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Abstract

The work being presented in the present thesis is devoted to the study of duality

results for some mathematical programming problems under generalized convexity

assumptions. The chapterwise summary of the thesis is as follows:

Chapter 1 is introductory and consist of nonlinear and multiobjective program-

ming problems, definitions, notations and prerequisites of the present work. A brief

account of the related studies made by various authors in the field and a summary of

the thesis are also presented.

In Chapter 2, we have considered Wolfe type second-order multiobjective sym-

metric dual programs involving nondifferentiable functions and appropriate duality

theorems are established using the notion of second-order F -convexity assumptions.

Moreover, an example has been given which is second-order F -convex but not con-

vex. Further, these symmetric dual programs are generalized over arbitrary cones

and usual duality results are obtained under second-order (F, α, ρ, d)-convexity as-

sumptions. A non-trivial example which shows that second-order (F, α, ρ, d)-convex

functions are generalization of second-order F -convex functions has also been exem-

plified.
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In Chapter 3, a new pair of second-order multiobjective symmetric dual pro-

grams in which the objective function is optimized with respect to an arbitrary closed

convex cone is formulated and appropriate duality relations are then obtained under

K-η-bonvexity assumptions. We identify a function lying exclusively in the class of

K-η-bonvex and not in class of invex function already existing in literature. Self

duality for this pair is also obtained by assuming the functions involved to be skew-

symmetric. Further, we have considered a pair of Mond-Weir type nondifferentiable

multiobjective second-order symmetric dual programs over arbitrary cones, where

each of the objective function contains a square root term with positive semidefinite

matrix in Rn×n. Weak, strong and converse duality results are then established under

K-η-bonvexity/second-order K-F -convexity assumptions.

In Chapter 4, we have established duality relations for a pair of second-order

mixed symmetric dual programs involving nondifferentiable functions under second-

order F -convexity/pseudoconvexity assumptions. Next, we have considered a pair of

mixed second-order symmetric dual programs over cones and obtained duality results

under second-order (F, ρ) convexity/pseudoconvexity assumptions. This mixed for-

mulation unifies two second-order symmetric dual formulations exist in the literature.

Several known results [39, 55, 57, 70] are obtained as special cases.

In Chapter 5, we have formulated a pair of second-order multiobjective mixed

symmetric dual programs over arbitrary cones and obtained appropriate duality
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results under second-order invexity/pseudoinvexity assumptions. Further, we con-

struct a pair of multiobjective second-order mixed nondifferentiable symmetric dual

programs involving the square root of a positive semidefinite quadratic function,

(xTBx)
1
2 . The usual duality results are then established using the notion of second-

order F -convexity/pseudoconvexity assumptions.

Agarwal et al. [3] extended the results of Chen [43] over arbitrary cones and

proved appropriate duality relations under higher-order K-F -convexity assumptions.

Mond-Weir type duality has been discussed in both the papers. In Chapter 6,

we have studied higher-order Wolfe type multiobjective symmetric dual programs

over arbitrary cones and the duality results are then established under higher-order

(F, α, ρ, d)-convexity/pseudo-convexity assumptions. We have also illustrated a non-

trivial example of function lying in the class of higher-order K-(F, α, ρ, d)-convex but

not in class of higher-order K-F -convex. Further, we consider the higher-order multi-

objective symmetric nondifferentiable dual programs in which the objective function

is optimized with respect to an arbitrary closed convex cone and proved duality the-

orems under higher-order-K-(F, α, ρ, d)-convexity assumptions.

In Chapter 7, motivated by Lai et al. [85], Lai and Lee [84] and Antczak [19],

we have discussed sufficient optimality conditions and duality theorems for a non-

differentiable minimax fractional programming problem with B-(p, r)-invexity. An

example which is B-(1, 1)-invex but not (p, r)-invex is exemplified. We also illustrate

another example which is (−1, 1)-invex but not convex.
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In Chapter 8, we have formulated a pair of multiobjective fractional variational

symmetric dual problems for a class of nondifferentiable functions over arbitrary cones

and achieved duality results under generalized (F, α, ρ, d)-convexity assumptions. A

self duality theorem is also obtained by assuming the functions involved to be skew-

symmetric.

