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Chapter-1 

INTRODUCTION 

 

Throughout   denotes a prime number. Let   be a finite group. We denote by              

       and         respectively the commutator subgroup, the center, the Frattini subgroup, the 

automorphism group and the inner automorphism group of    A non-abelian group   is called 

purely non-abelain if it has no non-trivial abelian direct factor. If   and   are two groups, we 

denote by          the set of all homomorphisms from   to    Note that if   is abelian, then 

         is an abelian group with the binary operation defined by                  for 

all              and for all      An automorphism   of   is called a central 

automorphism if               for each       

 The set of all central automorphisms of    denoted by          fixes    elementwise and                                                  

form a normal subgroup of the full automorphism group of    We denote by     
     the group 

of all central automorphisms of   fixing      element-wise. Curran and McCaughan [3] 

characterized finite  -groups   for which                 They proved that if   is a finite  -

group, then                if and only if          and      is cyclic. 

In [2] Attar proved that if   is a finite  -group, then     
            if and only if   

is abelian or   is nilpotent of class 2 and      is cyclic. In [5] Curran gave necessary and 

sufficient conditions on finite  -group   of nilpotency class 2 such that each central 

automorphism of   fixes the center of   element-wise  that is             
       In [7] 

Yadav gave a similar characterization for finite  -group   of nilpotency class 2 such that each 

central automorphism of    fixes the center of   element-wise. 

Attar in [8] generalized Yadav [7] and Curran’s [5] result. He find necessary and 

sufficient condition for a finite  -group of arbitrary nilpotency class such that         

    
      We explain his results in our thesis.  
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Let   be a finite  -group. Let  

   ⁄                        

where      is a cyclic group of order            and                  

Let 

   ⁄                          

and  

                            

where                  and                  

Since    ⁄      is a quotient of    ⁄   we have     and       for all        

  

The following theorem is the main theorem of our thesis: 

Theorem: Let   be a non-abelian finite  -group. Then             
     if and only if 

        or               and       where   is the largest integer between   and    

such that         
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Chapter-2 

PRELIMINARIES AND NOTATIONS 

 

Definition 2.1  Center of a Group  

The center       of a group   is the subset of elements in   that commute with every element of  

   In symbols      {    |                

The center is a subgroup of    

For example, If      {    |                    then      {       

Remark:   is abelian iff         

 

Proposition 2.2      is a normal subgroup of    

Proof: Since         so      is non-empty. 

Now we will show that      is a subgroup of    

 Let         so              

                   

            

Let           then       and               

                     

          

Therefore         

 

Now we will show that      is normal in    

Let            be any element. 

Now                     So      is normal in                                                         ☐ 

 

Theorem 2.3 Let   be a group and      be the center of    If      ⁄  is cyclic then   is 

abelian. 

Proof: Let       be a generator of the factor group      ⁄   and let        
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Then there exists integers   and   such that 

                              

and                          

 

Thus       for some         

and       for some        

 Now         (   )    (   )   

                  (   )   since        

                (    )     (    )     

                     (   )  since         

                    

Hence   is abelian.                                                                                                                        ☐ 

 

Definition 2.4  Commutator  

If        the commutator of   and   denoted by [   ] and defined by [   ]            

 

Definition 2.5  Subgroup generated by subset of a Group  

Let   be a subset of a group    A subgroup   of   is said to be subgroup generated by   if it 

satisfies the following conditions. 

1.     

2. If   is any subgroup of   such that     then      

We denote the subgroup generated by   by      

 

Definition 2.6  Rank of a Group    

The rank of a group   is the minimal size of a generating set of    and is denoted       That is 

        {| |              For example  (   )      
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Definition 2.7  Commutator Subgroup  

The commutator subgroup    of a group   is the subgroup generated by all the commutators of 

  and    That is, every element of    has the form   
    

    
         

    where each    has the 

form           each        and   is any positive integer   

For example, If       then      {       

Remark:   is abelian iff    {    

 

Lemma 2.8 If   is any non-void subset of a group    then the subgroup     of   generated by   

is the set of all finite products of the form                where for each    either      or 

  
     and   is any positive integer. 

