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Abstract

The present thesis entitled “Fixed Point Theorems for Different Mappings in
Various Spaces” comprises certain investigations carried out by me at the School
of Mathematics (SOM), Thapar Institute of Engineering and Technology, Patiala,
under the supervision of Dr. Jatinderdeep Kaur, Associate Prof., SOM, TIET,
Patiala and Dr. Sanjeev Bakshi, Assistant. Prof., SOM, TIET, Patiala.

Nonlinear analysis deals with solving nonlinear problems in many branches of math-
ematics, physics and in industry. Fixed-point theory is an important branch of non-
linear analysis. It is used to investigate the conditions under which single-valued
or multivalued mappings have solutions. Numerous problems occuring in different
branches of mathematics, such as differential equations, optimization theory and

variational analysis can be modeled by the equation
u= Du

where D is a nonlinear operator defined on a metric space. The solutions of
this equation are called fixed points of D. In 1906, the French mathematician
Frechét [57] introduced metric spaces which helped in the development of fixed
point theory.

The first fixed point theorem in metric spaces for contraction mappings was proved
by a Polish mathematician Banach [20] in 1922. This theorem is known as Banach’s
fixed point theorem or the Banach contraction principle. By now, this result has
become one of the most popular and effective tool in solving existence problems in
many branches of mathematical analysis. Due to the simplicity and usefulness of
this basic theorem, it has become a very popular tool for proving the existence and
uniqueness theorems in various branches of mathematical analysis. In 1968, Kan-
nan [84] introduced a contractive condition which possessed a unique fixed point
like that of Banach. However, unlike the Banach condition, Kannan [84] proved
that there are mappings that have a discontinuity in their domain but still have
fixed point, although such mappings are continuous at their fixed point. This paper
of Kannan [84] lead to lot of improvements and extensions of Banach contraction
principle.

In the present thesis, several fixed point results in various abstract spaces such as
Quasi partial metric spaces, b-metric-like spaces, partially ordered metric spaces

and Partial Hausdorff metric spaces and for various types of contraction and ex-
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pansion mappings have been discussed and thereby many existing results have been

extended and generalized.

The present thesis consists of seven chapters. Chapter 1 is introductory. In
this chapter, apart from setting up the notations and terminologies to be used in
the sequel, a brief review of the work done in the area of fixed point theory is
presented. Further, a systematic plan of the results presented in the subsequent

chapters is given towards the end of this chapter.

In Chapter 2, Some fixed point results in Hausdorff metric spaces using oy~
multivalued contractive type mappings are investigated. Various theorems regard-
ing this class of contractive pair of mappings have been studied in this chapter. The
results presented in this chapter extend some well-known relevant results (such as
Kikkawa [91], Nadler [111], Samet et al. [140]) existing in literature. Some illustra-
tive examples are provided to demonstrate the main results. A result in homotopy
theory is presented as an application of these results. In attempt to give extension
to the results of Shahi et al. [147], some fixed point results in partially ordered met-
ric spaces for (£, a)-expansive mappings are studied. Along with these results, an
application to periodic boundary value problem is presented to show the usefulness

of our main results.

Chapter 3 deals with some interesting fixed results in Quasi partial metric
spaces. In this chapter, a new approach in the field of aggregation theory and
metric aggregation is introduced. Firstly, the notion of expansion between quasi
partial metric spaces through distance aggregation perspective along with suitable
aggregation properties is defined. After that, with the help of aggregation functions,
the concept of projective W-expansion has been introduced and several fixed point
results in Quasi partial metric spaces are obtained through this notion. Further-
more, sufficient conditions are also provided to characterize aggregation operator to
ensure the existence and uniqueness of fixed point. The results derived in this chap-
ter generalize the results presented by Borsik and Dobos [26], Martin et al. [101],
Massanet and Valero [102], Mayor and Valero [105]. Some comparative examples
are also given to check the efficacy of obtained results. Moreover, an application

to asymptotic complexity analysis has also been presented in the end of this chapter.

In Chapter 4, the concept of contraction has been extended by introducing

vil



®-Contraction defined on a family § of bounded functions. Also, a new notion of
fixed function for a metric space is introduced. Some fixed function theorems have
been obtained by using different forms of ®-Contraction along with demonstrative
examples. In order to support the applicability of these results, an application to in-
tensity modulated radiation therapy (IMRT) has also been presented following the
FMO (Fluency map optimization) due to Shepard et al. [148] and Tian et al. [151].
This application is based on determining the best suitable treatment plan for tumor
patients getting intensity modulated radiation therapy(IMRT). The fixed function
obtained in this way represents the suitable doses for a number of tumor patients

at the same time.

Chapter 5 deals with the generalization of the results of Wang et al. [153] and
Jungck [78] by introducing a new notion of -expansion defined on a family § of
bounded functions. Some fixed function theorems in complete metric spaces have
been investigated by using various kinds of generalized expansive conditions. In ad-
dition to these results, some common fixed function theorems for a pair of weakly
compatible mappings are also derived. Moreover, an application based on deciding
the suitable doses of intensity values for the patients under Tomotherapy is also

given in the end of the chapter.

In Chapter 6, the notion of F-generalized multivalued contractive type map-
pings is introduced by using C-class functions. Some common fixed point results
for weakly isotone increasing set-valued mappings in the setting of ordered partial
metric spaces are investigated for this new class. The results presented in this chap-
ter generalize various relevant results from the current literature e.g. Ansari [13],
Nashine [113], Nazari et al. [114], Wang et al. [153] and references therein.

Chapter 7 is devoted to some common and coincidence fixed point results for a
sequence of functions in complete metric spaces. There exists vast literature show-
ing the existence of fixed points using expansive mappings. But the existence of
common and coincidence fixed points for a sequence of functions using expansive
mappings is still not explored much. In this chapter, some results for a sequence of
mappings satisfying generalized weakly expansive conditions in the setting of quasi
partial metric spaces have been investigated. To demonstrate the usability of pre-
sented results, some useful deductions along with some examples are also provided.

In the end of this chapter, some common coupled fixed point theorems are inves-
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tigated in the framework of b-metric-like spaces in order to generalize the results
of Bhaskar and Lakshmikantham [24], Alghamdi et al. [8]. Towards the end of this
chapter, some relevant topics for further research have been suggested based on the
present study.

The thesis is concluded by listing the Bibliography with various publications which

are cited in this research work.
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Chapter 1

Introduction

1.1 Origin of Fixed Point Theory

The natural way to prove whether an equation possesses a solution or not is to sim-
ply put it up as a fixed point problem. So, we can say that the problem of finding
the fixed points of a function g(u) is same as the problem of finding the solution
of the equation G(u) = 0, where g(u) = G(u) + u. In other words, the problem
is to find such a function h for which h(u) = u. To clarify this fact, consider the
quadratic equation u? — 7u + 6 = 0. The roots of this simple quadratic equation

are v = 1 and u = 6. Let us rewrite this equation in the following way:

u?+6
7

we can say that the problem of locating the fixed points of g(u) is identical to the

By assuming g(u) = , we obtain that w = 1 and u = 6 are fixed points of g. So,
problem of figure out the solution of the equation G(u) = 0, where g(u) = G(u)+u.
The results which are concerned with the existence of fixed points are called fixed
point theorems. However, many fixed point results existing in literature are not
much constructive as these results only guarantee the existence of fixed point and
do not provide any help in finding the same. Generally, in mathematics, the prob-
lem of solving a system of equations can be transformed to the problem of finding
fixed points of a self-map ® defined on a suitable space U.

In 1886, Poincare [123] firstly worked with the concept of fixed point. His fixed
point result is known as “Poincare’s last geometric theorem” which asserts the ex-
istence of at least two fixed points for an area preserving twist homeomorphism of
an annulus. The first fixed point result for a topological space was given by Dutch
mathematician Brouwer [30] in 1912 which states that “A continuous self mapping
defined on the closed unit ball in Euclidean space has at least one fized point”. His
result was applicable to finite dimensional spaces and it forms a base for many fixed
point results. This result proved to be a key theorem due to its use in various areas

of mathematics and economics. Later on, this theorem was extended for set-valued



functions by Kakutani [82] in 1941. Till today, there exists a large number of gen-
eralizations to Brouwer’s fixed point theorem.

In the present thesis, the main emphasis has been given on Metric fixed point the-
ory. This introductory chapter is primitive in nature. It contains some elementary
concepts and related results which will be regularly utilized in the subsequent chap-
ters of this thesis. Many useful and well known results and notations related to
metric fixed point theory have not been mentioned in this introductory chapter due
to space limitations. For more results, one can cite Aggarwal et al. [4], Goebel and
Kirk [59], Istratescu [75], Takahashi [150].

Some definitions and results presented in this introductory chapter are further

written in subsequent chapters for the sake of convenience.

1.2 Metric Fixed Point Theory

In 1906, Maurice Fréchet [57] introduced Metric Space in his work “Sur quelques
points du Calcul fonctionnel”. A metric space is a collection of those elements of
a set for which distances between all the elements of that set are defined. Those

distances, taken together, forms a metric on the set.

Definition 1.2.1 [}/ Let (U, OZ) be a metric space, then a mapping ® : U — U 1is
said to be Lipschitz if we have,

~

d®(u),®v)) < a du,v) for all u,ve U and a > 0. (1.2.1)

We notice that a Lipschitz map is evidently continuous. The smallest value of a
such that (1.2.1) holds true, is called the Lipschitz constant for ® (denoted by L).
If L < 1, the mapping © is said to be a contraction mapping and if L = 1, the
mapping ® is nonexpansive.

In 1922, the first fixed point result for a complete metric space came into light
which was proved by Polish mathematician Stefan Banach [20] and his result is
popularly known as “Banach Contraction Principle”. This principle ensures that
the application of a continuous self mapping on two points of a complete metric
space contracts the distance between those two points. According to his result,
“A contraction self mapping defined on a complete metric space possesses a unique

fixed point which can be obtained as the limit of an iteration scheme constructed



by applying repeated images of the mapping (starting from an arbitrary point of

space)”.

Definition 1.2.2 [20] For a metric space (U, CZ), a mapping D : U — U is called
a contraction mapping on U if for any real number X with 0 < X\ < 1, the following

inequality holds:
d(Du, Dv) < X d(u,v) for all u,v € U.

Theorem 1.2.3 [20] Let (U,d) be a complete metric space and D be the con-
traction mapping defined on U. Then D possesses a unique fixed point u in U 1i.e.

Du = u.

This classic result is a natural ingredient in fixed point theory due to its utility and
simplicity. This theorem is one of the most well known and important existence
principles in Mathematics. Since the theorem and its many equivalent formulations
or extensions are classical tools in showing the existence of solutions for many prob-
lems in pure and applied mathematics, a lot of work has been done in this direction.
During last few decades, Banach’s result has been generalized in different forms. For
details, the articles of Ciri¢ [42], Kirk and Sims [92], Rhoades [131,132], Rus [138]
need special attention.

Banach contraction principle was the only result till 1968 to show the existence
of a fixed point. But the drawback of this classic result was the requirement of a
continuous mapping. In 1968, this problem was resolved by Kannan [84] by using
modified contraction conditions. He proved these results for discontinuous map-
pings although these maps are continuous at their fixed points. Following his work,
extensive research began in this direction and various contractive conditions are

presented by the researchers in next two decades.

Kannan [84] used the following contraction condition for a discontinuous self-

mapping © : U — U to prove his results:

~ A~ ~

d(Du,Dv) < ald(u, Du) + d(v, Dv)],

V u,v € U where a € [0, 3).

After that, Chatterjea [34] and Reich [129] presented some results by using

modified contractive conditions.



Theorem 1.2.4 [34] Let (U,d) be a complete metric space and D be the self
mapping defined on U which satisfy the condition

d(Du, Dv) < ald(u,Dv) + d(v,Du)),

1

YV u,v €U where a €[0,3). Then D admits a unique fived point in U.

Theorem 1.2.5 [129] Let (U,d) be a complete metric space and D be the self
mapping defined on U which satisfy the condition

d(Du, Dv) < o d(u, Du) + 8 d(v, Dv) +~ d(u,v);

for all w,v € U and «, 8,7 non negative with o + 5+~ < 1. Then D admits a

unique fized point in U.

In 1973, inspired from these results, Hardy and Rogers [65] established the following

contraction condition to prove their result:

~ A~ N A~ ~ ~

d(Du, Dv) < ay[d(u, Du) + d(v,Dv)] + az[d(v, Du) + d(u, Dv)| + a3 d(u,v),

for all u,v € U where a1, as,a3 > 0, 2a; + 2as + az < 1.
Later on, in 1974, a more generalized contractive condition was obtained by Cirié

[42] to prove the uniqueness.

~

d(Du,Dv) < a m(u,v),
Vu,v €U and a € [0,1) where
m(u,v) = max{(f(u, v), cf(u,@u), cf(v, Do), ci(v, Du), cZ(u, Do)}

Numerous authors such as Edelstein [54], Reich [130] have introduced a number of
contractive conditions following the same way. In 1977, Rhoades [131] presented a
study to compare these various contractive conditions.

In 1976, Jungck [78] began a research line in the field of commuting mappings and

common fixed points. These results are the extensions of existing fixed point results.

Theorem 1.2.6 [78] Let ®, and ®, be two commuting self maps of a complete

metric space (U, cZ) such that ®, C®, and D, is continuous. If there exists a real



number X € (0,1) satisfying
d(@lu,glv) <A d(@zu,sz), for all u,v € U.

Then the maps ®, and ®, possess a unique common fixed point.

Jungck’s theorem has so many applications in various fields and many authors such
as Chandok and Narang [35], Chugh and Kumar [40], Vats et al. [41], Dhage [50],
Rhoades [133] generalized his results in numerous ways.

In 1982, Sessa [146] extended Jungck’s result by introducing the concept of weakly

commutative mappings:

Definition 1.2.7 [146] Let ©, and D, be two self maps of a complete metric
space (U, cZ) Then the pair (9,,9,) is called weakly commuting if

cZ(@l@Zu,QZQlu) < J(@lu,Qzu), for all u e U.

Every pair of commuting maps is weakly commuting but the converse need not be

true.

In 1988, Jungck [79] introduced Compatible maps and proved some coincidence
fixed point results. His works have been the basis for a number of papers.

Later on, Bhaskar and Lakshmikantham [24] introduced the notion of coupled fixed
points. Then, Lakshmikantham and Cirié [96] generalized these results to prove

common coupled fixed point and coupled coincidence theorems.

Definition 1.2.8 Coupled fized point:
A point (u,v) € UxU is said to be a coupled fixed point for a mapping® : U xU —
U if D(u,v) = u and D(v,u) = v.

Definition 1.2.9 Coupled coincidence point:
A point (u,v) € U x U is said to be a coupled coincidence point for the mappings
D,9:UxU—=U ifD(u,v) =D(u,v) and D(v,u) = D(v,u).

Definition 1.2.10 Common coupled fixed point:

A point (u,v) € U x U is called a common coupled fized point of the mappings
D,9:UxU—=Uifu=23u,v)=9D(uv) and v =D(v,u) =D(v,u).

After that, many researchers such as Abbas et al. [1], Choudhary and Kundu [3§],

Samet [140] etc. gave generalizations to above results with different types of map-

pings.
In 1969, Nadler [111] introduced multi-valued contractive mappings and proved



some fixed point results in a complete metric space.

Definition 1.2.11 [111] Let U and V be non-empty sets. Then a mapping D
from U to V is said to be a multi-valued mapping if ® is a function from U to the

power set of V. We generally denote a multi-valued mapping by ® : U — 2V,

Definition 1.2.12 [111] A point ug € U is called a fized point of the multi-valued
map D if ug € Duyg.

Each single valued map can be seen as a multi-valued map. Let D:U -V bea
single valued map. Now define ® : U — 2" by Du = {D(u)}.
It is to be noted that ® is multi-valued map iff for each v € U, Du C V. Nadler’s

fixed point result for multivalued mappings is as follows:

Theorem 1.2.13 [111] Let (U,d) be a complete metric space and® : U — Pey(U)

be a multivalued mapping satisfying
H(Du,Dv) < 1 d(u,v),

Vu,v€eU andl € [0,1) where

1. Py (U) is the family of all closed and bounded subsets of U.

2. H(U,V) = max{p(U,V),p(V,U)} for U,V € Py(U)

3. p(U, V) = sup{d(u,V) :u e U}, du,V)=inf{d(u,v):veV}.
Then ® possesses a fixed point.

Many authors gave generalizations to Nadler’s result in various ways (see [37], [76],
[127], [128]). In particular, Kikkawa and Suzuki [91] presented the following ver-
sion of Nadler’s result by introducing a strictly decreasing function to modify the

contraction.

Theorem 1.2.14 [91] Let (U,d) be a complete metric space and ® : U — Py (U)

be a multivalued mapping satisfying
n(r) d(u,Du) < d(u,v) = H@u,Dv) <r d(u,v),

for allu,v € U and for some r € [0,1) wheren :[0,1) — (%, 1] is a mapping defined

by n(r) = ﬁ Then ® possesses a fizved point.

The research for expansive type mappings for a metric space was initiated by Wang
et al. [153]. Till now, there exists a large variety of results in the field of expansive

mappings.



Theorem 1.2.15 [153] Let (U,d) be a complete metric space. If ® : U — U is

an onto mapping and there exists a constant ¢ > 1 such that
d(Du, Dv) > ¢ d(u,v) for every u,v € U.

Then, ® has a unique fized point in U.

In 1992, Daffer and Kaneko [48] established some fixed point theorems using a pair

of expansive type mappings.

Theorem 1.2.16 (48] Let (U,d) be a complete metric space. If ®, : U — U is
a surjective mapping and O, : U — U is an injective mapping. If there exists a

constant ¢ > 1 such that
J(@m,@lv) >c d(@zu,gzv) for every u,v € U.

Then, ®, and ®, possess a unique common fixed point in U.

Following this concept, several authors such as Ahmad et al. [5], Ahmed et al. [6],
Dhawan et al. [52], Han and Xu [64], Shahi et al. [147] worked on various results

for expansion mappings.

1.3 Various kinds of abstract spaces

1.3.1 Partial Metric Spaces

Matthews [104] presented the idea of partial metric spaces in 1994 by extending
the notion of metric spaces using dataflow networks. Matthews [104] introduced
a surprising property in this space that self distance of a point of the space may
be non-zero (i.e. the self distance p(u,u) = 0 need not hold). The inspiration
for the concept of non-zero self distance is explained by Bukatin et al. [33] in a
presentation. In fact, the results presented by Matthews [104] play a vital role in
the theory of computation. Various generalizations of this result have been used
in constructing computation models in the field of computer science (for details,
see [67], [116], [134], [135], [138]).

Following are the definitions and results presented by Matthews [104] in partial

metric spaces:

Definition 1.3.1 [10/] Let U be a non-empty set. A function p: U x U — R*



1s said to be a partial metric on U if the following postulates hold true:

(P1) w=wif and only if p(u,u) = p(v,v) = p(u,v);
(P2) p(u,u) < p(u,v);

(P3) p(u,v) = p(v,u);

(P4) p(u,w) < p(u,v) + p(v,w) — p(v,v).

for all u,v,w € U. The set U equipped with the metric p defined above is called a
partial metric space and it is denoted by (U, p) (in short PMS).

Every partial metric p generates a Tj topology 7, on U with a base containing the

collection of open balls {B,(u,€),u € U,e > 0}, where
By(u,€) = {v € U : p(u,v) < p(u,u) + €},

VueUande>D0.

The mappings d,, d,,, : U x U — R* given by

dy(u,v) = 2p(u,v) — p(u, u) — p(v,v),

and
Ay (u,v) = max{p(u,v) — p(u,u), p(u,v) — p(v,v)}

are the metrics on U induced by partial metric p. It is evident that the metrics d,

and d,, are equivalent.

Definition 1.3.2 [104] For a partial metric space (U,p), a sequence {u,} in U
15 said to be
(1) convergent if there exists a point uw € U such that p(u,u) = lim, . p(Uy, ),

(i1) a Cauchy sequence if the limy, ,—so0 P(Un, U) exists (and is finite).

Definition 1.3.3 [104] A partial metric space (U,p) is said to be complete if
every Cauchy sequence {u,} in U converges w.r.t. 7, to a point u € U such that

p(u7 u) - 1imn,m—>oo p(um um)

Theorem 1.3.4 [104] Let (U,p) be a partial metric space. Then
(i) {un} is said to be a Cauchy sequence in (U, p) iff it is a Cauchy sequence in the
metric space (U, d,),

(11) (U, p) is complete iff the metric space (u,d,) is complete. Also, lim,,_,o0 dp(ty, u) =



0 Zﬁ p(ua ’LL) = hmn—>oo p(una ’LL) - 1iInm,n—wo P(Um um)-

Lemma 1.3.5 [104] Let (U,p) be a partial metric space and let {u,} be a sequence
in U such that

lzmp(um un—f—l) = 0.
n—00

If the sequence {us,} is not a Cauchy sequence in (U, p), then there exist € > 0 and
two sequences {m(k)} and {n(k)} of positive integers with n(k) > m(k) > k such

that the following four sequences

p(UZm(k)a u2n(k)+1)> P(Uzm(k), U2n(k))> p(u2m(k)717 UQn(k)Jrl)v p(UQm(k)q, u2n(k))

tend to € > 0 when k — oo.

Lemma 1.3.6 [104] If the sequence {u,} with lim, o d,(tpi1,un) =0 is not a
Cauchy sequence in (U,p), then for each € > 0, there exist two sequences {m(k)}
and {n(k)} of positive integers with n(k) > m(k) > k such that the following four

sequences

P(Umn(k) s Un(r)+1) > P(Uin(k) s Un(k)) s P(Um(k)—15 Un(k)+1) s P(Um(k)—15 Un(k))

tend to € > 0 when k — oo.

Following these results, several authors obtained various results in this context. For
details, the references ( [11], [12], [17], [44], [87], [120], [121], [134]) can be cited.

1.3.2 Partial Ordered Metric Spaces

Definition 1.3.7 (Partial Order) A partial order on a non-empty set U is a
binary relation = satisfying the following postulates:

(i) U is reflexive i.e. u < u for every u € U,

(i) U is antisymmetric i.e. if u < v and v X u, then u = v,

(#ii) U is transitive i.e. if u 2 v and v < w, then u < w.

for every u,v,w € U. A set along with a partial order =< defined on it, is called
a partially ordered set. The collection of subsets of a given set along with partial
order “C7 and the set of natural numbers with partial order of “divisibility” are

some common examples of partially ordered sets.

Definition 1.3.8 (Comparable elements) Let (U, <) be a partially ordered set

and u,v € U. Then u,v € U are said to be comparable if either u < v or v <X u.



Definition 1.3.9 Let (U, <) be a non-empty set and u,v € U. Then the space
(U, d, =) is said to be a partially ordered metric space if

(i) (U, =) is a partially ordered set and

(i) (U,d) is a metric space.

Turinici [152] firstly proved some fixed point results for ordered metrizable uniform
spaces in 1986. Later on, Ran and Reurings [126] obtained some applications of

Turinici’s results to solve matrix equations.

Theorem 1.3.10 [126] Let U be a non-empty set equipped with a partial order
such that each pair u,v € U has a lower or upper bound. Let (U, CZ) be a metric
space where dis a complete metric defined on U. Let ® : U — U be a continuous
monotone self mapping. Assume that

(i) there exists a € (0,1) such that d(Du, Dv) < a d(u,v) for every u,v € U and
U= v;

(ii) there exists ug € U such that Dug = ug.

Then ® possesses a unique fized point u* € U and for every w € U, the iterative

sequence {D"(w)} (where n € N) of © starting from w converges to u* € U.

After that, Nieto and Ldpez [117,118] used the results of Ran and Reurings [126]
to solve first order differential equations. In [117], Nieto and Lépez obtained some

results by removing condition of continuity of the mapping ©.

Theorem 1.3.11 [117] Let U be a non-empty set equipped with a partial order such
that each pair u,v € U has a lower or upper bound. Let (U, CZ) be a metric space
where d is a complete metric defined on U. Let ® : U — U be an increasing self
mapping. Assume that

(i) there exists a € (0,1) such that d(Du, Dv) < a d(u,v) for every u,v € U and
U= v;

(i) there exists ug € U such that uy < Duy.

(111) if {u,} is an increasing sequence converging to w € U, then u, =< u for each
n € N. Then ® possesses a unique fixed point v* € U and for every w € U,
the iterative sequence {D™(w)} (where n € N) of © starting from w converges to
u* e U.

In 2008, Aggarwal et al. [3] extended these results by using modified contractive

conditions.

Theorem 1.3.12 [3] Let U be a non-empty set equipped with a partial order <
and a complete metric d. Let © : U = U be an increasing self mapping satisfying

the following conditions:

10



(i) there exists an increasing map ¢ : R™ — Rt such that lim ¢"(t) = 0 for each
n—oo
t >0 and

d(Du, Dv) < p(maz{d(u, v), d(u, Du), d(v, Dv), =[d(u, Dv) + d(v, Du)]});

DN | —

(i) there exists ug € U such that uy < Duy;
(71) either © is continuous or if {u,} is an increasing sequence in U converging to
u € U, then u,, =< u for alln € N;

for every u,v € U with uw > v. Then ® possesses at least one fized point in U.

Then, Bhaskar and Lakshmikantham [96] initiated the research for coupled fixed

points in partially ordered metric spaces. Following are the results presented by [96].

Theorem 1.3.13 Let (U, cZ) be a partially ordered metric space where d be a com-
plete metric and =< be the partial order defined on U. Let ® : U x U — U be
a continuous mapping with mized monotone property. Assume that there exists
c €10,1) such that

~

d(®(l,m),D(u,v)) <

~

[d(l,u) + d(m,v)],

VN

for each Il > u,m < v.
If there exist some lg,mg € U which satisfy ly < D(ly, mg) and mg > D(mo, ly),
then, there exist [,m € U such that | = D(l,m) and m =D (m,1).

Theorem 1.3.14 In addition to the hypotheses of Theorem 1.3.13, assume that
there exists (u,v), (u*,v*) € U x U, there exists a pair (ny,ne) € U x U which is

comparable to (u,v), then © possesses a unique coupled fixed point.

Later on, Lakshmikantham and Ciri¢ [96] presented the notion of g-monotone map-
ping and investigated some coupled coincidence and common coupled fixed point

results.

Definition 1.3.15 [96] Let (U, <) be a partially ordered set and ® : U x U —
Uand g : U — U be two mappings. Then the mapping D s said to possess
mized g-monotone property if ®(u,v) is monotonically g-nondecreasing in u and is

monotonically g-nonincreasing in v i.e.

uy, uy € U and guy < guy implies D(uy,v) = D(ug,v),

v1, 09 € U and guy = gug implies ®(u,vy) = D(u,v1), for each u,v € U.

11



Definition 1.3.16 [96] Let (U, <) be a partially ordered set. A pair (u,v) € UxU
is called a coupled coincidence point for the mappings ® : UxU — U and g : U — U
if ®(u,v) = gu and D(v,u) = gv.

Definition 1.3.17 [96] Let (U, <) be a partially ordered set. The mappings D :
UxU —Uand g:U — U are said to be commutative mappings if g(D(u,v)) =
D(gu, gv) for every u,v € U.

Theorem 1.3.18 [96] Let (U,d <) be a partially ordered set where d is a complete
metric and® : U xU — U and g : U — U be two mappings such that ® has mized
g-monotone property. Assume that there ezists a function ¢ : [0,00) — [0,00) such
that ¢(t) <t and slzlﬁds) <t for every t > 0 with

d@(1,m), D(u,v)) < ¢ (CZ(QLW) + cf(g]m,gv))

2

for each l,m,u,v € U with gl < gu and gm > gv. Let D(U x U) C g(U), g
commutes with ® and be continuous. Also, assume that either

(1) ® is continuous or;

(2) U has the following properties:

(a) if a nonincreasing sequence {u,} converges to u, then u < u, for all n;

(b) if a nondecreasing sequence {v,} converges to v, then v, <wv for all n.

if there exist ug,vg € U such that guy < D (ug,vo) and gvy > D(vg, ug), then there
exist u,v € U such that gu = D (u,v) and gv = D (v, u) i.e. ® and g have a coupled

coincidence point.

Motivated by the above results, several authors obtained a number of common

and coupled coincidence fixed point results in partially ordered metric spaces (For
details, see [1], [16], [17], [38], [39]).

1.3.3 Quasi Partial Metric Spaces

In 2013, Karapinar et al. [86] introduced the notion of quasi partial metric spaces by
removing the symmetric axiom from the properties of metric spaces. Quasi partial
metric is a generalized form of quasi metric due to Bakhtin [19] and partial metric
due to [104].

Definition 1.3.19 [19] Let U be a non-empty set. A function d : U x U — R

1s said to be a quasi metric if it satisfies the following axioms:

12



(QM1) C?(U, u) = q7 R
(QM2) d(u,v) < d(u,w) + d(w,v),

for all w,v,w € U. The pair (U, CZ) 15 said to be a quasi-metric space.

Definition 1.3.20 [104] Let U be a non-empty set. A functionp:U x U — R

1s said to be a partial metric on U if the following postulates hold true:

(P1) w=wif and only if p(u,u) = p(v,v) = p(u,v);
(P2) p(u,u) < p(u,v);

(P3) p(u,v) = p(v,u);

(P4)

(u, w) < p(u,v) + p(v,w) — p(v,v).

g~

for all w,v,w € U. The set U equipped with the metric p defined above is called a
partial metric space and it is denoted by (U,p) (in short PMS).

Following are the definitions and results presented by Karapinar et al. [86] in quasi

partial metric spaces:

Definition 1.3.21 [86] A mapping q: U x U — R* is said to be a quasi partial

metric if the following conditions hold:

(q1) if 0<q(u,u) =q(u,v) = q(v,v), then u=v;
(¢2) q(u,u) < q(u,v);

(@3) q(u,u) < q(v,u);

(¢4) q(u,v) < q(u,w) + q(w,v) — g(w, w);

for allu,v € U. Then the pair (U, q) is called a quasi partial metric space (QPMS).

