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ABSTRACT

The present work deals with the study of collective flow and nuclear stopping for mass

symmetric and asymmetric colliding nuclei in heavy-ion collisions. The simulations are car-

ried out by using Isospin-dependent Quantum Molecular Dynamics (IQMD) model. The

role of mass asymmetry on collective flow and nuclear stopping is studied in detail. The nu-

clear stopping associated with various fragments is also studied. The correlation of nuclear

stopping with directed and elliptical flow is also established.

The present thesis is divided into following five chapters.

Chapter 1 presents the general introduction of heavy-ion collisions in mass symmet-

ric and asymmetric reactions. The various observables and their correlation with nuclear

equation of state have been discussed. It also presents the status of the available theoretical

and experimental attempts made to understand the collective flow, nuclear stopping and

correlations between them.

Chapter 2 gives the details of various theoretical models used in literature to study

the heavy-ion collisions. This chapter include detailed explanation of the isospin dependent

Quantum Molecular Dynamics model used to study the heavy-ion collisions. Primary model

produce the phase space of the nucleons. The secondary model namely minimum spanning

tree (MST) method used to analyze the phase space of nucleons generated by the primary

models is also discussed.

In Chapter 3, the role of isospin degree of freedom in heavy-ion collisions through

the transverse momentum (pt), isospin content ratio and system mass dependence of pt-

differential transverse flow is discussed. The results are discussed for the symmetric sys-

tems. The pt-differential transverse flow is highly sensitive towards the symmetry energy

and its density dependence. The pt-differential transverse flow dependence is found to be

more sensitive towards the symmetry energy and its density dependence compared to the

1



energy of vanishing flow. The effect of density dependent symmetry energy under different

rapidity bins are discussed and compared the theoretical calculations with the experimental

data of FOPI collaboration.

Chapter 4, author has studied the effect of mass asymmetry on nuclear stopping ⟨R⟩

by keeping the total mass fixed. A reasonable significance has found in fragments stopping

over the nucleons stopping by comparing the theoretical results with experimental data of

INDRA collaboration for nearly symmetric reactions. Correlations between directed trans-

verse flow ⟨P dir
x ⟩ and nuclear stopping ⟨R⟩ for mass asymmetric reactions have been studied.

The study reveals that at high incident energy, correlation between the directed transverse

flow and nuclear stopping follows a linear behavior, while at low incident energy, it follows

a parabolic behavior. The positive value of elliptical flow signifies the in-plane particles

emission, whereas negative value signifies the out-of-plane particles emission. Author has

also studied the behavior of nuclear stopping for different fragments in out-of-plane and in-

plane emitted particles by studying the nuclear stopping at and around the transition energy.

Finally, the results along with an outlook is summarized in Chapter 5.

2



Chapter 1

Introduction

1.1 Introduction of nuclear physics

It was assumed by John Dalton that atoms were the smallest part of any element [1]. But

Rutherford scattering experiment in 1906 proved that 99.9% mass of an atom is contained

in a nucleus [2]. The science of nuclear physics is associated with the properties of nuclear

matter that makes up massive center of atoms, which accounts for 99.95% of the matter.

Nuclear physics deals with the structure of nucleons, interactions among the nucleons and

nucleon-nucleon scattering. Apart from basic research, it has remarkable contributions in

the field of nuclear medicine [3], energy production [4], agriculture [5] and medical diagnosis

[6].

The most challenging question in nuclear physics is to address the behavior of nuclear

matter at extreme situations [7]. In early fifties of last century, due to the availability of

light ions/particles accelerators, one can only studied the fission or fussion like processes

by shooting the light ions/particles on heavy nuclei [8]. At low energy, one can study the

nuclear interactions, cluster radioactivity, fusion-fission, formation of halo nuclei and ra-

dioactive heavy nuclei [9] etc. At low energies the reaction cross-section comprise of three

categories i.e. deep inelastic scattering, fusion-fission and fussion evaporation [8]. The re-

action dynamics are mainly governed by projectile-target combination, bombarding energy

as well as by angular momentum of colliding nuclei. In due course of time, due to advanced

technological development, one is able to accelerate heavy ions (A ≥ 4) with colliding en-

ergies comparable to their mass. Thus a new branch of nuclear physics came into existence

termed as intermediate energy heavy ion physics [10, 11, 12].

The intermediate energy heavy ion collisions (HICs) are proved to be a excellent tool to
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explore the complex nuclear interactions inside the highly dense and hot compressed nuclear

matter having density 3-4 times the normal nuclear matter density (0.15-0.17 fm−3). The

behavior of nuclear matter at different densities and temperature can be further analysed

by studying the phase diagram of nuclear matter.

1.2 The phase transition of nuclear matter

0.4

0.6

0.8

1.0

0 50 100 150 200
0.2

0.4

0.6

0.8

1.0

1.2

 mass symmetric coll
 mass asymmetric coll
 

 

 <
>

E = 50 MeV/nucleon

  

Time (fm/c)

E = 200 MeV/nucleon

Figure 1.1: Time evolution of density ⟨ρ/ρo⟩ at E = 50 MeV/nucleon (upper panel) and E
= 200 MeV/nucleon (lower panel) for mass symmetric and asymmetric collisions.

In HIC both target and projectile nuclei collide with each other and produce com-

pressed and hot nuclear matter. The chattels of nuclear matter are highly influenced by

pressure, temperature and density. The study of density and temperature dependence of

hadronic systems for mass asymmetric collision is an interesting topic in nuclear physics.

Mass asymmetry of colliding nuclei is represented by η = | AT−AP
AT+AP

|, where AT and AP are

masses of target and projectile, respectively. The physical mechanism and behavior behind

of mass symmetric as well as asymmetric nucleus-nucleus collisions are entirely different

from each other. This happens due to different form of thermal and compressional energy.

In symmetric reactions, energy is deposited into system in the form of compressional en-
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ergy, whereas in case of asymmetric collisions, the energy deposited is in the form of thermal

excitation energy. In symmetric collisions, the compression is more due to the large inter-

action zone while in asymmetric collisions, the compression decreases due to increase in η.

Moreover, in symmetric collisions due to large interaction zone large number of nucleons

interacts with each other and large dissipation of energy take place, whereas in asymmetric

collisions due to small interaction zone, low energy dissipation takes place.

In Fig. 1.1, the time evolution of density ⟨ρ/ρo⟩ at low energy (upper panel) and at inter-

mediate energy (lower panel) have been displayed. One can see that mass symmetric and

asymmetric reactions behave differently. Peak as well as saturation density reached in both

type of nuclear reactions are different. The maximum density is reached around 10-30 fm/c

and density become saturates above 100 fm/c. Moreover, the compressed nuclear matter

saturate earlier at the high incident energy than low incident energy. Due to different den-

sity achieved in both type of reactions, different phenomena at same energy and collision

geometry exhibit different behaviour.

Maximum and saturation density decide the fate of a reaction e.g. multifragmentation

depends on saturation density, while nuclear flow and stopping depend on maximum den-

sity. Fig. 1.2 represents the mass asymmetry dependence of ⟨ρ/ρo⟩max and ⟨ρ/ρo⟩sat at

different incident energies (E = 50 and 200 MeV/nucleon). One can see that the max den-

sity (⟨ρ/ρo⟩max) decreases with increase in mass asymmetry of colliding nuclei, whereas the

saturation density ⟨ρ/ρo⟩sat is changes slowly at larger mass asymmetric collisions. This

happens due to least destruction of non colliding nuclear matter in large mass asymmetric

heavy-ion reactions. The variation of ⟨ρ/ρo⟩max and ⟨ρ/ρo⟩sat with mass asymmetry reflects

that the density achieved during the collision depends on the size of colliding nuclei. The

behaviour of density and temperature in various reaction conditions help to extract the

properties of nuclear matter, which can be inferred by phase diagram.

The phase diagram of hot dense nuclear matter helps to understand the various reaction

mechanisms in HIC. Fig. 1.3 shows the phase diagram of hot and dense nuclear matter.

The x-axis represents the scaled density (ρ/ρ0) of baryons, whereas y-axis represents the

temperature (T) in MeV. The ground state represented at ρ = ρ0 and T = 0. The nucleon-

nucleon interactions behave similar as the Vander Waal forces, having short range repulsive
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Figure 1.2: ⟨ρ/ρo⟩max in upper panel and ⟨ρ/ρo⟩sat in lower panel as a function of mass
asymmetry of colliding nuclei at E = 50 and 200 MeV/nucleon.

and a long range attractive components. Thus, at ground state nuclear matter behave sim-

ilar to the liquid drop. On increasing the temperature up to 15 MeV and decreasing the

density from normal nuclear matter density, the liquid phase changes into gas phase. This

phase transition region is named as liquid gas (LG) phase [13]. The region of very high

temperature and density is dubbed as quark gluon plasma (QGP) phase [14, 15, 16]. The

nuclear matter phase having density and temperature in between the LG and QGP phase

is known as hadron gas (HG) phase. The region with density upto 10 times more than

the normal nuclear matter density is considered as neutron star (NS) density region. The

red dashed line corresponds to the path followed by the early Universe in first few minutes

of its existence. The region separates the HG phase from the QGP phase is the phase of

co-existence transition region [17, 18]. The pink dashed lines starting from the ground state

represents the head-on collisions. After collision the compressed nuclear matter expands

due to the internal collisions and cool down. The cooled nuclear matter dive into different

regions of phase diagram. The maximum density and temperature achieved throughout the

reaction depends on colliding energy, mass of the colliding nuclei and collision geometry.

The different phases shown on the diagram having different characteristics. The as-
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Figure 1.3: Phase diagram of nuclear matter. The y-axis indicates the temperature (in MeV)
and the x-axis indicates the baryons density normalized to the density of the ground state of
nuclear matter [19].

trophysical observable like NS give indirect information about the hot and dense nuclear

matter. The HG and QGP phases subsisted in initial stage of universe formation, which

is inaccessible today. The study of nuclear structure give information regarding the phe-

nomena that takes place around the normal nuclear matter density and at low temperature.

Both density as well as temperature decreases at freeze out point. However, nuclear matter

can transform in any phase from higher density and temperature to lower one. Researchers

are still continuing their attempts to extract the nuclear equation of state (EOS) for isospin

symmetric as well as isospin asymmetric colliding nuclei. From all the above methods, HIC

give a good opportunity to study the nuclear matter under extreme conditions of temper-

ature and density. Maximum density of 2-3 times the normal nuclear matter density with

maximum temperature of T = 100 MeV can be achieved in HIC. The present work deals

with the mass symmetric as well as the mass asymmetric collisions in Fermi and interme-

diate energy region. According to the selected reaction conditions used in this work, the

density is vary from 0.3 to 1.4 and temperature is goes up to 18 MeV, which is shown by

shaded portion in phase diagram. The HICs involves many topics of interest like multi-
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fragmentation, collective flow, nuclear stopping and their isospin dependence. The study of

these observables describe the nuclear equation of state under extreme conditions of tem-

perature.and density.

1.3 Nuclear equation of state

In intermediate energies the HICs are most eligible for the investigation of nuclear equa-

tion of state (NEOS) [10, 11, 12]. The knowledge of correct information of NEOS is vital to

understand various models of early universe, neutron stars and supernova explosion etc. The

elementary information of NEOS is extracted from the Weizsäcker binding energy formula

and from the density profile of nuclear matter. The NEOS of symmetric nuclear matter

is well recognized to study the giant dipole resonance, multifragmenation, collective flow,

nuclear stopping etc [20]-[27].

Nuclear equation of state describes the energy and the density relation. The compressibil-

Figure 1.4: The density dependence of compressional energy per nucleon. Different lines
represent for the hard and soft NEOS. The figure is taken from the Ref. [7].

ity of nuclear matter is characterized by the curvature of energy per nucleon, which depend

on ρ. A well defined compressibility factor which describes the stiffness of symmetric nuclear
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matter is defined as [28, 29]:

K = 9ρ20
∂2

∂ρ2

(
E

A

)
. (1.1)

To get an idea from the (in)compressibility factor, one might run a parabola through two

known points on the curve of E/A vs
(

ρ
ρ0

)
as shown in Fig. 1.4. Different equations of state

have been suggested based on different parameterizations. The exact form of NEOS cannot

be proposed with complete accuracy [7]. The only way to know the NEOS is through various

observables associated with the phenomena like multifragmentation, nuclear stopping and

nuclear flow, etc. On comparing the theoretical results with experimental data, one can

guess which parameterization of NEOS is suitable. If the actual value of K is less than

the standard value, then one consider it as soft EOS (represented by solid line) and if it

overestimates the standard value, then it can be considered as hard EOS (represented by

dashed line). Some attempts also have been made to understand the NEOS for isospin

asymmetric nuclear matter [30, 31]. The NEOS of isospin asymmetric nuclear matter,

particularly in regards to density dependent symmetry energy is recently under way [32, 33].

1.4 Reaction dynamics
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Figure 1.5: Energy dependence of nuclear stopping.
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In earlier studies, due to the lack of technology, one has to work in limited energy

and mass domain and these studies were limited to the process like fussion, fission, cluster

radioactivity etc. But, now a days, due to the advancement in technical knowledge, it is pos-

sible to collide two mass asymmetric nuclei from few MeV/nucleon to several TeV/nucleon.

On the basis of incident energy, the nuclear reactions can be classified into three regions:

high energy region, intermediate energy region and low energy region. The phenomena

(cluster-radioactivity, fussion, fission, formation of super-heavy nuclei and halo nuclei) that

take place below 10 MeV/nucleon are lying in low energy region. In this energy region, one

is mainly concerned about the study of nuclear structure. In low energy region, attractive

mean field effects dominates and the nucleon-nucleon (NN) collisions are strongly restrained

by Fermionic nature of nucleons and this phenomena is named as Pauli blocking [34, 35, 36].

The Pauli blocking and internuclear potential play a momentous role in this energy region.

The influence of Pauli blocking decreases as incident energy increases.

The part of nuclear physics that corresponds to the formation of quark-gluon plasma
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Figure 1.6: The time evolution of nuclear stopping ⟨R⟩ for mass symmetric and asymmetric
collisions in Fermi (upper panel) and intermediate (lower panel) energy region. Meaning of
different lines are same as in Fig. 1.1.

(QGP) [37] and breaking of nucleons into their constituents (quarks and gluons) is known
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as high energy physics. The nuclear reactions that take place above 2 GeV/nucleon are con-

sidered to lie in high energy region. The energy region which lies between 50 MeV/nucleon

≤ E ≤ 2 GeV/nucleon is known as intermediate energy region. In this energy region, one

can study the reactions under extreme conditions of density and temperature. The phenom-

ena like multifragmentation, collective flow and nuclear stopping take place in this energy

region. In intermediate energy region NN collisions play a crucial role.

The shaded energy region (shown in Fig. 1.5) between 20 to 100 MeV/nucleon, NN

collisions (two-body correlation) try to superimpose on the mean field. Due to different

characteristics, this region is dubbed as Fermi energy region. The Fermi energy region

considers the mean field approach with realistic NN interactions. One can study the sig-

nificance of Fermi energy region via study the energy dependence of nuclear stopping in

central collisions. In Fig. 1.5, below Fermi energy region, the mean field governs the reac-

tion dynamics and shows maximum stopping. However, above the Fermi energy region, NN

collisions govern the reaction dynamics. In Fermi energy region both mean field and NN

collisions contribute.

Incident energy changes the reaction dynamics significantly. In Fig. 1.6, the time evolu-

0.0 0.1 0.2 0.3 0.4 0.5

2

4

6
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Figure 1.7: The mass asymmetry dependence of maximum collisions suffered by colliding
nuclei at E = 50 and 200 MeV/nucleon. The meaning of different lines are same as in
Fig.1.2.
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tion of anisotropic ratio ⟨R⟩ for different values of mass asymmetry is displayed. In Fermi

energy region, due to the dominant role of attractive mean field over NN collisions, the mean

free path between successive NN collisions is large. Hence, ⟨R⟩ takes longer time to saturate

at low energy. Moreover, at high energy (E = 200 MeV/nucleon), ⟨R⟩ increases till the time

of maximum density. After that nuclear stopping gets saturated as the high density phase

is over. This shows that NN collisions that takes place after high density region, do not

alter their position in the momentum space. From both the panels, one can conclude that

nuclear stopping saturate after t = 100 fm/c irrespective of mass asymmetry.

To study the mass asymmetry under different reaction conditions, Stöcker et al. [38]

showed a pictorial view of colliding light projectile (Ne) on heavy target (U) at incident

energies between E = 250 and 800 MeV/nucleon at different colliding geometries. For head

on (central) collisions, projectile directly hit the target near the collision axis (z-axis) and

generates a highly compressed and excited participant (stock) zone. In this case, the projec-

tile fully merges into the target and both (target and projectile) suffer forward momentum

which leads to the achievement of maximum stopping. However, at peripheral collisions

residue of both the nuclei (target and projectile) kicked apart by highly compressed zone

(participant zone). Due to the velocity effect, the projectile residue is deflected to forward

angles, while target residue is azimuthally anticorrelated with projectile residue. Moreover,

the excited target nucleus decay into fragments. With further increase in impact parameter,

the projectile fragments originated from the bounce off region have large transverse as well

as forward momentum, whereas, target residue moves slowly with parallel and perpendicu-

lar directions (near the initial position of target) i.e. the flow reduces as one consider heavy

target and lighter projectile.

The maximum number of collisions (⟨dn/dt⟩) suffered by colliding nuclei is also decreases

with increase in mass asymmetry of colliding nuclei (shown in Fig. 1.7). In mass asymmetric

collisions, the energy impelled into the system is dissipated in the rotational motion and

correlations remain unaltered in non-colliding part. The study of mass asymmetric reactions

is of great importance these days, because this technique can be used to produce radioactive

nuclide. Also this information is important from the point of view of astrophysics because

one can understand the mechanism of collisions among the galaxies in the universe. One

12



can use this information to interpret, why after so many billion years, the universe is still

in non-equilibrium state. Isospin contents of colliding nuclei affect the reaction dynamics

and can also be helpful to us to estimate the equation of state (EOS) of isospin asymmetric

nuclear matter.

