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Chapter-1
INTRODUCTION

Throughout p denotes a prime number. Let G be a finite group. We denote by G', Z(G), ®(G),
Aut(G) and Inn(G), respectively the commutator subgroup, the center, the Frattini subgroup, the
automorphism group and the inner automorphism group of G. A non-abelian group G is called
purely non-abelain if it has no non-trivial abelian direct factor. If G and H are two groups, we
denote by Hom(G, H) the set of all homomorphisms from G to H. Note that if H is abelian, then
Hom(G, H) is an abelian group with the binary operation defined by (fg)(x) = f(x)g(x) for
all f,g € Hom(G,H) and for all x € G. An automorphism « of G is called a central
automorphism if x~1a(x) € Z(G) foreach x € G.

The set of all central automorphisms of G, denoted by Aut,(G), fixes G’ elementwise and
form a normal subgroup of the full automorphism group of G. We denote by AutZ(G) the group
of all central automorphisms of G fixing Z(G) element-wise. Curran and McCaughan [3]
characterized finite p-groups G for which Aut,(G) = Inn(G). They proved that if G is a finite p-
group, then Aut,(G) = Inn(G) ifand only if G' = Z(G) and Z(G) is cyclic.

In [2] Attar proved that if G is a finite p-group, then AutZ(G) = Inn(G) if and only if G
is abelian or G is nilpotent of class 2 and Z(G) is cyclic. In [5] Curran gave necessary and
sufficient conditions on finite p-group G of nilpotency class 2 such that each central
automorphism of G fixes the center of G element-wise (that is Aut,(G) = AutZ(G)). In [7]
Yadav gave a similar characterization for finite p-group G of nilpotency class 2 such that each
central automorphism of G fixes the center of G element-wise.

Attar in [8] generalized Yadav [7] and Curran’s [5] result. He find necessary and
sufficient condition for a finite p-group of arbitrary nilpotency class such that Aut,(G) =

AutZ(G). We explain his results in our thesis.



Let G be a finite p-group. Let

G/G" = Cpar X Cpaz X ...X Cpay,
where C,q; is a cyclic group of order p*,1 <i<k,anda; = a, =...=2 a, = 1.
Let

G/G'Z(G) = Cppr X Cpbp X ... X Cpy

and

Z(G) = Cper X Cpez X ... X Cpyem
where by =2 b, >...2b;=>1,andc; =2 ¢, =...2 ¢, = 1.

Since G/G' Z(G) isaquotient of G/G',wehave l < kand b; < q; forall 1 <i < L

The following theorem is the main theorem of our thesis:
Theorem: Let G be a non-abelian finite p-group. Then Aut,(G) = AutZ(G) if and only if
Z(G) <G or Z(G) < P(G),k =1and c; < b, where t is the largest integer between 1 and k

such thata, > b, .



Chapter-2
PRELIMINARIES AND NOTATIONS

Definition 2.1 (Center of a Group)

The center Z(G), of a group G is the subset of elements in G that commute with every element of
G.Insymbols,Z(G) ={a € G | ax = xa Vx € G}.

The center is a subgroup of G.

For example, If G = D, = {x,y | x? = 1,y* = 1,yx = xy3}, then Z(G) = {1,y?}.

Remark: G is abelian iff Z(G) = G.

Proposition 2.2 Z(G) is a normal subgroup of G.
Proof: Since e € Z(G), so Z(G) is non-empty.

Now we will show that Z(G) is a subgroup of G.
Leta € Z(G),s0ax =xa Vx € G
>alx=xalVxeG

=>aleZ(6).

Leta,b € Z(G),thenax = xaand bx =xb Vx € G
= abx = axb =xab Vx€G

= ab € Z(G)

Therefore Z(G) < G.

Now we will show that Z(G) is normal in G.
Leta € Z(G), g € G be any element.
Now gag™ = gg~'a = a € Z(G). So Z(G) is normal in G. O

Theorem 2.3 Let G be a group and Z(G) be the center of G. If G/Z(G) is cyclic then G is
abelian.
Proof: Let gZ(G) be a generator of the factor group G/Z(G), and let a,b €G.



Then there exists integers i and j such that

aZ(G) = (9Z(G))' = g'Z(G)
and bZ(G) = (9Z(G))’ = g’Z(G)

Thus,a = g'x for some x € Z(G)

and b = g’y for some y € Z(G)

Now ab = (9'x)(g’y) = g'(xg’)y
= g'(g’x)y, since x € Z(G)
= (g'9")(xy) = (g79") (yx)
= (9’y)(g'x), since y € Z(G)
= ba

Hence G is abelian. [l

Definition 2.4 (Commutator)

If a, b € G, the commutator of a and b denoted by [a, b] and defined by [a, b] = a~*b~ab.

Definition 2.5 (Subgroup generated by subset of a Group)
Let S be a subset of a group G. A subgroup H of G is said to be subgroup generated by S if it
satisfies the following conditions.
1. SCH
2. If K is any subgroup of G suchthat S € K then H € K.
We denote the subgroup generated by S by (S).

Definition 2.6 (Rank of a Group G)
The rank of a group G is the minimal size of a generating set of G, and is denoted d(G). That is

d(G) = min{|X| : X € G,(X) = G}. For example,d(D, ) = 2.



Definition 2.7 (Commutator Subgroup)

The commutator subgroup G’ of a group G is the subgroup generated by all the commutators of
x and y. (That is, every element of G’ has the form a,"1a,"a3"..... a;', where each a; has the
form x~*y~'xy, each i; = +1, and k is any positive integer. )

For example, If G = D,, then Z(G) = {1, y?}.

