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ABSTRACT

HE MAIN AIM OF THE PROPOSED WORK is to provide an inclusive approach
Ttowards the introduction to the principles and applications of the product and
convolution theorem in the linear canonical transform (LCT) domain. As a generalization of
fractional Fourier transform (FRFT), Fresnel transform (FST) and Fourier transform (FT), the
LCT is a three variable class of integral transform and has been used in many fields of optics
and signal processing. The LCT has proved to be a powerful tool for the analysis of time-
varying signals by representing rotation of a signal in the time-frequency plane. In the
applications, where FT and fractional domain concepts are used, the performance can be
enhanced through the use of LCT because of its three extra degrees of freedom as compared
to one degree of freedom for FRFT and no degree of freedom for FT.

Many properties of the LCT are currently well known, including sampling, uncertainty
principle, product and convolution theorems, which are generalization of the corresponding
properties of the FT and FRFT. The product and convolution theorems for the LCT available
in the literature, however these do not generalize very nicely to the classical result for the FT
and FRFT.

The proposed work can be divided into two broader segments. The first segment includes,
the efforts made in establishing the LCT a complete integral transform by developing and
deriving the weighted convolution and correlation identities. Also the proposed definitions of
these theorems are compared with existing ones and their superiority has been determined
with the help of some newly devised performance metrics. The second segment comprises of
the applications of proposed identities along with some new application areas of the LCT.

In the first phase, a comprehensive closed-form analytical expression of the behavior of
Dirichlet, Generalized Hamming and triangular window functions is established, utilizing
various special mathematical functions in the LCT domain. It has been shown that the LCT of
Dirichlet, Generalized Hamming and triangular window functions is directly dependent on
the LCT Variables(a,b, c,d ), thus exhibiting the flexibility of various applications in signal
processing. Based upon the window analysis, by selecting different LCT variables as tuning

parameter in the convolution operation between LCT of window function and ideal frequency

response, variability in the transition band of the resulting Hamming window based low pass



FIR filter response has been achieved. Then the closed form analytic expression of the pass-
stop band filter has been established in the LCT domain.

The beneficial role of the LCT in the filtering application lies in the capability of the LCT
in localizing the non-stationary (chirp) signals in time-frequency plane. This ascertains the
superiority of LCT domain filtering over frequency domain filtering and fractional domain
filtering in the case of overlapping bandlimited signal and noise. To establish the legacy of
the LCT under such circumstances, the proposed weighted convolution theorem has been
used to carry out the multiplicative filtering. It has been noticed that in the proposed weighted
convolution theorem and even in the theorems available in the literature, consist of an
undesirable extra chirp function in the derived results. To eradicate the effect of this chirp
function, the LCT takes the advantage of its extra three degrees of freedom as compare to one
degree of freedom for FRFT and none for FT. With the help of simulation, it has been shown
that in LCT domain filtering, mean square error (MSE) is minimum for different values of
signal-to-noise ratio (SNR) as compared to fractional domain filtering and frequency domain
filtering. Hence the proposed convolution theorem is best suitable for filtering action as
compare to fractional domain filtering.

Based upon the proposed methodology used to derive the convolution theorem, an
improved correlation theorem has been developed and for different values of LCT variables.
The superiority of the proposed correlation theorem has been shown based upon the
computational complexity and simulation comparison. The simulation comparison shows that
the plot of theorem derived in the literature is more oscillatory because of more chirp
functions are included to derive the correlation integral. Thereafter, the proposed weighted
auto-correlation theorem for LCT has been applied in power spectral density analysis of the
frequency modulated (FM) wave and it has been found that for different values of LCT
variables, the bandwidth of the FM wave shrinks and concludes that the same FM signal may
be transmitted with less bandwidth requirement.

Finally, a through introduction has been given to a more powerful integral transform,
known as offset LCT (OLCT) or Special Affine Fourier Transform (SAFT). As a
generalization of LCT, offset FRFT (OFRFT), FRFT, FST and FT, the OLCT is a six
variable class of integral transform and has been used in many fields of optics and signal
processing. Apart from the LCT variables, it has two extra variables called time-shifting and
frequency-modulation variables. These parameters are helpful to move the time-frequency

representation in horizontal direction, vertical direction or combination of both. Further it has
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been clearly shown from the simulation results that time-shifting and frequency-modulation
variables play an important role to approach the required results.
Finally, the proposed theorems have proven the efficacy of the LCT and motivated to

develop more application in future.
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CHAPTER 1
INTRODUCTION

Science is a powerful way of understanding the natural world through a process of
observation, experimentation, and analysis. Science may set limits to knowledge, but should
not set limits to imagination. In other words, the key to the growth of the science is the
introduction of available literature with their future possibilities.

-Anonymous
1.1 GENERAL

THE transform is a technique to convert a signal from one domain to another domain for
extracting the hidden information contained in the signal which cannot be extracted
from the signal in first domain. The time-domain representation of a signal gives the
information about signal’s amplitude variation with respect to time but it tends to hide the
information about frequency components present in the signal. When Fourier Transform (FT)
is taken of the time-domain signal, the resultant signal is transformed in frequency-domain,
known as spectrum, which gives the information about the frequency components present in
the signal along with the amplitude associated with each frequency component. One of the
important families of transform is integral transform. Integral transform is an operator used to
transform a signal into its equivalent form by integrating the product of signal in time-domain

with kernel of the transformation. Mathematically-

F(u):i f(t)K(t,u)dt (1.1.1)
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This is called a Fredholm equation of the first kind or an integral transform [47]. The

bivariate function K (t,u) is called the kernel of the integral equation. The value of limits a

and b depends upon the definition of the corresponding transform. The word integral in the
name “Integral Transform” is because of the integration function is involved mathematically.

The family of integral transform constitutes of many important transforms like: FT,
Fractional Fourier Transform (FRFT), Linear Canonical Transform (LCT), Laplace
transform, Hartley transform, Mellin transform, Hilbert transform, Hankel transform etc. In
the family of integral transform, the FT, given by Jean-Baptiste-Joseph-Fourier (1768-1830),
is most widely used technique for the application area of signal processing and
communication [129]. Any transform to be a complete transform, it should have closed form
expression for transform and its inverse transform as well as it should satisfy certain
properties and theorems. Convolution is one of the most important operation for any integral
transform used mainly for filtering application. Due to the limitation of FT that gives rotation

to the time-frequency plot in multiples of z/2, LCT which has three free variables can be

effectively utilized. In the following section, a brief history of the LCT is presented.
1.2 HisTorICAL DEVELOPMENT OF LINEAR CANONICAL TRANSFORM

The LCT [23, 102-103, 139-140, 148] of a given function is a three parameter class of linear
integral transform. LCT was first introduced in 1970s [102, 129]. In 1979, Wolf gave a
systematically introduction for LCT and a brief overview of LCT’s origin in quantum
mechanics may be found in [79]. The name "linear canonical transformation” is from
canonical transformation, a map that preserves the symplectic structure, as SL,(R) can also be
interpreted as the symplectic group Sp,, and thus LCTs are the linear maps of the time—
frequency domain which preserve the symplectic form [62, 71, 75]. Well-known transforms
such as the FT, FRFT, and the Fresnel Transform (FST) are some of the special cases of the
LCT [55, 90, 127] but some special cases of LCT with complex variables were introduced in
1961 [153].

In literature, LCT is also known as Affine Fourier transform (AFT) [132], ABCD
transform [92], generalized FST [27], Collins formula [130], quadratic phase systems [99-
101], generalized Huygens integral [14], or extended FRFT [66].

LCT was first used for solving differential equations and optical system analysis [149].

But now-a-days, LCT has been shown to be a powerful tool for optics and signal processing.

2
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Comparing to the FRFT with one extra degree of freedom and the FT without a parameter,
LCT is more flexible for its extra three degrees of freedom, and has found many applications
in filter design, signal synthesis, time- frequency analysis, encryption, modulation, capacity
analysis, window function analysis and multiplexing in communications etc. [3, 8, 10, 19, 26,
33, 34, 48, 49, 91, 110, 117, 124, 141, 144]. These applications demonstrate the ability as
well as the potential of LCT in signal processing.

Many properties of the LCT are currently well known [20, 38, 55, 139, 150], including
convolution and correlation theorems [20, 36-38], sampling [9, 15, 16, 20, 21, 68, 125, 161],
uncertainty principle [17, 77, 78, 82, 157-159], which are generalization of the corresponding
properties of the FT and FRFT [5, 54, 81, 89, 136]. The basic theories of the LCT have been
developed including discrete approximations to the transforms [22, 45, 69, 134], and so on,
which enrich the theoretical system of the LCT. The product and convolution theorems for
the LCT available in the literature, however these do not generalize very nicely to the
classical result for the FT and FRFT.

1.3 CONVOLUTION AND CORRELATION OPERATIONS

The first occurrence of the convolution integral took place in the year 1754 when the
mathematician Jean-le-Rond D’Alembert (1717-1783) derived Taylor’s expansion theorem
[96]. Reiff [122] and Nielsen [107] pointed out that the series given by D’Alembert was
without naming the work of Taylor. Nielsen also pointed out that Jean-Antoine-Nicolas
Caritat de Condorcet (1743-1794) used to designate series as ‘theoreme de D’Alembert’.
Finally in 1901-1908, Burkhardt [52] gave the convolution expression of the type-

f(x)®g(x):ff(u)g(x—u)du (1.3.1)

In mathematics and, in particular, functional analysis, convolution is a mathematical

operator, on two functions f and g, producing a third function that is typically viewed as a

modified version of one of the original functions, giving the area overlap between the two
functions as a function of the amount that one of the original functions is translated. The main
use of convolution is in describing the output of a linear time-invariant (LTI) system [51].
The input-output behaviour of an LTI system can be characterized with its impulse response,

and the output of an LTI system for any input signal can be expressed as the convolution of
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the input signal with the system's impulse response. In other words, FT of convolution of two
signals is the point wise product of FT of respective signals.
The classical definition of the convolution and product theorem of the FT for the signals

f(t) and g(t) is given by-

Convolution:  f (t)® g (t)«"—>27 F () G(w) (1.3.2)
Product: f(t).9(t)«——>F(0)®G(w) (1.3.3)

where, F(®) and G(w)are the FT of f(t) and g(t) respectively and the symbol '®" is the

convolution operation. The correlation of two functions is no more than their convolution
after one of the two functions has been axis-reversed [2]. In signal processing, correlation is a
measure of degree of relation of two waveforms as a function of a time-lag applied to one of
them. This is also known as a sliding dot product or sliding inner-product. It is an important
operation in optics as well as in signal processing, pattern recognition and especially in
detection applications [29, 30, 111, 128]. The classical definition of the correlation theorem

of the FT for the signals f (t) and g(t) is given by-

Cross-correlation: f (t)xg(t)« =27z F (-0)G(w) (1.3.9)
Auto-correlation: f (t)x f (t) «=—>27 F (o) F () (1.3.5)

where,“ % denotes the correlation operation.
1.4 DIRAC’S NOTATIONS FOR QUANTUM MECHANICAL REPRESENTATION

In quantum mechanics, bra-ket notation is a standard notation for describing quantum states,
composed of angle brackets and vertical bars. The notation was introduced in 1939 by Paul
Dirac [112] and is also known as Dirac notation. It can also be used to denote abstract vectors
and linear functional in mathematics. Bra-ket notation is widespread in quantum mechanics:
almost every phenomenon that is explained using quantum mechanics-including a large
portion of modern physics is usually explained with the help of bra-ket notation. The Dirac

bra-ket notation is a concise and convenient way to describe quantum states. The symbol

)
represents a quantum state. This is called a ket, or a ket vector. It is an abstract entity, and

serves to describe the "state" of the quantum system. A physical system is in quantum state
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a when represented by the ket, where, « represents some physical quantity. If there are two

distinct quantum states ‘al> and ‘a2> , then the following ket-
“//> =0 ‘051> +C, ‘Q'z)
where, ¢, is a complex number, is also a possible state for the system. In general, the number

of linear independent kets required to express any other ket, is called the dimension of the
vector space. In quantum mechanics the vector space of kets is usually non-countable infinite,

known as Hilbert space.

Dirac defined something called a bra vector, designated by («/|. This is not a ket, and does
not belong in ket space e.g. |a)+(/| has no meaning. However, for every ket |f), there

exists a bra labelled (|. The bra (y| is said to be the dual of the ket |») and the dual of the
ket ¢, |ay)+¢,|a,) is-

G )+C|a) = ¢ (] +6; (aty)
where, < signifies a dual correspondence. This is an anti-linear relation.

Dirac allowed the bra's and ket's to line up back to back, i.e.
(@) =(|e) 15)
The symbol <a|,8> represents a complex number that is equal to the value of the inner
product of the ket |&) with |3). According to the above definition, that-
(a] B =(Bla)
Dirac also defined something called an outer product

|@) (Bl
An outer product is allowed to stand next to a ket on its left, or next to a bra on the bra’s right.

Lets define X =|a)(/)|, then if |y) is an arbitrary ket, one is allowed to construct

X|w)=|e){Alv)

It looks like an inner product on the right of this equation. Indeed, according to the

associative axiom of multiplication,

X|w)=|e){(A|w) =cla); c=((Av))
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The outer product X is an operator in Hilbert space. It acts on ket |«//) from the left and turns

it into another ket C|a). For |y) X has no meaning, however (y|X does

(X =(wlla)(A=((le)(A: d=(av)
If the operator A, operate on aket A|a), then the dual of Ala)is
<a| A& A‘a)
where, A'is called the Hermitian conjugate of operator A.

Sometimes A= A", then A is called a Hermitian operator. Hermitian operators play a
central role in quantum theory. Consider a Hermitian operator X, whose eigenstate |a> obey
the eigenvalue equation-

X|a)=4a|a)

where, a is an eigenvalue. Suppose these eigenvalues are distinct, then set {|a1>‘a2>

are mutually orthonormal and form a set of basis kets in Hilbert space, provided that-
> la){(a|=1

After the invention of Dirac’s bra-ket notation, the need arises of operational rules for it.

Dirac first used the “symbolic method” to represent the bra-ket notations and the

completeness relation of Dirac’s coordinate representation is an integration form [112]

_]°dq|q><q|=1, Qla)=gla).

But the “symbolic method” does not tell us how to perform the integration (a ket-bra
form). The use of Newton-Leibniz integration rule [85] was limited to commutative functions
while operators made of Dirac’s symbols in quantum mechanics are usually not commutative.
Therefore, the invention of an innovative technique of Integration Within Ordered Product
(IWOP) [56] of operators took place that made the integration of non-commutative operators
possible. Therefore, by virtue of the newly developed technique of integration within an
ordered product of operators, quantum version of classical transformations such as LCT,
optical FST, Hankel transform, FRFT, Wigner transform, wavelet transform and Fresnel-
Hadmard combinatorial transform etc. can be explored. With the help of quantum version of

the transformation, various properties can be easily derived [60, 108].
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1.5 ORGANISATION OF THE THESIS

Seven chapters are presented in this thesis and the chapter-wise summary of the thesis is

given below:
Chapter 2:  Literature Survey

This chapter gives a comprehensive review of related literatures to provide background
information on the issues to be considered in the thesis and to emphasize the relevance of the
present study. It presents the preliminaries of convolution and correlation operations, FRFT,
LCT and offset LCT (OLCT). It comprises the definitions and results for existing convolution
and correlation theorems for FRFT/LCT/OLCT. To discuss LCT as a tool in time-frequency
plane, relation between Wigner distribution function and LCT has been studied. It also
contains the mathematical proof of special cases and properties satisfied by LCT. It also
explores the use of quantum mechanical representation to derive the convolution theorem.
Based upon the gaps found in the literature, objectives and methodology for the current work
has been decided.

Chapter 3:  The LCT of Window Functions and Analysis of FIR Filter

Following the rich literature review in Chapter 2, this chapter explores the LCT of the various
window functions and analysis of Finite Impulse Response (FIR) filter. With the help of
extensive mathematical computations, an analysis of Dirichlet, Generalized Hamming and
Bartlett window functions in the LCT domain has been obtained so that final results are
directly applicable for window based filtering and tuning of transition bandwidth (BW)
applications. Further, an introduction to the Canonical Convolution (CCV) and Canonical
Correlation (CCR) operations as well as relation between Wigner distribution function and
mathematical aspect of filter design using CCV has been given. Finally a closed-form
analytical expression of actual impulse response for pass-stop band filter has been obtained in
LCT domain.

Chapter 4.  Convolution and Product Theorem for LCT

In this chapter, first the advantageous role of convolution theorem is discussed followed by
the convolution theorem defined for FT. Then the need of convolution theorem of LCT is

highlighted for filtering of the non-stationary signals. A brief outline of the existing
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convolution theorem for LCT is also included. Subsequently, the weighted convolution and
product theorems for LCT are proposed and based upon the different performance metrics, a
simulation comparative analysis of proposed convolution theorem for LCT with existing
theorems has been performed. Making use of proposed convolution theorem for LCT,
practical applications of multiplicative filtering in the LCT domain has been discussed. The
performance of multiplicative filter in the LCT domain has been compared with fractional
domain filtering and frequency domain filtering in terms of mean square error (MSE) versus
Signal to Noise Ratio (SNR).

Chapter 5:  Correlation Theorem for LCT

In this chapter, the necessity of a correlation theorem for a transform is presented. Here, the
existing definitions of correlation theorem defined in LCT domain is discussed in brief.
Subsequently, the weighted cross-correlation and auto-correlation theorems for LCT are
proposed and the various properties needed to satisfy by these identities are also derived.
Then a comparative analysis is performed using simulation between the proposed definition
and the definitions in the literature. Finally, power spectral density analysis of Frequency

Modulated (FM) wave has been done by using the proposed correlation theorem.
Chapter 6:  Convolution and Correlation Theorems for Offset LCT

In this chapter, convolution and correlation theorems for OLCT has been presented. Here, the
existing definitions of convolution and correlation function or theorem defined in OLCT
domain is discussed in brief. Subsequently, the weighted theorem for OLCT is proposed and
the various properties needed to satisfy by these identities are also derived. Then a
comparative analysis is performed between the proposed convolution and correlation
theorems and existing ones. Further, with the help of simulation, the effect of time-shifting
and frequency-shifting variables is clearly shown.

Finally, the conclusion of the thesis along with the possible future scope in the area of work is

discussed in Chapter 7.



CHAPTER 2
L ITERATURE SURVEY

A scholar needs to understand what has been done before, the strengths, weaknesses of
existing studies and what they might mean.

--- Booker and Beile, 2005

I\/I any properties of LCT were derived, developed or established earlier as described in

previous chapter. This includes multiplication property, differentiation property,
shifting property, modulation property, and few more. Since, the convolution theorem of the
transform plays an important role in Digital Signal Processing (DSP), so it is extensively

investigated always for the refinement to a well-accepted closed-form expression.
2.1  PRELIMINARIES OF CONVOLUTION AND CORRELATION OPERATIONS

In FT, the convolution theorem states that the FT of a convolution of two signals is the point
wise product of respective FT of both the signals. In other words, convolution in one domain
(e.g., time domain) equals point-wise multiplication in the other domain (e.g., frequency
domain). The usefulness of convolution theorem can be best explained by its application in
filtering. Since filtering can be performed both way i.e., time domain filtering and frequency
domain filtering. Simultaneously, if the computational complexity is a basis parameter then it
can be shown that under different input conditions one type of filtering has advantage over
other [28] and vice-versa.

One of the inferences of convolution is the Central Limit Theorem (CLT). The CLT is
an important tool in probability theory because it mathematically explains why Gaussian

probability distribution is observed so commonly in nature. For example: the amplitude of



Literature Survey

thermal noise in electronic circuits follows a Gaussian distribution; the cross-sectional

intensity of a laser beam is Gaussian; even the pattern of holes around a dart board bull's eye

is Gaussian. In its simplest form, the CLT states that a Gaussian distribution results when the

observed variable is the sum of many random processes, each with finite mean and variance.

Even if the component processes do not have a Gaussian distribution, the sum of them will

behave as Gaussian distribution. The CLT has an interesting implication for convolution. If a

pulse-like signal is convolved with itself many times, a Gaussian is produced. Other

applications of convolution are:

In electrical engineering, the convolution of input signal with the impulse response
gives the output of a LTI system. At any given moment, the output is an accumulated
effect of all the prior values of the input function, with the most recent values
typically having the most influence. Convolution amplifies or attenuates each
frequency component of the input independent to the other components.

In statistics, as noted above, a weighted moving average is a convolution.

In probability theory, the probability distribution of the sum of two independent
random variables is the convolution of their individual distributions.

In optics, many kinds of "blur" are described by convolutions. A shadow (e.g., the
shadow on the table when you hold your hand between the table and a light source) is
the convolution of the shape of the light source that is casting the shadow and the
object whose shadow is being cast. An out-of-focus photograph is the convolution of
the sharp image with the shape of the iris diaphragm.

Similarly, in digital image processing, convolution filtering plays an important role in
many important algorithms in edge detection and related processes.

In linear acoustics, an echo is the convolution of the original sound with a function
representing the various objects that are reflecting it.

In artificial reverberation (DSP, pro-audio), convolution is used to map the impulse
response of a real room on a digital audio.

In time-resolved fluorescence spectroscopy, the excitation signal can be treated as a
chain of delta pulses, and the measured fluorescence is a sum of exponential decays
from each delta pulse.

In physics, wherever there is a linear system with a "superposition principle”, a

convolution operation makes an appearance.

10
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e In computational fluid dynamics, the large eddy simulation turbulence model uses the
convolution operation to lower the range of length scales necessary in computation
thereby reducing computational cost.

For non-stationary signals and noise, the time and frequency domain filtering both fails
because the signal and noise may have their respective Wigner distribution overlapping to
each other in time and frequency domains. In this case, LCT based filtering can provide a
better solution, where, for a rotated domain in time-frequency plane corresponding to an
optimum value of angle parameter, the Wigner distribution of signal and noise may be
separated. The filtering of the signal from the noise can be performed by designing a filter in
FRFT domain [123] with this optimum angle parameter value. The correlation function is a
mathematical operator, very similar to the convolution. Just as with convolution, correlation
also uses two signals to produce a third signal in its own form. This third signal is called the
cross-correlation of the two input signals. In signal processing, cross-correlation is a measure
of similarity of two waveforms as a function of a time-lag applied to one of them. This is also
known as a sliding dot product or inner-product. The correlation process and convolution
process are identical, except for one minor difference. Whereas, the convolution involves
reversing a signal, then shifting it and multiplying by another signal, correlation only
involves shifting it and multiplying (no reversing). The convolution and correlation operation
have some mathematical resemblance, but they have utilized very differently in signal
processing applications. The convolution is the relationship between a system's input signal,
output signal, and impulse response. On the other hand, the correlation is a way to detect a
known waveform in a noisy background. The evaluation of correlation function is the optimal

method for detecting a known waveform in random noise.
2.1.1  Convolution Theorem for FT

In mathematics, and, in particular, functional analysis, convolution is a mathematical
operation, on two functions f and g, producing a third function that is typically viewed as a
modified version of one of the original functions, giving the area overlap between the two
functions as a function of the amount that one of the original functions is translated. In other
words, FT of convolution of two signals is the point wise product of FT of respective signals.

The classical definition of the convolution and product theorem of the FT for the signals

f(t) and g(t) is given by-

11
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Convolution: f(t)®g(t)«"—>27 F(0)G(w) (2.1.1)
Product: f(t).g(t)«">F(0)®G(w) (2.1.2)

where, F(w) and G(w) are the FT of f(t) and g(t) respectively and "®" denotes the

linear convolution operation.
2.1.1.1 Properties

The convolution theorem defined for any integral transform has to satisfy a set of properties

in order to establish its utility in various application areas. The set of properties needed are
a) Commutative property:

The commutative property of convolution states that the order in which two sequences are

convolved is not important. Mathematically, the commutative property is-

f@g(t)=g(t)® (1) (2.13)
f)— 9y —— (1)
(a)
g(t) —  f() —— (1
(b)

Figure-2.1: The commutative property

From a systems point of view, this property states that a system with a unit sample response

g(t) and input f (t) behaves in exactly the same way as a system with unit sample response

f (t) and an input g(t). This is illustrated in Figure-2.1.

b) Associative property:

The associative property is closely related to the commutative property. The associative
property of an expression containing two or more occurrences of the same operator states that

the order in which operations are performed does not affect the final result, as long as the
12
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order of terms is not changed. In contrast, the commutative property states that the order of
the terms does not affect the final result. The associative property is used in system theory to
describe how cascaded systems behave, for example, two or more systems are said to be in a

cascade if the output of one system is used as the input for the next system.

() — h) | hO — 0
(@)

() — B 1 B ¥
(b)

f(t) ——> wpenn ()
(c)

Figure-2.2: The associative property

From the associative property, the order of the systems can be rearranged without changing
the overall response of the cascade. Further, any number of cascaded systems can be replaced
with a single system. The impulse response of the replacement system is found by convolving
the impulse responses of all of the original systems. Mathematically, the commutative

property is defined for the two functions f (t),h,(t) and h,(t) as-

[f()®h(t)]®h,(t)=f(t)®[h(t)®h,(t)] (2.1.4)
This is described in Figure-2.2

c) Distributive property:

The distributive property describes the operation of parallel systems with added outputs. As

shown in Figure-2.3, two or more systems can share the same input, f (t), and have their

outputs added to produce y(t). The distributive property allows this combination of systems

to be replaced with a single system, having an impulse response equal to the sum of the

impulse responses of the original systems.

13
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Mathematically, the distributive property is described as-

f(t)®[h(t)+h,(t)]= f()®h(t)+ f (t)®h,(t) (2.1.5)

> h(t) .+
() —— y(t)
> h2 (t) *
€
Ht) — hy (1) +h, (t) — (1)
(b)

Figure-2.3:  The distributive property
212 Correlation Theorem for FT

Correlation, which is similar to convolution, is another important operation in signal
processing. The correlation of two functions is no more than their convolution after one of the
two functions has been axis-reversed [2].

In signal processing, correlation is a measure of degree of relation of two waveforms as a
function of a time-lag applied to one of them. This is also known as a sliding dot product or
sliding inner-product. It is an important operation in optics as well as in signal processing,

pattern recognition and especially in detection applications [29, 30, 65, 80, 111, 128, 140,

160]. The symmetric definition of the correlation theorem of the FT for the signals f (t)and

g(t) is given by-

Cross-correlation: f (t)%g(t)= T f(7)g(t+7)dre" 27 F(~0)G (o) (2.1.6)
Auto-correlation: f ()% f (t) = T f(7) f(t+7)deeT 27 F(~0)F (o). (2.1.7)

14
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where, F(w) and G(O)) are the FTs of f(t) and g(t) respectively and “*” denotes the
correlation operation. The FT of auto-correlation of signal f(t) produces power spectral
density of signal f (t).

2.1.2.1 Properties

The correlation theorem defined for any integral transform has to satisfy a set of properties in

order to establish its utility in various application areas. The set of properties needed are
a) Commutative property:

The commutative property states that the order in which two sequences are operated is not
important. Mathematically, the commutative property is-

ft)@g(t)=g(t)® f(t) (2.1.8)

where, ‘@’ indicates the mathematical operation, which is commutative in nature. But the
cross-correlation function is non-commutative. This is true, as shifting of one function in one
direction is equivalent to shifting the other in the opposite direction. Auto-correlation obeys

the commutative operation.
b) Associative property:

The associative property is closely related to the commutative property. The associative
property of an expression containing two or more occurrences of the same operator states that
the order in which operations are performed does not affect the final result, as long as the
order of terms is not changed. In contrast, the commutative property states that the order of
the terms does not affect the final result. The associative property is used in system theory to
describe how cascaded systems behave, for example, two or more systems are said to be in a

cascade if the output of one system is used as the input for the next system.

Mathematically, the associative property is defined for the two functions f (t),h;(t) as-

[f()@nh(t)]@h(t)=f(t)@[h(t)@h,(t)] (2.1.9)

where, ‘@’ indicates the mathematical operation, which is associative in nature. But the

cross-correlation function is non- associative. This is true, as shifting of one function in one

15
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direction is equivalent to shifting the other in the opposite direction. Auto-correlation obeys

the associative operation.
c) Distributive property:

The distributive property describes the operation of parallel systems with added outputs. Two

or more systems can share the same input, f(t) and have their outputs added to produce

y(t).The distributive property allows this combination of systems to be replaced with a

single system, having an impulse response equal to the sum of the impulse responses of the
original systems.

Mathematically, the distributive property is described as-
f(t)®[h(t)+h,(t)]= f(t)@h(t)+ f (t)Dh,(t) (2.1.10)

where, ‘@’ indicates the mathematical operation, which is distributive in nature. Distributive

property is satisfied by both cross-correlation and auto-correlation theorems.
d) Even function:

Even functions are functions for which the left half of the plane looks like the mirror image
of the right half of the plane. Let f (t) be a real-valued function of a real variable. Then f is

even if the following expression for all x and -x in the domain of f :

f(-t)=f(t) (2.1.11)

Geometrically, the graph face of an even function is symmetric with respect to the y-axis,
meaning that its graph remains unchanged after reflection about the y-axis. The auto-
correlation function is an even function while cross-correlation function is not an even

function.
2.2 PRELIMINARIES OF FRACTIONAL FOURIER TRANSFORM

The FT is undoubtedly one of the most valuable and frequently used tools in signal
processing and analysis [129]. A generalization of FT, the FRFT has a long history since
1929s [40, 53, 108]. It was first introduced in 1980 by Namias as a tool to solve quadratic
Hamiltonians in quantum mechanical systems [154]. His results were later refined by A.

McBride and F. Kerr [11], who, among other things, also developed an operational calculus
16



Literature Survey

for the FRFT. The FRFT gained very much popularity in the early 1990s because of its
numerous applications in quantum mechanics and quantum optics [25, 35, 87, 95, 97, 98,
155], swept frequency filters [90], optical systems and optical signal processing and time-
variant filtering and multiplexing [54], pattern recognition [29], time-frequency distribution
[72], Radon transformation of Wigner spectrum [63, 64, 76], wavelet transforms [54, 135],
neural network [135], various chirp related operations [31, 32, 54, 145], image compression
and encryption [105, 120, 123], watermarking [86], beamforming for mobile antennas [118,
119], window analysis [142], radar and sonar signal processing [116] and fractional order
differentiator [143, 144] and to name a few.

221 Mathematical Definition of Fractional Fourier Transform

The FRFT is a family of linear transformation generalizing the FT. It can be thought of as the
FT to the n™ power, where n need not be an integer — thus, it can be interpreted as a rotation
of the time-frequency plane and it can transform a function to any intermediate domain
between time and frequency. In literature, the FRFT is also known as rotational FT [24] or
angular FT [88]. The mathematical definition of FRFT is given by [55]-

X, (u)= X*(u) = | x(t)K, (tu)dt (2.2.)

—00

where, the transform kernel K (t,u)of the FRFT is given by-

1- jcota 'ﬁcotam 'ﬁcota—‘utcsmz . . .
’;—ej 2 I x(t)eJ 2 g if « is not a multiple of 7
T

K, (t,u)= 5(t) if o is a multiple of 27 (2.2.2)
5(-t) if o+ is a multiple of 27

and the FRFT is defined by means of the transformation kernel-

+00

X, (u)=X*(u)= _[ x(t) K, (t,u)dt

—00

1- j cot o Jﬁcotam jﬁcota—jutcsm
‘f—e 2 X(t)e ? dt if « is not a multiple of =
27 j ) P (2.2.3)

= 5(t) if « is a multiple of 27z
5(-t) if o+ is a multiple of 2
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where, o = a_27r IS interpreted as a rotation angle in the phase plane. The function x(t) can

be recovered from a FRFT operation with angular parameter (—a):

X(t)= [ X, (U)K, (tu)dy (2.2

where, K_, (t,u)=K] (t,u) and the superscript “*” denotes the complex conjugation. The
variable U can be interpreted as some hybrid time-frequency variables. The interpretation of
u changes gradually from time to frequency as a takes value from 0 to /2. The changed

frequency characteristics of the transformed signal are revealed for different values of « .

2.2.2  Time-Frequency Representation of FRFT

The FRFT belongs to the class of time-frequency representations that have been extensively
used by the signal processing community. In all the time-frequency representations, one

normally uses a plane with two orthogonal axes corresponding to time and frequency. If a
signal x(t) to be represented along the time axis and its ordinary FT X (@) to be represented

along the frequency axis, then the FT operator (denoted by F) can be visualized as a change

in representation of the signal corresponding to a counter-clockwise rotation of the axis by an
angle m/2. Given that '|" is the identity operator, the FRFT operator X*(u) has the

following properties-

Figure-2.4:  Time-frequency plane and a set of coordinates (u,v) rotated by an angle

a relative to the original coordinates(t, ) .
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Zero Rotation: X°(u)=1 (2.2.5)
Consistency with FT: X ™?(u)=F (2.2.6)
Reflection Operator: X *(u)=-—1 (2.2.7)
Inverse Fourier operator: X *7?(u)=F" (2.2.8)
2 ¢ rotation: X (u)=1 (2.2.9)
Additivity of rotations:  X”(u)X” (u)= X" (u) (2.2.10)

Thus FRFT can be viewed as the generalization of FT. So many properties associated with
the FT can be generalized by using the FRFT.

2.2.3  Existing Definitions of Convolution and Correlation Theorems for FRFT

The convolution and product theorems for FRFT have been suggested by many researchers in
the literature such as by Almeida [89], Zayed [6] and Singh et al. [8]. In this section, a brief
review of these definitions has been presented.