1.5 Isospin physics

Symmetries have been introduced in nuclear and particle physics to understand the com-

plex interactions. Isospin is related to identical behavior of protons and neutrons. Isospin

enter into the calculations through Coulomb interactions, symmetry potential and nucleon-

nucleon (NN) cross-section. The term isospin refers to those particles (neutrons and pro-

tons), which are having similar properties, but differ only in electric charge. Availability of

radioactive beams make possible to accelerate the nuclei with neutron number larger than

the proton number. The interactions among the proton-proton (pp), neutron-neutron (nn)

and neutron-proton (np) depend on their isospin. Thus, NEOS for the isospin symmetric

nuclear matter (N = Z) shows different behavior from that of isospin asymmetric nuclear

matter (N ̸= Z) [39]. Giant monopole resonance, collective flow and multifragmentation help

us to estimate the NEOS of isospin symmetric or asymmetric nuclear matter [23, 40, 41].

The role of symmetry energy becomes more prominent in case of neutron-rich isospin asym-

metric nuclear matter. The concept of symmetry energy inferred from Fig. 1.8.

In this figure, lower line represents the symmetric nuclear matter, while upper line repre-

sents the pure neutron matter. The difference between these two lines reflects the symmetry

energy. The behavior of symmetry energy is repulsive for neutrons and attractive for pro-

tons [42]. In order to form a heavy nucleus, one has to bind large number of neutrons within

the nucleus. However, to compensate the repulsive interactions between the neutrons (due

to symmetry potential) large number of protons has to be added in the nucleus [42]. The

large protons content tend to increase the Coulomb interactions, which are long range in-

teractions. Both the symmetry energy as well as the Coulomb interactions are necessary

to decide the fate of a nuclear reaction. The repulsive behavior of symmetry energy at

all densities affect the reaction dynamics. However Coulomb interactions is an important

asymmetry term that effect the observables of heavy ion reactions. Symmetry energy and
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Figure 1.8: The schematic view of symmetry energy. The two lines represent the energy den-
sity of pure neutron (upper line) and symmetric nuclear (lower line) matter. The difference
of two lines reflects the symmetry energy. The figure is taken from the Ref. [43].

its density dependence is one of the important feature of HIC these days.

1.5.1 Density dependence of symmetry energy

Information about the symmetry energy term is crucial for the nuclear physics community,

as it emphasized the reaction dynamics induced by rare isotopes, on structure of radioactive

nuclei, but also on the astrophysics community as it provide essential understanding about

the evolution of supernova explosion and massive stars [44, 45]. The symmetry potential

can not be directly measured, one has to be estimate through other observables such as [46],

the neutron-proton differential flow [47], the t/3He [48, 49], π−/π+ [50, 51, 52], Σ−/Σ+ [53],

and K0/K+ [54].

The symmetry energy basically accounts for the large neutron content in the isospin asym-

metric systems [55]. The variation of energy per nucleon in nuclear matter with density ρ

and isospin asymmetry parameter γ can be estimated through parabolic function given by

Heiselberg and Hjorth-Jensen [56] defined as:

Esym(ρ) = E0
sym(ρ0)

[
ρ

ρ0

]γ
. (1.2)
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Figure 1.9: Schematic representation of the density dependent symmetry energy for different
γ values. This figure has been taken from the Ref. [57, 58].

E0
sym(ρ0) is the symmetry energy at normal nuclear matter density and ρ

ρ0
is the scaled den-

sity. Hjorth-Jensen proposed the parameterized value of E0
sym(ρ0) = 32 MeV and stiffness

parameter γ = 0.66. Till now, various forms of symmetry energy (values of stiffness factor

γ) are proposed in the literature [59, 60, 61].

The γ gives strength (stiffness) value of symmetry energy at different densities as shown

in Fig. 1.9. The symmetry energy whose strength increases till normal nuclear matter

density ( ρ
ρ0

= 1) followed by decrease afterwards at high densities is named as soft form of

density dependent symmetry energy. However, for the case in which strength of symmetry

energy increases monotonically with density is known as stiff form of density dependence

symmetry energy. In chapter 3, author has discussed the influence of density dependent

symmetry energy on nuclear flow under different reaction conditions.

1.5.2 Isospin dependence of NN cross-section

The another important parameter influenced by isospin of the nucleons is NN cross-

section [40, 41]. In nuclear physics, the possibility of collision among nucleons are expressed

15



0.0

0.5

1.0

1.5

2.0

2.5

0 100 200 300
0

2

4

6

8

10

 

 

 iso

 noiso

E  = 50 MeV/nucleon

<d
N

co
ll/d

t>

E  = 200 MeV/nucleon

 

 

Time (fm/c)

Figure 1.10: The time evolution of (⟨dNcoll/dt⟩) for isospin dependent (σiso) and independent
(σnoiso) NN cross-section. The different panels represented at different incident energies.

by interaction cross-section. Basically, the cross-section is a imaginary area around the col-

liding nucleon that characterize the probability of collision. Transition matrices of isospin

dependent channels, both channels (iso-singlet and -triplet) contribute to the np scattering,

thus their interaction cross-section in free space is higher than the nn and pp, where only

iso-triplet channel is contribute [55]. The scattering cross-section between np is about 3

times larger than the nn and pp cross-section.

In literature, various theoretical evidence have discussed the significance of various form of

NN cross-section [62]-[66]. Cugnon et al. [62] developed the energy dependent cross-section.

The energy dependent cross-section involved both elastic and inelastic contributions, which

in supported by the center-of-mass energy available between two colliding nucleons. Faessler

and co-workers [63, 64] first time reported the in-medium NN cross-section which is con-

nected with the mean free path of nucleons in hot and dense nuclear matter and also gave

a strong modification in free NN cross-section with density profile. Later on, Li et al. [65]

studied the density dependence of in-medium NN cross-section. Cassing et al. [66] through

G-Matrix estimated the in-medium NN cross-section.

In order to have the proper understanding of isospin dependent part of NEOS, one should
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explicitly consider the isospin degree of freedom w.r.t the observables that affects the NEOS.

In Fig. 1.10, the time evolution of collisions suffered by colliding nucleons is displayed for

whole time span. For isospin independent cross section σpp = σnn = σnp and labeled as

σnoiso. One can see that larger number of collisions are suffered for the isospin dependent

(σiso) cross-section compared to the isospin independent (σnoiso) cross-section. The inter-

play between symmetry energy and isospin dependent NN cross-section on collective flow

will be discussed in chapter 3. The next section carry a brief introduction of various observ-

ables (multifragmentation, collective flow and nuclear stopping) in HIC to study the isospin

effects.

1.6 Various phenomena at intermediate energies

1.6.1 Multifragmentation

Projectile

Mass asymmetric reaction

Target

Mass symmetric reaction

Figure 1.11: Schematic view of the multi-fragmentation process for mass symmetric and
asymmetric collisions.

When two two heavy mass nuclei (target and projectile) collide with each other, an ex-

cited system is formed. The excited system breaks into many fragments of different masses.

The phenomena of breaking of excited system into different mass fragments is known as

”multifragmentation” [20, 21]. The pictorial view of multi-fragmentation process for mass
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symmetric and mass asymmetric collisions is shown in Fig. 1.11. From figure, one can see

that in initial stages of reaction, nuclear matter is highly dense for both mass symmetric

and asymmetric collisions. During collision, nucleons of both nuclei (target and projectile)

interact with each other. Due to NN interactions nuclear matter begin to expand from high

pressure region to low pressure. The symmetric collision leads to a spherical distribution of

nucleons. In symmetric collisions the colliding nucleons have sufficient energy to stop each

other and the initial correlations are broken to a maximum level in symmetric collisions, as

a result more randomization is observed. Moreover, in mass asymmetric collisions, emission

of nucleons is not uniformly distributed in all the directions (as shown in Fig. 1.11). In

mass asymmetric collisions, due to the smaller projectile, most of the projectile nucleons

penetrates through the target nucleus. Thus, mass asymmetric collisions show different

fragments distribution than the mass symmetric collisions.

To understand the phenomena of multifragmentation is an interesting study in current

nuclear physics research. Theoretically, multifragmentation is considered to be very feasible

to study the liquid-gas phase (LGP) [13]. The phenomena of multiplicity based on entrance

channel parameters such as colliding geometry, incident energy, mass of the colliding nuclei,

reaction cross-section, etc. Due to the violent phase of collisions in central collision lighter

mass fragments are produced. However, in peripheral collisions, colliding nuclei interact

partially with each other. Due to this, large mass fragments are emitted.

1.6.2 Collective flow

When two nuclei collide with each other at non central geometries, the achieved density

is higher than the normal nuclear matter density, a flow pattern is developed during the

subsequent expansion of the system. During the expansion of compressed system, the speed

and direction of the constituent nucleons is influenced by the pressure gradient i.e. the

emitted particles tend to move toward the low pressure region.

The phenomenon of collective flow is directly related to the pressure build up during

the compression stage and gives information about the nuclear density and pressure (i.e.

NEOS) [67]. The collective flow helps to understand the concept of thermalization and

phase transition at high density [67]. On the basis of experimental findings and theoretical
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calculations, there are different type of flows in intermediate HIC: radial [22], directed [23]

and elliptic flow [68] etc.

Radial Flow

Radial flow is generated in central collisions and leads to an isotropic distribution of the

emitted nucleons in transverse plane. The radial flow is characterized by the increased yield

in kinetic energy spectra of nucleons emitted near θc.m. = 900 relative to the incident beam

axis (z-axis). Details of radial flow is described in Ref. [22].

The non-central collisions lead to directed and elliptical flow, which can be represented

by the Fourier coefficients of the expansion given by Voloshin [69].

dN

dϕ
∝ (1 + 2

∞∑
n=1

vnCosn ϕ). (1.3)

Where ϕ is the azimuthal angle between the reaction plane and the transverse momentum

Reaction plane

TargetProjectile

Z

(fm) (fm)

(fm)

X

Z (fm)

X

Figure 1.12: Directed flow for asymmetric collision in the reaction plane.

of the emitted particle. Fourier coefficient vn characterized the strength of anisotropic flow.

Directed flow

The directed flow is defined as the transverse component of the particle’s momentum with
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Figure 1.13: Schematic representation of directed transverse flow in the reaction plane.
Figure is taken from Ref. [76].

in the reaction plane, thus dubbed as directed transverse flow. In literature, it is also known

as in-plane or sidewards flow [70]-[75]. The word directed signifies that such flow is observed

in a particular direction. Directed flow observed in non-central collisions, the preferential

emission of the nucleons to and with in a particular side of reaction plane (the plane that

contains both the line joining the centers of colliding nuclei and the incident beam axis).

The Fig. 1.12 shows both forward and backward going section of particles flow in reaction

plane. In mass asymmetric collisions (with light projectile and heavy target), the nucleons

show backward scattering. The directed flow shows sensitivity toward the compressibility

of the nuclear matter. It has been experimentally proven that above 100 MeV/nucleon the

mean transverse momentum changes sign with collision energy [70, 71, 72]. At low incident

energies, the nuclear interactions are governed via attractive nuclear mean field which de-

flect the nucleons to the negative angles [73]. Moreover, at high energy the NN collisions

and the repulsive part of the mean field dominate the dynamics, therefore the nucleons get

deflected towards the positive angles [74, 75]. The attractive interactions are balanced by

the repulsive interactions on varying incident energy from low to high. The energy, where
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directed flow becomes zero is known as the energy of vanishing flow (EVF) or balance energy

(Ebal) [77, 78, 79]. A schematic illustration is given in Fig. 1.13.

The directed transverse flow in mid-rapidity (highly compressed) region is quite interesting

to study the reaction mechanism. The strength of directed transverse flow is measured by

calculating the slope in mid-rapidity region (
∣∣∣ Yc.m.

Ybeam

∣∣∣ ≤ 0.1, here Yc.m. =
1
2
lnE(i)+pz(i)c

E(i)−pz(i)c
where

E(i) and pz(i) are the total energy and the longitudinal momentum of the ith nucleon,

respectively) [7]. The detailed analysis of directed transverse flow at different reaction con-

ditions (colliding geometry, incident energies and mass asymmetry) is discussed in chapter

3.

Elliptical flow

In non-central collisions, the anisotropy of the ϕ distribution at mid-rapidity appears

 Nucleons in spectator zone
 Nucleons in mid rapidity zone

X

Z

Figure 1.14: Elliptical flow for asymmetric collision in the reaction plane.

like an ellipse (as shown in Fig. 1.14) and the corresponding flow of nucleons is known as

elliptical flow and generally represented as ⟨v2⟩. In Fig. 1.14, the red spheres represent

the nucleons of mid-rapidity region and one can see that the nucleonic distribution in mid-

rapidity region shows a ellipse type behaviour in reaction plane. The value of ϕ distribution
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Figure 1.15: Schematic representation of in-plane flow (left side) and out-of-plane flow (right
side) in the reaction plane.

explains whether the particle emission is out-of-plane (v2 < 0) or in-plane (v2 > 0). A pic-

torial view of out-of-plane and in-plane is presented in Fig. 1.15. The peak of ϕ distribution

at 00 and 1800, indicates the in-plane flow (shown in left side of Fig. 1.15), whereas peak

of ϕ distribution at ±900 indicates the out-of-plane flow as shown in right side of Fig. 1.15.

The energy, where elliptical flow changes its sign is known as transition energy (ET ) [80].

The effect of mass asymmetry on ET will be studied in chapter 4.

1.6.3 Nuclear stopping

The theory given by Bohr in 1913 is treated as a precious and active tool in the descrip-

tion of nuclear stopping [81]. Nuclear stopping is defined as the impending force acting on

the target nucleons due to the projectile nucleons, results in loss of energy and nucleon set

drifted in transverse direction [82]. Due to the breakup of initial correlations among the

target and projectile nucleons, there are complete memory loss of incoming momentum, this

case is known as full stopping [83].

In literature, several independent parameters (rapidity distribution, anisotropy ratio and
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quadrupole moment, variance) have been suggested to describe the nuclear stopping [83,

84, 85]. Other observables of HIC such as multifragmentation and collective flow have been

correlated with nuclear stopping [24, 25, 26, 27]. Chapter 4 gives a brief discussion of cor-

relation between nuclear stopping and collective flow (directed and elliptic) for whole range

of incident energy and at different mass asymmetries.

1.7 Review of experimental and theoretical attempts

to study the collective flow

One of the central goal of experimentalist is to study the nuclear matter under the ex-

treme conditions of density and temperature at intermediate energies. The collective flow

is the motion of particles described by the momentum of nucleons [86, 87, 88]. The hot

and compressed nuclear matter behave like a compressible fluid and number of experiments

have proved that the compressional energy can be studied via collective flow. The collective

flow is explained as the azimuthal distribution of nuclear matter. The directed transverse

flow is influenced by the cold matter deflected from the participant zone, while elliptical

flow is caused by the hot and compressed nuclear matter emitted from the participant zone.

Due to their marvel properties, collective flow helps to examine the reaction mechanism

from National Superconducting Cyclotron Laboratory (NSCL) energy range to Relativistic

Heavy Ion Collider (RHIC) energy range [89]-[94]. The collective flow helps to understand

the NEOS of dense and hot nuclear matter. The study of collective flow in HIC has at-

tracted both experimentalist and theoreticians.

Experimental attempts

In 1956, Belenkij and Landau [95], initially proposed the concept of collective flow by using

fluid-dynamics model. Later on, in 1984 collective flow has been discovered experimentally

at BEVALAC [96, 97, 98]. After that in 1989 Diogene Collaboration at Saturne Synchrotron

in Saclay (France) studied the flow of particles at mid-rapidity in Ne-induced reaction at

800 MeV/nucleon [96]. The experiment was carried out at the Bevalac Streamer Chamber

facility for highly asymmetric reaction. Their study gave the idea of studying the correla-

tion between nuclear stopping and collective flow. Krofcheck et al. [99] in MSU, initially
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reported the disappearance of directed flow by using digital streamer chamber photogra-

phy. Later on, in USA at Michigan State University (MSU), the National Superconducting

Cyclotron Laboratory (NSCL) studied the transverse flow for reactions of 58Fe + 58Fe and

58Ni + 58Ni in Fermi energy region and conclude that flow increases with increase in isospin

ratio of colliding nuclei [100].

Experimentalists and theorists work together at NSCL to study and advancement in nu-

Figure 1.16: The Scattering chamber set up of in-plane flow (A) and out-of-plane (B) array.
Figure is taken from Ref. [101].

clear physics. The primary goal of NSCL is to disentangle the secrecies of atomic nucleus.

In NSCL the High Resolution Array (HiRA) [101] is use to detect the charged particles

measuring their energy and identifying their mass & charge in nuclear collisions. The HiRA

consists of 20 modules to allow flexibility to configure the arrays in different geometries.

Each module has three layers of detector material. The first two layers are made from high

purity silicon and third one is made of Cesium iodide. All measurements have been car-

ried out in scattering chamber. The chamber setup for in-plane scattering is shown in Fig.

1.16(A). The scattering chamber is equipped with two moveable arms that can be rotated

up to 3600. The carbon detector was mounted on the upper arm at fixed position while
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the alpha detector array was mounted on the lower arm. The out-of-plane (shown in Fig.

1.16(B)) scattering chamber is a simple modified in-plane array . In out-of-plane array, the

alpha detector array was mounted on the lower arm perpendicular to the chamber floor.

Due to the size of detector it covers only span 600 out-of-plane. Three alpha detectors were

fixed at ϕα = 00, 300 and 600. The fourth one was mounted in the center of chamber top.