Proof: Let   be the set of all finite products of the form                 where for each     either 

     or   
     and   be any positive integer. 

Consider                                  in    

Then                               is a product of finite number of elements      such that 

either the factor or its inverse is in    consequently       

 

Further       
      

         
    

    

Consider any   
    Since    or   

   is in    and       
       we see that either   

   or  

   
      is in    hence        This proves that   is a subgroup of    

Clearly      Consider any subgroup   of   containing    Then for each      we have  

    and hence        Thus if                       or   
      is any element of     

then      since              

Hence      This proves that   is the subgroup of   generated by                                         ☐ 

 

Theorem 2.9 Let   be a group and    be its commutator subgroup, then 

1.    is a normal subgroup of    

2. For any normal subgroup   of     ⁄  is an abelian group if and only if   contains      

Proof: 1. Let        since                       is again a commutator, it follows from 

the above lemma that each element of    is a product of finite number of commutators. 
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Consider       then               where for each                  is a commutator, so 

that      
    

       for some          

Now for any                     
             

        

Further 

            
    

                
          

            
                 where 

                    Thus        is again a commutator. 

Hence       is a product of commutators; by definition           

 

2. Consider        Let   ⁄  be abelian. So                    ⁄    

Thus             Thus   contains every commutator           

Consequently as    is generated by all the commutators       

 

Conversely let       Then             gives            i.e          

Thus                               ⁄   So   ⁄  is abelian.                                        ☐ 

 

Definition 2.10  Exponent of a Group  

Let   be a finite group. Let   be the least positive integer such that      for all      Then   

is called the exponent of    Observe that   is the l.c.m of orders of all elements of                    

For example, the exponent of     is 4. 

 

Lemma 2.11 Let   be a finite group and let     be an element of order     Then       if 

and only if   is a divisor of     

Proof: Firstly let   is a divisor of     So there exists a positive integer   such that       Now 

                

Conversely let       Suppose   is not divisible by     Dividing   by    so         

where       and         Thus                            a contradiction  

Thus     and hence   is divisible by                                                                                      ☐ 

 

Theorem 2.12 Let   be a group and   be an element of order     Then  
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Proof: Let           Now        but          Thus by lemma 2.11  |     

Let          Thus  |  and  |   Let       and       where            So 

 

 
     

Thus we need to prove        

Now  |    so    |       Thus   |      but            

Hence   |                                                                                   

 

Again                                   but           

Hence  |                                                                                    

From     and      we get                                                                                                       ☐ 

 

Definition 2.13  Centralizer of a Subgroup  

If   is a subgroup of    then by        the centralizer of   in    we mean the set                    

{    |                  

 

Proposition 2.14       is a subgroup of  . 

Proof:  Let          Then                

                            

            

Let              Then       and                 

Now                         

So          

Therefore                                                                  ☐ 

 

Definition 2.15  Normalizer of a Subgroup  

If   is a subgroup of    then by        the normalizer of   in    we mean the set                               

{    |           
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Proposition 2.16       is a subgroup of    

 

Proof:  Let          

Then                                   

so            

 

Let            then       and       

Now              So          

Therefore                                                                                                                            ☐ 

 

Proposition 2.17 If      then   is normal in        

Proof: For all     we have         

Since         i.e   is a subgroup of   contained in        

Also for all          we have         

So   is normal in                                                                                                                     ☐ 

 

Proposition 2.18 If   and   are subgroups of   and   is a normal subgroup of    then   

          i.e       is the largest subgroup of   in which   is normal. 

Proof: Let       such that   is a normal subgroup of   and   is a subgroup of    

Now we will show that          

Let     be any element, then        since   is a normal subgroup of    

So by the definition of               

Therefore                  

Hence                                                                                                                                 ☐ 

 

Proposition 2.19   is a normal subgroup of   iff          

Proof: Firstly, let   is a normal subgroup of    

Then        we have        So          Therefore          

But         always, hence          
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Conversely let          

Therefore       {    |           So                

Hence   is a normal subgroup of                                                                                                 ☐ 

 

Proposition 2.20       is normal in        

Proof: Let          then               

Let          then        Therefore            So         
   for some        

Now               
        

              

So       is normal in                                                                                                              ☐ 

 

Definition 2.21  Conjugate element   

If     are any two elements of a group    then   is said to be conjugate to   if         for 

some      and we write it as       

 

Lemma 2.22 The relation of conjugacy in a group   is an equivalence relation. 