If g(v,u) = q(u,v) for each u,v € U, then (U, q) reduces to partial metric space
(PMS). Also, for a quasi-partial metric ¢ on U, the mapping d, : U x U — R,
defined by

dg(u,v) = q(u,v) + q(v,u) — q(u, u) — q(v,v)

is a (usual) metric on U.
Definition 1.3.22 [86] Let (U,q) be a quasi partial metric space (QPMS). Then

1. a sequence {u,} C U converges tou € U if and only if q(u, u) = lim, o q(u, u,) =

hmn—>oo Q(un 9 U) 7'

2. a sequence {u,} C U is called a Cauchy sequence iff lim,, o0 ¢(tm, uy,) and

My, im0 @(Un, Um,) ezist and are finite;

13



3. the quasi partial metric space (U, q) is said to be complete if every Cauchy se-
quence {u,} C U converges to some u € U such that q(u, u) = limyy, o0 ¢(Um, Un) =

liInn,m%oo q(un7 um) ’

4. a mapping © : U — U 1is said to be continuous at ug € U if, for every e > 0,
there ezists 0 > 0 such that ©(B(ug,d)) C B(D(ug),€).

Lemma 1.3.23 [86] Let (U,q) be a quasi partial metric space (QPMS). Then a

sequence {u,} C U converges tou € U iff q(u,u) = lim,, o q(u, u,) = lim, o0 q(uy, u).

Lemma 1.3.24 [86] For a quasi-partial metric ¢ on U,

pe(u,v) = %[Q(U,U) +q(v,u); u,v e U

1s a partial metric on U.

Lemma 1.3.25 [86] Let (U,q) be a QPMS. Let (U, p,) be the corresponding PMS
and let (U,dy,) be the corresponding metric space. The following statements are

equivalent:
1. The sequence {u,} is Cauchy in (U,q) .
2. The sequence {u,} is Cauchy in (U, p,).
3. The sequence {uy} is Cauchy in (U, dp,).

Lemma 1.3.26 [86] Let (U,q) be a QPMS. Let (U,p,) be the corresponding PMS
and let (U,dp,) be the corresponding metric space. The following statements are

equivalent:
1. (U, q) is complete.
2. (U, p,) is complete.

3. (U,dp,) is complete.

Moreover,
T dy (0,0) = 0 pyw) = i py) = lim_py (i)

& q(u,u) = lim g(u,uy) = m?lglglooq(un,um)

= lim q(up,u) = Hm  q(uy,u,).
n—00 m,n—00

Lemma 1.3.27 [86] Let (U,q) be a quasi partial metric space. Then q(u,v) =
0= wu=wv and if y # v, then q(u,v) >0 and q(v,u) > 0.

14



Karapinar et al. [86] proved the following results:

Theorem 1.3.28 [86] Let (U,q) be a quasi-partial metric space and © : U — U
be a self mapping. Then the following conditions hold:

1. There exists ¢ : U — R such that q(u, Du) < p(u) — p(Du) for allu € U if
and only if Y07 q(D"u, D" ) converges for all u € O(u).

2. There ezists  : U — RY such that q(u,Du) < p(u) — @(Du) for allu € U if
and only if Y o q(D™u, D" ) converges for all u € O(u).

where O(u) = {u, Du, D?u, ...} is called the orbit of u.

Recently, some authors have extensively worked on Quasi Partial metric spaces.
For details, one can refer to ( [52], [56], [88], [94]).

1.3.4 Hausdorff Metric Spaces

In 1905, Pompeiu [124] introduced the concept of distance between two closed sets
in his thesis under the guidance of Poincare [123]. According to his definition, “If U
and V' are two closed and bounded sets, then the distance between the point u € U
and the set V is defined as

d(u, V) = min{d(u,v) : veV},

where cf(u, v) denotes the usual distance between the points u and v.”

After that, Pompeiu [124] defined the the notion of asymmetric distance between

two sets U and V as
DU, V) = maz{d(u,V): ueU}.

In 1914, by using Pompeiu’s distance, German mathematician Felix Hausdorff [66]

defined a new distance notion denoted by H(U, V') called Hausdorff metric where
HU, V) =max{D(U,V),D(V,U)}.

Hausdorff distance is the greatest of all the distances measured from a point in one
set to some point in the other set.

In the past decades, the research in the field of multivalued mappings has been
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developed in various ways. Nadler [111] initiated the work on multivalued mappings
Hausdorff metric spaces and presented a multivalued version of Banach’s result in

a robust way.

Definition 1.3.29 [111] Let U and V be non-empty sets. Then a mapping D
from U to V is said to be a multi-valued mapping if © s a function from U to the
power set of V. We generally denote a multi-valued mapping by © : U — 2V,

Definition 1.3.30 [111] A point uy € U is called a fized point of the multi-
valued map © if ug € Duyg.

Theorem 1.3.31 [111] Let (U,d) be a complete metric space and © : U —
Pa(U) be a multivalued mapping satisfying

H(Du,Dv) < d(u,v),

for all uw,v € U and 1 € [0,1) where
Pap(U) is the collection of all non-empty closed and bounded subsets of U;

H(U, V) = maz{p(U,V),p(V,U)} for U,V € Py(U) and;
p(U, V) = sup{d(u, V) :u e U}, d(U,V) = inf{d(u,v):veV}.
Then ® possesses a fized point.

Afterwards, several extensions were obtained by making use of various types of
contractive conditions (see [43], [45], [48], [145]).

1.3.5 b-metric-like Spaces

In 1989, Bakhtin [19] established b-metric spaces as an extension of metric spaces

by defining a b-metric constant (>1) in triangle inequality of metric axiom.

Definition 1.3.32 [19] (b-metric Space) For a non-empty set U, the function
B :UxU — [0,+00) is called a b-metric space on the set U if it satisfies the

following properties:

(Bl) B(u,v)=0<u=uv;
(B2) B(u,v) = B(v,u);
(B3) B(u,v) < s(B(u,w) + B(w,v)) for all u,v,w € U (where s>1).

The pair (U, B) is called a b-metric space.
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This idea gave researchers to think in a magnificent way for their fixed point results.
After that, in 2013, Alghamdi [8] introduced an enlargement to b-metric space

named b-metric-like spaces by considering non-zero self distance property.

Definition 1.3.33 /8] (b-metric-like Space) For a non-empty set U, A b-metric-
like on the set U is a mapping B : U x U — [0, +00) if the following three axioms
hold true for all u,v,w € U:

(Bl) B(u,v) =0=u=u;
(B2) B(u,v) = B(v,u);
(B3) B(u,v) < s(B(u,w)+ B(w,v)) where s > 1.

The set U equipped with a metric B defined on it, is called a b-metric like space and
is denoted by (U, B).

Definition 1.3.34 /8] Let (U,d) be a b-metric-like space. For any sequence {u,}
of points of a non-empty set U, a point u € U is said to be the limit of the sequence
{un} if for each € > 0, there exists some n. € N, for which d(u,,u) < € for all

n > ne and we say that the sequence u, 1s convergent to u.

Definition 1.3.35 [8] For a b-metric-like space (U, d),

(i) A sequence u,, in U is called Cauchy if for each € > 0, there exists some n, € N,
for which ci(un, Um) < € for alln,m > ng;

(ii) A b-metric-like space (U, dA) is called a complete space iff every Cauchy sequence

Uy, tn U converges in U.

Afterwards, a number of authors established the related results in various abstract
spaces (see [46], [71], [157]).

1.3.6 Cone Metric Spaces

In 2007, Huang and Zhang [70] introduced the concept of cone metric space for an

ordered real Banach space.

Definition 1.3.36 Cone

A cone D is a subset of a real Banach space B with the following properties:

(1) D is closed, non —empty and D # {0};

(2) if a, bareany two nonnegative real numbers and wu,v € D, then au+ bv € D;
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(3) DN (=D) = {0}

For a cone D C B, the partial ordering < w.r.t. D is defined by u < v if and only
ifv—ueD.

Definition 1.3.37 Cone Metric Space
Let U be any non-empty set and B be a real Banach space with partial ordering <
w.r.t. the cone D C B. Then the mapping d:UxU — B is said to be a cone

metric on U if it satisfies the following azioms:

(dl) 0< J(u,v) for all u,veU,

(d2) cZ(u,v) =0 if and only if u=wv;

(d3) d(u,v) =d(v,u) for all u,veU;

(d4)  d(u,v) < d(u,w) +d(w,v) for all u,v,we U.

The set U equipped with the metric d defined as above s called a cone metric space
and it is denoted by (U,d).

1.4 Various kinds of Contraction/Expansion Map-

pings

1.4.1 (o —1) contractive mappings

In 2012, Samet et al. [142] introduced the idea of (aw—1)) contractive mappings and
a-admissible mappings by establishing a new family of nondecreasing functions and

obtained some fixed points results.

Definition 1.4.1 [142] Let (U, cf) be a metric space and U be the family of func-
tions 1 : [0, +00) — [0, +00) satisfying the following conditions:

+oo

(1) Zw"(u) < 400 for every u > 0, where Y™ is n'™ iterate of
n=1

(2) ¢ is nondecreasing.

Then a mapping ® : U — U is called (o — 1) contractive mapping if there exists
two functions o : U x U — [0, +00) and ¢ € VU such that

a(u,v) d(®u, Dv) < P(d(u,v)) for all u,v e U.
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Definition 1.4.2 [142] Let ©® : U — U be a self mapping and o : U x U —
[0,400). The mapping ® is called a-admissible if

a(u,v) > 1= a(Du,Dv) > 1.

for all u,v € U.
Following are the results proved by Samet et al. [142]:

Theorem 1.4.3 [142] Let (U, (f) be a complete metric space and ® : U — U be

an (o — 1 )-contractive mapping satisfying the following conditions:

(i) D is a— admissible;
(i1) there exists up € U such that o(ug, Dug) > 1;

(i1) D is continuous.

Then ® has a fized point in U.

Theorem 1.4.4 [1/2] Let (U,d) be a complete metric space and © : U — U be

an (o — 1 )-contractive mapping satisfying the following conditions:

(i) D is a— admissible;
(i1) there exists up € U such that oa(ug, Dug) > 1;
(13i) if {un} is a sequence in U such that o(uy,uns1) > 1 for all n and

u, = u € U as n — +oo, then a(uy,u) > 1 for all n.

Then ® has a fixed point in U.

By adding the following condition (H;) to the hypotheses of above theorems, Samet
et al. [140] showed the uniqueness of the fixed point:
(Hy): If there exists w € U such that for all u,v € U,

a(u,w) > 1 and a(v,w) >1 where u>w, v>w.

Theorem 1.4.5 [142] Let (U,d) be a complete metric space and ® : U x U — U
be a given mapping. Assume that there exists 1) € U and a function o : U? x U —
[0, +00) such that

a((l,m), (u,v)) dD(1,m),D(u,v)) < ~¥(d(l,u) + d(m,v)),

| —
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for all (I,m), (u,v) € U x U. Also,
(i) For every pair (I,m), (u,v) € U x U, we have

a((l,m), (u,v)) > 1= a((D(,m),D(m,l)), (D(u,v),D(v,u)) > 1;
(1) there exists (ug,vg) € U x U such that

a((ug,vo), (D(ug, vo), D (v, up))) > 1 and
a((®<v07u0)7©<u071}0))7(UOvuO)) > 1

V

(i13) D is continuous.
Then ® possesses a coupled fized point.
Theorem 1.4.6 [142] Let (U, cf) be a complete metric space and D : U x U — U

be a given mapping. Assume that there exists 1 € U and a function o : U? x U —
[0, +00) such that

a((lym), (u,v)) d(D(1,m),D(u,v)) < Se(d(l,u) + d(m, v)),

N |

for all (I,m), (u,v) € U x U. Also,
(1) For every pair (I,m), (u,v) € U x U, we have

a((lym), (u,v)) > 1= a((D(,m),D(m,l)),(D(u,v),D(v,u)) > 1;
(17) there exists (up,vo) € U x U such that

a((ug, vo), (D(ug, vo), D(vo,up))) > 1 and
a((®D(vo, uo), D (ug, o)), (vo, ug)) > 1;

(2i) if {un} and {v,} are two sequences in U such that

a((tn, vn), (Unt1,0ns1)) 2 1 and o(vns1, unga), (Un, un)) 2 1,
U, = u €U and v, v €U asn — 400, then,

a((Un,v,), (u,v)) > 1 and a((v,u), (v, u,)) > 1 for all n € N.

Then ® possesses a coupled fixed point.
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These classic results gave a new direction to researchers. Various authors such as
Asl et al. [14], Karapinar [90], Mursaleen [107] etc. gave extensions to these results

by using more generalized contractive conditions.

1.4.2 ¢-projective contraction mappings

A huge interest in the mathematical theory of aggregation is developing these days
because of its wide range of applications. In numerous fields, there is different sets
of data coming from different sources which needs to obtain a conclusion. It can
be done in a compact way using numerical aggregation. Borsik and Dobos [26]
investigated the problem of aggregation for a collection of metrics (which need not
be finite) resulting in a single one. Borsik and Dobos [26] studied the properties of
those functions that permit a collection of metrics to merge and a single metric is
obtained in return.

By [26], a function ® : R? — R, is a metric aggregation function provided that the
function dg : U x U — R, is a metric for every pair of metric spaces (Uy,d;) and
(Uy, dy), where U = Uy x U, and

~ A A

dq;.((u, 'U), (Z,UJ)) = cb(dl(ua Z)v d2<va w))
for all (u,v), (z,w) € U.
Borsik and Dobos [26] defined the monotonicity and sub-additivity of ® as
follows:
A function ® : R} — Ry is called monotone if v < v = @(u) < ®(v) for all

u,v € R} and sub-additive if ®(u +v) < ®(u) + ®(v) V u,v € R} where < stands

for the following pointwise order relation on R’ :
u=v & yu<vy ; 1=1,..n.

On the other hand, Herburt [68] defined homogeneity as follows:
Definition 1.4.7 [68] A function ® : R} — Ry is said to be homogeneous if

P(au) = o ®(u) for each u € R and o € R

Following the work of Borsik and Dobos [26], Massanet and Valero [102] studied
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the aggregation problem for partial metric spaces.

Definition 1.4.8 [102] A function ® : R} — Ry is said to be a partial metric
aggregation function provided that the function Py : U x U — [0,400| is a partial

metric for every arbitrary collection of partial metric spaces {(U;,p;)}7_,, where
U= U1 X U2 X Un and

Py (u,v) = ®(p1(ug,v1), ooy Pn(Un, vp))

for all w = (uy,...u,) € U, v=(vq,..v,) € U.

Recently, Alghamdi et al. [9] defined contraction between partial metric spaces
through distance aggregation perspective along with suitable aggregation proper-
ties. With the help of aggregation functions, Alghamdi et al. [9] introduced projec-

tive ®-contraction and proved some fixed point results through this notion.

Lemma 1.4.9 [9] Let ® : R} — R, be a partial metric aggregation function, then

® s monotone.

Theorem 1.4.10 [9] & : R} — Ry is a partial metric aggregation function if

and only if for each u,v,z,w € R, we have

=
iy
S
+
KA

(v) < P(2) + Y(w) whenever u+v=z4+w, vz vIw.

(2) P(u) =P(v) =0(2) = u=v=2 whenever v<u, z=u.

The notions of contraction and completeness are defined as follows:.

Remark 1.4.11 [9] Let {U;}; be a collection of non-empty sets andU = [, U;.
Let © be a self mapping defined on U with coordinate functions ©; : U — U;, i =
1,..n such that

D(u) = (D,(u), ..., Dn(u)) for all u e U.

Definition 1.4.12 [9] Let {(U;, p;) }i~, be a family of arbitrarily chosen quasi par-
tial metric spaces and U = [[;_, U;. Let ® : R — R, be a partial metric aggre-
gation function. Then the mapping ® : U — U 1is called a projective ®-contraction
from (U, Pg) into itself, if there exists n constants Ay, ..., \, > 1 such that

Pi(Di(u), D;(u)) < NP (pr(ur,v1), ..0p(tn, vy))

for all u,v € U, where Py is the partial metric induced by aggregation of the collec-
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tion of partial metric spaces {(U;, p;)}i_; through aggregation function ®.

Theorem 1.4.13 [9] Let & : R — R, be a homogeneous partial metric aggrega-
tion function such that ®(1,...,1) = 1 = ®(1;) for all i = 1,...n. Let {(U;,p;)}1-,
be a family of partial metric spaces (chosen arbitrarily) and U = [[;_, U;. Let us
assume that the partial metric spaces (U;,p;), i = 1,..n are complete. Then the
partial metric space (U, Py) is complete, where Py is partial metric aggregation

induced through ® by aggregation of family of partial metric spaces {(Uy, p;) Y.

Theorem 1.4.14 [9] Let {(U;, p;) }, be a family of arbitrarily chosen partial met-
ric spaces with complete metrics p;; i = 1,..,n and U = [[;_, U;. Let ® be a
homogeneous partial metric aggregation function such that ®(1,...,1) = ®(1;) =
1, +=1,....,n and ® is a projective ®-contraction.

Then ® has a unique fixed point u*.

Following the work of Massanet and Valero [102], some authors have worked on
aggregation till now from different perspectives in order to generalize Banach’s
results (see [101], [105]).

1.4.3 (&, a)-expansive mappings

Shahi et al. [147] introduced (€, a)-expansive mappings in 2012 and investigated
some fixed point results for this class in attempt to extend the work of Samet et
al. [140]. Following are the definitions and results presented by Shahi et al. [147]:

Definition 1.4.15 [147] Let x be the family of nondecreasing functions & : [0, +00) —
[0, +00) such that . 727¢"(a) < +oo for every a > 0, where £ is n'" iterate of &
and £(u +v) = E(u) + &(u) for all u,v € [0,+00). Also, for all a > 0,&(a) < a.

Definition 1.4.16 [147] If (U,d) be a metric space and ® : U — U is a given
mapping. Then D is called an (€, o)-expansive mapping if there exists two functions
cexand a:U xU — [0,+00) such that

£(d(Du,Dv)) > a(u,v) d(u,v) for all u,v e U.

Theorem 1.4.17 [147] Let (U,d) be a complete metric space and ® : U — U be
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a bijective, (&, a)-expansive mapping satisfying the following conditions:

(i) D' is a— admissible;
(i1) there ewists ug € U such that o(ug,® ‘ug) > 1;

(13i) D is continuous.

Then ® possesses a fized point.

Then, Shahi et al. [147] proved another result by removing the continuity condition

in above theorem:

Theorem 1.4.18 [147] Let (U, (f) be a complete metric space and ® : U — U be

a bijective, (&, «)-expansive mapping satisfying the following conditions:

(i) D' is a— admissible;
(i3) there ewists ug € U such that o(ug,® ug) > 1;
(zit) If {un} is a sequence in U such that a(uy,uy1) > 1 for every n €N

and limu, =u, then (D ‘u,, ® 'u)>1 for all n.
Then ® possesses a fized point.
To ensure the uniqueness, Shahi et al. [147] considered an additional hypothesis.

(Hy): If there exists w € U such that for all u,v € U,

alu,w) >1 and a(v,w) > 1.

The next result shows the existence of coupled fixed points in complete metric
spaces due to Bhaskar and Lakshmikantham [24] and Shahi et al. [147]:

Theorem 1.4.19 [147] Let (U,d) be a complete metric space and ® : Ux U — U
be a bijective mapping. Assume that there exists ¢ € x and a function o : U> x U? —
[0, +00) such that

A~

E(d(D(1,m), D(u,v))) =

~

a((l,m), (u,v))[d(l,u) + d(m,v)]

N | —

for all (I,m), (u,v) € U x U. Also,
(i) For every pair (I,m), (u,v) € U x U, we have

a((l,m), (u,v)) > 1= a(®@ 1,2 ) > 1,
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(17) there exists (ug,v9) € U x U such that

a((ug, vo), (a, b)) 1; (a,b) < (ug,v0) and

a((b,a),(vo,u())) B (UOvuO)S(b>a>

v

where D ug = (a,b) and D vy = (b, a);
(i13) D is continuous.

Then ® possesses a coupled fized point.

The next result shows that Theorem 1.4.19 holds true even if the condition of con-
tinuity of the mapping ® is removed. To prove this result, the continuity condition

was replaced by a new hypotheses.

Theorem 1.4.20 [147] Let (U,d) be a complete metric space and® : U x U — U
be a bijective mapping. Assume that there exists € € x and a function o : U xU? —
[0, +00) such that

Ed@(1,m), D(u,v))) = 5 al(l;m), (u,0)[d(l,w) + d(m, v)]

N | —

for all (I,m), (u,v) € U x U. Also,
(1) For every pair (I,m), (u,v) € U x U, we have

a((l,m), (u,v)) > 1= a(®@ 1,2 ') > 1,
(1) there ezists (ug,vo) € U x U such that

a((ug, vo), (a, b)) 1; (a,b) < (ug,v9) and
a((b,a), (vo,ug)) > 1; (vg,ug) < (b, a)

AV,

where D ug = (a,b) and D vy = (b, a);

(2ii) if {un} and {v,} are two sequences in U such that
a((tn, Un)s (Unt1, Vnt1)) = 1 and a(Vns1, tngr)s (Vn, un)) > 1,
U, > u €U andv, v €U as n — +o0, then,
(D tn, vp), D Hu,v)) > 1 and a(D (v, u), D  (vn, un)) > 1 for all n € N.

Then © possesses a coupled fixed point.
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From past few years, there exists considerable research in this direction. Various au-
thors have proved fixed points theorems using more generalized expansive conditions

and using various abstract spaces for this class of mappings (see [10], [83], [89], [95]).

1.4.4 Objectives of the study

The objectives of the presented study are as follows:

(i) To study the existence and uniqueness of fixed points/functions in various
abstract spaces such as Quasi partial metric, Partially ordered metric, Hausdorff
metric, b-metric-like etc. and for various types of generalized contractions along

with their applications.

(ii) To study the fixed point/function results for various types of contraction or

expansion mappings with applications.

(iii) To study the coupled, common coupled and coupled coincidence fixed
point /function theorems using various mappings in various abstract spaces such
as b-metric like spaces, Partially ordered metric spaces, Partially ordered b-metric

like spaces etc. along with their applications.

In view of aforementioned objectives, some results have been derived in var-
ious abstract spaces such as Quasi partial metric spaces, Partially ordered met-
ric spaces, Hausdorff metric spaces, b-metric-like spaces with suitable applications.
Some results are obtained for various types of contraction/expansion mappings such
as - -multivalued contractive mappings, W-projective expansion through met-
ric aggregation functions, ®-contraction for complete metric spaces, B-expansion
along with interesting applications. Also, there are some coupled, common cou-
pled and coupled coincidence fixed point results for a sequence of mappings and for

generalized set-valued mappings.

1.4.5 Thesis Organization

The presented work consists of seven chapters. Each chapter has been divided in

various sections. The numeric expressions like 3.5.2 indicates Theorem (Lemma/
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Corollary/Proposition/Definition/Remark) 2 of Section 5 of Chapter 3. The condi-
tions, hypotheses or properties of these Chapters are denoted by (i), (ii),(iii),... . As
a standard notation, the numerals written in square brackets refer to the references

from bibliography. A brief review of the research presented in this thesis is as follows:

In Chapter 2, Some fixed point results in Hausdorff metric spaces using oy~
multivalued contractive type mappings are investigated. Various theorems regard-
ing this class of contractive pair of mappings have been studied in this chapter. The
results presented in this chapter extend some well-known relevant results (such as
Kikkawa [91], Nadler [111], Samet et al. [140]) existing in literature. Some illustra-
tive examples are provided to demonstrate the usefulness of main results. A result
in homotopy theory is presented as an application of these results. In attempt to
give extension to the results of Shahi et al. [147], some fixed point results in partially
ordered metric spaces for (£, a)-expansive mappings are studied. Along with these
results, an application to periodic boundary value problem is presented to show the

usefulness of our main results.

Chapter 3 deals with some interesting fixed results in Quasi partial metric
spaces. In this chapter, a new approach in the field of aggregation theory and metric
aggregation is introduced. Firstly, the notion of expansion between quasi partial
metric spaces through distance aggregation perspective along with suitable aggre-
gation properties is defined. After that, with the help of aggregation functions,
the concept of projective W-expansion has been introduced and several fixed point
results in Quasi partial metric spaces are obtained through this notion. Further-
more, sufficient conditions are also provided to characterize aggregation operator to
ensure the existence and uniqueness of fixed point. The results derived in this chap-
ter generalize the results presented by Borsik and Dobos [26], Martin et al. [101],
Massanet and Valero [102], Mayor and Valero [105]. Some comparative examples
are also given to check the efficacy of obtained results. Moreover, an application

to asymptotic complexity analysis has also been presented in the end of this chapter.

In Chapter 4, the concept of contraction has been extended by defining a new
notion of D-Contraction on a family § of bounded functions. Also, a new concept
of fixed function for a metric space is introduced in this chapter. Various fixed
function theorems have been obtained by using different forms of ®-Contraction

along with demonstrative examples. In order to support the applicability of these
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results, an application to intensity modulated radiation therapy (IMRT) has also
been presented following the FMO (Fluency map optimization) due to Shepard et
al. [148] and Tian et al. [151]. This application is based on the treatment plan for
tumor patients getting IMRT. The fixed function obtained in this way represents

the suitable doses for a number of tumor patients at the same time.

Chapter 5 deals with the generalization of the results of Wang et al. [153] and
Jungck [78] by introducing a new notion of B-expansion defined on a collection §
of bounded functions. Some fixed function theorems are investigated by using var-
ious kinds of generalized expansive conditions. In addition to these results, some
common fixed function theorems have also been derived for weakly compatible map-
pings. Moreover, an application based on suitable plan of intensity values for the

patients under Tomotherapy is also given in the end of the chapter.

In Chapter 6, a new notion of F-generalized multivalued contractive type
mappings is introduced through C-class due to Ansari [13]. Using this class, some
common fixed point theorems for weakly isotone increasing mappings in ordered par-
tial metric spaces are investigated. The results presented in this chapter generalize
various relevant results from the current literature e.g. Ansari [13], Nashine [113],

Nazari et al. [114], Wang et al. [153] and references therein.

Chapter 7 is devoted to some common coupled and coincidence fixed point
results for various abstract spaces. There exists vast literature showing the exis-
tence of fixed points using expansive mappings. But the existence of common and
coincidence fixed points for a sequence of functions using expansive mappings is still
not explored much. In this chapter, some results for a sequence of mappings with
generalized expansive conditions in quasi partial metric spaces have been investi-
gated. To demonstrate the usability of presented results, some useful deductions
along with an example are also provided.

After that, some common coupled fixed point theorems are investigated in b-metric-
like spaces which generalize the results of Bhaskar and Lakshmikantham [24], Al-
ghamdi et al. [8].

The thesis is concluded by listing the Bibliography with various publications which

are cited in this research work.
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Chapter 2

Fixed Point Theorems for Various Abstract

Spaces

2.1 Introduction

Metric fixed point theory has played a keyrole in the development of nonlinear
functional analysis. It has a wide variety of applications in numerous field such
as computer science (see [103], [136], [144]) and economics (see [25], [119]) etc.
However, the credit of placing the above idea into an abstract framework suitable
for broad applications goes to Polish Mathematician Banach [20]. In 1922, he
established a fixed point theorem which has been affirmed the base for the rest
of fixed point theory. According to this principle: “Fach contraction defined on a
complete metric space U possesses a unique fized point”.

In 2013, Rahimi et al. [125] presented a study on various types of abstract spaces
and investigated the relationships among them. In 1914, German mathematician
Hausdorff [66] defined a new distance notion denoted by H(U,V) and is known as

Hausdorff metric where
H(U, V) = maz{p(U,V), p(V,U)} for U,V € Py(U),

P (U): Collection of all non-empty closed and bounded subsets of U and

p(U,V) : sup{d(u,V) : w e U}, d(u,V) = inf{d(u,v):v eV}

The first fixed point theorem in this context was given by Markin [100] in 1968.
After that, this research list continued with the results of Nadler [111] and Covits
and Nadler [45] in the subsequent years. These results were essentially based on

Hausdorfl metric for their contraction conditions.

Contents of this chapter are published in Mathematics, 7(1), 2019, 68.
(SCIE)
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The result presented by Nadler [111] is as follows:

Theorem 2.1.1 [111] Let (U,d) be a complete metric space and D : U — P4 (U)

be a multivalued mapping satisfying
H(Du, Dv) < 1 d(u,v),

for all u,v € W and for some | € [0,1). Then D possesses a fized point.

Inspired by this result, various fixed point theorems concerning multivalued contrac-
tions appeared in the last few decades. For instance, in 1983, Reich [127] formulated

the following problem in Hausdorff metric spaces:

Theorem 2.1.2 [127] Let (U, d) be a complete metric space and D : U — P4 (U)

be a multivalued mapping satisfying
H(Du, Dv) < 1 afd(u,v))d(u,v)
for all u,v € U, where o : (0,00) — [0,1) fulfills

limsup a(s) < 1

s—tt

for allt € (0,00) and | € [0,1). Then D possesses a fixed point.

After that, in 2008, Kikkawa and Suzuki [91] presented the following version of
Nadler’s result by introducing a strictly decreasing function to modify the contrac-

tive condition in Hausdorff metric spaces:

Theorem 2.1.3 [91] Let (U,d) be a complete metric space and D : U — P (W)

be a multivalued mapping satisfying
n(r) d(u, Du) < d(u,v) = H(Du, Dv) < r d(u,v),

for allu,v € U and for some r € [0,1) where n : [0,1) — (3, 1] is a mapping defined

by n(r) = (1i )

Then D possesses a fixed point.

Till now, several authors generalized these results and presented different kinds of
extended versions of Hausdorff metric spaces (see [15], [60], [155]). In a survey
paper, Berinde and Pacurar [23] highlighted the role of Pompeiu-Hausdorff metric

in fixed point theory in numerous fields.
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On the other hand, Turinici [152] introduced the concept of ordering to prove the
existence of fixed points for ordered metrizable uniform spaces. Later on, Ran
and Reurings [126] presented some applications of Turinici’s results for partially
ordered metric spaces to solve matrix equations. A partial order on a non-empty
set U is a binary relation such that U is reflexive, antisymmetric and transitive. A
set along with a partial order defined on it, is called a partially ordered set. Ran and
Reurings [126] proved the following partial ordered version of of Banach contraction

principle:

Theorem 2.1.4 [126] Let U be a non-empty set equipped with a partial order
such that each pair u,v € W has a lower or upper bound. Let (u,cZ) be a metric
space where disa complete metric defined on U. Let D : U — WU be a continuous

monotone self mapping. Assume that

1. there exists a € (0,1) such that d(u, Dv) < a d(u,v) for every u,v € U and

U= v
2. there exists ug € U such that Dug = uyg.

