FIXED POINT THEOREMS FOR MAPPINGS

IN SOME ABSTRACT SPACES

A
THESIS
SUBMITTED IN FULFILLMENT OF THE
REQUIREMENT FOR THE AWARD OF THE DEGREE
OF
DOCTOR OF PHILOSOPHY

(MATHEMATICS)

By
SAURABH MANRO
(Registration No. 90711502)

School of Mathematics and Computer Applications

Thapar University
Patiala-147001
Punjab-India

March, 2014



DEDICATED TO
MY BELOVED
FAMILY




CANDIDATE’S DECLARATION

I hereby certify that the work being presented in the thesis entitled “Fixed Point
Theorems for Mappings in Some Abstract Spaces” in fulfillment of the requirements for
the award of the degree of Doctor of Philosophy, submitted in the School of Mathematics
and Computer Applications of Thapar University, Patiala, is an authentic record of my
own work carried out during a period from August, 2009 to March, 2014 under the
supervision of Dr. S.S. Bhatia and Dr. Sanjay Kumar.

The matter embodied in the thesis has not been submitted by me for the award of any
/

her di :
other degree. g @ﬂy» J%ﬂ.ﬂw

Date: [£ / o7 /;9 oYy /" (Saurabh M:fnro)

This is to certify that the above statement made by the candidate is correct to the best of

our knowledge.

Q(NLWLM S jouy

Dr S.S. Bhati Dr. Sanjay Kumar

Professor Assistant Professor

School of Mathematics and Department of Mathematics

Computer Applications Deenbandhu Chhotu Ram University of

Thapar University, Patiala Science & Technology, Murthalw
(Sonepat)

Punjab, India
Haryana, India

iii



ACKNOWLEDGEMENTS

First of all, I would like to pay high regards to Saraswati, the Goddess of
knowledge, who gave me some intellect and wisdom to reach where I am today.

I express my deep sense of gratitude and indebtness to Dr S.S. Bhatia, Professor,
School of Mathematics and Computer Applications (SMCA), Thapar University, Patiala
and Dr. Sanjay Kumar, Assistant Professor, Department of Mathematics, Deenbandhu
Chhotu Ram University of Science & Technology, Murthal, for their untiring support,
encouragement and able guidance at each and every step throughout this research
endeavor.

I am deeply thankful to Dr. P.K. Bajpai, Dean, Research and Sponsored Projects
and Dr. S.K. Mohapatra, Dean Academic affairs, Thapar University Patiala, for their
support and needful help during the various stages of my research work.

I am also grateful to Dr. Rajesh Kumar, Head SMCA, Thapar University,
Patiala, for the learned advice and constant encouragement during my stay at the school.

I thank my Doctoral Committee members comprising Dr. Deepak Gumber and
Dr. Kulbir Singh for monitoring the progress and providing valuable suggestions for
improvement of this research work.

I pay my sincere gratitude is to Dr. Jatinderdeep Kaur and Dr Amit Kumar,
Assistant Professor, SMCA, Thapar University, Patiala, Dr. Kenan Tas, Professor,
Cankaya University, Department of Mathematics and Computer Science, Ankara, Turkey,
Dr. C. Vetro, Professor, Dipartimento di Matematica Informatica, Universitadegli Stu;’i
di Palermo, Via Archirafi, Palermo, Italy for their valuable support during my research
work.

I am also thankful to all research scholars who helped me during this research

work especially Ms. Priya Shahi, Dr. Sunny Chauhan and Dr. Suneel Kumar.

v



I am grateful to the authorities of my school for their constant support during my
research work.

It is impossible for me to quantify and express in words the constant help and
moral support of my parents and brother Mr. Shakti Manro. Their support and advice
are pillars of strength not only in this work but at every stage of my life.

In the last but not the least, I would like to extend my heartiest gratitude to all
those persons who were directly or indirectly involved in getting this work done

successfully.

Date: /é/o 7 / /‘25-)"1 (Saurabh Manro)



CANDIDATE’S DECLARATION

| hereby certify that the work being presented in the thesis entitled “Fixed Point
Theorems for Mappings in Some Abstract Spaces” in fulfillment of the requirements for
the award of the degree of Doctor of Philosophy, submitted in the School of Mathematics
and Computer Applications of Thapar University, Patiala, is an authentic record of my
own work carried out during a period from August, 2009 to March, 2014 under the

supervision of Dr. S.S. Bhatia and Dr. Sanjay Kumar.

The matter embodied in the thesis has not been submitted by me for the award of any

other degree.

Date: (Saurabh Manro)

This is to certify that the above statement made by the candidate is correct to the best of

our knowledge.

Dr S.S. Bhatia Dr. Sanjay Kumar

Professor Assistant Professor

School of Mathematics and Department of Mathematics

Computer Applications Deenbandhu Chhotu Ram University of
Thapar University, Patiala Science & Technology, Murthal
Punjab, India (Sonepat)

Haryana, India



ACKNOWLEDGEMENTS

First of all, I would like to pay high regards to Saraswati, the Goddess of
knowledge, who gave me some intellect and wisdom to reach where | am today.

| express my deep sense of gratitude and indebtness to Dr S.S. Bhatia, Professor,
School of Mathematics and Computer Applications (SMCA), Thapar University, Patiala
and Dr. Sanjay Kumar, Assistant Professor, Department of Mathematics, Deenbandhu
Chhotu Ram University of Science & Technology, Murthal, for their untiring support,
encouragement and able guidance at each and every step throughout this research
endeavor.

| am deeply thankful to Dr. P.K. Bajpai, Dean, Research and Sponsored Projects
and Dr. S.K. Mohapatra, Dean Academic affairs, Thapar University Patiala, for their
support and needful help during the various stages of my research work.

| am also grateful to Dr. Rajesh Kumar, Head SMCA, Thapar University,
Patiala, for the learned advice and constant encouragement during my stay at the school.

| thank my Doctoral Committee members comprising Dr. Deepak Gumber and
Dr. Kulbir Singh for monitoring the progress and providing valuable suggestions for
improvement of this research work.

| pay my sincere gratitude is to Dr. Jatinderdeep Kaur and Dr Amit Kumar,
Assistant Professor, SMCA, Thapar University, Patiala, Dr. Kenan Tas, Professor,
Cankaya University, Department of Mathematics and Computer Science, Ankara, Turkey,
Dr. C. Vetro, Professor, Dipartimento di Matematica Informatica, Universitadegli Studi
di Palermo, Via Archirafi, Palermo, Italy for their valuable support during my research
work.

| am also thankful to all research scholars who helped me during this research

work especially Ms. Priya Shahi, Dr. Sunny Chauhan and Dr. Suneel Kumar.



| am grateful to the authorities of my school for their constant support during my
research work.

It is impossible for me to quantify and express in words the constant help and
moral support of my parents and brother Mr. Shakti Manro. Their support and advice
are pillars of strength not only in this work but at every stage of my life.

In the last but not the least, 1 would like to extend my heartiest gratitude to all
those persons who were directly or indirectly involved in getting this work done

successfully.

Date: (Saurabh Manro)



A=B, A=B:
f(x) or fx :
iff:

inf:

sup:

LIST OF SYMBOLS

Equality and Inequality for sets
Image of x under f

if and only if

infimum (or greatest lower bound)
supremum (or least upper bound)
The set of all natural numbers

The set of all real numbers

The set of all non negative real numbers
n-dimensional Euclidean space
The set of all rational numbers
Absolute value of x

The identity map

Universal set

Vi



ABSTRACT

The present thesis entitled “Fixed Point Theorems for Mappings in Some
Abstract Spaces” comprises certain investigations carried out by me at the School of
Mathematics and Computer Applications (SMCA), Thapar University, Patiala, under the
supervision of Dr. S.S. Bhatia, Professor, SMCA, Thapar University, Patiala and
Dr. Sanjay Kumar, Assistant Professor, Department of Mathematics, Deenbandhu Chhotu
Ram University of Science & Technology, Murthal (Sonepat).

The aim of this work is to extend, generalize and unify various results in different
abstract spaces for various mappings such as compatible mappings, R-weakly commuting
mappings and their different variants.

The thesis consists of seven chapters. Chapter-1 is introductory in nature, where
we fix notations and terminology to be used in the subsequent chapters. In this chapter,
some basic definitions, classical and recent results related to metric fixed point theory
have been presented. Some of these results have been extended and generalized in the
subsequent chapters. A brief summary of each chapter has been given towards the end of
this chapter.

In Chapter-11, the concepts of compatible mappings and weakly compatible
mappings of type (A) in G-metric spaces have been introduced. Some properties related
to these mappings have also been proved in this chapter. The notion of the property (E.A)
has been used to prove a common fixed point theorem for weakly compatible mappings.
The results presented in this chapter have been applied to obtain the solution of an
integral equation and the bounded solution of a functional equation arising in dynamic
programming.

In Chapter-111, some new common fixed point theorems in G-metric spaces have
been established by using the notions of compatibility, variants of R-weakly

commutativity and weakly reciprocal continuity. Consequently, the results presented in

vii



this chapter have improved and sharpened many related results present in the existing
literature. Also, some examples in support of these results have been given.

The aim of Chapter-1V is to introduce a new property called “common limit in
the range” for four self-mappings in fuzzy metric spaces and using this property, some
common fixed point theorems have been established. The results presented in this chapter
have generalized many known related results. Further, some common fixed theorems for
R-weakly commuting mappings and some of their variants have been proved in fuzzy
metric spaces.

The objective of Chapter-V is to prove a common fixed point theorem in
intuitionistic fuzzy metric spaces by using pointwise R-weak commutativity and
reciprocal continuity of mappings satisfying some contractive conditions. Towards the
end of this chapter, some common fixed point theorems for weakly compatible mappings
along with common (E.A) like property have been proved by using some implicit
relations.

In Chapter-VI, some common fixed point theorems for pairs of compatible and
subsequentially continuous mappings in intuitionistic fuzzy metric spaces via an implicit
relation have been proved. The results proved in this chapter have improved many known
related common fixed point theorems in these spaces. Further, some common fixed
theorems for weakly compatible mappings in intuitionistic fuzzy metric spaces via an
implicit relation and the common property (E.A) have been established.

Chapter-VI11 is devoted to the extension of the work done by Saadati et al. [112]
in the frame work of modified intuitionistic fuzzy metric spaces. In this chapter, some
common fixed point theorems have been established using weakly reciprocal continuous,
non-compatible self-mappings via some implicit relations.

Finally, based on the present study, relevant topics for further research have been

suggested.
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CHAPTER- |

INTRODUCTION

Let X be a non-empty set and f : X — X be a mapping. A point x e X is called a
fixed point of f if fx = x, that is, x remains invariant under the mapping f. In graphical
terms, a fixed point is the point of intersection of the graph of the curve y = fx and the line
Yy =X

Fixed point theory is one of the most dynamic research area in nonlinear analysis.
It has a wide range of applications in fields such as economics, computer science and
many others. The most important and core result in this direction was given by Polish
mathematician Stefan Banach [18] in 1922, popularly known as Banach contraction
principle. This principle not only guarantees the existence and uniqueness of the fixed
points of self-mappings but also gives a procedure to obtain the fixed points of these
mappings. This technique is used as a powerful tool to solve various problems in
different branches of Mathematics such as integral equations, ordinary differential
equations, partial differential equations, dynamic programming, game theory etc.
Motivated by the Banach contraction principle, several researchers (see, e.g., [22],[27],
[32],[37],[52],[66],[104],[107],[123],[128],[141]) have introduced various other types of
contractive conditions and have established number of related fixed point theorems. In
1977, Rhoades [108] investigated various contractive mappings that have appeared in the
literature in the last twenty years and have analyzed the inter relationships among them.

The generalization of existing idea of Banach is a very important aspect for the
advancement in the field of fixed point theory. In this thesis, fixed point results in some
abstract spaces like G-metric spaces, fuzzy metric spaces, intuitionistic fuzzy metric
spaces and modified intuitionistic fuzzy metric spaces have been presented and many
existing results in the literature have been generalized.

To give sufficient background for subsequent chapters, we, in this introductory
chapter present some basic definitions, notations and some classical and recent results
related to this work. However, some of the basic definitions and notations will be

repeated occasionally in various chapters for the sake of convenience.
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In Section 1.1, some basic definitions and preliminaries related to metric fixed
point theory have been presented. In Section 1.2, various types of mappings in metric
spaces have been presented. However, some of these mappings in context of other
abstract spaces will be defined in their respective chapters. Section 1.3 deals with various
abstract spaces used in the present work. Section 1.4 highlights the objectives formulated
for the present study. The summary of the work presented in the subsequent chapters of

this thesis are finally presented in last section.

1.1 PRELIMINARIES RELATED TO METRIC FIXED POINT THEORY
Metric spaces play a significant role in the study of functional analysis and

topology. The term ‘metric’ is derived from the word ‘metor’ (measure). In 1906,

Frechet [40] introduced the notion of metric space in his doctoral thesis submitted to the

University of Paris. However, definition given by the German mathematician,

Hausdroff [53] in 1914 is commonly used and is stated as:

Definition 1.1.1. Let X be any non-empty set. A metric on X is a real valued function

d : X x X — R which satisfies the following conditions: for all x,y,z e X,

1 dx,y)=>0; (Positivity)

@i) dx,y)=0 iff x=y; (Identity)

(i) d(x, y) = d(y, x); (Symmetry)

(iv) d(x,z) < d(x,y) +d(y, 2). (Triangle inequality)

A metric space is a non-empty set X equipped with a metric d on X and is denoted by
(X, d). Geometrically, d(x, y) represents distance between two points x and y on the real
line.

Example 1.1.1.

(i) The set R of real numbers with the distance function d(x,y) :|x—y| is a metric

space.

(i)  Every normed linear space is a metric space under the metric d(x, y) =|x—y].

Definition 1.1.2. A sequence {xn} of a metric space (X, d) is said to be

(i) convergent to apoint xe X if limd(x,,x)=0.

n—oo

2



(i) Cauchy sequence if lim d(x,,x,)=0.

Definition 1.1.3. A metric space (X, d)is said to be complete if every Cauchy sequence in
(X, d) is convergent in X.
In a metric space, every convergent sequence is a Cauchy sequence but the

converse is not true. For instance, Euclidean n-space with the Euclidean distance is

complete metric space where as the set of rational numbers with metric d(x,y) = |x— y| IS

not a complete metric space.

Definition 1.1.4.([49], p.1) Let X be a non-empty set and f : X — X be a mapping. A

point x e X is called a fixed point of f if x remains invariant under f i.e., fx = x. In

graphical terms, a fixed point means the point (x, fx) is on the line y = x, or in other

words, the graph of f has a point in common with line y = x.

Example 1.1.2.

(i) A mapping f:R — R defined by fx = 2x, for all xeR, x = 0 is the unique fixed
point.

(ii) A mapping f :R — R defined by fx = x?, for all x € R, has two fixed points 0 and 1.

(iii) A mapping f:R — Rdefined by fx = x (identity mapping), for all xeR, has
infinitely many fixed points. i.e., every point of R is a fixed point of f.

(iv)A translation mapping f :R — R defined by fx = x + 2, for all xe R, has no fixed
point.

These examples infer that a mapping may have a unique fixed point, more than one fixed

point or infinitely many fixed points and even it may not have any fixed point.

Definition 1.1.5.([6], Vol.141,p.1) Let(X,d)be a metric space. Then a mapping

f: X — Xis called Lipschitzian mapping if there exists a real number M > 0 such that
d(fx, fy)<M d(x,y),forall x,yeX.

Definition 1.1.6.([6], Vol.141,p.1) Let (X,d)be a metric space. Then a mapping

f: X — Xis called contraction mapping if there exists a real number M, 0 <M <1such
that

d(fx, fy)<M d(x,y),forall x,yeX.



Definition 1.1.7.([6], Vol.141,p.112) Let (X,d)be a metric space. Then a mapping

f: X — Xis called non-expansive mapping if

d(fx, fy)<d(xy), forall x,ye X.
Definition 1.1.8.([6], Vol.141,p.112) Let (X,d)be a metric space. Then a mapping

f: X — Xis called contractive mapping if
d(fx, fy)<d(x,y), forall x,yeXand x=y.

It is clear that contraction = contractive = non-expansive = Lipschitzian.
However, converse may not be true in either case as:

(i) The identity mapping I:X— X, where X is a metric space, is non-expansive but not

contractive because for all x,y e X, d(Ix,ly)=d(x,y).

(i) LetX = [1,oo) be a complete metric space equipped with the metric of absolute value.

Define f : X—X given by fx = x+1,for all xe X. Then f is a contractive mapping,
X

while f is not a contraction.

(iii) Let X = [1,oo)and define for all x,y e X,d(x, y) = |x —y|. Define f : X—X given by

fx =3x. Then for M = 3, f is a Lipschitzian mapping, while f is not a contraction.

The study of fixed point theory was initiated by famous Dutch mathematician
Brouwer [25] in 1912. Brouwer established the following result in this direction:
“Let C be a closed unit ball in R"and let f be a continuous self-mapping on C. Then
f has a fixed pointin C.”

Later on, Schauder [118] extended Brouwer’s result for infinite dimensional
spaces. The credit of making fixed point theory useful and popular goes to Polish
mathematician Stefan Banach. In 1922, Banach proved a fixed point theorem, which
ensures the existence and uniqueness of a fixed point under appropriate conditions. This
result of Banach [18] is known as Banach fixed point theorem or Banach contraction
principle stated as:

“Let (X, d) be a complete metric space and f be a contraction mapping on X. Then f has a
unique fixed point in X, i.e., every contraction mapping on a complete metric space has a

unique fixed point.”



Banach contraction principle has many applications but it suffers from one
drawback, i.e., it requires the mapping to be continuous at all points of its domain. In
1968, Kannan [66] proved that there are mappings that have a discontinuity in their
domain but still have fixed point, although such mappings are continuous at their fixed
points. This theorem of Kannan is stated as:

“Let (X, d) be a complete metric space and f is a self-mapping of X satisfying

d(fx, fy)<k [d(fxx)+d(fy,y)],

1
for all x,y e X, and k is any real number such that k € [OE) . Then f has a unique fixed

point in X.”
Following the appearance of Kannan’s paper [66,67], many researchers started working
along this direction and established related fixed point theorems.

In 2002, Branciari [24] obtained a fixed point result for a single self-mapping
satisfying an analogue of Banach contraction principle for an integral-type inequality as

follows:

“Let (X, d) be a complete metric space, k € [0,1) and f is a self-mapping of X such that for
d(fx, fy) d(x.y) ]

allx,yeX, jo #(t)dt <k jo #(t)dt, where ¢:[0,00)>[0,0] is a Lebesgue

integrable mapping which is summable (i.e., with finite integral) on each compact subset

of [0,00), non-negative, and such that for each &> 0, I:gb(t)dt >0, thenf has a unique

fixed point in X.”

Recently, many researchers (see, e.g., [7],[46],[55],[58],[73],[92-97],[110],[126])

have obtained common fixed point results on metric spaces.

1.2 VARIOUS TYPE OF MAPPINGS IN METRIC SPACES

Definition 1.2.1.[62] A pair (f, g) of self-mappings of a metric space (X, d) is said to be
commuting if fgx = gfx, forall x e X.

Example 1.2.1. Let X = [0, 1]. Define self-mappings f and g on X by fx = 2x and

gx =3x, forall xe X.Then fand g are commuting mappings.



In 1982, Sessa [125] introduced the notion of weak commutativity, which is a
weaker hypothesis than commutativity.

Definition 1.2.2. A pair (f, g) of self-mappings of a metric space (X, d) is said to be
weakly commuting if d( fgx, gfx)<d( fx, gx), forall x e X.
Every pair of commuting self-mappings is weakly commuting but the converse is not

true.
Example 1.2.2.[125] Let X = [0, 1] and d be the usual metric on X. Define the mappings

f,g: X — X by fx =2 and gx:i, for all xe X.Then forany x e X,
2 X+2

d(fgx, gfx) <d(fx, gx).
This implies that f and g are weakly commuting on X but are not commuting on X, since
gfx = fgx for any non-zerox e X.

In 1986, Jungck [63] defined the concept of compatible mappings which is more
general than that of commuting and weakly commuting mappings.

Definition 1.2.3. A pair (f, g) of self-mappings of a metric space (X, d) is said to be

compatible mappings if limd ( fox,, gfx, ) =0,whenever {x,} is a sequence in X such that

lim fx, =lim gx, =z for some z € X.

Nn—o0 n—o0
Indeed, weakly commuting mappings are compatible, but the converse is not necessarily

true.

Example 1.2.3.[63] Let X =[0,0) be endowed with usual metric d and f,g:X — X

such that fx=x* and gx=2x>. Then fgx = gfx. So, f and g are not commuting on X and

| fgx— ofx| > | fx—gx|. Therefore, f and g are not weakly commuting on X. Also, for any

sequence {x,} in X suchthat lim fx, =limgx, =ue X then

limd ( fox,, gfx, ) = lim| fgx, — gfx,|=0.

Therefore, f and g are compatible



Definition 1.2.4. A pair (f, g) of self-mappings of a metric space (X, d) is said to be:

(i)

(i)

(iii)

(iv)

Later, various authors have defined different variants of compatibility.

compatible of type (A)[64] if
limd ( fgx,,ggx,)=0 and limd(gfx,, ffx,)=0;

compatible of type (B)[102] if

|imd(fgxn,ggxn)s%[|imd(fgxn, fz)+limd ( fz, ffxn)}

n—o0

and

compatible of type (C)[101] if
1

n—oo

lim d(fgxn,ggxn)ss[lim d( fox, fz) + lim d(fz, fix,) + lim d( fz,ggx,)

and

lim d(gfxn,ffxn)s%{lim d(gfx,,9z) + lim d(gz,99x,) + lim d(gz, ffx,)

n—oo

compatible of type (P)[100] if lim d( ffx,, 99x,)=0;

limd (gfx,, ffxn)sé[limd (gfx,, gz)+|imd(gz,ggxn)};

n—owo

]

|

whenever {x,}is a sequence in X such that lim fx, =limgx, =z for some z e X, in each

n—o n—0

of the above types.

In 1994, Pant [92] introduced the concept of R-weakly commuting mappings as

follows:

Definition 1.2.5. A pair (f, g) of self-mappings of a metric space (X, d) is said to be R-

weakly commuting if there exists some real number R > 0 such that

d( fgx,ofx)<Rd( fx,gx),forall xe X.

Definition 1.2.6. A pair (f, g) of self-mappings of a metric space (X, d) is said to be

pointwise R-weakly commuting on X if for a given x € X, there exists R > 0 such that

d( fgx, gfix) <R d( x, 9x).



Remark 1.2.1.[92] (i) For R =1, every R -weakly commuting pair is weakly commuting.
(i) Weak commutativity implies R-weak commutativity. However, R-weak
commutativity implies weak commutativity only when R <1.

Later on, Pathak et al. [99] introduced an improved notion of R-weak
commutativity of mappings by defining R-weak commutativity of type (Aq) and (Ay).
Definition 1.2.7. A pair (f, g) of self-mappings of a metric space (X, d) is said to be:

(i) R-weakly commuting of type (Ay) if there exists some real number R > 0 such that

d(ofx, fix) <R d( fx,gx),forall xe X.
(i) R-weakly commuting of type (Ay) if there exists some real number R >0 such that
d( fox,ggx) <R d( fx,gx), forall xe X.

Moreover, such mappings commute at their coincidence points.
Pant [93] in 1998, initiated the following notion of non-compatible mappings.

Definition 1.2.8.A pair (f, g) of self-mappings of a metric space (X, d) is said to be non-

compatible if there exists a sequence {x } in X such that lim fx, =limgx, =z for some

n
nN— n—

ze X but limd ( fgx,, gfx, ) is either non-zero or does not exist.
nN—oo

In 1998, Jungck and Rhoades [65] introduced the notion of weakly compatible
mappings which is more general than that of compatibility as follows:
Definition 1.2.9. A pair (f, g) of self-mappings of a metric space (X, d) is said to be
weakly compatible mappings if the mappings commute at all of their coincidence
points, i.e., fx =gx for some x e X implies fgx = gfx.
Also, compatible mappings are weakly compatible but the converse is not true.
Example 1.2.4. Let X = [2, 20] and d be the usual metric on X. Define the mappings f, g:
2, X=2
and gx=<: 12, 2<x<5
X—3, X>5,

2, X=2 or x>5

X—X by fx=
6, 2<x<5

1
Define a sequence {x,}in X by {xn}={5+ﬁ}. Clearly, mappings f and g are non-

compatible and weakly compatible at the coincidence point x = 2.



In 2008, Al-Thagafi and Shahzad [14] introduced the concept of occasionally
weakly compatible (owc) mappings which is a proper generalization of weakly
compatible mappings.

Definition 1.2.10. A pair (f, g) of self-mappings of a metric space (X, d) is said to be
occasionally weakly compatible (owc) if there exists a point xe X which is a
coincidence point of f and g at which f and g commute.

The following example shows that the weakly compatible self-mappings form a proper

subclass of owc self-mappings.

Example 1.2.5.[14] Let X = [O,oo) with usual metric. Define f, g: X — X by fx = 2x and
gx = x’, for all xe X. Then fx = gx at x =0, 2 but fg(0)=gf (0) and fg(2)=gf (2).

Therefore, mappings f and g are owc but not weakly compatible.

In 2002, Aamri and Moutawakil [1] generalized the concept of non-compatible
mappings by introducing a new property called property (E.A). This property is defined
as:

Definition 1.2.11. A pair (f, g) of self-mappings of a metric space (X, d) is said to be
satisfy property (E.A), if there exists a sequence {xn} in X such that

lim fx, =limgx, =z for some z e X.

n—o0 n—oo

Example 1.2.6.[1] Let X =[0,). Define f, g : X—X by fx:% and gx::%,for all

1 . .
x e X. Consider the sequence {X,} = {ﬁ} .Clearly, lim fx, =limgx, =0< X. Then f and

g satisfy property (E.A).

In 2005, Liu et al. [75] introduced the notion of common property (E.A) which
contains the property (E.A) for pairs of self-mappings.
Definition 1.2.12. Two pairs (f, g) and (h, k) of self-mappings of a metric space (X, d) are

said to satisfy the common property (E.A) if there exist two sequences {xn} and {yn} in

X such that

lim fx, =limgx, =limhy, =limky, =z for some z e X.
nN—o n— n—o

N—o0



Example 1.2.7. Define f, g, h and k on X =[1,15) by

fxz{l, XE{ukwsjs),gX:{é, x e {1} U(3,15)

14,  xe(1,3] 5 xe(13]

3, x=1 2, x=1
hx={ 6, xe(1,3] and kx=7 11, xe(1,3] .
XTH’ xe(315) x—2, xe(315).

Take {xn}:{3+%} and {yn}:{3+%}, clearly

lim fx, =limgx, =limhy, =limky, =1 X.

Therefore, (f, g) and (h, k) satisfies the common property (E.A).

In 2011, Sintunavarat and Kumam [133] introduced a new property called as
“common limit in the range of g property” (i.e., CLRy property), defined as:
Definition 1.2.13. A pair (f, g) of self-mappings of a metric space (X, d) is said to be

satisfy the common limit in the range of g property if there exists a sequence {x,}in X

such that

lim fx, = Ml gx, =9z forsomeze X.

n—oo

Example 1.2.8.[133] Let (X, d) be the usual metric space where X :[O,oo). Define

f, g0 X—>X by fx=x+1 and gx=2x, for all xeX. Consider the sequence

{X.} :{1+1}. Since lim fx, =limgx, = g(1) =2, therefore, f and g satisfy the (CLR)

n n>o0
property.

In 2012, Imdad et al. [59] defined the common limit in the range of g and k
(CLRg) property and thereby extending the notion of (CLRgy) property as under:
Definition 1.2.14. Let X be any non-empty set. Two pairs (f, g) and (h, k) of self-
mappings on X are said to satisfy the common limit in the range of g and k (CLRg)

property if there exist two sequences {x, }and {y,} in X such that

lim fx. =limgx, =limhy, =limky, =z where z € g(X)Nk(X).

n—o0
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Chauhan et al. [29] defined the notion of “the joint common limit in the range
(JCLRg) property” for two pairs of self-mappings as follows:
Definition 1.2.15. Let X be any non-empty set. Two pairs (f, g) and (h, k) of self-

mappings on X are said to satisfy the joint common limit in the range of g and k

(JCLRg) property if there exist two sequences {x,}and {y, }in X such that

lim fx, =limgx, =limhy, =limky, =gz =kz for some ze X.
n—o n—o n—o

n—oo

Example 1.2.9. LetX =[-11]. Define self-mappings f, g, h and k on X by

1
fx = hx=—§,gx=x and kx=—x, for all xe X.Then with sequences {xn}:{—}

X
3’ n

1 . : : : ,
and {y,} :{_H} in X, lim fx, ﬂm X, =rl]mhyn =rI£r010kyn =g0=kO0. This shows that

nN—o0

the pairs (f, g) and (h, k) satisfy the (JCLRg) property. Since 0eg(X)nk(X), both
pairs (f, g) and (h, k) satisfy the (CLRg) property.

In 1999, Pant [95] introduced a new continuity condition, known as reciprocal
continuity as follows:
Definition 1.2.16. A pair (f, g) of self-mappings of a metric space (X, d) is said to be

reciprocally continuous if lim fgx, = fz and limgfx, =gz, whenever {xn} is a
N—o0

nN—o0

sequence in X such that lim fx, =limgx, =z for some z e X.

n—w n—oo

It is to be noted that if f and g are both continuous, then f and g are reciprocally

continuous but the converse is not true.