In 1997, Almeida [89] gave a definition for convolution theorem for FRFT by considering

two signals x(t) and y(t) as-

2 e}

[ x(2)y(t-7)dz <> [seca] e_j7tanaj X, (v) y[(u—v)seca]e’ > av (2.2.11)

2
Vv
—tana

In this definition, the FRFT of a convolution can be obtained by multiplying a chirp e

to the FRFT of one of the signals X, (v) and convolving it with a scaled version of the other

signal y[(u —v)seCa], subsequently multiplying again by another chirp and a scale factor

2

secale ' 2™ as evident from (2.2.11).
Similarly, the product theorem was given by-

|csca

x(t)y(t) <> on

where, Y (u) is the FT of y(t).

S j X, (V)Y [(u=v)csca | e ' 2™dy (2.2.12)

—00

After one year, in 1998, Zayed [6] introduced a new approach to derive the convolution

theorem. In this technique, a chirp signal was multiplied before convolution and the FRFT of
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the obtained convolution was derived, which was entirely in the FRFT domain. The

convolution theorem was given by-

—1i —'Ecoa ° 'T—zcoa '(tfr)zcoa —'ﬁcoa
/wﬂe T x(n)e' Ty (t-r)e’ T Tdreoe TTX, (W)Y, () (2.13)
T

Similarly the product theorem was given by-

—'ﬁcoa - coozoO - coa —'Mcoa
X(t)y(t)e i~ cot o fl-i— jCOta j= oot J'x J t a(u_v)ej > tdv (2214)

It took almost fourteen years, in 2012, Singh et al. [8] derived the convolution theorem for

FRFT. In this theorem again, a chirp signal was multiplied before convolution and the FRFT
of the obtained convolution was derived, which was entirely in the FRFT domain. The

convolution theorem was given by-

R _ jz(z-t)coter 27 7%u2c0tax Y 2.2.15
Jx(@y=rjerdre et e R WY ) e

—00

and the product theorem was given by-

2 - o
5 eota 1+ jcoter
e o |

(u=v)coter

1y
x(t)y(t) )Y, (u—v)e? dv (2.2.16)
The correlation theorem for FRFT have been suggested by many researchers in the literature
such as by Akay et al. [111], Tao et al. [126], Cottone et al. [50], Torres et al. [128] and
Singh et al. [7]. Here a brief review of these definitions have been presented.
In 2001, Akay et al. [111] defined the correlation theorem in FRFT domain by using the

fractional shift operator as given below-

X()®y(t)= e"z”%“’s“sma _[ X(t)y" (t—rcosa)e 2 =" dt (2.2.17)

—00

It has been found that if the FRFT of the above correlation definition was determined then it
results into very complex calculations. After almost seven years, in 2008 Tao et al. [126]

formulated the correlation theorem for FRFT and the definition was the given by-

R,(7)= T X(t) y(t+7)et = “dt (2.2.18)
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In this authors had documented the fractional power spectrum by taking the FRFT of
fractional correlation as defined in above expression (2.2.18). As visible from (2.2.18), the
correlation integral contains only one chirp which leads to non-compliance of variable
dependability parameter. In 2010, Cottone et al. [50] had showed that the fractional spectral
moment function was able to represent both the power spectral density and the correlation
function in their whole domains. Actually, the fractional spectral moments are the fractional
(complex) moments of the one sided power spectral density. Although, they had defined the
fractional correlation and power spectral density but they did not concisely documented the
correlation theorem for FRFT. Again in the year 2010, Torres et al. [128] had introduced
another correlation theorem for the FRFT by using fractional translational operator and in
2011 Singh et al. [7] presented the correlation theorem for FRFT by multiplying a chirp
signal before convolution and the FRFT of the obtained convolution was derived, which was

entirely in the FRFT domain and is given by-

2 —%uzcota

m Xa(—U)Ya (U) (2219)

[ x(2)y(t+2)ermedr o
FRFT has found numerous application in the signal processing. In the year 2007, Sharma et
al. [135] presented a methodology for on-line tuning of transition BW of window-based FIR
filters using FRFT. By selecting FRFT order as a tuning parameter in the convolution
operation between FRFT of window function and ideal frequency response, the authors
showed the variability in the transition band of the resulting filter response. In 2010, Kumar
et al. [142], derived a new mathematical model for obtaining the FRFT of Dirichlet and
Generalized Hamming window functions. With the help of simulation, the authors showed
that there is a variation in the window function parameters with the variation in the FRFT

parameter.
2.3 PRELIMINARIES OF LINEAR CANONICAL TRANSFORM

The LCT [23, 102, 103, 137, 138, 149] of a given function is a three parameter class of linear
integral transform and it has found many applications in filter design, signal synthesis, time-
frequency analysis, encryption, modulation, capacity analysis, window function analysis and
multiplexing in communications etc. [3, 8, 10, 19, 26, 48, 49, 91, 110, 117, 124, 139, 142].

The one-dimensional LCT with (a,b,c,d) variables of a signal f (t) is defined [101, 149] as-
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X(1) K apeaylUst)dt, b=0
L(Fa’b"d)[x(t)}(u): _J;) () (ab ,d)( ) (2.3.1)
Jde™2 f(du),  b=0

a b
where, variables (a,b,c,d) are real numbers and the matrix [c dj belongs to SL(2, P). In

general, the case of b= 0 is considered, since LCT is just a chirp multiplication operation if

b=0.Theterm K, (u,t) represents the integral kernel and is given by-

~ f 1 j(at2+du2) jtu
K(a,b,c,d)(u’t)_ jZJZbUXp[ b b (2.3.2)

The inverse of LCT with variables A=(a,b,c,d) is given by LCT with variables

A =(d,—b,—c,a). The exact inverse LCT expression [38] is given by-

LE X (u)](t)= [ X (U)K}, (ust)du (2.3.3)

—o0

G

where, the superscript denotes the complex conjugation.
2.3.1  Special Cases Of LCT

Many important transforms are the special cases of LCT. These are discussed below-

2.3.1.1 Fourier transform

When (a,b,c,d)=(0,1,-1,0), the LCT becomes the FT multiplied by factor \/—j. From
(2.3.1) and (2.3.2), results in-

(01-10) ' 1 (o2t -aut(or2)?]
Lo [x(t)}(u)_j x(t) szﬂ.e dt

—00

_j+°° —j.ul
=\/2—:£e‘ X(b)dt

=J=IFT[x(t)]=V=1 X (@) (2.3.4)
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Equation (2.3.4) represents the FT of the function x(t) multiplied by factor«/—j . Similarly,

when (a,b,c,d)=(0,-11,0), the LCT becomes the inverse FT multiplied by the factor /j

and is given by-
LI X (@) ](t) =x(t) (2.3.5)
2.3.1.2 Fractional Fourier transform

When (ab,c,d)=(cosa,sina,cosa,sina), the LCT becomes the FRFT with little

difference of constant phase. From (2.3.1) and (2.3.2)-

(cosa sina,~sina cosa) _ 1 (i/2)(cos ! sin )u? i —j(u/sin@)t 4(j/2)(cosa/ sin )t?
Lie [x(t)](u) /—j S _[Ce e x(t)dt

Rearranging, results in-

— 1 e(j/z)(cota:)u2 T e j(ucosec ar)te(j/z)(cota:)t2 X(t) dt
j2zsina i

Multiplying and dividing the above expression by /e!* , results in-

_ \/(COS o+ J sin CZ) 1 T e%[uzcotaftu csc a+t2cota]x(t) dt

eja j27rsina

—00

Rearranging, results in-

3@\/(COS o+ j sin a) T e%[uzcota—tucsc a+tzcota]x(t)dt

j2zsina
— 2 IM2cota—tucse a+t’cota
D\W (1 jZCOta) J-ez[ tot t tJX(t)dt (2.3.6)
T

From (2.3.5), it has been proved that LCT coincides with the FRFT multiplied by the factor
el
2.3.1.3 Fresnel transform

The Fresnel transform is an operation that describes paraxial light propagation and diffraction

under the Fresnel approximation [46]. The one-dimensional definition of Fresnel transform is

given by-

23



Literature Survey

ej/rZ/l Q. )
[ el x (1) dit (2.3.7)

Vidz 2,

When (a,b,c,d)=(1,4z/27,0,1), the LCT becomes the FST with little difference of constant

OZFresneI (t) I:X (t)] _

phase, where, z is the propagation distance and A is its wavelength. From (2.3.1) and
(2.3.2)-

L(l,lz/er,O,l) _ 1 (i/2)(2x1 Az)u? OO —j(2nul 2z}t 4 (i/2)(2x1 A2)t?
< [ x(t)](u) ’—j 2e(42127) e Le e x(t)dt

Rearranging, results in-

L(é,/mz/zﬁ,o,l) [x(t)](u) _ ﬁe“””z)”z T e—j(znu/zz)te(jzr/zz)tzX<t)dt
Rearranging, results in-
L(é,ﬂz/Z;r,O,l) [X(t):l(U) _ ﬁ J' e(jn/ﬂz)(uft)zx(t)dt

Multiplying and dividing the above expression by e!?/#  results in-

L(1,/1z/2;z,0,1) [x(t)](u) — ﬂ i T e(jﬁ/ﬂ)(Wt)zx(t)dt
E ejfrz/l M,Z

—0

Rearranging, results in-
L(é,/lZ/Z/z,O,l) I:X(t):l(u) _ e—jnz//IOZFresnel(t) I:X(t)] (238)

From (2.3.7), it has been proved that LCT coincides with the FST multiplied by the factor

efjﬂ'Z//'L .
2.3.1.4 Chirp multiplication

This is another special case of LCT. From (2.3.1), when (a,b,c,d)=(10,7,1), the LCT

becomes the multiplication by Gaussian or chirp multiplication with little difference of

constant phase. Mathematically it may be defined as-
I
LE*™ [x(t) ](u)=€2" x(u) (2.3.9)
Substituting the values of (a,b,c,d)=(1,0,z,1)in (2.3.1) for b=0, results in-

L8074 [x(t)](u) =Ee* ™ x(1u)

Rearranging, results in-
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L6079 T (1)](u) =™ x(u) (2:3.10)

Equation (2.3.9) is the special case of LCT.
2.3.1.5 Scaling operation

The scaling operation can be viewed as the special case of the LCT when

(a,b,c,d)=(0,0,0,1/c). Mathematically-

Llo00te) [x(t)](u) :\/Feiuz x(a’lu)

Substituting the values of (a,b,c,d)=(,0,0,3/o) in (2.3.1) for b=0, results in-

Lo [x(t)](u) = \/;.ejéo'afl'uz g (cflu)
L ooM I [x(t)](u) = Jotg (o7u) (2.3.11)

From (2.3.10), time scaling operation is achieved from LCT. Therefore, the FT, FRFT, chirp
multiplication, FST and scaling operations are all the special cases of the LCT. The LCT can
extend their utilities and applications and can solve some problems that cannot be solved well
by these operations. The relation between LCT and its special cases is shown in Table-2.1
[67].

TABLE2.1
SPECIAL CASESOF LCT
Linear Canonical
Transform (LCT)
[
(a, b, C, d) {a’ b’ C, d} {ay by Cl d}
=(cos, 4ina, —sina, cosq) ={1, z4f2r, 0, 1} ={0,0,0, 1/}
Fractional Fourier Chirp Convolution Scaling
Transform (FRFT) (Fresnel Transform)
a= 2 a=—72 a=0 a=-r
Fourier Trans- Inverse FT Identity Time Reverse
form (FT) (IFT) Operation Operation
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2.3.2  Basic Properties of LCT

In this subsection, various properties of LCT [55, 67, 150] are discussed. Table-2.2 list the
properties of LCT [67]. The following is the proof of some of the properties of LCT:

2.3.2.1 Multiplication property

If X.pea (u)is the LCT of x(t), then differentiating (2.3.1) and (2.3.2) with respect to u,

results in-

JEIZ

Iy Y oy
X 0)= g [ (Bu-Le)er e u(gar

j 1 92 .y J2p

EX(a,b,c,d)(u):Fu'x(a,b,c,d)(u)_g' jz—ﬂ_bEZb _[_Ooe > e’ tX(t)dt

Rearranging, results in-
id > e 12

[;_u_%uj x(a,b‘c‘d)(u)=_%. jziﬂbe%“ [“e™ e tx(t)dt

. d 1 iQUZ o 7iut iﬁtz
(b-]a-i-d.Uj 'X(a,b,c,d)(u): /jz—ﬂbe% j,we b @2b tX(t)dt

Therefore, the multiplication property is proved.
2.3.2.2 Differentiation property

From (2.3.3), the LCT inverse is given by-

s @y, _idp

X(t) = /ﬁe o [ 2" X apee (U)0U (2.3.12)

—00

Taking differentiation of (2.3.12)

By, 4

X' (t) = g I(—%jH%u)ebueZb X (apegy(U)du,

Rearranging, results in-

jd
id e

i i A% . g
X'(t)+%jt'x(t)=%-ﬂ/ﬁe 26 Loeb €% U-X g (U)du,

an,c, ’ a H J
b d)(x (t)+6 jt-X(t)j ZE'U'X(a,b,c,d)(“)-
Then, after substituting (2.3.12) into the above expression, the property is proved.
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2.3.2.3 Division property

From (2.3.1),

" t )\ j2m -

Rearranging, results in-

_id e ( f(t)\ 1 o Ay 132 1
2b | (abed) _ . b a2b .o
e L: L " J_ 2 J._we e tx(t)dt,

d ide abc t e
Integrating (2.3.13), results in-
qdpuidp
L(s,b,c,d)(@] — _% 2b e 2b X(a,b,c,d)(z)dz

Therefore, the division property is proved.
2.3.2.4 Integration property

Substituting t" =t — 7 in the signal of integration property, results in

x(t')dt'j = Lizoed) [Tx(t — r)dz'} ,
0

t

L(Fa,b,c,d) {J‘

—o0

Rearranging, results in-

t

Lizbea) ( | x(t’)dt'j = @ L[ x(t—7)|d rj

—o0

Then, by using the time shift property, results in-
(L A4S X )
Leeed)) [ x(t)dt' | =] [e 2" eF™X,,, ., (u—ar)dz
e =(] wnc (1 =25) )
Substituting z=u—ar and dz=-dz/a,z=(u—z)/a in the above expression, results in

oo [ rteyar | = fo S T )22

a
Rearranging, the above expression, results in the integration property.
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TABLE 2.2
PROPERTIES OF LCT [67]

PROPERTY

S.No. DESCRIPTION SIGNAL LCT oF THE SIGNAL
1. Time shift X(t-7) e 7 & X ypea (U—27)
2. Modulation elx(t) e_j%”z & X apea) (U—b7)
5 Tmeshiftand &'/ X ) (U—aT b1
. modulation where, p=—(ac/2)7* —bcr—(bd/2) 7
. = oy
4, Scaling Jo'x(o™) '—(F - a)[x(t)]
5. Time reverse X(—t) X (aped) (—u)
Even/odd input X(t) = X(—t) X ap d)(_u)
6. even/odd o
X(t)=-x(-t
output ( ) ( ) _X(a,b,c.d)(_u)
d
7. Multiplication  tx(t) (b. ja+d.uj Xiapea) (U)
: - d .
8.  Differentiaion  X'(t) a el Kiapea(U).-
o Divis X(t) i oy ;
: ivision . e _[e (aboa) (2)d2
e ,—
2a u _Jce
t ° " j e 2 Xpoq(2)dz whena>0,
10.  Integration '[ x(t')dt’ o,
- 2a ® _Ic,2
eia e 2 X(ipea (2)dz whena<o0.
11.  Conjugation LD [x(t)]= L9 [ x(1) |
0 Ez
12. DC value 0 _|.e2bt x(t)dt
Energy
Conservation ¢ 2 ° 2
13 (Parseval’s _L|X(t)| dt __[O‘X(a,b,c,d)(u) du
theorem)
Generalized s %
14. Parseval’s J' x(t) g (t)dt j X(a’b'c]d)(u)G(avb’cvd)(u)du
Theorem - -
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2.3.2.5 Parseval’s theorem

As per definition of Parseval’s theorem,

0 2
J“X(a,b,c,d ( ‘ dU = J- X (abcd) (U) X(a,b,c,d)(u)du

Expanding, results in-
< lgu2 T Ly 13 Jdpe R Jye 13,
_[ e b e x(t)e ?° _[eb e 2> x(t')dt'dtdu

1
=
NArh? 2, s o

Rearranging, results in-

0 0 o ]

1 at2 at’? —J tt) N ,
:>2ﬂ|b|jHe2b x(t)x(t")dudtdt

—00 —00 —00

Using, [ e vy = 27)b|-5(t—t') in the above expression, results in-

—00

[ [Fussa(@fau= ] e ae-e)x(oxwienar = f o

Therefore, the theorem is proved.

From the time shifting property, it is found that the shifting operation in time domain will
correspond to the combination of shifting and modulation operations in transform domain for
LCT. For the conventional FT, the shifting operation in time domain just corresponds to the
modulation operation in frequency domain, and the location of spectrum is unchanged. But
for LCT, the shifting in time domain will also cause the shifting of spectrum in frequency
domain. So, the spectrum of FT is shift-invariant, but the spectrum of LCT is partially shift-
variant. This property is useful for the application that using LCT for space-variant pattern

recognition.
2.3.2.6  Combination of the time-shifting and modulation property

From time-shifting and modulation property-
I_(;,b,c,d) (e“ﬁtx(t _ rnl)) — ej(ﬂlejnzu .X(aYbVC‘d) (u _ m2) ’

where,

m,|_|a b||m _ac o . n—ﬁnz
n,| |c d|inl| ?7 o M M=

That is, the ABCD matrix of LCT can be used to calculate the amount of time-shift and
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modulation of the transform output. So the time shifting and modulation operations pair has
very close relation with the LCT.

2.3.2.7 Combination of the differentiation and multiplication property

From differentiation and multiplication property-

abgc, d i d .
(RO A P

where,
9.|_[a bi|a,
h| |c d||h
So the differentiation-multiplication operations pair also has very close relation with LCT.

2.3.3  Transform Results of LCT for Some Special Signals

The transform results of LCT for some special signals are given in Table-2.3 [67]. The

transform results of FRFT for these signals can be obtained by substituting
. . . . i /12
(a,b,c,d) :(cos a,sin a,—Ssin «,cos a) and then multiplying the results by (e J“)l .

To the prove the transform results given in Table-2.3, the following result can be used [94,
104] as given by-

q2

]'O e (Mgt = [z/pe®?

—00

2.3.4  Relation of LCT to the Wigner Distribution Function

The Wigner Distribution Function (WDF) was first proposed in physics to account for
quantum corrections to classical statistical mechanics in 1932 by Eugene Wigner [39]. It is a
time-varying spectrum analysis technique for non-stationary signals and processes. It is a
time-frequency representation of fundamental theoretical importance as well as an eminently

practical signal analysis tool.

2.3.4.1 The Wigner distribution function

The WDF [39, 43, 138, 151, 152] of x(t) is defined as-

00

Wx(t,a))zij X(t+7/2)X (t—z/2)-e'"dr
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TABLE 2.3

TRANSFORM RESULTS OF LCT FOR SOME SPECIAL SIGNALS [67]

1. S(t—7) (j2ﬂ'b)_1/2 .e%%uz .e_%” ,e%%’z
2' . —+rl
eXID[ qt2 +rt)] (a-2qd) 1 eZb . 12(; :;bz
It can also be rewritten as
(c 2qd) L r2p?
(a qu) Vg o 20b7—ab e‘m
. ) i _ib 2
4, exp( jzt) Jate=" e e 1%a" (|m(7)20)
) 1 J-(CJrhd),uz
5. eXp(jht /2) (hb_i_a)*i e 2(a+hb) (Im(h)ZO)
6. t [ ,u'e‘%”z
Step function ic
7 — eZa -erfc
u(t) 2\/_ L«\/ j2ab J

=—I (0+n12).X" (w—nl2)e"dn, (2.3.14)

where, X (@) isthe FT of x(t).
If W, (uyv) and W, (uv) be the Wigner distributions of x(t) and X, (u)

respectively, then the relation between Wigner distribution and LCT is as given below-

Wy,.., (Uv) =W, (du—bv,—cu +av) (2.3.15)

W, (u,v) =Wy, (au+bv,cu+dv) (2.3.16)
2 0

‘X(a,b,c,d) (u)‘ = IWX (du—bv,—cu +av)dv (2.3.17)
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From (2.3.17), it has found that the square modulus of the LCT equals the marginal
integration of the Wigner distribution following the rotation of coordinate. This result is
helpful to derive the transfer function of the multiplicative filter in the LCT domain.

2.3.4.2 LCT as atool in time-frequency plane

The LCT is more general than the FRFT. The FRFT can only do the rotation of the time-
frequency distribution but the LCT can do the chirp multiplication, chirp convolution, tilting,

dilation etc. along with time-frequency rotation as shown in Figure-2.5 [67].
2.3.4.3 Quantum Mechanical Representation of LCT

To relate the LCT kernel in quantum mechanical representation, the completeness relation of

the coherent state with the arguments of z, and z, is used. The coherent state |z) is defined

[156] by the eigenstate of the annihilation operator a with the complex eigenvalue z, i.e.
a|z)=1|2)

and form the completeness relation [13]

'[27[]
where, [d?z=[d[Re(z)]d[Im(z)]

To relate the LCT kernel in quantum mechanics, the completeness relation of the coherent

state with the arguments of z, and z, can be used-

(Qlu(tla) =[S 2 (0l 2 (V) o 2319

where, the kernel is just the transition amplitude from position ( to the position at a later time
Q as given by K, ., (Q.0)= (Q[U(t)|a), U (t) is the unitary operator and with the aid of

the IWOP technique, the coherent state representation of the unitary operator is given by [12,
59, 60]

_[=[ (2.3.19)

1

(z|U(t)]z,) = N 2
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\ \

— : : —+—>u —+— —+— »u
-+ -+ a b B 2 0
—+ + c d| |0 05
(@) (b)
\ \

(©) c d| |-1 1 (d)
4 a b 0 1 : a bl |cos(z/4) —sin(z/4)
1 L d}:{_l 0} Llc d| |sin(z/4) cos(x/4)
(e) ()

Figure-2.5: (a) Region representing the support of a signal. Effect of (b) scaling (c) chirp
multiplication (d) chirp convolution (e) Fourier transform (f) fractional Fourier
transform with order 0.5 [67].
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_ . (a b
where, (r,s) |s*|~|r?| =1, are related to a classical ray transfer matrix [c dj Y-

s:%[a+d+j(b—c)], r:%[d—a—j(b+c)], (2.3.20)

the uni-modularity condition ad —bc =1 is equivalent to |s?|—|r*|=1 and the coherent state

with coordinate representation is given by [13] -

(ZZIQ>=%GXP +«/_qu Q—% (2.3.21)
=i \/_ ( ) |Zl|
(z]Q) ﬁme < +2Qz - > (2.3.22)

By substituting the values of (2.3.19), (2.3.21) and (2.3.22) in (2.3.18), results-

(2xif
o - e gL }p{ @ g (Bl

<Q‘U(t)|q>=fd22dzz ”}/z}exp{‘—+fzp— |Z§|]

(2.3.23)
S 2s 2 2 ]

Solving for z, by using the fact [121], if &’ —4|cl|2 > 0, then-

1 ) - Y f 1 bZc; +b%c, +a, [b[
Z|d%aex (— +ba+ +ca’+c ): ex 1 1

A QR
== Id zexp{ |zl| +z \/_Q+ —?—z(zl)} (2.3.24)
_ L NN L
where, a, =1,b, =+/2Q, b = 2 =2, = and a?-4lc[" >0,

ZZ
—Q°r— 2 +42Qz
_ Lo G0 +afol |_ [ exp 2s i (2.3.25)
a7 —4c,[ a —4lc,| sof >

Similarly, solving for z, and substituting the value in (2.3.23), finally it results in-
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<Q|U(t)|q>=\/ L nxp{ 20Q _q_28+8*—r—r*_Q_zs+s*+r+r*}

IZ'(S—S* —r+r*)c S—S —r+r 2Ss-S —r+r 2 s-S —r+r
(2.3.26)
By substituting the value of r and s from (2.3.20), the LCT kernel is given by-

_ /L J (a2 —
(Qlu(t)ja)= Zior eXD{Zb(aq 20Q +dQ? )} (2.3.27)

Equation (2.3.27) represents the LCT kernel derived by representation transformation in

quantum mechanics.
2.3.6  Existing Convolution and Correlation Theorems for LCT

The convolution and correlation theorems for LCT have been suggested by many researchers
in the past. The chronological development in this dimension is given in the following
paragraphs.

In 2006, Deng et al. [20] proposed two definitions of convolution theorem for LCT and one
definition of product theorem for LCT. But, in his paper he agreed that one of his convolution
theorem is more complicated, and is inconvenient for the analysis of multiplicative filter in

the LCT domain. The convolution theorem given by Deng et al. [20] is-

If x(a,b,c,d)(u)_ abcd I:X :' and Yabcd)( )= L(a,b,c,d)[y(t)] then

1 -i2es o2 iap(t=?
z(t)=(x®@Y)(t)= |- 2 | x(r)e® y(t—7)e'® 'dr
\ j27b [o (2.3.28)

9
oL, L2(t)]=¢ Y ey (U) X(apea) (1)

where, '®" indicates the convolution operation and the product theorem is given by-

LCT

. _ __ivz
S(t) - X(t) y(t)(—>8(avbvcvd)(u): € 2 I X (abc.d) ( )Y(a,b,c,d) (U_b\/j € £ dv

‘L
270

(2.3.29)
But the theorem given by Deng et al. [20] with modified convolution operation contains three
and seven chirp multiplications on the left-hand side, i.e., the proposed correlation process

and right-hand side that represents its transform respectively as compared to two and seven
for the proposed convolution theorem.
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Later on in year 2009, a different definition of convolution theorem in LCT domain is given

by Wei et al. [38]. Prior to defining convolution theorem, author defines a z— generalized

translation of signal y(t) denoted by y(tor).

where, y(t0r) = IY(a,b,c,d)(u) Kiapea) (Us7) Kipea (Ust)du (2.3.30)

—00

where, Y, (u) is the LCT of y(t). K and K" represents the LCT and inverse LCT

kernels respectively. Based on this generalized function convolution theorem is defined as-
2(t)=(x®y)(t)= [ x(2)y(t07) A7 T X ) (U) Vi (U) (2.3.31)

In the definition given by Wei et al. [38], the generalized convolution operation defined in
time domain is not only dependent on time variable but it also depends on transform domain

variable ‘U’ in which it has to be transformed.
Later in the year 2012, Wei et al. [36] again derived a convolution and correlation theorem

based upon space and shift property of LCT. If X(a]bycvd)(u):L(,f'b’C'd)[x(t)] and

Yanea (U) = LePe“Iy(t)] then-

A _id.e
[f ®g}(t) = BAL(_al,b,c,d) |:F(a,b,c,d) (U)G(a,b,c,d) (U)e = }(t) (2.3.32)
1 AL .
where, B, = |[-——— and the operator ® is defined as-
j27b
A ® )
[f ®g}(t) ~ B2 [ 1(2)g(t-o)e 2339

—00

In this paper, Wei et al. [36] used the space and shift properties of the LCT to derive the
convolution and correlation operation. In the derived operations, it has been found that the
result does not meet the requirement of symmetric definition of FT. As a comparison of
computational complexity, it has been found that number of chirp multiplications required by
the left hand side i.e. by the correlation function and right hand side that represents its

transform are two and ten respectively.

In 2012, again Wei et al. [37] suggested a convolution theorem especially for translation

invariance property. In [37], the author suggested that this theorem can be more useful in
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practical analog filtering. In this thesis, convolution and correlations have been derived abd

compared with the literature in terms of computational complexity, FT conversion and

variable dependability. The improvement of the proposed theorems is shown with the help of

simulation comparison as well as by comparing the results of multiplicative filtering in LCT

domain with that of frequency domain and fractional domain filtering.

2.3.7  Advantages of LCT over FT/FRFT

The FT is one of special cases of LCT. The LCT can solve the problems that the FT cannot

solve and LCT can improve the performance. The following are the advantages of LCT
contrast with FT/FRFT:

The LCT is more general and flexible than the FT. So, applications, properties and
operations of the FT can be generalized by the LCT. When LCT’s

(a,b,c,d)=(0,1,-1,0), it becomes the FT.

The LCT can be applied to partial differential equations (order n>2). With the

appropriate choice of LCT variables (a,b, c,d ) the equation can be reduced to the order

of n-1. Furthermore, the LCT can be used in optical systems.

Since the FT only deals with the stationary signals, whereas LCT deals with stationary as
well as time-varying signals.

The LCT is more general than the FRFT. The FRFT can only do the rotation of the time-
frequency distribution but the LCT can do chirp multiplication, chirp convolution,
tilting, dilation etc. along with time-frequency rotation.

In the literature, it has been found that the derived convolution theorems for FRFT and

_iY cota _id 2 ) .
LCT contains extra chirp factor e 2~ and e '2" respectively. In filtering

applications for better results, it is desired to diminish this chirp equal to 1. In LCT, it

can be easily obtained by substituting LCT variable d =0 whereas in FRFT cota is
zero only when aza_;=900 and a=1. But at a=1, the fractional domain is

converted to frequency domain and results more MSE as compare to fractional domain.

Therefore, LCT supersedes the FRFT because of it is more flexible for its extra degree of

freedom of three free variables.

The LCT with complex variables can transform some functions that cannot be
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transformed by the LCT with real variables e.g. Laplace transform. Besides this, the LCT
with six variables (a,b,C,d ,m,n) is very helpful for optical system analysis.

e The one dimensional (1-D) LCT can let filters to reduce the sampling rate and
encryption, but the FT cannot do that.

e Using the LCT to design the filters, it can reduce the MSE. Besides, using the LCT,
many noises can be filtered out that the FT and FRFT cannot remove in optical system,
microwave system, radar system, and acoustics etc.

e In modulation, FT can be only used for bandlimited signals. However, if signals are not
bandlimited, LCT is helpful.

e Since, the LCT have more free variables than the FRFT, so, encryption is safer in using
the LCT than in using the FRFT.

e In signal synthesis, using the transformed domain of the LCT to analyze some signal is
easier than using the time domain or frequency domain to analyze signals.

e To calculate the Ambiguity Function (AF), using LCT, the positions of output sampling
points are freely selected.

e In multiplexing, OLCT is very helpful because of it’s time-shifting and frequency-

shifting property.
2.4 PRELIMINARIES OF OFFSET LINEAR CANONICAL TRANSFORM

The OLCT [15, 79, 136, 148] is a six parameter (a,b,c,d,m,n) class of linear integral

transform. It was introduced in 1994 [131] and found many applications in signal processing,
optics and many other areas [15, 74, 115, 132]. Well-known transforms such as FT [42, 73,
74], the offset FT [15, 136, 148], FRFT [90, 138], the offset FRFT [136, 148], LCT [23, 101,
103, 137, 149], FST [27], Gaussian Weierstrass [79], time-shifting and scaling, frequency-
modulation, pulse chirping, Lorentz squeezing [132] and others, can be seen as the special
cases of the OLCT [15, 115, 131].

The OLCT is also known as the Special Affine Fourier Transform (SAFT) [132]. The
name is based upon the properties of the transform. The term AFFINE refers to the fact that
under any such transformation every triangular area is mapped to another triangular area. The
term SPECIAL refers to the fact that under this transformation it is only affine transforms
with determinant equal to unity (area conserving). The SAFT allows shifting/translation,

rotating and squeezing of a signal to fit within a fixed window as compared to only rotation
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in case of FRFT/LCT. The one-dimensional OLCT in matrix form with (a,b,c,d,m,n)

variables is given as [114, 133]-

m—{i SMHT} 24.)

where, variables (a,b,c,d,m,n) are real numbers with the ‘lossless’ (area-preserving, or
power-preserving) condition ad-bc=1, and the coefficients (a,b,c,d,m,n) being

independent of the phase space co-ordinate | (position) and k (spatial frequency).

The integral form of one-dimensional OLCT with (a,b,c,d,m,n) variables of a signal x(t)

is defined [15, 148] as-

1 +o0
= Jz—ﬂ-b_'[ox(t) K(axbvc,d,m,n)(ult)dt, b;ﬁO

L2547 (1))

(2.4.2)
.cd 2 .
JE&?“‘”” +Jnuh[d.(u—m)], b=0

In this thesis, only the case of b= 0Qis considered, since the definition for case b=0 is the

limit of the integral in (2.4.2) for the case b#0 as [b|—>0. The term K, .. (ut)

represents the integral kernel and is given by-

(2.4.3)

jlat® +du®)  jx(m-u) ju.(dm—bn
K(a,b,c,d,m,n) (u’t): KAeXp|: ( 2b )+ (b )_ ( b )

jd
K, =exp| —m
where, K, p[Zb }

The one-dimensional inverse OLCT in matrix form with (d,—b,—c,a,bn—dm,cm—an)

variables is given as [66, 132]:

|:I} INVERSE SAFT { d _b}{ll}*_{bn_dm} (2.4.4)
k —c a ||k | |cm-an
and with integral form is given as-
1 7 .
x(t)= ——j27zb_J. X(apedmn) (u) K(avbycyd’m’n)(u,t)du, b=0 (2.4.5)

where, * indicates the complex conjugate and the integral kernel is given as-
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K;a,b,c,d,m,n) (U,t) = K;exp|: 2b

. —jd

here, K, =exp| ——m
where, K, p[ % }

241  Special Cases of OLCT

2.4.6
bt s (2.4.6)

Some of the special cases of OLCT are given in Table-2.4 [15, 115] and these cases can be

easily verified by substituting the specific values of A= (a,b,c,d ,m,n) variables.