Then D possesses a unique fized point u* € U and for every w € U, the iterative

sequence {D"(w)} (where n € N) of D starting from w converges to u* € U.

Recently, Shahi et al. [147] presented the notion of (£, a)-expansive mappings in
complete metric spaces and investigated the existence of a fixed points for this class
by following the idea of expansive mappings presented by Wang et al. in [153]. The
result of Wang et al. [153] is as follows:

Theorem 2.1.5 [153] Let (U, OZ) be a complete metric space. If D : U — U be an

onto mapping and there exists a constant ¢ > 1 such that
ci(@u, Do) > ¢ (i(u, v) for every u,v € U.

Then D has a unique fized point in U.

In this chapter, a new class of contractive pair of mappings called oy~ -multivalued
contractive type mappings in Hausdorff metric spaces is introduced. Various fixed
point theorems regarding this class of contractive pair of mappings have been stud-
ied in this chapter. The results presented in this chapter extend and generalize
various well-known relevant results (such as Kikkawa [91], Nadler [111], Samet et
al. [142]) existing in literature. A result in homotopy theory is presented as an
application of these results. In attempt to extend the results of Shahi et al. [147],

some fixed point results for (&, «)-expansive mappings in partially ordered metric
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spaces are studied. Also, some coupled fixed point theorems have also been derived
for this class by following the idea of Bhaskar and Lakshmikantham [24]. Along
with these results, an application to periodic boundary value problem is also pre-

sented to illustrate the usefulness of our main results.

The contents of this chapter are divided into different sections. Section 2.2 deals
with some preliminaries related to this chapter. In section 2.3, various fixed point
theorems have been proved for (au-ty)-multivalued contractive type mappings in
Hausdorff metric spaces along with an application to homotopy theory. Section
2.4 is concerned with the generalization of (£, a)-expansive mappings in partially

ordered metric spaces with an application to periodic boundary value problem.

2.2 Preliminaries

This section presents some elementary definitions, notations and results that are

to be used in later sections along with some new terminologies.

Pompeiu [124] defined the distance notion between two closed sets as follows:

Definition 2.2.1 [12/] If U and V are two closed and bounded sets, then the
distance between the point u € U and the set 'V is defined as

d(u, V) = min{d(u,v) : veV},

where d(u,v) is the (BEuclidean) distance between the points u and v.
Using the above notion, Hausdorff [66] defined Hausdorff distance as below:

Definition 2.2.2 [66/ If U and V are two closed and bounded sets, then the

hausdorff distance between these two sets is defined as
H(U, V) = maz{p(U, V), p(V,U)} where
p(U,V) = sup{d(u,V) : w € U}, d(u,V) = inf{d(u,v):ve V}.

The results and definitions given by Samet et al. [142] are given below:

Definition 2.2.3 [142] Let ¥ be the family of functions ¢ : [0,00) — [0, 00)
satisfying the following properties:
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(i) Yo% 9n(s) < 400 for every s > 0, where Y™ is n'" iterate of V;

(17) 1 is nondecreasing.

Lemma 2.2.4 [142] If ¢ : [0,00) — [0,00) is a nondecreasing function, then
Y(s) < s for all s > 0.

Lemma 2.2.5 [142] If € U, then the function ¢ is continuous at 0.

Definition 2.2.6 [142] If (U, CZ) is a metric space and D is a self mapping defined
on WU, then D : U — U is called an (a-y))-contractive mapping if there exists 1 € W
and o : U x U — [0, 00) such that

a(u,v) d(Du, Dv) < Y(d(u,v)) for all u,veU.

Definition 2.2.7 [142] Let D:U — U and o : U x U — [0,00). Then the

mapping D is said to be a-admissible if
a(u,v) > 1= a(Du,Dv) > 1.

Theorem 2.2.8 [1/2] Let (U, d) be a complete metric space and D : U — U be

an (o — 1 )-contractive mapping satisfying the following conditions:
(1) Dis a— admissible;

(17) there exists ug € W such that a(ug, Dug) > 1;

(1ii) D is continuous.

Then D has a fixed point in U.

Other related results due to Samet et al. [142] have already been presented in chap-
ter 1.
Now, the new notion of (-1 )-multivalued contractive type mappings in the

framework of Hausdorff metric spaces is presented.

Definition 2.2.9 Let U, be the family of nondecreasing functions i : [0, +00) —
[0, +00) such that

+oo
(7) Zn U (s) < +oo for every s >0, where W is n'" iterate of i
n=1

) w;(s) < s for all s > 0;
(130)  Une(S) + e (t) = Une(s + t) for all s, t € [0,400).
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Definition 2.2.10 Let (U, CZ) be a metric space and D be a self mapping defined
on U, then D : U — WU is called an (cuc-iy )-contractive mapping if there exists
Uy € Wye and oy : U X U — [0,00) such that

e (u,v) H(Du, Dv) < ¢ (d(u,v)) for all u,ve . (2.2.1)
Definition 2.2.11 The mapping D is called osc-admissible if
(U, v) > 1 = ay(s,t) > 1 forevery s € Duandt € Dv for s € Du and t € Dv.

Remark 2.2.12 If D is a contraction mapping defined on U, then D : U — U
is called an (ouc- )-contractive mapping where oy (u,v) = 1 for all u,v € U and
Uy (s) = ks for all s > 0 and some k € [0,1).

Recently, Shahi et al. [147] introduced the notion of (£, «)-expansive mappings in

complete metric spaces by following the idea of Samet et al. [142] as follows:

Definition 2.2.13 [147] Let x be the family of nondecreasing functions & : [0, +00) —
[0, 4+00) satisfying the following properties:

+o0o

(1) Zf"(s) < 400 for every s > 0, where £" is n'™ iterate of &;
n=1

(1) &(s+t)=E&(s)+&(t) for all s,t € [0,400);

(113) &(s) < s for all s > 0.

Definition 2.2.14 [147] Let (u,cZ) be a metric space and D : U — U be a given
mapping. Then D is called an (£, a)-expansive mapping if there exists two functions
exand a:UxU— [0,+00) such that

£(d(Du, Dv)) > a(u,v) d(u,v);

and a-admissible if a(u,v) > 1 = a(Du, Dv) > 1 for all u,v € U.

Definition 2.2.15 [147] Let (U, <) be a partially ordered space equipped with a
complete metric d and D : U — W be a given mapping. D is said to be an (&, a)-
expansive mapping if there exist two functions o : U x U — [0, 00) and £ € x such
that with u > v,

£(d(Du, Dv)) > a(u,v) d(u,v) for all u,ve lU. (2.2.2)
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2.3 Fixed point theorems in Hausdorff metric spaces

2.3.1 Main Results

Theorem 2.3.1 Let (U,d) be a complete metric space and D : U — Py (W) be a
multivalued (cyc-1y )-contractive mapping such that

(1) D is ay — admissible;
(17) there exists ug € U such that oy (ug,s) >1 for every s € Duy;
(tit) if {un} is a sequence in W such that o (up,upi1) >1 for all n

and {u,} - ue€WUasn— o0, then ay(uy,u)>1 VvV neN.

Then D has a fixed point.

Proof Let up € U. Let uy € Duy with ug # uy. Then, by assumption (i),
ayc(ug,u1) > 1. Let us suppose that there exists uy € Duy such that

d(ur, uz) < H(Dug, Dur) + Uy (d(ug, ur)).
Similarly, there exists ug € Duy such that

CZ(UQ,Ug) S J‘C(@Ul, @Ug) + Q/Jf((Ci(UO,’lh))

Following the same pattern, we get a sequence {u,} in U such that there exists

Upt1 € Du,, and
AU, Uny1) < H(Duy_1, Duy) + 7 (d(ug, wr)).
Since D is ay-admissible, therefore
aye(ug, ur) > 1= age(ug, ug) > 1.
By mathematical induction, we obtain

e (Up, Upi1) > 1 V neN. (2.3.1)

Now, using (2.2.1) and (2.3.1)
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A(tns Uny1) < H(Dtin_1, D) + 7 (d(ug, ur))

(1, Un ) H (Dt 1, D) + 7 (d(uo, uy))

e (d (- 17Un))+%( I(ug, uy))

(A (-1, 1)) + ¥ (d(ug, us))]

[ (d(ttn—2, 1))+¢;}‘1(d(u0,u1))+¢;§‘1(d(u0,u1))]
[ (d(ttn—2, 1)) + 2052 (d (w0, w1 ))]

(A(tn2,1n1)) + 245 (d(uo, 1))

INIA

A
&é@??@g

< ¢%( (uO’ul)) +n¢%( (u()?ul))
= (n+ D¢ (d(ug, w)).

"Let € > 0 be given. Then there exists ng € N such that

> (n+ 1) (d(uo, ur)) < .

n>ng

For m,n € N with m > n > ng, we have

A(tp, u) < . d(up, g1
< 3 (k+ Vg, wr))
< Sk + 1) (d(ug, )
< 3 (b + 1)k (o, w))
e

Thus, {u,} is a Cauchy sequence in U. But (U,CZ) is a complete metric space.
Therefore, there exists v € U such that u,, — u as n — oo.

Now it is shown that u is a fixed point of D.
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Thus, cZ(u, Du) = 0. As Du is closed, therefore, u € Du.

Example 2.3.1 Let U = R equipped with standard metric d and multivalued metric
H. Let the mapping D : U — Pup(U) be defined by

{2u—2,3},  if u>1,

Du = %7%7 szSU'S]-)
{0}, if u<O.

Now, H(D1,D2) = &L > 1=d(1,2).
Therefore, Theorem 2.1.1 is not applicable.
Define aye : U x U — [0, 00) by

1, if wvelo1]

0, otherwise.

Let iy (t) =% V t>0.

Then, it can be easily checked that
e (u,v) H(Du, Dv) < wg{(ci(u,v))

Thus, D is an (cuc-iy )-contractive mapping.
Let ug = 1, then Dug = {%,1}. Therefore, ay(ug,s) > 1 for every s € Dugy. Let

274
u,v € U be such that ay (u,v) > 1, then, u,v € [0,1] and therefore, Du = {3, §},
Dv = {3, %5} which implies ay(s,t) > 1 for every s € Du, t € Dv. Thus, D is

oy -admissible.

Let {u,} be a sequence in W such that aye(uy, tps1) >1 V¥V n €N and u,, — u € U.
Then, u,, € [0,1] by definition of ay.. Therefore, u € [0,1] and hence cye(up,u) > 1.
Thus, all the hypotheses of Theorem 2.3.1 are satisfied. Therefore, D has a fived
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point namely 0.

Theorem 2.3.2 Let (U,d) be a complete metric space and D : U — Pey(U) be a

multivalued mapping such that

(i) there exists a continuous function i € Wy and oy : U x U — [0, +00)
such that for all u,v €U,
d(u, Du) — e (d(u,v)) < d(u,v) = as(u, v)H(Du, Dv) < e (d(u,v));

(17) D is e — admissible;

(1ii) there exists ug € W such that oy (ug,s) > 1 for every s & Duy;

() if {u,} is a sequence in WU such that oy (un,u,s1) >1 for all n
and {u,} — z, then as(up,u)>1 Yu € {ux: ke N}U{z}.

Then D has a fixed point.

Proof Let up € U. Let uy € Duy with ug # wy. Then, by assumption (i),

OAJ-((U/O)ul) Z 1.
Now,
d(ug, Dug) — U (d(ug, uy)) < d(ug, Dug) < d(ug, uy).

By assumption (i), we get

A

%{(umul) J{(Duo,ﬂul) < %c(d(uo,ul))-

This implies

~ A

d(uy, Duy) < aye(ug, ur) H(Dug, Duy) < ye(d(ug, uq)).

Let uy € Duy be such that

A A A

d(uy, ug) < Yse(d(ug, ur)) + e (d(uo, ur)).
Again, we have
d(ur, Duy) — e (d(ur, uz)) < d(uy, Dur) < d(uy, us).

By assumption, we have

~

c(ur, uz) H(Dug, Dug) < ye(d(ur, ug));
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which implies
d(uz, Dus) < oye(ur, us) H(Duy, Dus) < tue(d(ur, us)).
Let uz € Duy be such that
d(ug,ug) < y(d (ul,ug)) +2(d (u07u1))

Thus, we get a sequence u, 1 € Du,, such that

Aty 1) < (A1, 1)) + ¥5t(d(ug, uy))
< Ue[(d(tn—1, ) + 2 (d(ug, us))]
< e[ (d(ttna, 1)) + U (d(uo, w)) + ¢ (d(ug, us))]
= Upe(d(tn—2, tn1)) + 2053 (d(uo, u1))

< d)&c( <u07u1>> +nwﬁc< (u(]?ul))
( )1/)%( (u07u1))

Let € > 0 be given. Then there exists ng € N such that

> (n+ 1) (d(u, m)) < e.

n>ng

For m,n € N with m > n > ng, we have

3

d(una um) S Cz(uk:a uk‘-‘,—l)

B
Il
S

3
L

IA

(k + 1) (d(uo, ur))

(VAN (AN
1707
A k‘
_l_
=
\_/ ‘@
F =
= E\
S
s £
- ~—
5 ~—

Thus, {u,} is a Cauchy sequence in U. But (u,d) is a complete metric space.
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Therefore, there exists z € U such that u,, — z as n — oc.

Next, it is shown that d(z, Du) < ¢ (d(z,u)) YV u € {u, : k € N} — {z}.
Since u, — z, there exists ng € N such that cf(z,un) < %(i(z,u) for all n > ny.
Then,

d(tp, Duy) — e (d(u, uy)) < d(tyn, Duy,)
S Cz(un; un+1>
< d(una Z) + CZ(Z, un—H)

Therefore, by assumption,

(U, 1) H(Dun, Du) < e (d(un, u))
= H(Duy, Du) < Y(d(uy, u))
= d(upi1, Du) < U(d(un,w)) for n > no.

Letting n — oo,

~

d(z, Du) < b (d(z, u)).
Next, it is proved that

~

aye(u, 2) H(Du, Dz) < y(d(z,u)) V ue€{u: ke N}

If u = z, then it is obvious. So, let u # z. Then for every n € N, 3 v, € Du such
that |
d(z,v,) < d(z, Du) + —d(u, z).
n

Now,

~

d(u, Du)

IA

cZ(u, Up)
(u, z) + CZ(Z, Up)

(AN
S9N

~

(u,z) +d(z, Du) + lci(u, z)

n

< d(u, 2) + e (d(z,u)) + %CZ(U, 2).

IN
S9N

40



By taking n — oo, we get

d(ua Du) - w%(ﬁ(za u)) < Ci(ua Z)'
Thus, by assumption, o (u,z) H(Du,Dz) < U (d(z,u)) Y u € {u, : k € N}.
Finally,

d(z,Dz) = limd(upi1, D2)

n—oo

< lim sup H(Du,,Dz)
n—oo

< lim sup —¢%(d(un’ 2)
nooo  Ou(Up, 2)

=0.

and Dz is closed, therefore, z € Dz.

Example 2.3.2 Let U = {a,b,c,d,e}. Define d:UxU—R as follows:

d(a,b) = d(a,c) = 3.5, d(a,d) = d(a,c) =8, d(b,c) =7, d(b,d) = d(b,e) =
d(c,d) = d(c,e) = 4.5, d(d,e) =2 and d(u,u) =0, d(u,v) = d(v,u) Yu,v e U.
Then (U, d) is a complete metric space. Define D : U — Poy(U) as follows:

D(a) = D(b) = D(c) = {a}, D(d) = {a,b}, Dle) = {c}.

Define il : [0,00) = [0,00) as s (t) = 3t and oy : U x U — [0,00) as

0, if (u=e and v#d) or (u#d and v=e),
o (w,v) =9 2, if (u=e and v=d) or (u=d and v=e),

1, 1f otherwise.

Now three cases arise:
Case I: If u,v € {a,b, c}, then H(Du, Dv) = 0. Therefore,

e (u, v) H(Du, Dv) < e (d(u, v)).
Case II: If u € {a,b,c}, v € {d,e}, then H(Du,Dv) = 3.5. Therefore,
e (u, v) H(Du, Do) < e (d(u, v)).

Case III: Ifu=d, v=-eoru=e, v=d then H(Du, Dv) = 7 and d(u, Du) = 4.5.
But in this case, op(u,v) H(Du,Dv) = 3 x 7T & & = U(d(u,v)). Also, in this case,
d(u, Du) — e (d(u,v)) = 4.5 — 8=29¢2= d(u,v). Thus, combining all cases,
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we have

~

d(u, Du) =1l (d(u,v)) < d(u,v) = ou(u,v) H(Du, Dv) < Uy (d(u,v)) Vu,v e U

Also, aye(u,v) > 1 = wu,v € {a,b,c,d}, therefore, for every u € Du and v € Do,
we have oy (u,v) > 1. Thus, D is ay-admissible. Now, take ug € {a,b,c,d}, then,
we have, o, (ug, s) > 1 for every s € Dugy. Also, if {u,} is a sequence in U such that
(U, Uny1) > 1 for all n and u, — z, then ay(u,,u) > 1 for all u € {u,} U{z}.
Hence, all the conditions of Theorem 2.3.2 are satisfied. Therefore, D has a fixed

point. In this example, a is a fixed point.

Theorem 2.3.3 Let (U, d) be a complete metric space and D : U — Pey(U) be a
multivalued (cyc-1y )-contractive mapping such that

(1) there exists a continuous function ¥y € ¥y and oy : U XU — [0, 4+00)
such that for all u,v e U,
d(u, Du) — e (d(u,v)) < d(u,v) = aw(u,v) H(Du, Dv) < (M (u,v))
where M (u,v) = maz{d(u, Dv), d(v, Du)};

(i) D is a — admissible;

(1i1) there exists ug € W such that au(ug,s) >1 for every s & Duy;

() if {un} is a sequence in WU such that oy (up,upe1) >1 for all n
and {u,} — z, then oy (up,u)>1 Yu € {ux: ke N}U{z}.

Then D has a fized point.

Proof Let up € U. Let uy € Duy with uy # wy. Then, by assumption (i),
ayc(ug,u1) > 1. Now,

d(uo, Dug) — Use(d(uo, ur)) < d(ug, Dug) < d(ug, wr).
By assumption (i), we have
(g, ur) H(Dug, Dur) < (M (uo, ur)).

This implies

d(uy, Duy) < aue(ug, 1) H(Dug, Dug) < (M (ug, ur)).
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Let uy € Duy be such that

~

d(ur, uz) < (M (uo, ur)) + v (M (uo, ur)).
Again, we have
d(uy, Duy) — U (d(uy, up)) < d(uy, Duy) < d(uq, us).
By assumption, we have
e (ug, ug) H(Duy, Dug) < thye(M(ug,uz)).
which implies
cf(uQ, Dug) < aye(uq, ug) H(Duy, Dug) < by (M (uy, usz)).
Let ug € Dusy be such that

d(ug, us) < (M (uy, us)) + 2 (M (ug, uy ).

Thus, we get a sequence u, 1 € Du,, such that

A~

AU, tuny1) < (M (Un-1,un)) + 9 (M (uo, ur))
< e [(M (tn—1, un)) + 95t (M (uo, ur))]
< U (M (Un—2, un—1)) + b~ (M (o, u1)) + gt~ (M (ug, uq))]
= (M (tn—2, tn_1)) + 205t (M (o, uy))
< (M (uo, ur)) + nabie (M (uo, uy))

= (n+ DYt(M (uo, ua)).

Let € > 0 be given. Then there exists ny € N such that

3" (n+ Dy (M (ug,w)) < e.

n>ng
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For m,n € N with m > n > ng, we have

3

UZ(un, U,

Ed

3

3

IN
o

3

IN

k>n

IN

k>ng

< €.

Thus, {u,} is a Cauchy sequence in U.

CZ(Uk, Uk+1)

(K + 1) (M (ug, ua))

D _(k

+ 1) (M (o, 1))

Sk + D (M (o, ur)

But (U,CZ) is a complete metric space.

Therefore, there exists z € U such that u, — z as n — oo.

Next, it is shown that d(z, Du) < iy (d(z,

w)) V u€{u:keN}—{z}.

Since u, — z, there exists ny € N such that d(z, u,) < %d(z,u) for all n > ny.

Then,

d(tn, Duy) — Ue(d(u, up)) < d(u,

Therefore, by assumption,

e (Up, u) FH(Duy, Du) < ahy(
H(Duy, Du) < oy

=

~

=

Now, M(u,,u) = maz{d(u,, Du),d(u, Du,)}.

finitely many n, then by (2.3.2),

d(un—i—lv Du) < @b%(d(u? Du,)) < ¢%(d(

d(tupi1, Du) < (M (up,u)) for n > ny.

Duy,)

M
M

(un, w))
(tUn, u))
(2.3.2)

A

If M(u,,u) = d(u,Du,) for in-

U, Upy1)) for infinitely many n.

44



Letting n — oo,

A

d(z, Du) < Uy(d(u, 2)).

~

If M(uy,u) = d(u,, Du) for infinitely many n, then by (2.3.2),

A~ ~

d(tupt1, Du) < ye(d(upn, Du)) for infinitely many n.

Letting n — oo,

~ ~

d(z, Du) < Yy (d(z, Du)). (2.3.3)
Suppose that J(z, Du) > 0, then

~ A

Uy (d(z, Du)) < d(z, Du);

which is contradictory to (2.3.3). Therefore, d(z, Du) = 0. Hence d(z, Du) <

w%(ci(u, 2)).
Further, it is proved that

e(u, 2) H(Du, Dz) < hy(M(z,u)) V u € {uy: k€ N}.

If u = 2z, then it is obvious. So, let u # z. Then for every n € N, 3 v,, € Du such
that .
d(z,v,) < d(z, Du) + —d(u, z).

n

Now,

d(u, Du) < d(u, v,)

By taking n — oo, we get

Thus, by assumption, oy (u,z) H(Du, Dz) < iy (M(z,u)) VY u € {ug: k € N}.
Finally, it has been shown that cz(z, Dz) = 0. Let us suppose the contrary to this
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statement i.e. d(z, Dz) > 0.

d(z,Dz) = lim d(upi1, Dz)

n—oo

< lim sup H(Du,,Dz)

n—oo

< lim sup LM (¥ 2))
n—00 CY{;{(’U/T“ Z)

= lim sup Uy (maz{d(u,, Dz),d(z, Duy,)})
n—o0o Q/{H(un’ Z)

< lim sup Usc(maz{d(un, Dz), d(z, up+1)})
n—00 O@f(um Z)

A U(d(z,Dz))
= d(2,Dz) < lim inf op(un, 2)

n—oo

~

d(z,Dz)
lim inf op(un, 2)

n—oo

which is not possible as lim infou(un,z) > 1. Thus, d(z, Dz) = 0. Since Dz is
n—oo
closed, therefore, z € Dz.

2.3.2 Consequences

Nadler’s fixed point theorem
Theorem 2.3.4 (Nadler [111]) Let (U,d) be a complete metric space and D -
U — Pyp(U) be a multivalued mapping satisfying

H(Du, Dv) < 1 d(u,v),

for allu,v € W and ! € [0,1). Then D possesses a fized point.

Proof Let a5 : U x U — [0,00) be the mapping defined by oy (u,v) = 1 for all
u,v € W and 9y : [0,400) — [0, +00) defined by ¢ (u) = lu where [ € [0,1). It is
easy to show that all the hypotheses of Theorem 2.3.1 are satisfied. Consequently,
D has a fixed point.

Suzuki- Kikkawa’s fixzed point theorem

Theorem 2.3.5 (Suzuki, Kikkawa [91]) Let (U, d) be a complete metric space and
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D:U— Pyp(U) be a multivalued mapping satisfying

n(r) cZ(u, Du) < ci(u,v) = H(Du,Dv) <r cZ(u,v),

for all u,v € W and r € [0,1) where n : [0,1) — (3,1] is a mapping defined by
n(r) = 1. Then D possesses a fived point.

Proof Let a5 : U x U — [0,00) be the mapping defined by ay (u,v) = 1 for all
u,v € U and ¢y : [0,400) — [0,400) defined by 9 (u) = ru where r € [0,1). Tt is
easy to show that all the hypotheses of Theorem 2.3.2 are satisfied. Consequently;,

D has a fixed point.

2.3.3 Application to Homotopy Theory

In this section, a result in homotopy theory in the context of fixed points is presented

through our functions used in Theorem 2.3.1.

Theorem 2.3.6 Let (u,d) be a complete metric space, M and N are open and
closed subsets of U respectively such that M C N. For a,b € R, let D : N x [a,b] —
Pa(U) be an operator which satisfies the conditions given below:

(i) v & D(v,t) for every v e N/M and t € [a,b];

(17) there exists ¥y € Wy and oy : U x U — [0, +00) such that

e(u,v) H(D(u,t), D(v,1)) < Yuc(d(u, v))

for each pair (u,v) € N x N and t € [a,b];
(i) there exists a continuous function s : [a,b] — R such that for every s,t € [a, b]

and u € N, we have
H(D(u, ), D(u, 1)) < ¢ue([s(s) — s()]);

(iv) if u* € D(u*,t), then D(u*,t) = {u*};
(v) there exists ug € W such that uy € D(ug,t);

(vi) the function & : [0,00) — [0,00) is continuous and strictly nondecreasing
defined by & (u) = u — Py (u).

If D(. ,t*) has a fized point in N for some t* € [a,b], then D(. ,t) has a fived point
in M for all t € [a,b]. Furthermore, for fized t € [a,b], this fized point is unique if
wﬂc(t) = %
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Proof Define a mapping oz : U x U — [0, +00) by

3  wue€D(u,t), veDw,t),
(U, v) =
0 otherwise

for t € [a,b]. Let ay(u,v) > 1 which implies that v € D(u,t) and v € D(v,t) Vit €
[a,b]. By assumption (iv), D(u,t) = {u} and D(v,t) = {v}. It follows that D is
oye-admissible.

By assumption (v), there exists uy € U such that uy € D(ug,t) for all t i.e.
ayc(ug, ug) > 1. Assume that ay(uy,, u,q1) > 1 for all n and u, — 2z as n — oo
for a sequence {u,} in U, then u, € D(u,,t) and w11 € D(upi1,t) for all n and
t € [a,b]. This implies that z € D(z,t) and thus ay(u,, z) > 1. Let

V={telab]|ue D(u,t) for ueM}.

As D(. ,t*) has a fixed point in N for some t* € [a,b], therefore, there exists
u € N such that u € D(u,t*) and by assumption (i), u € D(u,t*) for t* € [a, b] and
u € M. So, V is a non-empty set. Now, it is proved that V is open as well as closed
in [a,b]. Let ug € D(u, to) for ug € M and ty € V. The set M being open in (U, d)
implies the existence of r > 0 such that B j(ug,7) € M. Let € =7 — 4y (r) > 0.

As ¢ is continuous on ¢y € [a, b], there exists o > 0 such that |[¢(¢) — <(to)| < € for
all t € (tg — e, to + ).
Let t € (to — awe, to + cv) for u € B j(up,r) = {u e U | d(uo,u) < r} and u € D(u, 1),

we have
d(u,ug) = d(D(u,t), ug)
< :H:(D(U,t),‘D(Uo,to))+%(‘D(U,t0),‘D(UO,t0))
Since uy € D(ug,tp) and v € By(ug,r) € M C N with ¢, € [a,b], therefore,

ayc(u,up) > 1. So, by assumption (i) and (i77), we obtain

~

d(u, up)

AN
&
o
—~
=

|
N
=
2
_|_

u, Uo) f]{(@(u, to), @(Uo, to))
S(t) = s (t0)) + Ve (d(u, uo))

IN

A\

A
S F & F
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< =y (1) F ()

= r

Thus, for every fixed ¢t € (ty — ae,to + ac), D(. ,t) = Bi(ug,r) — Pep(B(uo, 7))
fulfills all the hypotheses of Theorem 2.3.1 and therefore, D(. ,¢) has a fixed point
in B ;(ug, ) C N. But, by assumption (i), this fixed point belongs to M. Therefore,
(to — ae, to + ) €V and thus V is open in [a, b].

Next, it is shown that the set V is closed. Let {t,} be a sequence in V with
t, — t' € [a,b] as n — oo. Now, it will be proved that ¢’ € V. By definition of V,
there exists u,, € M such that u,, € D(uy,,t,) for all n. For n,m € N (m > n),

cf(un, Upm)

A A
I 2
92 8
s £
i
st

< wﬂf(|§<tn)_g(tm)‘)+O@f(unvum)j{(9<umt ) D(tm; tm))
< ells(tn) = <(tm)) + el d(ttn, 1))
= d(un, tm) = e d(tn, um)) < el (t) = <(tm)])
= &ld(un, um)) < Wuclls(tn) = s(tm)])
< [(tn) = <(tm)]
= d(un,um) < &7 (5(tn) = <(tm)])-

Continuity of functions &', ¢ and convergence of the sequence {t,} implies that

lim CZ(un,um) = 0.
m,n—o00

i.e. {u,} is a Cauchy sequence in U and since (U, a?) is complete, therefore, there
exists u’ € N such that limu, = u'.

n—oo
Now,

A(tp, D', t)) < H(D(tn, tn), D(u, 1))
< H(D(un, tn), D(un, ') + H(D(un, t'), D(u', 1))
< te(ls(tn) = <()]) + auc(un, u)H(D(un, '), D(u', 1))
= d(up, D', 1)) < Pe(ls(tn) = <)) + tae(d(un, )

Taking limit n — oo, we get lim d(u,, D(u/,t')) = 0 and therefore, d(u/, D(u/, 1)) =
n—oo
limd(u,, D(u/,t')) = 0. This implies that v/ € D(u/,#') and by assumption (i),

n—

u' € M. So, t' € V and hence V is closed in [a, b].