In 2001, FOPI collaboration for the first time studied the directed flow at incident en-

ergies from 90 to 400 MeV/nucleon for the reaction of 197Au + 197Au and remarked that

differential directed transverse flow increases with fragment charge [68]. In same year, under

similar reaction conditions, transition energy of fragments has been studied [102]. Another

study discussed the interplay between the spectator shadowing and collective expansion for

the reaction of 197Au + 197Au at incident energies from 0.09 to 1.49 GeV/nucleon [103].

Bastid and coworkers [104] reported a new method (Lee-Yang zeros) to analyse the directed

and elliptic flow and reported a comparative study based on multi-particle cumulates, on

Lee-Yang zeros, and on event-plane reconstruction. The INDRA collaboration [105] studied

the elliptic and directed flow of Z ≤ 2 particles for the reaction of 197Au on 197Au at different

colliding energies (E = 40-150 MeV/nucleon) and showed the similar values of transition

and balance energies for Z ≤ 2 particles as reported by FOPI collaboration [102]. After

that, they addressed the effect of system mass and incident energy on radial flow [106].

Recently, FOPI collaboration also studied the directed and elliptic flow for the reactions of

40Ca + 40Ca, 58Ni + 58Ni, 96Ru + 96Ru, 96Zr + 96Zr, 129Xe + CsI and 197Au + 197Au [107]

for whole energy range (0.09 to 1.5 GeV/nucleon) and showed that stiff form of NEOS is

incompatible with the experimental data.

The K500 Superconducting Cyclotron at the Texas A & M University Cyclotron In-

stitute studied the transverse flow and the mid-rapidity emission of isotopically identical

light charged particles for the reactions of 70Zn + 70Zn, 64Zn + 64Zn, and 64Ni + 64Ni at

E = 35 MeV/nucleon and showed that the value of flow increases with neutrons content

of the colliding nuclei [108]. In addition to intermediate energy region, collective flow is

also calculated in high energy region [109, 110]. The theoretical studies give a backbone to

experimental data. Thus, it is necessary to take a glance on various theoretical efforts that

explain the experimental data of collective flow. However, lot of independent theories also
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point the collective flow predictions, that need experimental verifications.

Theoretical attempts

In 1974, Scheid et al. [111] showed that the compressed nuclear matter expanded faster in

the transverse direction than the longitudinal direction. Later on in 1980, Stöcker [82] used

the term ”collective sideward flow” and performed the calculations by using non-relativistic

fluid dynamics. In hydrodynamical models, for peripheral collisions the shape of ellipsoid

was oriented along beam axis, and for central collisions it was nearly perpendicular to the

beam axis. Li and Sustich [112], in 1999, first time gave an evidence of the existence of

differential transverse flow at balance energy.

By using Isospin-dependent Bolzmann-Uehling-Uhlenbeck (IBUU), Li et al. [113] studied

the isospin effect on transverse flow and proved that the isospin effect come into the picture

in HIC via NN cross-section, symmetry energy and Coulomb interactions. Li et al. [114]

studied the transverse and elliptic flow of protons for 124Sn + 124Sn at incident energy of

E = 50 MeV/nucleon. The study revealed that the differential elliptical flow of protons

in mid-rapidity region at high transverse momenta showed large sensitivity to the isospin

dependence of NEOS than the directed flow. Chen et al. [115] by using Isospin-dependent

Quantum Molecular Dynamics (IQMD) model [116], showed that the neutron-rich system

has high balance energy. Contrary, one get weaker out-of-plane flow for neutron-rich systems

[117]. Russotto et al. [118] studied the symmetry energy effect on elliptic flow via study-

ing the free protons and neutrons for 197Au + 197Au reaction. Pan and Danielewicz [119]

analysed the momentum dependent interactions on directed flow in terms of pt-dependence.

Recently, Jain et al. [23] studied the effect of both momentum dependent interactions (MDI)

and isospin dependent NN cross-section on pt-differential transverse flow. Zheng et al. [120]

studied the transition energy of 48Ca + 48Ca by using the IBUU model. The study showed

that transition energy depends on NN cross-section and EOS. Jain et al. [41] studied the

influence of isospin dependent NN cross-section on transition energy for charge asymmetric

collisions and showed that the transition energy is independent from the N/Z ratio of the

colliding nuclei.
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1.8 Review of experimental and theoretical attempts

to study the nuclear stopping

The HIC, in terrestrial laboratories provides an exclusive possibility to create, ephemeral

states of nuclear matter in a broad range of density, temperature, N/Z asymmetry to access

the information for basic properties of nuclear matter away form the normal reaction con-

ditions. The information regarding the equilibrium state during the collision of two nuclei

is pointed through the nuclear stopping.

Experimental efforts

In 1995, Bass et al. [121] introduced the idea to study the phenomena of nuclear stop-

ping via isospin-mixing method. Recently, INDRA collaboration [122] studied the nuclear

stopping for different colliding systems in Fermi energy range and proved that above E =

30 MeV/nucleon, nuclear matter is not completely thermalized. The INDRA and ALADIN

[123] collaboration also proposed a minimum value of nuclear stopping for the reactions

of 124,129,136Xe + 112,nat,124Sn and gave full description about the importance of minimum

nuclear stopping in the dynamics of HIC. The FOPI collaboration [124] studied the nuclear

stopping for the reaction of 197Au + 197Au in the energy range 90-1930 MeV/nucleon and

obtained a plateau of maximal stopping in the interval of 200-800 MeV/nucleon. Ademard

et al. [125] studied the observable of nuclear stopping for asymmetric collisions in the inci-

dent energy range from 5-80 MeV/nucleon. Lehaut et al. [126] reported that around 40 to

100 MeV/nucleon, the nuclear stopping become independent from the role of isospin content

of colliding systems. Beside the experimental results, nuclear stopping is also pointed out

by the various theoretical approaches.

Theoretical efforts

In 1988, Bauer et al. [127] by using Boltzmann-Uehling-Uhlenbeck (BUU) approach proved

that nuclear stopping can be calculated by in-medium NN cross-section and mean field.

Later on, by using IQMD model, Li et al., [128] showed that nuclear stopping show large

sensitivity towards the isospin dependent in-medium NN cross-section and weak depen-

dence towards the symmetry energy for energy range from 80-150 MeV/nucleon. However,

below E = 80 MeV/nucleon, the nuclear stopping shows sensitivity under both conditions

(isospin dependent in-medium NN cross-section and symmetry energy). Yang et al. [129]
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with same model showed the sensitivity of incident energy, impact parameter and system

mass on nuclear stopping. In next year, Li and Li [130] studied the influence of initial N/Z,

system size, isospin symmetry potential and in-medium NN cross-section on nuclear stop-

ping. Their study proved that nuclear stopping show weak dependence on the initial N/Z

and the symmetry potential, however large sensitivity has been observed toward in-medium

NN cross-section. Liu et al. [131] studied the isospin effects on nuclear stopping through

Coulomb and symmetry potential by using IQMD model. The study concluded that the

Coulomb interactions induce the reduction of nuclear stopping and act as an important

factor for making the nuclear stopping as a good probe to extract the information about

NEOS. Jain et al. [40] also studied the effect of charge asymmetry of colliding nuclei and

isospin dependent NN cross-section on nuclear stopping. Su and Zhang [132] also proved

that full stopping is not achieved even at central collisions. Recently, Kaur and Kumar [133]

studied the effect of density dependent symmetry energy and colliding geometry on mass

asymmetric collisions over the intermediate energy region.

In 2004, FOPI [123] collaboration performed first attempt to correlate the nuclear stop-

ping with sideward flow at high energies and proved that the correlation between both

observables (collective flow and nuclear stopping) has important significance to extract the

information of NEOS in non-equilibrium conditions [134]. Lehaut et al. [126] performed

similar calculations at Fermi energy region. Recently, Bonnet et al. [135] studied the cor-

relation between flow and stopping in central collisions for nearly symmetric reactions at

incident energy range from 20-50 MeV/nucleon. Their study revealed that for most central

collisions in Fermi energy region, one can get the full stopping. Andronic et al. [124] ad-

dressed a linear correlation between nuclear stopping and flow at high energies. Motivated

form above studies effect of incident energy on the correlation between nuclear stopping and

flow is shown in chapter 4.

1.9 Organization of thesis

The thesis is organized as follows:

• In chapter 2, carries a concise introduction of various theoretical models used to study

the HIC. A detailed discussion on isospin dependent primary models such as Isospin-
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dependent Boltzmann-Uehling-Uhlenback (IBUU) model and Isospin-dependent Quan-

tum Molecular Dynamics (IQMD) model.

• In chapter 3, the role of isospin degree of freedom in HIC through the transverse

momentum (pt), neutron to proton ratio and system mass is studied on pt-differential

transverse flow by using IQMD model. The simulations are carried out for different

colliding systems (26Na + 26Na, 48Ca + 48Ca, 78As + 78As, 129Xe + 129Xe). Our study

show that pt-differential transverse flow dependence can act as a sensitive probe to

study the density dependent symmetry energy compared to the energy of vanishing

flow. Symmetry energy and its density dependence play a dominant role over the

isospin dependent NN cross-section in Fermi energy region. Author compared the

theoretical results with the experimental data of FOPI collaboration in different ra-

pidity bins for free protons at E = 250 MeV/nucleon and impact parameter in the

range of 3-6 fm in different scaled rapidity bins for the reaction of 197Au + 197Au. .

• In chapter 4, the effect of mass asymmetry on nuclear stopping by keeping total mass

of colliding nuclei fixed and varying the mass asymmetry between 0.0 to 0.5 is studied.

To study the system mass effect, we considered three sets of mass asymmetric systems

having total mass, Atot = 80, 160 and 240 units. The nuclear stopping of nucleons

and fragments phase space is studied. A comparison between theoretical results and

experimental data of INDRA collaboration signifies the fragments stopping over the

nucleons stopping. The flow created between the colliding nuclei can be connected to

the highly thermalized nuclear matter. In chapter 4, the correlations between flow

(directed transverse and elliptical flow) and nuclear stopping for asymmetric collisions

is discussed. The study showed that in Fermi energy region, nuclear stopping show

a parabolic dependence with directed transverse flow and above Fermi energy region,

exhibit a linear dependence. In addition to it, author has studied the behavior of

nuclear stopping in out-of-plane and in-plane emitted particles by studying the nuclear

stopping of different fragments mass at and around the transition energy.

• The results are summarized in chapter 5, which also contains an outlook of the work.
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Chapter 2

Methodology

2.1 Introduction

One needs a suitable methodology to explain the reaction mechanism at intermediate

energies. A complicated non-equilibrium physics involved in HIC, that cannot be explained

via simple numerical modelling. There are many factors, which affect the theoretical out

comes of HIC, such as the initialization of colliding nuclei (target and projectile), nucleon-

nucleon (NN) cross-section. To explain the reaction mechanism, one need specific theories

and models, those are based on the initial conditions (e.g. type of target, projectile, col-

liding geometry and incident energies) [1]-[8] The energy dependent reaction mechanism is

involved to explain the complex reaction dynamics of HIC. At low incident energy, attractive

mean field governs the reaction mechanism, whereas at high incident energies, the reaction

dynamics is mainly governed by the NN collisions. However, at intermediate energies, the

reaction mechanism is very complex and is governed by the combined effect of mean field

and NN collisions.

To extract information about NEOS of stable and/or radioactive nucleus-nucleus collisions,

one must consider unambiguously the isospin degree of freedom [9]. The HIC at interme-

diate energies involves convoluted non-equilibrium physics. In order to extract information

about NEOS as well as reaction dynamics (which involves affects of Pauli blocking, mean

field and two body collisions) at intermediate energies, one need proper transport model.

On the basis of fundamental theories and approaches, theoretical models have been divided

into two categories: Statistical models and Dynamical models.

Statistical models
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In 1936, Niels Bohr introduced the concept of compound nucleus [10]. To explain the

concept of compound nucleus, the statistical models are highly appreciable. On the basis of

statistical approach, the statistical models consider the nuclear level density [11, 12]. Due

to the improvement and advancement in theories, statistical models are also used to explain

the phenomena of intermediate and high energy physics [11, 12]. The process of statistical

models is divided into three stages:

i) The equilibrated nuclear system (compound nucleus) is formed from a dynamics stage.

ii) The disassembly of compound nucleus into hot and excited fragments (primary frag-

ments).

iii) The de-excitation of primary fragments.

The Statistical Multifragmentation Model (SMM) [13], is based on the theory of simul-

taneous break-up of a thermalized nuclear system. In SMM model, the surface energy of

participant zone is parameterized in such a way that at certain temperature, the effect of sur-

face energy vanishes [13]. Similar to SMM model, Berlin Multifragmentation Model (BMM)

[14] also has as a feature to explain the nuclear effects such as Coulomb and nuclear interac-

tions, finite size of colliding nuclei, de-excitation of primary fragments etc. The Statistical

models also include the study of weakly bound nuclei via Participant-Spectator Model [15].

In addition to this, Expanding Emitting Source (EES) model also come into the picture

which consider the emission of light fragments only [16]. The demerits of statistical models

are that it does not explain the experimental data, until the energy is comparable or higher

than the thermal energy and it explains only the final stage of the reaction mechanism. It

is essential to have the knowledge of NEOS, NN cross-section, Pauli blocking [17] from the

initial (where nuclear matter is non-equilibrate) to the final state (where nuclear matter is

cold and fragmented into small pieces). Thus, one needs a different approach to explain

the whole reaction mechanism. Thus, curiosity to expand the knowledge regarding nuclear

physics in wider range, one needs a new approach to understand the rare phenomena, which

is highlighted through the dynamics models.

Dynamical models

The statistical models give explanation of the final state. Since no dynamical information

can be extracted from Statistical models. The study of dynamics of a reaction includes cor-
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relations and fluctuations, which can be studied by dynamical models only. The theoretical

models that explain the time evolution of hot and compressed nuclear matter are named as

dynamical models. In late 1980’s, Yariv, [18] firstly studied the whole reaction dynamic of

HIC, starting from initial stage to final stage by using intra nuclear cascade calculations.

The model studied the two-body scattering with free cross-section, but did not include

the influence of mean field and Pauli blocking. Moreover, the initialization of nucleus did

not include the effect of Fermi momentum. On the other side, Time dependent Hartree

Fock (TDHF) approach [19] at low energy considered only attractive mean field and Pauli

blocking and was silent regarding the role of repulsive NN collisions. Later on, TDHF was

improved by inclusion of repulsive NN collisions at low energies and named it as Extended

Time dependent Hartree Fock (ETDHF) [20] theory, but still the numerical implementation

was not valid to explain whole picture of HIC. To complete the picture ETDHF theory was

further refined to study the NN collision for whole energy range and named as Boltzmann-

Uehling-Uhlenback (BUU) model [21, 22]. In addition to BUU model, Landau-Vlasov (LV)

[23] also came into picture, which are also solve by the Bolzmann-Nordheim equation.

All BUU-type models [24, 25, 26] study the evolution of one-body phase space distribution

by using test particle method. However, all the possible interactions between the test parti-

cles are considered. The BUU model gave a good estimate for early stage of NN collisions,

while in final stage, the particles are separated from each other and dynamics follow for

the individual particle, thus n-body correlations are suppressed in BUU-type models. Due

to large number of test particles per nucleon, the collision induced fluctuations are less in

BUU-type models, which suppress the rate of fragments formation. Thus, BUU-type models

are suitable to study only one-body observables, such as fragments production, collective

flow and nuclear stopping. The mechanism behind BUU-type model is discussed in fol-

lowing sections. In n-body system, both correlation as well as fluctuations play important

role and mean field approximations are insufficient to explain the dynamical evolution of n-

body system, then molecular dynamics methods are normally used. In molecular dynamics

models equations of motion are solved numerically. To explain the correlations between the

n-body system Classical Molecular Dynamics (CMD) [27, 28] model come into picture. It

carried complete information about the n-body correlations, those are essential to explain
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the fragments formation. In CMD approach, classical nucleons interact through classical

potential, but failed to explain the NN collisions.

The two main ingredients (mean field and NN cross-section) of transport models are treated

in different manner in different transport models. Thus, different approximations give dif-

ferent predictions. With different approximations, another transport model given by Aiche-

lin and Stöcker [29]-citeqmd5 came into picture, named as Quantum Molecular Dynamics

(QMD) model. The QMD model is an extended version of CMD model by inclusion of

quantum features. In QMD model, particles propagate classically under the influence of

NN collisions and mean field, similarly like BUU model. The role of Pauli blocking is in-

troduced by Pauli blocking factor. Moreover, due to the single test particle per nucleon,

n-body correlation and fluctuations are preserved in QMD approach. The classically induced

fluctuations are large in QMD model compared to the BUU model, thus rate of fragments

formation is large in QMD approach. The QMD model explains most of the observables of

intermediate energy HIC such as fragment formation, collective flow, nuclear stopping, etc.

With the time, several improvements have been made in original QMD model. In all

the revised versions of QMD model the basic principal structure remain same. The revised

versions are differing only in the initialization of colliding nuclei. The new versions of QMD

model were named as BQMD [34], HQMD [35], RQMD [36], FMD [37, 38], AMD [39],

ImQMD [40], etc. To study the low energy fragments formation Bohnet et al. [34] rewrite

the original QMD with the inclusion of proper binding of the nucleus in fragmentation pro-

cess and named it BQMD model. The coupling constant of Skyrme-type interactions is also

modified in order to keep the binding energy and NEOS independent from the Yukawa inter-

actions. The drawback of this version is that it used only nucleons and deltas and all other

nucleonic interactions considered at same average cross-section without taking into account

of isospin effects. In addition, to concerning the meson production, the Huber and Aichelin

[35] upgraded the QMD model, and dubbed it HQMD model. It has been extensively used

to study the kaons production. The HQMD model included free pions, deltas and isospin

couplings. But, HQMD model is unable to give details of experimental data in AGS and

CERN/SPS energy domain.

