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ABSTRACT 

 

       In the mechanical systems there are numerous applications of torque, which results in 

the failure of a component due to shear stress if not properly designed. It becomes 

essential to examine the amount of torque, a component can sustain without failure. 

       Now, Finite Element Method which has increasingly becoming an integral tool for 

CAD due to the ongoing revolution in computer field is used for the analysis of torque by 

number of researchers. 

       Finite Element Mesh orientation has an effect on the accuracy of the solution. The 

present work describes the effect of triangular Finite Element Mesh orientation with 

regards to torsion.  
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INTRODUCTION                                                     CHAPTER-1 

 

In the present work, the effect of mesh orientation on the beam member when 

subjected to torsion is analyzed, using FEM. Here it becomes necessary to know the 

related terms. 

  

1.1 TORSION  

Torsion refers to the twisting of a structural member when it is loaded by couples 

that produce rotation about its longitudinal axis. These couples that produce twisting of 

bars are called torques, twisting couples, or twisting moments. When a uniform prismatic 

bar is subjected to a torque so that bending is zero then every section of the bar is 

subjected to a state of pure shear. The moment of resistance developed by the shear 

stresses being everywhere equal to the magnitude, and opposite in sense, to the applied 

torque.  

 

1.1.1 TORSION OF CIRCULAR SHAFTS 

A circular cylindrical shaft is said to be subjected to pure torsion when the torsion 

is caused by a coupling, so that the axis of the applied couple coincides with the axis of 

the shaft. In such a case the state of stress at any point in the cross-section of the shaft is 

one of pure shear, and the strain is such that one cross-section of the shaft moves relative 

to another. Some assumptions in torsion of circular shafts: 

1. That the material of the bar is homogenous i.e. perfectly elastic and obeys 

Hook’s Law. 

2. The stress doesn’t exceed the limit of proportionality 

3. Cross-sections rotate as if rigid, i.e. every diameter rotates through the same 

angle. 

4. Circular sections remain circular. 
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       Fig.1.1 Pictorial View of a Shaft in Torsion 

 

Consider a circular shaft of length l and diameter d subject to a couple T as shown 

in the Fig. 1.1 at one end, the other end is rigidly fixed or held by a balancing couple of 

equal amount. A line AB on the surface of the shaft, which is parallel to the axis before 

straining, takes up the form of a helix AC after straining. Letφ  be the angle of shear 

strain on the surface. Then,  

                BC=lφ  

or                                    φ  = 
l

BC
 

But                   φ =
G

τ
………………………………………………. (1.1)                                                                         

where                             τ  = Shear stress in shaft 

                                       G = Modulus of rigidity 

∴                    τ  = Gφ  

Now                                 BC =
2

d
.θ  

where                              θ  = Angle of twist 

                                       τ  = 
2

d
.
l

θ
.G = 








l

Gθ
.
2

d
 = k. r…………………….. (1.2) 

l 

A 

T 

T 

C 

B 
B 

Ø 
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where      k = 
l

Gθ
    is constant for a given shaft 

                                        r = 
2

d
     is the shaft radius 

Thus the shear stress in the shaft is proportional to the radius of the shaft. At any 

radius x,                                     
τ
τx
 = 

r

x
 

or         τx = 
r

x
 . τ 

Also         
r

τ
 = 

l

Gθ
 

 

Now consider an elementary ring of the shaft at a radius x and of thickness dx as 

shown in the Fig. 1.1 the shear stress in the ring is xτ . 

Total force on the ring = Area of the ring× xτ = 2πxdx× xτ  

Moment of this force about the axis of the shaft 

                                                               = 2πxdx × xτ ×x = 2πx2dx. xτ  

                                         = 2πx2dx
r

x
τ = 2πx3 dx

r

τ
 

Total resisting moment of the shaft cross-section is  

                                                                        = 2π ∫
r

r
0

3 dx x
τ

 = 2π
r

τ
 . 

r

x

0

4

4
 

                            = 2π
r

τ
.
4

4r
 = 

2

3rπ
.τ 

But total resisting moment of the section = Applied torque T 

                                                                        

T = τ
π
2

3r
 = τ

π
.

16

3d
 = 

( ) 








32
.

2

4d

d

πτ
 = 

( )
J

d
.

2 






 τ
…………………………... (1.3) 

where                    J = 
32

4dπ
 is the polar moment of inertia of the shaft cross-                  

section 
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∴                  
l

G

rJ

T θτ
== …………………………………….... (1.4) 

This is the torsion formula for shafts of circular cross-section. 

 

1.2 FINITE ELEMENT METHOD     

The term finite element was first coined and used by Clough in 1960. Since then it 

has become a powerful tool for the numerical solution of a wide range of engineering 

problems. Applications range from deformation and stress analysis of automotive, 

aircraft, building and bridge structures to field analysis of heat flux, fluid flows, magnetic 

flow, seepage, and other flow problems. 

 

1.2.1 HISTORIC BACKGROUND 

Basically, the very basic idea of the finite element originated from advances in 

aircraft structural analysis. Hrenikoff presented a solution of elasticity problems using the 

“frame work problems”. Courant’s paper, which used piecewise polynomial interpolation 

over triangular sub regions to model torsion problems, appeared in 1943. Turner, et al. 

derived stiffness matrices for truss, beam and other problems and presented their findings 

in 1956.A book by Argyris in1955 on energy theorems and matrix methods laid a 

foundation for further developments in finite element studies. The first book on finite 

elements by Zienkiewicz and Chung was published in 1967. 

 

1.2.2 TECHNIQUE 

The finite element method is a numerical analysis technique used by engineers, 

scientists, and mathematicians to obtain solutions to the differential equations that 

describe, or approximately describe a wide variety of physical (and non-physical) 

problems. Physical problems range in diversity from solid, fluid and soil mechanics, to 

electromagnetism or dynamics.  