Example 1.2.10.[95] Let X :[2,20] and d be usual metric on X. Define mappings
f,0: X > Xby

2, X=2 2’ X=2
fx = and gx=
3, X>2 6, X>2.

Then f and g are reciprocally continuous mappings for the sequence {xn} = {2} but are

not continuous at x = 2.
In 2011, Pant et al. [96], generalized the concept of reciprocal continuity by

introducing the notion of weak reciprocal continuity.

11



Definition 1.2.17. A pair (f, g) of self-mappings of a metric space (X, d) is said to be

weakly reciprocally continuous if lim fgx, = fz or limgfx, = gz, whenever {x,} is a
n—o0 nN—oo

sequence in X such that lim fx, =limgx, =z for some z e X.
n—o0

n—oo

Example 1.2.11.[96] Let X :[2,20] and d be usual metric on X. Define mappings
f,g: X > X by

2, X=2
and gx = 12, 2<x<5

(x+1)/3 x>5.

b = 2, X=2o0rx>5
B 6, 2<x<5

Clearly, mappings f and g are weakly reciprocal continuous mappings but are not

reciprocal continuous.

1.3.  VARIOUS TYPE OF ABSRACT SPACES
We, now present various abstract spaces such as G-metric spaces, Menger
spaces, Fuzzy metric spaces, Intuitionistic fuzzy metric spaces and Modified intuitionistic

fuzzy metric spaces which will be used in the later chapters.

G- METRIC SPACE

In sixties, Gahler [41,42] introduced the concept of 2-metric space and proved
that a 2-metric is a generalization of usual notion of a metric. But different authors
proved that there is no relation between these two functions. For instance, Ha et al. [51]
showed that a 2-metric need not be a continuous function of its variables, whereas an
ordinary metric is continuous function of its variables. These considerations led
Dhage [36], in 1992, to introduce a new class of generalized metric called as D-metric.
Dhage claimed in his doctoral research work that D-metric provides a generalization of
ordinary metric functions. Further, in 2004, Mustafa and Sims [87] demonstrated that
most of the claims concerning the fundamental topological properties of D-metric spaces
are incorrect and proved that a D-metric need not be a continuous function of its
variables. These considerations led researchers to seek a more appropriate notion of

generalized metric space. In 2006, Mustafa and Sims [88] introduced the concept of

12



G-metric spaces to overcome fundamental flaws in Dhage’s theory of generalized metric

spaces.

Definition 1.3.1.Let X be a non-empty set, and let G: X x X x X — R" be a function

satisfying the following axioms: for all x,y,z,ae X,

(G1) G(xy,2)=0if x=y=z;

(G2) G(xxy)>0withx+#y;

(G3) G(xxY)<G(xy,z) withz#y;
)=G(x,2,y)=G(y,z,x)=.
)<G

(x,a,a2)+G(a,y,z),

(G4) G(xy.z

(G5) G(x,y,2
then the function G is called a Generalized metric or more specifically a G-metric on X

and the pair (X, G) is called a G-metric space.

Definition 1.3.2.[88] Let (X, G) be a G-metric space. A sequence {x,} in X, is said to be

G-convergent to a pointx e X if lim G(x X, X ) 0,i.e., for each &> 0, there exists a

1N 'm
m,n—oo

positive integer N such that G(x, x,, x.) <&, forall n,m=N.

LAV

Definition 1.3.3.[88] Let (X, G) be a G-metric space. A sequence {xn} in X, is said to be

a G-Cauchy sequence if, I|m G (X, Xy, % )=0, ie., for each &>0,there exists a

n’'m?’

positive integer N such that G(x,,x,,x,)<¢&, forall n,m k> N.

Definition 1.3.4.[88] A G-metric space (X, G) is said to be G-complete if every G-

Cauchy sequence in (X, G) is G-convergent in X.

Definition 1.3.5.[88] A G — metric space (X, G) is called a symmetric G-metric space if
G(x, y,y) =G(x, x,y), forall x,ye X.

Proposition 1.3.1.[88] Let (X, G) be a G-metric space. Then the following statements are

equivalent:

(i) {x,}is G-convergent to x;
(i) G(%,. %, x)—>0as n— oo;

n!’n?’

(i) G(x,,x,x)—>0as n—»oo;

13



(iv) G(X, Xy, X)—>0as m,n—oo.

Proposition 1.3.2.[88] If (X, G) is a G-metric space. Then the following statements are
equivalent:

(i) sequence {x,} is G — Cauchy;

(i) for each & >0, there exists a positive integer N such that G(x X, X )<g, for all

n,m=>N.
Proposition 1.3.3.[88] Let (X, G) be a G-metric space. Then the function G(x, v, z) is
jointly continuous in all three of its variables.

Proposition 1.3.4.[88] Every G-metric space (X, G) defines a metric space (X,d;),
where d; (X, y)=G(x,Y,Y)+G(y, % Xx), forall x,y e X.
Proposition 1.3.5.[88] A G-metric space (X, G) is G-complete if and only if (X,dG) is a

complete metric space.
Proposition 1.3.6.[88] Let (X, G) be a G-metric space. Then for any x,y,z,ae X, it
follows that:
0] If G(X,y,z) =0,thenx=y=1z2;
(i) G(x, ¥, 2) <G(X, X, ¥) + G(x, X, 2) ;
(i) G(x,y,y) <2G(y, X, X) ;
(iv) G(XYy,2)<G(x,a,2)+G(a,V,2);
(v)  G(x,Y,2) <[G(x, a, a) + G(y, a, a) + G(z, a, a)].

In 2005, Mustafa [83] in his Ph.D. thesis characterized the well known Banach
contraction principle in the context of G-metric spaces in the following way:
Theorem 1.3.1.[83] Let (X, G) be a complete G-metric space and f:X — X be a
mapping satisfying the following condition:

G(fx, fy, f2) <k G(x,y,2), forallx,y,ze Xand 0 < k <1.

Then f has a unique fixed point.

Motivated by the work of Mustafa and Sims [88], various researchers
(see, e.g., [3].[4].[16],[78],[84-86],[89],[115],[117],[127]) have proved number of well

known results in G-metric spaces.
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PROBABILISTIC METRIC SPACES

In 1942, Menger [77] introduced the notion of a probabilistic metric space (PM-
space). In order to define such spaces, Menger used the concept of distribution functions
instead of non-negative real-valued metric. The notion of probabilistic metric space
corresponds to situations when we do not know exactly the distance between two points
i.e., we know only probabilities of possible values of this distance.

Definition 1.3.6.([120], Vol.16, p.43) A mapping f :R — R" is called a distribution

function if it is non-decreasing, left continuous with inf{ft:teR}=0 and

sup{ ftite R} =1. Generally, the set of all distribution functions is denoted by L.

An example of distribution function is Heaviside function H(t), defined by

0, t<0
H(t) =
® {1, t>0.

Definition 1.3.7.([120], Vol.16, p.124) The ordered pair (X,F) is said to be

probabilistic metric space if X is a non-empty set and F is a mapping from X x X toL

satisfying the following conditions: for all X,y,z€ X andt, s >0,

1) F(xy;t)=Llifandonlyifx=y;

(i) F(xy;0)=0;

(i) F(xy ;) =F(y.x;t);

(iv) If F(x,y;t)=1and F(y,z;s)=1,then F(x,z ;t+s)=1.

Note that F(x,y ;t) may be interpreted as the probability that the distance between x and
y is less than t.

Definition 1.3.8.([120], VVol.16, p.65) A binary operation =:[0,1]x[0,1] — [0,1] Is said to
be a t-norm if * satisfies the following conditions: for all a,b,c,d e[O,l],

(i) * is commutative and associative;
(i) axl=a;
(ili) a*xb<c*dwhenevera<c and b<d.

The following two basic t-norms are frequently used in our work:
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(i) The minimum t-norm =, is defined by

a*, b=min{a,b}.
(if) The product t -norm=, is defined by

ax, b=ab.
Definition 1.3.9.([120], Vol.16, p.125) A Menger space is a triplet (X,F,*), where
(X,F) is PM-space and * isa t—norm with the condition:

F(x,z ;t+s)>F(x,y ;t)*F(y,z;s) (Menger triangle inequality)

holds for all X,y,ze X andt,s>0.

Every metric space (X,d) can always be realized as PM-space by
F:XxX —Ldefined by F(x,y ;t)=H(t-d(x,y)), forall x,ye X andt>0.

The concept of contraction mappings for PM-spaces was initiated by Sehgal [122]

in his Ph.D thesis in the following way:
Definition 1.3.10. A self-mapping f on a PM-space (X,F)is said to be probability
contraction if there existsk € (0,1) such that

F(fx, fy ;kt) > F(x,y ;t), forallx,ye X and t >0.

In 1972, Sehgal and Bharucha-Reid [124] obtained a generalization of Banach
contraction principle on a complete Menger space which has turned out to be a milestone

in developing fixed point theorems in Menger space.

Theorem 1.3.2. Let (X, F,*) be a complete Menger space where a*b= min{a, b} for
all a,be [0,1] and f:X — X be a mapping satisfying the following condition:
F(fx, fy ;kt) > F(x,y ;t), forall x,ye X, t>0and k €(0,1).

Then f has a unique fixed point.
After this result, many researchers have obtained fixed point results on Menger
spaces(see,e.g.,[13],[28],[39],[60],[68],[70],[74],[80],[106],[130-132]).
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FUZZY METRIC SPACES

After the appearance of the notion of fuzzy set, originally introduced by Zadeh
[140], the literature in this area has risen very quickly because of its interesting
applications in applied sciences such as neural network theory, stability theory,
mathematical programming, modeling theory, engineering sciences, medical sciences,
image processing, control theory, communication etc. One of the most interesting
research topics in fuzzy topology is to find an appropriate definition of fuzzy metric
space. Many authors have considered this problem and have introduced it in different
ways. Inspired by Menger spaces, Kramosil and Michalek [69] generalized the concept of
probabilistic metric space to the fuzzy framework.

Definition 1.3.11.]140] A fuzzy set A in a wuniverse X is an object
A={(x u,(x)):xe X} where u,:X —[0,1] is the membership function or grade of
membership of the A.
Definition 1.3.12.[69] The 3-tuple (X, M,*)is said to be a fuzzy metric space if X is an
arbitrary set, *is a continuous t-norm and M is a fuzzy set on X?x[0,)satisfying the
following conditions: forall X,Yy,ze X andt,s >0,
(i) M(x,y,0)=0;
(i) M(x,y,t)=1ifandonlyif x=vy;
(i) M(x,y,t) =M (y, x,t);
(iv) M(x,y,t)*M(y,z,5) <M(X,z,t+5);
(v) M(x,y,®):[0,00) —[0,1]is left continuous;
In what follows, fuzzy metric spaces in the sense of Kramosil and Michalek [69] will be
referred to as KM-fuzzy metric spaces. The function M(x, y, t) denote the degree of
nearness between x and y w.r.t. t respectively.

In order to introduce a Hausdorff topology on the fuzzy metric spaces, George

and Veeramani [43] modified the notion of KM-fuzzy metric space in a slight but in an

appealing way as follows:

17



Definition 1.3.13. The 3-tuple (X,M,*) is said to be a fuzzy metric space if X is an
arbitrary set, *is a continuous t-norm and M is a fuzzy set on X? x (0,) satisfying the
following conditions: for all X,y,z€ X andt,s >0,
() My, t)>0;
@) M(x,y,ty=21ifandonly if x=Yy;
(iil) M(x,y, t) = M(y, x, t);
(iv) M(x,y,t) *M(y, z,s) < M(x, z, t + S);
(v) M(x,y,#):(0,00)—[0,1] is continuous.

Fuzzy metric spaces introduced by George and Veeramani [43] will be referred to
as GV-fuzzy metric space.

Remark 1.3.1.[48] The mapping M (X, Y,®) is non-decreasing for all x,ye X in fuzzy

metric space (X, M,*).

Definition 1.3.14.[43] A sequence {xn} in a fuzzy metric space (X, M,*) is said to be

(i) convergent to a point X X, if for each &e(0,1)and each t>0, there exists
n, € N such that M(x,,x,t) >1-g, forall n>n,.

(i) Cauchy sequence if for each ¢ e(O,l) and each t >0, there exists n, € N such that
M(X,, X,,t) >1—¢, forall m,n=n,.

Definition 1.3.15.[43] A fuzzy metric space (X,M,*) is said to be complete if every

Cauchy sequence is convergent.

Definition 1.3.16.[43] Let (X, M,*) be a fuzzy metric space. The open ball B(x, r, t) for
t > 0 with center x e X and radiusr, 0 <r <1, is defined as

Bix,r,t)={yeX: Mx,y,t) >1-r}
Definition 1.3.17.[43] Let (X,M,*) be a fuzzy metric space. Define

1= {AcX; xeAiff there exists r, 0 <r <1and t>0such that B(x, r, t) cA},

then t is a topology on X.
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Example 1.3.1.[43](Induced fuzzy metric spaces)

Let (X, d) be a metric space. Denote ax*b=abfor all a,be[0,1],where * is a continuous
t-norm and let M, be fuzzy seton X?*x[0,0)defined as follows:

My 06y, = s
forall h,m,neR" and t>0.Then (X,M,,*) is a fuzzy metric space.

Remark 1.3.2.[43] It should be noted that the above example holds even if the
continuous t-norm# is replaced by axb=min{a,b},for all abe[0,1]and hence
function M defined in above example is a fuzzy metric with respect to any continuous t-

norm. In the above example, by takingh =m =n =1, we get

M, (X, y,t)=m,for all x,yeXand t>0.

This fuzzy metric induced by a metric d is called the standard fuzzy metric.

Example 1.3.2.[43] Let X =R and t-norm * defined by a * b = a. b, for all a,b<[0,1].

Let M is the fuzzy set on X*x[0,), defined by

-1
[x-¥]
M(x,y,t) = [exp( t o 120 forall x,y e X.

0, t=0

Then (X, M,*) be a fuzzy metric space.

In 1988, Grabiec [48] presented Banach contraction principle in the frame work
of KM-fuzzy metric space as under:

Theorem 1.3.3. Let (X,M,*) be a complete fuzzy metric space such that

!im M (x,y,t)=1 forall x,y e X. Letfis a self-mapping of X satisfying

M (fx, fy,kt)>M (x,y,t), forall x,ye X, t>0

where k is any real number such that k €(0,1). Then f has a unique fixed point in X.
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Thereafter, many authors (see e.g.,[2],[30],[31],[38].[44],[45],[47],[54].[72],[79],[91],
[134]) established fuzzy version of most of the classical metric common fixed point

theoremes.

INTUITIONISTIC FUZZY METRIC SPACES

As a generalization of fuzzy sets, Atanassov [15] introduced and studied the
concept of intuitionistic fuzzy sets which was subsequently developed by many authors
(see, e.g., [33],[98]). Intuitionistic fuzzy set can be utilized as a proper tool for
representing hesitancy concerning both membership and non-membership of an element
to a set. To be more precise, a basic assumption of fuzzy set theory is that if we specify
the degree of membership of an element in a fuzzy set as a real number from [0,1], say p,
then the degree of its non-membership is automatically determined as (1 - p), need not
hold for intuitionistic fuzzy sets. In intuitionistic fuzzy set theory, it is assumed that non-
membership should not be more than (1- p). Thus, by employing intuitionistic fuzzy sets
in data bases, one can express a hesitation concerning examined objects. Intuitionistic
fuzzy set has many applications in different areas such as in medical diagnosis, in
decision making and in chemistry.

Definition 1.3.18.[15] An intuitionistic fuzzy set A in a universe X is an object

A:{(x,yA(x),;/A(x)) ‘X e X}, where for all xe X, u,(X)(€[0,1])is called the degree
of membership of x in A, yA(x)(e [0,1]) is called the degree of non-membership of x in A,

and 0< z,(x)+y,(x)<1 for every x e X.

In 2004, Park [98] defined the notion of intuitionistic fuzzy metric space with the
help of continuous t-norm and continuous t-conorm as a generalization of GV-fuzzy
metric space.

Definition 1.3.19.[119] A binary operation ¢:[0,1]x[0,1] —[0,1] is called a continuous
t-conorm if ¢ satisfies the following conditions: for all a,b,c,d e [0,1],

(i) ¢ is commutative and associative;
(i) ¢ is continuous;
(i) a®¢ 0=a;
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(iv) a® b<c O dwhenever a<cand b<d.

Definition 1.3.20. A 5-tuple (X,M,N,*0)is said to be an intuitionistic fuzzy metric
space if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and
M, N are fuzzy sets on X? x(O,oo) satisfying the following conditions: for all X,y,z € X
and s,t>0,

i My, t)+N(xy,t)<1;

(i) M(x,y,t)>0;

(iii) M(x,y,t)=1 ifandonly if x=1y;

(iv) M(x,y,t)=M(y,x1);

v) M(xy,t)*M(y,z,8) <M(X,Z,t+5);

(vi) M(x,y,#):(0,0) —(0,1] is continuous;

(vii) N(x,y,t)>0;

(viii) N(x,y,t)=0ifandonlyif x=vy;

(i) N(xy.t)=N(y,x1);

(xX)  N(xV,t) 0 N(y,z,8) > N(x,z,t+5s);

(xi) N(x,y,#):(0,00) —(0,1]is continuous.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(X,y,t)and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between X and
y W.r.t. t, respectively.

Remark 1.3.3.[98] Every fuzzy metric space (X,M,#*)is an intuitionistic fuzzy metric
space of the form (X, M,1-M,# Q) such that t-norm *and t-conorm ¢ are associated as
X0 y=1-(1-x)*(@1-y)), forall x,ye X.

Remark 1.3.4.[98] The mappings M(X,y,®)and N(x,V,e) are respectively non-
decreasing and non-increasing in an intuitionistic fuzzy metric space (X,M,N,x,9) for all

X,y e X.
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Example 1.3.3.[98] (Induced intuitionistic fuzzy metric space)

Let (X, d) be a metric space. Denote a*b=aband adb=min{a+b,1}forall a,be[0,1].
Let M, and N, be fuzzy sets on X?x(0,o0) defined as follows:

ht" d(x,y)

M, (% Yit) = —— 0 and N, (x,y,t)=—9&Y)
o V) = iy 2 Ne o) =

forall h,k,m,neR".Then (X,M,,N,,* ¢) is an intuitionistic fuzzy metric space.
Remark 1.3.5.[98] It should be noted that the above example holds even with the t-norm
by a*b=min{a,b} and t-conorm adb=max{a,b},for all abe[0,1] and hence
functions (M, N) defined in above example is an intuitionistic fuzzy metric with respect
to any continuous t-norm and continuous t-conorm. In the above example by taking h = k
=m=n=1, we get

d(x,y)

Md(X,y,t): T(X,y)

————and N, (x,y,t)=
t+d(x,y)an d(xy)

This intuitionistic fuzzy metric induced by a metric d is called the standard
intuitionistic fuzzy metric.

Definition 1.3.21.[98] Let (X,M,N,*0)be an intuitionistic fuzzy metric space, and
re(0,1), t>0 and xe X. The set
By (X1 1) ={ye X :M(x,y,t) >1-r,N(x,y,t) <r}

is called the open ball with centre x and radius r with respect to t.

Definition 1.3.22.[98] Let (X,M,N,*0)be an intuitionistic fuzzy metric space, and
re(0,1), t>0 and xe X. The set
Bun) [x,r,t]={ye X:M(x,y,t) >21-r,N(x,y,t) <r}

is called the closed ball with centre x and radius r with respect to t.

Remark 1.3.6.[98] Let (X,M,N,*0)be an intuitionistic fuzzy metric space. Define

TNy ={Ac X :foreach xe A there exist t>0 and r(0,1) such that B, ,,(x,r,t)c A}.

Then 7, , is a topology on X.
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Definition 1.3.23.[98] Let (X,M, N, * 0) be an intuitionistic fuzzy metric space. A subset
A of X is said to be IF-bounded if there exists t>0 and re(0,1) such that
M(x,y,t)>1-rand N(x,y,t)<r,forall x,yeA
Definition 1.3.24.[98] Let (X,M,N,*0)be an intuitionistic fuzzy metric space. Then a
sequence {x,} in X'is said to be:
(i) Cauchy sequence if, for each £ >0 and each t >0, there existsn, € N, such that

M (X,, X,, t) >1—¢ and N(x,, X,, t)<e, forall n,m>n,.
(if) convergent to a point x e X if, for each £>0 and each t>0, there existsn, € N,
such that

M(X,, X, t) >1—& and N(x,, X, t)<eg, forall n>n,.
Definition 1.3.25.[98] An intuitionistic fuzzy metric space (X,M,N,*0) is said to be
complete if every Cauchy sequence in X is convergent with respect to 7, ;-

Alaca et al. [11], in 2006, redefined the notion of intuitionistic fuzzy metric space
as a generalization of KM-fuzzy metric space. Alaca et al. [11], further proved well-
known fixed point theorems of Banach [18] and Edelstein [37] in intuitionistic fuzzy
metric spaces with the help of Grabiec [48].

Definition 1.3.26. A 5-tuple (X,M,N,*0)is said to be an intuitionistic fuzzy metric
space if X is a non-empty set, *is a continuous t-norm, ¢ is a continuous t-conorm and
M, N are fuzzy sets on X?x[0,o0)satisfying the following conditions: for all X,y,z e X
and s,t>0,

(i) M(x,y,t)+N(xy,t)<1;

(i) M(x,y,0)=0;

(iii) M(x,y,t)=1 ifandonly if x=1y;

(iv) M(x,y,t)=M(y,x1);

v) M(xy,t)*M(y,z,8) <M(X,Z,t+5);

(vi) M(x,Y,e):[0,00) —[0,1] is left continuous;

(vii) !LrQM (x, y, t) =1;
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(viii) N(x,y,0)=1;

(ix) N(x,y,t)=0ifandonlyif x=y;

) Ny =N(y,x1);

(xi)  N(x,y,t) ¢ N(y,z,8)>N(x,z,t+5);

(xii) N(x,Y,9):[0,00) —[0,1] is right continuous;

(xiii) !LrEN(x y, t) = 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (X, y,t)and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between X and
y W.r.t.t, respectively.

Definition 1.3.27.[11] Let (X,M,N,*0)be an intuitionistic fuzzy metric space. Then a
sequence {x,} in X is said to be:

(a) Cauchy sequence if forall t>0 and p >0,

imM (x,.,. %, t) =1and limN(x,,, X, t) = 0.

N—o0 n—

(b) convergent to a point xe X if forall t >0,

limM (x,, x, t) =1and limN(x, x t) = 0.

n—oo
Remark 1.3.7.[11] Since * and ¢ are continuous t-norm and t-conorm, the limit
determined from (vii) and (xiii) is unique.

Example 1.3.4.[10] Let X =[0,1] with the usual metric and let * be the continuous t-
norm and ¢ be the continuous t-conorm defined by a*b=ab and a<>b=max{a,b}

respectively, for all a,b €[0,1]. For each t €(0,0) and x,y € X, define (M, N') by

;, t >0 |X_y| >0
M (X, y,t) ={ t+[|X-Y| and N(x,y,t) = —t+|x-y|’
0, t=0 1, t=0.

Clearly, (X,M, N, = 0) is a complete intuitionistic fuzzy metric space.
Alaca et al. [11] characterized the Banach contraction principle in the context of

intuitionistic fuzzy metric spaces in the following way:
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Theorem 1.3.4. Let (X,M,N,*0) be a complete intuitionistic fuzzy metric space. Let
f : X — X be a mapping satisfying the following condition:

M(fx, fy,kt)>M(x,y,t) and N(fx, fy,kt) < N(x,y,1),
forall x,ye X,t>0 and0<k<1. Thenf has a unique fixed point.

Based on the notion of intuitionistic fuzzy metric spaces, various authors (see,
e.g., [9]1,[12],[56],[71],[82],[111],[136]) obtained common fixed point theorems for

mappings satisfying different contractive conditions.

MODIFIED INTUITIONISTIC FUZZY METRIC SPACES

In 2006, Gregori et al. [50] showed that the topology induced by fuzzy metric
coincides with topology induced by intuitionistic fuzzy metric. In view of this
observation, Saadati et al. [112], in 2008, reframed the idea of intuitionistic fuzzy metric
spaces and proposed a new notion under the name of modified intuitionistic fuzzy metric
spaces with the help of the notion of continuous t-representable.

Now, we present following notions which have been used in the sequel:

Consider the set L* and the operation <. defined by

L*={(x,, %,) : (X, %,) €[0,1]° and x, +Xx, <1}
(X %) < (Vi Yo) © % <y, and X, >y, forevery (x,X,),(Y;,Y,) €L*. Then (L*, <..)
is a complete lattice (see, Deschrijver and Kerre [35]). Units of L* have been denoted by
0.=(0,1)and 1.= (1, 0).
Definition 1.3.28.[34] A triangular norm (t-norm) on L* is a mapping ./ :(L*)* - L*

satisfying the following conditions: for all x,x",y,y",z € L*,

@) (1) =x; (boundary condition)
).~ y)=7(y,X); (commutativity)
(i) . X, (Y, )= (7 (X% Y), 2); (associativity)

(iv) If x<.x"and y<.y'implies./(x,y) <.../ (x’, »’). (monotonicity)
Definition 1.3.29.[34] A continuous t-norm .~ on L* is called continuous t —
representable iff there exists a continuous t-norm * and a continuous t-conorm ¢ on

[0, 1] such that for all x=(x,,Xx,),y=(Y,,Y,) € L*,
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oY) = (0* Yy % 0 Y,).
Definition 1.3.30.[112] Let M, N are fuzzy sets from X? x(0,00) —[0,1] such that
M (X, y,t)+N(x y,t)<lforall X,yeX andt>0. The 3-tuple (X, ¢, .,/ ) issaidto
be a modified intuitionistic fuzzy metric space, if X is an arbitrary non-empty set, . /s

a continuous t- representable and ¢}, is an intuitionistic set from X?x(0,00) > L*

satisfying the following conditions: forallx,y,ze X andt, s >0,
() Sun (Y1) >0 0
(i) Sun(Xyt)=1. iffx=y;
(iii) Cun (Y 1)= Gun (¥ %1);
(V) Sun (X Yt+8) 20 (S n (X 21), G n (2,Y:9));
(V) Sun (X y,0): (0,00) > L* is continuous.
In this case, ¢, \ is called a modified intuitionistic fuzzy metric. Here,
Sun (% ¥ 1) =(M(x,y,t),N(x,y,t)),forallx,ye X andt>0.
Remark 1.3.8.[112] In a modified intuitionistic fuzzy metric space (X,{y ./ ),
VN (x, y,t) is non-decreasing with respect to t in (L*, <..) forall X,ye X andt>0.

Definition 1.3.31.[112] A sequence {Xn} in a modified intuitionistic fuzzy metric space

(X, Cun» -~ ) is said to be a Cauchy sequence if for each 0<e <1 and t > 0, there
exists n, € N such that ¢, (X, X,,t) >. 1—&,¢), foreach nm>n;.
Definition 1.3.32.[112] A sequence {x,} in a modified intuitionistic fuzzy metric space

(X, w7 ) is said to be convergent to x e X if lim¢,, (X, x,t)=1.,forall t>0.

Motivated by the work of Saadati et al. [112], various researchers (see, e.g.,
[5],[113],[114],[121]) have proved number of well-known results in modified

intuitionistic fuzzy metric spaces.
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1.4  OBJECTIVES OF THE STUDY
In specific terms, the objectives of this study are as follows:
(i) To extend and unify some of the results using integral contractive condition for fixed
point theorem in some abstract spaces.
(i) To generalize the results using compatible mappings, R-weakly commuting
mappings and their variants in different spaces.
Keeping these objectives in view, some results have been established in various
abstract spaces such as G-metric space, fuzzy metric space, intuitionistic fuzzy metric
space and modified intuitionistic fuzzy metric space by using variants of compatible and

R-weakly commuting mappings.

15 THESIS ORGANIZATION
The rest of this thesis is organized as follows:

In Chapter-11, the concepts of compatible mappings and weakly compatible
mappings of type (A) in G-metric spaces have been introduced. Some properties related
to these mappings have also been proved in this chapter. The notion of the property (E.A)
has been used to prove a common fixed point theorem for weakly compatible mappings.
The results presented in this chapter have been applied to obtain the solution of an
integral equation and the bounded solution of a functional equation arising in dynamic
programming.

In Chapter-111, some new common fixed point theorems in G-metric spaces have
been established by utilizing the concepts of compatibility, variants of R-weakly
commutativity and weakly reciprocal continuity. Consequently, the results presented in
this chapter have improved and sharpened many related common fixed point theorems in
the existing literature. Also, some examples in support of these results have been given.

The aim of Chapter-1V is to introduce a new property called “common limit in
the range” for four self-mappings in fuzzy metric spaces. Also, some common fixed point
results have been established by using this new property in fuzzy metric spaces. Further,
some common fixed theorems using R-weakly commuting mappings and some of their

variants have been proved in fuzzy metric spaces.
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The objective of chapter Chapter-V is to prove a common fixed point theorem in
intuitionistic fuzzy metric spaces by using pointwise R-weak commutativity and
reciprocal continuity of mappings satisfying some contractive conditions. Towards the
end of this chapter, some common fixed point theorems for weakly compatible mappings
via an implicit relation have been proved in intuitionistic fuzzy metric spaces by using the
common (E.A) like property.

In Chapter-VI, some common fixed point theorems for two pairs of compatible
and sub-sequentially continuous mappings in intuitionistic fuzzy metric spaces via an
implicit relation have been proved. The results proved in this chapter have improved
many known related common fixed point theorems in these spaces. Further, some
common fixed point theorems for weakly compatible mappings in intuitionistic fuzzy
metric spaces via an implicit relation and the common property (E.A) have been
established.

