
(in seconds) (in seconds)
(e=0) (When we take
€ into account)
1072 2.3277 0.4219 5.517
1074 2.3277 0.7469 3.116
10-¢ 2.3277 0.8265 2.816
1078 2.3277 1.213 1.918
Error Error
12 ‘ ‘ : 12 : ‘
1 1
08 08
06 06
04 04
02 02
0 0
04 05 1 15 2 ) 05 1 15 2

Figure 2.13: Point wise error at time ¢t = 0.25, t = 0.5.

Case 2: Traffic flow problem with u;, = 0 and ug = 1.

Table (2.3) shows the modifications of the grid at distinct times. Table (2.4) gives variation
of € versus CPU(e). It has been observed that © decreases on decreasing the € value. It
shows the efficiency of our adaptive algorithm. Fig. (2.12) displays the solution and its
related WOUC grid at distinct times. Fig. (2.13) displays the pointwise error at distinct

times.

2.4 Conclusion

Studies of comparison have affirmed that upwind conservative scheme gives the outcomes
in great understanding with exact results. It appears to be slightly more accurate than
Lax-Friedrichs and Lax-Wendroff scheme. In general, upwind method is less dissipative
than the Lax-Friedrichs method and provides more precise results. Having selected the
best finite difference scheme namely upwind conservative, we have developed the wavelet

optimized conservative (WOUC) method in this chapter. It has been shown that how a
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dynamic adaptive wavelet approach works in a smooth way with local singularities of the
solution of the Riemann’s problem. The numerical outcomes show that the wavelet and
computational grid can adapt very efficiently to the solution’s local irregularities to resolve
sharp transition areas. Comparison of computational time discloses that the proposed

technique is extremely effective.
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Chapter 3

Second generation wavelet-based numerical meth-
ods to solve PDEs

With an aim to develop wavelet based methods to solve PDEs with different boundaries,

we shifted from Daubechies to second generation wavelet.

Typical environments where a single function can not be translated and dilated consists
of

1. Constructing the wavelets on a bounded domain: It comprises of the wavelets con-
struction at the interval (i.e., for the space Lo([a, b])), or a bounded domain in higher

dimensional Euclidean.

2. Constructing the weighted-wavelets: For the weighted inner product wavelets are
bi-orthogonal (i.e., for the space LY ([a,b])).

To construct wavelets in all the above settings and many more such as irregular samples,
arbitrary weight function, the lifting method has been developed. The developed method
enables the vast number of discrete bi-orthogonal wavelets to be generated from the first
one [164,165]. Moreover, with the developed method, all the first generation wavelets can

be constructed.

In this chapter, a construction of second generation wavelet on an interval has been pre-
sented and a collection of Matlab routines for the second generation wavelet transformation
and the inverse wavelet transformation on a space Lo([a, b]) has been given in the appendix.
Having constructed the second generation wavelet on an interval, the same has been used
in generation of adaptive grid. The second-generation wavelet optimized finite-difference
(SGWOFD) technique developed in this chapter has been used for solving the Burger’s
equation with distinct boundaries. Four test problems (with Dirichlet, Periodic, Robin and
Neumann’s boundaries) are considered and the convergence of the technique is checked.
The computational time carried out by the SGWOFD has been computed for each test
problem and has been compared to that of the finite difference approach on a grid which
is uniform. It has been revealed that SGWOFD is highly efficient.
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3.1 Lifting scheme

Multiresolution analysis (MRA): MRA of £,(R) is constructed by utilizing the two
functions: ¢ (a wavelet function) and ¢ (a scaling function). ¢ (scaling function) fulfills

the following refinement relationship
r) =2 hp(2x — k). (3.1.1)
k

The set of integer translations of ¢ forms a Riesz basis of the closure of their span. The

following wavelet equation gives ¥ € L5(R)
r) =2 grd(2z — k). (3.1.2)
k

here g, and h;, are high-pass and low-pass filter-coefficients respectively. The set {wé () =
229)(27x — 1); j,1 € Z} forms the Riesz bases of the space Lo(R).

Other than a wavelet function ¢/ and a scaling function ¢, there also exist 1/; (a dual wavelet
function) and ¢ (a dual scaling function). The dual wavelet and scaling functions ¢ and
¢ also generate the MRA. They satisfy the eqns. (3.1.2) and (3.1.1) with coefficients {gj,}
and {iNL;C} respectively. They are biorthogonal to ¢ and ¢ as the following way

(0,9(=1) = (W, ¢(- = 1)) =0, (d,¢(- = 1)) = (¢, ¢(- = 1)) = & (3.1.3)

We define the following 27-periodic functions

w) = Z hre™ ™ g( Zg e~ h(w Z hre ™ G(w) = nge’ik“.
k k k
The h is referred as a filter related to the scaling function ¢ where we can consider A either
as the 27 periodic function {h(w)} or a sequence of the coefficients {hy}. Similarly g, h,
are the filters associated with wavelet function 1, dual scaling function ¢ and dual wavelet
function 1 respectively. Given the filter &, by iterating the refinement Eqn. (3.1.1), we

have

H h(277w), where Fourier transform of f is f(w / f(z)e ™ dx.  (3.1.4)

j=1

When all the four functions we are dealing with (namely ¢,&,w,&) are of compactly

support i.e., except the coefficients in the relations (3.1.1) and (3.1.2), all others are zero.
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In this case we call h, ¢,§ and h as the finite filters. And the bi-orthogonality conditions
(3.1.3) could also be composed in terms of the filter coefficients. In this way we have a
set {h, g, 7, fz} of finite bi-orthogonal filters. Depending on the functions out of ¢, ¢, ¥,
which are being upgraded, the lifting can be classified as either primal lifting or dual lifting

explained in the following sections.

3.1.1 Primal lifting scheme

Suppose we have two sets {(ﬁ,w,(ﬁ,zﬁ} and {h,g, ﬁ,f]}. Eqn. (3.1.4) gives a procedure to
go from the set {h, ﬁ,g,g} to the set {¢, b, 1, @/;} (Note that given a set of bi-orthogonal
filters {h,h, g, g}, the corresponding set of bi-orthogonal functions {¢,$,v,4} does not
always exists (see [166] and [78] for more details)).

Now for a moment forget about the scaling and wavelet functions and just think of set
{h,g,h,§} as a finite bi-orthogonal filters set. We have the following result (see [167] for
details)

Theorem 3.1.1 A new set of finite bi-orthogonal filters {h, g, B,g} can be obtained by
taking the initial finite bi-orthogonal filters set {h, ¢", Eo,g} as follows:

h(w) = h(w) + §(w)s(2w), (3.1.5)

9(w) = ¢°(w) — h(w)s(2w), (3.1.6)

here s(w) is a polynomial of trigonometric equations and it is chosen such that the bi-
orthogonal functions {®, qg,w,l/;} associated with the mew finite bi-orthogonal filters set
{h, g, ﬁ,f}} have desirable properties.

The above procedure of constructing the new finite bi-orthogonal filters set {A, g, h, g} from
an old finite bi-orthogonal filters set {h, ¢, ho, g} is known as primal lifting procedure. The
relation between the new bi-orthogonal functions set {¢, gz~5, W0, 12} and the old bi-orthogonal
functions set {¢°, ¢°, ¢, 1)°} is represented by the following theorem (see [167] for details).

Theorem 3.1.2 A new bi-orthogonal set {gzﬁ,w,gzg,@;} can be obtained from an initial bi-

orthogonal scaling functions and wavelets functions set {¢°,0°, ¢°, 0%} as follows:
o(z) = ¢°(x). (3.1.7)
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U(x) =) =Y skdlw — k), (3.1.8)
O(x) =2 ho(2x — k) + D sz — k). (3.1.9)

(@) =2 G2z — k). (3.1.10)
k
where the coefficients s, and s_y can be chosen freely.

The crux of the above theorem is that you can start from a very simple and easy to handle
wavelet and construct complicated wavelets with desirable properties. This is illustrated
in the following examples:

Primal Lifting of the Haar wavelet: The scaling function of Haar [168] is described

gb(x):{ 1 ifzel0,1)

as

0 otherwise
and the corresponding wavelet function is represented as
1 ifx€]0,0.5)
Y(r)=4¢ —1 ifzxel05,1)

0 otherwise

And since it is an orthogonal wavelet, we have (E = ¢ and @E =1. It is easy to see that the

following two relations are satisfied

b(z) = 2 (%qb(?x) + %gzﬁ(Zx _ 1)) | (3.1.11)
w(z) = 2 (%gf)(%v) - %QS(Q:E - 1)) | (3.1.12)

Comparing the Eqns. (3.1.11) and (3.1.12) with the Eqns. (3.1.1) and (3.1.2) respec-
tively, we get {hx} = {ho = 1/2,hy = 1/2} and {gx} = {90 = 1/2,51 = —1/2}. The

corresponding 2m-periodic functions are
hw) = hO(w) = 1/241/2e7%,

(W) =g(w) =1/2 —1/2e7™.

Haar wavelet has 1 vanishing moment (If a polynomial upto degree p is constructed by the
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scaling functions, then the associated wavelet has p vanishing moments). It means that the
only scaling functions can be employed for representing the polynomials upto degree p i.e.,
wavelet coefficients are not used for representing such functions. To represent more complex
structures, wavelets should have more vanishing moments. More vanishing moments means
that complex structures could be described with a sparse set of wavelet’s coefficients. Now
assume that we wish to have a wavelet having 2 vanishing moments and we want to apply

the primal lifting strategy on Haar wavelet for construction of such wavelet. On lifting
{h, g 1%, 3} to {h,g.h, g} we get

9(w) = ¢"(w) = h(w)s(2w).

Now the condition that we want 2 vanishing moments will help us to find the function s(w)

in the above equations.

In order to have 1 vanishing moment we need g(0) = 0 which implies ¢°(0) — 2(0)s(0) =0
which implies s(0) = 0 (¢°(0) = 0 as Haar wavelet also has 1 vanishing moment, and
h(0) # 0). For 2 vanishing moments we additionally need ¢’(0) = 0 and it implies s'(0) =
—1. Now we have s(0) = 0,5'(0) = —%, we can choose s(w) = —%sinw (of course it is not
unique!). This choice of s(w) will give us

~ 1

1, 1 1 1 1

h — __~ Lw T iw - o —iw 2w 3w
W=-" T Tt tig 16°
~ o 1 2iw 1 W 1 1 —iw 1 — 2w 1 —3iw
gw) =—15¢ 6° T273° T1¢ 6

Now from the set of {h, ﬁ,g,g} filters we could construct the set {¢, gz;,w,z/;}. It turns
out that the set {¢, é, Y, 7;} corresponds to one of the famous Cohen-Daubechies-Feauveau
wavelet (known as cdf1.3) shown in Fig. (3.1).

3.1.2 Dual lifting scheme

In the last section we have gone from the set of {h,g°, h°, g} filters to {h, g, h,j} set.
The set of filters {h, h,g, G} can also be obtained from the initial set of filters {h°, h,g, 3’}
(without altering the g and h while the filters § and h be changed). Suppose the associated
trigonometric polynomial be represented by 5(w). This procedure will result in dual lifting.

We have the following relations
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Figure 3.1: Haar wavelet (on left hand side) lifted to the Cohen-Daubechies-Feauveau
wavelet (on right hand side).

§(w) = 3(w) = h(w)3(2w).

The initial bi-orthogonal scaling and wavelet functions set {¢°, ¢°, ¢, ¢} is related to the
new {¢, d,1, ¥} set by the following relations

Y(r) =2 g2 — k),

where the S, coefficients could be chosen without any restriction. It is noted that the dual
lifting approach is employed for improving the properties of the primal scaling function ¢
or the dual wavelet 1; and primal lifting approach is employed for improving the properties

of the dual scaling function ¢ or the primal wavelet function .

3.2 The discrete wavelet transformation (DWT) and

inverse discrete wavelet transformation (IDWT)

General technique for constructing wavelets with lifting scheme is:

1. Design the DWT without any reference to the wavelet functions ¥, ¢ or the scaling
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functions ¢, .

2. The wavelet functions 1, ¢ and the scaling functions ¢, ¢ are then constructed using

DWT.

Therefore, the most important step is the construction of DWT and IDWT which is dis-

cussed below.

For a function f € Lo(R), the coefficients of scaling function )\é- and the coefficients of

wavelet function vjl- are defined as follows

Ny = (f,¢}) and ~} = (f,4), (3.2.1)

here ng = 20/2(21z — 1) etc. Let us suppose A, is given for a fixed n and we want to
compute A; and 7! for j < n. It can be done by applying the refinement Eqn. (3.1.1)

recursively as follows:

¢ = PP¢x 1),
— 9i/2. 22;}@(2(2@ — 1) — k), (using (3.1.1)),
k

= \/5 Z iLk—Qlﬁg§+1-
k

Therefore
Xoo= (),
= <f,\/§z ﬁk—21€5§+1>,
k
= V2) headt,. (3.2.2)
k
Similarly

V=V2Y GeaNiyy. (3.2.3)
k

The inverse transformation applies the equation recursively
Moy = V2D ha N+ V2 granh (3.2.4)
! 1

The linear method obtained is known as the FWT.

Now with a primal lifting scheme we go from {h, h°, ¢°, §} to the set {h, h, g, §} (one should
note that the function s(w) is needed for doing so) and hence from the set {¢°, ¢°, ¢°,1)°}
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to the set {¢, 0,0, 1;} Suppose we wish for computing the scaling function and the wavelet
coefficients associated with the later set. Essentially we don’t have to design the g and
h filters explicitly, however we can deal with the h, RO, ¢° and § instead. The number of
operations involved here are less in relative to the standard techniques. The things go like
this

o= 202(2x 1),
93 /2 (2 Z o220 —1) — k) + Zs_k1/~1<2j$ -1 - k;)) (from (3.1.9)),
k
= \/_Z hy_ 2l¢]+1 + Z Sl*k%ﬁ'
k

Therefore

Ny= V2 R N DY s (3.2.5)
k k

Because of (3.1.10) we have

=V2) Gty (3.2.6)
k

Using (3.1.6) we obtain the inverse transform as

]H \/_Z hi—o ()\ — Zsl —m7j ) + \/52 g,?_gl'yjl-. (3.2.7)
]

Therefore the subsequent algorithm presents the fast-lifting wavelet transformation (dis-

crete wavelet transformation DWT) and its inverse (inverse discrete wavelet transformation
IDWT).
DWT:

Step I: (Computation of unlifted coefficients)

= V2 R\
k

’Yé = \/52 §k72l)\§+1~
k

Step II: (Computation of lifted coefficients)

=X+ ZSZ K
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IDWT:

Step I:

M=oY st

k

Step II:

Mo = VEY k) + VI o
l l

We can start with any simple wavelet and then adopt the lifting scheme (primal or dual)
for constructing complex wavelets. The easiest possible choice is that one should start with

the lazy wavelet. The bi-orthogonal filters associated with the lazy wavelet are

2h(w) = h(w) =1 and §(w) = 2g(w) = e ™ (3.2.8)

or
h={hy=1h; =0Vi#0},h={hy= %h =0 Vi #0}. (3.2.9)
g={g= %,gz‘ =0Vi# 1} g={q1=1,g:=0Vi#1}. (3.2.10)

A step of lazy wavelet transformation is nothing more than sub-sampling into odd and

even indexed samples. There is no associated set of {1, 0, b, qz;} in L.

Now if we start with the samples {)\J 11} and the wavelet used is lazy wavelet, then the
Step I of the DWT gives us the following result

for =0 \= \FZhO k= f A0

forl =1 )\1 \/_Zh ]+1 \/—J+1,

for =2 A= th A= \[JH,

and so on.

forl =0 ’Y] \/_Z ~0/\§+1 ]—J,-l’
fori=1 ’Yj \/_ng 2)‘§+1 = \/_)\j+17

fOl"l:2 7]2:\/52,@]?; 4)\‘1;_;'_1—\/_)\]_’_1,
k
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Figure 3.2: Split and Update step of forward transform.

and so on. Therefore the step I of the DWT is nothing but splitting the samples into
even and odd indexed samples (and a multiplication with /2 of course!). We call it as the
SPLIT step. We write it as

1
(S5 Nhabos (VERET S = SPLIT(O. )
{37t = (V2T e

The step IT of DWT can be composed as

N = {0+ U )

1
V2
where U stands for the UPDATE operator. Idea of SPLIT and UPDATE step is explained
in the Fig. (3.2).

Till now we have considered only the primal lifting scheme into account. If we take the

dual lifting scheme into account as well, then the Eqn. (3.2.6) becomes

7= \/izgk_m/\fﬂ - Z e\ (3.2.11)
k

k

With this DWT becomes
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Step I: (Computation of unlifted coefficients)

Ny= V2 h) N
k

7; = \/izgkfﬂ)\;%rl-
k
Step II: (Computation of lifted coefficient)

/\é = /\é + Z Sl_k’)/;?.
k

% == DSk
k

Starting with the lazy wavelet, the above DW'T can be composed as:

1
{ﬁ/\?il}m {V2A11 ) = SPLIT({N }a),
{7 = {V2XH h = PN ),

{vnzﬁ%@Lh+wmﬁ@

where U and P respectively stands for UPDATE and PREDICT operator. The IDWT can
be composed as
D20 = V2 (N — U ))) -
n 1 n n
{A?ffl}n = E ({’Yj b+ P({)‘§+1}n)) ,

{)‘?+1}n = MERGE({)‘?il}m {)‘2n+1 n)-

j+1

Fig. (3.3) shows DWT and IDWT.

3.2.1 Another point of view of looking at the three steps: SPLIT,
PREDICT and UPDATE

Assume that the sampling of a signal having sampling distance is 1, is denoted by \f =
f(k),k € Z. We want to know if the information contained in the signal can be captured

with lesser coefficients. This is done with the help of following three steps:

e SPLIT: The number of coefficients could be lessened by merely sub-sampling the
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Figure 3.3: Forward and inverse transform.

even samples and achieving a fresh sequence given as
k 2k
)\71 — AO 7k E Z7

we have used the negative indexes because the lower the index, lower is the data set

—4
Jj+1
x;j’l

| it
x;il
)
i
T3
T3
i

5 4 _
:tj+1 z
-3
)‘j+1
4—2—)\_
741
) -1
>‘j+1
::j+1 j
1
¢ )\]+1
xT
3
>\J+1
4
)‘j+1

— + : ® ‘s are computed here
)\f ted h
(I I~ S — ~
¥ k
o — - ® Py ~v¥s are computed here.
*p(xjfﬁ Z;(xﬁll) *p(le,ﬂ) *p($?+1> j
3 \—Q 1+—@
r@ = S A -
_p@f’gfl) ~ <13C;+11> —JP<5U]1'+1) —]P(x?? 1)

Figure 3.4: Predict step.

Now we would also like to know that how much information is lost, i.e., what is
the difference between the set {\f} and the set {\*,}. To encrypt this difference,
we use the coefficients 4*, and these are referred as the wavelet coefficients. The
simplest choice is to state that the missing data is contained merely in the the odd
coefficients and therefore the coefficients of wavelet are v*, = A2"™'. Therefore all

we are doing here is separating the even and odd indexed samples and this step is
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called the SPLIT step. The code Split.m has been included to perform the above

explained algorithm.

PREDICT: As mentioned above, our aim is for obtaining the compact description
of {\k}. In the situation when {+*,} contains no information (e.g., the signal part
is zero), we obviously can replace {\f} with a small set {\*,}. But this situation

hardly occurs in practice.

Now if we have a predict operator P which does not depend on the signal such that
fyﬁl = P()\]il)v

then again {\*} is replaced by the set {\;} (as the missing part is predicted by
using the operator P).

Again, in practice P(\*,) may not be exactly equal to v*,. In spite of that P(\* ) is
probably be near to {v*,}. Therefore we can just save the data v*; — P(\*,) (which

is actually A2*™* — P(\*))) and call this data as v*, again. Therefore we have
’Yﬁl = )\gkﬂ - P()"il)'

If the predict operator P is good, then most of the terms A\2*™ — P(\¥ ) and hence
7%, will be very small and therefore can be discarded. In this way we can have a

representation of {\§} as {\*,,7*,} which is compact as 7", are small.

The next task is to decide what this predict operator P should be? Simplest possible
way is:

PUMESDLE
P k — —1 -1

and with this choice wavelet coefficients become

These wavelet coefficients determine the extent to which the original signal is not
linear. The prediction operator does not really need to be linear. We might attempt
to discover the original signal failed to be cubic or any another highest order. Let us
have an idea of how can we try to find the failure of the original signal to be cubic.
Rather than define the new values as a linear interpolating the two neighboring values
at the mid-point of two old values, the two neighboring values can be used on either

side and we describe a polynomial p(z) which is cubic that interpolates those four
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values

A= p(ah ™), N = p(a), Nt = p(a ), NS = p(af ).

The new sampling value then will be evaluated as p(xfﬁl) In general we can fix

an N (N is even and is called the ‘no. of dual vanishing moment’) and construct a
polynomial of order N — 1 (with the help of % — 1 data points on either side). This
polynomial will act as our predict operator. With this, our procedure becomes

k 2k
Aj=A

J+1

k _ \2k+1 2k+1
Y = /\j+1 - ($j+1 ),

as shown in Fig. (3.4).
If we use Lagrange interpolation, then we have
p(Th) = P AT o AS AT AT

and our task is then to compute the coefficients p;. These coefficients are called as

prediction coefficients.

UPDATE: There is problem in the coefficients A’s which we have computed in our
split step. For example imagine the coefficients 1,0,1,0,1,0,---,1 at level j + 1.
This would result in the sequence 1,1,1,---,1 at level j. This leads to horrible
aliasing effect. To avoid this problem we would like some global properties of the
original data to be preserved throughout all the levels. Idea is to find a better set
{A\F} (instead of the set which we have obtained in splitting step) so that a certain
scalar quantity Q() is preserved, i.e., Q(Af,,) = Q(XF). For the betterment of the

set {\¥} we construct an update operator U and update {\¥} as
k _ \k k

Next question is how to construct this update operator U? The answer to the above
question is that U should be constructed in such a way that the scalar quantity Q()

is preserved.

We can find out this operator U if we know, for updating the \ value how much of
the v coefficient is required. The updated values are called update coefficients.
To compute the update coefficients we fix a positive even integer N (called the ‘no.

of the primal vanishing moment’) and the quantity which we want preserve is the N
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vanishing moments of the wavelet, 7.e., we want to have

/ N w(@)(@)de = 0, (3.2.13)

here w(z) is the weighted function and note that w(z) = 1 if we are constructing
wavelets for the space Lo([a,b]). Another way of looking at the above property of
preserving vanishing moments is the following:

At the level 7 + 1 we have the coefficients {/\"; 1} representing some function f and

at the j* level we have the coefficients {)\j,%} representing the same function,

Z N = D Mgk + ) Akl (3.2.14)
k k

therefore

Multiplying the above equation with the weight function w(z), with 2?, p =0,1,--- | N—

1 and on integrating we get,

Z A / kodr = Z Ak / (z)¢kdz + Z% / aPw(z)ylde.

Now using the Eqn. (3.2.13), we get

Z)\]+1/ ]+1dx_z>\k/ ¢kdx p:O717”'7N_17

or

ZAJH P =D ANMI, p=0.1- N1, (3.2.15)
k

where M ]7.? r=/ :va(x)(b;?dm is called the p'* moment of the scaling function gbf
Following are the steps in the computation of the update coefficients are the following:

1. Initialize at first level the moments information for each coefficient. The zeroth
initial moment, i.e., M7, = [w(z)¢}(x)dxr is set equal to 1 for each k as we
know that the area under the scaling function is always 1. For the high order
moments the initial values are computed by utilizing the coefficient indexes

which are represented in the following table
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Initial moments using index k
M ﬁk =1 1|{1[1]1]1

My=k ||0]1]2]3|4]5
M2 =k |[0[1]4]9|16] 25
M3, =k || 0|1]8|27]64]125

2. Analyze the \'s that devoted for predicting the 7’s and check that how much
this contribution has been. (Prediction coefficients that were calculated at the

prediction stage, yield these values).

3. At the present level, the moments are updated for each A by employing the
following equation

P _ P P
My, = My + Pr - My,

where [ is the indices related to the v coefficient, k is the indices related to
the A coefficient, py is its analogous prediction coefficient and p is the updated

moment.

4. Now a linear system will be constructed for finding the updated coefficients for
each v by using the property given in the Eqn. (3.2.15). The following are the

steps for the construction of this system:
(i) Fix 1 in a v coefficient and 0 in the rest of 7's.

(ii) To identify how much this v is contributed to the A’s that updated it,
implement an inverse transformation one step up and construct a linear

system of N x N as below:

0 0 0 _ 0
e My, +co My, + - oy - My, = M,

1 1 1 _ 1
C]_‘Mle+CQ'Mj7l2+"'+CN'Mj71N - Mj,gj

2 2 2 _ 2
Cl.Mj,ll+62.Mj712+...+CN.Mj,lN = Mj,gj

o MY ey MY ey - MY = ML

gl Jrl2

Here ¢;(1 < i < N) are the update coefficients which are to be computed,
l;(1 <i < N) are the indices related to contribute the X\ coefficients at the
current level, g;(0 < j < signal_length) are the indices related to the =y
with the value fix to 1.

(iii) When N = N (in this chapter we have assumed that N = N), the above
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system can be solved for finding the update coefficients set for the v whose
value is fixed equal to 1. Note that if N # N, then there are another tech-
niques available to compute the update coefficients (see [169] for details),
however, to have the best of the wavelets it is recommended that N should
be taken equal to N [91].

5. For each 7, we have a series of N updated coefficients at each stage. These
values are utilized for updating the A coefficients before proceeding to the next

stage.

The prediction and update steps will be discussed in detail for the space Lo([a,b]) in

the following sections.

3.3 Wavelets on the intervals

3.3.1 Prediction coefficients

Let us have an illustration of this case with an example. Suppose N = 4, then our task is

to compute the prediction coefficients p;, 1 < i < 4. The following cases are possible

1) Near the left boundary: 3 A’s on the right and 1 A on the left (It should be noted
that the splitting step is such that A\ always remains on the first position).

2) Middle: 2 A’s on the right and 2 A’s on the left side.