Remark: G is abelian iff G' = {e}.

Lemma 2.8 If S is any non-void subset of a group G, then the subgroup (S) of G generated by S
is the set of all finite products of the form a,a,as..... a,, where for each i, either a; € S or
a;~1 € S and n is any positive integer.

Proof: Let H be the set of all finite products of the form a,a,as..... a,, , where for each i, either
a; € Sora;~! € S and n be any positive integer.

Consider x = a;a,as..... a,,y = byb,bs..... b, in H.

Then xy = a;a,as..... a,bibybs..... b, is a product of finite number of elements a;b; such that

either the factor or its inverse is in S, consequently xy € H.

Further x~! = a, ta,_; ... a, ta,

Consider any a;~1. Since a; or ;" is in S, and a; = (a;7)™%, we see that either a;~! or
(a;7H)7tisin S, hence x~1 € H. This proves that H is a subgroup of G.

Clearly, S <€ H. Consider any subgroup K of G containing S. Then for each a € S, we have
a € K and hence a™! € K. Thus if x = a,a,4as.....a,; a; € Sora;"t € S, is any element of H,
thenx € K,sincea; EK V i.

Hence H € K. This proves that H is the subgroup of G generated by S. (]

Theorem 2.9 Let G be a group and G’ be its commutator subgroup, then

1. G'isanormal subgroup of G.

2. For any normal subgroup H of G, G/H is an abelian group if and only if H contains G'.
Proof: 1. Leta,b € G, since (a"tb~tab)™! = b~Ya"'ha is again a commutator, it follows from

the above lemma that each element of G’ is a product of finite number of commutators.

10



Consider x € G', thenx = g,9,93 -.... g Where foreachi =1,2,..... ,t, g 1S a commutator, so
that g; = a;~'b;”'a;b; for some a;, b; € G.

Now forany a € G,a 'xa = (a 1g,a)(a 1g,a)..... (a tg.a).

Further

a~lg;a = a ta;"'h; 'a;b;a = (a 'a;a) " H(a"th;a)"1(a"ta;a) (@ h;a) = c~'d~cd; where
c =a ta;a, d =a 'bh;a.Thus a lg;a is again a commutator.

Hence a~1xa is a product of commutators; by definition a~1xa € G'.

2. Consider a, b € G. Let G/H be abelian. So abH = baH VY aH,bH € G/H.
Thus ab~tab € H. Thus H contains every commutator a~b~tab.

Consequently as G’ is generated by all the commutators, G’ < H.

Conversely let G' € H.Thena~*b~tab € G' givesa™'b~tab € H i.e abH = baH.
Thus (aH)(bH) = (bH)(aH) V aH,bH € G/H.So G/H is abelian. []

Definition 2.10 (Exponent of a Group)
Let G be a finite group. Let k be the least positive integer such that a* = 1 for all a € G. Then k
is called the exponent of G. Observe that k is the l.c.m of orders of all elements of G.

For example, the exponent of D, is 4.

Lemma 2.11 Let G be a finite group and let a € G be an element of order n. Then a™ = e if
and only if n is a divisor of m .

Proof: Firstly let n is a divisor of m . So there exists a positive integer g such that m = nq. Now
a™ =a™ = (a")? =e.

Conversely let a™ = e. Suppose m is not divisible by n. Dividing m by n, so m =nq +r
where g,y € land 0 <r <n.Thuse = a™ = a™*" = q™.a" = e.a” = a", a contradiction

Thus r = 0 and hence m is divisible by n. ]

Theorem 2.12 Let G be a group and a be an element of order m . Then

o(ak) = (mlk)'k € N.

11



Proof: Let o(a®) = t.Now a** = e but o(a) = m.Thus by lemma 2.11, m|kt .
Letd = (m, k). Thus d|m and d|k. Let m = m,d and k = k,d where (my,k,;) = 1. So

E=m1.

Thus we need to prove m; = t.
Now m|kt, so m;d|k,dt . Thus m, |k t, but (my,k;) = 1.
Hence m, |t (1)

Hence t|m, - (2)

From (1) and (2), wegetm, =t. L]

Definition 2.13 (Centralizer of a Subgroup)
If H is a subgroup of G, then by C;(H), the centralizer of H in G, we mean the set
{x€G|xh=hx V h€H}.

Proposition 2.14 C;(H) is a subgroup of G.

Proof: Letx € C;(H). Thenxh=hx V h€H

=> hx ' =x"1h VheH

=>x 1€ C;(H)

Let x,y € C;(H). Thenxh =hxandyh=hy V he€H

Now xyh = xhy =hxy V h€H

Soxy € C;(H)

Therefore C;(H) < G. O

Definition 2.15 (Normalizer of a Subgroup)

If H is a subgroup of G, then by N,(H), the normalizer of H in G, we mean the set
{x€G|xHx ! =H}.

12



Proposition 2.16 N;(H) is a subgroup of G.

Proof: Letx € N;(H).
ThenxH = Hx = x 'xHx ' =x"'Hxx '=> Hx ' =x"1'H

sox~! € N;(H).

Letx,y € N;(H), thenxH = Hx and yH = Hy
Now xyH = xHy = Hxy.So xy € N;(H)
Therefore N;(H) < G.

Proposition 2.17 If H < G, then H is normal in N;(H).

Proof: Forall a € H we have aH = Ha .

Since H € N;(H) i.e H is a subgroup of G contained in N;(H).
Also for all a € N;(H), we have aH = Ha .

So H is normal in N; (H).