At the last, an Appendix A has been given, in which we establish a strong

duality theorem for a pair of multiobjective second-order symmetric dual programs.

This removes an omission in an earlier result in Yang et al. [140].
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Chapter 1

INTRODUCTION

Optimization theory is one of the most lively and exciting branches of modern

mathematics. It lies at the heart of applied mathematics. Optimality conditions

and duality have played an important role in the development of mathematical pro-

gramming. The necessary and sufficient optimality conditions allows one to devise

efficient numerical methods for practical solution of a given optimization problem.

Optimality conditions were first investigated by John [73]. These conditions with an

added requirement on the lagrange multiplier for the objective function were indepen-

dently derived by Karush [74], and Kuhn and Tucker [82]. Thus those conditions are

known as the Karush-Kuhn-Tucker conditions (KKT conditions). KKT conditions

[74, 82] have laid down foundations for many computational techniques in mathe-

matical programming, and are also a great deal responsible for the development of

duality theory. The idea of duality is to associate every programming problem being

solved another mathematical program, which happens to be solved simultaneously.

The new mathematical program satisfies some important properties and leads to rich

economic interpretations related to the original programming problem, characteriza-

tion of its optimality conditions and its solutions. The original problem is called the

primal problem and this new program is known as dual program. It is well known

that duality principles connect these two programs in such a way that the existence

of an optimal solution to one of them guarantees an optimal solution to the other and

optimal values of the two problems are equal. Duality has been used for many theo-

retical and computational developments in mathematical programming and in other

1
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diverse fields, including engineering, management science, control theory, business

problems and economics. The existence of duality theory helps to develop numerical

algorithms as it provides suitable stopping rules for primal and dual problems. A pair

of dual problems is called symmetric if the dual of the dual is the primal problem.

Convexity plays an important role in nonlinear programming. In inequality con-

strained problems, KKT conditions are sufficient for optimality if the functions are

convex. These conditions are used in many algorithms to solve nonlinear program-

ming problems. However, the application of the KKT sufficient optimality conditions

cannot be restricted to convex problems as many mathematical models used in deci-

sion sciences, economics, management sciences, applied mathematics and engineering

involve non convex functions. So, it is a necessity to generalize the notion of convexity

and to explore the extent of the validity of results to larger classes of optimization

problems. Thus, the literature contains various generalizations of convex functions.

A mathematical programming problem with single objective function is called

a scalar (or single objective) programming problem. However, just considering one

criterion at a time usually does not represent real life problems well because in most

of the cases, two or more objectives are associated with a problem. Such a math-

ematical optimization model with two or more objectives is called a multiobjective

programming problem. Multiobjective programming also known as multi-criteria

or multi-attribute optimization, is the process of simultaneously optimizing two or

more conflicting objectives subject to certain constraints. Multiobjective optimiza-

tion problems can be found in various fields: product and process design, finance,

aircraft design, the oil and gas industry, automobile design, or wherever optimal de-

cisions need to be taken in the presence of trade-offs between two or more conflicting

objectives. Maximizing profit and minimizing the cost of a product; maximizing per-

formance and minimizing fuel consumption of a vehicle; and minimizing weight while

maximizing the strength of a particular component are examples of multiobjective

optimization problems. The theory and algorithms for multiobjective problems is
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discussed by Miettinen [90].

