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Abstract

The work being presented in the present thesis is devoted to the study of duality
results for some mathematical programming problems under generalized convexity
assumptions. The chapterwise summary of the thesis is as follows:

Chapter 1 is introductory and consist of nonlinear and multiobjective program-
ming problems, definitions, notations and prerequisites of the present work. A brief
account of the related studies made by various authors in the field and a summary of
the thesis are also presented.

In Chapter 2, we have considered Wolfe type second-order multiobjective sym-
metric dual programs involving nondifferentiable functions and appropriate duality
theorems are established using the notion of second-order F-convexity assumptions.
Moreover, an example has been given which is second-order F-convex but not con-
vex. Further, these symmetric dual programs are generalized over arbitrary cones
and usual duality results are obtained under second-order (F,«, p,d)-convexity as-
sumptions. A non-trivial example which shows that second-order (F a, p, d)-convex
functions are generalization of second-order F-convex functions has also been exem-

plified.
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In Chapter 3, a new pair of second-order multiobjective symmetric dual pro-
grams in which the objective function is optimized with respect to an arbitrary closed
convex cone is formulated and appropriate duality relations are then obtained under
K-n-bonvexity assumptions. We identify a function lying exclusively in the class of
K-n-bonvex and not in class of invex function already existing in literature. Self
duality for this pair is also obtained by assuming the functions involved to be skew-
symmetric. Further, we have considered a pair of Mond-Weir type nondifferentiable
multiobjective second-order symmetric dual programs over arbitrary cones, where
each of the objective function contains a square root term with positive semidefinite
matrix in R™*". Weak, strong and converse duality results are then established under
K-n-bonvexity /second-order K-F-convexity assumptions.

In Chapter 4, we have established duality relations for a pair of second-order
mixed symmetric dual programs involving nondifferentiable functions under second-
order F-convexity/pseudoconvexity assumptions. Next, we have considered a pair of
mixed second-order symmetric dual programs over cones and obtained duality results
under second-order (F,p) convexity/pseudoconvexity assumptions. This mixed for-
mulation unifies two second-order symmetric dual formulations exist in the literature.
Several known results [39, 55, 57, 70] are obtained as special cases.

In Chapter 5, we have formulated a pair of second-order multiobjective mixed

symmetric dual programs over arbitrary cones and obtained appropriate duality



results under second-order invexity/pseudoinvexity assumptions. Further, we con-
struct a pair of multiobjective second-order mixed nondifferentiable symmetric dual
programs involving the square root of a positive semidefinite quadratic function,
(xTBx)%. The usual duality results are then established using the notion of second-
order F-convexity /pseudoconvexity assumptions.

Agarwal et al. [3] extended the results of Chen [43] over arbitrary cones and
proved appropriate duality relations under higher-order K-F-convexity assumptions.
Mond-Weir type duality has been discussed in both the papers. In Chapter 6,
we have studied higher-order Wolfe type multiobjective symmetric dual programs
over arbitrary cones and the duality results are then established under higher-order
(F, «, p, d)-convexity /pseudo-convexity assumptions. We have also illustrated a non-
trivial example of function lying in the class of higher-order K-(F, «, p, d)-convex but
not in class of higher-order K-F-convex. Further, we consider the higher-order multi-
objective symmetric nondifferentiable dual programs in which the objective function
is optimized with respect to an arbitrary closed convex cone and proved duality the-
orems under higher-order-K-(F, a, p, d)-convexity assumptions.

In Chapter 7, motivated by Lai et al. [85], Lai and Lee [84] and Antczak [19],
we have discussed sufficient optimality conditions and duality theorems for a non-
differentiable minimax fractional programming problem with B-(p,r)-invexity. An
example which is B-(1, 1)-invex but not (p, r)-invex is exemplified. We also illustrate

another example which is (—1, 1)-invex but not convex.
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In Chapter 8, we have formulated a pair of multiobjective fractional variational
symmetric dual problems for a class of nondifferentiable functions over arbitrary cones
and achieved duality results under generalized (F,«, p, d)-convexity assumptions. A
self duality theorem is also obtained by assuming the functions involved to be skew-
symmetric.

At the last, an Appendix A has been given, in which we establish a strong
duality theorem for a pair of multiobjective second-order symmetric dual programs.

This removes an omission in an earlier result in Yang et al. [140].
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Chapter 1

INTRODUCTION

Optimization theory is one of the most lively and exciting branches of modern
mathematics. It lies at the heart of applied mathematics. Optimality conditions
and duality have played an important role in the development of mathematical pro-
gramming. The necessary and sufficient optimality conditions allows one to devise
efficient numerical methods for practical solution of a given optimization problem.
Optimality conditions were first investigated by John [73]. These conditions with an
added requirement on the lagrange multiplier for the objective function were indepen-
dently derived by Karush [74], and Kuhn and Tucker [82]. Thus those conditions are
known as the Karush-Kuhn-Tucker conditions (KKT conditions). KKT conditions
[74, 82] have laid down foundations for many computational techniques in mathe-
matical programming, and are also a great deal responsible for the development of
duality theory. The idea of duality is to associate every programming problem being
solved another mathematical program, which happens to be solved simultaneously.
The new mathematical program satisfies some important properties and leads to rich
economic interpretations related to the original programming problem, characteriza-
tion of its optimality conditions and its solutions. The original problem is called the
primal problem and this new program is known as dual program. It is well known
that duality principles connect these two programs in such a way that the existence
of an optimal solution to one of them guarantees an optimal solution to the other and
optimal values of the two problems are equal. Duality has been used for many theo-

retical and computational developments in mathematical programming and in other



diverse fields, including engineering, management science, control theory, business
problems and economics. The existence of duality theory helps to develop numerical
algorithms as it provides suitable stopping rules for primal and dual problems. A pair
of dual problems is called symmetric if the dual of the dual is the primal problem.
Convexity plays an important role in nonlinear programming. In inequality con-
strained problems, KKT conditions are sufficient for optimality if the functions are
convex. These conditions are used in many algorithms to solve nonlinear program-
ming problems. However, the application of the KKT sufficient optimality conditions
cannot be restricted to convex problems as many mathematical models used in deci-
sion sciences, economics, management sciences, applied mathematics and engineering
involve non convex functions. So, it is a necessity to generalize the notion of convexity
and to explore the extent of the validity of results to larger classes of optimization
problems. Thus, the literature contains various generalizations of convex functions.
A mathematical programming problem with single objective function is called
a scalar (or single objective) programming problem. However, just considering one
criterion at a time usually does not represent real life problems well because in most
of the cases, two or more objectives are associated with a problem. Such a math-
ematical optimization model with two or more objectives is called a multiobjective
programming problem. Multiobjective programming also known as multi-criteria
or multi-attribute optimization, is the process of simultaneously optimizing two or
more conflicting objectives subject to certain constraints. Multiobjective optimiza-
tion problems can be found in various fields: product and process design, finance,
aircraft design, the oil and gas industry, automobile design, or wherever optimal de-
cisions need to be taken in the presence of trade-offs between two or more conflicting
objectives. Maximizing profit and minimizing the cost of a product; maximizing per-
formance and minimizing fuel consumption of a vehicle; and minimizing weight while
maximizing the strength of a particular component are examples of multiobjective

optimization problems. The theory and algorithms for multiobjective problems is



discussed by Miettinen [90].

The origin of the vector minimum problem can be traced to early developments in
utility theory in economics. Pareto [109] began the study of multiobjective program-
ming problems reducing them to a single objective one. However, the problem was
first explicitly defined and studied by Kuhn and Tucker [82]. To eliminate certain
anomalous efficient solutions they also proposed a slightly restricted definition of effi-
ciency, called proper efficiency. Later, Geoffrion [52] modified this concept and called
an efficient solution to be properly efficient if the ratio of gain (in every objective) to
loss (in at least one other objective) is always finite. He also derived necessary and
sufficient conditions for properly efficient solution of convex multiobjective program-
ming problems. His work motivated many researchers in this field.

The present chapter is divided into three sections. The first section gives impor-
tant preliminaries. The second section contains a review of various developments in
single and multiobjective mathematical programming which are relevant to the thesis
and the last one presents a summary of the thesis.

Sections, subsections, theorems, remarks, equations etc., are numbered consec-
utively along with the chapter number. For example, Section 2.1 means Section 1
of Chapter 2, Subsection 6.4.1 means Subsection 1 of Section 4 in Chapter 6 and

Theorem 6.1 means Theorem 1 in Chapter 6.

1.1 Preliminaries
1.1.1 Notations and definitions

Unless stated otherwise throughout the thesis the following notations are used.
R™ denotes the n-dimensional Euclidean space, R = R the set of all real numbers,
Ry ={x € R*:2; 20, j=1,2,---,n} the non-negative orthant of R* and R, the
set of nonnegative real numbers. All vectors will be considered as column vectors.

We will use superscript 1" to denote transpose of a vector or a matrix. The index

sets are K = {1,2,--- ,k}, M = {1,2,--- ,m} and Q = {1,2,--- ,q}. For r € K,



the set K, = K — {r}. In some chapters the symbol K has been used for a cone
while in some others it denotes an index set. It will be clear from the context. Small
letters are used to denote vectors or vector functions. A small letter with a subscript
represents a component of a vector or a vector function. For a, b € R",
aZbsa;2b, i=1,2,...,n,
a>bsa=b and a # b,
a>bsa;>b, 1=1,2....n.
a % b means negation of a < b.
It may be noted that for scalars a and b, we shall use the inequalities = and >.
The vector V f(Z) denotes the gradient of a scalar differentiable function f : R"* —
R at z, and is defined as
Vi@ = [ @), Zr@. 2 @]
and for a vector valued differentiable function f : R® — RF, the symbol Vf(Z)
denotes k x n Jacobian matrix of f at Z, whose ith row is the vector V f;(Z)T. If the
function f : R® — R is twice differentiable at Z, in addition to the gradient vector
there exists an n X n symmetric matrix V,, f or V2f, called the Hessian matrix of

" row and j column of the Hessian matrix is the second-

>’ f(z)
O0x;0x;

f at . The element in 7*

order partial derivative . A vector valued function is differentiable if each of its

components is differentiable and is twice differentiable if each of its components is
twice differentiable.

Let ¢ : R x R™ — R be twice differentiable function, V,¢(z,y) and V,¢(Z,y)
denote the gradient (column) vectors with respect to = and y at (Z, %) respectively,

and V,,0(z,y) and V,,¢(Z,y) denote respectively the n x n and n x m matrices of

second-order partial derivatives evaluated at (z, 7).

In the subsequent chapters, we need the following definitions :

Definition 1.1 [22]. A convex set C' of R" is called a convex cone if for each z € C

and A =20, \ze(C.



Definition 1.2 [123]. The positive polar cone C* of the cone C' is defined by
C*={zeR":2"220, for all z € C}.
Definition 1.3 [102, 113]. Let S be a compact convex set in R". The support
function of S is defined by
s(z|S) = max {7y :y € S}.
A support function, being convex and everywhere finite, has a subdifferential,
that is, there exists z € R™ such that
s(y|S) = s(z|S) + 2T (y —z) forallye S.
The subdifferential of s(z|S) is given by
ds(z|S) ={z € S: 2T = s(x|9)}.
For any set S C R"™ the normal cone to S at a point x € S is defined by
Ns(z)={ye R":yT (2 —2) £0, for all z € S}.
It can be easily seen that for a compact convex set S, y is in Ng(z) if and only if
s(y|S) = Ty, or equivalently, x is in ds(y|S).
Definition 1.4 [3, 140]. A functional F': X x X x R" — R (where X C R") is said
to be sublinear in the third variable, if for any x,z € X
(A) F(z,Z;a1 + az) < F(x,Z;a1) + F(x,Z;az) for all ay, ag € R",
(B) F(z,z;a) = aF (z,7;a) for all a« € R, and a € R".

1.1.2 General mathematical programming problem

The general mathematical programming problem can be stated as follows :
(NLP) Minimize 6(z)
subject tox € P = {x € X : g(x) < 0},
where X is an open subset of R", the functions # : X — R and g : X — R™ are
differentiable on X.
This problem is called a scalar (or single objective) mathematical programming
problem. The function # is known as the objective function, the components of

g as the constraint functions and the corresponding inequalities as constraints.



The set P is called the feasible set and any point z € P is called a feasible point
or simply feasible.

If the objective function and all the constraints are linear in a mathematical
programming problem, then the problem is called a linear programming problem and
if either the objective function or at least one of the constraints are nonlinear functions
then the problem is named as nonlinear programming problem.

If z € P and 6(z) 2 6(Z) for each x € P, then 7 is called an optimal solution
or a global optimal solution, or simply a solution of (NLP). If z € P and
if there exists an - neighborhood Ns(z) around & such that 6(x) = 0(z) for each

x € P Ns(Z), then Z is called a local optimal solution.

1.1.3 Convex functions and extensions

Atz € X, 0 is said to be
(i) Convex if for all z € X
O Az + (1 —N)x] S N(x) + (1 —N)6(z), for all A, 0SS AN=1,
or equivalently, if
O(x) —0(z) =2 VO(z)"(r —z) when 6 is differentiable at Z.
The function 6 is said to be strictly convex if the above conditions hold as strict
inequalities for z # z, 0 < A < 1.
(ii) Quasiconvex if for all z € X
O(z) £ 0(z) =0+ (1—Nz] =6(x), for all A, 0= N1,
or equivalently, if
0(x) £0(z) = VO(z)"(x —z) £0 when 6 is differentiable at 7.
(iii) Pseudoconvex if § is differentiable at z and for all x € X
VO(@) (1) 2 0= 0(x) 2 0(z),
or equivalently, if
0(x) < 0(z) = Vo(z)" (r — ) < 0.
(iv) Strictly Pseudoconvex if 6 is differentiable at Z and for all z € X (x # Z)



O(z) < 0(z) = Vo(x)'(z —7) <0,
or equivalently, if
V() (z—x) =2 0= 0(x) > 0(T).

In 1981, Hanson [67] introduced the concept of invexity replacing the difference
vector x — Z in the definition of a convex function by any vector function n(x,z) and

established KKT type sufficient optimality conditions for a nonlinear programming
problem. Below, we define these functions which were named invex by Craven [47]
and n—convex by Kaul and Kaur [75].
(v) @ is said to be invex if there exists a function 7 : X x X +— R"™ such that for all
r,T € X

O(x) — 0(z) =2 n(x,z)TVO(Z).
(vi) 6 is said to be pseudoinvex if there exists a function n : X x X — R" such
that for all x,z € X

n(z,7)'Vo(z) 20 = 0(x) = 6(7).

The concept of (F, p)—convexity was introduced by Preda [111] as an extension
of F'—convexity [69] and p—convexity [128]. Gulati and Islam [61] obtained sufficient
optimality conditions and duality theorems for multiobjective programming problems
under generalized F-convexity. Later, the concepts of (F a, p, d)-convex functions and
higher-order (F, «, p, d)-type-1 functions were introduced by Liang et al. [86] and by
Suneja et al. [125], respectively. Let F': X x X X R"™ — R be a sublinear functional
with respect to third variable. Then @ is said to be
(vii) F— convex at 7 if for all x € X,

O(z) —0(x) =2 F(x,z;VO(Z)).
(viii) F'— pseudoconvex at Z if for all x € X
F(z,z;V0(z)) 20 = 0(z) = 6(2).
(ix) (F, p)-convex at T € X if there exists d : X x X +— R and p € R such that for
all z € X
F(z,z;V0(x)) + pd*(z,z) < 0(x) — 6(T).



(x) (F,p)-pseudoconvex at T € X if there exists d : X x X — R and p € R such
that for all x € X
Fla, 5 V0(2)) 2 —p(2,7) = 0(x) 2 0(z),
or equivalently,
6(x) < 0(z) = F(z,7;VO(T)) < —pd*(z, T).
(xi) (F,a,p,d)-convex at T € X if there exists a function o : X x X — R, \ {0},
d: X x X — R and p € R such that for each x € X
O(x) — 0(z) 2 F(z,7; a(x, 2)VO(Z)) + pd*(z, T).
(xii) (F,a,p,d)-pseudoconvex at = € X if there exists a function o : X x X —
R\ {0},d: X x X +— R and p € R such that for each x € X
F(z,7;a(z,2)V0(z)) = —pd?*(x,7) = 0(x) = 0(7).
A real valued differentiable function 6 is concave or pseudoconcave iff —@ is

convex or pseudoconvex. Other definitions follow similarly.

1.1.4 Further developments in convexity

Bector and Chandra [24] introduced the following concept of bonvex functions which
were later on extended to n— bonvex by Pandey [107]. The function 6 is said to be
(xiii) Second-order Convex (Bonvex) if § is twice differentiable at Z and for all
reX,peR"

0(z) — 0(z) 2 (VO(z) + V20(2)p)" (z — ) — 5p" V*0(2)p.
(xiv) Second-order Pseudoconvex (Pseudobonvex) if # is twice differentiable
at T and for all z € X, pe R"

(VO(z) + V*0(2)p)"(z — 2) 2 0= 0(z) 2 0(z) — 3p" V*0(2)p.
(xv) n-bonvex if there exists a function n : X x X — R" such that for all p € R
and z € X,

0(z) — 0(z) =2 0" (2,2)[V.0(Z) + V4u0(Z)p] — 50" Vb (Z)p.
(xvi) n-pseudobonvex if there exists a function 7 : X x X — R" such that for all

p € R" and = € X,



0" (2, 2)[V.0(Z) + Ve 0(Z)p) 2 0 = 0(x) 2 0(z) — $p" V,.0(Z)p.
(xvii) second-order F-convex at z € X if for all p € R" and = € X,
0(x) — 0(%) + 1pTV,.0(Z)p = F(z,7;V,0(Z) + V..0(T)p).
(xviii) second-order F-pseudoconvex at = € X if for all p € R" and = € X,
Fla, 7 V,0(2) + Vaul(@)p) 2 0
= 0(z) 2 0(Z) — 5" Vau0(T)p.

Antczak [17] introduce the definition of a p-invex set with respect to 7 and
the definition of a (p,r)-invex set with respect to n. The new class of nonconvex
functions, called B-(p,r)-invex functions and many well-known classes of generalized
invex functions as its subclasses and their properties are studied in [18].

Lemma 1.1 (Generalized Schwartz Inequality). Let A be a positive semidefinite
symmetric matrix of order n. Then, for all z, 2z € R",
aTAz < (2T Ax)2 (2T Az)2.

Equality holds if for some A = 0, Az = \Az.

1.1.5 Optimality conditions for single objective programming

The problem of optimizing a numerical function of one or more variables subject to
constraints on the variables is called the mathematical programming, or constrained
optimization problem. When either the objective function or atleast one of the con-
straints are nonlinear, the problem is called a nonlinear programming problem, a
discipline playing an increasingly imperative role in diverse fields such as operations
research and management science, engineering, economics, system analysis and com-
puter science. Necessary optimality conditions for (NLP) were first investigated by
John [73]. Fritz John conditions have not only shed new light on the notion of
Lagrangian multipliers but also gave an easier approach to develop the Lagrangian
multiplier rule for equality constrained optimization. The Fritz John necessary con-
ditions are as follows:

Theorem 1.1 [73]. (Fritz John necessary conditions). If z € P is an optimal solution



10

of (NLP), then there exist « € R and v € R™ such that

uV f(z) + Volg(z) =0,

vg(z) =0,

(w,v) 20, (u,v)#0.
In the above conditions, the scalars w and v;, i« = 1,2,--- ,m are called Lagrangian
multipliers. If the Lagrangian multiplier @ is equal to zero, the Fritz John condi-
tions do not make use of any information pertaining to the gradient of the objective
function. In this case any function can replace f and there will be no change in the
above necessary conditions. So the Fritz John conditions are of no practical value in
locating an optimal point when # = 0. In order to exclude such cases, some restric-
tions are imposed on the constraints. In the literature these restrictions are termed
as constraint qualifications. Some of these constraint qualifications make use only of
the convexity properties, while others make use mostly of the differentiability of the
functions defining the feasible region P.

We state below the Kuhn-Tucker constraint qualifications [74, 82].

The Kuhn-Tucker Constraint Qualification.
The vector function ¢ is said to satisfy the Kuhn-Tucker constraint qualification at

Z € P if g is differentiable at = and if

( There exists an n-dimensional vector
function e on the interval [0, 1] such that
(a) e(0) =z

ye R
_ = (b)e(t)ye Pfor0St <1
Vg (z)y =0

(c) e is differentiable at ¢ = 0

and Ze(0) = Ay for some A > 0
\
where J = {j € M : gj(z) = 0}.

Assuming one or the other constraint qualification many authors have developed
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necessary optimality conditions for (NLP) that are precisely the Fritz John conditions
with the added property that u > 0.
Theorem 1.2 [74, 82] (Karush-Kuhn-Tucker Necessary Conditions). If z € P is an
optimal solution of (NLP) and g satisfies the Kuhn-Tucker constraint qualification at
Z, then there exists v € R™ such that

Vf(z)+9TVg(z) =0,

v'g(z) =0,

v 2 0.

The above necessary conditions hold under any constraint qualification [88].

Kuhn and Tucker [82] also proved that the above necessary conditions are sufficient

for optimality under convexity assumptions.

1.1.6 Duality in mathematical programming

Duality has long been a central tool in the development of optimization theory.
Neumann [106] introduced the concept of duality in linear programming. He formu-
lated the following dual pair and proved usual duality relations.

Primal Problem (PP)
Minimize z(z) = ¢’z
subject to  Ax = b,
x = 0.
Dual Problem (DP)
Maximize w(y) = by
subject to ATy < ¢,
y 2 0.

The above pair shows that if the primal problem is a minimization of a linear

function over a set of linear constraints, then the dual is a maximization of another

linear function over a set of linear constraints. Moreover, dual of the dual is again

the primal problem.
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Duality in nonlinear programming has also been developed extensively. It origi-
nated with the duality results of quadratic programming given by Dennis [49]. Wolfe
[132] formulated the following dual to (NLP):

Maximize 6(y) + u”g(y)
subject to  VO(y) + Vulg(y) =0,
yeX, u=z0
and proved duality theorems assuming # and g to be convex. Mangasarian [88] pointed
out that these duality relations do not hold under weaker convexity assumptions.
Mond and Weir [104] introduced the following dual to (NLP):
Maximize 6(y)
subject to  VO(y) + VuTg(y) = 0,
1 g(y) 20,
yeX, u=0
and proved duality relations by weakening the convexity assumptions of ¢ and g to
pseudoconvexity of § and quasiconvexity of u’¢g. They also discussed duality results

for the problems involving both equality and inequality constraints.

1.1.7 General multiobjective programming problem

The general multiobjective programming problem in n-dimensional Eu-
clidean space can be stated as follows:
(P) Minimize f(z) = {fu(2), fo(2), - fi(z)}

subject to z € X° = {x € X : g(x) £ 0},

where X is an open subset of R", the functions f : X — R¥ and g: X — R™ are
differentiable on X.
In such problems an optimal solution in the sense of one that minimizes all the ob-
jective functions simultaneously, (called an ideal solution) exists rarely. Often the
several objectives are conflicting in nature. For example, it may be impossible to

select an alternative to a problem which would maximize both profit and market



13

share for a company. The existence of multiple objectives leads to many interesting
questions, which do not arise in single objective models. It is difficult to obtain a
unique solution since these problems rarely have feasible points that simultaneously
minimize (or maximize) all the objectives. The concept of optimal solution in mul-
tiobjective optimization problems is clearly related to the preference attitude of the
decision maker. A good decision is based on the principle that there is no other
alternate that can be better in some aspect of consideration. Such a point is called
an efficient point. An efficient solution is also known as noninferior or nondominated
or Pareto optimal solution. Efficiency found its way into operations research in the
pioneer work of Koopmans [81]. Later, the concept of weak efficiency has also been
introduced. We define below these two concepts of optimality in multiobjective pro-
gramming.
Definition 1.5 [122]. A point z € X° is said to be a weak efficient solution (weak
minimum) of the vector minimum problem (P), if there exists no x € X° such that

flz) < f(z).
Definition 1.6 [122]. A point & € X° is said to be an efficient (or nondominated or
noninferior or Pareto optimal) solution of the vector minimum problem (P), if there
exists no x € X° such that

f(x) < f(@).

This definition is based upon the intuitive conviction that the point z is chosen as
the optimal solution if no criterion can be improved without worsening at least one
other criterion.

It can be easily seen that the definitions of efficient /weak efficient solutions for
multiobjective programming problems are extension of the definition of optimal so-
lution for scalar programming problem.

The following definition of properly efficient solution is due to Geoffrion [52], who
modified this concept earlier introduced by Kuhn and Tucker [82] :

Definition 1.7. An efficient solution Z of the vector minimum problem (P) is said
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to be a properly efficient solution, if there exists a scalar M > 0 such that for each
re K={1,2,...,k} and x € X° satisfying f,(x) < f,(Z), we have
1.(2) — fu(w) £ M{fi(2) — £,(@)
for atleast one j € K\{r} satisfying f;(z) < f;(x).
A k-dimensional vector function f = (fi, fa, ..., fx) is said to be convex at z (or
on X) if for each j € K, f; is convex at T (or on X). The other definitions discussed

in Subsection 1.1.3 and 1.1.4 follow similarly.

1.1.8 Optimality in multiobjective programming

In the classical work in 1951, Kuhn and Tucker [82] discussed some interesting
results for (P). Since then, research in this field has made remarkable progress both
theoretically and computationally. Some of the earliest attempts to obtain necessary
and sufficient conditions for efficiency were carried out by Kuhn and Tucker [82] and

Arrow et al. [20]. Geoffrion [52] introduced the following scalar parametric problem:
(EP) Minimize AT f(x) = > \ifi(2)
subject to z € XO,ZGK

where \;, (i € K) are strictly positive parameters (often normalized according to
> A = 1) and related its optimal solution with a properly efficient solution of (P).
ZeKThe comprehensive theorem in Geoffrion [52] includes the following necessary and
sufficient conditions. Though Geoffrion [52] assumed the Kuhn-Tucker constraint
qualification for Theorem 1.2, it holds under any constraint qualification.
Theorem 1.3 (Karush-Kuhn-Tucker type necessary conditions). Let z € X° be a
properly efficient solution of (P) and let g satisfy a constraint qualification at Z. Then
there exist & € R* and ¥ € R™, such that

va' f(z) + Vio'g(z) =0,

v'g(z) =0,

>0, 020, zkjlaizl.

Theorem 1.4 (Karush—Kuhn—TuEker type sufficient conditions). Let f and ¢ be
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convex at & € X°. If there exist 4 € R¥ and v € R™, such that
val f(z) + Volg(z) =0,
vg(z) =0,
>0, v=0, ijaizl,
then 7 is a properly efficient solutzzi:oln of (P).
Kaul et al. [76] established the following KKT type necessary conditions for an
efficient solution of (P):
Theorem 1.5 (Karush-Kuhn-Tucker type necessary conditions). Assume that x*
is an efficient solution for (P) at which the Kuhn-Tucker constraint qualification is
satisfied. Then there exist a nonzero vector @ € R* and ¥ € R™ such that
val f(z*) + Vol g(x*) = 0,
vlg(at) =0,
v20,uz0, Zk:ﬁizl.

=1
A survey of recent developments in multiobjective optimization has appeared in [44].

1.1.9 Duality in multiobjective programming

Duality plays an important role in mathematical programming has been extended
to multiobjective optimization since late 1970’s. Isermann [71] developed multiob-
jective duality in the linear case. Duality for linear vector maximum problems with
matrix variables was discussed by Corley [45]. For the nonlinear cases duality has
been developed by Bitran [34], Craven [47], Tanino and Sawaragi [127] etc. These
studies differ in their approach as well as the sense in which ‘Optimality’ is defined
for the multiobjective programming problem. Bitran’s development associates a ma-
trix, rather than a vector, to efficient points of the saddle point dual. Craven treats
the problem from the strong vector minimization view point rather than the Pareto
minimization. Tanino and Sawaragi [127] developed a duality theory for convex mul-
tiobjective problems using a vector valued Lagrangian function and exploring the

properties of primal and dual point to set maps. Further, optimality conditions for
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multiobjective problems can be found in Wang [129], Miettinen [90] and Pardalos et
al. [108].

Bector et al. [28] and Singh [116, 117] discussed Mond-Weir type duality in mul-
tiobjective programming using the constraint qualification [100] based on the idea of
convergence vector under different generalized convexity assumptions. They consid-
ered the following dual problem of (P):

(D) Maximize f(y)
subject to ATV f(y) + u'Vg(y) =0,
1wrgly) 20, A>0, p20,

and proved the duality theorems relating the efficient solutions of (P) and (D). Gu-
lati and Talaat [63] obtained these duality relations without needing any constraint
qualification under weaker convexity assumptions. They established the following

duality results for the above Mond-Weir type dual :

Theorem 1.6 (Strong duality). Let Z be a properly efficient solution for (P) and let
g satisfy the Kuhn-Tucker constraint qualification at . Then there exist (X, ji), such
that (7 = Z, \, i) is a feasible solution for (D) and the objective values of (P) and
(D) are equal. Also, if AT f is pseudoconvex and ji'g is quasiconvex at 3 for every

dual feasible solution (y, A, ), then (Z, A, i) is a properly efficient solution for (D).

Theorem 1.7 (Converse duality). Let (7, A, ji) be a weak efficient solution for (D),
the n x n Hessian matrix V(AT f(¢) + T g()) be positive or negative definite and
Vfi(7), i =1,2,---,k be linearly independent. If A f is pseudoconvex and ji’g is
quasiconvex at g, then g is a properly efficient solution for (P).

Recently, Chinchuluun and Pardalos [44] have discussed optimality conditions and
various applications for multiobjective problems. They have also given a new concept

of epsilon Pareto optimal solution for such type of problems.
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1.2 Review of the Related Work
1.2.1 Symmetric and self duality

In mathematical programming, a pair of primal and dual problems is called
symmetric if the dual of the dual is the primal problem, that is, if the dual problem
is expressed in the form of the primal problem, then its dual is the primal problem.
Duality in linear programming is always symmetric. However, the majority of dual
formulations in nonlinear programming do not possess this property. Dorn [50] in-
troduced the concept of symmetric duality in quadratic programming. Dantzig et al.
[48] formulated the following pair of symmetric dual programs and established weak

and strong duality theorems :

(PS) Minimize F(x,y) = H(z,y) —y'V,H(z,y)
subject to V,H(x,y) <0,
z,y 2> 0.

(DS) Maximize G(u,v) = H(u,v) — vV H (u,v)
subject to  V.H(u,v) 20,
u,v 2 0.

where H : R" x R™ — R is a twice differentiable function.

For the weak duality theorem, Dantzig et al. [48] required H(.,y) to be convex
in x and H(z,.) to be concave in y. To weaken the convexity-concavity assumption
on H(z,y) to pseudoconvexity-pseudoconcavity, Mond and Weir [103] considered the
following pair of symmetric dual programs:

(PM) Minimize H(z,y)
subject to  V,H(x,y) <0,
YTV, Hz,y) 2 0,
x = 0.

(DM) Maximize H (u,v)
subject to  V.H(u,v) =0,
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u'V,H(u,v) £0,
v = 0.
and discussed duality theorems under pseudoconvexity-pseudoconcavity assumptions.
A program is said to be self dual [51] if the dual can be recast in the form of
the primal, that is, primal and dual formulations are equivalent. Mond and Cottle
[97] observed that the symmetric dual programs of Dantzig et al. [48] are self duals
if H(x,y) is skew symmetric, and gave self duality results.
Chandra and Husain [37] studied symmetric and self duality for the following
nondifferentiable symmetric duals assuming the convexity /concavity of H(x,y):
Minimize H(z,y) —yTV,H(z,y) + (27 Bz)z
subject to  V,H(z,y) —Cw =0,
wl'Cw £ 1,
x =0,

y=0.

N

Maximize H(x,y) — 2TV, H(x,y) — (yT Cy)

subject to  V,.H(x,y)+ Bz = 0,

2T"Bz <1,

x 20,

y=0.
Subsequently, Chandra et al. [35] formulated a pair of nondifferentiable sym-
metric dual programs in the spirit of Mond and Weir [103], and discussed duality re-
sults involving pseudoconvexity /pseudoconcavity assumptions. Later on, Mond and
Schechter [102] studied Wolfe and Mond-Weir type nondifferentiable symmetric dual
problems, in which the objective function contains a support function. They estab-
lished duality results under convexity/concavity assumptions for Wolfe type model
and pseudoconvexity /pseudoconcavity assumptions for Mond-Weir type model, re-

spectively.
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1.2.2 Symmetric duality with cone constraints

Bazaraa and Goode [21] generalized the formulation of symmetric duality
introduced by Dantzig et al. [48] to include the case where the inequality constraints
are defined via closed convex cones and their polars. Such a formulation enables one
to consider infinitely many constraints of the inequality type. The new formulation
retains the symmetric duality of the original programs. They studied the following
Wolfe’s type symmetric dual pair over arbitrary cones :

(PC) Minimize F(x,y) = H(z,y) —y'V,H(x,y)
subject to V,H(z,y) € C3,
(xz,y) € C1 x Oy,
(DC) Maximize G(u,v) = H(u,v) — u"V,H(u,v)
subject to —V.H(u,v) € Cf,
(u,v) € Cy x Cy,

where

(1) C; and Cy are closed convex cones with non-empty interiors in R" and R™,

respectively.
(17) For i =1,2, Cf is the polar of C;.

(17i) S; € R™ and S; C R™ are open sets such that C; x Cy C Sy X Sy and H :

S| X Sy — R is a twice differentiable function.

Chandra and Kumar [41] formulated the following Mond-Weir type symmetric

dual programs over arbitrary cones :

(PMCQC) Minimize H(z,y)
subject to  V,H(z,y) € C3,
y'VyH (x,y) 20,

x € (.

(DMC) Maximize H(u,v)



20

subject to —V,.H(u,v) € CY,
u'V, H(u,v) <0,
v e (.
and proved usual duality theorems under pseudoinvexity type assumptions.
To review the work wherein the objective function is optimized with respect to a
cone, consider the following problem :
(P1) K-minimize f(z)
subject to —g(z) € C, z € X,
where X C R" isopen, f : X — R*, g: X — R™, C is a closed convex cone in
R™ and K is a closed convex pointed cone in R¥ with nonempty interior. Let int K
denote interior of K.
Definition 1.8 [77, 123]. A point & € X° is said to be weak efficient solution of (P1)
if there exists no x € X° such that f(z) — f(x) € int K.
Definition 1.9 [77]. A point z € X° is said to be an efficient solution of (P1) if there
exists no x € X° such that f(z) — f(z) € K\{0}.
Suneja et al. [123] formulated the following pair of multiobjective dual programs
over cones and proved duality results under K-convexity assumptions:
(P2) K-minimize f(z,y) — [y'V,(A\Tf)(z,y)]e
subject to  — V, (AT f)(z,y) € C5, \e=1,
A€ K*, (x,y) € Cy x Oy,
(D2) K-maximize f(u,v) — [u? V(AT f)(u,v)]e
subject to V(AT f)(u,v) € CF, \Te =1,
A€ K*, (u,v) € Cy x Oy,
where e € int K.
Later, Khurana [77] discussed the following Mond-Weir type symmetric dual
problems :
(P3) K-minimize f(z,y)
subject to  — V, (A f)(x,y) € C3,
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YTV, (T f) () 2 0,

Ae K* xe

(D3) K-maximize f(u,v)
subject to V(AT f)(u,v) € Cf,
ut' Vo (A f)(u,v) £ 0,

e K* ve Oy,
and proved the duality theorems under K-pseudoinvexity /strongly K-pseudoinvexity
assumptions. Kim and Kim [78] extended the above two results to nondifferentiable
multiobjective symmetric dual programs containing support functions. Recently, Ah-
mad and Husain [12] formulated the mixed type symmetric dual problems over cones

which unifies the above two dual formulations.

1.2.3 Second-order duality

The study of second-order duality is significant due to the computational ad-
vantage over the first-order duality as it provides tighter bounds for the value of the
objective function, when approximations are used.

Mangasarian [89] first formulated the second-order dual for a nonlinear program-
ming problem and established duality results under somewhat involved assumptions.
Mond [94] considered the following second-order symmetric dual programs:

Minimize H(z,y) —y" V,H(z,y) —y" VyH(z,y)p — 50" Vy H(z, y)p

subject to  V,H(z,y) + V,,H(z,y)p =0,

x = 0.
Maximize H(z,y) — 2’V H(z,y) — 2"V, H(z,y)r — 377 Voo H(z, y)r
subject to V. H(x,y) + Ve H(z,y)r 2 0,
y =0,
and proved second-order duality theorems under simpler assumptions.

Gulati et al. [55] formulated the pairs of second-order nonlinear symmetric dual
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programs and obtained usual duality results under 7;-convexity /ne-concavity and ;-
pseudoconvexity /ny-pseudoconcavity assumptions. Yang et al. [137] achieved duality
relations for a pair of Wolfe type non-differentiable second order symmetric primal
and dual problems under second-order F-convexity assumptions. Suneja et al. [124]
studied the following pair of MondWeir type second-order multiobjective symmetric
dual programs and proved the duality results under 7n-bonvexity /n-pseudobonvexity
assumptions:

Primal (P4)

minimize F(a,y,p) = (Fi(z,y,p), B(2,9,0), ., Fi(z,y,p))
subject to i/\i(vyﬁ(% y) + Vi filx,y)pi) =0,

y" :1 Ai(Vyfix,y) + Vyy filz, y)pi) 2 0,

A > 0.

Dual (D4)
maximize G(u,v,q) = (Gl(u, v,q), Ga(u,v,q),...,Gr(u,v, Q))
subject to i/\i(vxfi(ua v) + Vg fi(u,v)g;) 2 0,

S MV i) 4 Vi i, 0)g) £ 0,

- A >0,

where

Fi(x,y,p) = fi(z,y) — 30! Vo fi(z, y)pis
Gi(u7 v, Q) = fz(u7 U) - %Q?szfz@l’a U)Qia
NER, ppeR" g€ R, fori=12,... k.

Also A = (Ah >\27 R )‘k)Ta b= (p17p27 s 7pk‘)7 q= <q17QQ7 s 7Qk)-
Yang et al. [139] extended the results of Suneja et al. [124] to the nondifferentiable
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case. Later, Gulati and Gupta [57] considered a pair of Wolfe type second-order non-
differentiable symmetric dual programs and proved weak, strong and converse duality
theorems under 7;-bonvexity assumptions.

Srivastava and Bhatia [120] studied second-order symmetric duality for multiob-
jective programs using second-order (F, p)-convexity assumptions. Recently, Ahmad
and Husain [13] formulated the following pair of Wolfe type multiobjective second
order symmetric dual programs with cone constraints:

Primal Problem (WP)
minimize ¢(z,y)—[y"V,(\"¢)(z,y)le— [y V, (\T¢) (z, y)ple—5[p"Vyy (A 9) (z, y)ple
subject to
V,(NT6) (2, y) + Y,y (NT6) (2, y)p € C,
r e (.
A>0, Me=1.
Dual Problem (WD)
maximize ¢(u,v)—[u! V(AT @) (u,v)]e—[u! V,u (AT @) (u, v)gle—3[q" Vou (AT 9) (u, v)gle
subject to
— Va(AT9) (4, 0) = Ve (N ) (u,v)q € CF,
v € (s,
A>0, Me=1,
where ¢(z,y) : S} x Sy — RF(S; C R", S C R™),pe R",q € R*", A € R* and e =
(1,1,...,1)T € R* and usual duality results are established under second-order in-
vexity assumptions. They also point out certain omissions and inconsistencies in the
earlier work of Mishra [91] and Mishra and Wang [93]. Some papers [7, 9, 62, 64,
68, 124, 138, 140, 141] also deal with the study of second-order duality for nonlinear

programs.
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1.2.4 Higher-order duality

The concept of higher-order duality for the nonlinear programming problems has
given by Mangasarian [89] by introducing twice differentiable functions h : R" x R" —
R and k : R" X R" — R™. The higher-order dual pair studied in [89] is :

Primal problem (P5)
Minimize f(x)
subject to  g(z) £ 0.
Dual problem (D5)
Maximize f(x)+ h(z,p) +u’ g(x) + v k(z,p)
subject to  V,h(z,p) + V,ulk(z,p) = 0,
u=0,
where f: R* — R and g : R* — R™.