49



Thus, V = [a,b] and D(. ,t) has a fixed point in M for all ¢ in [a, b].
For uniqueness of this fixed point, let us consider another fixed point v' € D(v', )
for fixed t € [a, b].

2
g\
@\
A

H(D(u',t), DV, 1))
age(u',0") H(D (W', 1), D', 1))

~

< Ye(d(u, ).

IN

If 45 (t) = & ¥V t >0, the uniqueness follows.

2.4 Fixed point theorems in Partially Ordered

metric spaces

2.4.1 Main Results

Theorem 2.4.1 Let (u,j,d) be a partially ordered metric space where d is a
complete metric. Let D : U — U be a bijective, (£, a)-expansive mapping satisfying

the following conditions:

(i) D' is nondecreasing;

(ii) D' is ordered o — admissible;

(iii) there ewists some ug € U such that oa(ug, D 'ug) > 1 where
D™ ug < ug;

(iv) D' is continuous.

Then D possesses a fized point in U.

Proof As D! is nondecreasing and D~ luy < ug, we obtain
U > ®_1UO 2 D_Q'LLO > .2 D_"uo; (241)
and by (i), D! is ordered a-admissible, therefore we have

alug, D ug) > 1 = (D tug, D %ug) > 1= ... = oD "uy, D=+ D) > 1.
(2.4.2)
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Now using (2.2.2) and (2.4.2), we get

d(ug, D ug) < alug, D ug) d(ug, D ug)
< E(d(Duo, up)).

Continuing in this manner, we get
&(Dinum ®7(n+1) ) é ( (Du07u0>)

Note that d(D "ug, D~"+Dug) — 0 as n — +oo. Next it is proved that the se-
quence {D "y} is a Cauchy sequence in U. For given € > 0, let us suppose that
there exists n. € N such that

Z £"(d Duo,uo ) <e.

n>ne
For n,m > 0 with m > n > n,, we have by using triangular inequality,
d(D Mg, D™ug) < d(D"ug, D Vug) + d(D g, DTOHDay0) 4 .

(D= g, D)
< 5”( 1(Dug, up)) + & (d(Dug, uo)) + ... + E™(d(Duo, ug))

= Zf Danuo

Z fn DUO,UQ ) < €.

n>ne

IN

By completeness of partially ordered metric space (U, =, cz), the sequence {D"ug}
is convergent being a Cauchy sequence. Let u € U be the limit of this sequence.
Let € > 0 be given. By continuity of the mapping D!, there exists § > 0 such that
(@, u) < & implies d(D~1i, D u) < $ for each @ € U. Assume that ¢ = min{g,d}
is given. Since {D "uy} is convergent to u, therefore there exists ng € N such that
for all n > ng(n € N), d(D"ug, u) < s.

Now, for n > ng(n € N), we obtain

d(D 'u,u) < d(D ', @ (Do) + d(D~ "Dy, )
€ €
- <. _.
< 5 +¢ =< 5 + 5 =6

which implies that d(D " u,u) = 0 i.e. D'y = wand Du = D(D~'u) = (DD H)u =
u. This completes the proof.
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Example 2.4.1 Let U = R" and < be the partial order defined on U. Let d be the
standard metric d(u,v) = |u — v| for all u,v € R. Define the mappings D : U — U
and o : U x U — [0, +00) by

2 u>0,
D(u) =
0 u<0;
and
1 u,v > 0,
alu,v) =

0 otherwise.

Note that (R”L,(j) is a complete metric space and the mapping D is nondecreasing
and continuous. Let {(s) = 5 for all s > 0. Clearly, D is an (, a)-expansive

mapping. For all u,v € RT with u > v, if a(u,v) > 1, then we get
d(Du, Dv) = |Du — Dov| = |2u® — 20?;
and
£(d(Du, Do) = &(|20% - 20%))
= [u? — v*| > a(u,v) d(u,v).
Also, D71 is ordered a-admissible. For this, let u,v € RY such that a(u,v) > 1

where u > v and by definition of D™, we have

Dy = Vu>0, D'v=yv>0
= oDy, D7) > 1.

Also, there exists ug € U such that a(ug, D~ ug) > 1. For ug = 1, we have
a1, D) =a(1,1) >1 and D 'ug=D "1 =1<1=u.

Thus, all the required conditions of Theorem 2.4.1 are fulfilled. Consequently, D
has a fized point. In this example, 0 is a fixed point of D.

The next theorem shows the existence of a fixed point for the mapping D where D
need not be necessarily continuous. The following hypothesis helps us to prove the
result:

(Hq): If {u,} is a nondecreasing sequence in U converging to v € U, then u, <U
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for all n € N.
(Hy): If {u,} is a sequence in U such that a(u,,u,+1) > 1 for every n € N and

lim, u,, = u, then a(D~tu,, D~tu) > 1 for all n.

Theorem 2.4.2 If the condition of continuity of D in Theorem 2.4.1 is replaced
by the conditions (Hy) and (Hs), then D has a fized point in U.

Proof Following the proof of Theorem 2.4.1, there exists u € U such that lim,, D~ tuy =
u. Next it is proved that u is a fixed point for D. For given € > 0, there exist ng € N

such that for n > ny, n € N, we have by convergence of sequence {D1ug},

~

d(D " ug, u) <

NN e

Then by hypothesis (H;), we obtain
ﬂinUO S u.
Now using (2.2.2) and triangular inequality, we have

A(D 'u,u) < d(D u, D Dyg) + d(D Dy, u)

= d(D'u, DD "ug) 4+ d(D " Vg, u)

IN

(D~ Dy D) d(DL D ug, D™ ) + d(D~ "Dy, )
E(d(D"ug, u)) + (D~ Dy, )

IN

< d(D "ug,u) + d(D™ " Vg, u)
€ €
< 5 + 5 = €.

This gives an end to our proof.

Example 2.4.2 Let U = R" and < be the partial order defined on U. Let d be the
standard metric d(u,v) = |u — v| for all u,v € R. Define the mappings D : U — U
and o : U x U — [0, +00) by
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and

0 u,v € [0,1),
O[(U, ?J) — [ 2)
1 otherwise.

Clearly, D=1 is nondecreasing and discontinuous mapping. Moreover, D is an (£, a)-
expansive mapping with &(s) = 5 for all s > 0. For all u,v € R with v > v, if
a(u,v) > 1, then we get

~

1 1
d(Du, Dv) = |2u — 5 —21}4—5' = 2lu —vl;

and

E(d(Du, Do) = &(2fu— )

= Ju—o|> a(u,v)d(u,v).

Also, D~ is ordered a-admissible. For this, let u,v € U such that a(u,v) > 1 where
uU>v = u> %, v > % and by definition of D=1, we have

Dy = >

N —
N =

> +

NS

1
27

N | —

= a(D 'y, D7) > 1.

Thus, D=1 is ordered a-admissible.

Also, there exists ug € U such that a(ug, D~ ug) > 1. For ug = 1, we have
a(l, D) =a(1,1) >1 and D lug=1<1=u.

Finally, let {u,} be a nondecreasing sequence in R such that a(uy,,u,+1) > 1 for
each n € N and lim, u, = u € U. Since a(u,,u,y1) > 1, by definition of «, we
have u, > 3 for each n and consequently u > 3 and a(D  u,, D u) > 1. As {u,}
1s nondecreasing, therefore, u, < u. Thus, all the required hypothesis of Theorem
2.4.2 are satisfied, so D has a fixed point. In this example, 0 and 1 are two fixed
points of D.

In the following result, an additional hypothesis is considered to ensure the unique-

ness of the fixed point.

Theorem 2.4.3 By adding the condition (H) to the hypotheses of Theorem 2.4.1
and 2.4.2, the uniqueness of the fized point of D is obtained.
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(H): If there ezists w € W such that for all u,v € U,
alu,w) > 1 and a(v,w) > 1 where u > w, v > w.

Proof Let us assume that u and v are two fixed points of D i.e. D(u) = u and
D(v) = v. By condition (H), there exists w € U such that

alu,w)>1 and o(v,w)>1 where u>w, v>w. (2.4.3)
Using (2.4.3) and ordered a-admissibility of D=1, we obtain
alu,D7'w) > 1 and a(v,D'w) >1 where v > D 'w, v>D 'w.
Therefore, by repeating this process, we have
afu, D™"w) > 1 and alv,D"w)>1 where u>D "w, v>D "w; (2.4.4)
for all n € N. Now using (2.2.2) and (2.4.4), we get

~

du, D7"w) = d(D 'u, DHD " Dy))

u, D"w) d(D " u, D"HD~ " D))
(u, (D~ Dw))

E(d(u, (D~ w)))

(VAN VAN VAN
AR

~

< §M(d(u, w));
for all n € N. Now lim, D™"w = u as n — oo. Using similar steps, we have

lim,, D™"w = v. The uniqueness of the limit of D™"w implies u = v 7.e. D has a

unique fixed point.

2.4.2 Application to Periodic Boundary Value Problem

Consider the periodic boundary value problem
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W(t) = h(t,u(t), tel=I0,T] (2.4.5)
u(0) = u(T), otherwise;

where h : I x R — R is a continuous function and 7" > 0.
A function u € C'(I,R) satisfying the above conditions is a solution to problem
(2.4.5). A lower solution of problem (2.4.5) is a function v € C*(I, R) such that

u(t) < h(t,u(t)), tel=][0,T]
u(0) < u(T), otherwise;

and upper solution for problem (2.4.5) satisfies the reversed conditions.
This application presents the existence of a unique solution for given problem using

(¢, a)-expansive mappings with suitable conditions.

Theorem 2.4.4 Consider the given periodic boundary value problem where h :

I xR — R s a continuous function satisfying the following conditions:

1. there exists A\ > 0 such that h(t,v) + Av — h(t,u) — Au > Xv — u) for all
u,v € R with v > u;

2. there erists a function ¢ : R x R — R such that (B~ w(t),w(t)) > 0 with
B~ lw(t) <w(t) for allt € I; ((u,v) > 0; u,v € R and w € C(L,R) is a lower
solution to problem (3.1) and B : C(I,R) — C(L,R) is a bijective mapping
defined as

B(u(t)) = 2/0 G(t,s)[h(s,u(s)) + Au(s)|ds = w(t);

fort eI, u,we C(LR) where B~ w(t) = u(t);
3. for allt € I and u,v € C(L,R); C(u(t),v(t)) > 0= (B u(t), B~ v(t)) > 0;
4. If u, » u e C(LR) and ((up, uns1) > 0, then ((u,,u) >0 for alln € N.

Then, existence of a lower solution of given problem ensures the existence of a

unique solution for the same.

Proof The given problem (2.4.5) can be rewritten as

' (t) + Au(t) = h(t,u(t)) + Au(t), tel=][0,T]
u(0) = u(T), otherwise;
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which is equivalent to the integral equation

u(t) = /o G(t, s)[h(s,u(s)) + Au(s)]ds;

AMT+s—t)

T T 0<s<t<T
where G(t,s) =
S, 0<t<s<T.

If u € C(LR) is a fixed point of B, then u € C'(I,R) is a solution of the given
problem. Let us assume that C'(I,R) = U. Let us define a partial order relation on
U as

u=veu(t) <uv(t), wwwel tel
Thus, U is a partially ordered set. Now define the metric d on U as

~

d(u,v) =sup |u(t) —ov(t)|, u,oe U, tel
tel

Note that (U, CZ) is a complete metric space. Consider a nondecreasing sequence
{u,} in C(I,R) converging to u € C'(I,R). Then, for all ¢t € I, we have

ur(t) < ue(t) <wug(t) < ... <wy(t) < ...

This implies that u,(t) < u(t) V t€ I, n € N. Thus, u, < u for all n € N. Also,
it can be easily verified that B is a nondecreasing mapping as G(t,s) > 0 for each
(t,s) € I x I and for u > v, we have, u(t) > v(t); wu,v € U.

Define the mappings { € x by £(u) = § for all u > 0 and

L Cu)ut) =0, tel
a(u,v) =
0, otherwise.

By condition 1 of Theorem 2.4.4 and definition of GG, we obtain for u >~ v,

E(d(B(u), B(v) = %J(B(u)vﬁ(v))
= o [B(u(t) ~ B(o(t)
T T
= 5:}:& 2/0 G(t,s)[h(s,u(s)) + Au(s)]ds — 2/0 G(t, s)[h(s,v(s)) + \v(s)]ds
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T
= sup / G(t,s)[h(s,u(s)) + Au(s) — h(s,v(s)) — Av(s)]ds
t,sel 0
T
> tszléol /0 G(t, s)[Mu(s) —v(s)]ds|.

Since G(t,s) > 0, A > 0 and u(s) > v(s), therefore the above inequality becomes

{(d(B(u),B(v))) > /o sup G(t,s). A sup |(u(s) —v(s)|ds

t,sel t,sel

T
= /sup G(t,s). A d(u,v)ds
0

t,sel

T
= MNd(u, ’U)/ sup G(t, s)ds
0

t,sel

) 1 1 1
- \d = AT Hs—t) |t = o A(s—t)| T
(u,v) B Al (Ae o+ 5™ l:

= Md(u,v) x % = d(u,v)
= E(d(B(u),B(v) = d(u,v).

By definition of «, we get

= £(d(B(u), B(v))) > a(u,v) d(u,v) for all u,v € U with u > v.

This implies that B is an (£, a)-expansive mapping. Now, by assumption 3 of

Theorem 2.4.4, for u > v, wu,v € U, we have

a(u,v) = 1= ((ut),v(t) 20 = (B u(t),B

fo(t)) >
= a(B tu, B v) > 1.

Therefore, B~! is ordered a-admissible. Let p be a lower solution of (2.4.5), then
by assumption 2,
C(B™p(t), p(t) > 0= a(B™'p, p)>1 and B~'p<p.
Also, if u,, — u € U for all n € N, we have
C(tnsUns1) 20 = ((tn,u) > 0.

This implies a(tp, upi1) > 1 = alu,,u) > 1.
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Thus all the required conditions for Theorem 2.4.2 are fulfilled. Consequently, B
has a fixed point and thus given problem (2.4.5) possesses a solution. The unique-

ness follows from (2.4.3).

Remark 2.4.5 Theorem 2.4.4 also hold true if the existence of the lower solution

to giwen problem is replaced by the upper solution.
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Chapter 3

Fixed Point Theorems for Quasi Partial

Metric Spaces through Aggregation

3.1 Introduction

A huge interest in the theory of aggregation is developing these days because it
has a wide variety of applications. In many fields, there are different sets of data
through different sources which are needed to be concluded. It can be easily done
using numerical aggregation. Borsik and Dobos [26] investigated the problem of
aggregation for a collection of metrics (which need not be finite) resulting in a
single one. They studied the properties of those functions that permit a collection

of metrics to merge and a single metric is obtained in return.

Definition 3.1.1 /26] A function ® : R3 — R, is a metric aggregation function
provided that the function de : U x U — R, is a metric for every pair of metric
spaces (Uy, ch) and (UQ,JQ), where U = U; x Uy and

A A ~

do((u,v), (z,w)) = ®(dy(u, 2), ds (v, w));

for all (u,v), (z,w) € U.
In [68], Herburt defined homogeneity as follows:

Definition 3.1.2 [68] A function ® : R? — Ry is said to be homogeneous if
P(au) = o ®(u) for each u € R} and o € R

In 1994, Matthews [104] introduced partial metric spaces with an application in

denotational semantics. Many authors worked on this notion afterwards e.g.

Contents of this chapter are accepted for publication in Journal of Applied
Analysis and Computation.(SCIE)
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Heckmann [67] defined weak partial metric following Matthews’ [104] notion and

Romaguera and Valero [136] introduced a quantitative computational model for par-
tial metric spaces with formal balls. Motivated by these generalizations presented
by above authors; Massanet and Valero [102] studied the aggregation problem in
the setting of partial metric spaces. Recently, Karapinar et al. [86] introduced quasi
partial metric spaces by removing the symmetric axiom from the definition of par-
tial metric spaces. All the related definitions and results are stated in preliminaries
section. On the other hand, Wang et al. [153] introduced the notion of expansive
mappings for a metric space which led to many useful results afterwards.
The main focus of this chapter is to present the notion of expansive mappings in
quasi partial metric spaces and the involvement of aggregation functions in such a
way that the previous results existing in literature can be retrieved as a particular
case of our new ones.

The chapter is organized as follows: Section 3.2 consists of some relevant prelimi-
naries. In section 3.3, some fixed point results in quasi partial metric via expansive
mappings are presented. In section 3.4, the notion of quasi partial metric aggre-
gation along with the properties and conditions required to characterize distance
aggregation operators is introduced. In section 3.5, the concept of Projective W-
expansion is introduced via these distance operators and some fixed point results are
obtained through it. Section 3.6 deals with an application to asymptotic complexity

analysis.

3.2 Preliminaries

Karapinar et al. [86] defined the quasi partial metric spaces as follows:

Definition 3.2.1 [86/ A mapping q : U x U — RY is said to be a quasi partial

metric if the following conditions hold:

(q1) if 0<q(u,u) =q(u,v) = q(v,v), then u=v;
(¢2) q(u,u) < q(u,v);

(¢3) q(u,u) < gq(v,u);

(¢4) gq(u,w) < q(u,v) + q(v,w) — q(v,v);
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for all u,v,w € U. Then the pair (U,q) is called a quasi partial metric space
(QPMS).

If g(v,u) = q(u,v) for each u,v € U, then (U, q) reduces to partial metric space
(PMS). Also, for a quasi-partial metric ¢ on U, the mapping ch U xU — Ry
defined by

~

dq(u7 U) = Q(ua U) + Q<U> 'LL) - Q(U’7 ’U,) - Q('U, U)7
is a (usual) metric on U.

Lemma 3.2.2 [86] Let (U,q) be a QPMS. Let (U,p,) be the corresponding par-
tial metric space and let (U, d,,) be the corresponding metric space. The following

statements are equivalent:
1. The sequence {u,} is Cauchy in (U, q) .
2. The sequence {u,} is Cauchy in (U, p,).
3. The sequence {u,} is Cauchy in (U, d,,).

Lemma 3.2.3 [86/ Let (U,q) be a QPMS. Let (U, p,) be the corresponding PMS
and let (U,dp,) be the corresponding metric space. The following statements are

equivalent:
1. (U, q) is complete.
2. (U, p,) is complete.

3. (U,dp,) is complete.

Moreover,
lim d, (u,u,) = 0& pglu,u)= lim py(u,u,) = Hm  pg(ts,, un)
n—oo n—oo n,m—0o0

< qu,u) = lim q(u,u,) = lim  q(up, wy)
n—oo n,m—oo

)

= lim q(up,u) = Hm  q(uy,u,).
n—00 m,n—00

Borsik and Dobos [26] defined the monotonicity and sub-additivity of ® as follows:

Definition 3.2.4 [26] A function ® : R} — R, is said to be monotone if u <
v = ®(u) < P(v) for all u,v € R} and sub-additive if ®(u+v) < (u) + (v)

for all u,v € R where = stands for the following pointwise order relation on R :

u=v & yu<v ;o 1=1,.n.
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The result given by Wang et al. [153] for expansive mappings is stated below:

Theorem 3.2.5 [153] Let® : U — U be an onto mapping defined on a complete

metric space (U, a?) satisfying the condition
d(®Du,Dv) > ¢ d(u,v) YV u,ve U;

where ¢ > 1. Then ® has a unique fixed point in U.

3.3 Quasi partial metric and expansive mappings

The following lemma will be helpful in proving our main results.

Lemma 3.3.1 Let (U,q) be a quasi partial metric space and {u,} be a sequence
of points of U. If there exists a number k € (0,1) such that

q(Upa1,un) <k q(up,un—1) 3 n=12 .. (3.3.1)

Then {u,} is a Cauchy sequence in U.

Proof By considering successively the condition (3.3.1), we obtain

q(Unt1,tn) < kq(up, tn—1) < K2 qun_1,un—2) < ... < E"q(uy,up).
Also,
max{q(tn, wn), ¢(Upt1, Uns1)} < @1, un) < k"g(ur, uo).
Therefore,
dq(“m un-{—l) - Q(um un—f—l) + Q(Un+17 un) - Q(um un) - Q(un—I—h un—i—l)
S Q(Un> un—l—l) + Q(un+17 un) + Q(una Un) + q<un+1a un—i—l)
< k"q(ug,ur) + k"q(uy, uo) + k" q(uy, uo) + k"q(uq, up)
= 3k"q(uy,up) + k"q(uo,u1) where k<1
= lim d,(up, up+1) = 0.
n—oo

Similarly, it can be shown that

7}1_{20 dy(Uns1,up) = 0.
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Further,

Ay (U, Unt1) + dg(Uns1, Unta) + oo+ dg(Um—1, U,

3k™q(u1, ug) + k"q(ug, ur) + 3" q(uy, uo) + K" q(ug, up)
o+ 3™ g (ug, ug) + K™ q(uo, ur)

3k"q(ur, uo)[1 + k4 ... + K™ + k"q(ug, ur)[1 + k4 ... + K™

k" ( )+ k"
1_qu1,U0 1— %

dg (Uns Unm)

IN

< q(uo, u1).
This shows that {u,} is a Cauchy sequence in U w.r.t. metric d;,. From Lemma

3.2.2, {u,} is Cauchy in quasi partial metric space (U, q).

Theorem 3.3.2 Let (U, q) be a complete quasi partial metric space and ® : U —
U be a bijective mapping. Suppose that there exists ¢y, co,c3 > 0 such that ¢y + co +
c3 > 1 and

q(Du,Dv) > 1 q(u,v) + c2 q(u,Du) + ¢35 q(v,Dv) YV u,v e U. (3.3.2)

Then ® has a fized point in U.

Proof Let uy € U. Since D is bijective, there exists u; € U such that Du; = uy.
Define a sequence {u,} in U such that u,_1 = Du,; n=1,2,.... f u,_; = u, for
some n, then the result is trivial. Therefore, assume that w, 1 # u, for all n.

By (3.3.2),

q(tn, Up—1) ¢(Dupy1,Duy,)

v

1 Q(un+17 un) + Co q(unJrla QunJrl) + C3 Q(un7 Qun)

C1 Q<un+17 un) + Co Q(unJrla un) + C3 Q<un7 unfl)

v

(Cl + Cz)Q(Un+17 un)

1-— C3 ( )
Uy Up—1)-
C1+ Co 1 !

Since ¢; + ¢2 # 0 and (1 — ¢3) > 0, therefore

= (1 - C3>q(un7un—1)

IN

= q(Unt1, Un)

1 — C3
n+1; Un) < A ny Un— h A= <L
q(Uny1, Up) q(Up, Up—1) where (61 +02)

Thus, by Lemma 3.3.1, {u,} is a Cauchy sequence in U and since (U, q) is complete,
therefore, (U, d,) is complete where d, is the usual metric induced by quasi metric

q. Therefore, {u,} is convergent in U w.r.t. metric d,. Let u* € U be such that
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limd,(u*,u,) = 0. By Lemma 3.2.3, we have
n—oo

glu’,w?) = lim q(u”,up) = lHm q(un, um)
= lim q(up,v*) = lm  q(um,uy). (3.3.3)
n—00 m,n—00

Again, by Lemma 3.3.1, the sequence {u,} is Cauchy in (U, d,) i.e.

lim  dy(up,u,) = 0.
m,n— o0

Also,

IN

max{Q(um un), Q<un+17 unJrl)} Q(un+17 un)

IN

>‘Q<un; 'u’nfl)
e <N (ug, ug).

IA

Therefore, lim q(u,,u,) = 0. By definition of metric d,, we have, lim q(up,u,) =
n—o0

m,n—o0
0 and lim q(un,u,) = 0. Thus, by (3.3.3), we obtain

n,m—00

q(u*,u*) = lim q(u*,u,) = lim q(un,, u*) = 0;
n—o00 n—oo

which shows that {u,} is convergent in quasi partial metric space (U, q). Let u € U
be such that u* = Du. Next, it is proved that u* = u. Let us suppose that u* # w.
Then

Q(uan*) = Q(Qun—klv@u)

> ¢ q(unt1,u) + ca q(Ung1, Dunyr) + ¢z q(u, Du).
As n — o0, above inequality becomes

0=qu",u*) > ¢ qu*,u)+cs qlu,u”)
= q(u*,u) + c3qlu,u”) <0;

but as u* # u, we have, g(uv*,u) > 0 and g(u,u*) > 0 with ¢1,c3 > 0. Thus, we
arrive at a contradiction. Therefore, u* = u and hence u* = Du = u.

This completes the proof.

Corollary 3.3.3 Let (U, q) be a complete quasi partial metric space and © : U —
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U be a bigective mapping. Suppose that there exists a constant ¢ > 1 such that
q(Du,Dv) > c q(u,v) Y wu,vel.

Then ® has a unique fized point in U.

Proof From above Theorem, it follows that ® has a fixed point «* in U by putting
c1 = c and ¢y, c3 = 0 in inequality (3.3.3).
For uniqueness, let z be another fixed point of ®. Then,

q(u*, z) = q(Du*,Dz) > c q(u*,z) where ¢> 1.

which is a contradiction. Therefore, u* = z.

Corollary 3.3.4 Let (U,q) be a quasi partial metric space with q as complete
metric and ® : U — U be a bijective mapping. Suppose that there exists a positive

integer n and a constant ¢ > 1 such that
q(D"u, D) > ¢ q(u,v) Y u,veU.

Then © has a unique fized point in U.

Proof From Corollary 3.3.3, ©™ has a unique fixed point «* in U. Also, ®"(Du*) =
D(D"u*) = Du* which shows that ®u* is also a fixed point of ©". By uniqueness
of fixed point in ", we have Du* = u* and thus ®™ and ® both have a unique

fixed point u*.

Example 3.3.1 Let U = R* and q(u,v) = max{u —v,v — u} +u. Then (U,q) is

a complete quasi partial metric space. Let Du = 3u? for all u € U.

Note that ® is a bijective mapping. Also, for all u < v, we obtain

q(Qu,Dv) = q(3u?, 3v°)
= 3

> ¢ q(u,v) where ¢=3>1.

Thus, the condition of expansion is also satisfied for .
Hence, all the conditions of Corollary 3.3.3 are fulfilled. Therefore, there exists a
unique fized point of ©. Here, 0 is the unique fixed point.

Theorem 3.3.5 Let (U, q) be a quasi partial metric space with q as complete met-
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ric and ® : U — U be a continuous bijective mapping. Suppose that there exists a

positive real number ¢ > 1 such that
q(Du,Dv) > c p where p e {q(u,Du),q(v,Dv)}. (3.34)

Then ® possesses a fized point in U.

Proof Following Theorem 3.3.2, we can construct a sequence {u,} of points of U
such that u, 1 = Du,. Let us assume that u, 1 # u, VYV n = 1,2, ...(otherwise,
u, = u,_; for some p € n and thus v, is a fixed point of D).

By (3.3.4), it follows that

Q(una un—l) = Q(:Dun-l—la Qun) Z CPn where Pn € {Q(unaun—1)7 Q(un-l—la un)}

Then two cases arises:

Case LIf p, = q(up, u,—1), then

q(u'm un—l) Z c Q(Um un—l) > Q(unvun—l);

which is a contradiction.

Case ILIf p,, = q(up41,u,), then

q(Uny Un—1) > ¢ q(Uni1,Up)

=k q(un, upn_1) > q(Upy1,u,) where k€ (0,1).

Thus, by Lemma 3.3.1, the sequence {u,} is a Cauchy sequence in U and as U is
complete, this sequence converges to some point v* in U. By continuity of ®, it

follows that u* is a fixed point of ©.

3.4 Quasi partial metric aggregation

This section presents the notion of quasi partial metric aggregation functions and

some of its properties required to prove the main results.

Definition 3.4.1 A function ¥ : R} — R, is said to be a quasi partial metric
aggregation function provided that the function Qg : U x U — [0,+00[ is a quasi

partial metric for every collection of Quasi partial metric spaces {(U;, ;) }1—,, where
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U = U1 X U2 X Un and

Qu(u,v) = V(g (ur,v1), vy @n(tn, vn));

for all u = (uy,..u,) € U, v=(vy,..0,) € U.
Next results characterize quasi partial metric aggregation function.

Proposition 3.4.2 Let ¥ : R} — R, be a quasi partial metric aggregation func-

tion, then ¥ is monotone.

Proof Consider the quasi partial metric ¢ : R,y x Ry — R, defined as g(u,v) =
maz{(u—v),(v—u)}+u Vu,v € R;. Since ¥ is a quasi partial metric aggregation
function, therefore the function Qg : R} x R} — R, defined by

Q‘I’(u> U) = \IJ(Q(UI, 1)1>, ) Q(un’ Un));

for all u = (w1, ...u,), v = (v1,...v,) € RY is a quasi partial metric.

Consider u,v € R} where v < v. Then

U(u) = W(ug,...,uy)

U(q(ug,ur), ey q(tUn, up))

= Qu(u,u)
< Qu(u,v)
= W(q(ur,v1), ., ¢(tp, vy))
= U(vy,...,vp)
= Y(v)
= Uu) < Uv).

Proposition 3.4.3 Let ¥ : R} — R, be a quasi partial metric aggregation func-
tion, If U(u) =0 for some v € R, then u =0 where 0 = (0, ...,0) € R".

Proof Let us assume that ¥(u) = 0 for some v € R?}. Since V is a quasi partial
metric aggregation function, therefore, by Proposition 3.4.2, ¥ is monotone and
thus ¥ (%) < ¥(u) which implies that ¥ (%) = 0.

Consider the quasi partial metric Qv : R} x R? — R, introduced in Proposition
3.4.2. Now,
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= U(uy,...,uy)
= Y(u)=0and
Qu(u,u) = Y(g(ur,ur), ..., q(Un, up))
= Y(u)=0
o au(52) - 9(0(52) al5:5)
= ¥(3) -0

u

Thus, by definition of quasi partial metric, ¢ = u and therefore, u = 0.