The origin of the vector minimum problem can be traced to early developments in

utility theory in economics. Pareto [109] began the study of multiobjective program-

ming problems reducing them to a single objective one. However, the problem was

first explicitly defined and studied by Kuhn and Tucker [82]. To eliminate certain

anomalous efficient solutions they also proposed a slightly restricted definition of effi-

ciency, called proper efficiency. Later, Geoffrion [52] modified this concept and called

an efficient solution to be properly efficient if the ratio of gain (in every objective) to

loss (in at least one other objective) is always finite. He also derived necessary and

sufficient conditions for properly efficient solution of convex multiobjective program-

ming problems. His work motivated many researchers in this field.

The present chapter is divided into three sections. The first section gives impor-

tant preliminaries. The second section contains a review of various developments in

single and multiobjective mathematical programming which are relevant to the thesis

and the last one presents a summary of the thesis.

Sections, subsections, theorems, remarks, equations etc., are numbered consec-

utively along with the chapter number. For example, Section 2.1 means Section 1

of Chapter 2, Subsection 6.4.1 means Subsection 1 of Section 4 in Chapter 6 and

Theorem 6.1 means Theorem 1 in Chapter 6.

1.1 Preliminaries

1.1.1 Notations and definitions

Unless stated otherwise throughout the thesis the following notations are used.

Rn denotes the n-dimensional Euclidean space, R1 = R the set of all real numbers,

Rn
+ = {x ∈ Rn : xj = 0, j = 1, 2, · · · , n} the non-negative orthant of Rn and R+ the

set of nonnegative real numbers. All vectors will be considered as column vectors.

We will use superscript T to denote transpose of a vector or a matrix. The index

sets are K = {1, 2, · · · , k}, M = {1, 2, · · · ,m} and Q = {1, 2, · · · , q}. For r ∈ K,
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the set Kr = K − {r}. In some chapters the symbol K has been used for a cone

while in some others it denotes an index set. It will be clear from the context. Small

letters are used to denote vectors or vector functions. A small letter with a subscript

represents a component of a vector or a vector function. For a, b ∈ Rn,

a = b⇔ ai = bi, i = 1, 2, ..., n,

a ≥ b⇔ a = b and a 6= b,

a > b⇔ ai > bi, i = 1, 2, ..., n.

a � b means negation of a ≤ b.

It may be noted that for scalars a and b, we shall use the inequalities = and >.

The vector ∇f(x̄) denotes the gradient of a scalar differentiable function f : Rn →

R at x̄, and is defined as

∇f(x̄) =
[

∂
∂x1
f(x̄), ∂

∂x2
f(x̄), · · · , ∂

∂xn
f(x̄)

]T
and for a vector valued differentiable function f : Rn → Rk, the symbol ∇f(x̄)

denotes k × n Jacobian matrix of f at x̄, whose ith row is the vector ∇fi(x̄)
T . If the

function f : Rn → R is twice differentiable at x̄, in addition to the gradient vector

there exists an n × n symmetric matrix ∇xxf or ∇2f , called the Hessian matrix of

f at x̄. The element in ith row and jth column of the Hessian matrix is the second-

order partial derivative ∂2f(x̄)
∂xi∂xj

. A vector valued function is differentiable if each of its

components is differentiable and is twice differentiable if each of its components is

twice differentiable.

Let φ : Rn × Rm → R be twice differentiable function, ∇xφ(x̄, ȳ) and ∇yφ(x̄, ȳ)

denote the gradient (column) vectors with respect to x and y at (x̄, ȳ) respectively,

and ∇xxφ(x̄, ȳ) and ∇yxφ(x̄, ȳ) denote respectively the n× n and n×m matrices of

second-order partial derivatives evaluated at (x̄, ȳ).

In the subsequent chapters, we need the following definitions :

Definition 1.1 [22]. A convex set C of Rn is called a convex cone if for each x ∈ C

and λ = 0, λx ∈ C.
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Definition 1.2 [123]. The positive polar cone C∗ of the cone C is defined by

C∗ = {z ∈ Rn : xT z = 0, for all x ∈ C}.

Definition 1.3 [102, 113]. Let S be a compact convex set in Rn. The support

function of S is defined by

s(x|S) = max {xTy : y ∈ S}.