Chen [43] studied the following higher-order multiobjective Mond-Weir type dual
involving nondifferentiable functions and established duality results by introducing
the definition of higher-order F-convexity:

(MP) minimize (f1(z,y)+ s(z|Ch) —y 21 + hi(z,y,p1) — pi [V b (2,9, 01)], -,
fe(z ) + s(z[Cy) — y" 2 + hae@,y, o) — P [V (2, . p1)])

subject to
k
> XV filz,y) — 2+ Vi hi(z,y.pi)] £ 0,
=1
k
y'Y NIV filry) = 2+ Vi hi(a,y,pi)] 20,
=1

€D, i=1,2,...,k,Xx>0, \Te=1.

(MD) maximize (f;(u,v) —s(v|Dy) +uTwy + g1 (u, v, 7)) — L [V g1 (u, v, m1)] o
fk’(uv U) - S(U|Dk) + U'Twl + gk(uv v, Tk:) - Tg[vrkgk‘(ua v, Tk)])
subject to

k
Z il Ve fi(u, v) +w; + V,, gi(u,v,73)] 2 0,

i=1
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k
u® Z X[V fi(u,v) + w; + V. gi(u, v, ;)] <0,

=1
w, €Cii=1,2,...,k,x>0, \Nle=1,

where C; and D;,7 = 1,2, ..., k, are compact convex sets in R" and R™, respectively;
fi i R"XR™ —- R, h; : R" X R" x R™ — Rand ¢g; : R" Xx R" x R — R are
differentiable functions for i = 1,2, ...k and A = (A1, Ay, ..., \p)T € RF.

Later on, Gulati and Gupta [58] proved duality theorems for a pair of Wolfe
type higher-order nondifferentiable symmetric dual programs under higher-order F-
convexity assumptions. Ahmad et al. [14] introduced a new class of higher-order
(F, a, p,d)-type I functions and studied various higher-order duality results for a pair
of general Mond-Weir type higher-order nondifferentiable multiobjective dual pro-

grams.

1.2.5 Minimax Programming

Schmitendorf [115] considered the following minimax programming problem:

(NP) Minimize sup ¢(z,y)

subject to x €S = {??Eeé R" : C(x) = 0},

where S is the set of feasible solutions of (NP), Y is a compact subset of R™ ;
é(,.): R"x R™ — Ris C' on R* x R™ and C(.) : R* — RP is C! on R".
Schmitendorf [115] established the following necessary and sufficient optimality con-
ditions for (NP) by defining the set

Y(r)={yeY:¢x,y) = sup 9(z, 2)}.
Theorem 1.8 (Necessary Conditions). Let z* be a solution to the problem (NP) and
the vectors V,C;(x*),i € I(z*), are linearly independent. Then there exist a positive
integer «, scalars \; = 0,i = 1,2,--- ,a, scalars u; = 0,7 = 1,2,--- ,p and vectors
Y € Y(a:*),z =1,2,---,« such that

a p

D AVLs(zy) + Y mVaCi(z®) =0,

i=1

i=1
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Mzcz(x*) = 072 - 1727 Y 2

S
i=1

Also, if 3 is the number of nonzero p;, 1 Sa+ 8 < n+ 1.
Theorem 1.9 (Sufficient Conditions). Let 2* € S. Let C(.) be a convex function of

x and, for every y € Y, let ¢(.,y) be a convex function of z. If there is a positive

integer o, 1 < o < n + 1, if there are scalars \; =2 0,i = 1,2,--- ,a, Y. \; # 0, and
i=1

scalars p; = 0,4 =1,2,---  p, and if there are vectors y; € Y (2*),i =1,2,--- , «, such

that

@ p
Z AiVaed(x*,y;) + Z iV Ci(z*) = 0,
i=1

i=1
MZCZ(I*) = 07 1= ]-727 D
then z* is a minimax solution.

Tanimoto [126] applied these optimality conditions to define the following dual prob-

lem:

P
max sup f(z) + 1;9;(x),
(S,)\,Q)EK (CE,M)GH(&A’?}) ; ™

A

where K is the set of triplets (s, \,7), where s ranges over the integers 1 < s
A LA = (A daye A) with A > 0 (i = 1,2, ,8), 32 A = 1 and H(s,\,7)
denotes the set of all (x,u) € R™ x RP satisfying -
Zl Ai Vo &2, i) + jil 1 v gi(x) =0,
{y1, 92, ys} CY(2)
= (pa, iz, 5 ) 20,
(s,\,y) € K,

and derived the duality theorems for convex minimax programming. Weir [131] re-
laxed the convexity assumptions in the sufficient optimality of [115] and employed

the optimality conditions to construct several dual problems.
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1.2.6 Duality in fractional programming problems

The mathematical programming problem in which the objective function is a
ratio of two numerical functions is called a fractional programming problem.
Bector and Chandra [25] studied duality for the following fractional programming
problems:

Primal Problem (P6) f(x)
h(x)

subject to z € X, g(z) =0

Minimize

Dual Problem (D6) f(x)+ ulg(y)

Maximize
h(y)
T
subject to V (f(a:) i g(y)) =0,
h(y)
yeX,uz0,

where X is an open subset of R" and f, h: X — R, ¢g: X — R™, and for all
x, h(x) >0 and f(x) = 0 (if h is nonlinear).
Mond [96] considered the following pair of nondifferentiable fractional programming

problems :

Primal Problem (P7)
f(x) = (z" Bx)
g(x) + («7 Dz)

Maximize

NI=] o=

subject to h(z) < 0.
Dual Problem (D7)
Minimize G(u,y,v,w,p) =p
subject to Vy'h(u) + pVg(u) + Bu + pDw = V f(u),
— f(u) +u" Bv + pg(u) + pu” Dw + y" h(u) 2 0,
y,p =0,
vI'Bu <1, w'Dw < 1.

and further necessary and sufficient conditions for optimality as well as appropriate
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duality theorems are also established. Lai et al. [85] obtained necessary and suf-
ficient optimality conditions for nondifferentiable minimax fractional problem with
generalized convexity and applied these optimality conditions to construct a para-
metric dual model and also discussed duality theorems. Later on, Yang et al. [136]
studied symmetric duality for the class of nondifferentiable multiobjective fractional
programming problems and proved duality results under invexity /incavity and pseu-
doinvexity /pseudoincavity assumptions.

Kim et al. [79] considered a class of nondifferentiable multiobjective frac-
tional programs in which each component of the objective function contains a term
involving the support function of a compact convex set and established necessary
and sufficient optimality conditions and duality results for weakly efficient solutions
of nondifferentiable multiobjective fractional programming problems. Antczak [19]
proved optimality conditions for a class of generalized fractional minimax program-
ming problems involving B-(p, r)-invexity functions and established duality theorems
for various duality models. Later on, Suneja et al. [125] introduced a new class of
higher-order (F, p,o)-type I functions for multiobjective programming problems and
established higher-order duality results for higher-order Mond-Weir and Schaible type
nondifferentiable multiobjective fractional programming dual programs where the ob-
jective functions and the constraints contain support functions of compact convex sets

in R™ under higher-order (F, p, o)-type I assumptions.

1.2.7 Duality in variational problems

Calculus of variation provides an excellent uniform analytical method to find
that curve connecting two given points which either maximizes or minimizes some
given integral. For example, to determine a curve which will generate the surface of
revolution of smallest area when revolved about the z-axis. In general, we wish to

find the curve x = x(t) where z(a) = a; and z(b) = s such that for some given
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known function f(t,z(t),4(t)) of variables ¢, x, &, the integral

/b f(t,x, x)dt

is either a maximum or minimum (also called extremum values). The curve which
satisfies this property is said to be an extremal. The problem of finding a piecewise
smooth extremal x = z(t) for the above program is known as a variational problem.

Mond and Hanson [98] introduced the concept of duality in variational problems.
They studied the following pair of dual problems under convexity assumptions :
(P8) Minimize tflf(t, x, &)dt

subject tt§ Q(t,x,z) 20, z(ty) = zo, x(t1) = 1,
\

(D8)  Maximize [[f(t,x, &) — AN(t)Q(t, z, &)|dt

to
subject to. ot 7,8) ~ A(1)Qa(t,2,) = [Falt,2, ) = MOQu(t, ., 8]
A(t) 20, x(ty) = xo, x(t1) = 21,
where I = [a, b] is areal interval, f : IXR*"XR" — Rand g : [ Xx R"x R" — R™; x(t)
is an n-dimensional piecewise smooth function of ¢ and #(t) is the derivative of x(?).
Bector et al. [27] extended symmetric duality to variational problems, providing
continuous analogous of the former results while Chandra and Husain [38] studied
symmetric and self duality for fractional variational problems as dynamic generaliza-
tions.
Mond and Hanson [99] studied the following dual programs:
(P9)  Minimize f;[f(t, z, &, y,9)—y(O) TV [tz y, ) +y(O)T LV, f (L, x, &y, §)]dt
subject to z(a) =, z(b) =0
y(a) =1, y(b) =0
Ay f (b, iy, 9) 2 Vo f(t o, d,y,9)

x(t) 2 0.
(D9)  Maximize ['[f(t,u,i,v,0)—u(t)"V,f(t,u, @, 0,0)+u(t)T LV, f(t,u, 0, 0,0)]dt
subject to u(a) = a, u(b) =0

v(a) =, v(b) =0
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%Vif(t, u, 4, v,0) =V f(t,u,u,v,0)

o(t) 20,
where x : I — R", y : I — R™ and f(t,z,4,y,y) is a continuously differentiable
scalar function. They assumed f to be convex in x and & for each y and y and con-
cave in y and y for each x and & to prove duality results.

If the constraints z(¢) = 0 and v(t) = 0 are removed from the above primal
and dual problems, we get the pair considered in Smart and Mond [119], wherein
weak duality theorem is proved assuming the functional ff f(t,z, &,y,9)dt to be in-
vex in x and & and —fab f(t,z, &, y,y)dt to be invex in y and y. Later, Mond and Husain
[101] obtained sufficient optimality conditions under weaker invexity assumptions and
proved various duality results for a Mond-Weir type dual. Bector and Husain [29]
generalized Wolfe and Mond-Weir type duals to their multiobjective analogue.

1.3 Summary of the thesis

The aim of the present thesis is to study the duality for some dual mathematical
programming problems under generalized convexity assumptions. The results ob-
tained are discussed in Chapter 2 to 8 and in Appendix A. Chapter 1 is introductory.
Chapterwise summary is as follows:

In Chapter 2, we consider the following pair of second-order Wolfe type nondif-
ferentiable multiobjective programming problem with k-objectives:

Primal problem (SP)
Minimize L(z,y,\,p) = f(@,y)+S( | C)ex—y?V, (X ), p)ex—y" (T, (AL ) a, )p)er
— 30" (Vyy (AN ) (@, y)p)ex,

subject to

Vy()\Tf)(:v,y) —Z+ Vyy()\Tf)(:E,y)p <0,
ze D,

A>0, Me,=1.
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Dual problem (SD)
Maximize M (u,v,\,7) = f(u,v)=S(v | D)ex—ul V(AT f)(u,v)ep—ul (Vo (AT f)(u, v)r)ex
— 51T (Ve (AT ) (w, v)r)ey,

subject to
Vo AT F) (1, 0) + w + Ve (AT ) (u, 0)r 2 0,
w € C,
A>0, Mg, =1,
where

(i) f is a differentiable function from R™ x R™ — R* ¢, = (1,...,1)T € R*,
(ii) 7,w and p, z are vectors in R™ and R™, respectively, A € R* and

(17i) C and D are compact convex sets in R™ and R™, respectively.

The usual duality theorems are further established under second-order F-
convexity assumptions. We illustrate a non trivial example which is second-order
F-convex but not convex. Another example which is second-order (F, «, p, d)-convex
but not second-order F-convex is also exemplified. Further, in Section 2.5, we stud-
ied a symmetric multiobjective dual programs over arbitrary cones and established
appropriate duality results under second-order (F,«, p, d)-convexity assumptions.

In Chapter 3, we formulate the following pair of multiobjective second-order sym-
metric dual programs in which the objective function is optimized with respect to an
arbitrary closed convex cone:

Primal problem (WP)

K-minimize

Gla.9:08) = ()0 (T )V i) =3 A Vo))

k k
- fezy)—y" ; M (Vo fi(@, )+ V gy il y)pi) =35 22 M(pf Vg fil2, y)pi))

i=1
subject to
k

— Z )\Z(Vyfz(m’ y) + Vyyfi(xa y)pi) € C;,

=1
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)\Tek = 1,
A€int K*, x € (.
Dual problem (WD)

K-maximize

k
H(ua v, )‘7 Q) = (fl (U, U)_uT Z:l )\z(vxfz (ua U)+szfz (U, U)qi)_% Z Al(Q?vxxfz(ua U)Qi)a

1

<.
I

% 1

.
I

subject to
k
Z Ai(Ve fi(w, v) + Ve fi(u,v)q;) € CF,
i=1
Me, =1,
A€int K*, veCy,
where

(1) fi: S1 xSy — R, i =1,2,...,k is a differentiable function of x and y, e, =
1,...,1)T e R*,

(ii) ¢; and p; are vectors in R and R™, respectively, fori =1,2,..., k and A € RF.

(731) Cy and Cy be closed convex cones in R™ and R™, respectively, with nonempty

interiors.
(iv) S;1 € R™ and Sy C R™ are open sets such that C; x Cy C Sp X Ss.

For the above dual pair, usual duality theorems are established under K-n-bonvexity
assumptions. We also illustrate an example which is K-n-bonvex but not invex.
Furhter, self duality is obtained by assuming the functions involved to be skew-
symmetric. In Section 3.5, a pair of Mond-Weir type nondifferentiable multiobjective
second-order symmetric dual programs over arbitrary cones is formulated, where each

of the objective function contains a square root term with positive semidefinite matrix
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in R™". Weak, strong and converse duality results are then proved under second-
order K-F-convexity/K-n-bonvexity assumptions. Some special cases are discussed
in the last of the chapter.

In Chapter 4, we have established duality relations for the following pair of
second-order mixed symmetric dual programs involving nondifferentiable functions
under second-order F'-convexity /pseudoconvexity assumptions:

Primal Problem (SMNP)

minimize

G(a'y' 2% y? 2% pr) = fahy') + St | C1) + g(22,y%) + S(a? | Cs) — (y*)7 22
—() [V f (@t y" )+ Vg f (2 yl)p]—%pTVy1y1f(:1:17 yl)p_%rTvayzg(va y2)r,

subject to

Vi f(ahy') = 2+ Vi flat, yh)p £ 0,
Vieg(2%,y°) — 2% + Viyzyeg(a?, y?)r £ 0,
(V)" [Vyeg(a?,4%) = 22 + Vipeg(a®,4%)r] 20,
2t e Dy, 2* e D,

Dual Problem (SMND)

maximize

H(u', vt u? v? w?, q,8) = f(ub,vt) — S | Dy) + g(u?,v?) — S(v? | Dy) + (u?)Tw?
—(u) [Var f(u', 0"+ Vo0 f(u', 01 a] =547 Vi f(u!, 01) =58 Vizgzg(u?, 07)s,

subject to
Vo fut, o) +w' + Vg f(ut,vl)g 20,
Va2 g(u?,v?) + w? + Voo g(u?, v?)s > 0,
(u*)" [Va2g(u?, %) + w® + Viep2g(u®,v%)s] 0,
wt e Cy, w? e 0,
where

(i) f: RVl x RE1l — R and g: RY2l x Rl — R are differentiable functions,
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(ii) Cy, Ca, D; and D, are compact convex sets in RI/1l| RI2l - RIKil and RI%2l,

respectively, and
(iii) p € Rl r € RI%2l g € RVil and s € RIV2I,

let  CN={1,2,....,n}, K1 CM={1,2,...,m}and J, = N\J; and Ky = M\Kj.
Suppose |J;| denote the number of elements in J;. The other symbols |Jo|, | K| and
| K5| are defined similarly.

Next, we have considered a pair of mixed second-order symmetric dual programs
over arbitrary cones and obtained duality results under second-order (F,p) convex-
ity /pseudoconvexity assumptions.

In Chapter 5, the duality results for a pair of second-order multiobjective mixed
symmetric dual programs over arbitrary cones are obtained under second-order in-
vexity /pseudoinvexity assumptions. In Section 5.3, we have formulated nondifferen-
tiable multiobjective second-order mixed symmetric dual programs. Weak, strong
and converse duality theorems are proved for aforementioned pair using the notion of
second-order F-convexity /pseudoconvexity assumptions.

In Chapter 6, we have studied a pair of higher-order Wolfe type multiobjective
symmetric dual programs over arbitrary cones and proved the usual duality results
under higher-order (F) «, p, d)-convexity /pseudo-convexity assumptions. Mond-Weir
type higher-order dual is also discussed. We have also illustrated a non-trivial exam-
ple of function lying in the class of higher-order K-(F, a, p, d)-convex but not in class
of higher-order K-F-convex. Further, we consider the higher-order multiobjective
symmetric nondifferentiable dual programs in which the objective function is opti-
mized with respect to an arbitrary closed convex cone and proved duality theorems
under higher-order-K-(F, «, p, d)-convexity assumptions.

Antczak [19] proved optimality conditions for a class of generalized fractional mini-
max programming problems involving B-(p, r)-invexity functions and established du-
ality theorems for various duality models. In Chapter 7, we have discussed sufficient

optimality conditions and duality theorems for a nondifferentiable minimax fractional
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programming problem with B-(p, r)-invexity. An example which is B-(1, 1)-invex but
not (p,r)-invex is exemplified. We also illustrate another example which is (—1,1)-
invex but not convex.

In Chapter 8, the duality theorems for the following pair of nondifferentiable
multiobjective fractional variational symmetric dual problems over arbitrary cones

are proved under generalized (F, a, p, d)-convexity assumptions:

(FVP)
Minimize p= (phpz, e 7Pz)
subject to
z(a) =0=12x(b), yla)=0=y(b),
t(a) =0=2x(b), yla)=0=1y(b),
b . .
/ {f’(t,x,:i',y,z'/) 5z | B) - yw}dt
’ b . .
_pl/ {gl(t7$aiayay) - S(QT | Ez) + yT’rZ}dt = 07 (NS L7
!
—Z)\i{[f;—Df;—zz] —pi[g;—DgZy%—r’}} eC;, tel,
i=1
yTZAZ{[f; Dfi -2 —pi[g;—Dg;,w]} >0, ter,
i=1
A >0, fL’(t)ECl, tel,
deD;, rreH, i=12,...,1.
(FVD)
Maximize q= (Qh 42 - - - ,QZ)
subject to
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b
/ {fi(t,u,u,v,z}) —s(v| D)+ uTw’}dt
’ b

—ql-/ {g(tuuvv)+8(v|H)—u s}dt—O i€L,

I
ZAi{[f;—DfﬁwZ]—qi[g;—Dg;—s’}}eO;‘, tel,
i=1

I
uTZAZ-{{f;—Df;W]—qi[g;—Dg;—sZ]}go, tel

i=1

A>0, v(t)eCy tel,
w'€B;, s€F;, i=1,2,...,1l

where f: I X R"X R" X R"x R™ - R, ¢ : I x R"x R*" x R" x R™ — R, ic
L = {1,2,...,1}, are continuously differentiable functions and I = [a,b] be a real
interval and ¢} € R", Cy C R™, be closed convex cones with nonempty interiors

having positive polars C} and C3, respectively and

fit, o a,y,9) +s(x| By) — dt

and

L1 ")
{gtmxyy—s(x|E +yr}dt
[

M, v) “(t,u, 1, v,0) — s(v | Dy) +uw}dt

“T Tituo)

/a{g(tuuvv)+s(v|H)—u s}dt'

A self duality theorem is also obtained by assuming the functions involved to be
skew-symmetric.

At the last, an Appendix A has been given, in which we establish a strong
duality theorem for a pair of multiobjective second-order symmetric dual programs.

This removes an omission in an earlier result in Yang et al. [140].



Chapter 2

NONDIFFERENTIABLE MULTIOBJECTIVE
SECOND-ORDER SYMMETRIC DUAL
PROGRAMS

2.1 Introduction

Motivated by the concept of second-order duality in nonlinear problems, in-
troduced by Mangasarian [89], several researchers [13, 56, 62, 64] have worked in
this field. Zhang and Mond [141] extended the class of (F,p)-convex functions to
second-order (F|p)-convex functions and obtained duality results for second-order
Mangasarian type, Mond-Weir type and generalized Mond-Weir type multiobjective
dual problems. Later, Ahmad and Husain [11] introduced second-order (F,a, p, d)-
convex functions, their generalizations and developed weak, strong and strict converse
duality theorems for second-order Mond-Weir type multiobjective dual programs.

Recently, Gulati and Geeta [56] formulated a pair of Mond-Weir type second-order
multiobjective symmetric dual programs over arbitrary cones and established duality
results under pseudoinvexity/K-F- convexity assumptions.

This chapter is organized as follows. Section 2.2 contains notations and definitions
used in this chapter. In Section 2.3, we illustrate an example which is second-order

F-convex but not convex. Another example which is second-order (F, a, p, d)-convex

LA part of this chapter has appeared in Optimization Letters 5 (2011) 125-139 and the remaining
part has appeared in Journal of Applied Mathematics and Informatics 28 (2010) 1395-1408.
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but not second-order F'-convex is also exemplified. In Section 2.4, we consider a
pair of Wolfe type second-order multiobjective symmetric dual programs involving
nondifferentiable functions and prove appropriate duality relations using the notion
of second-order F-convexity assumptions. Further, in Section 2.5, we generalize the
symmetric multiobjective dual programs over arbitrary cones and establish usual du-
ality results under second-order (F, a, p, d)-convexity assumptions. The last Section

contains some particular cases of the programs considered in this chapter.

2.2 Notations and definitions

Consider a function f = (fi, fo,..., fx) : X +— RF differentiable at v € X, p =
(p1,p2s- - pr) € RE and d = (dy,dy, ..., dy) € R,

Definition 2.1 [11]. A twice differentiable function f; over X is said to be second-
order (F,a,p;,d;)-convex at v on X, if Vo € X there exist vector ¢ € R", a real
valued function o : X x X — R, \{0}, a real valued function d;(+,-) : X x X — R

and a real number p; such that

filz) = fi(u) + 34"V fi(w)q = Flz, u; a(z, u) (Ve fi(w) + Vi fi(w)q)] + pid2(z, u).

A twice differentiable vector function f : X +— R* is said to be second-order (F, o, p, d)-
convex at u, if each of its components f; is second-order (F, a, p;, d;)-convex at u.
Remarks

(i) If Kk =1 and ¢ = 0, the above definition become that of (F, «, p, d)-convex func-
tions introduced by Liang et al. [87].

(74) For single objective programming problem and «(z,u) = 1, the definition of
second-order (F, «, p;, d;)-convexity reduces to second-order (F), p)-convexity given by

Srivastava and Bhatia [120].
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2.3 Examples

2.1. An example of a non-convex function which is second-order F-convex.

Let X = [2.5,3.5] C R. Let the function ¢ : X — R be defined by
V() = e + 8y + sin 2z

and the functional F': X x X x R — R be given by
F(z,u;a) = a(u® — 13u — 1).
Now,
G = () = () + 2TVt (u)r — Fla,u; Vb (0) + Vit (w)r)
— e — e 4 8(v/Z — V) 4 sin 2z — sin 2u + r2[(2u? — 1)’
—u2 — 2sin2u] + (13u + 1 — u2){—2ue™" + \/ia + 2cos2u
+r[2(2u2 — 1)e " — 2u™2 — 4sin 2u]}
— e — e 4+ 8(v/x — Vu) 4 sin 2z — sin 2u + (13u + 1 — u?)
[—2ue™" + \/ia +2cos 2u] + r2[(2u? — 1)e™* — u~2 — 2sin 2]
+(13u+ 1 — u2)[2r(2u2 — 1)e™ — 2ru~2 — 47 sin 2u]
= Y1 + ¢ (say)
where
Yy = e — e 4 8(v/T — /u) + sin 2z — sin 2u + (13u + 1 — u?)[—2ue™*
—i—\% +2cos2u] 20 V x,u € X, as can be seen from Figure 2.1
and
Py = 72[(2u2 — e —u~2 — 2sin2u] + (13u + 1 — u2)[2r(2u? — e " — 2ru~2
—4rsin2u] = 0 Vu € X and r € (—10'8,10'8) as can be seen from Figure 2.2.
Hence G = 0. Therefore, 9 is second-order F-convex. But for z = 2.6 and u = 3.4,
P(x) —P(u) = —3.228 and (x — u)?'V,1p(u) = —3.126, which implies
(@) = v(u) £ (v = w)Varp(u).

Hence 1 is not convex.
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Figure 2.1: Graph of v, against x and u
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Figure 2.2: Graph of ¥y against u and r
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2.2. An example of non trivial function which is second-order (F,«,p,d)-
convex but not second-order F-convex.
Let X = [0.7,0.75] C R. Let the function f : X — R be defined by f(z) = sin’z
and o : X x X — R, \{0} be identified by a(z,u) = (z + u + 1). Let the functional
F: X x X x R— R be defined by F(x,u;a) :m
and d: X x X — R be given by d(z,u) = V22 + u?.
For p = —4, we have
L= f(z) = f(u) + 50" Vau f(w)qg — Flz, w; a(z,u)(Va f (u) + Vao f (u)q)] — pd*(z, )
= sin? 2 —sin® u+¢? cos 2u— F[z, u; (x +u+1)(sin 2u+2q cos 2u)] — (—4) (V22 + u2)?
= sin®x — sin® u — sin 2u + 42% + ¢% cos 2u — 2q cos 2u + 4u?
= fi+ f2 (say)
where
f1 = sin?z — sin® u — sin 2u + 422
20V xz,u € X as can be seen from Figure 2.3
and
fo = ¢% cos 2u — 2q cos 2u + 4u?
>0V u€e X and g € (—10',10'®) as can be seen from Figure 2.4.
Hence L = 0. Therefore f is second-order (F, v, p, d)-convex.
But f is not second-order F-convex since for ¢ = 1, we have
M = f(z) — () + 347V 0o f(u)g — Flo, 0 V. f(0) + Vi f (0]
= sin® x — sin® u + cos 2u — F|x, u;sin 2u + 2 cos 2u]

= sin® x — sin® u + cos 2u — ( (sin 2u + 2 cos 2u)

1

z+u+1)
<0V x,ue X as be can seen from Figure 2.5.

Hence the function f is second-order (F,«, p,d)-convex but is not second-order F'-

convex.



42

225
2.2
215
2.1
205

075
0.75

Figure 2.3: Graph of f; against v and x
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Figure 2.4: Graph of f, against u and q
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Figure 2.5: Graph of M against v and x
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2.4 Wolfe type symmetric duality

Wolfe type second-order symmetric duality has been discussed by Ahmad and Hu-

sain [9], Yang et al. [137] and Gulati and Gupta [57] for single objective involving

nondifferentiable functions and by Yang et al. [140] and Ahmad and Husain [13] for

multiobjective programming problems. Later on, an ommission in the strong duality

theorem in Yang et al. [140] has been rectified by Gupta and Kailey [64]. The work

cited in [13, 64, 140] involved differentiable functions.

Consider the following pair of second-order Wolfe type nondifferentiable multiobjec-

tive programming problem with k-objectives:

Primal problem (SP)

Minimize L(z,y,\,p) = f(z,9)+5(@ | C)ex—y" V(X" )@, y)er—y" (Vo (VT )z, y)p)er
— 30" (Vyy (T ) (@, y)p)ex,

subject to
VT F)(@,y) — 2+ V(A ) (2, y)p £ 0, (2.1)
z€ D, (2.2)
A>0, Me,=1. (2.3)

Dual problem (SD)
Maximize M (u,v,\,7) = f(u,v)—=S(v | D)ex—ul V(AT f)(u, v)er—uT (Ve (AT f)(u, v)r)es,
— 2T (Ve AT ) (u, v)7r)es,

2

subject to
VN ) (u,0) +w + Voo (N f) (u, v)r 2 0, (2.4)
w e C, (2.5)
A>0, Me, =1, (2.6)
where

(i) f: R*x R™ — RF is a differentiable function, e, = (1,...,1)T € Rk,
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(ii) 7,w and p, z are vectors in R" and R™, respectively, A € R* and
(17i) C and D are compact convex sets in R™ and R™, respectively.

We now prove the following duality results for the pair of problems (SP) and (SD).
Theorem 2.1 (Weak duality). Let (z,y, A, z,p) be feasible for the primal problem
(SP) and (u,v, A\, w,r) be feasible for the dual problem (SD). Let

(i) fi(,v)+ ()Tw (1 £i < k) be second-order F-convex at u,
(it) fi(z,.) — ()72 (1 £ < k) be second-order G-concave at ¥,

where the sublinear functionals F': R" X R" X R"— Rand G: R™m x R™ x R™ — R

satisfy the following conditions:
(#4i) F(z,u;a) +a"u 20, forallae R",
(iv) G(v,y;b) + by 20, forallbe R
Then
L(z,y,\,p) £ M(u,v,\,r). (2.7)

Proof. Suppose, to the contrary, that (2.7) is not true, that is,

L(z,y, A\, p) < M(u,v,\, 1),

or

fz,y)+S(a | C)ek—yTVy(ATf)(:B,y)ek—yT(Vyy(ATf)(:v,y)p)ek—%pT(Vyy(ATf)(ﬂ%y)p)ek

< f,0)=S(0 | D)ot VoW ), v)es—u (Voo A ), 0)r)er 51" (Vo (A ), 0}

Now, since A > 0 and e, = 1, we get
N ) (xy) + Sz [ O) =y V(N (@, y) =y (Vi AT (2, 9)p)

—%pT(Vyy(ATf)(xay)p) <\ f)(u,v) = S| D) = u Vo (A" f)(u,v)

—u (Ve (N ) (u, U)T)—%TT(VM()\Tf)(u, v)T). (2.8)
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Since (z,y, A, z, p) is feasible for the primal problem (SP) and (u, v, A, w,r) is feasible
for the dual problem (SD), by the dual constraint (2.4), the vector € = V(AT f)(u,v)+
w + V(A f)(u,v)r € R and so from the hypothesis (iii), we obtain

F(o,u; &) +¢Mu 2> 0. (2.9)
Similarly,
Gv,y;7) +vy =0, (2.10)

for the vector v = —{V, (AT f)(z,y) — z + V(AT f)(z,y)p} € R
From the second-order F-convexity of fi(.,v) + () Tw (1 <i < k), we have
fi(z,v) + 27w — fi(u,v) — uquL%T (Vs fi(u, v)r)
2 F(z,u; Vyfi(u,v) + w4 Vi fi(u, v)r).
It follows from A > 0, ATe;, = 1 and sublinearity of I that
AT F)(x,v) + 27w — (AT f)(u,v) — vw
1

+§7’T(Vm(/\Tf)(u, v)r) 2 F(x,u; V(AT f)(u,v) +w + Ve A F) (u, v)r),

A (@, v)+2Tw—(\T f)(u, v)—uTw—i-%?“T(Vm(/\Tf)(u,U)T) = F(x,u;§). (2.11)
Using (2.9) in (2.11), we have

A ) (z,0) + 2w — (AT f)(u,v) —ulw + %rT(Vm(ATf)(u, v)r) = —u’€. (2.12)

From the second-order G-concavity of fi(x,.) — ()72 (1 =i S k), we get
1
fi($vy) - yTZ - fz(‘r’ U) + UTZ—§pT(Vyyfi(ZL“, y)p)
; G(U, Y; _vyfi(xa y) +z - vyyfi(xa y)p)
It follows from A > 0, ATe;, = 1 and sublinearity of G that

(AT f)(,y) I yT'z— (AT f)(z,0) + vz
_épT(vyyO‘Tf)(x: y)p) = G(v,y; =V ()\Tf)( y)+2— Vyy()‘Tf) (z,9)p),

or

(ATf)(I,y)—yTZ—(ATf)(%v)+vTZ—%p (VoA N, 9)p) 2 Glu,ysy). (213)
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From (2.10) and (2.13), we get

O F)(o ) " = O F)(a0) +072 = ST (V) ) 2~y (210

Adding the inequalities (2.12) and (2.14), we obtain
(VT F)(a,9) + 27w — T2 + 51— 2" (Vg (1), )p)

= (AT ) (u,v) + uTw — 0Tz — qu—%TT(Vm(ATf)(u, v)T).
Substituting the values of ¢ and ~, we have
(T ), 9) + 27w — TV, 7 F) (,9) — 57 (T3 (N ), 0)p) 50" (Vg N1, )
> (), 0) 02—t VT ) 0, 0) (Vs N 1) ot 0)0) 7 (Va7 ) a1, 0))
Finally, since x7w < S(z | C), vIz £ S(v | D) and AT'e, = 1, the last inequality yields
(), y)+S(x | C)—yTVy(ATf)(:C,y)—yT(Vyy(ATf)(:ay)p)—%pT(Vyy(ATf)(:v,y)p)
2 (ATf)(w,0)=S(v | D)=u" Vo (N f)(u, v)=u” (Vaa (AT f) (1, v)?’)—%TT(Vm(ATf)(%U)?”%
which contradicts (2.8). Hence the result.
Theorem 2.2 (Strong duality). Let f : R* x R™ — RF be thrice differentiable

function and let (Z,7, A, 2, p) be a weak efficient solution of (SP). If
(i) the matrix V,, (AT f)(z,9) is non singular,
(¢7) the vectors {V,fi1(Z,7),...,V,fu(Z,y)} are linearly independent,
(iii) the vector V,(Vy, (AT £)(Z,9)p)p ¢ span{V, f1(Z,%), ..., Vy,fe(Z, ) }\{0} and

(iv) p# 0 implies V,,(V,, (X" f)(2,9)p)p # 0,
then

(I) p =0, there exist w € C such that (z,y, A\, w, 7 = 0) is feasible for (SD) and
(IT) L(z, 9\, p) = M(z,9, A, 7).

Also, if the hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (SP)
and (SD), then (z, 9, A, w,7 = 0) is an efficient solution for (SD).

Proof. Since (7,7, \, Z,p) is a weak efficient solution of (SP), there exist a € RF,



48

B€R"™ ~ve€ R € RFand p € R, such that the following Fritz John optimality

conditions [114] are satisfied at (Z, 7, \, Z, p):

{a" (Vo f(2,7) +ver) + Vay N ))(Z,5)(8 — (a”er)y)

PV ()@ DR — (07 ex) (5 4+ 55)} =0 (215)

(Vo f (@, 9)]" [ = (aer)A] + Vi (A 1)@, 5) (8 — (o ex) (7 + D))

PV (KT )@ 3)P)(5 — (07 )+ 57)) = 0, (216)

Vi N )@, 5) (8= (@' er)(F+5)) =0, (2.17)

V, (&35 — (@Ter)s) + pex — 8+ (5 — (@7ex) (7 + ~p))T

2
XV 0P (5~ (075 + D) Vo file )P =0, (2.18)
BV, N )(3,9) =2+ V(N f)(Z,9)p) = 0, (2.19)
st =0, (2.20)
B € Np(2), (2.21)
yeC, Alz=S5(z|C), (2.22)
(a,8,0) 20, (a,3,6,u) #0. (2.23)
Since A > 0 and 6 = 0, (2.20) yields § = 0.
By hypothesis (i), (2.17) gives
B = (a"ex)(y+D). (2.24)

Suppose o = 0, then (2.24) implies § = 0 and (2.18) yields p = 0. Consequently
(e, 3,0, ) = 0, contradicting (2.23). Hence, a > 0 or

ale, > 0. (2.25)
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Now, we claim that p = 0. Indeed, if p # 0, then hypothesis (iv) implies
Viy(Vy A\ )@, 9)p)p # 0.
Using (2.24) and (2.25) in (2.16), we get

2 V, (@, 9)a— (aTep)], (2.26)

ViV N )@ 9)plp = — 7V,

which contradicts the hypothesis (iii). Hence,
5=0. (2.27)

Now, from (2.25)-(2.27), we have
(Vyf (@.9) la = (aTex)A] = 0.
But the vectors {V, f1(Z,9), ..., Vyfu(Z,y)} are linearly independent implies

a = (alep). (2.28)
From (2.24) and (2.27), we get

3= ("er)y. (2.29)
Using equations (2.25), (2.27)-(2.29) in (2.15), we have

V(AT f)(&,9) +7 = 0. (2.30)

Now, taking @ = v € C in (2.30), we find that (Z,7, A, w,7 = 0) satisfies the con-
straints from (2.4) to (2.6), of (SD), and is therefore a feasible solution for the dual
problem (SD).

Further, using (2.25), (2.27), (2.29) in (2.19), we obtain

7V,\ (@9 =7z (2:31)
Moreover, since 3 = (a’e;)y and a’e;, > 0, (2.21) implies § € Np(z), so that

y'z=S(y| D). (2.32)
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Therefore, using (2.22), (2.27) and (2.30)-(2.32), we get
f(@,9) + 8@ | Clex —g" V(N )@, 9)ex — 5 (Vyy (N f)(Z, 9)D)er
= 0" (VN )@ 9)p)er = £(2,9) = S@ | D)ex — 2T Va(AF)(Z,7)ex
=27 (Vau( N )@, 9)7)er — 577 (Vaa (N f)(Z, §)T)ex,
that is, the two objective function values are equal.
A\, w,7 = 0) is not an efficient solution of (SD), then there exist
(u,0, \,w, 7 = 0) feasible for (SD), such that,
f(2,9) = S@ | D)ex = 2 [V (N £)(Z, 9)ex + (Ve (N £)(2,9)7)e]
— 57 (Vaa A )@, 9)7)er < f(a,0) = S(0 | D)er — @ [V (A f)(a, 0)ey,
H(Vae N )@, 0)F)er] — 577 (Voo (N f) (@, 0)7)er
Since V. (A" f)(2,7) = —S(z | C) and "V, (A" f)(z,5) = S(5 | D) and p = 0,
{f(@.9) + 8@ | Oer. = g V(N )@, G)ex + (Vo (N f)(Z, §)P)ex]}
— 50" (Vy (N ) (@, g)D)er < {f(@,0) — S(v | D)e — @' [Vo (AT f) (1, 0)ex
(Voo AT f) (@, 0)7)er]} — 377 (Vaa (AT ) (@, D)7)er,

Now, let (z,7,

that is

L(z,5,\p) < M(u,v,\,7),

which contradicts weak duality theorem. Hence, (7,7, \,w,7 = 0) is an efficient so-
lution of (SD).

Theorem 2.3 (Converse duality). Let f : R® x R™ — R* be thrice differentiable
function and let (@, v, A, w, 7) be a weak efficient solution of (SD). If

(4) the matrix V,, (AT f)(u, ) is non singular,
(1) the vectors {V, fi(u,v),..., V. fr(u,v)} are linearly independent,
(#31) the vector V,(Vaie(AT f) (@, 0)7)F & span{V, fi(4, ), ..., V. fi(@, ) }\{0} and

(iv) 7 # 0 implies V. (Voo (AT f) (1, 0)7)F # 0,
then

(I) 7 =0, there exist Z € D such that (u,v, A, Z,p = 0) is feasible for (SP) and
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(II) L(a,v,\,p) = M(u,v,\,T).

Also, if the hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (SP)
and (SD), then (u, o, A, z,p = 0) is an efficient solution for (SP).

Proof. It follows on the lines of Theorem 2.2.

2.4.1 Remarks

(2) Let n=m= 27 fl(xay) = .Z'%—l-l'% _y% —?J%a f2(l',y) = I +£L'% — Y2, C =
{(&,6):0=5&<1,i=1,2}, D={(s1,92) 151 —2=0,0= g < 1}.
Then

S [ C) = (w1 + 1] + 22 + [22]) /2 and S(y [ D) = (42 +y2 + [y1 + 2[)/2.