The underlying premise of the method states that a complicated domain can be 

sub-divided into a series of smaller regions in which the differential equations are 

approximately solved. By assembling the set of equations for each region, the behavior 

over the entire problem domain is determined.  
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Each region is referred to as an element and the process of subdividing a domain 

into a finite number of elements is referred to as discretization. Elements are connected at 

specific points, called nodes, and the assembly process requires that the solution be 

continuous along common boundaries of adjacent elements. 

A finite element analysis involves three stages of activity: 

• Preprocessing 

• Processing  

• Post processing  

 

• PRE-PROCESSING  

Pre-processing involves the preparation of data, such as nodal coordinates, 

connectivity, boundary conditions, and loading and material information. 

  

• PROCESSING 

The processing stage involves mesh generation, stiffness matrix generation, its 

modification, and solution of equations, resulting in the evaluation of nodal 

variables. Other derived quantities, such as gradients or stresses may be evaluated 

in this stage. 

 

• POST-PROCESSING 

The post-processing stage deals with the preparation of the results. Typically, 

the deformed configuration, mode shapes, temperature, and stress distribution are 

computed and displayed at this stage. 

A complete finite element analysis is a logical interaction of these three stages. 

 

� DISCRETIZATION USING FINITE ELEMENTS 

Using the finite element method, the solution domain is discretized into smaller 

regions called elements, and the solution is determined in terms of discrete values of 

some primary field variables φ (e.g. displacements in x, y z directions) at the nodes. The 

number of unknown primary field variables at a node is the degree of freedom at that 
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node. For example, the discretized domain comprised of triangular shaped elements is 

shown below left: In this example each node has one degree of freedom. 

 

The governing differential equation is now applied to the domain of a single 

element. At the element level, the solution to the governing equation is replaced by a 

continuous function approximating the distribution of φ over the element domain De, 

expressed in terms of the unknown nodal values φ1, φ2, and φ3 of the solution φ.  

A system of equations in terms of φ1, φ2, and φ3 can then be formulated for the 

element.  

Once the element equations have been determined, the elements are assembled to 

form the entire domain D. The solution φ(x,y) to the problem becomes a piecewise 

approximation, expressed in terms of the nodal values of φ. A system of linear algebraic 

equations results from the assembly procedure. For practical engineering problems, it is 

not uncommon for the size of the system of equations to be in the thousands, making a 

digital computer a necessary tool for finding the solution. 

 

                              

 

Fig. 1.2 Discretization Using Finite Elements 

 

1.2.3 FEM PROCEDURE 

The procedure of FEM is based on following steps: 

1. Representation of continuous structure as a collection of grid points connected 

by discrete elements. 

2. Formulation of element stiffness matrix from element properties i.e. geometry 

and material properties. 
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3. Assembly of global stiffness matrix from element stiffness matrix. 

4. Boundary conditions are applied. 

5. Generation of load vector. 

6. A series of simultaneous equations are then solved to find the unknown 

parameters. 

 

1.2.4 APPLICATIONS OF FINITE ELEMENT ANALYSIS 

The most utilization of FEM is in finding stresses and strains caused by loading 

conditions on a part. Other applications of FEM include: 

� Static stress-strain problems 

� Non-linear problems 

� Heat transfer problems 

� Modal analysis 

� Dynamic analysis 

� Electricity and magnetism problems 

� Flow problems 

� Acoustic problems and other engineering problems in various fields 

 

1.3 ELEMENT SHAPES  

The process of discretizing or subdividing a continuum is an exercise of 

engineering judgment. The first decision the engineer must make is to the shape or 

configuration of the basic element to be used in the analysis. This choice depends upon 

the geometry of the body or structure and upon the number of independent space 

coordinates (e.g. x, y, or z) necessary to describe the problem. A finite element usually 

has a simple one-, two-, or three-dimensional configuration. The boundaries of elements 

are often straight lines, although for problems that can be best represented in curvilinear 

coordinates, it is advantageous for the element shapes to be similarly defined.     

 

1.3.1 ONE-DIMENSIONAL ELEMENTS 

When the geometry, material properties, and such dependent variables as a 

displacement can all be expressed in terms of one independent space coordinates, a one-
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dimensional element is appropriate. This coordinate is measured along the axis of the 

element. This type of element is used for structures that can be idealized by line 

drawings, such as the frame. Frame analysis is done when one-dimensional elements are 

considered, because a distinguishing characteristic of the finite element method is that the 

elements themselves are continuous two- or three-dimensional bodies. However, a finite 

element approach to the analysis of beams and framed structures produces some useful 

insights, particularly when the geometry and properties of the structure vary continuously 

or discontinuously with the axial coordinates. In addition, one-dimensional problems are 

a simple but useful tool for developing our understanding of the finite element method.  

A one-dimensional element may be represented by a straight line whose ends are 

nodal points. These nodal points, numbered 1 and 2 in the Fig.1.3, are called external 

nodes because they represent connecting points to the adjacent elements. Some 

applications may require additional nodal points, such as node 3 in Fig.1.3. Because no 

connection to other elements occurs at this intermediate node, it is called an internal 

node. 

 

                     NODE 3 

        

                   NODE 1                      NODE 2 

 

Fig. 1.3 One-dimensional element 

 

1.3.2 TWO DIMENSIONAL ELEMENTS 

The simplest element for two-dimensional problems is a triangle as shown in Fig. 

1.4(a). There are two possible types of external nodes for triangular elements. The corner 

nodes indicated by 1, 2, and 3 in Fig. 1.4(a) are called primary external nodes. 