A support function, being convex and everywhere finite, has a subdifferential,

that is, there exists z ∈ Rn such that

s(y|S) = s(x|S) + zT (y − x) for all y ∈ S.

The subdifferential of s(x|S) is given by

∂s(x|S) = {z ∈ S : zTx = s(x|S)}.

For any set S ⊂ Rn the normal cone to S at a point x ∈ S is defined by

NS(x) = {y ∈ Rn : yT (z − x) 5 0, for all z ∈ S}.

It can be easily seen that for a compact convex set S, y is in NS(x) if and only if

s(y|S) = xTy, or equivalently, x is in ∂s(y|S).

Definition 1.4 [3, 140]. A functional F : X ×X ×Rn → R (where X ⊆ Rn) is said

to be sublinear in the third variable, if for any x, x̄ ∈ X

(A) F (x, x̄; a1 + a2) 5 F (x, x̄; a1) + F (x, x̄; a2) for all a1, a2 ∈ Rn,

(B) F (x, x̄;αa) = αF (x, x̄; a) for all α ∈ R+ and a ∈ Rn.

1.1.2 General mathematical programming problem

The general mathematical programming problem can be stated as follows :

(NLP) Minimize θ(x)

subject to x ∈ P = {x ∈ X : g(x) 5 0},

where X is an open subset of Rn, the functions θ : X → R and g : X → Rm are

differentiable on X.

This problem is called a scalar (or single objective) mathematical programming

problem. The function θ is known as the objective function, the components of

g as the constraint functions and the corresponding inequalities as constraints.
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The set P is called the feasible set and any point x̄ ∈ P is called a feasible point

or simply feasible.

If the objective function and all the constraints are linear in a mathematical

programming problem, then the problem is called a linear programming problem and

if either the objective function or at least one of the constraints are nonlinear functions

then the problem is named as nonlinear programming problem.

If x̄ ∈ P and θ(x) = θ(x̄) for each x ∈ P , then x̄ is called an optimal solution

or a global optimal solution, or simply a solution of (NLP). If x̄ ∈ P and

if there exists an δ- neighborhood Nδ(x̄) around x̄ such that θ(x) = θ(x̄) for each

x ∈ P
⋂
Nδ(x̄), then x̄ is called a local optimal solution.

1.1.3 Convex functions and extensions

At x̄ ∈ X, θ is said to be

(i) Convex if for all x ∈ X

θ[λx+ (1− λ)x̄] 5 λθ(x) + (1− λ)θ(x̄), for all λ, 0 5 λ 5 1,

or equivalently, if

θ(x)− θ(x̄) = ∇θ(x̄)T (x− x̄) when θ is differentiable at x̄.

The function θ is said to be strictly convex if the above conditions hold as strict

inequalities for x 6= x̄, 0 < λ < 1.

(ii) Quasiconvex if for all x ∈ X

θ(x) 5 θ(x̄) ⇒ θ[λx+ (1− λ)x̄] 5 θ(x̄), for all λ, 0 5 λ 5 1,

or equivalently, if

θ(x) 5 θ(x̄) ⇒ ∇θ(x̄)T (x− x̄) 5 0 when θ is differentiable at x̄.

(iii) Pseudoconvex if θ is differentiable at x̄ and for all x ∈ X,

∇θ(x̄)T (x− x̄) = 0 ⇒ θ(x) = θ(x̄),

or equivalently, if

θ(x) < θ(x̄) ⇒ ∇θ(x̄)T (x− x̄) < 0.

(iv) Strictly Pseudoconvex if θ is differentiable at x̄ and for all x ∈ X (x 6= x̄)



7

θ(x) 5 θ(x̄) ⇒ ∇θ(x̄)T (x− x̄) < 0,

or equivalently, if

∇θ(x̄)T (x− x̄) = 0 ⇒ θ(x) > θ(x̄).