Lemma 3.4.4 For every u,v,w,t € Ry such that v < w4+t —v where v < w
and v < t, there ezists I,m,n € R% for which ¢(I,m) = w+t—v, ¢(l,n) =
w, q¢(n,m) =t and g(n,n) = v where § : R x R — R, is the quasi partial
metric defined by ¢(l,m) = maz{ly,m1} + max{ly, ma} + mazx{(my — 14),0} for

every | = (l1,1z), m = (mq,my) € RZ.

Proof It can be easily seen that ¢ is the quasi partial metric defined on Ri. Fur-

thermore, the following points of R? satisfy the required conditions:

l*( ?J'U) *(Ut U) 7(1} U)
W) M\t Ty T 5

Lemma 3.4.5 For every u,v,w € Ry such that uw > v and v > w , there ex-
ists I,m € I(R) for which ¢(Il,m) = u, §¢(I,1) = v and §(m,m) = w where
G: I(R) x I(R) — Ry is the quasi partial metric defined as (I, m) = max{ly, ma} —
min{ly, mi} + max{(my — l1),0} for every l = [l1,1ls], m = [my,ms] € I(R) where

I(R) denotes an interval in R, .
Proof It can be easily seen that ¢ is the quasi partial metric defined on I(R).
Furthermore, the following elements of /(R) fulfill the required conditions:

[ =[-v,0], m = [—u,—u+ w].

Theorem 3.4.6 VU : R} — R is a quasi partial metric aggregation function if and

only if for each u,v,z,w € R}, we have

(1) U(u)+V(v) <VU(z)+ V(w) whenever u+v<z+w, v=<z vuw.

(2) U(u)=V(v)=V(z) =>u=v=2z whenever v <u, z=u.

Proof Suppose that W is a quasi partial metric aggregation function. Let u, v, z,w €

R} where u +v = z+w, v X 2, v 2 w. Then by Lemma 3.4.4, there exists
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Uy, Uy, Z; € RY such that §(i;, 0;) = 2 +w; — v, G4, %) = 2z, §(%,9;) = w; and
(j(Z},Z}) = V; for all 1 = 1, o, n.
Let U = [, B2 and @ = (1, .., d), © = (61,s%), 2 = (41,...,7). Then

i, 0,2 € U. Consider the quasi partial metric )y defined on U by

Q‘I/(ﬁv 7}) = qj((j(dlv UAl)? L) q<l[n7 UAH));

for every 4, v € U. Then

\I/(Z +w — U) = Qq;(ﬂ,f)) < Q\p(fb,é) + Q\I/(,%,’ZAJ) - Qq;(é,é)
= U(z)+ V(w) — V(v)

= U(z4+w—v) <VU(z)+ V(w) — V(v).

Also, monotonicity of ¥ implies that

U(u) <VU(z4+w—v) < YU(z)+ V(w) —¥Y(v)
= Uu)+T0w) < ¥(2)+ ¥(w).

and §(u;, ;) = u; for each i = 1,...,n. Let U = [[I_, (R) and @ = (uy, ..., u,), 0 =
(61, s 60), 2 = (%1, ... 7). Then ,,% € U.

Consider the quasi partial metric Qg on U defined by
Q\I’(ﬁw ?A}) = \IJ(Q(UAD UAl)a sy Q(dna UAn));

for every 4,0 € U. Let ¥(a) = V(0) = V(2) for u,0,2 € R}. It is easy to see that
Qu(1,0) = Qu(t,u) = Qu(v,0) and therefore, by definition of quasi partial metric,
@ = 0. By Lemma 3.4.5, &« = [-v,0] and o = [—u,—u + z| and Consequently,
u = v = z. Hence, condition (2) is proved.

Conversely, let us assume that conditions (1) and (2) hold. Now, it will be shown
that W is a quasi partial metric aggregation function. Let {(U;, ¢;)}!; be a family
of arbitrarily chosen quasi partial metric spaces and U = [[;_, U;. Let u,v € U
and Qg (u,v) = Qu(u,v) = Qu(v,v). Then, by condition (2), we have ¢;(u;,v;) =
qi(us, w;) = qi(vi,v;) Vi=1,..,n It follows by definition that u; =v; Vi=1,...,n

and thus, v = v. Now, set v = w = 0 in condition (1). Since ¢;(u;,u;) < gi(u;, v;)
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and q;(u;, u;) < ¢;(vi,u;) Vi=1,...,n, we obtain

Qu(u,u) U (g1 (w1, 1), ey Gn(Un, up))
U (q1(u1,v1), ey Gn(Un, Up))

Q‘lf(ua U>;

VAN

as ¥ is monotone. Similarly, Qg (u,u) < Qg (v, u). Also, by (1), for each u,v, z € U,

Qu(u, 2) W(gi(ui, 2i))
W (qi(us,vi)) + W(qi(vi, 2:)) — U(qi(vi, vs))

Q‘P<U7U) + Q\I/(Uv Z) - Q\I/(U7U)'

IN

Thus, all the axioms are satisfied for quasi partial metric (Jy induced through

aggregation of quasi partial metrics ¢; where i =1, ..., n.

3.5 Projective expansion and quasi partial metric

aggregation

Remark 3.5.1 Let {U;}?, be a collection of non-empty sets and U = [[}_, U;. Let
D be a self mapping defined on U with coordinate functions ©;: U — U;, 1 =1,..n
such that

D(u) = (D,(u), ... Dn(u)) forall uwel.

Definition 3.5.2 Let {(U;,¢;)}, be a family of arbitrarily chosen quasi partial
metric spaces and U = [['_, U;. Let ¥ : R? — Ry be a quasi partial metric
aggregation function. Then the mapping ©® : U — U 1is called a projective V-
expansion from (U,Qy) into itself, if there exists n constants Ay, ..., A\, > 1 such
that

¢i(Di(u), Di(v)) = XNV (qr(u,v1), - Gn(Un, vn));

for all u,v € U, where Qy is the quasi partial metric induced by aggregation of the

collection of quasi partial metric spaces {(U;, q;)}, through aggregation function

.

Note that if we put n = 1 and ¥ an identity function in Definition 3.5.2, then,
the result given by Wang et al. [153] becomes a particular case of W-projective

expansion (see Theorem 3.2.5).
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Example 3.5.1 Let U; = [0,1]; i= 1,2 and q be the quasi partial metric defined
as q(u,v) = mazr{(u—v), (v—u)}+u for all (u,v) € [0,1] x [0,1]. Let {(U;,q:)}?_,
be the complete quast partial metric spaces where ¢ = g = q and ¥ : ]R%r — R, be
the function defined as U((u1,up)) = “5*2 + L for all u € R2.

It can be easily verified that conditions (1) and (2) hold in the statement of The-
orem 8.4.6 and therefore, it is a quasi partial metric aggregation function. Define
the mapping © : RZ — R3 by D(u) = (2,2) for each u = (uy,us) € RY. It is not
hard to see that ®© is a projective V- expansion as for uw = (1,0), v = (0,0), we

obtain by definition of g,

q(Di(u),D;(v)) = q(2,2)
= 22 20(0(1.0),0.(0.0))

for all u,v € R%.

Example 3.5.2 Let U; = Ry; i = 1,2 and q be the quasi partial metric defined
as q(u,v) = maz{(u —v), (v —u)} +u for all (u,v) € Ry x Ry. Let {(U;,q)}2_,
be the complete quast partial metric spaces where ¢ = g2 = q and ¥ : Ri — R, be
the function defined as U((u1,u2)) = (u1 + ug) for all u € R?.

It can be easily verified that conditions (1) and (2) hold in the statement of Theo-
rem 3.4.6 and therefore, it is a quasi partial metric aggregation function. Define the
mapping ® : RE — R by D(u) = (4(w1+us), 4(u1+us)) for each u = (uy,us) € R%.

It is not hard to see that ® is a projective V- expansion as

Case I: For u = v, we obtain by definition of q,

q(Di(u),Di(v)) = q(4(ur + uz),4(vy + v2))
= 8(u1 + uz) — 4(v1 +vy)
> 3[2(ur + uz) — (v1 + vo)]

(
(
= AU(qi(u1,v1)q2(uz, v2));

for all u,v € R% where A =3 > 1.
Case II: For u < v, we obtain by definition of q,

q(Di(u),Di(v)) = q(4(ur + u2), 4(v1 + v2))
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4(1)1 + Ug)
> 3(v1 + v2)
AW (g1 (u1,v1)q2(u2, v2));

for all u,v € R% where A =3 > 1.

The next result has been presented in order to prove the existence and uniqueness

of fixed point in quasi partial metric space considered via aggregation.

Lemma 3.5.3 Let ¥ : R} — R, be a homogeneous quast partial metric aggregation
function such that VU(1,...,1) =1 = V(1;) for all i = 1,..n. Let {(U;, q;)}~, be a
family of quasi partial metric spaces (chosen arbitrarily) and U = [[;_, U;. Let us
assume that the quasi partial metric spaces (U;, q;), 1 =1,..n are complete. Then
the quasi partial metric space (U, Qy) is complete where Qg is quasi partial metric

aggregation induced through U by aggregation of family of quasi partial metric spaces
{(Us, @) Y-

Proof Let {u”},en be a Cauchy sequence in (U,Qy). Then there exists | € Ry
such that lim,, Qg (u?,u") = [ and for given € > 0, there exists py € N such that
Qu(uP,u") < e+ 1 for all p,r > py. This implies that

U(qr(uf,ul), .coqu(ud,un)) < e+ 1

Since V¥ is a quasi partial metric aggregation, therefore ¥ is monotone and thus we
have
V(g (uf uf).1;) < U(g;(u?,ul)) <e+l for all i=1,..n;

1)

and as W is homogeneous, it follows that
qi(ug, up) = qiug, ui) W (L) = W(q(uf, up).1;) < e+1;

for all =1, ...n and for all p,r > py.

This shows that there exists u; € U; such that lim, v} = w; and lim,,, ¢;(u, u]) =
¢i(ug, w;) = limy, ¢;(us, ul) = lim, ¢;(u}, u;) = 1 for all i = 1,...n. Also, since (U;, ;)
is complete quasi partial metric space for all ¢ = 1,...n; therefore for given € > 0,
there exists mg € N such that g;(u;, u}') — ¢;(u;,u;) < § for all m > mg and for all

1=1,...,n.
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Again by Theorem 3.4.6, we obtain

Qu(u,u™) — Qu(u,u) = V(g (ur,ul), s 1 (Un, urt)) — V(g (ug, ur), ..., 1 (U, uy))

€
< €.

as ¥ is homogeneous and ¥(1,...1) = 1. Thus, Qgu(u,u™) — Qu(u,u) < € for
all m > mg and lim,, Qg(u,u™) = Qy(u,u). Similarly, it can be shown that
lim,, Qu(u™, u) = Qu(u,u). Also, Qu(u,u) = V(g (ur, ur), ..., q1(Un, un)) = V(I,...0)
[¥(1,...1) = I. Hence the quasi partial metric space (U, Qy) is complete.

In the next theorem, it is proved that every projective W-expansion satisfying the

condition ¥(1,...,1) > 1, is an expansion.

Theorem 3.5.4 Let {(U;, q;)}~, be a family of quasi partial metric spaces (chosen
arbitrarily) with U = [[;_, U;. Let U be a homogeneous quasi partial metric aggre-
gation function such that V(1,...,1) > 1 and © is a projective V-expansion. Then,
D is an expansion from the quasi partial metric space (U, Qy) to itself where Qy is

the quasi partial metric (defined earlier).

Proof It follows from Proposition 3.4.2 that ¥ is monotone. For u,v € U, mono-

tonicity of ¥ and nature of mapping ® implies

Qu(D(u),D(v)) (g1 (D1(u), D1(v)), s gn(Dn(u), Dn(v)))
(AU (q1(u1,01), ey @u(Uny Un))y o AW (qr (g, 01)5 oony G (U, 02)))

ql()\\];l((h(ul; Ul)a ) QTL<UTL7 Un))? qu(‘]l(ul, Ul)v [ QH(UTH Un)))7

v

IV

where A = min{\y, ..., A\, }. Homogeneity of ¥ yields

\I/(A‘I/(QI(ula U1)7 LS qn(ufw U”))? A\P(ql(ula Ul)? ) QTL(UTH U”)))
= AU(L, .., DU (g1 (w1, v1), ey @ (U, v))-

Thus, above inequality becomes

\Y

Qu(D(u),D(v)) AU(L, .., 1)Qy(u,v)

> AQy(u,v).

Hence, the mapping ® is an expansion from the quasi partial metric space (U, Qy)
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to itself.
Next result shows the existence and uniqueness of fixed point.

Corollary 3.5.5 Let {(U;,q;)}1, be a family of arbitrarily chosen quasi partial
metric spaces with complete metrics q;; i@ = 1,..,n and U = [[_, U;. Let ¥
be a homogeneous quasi partial metric aggregation function such that W(1,...,1) =
U(l;) =1, i=1,..,n and D is an onto projective V-expansion. Then © has a

unique fized point u*.

Proof By Lemma 3.5.3, it follows that the quasi partial metric space (U, Qy) is
complete and by Theorem 3.5.4 shows that ® is an expansion from the quasi partial
metric space (U, Qy) to itself. By Corollary 3.3.3, we see that ® has a unique fixed

point u* in U.

According to these results, every projective W-expansion is an expansion but does
the converse hold? The next example is an answer to this query i.e. every expansive

mapping need not be a W-projective expansion.

Example 3.5.3 Let U; = Ry; i = 1,2 and q be the quasi partial metric defined
as q(u,v) = max{(u —v), (v —u)} +u for all (u,v) € Ry x Ry. Let {(U;,q)}2,
be the collection of complete quasi partial metric spaces where ¢ = qo = q and
U : RY — Ry be the function defined as W ((u1,u2)) = (ur + u2) for all u € R?.

It can be easily verified that conditions (1) and (2) hold in the statement of Theorem
3.4.6 and therefore, it is a quasi partial metric aggregation function. Moreover,
¥(1,1) = 2 > 1. Define the mapping® : RZ — R2 by D (u) = (2(u1+us), 2(u1+us))

for each u = (uy,us) € RE. It is not hard to see that ® is an expansion as

Qu(®(u), D)) = Qu((2(u1 + u2),2(u1 + u2)), (2(v1 + v2), 2(v1 + v2)))
= ‘I/(ql(Z(ul + UQ), 2(1}1 + Ug)), q2(2(u1 + UQ), 2(1}1 + UQ))).

Case I: For u = v, we obtain by definition of q,

Qu(®D(u),D(v)) 8(uy + ug) — 4(vy + v9)
2[2(uy + ug) — (v1 + vo)]

(
2\11(21“ — V1, 2U2 — 1)2)
(

v

2W (g1 (u1,v1), q2(uz, v2))
AQy (u,v);

= Qu(D(u), D(v))

v

for all u,v € RZ where A =2 > 1.
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Case II: For u < v, we obtain by definition of q,

Qu(®(u), D)) = 4(v; + v9)

> 2(vy + v3)
= 2 U(q(ug,v1),qa(usz,v9))
= Qu(D(u),D(v)) > Muy(u,v);

for all u,v € RY where A = 2 > 1. It follows that ® is an expansion from quasi
partial metric space (R%, Qu) into itself. Next, it is shown that D is not a projective
W -expansion.

Consider u,v € R% with u = (0,1) and v = (1,0). Then

Q<©z(u)7©z(v)) = q(27 2) = TI’LCLI{O, O} +2= 2;

and
)\\I/(ql(ul,vl), QQ(U,Q,?}Q)) = )\\I/(ql<0, ]_)QQ(L O)) = )\\IJ(]_, 2) = 3)\

Thus, q(D;(u),Di(v)) £ AN¥(q1(u1,v1)ga(uz, v2)) as A > 1.

The next example shows that the assumption ‘U is homogeneous’ cannot be

omitted in the statement of Theorem 3.5.4.

Example 3.5.4 Let ([0, 1], q) be the complete quasi partial metric space such that q
denotes the restriction of the quasi partial metric introduced in Proposition 3.4.2 to
[0,1]. Consider the family of complete quasi partial metric spaces {([0,1],q;)}i=12
such that ¢1 = qo = q. Define the function ¥ : R2 — Ry by ¥(u) = ug +us + }1 for
all w € RY. It is easy to see that for the function W assertions (1) and (2) hold in
the statement of Theorem 3.4.6 and, thus, it is a quast partial metric aggregation
function. Moreover, it is clear that W(1,1) > 1. However, ¥ is not homogeneous.

Indeed,
17 18

Next, consider the mapping ® : [0,1]*> — [0,1]* defined by D(u) = (0,0) for all
w € [0,1]2. It is clear that ® is a projective W-expansion. Nevertheless, ® is not an
expansion from ([0, 1]%, Qy) into itself, where Qg is the quasi partial metric induced

by aggregation of the family of quasi partial metric spaces {([0, 1], ¢;) }i=1.2, through
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V. Indeed,

Qu(®(0,0),D(0,0)) = Qu((0,0), (0,0)) = ¥(0,0) = .

Therefore, there does not exist A > 1 such that

Q\II(D(Oa O)a ®(0> 0)) > AQ\I/((Oa O>> (Ov O))

The next example shows that the assumption U(1,...,1) > 1 cannot be omitted in
the statement of Theorem 3.5.4 in order to guarantee that a projective W-expansion

is also an expansion from (U, Qy) into itself.

Example 3.5.5 Let {([0,1],4;)}; = 1,2. be the family of complete quasi partial
metric spaces such that ¢ = g = q. Define the function ¥ : RT — Ry by
U(u) = Y2 for all u € R, It is easy to see that W is a homogeneous quasi
partial metric aggregation function. Nevertheless, W(1,1) = % < 1.

Next, consider the mapping D : [0,1]*> — [0,1]? defined by D (u) = (2(u1+uz), 2(u; +
uz)) for all u € [0,1]2. Then we have for u = v,

¢(Di(u),Di(v)) = q(2(ur + u2),2(v1 + 3))
= 4(uy + u2) — 2(vy + v2)

> 3 <§(u1 + uy) — %(vl + Uz))

= AV(q(u1,v1),q(ug,v2)) with A =3 > 1;

for all u,v € [0,1]* and for i = 1,2. Similar is the case for u < v. So, D is
a projective V-expansion. However, ® 1is not an expansion from the quasi partial
metric space ([0,1]%, Qy) into itself where Qg is the quasi partial metric induced by
aggregation of the family of quasi partial metric spaces {([0, 1], ¢;) }i=1.2, through V.
Take u,v € [0,1]* given by u = (0,0) and v = (0,1). Then there does not exist
A > 1 such that

Qu(D(0,0),D(0,1)) = AQw((0,0), (2,2)).

Since

Qu(D(0,0),D(0,1)) = Qu((0,0),(2,2))
= U(2,2)
4
-
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3.6 Application

In the field of computer science, the complexity analysis of an algorithm using
minimum resources is an arduous task. This analysis is based on determining the
quantity of existing resources such that running time, memory space, distribution
of data etc. The objective of complexity analysis is to assess which of the algorithm
is most suitable or in other words, the algorithm which takes minimum running
time with minimum space even with large inputs and other suitable resources. This
is usually done by means of asymptotic analysis where the running time of an
algorithm A is denoted by a mapping ®4 : N — (0,00). The time or space taken
by an algorithm to solve the problem under consideration is denoted by @ 4(n)
where n € N represents the size of input data to be processed. Let S(®,4) denotes
the set of all functions from N to (0, c0).

When the complexity analysis of an algorithm has to be determined, one approaches
to asymptotic complexity analysis rather than exact analysis. So, they try to find
such an algorithm that takes “approximately” minimum running time, minimum
space even with large inputs and other suitable resources.

Let f € S(®4) denote the running time or space taken by an algorithm. Then, we
can define an asymptotic upper bound for f in the following way:

If there exists ng € N, k € RT and a function g € S(®4) such that f(n) < kg(n)
for all n € N such that ng < n. Then, g gives an asymptotic upper bound of
f, and represents an “approximate” information of the algorithm. We write it
as f € U(g). Similarly, we can also define an asymptotic lower bound for the
algorithm. The notation f € L£(g) means that there exists ng € N, &k € RT and a
function g € S(D ) such that kg(n) < f(n) for all n € N such that ng < n. The best
situation is the case when we can find such a function f which satisfy the condition
f € U(g) where U(g) = U(g) N L(g). In this case, the function f represents a ’tight’
asymptotic bound of algorithm i.e. it represents the total asymptotic information
about the most suitable resources to solve the problem under consideration.

Let the pair (C, cfc) represents the complexity space, where

o Ll
G:{feS(QA).;2 7o < }

and d° is the complete quasi partial metric on € defined by

% _OO_"ma:lt 1—1 1_1 :



The members of € are called complexity functions and CZC( f,g) represents the com-
plexity distance from f to g. Then d°(f,¢) = 0 means ’f is as efficient as g'.

The problem has been solved by using Divide and Conquer method given by [137].
In this procedure, we split the problem into subproblems (depending upon differ-
ent resources) and solve them separately using same algorithm to find the suitable
solution. After obtaining the solutions of the subproblems, all subproblems will be
aggregated to obtain a global solution to the original problem which will represent
an algorithm with all approximately suitable resources. The next result explores

the significance of above theory.

Proposition 3.6.1 Let © be an onto self mapping defined on € with coordinate
functions ©; : € — C;, 1 =1,..n such that

D(f)(n) = (D.(f)(n), ..., 0u(f)(n)) for each fe€C andn €N;
satisfying the expansive inequality

di(Di(f)(n), Di(9)(n)) = NU(d5(f1, 1), - (fr gn));

forall fi,g; € C,i=1,2,....n and A, ..., \p, > 1. Then ® € U(g).

Proof The members C;, 7 =1,2,...n; n € N of complexity class C are constructed
in such a way that they will be based on different resources such as time, space,
data etc and C = [, €. It is easy to see that (€;,dS) is a collection of complete
quasi partial metric spaces. Let U : R? — R, be the function used to aggregate
these members and it is defined in such a way that U(1,1,...,1) > 1. Let © be an
onto self mapping defined on € with coordinate functions ®; : ¢ — C;, i = 1,..n
such that

D(f)(n) = (D.(f)(n), .., 0u(f)(n)) for each feC andn €N;
satisfying the expansive inequality
d5(Di(£)(n), Di(9) (n) = MW(d5 (1, 91), -l (fr 90));

forall f;,9, € C,e=1,2,...,nand \j,....,\, > 1.
Thus, all the conditions of Corollary 3.5.5 are fulfilled and therefore, ® has a fixed
point f* i.e. © € L(g) NU(g). It follows that ® € U(g).
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Chapter 4

D-Contraction and Related Fixed Point

Theorems

4.1 Introduction

The concept of “Contraction” for a metric space was firstly introduced by polish
mathematician Banach [20] to prove the existence and uniqueness of a fixed point.
His principle known as “Banach Contraction” ensures that the application of a
continuous self mapping on two points of a complete metric space contracts the
distance between those two points. According to his result, “A contraction self
mapping defined on a complete metric space possesses a unique fized point which
can be obtained as the limit of an iteration scheme constructed by applying repeated
images of the mapping (starting from an arbitrary point of space)”. After that,
many authors including Chatterjea [34], Ciri¢ [42], Kannan [84] gave extensions to
this result by presenting more robust contractive conditions.

By now, there exists considerable literature on all these generalizations in various
spaces which are applicable in numerous fields. For more details, references [4], [26],
[35], [84], [131], [147], [61], [62] can be cited.

This chapter deals with a unique approach in the field of contraction mappings
introduced with a family of bounded functions. The contents of this chapter have
been divided into four sections. Section 4.2 is concerned with some basic definitions
and results related to this paper. In section 4.3, main results have been presented
with some illustrative examples whereas section 4.4 deals with an application to

Intensity modulation radiation therapy.

The contents of this chapter are published in Proceedings of the Estonian
Academy of Sciences, 68(3), 2019, 1-12.(SCIE)
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4.2 Preliminaries

Following are the results due to Banach [20]:

Definition 4.2.1 [20] For a metric space (U, a?), a mapping D : U — U is called
a contraction mapping on U if for any real number A with 0 < X\ < 1, the following
inequality holds:

cf(Du, Dv) < )\oi(u, v) for all u,veU.

Remark 4.2.2 [t can be easily seen that the distance between the images of any

two points of a given set is contracting by a uniform factor A < 1.

Example 4.2.1 [20] Let U =R? be a set equipped with standard metric d

~

d((u1,v1), (ug,v9)) = \/(u1 —ug)?+ (v1 — v2)? for all wuy,uq,vy,vy € U,

and D : R* — R? be the mapping defined as Du = 2u for all u € R* where u =
(u1,uz). Then D is a contraction on U as d(Du, Dv) = 3V (ur —v1)? 4 (up — 12)? =

%ci(u, v).

Theorem 4.2.3 [20] Let (U,d) be a complete metric space and D be the con-
traction mapping defined on U. Then D possesses a unique fized point u in U i.e.

Du = u.
After this well known result, Reich [129] presented the following theorem:
Theorem 4.2.4 [129] Let (U, cZ) be a complete metric space and D be the self
mapping defined on U which satisfy the condition

d(Du, Dv) < o d(u, Du) + 8 d(v, Dv) +~ d(u,v);
for all u,v € U and «, 8,7 non negative with o + 5+ < 1. Then D admits a
unique fized point in U.

In 2012, Samet et. al. [142] obtained some fixed point results by defining (o — )-

contractive mapping as follows:
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Definition 4.2.5 [1/2] Let ¥ be the family of all functions ¢ : [0,400) —
[0, 4+00) satisfying the following properties:

“+oo
(1) Zw”(s) < 400 for every s >0, where " is n'" iterate of 1 ;
n=1
(2) v is nondecreasing.
Definition 4.2.6 [142] Let (U, cz) be a metric space and D be a self mapping

defined on U. The mapping D is said to be an (o — 1) )-contractive mapping if there
exists two functions o : U x U — [0, +00) and ¢ € V satisfying

a(u,v) d(Du, Dv) < ¢(d(u,v)) for all w,v e U;
and a-admissible if

a(u,v) > 1= a(Du,Dv) > 1 for every u,v € U.

4.3 Fixed function and related theorems

This section presents some fixed function theorems using the notions of fixed func-

tion and ®-Contraction.

Definition 4.3.1 Fixzed function: Let ® be any self mapping defined on a family
of functions §, then f € § is said to be fived function of ® if Df = f.

Example 4.3.1 Let U = [1,2] and the mapping ® be defined as D f(u) = f*(u) —
2f(u) +2 forall f € F and u € U. Then f(u) =2 for allu € U and f(u) =1 for
all w € U are two fized functions of ®.

Example 4.3.2 Let U = R" and © be the self mapping on §. Let f € § be a

function defined on U as

-1 0<u<1
flu) =

0 otherwise.

Then f3 is a fized function of D.

Definition 4.3.2 Let (U, cZ) be a complete metric space and let § be the collection
of all bounded functions defined on U. Let ® be any self mapping on §. Then

the given mapping is called ©-contraction mapping on §, if for any real number
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A €[0,1), we have

d'(Df,Dg) <A d*(f,g) for all f,g€T;
where
d*(f,9) = sup{d(f(u), g(v))| u,v € U}. (4.3.1)

Remark 4.3.3 Clearly, d* is a metric on § as d*(f,g) = 0 & f ~ g for all
f,g €F. Also, for all u,v € U and f,g,h € §,

[f(u) =g()] < [f(w) = h(w)] + [h(w) = g(v)|

< sup{[f(u) = h(w)| |u,w € U}
+sup{|h(w) — g(v)| |w,v € U}

= sup{|f(u) —g(v)| lu,v € U} < sup{[f(u) = h(w)] |u,w € U}
+sup{|h(w) — g(v)| [w,v € U}

= d*(f,9) < d'(f;h)+d*(h,g).

Theorem 4.3.4 Let (U, cf) be a complete metric space with metric d defined as

A

d(u,v) = |u—v| for allu,v € U. Let § be the collection of all bounded functions f
defined on U with metric d* (as defined in (4.5.1)). Also, let © be the D-contraction
mapping defined on §. Then there exists a unique fixed function f € § i.e. there
exists some f € § such that ©f = f.

Proof Let f, g be any two functions from the family §. Since ® is the ®-contraction

mapping on §, therefore, there exists a real number A € [0, 1) such that

d*(Df,Dg) <X d*(f,g) for all f,g€F;

where

d*(f,9) = sup{d(f(u), g(v))| u,v € U}.

This further implies that

d*(D*f,D%) < A (Df,Dg)
< Nd'(f,g) for all f.g€F.

Continuing in the same manner, we get
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(D" f,D"g) < N"d*(f,g) for all f,g€F. (4.3.2)

Step I: Fxistence of Cauchy sequence.

Let fo be any function in §. Let us define the sequence {f,,}nen) by setting

fi=2(fo),

Jo = ©<f1) = CDZ(fo),

Jo =D(faz1) = D*(fuzz) = ... = D"(fo).

Let p,q € N be some positive integers with p > ¢. Let p = ¢+t where t > 1.

Now, by using (4.3.2), we get

d*<fq> fp) =

IA

<

d*(fgs fart)
A (for farr) + @ (Fprts farz) + oo+ & (Fario1s fast)
(D fo, Df1) 4 d* (DT fo, DI f1) + ..
LA (DT DI
Xd*(fo, fr) + X (fo, fr) +
AN (fo, fu)
N (fo, f1) [T+ X+ X2+ .+ N
/\q

md*(fo,fl) where A\ < 1.

Since § is a family of bounded functions, therefore, d*(f,, f,) = 0 as p, ¢ — oc.

Hence, {f»}nen) is a Cauchy sequence in §.

Step II: Existence of fixed function.
As § is the family of bounded functions defined on complete metric space (U, cf),

therefore, (§,d") is a complete metric space and thus the sequence {f,}mnen) is

convergent in §.

Let f € § be the limit of {f,}men i€ lim, o fn = f. By the continuity of D,
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we get

lim Of,=9f.

n—oo
Also, ®f, = fos1 — f as n — .
Thus, uniqueness of limit implies that ® f = f. This shows that f is a fixed function
of ©.

Step III: Uniqueness of fixed function.
Let g be another fixed function of ® i.e ®g = g and f ~ g. Now,

0<d(f,9g) d"(Df,Dg)
< M'(f,9)

d*(f,9)-

A\

Thus, we arrive at a contradiction. Hence, f is a unique fixed function of ©.