When additional nodes occur on the sides of the element, like nodes 4, 5, and 6 in 

Fig.1.4 (a), these are referred as secondary external nodes. This distinction is necessary 

because the secondary nodes may have fewer displacements of interest than the corner 

nodes. Finally, internal nodes, such as node 7 in Fig. 1.4(a), are sometimes also used in 

triangular elements. Other common types to two-dimensional element are the rectangular 

and quadrilateral shapes, Fig. 1.4(b) and Fig. 1.4(c). The former can be considered a 
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specialization of the latter. Although practically two-dimensional continuum can be 

represented by an assemblage of triangles, there are certain problems in which 

quadrilateral elements are advantageous. Instead of directly using quadrilateral elements, 

it is possible to construct such shapes from two or four triangular elements, as shown in 

Fig. 1.4(d) and Fig. 1.4(e). In addition to the primary external nodes shown in Fig.1.4(b) 

through Fig. 1.4(e), each of the quadrilateral elements may also have secondary external 

nodes and one or more internal nodes. 

                                                              

           (a) Triangular element 

                                                                                 

                   (b) Rectangular element                                          (c) Quadrilateral element 

 

                                      

             (d) Quadrilateral formed by two triangles                  (e) Quadrilateral formed by           

                                                                                                             four triangles 

 

Fig. 1.4 Two-dimensional element 



 18 

 

1.3.3 THREE-DIMENSIONAL ELEMENTS 

Corresponding to the triangle, the tetrahedron shown in Fig. 1.5(b) is the basic 

finite element for three-dimensional problems. A tetrahedron has four primary external 

nodes. Three-dimensional elements with eight primary external nodes are either in the 

form of a general hexahedron, Fig. 1.5(c), or a rectangular prism, Fig. 1.5(a), which is the 

specialization of a hexahedron. If necessary, secondary external nodes or internal nodes 

for each of these elements can be introduced.  

                                   

                     (a) Tetrahedron                                        (b) Rectangular Prism 

                                       

Fig. 1.5 Three-dimensional elements 

 

1.4 MESH ORIENTATION  

 In the finite element analysis the domain is discretised into smaller elements, 

which can be a line, square, triangular or tetrahedron etc. Based on whether the problem 

is of 1D, 2D or 3D. In some cases a combination of elements is also used based on the 

type of the geometry of the domain.  

 Despite the fact that the finite element mesh generation has been developing over 

several decades. Now, a variety of real life engineering problems imposes additional 

requirements on the existing mesh generation technologies. For example, mesh 

orientation zones around, finding the most appropriate placement of the mesh elements so 

that more accurate and smother results are obtained.  

Orientation of mesh doesn’t come to play in the case of square elements as their 

geometry remains unchanged in either of the orientation. But when triangular elements 

are considered the case changes and here the difference of geometry and connectivity 
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arises, which can put some effect on the results. Now, as on solving the FEM problem the 

co-ordinates of the member as per their connectivity are taken and put into the respective 

formula and the result are obtained. From the Fig. 1.6, it is clear that the new orientation 

will have no effect on the connectivity of the square element but this would not be the 

case when triangular element is considered. Here, with the change of the orientation the 

co-ordinates will change hence the results would vary with the orientation. 

  

      (a) Square element                                                       (b) Triangular element 

 

         Fig. 1.6 Orientation difference in case of triangular elements 

 

When the geometry is simple then any type of element can be used according to 

the problem & according to the will of the analyst. But when the domain is irregular or 

discontinuous then especially triangular elements are used as they can be easily fitted to 

any shape.  

 The present work deals with the different orientations for the triangular elements.  

 

 

 

 

 

 

 

 

 

1             2                1            2       

   4             3                4             3 3                      2     

  1 

1 

3

2 



 20 

LITERATURE REVIEW                                 CHAPTER-2 

 
This chapter deals with the review of the work done on the topic. Firstly the 

review is on the torsion related work. Shear plays an important role in the failure of 

components subjected to torsion. Then the concentration shifts on the review on the use 

finite element method in the torsional problems. A number of researchers have gone 

ahead with the problems of torsion in different components and most of them had used 

finite element method to analyze them. The following paragraph gives an insight of the 

work done on torsion using finite element method. 

  

2.1 LITERATURE REVIEW  

Nouailhas and Cailletaud [1] investigated the macroscopic behavior of single-

crystal super alloys under tension-torsion or torsion loadings. Specific tests were 

performed at room temperature on a tubular specimen equipped with micro strain-gauges 

for local deformation measurements, using finite element analysis and a comparison of 

theoretical and experimental results was made.  

 

Mentrasti [2] formulated the static behavior of circular beams with thin walled 

open closed cross-section. The influence of the different radius of curvature of each 

element of the cross section was taken into account, assuming the hypothesis of linear 

elasticity and that the distortion of the cross-section. Topological properties within the 

scope of Graph Theory were considered for the nodal equilibrium and compatibility 

conditions for both pure and non-uniform torsion were presented. Also the derivation of 

warping shape function for pure torsion and the equilibrium equations governing non-

uniform torsion were done. Some new aspects, relevant to the compatibility of 

equilibrium equations and the uncoupling conditions between torsion and both normal 

force and bending, were discussed extensively. 

 

Loughlan and Ata [3] gave a simple engineering theoretical analysis which was 

able to predict the initial constrained torsion response of a specific class of thin walled 
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open section carbon fiber composite beams. This procedure accounts for the effect of 

primary warping constraint only and thus its application is restricted to the behaviour of 

sections for which primary warping is predominant. The effects of secondary warping 

through the thickness of the thin walls are precluded in the theoretical approach. A finite 

element study was done and was compared with the simple engineering theoretical 

approach for the Z and channel sections. 

 

Hu et.al [4] derived the fourth order governing differential equations for thin 

walled beams with asymmetric cross-sections under coupled bending and torsion. The 

stiffness matrix and the consistent mass matrix of a thin-walled beam element with an 

asymmetric cross-section was established by using the homogeneous solutions to the 

fourth order governing differential equations as interpolation functions between the 

degrees of freedom at each node of the element. The shear effect and the coupling 

between bending and torsion were fully taken into account in the finite element method 

developed. 