Problem (SP) and (SD) become
Primal problem (ESP)
Minimize L(z,y, A\, p) = {G1(z,y, A\, p), Go(z,y, A\, p)}
subject to {2X1(y1 + p1) + 21, 2M1(y2 + p2) + 22+ A2} 2 0,
21—2=0, 052 =1,
A1>0, Ao >0, A+ =1
Dual problem (ESD)
Maximize M (u,v,\,r) = {Hi(u,v,\,7), Ho(u,v,\,7)}
subject to {21 (u1 +71) + Ay + wy,2(ug + 7o) + wa} 2 0,
0<w; <1, i=1,2,
A >0, Ao >0, A\ + X\ =1,
where
Gilz,y, A, p) = a1 + 23 + (1) Ay + (1) A5y + 13)
A (Y1 + p1)? + (Y2 + p2)°] + (21 + || + 22+ [22]) /2,
Hi(u,v,\,7) = —{(j — D)2 4+ v} + (v1 + v3 + [v1 + v3])/2
Huz +12)* + A (ur + 1) + (1) N (w — 1)}
andi+j=3andi=1,2.
Therefore, our results also give the duality relations for (ESP) and (ESD), which
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cannot obtained from the work in [9, 48, 55, 57, 89, 137, 140], because the above
dual models are a pair of second-order multiobjective symmetric problems invol
-ving nondifferentiable terms S(z | C') and S(y | D).

(i) We can also construct a pair of Wolfe type second-order symmetric dual programs
by taking C' = {Ay : yT Ay £ 1} and D = {Bz : 7 Bz < 1} in our models (SP)
and (SD), where A and B are positive semidefinite matrices. For C' and D so
defined, (7 Az)/? = S(z | C) and (y' By)'/? = S(y | D). Thus, duality results

for such a dual pair are obtained.

2.5 Symmetric duality with cone constraints

In this section, we establish duality theorems under second-order (F,a, p,d)-
convexity for the following pair of second-order Wolfe type nondifferentiable multiob-
jective programming problems with k-objectives over arbitrary cones:

Primal problem (PP)
Minimize G(z,y, A\, p) = {G1(z,y, A\, p), Ga(z,y, \,p), -, Gx(z,y, A\, p)}

subject to
=V )@, y) + 2 = V(N f)(@,y)p € C3, (2.33)
z €L, (2.34)
Me, =1, (2.35)
A>0, xe . (2.36)

Dual problem (DP)
Maximize H(u,v,\,q) = {Hi(u,v,\,q), Ho(u,v, \,q), -, He(u,v,\, q) }
subject to

VoA ) (u,0) + w4+ Ve (N ) (u,v)q € CF, (2.37)
we D, (2.38)

Me, =1, (2.39)
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A>0,veCy, (2.40)

where for 1 =1,2,---  k,
Gi(z,y,A,p) = filz,y) + S(x | D) —y"V,(\" f)(2,y)
—y (Vo N )@, 9)p) = 50" (Vi (N f) (2, 9)p),
Hi(u, v, A, q) = fi(u,v) = S(v | B) — u" V(A f)(u, v)
—u (Vo (AT (1, 0)q) = 56" (Ve (AT f) (1, 0)q).

and

(i) f = {fi,fo, -+, fr} is a differentiable function from S; x Sy — R* (S; C R"
and Sy C R™ are open sets), e = (1,...,1)T € R*,

(ii) q and p are vectors in R® and R™, respectively, A € RF,
(731) D and E are compact convex sets in R™ and R™, respectively.

Theorem 2.4 (Weak duality). Let (z,y, A, z,p) be feasible for the primal problem
(PP) and (u, v, A\, w, q) be feasible for the dual problem (DP). Let the sublinear func-
tionals F' : 57 x Sy X R" +— R and G : Sy X Sy x R™ — R satisfy the following
conditions:

F(z,u;a) + ay'a™v =20, for all a € CF, (A)
G(v,y;b) + ay by =20, for all b€ Cj. (B)
Suppose that either (i) Z Ailp (1)( (2, u))2 4 pV )(dZ@) (v,9))%] = 0 or (i) pi” = 0 and
,052) 2 0, for all . Furthermore, assume that f;(.,v) + ()Tw (1 £ 4 £ k) is second-

1
W dM)_convex at u and fi(z,.) — ()72 (1 £ i < k) be second-order

(2Nt

order (F,aq,p
(G,ag,p( ) d? ) -concave at y. Then

G(z,y,A,p) £ H(u,v,\, q). (2.41)

Proof. Since f;(.,v) + (.\)Tw (1 £ i £ k) is second-order (F,ay, PVt ) -convex, we

= = [

have

fi(z,v) + 27w — fi(u,v) —ulw + %qT(mei(u, v)q)
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2 Flx,u;aq(x,u) (Ve fi(u,v) + w + Vg fi(u, v)q)] + pl( )(dgl)(x u))?.
It follows from A > 0, ATe, = 1 and sublinearity of F that

O ), ) + 27w = (), 0) = 0t + 27 (Ve ), 0)0)
2 Pl us (o, ) (Fa ) (,0) + 0+ Faa 1) (0, 0)a)]

k
+> oA (@ )2 (242)
=1

As fi(z,.) — ()72 (1 £ i £ k) is second-order (G, Ozg,pz ,d( )) -concave therefore we

get
fz(xvy) - yTZ - fz(xa U) + 'UTZ - %pT(vyyfl(m7y)p>

> Glo,y; —02(0,9)(Vy filw,y) — 2 + Vi fila, p)p)] + 02 (@7 (v, 9))*.
Using A > 0, ATe, = 1 and sublinearity of G it follows that

(T F)(w) = 572 = (1) 0) + 072 = 2T (T VT ), )p)

2 Glo,y; —aa(v,y)(Vy (N ) (@,y) — 2+ Vi (N f) (2, 9)p)]

k
+3 NP (@ (0, )2 (2.43)

i=1

Adding the inequalities (2.42) and (2.43), we obtain

O ), 9) = 7 F)w,0) + 27w =l — 572 4+ 4 2a" (VaalNT )0, 0)a)
5P (VO A) ) 2 Fle s o, ) (VT F)(w0) +
FOO 0000+ Gl =00 T 0)

+Vo () (@ y)p)] + ZA D @, w) + o (d (0,.))). (244)
Since (z,y, A, z, p) is feasible for the primal problem (PP) and (u, v, A\, w, q) is feasible
for the dual problem (DP), a;(x,u) > 0, by the dual constraint (2.37), the vector

a=ay(z,u) (VAT £)(u,v) +w + Ve (AT f)(u,v)q) € C7 and so from the hypothesis
(A), we obtain

F(z,u;a) + ayta’u = 0. (2.45)
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Similarly,
G(v,y;b) +az by 2 0, (2.46)

for the vector b= —as(v,y){V,(A\ f)(z,y) — 2 + V, A\ f)(z,y)p} € Cj.
Using (2.45), (2.46) and hypothesis (i) or (ii) in (2.44), we have
O 1)) — V7 )ty 0) + 0 — o — 7 + o7z

+30" (Vaa N ) (1, 0)q) = 597 (Vo N F) (2, 9)p) Z —ar'u”a — a3 'y".
Substituting the values of a and b, we have
(@, y) + 2w —y" V(AN f)(@,y) = y" (VA f) (2, y)p)

—30" (VA ) (@, y)p) 2 (W) (u,v) = vz = u" Vo (AT f) (u, v)
—u" (Vaa (AT f)(u,0)q) — 30" (Vaa (A f) (1, v)q).

In view of the fact that 7w < S(z | D), vT2 £ S(v | F) and A'e;, = 1, the last

inequality yields

A ) (@, y) + S| D) —y" V(N ) (2, 9) — 4" (Vyy (N F) (2, 9)p)
1

=50 (VoW )@, 9)p) 2 (W f)(w,0) = S | E) = u Vo (A f)(u,0)

T (Ve 1) o1, 0)0) — 50" (Vo VT )0} (247)

Now suppose contrary to the result that (2.41) not holds, that is ,
{Gi(z,y, A p), Gala,y, A p), - -, Gl 9, A, p) }
<A{Hi(u,v, A, q), Hy(u,v,\,q), ..., He(u,v,\ q)}
or
fa,y) + S| D)er =y Vy(A )@, y)er —y" (Vi (AT f)(2, y)p)ex
=0T (Vi AT )@ y)p)er < flu,0) = S(v| E)e — ul Vo(ATf)(u, v)e
—u (Voo (AT f)(u,0)q)er — 507 (Vaa (AT f) (1, v)q) e
Since A > 0 and ATe; = 1, we obtain
AT (@,y) + S | D) —y" V(N (2, y) =y (Vyy (N (2, 9)p)
=30 (Vi AT )@, y)p) < AV f)(u,v) = S(v | E) = ul' Vo (A f)(u,v)
—u" (Vau (AT ) (1, 0)q) — 30" (Ve (N f) (u,v)q),
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which contradicts (2.47). Hence (2.41) holds.

We now state a weak duality theorem under second-order F-convexity assumptions.
Its proof follows on the lines of Theorem 2.4 on taking a;(z,u) = 1, ay(v,y) = 1,
and p; =0, py = 0.

Theorem 2.5 (Weak duality). Let (z,y, A, z,p) be feasible for the primal problem
(PP) and (u,v, A\, w, q) be feasible for the dual problem (DP). Suppose that the sub-
linear functionals F' : S} x S; X R" — R and G : S5 X Sy x R™ +— R satisfy the
following conditions:

F(z,u;a) +a’u = 0, for all a € Cf, (A)

G(v,y;b) +bTy =20, forall b e Cj. (B)

Furthermore, assume that f;(.,v) + (.)7w (1 £ i £ k) is second-order F-convex at u
and fi(x,.) — ()72 (1 £ £ k) is second-order G-concave at y. Then

G(z,y,\,p) £ H(u,v,\,q).

Theorem 2.6 (Strong duality). Let f : S; xSy — R* be thrice differentiable function

and let (Z,7, A, Z,p) be a weak efficient solution of (PP). Suppose that
(i) the matrix V,, (AT f)(z,¥) is non singular,
(1) the vectors V, f1(Z,7), ..., Vyfe(Z,y) are linearly independent,
(iii) the vector V,(Vy, (AT £)(Z,9)p)p ¢ span{V, f1(Z, %), ..., Vy,fe(Z,7)}\{0} and

(iv) Vy(Vy (AT £)(Z,9)p)p = 0 implies p = 0
then

(I) p =0, there exist w € D such that (Z,7, A\, w, g = 0) is feasible for (DP), and
(I1) G(z,5,A\p) = H(Z,7, A, Q).

Also, if the hypotheses of Theorem 2.4 or 2.5 are satisfied for all feasible solutions of
(PP) and (DP), then (z, 4, A\, w, 7 = 0) is an efficient solution for (DP).
Proof. Its proof follows on the lines of Theorem 2.2 of this chapter and Theorem 2
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in Ahmad and Husain [13].

A converse duality theorem may be merely stated as its proof would run analogously
to that of Theorem 2.6.
Theorem 2.7 (Converse duality). Let f : S; x So — R be thrice differentiable

function and let (@, v, A, 0, §) be a weak efficient solution of (DP). Suppose that
(i) the matrix V,, (AT f)(u,v) is non singular,
(77) the vectors V, fi(u,0),..., V. fe(u,v) are linearly independent,
(i31) the vector V,(V.e(AT f) (1, 0)q)q & span{V, fi(4, ), ..., Vafi(@,v)}\{0} and

(iv) Vo(Vaee (AT f)(1,0)q)g = 0 implies § = 0,
then

(I) @ =0, there exist z € E such that (u,v, ), 2, p = 0) is feasible for (PP), and
(I1) G(a,v,A,p) = H(a,v,A,q).
Also, if the hypotheses of Theorem 2.4 or 2.5 are satisfied for all feasible solutions of
(PP) and (DP), then (i, 9, A, z,p = 0) is an efficient solution for (PP).
2.6 Special cases

In this section, we consider some special cases of the problems studied in Section 2.4

and Section 2.5.

(1) For k =1, our programs (SP) and (SD) reduce to the problems (PP) and (DP)
considered in Gulati and Gupta [57].

(#4) For scalar programming problem, our problems (SP) and (SD) reduces to the
single objective nondifferentiable symmetric dual programs considered in Yang

et al. [137].
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If k =1 and we take D = {Ay : yT Ay < 1}, E = {Bx : 27 Bz < 1}, where
A and B are positive semidefinite matrices, then (z”Az)"/? = S(z | D) and
(y"By)"? = S(y | E). In this case (SP) and (SD) reduce to the problems

considered in Ahmad and Husain [9)].

If D = {0} and £ = {0}, then (SP) and (SD) reduce to (MP) and (MD)
considered in Yang et al. [140] along with the nonnegativity restrictions x = 0
and v = 0. However, taking F(z,u;a) = (x — u)Ta and G(v,y;b) = (v — y)Tb
along with the hypotheses (A) and (B) of Theorem 1 in [140] gives = = 0 and

v 2 0.

If D = {0} and £ = {0}, then our problems (PP) and (DP) reduce to the
programs studied in Ahmad and Husain [13].



Chapter 3

SYMMETRIC DuAaLiTy IN
MULTIOBJECTIVE PROGRAMMING
INVOLVING (GENERALIZED

Cone-ConvEX FUuNCTIONS !

3.1 Introduction

Ahmad and Husain [13] formulated a pair of Wolfe type multiobjective second
order symmetric dual programs with cone constraints and established duality results
under second-order invexity assumptions. They pointed out certain omissions and
inconsistencies in the earlier work of Mishra [91] and Mishra and Wang [93].

This chapter is divided into five sections. Section 3.2 contains notations and
definitions used in this chapter. In Section 3.3, we identify a function lying exclu-
sively in the class of K-n-bonvex and not in class of invex function already existing in
literature. In the next Section, we consider a new pair of second-order multiobjective
symmetric dual programs in which the objective function is optimized with respect to
an arbitrary closed convex cone and established appropriate duality theorems under

K-n-bonvexity assumptions. Self duality is also obtained by assuming the functions

LA part of this chapter has appeared in International Journal of Mathematics in Operational
Research3 (2011) 414-430.

29
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involved to be skew-symmetric. In Section 3.5, a pair of Mond-Weir type nondiffer-
entiable multiobjective second-order symmetric dual programs over arbitrary cones
is formulated, where each of the objective function contains a square root term with
positive semidefinite matrix in R™*". Weak, strong and converse duality results are
then proved under second-order K-F-convexity/K-n-bonvexity assumptions. Some
particular cases of the programs considered in this chapter are discussed in the last

Section.

3.2 Notations and definitions

Let ¢ and C5 be closed convex cones in R™ and R™, respectively, with nonempty
interiors. Suppose that S; € R™ and Sy C R™ are open sets such that C; x Cy C
Sy xSy, Let f; : 51 xS — R, i=1,2,...,k, be differentiable functions of x and y.
Definition 3.1. A twice differentiable function f : S; x Sy — RF is said to be
K-ni-bonvex in the first variable at u € 57 for fixed v € S, if there exists a function
m : S1 X S; — R" such that forz € 51, ¢ € R*,i=1,2,...,k,

(1 0) = Fal, o) 5 Vo o, 0)as = 7 ) (Vo o, 0) + Vi i, 0))
il 0) — i, 0) ] Vi o, s — e 0) (Vo filun, ) + Vi i, 0)gi) € K
and f(z,y) is said to be K-my-bonvex in the second variable at v € Sy for fixed
u € 91, if there exists a function 7, : Sy x Sy — R™ such that for y € Sy, p; € R™, 1 =
1,2, ...k,

(F1a9) = it 0)+ 35V i 0001 = 1 (0 0) (9 i ) + Dy i, 0)1)s o
i) = i, o) bV i) — 0 3, 0) (9 i, 0) + Vo i, o)) € K
Definition 3.2. A twice differentiable function f : S; x So — RF is said to be second-
order K-F-convex in the first variable at u € S; for fixed v € S,, if there exists a
sublinear functional F' : 57 xS7 X R — R such that forx € Sy, ¢; € R, i =1,2,...,k,
(1 0) = o) 50 Vo o, 0)as — P, Vo, 0) + Voo, ), -

fr(z,v) = fe(u, U)—l—%qkTmek(u, V)qr — F(x,u; Vi fre(u,v) + Vg fr(u,v)qr)) € K
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and f(z,y) is said to be second-order K-G-convex in the second variable at v € Sy
for fixed u € Sy, if there exists a sublinear functional G : S5 x Sy x R™ — R such
that for y € So, p; € R™,i=1,2,...,k,
(f1(u,y) = fi(u, v)+%p1TVyyf1(u7 v)pr — Gy, v; Vy fi(u, 0) + Vg fr(u, 0)p)), -,
Fultt9) — (o, 04 3PV el 00k — Gy, 03 Vi filu,0) + Vo i, v)pi) € K
Remarks

(1) If K = Ry, p=0and g = 0, then the above definition reduces to n-convexity /invexity

in [75, 100].

(17) If K = Ry, then the K-n-bonvexity becomes n-bonvexity [55, 124].

(#7¢) Eliminating the second-order terms and substituting n;(z,u) = (x — u) and

n2(v,y) = (v — y), the definition reduces to K-convexity as in [123].

3.3 Example

An example of non trivial function which is K-n-bonvex but not invex.
Let X =[2,2.35] C R, n=m =1 and k = 2. Consider the function f : X — R? be
defined by f(z) = (fi(x), f2(x)), where fi(z) = 2®sin 2, fo(x) = sin® .
Let

K={(ry) o2 4y,020)

and n: X x X — R be defined by

n(x,u) =12(1 — u).

To show that f is K-n-bonvex, we have to prove that
(Fi(e) = Frw) 5] (Vaufo (W) — 07 (2, 0) [V i) + Vo o ()],

f2( ) f2( )+1q2 ( wxf?(u)QZ) - UT(aj?u)[vsz(u) + szf2(u)q2]) € K7

or

(z°sin 2 — u®sin 2 + ¢[3usin 2 — 2sin 2 — 4 cos 2] — 12(1 — u)

u
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[—2ucos 2 4 3u?sin 2 + ¢; (6usin 2 — 2sin 2 — 8cos 2)], sin® z — sin” u
+43 cos 2u — 12(1 — w)[sin 2u + 2¢5 cos 2u]) € K.
Let
¢ =a’sin 2 —u’sin + ¢f[3usin 2 — Zsin 2 — 4 cos 2]
—12(1 — w)[—2ucos 2 + 3u*sin 2 + ¢;(6usin 2 — 2sin 2 — 8cos 2)]
= ¢1 + ¢ (say)
and
Y = sin® z — sin® u + ¢3 cos 2u — 12(1 — u)[sin 2u + 2¢5 cos 2u).
= 11 + ¢ (say)
where
Ppr1=23sin 2 — u?sin 2 — 12(1 — w)[—2u cos 2 + 3u? sin 2]
>0 Vz,u€ X, as can be seen from Figure 3.1.
$o=q}[3usin 2 — 2sin 2 — 4 cos 2] — 12(1 — u)[q1 (6usin 2 — 2 sin 2 — 8cos 2)]
>0V ue X and ¢ € (—10'810'8) as can be seen from Figure 3.2.
Yy = sin®z — sin® u — 12(1 — u) sin 2u
<0 Vax,u€ X, as can be seen from Figure 3.3
and
oy = q5 cos 2u — 24(1 — u) gy cos 2u
S0VueX and ¢gu € (—10'8,10'®) as can be seen from Figure 3.4.
Hence ¢ 2 0 and ¢ < 0. This implies ¢ — 4y = 0 and ¢ = 0. Thus (¢,¢) € K and
hence f is K-n-bonvex function.
Next, to prove f is not invex, either
fi(x) — fi(u) — 0T (2, u)Vafi(u 2 0 or
fa(x) = fo(u) = 0" (2, u) Vi fo(u %0
Since fa(x) — fz(u) — (2, u)V, folu) = sin®z — sinu — 12(1 — u) sin 2u
<0V z,ue X, as can be seen from Figure 3.3.

Therefore, f is not invex. Hence f is K-n-bonvex but not invex.



Figure 3.1: Graph of ¢, against z and u

2E3E) Y
1.5E36
1E36

5E35

238

2™ 1E18

Figure 3.2: Graph of ¢, against u and ¢
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Figure 3.3: Graph of ¢, against  and u
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Figure 3.4: Graph of ¢y against u and ¢
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3.4 Problem formulation and duality results

The formulations where the inequality constraints are defined via closed convex cones
and their polars enable us to consider many constraints of the inequality type. Mo-
tivated by the concept of formulations with cones constraints, Suneja et al. [123]
formulated a pair of symmetric dual multiobjective programs over arbitrary cones in
which the objective function is optimized with respect to an arbitrary closed convex
cone by assuming the function involved to be cone convex. Khurana [77] studied a
pair of Mond-Weir type symmetric dual multiobjective programming problems and
obtained duality results under cone-pseudoinvex assumptions. Mishra and Lai [92]
extended the results of Khurana [77] to second-order and established appropriate du-
ality relations under cone-second-order pseudoinvexity assumptions.

Recently, Ahmad and Husain [13] and Gulati et al. [62] proved duality results for
second-order multiobjective symmetric dual programs with cone constraints under
second-order invexity assumptions.

Now we consider the following pair of multiobjective second-order symmetric dual
programs over arbitrary cones:

Primal problem (WP)

K-minimize
k

k
Gy A p) = (i) =o" S N(T il )+ )pi) =5 30 M ol
=1
k
TZ)‘ Vi@, y)+Vyy filz, y)pi) - ;Z)\i(p?vyyfi(fcay)]?i))
subject to =1
k
=3 M(Vyfilzy) + Vi filz,y)pi) € G, (3.1)
i—1
Me, = 1, (3.2)

A€int K, z € (. (3.3)
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Dual problem (WD)

K-maximize
k

szfl<u7 U)%)?

(3.4)

k 1
H<u7 v, )‘7 q) = (fl (U, U)_uT Z:l /\l<vmfl(u7 U)+vmzfl(u7 U)Ql)_§ Z )"L(QzT
k 12213
T T
oo Je(u,v)—u ; Ai( Vo fi(u, v)+V oo filu, U)qz')—§ ; Ai(q; Vae fi(u,v)qi))
subject to
k
Z Az(vxfl<u7 U) + va:xfz(uv U)ql) € Cikv
i=1
)\Tek = 1,
A€int K*, ve Oy,
where

(1) fi: S1 xSy — R, i =1,2,....k is a differentiable function of x
(1,....,)T e R~

and y, ep =

(”) p = (p17p27"'7pk>? q = (q17QZ7"'7Qk>7 qi and pi are vectors in R" and Rm,

respectively, for i = 1,2,...,k and \ € RF.

Theorem 3.1 (Weak duality). Let (z,y, A, p) be feasible for (WP) and (u, v, A, q) be

feasible for (WD). Let
(7) f(.,v) be K-n-bonvex in the first variable at u,
(1) —f(x,.) be K-ne-bonvex in the second variable at y,
(i13) m(z,u)+ue Cy, forall zeCh,
(1) ne(v,y) +y € Oy, for all v e Cs.

Then

G(z,y,A,p) — H(u,v,A,q) ¢ —K\{0}.
Proof. Suppose, to the contrary, that
G(z,y,A,p) — H(u,v,A,q) € —K\{0}.
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that is,
() = o S ATl ) + T 0)p)— Z A Vi )0,
) o Z M i) + T i, 0)pi)— 5 Z N Vi )]
~11(00) = 0 SN, 0) + e, 0)0) Z A Ve i, )0,
o fr(u,v)—u” zk: Ai(Va fi(u, 0)+ Voo fi(u, v)qi)—% Zf; (g Vo fi(u,v)qi)]} € =K \{0}.

i=1
Since A € int K* and A # 0, we obtain

k k k
A fi@y) —v" D> NV filey) + Vi filz, y)ps) — % D AP Yy filz, y)p:)
i=1 =1 =1
k k
~(filw ) = 3 N(Tefilw0) + Vil i) - ; 2N Vi, 0)a)} < 0. (B7)

By K-m-bonvexity of f(.,v), we have
1
{fl(ma U) - fl <u7 v)+§Q{Vxxfl (u7 U)Ql - 77?(3:7 U) [fol (U, U) + mefl (u7 U)ql]v R

il 0) = o050 Vo, )i = (2, 0V il 0) + i, v)an]} € K

Using A € int K*, we get

k
i=1

= (2,w)[Vafi(u,v) + Vao fi(u, v)ail} 2 0. (3.8)

Since (u, v, \, q) is feasible for (WD), from the dual constraint (3.4) and hypothesis
(13i), it follows that

k
[T]l (l’, u) + U]T Z )‘Z(vxfz<u7 ’U) + v.l’l‘fl(“? U)qz) 3 07

i=1

which implies

k
k
2 _UTZAi(vxfi(%U) + Vmcfi(uvv)qi)' (3'9)

=1
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Using (3.8) and (3.9), we obtain

k
Z Xi(fi(z,v) — fi(u,v) + %qiTmei(va)qz')

k

> —u” Z Ai(Vafi(u,v) + Vo filu,v)g:).  (3.10)

i=1
Similarly, by K-n.-bonvexity of —f(x,.), from (3.1) and hypothesis (iv), we get,

k

S i) — file,0) = 30 Vit o)

=1

k
2 y" Y N (Vyfilwy) + Vi file,y)p).  (3.11)
=1

It follows from (3.10), (3.11) and ATe; = 1 that

zk:l)\i{fi(xay) —y" Zk:l/\ (V yfz(x y) + Vyyfz($ Y)pi)—

k

Z )‘i(pzrvyyfi(wa Y)pi)

i=1

3 2o Al Ve, )00)} 20

—(filu,v) = UTizk:l)\i(foi(Ua v) + Vo fi(u, v)¢;)—
which contradict; (3.7). Hence the result.

If the variable A in the problems (WP) and (WD) is fixed to be ), we shall denote
these problems by (W P)5 and (W D)5.

Theorem 3.2 (Strong duality). Let f : S; xSy — R* be thrice differentiable function

Nk ol

and let (7,7, \,p) be a weak efficient solution of (WP). Suppose that
(¢) the matrix V,, f;(Z,y) is non singular for i = 1,2,... k,
(i) the vectors V, f1(Z,9),..., V,fi(Z,y) are linearly independent,

(i11) 3 X(V (Vo S 9)))Ps ¢ span{V, Fo(2.9), .. ¥, fe( )0},

i=1
ko _
(1) 22 Ni(Vy(Vyy fi(Z,9)pi))pi = 0 implies p; = 0 V i, and

(v) K is closed convex pointed cone with R% C K.
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Then p = 0, (z,9,q = 0) is feasible for (W D)5, and the objective function values
of (WP) and (WD)j5 are equal. Furthermore, if the hypotheses of Theorem 3.1 are
satisfied for all feasible solutions of (WP) and (W D)5, then (Z,y, ¢ = 0) is an efficient
solution for (W D)j5.

Proof. Since (7,7, \,p) is a weak efficient solution of (WP), there exist a € K*,
B € Cy, 1 € R, such that the following by Fritz-John optimality conditions ([123],
Lemma 1) are satisfied at (Z, 7, A, p)(for simplicity, we write V, fi, V,, fi instead of

Vo fi(Z,9), Ve fi(T, 9) etC)'

T{Z a;V.fi+ ZA Ve filB — (a7 er)]

k
; (Vo fip)|[6 — (a"er)(y + %pi)]} >0, forall €y, (3.12)
k
thm thwz (67e0)d] + 3 MYV dip))1F

—(a’er) (7 + pZ Z NIV fi + Vy, fipil(@er)} 20, forall y € R™, (3.13)

Vo f(Z,9)(B — (@"er)y) + fer + {(B — (@ ex) (7 + lﬁl))TVyyfl(f, J)pb1,

2

(5= (@)@ + 57 Ty i DBt =0, (314)

[(B—(a"ex)(g+p )NV fi =0, i=1,2,... .k, (3.15)
gt zk: Ai(Vyfi+ Vyy fipi) = 0, (3.16)
ﬁTEX;ek —1] =0, (3.17)
(@, 3,7) # 0. (3.18)

Inequalities (3. 13) and (3.14) are equivalent to

Zal yfz—i-Z)\ VyyfZ (@’ er)7]

k

k
+ Z 5\2 [Vy(vyyfzﬁz)”ﬁ (a ek’ y + pl Z v fl + Vyyfiﬁi](aTek) - O? (319)

i=1
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Vyfz-[B—(dTek)vayyfi@[B—(aTek)(g+%ﬁ,-)]+ﬁ =0, i=1,2,...,k (3.20)

Since R¥ C K = K* C R which implies int(K*) C int(R%).
As ) € int (K*), therefore A > 0.
As V,, f; is nonsingular and \; > 0 for i = 1,2,...,k, (3.15) implies

B=(a"ex)§+m), i=12,... k. (3.21)

If @ = 0 then (3.21) yields 8 = 0. Further, the equation (3.20) gives 7 = 0. Con-
sequently (@, 3,7) = 0, contradicting (3.18). Hence & # 0. Further, & € K* C R*

implies
ale > 0. (3.22)

Now, we claim that p;, =0 for i =1,2,... k.
Using (3.21) and (3.22) in (3.19), we get

ko Lok ~
> XV (Vyy fii))Di = Ten >V, filai—(@"er) N, (3.23)
i=1 i=1

which by hypotheses (iii) and (iv) implies

5i=0.Yi=12 . .k (3.24)
and thus relation (3.21) gives

3= (a"er)y. (3.25)

Equations (3.22)-(3.24), yields

k
(v — (&Ter)\)Vyfi =0,
=1

which on using hypothesis (ii) gives

a = (alep )N, i=1,2,... k. (3.26)
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Using (3.22), (3.24)-(3.26) in (3.12), we have
k
(x—1z)" Z \NVa.fi =0, for all z e . (3.27)
i=1

Let x € Cy. Then x +z € C} and so (3.27) implies
ko _

2T ST ANV fi 20, for all ze€ (.
i=1

Therefore,

k
> AV.fi€Ch (3.28)

i=1
Also, from (3.25), we have

B

€ Cs.
ale, 2

g:

Thus (z,9,q = 0) satisfies the constraints of (W D)5 and so it is a feasible solu-
tion for the dual problem (W D).
Now, letting = 0 and = = 27 in (3.27), we get

k
2> NV fi=0. (3.29)
i=1
Further, from (3.16), (3.22), (3.24) and (3.25), we obtain
k —
7Y AV, fi=0. (3.30)
i=1
Therefore, using (3.24), (3.29) and (3.30), we get

k. _ -
(f(Z,7) - " ; )‘i(vyfi + Vyyfipi) - % & Ai(ﬁiTvyyfiﬁi)7

7

Il N

M=

_ k. _
. »fk(ja ?]) - gT )‘i(vyfi + Vyyfipi) - % o~ /\i(ﬁz‘Tvyyfiﬁi))

)

<.
N[ 1|
. =
1=

Il
—_

ko _
= (fi(z,y) — 2" ; Ni(Vafi + Vo fiGi) — NGV o f3@1),

)
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ko _ ko _
o So(@ ) =TT N(Vafi + Vo @) — % ST Ve fi@)
i=1 i=1
that is, the two objective function values are equal.
Now, let (Z, 7, ¢ = 0) is not an efficient solution of (W D)5, then there exist (u, v, § = 0)

feasible for (W D)5, such that,
kE ko_

o fe(g) — 2T Z N(Vofi(@,9) + Vo £i(2,9)T) — 3 Zk? MG Vo fi(Z,9)T) }

??‘

--,fk(ﬂ,@)—fb Ai (Vo filt, 0) 4V o fi(10,0)3:) — 5 2 M@ Vaa fi(@,0)G) } € —K\{0}.

=1 =1

ko ko
As 'Y NV i@ y) =yt YNV, filz,y) and p; =0, for i =1,2,...k,
3 =1

=1 N =1 .
(@ 9) = 9" > N(Vy fi(Z,§) + Vi fi(Z, §)Pi) — 3 > (P} Vi fi(Z,9)Pi) }
ko ko
_{fl(ﬂ7 @) - ﬂT Zl >\ (v fz(u U) + vxzfz(ﬂ @)Q’L) % ;1 )‘z(izTV:m:fz(ﬂW @)Qi)7

o fu(,v)—u” 2 N (Vo fil@, 0)+ Voo fi(@, 0)3;) — 3 i M@ Vao fi(,0)a:) } € —K\{0},

which contradicts Theorem 3.1. Hence (z,y,q = 0) is an efficient solution of (W D)5.

Theorem 3.3 (Converse duality). Let f : S; x Sy — R* be thrice differentiable

function and let (@, , A, §) be a weak efficient solution of (WD). Suppose that
(i) the matrix V., f;(@,v) is non singular for i = 1,2,... k,

(17) the vectors V. fi(@,v),..., V. fe(u,v) are linearly independent,

(Z”) i S‘Z(Vm<vz1fl(ﬂ7 @)le))(jz ¢ Span{va:fl (77’7 17)? s 7V93fk(ﬁv @)}\{0}7

.
—_

i (Vo (Vo fi(1,0)3))g = 0 implies ¢; = 0 V 4, and

-

.
Il
—_

(iv)

(v) K is closed convex pointed cone with R¥ C K.
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Then ¢ = 0, (u,v,p = 0) is feasible for (W P)5 and the objective function values
of (WP)5 and (WD) are equal. Furthermore, if the hypotheses of Theorem 3.1 are
satisfied for all feasible solutions of (W P); and (WD), then (@, v, p = 0) is an efficient
solution for (W P)j5.

Proof. It follows on the lines of Theorem 3.2.

Self duality

A mathematical programming problem is said to be self dual if it is formally identical
with its dual, that is, if the dual is recast in the form of primal, the new problem
so obtained is the same as the primal. In general (WP) and (WD) are not self dual
without an added restriction on f. The vector function f: R" x R® — R* is said to
be skew symmetric if for all x,y € R",

filz,y) = —fily,x), i€{1,2,...,k}.

For the programs (WP) and (WD) self duality exists under the following assumptions:
(i) m =n, (it) Cy = Cy, (iii) the vector function f(z,y) to be skew symmetric, i.e.,
f(@,y) = —f(y,x).

Now recasting the dual problem (WD) as a minimization problem:

(WD)

Keminimize (i ot 0) 4" 32 (V0,0 Vi 0, 0)a0) 44 3 M Ve i, 0)0),

=1 =1
k

k
k
subject to S Ai(Vafilu,v) + Vo fi(u,v)g;) € CF,
i=1
)\Tek = 1,

A€int K*, veCy.
Since f is skew symmetric,
Vofi(u,v) = =V, fi(v,u) and Vu, fi(u,v) = =V, fi(v,u) for i =1,2,... k.
Therefore, the problem (WD) reduces to,
Keminimize (f(v,1) =" 32 M (V0,0 Vo 00— 3 M Vo i),

=1
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k k

“e fk(% U)_UT Z )\i(vyfi(va u)+vyyfi(v> U)Qi)—% . )\i(qiTvyyfi(Ua U)Qz))

i=1 i
k
subject to — > N(Vyfi(v,u) + Vy, fi(v,u)g) € Cs,

i=1
Mep =1,
A€int K*, ve () .
This shows that (WD)’ is formally identical to (WP), that is, the objective and con-
straint functions are identical. Hence (WP) is self dual. Consequently, the feasibility

of (z,y, A\, p) for (WP) implies the feasibility of (y,z, A, p) for (WD) and conversely.

3.5 Mond-Weir type second-order symmetric du-
ality over arbitrary cones

Consider the following pair of Mond-Weir type second-order nondifferentiable
multiobjective symmetric dual programming problems:
Primal (MP)
K-minimize  L(z,y,w,p) = (Li(x,y,w,p), La(z,y, w, p), ..., Lg(x,y,w, p))

subject to
k
= XV filz.y) = Baw; + Yy i, y)ps) € C5, (3.31)
i=1
k
y'Y NV fil,y) — Eiw; + Yy, filz,y)p) 20, (3.32)
i=1
w] Bw; £ 1, i =1,2,..., k, (3.33)
A€int K*, z € Ch. (3.34)
Dual (MD)
K-maximize M (u,v, z,q) = (Mi(u,v, z,q), Ms(u,v, z,q), ..., Myp(u, v, z,q))
subject to
k
Z Ai(Ve fi(u,v) + Bizi + Vg fi(u, v)q:) € CF, (3.35)
i=1
k
u” Z Ai( Ve fi(u, v) + Bizi + Voo fi(u,v)q;) = 0, (3.36)

=1
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2Bz <1,i=1,2,..,k, (3.37)
A €int K*, ve Oy, (3.38)

where A = ()\17>\27 ”'J)\k)T € Rk7 b = (p17p27 s 7pk>7 q = <91aQ27 s 7Qk) and for
i=1,2,..k

Li(w,y,w,p) = fi(z,y) + (2" Bix)? = y" Eqw, = 3TV filw, y)ps,

Mi(u7 v, z, Q) = fl<u7 ’U) - (IUTEZ'U>% + UTBZ'Zi - %vaxwfl(uv U)Qz and

(1) fi:S1 xSy — R is a thrice differentiable function of x and y,
17) B; and F; are positive semidefinite matrices in R™*" and R™*™, respectively,
p p y
(14i) CT and Cj are positive polar cones of C; and Cy,
w) p;,w; and g;, z; are vectors in R"™ and R", respectively,
Y

(v) K is closed convex pointed cone in R¥ such that int K # ¢ and K* is its positive

polar cone.

Theorem 3.4 (Weak duality). Let (z,y, A, w, p) be feasible for (MP) and (u, v, A, 2, q)
be feasible for (MD). Let

(i) {fi(,v) + ()T Bz, ..., fe(.,v) + ()T Brzi} be second-order K-F-convex in the

first variable at wu,

(it) —{fi(z,.) — ()T Eywy, ..., fr(z,.) — ()T Eywi} be second-order K-G-convex in

the second variable at vy,
e k
(ii1) Ry C K,

where the sublinear functionals F': S} x S X R® — Rand G : Sy x Sy x R™ — R

satisfy the following conditions:
(iv) F(z,u;a)+a’u =0, for all a € C} and

(v) G(v,y;b) +bTy =20, for all b € Cj.
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Then

L(J}, Y, wap) - M(U, v, 2, Q) ¢ _K\{O}
Proof. Suppose, to the contrary, that
L(;U, Y, UJ,p) - M(’U,, v, %, q) S _K\{O}

Since A € int K*, we obtain

k
1 1
Z Ni(filz,y) + (2" Bix)? — y" Eqw; — épzrvyyfi(xv Y)pi)
i=1
: ; 1
< Z Ni(fi(u,v) — (VI Ew)2 +ul Biz; — §ql~Tmei(u, v)g;). (3.39)
i=1

By second-order K-F-convexity of {fi(.,v) + (.\)TBiz1, ..., fe(.,v) + ()T Brzx} at u,

we have

(fi(z,v) + 2T Biz1 — fi(u,v) —ul' Biz1 + 3¢ Vo fi(u,v)q1 — F(z,u; Vi fi(u,v) + Biz
+ Ve 1w, v)q1), ...y fr(z,v) + 27 Brzy, — fi(u,v) — u' Bezi + 28 Vau fi(w, v) g
— F(x,u; Vi fe(u,v) + Brzg + Vo fr(u, 0)qr)) € K.

It follows from hypothesis (iii) that K* C R* and hence A > 0.

By using the sublinearity of F', we get

zk:l)\i(fi(x, v) + ' Bizi — fi(u,v) — u” Bz + 3¢ Vo fi(u, v)q;)

k
2 F(x,u; Y Ai(Ve fi(uw,v) + Bizi + Vao fi(u,0)q:))
i=1
k
= —ul 3" N(Vafilu,v) + Bizi + Vi filu, v)q:)
i=1

k
(by hypothesis (iv) and constraint (3.35), for a = > \(V.fi(u,v) + Bz +
i=1
vmcfz(ua U)qz) € Cf)

2> 0 (by constraint (3.36)). (3.40)

Similarly, using hypotheses (ii) and (v) along with primal constraints (3.31), (3.32)
and (3.34) and the sublinearity of G, we get

K
1
> Xl file,y)—y" Eavi— fi(w, v)+0" Buw; — ip;frvyyfi(% y)pi) 2 0. (3.41)

=1
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Combining inequalities (3.40) and (3.41), we get

k

S Ni(filz,y) + 2" Bizi — yT BEw; — %P?Vyyfi(fa Y)pi)
i=1

k
2 > Al filw, v) — v Byw;+u" Bz — %%Tvmfi(% v)q;)-
i=1
Applying the Schwartz inequality and using (3.33) and (3.37), we obtain
k
; Ni(filz,y) + (a7 Bix)? — yT Byw, — 0!V fi(@, y)pi)

2 l:il Ao fi(u, v) = (VT Bpo)2 +u” Bz — 2 Vo fi(u,v)g;),
which contradicts (3.39). Hence the result.
If the variable A in the problems (MP) and (MD) is fixed to be A, we shall denote
these problems by (MP)5 and (MD)j, respectively.
Theorem 3.5 (Strong duality). Let (Z,¥,\,w,p) be an efficient solution for (MP).
Suppose that
(1) Vi, [i(Z,§) is positive definite for i = 1,2, ...,k and i/_\iﬁf(vyfi(i‘, y)—Ew;) =0

or V, fi(Z, y) is negative definite for i = 1,2, ..., k and Xk: Nl (Y, fi(Z,9) — Eav;) £ 0,
() the set {V, fi(Z,y) — E;w; + Vy, fi(Z,9)pi, i = 1, 2,1.:.1. , k} is linearly independent,
(iii) K is closed convex pointed cone with R C K.