Proof: Define a relation   on   as follows:  

    iff          for some      

Let       be any arbitrary elements of    

Since          Thus        

Therefore   is reflexive. 

 

Let      So there exists     such that           

Thus                      So       

Therefore   is symmetric. 

 

Let     and      So there exists       such that         and          

Now                                  So       

Therefore   is transitive. 

Hence the relation of conjugacy in a group   is an equivalence relation.                                     ☐ 
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Lemma 2.23 Let   be a group. Then the set of conjugacy classes of   is a partition of    

Proof: Define a relation   on   as follows 

    iff          for some      

By lemma 2.22   is an equivalence relation on    

 

The equivalence class of   in   is the set       {     |       which is also the conjugacy  

class of     

Thus the set of conjugacy classes of   is a partition of                                                               ☐ 

 

Lemma 2.24  The Number of Conjugates of    

Let   be a finite group and let   be an element of    Then |     |  [       ]  

Proof: Consider a function                 such that                  

Let                    where       such that  

                   

                                           

                                   

Therefore   is one-one.  

Clearly for                 where      we have                 

Therefore   is onto. Hence |     |  [       ]                                                                          ☐ 

  

Theorem 2.25  The Class Equation  

For any finite group   | |  ∑[       ]   where the sum runs over one element   from each 

conjugacy class of                                                                                                                        ☐ 

 

Definition 2.26  Maximal Subgroup  

Let   be a group. A subgroup   of   is called a maximal subgroup if 

1.       

2. If        then     or      
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Definition 2.27   -group  

A group of order     where   is a prime, is called a  -group. 

 

Theorem 2.28 Let   be a  -group. Then 

1.      is non-trivial  

2.        is non-trivial for any non-trivial normal subgroup   of    

3. If   is a proper subgroup of    then   is properly contained in        

4. Every maximal subgroup of   is normal. 

 

Proof: First observe that       {   if and only if         Thus by culling out these 

elements, we may write the class equation in the form 

                                                      | |  |    |  ∑ [       ]      where   is a subset of   

contains exactly one element from each conjugacy class with more than one element. 

1.   By Lagrange’s Theorem |     | | | | 

Now                 If         then         

 |     |        

  
| |

|     |
   

So [       ]         

   |[       ]     | ∑ [       ]      

   |  | |  ∑ [       ]      i.e   | |    | 

So      is non-trivial. 

 

2.   We have         ⋃           

               ⋃             

     (      )      ⋃            

Hence | |  |      |  ∑ |       |                                  

 

If      then          In this case                

Suppose     and            Let            

Then         and      Let          where     
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Then                            a contradiction, so            

Thus               or              

 |        | is 0 or |     | i.e 0 or [       ] 

 

But   | [       ]          So   | |       |           

     | ∑ |       |     

Also   | | | 

Therefore by       | |      |  Hence         is non-trivial. 

 

3.  Let   be a maximal normal subgroup of   contained in    

The quotient group   ⁄  is of order         

Now by part-1     ⁄    is non-trivial. 

Let   ⁄      ⁄     

Now   ⁄   ⁄   so     

 

Clearly   cannot be in    because otherwise maximality of   is lost. 

Let          then      ⁄  and      ⁄  

Because   ⁄      ⁄    so 

                   

                         

 

Therefore          This implies that          

Because          it follows that   is properly contained in        

 

4. If   is a maximal subgroup of    then by part-3          implies that 

         therefore by proposition 2.19                                                                           ☐ 

                                                                                                                                  

Definition 2.29  Group Homomorphism  

A homomorphism   from a group   to a group  ̅ is a mapping from   into  ̅ that preserves the 

group operation; that is                          
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Some Standard Definitions 

A monomorphism is an injective homomorphism. 