3) Near the right boundary: Here we have the following two possibilities:
(3a) 1 X on the right and 3 A’s on the left.
(3b) 0 A on the right and 4 X’s on the left.

Due to symmetry, the prediction coefficients for the case 1 are the same as in the case 3a
though in reverse order. Therefore totally we have 3 distinct cases (shown in Fig. (3.5)).
In general we have % + 1 distinct cases (% for the symmetrical boundary case and one
for the middle case). Let us mark the four As which are used in this case as A\g, A1, A2 and
A3 and assume that they are located at 0,1,2,3 (It should be noted that as there is an
exclusive cubic polynomial interpolation, note that since there is a unique cubic polynomial
interpolation, the same cubic interpolating function will be obtained no matter how the

samples are separated).
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Ao A2 Ao A2

é 3 A 3

0 1 2 3 0 1 2 3
(case(a):2As on each side) (case(b):1\ on left and 3As on right)

0
A A3

!

0 T 2 3
(case(c):4\s on left and 0 on right)

Figure 3.5: Cases for computation of prediction coefficients for N = 4.

In case of Lagrange interpolation, the interpolating cubic polynomial (the prediction op-

erator) is
@3, (- 0e-a—3), (- 0)r— 1)z —3)
L (1 ) R G s e ) T W Y S
(x = 0)(x —1)(z —2)
+ (3—0)(3—1)(3—2))\3’ (3.3.1)

and the prediction coefficients are such that
p(FY) = pr AT 4 oAl 4 ps AT 4+ pAE T (3.3.2)

Therefore, p; is nothing but % (let us call it Py(z)) computed at the desired
point. Note that P;(z) is a function which is 1 at the node 0 and 0 at all other three nodes.
Therefore we find P;(x) and calculate its value at desired points to compute p; for all the
three cases (shown in Fig. (3.5)). Neville’s algorithm has been used for this purpose. We
have included in our package a function named Prediction_coefficients_interval.m

which computes the prediction coefficients for a given N. This Matlab function implements
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the above explained procedure for computation of the prediction coefficients. Tables (3.1,

3.2, 3.3) show the prediction coefficients for N = 2,4 and 6 respectively computed using

the Matlab function Prediction_coefficients_interval.m.

Cases Coefficients
#Xs on left | #Ason theright | k—3 | k—1|k+1 | k+3
0 2 1.5 -0.5
1 1 0.5 0.5
2 0 -0.5 1.5

Table 3.1: Prediction coefficients for N = 2 for second generation wavelet on the interval.

Cases Coefficients
#Xs on left[#Ason theright]| k=7 [k =5[] k-3 [E—1[k+1][E+3 [k+5]k+7
0 4 2.1875]-2.1875|1.3125]-0.3125
I 3 0.3125[0.9375]-0.3125[0.0625
2 2 -.0625 [0.5625[0.5625]-0.0625
3 I 0.0625[-0.3125[0.9375[0.3125
4 0 -0.3125[1.3125]-2.1875]2.1875

Table 3.2: Prediction coefficients for N = 4 for second generation wavelet on the interval.

Cases Coefficients
HNS\HXNs kK —11 | k=9 k—T | k=5 k-3 |k—1|k+1| k+3|k+5|k+7]k+9]|k+11
on |on
left |the

right

0 |6 2.7070(-4.5117|5.4141]-3.8672(1.5039{-0.2461
1 |5 0.2461(1.2305[-0.8203[0.4922]-0.17580.0273
2 |4 -0.0273[0.4102[0.8203|-0.2734]0.0820|-0.0117
3 13 0.0117[-0.0977|0.5859[0.5859(-0.0977[0.0117
4 {2 -0.01170.0820(-0.2734[0.8203[0.4102|-0.0273
5 |1 0.0273|-0.1758]0.4922-0.8203(1.2305|0.2461
6 |0 [-0.2461/1.5039|-3.8672|5.4141]-4.5117|2.7070

Table 3.3: Prediction coefficients for N = 6 for second generation wavelet on the interval.

3.3.2 Update coefficients

We give an illustration of how to compute the update coefficients for a 1D signal hav-

ing N = 2, length L = 8 and N = 2.

At the beginning we have eight coefficients

Ao A8, A3 NG AS, AS, A, NS (assume that for the initial level j = 0). Follow the process

described in the section (3.2.1), we have to go through the following steps for computing

update coefficients:
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1. Initialize the zeroth and first moments (because N = 2) for every coefficient at the
first level.

Initial moments using index k
M&k =1| 1|1 |1{1|1]1]1
M& r=Fk (1234|5678

2. Analyze the X’s that devoted for predicting the 7’s and check that how much that

contribution has been.
AN A A A8 AT
05~ . —05 05— 2 mvglwﬁﬁ@ﬁ 1
e ! uses A} (contribution=0.5) and A} (contribution=0.5) for its prediction.
e 2, uses \j (contribution=0.5)and )\ (contribution=0.5) for its prediction.
e 73, uses \) (contribution=0.5)and \] (contribution=0.5) for its prediction.

e 71, uses A} (contribution=-0.5) and A} (contribution=1.5) for its prediction.

Therefore we have,
vir =70 = (0.5) % Ag — (0.5) x A,

721 =721 = (0.5) % A — (0.5) % Ag,
21 =721 = (0.5) x A§ — (0.5) x A,

72 =72 = (=0.5) % A — (1.5) * Ag,
3. Update the moments for every A at the current level using the following equation
ME, = Mg, + pr. - Mg,

where £ is the index relative to a A coefficient, py is its corresponding prediction co-
efficient, p is the moment being updated, and [ is the index relative to a vy coefficient.
A} contributed only to 7!, (corresponding to the index [=2) during the prediction

step, therefore the corresponding moments get updated as follows

M8,1 = M(?,l +Dp1- Mg,2 M(:)l,l = M(:)l,l +pre Mo172
=1405-1 =1+05-2
=1.5 =2

A3 contributed to 7!, and %, (corresponding to the index [ = 2 and [ = 4 respec-
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tively) during the prediction step, therefore the corresponding moments get updated

as follows
M8,3 = M8,3 +Pps- M8,2 M&,:& = M&,:& +ps- Mol,Q
=1+4+05-1 =3+05-2
=1.5 =4
M(()),z = Mg,:a +Dps- M(()]A Mol,3 = Mol,z +Dps- M(}A
=15+05-1 =4+4+05-4
=20 =6

A5 contributed to v%,,73; and v*, (corresponding to the index | = 4,6 and [ = 8
respectively) during the prediction step, therefore the corresponding moments get

updated as follows

M875 = M875 + D5 M8,4 M&,s = M(},s + D5 Mol,4
=14+05-1 =5405-4
=15 =7

M(()),5 = M(()),5 + D5 M(()],G Mol,s = M(},5 + D5 M(},e‘
=15+05-1 =7+05-6
=2.0 =10

M(()),5 = M8,5 + D5 M(?,s M&,s = M&,s +Dps- Mol,g
— 2+ (=05) 1 — 10+ (—05) -8
=1.5 =6

Ay contributed to 4*, and 4*, (corresponding to the index [ = 6 and [ = 8 respec-

tively) during the prediction step, therefore the corresponding moments get updated

as follows
Mgy = Mg+ pr - My My 7 = My +pr - My
=1405-1 =74+05-6
=15 =10
Mg,? = Mf?,? +Dpr- M(()],s M&,? = M&,? +pre Mc},g
=15+4+15-1 =104+1.5-8
=3.0 =22
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Updated moments
k 11357
TABBBE
M&k 216|622

4. Now we will formulate a linear system for finding the updated coefficients for each

~. The following are the steps for the construction of this system:
(i) Put v'; =1 coefficient and 0 in all the rest of 7's.

(ii) To identify how much this 7!, is contributed to the \’s that updated it, imple-
ment an inverse transformation one step up and construct a linear system of

2 X 2 as below,

0 0 0
M} M, = M}
€1 Moyt 2 Moz = Moy

Putting the values of the updated moments computed in last step, we get

3
e 2, = 1
201+ Co

2c1 +6c = 2.

(iii) Solving above system of equation gives us the update coefficients ¢; = % and
Cy = % corresponding to v!,. Similarly for v*, we get the update coefficients

_ 1 4
=, and for 72,

c1=0,c0 = %, for 42, we get the update coefficients ¢; = %, Co

we get the update coefficients ¢; = —%, Cy = % We have the following situation
W&US) y@ﬂQ Y-1,3 4/15 1/5)7-1,4(=2/15,2/5)

5. Now we have a set of 2 update coefficients for every ~ at the level —1. These values
are used to apply the update operator, U, to the \¥, coefficients before proceeding

to the next level. A\l uses 2 from vL, for updating, i.e., we have

2
Ay =A0+ 5 Ly

Similarly we have

1
A =2% +5*’Yi1 +0x72,

2

4
*721 + = 731 15

2
A=\ 12
-1 St 15

3 717
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1 2
Xil = /\§1+E*VE1 +g*7i17

Now we have to repeat the above procedure for the next step. The situation at the next

step is the following

AL (k =1) A2, (k=3) A2, (k=5) My (k=7)
=2 72y
The above procedure goes like this

1. Initial moments at the current level are:

1| k=b

1
M-y,

0
MZ,

DO [roleo| ||
S i |

2. Check for the A’s that contributed to predicting every v and note how much this

contribution was.

PSP PR U O

05 7—1"2‘?6{%%2 ,

e !, uses A, (contribution=0.5) and A*; (contribution=0.5) for its prediction.
e 2, uses A\!, (contribution=-0.5)and A, (contribution=1.5) for its prediction.

Therefore we have,
vy =ty = (0.5) % AL, — (0.5) « AP,
V2 =72y — (0.5) % AL, — (0.5) x A*

3. We have to update the moments of \'; and A3 ;. A\!, contributed to !, (correspond-
ing to the initial index [=3) and 72, (corresponding to the initial index (=7) during

the prediction step, therefore the corresponding moments get updated as follows

Mgl,l = Mgl,l +p1- M91,3 Mim = Mil,l +p1- Mi1,3
=15+0.5%2 =2+05-6
=2.5 =5

ME1,1 = M91,1 +pi- Mgl,? My =M+ M11,7
=25+ (—0.5)-3 =54 (—-0.5)-22
= 1.0 =—6
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A3 | contributed to 7!, and 2, (corresponding to the index [ = 3 and [ = 7 respec-

tively) during the prediction step, therefore the corresponding moments get updated

as follows
M91,5 = M91,5 + D M91,3 Mil,s = M11,5 +pre Mi1,3
=15+05-2 =64+0.5-6
=25 =9
M91,5 = M91,5 + 1 Mgl,? Mil,s = M11,5 +Pp1e M11,7
=15+15-3 =9+4+1.5-22
=70 =42

Updated moments
k 1 5

MO, . |1 7

MY, | -6 42

4. Now a linear system will be constructed for finding the updated coefficients for each

~. The following are the steps for the construction of this system:
(i) Put v', =1 and 0 in the rest of v's.

(i) To identify how much this 7!, is contributed to the \’s that updated it, imple-
ment an inverse transformation one step up and construct a linear system of

2 X 2 as below,

0 0 0
1 1 1
C]_ . M_171 —‘I_ 02 . M_175 - M 1.3

Putting the values of the updated moments computed in last step, we get

Cl—|—762 = 2
—601+4202 = 6.

(iii) Solving above system of equation gives us the update coefficients ¢; = % and

¢ = 0.214 corresponding to v!,. Similary for 42, we get the update coefficients

1

—3,C2 = 0.476. We have the following situation

C1 =

80



v, (1/2,0.214) 42 ,(—1/3,0.476)

e

—2 )‘2

5. Now we have a set of 2 update coefficients for every ~ at the level —2. These values
are used to apply the update operator, U, to the \¥, coefficients before proceeding

to the next level. AL, uses 3 from ~1, for updating, i.e., we have

1 1
Ay =AL+ 5 Ly — 3 2y
Similarly we have

M, = A2, +0.214 %41, + 0.476 % 42,

We have included in our package a function named Update_coefficients_interval.m
which computes the update coefficients for a given N by implementing the above explained

procedure.

Having computed the predicted coefficients and update coefficients, we have implemented
the above steps for DWT and include in package function named Wavelet_transform.m.
Also, we have implemented the reverse steps for IDWT and include in our package function

named Wavelet_transform_inverse.m.

3.3.3 Computing the values of ¢(z) and ¥(x)

In the space Vp, the coefficients which are used to represent the basic scaling function ¢
are {vo(n)}n ={---,0,1,0---} = §,. Using IDWT (with all detail coefficients w;(n) = 0),
the representation of the scaling function in any space V;,7 > 0 can be computed. For

i — 00, the coefficients {v;}, approach the sampling {#)(n27")},.

In the detail space Wy, the coefficients which are used to represent the basic wavelet 1) are
{wo(n)}n ={--,0,1,0---} = §,. Using the IDWT (with all coefficients vy(n) = 0), the
representation of the scaling function in V; can be computed. Again by using the cascade
algorithm the representation in any space V;,2 > 1 can be computed. For i — oo, the

coefficients {v;(n)}, approach the sampling {¢0(n27%)},.
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3.4 Second generation wavelet optimized finite differ-
ence method (SGWOFD)

There are many point of views of looking at the Burger’s equation. For example it can
be seen as an equation which models turbulence, traffic flows, acoustic transmission in fog
etc. It can also be seen as a perturbation of the linear heat equation, which is the angle
which has been considered in this chapter. We consider a rod made up of heat conducting
material. Let L be the length of a rod and A be the uniform cross sectional area of a rod.
It is assumed that the heat can be exchanged only through the ends and the lateral surface
of the rod is insulated. Further it is assumed that the thickness of the rod is such that the

temperature of the rod is constant throughout any given cross section.

Let us represent the temperature at a time t and position x by u(¢, z) and following are the
parameters of the material of the rod: k, the thermal conductivity; p(z), the density of the
material at point x; the specific heat ¢(x) of a rod at a point x, fi(¢,z), heat production
rate per unit time. With these parameters the equation governing the temperature inside

the rod is given by

pla)e(a) 20D _ O (kma%u(t,x)) Rt ). (3.4.1)

We further suppose that the specific heat, density and the thermal conductivity are inde-
pendent of the position; with this assumption, the Eqn. (3.4.1) becomes

Ou(t,z)  k 0Pu(t,x) N fi(t, )
ot pc  Ox? pc

Letting v = £ and f(t,2) = L1b2) he above equation becomes
pc pc

dult, 02ul(t,
“gtx>=u 252:6)* F(t,2). (3.4.2)

Now we consider a perturbation of Eqn. (3.4.2) as follows

ou(t, x)
ot

u(t, z 2u(t, z
+ u(t, x)a gg; ) _ Va ag;t; ) + f(t, x). (3.4.3)

Eqn. (3.4.3) is Burger’s equation with v as the viscosity constant. Since this equation is 2nd
order equation in space and 1st order equation in time, we need one initial u(0, z) = ug(z)
and two boundaries for solving the same. There are four common types of boundary

conditions
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1. Periodic:
uw(z,t) = u(x + (b—a),t).

2. Dirichlet:

u(a,t) =ur(t), u(b,t)=ug(t).
3. Neumann: dula, 1) ou(b. )
u(a,t) u(b,t)
i ur(t), e up(t).
4. Robin’s:
dula,t ou(L,t
cru(a,t) + o “éi ) (), dyu(0,) +d2% ——

3.4.1 Finite difference matrices for different boundary condi-

tions

Let the points discretizing the domain [a, b] of the problem be a = 21 < 23 < 23 < -+ <

xy = b (this discretization need not be uniform). Using the central differences, the 1st

and the 2nd derivatives at different points of the domain are defined as

du(zy) _ u(zy) — u(zo)
dx Tog — Ty
du(zs) _ u(zs) — u(z)
dx T3 — 1T
du(ry-1) _ u(zy) — u(rn_2)
dz TN — TN
du(zy) _ w(@yir) —u(zy-1) (3.4.4)
dx ITN4+1 — TN-1 . o
Pu(zy) 2u(zo) N 2u(zy) N 2u(zs)
dx? (xo — z1)(w0 — x2)  (x1 — @0)(1 —x2) (w3 — o) (22 — 21)’
d*u(x5) 2u(zy) 2u(zs) 2u(z3)
2 , (3.4.5)
dx (1 — z2)(x1 —23) (9 — 1) (w9 — 23) (T3 — 1) (T3 — T2)
d2u(xN—1) o 2u(zN—2) 2u(zN—1) + 2u(zN)
dr2  (ev—2-zN-1)(@N—2—zN) | (@n—1—znv-—2)(en-1—zN) | (env—an-1)(@N—TN-2)’
d2U(ZEN) . 2u(zn_1) 2u(zy) 2u(zny1)
dr2 — (evoi—zn)(evoi—zNy) 0 (@v—zno)(@Ev—TN4) 0 @nvpi—ev-o1)(@ENii—aN)
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Note that xg and zy; are the points which are not included in our discretization. De-
pending on the types of the boundary conditions involved we have different finite difference

matrices as explained below:

1. Periodic boundary conditions: In this case, all the indices are supposed to be calcu-
lated modulo N — 1 (as u(a) = u(b)). Therefore, we treat zy as xy_; and zy,1 as
ZTo. Further, we assume that z; — x9 = 29 — z; and oy 1 — TNy = TNy — TN_1.

Therefore in this case, the first and second order finite difference matrices D™

and D@ such that [u/(z1), ' (z2),- - , v/ (zn)] = DD [u(z), u(zs), - ,u(zy)] and
/() (22), -+ 0 w)) = DO[ue), w(zs), -, ulzn)) are given by
1
PW(1,2) = -DYVAN-1) = ——,
(1,2) = =DV = 1) = 5
1
PUN,2) = —DUVNN-1)= — |
(NV,2) ( ) ST
1
P (i,i—1) =DW(ii+1) = —— )
( ) ( ) Li+1 — Li—1

DW(i,5) =0 V other i and j.

1 1
— D1, 1) =D?(1,2) =DHA,N-1) = ———
5 (1,1) (1,2) (1, ) (=)
1 1
DA(N,2) =DH(N,N 1) = —-DP(N,N) = ————
2 (iL’N — l’N,l)
2
DA(i,i—1) = . 2<i<N-—1, 3.4.6
( ) (i1 — i) (Tic1 — Tig1) - ( )
2
DO(i,i) = , 2<i<N-1,
(%‘ - xifl)@jz’ - $i+1)
2
DO(ii+1) = 2<i<N-1,

(Tig1 — Tic1) (i — )
D@(i,5) =0, V otheriand j.

2. Dirichlet boundary conditions: In the condition of Dirichlet boundaries, the function
is specified at the end points, i.e., u(a) = uy, and u(b) = ug which imply u(z1) = ug,
and u(zy) = ug. As the solution is known at the end points, we only have N — 2
unknowns namely u(xs), u(x3),- -+ ,u(xy_1). Therefore, we consider all but first and

last equations of (3.4.4) and (3.4.6) and write u(zy) = ur,u(zy) = ug. We obtain
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the following

u () u(xs) —mBUTLxl
w (x3) u(z3) 0
: =W : + , (3.4.7)
u(xn_2) u(rn_9) 0
w(xn_1) u(ry_1) Fpe—
' (z2) u(2) e )
"(23) u(zs) 0
- _ : n : . (3.4.8)
u'(xn_2) u(rn_2) 0
u(xN_1) u(ry_1) 2up

(zn—2zN_1)(xN—2TN_2)

here DM and D@ are the matrices of (N —2) x (N — 2) size with following entries

1 1
PI(1,2) = ——, PON-2N-3)=————,
(w3 — x1) (TN — TN-2)
1
PO —1) = —————, DO i+1) = 2<i<N -3,
Tit+2 — T4 Tigo — X
DW(i,5) =0 V other i and j.
2
PA(1,1) = ,
( ) (xz - 551)(1172 - $3)
2
DA (1,2) = :
(1.2) (23 — @1) (23 — 22)
2
DON -2, N -3)= :
(SUN72 - wal)('TNfQ - SCN)
2
PDON -2, N-2)= ,
(IN—1 - $N—2)(IN—1 - IN)
2
DA(i,i—1) = . 2<i<N-3, 3.4.9
( ) (i — @ig1) (T — Tisa) - ( )

2

DO (i,i) = . 2<i<N-3,
(Tit1 — ) (Tip1 — Tit2)

2

DO(ii+1) = , 2<i< N-3,

(Tiy2 — 23)(Tiya2 — Tig1)

DA (4, ) =0,

Y other ¢ and j.

3. Neumann boundary conditions: In the situation of Neumann boundaries, the func-
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tion’s first derivative at the end points is specified, i.e., v/(a) = uy and u/(b) = ug.
Therefore, we already have the values of u/(z1) = v/ (a) = uy and v/ (zy) = v/ (b) =
ug. Furthermore, we use the fact that u'(z;) = % =u, = u(r) =
u(xe) — up (e — x1) and similarly u(xy) = u(zy_1) + ur(zy — xy_1). Furthermore,
we use the fact that x1 — xg = 2o — 1 and xn1 — oy = £y — xn_1. Therefore, we

have the following

W () u(s) B
u'(z3) u(ws) 0
: =pW : + : : (3.4.10)
w(xn_2) u(rn_2) 0
W (xN_1) u(rn_1) —UR;;C,]X;?X;)
u’ (1) {aesy s
" () u(z) 0
= DA : + : , (3.4.11)
u”(l’N_1> U(ZEN_l) 0
QUR

u"(zn) u(ey) Erery

where DM D) are the matrices of size (N — 2) x (N —2) and N x N with the

following entries respectively

1 1
PO )= - PW(1,2) = :
(1,1) @21 (1,2) @21
1 1
PUN—-2N-3)= —, PDU(N —2,N —2) = —
(xny —xN_2) (TN — TN-2)
1 1
PO —1) = —————, PO i +1) = ,2<i< N -3,
Tiv2 — Xj Tito — T;

DW(i,5) =0 V other i and j.

DA(1,1) = = :Qxl)Q,
DO(1,2) =
DA(N,N —1) = o —2:r:N_1)2’
DN, N) = .
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2

DA i —1) = . 2<i<N-—1, 3.4.12
( ) (im1 — ) (Tim1 — @iga) o ( )
2
DA (i,i) = , 2<i<N-1,
(zi — zio1)(Ti — Tiy1)
2
DA (ii+1) = 2<i<N-—1,

(i1 — @im1)(Tig1 — fEi)’
D@(i,j) =0, V otheriand j.

4. Robin’s boundary conditions: In case of Robin’s boundary conditions we have cyu(x;)+
cou'(71) = uy, and dyu(zy) +dot/(2n) = up. Therefore, we have u'(z1) = —Zu(zy) +

“L and u'(vn) = —j—;u(x]v) + “B. The first derivative at all the other nodes is same

as given in Eqn. (3.4.4). Therefore, we get the following

"(21) u(z1) L
(2) u(z2) 0
=W + : (3.4.13)
Ul(‘%N,l) u(mN,l)
u'(zy) u(zy) =
here DM is a matrix of N x N size with the following values
o) & 1) d;
DH(1,1) = ——, PO(N,N) = ——
(6)) d2
1
PUG i —1) = —————, PO i+1) = 2<i<N-—1,
Tip1 — Ti—1 Tig1 — Ti—1

DW(i,5) =0 V other i and j.

For computing the second derivative, we write ciu(z1) 4+ cou/(x1) = uy as cyu(xy) +
(u(z2)—u(x0))

(z2—x0)

Co = wy, which implies u(xy) = u(xs) — (ur —cru(@1))(@2=20) Similarly we

Cc2

obtain u(ryy1) = u(zy_1) + (uRfdlu(xN)c)lixN“ﬂN‘l). Furthermore, we again use

1 — 29 =29 — 2y and Ty — Ny =Ny — Tn_1. We get the following

u" (1) u(ry) ks
u”(xg) u(xs) 0
: =D : + : : (3.4.14)
u'(xn_1) u(rn_1) 0
u(xN_2) u(zy) 2up

da(xn—2N_1)



here D) is a matrix of N x N size with the following values

2 c 1
DA(1,1)=—— (L +
( ) (w2 — 1) \c2 1 — T2
2
P@1,2) = —=
(1,2) =11
2
DAN,N-1)= ———,
(xN —xN—l)
—2 d 1
PON,N)= ——M— (—1+—) ;
( ) (CUN - fol)Q dy TN —TN-1
2
DA i —1) = . 2<i<N-—1, 3.4.15
(6,8 ) (o1 — 23)(Tim1 — Tig1) == ( )

2

DA (i,i) = , 2<i<N-1,

(zi — zio1)(Ti — Tiy1)

2

DO(ii+1) = 2<i<N-—1,

(Tig1 — 2i1)(Tip1 — 23)
D@ (i,5) =0, V other i and j.

Figure 3.6: dJ, for different functions (a) Sawtooth function with discontinuity at z = 0.5
(b) Sawtooth function with discontinuity at x = 0.8 (c)
f(z) = sin(27x) + exp(—10*(z — 0.5)?).
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3.4.2 Generation of adaptive grid based on second generation

wavelet

To best of our knowledge, we don’t have derivatives for second generation wavelets (it can
be a future direction). Because of lack of derivatives, use of second generation wavelets in
collocation and Galerkin sense is not possible (Galerkin approach solves the equations in
wavelet coefficient domain while the collocation approach solves the equations in physical
domain on the computational adaptive grid. The estimation of the non-linear quantities
in collocation techniques are carried out in the physical space, similar to the Galerkin
techniques). Hence the use of second generation wavelets for PDEs can be seen only
in wavelet optimized sense. Wavelet optimized approach involve algorithms that relies
upon the traditional discretizations (e.g., finite volume, finite difference or finite element)
while uses the wavelet analysis [170] for defining the computational grid. In this case

computational overhead is decreased since one have to deal with point values in the physical

description.
0.084 ‘ 0.4228
0.082
N 04226
A 008 M
| |
= = 04224
0.078
0.0763 0.05 0.1 04222, 0.05 01
€ €
0.264
0.262
N
ul,*' 0.26
0.258
2 ‘
0.256, 0.05 0.1
[

Figure 3.7: ||f — f>ell2 versus € for f(z) =z for 0 < x < 0.5 and = z — 1, otherwise;
f(z) =z for 0 < x < 0.8 and =z — 1, otherwise; f(z) = sin(27z) + exp(—10%(x — 0.5)?).