Then p = 0, there exist z such that (Z,9,z,§ = 0) is feasible for (MD)j3, and the
objective function values of (MP) and (MD)j5 are equal. Furthermore, if the hypothe-
ses of Theorem 3.4 are satisfied for all feasible solutions of (MP) and (MD)5, then
Proof. Since (Z,7, \,w, ) is an efficient solution for (MP), by the Fritz John neces-
sary optimality conditions (Suneja et al. [123]), there exist « € K*, f € Cy, v € Ry
and v € R*, such that the following conditions are satisfied at (z, 7, \,w,p) (for
simplicity, we write V, f;, V, fi instead of V., fi(Z, ), Va, fi(Z, y) etc.):

(z — i’)T[Z a;(Vafi + BiZi — %Vm(vyyfipi)pi)

k
+ 3 N(Vyafi + VoV i) (B —19)] 2 0 forall z € €1, (3.42)

i=1
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yyfi + vy(vyyfif)i))

||M»

k
1
(y - Q)T[Z ai(vyfi - Ezwz - 5 yyfzpz pz

k

X (8 — ) Z V,fi — Bt + Vy, fipi)] 2 0 forally € R™,  (3.43)
[(ﬁ — fyg)T(Vyfl — Eﬂf)l + Vyyflﬁl)]()\l — 5\1) z 0, V4 for all \ € int K*, (344)
[(5_737)5\1_042]31]Tvyyf2 - 07 1= 17 27 veey ka (346)
"Bz = (2T Biz)?, i = 1,2, ..., k, (3.47)

k —
k —

vi(w! Byw;—1) =0, i=1,2,..., k, (3.50)
2Bz <1,i=1,2,..k, (3.51)
(@,8,7,v) £0. (3.52)

Inequalities (3.43) and (3.44) are equivalent to
k 1 .
Z ai(vyfi — Fw; — = yyflpl pZ Z yyfi 4 vy(vyyfiﬁi))
i=1
ﬁ ’Yy Z yfi — EByw; + vyyfzﬁz) =0, (353)

and

(B=79) " (Vyfi — Bw; + Vy fipi) =0, i = 1,2, ..., k. (3.54)
Since V,, f; is positive or negative definite, for ¢ = 1,2, ..., k, equation (3.46) yield
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On rearranging (3.53), we get
k

_ k _
> (i =y A)(Vyfi — Evy) + ; AiVyy fi(B — vy — 7pi)+

i=1
k —
; Vy(vyyfiﬁi)((ﬁ — YY) — % iDi) = 0,
which by equation (3.55) becomes

=
=

Z(ai _75\i)<vyfi _Eiwi+vyyfipz Z yyfzpz (ﬁ ’73/) - O (356>

i=1 i—1

l\')lr—\

Now, let a; = 0 for some j. Since Rﬁ CK=K*C Ri which further gives int K* C
int R% and therefore A > 0.
Then relation (3.55) yields

B =y (3.57)

This reduces (3.56) to

k _
Y (i = yN)(Vyfi = Byw; + Vy, fipi) = 0,

i=1
which on using hypothesis (ii), gives
o=\, i=1,2, .. k. (3.58)

Since \; > 0 for i = 1,2,...,k and a; = 0 for some j, therefore (3.58) implies v = 0
and thus from (3.57) and (3.58) respectively, we get 5 =0 and a; =0, i = 1,2, ..., k.
Further, the equation (3.45) and (3.50) gives v; =0, i = 1,2, ..., k. Thus (o, 8,7,v) =
0, a contradiction to (3.52).

Hence «; # 0, for all i. As o € K* C R’i implies

a;>0,i=1,2 .k (3.59)

Using (3.55), a > 0 and A > 0 in (3.54), we get

NDE(Vyfi — Bav; + Vy, fipi) =0, i=1,2, ...k,
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which further gives
ko ko
> AP (Vo fi—Ew)+ Y Nip! Vyy fipi =0,
i=1 i=1
which contradicts hypothesis (i) unless
5i=0,i=1,2 .k
And thus from (3.55), we get
B =1y
Equations (3.56), (3.61) and (3.62) yields
k
=

(a; —YN)(Vy fi — Byw;) = 0,

which on using hypothesis (ii) gives

Q; = ’7)\1 1= 1,2, ,k’

Since \; > 0 and o; > 0 for i = 1,2, ..., k, the above relation implies

v > 0.

Therefore (3.62) yields y = b € (5.
Y
Using (3.61) to (3.64) in (3.42), we get

k
(z—2)" Z (Ve fi+Biz) = 0 for allz € C).
i=1

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

Since for each x € C, x € C, T+ x € C; as (1 is a closed convex cone, inequality

(3.65) gives
k. _

2T SN (Vafi+ Bizi) =20 for all x € (1,
i=1

or



E)\ (V.fi + Biz) € Cf.
Puttlng z =0 in (3.65), we obtain

ko _
TS N(Vefi+ Bizi) 0.
=1

81

Hence (z,7,2,q = 0) satisfies the dual constraints in (MD)5 and so it is a feasi-

ble solution for the dual problem (MD)j.
2v;
Now, letting 2% _ 4. Thena 2 0 and from (3.45) and (3.62)

7

Eiy = abyw;,
which is the condition for equality in the schwartz inequality. Therefore
§ B, = (5T Eg)? (0] Ba)?.

In case v; > 0, (3.50) gives @l Eyw; = 1 and so 47 E;w; = (5T Eip)z.
In case v; = 0, (3.66) gives E;ij = 0 and so 3! Ew; = (ngEig)% = 0.

Thus in either case
y' Byw; = @TEZQ);

Hence L;(Z,7,w,p = 0) = fi(Z.7) + (z7Bi7)2 — §~ Eyw;
= fi(z,9) + 7T B,z — (5 E:g)?
= M;(z,y,z,q = 0) {using (3.47) and (3.68)},

that is, the two objective function values are equal.

feasible for (MD) 5, such that
{£1(2,9) — GTED)? + 37815 — 30T Ve i(Z.0) 1, .

fiu(@,9) — WTEwy)? + 27 Bz — 348 Vo fu(2.9) 3} —
{f1(a,0) — (WTE0)7 +a" Bz — 347 Voo f1(@, 0) G0, ..,

(3.66)

(3.67)

(3.68)

v, %,q)

(@, 0) — (07 Ey0)% + @7 ByZy — 3G Vo fo(@, )G} € —K\{0}.
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Since p =0, § =0, 7Bz = (zTBi7)? and §TEw; = (JTEg)2, i = 1,2,..., k, we
have
{f1(@,9) + @ Bi2)> — " Evioy — 391 Vo f1(Z,9)P1s -

fe(Z,7) + (SZ’Tka)% — yT Eywy, — %ﬁfvyyfk(:?, U)Dk}—
{f1(@,7) — (0TE0)z + @ Biz — 347 Voo f1(@,0) a0, .,

fult, ©) — (V7 Eyv) 2+ Brze — 368 Vo fo(i, )@} € —K\{0},
Theorem 3.6 (Converse duality). Let (i, v, A, Z,¢) be an efficient solution for (MD).
Suppose that

(i) Vo fi(1, ) is positive definite for i = 1,2, ...k and > N (Vo fi(, ) + BiZ) = 0

ghe

or Ve fi(1, 0) is negative definite for i = 1,2, ...,k and >_ \ig! (Vo fi(4,0)+B;z) <0,
i=1
(i) the set {V,fi(u,0) + B;iZ; + Vo fi(0,0)G;, i = 1,2,. ..k} is linearly independent,

=

(i41) K is closed convex pointed cone with R% C K.

Then ¢ = 0, there exist w such that (u,v,w,p = 0) is feasible for (MP)j, and
the objective function values of (MP); and (MD) are equal. Furthermore, if the
hypotheses of Theorem 3.4 are satisfied for all feasible solutions of (MP)5 and (MD),
then (w,v,w,p = 0) is an efficient solution for (MP)5.

Proof. Follows on the lines of Theorem 3.5.

3.6 Special cases

In this section, we consider some of the special cases of our problems studied in

Section 3.4 and 3.5.

(¢) If K = RE, p; = p and ¢; = ¢,V 14, then our programs (WP) and (WD) gives
the duality results for the dual pair studied in [13, 62].

(1) If B; = E; ={0}, fori =1,2,....k, p=q =0, then (MP) and (MD) are reduced
to the programs studied in Khurana [77]. This shows that our programs are

generalization of programs of Khurana [77] as they involves nondifferentiable
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and second-order terms. In addition, if we take k =1, K = R,, A =1 € int
R, in (MP) and (MD), then we get the programs considered in Chandra and
Kumar [41].

Further for all cases, K = Rﬁ, Ci1 = R} and C; = RT.

If kK =1, our problems (WP) and (WD) reduce to programs studied in Gulati

et al. [55] which in turn gives the problems considered in [89, 95].

If pp =pand ¢ = ¢, i = 1,2,....k in (WP) and (WD), then the programs
of Yang et al. [140] are obtained with z =2 0 and v = 0. However, taking
F(z,u;a) = (x —u)Ta and G(v,y;b) = (v — y)Tb in hypothesis (A) and (B) of

Theorem 1 in [140] gives z = 0 and v = 0.

Our problems (MP) and (MD) reduce to the programs studied in Ahmad and
Husain [10]. This explains that (MP) and (MD) are generalization of programs

of Ahmad and Husain [10] as these programs are discussed over cones.






Chapter 4

MixeEp TYPE SECOND-ORDER
SyMMETRIC Duarity WITH

GENERALIZED F-CONVEXITY"

4.1 Introduction

Mixed duality is a fruitful theory which plays an important role in mathe-
matical programming. Mixed programming problems are in general more difficult
than linear programming problems. The concept of mixed duality is interesting and
useful both from theoretical as well as from algorithmic point of view. Xu [133] for-
mulated two mixed type duals in multiobjective fractional programming and proved
usual duality theorems. Chandra et al. [39] and Yang et al. [135] discussed a mixed
symmetric dual formulation for a nonlinear progrmming problem and for a class of
nondifferentiable nonlinear programming problems, respectively. Later on, Ahmad
[6] formulated mixed type symmetric dual in multiobjective programming problems
ignoring nonnegativity restrictions of Bector et al. [26].

This chapter is organized as follows. In Section 4.2, we give some notations and
definitions used in the chapter. The next Section deals with the study of a pair of
second-order mixed symmetric dual programs for a class of nondifferentiable nonlinear

programming problems. Weak, strong and converse duality theorems are proved using

LA part of this chapter has appeared in Abstract and Applied Analysis volume 2011, Article ID
103597, 14 pages, doi:10.1155/2011/103597.
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the notion of second-order F-convexity/pseudoconvexity assumptions. In Section 4.4,
we formulate a pair of mixed second-order symmetric dual programs over cones and
proved duality results under second-order (F, p) convexity/pseudoconvexity assump-
tions. The last section contains some particular cases of the programs considered in

this chapter.

4.2 Notations and definitions

For N = {1,2,...,n} and M = {1,2,...,m}, let J; C N,K; C M and
Jo = N\J; and Ky = M\ K. Let |J;| denote the number of elements in .J;. The other
symbols |Jo|, |K;| and |Ky| are defined similarly. Let 2! € R\l 22 € RI”2l. Then any
r € R" can be written as (2!, 22). Similarly for y! € Rl 42 € RI¥2l yy € R™ can be
written as (y',y?). It may be noted here that if J; = @, then |J;| = 0, J, = N and
therefore |.Jo| = n. In this case, R/1l| RI”2l and RIV1l x RIK1l will be zero-dimensional,
n-dimensional and | K |-dimensional Euclidean spaces, respectively. Similarly, we can
describe the cases Jo = 0, K; = () or Ky = (). Let Oy, Cy, C3 and C4 be closed convex
cones with nonempty interiors in R”1l, RI*2I RIKil and RI¥:| respectively.
Now we consider a sublinear functional F': X x X x R" — R (where X C R"), and
a real valued twice differentiable function ¢ : X — R.
Definition 4.1. 1 is said to be second-order (F,p) convex at u € X, if V¢ & R"
and x € X, there exist a real valued function d : X x X — R and a real number p,
such that
U(w) — )+ g" Vet (u)g 2 F (0 Vb () + Vet ()g) + o (2, )
Definition 4.2. 1) is said to be second-order (F,p) pseudoconvex at u € X, if
Vg€ R" and x € X, if there exist a real valued function d : X x X — R and a real
number p, such that
F (5,45 Vo () + Vaato(u)g) 2 0

= 0(e) 2 9(u) 50" Vet (w)q + p (1)
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4.3 Second-order mixed nondifferentiable symmet-
ric dual programs

Consider the following pair of mixed nondifferentiable second-order symmetric
dual programs:
Primal Problem (SMNP)
minimize
G(a' y' 2% y? 2% por) = fahy') + St | C1) + g(2,y%) + S(a? | Cs) — (y*)7 22
—W) TV f(ah Yy )+ g f 2 yl)p]—%pTVylylf (', y")p — %TTVyzng(xQ, yo)r,

subject to

Vi faty') =28 + Vi fat yh)p £ 0, (4.1)
V2g(2?,y?) — 2% + V,2,29(2*, y*)r £ 0, (4.2)
(W) [Vyeg(@® y?) = 2% + Viz,eg(2®,y)r] 20, (4.3)
2t € Dy, 22 € Dy, (4.4)

Dual Problem (SMIND)

maximize
H(u', o' u? 0% w?, g, 8) = f(u',0') = S | D1) + g(u?,v?) — S(v? | Da) + (u?)Tw?
1 1
_(ul)T[Vxlf<u17 U1)+vxlzlf(u17 ’Ul)Q]—§quxlxlf<U1, Ul)q - 55Tv12x29(u27 U2)Sv
subject to
Vo f(u',0!) + w' + Vo f(u!,v')g 2 0, (4.5)
Va2 g(u?,v?) + w? + Ve g(u?, v?)s > 0, (4.6)
(u*)” [szg(UQ, v?) + w? + Va2 g(u?, vz)s] <0, (4.7)
w' € C1, w? € Cy, (4.8)
where

(i) f: RVl x RK1l — R and g: RVl x RI¥2l — R are differentiable functions,
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(ii) Cy, Ca, D; and D, are compact convex sets in RI/1l| RI2l - RIKil and RI%2l,

respectively, and
(iii) p € R r € RK2l g € RNl and s € RI2.

Theorem 4.1 (Weak duality). Let (z',y', 22 32, 21, 2%, p,7) be feasible for (SMNP)
and (u', v, u? v? w! w? ¢, s) be feasible for (SMND). Let the sublinear functionals
Fy : RO x RN R — R, Fy « REx R x R — R Gy 2 RI7Z < RI2Ix RI2L
R and G, : RI%2l x RIF2l x RIK2l . R satisfy the following conditions:

Fy(z',ul;al) + (a))Tul 20, for all a! € R, (4)
(vl yt;a?) + (a®) Tyt =2 0, for all a® € RIK1 (B)
G122, u2;bY) + (b1)Tu2 = 0, for all b € R/ ()
Ga(v2, Y2 b2) + ()72 = 0, for all b2 € R, (D)

Suppose that

(i) f(.,v1)+()Tw! be second-order Fj-convex at u!, and f(x!,.)—(.)T 2! be second-

order Fy-concave at y?,

(i) g(.,v*) + (.)Tw? be second-order G;-pseudoconvex at u?, and g(x?,.) — (.)72?

be second-order G-pseudoconcave at 2.

Then
G(x17 y17 ‘7:27 y2’ 227p7 /r.) Z H(UI’ Ul’ u27 U27 w27 Q7 S)'
Proof. By the second-order Fj-convexity of f(.,v') + (.)Tw! at u! and the second-

order F, concavity of f(z!,.) — (\)T2! at ¢!, we have

1
f($17vl) + (‘Tl)Twl - f(ulv Ul) - (ul)Twl + §qux1m1f(u17U1)q
> F (2' ub Vo f(uh,oh) + w! + Vg f(uh, vh)g) (4.9)

and

£t y) = 6o = FG o)+ @) o 5V g

> I (vl, yt — (Vy1f(x1, y') — 2+ Vy1y1f(x1, yl)p)) . (4.10)
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Since (2!, yt, 22, 9%, 21, 2%, p, r) is feasible for primal problem (SMNP) and (u!, v, u?, v?,

wh, w?, q, s) is feasible for dual problem (SMND), by the dual constraint (4.5), the
vector a' = V1 f(ul, v') + w! + Vi f(ul,vl)g € R'jrm, and so from the hypothesis
(A), we obtain

Fi(z' u'sab) + (ah)Tu! 2 0. (4.11)
Similarly,
(vl ya®) + (a®) Tyt 20, (4.12)

for the vector a® = — [V,1f(a!,y') — 21 + Va0 f(zt,y')p] € lell.
Using (4.11) in (4.9) and (4.12) in (4.10), we have

Pl o)+ ()Tt — f(ul, o) = ()Tt g Vs flut0)g = (),

and
1
fty!) = (W) s = flat,oh) + (Ul)TZI_EpTvy1y1f<xla yp 2 —(y')"a®.
Adding the above inequalities, we obtain
1
flatyh) + (@) = (v 2+ (y') " a? — §pTVy1y1f(wl,y1)p

1
> flut,ot) + (wh)Tw — ()2 — (wh e — Equxlxlf('Ll,17'l)1)q. (4.13)
Substituting the values of a! and a? in (4.13), we get

fatyh) + @) ' = @ [V feh yh) + Vi f (@' yhp) — %pTVylylf(ﬂsl,yl)p

> flut, o) — ()2 — (W) [V f(ut, v') + Vg f(ut, vh)g] — %qTVxlz1f(u1,v1)q. (4.14)

Using (z1)Tw! £ S(z! | C}) and (v!)T2! < S(v! | Dy), we have

faty )+ 8 C) — () [V fla y') + Vi f (2, y')p) — %pTVylylf(xl, y')p

z f(ulv vl) - S(Ul | Dl) - (UI)T[vzlf(ul’U1> + vmlxlf(ulv UI)Q] - %quxlmlf(ula Ul)q' (415)

By hypothesis (C) and the dual constraint (4.6), we obtain
G (mZa u2; V:ng(u27 U2)+w2+vm2$29(u27 UQ)S) Z _<u2)T [Vw2g(u27 U2) + w? + v$2:c2.g(u27 Uz)s] )
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which on using the dual constraint (4.7) yields
G1(2%,u?; Ve g(u?,v?) + w? + Va2 g(u?, v?)s) = 0.
Since g(.,v?) + (.)Tw? be second-order G-pseudoconvex at u?, we have

1
g(2? v?)+(2?)Tw? = g(u?, v?)+(u?) w?— ésTszng(uQ, v?)s. (4.16)

Similarly, from (4.2) and (4.3) and hypothesis (D) along with second-order G-

T

pseudoconcavity of g(z?,.) — (.)72? at y?, we get

1
g(xQ, y2)—(y2)T22 = g(xQ, 1)2) — (UQ)TZ2+§TTVy2y2g(l‘2, y2)7‘. (4.17)

Adding equations (4.16) and (4.17), we obtain
1
9(2%,9%) + (%) Tw? = ()" 22— 5T Vyeeg (e, y7)r
1
= g(u?v?) + (u?)Tw? — (UQ)TZZ—ésTszng(uz, v?)s.

Using (22)Tw? £ S(2? | Cy) and (v?)T2%2 < S(v? | Dy), we have

1
9@, y%) + S(2* | Co) = (*)"2" = 5" Vg (@, %)
1
> g(u?,v?) + (u?)Tw? — S(v? | Dy) — 55Tvx2ng(u2, v?)s.  (4.18)

Inequalities (4.15) and (4.18) together yield
flat,yh) + 8@t | Cr) +g(a?,y%) + S(a? | Co) — (y*)7 22

W) [V flah y )+ Vg f ot yl)p]—%pTVylylf («'y")p — %TTVyzyQQ(wQ, y)r
> flul, o) = S | Dy) + g(u?,v?) — S(v? | Dy) + (u?)Tw?

)TV 0V £ 0] ST P 01— 25TV g, 0)s,
that is,
G(x' yt 22 92, 2% p,r) 2 H(u, vl u? v w?, g, 8).
Theorem 4.2 (Strong duality). Let f: Rl x RIfil — R and g : Rl x RIf2l — R
be differentiable functions and let (z', ', 72, 4%, 2%, 22, p, 7) be a local optimal solution
of (SMNP). Suppose that
(i) the matrix V1,1 f(z', §") is non singular,

(i1) V2,29 (72, %) is positive definite and 77 (V29 (72, §%) — 22) = 0 or V2,29 (72, %)
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(
(iii) V,29(Z%,§%) — 2% + Vy2,29(2*, §*)F # 0, and
(7v) one of the matrices % (Vo f(@gY), i =1,2,...,|K;], is positive or negative
definite.

Then p = 0, 7 = 0, there exist w! € C; and w? € Cy such that (2!, ', 22, 5%, w!, w?,q =
0,5 = 0) is feasible for (SMND) and the objective function values of (SMNP) and
(SMND) are equal. Furthermore, if the assumptions of Theorem 4.1 are satisfied
for all feasible solutions of (SMNP) and (SMND), then (z', 7', 2%, 42, 2, 22, p,7) and
(z',9*, 7%, y*, w', w?, q,5) are global optimal solutions for (SMNP) and (SMND), re-
spectively.

Proof. Since (z!, 7', 7% % 2%, 2%, p,7) is a local optimal solution of (SMNP), there
existaw € R, 3 € R¥1l v € RI%2l § € R, n; € RVl and 1, € RI¥2I such that the follow-

ing by Fritz John optimality conditions [114] are satisfied at (z!, 3!, 72, 2, 2!, 2%, p,T) :

o' (Vo f(Z, 7)) +m) + Vo f(2,7") [6— aif']

+Var (Vo f (24, 7') D) [ﬁ — (yl + %p) 1 =0, (4.19)

O‘T(VxQ.g(j"za g2) + 772) + VszQQ(jzv gQ) [7 - 53?2}
1
+v$2 (vy2y2g (iﬂ, g2> 77) |:7 - 5g2 - 50”{| = 07 (420)

V2|5 a0+ ) |+ 90 (Ve 09) [ - (7 4 55) | 0. @)

(V,29(85%) = 2] [0 = 0]+ V,29(a%,57) [y = 5 (5 + 7))
V2 (Va9 (@, 5°)7) [v -8y — éa] =0, (4.22)

Vo f(7'5') [ﬁ—a (7' +p) } =0, (4.23)

V2,29(2°, §°%) {7—5372 —af] =0, (4.24)
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BTV f(@ g =2+ Yy f(2', 5] =0, (4.25)
Y Vyeg(@®, 57) — 2% + Vyp,eg(2%,5°)7] =0, (4.26)
§(7°)" [Vy29(2,9%) — 2° + V,e,29(2%, §°)7] =0, (4.27)
3 € Np,(z"), (4.28)
(= 08)y" +7 € Np,(2°), (4.29)
m € Cy, nizt =S| Cy), (4.30)
n € Cy, maz? = S(z%| Cy), (4.31)
(a,8,7,0) 20, (a,83,7,6) #0. (4.32)

By hypothesis (i), (4.23) gives

B=a(y +p). (4.33)
Since V,2,29(7?, §?) is positive or negative definite, (4.24) yields

v = 07% + aF. (4.34)

Suppose a = 0, then (4.34) implies

v = 6y

Using (4.34) in (4.22), we get

(0= 0) Vi@, 7) = 2 + Vgl | + 19,0 (gl 7000 = 677 =
which on using hypothesis (iii) and vy = §3? yields

a=J0.

As o = 0, therefore the equations o = ¢ and v = 632 give § = 0 and v = 0, respec-
tively. Further, (4.33) implies § = 0. Consequently, («,3,7,d) = 0, contradicting
(4.32). Hence we have,

a > 0. (4.35)
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Subtracting (4.27) from (4.26) yields
T

9= 00| V0 24 Vgl ] =
Using (4.34) and (4.35) in above equation, we get

T (Vy2g(22,5%) — 2°) 47"V y2,09(2°, §°)F = 0, (4.36)
which contradicts hypothesis (ii) unless

7 =0. (4.37)
Equation (4.34) yields

v = 6y°. (4.38)

Using (4.37) and (4.38) in (4.22), we obtain
(= 0) (Vy2g(2%,5%) — 2%) = 0,
which on using hypothesis (iii) and (4.37) gives

a=9. (4.39)
Since a > 0, therefore
o> 0. (4.40)

Now, using (4.33) and (4.35) in (4.21), we get
(Vzﬂ(Vylylf(jlv y")p))p = 0,
which by hypothesis (iv) implies

5=0. (4.41)
By equation (4.33) and (4.41), we have

B=ay. (4.42)
Using (4.35), (4.41) and (4.42) in (4.19), we get

Vo f(@L ") +m =0. (4.43)
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Equations (4.20), (4.35), (4.37) and (4.38) give

Vaag(®,5%) +m2 =0, (4.44)
and hence, we also have

(@) (Va2g(2*,5%) +m2) = 0. (4.45)

Thus (2!, 7', 2%, 72, w' = n, w* = 19,7 = 0,5 = 0) satisfies the dual constraints from
(4.5) to (4.8) and so it is a feasible solution for the dual problem (SMND).
Further, using (4.35), (4.41), (4.42) in (4.25), we obtain

@)V f(@gh) = @ (4.46)
Moreover, since 3 = ay' and a > 0, (4.28) implies ' € Np, (z'), so that
(4")"z' =S(g" | Dy). (4.47)

From (4.29) and (4.38)-(4.40), we get
y? € Np,(z?).

Since D, is a compact convex set in R,
(7*)"2% = S(7” | Da). (4.48)

Therefore, using (4.30), (4.31), (4.37), (4.41), (4.43) and (4.46)-(4.48), we obtain
F@L )+ S@E | C) +9(22,9%) + 5@ | Co) — (1) 2 — (1) [V f(2, )
+Vy f(@ 5P — 507 Vi f(35, 5P — 57 Vizyeg(2, 5%)7
= f(@9") = S@" | D1) +9(2%,5%) = S | D) + (2°)"0? — (21)" [Var (2", 7")
Voo f(21, 98] = 30" Varo f(21,91)7 — 55" Vare2g (22, 57)5,
that is, the two objective function values are equal.
Finally, from Theorem 4.1, we get that (z', 3", %, 9%, 2%, 2%, p,7) and (', ', 2%, *, w?,

w?,q,5) are global optimal solutions for (SMNP) and (SMND), respectively.
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Theorem 4.3 (Converse duality). Let f : R/ x RISl — Rand g : Rl x RI%l — R

be differentiable functions and let (@', ', u?, 0% w', w?, q,5) be a local optimal solu-

tion of (SMND). Suppose that

(1) the matrix V1,1 f(a',0') is non singular,

(11) V2,29 (W2, 9°) is positive definite and 57 (V,2g (@2, 9%) + @?) 2 0 or V2,29 (42, 0°)
is negative definite and 37 (V,2g (42, v2) + w?) < 0,

(iii) Va2g(u?,0%) + 0? 4+ V,2,29(u?, 0%)5 # 0, and

(iv) one of the matrices =25 (Vi1 f(at, '), i = 1,2,...,|J1|, is positive or negative

definite.
Then ¢ = 0, 5 = 0, there exist z! € D; and 2% € D, such that (a', o', 42, v, 2%, 22, p =
0,7 = 0) is feasible for (SMNP) and the objective function values of (SMNP) and
(SMND) are equal. Furthermore, if the assumptions of Theorem 4.1 are satisfied
for all feasible solutions of (SMNP) and (SMND), then (u', o', 42, v, w!, w?, g, 5) and
(ut,v',u? v?, z', 22, p,7) are global optimal solutions for (SMND) and (SMNP), re-
spectively.

Proof. It follows on the lines of Theorem 4.2.

4.4 Second-order mixed symmetric dual programs
with cone constraints

Now we consider the following pair of mixed second-order symmetric dual programs:
Primal Problem (SMP)
minimize L(z', y', 2%, y%,p,r) = f(a',y") + g(2®,9%) — (y") [Vu f (2!, ")

+V 0 f (2! yl)p]—%pTVylylf (z',y )p — %TTvayQQ(xza y?)r,
subject to

— [V fa', y") + Vi f(', yh)p] € Cs, (4.49)
— [Vy2g(x2, y?) + Vyzyzg(xQ, yQ)T} e Cf, (4.50)

(yQ)T [vaQ(x2a y2) + Vy2y2g($2, y2>7ﬂ} 2 0, (451)
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l’l c Ol, l’z c 02. (452)
Dual Problem (SMD)
maximize M(u, 0,02, 0%, q,5) = f(ul, 01) + g(u?, 0%) — () [V, f (s, 0")
1 1
+vmlx1f(u17 Ul)Q}_Qquxlxlf(ulv U1>q - _STvx2m29<u27 02)57

2
subject to
Vo f(ub,v') + Vg f(u', vt)g € CF, (4.53)
Ve g(u?,0%) + Voo g(u?,0?)s € C, (4.54)
(W) [Va2g(u?,0%) 4+ Vizeg(u®, 0%)s] 0, (4.55)
e Cs, v’ e Cy. (456)

(i) f: RVl x RE1l — R and g: RY2l x RI¥2l — R are differentiable functions,
(ii) p € R¥l r € Rl g € RVl and s € RI2.

Theorem 4.4 (Weak duality). Let (z!,y*, 2% y% p,r) be feasible for (SMP) and
(u',v',u? 1%, q, s) be feasible for (SMD). Let the sublinear functionals Fy : Rl x
R x RN — R, Fy : RE x RIKil x RIS R Gy - RV2I x RI21 x RI2l — R and
G, : RI%el x RIE2l » RIF2l s R satisfy the following conditions:

Fi(zhutsab) + (aV)Tul 2 0, for all a* € Cf, (A)
Fy(v' yt;a?) + (a®)Ty! 20, for all a® € C3, (B)
Gi(z%u?;0Y) + (B Tu? = 0, for all bt € C3, (@)
Gao(v?: y%0?) + (0*)Ty? = 0, for all b* € Cj. (D)

Suppose that

(i) f(.,v') be second-order (F},p;) convex at u', and —f(z!,.) be second-order

(F3, pa) convex at y',

(1) g(.,v?) be second-order (G1,01) pseudoconvex at u?, and —g(z?,.) be second-

order (G, 02) pseudoconvex at y?,

(ii1) either pyd?(z!,u') + padi(v',y') = 0 or py, pa = 0, and
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(iv) either oyd3(x?, u?) + o9d3(v?,y?) Z 0 or 01,09 = 0.

Then
L(ml’ yl’ I27 y27p7 T) z M(u17 Ul? u27 v27 q7 S)'
Proof. By the second-order (F}, p;) convexity of f(.,v!) at u! and the second-order

(Fy, p2) convexity of —f(z!,.) at y!, we have

Ft o) = f(ut o) 50V S o)

Z Fy (xlu ul; Vxlf(ulu Ul) + Vxlxlf(ulvvl)Q) + pld%(xlu ul) (457)
and

[t y') = fat o) - %pTVylylf(xl,yl)p

2 Fy (v gt = (Vi fah y) + Vi fat, 9)p)) + pad (vt yt). (4.58)
Adding the inequalities (4.57) and (4.58), we obtain

1 1
f(x17y1> - f<u17 Ul) + aquxlwlf(ulu Ul)q - §pTvy1y1f(x17 yl)p z Fl(xlaul; vx1f<u17 Ul)
+V:r1x1f(u17vl>q) + F2 (U17y1; - (vy1f<x17y1> + v,741311.]0(‘,1717 yl)p))

+odi(at ut) + padi (vt yt).  (4.59)

Since (z!,y*, 2%, y%, p,r) is feasible for primal problem (SMP) and (u!, v, u? v?, ¢, s)

is feasible for dual problem (SMD), by the dual constraint (4.53), the vector a' =
Ve f(ul, o) + Vo f(u!, vl)g € Cf, and so from the hypothesis (A), we obtain

Fi(zt u'sab) + (') ut 2 0. (4.60)
Similarly,
(v ytsa®) +(a®) Ty 20, (4.61)

for the vector a? = — [V f(a!,y") + Vau f(at, yt)p) € CF.
Using (4.60) and (4.61) and hypothesis (iii) in (4.59), we have
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1 1
f(l’17 y1>_f(ula U1)+§qux1xlf<u17 Ul)q - §pTvy1y1f(x1, yl)p 2 _(ul)Tal_(yl)Taz'

Substituting the values of a! and a?, we get

ft ) = WY IV f @ y') + Vg fat y')p] — %pTVylylf(f, y p

Z f(ulvvl) - (ul)T[vxlf(u17U1) + V:lelf(ula UI)Q] - %qumlxlf(ulv Ul)Q' (462)

By hypothesis (C) and the dual constraint (4.54), we obtain

Gi(2%,u?; Ve g(u?, v?) + Ve g(u?,v?)s) 2 —(u?)T [Vaeg(u?, v?) + Viaza2g(u?, v?)s]
which on using the dual constraint (4.55) yields

G (22, u?; V2 g(u?, v?) + Vee2g(u?, v?)s) = 0.

Since g(.,v?) be second-order (G4, 0;) pseudoconvex at u?, we have

1
g(x*v?) = g(u?,v?) —ésTvggzng(uQ, v?)s+oyda(2?, u?). (4.63)

Similarly, from (4.50) and (4.51) and hypothesis (D) along with second-order (Gsg, 02)

pseudoconvexity of —g(z?,.) at y?, we get
1
g(2®,y?) 2 g(2?, U2)+§TTvy2y2g(l‘2, Y2 )r+oodi(v?, y?). (4.64)
Adding equations (4.63) and (4.64) and using hypothesis (iv), we obtain
1 1
g(.I'Q, yQ) - §TTvy2ygg(x27 y2)7" i g(’U/Q, UQ) - §5Tvx2129(u27 Uz)s' (465>

Equations (4.62) and (4.65) together yield

flatyh) + 9@ y) — W) [V fah yt) + Vi fat yl)p]—%pTVylylf(ﬁyl)p

—%rTvyzyzg(xQ, y2)r = fut, v ) +gu?, v?)—(uh) [V f(u', 1)+ Vi f(u', v )q]
Vo f(0 0)g — 55 Vg2, )5,

that is,

Lz, gyt 2% 9%, p,r) 2 M(ul, vt u? 02, q, 5).

Theorem 4.5 (Strong duality). Let f : RVl x RIFil — R and g : RI2l x RI¥2l — R

be differentiable functions and let (z!,4', 72, 4% p,7) be a local optimal solution of

(SMP). Suppose that
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(i) the matrix V1,0 f(Z', ") is non singular,

(i) V2,29 (T2, §*) is positive definite and V2g (2%, §%) 7 = 0 or V2,29 (2%, 7?) is
negative definite and V,2g (z%,4%) 7 < 0,

(ii1) Vy29(Z%,5%) + V,2,29(2*, §*)F # 0, and

(7v) one of the matrices % (Vo f(ZhgY), i =1,2,...,|K], is positive or negative
definite.

Then p=0,7 =0, (z', 4", 72, 5%, = 0,5 = 0) is feasible for (SMD) and the objective

function values of (SMP) and (SMD) are equal. Furthermore, if the assumptions

of Theorem 4.4 are satisfied for all feasible solutions of (SMP) and (SMD), then

(z', 54, 2% 2, p,7) and (7', 9", 7%, 4%, q,5) are global optimal solutions for (SMP) and

(SMD), respectively.

Proof. Its proof follows on the lines of Theorem 4.2 of this chapter, taking 7, = 0,

12 = 0 and Theorem 3.2 in [12].

A converse duality theorem may be merely stated as its proof would run analogously

to that of Theorem 4.5.

Theorem 4.6 (Converse duality). Let f : R/ x RS — Rand g : RV2I x Rl — R

be differentiable functions and let (u', o', @2, 9%, q,5) be a local optimal solution of

(SMD). Suppose that

(1) the matrix Vi, f(u!, 0') is non singular,

(71) Va2a29 (@2, 0%) is positive definite and V,2g (#%,0%) 5 = 0 or V,2,29 (4%, 0?) is
negative definite and V,2¢g (u%,72) 5 < 0,

(1ii) Va2g(u?,0%) + Vaza29(u?,9?)s # 0, and

(7v) one of the matrices a%ll (Varg f(ut,0)), i =1,2,...,|Jy|, is positive or negative
definite.

Then ¢ =0, 5=0, (a',v', 4> v?,p = 0,7 = 0) is feasible for (SMP) and the objective

function values of (SMP) and (SMD) are equal. Furthermore, if the assumptions

of Theorem 4.4 are satisfied for all feasible solutions of (SMP) and (SMD), then

(', v', 4% v2,q,5) and (a',v', u? v2, p, ) are global optimal solutions for (SMD) and
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(SMP), respectively.

4.5 Special cases

In this section, we will consider some of the special cases of the problems considered
in Section 4.3 and Section 4.4 by choosing particular forms of .J;, Jo, K1 and K, and

closed convex cones C, Cy, C3 and Cy and compact convex sets.

(i) If J, = 0 and K5 = (), then our problems (SMNP) and (SMND) reduce to the
programs (PP) and (DP) studied in Gulati and Gupta [57].

(it) It Jy = 0, Ky = 0, C; = {0} and D; = {0}, then (SMNP) and (SMND) are
reduced to the programs (SP) and (SD) studied in Gulati et al. [55] with the

omission of nonnegativity constraints from (SP) and (SD).

(ii7) If J; = 0 and K; = @ in (SMNP) and (SMND), then the programs studied in
[70] are obtained.

Further for all cases, C; = R‘jr]ll, Cy = R‘fl, Cy = R'fll and Cy = RKQI.

(iv) If J, = 0 and Ky = 0, then our problems (SMP) and (SMD) reduce to the
programs (SP) and (SD) studied in Gulati et al. [55] and if J; = 0 and K; = ()
in (SMP) and (SMD), then the programs (SP1) and (SD1) of [55] are obtained.

(v) By eliminating the second-order terms, our problems (SMP) and (SMD) reduce
to the mixed symmetric dual programs studied by Chandra et al. [39].



Chapter 5

SECcOND-ORDER MULTIOBJECTIVE

MIxeED SYMMETRIC DUAL PROGRAMS !

5.1 Introduction

Bector et al. [26] and Yang et al. [135] obtained duality results for mixed symmet-
ric multiobjective differentiable and single objective nondifferentiable programming
problems. Aghezzaf [4] formulated second-order mixed type dual for multiobjective
programming problems and achieved duality theorems under generalized second-order
(F, p)-convexity assumptions. Ahmad [6] studied invexity/generalized invexity for
mixed type symmetric dual in multiobjective programming problems ignoring non-
negativity constraints of Bector et al. [26] but adjoining an additional constraint on
invexity /generalized invexity. Recently, Ahmad and Husain [12] discussed a pair of
multiobjective mixed symmetric dual programs over arbitrary cones and established
duality results under K-preinvexity/K-pseudoinvexity assumptions.

In the present chapter, we formulate a pair of second-order multiobjective mixed
symmetric dual programs over arbitrary cones. Weak, strong and converse duality

theorems are proved for these programs under second-order invexity/pseudoinvexity

LA part of this chapter has appeared in Nonlinear Analysis: Real World Applications12 (2011)
3373-3383.
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assumptions. For notations, refer Section 4.2 of Chapter 4. In mathematical pro-
gramming there are a large number of papers discussing duality theory for a prob-
lem involving the square root of a positive semidefinite quadratic function, (xTBx)%
[5, 10, 35, 37, 110, 118]. These types of problems are important due to the fact
that, even though the objective function and/or constraint functions are nonsmooth,
a simple representation for the dual problem may be found. Using such a function
we construct a pair of multiobjective second-order mixed symmetric dual programs
in Section 5.3. The usual duality results are then established using the notion of
second-order F-convexity /pseudoconvexity assumptions. Special cases are discussed

to show that our study extends some of the known results in [10, 13, 55, 62, 124, 140].