In 1981, Hanson [67] introduced the concept of invexity replacing the difference

vector x− x̄ in the definition of a convex function by any vector function η(x, x̄) and

established KKT type sufficient optimality conditions for a nonlinear programming

problem. Below, we define these functions which were named invex by Craven [47]

and η−convex by Kaul and Kaur [75].

(v) θ is said to be invex if there exists a function η : X ×X 7→ Rn such that for all

x, x̄ ∈ X

θ(x)− θ(x̄) = η(x, x̄)T∇θ(x̄).

(vi) θ is said to be pseudoinvex if there exists a function η : X × X 7→ Rn such

that for all x, x̄ ∈ X

η(x, x̄)T∇θ(x̄) = 0 =⇒ θ(x) = θ(x̄).

The concept of (F, ρ)−convexity was introduced by Preda [111] as an extension

of F−convexity [69] and ρ−convexity [128]. Gulati and Islam [61] obtained sufficient

optimality conditions and duality theorems for multiobjective programming problems

under generalized F -convexity. Later, the concepts of (F, α, ρ, d)-convex functions and

higher-order (F, α, ρ, d)-type-I functions were introduced by Liang et al. [86] and by

Suneja et al. [125], respectively. Let F : X ×X ×Rn → R be a sublinear functional

with respect to third variable. Then θ is said to be

(vii) F− convex at x̄ if for all x ∈ X,

θ(x)− θ(x̄) = F (x, x̄;∇θ(x̄)).

(viii) F− pseudoconvex at x̄ if for all x ∈ X,

F (x, x̄;∇θ(x̄)) = 0 =⇒ θ(x) = θ(x̄).

(ix) (F, ρ)-convex at x̄ ∈ X if there exists d : X ×X 7→ R and ρ ∈ R such that for

all x ∈ X

F (x, x̄;∇θ(x̄)) + ρd2(x, x̄) 5 θ(x)− θ(x̄).
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(x) (F, ρ)-pseudoconvex at x̄ ∈ X if there exists d : X ×X 7→ R and ρ ∈ R such

that for all x ∈ X

F (x, x̄;∇θ(x̄)) = −ρd2(x, x̄) ⇒ θ(x) = θ(x̄),

or equivalently,

θ(x) < θ(x̄) ⇒ F (x, x̄;∇θ(x̄)) < −ρd2(x, x̄).

(xi) (F, α, ρ, d)-convex at x̄ ∈ X if there exists a function α : X ×X → R+ \ {0},

d : X ×X 7→ R and ρ ∈ R such that for each x ∈ X

θ(x)− θ(x̄) = F (x, x̄;α(x, x̄)∇θ(x̄)) + ρd2(x, x̄).

(xii) (F, α, ρ, d)-pseudoconvex at x̄ ∈ X if there exists a function α : X × X →

R+ \ {0}, d : X ×X 7→ R and ρ ∈ R such that for each x ∈ X

F (x, x̄;α(x, x̄)∇θ(x̄)) = −ρd2(x, x̄) ⇒ θ(x) = θ(x̄).

A real valued differentiable function θ is concave or pseudoconcave iff −θ is

convex or pseudoconvex. Other definitions follow similarly.

1.1.4 Further developments in convexity

Bector and Chandra [24] introduced the following concept of bonvex functions which

were later on extended to η− bonvex by Pandey [107]. The function θ is said to be

(xiii) Second-order Convex (Bonvex) if θ is twice differentiable at x̄ and for all

x ∈ X, p ∈ Rn

θ(x)− θ(x̄) = (∇θ(x̄) +∇2θ(x̄)p)T (x− x̄)− 1
2
pT∇2θ(x̄)p.

(xiv) Second-order Pseudoconvex (Pseudobonvex) if θ is twice differentiable

at x̄ and for all x ∈ X, p ∈ Rn

(∇θ(x̄) +∇2θ(x̄)p)T (x− x̄) = 0 ⇒ θ(x) = θ(x̄)− 1
2
pT∇2θ(x̄)p.