Proposition 2.18 If H and K are subgroups of G and H is a normal subgroup of K, then
K € N;(H), i.e N;(H) is the largest subgroup of G in which H is normal.

Proof: Let H € K < G such that H is a normal subgroup of K and K is a subgroup of G.
Now we will show that K € N;(H).

Let k € K be any element, then Hk = kH, since H is a normal subgroup of K.

So by the definition of N;(H),k € N;(H)

Therefore k e N;(H) V k€K

Hence K < N;(H).

Proposition 2.19 H is a normal subgroup of G iff N;(H) = G.

Proof: Firstly, let H is a normal subgroup of G.

ThenV g € G,we have Hg = gH. S0 g € N;(H). Therefore G < N;(H).
But N;(H) < G always, hence G = N;(H).

13



Conversely let N;(H) = G.
Therefore No(H) ={x € G | xH = Hx} = G.SoxH = Hx V x € G.

Hence H is a normal subgroup of G. (]

Proposition 2.20 C;(H) is normal in N, (H).

Proof: Leta € C;(H),then ah = ha V h € H.

Let g € N;(H), then gH = Hg. Therefore g™*H = Hg=1.So g~*h = h,g~! for some h,h; € H
Now (gag™")h = gah;g~" = ghyag™ = h(gag™).

So C;(H) isnormal in N; (H). ]

Definition 2.21 (Conjugate elements)
If a, b are any two elements of a group G, then b is said to be conjugate to a if b = xax™? for

some x € G, and we write itas b~a .

Lemma 2.22 The relation of conjugacy in a group G is an equivalence relation.
Proof: Define a relation ~ on G as follows:

a~b iffa = ghg™! forsome g € G.

Let a, b, c be any arbitrary elements of G.

Since a = eae™!. Thus a~a .

Therefore ~ is reflexive.

Let a~b. So there exists g € G such thata = gbg™?.
Thus g~ tag = g 'a(g™)"* =b.So b~a.

Therefore ~ is symmetric.

Let a~b and b~c. So there exists g, h € G suchthata = ghg~! and b = hch™1.
Now a = ghg~! = g(hch™Y)g~! = (gh)c(gh)~1.So a~c.
Therefore ~ is transitive.

Hence the relation of conjugacy in a group G is an equivalence relation. []

14



Lemma 2.23 Let G be a group. Then the set of conjugacy classes of G is a partition of G.
Proof: Define a relation ~ on G as follows
a~b iffa = gbg™! forsome g € G.

By lemma 2.22, ~ is an equivalence relation on G.

The equivalence class of a in G is the set cl(a) = {gag™!| g € G}, which is also the conjugacy
class of a .

Thus the set of conjugacy classes of G is a partition of G. []

Lemma 2.24 (The Number of Conjugates of a)

Let G be a finite group and let a be an element of G. Then |cl(a)| = [G: C;(a)].
Proof: Consider a function T: cl(a) — G/Cg;(a) such that T(xax™1) = xC;(a).
Let xax~1, yay~! € cl(a), where x,y € G such that

T(xax™') =T(yay™)

= xCg(a) =yCs(a) > x "y € Cs(a) = x lya=ax1y

= xx lyay ! = xax lyy ! = yay ! = xax™?!

Therefore T is one-one.

Clearly for xC;(a) € G/Cg(a), where x € G, we have T(xax™1) = xC;(a)

Therefore T is onto. Hence |cl(a)| = [G: C;(a)]. O]

Theorem 2.25 (The Class Equation)
For any finite group G, |G| = X[G: C;(a)], where the sum runs over one element a from each

conjugacy class of G. []

Definition 2.26 (Maximal Subgroup)

Let G be a group. A subgroup N of G is called a maximal subgroup if
1. N=#GG.
2. ITN<H<G,thenH=NorH =G.

15



Definition 2.27 (p-group)

A group of order p™, where p is a prime, is called a p-group.

Theorem 2.28 Let G be a p-group. Then
1. Z(G) is non-trivial
2. Z(G) N N is non-trivial for any non-trivial normal subgroup N of G.
3. If H is a proper subgroup of G, then H is properly contained in N;(H).

4. Every maximal subgroup of G is normal.

Proof: First observe that cl(a) = {a} if and only if a € Z(G). Thus by culling out these
elements, we may write the class equation in the form
|G| = |Z(G)| + Xqex[G: Cs(a)], where X is a subset of G
contains exactly one element from each conjugacy class with more than one element.
1. By Lagrange’s Theorem, |C;(a)| | |G|
Now a € Z(G) © Cq(a) = G.Ifa & Z(G) then Cz(a) < G
= |Ce(@)| < p™*
= 1G] =p
|Cs (@)l
So[G:Cs;(a)] =p
= p [[G: C(@)] = p | XaexlG: Cs(a)]
= p | (1G] = Xaex[G: Ce(@)] ) i.e p | 1Z(G)]
So Z(G) is non-trivial.

2. Wehave G = Z(G) U (Ugexcl(a))
N=NNG=NnN(Z(G)VU (Ugexcl(a)))

= (NNZ(6)) U (N N (Ugex cl(@)
Hence |[N| = |Z(G) N N| + Ygexlcl(a) N N| (D

If a € N, then cl(a) c N. In this case cl(a) N N = cl(a).
Suppose a € N and cl(a) NN # @. Lety € cl(a) N N.
Theny € cl(a) andy € N. Lety = gag™t,where g € G

16



Then gag * € N = g 1(gag=1)g = a € N, a contradiction, so cl(a) N N = @.
Thuscl(a)NnN =cl(a)or® VaeX
= |cl(a)) nN]isOor|cl(a)|i.e0or [G:C;(a)]

Butp|[G:Cs(a)] VaeX.Sop||cl(a)nN| VaeX

= p|Laexlcl(a) N N|

Alsop | [N]

Therefore by (1), p | |Z(G) n N|. Hence Z(G) N N is non-trivial.