5.2 Mixed type second-order multiobjective sym-
metric duality with cone constraints

Now we consider the following pair of multiobjective mixed second-order symmetric
dual programs:

Primal Problem (MSP)

minimize

Gat, gt 22 2 Nop,rt, o rh) = {Gl (xl, yt 2?2 N\ p,rt ,rl) ,

G2 (x17y17$27y27)\7p7 7,,1’ s 7TZ) AR 7Gl ($17y1>$273/2>)\ap77’17 ce 77,l) }

subject to
I
- Z NIV fi(z' y') + Vi filat y')p) € C, (5.1)
i=1
I
- Z NilV20i(2*,y°) + V2,29:(2%, y*)r'] € Cf, (5.2)
i=1
l .
(y*)" Z Ai (Vy20i(22, %) + Viyeg:(2®, y*)r') 20, (5.3)
i=1
)\Tel = 1, (54)

A>0, 2t € Oy, 2% € Cs. (5.5)
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Dual Problem (MSD)

maximize

1,1 ,2 2 1 N 1,1 ,2 2 1 I
H(u,v,u,v,/\,q,s,...,s)—{Hl(u,v,u,v,)\,q,s,...,8),

1,1 ,2 2 1 ! 1,1 ,2 2 1 !
Hg(u,v,u,v,/\,q,s,...,s),...,Hl(u,v,u,v,)\,q,s,...,s)}

subject to l
D Xl Var fiu!,0") + Vo fi(u', 0")g) € Cf, (5.6)
ilzl
D XilVa2gi(u, 0%) + Vizegi(u?,0°)s] € Cs, (5.7)
. l
(W)Y "N (Va2gi (1, 0%) + Ve gi(u?,0°)s") £ 0, (5.8)
=1
Me =1, (5.9)
A>0, vt €y, v?eCy. (5.10)
where fort =1,2,...,1

Gi(x17y17x27 y27 )‘7p77117 L ,Tll) - fi(x17y1> + gi(x27y2>
— (T N (Vi filat, yh) + Vi fi(zt, yh)p)

=1
l . .
—3p" ; Ai (Vg fi(zh, yM)p) — 5 (1) Ve gi(2?, ),
Hi(u17 Ul? U2, /U27 )‘7 q, 317 ey Sl) = fi(ula Ul) + gi(u2a UQ)
- (u1>T Z )\’L (vxlfi(ula Ul) + vxlxlfi(U'l? vl)Q)

=1
l

- %qT ; Ai (vxlxlfi (Ul, Ul)Q) - %(Si)Tvaﬂzﬂgi (UQ, UQ)Siu
and

(i) fi: R x RIS — R and g; : RV2! x RI¥2l — R are differentiable functions

(ii) Cy, Cy, C3 and C, are closed convex cones with nonempty interiors in Rl

Rl RIEi and R respectively,
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(iii) p € R qge RN ri e Rl st e Rl N e Rland ¢, = (1,...,1)T € R.

Theorem 5.1 (Weak duality). Let (z', 9%, 22,42, \,p, 7!, ..., ') be feasible for (MSP)
and (ul, v, u?, 0% X\, q,st, ..., s") be feasible for (MSD). Let

! !
(1) > N\ifi(.,v1) be second-order invex with respect to n; for fixed v, and — > \; fi(2?, )
i=1 i=1
be second-order invex with respect to n for fixed ! with n (2!, u') +u! € C;

and ny(v!, y') +y' € C3 and
!
(i1) > Nigi(.,v?) be second-order pseudoinvex with respect to 73 for fixed v?, and
i=1

I
— > Nigi(22,.) be second-order pseudoinvex with respect to n4 for fixed 2 with
i=1

ns(2?,u?) +u?* € Cy and (v, y?) + 3> € Cy.

Then

Gzl y', 22 2 \p,rt, e £ H(u ol u? 02 N, g, st 8h).
Proof. Suppose, to the contrary that

Gat, gt 22 2 \op,rt, oY) < H(ub o u?, 0% 0, ¢, 81, .. 8h),
that is,

{Gl («h yt 2% 2 A p,rt ) G (2t gt 2y A p )

e 7Gl (ﬂfl,yl,$2,y2,)\,p, Tl? s 77,'1) } S {Hl (ulavlau2vvza)\>q7 317 . '731) )

1,1 ,2 2 1 ! 1,1 ,2 2 1 !
Hg(u,v,u,v,/\,q,s,...,s),...,Hl(u,v,u,v,)\,q,s,...,s)}.

Then, since A > 0, we have
! !
SN ) ) = O AT )+ T il )
i=1 i=1
l

1 1 . )
_§pT Z Ai(vylyl fi(x17 yl)p) - 5(71)Tvy2y2gi(5p27 yQ)TZ}

i=1
I I
< Z )\i{fi(ul, o) + gi(u?,v?) — (u')” Z (Vo fi(u',0) + Vi fi(u',v1)q)
i=1 i=1
([ 1
LT (Vs (oM — (YT s was (12 028 b '
50" D Ai(Vara fi(u 01)q) = S () Vazaagi(u®, v%)s } (5.11)

=1
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I I
By second-order invexity of >_ \;f;(.,v!) and — > \; fi(z!,.) with respect to n; and
i=1 i=1
ny for fixed v! and z!, respectively, we have

l
Z )‘i{fi('xlavl) - fi(ula Ul) =+ %quxlxlfi(ula vl)Q}

I
>l (2t ub) Z N[V fi(u', 01 + Vi fi(u', 1) ], (5.12)

i=1
and

!
Z/\i{fi(x17yl) — filz!,0") - %pTvylylfi(xlayl)p}
i=1

l
> —ny (v, y") Y NIV fila'y) + Vi fila', " )pl. (5.13)

i—1
Since (ul, vl u?,v% X, q, s, ..., s!)is feasible for (MSD), from the dual constraint (5.6)
and m (2, u') + u!' € (4, it follows that

e ut) w7 AV filu!01) + Vi fiud 00)g] 2 0,

which implies -

!
ni (x*,u") Z N[V fi(u', 0") + Vi fi(u', 0')g)
i=1
I
— (@)Y N[V fi(u!, v") + Vo fi(u!,v")g]. (5.14)

i=1

1\

Similarly, from the primal constraint (5.1) and ne(v', y') + y' € C3, we have

l
_775@}17 yl) Z )‘i[vylfi(xl> yl) + vylylfi(xla yl)p}

i=1
l

(y")" Z NIV filz' y') + Ve izt yh)pl. (5.15)

i=1
Using (5.14) in (5.12) and (5.15) in (5.13), we get
l
> )\z‘{fz‘(l"la Ul) - fi(ula Ul) + %C]Tvxlxlfi(ul, Ul)(l}
i=1
I

_(ul)T Z )‘i[vxlfi(ulv Ul) + vwlxlfi(ula Ul)Q]a

=1

1\

v
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and

,:lzlAi{fxxl,yl) a0t = TV Sy )

= (y ) Z)‘[ ylfi(mlayl)+vy1y1fi(x1’yl)p]'

It follows from the above inequahtles and Ae; =1 that

l
Z)‘z{f1<m1ayl) - (yl)TZ Ai[vylfi(‘rl)yl) + vylylfi(x17y1)p]
=1 =1

l

——pTZA s filzh yh) )}5Z)\i{fi(ul,vl)—(ul)TZ/\i[Vxlfi(ul,vl)

=1
l
1
‘l‘vxlxlfi (ulv Ul)Q] - éqT Z Ai(vmlmlfi(ula Ul)Q) } . (516)
i=1

By n3(2%,u?) +u* € Cy and the dual constraint (5.7), we get
[1s(2%,62) + @217 50 N[V ass(u, %) + Vonyogi(u,12)51] 2 0,
which on using tﬁg 1duaul constraint (5.8) yields

% 00) 3N a0 07) + Voo (2,025 2 0

Since > N\igi(.,v?) is second-order pseudoinvex with respect to 73 for fixed v?, we

have
l l 1
> Xlgi(@® )] 2 Nilgi(u?, ) —§(si)Tvzzm2 gi(u®,v?)s']. (5.17)
=1 =1

Similarly, from (5.2) and (5.3) and n4(v?,4?) + y* € C, along with second-order
I

pseudoinvexity of — > \;g;(2?,.) with respect to ny for fixed x2, we have
i=1

S 2 3Nl o)+ 50V e ) (518

i=1

Combining (5.17) and (5.18), we have
1, . ‘
ZA {gz wy’) = 5(r ’)TVy2y291($2,y2)7”}

l
1 . .
>3 A {gi(uz,”u?) -~ 5(31)Tvx2ngi(u2, v?)st|. (5.19)
=1
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Equations (5.16) and (5.19) together yield
l l
; )\z‘{fz‘(fl y') +gi(=* %) — (y")" ; (Vo fi(zh yh) + Vi fi(z' y')p)

l . .
— 17 Zl Ai(Vyr fi(zh, yh)p) — () TV 2y 95(22, y2)”}

1=

! !
>y )\i{fi(ul, b+ gi(u?, v?) — (uh)T S0 N (Vo filul, 01) + Vi fi(ut, vl)g)
i=1 i=1
l . .
— %qT ; i (Vg fi(ul, vh)g) — %(s’)Tvzzwzgi(uz, Uz)s’},

which contradicts (5.11). Hence the results.
Theorem 5.2 (Strong duality). Let f : Rl x RIE1l — RV and g : B2l x RI%2l — R
be differentiable functions and let (z', ', 2%, 9% A\, p,7%,...,7) be a weak efficient

solution of (MSP). Suppose that
(i) the matrix V1,1 (AT f)(z!,4") is non singular,
(¢i) the matrices V2,29 (22, 9%) for i = 1,2,...,1 are non singular,

(ii7) the set {vy2g1<i’2, U2+ Viyz2q1 (22, 52t . Vieg(72, §2) + Ve g1 (22, gf)fl}

is linearly independent,

(iv) for some o € R, (0 > 0) and 7 € Rl 7 £ 0 (i = 1,2,...,1) implies that

1 ) '
; oi(7)" {Vyzgi(ﬁ 72) + V220,32, 727 | #0,

MN

(0) SNV (Vi fi(ZH 51)D)D ¢ span{ V. fi(zL, 51), ...,V fi(zh, 55 }\{0}, and

1

-
Il

-

-
Il
fa

(vi) S\i(Vy1(Vy1y1fi(fl, y")p))p = 0 implies p = 0.

Then p =0, 7 =0, fori =1,2,...,0, (', 54,22, 9>, \,¢=0,5' = ... = 8 = 0) is
feasible for (MSD) and the objective function values of (MSP) and (MSD) are equal.
Furthermore, if the assumptions of Theorem 5.1 are satisfied for all feasible solutions
of (MSP) and (MSD), then (z',%', 2%, 4% )\, ¢ = 0,58" = ... = 8 = 0) is an efficient
solution for (MSD).

Proof. Since (z!,7',2% 4% \,p,7,...,7) is a weak efficient solution of (MSP),
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there exist « € R, 3 € C5, v € Cy, £ € Ry, n € R and § € R, such that
the following by Fritz John optimality conditions ([123], Lemma 1) are satisfied at
(@' 2%, 9% A p, )

l

{ ZO&Z' 21 Ji Z 1fz ,yl) [ﬁ — (ozTel)gjl]

i=1

l

—ZA[ i (@ ,yl)—f—vy1y1fi(xl,y)p] (aTe) =0,  (5.22)

i=1

£
l—|
l\i
9
@
\_/
l\)l)—l

(Vi (Ve (707) 7)) + zx{g 2 )

+Vy2 (Vy2yegi (7%,9°) 7 )][V_fyﬂ_ézj\i(V?gz( 20 + Ve (72,5%) ) = 0, (5.23)

=1

5= (@) 7| 9 (27 + [0 = 657] V(e - e+ { [ 5~ (a7

T T
(yl + %p) } Vg fi (249" D, ..., [ﬁ — (ae) (yl + %p)} Vg fi (24, 9) p}
+{ [V - fgjﬂTvangl(jQ,ng)fl, - [1/ — ng}T V2201 (Z ( 1 ) } =0, (5.24)

Vylyl(/\Tf)(fl,gl) [ﬁ (a el) (y +p)] 0, (5.25)
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T

[ (v—&5°) N — ozifi] Vy220:(72,7%) = 0, i=1,2,...,1, (5.26)

l —
BTN NIV i@ 5 + Vo £z 5P =0, (5.27)
i=1
l —
VI NIV e gi (@) + Ve g:(2, 57 = 0, (5.28)
i=1
l _ .
"D NIV2gi(@ 57) + V(2 577)F] = 0, (5.29)
i=1

n[Ae; — 1] =0, (5.30)

§'A =0, (5.31)

(a, B,v,€,m,0) # 0. (5.32)
Since A > 0 and 6 = 0, (5.31) implies § = 0.
As V1, (AT f)(z', ') is nonsingular, by (5.25), we get

B =(a’e)(y' +p). (5.33)
From (5.26) and hypothesis (ii), we have

(V=N = i, i=1,2,...,1 (5.34)
Now, we claim that o; # 0, ¢« =1,2,...,[. Otherwise, if for some [y, oy, = 0, then it

follows from A;, > 0, and (5.34) that

v = i

From (5.23), we get
I

i=1

l . _ .
-+ Zjl V2 (Vo220 (22, 5°) ) [(1/ — &P N — %aﬂ’z}

By using (5.34), it follows that

l _ .
> (o —EN) |:Vy2gi (Z%,7%) + V2,29, (%, 5%) TZ]
i=1

l — .
+§ ; by {Vyz (Vy2yzgi (72, 9%) r’)} {1/ — fyz} =0,

— l —_ .
> (@i = EN) Viegi (72, 7%) + ; AiVy2y20; (22, 7%) {v — &% — &”}
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which on using hypothesis (iii) and v = £¢? yields oy = €Ny, i =1,2,...,1.

As A >0, i=1,2,...,l and oy, = 0, for some [y, the above equation shows ¢ = 0.

Now, using & = 0, the equations v = €% and o; = &N, @ = 1,2,..., 1 give v = 0

and a; = 0, V i. Further, (5.33) and (5.24) implies § = 0 and n = 0, respectively.

Consequently, (a, 3,v,&,m,9) =0, contradicting (5.32). Hence a; > 0, V 1.

Subtracting (5.29) from (5.28) yields

[V - @—2] DA {vy?gi(fz7 %) + V2 0:(22, QQ)W] =0,

i=1

Using (5.34), we get

!
> ai(m)” |:vy2.gi(x27 7°) + V,2,20,(72, yZ)Ti] = 0.
i=1

By the hypothesis (iv) with a; >0, i =1,2,...

As A\ >0, i=1,2,...,1, (5.34) yields

v = E°.

Using (5.35) and (5.36) in (5.23), we get
l _

> (i = EN) [Vyegi (22,57)] = 0,

i=1

which on using hypothesis (iii) and (5.35) gives

=&\, i=1,2...,1

, 1, we have

(5.35)

(5.36)

(5.37)

From (5.37) and ATe; = 1, it is clear that aTe; = £(\Te)) = €. since oy > 0, i =

1,2,...,1, therefore

E>0.

(5.38)

Now using (5.33) and «; > 0, Vi in (5.22), we get
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which by hypothesis (v) and (vi) implies

5=0 (5.39)
From (5.39) and (5.33), we obtain
g=(a"e)y. (5.40)
Using (5.37)-(5.40) in (5.20), we have
a'— TZ)\ Vo fi(@' ') 20, for all 2! € C). (5.41)

Let 2! € C}. Then z! + z! € (4, as C is a closed convex cone, and so (5.41) implies

(ah)T Z)‘Vlfz( y') =20, for all a' € (.

Therefore,
l —
> AV fi@,yt) € . (5.42)
i=1
Also from «; >0, i =1,2,...,0 and (5.40), we have
_ 5
I = € Cs.
Yy oTe; 3

Moreover, equations (5.21) and (5.35)-(5.38) give

I
(22 —2° Z 220:(Z%, %) 20, for all 2* € C,. (5.43)

Let 22 € Cy. Then 22 4+ 72 € Cy, as (s is a closed convex cone, and so (5.43) implies

L
(@) ST NiVa2gi(72,52) 2 0, for all 22 € Cs.
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Therefore,

l
> AiVargi(@, %) € C5. (5.44)

i=1

Also from (5.36) and (5.38), we have

@2 = % S 04.
Now, letting 22 = 0 and 22 = 277 in (5.43), we get
l —
)Y " NiVaegi(3 %) = 0. (5.45)
=1
Thus (2%, 9%, 2%, 9%\, ¢ = 0,58 = ... = 8 = 0) satisfies the dual constraints from

(5.6) to (5.10) and so it is a feasible solution for the dual problem (MSD).
Similarly, by putting ! = 0 and z' = 2z' in (5.41), we obtain

l
Z Vo fi(@',g') =0. (5.46)

Further, using o;; > 0, V 4, (5.39) and (5.40) in (5.27), we get

Z AV (7 7Y = (5.47)

Therefore, using (5.35), (5.39), (5.46) and (5.47), we get
!

LA 7)o@ 7)) AT PV S 59D S AT il 7))

L _
=3PV 21 (22,777, (@ )+ 9@, 52)— (@) X M(Vy fi(@, 5 )+ Vo fi(Zh, 5Y)D)

=1

~

1
Lo_
_%(§1>Tv121291(j273y2>§17"-7fl(_1 y )_'_gl( 7@2)_<£1)T2Ai<vx1fi(f Y )_'_vxlxlfi(‘/z.l?gl)q_)

i=1

lo_
_%qT ; >\i<vzlmlfi(j17 gl)q_) - %(§l>Tvx21291(j27 ,g2)§l}

that is:the two objective function values are equal.
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Now, let (z', 7,22, 9%, \,g = 0,5' = ... = 8 = 0) is not an efficient solution of
(MSD), then there exist (@', 0!, 42,92, \,§=0,5' = ... = 5" = 0) feasible for (MSD),
such that,

{G1 (7", 2% %\ o, 7. 7)) G (B g 2R A A D T LT

11 =2 2 = ! 1 -1 =2 =2 Y & 2l =
>Gl(x7y>$7ya)‘7p>r7 ’7,.) S{Hl(uavauvva)‘>qasv ) )7
H, (a',0',a%,0% A\, q,5,...,8") ... H (a0, @ 0% X, q,5",...,§) }
which contradicts weak duality theorem. Hence (z%, 9%, 2%, 9%, )\, ¢ =0,5' = ... =3 =

0) is an efficient solution of (MSD).
Theorem 5.3 (Converse duality). Let f : RViIx RIS — Rland g : RV2Ix RIK2I — RI
be differentiable functions and let (u!, o', u%,v% X, q,5%,...,5') be a weak efficient so-

lution of (MSD). Suppose that
(1) the matrix Vi1 (AT f)(at,0') is non singular,
(i1) the matrices V,2,2¢; (u?,v?) for i = 1,2,...,1 are non singular,

(ii7) the set {angl(uz,v2)+V$2I2gl(u2,U2)sl, o ,szgl(UZ,02)+szngl(u2,vz)sl}

is linearly independent,

(v) for some o € R, (o > 0) and § € R 5 £0 (i =1,2,...,1) implies that
!
> a(5)" {Vﬂgi(fﬂ 02) + Vg gs(W2, 0%)5 | #0,
i=1

—~

(V) S NVt (Vg fi(ah, 91)q))q & span{ V1 fi(ul, v'), ..., Vi fi(at, 91) }\{0}, and

i=1

.
Il

[
(vi) 3" Ni(Var (Ve fi(a', 0)7))q = 0 implies § = 0.
=1

Then ¢ =0, 5 =0, fori = 1,2,...,1, (¢!, 2" a*, 02, \,p=0,7' = ... =7 = 0) is
feasible for (MSP) and the objective function values of (MSP) and (MSD) are equal.
Furthermore, if the assumptions of Theorem 5.1 are satisfied for all feasible solutions

of (MSP) and (MSD), then (a@',v',a% 9%, \,p = 0,7' = ... = # = 0) is an efficient
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solution for (MSP).

Proof. It follows on the lines of Theorem 5.2.

5.3 Multiobjective nondifferentiable second-order
symmetric dual programs

Now we consider the following pair of multiobjective mixed second-order nondiffer-
entiable symmetric dual programs and discuss their duality results:

Primal Problem (NKP)

minimize

N<x173/171327927w27>\7p7 T) = {N1<x17y17'r27y27w%7>\7p7 Tl)a s 7Nl ($17y17x27y27wl27)‘7p7 rl) }

subject to

El: N[V fi(z' y') — Bw' + Vo fi(2', y")p] £ 0, (5.48)

=1

l

Y AilViegia® ) = Ciwf + Vieegi(a® )] £ 0, (5.49)

i=1

l
()" Z i (Vy2gi(:132, y?) — Ciw? + Vyzyzgi(xg, y2)ri) >0, (5.50)

=1

(w)TEw' £1, (5.51)
(wHTCow? £1,i=1,2,...,1, (5.52)
Me =1, (5.53)
A > 0. (5.54)

Dual Problem (NKD)
maximize
K(ut, vl u?,0v% 22\, q,8) = {K1 (ul,vl,uz, v? 22\, q, sl), ¢ (ul,vl,UQ,UQ, 22\, q, sl) }

subject to
!

D X[ Varfiul,v") + Dzt + Vo fi(u',v')g] 20, (5.55)

=1
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l

D XilVagi(u®, 0%) + Bz} + Vizpegi(u?,0°)s'] 2 0, (5.56)

=1
(u?)" ZZ: Ai (Va2gi(u®,v*) + Biz? 4 Vi2,20:(u®,0%)s') £ 0, (5.57)

=1

(HTDt L1, (5.58)
)TC22 <1, i=1,2,...,1, (5.59)
Me, =1, (5.60)
A > 0. (5.61)

where A € R, ¢, = (1,...,1)T € R, p,w' € Rl and ¢,2' € R, D and E are
positive semidefinite matrices in R”7'l x R/l and R x Rl respectively and for
i=1.2....1

Ni(al gt 22, y% w, A, p,r) = filal, ) + ((21)TDat)?

i=1
l . .
+ vyly1 fz (xlv yl)p) - %pT ; >\z (vylyl fi(xla yl)p) - %(TZ)Tvy2y2gi(x27 y2)7,z’
Ki(ul, ot u2 0%, 22, M q,8) = fiul,o!) — ((v!)TEo')?
+ gi(u?,v?) — ((UQ)TCivz)% + () Bzt — (u)T 3 Ni(Var fi(ut, )
l
+Vx1w1 fi(ula UI)Q) - %qT Z )‘z (vxlxl fi(ula Ul)q) -

i=1

(s)TV y2,295(u?, v?)st,

N |+

and
(1) fi: R x RIK — R and g; : RV2! x R¥2l — R are differentiable functions

(ii) B; and C; are positive semidefinite matrices in RI”2l x RI’2l and RI®2l x RI%l,

respectively,
(i3i) v, w? € RI%2l and s, 22 € RI2I,

Theorem 5.4 (Weak duality). Let (z!, y', 2%, y? w', w? A\, p,r) be feasible for (NKP)

and (u', vt u? 02 21, 2% )\, q, s) be feasible for (NKD). Let the sublinear functionals
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Fy : RN x RIATx R — R, Fy : R RIEx BRI R Gy RI2Ux RI2Ix RI2
R and Gy : RI¥2l x RIFel x RIK2l 5 R satisfy the following conditions:

Fy(z!uta') + (a)Tul >0, for all a' € R, (A)
Fy(vt, 4t a2) + (a®)Ty! 2 0, for all a® € R, (B)
Gi(z2, u2;bY) + (b1 Tu2 2 0, for all b € R/ (C)
Go(v?, 5% b2) + (b¥)Ty2 = 0, for all b2 € R (D)

Suppose that
!
(1) Z Ai(fi( ") 4 (.)TDz") be second-order Fi-convex at u', and Y A;(fi(z!,.) —
i=1
(. )TEw ) be second-order Fy-concave at y',

(47) Z Ai(9i(-, v3)+ ()T B;2?) be second-order G;-pseudoconvex at u?, and Zl Ai(gi(2?,.)—
(.)TCyw?) be second-order Gy-pseudoconcave at y2.

Then

Nzt oyt 2 y? w?, N p,r) £ K(ub, ol u? 0%, 22 0, g, 8).

Proof. Suppose, to the contrary, that

Nzt gt 2?2 y% wi N\ p,r) < K(ul, vt u? 02,22, X, q, 8),

that is,

{Nl (zh, yt, 2% i wi A p,rt), o N (2t gt 22 g2 wE A p, ) }

1,1 ,2 .2 .2 1 1,1 ,2 .2 .2 !
S{Kl(u,v,u,v,zl,/\,q,s),...,Kl(u,v,u,v,zl,)\,q,s)}.

Then, since A > 0, we have

Z {fz 2Ly + (@) Da')? + gi(a® ) + ()T Ba?)? — ()" Cow? — (yl)TZAi(Vylfi(xl,yl)

1 1, .
+Vy1y1fi<x1ay1)p) - §pTZ/\Z (vylylfi(xlayl)p) - §(TZ)TVy y2gz $ y } Z)\ {fz U U

— (W) E0")? 4 gi(w?,v?) — ()7 Civ?)? + ()T Biz2 = () S N(Var filu!, o)

i=1

+Vx1z1fi(U1,U1)Q) — %qTZAi (Vx1z1fi(u1,v1)q) — ;( NV o2 i (U, v?)s } (5.62)

=1
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I
By the second-order Fi-convexity of Y A;(fi(.,v') + ()" Dz') at u' and the second-

i=1

I
order Fy concavity of 3 \;(fi(z!,.) — ()T Ew') at y', we have

i=1
I
Z )\i{fi(:vl, o) + (T D2t — fi(ut, 0" — (W) D2+ %quxlzlfi(ul, vl)q}
i=1
l
> I <x1, ut Z X[V fi(ut, 0") + Dzt + Vo fi(u!, vl)q}> (5.63)
i=1

Z)‘l{fl(xlay1> - (y1>TEw1 - fi(x17vl) + (1}1>TEU)1 - %pTvylylfi<x17y1>p}

= ( s Z)\ afil@ty') — Bw' +Vy1y1f,-(x1,y1)p]> .(5.64)

Since (2!, y!, 2%, y*, w', w? \, p,r) is feasible for primal problem (NKP) and (u!, v!, u?,
v? 21 2% )\ q, s) is feasible for dual problem (NKD), by the dual constraint (5.55), the
!
vector a' = 3 N[V fi(u, ') + Dzt + Vo fi(u!, vh)g] € R'jrh‘, and so from the
i=1

hypothesis (A_), we obtain

Fi(z*ubyat)+(ah)Tu > 0. (5.65)
Similarly,

By a®)+(a®)Ty' 20, (5.66)
for the vector a? i N[V filzt,yt) — Bw' + V0 fi(2h y')p] € RLKII.

Using (5.66) in (5.64) a:nd (5.65) in (5.63), we have

Z)\l{fz(x LoD+ (2HT D2 fi(ut, o) —(u! )TD21+%QTV$1x1fi(u1,vl)q} > —(u')Tal,
=1

and

z Ai{fxxl,yl)—(yl)TEwl—fxxl,vl>+<v1>TEw1—§pTvy1y1fi<ml,y1>p} > (g2,



Adding the above inequalities, we obtain

l
Z)‘Z 1 —|—(ZE1)TDZI

=1

v
i —N
M- =
8
—

1
_ (yl)TEwl + (yl)TCLQ . §pTvy1ylfi(xl7y1)p}

1

)\i{fi(ul, v') — (V)T Ew' + (v D2t — (u')Ta! - —qTVm1x1fi(ul,vl)q}. (5.67)

2

Substituting the values of a' and a? in (5.67), we get

i )\i{fi(:pl, yh) + (2T D2t
i=1

l

l
— (yh)" Zjl Ni(Vyfi(@h yh) 4+ Vi fi(z', 4 )p)

=" S N (Vg fi(2t, yh)p) } > i:zlzl)\i{fi(ul, o —(HTEw'—(u')T Z i (Vo fi(ut, vh)

=1

I
+ Vxlxl fi(ulu Ul)q) - %qT Z Ai (vmlﬁlfi(ulv Ul)Q) - %(Si)TvaIQQi(u27 U2)Si}'
i=1
Applying the Schwartz inequality and using (5.51) and (5.58), we have

=1

Z)\ g filr ,y1)+Vy1y1fi(q;1,y1)p)

p) } = ;)\i{fi(ul,’ul) — ((Ul)Tgvl)%

!
—(uh)? Z i (Vxlfi(ul, V') + Vi fi(u', Ul)q) — %qT Z i (V$1$1fi(u1, vl)q) } (5.68)

By hypothesis (C) and the dual constraint (5.56), we obtain
I
Gy (x2, u?; 30 N[ Va2 gi(u?,v?) + Biz2 + V22 g:(u?, UQ)Si]>
i=1

!
—(u?)T [Z Ai[ Va2 gi(u?,0?) + Biz? + V,2,29:(u?, v2)5i]] ,
i=1
which on using the dual constraint (5.54) yields
I
Gy (:E2, u? Y N[V gi(u?, v?) + Biz? 4 Viz,20:(u?, v2)si]> = 0.
i=1

I
Since > Ai(gi(., v?) + (.)7 B;z?) be second-order Gy-pseudoconvex at u?, we have
=1

l

Z i [gi(x2, v?) + (m2)TBZ-zi2]

i=1

l
1 . .
2 Z |:gl u U ( 2)TB ZQ - E(SZ)Tvx2$2gi(u2>U2)sl . (569)
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Similarly, from (5.49) and (5.50) and hypothesis (D) along with second-order G-
l

pseudoconcavity of Y A;(gi(z?,.) — ()T Cyw?) at y?, we get
i=1

l

> xi [9:a2 0%) — ()T Cru?]

i=1

!
1, . A
= Z Ai [Qi($2a v?) = (v*)" Cow} + §(TZ)TVy2y2gz‘($2a y2)7”z] . (5.70)
i=1

Adding equations (5.69) and (5.70), we obtain
l .
2. lg:(a, %) + (%) Biz? — (y*) " Cow} — 5(r') TV 2y gs(2%, )]

2> Z)\ [gz(u v?) + (v*)T B;z2 — (v*)T Cow? — ;(si)TV,ﬂ%zgi(uz,vQ)si}.
Applylng the Schwartz inequality, (5.52) and (5.59), we obtain,

l

> {gz 207) + ((22) Bia?)? — () Cu?

1 . )
é(TZ)Tvyzyzgi(:C2, yQ)T’]

1, . .
— (8" 'V 2020i(u?, 112)3’] . (5.71)

z;kz‘[gi(uz,vz)—(( ) ) o+ () B 2

Equatlons (5.68) and (5.71) together yield
S At o)+ (@7 D) 4 ) + (@) Bt = () Cot
i=1

l

l
— (T N (Vi filah yh) + Vi fila' y')p) — 507 ;1 Ai (Vg izt y')p)

i=1

- %(Ti>Tvy2y29i(I27 ?/2)7”i}
> Z:l: {fl(u vl) — ((vl)TEvl)% + gi(u?,v?) — ((UQ)TCiUQ)% + (u?)T B;z?

1 !
— (uh)T ; )xz-(Vm1 fi(ut, vl) + Vi fi(ut, Ul)q) — %qT ; i (Vg fi(ut, vl)q)
— %(si)Tvxzngi(UQ, v?)s!
which contradicts (5.62). Hence the results.
Theorem 5.5 (Strong duality). Let f: Rl x RIKi — Rl and g : RI‘2I x RIK2l — R!

be differentiable functions and let (z',y', 2%, 9%, w', w? \,p,7) be a weak efficient

solution of (NKP). Suppose that
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i) the matrix V1,1 (AT f)(Z', ") is non singular,
yly
(i) the matrices V2,29 (22, §%) for ¢ = 1,2,...,1 are non singular,
(ii7) the set {Vy2gl(:v2,y2) — C10' + Veeqi (22,927, .., Vea(z? 5?) — Cut +
V22 qi(Z2, gjz)fl} is linearly independent,

(iv) for some p € R, (0 > 0) and 7 € Rl # £ 0 (i = 1,2,...,1) implies that
l . .
S oi(m)T {Vyzgi(f2, §%) — Ciw? + V,2,20,(T%, J?)7 | # 0,
i=1

(v) 2NV (Vyry fi(@Y, 91)p))p & span{Vy fi(zh,9Y), ...,V fi(zh, g) )\ {0}, and

(v1) Y MV (Vg fi(&,5)5))5 = 0 immplies 5 = 0.

Then p = 0, 7 = 0, there exist 2! € Rl and 22 € Rl i = 1,2,...,1 such
that (z', 9%, 2%, 9%, 2", 22, \,q = 0,5 = 0) is feasible for (NKD) and the objective
function values of (NKP) and (NKD) are equal. Furthermore, if the assumptions
of Theorem 5.4 are satisfied for all feasible solutions of (NKP) and (NKD), then
(z', ', 22, 9%, 2", 22, A, = 0,5 = 0) is an efficient solution for (NKD).

Proof. Since (7!, 7%, 22, 4%, w', w?, \, p, 7) is a weak efficient solution of (NKP), there
exist « € R, € Rl vy e Rl § e R, pe Ry, ve R, ne Rand ¢ € R,
such that the following by Fritz John optimality conditions [114] are satisfied at

(@, 7", 2%, 5%, w', w?, N, p,7) «

l
S ai(Vafi (z4,91) + D2Y) Z s fi (81,9") [~ (" e)y']
=1

—_

Zla[ o0 @)+ BiE = 3 (Vaa (e (@.57) ) |
# 3N Gy (207) + Ve (Vs (02.57) 1) | by =) = 0, 5.7

=1
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>V fi(@ Z i fi (29") [8 = (a"er) §']

DT (T 6 )] [0 (") (74 57) | - oA 9 (.7
+V fi (2, 5") p| (@Te) =0, (5.74)

Zai {V 29 (2%, 5°) — Cyw} — % (Viz (Viy2yegi (7%,9°) ) _1)1

i=1
l

+Zj\ |:vyy2_gz( ,y)+Vyz(Vyy29,( ,y) )}[7_5(@2}

i=1
—52/_\1(V 2g; (2%, 7°) — Cyw} 4+ V20 (T°,5°) ™) =0, (5.75)
(~BE+uEa') =0, (5.76)

G+ NGy (v=077) = 2 Cyw?,  i=1,2,...,1, (5.77)

p—m%>} F (5 + [y — 077 V(@ 5) — €+ e

+Hﬁ a’e (y +;p)] Ve f1 (2 7') D, - ,{ﬂ—(aTez) <§1+%ﬁ)]
Vo i (75 } {h—@}(%wm@%ﬂﬂ—aﬁy

S =67 (Viegea (72, 52) 7 C,wf)} =0, (5.78)

Vg A N)ES 50 [0 = (oFe) (5 +5)] =0, (5.79)
T
{ v - (5y N\ — QT } V,2,20:(2%, %) = 0, 1=1,2,...,1, (5.80)
l
Z Vo fil@, §) = B0 +V 0 (7, 58] = 0, (5.81)

l
Z 201 (T2 55 —Cav?+V 2, 20:(22, 5)7] = 0, (5.82)

=1
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ZI: Vi20i(7%, 5%) = G0} + Vye,20i(7%, 5°)7) =0, (5.83)
(zH' Dz ::((fl)Tl)jl)%, (5.84)
(37 B,z = ()7 Bi?)?, i=1,2,...,1, (5.85)
(ZHYT'Dz <1, (5.86)
(Z)'Biz2 <1, i=1,2,...,1, (5.87)
p((@")" Ew'—1) =0, (5.88)
vi((w})" Cyw;—1) =0, i=1,2,...,1, (5.89)
n(A\"e,—1) =0, (5.90)
A =0, (5.91)
(a, 8,7, 0,1,1,€) 20, (e, B,7,6, p,v,n,§) # 0. (5.92)

Since A > 0 and ¢ > 0, (5.91) implies & = 0.
By hypothesis (i), (5.79) gives

B = (a"e) (7' +p). (5.93)
Since the matrices V,z2,2¢; (2, y?) for i = 1,2,...,1 are non singular, (5.80) yields

(y=0y*)\i = i, i=1,2,...,1 (5.94)
Now, we claim that a; # 0, 7 =1,2,...,[. Otherwise, if for some kg, ax, = 0, then it

follows from Ay, > 0, and (5.94) that
v = 0y,

From (5.75), we get
I

_ l — .
; (s = 0N) (Vy2g: (72, 7%) — Ciw}) + 21 AV y2y29: (72, 5%) [7 0y* — 57”}

+ Vi (T %5)7) | 0= 05%) h=daur'| =
By using (5.94), it follows that
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l — .
(o — 0A;) Vw%@{ﬁ)—cm§+vﬁw%@{fwﬂ
=1

#3209 (Va7 ) | [ - 502 o
which on using hypothesis (iii) and v = §? yields
a; =0\, i=1,2,...,1
As A\ >0, i=1,2,... 1 and oy, = 0, for some kg, the above equation shows & = 0.
Now, using 6 = 0, the equations v = 032 and oy; = 6);, i = 1,2,...,1 give y = 0 and
a; =0, Vi. Further, (5.93) and (5.78) implies # = 0 and 7 = 0, respectively.
Also from equation (5.76) and (5.88), we have
i = (@) Eat) = (@) (iBat) = (@) (EB) = 0.
From (5.77) and (5.89), we get
v=0 i=1,2,....1
Consequently, (a, 3,7, 0, 1, v,n,&) = 0, contradicting (5.92). Hence a; > 0, V 1.
SubtractinTg (5.83) from (5.82) yields
{v - 5y2} i Ai {Vyagi(w% %) = Ci} + V2,2 9,(7%, yQ)r’} =0,
Using (5.94;,:1\7&76 get

l
=1

By the hypothesis (iv) with a; > 0, i = 1,2,...,[, we have

=0, i=12,...,L (5.95)
As N >0, i=1,2,...,1, (5.94) yields

v = 67 (5.96)
Ulsing (5.95) and (5.96) in (5.75), we get

Z (Oéi — (5/_\1) [Vqﬂgi (5(_32, gZ) — CZU_)ZQ] = 0,

1=

which on using hypothesis (iii) and (5.95) gives

(073 :(S)\Z, 1= 1,2,,l (597)
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From (5.97) and A\Te; = 1, it is clear that a’e; = §(A\Te;) = 6. Since a; > 0, i =

1,2,...,1, therefore
6> 0.
Now using (5.93) and a; > 0, Vi in (5.74), we get

l

50|V (T £, 709 = Tezvlf@ #.5)a; — (T e

=1

which by hypothesis (v) and (vi) implies
p=0.
From (5.99) and (5.93), we obtain

B = (a’e)yt.

Using (5.97)-(5.100) in (5.72), we have
I

> Xi(Vafil@',g")+Dz') = 0.

i=1

Moreover, equations (5.73) and (5.95)-(5.98) give

l

}: V.20:(7, 7°)+Biz?) = 0.

and hence, we also have

l

Z Va.20:(Z°,§°)+ Biz;) = 0.

(5.98)

(5.99)

(5.100)

(5.101)

(5.102)

(5.103)

Thus (z', 7', 7%, 9% 2,22, ), = 0,5 = 0) satisfies the dual constraints from (5.55) to

(5.61) and so it is a feasible solution for the dual problem (NKD). Now let 26% = a.

Then a 2 0 and from (5.77) and (5.96)

C’i?f = CLCﬂIP

7

(5.104)
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which is condition for equality in the Schwartz inequality. Therefore

()7 Can? = ()7 Cg?) * ((w2) " C?) .

In case v; > 0, (5.89) gives (w?)TCiw? = 1 and so ( = (1) Cip? ) In case
v; =0, (5.104) gives C;y? = 0 and so ()T Ciw? = (( )TC’y )% 0. Thus in either

case

m\»—A

(7" Ciw} = ((7°)" Cig?) . (5.105)

Also, (5.101) yields

L
LD IPY (Vo fi(z',g') + Dz') = 0.