(xv) η-bonvex if there exists a function η : X ×X → Rn such that for all p ∈ Rn

and x ∈ X,

θ(x)− θ(x̄) = ηT (x, x̄)[∇xθ(x̄) +∇xxθ(x̄)p]− 1
2
pT∇xxθ(x̄)p.

(xvi) η-pseudobonvex if there exists a function η : X ×X → Rn such that for all

p ∈ Rn and x ∈ X,
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ηT (x, x̄)[∇xθ(x̄) +∇xxθ(x̄)p] = 0 ⇒ θ(x) = θ(x̄)− 1
2
pT∇xxθ(x̄)p.

(xvii) second-order F -convex at x̄ ∈ X if for all p ∈ Rn and x ∈ X,

θ(x)− θ(x̄) + 1
2
pT∇xxθ(x̄)p = F (x, x̄;∇xθ(x̄) +∇xxθ(x̄)p).

(xviii) second-order F -pseudoconvex at x̄ ∈ X if for all p ∈ Rn and x ∈ X,

F (x, x̄;∇xθ(x̄) +∇xxθ(x̄)p) = 0

⇒ θ(x) = θ(x̄)− 1
2
pT∇xxθ(x̄)p.

Antczak [17] introduce the definition of a p-invex set with respect to η and

the definition of a (p, r)-invex set with respect to η. The new class of nonconvex

functions, called B-(p, r)-invex functions and many well-known classes of generalized

invex functions as its subclasses and their properties are studied in [18].

Lemma 1.1 (Generalized Schwartz Inequality). Let A be a positive semidefinite

symmetric matrix of order n. Then, for all x, z ∈ Rn,

xTAz 5 (xTAx)
1
2 (zTAz)

1
2 .

Equality holds if for some λ = 0, Ax = λAz.

1.1.5 Optimality conditions for single objective programming

The problem of optimizing a numerical function of one or more variables subject to

constraints on the variables is called the mathematical programming, or constrained

optimization problem. When either the objective function or atleast one of the con-

straints are nonlinear, the problem is called a nonlinear programming problem, a

discipline playing an increasingly imperative role in diverse fields such as operations

research and management science, engineering, economics, system analysis and com-

puter science. Necessary optimality conditions for (NLP) were first investigated by

John [73]. Fritz John conditions have not only shed new light on the notion of

Lagrangian multipliers but also gave an easier approach to develop the Lagrangian

multiplier rule for equality constrained optimization. The Fritz John necessary con-

ditions are as follows:

Theorem 1.1 [73]. (Fritz John necessary conditions). If x̄ ∈ P is an optimal solution
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of (NLP), then there exist ū ∈ R and v̄ ∈ Rm such that

ū∇f(x̄) +∇v̄Tg(x̄) = 0,

v̄Tg(x̄) = 0,

(ū, v̄) = 0, (ū, v̄) 6= 0.

In the above conditions, the scalars ū and v̄i, i = 1, 2, · · · ,m are called Lagrangian

multipliers. If the Lagrangian multiplier ū is equal to zero, the Fritz John condi-

tions do not make use of any information pertaining to the gradient of the objective

function. In this case any function can replace f and there will be no change in the

above necessary conditions. So the Fritz John conditions are of no practical value in

locating an optimal point when ū = 0. In order to exclude such cases, some restric-

tions are imposed on the constraints. In the literature these restrictions are termed

as constraint qualifications. Some of these constraint qualifications make use only of

the convexity properties, while others make use mostly of the differentiability of the

functions defining the feasible region P.

We state below the Kuhn-Tucker constraint qualifications [74, 82].

The Kuhn-Tucker Constraint Qualification.