As already discussed, one of the useful features of wavelet is that the coefficients of wavelet
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i.e., d{; decline quickly where exercises are smooth and for a function which has disconti-
nuities in one of its derivatives then its coefficients of wavelet decline moderately near the
discontinuity point and keep a rapid decline far from it. This feature of wavelets makes
it suitable for detecting where the shocks are in the PDE’s numerical solution. Therefore,

the construction of the adaptive grid depends on the wavelet coefficients magnitude.

For the case of second generation wavelet, if {¢;}7_, is the set of scales, then dl’s follow
the above mentioned fact rigorously as j goes close to J. Fig. (3.6) shows dj, for different
functions. Hence, d{c’s has been considered (coefficients of wavelet at scale ¢;) for adapting
the grid.

Before using any wavelet for the generation of adaptive grid, it is recommended that
the same is tested for the reconstruction error. Given any function f, freconstructed =
IDWT(DWT(f)), then the error ||f — freconstructeal| 18 termed as reconstruction error.
The Matlab code Reconstruction.m has been included in our suite to test the second
generation wavelet for reconstruction. The reconstruction error obtained is of the order

10~ which is quite acceptable.

There are two wavelet based techniques for the construction of the adaptive grid namely
standard adaptation approach and the modified adaptation approach. In standard adap-
tation approach, one has to start with the finest resolution level and has to remove the grid
points depending on the magnitude of the coefficients of wavelet. In the case of the modi-
fied adaptation technique, one must start from the lowest resolution level and add the grid
points depending on the magnitude of the coefficients of wavelet. Although the standard
and the modified approaches differ substantially, the resulting adaptive node arrangements
can be shown numerically to be nearly the same. We have included the functions in our
package, named AdaptiveGrid_SGW_modified.m and AdaptiveGrid_SGW_standard.m
which constructs the adaptive grid by using modified adaptation technique and standard

adaptation technique respectively.

In this chapter, the modified adaptation technique has been used. We begin with the lowest
level, jo and call the corresponding set of vertices V as X! (stands for the initial grid).
Suppose f (l‘z)x cxyinitia 18 the set of the values in X initial ' herform second generation wavelet
transformation on this set for obtaining the wavelet and scaling function coefficients. The
finer grid X" will be constructed from X  Since each x;, € X"l i5 associated
with a scaling function ¢y, all the points in X" will be kept in X™**. Moreover, every
point in X4l is yniquely associated with the function of second-generation wavelet at
the scale t;,. Analyze d;° coefficients, if |d{°| > ¢ (where € is the pre-decided threshold
parameter), then the corresponding grid point z;, € X ™4 is termed as active grid point.

Corresponding to each point of active grid, xy, a safety zone [150] will be added in X",
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Figure 3.8: The adaptive grid for (a) Sawtooth function with discontinuity at x = 0.5 (b)
Sawtooth function with discontinuity at z = 0.8 (c¢)
f(z) = sin(27z) 4+ exp(—10*(z — 0.5)?).

Safety zone not only makes the grid finer near the points of singularities but also takes
care of the coefficients of wavelet which may become significant during the time when we

are not refining the grid.

For adding the safety zone, a parameter M called the safety zone constant is prefixed and
in the region [z, —1, z;+1]| (where zy is the active grid point), 2M grid points are uniformly
added. Note that precautions are taken when the active grid point is a boundary point, in
that case the region [xy,z) + 1] (in this case zy is the left boundary point) or [z — 1, ]

(in this case xy is the right boundary point) are considered as safety zones.

Having obtained the X™*"  in the above manner, the refinement of the grid is continued
treating X" as Xl (the set f(xi),, € X" is obtained by interpolation). The process
of refinement is stopped when the function f(x) (which in our case is the solution of the
differential equation) becomes grid independent (By grid independent solution, we mean
a solution that does not vary significantly even when the grid is refined). We call the
final obtained grid as X/™.  Note that if the parameter M is chosen very small, then

the number of refinements required to obtain X/ from X" and hence the compu-
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tational cost increases. If, on the other hand, M is selected large, there are chances that

the unnecessary points are added to our grid. Therefore, this parameter M should be cho-

sen wisely depending on the problem. Fig. (3.7) shows the variation of the compression

error ||f — fs¢||2 versus € for three test functions. It is observed that error increases on

increasing the value of € as expected. For ¢ = 1074, Fig. (3.8) represents the adaptive grid

constructed by using the modified adaptation strategy for various functions. Algorithm

for second generation wavelet based adaptive grid generation is as follows:

Compute {f(z;)}jexs from {f(x;)};exe using interpolation.

Apply second generation wavelet transform on the expanded f(x) for obtaining the

wavelet and scaling coefficients.

Start with X7.

Keep intact all the points that corresponds to the scaling functions.

Keep the points where |d}| > ¢ intact.

Keep the points corresponding to the adjacent zone of each active point intact.

Delete all the other points.

3.4.3 Numerical algorithm for solving PDEs

Having obtained all the necessary ingridients for SGWOFD, we explain the algorithm for

SGWOFD:

1. Discretize the domain of the PDE.

2. Use finite difference matrices given in section (3.4.1) to discretize the operators in-
volved in the PDE at hand.

3. Suppose the times 1, ts, - - - are decided for the grid refinements (Note that the choice
of these times is problem dependent. If the problem is such that its solution is rapidly
changing, then ¢;s should be chosen closer). Starting with the initial condition, with
the use of a time integration scheme (Crank-Nicolson in our case), we obtain a
solution at the time ¢y, i.e., u(t;).

4. We use u(t;) and the corresponding grid X* to obtain X“+2! using the process
explained in the last section.

5. Calculate the PDE differential operators on X +4¢,
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6. Integrate with Crank-Nicolson the ordinary differential equations system obtained,

in time to attain the solution at t = ¢; + At.

7. Repeat the step 6 until u(ty) is obtained. Having obtained u(t2) go to step 4.

1 1
0.5¢ 05
0 + 0
-05 -05
— Solution — Solution
o WOFD grid o WOFD grid
— T L L L -1 T L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1
05
0
-05
— Solution
o WOFD grid

_1 L L L
0 0.2 0.4 0.6 0.8 1

Figure 3.9: Solution and the corresponding adaptive grid at ¢t = 0.25, 0.5, 0.75.

-3 Error -3 Error
15 : : : : e :

0 0
‘0-5\j =
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Figure 3.10: Pointwise error at t = 0.25 and ¢ = 0.5.
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Figure 3.11: Results for the test problem I.

3.5 Numerical results and discussions

To test the proposed SGWOFD method, Burger’s equation has been considered with dif-

ferent boundary cases. The equation which we consider is given as follows:

ou(z,t)

Ou(z,t) 0*u(z,t)
— v
ot

() or  Ox

(3.5.1)

with the initial profile given by
u(z,0) = g(x).

and with appropriate boundaries. The equation is solved by using SGWOFD as described
in section (3.4). Depending upon the different types of boundary conditions used, following
four problems are considered.
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Test problem I

In the 1st test problem, the Burger’s equation on the interval [0, 1] has been considered with
the initial u(z,0) = ug(x) = sin(27x) and boundaries are periodic, i.e., u(z,t) = u(zx+1,1).

The problem’s exact solution is [171]:

i r— —(z—¢€)? cos(2m
J 58 exp(GER ) exp(525) g

u(z,t) =

oo

—(x—¢)2 cos(2m
f eXp( (41/t£) )exp( 4(:V£))d§

This problem’s analytical solution is a static wave which shows a sharp gradient at x = 0.5.
For € = 107* and v = 0.005, Fig. (3.9) represents its solution and related adapted grid at
distinct time. Fig. (3.10) displays the point-wise error at distinct times and it can be seen
that where there are variations in the solution, the error value is maximum and therefore
more grid points must be included at this region. Fig. (3.11)(a), (3.11)(b) justifies the
method’s convergence in regards to N(e) and e respectively. The graphs show that the
convergence order which we look for has been achieved. We have found that the error
decreases as the e value decreases, however the computational cost increases. € is therefore
to be sensibly selected that balances the error with the computational cost. The time
ngg(f)o). Fig. (3.11)(c) displays the change in
value © with respect to v. It is found that as v value decreases, the © value increases,

compression coefficient is defined as © =

that means the approach achieves better results for small v values. Table (3.4) shows the
change in the CPU(e) versus € for value of v = 0.002. It is checked that as e decreases, ©

decreases. The higher the © value, more efficient the adaptive algorithm is.

Table 3.4: The efficiency of SGWOFD for the test problem I.

€ 1072 1073 1074 107°
CPU(e)  0.0625  0.0781  0.1250  0.1275
S) 3.2496  2.6005  1.6248 1.592

Table 3.5: The efficiency of SGWOFD for the test problem II.

€ 1072 1073 1074 1075
CPU(e)  0.0469  0.0625  0.0729  0.0785
) 4.997 3.7504  3.2153 2.985

95



Table 3.6: Solution of test problem II by explicit finite difference method, exact-explicit
finite difference method and SGWOFD method.

x explicit exact-explicit | SGWOFD | exact solution
finite difference | finite difference
0.1 0.10863 0.11048 0.1100 0.1095
0.2 0.20805 0.21159 0.2106 0.2098
0.3 0.28946 0.29435 0.2930 0.2919
0.4 0.34501 0.35080 0.3490 0.3479
0.5 0.36845 0.37458 0.3725 0.3716
0.6 0.35601 0.36189 0.3594 0.3590
0.7 0.30728 0.31231 0.3095 0.3099
0.8 0.22588 0.22955 0.2264 0.2278
0.9 0.11966 0.12160 0.1185 0.1207
0.0070 0.0067 0.0034
1 : 1 :
— Solution —Solution
o8 L° WOFD grid 08l L° WOFD grid
0.6} 06
0.4¢ 0.4
0.2t 02
Y SV By S R Y SV .Y S R
1 :
— Solution
08 L° WOFD grid
06
04
02

0
0 0.2 0.4 0.6 0.8 1

Figure 3.12: Solution and the corresponding adaptive grid at ¢ = 0.25, 0.5, 0.95.
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Figure 3.13: Pointwise error at t = 0.25, ¢ = 0.5 and ¢ = 0.95.

Test problem 11

In the 2nd test problem, Burger’s equation (3.5.1) has been considered on an interval [0, 1]
with an initial given as u(z,0) = ug(x) = sin(mz) and Dirichlet boundaries, i.e.,u(1,t) =
u(0,t) =0, t > 0.

The problem’s exact solution is [172]:

>0 apexp(—n?mvt)nsin(nmx)

u(z,t) = 27wa0 + > 07 | ay exp(—n?m?ut) cos(nmx)

For v = 0.05 and € = 1074, Fig. (3.12) displays its solution and its related adaptive grid at
distinct times. Fig. (3.13) displays the point-wise error at distinct times. Fig. (3.14)(a),
(3.14)(b) checks the method’s convergence in regards to N(¢) and e. It can be seen from
these graphs that the convergence order which we looked for has been obtained. We
have observed that error between numerical and analytical value of the problem decreases
as N(e) increases and decreases on decreasing the value of €. Table (3.5) represents the
variation of © for different values of €. It is found that © increases on increasing the € which

shows the efficiency of our adaptive algorithm. Table (3.6) displays explicit, exact-explicit
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finite difference method and SGWOFD solutions for v = 1, 6t = 0.00001, final time=0.1
and N = 10. We have noticed that numerical simulations are well in agreement with
analytical solution. The numbers in the bottom row of these tables are the error norms
| tte —Uanall, ||te; —Uanall a0 ||Unum —Uana|| (Where u, stands for numerical solution obtained
by explicit finite difference approach, ., stands for numerical solution obtained by exact-
explicit finite difference approach, ., represents the numerical solution calculated by
using SGWOFD and u,,, represents the analytical solution of the problem). In all of the

three cases, we have observed that SGWOFD method is more accurate.

Table 3.7: The efficiency of SGWOFD for the test problem III.

€ 1072 10-3 10~* 107°
CPU(E) 5.3438 5.3750 6.2412 8.6719
C) 3.3186 3.2994 2.8415 2.045
10 ‘ 10°
—o—p:2
l'p:()o
=10° =
© ©
7 T 10"
; :
3c 10-4 é:
'_. ------------------ =i
-5 ‘ ‘ ‘ -5 ‘
10100 200 300 400 500 10 0 0.005 0.01
N(E) €
(a) [[tUnum — uanaHp vs. N(e) () Ntnum — uana”p V8. €

Figure 3.14: Results for the test problem II.

Test problem III

For 3rd test problem, non-homogeneous Burger’s equation has been considered

ou(z,t)

ou(zx,t) 0u(z,t)
v
ot

+ u(z,t) e 902 + f(z,t), x€]0,1], (3.5.2)

where

1
flz,t) = —Ze_”t cos(mx) (v + %e‘”t sin(rz) — vr?),
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Table 3.8: Solution of test problem III by Galerkin method, Galerkin/Conservative and
SGWOFD method (Re=60).

x Galerkin | Galerkin/Conservative | SGWOFD
0 0.2505 0.2504 0.2460
0.0588 | 0.2457 0.2456 0.2414
0.1176 | 0.2326 0.2325 0.2297
0.1765 | 0.2118 0.2116 0.2100
0.2353 | 0.1839 0.1836 0.1828
0.2941 | 0.1499 0.1496 0.1491
0.3529 | 0.1108 0.1106 0.1103
0.4118 | 0.068 0.0679 0.0677
0.4706 | 0.0229 0.0229 0.0228
0.5294 | —0.0229 —0.0229 —0.228
0.5882 | —0.068 —0.0679 —0.0677
0.6471 | —0.1108 —0.1106 —0.1103
0.7059 | —0.1499 —0.1496 —0.1491
0.7647 | —0.1839 —0.1836 —0.1828
0.8235 | —0.2118 —0.2116 —0.2100
0.8824 | —0.2326 —0.2325 —0.2297
0.9412 | —0.2457 —0.2456 —0.2414
1 —0.2505 —0.2504 —0.2460
0.0053 0.0049 0.0045

with an initial u(x,0) = § cos(rz) and Neumann boundaries u,(0,t) = u,(1,¢) = 0. The

problem’s analytical solution is
u(z,t) = 1 exp ! cos(mx).

For v = 1 and € = 107, Fig. (3.15) displays the solution of the problem and the associated
grid of adaptation at distinct times. Fig. (3.16)(a) displays the error (i.e., || tUnum — Uanal|2)
at time ¢t = 0.5 versus N(e). It can be observed from this graph that error decreases as
N(e) increases. Fig. (3.16)(b) shows the graph between ||tnum — Uanall2 and €. It shows
that error increases on increasing the e. Fig. (3.16)(c) shows the comparison between
numerical and analytical value of the problem. Table (3.7) gives the variation of CPU(e)
with e. We have observed that as € decreases, © decreases. The higher the © value, more
effective the adaptive algorithm is. Table (3.8), Table (3.9) and Table (3.10) compare the
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Table 3.9: Solution of test problem III by Galerkin method, Galerkin/Conservative and
SGWOFD method (Re=120).

x Galerkin | Galerkin/Conservative | SGWOFD
0 0.2529 0.2528 0.2471
0.0588 | 0.2474 0.2474 0.2417
0.1176 | 0.2338 0.2337 0.2305
0.1765 | 0.2127 0.2125 0.2110
0.2353 | 0.1846 0.1843 0.1836
0.2941 | 0.1504 0.1502 0.1498
0.3529 | 0.1113 0.111 0.1108
0.4118 | 0.0683 0.0681 0.0680
0.4706 | 0.023 0.023 0.0229
0.5294 | —0.023 —0.023 —0.0229
0.5882 | —0.0683 —0.0681 —0.0680
0.6471 | —0.1113 —0.111 —0.1108
0.7059 | —0.1504 —0.1502 —0.1498
0.7647 | —0.1846 —0.1843 —0.1836
0.8235 | —0.2127 —0.2125 —0.2110
0.8824 | —0.2338 —0.2337 —0.2305
0.9412 | —0.2474 —0.2474 —0.2417
1 —0.2529 —0.2528 —0.2471
0.0073 0.0071 0.0049

numerical solution of the problem computed by Galerkin, Galerkin/Conservative [173] and
SGWOFD method at final time ¢ = 1/2. The finite dimensional models were set up using
N = 16 elements and the equations were solved with Re=60, 120 and 240 (Re stands
for Reynold’s number and is equal to inverse of v). The numbers in the bottom row of
these tables are the error norms |[ug — Uana||, [|Uc/c — Uanal|| a0d || Unum — Uana|| (Where ug
stands for numerical solution computed by Galerkin method and /¢ stands for numerical
solution computed by Galerkin/Conservative method). As Re increases these error norms
become larger, indicating reduction in accuracy. This is to be expected because v = % —
0 corresponds to the decreasing viscosity. In all of three cases we have observed that
SGWOFD method is more accurate.
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Table 3.10: Solution of test problem III by Galerkin method, Galerkin/Conservative and

SGWOFD method (Re=240).

x Galerkin | Galerkin/Conservative | SGWOFD
0 0.2556 0.2556 0.2480
0.0588 0.249 0.2489 0.2414
0.1176 | 0.2345 0.2343 0.2310
0.1765 0.213 0.2128 0.2116
0.2353 | 0.1849 0.1846 0.1841
0.2941 | 0.1508 0.1504 0.1501
0.3529 | 0.1115 0.1112 0.1110
0.4118 | 0.0685 0.0683 0.0681
0.4706 | 0.0231 0.023 0.0230
0.5294 | —0.0231 —0.023 —0.0230
0.5882 | —0.0685 —0.0683 —0.0681
0.6471 | —0.1115 —0.1112 —0.1110
0.7059 | —0.1508 —0.1504 —0.1501
0.7647 | —0.1849 —0.1846 —0.1841
0.8235 | —0.213 —0.2128 —0.2116
0.8824 | —0.2343 —0.2344 —0.2310
0.9412 | —0.249 —0.2489 —0.2414
1 —0.2556 —0.2556 —0.2480
0.0107 0.0105 0.005

Table 3.11: The efficiency of SGWOFD for the test problem IV.

€ 102 1073 1074 107°
CPU(e)  0.6719  0.8125  0.8281  0.8750
C) 2.11 1.746 1.713 1.621

Test problem IV

Consider non-homogeneous Burger’s equation

ou(z,t)
ot

t 2
—l—u(x,t)auéxx’ ) _ Va ?)(;2’ t) + f(x,t), x €[0,100],
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(3.5.3)
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Figure 3.15: Solution and the corresponding adaptive grid at ¢t = 0.25, 0.5, 0.95.

2
with the initial u(z,0) = 135—04 and non-homogeneous Robin’s boundaries
K1 au(o,t) K1
Lu(0,t) — h———2 = Lyt
L1U( ’ ) ox L1U1( )’
Ko ou(L,t) K2
(L) + h— = Pt
LQU( ) )+K’ ax L2u2< )7
where
100 — z)? 2 100 — z)?
flz,t) = aﬁ cos(at) — B:E— sin(ft) — 2u

104 104

2
+-—(22° — 3002% + 10*z) sin(at) cos(5t)

108

108

w(t) — (1+1250i11)sm(at),
w(t) = (1+ 00 ) cos(i),

104

(3.5.4)

(3.5.5)

sin?(at) + p cos?(t)

v (sin(at) + cos(Bt)),

(3.5.6)

(3.5.7)
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Figure 3.16: Results for the test problem III.

with L =100, L; = Ly = 10,k = 0.93, k1 = ko = 0.55,v = 1.14,a = 1.57, 8 = 0.5mw. The
problem’s exact solution is [174]
(100 — z)? 7

o sin(at) + — cos(ft).

u(zx,t) = o

For v = 1.14 and ¢ = 107%, Fig. (3.17) displays the solution of the problem and
the associated grid of adaptation at distinct times. Fig. (3.18)(a) displays the error
(1.€., ||Unum — Uana||oo) at time ¢t = 0.5 versus N (). It is found that error decreases as N(¢)
increases. Fig. (3.18)(b) displays the relation between ||upum — Uanallo and e. It shows
that error increases on increasing the e. Fig. (3.18)(c) displays the comparison between
numerical and analytical value of the problem. Fig. (3.18)(d) compares the computational
time carried out by the different numerical schemes i.e., Galerkin, Galerkin/Conservative
and SGWOFD for solving test problem 4. It is found that CPU time taken by SGWOFD
is less as compared to that of the finite difference scheme. Table (3.11) gives the variation
of CPU(e) with e. We have observed that as e decreases, © decreases. The higher the ©
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Figure 3.17: Solution and the corresponding adaptive grid at ¢t = 0.25, 0.5, 0.725.

value, more effective the adaptive algorithm is.

3.6 Conclusion and Future directions

This chapter presents the formation of second-generation wavelet relying on the lifting con-
cept and the corresponding matlab toolbox. The second-generation wavelet so constructed
is utilized for generating the adaptive grid. Furthermore, second generation wavelet based
wavelet optimized finite difference method (SGWOFD) has been developed. Central finite
difference matrices are used for approximations of differential operators involved in a given
PDE. Finally time integration Crank-Nicolson technique has been used. The SGWOFD
is tested on Burger’s equation with Dirichlet, periodic, Robin and Neumann’s boundaries.
The convergence and efficiency of SGWOFD are checked for all the four problems consid-
ered. Comparison of CPU time reveals that the developed technique is highly efficient.
Having checked the efficiency of the developed technique for Burger’s equation, we propose
the use of SGWOFD for turbulence modeling and for solving problems of fluid dynamics.

The development of Matlab suite for second generation wavelets on weighted £,, spaces is
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Figure 3.18: Results for the test problem IV.

also one of the future direction.
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Chapter 4

Third generation wavelet based numerical method

for solving PDEs

Another types of wavelets which can be utilized to solve PDEs with all kinds of boundary
conditions are recently developed wavelets such as diffusion wavelet [175] and spectral
graph wavelet (SPGW) [176]. We term these wavelets as third generation wavelets. These
wavelets are constructed directly on the domain where one has to solve his/her problems,
therefore their construction becomes boundary conditions independent. There is some
sort of similarity in diffusion and spectral graph wavelet, for example, both require a
diffusion operator for their construction. The largest difference between the two is that
the diffusion-wavelet is constructed to be orthogonal, whereas the spectral graph wavelet
is non-orthogonal. The orthogonalization in the case of diffusion wavelet is attained by
applying a confined Gram-Schmidt at every scale after employing dyadic powers of T for
yielding the next estimation spaces. Then wavelets are constructed by orthogonalising
the vectors that span the change in the estimation spaces. This orthogonalising technique
complicates the construction of the diffusion-wavelet and scaling-function transforms. On
the other hand, the approach used for the SPGW is much simpler [176]. For details
characterized on the vertex of the weighted-graph, SPGW is constructed to define wavelet
transformation. The construction technique utilizes just the network data encrypted in the
edge weight and does not depend on some other characteristics of the vertices. Accordingly,
the transformation can be characterized on any manifold where the fundamental relations
between information areas can be spoken to by a weighted diagram. Since the weighted
diagrams give an incredibly adaptable model to approximate the information spaces of
a vast category of problems, the spectral graph wavelet has potential for applications in

many fields.

Weighted graphs generalize consistent grid domains flexibly. Here, we can identify the
points of nodes with vertices and connect neighboring points of nodes with corners hav-
ing weights inversely proportional to the neighborhood distance square. This particular
weighted graph model motivated us to try spectral graph wavelet [176] for numerically
solving the PDEs.
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The diffusion-wavelet was used to solve PDEs in the sense of wavelet optimized finite
difference (WOFD) method in the research papers [53,97,177]. This chapter proposes
an adaptive spectral-graph wavelet optimized finite difference technique (SPGWOFD) for
solving the Burger’s equation with different boundary conditions. The method uses SPGW
for adapting the grid. The finite difference approach is utilized to approximate the deriva-
tives engaged in the Burger’s equation. Four test problems (with Dirichlet, Periodic, Robin
and Neumann’s boundary conditions) are considered and the convergence of the technique
is checked. The numerical outcomes show that the wavelet and computational grid can
adapt very efficiently to the solution’s local irregularities to resolve sharp transition areas.
For assessing the efficiency of the developed technique, the computational time carried out
by the developed technique is compared to that of finite difference method. It has been

observed that developed technique is extremely efficient.

4.1 A short explanation of SPGW

Here, we provide a concise explanation of the SPGW developed in [176]. One can refer
to [b4] for more details. SPGW is developed on a random graph with finite weight. A
graph G = {V,w, E} which is weighted comprises of a collection of edges E, collection
of vertices V, a weight function w : E — RT that assigns to every edge a non-negative
weight. Assume that the no. of vertices in the graph is finite (i.e., < c0). An adjacency
matrix A = {a,,,} is the N x N matrix for a G graph, where the graph is weighted

Am,n

_ ] w(e) if e € E connects vertices m and n
0 otherwise.

The graph is supposed to be undirected (which means that the matrix A is a symmetrical
matrix). It ought to be noticed that the graphs on which we work on are connected and
finite when dealing with PDEs.

The degree of every vertex m for a weighted graph, composed as d(m), is characterized as
the weighted sum of all the edges that occur there, i.e., d(m) = Z Qmn- All the diagonal

entries of a diagonal matrix D are characterized as d(m). For the graph a non normalized
Laplacian is characterized as L = D — A. The Laplacian graph is related to the continuous
Laplacian-Beltrami operator’s standard stencil estimation with a sign change for a graph

resulting from a regular mesh. For example, the adjacenct matrix A and the matrix D are
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characterized as

0 s 0 0 0 == 0 0 0 0
e 0 mz 00 0 % 0 0 0
A=10 55 0 55 0 , D=0 0 % 0 0
0 0 s 0 55 0 0 0 3% 0
(0 0 0 3= 0 (0 0 0 0 3]
Hence _ -
1 -1 0
Ltz o
L= _ _
2|0 -1 2 —1
0o 0 -1 2 -1
0 0 0 -1 1|

which shows the approximation of central finite difference approach of —V? with neu-
mann boundaries. The graph Fourier transformation (GFT) f of the function f € RY

characterized on the vertex of the graph G, is defined as

F) = Canf) =) xim)f(n),

here {y;, [ =0,1,--- N — 1} are eigen-vectors compared to its eigen-values 0 = Ay <
A < Ag--- < Ay_q of the Lth matrix. It is noticed that, if £Lth graph Laplacian matrix is
real symmetrical then £ has a full set of ortho-normal eigen-vectors. The inverse of GF'T

18

4.1.1 Spectral graph wavelet transformation (SPGWT)

The kernel-function g : Rt — R* is selected to satisfy lim g(z) = 0 and g(0) = 0 (g is
T—>00
referred to as the kernel of the SPGW). The wavelet’s operator T, = g(£) follows up on

the function f by regulating every Fourier condition for a kernel function g as

This implies



At scale t, the wavelet operator is then characterized as T, gt = ¢g(tL). Note that although
the graph’s spatial domain is discrete, the wavelet kernel g has continuous domain and
therefore the scaling for the non-negative real number ¢ can be defined. The SPGW is

described as

t t
wn - T95n7

which implies

r

N-1

Uy (m) = Ty0,(m) = g(th)o, Z g(tN)x; (n)xa(m).

l =0

I
o

where §,, stands for the Kronecker delta that returns the one value at the n** vertices and
zero else. The coefficients of wavelet for the function f is obtained by using these wavelets

as the inner-product of the function f, as
Wi(t,n) = (%, f) (SPGWT).