=1

From (5.84), we have
@) S N (Vo fi@',g") = —(@) Dz = —((z")"Da")>. (5.106)

i=1

Further, using a; > 0, i =1,2,...,1, (5.99) and (5.100) in (5.81), we get

(7T Z (Vi@ 5Y) = (7)) Ba' (5.107)

Equation (5.76), implies
EB = pEw'.
Using (5.100) in the above equation

1
ale

Eyt = Ew'. (5.108)

Since equation (5.108) is the condition for the Schwartz inequality to hold as equality,
SO

() Ew = ()7 Eg') 3 (@) Ear) 3

In case p > 0, equation (5.88) implies (w!)” Fw! = 1 and so ()T Ew' = ((gjl)TEyl)%.
In case u = 0, equation (5.108) gives Ej' = 0 and so (5')T Ew! = ((gjl)TEgl)% =0.
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1
Thus in either case (y')? Ew! = ((gl)TE?jl)E-

Now equation (5.107) becomes

i vV, (@) = @) Ea' = (7Y Eg)*. (5.100)
Therefore, using (5.85), (5.95), (5.99), (5.105), (5.106) and (5.109), we get
LA 7Y@ D) )+ (@7 B ) Crot () S AT il )
+V i fil @ @Uﬁ)—%ﬁiﬁlﬂi(vylyl fi@ gp) =5 (F) Vg (22, 92)F, . i@ 5
(@) D) a4 (@) B ) - AT )
T 2 )4 5 M 5 )~ e )
= {f1 (@9~ (5 Eg") 4012 52)— (7)) + (2% By —(2) i Mi(Var fi(2, )

l
+Vxlx1fi(i‘17gl)q)_% ; ( lfi<j17g )Cj)_%( 1)Tv121291(‘7_:27g2)§17"'7fl<j17g1)

@
I
—

FT a0 7)) N (Voo 90036 V(a7 |
that is, the two objective function Values are equal.
Now, let (', 7,22, 7%, 2,22, X\,¢ = 0,5 = 0) is not an efficient solution of (NKD),
then there exist (a!,?', a2, 92, 2,22, A, ¢ = 0,5 = 0) feasible for (NKD), such that,
{Nl (zh, yt, 2 A wi A p,rt), o N (2t gt 22 g2 wi A p, ) }

< {Kl(u vhu? v 22 N g, s ),...,Kl (ul,vl,uz,v2,z12,)\,q,sl) },
which contradicts Theorem 5.4. Hence (z',9',2% 9% 24,22, ..., 22 M\, s\, @ =
0,58 =0,...,5 =0) is an efficient solution of (NKD).
Theorem 5.6 (Converse duality). Let f : R7iIx RIE1l — Rland g : R72Ix RIE2I — RI
1 -2 -2

be differentiable functions and let (!, o', w2, 0%, 2%, 22, )\, , 5) be a weak efficient so-

lution of (NKD). Suppose that

(1) the matrix Vi1 (AT f)(a',0") is non singular,
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(i1) the matrices V z2,29; (42, 9°) for i = 1,2,...,1 are non singular,
(i17) the set {szgl(u2,v2) + Bzt + Vioueg1 (@2, 02)5), ..., Vg (4%, 0%) + Bzt +
V22 g (4, 02)31} is linearly independent,

(iv) for some g9 € R, (0 > 0) and § € Rl § #0 (i = 1,2,...,1) implies that
l
> oi(s)T {szgi(ﬂz, V%) + BiZ? + Vy,20:(u?,0%)5 | # 0,
i=1

(v) zl: Ni(Var (Vi fi(ah, 91)q))q ¢ span{ V1 fi(a*,0'), ...,V fi(at, v1)}\{0}, and

(vi) Ni( Va1 (Vi fi(ah, 91)q))g = 0 implies g = 0.

Then ¢ = 0, 5 = 0, there exist @w' € R¥il and w? € R¥2 4 = 1,2,... 1 such
that (a', o', u%, 0%, w',w*, \,p = 0,7 = 0) is feasible for (NKP) and the objective
function values of (NKP) and (NKD) are equal. Furthermore, if the assumptions
of Theorem 5.4 are satisfied for all feasible solutions of (NKP) and (NKD), then
(a*, 0!, u?, 0%, w', w? \,p = 0,7 = 0) is an efficient solution for (NKP).

Proof. It follows on the lines of Theorem 5.5.

5.4 Special cases

In this section, we consider some of the special cases of the problems studied in

this chapter in Section 5.2 and Section 5.3.

(i) If J, = () and K, = (0, then our programs (MSP) and (MSD) gives the duality
results studied in [13, 62].

(it) If J, =0, Ky =0, D = {0} and EF = {0} in (NKP) and (NKD), then the
programs (MP) and (MD) of [140] are obtained.

(iig) It J, =0, K1 =0, B; = {0} and C; = {0}, i =1,2,...,l, then (NKP) and
(NKD) become the programs studied in [124].
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(iv) If J; = and K; = 0 in (NKP) and (NKD), then the programs (MP) and (MD)

of [10] are obtained with nonnegativity constraints.

For C; = R ¢y = R ¢y = R and ¢, = R/, in (MSP) and (MSD),

we obtain the following special cases :

(v) If we take Jo = (), K3 = () and [ = 1, then our problems (MSP) and (MSD)
reduce to the programs (SP) and (SD) studied in Gulati et al. [55] and if J; = 0),
K; =0 and ! =1 in (MSP) and (MSD), then the programs (SP1) and (SD1)
of [55] are obtained.

(vi) If Jo = ) and K3 = () in (MSP) and (MSD), then the programs (MP) and (MD)
of [140] are obtained with ! = 0 and v = 0.



Chapter 6

HicHER-ORDER MULTIOBJECTIVE

SyMMETRIC DuaLiTy OveEr CONES!

6.1 Introduction

Higher-order duality in nonlinear programming has been studied in last few years
by many researchers [3, 14, 43, 53, 89, 105]. One practical advantage of higher-order
duality is that it provides tighter bounds for the value of objective function of the
primal problem when approximations are used because there are more parameters
involved. Mangasarian [89] first formulated a class of higher-order dual problems for
nonlinear programming problems. Mond and Zhang [105] obtained duality results for
various higher-order dual problems under higher-order invexity assumptions.

Yang et al. [138] formulated several second order duals for scalar program-
ming problem and proved duality results involving generalized F-convex functions.
Zhang and Mond [141] extended the class of (F, p)-convex functions to second order
(F, p)-convex functions and obtained duality results for multiobjective dual prob-
lems. Motivated by various concepts of generalized convexity, Liang et al. [86, 87]
introduced a unified formulation of generalized convexity, called (F, «, p, d)- convexity
and obtained some optimality conditions and duality results for the single objective

fractional and multiobjective problems. Ahmad and Husain [11] discussed duality

LA part of this chapter has appeared in Computers and Mathematics with Applications 60 (2010)
2373-2381.

129



130

theorems for second-order Mond-Weir type multiobjective dual model under second-
order (F),«, p,d)-convexity /pseudo—convexity assumptions. Later on, Ahmad et al.
[14] formulated a general Mond-Weir type higher-order dual for nondifferentiable mul-
tiobjective programming problem and established higher-order duality theorems.

Chen [43] studied Mond-Weir type higher-order symmetric duality for multiobjec-
tive nondifferentiable programms by introducing higher-order F-convexity. Recently,
Agarwal et al. [3] extended the results of Chen [43] over arbitrary cones and proved
appropriate duality relations under higher-order K-F'-convexity assumptions. Mond-
Weir type duality has been discussed in both the papers.

This chapter is divided into five sections. Section 6.2 contains notations and
definitions used in this chapter. In Section 6.3, we give a non-trivial example of
function lying in the class of higher-order K-(F, «, p,d)-convex but not in class of
higher-order K-F-convex. In the next Section, we have studied higher-order Wolfe
type and Mond-Weir type multiobjective symmetric dual programs over arbitrary
cones. Weak strong and converse duality theorems are then proved under higher-order
(F, a, p, d)-convexity /pseudo-convexity assumptions. In Section 6.5, a pair of higher-
order multiobjective nondifferentiable symmetric dual programs over arbitrary cones
is formulated and duality theorems are then proved under higher-order-K-(F, a, p, d)-
convexity assumptions. Finally, in the last Section, we have discussed some special
cases of the programs studied in this chapter to show that this study extends some

known results of the literature.

6.2 Notations and definitions

Let F/': S xS x R"— R (where S C R") be a sublinear functional. Now
we consider a function ¢ = (¢, da,...,¢r) : S — RF differentiable at u € S, p =
(p1,p2s- - pr) € RE and d = (dy,ds, . .., dy) € R,

Definition 6.1. A twice differentiable function ¢; over S is said to be higher-order

(F, a, p;, d;)-convex at u on S with respect to ; : S x R" — R, if for all x € S and
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q € R", there exist a real valued function a: S x .S — R, \{0}, a real valued function
di(+,-) : S x S — R and a real number p; such that
¢i(x) — ¢i(u) — Gi(u, q) + ¢"VyGi(u, q)

> Flo,usalz, 0)(Vaoi(u) + VoGilu,0))] + pic?(a, ).
Definition 6.2. A twice differentiable function ¢; over S is said to be higher-order
(F, «, p;, d;)-pseudoconvex at u on S with respect to (; : S X R" — R, if for all z € §
and g € R", there exist a real valued function o : S x S — R, \{0}, a real valued
function d;(-,-) : S x S — R and a real number p; such that
Flz,u; a(z, u)(Vedi(u) + VeGi(u, )] + pidi (z,u) 2 0

= ¢i(x) — ¢i(u) — G(u, q) + ¢"Voli(u, q) 2 0.

A twice differentiable vector function ¢ : S +— RF is said to be higher-order (F, a, p, d)-
convex /pseudoconvex at u, if each of its components ¢; is higher-order (F, v, p;, d;)-
convex /pseudoconvex at .
Definition 6.3. A twice differentiable function ¢ : S — R is said to be higher-
order-K-F-convex at v on S with respect to ¢ : S x R* — RF, if for all z € S and
q € R" such that

{¢1 () = ¢1(u) — Ci(u, q) + quqQ(U, q) — Flr,u; Vogr(u) + VoG (u,q)]; ..,

61(2) = (1) = Gu(0.) + Va0 ) = Flo s V,n(0) + ()] € K
Definition 6.4. A twice differentiable function ¢ : S — RF is said to be higher-
order-K-(F, o, p, d)-convex at u on S with respect to ¢ : S x R" — RF iffor allz € S
and ¢ € R", there exist vector p € R*, a real valued function o : S x S — R, \{0}
and d : S x S — R such that
{o10) = n00) = 60,0 + 79,6000 = Flowsalo) (V0100 + ¥, 0.0)

—prdi(x,u), . d(x) = di(w) = Ce(u, @) +q" VoCilu, ) = Fla, us a(x, u) (Voo (u)
+9,600)] - (o) | € K.

Remarks

(i) If £ = 1 and ((u,q) = 0, then the definition of higher-order (F,a, p;,d;)-

convexity become that of (F,a, p,d)-convex functions introduced by Liang et
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al. [87].

(i) If K = Ry, a(z,u) =1 and ((u,q) = 3¢" Vaa¢(u)g, the definition of higher-
order-K-(F, «, p, d)-convexity reduce to second-order (F, p)-convexity given by

Srivastava and Bhatia [120].

(i13) If K = R4, a(z,u) =1 and p = 0, then higher-order-K-(F, «, p, d)-convexity

reduce to higher-order F-convexity (see [43, 58]).

(iv) If we take K = Ry, a(z,u) = 1, p =0, ((u,q) = 3¢" Vaud(u)q and Fy,(a) =

n(z,u)Ta, where n is a function from S x S to R", the definition of higher-
order-K-(F, «, p, d)-convexity becomes that of second-order n-convexity given
in [124].

6.3 Example

An example of non trivial function which is higher-order K-(F,«,p,d)-
convex but not higher-order K-F-convex.

Let X =[-25,-05]CR, n=m=1,k=2, K={(z,y) : 2 20,y 2 0}. Consider
the function ¢ : X — R? be defined by 1(x) = (¢ (z), ¥2()), where

o) =2*sin 2, (o) =

and @ : X x X — R;\{0} be identified by a(z,u) = (u* + 1). Let the functional
F: X x X X R — R be defined by F(z,u;a) =12(1 —u)a. Suppose d : X x X — R?
= (dy(z,u),ds(x,u)), where

dy(z,u) = (z* + u2)%, do(z,u) = (2° + uQ)%

and ¢ : X X R — R? be defined by ((u,q) = (¢1(u, q), (2(u, q)), where

Ci(u,q) = 15u+12q, G(u,q) = sin®u + ¢2.

be given by d(z,u)

For p; = —4 and py, = —28, we have
L= {wl(a’) — b1 (u) = Ci(u, q) + ¢ Voli(u, @) = Flz, u; oz, u)(Vaihy (u) + V(i (u, q))]
—pld%(l‘, u)) 7702(1:) - ¢2(u> - §2(U’7 Q) + quqC2(ua Q) - F[ZL‘, Uus; O[(JZ, u)(vx¢2<u)
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VGl )] pzd%«v,u)} e K.

= {x?’ sin 2 — u?sin 2 — 15u — 12(1 — u) [(u® + 1)(—2ucos 2 + 3u?sin 2 + 12)]
+4(xt +u?)3 2 —ud —sin?u+ ¢® — 12(1 — u) [(u® + 1) (3u? + 2¢)]
+ 28(2% + u2)5} €K,

— (L., L.} € K,
where
Ly =2%sin2 —u3sin 2 — 15u — 12(1 — u) [(u? 4 1)(—2ucos 2 + 3u*sin 2 + 12)]

+ 4(x* 4+ u?)?

> 0V z,u € X as can be seen from Figure 6.1
and
Ly = 2% —u® —sin?u + ¢® — 12(1 — u) [(u® + 1)(3u® + 2¢)] + 28(2% + u?)®

= Loy + Loo.
Now Lo = 2% — u® — sin®u — 12(1 — u) [3u?(u? + 1)] + 28(2? + u?)®

=0V x,u € X as can be seen from Figure 6.2
and
Loy = ¢® — 12(1 — u) [2q(u® + 1)]
>0V ue X and g€ (—10' 10'%) as can be seen from Figure 6.3.

Thus Ly 2 0. Therefore v is higher-order K- (F, a, p, d)-convex with respect to .
Next, we will show that v is not higher-order K-F-convex with respect to (. To prove

it, we will show that

M = {%(@—lﬁl(u)—Cl(U7Q)+ququ(UaQ)_F[wau; Vi (u )+V Ci(u, q)], Paf

—tho(u) = Ga(u, @) + 4" VGa(u, q) — Fla,us Varha(u) + VoGo(u, q) } ¢ K
i.e., either
() — () — Gu, @) + ¢"VeGi(u, q) — Fla,u; Varh (u) + VoG (u, q)] Z 0
or  Pu(@) = Pa(u) = Ga(u, q) + ¢"VoGalu, @) — Fla, u; Vaths(u) + VoGalu, q)] £ 0.
Since

N =y (z) — 1 (u) — G(u, @) + ¢"Voli(u, q) — Fla,u; Vaiby (u) + V(i (u, q)]
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Figure 6.1: Graph of L, against v and x

Figure 6.2: Graph of Ly against u and x
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Figure 6.3: Graph of Loy against ¢ and u
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Figure 6.4: Graph of N against v and x
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=23sin2 —usin 2 — 15u — 12(1 — u) [—2ucos 2 + 3u?sin 2 + 12]
<0V z,u€ X as be can seen from Figure 6.4.

Therefore, v is not higher-order K-F-convex with respect to (.

6.4 Higher-order symmetric duality in multiobjec-
tive programming

6.4.1 Wolfe type higher-order symmetric duality

In this section, we consider the following Wolfe type multiobjective higher-order sym-
metric dual programs:
Primal Problem (HWP)
minimize  L(z,y,\,p) = f(z,y) + (A\Th)(z,y. p)er — p" V,(ATh) (2, . p)ex
—y" V(M )@ y)er =y Vyp(NTh) (2, y, p)ex

subject to
—{Vy (N )@, y) + V(A ) (z,y,p)} € C5, (6.1)
Mep =1, (6.2)
A>0, x e (. (6.3)

Dual Problem (HWD)
maximize M (u, v, \,r) = f(u,v) + (AT g)(u,v,r)er, — rTV,.(ATg)(u,v,r)ex
—ut' V(AT f)(u,v)ep —ul' V(AT g)(u,v,7)ex

subject to
V. ) (u,v) + V(A g)(u,v,7) € CF, (6.4)
Mep =1, (6.5)
A>0, ve Oy, (6.6)
where

(1) S € R™ and Sy C R™ are open sets such that C; x Cy C S] X Sy,
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(ii) f: S xSy — RF h:S; xSy xR — RFand g: S x Sy x R* — RF are

differentiable functions, e, = (1,...,1)7 € R, X\ € R and
(#4i) r and p are vectors in R" and R™, respectively.

Theorem 6.1 (Weak duality). Let (z,y,\,p) be feasible for the primal problem
(HWP) and (u, v, A, r) be feasible for the dual problem (HWD). Let fori =1,2,...,k

M 4

(i) fi(.,v) be higher-order (F,aq,p; ', d; ’)-convex at u with respect to g;(u,v,r),

(17) —fi(z,.) be higher-order (G, a, p§2), dl(?))—convex at y with respect to —h;(z, y, p),

k
(iii) either (a) 3 Ao (" (z,u))? + pi* (d”) (v, )] Z 0 or (b) p{" Z 0 and p¥) =
i=1

0, for all i,

where the sublinear functionals F: R" X R" X R"+— Rand G : R X R x R™ — R

satisfy the following conditions:
(iv) F(x,u;a)+ a;ta’™u >0, for all a € CF and
(v) G(v,y;b) + a3 b’y =0, for all b€ Cj.
Then
L(z,y, A\, p) £ M(u,v,A,7). (6.7)

Proof. Assume by contradiction that (6.7) is not true, that is ,

L(z,y, A\, p) < M(u,v,\,7), or

@, y)+(ATh) (@, y, p)ex—p" V(A h) (2, y, pex—y" Vy (A )@, y)ex—y" Vp(ATh) (,y, pex

< flu,v)+(A\Tg)(u,v,1)er—rTV,. (AT g) (u, v, 7)er—ul V(AT f)(u, v)er—u? V(AT g) (u, v, 7)es.

Since A > 0 and Ae;, = 1, we obtain
AT F)(,y) + (ATh) (2, y,p) = pTV,(ATR) (2, y, p)

—y" V(N ) (2, y) — " V(AR (2, y,p) < (AT f)(w,0) + (ATg)(u, v,7)
—r'V, (N g)(u,v,7) — ' Vo (AT f)(u,v) — v V(M g)(u,v,7). (6.8)
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Since (z,y, A\, p) is feasible for the primal problem (HWP) and (u, v, \,r) is feasible

for the dual problem (HWD), ay(z,u) > 0, by the dual constraint (6.4), the vector

a=aj(x,u)|

we obtain

F(x,u;a) +a;'a’u = 0.

Similarly,

G(v,y;b)+ay'b"y 20,

for the vector b= —as(v,y)[V
By higher-order (F,aq, pl ,d )convexity of fi(.,
gi(u, v, 1), we have

fi(z,v) = fi(u,v) — gi(u,v,7) +rTV,gi(u,v,r)

yA )@, y) + V(AT h) (2, y

VAT ) (u,v) + V,.(ATg)(u,v,r)] € Cf and so from the hypothesis (iv),

(6.9)

(6.10)

,p)] € Cs.
v)(1 = i < k) with respect to

> Fle, u; a0 (2, 0) (Y fi(u, 0) + Vegi(u, 0,7)] + pt (@ (2, u))2.

It follows from A > 0 and sublinearity of F' that
(AT )z, v) = (AT f)(u,v) —

2> Flx,u;oq(z,u)(

or

() (u,v) = (N g) (v 7‘)

+r"V,. (A g)(u, v, 7)

(N )@, v) -

Using (6.9) in (6.11), we have

(A ) (u,v) = (A g) (v 7“)

+7“TVT()\T (u,v,7)

(/\Tf)(l‘, U) -

ZAM (dW (z

Z)\Zpl (dW (z

ATg)(u,v,7) +rTV,.(A\Tg)(u,v,r)
V(AT ), 0) + V(A g) (u, v,7)] + 2 Nipt (AP (2, u))?,

Ju))? 2 F(z,u;a). (6.11)

u))? = —aytu’a. (6.12)
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Similarly, using hypotheses (ii) and (v) along with primal constraint (6.1) and in-
equality (6.10), A > 0, as(v,y) > 0 and sublinearity of G, we get

D)@ y) = W f)(@,v) + (Ah)(@,y, p)

—p"V,(ATh)(z,y,p) Z)\lpZ d2 (v,9))? = —ay 'y (6.13)

Adding the inequalities (6.12) and (6.13), we obtain
(NN, y)+ A h) (@, y,p)—p" V(A h) (2, y, p)+a5 y b=\ ) (w, v) = (A g)(u, v, 7)

17V (W g) (s v,7) o7 Ml 2 ZA[ 2 () + (0 (0, 9)))
Using hypothesis (iii) in the above mequahty, we get
A F)(@,y) + (ATh) (2, y,p) = pTVp(ATh) (2, y,p) + 03y b

> (AT ) (u,v) + ATg)(u,v,7) — "V, (AT g)(u,v,r) — oy 'uTa.

Finally, substituting the values of a and b, we have
A F) (@, )+ ) (@, 5, 0)—p" V(A h) (@, y,p)—y" V(N (@, 9)—y "V (ATh) (2, 9, p)
= (AT ) (u,0)+(Ag) (w,v,7)=rT V(AT g) (u, v, 7)—u" V(AT f) (u, v)—u' V(A g) (u, v, ),
which contradicts (6.8). Hence the result.
If the variable A in the problems (HWP) and (HWD) is fixed to be ), we shall denote
these problems by (HW P)5 and (HW D).
Theorem 6.2 (Strong duality). Let f : S; x Sy — R* be twice differentiable function
and let (Z,7, A\, p) be a weak efficient solution of (HWP). Suppose that

(i) the matrix V,,(ATh)(Z, 7, p) is non singular,
(i) the vectors V, f1(Z,9),..., V,fix(Z,y) are linearly independent,

(iii) the vector {Vy(ANTh)(Z,7,p) — Vp(ATh)(Z,5,D) + Vyy (AT f) (2, 9)D}
¢ span{V, fi(Z,9),. .., Vy, fe(Z, ) }\{0},

(i) Vy(NTh)(z,5,p) — Vp(ATh)(Z,5,p) + Vyy (A" f)(Z,5)p = 0 implies p = 0 and

(v) (\Th)(2,5,0) = (\"g)(2,9,0), Vo(A"h)(2,5,0) = V,.(\g)(%,7,0),
V,(ATh)(Z,7,0) = 0 and V,(ATh)(Z,7,0) = 0.
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Then p =0, (Z,y,7 = 0) is feasible for (HW D)5, and the objective values of (HWP)
and (HW D)5 are equal. Furthermore, if the hypotheses of Theorem 6.1 are satisfied
for all feasible solutions of (HWP) and (HW D)5, then (z,y,7 = 0) is an efficient
solution for (HW D)5.

Proof. Since (Z,7, \,p) is a weak efficient solution of (HWP), by the Fritz John
necessary optimality conditions [123], there exist @ € R%, 3 € Cy, i € RE, 7j € R,
such that the following conditions are satisfied at (Z, 7, \, p):

{@"Vof(2,9) + Vo (A1) (2,5, 5) (6" ex) + Vi, (A ) (@, 9)[8 — (6" ex)7]
+V,e ATR)(Z,7,P) 8 — (@ ex) (@ + p)]}(x — ) 20, forall z€C, (6.14)

V[ (@, 5)la — (@ er) Al + [V, (A h)(Z,5,5) — V(A h) (7,7, p)](0" ex)
V(N )@ 918 — (@' en)g] + Vi (N ) (2,4, p)[B — (6" ex) (5 + p)] = 0, (6.15)

Vo Ah)(Z,5,P)8 — (" ex) (5 +p)] = 0, (6.16)

Vo (Z,9)18 — (@ er)y] + h(z, 5, p)(@" ex) — i+ Tex

+V,0(7,5,D)[3 — (@' er) (5 +p)] =0, (6.17)
BV, (N )(@,9) + V(A (2,9, )] = 0, (6.18)
Bt =0, (6.19)
ﬁT[/_\Tek —1] =0, (6.20)
(@, B, ,7) # 0. (6.21)

Since A > 0 and i = 0, (6.19) yields z = 0.

From (6.16) and nonsingularity of V,,(ATh)(Z,9,p), we have
B=(a"er)y+p). (6.22)

If @ = 0, then (6.17) and (6.22) yields 7 = 0 and 3 = 0, respectively. Consequently

(e, B, i, 1) = 0, contradicting (6.21). Hence, & > 0 or

a’e, > 0. (6.23)
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Now, using (6.22) and (6.23) in (6.15), we get

vy(/_\Th) (jv g?ﬁ) - VP(S‘Th) (j> gvp)
YT )@ )P = ——— YV, f(E 5[ — (@Tex) A, (6.24)

a’ e

which by hypotheses (iii) and (iv) implies
p=0. (6.25)

Now using hypothesis (iii) in (6.24), we obtain
V,f(z,9)a — (alex)A] = 0.
Since the vectors {V, f1(Z,9), ..., Vyfe(Z,y)} are linearly independent, therefore the

above equation yields

a = (alep)\. (6.26)

From (6.25) in (6.22), we get

3= (a"er)y. (6.27)

Using (6.23) and (6.25)-(6.27) in (6.14), we have
(V. ATH) (2, 9) + V. ATh)(Z,9,p)}(x —Z) =0, for all x € C.
From hypothesis (v), for 7 = 0, the above inequality yields

{Vo N 1)@, 5)+ V(N 9) (7, 7,7) Ha—27) 2 0. (6.28)

Let x € Cy. Then x + z € C} and so (6.28) implies
(V. AT£)(7,9) + V,.(A\g)(Z,9,7)}x =0 for all x€ ).

Therefore,
{Vo(N' 1)@, 9)+ V. (N 9)(2,5,7)} € . (6.29)
Also, from (6.27), we have

b € (5.

O_éTek

g:
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Thus (z,y,7 = 0) satisfies the constraints from (6.4) to (6.6) in (HW D)5 and so it is
a feasible solution for the dual problem (HW D).
Now, letting z = 0 and = = 27 in (6.28), we get

' [V (N f)(@,9) + V(N g)(z,5,7)] = 0. (6.30)
Further, from (6.18), (6.23) and (6.27), we obtain
7' V(N F)(@,5) + V(A h) (2, 7,p)] = 0. (6.31)

Therefore, using (6.25), (6.30), (6.31) and hypothesis (v), for 7 = 0, we get
f(@,9)+(\'h)(@, 5, D)er—p" V(AT h)(Z, 5, P)ex—5" V(N )(Z, §)ex—5" V(A" h)(Z, 7, D)ex
= f(@,9)+(\9) (2,5, T)ex—T"V. (N 9)(Z, §, 7)er—7" Vo (N £)(Z, §)er—2" V. (A g)(Z, §, 7)ex,
that is, the two objective values are equal.

Now, let (z,y,7 = 0) is not an efficient solution of (HW D)5, then there exist
(u,v,7 = 0) feasible for (HW D)5 such that,

F @0+ (7 9) (2.5, Fes—TV, (W g) (.5, Fes—2TV o (W )&, §)es—27V, (N g) (F. 7. P

< f(u,0)+(\Tg)(u,v,7)ex—7TV, (A g) (@, v, P)er,—u" V(AT f) (1, 0)er,—u" V(AT g) (i, v, 7)ey.
As [V (N f)(2,9) + V(N g)(@,5,7)] = 0 = g [V, (A £)(@,5) + V(A" h)(Z,5,D)]

and from hypothesis (v), for 7 = 0, we obtain

F(@,9)+ (N h) (3,5, pex—p" V(A h) (2,5, D)er—§" Vy (X £)(Z, 9)ex—5" Vo (ATh)(Z, 7, D)ex

< f(@,0)+(\"9)(@, 0, F)ex—7" V. (AT g) (@, 0, )ex—a" Vo (A f)(@, 0)er—a" V(N g)(@, 7, T)er,
which contradicts weak duality theorem. Hence (Z,y,7 = 0) is an efficient solution of
(HWD)j5.

Theorem 6.3 (Converse duality). Let f : S; x Sy — R* be twice differentiable

function and let (u, v, A, 7) be a weak efficient solution of (HWD). Suppose that
(1) the matrix V,,.(ATg)(4,v,7) is non singular,
(1) the vectors V, f1(@,v),...,V,fr(u,v) are linearly independent,

(#31) the vector {V.(A\Tg)(u,v,7) — V(AT g) (4, v,7) + Vau (AT f)(u, )7}
¢ Span{vxfl(aa @)7 s 7vacfk(a7 @)}\{0}7
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Then 7 = 0, (u,v,p = 0) is feasible for (HW P)j, and the objective values of (HW P)5
and (HWD) are equal. Furthermore, if the hypotheses of Theorem 6.1 are satisfied
for all feasible solutions of (HW P)5 and (HWD), then (u,v,p = 0) is an efficient
solution for (HW P)5.

Proof. It follows on the lines of Theorem 6.2.

6.4.2 Mond-Weir type higher-order symmetric duality

We now formulate following pair of Mond-Weir type higher-order multiobjective sym-

metric dual programs over cones:

Primal Problem (HMP)

minimize F(l’, Y,P1,P2,- - 7pk> = (Fl(x7 Z/7p1>7 FQ(xu y7p2)7 R Fk<x73/7pk))
subject to
k
- Z ANilVyfi(z,y) + Vphi(x, y,pi)] € Cs, (6.32)
=1
k
=1
A>0, xe(]. (634)

Dual Problem (HMD)

maximize H(u,v,r1,79,...,1%) = (Hi(u,v,m1), Ho(u,v,79), ..., Hp(u,v, 7))
subject to
k
D ANilVafilu,v) + Vi gi(u, v, 1)) € CF, (6.35)
i=1
k
u™ > X[Vafi(u,v) + Vi,gi(u,v,75)] £ 0, (6.36)
i=1

A>0, ve Gy, (6.37)
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where fori = 1,2, ..., k, Fy(z,y,p:) = fi(x,y)+hi(z,y,p;) =0 [V hi(x,y, pi)], Hi(u,v,7r;) =
fi(u,v) + gi(u,v,75) —rF [V, g:(w,v,75)], fi : S1 xSy — R, hy : S; X Sg x R™ — R and

gi - S1 X S5 X R" — R are differentiable functions, p; € R™ and r; € R".

Theorem 6.4 (Weak duality). Let (x,y, A\, p1,pa,...,pr) be feasible for the primal
problem (HMP) and (u,v, A, r1,79,...,71) be feasible for the dual problem (HMD).

Let forve=1,2,....k

(7) fi(.,v) be higher-order (F,ay, ,0(1) d(l))—convex at u with respect to g;(u,v,7;),

(13) —fi(x,.) be higher-order (G, as, pZ ,d( )) -convex at y with respect to —h;(x, y, p;),

(i) either()ZA[ (a2, u)2 + P (dP (v,9))2) Z 0 or (b) p" = 0 and p”) >
0, for allz

where the sublinear functionals /' : R" X R" X R"+— Rand G: Rm x R™ x R™ +— R

satisfy the following conditions:
(iv) F(z,u;a)+ a;'a™u =0, for all a € Cf and
(v) G(v,y;b) + a5 b’y =0, for all b€ Cj.

Then

F(z,y,p1,p2,---,Dk) f H(u,v,r1,79,...,T%).
Proof. Suppose, to the contrary, that
F(z,y,p1,p2, - 0k) < H(u,v,71,79, ..., Tk).

Since A > 0, we obtain

k
Z Nl fi(@,y) + hi(z, v, pi) — pE (Vphi(z,y, i)
< Z)‘i[fi(uvv) + gi(u,v,15) = ] (Vigi(u,v,73))]. (6.38)

Since (z,y, A, p1, P2, - - -, P ) is feasible for the primal problem (HMP) and (u, v, A\, r1,79,..., %)
is feasible for the dual problem (HMD), a;(x,u) > 0, by the dual constraint (6.35),
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the vector a = ay(z, u){zk: N[V fi(u,v) + V. gi(u,v,7;)]} € Cf and so from the hy-
pothesis (iv), we obtain .

F(z,u;a) 2 —a; u”a.

Substituting value of a in above inequality, we obtain

F(a, u; 0n(x, u){i:i1 M i1, 0) 4V 1,500, 0, 7)) }) 2~ 35 NIV (1, 0) V5,0, 7))

i=1

= 0 [by dual constraint (6.36)]. (6.39)

M) d(l))—convexity of f;(,,v)(1 =i = k) with respect to

By higher-order (F,aq,p; ", d;
gi(u,v,r;), we have
fi(z,v) — fi(u,v) — gi(u,v,7r;) + IV, 9:(u, v, 7;)
> Fla, u: o (z,u) (Vo fi(u,v) + Vi, gi(u,v,m9))] + o5 (@ (2, 1))2.
Using sublinearity of function about the third variable, and multiplying each inequal-

ity by A; and summing over i, we obtain

EA [fi(w,0) = filu,v) = gi(u,v,17) + 1T (Veygi(u, v, 75)) — o0 (d) (2, u))?)
- ( s (2. { ST i) + Vgl n)]}) |
>0 [by (6.39)]. (6.40)

Similarly, using hypotheses (ii) and (v) along with primal constraint (6.32) and (6.33),
as(v,y) > 0, sublinearity of G, we get

k

Z Ailfilz, y) = filz,v) + hi(z, y, pi)

i=1

! (Vphi(z,y,pi)) — p17 (A (,1))?] 2 0. (6.41)

Adding the inequalities (6.40) and (6.41), we obtain

k
Z Al{fz(xv y) + hl(x7 yapl) - p?(Vplhl(l‘, y7pl)) - fl(uv U) - gz(u7 v, Ti)
i=1

] (Trigi (0,7 2 3 Nl (057 () + 2 (@ (0,9))7]. (6.42)
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Using hypothesis (iii) in (6.42), we get
k

> S5 i) + g, 0,73) — 17 (Tl 0,79),

which contradicts (6.38). Hencez:tlhe result.

If the variable ) in the problems (HMP) and (HMD) is fixed to be A, we shall denote
these problems by (HM P)5 and (HM D)5.

Theorem 6.5 (Strong duality). Let (Z, ¥, \, p1, Do, - - -, Px) be an efficient solution of
(HMP), f; : S1 xSy — R is thrice differentiable function at (Z, ), h; : S1 X Sg x R™ —
R is a twice differentiable function at (Z, 9, p;), g; : S1 X Sz x R" — R is differentiable
at (z,9,7;),1=1,2,... k. If the following conditions hold:

(2) hz(f7g70) = 07 gz<j7:g:0) = 07 vxhz(i’7g70) - V?"igi(:fagv 0)7 vpihi(j7g7 0) -
0,V,hi(z,y,0) =0, i=1,2,...,k,

1) foralli=1,2,... k, the Hessian matrix V,,,.h;(Z,y,p;) is positive or negative
pipi Y g

definite,
(¢3i) the set of vectors {V, fi(Z,y) + Vp,hi(Z,y, ;) }F_; is linearly independent,

(iv) the set of vectors {V, f;(Z,7) + V,hi(Z,7,0:), Vy [i(Z,§) + Vi, hi(Z, 7, 5:) i, is

linearly independent,

(v) for some o € R* (a > 0) and p; € R*, p; #0 (i = 1,2,...,k) implies that
k

Then p; =0 (i = 1,2,...,k), (z,y,71 =79 = ... =7y =0) is feasible for (HMD)j,
and the two objective values are equal. Furthermore, if the hypotheses of Theorem 6.4
are satisfied, then (Z,y,7 =72 = ... =T = 0) is an efficient solution for (HMD)j5.
Proof. Its proof follows on the lines of Theorem 3.2 in [3] on taking K = R* and
omitting the nondifferentiable terms.

A converse duality theorem may be merely stated as its proof would run analogously
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to that of Theorem 6.5.

Theorem 6.6 (Converse duality). Let (@, 0, \, 71,7, ...,7) be an efficient solution
of (HMD), f; : S1 x Sy — R is a thrice differentiable function at (u,v), h; : S; X Sy X
R™ — R is a twice differentiable function at (u,v,p;) and g; : S; X So x R* — R is

differentiable at (u,v,7;), i = 1,2,..., k. If the following conditions hold:

(17) for alli =1,2,... k, the Hessian matrix V,.,.g;(a, v, 7;) is positive or negative

definite,
(4ii) the set of vectors {V,fi(u,v) + V,.g;(4,v,7;)}%_, is linearly independent,

iv) the set of vectors {V,f;(@,v) + Vag:(u,v,7;), Vo fi(@,v) + V,. gi(u, v, 7))}, is
( ) ) g ] 9 9 1,g ] =1

linearly independent,

(v) for some o € R¥ (a > 0) and r; € R", r; # 0 (i = 1,2,...,k) implies that
k
ST arT [V filu, 0) + V. g:(u, v, 7)] # 0.
i=1

Then 7, =0 (i =1,2,...,k), (@,0,p1 =p2 = ... = pr = 0) is feasible for (HMP)j5,
and the two objective values of are equal. Furthermore, if the hypotheses of Theorem
6.4 are satisfied, then (u,v,p;1 = p» = ... = pr = 0) is an efficient solution for
(HMP);.

6.5 Nondifferentiable multiobjective higher-order
symmetric duality

In this section, we consider the following Wolfe type nondifferentiable multiobjective
higher-order symmetric dual programs:

Primal Problem (HNWP)

K-minimize G(x,y,\,p) = f(z,y)+S(x | D)ex+(A\Th)(z,y,p)er—p" Vo (ATh)(z,y,p)er
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—yIV, (NI )z, y)exr—yT V,,(ATh) (z,y, p)ex

subject to
—{Vy A\ )(z,y) — 2+ V(XN h) (@, y,p)} € C5, (6.43)
z e b, (6.44)
Mep =1, (6.45)
A €intK*, z € Ch. (6.46)

Dual Problem (HNWD)
K-maximize H(u,v,\,7) = f(u,v)=S(v | E)ex+(\g)(u,v,r)er—rTV, (A g)(u,v,r)ex
—ut' V(AT ) (u,v)er —ut' V(AT g)(u,v,7)ex

subject to
VoA ) (u,0) +w + V(A g)(u,v,7) € CF, (6.47)
we D, (6.48)
Me, =1, (6.49)
A€ intK”*, v e Oy, (6.50)
where

(1) C; and Cy be closed convex cones with non-empty interiors in R" and R™,

respectively,
(17) S; € R™ and Sy C R™ are open sets such that C; x Cy C Sp X Sa,

(iii)f251X52—>Rk,hi51XSQXRm—>RkaHdg351XSQ><Rn—>RkaI"e

differentiable functions, e, = (1,...,1)T € R¥ X\ € R¥,
(7v) r and p are vectors in R™ and R™, respectively,
(v) D and E are compact convex sets in R" and R™, respectively and

(vi) S(xz | D) and S(v | E) are the support functions of D and F, respectively.
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We now prove the following duality results for the pair of problems (HNWP) and
(HNWD).

Theorem 6.7 (Weak duality). Let (z,y, A, z,p) be feasible for the primal problem
(HNWP) and (u,v,\,w,r) be feasible for the dual problem (HNWD). Let the sub-
linear functionals F': R" X R X R" — R and G : R™ X R™ x R™ — R satisty the
following conditions:

F(z,uja) + ay'a™u =2 0, for all a € Cf, (A)
G(v,y;b) + ay "'y =0, for all b € Cj. (B)
Suppose that either (i) i)\i[pgl)(dg (z,u))? + pZ (d(Q)( y))? = 0 or (i) pV =
0 and p@® = 0. Furthle:rlmore, assume that f(.,v) + (.)Twey is higher-order-K-
(F, a1, pM, dV)-convex at u with respect to g(u,v,r), —{f(z,.) — ()" zex} is higher-
order-K-(G, ay, p®, d?)-convex at y with respect to —h(z,y,p) and R* C K. Then

G(z,y,\,p) — H(u,v,\,7) ¢ —K\{0}. (6.51)

Proof. Since f(.,v)+ () wey, is higher-order-K-(F, oy, p™M, dM))-convex with respect
to g(u,v,r), we have
{fi(z,v)+aTw—fi(u,v)—uw—g (u, v, 7)+rTV,g1 (u, v, 7) = Flz, u; oy (2, u) (Vo f1(u, v)
o+ Vogi (u0,7)] = 47 (0 0), o filwv) + o = i) = uTw
—gr(u,v,7) + 1V gr(u, v, 1) — Fla,u; oq (2, u) (Ve fe(u, v) + w
Ve, 0,7)] = (A (2, 0)) € K
Since Rﬁ CK=K*C Rﬁ and hence A > 0.