The relativistic version of QMD or BUU models come into picture in recent years. The
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Relativistic Quantum Molecular Dynamics (RQMD) [36] is an extending form of QMD

model up to relativistic energies. The RQMD model used classical co-variant equation of

motion to describe the time evolution of many body systems. The RQMD model considered

the covariant dynamics with total collision term with strange particles, string excitation

for high energy NN interactions and heavy baryon resonances. This model successfully ex-

plains the final state, but fails to generate the nuclei in their ground state. The Feldmeier

improved the QMD model by considering the fermionic properties of nucleons through an-

tisymmeterization of the wave function of the nucleus and named it Fermionic Molecular

Dynamics (FMD) [37, 38] model. This model combines to the Fermi-Dirac statistics with a

semi-quantal trajectory picture. The classical molecular dynamics is limited in dilute phase

space i.e. for low density and high temperature. The isospin degree of freedom of the nucle-

ons is also incorporated and they are assumed to move under the affect of attractive mean

field. Because of the Slater determinant, the Pauli principle is also incorporated correctly.

For many-body problems the Fermi-Dirac statistics is included. The main drawback of this

model is that it does not consider the total wave mechanical interference. Due to this, the

FMD model is not considered as fully quantum mechanical model.

It was demonstrated that the frictional cooling method [43] combined with the antisym-

metrized version of the molecular dynamics helps to study the nuclear structure. Moreover,

this method is independent from model assumptions. Based on it, Ono et al. [44, 45]

have been succeeded in incorporating two nucleon collisions in a antisymmetrized version of

molecular dynamics and named it as Antisymmetrized Molecular Dynamics (AMD) model.

The main drawback of AMDmodel is that it considered the constant width parameter, which

is a dynamical variable and it does not conserve the total angular momentum. However,

it considered light systems only. To study the massive nucleus-nucleus collisions Improved

Quantum Molecular Dynamics (ImQMD) [40] is come into the picture. The ImQMD model

explained the time evolution of configuration and lifetime of the composite system in whole

energy range. ImQMD successfully explained the angular distribution of fragments. In

ImQMD the effective interaction potential energy considers both potential and Coulomb

interaction energy.

Beside all the features, the various versions of QMD model do not consider the isospin
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effects of nucleons. Thus, in order to describe the NEOS of neutron-rich matter, one has to

introduce the isospin effects in calculations. Moreover, the isospin effects come into picture

via symmetry potential, Coulomb potential, Pauli blocking and NN cross-section. Thus,

one needs more reliable theoretical model to understand the isospin dependence of nucle-

ons. With the inclusion of isospin effects, the modified form of BUU and QMD models

come into literature, which are named as Isospin-dependent Boltzmann-Uehling-Uhlenback

(IBUU) model [46] and Isospin-dependent Quantum Molecular Dynamics (IQMD) model

[47].

The following sections contain a detailed prefaces of isospin-dependent (IBUU and IQMD)

models used to study the HIC at intermediate energies.

2.2 Isospin-dependent models

2.2.1 Isospin-dependent Boltzmann-Uehling-Uhlenbeck (IBUU)
model

To obtain space and momentum distributions of nucleons at freeze out in intermediate en-

ergy HIC, one can opt the isospin-dependent Boltzmann-Uehling-Uhlenbeck (IBUU) trans-

port model based on BUU model [21, 22]. The test particle method [46] is used to solve the

IBUU equation. The test particles are used to evaluate the mean field potential, thus, at

each event single collision among the nucleons are allowed. Similar to BUU [21, 22] model,

the IBUU model [46] has been extensively use to simulate the HIC and extracting impor-

tant information of nuclear matter. The transport equation in IBUU model is solved for

one-body Wigner density f(r, p, t) in the limit h̄ → 0:

∂f

∂t
+ v · ∇rf −∇rU · ∇pf = −4π3(h̄c)4

h̄(mc2)2

∫ d3p2
(2πh̄)3

d3p3
(2πh̄)3

dΩ
dσNN

dΩ
v12

× [f3 f4(1− f)(1− f2) − f f2(1− f)(1− f2)]

×δ3(p + p2 − p3 − p4), (2.1)

where dσNN

dΩ
is in-medium NN scattering cross-section and v12 is relative velocity of colliding

nucleons, respectively.

The isospin dependent part is incorporated in model via NN cross-section (σ12) and the

nuclear mean field potential U . In IBUU model, isospin dependent NN cross-section is
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taken from the experimental fit of free-space cross-section. In experimental free-space cross-

sections, the np cross-section is about three times larger than the nn and pp cross-section.

In IBUU model, U is a function of local density and can be parameterized as an arbitrary

function of density. The term U can be expressed as sum of three terms:

U(ρ, τz) = α

(
ρ

ρ0

)
+ β

(
ρ

ρ0

)γ

+ (1− ρ0)VCoulomb + V n(p)
asy (ρ, δ). (2.2)

Here ρ0 is the normal nuclear matter density and ρ, ρn and ρp are the densities of nucleons,

neutrons and protons, respectively. τz equals to +1(-1) for neutrons(protons). The α, β and

γ are parameters for the isoscalar NEOS. The term VCoulomb corresponds to the Coulomb

potential. The single particle symmetry potential Vasy has the form of:

V n(p)
asy (ρ, δ) =

∂

∂ρ

[
Csym

2

(
ρ

ρ0

)γ

ρδ2
]

=
Csym

2

[
(γ − 1)

(
ρ

ρ0

)γ

δ2 ± 2

(
ρ

ρ0

)γ

δ

]
, (2.3)

where Csym is the symmetry energy coefficient.

The IBUU model can predict the pre-equilibrium n/p ratio [48], the isospin fractionation

[49, 50], the isoscaling in multifragmentation [51], the n-p differential transverse flow [52],

the proton differential elliptic flow [53] and the π− to π+ ratio [54]. The IBUU model

gave explanation about the time dependent one-body distribution function. The density

fluctuations are suppressed in the BUU equation, so the calculation of fragments yield is

not feasible directly from BUU-type model. Therefore, one needs an alternate model such

as, Isospin-dependent Quantum Molecular Dynamics (IQMD) model [47] to overcome this

limitation.

2.2.2 Isospin-dependent Quantum Molecular Dynamics (IQMD)
model

The IQMD model is a revised form of QMD model which incorporates the isospin degree

of freedom, developed by the Hartnack and coworkers [47]. In IQMD model, the isospin

degree of freedom is considered unambiguously by incorporating the symmetry potential (to

calculate the particles distribution in the nucleus) and the Coulomb forces between charge

particles (protons) of projectile and target. The IQMD model assigns different charge states

of pions, deltas and nucleons, [47] like VUU model. In IQMD model each nucleon crossponds
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to a Gaussian wave packet. This model is based on three steps:

1. In first step, one has to generate the nuclei (target and projectile nucleus). This step is

named as initialization.

2. In second step, two successfully generated nuclei propagate toward each other. This step

is named as propagation.

3. In last step, two nucleons are considered to collide with each other, if they come closer

to a specific distance. This step is named as nucleon-nucleon (NN) collision.

Initialization

IQMD model is an revised form of QMD model. Similar to QMD model, in IQMD

model baryons are also assigned to follow Gaussian-shaped density distribution function.

As the model is semi-classical, it is better to explain the formulation in classical transport

theory rather than wave function. Thus, Wigner densities are used. The phase space density

obtained by the Wigner transformation of the wave function is

Φ(r, p) =
∑
i

fi(r, p), (2.4)

where fi(r, p) is given by

fi(r, p) =
1

(2πh̄)3

∫
e−

i
h̄
p·r12ψi(r +

r12
2
, t) ψ∗

i (r −
r12
2
, t)d3r12

=
1

(πh̄)3
e−(r −ri(t))

2/2L e−(p −pi(t))
22L/h̄2

. (2.5)

Where pi(t) and ri(t) are defined as momentum and position of the ith particle. To obtain

maximum stability, system dependent L values are introduced in IQMD model. The value

of Gaussian width L is confined 8.66 fm2 for heavier systems like Au, whereas L is confined

to 4.33 fm2 for lighter systems like Ca. Based on Liquid drop model, in IQMD model,

nucleons are located in a sphere of radius R = 1.12A
1
3 , where A is nucleus mass number.

To initialize a nucleus, each nucleon have to assign in three dimensional momentum and co-

ordinate phase space inside a sphere. The classical orbit (ri) explained via polar coordinates:

r = R x
1/3
1 ,

cosθ = 1 − 2x2,
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ϕ = 2π x3,

(2.6)

where x1, x2 and x3 are the random numbers. The local Fermi momentum is obtained

from:

pF (ri) =
√
−2mU(ri), (2.7)

where U(ri) is the local potential. The classical orbit (pi) explained in polar coordinates by:

pi = pF (ri)x
1/3
4 ,

cosθ = 1 − 2x5,

ϕ = 2πx6.

where, x4, x5 and x6 are again the random numbers. In calculations those distributions

are rejected in which two particles come closer beyond certain distance, which is dubbed as

dmin. The relation between dmin and co-ordinate phase-space of two nucleons is

(ri − rj)
2(pi − pj)

2 ≥ dmin. (2.8)

From thousands initialization, only one is fulfied the selected criteria. For uniformly

distribution of phase space each nucleon occupies a volume of h3. A randamly selected

initial momenta is chosen between 0 and Fermi momentum(pF ), without any further local

constraints same as in QMD model [29].

Propagation

After successfully initialization, by using relativistic kinematics the two colliding nucleus

boosted toward each other with appropriate center of mass velocity. For many body system

the equation of motion is estimated by Ritz variational principle [19], which determine the

time evolution of colliding system. Starting from the action

S =
∫ t2

t1
L[Φ,Φ∗]dτ, (2.9)

where Lagrange function is defined as

L = ⟨Φ|ih̄ d
dt

−H|Φ⟩, (2.10)
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The neccesary and sufficient condition for time evolution of the action (define in Eqn. 2.9)

is that for all possible variations of the wave function, it remains stationary.

δS = δ
∫ t2

t1
L[Φ,Φ∗]dt = 0. (2.11)

Which genrates an distinct Euler Lagrange equation for different parameters. The Euler-

Lagrange equation for each parameter λ is define as:

d

dt

∂L
∂λ̇

− ∂L
∂λ

= 0. (2.12)

The variation of action gives an exact solution of the Schrödinger equation if the true

solution of the Schrödinger equation is limited for particular set of wave function i.e.

ψ(r, pi(t), ri(t)). For coherent states, the Hamiltonian is defined as,

H =
∑
i

Ti +
1

2

∑
i,j;i̸=j

V (ri(t)− rj(t)) (i = 1, N), (2.13)

Where Ti is kinetic energy and Vij is potential energy equivalent to V (ri(t)− rj(t)). Using

classical Liouville equation, one finds that the equation of motion of ri and pi shows similar

structure like classical Hamilton equation (provided the Hamiltonian can be written in the

form of Eq. 2.13). After solving the Lagrangian and the variation, one gets the time

dependent equation, which diminishes the n-body Schrödinger equation to 6·(AT + AP ).

Thus the equations of motion in the form of classical Hamiltonian equation are represent

as:

ṙi =
∂H

∂pi
; ṗi =

−∂H
∂ri

. (2.14)

The numerical solution calculated in the form of classical molecular dynamics [55]. The

total Hamiltonian is represented in the form of kinetic energy and potentials as:

Hi = Ti + Vi

=
∑
i

p2i (t)

2m
+ V ij

Skyrme + V ij
Y ukawa + V ij

Coulomb + V ij
MDI + V ij

Sym (2.15)

(2.16)

where V ij
Skyrme, V

ij
Y ukawa, V

ij
Coulomb, V

ij
MDI and V ij

sym are, Skyrme, Yukawa, Coulomb, momen-

tum dependent and symmetry potentials, respectively between two colliding nucleons. These

are local two- and three- body interactions. Due to this Hamiltonian become:

Hi = Ti +
1

2!

∑
j;i ̸=j

V
(2)
ij +

1

3!

∑
j,k;i̸=j ̸=k

V
(3)
ijk (2.17)
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Here, V
(2)
ij and V

(3)
ijk are the two- and three-body interactions and represent in the form of

densities of both colliding nucleons.

The two-body interactions can be calculated as follows:

1

2

∑
j;i ̸=j

Vij =
1

2

∑
j;i̸=j

∫
fi(ri, pi; t) fj(rj, pj; t) V (ri, rj) (2.18)

× d3ri d
3rj d

3pi d
3pj,

=
1

2

∑
j;i̸=j

∫
fi(ri, pi; t) fj(rj, pj; t) t1

×δ(ri − rj)d
3ri d

3rj d
3pi d

3pj,

=
1

2

∑
j;i̸=j

t1

∫
fi(ri, pi; t) fj(rj, pj; t)

× d3ri d
3pi d

3pj,

=
1

2

∑
j;i̸=j

t1

∫ 1

(πh̄)3
e−(r−ri(t))

22/Le−(p−pi(t))
2L/2h̄2

× 1

(πh̄)3
e−(r−rj(t))

22/L e−(p−pj(t))
2L/2h̄2

d3ri d
3pi d

3pj,

=
1

2

∑
j

t1
1

(4πL)3/2
e−(ri−rj)

2/4L,

=
t1
2

∑
j;i̸=j

ρij. (2.19)

where, the interaction density ρij is given by:

ρij =
∫
d3r ρi(r) ρj(r) =

1

(4πL)3/2
e−(ri−rj)

2/4L. (2.20)

The three-body interactions can be calculated as follows:

1

3!

∑
j,k;i ̸=j ̸=k

Vijk =
1

3!

∑
j,k;i̸=j ̸=k

∫
fi(ri, pi, t) fj(rj, pj, t) fk(rk, pk, t) V (ri, rj, rk)

× d3ri d
3rj d

3rk d
3pi d

3pj d
3pk,

=
1

3!

∑
j,k;i̸=j ̸=k

∫
fi(ri, pi, t) fj(rj, pj, t) fk(rk, pk, t) t2

×δ(ri − rj) δ(ri − rk)d
3ri d

3rj d
3rk d

3pi d
3pj d

3pk,

=
1

3!

t2
(2πL)3 · 33/2

∑
j,k;i̸=j ̸=k

e−[(ri−rj)
2+(ri−rk)

2+(rk−rj)
2]/6L,

=
1

3!

t2
(2πL)333/2

∑
j,k;i ̸=j ̸=k

e−[(ri−rj)
2+(ri−rk)

2]/6L× 3
2 ,

=
1

3!

t2 (4πL)3/2×2

(2πL)3 · 33/2

∑
j ̸=i

1

(4πL)3/2
e−(ri−rj)

2/4L

2 ,
=

1

3!

t2 23

33/2

∑
j ̸=i

ρij

2 . (2.21)
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In above derivation, the three-body term can be reduced into two-body term. To probe the

NEOS, the value of parameters t1 and t2 in above equations (2.19 and 2.21) are determined

in such a condition that the Hamiltonian of Eqns 2.19 and 2.21 can genrates the NEOS in

infinite limits.

Further the short range Yukawa potential expressed as:

VY ukawa = t3
exp{−|ri − rj|}/µ

|ri − rj|/µ
, (2.22)

here t3= -6.66 MeV and µ = 0.4 fm. The Yukawa potential (VY ukawa) improves the inter-

actions of surface properties, which plays a significant role in study of multifragmentation.

The next Coulomb potential VCoulomb is express as:

VCoulomb =
ZiZj e

2

|ri − rj|
, (2.23)

here Zi and Zj denote the charges of ith and jth baryon.

Due to the constant density value in nucleus the interaction density agrees the single

particle density, and the two-body part of Vloc (local potential), and VY ukawa, are directly

proportional to (ρ
ρo
). Moreover, the three-body part Vloc is directly related to (ρ

ρo
)2. For

nuclear matter, local potential is defined as:

Vloc =
α

2

(
ρ

ρo

)
+

β

ζ + 1

(
ρ

ρo

)2

. (2.24)

The free parameters α and β of above potential fixed by the requirement. At normal

nuclear matter density the total density approches to ρo and the average binding energy is

consider to be -16 MeV. The parameter ζ is known as compressibility factor. The Skyrme

parameterization of NEOS, contains two different forms of parameter that give same values

of saturation density and binding energy, but give two different incompressibility K factor

value. The factor K at small value of ζ is 200 MeV, corresponds to soft EOS, while at larger

value of ζ corresponds to hard EOS with K = 380 MeV. To calculate the affect of different

compressibilities, the above potential energy (eq. 2.24) can be generalize from

Vloc =
α

2

(
ρ

ρo

)
+

β

ζ + 1

(
ρ

ρo

)ζ

. (2.25)

Then the total Skyrme potential is repsesented as:

V Skyrme =
∑
j;i̸=j

t4δ(ri − rj) + t2δ(ri − rj)ρ
γ́−1((ri + rj)/2). (2.26)
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The momentum dependent part came naturally in calculations via framework of G-matrix.

However, the numerical utility of G-matrix is very time consuming, thus one uses the pa-

rameterized form of momentum-dependent potential (VMDI).

VMDI =
∑
j;i̸=j

t4ln
2(t5(pi − pj)

2 + 1)δ(ri − rj), (2.27)

where t4 = 1.57 MeV and t5 = 5 × 10−4 MeV −2. The parameterized form of VMDI used in

IQMD model can be obtained by fitting the real part of optical potential of nucleon coming

from the experimental data [56, 57]. In Table2.1 containes different parameters and their

incompressibilities.

Table 2.1: Sets of IQMD model parameters [58, 59, 60, 61].