The coefficients of wavelet could be directly obtained from the operators of wavelet by

utilizing the orthonormality of the {x;},

2
L

Wi(t,n) = (Ty)(n) = Y g(t\) f(l)xa(n). (4.1.1)
l

Il
=)

4.1.2 Spectral graph scaling function transformation (SPGST)

At a beginning, a single real-valued function defines the spectral-graph scaling function
h : Rt — R that satisfies lim A(x) = 0 and h(0) > 0 (h is the scaling function kernel).
T—>00

The spectral-graph scaling function is determined as
and the coefficients of scaling function are determined as

S;(n) = (¢, f) (SPGST). (4.1.2)

It should be noted that the scaling functions are thus smoothly defined to represent the low-
frequency content of a function. The wavelets are not generated by the 2-scale relationship

as with orthogonal traditional wavelets.
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4.1.3 Fast SPGWT and SPGST

A natural procedure of calculating SPGWT and SPGST, by precisely utilizing Eqn. (4.1.1)
and Eqn. (4.1.2) respectively, demands the explicit calculation of the whole set of Laplacian
operator’s eigen values and eigen functions. For computing large graphs, this technique
is ineffective. To make SPGWT and SPGST a helpful device for feasible computational
problems, a rapid transformation that averts the demand to compute the entire spectrum
of L is needed. To acquire this, low-order polynomials approximate the scaling function A

and wavelet kernel g.

The h and ¢ kernels are estimated in Chebyshev by their polynomial extensions. A
steady recurrence relationship could construct the Chebyshev polynomial Ty (x) as Ty (x) =
20Ty 1(x) — Ty—o(x), with T1(z) = 1, To(x) = x. They fulfill the trigonometrical inter-
pretation Ty(z) = cos(kcos™(x)) for x € [—1,1]. An orthogonal basis is formed for the
Chebyshev polynomial for L?([—1, 1], \/%) FEach f € L*([-1,1], \/7) has a converging

sequence of Chebyshev
1 o0
$> = 560 + ];_1 eka(a:)

having the Chebyshev’s coefficients are

2 L), 2
1 \/1 — 22 ™

Approximation of g(t;x) for the fixed wavelet level t; and for @ € [0, A\az] (Where A

/0” cos(k) f(cosB)db.

is the operator’s largest eigenvector £) could be obtained by altering the domain with
y = a(x + 1) where a = A’”% The shifted polynomials of Chebyshev are denoted by

Ti(z) = Ty (£2), therefore it can be written as

1 =
g(t;z) = 56 +Y elTh(x) (4.1.3)
k=1
which holds for z € [0, A\j42], having

N
e, = —/ cos(k@)g(t;(acosh +1))dob.
0

™

For every t; level, the estimating polynomial p; can be obtained by restricting the Cheby-
shev’s extension to M; terms which is given by the Eqn. (4.1.3). For approximating the

scaling function kernel by the polynomial pg, the same strategy can be employed.

The selection of M; values can be considered a design problem, which pose a balance
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between computational cost and exactness. The approximate values of the coefficients of

the wavelet and scaling function are determined as

k=1

~ 1 M;

S(n) = 5ebfm) + 3 dTu(L)f(n)
k=1

4.1.4 SPGW frames

The SPGW relies on a continuous scale variable t. T should be modeled as a limited no.
of scales for any constructive calculation. Selecting scales .J {tj}}]:l results a collection of
JN wavelets wf{ =) | in addition to scaling function N. The size of this set of vectors is
given by the following theorem to represent the functions in a graph.

Theorem: Assume that a collection of scales {t;}7_, are given, then {¢,};_, U{¥]}/_ ",
sets represents a frame having bounds A, B are determined as

A= min G(\),
Ae[o)‘Nfl]

B= max G()),

)\G[O,)\N_ﬂ
here G(\) ) + Z (t;A))°. Hence the function f represented on a graph is given
by
N J N
n) = ade(n) + > Y dl(n (4.1.4)
k=1 j=1 k=1

where {d]}N_, are the coefficients of wavelet function and {c;}i_, are the coefficients of

scaling functions at the level j.

4.2 Grid adaptation using spectral graph wavelet

As described in the section (3.4.2), the generation of the adaptive grid depends upon the
wavelet coefficients magnitude. For a function f : V' — R characterized a given threshold
e and on the vertices of the graph, we can write Eqn. (4.1.4) as f(n) = f>e(n) + f<,
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where

N J
foe(n) =) cxdn(n +ZZdwk and f.(n Z

k=1 I=1 |d]|ze

PRATAD)
dJ |<e

In [178], it is proven that for adequately smooth functions f

”f - fZeHoo < Ck, (4.2.1)

here C' is the constant which is independent of f. Although the above result is proved for
the interpolating wavelets in [178], numerically we have verified that the same is true for
SPGW (analytic proof of the same can be one of the future directions!). Fig. (4.1) displays
the variation of the compression error ||f — fs¢|l,, N4 (which denotes the number of the
discarded wavelet coefficients) versus € for three different functions. From these graphs, we
conclude that the value of the slope of log-log plot of error versus € is approximately 0.85.

It is also shown that the value of Ny increases with increase in the e value as expected.
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l= I

slope =0.8511 slope=0.8552

7> dope=0.8551
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Figure 4.1: ||f — f>¢|l, versus € and N, versus e for different functions for f(z) = x for
0 <x<0.5and =z —1 otherwise, 0 <z <1,
f(x) = tanh (f”;%) e @)’ 1<z <1,y=103129 = %, and f(x) =z for
0 <z <0.5and =z — 1 otherwise, —1 < z < 1 respectively.

From the Eqn. (4.2.1), it is evident that the grid points associated with the wavelet
coefficients di with magnitude less than € can be removed from the grid provided we are

ready to tolerate an error of the O(e).
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We use the modified adaptation technique described in section (3.4.2) for adaptive node
arrangement. The function f(z) has been considered, which is represented on a set
of points of nodes G for illustrating the node adapting algorithm and a pre-selected
threshold e parameter. Execute SPGST and SPGWT for obtaining the coefficients set
{ck}l,f:o;dl u{d jzl7l,€gzozd‘. We will construct §"% (fine node arrangement) from G°¢ (coarse
node arrangement). Since each x; € §%? is related to a spectral scaling function ¢y, all
the points of G%? are kept in G"*. We know that at the level t; each spectral wavelet
function i.e., ¥y, is particularly related to an z;, € G°. Analyse wavelet coefficients dy. If
|d| > €, then the corresponding node point z; € G°¢ is called the active nodal point. An
adjacent are must be included in §"*, for every active nodal point z;. The adjacent area

serves two goals:
1. In the region of keen fluctuations, it makes " finer.

2. Additional norm for adapting the nodes must be included to solve evolutionary PDEs.
Specifically, the computational nodal points set must comprises of that nodal points
corresponding to the coefficients of wavelets that are or may become significant over

the period when the nodal points set remains unaltered [27].

For adding the safety zone, a parameter M called the safety zone constant is prefixed and
in the region [ry_1, Tg11] (Where zy, is the active grid point), 2M grid points are uniformly
added. Note that the precautions are taken when the active grid point is a boundary point,
in that case the region [zy,xry1] (in case xy is the left boundary point) or [z)_1,x;] (in

case xy is the right boundary point) are considered as safety zones.

Having obtained the §""  in the above manner, the refinement of the grid is continued
treating G"% as G°¢ (the set {f(x;)}, z; € G"°¥ is obtained by interpolation). The process
of refinement is stopped when the function f(z) (which in our case is the solution of the
differential equation) becomes grid independent (By grid independent solution, we mean
a solution that does not vary considerably even if the grid is refined). We call the final
obtained grid as /™. Note that if the parameter M is chosen very small, then the
number of refinements required to obtain G/ from G°¢ becomes large and hence the
computational cost increases. On the other hand, if M is chosen large, there are chances
that the unnecessary points are added to our grid. Therefore, this parameter M should be
chosen wisely depending on the problem at the hand. Fig. (4.2) represents the adaptive
grid constructed by using the modified adaptation strategy for various functions for M = 2.

We have discussed below the procedure of generating the adaptive grid framework based
on SPGW.

Ggrev= AdaptiveNodeArrangement(f, G°9)
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Select a non-negative adjacent-zone parameter M and a threshold e.

e s=0
° gszgold
e f*=1F

do while s = 0 or G # G*~!

— Execute SPGWT on f* for obtaining the {d,{}lkgjl

_ Gstl — Gs,

— Analyze the coefficients of SPGW {d; }llf’:‘l and assemble the active nodal points.
— Add an adjacent region in G*! to each active nodal point

— Interpolate f™ onto new node arrangement G**! using interpolation call it fs*1.
-—m=m+1

° 9new — 9m

0.5 0.8 1

0.6 05
0.4
o) 0O
0.2

o -0.5

0% 05 1 %% 05 1 o 05 1

Figure 4.2: The adaptive grid for (a) Sawtooth function having discontinuity at = = 0.5
(b) Sawtooth function having discontinuity at x = 0.8 (¢)
f(z) = sin(27z) 4+ exp(—10*(z — 0.5)?).

4.2.1 Algorithm for solving PDEs
Having obtained all the essential fundamentals for SPGWOFD, we explain the numerical
algorithm for SPGWOFD as follows:

1. Having the solution U, (t) on the nodes G, formulate G**2* using G**4* = Adaptive

NodeArrangement (u,,.,(t), ).

2. We will proceed directly to the next step, when the node arrangements G¢ and Gt+4¢

are not changed. Else the solution will be interpolated onto the fresh nodes framework
9t+At.

3. Calculate the PDE’s differential operator on GtT4¢.
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4. Integrate with Crank-Nicolson the ordinary differential equations system obtained,

in time to attain the solution w,,,,(t + At) at time ¢ + At.

5. On the same nodal framework, execute various steps of time.

4.3 Numerical results and discussions

To test the proposed SPGWOFD, Burger’s equation (3.5.1) has been considered with dif-
ferent boundary cases. Based on the different types of boundary conditions used, following

four problems are considered.

Test problem 1

In the first test problem, the Burger’s equation on an interval [0, 1] has been considered with
the initial u(z,0) = uo(z) = sin(2wz) and boundaries are periodic, i.e., u(z,t) = u(z+1,t).
For € = 107" and v = 0.002, Fig. (4.3) represents its solution and related adapted grid at
distinct times. Fig. (4.4)(a), (4.4)(b) justifies the method’s convergence in regards to N(e)
and e respectively. The graphs show that the convergence order which we look for has been
achieved. We have found that the error decreases as the e value decreases, however the
computational cost increases. € is therefore to be sensibly selected that balances the error
with the computational cost. Fig. (4.4)(c) displays the change in value © with respect to
v. It is found that as v value decreases, the © value increases, that means the approach
achieves better results for small values of v. Table (4.1) shows the change in the CPU(e)
versus € for value of v = 0.002. It is checked that as € decreases, © decreases. The higher

the © value, more efficient the adaptive algorithm is.

0.5 0.5/\ 0.5 /\

-05 -05 -05 \/
— Solution —Solution — Solution
) o WOFD grid L o WOFD grid . o WOFD grid

0 0.5 1 0 0.5 1 0 05 1

Figure 4.3: Solution and its corresponding adapted grid at t = 0.1, 0.25, 0.5.
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Figure 4.4: Results for the test problem I.

Table 4.1: The efficiency of SPGWOFD for the test problem I.

¢ 10! 102 103 104
CPU(e)  0.0469 0.1406  0.1500  0.2188
e 5997 20007 1.8753  1.2856

Test problem 11

In the 2nd test problem, Burger’s equation has been considered on an interval [0, 1] with the
initial given as u(x,0) = ug(x) = sin(mwx) and Dirichlet boundaries, i.e.,u(1,t) = u(0,t) =
0, t>0.

For v = 0.002 and € = 10~%, Fig. (4.5) displays its solution and its related adaptive grid at
distinct times. Fig. (4.6)(a), (4.6)(b) checks the method’s convergence in regards to N(e)
and e. It can be seen from these graphs that the convergence order which we looked for
has been obtained. We have observed that error between numerical and analytical value of
the problem decreases as N (¢) increases and decreases on decreasing the value of e. Table
4.2 represents the variation of © for different values of e. It is found that © increases on
increasing the € which shows the efficiency of our adaptive algorithm. Table (4.3) display
explicit finite difference method, exact-explicit finite difference method and SPGWOFD
solutions for v = 1, 6t = 0.00001, final time = 0.1 and N = 10. We have observed
that numerical predictions are well in agreement with analytical solution. ||ue — Ugnall,
|te;, — Uanal| and ||Unum — Uana|| (Where wu, stands for numerically solution achieved by
explicit finite difference technique, u., stands for numerically solution achieved by exact-
explicit finite difference technique, u,,,, represents the numerically solution calculated by
using SPGWOFD and w,,, represents the problem’s analytical solution). In all of the

three cases, we have observed that SPGWOFD method is more accurate.
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Figure 4.5: Solution and its corresponding adapted grid at ¢ = 0.25, 0.5, 0.95.
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Figure 4.6: Results for the test problem II.

Table 4.2: The efficiency of SPGWOFD for the test problem II.

€ 1071 102 1073 10~
CPU(e)  0.0313  0.0469  0.0938  0.2031
) 7.488 4.997 24989  1.1541

Test Problem III

In the 3rd test problem, non-homogeneous Burger’s equation has been considered

Ju(x,t) ou(z,t)  d®u(x,t)
5 + u(z,t) e = o + f(z,t), x€]0,1], (4.3.1)
where .
flz,t) = —Ze_”t cos(mx) (v + %e‘”t sin(rz) — vr?),

with the initial u(x,0) = § cos(7z) and Neumann boundaries u,(0,¢) = u,(1,t) = 0. For
v =1 and ¢ = 107*, Fig. (4.7) displays the solution of this problem and its related
grid at distinct times. Fig. (4.8)(a) represents the error (i.e., ||tpum — Uanallp) at time
t = 0.5 versus N(e). It can be observed from this graph that error decreases as N(¢)
increases. Fig. (4.8)(b) represents the graph of ||[tpum — Uanall, versus e. It shows that

error increases on increasing the e. Table (4.4) gives the deviation of the CPU(e) with
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Table 4.3: Solution of test problem II by Explicit finite difference method, Exact-Explicit
finite difference method and SPGWOFD method.

x explicit exact-explicit | SPGWOFD | exact solution
finite-difference | finite-difference
0.1 0.10863 0.11048 0.1101 0.1095
0.2 0.20805 0.21159 0.2108 0.2098
0.3 0.28946 0.29435 0.2932 0.2919
0.4 0.34501 0.35080 0.3493 0.3479
0.5 0.36845 0.37458 0.3727 0.3716
0.6 0.35601 0.36189 0.3596 0.3590
0.7 0.30728 0.31231 0.3097 0.3099
0.8 0.22588 0.22955 0.2266 0.2278
0.9 0.11966 0.12160 0.1185 0.1207
0.0070 0.0067 0.0036

€. We have observed that as e decreases, © decreases. The higher the © value, more
effective the adaptive algorithm is. Table (4.5), (4.6) and (4.7) compare the problem’s
numerical soln. computed by Galerkin, Galerkin/Conservative and SPGWOFD method
at final time ¢t = 1/2. The finite dimensional models were set up using N = 16 elements
and the equations were solved with Re=60, 120 and 240 (Re stands for Reynold’s number
and is equal to inverse of v). The numbers in the bottom row of these tables are the
erTor NOrms ||UG — Uanal|, ||ta/c — Uanall A0 |[tpum — Uana|| (Where ug stands for numerical
solution calculated by Galerkin technique and uq /¢ stands for numerical solution calculated
by Galerkin/Conservative technique). As Re increases these error norms become larger,
indicating reduction in accuracy. This is to be expected since v = é — 0 corresponds
to decreasing viscosity. In all of three cases we have observed that SPGWOFD method is

more accurate.
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Figure 4.7: Solution and its corresponding adapted grid at t = 0.125, 0.25, 0.5.
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Figure 4.8: Results for the test problem III

Table 4.4: The efficiency of SPGWOFD for the test problem III.

€ 1071 1072 1073 1074
CPU(e)  3.5000  3.5313  3.5625  4.5000
) 1.558 1.544 1.5306 1.218

Test Problem IV

Consider non-homogeneous Burger’s equation

Ou(x,t)
ot

oz, t) ou(z,t) _ Vﬁzu(:ﬁ, t)

Ox 92 f(x,t), =z €[0,100],

2
with the initial u(z,0) = 1I—04 and non-homogeneous Robin’s boundaries

K1 ou(0,1) K1

L—lu(O, t) — kK pe = L_lul(t)’
Ko ou(L,t) Ky
LQU(L’ t)+ K e = L us(t),

(4.3.2)

(4.3.3)

(4.3.4)



Table 4.5: Solution of test problem III by Galerkin method, Galerkin/Conservative and
SPGWOFD method (Re=60).

x Galerkin | Galerkin/Conservative | SPGWOFD
0 0.2505 0.2504 0.24608
0.0588 | 0.2457 0.2456 0.24139
0.1176 | 0.2326 0.2325 0.22973
0.1765 | 0.2118 0.2116 0.21008
0.2353 | 0.1839 0.1836 0.18285
0.2941 | 0.1499 0.1496 0.1491780
0.3529 | 0.1108 0.1106 0.110345
0.4118 | 0.068 0.0679 0.06774
0.4706 | 0.0229 0.0229 0.022839
0.5294 | —0.0229 —0.0229 —0.22839
0.5882 | —0.068 —0.0679 —0.06774
0.6471 | —0.1108 —0.1106 —0.110345
0.7059 | —0.1499 —0.1496 —0.1491780
0.7647 | —0.1839 —0.1836 —0.18285
0.8235 | —0.2118 —0.2116 —0.21008
0.8824 | —0.2326 —0.2325 —0.22973
0.9412 | —0.2457 —0.2456 —0.24139
1 —0.2505 —0.2504 —0.24608
0.0053 0.0049 0.0048
where
flz,t) = QW cos(at) — le—; sin(ft) — 2% sin?(at) + le_; cos?(t)
—1—1108(2333 — 30022 + 10%z) sin(at) cos(Bt) — f—;(sin(at) + cos(pt)),
w(®) = (14 0o )sinfa), (4.3.5)
us(t) = (1+ 126‘0%2) cos(Bt), (4.3.6)



Table 4.6: Solution of test problem III by Galerkin method, Galerkin/Conservative and
SPGWOFD method (Re=120).

x Galerkin | Galerkin/Conservative | SPGWOFD
0 0.2529 0.2528 0.2471
0.0588 | 0.2474 0.2474 0.2417
0.1176 | 0.2338 0.2337 0.2305
0.1765 | 0.2127 0.2125 0.2110
0.2353 | 0.1846 0.1843 0.1836
0.2941 | 0.1504 0.1502 0.1498
0.3529 | 0.1113 0.111 0.1108
0.4118 | 0.0683 0.0681 0.0680
0.4706 | 0.023 0.023 0.0229
0.5294 | —0.023 —0.023 —0.0229
0.5882 | —0.0683 —0.0681 —0.0680
0.6471 | —0.1113 —0.111 —0.1108
0.7059 | —0.1504 —0.1502 —0.1498
0.7647 | —0.1846 —0.1843 —0.1836
0.8235 | —0.2127 —0.2125 —0.2110
0.8824 | —0.2338 —0.2337 —0.2305
0.9412 | —0.2474 —0.2474 —0.2417
1 —0.2529 —0.2528 —0.2471
0.0073 0.0071 0.0056

with L =100, Ly = Ly = 10,k = 0.93, k1 = ko = 0.55,v = 1.14, « = 1.57, 8 = 0.57. The
problem’s exact solution is
(100 — z)? | x?

08 sin(at) + — cos(ft).

u(z,t) = 108

For v = 1.14 and € = 1074, Fig. (4.9) displays the solution of the problem and its related
adaptive grid at distinct times. As the solution is smooth, therefore grid is not refined
as expected. Fig. (4.10)(a) shows the error (i.e., ||tpum — Uanal|co) at time ¢ = 0.5 versus
N(e). It can be seen from the graph that error decreases as N(¢) increases. Fig. (4.10)(b)
compares the analytical solution of the problem with its SPGWOFD solution.
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Table 4.7: Solution of test problem III by Galerkin method, Galerkin/Conservative and
SPGWOFD method (Re=240).

x Galerkin | Galerkin/Conservative | SPGWOFD
0 0.2556 0.2556 0.2480
0.0588 0.249 0.2489 0.2414
0.1176 | 0.2345 0.2343 0.2310
0.1765 0.213 0.2128 0.2116
0.2353 | 0.1849 0.1846 0.1841
0.2941 | 0.1508 0.1504 0.1501
0.3529 | 0.1115 0.1112 0.1110
0.4118 | 0.0685 0.0683 0.0681
0.4706 | 0.0231 0.023 0.0230
0.5294 | —0.0231 —0.023 —0.0230
0.5882 | —0.0685 —0.0683 —0.0681
0.6471 | —0.1115 —0.1112 —0.1110
0.7059 | —0.1508 —0.1504 —0.1501
0.7647 | —0.1849 —0.1846 —0.1841
0.8235 | —0.213 —0.2128 —0.2116
0.8824 | —0.2343 —0.2344 —0.2310
0.9412 | —0.249 —0.2489 —0.2414
1 —0.2556 —0.2556 —0.2480
0.0107 0.0105 0.006
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Figure 4.9: Solution and its corresponding adapted grid at ¢t = 0.0625, 0.125, 0.25.

4.4 Conclusion and Future directions

In this chapter, spectral graph wavelet based wavelet optimized finite difference technique
is proposed to solve the Burger’s equation which is called SPGWOFD. Central finite dif-
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Figure 4.10: Results for the Test Problem IV.

ference matrices are used for approximations of differential operators involved in a given
PDE. Adaptive grid on which the solution is obtained is generated using SPGW. Finally
time integration Crank-Nicolson technique is used. The SPGWOFD is tested on Burger’s
equation with all boundary conditions (periodic, Dirichlet, Neumann and Robin). The
convergence and efficiency of SPGWOFD are checked for all the four problems of testing.
Comparison of CPU time reveals that the developed method is highly efficient. Having
checked the efficiency of the developed method for Burger’s equation, we propose the use

of SPGWOFD for turbulence modeling and for solving problems of fluid dynamics.
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Chapter 5

Curvelet optimized finite difference method
for PDEs

Despite the many advantages of wavelets, they have some limitations such as poor orienta-
tion sensitivity. To mitigate these limitations, curvelets were introduced by Demanet and
Candes [179]. Curvelets are attractive, because they effectively describe essential problems

in which wavelet ideas are not upto mark.

1. Because of the bad orientation selectivity of wavelets, they do not present higher-
dimensional irregularities efficiently. This makes curvelets interesting as they can
yield an ideally adapted numerical construction to represent functions that display

smooth punctuated curve.

2. Wavelets are not sufficient to detect, classify or present an intermediate dimensional
arrangement with a compressed description. Curvelet is the better product because
it produces better-adapted choices by consolidating concepts from geometry with

ideas from classical multiscale analysis.

4. Wavelets are optimal for solving elliptical PDEs [180], but not for hyperbolic PDEs.
For hyperbolic PDEs, curvelets provide better results. The hyperbolic solution op-

erator’s curvelet representation is efficient as well as ideally sparse [181].

Curvelets take the class of basis elements which are extremely sensitive to direction and
extremely anisotropic. Using curvelets to solve PDEs, is one of the recommended forth-
coming directions in [75] which is the locus of this chapter. In this chapter, curvelet
optimized finite-difference approach (COFD) is proposed for solving PDEs. The method
uses finite difference approximations for differential operators involved in the PDEs. After
the approximation, curvelet is used for the compression of the finite difference matrices
and subsequently for computing the dyadic powers of these matrices required for solving
the PDE in a fast and efficient manner, not to produce an adaptive grid. We have taken
the advantage of curvelets in order to generate the adaptive grid in the next chapter. In
addition, compression and reconstruction errors for the curvelet were tested for various
parameters. The proposed technique has been applied on five test problems of different

nature. The method’s convergence is verified for each problem. Moreover, to measure the
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efficiency of the developed technique the computational time carried out by the developed
technique is compared to that of finite difference method. It is observed that the developed

technique is computationally very efficient.

5.1 A short explanation of curvelet

5.1.1 Drawbacks of Classical Multiscale Approaches

Our aim in this work is to rose curvelets for solving PDEs. In that area, we endeavor a
sparse presentation of the grid. Over the past two decades, multiscale approaches such
as multi-grid, fast multi-polar techniques in wavelets, finite element techniques with or
without adaptive refining have been widespread. All these descriptions mean references
to approximately isotropic elements in all positions as well as in scales; the template is
re-scaled and handled essentially in the same way in all areas. Isotropic scaling might be
useful if the function under examination has no particular highlights along the orientations
chosen. Tools inherited from multi-scale analysis such as wavelets are insufficient to detect,
establish or present a compact presentation of the intermediate dimensional arrangement.
Curvelet is the better product because it produces better- adapted choices by consolidating
concepts from geometry with ideas from classical multiscale analysis. Curvelets can pro-
duce a geometrical framework that is ideally suited to describe functions that demonstrate

punctuated smoothness of the curve.