 

Morrell et.al [5]  studied the effect of torsion when applied to one member of a 

structure formed  from two thin walled open members connected at 90°, can result in 

torsion as well as flexure in the second member, with the magnitude and direction of this 

torsion and flexure being determined by the type of joint used. The results from a finite 

element study of structures formed from thin-walled channel sections connected by box, 

mitre and stiffened mitre joints were presented and an explanation for the behaviour of 

the different joint types was given. It was shown that for the box joint the warping 

deformation of the loaded member was the dominant factor in determining the magnitude 

and direction of the twisting of the second member, whilst this was determined for the 

stiffened mitre joint primarily by the St Venant rotation deformation of the loaded 

member. For the unstiffened joint it is shown that the warping and St Venant rotation 

deformation effects tend to cancel each other out. 

 

Nori et.al [6] used the impulse frequency response vibration technique for 

determining the shear modulus of glass/epoxy, graphite/epoxy and hybrid (glass-
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graphite/epoxy) pultruded cylindrical composite rods in torsion. Fibers and matrix 

distribution in the shell–core regions were examined microscopically and the volume 

fractions of various constituents were found using the stereo logy point counting 

technique. Based on the examined cross-section finite element meshes were generated 

and analyzed for prediction the shear modulus of such composite rods. After this the 

finite element results and the experimental results were matched and were found to be in 

close agreement with each other. 

 

Mitsuya et.al [7] studied two cantilevers- rectangular and V-shaped using finite 

element method for the coupling and nonlinear problems arising in the large scale 

deformation due to vertical and lateral forces. Sensitivity to lateral force is found to 

decrease with increasing vertical force, until the critical value of zero is reached. Then, 

the sensitivity becomes negative with further increases in the vertical force. As for the 

nonlinear effect, the torsional stiffness against the lateral force was found to exhibit soft 

apring characteristics for a small vertical force, and hard spring characteristics for a larger 

range. At the point of the transition, the nonlinear effect appears to diminish. It is 

interesting to note that at the precise point of transition, the coupling effect between the 

deflection and torsion was also eliminated, which constitutes the optimum condition for 

simultaneous measurement of the vertical and lateral forces. 

 

Loughlan and Ata [8] gave an analytical procedure for determining the 

constrained torsional response of a specific class of carbon fiber composite box-beams 

using the existing theories of torsion appropriate to isotropic construction and were 

suitably modified to account for the non-isotropic nature of typical carbon fiber 

composite material. The constrained condition of cantilevered box-beam with torque 

applied at the free end and the torsion and warping rigidities of the composite box-

sections were determined through the use of the appropriate equivalent engineering 

elastic constants of the individual thin composite walls. Comparison between theoretical 

and the finite element solutions were given.   
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Vigenjevic [9] presented a new and improved compound beam element (CBE2) 

for transient hybrid finite element analysis. The element is a combination of an elastic 

beam and two non-linear rotary springs whose behaviour in the elastic/plastic and deep 

collapse range was controlled by inputted moment-rotation curves and a load interaction 

curve. Element stiffness matrix has been derived and its dependency on spring behavior 

was explained and tests were designed so that structural components collapse under 

biaxial bending and torsion. They not only concluded that CBE2 was more accurate than 

CBE1 but also that it does not suffer from the stability problems present in the 

formulation of CBE1.  

 

Vogwell and Minguez [10] gave the comparison of different techniques for 

determining the shaft strength of fillet welded lap-joints under eccentric shear loading as 

the benefit of having torsionally closed, continuous fillet weld seam in preference to a 

torsionally open joint. The validity of generally using analysis based on simple torsion 

theory, as widely proposed in numerous design texts, was questioned and the alternative 

of using tubular, thin walled section and thin rectangular member torsion theory was 

investigated. The accuracies of the various compared with those given by a finite element 

analysis.  

 

Nopolitano et.al [11] compared the performance of two concured damped 

composite torsion shafts which were light in weight, stiff and damped structural 

components. First shaft uses the extension twist coupling mechanism of off-angle 

composite materials to enhance the performance of a damping material and the second 

shaft uses a constraining layer embedded inside the shaft that floats between two layers of 

damping material and finite element analysis was used to determine the optimal damping 

material shear modulus and ply orientation to maximize shafts imaginary stiffness. Four 

shafts in total were built and modal tests were performed while both damping concepts 

provide significant levels of damping, the performance of each was hindered due to the 

increase in shear modulus of the damping material as it was occurred with the composite 

material. 
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Zhou and Clode [12] studied the temperature distribution in a hot torsion 

specimen. An aluminium alloy 5252 for different twist rates using finite element analysis 

was used. They also studied the initial temperature and specimen geometry and suggested 

the procedure for least heat generation. A comparison of the predicted ones with the 

obtained experimental results was done. 

 

Maeda et.al [13] investigated the flexure torsion coupling stiffness on the 

vibrational characteristics using the Laser Holographic Interferometry on two special 

types of angle-ply specimens. The theoretical analysis by a finite element method was 

also conducted to support the experimental results. It was found that the effect of 

coupling stiffness on the natural frequencies were comparatively small. On the other 

hand, the mode shapes were strongly affected by the coupling terms depending on both 

the fiber orientation and the aspect ratio of a cantilevered laminate.  

 

Kim and Kim [14] studied the topology optimization in the design of thin walled 

beam sections, useful in identifying the direction and location of stiffeners. In 

formulating the topology optimization problems, a simple power law was used for the 

relation between the density of an element with a hole and the mechanical properties of 

the element. The sensitivity of the torsional rigidity was obtained by the finite element 

model of the St. Venant torsion problem. Euler’s beam theory was used for the sensitivity 

analysis of the bending rigidities. 