EOS α(MeV) β(MeV) ζ K(MeV)

S -356 303 1.17 200
H -124 71 2.00 380

Vsym = t6
1

ϱ0
T i
3T

j
3 δ(ri − rj), (2.28)

Here t6 = 100 MeV and T i
3, T

j
3 known as isospin projection of nucleons i.e. T3 components of

baryon (i.e. -1/2 for neutrons and 1/2 for protons). The total potential among the baryons

in IQMD model is written as:

H =
∑
i

p2i (t)

2m
+ V ij

Skyrme + V ij
Y ukawa + V ij

Coulomb + V ij
MDI + V ij

Sym

= t1δ(ri − rj) + t2δ(ri − rj)ρ
γ−1

(
ri + rj

2

)
+ t3

exp(|ri − rj|/µ)
(|ri − rj|/µ)

+
ZiZje

2

|ri − rj|
+ t4 ln

2[t5(pi − pj)
2 + 1]δ(ri − rj)

+ t6
1

ϱ0
T i
3T

j
3 δ(ri − rj). (2.29)

Nucleon-Nucleon (NN) collisions

In IQMD model, the binary NN collisions are included on the basis of VUU-BUU equation

[59, 60, 61] like in CASCADE model [18]. In propagation, a binary collision is considered

to occur, if their centroid are following the below conditions:

|ri − rj| ≤
√
σNN

π
, σNN = σ(

√
s, type). (2.30)
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Here σNN(
√
s) stands for total NN cross-section and ’

√
s ’ stands for center-of-mass energy in

GeV. “type” denotes the patners of ingoing collision (N-N, N-∆, N-π,..). During collision,

phase-space is checked in the region of scattering partners. Moreover, the phase-space

density in final state is checked through the Pauli-blocking. The Pauli-blocking also played

a significant role in NN collision. In IQMD model, the overlap phase space density f ovp
i as

well as particle density ρovpi of ith particle with other particles (jth) is given by

f ovp
i =

∑
j ̸=i

∫
drdpfi(r, p)fj(r, p)

=
1

8(πh̄)3
∑
j ̸=i

e[−α(ri−rj)
2− 1

4αh̄2
(pi−pj)

2] (2.31)

and

ρovpi =
∑
j ̸=i

∫
drρi(r)ρj(r)

=
∑
j ̸=i

(
π

α

)−3/2

e[−α(ri−rj)
2] (2.32)

where α = 0.25fm−2 is a model parameter. Therefore, the phase space Fermion overlapping

densities f ovp
i at the final states can be directly calculated and used for simulation of Pauli

blocking. For two indistinguishable nucleons i and j, the function F block
i can be interpreted

as the Pauli blocking probability and is given by

F block
i =

∑
j ̸=i

8(πh̄)3δσiσj
δTiTj

∫
drdpfi(r, p)fj(r, p)

= δσiσj
δTiTj

e[−α(ri−rj)
2− 1

4αh̄2
(pi−pj)

2], (2.33)

where σi,j = ±1 and Ti,j = ±1 stand for spin and isospin indices of nucleons, respectively.

The Pauli blocking of the two-body collisions can be checked by the blocking probability

Pblock given by

Pblock = 1− (1− F block
i )(1− F block

j ) (2.34)

and the correspondingly allowed probability by 1 − Pblock. The Pauli factor become 0(1),

if phase-space is occupied(unoccupied). Souza et al. [62] proposed another method to

implement the Pauli principle via two situations. Firstly, in formation of initial pattern of

a nucleus. Secondly, during the NN collisions. In this approach, the role of Pauli blocking

is noticeable via the significantly overlapping of the nucleons Gaussians. The Gaussians
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Overlap of the Gaussians

Figure 2.1: The two dimensional phase space of the overlap of Gaussian wave packet. The
figure is taken from Ref.[62].

pattern appear as a good tool to measure the phase-space density as shown in 2.1. In Fig.

2.1, the solid lines represent for the Gaussians of a nucleon situated at px = 0 fm−1 and x =

0 fm, whereas dashed lines represent the Gaussians in phase-space of surrounding nucleons.

The phase space, mean position ri and mean momentum pi of allowed collisions is calculated

with respect to the overlapping of Gaussians connected with other nucleons to a particular

nucleon. The blocked collision with probability Pblock depends on total overlap ϵ is assumed

to be ’ϵ’ for 0 ≤ ϵ ≤ ’1’ and 1 for ϵ ≥ 1. In condition of two nucleons (1 and 2) surrounding

a given nucleon. Then, the total overlap function (ϵ) is define as:

ϵ = ϵr1ϵ
p
1 + ϵr2ϵ

p
2, (2.35)

where ϵrz and ϵ
p
z (Z = 1, 2) stands for overlapping in coordinate and momentum phase-space,

respectively. This method makes sure to occupy a reasonable phase-space of the colliding

system during the collision and the value of Pauli blocking factor depends on whether the

final phase-space is occupied or not.

In order to further understand the concept of rate of change for total collisions, Pauli
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Figure 2.2: Time evolution of the total collisions, blocked collisions and net collisions for
the reactions of 197Au + 197Au, 124Sn + 124Sn, 40Ca + 40Ca and 7Li + 7Li at E = 50
MeV/nucleon.

blocking, blocked collisions and net collisions for reactions of 197Au + 197Au, 124Sn + 124Sn,

40Ca + 40Ca and 7Li + 7Li are shown in Fig. 2.2. From the figure one can see that the

collision rate shows a rise and fall behavior. It shows a peak around t = 30 fm/c (region

of high density phase achieved during the reaction). After this around t = 80 fm/c the

collisions rate becomes constant. One can also notice that the collision rate increases with

colliding system masses. This happens due to the large colliding volume in heavy colliding

nuclei, which leads to increase the interaction time among the colliding nucleons. Fig. 2.3,

displays the energy dependence of allowed collisions for same set of reactions as taken in

Fig. 2.2. From Fig. 2.3, one can see a linear dependence between NN collisions and incident

energy. This shows that the role of Pauli blocking diminish as one move high energy region,

which is more prominent in case of heavier systems than the lighter systems. This happens

because the total excitation energy counted in lighter system is lower compared to the

heavier system.

In mass asymmetric reactions, the collision profile behave differently. The Fig. 2.4 shows
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Figure 2.3: The energy dependence of allowed collisions for the reactions of 197Au + 197Au,
124Sn + 124Sn, 40Ca + 40Ca and 7Li + 7Li.

the effect of Pauli blocking on mass asymmetric collisions in Fermi energy region. From

figure, one can see that the number of maximum allowed collisions increase with incident

energy, which signifies that the role of Pauli blocking decreases with increase in incident

energy. The rate of change of bar length is more in highly mass asymmetric collisions

compared to the other one. It signifies that mass asymmetric collisions in Fermi energy

region considered as a useful probe to hit the pauli blocking.

The QMD and IQMD models also differ in terms of parametreization of NN cross-section.

In IQMD model, parameterized form of free nn, pp and np cross-sections are used instead

of the average NN cross-section. The total cross-section contains both elastic and inelastic

cross-section.

σNN = σel + σinel = σel + Σchannelsσi. (2.36)

The following inelastic reactions are taken explicitly in calculations and might influence the

collision dynamics:

N +N → ∆+N (hard− delta production) (a),
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Figure 2.4: Energy dependence of maximum allowed NN collisions for mass asymmetric
collisions.

∆ → N + π (delta decay) (b),

∆+N → N +N (delta absorption) (c),

N + π → ∆ (soft− delta production) (d).

(2.37)

Experimental cross-sections are taken in consideration for the processes of elastic and in-

elastic cross-section. By using model detailed balance formula, the reverse reaction, which

are not physically accessible are also considered in IQMD model.

The elastic angular distribution of NN scattering is consider as:

dσel
dΩ

≈ exp [A(s), t] , (2.38)

where t is −q2, the transverse momentum transfer and

A(s) = 6
[3.65 (

√
s− 1.8766)]

6

1 + [3.65 (
√
s− 1.8766)]

6 , (2.39)

A is given in (GeV/c)−2.

The inelastic NN scattering angular distribution is defined as:
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dσin
dΩ

≈ a(s)exp [b(s)cosθ] . (2.40)

The a(s) and b(s) depend on
√
s and attain different values at different intervals of

√
s. θ

is a polar angle.

The inclusion of isospin effects in QMD model improve the theoretical calculations, which

can better explain the experimental data.

Numerical Tests

A nucleus is made up of several nucleons. A nucleon remains confined in a nucleus by

the influence of the mean field of its neighbors. During the motion, when a nucleon comes

closer to the surface of the nucleus, it will pull backside by other nucleons to keep confined

in spherical distribution of radius R. After checking the destabilization of cold nuclei in

initialization. In transport models after some lapse of hundred fm/c the nucleus start

emitting the particles. A large number of tests were conducted to confirm the stability of

nuclei [63, 64]. In this work the time evolution of r.m.s radius (⟨r⟩) and momentum (⟨p⟩) for

single nucleus of 40Ca and 197Au is studied to understand the ground state properties. Fig.

2.5 shows the time dependence of the r.m.s. radius and momentum. One can observe the

oscillations in values of r.m.s. radius and momentum about their mean value. On the other

hand light nucleus is little less stable. This happens due to the poor density approximation

in light nuclei.

2.3 Secondary models

The dynamics models can also be termed as ”primary models” because they can explain the

time span of the each nucleon and generate their phase-space. The correlations among the

nucleons in final stage is mapped by a specific algorithm which are named as ”secondary

models”. Now days, Minimum Spanning Tree (MST) [65, 66] method is considered to

be generally critical. The MST approach clusterize the nucleons in terms of the spatial

relationship among them.

Minimum Spanning Tree (MST) method

The easiest and more instinctive fragment definition depends on correlations in configuration

space i.e. a nucleon ′i′ fits with in a fragment, if there is another nucleon ′j′ that has a place
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Figure 2.5: Time evolution of the r.m.s. values of the radius and the momentum for single
nucleus of 40Ca and 197Au in ground state.

with same cluster with the condition:

| ri − rj |≤ dmin, (2.41)

where ri and rj are the spatial positions of ith and jth nucleon and dmin is considered as

a free-parameter, fluctuates from 2-4 fm. The fragments production with dmin ≤ 4 fm is

shown in Fig. 2.6. The main problem with MST method is that it is applicable to the

dilute systems only. Since it depends on the proximity in space, the nucleons with different

velocities can end up in the same fragment, though will leave the fragment at later stage.

It is well clear that, there are several theoretical models to explain the various observables

of intermediate energy HIC. We have planned to study the phenomena of collective flow and

nuclear stopping using primary model namely IQMD and then clustrize the nucleons in a

fragment by using secondary model named MST.
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Figure 2.6: The pictorial view of fragment formation with MST method with dmin ≤ 4 fm.
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Chapter 3

Isospin effects on directed transverse
flow

3.1 Introduction

The advancement of radioactive ion beam facilities has opened up new doors for the com-

munity of nuclear physics to understand the isospin asymmetries nuclear matter [1, 2, 3].

The influence of isospin degree of freedom on various physical phenomena, like collective

flow [4, 5], multifragmentation [6, 7], nuclear stopping [8, 9], pre-equilibrium nucleon emis-

sion [10, 11], etc., have extensively been reported in the literature. Among the various

observables, collective flow has a special state in HIC, as it shows high sensitivity towards

the model ingredients, which are important to explain the NEOS. The isospin effects enter

into the calculations via the Coulomb potential, the symmetry energy as well as through the

isospin dependent NN cross-section. Till now, various attempts have been done to under-

stand the importance of collective flow at and above the Fermi energy region. Recently, Puri

and collaborators [12] studied the relative contributions of symmetry energy and Coulomb

potential on transverse flow and also studied the disappearance of transverse flow for iso-

baric and isotonic systems throughout the mass range. The results clearly indicate that the

density dependent symmetry energy shows a remarkable effect on directed transverse flow

in intermediate energy region. Jain et al. [13] studied the effect of momentum dependent

interactions (MDIs) and isospin dependent NN cross-section on n/p pt-differential transverse

flow. The study reported that neutrons and protons directed transverse flow is influenced by

the momentum dependent interactions and the isospin dependent NN cross-section. FOPI

collaboration [14] studied the pt-differential transverse flow for different charged fragments
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of 197Au + 197Au reaction in non-central collision and reported that the pt-differential trans-

verse flow increases with increase in fragment charge. INDRA collaboration [15] reported

a significant contribution of Coulomb potential towards the directed flow. Kohley et al.

[16] reported that the flow of intermediate mass fragments depend on both mass as well

as charge of colliding systems. Transverse flow of intermediate mass fragments showed a

remarkable affect towards the density dependent symmetry energy [16]. Li and Sustich [17]

reported that even at balance energy, one gets a measurable value of differential transverse

flow, which signifies that the differential transverse flow can act as a sensitive probe to study

the NEOS. Moreover, differential transverse flow shows larger sensitivity toward the param-

eters that are come into calculations by the assimilation of other parameters. The ultimate

goal of this chapter is to extract the information about the isospin dependent NEOS via

density dependent symmetry energy and isospin dependent NN cross-section. The results

are elaborated as follow [18].

3.2 Results and discussion

3.2.1 Density profile of various form of symmetry energy

During the collision, two nuclei (target and projectile) approach to each other and form

a highly dense and compressed state. At this state, the symmetry energy plays a crucial

role. In such situations, one tends to study the various form of density dependent symmetry

energy. To study the influence of density dependent symmetry energy, author started with

the study of density profile. Fig. 3.1, shows the time evolution of average density for 48Ca

+ 48Ca at E = 80 MeV/nucleon (in Fermi energy region), for the various form of symmetry

energy having γ = 0.66, 1 and 2. The density is defined as [19]:

ρij(r, t) =
AT+AP∑
i,j=1

1

(2πL)
3
2

exp[
−(ri−rj)

2

2L
], (3.1)

where ri and rj are the positions in coordinate space corresponding to the ith and jth nu-

cleons, respectively. L stands for the Gaussian width of wave packet. AT and AP are the

masses of target and projectile nucleus, respectively. Here, author calculated the average

density over whole volume, represented by a single point at various time steps. The density

dependent symmetry energy influence the reaction dynamics. Moreover, the peak value of
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Figure 3.1: Density profile for the reaction of 48Ca + 48Ca at E = 80 MeV/nucleon, for
various form of density dependent symmetry energy having γ = 0.66, 1 and 2.

density dependent symmetry energy having γ = 1 is low compared to other forms of density

dependent symmetry energy. As the NEOS is related to the density, therefore, one can say

that density dependent symmetry energy affects the NEOS. The density dependent symme-

try energy does not show a huge variation in fragment production [20]. However the effect of

density dependent symmetry energy on elliptical flow has already reported in literature [21].

3.2.2 Directed transverse flow

In this chapter [18], influence of different forms of symmetry energy on pt-differential

transverse flow is studied. The mathematical formulation of directed transverse flow taken

from the anisotropic distribution of nucleons reported by first-order Fourier coefficient given

by Voloshin [22] as:

dN

dϕ
∝ (1 + 2

∞∑
n=1

vncos nϕ). (3.2)

Where ϕ is azimuthal angle between the reaction plane and the transverse momentum

of emitted particles. vn characterized the strength of anisotropic flow. The first-order
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anisotropic flow (v1) is known as directed transverse flow. It can be defined as :

⟨v1⟩ = ⟨cosϕ⟩ = ⟨px
pt
⟩, (3.3)

here pt =
√
(px)2 + (py)2, with px and py are parallel and perpendicular projections of par-

ticles transverse momentum. The directed flow signifies the pressure created between the

colliding nuclear matter, which is connected to the highly thermalized. Thus, one can con-

nect both observables (collective flow and nuclear stopping) of HIC with each other, which

will be discussed in next chapter [23] under different reaction conditions. The magnitude

and shape of directed flow has special feature in HIC. The rapidity dependence with directed

flow under different reaction conditions (incident energy) can explain the phenomena of one-

and two-body NN collisions.

It has been proved that the directed flow as a function of rapidity distribution shows a

typical ’S-like’ behavior. However, the shape of directed flow varies with incident energy. As

presented in Fig. 3.2, directed transverse flow changes its sign as one increases the incident

energy above 100 MeV/nucleon [24]. This happens because at low energy (E < Ebal, where

balance energy (Ebal) is an energy where directed flow turn into zero) NN interactions are

dominated by attractive mean field, which deflect the nucleons toward negative angle [25].

However, at high energies (few hundred MeV/nucleon to 1 GeV/nucleon) i.e. when E > Ebal,

the individual NN scattering and repulsive mean field dominate, which deflect the emitted

nucleons toward the positive angle [26]. As one move from low incident energy to higher

one, the attractive interactions between the nucleons are balanced through repulsive NN

interactions and result in zero directed transverse flow (E = Ebal). In Fermi energy region,

very small values of higher order anisotropic flow is obtained. But, first-order anisotropic

flow (v1) gives a measurable value at low as well as at high incident energy.

3.2.3 Rapidity dependence of transverse directed flow

The directed transverse flow depends on region of rapidity distribution [27, 28]. Fig. 3.3

represents the dependence of directed transverse flow with scaled rapidity
(

Yc.m

Ybeam

)
. Different

lines represent the different colliding systems (26Na + 26Na, 48Ca + 48Ca, 78As + 78As, 129Xe

+ 129Xe) at scaled impact parameter b̂ = 0.3, where b̂ = b
bmax

, here b is impact parameter
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Figure 3.2: Pictorial view of the energy dependence of directed flow.

between the colliding nuclei and bmax = 1.12(A
1
3
T + A

1
3
P ). The results are calculated at two

different energies E = 80 (upper panel) and 400 (lower panel) MeV/nucleon. The flow

parameter shows typical ”S-like” curve for all colliding systems. At low incident energies,

the nuclear interactions are dominated by attractive nuclear mean field, which deflect the

nucleons toward the negative angles. Moreover, the slope become more negative with in-

crease in system mass [28]. At high energy, the NN collisions drift the nucleons toward the

positive angles corresponding to positive slope. The directed transverse flow shows large

sensitivity toward the system mass through out the rapidity range
(
| Yc.m.