5.1.2 Introduction for Curvelets

Curvelets are waveforms that have anisotropic behavior in fine layers, with an efficient
support that accepts the parabolic postulate, width? ~ length [182]. There is a discrete
as well as continuous transformation of the curvelet as with the wavelets. A curvelet is
classified by three quantities particularly, a parameter of orientation, say, 6,0 € [-7,7); a
scaling parameter 7,0 < j < 1 and a position parameter & where k € R2. At level a, the
class of curvelet is produced by dilate, translate, revolution of a fundamental component
¥j
@iko(x) = pj(Ro(z — k)).

here, ¢;(x) is any type of spatial wavelet with spatial breadth ~ j and spatial height ~ /7,

(the symbol ~ stands for proportional) among the minor axis facing in the horizontal
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position, which is described as

pi(x) = p(Djr),

1S a

1/ 0
here D;= /7 is the parabolic-scaling matrix and Ry= )
sinf  cos@

0 1/Vj

2 x 2 rotation matrix with 6 angle.

cosf —sinf >

A significant feature of curvelets is that it obeys the fundamental law of harmonic anal-
ysis, which states that evaluating and restoring an arbitrarily function f(x,z5) as the
superpositions of that models is reasonable. It is acceptable to create stiff curvelet-frames
and an arbitrarily function f(x,z5) can certainly be extended as an orthonormal set of
curvelets. There is a discretisation of angle/location/scale proceeding at a straightforward
level of analysis, that approximately goes like j, =27% a4 =0,1, ...... 001 = oml.2- /2 1 =
0,1,....,22 —1 and bgl’l) = Ry, (k1277 ko27%%), ki, ks € Z, the set ,, is a tight frame,
here u indexing the triplets (ja, 6., k,(,a’l)) . It implies

f:Z<f790u>90;w Hng:Z|<f790u>’2' (5.1.1)
i

0

When a scale is given, curvelets ¢, are achieved by implementing translations and orien-

tations of the “mother” curvelet ¢, 0. In the frequency region,
Papo(€) = 272 W (270 |V (24/2)9).

In this case V and W are of compactly supported with continuous windows at interval
[1,2] and [—1/2,1/2] respectively. Curvelets exists in the frequency region adjacent to an
orientated rectangle R of width 27¢ and length 27%/2 while into the spatial region, curvelets
are positioned into a parabolic drive of length 2% and width 2%/? with an orthogonal ori-
entation to R. The combined localization in frequency as well as in space permits us to
study curves such as the use of the “Heisenberg cell” into the phase space and parabolic

scales in these two realms.

5.1.3 Importance of Curvelets over Wavelets

The curvelets give optimum sparseness for “curve-punctuated continuous” function, wher-
ever the function is continuous excluding discontinuities together with C? curves [183,184].
The degree of decline in the m-term estimate (reconstructing the function by employing
m no. of coefficients) of the data is estimated to be sparse. A sparse description, along

with improved compression possibilities and additional sparseness for the remodeling of
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the denoising performance, increases the number of smooth functional areas. The curvelet
transform is designed in such a fashion that maximum energy of the function is limited
in only a few coefficients. This is measurable. There is clearly no basis for a function’s
coefficients with an uncertain curve of singularity to decline more quickly than in a frame
of curvelet. This decline estimate is fast as compared to any other known system, included
wavelets. The improved decline in the coefficient provides an optimally sparse representa-

tion, which is useful for solving the equation on general manifolds.

5.1.4 Continuous-time Curvelet transform

We begin with the set of V() and W (r) windows, which is referred as the “radial window”
and the “angular window”. The two windows are positive, real valued and continuous with
W getting non-negative real argument along with carried out on r € [1/2,2] and V' using
real argument along with carried out on ¢t € [—1,1]. These both windows will meet the

requirements for adequacy, i.e.,

j=00 =00
S W) =1,r>0; » VXt-1)=1,teR
j:—oo l=—00

For every j > jo, we start with a U; window of frequency, described in the Fourier region

as

(5.1.2)

, , oLi/2]
Ui(r,0) = 2739/ W (279)V ( 9) ,

™

here [%j is the integer portion of % Therefore, the U; support is a polar “wedge” described
as the W and V support, the angular and the radial-window, used in all directions with

scale-dependent window widths.

With the aid of its Fourier transformation, set the waveform ;(z) as ¢;(w) = Uj(w).
We can consider ¢; as the “mother” curvelet on 277 scale means that, on this scale, all

curvelets are achieved by translating and rotating the ;. Define,

e the equi-spaced series of rotated angles 6, = 27.27 /2 [ with [ = 0,1, ...... means
that 0 < 91 < 2m.

e the sequence of the k = (ky, ky) translation parameters of the Z2.

We define curvelets with these notations
y
iak = ¢i(Rog, (x — b)) (5.1.3)
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here R, ! the inverse of Ry is described as,
R,' =R = R_y.
The coefficient of a curvelet is merely the inner product of the curvelet ¢;,; ; and a function
feL*(R?),
C(jv [ k) =</, Pjlk >= / f(x)m(x)dx (514)
R2
The curvelet’s coefficients, by using the theorem of Plancherel, can be represented as

i<z
(j? ’ = f Soj,l,k 27_‘_ /f R@; ) < k] ’ >dw-

We have coarse-scale elements too, as in wavelet theory. The low-pass window W intro-

duced as a function that follows the following equation

Wo(r)[* + > IW(2r)P

J=0

and for k1, ko € Z, coarsest scale curvelets are then described by
O k(1) = Bji(w = 270k), (&) = 27 Wo(2770[¢)). (5.1.5)

The complete curvelet transformation consist of the directional finest scale elements (¢, k) > jo.0.k

along with an isotropic coarsest level father wavelets (®;, ).

5.1.5 Fast discrete curvelet transform

In 2006, Demanet et al. developed two fast-discrete curvelet transformations (FDCT).
One relies on the unevenly distributed fast-Fourier transformations (USFFT) [182] and
the another one depends on the binding of specifically chosen Fourier-samplings (FDCT
WRAPPING) [182]. We have used FDCT wrapping in this work, as it is the rapid curvelet
transformation. After curvelet transformation, various groups of coefficients of curvelets
at distinct angles and scales are constructed. The coefficients of curvelets at angle [ and
at scale j are expressed as a matrix c¢;; where j is from finer level to coarser level and [

begins at the upper-left edge and raises clockwise.

Assume that f(t1,12),1 < t; < Ny, 1 <ty < Ny refers to the original function and f[nl, ns)
defines 2D discrete Fourier transformation.

The FDCT wrapping implementation is as below:
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Step 1. Two dimensional fast Fourier transformation (FFT) is implemented on f(t1,%2) to
achieve f[ny,n,] Fourier coefficients.
Step 2. The new sampling function is provided by re-sampling f [n1, no] at every combina-~

tion of direction and scale [, j into the frequency-region as:

~

flni,ne —nytandy], (ng,n2) € P (5.1.6)

here P; = {(n1,n2),n10 < ny <nio+ L1 j,nao < ne < oo+ Lo} and nag,ny o both are
the original locations of window function ﬁj,l [n1,ng]. Lo j, Ly ; respectively are significant
constants of 2//2 and 27 and are constituents of the width and length of the support-interval
of the window function.

Step 3. Multiply the new sampling function f [n1,n2 — ny tang,] with a window function
Ujalna, na

]A”;"l[nl,ng] = f[nl,n2 — ny tang, |U; [n1, nal, (5.1.7)

where /2]
~ 2074w
Usalna, na] = Wi (wn, w2)V; (Sp,. ———),
1

Wjwr, ws) = /2, (w) = B2(w),

D (w1, ws) = (277 w1) P27 ws),

1 0
S@[ = Y
—tanf; 1

tan @, = [ x 2179/2 | = _ol=i/2 ... ol=i/2) _q

Step 4. To each ]?;71, apply the inverse two dimensional fast Fourier-transformation (FFT)
and therefore the discrete coefficients c;; are obtained.

The FDCT inverse Wrapping algorithm is as follows:

e For each array of the curvelet coefficients.
a. Take the FF'T of the array.
b. Uncover the rectangular support to the initial orientation state.
c. Translate to the original location.

e Add all the translated curvelet arrays.

e To reconstruct the function, take the inverse FFT.
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5.2 Compression and reconstruction error

For a given function f(z) and the given threshold ¢, curvelet expansion of function f can
be described as f(z) = fse(z) + f<e(x), where

foe= Y. <fen>enand feo= Y < fipn> o

[<fron>|>€ |< fron>|<e

| f — f>ellp is known as the compression-error and reconstruction error stands for no com-

pression, i.e., € = 0.

5.2.1 Algorithm for Compression using Curvelet transform

1. Calculate the curvelet coeflicients as

G0k = [ )l (5:2.1)

here R represents the real line.
2. Arrange the curvelet’s coefficients in descending order.

3. Threshold for coefficients of curvelets is shown as below:
M = CPR x size of function, cut—off =CLx(M). (5.2.2)
where C' PR is compression ratio and C'L is an array of the coefficients of the curvelet

arranging in non-ascending order.

4. Delete the coefficients whose magnitude is less than cutoff
Cl=C > cutoff.

The curvelet coefficients whose magnitude is below than cutoff are referred to as
insignificant curvelet coefficients while remaining are referred to as significant curvelet

coefficients.
5. To get compressed function, execute inverse curvelet-transformation of C'1.

Now, we will test the behaviour of compression error versus no. of grid points and thresh-

old € (chosen by the user) for two test functions.
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Test function L- f(x,y) = exp(—1000(x? + y?)) on the domain [—1,1] X [1, 1] is chosen

as our first test function and it is shown in Fig. (5.1)(a).
e Error in reconstructing the function is of the order 10716,

e Fig. (5.1)(b) represents the graph of the compression error i.e., || f — f>c||, versus no.

of grid points. The graph displays the good compression.

e Fig. (5.1)(c) displays the relationship between threshold and compression-error
i.e.,||f — fsellp- It is observed that compression-error increases on increasing the
threshold. The reason for this trend is the fact that with increase in the value of

threshold, coefficients of curvelets will be discarded.

e Fig. (5.1)(d) and (5.1)(e) compares the compression error for curvelet and Daubechies
wavelet. It can be observed that curvelets are more efficient than wavelets. The

wavelet named ‘dbl’ is used in both the cases.

e Fig. (5.1)(f) shows log of curvelet coefficients. In this figure white part shows the sig-
nificant coefficients of curvelet. The coefficients of the coarsest level (low-frequency)
are saved in the middle of the array. The cartesian concentrical coronae demon-
strate the coefficients at various levels such as the external coronae relate to high

frequencies.

Test function II:- For the function f(y,z) = exp(—=50(y + 1) + exp(—=50(z + 1)?)) on
the domain [—1,1] x [1, 1] which is shown in Fig. (5.2)(a), we got the results as explained

below:
e Error in reconstructing the function is of the order 1071°,

e Fig. (5.2)(b) displays the graph of compression error with respect to no. of grid
points. The graph displays the good compression and Fig. (5.2)(c) represents the
relationship between the threshold and compression error i.e., || f — f>||,. We have
found from the graph that compression error increases on increasing the threshold

value.
e Fig. (5.2)(d) and (5.2)(e) represents the comparison of the compression error versus

threshold for the case of curvelet and Daubechies wavelet. It is shown that curvelets

are more efficient than wavelets.
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Figure 5.1: Results for the test function I.

5.3 Solving the PDEs using curvelets

In the following text the fast curvelet based finite difference method (FCFD) is used to
solve PDEs is explained. The factor which motivates the development of curvelet based

numerical techniques for solving PDEs is that curvelet description of the finite difference
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Figure 5.2: Results for the test function II.

matrices associated with PDEs is well organized and sparse [182]. The main characteristic
of the proposed method is to represent the differential operator in a curvelet basis ¢, of
L?(R™) or in other words apply curvelet transform on the finite difference matrices approx-
imating the differential operators. Having applied the curvelet transform, one can discard

all the curvelet coefficients which are having magnitude less than a pre decided threshold
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€. After that, all the computations are performed using the sparse matrices and at the end
the inverse FDCT is applied to get the solution at the final time. In [185], curvelet based
finite-difference approach for seismic-wave equation has been considered, one can see it for

more details.

To explain the method in detail, a 2-D diffusion equation given as follows is considered

ou  0*u  0*u

=y 0 < <1. 5.3.1

5 8x2+8y2+f(x’y)’ <z,y < (5.3.1)
with an initial profile u(z,y,t = 0) = wuo(x,y) and with appropriate boundaries such as
Periodic, Neumann, Dirichlet or Robin’s. On applying time discretization scheme, the

Eq.(5.3.1) takes the following form
Au™ = Cu"t + Atf, u® =y,

where u" approximated u at time ¢t = nAt. A and C are differential operators associated

0? 0?
with the time discretization method. For example A =1, C= {1+ At (— + —)>

oxr?  0y?
0? 0?
for the explicit forward Euler’s scheme and A = (I — At — + == ]|, € =1 for the
0x?  Oy?
implicit backward Euler’s scheme.
After spatial discretization, we get
Au™ = Cu™ L+ Atf, u® =y, (5.3.2)

where u" is the vector of all unknowns ., i =1,--- /N;j =1,---, M at time t = nAt.

INE
Eq.(5.3.2) can be written as
u" = AN CuM + Atf). (5.3.3)

By using the Eq.(5.3.3) recursively, we obtain
n—1
u' = (AT)"CM + ) (ATH)FCRALAT ] (5.3.4)
k=0

When A=I, the above equation takes the following form
n—1

u = CMu’ 4+ ) CFALS, (5.3.5)

k=0
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Now if we choose, n = 2™ for some integer m which actually means that we are computing
the numerical solution at times 2At, 4At,8At, - - -, then

n—1 2m—1
Y CrAf = ) CrAtf
k=0 k=0
= (I+C+C%+---+C"" " HALf,

= ([+O)+C*I+C)+CHI+C)+CoI+C)+---C*" I+ O)) Atf,
= ([+C)I+C*+C*+CO+ ... C*" At f,
(I+C)I+CH(I+C*+C¥4---C*"HALS,

m—1

= JJa+@©@)*)Atr. (5.3.6)

k=0
Using Eq.(5.3.6), Eq.(5.3.5) can be written as

m—1
u? = 0%+ [T + 0% )Atf. (5.3.7)

k=0
It is clear from the Eq. (5.3.7), that the computation of the solution at time ¢ = 2™A¢
involves only the repeated squaring of the matrix C' which leads to the following algorithm

for computing the solution by compressing the dyadic powers of C' using curvelets:
Algorithm for FCFD

e Step 1: Apply curvelet transform (FDCT) on the matrix C. It gives us a matrix of

curvelet coeflicients of C. Call this matrix as D.

e Step 2: Let £ = I (Identity matrix).
Iterate the following two steps Step 3 and Step 4 m times
e Step 3: Replace E with the new matrix which is created by applying threshold € on

E + DFE (it means discard all the elements which are having magnitude less than ).

e Step 4: Replace D with a new matrix which is created by applying threshold € on

DxD . )
Note that after Step 4. we get the curvelet coefficients of C*" and H (I+(C)*)
k=0

respectively in the form of D and E.
e Step 5: Apply inverse FDCT on D and E and call the new matrices as Dy and Fj.

e Step 6: Solution at time 2™At is then given by u?" = Dyu® + Ei(At)f.
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It should be noted that, if we do not choose n = 2™, then an algorithm similar to the
above can not be designed. Moreover, given a final time T" at which we have to compute
the solution of the PDE, we can always find an integer m such that 2™ At is approximately

equal to T

5.4 Numerical Outcomes and Discussions

In this section, we examine the outcomes attained numerically with five test problems by
using FCFD.

Test problem 1

Take f(z,y) = 0in Eqn. (5.3.1) with an initial u(z, y,t = 0) = ue(z,y) = 100 sin(7zx) sin(my)
and boundaries are u(z = 1,y,t) = u(z = 0,y,t) = u(z,y = 1,t) = u(z,y = 0,t) = 0.
Fig. (5.3)(a), (5.3)(b), (5.3)(c) displays the problem’s solution at distinct times. We
can see that with time the solution diffuses as expected. Fig. (5.3)(d) shows the error
(i.€., |tnum — Uanallp) Versus no. of grid points at time ¢ = 0.4848. It can be observed from
the graph that as no. of grid points increases, error decreases. Fig. (5.3)(e) demonstrates
the graph between threshold and ||tupum — Uanallp- Fig. (5.3)(f) displays the problem’s
solution at y = 0.5 at distinct times and Fig. (5.3)(g) compares the computational time
carried out by FCFD with that of finite difference technique for evaluating the soln. at
t = 2™At time. It is shown that computational time taken by FCFD is much less. Fig.
(5.3)(h) shows log of curvelet coefficients of the problem’s numerical solution. Table (5.1)
gives the variation of CPU time taken (threshold) with threshold. It is found that as © de-
creases, threshold decreases. The higher the © value, more efficient the adaptive algorithm

1S.

Table 5.1: The performance of FCEFD for the test problem I.

Threshold 1072 1073 1074
CPU time taken (in seconds)  0.2657  0.4469  0.5469
O 2.234 1.32 1.085

137



(a) The solution at time (b) The solution at time (c) The solution at time

t=0 t = 0.4848 t =3.8784
P am N\
k A
Ll
X A
%5
7y
)
3
o
4 0 FUT
4 10 : :
10 ‘ ‘ TN
0 2000 4000 6000 0 1Thresh0ld2 753 o @ oW W66 oUWl
N x10 '
(d) || tnum — Uanallp versus N (€) ||Unum — Uanallp versus (f) u(z,0.5)

threshold

=e—Finite Difference
-= COFD

CPU time (in seconds)
< —

2 4 6 8 10 100 200 300 400

(g) CPU time for computing (h) log of curvelet coefficients
the solution at the time
t=2mAt

Figure 5.3: Results for the test problem I.

Test Problem 11
Now we consider two-dimensional Poisson equation

~Au=1 in Q=][0,1]?
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Poisson equation solution - Dirichlet boundary conditions- Explicit
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Figure 5.4: Results for the test problem II.

Table 5.2: The performance of FCEFD for the test problem II.

Threshold 1072 1073 1074
CPU time taken (in seconds)  0.0103  0.0198  0.0254
) 3.038 1.581 1.232

with boundaries

Pick a step h = %, here M is non-negative number. The discretization of our function
is a sequence of elements wu;; with 0 < 4,7 < M. The boundary conditions translate to

Upj = Upj = Uip = Uip = 0 for 0 < 7,5 < M. Now on the points situated in the interior
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of (0, 1), we have the relation

1 .
ﬁ(élui,j — U1 — Uijgn — Uiy — Ui1y) = Li=1,--- M — 1.

and these translate to system of equations Au = f, where A is (M —2)? x (M —2)2.

After that, we represent A in a curvelet domain. Curvelet representation of A is well-
organized as well as ideally sparse. On discretizing a domain with 625 x 625 points, Fig.
(5.4)(a) represent the contour plot of the solution. The closeness of contour lines indicates
steepness. We have observed that, the contour lines which are equally distributed and
closed together demonstrates a steep, uniform slope. The slope is more steep where the
contour lines are close to one another. Fig. (5.4)(b) represents the problem’s numerical
solution. Fig. (5.4)(c) represents a graph between the error i.e., ||(u;)™ — (ug)**]|s where
1 =1,2,--- , M and number of grid points. Here error is calculated according to double
mesh principle. The procedure of double mesh principle is to double the no. of mesh
points and then error is calculated as above, where (uy;)?" is the solution obtained on a
mesh containing the same mesh points which are used in the previous mesh. It is observed
that error decreases on increasing the no. of grid points. Fig. (5.4)(d) represent the
graph between ||(u;)™ — (u9;)?*]|o and threshold (chosen by the user). It shows that error
increases as we increase threshold. Fig. (5.4)(e) compares the computational time carried
out by the finite difference approach and FCFD method for estimating the solution at
t = 2™At time. It is shown that CPU time taken by FCFD method is less than finite
difference method. Table (5.2) shows the © values for distinct values of threshold. It

shows the efficiency of our algorithm.

Test problem 111

Now, we consider 2-D wave equation

Pu  Pu  O*u

1 1 41
g g ) €00 x@D, >0 s

with an initial
w(z,y,0) = uo(x,y) = x(x — Dy(y — 1),
and 5
w
(2, y,0) =0
at (l’, y7 ) )
and boundaries u(1,y,t) = u(0,y,t) = u(x,1,t) = u(x,0,t) = 0. Fig. (5.5)(a), (5.5)(b),

(5.5)(c) displays the problem’s solution at distinct times. Fig. (5.5)(d) shows the error
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?4”2)

luM — u3 where ¢ = 1,2,--- | M versus no. of grid points at time ¢t = 0.99. We have
observed that error decreases on increasing the no. of grid points. Fig. (5.5)(e) represent
a graph between ||(u;)™ — (u)**]|s and threshold (chosen by the user). It shows that
error increases on increasing threshold. Fig. (5.5)(f) compares the computational time
carried out by the finite difference approach and FCFD method for estimating the solution
at t = 2™At time. It shows that CPU time taken by FCFD is less than finite difference
approach. The efficiency of this proposed method is shown by the table (5.3) which displays
that © decreases on decreasing the threshold. The higher the © value, more efficient the

adaptive algorithm is.

(a) The solution at time (b) The solution at time (¢) The solution at time
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t=2"At

Figure 5.5: Results for the test problem III.
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Table 5.3: The performance of FCFD for the test problem III.

Threshold 1072 1073 1074
CPU time taken (in seconds)  0.4853  0.5478  0.5573
S} 1.197 1.061 1.052

Test problem IV

For the 4th test problem, we consider the 3-D diffusion eqn. given as

ou 0*u *u  O*u

% 02 o o2

0<z,y,2 < 1.
with an initial

u(z,y, z,t =0) = up(x,y, 2) = 100 sin(7zx) sin(my) sin(wz),
and boundaries

u(r =1,0,y,2,t) =u(z,y = 1,0,2,t) = u(z,y,z = 1,0,t) = 0.

Fig. (5.6)(a), (5.6)(b), (5.6)(c) displays the problem’s numerical solution at z = 0.2 for
distinct times. Fig. (5.6)(d), (5.6)(e) displays the problem’s numerical solution for the
segments built at x = {0.3,0.6}, z = 0.5 and y = 0.5 at distinct times. The solution has
been evaluated at time ¢ = 4.213 and the solution diffuses as anticipated. Fig. (5.6)(f)
displays the error (i.e., ||Unum — Uana||p) versus no. of grid points. Fig. (5.6)(g) displays the

graph of threshold versus ||tupum — Uanall,- We have seen that error decreases on increasing

the no. of grid points and increases on increasing the threshold. Fig. (5.6)(h) compares

the computational time carried out by the finite-difference approach and FCFD method
for estimating the solution at ¢t = 2™ At time. It shows that CPU time taken by FCFD is

less than finite-difference technique.

Table 5.4: The performance of FCFD for the test problem IV.

Threshold 1073 107° 107°
CPU time taken (in seconds)  39.9063  41.0938  41.5313
) 1.048 1.018 1.007
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Figure 5.6: Results for the test problem IV.

Test problem V

Now we examine the prey-predator model of Lotka-Volterra in 2-D

Ut = C11Ugzg T C12,, T A1U — T1UD,
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Ut = C21Uzg + C22,, + A2V — T2UV,

here v(x, y, t) symbolizes the predator-population and u(x, y, t) symbolizes the prey-population
density at position (z,y) and time ¢ where —1 < z,y < 1 (denoted S). The ¢ ;’s values
are taken as cjo = ¢;; = 0.1 and c99 = o1 = 0.01 that indicates that prey diffuses faster
across the domain than predator. The values of ay, 11, as, 79 Will be taken achieved from
the ODE model for a Hare-Lynx Hudson-Bay model: a; = 0.47, r; = 0.024, a; = 0.76,

ro = 0.023.

The following values have been assumed for the boundaries
W.Vu =0, Yz € 95,

.V = 0, Vx € 0S.

10 , (z—1)24+(y—3)? <16,

u(0,z,y) = (5.4.2)

0 , otherwise.

10 ,(l’—%)2+<y—%)224,

v(0,2,y) = (5.4.3)

0 , otherwise.

Fig. (5.7)(a), (5.7)(b) shows the numerical solution of prey population density at time
t =1, t = 2 respectively. Fig. (5.7)(c), (5.7)(d) shows the numerical solution of predator
population density at time ¢ = 1, ¢ = 2 respectively. Fig. (5.7)(e) shows the error
2

(i'e'a Huzjw - ugz

) versus no. of grid points. Fig. (5.7)(f) displays the graph of threshold
versus |[uM — u3M||,. Tt is shown that error decreases on increasing the no. of grid points
and increases on increasing the threshold. Fig. (5.7)(g) compares the computational time
carried out by the finite difference technique and FCFD method for estimating the solution
at t = 2™At time. It shows that CPU time taken by FCFD is less than finite difference
method. Table (5.5) gives the variation of CPU time taken with ©. It is shown that as

threshold increases, © increases. It demonstrates that the proposed technique is efficient.

Table 5.5: The performance of FCFD for the test problem V.

Threshold 1072 1073 10~
CPU time taken (in seconds)  0.3667  0.5379  0.6379
S} 1.894 1.301 1.089
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(a) The solution u(x,y,t) at (b) The solution u(z,y,t) at (c¢) The solution v(x,y,t) at
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Figure 5.7: Results for the test problem V.

5.5 Conclusion and Future directions

A fast curvelet based FDM has been devised for finding the numerical solutions of PDEs.

The differential operators are approximated using finite difference matrices and curvelets

145



are used for compressing these matrices. The method is applied on five test problems and
it is found that the developed method is computationally very efficient. In future, the

proposed method can be applied for solving PDEs on complex manifolds.
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Chapter 6

Fast adaptive curvelet method

The numerical experimentation we performed reveal that the curvelet coefficients i.e.,
c(j,Lk) too satisfy the property that they have high values near discontinuities like wavelets.

This motivated us to use curvelets for making an adaptive grid.