 

Hashemi and Richard [15] studied the Dynamic Finite Element (DFE) 

formulation for the free vibration analysis of bending-torsion coupled beam. First, the 

exact solution of the differential equations governing the uncoupled vibrations of a 

uniform beam was found. These solutions as basis functions lead to the appropriate 

frequency dependent shape functions which could then be utilized to find the nodal 

approximations of variables. Principle of virtual work, the elementary dynamic stiffness 

matrix (DSM) were then obtained which has both mass and stiffness properties. The 

implementation of the derived DFE matrices in a program was discussed with a particular 

reference to the Wittrick-Williams algorithm. Study was demonstrated by illustrative 
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examples where substantial amount of coupling between bending and torsion was 

highlighted. Numerical checks were also published. 

 

Wang et.al [16] tested the camshafts of the Rover Vehicles for the cyclic bending 

and torsion using finite element. Fatigue limit was predicted using a new technique, crack 

modeling. The method uses a linear elastic finite element analysis to derive an equivalent 

stress intensity factor (k) for stress concentrations in components. K was calculated 

without introducing a crack into the component: the stress field around the maximum 

stress point was examined and compared to that for a standard centre-cracked plate. Two 

designs under two loading modes were tested and further modifications were suggested. 

 

Kuang and Ng [17] analyzed the dynamic performance of asymmetric shear-wall 

structures, replacing it by and equivalent thin-walled beam with   lateral flexures and 

torsional deformations. Due to the asymmetry of the floor plan, the natural vibration of a 

structure was a coupled vibration, where lateral flexure vibrations in two orthogonal 

principal directions couple with a warping torsion vibration. Based on the continuum 

technique and the D’Alembert’s principle, governing differential equations  of natural 

vibration and the corresponding eigen value problem for asymmetric multi-bend wall 

structure were derived. Glerkin Approach was used to find the solution of coupled 

vibration of generally asymmetric shear-wall structure and for estimation of the coupled 

natural frequencies and associated mode shape in coupled vibration. Results were 

obtained theoretically and through finite element analysis and were compared. They were 

found in good agreement with each other. 

 

Miyamura [18] presented the experimental and bifurcation analysis of wrinkling 

on circular stretched membrane under in-plane torsion. Test membranes are the 

orthotropic PVC coated textile and isotropic polyester film. Stresses were measured using 

non-linear finite element method and compared with the experimental results. These 

showed that the tension field was found in wrinkled membrane.  
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Lennon and Das [19] formulated the torsional displacement and buckling of a 

sector of a cylinder of half axial height, and of circumferential arc angle that would 

divide into 360°. Elastic-Plastic limit point finite element tests were carried out for 

studying the effect of stiffness on post buckling behavior in torsion. A stringer stiffened 

cylinder was subjected to many combinations of axial force and surface pressure in the 

elastic range of response and then tested to failure in torsion to investigate the effects of 

axial and surface pressure loads on the resistance to plastic collapse in torsion.  

 

Katori [20] computed the shear centre of an arbitrary thin-walled cross-section 

using finite element method, considering the coupling problem of shearing and torsional 

deformation. 

 

Li et.al [21] used the finite element analysis to design the cross-section of the 

shafts subjected to torsion. They developed two basic procedures to seek full stress and 

iso-strength design: either progressively removing the least efficient material from the 

design domain or gradually shifting material from the least efficient (under-utilized) 

location to the most efficient (over-utilized) location, keeping the cross-section area 

constant. Former leads to the remaining material being more effectively utilized and the 

later results in the material being more intelligently redistributed. Number of examples 

were given in this regards. 

 

Savaidis et.al [22] presented a finite element analysis for a notched shaft 

subjected to non proportional synchronous multi-axial loading (tension/torsion). For 

simplicity one of the loading components was kept constant while the other was cyclic. 

The boundary value problem was solved by using the commercial finite element program 

system ABAQUS. A parametrical study was carried out and the numerical results were 

presented. 

 

Wang et.al [23] presented an analytical method to solve the elastodynamic 

problem of a finite-length orthotropic hollow cylinder subjected to a torsional impact. 

The elastodynamic solution was composed of a quasi-static solution of homogeneous 
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equation satisfied with the non-homogeneous boundary condition. The quasi-static 

solution could be obtained by directly solving the quasi-static equation satisfied with the 

non-homogeneous boundary condition. The solution of a non-homogeneous dynamic 

equation was obtained by means of a finite Hankel transform to a radial variable z. Thus 

the elastodynamic solution of the finite length of an orthotropic hollow cylinder subjected 

to a torsion impact was obtained.  A dynamic finite element for the same problem is 

carried out by applying the ANSYS finite element systems. A comparison of both the 

theoretical and finite element analysis results was made and the suitability of the 

theoretical method was checked. 

 

Ellis et.al [24] gave the results of full scale torsion tests on rectangular hollow 

sections (RHS). Observed torque-twist behavior was compared with that of the predicted 

one and the significant differences were highlighted and examined. The behaviour 

predicted by the FE models were shown to be identical to that predicted one by 

Marshall’s thick wall theory, which forms the basis of the British and European design 

procedures. However, even though the experimental measurements agreed with FE and 

the theoretical predictions were in the elastic range, the measurements of torsional 

capacity was significantly lower than those calculated, and this has important 

implications for design that may be wider than just torsion of RHS. A number of potential 

causes for this behaviour were examined. 

 

Sapountzakis and Mokos [25] developed a Boundary Element Method (BEM) for 

non uniform torsion of composite bars of arbitrary variable cross-section, subjected to 

concentrated or distributed twisting moment and edges restrained by the most general 

linear tosional boundary conditions. Both variable warping and torsion constants together 

with the torsional shear stresses and the warping normal and shear stresses were 

computed numerical results were given to illustrate the method and demonstrate its 

efficiency and accuracy. 

 

Shokrieh et.al [26] studied the torsional stability of a composite drive shaft used 

in various products such as cars, helicopters, cooling towers etc. Here the calculation of 
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the buckling torque of composite shaft drive and finite element analysis was performed 

and the numerical results thus obtained were analytically and experimentally compared. 

Finally, the reduction of torsional natural frequency of a composite drive shaft due to an 

increase in the torque was studied. 