TABLE 2.4

SPECIAL CASES OF OLCT [115]

TRANSFORM PARAMETER
Offset Linear Canonical Transform (OLCT) A=(a,b,c,d,m,n)
Linear Canonical Transform (LCT) A=(a,b,c,d,0,0)
Fourier Transform (FT) A=(01,-1,0,0,0)

Offset Fourier Transform (OFT)

A=(0,1,-1,0,m,n)

(
(cos,sin a,—sin a,cos &,0,0)
(

Fractional Fourier Transform (FRFT) A=
Offset Fractional Fourier Transform . .
A=(cosa,sin a,—sin a,cos a,m,n)
OFRFT)
Fresnel Transform (FST) A=(1b,01,0,0)
Time Scaling A=(d™,0,0,d,0,0)
Time Shifting A=(1,0,0,1,m,0)
Frequency Modulation A=(1,0,0,1,0,n)

2.4.2  Basic Properties of OLCT

The two basic properties of OLCT are the additivity and reversibility properties [148], which

are helpful to design the multiplicative filter.
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Property 1.  Additivity property

If O(Fa’b’c’d'm’”)[x(t)] is the OLCT of x(t), then

Oftzt2 2 mere) foah ek [ (1) ]| = exp( o) OF 9" [ x(1)] (2.4.7)

where,

e ] [a, b
g h] [c d,

a.c b,d
Q=— o mlz_bzczmlnl_%nlz_(C2m1+n1d2)m2

2

Property 2.  Reversibility property

If O(Fd ~,=6.2,~dm-+bn cm-an) [x(t)] is the inverse OLCT of x(t), then

{o(:vb'“d ) [x(t)]}_1 = exp (% cdm’ — jadmn + %abnzj X O(FGI ~bi-C.a~dm+on om-an) [X(t)} (2.4.8)

The proof of these properties can be obtained similar to proof of LCT properties given in

section 2.3.2.

2.4.3  Time-frequency Representation of OLCT

The joint parameter time-frequency representation for a signal s(t) with an analytic associate

z(t) obtained through the Wigner-Ville Distribution (WVD) W (t,®) is given by [39]

175 T\ « T)
W(t,w)=— z(t+—) z (t——) e '™d 2.4.9
(teo)=5, L 2 2 ‘ (2:49)
In general, the Wigner Distribution (WD) of a signal z(t) is defined as above, while the
WVD is defined as the WD where, z(t) is the analytic associate (also "analytic signal” or

"complex signal”) of s(t). The analytic associate z(t) of a signal s(t) is defined as

x(t)=s(t)+ jH[s(t)], where H[s(t)] is the Hilbert Transform of the signal s(t).
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The WVD is related to OLCT as given by

WF

(abcd.mpn)

(uv)=W, [d(u-m)-b(v—n),—c(u—m)+a(v—n)] (2.4.10)

Equation (2.4.10) can be verified directly from the definitions (2.4.2) and (2.4.10) or
alternatively, it can be proved by using the respective relation for the WVD of the LCT [138]

together with the fact that the OLCT can be obtained by shifting the LCT of z(t) by m in

the time-domain and modulating with e!*" i.e.
apedmn) [h(t)](u)= (abed00) [h(t)](u- m)e (2.4.11)

Hence from equation (2.4.10), it can be seen that the OLCT performs the most general linear

inhomogeneous linear mapping of the time-frequency domain given by equation (2.4.1),
which is recognized as an affine mapping. With only four variables (a,b,c,d) in equation
(2.4.10), a homogeneous linear mapping is obtained that represents the LCT. The other two
variables (m,n) performs an offset in the time-frequency domain, generalizing the OLCT to
include transforms and responses of systems that perform frequency modulation and time

delay. The Figure-2.6 shows the WD of several OLCT of x(t) .

2.4.4  Existing Convolution and Correlation Theorems for OLCT

In 2012, Xiang et al. [115] first time presented the convolution and correlation theorems for
the OLCT. The author used the space and shift properties of the OLCT to derive the

convolution and correlation operation.

If X(a,b,c,d m.n) (U) = I‘(lfyb‘c’d ) (X(t)) and Y(a,b,c,d mn) (U) = L(Fa’thcvd o (y(t)) then-

i[—du2+2u(dm—bn)]

A -1
{f ®g}(t) =B, L7 {F(a,b,c,d o (W) Blapgme ()€ (t) (2.4.12)

1 L A . . . .
where, B, = ’ _ZﬂbeJ2b and the operator ® is the convolution operation and is defined as
J

o0

[f ® g}(t) =B, [ f(z)g(t-z)e ™ dr (2.4.13)

—0

and the correlation operation is defined by-

]

" abcdmn)* . 3 4w _2u(dm-bn)
[f*g}(t):BAL(Fyb' " {F(alb’c’d’mm(“)wavcvd,m,n)(“)e”’[d ) (2.4.12)
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Figure-2.6: (a) The support of x(t) in the Wigner domain. (b)-(f) examples of the
support of the WD of several OLCT of x(t).
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{ 1 it A : . .
where, B, = .zﬂbeJ2bm and the operator * is the correlation operation and is defined as-
J

0

0 |0=B,8 [ () (r-t)e e @

—00

In the above derived operations, it has been found that the result does not meet the
requirement of symmetric definition of FT.
e A comparative analysis of convolution and product theorems for LCT can be made on

some performance metrics as it is not been found.
2.5 MOTIVATION

From the comprehensive study of the available literature, it has been concluded that research
has been carried out to derive the convolution and correlation theorems for LCT. There is
scope for a possible improvement in these theorems because none of the theorems have
received acclamation in terms of FT convertability. The research is motivated to derive the
proposed theorems for LCT and then to perform a comparative analysis based upon some
perfromane metrics. The theorems have been derived mathematically but until now, these are
not been applied for signal processing applications especially in multiplicative filtering. In
some of the research papers, a filter has been designed by using the convolution theorem for
FRFT but that amounts to be isolation with only one parameter as the degree of freedom as
compare to three variables as degree of freedom in the proposed work.

So an interest arises to implement a practical application of multiplicative filtering for
LCT domain which has three free variables as compare to one free parameter of FRFT. Based
upon the proposed methodology to design the convolution theorem, a research interest
develops to define and derive the correlation theorem for LCT as well as convolution and
correlation theorem for six-parameter LCT, also known as OLCT.

Based upon the inclusive study of the available literature, efforts has been carried out to
outline the gaps in the study and to design the statement of problems for the proposed work.

25.1  Gaps in the Study

Keeping in view, the study as reported above, the following observations are made:
e A comparative analysis of convolution and correlation theorems for LCT can be made

on some performance metrics as it is not been found.
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e Most of the work reported, discussed the use of LCT in optics. Considering the three
variables in LCT and the advantages given by FRFT in variety of signal processing
applications, there is a need to explore LCT for DSP applications.

e The generalized convolution and correlation theorems can be derived which may be
more useful in signal processing applications.

e The analysis of fixed windows in FRFT domain and their usage in FIR filter design
has been reported in literature. On the similar lines, the design of FIR filter using
window function along with their analysis in LCT domain can be carried out.

e The generalisation of the convolution and correlation theorems derived can be done in
OLCT domain, which have been reported very recently.

e To authenticate the usefulness of these theorems in signal processing applications, a

framework for the design of multiplicative filter in LCT domain can be established.
2.5.2  Statement of Problems

Based on the initial studies, literature survey and the understanding established, the following

objectives are included in this study:

Q) To propose an improved method to derive the convolution and product theorems for
LCT.

(i)~ On similar lines, the correlation theorem for LCT and the special cases for the
proposed theorems can also be derived.

(ili)  The proposed theorems will be tested by implementing various applications in signal
processing.

2.6 RESEARCH METHODOLOGY

To define and derive the proposed convolution and correlation theorems for LCT is very
important for signal processing applications. A number of mathematical algorithms/special
functions/theorems etc. will be studied to derive the proposed convolution and correlation
theorems. To derive the proposed theorems, the generalization of various existing method for
FRFT will be examined broadly. Keeping in view the convolution theorem derived in the
literature, proposed theorem will be derived and a comparative analysis will be done based
upon some performance metrics. Based upon the results obtained from the proposed
convolution theorem, a multiplicative filter will be designed for LCT domain and results will

be compared with that of fractional domain filtering and frequency domain filtering. A
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mathematical analysis of different window functions will be carried out by using extensive
mathematical computations. Based upon the anlaysis of the window funcions, a FIR filter
will be designed in the LCT domain and considering LCT variables as tuning parameter in
the convolution operation between LCT of window function and ideal frequency response,
variability in the transition band of the resulting window based low pass FIR filter will be
performed.

Based upon the methodology used to derive the convolution theorem, correlation theorem
will be derived and will be used to analyze the BW of the FM signal for different
combinations of LCT variables. Finally for the proposed theorems, some of the important
special cases of LCT will be derived. Finally, the generalisation of the proposed theorems for
LCT will be done in the OLCT domain which is more flexible and reliable because of
additional two time-shifting and frequency-shifting variables.

The simulation results for comparison of proposed convolution and correlation theorems

with that of literature will be simulated on the platform of Wolfram Mathematica® software

(version 7.0) and the proposed work model of multiplicative filter will be simulated on the

platform of MATLAB software (version 7.8.0, R2009a) on a system having configuration
Intel® Core™ i3-330M Processor 2.13 GHz having 3 GB RAM.
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CHAPTER 3

THE LCT OF WINDOW FUNCTIONS
AND ANALYSIS OF FIR FILTER

he convolution theorem is one of the most important definition of the signal processing
Tin the frequency domain, explains the effects of the transformation from time-domain to
the frequency-domain as well as the consequences of applying a filter. Following this, an
attempt has been made to understand the filtering using the CCV and windows method.

3.1 ANALYTICAL ASPECTS OF WINDOW FUNCTIONS INLCT

Window functions, also known as weighting functions, tapering functions, or apodization
functions, [41], are explicity or implicity used in many DSP applications [18, 93, 105]. These
are used in harmonic analysis to reduce the undesirable effects related to the spectral leakage.
In signal processing, a window function is a mathematical function that is zero-valued outside
of some chosen interval and when a signal is multiplied by a window function, the product is
zero-valued outside this interval. These have strong impact on the spectrum of the signal and
essentially permit a trade-off between time and frequency resolution. These affect many
attributes of a harmonic processor which include detectability, resolution, dynamic range,
confidence and ease of implementation [1]. Several standard windows are available and the

choice is based upon the requirements of a particular application in signal processing [105].

The outcome of this chapter has been published in Research Journal as per following detail: N. Goel, K.Singh,
Analysis of Dirichlet, Generalized Hamming and Triangular window functions in the linear canonical transform
domain, Springer-Signal Image and Video Processing, vol. 7, no. 5, pp. 911-923, 2013.



The LCT of Window Fucntions and Analysis of FIR Filter

Window functions have been successfully used in various areas of signal processing and
communications such as, spectral analysis, radar signal processing, digital filter design,
biomedical engineering and audio, speech, and image processing [84]. A complete harmonic
analysis of many window functions and their properties was represented by Harris [44] by
using Discrete Fourier Transform (DFT). Since a window function is time-limited, its FT is a
damped oscillation waveform over the frequency domain, and is classified into mainlobe near
the origin, and other infinitely ranging sidelobes. One important characteristic of a window is
the resulting sidelobe levels. If a window is designed to give very low sidelobes, it is
expected that this can be achieved only at the cost of some other characteristics of the
window. This makes selection of the windows difficult because the choice of low peak
sidelobe level is beneficial in terms of the resolution of weaker signals in the power spectrum,
and a choice of narrow mainlobe width is beneficial in terms of the resolution of two
adjacently spaced tones having large amplitude differences.

These window functions are usually characterized by the parameters like Half Main-Lobe
Width (HMLW), First Side-Lobe Level (FSLL), Peak Side-Lobe Level (PSLL), 3dB-Band
Width (3db-BW), 6dB-Band Width (6dB-BW) and the Side-Lobe Fall-Off Rate (SLFOR).
However, all of the window families have a trade-off between the HMLW and the PSLL
[141]. The smaller is the HMLW, better is the resolution of the estimates. Smaller is the
PSLL, smaller is the leakage through the near side lobes. Larger is the SLFOR, smaller is the
leakage through the far side lobes [83]. In general, a window which yields smaller values of
HMLW, FSLL, PSLL, 3dB-BW, 6dB-BW, and large SLFOR is desirable in most of the
applications in DSP [4].

In this section, the mathematical model of Dirichlet (Rectagular), Generalised
Hamming and Bartlett (Triangular) window functions has been derived using LCT along with

its special cases.

3.11 Dirichlet Window Function

This window function is also known as rectangular window function. In this section, the
mathematical analysis of this window function is carried out by using LCT domain. Without

loss of generality, let x(t) be unity at the origin, and time limited to the interval |t| <12, ie.
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X(t) = 1 t|<1/2 (3.2.1)
0 elsewhere

Therefore, the LCT of x(t)can be written as-

1/2 ifap 2u d o
Lz () =L { | el jdt} (322)

-1/2

a
3
o

N

By substituting

77N\
Q

t—Ej = Rand changing the limit of integration in (3.2.2)-

2b[d_§)
1 . [ e dt (3.2.3)

Ji2zzb’ 7y

L(;,b,c,d) (U) _

ﬁ

By applying Iea‘zdt=Zﬁ[erfi(x/gzz)—erfi(«/gzlﬂ [79] to (3.2.3) and rearranging, the

following expression results-

Usybvcvd)(u):\%.eg[d_g y %{erﬁ {\/%[%—gn—erﬁ{\/%[—%—gn}
2b

(3.2.4)

where, erfi(z) is imaginary error function of z which is defined in the whole complex z-
plane and erfi(z)=— jerf ( jz) [94]. Equation (3.2.4) gives the LCT of a Dirichlet function.
As a special case of LCT, Substituting (a,b,c,d) :(cos a,Sin a,—Ssin «,Cos a), in (3.2.4) for

FRFT, results in-
L(cosa,sina,—sina,cosa) (U) _

1 Lt ((1 })(cosa—2u)) ((1 ) (cosa+2u)) (3.2.5)
2,/COS € x{erf L[Z_Z] «/sin aCOSaJ vert L(Z_Zj 1fsin QCOS a)

Thus from (3.2.5), it can be seen that the LCT for (a,b,c,d)=(cos «,sin &,—sin &,cos ) of

Dirichlet window function is directly dependent on the angle o.

Now, substituting (a,b,c,d)=(0,1,-1,0), the LCT results

_(1— j)sin(;)

ur

(3.2.6)
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Thus from (3.2.6), it can be seen that the LCT of Dirichlet window function for

(a,b,c,d)=(0,1,-1,0) is equal to FT of the function multiplied by factor /- .
3.1.2  Generalized Hamming Window Function

The expression for the Generalized Hamming window function in time domain is given as
[93]-

X(t):{ﬂ+(1—ﬂ)cos(2ﬂ‘t) t|<1/ 2 (3.27)

0 elsewhere

For = 0.54, Hamming window results and for g =0.50, Hanning window results.

Rewriting (3.2.7) by using Euler’s formulae-

(giz 4 gmiznt

x(t)=p+(1-p) ka (3.2.8)

Taking LCT of (3.2.8), results in-

-1/2

Rewriting (3.2.9), results in-
L (u) =1, + 1, + 1, (3.2.10)
where,

1 vz ’(th 2u;,d2

B’ dt (3.2.11)

Il_—'_jZﬂb_J,zﬂ'ez
L (1 Zﬁj oo oot

I, = 3.2.12

V1270 3, ( )
1 12 (1 ﬂ) ( 2 ( +4ﬁ)t+gu2)
I, = dt
= Tm 1]/ I (3.2.13)
Now, solving (3.2.11) for I, in the same manner as (3.2.2)-
B R [ (1 iy(a-2u)) (1 j)(a+2u))
Il_Z\/EB {erf &4 4] —@ J+erf L(4 4) Jab J (3.2.14)

Now, solving (3.2.12) for 1, -
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1= sforitsituan X{erf [(__,)(awﬂb )\ ((E_i) (a—47rb+2u)]}

|, =——=¢
? 4a 4 4 Jab
(3.2.15)

Now, solving (3.2.13) for 1,-

1= e (1 j)(a+dab+2u)) ({1 j)(a-4b-2u))
|3_4«/§ x{erf L[———j— +erf L(Z 4] «/_ J

(3.2.16)

Therefore, the LCT of the Generalized Hamming window function can be obtained by adding

(3.2.14), (3.2.15) and (3.2.16), results in-

L(:,bcd)(u):i eju o x{erf ((j—l LJJ @ ZU)J erf L(4 4

1= shflwawt-ssiioana) a+47zb 2u)) ((1 4zb+2u))

ﬁ' {erf J +erf L[———) \F J}

L= f sl iom ___ a+4;zb+2u) 47— 2u))

4ﬁ {erf J erf L( ) \/_ J}
(3.2.17)

Equation (3.2.17) gives the LCT of a Generalized Hamming window function. Substituting

(a,b,c,d)=(cosa,sina,—sina,cosa) (3.2.17), results in

L(cosa,sin a,~sina cosa) (U )
F

B e ([1 Jj (cosa—2u)) ((1 j (cosa+2u))
£ x4 erf ———— | +erf +
2./cos a L 4 4 JCOSO{SIHO{J L 4 4 coswsmaJ
_ jl 27u sec a-27%tan a—%uztan:z ( 1 _ 1 \
1-8 .e( ]X orf (l_i)(cowc 2u+_47zsma) . (3.218)
4./cosa L 4 a/coswsmoc

-j [Zrm seca+272tan :z+%u2tan aj

( i) (cos 2u—4zsina)) -
1 a+ Vi a)+ - y

e”L[Z‘Z)( Jomasna ) ajomsa

(1 j)(cosa+2u+4rsina)) ((1 j)(cosa—2u—4xsina))
{erf L(4 4j JCOSasina vert L[Z_Zj JCOSasina J

Thus from (3.2.18), FRFT as a special case of LCT, it can be seen that the LCT for

(a,b,c,d)=(cosa,sina,—sina,cos ) of Generalized Hamming window function is directly
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dependent on the angle a. Also, for #=0.54 and 0.50, Hamming and Hanning window
functions are obtained respectively.

Now, substituting (a,b,c,d)=(0,1,-1,0), in (3.2.17), results in-

(1- j)[uz(l—Zﬂ)+4ﬂ2ﬂ]sin(;)
u ﬁ(47r2 —u2)

Thus from (3.2.19), it can be seen that the LCT of Generalized Hamming window function

(3.2.19)

for (a,b,c,d)=(0,1,-1,0) isequal to FT of the function multiplied by factor«/—j :

3.1.3  Triangular (Bartlett) Window Function

The expression for the triangular window function in time domain is given as [93]-

x(t)={1_2|t| t|<y2 (32.20)
0 elsewhere
Therefore, LCT of x(t)can be written as-
(abed) 1/2 [az 2u d 2)
L@bed) (y 120t/ T.e2® » 0" gt (3.2.21)
ot | e

Rewriting (3.2.21), results in-

v2  ifap_2u d ifap 2u, d o v2  ifao 2u d
I ME L {J.le(t N )dt+2J.te(t e )dt zjte(t >"'b )dt

i Ji2ab

1/2 -1/2
(3.2.22)
Rewriting (3.2.22), results in-
LE2o (u) =1, + 15+ 1, (3.2.23)
where,
1/2 ifaz_2u, . d 2
N = _;ﬂb petlb B (3.2.24)
J -1/2
0 Jfap 2u,.dp
I, = _;ﬂb jte2[b b™'b Jdt (3.2.25)
J -i/2
V2 jfap_2u,.d
I = _227[b II.EZ(bt b b jdt (3.2.26)
J 0
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Now, solving (3.2.24) for 1, in the same manner as (3.2.2), results in-

1 &6 ((1 jj(a 2u)) ( ) 2u))
l,=——¢ x<erf +erf 3.2.27
*2da { a7 @ )7 (3220
Now, solving (3.2.25) for 1. Integrating by parts
( VT
2 i(étzﬂt E i Ezﬂt 9 )
IS:\/jZ_”b tfe2® Jat Ier b dtJdt (3.2.28)
y y -1/2

Solving (3.2.28) for Y, by applying erfi(z) = —erf ( jz) and

)
. jime s )erf{ (x/_at)}
| gl gy 21 [94], results in-

2\a

1 jj
= — (et ( -2 J(-at+u)

Solving (3.2.28) for j ydt, by applying

—(a222+2abz+b2)
berf (b+az) . (b+az)+S—— [94], results in-

a arz

ferf (b+az)dz=

1 ]

’ ; j(-1+ad)u? - [ - j (—at + U) Z—ejlb(fatJru)2
Iydt: %.e 2ab . [t—g] erf 2 2 _|_e \/5(1—"_ J) (3230)

a Jab Varz

By using (3.2.29) and (3.2.30), solving (3.2.28) for I, results in-

1 j(-1+ad)u?

— 2ab
s =—; e X

a2 lr

(3.2.31)

u LZ j(a+2u)2
uvz J erf N —erf +(]_+j)\/£{e2ab_e 8ab }

Similarly, solving (3.2.26) for I, results in -
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ja

1 \/_ ju(—1+du) [ ja ja
|, =————| j2bJae 2 g 8 g2
° a2 fj2ab . 5T

((1 ] 2R
u(1+j)\/@xejuz§:;da) erf [Z%EUJ +erf %

(3.2.32)

Therefore,, the LCT of the triangular window function can be obtained by adding (3.2.27),
(3.2.31) and (3.2.32) , results in-

aped) (1 e ((1 j)(a-2u) ((1 j)(a+2u)) 1
L )(U)—ﬁ.e {erfk[z—ﬂ—ﬁ J+erfk[——l) }—

1" 4) Jab ) a7
((1 Gy ) (1 j\(a )
|l 272" 2 2t 1 i
e 2  x|uyzserf| ———|—erf - x 1 j2b/a.
Jab Jab o
( (1 (a_, 1 u\
ju(—1+du)( ja jiu\\ iu®(-1-+da) E_E E_ 5—2
e » je®ie® | tu(l+j)vbrxe 2 i erf fl 2=
(2" et jrultrl) Vb e
(3.2.33)
Equation (3.2.33) gives the LCT of a triangular window function. Substituting
(a,b,c,d)=(cosa,sin a,—sin a,cos &) in (3.2.33), results in-

cosarsina,-sina cosa) (, \ _ (1 ] (COSa—Zu)\ (1] (c05a+2u)\
. ()= {erf L(Z_Zj Jeos asin aJ rert L(Z_Zj \/WJ

(l jj (1 jj(COSa j
i e | ey
! e’ m—; u\/; erf 2 Y —erf 2 2 2

2 Jcosa (COSa)g Jr Jeosasina Jeosasina

2

_ ju(-1+ucosa i i
12U tan o 1 ( ) _jcote jucsca
e

. : 3
- 2sin ﬂfcos e e e 8 4o 2 4u(l+
(c0505)3’2.,\/j27z-sin05J R L J (1+)

(1 jj(cosa j (1 jj
7ju2tana ‘A A 7_u A u
. 2 A

Jrsina xe erf

2 2

_ +erf | —————
a/sm o COS & Jsmacow

(3.2.34)
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Thus from (3.2.34), it can be seen that for (a,b,c,d)=(cosa,sina,—sina,cosa) the LCT of
triangular window function is directly dependent on the angle a. Now,

substituting(a,b,c,d) =(0,1,—1,0), in (3.2.33), results in

L (u) = —4(21}]) o @ (3:2.35)
U~z

Thus from (3.2.35), it can be seen that the LCT of Generalized Hamming window function
for (a,b,c,d)=(0,1,-1,0) is equal to FT of the function multiplied by factor /- j .

The plots of Dirichlet, Hamming, Hanning and Bartlett windows as a function of time for
calculating -3 dB BW, -6 dB BW, maximum side lobe level (MSLL), HMLW and SLFOR by

varying different values of LCT variables (a,b,c,d) as functions of gain (dB) versus bins are

shown in Figure-3.1 and Figure-3.2.

The values of MSLL, HMLW, -3 dB BW, -6 dB BW and SLFOR for Dirichlet, Hamming,
Hanning and triangular window functions for different values of LCT variables are tabulated
in Tables-3.1, 3.2, 3.3 and 3.4 respectively and shown graphically in Figures 3.3, 3.4, 3.5 and
3.6 respectively.

From these figures, it has been observed that for all the window functions, the window
parameters HMLW, -3dB BW and -6dB BW increases as the value of LCT variables
approaches the special case FT. Whereas, there are little oscillations in the value of SLFOR
and MSLL and these remains almost constant. Further, it has been observed that there is a
trade-off between the values of HMLW and MSLL. Smaller the value of HMLW, more is the
value of MSLL and vice versa. To reduce the effect of near side lobes, Dirichlet window
function is preferred because it has smaller values of MSLL and to reduce the effect of far
side lobes, Hanning window is preferred because it has highest SLFOR. Hence a fixed
window function for FT can be converted into variable window function by using different
values of LCT variables. However, as per the application requirement, the window function
may be selected but in general, a window which yields smaller values of HMLW, FSLL,
PSLL, 3dB-BW, 6dB-BW, and large SLFOR is desirable in most of the applications in DSP

[4].
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Figure-3.1: (a) Dirichlet window function (b)-(c) Log-magnitude plots to find MSLL,
HMLW, -3dB, -6dB and SLFOR values of Dirichlet window function (d) Hamming
window function (e)-(f) Log-magnitude plots to find MSLL, HMLW, -3dB, -6dB and
SLFOR values of Hamming window function.
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Figure-3.2: (a) Hanning window function (b)-(c) Log-magnitude plots to find MSLL,
HMLW, -3dB, -6dB and SLFOR values of Hanning window function (d) Triangular
window function (e)-(f) Log-magnitude plots to find MSLL, HMLW, -3dB, -6dB and
SLFOR values of Triangular window function.
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PARAMETERS OF HAMMING WINDOW FUNCTION WITH VARIATIONS IN LCT VARIABLES

The LCT of Window Fucntions and Analysis of FIR Filter

TABLE 3.1

1 099 016 -0.16 0.99 -44.02 0.44 -5.70 0.20 0.29
2 09 031 -031 095 -43.63 0.72 -5.47 0.40 0.56
3 089 045 -045 0.89 -43.64 1.04 -5.22 0.59 0.81
4 081 059 -059 081 -43.48 1.32 -5.46 0.77 1.05
5 071 071 -0.71 0.71 -43.19 1.38 -5.88 0.92 1.27
6 059 081 -081 059 -4361 1.56 -5.10 1.03 1.46
7 045 089 -0.89 045 -43.76 1.72 -5.11 1.14 1.62
8 031 09 -09 031 -43.84 1.83 -5.10 1.22 1.72
9 016 099 -099 0.16 -43.98 1.89 -4.89 1.25 1.79
10 0.00 100 -1.00 0.00 -43.98 1.92 -6.00 1.30 1.81
TABLE 3.2

PARAMETERS OF DIRICHLET WINDOW FUNCTION WITH VARIATIONS IN LCT VARIABLES

1 099 016 -0.16 099 -11.91 0.13 -6.30 0.14 0.19
2 09 031 -031 095 -12.85 0.25 -6.07 0.27 0.37
3 089 045 -045 0.89 -13.07 0.37 -6.07 0.40 0.55
4 081 059 -059 081 -13.10 0.47 -5.97 0.51 0.70
5 071 071 -071 0.71 -13.23 0.57 -5.97 0.61 0.85
6 059 081 -081 059 -13.11 0.65 -6.08 0.71 0.97
7 045 089 -0.89 045 -13.23 0.72 -5.97 0.77 1.06
8 031 09 -095 031 -13.22 0.77 -5.97 0.83 1.14
9 016 099 -099 0.16 -13.33 0.79 -6.07 0.86 1.18
10 000 100 -1.00 0.00 -13.14 0.81 -6.00 0.89 1.21
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TABLE 3.3

PARAMETERS OF HANNING WINDOW FUNCTION WITH VARIATIONS IN LCT VARIABLES

PARAMETERS OF TRIANGULAR WINDOW FUNCTION WITH VARIATIONS IN LCT VARIABLES

1 099 016 -0.16 0.99 -39.89 0.45 -18.21 0.23 0.31
2 09 031 -031 095 -30.55 0.59 -18.36 0.44 0.62
3 089 045 -045 0.89 -30.96 0.85 -18.21 0.66 0.90
4 081 059 -059 081 -31.20 1.10 -18.09 0.84 1.17
5 071 071 -071 071 -31.34 1.32 -18.34 1.00 1.41
6 059 081 -081 059 -31.39 151 -18.72 1.14 1.61
7 045 089 -089 045 -31.43 1.66 -18.67 1.25 1.77
8 031 09 -095 031 -31.36 1.77 -18.48 1.35 1.90
9 016 099 -099 0.16 -31.43 1.84 -18.33 1.40 1.97
10 0.00 100 -1.00 0.00 -31.36 1.87 -18.00 1.44 2.00
TABLE 3.4

1 099 016 -0.16 099 -26.94 0.30 -12.03 0.20 0.28
2 09 031 -031 095 -26.94 0.52 -12.00 0.39 0.55
3 089 045 -045 0.89 -26.55 0.75 -11.89 0.57 0.80
4 081 059 -059 081 -26.47 0.96 -12.14 0.74 1.03
5 071 071 -071 0.71 -26.43 1.15 -11.89 0.88 1.25
6 059 081 -081 059 -26.38 1.27 -12.03 1.01 1.43
7 045 089 -0.89 045 -26.52 1.44 -11.92 1.13 1.57
8 031 09 -095 031 -26.47 1.54 -11.91 1.21 1.65
9 016 099 -099 0.16 -26.39 1.60 -11.99 1.24 1.73
10 000 100 -1.00 0.00 -26.41 1.62 -12.00 1.28 1.78
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3.1.4  Transition BW Tuning using Linear Canonical Transform

The transition BW of window-based finite impulse response (FIR) filters is proportional to
the window main-lobe width, which in turn is proportional to the length of the window
function. As such, transition BW of FIR filters can be directly tuned by varying window
length for online tuning applications. In this section, an alternate methodology to tune the
transition BW based on LCT is discussed. A Hamming window-based low-pass FIR filter

satisfying the following design specifications is simulated, and frequency response is shown

in Figure-3.7.
Pass-band ripple < 0.1 dB, Stop band attenuation = 45 dB
Sampling frequency = 500 Hz Normalized cut-off frequency = 0.25

A plot of low pass FIR filter by using the same filter specifications except the normalized
cut-off frequency = 0.2 is shown in Figure-3.8. The simulation results suggest that a fixed
window filter for FT can be converted into variable window function by using different
values of LCT variables. Further, by selecting different LCT variables as tuning parameters
in the convolution operation between LCT of window function and ideal frequency response,
variability in the transition band of the resulting window based low pass FIR filter response

has been achieved.

0 T T T T
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Figure-3.7: The frequency response of FIR low-pass filter designed with Hamming

window for different values of (a,b,c,d) with normalized cut-off frequency 0.25.
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0 T T T T
_(aab)c)d)=(0! 13 '11 0)
|——(a,b,¢,d)=(0.81, 0.59, -0.59, 0.81)
20f ~:| —(a,b,c,dy=(0.81, 0.59, -0.59, 0.81)
=] : :
AN
2 [ v | |
.E N
of :
& N
- -80
120 | I | I 1 i
0.2 0.25 0.3 0.35 0.4 0.45 0.5

Frequency in Bins

Figure-3.8: The frequency response of FIR low-pass filter designed with Hamming

window for different values of (a,b,c,d) with normalized cut-off frequency = 0.2.

3.2 CANONICAL CONVOLUTION (CCV) AND CORRELATION OPERATIONS

(CCR)

The canonical operations related to LCT are the CCV and CCR [67, 138].