This chapter proposes a dynamically adaptive curvelet technique for solving non-linear
Schrodinger equation. Central finite difference approach is used for approximating the one
and two dimensional differential operators and radial-basis functions (RBFs) are utilized
for approximating the differential operators on the sphere. The grid on which the equation
is solved, is obtained using curvelets. For 1d & 2d problems considered in this chapter,
the computational time carried out by the proposed technique is compared with the com-
putational time carried out by the finite difference technique. Moreover, the problem on
the sphere has been considered for which, the computational time carried out by the RBF
collocation technique is compared with the computational time carried out by the proposed
technique. It is found that the developed technique performs better in terms of computa-
tional time, for example on sphere computational effort reduces by 4 times using proposed
method.

05 — 10
107
X 0 K
- |
=107
05— M N .
02 04 06 08 1 250 300 350 400 450
X N

Figure 6.1: Compression error for Sawtooth-function which is discontinuous at x = 0.5.
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Figure 6.2: Compression error for F(z) = sin(2rx) + exp(—10*(z — 0.5)?)
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Figure 6.4: Compression error for f(x,y) = exp(—=50(x + 1)?) + exp(—50(y + 1)?).
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6.1 Fast adaptive curvelet method (FACM)

6.1.1 Curvelet based adaptivity

In [178] Donoho stated that for adequately continuous f, we have

1f = foelloo < C, (6.1.1)

where C' is a constant. Fig. (6.1) and (6.2) displays the variation of compression error
verses N for two different one dimensional functions. Fig. (6.3) and (6.4) displays the
variation of compression error verses N for two dimensional functions. Good compression

from these graphs can be observed. Next, we explain the grid formulation process.

Suppose X¢ is the current coarse grid, M is the length of X¢ and f (;l:j)j6 e 18 known

which is a vector of length M x 1. After that, decompose f(z;),;x. into matrix g(z;),;c x.
of length [v/M,v/M]. Apply FDCT on this function g(x) to obtain the curvelet coefficients.
Extract the curvelet coefficients matrix of finest scale. All points associated with ¢(j, [, k)
curvelet coefficients with a magnitude greater than e are kept intact during the procedure
of generation of the new finer grid from the grid. In case of two dimensional, apply FDCT
on the given function which is a matrix of length M x M and repeat the same procedure.
In this chapter, modified adaptation technique has been used for adapting the grid.

It is important to note that while solving a PDE, we will not adapt the node arrangement
at each time step. In order to assure accuracy, the points of the grid corresponds to the
curvelets that may become significant during the time when the grid does not change should
also be added. Therefore, if x; is the active node point in the coarser grid, then x; as well as
Z, such that [m—I| < L (for any fixed non-negative number L) are added to make the finer
grid. While solving a PDE on the sphere, the geodes (z,, ;) < R (for any fixed positive
integer R, the geodesic distance between x; and x,, points) are incorporated in X¢, which
is the new coarsest grid. Fig. (6.5) gives curvelet coefficients c(j, [, k) for three different
functions. For e = 0.08, Fig. (6.6) demonstrates the grid of adaptation generated by using
the modified adaptation approach for several one dimensional functions. Function and the
corresponding adaptive grid, when x varies from 0.48 to 0.58 has been shown as a subpart
of the Fig. (6.6)(a). Similarly, we have done this for Fig. (6.6)(b) and Fig. (6.6)(c), when
x varies from 0.43 to 0.59 and 0.73 to 0.89 respectively. Fig. (6.7) and Fig. (6.8) shows
the modified adaptive grid for different two dimensional functions. After that we have
considered three dimensional test functions one is f(z) = = exp~ ((a=a0)*+(b=bo)*+(cc0)?)/5v

1 a+b+c+1

where ap = 1,bp = 0,c9 = 0 and v = 55 and second is f(z) = 1 +exp 2 where

¢ = 0.01. These functions, their curvelet coefficients of finest scale and their corresponding
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reconstructed functions for e = 107* are respectively plotted in Fig. (6.9) and Fig. (6.10).
Fig. (6.11) displays the two distinct functions on the sphere and their related adaptive
grid.

(a) (b) (c)

Figure 6.5: ¢(7,1, k) of finest scale for different functions (a) Sawtooth function which is
discontinuous at = 0.5 (b) Sawtooth function which is discontinuous at = = 0.8 (¢)
F(z) = sin(27x) 4+ exp(—10*(z — 0.5)?).

05 o
0 06
Densed gid OE 06 0‘2
02
\ " R 04 o5 w0
02 Densed grid
'05 : : : ! -02 I ! |
0 02 04 06 08 1 0 02 04 06 08 1
(a) (b)

Figure 6.6: The modified curvelet adaptive grid for (a) Sawtooth function which is
discontinuous at x = 0.5 (b) Sawtooth function which is discontinuous at = 0.8 (c¢)
F(z) = sin(27rx) + exp(—10*(z — 0.5)?).
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f(x,y)

Figure 6.7: Adaptive grid for f(z,y) =
exp(—200((x — 0.5)? + (y — 0.5)?)) — 0.2sin(27z) sin(27y).

f(x,y)

Figure 6.8: Adaptive grid for f(z,y) = exp(—1000(z? + y?)).

6.1.2 FACM for non-linear PDEs

In this section, we explain FACM for solving non linear PDEs. For explaining the method,

we have considered the one-dimensional NLS equation.

0
8—1; = Lu+ivjul*u, t>0,2 €R, (6.1.2)
where £ = _7"5286—;2 — § with an initial u(z,0) = wu(x) along with relevant boundary

equations.

Algebraic polynomial interpolation is the most familiar and popular way of generating
differentiating coefficients. One directly applies the polynomial to the data, accompanied
by the polynomial differentiation and at last one estimate the polynomial at the enthusiasm
point. As, we are working with the points of grid from the curvelet, derivatives on a

homogeneous or non-homogeneous grid are evaluated by means of Lagrangian polynomial
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Figure 6.9: Function (a) f(z) = e~ (a0 +G=bo)*Hle=c))/5v (1) ¢(j 1, k) of finest scale
(¢) f>e(z) for e = 1074

interpolation through p points [186]. Let w = 2% and describe,

2
i+w
Pw,i7k(x)
ur(z) = Z U(M:)ma (6.1.3)
k=i—w o
i+w
where P, x(z) = [[ (z—x;). Eqn. (6.1.3) shows that u is interpolated by the u; at the
l=i—w
#k

points of the grid, i.e., us(x) = u(x;) for ¢ = 0,1,2,---, N,_1, N;. Differentiate u;(x) d
times, it gives

itw (d)
Py

(d) _ w,i,k
) = k;wU(mk)P ik (Th)

The derivatives u§d)(a7) are evaluated at all points of the grid by ugd)(m) = Dz(fl)(u), with
@
differentiated matrix [D]()d)]tk = Ilj“’:((xk)) With space discretization of Eqn. (6.1.2), we get

Lu(t) = Lu(t) + N(u(t)) where L = —%ﬂgD; — &7 and N(u(t)) = iy|u(z,t)[>. Now by
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employing Crank-Nicolson approach for discretizing the time, we obtain

u"tt = A"t <Bu” + NAt( (6.1.4)

unJrl + un) un+1 + un)
5 .

where A =1 — %L, B=1+ %L and v = u(nAt).

6.1.3 Schrodinger equation on the Sphere

Here, we will talk about the spherical Schrodinger eqn. over the adapted node arrangement

using the curvelet. The eqn. which is considered is as follows:

X, 1) =~V u(p, 1) — Cilu(p. 1) Pulp, ), (6.1.5)

p={(z,y,2) € R®:x,y,2 € R and ||p|| = a}, where a is the sphere’s radius. With space

discretization of Eqn. (6.1.5), we get <u(p,t) = Liu(p,t) + Nyu(p,t) where L; = iV? and
N, = iCy|u(p,t)|?. Here V? is Laplacian operator. Now by using Crank-Nicolson technique
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Figure 6.11: Functions and their corresponding adaptive grid on the sphere for R = 0.1.
for discretizing the time, we obtain

n+1 n n+1 n
un+1_A11(Blun+NlAt(u 2+u )(u 2—i—u )>

where A, = [ — %Ll, B =1+ %Ll and v = wu(nAt). Next we will explain the
estimation of Laplace Beltrami operator by employing RBFs [53, 54].

6.1.4 Approximating the Laplace Beltrami operator by using
RBF's

Suppose X be a manifold and X¥ = {21, 2,,--- ,2n5} be discretized with N points. The
RBFs are constructed from the bizonal kernel ® : X x X — R of the type ®(z,y) =
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o(r.y),z,y € X. Here ¢ is an univariate function represented on [—1, 1] and z.y is Eu-

clidean dot product of the position vector of the points x,y € X.

The value of ®(x,y) relies solely on the geodesic distance from x to y, for a steady z value.
Therefore the function (z,.) is radially-symmetric function in regards to the point z and
is known as RBF [187]. For every point z; € XV, RBF is stated as

Dj(z) = O(z,2;) = p(v.7;) = U(|lz — ;). (6.1.6)

The Wendland’s RBFs have been used in this work, which relies upon two parameters k
and d, where 2k is the function’s smoothness and d is the space dimension. The matrix A
is positive definite for these RBFs and therefore reversible for each X*. Wendland’s RBFs
are compactly supported and therefore the interpolated matrices are sparse and just few
terms have to be examined for the computation of interpolants. This results in effective
algorithm for the calculation and computation of the interpolants. The Wendland’s basis
functions are distinctive to a constant parameter and the degree of polynomial is minimum
for the dimensions d and smoothness 2k. As per as, continuity is concerned, we can choose
k according to the differential system we want to solve. Moreover, Wendland’s RBFs have
advantages over other compactly supported RBFs. For example, the degree of polynomial
of Wendland’s function is lesser than that of Wu’s function for prescribe smoothness. If
Wu’s functions as well as Wendland’s functions are C* continuous, radial in R? and strictly
positive definite then the degree of polynomial for Wendland’s function is 8, however for
Wu’s function is 11 [50].

Given a function f which is smooth on X, then a sequence of numbers {fj}?:l exists which

is unique, so that the function
N ~
Ien f(x) = F9;(X), (6.1.7)
j=1

satisfies the interpolating condition

Put x = z1,x9,--+ ,xy in Eqn. (6.1.7), we obtain
f(x1) Py(z1)  Po(x1) Py (1) f:l
f(x2) _ Dy(z9) Po(x2) Dy(zs) | | f?
f(zN) Pi(zn) Pofzn) Oy(zn)| LY



In matrix form, it can be composed as
f=Af.

Since A is invertible, therefore
f=A",

where f = [f(z1), f(z3),- - , f(zx)]' ete. Hence,

N ~

flo) m Len f(z) =) F0,(X). (6.1.8)

j=1

From Eqn. (6.1.8),
ij=1

N
Vif(x) =Y V*®;(X) =Bf = BA™'f,B = [V*®; ()]}
j=1

The Laplace operator V2 approximates BA™ on X.

6.1.5 Interpolating using RBF's

Assume, we take node points of two set X/ & X¢ (X¢is the coarsest set and X7/ is the finest
set). Assume {f(7;)},ex, is known. By utilizing RBFs, we can evaluate {f(7;)}s,ex, as

follows

{f(xj)}ijXc = [(I)(x% xj)]zz'#rjeXc{J?j}j:LQ’m7ﬁXca
{f<Ij)}$j€Xf = [(I)(xi7xj)]:CiGXf@jeXc{fj}jzl’z’""ﬁXC7
{f@)ayexs = (@@, 25)lasexs ayexc @@ 25)]5 y exe A (05) Yayexe,

6.1.6 Numerical Algorithm for solving NLS equation

The algorithm for solving Schrodinger equation is as per the following:
1. Discretize the Schrodinger equation’s domain.
2. By using finite difference matrices, discretize the operators engaged with the Schrodinger

equation (in case of one-dimensional and two-dimensional) at hand. Wendland RBFs
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are used for discretization of operators involved in the Schrodinger equation on

sphere.

3. Assume the times t1, s, - - are chosen to refine the grid (Noted that the selection of
these times depends on the problem. If the solution of the problem changes rapidly,
then t;s should be selected more closely). Initiate with an initial condition and by
using the time- integration method (we have chosen Crank-Nicolson scheme), we get

the solution at the time ¢y, i.e., u(ty).

4. Using the procedure explained in the last section, we use u(t;) and the related grid

X" to achieve Xt 141,
5. Compute the Schrodinger’s equation differential operators on X4,

6. Integrate with Crank-Nicolson, the obtained system of ordinary differential eqns. in
time to find the solution at ¢t = t; + At.

7. Again follow the step 6 until u(ty) is acquired. Go to step 4, after obtained wu(ts).

For easy understanding flow chart is also given in Fig. (6.12).

Table 6.1: The performance of FACM for the test problem I.

Threshold (e) N(e = 0)=289 CPU time taken | CPU time taken ©
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

€ into account) ¢ into account)
0.3 361 0.4705 0.1875 2.5096
0.03 1089 6.608 3.0781 2.147
0.003 2304 9.4022 5.1881 1.8123
0.0003 2500 11.878 8.9432 1.3282

6.2 Numerical outcomes and discussions

Here we examine the numerical outcomes attained with three test problems by using
FACM.
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Figure 6.12: Flow chart for solving NLS equation.

Test problem 1

For solving the 1-D Schrédinger equation Eqn. (6.1.2), an initial condition wu(z,0) =

2sech(z), u € [=£, £

parameters of Eqn. (6.1.2) are 55 = —2, v = 2 and aw = 0. FACM has been used to solve

] where L = 64 and boundaries are periodic has been considered. The

this PDE. Fig. (6.13) displays the solution as well as its related adaptive grid at distinct

times. In Fig. (6.14) the point wise error (PWE) is shown at distinct time and can be seen
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Figure 6.13: Solution and its correspondingly adapted grid at ¢t = 0,0.25,0.5.
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Figure 6.14: Point wise error (PWE) at ¢t = 0.25,0.5.

that the error value is highest close to the solution variation as anticipated. Subsequently
extra points will be included in this region and automatic adaptive grid generation will
be achieved. Fig. (6.15)(a) shows the error ||ul — u3N||s,

: where ¢ = 1,2,--- , N versus
no.

The

procedure of double mesh principle is to double the no. of mesh points and then error

of grid points. Here error is calculated according to double mesh principle.

is calculated as above, where (uy;)*" is the obtained solution on a mesh containing the

points of the same mesh which are used in the previous mesh. We have observed that
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Figure 6.16: Solution and its corresponding standard adaptation grid (a) Nielsen method

result (b) Proposed method result.

method.

Table 6.2: Comparison of CPU time taken between Nielsen method and proposed

CPU time taken
by Nielsen method

CPU time taken
by proposed method

When € = 0

3.5975

3.5975

When we take

€ into account

2.309

1.623
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error decreases on increasing the no. of grid points. Fig. (6.15)(b) represent the graph
between ||(u;)™ — (ug)?"||2 and threshold (chosen by the user). It is seen that as threshold

increases, error increases. Table (6.1) shows the variation of CPU with threshold. Now,
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Figure 6.17: Absolute eigen values of the differentiation matrix at (a) time t=0.5 (b) time
t=1.5 (¢) time t=2.

CPU (threshold=0) .
CPU(threshold) " It has been noticed

we describe the time compression coefficient as © =
that © decreases on decreasing the threshold value. The higher the © value, more efficient
the adapted method is.

Validation of our results:- In order to validate our technique, our outcomes have been
compared with Nielsen’s results [10]. Nielsen has solved this problem using Daubechies
wavelet and we have obtained the results using curvelet. For validation, grid is obtained
with the help of standard adaptation technique. Our outcomes are seen to be in good
agreement with Nielsen’s outcomes as far as solution is concerned which is shown in Fig.
(6.16). But the grid obtained with the help of curvelet is better than wavelet as compression
in this case is less which was expected. Because curvelet is designed for this purpose.
Moreover, CPU time taken by the Nielsen’s approach (using the matlab code nlswofd.m)
has been compared with the proposed method. It is found that the developed approach
takes lesser CPU time than the Nielsen method which is shown in the table (6.2).
Numerical stability of the proposed technique:- The proposed technique can produce
essentially a completely arbitrary grid and hence the differentiation matrix can assume an
unlimited number of forms. For this reason, an analytical approach to check numerical
stability is not possible. Therefore, the numerical stability of the method is ensured in
terms of the eigen values of the differentiation matrix, for details [90] can be referred. If
all the eigen values of the matrix have magnitude less than 1, then the convergence is
achieved [188]. For the proposed method, the matrix whose eigen values are to be checked

1S
D® D®
I — TAt]‘I[I + TAt], (6.2.1)
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which corresponds to FACM applied to the linear equation % = % with Crank-Nicolson
time discretization. The grid on which the computations are done is the one obtained from
FACM applied to the non-linear Schrodinger equation. We have checked the magnitudes
of the eigen values of the differentiation matrices at time t = 0.5, t = 1.5 and ¢ = 2 and
these values are shown in the Fig. (6.17). It is seen that the magnitude of eigen values do

not exceed 1 which ensures the numerical stability of our method.

Figure 6.19: (a) u(z,y,t = 0.11) for test problem II and (b) its adaptive grid.

Test problem 11
For the 2nd test problem, the 2-D Schrédinger [189] equation has been considered which

is defined as

T Vu(z,y,t) + Cilu(z, y, t)*u(z,y,t) = 0, (6.2.2)
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Table 6.3: The performance of FACM for the test problem II.

Threshold () N(e = 0)=40 CPU time taken | CPU time taken S)
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

€ into account) € into account)
0.9 128 7.989 1.987 4.02
0.2 164 8.905 2.63 3.385
0.09 196 11.68 3.92 2.98
0.009 228 13.03 5.975 2.182

here V2 is the Laplacian operator. To solve this Eqn. (6.2.2), we choose an initial condition
u(z,y,t =0) = (1+sin(y))(1+sin(z)) and C; = 2 on a square domain [—£, £] x [-£, £]
where L = 8. In Fig. (6.18), an initial condition and its correspondingly adapted grid have
been plotted. The equation is resolved until time ¢ = 0.11 and the solution and its related
adapted grid are shown in Fig. (6.19). We have found from Fig. (6.18) and Fig. (6.19), that
near the singularity, the grid becomes denser. Fig. (6.20)(a) represent the graph between
the error i.e., ||(u; ;)M — (ug;2;)*"*M||y here ¢ = 1,2,--- N and j = 1,2,--- M. It
can be observed from the graph that as the no. of grid points increases, error decreases.
Fig. (6.20)(b) represent the graph between Fy (we call ||(w; ;)™M — (ug;9;)2*M ||y as Ey)
and threshold (chosen by the user). It shows that error increases as we increase threshold.
Table (6.3) displays the values of © for distinct values of threshold. It has been seen that

as © decreases on decreasing the value of e.
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Figure 6.21: (a) The initial test function Eqn. (6.2.3) with 6y = 0, (b) ¢y = 0 and
L = 1/2m, coefficients plot at finest scale and (c) its adaptive grid.

Test problem III

We take the initial condition for testing the NLS equation on the sphere, which is an

elementary Gaussian complex function on the sphere represented as:

u(f, ¢,t = 0) = 2exp (— i _Lioiz;(fi ¢0)) exp ( _6 _%;)*J(;(fl_) ) > (6.2.3)

where ¢(—5 < ¢ < 7) and 0(—n < 6 < 7) are the latitude and longitude respectively and
the parameters involved in the Eqn. (6.2.3) are 8y = 0, ¢9 = 0, L = 1/27 and C; = 1.
In Fig. (6.21)(a), we have plotted initial condition, Fig. (6.21)(b) its curvelet coefficients
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Figure 6.22: (a) The solution of Eqn. (6.1.5), at ¢ = 0.15 (b) ¢9 = 0 and L = 1/27,
coefficients plot at finest scale and (c) its adaptive grid.

at finest scale and Fig. (6.21)(c) its corresponding adaptive grid. In Fig. (6.22)(a), we
have plotted its solution at time ¢ = 0.15, Fig. (6.22)(b) curvelet coefficients at finest
scale and Fig. (6.22)(c) its corresponding adaptive grid. Fig. (6.23) represent the graph
between the error i.e., ||u(p) — u>(p)||2 where i = 1,2,--- | N and no. of grid points as we
have taken RBF interpolation. We have observed from the graph that as the no. of grid
points increases, error decreases. Table (6.4) displays the © values for distinct values of
threshold. It has been viewed that © decreases on decreasing the value of €. The higher
the © value, more efficient the adaptive method is. There are a variety of radial basis
functions available in the literature and Gaussian RBF (e~ Z*l#=#l*) with E as the shape

parameter is one of the widely used RBF but it is globally supported [190]. To check that
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Figure 6.23: Variation of error ||u(p) — u>(p)||2 versus N .

Table 6.4: The performance of FACM for the test problem III.

Threshold () N(e = 0)=289 CPU time taken | CPU time taken S)
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

¢ into account) ¢ into account)
0.07 D76 1.622 0.4375 3.7077
0.03 784 2.873 1.2968 2.216
0.009 841 3.276 1.6496 1.986
0.0009 900 3.837 2.9844 1.286

Table 6.5: CPU time (in seconds) comparison for solving NLS equation on sphere.

Approximation of Approximation of

Laplace operator

is done by Wendland’s RBF's (e = 0)

Laplace operator

is done by Gaussian RBFs (e = 0)

When ¢t = 0.15 2.297624 3.320603

When ¢ = 0.5 3.299502 2.252680

the Wendland’s RBFs give us computationally efficient scheme over Gaussian RBFs, we
have compared and presented the CPU time results in table (6.5). From the table it can

be observed that the CPU time carried out by Wendland’s RBF's is lesser in comparison
to the Gaussian RBFs.
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6.3 Conclusion and Future directions

In this chapter, it is shown that how a dynamic adaptive curvelet approach works very
smoothly with the local singularity of the Schrodinger equation’s solution. The differential
operators are approximated using finite difference in case of one and two dimension and
RBFs are used for the approximating the differential operators on sphere. Curvelet is used
for generating the grid. Crank-Nicolson approach is finally utilized for time integration.
The outcomes show that the curvelet and computational grid can very proficiently adapt
to the solution’s local irregularities so as to resolve sharp transition regions. Comparison of
CPU time shows that the developed technique is extremely efficient. To our best knowledge,
the significant properties of the curvelet are used to solve PDEs on an adaptive grid for
the first time. Having checked the performance of the proposed technique for Schrodinger
equation, we proffer the use of adaptive curvelet approach to model turbulence and solve

fluid dynamics problems.
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Chapter 7

Fast adaptive curvelet method for solving PDEs

on general manifolds

Numerous applications of the applied and natural sciences demands the PDE’s solutions
on general manifolds. For example the problem of the distribution of surfactants along the
fluid moving interface, in image processing [191-193], mathematical physics [194], biological
systems [195,196], fluid dynamics [197-199], computer graphics for texture synthesis [193],

vector field visualization [200] and weather prediction [192] etc.

The numerical solution of these equations and treatment of surface differential operators
is an area of active research. To solve PDEs on general manifolds, we have different
approaches available in literature. For the manifolds which can be easily parameterized
the differential operators are expressed in the parameter space and the emerging equations
are then discretized. For methods of parametrization, [201] is referred. As it is well
known that parametrization of very complex manifolds is hard to obtain, people have
shifted to work on manifolds which can be easily triangulated but again for the manifolds
with dimension three or more obtaining triangulation is a difficult task [202,203]. To
get rid of the problems of parametrization and triangulation, methods based on implicit
representations are being used. In these methods the manifold along with the PDEs
characterized on it are embedded in the ambient space and the extensive PDEs are then
discretized using cartesian grid [203-205]. Instead of using the implicit representations,
closest point representations can also be used [206]. General manifolds are embedded in a
higher dimensional Cartesian grid using a closest point function method. The technique is
to discretize the PDEs by utilizing a static cartesian grid into the embedding space which
is analogous to another embedding approaches. This results in an effective method to solve
PDEs on surfaces with great simplicity and additional desirable features. In particular, it is
apparent that the surface PDEs are the analogue of the embedding PDEs and the standard
cartesian differential operators are involved. Furthermore, the technique deals with the
arbitrary manifolds and is not restricted to one co-dimensional surfaces. It additionally
enables the calculation to be carried out on a grid described in a confined band close to
the object with no deteriorating the efficiency and without enforcing artificial boundaries.

The method is advantageous as it can handle manifold of any dimensions or co-dimensions.
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The surface normal and curvature are fundamental geometric properties of the surface, and
are of interest for a variety of purposes. In the context of solving surface PDEs, our main
concern is that such quantities could occur explicitly within the PDE, for example, in
the form of a curvature-dependent reaction rate in a reaction diffusion equation. If these
geometric quantities are available as a given function on the surface, our general formalism
would immediately apply. However, it is more likely that they will actually need to be
computed from the surface itself, prior to any extension. Thus we need to look for some
another convenient way to deal with such situations. Another disadvantage of this method
is that the method only considered stationary surface. To solve PDEs on moving surface,
this method cannot be applicable. Moreover, the method is nonadaptive in nature. This
will, therefore, increase the cost of both computing and storage as it requires a larger set
of points of nodes to capture all of the solution’s characteristics. We are working on an

adaptive node arrangement to deal with these issues.

Wavelets have been used for more than 10 years to effectively address PDEs that illustrate
multi-scale solutions [27,42,207,208] on the surfaces having zero curvature. The main point
is to resolve PDE on arbitrary surfaces. Numerous approaches for constructing wavelets

on arbitrary surfaces have been proposed such as

1. Wavelet basis are designed on a certain kind of manifolds that could be presented
as a disjoint union of a basic cube’s smooth parametric images in [44, 145]. The
construction depends merely on the unit cube’s smooth parametrization, which has

various practical disadvantages.

2. The above issue is solved in [46], by constructing wavelet basis functions from a basic

finite element discretization.
3. An orthogonal MRA on the sphere is constructed for Spherical Shannon wavelets [47].

4. Sweldens and his co-workers constructed the second generation wavelet in [209] and
the major benefit of this wavelet is that it can be constructed on any arbitrary

manifold.