Example 4.3.3 Let U =R and d be the metric defined on R. Clearly, (U, CZ) is a
complete metric space. Let § be the family of bounded functions defined on U and
d* be the metric on § defined as

d*(f,9) = sup{d(f(w), g(v))| u,v € U}.

It can be easily seen that (§,d*) is a complete metric space being the family of

bounded functions defined on complete metric space (U, (i) Let

1 u 1s rational

flu) =
0 u s irrational
and
-1 u 18 rational
g(u) = o
0 u 1S rrational.

Let the mapping ® be defined as D f = f2 for all f € . Then, it remains to show

that the mapping ® s a ®-contraction mapping. For this, we have

I'(Df,Dg) = sup{ dDf(u),Dg(v)) |u,ve U}

sup{|f*(v) — g*(v)| |u,v € U}
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< X sup{|f(u) — g(v)| lu,v € U} where 0 <A< 1
= d'®f,D9) < M*(f,9).

Since all the conditions required for Theorem 4.3.4 are fulfilled, therefore, there
exists a unique fized function of ®. In this example, f%, f*, f© etc. yield same
fized function of ©.

Example 4.3.4 Let U = [0,1] and d be the metric defined on U. Let § = C[0,1]
(i.e set of all real valued continuous functions defined on [0,1]) and the mapping
D5 — F be defined as

@f(u)z%f(u) for all feF and ue|0,1].

Here, (U, CZ) is a complete metric space and § = C[0,1] is the collection of all
real valued continuous (and hence bounded) functions defined on U = [0,1]. Let
fa(u) =" for allu € [0,1]. Then {f,(u)}wep,1)) s a uniformly convergent sequence
in § and therefore is a Cauchy sequence. Also, the given mapping is a ®-contraction

mapping as

A2 2
— su{d (3100 39)) luv e v
2 ~
= oupl d(f(w),9(0)) w0 € U}
2
< Xd'(f,g) for 3 <A< 1
Since all the conditions required for Theorem 4.53.4 are fulfilled, therefore, there

exists a unique fized function of ®. In this example, null function is a unique fized

function.

Theorem 4.3.5 Let (U, ci) be a complete metric space (where d is the metric as
defined earlier) and § be the collection of all bounded functions f defined on U with
metric d* (as defined in (4.3.1)). Also, let © be the modified D -contraction mapping

on § satisfying
d*(Df,Dg) < d’(f,Df)+ B d*(9.99) +v d°(f.9);

for all f,g € §; a, B,y non negative with o + 5+ v < 1. Then ® has a unique

fixed function.
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Proof Let fy € § be any arbitrary function and f, =9 f,_1 = D" fo.

Step I: Fxistence of Cauchy sequence in §. For this, consider

d*(fr, f2) = & (®Dfo,Df1)
< ad(fo,Dfo) + B d(f1.Df1) +v d"(fo, 1)
= ad(fo, i) + B d"(f1, f2) + v d*(fo, J1)
= (a+7)d"(fo, fr) + B d°(f1, f2)
= (1=8)d"(f1, f2) < (a+y)d(fo, f1)

= d*(f1, f2) < (?j;)d*(fmfl) (where [ <1).
Similarly
d*(f2, f3) < (?jg)d*(ﬁ,fé)
2
< (5) atn)
and so on.

As (%g) < 1 and fy, fi € § are bounded, therefore, {f,}nen) is a Cauchy se-
quence in §. Since § is complete being the family of bounded functions defined on
complete metric space (U, ci), therefore, the sequence {f,}men) is convergent in §

(say it converges to f € F).

Step II: Existence of fized function.
Now it will be shown that f is a fixed function of ®. Let s be any arbitrary positive
integer. Now,

d*(f,2)

IN

d*(f, fs) + d*(fs,Df)
d* f?fs +d*<©fs—17©f)

(f: fs)
(f; fs)
d*(f, fs) + (D f, D fs1)
(f: fs)
(f: fs)

= (1 —a)d"(f,9/)

IN

d*(f, fo) +a d"(f,Df) + B d"(fe-1,D fom1) +7 d°(f, fo-1)
d*(f, fs) + B d*(fs-1, D fom1) + 7 d°(f, fs-1)-

IN

The right side expression can be made arbitrarily small enough by taking s suffi-
ciently large. Thus 0 < d*(f,®f) < e. This implies that d*(f,Df) =0 i.e. fisa
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fixed function of ®.

Step III: Uniqueness of fixed function.
Suppose g € § be another fixed function of ® i.e ®g = g and g ~ f. Then,

d*(f,g) = (D f,Dg)
<ad(f,Df)+Bd(9.D9) +v d(f.9)
= (1=7)d(f,9) <0  (where v <1)
= d*(f,9) < 0;
which is a contradiction to our assumption. This implies that f is unique.
Definition 4.3.6 The mapping © : § — § is said to be an (o — 1 )-contractive

mapping if there exists two functions o : U x U — [0,4+00) and 1 € ¥ satisfying

a(f(u),g(v)) &*(Df,Dg) < P(d*(f, 9)); (4.3.3)

forall f,g € § and u,v € U.
Definition 4.3.7 Let © : § — § and a : U x U — [0,+00). The mapping ® is

called an a-admissible mapping if

a(f(u),g(v) =1 = a(@f(u),Dg(v)) = 1;

for every f,g € § and u,v € U.

Theorem 4.3.8 Let (U, cf) be a complete metric space and § be the collection of
all bounded functions f (defined on U) with metric d* (as defined in (4.3.1)). Let
D:F — F be an (a — ) )-contractive mapping. Also, suppose that

(i) D is a— admissible;

(i1) there is some fo € § for which a(fo(u),® fo(v)) >1 for all u,v € U;

(13i) D is continuous.

Then ® possesses a fized function in §.

Proof Let fy € § be a function such that

afo(u),Dfo(v)) >1 for all u,veU.
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Define the sequence { f,, }nen in § by fni1 = Df, for every n € N. If f,, = f,41 for
some n € N, then f, is a fixed function of ®. Let us assume that f, # f,41 for
every n € N.

As by condition (i), ® is a-admissible, therefore for all u,v € U, we have

v

a(fo(u), fi(v)) = alfo(w),Dfo(v)) =1
= a(Dfo(u),Dfi(v)) = a(fi(u), fo(v)) = L.
By mathematical induction, we get

alfu(u), fur1(v)) >1 for all n €N and u,v € U. (4.3.4)

Using (4.3.3) and (4.3.4),

d*(fnafn-l-l) - d*(gfn—h@fn)
a(fn—l(u)7 fn(U»d* (gfn—h gfn)
S ¢(d*(fn—1afn))

IN

Repetition of above process implies

d*<fn7fn+1) S ¢n(d*(f07f1)) fOT all neN.

Let n >m > N for N € N. Using triangular inequality, we have

d*(fms fr) < d(fins 1) + A" (frngrs frnv2) + & (frnr2, frnes) +

+d*(fn—l>fn)

V(A (fo, 1)) + 0T (fo, f1) + o 0" (fo, f1))
n—1

= > WHd*(fo, h))-

k=m

IA

As Zj@b"(u) < 400 for each u > 0, so {f,}nen is a Cauchy sequence in § and
since § is a collection of bounded functions defined on complete metric space (U, d),
therefore (§, d*) is itself a complete metric space. Therefore, there exists a function
f € § such that f, — f as n — 4o0.

As ® is a continuous mapping, therefore, we have

Df, = Df as n— +0 = for1 = Df as n — 4oo.
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Since limit of a convergent sequence is always unique, therefore, we have f = D f

i.e. f is a fixed function of ©. This completes the proof.

Example 4.3.5 Let U = [0,2] and d(u,v) = |u—v|. Let § be the family of
bounded functions on [0,2] and ® : § — § be defined as Df = f? and d* be the

metric defined on § as

d*(f,g)z/0 | f(u) — g(u)|du.

Let
1 uel01]
flu) = ,
0 otherwise ;
-1 wel0,1]
g(u) =
0 otherwise ;
and
2 wel0,1]

0 otherwise .

Clearly, (U, CZ) 15 a complete metric space and ® is a continuous mapping. Moreover,

f and g are bounded functions and D is a-admissible as
a(f(u),g(v)) 21 = wel0,1];
and for u € [0,1], we have
a(Df(u),Dg(v)) = a(f*(u),g*(v)) > L.

Now, it is proved that ® is an (o — 1 )-contractive mapping. To prove this, Let
Y € W be a function defined as Y(u) = 3.
Case I: When u € [0, 1], then

a(f(u),g(v)) d"(Df.Dg) = 2 / () — P(w)ldu

.y / (1) — g (u)|du + 2 / P2 () — ()| du
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2(0) 4 2(0) = 0
< u=y(d(f,9))

Case II: When u € (1,2], then

a(f(u),g(v)) &*(Df,Dg) =0 <¢(d*(f,9))
Thus, all the conditions needed for Theorem 4.3.8 are fulfilled, so, there must exists
a fized function in §. In this example, f is a fixed function of 2.

Uniqueness: By considering the following hypothesis, the uniqueness of fixed func-
tion in Theorem 4.3.8 will be assured.
(H): for all f,g € §, there exists h € § such that

a(f(u),h(v)) >1 and alg(u),h(v)) > 1.

Theorem 4.3.9 Adding condition (H) to the hypothesis of Theorem 4.3.8, we

obtain the uniqueness of fixed function of ®.

Proof Let us suppose that f* and ¢g* be two fixed functions of ©. From (H), there

exists some h* € § such that
a(f*(u),h*(v)) > 1 and aog*(u),h"(v)) > 1. (4.3.5)
Since ® is a-admissible, by (4.3.5), we have
alf*(u),®"h*(v)) > 1 and a(g*(u),D"h*(v)) >1 for all ne€N.  (4.3.6)
Using (4.3.6) and («a — v)-contractive condition

d'(f*,2"h) = d(Df,D(D"hY))
alf*(u), D" h"(v)) (D f, D(D" 1))
< W (f, D" hY);

IN

which implies that d*(f*,©"h*) < ¢Y™(d*(f*, h*)) for all n € N. Taking limit n —
+00, we get
D"h" — f.

91



Similarly,
D"h" — g

Uniqueness of limit gives f* = ¢g*. This proves the theorem.

4.4 Application to Intensity modulated radiation
therapy

The application in this section is based on determining the best suitable treatment
plan for tumor patients getting intensity modulated radiation therapy (IMRT).
Bortfeld [27] and Shepard et al. [148] presented some useful techniques to develop
algorithms for the problems encountered in tomotherapy. In these techniques, a
dose deposition coefficient (DDC) matrix is often computed to decide the dose dis-
tribution to each voxel in required volume of interest from every beamlet with unit
intensity. But we usually get a large set of data during calculation that requires
a huge computer memory and computational efficiency. As a result, small values
from DDC matrix are usually truncated that affects the quality of treatment plan.
Fixed point method is very efficient and effective technique to solve this problem.
In this technique, a proper DDC matrix truncation has been used that significantly
improves accuracy of results. Following Tian et al. [151)’s FMO model, the DDC
matrix was divided into two components ©, and ®, on the basis of a threshold
value. The matrix ©, (major component) consists those values of DDC matrix
which are higher than the threshold whereas the minor component ®, consists re-
maining values. In fact, ©, represents those doses which correspond to tumor area
voxels (specifically) while ©, represents scatter doses passing at large distances.
Following this concept, the treatment plan for more than a patient at a time, is
presented through our results in a more effective way. The results proposed in this
paper provide a very efficient and easy technique for estimation of suitable treat-

ment plan.

In the present case, two tumor patients have been considered with different
tumor levels. Let U denotes the set of all threshold intensity values (with unit Gy)

to be given on particular days and in particular sessions. A patient is getting the
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therapy two times a day. Days and sessions are denoted by D and S respectively.

(1, Dlsl), (%, D152>, (1, D251>, (%, DQSQ) Patient — [,
(]_, Dlsl), (2, Dlsg), (]_, DQSl), (2, DQSQ) Patient — I1.

Note that U is complete being a closed and bounded subset of R?. Let § = {f1, f2}
be the family of dose functions and each function represents different dose distribu-

tions (to tumor locations) of different tumor patients during IMRT.

2u  Patient — I, 5 Patient — I,
fi(u) = and  fo(u) =
U Patient — 11. 2u Patient — I1.

3
It is to be noted that § is the family of bounded functions. Let ® : § — § be the
mapping defined as Df = f2 —2f +2 V f € §. It is required to prove that D is a
®-contraction mapping. For u,v € U, we have the following cases:
For Patient-I

Case I- When v = v = 1. Then Case III- When u =1, v = % Then
|3Df1_33fZ|:§ and |fl_f2|:§ |©f1—®fg|:E and |f1—fg|:E
9 3 36 6
Case II- When u = v = % Then Case IV- When u = %, v =1. Then
25 b} 4 2
Dfi —Dfo] = 36 and [fi — fa| = 6 Dfy —Dfy| = 5 and |fi — fo| = 3

For Patient-I1

Case I- When u = v = 1. Then Case III- When u =1, v = 2. Then
1 1 1 1
Dfi —Dfo] = 9 and |fi1 — fo| = 3 Dfi —Dfo] = 9 and |f1 — fa| = 3
Case II- When v = v = 2. Then Case IV- When u =2, v = 1. Then
8 2 8 4
Dfi —Dfs] = 9 and |fi — fo| = 3 Dfi —Dfo] = 9 and |f1 — fo = 3
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From all above cases, for Patient-I

d*(Df1,D f2) = sup{|Df1 = Dfo| u,v € U}
25 2 11
= — < — X —
36 — 3 6
=A d*(f17f2);

and for Patient-11

(D f1,Dfs) = sup{|Dfi — Dfo]| u,v € U}

8 2 4
=-<-X =
93 3
:)\d*(fbe)v

where \ = % < 1.

Thus, all the conditions required for Theorem 4.3.4 are fulfilled. Therefore,
there exists a unique fixed function f; of ® that yields suitable doses for two pa-

tients at the same time.
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Chapter 5

Fixed Function Theorems in Complete Met-

ric Spaces for Expansive Mappings

5.1 Introduction and Preliminaries

The study of fixed points was initiated by Poincare [123] in 1886. His result
is known as “Poincare’s last geometric theorem” which ensures the existence of at
least two fixed points for an area preserving twist homeomorphism of an annulus.
On the other hand, in 1984, Wang et al. [153] began a research line in the field of

expansive mappings and presented some fixed point results in metric spaces.

Theorem 5.1.1 [153] Let (U,d) be a complete metric space. If D : U — U is an

onto mapping and there exists a constant a > 1 such that
CZ(D’U&, DUQ) 2 a CZ('U,l, Ug),

for each uy,us € U. Then D has a unique fixed point in U.

In [78], Jungck defined interdependence between commuting mappings and fixed

points.

A~

Definition 5.1.2 [78/ Two self mappings Dy and Dy of a metric space (U,d) are
said to be commuting if D1Dsu = Dy Dyu for all u € U.

Theorem 5.1.3 [78] Let Dy be a continuous self mapping defined on a complete
metric space (U,d). Then Dy has a fized point in U iff there exists a € (0,1) and a
mapping Dy : U — U which commutes with Dy and satisfies Do(U) C D1(U) and
d(Ds(w), Da(v)) < a d(Dy(uw), Dy(v)) for all u,v € U. The mappings Dy and D,

have a unique common fixed point if above inequality holds.

Contents of this chapter are published in Journal of Intelligent and Fuzzy
Systems, 2019, 37(6), 5611-5618.(SCIE)
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After that, Jungck [79] defined weakly compatible mappings.

Definition 5.1.4 [79] Let Dy and Dy be two self mappings defined on a set U.
If w = Dyu = Dyu for some u in U, then u is called a coincidence point of D1 and
Dy, and w s called a point of coincidence of Dy and Ds. Self mappings Dy and
Dy are said to be weakly compatible if D1Dou = DoDyu for some u in U such that
Diu = Dyu.

The concept of weakly compatible mappings is more general as compared to com-

muting mappings.

In this chapter, following chapter 4, the concept of fixed function is used to prove
some fixed function theorems via expansive mappings in complete metric spaces. A
new notion of P-expansion is introduced in this chapter and various fixed function
theorems are derived using different forms of this class of expansive mapping. Also,
some common fixed function theorems for a pair of weakly compatible mappings are
derived and the credibility of obtained results have been verified through examples

and a nice application to Tomotherapy.

This chapter is organized as follows: Section 5.2 consists of some fixed function
results in complete metric spaces. In section 5.3, some common fixed function
theorems for a pair of weakly compatible mappings are obtained. Section 5.4 deals

with an application to Tomotherapy.

5.2 Fixed function theorems for expansive map-

pings

Definition 5.2.1 Let (U, cf) be a complete metric space where metric d is defined
as d(u,v) = [u—v| ¥V u,v € U and § be the collection of all bounded functions
defined on U equipped with metric d* where d*(f,g) = sup{d(f(u), g(v))| u,v € U}
(CZ is the usual metric). Let P : § — F be a self mapping. Then B is called an
expansive mapping if for all f,g € §, there exists a number a > 1 such that

d*(PBf.Bg) = a d*(f, 9)-

Example 5.2.1 Let U be the set of positive real numbers and the mapping B s
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defined as Pf =5f+2 V f € F. Then P is an expansive mapping as for all
u,v e U; f,g€§, we have

d*(Bf,Bg) = sup{[5f(u) +2 = 59(v) = 2| Ju,v € U}
— sup{5|(u) — g(v)]| .0 € U}
> sup{|f(u) — g(v)| [u,v € U}
=ad(f,g) where a=2.

Lemma 5.2.2 Let (U, cZ) be a complete metric space and § be the collection of all
bounded functions defined on U equipped with metric d*. Let { fi}xen) be a sequence
of functions in §. If there exists a number o € (0,1) such that

d*(fk+17 fk) S « d*(fknfk:—l)y k= 1,2, (521)

Then { fi}eny is a Cauchy sequence in §.

Proof By induction, we get from (5.2.1),

d*(frs, fr) < @ d*(fi foo1) < P (fror, fo2)
< ... <afd (fy, fo).

Let p,q € N be some positive integers with p > ¢. Let p = ¢+t where ¢t > 1. Then,

d*(fg, fp) = d"(fg> fast)
S A (fy for1) + A (forn, for2) + -
+ & (fort-15 fot)
< ald*(f1, fo) + ™ d (fu, fo) + -
+ a1 4 (f1 fo)

aq

< d*(f1, fo) where a < 1.

1 -«
Taking limit ¢ — oo, we get
d*(fq: fp) <€
This shows that {fi}xen) is a Cauchy sequence in §.

Theorem 5.2.3 Let (U, cZ) be a complete metric space with metric d defined as

d(u,v) = |u —v| for all u,v € U. Let § be the collection of all bounded functions
defined on U with metric d*. Also, let P be an onto expansive self mapping defined

97



on §. Suppose that there exists o, B,y > 0 with o+ 5+ v > 1 such that

d*(Bf,Bg) = a d*(f,9) + 8 & (f,Bf) + 7 d"(9,Bg);

forall f,g € § (where f » g). Then P has a fized function in §.

Proof Let fy be any arbitrary function in § . Since P is an onto mapping, there
exists f; € § such that PBf; = fy. Proceeding in the same way, we can define a
sequence { fi}keny in § such that fr_1 =Pfr, k=1,2,....

Assume that fi ~ fr1 V k= 1,2,... (because otherwise f is a fixed function of
). Then,

d*(fe-1, fx) = & (B fr, Bfrr1)

o d*(fr, freyr) + B8 & (fr, Bfe) + v & (frr1, Bfrrr)
a d*(fi, for1) + B A" (frs fom1) + 7 & (frsr, i)
= (1= B8)d" (fr—1, fr) = (@ +7)d"(fr, frr1)

= d*(fi, fir1) < <61Y;+§> d*(fe-1, fr)

=5 d*(fr-1, fr) where s <1.

v

By Lemma 5.2.2, { fi. }(ken) is a Cauchy sequence in §. Since (§, d*) is complete being
a collection of functions defined on a complete metric space (U, d), the sequence

{ fr}(kew) is convergent in §.
Let f* € § be the limit of this sequence. Accordingly, there exists f € § such that

Bf = f*. Now,

d*(fmf*) - d*(%fkﬂ,‘ﬁf)
> o d*(forrs [) + B A (frrr, Bfrgr) +7 d°(f,Bf).

As k — o0, the above inequality becomes

0=d(f, f) > ad(f,f)+ BO) +~ d(f, )
= 0> (a+y)d*(f, f*);

which implies that d*(f, f*) = 0 i.e. f ~ f*. Thus, f* is a fixed function of D.
This completes the proof.

Remark 5.2.4 By setting 8 = v = 0 in Theorem 5.2.3, the following result is

obtained:
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Corollary 5.2.5 Let (U, cZ) be a complete metric space with metric d defined as

A~

d(u,v) = |u —v| for all u,v € U. Let § be the collection of all bounded functions
defined on U with metric d*. Also, let P be an onto expansive self mapping defined
on §. Suppose that there exists a > 1 such that

d*(Bf.Bg) > a d*(f, 9);

forall f,g € § (where f = g). Then P has a unique fized function in §.
Proof For uniqueness, let g* be another fixed function of 3. Then
d*(f".g") = d"(BS*, Byg")
> ad(f.9%);
which is not possible as a > 1. Therefore, the fixed function f* is unique.
This completes the proof.

Corollary 5.2.6 Let (U, cZ) be a complete metric space with metric d defined as

~

d(u,v) = |u—v| for all u,v € U and § be the collection of all bounded functions
defined on U along with metric d*. Also, let B be an onto expansive self mapping

defined on §. Suppose that there exists a +ve integer n and o > 1 such that

d*(B"f,B"g) = a d*(f, 9);

for all f,g € F(where f = g). Then P has a unique fized function in §.

Proof By Corollary 5.2.5,

d(P"f,B"g) = a &'(P" B g)
Z O./zd* (;Bn—Qf’ gpn—Qg)
o> a"d (f,9);

and thus PB" has a unique fixed function f*. But P"(Pf*) = P(P"f*) = Pf*,
therefore, P f* is also a fixed function of PB" but the uniqueness implies P f* = f*.
Thus, B has a unique fixed function in §.

Example 5.2.2 Let U = R* and d be the usual metric defined on U. Let § be the
family of bounded functions defined on U and d* be the metric defined on § as

d*(f.9) = sup{d(f(u), 9(v))| u,v € U}.
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Note that (U,d) is a complete metric space and thus (§,d*) is also complete being
collection of bounded functions defined on U. Let

—2 uw 1s rational,
flu) =

0 otherwise,

and

1 u 1S rational,
g(u) =
2 otherwise.

be two arbitrary functions from the family §. Let the mapping B be defined as
Bf =f2+3f V feF. Itiseasy to check that P is an expansive mapping as for
u,v € U; f,g € F, we have the following cases for a = g:

Case-I: If u,v are rational numbers. Then

d* (B f,Bg) = sup{d(Pf(u),Pg(v))| v,v € U}
= sup{|Bf(u) — Pg(v)| u,v € U}
= sup{|f*(u) + 3f(u) — ¢°(v) — 3g(v)| u,v € U}
=6> g X 3
= a sup{[f(u) — g(v)| u,v € U}
=a d'(f,9).

Case-II: If u,v are not rational numbers. Then

d* (B f,Bg) = sup{d(Pf(u), Bg(v))| v,v € U}
= sup{|Bf(u) — Pg(v)| u,v € U}
= sup{|f*(u) + 3f(u) — g°(v) — 3g(v)| u,v € U}
=10 > g X 2
= a sup{|f(u) — g(v)| u,v € U}
=a d'(f,9)

Case-III: If u s a rational number and v is not. Then

d* (Bf,Bg) = sup{d(Bf(u),Bg(v))| u,v € U}
= sup{|Bf(u) —Bg(v)| u,v € U}
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= sup{|f*(u) +3f(u) — g*(v) = 3g(v)| u,v € U}

:122§><4
d

= a sup{|f(u) — g(v)| u,v € U}
=a d'(f,9)

Case-1V: If v is a rational number and u is not. Then

d*(Bf, Bg) = sup{d(Bf(u),Bg(v))| u,v € U}
= sup{[Bf(u) —Pg(v)| v,v € U}
= sup{[f*(u) + 3f(v) — g*(v) = 39(v)| u,v € U}

:42§><1
)

= a sup{|f(u) — g(v)| u,v € U}
=a d'(f,9)

Thus, all the conditions of Corollary 5.2.5 are satisfied. So, there exists a unique

fixed function. In this example, f is the unique fixed function.

Theorem 5.2.7 Let (U, CZ) be a complete metric space with metric space equipped
with distance metric d and (§,d*) is a metric space where § is the family of all
bounded functions defined on U. Also, let P : F — § be a continuous surjective
mapping. Assume that there exists a constant o > 1 such that for all f,g € §

(where f = g),
d"(Bf,Bg) = o M(f,9);

where

M(f,g) = maz{d*(f,g),d"(f,Bf),d"(g.Bg)}.
Then B has a fized function in §.

Proof Following Theorem 5.2.3, construct a sequence {fy}ren such that fr_1 =
Bfi V k>1where f_1 # fi for all k. By given condition,

d*(fr—1, fr) = " (B fr, Bfrt1) > a M(fr, fes1); (5.2.2)

where

M fi, fev1) = maz{d™(fr, frs1), " (fr BSr), & (frr1, BLor1) }
= maz{d"(fr, fe+1), d"(fr, fe-1)}-
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If M(fk, fk+1) = d*(fk, fk—1)7 then by (522)
d*(fe—1, fx) > o d*(fx, fx—1) where a > 1,

which implies that d*(fx, fx_1) = 0 i.e. fr = fr—1 which is a contradiction. If
M(fr, fes1) = d*(fr, frr1), then we have

d*(fr—1, fx) = a d*(fr, fus1);

and thus by Lemma 5.2.2, { fx}xen is a Cauchy sequence in §.

Since (g, d*) is complete being a collection of bounded functions defined on a com-
plete metric space (U, cf), the sequence { fi}ren converges in §. Accordingly, there
must exist some f € § such that kll—@ d*(fe, f) = 0.

As ‘B is continuous, we have
lim d*(Bfe,Bf) =0
k—o0
= lim d"(fu1,Bf) = 0
k—o0
= d"(f,Bf) = 0;

which shows that f is a fixed function of L.

5.3 Common fixed function theorems for various

expansive mappings

Theorem 5.3.1 Let (U, d) be a complete metric space equipped with distance met-
ric d and (§,d*) is a metric space where § is the family of all bounded functions

defined on U and d* where d*(f,g) = sup{d(f(u),g(v))| u,o € U}. Also, let
B, : F§ = F and P, : § — T be two weakly compatible self maps such that
PB.(F) C B.u(F). Assume that there exists a constant o > 1 such that for all

f,9 €8 (where f o g),

d*(Bof, Pag) =2 a d*(B.f,B.g). (5.3.1)

If one of the subspaces P, (§) or P, (§) is complete, then P, and P, have a unique

common fized function in §.

Proof Let fy € § be any arbitrary function. Since B,(F) C B, (F), therefore there
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exists some f; € § such that 3, fi =B, fo. In general, we have some f, ;1 € § such
that

In = Prfor1 =P fu
By (5.3.1),

d* (mlfm mlfn+1)
d* (mzfnfla sIngn)

d’ (mzfm mzfn—&-l) <

lro |+

By Lemma 5.2.2, above inequality shows that {3,f,} is a Cauchy sequence in
§. Since (§,d*) is complete being the collection of bounded functions defined on
complete metric space (U, a?), therefore, {8, f,} is convergent in §. Let the limit of

this sequence be f* i.e.
lim g, = lim P, f, = lim P, f, = f".
n—oo n—oo n—oo

As P, (F) is a complete subspace of §F, therefore, there exists a function f € § such
that 9, f = f*. By (5.3.1), we obtain

d* (P f, P fo)-

Q|+

d"(Pof, Pafn) <
Taking limit n — oo,
d*(P.f, f*)
d*(f*, f*).

4 (PB.f, Bofuf?) <

RQlIrme|r+

This implies that ‘,Bzf = f*. Thus, ‘Blf = ‘,Bzf = f*. As ‘P, and P, are weakly
compatible mappings, therefore, by definition,

TP, f = BB f
P =B.f" (5.3.2)

Now, it remains to show that f* is a fixed point of 3, and B,. By (5.3.1),

d (Pof*, Pofn) > a d"(Bof", Pafn)-
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Taking limit n — oo,
d"(Buf, 1) = a d*(B.f", ).

By (5.3.2), we have, B, f* = f* which shows that f* is a fixed function of 93, and
B,. For uniqueness, let g* be another fixed function of 3, and 3,. Then,

d°(f*,9") = d"(Bof", Prg") > a d*(B.f",B.9")
=ad(f",9);
which is a contradiction. This completes the proof.

Example 5.3.1 Let U = [0,2] be any set equipped with usual metric d. Let § be
the family of bounded functions defined on U and d* be the metric defined on § as

d*(f,9) = sup{d(f(u), 9(v))| u,v € U}.

Let the mappings Py and Po be defined as R, f = f and P, f = % forall f € F.
Note that B, and B, are weakly compatible for all f € § and B, (F) C P.(F). It
remains to show that the inequality (5.3.1) in Theorem 5.3.1 is satisfied.

d*(mlf7mlg) = d*(f? g)
= sup{[f(u) —g(v)| | u,v € U}

zasup{w | u,UEU}

=a d'(B.f,P.g) where a=2>1.

Thus, all the conditions required for Theorem 5.3.1 are fulfilled, therefore, there
exists a unique fized function. In this example, Null function is the unique fized

function.

5.4 Application to Tomotherapy

In this application, the treatment plan for more than a patient at a time, is pre-

sented through our results in a more effective way.

Let us consider the case of two lung cancer patients (with different tumor levels)
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getting Tomotherapy. Let U denote the set of all possible intensity values to be
given on particular days and in particular sessions. Each patient is getting therapy
in two sessions per day. Days and sessions are denoted by D; and S; (i,5 = 1,2.)

respectively.

(17 DlSl)a (%7 DlS?)? (17 D251>7 (%7 DQS?)
(27 DlSl)a (17 DlSZ)a (27 DZSl)a (17 DQSQ)

Patient — I,
Patient — I1.