The vector function g is said to satisfy the Kuhn-Tucker constraint qualification at

x̄ ∈ P if g is differentiable at x̄ and if

y ∈ Rn

∇gJ(x̄)y 5 0

}
=⇒



There exists an n-dimensional vector

function e on the interval [0, 1] such that

(a) e(0) = x̄

(b) e(t) ∈ P for 0 5 t 5 1

(c) e is differentiable at t = 0

and d
dt
e(0) = λy for some λ > 0

where J = {j ∈M : gj(x̄) = 0}.

Assuming one or the other constraint qualification many authors have developed
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necessary optimality conditions for (NLP) that are precisely the Fritz John conditions

with the added property that ū > 0.

Theorem 1.2 [74, 82] (Karush-Kuhn-Tucker Necessary Conditions). If x̄ ∈ P is an

optimal solution of (NLP) and g satisfies the Kuhn-Tucker constraint qualification at

x̄, then there exists v̄ ∈ Rm such that

∇f(x̄) + v̄T∇g(x̄) = 0,

v̄Tg(x̄) = 0,

v̄ = 0.

The above necessary conditions hold under any constraint qualification [88].

Kuhn and Tucker [82] also proved that the above necessary conditions are sufficient

for optimality under convexity assumptions.

1.1.6 Duality in mathematical programming

Duality has long been a central tool in the development of optimization theory.

Neumann [106] introduced the concept of duality in linear programming. He formu-

lated the following dual pair and proved usual duality relations.

Primal Problem (PP)

Minimize z(x) = cTx

subject to Ax = b,

x = 0.

Dual Problem (DP)

Maximize w(y) = bTy

subject to ATy 5 c,

y = 0.

The above pair shows that if the primal problem is a minimization of a linear

function over a set of linear constraints, then the dual is a maximization of another

linear function over a set of linear constraints. Moreover, dual of the dual is again

the primal problem.
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Duality in nonlinear programming has also been developed extensively. It origi-

nated with the duality results of quadratic programming given by Dennis [49]. Wolfe

[132] formulated the following dual to (NLP):

Maximize θ(y) + µTg(y)

subject to ∇θ(y) +∇µTg(y) = 0,

y ∈ X, µ = 0

and proved duality theorems assuming θ and g to be convex. Mangasarian [88] pointed

out that these duality relations do not hold under weaker convexity assumptions.

Mond and Weir [104] introduced the following dual to (NLP):

Maximize θ(y)

subject to ∇θ(y) +∇µTg(y) = 0,

µTg(y) = 0,

y ∈ X, µ = 0

and proved duality relations by weakening the convexity assumptions of θ and g to

pseudoconvexity of θ and quasiconvexity of µTg. They also discussed duality results

for the problems involving both equality and inequality constraints.

1.1.7 General multiobjective programming problem

The general multiobjective programming problem in n-dimensional Eu-

clidean space can be stated as follows:

(P) Minimize f(x) = {f1(x), f2(x), ..., fk(x)}

subject to x ∈ X◦ = {x ∈ X : g(x) 5 0},

where X is an open subset of Rn, the functions f : X → Rk and g : X → Rm are

differentiable on X.

In such problems an optimal solution in the sense of one that minimizes all the ob-

jective functions simultaneously, (called an ideal solution) exists rarely. Often the

several objectives are conflicting in nature. For example, it may be impossible to

select an alternative to a problem which would maximize both profit and market
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share for a company. The existence of multiple objectives leads to many interesting

questions, which do not arise in single objective models. It is difficult to obtain a

unique solution since these problems rarely have feasible points that simultaneously

minimize (or maximize) all the objectives. The concept of optimal solution in mul-

tiobjective optimization problems is clearly related to the preference attitude of the

decision maker. A good decision is based on the principle that there is no other

alternate that can be better in some aspect of consideration. Such a point is called

an efficient point. An efficient solution is also known as noninferior or nondominated

or Pareto optimal solution. Efficiency found its way into operations research in the

pioneer work of Koopmans [81]. Later, the concept of weak efficiency has also been

introduced. We define below these two concepts of optimality in multiobjective pro-

gramming.