The wavelet theory for numerically solving PDEs on arbitrary manifolds is quiet in its
emerging phase, although there is wide literature available on wavelets methods for general
manifolds. The second-generation wavelet prompted wavelet-based solution of PDEs at
first in [91], which deal with laminar diffusion frame equations, 1-D Burger’s problem and
modified Burger’s problems. This work has been a big climacteric for the researchers
who use wavelets for numerically solving PDESs, because of the many practical benefits of
second-generation wavelet over the existent wavelets. In [48], second-generation wavelet

was later utilized for resolving PDEs on a sphere, here the spherical second-generation
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wavelet is utilized for constructing a dynamically adaptive numerical technique. The major
complication is that an initial mesh structure is needed for second-generation wavelet for
approximating the manifold (e.g., an icosahedron mesh is required for approximating the
sphere). On the other hand, for an arbitrary manifold, it is difficult to generate an initial
mesh. This problem is resolved in [53,54]. In these papers diffusion wavelet and spectral
graph wavelet is used for solving PDEs on sphere. Our main focus is to solve PDEs on

arbitrary manifolds.

This chapter proposes a curvelet optimized method for the numerically solving PDEs on
general manifolds. The most useful property of the curvelet is that it can be designed on
arbitrary manifolds. It can therefore be employed for solving PDEs on arbitrary manifolds.
In this chapter, an embedding approach has been utilized to approximate the Laplacian
operator which is named as closest point method (CPM) and curvelet has been used to
determine whether the grid needs to be coarsened or refined in order to optimally describe
the solution. The computational time carried out by the developed technique is compared
to that of computational time carried out by the closest point approach and it is found that
the developed technique performs better in terms of computational time, for example on
sphere computational effort reduces by 4 times using developed technique. To the best of
our insight, this is the first attempt to exploit the valuable properties of curvelet for solving
PDEs on general manifolds. The proposed technique is tested on 3 test problems, such
as, reaction-diffusion equation on a sphere, Schnakenberg model evolving on the surface
of ellipsoid and the well-known Fitzhugh-Nagumo equations. These numerical outcomes
reveal that the proposed methods can precisely catch the development of the localised
patterns on all the scales and the arrangement of nodes are adapted accordingly. The

convergence of the method has also been verified.

7.1 A short explanation of CPM

In this section, the CPM has been discussed in detail [206] and some of its key features. It
is fundamental to represent the underlying surface for any numerical technique for solving
PDEs on arbitrary manifolds. The CPM relies upon representing the closest point form of

the underlying manifold.
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7.1.1 Closest Point Function (CPF)

CPF: When the surface S is given, cp(z) specifies a point belongs to S (possibly non-
unique) which is nearest to x. The CPF which is characterized in the neighborhood of
the surface, provides the surface representation. The representation of closest point form
takes into consideration arbitrary surfaces with boundary conditions and does not need
the surface to have an outside/inside. The surface can be of mixed codimension [206], or

even of any codimension [210].

The objective of the CPM is that a surface PDE should be replaced by an associated
PDE in the embedding space that could be solved by utilizing finite element, finite differ-
ence or another standard techniques. This extension will be selected accordingly that the
embedded PDE ought to be the logical expansion of an initial, 7.e., the embedded PDE
is formed when intrinsic surface Laplacian is replaced by the standard Laplacian on R3.
Certainly, both developments can not be agreed for long periods of time, but if we choose
an appropriate extension at the initial stage, then the development of the embedded PDE
would be precise, that would be adequate for updating the solution in time. Therefore,
the operator E will be chosen which extends the function characterized on the surface
to the function characterized on all of R? such that the natural expansion of the surface
PDE to the entire space produces the desired change rate. The space equation, which is
the natural extension of the surface equation intrinsically, results in a particular class of
extension operator, specifically, those who extend values of a function to be constant along

normal surface direction.

The method is generally defined by choosing an extension operator that generates a con-
stant normal extension. On the other hand, the means by which the constant normal
extension is actually constructed is an element that is critical to the easiness of the de-
velopment approach. An especially straightforward, precise and effective approach for
constant normal extension is to utilize “closest point” presentation of the surface. For any
point x in R?, let C'P(x) denote the closest point to x on the surface S. If S is smooth, this
function is well defined and smooth near the surface. (It will generally have discontinuities
away from S, at points in space that are equidistant from multiple points on S. Such points
do not interfere with the embedding PDE method here, which ultimately relies only on
points near S, but they may place an upper limit on grid spacing in R?, in practice). The
CPF gives a particular appropriate surface representation, as the normal constant exten-

sion operator is simply be represented as composition of function, accordingly as

Elus](z) = us(CP(x)),
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for a ug specified on S. In this way, what might be a construction procedure is diminished
to standard development, that enormously streamlines both the hypothetical analysis and
practicable implementation of the technique. CP gives values lying in S which is just

directly a map from R? to R3.

It should be note that using the CPF to represent the underlying surface provides advan-
tages that extends beyond having a fast, simple and accurate extension procedure. We
enjoy the flexibility with the closest point representation to represent both closed and open
surfaces as well as surfaces having no orientation, such as a Klein bottle or a Mobius strip.
Furthermore, filaments or “curves”- objects of co-dimension two or larger than two, are
usually included in this design, such as composite objects like collections of surfaces, points
and curves. Therefore, in particular, the formalism does not place any restraints on the

geometry, topology or dimensionality of the object where the PDE is posed.

If the closest point function is not given to us as an element of the given problem, then
there are various possible methods to determine it. It is easy to analytically express the
closest point function for simple surfaces such as the sphere or torus, in practice. Standard
numerical optimization methods can be employed for computing the closest-point function
for parameterized surfaces such as a Mobius strip or an ellipsoid. Subsequently, we can
either find out the closest point at the nodes of the grid by employing various kinds of
sophisticated algorithms for instance, tree based algorithms of Strain [211] and the public
domain closest point transform of Mauch [212] or we can use direct techniques, when the
surfaces are in a triangulated form. We note that for a specific shape, the closest-point
representation must only be calculated once because the interpolation can be applied to
map a well resolved closest-point representation to a desirable computational grid. This
means that even inefficient methods are often sufficient to compute the closest-point, for
example carrying out convenient local optimizations and search through a table of triangles
which describe a triangulated surface. For any situation, the closest-point function will
eventually be stored on the underlying computational grid which is used for discretizing
the PDE of interest, that will be a cartesian, uniform grid represented in a band over the

surface.

7.1.2 Closest Point Method (CPM)

The CPM for developing PDEs on general manifolds is presented in this section. For

initializing the method we perform various steps:

e The surface closest-point representation C'P(z) will be constructed in accordance

with section 7.1 if it is not given earlier.

173



e The computational field, €., is selected. The computational field will customarily

consist of a band over the surface.

e In the usual cartesian co-ordinates of R?, the embedded surface PDE is obtained
when surface Laplacian is replaced by the standard Laplacian in R3. As there is no
projection matrix associated, therefore it forms a simple PDE than former embedding
techniques [202, 203].

e When the initial data of the surface is extended onto the computing space then the

solution variable is initialized by using the CPF.
The CPM then continues by alter the subsequent 2 steps:

1. By using the CPF, the surface solution is extended to the computational space i.e.,

u is replaced by u(CP) for every node of grid onto the computing space.

2. Standard finite differences are used to calculate the solution of the embedding PDE
on a cartesian mesh for 1 time step (The closest-point extension must be performed
after every step when a Crank-Nicolson technique is chosen for evaluation of time,

so that all quantities are assessed at their closest neighbors).

The embedded PDE solution at the surface approximates the surface PDE at any time-
step.

7.1.3 Banding

The CPM is different in many aspects within the category of embedded techniques. For
instance, it uses CPF to represent the surface. Instead of using the projection operators, the
CPM technique uses the familiar and obvious cartesian analogue of the underlying surface
PDEs, which makes the CPM method different. Another difference between the CPM and
other embedding techniques identifies with how the embedding PDEs are employed and
how this affects the evolution of narrow banding-based useful algorithms. Now we give the

detail explanation of this last point.

Any embedded technique must consider the embedding PDE on a confined band enclosing

the surface for obtaining the efficient algorithms
Qo ={z: |lz = CP(x)ll2 < A},

here A is a bandwidth. The former embedding techniques deal with the underlying em-
bedding PDE, that is represented throughout the space and its solution, if confined to the
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surface, deals with the initial surface PDE for all times ¢. Restricting the calculation to a

confined band obscures the solution significantly for various causes:

e When the embedded PDE is solved on a band, it necessitates the artificial boundaries
to be imposed at the boundaries of the computational band as the embedded PDE
is described all over time and space. When the band-width changes according to the
spacing of mesh, then the choice of these boundaries are not clearly understood and

it can prompt the deterioration in the order of efficiency.

e The selection of a bandwidth A is not clear and the analytical arguments do not favor
it.

e The technique should be developed for propagating the surface quantities onto the
computational band for improving the consistency and bound the impacts of the

imposed boundary conditions.

For the CPM, the evolution approach is fundamentally distinctive. The embedded PDE
coincide with the underlying surface PDE, when the surface values coincide with a constant
normal surface data extension. Evidently, the need for such unique data suggests that for
all periods of time t the embedded PDE can not provide a solution to the underlying
surface PDE. Furthermore, a constant normal extension initializes the embedding PDE
and this means that the surface and the embedding PDE initially concede on a surface.
A constant normal extension of the data of the surface is provided by the consequent
closest-point extension step which is convenient for the subsequent phase of the technique.
This is all necessary for consistency with explicit time-stepping. The reasonable extension
all over the space and detachment of the evolution at the surface considerably explains
the confined band as it does not include imposed boundary conditions (while reinforcing
the solution’s consistency). When the band-width is adequately wide, then at the surface
the CPM provides the similar results as an all space computation, when the computation
is performed on a band with explicit time stepping. We now present description of the
bandwidth A selection.

Assume that we are dealing with dimensions d and that interpolation is done by using poly-
nomials of order p according to standard Newton divided differences. Another interpolation
methods i.e., WENO or ENO may also be utilized and these techniques will commence
the large computational bands. We considered the arbitrarily point z on a surface for
obtaining the bound on the band-width. Every Newton divided difference interpolation
demands that the (p + 1)? node values appearing in the interpolatory stencil have been
advanced precisely. According to the differencing stencil, every nodal value rely upon its

neighbors which is utilized in the evolution of PDE stage. Assembling the arrangement of
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all such neighbors N, it is apparent that the maximal Euclidean distance from a grid node
to x which belongs to N gives the bound on the band-width.

An example illustrates this calculation most easily. Assume that the third order interpo-
lation polynomials (p = 3) is used and we work with the standard five point Laplacian in
2-D (d = 2). Any grid node into the stencil can not exceeds a distance v/22 + 22Az from z.
The relevant band should also contain that points because this node point value will rely
upon its 4 nearest neighbors. It leads to v/22 4 32Az band-width. In general, performing
this computation in dimensions d for the 2nd order centered difference Laplacian operator

examined in this work prompts the value of band-width

= (Y (12 e

Similarly, sharp bounds on the band-width may be determined for other interpolation or

differencing stencils.

7.2 Curvelet optimized method for solving PDEs on
surfaces (COMS)

Now, the differential equation on the general manifolds has been considered which is given

as:
ous o
8t - v us—i—f(x,us,t),
u(z,0) = wup(z). (7.2.1)

where V2 is the Laplace Beltrami operator or surface Laplacian. Suppose that time is
discretized with forward Euler, the corresponding surface evolution problem reads

' = w4+ AtV 4 Atf(x,ult).

) S

Instead of treating this equation of the surface, we develop the equation into the embedding
space,
" = u"(CP) + AtV2u" + Atf(CP,u™(CP),t),

V? is to be discretized on a grid in R? (V? is the standard Cartesian derivative operators in
R3). We just merely update the analogous 3-D problem for obtaining the update of surface

function by using the complete standard cartesian operators on the grid for evaluating
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the right-hand-side. On the grid nodes, the function of the surface which is updated

is displayed. An interpolation step is performed on the basis of these nodal values for

obtaining the values of u at the requisite points of surface.

7.2.1 Numerical algorithm for solving PDEs

We presently have all the constituents that are required for constructing an adaptive

curvelet technique to solve PDEs on arbitrary manifolds. The algorithm for solving PDEs

on general manifolds as per the following

1.

2.

Discretize the PDE’s domain.

By using closest point method, discretize the Laplacian operator engaged with the

PDEs on general manifolds

. Assume the times t1,ty, - - - are chosen to refine the grid (Noted that the selection of

these times depends on the problem. If the solution of the problem changes rapidly,
then t;s should be selected more closely). Initiate with an initial condition, and by

using the time-integration method, we get the solution at the time ¢, i.e., u(t;).

Using the procedure explained in the previous section, we use u(t;) and the related

grid X* to achieve X147,
Compute the Laplacian-Beltrami operator by using closest point method on X* 4%,

Integrate with time-integration scheme, the obtained system of ordinary differential

eqns. in time to find the solution at t = t; + At.

. Again follow the step 6 until u(ts) is acquired. Go to step 4, after obtained wu(t).

7.3 Numerical results and discussions

Test problem I

Firstly, we examine the reaction-diffusion on the sphere

ou 9
5 = f(u,v) +vV-u,
% = g(u,v) + pV3o, (7.3.1)
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where f(u,v) = ¢(1 — u) — ww? and g(u,v) = —(c + d)v + wv®. For solving the reaction-
diffusion system on a sphere, the initial conditions ug=1-pert and vo= 0.5pert have been
considered where pert= 0.5exp(—10(z — 1)? + 0.5z). The parameters of Eqn. (7.3.1) are
c=0.054, d =0.063, v = m and p = £. In Fig. (7.1)(a) we have plotted the solution
(u) of Eqn. (7.3.1) at time ¢t = 100, Fig. (7.1)(b) displays its curvelet coefficients at finest
scale and Fig. (7.1)(c) shows its related adaptive grid. Fig. (7.2) shows the solution
(u) of Eqn. (7.3.1), its curvelet coefficients at finest scale and the related adaptive node
arrangement at time ¢ = 500. Fig. (7.3) and Fig. (7.4) represents the solution (v) of Eqn.
(7.3.1), its curvelet coefficients at finest scale and its related adaptive node arrangements
at distinct times t = 100 and ¢t = 1000 respectively. It is clear that COMS is capable of
tracking the development of banded structures across the whole sphere. This shows that
the developed approach is capable of capturing effectively and precisely the evolution of
multiscale localized structures that represents the nonlinear PDE solution. Table (7.1)
displays the CPU time variation with threshold. It has been noticed that © decreases
on decreasing the threshold value. The higher the © value, more efficient the adapted

algorithm is.

Table 7.1: The performance of COMS for reaction-diffusion equation on a sphere.

Threshold (e) N(e = 0)=289 CPU time taken | CPU time taken S)
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

€ into account) € into account)
0.07 676 1.899 0.4375 4.3405
0.03 841 2.976 1.345 2.212
0.009 961 3.142 1.846 1.7020
0.0009 1089 3.885 2.923 1.329

Test problem 11

In 1977, Schnakenberg [213] settled the basis for explaining the biological models developed
in the chemical or thermo-dynamic reaction system by dragging its state adequately far
from the thermo-dynamic equilibrium. The Schnakenberg phenomena is one of the numer-
ous different reaction models which display Turing patterns and is a hypothetical model

in some sense. Due to its simplicity it stands out from the others as a good prototype
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Figure 7.1: (a) The solution (u) for reaction-diffusion equation at time t=100 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

model. It has now been shown that this phenomenon occurs in chemistry and biology. In

this example, the simulated system is as:

% = 7(a—u+u*v) + Viu, (7.3.2)
% = ~(b—u*v) + vV, (7.3.3)

where v is the inhibitor and w is the activator. For perturbing the system afar from the

equilibrium, the initials at every point (x,y, z) on a surface are set as
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Figure 7.2: (a) The solution (u) for reaction-diffusion equation at time t=500 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

u(r,y,z) = b+a-+ Z sm (2mix) sin(2miy) sin(27miz)

5

1
v(z,y,2) = @ j e + z; 20; cos(2mix) cos(2miy) cos(2miz)

(2

In this calculation, the parameters are set freely accordingly the values used in [214]:
v =500, a = —0.048113, v = 120 and b = 1.202813. In Fig. (7.5)(a) we have plotted the
solution (u) of Schnakenberg system at time ¢ = 0.01, Fig. (7.5)(b) displays its curvelet
coefficients at finest scale and Fig. (7.5)(c) shows its corresponding adaptive grid. Fig.
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Figure 7.3: (a) The solution (v) for reaction-diffusion equation at time t=100 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

(7.6) represents the solution (u) of Eqn. (7.3.3), its curvelet coefficients at finest scale
and its related adaptive node arrangement at time ¢ = 0.05. Fig. (7.7) and Fig. (7.8)
represents the solution (v) of Eqn. (7.3.3), its curvelet coefficients at finest scale and its
related adaptive node arrangements at distinct times ¢ = 0.01 and ¢t = 0.07 respectively.
From these figures, we have found that near the singularity, the grid becomes denser. Table
(7.2) displays the values of © for distinct values of threshold. It has been seen that as ©

decreases on decreasing the value of e.
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Figure 7.4: (a) The solution (v) for reaction-diffusion equation at time t=1000 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

Test problem III

The FitzHugh-Nagumo model [215] is an excitable media generic model that can be appli-
cable for various systems. FitzHugh called the Bon Hoeffer-Van-der Pol as his simplified
model and conclude it as a simplified version of the Hodgkin-Huxley equations in the
1960s. It has been widely used because of its generality and quiet two variable shape.
The model can produce numerous subjective features of electrical impulses along heart
and nerve fibers, for example absolute and relative refractory periods, the occurence of an

excitation threshold and the formation of pulse trains by outer currents. The following
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Figure 7.5: (a) The solution (u) for Schnakenberg equation at time t=0.01 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

equations describe the model

ou

? = (m—u)(u—1)u—ov+vViu, (7.3.4)
5 = n(Bu — v). (7.3.5)

In this model, m serves as the excitation threshold, n means the excitability and u is the

excitation variable. The parameters considered for this model are n = 0.01, m = 0.1,
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Figure 7.6: (a) The solution (u) for Schnakenberg equation at time t=0.05 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

£ = 0.5 and v = 0.0001. The initials for this model are considered as

(1,0) ;2 >0,y >0,z>0,
(w,v) =4(0,1) ;2<0,y>0,2>0,
(0,0) ;otherwise.

Fig. (7.9) displays the solution w of Fitzhugh-Nagumo model on cylinder, its curvelet
coefficients plot at finest scale and its correspondingly adapted grid at time ¢ = 100. We
have also plotted the solution of the same model, its curvelet coefficients plot at finest

level and related adaptive node arrangement which is represented in the figure (7.10) at
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Figure 7.7: (a) The solution (v) for Schnakenberg equation at time t=0.01 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

time ¢ = 150. Table (7.3) displays the © values for distinct values of threshold. It has
been viewed that © decreases on decreasing the value of e. The higher the © value, more

efficient the adaptive method is.

7.4 Conclusion and Future scope

To solve PDEs on the general manifolds, we propose an adaptive curvelet technique. The
closest point method, the embedding approach, is utilized for tackling PDEs on general

manifolds. The method focuses on choosing the surface’s closest point representation.
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Figure 7.8: (a) The solution (v) for Schnakenberg equation at time t=0.07 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.

The representation provides adaptability to treat non-orientated surfaces, open surfaces,
two or higher co-dimensional objects and set of objects with different co-dimension. In
addition, for adapting the node arrangement curvelet has been used. The convergence
and efficiency of the developed technique has been checked. To best of our insight, this
is the first time to exploit the advantageous features of curvelet for solving PDEs on an
adaptive node framework on the general manifolds. The outcomes show that the curvelet
and computational grid can very proficiently adapt to the solution’s local irregularities for

resolving the sharp transition areas.

In the future, we will adopt our method for solving industrial and academic problems

that can not be easily deal with using traditional mesh-based techniques. For instance,
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Table 7.2: The performance of COMS for Schnakenberg system on an ellipsoid.

Threshold () N(e = 0)=289 CPU time taken | CPU time taken S)
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

€ into account) € into account)
0.5 625 4.2562 0.812 5.241
0.1 729 5.483 1.762 3.1118
0.01 1024 8.567 2.998 2.857
0.009 1296 10.234 4.9878 2.0510

Table 7.3: The performance of COMS for Fitzhugh-Nagumo equations on a cylinder.

Threshold (¢) | N(e =0)=1764 | CPU time taken | CPU time taken S)
N(e) (in seconds) (in seconds)

(When we take (e=0) (When we take

€ into account) € into account)
0.9 2116 16.423 2.895 5.673
0.1 2601 18.212 3.854 4.725
0.01 3025 20.68 4.987 4.146
0.05 3249 25.824 6.998 3.6901

simulating production processes such as extrusion and modeling, where extremely large
mesh deformations need to be addressed. We will further use this technique to model

turbulence. It is also interesting to study flows on more generic objects or more general

flows.
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Figure 7.9: (a) The solution (u) for Fitzhugh-Nagumo equation at time t=100 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.
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Figure 7.10: (a) The solution (u) for Fitzhugh-Nagumo equation at time t=150 (b)
Coefficients plot at finest scale and (c) its corresponding adaptive grid.
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Conclusion and Future Scope

Conclusion

In this thesis, wavelet and its variants based fast adaptive methods have been developed
for numerically solving PDEs. Daubechies wavelet, second generation wavelet, spectral
graph wavelet (SPGW) and curvelet are used for this purpose. Curvelet is already used
in various areas of engineering, but to best of our knowledge it has very thin visibility in
the field of PDEs. We have made an attempt to exploit useful properties of curvelets for

numerical solutions of PDEs.

We started with Daubechies and second-generation wavelet. Daubechies wavelet have
been widely used for numerically solving PDEs, but we have used Daubechies wavelet for
solving real life problems i.e., traffic flow problems. Furthermore, we developed a Matlab
toolbox which contains the routines for the second generation wavelet transform and inverse
wavelet transform on the space Ly([a,b]). These wavelet transforms are further used for
computing the wavelet and scaling function values (¢(z) and ¢(x) respectively). After
this we have used this developed toolbox to numerically solve the Burger’s equation with
distinct boundaries. Furthermore, SPGW has also been used for numerically computing
the solution of the Burger’s equation with different boundaries as our aim was to tackle
PDEs with different boundaries.

To be able to solve PDEs with solution having orientation features, we shifted to curvelet.
We developed fast, adaptive methods based on curvelet for numerical solutions of PDEs.
These methods use finite difference (on the Euclidean domains) or Radial basis functions
(on the sphere) or closest point method (on general manifolds) for space discretization and
some suitable method (e.g., Crank-Nicolson) for time discretization of a given PDE. The
curvelet is used for the compression of the differential operators involved in the PDE’s
numerical solution and for adaptivity. Following are the characteristics of the above devel-

oped methods:

e For compression of the differential operators and hence for rapid computing the

powers of the matrices associated with the PDE’s numerical solution.
e Methods are used for adaptivity and hence for refining the grid.

The proposed methods are tested on a large number of test problems. Numerical results

show that the developed methods can precisely capture the development of the localized
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patterns on all the scales and the arrangement of nodes are adapted accordingly. The
CPU time analysis of the methods reveals that the methods are efficient as compared to
the traditional methods.

Future directions

e We have used second-generation wavelet, SPGW and curvelet in the sense of adap-
tivity. Curvelet has also been used for compression of the operators. The use of
these wavelets in collocation and Galerkin sense [13,216] for solving PDEs can be an
interesting and useful contribution to the field of wavelet-based numerical techniques
for solving PDEs. For this, one has to design an algorithm for computing the values
of the derivatives of scaling and wavelet functions as exists in the case of Daubechies

wavelet.

e One of the important fields in computational biology is to represent and analyze
signals given on a biological surface. For example the cortical thickness which is the
distance between the outer and the inner cortical surfaces, is very important indicator
for the development of the brain and the disorders in the brain. Comparison of these
signals from the body of a sick person with the signals from the body of a healthy
person can help in early detection of the disease. Fourier transform and Gabor

transforms are used to represent and analyse these signals [217,218].

Wavelets are also widely used for this purpose. For example second generation
wavelets are used for cortical surface shape analysis in [219] and Haar and Daubechies
wavelets are used for active shape models in [220]. Recently Nain and Haker used
spherical wavelets to analyse biological shapes in [221-223]. The common technique
is to map the original shape onto the unit sphere using some conformal mapping and
then use the spherical wavelet transform on the unit sphere for the representation
and analysis of signals. Since both the SPGW and curvelet can be constructed on
arbitrary shaped manifolds, the cost of mapping the original shape onto the unit

sphere can be saved.

e Our results can be used to solve academic and industrial problems that can not
be treated effectively by using traditional mesh based techniques. For instance,
simulation of production procedures, for example, molding and extrusion, where

immensely large deformation of the mesh need to be addressed [224].

e Wavelet techniques are a comparatively new field of research in computational fluid
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dynamics (CFD). MRA-based methods have been studied intensively within the
framework of compressible Euler equation [83,84] whereas the use of the wavelets for
simulating and modeling the turbulent flows is comparatively a new field of study.
In the review article [150], a summary of wavelet methods is well summarized. The
use of curvelet and SPGW for turbulence modeling and simulations is a challenging

and useful area.

Space-time wavelet methods where the wavelet is used both for the spatial adapta-
tion and time-stepping adaptation is ideal for the problems which are concurrently
intermittent in both time and space. Many space time wavelet methods have been
developed [138-140]. We propose the use of curvelet and SPGW for time-step adap-

tivity as a future direction.
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Appendix

List of Matlab Programs for Chapter 2
1. Split.m (dependency: none).

The function Split.m performs the lazy wavelet transform and separates the even
and odd entries of the vector u with suitable multiplication of constants. The calling

command for this function is
>>[ lambda, gamma, lambda_index, gamma_index ] = Split( u , index)

where u is the vector on which the lazy wavelet transform is to be performed, index
is the corresponding vector of indices, lambda and lambda_index are the vectors
containing the odd entries and the corresponding indices respectively, gamma and
gamma_index are the vectors containing the even entries and the corresponding in-

dices respectively. The implementation goes as follows:

length_u= length(u);
if mod(length_u,2)==0
lambda= zeros(1,length_u/2);
lambda_index=zeros(1l,length_u/2);
gamma=zeros (1,length_u/2);
gamma_index=zeros(1,length_u/2);
else
lambda=zeros (1, (length_u+1)/2);
lambda_index=zeros(1, (length_u+1)/2);
gamma=zeros (1, (length_u-1)/2);
gamma_index=zeros (1, (length_u-1)/2);
end
for i=1l:length_u
if mod(i,2)==0
gamma (1,i/2)=u(i);
gamma_index(1,i/2)=index(i);
else
lambda(1, (i+1)/2)=u(i);
lambda_index (1, (i+1)/2)=index(i);

end
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end
lambda=(1/sqrt(2))*lambda;

gamma=sqrt (2) *gamma ;

2. Neville_algo.m (dependency: none).

The function Neville_algo.m implements the Neville’s algorithm for interpolation.