Canonical Convolution (CCV):

If G0 (u) is the LCT of g(t), F,,.q (u) isthe LCT of f(t)and H, 4 (u) isthe LCT

of h(t), then mathematically

g(t)= LE e [P (£ (1)) 122 n(t)) ]
where, g(t)= f (t)®(a,b,c,d) h(t)
In the transformed domain, the CCV can be expressed as-

G(a,b,c,d) (u) - F(a,b,c,d) (u) 'H(a,b,c,d) (u)
In time domain, the CCV can be expressed as-

CCV for b =0, d # 0 (integration form)

cad+l, © o _t(k+s)-ks . ¢
e (kts)ks ¢

__ 1 L 2ql+5%)
a(t)= 27[|b|\/a.e j je e f (k)h(s)dsdk

—00 —00

CCV for b =0, d = 0 (integration form)

(3.2.1)

(3.2.2)
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2(t) = /J%[bof e x(k)y(t—k) dk (32.3)

Thus, when b=0 and d =0, two integration operations are required to express the CCV.
But when b= 0and d =0, it require only one integration operation to express the CCV. So
in the case that d =0, the relation between the output and the inputs of CCV is very simple,
and the effects of f(t) and h(t) on the output g(t) are easier to analyse. Setting d =0 for
CCV also has an advantage i.e. three chirp multiplication operations can be avoided (one for
the LCT of f (t), other one for the LCT of h(t), and another one for the inverse LCT) but

these chirp multiplication operations cannot be avoided in case of FRFT because for FRFT

cosa #0. Thus, when CCV is used for practical applications (such as filter design), usually it

isuseful toset d =0.
Mathematically the CCR function is given as [67, 138]-

Canonical Correlation (CCR):

If G0 (u) is the LCT of g(t), K, (u) isthe LCT of f(t) and H, . (u) isthe LCT

of h(t), then mathematically

(1) = L L= {1 ()} L2 {1 ()] 3.2.4)
where, g(t)=f (t)*(a,b,c,d)h(t)
In the transformed domain, the CCR can be expressed as-

G(a,b,c,d) (u) - F(a,b,c,d) (u) 'H(*a,b,c,d) (u) (3.2.5)
3.2.1 Relation between WDF and CCV

The relation between WDF and CCV is given as below [67, 138]-

W, (t,) = TWX(adt+bda)—bp,—act—bCa)+ap)Wy (t+bp,w—ap)dp (3.2.6)
Rewriting (3.2_.005), results in-

W, (ot + o, ) = TWX(O'tlervvl)Wy(otlJr,qu—le)dp (3.2.7)
where,
o=at+bw, u=ct+do, t=(d,—), w,=(-b,a) (3.2.8)
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For WDF, the CCV corresponds to the convolution along the line that intersects the w-axis

with the angle of tan™ (b/a) in the counter clockwise direction, as shown in Figure-3.9.

direction w-axis direction
of wy

'\ ;

of t4

(adt+bd w, —act+bcw)

\ \ t-axis
p=ta n_l(—c/d)

0=tan “(b/a)

Figure-3.9: The direction of convolution on WDF for CCV
From (3.2.7), it is found that the variables of LCT will affect the CCV from the following
ways:
e The value of b/a will affect the direction of convolution. This is because w, =(-b,a)

is the direction of the convolution.
e The value of c/d will shear the WDF of the result. This is because the direction of

t, =(d,—c) in Figure-3.9 is determined by c/d .
For example, suppose the same values of a, b is used as given in Figure-3.9, but the value of
¢, d is changed as p, q. Then the direction of { is changed (let the new direction (p,q) IS
denoted as t,, but the direction of w, (i.e., the direction of convolution) will remain

unchanged. To see why the WDF is sheared, let us suppose that
Z(t) = X(t) ®(a,b,c,d) y(t), 4 (t) = X(t)®(a,b,p,q) Y(t), (3.2.9)

then the WDF of Z(t) is the same as (3.2.7) and (3.2.8), but the WDF of Z,(t) is

W, (ot, + 1, ) = IWX (ot, + oW )W, (ot, + ;W — pw; ) dp (3.2.10)
where, oc=at+bw, u,=pt+qe,t,=(q,-p), w,=(-b.a) (3.2.11)
Then, from (3.2.6) and (3.2.11)
ot + uw, = ot, + 1,W, (3.2.12)
after some computation, it can be proved that

W, (ot, + (24, — )W) =W, (ot, + 1wy (3.2.13)
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W-axis
W1 P4
P
HW1 t1

) O oty :
.......................... (to—t)- W (y—p)-wy  taxis

(031 )

.......... » D

Figure-3.10:  The value of Wzl(t,a)) (defined as (3.2.9)) at the location P; will be the

same as the value W, (t, ») at the location P.

Thus, if b/a is unchanged, and only the value of c¢/d is changed, then the WDF of the CCV
results in just sheared along the direction of w; =(—b,a) as shown in Figure-3.10.

Most of the applications of LCT, such as the filter design, are associated with the CCV and
from the above discussion, only the values of b/aand c/d will affect the results of CCV, so
only the values of b/aand c/d are important for the LCT. Besides, since the value of b/a
affects the direction of convolution for the WDF, and the value of c/d just shears the WDF,

so it can be concluded that the value of b/a is more important than the value of c¢/d. The

LCT has four variables, and for the applications related to LCT, it seems that all the four

variables have to be adjusted. But in fact,
e By just controlling the value of b/a always enough to satisfy the requirement of
filter.

e Sometimes, for other applications, the value of c/d may also be controlled.

e It is always unnecessary to control other variables.

3.2.2 Filter Design using the relation between WDF and CCV

From the relations between WDF and CCV, the design method of filter applications
associated with the CCV has been discussed [67, 138].

The effect of the filter designed by LCT can be written in the following expression-
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y(t)= Lo |:H(a,b,c,d) (u)'X(a,b,c,d) (u)] (3.2.14)

It is just a special case of CCV. There are many possible types of canonical filter. The
simplest is the pass-stop band canonical filter. The pass-stop band filter may be a band pass
filter, low pass filter, hagh pass filter or a band reject filter. The transform function of the
pass-stop band filter is given by-

H (u)=T1[(u-u,)/B] (3.2.15)

where, []indicates the rectangular window, and H (u) may be written as

1 for u,—B/2<u<u,+B/2 (PassBand)
H(u)= _ (3.2.16)
0 otherwise (Stop Band)

The WDF of H (u) is-

W, (u,v) = (nv)_lsin(v-(ZB—M(u —uo)‘))-H((u —uo)/B) (3.2.17)
and if h(t)= L[ H(u)], then the WDF of h(t) is-

sin{(ct+dw)(2B—|4(at+bw—u _
W, (t,0) = (( )( ‘ ( o)‘))_n(auba) uoj (3.2.18)
72'(Ct+da)) B

and from (3.2.6), the WDF of the filter output y(t) is-

w, (t,a)): TWX(adt+bda)—bp,—aCt—bCa)+ ap)

o (3.2.19)
sm((ct+dm—p)(28—‘4(at+ba)—uo)‘)) ( (at+bo—u,))
-T1 -dp
7z(Ct+da)—p) L B J

i Sin((ct+da)—p)(28—|4(77—u0|)) [(77_“0)] 3.9.90

_:|;Wx(d77—bp,—C77+ap) 7Z'(Ct+da)—,0) IT B dp (3.2.20)
where, = at + bw. Since

11((17-u,)/B)=0 when n<u,-B/2 or n>u, +B/2 (3.2.21)
therefore, W, (t,) will have no effects on the WDF of y(t) when-

u, - B/2<at+bw<u, +B/2 (3.2.22)

That is, if the WDF of the undesired part of x(t) is outside the region of (3.2.22), then the
undesired part can be filtered out by the method given in (3.2.14) and (3.2.15). Thus, from the

WDF of the received signal as shown in Figure-3.11, the pass-stop band canonical filter can

be designed. In fact,
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e  The parameter b/a can control the slope of the cut-off line on WDF.
e  The variables u,,B can control the location of the pass region on WDF.

For example, suppose the WDF of the received signal can be drawn as shown in Figure-3.11.

The dotted regions mean the locations that
W (t,w)>T, where, T is the threshold. (3.2.23)
Suppose that the desired and undesired parts can be separated by two parallel cut-off lines.

Then, the variables (a,b,c,d,u,,B) may be obtained from (3.2.13) and (3.2.14) as:

%:% and Uy =a(t,+t)/2,  B=|a(t,~t,)| (3.2.24)
1
_ desired part w-axis
Cut-off line .
0, @) undesired
part
(to, t-axis
undesired \\Q
part

Figure-3.11: Using WDF to filter out the undesired signal by pass-stop band canonical
filter.

3.3 CLOSED-FORM ANALYTICAL EXPRESSION OF PAss-STopP BAND

FILTER IN LCT DOMAIN

This section derives the closed-form analytical expression of pass-stop band filter that
behaves in the LCT domain. The known desired frequency response of filter is given by [67,
138]-

- (3.3.1)
0 otherwise

1 foru,-B/2<u<u,+B/2
H (u) ={ 0 / 0 /

where, u, =a(t,+t,)/2, B=|a(t,—t, )|
where, H(u) is the desired frequency response of the pass-stop band filter in the LCT

domain and a is one of the LCT variables, t,and t, can be obtained from Figure-3.11.
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Therefore the ideal impulse response of the pass-stop band filter using the inverse LCT [38]

IS given by-

Ug+B/2 o 2 d 2 .
h(n)= |—=— | H(u)exp ifan < dv?) jou |y (33.2)
—J27b, %y, 2b b

where, u,—B/2=at, and u, +B/2=at,

Substituting the value of H (u) in (3.3.2), results in-

at i 2 d 2 .
h(n)= | Il.exp{ i{an’ +do L‘ﬂdu (33.3)

Solving (3.3.3) by applying _[e_(“2+2yt+z)dt = } [94], results in-

2

h k=L y=jL and 2= j = theref
ere, JZb Y= J2b —JZb, eretore-

at;

(n? j2b .an?) ( Ji Jduj
N eLR‘T_’TbJe 2b " 2b
ji
1 2b
h(n)= 3.
") iz " 2\/.d (33.4)

aty

Rearranging (3.3.4), results in-

e e

h(n —erf 3.35
(n)=3 f N N (335)
By using the De Moivre’s theorem [94], (3.3.5) can be further simplified as-
(nz(adfl)\ - -
h(n)=—e  *® |erf Jifad-n)| o |Ji(adt—n) (3.3.6)
2J_ J2db J2db

Thus (3.3.6) represents the closed-form analytical expression of the impulse response for the

pass-stop band filter in the LCT domain. It is clear from the above analytical expression that
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the coefficients of the desired impulse response of pass-stop band filter in the LCT domain

are dependent on the LCT variables.
The coefficients of h(n), obtained in (3.3.6) are of infinite in duration, as n ranging from
—oo 10 o0. S0 to obtain the actual response from the desired Infinite Impulse Response (1IR)

h(n) of (3.3.6), the ideal impulse response h(n) must be truncated using the window

function as:
Mot (M) =h(n)w(n) (3.3.7)
(n?(ad-1)) - -
h _ 1 Ji(adt—n)|  [i(adt; —n) 338
actual (n) 2\/66 erf { \/ﬁ erf m W(n) ( )

1(n) fo(n) fa(n)

Thus the actual impulse response of pass-stop band filter in the LCT domain is represented
by (3.3.8) and is a function of LCT variables, threshold points (to,tl) and the window
function w(n).

It can be seen from (3.3.8) that, the actual impulse response is a function of linear relation
of two error functions i.e. f,(n)+ f,(n) multiplied by an exponential signal denoted by
f,(n). In mathematics, error function is a special function of “S” shape, called the sigmoid
curve [94]. The plot of functions f,(n) and f,(n) is shown in Figure-3.12 and 3.13

respectively.

(e :;i 7
1.0- ]

0.5¢

faloL

0.0}
110.5¢ 1

1.0t :

m1.57\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\7
[]

b n

Figure-3.12: The plot of function f;(n).
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15—

10/ |

0.5 ]

f, oL

0.0/

0.5} ]

1.0t :

CLE
3 2 1 0 1 2 3

b n

Figure-3.13: The plot of function f,(n).
As seen from the Figure-3.12, the function fs(n) has the shape that is very similar to the
Sigmoid curve. Since the threshold points (to,tl) are the mirror image of each other with
respect to y-axis, the function f,(n) is the inverted plot of f,(n) as shown in Figure-3.13.
The plot of linear relation between f,(n) and f,(n) is shown in Figure-3.14.

7

0.06

0.04/

0.02 | HI

HJ \

fo 0L f5 0L

70.02/

‘m

|

10.04}

006 ]
0

Lln

Figure-3.14: The plot of function f,(n)+ f,(n).
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\ ‘\

f, oL

w |

|

[ n
Figure-3.15: The plot of function f,(n).
As seen from (3.3.8), apart from the linear relation of two error functions, it consists of
function f,(n) which is in exponential form. The plot of function f,(n) is shown in Figure-

3.15.

1.2
1.0} R

08 B ® .

Cl.4 B . .

hacmai (}’I }

0.2}
0.0 - L :

—0.2| . ‘.
—20 -10 0 10 20

(a,b,c,d)=(0.0314,0.999,-0.999,0.0314) and (t,.t,) =(-13.0,13.0)

Figure-3.16: The plot of actual impulse response h,,, (n).

It can be observed from Figure-3.14 that the linear relation between two functions results

in the main lobe of the sinc pulse and the exponential function results in the side lobes. Hence
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from Figure-3.16, it has been concluded that for different combinations of LCT variables and

threshold points, the actual impulse response will result in a sinc like pulse.

3.3.1

Simulation Results

Figure-3.17 below shows various discrete plots of the impulse response of the pass-stop band

filter in the LCT domain for rectangular window function and for the variation of threshold

points (t,,t,) and LCT variables (a,b,c,d).

hacmai {H j'

hacmai ':H :'

Figure-3.17: Plots of impulse response co-efficients of pass-stop band filter in the LCT

1.0}

0.8}

0.6}

0.4¢

0.2¢

0.0

20

-10 0 10 20

— 77

(a,b,c,d)=(0.38,0.92,—0.92,0.38) and (t,t,)=(-3.8,3.8)
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—s 1

(a,b,c,d)=(0.22,0.97,-0.97,0.22) and (t,.t,) =(-5.15,5.15)
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domain for Dirichlet window function.
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Figure-3.17 (Continued)
It has been observed from the simulation results for different combinations of LCT

variables and threshold points, the impulse response gives the impression of sinc pulse and

finally it approaches to perfect sinc pulse when the LCT reduces to FT for

(a,b,c,d)=(0,1,-1,0).
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3.4 DISCUSSIONS

In this chapter, the mathematical analysis of various window functions has been carried out in
the LCT domain and simulated accordingly. The variation of different window parameters
like HMLW, MSLL, SLFOR, 3-dB BW and 6-dB BW of these functions with the LCT

variables (a,b,c,d) has been observed. Based upon the mathematical analysis of the window

functions, variability in the transition band of the resulting window based low pass FIR filter
response has been achieved.

Then the concept of CCV and correlation alongwith the analysis of window functions with
LCT is focused upon. Firstly, the relation between WDF and CCV has been dealt with. Then
based upon this relation, the procedure to design the pass-stop band canonical filter has been
established.

Lastly, a mathematical expression of the closed-form analytical relation for the finite
impulse response of pass-stop band canonical filter is established in the LCT domain and
simulated for different values of LCT variables and threshold points. It has been observed
from the simulation results that the actual impulse response approaches to sinc pulse.
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CHAPTER 4

CONVOLUTION AND PRODUCT
THEOREMS FOR LCT

any properties of LCT were derived, developed or established earlier as described in
I\/I chapter 2. This includes multiplication property, differentiation property, shifting
property, modulation property, and few more. Since, the convolution theorem of the
transform plays an important role in DSP, so it is extensively investigated always for the

refinement to a well-accepted closed-form expression.
4.1 INTRODUCTION

Convolution is a mathematical way of combining two signals to form a third signal. It is the
single most important technique in DSP. Using the strategy of impulse decomposition,
systems are described by a signal called the impulse response. Convolution is important
because it relates the three signals of interest: the input signal, the output signal, and the

impulse response.

4.2 PERFORMANCE METRICS FOR EVALUATION OF EXISTING CONVOLUTION

THEOREMS

The following are the various performance metrics for evaluation of existing convolution

theorems.

The outcome of this chapter has been published in Research Journal as per following detail: N. Goel, K.Singh,
A modified convolution and product theorem for the linear Canonical transform derived by representation
Transformation in quantum mechanics, International Journal of Applied Mathematics and Computer Science,
vol. 23, no. 3, pp. 685-695, 2013.
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4.2.1  Variable Dependability

The convolution defined in one domain and its transformed counterpart in transformed

domain should have mathematical expressions in terms of respective domain variables only.

For example, when the time domain convolution of rectangular window function (r®r)(t) is

Fourier transformed, it is having a closed form expression in frequency domain sinc?(zf /2)

dependent upon frequency as variable only. This variable is assumed in order to assure that a
quantity defined in one domain when transformed will result in an equivalent quantity in

transformed domain.

4.2.2  Equivalent FT Conversion

The proposed convolution theorem should be converted into classical convolution theorem
for FT with LCT variables (a,b,c,d)=(0,1,-1,0), it is due to the FT as a special case of

LCT. This variable has given a prime importance because LCT is assumed as the
generalization of FRFT and FT. Therefore, any property defined for LCT should be
converted to the analogous property for FRFT and FT.

4.2.3 Hardware Complexity

Hardware complexity is defined by the total number of chirp signals required by the
convolution process (LHS) and its transform (RHS) to derive the proposed theorem. From
realization point of view, requirement of more chirp signals would impose difficulty because

in communication systems it is nearly impossible to generate a chirp signal accurately.
4.2.4 Simulation Comparison

When a unity rectangular function is convolved linearly with itself, it gives a triangular
function of double duration to it, in the time domain. Due to this reason, the proposed
convolution theorem is compared with the literature by evaluating the convolution of
rectangular function in the LCT domain with the LCT of triangular function. The simulation
results which are more near to the LCT of triangular function is considered as a better
approach for convolution theorem for LCT.
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4.3 PROPOSED CONVOLUTION AND PRODUCT THEOREM

In this section, proposed convolution and product theorem has been derived. In the
derivations, instead of using time parameter t and LCT domain parameter u, the position-
momentum representations have been used to overcome the interpretation problems as time is
not an observable in classic quantum mechanics (one cannot measure the time of the

particle).
4.3.1 Proposed Convolution Theorem

If F

(abcd)

(p) is the LCT of f(x) and G (p) is the LCT of g(x), then

(abcd)
-dp?

Ji22b R, 4 (P)Gapeq (P)e 2 isthe LCT of h(x) ie.

_dp?

L75 [()](P) = H (P) = VT2 Fipe (P) G (P (431)

o0

where, h(x):(f®g)(x):jf(y)g(x—y)exp{—j%y.(x—y)}dy, is the weighted

—0

convolution operation and the role of g and f can be interchanged.

Proof. Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the

signal h(x) reads as-

L2224 [n(x)](p) = | x(PIK ) (xIR) =(pIK )= (91 H) = Hi . () (432

where, the notation (x|h)=h(x) and (p|K|x)= K(a]b’c’d)(p,x) gives the representation of
LCT kernel in quantum mechanics. K is named as the LCT operator and

(x]h)= T dy(y| f)(x-y]| g)exp{—j%y.(x—y)} (4.3.3)

—00

Substituting the value of (x|h) in (4.3.2) results-

L9 [h(x)](p) = Jziﬁbj dx{p| K [x) I dy(yl f){x=yl g>-exp{—j%y-(x—y)}

—00 —00

(4.3.4)
Rearranging (4.3.4), results in-
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L2*<9) [h(x)](p) = JZLﬂbT T dxdy (p|K|x){x=y|g)(y| f>-e><p{—i%y-(x_y)}

—00 —00

(4.3.5)
Substituting x—y=x’ i.e. x=x"+y and y=y in (4.3.5), then dxdy =dx’'dy [70] and then
replacing x’ by x, results-

L [n(])(p) = [ [ axartpIk Xy (xla)yl Do {-i2w| @20

—00 —00

Rewriting (p| K |x+y) explicitly [61], results in-

2 2_ _
<p|K|x+y)exp{—j%yx}:expj{a(xﬂl) +dp 2§p(x+y) 2ayx} (43.7)

| d
Multiplying and dividing (4.3.7) by exp J‘:% pz} results in-

2 2 2
) -2 _
=exp j a(x+y) +dp”~2p(x+y)-2ayx+dp .expj{—d pz} (4.3.8)
2b 2b
Rearranging (4.3.8), results-
[ ax® +dp* —2px [ ay® +dp*—2py .{—d 2}
. : — 4.3.9
= exp j{ o } exp J{ o eXP 5P (4.3.9)

Substituting the value of (4.3.9) in (4.3.6)-

)= s ] [ ocastrtapiy o) e 200 =201

| ay*+dp® -2 . [—d
expj{ A ;b py}-expj{gpz}}

—00 —00

(4.3.10)

Rewriting (4.3.10) with the aid of quantum mechanics [60], results-

L [0(0](p) = s | ] dxay(pIKIX)xIa)(pIK IV .o 1 5 P}

(4.3.11)
Rearranging (4.3.11), results-

L(E"b'c’d)[h(X)](P):x/jziﬂb_TdX<p|K|X><X|9>T WipIKIYyI f>-exp"{% pz}

—00

(4.3.12)
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Multiplying and dividing (4.3.12) by / j27b and rearranging, results-

_id e
L [0())(P) = T2 ey (P)Gonen () (4319

This is just a new approach for convolution theorem under LCT, derived by representation
transformation in quantum mechanics. Therefore, (4.3.1) is obtained and the theorem is
proved. The block diagram representation of the proposed convolution theorem is shown in
Figure-4.1 and the description of blocks used in the block diagram is shown in Figure-4.2.
The reciprocal transform of (4.3.13) can be obtained by writing the definition of inverse LCT
and is given by-

1=

L IR0 =g L POPIKIN Hnea (P) (4.3.14)

where, * indicates the complex conjugate. By using the theory of representation in quantum
mechanics [60, 61], (4.3.13) results-

L2 [ (p)] = _Jﬁf dp (XK | p).{p|H)

(4.3.15)
1 7 .
=[Sz | @ (XIK'KIR)=(xIn) =h(x)
4.3.1.1 Special cases of LCT for proposed convolution theorem
FT as a special case of LCT, when(a,b,c,d) = (0,1,—1,0) , (4.3.13) becomes-
L(é”“l‘o) [h(x)]( p) = j2”|:(01,—1,0) ( p) Glox10) ( p) (4.3.16)

Similarly, FRFT as a special case of LCT, when (a,b,c,d) =(cos a,sina,—sina,cos @), (4.3.12)

becomes-

J

cosa Sina,—sina,cos o [ - — p’cota
L(F ) I:h(X):I( p) = JZ;Z-SIna € i F(COSa,sina,—sina,cosa) ( p)G(cos:x,sina,—sina,com) ( p)
(4.3.17)
where, I_(F°°S“'Si"“"5i”“'°°s")[h(x)]( p) indicates the FRFT of h(x)and FT as a special case of

FRFT when « = % , (4.3.17) becomes-

L(é”“l‘o) [h ( X)]( p) =] 27T|:(01,71,0) ( p) G(Ol,—l,o) ( p) (4.3.18)

Equations (4.3.16) and (4.3.17) are some of the special cases of LCT.
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®x*| |®p*l |®-2xp| |F(ab,c.d) ®-p’

L(;\,b,c,d)’1 N h(X)

®x*| |®p*| |®-2xp| |F(ab,c,d) F,(a,b,c,d)

®-2xy | |®Yy°

| Delay(t)
&Inv

«
—_

x
S

A
—

Qo

X

A 4
=
—
x
S

(b)
Figure-4.1: Block diagram representation of proposed convolution theorem (a) RHS
(b) LHS

®X’—— ChirpFunction exp j{z%tz} ®—' Multiplier

jdx—» Integration w.rt. x

F(a,b,c,d) >

j27b

. . . XP
®—xp— ChirpFunction expj{——} -
b F(ab,cd)—> +i27b

Delay(t)
& Inv

— Delay with 't' and inversion

Figure-4.2: Description of blocks used in the block diagram of Figure-4.1.
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4.3.1.2 Properties satisfied by proposed convolution theorem

The following are the properties that are satisfied by the proposed convolution theorem:

a) Commutative property:

If R (p) is the LCT of f(x) and G (p) is the LCT of g(x), then as per the

abc,d) apcd)
commutative property-
90
( f® g)(x)&) J27Zb e "2 I:(a,b,c,d) ( p)G(a,b,c,d) ( p) (4318)
and
9
(g ® f )(X)(L) JZﬂb e = G(a,b,c,d) ( p) F(a,b,c,d) ( p) (4319)
le. (f®g)(x)=(g® f)(x) (4.3.20)

Proof: Considering the L.H.S. of (4.3.19)-

o0

s(X)=(g® f)(x)= I a(y)f(x- y)exp{—j%y.(x—y)} dy (4.3.21)

—o0

Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the signal

s(x) reads as-

L<.f'b*°"”[s(x>](p)=«/j2%b_f ax(pK|x)(x|s)=(pIKIs)=(PIS)=S .4 (P)(4.3.22)

where, the notation <X|S>=S(X) and (p|K|x)= K(a’bycvd)(p,x) gives the representation of
LCT kernel in quantum mechanics. K is named as the LCT operator and
(xIs)= [ dy(ylg){x—vy] f>exp{—j%y-(x—y)}

—00

Substituting the value of (x|s) in (4.3.22) results-

L>=9[5(x)](p) = /jziﬂb_];dwmK|x>zdy<y|g><x—y| f>-exp{—j%y-(x—y)}

(4.3.23)
Rearranging (4.3.23), results in-

L2 s(x)](p) = Jziﬂbj j dxdy (pIK[x){x=y] f)(yl g>-exp{—j%y-(x—y)}

—00 —00

(4.3.24)
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Substituting x—y=x" i.e. x=x"+y and y=y in (4.3.24), then dxdy = dx’dy [70] and then
replacing x' by x, results-

=229 [5(x) 1 dexdy PIK|x+Yy){X]| f)(y|g>exp{—j%yx} (4.3.25)

Rewriting (p| K |x+ y) explicitly [61] ,results in-

4 dp? -2 ~2
_j%yx}:expj{a(”y) +dp pr(“y) ayx} (4.3.26)

(pIK|x+y)exp

| d
Multiplying and dividing (4.3.26) by €xp | [% pz} results in-

.a
<pIKIX+y>exp{—JEyX}

| a(x+y)’ +dp? —2p(x+y)—2ayx+dp’ 4 (4.3.27)
=Pl exp ji == p’
2b 2b
Rearranging (4.3.27), results-
.a
(PIK|x+ Y>exp{—16yx}
(4.3.28)

B .| ax® +dp® — 2 px .| ay® +dp* —2py {ﬂ 2}
_expj{ o0 }.expj{ o0 BXP )5 P

Substituting the value of (4.3.28) in (4.3.25), results in-

00 ey

T .| ax? +dp* — 2 px .| ay? +dp*—2py —d
f :
[ ] axdy(x| ><ylg>{exp1{ o }expl{ o exp j| =P’

—00 —00

(4.3.29)
Rewriting (4.3.29) with the aid of quantum mechanics [60], results-

LR s(x)](p) = zﬂbf [ axely (pIK 1) (xI )(pIK1y){ylg). eXp’{zS p}

—00 —00

(4.3.30)
Rearranging (4.3.30), results-

L9 T s(x)](p) = /szﬂdex<p|K|x><x| ). dy<p|K|y><y|g>epr{2—bp }

—00

(4.3.31)
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Multiplying and dividing (4.3.31) by a/j27rb and rearranging results-

—jd p2
L(Fa,b,c,d) I:S(X)]( p) = '\/jz_ﬂ-b'e 20" 'G(a,b,c,d) ( p) F(a,b,c,d) ( p) (4332)

Therefore, from (4.3.18) and (4.3.21), it conclude that-
(feg)(x)=(g®1)(x)

This proves that the proposed convolution theorem for LCT satisfies the commutative law.
b) Associative property:

If F

(ab.cd)

(p) isthe LCT of f(x), G,,.q (P) isthe LCT of g(x),and M, . (p) is the

LCT of m(x) then as per the associative property-

_dp?

(( f® g)® m)(x)<LC—T>( jzﬂb)e_JTF(a,b,c,d) ( p)G(a,b,c,d) ( p) M(a,b,c,d) ( p) (4'3'33)

( f ®(g ® m))(x)<LC—T>( jzﬂb)e_jd%F(a,b,c,d) ( p)G(a,b,c,d) ( p) M(a,b,c,d) ( p) (4'3'34)

ie. (feg)om)=(f®(g®m) (4.3.35)
Proof: Considering the L.H.S. of (4.3.33)-

ie. z,(x)=((f ®g)®m)(x)=(h®@m)(x) (4.3.36)

o0

where, h(x)=(x|h)=(f®g)(x)= [ dy(yl f)(x—y|g>exp{—j%y.(x—y)} (4.337)

—00

o0

and 2,(x)=((f ® g)®m)(x) =(h®m)(x)= jdﬂ(ﬂlh)(x—ﬂ|m>exp{—j%ﬁ.(x—ﬂ)}

—00

(4.3.38)
Substituting the value of (x|h) from (4.3.37) to (4.3.38), results in-

2(x)= [ [ dpay(yl f)(5-y] g>exp{—j§y.(ﬁ—y)}.<x—ﬂ|m>exp{—j§ﬁ.(x—ﬂ)}

(4.3.39)
If Zy 0 (P) is the LCT of z,(x), then taking LCT of z,(x) results in-

Zyapea)(P)= «/Jziﬂbf dx(p|K|x)(x|z) (4.3.40)

—o0

Substituting the value of Z,(X) in (4.3.40) results in-
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dadydx{p|K|x)(y]| f).

N
o

=2

o

=
—_—
=]
~—

|
—
'g’_ [
8"—t8
g =8
8.—'8

(4.3.41)
(B-ylg)(x mm>exp{—13ﬂ.(x—ﬂ)}.exp{—j%y.(ﬂ—y)}

Substituting x—pB=x" i.e. x=x"+8 and y=Y in (4.3.41), then dxdy =dx'dy [70] and

then replacing x’ by x, results-

z

Kabcd

8'—‘8

H dBdydx(p|K|x+p).
b (4.3.42)

<y|f><ﬂ—y|g><x|m>exp{ i pif oo -1 25.(6-y)]

Rewriting (p| K |x+ ) explicitly [61], results in-

(0K [x+ ) exp —j%ﬁx}:expj{a(H'B) +dp? —2p(x+ )—Zaﬁx} (4.3.43)

2b
Substituting the value of (4.3.43) in (4.3.42), results in-

Zl(a,b,c,d) ( p) =

% = 2 _ (4.3.44)
Mipe (P) | [ dBdy(yl f><ﬂ—ylg>expj{aﬂ Zprﬁ}exp{ y.(B- y)}

| d
Multiplying and dividing (4.3.44) by €Xp J {% pz} results-

Zl(abcd)(p):

Moo (9) | ] 9801(511)(6- y10).(pIKI8)exp 1{- 55 07 exp - 2y.(5-)|

—00 —00

(4.3.45)
Substituting p—y=4 ie. f=4+y and y=y in (4.3.45), then dpdy =dpg'dy [70] and
then replacing ' by f, results-

Z]{abcd)(p):

(4.3.46)
Miopea) Hdﬁdy yI f)(B19). <p|K|ﬂ+y>epr{ db p }exp{—j%yﬂ}
Rewriting (p|K | B+ y) explicitly [61], results-
“+dp?-2 -2
(PIK|B+y)exp —jEYﬂ}zexpj{a(ﬁW) b 2bp(ﬂ+y) aﬂy} (4.3.47)
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Substituting the value of (4.3.47) in (4.3.46), results in-
Zl(a,b,c,d) ( p) =

7270 Gy ) (P)Mape (P) [ ay{y1 ) exp J{%}ew -5

—o0

Multiplying and dividing (4.3.48) by exp j{% pz}. /Jziﬂb results-
. [ d
Zl(a,b,c,d) ( p) = ( JZﬁb) eXp ) {_B pz} F(a,b,c,d) ( p)G(a,b,c,d) ( p) M(a,b,c,d) ( p) (4349)
Similarly it can proved that the LCT of z,(x)=(f ®(g®m)) is

: .| d
2, (P)=(220)x0 {2 57 oy (P) G ()M () (4350

Therefore, from (4.3.49) and (4.3.50), it has been proved that-
(f®g)em)=(fe(g®m) (4.3.51)

This proves that the proposed convolution theorem for LCT satisfies the associative law.
c) Distributive property:

If F,pca(P) isthe LCT of f(x), G, (P) isthe LCT of g(x) and M, ., (p) is the

LCT of m(x) then as per the distributive property-

abcd)

d 2

( f ®(g + m))(x)&)( JZﬂ-b) e_jgp F(a,b,c,d) ( p) {G(a,b,c,d) ( p) + M(a,b,c,d) ( p)} (4352)

and

_j4p2
( f® g+ f® m)(X)(L)(JZﬂ'b)e v { F(a,b,c,d) ( p) G(a,b,c,d) ( p) + F(a,b,c,d) ( p) M(a,b,c,d) ( p)}
(4.3.53)

ie. (f®(g+m))(x)=(f®g+fem)(x) (4.3.54)

Proof: Let z,(x)=(f ®g+ f ®m)(x) and considering the L.H.S. of (4.3.53)-

°° .a °° _a
2,(x)= [ dy(y| f)(x-ylg)exp —ng-(X—y) + [ ay(y| f>(X—y|m>eXp{—JEy-(X—y)}
(4.3.55)
If Z,,c0)(P) isthe LCT of z,(x), then taking LCT of (4.3.55)-
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ZS(a,b,c,d)(p)ZQIjziﬂ_bJ. dX<p| K |X><X| Z3> (4356)

—00

Substituting the value of ZS(X) in (4.3.56), results in-

1 0
Z3(a,b,c,d)(p) = 1’]2—7Tb'|‘ dX< pl K | X>

h dy(y| f)(x-yl g>exp{‘1'%>'-(><—y)}+ T dy(yl f><X_y|m>eXp{_j%y'(X_y)H

—00 —00

(4.3.57)

Substituting x—y=x" i.e. x=x'+y and y=Yy in (4.3.57), then dxdy=dx'dy [70] and
then replacing x' by x, results-

1 o0
Zs(a,b,c,d)(p)z ﬂ’]z—ﬂbJ‘ dX<p| K | X+ y>

. ) (4.3.58)
.a .a
{Idy<yl f><XIg>exp{—JByX}+Idy<yI f><XIm>exp{—JByXH
Rearranging (4.3.58) results in-
1 75 .a
Zassn (9)= oz ] [ pIK X ) 01 ) 1o 2
j2nb 7 b
T (4.3.59)
a
— | | dxd K| x f)(x|m)expi{—j—
] faavtprk i) D ximpen)-i 2w
Rewriting (p|K|x+y) explicitly [61], results in-
2 2
. a clalx+y) +dp” —=2p(x+y)—2ayx
<p|K|x+y>exp{—Jny}:expj{( y) +dp pr( y) y} (4.3.60)

Substituting the value of (4.3.60) in (4.3.59), results in-

{ax2 +ay? +dp? - 2p(x+ y)}+

2b

{ax2 +ay’ +dp® —2p(x+ y)}
2b

1 77 .
Zaane)(P)= [ Top ] [ ¥y (Y1) (xIg)exp

—00 —00

1 77 .
jz—ﬂbj Idxdy (y] f)(x]m).exp j

—00 —00

(4.3.61)

. o {d f 1
Multiplying and dividing (4.3.61) by ex —p?}. |—— results-
plyimng g ( ) by pJ{pr} j27
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d

ZS(a,b,c,d) ( p) = ( JZﬂb) e_JEp { I:(a,b,c,d) ( p)G(a,b,c,d) ( p) + |:(a,b,c,d) ( p) M(a,b,c,d) ( p)} (4362)

Utilizing the linearity property of LCT, (4.3.62) can be written as-

d >

Zs(a,b,c,d) ( p) = ( 127Z'b) eipr F(a,b,c,d) ( p) {G(a,b,c,d) ( p) + M(a,b,c,d) ( p)} (4363)

Similarly it can proved that the LCT of z,(x)=(f ®(g+m))(x) is-

d »

Zyaneay (P)=(i220)€ " Ry (9){Glupy ()4 Mgy () (4364)
Therefore, from (4.3.63) and (4.3.64), it has been proved that-

(f®(g+m))(x)=(f@g+f@m)(x) (4.3.65)
This proves that the proposed convolution theorem for LCT satisfies the distributive law.