An epimorphism is a surjective homomorphism. 

An isomorphism is a bijective homomorphism. 

An endomorphism is a homomorphism of a group to itself. 

An automorphism is an isomorphism of a group with itself. 

 

Definition 2.30  Kernel of a Homomorphism  

The kernel of a homomorphism   from a group   to a group  ̅ with identity  ̅ is the set              

{    |       ̅   The kernel of   is denoted by Ker    

 

Theorem 2.31 Let   and  ̅ be any two groups   and  ̅  their respective identities. If   is a 

homomorphism of   onto  ̅  Then 

1.       ̅   

2.   is a monomorphism if and only if Ker   {    

Proof: 1. Since                       

However       ̅  gives       ̅      

Thus           ̅             ̅  by right cancellation in   ̅ 

 

2. Let   be a homomorphism of a group   into a group  ̅  

Suppose that   is 1-1. Let    ker     

Then       ̅  

Also by part-1       ̅  Thus                 

This proves that ker   {    

 

Conversely let ker   {    

Let        be such that            

Then             ̅            ̅ 

       ker   {    

               

Hence   is 1-1.                                                                                                                              ☐ 
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Definition 2.32  Internal Direct Product of   and    

Let   and   be normal subgroups of a group    We say that   is the internal direct product of   

and   and write       if      and     {    

 

Definition 2.33  Internal Direct Product of             

Let              be a finite collection of normal subgroups of    We say that   is the internal 

direct product of              and write               if 

1.             {         |       

2.                  {   for                

 

Theorem 2.34  Fundamental Theorem of Finite Abelian Groups  

Every Abelian group   of order   is an internal direct product               where    

are cyclic subgroups of order    such that     |   and the integers    are uniquely determined. 

Further              

Proof: We prove the result by induction on       If         the result holds trivially.  

Suppose          and the result holds for all abelian groups of order        

 

Let    be the exponent of   and    be the element of   of order     

Let          If       then   itself is cyclic. Let       Then                  

       ⁄        

By induction hypothesis    ⁄               where each    is a cyclic subgroup of 

 ̅     ⁄  of order      such that     |                         and   

 

  
    ̅                                                            

 

Now each   
̅̅ ̅      ⁄  for some subgroup    of   containing      

Choose       such that   ̅      ⁄  is a generator of   
̅̅ ̅   

Then   ̅
    ̅        

               
     

   for some    such that          

Let             Then  

        for some              for some      and             
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Now                    
         

As            so by theorem 2.11  (  
    )      

      

However   
     

      So     
        

 

On the other hand  (  ̅)|          |           
    

     

  
 

            
                                                     

 

Since      |    the exponent of   and           we have     |       

So   |              for some       Then   
     

        

Put          
                          

We see that   ̅         ̅    
     

      
           This yield            

 

Define                     is subgroup of   such that     |            

Let        ⁄   be the natural homomorphism. 

Since         ̅̅ ̅     ̅̅ ̅          ̅̅̅    
̅̅̅̅    

̅̅̅̅        
̅̅ ̅     ⁄   

and also             ⁄   we get                            

The fact that                                      gives                       

Also                  such that     |    

 

Suppose                                                

                                                                   

Be two decompositions of   into internal direct product of cyclic subgroups, such that for  

                                   (  )       for           |   and for  

          |      

 

Consider      then     gives                      

Since      |         and   |    we get   
      

Consequently       
    

       
      Thus                   

Further as    is cyclic group of order       contains an element of order     

Hence    is the exponent of     
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Similarly    is the exponent of    Thus        

Suppose we have proved that                           for some     

 

We shall prove that         

Suppose on the contrary         and to be definite let        

Define   {   |       Since for any                            we get that   is a 

subgroup of     

Suppose that for                      and for each                        

Since for       (  )    |      
      

Hence      
       

             
     

Since  (  )             

Thus 

     
  

  

  

  
  

    

  
                                                                            

Since also                                 [from    ]  

We have      
       

           
     

Now by theorem 2.12, we have 

    
    

  

       
                      

Consequently  

     
  

       

  

       
   

  

       

    

         
   

  

       
             

 

Now   |   and                  by our hypothesis. 