Chapter-VI1 is devoted to the extension of the work done by Saadati et al. [112]
in the frame work of modified intuitionistic fuzzy metric spaces. In this chapter, some
common fixed point theorems have been established using weakly reciprocal continuous,
non-compatible self-mappings on a modified intuitionistic fuzzy metric space via some
implicit relations.

Finally, based on the present study, relevant topics for further research have been

suggested.
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CHAPTER- 11

COMMON FIXED POINT THEOREMS FOR VARIANTS OF
COMPATIBLE MAPPINGS IN G-METRIC SPACES

In this chapter, some results for variants of compatible mappings along with
property (E.A) in G- metric spaces have been proved. This chapter has been divided into
various sections. In Section 2.1, the concepts of compatible mappings and weakly
compatible mappings of type (A) in G-metric spaces have been introduced. Section 2.2
deals with some properties related to compatible mappings and weakly compatible
mappings of type (A) in G-metric spaces have been proved. In Section 2.3, a common
fixed point theorem for weakly compatible mappings has been proved by using the notion
of the property (E.A). In Section 2.4, applications to the solution of integral equation and
the bounded solution of a functional equation arising in dynamic programming have been

given by making use of the result proved in the Section 2.3.

2.1 INTRODUCTION

In 2006, Mustafa and Sims [88] introduced the concept of G-metric spaces as
follows:
Definition 2.1.1. Let X be a non-empty set, and let G: X x X x X — R" be a function

satisfying the following axioms: for all x,y,z,ae X,

(G1) G(x,2)=0if x=y=2

(G2) G(xxYy)>0withx#y;

(G3) G(x,%Y)<G(xYy,z)withz#y;

©4) G(xY,2)=6(x2Y)=6(y.2X)=.]
(G5) G(x,y,z)<G(x,a,a)+G(ay,2);

The contents of this chapter have been published in Demonstratio Mathematica,
45(4)(2012), 901-908and Fixed point theory and Applications, 41(2013)(SCI).
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then the function G is called a Generalized metric or more specifically a G-metric on X
and the pair (X, G) is called a G-metric space.

Definition 2.1.2.[88] Let (X, G) and (X°,G°) be G-metric spaces and f : (X, G) — (X°,G")
be a function, then f is said to be G-continuous at a point u € X if and only if for a given

£>0,there exists &>0such that G(u,x,y)<ds implies G°(fu, fx, fy)<e, for all

X,y € X.A function f is G-continuous on X if and only if it is G-continuous at all
ue X.

In this chapter, the notion of compatible mappings, compatible mappings of type
(A) and weakly compatible mappings of type (A) in G-metric spaces have been
introduced as under:
Definition 2.1.3. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
compatible mappings if !iLDOG(fgxn,gfxn,gfxn)=00r !ij[\OG(gfxn, fgx,, fgx,) =0

whenever {x,}is a sequence in X such that lim fx, =lim gx, =u for someu € X.
N—o0

nN—oo

Definition 2.1.4. A pair (f, g) of self-mappings of a G- metric space (X, G) is said to be

non-compatible if there exists at least one sequence {Xn} such that

lim fx, =limgx, =u e X, but either

n—oo Nn—oo

limG(fgx,, ofx.,afx.) =0, limG(gfx,, fgx., fgx,) = 0or non-existent.

Definition 2.1.5. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
compatible mappings of type (A) if
limG(gfx , ffx , fix )=0and limG(fgx,,ggx,,ggx,) =0

whenever {x, }is a sequence in X such that lim fx, = lim gx, =u for some u e X.

Definition 2.1.6. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
weakly compatible of type (A) if
limG(gfx,, fix,, fix.) <limG(fgx,, ffx,, ffx. )

n—o0

and

IImG( ngn, ggxn' ggxn) S IImG(ngn' ggxn' ggxn)
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whenever {x,}is a sequence in X such that lim fx, = lim gx, =u for some u e X.

n—o0 nN—o0

22 COMPATIBLE MAPPINGS AND WEAKLY COMPATIBLE MAPPINGS
OF TYPE (A)

The following proposition shows that under certain conditions, compatible
mappings and compatible mappings of type (A) are equivalent:

Proposition 2.2.1. Let f and g be G-continuous mappings from a G-metric space (X, G)

into itself. Then f and g are compatible if and only if they are compatible of type (A).
Proof. Suppose f and g are compatible mappings. Let {Xn}be a sequence in X such that

lim fx, = limgx, =ufor someu € X.

n—oo n—oo

By (G5), we have
G(gfx,, ffx,, ffx,,) <G(gfx,, fox,, fox, )+G( fox,, ffx,, ffx, ).
Since f and g are compatible and f is G-continuous, we have

limG (ofx,, ffx,, ffx,)=0.

nN—oo

Similarly, as g is G-continuous, we have
limG( fgx,, 9gx,, ggx, ) =0.
Therefore, f and g are compatible of type (A).
Conversely, suppose that f and g are compatible of type (A).

Suppose that {Xn} be a sequence in X such that lim fx. =limgx, =u for someu € X.

n—ow n—oo

Since g is G-continuous, therefore,
!EQ ofx, = !m ggx, = gu.
By (G9),
G( fox,, ofx,, ofx,) <G( fgx,, ggx,, 9gx, ) +G(ggx,, ofx,, ofx, ).
Since f and g are compatible mappings of type (A) and g is G-continuous, we have
!EQG( fox,, gfx,, ofx, ) =0.
Similarly, as f is G-continuous, we have
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limG (gfx,, fgx,, fox,)=0.

Therefore, f and g are compatible. [

The following propositions show that under certain conditions, compatible
mappings of type (A) and weakly compatible mappings of type (A) are equivalent:
Proposition 2.2.2. Let f and g be two compatible mappings of type (A) from a G-metric
space (X, G) into itself. Then f and g are weakly compatible mappings of type (A).
Proof. As given, pair {f, g} is compatible of type (A), then we have

0=I1imG(gfx,, ffx,, ffx) SLE‘;G(ngn’ ffx,, ffx,)

n—oo

and

0=I1imG(fgx,,ggx,, 9gx,) < limG(gfx,, ggx,, 9gx, ),

whenever {x,}is a sequence in X such that lim fx, =limgx, =ufor someue X.
nN—oo

Therefore, f and g are weakly compatible of type (A). [
Proposition 2.2.3. Let f and gbe G-continuous mappings of a G-metric space (X, G)
into itself. If f and g are weakly compatible of type (A), then they are compatible of type
(A).

Proof. Let {x jbe a sequence in X such that lim fx =limgx, =ufor someu e X.

n—o0 nN—o0

As f and gare G-continuous mappings, therefore,
lim ffx, =lim fgx, = fuand lim gfx, =limggx, = gu.

Also, f and gare weakly compatible of type (A), thus we have

0

limG(gfx,, ffx,, fix,) <limG(fox,, ffx,, ffx,) =G( fu, fu, fu)
and

limG( fgx,, ggx,, ggx,) < limG(gfx,, 9gx,, 9gx,) = G(gu, gu, gu) =0.
This implies that,

limG(gfx,, ffx., ffix.)=0and limG( fgx,, ggx,,ggx,) =0,

whenever {xn} is a sequence in X such that lim fx =limgx, =ufor someu € X.

n—oo n—w

Hence, f and g are compatible of type (A). [
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The following Proposition 2.2.4 is a direct consequence of Propositions 2.2.1,
2.2.2 and 2.2.3:

Proposition 2.2.4. Let f and g be G-continuous mappings from a G-metric space (X, G)

into itself. Then

(i) f and g are compatible of type (A) if and only if they are weakly compatible of type
(A).

(if) f and g are compatible if and only if they are weakly compatible of type (A).
Proposition 2.2.5. Let fand gbe weakly compatible mappings of type (A) from a
G-metric space (X, G) into itself. If fu = gufor some u € X, then fgu = ffu = ggu = gfu.

Proof. Suppose that {x }be a sequence in X defined by x, = u, n = 1, 2, 3,.... and

fu=gu.Then we have lim fx =limgx = fu=gu.Since, f and g be weakly compatible

n—oo

mappings of type (A), we have
G(fgu, ggu, ggu) = limG(fgx,, ggx,, 9gx,)
<limG(gfx,, gg9x,, 99x,) = G(gfu, ggu, ggu)
=G(ggu, ggu, ggu) =0.
Hence, we have fgu = ggu. Therefore, fgu = ffu = ggu = gfu. [
Proposition 2.2.6. Let fand gbe weakly compatible mappings of type (A) from a
G-metric space (X, G) into itself. Suppose lim fx, =limgx, =u for some ue X. Then
we have the following:
(i) limgfx, = fuiff is G- continuous at u € X,
(i) lim fgx, = gquif g is G-continuous at u e X,
(iii) fgu=gguand fu=guiffand g are G-continuous at u € X.

Proof. (i) Suppose lim fx, =limgx, =u for some u e X. Since, f is G-continuous, we
n—o n—o

have lim ffx, =lim fgx, = fu.

nN—oo n—oo
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By (G5), we have
G(gofx,, fu, fu)<G(gfx,, ffx,, fix,)+G( ffx,, fu, fu).
Taking limit n — oo, we get
LijgoG(gfxn, fu, fu)glilpoG(gfxn, fix,, ffx,)+limG( ffx,, fu, fu)

n—o

<limG( fox,, ffx,, ffx, )+ G( fu, fu, fu)

n—oo

=G( fu, fu, fu)+G( fu, fu, fu)=0+0=0.

i.e., limG(gfx,, fu, fu)=0.

n—oo

This implies lim gfx, = fu. This completes the proof of part (i).

(ii) The proof of this part is similar to the proof of part (i).

(iif) Since g is G-continuous at u, we have lim fx, =limgx, =u. This implies

n—o n—oo

limgfx, =limggx, =gu. Since f is G-continuous at u, then by the use of (i)

lim gfx, = fu.Hence, by uniqueness of the limit, we have fu = gu and so by Proposition

n—o0

2.2.5, we get fgu = gfu. i

2.3 COMMON FIXED POINT THEOREMS FORWEAKLY COMPATIBLE
MAPPINGS USING PROPERTY (E.A)

In this section, the notion of the property (E.A) has been used to prove a common
fixed point theorem for weakly compatible mappings.

Let @ denote the set of all continuous functions ¢:[0, ) — [0, 0) such that
(i) ¢ is non-decreasing;

(il) lim¢"(t) =0, for all t<[0,c0).

If ged, then it is an easy to show that ¢(0)=0 and ¢(t)<t, for all te(0,x)

(see, Matkowski [76]).

The main result of this chapter is the following theorem:
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Theorem 2.3.1. Let (X, G) be a G-metric space and A, B, S, T : X — X be four mappings
such that:

(i) A(X)c=T(X)and B(X)=S(X);

(i1) one of the pairs (A, S) or (B, T) satisfies property (E.A);

(i) forall x,ye X, ¢ e @,

G (Ax, By, By) < ¢ max{G(Sx,Ty, Ty), G (Sx, By, By),G(Ty, By, By)} |;

(iv) one of A(X), B(X), S(X) or T(X) is a complete subspace of X.

Then the pairs (A, S) and (B, T) have a coincidence point.

Further, if (A, S) and (B, T) are weakly compatible, then A, B, S and T have a unique
common fixed point in X.

Proof. Suppose the pair (B, T) satisfies the property (E.A). Then there exists a sequence
{X,}in X such that limBx, =limTx, = pfor some pe X. Since B(X)c S(X),there

Nn—o0 n—o0

exists a sequence {yn} in X such that Bx, = Sy,.Hence lim Sy, = p.
Now, we show that lim Ay, = p.

From (iii), we have

G(AY,, Bx,, Bx,) < ¢| max{G(Sy,, Tx,,Tx,),G(SY,, BX,, Bx,),G(Tx,, Bx,, Bx,)} |
Taking the limit as n — oo and using the fact that ¢(r) is continuous at r = 0, we get

limG 4y, p, p) < #[max{G(p.p. p).G(p.p. P).G (. p.P))]
—¢[max{0,0,0]=¢(0)=0,
and so, lim Ay, = p.

Thus, we have lim Ay, =limSy, =limBx, =limTx, = p.

n—oo

Suppose that S(X) is a complete subspace of X. Then p = Su for some ue X.

Subsequently, we have lim Ay, =limSy, =limBx, =limTx, = p=Su.

We now prove that Au = Su = p.

From (iii), we have

G(Au,Bx,,Bx, )< ¢[max{G(Su,Txn,Txn),G(Su, Bx,, Bx,),G(Tx,, Bx,, an)}].
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Taking the limit as n — oo, and using the property of ¢, we get

G(Au,Su,Su)s;/ﬁ[max{G(p, p,p).G(p,p,p).G(p P, p)}]
= ¢ max{0,0,0} | = 4(0) =0,
which implies Au = Su. Therefore, u is a coincidence point for the pair (A, S).
The weak compatibility of A and S implies that ASu = SAu and hence AAu = ASu = SAu =
SSu. Since, A(X)cT(X), there exists ve X such that Au = Tv. We claim that Tv = Bv
or Au = Bv.

Suppose not, from (iii) and using the fact that #(r) <r, we have
G(Au,Bv,Bv)< ¢[max{G(Su,Tv,Tv),G (Su,Bv,Bv),G(Tv, B, Bv)}]
:¢[max{O,G(Au, Bv, Bv),G (Au, By, Bv)}]
= ¢[ G(Au,Bv,Bv) | <G(Au,Bv,Bv),
which is a contradiction to the supposition that Au = Bv. Hence Au = Bv = Tv. It follows
therefore that the pair (B, T) has also a coincidence point. The weak compatibility of B
and T implies that BTv = TBv = TTv = BBv.
Finally, we show that Au is a common fixed point of A and S.
Suppose not, then from (iii) and by using the property of ¢, we get
G(AAu, Au, Au) = G(AAu, By, Bv)
< ¢[max{G (SAu,Tv,Tv),G(SAu, Bv, Bv),G(Tv, By, Bv)}]
= ¢| max {G (AAu, Au, Au),G (AAu, Au, Au), G (Au, Au, Au)} |
= ¢| max {G (AAu, Au, Au),G( AAu, Au, Au),0} |
= ¢ G(AAu, Au, Au) | < G (AAu, Au, Au),

which gives a contradiction. Therefore, Au = AAu = SAu is a common fixed point of A
and S.

Similarly, one can prove that Bv is a common fixed point of B and T. Since Au = Bv, we

deduce that Au is a common fixed point of A, B, Sand T.

For uniqueness, suppose x,andy,, with x, =y, are two common fixed points of A, B, S

and T. Then, from (iii), and using the property of ¢, we have
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G (X Yo Yo) = G(AX,, By, BY,)
< (/ﬁ[max{G(SxO,TyO,TyO),G(SXO, By,. BY,), G(Ty,, By, Byo)}]
= ¢ Max {G (X, ¥o. ¥5): G (Xo: Yor ¥o): G (Yo: Yo Yo)} |
= B[G (%o, Yor ¥o)]
<G(X: Yor Yo)s

which is a contradiction and so there must be x,=Yy,. Therefore A, B, S and T have a

unique common fixed point. On the similar lines, one can obtain the same conclusion in

case one of A(X), B(X) or T(X) is a complete subspace of X instead of S(X), and in case

the pair (A, S) satisfies the property (E.A) in place of pair (B, T). This completes the proof

of the theorem. 0
By choosing S = T in Theorem 2.3.1, the following result involving three self-

mappings is deduced:

Corollary 2.3.1.Let (X, G) be a G-metric space and A, B, S : X — X be three mappings

such that:
(i) A(X)=S(X)and B(X)=S(X);
(ii) one of the pairs (A, S) and (B, S) satisfies the property (E.A);
(iii) forall x,ye X, ¢ c D,
G(Ax, By, By) < ¢ max {G(Sx, Sy, Sy),G(Sx, By, By),G(Sy, By, By)} |;

(iv) one of A(X), B(X)or S(X) is a complete subspace of X.

Then the pairs (A, S) and (B, S) have a coincidence point.

Further, if (A, S) and (B, S) are weakly compatible, then A, B and S have a unique
common fixed point in X.

The following example illustrates the validity of Corollary 2.3.1:

Example 2.3.1. Let X =[0,2] and G: X x X x X —[0,0) be defined by
G(x,y,z)=max{x—y|.|ly—z],]z—x]}, forall x,y,zeX.

Define also A B,S:X - X by Ax =1, Bx=2—x and Sx = x, for all xe X and

¢:[0,0) >[0,20) by ¢(t) :%, for all t>0. Clearly, the hypotheses (i) and (iv) of the
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Corollary 2.3.1 hold trivially. Moreover, the pair (A, S) satisfies the property (E.A). Here

we show only that the hypothesis (iii) holds. In fact, for all x,y e X, we have
G(Ax,By,By)=G(L2-y,2-y)=[-Y],
G(8x,Sy,8y)=G(x.y,y)=[x-}],
G(Sx,By,By)=G(x,2—-y,2-y)=[2—x-Y],
G(Sy,By,By)=G(y,2-y,2-y)=2[1-Y|
and consequently
G(Ax,By,By)=[1-y|
1
=5 2L-y|=¢(G(Sy, By, BY))
< ¢| max{G(Sx, Sy, Sy), G(Sx, By, By),G(Sy, By, By)} |.
Then, by the Corollary 2.3.1, the pairs (A, S) and (B, S) have a coincidence point, that is,

x = 1. Moreover, if (A, S) and (B, S) are weakly compatible, then x = 1 is the unique
common fixed point of A, Band S in X.

2.4 APPLICATIONS TO INTEGRAL AND FUNCTIONAL EQUATIONS

In this section, two useful applications of Corollary 2.3.1 are presented. Firstly,

the solution of an integral equation is obtained by applying the Corollary 2.3.1.
Let Q=[0,1] and C(€2) be the space of all real valued continuous functions
defined on Q. Clearly, this space endowed with the G-metric given by

G(x, Y, z) =sup|x(t) — y(t)| +sup|y(t) — z(t)| +sup|z(t) — x(t)|, for all x,y,zeC(LQ),

is a G-complete metric space.

Let p: QxR —>R and q:QxQxR — R be two continuous functions. Consider
an integral equation of the following type:

p(t,x(t))=.[Qq(t,s,x(s))ds, forall s,teQ . (2.4.1)
Theorem 2.4.1. Suppose there exists H : QxR —[0,0) such that
() H(s,v(t))< I q(t,s,u(s))ds < p(s,v(t)), forall s,teQ ;

(i) p(s,v(t))—H (s,v(t)) <k|p(s,v(t))-v(t)|, where k e(0,1).

38



Then the integral equation (2.4.1) has a unique solution in C(€2).
Proof. Define (Ax)(t)=_q(t,s,x(s))ds and (Bx)(t)= p(t,x(t)). Now
G(Ax, By, By) = ZStgggl(Ax)(t) —(By)(®)|
= 2sup|p(t,y(0) -], a(t. 5. x(5))ds
<2sup|p(t y(1) - H (ty(®)
< 2k§gg\ p(t, y(t))- y(t)| =k G(y,By,By).

Thus, all the hypotheses of the Corollary 2.3.1 are satisfied by choosingsS =1

cQ)

(the identity mapping on Q), and ¢(r)=kr, forall r>0, k €(0,1). Therefore, there is

a unique solution of the integral equation (2.4.1) in C(€2). 0

Further, by using the Corollary 2.3.1, the existence and uniqueness of the bounded
solution of a functional equation arising in dynamic programming has been presented.

Here, we assume that U and V are Banach spaces, W c U s a state space and
D cV is adecision space.

It is well known that the dynamic programming provides useful tools for
mathematical optimization and computer programming as well (see, e.g., [19-21]).
In particular, the problem of dynamic programming related to multistage process reduces
to the problem of solving the functional equation

Q(x) =syl£{ f(xy)+K (% y.Q(z(x, y)))} xeW, (2.4.2)

where z-WxD —->W, f  WxD—->R,K:WxDxR—>R.

Let B(W) denote the space of all bounded real-valued functions on W. Clearly, this space

endowed with the G-metric given by
G(h,k, p) = max{supth—kXI,SUplkx— px|,sup| pX—hX|}, for all h,k, peB(W),
xeW xeW xeW

is a G-complete metric space.
Theorem 2.4.2. Let K:WxDxR —->R and f:WxD — R be two bounded functions

and let A:BW) — B(W) be defined by
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A(hx) = sup{ f(x,y)+K (x, y,h(z(x, y)))} (2.4.3)

yeD

forall he B(W) and x eW. Assume that the following condition holds:

K (% 2hy (706 ¥)) =K (x93 (7 () | < @ =)
where xeW,h,h, eB(W),yeDand ¢<®. Then functional equation (2.4.2) has a

unique bounded solution.

Proof. Note that (B(W),G) is a complete G-metric space. Let ¢ be an arbitrary positive

number, xeW and h,h, e B(W), then there exist y;, y, € D such that

AX) < F (% y,)+K (% v hy (2(x 1)) +&, (2.4.4)
AhX) < (X Y,)+K (X y,,h ( (x.Y,)))+¢ (2.4.5)
A = (X, Y,)+K (% Y,.h (2(x,Y,))), (2.4.6)
A = (X, y,)+ K (X Y hy (2(x,1)))- (2.4.7)

Then, from (2.4.4) and (2.4.7), it follows easily that
AhX) = A(,X) < K (%, Y1y (7(%30))) = K (%, Y30y (2(x,,))) + &
S‘K(x, v hy (7 (X, yl))) K (%, Y1y (7(x, yl)))‘ﬂ;
< g(|hx—hx|)+e.

Hence, we get

A(hx) - A(h,X) < g(|hx—h,x|)+&. (2.4.8)
Similarly, from (2.4.5) and (2.4.6), we obtain

A(h,x)— A(hX) < g(|hx—h,x|)+&. (2.4.9)
Therefore, from (2.4.8) and (2.4.9), we have

|A(hx) — Ah,x)| < #(Jhx—h,X]) + ¢, (2.4.10)

which implies,

G(AhX), A(h,x), A(h,x)) < (G (X, h,x, hx)) + .
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The above inequality is true for any x eW. Since¢ >0 is arbitrary, we get
G(A(hX), A(h,x), A(h,x)) < (G (hx, h,x,h,x)).

Thus, all the hypothesis of the Corollary 2.3.1 are satisfied with A = B and S =1,

(the identity mapping on B(W)). Therefore, the functional equation (2.4.2) has a unique
bounded solution. 0
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CHAPTER-III

COMMON FIXED POINT THEOREMS FOR VARIANTS OF R-
WEAKLY COMMUTING MAPPINGS IN G-METRIC SPACES

In this chapter, some common fixed point theorems for variants of R-weakly
commuting mappings in G-metric spaces have been proved. This chapter has been
divided into various sections. In Section 3.1, the concept of R-weakly commuting
mapping and its variants in G-metric spaces have been introduced. In Section 3.2, a
common fixed point theorem has been established by using R-weakly commuting
mappings in G-metric spaces. Section 3.3 deals with some new common fixed point
theorems in G-metric spaces for some variants of R-weakly commuting mappings by
utilizing the concept of weak reciprocal continuity. The results presented in this chapter
have consequently improved and sharpened many known common fixed point theorems
in the existing literature. Also, some examples in support of these results have been

given.

3.1 INTRODUCTION

In 1994, Pant [92] introduced the notion of R-weakly commuting mappings in
metric spaces as follows:
A pair (f, g) of self-mappings of a metric space (X, d) is said to be R-weakly commuting

if there exists some real number R > 0 such that
d( fgx, ofx) <R d( fx,gx), for allx € X.

Now, we introduce the concept of R-weakly commuting mappings and its variants
in G-metric spaces as follows:
Definition 3.1.1. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be R-
weakly commuting at a point x e X if

G( fgx, gfx, gfx) <R G( x, gx, gx), for some R >0.

A part of the contents of this chapter has been published in Fasciculi Mathematici,
47(2011), 11-17 and another part in The Journal of Nonlinear Science and
Applications.
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Definition 3.1.2. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
pointwise R-weakly commuting on X if given x e X, there exists R > 0 such that
G( fox, gfx, gfx) < R G( fx, gx, gx).
Definition 3.1.3. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
(i) R-weakly commuting of type (Ay) if there exists some R >0 such that
G( ffx, gfx, gfx) <R G( fx, gx, gx), for all x e X.
(i) R-weakly commuting of type (Ays) if there exists some R >0 such that
G( fox, ggx, ggx) < R G( fx, gx, gx), for all x e X.
Definition 3.1.4. A pair (f, g) of self-mappings of a G-metric space (X, G) is said to be
R-weakly commuting of type (P) if there exists some R >0 such that
G( ffx, ggx, gox) <R G( fx, gx, gx), for all x € X.
32 A COMMON FIXED POINT THEOREM FOR R-WEAKLY
COMMUTING MAPPINGS
In this section, the following result on complete G-metric space has been
established:

Theorem 3.2.1. Let (X, G) be a complete G-metric space and let f and g be R-weakly

commuting self-mappings of X satisfying the following conditions:

() f(X)<=9(X);

(it) for g is continuous;

(i) G(fx, fy, fz) <q G(gx, 9y, gz), forevery x,y,ze X and0<qg<1.
Then f and g have a unique common fixed point in X.

Proof. Let x, be an arbitrary point in X. By (i), one can choose a point X, € X such that
fx, = gx,. In general, choose X, such that y, = fx, = gx,,,.

Now, we show that {y,}is a G-Cauchy sequence in X. For proving this, we take
X=X,,Y =X, Z=X,, in (iii), we have

G(fx,, x,,5, TX,,,) <09 G(OX,, 9%,,1, OX..,) =0 G(fx,_,, fx,, fX.).
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Continuing in the same way, we get
Gy, Xy, %) <Q" G, F, ).
This implies,
G(Ynr Yoear Vo) A" G(Yo. Y1: 1) -
Therefore, forall n,meN, n<m,
G(Yn Ymr Ym) S G (Y Yners Yer) + G (Voirr Yorzr Youz) +ooe+ G (Yt Yins Vi)
<(0"+9" +..+9") G (Yo Vi, Vi)
<(0"+9™ +..)G(¥Yy, V1 Vi)
q°
(1-a)

Thus,{yn}is a G-Cauchy sequence in X. Since (X, G) is complete G-metric space,

G(Y,, Y, Y,) >0 as n— .

therefore, there exists a point ze Xsuch that limy =limgx, =lim fx =z. Let us
N—o0 nN—oo N—o0

suppose that the mapping f is continuous. Therefore, Lim fogx, =lim ffx = fz.

n—oo

Since fand g are R-weakly commuting,
G( fox,, gfx,, gfx, ) <R G( fx,, 9x,, gx, ), where R> 0.

On letting n — oo, we get !m ofx, = rllm fogx, = fz.
We now prove that z = fz. Suppose z # 1z, then G(z, fz, fz) > 0.
On setting X = Xp, ¥ = Xy, z =fx, in (iii), we have

G( fx,, ffx,, fix,) <q G(gx,, ofx,, gfx, ).
Letting limit as n — oo, we get

G(z, fz, f2)<q G(z, fz, fz) < G(z, fz, fz),
which is a contradiction.

Therefore, z = fz. Since f(X) < g(X), we can find z, € X suchthat z= fz=gz,.
Now put x = fxn, Y =2 =12, in (iii), we have

G(ffx,, fz,, fz,) <q G(gfx,, 9z, 9,).
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Taking limit as n — oo, we get
G(fz, fz,, fz)) <q G(fz,9z,,9z,) =q G(fz, fz, fz) =0,
which implies that fz= fz,, i.e., z= fz= fz, = gz,. Also, by using definition of R-weakly
commutativity,
G(fz,9z,0z) =G(fgz,, ofz, ofz,)) <R G(fz, 9z, 9z,) =0,
implies that fz = gz = z. Thus, z is a common fixed point of f and g.

Uniqueness: Assume that w (#z) be another common fixed point of f and g.

Then, G(z,w,w)>0and

G(z,w,w)=G( fz, fw, fw)<q G(gz, gw, gw)
=qG(z,w,w)<G(z,w,w),

a contradiction. Therefore, z = w. Hence uniqueness follows. 0
The following example demonstrates the validity of Theorem 3.2.1.:
Example 3.2.1. Let X = [-1, 1] and let G: X x X x X—>R" be the G-metric defined by

G(x,y,2) =(x—y|+|y—2|+|z=X]), for all x,y,zeX.Then (X, G) is a complete

G-metric space. Define self-mappings f and g on X by fx = x and gx = 2x -1, for all

X € X. Here we note that,
(i) f(X)<g(X);
(i) f is continuous on X;

(iii) G(fx, fy, f2) <q G(fx, gy, gz), holds for all x,y,z < X, %g q<1.

Further, the mappings f and g are R-weakly commuting. Thus, all the conditions of the

Theorem 3.2.1 are satisfied and x = 1 is the unique common fixed point of f and g.
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3.3 COMMON FIXED POINT THEOREMS FOR VARIANTS OF R-WEAKLY
COMMUTING MAPPINGS BY USING WEAK RECIPROCAL
CONTINUITY

In this section, we prove the following theorems by using variants of R-weakly
commuting mappings:
Theorem 3.3.1. Let f and g be weakly reciprocally continuous self-mappings of a
complete G- metric space (X, G) satisfying the following conditions:

(i) f (X)<=g(X);
(i) G(fx, fy, f2)< q G(gx, gy, gz), for every x,y,ze X and 0 <g < 1.
If f and g are either compatible or R-weakly commuting of type (Ag) or R-weakly

commuting of type (As) or R-weakly commuting of type (P), then f and g have a unique

common fixed point.