Further using sublinearity of F' and A\Te, = 1, we get

A ) (2, 0) + 27w — AT f)(u,v) —ulw — (A g)(u,v,7) + TTV (Mg)(u,v,r)
—Flz,u; ay(z,w) (Vo AT £)(u,v) +w + V(AT g) (u, v, 7) szpl (dW(z,u))? = 0.(6.52)
As —{f(z,.) — (.)Tzex} is higher-order-K-(G, ay, p®, d®)-convex with respect to

—h(x,y,p), therefore we get
{fl ([E, y>_yTZ_f1 (l’, U)+UTZ+h1 (CC) Y, p) _pTvphl(x7 Y, p)_G[U7 Y, —Q (U7 y)(vyfl (:L‘7 y)



150

—2 4+ Vyhu(w.y,0)] = 7 (@7 0. 0)P - filwy) = yTE = filwv) + 0T
+hi(2,y,p) = p"Vohi(2,y,p) — Glv, y; —as(v, y)(Vy fila,y) — 2
+Vphi(w,y,0)] — o (4 (v,9))?} € K.
Using X € intK*, ATe;, = 1, and sublinearity of G, we obtain

W)@ y) =y z = (N f) (2, 0) + 0"z 4+ (W) (2, y,p) — TV p(ATh)(z,y,p) — Glv, y;

—az(0, ) (VAT f)(z,y) — 2 + V(ATh) (2, y,p)) Z&pz @@ w,y)?>=0.  (6.53)
Adding the inequalities (6.52) and (6.53), we have

W)@, y) = N f)(u,0) + 2"w —uw"w —y"z + 0" 2+ (NTh)(x, y,p) — p" V(A h) (2, 9, p)
—~(AT9)(u,v,7) + 1"V, (A g) (u,v,7) = Flo,u; o0 (z,u) (Ve (A f)(u,v) +w

+V, (A g)(u, v, 7)) + Glv, ys —0a (v, ) (Vy (N ) (2,9) — 2+ V(A h)(2,y,p))]

+3 Nl (@ () + 7 (dP (0, 9)Y). (6.54)

i=1
Now, since (z,y, A, z, p) is feasible for the primal problem (HNWP) and (u, v, A, w, r)
is feasible for the dual problem (HNWD), a;(x,u) > 0, by the dual constraint (6.47)
and from the hypothesis (A), we obtain

F (w0 T 0) 0+ 9,07 5) 0,1
+ [Vm(ATf)(u, v) +w+ V, (A g)(u,v, 7“)] Tu > 0. (6.55)
Also, from hypothesis (B), as(v,y) > 0 and (6.43), we get
60013 ~aa(0 VL D) 0) = =+ V(0T 0] )
- {Vy(ATf)(x, y) =z + V,(\"h)(z, y,p)} Ty >0 (6.56)

Using (6.55), (6.56) and hypothesis (i) or (ii) in (6.54), we have
)@, y)+atw+ (N h) (2, y,p)=p" V(AT h) (2, y,p) =y Vy A ) (2, y) =y Vi (ATh) (2, y, p)
= (AT £)(u,v)=vT 24N g) (u, v, 7)—rTV, (AT g)(u, v, r)—u? V(AT f)(u,v)—uV,.(A\Tg)(u,v, 7).
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In view of the fact that 7w < S(z | D), vT2 £ S(v | F) and Me; = 1, the last

inequality yields

W), y) + S | D)+ (N h)(z,y,p) — p" V(N h)(,y,0) — y" V(N f)(2,y)
—y"V,(NTh) (2, y,p) Z (AT f)(u,0) = S(v | E) + (M g)(u,v,7)
—r 'V, (AT 9) (u,v,7) — u V(AT £)(u,v) —u" V(A g)(u,v, 7). (6.57)

Now suppose contrary to the result that (6.51) not holds, that is ,
G(z,y,\,p) — H(u,v,\,r) € —K\{0}, or
{f(z,y) + S(z | D)er, + (ANTh)(z,y,p)ex — p" V(AT R) (@, y,p)ex — yT Vi, (AT f)(z, y)ex
—y" V(AT h)(z,y, plect—{f(u,0)=S(v | E)er+(ATg)(u, v,r)er—r" Vi (AT g)(u, v, 7)ex
—uT V(AT )(w,v)er —u" Vi (A g)(u, v,7)er} € —K\{0}.
It follows from A € int K* and A\Te, = 1 that
(N ) (@, y) + S | D)+ (N h) (@, y,p) = pT V(N h) (2, y,p) — 4" V(AT f) (2, 1)
YTV (TR (2,5, p) < T F) (1, 0)—S(0 | E)+(NTg) (1,0, 1) =77, () (u,0,7)
—u! Vo (A f)(u,0) = u"' V(M g)(u, v, 1),
which contradicts (6.57). Hence the result.
Theorem 6.8 (Strong duality). Let f : S; xSy — R* be twice differentiable function
and let (Z, 7, \, Z,p) be a weak efficient solution of (HNWP). Suppose that

(i) the matrix V,,(ATh)(Z, 7, p) is non singular,
(27) the vectors V, f1(Z,7), ..., V,fu(Z,y) are linearly independent,

(iii) the vector {Vy(ANTh)(Z,7,p) — Vp(Ah)(Z,5,p) + Vi (AT ) (2, 9)p}
¢ span{V, f1(Z,7), ..., Vyfu(z,5)}\{0},

(iv) Vy(NTh)(Z,5,D) — Vp(ATh)(Z,7,D) + V(AT f)(Z, §)p = 0 implies p = 0,

(v) (N'h)(2,5,0) = (\9)(2,7,0), V(AT h)(2,5,0) = 0, V,(A"h)(z,7,0) =0,

(vi) K is closed convex pointed cone with R% C K.
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Then

(I) p = 0, there exist w € D such that (Z,9,\,w,7 = 0) is feasible for (HNWD)

and
(II) G(z,y,\p) = H(Z,§,\T).

Also, if the hypotheses of Theorem 6.7 are satisfied for all feasible solutions of
(HNWP) and (HNWD), then (Z, ¥, A, w, 7 = 0) is an efficient solution for (HNWD).
Proof. Since (Z,7, ), Z, p) is a weak efficient solution of (HNWP), by the Fritz John
necessary optimality conditions [123], there exist & € K*, 3 € Cy, 7 € R, such that

the following conditions are satisfied at (z, ¥, A, 2, p):

{a" (V. f(2,9) +7er) + Vo (NTh) (7, 7, p)(@"ex) + Vi AT )(2,9)[8 — (@ er,)7]
(

Vyf (@, g)la = (@ en) Al + [Vy (A h)(2, 9, p) = V(AN h) (x5, p)l(a" ex)
VN )@, 9)18 = (@” ex)y] + Viy (AN h)(2, 9, p)[8 — (0" ex) (5 + p)] = 0,

V(A B)(Z, 3, ) [5—(a"ex) (5+D)] = 0, (6.60)

+V,h(Z,7,9) B — (@'er) [T+ D) YA —X) =0, forall A€ int K*
BV, (N )@, 5) =2+ V(A h)(Z,5,5)] = 0, (6.62)
7'M er—1] =0, (6.63)
B € Ng(z), (6.64)
yeD, §'z=S(z|D), (6.65)

(@, B,7) # 0. (6.66)

(6.58)

(6.59)

(6.61)
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From (6.60) and nonsingularity of V,,(ATh)(z, ¥, p), we have
B = (a"er)(y+p). (6.67)

Also, (6.61) is equivalent to

Vo (2,98 — (@ er)y) + h(Z,7,p)(@" ex) +Nex + V,ph(7, 7, 5)[6 — (@"ex) (5 +p)] = 0.
Now, we claim that & # 0. Since if @ = 0 then (6.67) yields 3 = 0. Further, the above
equality gives fex = 0 or 7 = 0. Consequently (&, 3,7) = 0, contradicting (6.66).
Hence & # 0.

SinceRigKéK*gRi, ac K*=az=0.

Buta#0=a>0 or
ale, > 0. (6.68)
The relation (6.59), (6.67) and (6.68) give

Vy(S‘Th) (1_:7 gaﬁ) - vp(/_\Th) (:Ev g’ﬁ)
V)@ 0P =~ =7V, (@ )la - (@Ten) ) (6.69)

ale

which on using hypothesis (iii) and (iv) yield
p=0. (6.70)

Now using hypothesis (iii) in (6.69), we obtain
Vyf (@ g)la — (@"er)A] = 0.
From the condition (ii), we have

a = (a’ex)\. (6.71)

Equations (6.67) and (6.70) give

3= (a"er)y. (6.72)

Using (6.68) and (6.70)-(6.72) in (6.58), we have
(VAT ) (Z,9) +7 + Vo(ATh)(Z,9,p) Yz —Z) 20, for all z€C).



154

From hypothesis (v), for 7 = 0, the above inequality yields
{VeN (@, 9) +7+ V(N g) (2,5, 1)}z —2) 2 0. (6.73)

Let x € Cy. Then x 4+ z € C}, as C} is closed convex cone, and so (6.73) shows that
for every x € C
{V.(N"1)(Z,9) +7 + V.(\g)(z,5,7)} 'z 2 0,

which implies,
(Vo (N 1) (@, 9) +7+V, (M g)(z,5,7)} € Cr. (6.74)

Also, from (6.68), (6.72) and 3 € Cy, we obtain § € Cy. Thus (Z,7, \,w = 7,7 =
0) satisfies the dual constraints from (6.47) to (6.50) in (HNWD) and so it is a
feasible solution for the dual problem (HNWD). Also, by letting x = 0 and = = 27
simultaneously in (6.73), we get

' [Vo(ATf)(@,9) + 7+ Ve(AT9)(2,7,7)] = 0,

VoM ) (@) + V(N g)(z,5,7)] = —2'y = =S(z | D). (6.75)

From (6.64) and (6.72), (a”ex)y € Ng(z). Since a’e;, > 0, § € Ng(z). Also, as F is
a compact convex set in R™, 57z = S(j | E).

Further, from (6.62), (6.68) and (6.72) and the above relation, we obtain
g VN @ 9) + VA D) (2,9,0)] = 92 = Sy | B). (6.76)

Therefore, using (6.70), (6.75), (6.76) and hypothesis (v), for 7 = 0, we get

f(#.9) + S(@ | D)ex + (XTh)(@, 7. plex — p' V(AT h)(Z. 7. Dlex — §T V(AT f)(Z, F)ex

—y" V(TR 9, p)ex = f(2,9) =S | E)ex+ (N g)(x, 9, m)er =1 Vo (A 9) (2, 9, 7)ex
7"V, (N ) (@, 9)er, — TV (N 9)(T, 7, T)ex,

that is, the two objective values are equal.

Now, let (z,%, A\, w,7 = 0) is not an efficient solution of (HNWD), then there exist

(@,0, \,w,T = 0) feasible for (HNWD), such that,
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f(a_:vg) - S(Q | E)ek + (S‘T )(I y,r )ek - TTV (/\ g)(x y,r )ek - V (5‘ f)(:fvg>€k
—zTV,(\Tg) (2,5, 7)er — f(u,v) +S (v | E)er, — (A\Tg)(u,v,7)ep +7V,(\g
+uT' V(AT f) (1, )ex + u? V(AT g) (4, v,7)exr € —K\{0}.

AsZT Vo (AN ) (@, 9)+V:(Ag)(@,5,7)] = =S(@ | D), §" [V, (X" )(@,9)+ V(AT h)(z, 7, D)]

S(y | F) and from hypothesis (v), for 7 = 0, we obtain

{f(z,9) + S | D)ex + (A"h)(Z, 7, p)er — P V(AT
—y" V(N h)(@, 5, p)ent—{f (1, 0) =S (0 | E)er+(A\'g)(w, v, 7)ex—r" V(X g) (10, D, F)ex

—u' Vo (AN f)(a, v)ex — uV, (N g) (@, v,7)er} € —K\{0},

which contradicts Theorem 6.7. Hence (z, 7, A\, w,7 = 0) is an efficient solution of

(HNWD).

Theorem 6.9 (Converse duality). Let f : S; x S, — R* be twice differentiable

function and let (@, v, A, w,7) be a weak efficient solution of (HNWD). Suppose that

(1) the matrix V,,.(ATg)(u,v,7) is non singular,
(1) the vectors V. fi(w,v),...,V,fx(u,v) are linearly independent,

(#41) the vector {V.(A\Tg)(a,v,7) — V(AT g) (4,9, 7) + Vau (AL f) (@, )7}
¢ span{V, f1(u,v),..., V. fr(a,v)}\{0},

(iv) Vo(A\Tg)(u,v,7) — V(A g) (@, 0, 7) + Ve (AT £) (1, 0)7 = 0 implies 7 = 0,

(vi) K is closed convex pointed cone with R¥ C K.

Then

(I) 7 =0, there exist z € E such that (u,v, A, z,p = 0) is feasible for (HNWP), and



156

Also, if the hypotheses of Theorem 6.7 are satisfied for all feasible solutions of
(HNWP) and (HNWD), then (4, v, A, z, p = 0) is an efficient solution for (HNWP).

Proof. It follows on the lines of Theorem 6.8.

6.6 Special cases

In this section, we consider some of the special cases of the problems studied in
Section 6.4. In all these cases, K = R, C; = R?, Cy = R7T, (\Th)(z,y,p) =
LpTV (N ) (2, y)p and (ATg)(u,v,7) = 2T, (XT £) (u, )

(i) For k=1, D = {Ay : yTAy < 1}, E = {Bx : 27 Bx < 1}, where A and B are
positive semidefinite matrices, (z7 Az)Y/2 = S(x | D) and (y* By)'/? = S(y | E).
In this case (HNWP) and (HNWD) reduce to the problems considered in Ahmad
and Husain [9].

(17) Let k =1, D = {0} and F = {0}, then our problems (HNWP) and (HNWD)
become the problems studied in Gulati et al. [55].

(¢43) If & = 1, then our problems (HNWP) and (HNWD) reduce to the programs
studied in Yang et al. [137].

(tv) Let D = {0} and E' = {0}, our problems (HNWP) and (HNWD) reduce to (MP)
and (MD) considered in Yang et al. [140] along with nonnegativity restrictions
r 2 0 and v =2 0. However, taking F(z,u;a) = (z — u)Ta and G(v,y;b) =
(v — y)Tb along with the hypothesis (A) and (B) of Theorem 1 in [140] gives

z=0and v = 0.



Chapter 7

Duarity IN NONDIFFERENTIABLE
MINIMAX FRACTIONAL
PROGRAMMING !

7.1 Introduction

The mathematical programming problem in which the objective function is a
ratio of two numerical functions is called a fractional programming problem. Frac-
tional programming is used in various fields of study. Most extensively it is used
in business and economic situations, mainly in the situations of deficit of financial
resources. Fractional programming problems have arisen in multiobjective program-
ming [54, 130], game theory [36] and goal programming [42]. Problems of these type
have been the subject of immense interest in the past few years.

The necessary and sufficient conditions for generalized minimax programming
were first developed by Schmitendorf [115]. Tanimoto [126] applied these optimality
conditions to define a dual problem and derived duality theorems. Bector and Bhatia
23] relaxed the convexity assumptions in the sufficient optimality condition in [115]
and also employed the optimality conditions to construct several dual models which
involve pseudo-convex and quasi-convex functions, and derived duality theorems. Ya-

dav and Mukhrjee [134] established the optimality conditions to construct the two

IThe result of this chapter will appear in Journal of Inequalities and Applications.
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dual problems and derived duality theorems for differentiable fractional minimax pro-
gramming. Chandra and Kumar [40] pointed out that the formulation of Yadav and
Mukhrjee [134] has some omissions and inconsistencies and they constructed two mod-
ified dual problems and proved duality theorems for differentiable fractional minimax
programming.

Lai et al. [85] established necessary and sufficient optimality conditions for nondif-
ferentiable minimax fractional problem with generalized convexity and applied these
optimality conditions to construct a parametric dual model and also discussed duality
theorems. Lai and Lee [84] obtained duality theorems for two parameter-free dual
models of nondifferentiable minimax fractional problem involving generalized con-
vexity assumptions. Recently, Antczak [19] proved optimality conditions for a class
of generalized fractional minimax programming problems involving B-(p, r)-invexity
functions and established duality theorems for various duality models.

In this chapter, motivated by Lai et al. [85], Lai and Lee [84] and Antczak [19], we
discuss sufficient optimality conditions and duality theorems for a nondifferentiable
minimax fractional programming problem with B-(p,r)-invexity. In Section 7.2, we
give some preliminaries. An example which is B-(1,1)-invex but not (p,r)-invex is
exemplified. We also illustrate another example which is (=1, 1)-invex but not con-
vex. In Section 7.4, we establish the sufficient optimality conditions. Duality results

are presented in Section 7.5.

7.2 Notations and preliminaries

Definition 7.1. Let f : X — R (where X C R") be differentiable function and let
p, r be arbitrary real numbers. Then f is said to be (p, r)-invex (strictly (p, r)-invex)
with respect to n at u € X on X if there exist a function n : X x X — R" such that,

for all z € X, the inequalities

Lor@ >

1
r r

e T+ in(u)(ep"(x’“) —1)| (>ifx#u)forp#0, r#0,
p
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1 1
—e" @ > ZerF W 4 T f(u) (e —1)| (> if o #u) for p=0, 7 #0,
r r

fl@) = f(u) Z =V f(u)(e = 1) (> if & # u) for p # 0, r =0,

p
f@) = f(u) 2 Vf(u)n(z,u) (> if @ # u) for p=0, r =0,

hold.

Definition 7.2 [19]. The differentiable function f : X — R (where X C R") is said
to be (strictly) B-(p,r)-invex with respect to n and b at u € X on X if there exist a
function n : X x X — R" and a function b : X x X — R, such that, for all z € X,

the inequalities

v
SR

1b(x, u) (e @=Fw) _1) Vf(u)(eP"@W 1) (> if & # u) forp # 0, r # 0,
.

1
b, w) (€ VDD 1) 2V fuh(e,u) (> @ u) for p=0, 7 £0,

b(x,u)(f(z)— flu) 2 ]%Vf(u)(ep"(z’“) —1) (>ifz#£u)forp#0, r=0,
bz, u)(f(x) — f(u)) 2 V f(u)n(z,u) (>if x # u) for p =0, r =0,

hold.

f is said to be (strictly) B-(p,r)-invex with respect to n and b on X if it is B-(p, r)-
invex with respect to same 1 and b at each v € X on X.

In this chapter, we consider the following nondifferentiable minimax fractional pro-

gramming problem:
(FP)

. l(2,y) + (¢ Dx)'/?
min su
z€Rn y@If m(x,y) — (T Ex)1/?

subject to g(z) =0, z € X
where Y is a compact subset of R™, I(.,.) : R" X R™ — R, m(.,.) : R" x R™ — R,
are C'! functions on R" x R™ and ¢(.) : R* — RP is C! function on R". D and E are

n X n positive semidefinite matrices.

Let S = {z € X : g(z) < 0} be the set of all feasible solutions of (FP). Any point
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x € S is called the feasible point of (FP). For each (z,y) € R™ x R™, we define
l(z,y) + (27 Dx)'/?
such that for each (x,y) € S X Y,

l(z,y) + (T Dz)Y? > 0 and m(z,y) — (T Ex)/% > 0.

For each x € S, we define

H(w) = {h € H : gu(x) = 0},

where

H = {1727 7p}7

v [y ) £GP ) D
m(:v,y) - (:L‘TELL‘)l/2 zZ€Y m(a:, Z) - (xTE-T)l/Q

K(:E):{(s,t,gj)GNxRimeS:1§s§n+1, t=(t1,ts, - ,ts) € RS

with th - 17:& = (glag% T 7@8) with gl € Y('I)(Z = 1727 e 78)}
i=1
Since [ and m are continuously differentiable and Y is compact in R™, it follows that

for each z* € S, Y (2*) # (), and for any g; € Y (x*), we have a positive constant
. lx*,ﬂl + {L‘*TDLL'* 1/2
ko = o(a",4i) = : « 7) ( «T 312'
m(z*, y;) — (x*T Ex*)Y/
If the functions I, g and m in problem (FP) are continuously differentiable with

respect to x € R™, then Lai et al. [85] derived the following necessary conditions for
optimality of (FP).

Theorem 7.1 (Necessary conditions). If #* is a solution of (FP) satisfying *7 Dz* >
0, »*"Exz* > 0, and Vg(z*),h € H(z*) are linearly independent, then there exist
(s,t*,9) € K(2*),ko € Ry,w,v € R", and p* € R" such that

S p
S { Vi 5+ DU (Ve )~ B0) 9 Y ) = 0. (71)
=1 h=1
l(a*,5:) + (T Da*)s — k. (m(x*, 7) — (x*TEx*)%) —0,i=1,2---,5 (7.2)

> mign(a®) =0, (7.3)
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(
w'Dw <1, v Ev <1,

(2" Dx*)'? = 2*T Dw, (7.5)

\ (.’,U*TE.T*)l/Q — .T*TE’U.

Remark 7.1 [19]. It should be pointed out that the exponentials appearing on the
right-hand sides of the inequalities above are understood to be taken componentwise
and 1 =(1,1,...,1) € R".

Remark 7.2. All the theorems in this chapter will be proved only in the case when
p # 0, r # 0. The proofs in the other cases are easier than in this one. It follows from
the form of inequalities which are given in Definition 7.2. Moreover, without limiting

the generality considerations we shall assume that r > 0.

7.3 Examples

7.1. An example of non trivial function which is (—1,1)-invex but not

convex.
Let X = [8.75,9.15] € R. Consider the function f : X — R defined by f(x) =
log(sin®z). Let n: X x X — R be given by

n(x,u) = 12(1 + u).
To prove that f is (—1,1)-invex, we have to show that

. _
—erf@ _ Zerfwiy 4 CVf(u) <ep’7(m’“) = 1)} 20, forp=—1andr=1.
r r p

Now, consider

= sin?z + sin 2u (e‘lQ(Hu) —1) —sin?u

>0 Va,ue€ X, as can be seen from Figure 7.1.

Hence, f is (—1,1)-invex.
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Further, for x = 8.8 and u = 9.1, we have

0= f(x) = f(u) = (z —u)"V f(u)

—2log (s%nx) _ (z—w)sin2u

sin? u

=—0.5701 <0

Thus f is not convex function on X.

7.2. An example of non trivial function which is B-(1,1)-invex but not

(p,7)-invex.

Let X =[0.25,0.45] C R. Consider the function f : X — R defined by
f(x) = —2? + log(8/x).

Let n: X x X — R be given by
n(z,u) = log(1 + 2u?)

and b: X x X — R, be defined by
b(z,u) = 4sin® x + sin” w.

The function f defined above is B-(1,1)-invex as

¢ = b(z, u)(eV@=FW) 1) — Vf(u)(e"@® — 1)

= [4 sin? z + sin? u} [6(1‘2”32)\/% — 1] — {u — 4u3}

>0 Vx,u€ X, as can be seen from Figure 7.2.
But it is not (p,r) invex for all p,r € (—10'7,10'7) as
_ LoLd613xr _ 1o1469xr |1 4 ()45 x T ( 0-3022xp _ |
r r : p
(for z = 0.4 and u = 0.42)

< 0 as can be seen from Figure 7.3.

Hence f is B-(1, 1)-invex but not (p, r)-invex.
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Figure 7.1: Graph of ¢ against x and u

Figure 7.2: Graph of ¢ against x and u
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Figure 7.3: Graph of ¥ against r and p
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7.4 Sufficient conditions

Now, we prove the sufficient condition for optimality of (FP) under B-(p, r)-invexity
assumptions.

Theorem 7.2 (Sufficient condition). Let * be a feasible solution of (FP) and there
exist a positive integer 5,1 < s S n+1, t* € R,y € Y(2*)(i = 1,2,---5), ks €
Ri,w,v € R" and p* € RY satisfying the relations (7.1)-(7.5). Assume that

(4) ;t? (Z(-, 7) + ()T Dw — k, (m(., Ui) — ()TEU)) is B-(p, r)-invex at z* on S with

respect to n and b satisfying b(x,z*) > 0 for all z € S,

P
(i1) > ppgn(.) is By-(p,r)-invex at * on S with respect to the same function 7,
h=1

and with respect to the function b,, not necessarily, equal to b.

Then z* is an optimal solution of (FP).
Proof. Suppose to the contrary that z* is not an optimal solution of (FP). Then

there exists an € S such that

sup 1) + (z" Dz)'/? l(z*,y) + (z"" Da*)'/?
vey m(Z,y) — (ZTEx)V2 ey m(a*,y) — (x*T Ex*)V/2

We note that

l(flf*, y) 4 ($*TD$'*)1/2 l(.’]ﬂ'*, g@) + (ZU*TDI'*)l/Q "
Su - == (e}
yeg m(x*,y) — (T Ex*)Y/2  m(z*,y;) — (2T Ex*)1/2

for y; € Y(2*),i=1,2,--- ,s and

l(z,5:) + (@"D2)'* _  I(z,y) + (" Dz)'?
m(z,4;) — (ZTET)V? T yey m(z,y) — (2T Ex)'?

Thus, we have
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I(z.5;) + (" D7)

G = By < e fori=L2e s

It follows that
1z, 5:)+ (@ DE)Y? ko (m(z, ;) — (2T Ez)Y?) < 0, fori =1,2,--- 5. (7.6)

From (7.2), (7.4)-(7.6) and Schwartz Inequality, we obtain
S tH{l(Z,9:) + 7" Dw — ko(m(%,7;) — T Ev)}
i=1

i)t’f{l(i,gi) + (@ D)} — ko(m(Z, 35) — (ZTET)H))

<0= 21 {l(", ) + (T Da)E — kol ) — (a7 Bat) )}

= L i g + v Dw — ko(m(a*, ;) — 2™ Ev)}.

||/\

»

It follows that

Zt{l 7:) + 7' Dw — ko(m(Z,7;) — 2V Ev)}
<Zt{l 2, 5) + #* T Dw — ko(m(z*, 5;) — 2T Ev)}.  (7.7)

As S tr (1, %) + ()T Dw — ko (m(., 5;) — ()T Ew)) is B-(p, r)-invex at «* on S with
i=1
respect to n and b, we have

1 . 7‘|:i tr (l(x,gi)Jr:pTDwfko (m(x,gi)fxTEv))fi ty (l(:p*,gi)+m*TDw7ko (m(m*,gi)f:r*TEv))}
—b(z,x*) ¢ e L= i=1 —1
r

1< .
> - {Zt: (VI(z*, ;) + Dw — ko (Vm(z*, 5;) — Ev))} {ern@=?) _ 1}
P =
holds for all z € S, and so for x = . Using (7.7) and b(z, x*) > 0 together with the

inequality above, we get
{Zt* (VI(z*, 5;) + Dw — ko (Vm(z*, ;) — Ev))} {ern@=) 1} <0, (7.8)

From the feasibility of z together with uj = 0, h € H, we have

> (@) <0 (79)
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By By-(p, r)-invexity of Z pign(.) at * on S with respect to the same function 7,

and with respect to the functlon by, we have

quhgh(m) h§1#hgh( )} > Z V,u gh {epn nr) — 1}

by (z,2%) < € L=
Since by(x, z*) > 0 for all x € S then by (7.3) and (7.9), we obtain

g

- Z Vi gn(a*) {er@) — 11 < 0. (7.10)

By adding the inequalities (7.8) and (7.10), we have

S (1) + Dw ke (Va1 - B) + 3 Viianto) |
femteat) 1} <,

which contradicts (7.1). Hence the result.

7.5 Duality model

Consider the following dual to (FP):

(FD) max sup k,
(s:t.9)€EK (@) (a,p,kv,w)EH: (s,t,7)

where Hi(s,t,y) denotes the set of all (a,p,k,v,w) € R* x RY. x R, x R" x R"

satisfying
s p
Zti{Vl(a, vi) + Dw — kE(Vm(a,y;) — Ev)} +V Z,uhgh(a) =0, (7.11)
i=1 h=1
Zti{l(a, ;) + a’ Dw — k(m(a,y;) — a” Ev)} =0, (7.12)
i=1
P
> tmgn(a) 20, (7.13)
h=1
(s,t,y) € K(a), (7.14)
w'Dw <1, vTEv < 1. (7.15)

If, for a triplet (s,t,7) € K(a), the set Hy(s,t,y) = 0, then we define the supremum

over it to be —oo. For convenience, we let
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i)=Y i 5) + () Dw = k(m (., 5i) — ()" Ev)}.

Let S FDi:(ienote a set of all feasible solutions for problem (FD). Moreover, let S;
denote Sy = {a € R": (a, pu, k,v,w,s,t,y) € Spp}.

Theorem 7.3 (Weak duality). Let x be a feasible solution of (FP) and (a, u, k, v, w, s,t,4)
be a feasible of (FD). Let

(1) z‘iti (1(,5) + ()"Dw — k (m(., %) — (.)TEv)) is B-(p,r)-invex at a on S U S

with respect to n and b satisfying b(z,a) > 0,

p
(13) > pngn(.) is By-(p, r)-invex at a on S'US; with respect to the same function 7
h=1

and with respect to the function by, not necessarily, equal to b.

Then

[(x,y) + (2T Dx)'/?
> k. 7.16
D y) — (T Ea) = (7.16)

Proof. Suppose to the contrary that

l ) 1/2
sup (@,y) + (@ Dz) ™
vev m(z,y) — (z" Ex)!/?

Then, we have
Iz, ) + (2T Dx)'? — k(m(z,5;) — (T Ex)Y?) <0, for all §; € Y.
It follows from (7.4) that
ti{l(z, gi)+(«" D) = k(m(z,5;) — («" Ex)'/?) <0, (7.17)

with at least one strict inequality, since t = (t1, o, -+ ,ts) # 0.

From (7.12), (7.15) and (7.17), we have
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i) = S tl(e,5) + 27 Dw — k(m(z, 5i) — 27 Ev)}

=1

A

;: t{l(z,5) + (T Dx)} — k(m(z, ;) — (T Ex)3)}
<0< ;ti{l(a, 7)) + " Dw — k(m(a, 5i;) — aEv)}

= ti(a).

Hence
’lbl(x) < ¢1(CL). (718)
Since ;t" (1. %) + ()" Dw — k (m(.,5;) — ()" Ev)) is B-(p,r)-invex at a on S U S;

with respect to n and b, we have

r 3 i ((x,y4 zT Dw— m(x,y; —zTEv —5 i U(a,y; aT Dw— m(a,y; —aT Fv
o0 6[53(“ 4T Du—k(m(ag0)—a" B0))= = t3(1(asg0)+a Du—h(m(a.) E))]_l}

22 {Z:Zl t; (Vi(a,5:) + Dw — k (Vm(a,3;) — EU))} {emt=9 —1}.
From (7.18) and b(x,a) > 0 together with the inequality above, we get

1 S
- {Zti (Vi(a, ;) + Dw — k (Vm(a, ;) — Ev))} {ern@a) 11 < 0. (7.19)
L
Using the feasibility of x together with u, = 0, h € H, we obtain
p
> ngn(x) £0. (7.20)
h=1
From hypothesis (ii), we have
r 3 xT)— 3 a p
Lby(,a) {6 L;thh( e )} a 1} = 5 2% Vingn(a) {9 — 1}
—1

h
As by(z,a) =2 0 then by (7.13) and (7.20), we obtain

p
LS Vingn(a) {0 — 1} <o, (7.21)
p h=1

Thus, by (7.19) and (7.21), we obtain the inequality
S p
% {Z ti (Vl(a,y;) + Dw — k (Vm(a,y;) — Ev)) + > Vuhgh(a)}
h=1

=1
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{epn(w) - 1} <0,
which contradicts (7.11). Hence (7.16) holds.
Theorem 7.4 (Strong duality). Let 2* be an optimal solution of (FP) and Vg (z*), h €
H(z*) is linearly independent. Then there exist (3,%, 7*) € K (z*) and (2*, i, k, v, w) €
H,(5,t,9*) such that (z*, i, k, 0,0, 5, , §*) is a feasible solution of (FD). Further, if the
hypotheses of Theorem 7.3 are satisfied for all feasible solutions (a, i, k, v, w, s,t,y) of
(FD), then (z*, fi, k, v, w, 5, ,4*) is an optimal solution of (FD) and the two objectives
have the same optimal values.
Proof. If z* be an optimal solution of (FP) and Vg, (z*),h € H(z*) is linearly in-
dependent, then by Theorem 7.1, there exist (5,%,7*) € K(x*) and (2%, i, k, v, W) €
H,(5,t,7*) such that (z*, i, k, 0, w, 3, , §*) is feasible for (FD) and problems (FP) and
(FD) have the same objective values and

lz*,5;) + (*" D)/

k= :
m(x*, g;) — (z*T Ex*)1/?

The optimality of this feasible solution for (FD) thus follows from Theorem 7.3.

Theorem 7.5 (Strict converse duality). Let «* and (a, ji, k, 9, w, 5, %, j*) be the op-
timal solutions of (FP) and (FD), respectively and Vg,(z*),h € H(x*) is linearly
independent. Suppose that i t (1, 5) + ()"Dw — k (m(.,4;) — ()T Ev)) is strictly
B-(p,r)-invex at a on S U El with respect to n and b satisfying b(z,a) > 0 for all
x € S. Furthermore assume that Zp: pngn(.) is Bg-(p,r)-invex at a on S U .S; with
respect to the same function n anc?:vzfith respect to the function by, not necessarily,
equal to the function b. Then z* = a, that is, a is an optimal point in (FP) and

w, L@7) + (a” Da)'/?
yev m(a, y*) — (a" Ea)'/?

= k.

Proof. We shall assume that z* # a and reach a contradiction. From the strong

duality theorem (Theorem 7.4), it follows that

* ok *T *\1/2 _
sup ¥ + (@ D) P g (7.22)

vey m(x*, g*) _ ({E*TEZE*)I/2
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By feasibility of z* together with u, = 0, h € H, we obtain

Z pngn(z*) <0 (7.23)

By assumption, Z pngn(.) is By-(p,r)-invex at @ on S U Sy with respect to n and
with respect to the by. Then, by Definition 7.2, there exists a function b, such that
by(z,a) 20 for all z € S and a € Sy. Hence by (7.13) and (7.23),

Then, from Definition 7.2, we get
1< )
= Vingn(a) {em"™ —1} < 0. (7.24)
b=

Therefore, by (7.24), we obtain the inequality
! {z b (Vi@ 5:) + Dw — & (Vm(a, 5;) — Ev))} {emea) _ 1} >
i=1

As ZS: t (10, 5) + ()"Dw — k (m(.,5:) — ()T Ev)) is strictly B-(p,r)-invex with re-
speé?to n and b at @ on S U S;. Then, by the Definition of strictly B-(p, r)-invexity
and from above inequality, it follows that

2b(x*, @)%

r X =*,G;)+a* T Dw—k(m(z*,5;)—«*T Ev > a,j;)+a’ Dw—k(m(a,j;)—a’ Ev
{ |:i§1tl(l( i)+ D k( (=*,9:) E )) igltz(l( gi)+a D k( (@9:) E )):| . 1} < 0.

From the hypothesis b(z*,a) > 0, and the above inequality, we get
St (l(:r*, y) + T Dw —k (m(x*, Ui) — ZE*TEU))
i=1

s

— >t (1@, i) +a" Dw — k (m(a, 5;) — a" Ev)) > 0.
Therefore, by (7.12), .
i ti (I(z*, 5;) + " Dw — k (m(z*, 5;) — 2*" Ev)) > 0.
ZS:iilce t; 20, 1=1,2,...,s, therefore there exists i* such that
Uz, y7) + =" Dw — k (m(z*, §;) — 2*" Ev) > 0.

Hence, we obtain the following inequality
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Uz, g7) + (" D)/
m(x*,gjj) _ (ZL‘*TEZL'*)UQ ’

which contradicts (7.22). Hence the result.



Chapter 8

NONDIFFERENTIABLE MULTIOBJECTIVE
FRACTIONAL V ARIATIONAL
PROGRAMMING PROBLEMS

8.1 Introduction

Hanson [66] surveyed and generalized the relationship between mathematical
programming and classical calculus of variation. Optimality conditions and duality
results were obtained for scalar valued variational problems by Mond and Hanson
[98] under convexity. Bector et al. [27] extended symmetric duality to variational
programming, giving continuous analogous of the results of Dantzig et al. [48] and
Mond and Weir [103], respectively.

Ahmad and Husain [11] introduced second-order (F, a, p, d)-convex functions and
their generalizations and developed weak, strong and strict converse duality theorems
for second-order Mond-Weir type multiobjective dual. Hachimi and Aghezzaf [65] ex-
tended the concepts of (F,«, p,d) type-I functions and generalized type-I functions
to the continuous case and established various sufficient optimality conditions and
mixed duality results for multiobjective variational problems. Recently, Ahmad and
Sharma [15] formulated a pair of multiobjective fractional variational symmetric dual
problems over arbitrary cones and obtained usual duality results under generalized

F'-convexity assumptions.
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This chapter is organized as follows: In Section 8.2, we give some definitions and
preliminaries related with the chapter. In Section 8.3, we formulate a pair of multiob-
jective fractional variational symmetric dual problems for a class of nondifferentiable
functions over arbitrary cones and prove weak, strong and converse duality theorems
under (F, «, p, d)-convexity /pseudoconvexity assumptions. Self duality for this pair

is also discussed in Section &.4.

8.2 Notations and definitions

Let I = [a,b] be a real interval and C; C R", Cy C R™, be closed convex
cones with nonempty interiors having positive polars C} and Cj, respectively. Let
for each i € L = {1,2,...,1}, fi(t,z(t),2(t),y(t),y(t)) and g'(t, z(t), z(¢), y(t), y(t)),
where z : I — R"™ and y : [ — R™, with derivatives & and y, are twice continuously
differentiable functions. For i € L, the symbols f7, fi, fi and f, denote gradient
vectors of the scalar function f*(t,x, &, y,y) with respect to x, &,y and 7, respectively.

We have

off Ofyr u_(OF  Ofyr

ozl oxn

Similarly, ¢, g%, g; and g?"; denote the gradient vectors of ¢'(¢,z,,y,y) with respect
to x, &, y and y, respectively.

The following observations are used for proving duality results:

Df; = gjt + f;yy + f;yy + f;xl' + f;zx

Consequently,

O i 9 i i 0 i

8_ny9 = Dfyy, 8_3)ny = Dfyy + Fiys 8_37ny = Jay

O 1w i 0 e i i O 1w i
%ny:nym %ny:nym'—i_fyxu %ny:fym i€ L.

Similarly, Dg; can be defined.
Let X (I, R™) denotes the space of piecewise smooth functions x with norm
Iz =l oo + || D ||,

where the differentiation operator D is given by
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u=Dr < x(t)=o + fj u(s)ds,

where «; is a given boundary value. Therefore, % = D except at discontinuities.
Denote by Y (I, R™), the space of piecewise smooth functions y : I — R™ with the
norm as that of space X (I, R").

Consider the following multiobjective variational problem:

(NFP) Minimize

/ab¢(t,x(t),fb(t)>dt _ <
0
0

Bt a(t), i(t) S0, tel,
where ¢ : I x R* x R* — R and h : I x R* x R"* — R™ are differentiable functions.
Let S be the set of all feasible solutions of (NFP), i.e.,

S={rec X(I,R")| z(a) =0=x(b), #(a) =0=0(b), h(t,z(t),(t) 20, t €I}.

Definition 8.1. A point Z € S is an efficient (or pareto optimal) solution of (NFP)

if there exist no other z € S such that

b b
[ ottato.atonir < [ ot a0, )

Definition 8.2. A point z € S is a weak efficient solution of (NFP) if there ex-

ist no other x € S such that

/ o(t, 2(t), #(1))dt < / o(t, T(), 3(0))dt.