Thus 

  

       
 

  

       
 

  

  
           

Hence from     and     we obtain, 

  
  

       
   

  

       
                                                                               

However       gives 
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As a consequence     cannot hold. This gives        

 

Hence by induction                

However                        This we must also have      

This completes the theorem.                                                                                                          ☐ 

 

Definition 2.35 If   and   are two groups, we denote by          the set of all group 

homomorphisms from   to    

 

Theorem 2.36 If   is abelian, then          is an abelian group with the Binary operation 

defined by                  for all              and for all      

Proof: 1. Associative Property: 

Let                 

Now                                     

Also                                      

So associative property holds. 

 

2. Existence of Identity:  

Let       be defined by                 Clearly             

Let             Then                                         

So   is the identity. 

 

3.  Existence of Inverse: 

Let             

Define         by                  

Now         (     )
  

 (        )
  

 

                         (    )
  

(    )
  

              

                                        

Thus               
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Now                      

                                (    )
  

     

 

Similarly                      

                                   (    )
  

         

So     is the inverse of    

 

4.  Commutative Property: 

Let               

Now                  

                                           

So                                                                                                                                          ☐ 

 

Lemma 2.37 Let   and   be abelian groups. Then                    

Proof: Proof can be found in [6].                                                                                                  ☐ 

 

Theorem 2.38    (       )     (          )  

Proof: Let          For any non zero        such that | | divides | |  we have a non-zero 

homomorphism            given by          

If      then each          is such that | | |    and hence | | |     

So |   (       )|      

 

Let         and          

If        then        Thus         

So            (     )             

Hence          Therefore              

So    (       )        

Hence    (       )       
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Now let       Then similarly    (       )        

By lemma 2.37    (       )     (       )   

 

So    (       )       

Hence    (       )     (          )                                                                                ☐ 

 

Definition 2.39  Frattini subgroup       

If   is a group, then its Frattini subgroup      is defined as the intersection of all maximal 

subgroups of    

For example      {       

 

Definition 2.40  Nongenerator element of a Group  

An element     is called a nongenerator if it can be omitted from any generating set i.e if  

         then        

 

Theorem 2.41 For any group    the Frattini subgroup      is the set of all nongenerators.  

Proof: Let   be a nongenerator of    and let   be a maximal subgroup of    

If      then            a contradiction, therefore      for all    and so         

 

Conversely if         assume that           

If        then there exists a maximal subgroup   with        

But      and so            a contradiction. 

Therefore   is a nongenerator.                                                                                                       ☐ 

 

Definition 2.42  Elementary Abelian  -group  

An elementary abelian  -group is a finite abelian group where every nontrivial element has 

order    where   is a prime. For example, Klein four-group is elementary abelian 2-group. 

 

Lemma 2.43 Let   be a finite  -group. Then      ⁄  is elementary abelian, and if   is another 

normal subgroup of   such that   ⁄  is elementary abelian, then         



25 
 

Proof: Firstly notice that every maximal subgroup of a  -group is normal, and of index    

This means that if   is a maximal subgroup of    then   ⁄  is cyclic of order     

Hence by theorem 2.9 part-2       for all maximal subgroups    consequently          

and so      ⁄  is abelian. 

 

Also, since   ⁄  has order    for   a maximal subgroup of     we know that         for all 

     i.e      for all     and all maximal subgroups     

Thus          and so if            ⁄   then       has order    

Hence      ⁄  is elementary abelian. 

 

Now suppose that   ⁄  is elementary abelian of order      

Then   ⁄  is generated by   cosets     of    ⁄   each of order     

We know then that  

  ⁄                         

Now, this group has   maximal subgroups    ⁄   each generated by {       }   

Since this is direct product, the intersection satisfies 

⋂    ⁄

     

    

This means that the intersection of all    is     

 

But the    ⁄  are maximal subgroups of   ⁄   and hence    are maximal subgroups of    

This clearly implies that their intersection contains       Hence 

  ⋂   

     

       

Hence                                                                                                                                  ☐ 

 

Theorem 2.44 Let    denote the group generated by the set {         i.e the smallest group 

containing all elements of order    Then            

Proof: Since      contains all     as we saw in the proof of lemma 2.43          

Also         since      ⁄  is abelian. Thus            
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Since            for all      So if            ⁄   then       has order    

Hence      ⁄  is elementary abelian, and so           by lemma 2.43. 