Note that U is complete being a closed and bounded subset of R?. Let § = {f, g} be
the family of dose functions and each function represents different doses (to tumor

locations) of different tumor patients during Tomotherapy.

U Patient — I, 2u
flu) = and g(u) =
Patient — I1.

Patient — I,

%u Patient — I1.

IS

Here, § is the family of bounded functions. Let 3 : § — § be the mapping defined
as Pf = f2— % + % for all f € §. Now, it remains to prove that P is an expansion
mapping. For u,v € U, we have the following cases:

For Patient-I

Case I- When v = v = 1. Then Case III- When u = %, v =1. Then

)
|‘Bf—‘B9|=§ and |f —g|=1. Bf —PBg| =3 and |f—g\:g.

Case II- When w =1, v = 3. Then Case IV- When v = v = 1. Then

B —Bg| =0 and |f—g|=0.

RS =Rl =5 and 1f -9l =3

For Patient-I1

Case I- When ©w = v = 2. Then
IBf —PBg| =7 and |f —g|=2.

Case II- When v =2, v =1. Then

BF—Pgl =1 and |f—g|:%.

Case III- When v =1, v = 2. Then
15 5

Bf —Pgl =~ and |f —g|= 3.
2 2

Case IV- When v = v = 1. Then

BF —Pgl = 5 and | —g| =1
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From all above cases, for Patient-I

d*(Bf,Bg) = sup{|Bf — Pyg| u,v € U}

and for Patient-11

d*(Bf,Pg) = sup{|Bf — Byg| v,v € U}
15

where o = 2 > 1.
Thus, all the conditions required for Corollary 5.2.5 are fulfilled. Therefore, there
exists a unique fixed function f of B that yields suitable doses for two patients at

the same time.
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Chapter 6

Common Fixed Point Theorems in Ordered

Partial Metric Spaces

6.1 Introduction and Preliminaries

The study of common fixed points was initiated by Jungck [79] in 1986 and this
concept attracted many researchers to prove the existence of fixed points by us-
ing various metrical contractions. On the other hand, the notion of partial metric
spaces was presented by Matthews [104] which has been considered as one of the
most interesting and outstanding generalizations of metric spaces. Many authors
generalized this notion in different ways (See [21], [72,73], [81], [112], [120]).

In 2010, Hong [69] defined the concept of approximative values to prove the ex-
istence of common fixed points for multivalued operators in the framework of or-
dered metric spaces. After that, Erduran [55] extended this concept and studied
some fixed point results for multivalued mappings in partial metric spaces. In 2014,
Ansari [13] introduced C-class functions defined on R.

In this chapter, the notion of F-generalized contractive type mappings is introduced
and some common fixed point theorems for multivalued mappings in ordered par-
tial metric spaces by using C-class functions and F-generalized contractive type
mappings are obtained through this new class of mappings.

Matthews [104] defined the partial metric space as follows:

Definition 6.1.1 [10/] Let U be a non empty set. A function p : U x U — R
s said to be a partial metric on U if the following postulates hold true for all

u,v,we U :

Contents of this chapter are published in Mathematics, 7(2), 2019, 193.
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w=v if and only if plu,u) = p(v,v) = p(u, v);

pu,u) < plu,v)  (small self — distance axiom);

3>
w

(u,v) = p(v,u) (symmetry);

3>

~—~ %\ o
>
[\)

~— ~— ~— ~—

3>

(u,w) < p(u,v) + p(v,w) — p(v,v)  (modified triangle inequality);

for any u,v,w € U. The pair (U, p) is then called a partial metric space (in short
PMS).

Each partial metric p on U generates a Ty topology 7, on U which has a base, the
family of open p-balls {Bs(u,€),u € U,e > 0}, where

Bs(u,e) ={v e U : p(u,v) < p(u, u) + €};

for all w € U and € > 0.
If p is a partial metric defined on U, then the mapping d; : U x U — R* given by

dy(u,v) = 2p(u,v) — p(u, u) — p(v,v);
is a metric on U.

Following are the results due to Matthews [104]:

Definition 6.1.2 [104] For a partial metric space (U,p), a sequence {u,} in U is

said to be
1. convergent if there exists a point u € U such that p(u,u) = lim, oo p(tUn, u),
2. a Cauchy sequence if the limit lim,, oo P(Un, U,) ezists (and is finite).

Definition 6.1.3 [104] A partial metric space (U,p) is said to be complete if

every Cauchy sequence {u,} in U converges w.r.t. 75 to a point u € U such that

Plu, w) = imy, oo P(Un, Upy)-
Lemma 6.1.4 [104] Let (U,p) be a partial metric space. Then

1. {uy,} is said to be a Cauchy sequence in (U,p) iff it is a Cauchy sequence in

the metric space (U,dy),

2. (U, p) is complete iff the metric space (u,dy) is complete. Also, lim,,_, dp(u,, u) =
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Chen and Zhu [36] proved the following result:

Lemma 6.1.5 [36] Let (U,p) be a partial metric space and let {u,} be a sequence
in U such that

lim p(un, uny1) = 0.
n—oo

If the sequence {us,} is not a Cauchy sequence in (U, p), then there exist € > 0 and
two sequences {m(k)} and {n(k)} of positive integers with n(k) > m(k) > k such

that the following four sequences

P(Uzm (k) Uan(k)+1) > P(U2m(k)> Uan(k))> P(U2m(k)—1, Uan(k)+1), P(Uam(k)—1, Uon(k));

tend to € > 0 when k — oo.

Saluja et al. [139] prove the result given below for mappings involving rational type

expressions in partial metric spaces:

Lemma 6.1.6 [139] If the sequence {u,} with lim, . d(tni1,u,) =0 is not a
Cauchy sequence in (U,p), then for each € > 0, there exist two sequences {m(k)}
and {n(k)} of positive integers with n(k) > m(k) > k such that the following four

Sequences

P(Um(k)s Un(k)+1)s P(Um(k)> Un(k))s D(Um(k)=1> Un(k)+1) > D(Um(k)—1, Un(k) )}

tend to € > 0 when k — oo.

Let CBP(U) be a family of all non-empty, closed and bounded subsets of the
partial metric space (U,p). Note that the notion of a closed set is obvious as 7; is
the topology induced by p and boundedness in its standard form is given as follows:
A; is a bounded subset in (U, p) if there exists M > 0 and uy € U such that for
each a; € Ay, we have a; € By(ug, M) i.e. p(ug,ar) < p(ay,ar) + M.

For all A, Ay € CBP(U) and u € U,

=

RS

ES
I

inf {p(u,0) s v € A},
05(A1, Ag) = sup{p(as, As) : a1 € A1},
513(142,141) = sup{ﬁ(Al, 0/2) I Qa9 € AQ},

and
Hp(Al, Ag) == max{éﬁ(Al, Az), 613(142, Al)}
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Note that p(u, A;) = 0 implies ds(u, A1) = 0 where
dﬁ(u,A1> = inf{dﬁ(u,al) tay € Al}

The result of Altun et al. [12] for generalized contractions in partial metric spaces

is stated below:

Theorem 6.1.7 [12] Let (U,p) be a partial metric space and let Ay be any non-
empty set in (U,p), then ay € Ay iff pla, A1) = p(ai,a;) where A, denotes the
closure of Ay w.r.t. the partial metric p. we say that Ay is closed in (U,p) iff
Al - A_l

Aydi et al. [17] proved the result below for cyclic contractions in partial hausdorff

metric spaces:

Proposition 6.1.8 [17] Let (U,p) be a partial metric space. For all Ay, Ay, A3 €
CBP(U), we have

(h1) Hy(A1, A1) < Hy(Ay, Ay),
(ha) Hp(Ar, A2) = Hp(Az, Ay),
(hs) Hy(A1, Az) < Hy(A1, A3) + Hp(As, As) — in£ plas, az),

a3z€A3

(h4> Hp(Al, AQ) =0= A1 = AQ.

The mapping H, : CBP?(U) x CB?(U) — [0,+00) is called the Partial Hausdorff
metric induced by p. Every Hausdorff metric is a Partial Hausdorff metric but the
converse need not be true (Ezample 2.6, [17]).

Ran and Reurings [126] defined partially ordered metric spaces and comparability

as follows:

Definition 6.1.9 [126] For a non-empty set U, the space (U,p,=) is called an
ordered partial metric space if (U, p) is a partial metric space and (U, <) is a partially
ordered set.

Let (U, =) be a partially ordered set. Then u,v € U are called comparable if u <

v oor v =X1u.

Hong [69] defined partial order on members of ordered metric spaces in the following

way:

Definition 6.1.10 [69] Let Ay and Ay be any two non-empty subsets of an ordered
set (U, =). The relation =5 between Ay and Ay is defined as follows:
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Ay =9 Ay if a1 <X ay for each ay € Ay and as € A,.

Dhage et al. [51] defined the concept of weak compatibility for condensed mappings
in 2003.

Definition 6.1.11 [51] Let (U, <) be a partially ordered set. Two maps D, D :
U — 2Y are said to be weakly isotone increasing if for any u € U, we have Du <
Dov for all v € Du and Dyu <9 Dv for all v € Dau.

In particular, the mappings D, Dy : U — U are called weakly isotone increasing if
Du < DyDu and Dyu =< DDyu hold for each u € U.

Recently, Erduran [55] introduced the notion of g-approximative multivalued map-

ping in ordered partial metric spaces.

Definition 6.1.12 [55] An ordered partial metric space is said to have a sequen-
tial limit comparison property if for every nonincreasing sequence (or nondecreasing

sequence) {u,} in U, we have u, — u implies u < u,, (or u, < u) respectively.

Definition 6.1.13 [55] A subset A of set U is said to be approximative if the set
Pa(u) ={v e A:p(u,v) =p(A,u)} ¥V ueU isnon-empty.

A set-valued mapping D is said to have approximate values in U if Du is approxi-

mative for each v € U.

Nazari and Mohitazar [115] defined the following class to prove some fixed point

results in ordered partial metric spaces:

Definition 6.1.14 [115] Denote by Y the set of all functions & : [0,+00)*
[0, +00) with the following properties:
1. £ is nondecreasing in third and fourth variables,
2. &(s1,82,83,84) = 0 & 51898384 = 0,
3. & is continuous.
The following functions belong to Y:
&(s1, S2, 83, 84) = Lmin{sy, S9, s3,54} where L >0,
2. &(s1, 82, 83, 84) = S1525354,
(
(

§(s1, 52, 83, 54 In(1 4+ s1595384),

)=
) =
) =
)=

4. (51,52, 53,54 (51825354) - 1.
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For two mappings D, Dy : U — 2V, we define

M (u,v) = max{p(u,v), p(u, Du), p(v, Dov), =[p(v, Du) + p(u, Dyv)]}.

1
2
In 2014, the concept of C-class functions was introduced by Ansari [13]. By using

this concept, many fixed point theorems in the literature can be generalized.

Definition 6.1.15 [13] A mapping F : [0,00)* — R is called a C-class function

if it is continuous and satisfies the following axioms:

1. F(ty, ts) < t1,

2. F(ty,ty) = t1 implies that either t; =0 orty =0 for all ty,ty € [0,00).
We denote C-class functions by €.

Example 6.1.1 [13] Following are some members of class C for allty,ts € [0, 00):
1 F(ty ty) =t — to, Flty, ts) =t = to = 0;
2. F(ty,ta) = mty, 0<m<1, F(t1,ta) =t1 =t =0;
3. F(ty,tz) = ﬁ r € (0,00), F(t1,t2) =t = t; =0 orty = 0;
4. F(t1,ta) =log(ta +a) /(1 +t3), a > 1, F(t1,t2) =t1 = t1 =0 orty =0;
5. F(ti,t2) =In(1+a")/2, a >e, F(t1,1) =t; = t1 =0;
6. F(ty,ta) = (t, + D)V 1 1> 1,7 € (0,00), F(ty,ta) =t1 = ty = 0;
7. F(tr,ty) = tilog,, ,a, a > 1, F(ty,ty) =t = 1, =0 orty =0;

8. F(ty,ta) =t1 — (%), Tt ) =t = ta = 0;

9. F(t1,ta) = t15(t1) where 5 : [0,00) — [0,1) is continuous, F(t1,ts) = t, =
tl = 0,’
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10. F(t, 1) =ty — 135, F(tr,ta) = t1 = 1o = 0;

Let ¥ be the family of continuous and monotone nondecreasing functions
¥ [0,00) — [0,00) such that ¥(t) = 0 iff ¢t = 0 and ®; the family of contin-
uous functions ¢ : [0,00) — [0, 00) such that ¢(t) = 0 iff t = 0.

Let @, be the family of continuous functions ¢ : [0, 00) — [0, 00) such that ¢(0) > 0.
Note that ®; C ®,,.

In the next section, the notion of F-generalized (¢, ¢, £)-contractive type map-
pings is defined and some common fixed point theorems for this new class have

been proved.

6.2 Fixed point theorems for generalized (v, ¢, {)-

contractive type mappings

Definition 6.2.1 Let U be an ordered partial metric space. Two mappings D, Dy :
U — 2Y are said to be F-generalized (1, p, €)-contractive type mappings if,

U(Hp(Du, Dav)) < F(M(u,v)), d(¥(M(u,v))) + £(D(u, Du), p(v, Dav),
ﬁ(vv ‘Du) - ]5(1), U)aﬁ(uv ‘D?U) - ﬁ(u,u)),

for all w,v € U with u and v comparable and ) € ¥V, p € &,, £ € T and F € C.

Definition 6.2.2 Limit comparison property: A non-empty set U is said to
hold limit comparison property if for a sequence {u,} € U such that u, — u, u, is

comparable to u for all n € N.

Theorem 6.2.3 Let U be a complete ordered partial metric space with the limit
comparison property. Assume that D, Dy : U — 2V are weakly isotone increasing
F-generalized (1, p,&)-contractive type mappings and satisfy approximative prop-
erty. Suppose that there exists ug € U such that {up} <9 Dyug. Then Dy, Dy have
a common fized point uw € U such that p(u,u) = 0.

Proof Firstly, it is proved that if u is a fixed point of D; such that p(u,u) = 0,
then it is a common fixed point of D; and D,y. By using given contractive condition

and property 2) of &,

Y(P(u, Dau)) < (Hy(Diu, Dou))
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U(p(u, Dau)) < F(P(M (u, ), (P(M(u,u))))

£(p(u, Diu), p(u, Dow), p(u, Diu) — pu, uw), p(u, Dou) — p(u, u))
(Y (M (u, u), p((M (u, u)))) + £(0, p(u, Dou), 0, p(u, Dau) — 0)
(Y (M (u, u), o (M (u, u)))); (6.2.1)

+

F
F

where

M(u,u) = Maz {ﬁ(u, W), b, D), plu, Do),

ﬁ(uv DQ'LL) + ﬁ(uv Dlu) }
2
ﬁ(ua DQU) + ﬁ(uv u) }

< Maz {plu 10, ,0). s Dav), .

Thus by (6.2.1),

U(p(u, Dau)) < F((p(u, Dau), (Y (P(Dau, u))))

F(p
F((p(u, Dau)), (¥ (p(u, Dau)))).

This implies that, ¥ (p(u, Dou)) = 0 or p((p(u, Dau))) = 0, therefore p(Dau, u) =
0. Since Dyu satisfy approximative property, therefore there exist v € Pp,(u) such
that p(v,u) = p(u, Dou) = 0 i.e, v = u. Thus u € Dyu.

Let ug € U, if ug € Dyug, the proof is complete. Otherwise, from the fact that D;ug
has approximative property, it follows that there exists u; € Dyug, with u; # ug

such that

ﬁ(uo,ul) = inf ﬁ(uau()) = ]5(91100,“0)-
u€Diug

Again if u; € Dyuy, the proof is complete. Otherwise, since Douy has approximative

property, it follows there exist us € Douy with us # uy such that

13(“1,“2) = inf ﬁ(u7u1> = ]5(@2U1,U1>~
u€EDouy

By repeating this process, we can find a sequence {u,, } in U, such that ug, 11 € Diua,

and

ﬁ(u2n+1, Uzn) = 15(@1U2n, Uzn);

and Uop42 € @2U2n+1, with

D(Uant2, Uani1) = D(Dattont1, Usni1)-
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On the other hand

P(Diugn, uon) < sup  p(Diugy,, u)

u€Douzn, 1

< Hy(Dyugn, Dotign—1).

Therefore
P(Uant1, Uon) < Hp(Diugy, Dation—1); (6.2.2)

and similarly
P(Uant2, Uont1) < Hp(Dougpi1, Diuay). (6.2.3)

Since ug <o Diug and uy € Dyug = ug =<9 uq. Also, since Dy and D, are isotone
increasing, therefore, Dijug =<9 Dov for all v € Dyuy and thus Dyug <9 Douy. In

particular, u; <5 us. Continuing this process, we obtain
U 2U DR Uy DU D

Now it is required to show that lim p(un41,u,) = 0.
n—oo
Using (6.2.2) and the fact that D; and D, are F-generalized (v, ¢, £)-contractive

mappings, we get

V(P(u2n+1, u2n)) < Y(Hp(Druzn, Dougn-1))

< F(W(M (uzn, uzn—1), (Y (M (uan, tzn-1))))
+ f(ﬁ(um, ®1U2n)7l5(u2n71, ‘D2u2n71)7 ﬁ(um, ‘D2u2n71> - ﬁ(uzm U2n)
, D(Uant1, Ditian) — P(ton, usy,)) (6.2.4)
= F(D(M (u2n, tzn—1), (Y (M (u2n, tzn-1))))
+ &(P(u2n+1, u2n), P(u2n—1, U2n), P(U2n, U2n) — P(U2n, U2p)
, D(U2n41, Ugns1) — P(U2n—1, Ugn—1)

< F(P(M (ugn, uzn—1), p(Y(M (ugn, tzn-1))));

where

M (ugn, ugn—1) = Maz § p(ugn, uan—1), P(t2n, D1usy), pusn—1, Dattan—1),

2

D(Uzn—1, U2n+1) + P(U2p, Usr)
2

< Max

ﬁ(u2n—17 Dl“@n) + ﬁ(u%u D2“271—1) }

|

< Max {ﬁ(u%, Uzn—1), P(U2n, Uzn+1), P(U2n—1, U2n),
{ﬁ(uzm u2n71)7 ﬁ(u2n, u2n+1)7ﬁ(u2n717 u2n)a

2

= Ma’x{f)(u2n—1a u2n)7p(u2na U2n+1)}-
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If Ma${ﬁ(u2n—1>u2n>,ﬁ(uzmU2n+1)} = ]5(“27“ u2n+1)7 then by (6-2-4)7

D(P(Uznt1,u2n)) < F(P(Puzn, uan-1)), p(Y(P(U2n11,u2n))));

which implies that ¥(p(uzni1,u2,)) = 0 or (Y (p(u2nt1,u2,))) = 0. Therefore

P(U2n i1, U2,) = 0 which is a contradiction.

ThUS, ﬁ(u2nau2n—l) é M(“Qn;“?n—l) S ﬁ(u2n7u2n—1) and SO M(u2n;u2n—1) ==
P(Uon, uop—1). Also, by using (6.2.4), we get

Y(D(uznt1,u2n)) < FQ(D(uzn, uan-1)), (W (P(uzn, tzn-1)))) < ¥(P(uzn, u2n-1)).  (6.2.5)
Proceeding as above,
Y (P(uznt1, Uzns2)) < F(W(B(uzn, tant1)), 0P (D(Uzn; uznt1)))) < Y(B(uzn, tzns1)).  (6.2.6)
By (6.2.5) and (6.2.6),
P(Unt1; Un) < PUn, Un-1);

for each n € N.
Therefore, the sequence {p(uy, u, 1)} is a nonnegative and non-increasing sequence

and thus there exists » > 0 such that

lim p(upi1, up) = 1.
n—oo

Now since ¢ is lower semicontinuous,

p((r) < Liminfe((p(un, un-1))).

n—o0

Therefore, by (6.2.5), we obtain

b(r) < F(P(r), e(¥(r)).

This implies ¢ (r) = 0 or p(¢(r)) = 0. Hence r = 0.

Next, it remains to show that {u,} is a Cauchy sequence in U, i.e. to prove that

lim  p(up, Uy) = 0.
n,m—+00

Assume that the sequence {ug,} is not a Cauchy sequence in (U, p), then by
Lemma 6.1.5, there exist ¢ > 0 and two sequences {um@u)} and {un@)} of {u,}

with n(k) > m(k) > k such that the sequences in Lemma 6.1.5 tend to € as k — 0.
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Using the given contractive condition,

1/1(]5(U2m()uzn(k +1)) < Y(H, (®1U2m laDQUQn(k))>
< FO(M (U2m(r) -1, Uzn))))s PO (M (2um(e) -1, Uznw)))));

(6.2.7)
where
P(U2m (k) =15 U2n(k))> P(U2m(k)—15 D1U2m(k)—1)s P(U2n k), Datlon(k)),
M (uzm(r)-1:uzn(ry)) = Maz P(Uan (k) D1tomr)—1) + D(Uam(k)—1, D2tan(k))

2

P(Uzim (k)—1> U2n(k))> P(Uam (k)= 15 U2m (k) )» D(U2n (k) > U2n(k)+1)5

= Max (U2n(k), u2m(k)) +P(U2m(k)—1, Uzn(k)+1)

2

— Max{e,0,0,€}

=€ as k — oo.

Thus by (6.2.7) and for any k£ — oo,

P(e) < F(W(e), p(¥(e)))-

This implies that ¢(e) = 0 or ¢(¢(¢)) = 0 and thus e = 0 which is a contradiction.
Therefore the sequence {u,} is a Cauchy sequence. As (U,p) is complete, the
space (U,d;) is complete. Therefore, T{irgodﬁ(un,u) = 0 for some u € U. Now by
Lemma 6.1.4,

plu,u) = limp(uy,u) = lim p(tp, umy) = 0.

n—o0 m,n—o0

Since U has limit comparison property, therefore for n € N, w,, is comparable to u,

therefore,

ﬁ(U2n+2,®1U) < sup ]3(%9110 < Hﬁ(®2u2n+la®lu)-

u€Dauzn+t1

Thus,

w(ﬁ(uan,DlU)) Y(H, (DQU2n+17D1u>>
F(H(M (uant1, u)), p(¥(M (uznt1,w))))
+ S(p(U2n+17 ®2U2n+1)7ﬁ(u7 Dlu>7ﬁ<u2n+l7 Dlu) - ﬁ(U2n+1, U2n+1)

, D(u, Doty i1) — p(u, u)) (6.2.8)
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< ?(w(M(UmH, U)), @(w(M(Uan, u))))
+ f(ﬁ(u2n+1, U’2n+2)7ﬁ(u7 Dlu)vﬁ(u2n+17 2)110) - ﬁ(uznﬂ, U2n+1)

7ﬁ(u7 u2n+2) - ﬁ(u7 U)),
where

p(u, Dyu) < M(ugpi1,u)

ﬁ(u2n+1, 2)1U)

o+

R ) R p(u, Dousg,
= Max {p(U2n+17U)>p(U2n+1, ®2U2n+1)>p(% Dlu), ( 22 H)}

—~

P(uont1, Diu) +p
2

S Maz {ﬁ(u2n+l> u>7ﬁ<u2n+l> u2n+2)7ﬁ<ua D1u)7

Uu, U2n+2) }

Taking limit n — oo, we get lim M (ugpi1,u) = d(u, Dyu). Since ¢ is lower
n—oo

semicontinuous, taking limit n — oo in (6.2.8) implies

$(p(u, Dyu)) < F (W (p(u, Diu)), p(¢(p(u, D1u))));

which further implies that ¥ (p(u, Diu)) = 0 or (¢ (p(u, Diu))) = 0.

Thus, p(u, Dyu) = 0 . Since Dyu has approximative property, there exist v € Pp,,
such that p(v,u) = 0 i.e v = u, therefore u € Dyu. Thus u is a fixed point of D.
This completes the proof.

By putting F(t1,t2) = t1 — to, The following result holds:

Corollary 6.2.4 Let U be a complete ordered partial metric space satisfying limit
comparison property. Let Dy, Dy : U — 2V be two weakly isotone increasing map-

pings holding approximative property such that

Hy(Diu, Dyv) < p(M(u,v)) — o((M(u, v)) + £(D(u, D1u), p(v, Dav),
p(v, Diu) — p(v,v), p(u, Dav) — pu, u));

for all u,v € U with uw and v comparable and ¥ € V, p € ® and £ € L. Suppose
that there exists ug € U such that {ug} =2 Diug. Then Dy, Dy have a common
fized point u € U, such that p(u,u) = 0.

On putting F(t1,t2) = mt; and ¥ (t) =t , the following result is obtained:

Corollary 6.2.5 Let U be a complete ordered partial metric space satisfying limit

comparison property. Suppose that D1, Dy : U — 2V are two weakly isotone in-
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creasing mappings holding approzimative property and there exists k € [0,1) such
that

H,(Dyu,Dyv) < m p(M(u,v)) + £(p(u, Diu), p(v, Dav),
p(v, Dru) — p(v,v), p(u, Dav) — p(u, u));

for all u,v € U with w and v comparable and ) € V and & € Y. Suppose that there
exists ug € U such that {up} <o Dyug. Then Dy, D have a common fized point
u € U such that p(u,u) = 0.

By putting Dy = Dy in Theorem 6.2.3, the following Corollary holds:

Corollary 6.2.6 Let U be a complete ordered partial metric space satisfying the
limit comparison property. Suppose that Dy : U — 2V is a F-generalized (1, p, )-
contractive type mapping holding approximative property. Let Dy be weakly isotone
increasing and there exists ug € U such that {ug} <o Dyug. Then Dy has a fized
point uw € U such that p(u,u) = 0.

6.3 Example

Example 6.3.1 Let U = [0, 1] equipped with partial metric p defined by p(u,v) =
max{u,v}, for each u,v € U. Define the partial order on U by

u=v<ep(u,u) =p(u,v) < u=mar{u,v} < v < u.

It is easy to check that (U, =) is a totally ordered set and (U, p) is a complete partial

metric space. Also, the mappings Dy and Do are defined as

] 1 ' 1
o SOV wetogy oy i we o)

{0,3}  otherwise, {3} otherwise.

Note that Dy and Dy are weakly isotone increasing as for v,z € Dou; w € Dyv =
w=0. Thus, w < z = z 2 w. Hence, for each u € U; Dyu =<9 Dyv for each
v € Dou. Similarly, for each u € U, it can be easily shown that Diu <o Dov for all
v € Dyu.

Let ¢(t) = 2t and @(t) = t/2, F(t1,t2) = 3t1 and £(s1, Sa, S3, S4) = S1525354. Neat
it is proved that the mappings Dy and Dy are F-generalized (Y, p,£)- contractive

mappings. Following cases arises:
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Case I: If u,v € {0,3}. Then,

(Hp(Dyu, Dav)) = P (Hp({0}, {0}))

= (0)

-0

< F(M(u,v)), o(¥(M(u,v)))) + £(B(u, Diu), p(v, Dav),
p(v, Diu) — p(v,v), p(u, Dav) — pu, u)).

Case II: Ifu=v=1. Then,

stom) = o (1 ({03} {3}))
-+ (3)

= 1.

Now,

ﬁ(u7 EQU)

M(u,v) = Max {ﬁ(u,v),ﬁ(u, Dyu), p(v, Dav), (v, Dlu)}

+p
2
+

p(1,{0, 3}) +p(1, %)}
2

. R 1,, .1
< drae { (1, 1),5(0. 051501, 5.
1
= Maz{1,1,1, 5(1 +1)}
=1.

So,

?(¢(M(u7 U))v ¢(¢(M(U, U))) + g(ﬁ(uv ‘Dlu)vﬁ(va D2U)vﬁ(v> D1u) - ]5(21, U)aﬁ(u’ 92’0) - ﬁ(lL? U))
1
=1.
Thus, the contractive condition is proved. Similarly, the remaining cases can be
discussed and proved.

Hence, all the hypotheses of Theorem 6.2.3 are fulfilled. Therefore, D1, Do have a

common fized point u = 0.
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Chapter 7

Coupled, Common Coupled and Coinci-
dence Fixed Point Theorems for Various

Abstract Spaces

7.1 Introduction

In 2006, Bhaskar and Lakshmikantham [24] gave the concept of coupled fixed
point and proved some fixed point results in partially ordered metric spaces. Later
on, Lakshmikantham and Cirié [96] generalized these results and proved coupled
coincidence and common coupled fixed point theorems for nonlinear contractions
in partially ordered metric spaces.

In 1993, the idea of b-metric spaces was introduced and used by Bakhtin [19] and
Czerwik [47] and after that, Alghamdi et al. [8] presented the notion of b-metric-like

spaces which is a beautiful combination of b-metric and metric-like spaces.

Definition 7.1.1 [§]/ For a non empty set U, b-metric-like on the set U is a
mapping B : U x U — [0,4+00) if the following three axioms hold true for all
u,v,w e U:

(B2) B(u,v) = B(v,u);
(B3) B(u,v) < s(B(u,w) + B(w,v)) where s> 1.

The set U equipped with a metric B defined on it, is called a b-metric like space and
is denoted by (U, B).

Till today, numerous papers dealt with fixed point theory for single valued and mul-
tivalued operators in b-metric like spaces. The study of common, common coupled
and coincidence fixed points of nonlinear mappings with different contractive con-
ditions has become the center of intensive research activity from few decades. For
more details, we refer the reader to ( [6], [16], [17], [21], [38], [77], [85], [93]).
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Lakshmikantham and Ciri¢ [96] defined coupled coincidence and common coupled

fixed points as below:

Definition 7.1.2 [96] A point (u,v) € U x U is said to be a coupled coincidence
point for the mappings D1, Dy : U x U — U if Di(u,v) = Do(u,v) and Di(v,u) =
Ds(v,u).