 

Kim et.al [27] gave the element stiffness matrix for flexure-torsion free vibration 

analysis of a thin walled beam with non-symmetric cross-sections on two types of elastic 

foundation.  Deformation effect in beam is due to the shear force and the restrained 

warping torsion and due to the coupled effects between them, rotary inertia effect and the 

flexure torsion coupling effects due to the non-symmetric cross-sections. Equations of 

motion and force deformation were derived from the energy principle and explicit 

expressions for displacement parameters were derived based on power series expansions 

of displacement components and the exact dynamic elements stiffness matrix was 

determined using force-deformation relationships. Numerical solutions were presented 

and compared with analytical solutions. The influences of the coupled shear deformation 

on the vibrational behaviour of non-symmetric beam on elastic foundation were also 

investigated. 

 

Sapountzakis [28] worked on the torsional vibrations of composite bars of 

variable cross-section and developed a Boundary Element Method (BEM) for the non-

uniform torsional vibration problem of doubly symmetric composite bars of arbitrary 

variable cross-section. The composite bar consisted of materials in contact, each of which 

could surround a finite number of inclusions. The materials had different elasticity and 

shear moduli and were firmly bonded together. They considered both free and forced 

torsional vibration and presented numerical examples to illustrate the method and 

demonstrate its efficiency and accuracy. 

 

Sapountzakis [29] worked on the torsional vibrations of composite bars of 

constant cross-section and developed a Boundary Element Method (BEM) for the non-

uniform torsional vibration problem of doubly symmetric composite bars of arbitrary 

variable cross-section. The materials had different elasticity and shear moduli and were 
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firmly bonded together. The beam was subjected to an arbitrarily distributed dynamic 

twisting moment, while its edges were restrained by the most general linear torsional 

boundary conditions. Considering both free and forced torsional vibration. Numerical 

examples were presented to illustrate the method and demonstrate its efficiency and 

accuracy. 

 

Cheong et.al [30] experimentally and numerically evaluated the mechanical 

properties of the golf shafts. The degree of torsion was measured by applying the twisting 

moment, 13.72 (kgf cm), to the tip. The frequency of vibration was measured by adding a 

mass to the tip of a shaft and shaking it. The position of the kick point, that is, the 

maximum deflection point was measured by compressing the tip. The composite structure 

of a golf shaft made of fiber-reinforced plastics was modeled and the mechanical 

performance of the structure was numerically evaluated. Both a linear static and dynamic 

analysis for a golf shaft was performed. Comparing the presented numerical results with 

experimental data, the effects of major parameters on the performance of golf shafts were 

also discussed.  

 

Gu and Chan [31] formulated a tangent stiffness matrix for the geometrically non-

linear analysis of the space beam column elements allowing for the axial-flexural, lateral-

torsional and axial-torsional buckling.  Three deformation matrices were derived for 

moderately large rotations in practical three-dimensional space frames subjected to axial 

force and moments. These matrices were functions of the element deformations and 

include the coupling among axial, lateral and torsional deformations. Proposed matrices 

were used together with linear and geometric stiffness matrices for beam elements to 

study large deflection behavior of space frames which comprises of members of 

negligible warping effect. Numerical examples were also given. 

 

Troyani N. et.al [32] studied the finite element mesh orientation in terms of the 

effects it may have on solution accuracy in torsion problems. This work studied the effect 

of triangular finite element mesh orientation with regards to the torsion of non-circular 

machine elements and structural elements in terms of maximum shearing stress 
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computation accuracy. Two sets of results for two specific orientations are reported: 

mesh orientation approximately perpendicular to the membrane contour lines and mesh 

orientation in a direction approximately parallel to the membrane contour lines. This 

study demonstrates that mesh orientation may have important consequences on the 

accuracy of the solution for the type of stress estimates treated in this work.  

 

2.2 SUMMARY OF LITERATURE REVIEW 

From the extensive literature review discussed above, it is seen that finite element 

method (FEM) is used as a tool for the analysis of various components when subjected to 

different loading conditions. Mesh generation play a very important role in the accuracy 

of the results obtained from finite element method.  

The present work is step towards the improvement of accuracy to be done by 

analyzing the orientation of the mesh in a simple component. This work can further be 

extended to more complicated problems.          
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ANALYSIS                          CHAPTER 3 

 

3.1 INTRODUCTION 

Finite element (FE) methods represent a powerful tool for both engineering 

analyses and mathematical analyses; however, they also possess certain limitations. 

Frequently, special solution devices can overcome these limitations. In the present work, 

the accuracy exhibited by a particular form of FE mesh manipulation is examined when 

applied to the computation of maximum shearing stresses in torsional problems. 

Low order triangular and quadrilateral elements are often preferred in structural 

mechanics. To this end, a particular aspect of triangular finite element meshes is studied; 

namely, mesh orientation (diagonal orientation) in non-circular cross sections in order to 

establish the effect of this aspect on solution quality. This type of mesh sensitivity 

analysis is of interest in both mechanical and structural engineering.  

In the procedure that follows, the mesh orientation process is guided by the 

analogy that exists between the torsion of prismatic member’s problem and the deflection 

of a membrane problem, the latter being a Poisson type of problem, studying both the 

effect of aligning the FE mesh in directions approximately perpendicular to the edge of 

the member (square cross-section) and also the effect of aligning the FE mesh 

approximately parallel to the edge of the member (square cross-section).  