Hence                                                                                                                               ☐ 

 

Definition 2.45  Central Automorphism of    

An automorphism   of   is called a central automorphism if              for each  

     The central automorphisms of   is denoted by          

We denote by     
     the group of all central automorphisms of   fixing      elementwise. 

For example, Let   be a homomorphism defined on    such that                    

Here   is a central automorphism of    fixing       elementwise.  

 

Lemma 2.46 The central automorphisms of    denoted by         form a normal subgroup of 

the full automorphism group. 

Proof: Let              We have to show that            i.e                 for 

each      

Now                                          

                                                        

Hence         form a subgroup of the full automorphism group.   

 

Let          and            

We have to show that                                

Let      Then 

                    ( (    ))  

                                    (           (    ))                 where        

                                    (    )                                                                                                                                                     

Hence         is a normal subgroup of                                                                                 ☐ 
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Lemma 2.47     
     is a normal subgroup of         

Proof: Let         
      So        and                    

Consider            (      )           

So          
      

Therefore     
      is a subgroup of         

 

Let          and       
      

Consider                (    )                      

Therefore     
     is a normal subgroup of                                                                           ☐ 

 

Lemma 2.48 The central automorphisms         of   fixes    elementwise.  

Proof: We know that 

     [   ]           |          

Let           and [   ]      where        

Therefore [   ]    [   ]        

Let [   ]    [   ]            

                              

                                     

                                         

                              where                        

                              

            
                        

                         where                        

                         

                                               

                                   

       

 

Therefore  [   ]  [   ]        [   ]      

Hence         fixes   elementwise.                                                                                           ☐ 
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Lemma 2.49 Let   be a finite abelian group and let          Let     then     ⁄       

Proof: Let                   Let      ⁄   where      

Let     
    

        
          

Then      
    

        
    

                                            

So     ⁄                                                                                                                                 ☐ 

                                                                                                                            

Theorem 2.50 Let   be a non-abelian finite  -group. Prove that    ⁄      is a quotient of  

   ⁄   

Proof: Clearly        so by theorem 2.9    ⁄  is abelian. 

Also           and          so by theorem 2.9    ⁄      is abelian. 

Therefore by theorem 2.34 Fundamental Theorem of Finite Abelian Groups   

let    ⁄                        where      is acyclic group of order             

and                  

Let    ⁄                           

And                            where                   

and                  

 

Now    ⁄         ⁄
        ⁄⁄    

Also         ⁄    ⁄   Therefore 
   ⁄

        ⁄⁄  is a quotient of    ⁄   

Hence    ⁄       is a quotient of    ⁄   

Hence by lemma 2.49     and       for all                                                                 ☐ 

 

Theorem 2.51 [4, Theorem 2.3] For any non-abelian finite group   the map       
     

   (      ) is a homomorphism and  ̅     
        (   ⁄          ) is an 

isomorphism. 
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Proof: Define the map       
        (      ) 

By           where                        

 

Suppose         
      Then for any       

           (    )      (        )      (           )  

                               since              and is fixed by    

That is                    

So                and   is a homomorphism.  

 

Define the map  ̅     
        (   ⁄          ) by 

 ̅      ̅    where   ̅(       )        for any      

Firstly we will prove that   ̅  is well defined. 

Let           
      such that       

                                  

      
        

                

     
       

                     

    ̅ 
(       )    ̅ 

(       )                      ⁄       

     ̅ 
   ̅ 

  

    ̅      ̅      

Therefore  ̅ is well defined.   

Reverse steps show that  ̅ is 1-1.   

 

Now we will prove that  ̅ is a homomorphism. 

Let           
      

Now  ̅         ̅   
  where   ̅   

(       )       
       

      
              

Therefore  ̅         ̅   
      

    
   

  ̅     ̅      

So  ̅ is a homomorphism. 
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Now we will prove that  ̅  is onto. 