Proof. Let x, be an arbitrary point in X. As f(X) < g(X), therefore there exists a

sequence of points {x, } such that fx, =gx,,,.
Define a sequence {y,} in X byy, = fx, =gx,,,. (3.3.1)
Sequence{yn} iIs a G — Cauchy sequence in X (the proof follows the same lines as in

Theorem 3.2.1). Now, since (X, G) is complete G-metric space, therefore there exists a

point z € X such that rlgr; y, = z. Hence, ,Iiﬂ y, = !m fx, = !m ox, = Z.

Suppose that f and g are compatible mappings. Weak reciprocal continuity of f and g
implies that Ml fgx, = fz or limgfx, = gz. Let limgfx, =gz, then the compatibility of
fand g gives, !@G(fgxn, afx,, gfx.) =0, i.e.,G(!m fox,, 0z, gz) =0.

Hence, M]o fox, = 0z.

By (3.3.1), we have l'ﬂ.l fox,,, = rllm ffx, = gz.

Therefore, by the use of (ii), we get
G(fz, fx,, fix,) < qG(gz, gfx,, gfx,).

Letting n — oo on both sides, we have
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G(fz,9z,92) <q G(gz, gz, gz)=0.
This gives, fz = gz. Again, compatibility of f and g implies commutativity at a
coincidence point. Hence gfz = fgz = ffz = ggz. Now, we claim that fz = ffz. Suppose

fz # ffz, then by using (ii) we obtain,

G( fz, ffz, ffz) < q G(9z, ofz, gfz)

G(fz, ffz, fiz) < q G(fz, ffz, ffz),
which is a contraction since g e [0,1). Hence, fz = ffz = gfz and fz is a common fixed point
of f and g.
Next suppose that lim fgx. = fz.Then f(X) < g(X)implies that fz = gu for some u e X
and therefore, lim fgx, = gu.
Compatibility of fand g implies, lim gfx, = gu.

By virtue of (3.3.1), we have !m fox,., = !m ffx, = gu.
Using (ii), we get
G(fu, ffx, fix.) <q G(qu, gfx,, gfx.).
Letting n — oo on both sides, we have
G(fu,gu,gu) <q G(gu,gu,gu) =0,
this gives, fu = gu. Compatibility of f and g yields fgu = ggu = ffu = gfu. Finally, we
claim that fu = ffu. Suppose that fu = ffu, then by using (ii) we obtain,
G(fu, ffu, ffu) <q G(gu, gfu, gfu)
G(fu, ffu, ffu) <q G(fu, ffu, ffu),
which again gives a contradiction, since g e [0,1). Hence fu = ffu = gfu. Therefore, fu is a
common fixed point of fand g.
Now, suppose that f and g are R-weakly commuting of type (Ag). Now, weak

reciprocal continuity of f and g implies that !im fgx, = fz or limgfx = gz. Let us first
assume that lim gfx, = gz. Then R-weak commutativity of type (Aq) of f and g yields

G( ffx,, ofx,, ofx,) <R G( fx,, 9x,,09x,) where R > 0.
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Letting n — oo on both sides, we have

G(Iim ffxn,gz,gz)s RG(z,2,2)=0.
This gives, lim ffx, = gz. Also, using (ii) we get

G(fz, fix,, ffx,) <q G(gz, gfx,, ofX,).
Letting n — coon both sides, we have
G(fz,9z,92) <q G(0gz,9z,9z) =0.
Hence, we get fz = gz. Again, by using R-weak commutativity of type (Ay),
G( ffz,ofz,9fz) <R G( fz,9z,9z) =0.
This yields ffz = gfz. Therefore, ffz = fgz = gfz = ggz. We claim that fz = ffz. Suppose
fz = ffz, using (i), we get

G(fz, ffz, ffiz) < q G(9gz, 9fz, gfz)
G(fz, ffz, ffiz) < q G(fz, ffz, ffz),

a contradiction. Hence fz = ffz = gfz and fz is a common fixed point of f and g.

Similarly, we can prove if lim fgx, = fz.

On the other hand, if f and g are R-weakly commuting mappings of type (As), then
by following the similar steps as presented above, it can easily be proved that fz is a
common fixed point of f and g.

Finally now, suppose that f and g are R-weakly commuting of type (P). Weak

reciprocal continuity of f and g implies that !ETO]O fgx, = fz or !m ofx. = gz. Let us assume
that rllm gfx, = gz. Since pair (f, g) is R-weak commuting of type (P), we have

G( ffx,, ggx,,99x, ) <R G( fx,, 9x,, gx, ) where R > 0.
Letting n — oo on both sides, we get

G tim ffx,,lim gox, lim ggx, | <R G(2,2,2) =0.
This gives, G(m ffx,. lim gg,  lim ggxn):O.
Using (i) and (3.3.1), we have, gfx, ,=0gx, >0z as n—oo, this gives, ffx — gz as
n —o0. Also, by using (ii) we have
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G(fz, ffix,, ffix.) <q G(gz, ofx,, gfX.).
Letting n — oo on both sides, we get
G(fz,9z,9z) <q G(gz,9z,0z) =0.
This implies that fz = gz. Again, by using R-weak commutativity of type (P),
G( ffz,99z,99z) <R G( fz, 9z, 9z) = O where R> 0.
This yields ffz = ggz. Therefore, ffz = fgz = gfz = ggz.
Lastly, we claim that fz = ffz. Suppose that fz = ffz.
Using (ii), we have
G(fz, ffz, ffz) < q G(9gz, 9fz, gfz)
G(fz, ffz, ffz) < q G(fz, ffz, ffz),

which is a contradiction. Therefore, fz = ffz.
Hence fz = ffz = gfz and fz is a common fixed point of f and g.

This result holds good even if lim fgx, = fz is considered instead of lim gfx, = gz.

Uniqueness of the common fixed point in each of the three types of mappings can easily

be obtained by using (ii). 0
The following example illustrates the Theorem 3.3.1:

Example 3.3.1.Let (X, G) be G- metric space, where X =[2, 20] and for all x,y,z e X,

G(x,Y,2) =(|x—y|+|y—2|+|z—X]). Define f, g: X — X by

2, X=2
2, X=2 or x>5
fx = and gx = 12, 2<x<5b
6, 2<x<5
(x+1)/3, X > 5.

It can be easily verified that

i) f(X)cg(X);

(i) f and g satisfies condition (ii) of Theorem 3.3.1;
(iif) f and g are R-weakly commuting of type(Ay);

(iv) f and g are weakly reciprocally continuous for sequences {x }={2} or

{x,} ={5+%} for each in X.
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Thus, f and g satisfy all the conditions of Theorem 3.3.1 and have a uniqgue common
fixed point at x = 2.

We now establish the following common fixed point theorems for a non-
compatible pair of self- mappings in a G-metric space:
Theorem 3.3.2.Let f and g be weakly reciprocally continuous non-compatible self-
mappings of G- metric space (X, G) satisfying the following conditions:
(i) f(X)ca(X);
(i) G(fx, fy, fz) <k G(gx,9y,9z), forall k>0, x,y,z € X;

G(gx, gfx, gfx), G( fx, gx, gx), G( ffx, gfx, gfx),}

(iii) G(fx, ffx, ffix) < max
G( fx, gfx, gfx),G(gx, ffx, ffx)
for all x e X, provided the right hand side is non-zero.

If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (As), then
f and g have common fixed point.

Proof. Given that f and g are non-compatible mappings, therefore there exists at least one

sequence {x, }such that lim fx, = lim gx, = z € X, but either

limG(fgx,,afx, ofx.) =0, limG(gfx,, fgx,, fgx ) = 0or non-existent.
By (i), for each X, there exists y, in X such that fx,= gy..

Thus, lim fx, =limgx, =limgy, =z.

By using (ii), we obtain

G(fx,, fy,, fy,) <k G(gx,. 9y, 9y,)
G(z,lim fy_,lim fy, ) <k G(z,z,2) =0.

This gives, lim fy_ =z. Therefore, lim fx, =limgx =limgy, =lim fy =z.
n—o0 n—ow n—oo n—o n—o0

Now, suppose that f and g are R-weakly commuting of type (Ag). Then weak reciprocal

continuity of f and g implies that Lim fgx, = fzor limgfx_ = gz. Similarly, Lim foy, = fz
or limgfy, =gz. Letus first assume that lim gfy, = gz.

Then R-weak commutativity of type (Ag) of f and g yields that
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G( ffy,. ofy,. ofy,) <R G( Ty, 9¥,.9¥,)
G(Lm ffyn,gz,gz)g RG(z,2,2)=0,

where R > 0.

This gives, Lim ffy. =gz . Using (ii), we get

G(ffy,, fz, fz) <k G(dfy,, 9z, 9z) .
Letting n — oo on both sides, we have
G(gz, fz, ) <k G(gz,9z,9z) =0.
This implies that f z = gz. Again, by virtue of R-weak commutativity of type (Ay),
G( ffz,ofz, 9fz) <R G( fz,9z,9z) =0.
This yields ffz = gfz and ffz = fgz = gfz = ggz. If fz = ffz, then by the use of (iii), we get
G(9z, 9fz, 9fz),G( fz, gz, 9z), G( ffz, gfz, gfz),}
G(fz,dfz,0fz),G(gz, ffz, ffz)
_ max{G(fz’ ffz, ffz), G( fz, fz, fz), G( ffz, ffz, ffz),}

G(fz, ffz, ffz),G(fz, ffz, ffz)
G(fz,ff z, ffiz) < G(fz, ffz, ffz),

G(fz, ffz, ffz) < max{

which is a contradiction. Hence fz = ffz = gfz and fz is a common fixed point of f and g.
This result holds good even if limfgy, = fz is considered instead of
limgfy, = gz.
On the other hand, if f and g are R-weakly commuting of type (As), then the proof
follows the similar lines. 0
The following example illustrates the validity of Theorem 3.3.2:
Example 3.3.2. Let (X, G) be G- metric space, where X = [2, 20] and
G(x,y,2) =(|x=y|+|y—2|+|z=X]), forall x,y,z e X.

Define f,g: X — X by

2, X=2
2, X=2 or x>5
fx = and gx = 11, 2<x<5
6, 2<x<5
(x+1)/3, X>5.
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Let {x,} be a sequence in X such that either {x,} ={2} or {x,} ={5+%} for each n. Then

clearly, f and g satisfy all the conditions of Theorem 3.3.2 and x = 2 is a common fixed
point.

Remark 3.3.1. The conclusions of Theorem 3.3.2 remain true even if condition (iii) of
Theorem 3.3.2 is replaced by following condition:

G(fx, ffx, ffx) < G(gx, ggx, ggx), whenever gx = ggx for all x e X.

Remark 3.3.2. Theorem 3.3.1 and 3.3.2 and generalize the results of Pant et al.[96] for a
pair of mappings in G - metric space.

A natural way to unify and prove several fixed point theorems in a simple manner
is to consider an implicit contractive type relation instead of the usual contractive
conditions. Popa [103], initiated a study of implicit contractive type conditions for
proving several classical fixed point theorems.

Now, we establish some fixed point theorems by making use of implicit relations.
Let ®denote the class of continuous functions &: (R*)5 — R*such that
0(x,0,0,x,x) =x, forall xeR".
The following functions 6, and 6, defined by
(1) 6,00, X, Xy Xy, Xs) = MAX{ Xy, Xy Xy Xy X f
(i) 6, (%, Xy X, X0 Xs) = XX, X,

belong to the class ©.

Theorem 3.3.3. Let f and g be weakly reciprocally continuous non-compatible self-
mappings of G- metric space (X, G) satisfying the following conditions:
() f(X) = g(X);

@[ s <[ y(s)ds, for all x,y,ze X;
G( fx, ffx, fix) [
(iii) jo w(s)ds < jo w(s)ds

where for some 80, xe X,

o =0{G(gx, gfx, gfx), G(fx, gx, gx), G( ffx, gfx, gfx), G( fx, gfx, gfx), G(gx, ffx, ffx)},
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provided right-hand side is non-zero and :R" — R is a Lebesgue integrable non-

negative summable mapping such that J.:z//(s)ds >0 foreach £>0.

If f and g are R-weakly commuting of type (Aq) or R-weakly commuting of type (As), then
f and g have common fixed point.

Proof. Let f and g are non-compatible mappings. Therefore, there exists at least one

sequence {x,} such that lim fx, =limgx, =z € X, but either limG(fgx ,gfx ,gfx,) =0,
LimG(gfxn, fgx,, fgx,) # 0 or non-existent. Since f(X) < g(X), for each xj, there exists
Ynin X such that fx,= gys. Thus lim fx. =limgx, =lim gy, = z. By virtue of this and using

(ii), we obtain

J'G(fxnvanvfyn

)V/(S)dsSIG(gxnvg)In*g)’n)’//(S)dS.

0 0

Letting n — oo at both sides, we have

ws)os< [ pE)s,

which implies that, lim fy = z. Therefore, we have

J~G(z,lim fy,,, lim fy,
n—o0 n—o0
0

lim fx. =limgx, =limgy, =lim fy, =z
n—o nN—o0 n—o0

n—oo

Suppose that f and g are R-weakly commuting of type (Ay). Then weak reciprocal

continuity of f and g implies that lim fgx, = fz or lim gfx, = gz. Similarly, lim fgy, = fz
or limgfy, =gz. Let us first assume that lim gfy, = gz. Then, R-weak commutativity of

type (Ag) of fand g yields

G( ffy,. ofy,.gfy,) <R G(fy,,ay,.9Y,)
G(Lirg ffyn,gz,gz)s RG(z,2,2)=0

where R > 0.

This gives, lim ffy, = gz. Using (ii), we get

(ffy,, fz, fz)
[0 w(s)ds.

0

G(dfy,.92,92)
w(s)ds < j

0

Letting n — oo on both sides,

53



(92,2, f2) (9z,92,07)
[ () < jf FED L (5)ds,

we have fz = gz. Again, by virtue of R-weak commutativity of type (Ag), we have
G( ffz, gfz,ofz) <k G( fz,9z,9z) =0.

This yields that ffz = gfz and ffz = fgz = gfz = ggz. If fz = ffz then by using (iii), we get

G(fz, ffz, ffz) %)
j w(s)ds < jo w(s)ds
where
o =0{G(9z,dfz, 9fz),G(fz, 9z, 9z), G(ffz, gfz, 9fz), G( fz, ofz, 9fz), G(9z, ffz, ffz)}
:G{G(fz, ffz, ffz),G(fz, fz, fz),G( ffz, ffz, ffz), G(fz, ffz, ffz), G( fz, ffz, ffz)}
= 0{G(fz, ffz, ffz),0,0,G( fz, ffz, ffz), G(fz, ffz, ffz)}
=G(fz, ffz, ffz),
which gives
G(fz, ffz, ffz) G( fz, ffz, ffz)
j w(s)ds < jo w(s)ds,

a contradiction. Hence fz = ffz = gfz and fz is a common fixed point of f and g.

Similarly, we can prove, if lim fgy, = fz,then fz is a common fixed point of f and g.

If f and g are R-weakly commuting of type (As), then the proof follows the similar lines.

Hence the proof of the theorem is established. 0

If we take 6 as6, and 6,, then we get the following corollaries respectively:
Corollary 3.3.1. Let f and g be weakly reciprocally continuous non-compatible self-
mappings of G- metric space (X, G) satisfying the following conditions:
(i) F(X) = 9(X);

..n [C(IXfy,f2) G(gx,0y,07)
) [ weds< [ p(s)ds, forall x,y,ze X;

G(fx, fix,

i [ w(s)ds < [y (s)ds, where

0

— max G(gx, gfx, gfx), G( X, gx, gx), G( ffx, gfx, gfx),
0T G(fx, ofx, gfx), G(gx, ffx, ffx) ’
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for all xe X, provided right-hand side is non-zero and w:R" —> R is a Lebesgue

integrable non-negative summable mapping such that le/l(S)dS >0 foreach £>0.

If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (Ay), then f

and g have common fixed point.

Corollary 3.3.2.Let f and g be weakly reciprocally continuous non-compatible self-
mappings of G- metric space (X, G) satisfying the following conditions:
() f(X) = 9(X);

i) [T pds< [T p(s)ds, for all x,y,ze X;

G( fx, ffx, fix) c
(iii) _[0 w(s)ds <_[0 w(S)ds, where

o= Q/G(gx, afx, gfx).G( fx, gfx, gfx).G(gx, ffx, ffx),

for all xe X, provided right-hand side is non-zero and w:R" —> R is a Lebesgue

integrable non-negative summable mapping such that ijx(s)ds >0 for each ¢>0.

If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (Ay), then f

and g have common fixed point.
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CHAPTER- IV

COMMON FIXED POINT THEOREMS IN FUZZY METRIC
SPACES

In this chapter, common fixed point theorems for weakly compatible mappings on
fuzzy metric spaces have been proved by making use of some implicit relations. This
chapter has been divided into various sections. In Section 4.1, a new property called
“common limit in the range” property for four self-mappings in fuzzy metric spaces has
been introduced. Section 4.2 presents the lemmas required to prove the main results of
this chapter. In Section 4.3, some new common fixed point theorems for weakly
compatible mappings in fuzzy metric spaces by using common limit in the range property
have been presented. Section 4.4 deals with some common fixed theorems for R-weakly

commuting mappings and some of their variants in fuzzy metric spaces.
4.1 INTRODUCTION

Kramosil and Michalek [69] introduced fuzzy metric spaces by generalizing the
concept of probabilistic metric spaces to fuzzy situations using continuous t-norm in the
following way:

Definition 4.1.1.([120], Vol.16, p.65) A binary operation * : [0,1]x[0,1] — [0,1] is
continuous t-norm if = satisfies the following conditions: for all a,b,c,d €[0,1],

(i) * is commutative and associative;

(i) = is continuous;

(la=*x1l=a;

(ivia=* b <c = d whenevera < candb < d.

The results obtained in this chapter have been published in Annals of Fuzzy
Mathematics and Informatics, 3(1)(2012), 151- 158 and Journal of Advanced
research in Applied Mathematics, 6(1)(2014), 27-41.
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Definition 4.1.2. The 3-tuple (X,M,*) is said to be a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm and M is a fuzzy set on X? ><[0,oo) satisfying the

following conditions: forall x,y,ze X and t,s >0,
(i) M(x,y,00=0;

(i) M(x,y,t)=1 if and only if x=v;

(i) M(x,y,t)=M(y,xt);

(iv) M(x,y,t)*M(y,z,5) <M(X,Z,t+S);

(v) M(x,y,):[0,00) —>[0,1] is left continuous;

In 1994, Mishra et al. [81] introduced the notion of compatible mappings in fuzzy
metric spaces akin to the notion of compatible mappings in metric spaces as follows:

Definition 4.1.3. A pair (f, g) of self-mappings of a fuzzy metric space (X,M,*) is said

to be compatible if lim M (fgx, gfx,,t) =1, whenever {xn} IS a sequence in X such that

lim fx, =limgx, =z for some z € X.

n—oo n—oo

A pair (f, g) of self-mappings of a fuzzy metric space (X,M,=*) is said to be non-
compatible if there exists at least one sequence {x,} in X such that

lim fx, =limgx, =ze X but limM(fgx,,gfx,,t) =1 or non-existent for at least one
n—o0 N—o0

nN—oo

t >0.

In 1994, Pant [92] introduced the notion of R-weakly commuting mappings in
metric spaces. Later, Vasuki [139] introduced the notion of R-weakly commuting
mappings in fuzzy metric spaces as:

Definition 4.1.4. A pair (f, g) of self-mappings of a fuzzy metric space (X,M,*) is said

to be R- weakly commuting if there exists some R > 0 such that
M (fgx, gfx,t) > M (fx, gx,%j, forall xe X and t>0.

In 1997, Pathak et al. [99] improved the notion of R-weakly commuting mappings
in metric spaces by introducing the notions of R-weakly commutativity of type (Aq) and
R-weakly commutativity of type (As). Imdad and Ali [57] in 2008, generalized the notion
of R-weakly commutativity of type (Ay) and R-weakly commutativity of type (Ar) in

57



fuzzy metric with inspiration from Pathak et al. [99]. Further, they have also introduced
the notion of R-weakly commuting mappings of type (P) in fuzzy metric spaces.
Definition 4.1.5. A pair (f, g) of self-mappings of a fuzzy metric space (X,M,*) is said

to be R- weakly commuting of type (Ay) if there exists some R > 0 such that

M (gox, fgx,t) > M [gx, fx,%), forall xe X and t>0.

Definition 4.1.6. A pair (f, g) of self-mappings of a fuzzy metric space (X,M,*) is said

to be R- weakly commuting of type (A) if there exists some R > 0 such that

M(ffx,gfx,t)zM[fx,gx,%j, forall xe X and t>0.

Definition 4.1.7. A pair (f, g) of self-mappings of a fuzzy metric space (X,M,x) is said

to be R- weakly commuting of type (P) if there exists some R > 0 such that

M ( ffx, ggx,t) > M [fx,gx,%), forall xe X andt>0.

Definition 4.1.8.[8] Two finite families of self-mappings {A}L and {Bj}::lon a set X
are said to be pairwise commuting if
() AVA=AAL I je{,2,3,..m},
(ii) BiB; = B Bi, i, j e{1,2,3,...n},
(i) AiBj=BjAi, ie{,2,3,..m}, je{1,2,3,...n}.
We, now introduce a new property called as “common limit in the range property”

for four self-mappings, with an inspiration from Sintunavarat and Kumam [133] .

Definition 4.1.9. The pairs (A, S) and (B, T) on a fuzzy metric space (X,M,*) is said to
share the common limit in the range of S property if there exists two sequences {xn} and

{y,} InXsuchthat limAx, =limSx, =limTy, =limBy, =Sz for some z  X.

n—o nN—o

Example 4.1.1. Let (X, M,*) be a fuzzy metric space with X =[-1,1] and

Mx,y,)=1¢ '+ t > O forall x,ye x.
0, t=0
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Define self-mappings A, B, Sand T on X by Ax=§, Bx=—§, Sx=Xx, Tx=-—x for all

x e X. Then, with the sequences {xn}={i} and {y,}

{—1} in X, one can easily
n

n
verify that
limAx, =limSx, =1limTy, =limBy, =S(0) .

This shows that the pairs (A, S) and (B, T) share the common limit in the range of S

property.

4.2 LEMMAS

The proof of our main results is based upon the following lemmas, out of which
first two are due to Mishra et al. [81].

Lemma 4.2.1. Let {y,} is a sequence in a fuzzy metric space (X, M,=). If there exists a
constant k €(0,1) such that M(y,,Y,...kt)>M(y, ., y,.t) for all n=0,12,..,t>0,
then {y,} is a Cauchy sequence in X.

Lemma 4.2.2. Let (X, M, =) be a fuzzy metric space. If there exists a constant k €(0,1)
such that M(x, y,kt) >M(x, y,t) forall x,ye X, t>0, then x=y.

Popa [103] introduced the idea of implicit relations in metric spaces which are
fruitful in unifying new contraction conditions and proved some fixed point results by
using these relations. Singh and Jain [129] further extended the results of Popa [103] in
fuzzy metric spaces.

We have used the following implicit relation for the proof of our main result:
Implicit relation. Let W, be the set of all continuous functions F :[0,1]4 — R satisfying
the following conditions:

(F1) forevery u>0,v=0 with F(u,v,u,v)>0 or F(u,v,v,u)>0, we have u>v;

(F2) F(u,u,11)<0 forall ue(0,1).
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Example 42.1. Define F:[01] >R as F(t,t,t,t,)=t —p(min{t, t,t,}), where
¢:[0,1] »[0.,1] is increasing and continuous function such that ¢(t) >t for all t(0,1).

Clearly, F e VY,.

Example 4.2.2. Define F:[0,1]' >R as F(tl,tz,ts,t4):'f;gzﬁ(t)dt—¢(Imin{tz't3't4}¢(t)dt),

0
where ¢:[0,1]—[0,1] is continuous and increasing function such that ¢(t) >t for all

te(0,1) and ¢:R"—>R" is a Lebesgue integrable function which is summable and

satisfies 0 < Iog¢(t)dt <1 forall 0<e<1land j:¢(t)dt =1.Clearly, Fe¥,.

Lemma 4.2.3. Let A, B, S and T be four self-mappings of a fuzzy metric space (X,M,*)

satisfying the following conditions:
(1) the pair (A, S) satisfies the common limit in the range of S property (or (B, T) satisfies
the common limit in the range of T property);
(i) forany x,ye X, Fe¥, and t> 0 such that
F (M (Ax, By, t), M (Sx,Ty,t), M (Sx, Ax,t), M (Ty, By, t)) > 0;
(i) A(X) =T(X) (or B(X) = S(X)).
Then the pairs (A, S) and (B, T) share the common limit in the range of S property
(or T property).
Proof. Suppose that the pair (A, S) satisfies the common limit in the range of S property,

then there exists a sequence {x,} in X such that lim Ax, =limSx, = Sz for some point

ze X. Then as A(X)cT(X), hence, for each x , there exist y, in X such that
Ax, =Ty, . Therefore, limTy, =Sz.
Thus in all, we have lim Ax, =limSx, =limTy, = Sz.

Now, we assert that lim By, = Sz . Suppose not, then applying inequality (ii), we get

F (M (Ax,, By,,t), M(Sx,,Ty,,t), M(Sx,, Ax,,t), M(Ty,, By,,t)) > 0.

Taking n — oo, we obtain
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F(M (Sz,lim By, ,t), M (Sz, Sz,t), M (Sz, Sz,t), M (Sz, lim Byn,t))zo
F(M (Sz,1im By, ,t),1,1, M (Sz, lim Byn,t))zo.
By (F2), we get M(Sz,limBy,,t) >1, which is contradiction and therefore, lim By, = Sz.

Thus the pairs (A, S) and (B, T) share the common limit in the range of S property.
Similarly, it can proved that if (B, T) satisfies common limit in the range of T property,

then the pairs (A, S) and (B, T) share the common limit in the range of T property. 0

4.3 COMMON FIXED POINT THEOREMS USING “COMMON LIMIT IN THE
RANGE PROPERTY”

Now we establish the following theorems concerning weakly compatible
mappings by using common limit in the range property.
Theorem 4.3.1. Let A, B, S and T be self-mappings of a fuzzy metric space (X,M,%*)
satisfying following conditions:
(i) the pair (A, S) satisfies the common limit in the range of S property (or (B, T) satisfies

the common limit in the range of T property);

(i) forany x,ye X, Fe¥, andt>0,

F (M (Ax, By,t), M(Sx,Ty,t), M (Sx, Ax,t), M (Ty, By,t)) > 0;
(i) A(X) =T (X) (or B(X) < S(X)).
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided that both the pairs (A, S) and (B, T) are

weakly compatible.
Proof. In view of Lemma 4.2.3, the pairs (A, S) and (B, T) share the common limit in the

range of S property, that is, there exists two sequences {x,} and {y,} in X such that
lim Ax, =limSx, =limTy, =limBy, =Sz, for some z € X.

N—o0 N—o0

We, first assert that Az = Sz. Suppose not, then by (ii), we have
F(M(Az,By,,t),M(Sz,Ty,,t), M(Sz, Az,t), M(Ty,, By,,t)) > 0.

Taking n — oo, we obtain
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F(M(Az,Sz,t),M(Sz,Sz,t), M (Sz, Az,t), M (Sz,Sz,1)) > 0
F(M(Az,Sz,t),1,M(Sz, Az,t),1) > 0.

By (Fy1), we get M(Sz, Az,t) >1, which is a contradiction and therefore, Az = Sz.

Moreover, since A(X) < T(X), therefore, there exists a ve X such that Az = Tv.

Now, we assert that Bv = Tv. Suppose not, then by the use of (ii), we have
F (M (Az,Bv,t),M(Sz,Tv,t), M (Sz, Az,t), M (Tv,Bv,t)) >0
F(M(Tv,Bv,t), M (Tv,Tv,t), M (Tv,Tv,t), M (Tv, Bv,t)) > 0
F(M(Tv,Bv,t),1,1, M (Tv,Bv,t))>0.

Again, by using (F1) we get M (Tv, Bv,t) >1, a contradiction and therefore,

Tv=Bv=Az=23Sz.

Since the pairs (A, S) and (B, T) are weakly compatible and Az = Sz and Tv = By,

therefore, ASz = SAz = AAz =SSz, BTv=TBv=TTv =BBv.

Finally, we assert that AAz = Az. Suppose not, then by (ii), we have
F (M (AAz,Bv,t),M(SAz,Tv,t), M (SAz, AAz,t), M (Tv, Bv,t)) >
F (M (AAz, Bv,t), M (AAz, Bv,t), M (AAz, AAz,t), M (Bv, Bv, 1))
F(M(AAz, Az,t), M (AAz, Az,1),1,1) >0

0
>0

which is contradiction to (F;) and therefore, AAz = Az = SAz. Hence, Az is common fixed
point of A and S. Similarly, one can easily prove that BBv = Bv = TBv, i.e., Bv is common
fixed point of B and T. Since Az = By, therefore, Az is common fixed point of A, S, B and
T. The uniqueness of common fixed point is an easy consequence of inequality (ii). [
The following example illustrates the validity of Theorem 4.3.1:

Example 4.3.1. Let (X,M,*) be a fuzzy metric space, where X = [0, 2) with a t- norm
defined by a* b =min{a, b} forall a,b <[0,1] and

;, t>0
M (X, y,t)= t+‘X'Y‘ forall x,y e X.
0 ,t=0

Define F:[0,1]' - R as F(t,t,t,t,) =t —p(min{t, t,,t,}), where ¢:[0,1]—>[0,1] is
continuous and increasing function such that ¢(t) >t for all te(0,1) and define self-

mappings A, B, S, T on X by
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1$ XEQ 1, XGQ
Ax=Bx=1, Sx={2 , TX=11
3 XeQ 3 x ¢ Q.