4.3.1.3 Comparative analysis of the proposed convolution theorem to existing

theorems

A comparative analysis of available definitions of convolution function on the following

parameters is presented in this section.

a) FT convertibility:

The proposed convolution theorem should be converted into classical convolution theorem
for FT with variables (a,b,c,d)=(0,1,-1,0). In Table-4.1, ‘Satisfying’ is entered for the
method where, the relation is converted into classical convolution theorem of FT at

(a,b,c,d)=(0,1,-1,0) and ‘Not Satisfying’ is mentioned otherwise. In the existing definitions

TABLE 4.1

FT CONVERTIBILITY FOR PROPOSED CONVOLUTION THEOREM

Performance Index —

Name ofi Methods FT convertibility

Deng et al. [20] Satisfying
Wei et al. [36, 38] Satisfying
Proposed Method Satisfying
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b) Variable dependability:

The convolution defined in one domain and its transformed counterpart in transformed
domain should have mathematical expressions in terms of respective domain variables only.
This parameter is assumed in order to assure that a quantity defined in one domain when
transformed will result in an equivalent quantity in transformed domain. In Table-4.2,
‘Satisfying’ is included for the method, which transform a convolution function defined in
one domain variable into equivalent function of transform domain variable and ‘Not
Satisfying’ is for the method in which either convolution function is dependent on both
variable or transformed equivalent quantity is function of both variable.

TABLE 4.2

VARIABLE DEPENDABILITY FOR PROPOSED CONVOLUTION THEOREM

Performance Index —

Name of Methods FT convertibility

Deng et al. [20] Satisfying
Wei et al. [38] Not Satisfying
Wei et al. [36] Satisfying
Proposed Method Satisfying

c) Hardware complexity:

As a comparison of computational complexity of the proposed convolution theorem with that
of the theorems proposed in the literature, the numbers of chirp multiplications are calculated
for each of the methods and resulting analysis is shown in the Table-4.3 (LHS represents the

defined convolution process by different methods and RHS represents their transforms).

TABLE 4.3

HARDWARE COMPLEXITY FOR PROPOSED CONVOLUTION THEOREM

Dengetal. Weietal. Wei et al.
Parameter Proposed
[20] [38] [36]
Hardware LHS RHS LHS RHS LHS RHS LHS RHS
Complexity (No. of
Chirp Functions) 3 7 7 6 2 10 2 7
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d) Simulation comparison:

The simulation comparison of the proposed convolution theorem in LCT domain has been
done with the theorems given by Deng et al. [20] and Wei et al. [36, 38] as shown in Figures-
4.3-4.5.

il
1.0 r

0.8

0.6

0.4

020

—— e
[J0.5 0.0 0.5 1.0 15 2.0

(@)

1.0

X0 Xt
1.0j

0.4

02

S T E | F— . I T | I T I I T I I I T t

1.0 0.5 0.0 0.5 1.0 1.5 2.0
(b)

Figure-4.3: (a) Rectangular function x(t) and (b) Convolved signal (x® x)(t) i.e.
triangular function
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RellL.CT x 11 x|

—— Proposed
- - Wei et al [38]
] Denget al[20]

Wei et al [36]

— Triangular

(@)
ImlLeT Uk 11 x[ Ll

— Proposed

- = Wei et al[38]

Denget al[20]
Wei et al[36]

— Triangular

(b)

AbsLCTx 0 xU
05¢ — Proposed

- = Wei et al [38]

Denget al[20]
Wei et al[36]

— Triangular

(©)
Figure-4.4: (a) Real value (b) Imaginary value (c) Absolute value: of LCT of

(x® x)(t) for triangular function, Wei et al. [36, 38], Deng et al. [20], and proposed

methods for (a,b,c,d)=(0.707,0.707,—0.707,0.707).
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RellcT x 11 x[

— Proposed

- = Wei et al[38]

Deng et al[20]
Wei et al [36]

— Triangular

(@)

— Proposed

== Wei et al [38]

Denget al[20]
Wei et al [36]

— Triangular

(b)

— Proposed

== Wei et al [38]

| Denget al[20]
i Wei et al [36]
0.2 — Triangular

(©)
Figure-4.5: (a) Real value (b) Imaginary value (c) Absolute value: of LCT of (x® x)(t)

for triangular function, Wei et al. [36, 38], Deng et al. [20], and proposed methods for
(a,b,c,d) = (0.5,0.866,—0.866,0.5) .
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4.3.1 Proposed Product Theorem

For any two functions f(x) and g(x), the definition of product theorem for LCT is given

by-
q(x) =g (x).f (x) .exp{jzibe} (4.3.65)
and
(abcd) _ .d
L 100 () = Gpapea ( p)®[ﬁa,b,c,d) ( p)-exp[JEva (4.3.66)

Proof. The one-dimensional LCT of q(x) for proposed identities of product theorem is given
by-

u.sb&d)[q(x)](p):,/jziﬁbf a(x19){x1 £){pIKIx) xp| 2} (4.3.67)

The one-dimensional inverse LCT in the context of quantum mechanics is given as-

(xlg)=,|- zﬂbjdv (VIK|x) (v|G) (4.3.68)

where, * indicates the complex conjugate. Rewriting (4.3.68) results-

(x]g)= /_j%ﬂbidv<x|K*|v><v|G> (4.3.69)

where, K’ indicates the Hermitian conjugate of the operator K. Substituting the value of
(4.3.69) in (4.3.67), results-

abcd a
L= q(x)] ‘ ﬂmedVdX v|G><x|f><x|K |v><p|K|x>exp{j o 2}
(4.3.70)
Solving for (x| K" [v)(p|K|x) results-
(XIK' [V)(pIK|X)=exp j ax +dp” —2xp | ol —aXT - dvT 4 2%y (4.3.71)
p =€exp] b £€Xp | b 0.
Substituting the value of (4.3.71) in (4.3.70), results-
abc, aX +dp° —2x
L2 [q(x)](p) ‘27rb J;Oj;dvdx (V|G)(x] f)expj{ 2pb p}
(4.3.72)

oD i —ax2—dv2+2xv {ix}
P b EXP JZb
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j d
Multiplying and dividing (4.3.72) by exp[—%EV(V— 2p)] results-

L(;,b,c,d)[q(X):I(p)Z‘ﬁ T Tdvdx(v|G><x| f).

—00 —00

, , , ) , (4.3.73)
| ax®+dp° —2xp —dv” + 2vx .| dv® —2dpv —dv- + 2dpv
exp j exp J
2b 2b
Rearranging (4.3.73), results-
an,c 1 o
(20 ,d)[q(x)](p)=|% [ [dvax(v|G)(x] f).
_ o , (4.3.74)
exp{%{%(p%vz—2pv)—%(p—v)+%Hexpj[—%v%%pv}
Rearranging (4.3.74), results-
an,.c 1 0
e 'd)[q(x)](p)=|% [ avax(via)(xi f).
o (4.3.75)
exp 1 g(p—v)z—g(p—v)ﬁa—x2 expj[gv(p—v)}
2|b b b b
From the representation theory of quantum mechanics, (4.3.75) can be written as-
(abcd) _ -1 77 .| d
LY Ta(x)](p)= jz—ﬂ'b'[ jdv<v|G><p—v| f).exp Ev(p—v) (4.3.76)

Equation (4.3.76) represents the convolution operation as-

L(I?’b’c'd) I:Q(X):I( p) = G(a,b,c,d) ( p)®[F(a,b,c,d) ( p) .eXp|: J %VpD (4377)

This is just a new approach for product theorem under LCT, derived by representation
transformation in quantum mechanics. Therefore, (4.3.66) is proved. All the properties that
are satisfied by proposed convolution theorem, are also satisfied by proposed product

theorem.
4.4 FILTERING USING PROPOSED CONVOLUTION THEOREM FOR LCT

Filtering is a process of removing some of the frequency components of a signal in order to

suppress interfering signals and reduce background noise. Actually, filtering is required to
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perform many tasks like - signal restoration, signal reconstruction and signal synthesis.
Although, all these processes are different in nature, but as a fact, all requires filtering of an
incoming signal to produce the desired signal. Both time domain filtering and frequency
domain filtering are utilized and superiority of one above other depends on the computational
complexity required under different input conditions [28]. For non-stationary signals and
noise, the time and frequency domain filtering both fails because the signal and noise may
have their respective WD overlapping to each other in time and frequency domains.

In this case, fractional Fourier based filtering and LCT based filtering can provide a better
solution, where, for a rotated domain corresponding to an optimum value of angle
parameter/LCT variables in time-frequency plane, the WD of signal and noise may be
separated and filtering of the signal from the noise can be performed by designing a filter in
FRFT/LCT domain corresponding to this optimum angle/LCT variables. But from the
literature [8, 20, 36-38], it has been found that convolution theorem for FRFT and LCT

contains extra chirp function, which is always undesirable. For LCT the chirp function is

-EUZ 02
e '® and for FRFT the chirp function is e *“. Therefore, LCT domain filtering is

advantageous over FRFT domain because in LCT domain filtering, the exponential term can

be reduced to unity by setting d =0, whereas for FRFT, making cota =0 for a:%

which results in frequency domain filtering. In this section, a filtering exercise is performed
to compare the performance of frequency-domain, fractional-domain and LCT domain
filtering. The criterion used for optimal filtering is MSE between the original signal and
filtered signal for different values of SNR. For making situation more complex, desired signal
is assumed to be second-order chirp signal whereas noise signal is assumed to be Additive

White Gaussian Noise (AWGN), having overlapping frequency bands.
441  Design Model of Multiplicative Filter

Many papers discuss the use of multiplicative filter designed by FRFT/LCT [16, 23, 125,
134] to remove distortion or noise. In this section a design method of multiplicative filter in
LCT domain is discussed based upon the proposed convolution operation. The simple model

of multiplicative filter in LCT domain is shown in Figure-4.6. Let the received signal

comprises of the desired signal f (t) and noise n(t) such that
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1, (t)=f(t)+n(t)
Many models of multiplicative filter can be achieved by designing G, (U) such as

low pass, high pass, band pass, band stop, and so on. If F_, ; (u) and N, (u) be the

LCT components of the desired signal and noise respectively, having no overlapping or
minimal overlapping, then the desired signal can be recovered and noise can be discarded to a
large extent for increasing SNR through a multiplicative filter in the LCT domain.

(%abcd)(u)

(6 ——f 1) L) s )

Figure-4.6: The multiplicative filter in the LCT domain

For example, if only the frequency spectrum of the LCT in the region [ul,uz] of the desired

signal f(t) is of interest, then according to convolution theorem, the transfer function of the

multiplicative ~ filter s G(aybycld)(u):,/jZﬂb.exp{—%(%uz)}qa’bm)(u) such  that

G(a,b,c,d)(u) IS constant over [ul,uz] and zero or of rapid delay outside that region. By

inverse LCT, the desired signal f (t) can be obtained.
44.1.1 Multiplicative filter in LCT domain

If F

epoy(U) s the LCT of f(t) and G, ., (u) is the LCT of g(t), then

- j(d .
Ji2b 'eXp{_%[EUZJ}F(a,b,c,d)(U)G(a,b,c,d)(u) is the LCT of h(t) by the proposed

convolution theorem i.e.

abc,d H . d 2
(20 ) ) =72 00| -4 (2] L (0081000 0 @41)

where, h(t) = _[ f(z)g(t—7)y(t,z)dz is the weighted convolution operation and the role
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of g and f can be interchanged and the weighting function is y(t,z)=exp j {—%r(t —~ r)}

Let us consider an example in which received signal consist of desired signal f(t) and the

noise signals nl(t) and n, (t) are present. The time-frequency distribution of the received

signal is shown in Figure-4.7.

Figure-4.7: Time-frequency distribution of the received signal

The relationship between LCT and the time-frequency distribution [138] depicts that there
should be greater overlap between the desired signal and noise in time-frequency domain

whereas lesser overlap in LCT domain. For different values of (a,b,c,d), different slopes of

passband lines [ﬁ =ﬂ, % =%j can be achieved as shown in Figure-4.7 and the noise can
, b
be filtered out completely keeping the desired signal undistorted through the two consecutive
multiplicative filter operations in the time-frequency plane as shown in Figure-4.8. Therefore,
one LCT and one inverse LCT can be merged into one operation for the realization of
cascade operations making use of additivity property of LCT as shown in Figure-4.8. To
validate the proposed model of multiplicative filtering shown in Figure-4.8, an application of
filtering has been presented in this section for LCT domain, fractional domain and frequency

domain filtering. Consider an original signal-
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f(t)= Zexp[—%(t+ 2)" + j2t2} (4.4.2)

The plot of real and imaginary part of the original signal is shown in Figure-4.9(a). The

time-frequency plot of the original signal using WD [101] is shown in Figure-4.9(b). Let this
signal is corrupted by an AWGN of 5 dB SNR i.e. n(t). Therefore, the input signal is-

r,(t)= f(t)+n(t) (4.4.3)
The plot of r, (t) and its time-frequency distribution is shown in Figure-4.9(c) and Figure-

4.9(d) respectively. Since the noise is random, so it is distributed in all directions. To filter
out the original signal by using the proposed multiplicative filter, two different optimal
filtering domains are considered as shown in Figure-4.9(d). Following the Pei and Deng
[137], the optimal filtering domain 1 is found by using the procedure shown in Figure-4.10.
There are many possible types of canonical filter. The simplest is the pass-stop band filter.

The transfer function of the pass-stopband filter is [138]-

H (u)=T1((u-u,)/B) (4.4.4)

ie.
1 when u,-B/2<u<u,+B/2
H = 0 0 445
(u) {0 otherwise ( )

and, from additivity property of LCT

ol el e

g h C, dz -

and the LCT variables can be calculated as below (refer Figure-4.10)

%: % and Uy=a(t,+t,)/2, B=a(t,-t,)
It has been found that-

a_-0384_ a6 (4.4.6)

b 0.606

For the relation of LCT variables a and b obtained in (4.4.6), the repeated filtering is

performed for different combinations of a and b so that ratio a/b could be maintained. It

has been found that for (a,b,c,d)=(-0.7431.168,—0.856,0), minimum MSE is obtained.

For these values of LCT variables, the transfer function G, ,, . 4, (ul) is obtained.
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corrupted signal (e) Real part: comparison of original signal and recovered signal (f)

Imaginary part: comparison of original signal and recovered signal.
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To obtain the optimal filtering domain 2 as shown in Figure 4.10, the WD plot is rotated for
different wvalues of LCT variables and it has been found that for

(a,b,c,d)=(0.8443,0.5358,—0.5358,0.8443) , the desired rotation is obtained and filtering is

performed. For these values of LCT variables, the transfer function G, . , )(uz) is
2182042142

obtained. As shown in Figure 4.8, by using the additivity property of LCT, first LCT inverse

and second LCT operations can be reduced to one LCT operation i.e.

~

{ 0.4586 —1.3842}

0.8443  0.5358 0 -1.168
—0.7227 0

—0.5358 -0.8443|/ 0.856 -0.743

Figures 4.9(e) and 4.9(f) shows the comparison between real part and imaginary part of the

original signal and the filtered signal with MSE equal to 3.817155x107*. The same process

is repeated for fractional domain filtering. For fractional domain filtering, same code has
been used as a special case of LCT. Substituting (a,b,c,d):(cos a,Sin a,—Ssin «,cos a) in
(4.4.1) results in convolution theorem for FRFT, given by-

L(';:osmsina,—sina,cosa) [h (t)] (U) =

- ot (447)
Vel _om e F G

1— jCOtO{ (cosa,sina,—sina,cosa)(u) (cosa,sina,—sina,cosa) (U)

(70.0)
{-0.606,0)

" (0.606,0)
(£1.0)

Frequency

Time
Figure-4.10: Calculation of LCT variables from Wigner distribution plot of the original

signal.
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where, o = 57” . For the optimum domain filtering 1 and 2, the value of fractional variables

a is found to be -0.649 and 0.0806 respectively. The frequency domain filtering is performed
as a special case of LCT for (a,b,c,d)=(0,1,-1,0). The comparison plot of MSE versus

SNR for LCT domain filtering, fractional domain filtering and frequency domain filtering is

shown in Figure-4.11.

SNR vs MSE 107 SNR vs MSE
0.025 3.50—— . . . . .
— LCT Domain Filtering —— LCT Domain Filtering
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Figure-4.11: (a) MSE versus SNR for LCT domain, fractional domain and frequency
domain low pass filtering (b)-(d) Zoomed view of LCT domain filtering versus
fractional domain filtering.

From Figure-4.11, it has been found that LCT takes the advantage of three free variables

as compare to one free variable for FRFT and no free variable for FT. From (4.4.1), it has
been found that a chirp function exp{—%(guzj} is involved in the proposed convolution
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theorem. To make this chirp function equal to 1, d =0 is substituted and other variables are
responsible for rotation. Whereas from (4.4.7), convolution theorem for FRFT results in

2
exp{—ju?cota} chirp function. To make this chirp function equal to 1, one has to

substitute « zg that means & =1 which results in FT i.e. frequency domain filtering.

This is the reason that LCT takes the advantage of its three free variables and it gives
minimum MSE for different values of SNR as compared to fractional domain filtering and
frequency domain filtering.

4.5 DISCUSSIONS

The proposed convolution theorem along with better performance in features is included in
this chapter. The work reported in this chapter has been published in the month of August
2013. However the proposed convolution theorem for LCT was communicated to the journal
in the month of July 2012. At later stage, it was found that a matching work has been
published by Wei et al. [37] in Optik-International Journal for Light and Electron Optics
(Elsevier Publication) in the month of August 2012. This is a shear co-incidence that to
separate groups are working on the same problem and converged in a similar manner with
some time lag unknowingly and unnoticeably. The performance and complexity is at par of

both the approaches as given below

Parameter Wei et al. [37] Proposed
Hardware Complexity LHS RHS  LHS RHS

(No. of Chirp Functions) 2 7 2 7
Varaible Dependability Satisfying Satisfying
FT Convertbility Satisfying Satisfying

To validate the improvement of the proposed convolution theorem in comparison with
FRFT and FT, a comparative analysis of LCT domain multiplicative filtering has been
included. The philosophy of multiplicative filtering has been introduced for the first time. It
has been found that the multiplicative filtering is the true and best application of LCT to
extract the advantage of constituting three variables in contrast to one variable and no
variable of FRFT and FT respectively. The multiplicative filtering also demonstrates the
power associated with LCT in comparison to FRFT and FT. These statements are made on

the basis of MSE determined in different cases under numerous conditions.
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CHAPTER S
CORRELATION THEOREM FOR LCT

The correlation function is a mathematical operator, very similar to the convolution. The
correlation process and convolution process are identical, except for one minor difference.
Whereas, the convolution involves reversing a signal, then shifting it and multiplying by
another signal, correlation only involves shifting it and multiplying (no reversing. In
statistics, correlation determines the degree of similarity between two signals. If the signals
are identical, then the correlation coefficient is 1; if they are totally different, the correlation
coefficient is 0, and if they are identical except that the phase is shifted by 180° exactly (i.e.
mirrored), then the correlation coefficient is -1. When two independent signals are compared,
the procedure is known as cross-correlation, and when the same signal is compared to phase
shifted copies of itself, the procedure is known as auto-correlation [18].

In signal processing, cross-correlation is a measure of similarity of two waveforms as a
function of a time-lag applied to one of them. This is also known as a sliding dot product or
inner-product [2].

5.1 INTRODUCTION

If a signal is correlated with itself, the resulting signal is called the autocorrelation.
Informally, it is the similarity between observations as a function of the time separation
between them. There are various applications of cross- and auto-correlation functions in the

areas of signal processing, pattern recognition, radar communication, optics, statistics, single

The outcome of this chapter has been published in Research Journal as per following detail: N. Goel, K.Singh,
Modified correlation theorem for the linear canonical transform with representation transformation in quantum
mechanics, Springer-Signal Image and Video Processing, vol. 8, no. 5, pp. 595-601, 2014.
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particle analysis, electron tomographic averaging, cryptanalysis, astrophysics and

neurophysiology [29, 30, 111, 128]. Some of the applications are listed below:

In signal processing, auto-correlation function can give information about repeating
events like musical beats (for example, to determine tempo) or pulsar frequencies,
though it cannot tell the position in time of the beat. It can also be used to estimate the
pitch of a musical tone.

In radar signal processing, the received echo from a target is correlated with the
transmitted signal to estimate the distance, velocity and acceleration of the target with
respect to the receiver.

Correlation function is used in power spectrum analysis.

Matched filtering used in many communication systems is based on the concept of
correlation function.

Auto-correlation in space rather than time, via the Patterson function, is used by X-ray
diffractionists to help recover the "Fourier phase information™ on atom positions not
available through diffraction alone.

One application of auto-correlation is the measurement of optical spectra and the
measurement of very-short-duration light pulses produced by lasers, both using
optical auto-correlators. Also normalized autocorrelations and cross-correlations give
the degree of coherence of an electromagnetic field.

In statistics, spatial auto-correlation between sample locations also helps one estimate

mean value uncertainties when sampling a heterogeneous population.

In this chapter, a brief description of correlation theorem of FT along with basic properties

satisfied by this identity is given. Subsequently, the need of correlation theorem in LCT

domain is highlighted followed by the existing methods for the same. To remove the

shortcomings inherent in previous definitions, weighted cross- correlation and auto-

correlation theorems for LCT are proposed along with various properties being satisfied by

these identities are presented. A comparative study for auto-correlation theorem of LCT has

also been made between proposed and existing definitions.

5.2

521

PROPOSED CORRELATION THEOREM FORLCT

Proposed Cross-Correlation Theorem for LCT

The proposed definition of cross-correlation theorem for LCT is as follows:
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If F(a,b,c,d)(p) is the LCT of f(x) and G(a,b,c,d)(p) is the LCT of g(x), then
. ( d
Ji2avexp j (—% pzj Fane) (=P)Gaseq) (P) is the LCT of h(x) i.e.

ab.c ; : d 2
LEe h(x)](p) = \i2abexp j (_E p ) Fases) (~P)Gasca (P) (-2.1)

00

where, h(x)z(f*g)(x)zj f(y)g(x+y)exp(j%y.(x+y))dy, is the weighted cross-

correlation operation and the role of g and f can be interchanged.
Proof. Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the

signal h(x) reads as-

L2 Th(x)](p) = /jziﬂb]odx<p|r<|x><x|h>=<p|K|h>=<p|H>=H<a,b,c,d)(p)(5-2-2)

where, the notation (x|h)=h(x) and (p|K|x)=K,, . (P.X) gives the representation of

LCT kernel in quantum mechanics. K is named as the LCT operator and

o0

<x|h>:jdy<y|f><x+y|g>exp{j%y.(x+y)} (5.2.3)

—00

Substituting the value of (x|h) in (5.2.2), results in-

LE2e9 T(x)](p) = j2Lﬂb°fo|x<.ou<|x>Toly<y|f><x+y|g>-exp{j§y-(x+v)}

00

(5.2.4)
Rearranging (5.2.4), results in-

L(Fa,b,C,d)[h(X):I(p): jziﬂbT dedy<p| KIx){x+y|g)y] f).exp{j%y.(x+ y)} (5.2.5)

Substituting x+y=x" i.e. x=x"—y and y=y in (5.2.5), then dxdy =dx'dy [70] and then
replacing x’ by x, results-

LEo= [h(x)](p) = Jziﬂbj J axay(pIK | x-y)(x|g)(y f>-e><p{i%yx} (5:2.6)

—00 —00

Rewriting ( p|K|x—y) explicitly, results in-

1 .a 1 | a(x—y)" +dp® —2p(x—y)+2ayx
K|x- —eX — = ex 5.2.7
(pIK| y>,/j2”b p{JbYX} 2 pj{ 0 (5.2.7)
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Multiplying and dividing (5.2.7) by

d
\/_ { 2}results—
ax®> +ay? +dp? —2px+2py +dp* —dp?
eXp{Jb }Z\/ { y* +dp® —2px+2py + dp’ p}

(PIK[x=y)

j27b 2b

(5.2.8)
Rearranging (5.2.8) and simplifying-

2 _ 2 2
:1/1 7Z'b|:e pJ{dp 2 px + ax’ }expj{dp +2py+ay }exp{ jip H (5.2.9)

j27b 2b 2b 20

Substituting the value of (5.2.9) in (5.2.6) and simplifying-

Lz Th(x)](p) \/_j Idxdy x| g)(y]| f)[expj{dp2 —2px+ax2}_

2b

[ dp® +2py +ay? { d }
exp J{ b expy—] b p
Rewriting (5.2.10), results in-

|_(§,b,c,d>[h(x)](p)=\/j2_”bf dedy PIKX)(x|g)(pIK|-y)(y|f) eXp{ Jip}

(5.2.10)

j2nb 2b
(5.2.11)
Rearranging (5.2.11), results in-
a,n,c - l <
19 [0 )0) = J T2 o [y I )1 1
- (5.2.12)

j;ﬁb TdX<p|K|X><XIg>-exp{ Jzibp H

—00

Rewriting (5.2.12), results-

a ., - d
*[h(x)](p) JJZﬂb-exp{—J% pz}F(a,b,c,d>(—p)G(a,b,c,d>(p) (5.213)

This is just a new correlation theorem under LCT, derived by representation in quantum
mechanics. The reciprocal transform of (5.2.13) can be obtained by using the definition of

inverse LCT given as-
e ba 1 G *
L= [H (p)](x) = /_jzﬂbjdp<p|+<|x> Hipea (P) (5.2.14)
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where, * indicates the complex conjugate. By using the theory of representation in quantum
mechanics, (5.2.14) results-

cba 1 .
L H(p)J(x)= [ —== [ dp (x|K"| p).{p|H)

—j2ab 7,
(5.2.15)

_ /ﬁzdp (x| K'K [h)=(x|h)=h(x)

5.2.1.1 Special cases of LCT for proposed cross-correlation theorem

The following are the special cases of LCT for the proposed cross-correlation theorem:

FT as a special case of LCT, when (a,b,c,d)=(0,1,-1,0), (5.2.15) becomes-
L(,S'l'il’o) I:h(X):'( p) = \j]z_” I:(0,1,71,0) (_ p) G(O,l,—l,O) ( p) (5.2.16)
Similarly, FRFT as a special case of LCT, when (a,b,c,d)=(cosa,sina,—sina,cosa),

(5.2.16) becomes-
: : 2 cota
UEOS“*S'”“"S'na'COS’Z) I:h(X):I( p) = jZﬂ-Sin ae " F(cosa,sina,—sina,cosa) (_ p)G(cosa,sina,—sina,cosa) ( p)

(5.2.17)
Where, L\cosesine-sinacose) [h(x)](p) indicates the FRFT of h(x) and FT as a special case of

FRFT when o = % (5.2.17) becomes-

|—(|S'l'_l'0) [h(X)]( p) = \jjz_”'F(o,L—l,o) (_ p)G(o,1,—1,o) ( p) (5.2.18)
Equations (5.2.16) and (5.2.17) are some of the special cases of LCT for the proposed

correlation theorem.
5.2.1.2 Properties satisfied by proposed cross-correlation theorem

The following are the properties that are satisfied by the proposed cross-correlation theorem:

a) Commutative property:

IfF(

commutative property

apca)(P) is the LCT of f(x) and G, (p) is the LCT of g(x), then as per the

-dp?

(fxg)(x) s [j2rbe " F,, 0 (~P)Gupea (P) (5.2.19)
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and
(g* f )(X) (LC—T) 127Zb eij%G(a,b,c,d) (_ p) F(a,b,c,d) ( p) (5220)
i.e. (fxg)(x)=(g*f)(x) (5.2.21)
Proof: Considering the L.H.S. of (5.2.20)
ry (X)=(g* f)(x)= I g(y) f(x+ y)exp{j%y.(x+ y)} dy (5.2.22)

Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the signal

r

,+ (X) reads as-

Leoe9 [ (x)](p) = /jZLﬂb_]idx(plK|x><x|rgf>=<|0|K|rgf>=<p|Rgf>:Rgf(a,b,c,d)(p)
(5.2.23)

where, the notation (x|r, }=r, (x) and (p[K|x)=K,, ., (P.X) gives the representation

of LCT kernel in quantum mechanics. K is named as the LCT operator and

0

(xI1y )= [ dy(ylg){x+y| f>exp{j%y-(><+ y)}

—00

Substituting the value of (x|r, ) in (5.2.23) results-

<p| Rgf>= /Jziﬂ'b]f dx(p|K|x) T dy(y|g){x+y]| f).exp{j%y.(x+ y)} (5.2.24)

—00

where, <p| Rgf> is the LCT of <x| rgf>. Rearranging (5.2.24), results in-

<p|Rgf>: Jziﬂ'b]? dedy<p| K| x)(x+Yy| f)(y|g>.exp{j%y.(x+y)} (5.2.25)

Substituting x+y=x" i.e. x=x"—y and y=y in (5.26), then dxdy =dx’dy [70] and then

replacing x’ by x, results-
1 77 . a
(IR, )= [ [y (pIK Ixy) 1 )yl g)ero] i 2 ] (5.2.26)

Rewriting (p|K |x—y) explicitly [60], results in-

dp® —2p.(x—y)+a(x—y)" +2axy

1 .a 1 .
<DIKIx—y>ﬁexp{JEVX}=mexp1{ 5 } (5.2.27)
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Multiplying and dividing (5.2.27) by

! exp[jipz} results-
Ji2zb " |

1 _a Ji2zb .| dp® —2px +2py +ax® +ay” +dp® —dp®
K|x— Zyx b= .
(PIK]|x y>mexp{1be} 27 expj{ o
(5.2.28)
Rearranging (5.2.28) and simplifying-
1 .a Ji27b | dp® =2 px +ax?
K|x- ex —YXp=—-—"——"|€ex
(pIK| y>Jij p{be} j27zb{ pj{ >
ex0 i dp® + 2 py + ay’ { . d } (5.2.29)
PJ b exXp J2bp
Substituting the value of (5.30) in (5.27) and simplifying-
_\iQ2ab T % [ dp® -2 px +ax®
(m&&-mudxdy x| g) ylf{exm{ o
(5.2.30)

dp”+2 a d
expj{p Ziy y} IO{ J%IOH

Rewriting (5.2.30) , results in-

(PIRy)

Rearranging (5.2.31) , results in-

_a\/JZ”bwm B i
b jw'[odxdy PIK[X)(x|g){p|K| y><y|f>.exp{ ijp} (5.2.31)

(pIRy ) =4[220 T (pIKI-y)(yl ).