Let      (   ⁄          )  

Define        by           ̅   where  ̅           

 

Firstly we will prove that    is a homomorphism. 

Let          Then  

                    ̅̅ ̅̅ ̅̅    

                         ̅̅ ̅     ̅̅ ̅   since   is a homomorphism 

                       ̅̅ ̅       ̅̅ ̅   since     ̅̅ ̅       

                               

Therefore    is a homomorphism. 

 

Now we will prove that    is 1-1. 

Let    ker     such that         

     ̅           ̅           So         

Now  ̅                  since         

Therefore            ̅    (      )         since      (   ⁄          ) 

and hence by theorem 2.31 part-1   (      )     where  is the identity of       

So     and hence by theorem 2.31 part-2     is 1-1.  

 

Now we will prove that    fixing      element-wise.   

Let         Now           ̅    (       )    (      )         

Therefore    fixes      element-wise. 

 

Therefore    is a homomorphism, 1-1 and fixes      element-wise. So        
      

Therefore for each      (   ⁄          )  we have        
      So  ̅ is onto.  

Hence  ̅ is an isomorphism.                                                                                                           ☐ 
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Chapter-3 

MAIN RESULT 

 

Theorem: Let   be a non-abelian finite  -group.Then             
     if and only if 

        or               and       where   is the largest integer between   and    

such that         

Proof: Let   be a finite  -group. Let  

   ⁄                        

where      is acyclic group of order            and                  

Let 

   ⁄                          

and  

                            

where                  and                  

Since    ⁄      is a quotient of    ⁄   we have     and       for all        by theorem 

2.50.  

 

Suppose that             
     and          

We claim that            Assume on the contradiction that            

Choose an element   in      such that     for some maximal subgroup   of    

Now by theorem 2.28 part-4   we have   is normal. Also     is normal. 

And          So by definition 2.32 Internal Direct Product of   and            

 

Since   is a non-trivial normal subgroup of    so by theorem 2.28 part-2         is non-

trivial. Let            such that      by Cauchy’s Theorem. 

Also we know that   (    )          |        

Therefore       (    )     
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Define the map       by 

             for every     and every   {             

We claim that   is a central automorphism.  

 

Firstly we will prove that   is a homomorphism. 

Let    
      

      Then 

     
     

           
        since        

                                     
            

             

                                   
            

                                 
        

       since          

                                   
        

     

Therefore   is a homomorphism.  

 

Now we will prove that   is 1-1. 

Let       such that          

                            Therefore         

But   is a maximal subgroup of    So         

By theorem 2.3, we get   is abelian. Which is not so.  

 

Now we will prove that                          

Let        Then              

                             

                        

Therefore                          

Hence   is a central automorphism. 

But             
      so   is a central automorphism fixing      elementwise.   

Therefore            

Hence      which is a contradiction. 

Hence            
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Since            it follows that   is purely non-abelian. 

Also       (   ⁄     )          ⁄      

Since             
      therefore by [1, Theorem 1] and by theorem 2.51,   

|   (   ⁄      )|  |   (   ⁄          )| 

Hence by theorem 2.38, 

∏        {       

           

 ∏        {       

           

 

Since by theorem 2.50       for all        we have   

   {          {       for all       and        we have 

   {          {       for all       and          

Since          there exists some       such that        

Let   be the largest integer between   and   such that        

We claim that        

Suppose for a contradiction that        

Thus       {          {        which is impossible. 

 

Conversely if          then by lemma 2.48, every central automorphism fixes     

and hence it fixes      and so             
      

Now assume that               and       where   is the largest integer between   and 

  such that         

Since             is purely non-abelian and so 

|       |  |   (   ⁄      )|  ∏        {       

           

 

On the other hand we have 

|    
    |  |   (   ⁄          )|  ∏        {       

           

 

Since        we have 

                                  

Therefore          for all       and        
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Hence    {             {       for all       and        

Since       for all      we have    {          {       for all       and 

         Thus    {          {       for all       and        

Therefore             
                                                                                                         ☐ 
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