Clearly, the pairs (A, S) and (B, T) satisfy all conditions of Theorem 4.3.1 and shares the
common limit in the range of S property. Hence, mappings A, B, S and T have a unique
common fixed point x = 1.
By choosing A, B, S and T suitably, one can derive following corollaries:
Corollary 4.3.1. Let A and S be two self-mappings of a fuzzy metric space (X,M,*)
satisfying:
(i) the pair (A, S) satisfies the common limit in the range of S property;
(i) A(X) =T(X);
(i) forany x,ye X, Fe¥, and t> 0 such that

F (M (Ax, Ay,t), M (Sx, Sy, t), M (Sx, Ax,t), M (Sy, Ay, 1)) >0.

Then A and S have a point of coincidence. Moreover, A and S have a unique common
fixed point provided that A and S are weakly compatible.
Proof. Taking B =A and T = S in Theorem 4.3.1, the proof follows. 0

Corollary 4.3.2. Let A, B, S and T be four self-mappings of a fuzzy metric space
(X, M, *) satisfying following conditions:
(i) forany x,ye X, Fe¥, andt> 0 such that
F (M (Ax, By,t), M(Sx,Ty,t), M(Sx, Ax,t), M (Ty, By,t)) > 0;

(i) A(X)=T(X) (or B(X)<=S(X));
(i) the pairs (A, S) and (B, T) share the common limit in the range of S property (or T

property).
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided that both the pairs (A, S) and (B, T) are
weakly compatible.
Proof. Proof follows on the same lines as of Theorem 4.3.1 by using Lemma 4.2.3. 0
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Corollary 4.3.3. The conclusions of Theorem 4.3.1 remain true even if condition (ii) of

Theorem 4.3.1. is replaced by one of the following conditions: for any x,ye X and
t>0,
(i) M(AXBy,t)=g(min{M(SxTy,t), M(Sx, Ax,t), M(Ty,By,1)}),
where ¢:[0,1] -[0,1] is increasing and continuous function such that ¢(t) >t for
all te(0,1).
(if) M (AX,By,t)>k(min{M(Sx,Ty,t), M(Sx, Ax,t), M (Ty, By,t)}) where k > 1.
(iiii) M (Ax, By, t) >k M (Sx,Ty,t)+min{M(Sx, Ax,t),M (Ty, By,t)} where k > 0.
(iv) M (Ax,By,t) >a M (Sx,Ty,t) +b M (Sx, Ax,t) +c M (Ty, By, 1)
wherea>1, b,c>0 and b,c#1.
(v) M(AX,By,t)>a M(Sx,Ty,t) +b[M (Sx, Ax,t)+ M (Ty, By,t)]

wherea>1 and 0<bh<1.

(vi) M (Ax, By,t) >k M(Sx,Ty,t)M (Sx, Ax,t)M (Ty, By,t) where k > 1.

Theorem 4.3.2. Let A, B, S and T be four self-mappings of a fuzzy metric space
(X, M, *) satisfying following conditions:
(i) forany x,ye X,Fe¥, andt> 0 such that
F (M (Ax, By,t), M (Sx,Ty,t), M(Sx, Ax,t), M (Ty, By,t) ) > 0;

(i) A(X) =T(X) (or B(X) <= S(X));
(iii) the pair (A, S) satisfies property (E.A) and S(X) is a closed subspace of X (or (B, T)

satisfies property (E.A) and T(X) is a closed subspace of X ).
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided that both the pairs (A, S) and (B, T) are
weakly compatible.
Proof. Suppose that the pair (A, S) satisfy property (E.A). Then there exists a sequence

{x,} in X such that limAx,=limSx,=p for somepe X. Since S(X) is a closed

N—o0 nN—o0

subspace of X. Therefore, p = Sz, for some z € X. Hence, the pair (A, S) satisfies the
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common limit in the range of S property. Thus, by the use of Corollary 4.3.2 and Lemma
4.2.3, mappings A, B, S and T have a unique common fixed point. 0

Corollary 4.3.4. Let A, B, S and T be self-mappings of a fuzzy metric space (X,M,*)
satisfying following conditions:
(i) forany x,ye X, Fe¥, andt> 0 such that
F (M (Ax, By,t), M(Sx,Ty,t), M (Sx, Ax,t), M (Ty, By,t)) > 0;

(i) A(X)=T(X) (or B(X)=S(X));
(iii) the pairs (A, S) and (B, T) satisfies common property (E.A) and S(X) is a closed

subspace of X.
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided that both the pairs (A, S) and (B, T) are
weakly compatible.
Proof. Since the pairs (A, S) and (B, T) satisfies common property (E.A), therefore, there

exists two sequences {x,} and {y,} in X such that

lim Ax, =limSx, =limTy, =limBy, = p for some pe X.

n—o0 n—o0

It follows from S(X) is a closed subspace of X that p = Sz for some z € X and thus the

pairs (A, S) and (B, T) share the common limit in the range of S property. Therefore, by

Theorem 4.3.1, mappings A, B, S and T have a unique common fixed point. 0
The result of Theorem 4.3.2 holds true even if the condition of property (E.A) is

replaced by noncompatibility condition as shown below:

Corollary 4.3.5. Let A, B, S and T be self-mappings of a fuzzy metric space (X,M,*)

satisfying following conditions:

(i) forany x,ye X, Fe¥, andt> 0 such that
F (M (Ax, By,t), M (Sx,Ty,t), M(Sx, Ax,t), M (Ty, By,t)) > 0;
(i) A(X) =T(X) (or B(X)=S(X));

(iii) the pair (A, S) (or (B, T)) is non-compatible mappings and S(X) is a closed subspace
of X.

65



Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided that both the pairs (A, S) and (B, T) are
weakly compatible.
Proof. Since the pair (A, S) is non-compatible mappings, we get A and S satisfy property
(E.A). Therefore, by Theorem 4.3.2, we get A, B, S and T have a unique common fixed
point in X. 0

Although, property (E.A) (common property (E.A)) is an essential tool to claim
the existence of common fixed points of some mappings. But, this property requires the
condition of closedness of S(X). In Theorem 4.3.1, the condition of closedness of
subspace S(X) has been weakened. Therefore, it is interesting to use common limit in the
range of S property as another auxiliary tool to claim the existence of a common fixed
point.

As an application of Theorem 4.3.1, a common fixed point theorem for four finite
families of mappings on fuzzy metric spaces has been established.
Theorem 4.3.3. Let {A,A,,... A}, {B.B,,...B .}, {S.S,....S,} and {T,,T,,... T} be
four finite families of self-mappings of a fuzzy metric space (X,M,*) such that
A=AA...A,, B=BSB,..B, $=5S5,..5 and T=TT,...T and satisfying
following conditions:
(i) forany x,ye X, FeW¥,andt> 0 such that

F (M (Ax, By,t), M(8x,Ty,t), M(Sx, Ax,t), M (Ty, By,t)) > 0;
(i) A(X) =T(X) (or B(X) <= S(X));
(iii) the pair (A, S) (or (B, T)) satisfies the common limit in the range of S property. Then

(a) the pairs (A,S) and (B,T) have a point of coincidence each.

(b) A,S,,B.and T, have a unique common fixed point provided that the pairs of families
({A}.{S.})and ({B.},{T,})commute pairwise foralli=1,2,....m, k=1,2,...,
p, r=1,2,...,n, t=12,...,q.

Proof. As the pairs of families ({A},{S,})and ({B,},{T,})commute pairwise, therefore,
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AS

(AA-A)(SS,S,)=(AA-A L) (ASS,..S,)

(AA-AL)(S:5,-5,A, ) =(AA..A,)(ALSS,-S,A,)

(AA-A)(S:S, S, ALA, ) == A(S,S,..S, A, A LA,
=(5,5,--S, ) (AA,..A,) =

Similarly, one can prove that BT = TB. Hence, the pair (A, S) and (B, T) are weakly

compatible. Now, using Theorem 4.3.1, we conclude that A, S, B and T have a unique

common fixed point in X, say z.
Now, we prove that z remains the fixed point of all the component mappings.
For this consider

A(AzZ)=(AA,..A)Az=(AAAL)(AA)Z
:(AlAzAnfl)(AAn)Z:(AiAZ A, 2)(An 1'63'6\11)
=(AA.. Anz)(AAnflAn) =A(AAALA,)Z

Similarly, one can prove that

A(S.z)=S,(Az)=S,z, S(S,z2)=5,(Sz)=S,z,

S(Az)=A(Sz)=Az, B(B,z)=B,(Bz)=B,z,

B(T,z)=T,(Bz)=Tz, T(T,z)=T,(Tz) =Tz
and T(B,z)=B,(Tz)=B,z,
which show that (for all i, r, k and t) Az and S,z are other fixed point of the pair (A, S)
whereas B,z and T,z are other fixed points of the pair (B, T). Since A, B, Sand T have a
unique common fixed point, so, we get

z=Az=S5,z2=B,z=Tz,
foralli=1,2,...m, k=1,2,...,p, r=1,2,...,n, t=1,2,...,qQ.

This shows that z is a unique common fixed point of {A}" ,{S,}’ , {B,}"_ and{T,} .

k=1’

Hence, the proof of the theorem is established. 0
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Next result involves a lower semi continuous function  :[0,1] —[0,1] such that y(t) >t

for all t € (0,1) along with y(0)=0 and (1) =1.

Theorem 4.3.4. Let A, B, S and T be four self-mappings on a fuzzy metric space

(X, M, *) satisfying following conditions:

(i) the pair (A, S) satisfies common limit in the range of S property (or pair (B, T)
satisfies common limit in the range of T property);

(i) A(X) =T(X) (or B(X) = S(X));

(iii) forall x,ye X, t>0,

J-M(Ax By t)

#(s)ds = v ([ p(s)cs ).
where o =min{M (Sx,Ty,t), M(Sx, Ax,t), M(Ty,By,t)} and ¢:R" —R" is a Lebesgue

summable integrable function satisfies 0<J‘Og¢(s)ds<1 for all O0<e&<l, and

[[#(s)ds=1.

Then the pairs (A, S) and (B, T) have a point of coincidence each.
Moreover, the mappings A, B, S and T have a unique common fixed point provided that
both the pairs (A, S) and (B, T) are weakly compatible.

Proof. Suppose that the pair (A, S) satisfies the common limit in the range of S property,

then there exists a sequence {x,} in X such that lim Ax, =limSx, =Sz for some point

N—o0 nN—o0

z e X. Since A(X) < T(X), hence, for each X, there exist y_  in X such that Ax, =Ty, .

Therefore, I|mTy =Sz. Thus in all, we have lim Ax, =limSx, _I|mTy =Sz. Now, we

n—o0 Nn—o0

assert that lim By, = Sz. Suppose not, then applying inequality (iii), we get

J<M (Ax,,By,t)

#(s)ds > v ([} gs)ds).
where,
o =min{M(Sx,,Ty,.t), M(Sx,, Ax,,t), M (Ty,, By,.t)}.

Taking n— oo, we obtain

J-M (Sz,lim By, ,t)
N—0

#(s)ds = v ([} pls)os).

0
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where,
o= min{lvl (52,52,1), M (Sz,52,1), M (82, lim Byn,t)}
- min{1,1, M (Sz,lim Byn,t)}
=M (Sz,Lino By,.t).

This gives,

M (Sz, I|m Byn t)

ps)ds =y ([ gloys) > #(s)ds,

J-M (Sz,lim By, ,t)
n—w
0

which is a contradiction, therefore, limBy, =Sz. Thus, the pairs (A, S) and (B, T) share

the common limit in the range of S property, that is, there exists two sequences {xn} and

{y,} in Xsuch that

lim Ax, =limSx, = I|mTyn = I|m By, =Sz for some z € X.

n—o n—

Now, in order to prove A, B, S and T have fixed point, we first assert that Az = Sz.

Suppose not, then by (iii), we have

#s)ds > v ([ (s)ds )

J~M (Az,By, t)

where,
o=min{M(Sz,Ty,,t),M(Sz, Az,t), M (Ty,, By,.t)}.

Taking n — oo, we get

L pss = ([ pisyas)
where,
o =min{M(Sz,Sz,t),M(Sz, Az,t), M (Sz, Sz,t)}
=min {1, M (Sz, Az,t),1}
=M (Sz, Az,1).
This gives,
J-M(Az Szt)¢( )dS> (JAM(S Azt)¢( )d ) J-M(Sz Azt)¢(s)ds,

which is a contradiction and therefore, Az =Sz.
Since, A(X) = T(X), there exists a v e X such that Az =Tv.
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Now, we assert that Tv = Bv. Suppose not, then by (iii), we get

#(s)ds = v [ p()cs)

M (Az,Bv,t)
J

or

M (Tv,Bv,t)
J

#(s)ds = v ([} p(s)cs).
where,
o =min{M(Sz,Tv,t), M (Sz, Az,t), M (Tv, Bv,t)}
=min {M (Tv,Tv,t), M (Tv,Tv,t), M (Tv, By, t)}
=min{1,1,M(Tv,Bv,t)}

=M (Tv, Bv,t).

This gives,

$(s)ds,

J~M (Tv,Bv,t)

M (Tv,Bv,t)
: J

M (Tv,Bv,t)
J

#(s)ds > y/( ¢(s)ds) >

0

a contradiction and therefore, Tv=Bv= Az =Sz.

Since the pairs (A, S) and (B, T) are weakly compatible and Az=Sz and Tv=By,

therefore,
ASz =SAz = AAz =SSz, BTv=TBv=TTv=BBv.

Finally, we assert that AAz = Az. Suppose not, then again by (iii), we have

#(s)ds = v ([ pls)as).

M (AAZ,Bvt)
J

where,

o =min{M (SAz,Tv,t), M (SAz, AAz,t), M (Tv, Bv,t)}
=min{M (AAz, Bv,t), M (AAz, AAz,t), M (Bv, Bv,t)}
=min{M(AAz, Az,1),1,1}
=M (AAz, Az,1).

This gives,

$(s)ds,

J-M(AAz,Bv,t) J~M(AAZ,Az,t)

M (AAz,Az,t)
; J

0

#(s)ds > V/( ¢(s)ds) >

which is a contradiction and therefore, AAz = Az =SAz, which gives Az is common

fixed point of A and S. Similarly, one can easily prove that BBv=Bv=TBy, i.e., Bv is
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common fixed point of B and T. Since Az =By, therefore Az is common fixed point of

A, S, B and T. The uniqueness of common fixed point is an easy consequence of
inequality (iii). 0
Remark 4.3.1. Results similar to Theorems 4.3.2, 4.3.3 and Corollaries 4.3.1, 4.3.2, 4.3.3
can also be outlined in respect to Theorem 4.3.4.
44 COMMON FIXED POINT THEOREMS FOR WEAKLY COMPATIBLE
MAPPINGS
The following theorems concerning weakly compatible mappings have been
established in this section:
Theorem 4.4.1. Let (X,M,*) be a complete fuzzy metric space. Let f and g be weakly
compatible self-mappings of X satisfying:
(1) M(gx,gy,kt)>M(fx, fy,t) forall x,ye X, t>0and0<k<1,;
(i) g(X) < f(X).
If one of g(X) or f(X) is complete, then f and g have a unique common fixed point.

Proof. Let x, € X. Since g(X)c f(X), choose x, € X such that gx, = fx,. In general,
choose x.., € X such that y, = fX,, = 9x,.

Then by (i), we have
M(fx,, X, ., 1) =M (9x,,, 9X,.t)

>M| fx, ,, 1“xn,l =M| gX, ,, gx,H,l >..>2M| fx,, fx1,L :
k K K"
Therefore, for any p,

n+p-1' Mn+pr

M (fxn! an+p’t) 2 M (fxn! erH.]_’lJ 2 -(pitimeS)-- 2 M (fX fX t j
p

t (p-times) t
ZM(on’in’sz-pt ZM[fxonyyW)

As n—oo, {fx,}={y,} is Cauchy sequence and so, by completeness of X, {fx} is

convergent sequence. Therefore, lim fx, =limgx, =z € X.

n—oo n—o

Since, f(X) is complete, so there exist a point p e X such that fp = z.

Now, from (i), we have
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M (gp, gx,, kt) = M (fp, fx ,1).
Taking the limit as n — oo, we get
M (gp, z,kt) > M (fp,z,t) =M(z,z,t) =1.
This gives, gp =z = fp.
As fand g are weakly compatible, therefore, fgp = gfp i.e., fz = gz.
We now, show that z is fixed point of f and g.
From (i),
M (9z, gx,, kt) > M (fz, fx_,t).
Taking the limit as n — oo, we get
M (9gz,z,kt) > M (fz,z,t)
M (gz,z,kt) > M(gz, z,1).
Therefore, by Lemma 4.2.2, we have gz =z = fz.
Hence, z is a common fixed point of f and g.
For uniqueness, let w be another fixed point of f and g, then by (i),
M (gz, gw, kt) > M (fz, fw,t)
or
M (z,w, kt) > M (z,w,1).
By using Lemma 4.2.2, we get z=W.
Therefore, z is uniqgue common fixed point of f and g. 0
Now, we furnish the following example to establish the validity of the results
proved in Theorem 4.4.1.
Example 4.4.1. Let X = [0, 1]. Define

t
—— t >0
M(X,y,t) = t+‘X'Y‘ forall x,y e X.
0, t=0
Clearly, (X,M,=*) is a complete fuzzy metric space. Define self-mappings f and g on X

by fx:g, gx=g. Then g(X)< f(X) and for %§k<1, condition (i) satisfied.

However, mappings are weakly compatible at x = 0. Hence, all conditions of
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Theorem 4.4.1 are satisfied and x = 0 is a unique common fixed point of f and g.

The results to the above theorem hold true even if we replace complete fuzzy
metric space with fuzzy metric space.

Theorem 4.4.2. Let (X,M, =) be a fuzzy metric space. Let f and g be weakly compatible
self- mappings of X satisfying following condition:

(1) M(gx, gy, kt)>M(fx, fy,t) forall x,ye X, t>0and0<k<1,;

(i) g(X) < f(X).

If one of g(X) or f(X) is complete, then f and g have a unique common fixed point.

Proof. From the proof of Theorem 4.4.1, we conclude that {fx,}={y,} is Cauchy

sequence in X. Now, suppose that f(X) is a complete subspace of X, then the subsequence

of {y,} must geta limit in f(X). Let it be uand ue f v then fv = u for some ve X.As
{yn} is a Cauchy sequence containing a convergent subsequence, therefore, the sequence

{y,} also converges. Now, from (i),

M (gv, gx,,kt) > M (fv, fx ,t).
Taking the limit as n — oo, we get

M (gv,u, kt) > M (fv,u,t)

=M(u,u,t) =1.

This gives, gv=u = fv which shows that pair (f, g) has a point of coincidence.
Since, f and g are weakly compatible, therefore, fgv = gfv, i.e., fu = gu.
Now, we show that u is a fixed point of f and g. From (i), we have

M (qu, gx,, kt) > M (fu, fx,t).
Taking the limit as n — oo, we get

M (gu,u, kt) > M (fu,u,t)
M (gu,u,kt) > M(gu,u,t),

by Lemma 4.2.2, we get gu=u = fu.
Hence, u is a fixed point of fand g.

For uniqueness, let w be another fixed point of f and g, then by (i),
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M (gz, gw, kt) > M ( fz, fw,t)
M (z,w,kt) > M (z,w,1),

by Lemma 4.2.2, we get z=Ww.

Therefore, z is unique common fixed point of f and g. 0
Theorem 4.4.3. Theorems 4.4.1 and 4.4.2 remain true if weakly compatible self-
mappings are replaced by any one of the following self-mappings:

(1) R-weakly commuting;

(i) R-weakly commuting of type (A, );

(iii) R-weakly commuting of type (A, );

(iv) R-weakly commuting of type (P);

(v) weakly commuting property.
Proof. (i) Using the hypothesis of Theorems 4.4.1 and 4.4.2, the proof for the existence
of coincidence point follows the same lines. So, let x be any arbitrary coincidence point

for the pair (f, g), then by using R-weak commutativity, one gets
M ( fgx, gfx,t)>M (fx, gx,%j =M (fx, fx,%j =1 where R > 0.

This gives, fgx = gfx. Thus, the pair (f, g) is weakly compatible.
(ii) In case (f, g) is a R-weakly commuting pair of type (A, ), then

M (9, )= M 6 05 =M [ 0 et |1

which gives, ggx = fgx.
Also,

M ( fgx, gfx,t) > M (fgx, ggx,%j* M [ggx, gfx,%j =1x1=1

which gives, fgx = gfx. Thus, the pair (f, g) is weakly compatible.

(iii) In case (f, g) is an R-weakly commuting pair of type (A, ), then

M ( fix, gfx,t) = M [fx, gx,%j: M [fx, fx,%jzl

which gives gfx = ffx.
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Also,
M ( fgx, gfx,t) = M ( fox, ffx,%]* M ( fx, gfx,%j “1s1=1

which gives, fgx = gfx. Thus, the pair (f, g) is weakly compatible.
Similarly, if pair (f, g) is R-weakly commuting of type (P) or weakly commuting

property, then (f, g) also commutes at their point of coincidence.
Hence, in view of Theorem 4.4.2, f and g have a unique common fixed point in all the
five cases. This proves the assertion. 0
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CHAPTER-V

COMMON FIXED POINT THEOREMS FOR RECIPROCAL
CONTINUOUS AND WEAKLY COMPATIBLE MAPPINGS IN
INTUITIONISTIC FUZZY METRIC SPACES

In this chapter, some common fixed point theorems have been obtained for
reciprocal continuous mappings and weakly compatible mappings by using common
(E.A) like property and an implicit relation in intuitionistic fuzzy metric spaces. This
chapter has been divided into various sections. Section 5.1 deals with the preliminaries
related to intuitionistic fuzzy metric spaces. In Section 5.2, the lemmas required to prove
the main results have been presented. In Section 5.3, some common fixed point theorems
have been established by using reciprocal continuity of mappings satisfying contractive
conditions in an intuitionistic fuzzy metric space. Section 5.4 deals with common fixed
point theorems for weakly compatible mappings by using an implicit relation in

intuitionistic fuzzy metric spaces along with the common (E.A) like property.

5.1 INTRODUCTION

Inspired by the idea of intuitionistic fuzzy sets, Alaca et al. [11] defined the
notion of intuitionistic fuzzy metric spaces with the help of continuous t-norms and
continuous t-conorms as a generalization of fuzzy metric space due to Kramosil and
Michalek [69].
Definition 5.1.1.([120], Vol.16, p.65) A binary operation =:[0,1]x[0,1] —[0,1] is
continuous t-norm if it satisfies the following conditions: for all a,b,c,d €[0,1],
(i) = is commutative and associative;
(i) = is continuous;
(i) axl=a;

(iv) axb<c=d, whenever a<c and b<d.

The contents of this chapter have been published in Applied Mathematics, 3(3)(2012),
225-230 and Journal of Indian Mathematical Society, 81(1-2)(2014),123-133.
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Definition 5.1.2.[119] A binary operation ¢:[0,1]x[0,1] —[0,1] is continuous t-conorm
if O satisfies the following conditions: for all a,b,c,d €[0,1],

(1) ©1is commutative and associative;

(i1) ¢ is continuous;

(i) a®¢ 0=a;

(iv) ad¢b<c¢d,whenever a<c and b<d.

Definition 5.1.3. A 5-tuple (X,M,N,*,0) is said to be an intuitionistic fuzzy metric

space if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and

M, N are fuzzy sets on XZX[O, o) satisfying the conditions: for all X,y,z e X and s,t >0,
1) My, t)+N(xy,t)<1;

(i) M(x,y,0)=0;

@iii)) M(x,y,t)=1ifandonlyif x=1y;

(iv) M(x,y,t) =M(y,x,t);

(v) M(xy,t)xM(y,z,5) <M(X,z,t+5);

(vi) M(x,y,e):[0,00) —[0,1] is left continuous;

(vii) limM (xy, t) =1;

(viii) N(x,y,0)=1;

(ix) N(x,y,t)=0ifandonlyif x=y;

() N(x,y,t) =N(y,x1);

(xi) N(xv,t) ¢ N(y,z,8)>N(x,z,t+5);

(xii) N(x,y,e):[0,0) —[0,1] is right continuous;

(xiii) !LngN(x y, t) = 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M (X, y,t) and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between X and

y w.r.t. t respectively.
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Turkoglu et al. [137] extended the notion of compatible mappings to intuitionistic
fuzzy metric spaces as follows:
Definition 5.1.4. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space

(X, M, N,*,90) is said to be compatible if
limM (ASx_,SAx ,t)=1and lim N(ASx_,SAx ,t)=0 forall t>0,

N—o0

whenever {x.} is a sequence in X such that lim Ax, =limSx, =z for some z € X.

In 2006, Turkoglu et al. [136] defined the notion of R-weakly commuting
mappings in intuitionistic fuzzy metric spaces as follows:
Definition 5.1.5. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space
(X, M, N,*,90) is said to be weakly commuting if

M (ASX, SAX, t) > M (Ax, Sx,t) and N(ASx, SAX,t) < N(AXx, S, t),
forall xe X and t>0.
Definition 5.1.6. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space
(X, M, N,*90) is said to be pointwise R-weakly commuting, if given xe X, there

exists R >0such that forall t >0
M (ASx, SAx,t) > M (Ax, Sx,%} and N(ASX,SAx,t)<N (Ax, Sx,%).

Inspired by Wadhwa et al. [138], we adopt the following notions in intuitionistic
fuzzy metric spaces:
Definition 5.1.7. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space

(X,M,N,=*90) is said to satisfy the E.A like property if there exists a sequence {x } in

X such that lim Ax, =limSx, =z for some z e A(X) or ze S(X).

Definition 5.1.8. Two pairs (A, S) and (B, T) of self-mappings of an intuitionistic fuzzy

metric space (X,M,N,x*0) are said to satisfy the common (E.A) like property if there
exist two sequences {x,}and {y,} in X such that
limAx, =limSx, =limBy, =limTy, =z

for some ze S(X)NT(X)or ze A(X)nB(X).
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5.2 LEMMAS

The proofs of our main results are based upon the following lemmas, of which
first two lemmas are due to Alaca et al. [10].

Lemma 5.2.1. Let (X,M,N,=0) be an intuitionistic fuzzy metric space and {y,} be a
sequence in X. If there exists a real number k € (0,1) such that
M(Ynr Yo K 2 M (Y, Yoo 1) @nd NQY,, Y0, KO <SNCY, o Y00,

forall t>0, n=0,12,..., then {y,} is a Cauchy sequence in X.
Lemma 5.2.2. Let (X, M, N,*0) be an intuitionistic fuzzy metric space. If there exists a
real number k e(0,1) such that

M(Xx,y,kt)>M(x,y,t) and N(x,y,kt) <N(x,vy,t) forall x,ye X,t>0,
thenx =y.
Lemma 5.2.3. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space with continuous

t-norm * and continuous t-conorm ¢ defined by t*t>t and (1-t)0(1—t) <(@-t) for all
te[O,l] respectively. Further, pairs (A,S) and (B,T) satisfying the following
conditions:

(1) A(X) =T(X), B(X)<=S(X);

(ii) there exists a constant k < (0,1) such that

M ’B’tMS1A;tMS,B,t
M(Ax,By,kt)z[ (Ty, By, 1) * M (Sx, Ax, 1) * M (S ya)*J

M (Ty, AX, (2—a)t) * M (Ty, Sx, t)
and

N (Ty, By, t)ON (Sx, Ax,t)ON (Sx, By, at)¢
N(AX,By,kt)g[ (Ty, By, t)ON(SX, Ax, t)ON (S ya)j,

N (Ty, AX, (2—a)t)ON(Ty, Sx,t)

forall x,ye X, t>0and «€(0,2).
Then the continuity of one of the mappings in compatible pair (A,S)or (B,T) on
(X, M, N,=*,0) implies their reciprocal continuity.
Proof. First, assume that (A,S) is a compatible pair and S is continuous. We have to
show that pair (A, S) is reciprocally continuous. Let {u.} be a sequence in X such that

limAu, =limSu, =z for some z e X.

N—o0 n—o0

79



Since S is continuous, we have lim SAu, =limSSu, = Sz. Compatibility of pair (A,S)

implies
limM (ASu,,SAu,,t)=1 and limN(ASu,,SAu,,t)=0.

This gives,
limM(ASu,,Sz,t)=1 and limN(ASu,, Sz,t) =0.

n—o

That is, lim ASu, =Sz. By (i), for each n, there exists v, € X such that ASu, =Tv,.

Thus, we have lim ASu,, =1limSSu, =limSAu, =limTv, = Sz.

nN—o0 n—o0 n—0 N—o0

Now, we claim thatlim Bv, = Sz.

n—oo

Take a =1 in (ii), we have

M(Tv_,Bv_,t)*M(SSu_, ASu_,t)*M (SSu_, Bv_,t) *
M(ASun,an,kt)z[ (Tv,, Bv,, 1) *M (SSu,, ASu,,, t) * M (SSu, n)J

M(Tv,, ASu,,t)*M (Tv,,SSu,,t)
and

N(Tv ,Bv,,t)ON(SSu , ASu,,t)ON(SSu,,Bv,,t)0
N(ASun,an,kt)SL (T, JON( JON( ) J

N(Tv,, ASu,,t)ON(Tv.,SSu_,t)

Taking n — oo, we get

M(Sz lim By kt)ZLM(Sz,II]m an,t)*M(Sz,Sz,t)*M (Sz,Lvan,t)*J

M (Sz, Sz,t) * M (Sz, Sz,t)

and
N sz an,kt)s[N (52, lim By, t)ON(S2,57,t)oN (52, lim an,t)o}
N(Sz,Sz,t)ON(Sz, Sz,t)
This gives,
M (Sz, lim an,kt) >M (Sz,m an,t)
and

N (Sz, lim an,kt) <N (Sz, lim an,t).

n—o0 nN—o0

Therefore, from Lemma 5.2.2, we have limBv, = Sz.

n—oo
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Next, we show that Az = Sz. Take a =1 in (ii), we have

M (Tv,,Bv,,t)*M(Sz, Az,t) * M (Sz, an,t)j

M (Az, By, kt) >
*M (Tv,, Az,t) *M (Tv,, Sz,t)

and

N(Tv_,Bv ,t)ON(Sz, Az,t)ON(Sz,Bv_,t
N(Az,an,kt)S[ (TV,., BV, t)ON( JON( n)].