 

3.2 FEM ANANLYSIS FOR TORSION SHAFTS  

 Consider a prismatic rod of arbitrary cross-sectional shape which is subjected to a 

twisting moment M as shown in Fig.3.1. The problem is to determine shearing stresses 

yzxz ττ ,  Fig 3.2 and the angle of twist per unit length, α. It can be shown that the solution 

of such problems, with simple connected cross-sections, reduces to solving the two 

dimensional equation. 
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Fig. 3.1 A rod of arbitrary cross section subjected to a torque 
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                                                            0=θ on S…………………………………….. (3.2) 

where, A is interior and S is the boundary of the cross-section. In eq.3.2, θ  is called the 

stress function, since once θ  is known, then shearing stresses are obtained as  

                                               
y
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∂
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ατ ……………………… (3.3) 

with α determined from 

                                                      ∫∫=
A

dAGM θα2 ………………………………….. (3.4) 

where G is the shear modulus of the material. The finite element method for solving 

eq.3.1 and eq.3.2 will now be given. 

 The stress function θ  within a triangular element is interpolated as 
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Fig. 3.2 Shearing stress in torsion 
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where [ ]ηξηξ −−= 1,,N  are the usual shape functions, and [ ]Te

321 ,, θθθθ = are the 

nodal values of θ . Furthermore, we have the isoparametric relations 
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where the Jacobean matrix J is given by 
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3.2.1 COMPLEMENTARY POTENTIAL ENERGY APPROACH 

 The solution of eq.3.1 is equivalent to minimizing the complementary potential 

energy Π  in the rod. For the length of the rod, 
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the element stiffness matrix an load vectors can now be derived from Π . The constant 

2αG multiplying Π  may be disregarded. 

Using eq.3.11, we have 
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Thus, the strain energy term in Π  becomes 
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the load term becomes  

                                                         e

A e e

NdAdA θθ∫∫ ∑ ∫ 









= 22 ……………………... (3.18) 

Since 3/e
e

i AdAN =∫ , we have, 

                                                         ∫∫ ∑=
A e

eTdA θθ2 f……………………………... (3.19) 

where  

                                                          f [ ]TeA 111
3

2
= ……………………………... (3.20) 

The expression for Π  is now given by 

                                                          FK TT θθθ −=Π
2

1
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where ∑ ∑==
e e

FkK , f are assembled in the usual manner using element 

connectivity. The minimization of  Π  is subject to the boundary conditions 0=Ψi  for 

every node i on the boundary. The resulting equation is 

                                                                  FK =θ …………………………………. (3.22) 

where K, F are then modified to account for boundary conditions, either by the penalty or 

elimination approaches. Once θ is known, we can determine the shearing stresses from 

eq.3.12. 

 

3.3 ALGORITHM OF THE PROGRAM 

 The following steps are followed for finding the solution of torsional problem 

using finite element analysis.  

1. Input the dimensions of the square cross-sectional torsional problem. 

2. Input the number of triangular elements with their initial connectivity. 

3. Allocate memory for the following required matrices. 
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• x [total no. of joints] and y [total no. of joints] for the coordinates. 

• Connectivity matrix given by connect [total no. of members] [no. of 

 nodes/element], which gives the connectivity between different 

 members. 

• Element stiffness matrix given by estiff [total no. of nodes/element x 

 dof] [total no, of nodes/element x dof]. 

• System matrix given by a [total no. of joint x dof] [total no. of joint x dof]. 

• Boundary condition matrix, given by bcc [total no. of joints x dof]. 

• Load matrix given by b [total no. of joints x dof]. 

4. First of all the mesh is generated. this is done in two steps: 

 

   

(a)     

     

(b)                         
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(c) 

Fig.3.3 Mesh Generation (a) Basic structure, (b) Perpendicular Mesh and, (c) 

Parallel Mesh 

 

Step1: To generate element connectivity data. 

Step 2: Nodal coordinate data. 

This will automatically give connectivity between different elements and the x, y 

coordinate values according to number of divisions in x, y direction. 

A brief description is given below: 

• First of all give numbers to all the nodes starting with 0. 

• Coordinates are calculated by dividing the rectangular cross-section [1/4 

 part of the cross-section into best suited number of triangular elements. 

5. Starting from the first element, find the element stiffness matrix for each element, 

using eq. 
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6. Assemble the entire element stiffness matrix into a system stiffness matrix using 

the assembly procedure. 
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7. Now modify the system stiffness matrix according to the boundary conditions. 

For example, if i
th 
node is fixed then all the values of rows and columns of system 

stiffness at i*2 are substituted zero and at a [i*2] [i*2], value 1 is substituted. 

Same way in load matrix at i*2 value of row, load is substituted zero. 

8. Now matrix is solved using the solver (Gauss Elimination Method is used in this 

case). 

9. This will give the values of nodal deflection, θ for all the nodes of the square 

cross-section. 

10.   Now the value of  twist  is calculated by 
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11. Then the value of shear stress is calculated in yz and xz plane using 
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12.  Mesh generation in the case of circular cross section shaft is done as: 

 

(a) 
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(b) 

 

(c) 

Fig.3.4 Mesh Generation (a) Basic structure, (b) Perpendicular Mesh and, (c) 

Parallel Mesh 

 

After the mesh is generated a similar procedure as stated above for the calculation of 

the values of θ  and their respective stresses is used and the results have been graphically 

plotted.
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RESULT AND DISCUSSIONS                              CHAPTER-4 

 

 
4.1 INTRODUCTION 

 In the following section the results of the program are taken applying conditions 

as per the work of N.Troyani et. al [32]. These results are then validated based on 

methodology given in the previous chapter. The results presented are for twist and shear 

stress for two types of mesh orientation for triangular elements based on torsional 

problem. 

 

4.2 RESULT VALIDATION AND DISCUSSION 

 The technique of finite element has been applied to the analysis of the results of 

mesh orientation when a square cross-section member is subjected to torsion. In this two 

types of triangular meshes are taken, viz. 

• Parallel to the edge. 

• Perpendicular to the edge. 

 A square cross-section shaft is firstly divided into four major triangles by two 

diagonals. One of the triangles is further divided into triangular elements based on a 

specific orientation. Node numbers are given to all the edges. Coordinates at various 

nodes are calculated based on their respective connectivity. Thereafter, the boundary 

conditions are applied as shown in the Fig. 4.1. 