Ybeam
|≤ 1.75

)
. The

sideward deflection of nucleons in directed transverse flow, vanishes at mid-rapidity region(
| Yc.m.

Ybeam
|≤ 0.1

)
and give a measurable value of flow in target-like (TL)

(
Yc.m.

Ybeam
≤ −0.1

)
as

well as projectile-like (PL)
(

Yc.m.

Ybeam
≥ 0.1

)
region.

Jain et al [13] studied the influence of NN cross-section and momentum dependent interac-

tions (MDIs) on directed transverse flow of protons and neutrons at E = 400 MeV/nucleon

(above the balance energy), where reaction dynamics are governed by NN collisions only. Li

[29] has showed that symmetry energy varies with isospin content of nucleons and plays a
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significant role at low energy. Motivated from both the studies, in this chapter [18], author

has addressed the isospin dependent properties of nuclear matter (symmetry energy and NN

cross-section) via directed transverse flow. To study the relative effect of mean field and NN

collisions, the following results are displayed in Fermi energy region at E = 80 MeV/nucleon

for different form of symmetry energy and its density dependence.
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Figure 3.3: ⟨v1⟩ dependence with rapidity distribution for different system mass at γ = 1.

3.2.4 Transverse momentum dependence of directed flow

The isospin effects are visible in mid-rapidity zone. Thus, to study the isospin effect,

author display the parameterized ⟨v1⟩ as a function of transverse momentum (pt) in mid-

rapidity zone [18]. The directed transverse flow showed a peak around the TL as well as PL

region. The v1(pt) dependence for symmetric systems form a mirror image on either side of

the participant zone [13]. Considering that, author displays the following results for partic-

ular TL particle. In Fig. 3.4, one can see that the effect of density dependent symmetry

energy increases with system mass. The peak of pt-differential transverse flow get shifted

toward the lower transverse momentum with system mass (as shown by lines with arrows).
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Figure 3.4: Systematic representation of v1(pt)-dependence for the reactions of
26Na + 26Na,

48Ca + 48Ca, 78As + 78As, 129Xe + 129Xe and 145Pm + 145Pm. Different columns represent
the results for different forms of density dependent symmetry energy and different rows
represent v1(pt)-dependence for total nucleons, neutrons and protons, respectively.

This happens because one need large incident energy to achieve sufficient initial compression

in heavier systems. Moreover, the pt-differential flow shows peak value in Fermi momentum

region i.e. between 0.2 and 0.3 GeV/c (v1|PF
) and maximum sensitivity toward the density

dependence of symmetry energy has been observed in this region. To study the isospin ef-

fects, author display pt-differential transverse flow for total nucleons, neutrons and protons.

One can see that flow is slightly more for the neutrons compared to the protons [30]. This

is because the symmetry energy is repulsive for neutrons and attractive for protons [29].

To study the effects of density dependent symmetry energy on pt-differential transverse

flow for whole mass range, in Fig. 3.5, the transverse directed flow as a function of system

mass in Fermi momentum region (v1|PF
) is shown. One can see that γ = 1 generates less

directed transverse flow compared to γ = 0.66 (soft density dependence). This happens be-

cause the strength of symmetry energy with density for γ = 0.66 shows a rise (below normal

nuclear matter density) and fall (above normal nuclear matter density), whereas for γ = 1,

it shows a linear dependence. The flow is generated by pressure gradient, which is related
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Figure 3.5: v1|PF
dependence as a function of system mass for different forms of density

dependence of symmetry energy.

to the density gradient, for γ = 0.66, the contribution of symmetry energy is more below

normal nuclear matter density compared to the γ = 1, however, reverse trend is observed

above the normal nuclear matter density. The trend might be due to the large contribution

from low density region for soft density dependence of symmetry energy, which enhances

the flow for the γ = 0.66 compared to the γ = 1. However, v1|PF
further increases for the

super-stiff form (γ = 2) of density dependent symmetry energy. This happens because for

super-stiff form of density dependent symmetry energy, in general, enhances the pressure

gradient of the colliding nuclei. At high density (above normal nuclear matter density),

the strength of symmetry energy is more for γ = 2, which deflects the nucleons away from

participant zone. The pt-differential transverse flow is sensitive toward the various forms of

density dependent symmetry energy, which is connected to the NEOS. Therefore, one can

say that pt-differential transverse flow provides a possible tool for extracting the information

about the NEOS.

The system mass dependence of the difference of neutron-proton directed transverse flow

in Fermi momentum region reflects the role of density dependent symmetry energy in more

appropriate way, because the isospin difference enhance the effects of isospin dependent part
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Figure 3.6: The difference of neutron-proton directed transverse flow as a function of total
system mass for different forms of density dependence of symmetry energy.

and reduce the effects of isospin independent part i.e. the isoscaler part of the NEOS [31].

In Fig. 3.6, the effect of density dependent symmetry energy is studying via the difference

of neutron-proton directed transverse flow over the whole mass range by keeping fix N/Z

ratio of the colliding nuclei. From Fig. one can observe a small difference in various form

of density dependent symmetry energy in whole mass range. It shows that the effect of

density dependent symmetry energy is independent from system mass at fixed N/Z ratio of

the colliding nuclei.

The symmetry energy is basically the energy difference of pure neutron matter and sym-

metric nuclear matter. Due to this, in following study N/Z ratio of colliding nuclei is varied

to study the effect of density dependent symmetry energy.

3.2.5 N/Z dependence of colliding nuclei on pt-differential trans-
verse flow

In previous results author has studied the effect of density dependent symmetry energy on

pt-differential transverse flow for whole mass range by keeping neutron to the proton ratio
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fixed i.e. N/Z ≈ 1.4 of the colliding nuclei. However, the effect of symmetry energy increases

with neutrons content, therefore, to study the contribution of N/Z ratio of the colliding nu-

clei, author has extended the study by taking the isotopic series of xCa + xCa (here x varies

from 40 to 60) and yXe + yXe (here y varies from 108 to 162) shown in Figs. 3.7 and 3.8,

respectively. Author has studied the isotopic pairs (Coulomb potential remain the same) in

which mass increases due to the addition of neutrons. Therefore, decrease/increase (soft and

stiff/super-stiff) in pt-differential transverse flow reflects the influence of symmetry energy.

To check the relative importance of these two mechanisms, Figs. 3.7 and 3.8, pt-differential

transverse flow for all nucleons, neutrons and protons in top, middle and bottom panels,

respectively is displayed. From both the figures, we observe that:

(i) The pt-differential transverse flow for various form of density dependent symmetry en-

ergy follow the same trend for various N/Z ratio of colliding nuclei, as shown in previous

figures, i.e, flow increases with stiffness parameter. This is because the super-stiff density

dependence of symmetry energy enables the early emission of nucleons from the participant

zone. The relative strength of symmetry potential behave differently for different γ values

below and above the normal nuclear matter densities. Above normal nuclear matter density,

the strength of symmetry energy keeps on increasing for γ = 2 and it shows a fall, for γ =

0.66, as explained in the previous figure.

(ii) On considering the N/Z ratio of the colliding nuclei, the effect of density dependent

symmetry energy increases with N/Z ratio of the colliding nuclei in both the Figs. 3.7 and

3.8. This happens because increase in N/Z ratio means increase in neutrons number by

keeping fix protons number and symmetry potential is highly repulsive for neutrons.

(iii) On comparing the results from top to bottom in both the Figs., author find that pt-

differential transverse flow shows large value for neutrons and relatively small value for

protons in whole pt range. This happens due to highly attractive(repulsive) symmetry po-

tential between protons(neutrons). Thus, attractive force between protons decrease the flow

value. However, the pt-differential transverse flow for whole colliding system (all nucleons)

lie between the neutron and proton pt-differential transverse flow.

(iv) Again, in all conditions density dependent symmetry energy shows maximum sensitivity

toward the pt-differential transverse flow in Fermi momentum region.
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Figure 3.9: v1|PF
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+ Xe (right side) series for different forms of density dependent symmetry energy. Panels
from top to bottom display the results for total nucleons, neutrons and protons, respectively.
Different symbols are corresponding to different γ values as used in Fig. 3.5.

To study the comparative effect of system mass and N/Z ratio of colliding nuclei, in Fig.

3.9, we represent v1|PF
as a function of N/Z which varies between 1 to 2 for the reaction of

Ca + Ca (left side) and Xe + Xe (right side). On comparing the results of pt-differential

transverse flow for both the colliding systems, we find that the slope (which signifies the

N/Z dependence of colliding nuclei) of v1|PF
is higher for heavier system (Xe). However, the

value of flow is smaller in heavier system. Thus, one can conclude that symmetry energy

and its density dependence shows large sensitivity toward the N/Z ratio of heavier system.

This is due to the effect of symmetry potential.

In better way to study the effect of symmetry energy and its density dependence for

different neutron-proton content in whole periodic table. The Fig. 3.10 represents the dif-

ference of neutron-proton directed transverse flow for isotopic series of Ca (upper panel) and

Xe (lower panel). From Fig. 3.10, one can see that the super-stiff form of density dependent

symmetry energy shows large flow difference in whole isotropic series. Moreover, the effect

of isospin dependent part is more prominent in heavier system than the lighter system.
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Figure 3.11: pt-differential transverse flow for γ = 1 for the reaction of xCa+xCa. Solid lines
and dash lines represent the pt-differential transverse flow in the absence of isospin dependent
cross-section and symmetry energy. Dotted lines represent the results with symmetry energy
and isospin dependent cross-section.

This support the previous Fig. 3.9. However, the difference of neutron-proton directed

transverse flow reduces the isospin independent parts (isoscaler part and NN cross-section)

and enhance the isospin dependent part of NEOS. Thus, one can conclude that the isotopic

series of heavier colliding systems can better explain the isospin dependent part of NEOS.

Till now, author has studied the influence of density dependent symmetry energy on

pt-differential transverse flow for whole system (all nucleons) and its constituent (neutron

and proton) individually. The isospin effects also influence the NN cross-section. Therefore,

as a next step to study the behavior of pt-differential transverse flow in more detail. In

Figs. 3.11 and 3.12, author compared the results of pt-differential transverse flow in the

absence of isospin dependent NN cross-section (solid lines) (Sym + σnoiso) and symmetry

energy (dash lines) (No-Sym + σiso) with the results of pt-differential transverse flow in

presence of both the effects (isospin dependent NN cross-section and symmetry energy) and

is represented via dotted lines (Sym + σiso) for the reaction of Ca + Ca (Fig. 3.11) and

Xe + Xe (Fig. 3.12) for different N/Z ratio of colliding nuclei as taken in previous Figs.
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Figure 3.12: Same as in Fig. 3.11, but for the reaction of yXe+y Xe.

3.8 and 3.9. From figures 3.11 and 3.12, we observed that on pt-differential transverse flow

the inclusion of isospin effect in calculations take place by symmetry energy and by isospin

dependent NN cross-section. However, the influence of isospin effect via symmetry energy

is more prominent than the isospin dependent NN cross-section in both figures. The isospin

effect increases with N/Z ratio of colliding nuclei. This happens due to increase in neutrons

content of colliding nuclei. As already stated that the symmetry energy is repulsive for

neutron, thus due to repulsive neutron-neutron interactions, the flow value increases on the

inclusion of symmetry energy. However, in isospin dependent NN cross-section, the proba-

bility of neutron-proton collisions is nearly three times compared to the neutron-neutron and

proton-proton collisions. Thus, due to the inclusion of isospin dependent NN cross-section,

pt-differential transverse flow increases. Again, the increase in the peak value is more for

the neutrons rich system compared to neutrons deficient system. The small change in slope

is observed when one switch off the symmetry energy contribution, which shows that the

sensitivity of N/Z dependence of pt-differential transverse flow to the strength of symmetry

energy and its insensitiveness to the isospin dependence of NN cross-section far away from

the mid-rapidity zone. From above discussion, one can conclude that the symmetry energy
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Figure 3.13: Scaled transverse momentum dependence of directed flow for free protons at
E = 250 MeV/nucleon and b varies from 3-6 fm for different scaled rapidity bins, panels
(a)-(c) shows the comparison of experimental finding of FOPI collaboration with theoretical
calculations for the reaction of 197Au + 197Au.

plays a dominant role for the enhancement of pt-differential transverse flow with neutron

content throughout the mass range. Again, large slope is observed for heavier masses, which

indicates that the N/Z dependence of pt-differential transverse flow for heavier systems act

as a good probe to constrain the density dependent symmetry energy.

On comparing the observed results with Ref. [12], author found that relative change in

slope for different γ values is more pronounced at maximal value of pt-differential transverse

flow compared to the balance energy. This signifies that v1(pt)-dependence of transverse

flow is a more sensitive probe compared to the energy of vanishing flow (EVF) to study the

effect of symmetry energy and its density dependence. These finding are in confirmation

with Ref. [17].

3.2.6 Comparison with experimental data

For more practical interpretation of our results, author has compared the experimental

findings of FOPI collaboration [32, 33, 34] with theoretical calculations. Author has used
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isospin dependent cross-section and other conditions are chosen according to the availability

of the experimental data. The normalized center-of-mass (c.m.) transverse momentum and

rapidity is defined as:

p
(0)
t = pt/p

proj
c.m , Y (0) = (Y/Yproj)

c.m. (3.4)

where the proj denotes the projectile.

Fig. 3.13, shows pt-differential transverse flow of free protons for three different rapidity

bins at E = 250 MeV/nucleon. Panels (a)-(c), show the results for the reaction of 197Au

+ 197Au under the conditions imposed by FOPI [32, 33, 34] collaboration. Author could

find that directed transverse flow shows a rise with p
(0)
t . This happens because transverse

momentum transfer to the particles is not uniformly distributed. Moreover, the high-pt

particles emitted at pre-equilibrium stage, therefore, they do not undergo maximum com-

pression stage and thus show large value of flow. The pt-differential transverse flow shows

lesser sensitivity for different form of density dependence of symmetry energy because the

effect of symmetry energy vanishes for spectator matter. One can see that, the positive value

of flow increases as one move from rapidity 0.5 < Y (0) < 0.7 (BIN 1) to 0.9 < Y (0) < 1.1

(BIN 3). This is because, on moving from top to bottom, the transverse momentum as-

sociated with the nucleons decreases due to increase of spectator zone, this increases the

transverse flow. Moreover, directed transverse flow shows a linear dependence with ⟨p(0)t ⟩ at

low value of the transverse momentum, but shows deviation from the straight line at higher

⟨p(0)t ⟩ [22]. This happens due to the transverse radial expansion. Our theoretical results

follow the similar trend as given by experimental findings. However, one can reduce the

gap between the experimental data and theoretical calculations by introducing momentum

dependent interactions in the potential [13, 35, 36].

3.3 Summary

Theoretical investigation of pt-differential transverse flow by using the Isospin-dependent

Quantum Molecular Dynamics (IQMD) model has been performed. Study shows that the

maximum value of pt-differential transverse flow act as a more suitable probe to study the

effect of symmetry energy and its density dependence than the EVF. The sensitivity of

symmetry energy towards the pt-differential transverse flow with is found to be much higher
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for heavy system, indicating that the N/Z dependence of pt-differential transverse flow of

heavy systems can act as a suitable probe to constrain the density dependence of symmetry

energy at supra-saturation region. The N/Z dependence of pt-differential transverse flow

is sensitive to the symmetry energy and its density dependence and showed insensitivity

to isospin dependence of NN cross-section far away from the mid-rapidity zone. Moreover,

the theoretical calculations follow the similar trend as given by the experimental findings in

different rapidity bins.
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Chapter 4

Correlation between nuclear stopping
and collective flow

4.1 Introduction

The investigation of HIC throw light on various rare phenomena like multifragmentation,

collective flow and nuclear stopping. The reaction dynamics depends strongly on both in-

cident energy as well as impact parameter. The ability of nuclear matter to dissipate the

initial longitudinal momentum into transverse degree of freedom is termed as nuclear stop-

ping. There are various independent parameters in literature that are able to explain the

nuclear stopping [1]-[5].The nuclear stopping has been studied extensively both experimen-

tally and theoretically. Bass et al. [6] proposed the idea of nuclear stopping phenomena

via the “isospin-mixing” method. It also shed light on the entropy of the reaction. Nuclear

stopping is related to the question, whether the thermalization (equilibrium) state can be

attained or not during the collision. Nevertheless, nuclear stopping is highly influenced by

in-medium NN cross-section, Pauli blocking and Fermi motion. Bauer [7] addressed the

importance of attractive mean field and in-medium NN cross-section on nuclear stopping in

intermediate energy region. Liu et al. [4] have proposed the investigation of nuclear stop-

ping for symmetric reactions with different neutron to proton ratio for whole energy range.

Their study revealed that nuclear stopping depends on both in-medium NN cross section

and mean field. Moreover, it also increases with the system mass. Li and coworkers [8]

studied the effect of in-medium NN cross-section and EOS on nuclear stopping. Similarly,

Yuan et al. [9] have studied the effect of excitation function of nuclear stopping on light

mass fragments for the reaction of 197Au + 197Au and reported that the stopping is influ-
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enced by stiffness of EOS and in-medium NN cross-section. Kaur et al. [5] have studied the

effect of mass asymmetry on nuclear stopping by keeping total mass of the colliding nuclei

fixed at E = 250 MeV/nucleon. Their study revealed that nuclear stopping decreases with

the mass asymmetry. The nuclear stopping can also be correlated with other observables of

intermediate energy HIC, such as multifragmentation and collective flow.