ON(Tv,, Az,t)0ON(Tv,, Sz,t)
Proceeding limit as n — oo, we get

M (Az, S2.kt) >(M (Sz,Sz,t)* M (Sz, Az,t) * M (Sz, Sz’t)j

*M (Sz, Az,t) * M (Sz, Sz,t)
and

N(AZ, SZ, kt) < (N(SZ! SZ,t)ON (SZ, AZ,t)ON (SZ,SZ,t)].

ON (Sz, Az,t)ON(Sz, Sz,t)
That is,

M (Az, Sz,kt) > M (Sz, Az,t) and N(Az,Sz,kt) < N(Sz, Az,t),
therefore, by use of Lemma 5.2.2, we have Az =Sz.

Hence, limSAu, =lim ASu, =Sz = Az.

n—oo n—oo

This proves that Aand S are reciprocally continuous on X . Similarly, it can be proved

that pair (B,T) is reciprocally continuous if the pair (B,T)is assumed to be compatible

and T is continuous. [

53 COMMON FIXED POINT THEOREMS FOR RECIPROCAL
CONTINUOUS MAPPINGS
We establish the following theorem in this section:

Theorem 5.3.1. Let (X,M,N,* 0) be a complete intuitionistic fuzzy metric space with
continuous t-norm * and continuous t-conorm ¢ defined by txt>t and
@1-t)0@-t)<(@-t) for all te[0,1] respectively. Further, let (A,S) and (B,T) be
pointwise R - weakly commuting pairs of self- mappings of X satisfying:

(i) A(X) =T(X), B(X)=S(X);

(i) there exists a constant k < (0,1) such that
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M ’B’tMS1A;tMS,B,t
M(Ax,By,kt)z[ (Ty, By, 1) * M (Sx, Ax, 1) * M (Sx ya)*J

M (Ty, AX, (2—a)t) * M (Ty, Sx, t)
and

N (Ty, By, t)ON (Sx, Ax,t)ON (Sx, By, at)¢
N(AX,By,kt)g( (Ty, By, t)ON(SX, Ax, t)ON (S ya)j,

N (Ty, AX, (2—a)t)ON(Ty, Sx,t)
forall x,ye X, t>0and «€(0,2);
(iii) one of the mappings in compatible pair (A,S) or (B,T) is continuous.
Then A, B, S and T have a unique common fixed point.
Proof. Let x, be an arbitrary point in X. By (i), we define the sequences {x } and {y,}

in X such that y,, = AX,, =TX,.1, Yonu = BXony = SX,,,, for all n=1,2,3,.... We show
that {y,} is a Cauchy sequence in X . Take e =(1-f3), where S (0,1) in (i), we have

M (y2n+l' Yoni2o kt)y=M (BX2n+l’ AXyp,s) kt)
= M (AX2n+2’ BX2n+1’ kt)
M (TX2n+l’ BX2n+l’t) * M (SX2n+2’ AX2n+2’t) * M (SX2n+2’ BX2n+1’ (1_ ﬂ)t)}

>
*M (TX2n+l’ AX2n+2 ' (1+ ﬁ)t) * M (TX2n+1’ SX2n+2 ’ t)

(MY Yonis D * M (Van1s Yoni208) * M (Vani1s Yon.as (2= B)1)
M (Yans Yoo @4 B # M Yoy, Yoneas 1) j
M (Y2n: Yaniar 1) ¥ M (Vanias Yonio 1) ¥ 15 M (Y, Yipaait)
M (Yanias Yonsos B * M (YVan, Yanaao 1) ]
> (M (Yans Yoneas ) ¥ M (Yanaas Yoo ) # M (Yo, Yonias 1))
Taking # —1, we have
M (Yanir: Yane2 KO 2 M (Yo Yorias ) * M (Yonias Yanio 1) ¥ M (Vani, Yonioo 1)

M (y2n+l’ y2n+2’ kt) 2 M (y2n' y2n+1’t) * M (y2n+l' y2n+2’t) 2 M (yZn’ y2n+1’t)
M (y2n+l’ y2n+2’ kt) 2 M (y2n' y2n+1’t)'

Similarly, we can show that

M (y2n+2’ y2n+3! kt) 2 M (y2n+1’ y2n+2lt)'

>

Also,
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N (y2n+1’ y2n+21 kt) = N (BX2n+1l AX2n+2l kt)

= N(AXyy.20 BXypp. KE)
< N (TX2n+1, BX2n+1’t)<>N (SX2n+2’ AX2n+2 ON (szn+2' BX2n+1' 1-501
- <>N (TX2n+l’ AX2n+2 ! (1+ ﬂ)t)ON (TX2n+1’ SX2n+2 ' t)

[ NYans Yania DON(Yanias Yonio s OON (YVanias Yona: A= D)
LN (Yan: Yanezr @+ BIDON (Y0, Vapiao D) j
[Nz Yania DON(Vznss Yani2 DOOON (Y, ym,t)j

ON (Yanias Yanizs BOON(Y,0, Yanoast)
<(NYons Yonias DONVanias Yonior DN Vanias Yonios BD)-

Taking g —1, we get

N (y2n+1’ y2n+2’ kt) <N (y2n’ y2n+1’t)<>N (y2n+17 y2n+27t)<>N (y2n+17 y2n+27t)
N (y2n+11 y2n+21 kt) < N (y2n1 y2n+1’t)<>N (y2n+11 y2n+21t) < N (y2n’ y2n+l’t)
N (y2n+17 y2n+21 kt) < N (yznv y2n+11t)-

Similarly, it can be shown that
N(Yzni2s Yanear KO S N(Vanias Yaneo: D)-
Therefore, forn=1,2.3,... and t > 0, we have
M(Yr Yo k) 2 M (Y, Yoo 1) @nd NCY,, Yo, KE) < NCY g Yo 1)

Hence, by Lemma 5.2.1, {y,} is a Cauchy sequence in X. Since X is complete, so {y,}

converges to z € X. Its subsequences{Ax,.}, {Tx,,..}, {Bx,,.,}yand {Sx,,.,} also converge

to z.

Now, suppose that (A,S)is a compatible pair and S is continuous. Then by

Lemma 5.2.3, the pair (A, S) is reciprocally continuous. This implies that lim SAx, = Sz

n—oo

and lim ASx, = Az.

n—oo

Since, (A, S) is a compatible pair, therefore,

lim M (ASx_,SAX,,t)=1and lim N(ASx,,SAxX ,t)=0

which implies that
M (Az,Sz,t)=1and N(Az,Sz,t)=0.
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Hence, Sz=Az. Since A(X)cT(X), therefore, there exists a point pe X such that
Sz=Az=Tp.

Now, takinga =1 in (ii), we have

M (Az, Bp,kt) > (M (Tp, Bp,t) *M (Sz, Az,t) * M (Sz, Bp,t) *M (Tp, Az,t) * M (Tp, Sz,t) )

M (Az, Bp,kt) > (M (Az, Bp,t) * M (Az, Az,t) * M (Az, Bp,t) * M (Az, Az, t) * M (Az, Az,t))
and

N (Az, Bp,kt) < (N(Tp, Bp,t)ON(Sz, Az, t)ON(Sz, Bp,t)ON(Tp, Az,t)ON(Tp, Sz,t))
N (Az, Bp,kt) < (N (Az,Bp,t)ON(Az, Az,t)ON(Az, Bp,t)ON (Az, Az,t)ON (Az, Az,t)).
This gives,

M (Az, Bp, kt) = M (Az, Bp,t) and N(Az, Bp,kt) < N(Az, Bp,t).
Thus, by Lemma 5.2.2, we have Az = Bp.

Since, A and S are pointwise R - weakly commuting mappings, therefore, there exists
R >0, such that

M (ASz,SAz,t) > M (AZ,SZ,%) =1 and N(ASz,SAz,t)<N (Az,Sz,%j:O.

Hence, ASz =SAz and ASz = SAz = AAz = SSz.
Similarly, B and T are pointwise R-weakly commuting mappings, we have
BBp=BTp=TBp=TTp.
Again, taking a =1in (ii), we have
M (Tp, Bp,t) * M (SAz, AAz,t) * M (SAz, Bp,t)}
*M (Tp, AAz,t) * M (Tp, SAz,t)

M (Tp,Tp,t) * M (AAz, AAz,t) * M (AAZ, Az,t)
*M (Az, AAz,t) * M (Az, AAz,1)

M(AAz,Bp,kt)z[

M(AAz,Az,kt)z(

and
N Bp,t)ON(SAz, AAz,t)ON (SAz, B
N (AAZ, Bp. kt) < (Tp, Bp,t)ON(SAz, AAZ,1)ON (SAz, Bp, 1)
ON(Tp, AAZ,t)ON(Tp, SAz,t)
N(Tp,Tp,t)ON (AAz, AAZ,1)ON (AAz, Az,t
N(AAzZ, Az kt) <[ T TP TP UON(AAZ, ARz HON(AAZ, Az, 1))
ON (Az, AAz,1)ON(Az, AAz,t)
This gives,
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M (AAz, Az, kt) > M (AAz, Az,t) and N(AAz, Az, kt) < N(AAz, Az,t).
By Lemma 5.2.2, we have SAz = AAz = Az.Hence Az is common fixed point of A and
S. Similarly by (ii), Bp=Azis a common fixed point of B and T. Hence, Az is a
common fixed point of A/B,S and T.
Uniqueness: Suppose that Ap is another common fixed point of A, B,S and T.
Taking a =1in (ii), we have
M (TAp, BAp,t) * M (SAz, AAz,t) * M (SAz, BAp,t)J
*M (TAp, AAz,t) * M (TAp, SAz,t)

M (Ap, Ap,t) *M (Az, Az,t) * M (Az, Ap,t)
*M (Ap, Az,t) =M (Ap, Az,t)

M (AAz, BAp, kt) z(

M (Az, Ap, kt) 2(

and
N (TAp, BAp,t)ON (SAz, AAz,t)ON (SAz, BAp,t
N (AAZ, BAD, kt) < (TAp, BAp,t)ON (SAz, AAZ,t)ON (SAz, BAp, t)
ON (TAp, AAz,t)ON (TAp, SAzZ,t)
N(Ap, Ap,t)ON(Az, Az,t)ON (Az, Ap,t
N(AZ, Ap. ki) < (Ap, Ap,t)ON (Az, Az,t)ON (Az p).
ON(Ap, Az,t)ON (Ap, Az,t)
This gives,

M (Az, Ap, kt) = M (Az, Ap,t) and N(Az, Ap,kt) < N(Az, Ap,t).
By Lemma 5.2.2, we have Ap = Az.

Thus, uniqueness follows. 0

Taking S=T =1, in above theorem, we get following result:
Corollary 5.3.1. Let (X,M,N,=0) be a complete intuitionistic fuzzy metric space with
continuous t-norm * and continuous t-conorm ¢ defined by txt>t and
@-t)o@-t)<(@-t) forall te[O,l]. Further, let A and B are reciprocally continuous
mappings on X satisfying

M (y, By,t) * M (x, Ax,t) * M (x, By, at)j

M (Ax, By, kt) 2(
*M (y, AX, (2—a)t) =M (y, x,t)

and

N (Ax, By, kt) S(N(y’ By, t)ON (X, AX,)ON (X, By,at)j

ON(y, AX, (2—a)t)ON(y, x,1t)
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forall x,ye X, t>0 and a<(0,2).

Then A and B have a unique common fixed point.
The following example illustrates Theorem 5.3.1:
Example 5.3.1. Let X =[2,20] and pair (M, N) be the intuitionistic fuzzy set on

X?x[0,00) defined by

t -y
—t>0 4
M(x,y,t) = t+\x-y\ g and N(x,y,t)= t+‘X-y"t > 0
O ’ t:O 1 y t:O.

Then (X,M,N,*0) be complete intuitionistic fuzzy metric space where * and ¢ are
continuous t-norm and continuous t-conorm defined by a*b:min{a, b} and
adb=max{a,b} forall a,be[0,1], respectively.

Now we define self-mappings A,B,Sand T on X as

2, X=2 2, X=2 or x>5

3 X> 2, 6, 2<X<5,
2, X=2
2, X=2
SX = and Tx=+< 12, 2<x<5h
6, X>2
X—3, X > 5.

Then A,B,Sand T satisfy all the conditions of Theorem 5.3.1 with k € (0,1), €(0,2)

and x =2 is a unique common fixed point.

54 COMMON FIXED POINT THEOREMS USING COMMON (E.A) LIKE
PROPERTY

In this section, we prove the following fixed point theorems by using E.A like
property in intuitionistic fuzzy metric spaces.
Theorem 5.4.1. Let A and S be self-mappings of an intuitionistic fuzzy metric space
(X, M, N, *0) satisfying the conditions:
(i) forall x,y e X,t>0, there exists g < (0,1) such that,

M (Ax, Ay, gt) > min{M (Ax, Sy, t), M (Sx, Ay, t), M (Sx, Sy, t)}
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and
N (AX, Ay, gt) < max{N(Ax, Sy,t), N(Sx, Ay, t), N(Sx, Sy,t)};
(ii) A and S satisfy the E.A like property;
(iii) A and S are weakly compatible mappings.
Then A and S have a unique common fixed point in X.
Proof. Since, A and S satisfy the E.A like property, therefore, there exists a sequence

{x,} in X such that lim Ax, =limSx, =z for some z e A(X)or z e S(X).

Suppose that z € S(X). Therefore, z = Su for some u e X. First, we show that Au = Su.
Using (i), we have
M (Au, Ax, gt) > min{M (Au, Sx,,t), M (Su, Ax,t), M (Su, Sx_,t)}
and
N (Au, Ax,,qt) <max{N(Au, Sx,,t), N(Su, Ax,t), N(Su, Sx,,t)}.
Taking the limit as n — oo, we get
M (Au, z,qt) > min{M (Au, z,t), M (z, z,t),M(z, z,t)}
M (Au, z,qt) > M (Au, z,1)
and
N (Au, z,qt) < max{N(Au, z,t),N(z,z,t),N(z,z,1)}
N(Au,z,qt) < N(Au, z,t).
Therefore, by Lemma 5.2.2, we have Au = z = Su. Hence, u is a point of coincidence of A
and S. Since, A and S are weakly compatible mappings, therefore, Az = ASu = AAu = SSu
= SAu = Sz.
Next, we show that Az = z.
By (i), we have
M (Az, Ax,qt) > min{M (Az, Sx ,t), M (Sz, Ax,,t), M (Sz, Sx, t)}
and
N (Az, Ax,,qt) <max{N(Az, Sx,,t), N(Sz, Ax,,t), N(Sz, Sx,,t)}.
Taking the limit as n — oo, we have
M (Az,z,qt) >min{M (Az,z,t), M (Az, z,t), M (Az,z,1)}
M (Az,z,qt) > M (Az,z,t)

and
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N(Az,z,qt) <max{N(Az,zt),N(Azzt),N(Az,z,t)}
N(Az,z,qt) < N(Az,z,t).

Therefore, by Lemma 5.2.2, we have Az = z = Sz. Hence, z is a common fixed point of A
and S. For uniqueness, let w be another fixed point of A and S, then by (i), we have

M (Az, Aw, gt) > min{M (Az, Sw,t), M (Sz, Aw, t), M (Sz, Sw, 1)}

M (z,w,qt) > min{M (z,w,t), M (z,w,t),M (z,w,t)}

M (z,w,qt) > M (z,w,t)

and

N (Az, Aw, qt) < max{N (Az, Sw,t), N(Sz, Aw,t), N(Sz, Sw,t)}
N(z,w,qt) <max{N(z,w,t),N(z,w,t),N(z,w,t)}
N(z,w,qt) < N(z,w,t).

Hence, by Lemma 5.2.2, we have z = w.

This proves the main result. 0

We, now use the concept of implicit relation for establishing various common

fixed point results in intuitionistic fuzzy metric spaces.
Let M4 be the set of all real continuous functions ¢ and v : [0,1]4 — R, which are non-

decreasing in the first argument and are satisfying the following conditions:

(A) ¢(u,Lu,)>0=>u>1;

(B) ¢(u,1,L,u)>0=u>1;

©) ¢(u,u,1)>0=u>1;

(D) w(u,0,u,0)<0=u<0;

(E) w(u,0,0,u)<0=u<0;

(F) w(u,u,0,00<0=u<0 forall u>0.

Example 5.4.1. Define ¢,y : [0,1]4 —R as 4(t,t,,t,t,) =14t —12t, +6t, —8t, and
w(t,t,,t,,t,) =12t —9t, +8t, —11t,. Clearly, ¢ and y satisfies all conditions (A), (B),
(C), (D), (E) and (F). Therefore, ¢, w € M,.

Theorem 5.4.2. Let A, B, S and T be self-mappings of an intuitionistic fuzzy metric space

(X, M, N,*0) satisfying the following conditions that :
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(1) the pair (A, S) and (B, T) share the common (E.A) like property;
(if) forany x,ye X, ¢, € M, and for all t >0, there exists k € (0,1) such that,

#(M (Ax, By, kt), M (Sx, Ty, t), M (Sx, Ax,t), M (Ty, By,t)) >0

and

w(N(AXx, By, kt), N(Sx, Ty, t), N(Sx, Ax,t), N(Ty, By,t)) <O0.
Then the pairs (A, S) and (B, T) have a point of coincidence each. Moreover, A, B, S and
T have a unique common fixed point provided the pairs (A, S) and (B, T) are weakly
compatible.

Proof. In view of (i), there exist two sequences {x.} and {y,} in X such that

limAx, =limSx, =limBy, =limTy =z

for some ze S(X)NT(X)or ze A(X)nB(X).
Suppose that ze S(X)NT(X), then ze S(X), therefore, there exists a point ue X
such that z = Su.
We claim that Au = z. Taking x = u, y =y, in (ii), we have
#(M (Au, By,, kt), M(Su,Ty,,t), M (Su, Au,t), M (Ty,, By, ,t)) =0
and
w(N(Au, By, kt), N(Su,Ty,,t), N(Su, Au,t), N(Ty,, By, 1)) <0.
Letting the limit as n — oo, we get

#(M (Au, z,kt),M(z,z,t),M(z, Au,t),M(z,2,t)) >0
¢(M(Au, z,kt),1,M (Au, z,1),1) >0

and

w(N(Au,z,kt),N(z,z,t),N(z, Au,t),N(z,2,t)) <0
w(N(Au, z,kt),0,N(Au, z,t),0) <0.

As ¢ and y is non-decreasing in the first argument, we have
#(M(Au, z,t),1, M (Au, z,1),1) >0

and
w(N(Au,z,t),0,N(Au, z,1),0) <O0.

Using implicit relations (A) and (D), we get
M (Au,z,t)>1 and N(Au,z1)<0.
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Hence M(Au,z,t)=1 and N(Au,z,t)=0. Therefore, Au = z = Su, which shows that u is
a coincidence point of the pair (A, S).
Since zeT(X) implies that there exists ve X such that Tv = z = Au = Su. Now, we
show that Bv =z. Putting x = u, y = v in (ii), we have
#(M (Au, Bv, kt), M (Su, Tv,t), M (Su, Au,t), M (Tv, Bv,t)) >0
¢(M(z,Bv,kt),1,1, M (z,Bv,t)) >0
and
(N (Au, Bv, kt), N(Su,Tv,t), N(Su, Au,t), N(Tv, Bv,t)) <0
w(N(z,Bv,kt),0,0,N(z,Bv,t)) <0.
Since ¢ and y is non-decreasing in the first argument, we have
#(M(z,Bv,1),1,1,M(z,Bv,t)) >0
and
w(N(z,Bv,1),0,0,N(z, Bv,t)) <0.
Using implicit relations (B) and (E), we get M(z,Bv,t)>1 and N(z,Bv,t) <0. Hence
M(z,Bv,t)=1 and N(z,Bv,t) =0. Therefore, Bv = z = Tv, which shows that v is a
coincidence point of the pair (B, T).
Since the pairs (A, S) and (B, T) are weakly compatible and Au = Su, Bv = Tv, therefore,
Az=ASu=SAu=Sz, Bz=BTv=TBv=Tz
Now, we show that Az = z. From (ii), we have
#(M (Az, Bv, kt), M (Sz,Tv,t), M (Sz, Az,t), M (Tv, Bv,t)) >0
#(M (Az,z,kt),M (Az,z,t),M (Az, Az,t), M (Bv, Bv,t)) >0
¢#(M(Az,z,kt),M (Az,2,1),1,1) >0
and
w(N(Az,Bv, kt),N(Sz,Tv,t),N(Sz, Az,t), N(Tv, Bv,1)) <0

w(N(Az,z,kt),N(Az,z,t),N(Az, Az,t), N(Bv,Bv,t)) <0
w(N(Az,z,kt),N(Az,zt),0,0) <0.

Since ¢ and y is non-decreasing in the first argument, we have
#(M (Az,2,1),M(Az,2,t),1,1) >0

and
w(N(Az,z,1),N(Az z1),0,0)<0.
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Using implicit relations (C) and (F), we get M(Az,z,t)>1 and N(Az,z,t)<0. Hence
M (Az,z,t)=1 and N(Az,z,t)=0. Therefore, Az=z = Sz.
Similarly, one can prove that Bz = Tz = z. Hence, Az = Bz = Sz = Tz, and z is common

fixed point of A, B, Sand T.
Uniqueness: Let z and w be two common fixed points of A, B, S and T, then by using (ii),

we have
#(M (Az, Bw, kt), M (Sz,Tw,t), M (Sz, Az,t), M (Tw, Bw,t)) >0
(M (z,w,kt),M (z,w,t),M(z,2,t),M (w,w,1)) >0
#(M (z,w,kt),M (z,w,1),1,1) >0
oM (z,w,t),M (z,w,1),1,1) >0
and

w (N (Az, Bw, kt), N(Sz,Tw,t), N(Sz, Az,t), N(Tw, Bw,1)) <0
w(N(z,w,kt),N(z,w,t),N(z,z,1), N(w,w,t)) <0
w(N(z,w,kt),N(z,w,t),0,0) <0
w(N(z,w,t),N(z,w,t),0,0) <0.

Using implicit relations (C) and (F), we have M (z,w,t)>1 and N(z,w,t) <0.
Hence, M(z,w,t)=1and N(z,w,t)=0.

Therefore, z = w. 0

The case B=A and T =S in the Theorem 5.4.2 yields following corollary:
Corollary 5.4.1. Let A and S be self-mappings of an intuitionistic fuzzy metric space
(X, M, N,* 0) satisfying the following:
(i) the pair (A, S) satisfies the E.A like property;
(i) for any x,y e X, ¢, € M, and for all t >0, there exists k € (0,1) such that
#(M (Ax, Ay, kt), M (Sx, Sy, t), M (Sx, Ax,t), M (Sy, Ay,t)) >0
and
w(N(AX, Ay, kt), N(Sx, Sy, t), N(Sx, Ax,t), N(Sy, Ay,t)) <O0.
Then A and S have a point of coincidence each. Moreover, if the pair (A, S) is weakly

compatible, then A and S have a unique common fixed point.
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Remark 5.4.1. Theorem 5.4.2 remains valid if condition (ii) is replaced by the following:

M (Sx,Ty,t), M (By, Sx,t), M (Ax, Ty, t),

aM (Ax, By,t) +bM (Ax, Ty, 1)
aM (By, Ty,t)+b

cM (Sx, By,t) +dM (Sx, Ty,t) eM (Ax,Ty,t) + fM (Sx, Ax,t)
cM (By, Ty,t) +d ' eM (Sx, Ty, t) + f

M (Ax, By, kt) > min{ M (Sx, Ax,t),

and

N (Sx,Ty,t), N(By, Sx,t), N (Ax,Ty,t),

aN (Ax, By,t) + bN (Ax, Ty, 1)
aN(By,Ty,t)+b

CN(Sx,By,t)+dN(Sx,Ty,t) eN(Ax,Ty,t)+ fN(Sx, Ax,t)
cN(By,Ty,t) +d ' eN(Sx, Ty, t) + f

N (Ax, By, kt) < max< N (Sx, Ax,t),

forall x,ye X, t>0, where ke(0,1) and a, b, c, d, e, f > 0 with the pairs (a, b), (c, d)

and (e, f) cannot be simultaneously zero.

The following example illustrates Theorem 5.4.2.

Example 5.4.2. Let X =[0,2) and pair (M, N) be the intuitionistic fuzzy set on

X?x[0,00) defined by

_ b o tso0 eyl o
M (X, y,t) = t+\x—y\ and N(x,y,t)= t+‘X-y"
0, t=0 1 , t=0.

Then (X,M,N,*0) be an intuitionistic fuzzy metric space where * and ¢ are
continuous t-norm and continuous t-conorm defined by a=b=min{a,b} and
a0b =max{a,b} forall a,be[0,1], respectively.

Define ¢,p:[0,1]' >R as (1, t,,t,t,) =14t ~12t, +6t, — 8,

and w(t,t,,t,,t,) =12t —9t, +8t, —11t,. Clearly, ¢ and y satisfies all conditions (A),

(B), (C), (D), (E) and (F). Therefore, ¢, w € M,. Now we define self-mappings A, B, S
and T: X > X by
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Ax = Bx=1, Sx=42
gl Xng

Consider the sequences {x,} = {1} and {y,}= {_—1} in X, we have
n n

limAx, =limSx, =limBy, =limTy, =1 S(X)NT(X)

which shows that pairs (A, S) and (B, T) share the common (E.A) like property. By a
routine calculation, one can easily verify the condition (ii). Thus, all the conditions of
Theorem 5.4.2 are satisfied and therefore, x = 1 is the unique common fixed point of A, B,
Sand T.
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CHAPTER- VI

COMMON FIXED POINT THEOREMS FOR VARIANTS
OF COMPATIBLE MAPPINGS IN INTUIONISTIC
FUZZY METRIC SPACES

In this chapter, common fixed point theorems for variants of compatible mappings
along with common property (E.A) using implicit relation in intuitionistic fuzzy metric
spaces have been established. This chapter has been divided into various sections. Section
6.1 deals with some definitions (not covered in Chapter V) related to intuitionistic fuzzy
metric spaces. In Section 6.2, common fixed theorems have been proved for weakly
compatible mappings with the help of an implicit relation in intuitionistic fuzzy metric
spaces by employing the common property (E.A). Section 6.3 focuses on proving some
common fixed point theorems for two pairs of compatible and subsequentially continuous

mappings satisfying an implicit relation in intuitionistic fuzzy metric spaces.

6.1 INTRODUCTION

In this section, the notion of subcompatibility and subsequential continuity in an
intuitionistic fuzzy metric space have been introduced in the similar way as introduced by
H. Bouhadjera and Godet-Thobie [23] for metric space.
Definition 6.1.1. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space

(X,M,N,*,9) is said to be subcompatible if there exists a sequence {x,} in X with

limAx, = limSx, =z for some z< X and forall t>0,

nN—o0 nN—o

lim M (ASx_, SAX,, t) =1 and lim N(ASx,, SA, t) =0.

nN—o0

Definition 6.1.2. A pair (A, S) of self-mappings of an intuitionistic fuzzy metric space

(X,M,N,*,9) is said to be subsequentially continuous if there exists a sequence {x,}

in X such that lim Ax, = limSx, =z forsome ze X and limASx, = Az, limSAx, =Sz.

nN—o0 n—oo n—o0 nN—oo

The contents of this chapter have been published in Journal of Advanced Studies in
Topology, 3(2)(2012), 38-44 and Journal of Advanced research in Applied
Mathematics, 6(1)(2014), 16-26.
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Definition 6.1.3.[8] Two families of self-mappings {A}" and {Bj}::lare said to be

1
pairwise commuting if

() AA=AA, I, je{l,2,3,..m},

(i) BiBj=BjBi, i, j e{1,2,3,..n},

(iii) A B = Bj A, i e{1,2,3,..n}, je{1,2,3..n}.

6.2 COMMON FIXED POINT THEOREMS FOR WEAKLY COMPATIBLE
MAPPINGS USING COMMON PROPERTY (E.A)

In this section, the concept of implicit relation has been used for establishing
various common fixed point results in intuitionistic fuzzy metric spaces. This concept

plays a vital rule in the proof of the main results.
Let My be the set of all real-valued continuous functions ¢ and W:[O,l]4 —>R,
non-decreasing in the first argument and satisfying the following conditions:
(A) ¢(u,L,u,)>0=>u>1;
B) ¢(u,,,u)>0=u>1;
©) ¢(u,u,1)>0=u>1;
(D) ¥(u,0,u,0)<0=u<0;
(E) w(u,0,0,u)<0=u<0;
(F) w(u,u,0,00<0=u<0 forall u>0.
Example 6.2.1. Define ¢,y :[0,1]' >R as ¢(t,,t,,t,,t,) =14t, ~12t, + 6t, —8t, and
w(t,t,,t,,t,) =12t —9t, +8t, —11t,. Clearly, ¢ and y satisfies all conditions (A), (B),
(C), (D), (E) and (F). Therefore, ¢, w e M,.
We, now establish the following results:
Theorem 6.2.1. Let A, B, S and T be self-mappings of an intuitionistic fuzzy metric space
(X,M,N,*,9) satisfying the following conditions that:
(i) the pair (A, S) (or (B, T)) satisfies the property (E.A);
(i) forany x, ye X, ¢,w €M, andforall t >0, there exists k € (0,1) such that

95



#(M (AX, By, kt), M (Sx, Ty, t), M (Sx, Ax,t), M (Ty, By,t)) >0
w (N (AX, By, kt), N(Sx, Ty, t), N(Sx, Ax,t), N(Ty, By,t)) <0;

(i) A(X)=T(X) (or B(X) < S(X)).