 

 

Fig. 4.1 A finite element model of a quadrant of square cross-section 
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After applying the FEA procedure the values of θ on the respective nodes were 

calculated. The various values of θ for the two types of orientation have been tabulated 

below: 

 

Table 1.Comparison of θ for perpendicular and parallel orientation 

Node No. θ(in degrees) for parallel 

orientation  

θ (in degrees) for 

perpendicular orientation 

0. 2.6908 2.6373 

1. 3.0965 3.0847 

2. 4.2604 4.2646 

3. 4.8046 4.7979 

4. 5.3943 5.3368 

5. 5.5933 5.4821 

6. 2.5575 2.5039 

7. 3.9079 3.8463 

8. 4.4796 4.4162 

9. 4.99638 4.9131 

10. 5.46 5.3487 

11. 3.637 3.5797 

12. 4.0749 4.0179 

13. 4.4981 4.4327 

14. 5.05807 4.9725 

15. 3.7747 3.7223 

16. 3.7372 3.6866 

17. 4.3794 4.31502 

18. 2.9123 2.8739 

19. 3.06348 5.022 

20. 0 0 
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Afterwards, considering these values of θ, twist (α) has been calculated using the formula 
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Using this value of twist in the formula, [ ] eT

xzyz BG θαττ =−  various values of shear 

stress has been calculated. 

Values of yzτ and xzτ has been shown in table 2 and 3: 

 

Table 2.Comparison of  yzτ  for perpendicular and parallel orientation 

Node No. 
yzτ  for parallel  

orientation  

yzτ  for perpendicular 

orientation 

0. 8.612 9.77 

1. 28.6677 36.1731 

2. 28.6677 22.4509 

3. 12.137 12.8797 

4. 12.1374 12.0081 

5. 10.9693 8.6983 

6. 10.9693 13.0034 

7. 9.8436 10.55 

8. 9.8436 8.4752 

9. 4.2247 3.1708 

10. 9.2952 8.9351 

11. 9.2952 10.1995 

12. 8.9859 1.4648 

13. 8.9859 16.6533 

14. 11.886 7.9187 

15. 11.886 15.6537 

16. 0.7976 -12.0737 
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17. 0.7976 10.5145 

18. 13.6347 1.7794 

19. 13.6347 25.6623 

20. 3.2092 -45.0089 

21. 3.2092 51.4797 

 

 

Table 3.Comparison of xzτ for perpendicular and parallel orientation 

Node No. 
xzτ  for parallel  

orientation  

xzτ  for perpendicular 

orientation 

0. -14.273 -15.593 

1. 5.7818 10.8087 

2. 17.1664 10.8087 

3. -2.8305 -5.3872 

4. -5.0482 -5.3872 

5. -2.8305 -7.9755 

6. -10.1831 -7.9755 

7. -7.0553 -7.956 

8. -7.2241 -7.9565 

9. -1.4363 -2.6521 

10. -2.20602 -2.70703 

11. -3.44702 -2.70703 

12. -8.1996 -15.9305 

13. -23.3234 -15.9305 

14. -9.26644 -13.0602 

15. -16.926 -13.0602 

16. -13.5398 -24.9802 

17. -35.822 -24.9802 

18. -18.6747 -30.8039 

19. -47.2406 -30.8039 
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20. -31.8151 -80.5037 

21. -126.86 -80.5037 
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Fig. 4.2 Comparison of θ for perpendicular and parallel orientation 
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       Fig. 4.3 Comparison of  yzτ  for perpendicular and parallel orientation 
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 Fig.4.4 Comparison of xzτ for perpendicular and parallel orientation 

 
Observing these graphs we can conclude that the values obtained by considering 

the triangular mesh which is parallel to the edge of the square cross-section shows more 

accurate and smooth results as compared to that of the results obtained when the 

triangular mesh is perpendicular to the edge of the square cross-section. 

 

Now, taking a circular cross-section shaft and discretizing it into four quarters. 

One of the quarter is further divided into triangular elements based on a specific 

orientation. Node numbers are given to all the edges. Coordinates at various nodes are 

taken based on their respective connectivity. Thereafter, the boundary conditions are 

applied as shown in the Fig. 4.5. 
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Fig. 4.5 A finite element model of a quadrant of circular cross-section 

 

After applying the FEA procedure the values of θ on the respective nodes were 

calculated. The various values of θ for the two types of orientation have been tabulated 

below. Similar procedure as applied above is used to do the calculations. Various tables 

along with their graphs are shown below: 
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 Fig. 4.6 Comparison of θ for perpendicular and parallel orientation 
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Fig. 4.7 Comparison of  yzτ  for perpendicular and parallel orientation 
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 Fig. 4.8 Comparison of xzτ for perpendicular and parallel orientation 

 
Observing these graphs we can conclude that in the case of circular cross-section 

shafts the values obtained by considering the triangular mesh which is parallel to the 
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circumference of the shaft shows more accurate and smooth results as compared to that of 

the results obtained when the triangular mesh is perpendicular to the circumference of the 

shaft. 
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CONCLUSION      CHAPTER-5 

 

 
This chapter gives the conclusions as obtained from the results of the analysis of 

mesh orientation of square cross-sectional shaft subjected to torsion using finite element 

technique.  

 

5.1 CONCLUSION 

• The results obtained from the finite element model demonstrates that triangular 

mesh which is parallel to the edge of the square cross-section shows more 

accurate and smooth results as compared to that of the results obtained when the 

triangular mesh is perpendicular to the edge of the square cross-section. 

• The result obtained from the finite element model of square and circular cross-

sectioned shafts, demonstrates that the, technique can be subjected to the shafts of 

other cross-sections under different loading conditions. 

 

5.2 FUTURE SCOPE    

• This work can further be extended to other cross-sections subjected to torsion. 

• This work can further be extended to 3D. 

• Accuracy can be checked for other loading conditions. 
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