Residorf et al. [10] showed a linear relation between the directed flow and nuclear stop-

ping for symmetric reactions of 197Au + 197Au, 131Xe + 132Cs, 101Ru + 101Ru, 59Ni + 59Ni

and 40Ca + 40Ca at incident energy varying between 150 and 1930 MeV/nucleon (above

the balance energy). Zhang et al. [11] also demonstrated a linear dependence between the

nuclear stopping and the magnitude of directed & elliptic flows for same set of reactions at

E = 250 and 400 MeV/nucleon. Recently, Jain and Kumar [12] studied the nuclear stopping

around the Ebal for symmetric systems. The study does not show a visible effect on nuclear

stopping at Ebal.

All the above studies are limited for the dynamics of symmetric and nearly-symmetric

colliding systems. Little attention has been paid to study the correlation between nuclear

stopping and directed transverse flow for asymmetric reactions. Till now, only linear de-

pendence of both the quantities (collective flow and nuclear stopping) is reported at higher

incident energies. But, little attention has been paid to study such dependence at lower

incident energy. Andronic et al. [13] reported that below 150 MeV/nucleon, the correlation

between the directed transverse flow and nuclear stopping does not follow the linear depen-

dence, but, still no one has reported the correlation between the directed transverse flow

and nuclear stopping at low energy (E < 100 MeV/nucleon). Moreover, Zhang et al. [11]

have also studied the correlation between elliptical flow and nuclear stopping for symmetric

and nearly symmetric reactions at E = 250 and 400 MeV/nucleon. The study reported that

a positive correlation holds between the nuclear stopping and the elliptical flow. Motivated

from the above discussions, aim in the present chapter [14] is at least five fold:

i) To study the influence of mass asymmetry as well as system mass of colliding nuclei on

nuclear stopping under different reaction conditions.

ii) To study the influence of colliding geometry on the correlation between directed trans-

verse flow and nuclear stopping.
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iii) To study the nuclear stopping of different mass fragments.

iv) To study the correlation between directed transverse flow and nuclear stopping for the

mass asymmetric colliding nuclei at both low as well as high energy.

v) To study the effect of fragment masses on the correlation between elliptical flow and

nuclear stopping at and around the transition energy.

4.2 Parameters of nuclear stopping

There are various parameters existing in literature to estimate the degree of nuclear stop-

ping. The nuclear stopping can be investigated via rapidity distribution, anisotropy ratio,

quadrupole momentum and relative momentum. The various parameters of nuclear stop-

ping are defined as:

i) The rapidity distribution (Y (i)) that helps to calculate nuclear stopping is defined as [1]:

Y (i) =
1

2
ln
E(i) + pz(i)c

E(i)− pz(i)c
, (4.1)

where, pz(i) and E(i) are longitudinal momentum and total energy of ith particle, respec-

tively. In rapidity distribution, for complete stopping a single Gaussian shape distribution

is envisage. The width of Gaussian distribution decides the nuclear stopping. The narrow

Gaussian indicates better thermalization compared to broader one.

ii) The strength of nuclear stopping from rapidity distribution is further calculated by the

stopping parameter varxz [3], which is the ratio of transverse (x) and longitudinal (z) vari-

ances of the rapidity distributions. The stopping parameter varxz is defined as:

⟨varxz⟩ = σ2(x)

σ2(z)
. (4.2)

The value of ⟨varxz⟩ = 1 indicates complete stopping.

iii) The next is quadrupole moment ⟨ QZZ ⟩ [4], which is defined as:

⟨QZZ⟩ =
∑
i

[
2p2z(i)− p2x(i)− p2y(i)

]
. (4.3)

For complete stopping ⟨ QZZ ⟩ = 0.

In this chapter, we use the parameter namely anisotropic ratio ⟨R⟩ to study the nuclear
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stopping [5]. It is defined as

⟨R⟩ = 2

π

(
∑

i p⊥(i))

(
∑

i p∥(i))
, (4.4)

where p⊥ =
√
p2x(i) + p2y(i) and p∥ = pz(i), and px, py & pz have their usual meanings.

4.3 Results and discussion

In the present study, starting with the simulations have been carried out for mass sym-

metric and mass asymmetric reactions i.e. η = 0.0 to 0.5. In particular, we simulate the

reactions of 40Ca + 40Ca (η = 0), 36Ar + 44Ca (η = 0.1), 32S + 48Ti (η = 0.2), 28Si + 52Cr

(η = 0.3), 24Mg + 56Fe (η = 0.4) and 20Ne + 60Ni (η = 0.5), having Atot = 80 units, 80Kr

+ 80Kr (η = 0), 70Ge + 90Zr (η = 0.1), 62Ni + 98Mo (η = 0.2), 54Fe + 106Cd (η = 0.3), 45Sc

+ 115In (η = 0.4) and 40Ca + 120Te (η = 0.5), having Atot = 160 units and 120Te + 120Te

(η = 0), 108Cd + 132Ba (η = 0.1), 96Mo + 144Nd (η = 0.2), 84Sr + 156Dy (η = 0.3), 71Ga

+ 169Tm (η = 0.4) and 60Ni + 180W (η = 0.5), having Atot = 240 units, where Atot = AT

+ AP . The whole analysis is carried out with soft equation of state along with an isospin

energy dependent reduced cross section i.e. σ = 0.8σfree
nn [15, 16].

4.3.1 System mass dependence of nuclear stopping in Fermi en-
ergy region

Fig. 4.1, displays the energy dependence of nuclear stopping for mass asymmetric colli-

sions. Different panels represent the different sets of reactions having total mass Atot = 80,

160 and 240 in panels (a), (b) and (c), respectively. The system mass dependence for whole

range of Fermi energy region is analysed.

Figure reveals that:

i) The nuclear stopping decreases with increase in mass asymmetry of colliding nuclei. This

happens because ⟨R⟩ is ratio of transverse to the longitudinal momentum. The transverse

momentum increases with mass asymmetry [5], which result in the decreases in nuclear

stopping.

ii) The nuclear stopping increases with system mass (from top to bottom) because the stop-
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Figure 4.1: Energy dependence of nuclear stopping at b̂ = 0.3. Panels (a), (b) and (c)
represent for different system masses Atot = 80, 160 and 240, respectively, whereas different
lines represent different mass asymmetries (η).

ping phenomena is related to the collision zone, and the number of collisions increases with

system mass.

iii) The behavior of nuclear stopping remain same (decreases with incident energy) for dif-

ferent sets of system mass in Fermi energy region.

iv) In literature, the maximum stopping is reported for the symmetric system of 197Au +

197Au [17]. A closer look at Fig. 4.1 shows that for the mass asymmetric collisions, the

nuclear matter does not achieve complete thermalization. This result is in agreement with

Ref. [18].

4.3.2 Effect of colliding geometry on nuclear stopping

Till now, author has studied the effect of mass asymmetry on nuclear stopping for nearly

central collisions i.e. for b̂ = 0.3. Depending on incident energy the behavior of nuclear

stopping is also influenced by collision geometry [19, 20]. In Fig. 4.2, author studies the

effect of colliding geometry on nuclear stopping for mass symmetric/asymmetric collisions
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= 0, 0.3 and 0.5, respectively, whereas different lines represent different collision geometry
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over the whole range of intermediate energy region. Figure reveals that the effect of colliding

geometry on nuclear stopping for different mass asymmetric collisions is energy dependent.

At low energy, the impact of colliding geometry keeps on decreasing with increase in mass

asymmetry of colliding nuclei (from top to bottom). Moreover, the effect of colliding geom-

etry on nuclear stopping keeps on increasing with incident energy.

In central (b̂ = 0) and nearly central (b̂ = 0.1, 0.2 and 0.3) collisions of mass symmetric

reaction, one observes a negative slope till E ∼ 100 MeV/nucleon (in Fermi energy region).

This happens because at low energy for symmetric collision (η = 0), residue of both target

and projectile moves slowly toward the parallel and perpendicular momentum near their ini-

tial positions, thus stopping decreases. Moreover, at low incident energy one observe a dip,

which vanishes with increase in mass asymmetry of colliding systems. This happens because

in Fermi energy region, NN collisions suppressed by the Pauli blocking and nucleons tend

to attain their initial properties [21, 22]. Moreover, in mass asymmetric collisions, because

of lighter mass projectile, insufficient energy is pumped to break the target nucleus and

projectile nucleus itself decay into fragments [23]. Thus, due to lack of backward scattering

of target nucleus in mass asymmetric collisions, one gets small dip for mass asymmetric

collisions around Fermi energy region. As one further increases the energy from E ∼ 100 to

400 MeV/nucleon, stopping again shows a positive slope, because above Fermi energy re-

gion, NN collisions are sufficient to break the initial correlations among the nucleons, which

further transfer the initial longitudinal momentum in other directions and hence enhance

the nuclear stopping.

Above E ∼ 400 MeV/nucleon, the mean free path and the time taken between the suc-

cessive NN collisions become very small, which leads to suppressing the longitudinal com-

ponent of momentum in transverse direction. Therefore, the nuclear stopping again de-

creases (known as transparency). The maximum stopping value is observed around E ∼

400 MeV/nucleon for all central and semi-central collisions. These results are in agreement

with the experimental data of FOPI collaboration [10].

Moreover, in semi-central collisions (b̂ = 0.3 and 0.4), one observe that ⟨R⟩ decreases with

increase in incident energy for whole range of intermediate energy region. This happens

because the nuclear stopping is directly connected to the participant zone, and participant
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Figure 4.3: Comparison between experimental (INDRA collaboration [24]) nuclear stopping
with theoretical calculations of IQMD model in nucleons phase space (black circle) and frag-
ment phase space (blue sphere) for the central collision of nearly symmetric reaction (129Xe
+ 120Sn).

zone decreases with increase in colliding geometry.

4.3.3 Comparison between the nuclear stopping of nucleons and
fragments phase space

Fig. 4.3, displays the energy dependence of nuclear stopping for free nucleons and frag-

ments phase space for nearly asymmetric colliding system (η = 0.1). The stopping calculated

for nucleons phase space is higher than that of fragments phase space because most of the

free nucleons originate from the participant zone. Below E ∼ 50 MeV/nucleon, the nuclear

stopping due to fragments phase space behave differently from that of free nucleons, because

the emission of fragments is not isotropic in phase space.

To further strengthen our theoretical results, a comparison between theoretical calcula-

tions of IQMD model (nucleons phase space as well as fragments phase space) with exper-

imental results [24] of INDRA collaboration is shown in Fig. 4.3. Zhang et al. [11] have

theoretically proved that the fragments phase space with hard EOS and distance between

nucleons of fragments i.e. △r = 3.5 fm can better explain the INDRA’s experimental data
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Figure 4.4: Mass asymmetry dependence of nuclear stopping for (a) FN’s, (b) fragments of
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rather than nucleons phase space. Moreover, on comparing the experimental data with

our calculations (calculated for soft EOS and △r = 4 fm), both the nucleons as well as

fragments phase space lie with in the range of INDRA’s experimental data. Moreover, the

nuclear stopping for fragment phase space shows a dip at E ∼ 35 MeV/nucleon as displayed

for experimental data. However, such dip is not observed in nuclear stopping calculations

for the case of free nucleons. Such findings encourage us to study the nuclear stopping of

various fragments.

Till now, no one has reported the effect of fragment masses (FNs, mf ≤ 2, LMFs (2

≤ mf ≤ 4) and IMFs (5 ≤ mf ≤ Atot/6)) on nuclear stopping. Thus, it would be inter-

esting to calculate the effect of mass asymmetry on nuclear stopping for different fragment

masses.

4.3.4 Effect of mass asymmetry on fragments nuclear stopping

In Fig. 4.4, author has compared the effect of collision energy on the contribution of

fragments towards the nuclear stopping (FN’s (mf = 1), mf ≤ 2, LMF’s and IMF’s, where
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mf is mass of fragments) for different mass asymmetries. The mass asymmetry of colliding

nuclei varies between 0.0 to 0.5. From Fig. 4.4, one can clearly see the effect of collision

energy on fragments stopping throughout the mass asymmetry. At low energy, different

fragments undergo almost same thermalization. However, at high energy, nuclear stopping

keeps on decreasing with fragment masses. In previous Figs. 4.1-4.3, author has showed

that the nuclear stopping decreases with increase in incident energy. Thus, from Fig. 4.4,

one can conclude that the decay of nuclear stopping at high energy is due to the larger

contribution of heavy fragments (IMF’s), those are originated from the decay of spectator

matter.

The flow is generated by the pressure gradients established in the compressed matter and

achieved density is hooked up to the degree of stopping. Lots of efforts have been made in

the literature (theoretically and experimentally) to study the correlation between collective

flow and nuclear stopping [10]-[13]. Thus, in the next step, author have discussed the results

of directed transverse flow and its correlation with nuclear stopping under different reaction

conditions (mass asymmetry and incident energy).

4.4 Transverse directed flow

The directed transverse flow is governed by the combined effects of attractive mean field

and NN interactions. Depending on incident energy, the reaction outcome may lead to

either negative or positive flow. At low incident energies, attractive mean field dominates

the reaction dynamics, which leads to the negative flow. On the other hand, at higher

energies repulsive NN interactions are responsible for the conflicting nature of the reaction

dynamics. In fact, above Ebal, the positive values of mean transverse momentum results from

kinetic pressure built up during the high density compressional stage of the collision. On the

other side, at a particular energy, both attractive mean field interactions and repulsive NN

interactions counterbalance with each other resulting into no net flow. This energy is dubbed

as balance energy (Ebal) [25, 26]. The overlapping region does not expand preferentially

along a particular angle at Ebal. In other words, the Ebal does not signifies the anisotropic

emission of particles in transverse direction. Thus, in this section, author has studied the

effect of mass asymmetry on directed transverse flow at below and above the Ebal. The
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directed transverse flow is defined as [1]

⟨P dir
x ⟩ = 1

Atot

∑
i

sign{Y (i)}px(i), (4.5)

where Atot refers to the sum of the masses of projectile and target, px(i) is the transverse

momentum of ith nucleon and Y(i) is rapidity distribution, which is defined in eq. 4.1.

The origin of anisotropy for particles momentum distribution lies in the initial asym-

metry and collision geometry of colliding nuclei. Because the spatial asymmetries rapidly

decreases with time, flow can develop only in the first few fm/c. From this, one can conclude

that flow must be sensitive to the NN interactions in the early stage of system evolution.

The achieved density at this time is connected to the extent of nuclear stopping. It has

been reported many times in the literature [10, 11] that there exists a strong correlation

between the directed transverse flow (⟨pdirx ⟩), measured for non-central collisions and the

nuclear stopping measured at central collisions ⟨R(0)⟩. For symmetric and nearly symmetric

collisions, the correlation between the directed transverse flow and nuclear stopping follow a

linear behavior at high energies [10, 11]. But the correlation between nuclear stopping and

directed transverse flow for mass asymmetric HIC below and above the Ebal is still unknown.

Author has attempted to explain their correlation in proceeding sections.

4.4.1 Time evolution of transverse directed flow

Fig. 4.5 displays the time evolution of directed transverse flow (⟨pdirx ⟩), for various mass

asymmetric collisions at E = 50 (upper panel) and 200 (lower panel) MeV/nucleon with total

system mass, Atot = 240 units. From Fig. 4.5, it is clear that below Ebal transverse flow is

always negative. This shows that below Ebal reaction, the attractive mean field governs the

reaction dynamics. These interactions turn repulsive (or positive) with increase in incident

energy. From figure, one can see that at low energy, ⟨pdirx ⟩ shows weak dependence on mass

asymmetry of colliding systems. This happens because with increase in mass asymmetry of

colliding system, low NN collisions take place, which results in lower saturation density and

therefore, weak response occurs for variation in flow. On the other hand, at high energy,

the NN collisions increases linearly with participant zone, therefore, huge difference of mass

asymmetry can be seen. Moreover, the value of flow gets saturated after t = 100 fm/c
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Figure 4.6: Transverse directed flow as a function of mass asymmetry at different scaled
impact parameter, b̂ = 0.3, 0.4 and 0.5 and at incident energies E = 50 (left side) and 200
(right side) MeV/nucleon for three sets of total system mass Atot = 80 units ((a) & (d)),
Atot = 160 units ((b) & (e)) and Atot = 240 units ((c) & (f)).

at both energies. The change in flow till 200 fm/c is negligible. Therefore, in following

discussion, the results are shown at t = 200 fm/c and the value of directed transverse flow

at this time is denoted by ⟨pdirx ⟩sat.

4.4.2 Mass asymmetry dependence of transverse directed flow

In Fig. 4.6, the transverse directed flow is calculated at saturation time i.e. t = 200 fm/c

denoted by ⟨pdirx ⟩sat as a function of mass asymmetry of colliding nuclei at E = 50 (below

Ebal) and 200 (above Ebal) MeV/nucleon with b̂ = 0.3, 0.4 and 0.5. From the figure one can

observe that:

i) The ⟨pdirx ⟩sat is negative for E = 50 MeV/nucleon and positive for high incident energy

(E = 200 MeV/nucleon) which has been discussed many times in the literature [29, 30].

ii) At low incident energy, ⟨pdirx ⟩sat shows a decrease till η = 0.2 and then shows a rise with

further increase in mass asymmetry. This happens because, at low incident energy, with

increase in mass asymmetry of colliding nuclei, the projectile nucleus completely merges
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into the target nucleus and distribute its energy among the target nucleons. The collective

motion of nucleons at low beam energies occur due to the rotation of participant zone, which

force the nucleons to preferentially emitted near the reaction plane on target and projectile

sides. The azimuthal anisotropy created by this motion is distinct as well as stronger due

to the directed transverse momentum of the system. Moreover, the parabolic behavior at

low energies is also due to the combined effect of the participant and the spectator mat-

ter. At low incident energy, with increase in mass asymmetry, fragments originated from

the bounce-off region have small transverse as well as forward momentum, whereas non-

destructive target nucleus (target residue) moves toward the projectile side. Therefore, due

to the motion of target residue, one can observe more positive flow in highly mass asymme-

try reactions.

iii) As the beam energy changes from 50 to 200 MeV/nucleon, the reaction dynamics changes

completely. At high energy, ⟨pdirx ⟩sat shows a decrease with mass asymmetry of the collid-

ing nuclei. This happens because with increase in mass asymmetry, the projectile nucleus

completely merges into the target nucleus as explained above. At E = 200 MeV/nucleon

larger energy is boosted during the collision compared to the E = 50 MeV/nucleon, which

enhances the NN collisions and decay the target residue due to this even after η = 0.2 at E

= 200 MeV/nucleon, ⟨pdirx ⟩sat shows a decrease with mass asymmetry of the colliding nuclei.

iv) The colliding geometry is the second factor that can vary the compression of the partic-

ipant zone. The flow become more negative as one switches from semi-central to peripheral

collisions. This happens because for semi-peripheral collisions, pressure gradient is more

which leads to more negative value of flow compared to the semi-central collisions.