Then the pairs (A, S) and (B, T) share the common property (E.A).

Proof. Suppose that the pair (A, S) satisfies property (E.A), then there exists a sequence
{x,} in X such that limAx =limSx, =z for some zeX. Since A(X)cT(X),

n—oo n—o0

therefore, for each x,, there exist y, in X such that Ax,=Ty,. This gives,

lim Ax, =limSx, =limTy, = z. Now, we claim that limBy, = z.

Applying inequality (ii), we obtain
#(M(Ax,, By, kt),M(Sx,,Ty,,t), M(Sx,, A, ,t),M(Ty,, By,,t)) =0
and
w(N(AX,, By, kt), N(Sx,, Ty,,t), N(Sx,, Ax,,t), N(Ty,, By,,t)) <O.
Taking limit as n — oo,
#(M(z,limBy,,kt),M(z,z,t),M(z,z,t),M(z,limBy,,t)) >0
#(M(z,lim By, kt),1,1, M(z,limBy,,t)) >0
and
w(N(z,limBy,,kt),N(z,z,t),N(z,zt),N(z,limBy,,t)) <0
w(N(z,limBy,,kt),0,0,N(z,limBy,,t)) <0.
Since ¢ and y is non-decreasing in the first argument, we have
#(M(z,limBy,,t),1,1, M(z,limBy,,t)) >0
and
w(N(z,limBy,,t),0,0,N(z,limBy,,t)) <0.
Using (B) and (E), we get
M(z,limBy,,t)>1 and N(z,limBy,,t)<0.

Hence M(z,limBy,,t) =1 and N(z,limBy,,t) =0.

Therefore, limBy, =z. Hence, the pairs (A, S) and (B, T) share the common property

Nn—o0

(E.A).
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Similarly, if pair (B, T) satisfies property (E.A) and B(X) < S(X), then pairs (A, S) and
(B, T) share the common property (E.A). 0
Theorem 6.2.2. Let A, B, S and T be four self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*,0) satisfying the following conditions:

(i) forany xye X, ¢, e M, and forall t>0, there exists k € (0,1) such that

#(M (Ax, By, kt), M (Sx, Ty, t), M (Sx, Ax,t), M (Ty, By,t)) >0
w(N(AX, By, kt), N(Sx, Ty, t), N(Sx, Ax,t), N(Ty, By,t)) <O0;

(i) the pair (A, S) and (B, T) share the common property (E.A);

(1) S(X) and T(X) are closed subsets of X.

Then each of the pairs (A, S) and (B, T) have a point of coincidence. Moreover, A, B, S
and T have a unique common fixed point provided both the pairs (A, S) and (B, T) are
weakly compatible.

Proof. In view of (ii), there exist two sequences {x .} and {y.} in X such that

lim Ax, =limSx, =limBy, =limTy, =z for some z € X.
n—o0 nN—o0

Since S(X) is a closed subset of X, therefore, there exists a point u € X such that z = Su.
We, now claim that Au = z. By (i), we have

¢(M (Au, By, , kt),M(Su,Ty,,t), M(Su, Au,t), M(Ty,, By,,t)) >0
and

w(N(Au,By,, kt), N(Su,Ty,,t), N(Su, Au,t), N(Ty,, By,,t)) <0.
Taking limitas n — oo,

#(M (Au, z,kt),M(z,z,t),M(z, Au,t),M(z,2,t)) >0

¢#(M(Au, z,kt),1,M(z, Au,1),1) >0
and

w(N(Au,z,kt),N(z,z,t),N(z, Au,t),N(z,2,t)) <0

w(N(Au, z,kt),0,N(z, Au,t),0) <O0.
As ¢ and y are non-decreasing in the first argument, we have

#(M(Au, z,1),1, M (z, Au,t),1) >0
and

w(N(Au,z,t),0,N(z, Au,t),0) <O0.
Using implicit relations (A) and (D), we have
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M (Au,z,t)>1 and N(Au,zt)<0.
Hence M (Au,z,t)=1 and N(Au,z,t)=0.
Therefore, Au = z = Su which shows that u is a coincidence point of the pair (A, S).

Since T(X) is also a closed subset of X, therefore, limTy, =z in T(X) and hence there

exists ve X such that Tv =z = Au = Su. Now, we show that Bv = z.
By using inequality (i), we have
#(M (Au, Bv, kt), M (Su,Tv,t), M (Su, Au,t), M (Tv,Bv,t)) >0
#(M(z,Bv, kt),1,1, M (z,Bv,t)) >0
and
w (N (Au, Bv, kt), N(Su,Tv,t), N(Su, Au,t), N(Tv, Bv,t)) <0
w(N(z,Bv,kt),0,0,N(z,Bv,t)) <0.
As ¢ and y are non-decreasing in the first argument, we have
#(M(z,Bv,1),1,1, M(z,Bv,t)) >0
and
w(N(z,Bv,1),0,0,N(z,Bv,t)) <0.
Using implicit relations (B) and (E), we get
M (z,Bv,t)>1and N(z,Bv,t)<0.
Hence M(z,Bv,t) =1 and N(z,Bv,t)=0.
Therefore, Bv = z = Tv, which shows that v is a coincidence point of the pair (B, T).
Moreover, since the pairs (A, S) and (B, T) are weakly compatible and Au = Su, Bv = Ty,
therefore, Az=ASu=SAu=Sz, Bz=BTv=TBv=Tz
Next, we claim that Az = z for showing the existence of a fixed point of A. By using
inequality (i), we have
#(M (Az, Bv, kt), M (Sz,Tv,t), M (Sz, Az,t), M (Tv, Bv,t)) >0
#(M (Az,z,kt),M (Az,z,t),M (Az, Az,t), M (Bv, Bv,t)) >0
¢#(M(Az,z,kt),M (Az,2,1),1,1) >0
and
w(N(Az,Bv, kt),N(Sz,Tv,t),N(Sz, Az,t), N(Tv, Bv,1)) <0

w(N(Az,z,kt),N(Az,z,t),N(Az, Az,t), N(Bv,Bv,t)) <0
w(N(Az,z,kt),N(Az,z,t),0,0) <0.
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Since ¢ and y are non-decreasing in the first argument, we have
#(M (Az,2,t),M(Az,z,t),1,1) >0
and
w(N(Az,z,t),N(Az,z,1),0,0)<0.
On using implicit relations (C) and (F), we get
M(Az,z,t)>1 and N(Az,z,t)<0.
Hence, M(Az,z,t)=1 and N(Az,z,t) =0. Therefore, Az=z=Sz.
Similarly, we can prove that Bz = Tz = z. Hence, Az = Bz = Sz = Tz = z, which implies that
z is a common fixed point of A, B, Sand T.

Uniqueness: Let w be another common fixed points of A, B, S and T. Then by using (i),

we have
¢(M (Az, Bw, kt), M (Sz,Tw,t), M (Sz, Az,t), M (Tw, Bw,t)) >0
d(M (z,w,kt),M (z,w,t),M(z,z,t), M (w,w,1)) >0
#(M (z,w,kt),M (z,w,1),1,1) >0
oM (z,w,t),M (z,w,1),1,1) >0
and

w (N (Az, Bw, kt), N(Sz,Tw,t), N(Sz, Az,t), N(Tw, Bw,t)) <0
w(N(z,w,kt),N(z,w,t),N(z,z,t), N(w,w,t)) <0
w(N(z,w,kt),N(z,w,t),0,0) <0
w(N(z,w,t),N(z,w,t),0,0)<0.
Using implicit relations (C) and (F), we have
M(z,w,t)>1 and N(z,w,t) <0.
Hence, M(z,w,t)=1and N(z,w,t)=0.
Therefore, z = w, i.e., mappings A, B, S and T have a unique common fixed point. 0
Taking B=Aand T =S in the Theorem 6.2.2 yields following corollary:
Corollary 6.2.1. Let A and S be self-mappings of an intuitionistic fuzzy metric space
(X, M, N,*,0) satisfying the following conditions that
(i) the pair (A, S) satisfies the property (E.A);
(i) forany x,ye X, ¢,w € M, and for all t >0, there exists k € (0,1) such that

#(M (AX, Ay, kt), M (Sx, Sy, t), M (Sx, Ax,t), M (Sy, Ay,t)) >0
w(N(AX, Ay, kt), N(Sx, Sy,t), N(Sx, Ax,t), N(Sy, Ay,t)) <0;
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(ii1) S(X) is a closed subset of X.
Then A and S each have a point of coincidence. Moreover, if the pair (A, S) is weakly
compatible, then A and S have a unique common fixed point.

The following example demonstrates the validity of the Theorem 6.2.2:

Example 6.2.2. Let X =[0,2) and pair (M, N) be the intuitionistic fuzzy set on

X?x[0,00) defined by

L S eyl o
M (X, y,t) = t+\x-y\ and N(x,y,t)= t+‘X-y"
0, t=0 1 , t=0.

Then (X,M,N,*0) be an intuitionistic fuzzy metric space where * and ¢ are

continuous t-norm and continuous t-conorm defined by a*b:min{a,b} and

a0 b=max{a,b} forall a,be[0,1], respectively. Define ¢, y/:[o,l]“ —R as
P, t,,t,,t,) =14t —12t, +6t, —8t, and w(t,t,,t,,t,) =12t —Ot, +8t, —11t,.
Clearly, ¢ and y satisfies all conditions (A), (B), (C), (D), (E) and (F). Therefore,

¢, v € M,. Now we define self-mappings A,B,S and T : X — X by

1; XEQ 1, XEQ
Ax = Bx=1, Sx=<2 Tx=41
g) XgQ! gy XEQ'

Choosing the sequences {xn =£} and {yn = 1} in X, we have
n n

limAx, =limSx, =limBy, =1limTy, =1 X

which shows that pairs (A, S) and (B, T) share the common property (E.A). By a routine
calculation, one can verify the condition (i) of Theorem 6.2.2. Thus, all the conditions of
Theorem 6.2.2 are satisfied and thereby proving that x = 1 is the unique common fixed
point of A, B, Sand T.
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6.3 COMMON FIXED POINT THEOREMS FOR COMPATIBLE AND
SUBSEQUENTIAL CONTINUOUS MAPPINGS

In this section, the following implicit relation has been utilized for establishing
various common fixed point results in intuitionistic fuzzy metric spaces for compatible

and subsequential continuous mappings.

Let Mg denotes the set of all real-valued continuous functions ¢ and 1//:[0,1]6 —->R
satisfying the following conditions:

(A) #(u,Lu,Lu,u)<0, forall ue(0,1);

(B) w(v,0,v,0,v,v)>0, forall ve(0,).

Example 6.3.1. Define ¢, 1,//:[0,1]6 —R as

¢(t1|t2’t37t4’t5’t6):t1_¢1(min{t2’t37t4!t5!t6})’
where ¢ :[0,1] —[0,1] is continuous increasing function such that ¢(s)>s for all

se(0,2), and

wt,t, 4,1, b, ) =t —w, (max{t,, t,, t,, 1, t.}),
where y, :[0,1] -»[0,1] is continuous increasing function such that y,(k) <k for all
k €(0,2). Clearly, ¢ and y satisfy the conditions (A) and (B). Therefore, ¢,y € M.
Now, we prove the following results:
Theorem 6.3.1. Let A, B, S and T be four self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*0). If the pairs (A, S) and (B, T) are compatible and subsequentially
continuous mappings, then
(i) the pair (A, S) has a coincidence point;
(ii) the pair (B, T) has a coincidence point.
Further, A, B, S and T have a unique common fixed point provided A, B, S and T satisfy
the following:
(i) forany x,ye X, ¢,y € M, and for all t > 0,
¢(M (Ax, By,t), M(Sx, Ax,t), M (Sx,Ty,t), M(Ty, By, t), M(Sx, By,t), M(Ty, Ax,t)) >0
w (N(AXx, By,t), N(Sx, Ax,t), N(Sx, Ty, t), N(Ty, By, t), N(Sx, By, t), N(Ty, Ax,t)) <O0.

101



Proof. Since the pairs (A, S) and (B, T) are compatible and subsequentially continuous

mappings, therefore, there exist sequences {x,} and {y,} in X such that

lim Ax, =limSx, =z, limBy, =limTy, =w for some z,we X
n—oo n—o

and
limM (ASx,, SAx,,t) = M (Az,Sz,t) =1, lim N(ASx,, SAX,,t) = N(Az,Sz,t) =0

n—oo

limM (BTy,,TBy,,t) = M(Bw, Tw,t) =1, limN(BTy,,TBy,,t) = N(Bw,Tw,t) =0

this gives Az = Sz and Bw = Tw. Hence, z is a coincidence point of A and S, and w is a
coincidence point of B and T. This proves the assertion (i) and (ii).
Now, we prove that z = w. Let if possible z = w. Then by using (iii), we have
M (AX,, By, ,t),M(Sx,, Ax,,t), M (SX,, Ty, 1),
[M (Ty,,By,,t),M(Sx,,By,,t), M(Ty,, Ax,,t) ]

>0

and
N(Ax,, By, ,t), N(Sx,, Ax,t),N(Sx,,Ty,,t), -
NGy, By, 1) N(Sx,,By, 1) N (T, Ax,.1) )
On letting n — oo, we have
#(M(z,w,t),M(z,2,t),M(z,w,t), M (W, w,t),M(z,w,t),M(w,z1t))>0
#(M(z,w,t),1, M (z,w,t),1, M(z,w,t),M(z,w,t))>0
and
w (N(z,w,t),N(z,2,t), N(z,w,t), N(w,w,t), N(z,w,t),N(w,z,t))<0
w(N(z,w,1),0,N(z,w,t),0,N(z,w,t),N(z,w,t)) <0,
which is a contradiction in view of the implicit relations (A) and (B). Therefore, z = w.
Now, we assert that Az = z. If not, then by using (iii), we have
M (Az, By, ,t),M (Sz, Az,t), M (Sz, Ty, ,t),
M Ty, By,.t),M(Sz,By,.t), M(Ty,, Az,t)

>0

and

N(Az,By,,t),N(Sz, Az,t),N(Sz, Ty, 1), -
VINGy, By, ), N(S2, By, ), N(Ty,, Az,1) )~
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Taking limit as n — oo, we have

#(M(Az,z,t), M(Az, Az,t),M(Az,7,t), M (z,2,t), M(Az,Z,t), M(z, Az,t)) >0
#(M(Az,2,t),1,M(Az,2,t),1,M(Az,2,t),M(Az,2,1)) >0
and
w(N(Az,2,t),N(Az, Az,t),N(Az,z,t),N(z,z,t), N(Az,z,1),N(z,Az,t)) <0
w(N(Az,1,t),0,N(Az,2,t),0,N(Az,z,t), N(Az,2,t)) <0
which again is a contradiction in view of implicit relations (A) and (B). Therefore, Az =z
= Sz.
Similarly, it can be proved that Bz = z = Tz. Therefore, we have, z = Az =Bz = Sz = Tz.
i.e., z is common fixed point of A, B, S and T. The uniqueness of common fixed point
follows easily from (iii). This completes the proof of the theorem. 0
Now, we prove common fixed point theorem using reciprocal continuity together with
subcompatibility as follows:
Theorem 6.3.2. Let A, B, S and T be four self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*,90). If the pairs (A, S) and (B, T) are subcompatible and reciprocally
continuous mappings, then
(i) the pair (A, S) has a coincidence point,
(ii) the pair (B, T) has a coincidence point.
Further, A, B, S and T have a unique common fixed point provided A, B, S and T satisfy
the following condition:

(i) forany x,ye X, ¢,y € M, and for all t > 0,

>0

M (Ax, By,t), M (Sx, Ax,t), M (Sx, Ty, 1),
(M (Ty, By,t), M (Sx, By, t), M (Ty, Ax,t) j
N (AX, By,t), N(Sx, Ax,t), N(Sx,Ty,t),
(N (Ty, By,t), N(Sx, By,t), N(Ty, Ax,t) j

<0

Proof. By using the definition of reciprocal continuous and subcompatible mappings, the
proof of this theorem follows on the same lines on that of Theorem 6.3.1. 0

Corollary 6. 3.1. The conclusions of Theorem 6.3.1 and Theorem 6.3.2 remain true if we
replace the inequality (iii) of Theorem 6.3.1 or Theorem 6.3.2 by any one of the following

conditions (iv) or (v):
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(iv) M(AXBy,t)>F (min {M (SxTy, 1), M(Sx, Ax,1), M(Ty, By, t),H

M (Sx, By, t), M (Ty, Ax,t)

N (Sx, Ty, t), N(Sx, Ax,t), N(Ty, By,t),}]

N(Ax,By,t) <G (max{
N (Sx, By,t), N(Ty, Ax,t)

for allx,y e X, where F,G:[0,1]—[0,1] is increasing and continuous function such

that F(t)>t and G(t) <t forall te(0,1).

J-min{M (Sx,Ty,t),M (Sx,Ax,t),M (Ty,By,t),M (Sx,By,t),M (Ty,Ax,t)

0

W [ ot F( }qo(t)dt)

J- N (Ax,By,t) J-max{N (Sx,Ty,t),N (Sx,Ax,t),N (Ty,By,t),N (Sx,By,t),N (Ty, Ax,t)

o)t <G ( } (p(t)dt)

0

where F,G:[0,1] »[0,1] is increasing and continuous function such that F(t) >t and

G(t)<t for all te(0,1) and ¢:R" —R" is a summable Lebesgue integrable function

satisfies 0 < Jj p(s)ds <1, forall 0<e&<1.

By setting A = B in Theorems 6.3.1, 6.3.2, we derive the following two corollaries for

three mappings.

Corollary 6.3.2. Let A, S and T be three self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*,0). If the pairs (A, S) and (A, T) are compatible and subsequentially
continuous mappings, then

(i) the pair (A, S) has a coincidence point;

(ii) the pair (A, T) has a coincidence point.

Further, A, S and T have a unique common fixed point provided A, S and T satisfies the
following:

(i) forany x,ye X, ¢, € My and for all t >0,

¢( M (AX, Ay, t), M (Sx, Ax,t), M (Sx, Ty, t), M (Ty, Ay, t), M(Sx, Ay,t), M (Ty, Ax, t)) >0
1,//( N (Ax, Ay, t), N(Sx, Ax,t), N(Sx, Ty, t), N(Ty, Ay, t), N(Sx, Ay, t), N(Ty, Ax, t)) <0.
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Corollary 6.3.3. Let A, S and T be three self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*,90). If the pairs (A, S) and (A, T) are subcompatible and reciprocally
continuous mappings, then

(i) the pair (A, S) has a coincidence point;

(i1) the pair (A, T) has a coincidence point.

Further, A, S and T have a unique common fixed point provided A, S and T satisfies the
following:

(i) forany x,ye X, ¢, € M, and for all t > 0,

>0

M (Ax, Ay, t), M (Sx, Ax,t), M (Sx, Ty, 1),
(']{M (Ty, Ay,t), M (Sx, Ay,t), M (Ty, Ax,t) j
(N (AX, Ay,1), N(Sx, Ax,t),N (Sx,Ty,t),j

<0
N (Ty, Ay,t), N(Sx, Ay,t), N(Ty, Ax,t)

Finally, by setting A =B and S = T in Theorems 6.3.1 and 6.3.2, we derive the
following two corollaries:
Corollary 6.3.4. Let A and S be two self-mappings of an intuitionistic fuzzy metric space
(X, M, N,*0). If the pair (A,S)is compatible and subsequentially continuous
mappings, then
(i) the pair (A,S) has a coincidence point.
Further, A and S have a unique common fixed point provided A and S satisfy the
following:
(if) forany x,y e X, ¢, € M and for all t > 0, we have
(M (AX, Ay, t), M (Sx, Ax,t), M(Sx, Sy,t), M (Sy, Ay, t), M (Sx, Ay, t), M (Sy, Ax,t)) >0
w(N(AX, Ay, 1), N(Sx, Ax,t), N(Sx, Sy,t), N(Sy, Ay, t), N(Sx, Ay, t), N(Sy, Ax,t)) <O0.
Corollary 6.3.5. Let A and S be pair of self-mappings of an intuitionistic fuzzy metric
space (X, M, N,*0). If the pair (A,S) is subcompatible and reciprocally continuous
mappings, then
(i) the pair (A,S) has a coincidence point.
Further, A and S have a unique common fixed point provided A and S satisfy the

following:
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(if) forany x,ye X, ¢, € M, and for all t > 0, we have

¢(M (AX, Ay, t), M (Sx, Ax,t), M(Sx, Sy,t), M (Sy, Ay, t), M(Sx, Ay,t), M(Sy, Ax,t)) >0
w (N(AX, Ay, t), N(Sx, Ax,t), N(Sx, Sy, t), N(Sy, Ay, t), N(Sx, Ay,t), N(Sy, Ax,t)) <0.

Following two examples demonstrate the validity of Theorems 6.3.1 and 6.3.2.

Example 6.3.2. Let X =(-3,00) and pair (M, N) be the intuitionistic fuzzy set on

X?x[0,0) defined by

t -y
—t>0 B NS
M(x,y,t) ={ t+|X-Y]| g and N(x,y,t)= t+‘x—y"t >0
0, t=0 1 , t=0.

Then (X,M,N,*0) be an intuitionistic fuzzy metric space where * and ¢ are

continuous t-norm and continuous t-conorm. Now we define self-mappings
AB,S T:X—>X as

0, x e (=3,0) y
= -3,1
Ax=Bx={ X xe[04] , Sx=Tx={ 2’ xe(-31]
3 Xe(l,oo)
3X—2,
2X-1, Xe(l,oo)

and ¢,y/:[o,1]6 —R as

¢(t1’t21t31t4’t51t6):tl_¢l(min{t2’t31t4’t5’t6})’
where ¢ :[0,1] —[0,1] is increasing and continuous function ¢1(s):\/§ such that

@ (s) >s forall se(0,1), and

w bttt ) =t —y (max{t,, t, 1, 6, 6 3),

where y, :[0,11 —[0,1] is increasing and continuous function w,(k)=k* such that
w,(k) <k for all ke(0,1). Clearly, for the sequence {x,} :{E} (A, S) and (B, T) are
n

compatible as well as subsequentially continuous. Thus, all the conditions of Theorem
6.3.1 are satisfied. Evidently, x = 0 is a coincidence as well as uniqgue common fixed
pointof A, B, Sand T.
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Example 6.3.3. Let X =R and pair (M, N) be the intuitionistic fuzzy set on X?*x[0,)

defined by
_ b o tso0 eyl o
M (X, y,t) = t+\x—y\ and N(x,y,t)= t+‘X-y"
0, t=0 1 , t=0.

Then (X,M,N,*0) be an intuitionistic fuzzy metric space where * and ¢ are
continuous t-norm and continuous t-conorm. Now we define self-mappings A,B,S, T:
X —> X as

X+1, Xe(—oo,l)
2x -1, Xe[l,oo)

Xe (—oo,l)
Xe [1,00)

N | <

Ax:Bx:{ , SX=Tx=

3X—2,
and ¢,y/:[0,1]6—>R as

ot 0, k) =t — g (min{t,, t,,1,,t,t}),
where ¢ :[0,1] —[0,1] is increasing and continuous function ¢1(s)=\/§ such that

@ (s) >s forall se(0,1), and
w(t, bttt ) =t —y (max{t,, t, 1, 6, 6 3),
where y, :[0,1] —[0,1] is increasing and continuous function w,(k)=k* such that

w, (k) <k for all k €(0,2). Clearly, for the sequence{xn} = {1+ 1}, (A, S)and (B, T) are
n

subcompatible as well as reciprocally continuous. Therefore, all the conditions of
Theorem 6.3.2 are satisfied. Evidently, x = 1 is a coincidence as well as unique common
fixed point of A, B, Sand T.

As an application of Theorems 6.3.1 and 6.3.2, following common fixed point

theorems have been proved for four finite families of mappings on intuitionistic fuzzy

metric spaces:
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Theorem 6.3.3. Let {A,A,,... A}, {B.B,....B )}, {S,,S,....S,} and {T,,T,....T,} be
four finite families of self-mappings of a intuitionistic fuzzy metric space (X, M, N, *,90)
such thatA=A.A,.....A,, B=BB,...B, $=S.5,...S, and T =T, T,..T, satisfying
the following conditions:

(i) forany x,yeX, ¢, weM, andforallt>0,

M (Ty, By, t), M (Sx, By, t), M (Ty, Ax,t)
N (Ax, By, t), N(Sx, Ax,t), N(Sx, Ty, 1), <0
N (Ty, By,t), N(Sx, By,t), N(Ty, Ax,t) )~

(i) (A,S) and (B,T) are subsequentially continuous mappings and

¢(M (Ax, By,t), M (Sx, Ax,t),M (Sx,Ty,t),j .

(iii) the pairs of families ({A},{S,})and ({B,}.{T,})commute pairwise.
Then the pairs (A,S) and (B,T) have a point of coincidence each. Moreover,

(AN A4S, (B} ,and{T,}'  also have a unique common fixed point.

Proof. By using (iii), we first show that AS = SA as

(AA-A) (S8, ) = (AA AL (ASS, S, )
(AA-AL)(SS:-S,A ) = (AAALL)(ALSS, S, A, )
(AR AL (S5, A A == A (S8, S, A As A, )
= (55,5, )(AA..A,) =
Similarly, one can prove that BT = TB. Hence, the pairs (A, S) and (B, T) are compatible.

AS

Now, using Theorem 6.3.1, we conclude that A, B, S and T have a unique common fixed
point in X, say z.
Now, we prove that z remains the fixed point of all the component mappings.

For this consider

)AZ=(A1A2 )(Aﬁ)z
Ar2)(AAA, )2
z)(AAn_lAn)Z— AI(AAZ AA,)z



Similarly, one can prove that

A(Scz)=S,(Az)=S,z, S(S,z)=S,(S2)=S,z,

S(Az)=A(S2)= Az, B(B,2)=B, (Bz)=B,2

B(T,z)=T,(Bz)=Tz, T(T,z)=T,(Tz) =Tz
and T(B,z)=B,(Tz)=Bz,
which show that (for all i, r, kand t) Az and S,z are other fixed point of the pair (A, S)
whereas B,z and T,z are other fixed points of the pair (B, T). Since A, B, S and T have a
unique common fixed point, so, we get

z=Az=S5,2=B,z=T,z,

foralli=1,2,....m;, k=1,2,...,p, r=212,...,n, t=12,...,q,whichshows

that z is a unique common fixed point of {A}" ,{S.},., {B,}  ,and{T}' . 0

k=1
Theorem 6.3.4. Let {A,A,,...A }, {B.,B,....B )}, {S,,S,....S,} and {T,,T,,...T,} be

four finite families of  self-mappings of an intuitionistic fuzzy metric space
(X, M, N,*0) suchthat A=A.A,.....A,, B=BB,...B,, $=S.5,..S , T=T,T,...T,
satisfying the following conditions:
(i) forany x,ye X, ¢, w € M, and for all t > 0,

M (Ax, By,t), M (Sx, Ax,t), M (Sx, Ty, t), S

M (Ty, By,t), M (Sx, By,t), M (Ty, Ax,t) )

N (Ax, By, t), N(Sx, Ax,t), N(Sx, Ty, 1), <0:

N (Ty, By,t), N(Sx, By,t), N(Ty, Ax,t) )~
(if) the pairs of families ({A},{S,})and ({B,}.{T,})commute pairwise;
(iii) the pairs (A,S) and (B,T) are subcompatible and reciprocally continuous
mappings.

Then the pairs (A,S) and (B,T) have a point of coincidence each. Moreover,

(AL A{Sc)e,, B}l and{T}* have a unique common fixed point.

i=1 k=1
Proof. By using the definition of reciprocal continuous and subcompatible mappings, the

proof of this theorem follows on the same lines as that of Theorem 6.3.3. 0
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CHAPTER- VII

COMMON FIXED POINT THEOREMS IN MODIFIED
INTUIONISTIC FUZZY METRIC SPACES

This chapter aims to prove some common fixed point theorems in a modified
intuitionistic fuzzy metric space by using variants of R-weakly commuting mappings and
that of compatible continuous mappings. This chapter has been divided into various
sections. Section 7.1 provides the necessary information about modified intuitionistic
fuzzy metric spaces. In Section 7.2, the lemmas required to prove the main results have
been presented. In Section 7.3, some common fixed point theorems have been established
for non-compatible self-mappings and variants of R-weakly commuting mappings on a
modified intuitionistic fuzzy metric space by using the concept of weakly reciprocal

continuity.

7.1  INTRODUCTION
Now, we recall the following notions that will be used in the sequel.

Definition 7.1.1.[34] A triangular norm (t-norm) on L* is a mapping ./ (L*)* - L*

satisfying the following conditions: for all x,x",y,y",z e L*,

(1) (% 1) =x; (boundary condition)
(i) 7~ xy) =7 (¥, X); (commutativity)

(i) .~ x, (v, 2)) = (7 (x ), 2); (associativity)

(iv) If, x<..x"and y<.y'implies ./ (X,y) <. ./ (x,»)). (monotonicity)

where L*={(x,%,):(X,X,) €[0,1)* and x, +Xx, <1}.
Definition 7.1.2.[34, 35] A continuous t-norm .~ on L* is called continuous
t — representable iff there exists a continuous t- norm * and a continuous t — conorm ¢

on [0, 1] such that, for all x=(x,X,),y=(y,,¥,) € L*,

oY) = 0% Y % 0 Y,).