Definition 7.1.3 /96] A point (u,v) € U x U s called a common coupled fized
point of the mappings D1, Dy : U x U — U if u = Dy(u,v) = Dy(u,v) and v =
Dl(U,U,) = DQ(Uvu)'

In 2013, Karapinar [86] defined quasi partial metric spaces in his work by combining
the properties of quasi metric space and partial metric space. Let us recall that for
a non-empty set U, a mapping ¢ : U x U — R is said to be a quasi partial metric

if the following conditions hold:

(q1) 0 <gq(u,u) = q(u,v) = q(v,v), then u = v;
(¢2) q(u,u) < q(u,v);

(43) q(u,u) < q(v,u);

(¢4) q(u,z) < q(u,v) +q(v,2) — q(v, v);

for all u,v € U. Then the pair (U, q) is called a quasi partial metric space(QPMS).

The chapter is organized as follows: In section 7.2, related preliminaries are
presented. Section 7.3 consists of some coupled fixed point theorems in partially
ordered metric spaces. In section 7.4 and 7.5, some common and coincidence fixed
point theorems in the setting of quasi partial metric spaces are investigated re-
spectively. Section 7.6 deals with some common coupled fixed point theorems in

b-metric-like spaces.

7.2 Preliminaries

In 2008, Abbas and Jungck [2] proved the following result in cone metric spaces:

Proposition 7.2.1 [2] Let Dy and Dy be weakly compatible self mappings defined
on a non-empty set U. If D1 and Dy have a unique point of coincidence v = Dyu =

Dou, then v is the unique common fized point of Dy and Ds.
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We shall require the following lemma due to Samet et al. [142] in order to prove

some results in partially ordered metric spaces:

Lemma 7.2.2 [1/2] Let D; : W — WU be a given mapping. Define the mapping
Dy :UXxU—UxU by Dy(u,v) = (D1(u,v), D1(v,u)) for all (u,v), (v,u) € U x U.
Then (u,v) is a coupled fized point of Dy if and only if (u,v) is a fized point of Dy.

Recently, Dhawan et al. ( [52], Chapter 3) proved some fixed point theorems for

expansive mappings in quasi partial metric spaces by proving the following lemma:

Lemma 7.2.3 [52] Let (U,q) be a quasi partial metric space and {u,} be a se-
quence of points of U. If there exists a number k € (0,1) such that

q(Uni1,un) <k q(Un, un—1); n=1,2,.. (7.2.1)

Then {u,} is a Cauchy sequence in U.
Following is the result due to Karapinar et al. [86]:

Lemma 7.2.4 [86] Let (U,q) be a quasi partial metric space. Let (U,p,) be the
corresponding partial metric space and let (U, dy,) be the corresponding metric space.

The following statements are equivalent:
1. (U, q) is complete.
2. (U, p,) is complete.

3. (U,dp,) is complete.

Moreover,
T}EEO dp, (,up) = 0& py(u,u) = nlgrolo pe(u,u,) = n}rilgloo Pg(tn, tm)

< q(u,u) = lim g(u,u,) = mlqggooq(un,um)

n—00

= lim q(uy,,u) = mlir_r)loo q (U, U

Alghamdi et al. [8] defined the convergence and completeness in b-metric-like spaces

as below:

Definition 7.2.5 [8] Let (U,d) be a b-metric-like space. For any sequence {a,}
of points of non empty set U, the point a € U is said to be the limit of {a,} if for
each € > 0, there exists some n(e) € N, for which D(a,,a) < €, for all n € n(e) and

we say that the sequence {a,} is convergent to a.

123



Definition 7.2.6 [8] For a b-metric-like space (U, d):

1. A sequence {a,} is called Cauchy if for each e > 0 , there exists some n(e) € N,
for which D(ay, ay,) < € for all n,m > n(e).

2. A b-metric-like space (U, a?/) 1s called a complete space iff every Cauchy se-

quence {a,} in U converges in U.

7.3 Coupled fixed point theorems in Partially Or-

dered metric spaces

Theorem 7.3.1 Let (U, CZ) be a partially ordered metric space where d is a com-
plete metric and < be the partial order defined on W. Let ® : U x U — U be a
nondecreasing and bijective mapping. Assume that there exists £ € x and a func-
tion o : U? x U* — [0, 400) such that

A~

(d(D(l,m), D(u, v))) =

~ ~

a((l,m), (u,v))[d(l,u) + d(m,v)]; (7.3.1)

N | —

for all (I,m), (u,v) € U x U. Also
(i) For every pair (I,m), (u,v) € U x U, we have

a((l,m), (u,v)) > 1= a(D ', D) > 1,
(1) there ezists (ly,mo) € U x U such that

a((lp,mg), (a,b)) 1; (a,b) < (lo,mg) and
O‘((bv a)a (m(]?lo)) > 1; (m07l0) < (bv a);

Vv

where D~y = (a,b) and D~ mgy = (b,a);
(1ii) D is continuous.

Then D has a coupled fixed point.

Proof Let us define a mapping D given in [24] as a bijective mapping such that
D Hu,v) =D (u) and D (v,u) =D (v).

The proof of this theorem consists in transporting this problem to partially ordered
metric space (V, o) where V = U x U and o((1,m), (u,v)) = d(l, u) + d(m, v) for all

124



(I,m), (u,v) € U x U with [ > m. Using (7.3.1), we have,

and
a((v,u), (m, 1) [d(v,m) + d(u,1)]. (7.3.3)
Define the mapping ¢ : V x V' — [0, +00) by

C(ay,az), (b1, be)) = min{a((ai,asz), (b1, b)), ((b2, b1), (az,a1))}; (7.3.4)

for every pair (a1,a2) = a, (b1,by) =b € V. Adding the inequalities (7.3.2), (7.3.3)
and using (7.3.4), we obtain

E(d(D(I,m), D(u,v))) + E(d(D(v,u), D(m, 1)) = ¢((1,m), (u,v))o((u, v), (I,m));

for every (I,m), (u,v) € U x U = V. Using additive property &(a + b) = £(a) + £(b),

we get

72"
—~
—
=
=
3
=
RS

"
-+
QU
P
=
<

E
=
E

AV
=
2
=
=
3
=
N
S

= §(o(D(l,m), D(u,v))) = ¢((I,m), (u,v))o((u,v), ([,m));

for all (I, m), (u,v) € UxU = V. More precisely, we can rewrite the above expression

§(a(Dp, D)) > ((p,v)o(p,v);

where = (I,m) and v = (u,v) € Y.

Clearly, D is a continuous, nondecreasing and (&, {)-expansive mapping. Also, for
w,v €Y with p > v, let ((u,v) > 1 which implies ((D~'u, D7'v) > 1. This
shows that D! is ordered (-admissible. Moreover, by condition (ii), there exists
(lo, mg) € V such that

a((lo,mp), (a,b)) > 1; (a,b) < (lop,mp) and
a((b,a), (mo,lo)) > 1; (vo,up) < (b, a)
= a(lp,m), D (ly)) > 1; D'l < (lo,mo) and
a(D~ (mo), (mo, 1)) > 1; (mo,lo) < D™ (my)

= (((lo,mo), D~ (lo,mq)) = 1; D~ (ly, mo) < (lo, my).
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This fulfills condition (i) of Theorem 2.4.1. Thus, the given problem has been
transformed to problem of Theorem 2.4.1 with partially ordered metric space (Vo)
where V = U x U. Therefore, D as well as D~! possesses a fixed point and Lemma

7.2.2 ensures the existence of a coupled fixed point of D.

7.4 Common fixed point results in Quasi partial

metric spaces

Theorem 7.4.1 Let (U,q) be a quasi partial metric space. Let Dy and Do be two
weakly compatible mappings defined on U such that Do(U) C Dy(U). Suppose that

there exists a positive real number ¢ > 1 such that
q(Dyu, D1v) > ¢ q(Dau, Dyv); (7.4.1)

for each pair u,v € U.
If one of the two subspaces D1(U) or Dy(U) is complete, then Dy and Dy have a

unique common fized point in U.

Proof Let uy be any arbitrary element of U. It is given that Do(U) C Dy(U),
therefore, we can choose u; such that v; = Dyu; = Doug. Proceeding in the same
manner, we can obtain w,1 such that v, ; = Dyu,11 = Dou,. Then, by (7.4.1), it
follows that

q(Vnt1, Vnt2) = ¢(Datn, Dot 1)
< % ¢(D1up, Dyuyiq)
= % Q(®2un717'D2un>
= q(Vng1,Vny2) = % q(Vns Vng1); (7.4.2)

Again, by Lemma 7.2.3, the sequence {v,} is a Cauchy sequence in U. More-
over, Do(U) C Dy(U) and either Dy(U) or Do(U) is complete. Therefore, fol-
lowing Lemma 7.2.4, the space (D;(U),d,) is complete and thus v, = Dou,_;
converges in (D1(U),d,). In other words, there exists some u* € D;(U) such that
lim,, o0 dg(u*, v,) = 0.

Let us suppose that there exists some z € U such that D,z = v*. By Lemma 7.2.4,
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we obtain

¢(Dyz,u*) = q(u*,u*) = lim q(u*,v,) = lim (v, vm)

n—00 n,M—00
= nll_>n010 q(vp, u*) = m,l;LIBoo q(Vm, Un). (7.4.3)

Since {v,,} is Cauchy in the metric space (D1(U),d,), therefore, we get

lim  dy(vm,v,) = 0. (7.4.4)

m,n—00

Moreover, since maz{q(vi,i1,Vn+1), ¢(Vn, vn)} < q(vns1,vn). So, by mathematical

induction and using (7.4.2), we get

maz{q(Vni1, Vni1), Q(Un, )} < q(Vnt1,vn)
1 n
< () atoo
and thus,
lim q(vy,, v,) = 0. (7.4.5)

n—0o0

Hence, by definition of d,, we obtain from (7.4.4) and (7.4.5)

nseq 1 V) = 0

Thus, by (7.4.3), we get

¢(Diz,u") = qu*,u*) = lim q(u*,v,) = lim q(v,,vy)
n—00 n,M—00
= lim q(vp,u") = lim q(vy,v,) =0.
n—00 m,n— o0

Now, by (7.4.1)

—_

q(D2z, Douy,) < EQ(D1Z7 Dyuy,).
Taking limit n — oo, the above inequality becomes

1
q(Daz,u*) < —q(Dyz,u*) =0
c

= q(Dyz,u*) = 0 = Dyz=u"

Hence, D1z = Doz = u* and as Dy and Dy are weakly compatible i.e. D1Dyz =
DyDyz V z € U, therefore, we obtain Dyu* = Dyu*.
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Next, it is proved that «* is a common fixed point of D; and Dy. By (7.4.1), we
have
q(Dyu*, Dyuy,) > ¢ q(Dou”, Douy,).

Taking limit n — oo, we get, ¢(Diu*,u*) > ¢ q¢(Dou*,u*) = ¢ q(Diu*, u*).
= ¢(Du*,u*) =0 ie. Dyu* =u.

Hence, Du* = Dyu* = u*.
For uniqueness, let ¢ be another common fixed point of D; and Dy. Then,
q(u*,t) = q(Diu*,Dit) > ¢ q(Dou*,Dot) = ¢ g(u*,t) which implies g(u*,t) =

0 2.e. u*=t.

Example 7.4.1 Let U = [0,1] and q(u,v) = maz{u —v,v —u}+u V wu,v € U.
Then, (U, q) is a complete quasi partial metric space. Let Dyu = % and Dou = 5.
Then Do(U) € D1(U) and D1(U) is complete. Also, for u < v, we get

¢(Dyu, Dyv) = maw{u_v v—u}+

for all u,v € [0,1] and 1 < ¢ < 3.
Moreover, the mappings D1 and Dy are weakly compatible at v = 0. Thus, all
the conditions are satisfied for Theorem 7.4.1. Here, 0 is the unique common fized

point.

Next example shows that the condition of weak compatibility cannot be omitted in
the statement of Theorem 7.4.1.

Example 7.4.2 Let U = [0,2] and q(u,v) = mazx{u —v,v —u}+u V u,v € U.
Let Dy and Dy be the mappings defined as Diu = 2 —u and Dou = %—% V uel.
Then Do(U) C D1(U) and D1(U) is complete.

Also, for u = v, we obtain

q(Diu, Dyv) = q(2—u,2—v)
= 2—-0v> §(2 —v) = ¢ q(Dau, Dov);
for all u,v € [0,1] and 1 < ¢ < 3.
Thus, the inequality given in Theorem 7.4.1 is satisfied. But D12 = Dy2 = 0 and
D1Dy2 =2, DyD2 = % Therefore, D1 and Dy are not weakly compatible. In this
example, D1 and Dy do not have a common fized point.
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This shows that the condition of weak compatibility is essential for the existence of

common fized point.

7.5 Coincidence fixed point theorems in Quasi

partial metric spaces

Theorem 7.5.1 Let (U,q) be a complete quasi partial metric space. Let D : U —
U be a self mapping and {h;}2, be a sequence of functions defined on U such that

q(hiu, hjv) > a q(Du, Dv) + b q(hyu, Du) + ¢ q(hjv, Dv); (7.5.1)

for all u,v € U; 1,7 € N; a, b, ¢ real numbers with a + b+ ¢ > 1. Also, suppose that
D and {h;}2, satisfy the following conditions:

1. Du C hyu for each i € N;
2. hiy(U) or D(U) is complete; i = 1,2, ....

Then D and {h;}$2, possess a point of coincidence v € U such that i.e. v = hju =
hou = ... = Du for w € U. Moreover, if a > 1, then this point of coincidence is
unique. Moreover, if D and {h;}32, are weakly compatible and a > 1, then D and

{h;}$2, have a unique common fized point v in U.

Proof Let ug € U be arbitrary. As Du C h;u, there exists uj,us € U such
that Duy = hyu; and Duy; = hous. By continuing this process, there exists se-

quences {u} and {vy} such that
v, = Dug, = hk+1uk+1 Vk e NU {0}

If u, = ug4q for some k, then uy is the coincidence point of D and {h;}$2,. Therefore,
without loss of generality, suppose that uy # ug,q for all .
By (7.5.1),

q(ug—1, Duy)) = q(hptig, Prp1tip41))
> a q(Dug, Dugy1) + b q(hgug, Dug) + ¢ q(hgp1tgr1, Dugyr)
= a q(Dug, Dugs1) + b q(Dug—_1, Dug) + ¢ q(Dug, Dugi)

= ¢(Duy, Duj11) < (a——i—c) q(Dug—1, Duy,)
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= A q(Dug_1,Duy) VYV keN where \<1.
By mathematical induction, we get

q(Duy, Dugi1) < X°q(Dug, Duy) ¥V k>0
or  qvg, vri1) < Negq(vg,v1) ¥V k>0. (7.5.2)

For n,m € N with m > n, repetition of (7.5.2) gives

Q(Unp Um) S Q(Una UnJrl) + Q(Un+17 vn+2) + ...+ Q(Umfh Um)
< Aq(vo, v1) + A" q(vo, v1) + ... + A" g (vg, v1)

A"
1—A

< q(vo, v1). (7.5.3)

This implies that lim q(Duy,, Duy,) = lim q(v,,v,) = 0. Similarly, it can be

,M—00 n,1M—+00

proved that lim q(Duy,, Du,) = 0. Thus, {v,} = {Du,} is a Cauchy sequence

m,n—00

in D(U). Suppose that D(U) is complete. Then there exists v € D(U) C h;(U)
such that v, = Du,, — v as n — oo. This implies h,u, — v for n € N. If h;(U) is
complete, then v € h;(U) for all ¢ € N. This indicates that there exists u € U such
that hu=v V 7€ N.

Now,

q(Dug_1, hpu) = q(hrug, hpu)
> a q(Dug, Du) + b q(hgug, Dug) + ¢ q(hyu, Du)
Z a Q(DUk, DU)

= g(Dug, Du) < g(Dug1, hy). (0 #0) (75.4)

Therefore, by (7.5.4),

q(v, Du) < q(v, Duy,) 4+ q(Duy,, Du)
1
S Q(Uv Dun) + - Q(Dun—lu hnu)
a

1
= ¢(v, Dun) + = q(nttn, ).

Taking limit n — oo, we have

o(v, Du) < q(v,v) +§ a0, ). (7.5.5)
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Since (U, q) is complete, therefore (U, d,) is complete. Thus,

lim d,(Duy,,v) =0

n—o0

< q(v,v) = limq(v, Du,) = lim q(Duy,, Du,,)

n—o0 n,m—0o0

= limq(Duy,v) = lim q(Dup,, Du,).

n—o0 m,n—0o0

Further, by (7.5.3)

lim q(Duy, Du,y,) =0

T,1M—+00

< q(v,v) = 0.
So, (7.5.5) reduces to
q(v,Du) =0 e v=Du;

and hence h;u = Du=wv; ¢=1,2,.... Thus, v is a point of coincidence of D and
{hiys.

Let a > 1 and v* € U be another point of coincidence of D and {h;}3°, such that
Du* = hpu* = v*. Then,

q(v,v*) = q(Du, Du*) = q(hyu, hyu™)
a q(Du, Du*) + b q(h,u, Du) + ¢ q(h,u*, Du™)
a q(Du, Du™) + b q(v,v) + ¢ q(v*,v")

> a q(Du, Du™)

v

=a q(v,v")
= q(v,v") > a q(v,v")  where a>1

=q(v,v") =0 = v=0"

Thus, D and {h;};°, have a unique point of coincidence in U.
Following Proposition 7.2.1, If D and {h;}2, are weakly compatible, then D and

{h;}$2, have a unique common fixed point in U.
The corollary given below is obtained by setting D = [y (identity map on U).

Corollary 7.5.2 Let (U,q) be a complete quasi partial metric space. Let {h;}2,
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be a sequence of functions defined on U such that
q(hiu, hjv) > a q(u,v) + b q(hiu,u) + ¢ g(hjv,v);

for allu,v € U;i,j € N; a,b, c real numbers with a+b+c > 1. If h;(U) is complete
for alli =1,2,..., then {h;}5°, possess a point of coincidence v € U such that i.e.
v = hiu = hou = ... foru € U. Moreover, if a > 1, then this point of coincidence
is unique. If D and {h;}2, are weakly compatible with a > 1, then D and {h;}2,

have a unique common fized point v in U.

Corollary 7.5.3 Let (U,q) be a complete quasi partial metric space. Let D : U —
U be a self mapping and {h;}32, be a sequence of functions defined on U such that
q(hiu, hjv) > a q(Du, Dv);
for all u,v € U; i,j € N; with a > 1. Also, suppose that D and {h;}32, satisfy the

following conditions:
1. Du C hju for each i € N;
2. h;y(U) or D(U) is complete; i = 1,2, ....

Then D and {h;};2, possess a unique point of coincidence v € U such that i.e.
v = hu = hou = ... = Du for uw € U. Moreover, If D and {h;}°, are weakly

compatible, then D and {h;}2, have a unique common fized point v in U.

Proof By putting b = ¢ = 0 in Theorem 7.5.1, the required result is obtained.
The following corollary presents Wang’s result [153]:

Corollary 7.5.4 Let (U,q) be a complete quasi partial metric space. Let © be a
self mapping defined on U such that

q(Du,Dv) > a q(u,v);

for all u,v € U with a > 1. Then ® possesses a unique fixed point u in U.

Proof As every quasi partial metric space is a metric space, therefore, Wang’s
result follows by taking h;u = Du; ¢ =1 and Du = I, and b = ¢ = 0 in Theorem
7.5.1.

The corollary given below presents the result due to Banach [20]:

Corollary 7.5.5 Let (U,q) be a complete quasi partial metric space. Let D be a
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self mapping defined on U such that

q(Du, Dv) <

Q|

q(u, v);

for all w,v € U with a > 1. Then D possesses a unique fixed point v in U.

Proof As every quasi partial metric space is a metric space, the Banach’s result

follows by taking h;u =u V ¢ in Corollary 7.5.3.

Example 7.5.1 Let U = [0,+00) equipped with the quasi partial metric q : U x

0 U=,
U — RT defined by q(u,v) = YV u,velU.
v ou#w.

Note that (U, q) is a complete quasi partial metric space. Define h; : U — U as
follows:

u? u > 1,

hi(u) =
2u 0<u<i;

for each i € N. Define the mapping D : U — U by D(u) = §. It remains to show
that the mappings {h;}32, satisfy condition (7.5.1). Three cases arises:

Case I: If u < i,v < j, then hy(u) = 2u, hj(v) = 2v and q(hju, hjv) = 2v.
Also,

a q(Du, Dv) + b q(hju, Du) + ¢ q(h;v, Dv)

U v u v
5 5) b q(hiu, 5) + ¢ q(hjv, 5)
U v U v
=a Q(_7 _) + b Q(QU, 5) +c Q(2U7 5)

=a q(

v+bu+ (%
= a — —_ C —
2 2 2

:20—50 where a=4, b=0, c=-1

= g v <2 v =q(hu, hv).

Case II: Ifu > i,v < j, then hj(u) = u?, h;(v) =2v and q(h;u, hjv) = 2v. Also,
a q¢(Du, Dv) + b q(h;u, Du) + ¢ q(h;v, Dv)

v

2

v

u
)+ b q(hsu, 5) + ¢ q(hjv, 2)

u
=a q(§>
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0—

I
o w
oS
+
| <

v < 2 v =q(hu, hv).
Case III: If u > i, v > j, then hi(u) = u?, hj(v) =v* and q(hyu, hjv) = v*. Also,

a ¢(Du, Dv) + b q(hsu, Du) + ¢ g(h;jv, Dv)

u v u v
=a Q(§7 5) +b q(hiu, 5) + ¢ q(hjv, 5)
vl
2 2
3 2
=350 <v* = q(hsu, h;v)

Thus, in each case, the expansive inequality is satisfied. Therefore, by Theorem
7.5.1, there exists a unique point of coincidence of D and {h;}2,. Here, 0 is the

unique point of coincidence.

7.6 Common coupled fixed point theorems in b-

metric-like spaces

Theorem 7.6.1 Let (U, D) be a complete b-metric-like space having a parameter
K > 1 and let the mappings F, Fs : U x U — U satisfy

a(D(a,u) + D(b,v)) N 5D(a,F1(a, b))D(u, Fa(u,v))
2 (1+ D(a,u) + D(b,v))
D(u, Fy(a,b))D(a, Fz(u,v))
(14 D(a,u) + D(b,v));

D(Fi(a,b), Fr(u,v)) < (7.6.1)

+7

for all a,b,u,v € U and o, 3 > 0 with Ka+ g <1 and o+ < 1. Then F| and
F5 have a unique common coupled fixed point in U.
Proof Step 1: Firstly, it is shown that {a,}, {b,} are Cauchy sequences in U.

Let ag, by € U be arbitrary points. Define agyy1 = Fi(asgy, bar), bagr1 = Fi(bag, asy)

and aggyo = Fo(aok41,bak41), bogyo2 = Fa(bokir, asey1) for £ =0,1,2, ...
Now,

D(asg+1, aonr2) = D(Fi(azk, bak), Fo(ask+1, baky1))

<a D(agk, agx+1) + D(bak, bagy1) ny D(aok, Fi(azk, bax))D(azky1, Fo(azky1b2rs1))
- 2 (1 + D(azk, agk+1) + D(bag, bog+1))
D(agk+1, Fi(ask, bar))D(azk, Fa(azks1, bars1))

(1 + D(azk, agk+1) + D(bak, bag+1))

+
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D(agk, agk+1) + D(bag, bagy1)
2

D(asg+1, a2x+1)D(ask, azkt2)
(1 + D(azk, a2k+1) + D(bag, bog+1))

N D(agk, azx+1) + D(bog, baks1) ny D(asg, ask+1)D(a2k+1, G2k+2)
- 2 (1 + D(azk, a2k+1) + D(bak, bar+1))
+ v [2D(a2k+1, a2r+2)]

D D(boy, b
<a (azk,2a2k+1) ta (2k72 2%k+1) + B Dl(asesr, aspss)

5 D(agk, azk+1)D(azk+1, G2k+2)

D(a ,a =«
(G2k-+1, Gokt2) (1+ D{asn, azesrs) + Dl(bar: bor+1))

+7

+ 7 [2D(azk+1, azk+2)]

D(agk, azk+1) ta D(bo, bog1)
2 2
D(agk, ask41) N D(bag, bag1)
21-8-2) 21-8-2)
D(agk, azx+1) D(bar, bag+1)

= (1 =B —2v) D(agk+1, a2r42) < @

D(agk+1,a2k42) < @

= D(a2k+1,a2k+2) <« 2(1— 5) + 2(1— B3 (7.6.2)
Continuing in the same manner, we have
D(bay, b D
D(bos1, bapt2) < (b, ba1) (a2, azk+1) (7.6.3)

20-8) " 201-5)
Adding (7.6.2) and (7.6.3), we get

o}
1-5
= h [D(agk, azkt1) + D(bok, bog+1)];

[D(agg+1, a2k+2) + D(boki1, bagra)] <

[D(agg, agk1) + D(bag, bag41)]

WhereO<h:ﬁ<1.

Similarly,
D(agk11, G2r12) D(bokt1, bag+2)
D < ; 7.6.4
(azkt2, agris) < 2(1—5) +« 2—p) ( )
and D(b b D
D(bapro, bopsz) < a0 (boks1, bar+2) (agk+1, G2k+2) (7.6.5)

a
2(1 = p) 2(1 = p)
Adding inequalities (7.6.4) and (7.6.5), we have

«

[D(a2k+2, a2k+3) + D<62k+27 b2k+3)] < [D(azk+1, a2k+2> + D(b2k+1, b2k+2)]

1
h[D

=

—~

A2k+1, Qokt2) + D(bogr1, bog2)]-
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Continuing in this way,
[D(ana anJrl)_'_D(bna anrl)] S h [D(anfla an>+D(bn717 bn)] S R [D(a07 a1>+D(b07 bl)]

Now, if we put [D(ay, ani1) + D(bn, bpi1)] = 0p , then §, < h 6,1 < h"™ d.

For m > n, we have

[D(an,am) + D(bn,b)] < K[D(an,ant1) + D(bn,bpt1)] + ... + K™ [ D(am-1,0m) + D(bm—1,bm)]
< K h"0y+ K% hn+ 169+ ... + K™ ™ B~ 15,
< K h"[1 + (Kh) + (Kh)* +...] &

Khn

< .
_liKh(Soasn—)oo

This shows that {a,} and {b,} are Cauchy sequences in U. Since U is a complete

b-metric-like space, there exists a,b € U such that a, — a and b, — b as n — oo.

Step 2: Now, We show that (a,b) is common coupled fixed point of F; and F
i.e. a = Fi(a,b) and b = Fi(b,a).
We suppose on the contrary that a # Fi(a,b) and b # Fi(b,a) so that

D(a, Fi(a,b)) =1; > 0 and D(b, Fy(b,a)) = Iy > 0.

Consider

ll = D(a,Fl(a,b)) S K[D(a,a2k+2) + D(a2K+2,F1(a,b)]
= KD(a, azk+2) + KD(F3(azk41, bart1), Fi(a, b))

< KD(a,azpy2) + Ka (D(agk+1,a) + D(bags1,b))

2
L KB D(a, Fi(a,b))D(a2k+1, Fo(azk+1, bak+y1)) +Key D(ask+1, Fi(a,b))D(a, azkt2)
14 D(agk+1,a + D(bog+1,b)) 1+ D(ask+1,a) + D(bagt1,b)

By taking £ — oo, we get [; < 0 which is a contradiction.

Therefore, D(a, Fi(a,b)) = 0. This implies a = Fi(a,b). Similarly, we can prove
that b = Fi(b,a). In the same way, it can be easily proved that a = Fy(a,b) and
b= Fy(b,a). Hence (a,b) is a common coupled fixed point of F; and Fs.

Step 3: Now it will be proved that F; and F> have a unique common coupled
fixed point.
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Let (a*,b*) € U x U be another common coupled fixed point of F; and F5. Then,

D(a,a*) = D(Fy(a,b), Fs(a*,b%))
(D(a,a*) + D(b,6*)) . D(a, Fy(a,b))D(a*, Fa(a*,b*))
Sa 2 +5 (1+ D(a,a*) + D(b, b*))
D(a*, Fi(a,b))D(a, Fs(a*,b*))

T T @ Dlavar) + D(b.b))
_,, (Pla,a”) + D(b,b%)) 5 D(a,a)D(a",a")
2 (1+ D(a,a*)+ D(b,b*))
N D(a*,a)D(a,a*)
0

(14 D(a,a*) + D(b,b*))
D(a,a*) D(b,b*)
9 + «
2

2 a_85_29

2 *
S P D(b,b%). (7.6.6)

= D(a,ax) < «

+48 D(a,a”) +v D(a”,a)

D(b,b%)

Similarly, we can easily prove that

. 2
b.b) = 55 =39

Adding (7.6.6) and (7.6.7), we get

D(a,a*). (7.6.7)

2

0o 29)
(2 —2a —2v)[D(a,a”) + D(b,b*)] < 0

= D(a,a”) + D(b,b") 0.

D(a,a”)+ D(b,b")

IN

[D(a,a™) + D(b,0")]

This implies, a = a* and b = b*.

Corollary 7.6.2 Let (U, D) be a complete b-metric-like space having a parameter
K > 1 and let the mapping F> : U x U — U satisfy

N (D(a,u) + D(b,v)) L3 (D(a, Fy(a,b))D(u, Fi(u,v)))
2 (14 D(a,u) + D(b,v))
(D(u, Fy(a,b))D(a, Fi(u,v)))
(1+ D(a,u) + D(b,v))

D(Fi(a,b), Fi(u,v)) <

+y

for all a,b,u,v € U and o, 3 > 0 with Ka+ 8 <1 and a + v < 1. Then F; has a
unique coupled fized point in U.

Proof The above result can be easily proved by assuming F; = F, in Theorem
7.6.1.

137



7.7 Future scope of the work

The new notion of fixed function, various contraction and expansion maps presented
in this work, can be applied in numerous abstract spaces such as Modular metric
spaces, G-metric spaces, Partial Hausdorff metric spaces etc. as well as for different
kinds of contraction and expansion mappings like weakly commuting mappings,
compatible mappings etc. and hence can be generalized in many ways. Moreover,
these new concepts can provide a wide range for applications in numerous areas such
as Chemistry, Health Sciences, Economics etc. Also, coupled, common coupled and
coupled coincidence fixed function results can also be studied for several spaces and

maps existing in literature.
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