4.4.3 Correlation between nuclear stopping and transverse di-
rected flow

To study the correlation between nuclear stopping and transverse directed flow, in Fig.

4.7, the nuclear stopping, ⟨R(0)⟩ (measured at central collision) vs transverse directed flow

(⟨P dir
x ⟩sat) measured at non-central collisions below (left side) and above (right side) the

Ebal is displayed.

Figure reveals that at E= 50 MeV/nucleon the correlation between the ⟨R(0)⟩ and ⟨pdirx ⟩sat
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Figure 4.7: Correlation between transverse directed flow calculated at scaled impact param-
eter, b̂ = 0.3, 0.4 and 0.5 as a function of nuclear stopping which is calculated for central
collisions (b = 0) at E = 50 (left side) and 200 (right side) MeV/nucleon for three sets of
total system mass Atot = 80 ((a) & (d)), Atot = 160 ((b) & (e)) and Atot = 240 ((c) & (f)).

shows a parabolic behavior. The reason behind this has been explained earlier. Moreover at

E = 200 MeV/nucleon the correlation between the nuclear stopping and transverse directed

flow shows a linear dependence. This result is in agreement with Refs. [10, 11, 13]. This

result is also in agreement with earlier predictions of Diogene collaboration [32] on charged

pions for the reaction of Ne + Pb at an incident energy of 800 MeV/nucleon.

From Fig. 4.7, one can see that the correlation between nuclear stopping and flow remain

same as colliding geometry is changed. The effect of colliding geometry keeps on decreasing

as one increase the system mass (as one moves from top to bottom). Moreover, the effect

of collision geometry decrease as one move toward large mass asymmetric collisions. This

happens due to the effect of participant zone, where the projectile nucleus hits the target

nucleus. It can be understood by considering an example as when one collide the Ne nucleus

of radius 3.0 fm on Ni nucleus of radius 4.4 fm, the change of impact parameter does not

affect the collision zone, rather it will shift only from position. Due to this, the rotational

motion of participant zone come into picture [33] in highly asymmetric systems due to small
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Figure 4.8: Same as Fig. 4.7, but nuclear stopping is taken at same impact parameter where
the directed flow is calculated. Left panels represent results at E = 50 MeV/nucleon and
right panels represent results at incident energy E = 200 MeV/nucleon for three sets of total
system mass Atot = 80 ((a) & (d)), Atot = 160 ((b) & (e)) and Atot = 240 ((c) & (f)).

size of projectile.

The curves (lines) at low (high) energy shows that the correlation between transverse

directed flow and nuclear stopping shift toward the right on increasing the system mass.

The shifting of curves (lines) is due to the nuclear stopping which increases with increase

in system mass as shown in Fig. 4.1.

So far we have discussed the correlation between transverse directed flow (measured at

non-central colliding geometries) and stopping parameter (measured at central collisions).

It would be of interest to study whether this correlation follow the similar behavior (linear

dependence at high energy and parabolic fit at low energy), if we study the correlation

between directed flow and nuclear stopping, measured at non-central collisions. To study

this fact, Fig. 4.8, the correlation between the above said observables for mass asymmetric

systems measured at non-central collisions is shown. One can see that the correlation

between these two quantities remains unaltered. Only difference is the shifting of parabolic

curves (in low energy) and lines (in high energy) toward left with an increase in impact
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parameter. This shifting is due to the existing correlation between these two observables.

Since all the calculations with different total mass show the similar behavior below and

above the Ebal, therefore, one can say that this correlation is stout and is independent from

system mass of colliding nuclei and dependent on both incident energy as well as colliding

geometry. Till now, we have explored the correlation between the transverse directed flow

and nuclear stopping.

In the next section, we will discuss the second harmonic of flow i.e. elliptical flow of

different fragments and study the effect of in-plane and out-of-plane fragments flow on

nuclear stopping.

4.5 Elliptical Flow

The nuclear flow generated due to the anisotropic distribution of nuclear matter in non-

central collisions resulting in orthogonal asymmetry in configuration of space is known as

elliptical flow. It is termed as elliptic because at mid-rapidity shape of ϕ-distributions

resemble like an ellipse with a major axis along the x-axis (in-plane emission) or y-axis

(out-of-plane emission). The elliptical flow is also known as squeeze-out, rotational motion,

or anisotropic flow. Initially, the elliptical flow of overlap region is characterized by the

eccentricity (ϵ), which is defined as [34]:

ϵ =
y2 − x2

y2 + x2
. (4.6)

The elliptical flow is quantitatively defined as the difference between the minor and the ma-

jor axis. The elliptical flow is counted as second-order Fourier expansion given by Voloshin

[35]:

v2 = ⟨cos 2ϕ⟩ =
⟨
p2x − p2y
p2x + p2y

⟩
, (4.7)

where py and px are y and x components of momentum. The direction of px is in the

reaction plane, while py is perpendicular to the reaction plane, and ϕ is azimuthal angle of

emitted particle’s momentum relative to the x-axis. The positive elliptical flow explain the

eccentricity of an ellipse-like distribution that indicates the in-plane particle emission. For

the case of in-plane particle emission, due to smaller NN collisions most of the spectator

matter prominent along the reaction plane. The negative value of flow indicates the out-of
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Figure 4.9: Pictorial view of energy dependence for elliptical flow [36].

plane particle emission. The particular energy at which nuclear matter transfer from in-

plane to out-of-plane is known as transition energy (ET ) [37, 38, 39] as shown in Fig. 4.9.

The zero value of v2 corresponds to isotropic distribution of nucleons around the reaction

plane. The transition energy depends on particles emission and shadowing of the spectator

matter.

The phenomena of elliptical flow is generated from the participant zone where projectile and

target nuclei are shattered to produce squeeze-out of nuclear matter perpendicular to the

reaction plane, whereas phenomena of nuclear stopping is also generated from the participant

zone. Thus, one can correlate these two observables with each other. In literature, various

independent studies are reported that point toward the correlation between transition energy

and nuclear stopping. Jain et al. [37] studied the effect of charge asymmetry on ET of

different fragment masses, and reported that the ET of fragments is independent from the

isospin content of colliding systems. Vinayak and Kumar [38], reported that there is a

correlation between the behavior of LMFs, elliptical flow and nuclear stopping. Cao et al.

[39] studied the excitation function of elliptical flow for FNs and LMFs in case of spherical
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Figure 4.10: Time evolution of elliptical flow for various mass asymmetric collisions at E
= 200 MeV/nucleon. Different panels represent for different fragment masses.

and deformed configuration of colliding nuclei for different forms of EOS. From these studies,

one can clearly see that ET depend on the fragment masses. Zhang et al. [11], reported

a positive correlation between the elliptical flow and nuclear stopping for symmetric and

nearly symmetric reactions.

In following sections, elliptical flow is calculated for different fragments free nucleon (FN)

(mass of fragment, mf = 1), mf = 2, 3 and 4. A systematic study of mass asymmetry is

performed by considering the reactions of 120Te + 120Te (η = 0), 108Cd + 132Ba (η = 0.1),

96Mo + 144Nd (η = 0.2), 84Sr + 156Dy (η = 0.3), 71Ga + 169Tm (η = 0.4) and 60Ni + 180W

(η = 0.5), having Atot = 240 units, on transition energy of fragments. The fragments are

constructed by using Minimum Spanning Tree (MST) method [1, 2].

4.5.1 Time evolution of elliptical flow

In Fig. 4.10, the time evolution of the elliptical flow for different fragment masses (mf =

1 (a), mf = 2 (b), mf = 3 (c) and mf = 4 (d)) is displayed. Different lines represent the

results for different mass asymmetry of colliding systems. A considerable difference due to
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Figure 4.11: Energy dependence of ⟨v2⟩ for different fragment masses. Different panels are
represent for different fragment masses as taken in Fig. 4.10.

mass asymmetry can be seen throughout the time span. One can see that in initial phase

of collisions the elliptical flow is always negative. After t = 100 fm/c, flow becomes more

positive with increase in mass asymmetry of colliding nuclei and saturates. Moreover, the

flow become more positive as one moves toward heavy fragments.

4.5.2 Effect of mass asymmetry on ET of different fragments

Fig. 4.11 represents the energy dependence of elliptical flow ⟨v2⟩ for different fragments as

considered in Fig. 4.10. In Fig. 4.11, the positive value of ⟨v2⟩ at low energies signifies the

in-plane particles emission and negative value at higher energies signifies the out-of-plane

particles emission. This happens due to dominant role of mean field at low energies. At high

energies large compression in participant zone increases the squeeze-out of nuclear matter

and shadowing effect due to the spectator matter, turns the flow negative. The energy at

which ⟨v2⟩ changes its sign is known as transition energy (ET ). The ET increases with

mass asymmetry of colliding nuclei. This happens because with increase in mass asymme-

try participant matter decreases and spectator matter increases. Moreover, ET shows large
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Figure 4.12: Effect of mass asymmetry on ET of different fragment masses.

sensitivity toward the different fragment masses. Thus, to study the mass asymmetry effect

on ET of various fragment masses, in Fig. 4.12, author displays ET as a function of η for dif-

ferent fragment masses. It is clear from the figure that ET is influenced by fragment masses.

The transition energy depends on three competing components, first is rotation of nucleus,

second is expansion of the hot and compressed nuclear matter and last is shadowing of the

cold spectator matter [41]. The study of fragment’s transition energy for mass asymmetric

collisions, reflect the effect of above three components. With increase in mass asymmetry,

size of projectile become small and when it hits the target, the non colliding part of target

nucleus (target residue) separates from the participant zone. Moreover, slope of ET with

mass asymmetry is varied for fragment masses. This happens because the fragments of mass

mf = 1 are produced from the expansion of hot and compressed nuclear matter. Whereas

other fragments are originated from both participant as well as spectator matter.
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4.5.3 Study of nuclear stopping at and around the transition en-
ergy

Vinayak and Kumar [38] have shown that the multiplicity of LMFs, nuclear stopping

and elliptical flow resembles with each other and reported that of LMFs at and around

the transition energy give us an idea about the reaction dynamics. Moreover, LMFs are

correlated with nuclear stopping. Thus, in Fig. 4.13, author study the contribution of in-

plane (below ET ) and out-of-plane (above ET ) emission of particles on nuclear stopping via

considering the mass asymmetric collisions. To study the behavior of nuclear stopping at and

around the transition energy, the reactions are simulated at energies below (with decrement

of 25 MeV/nucleon from ET ) and above (with increment of 25 MeV/nucleon from ET ) the

transition energy. From Fig. 4.13, author find that ⟨R⟩ decreases with increase in mass

asymmetry for various fragment masses. This happens due to decrease in participant zone.

The ⟨R⟩ of fragments having mass mf = 1 do not show any variation at and around the

transition energy. The mf = 1 fragments have a larger contribution towards stopping value,

which indicates that most of the small mass fragments are originating from participant zone.

However, there exist a positive correlation between the nuclear stopping and the elliptical

flow [39] i.e. larger stopping value indicates large elliptical flow. Moreover, stopping shows

measurable difference at and around the transition energy for heavy fragments. It is clear

that during the collision most of positive flow (in-plane) is contributed by the fragments

that are originated from the participant zone. Moreover, role of spectator matter increases

as one moves toward the heavy fragments. However, in previous Fig. 4.4, author has proved

that the heavy fragments are responsible for decrease in nuclear stopping. Moreover, for

different η, one can see a considerable change in magnitude of elliptical flow. This is due to

the larger momentum associated with heavy fragments.

4.6 Summary

Author has studied the effect of mass asymmetry on nuclear stopping and nuclear flow

under various reaction conditions. The study reveals that in intermediate energy region,

behavior of nuclear stopping in central and semi-central collisions is entirely different from

the semi-peripheral collisions. In mass asymmetric collisions, the non-colliding matter is
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Figure 4.13: Mass asymmetry dependence of nuclear stopping for different fragment masses
at and around the ET .

responsible for decrease in stopping value. The flow is generated via the pressure gradient

established in the compressed matter and the achieved density is hooked up to the degree of

stopping. Author has also studied the correlation between the transverse directed flow with

nuclear stopping below and above the balance energy. The correlation between transverse

directed flow and nuclear stopping shows a significant change with incident energy as well

as colliding geometry. At higher incident energies, it shows a linear dependence, while

at low incident energy one can see a parabolic behavior between flow and stopping. The

correlation between stopping and flow is stout and is independent of the Atot for different

mass asymmetries. Moreover, there are considerable difference between the stopping of free

nucleons and fragments phase space.

In addition to this, author has also showed that fragment’s transition energy exhibit large

sensitivity toward the mass asymmetry of the colliding nuclei. Moreover, the fragments

transition energy act as a good probe to understand the reaction dynamics. The study gave

an evidence that most of the positive flow (in-plane flow) occurs due to the small fragment

masses that are originated from participant zone, whereas negative flow (out-of-plane flow)
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occur due to the heavy fragments that are produced from spectator zone.
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[23] H. Stöcker, J. A. Maruhn and W. Greiner, Phys. Rev. Lett. 44, 725 (1980).

[24] G. Lehaut et al., Phys. Rev. Lett. 104, 232701 (2010).

[25] D. Krofcheck et al., Phys. Rev. Lett. 63, 2028 (1989).

[26] R. Bansal, S. Gautam, R. K. Puri and J. Aichelin, Eur. Phys. J. A 51, 2 (2015).

[27] C. Hartnack, R. K. Puri, J. Aichelin, J. Konopka, S. A. Bass, H. Stöcker and W
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Chapter 5

Summary and outlook

5.1 Summary

This thesis contains a theoretical study of collective flow and nuclear stopping in inter-

mediate energy heavy-ion collisions. The isospin-dependent quantum molecular dynamics

(IQMD) model have been used to generate the nucleonic phase-space. The phase space has

been analyzed using the minimum spanning tree (MST) method of clusterization to get the

useful information about different phenomena’s mentioned above.

In Chapter 1 starting with the introduction of heavy-ion physics and its phenom-

ena’s like multifragmentation, collective flow, nuclear stopping, author discussed the vari-

ous experimental and theoretical attempts to study the above phenomena. The details of

isospin-dependent (IBUU and IQMD) models has been discussed in Chapter 2. Author

also discussed the secondary model, minimum spanning tree (MST) method that is used to

analyse the phase space of nucleons.

In Chapter 3, using Isospin-dependent Quantum Molecular Dynamics (IQMD) model, au-

thor discussed the role of density dependent symmetry energy on pt-differential transverse

flow for symmetric reactions in Fermi energy region. The study showed that the effect of

density dependent symmetry energy is highly prominent in Fermi momentum region i.e.

0.2 < pt < 0.3 GeV/c, thus Fermi momentum region can act as a good probe to study

the effects of density dependent symmetry energy. Author has also proved that the N/Z

dependence of pt-differential transverse flow of heavier systems can act as a good probe to

constrain the density dependent symmetry energy in supra-saturation region. Maximum

value of pt-differential transverse flow act as a more suitable probe compared to the EVF to
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study the effect of density dependent symmetry energy. The theoretical calculations follow

the similar trend as given by the experimental findings of FOPI collaborations for different

rapidity bins, whereas the role of density dependent symmetry energy is negligible away

from the mid-rapidity region.

In Chapter 4, author has studied the effect of mass asymmetry on nuclear stopping

under various reaction conditions. The behavior of nuclear stopping showed a minima and

maxima in central and semi-cental collisions only. In asymmetric collisions, the non-colliding

matter (IMF) are responsible for decrease in stopping value. The correlation between trans-

verse directed flow and nuclear stopping show a significant change with incident energy as

well as colliding geometry. At higher incident energies, it shows a linear dependence, while

at low incident energy, author observe a parabolic behavior. The correlation between stop-

ping and flow is stout and is independent of the system mass for various mass asymmetries.

The study gave an evidence that most of the positive flow (in-plane flow) occurs due to the

small fragment masses mf = 1, whereas heavy fragments are contributing to the negative

flow (out-of-plane flow).

5.2 Outlook

Though, author has studied the role of isospin content of colliding nuclei, density dependence

of symmetry energy and isospin dependent NN cross-section on pt-differential transverse

flow. In addition, the influence of mass asymmetry on nuclear stopping has been studied

in detail both below and above the Fermi energy region. There are many challenges yet to

be solved. One can study why the number of particles decreases with increase in transverse

momentum. One can estimate the energy dissipation in mass asymmetric collisions through

nuclear stopping. Rotational effects of nuclear matter in mass asymmetric collisions will

be of great use to study the production of giant monopole resonant. One can also develop

the equation of state for isospin asymmetric nuclear matter. Moreover, one can expand

the study of fragments stopping to understand the NEOS. The study of mass asymmetric

collisions could be of great use for the new facility called ANURIB (Advanced National

facility for Unstable & Rare-Isotope Beams) at VECC Kolkata.
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