*j_ (5.2.32)
ﬁz pIKIx) xlg>-exp{ J%P}:I
Rewriting (5.2.32), results-
(p|Ry )= /T2rbe O J':(a,b,c,d) (~P)Gpapes (P) (5.2.33)
Therefore, from (5.2.19) and (5.2.33), it concludes that
(f5g)(x)#(g*f)(x)

This proves that the proposed cross-correlation theorem for LCT does not satisfy the

commutative law.
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b)  Associative property:

If F, e (P) is the LCT of f(x), Gopea(P) is the LCT of g(x) and M apca) (P) is the

LCT of m(x), then as per the associative property

(( f *g)*m)(x)&(jbzb) e_jgpz Fabeq) ( p)G(a,b,c,d) (-p) Miapea) (p) (5.2.34)

(F%(@xm))(x) > (1220)e " F, .1 (~P)Ciun (<P M (P) (5.2.35)

ie. ((fxg)xm)(x)=(fx(gxm))(x) (5.2.36)
Proof: Considering the L.H.S. of (5.2.34)

i.e. [ g (X) = (( 5 g)*m)(x) = (r, *m)(x) (5.2.37)

00

where, rfg(x):<x|rfg>:(f*g)(x)=J.dy<y|f)(x+y|g>exp{j%y.(x+y)} (5.2.38)

—00

and r(fg)m(x):((f*g)*m)(x)z(rfg*m)(x)z _T dﬂ<,8| rfg><x+ﬂ| m)exp{j%ﬂ.(XJrﬂ)}

—00

(5.2.39)
Substituting the value of (x|r,,} from (5.2.38) to (5.2.39), results in-

(ram (X) = T Tdﬂdy<y| F)(B+Y] g>exp{j%y.(/3+ y)}.<X+,B|m>exp{j%ﬂ.(x+ )}

(5.2.40)
Taking LCT of g , results in-

(PIR gy / jdx pIK %) (X)) (5.2.41)

Substituting the value of (x) in (5.2.41), results in-

o0 o0 0

(PIR )= HIdﬂdde<p|K|X><y|f><ﬂ+y|g><x+ﬁ|m>
ot (5.2.42)

exp{ bﬂ(x+,8)} exp{ y.(B+ y)}

Substituting x+ B=x’ i.e. x=x"—p and y=Yy in (5.2.42), then dxdy=dx’dy [70] and
then replacing x’ by x, results-
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1 00 00 00

(PIRwn) = \[T2m ] ] [ dpeyex(pIKIx=p){yl £)(a+yIg){xIm) 5243)

exp{j%ﬂX}-exp{j % y.(B+ y)}

Rewriting (p| K |x— ) explicitly, results in-

(p| K|x—ﬂ>exp{j%ﬂx} =expj{a(X—ﬂ) +dp —ZEP(X—ﬂ)+2aﬁx} (5.2.44)
Substituting the value of (5.2.44) in (5.2.43), results in-
T : >+ 2
(PIR g ) =Miuseq)(p) [ [ dBdy(y| T)(B+yIg).exp J{aﬂ%bpﬂ}
R (5.2.45)

.a
exp{JEy-(m y)
. . fd o,
Multiplying and dividing (5.2.45) by exp J 2_b P, results-

(PIR o) =Meunee (P | [ dBAy(y1 £)(5+y10).(pIK[-5)
e (5.2.46)

od o, .a
expj{ o P }GXD{J A y)}
Substituting p+y=p4 ie. = -y and y=y in (5.2.46), then dpgdy=dgdy [70] and
then replacing g’ by g, results-

(PIR ) =Moo (P) | [ 4By (Y1 £)(B10).(PIK|-B+Y)
- (5.2.47)

d o, .a
eXpJ{ ZbP}exp{be-ﬁ}

Rewriting (p|K|-B+y) explicitly [60], results in-

(5.2.48)

a(-p+y) +dp’—2p(-p+ y)+ Zaﬂy}
2b

.a :
(pIK|-B+ y)exp{JEyﬂ} =exp1{
Substituting the value of (5.2.48) in (5.2.47), results-

. T | ay* -2 [ d
<p| R(fg)m> =270 G(a,b,c,d)(_p)M(a,b,c,d)(p) J. dy(y|f).expj {yz—bpy}eXp J {_Z_b pz}

—00

(5.2.49)
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Multiplying and dividing (5.2.49) by exp j{i pz}. L , results-
2b j27b
. | d
<p‘ R(fg)m> = ( JZﬂb) expJ {_E pz} F(a,b,c,d) ( p)G(a,b,c,d) (_ p) M(a,b,cyd) ( p) (5250)

Similarly it can proved that the LCT of r; . (X) =(f*(g*m))(x) is-

. | d
(91} = (120009 1|25 F (81 ()M () (525)

Therefore, from (5.2.50) and (5.2.51), it has been proved that-

((fxg)*m)(x) = (f*(g*m))(x) (5.2.52)

This proves that the proposed cross-correlation theorem for LCT does not satisfies the
associative law.

c)  Distributive property:
If F(a’b]c’d)(p) is the LCT of f(x), G(a’b‘c]d)(p) is the LCT of g(x) and M(a,b,c,d)(p) is the
LCT of m(x) then as per the distributive property

(£%(g+m))(x) <L (j2ab)e ‘= o) (—P) {G(a’bycvd) (P)+Mzpes (P) } (5.2.53)

and
f* f* LCT
(fxo+ jdp:n)(x) (5.2.54)
(i2ab)e "2 {Fyco) (=P)Cpupea) (P)* Fiapea) (“P)Mupa) (P)
ie. (f*(g+m))(x)=(fxg+f*xm)(x) (5.2.55)

Proof: Considering the L.H.S. of (5.2.54)

e (0= (10 m)(8) = a1 )yl gl 2.
(5.2.56)
J%y-(x+ y)}

+]Ody<y|f><><+y|m>e><p

Taking LCT of (5.2.56)

0

1
Ruem (P)=\ T35 [ ax(pIKIxX) (x| m) (5.2.57)

—00

Substituting the value of rfg+fm(x) in (5.2.57), results in-
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Ry (51 [ 011 [y )0 v10)o i yixe )
+Iody<y| f)(x+ y|m>exp{j%y.(x+ y)H

(5.2.58)

Substituting x+y=x’ i.e. x=x"—y and y=Yy in (5.2.58), then dxdy=dx’dy [70] and
then replacing x’ by x, results-

Ry (P)= ﬁzdwmx_w[zdmf><x|g>exp{j§yx}

- (5.2.59)
. a
+J.dy<y|f><x|m>exp{JEyXH
Rearranging (5.2.59), results in-
1 75 _a
R 01 g (o1 x9) 51 ) xlg)osp 2
— (5.2.60)
Jzﬁbffdxdy(lelx y><y|f><x|m>exp{j%yx}
Rewriting (p| K |x—-y) explicitly [60], results in-
2 2
.a cla(x—y) +dp”—2p(x—-y)+2a
<p|K|X—Y>eXP:JEyX}=eXIOJ{( y) +cb pr( Y yx} (5.2.61)

Substituting the value of (5.2.61) in (5.2.60) results-

1 %= | ax® +ay* +dp® —2p(x-y)
R (P)= [T | [ xOy (V1) x|g>.exp1{ o +
1 %= | ax® +ay* +dp® —2p(x-y)
dxd f .
,/ ”bjij xdy (y| f)(x|m) expj{ o
(5.2.62)
Multiplying and dividing (5.2.62) by expj{%p } Zy results-
j2r
ng+fm ( p) = (5 5 63)

dp
( J2ﬁb) { I:(a,b,c,d) (_ p) G(a,b,c,d) ( p) + I:(a,b,c,d) (_ p) M (ab,c,d) ( p) }

Utilizing the linearity property of LCT, (5.2.63) can be written as-
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-dp?

ng+fm ( p) = (jZﬂb)e_JTFa,b,c,d (_ p) G ab,c,d ( p)+ M ab,c,d ( p) (5264)
( ) ( ) ( )

Similarly it can proved that the LCT of ;. (p)=(f*(g+m))(x) is-

-dp?

Rygom(P) = (1270)€ " By ) (=P){Gpupe) (P)+ Mo (P) ] (5265)
Therefore, from (5.2.65) and (5.2.53), it has been proved that-

(fx(g+m))(x)=(f*g+ fxm)(x) (5.2.66)
This proves that the proposed cross-correlation theorem for LCT satisfies the distributive law.

d) Even Function:

If Fpca)(P) isthe LCT of f(x) and G, (P) isthe LCT of g(x) then-

_dp?
j9p”

( f *g)(x)(L) JZ”b 87 2 F(a,b,c,d) (_ p)G(a,b,c,d) ( p) (5267)
o
(f%xg)(—x) <L j2abe "*F,, 4 (P)Gpea (—P) (5.2.68)
_de?
(g* f )(_X)(L) JZﬂb € J 2 F(a,b,c,d) (_ p)G(a,b,c,d) ( p) (5269)
and as per evenness property
(fxg)(x)#(f*g)(-x) (5.2.70)
(fg)(x) =(g*f)(-x) (5.2.71)
Proof: Considering the L.H.S. of (5.2.69)
T .a
e (—X) = (g% £)(—x) = [ dy(ylg){y—x] f>e><p{1 Ey.(y—x)} (5.2.72)

Taking LCT of (5.2.72)-

Ry(P)= ,ﬁfdx(pl K|x><—x‘rgf> (5.2.73)

Substituting the value of (—x|r, ) in (5.2.73) results-

Rys(P) - jziﬁbidx<p|r<|x>fdy<y|g><y—x|f>exp{j§y.(y—x)} (52.74)

—00
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Substituting y—x=-x’ i.e. x=x"+y and y=y in (5.2.74), then dxdy =dx’dy[70] and
then replacing x' by x, results-

Rgfl(p)=,/ﬁj [ dydx(pIKx+y)(ylg)(-x] f>eXp{—j%yx} (5.2.75)

Rewriting (p| K| x+y) explicitly [60], results in-
a(x+y) +dp’ —2p(x+ y)—2ayx}

.a .
(leIX+y)exp{—JEyX}=expj{

b (5.2.76)
Substituting the value of (5.2.76) in (5.2.75) results-
o | ax’ +ay’ +dp* —2p(x+
Ry:(p)= jz—ﬁbj [ dydx (y| g)(-x| f)expj{ ! gb P y)} (5.2.77)

results-

Multiplying and dividing (5.2.77) by exp j{% p }

j27b

Jizab % % d
Ry:(P)= jjzi H dydx (y | g)( XIf><pIKIX><p|KIy>epr{—%p} (5.2.78)

Rearranging (5.2.78), results-

T, | d
Rgfl( p) = JZﬂb €Xp J {_% pz} G(a,b,c,d) ( p) F(a,b,c,d) (_ p) (5279)
From (5.2.67) and (5.2.79), it concludes that-

(fxg)(x) =(g*f)(-x)

From (5.2.67) and (5.2.68), it concludes that-

(fxg)(x) #(Fxg)(-x)

This proves that the proposed cross-correlation theorem for LCT is not an even function of

delay.
522 Proposed Auto-Correlation Theorem for LCT
The proposed definition of auto-correlation theorem for LCT is as follows:

) - { d )
If F(a,b,c,d)(p) is the LCT of f(x) then Ji2ab expj[—% pzj Fanca) (—P) Fapea (P) is the

LCT of r(x) i.e.

116



Correlation Theorem for LCT

abo . { d
L r(x)](p) = /j2ab exp J{—Z—b pz} Fasco) (P)Fapea (D) (5.2.80)
where, r(x)=(fxf) .[ f(y)f(x+y exp(1%y.(x+ y)jdy, is the weighted auto-

correlation operation.
Proof. Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the

signal r(x) reads as-

L(s'b’c'd) [r(X)](p) - JziﬂbT dx< p|K]| X><X| r> =< pIK| I’> :<p | R> = R(a,b,c,d)(p)
(5.2.81)

where, the notation (x|r)=r(x) and (p|K|x)= Kapea (P.X) gives the representation of
LCT kernel in quantum mechanics. K is named as the LCT operator and

(x|r)= T dy(y| f)(x+vy] f)exp{j%y.(x+ y)}

—00

Substituting the value of (x|r) in (5.2.81) results-

ebed) [ (x)](p) = jZLﬂb].o dx(p| K | x) T dy(y| f)(x+y] f>-eXD{JEY-(X+ y)}

—00 —00

(5.2.82)
Rearranging (5.2.82), results in-

L(a,bvcvd)(r(x))(p)— _[ _[dxdy (pIK [ x)(x+y] f){y] f)exp{jgy(x+y)} (5.2.83)

Substituting x+y=x' i.e. x=x"—y and y=1y in (5.2.83), then dxdy = dx’dy [70] and then
replacing X" by x, results-

e [ (x)](p) = 2ﬂbjjolxoly<p|r<|x—y><x|f><y|f>-exuo{i§w} (5.2.84)

—00 —00

Rewriting (p|K |x—y) explicitly [60], results in-

1 a | |1 a(x—y)" +dp’ —2p(x—y)+2ayx
(pIKIx y>1/—12”bexp{1by><}—1/]2ﬁb pj{ =

(5.2.85)
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1
Multiplying and dividing (5.2.85) b exp| j— results-
plying g ( )ijz_b D{Jpr}
a Ji2zb | ax® +ay® +dp® —2px+ 2 py +dp® —dp?
K| x— z =
(PIKIX=Y) 1o p & p{]byx} j27b eXpJ{ 2b
(5.2.86)
Rearranging (5.2.86) and simplifying-
Ji2h | dp® —2px+ax’® | dp® +2py +ay? d
o> |eXpji———— . eXp ji [ &X — .2.87
jZHb{ IOJ{ b PJ 2 p Jpr (5.2.87)
Substituting the value of (5.2.87) in (5.2.84) and simplifying-
b tT .| dp? =2 px + ax?
L2 Tr(x)](p) = dexdy x| £)(y| f)expj P —<P .
12 Cjob g 2b
(5.2.88)

.| dp® + 2 py + ay? { d ., }
eXp J{ 2b } Xpy—] b Y
Rewriting (5.2.88) , results in-

e [r0)o)= L2 ] Jaay o1k )51 (0 K -3}y ) exp] -3 7]

j2nb < 7 2b
(5.2.89)
Rearranging (5.2.89), results in-
L r(x)](p)=/i2zb { — [dy(pIKI-y)(yI 1)
- (5.2.90)

J—Idx p| K |x) x|f>_exp{_j%p2H

Rewriting (5.2.90), results-

L<é"b'°’d)[r(x)](p)=J12_ﬂb-exp{ Jibp} asca () Flase (P) (5299

This is just a new auto-correlation theorem under LCT, derived by representation

transformation in quantum mechanics.
5.2.2.1 Special cases of LCT for proposed auto-correlation theorem

The following are the special cases of LCT for the proposed auto-correlation theorem:

FT as a special case of LCT, when (a,b,c,d)=(0,1,-1,0), (5.2.91) becomes-

118



Correlation Theorem for LCT

L L ()](P) =27 R () P () (5292

Similarly, FRFT as a special case of LCT, when (a,b,c,d)=(cosa,sina,—sina,cosa),

(5.2.91) becomes-
L('Sosa,sina,—sina,cosa) I:r(x):l( p) _
\l j27[5in a'exp (_% p2 COt @ F(cosa,sina,—sin a,cosa) ( p) F(cosa,sina,—sina,cosa) (_ p) (5293)

where, I_(§°s“’5i”“”5i““’°°s")[r(x)](p) indicates the FRFT of r(x) and FT as a special case of

FRFT, when a = % , (5.2.93) becomes-

I—(g'lﬁl'O) [I’(X)]( p) - \/12_” Fo110 (_ p) Fos-10) ( p) (52.94)

Equations (5.2.92) and (5.2.93) are the special cases of LCT.
5.2.2.2 Properties satisfied by proposed auto-correlation theorem
The following properties are satisfied by the proposed auto-correlation theorem:

a) Commutative property:

If Fscq (P) isthe LCT of f(x) , then as per the commutative property-

_9?
(f*F)(x) " [j2abe 2 F,,.q (~P)Fapoa (P) (5.2.95)
and
_ 9
( fxf )(X)(L) JZﬂb € h F(a,b,c,d) ( p) F(a,b,c,d) (_ p) (5296)
ie. (Fxf)(x)=(f*xf)(x) (5.2.97)
Proof: From (5.2.33)
— ")
<p| Ry > =j2zbe Faned (—P)Ganca) (P) (5.2.98)

where, <p|Rgf> represents the LCT of the cross-correlation of (y|f) and (x|g) i.e.

(f*g)(x). Replacing {(x|g) with (x| f) and G, , (P) with F_, . (P) in (5.2.98)

results LCT of auto-correlation operation as-

j(d

_Jfa e
(PIRy ) =/T2rbe iee )F(a,b,cm (=P)Frnee) (P) (5.2.99)
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This expression does not change by changing the order of commutating the function.
Therefore, auto-correlation operation satisfies the commutative property.

b)  Associative property:

If B pea(P) isthe LCT of f (x), then as per the associative property-

dp?

(( fxf )* f )(X) (L)( J Zﬂb) eijTF(a,b,c,d) ( p) F(a,b,c,d) (_ p) l:(a,b,c,d) ( p) (52100)
( f *( fxf ))(X) (L)( JZﬂb) e_j%F(a,b,c,d) (_ p) F(a,b,c,d) (_ p) F(a,b,c,d) ( p) (52101)
e ((Frf)xf)(x)=(fx(Fxf))(x) (5.2.102)
Proof: From (5.2.51)
: |od o,
<p | Rf(gm)> =(j2rb)exp j {‘E P : Fabea) ( p)G(a,b,c,d) (-p) M ab.eaq) (p) (5.2.103)

where, (p|R,,, ) represents the LCT of the correlation operation (f*(g*m))(x). Replacing

(x|g) and (x|m) with (x|f) and G(a’b’c]d)(p) and M(a’b’cvd)(p) with F(a’b’cyd)(p) in

(5.104) results LCT of correlation operation as-

dp?

< p | Rf(ff)> - ( J Zﬂb) e_JTF(a,b,c,d) (_ p) I:(a,b,c,d) (_ p) I:(a,b,c,d) ( p) (52104)
where, (p|R, ) represents the LCT of correlation operation (f*(fx*f))(x).

From (5.2.50)

: | d
< p | I:\)( fg)m> = ( JZﬂb) €Xp J {_B pz} F(a,b,c,d) ( p) G(a,b,c,d) (_ p) M(a,b,c,d) ( p) (5-2-105)

where, <p| R(fg)m> represents the LCT of the correlation operation ((f*g)*m)(x). Replacing

(x|g) and (x|m) with (x| f) and G(a,b,c,d)(p) and M(a,b,c,d)(p) with F(a,b,c,d)(p) in
(5.2.105) results LCT of correlation operation as-

. | d
<p | R(ff)f > = ( JZﬂb) eXp | {_E pz} F(a,b,c,d) ( p) F(a,b,c,d) (_ p) F(a,b,c,d) ( p) (5.2.106)

where, (p|R,), ) represents the LCT of correlation operation (( > f)xf)(x).
Therefore, from (5.2.104) and (5.2.106), it has been proved that-
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((FxF)x ) (x) = (£ (£ 7)) (x)
This confirms that the proposed auto-correlation theorem for LCT is not satisfying

associativity property in conformity of its claim of generalization of analogous identity of FT.

c)  Distributive property:

If Fpeq (P) isthe LCT of f(X), then as per the distributive property

. dp2

( f *( f+f ))(X) - (jZﬂb)e_JEF(a,b,c,d)(_ p){ F(a,b,c,d)( p)+ F(a,b,c,d)( p) } (52107)

and
(fxf+fxf)(x)e
0 (5.2.108)
(i2ab)e " [F o (~P) Fiaboa (P)+ Fipos (<P) Fiapea (P)|
e (Fx(f+f))(x)=(Fxf+fxf)(x) (5.2.109)
Proof: From (5.2.63)
. SLS
ng+fm ( p) - (JZﬂb)e ° {F(a,b,c,d) (_ p) G(a,b,c,d) (_ p)+ F(a,b,c,d) (_ p) M(a,b,c,d) ( p) }
(5.2.110)
Utilizing the linearity property of LCT, (5.2.110) can be written as-
_jd?
R m (P)=(127D)e " ® Fiy o) (=P){Glapoa (P Miapey (P) | (5.2111)

Replacing (x| g) and (x|m) with (x| f) and G(a’b’c,d)(p) and M(a,b,c,d)(p) with F(a,b,c,d)(p)

in (5.2.111) results LCT of correlation operation as-

dp?

Ry, (P)=(j27b)e "o By oy (—p) { Fanca (P)*+ Fanea (P) } (5.2.112)
From (5.2.65)
a2
Ry(g.m (P)=(Jj27b)e " ® F(a’b’c’d)(—p){G(a’b‘C’d)(p)ﬁL M(a‘b’c’d)(p)} (5.2.113)

Replacing (x|g) and (x|m) with (x|f) and G,,.,(p) and M, ,(p) with

Fapea (P) in (5.2.113) results LCT of correlation operation as-

-dp?

Rer.r) (P)=(127D)e " * Fy ) (<P){Fipo (P Fiupeq) (P)]  (6:2119)

Therefore, from (5.2.112) and (5.2.114), it has been proved that-
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(fx(f+1))(x)=(F*f+fxf)(x) (5.2.115)
This proves that the proposed auto-correlation theorem for LCT satisfies the distributive law.

d) Even function:

If Fpcq (P) isthe LCT of f(x) then-

_dp?

(Fxf)(x)<Tj2abe 2 F,, 4 (=P)Fape (P) (5.2.116)

( fxf )(_X)&) JZﬂb e T2 F(a,b,c,d) ( p) F(a,b,c,d) (_ p) (52117)
and as per evenness property

(fxf)(x)=(f*f)(-x) (5.2.118)
Proof: From (5.2.79)
. ([ d

Ry:(p) =+ j27bexp ] {—5 pz} Glanes) (P)Fapoe) (—P) (5.2.119)

where, (p|Ry,) represents the LCT of the correlation operation (g* f)(-x). Replacing
(x]g) with (x| f) and G, (p) with F_, . (p) in (5.2.119) results LCT of correlation

operation as-
- | d
R,,(p)=/j2bexp {—% pz} Fases) (P) Fanes) (=) (5.2.120)

where, R, (p) represents the LCT of (f*f)(-x).
Similarly, from (5.2.19)
. | d
Ry (P)=/i2mDexp {—5 pz} Flaneo) (P)Clanea (P) (5.2.121)
where, <p|ng> represents the LCT of the correlation operation (f*g)(x). Replacing
(x| g) with (x| f) and G, (P) with F_ _, (Pp) in (5.2.121) results LCT of correlation

operation as-

- . d
Ry (p)=y/j2zbexp | {—Z—b pz} Fiases) (P) Fapea (=P) (5.2.122)

where, R, (p) represents the LCT of (f* f)(x). Therefore, from (5.2.120) and (5.2.122), it

has been proved that-
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(ff)(=x) =(F%f)(x)
Therefore, it can be summarized that the proposed auto-correlation theorem for LCT is an

even function. Therefore, the proposed auto-correlation theorem for LCT is satisfying
commutative and distributive law whereas associativity is not being satisfied by this theorem.

5.2.3  Comparative Analysis of the Proposed Correlation theorem With the Existing
Theorems

A comparative analysis of available definitions of correlation function on the following
parameters is presented in this section.

5.2.3.1 FT convertibility

The proposed convolution theorem should be converted into classical correlation theorem for
FT with variables (a, b,c, d) =(0,1,-1, 0) . In Table-5.1, ‘Satisfying’ is entered for the method
where, the relation is converted into classical correlation theorem of FT at
(a,b,c,d)=(0,1,-10). In the existing definitions

TABLES.1

FT CONVERTIBILITY FOR PROPOSED CORRELATION THEOREM

Performance Index —
NS @ Wieinees FT convertibility
Wei et al. [36] Satisfying
Proposed Method Satisfying

5.2.3.2 Variable dependability

The correlation defined in one domain and its transformed counterpart in transformed domain
should have mathematical expressions in terms of respective domain variables only. This
parameter is assumed in order to assure that a quantity defined in one domain when
transformed will result in an equivalent quantity in transformed domain. In Table-5.2,
‘Satisfying’ is included for the method, which transform a convolution function defined in
one domain variable into equivalent function of transform domain variable.

TABLES.2

VARIABLE DEPENDABILITY FOR PROPOSED CORRELATION THEOREM

Performance Index —
NI G oS FT convertibility
Wei et al. [36] Satisfying
Proposed Method Satisfying
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5.2.3.3 Hardware complexity

As a comparison of computational complexity of the proposed correlation theorem with that
of the theorems proposed in the literature, the numbers of chirp multiplications are calculated
for each of the methods and resulting analysis is shown in the Table-5.3 (LHS represents the

defined convolution process by different methods and RHS represents their transforms).

TABLE 5.3
HARDWARE COMPLEXITY FOR PROPOSED CORRELATION THEOREM
Wei et al.
Parameter Proposed
[36]

Hardware Complexity LHS RHS LHS RHS
No. of Chirp Functions 2 10 2 7

5.2.3.4 Simulation comparison

The correlation theorem in LCT domain given by Wei et al. [36] is compared with the
proposed correlation theorem by simulation. The correlation operation of a rectangular

function x(t) of unit amplitude is performed with itself i.e. (x*x)(t). As a result of the

correlation operation, a triangular function is obtained with double duration of that of the
rectangular function as shown in Figure-5.1. Then the LCT of correlation operation defined
by Wei et al. [36] is compared with the LCT of the proposed correlation operation for

(a,b,c,d)=(0.707,0.707,-0.707,0.707) and (a,b,c,d)=(0.5,0.866,-0.866,0.5) as shown in
Figures-5.2 and 5.3 respectively. Simultaneously, the LCT of the triangular function is also
evaluated for the same values of (a,b,c,d) to make a comparison. It has been shown that the

real (Re), imaginary (Im) and absolute (Abs) components of the LCT to the proposed
correlation theorem resemble maximally to the different components of the LCT of triangular

function for (a,b,c,d)=(0.707,0.707,-0.707,0.707) and (a,b,c,d)=(0.5,0.866,—0.866,
0.5).
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Figure-5.1: (a) Rectangular function x(t) and (b) Correlated signal (X*X)(t) i.e.
triangular function

RelleT Uy rx Ll

AT — Proposed
— Weiet al[36]

L Triangular

(@)
Figure-5.2: (a) Real value (b) Imaginary value (c) Absolute value: of LCT of (x*x)(t)
for triangular function, Wei et al. [36] method, and proposed method for
(a,b,c,d)=(0.707,0.707,-0.707,0.707) .
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ImULCT Ux o x Ll

— Proposed

L — Wei et al [36]

Triangular

(b)
AbsLCT Ux ox L
s — Proposed
0.31
02! — Wei et al [36]
0.1/
/ ] Triangular
4 12 2 4
(©)

Figure-5.3 (Continued)

5.3 POWER SPECTRAL DENSITY ANALYSIS OF FM SIGNAL BY PROPOSED
AUTO-CORRELATION THEOREM

As an application, the power spectral density analysis of the FM signal has been done with
the help of proposed correlation theorem. It has been shown that proposed auto-correlation
theorem can be very useful in power spectrum analysis of FM signal. A frequency modulated
signal having carrier frequency of 250 Hz, modulating signal frequency of 10 Hz and
modulation index as 5 is chosen as test signal [7]. As shown in Figure-5.4, the power spectral
density of FM signal is obtained for different combinations of LCT variables. With the help
of simulation, it has been shown that as compare to FT as a special case of LCT when

(a,b,c,d)=(0,1,-1,0), the LCT of weighted auto-correlation function of FM wave shrinks
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when transform is taken at different value of LCT variables, which implies that the same

signal can be transmitted with less BW requirement.
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Figure-5.4: LCT of weighted auto-correlation function of FM signal at (a)
(a,b,c,d)=(0,1,-1,0)(b) (a,b,c,d)=(0,0.85,-1.1764,0) (c) (a,b,c,d)=(0,0.66,-1.5,0)

(d) (a,b,c,d)=(0,0.606,~1.65,0).

5.4 DISCUSSIONS

A definition for cross-correlation theorem and auto-correlation theorem is proposed in LCT

domain, which clearly converts into classical definition of cross-correlation theorem and

auto-correlation theorem for FT as a special case when value of LCT variables is
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(a,b,c,d):(o,l,—l,o) This definition satisfies all the properties of cross-correlation and

auto-correlation functions of classical case. Subsequently, a comparative study is also
included to establish the superiority of the proposed definition of cross-correlation and auto-
correlation theorems. In the context of computational complexity, the comparison has been
established in terms of the number of chirp multiplications performed in realizing the
different correlation theorems as shown in Table-5.3. Finally, comparing the proposed
theorem with the literature, it has found that number of chirp multiplications are lesser in the
case of proposed method.

It has been observed from the simulation results of Figures-5.2 and 5.3 that the proposed
weighted correlation theorem gives better results than the correlation theorem given by Wei
et al. [36]. The results determined by the proposed theorem are closer in shape and of
matching values to the LCT of a triangular function. The results determined by the

correlation expression of Wei et al. [36] have more oscillations in both the real and imaginary
components, as it is visible from the Figures-5.2 and 5.3 for different value of (a,b,c,d)

variables. These oscillations are significant and present due to the chirp signal included in the
calculation of correlation integral by Wei et al. [36]. Therefore, proposed modified definition
of correlation theorem is found to be a better proposition to other definitions given in the
literature. This type of correlation is termed as weighted correlation. Finally by using the
proposed correlation theorem, an application of power spectral density analysis of FM signal
has been discussed and it has been found that the same FM signal can be transmitted with less
BW.
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CHAPTER 6

CONVOLUTION AND CORRELATION
THEOREMS FOR THE OFFSET LCT

The OLCT [15, 79, 136, 148] is a six variable (a,b,c,d,m,n) class of linear integral

transform. The OLCT allows shifting/translation, rotating and squeezing of a signal to fit

within a fixed window as compared to only rotation in case of FRFT/LCT.
6.1 PROPOSED CONVOLUTION AND PRODUCT THEOREM FOR OLCT
The proposed definition of convolution theorem for OLCT is as follows:

6.1.1  Proposed Convolution Theorem

If F

(ab.cd,mn)

(p)is the OLCT of f(x) and Gi,.4mn(P) is the OLCT of g(x), then

—i(dpz—z p(dm-bn))

v J27[b F(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) ( p)e ?
) —z—jb(dpz—2 p(dm-bn))

L™ [5(0)(P)= VT2 R ()Gl (P)e

is the OLCT of S(X) i.e

(6.1.1)

The outcome of this chapter has been communicated in the research journals as per following detail: N. Goel, K.
Singh, “Convolution and correlation theorems for the offset fractional Fourier transform,” Elsevier- Optik-
International Journal for Light and Electron Optics.

N. Goel, K. Singh, “Convolution and correlation theorems for the offset linear canonical transform,” Iranian

Journal of Science and Technology.
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where, s(x)= (f@g] If y(x,y)dy, is the weighted convolution

~iny(x-y)

operation and the weight function is §(x,y)=e and the role of g and f can be

A
interchanged. The operation ® indicates the proposed convolution operation.
Proof. The one-dimensional OLCT of s(x) with representation transformation in the context

of quantum mechanics [57, 61] is given as-

L(sYbYCYd'm'n) I:S(X)]( p) - jZLﬂb_]idX< plK]| X><X|S> :< pIK |S> = < Pl S> = S(a,b,c,d,m,n)(p)

(6.1.2)

where, the notation (x|s)=s(x) and (p|K|x)= K, n, (P X) gives the representation of

OLCT kernel in quantum mechanics. K is named as the OLCT operator and
¢ . a
(xIs)=K, [ dy(y| f)(x-y| g>exp{—15y-(x—y)}

jd
where, K, = exp[% mz}. Substituting the value of (x|s) in (6.1.2) results in-

LEresm[s(x)](p) = K, /jziﬂb_];dw pIK]| X>Iody<y| f){x=yl g>-exp{—i%y-(x— y)}

(6.1.3)
Rearranging (6.1.3), results in-

Leseemn s (x)](p) = K, 2”bjjolxoly PIK[x){x~ y|g><y|f>exp{ ng(x y)}

—00 —00

(6.1.4)
Substituting x—y=x" i.e. x=x"+y and y=y in (6.1.4), then dxdy =dx’dy [70] and then
replacing x" by x, results-

LEbesm[s(x)](p) = K, ZﬂbJ.J.dxdy p|K|x+y><X|g><y|f>eXp{ JEyX} (6.1.5)

—00 —00

Rewriting (p| K |x+y) explicity [60], results

<pIKIX+y>exp{—j%yX}=
(6.1.6)

ja(x+ y)2 + jdp*+2j(x+y)(m-p)-2jp(dm—bn)-2 jayx
K, exp 2
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jdp? -2 jp(dm—bn)
2b

Multiplying and dividing (6.1.6) by exp{ } results-

. 2 .0 . NPT B Y
:KAexp{Ja(X+y) + jdp* +2j(x+y)(m-p)-2jp(dm—bn) Zjayx}
2b
jdp? 2 jp(dm—b jdp? +2jp(dm—b (641
exp ) 9P~ jp(dm—bn) expl 19"+ jp(dm—bn)
2b 2b
Rearranging (6.1.7), results in-
iau2 | idn2 ; 9 _
:K{exp{jax + jdp® +2jx(m—p)—2jp(dm bn)}-
2b
(6.1.8)
{jay2+2jy(m— p)+ jdp2—2jp(dm—bn)} {—jdp2+2jp(dm—bn)H
exp .exp
2b 2b
Substituting the value of (6.1.8) in (6.1.5), results in-
a,b,c,d,m,n 1 T
Lereem s )(p)= K3y g | [ axay{xlg)(v1 1)
{exp{_jdpz +2;E(dm—bn)}exp{ jax® + jdp? +2jx(m2b— p)—2jp(dm—bn)} 6.19)

PSP o o ~
exp{lay +2jy(m p)+2;dp 2jp(dm bn)H

Rewriting (6.1.9) with the aid of quantum mechanics, results in-

L= s(x)](p) =

K: jziﬂbfdedy<p|r<|x><x|g><p|K|y><y|f>.exp

{—jdpz +2jp(dm-bn)}

e 2b
(6.1.10)
Rearranging (6.1.10), results in-
a,n,c,a,m,n 1 i i
Laoedm, )[3(x)](p)= K, /J_Z—”bfdx<p|K|x>(x|g).KAJ. dy (p|K|y){y|f)
- - 6.1.11
{—jdp2+2jp(dm—bn)} ( )
.exp
2b
Multiplying and dividing the (6.1.11) by ,fj27zb and rearranging, results in-
(ab,c,d,m,n) [ —Z—jb(dpz—Zp(dm—bn))
LF [S(X)]( p) = JZ”b F(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) ( p)e (6112)
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This is just a new approach for convolution theorem under OLCT, derived by representation
transformation in quantum mechanics. Therefore, (6.1.1) is obtained and the theorem is
proved.