3. Let K be a maximal normal subgroup of G contained in H.
The quotient group G /K is of order p™ (r > 0)

Now by part-1, Z(G /K) is non-trivial.

Let L/K = Z(G/K).

Now L/K < G/K,s0 L<G.

Clearly L cannot be in H, because otherwise maximality of K is lost.
LetheH,leL,thenhK € G/K and IK € L/K

Because L/K = Z(G/K), sO

(K)(hK) = (hK)(IK)

= [hK = hlK = |"*hl € hK c H.

Therefore L c N;(H). This implies that H = N (H).
Because H c N;(H), it follows that H is properly contained in N (H).

4. If H is a maximal subgroup of G, then by part-3, H < N;(H) implies that
N, (H) = G; therefore by proposition 2.19, H 1 G. ]

Definition 2.29 (Group Homomorphism)
A homomorphism ¢ from a group G to a group G is a mapping from G into G that preserves the
group operation; that is, ¢p(ab) = ¢p(a)p(b) Va,b € G.

17



Some Standard Definitions

A monomorphism is an injective homomorphism.

An epimorphism is a surjective homomorphism.

An isomorphism is a bijective homomorphism.

An endomorphism is a homomorphism of a group to itself.

An automorphism is an isomorphism of a group with itself.

Definition 2.30 (Kernel of a Homomorphism)
The kernel of a homomorphism ¢ from a group G to a group G with identity e is the set
{x € G| p(x) = e}. The kernel of ¢ is denoted by Ker ¢.

Theorem 2.31 Let G and G be any two groups,e and e, their respective identities. If ¢ is a
homomorphism of G onto G. Then
1. ¢(e) =e.
2. ¢ is a monomorphism if and only if Ker ¢ = {e}.
Proof: 1. Since e.e.= e, p(e)p(e) = ¢p(e).
However ¢(e) € G gives ¢p(e) = eg(e).
Thus ¢p(e)p(e) = ep(e) = ¢(e) = &, by right cancellation in G.

2. Let ¢ be a homomorphism of a group G into a group G.
Suppose that ¢ is 1-1. Let x € ker ¢.

Then ¢p(x) = e.

Also by part-1, ¢(e) = é. Thus ¢p(e) = p(x) = x =e.
This proves that ker ¢ = {e}.

Conversely let ker ¢ = {e}.

Let x,y € G, be such that ¢p(x) = ¢(y).

Then p()p(y) ' =€ = p(xy ) =¢

= xy ! € ker ¢ = {e}

Sxyl=ex=y.

Hence ¢ is 1-1. ]

18



Definition 2.32 (Internal Direct Product of H and K)
Let H and K be normal subgroups of a group G. We say that G is the internal direct product of H
and K andwrite G = H X K if G = HK and H N K = {e}.

Definition 2.33 (Internal Direct Product of H; X Hy X ... X H,)
Let Hy, H,,..., H, be a finite collection of normal subgroups of G. We say that G is the internal
direct product of H;, H,, ..., H, and write G = H; X Hy X ... X H,, if

1. G = HiH,...H, = {hih,...h,|h; € H;}

2. (HyH,...H) NHy ={e}fori=12,...,n—1.

Theorem 2.34 (Fundamental Theorem of Finite Abelian Groups)

Every Abelian group G of order n is an internal direct product G = G; X G, X ... X G, Where G,
are cyclic subgroups of order n; such that n;,,|n; and the integers n; are uniquely determined.
Further n = nyn,...n;.

Proof: We prove the result by induction on o(G). If o(G) = 1, the result holds trivially.

Suppose o(G) = n > 1 and the result holds for all abelian groups of order < o(G).

Let n; be the exponent of G and g, be the element of G of order n;.

Let G; = (g1)- If G = G4, then G itself is cyclic. Let G # G,. Then

1<0(G/Gy) <n.

By induction hypothesis G/G, = H; X H, X ... X H;, where each H; is a cyclic subgroup of

G = G/G, of order n; > 1 suchthatn;,4|n; vV 1=2,3,2,...,t —1,and
n _

— =0(G) =nyng...n; . (1)

ny

Now each H, = H,/G, for some subgroup H; of G containing G;.

Choose h; € H, such that h, = h;/G, is a generator of H,.

Then k,"™

Let a = (ml, nl). Then

e=G, = h™€eG =(g.)=> k"™ = g,™ for some m,; suchthat 1 <m; < n,.

m; = a;f3; forsome B; = 1,n, = a;y, forsomey; = 1 and (B, y;) = 1.

19



Now o(g1) =y = a1y; = 0(g:™) = v1.
As (y1, By) = 1,50 by theorem 2.11, 0(g,“") = 0(g, ).

However b, = g,%P1. So o(h,™) = y,.

On the other hand o(h,)lo(h)) = nylo(h) = o(h™) = o)

n

= O(hl) = O(hlnl)nl =yn;. (2)

Since o(h;)|n;, the exponent of G and n, = a;y; , we have y;n;|a;y;.

Son|a; = a, =n;8; forsome &, = 1. Then h,™ = g, ™%,

Putg, = hy(g,) % viI=23,...,t.

We see that §; = ¢,G; = h,, g;™ = h;"'(g,) ™%Pt = e. This yield 0(g,) = n; .

Define H = (g,){(g3)-.-{(g¢)- H is subgroup of G such that o(H)|n,ns...n; .