The main commands are:

[yi]l = Neville_algo(x, y, xi)
n = length(x);
for k = 1:length(xi)
xd = [];
for i = 1:n
xd(1) = abs(x(i) - xi(k));

end

[xds,i] = sort(xd);

x = x(1);
y = y@);

= zeros(n,n);
P(:,1) = y(:);

for i = 1:n-1
for j = 1:(n-1)
P(j,i+1) = ((xi(k)-x(3))*P(j+1,i) +
(x(j+1)-xi(k))*P(j,1))/ (x(G+1)-x(j));
end
end
yi(k) = P(1,n);

end

3. Prediction_coefficients_interval.m (dependency: Neville_algo.m).

This function computes the prediction coefficients for the second generation wavelets.
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The calling command for this function is

>>coeff=Prediction_coefficients_interval (N)

where N is an even number denoting the number of dual vanishing moments and
coeff gives the prediction coefficients. The main commands used in this function

are the following:

m=N+1;
Prediction_coefficients=zeros(m,N);
k1=0:N-1;
k2=-0.5:N-0.5;
for i=1:N
tmpl=zeros(1,N);
tmpl(i)=1;
for j=1:m
[yi, ypi, P, D] = Neville_algo(kl, tmpl,k2(j));
Prediction_coefficients(j,i)=yi;
end

end

. Contribution.m (dependency: Prediction_coefficients_interval.m).

This function computes the matrix containing the information about the indicies
of the lambdas which are used to predict gammas and the matrix containing the
amount by which the lambdas have predicted gammas. The calling command for

this function is

>>[Contri_count, Contri_amount]= Contribution(length_lambda_input,N)

where N is an even number denoting the number of dual vanishing moments, length_la
mbda_input is the length of lambdas at a particular level, Contri_count gives the
matrix containing the information about the indicies of the lambdas which are used
to predict gammas, Contri_amount gives the matrix containing the amount by which
the lambdas have predicted gammas. The main commands used in this function are

the following:

Prediction_coefficients_matrix=Prediction_coefficients_interval (N);

if mod(length_lambda_input,2)==0
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L_tmp=length_lambda_input;
else
L_tmp=length_lambda_input-1;
end
Contri_count =zeros(L_tmp/2,N);
Contri_amount=zeros(L_tmp/2,N);
Case_number=zeros(L_tmp/2,1);
for tmp6=2:2:L_tmp
if ((tmp6-(N-1))>=1 && (tmp6+(N-1))<=length_lambda_input)
Case_number (tmp6/2,1)=N/2;
end
end
tmp7=find(Case_number) ;
tmp8=tmp7 (1) ;
tmp9=tmp7 (end) ;
for tmpl10=1:tmp8-1
Case_number (tmp10,1)=tmp10;
end
for tmpl1l=tmp9+1:L_tmp/2
Case_number (tmpl1,1)=N/2+tmpl1-tmp9;
end
for tmpl2=1:N
for tmp13=2:2:L_tmp
if (Case_number (tmp13/2,1)==tmp12)
for tmpl4=1:tmpl2
Contri_count (tmp13/2,tmpl14)=tmpl13-(2*tmpl2-1)+
2% (tmp14-1);
end
for tmp15=1:N-tmpl2
Contri_count (tmp13/2,tmpl2+tmpl5)=tmp13+2*tmp15-1;
end
end
end
end
for tmpl16=1:N
for tmpl7=2:2:L_tmp
if (Case_number(tmpl7/2,1)==tmpl6)
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Contri_amount (tmpl7/2,:)=Prediction_coefficients
_matrix(tmpl6+1,:);
end
end

end

5. Update_coefficients_interval.m (dependency: Prediction_coefficients

_interval.m).

The function Update_coefficients_interval.m computes the update coefficients
for the second generation wavelets on intervals. The calling command for this func-
tion is

>>[Coeff_matrix, Update_moments, Contri_count, Contri_amount] =

Update_coefficients_interval(L, Ini_mom, N, tN)

where L is the length of the original signal, N is number of dual vanishing moments, tN
is number of primal vanishing moments, Ini_mom gives a matrix of initial moments,
Coeff_matrix gives a matrix containing update coefficients corresponding to gamma,
Update_moments gives a matrix containing updated moments, Contri_count gives
the matrix containing the information about the indicies of the lambdas which are
used to predict gammas and Contri_amount gives the matrix containing the amount

by which the lambdas have predicted gammas. The implementation goes as follows:

L=input (’Enter the length of the signal.’);
N=input (’Enter the number of dual vanishing moments.’);
tN=input (’Enter the number of primal vanishing moments.’);
depth=input (’Enter the depth for wavelet transform.’);
Coeff_Assi=zeros(depth+1,L);
Coeff_Assi(1,:)=1;
for tmpl=1:L
if mod(tmpl,2)==
Coeff_Assi(2,tmpl)=1;
else
Coeff_Assi(2,tmpl)=2;
end

end
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Ini_
Ini_

for

end

mom=zeros (tN,L) ;

mom(1,:)=1;

tmp2=2:tN
Ini_mom(tmp2,:)=(1:1L)." (tmp2-1);

if mod(L,2)==0

else

end
Cont
Cont

L_tmp=L;

L_tmp=L-1;

ri_count =zeros(L_tmp/2,N);
ri_amount=zeros(L_tmp/2,N);
Case_number=zeros(L_tmp/2,1);
for tmp6=2:2:L_tmp

if ((tmp6-(N-1))>=1 && (tmp6+(N-1))<=L)

Case_number (tmp6/2,1)=N/2;

end
end
tmp7=find (Case_number) ;
tmp8=tmp7 (1) ;
tmp9=tmp7 (end) ;
for tmpl10=1:tmp8-1

Case_number (tmp10,1)=tmp10;
end
for tmpll=tmp9+1:L_tmp/2

Case_number (tmpl11,1)=N/2+tmp11-tmp9;
end
for tmpl2=1:N

for tmp13=2:2:L_tmp

if (Case_number (tmp13/2,1)==tmp12)
for tmpl4=1:tmpl2
Contri_count (tmp13/2,tmpl14)=tmpl13-(2*tmpl2-1)+
2% (tmp14-1);
end

for tmpl15=1:N-tmpl2

Contri_count (tmp13/2,tmpl2+tmpl5)=tmp13+2*tmp15-1;
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end
end
end

end

Prediction_coefficients_matrix=Prediction_coefficients_interval(N);
for tmpl6=1:N
for tmpl7=2:2:L_tmp
if (Case_number (tmpl7/2,1)==tmpl6)
Contri_amount (tmp17/2,:)=Prediction_coefficients
_matrix(tmpl6+1,:);
end
end

end

if mod(L,2)==0
L_tmpl=L-1;
else
L_tmpl=L;
end
for tmp18=1:2:L_tmpl
[tmp19_row, tmpl9_col] =find(Contri_count==tmpl8);
gamma_effected=2*tmpl19_row;
length_gamma_effected=length(gamma_effected) ;
for tmp20=1:tN
for tmp21=1:length_gamma_effected
Ini_mom(tmp20,tmp18)=Ini_mom(tmp20,tmpl8)+
Contri_amount (tmp19_row(tmp21),
tmp19_col(tmp21))*Ini_mom(tmp20, gamma_effected(tmp21));
end
end

end

Coeff_matrix=zeros(L_tmp/2,N);
for tmp21=2:2:L_tmp
Left_matrix=zeros(tN,N);

right_vec=zeros(tN,1);
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for tmp22=1:tN

for tmp23=1:N
Left_matrix(tmp22,tmp23)=Ini_mom(tmp22,Contri_count (tmp21/2,tmp23));
end

right_vec(tmp22)=Ini_mom(tmp22,tmp21) ;

end

tmp23=Left_matrix\right_vec;

Coeff_matrix(tmp21/2,:)=tmp23’;

end

. Wavelet_transform.m (dependency: Split.m, Prediction_coefficients_interval.m,

Update_coefficients_interval.m).

The function Wavelet_transform.m performs the second generation wavelet trans-

form on the interval. The calling command for this function is

>>[C, L, Wavelet_transform_matrix, Wavelet_transform_index] =

Wavelet_transform(f, N, tN, depth, index)

where f is the function on which wavelet transform is performed, index is the corre-
sponding vector of indices, N is an even number denoting the number of dual vanishing
moments, tN is an even number denoting the number of primal vanishing moments,
depth determines the numbers of levels upto which the wavelet transform has to be

performed. The main commands used in this function are the following:

length_f=length(f);
Prediction_coefficients_matrix=Prediction_coefficients_interval (N);
max_NtN=max (N, tN) ;
max_depth_possible=floor(log2((length_f-1)/(max_NtN-1)));
if depth>max_depth_possible

error (’Maximum depth possible is %f’,max_depth_possible );
end
Wavelet_transform_matrix=zeros(depth+l,length_f);
Wavelet_transform_index=zeros(depth+1,length_f);
Wavelet_transform_matrix(1l,:)=f;
Wavelet_transform_index(1,:)=index;
lambda_input=f;

index_input=index;
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Ini_mom=zeros(tN,length_f);
Ini_mom(1,:)=1;
for tmp2=2:tN
Ini_mom(tmp2, :)=index.” (tmp2-1);
end
for j=1:depth
[ lambda_tmp, gamma_tmp, lambda_index_tmp, gamma_index_tmp ] =
Split( lambda_input , index_input);
length_lambda_input=length(lambda_input);
if mod(length_lambda_input,2)==0
L_tmp=length_lambda_input;
else
L_tmp=length_lambda_input-1;
end
Contri_count =zeros(L_tmp/2,N);
Contri_amount=zeros(L_tmp/2,N);
Case_number=zeros(L_tmp/2,1);
for tmp6=2:2:L_tmp
if ((tmp6-(N-1))>=1 && (tmp6+(N-1))<=L_tmp)
Case_number (tmp6/2,1)=N/2;
end
end
tmp7=find(Case_number) ;
tmp8=tmp7 (1) ;
tmp9=tmp7 (end) ;
for tmpl10=1:tmp8-1
Case_number (tmp10,1)=tmp10;
end
for tmpl1l=tmp9+1:L_tmp/2
Case_number (tmpl11,1)=N/2+tmpl1-tmp9;
end
for tmpl2=1:N
for tmp13=2:2:L_tmp
if (Case_number (tmp13/2,1)==tmp12)
for tmpl4=1:tmpl2
Contri_count (tmp13/2,tmpl14)=tmpl13-(2*tmpl2-1)+
2% (tmp14-1);
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end
for tmp15=1:N-tmpl2
Contri_count (tmp13/2,tmpl12+tmpl5)=tmp13+2*tmpl5-1;
end
end
end
end
for tmpl6=1:N
for tmpl17=2:2:L_tmp
if (Case_number (tmpl7/2,1)==tmpl6)
Contri_amount (tmpl7/2,:)=Prediction_coefficients
_matrix(tmpl6+1,:);
end
end
end
gamma_tmp_length=1length(gamma_tmp) ;
for tmpl18=1:gamma_tmp_length
for tmpl19=1:N
gamma_tmp (tmp18)=gamma_tmp (tmp18)-Contri_amount (tmp18,tmp19) *
lambda_tmp((Contri_count (tmpl8,tmpl19)+1)/2);
end
end
[Coeff_matrix, Update_moments] =
Update_coefficients_intervall(length_lambda_input, Ini_mom, N,tN);
lambda_tmp_length=length(lambda_tmp) ;
for tmp20=1:lambda_tmp_length
tmp20_to_original=2*tmp20-1;
[tmp20_row, tmp20_col]l=find(Contri_count==tmp20_to_original);
for tmp21=1:length(tmp20_row)
lambda_tmp (tmp20)=lambda_tmp (tmp20)+
Coeff_matrix(tmp20_row(tmp21),
tmp20_col (tmp21) ) *gamma_tmp (tmp20_row (tmp21)) ;
end
end
Wavelet_transform_matrix(j+1,1:1length(lambda_tmp))=1lambda_tmp;
Wavelet_transform_matrix(j+1,length(lambda_tmp)+

1:1length(lambda_input))=gamma_tmp;
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Wavelet_transform_index(j+1,1:length(lambda_tmp))=lambda_index_tmp;
Wavelet_transform_index(j+1,length(lambda_tmp)+1:length(lambda_input))=
gamma_index_tmp;
lambda_input=lambda_tmp;
index_input=lambda_index_tmp;
Ini_mom=zeros(tN, length(lambda_tmp));
for tmp22=1:length(lambda_tmp)
Ini_mom(:,tmp22)=Update_moments(:,2xtmp22-1);
end
end

end

. Wavelet_transform_inverse.m (dependency: Contribution.m,

Update_coefficients_interval.m).

The function Wavelet_transform_inverse.m performs the inverse second genera-

tion wavelet transform on the interval. The calling command for this function is

>>[f]=Wavelet_transform_inverse(Wavelet_transform_matrix,Wavelet_transfo

rm_index, N,tN)

where Wavelet_transform_matrix, Wavelet_transform_index are the outputs of
Wavelet transform.m, N is an even number denoting the number of dual vanishing
moments, tN is an even number denoting the number of primal vanishing moments
and f is the reconstructed function. The main commands used in this function are

the following;:

depth=size(Wavelet_transform_matrix,1)-1;
length_f=size(Wavelet_transform_matrix,2);
index=1:length_f;
dk=floor ((length(nonzeros(Wavelet_transform_matrix(depth+1,:)))+1)/2);
dki=length(nonzeros(Wavelet_transform_matrix(depth+1,:)));
lambda_tmp=Wavelet_transform_matrix(depth+1,1:dk);
for tmp24=dk+1:dkl

gamma_tmp (tmp24-dk)=Wavelet_transform_matrix(depth+1,tmp24) ;
end
[D1, D]= Contribution(length(nonzeros(Wavelet_transform
_index(depth+1,:))),N);
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Moments=cell(depth,1);
Contribution_A=cell(depth,1);
Contribution_C=cell(depth,1);
Ini_mom=zeros(tN,length_f);
Ini_mom(1,:)=1;
for tmp2=2:tN
Ini_mom(tmp2, :)=index.” (tmp2-1);
end
Moments{1,1}=Ini_mom;
for tmp=2:depth
tmpl=length(nonzeros(Wavelet_transform_index(tmp,:)));
[Coeff_matrix, Update_moments,Contri_count, Contri_amount] =
Update_coefficients_interval (tmpl, Ini_mom, N,tN);
Ini_mom=zeros(tN, length(nonzeros(Wavelet_transform_index(tmp+1,:))));
for tmp22=1:length(nonzeros(Wavelet_transform_index(tmp+1,:)))
Ini_mom(:,tmp22)=Update_moments(:,2*xtmp22-1);
end
Moments{tmp,1}=Ini_mom;
Contribution_A{tmp,1}=Contri_amount;
Contribution_C{tmp,1}=Contri_count;
end
for tmp=depth+1:-1:2
[Coeff_matrix, Update_moments,Contri_count, Contri_amount]=
Update_coefficients_interval (length(nonzeros(Wavelet_transfo
rm_index (tmp,:))),
Moments{tmp-1,1}, N,tN);
lambda_tmp_length=length(lambda_tmp) ;
for tmp20=1:lambda_tmp_length
tmp20_to_original=2*tmp20-1;
[tmp20_row, tmp20_col]=find(Contri_count==tmp20_to_original);
for tmp21=1:length(tmp20_row)
lambda_tmp (tmp20)=lambda_tmp (tmp20) -
Coeff_matrix(tmp20_row(tmp21) ,tmp20_col(tmp21))*gamma_tmp
(tmp20_row(tmp21)) ;
end
end

gamma_tmp_length=1length(gamma_tmp) ;
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for tmpl8=1:gamma_tmp_length
for tmpl19=1:N
gamma_tmp (tmp18)=gamma_tmp (tmp18)+
D(tmp18,tmp19)*lambda_tmp((D1(tmpl8,tmpl9)+1)/2);
end

end
lambda_tmp=sqrt(2)*lambda_tmp;
gamma_tmp=(1/sqrt(2))*gamma_tmp;
for i=2:2:2%length(gamma_tmp)

tmpd (i) =gamma_tmp (i/2) ;
end
for i=1:2:2xlength(lambda_tmp)-1

tmpd (i)=lambda_tmp ((i+1)/2);
end
lambda_tmp=tmpd;
dk=floor ((length(nonzeros(Wavelet_transform_matrix
(tmp-1,:)))+1)/2);
dkil=length(nonzeros(Wavelet_transform_matrix(tmp-1,:)));

for tmp24=dk+1:dkl

gamma_tmp (tmp24-dk)=Wavelet_transform_matrix(tmp-1,tmp24) ;

end
[D1, D]= Contribution(length(nonzeros(Wavelet_transform
_index (tmp-1,:))),N);

8. Reconstruction.m (dependency: Wavelet_transform.m, Wavelet_transform

_inverse.m).

The function Reconstruction.m gives the error when the function f is reconstructed
using second generation wavelet transform. It also plots the original given function f
in blue and the reconstructed function in red. The calling command for this function

is
>>[error]=Reconstruction(x,f,N,tN,depth)
where x is the grid, f is the function value, N is an even number denoting the number

of dual vanishing moments, tN is an even number denoting the number of primal

vanishing moments, depth determines the levels upto which the wavelet transform
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is to be performed and error gives the reconstruction error. The main commands

used in this function are the following:

index=1:1length(x);

[C,L,Wavelet_transform_matrix, Wavelet_transform_index] =
Wavelet_transform(f,N,tN,depth,index);
[f_reconstructed]=Wavelet_transform_inverse(Wavelet_transform_matrix,
Wavelet_transform_index,N,tN);
error=norm(f-f_reconstructed) ;

figure;

plot(x,f,’LineWidth’,3);

hold on;

plot(x,f_reconstructed,’ro’);

legend(’original function’,’reconstructed function’)

grid on;

. AdaptiveGrid_SGW_modified.m (dependency: Wavelet_transform.m ).

The function AdaptiveGrid_SGW_modified.m constructs an adaptive grid in 1D for
second generation wavelet by using the modified adaptation technique. The calling

command for this function is

>>[xc] = AdaptiveGrid_SGW_modified(x,u,n,epsilon,N1,tN,depth)

where u is the function value, x is the initial grid, n denotes the number of points
to be inserted, epsilon is threshold value, N1 is number of dual vanishing moments,
tN is number of primal vanishing moments, depth gives the levels upto which the
wavelet transform is to be performed and xc is new grid. The main commands used

in this function are the following;:

N=length(x);
index=1:1length(x);
[C,L,Wavelet_transform_matrix, Wavelet_transform_index] =
Wavelet_transform(u,N1,tN,depth,index);
d=zeros(size(x));
1x=length(x);
for tmpl=1:depth
for i=ceil(1x/2)+1:1x
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d(Wavelet_transform_index(tmpl+1,i))=Wavelet_transform
_matrix(tmpl+1,i);
end
1x=ceil(1x/2);
end
XC=X;
for i=1:N
if abs(d(i))>=epsilon;
len_int= (x(i)-x(i-1))/2;
dis= len_int/(n+1);
a= zeros(1,2x*n);
for j=1:n
a(j)=x(i)-(j-(n+1))*dis;
end
for j=n+1:2*n
a(j)=x(1)-(j-n)*dis;
end
al=setdiff(a,x);
size(xc)
size(al)
xc=[xc; al’]l;
end
end
if abs(d(N))>=epsilon;
len_int= (x(N)-x(N-1))/2;
dis= len_int/(n+1);
a= zeros(l,n);
for j=1:n
a(j)=x(N)-(j)=dis;
end
al=setdiff(a,x);
xc=[xc; al’]l;
end
xc=sort (xc) ;
points = zeros(size(xc));
figure;

plot(x,u,xc,points,’or’,’linewidth’,2);
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10. AdaptiveGrid_SGW_standard.m (dependency: Wavelet_transform.m ).

The function AdaptiveGrid_SGW_standard.m constructs an adaptive grid for a func-
tion by using the standard adaptation technique. The calling command for this

function is

>>[x_new]=AdaptiveGrid_SGW_standard(x,u,epsilon,N1,tN,depth)

where u is the function value, x is the initial grid, epsilon is threshold value, N1
is number of dual vanishing moments, tN is number of primal vanishing moments,
depth gives the levels upto which the wavelet transform is to be performed and x_new

is new grid. The main commands used in this function are the following:

N= length(x);
index=1:1length(x);
[C,L,Wavelet_transform_matrix, Wavelet_transform_index] =
Wavelet_transform(u,N1,tN,depth,index);
d=zeros(size(x));
1x=length(x);
for tmpl=1:depth
for i=ceil(1x/2)+1:1x
d(Wavelet_transform_index(tmpl+1l,i))=Wavelet_transform
_matrix(tmpl+1,i);
end
1x=ceil(1x/2);
end
y= zeros(1,N);
for i=1:N
if (abs(d(i))>=epsilon)
y(i)=1;
end
end
x_new=[x(1)];
for i=2:length(x)-1
if y(i)==
x_new=[x_new;x(i)];
end

end
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x_new=[x_new;x(end)];
points = zeros(size(x_new));
figure;

plot(x,u,x_new,points,’or’,’linewidth’,2);

11.

Reconstruction_testing.m (dependeney: Wavelet_transform.m, Wavelet_transform_

inverse.m).

The function Reconstruction_testing.m tests the reconstruction error for the sec-
ond generation wavelet. It gives the error when the function f is reconstructed using
second generation wavelet transform. It also plots the original given function f in

blue and the reconstructed function in red. The calling command for this function is

>>[err]=Reconstruction_testing(num)

where num takes the values 1, 2 and 3. num=1 means the testing is done for sawtooth
function, num=2 means the testing is done for sine function with a discontinuity,
num=3 means the testing is done for f(z) = —tanh((x + x0)/(2 * nu)) + exp(—642 *
(z — 20).2);20 = 1/3;nu = 1073 and err gives the reconstruction error. The main

commands used in this function are the following:

N=2;
tN=2;
depth=5;
if num==1
x=linspace(0,1,100);
u=zeros(size(x));
for i=1:length(x)
if (x(i)<0.8)
u(i)=x(i);
else
u(i)=x(i)-1;
end
end
[err]=Reconstruction(x,u,N,tN,depth);
elseif num==
x=linspace(0,1,100);

u=zeros(size(x));
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for i=1:length(x)
u(i)=sin(2*pi*x(i))+exp(-107"4*(x(i)-0.5)"2);
end
[err]=Reconstruction(x,u,N,tN,depth);
elseif num==
x=linspace(0,1,100);
u=zeros(size(x));
x0=1/3;
nu=10"-3;
for i=1:length(x)
u(i)=-tanh((x(i)+x0)/(2*nu))+exp(-64"2x(x(i)-x0)."2);
end
[err]=Reconstruction(x,u,N,tN,depth);
else
error (’permissible values of num are 1,2 and 3’ );

end

12.

AdaptiveGrid_modified_testing.m (dependency: Wavelet_transform.m ).

The function AdaptiveGrid_modified_testing.m plots the given function f and the
corresponding adaptive grid using modified adaptation technique. The implementa-

tion goes as follows:

N1=2;
tN=2;
depth=2;
n=2;
if num==1
x=linspace(0,1,70)’;
u=zeros (size(x));
epsilon=0.7;
for i=1:length(x)
if (x(i)<0.8)
u(i)=x(i);
else
u(i)=x(i)-1;
end

end
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[xc] = AdaptiveGrid_SGW_modified(x,u,n,epsilon,N1,tN,depth);
elseif num==
x=linspace(0,1,70)’;
u=zeros(size(x));
epsilon=0.7;
for i=1:length(x)
u(i)=sin(2*pi*x(i))+exp(-1074*(x(i)-0.5)"2);
end
[xc] = AdaptiveGrid_SGW_modified(x,u,n,epsilon,N1,tN,depth);
elseif num==
x=linspace(-1,1,70)’;
u=zeros(size(x));
epsilon=0.9;
x0=1/3;
nu=10"-3;
for i=1:length(x)
u(i)=-tanh((x(i)+x0)/(2*nu))+exp(-64"2x(x(i)-x0)."2);
end
[xc] = AdaptiveGrid_SGW_modified(x,u,n,epsilon,N1,tN,depth);
ylim([-2,2]);
else
error (’permissible values of num are 1,2 and 3’ );

end

13.

AdaptiveGrid_standard_testing.m (dependency: Wavelet_transform.m ).

The function AdaptiveGrid_SGW_standard.m plots the given function f and the cor-
responding adaptive grid using standard adaptation technique. The implementation

goes as follows:

N1=2;

tN=2;

depth=2;

if num==1
x=linspace(0,1,100)’;
u=zeros(size(x));

epsilon=0.2;
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for i=1:length(x)
if (x(i)<0.8)
u(i)=x(i);
else
u(i)=x(i)-1;
end
end
[x_new] = AdaptiveGrid_SGW_standard(x,u,epsilon,N1,tN,depth);
elseif num==
x=1linspace(0,1,100)’;
u=zeros(size(x));
epsilon=0.7;
for i=1:length(x)
u(i)=sin(2*pi*x(i))+exp(-1074*(x(i)-0.5)"2);
end
[x_new] = AdaptiveGrid_SGW_standard(x,u,epsilon,N1,tN,depth);
elseif num==
x=linspace(-1,1,100)’;
u=zeros(size(x));
epsilon=0.75;
x0=1/3;
nu=10"-3;
for i=1:length(x)
u(i)=-tanh((x(i)+x0)/(2*nu))+exp(-64"2*x(x(i)-x0)."2);
end
[x_new] = AdaptiveGrid_SGW_standard(x,u,epsilon,N1,tN,depth);
ylim([-2,2]);
else
error (’permissible values of num are 1,2 and 3’ );

end
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