The reciprocal transform of (6.1.12) can be obtained by writing the definition of inverse

OLCT and is given by

a,b,c,d,mn)* 1 i *
L(Fb d.mn) I:H(p)](x):ﬂf—JTﬂ'bj. dp<p| K|X> 'H(a,b,c,d,m,n)(p) (6113)

where, * indicates the complex conjugate. By using the theory of representation in quantum
mechanics [61], the (6.1.13) results-

Lfebesma T / jdp x|K'| p).{p|S)
_ f o jdp X|K'Ks)=(x]s)=5(x)

6.1.1.1 Special cases of OLCT for proposed convolution theorem

(6.1.14)

LCT as a special case of OLCT, when(a,b,c,d,m,n) =(a,b,c,d,0,0), (6.1.12) becomes

I—(s'bVCYd’OVO) I:S(X)J( p) = J27Tb I:(at,b,c,d,O,O) ( p)G(a,b,c,d,O,O) ( p) (6115)
FT as a special case of OLCT, when(a,b,c,d,m,n)=(0,4,-1,0,0,0), (6.1.12) becomes
(429 Lo 0](B) = T2 Fas s ()G (P 6119

Similarly, FRFT as a special case of OLCT, when (a,b,c,d,m,n)=(cosa sina,—sina,cosa,
0,0), (6.1.12) becomes-

L(;osa,sina,—sina,cosa,o,o) I:S(X):'( p) _
ey ' 1.17
JZﬂ-SIn a.exp(—% p2 Cota F(COSa,sina,—sina,cosa,o,o) ( p)G(COSa,sina,—sina,cosa,o,o) ( p) (6 )

where, Lieesnesines«09 [s(x)( p) indicates the FRFT of S(X) and FT as a special case of

FRFT, when o = A (6.1.17) becomes-

L1 [5(0](p) = T2 s 1000 (P) G 1000, (P) 6119

Equations (6.1.15-6.1.18) are some of the special cases of proposed convolution theorem for
OLCT.
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6.1.1.2 Properties satisfied by proposed convolution theorem for OLCT

The following are some of the properties that are satisfied by the proposed convolution

theorem.

a) Commutative property:

If Fopeamn(P) is the OLCT of f(x) and G, 4. (P) is the OLCT of g(x), then as per
the commutative property-

(fé\)g](x)&)

i _[—dp?+2p(dm—bn)—dm? (6.1.19)
., _|27Zb exp J { P p( 2b ) } I:(a,b,c,d .m,n) ( p) G(a,b,c,d m,n) ( p)

and

(g@)f](x)&)

o 4+ 20(dm b dm? (6.1.20)
\lJZHb expj{_ P p( znb]_ n)_ i }G(a,b,c,d,m.n)(p) F(a,b,c,d,m.n)(p)
i, (f ®g)(X)=(9® f)(x) (6.1.21)
Proof: Considering the L.H.S. of (6.1.20)
q(x):(g@%f)(x): j g(y)f(x—y)exp{—j%y.(x—y)} dy (6.1.22)

Using the quantum mechanical notation [57, 61], the one-dimensional LCT of the signal

q(x) reads as-

Laoedmn) g (x)]( p) = /jziﬂ'bf dx(pIKIx){x]a)=(pIK]a)=(PI1Q)=Qupcsmn(P)

(6.1.23)

where, the notation (x|g)=q(x) and (p|K|X)=K,,..mn(P.X) gives the representation of

OLCT kernel in quantum mechanics. K is named as the OLCT operator and

0

(xla)y= [ dy(ylg)(x-yl f>eXp{—j%y-(X—y)}

—00

Substituting the value of (x|q) in (6.1.23), results in-
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Lepeam [ g(x)](p) = JZLﬁb_T dx(p|K|x) T dy(ylg)(x—yl f).exp{—]%y.(x—y)}

—00

(6.1.24)

Rearranging (6.1.24), results in-

a,b,c,d,m,n 1 77 .a
Lo [q))(p) = [z ] [ axay(pIK X (x-y1 )yl g)exp| -1 2y.(x-y)]
(6.1.25)
Substituting x—y=x’ i.e. x=x"+y and y=y in (6.1.4), then dxdy =dx’dy [70] and then

replacing x" by x, results-

Lzocam [ g(x)](p) = jziﬂbfdedy<p|K|x+y><x|f><y|g>exp{—j%yX} (6.1.26)

—00 —00

Rewriting (p| K |x+y) explicitly [60], results in-

<p|K|x+y>exp{—j§yx}=

| a(x+ y)2 +dp®+2(m-p)(x+y)—2ayx—2p(dm—bn)
K exp | 2

} (6.1.27)

dp® —2p(dm—bn)
2b

Multiplying and dividing (6.1.27) by K, exp j{ } results-

_'E _K_f\ l 2 2 _
<p|K|x+y>exp{ bex}_KAepob{a(x+y) +dp?+2(m-p)(x+y)

—2ayx—2p(dm—bn)+dp? —dp? +2p(dm—bn)—2p(dm—bn)}

(6.1.28)

Rearranging (6.1.28), results in-

.a K2 lax?+dp?+2(m—p)x—2p(dm—bn
<p|K|x+y>exp{—JEyX}ZK_Aeij{ p ( ZE) p( )}

A
2 2 _ _ _ _ 2 _
eij{ay +dp*+2(m-p)y—2p(dm bn)}.expj{ dp?+2p(dm bn)}

(6.1.29)

2b 2b

Substituting the value of (6.1.29) in (6.1.26), results in-
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a,b,c,d,m,n 1 [l —op+2 dm bn
L(F,b, d, *)[q(x)] :K_ f jjdxdy X|f y|g>.expj{ P p }

KAeij{ax +dp®+2(m-p)x-2p(dm- bn}
2b
KAeij{ay +dp?+2(m—-p)y—2p(dm- bn}
2b
(6.1.30)
Rewriting (6.1.30) with the aid of quantum mechanical representation, results-
a,n,c,d,m,n 1
Loee ')[q(x)](p)=— 2”bHolxdy pIK X (x| F){pIKIy)(ylg).
6.1.31
.{—dp +2p(dm—bn)} ( )
exp j
2b
Rearranging (6.1.31), results in-
(a.b,c,d,m,n) _ 1 7 [
L [a(x)](p)= —jzﬂbIdX<p|K|><><X|f>I dy(plK1y)ylg).
- - 6.1.32
.{—dp2+2p(dm—bn)—dm2} ( )
exp j
2b
Multiplying and dividing (6.1.32) by +/j27b and rearranging, results-
e [a(x))(p)=
(6.1.33)

: . | -dp® +2p(dm—bn)-dm?
a“Zﬂb.eXp J { P p( b ) }'G(a,b,c,d,m,n) ( p) F(a,b,c,d,m,n) ( p)

Therefore, from (6.1.20) and (6.1.33), it concludes that-

(f@g)(x)=(g®f)(x)

This proves that the proposed convolution theorem for OLCT satisfies the commutative law.

b)  Associative property:

If F

(a,b,c,d,m,n)

(p) is the OLCT of f(X), G,pyeqmn(P) is the OLCT of g(x) and

M apcamn (P) is the OLCT of m(X) then as per the associative property-
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(180)@m)(x) 2 (j2m)

dp? + 2 (cm — bn) — dm’ (6.1.34)
| —dp” + m—bn)—dm
exp ] i P b :| I:(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p)
and

(16(g®m) ) (x) 2 (j2m0)

| —dp” + m—bn)—dm

exp J |: i P b :| I:(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p)

ie. ((fég)ém}(x):(fCi)(gé)m)j(x) (6.1.36)
Proof: Considering the L.H.S. of (6.1.35)

q(x) = ((f (%g) (%m) (x)= (s@gm} (x) (6.1.37)

o0

where, s(x):<x|s>:(f(>%gj(x): jdy<y| f)(x—y|g>exp{—j%y.(x—y)} (6.1.38)

—00

and

a(=((18g)6m| ()= (s6m)(x)- Tdﬁ<ﬂ|h><x—ﬁ|m>exp{—j%ﬂ.(x—ﬂ)}

—00

(6.1.39)
Substituting the value of (x|s) from (6.1.38) to (6.1.39) results in-

()= ] Jopay(y1 (5= yIg)exp{-i2 .5 )|{x-Bim)exp -1 5(x- )}

—00 —00

(6.1.40)
Taking OLCT of ¢, (X) results in

-
Qapcamn (P)= Q/jz—ﬁb_fwdﬂ pIK|x)(x|q,) (6.1.41)

Substituting the value of ql(x) in (6.1.41), results in-

o0 00 0

Qs (P)= j2Lﬂbjijjwolﬂolyolx<|o|K|x><y|f><ﬂ—>/|9><x-ﬂ|m>. o1

exp{—j %ﬁ-(X—ﬂ)}-eXD{—j % y-(B- y)}

137



Convolution and Correlation Theorems for the offset LCT

Substituting x—fg=x" i.e. x=x"+£ and y=y in (6.1.42), then dxdy=dx'dy [70] and
then replacing X" by x , results-

Quussann(P)= [z [ [ [ dpayax(pIK Ix+A){yl ){s-yIg)(xIm)
1270 % % % (6.1.43)
.a _a
eXp{-JBﬁX}-eXD{—JBM(ﬂ— y)}
Rewriting (p| K |x+ /) explicitly, results in-
(PIK I+ p)owp -1 2 x| -
.{a(x+ﬂ)2+dp2+2(m p)(x+ﬂ)2aﬂx2p(dmbn)} (6.1.44)
Ka€xXp ] o
Rearranging the (6.1.44)-
(PIKIx+perp{-12 x| -
?+af? +dp®+2 2 2p(dm-b (6.145)
KAexpj{aX +af’+dp” + x(m—pz); B(m—-p)-2p(dm- n)}
Substituting the value of (6.1.45) in (6.1.43) results-
Quancamn (P)=Mepeamn (P) [ [ dBAy(yI F)(B-Vlg).
L e 2plm) (6.1.46)
. + — .a
expj{ b }-exp{—JEy-(ﬂ— y)}
Multiplying and dividing (6.1.46) by exp j{dpz ‘sz(bdm—b”)} results-
1 o w
Qj(a,b,c,d,m,n)( p) - K_M(a,b,c,d,m,n)(p) I J. dﬂdy<y| f><ﬁ_ yl g><p | K |ﬁ>
’ N (6.1.47)

oot 2,

2b
Substituting g—y=p4" ie. = +y and Y=Y in (6.1.47), then dpdy=dpg'dy[70] and
then replacing g’ by £, results-
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Quuscann(P)= 3 Muscann(P) [ [ 48y (y1 1)(B10){pIK |5+)

A —00 —00

, (6.1.48)
oxp i —dp? +2p(dm—bn) o {_ .a ,3}
PJ 2 eXp4—] b y
Rewriting (p| K |B+Y) explicitly [60], results in-
.a
(PIK|p+ y>exp{—15ﬁy} =
6.1.49
a(B+y) +dp*+2(m-p)(B+y)-2ays—2p(dm—bn) ( )
KLexp ] 2
Rearranging (6.1.49)
_a
(pIK |ﬂ+y>exp{—15ﬂy}=
6.1.50
| ap?+ay* +dp*+28(m-p)+2y(m-p)-2p(dm—bn) ( )
K,exp ] 0
Substituting the value of (6.1.50) in (6.1.48) results-
1 _ o0
Ql(a,b,c,d,m,n) ( p) - K_ N JZﬂb G(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p) J- dy<y | f >
§ - (6.1.51)

P 2b 2b

Multiplying and dividing (6.58) by exp j| 22— 2PLm=bn)) | 1 It
ultiplying and dividing (6.58) by €xp j 2 \j2b results-

Q](a,b,c,d,m,n) ( p) = ( J Zﬂb)

.| =dp? +2p(dm—bn)—dm? (6.1.52)
exp J |: ( b ) F(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p)

.{ay"’ +2y(m- p)}.exp j{—dpz +2p(dm—bn)}

Similarly it can proved that the LCT of ¢, (x)=(f ®(g®m)) is

Qz(a,b,c,d,m,n) ( p) = ( JZﬂb)

| =dp®+2p(dm—bn)—dm? (6.1.53)
€xp ) { ( b ) F(a-byc,d,m,ﬂ) ( p) G(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p)

Therefore, from (6.1.52) and (6.1.53), it has been proved that-
A A A A
([f®gj®mj(x):(f®(g®mD(x) (6.1.54)
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This proves that the proposed convolution theorem for OLCT satisfies the associative law.

c)  Distributive property:

IfF(

M acamn (P) is the OLCT of m(x)then as per the distributive property-

(f é\)(g +m)j(X)<%>(j2ﬁb) exp j{—dpz +2p(dm—bn)_dm2}

2b
I:(a,b,c,d mn) ( p) {G(a,b,c,d mn) ( p)+ M(a,b,c,d m,n) ( p) }

and

_ 2 _ _ 2
(fég+fém)(x)<£)(J2ﬂb)eij{ dp +2p(dm bn) dm}

2b

Faseomn (P)Ciscsmn (P Faseomn (P Miasconn (P) ]
e (18(g+m))(9=( 1@g+ 1@m)(x
Proof: Considering the L.H.S. of (6.1.56)
0,(0=( 189+ 1@m)(x)=Jaylyl f><x—y|g>exp{—j§y.<x—y)}
+fdy<y| f><x—y|m>exp{—j§y.<x—y)}
Taking OLCT of (6.1.58)

l o0
QS(a,b,c,d,m,n)( p) = _]2—7Z'b‘[odx< pl K | X><X|q3>

Substituting the value of g, () in (6.1.59) results in-

Qs(a,b,c,d,m,n)(p)=gzdxwl K| X>ﬁdy<y| f}x-ylg)
exp{—j%y.(x—y)}+zdy<y| f)(x-y| m)exp{—j%y.(x—y)H

a,b,c,d,m,n)(p) is the OLCT of f(x), G(a,b,c,d,m,n)(p) is the OLCT of g(x) and

(6.1.55)

(6.1.56)

(6.1.57)

(6.1.58)

(6.1.59)

(6.1.60)

Substituting X—y =X" i.e. X=X"+Yy and Y=Y in (6.1.60), then dxdy =dx’dy [70] and

then replacing X" by X , results-
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Qg(a,b,c,d,m,n)(p)=szIﬁbIodx<p|K|x+y>Edy<y| £)(x] g>exp{—j%yx}

+;[;dy<y| f><x|m>exp{_j%yXH (6.1.61)

Rearranging (6.1.61) results in-

1 7 .a
Quapcamn (P)= p—ﬁb[c{dxdy(pl K Ix+y)(yl f><><|g>e><p{—15yx}+
(6.1.62)

LbT dedy(p|K|x+ y)(YI f><X|m>exp{—j%yX}

J —o0 —0

Rewriting (p| K |x+y) explicitly [60], results in-

<p|KIX+y>exp{—j%xy}=

2
a(x+y) +dp?+2(m—-p)(x+y)—2ayx—2p(dm—bn
K, exp | {( y) +dp” +2( p)éb y)—2ayx—2p( )

} (6.1.63)

Rearranging (6.1.63) results

.a
<pIKIX+y>exp{—15xy}=

exp j{ax2 +ay? +dp? +2x(m— p)+2y(m—p)—2p(dm —bn)} (6.1.64)

2b

Substituting the value of (6.1.64) in (6.1.62) results

1 o0 0
Qs(a,b,c,d,m,n)(p)zd\’ﬁ_[o'[o xdy y|f X|g>

2 2 _ _ _ _
KAexpj{aX +ay? +dp? +2x(m— p)+2y(m—-p)-2p(dm bn)}Jr

2b

o (6.1.65)
/ bj_[dxdy y | f)(x|m).
K exp ax’ +ay’ +dp? + 2x(m— p)+2y(m- p)—2p(dm—bn)
2b
Multiplying and dividing (6.1.65) by K, expj{OIIO _szidm_bn)}. / '217zb results-
J
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N2 ¢ —dp? +2p(dm b
Qs(a,b,c,d,m,n)(p): ) J.Idxdy y|f><x|g> expj{ p*+ p( m- n)}

j2nb < 7, 2b
K,ﬁexpj{ax +ay’ +2dp? + 2x(m - 2L+2y( p)—4p(dm—bn)}
(6.1.66)
j27b

i]idxdy y| f)(x|m). Kiexpj

A

—dp? +2p (dm-— bn
12

K2exp j

: |
{ +ay’ +2dp? + 2x(m - p)+2y(m - p)—4p(dm—bn) }
2b

Rearranging (6.1.66) results-

2b

. .| ~dp® +2p(dm—bn)—dm’*
Q3(a,b,c,d,m,n)(p):(JZ”b)eXp{ p*+2p( ) }

(6.1.67)
{ F(a,b,c,d,m,n)( p) G(a,b,c,d,m,n) ( p) + I:(a,b,c,d,m,n) ( p) M(a,b,c,d,m,n) ( p) }
Utilizing the linearity property of OLCT, (6.1.67) can be written as-

—dp? + 2p(dm—bn) — dm?
2b

QS(a,b,c,d,m,n) ( p) - ( J27Z’b) exp J {

I:(a,b,c,d,m,n) ( p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p) }

Similarly it can proved that the OLCT of q,(x)=(f ®(g+m))(x) is

—dp* +2p(dm—bn)—dm?
2b

(6.1.68)

=(j27b j
Q4(a,b,c,d,m,n)(p) (J )eij|: (6169)

I:(a,b,c,d,m,n) ( p) {G(a,b,c,d,m,n) ( p)+ M(a,b,c,d,m,n) ( p) }

Therefore, from (6.1.68) and (6.1.69), it has been proved that-

(¢a AR P

\f®(g+m))(x):Kf®g+f®m)(x) (6.1.70)
This proves that the proposed convolution theorem for OLCT satisfies the distributive law.

6.1.1.3 Comparative analysis of the proposed convolution for OLCT theorem with

existing theorems

The convolution theorem in OLCT domain given by Xiang et al. [115] is compared with the
proposed convolution theorem by using simulation. The convolution operation of a
rectangular function x(t) of unit amplitude is performed with it and as a result of convolution
operation, triangular function is obtained of double duration from the rectangular window
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function as shown in Figure-6.1. Then the OLCT of the triangular function is evaluated for

different values of (a,b,c,d ,m,n) with and without considering the effect of time-shifting and

frequency modulation as shown in Figure-6.2 and 6.3 respectively. Simultaneously, the

OLCT of the triangular function is also evaluated for the same values of (a,b,c,d,m,n) to

make a comparison. It has been shown in Figure-6.2 and 6.3 that how time-shifting and
frequency-modulation variables help to approach the real (Re), imaginary (Im) and absolute
(Abs) values of the OLCT of triangular function. Also the convolution operation defined by
Xiang et al. [115] is compared with the OLCT of the proposed convolution operation for

(a,b,c,d,m,n)=(0.707,0.707,—0.707,0.707,0.12,0.14) and (a,b,c,d,m,n)=(0.707,0.707,
—0.707,0.707,—0.19,—0.19) and it has been shown that the real, imaginary and absolute

components to the OLCT of the proposed convolution theorem resembles maximally to the

different components of the OLCT of triangular function.

i
107

0.8]
0.6
04f

0.2

1.0 1o.5 0.0 0.5 1.0 15 2.0

X0 xel
l.Oj

06"
04l

0.2

e i | T S S S T R N R t

1.0 0.5 0.0 0.5 1.0 15 2.0
(b)

Figure-6.1: (a) Rectangular function x(t) and (b) Convolved signal (x® x)(t) i.e.
triangular function.
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— = Proposed

—— Xiang et al[115]

Triangular

— =Proposed

—— Xiang et al [115]

Triangular

(b)

Abs LG@LCT(X & x) All

— =Proposed

—— Xiang et al [115]

Triangular

(©)
Figure-6.2: (a) Real value (b) Imaginary value (c) Absolute value: of OLCT of

A
(x@x) (t)for triangular function, Xiang et al. [115] method, and proposed method for

(a,b,c,d,m,n)=(0.707,0.707,-0.707,0.707,0,0).
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(b)

i

(©)

— - Proposed

—— Xiang et al [115]

Triangular

— =Proposed

—— Xiang et al [115]

Triangular

— =Proposed

—— Xiang et al [115]

Triangular

Figure-6.3: Effect of time-shifting and frequency-modulation variables on (a) Real

A
value (b) Imaginary value and (c) Absolute value: of OLCT of (x@x)(t) by using

proposed methods for (a,b,c,d,m,n)=(0.707,0.707,-0.707,0.707,0.12,0.14).
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6.1.2  Proposed Product Theorem

For any two functions f(x) and g(x), the definition of product theorem for OLCT is given

by

q(x)=g<x>.f<x).exp{jz%x2} and

abcdmn a . d i
I—(F pedm I:q(x)]( p) = G(a,b,c,d mn) ( p)®[|:(a,b,c,d \m,n) ( p) .eXp|:J BVpD 'exp|:_J %m:| (6171)

Proof. The one-dimensional LCT of qg(x) for proposed identities of product theorem is
given by-

Lo [a)(p) =z [ dx{xl ) (x| D)(pIK Ix)exp ] 125 6172)

—00

The one-dimensional inverse LCT in the context of quantum mechanics is given as-
1 7 *
X|g)=|——|dv(v|K|x) (V]G 6.1.73
(X19)= | T | W (VIKIX) (vIG) (6.1.73)
where, * indicates the complex conjugate. Rewriting the (6.1.73) results-

(x]g)= /_j;ﬁb_]gdv<x|K*|v><v|G> (6.1.74)

where, KT indicates the Hermitian conjugate of the operator K . Substituting the value of
(6.1.74) in (6.1.72), results-

Lzeem [ q(x)](p) = ‘ﬁ

T TdVdX<V|G><X| f><xl KTIV><p| K|x>.exp{j2%x2}

—00 —00

(6.1.75)
Solving for (x| K" |v){p|K|x) results-
2 2
:>|KA|2 exp | ax” +dp” —2xp+2xm—2pdm+ 2 pbn .
2b
(6.1.76)
. {—ax2 —dv?® + 2xv — 2xm + 2vdm — 2vbn}
exp j
2b
Substituting the value of (6.1.76) in (6.1.75), results-
=K LT Tdvdx<v|G>< p—V|F)exp j{gv( p—v)—zm} (6.1.77)
—j2nb 2 b b

and (6.1.77) can be written as-
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a,b,c,d,m,n . d -
L(F,b, d,mn) [q(x)]( p)= Glapodmn) ( p)®(F(a'b‘C’d'myn) ( p).exp[ i Eva .exp{—] %m}

(6.1.78)
This is just a new approach for product theorem under OLCT, derived by representation

transformation in quantum mechanics. Therefore, (6.1.71) is proved.
6.2 PROPOSED CORRELATION THEOREMS FOR OLCT
6.2.1  Proposed Cross-Correlation Theorem for OLCT

If F

(ab,c,d,m,n)

_d
VT (0 G (p) €
_L(dpz_z p(dm—bn))

L(s,b,c,d,m,n) [n(x)]( p) = JZﬂb I:(al,b,c,d.m,n) (_ p)G(a,b,c,d,m,n) ( p)e 2

(p) is the OLCT of f(x) and G (p) is the OLCT of g(x), then

a,b,c,d,m,n)

dp?-2 p(dm—bn))

is the OLCT of n(x) i.e.
(6.2.1)

where, n(x) = (f igj (x)= J' f(y)g(x+y)y(x,y)dy, is the weighted cross-correlation and

the weight function is y(x, y): KAery'(Hy) and the role of g and f can be interchanged.

A
The operation * indicates the proposed correlation operation.
Proof. The one-dimensional OLCT of n(x)with representation transformation in the context

of quantum mechanics [57, 61] is given as-

L(s,b,c,d,m,n)l:n(x):l( p) — jZLﬁb];d)« p|K| x)(xln) =< p|K]| n> = < Pl N>: N(a,b,c,d,m,n)(p)

(6.2.2)
From the definition of proposed identities of cross-correlation theorem, (6.2.2) results-

Leoee™ [n(x)](p) = K, sziﬂbidX@I K| X>_T dy(y | f){(x+y| g).exp{j%y.(X+ y)}

00

(6.2.3)
Rearranging (6.2.3), results in-

L@oedm T (](p) = K, jziﬂbT T dxdy(p| K |x){x+y|g){y] f>-exp{j%y-(x+ y)}

—00 —00

(6.2.4)
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Substituting x+y=x’ i.e. x=x"—y and y=y in (6.2.4), then dxdy =dx’dy [70] and then

replacing X’ by x, results-

Lneam ()] (p) = K, Jziﬂbj [ axdy(pIK]x—y)(x|g){yl f>exp{i§yX} (6.25)

—00 —00

Rewriting (p| K |x—y) explicitly [60], results in-

<p|K|x—y>exp{j%yx}=

K { ja(x- y)2 +jdp* +2j(x—y)(m- p)2jp(dmbn)+2jayx} (62.6)
A EXP

2b

jdp® =2 jp(dm—b
J9p J;)b( m n)} results-

Multiplying and dividing (6.2.6) by exp{

ja(x—y) + jdp® +2j(x—y)(m- p)—2jp(dm—bn)+2jayx}
2b '

P . c 2 .
exp{ldp —2Jp(dm—bn)}exp{—1dp +2]p(dm—bn)}

2b 2b

=K, exp{
(6.2.7)

Rearranging (6.2.7), results in-

H 2 - 2 . . i , .
N K{exp{JaX + jdp +2]X(n;b— p)—ZJp(dm—bn)}eXp{—jdp +2;E(dm—bn)}

H 2 H - 2 .
_exp{Jay ~2jy(m—p)+ jdp —2]p(dm—bn)H

(6.2.8)

2b

Substituting the value of (6.2.8) in (6.2.5), results-
Lz< ) [n(x)](p) -

1 77 jax? + jdp® + 2 jx(m - p)—2jp(dm—bn)
K ﬁj;.[odxdy(ﬂg)(y”){exp{ " .

- 2 - - 2 . N 2 -
exp{_Jdp +2;E(dm—bn)} .exp{lay ~2jy(m- p)+2tj)dp —2]p(dm—bn)H

(6.2.9)

Rewriting (6.2.9) with the aid of quantum mechanics representation, results-
Leeeemd n(x)](p)= K [ [ dxdy(plKx){xIg){pIK|-y){y| )

o _ _ (6.2.10)
—idp%+2 -
.exp{ jdp? + 2 jp(dm bn)}

2b
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Multiplying and dividing the (6.2.10) by +/j27b and rearranging-

1 o0
= K,/ j27b / Idx (p|K|x)(x|g) KA/ ﬂbj'dy (pIK|=y)(y|f).

6.2.11
{ jdp? +2]p (dm— bn)} ( )

Rewriting (6.2.11), results-

—(4p2—2 p(dm-bn
L= (X)) =V T2 i (-P)Gancana (Pl 7" (2.2

This is just a new approach for cross-correlation theorem under OLCT, derived by
representation transformation in quantum mechanics. Therefore, (6.2.1) is obtained and the

theorem is proved.

6.2.1.1 Special cases of OLCT for proposed cross-correlation theorem

LCT as a special case of OLCT, when (a,b,c,d,m,n) =(a,b,c,d,0,0), (6.2.12) becomes-

U,f’b’c’d'o'o) [n(x)]( p) =270 F(a,b,c,d,o,o) (_ p)G(a,b,c,d,O,O) ( p) (6.2.13)
FT as a special case of OLCT, when (a,b,c,d,m,n) =(0,1,-1,0,0,0), (6.2.12) becomes-
L2201 [n(0)J(P) =27 Fioss000 (~P)Cios 000 (P (6214

Similarly, FRFT as a special case of OLCT, when (a,b,c,d,mn)= (cosa,sina,—sine,

cos,0,0) , (6.2.12) becomes-
L(;osa,sina,—sina,cosa,O,O) I:n(x):l( p) _

\ jZﬂ-Sin a EXp (_% pZCOta) F(cosa,sina,—sina,cosa,O,O) ( p) G(cosa,sinzx,—sin a,c0sa,00) ( p)

(6.2.15)

where, LI sn«=209 (%) 1(p) indicates the FRFT of S(X) and FT as a special case

of FRFT, when a = A , (6.2.15) becomes-

LE49 [0(9](2) VT2 Fo 1000 (P)Gos 1000 (P 6216)

Equations (6.2.13-6.2.16) are some of the special cases of proposed OLCT.
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6.2.1.2. Properties satisfied by proposed cross-correlation theorem for OLCT

The following are some of the properties that are satisfied by the proposed cross-correlation

theorem.

a) Commutative property:

If Frapoamn(P) isthe OLCT of f(x) and Gy eqmm (P) is the OLCT of g(x), then as per
the commutative property

A — —dp® +2p(dm—bn)—dm
( f * gj ( = JZﬂb exp J { p p( ) } I:(a,b,c,d,m,n) (_ p) G(a,b,c,d,m,n) ( p)

2b

(6.2.17)

and

~dp” +2p(dm —bn) — dm’
2b

OLCT

(g f)()<—> janexpj{

}G(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)

(6.2.18)

i, (fig)(X)i(gif)(X) (6.2.19)

Proof: Considering the L.H.S. of (6.2.18)
A I . a
re (X)= (g * fj (x)= j g(y) f (x+ y)exp{J o y.(x+ y)} dy (6.2.20)

Using the quantum mechanical notation [57, 61], the one-dimensional OLCT of the signal

Iy (X) reads as-

et e (x)](p) = Jzﬁbfdx PIKX)(XI 1y ) =(PIK g ) =(PIRy ) = Res(apeamm (P)
(6.2.21)
where, the notation (x|r,)=r,(x) and (PIKIX) =K peomn(P.X) gives the

representation of OLCT kernel in quantum mechanics. K is named as the OLCT operator
and

(x|rg )= Tdy<y| g)(x+y| f>exp{j%y-(><+ y)}

Substituting the value of (x|r, ) in (6.2.22) results-
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<p| Rgf>= Jziﬂ'b]f dx(p|K|x) T dy(y|g){x+y]| f).exp{j%y.(x+ y)} (6.2.22)

—00

Rearranging (6.2.22), results in-

(IR )= [ ] oy (pIk (e yInyInen]iv(xey) G223

—00 —00

Substituting x+y=x' i.e. x=x"—y and y=Y in (6.2.23), then dxdy =dx’dy [70] and

then replacing x’ by x, results-
1 77 . a
(pIRy )= ﬁiidxdy@IKIX—y)(Mf><y|g>exp{15y><} (6.2.24)

Rewriting (p| K |x—y) explicitly, results in-

. a
(pIKIX—y>exp{JEyX}=

2.2
|a(x—y)’ +dp*+2(m~ p)(x—y)+2ayx—2p(dm—bn) (62.25)
KLexp ] 20
Multiplying and dividing (6.2.25) by K, expj{dp —2p2(bdm—bn)} results-
<p|K|x—y>exp{jEyX}:K—‘2‘exp ) { (x y) +dp?+2(m-p)(x-y)
b K, 2b (6.2.26)

+2ayx—2p(dm—bn)+dp’ —dp2+2p(dm—bn)—2p(dm—bn)}

Rearranging (6.2.26) results in-

_a K2 ax?+dp?+2(m X—2p(dm—bn
<p|K|x—y>exp{JEyX}_K—epr{ p*+2( ZE) p( )}

A
lay? +dp?-=2(m-— —2p(dm-bn | =dp?+2p(dm—bn
expj{ y"+dp” -2 Zz)y P )}.expj{ P ;:E )}

(6.2.27)

Substituting the value of (6.2.27) in (6.2.24), results-

1 1 75 _|—dp®+2p(dm—bn)
(pIRgf)=K—A,/ﬁ££dxdy (x] £ y|g>-exp1{ o

ax’ +dp® +2(m 2pt)))x 2p(dm- bn)} (6.2.28)

ay? +dp®-2(m- p)y—2p(dm—bn)}
2b

K expj{

KAexpj{
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Rewriting (6.2.28) with the aid of quantum mechanical representation, results-

(pIRy )= — jz—lﬂbTdedy<p|i<|x><x|f><p|K|—y><y|g>.

KA
6.2.29
| —dp®+2p(dm—bn) ( )
exp |
2b
Rearranging (6.2.29), results in-
1 o0 o0
<p|Rgf>=1/ﬁjwdx<p|K|x><x|f>jwdy<p|r<|—y><y|g>.
6.2.30
_| —dp* +2p(dm—bn)—dm? ( )
exp j
2b
Multiplying and dividing (6.2.30) by «“2ﬂb and rearranging, results in-
: | —dp?+2p(dm—bn)—dm?
< p | Rgf > = jZﬂb.EXp J { ( 2D ) 'G(a,b,c,d,m,n) (_ p) |:(a,b,c,d,m,n) ( p)
(6.2.31)
Therefore, from (6.2.17) and (6.2.31), it concludes that-
(f*g)(x)i(g*f)(x) (6.2.32)

This proves that the proposed cross-correlation theorem for OLCT does not satisfy the

commutative law.
b)  Associative property:

If Fopeamn(P) is the OLCT of f(x), G (p) is the OLCT of g(x) and
M

)(p) is the OLCT of m(x), then as per the associative property

(abcd,mn)

(abcdmn

A A
(( f x g) * m) (X) (&) I:(a,b,c,d,m,n) ( p) G(a,b,c,d,m,n) (_ p) M (a,b,c,d,m,n) ( p)
(6.2.33)

: [ —dp®+2p(dm—bn) —dm?
(JZﬁb)eXpJ{ P*+ 2p( b ) }
A A
( f* [g * m)] (X)&) I:(a,b,c,d,m,n) (_ p)G(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p)
(6.2.34)

i [ —=dp?+2p(dm—bn)—dm?
(JZﬂb)eXpJ{ P p(b ) }
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e. [(figjimj(x)i[fi(gimjj(x) (6.2.35)
Proof: Considering the L.H.S. of (6.2.33)

g (X) = ((f * g) im] (x)= (rfg im) (x) (6.2.36)
where,

(0= (xin)=( £ 36) 0= [aytyl Dxeylgom{iSyeey)) (@227
and

ton (9= (158 )09 =, *m) 0= [ ap{ie, ) pimpesn ] 12 (e )

(6239

Substituting the value of (x|r, ) from (6.2.37) to (6.2.38), results in-

(0= [ 9805y D05+ y10)exp 12 y(pe ) (xs Bimexp] 12 (x4 )

—00 —00

(6.2.39)

Taking OLCT of ( ), results in-

(PIR g «/ jdx PIKIX)(XIT g)n) (6.2.40)

Substituting the value of 1, (x) in (6.2.40), results in-

00 00 00

(PIR ) = jIjdﬂdydx<p|K|x><y|f><ﬁ+y|g><x+/3|m>
e (6.2.41)

exp{jgﬂ.(x+ﬁ)} exp{ y.(B+ y)}

Substituting x+ B=x’ i.e. x=x'—p and y=Y in (6.2.41), then dxdy =dx’dy [70] and
then replacing x’ by x, results-

o0 o0 o

(PIR )= Zﬁbf [ [ dpdydx{p|KIx=B)(y|f){B+ylg)(x|m).