Let f: G = G/G; be the natural homomorphism.

Since f(H) = (g3) X (g3) X...X (gz) = H, x Hy X...Xx H, = G /G,

and also f(H) = (HG,)/G1,we get G = HG; = G1H = (g,){g3)---{g¢)-

The fact that o(G) = n = nyn,...n; = 0(g1)0(g,)....0(g:) gives G = (g1) X (g2) X...X (g¢)-
Also o({g;)) = o(g;) = n; such that n;,|n,.

Suppose G = H; X H, X ... X H; ..(3)

=K XK, X ..XK; .. (4)
Be two decompositions of G into internal direct product of cyclic subgroups, such that for
l=12,...,t,j =12, ...,u,0(H)) = nl,o(Kj) =m;,forl <t —1,n.4In and for

JSu—1,mj|m;.

Consider g € G, then (3) gives g = hyh,...h;; h; € H,.

Since o(h))|o(H,) = n; and n;|n,, we get b, = e.

Consequently g™ = h,"*h,"2...h,"* = e. Thuso(g) <n, Vg E€GQ.
Further as H, is cyclic group of order n,, H; contains an element of order n;.

Hence n, is the exponent of G.
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Similarly m; is the exponent of G. Thus n; = m;.

Suppose we have proved that n; = my,n, = m,,...,n;_; = m;_, for some L.

We shall prove that n; = m;.

Suppose on the contrary n; # m;, and to be definite let n; > m;.

Define K = {x™| x € G}. Since for any x,y € G,x™y ™™ = (xy~1)™ € K, we get that K is a
subgroup of G.

Suppose that for k = 1,2,...,t, H, = (ax) and foreach j = 1,2,...,u,K; = (b;).

Since for j > 1,0(K;) = mj|m;,b;™ = e.

Hence K = (b;™) X (b,"™) X...x {(b;_;™).

Sinceo(b;)) =m; VY j

Thus
_Tam M
o(K) = mym, ..(5)
Since also G = (a;) X {(a,) X...x {(a;) [from (3)]

We have K = (a;™) X {(a,™) X...X {a,™).

Now by theorem 2.12, we have

Ny
o(a,™) = Vk=12,...,t.
“ (my, ny)
Consequently
ng n; n Ni+1 ne
o(K) = ..(6
(myny) (myny)  (myny) (Mg, nyyq) (Mg, ne) ©)
Now m,;|m; and m; =n; V j <[, by our hypothesis.
Thus
le mj m; .
(my,n)  (mym;) my J
Hence from (5) and (6) we obtain,
n n
: : (7

B (my,n) " (my,ny)

However m; < n; gives
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n;

> 1.
(mli nl)

As a consequence, (7) cannot hold. This gives m; = n;.

Hence by inductionm; =n; Vv [.
However n = nyn,...n; = mym,...my. This we must also have t = u.

This completes the theorem. []

Definition 2.35 If G and H are two groups, we denote by Hom(G, H) the set of all group
homomorphisms from G to H.

Theorem 2.36 If H is abelian, then Hom(G, H) is an abelian group with the Binary operation
defined by (fg)(x) = f(x)g(x) forall f,g € Hom(G, H) and for all x € G.

Proof: 1. Associative Property:

Let f,g,h € Hom(G,H).

Now (fg) (W) (x) = (fg) () h(x) = f(x)g(x)h(x)

Also (f)(gh)(x) = f(x)(gh)(x) = fF(x)g(x)h(x)

So associative property holds.

2. Existence of Identity:

LetI: G — H be defined by I(x) =x Vx € G.ClearlyI € Hom(G, H).

Let f € Hom(G, H). Then (f1)(x) = f(x)I(x) = f(x) = 1(x)f(x) = (If)(x).
So I is the identity.

3. Existence of Inverse:
Let f € Hom(G,H).
Define f~1:G » Hby f~1(x) = (f(x)) L.

Now £~ (xy) = (f()” = (FIF»))
=(f0)) (Fe) = O W)

=t Of ).
Thus f~1 € Hom(G, H).
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Now (FfD)(x) = FG)f1(x)
= fFOF®) =1

Similarly (f~1f)(x) = f~1(x)f(x)
=(f0) f =1

So f~1is the inverse of f.

4. Commutative Property:
Let f,g € Hom(G,H).
Now (fg)(x) = f(x)g(x)
=g f(x) = (gfHx).
Sofg=gf. L]

Lemma 2.37 Let A and B be abelian groups. Then Hom(A, B) = Hom(B, A).
Proof: Proof can be found in [6]. 0

Theorem 2.38 Hom(Z,m, Z,yn) = Hom (mein(m,n)).

Proof: Let Z,m = (a). For any non zero c € Z,n, such that |c| divides |a|, we have a non-zero
homomorphism H.: Z,m — Z,n given by H.(a) = c.

If m > n, then each 0 # ¢ € Z,» is such that |c| | p™ and hence [c| | p™.

So |H0m(me,an)| = pn.

Let Z,» = (b) and H,(a) = b.

If c € Zyn, then ¢ = rb. Thus T, = Typ.
SoT,p,(a) =1b = r(Tb (a)) = (rTy)(a).
Hence T, = rTy. Therefore T, = T,, = rT),.
So Hom(Zym, Zyn) = (Ty).

Hence Hom(Z,m, Z,n) = Zyn.
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Now let n > m . Then similarly Hom(Zyn, Z,m) = Zm.

By lemma 2.37, Hom(Z,m, Z,n) = Hom(Z,n, Z,m).

So Hom(me,an) = me.