The results obtained in this chapter have been published in Journal of Applied
mathematics, Volume 2013, Article ID 189321, 13 pages (SCI).
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Definition 7.1.3.[112] Let M, N are fuzzy sets from X?x(0,00) —[0,1] such that
M (X, y,t)+N(xyt)<1 forall x,yeX andt>0. The 3-tuple (X, &, ,, /) is said to
be a modified intuitionistic fuzzy metric space, if X is an arbitrary non-empty set, . 7 is

a continuous t- representable and ¢, , is an intuitionistic set from X?x (0,00) — L*
satisfying the following conditions: forall x,y,ze X andt,s>0,
() Sun (% ¥:1) > O
(i) Sun (XY t)=1. iffx=y;
(i) Sy (X Y5t) = un (Vi X,1);
(V) Sy (X Yot +8) 20 7 (Sn (% 21). S (2.125)):
(V) Sy (X y,0): (0,00) = L* is continuous.
In this case, ¢, , is called a modified intuitionistic fuzzy metric. Here,
Sun (X Y,1)=(M (%, y,t),N(x,y,t)), forall x,ye X andt>0.
Definition 7.1.4.[112] A pair (f, g) of self-mappings of a modified intuitionistic fuzzy

metric space (X, &\, . -~) is said to be compatible if limg,,  (fgx,, ofx, ,t) =1 forall

t> 0, whenever {x,} is a sequence in X such that lim fx, =limgx, =z e X.

n—oo N—o0

A pair (f, g) of self-mappings of a modified intuitionistic fuzzy metric

space ( X, Sy n» -/ ) is said to be non-compatible if there exists at least one sequence
{x,} in X such that lim fx, =limgx,=ze X but lim¢, , (fgx,,gfx,,t) #1. or non-

existent for at leastone  t>0.
Definition 7.1.5.[135] A pair (f, g) of self-mappings of a modified intuitionistic fuzzy

metric space ( X, & .-~ ) issaid to be R-weakly commuting at a point x e X if
Cun (fox, ofx,t) > &y (fx, gx,%j, for some R>0and t>0.

Definition 7.1.6.[135] A pair (f, g) of self-mappings of a modified intuitionistic fuzzy

metric space ( X, &\, .-/ ) is said to be pointwise R-weakly commuting on X if given

X e X, there exists R > 0 such that
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Sun (fox, ofx,t) =0 Sy (fx, gx,%j, forallt> 0.

Definition 7.1.7.[135] A pair (f, g) of self-mappings of a modified intuitionistic fuzzy

metric space ( X, &y, v,/ ) is said to be

(i) R-weakly commuting of type (A) if there exists some R > 0 such that
Gun (X, gfX, 1) 2. &y (fx,gx,%), forall xe X and t >0.
(i) R-weakly commuting of type (Ay) if there exists some R > 0 such that

S (fox, ggx,t) >0 &y [fx, gx,%j, forall xe Xand t >0.

Definition 7.1.8.[61] A pair (f, g) of self-mappings of a modified intuitionistic fuzzy

metric space ( X, ¢y .-/ ) is said to be R-weakly commuting of type (P) if there

exists some R > 0 such that

S (X gox,t) >, gMYN(fx,gx,%], forall xe X and t>0.

7.2 LEMMAS
The proof of our main results is based upon the following lemmas:
Lemma 7.2.1.[61] Let ( X, ¢, ., ) be a modified intuitionistic fuzzy metric space. If

there exists a constant k € (0,1) such that

Cun (X% Y,k 2 Gy (X Y,1),
forall x,ye X, t>0 andthen x=y.

Lemma 7.2.2.[61] Let ( X, &, v, -~ ) be a modified intuitionistic fuzzy metric space and
{yn} be a sequence in X. If there exists a constant k < (0,1) such that

é/M,N (yn1 yn+l’ kt) ZL* é/M,N (yn711 yn’t)’

forall t>0andn=1,23,..., then {y,} isa Cauchy sequence in X.
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7.3 COMMON FIXED POINT THEOREMS FOR VARIANTS OF R-WEAKLY
COMMUTING MAPPINGS

In the following section, some common fixed point theorems for variants of R-
weakly commuting mappings by using weak reciprocal continuous mappings have been
presented.

Theorem 7.3.1. Let f and g be weakly reciprocally continuous self-mappings of a

complete modified intuitionistic fuzzy metric space (X, &), v ,- /) satisfying the following

conditions:
(i) F(X)<a(X);
(if) forany x,ye X, t>0, k €(0,1) such that:
S (9%, 9y, 1), Oy (X, Ty, 20), }
Sun (B 9%,0), & (X, 0y, 1), 8y (T, 0y, D) |

If f and g are either compatible or R-weakly commuting of type (Ag) or R-weakly

gM,N (fx, fy, kt) | min{

commuting of type (Ar) or R-weakly commuting of type (P), then f and g have a unique
common fixed point.

Proof. Let x, be any point in X. Since f(X)< g(X), then there exists a sequence of

foralln=0,1,23,....

points {x,} suchthat fx =gx.,,
Also, define a sequence {y,} in X as

y, = X, =0x (7.3.1)

n+l-*

Now, we show that {yn} is a Cauchy sequence in X. For proving this, by the use of (ii),

we have
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S Vo Your KO = Gy (B, X0, KE)
i {Q”M,N(gxn, OXoas ) S (9% X0, 20), S (X, gxn,t),}
S (70, %001, S (X0, 9,00 1)
_ min{CM,N(yn_l, Yor ) S Vot Yon 20, S (Yo yn_l.t),}
Swn Yo Yoo 1) S (Yo Yoo 1)
. min{éM,N Yot Yoo 0 S Vs Yoo 0 S (Vi ywt),}
Swn Vo Yors .10 Sn Vosas Yo t)
=min{<y Vot Yoo D) S Vs Vour: D)
Swn Vo Yours KO 210 Sy (Vo Yo b)-

Then, by Lemma 7.2.2, {y,} is a Cauchy sequence in X.

Since X is complete, therefore there exists a point ze X such that limy, =z. Hence, by

n—oo

(7.3.1), limy =limfx =limgx. ., =z

Suppose that f and g are compatible mappings. By weak reciprocal continuity of f

and g, it implies that lim fgx, = fz or limgfx, =gz. Let limgfx, =gz, then the

compatibility of f and g gives
Ilm é,M,N (ngn, gfxn 't) :lL* :

This gives, lim fgx, = gz. By (7.3.1), we get lim fgx_ ., =lim ffx, = gz.

Therefore, by the use of (ii), we get

gM,N (gZ! gfxn't)ié,M,N (ng fan,Zt), é,M,N ( fZ, gZ,t),}

f2, fix , kt) =,. min
é,M,N( n ) L {é’MYN(fZ,ngn,t)aé/M,N(fan’ngn’t)

Taking n— oo, we get

Swn(92,02,1), 8y (92,92, 2), &y (T2, gz,t),}
Sun (fz,92,1), &y (92, 92,1)
=CwN (fz,9z,t).

By using Lemma 7.2.1, we get fz = gz. Again, compatibility of f and g implies

Cun (2,02,kt) > . min{

commutativity at a coincidence point. Hence gfz = fgz = ffz = ggz.

By using (ii), we obtain
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gM,N(fZ’ ffz, kt) >,. min {gM,N (9z,9 Z,t)aé/M,N (9z, ffz, 2t),§M,N( Z, gz,t),}

Sww (f2,0i2,1), &y  (ffz, 9f2,1)
G (fz, fiz,1), ¢ (2, ffz,21),1,.,
" G (fz, ffz,1),1.
_ {(M'N(fz, ffz,1), & w (f2, ffz,t),lL*,}
min
G (fz, ffz,1),1.

=gy (fz, fiz,1).

That is, fz = ffz. Therefore, fz = ffz = gfz and fz is a common fixed point of fand g.

>,

Next, suppose that lim fgx, = fz. Then, f(X)c g(X) implies that fz = gu for
some u € X and, therefore, lim fgx, = gu.
The compatibility of f and g implies that lim gfx, = gu . By the use of (7.3.1), we get

lim fgx, ., = lim ffx, = gu.
N—o0

nN—oo

Using (ii), we have

G n (fu, X kt) > . min{éVM,N(QU,gfxn,t),gM]N(gu, fan,Zt),é“M,N(fu,gu,t),}

{M’N(fu,gfxn,t),gMyN(ffxn,gfxn,t)

Taking n — oo, we get

2 f
S (fu,gu kt) =, min{éM,N(gu,gu,t),gM'N(gu,gu, t), S U19U,t),}

C:M,N(fu! gu!t)lé/M,N (gU, gU,t)
:§M,N(fua gu:t)-

Therefore, by the use of Lemma 7.2.1, we get fu = gu.
Compatibility of f and g implies fgu = ggu = ffu = gfu. Finally, using (ii), we obtain
Sw o (QU, gfu, 1), &y (Qu, ffu, 2t), &y  (fu, gu,t),}
Sun (fu,gfu,t), &,  (ffu, gfu, t)
_ {gMYN(fu, ffu,t), &y o (fu, ﬁu,Zt),lL*,}
=min

é/M,N (fu, ffu,kt) |« min{

G (fu, ffu,t),1,,

. {JM,N(fu, ffu,t), &y o (TU, ffu,t),1w}
> . min
Sw . (fu, ffu,t),1,.

> .
= ¢y (fu, ffu,t).
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That is, fu = ffu. Hence fu = ffu = gfu and fu is a common fixed point of f and g.
Now, suppose that f and g are R-weakly commuting of type (Ag). Weak reciprocal

continuity of f and g implies thatlim fgx, = fz or limgfx, = gz. Let us first assume that

lim gfx, = gz. Then, R-weak commutativity of type (A) of f and g yields

t
gM,N(ﬁXn'ngnvt)ZL* gM,N[an’an'Ej

lim¢,, (X, 092,t) > &y (z, z%) =1,..

This gives, lim ffx, = gz. Also, using (ii), we get

fz, 9z,1),
£ (2 ) >, min{CM,N(gz,gfxn,t),CM,N(gz, ffx,, 2t), Sy n (f2,92,1) }

Swn (T2, 0fx 1), & (X, gfx 1)

Taking n — oo, we have

Sun(fz,02,kt) 2. min{gM'N (92,92,1), & v (92,92, 20), &)y (T2, gz,t)}

Sun (f2,92,1), &y (92, 02,1)

:CM,N(fZ’ngt)'
Hence, by Lemma 7.2.1, we get fz = gz. Again, by using R-weak commutativity of type
(Ag),

t
Cun (ffz,0fz,t) 20 &y (fz,gz,ﬁ)=1L* :

This yields ffz = gfz. Therefore, ffz = fgz= gfz = ggz. Using (ii), we get
Cun(92,9f2,1), &y (92, fiz,20),8, (T2, 92,0),
Sun (2,0f2,1), ¢y  (fiz, 9fz,1)
_ {gM’N(fz, ffz,1), &y v (f2, ffz,2t),1L*,}
=min

G (fz, ffz,kt) >, min{

Su o (fz, fiz,1),1,,

oS (T2, fiz,1), &), o (T2, ffz,t),1.,
> min< '
gM,N(fzv ffz’t)vlL*

> .
=y (fz, fiz,1).

That is, fz = ffz. Hence, fz = ffz = gfz and fz is a common fixed point of f and g.

Similarly, we prove if lim fgx, = fz.
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Suppose that f and g are R-weakly commuting of type (As). Again, as done above,
we can easily prove that fz is a common fixed point of f and g.
Finally, suppose that f and g are R-weakly commuting of type (P). Weak

reciprocal continuity of f and g implies that lim fgx, = fz or limgfx, = gz. Let us assume

that lim gfx, = gz. Then, R-weak commutativity of type (P) of f and g yields

S (X, 90X, 1) =0 Sy (fxn,gxn,%j.
Taking limit as n — oo,

im &y (X, 99%,,1) 20 Sy (z,z,tﬁjzlw
This gives limg,, (ffx,,00x,,t)=1..
Using (7.3.1), Lm gfx, , = ,I]E[l ggx, = gz.

This gives lim ffx, = gz. Also, using (ii) we get

nN—o0

o n (T2, 1% KE) 2, min{JM,N(gz, Ofx, 1), Sy o (02, 1%, 28), &y o (12 gz,t),}

Sun (T2, 0t ,1), Sy (X, gfx 1)
Taking n — oo, we have

G (72, G2,K0) 20 min{CM,N (92,92,1), & v (02,92, 28), &, o (2, gz,t)}

Sun(f2,02,1), 8y (92, 02,1)
= min{lL*,lL*,gM’N(fz,gz,t),ch’N(fz,gz,t),lu}
=¢own(f2,02,0).

By Lemma 7.2.1, we get fz = gz. Again, by using R-weak commutativity of type (P),

t
Sun (fi2,002,1) >0 &y 4 (fz,gz,ﬁlzlu :

This yields ffz = ggz.
Therefore, ffz = fgz = gfz = ggz. Using (ii), we get

117



G (12, fi20) 2,. min{gM’N(ng 0w G2 T2 Z’g“)}
| gM,N(vangat)1§M,N(ﬁZ,ng,t)

(G (T2, 12,0, 8 (T2, 12,20), 8, (T2, T2,1),
- G n (2, 12,0), 8,  (F2, f2,1)
. {éM,N(fz, ff2,t), &y n (12, f2,1), & o (T2, fz,t),}

min
Sun (T2, ffz,1), &,  (ffz, ffz,1)

=gy (fz, ffz,1).

By Lemma 7.2.1, we get fz = ffz. Hence, fz = ffz = gfz and fz is a common fixed point of f

2.

and g.

Similarly, we prove that if lim fgx, = fz.

n—oo

Uniqueness of the common fixed point follows easily in each of the three cases by
using (ii). 0
The following example illustrates Theorem 7.3.1.

Example 7.3.1. Let X =[2,20] and for each t > 0, define

t x-y
t+[x—y| t+|x—y]|

§M,N(x,y.t)=( ] forall x,ye X.

Then (X, ¢y v~ ) is acomplete modified intuitionistic fuzzy metric space.

Define f,g: X — X by

2, X=2
2, X=2 or x>5
fx = and gx = 12, 2<x<5h
6, 2<x<5h
(x+1)/3, X > 5.

Let {x,} be a sequence in X such that either {x }={2} or {xn}:{5+%} for each n.

Clearly, f and g satisfy all the conditions of Theorem 7.3.1 and have a unique common

fixed point at X=2.

Theorem 7.3.2. Let f and g be weakly reciprocally continuous non-compatible self-

mappings of a modified intuitionistic fuzzy metric space (X, ¢}, , - /) satisfying:

() F(X)=9(X);
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(i) Sy n (X, fy,kt) >, & (9%, 9y,t), forall k>0, x,ye X and t>0;

Cuon (9% 9, 1), Sy (X, 9%, 1), &y (X, X, 1),
S (9%, 1), &y (9%, FiXT) ’

whenever fx = ffx forall xe X and t > 0.

(i) Sy (fx, fix,1) > . max{

If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (Ar) or R-

weakly commuting of type (P), then f and g have common fixed point.

Proof. Since f and g are non-compatible mappings, there exists a sequence {xn} in X

such that lim fx, =limgx =z for some ze X but either lim¢,,  (fgx,,gfx ,t)=1. or

n—o0 Nn—o0

the limit does not exist. Since f(X) < g(X), for each {x,},there exists {y,} in X such
that fX, = gyn. Thus lim fx, =limgx, =limgy, = z. By virtue of this and using (ii), we

obtain

é’M,N (an, fyn’kt) ZL* é/M,N (gxn' gyn’t)
Lmé/m,N (z fy, k) = &y (2, 2,1) =1,
This gives, lim fy, = z. Therefore, we have lim fx, =limgx, =limgy, =lim fy, =z

n—oo

Suppose that f and g are R-weakly commuting of type (Ag). Then, weak reciprocal

continuity of f and g implies that lim fgx, = fz or limgfx, = gz. Similarly, lim fgy, = fz
or limgfy, =gz. Let us first assume that limgfy, = gz. Then R-weak commutativity of

type (Ag) of fand g yields

S (FY, Ofy,,t) 20 Sy (fyn,gyn.%j

. t
ngM,N ( ﬁyn’gz't) = é/M,N (Z'Z’E]:]-L* '
This gives, lim ffy, = gz. Using (ii), we get

Sun (Y, 12, k) 2. Gy (oY, 92,1).
Taking the limit as n — oo, we have
Sun (02, f2,kt) 2. &y (92, 92,1) =1 . .
This implies that fz = gz. Again, by virtue of R-weak commutativity of type (Ag),
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t
Cun (ffiz 0z t) > & 0 [fz, gz,EJ =1,..

This yields ffz = gfz and ffz = fgz = gfz = ggz.
If fz= ffz, then by using (iii), we get

Swn(92,9f2,1), Oy (2, 92,1), &y (2, 9f2,1),
é/M,N(fZ! gfzvt)! é/M,N (gZ, ffZ,t)

{CM,N(fz, ffz,t),JM,N(fLgz,t),éM,N(ffz,gfz,t)}
= Mmax

S n (12, fi2,8), & o (T2, fiz,1)

Sun (fz, fiz,t) >, max{

Cun(fz, fiz,t) > 1.,
which is a contradiction. Hence, fz = ffz = gfz and fz is a common fixed point of f and g.

Similarly, we can prove, if lim fgy, = fz, then again fz is a common fixed point

of fand g. Proof is similar if fand g are R-weakly commuting of type (As) or (P). 0
The following example illustrates Theorem 7.3.2.

Example 7.3.2. Let ( X, ¢, .-/ ) be a modified intuitionistic fuzzy metric space as

defined in Example 7.3.1. Define f,g: X — X by

2, X=2
2, X=2 or x>5
fx = and gx= 11, 2<x<5
6, 2<x<5h
(x+1)/3, X >5.

Let {x.} be a sequence in X such that either {x }={2} or {xn}:{5+%} for each n.

Then clearly, f and g satisfy all the conditions of Theorem 7.3.2 and have a common
fixed pointat x=2.
Theorem 7.3.3. Let f and g be weakly reciprocally continuous non-compatible self-

mappings of a modified intuitionistic fuzzy metric space (X, &\ ., -/) satisfying the

conditions:
() f(X)<=a(X);
(i1) ¢y n (X, fy,kt) >, & (9%, 9y,t), forall k>0, x,ye X and t>0;

(iil) Sy (X, X, 1) >0 Gy (9%, 9OX, 1)

whenever fx = ffx forall xe X and t > 0.
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If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (As) or R-
weakly commuting of type (P), then f and g have common fixed point.
Proof. Since f and g are non-compatible mappings, there exists a sequence {X,} in X such

that lim fx, =limgx, =z e X, but |Imé’M v (fox,, ofx ,t) =1 . or non-existent for at least

Nn—o0 nN—o0

onet>0. Since f(X)c<g(X), foreach x,, there exists y, in X such that fx, = gyn. Thus,

lim fx, _Ilmgx _Ilmgy =z. By virtue of this and (ii), we obtain limfy =z.

n—oo

Therefore, we have lim fx, _I|m X, _I|m nay, _I|m fy, =z

n—oo

Suppose that f and g are R-weakly commuting of type (Aq). Then, weak reciprocal

continuity of f and g implies that lim fgx, = fz or limgfx, = gz. Similarly, lim fgy, = fz
or limgfy, =gz. Let us first assume that limgfy, = gz. Then, R-weak commutativity of

type (Ag) of fand g yields

C:M N(ﬁymgfyn’t) =L* é/M N (fymgyn’%j

t
IImgM N(ﬁymgz t) =L* §M N (Z Z Rj 1L*'
This gives, lim ffy, = gz. Using (ii), we get

Sun (fiy,, fz,kt) 2. &,  (dfy,, 92,1).

Taking n — oo, we have

CM N (gz fz, kt) =L §M,N (gz, gz,t) =1L* .
This implies that fz = gz. Again, by virtue of R-weak commutativity of type (Ag),

t
Cun (fiz,0fz,t) > &y (fz,gz,ﬁjzlu.

This yields ffz = gfz and ffz = fgz = gfz = ggz. If fz = ffz, then by using (iii), we get
é/M,N ( fz, f'fZ,t) > é/M,N (gZ, ggz,t) = é/M,N(fZ’ ffZ,t),
which is a contradiction. Hence fz = ffz = gfz and fz is a common fixed point of f and g.
Similarly, we can prove, if lim fgy, = fz, then again f z is a common fixed point
of f and g. Proof is similar if fand g are R-weakly commuting of type (As) or R-weakly

commuting of type (P). 0
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The following example illustrates Theorem 7.3.3.

Example 7.3.3. Let (X, ¢y .-/ ) be a modified intuitionistic fuzzy metric space as

defined in Example 7.3.1. Define f,g: X — X by

2, X=2
2, X=2 or x>5
fx = and gx= 4, 2<x<5
4, 2<Xx<5
(x+1)/3, X >5.

Let {x,} be a sequence in X such that either {x,}={2} or {xn}={5+%} for each n.

Then, f and g satisfy all the conditions of Theorem 7.3.3 and have two common fixed
pointsat x=2and x =4.

Now, we prove our results using a new implicit relation defined as:
Let ® denote the class of those functions @ :(L*)5 — L* such that @ is continuous and

0(x,1,..,1,., X, x) = x. Some examples of € © are:
(1) 60X, Xy, gy Xy Xs) = MIN{X, Xy, Xg, Xy, X | 5
(i) 02(x1,x2,x3,x4,x5)=§/x1x4x5_

Theorem 7.3.4. Let f and g be weakly reciprocally continuous non-compatible self-

mappings of a modified intuitionistic fuzzy metric space (X, &y, -/ ) satisfying

conditions:
(i) F(X)<a(X);

.. S (X, Ty t) S (9%.0y.t)
(ii) jo w(s)ds 2. |

w(s)ds, forall x,ye X, t>0;

0

Suon (B, fixit) @
(iii) jo w(s)ds >, jo w(s)ds,

Sun (9% g, 1), &y (X, 9%, 1), &y (X, gfx,t)}

where w=60
S (X afx,1), &y (9, fix, )

whenever fx = ffx for all xe X, t>0 and for some #<®, where w:R" >R is a

Lebesgue integrable mapping which is summable non-negative and such that

j:y/(s)ds >0 for each £>0.
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If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (Ar) or R-
weakly commuting of type (P), then f and g have common fixed point.

Proof. Since f and g are non-compatible mappings, there exists a sequence {xn} in X

such that lim fx, =limgx, =z e X, but |Imé'M v (fox,, ofx ,t) =1 . or non-existent for at

n—o n—oo

least one t > 0. Since f(X) < g(X), for each x,, there exists y, in X such that fx, = gyn.

Thus, lim fx, = I|m gx, _I|m gy, = z. By virtue of this and using (ii), we obtain

n—o0

:M‘N(fxnvan gM N(g gyn
jo w(s)ds >,. j w(s)ds.
Taking n— oo, we have
Svon (Z,1im fy, ) Sun(z.z
jo Py (s)ds >, j w(s)ds,

which implies that, lim fy, = z.

Therefore, lim fx, _Ilmgx _Ilmgyn_llmfy =Z

n—oo

Suppose that f and g are R-weakly commuting of type (Aq). Then, weak reciprocal

continuity of f and g implies that lim fgx, = fz or limgfx, = gz. Similarly, lim fgy, = fz
or limgfy, =gz. Let us first assume that limgfy, = gz. Then R-weak commutativity of

type (Ag) of fand g yields

S (Y, ofy ) 20 Sy (fyn,gyn%j

. t
Lmé’MN(ﬁy 9z, t) L*Q\AN(ZZ Rj 1..

This gives, lim ffy, = gz. Using (ii), we get

J‘gM‘N(ﬁanvakt) ng.N(ngnngvt)

(s)ds >,. y(s)ds.

0
Taking n — oo, we have

Swon (92, fz,kt) Swn(92,02,1)
J y(s)ds .. [

This implies that fz = gz. Again, by virtue of R-weak commutativity of type (Aq),

w(s)ds.

0

t
Cun (i gfz,t) > &, 4 (fz,gz,ﬁj=1u.
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This yields ffz = gfz and ffz = fgz = gfz = ggz. If fz = ffz, then by using (iii), we get

Suon (T2, 1iz,1) w
J w(s)ds > | p(s)ds,

0

Where,

Cun (fz,0f2,1), 4y (92, ffz,1)
_9{§M,N(le ffz,t), ¢y (T2, 12,1), &, (ff2, ffz,t),}
G (T2, ff2,1), & (T2, fz,1)
=0{¢ (72, 2,011, & o (T2, Fi2,8), &, (f2, fi2,1))
o=, \(fz, fiz,t).

{CM N (gZ, gfz’t)’ é’M N ( fZ, gz’t)vé/M N ( ffZ, gfzvt)’}
w=05" " ' ’

This gives,

J-gM,N (fz, i) J-:M,N (fz, fzt)
0

w(s)ds >,. w(s)ds,

0
which is a contradiction. Hence, fz = ffz = gfz and fz is a common fixed point of f and g.
Similarly, we can prove, if ,Iﬂl fgy, = fz, then, again fz is a common fixed point
of fand g. Proof is similar if fand g are R-weakly commuting of type (As) or (P). 0
Let A denote the class of those functions &:(L*)' —L* such that & is
continuous and o(X,1..,X,1,.) =X.
Examples of 6 € Aare:
(i) 6,(%, %, X5, X,) = Min{X;, X,, X5, X, } ;
(i) 8,06, %, X5, X,) = XX, .
Now, we establish following result for the aforesaid implicit relation:

Theorem 7.3.5. Let f and g be weakly reciprocally continuous non-compatible self-
mappings of a modified intuitionistic fuzzy metric space (X, ¢\, , -/ ) satisfying the
conditions:

() F(X)<=9(X);

ey [Suan (X Tyt
(ii) jo w(s)ds >,

Swon (X, fixt

J‘gM’N(gx’gy't)z//(s)ds, forall x,ye X, t>0;

0

(i) [ s >, [ w(s)os.

0
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where Q= 5(C,y (9% 1), Gy (%, 0X,0, G (B G0, & (T X)),

whenever fx= ffx for all xe X, t>0 and for some A where w:R" >R is a

Lebesgue integrable mapping which is summable non-negative and such that
jogt//(s)ds>0foreach £>0.

If f and g are R-weakly commuting of type (Ag) or R-weakly commuting of type (Ar) or R-
weakly commuting of type (P), then f and g have common fixed point.

Proof. Since f and g are non-compatible mappings, there exists a sequence {xn} in X

such that lim fx, =limgx, =z e X, but Ilmg”M v (fox,, ofx ,t) =1 . or non-existent for at

Nn—o0 nN—o0

least one t > 0. Since f (X) < g(X), for each X, there exists y, in X such that fx, = gy.

Thus lim fx, = I|m gx, = I|m ngy, =2 By virtue of this and using (ii), we obtain

N—o0

J‘:MN (fxnvan t) J‘;M.N (gxnvgyn vt)

. w(s)ds =, w(s)ds.

Taking n — oo, we have

Svon| 2z lim fyn Sman(zz
jo (2t w(s)ds >,. j w(s)ds,
which implies that, lim fy, = z.

Therefore, lim fx, _I|m gx, _I|m ay, _I|m fy, =z

nN—oo

Suppose that f and g are R-weakly commuting of type (Ag). Then, weak reciprocal

continuity of f and g implies that lim fgx, = fz or limgfx, = gz. Similarly, lim fgy, = fz
or limgfy, =gz. Let us first assume that limgfy, = gz. Then R-weak commutativity of

type (Ag) of fand g yields

é/M N(ﬁyn’gfyn’t) =L* é/M N (fyn’gyn'%j

I|m§MN(ﬁyn’th) L*é/MN(ZZ ;j 1.

This gives lim ffy, = gz. Using (ii), we get

(s)ds >,. w(s)ds.

J.é/M‘N(ﬁyn'fZth) J‘é}m  (gfy,,02,t)
0
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Taking n — oo, we have

J'{M,N (9z, fz,kt) S (92,02,t)

y(S)ds 2. |

0

w(s)ds.

0

This implies that fz = gz. Again, by virtue of R-weak commutativity of type (Ay),

t
Cun (ffz,ofz,t) > &y (fz,gz,ﬁj=1u :

This yields ffz = gfz and ffz = fgz = gfz = ggz. If fz = ffz, then by using (iii), we get

[ (s >, [ w(s)ds,
where
Q=5(&yn(92,92,1), &y o (12,92,1), &y o (f2,02,1), & (2, o2, 1) )
=5 (& (fz, fizt), & o (T2, f2,1), &y o (T2, fi2,1), &, (2, fi2,1))
=5 (& (2, fiz), 1., &y o (T2, fiz,1),1,.)
=y (fz, fiz,1).
This gives,

Swon (fz, ffz,t) Swon (fz, ffz,t)
J‘MN W(S)dS>L*J‘MN

0

w(s)ds,

0
which is a contradiction. Hence, fz = ffz = gfz and fz is a common fixed point of f and g.

Similarly, we can prove, if lim fgy, = fz, then, again, fz is a common fixed point

of f and g. Proof is similar if fand g are R-weakly commuting of type (Ar) or (P). 0

SCOPE FOR FUTURE WORK

Based on present research study, it is suggested that common fixed point theorems for
various other abstract spaces like complex valued metric spaces [17], convex metric
spaces [26, 90], partial metric spaces [116] and Boolean-valued metric spaces [105] can

be studied by making use of various other contractive conditions.
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