Let F' and G be sublinear functional with respect to third variable and d = (d', d?),
where d* = (di,d},...,d}) : I x R*" x R*" x R* x R" — R, d*> = (d3,d3,...,d?) :
IXR"XR"XR™"xR™ — Rl Let f = (f1, f2,..., f)) 1 IXR"XR"XR™x R™ — R'be

differentiable function, o = (o, az), where a; : R* X R" — R \{0}, as : R™" X R™ —
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R\{0} and p = (p, p*), where p' = (P13 1), 07 = (01,03, p}) € R
Definition 8.3. For each i € L, / fi(t,z,2,y,79) is said to be (F,ay, p}, d})-convex
in x and 2 for fixed y and v, if

b b
/ fz(t7$’ i’? y’ y)dt _/ f1<t7 u7 il'? y7 y)dt
a b a
> / Pt 2,8, g, s on (0, 0) (Fi(F s i, 9, )

— Dfi(t,u,u,y,y)))dt + pzl/b(d}(t, T, T, u, u))th
for all , u: I — R"™ and for some arbitrar; sublinear functional F'.
Definition 8.4. For each i € L, /bfi(t,x,j:,y,g)) is said to be (F,ay,p},d})-
pseudoconvex in x and & for fixed y ané y, if

b
/F(twraw)yaya @1(%“)(]0;(@“7@,%9’) - Df;(tau7u7y7y)))dt z 0

“ b b b
:>/fz(t7$7x7y7y)dt2/fl(t7u7u7y7y)dt+pzl/ (di(t,x,x,u,u)fdt,

for all x, u: I — R"™ and for some arbitrary sublinear functional F'.

In the sequel, we will write F'(¢, z, u; §) for F(t, z, &, u,u;§) and G(t, v, y; n) for G(t,v,v,y,7;n).

8.3 Problem formulation and duality results

Kim and Lee [80] formulated a pair of symmetric dual variational problems
in the spirit of Mond and Weir [103] using pseudo-invexity. Recently, Hachimi and
Aghezzaf [65] proved mixed duality results for multiobjective variational programming
problems using the concept of generalized (F «, p, d)-type I functions. Very recently,
Ahmad and Sharma [15] formulated multiobjective fractional variational symmetric
dual problems over arbitrary cones and established usual duality theorems under
generalized F'-convexity assumptions.

Now, we consider the problem of finding functions x : [ — R" and y : [ — R™,
where (&,9) is piecewise smooth on I, to solve the following pair of symmetric dual

multiobjective nondifferentiable fractional variational problems over arbitrary cones:



Primal Problem (VP)

minimize

b
/ (f(t,2,d,9.9) + s(x | B) — yT2}dt

b
/ {9(t, 0,29, 9) — s(x | E) +yTr}dt

T2 Yat

_ </ab{fl(t,a:,:i:,y,y') +s(z | By) —

b 900y
/ {gl(twrai‘:yay) - S(ZE | El) +yTT1}dt

177

b
/ {f'(t,z,2,y,9) + s(x | B) — yTzl}dt)

b
/ {gl(t’x7:tay7y) - S(I’ | El) +y Tl}dt

subject to z(a) =0=2x(b), yla)=0=y(b),
i(a) =0=2(b), yla)=0=y(), .
% i ) i 3 iFZ z,y *

_Z.Zl/\i{[fy_ny_Z]_[gy_Dgy—i_T}Gi(x,y) eCy, tel,

: _ pyi o Fy)
TS~ L — Dfl— 2 Dg’ [ —— >0, tel
yizzl {[y fi=#1=lo- gy+r]G’(:v,y) =h e

A>0, z(t)eCy, tel,
ZiEDi, TiEHi, 1=1,2,...,L.

Dual Problem (VD)

maximize

b
/ (F(t w1, 0,6) — s(v | D) + uTw)dt

/{gtuuvv)+s(v|H)—u shdt

(/{f (t,u, 0, v,0) — s(v | Dy) +ulw'}dt

/{g (t,u,0,v,0) + s(v | Hi) —u sl}dt

subject to u(a) =0 =wu(b), v(a)=0=uv(b),
l w(a) =0=1(b), v(a)=0=10(b),

s - Dri+w] - [ - Dy
o S0 (1= DA+ ] - [gh - D

/b{fl<t7 u, uﬂ)a@) - 3('0 ‘ Dl) + uTwl}dt

? b
/ {g'(t,u i, 0,9) + s(v | Hy) —u”s'}dt

)

M (u,v)

. fotel
L’(u,v)} Cr, tel,
M (u,v)

= < I
S}LZ( U)}_O, tel,
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A>0, v(t)eCy, tel,
weB;, stek;, i=1,2,...,1,
where f: IXR"XR"XR"xR™ — Rand ¢’ : IXR"XR"x R™"xR™ — R, i€ L,
are continuously differentiable functions and

b

F'(x,y) =/ {fi(t,:c,i,y,y) +s(z | By) _yTzi}dt;
“b

G = | {g%t,x,a’:,y,y) s | E)+ W}dt;
“ b

M (u,v) = / {fi(t,u,u,v,@) —s(v | D) +uTwi}dt;

and

Li(u,v) = /b {gi(t,u,u,v,v) +s(v| Hy) —u''s }dt
Assume that

Gi(z,y) >0, L' (u,v) >0, F'(z,y) 20, M(u,v) =0, Vi.

In order to simplify the notations, let

Fi( /b{f’(t r,2,y,9) + s(x | By) — z’}dt

Piz
{gtmxyy—s(a:|E)+yT7"i}dt
and b
z - D: T, i
Mluv {ftuuvv s(v | )+uw}dt
q; = =

{ (t,u,,v,0)+s(v| H;) —u s}dt
and express problems (VP) and (VD) equivalently as follows:
Primal Problem (FVP)

Minimize p= (p1,p2, e 7171)

subject to
z(a) =0 ==2z(b), yla)=0=y(b), (8.1)
i(a) =0 =2(b), gla)=0=y(b), (8.2)

b
/ {fl(t>$a$7yay)+5($| Bz)_yTZz}dt
a ) | |
—pz-/ {g’(t,fc,x}y,y) —s(z | B;) + yTrl}dt =0, iel, (8.3)



l

_ZAi{[f;_Df;_zi] —pi[g;—Dg;+ri]} ccy tel,
=1

l
7SN 1= DA =+ sy - Do+ )| 20, te
=1

A>0, z(t)e Cy, tel,
seD;, reH;, i=1,2,...,1l

Dual Problem (FVD)

Maximize q= (Q1> q2;, - - ,C_Il)

subject to

b
/1{f%tuﬂbub)—SWII%%+uﬂﬁ}dt
a ) | |
_Qi/ {gl(t,u,u,v,zk)—i—s(v|Hi)—uT51}dt:0’ i€l
z
Z/\i{[f;—Dféerl] —qi[gi—Dgé—S’}} eCr tel,
=1
z
JE:&hﬁ—Dﬁ+wﬂ—M%—D%—ﬂ}§utEL
=1
A>0, v(t)eCy, tel,

w'eB, sekE, i=12,...,1L
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(8.10)

(8.11)

(8.12)

(8.13)

(8.14)

In the above problems (FVP) and (FVD), it is to be noted that p and ¢ are non-
negative. Let P and @) denote the sets of feasible solutions of (FVP) and (FVD),

respectively. In the subsequent analysis, usual duality theorems are discussed in

terms of (FVP) and (FVD), but equally apply to (VP) and (VD).

Now we establish weak, strong, converse and self duality theorems for the problems

(FVP) and (FVD).
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Theorem 8.1 (Weak duality). Let (x,y,p, A, z,7) € P and (u,v,q, \,w,s) € Q. Let
the sublinear functionals FF : I X R" X R" X R"+— Rand G: I X R" X R x R™ — R
satisfy the following conditions:

F(t,x,u; a) +a;taTu =0, forallac Cy, tel (A)
G(t,v,y;b)—i—oz;leyzO, forallbe C5, tel. (B)

Suppose that either
1 b

@) Lol [ [t b
i=1 a

or pl Z0and p? 20, i€ L.
Furthermore, assume that > )\i/ {(fZ(t, e, 1‘))+(.)Twz> —g <gz(t, e, @)_(.)Tsz) }dt

=1

2 2

! b
dt+ Y Nip; / [d?(t,v,@,y,w] dt >0
=1 a

l b , ‘ .
is (F, vy, p}, d})-pseudoconvex in x and &, > )\i/ {(fz(t, x, @, )= ()2 ) =pi (gt 3, 2, -, )+

i=1
(") }dt is (G, ag, p?, d?)-pseudoconcave in y and .
Then p £ q.
Proof. As (z,y,p, A, z,7) is feasible for the primal problem (FVP) and (u, v, ¢, A, w, s)
is feasible for the dual problem (FVD), ay(z,u) > 0, by the dual constraint (8.11),
the vector a = oy (z, u) i )\i{ [f; —Df;+wi] _Qi[gi —Dgi—gi]} eCy, tel, and

=1
so from hypothesis (A), we obtain

F(t,:c,u; ar(z, u) _i )\i{ [f; - Dfi + wi} — 4 [gi« — Dg} - Si} })

1\

—u” ; Ai{ [fi = Dfi+w'] — aig; — Dgi — '] }
= 0 (by dual constraint (8.12)).

By using sublinearity of F', we get
l . . . . . .
> )\Z»F(t,x,u; al(a:,u){ [f; — Df + wz] — qi[g; — Dg, — Sl} }) 20,

i=1

which implies

l b
Z)\i/ F(t,:mu;al(x,u){ [f; — Dfi + wi] — g [g;, — Dy, — si} })dt = 0. (8.15)
i=1 a
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! b ,
This, in view of (F, ay, p}, d})-pseudoconvexity of > )\Z»/ {(fi (0, 0) + () w') —
iz Ja

qi (gi(t; G0, 0) — (~)Tsi)}dt in x and %, we have

ZA/ {(fztxxvv)—l—x w)

—q; (gz(ta xz, *fta v, U) + S(/U ‘ Hl) - wTSi) }dt
l

> 2_1:/\ /ab { (fi(t,u,u,v,o) +uTwi) — g (gi(z,u,u,v,@) +s(v | Hy)
>}dt+2m/a {dl (t,z, & u u)rdt. (8.16)

Since 27w < s(z | B;), w' € B;, i =1,2,...,1, (8.16) can be written as

éA/b{ (fi(t,:c,;'g,v,o) + s(z | Bi))

— ¢ <gi(t,x,x',v,z')) +s(v | Hy) — szi) }dt
l b . . |
=Y )\i/ {(ﬁ(t,u,mv,@) +uTwz) —q <gz(t,u,u,v,®) +s(v | Hy)
i=1 a

_ )}dt—k;)\,pl/b {dl(t T, &, u u)rdt.

From 27s' < s(x | E;), s € E;, oIrt <s(v | Hy), "€ Hy, ¢; 20, i=1,2,....1, by

above inequality, we obtain

ZA/ {(f%tmw)+s(a;|B)—s(U|D))

2
—q; <gi(t,x,$,v,1}) —s(xz | E;) —i—vTri)} dt > Z/\’pl/ {dl (t,x,%,u u)] dt. (8.17)

By the primal constraint (8.4), as(v,y) > 0, taking vector b = —as(v,y) il)\z{ [fi—
ny’ — zl} — i [g; — Dg; + ri] } € C3, t €I, and using hypothesis (B), we obtain
G(tv,y;— 2(v, )X:l) {[ —Dfi =2 — pi[gi,—Dg},vLTi}})

> y” ZA {[ —Dfy— 2" - pi[gé—Dgiﬁr’]}

1=
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= 0 (by primal constraint (8.5)).

Using sublinearity of G, we get

I ; P ' ' ’
;)\ig (t,v,y; —Oég('l),y){ [fi = Dfi— 2" —pi[gi, — Dgi + 1] }) =0,

which implies

! b
Z)\i/ G(t,v,y; —ag(v,y){[f;—ng—zq —pi[g;—Dg;—l—rq})dtzO. (8.18)
i=1 a

! b ) .
The (G, ay, p?, d?)-pseudoconcavity of > )\i/ {(fl(t, x, &, )— () ) =pi (g (t 2, 3y, )+
=1 a

(") }dt in y and ¥ yields

El:&- /ab { (fi(t,x,i'ﬂ;,@) _ UTzz)

—D; (gi(t, x,&,0,0) —s(z | E;)+ vTri> }dt
I

b
<> A/ { (f”'(t,x, &,y,9) — yTzi) — pi (gi(t, v, &,y,9) — s(x | E)

- )}dt Z)\sz/a {dQ (t,v,,9, y)] . (8.19)

Since vT2' < s(v | Dy), 24 € D;, i =1,2,...,1, (8.19) becomes

ZA/ {(fltx:tvv)—i—s(m|B)—s(U|D)>

2
—p; (gi(t,x,j:,v,z}) —s(z | E;) +vTri> }dt < - Z)\Zpl/ [dQ (t,v,0,v, y)} dt. (8.20)
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From (8.17) and (8.20), we get

Z)\/ {(]”ta:xvv)+s(x|B)—s(v]D)) (gi(t,:c,i*,v,z'))—s(x]Ei)

l

)}dt ZA/{( ta:xvv)—i—s(x]B)—s(MD))—pi<gi(ta$,$avub>_3(x|Ez‘)

2 b
)}dt>2)\zp1/ {dltﬂc xuu] dt—l—z)\lm/ [d?(t,%@a?/ay')}

Using hypothesis (i) in (8.21), we obtain

Z)\i(pi_%') / <gi(t,x(t),x'(t),U(t),i)(t)) —s(z | E;) +uTr") dt > 0. (8.22)

If, for some i € L, p; < ¢ and p; < ¢j, for all j # 4, then from A > 0 and
b
/ (gi(t,x,i’,v,i)) —s(z | E;) + UTTZ)dt >0, i=1,2,...,1, implies that

i Yy (Pz' — Qi) /b (gi(lf, x,,0,0) —s(z | E;)+ UTW) dt < 0,

évzﬁich contradicss (8.22). Hence p £ ¢.

Theorem 8.2 (Weak duality). Let (z,y,p, A\, 2,7) € P and (u,v,q, \,w,s) € Q. Let
the sublinear functionals F': I X R" X R" X R"— Rand G : I x R™" X R™ X R™ — R
satisfy the following conditions:

F(t,z,uja) + a7 a’u 20, forallae Cf, tel (A)

G(t,v,y;b) + a3 0Ty 20, forallbe C;, tel (B)

Suppose that either
2

1 b 2 ! b
(1) Zkip}/ {di(t,x,i’,u,u)] dt+2/\1p?/ {d?(t,v,i),y,y)} dt =0
i=1 a
orp} 20and p? 20, i€ L.

b

Furthermore, assume that / {(f"(t, 0, 0) 4 () ') — g (g (v, 0) = ()T }dt
‘ b . .

is (F, aq, pi,d})-convex in x and i, / {(fl(ta%i, D) = () = pi((t i) +

(.)Tri) }dt is (G, aQ,pl?, d?)-concave in y and y.
Then
pa. (8.23)

2

dt. (8.
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Proof. Assume by contradiction that (8.23) is not true, that is, p < ¢, i.e., p; < g;, for
b
some ¢ € L and p; < g;, for all j # ¢, then from A > 0 and / (gi(t,x,jt,v,i)) — s(z |

a

E;) —i—vTrZ)dt >0, i=1,2,...,1, we have

l

S (o) /ab (gi(t, v, 0,0) — s(x | B +UT7~%'> dt < 0. (8.24)

i=1
Since (z,y,p, A, z,7) is feasible for the primal problem (FVP) and (u,v, g, A\, w, s) is
feasible for the dual problem (FVD), ay(z,u) > 0, by the dual constraint (8.11), the
vector a = a;(z, u) Z)\ {[f;—Dfé—i-w’l —q[gt —Dgfb—si]} e Cf, tel,andso

=1

from hypothesis (A), we obtain
F(tw’%U; oy (z,u) Y Ai{ [f;f; - Df; + wl} — ¢ [9; — Dg;, — 31} })
i=1

—UTZA{[ — Dfi+w'] —qgl Dgx—S}}

= 0 (by dual constraint (8.12)).

1\

By using sublinearity of F', we get
!
s ar (s wente.{ [ - DA+ u] — afot - Dog - 5]} ) 20

i=1
which further implies

! b
Z)\i/ F(t,x,u; al(x,u){ [f;—Df;ﬁLwi] —q; [gf&—Dg;—s’] })dt > 0. (8.25)
i=1 a

b
Since / {(fz(ta K 7U7U)+()Twl)_% (gz(tv 55U U)_()Tsz) }dt is (F7 ai, pzla dzl) -convex

in x and x, we have

/j{(fi(t’“""'t’”’”)*fwi) —qz'(g (t,2,&,0,0) + s(v | Hi) — " s)}dt
_/ab{(fi(t,u,u,v,@)JruTwi) _Qi(gi<t,u,u,v,’l})+8(v | Hi)_uTSi>}dt

b
g/ F(tx,u;al(x,u){[f;—Df£+wi]_Qi[gi—Dgé;—si}})dt
2

b
+p§/ {d}(t,x,x,u,u)] dt. (8.26)
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Ui (513) (529 i 526), e e
S [ { (e 7)1 -7
o [ { () (s )
e St [ [ sono]n oo

Since zTw! < s(z | B;), w' € B;, i =1,2,...,1, (8.27) can be written as
l b ]
> )\i/ { (f’(t,ac, £,0,8) + s(e | B) - s(v]| Di))
=1 Ja
/ 2
_qi(g(tmxvv)—l—sv|H )} zzzpz/{dltxxuu)}dt.
', 420

From z7s" < s(z | E;), s' € E;, vTrt < s(v | Hy),

above inequality, we obtain

Z)\/ {(fwmM)+s(x|3)—s(v|p))

2
—4i <gi(t,x,i:,v,1)) —s(z | E;) —i—UTTi)} dt = Z)\Zpl / {dl (t, o, @, u u)} dt. (8.28)

!
By the primal constraint (8.4), as(v,y) > 0, taking vector b = —aa(v,y) > )\i{ [fi -
i=1
Dfé - Zz} —Pbi [9;/ - Dg;) + Ti] } € C3, te I, and using hypothesis (B), we obtain
G(t’”’y? —0a(v,y) 2 Ai{ [f; = Dfj = 2] = pilgy — Dgj + '] })
i=1

> yT ZA{[ —Dfi— 2" — pi[g;—Dg;frr’]}
= 0 (by primal constraint (8.5)).

Using sublinearity of G, we get

l . . . . . .

pIPE (t, v,y —aQ(v,y){ [fi = Dfi— 2" —pi|g}, — Dgi, + 1] }) >0,

i=1
which shows that

! b
Z )\i/ G(t, v, y; —as(v, y){ [f;—Df;—zi} —p; [g;—Dgf)—i—?"i] })dt > 0. (8.29)
i=1 a
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b
The (G, as, p?, d?)-concavity of/ {(fi(t,x,i, =)z z) pz(gi(t,x,i:, . ~)—|—(-)T7‘i)}dt
in y and y yields ’

b b
/ { (fi(t, T, &,0,0) — szi) — i (gi(t,x,yb, v,0) — s(x | E;) + vTri) }dt +/ G(t, v, Y;
b
~as(e{ (13- DA = ) = il - Dy + o] Par < [{(rt )
b 2
_yTZi) —Di (gz<ta Z, l‘.? Y, y) - S(x ’ EZ) + yTri) }dt - p?/ |:dz2<t7 U, @7 Y, y):| dt. (830)

From (8.6), (8.29) and (8.30), we have

ZA/ {(fztxxvv)—sz>—pi<gi(t,x,¢,v,@)—s(x|Ei)+vTri)}dt
<Z)\/ {< (t,z,,9,9) —y z)—pi(gi(t,x,:t,y,y)—s(a:|E¢)+yT7"i>}dt
—Z)\sz/ [d2 (t,v,9,y, y)rdt. (8.31)

a

Since vz < s(v | Dy), 28 € D;, i =1,2,...,1, (8.31) becomes

Z)\ / {(f%t v i v)+s(x|B)—s(v|D))

—pi(gi(t,x,:t’,v,@) (] Ei)+vTri>}dt < Zm / [d2 (t0,0,, y)rdt. (8.32)
From (8.28) and (8.32), we get
ZA/ {( (ta @0 v)+s(x|B)—s(v|D))
- (gi(t,m, £,0,0) — sz | B + vTri) }dt

—ZA/ {( ta:xvv)—i—s(:z:\B)—s(MD))
n (gi(t, 7, &0,0) — s( | B) + W‘) }dt
;ZZ: ,pZ/G [dl (t,z, i, u urdt—l—z&p, /ab [df(t,v,b,y,g))rdt. (8.33)

=1
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Using hypothesis (i) in (8.33), we obtain

ZA / b { (m,x,j;,v,@) +s(x| B;) = s(v| Di))
i (gi(tw, i0,0) = s(x | Ey) + ) }dt

> Z)\i/ab{(fi(t,x,x,v,z}) b | B) —sv| Di))

—pi (gi(t,x, T, v,0) — s(x | B;) + vTri) }dt.

b . .
Z by (p,- —q,-) / (gl(t,x(t),i"(t), v(t),v(t)) —s(z | E;) +UT7”) dt = 0, (8.34)

i=1
which contradicts (8.24). Hence the result.

Any problem, say (FVD), in which A is fixed to be A will be denoted by (FV D)j.
Theorem 8.3 (Strong duality). Let (z,7,p, A, Z,7) be a weakly efficient solution for
(FVP). Assume that

@) o7 5 A 8,) ~D(fiy i) }+D o) S AP} |+

l —_ . .
D = ol0)" X %y~ i)} o) =0
implies o(t) =0, V¢ e I, and

I
(i) the set of vectors {(f; —z') = pi(gi +7) — D(fi — ﬁlg;)} is linearly inde-
i=1
pendent.

Then there exist w' € R", 8 € R", i = 1,2,...,1, such that (z,7y,p,w, 5) is feasible
for (FV D)5, and the objective values of (FVP) and (FV D)5 are equal. Furthermore,
if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of
(FV P)5 and (FV D)5, then (Z,y,p,w, 5) is an efficient solution of (F'V D)j5.

Proof. Since (Z,7,p, A, 2,7) be a weakly efficient solution of (FVP), by Fritz John

optimality conditions [123], there exist « € R!, 3 € R', piecewise smooth ~y(t) : I —
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Cy, £(t) : I — R and § € R such that
N I I . | | |
M =2, aipit 2. 0 {(fl +5(z| B) —y"2) —pi(g = s(@| Ei) + yTTZ)}

# b= 0']| S (= 2) =l ) ~ D — ) | 5
7,0, A\

satisfies the following conditions at (z, ,

M,—DMy+D*M; =0, tel,
My=0, tel,
M,=0, tel,

éyTZA{ ) —Dilg, +7") — (f{j—ﬁig;)}ZO, tel,
§TA =0,

s(z|B) =", m; €B;, i=1,2,...,1,

s(Z|E)=2"0;, 0, € B, i =1,2,...,1,

Big" + [y —€g) N € N, (2),

Di {@'ﬂ‘i‘ (’Y—fﬂ)j\i} € Ny, (),

(o, B,7,€,0) #0, tel.

(8.35)

(8.36)
(8.37)

(8.38)

(8.39)

(8.40)

(8.41)

(8.42)
(8.43)
(8.44)
(8.45)
(8.46)

(8.47)

The above relation hold throughout the interval I, except at the corners of (Z, 9, p, A, Z, 7),

where (8.35) and (8.36) hold for unique right and left hand limits. The piecewise
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smooth functions v and £ are continuously differentiable except possibly of the cor-
ners of (Z,%9,p, A, Z,7).
Using the observations on Dfl’-j and Dgé, 1=1,2,...,1, from Section 8.2, equations

(8.35)-(8.38) become
(a1 ) -p -0 - 0 - )
=)' [ oM e ) - DU - k)|

l

{ v —£) Z (fyo = Pigys) — D(f3s — Digys)

l
—(fia —ﬁigf;x)}} +D2{ [y — éyTZ — Dibhs H

{x(t) - x(t)} >0, Va(t)eCy, tel,
! — . . . . . .
> (8- 5 (= =) =gy + ) = DUy~ ) |
th= )" | S5y~ p) = Dy = 1)}
+0| (- &0)" S M(D (S - i)
=1 l ) |
0 = (=) S Afy - Pk | =0 t€ 1, (349
{(fi-#)-nia+r)
D(f;_pig;)}[y_gg] LS =0, i=12,...1, tel, (8.50)

and

@ —B;(g' =0+ 7 ™)~ [v—¢€5) [gi+7—Dgi] =0, i=1,2,...,0, tel.  (851)

(8.48)
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Since 6 = 0 and A > 0, (8.42) yields § = 0. Consequently (8.50) becomes

T

{(f’ ) pi(g;—kri)—D(f;—pig;)} {v—fy] =0,i=12,...,l,tel. (852

Multiplying (8.49) by [y — £7] and using (8.52), we have
{7 é“y] Z A { — Digy,) — D(f}, — pigi}y)} {7 — fy}
I
{ v —£7) Z . —ﬁig;y)}} [7 - éz?}
} I
{ (v —¢p) Z — Didly Hv—fy} =0, tel, (853)
This, in view of hypothesis (i), yields

=8y =0, tel (8.54)

From (8.49), we have

; 18 — 5)\1}{(](.; —2') = pi(gy +7) - D(f; —]51‘9;)} =0,
which, because of hypothesis (ii), implies

Bl_gj‘zzov i:1727"'7l7

or

3= ¢ (8.55)

If, for t € I, £ =0, then from (8.54) and (8.55), we get v = 0 and 3 = 0, respectively.
Also, (8.51) gives @ = 0. Hence (o, 3,7,&,9) = 0, contradicting (8.47). Thus & >
0, tel.

From (8.54), we have

j=LleC, tel (8.56)

3
Now, (8.48) along with (8.54) and (8.55), and with £ > 0, gives

Z:l: { o+ m) pi(gi—@-)}—D(fé—pig;)}(m(t)—x( ))>0 tel. (857)
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Let z(t) € Cy. Then z(t) + z(t) € Cy, t € I and so (8.57) show that for every
( ) S Clv

L .

S 105+ m) = ot~ 0)] = DU — ) pa(t) 20, e € 1

Therefore,
I

Z)‘i{ [(fi+mn)—Dpi(g.—60;)] — D(f: —ﬁigfb)} eCy, tel. (8.58)
i=1

Also, by letting x(t) = 0 and z(t) = 2z(t) simultaneously in (8.57), we obtain

TZI { fotm) —pi(gs—0:)] — D(fi — ﬁz-gf-c)}:o, tel (8.59)

Thus, from (8.56), (8.58) and (8.59), it follows that (z,y,p,w = n,s = 0) is a feasible
solution for the dual problem (F'V D).

Further, from (8.45), (8.54), (8.55) and £ > 0, t € I, we have fori =1,2,...,1,
Ay € Np,(2%)

or j € Np,(z"), using \; >0, i=1,2,...,1

Since D; is a compact convex set in R™, §7 28 = s(y | D;), i=1,2,...,1L

Also, from (8.46), (8.54), (8.55) and £ > 0, t € I, we have for i =1,2,...,1,
PNy € N, ()

or j € Ny, (7%), using \; >0, i=1,2,...,1

Since H; is a compact convex set in R™, ¢77 = s(y | H;), i=1,2,...,1.

Thus (FVP) and (F'V D)5 have equal objective function values (i.e., p = q).

feasible for (F VD)5 such that
p=q,

an efficient solution of (F'V D). Hence the result.
Theorem 8.4 (Converse duality). Let (@,,q, \,w,5) be a weakly efficient solution
for (FVD). Assume that

(0 [W{ > A[(fa- k) ~D(fha—sk.)] }+D [w)T > A Dk} +
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lo_ . .
DH{ = ()" 3 Mu( i — a9ks) }} b(t)dt = 0
implies ¢(t) =0, ¥ ¢ € I, and

I
(i) the set of vectors {(ffc +a') — g (gt —5) — D(fi - cjzg;)} is linearly inde-

i=1
pendent.

Then there exist 2 € R™, 7 € R™, i = 1,2,...,1, such that (4,v,q, z,7) is feasible
for (F'V P)5, and the objective values of (F'V P)5 and (FVD) are equal. Furthermore,
if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of
(FV P)5 and (FV D)5, then (@,0,q, z,7) is an efficient solution of (F'V P)j5.

Proof. Follows on the lines of Theorem 8.3.

8.4 Self duality

A mathematical programming problem is said to be self dual, if it is formally identical
with its dual that is, the dual can be recast in the form of the primal. In general, the
problem (NKFVP) is not self dual. In order to establish the self duality some condi-
tions are required. Assume that z and y have the same dimension, B; = D;, E; = H,,
C,=0Cy=0C, C; =C; =C* fiand ¢, i € L, are skew symmetric and symmetric
respectively. Further assume that

g(t,u,i,v,0) +s(v | H) —ul's = g(t,v,0,u,4) —s(v | H) +uls.

The function f*(t,u,u,v,v), i € L, is said to be skew symmetric, if

filt,u, i, v,0) = —fi(t,v,0,u,4), i € L, t €1,

for all © and v in the domain of f¢,

and the function ¢*(¢,u,,v,v), i € L, is said to be symmetric, if

g'(t,u,u,v,0) = g'(t,v,0,u,u), i € L, t € I,

for all v and v in the domain of ¢°.

By recasting the dual problem (VD) as minimization problem, we have
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minimize

{/{ — f(t,ud,0,9) + s(v | D) = uTw}dt}

b
/ {g(t,U,u,v,i)) + S(U ‘ H) — UTS}dt

[[f{f%uwum¢0+s@D)uqy}ﬁ
— /ab{g(tuuvU)JrS(v\Hl)—us}dt

/b{ Ft w0, 0) + s | D) = u'w }dt}

\,

{ tuuv’u)—l—s(v|H)—u s}dt

subject to u(a) =0= , v(a) =0=uv(b),
l i(a) = () b(a) =0 =o(b), o
bopt [fl Dfi+u] - [ - Doy - ) e e ¢ty v,
u é&{[ - Dfi+w'] = |g, - Dg; — 5'] —Af(ﬁ‘f))} <0, tel,

A>0, o(t)eC, tel,

w'e€ By, i€k, i=12,...,1
Since f? and ¢°, ¢ € L are skew symmetric and symmetric, respectively. Consequently,
it follows that
fult,u,t,0,0) = = fi(t,v,0,u,10), fi(t,u,a,0,0)=—fi(t,v,0,u,0), i €L, tel,
and g* (t,u, u,v,0) = g;(t,v,b,u,u), gL (t,u,u,v,0) = gg(t,v,i),u, ), i€ L, tel.
On using the skew symmetry and symmetry of f* and ¢°, i € L, respectively, and the
aforementioned assumptions, the above problem becomes
(VD)

minimize

| [{stii s - uTw}dt}

b
/ {g(t,v,@, u, 1) — s(v | H) + uTs}dt
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T, 1

dt

b b
[/ {fl(t,v,z},u,u) +s(v | Dy) — uTwl}dt / {fl(t,v,i),u,u) +s(v| D)) —u w

- fe, T
/ {gl(t,v,i),u,u) —s(v| Hy) + uTsl}dt / {gl(t,v,ij,u,u) —s(v | Hy) +u's

subject to u(a) =
(

l ) % ) i i i i(’l),u) N
_i;)\@ [fy_ny w]—[gy Dgy+s}Li(U’u)}eC, tel,
l o M)
T T __ 1 7 o i Z i
u ZZI)\Z{[ . —DFf; w] [Qy Dgy+s} Li(v,u)}—o’ tel,

A>0, v(t)eC, tel,
w'e By, st€kE;, i=1,2,...,1,

which is formally identical to (VP), i.e., the objectives, the constraint functions and
the initial conditions of (VP) and (V' D)* are identical. Therefore (VP) is self dual.
Thus, if (z,7,p, A, z,7) is feasible for (VP), then (7,z,p, A, Z,7) is feasible for (VD)
and conversely.

Theorem 8.5 (Self duality). If f(¢,x,2,y,y) is skew-symmetric and g(t,z, %, y, ) is
symmetric along with the assumptions m =n, B=D, E=H, C, =0y, =C, C} =
C; = C* and g(t,u,u,v,0) + s(v | H) —uls = g(t,v,0,u,4) — s(v | H) + u’s,

then (VP) is self dual. Also, if (VP) and (VD) are dual variational problems, and
(x*, y*, p*, A*, w*, s*) is a joint weakly efficient solution, then so is (y*, z*, p*, \*, w*, s*)

and

b
/ {f(t,w*,fif*,y*,y*) —s(y* | B) + a:*Tw*}dt
; = 0.

b
/ {g(w*,ﬂ'ﬁ*,y*,y*) +s(y" | E) - x*Ts*}dt
Proof. Since (z*,y*, p*, \*, w*, s*) is a joint weakly efficient solution of (VP) and

(VD), the objective functional values are equal to

b
/ {f(t,r*,d:*,y*,z'/*) —s(y" | B) + x*Tw*}dt

b .
/ {g(t,fc*,ﬂ?*,y*,y*) +s(y* | B) — x*Ts*}dt

|
L

|
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As (VP) is a self dual, it follows that (z*,y*, p*, \*,w*, s*) is feasible for (VP) iff
(y*, x*, p*, \*, w*, s*) is feasible for (VD). Thus, weak efficiency of (z*, y*, p*, \*, w*, s*)
for (VP) implies the weak efficiency of (y*,z*, p*, \*, w*, s*) for (VD) and conversely.

Also the two objective values are equal to

b
/ {f(t,y*,y*,x*,i*) +s(y* | B) — x*Tw*}dt

b .
/ {g(t’y*ﬂ*w*’f*) —s(y" | B) ”*TS*}dt

Thus, we have

b
/ {f(t,x*,ﬂb*,y*,y*) —s(y* | B) —I—x*Tw*}dt

b
/ {9(t>$*7$*,y*7fy*) + S(Q* | E) — ZL‘*TS*}dt
¢ b
/ {f(tay*ay*ax*am*) + S(Q* | B) — ZE*TUJ*}dt

b
/ {g(t’y*’y*’x*@*) —s(y" | B) +$*TS*}dt

b
/ {f(m?*,ﬁﬁ*,y*,y*) —s(y" | B) +:c*Tw*}dt

b 9
/ {g(t,x*,j:*,y*,y'*) +s(y* | E) — a:*Ts*}dt
a
using the skew symmetry of f and the symmetry of g along with the assumptions
of B=D, E=H, and
g(t,u,u,v,9) +s(v | H) —ul's = g(t,v,0,u,u) — s(v | H) +uTs,>.
Therefore,

b
/ {f(t,:v*,fc*,y*,z)*) —s(y" | B) + x*Tw*}dt

= 0.
b
/ {g(t,w*,i‘*,y*,y*) +s(y" | E) — x*Ts*}dt

Hence the result.






Appendix A

A Note On Second-Order Symmetric
]Duality1

A.1 Introduction

Yang et al. [140] studied duality relations for the following pair of multiobjective
second-order symmetric dual programs:
Primal problem
(MP)  min - Fp(z,y, A p) = f(2,9) =y"V, (A" ) (@ y)ee—y" (Vi (A1) (@, y)p)er
— 30" (Vyy (N ) (@, y)p)ex
subject to V(N )@, y) + ¥,y (N f) () S 0,
A>0,  MMe, =1,
Dual problem
(MD) max Fp(u,v, \,7) = f(u,v)=u? V(AT f)(u, v)er—ul (Vuu AT £) (u, v)r)ey,
— 3T (Vuu AT ) (u, v)r)ey,
subject to V(AT ) (1w, 0) + Vi (AT f) (u, v)r 20,
A >0, Mep =1,
where f : R*"XR™ — RF pe R™,r € R, A € R* and ¢, = (1,1,...,1)T € R~
For other notations and definitions, we refer to Yang et al. [140]. After establishing a

weak duality theorem under second-order F-convexity assumptions, they proved the

LA part of this chapter has appeared in European Journal of Operational Research 201 (2010)
649-651.

197



198

following strong duality theorem:

Theorem A.l. Let (7,7, \,p) be a weak efficient solution of (MP). Assume that

(i) the matrix V,, (AT f)(Z,%) is nonsingular,

(ii) the vectors V, fi(Z,9), ..., V,fe(Z,y) are linearly independent,

(i) the vector p’'V,(V,, (AT f)(z,7)p) = 0 implies that p = 0, and

(iv) p # 0 implies V,,(V,, (A" f)(Z,9)p)p # 0.

Assume further that the assumptions of Theorem 1 in [140] are satisfied. Then the
objective values of (MP) and (MD) are equal, and (Z,%, A, 7 = 0) is an efficient solu-
tion of (MD).

In the proof of strong duality theorem, the authors claim p = 0. To prove this, they
have taken two cases. However, in the second case, if & # (a’ej)), then using the
hypotheses (ii) and (iv) in

—2

———V, f(z,7)(a—(a"ex)N) (A1)
(aTey)

Vy(Vyy (N )@, 9)D)P =

does not imply p = 0. Since if we suppose that p # 0, then using the above assump-
tions we should obtain a contradiction. However, from assumption (iv) and (A.1), we
obtain

Y, £(z.5)(@ — (aTe)h) £ 0,

which along with the given assumptions does not prove the contradiction. Hence, the
proof of the Theorem 2 in [140] seems to be erroneous.

In the present note, we have given an appropriate modification for this deficiency

contained in Theorem A.1.

A.2 Strong duality

In this section, we present a strong duality theorem which is a correction of
Theorem A.1. The assumption (iii) in Theorem A.1 has been replaced by assumption
(iii) below in Theorem A.2. On the same lines, the converse duality theorem (Theo-

rem 3 in [140]) can be rectified.



199

Theorem A.2. (Strong duality). Let (z,y, A, p) be a weak efficient solution of (MP).
Assume that

(i) the matrix V,, (AT f)(Z,%) is nonsingular,

(ii) the vectors V, fi(Z,9), ..., V,fe(Z,y) are linearly independent,

(i) the vector V,(Vy, (X" £)(2, 1))p ¢ span{ ¥, (2, 5), - ., V., fi(@ )]0}, and
(iv) p # 0 implies V,,(V,, (A" f)(Z, §)p)p # 0.

Assume further that the assumptions of Theorem 1 in [140] are satisfied. Then the
objective values of (MP) and (MD) are equal, and (Z,%, A, 7 = 0) is an efficient solu-
tion of (MD).

Proof. Since (Z,7, ), p) is a weak efficient solution of (MP), by the Fritz John op-
timality conditions [46], there exist @ € R¥, 3 € R™, i € R and @ € R* such
that

V(@' £)(@,) + Vay (N )@, 9)(58 — (@ er)7)

FVAT ()@ 9P} — (@7 ex) (5 + 57)) = (A2)

Vyf(#.9)(@ = (@ er)A) + Vi (A f)(7,5)(8 — (@ er)§) — (@' ex)
VN D@ 5)8 + Vo {Vyy N )@, 955 — (@ en) (7 + ) =0, (A3

2
VOV 1)@ 9) (3~ (@7e)(5+ 1) =0, (A1)
V@6 - @ ey @+ e+ (- (@ ex) 5+ )

AV h @0 (5~ @) 5+ D) Viuflm pp) =0, (A5)
{1, 5)+ ViV 1)@ 905} = 0, (A.6)
oA =0, (A7)
(@.5,2)20, (a,5,,7) £0 (48)

Since A > 0 and @ = 0, (A.7) yields @ = 0.
Using Hypothesis (i) in (A.4), we get

3= (a"e)(y+D) (A.9)
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If @ = 0, then (A.9) yields 3 = 0 and (A.5) gives i = 0. Hence (&, 3,0,1) = 0,
contradicting (A.8). Therefore, @ > 0 or

ale, #0. (A.10)

Now, we claim that p = 0. Indeed, if p # 0, then Hypothesis (iv) implies
Vy (VN f)(@,5)p)p # 0.
Using (A.9) and (A.10) in (A.3), we obtain
VoD@ 00 = =Vl 5.3)(@ - (a” ),
which contradicts the Hypothesis (iii). Hence, p = 0.
The rest of the proof follows on the lines of Theorem 2 in Yang et al. [140].
Remark A.1. For single objective problems, the authors in [137] have considered
the assumption
Vy(Vy f(Z,9)p)p=0=p=0.

It may be noted that this can also be obtained from the assumptions (iii) and (iv) in
Theorem A.2. above as

Vy(Vyy f(Z,9)p)p ¢ span(V, f (7, 9))/{0}

= Vy(Vy f(Z,9)p)p =0

=p=0.
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