Hence Hom(me, an) = Hom (mein(m,n)). ]

Definition 2.39 (Frattini subgroup ®(G))

If G is a group, then its Frattini subgroup ®(G) is defined as the intersection of all maximal
subgroups of G.

For example, ®(G) = {1, y?}.

Definition 2.40 (Nongenerator element of a Group)
An element x € G is called a nongenerator if it can be omitted from any generating set i.e if
G =(x,Y) thenG = (Y).

Theorem 2.41 For any group G, the Frattini subgroup ®(G) is the set of all nongenerators.
Proof: Let x be a nongenerator of G, and let M be a maximal subgroup of G.
If x € M, then G = (x, M) = M, a contradiction, therefore x € M, for all M, and so x € ®(G).

Conversely if z € ®(G), assume that G = (z,Y).
If (Y) # G, then there exists a maximal subgroup M with (Y) < M.
Butz € M,andso G = (z,Y) < M, a contradiction.

Therefore z is a nongenerator. [

Definition 2.42 (Elementary Abelian p-group)
An elementary abelian p-group is a finite abelian group where every nontrivial element has

order p, where p is a prime. For example, Klein four-group is elementary abelian 2-group.

Lemma 2.43 Let G be a finite p-group. Then G/®(G) is elementary abelian, and if H is another
normal subgroup of G such that G/H is elementary abelian, then ®(G) < H.

24



Proof: Firstly notice that every maximal subgroup of a p-group is normal, and of index p.

This means that if M is a maximal subgroup of G, then G/M is cyclic of order p.

Hence by theorem 2.9(part-2), G' < M for all maximal subgroups M; consequently G’ < ®(G),
and so G/®(G) is abelian.

Also, since G /M has order p (for M a maximal subgroup of G), we know that (xM)P = M for all
X € G; i.e,xP € M for all x € G and all maximal subgroups M.

Thus xP € ®(G), and so if x®(G) € G/P(G), then xP(G) has order p.

Hence G /®(G) is elementary abelian.

Now suppose that G/H is elementary abelian of order p™.
Then G /H is generated by n cosets x;H of G/H, each of order p.
We know then that
G/H = (x;H) X (x;H) X...X (x,H).

Now, this group has n maximal subgroups, H; /H, each generated by {xjH L o# i}.
Since this is direct product, the intersection satisfies

ﬂ H;j/H = 1.

1<jsn

This means that the intersection of all H; is H.

But the H;/H are maximal subgroups of G /H, and hence H; are maximal subgroups of G.
This clearly implies that their intersection contains ®(G). Hence

H = ﬂ H; > o(6).

1sjsn

Hence H = ©(G). ]

Theorem 2.44 Let GP denote the group generated by the set {g? : g € G}; i.e the smallest group
containing all elements of order p. Then ®(G) = G'GP.

Proof: Since ®(G) contains all x?, as we saw in the proof of lemma 2.43, G? < ®(G).

Also, G' < ®(G) since G/®(G) is abelian. Thus G'GP < ©(G).

25



Since x? € G? < G'GP forall x € G.So if xG'GP € G/G'GP, then xG'GP has order p.
Hence G/G'GP is elementary abelian, and so ®(G) < G'GP by lemma 2.43.
Hence ®(G) = G'GP. ]

Definition 2.45 (Central Automorphism of G)

An automorphism « of G is called a central automorphism if x 1a(x) € Z(G) for each

x € G. The central automorphisms of G is denoted by Aut,(G).

We denote by AutZ(G) the group of all central automorphisms of G fixing Z(G) elementwise.
For example, Let a be a homomorphism defined on D, such that a(x) = xy?, a(y) = y3.

Here «a is a central automorphism of D, fixing Z(D,) elementwise.

Lemma 2.46 The central automorphisms of G, denoted by Aut,(G) form a normal subgroup of
the full automorphism group.
Proof: Let f,g € Aut,(G). We have to show that fg € Aut,(G) i.e x 1(fg)(x) € Z(G) for
each x € G.
Now x~*(fg)(x) = x"*(f(g(x))) = x ' (f (xx " g (x)))

=xHfOf(x g (x) € Z(G).

Hence Aut,(G) form a subgroup of the full automorphism group.

Let ¢ € Aut(G) and Y € Aut,(G).
We have to show that ¢ 1 € Aut,(G) V ¢ € Aut(G).
Let g € G. Then

g7 o ) (9) = g0 (v(6(9))
=970 (¢(9)b() " W((9))) = 97 ¢~ (¢(9)2), where z € Z(G)

=979 (0(@))p (D) = g7 g (2) = ¢71(2) € Z(G).
Hence Aut,(G) is a normal subgroup of Aut(G). O]
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Lemma 2.47 AutZ(G) is a normal subgroup of Aut(G).

Proof: Let f,g € AutZ(G).So f(z) =zand g(z) =z Vz € Z(G).
Consider (fg™)(2) = f(97'(2)) = f(2) = z

So fg~! € AutZ(G).

Therefore AutZ(G) is a subgroup of Aut(G).

Let ¢ € Aut(G) and Y € AutZ(G).

Consider (¢~ ') (2) = ™" Y(d(2)) = ¢~ (¢(2) = p'¢p(2) = z
Therefore AutZ(G) is a normal subgroup of Aut(G).

Lemma 2.48 The central automorphisms Aut,(G) of G fixes G’ elementwise.
Proof: We know that

G'=(lxy] =x""y'xy|x,y €G).

Let @ € Aut,(G) and [g, h] € G', where g, h € G.

Therefore [g, h] *a([g, h]) € Z(G).

Let [g,h] *a([g,h]) = z, € Z(G).