C eofiades|itusn)

(6.2.42)
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Rewriting (p| K |x— ) explicitly [60], results in-
.a
<p|KIX—ﬂ>exp{JEﬂX}=

a(x—,&’)2 +dp®+2(m-p)(x-B)+2apx—2p(dm-bn)
2b

(6.2.43)
Kaexp j { }

Rearranging (6.2.43), results in-

ax’ +dp* +2(m- p)x—2p(dm—bn)}
2b '

eXloj{aﬁz—z(m— p)ﬁ}

(p| K|x—ﬂ>exp{j§ﬂx}=KAexpj{
(6.2.44)

2b

Substituting the value of (6.2.44) in (6.2.42)

© 0 0

(PIR )= jziﬁbj [ [ dpdydx (y| f></3+y|g><x|m>-exp{j§y.(ﬂ+y)}

—00 —00 —00

expj{aﬂz_zékr)n_p)ﬂ}.KAexpj{aX +dp +2(m—zz)x—2p(dm—bn)} (6.2.45)

Rearranging (6.2.45) results-

(PIR g )= M(a,b,c,d,m,n>(p)f Tdﬂdy (yl £){B+yl g>-exp{j§y.(ﬂ+y)}

—00 —00

(6.2.46)
2
expj{aﬂ ~2(m- p)ﬂ}
2b
Multiplying and dividing (6.2.46) by K, exp j{dp _sz(bdm_b”)} results-
1 [ .a
(p| R(mm):K—M(a,b,c,d,m,n>(p)KAI [dpdy (y| £)(p+y]| 9)-eXP{JEY-(ﬂ+ y)}
’ 6.2.47
.{aﬂz—z(m—p)ﬂ+dp2—2p(dm—bn)} .{—dp2+2p(dm—bn)} ( )
exp ) exp j
2b 2b
Rearranging (6.2.47) results-
L =
<p | R(fg)m> = M(a,b,c,d,m,n)(p)K_J I dﬂdy <y| f><ﬂ+ yl g><p | K |_ﬁ>
.a | —dp®+2p(dm—bn
eXp{JBy.(ﬂ+ y)}exp j{ P gé )} (6.2.48)
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Substituting p+y=p ie. p=p —y and y=Y in (6.2.48), then dpdy=dpgdy [70] and
then replacing g by £, results-

(91Run) = Micamn (9) | [ @8 (31 1)(819).(pIK I -4+)

A -0 —0

2 (6.2.49)
exp{jgyﬂ} o | ~dp’ +2p(dm—bn)
b ) 2b
Rewriting (p|K |y — /) explicitly, results in-
.a
<pIK|y—ﬁ>exp{JBﬂy}=
6.2.50
K _ a(y—/i’)2+dp2+2(m—p)(y—ﬁ)+2aﬂy—2p(dm—bn) ( )
A EXP )
2b
Rearranging (6.2.50), results in-
. a | ap®—2(m-p)p+dp*-2p(dm—bn
<p|K|y—ﬂ>exp{15ﬂy}:KAexpj{ B =2( p)ﬂpr p( )}
2 2 (6.2.51)
exp i ay’+2(m-p)y exp i —dp® +2p(dm—bn)
2b 2b
Substituting the value of (6.2.51) in (6.2.49) results-
- 1 7
(PIR ) = VT27DM gy (PICas sy (- P) 3 [ Y (Y1 T)
A (6.2.52)

2 _ _ 2 _
eij{ay +2(m p)y}expj{ dp +2§édm bn)}

. [ —dp®*+2p(dm—bn)—dm?
M(a,b,c,d,m,n) ( p)G(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)exp J { P p( b ) } (6253)

Similarly it can proved that the OLCT of r, . (x) =(f *(g*m)) is-

(PIR ()= (i27D)

| —dp?+2p(dm—bn)—dm? (6.2.54)
exXp | |: ( b ) F(a,b,c,d,m,n) (_ p)G(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p)

Therefore, from (6.2.53) and (6.2.54), it has been proved that-
[(f*g)*m)(x);t(f*(g*m))(x) (6.2.55)

This proves that the proposed cross-correlation theorem for OLCT does not satisfy the
associative law.
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c)  Distributive property:

If Fopcamn(P) is the OLCT of f(x), Glapcamn(P) is the OLCT of g(x) and

M apeamn (P) is the OLCT of m(x) then as per the distributive property

(f *(g +m))(X)<ﬂ—>(j2ﬂb) eXloj{—Ollo2 +2p(dm—bn)_dm2}

2b (6.2.55)
F(a,b,c,d,m,n) (_ p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p) }
and
_ 2 _ _ 2
(f ~)A(g + f imj(x)&(lzﬂb) exp ]{ dp +2p(d2|2 bn) dm }
(6.2.56)
{ I:(a,b,c,d,m,n) (_ p) G(a,b,c,d,m,n) ( p) + I:(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p) }
(3 AP PR
ie. kf*(g+m)j(x):\f*g+f*m)(x) (6.2.57)
Proof: Considering the L.H.S. of (6.2.56)
A A “ ~a
Fgvm (X) :(f *g+ f *m) (x)= Idy(y| f)(x+ y|g)exp{16y.(x+ y)}
- (6.2.58)

+idy<y| f><x+y|m>exp{igy-(x+y)}

Taking OLCT of (6.2.58)

ng+fm(p)=1/j2iﬂbjf dx (P K [X){X| Ty, ) (6.2.59)

Substituting the value of Iy, (X) in (6.2.59) results in-

Ry.m(p) = szﬂbzdxle | x>ﬁdy<y| F)(x+y] g>exp{j%y'(x+y)} (6.2.60)

+zdy<yl f><X+y|m>eXp{i%V-(X+y)H

Substituting x+y=x' i.e. x=x'—y and y=Y in (6.2.23), then dxdy =dx’dy [70] and
then replacing x’' by x, results-

Ry (p)= jziﬁb]idx<p| K| x—y)ﬁodﬂyl f)(x] g>exp{j%yx} 6261

+de<YI f)(x m>exp{j%yXH
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Rearranging (6.2.61) results in-

Ry.m(P)= 2ﬁbﬂdxdy JI y><y|f><><|g>exp{15y><}+
(6.2.62)

—,,bf J axay (pI K Ix-y)y f><X|m>exp{j%yx}

—00 —0

Rewriting (p| K |x—y) explicitly, results in-

.a
(pl KIX—y>eXp{JBxy}=

KAeij{a(x y) +dp®+2(m p);))( y)+2ayx—2p(dm bn)} (6.2.63)

Rearranging (6.2.63) results-
(PIK[x~-y exp{; }

6.2.64
.{ax +ay +dp2+2x(m—p)—2y(m—p)—2p(dm—bn)} ( )
KaeXp b
Substituting the value of (6.2.64) in (6.2.62) results-
«/ dedy (ylt)(xlg).
[ ax® +ay?+dp® +2x(m—p)-2y(m—p)-2p(dm—bn
KAepr{ y* +dp? + 2x( |02)b y(m—p)-2p( )}+
(6.2.65)
JzﬂbLJ;dxdy<y|f><X|m>.
| ax® +ay® +dp® + 2x(m—-p)-2y(m—p)-2p(dm—bn
KAepr{ y* +dp® + 2x( |02)b y(m—p)—2p( )}
Multiplying and dividing (6.2.65) by KAexpj{dp _Zp(dm_b”)}. /_1 results-
2b j27b
Ji2ab | —dp*+2p(dm—bn
Ry im(P) = ¥ dedy (y1 f)(x]g). exp{ P”+2p )}
j2nb ° < Ka 2b
<2 expj{ax%ay +2dp® +2x(m - p) - 2y(m—p)—4p(dm—bn)}
2b
ﬁ o+ 2p{dm—br) (6.2.66)
J .| —dp“+2p(dm—bn
2 L_jwdxdy y 1) m). expj[ > }
" eij{ax +ay’ +2dp® +2x(m - g)b 2y(m—p)—4p(dm—bn)}

Rearranging (6.2.66) results-
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Rigs m ( p) :(jZ”b)EXp J{

—dp® +2p(dm—bn)—dm?
2b

(6.2.67)
{ F(a,b,c,d,m,n) (_ p) G(a,b,c,d,m,n) ( p)+ I:(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p) }
Utilizing the linearity property of OLCT, (6.2.67) can be written as-

—dp® +2p(dm—bn)—dm?
2b

ng+fm(p):(-l27zb)exp J|: (6 2 68)

I:(a,b,c,d,m,n) (_ p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p) }
Similarly it can proved that the OLCT of r . (X) :( fx(g+m))(x) is

Ri(gem) ( p) = ( jZ”b)

—dp’ +2p(dm—bn) —dm’ 6.2.69
WSS o220

2b

:| F(a,b,c,d,m,n) (_ p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p) }

Therefore, from (6.2.68) and (6.2.69), it has been proved that-
(3 Yoo hasta
Kf*(g+m))(x):Kf*g+f*m)(x) (6.2.70)

This proves that the proposed cross-correlation theorem for OLCT satisfies the distributive

law.

d) Even function:

If F

(abcdmpn)

(p) isthe OLCT of f(x) and G, 4. (P) isthe OLCT of g(x) then

(f igj(x)&)

(6.2.71)
_ . [ —dp?+2p(dm—bn)—dm?
A/ JZﬂb exp J { ( 2b ) F(a,b,c,d,m,n) (_ p)G(a,b,c,d,m,n) ( p)
( f % g] (—X) 2
6.2.72
: .| —dp®+2p(dm—bn)—dm? ( )
Ji2zbexp j b F(a,b,c,d,m,n) (p) G(a,b,c,d,m,n) (=p)
(g% f)(-x)e0ers
(6.2.73)

_ | —dp? +2p(dm—bn)—dm?
\ J2ﬂb 28 { ( 2b ) I:(a,b,c,d,m,n) (_ p)G(a,b,c,d,m,n) ( p)

and as per evenness property
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(fig)( )i(fig)( X) (6.2.74)

(fig)() (gif)( X) (6.2.75)
Proof: Considering the L.H.S. of (6.2.73)

(9 =(o% 1)) = [ aytylahy—xi Hhewn i S yly-)} 6.2.76)
Taking LCT of (6.2.76)

Ry:(P)= jziﬂbidx@uqx)(—x\rgf) (6.2.77)

Substituting the value of <—x‘ rgf> in (6.2.77) results-

Rgfl(|o)=4/j2%[b]E ox(pIK 1) [ ey(y1a)y-x1 f)exp i 2y(y )| (6279)

Substituting x+y=x" i.e. x=x"—y and y=Y in (6.2.23), then dxdy =dx’dy [70] and
then replacing x" by x, results-

Ry (P) = 27zbj _[dydx (pIK|x+y)(ylg)(- x|f>exp{ Jny} (6.2.79)

—00 —00

Rewriting (p| K |x+y) explicitly, results in-

<p|K|x+y>exp{—j§xy}=

2 2 _ _ _ _
KAeij{a(Xer) +dp® +2(m p)£z+y) 2ayx—2p(dm bn)} (6.2.80)

Substituting the value of (6.2.80) in (6.2.79) results-

Rys(p) = jz—ﬂbffdydx<y|g><—x|f>

—00 —00

la(x+y) +dp?+2(m=p)(x+y)-2ayx—2p(dm—bn
KAepr{( y) +dp’ +2( p)gb y) - 2ayx - 2p(dm bn)

} (6.2.81)

Multiplying and dividing (6.2.81) by exp j {‘dp * Zgédm‘b”)}. / _Zlﬂb results-
j
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27D
Rgfl(p): 127Z'b

o0

] Tdde<y|g><—XI f><p|K|X><p|K|y>.expj{_dp2+2p(dm_bn)}

o e 2b
(6.2.82)
Rearranging (6.2.82) results-
Ry (P) = T27.exp | {—dlo2 + Zsédm - bn)} Gapodmn (P)Fapedmnn (—p) (6.2.83)
From (6.2.74) and (6.2.83), it concludes that-
( (

A A

* =[ QX —
LFxe)(9)={g*f)(-x)
From (6.2.71) and (6.2.72), it concludes that-

(fig)(x)i(fig)(—x)

This proves that the proposed cross-correlation theorem for OLCT is not an even function of

delay.

6.2.2  Proposed Auto-Correlation Theorem for OLCT

If F

(abcdmpn)

( p) iS the OLCT Of f (X) ! then JZﬂb I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)

72—L(dp272 p(dmfbn))

e is the OLCT of m(x) i.e.

g2 m-bn
L2250 [m(x)]() = VTZ2D Foyp i (~P) e (P 2 (6284)

where, m(x)z[f * fj(x):

f(y) f(x+y)¥(x,y)dy, is the weighted cross-correlation

é'—zS

.a
iTy(x+y)

A
and the weight function is §(x,y)=K,e™® and. The operation * indicates the proposed

correlation operation.

Proof. The proof is obvious. Auto-correlation is the cross-correlation of a signal with itself.
6.2.2.1 Properties satisfied by proposed auto-correlation theorem for OLCT

The following properties are satisfied by the proposed auto-correlation theorem for OLCT
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a) Commutative property:

If F

(abcdmn)

A —— .| -dp’+2p(dm-bn)-dm?
( f * f) (X)&) Jzﬂbexp J { p p( ) } F(a,b,c,d,m,n) (_p) F(a,b,c,d,m,n) ( p)

(p) isthe OLCT of f(x) , then as per the commutative property-

2b
(6.2.85)
and

A —— . |-dp*+2p(dm-bn)-dm’
( f * f) (X)(&) J2ﬂb 'exp J { p p( 2b ) } F(a,b,c,d,m,n) ( p) F(a,b,c,d,m,n) (_p)

(6.2.86)

(6.2.87)
Proof: From (6.2.31)

: | —dp? +2p(dm—bn)—dm?
< p | Rgf > =< j27Z‘b€Xp J { ( 2b ) ' F(a,b,c.d,m,n) (_ p) I:(a,b,c,d,m,n) ( p)

(6.2.88)

where, (p|Ry ) represents the OLCT of the cross-correlation of (y|f) and (x|g) ie.

A
(f *g)(x). Replacing (x| g) with (x| f) and G, .4 (P) With B, . (p) in (6.2.88)
results OLCT of auto-correlation operation as-
e | —dp?+2p(dm—bn)—dm?
< P | Rﬁ > - JZﬂb'eXp J { ( 2b ) ’ I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)

(6.2.89)
This expression does not change by changing the order of commutating the function.

Therefore, auto-correlation operation satisfies the commutative property.
b)  Associative property:

If F

(abcdmn)

(p) is the OLCT of f(x), then as per the associative property-
A A
((f * f] * f] (x) = (j2ab)

s b (6.2.90)
expj{_ p?+2p(dm—bn)—dm }F

b (a,b,c,d,m,n) ( p) I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)
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[f i[f * f)](x)&(jzﬁb)

do? 4 20(d ] dn? (6.2.91)
.expj{_ P~ p( M= n)— m }F

b (a,b,c,d,m,n) ( p) I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)

e [(fif)if](x);t(fi(fifjj(x) (6.2.92)

Proof: From (6.2.54)

<p|Rf(gm)>=(127Zb)
_dn? b dm? (6.2.93)
expj{ dp? +2p(dm—bn)—dm }

b F(a,b,c,d,m,n) (_ p)G(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p)

A A
where, <p|Rf(gm)> represents the OLCT of the correlation operation (f *Kg*m))(x).

Replacing (x|g) and (x|m) with (x|f) and G, 4nn(P) and M, . (p) with

F

(a,b,c,d,m,n)

<p|Rf(ﬁ)>:(j27[b)

. [ —=dp®+2p(dm—bn)—dm?’ (6.2.94)
exp ) { ( b ) F(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) (_ p) I:(a,b,c,d,m,n) ( p)

(p) in (6.2.93) results OLCT of correlation operation as-

A A
where, < P Rf(ﬁ)> represents the OLCT of correlation operation (f *(f * f)) (x).

From (6.2.53)

<p|R(fg)m>=(j2”b)
[=dp?+2p(dm—bn)—dm?] (6:2.95)

A A
where, (p|R ) represents the OLCT of the correlation operation ((f *g) *m)(x).

Replacing (x|g) and (x|m) with (x| f) and G, 40, (P) and M, .. (p) with

F

epedmn (P) i (6.2.95) results OLCT of correlation operation as-

< Y | R(ff)f > = ( JZ”b) I:(a,b,c,d,m,n) ( p) F(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)

_ [ —dp®+2p(dm—bn)-dm?
expj{ P~ p( ) } (6.2.96)

b
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* >
—
N—
* >
—h
N—
—_
>
SN—

where, <p|R(ﬁ)f> represents the OLCT of correlation operation ((f
Therefore, from (6.2.94) and (6.2.96) it has been proved that-
(( A A j ( A A j
* f | % x| fx
Kf f) f (X)i f kf f) (X)
This confirms that the proposed auto-correlation theorem for OLCT is not satisfying

associativity property in conformity of its claim of generalization of analogous identity of FT.
c)  Distributive property:

If F

(abcdmn)

(p) is the OLCT of f(x), then as per the distributive property-

(f i(f + f)j(X)ﬁe(jzﬂb) expj{—dp2+2p(dm—bn)_dm2}

2b (6.2.97)
I:(a,b,c,d,m,n) (_ p) { F(a,b,c,d,m,n) ( p)+ I:(al,b,c,d,m,n) ( p) }
and
_ 2 _ _ 2
(fif+fif)(x)<—>°L°T (jZﬂb).Eij{ & +2p(d2n; bn) —dm
(6.2.98)
{ I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p)+ I:(a,b,c,d,m,n) (_ p) F(a,b,c,d,m,n) ( p) }
e, [fx(re0)) ()= fxsixt]) (6.2.99)
e | = ) 2
Proof: From (6.2.68)
_ [ —dp®+2p(dm—bn)—dm?
ng+fm(p)=(127zb)exp1{ P p(2b ) } 62,100
{ F(a,b,c,d,m,n) (_ p) G(a,b,c,d,m,n) ( p) + I:(a,b,c,d,m,n) (_ p) M(a,b,c,d,m,n) ( p)}
Utilizing the linearity property of OLCT, (6.2.100) can be written as-
_ | —dp® +2p(dm—bn)—dm?
Ry )= 2ab)oxp |~ 2L sa10m

F(a,b,c,d,m,n) (_ p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p)}
Replacing (x|g) and (x|m) with (x| f) and G, q4nn(P) and M, .. (p) with

Fancomn (P) in (6.2.101) results OLCT of correlation operation as-
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) .| —dp? + 2p(dm—bn) — dm?
Rﬁ+ﬁ(p)=(12ﬂb)expj{ i p( ) }

2b (6.2.102)
F(a,b,c,d,m,n) (_ p) { F(a,b,c,d,m,n) ( p) + F(a,b,c,d,m,n) ( p)}
From (6.2.68)
: | —dp®+2p(dm—bn)—dm?
Ry )= izt |~ 2EE) 0 o

I:(a,b,c,d,m,n) (_ p) {G(a,b,c,d,m,n) ( p) + M(a,b,c,d,m,n) ( p)}

Replacing (x| g) and (x|m) with (x| f) and G, .. (P) and M, . (p) with

F

abcdmn (P) in(6.2.103) results OLCT of correlation operation as-

) | —dp? +2p(dm—bn) — dm?
Rﬁ+ﬁ(p):(12”b)9)(pl{ i p( ) }

2b (6.2.104)
F(a,b,c,d,m,n) (_ p) { F(a,b,c,d,m,n) ( p) + F(a,b,c,d,m,n) ( p)}
Therefore, from (6.2.102) and (6.2.104), it has been proved that-
(3 AP S
Kf*(f+f))(x):Kf*f+f*f)(x) (6.2.105)

This proves that the proposed auto-correlation theorem for OLCT satisfies the distributive

law.
d) Even function:
If Fopeamn(P) isthe OLCT of f(x), then-

(15 1] ()2 JT220

2 2 (6.2.106)
eij{—dp +2p(dm—bn)—dm }F

2b (a,b,c,d,m,n) <_ p) F(a,b,c,d,m,n) ( p)

(15 1)), [

.| —dp? + 2 p(dm —bn) —dm?
eXp J { ( 2b ) I:(a,b,c,d,m,n) ( p) I:(a,b,c,d,m,n) (_ p)

(6.2.107)

and as per evenness property-

(15 0)00=( 151 (0 (6.2.108)
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Proof: From (6.2.83)
< p | Rgf1> =

6.2.109)
_ [ —dp®+2p(dm—bn (
R f JZﬂ'beXp J { Zé )} G(a,b,c,d,m,n) ( p) F(a,b,c,d,m,n) (_ p)

A
where, (p|R,,) represents the OLCT of the correlation operation (g* f)(—X). Replacing

(xIg) with (x| f) and G, 4y (P) With F . (Pp) in (6.2.109) results OLCT of

correlation operation as-

dp® +2p(dm—bn)

< p | Rf'fl> \ 127Zbexp J {_ 2b } F(a,b,c,d,m,n)( p) F(a,b,c,d,m,n) (_ p) (62110)

where, Rﬁl( p) represents the OLCT of (f f)( )

Similarly, from (6.2.72)

— ~dp® +2p(dm-bn
<p | ng> JZﬂb eXp J { p p( )} F(a‘b‘c,d,m‘n) (_ p)G(a,b,c,d,m,n) ( p) (62111)

2b
A
where, <p|ng> represents the LCT of the correlation operation (f*g)(X). Replacing

(x1g) with (x| f) and G, nn(P) With .. (P) in (6.2.111) results OLCT of

correlation operation as-

, dp’ +2p (dm—bn)
<p|Rﬁ>=«“27fbeXpJ{ }Fabcdmn (ab,c,d,m,n)(p) (62112)

where, Ry (p) represents the OLCT of \f f)( ) Therefore, from (6.2.110) and (6.2.112),
it has been proved that-

(15 0) (=15 1) (0

Therefore, it can be summarized that the proposed auto-correlation theorem for OLCT is an
even function. Therefore, the proposed auto-correlation theorem for OLCT is satisfying

commutative and distributive law whereas associativity is not being satisfied by this theorem.
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6.2.3  Comparative Analysis of Proposed Correlation Theorem with the existing
theorems for OLCT

The correlation theorem in OLCT domain given by Xiang et al. [115] is compared with the
proposed correlation theorem by using simulation. The correlation operation of a rectangular
function x(t) of unit amplitude is performed with it and as a result of correlation operation,
triangular function is obtained of double duration from the rectangular function as shown in
Figures-6.1 and 6.4 respectively. Then the OLCT of the triangular function is evaluated for
different values of (a,b,c,d,m,n) with and without considering the effect of time-shifting
and frequency-modulation as shown in Figures-6.2 and 6.5 respectively. Simultaneously, the
OLCT of the triangular function is also evaluated for the same values of (&,b,c,d,m,n) to make
a comparison. It has been shown in Figures-6.3 and 6.6 that how time-shifting and frequency-
modulation variables help to approach the real (Re), imaginary (Im) and absolute (Abs)

values of the OLCT of triangular function. Also the correlation operation defined by
Xiang et al. [115] is compared with the OLCT of the proposed correlation operation

for (a,b,c,d,mn)=(0.707,0.707,-0.707,0.707,0.12,0.14) and (a,b,c,d,m,n)=(0.707,0.707,

—0.707,0.707,0.12,0.14) as shown in Figures-6.3 and 6.6 respectively. From Figures-6.3 and

6.6, it has been shown that the real, imaginary and absolute components to the OLCT of the
proposed correlation theorem resembles maximally to the different components of the OLCT

of triangular function.

xtl
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0.8l
0.6+
04+

02"

‘ ‘ e ‘ Lt
01.0 0.5 0.0 0.5 1.0 15 2.0
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Figure-6.4: (a) Rectangular function x(t) and (b) Correlated signal (X* Xj(t) i.e.

triangular function.
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(x*x)(t)for triangular function, Xiang et al. [115] method, and the proposed method

for (a,b,c,d,m,n)=(0.707,0.707,-0.707,0.707,0,0)..
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6.3 DIsSCUSSIONS

In this chapter, initially a brief introduction to OLCT/SAFT and its properties has been given.
OLCT is different from FRFT/LCT as it allows shifting/translation, rotating and squeezing of
a signal to fit within a fixed window as compared to only rotation in case of FRFT/LCT.

A modified expression for the convolution and correlation integral for OLCT has been
introduced after successful derivation with quantum mechanical representation. This can be
treated as convolution and correlation theorems for OLCT and enhances the support for
OLCT for its consideration as an integral transform.

The proposed definition satisfies all the properties of classical convolution theorem for FT,
FRFT and LCT, i.e. the commutative property, associative property and distributive property.
As can be seen from the simulation results of Figures-6.2 and 6.5, the proposed weighted
convolution theorem is giving results better than the convolution theorem given by Xiang et
al. [115]. The results determined by the proposed theorem are closer in shape and of
matching values to the OLCT of a triangular function. The results determined by the
convolution and correlations expression of Xiang et al. [115] have more oscillations in both
real and imaginary components as it is visible from the Figures-6.2 and 6.5 for different value
of OLCT variables. These oscillations are significant and present due to the chirp signal
included in the calculation of convolution and correlation integral by Xiang et al. [115],
which also contains variable of the transformed domain. The effect of time-shifting and
frequency-modulation can be seen from Figures-6.3 and 6.6. By changing the value of time-
shifting and frequency-modulation variable results are almost exact match to the OLCT of

triangular function as compare to LCT.
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CHAPTER /

CONCLUSIONS AND FUTURE SCOPE OF
WORK

Reasoning draws a conclusion, but does not make the conclusion certain, unless the mind

discovers it by the path of experience.

- Roger Bacon (1214-1294)
7.1 CONCLUSION

This study derives the convolution and correlation theorems in the LCT domain and
implement these theorems in the signal processing applications. The derivation is taken out
by using the Dirac’s representation theorem of quantum mechanics. Quantum version of LCT
is direct and concise because various properties of LCT can be derived directly. Based upon
the proposed convolution theorem, an application of multiplicative filter for LCT domain has
been implemented and found to be better MSE as compared to fractional domain filtering and
frequency domain filtering. Based upon the proposed methodology used to derive the
convolution and product theorem, an improved correlation theorem has been derived for LCT
and power spectrum density analysis of FM wave has been analyzed for different values of
LCT variables. Finally, weighted convolution and correlation operations has been derived for
the OLCT.

Before implementing the multiplicative filter based upon the proposed convolution
theorem, an examination is done (both analytically and through simulation) for the behavior

of different signal processing window functions in the time-frequency plane of the LCT
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domain. The closed-form analytical expression of the behavior of Dirichlet, Generalised
Hamming and Bartlett window functions is established, utilizing various special
mathematical functions in the LCT domain. It has been shown that the LCT of Dirichlet,
Generalised Hamming and Bartlett window functions is directly dependent on the LCT

variables (a,b,c,d), thus exhibiting the flexibility of various applications in signal processing.

It is also observed that for Dirichlet window function, for different values of LCT
variables, the MSLL decreases from -11.91 dB to -13.14 dB, half main lobe width (HMLW)
increase from 0.13 bins to 0.81 bins, -3 dB BW increase from 0.14 bins to 0.89 bins, -6 dB
BW increase from 0.19 bins to 1.21 bins and SLFOR starts increasing from -6.30 dB/octave
to -6.00 dB/octave. For Hamming window function, the MSLL decreases from -44.02 dB to -
43.98 dB, HMLW increase from 0.44 bins to 1.92 bins, -3 dB BW increase from 0.20 bins to
1.30 bins, -6 dB BW increase from 0.29 bins to 1.81 bins and SLFOR starts decreasing from -
5.70 dB/octave to -6.00 dB/octave. Similarly for triangular window function, the MSLL
decreases from -26.94 dB to -26.41 dB, HMLW increase from 0.30 bins to 1.62 bins and
SLFOR starts increasing from -12.03 dB/octave to -12.00 dB/octave.

Thus, it is revealed that there is a variation in the window function parameters with the
variation in the LCT variables (a,b,c,d) and a best optimal solution can be obtained for the

variety of practical applications such as, image compression etc. Efforts have also been made
to choose the most convenient parameter adjustment to reduce the side lobe effect and to
increase the intensity of the main lobe. Also the results discussed in the above technique can

be beneficial to reduce the undesirable effects of the spectral leakage.

In literature, many existing definitions of the convolution and correlation theorems for
LCT has been documented as illustrated in Chapter-2. To remove the various ambiguities of
existing methods, a weighted convolution theorem along with weighted product theorem for
LCT has been established. Subsequently, it has also been shown that the proposed definition
of convolution theorem satisfies the basic properties which are being observed compulsorily
by a convolution theorem. To validate the improvement of the proposed convolution theorem,
a multiplicative filter has been implemented and a comparative analysis of LCT domain
filtering has been performed with that of fractional domain filtering and frequency domain
filtering. It has been observed that LCT takes the advantage of its three free variables as
compare to one free variable of FRFT and no free variable of FT and gives minimum MSE

for different values of SNR.
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Based upon the proposed methodology to derive the proposed convolution theorem, a
weighted cross-correlation and auto-correlation theorem for the LCT has been derived to
remove the various discrepancies in the existing definitions. To validate the improvement of
the proposed correlation theorem, an analysis of number of chirp functions in the context of
hardware complexity has been done and it has been found that only nine chirp functions are
required as compared to twelve for the theorem proposed in the literature. Further with the
help of simulation, it has been shown that results obtained from the proposed theorems are
closer to the required shape as compared to that of literature. The simulation results obtained
from the correlation theorem derived in the literature are more oscillatory because of the
presence of more chirp signals included in the calculation of correlation integral. Thereafter,
the basic properties that must be observed by cross-correlation and auto-correlation theorems
are discussed and derived in detail for the first time for LCT. Subsequently, the utility of
proposed definition of weighted correlation theorem for the LCT is established successfully
in power spectrum density analysis of FM signal and it has been found that same FM signal

can be transmitted with less BW.

Finally, the proposed technique used to derive the convolution theorem for LCT is used to
derive convolution and correlation theorem for OLCT. OLCT is a time-shifted and
frequency-modulated version of the LCT. It is a six variable class of integral transform with
one constraint, which plays an important role in many fields of signal processing. Further a
comparison of the proposed convolution and correlation theorems is done with that of the
existing definitions. It has been found that the proposed theorems are better and befitting
proposition. By making use of time-shifting and frequency-modulation variables of OLCT, it
has been shown that one can shift the time-frequency plot of a signal in horizontal (time-
shifting) and vertical direction (frequency-modulation) and with the help of simulation, it has

been shown that the proposed results exactly maps the desired results.

“The signal corrupted by many noise sources with different orientations can be recovered
successfully using multiplicative filtering which is generated with the help of convolution

and correlation theorems developed for OLCT.”
7.2 FUTURE ScoPE OF WORK

“No one ‘discovers’ the future. The future is not a discovery. The future is not a destiny. The

future is a decision based on a continuous effort starting from the past, motivated by the
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present which certainly leads success thereafter. In the long run, it is the cumulative effect

that matters. One can do much. And one and one and one and one can move mountains”.

Initiated by this thought, all the reported work in this thesis leads to their respective

extensions that will strengthen their impact and role in real life applications. The desired and

expected extensions are termed here as the future scope of the reported work which can be

outlined as —

(i)

(i)

(iii)

(iv)

v)

(vi)

An efficient algorithm for canonical filter design, especially the algorithm to choose
the optimal value of LCT variables (a,b,c,d) could be designed.

The design model of multiplicative filter based upon the proposed convolution
theorem, could be simulated for a more powerful transform i.e. OLCT, which is a
six-variable transform and has the flexibility of time-shifting and frequency-
modulation.

The proposed methodology to derive the convolution and correlation theorems
could be used to derive theorems that can be applicable for two-dimensional
applications of LCT.

Further work to develop the discrete LCT that has additivity property, less
constraints, easy to implement, and has good performance for practical application
could be considered. Some of the existed discrete LCT’s have no additivity
property, some have too many constraints, and some are hard to implement, and
some have worse performance for practical application.

Since LCT is more flexible that FRFT because it has three free variables as compare
to one free variable of FRFT. More work has to be done in the field of image
processing such image compression, image enhancement, watermarking and
encryption etc.

S transform as a time-frequency distribution is a generalization of the Short-Time
Fourier transform (STFT), extending the continuous Wavelet Transform (WT) and
overcoming some of its disadvantages. Based upon the S transform, Linear
Canonical S Transform (LCST) has been introduced and it is an open area for

research.
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