= (g7 igh)ta(gTthTigh) = 7

= (g thg)a(g™Hah Ha(ga(h) =z,

= h™'g7th(g™ ) a(g Da(h Halgla(h) = z,

= h g thzy,a(h"Ya(g)a(h) = z;, where (g™ ta(g™) = z, € Z(G).
= h g lz,ha(h " Ha(g)a(h) = z,

= h™lg7 'z ("D ta(h Da(g)a(h) = z

= h g lz,z;a(g)a(h) = z;, where (A1) ta(h™1) = z; € Z(G).

= h™'g ' za(g)zza(h) = z

= h g g ) alg Na(@( ) ra(h Da(h) = z

= h™'g7'ga(g)ta(g@)ha(h)ta(h) = z,

=>z=1

Therefore a[g,h] = [g,h] V [g,h] €G'.

Hence Aut,(G) fixes G'elementwise.
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Lemma 2.49 Let G be a finite abelian group and let d(G) = k. Let H G, thend(G/H) < k.
Proof: Let G = (xq,x,,...,x;). Let xH € G/H, where x € G.
Let x = x;l1xyt2 x5 1 € 2.
Then xH = x;l1x,2 .. x ' H
= (x )1 (x,H)2 ... (x) H)'.
Sod(G/H) <k. O

Theorem 2.50 Let G be a non-abelian finite p-group. Prove that G/G’ Z(G) is a quotient of
G/G'.

Proof: Clearly G' < G', so by theorem 2.9, G /G’ is abelian.

Also G' < G'Z(G) and G'Z(G) < G, so by theorem 2.9,G/G' Z(G) is abelian.

Therefore by theorem 2.34(Fundamental Theorem of Finite Abelian Groups),

let G/G' = Cpar X Cpaz X ...X Cpay , Where Ca; is acyclic group of order p%,1 < i <k,

anda, > a, >...2a, = 1.

LetG/G'Z(G) = Cppr X Cpby X ... X Coypy.

ANnd Z(G) = Cpes X Cpez X ...X Cpem ,Where by > b, >...2 b 2 1,

andc; =2¢, >...2 ¢, = 1.

Also G'Z(G)/G" < G/G'. Therefore G/G,/G’Z(G)/G' is a quotient of G/G'.

Hence G/G' Z(G) isaquotientof G/G’.

Hence by lemma2.49,l < kand b; < q;forall 1 <i <. ]
Theorem 2.51 [4, Theorem 2.3] For any non-abelian finite group G the map 6: Aut?(G) —

Hom(G,Z(G)) is a homomorphism and :AutZ(G) - Hom(G/G' Z(G),Z(G)) is an

isomorphism.
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Proof: Define the map 8: AutZ(G) —» Hom(G, Z(G))
By 8(o) = f,, where f,;(9) = g to(g) Vg EG.

Suppose a, 8 € AutZ(G). Thenforany g € G,

fap(9) = 97 a(B(9)) = 97" a(997B(9)) = g a(g)alg ™ B(9))
= g ta(9)g 1B(g),since g~1B(g) € Z(G) and is fixed by a.

Thatis, fo5(9) = f2(9)13(9),

So 8(aB) = 0(a)8(B) and 6 is a homomorphism.

Define the map 0: AutZ(G) - Hom(G/G' Z(G),Z(G)) by
6(o) = f, , where £,(gG'Z(G)) = f,(g) forany g € G.
Firstly we will prove that 8 is well defined.

Let g,, 0, € AutZ(G), such that o; = o,

= 01(9) = 02(9) VIEG

= 9fe,(9) = 9f5,(9) V g€G

= [ @ =1f,9) VgeG

= f,(96'2(6)) = f,,(9G'Z(G)) Vv gG'Z(G) € G/G' Z(G)
= fo, =fo,

= 6(0y) = 6(0y)

Therefore 6 is well defined.

Reverse steps show that 6 is 1-1.

Now we will prove that 8 is a homomorphism.

Let g,, 0, € AutZ(G).

Now 8(0102) = f5,4, Where f5,5,(9G'Z(6)) = f,6,(9) = f5,(9)f5,(9) V gEG
Therefore 6(010,) = fy.0, = fr0, = foifo, = 0(01)0(02).

So 8 is a homomorphism.

29



Now we will prove that 8 is onto.
Let f € Hom(G/G' Z(G), Z(G)).
Define o7: G - G by a¢(g) = gf(g), where g = gG'Z(G).

Firstly we will prove that of is a homomorphism.

Let g1,9, € G. Then

97(9192) = 91929 (9172)
= g19.f(g1)f (g3), since f is a homomorphism
= 91f(G1)92f (g2), since f(gy) € Z(G)
= 0f(91)0f(92)

Therefore oy is a homomorphism.

Now we will prove that oy is 1-1.

Let g € ker o7, such that o (g) = 1

= gf(@ =1=g=((g)" €Z(6).So g € Z(G).

Now g = gG'Z(G) = G'Z(G), since g € Z(G).

Thereforel = a7 (g) = gf (@) = 9f(G'Z(G)) = g.1=g, since f € Hom(G/G'Z(G),Z(G))
and hence by theorem 2.31(part-1), f(G'Z(G)) = 1, where1 is the identity of Z(G).

So g = 1 and hence by theorem 2.31(part-2), o is 1-1.

Now we will prove that oy fixing Z(G) element-wise.
Let z € Z(G). Now o¢(2) = zf (2) = Zf(ZG’Z(G)) = Zf(G’Z(G)) =z1=z

Therefore of fixes Z(G) element-wise.

Therefore of is a homomorphism, 1-1 and fixes Z(G) element-wise. So of € AutZ(G).
Therefore for each f € Hom(G/G' Z(G),Z(G)), we have oy € AutZ(G). So § is onto.

Hence 4 is an isomorphism. (]

30



Chapter-3
MAIN RESULT

Theorem: Let G be a non-abelian finite p-group.Then Aut,(G) = AutZ(G) if and only if
Z(G)< G or Z(G) < ®(G),k =l and c; < b, where t is the largest integer between 1 and k
such thata, > b, .
Proof: Let G be a finite p-group. Let

G/G" = Cpar X Cpaz X ...X Cpay,
where C,q; is acyclic group of order p%, 1 <i<k,anda; = a, =...=2 a, = 1.
Let

G/G'Z(G) = Cppr X Cppy X ... X Cypy

and

Z(G) = Cper X Cpez X ... X Cpyem
where by > b, >...>2 b =1, andc; = ¢, =...=2 ¢, = 1.
Since G/G' Z(G) is a quotient of G/G', we have | < k and b; < q; forall 1 < i <[, by theorem
2.50.

Suppose that Aut,(G) = AutZ(G) and Z(G) £ G'.

We claim that Z(G) < ®(G). Assume on the contradiction that Z(G) £ ®(G).

Choose an element g in Z(G) such that g € M for some maximal subgroup M of G.

Now by theorem 2.28(part-4), we have M is normal. Also (g) is normal.

And M n (g) = 1. So by definition 2.32(Internal Direct Product of H and K), G = M{(g).

Since M is a non-trivial normal subgroup of G, so by theorem 2.28(part-2), Z(G) N M is non-
trivial. Let 1 # z € Z(G) N M such that zP = 1 by Cauchy’s Theorem.

Also we know that 2, (Z(G)) = (x € Z(G) | xP = 1).

Therefore 1 # z € 2,(Z(G)) N M.
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Define the map a: G — G by
a(mg”®) = mg*z* foreverym € M and every k € {0,1,..,p — 1}.

We claim that « is a central automorphism.

Firstly we will prove that « is a homomorphism.
Let myg*t1,m,g%2 € G. Then

a(m;g*im,g*?) = a(mym,g*1g*?), since g € Z(G)

k1+k2) — k1+kzzk1+k2

= a(mym,g mim,g
= mlngklngZkIZkZ

= m, gk1zF1m,g*2z%2, since g,z € Z(G)
— k K

= a(m;g")a(m,g™)

Therefore a is a homomorphism.

Now we will prove that « is 1-1.

Let mg* € G such that a(mg”*) = 1

= mgkz¥k =1 = m=2z"%g"* € Z(G). Therefore M € Z(G).
But M is a maximal subgroup of G. So M = Z(G).

By theorem 2.3, we get G is abelian. Which is not so.

Now we will prove that x a(x) € Z(G) Vx €G.

Let mg* € G. Then a(mg”) = mg*z*

= (mg*)a(mg®) = (mg*)"'mg"z"

= (mg*)ta(mg®) = z¥ € Z(G)

Therefore x 'a(x) € Z(G) Vx €Q.

Hence « is a central automorphism.

But Aut,(G) = AutZ(G), so « is a central automorphism fixing Z(G) elementwise.
Therefore g = a(g) = gz.

Hence z = 1, which is a contradiction.

Hence Z(G) < ®(G).
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Since Z(G) < ®(G), it follows that G is purely non-abelian.

Also | = rank(G/G’Z(G)) =rank(G/G") = k.

Since Aut,(G) = AutZ(G), therefore by [1, Theorem 1] and by theorem 2.51,
|Hom(G/G',Z(®))| = |[Hom(G/G' Z(6),Z(®)))|

Hence by theorem 2.38,

pmintai cj} — 1_[ pmin(by, cj)

1sisk,1<jsm 1si<l,1<jsm

Since by theorem 2.50,a; > b; forall 1 < i < k, we have

min{a;, ¢;} = min{b;, ¢;} forall1 <i < kand 1 < j <m, we have

min{a;, ¢;} = min{b;, ¢;}forall1 <i<kand1l<j<m.

Since Z(G) < G', there exists some 1 < i < k such that a; > b;.

Let ¢t be the largest integer between 1 and k such that a; > b;.

We claim that ¢; < b;.

Suppose for a contradiction that c; > b;.

Thus by = min{c,, b;} = min{c,, a,}, which is impossible.

Conversely if Z(G) < G', then by lemma 2.48, every central automorphism fixes G’
and hence it fixes Z(G) and so Aut,(G) = AutZ(G).
Now assume that Z(G) < ®(G),k =l and ¢; < b, where t is the largest integer between 1 and
k such that a; > b; .
Since Z(G) < ®©(G), G is purely non-abelian and so
|ut, (@) = [Hom(6/6",2@)| = || pmintawen
1<isk,1<jsm
On the other hand we have
|Autz ()| = |Hom(G/G' Z(G),Z(6))| = H pmin(bi, )
1<islis<jsm
Since b; = c;, we have
by=b,>..2bi_1=b=ci=c 2.2 ¢cp = 1.

Thereforec; < b; <g;forall1<j<mand1<i<t¢,
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Hence min{a;, ¢;} = ¢; = min{b;,¢;j} forall1 < j <mand1<i <t.
Since a; = b; forall i > t, we have min{a;, ¢;} = min{b;, c;} forall 1 < j < m and
t+1<i<k.Thusmin{a; c;} = min{b;, c;j}forall1<j<mand1<i<k.

Therefore Aut,(G) = AutZ(G).
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