Definition 1.5 [122]. A point x̄ ∈ X◦ is said to be a weak efficient solution (weak

minimum) of the vector minimum problem (P), if there exists no x ∈ X◦ such that

f(x) < f(x̄).

Definition 1.6 [122]. A point x̄ ∈ X◦ is said to be an efficient (or nondominated or

noninferior or Pareto optimal) solution of the vector minimum problem (P), if there

exists no x ∈ X◦ such that

f(x) ≤ f(x̄).

This definition is based upon the intuitive conviction that the point x̄ is chosen as

the optimal solution if no criterion can be improved without worsening at least one

other criterion.

It can be easily seen that the definitions of efficient/weak efficient solutions for

multiobjective programming problems are extension of the definition of optimal so-

lution for scalar programming problem.

The following definition of properly efficient solution is due to Geoffrion [52], who

modified this concept earlier introduced by Kuhn and Tucker [82] :

Definition 1.7. An efficient solution x̄ of the vector minimum problem (P) is said
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to be a properly efficient solution, if there exists a scalar M > 0 such that for each

r ∈ K = {1, 2, ..., k} and x ∈ X◦ satisfying fr(x) < fr(x̄), we have

fr(x̄)− fr(x) 5 M [fj(x)− fj(x̄)]

for atleast one j ∈ K\{r} satisfying fj(x̄) < fj(x).

A k-dimensional vector function f = (f1, f2, . . . , fk) is said to be convex at x̄ (or

on X) if for each j ∈ K, fj is convex at x̄ (or on X). The other definitions discussed

in Subsection 1.1.3 and 1.1.4 follow similarly.

1.1.8 Optimality in multiobjective programming

In the classical work in 1951, Kuhn and Tucker [82] discussed some interesting

results for (P). Since then, research in this field has made remarkable progress both

theoretically and computationally. Some of the earliest attempts to obtain necessary

and sufficient conditions for efficiency were carried out by Kuhn and Tucker [82] and

Arrow et al. [20]. Geoffrion [52] introduced the following scalar parametric problem:

(EP) Minimize λTf(x) =
∑
i∈K

λifi(x)

subject to x ∈ X◦,

where λi, (i ∈ K) are strictly positive parameters (often normalized according to∑
i∈K

λi = 1) and related its optimal solution with a properly efficient solution of (P).

The comprehensive theorem in Geoffrion [52] includes the following necessary and

sufficient conditions. Though Geoffrion [52] assumed the Kuhn-Tucker constraint

qualification for Theorem 1.2, it holds under any constraint qualification.

Theorem 1.3 (Karush-Kuhn-Tucker type necessary conditions). Let x̄ ∈ X◦ be a

properly efficient solution of (P) and let g satisfy a constraint qualification at x̄. Then

there exist ū ∈ Rk and v̄ ∈ Rm, such that

∇ūTf(x̄) +∇v̄Tg(x̄) = 0,

v̄Tg(x̄) = 0,

ū > 0, v̄ = 0,
k∑

i=1

ūi = 1.

Theorem 1.4 (Karush-Kuhn-Tucker type sufficient conditions). Let f and g be
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convex at x̄ ∈ X◦. If there exist ū ∈ Rk and v̄ ∈ Rm, such that

∇ūTf(x̄) +∇v̄Tg(x̄) = 0,

v̄Tg(x̄) = 0,

ū > 0, v̄ = 0,
k∑

i=1

ūi = 1,

then x̄ is a properly efficient solution of (P).

Kaul et al. [76] established the following KKT type necessary conditions for an

efficient solution of (P):

Theorem 1.5 (Karush-Kuhn-Tucker type necessary conditions). Assume that x∗

is an efficient solution for (P) at which the Kuhn-Tucker constraint qualification is

satisfied. Then there exist a nonzero vector ū ∈ Rk and v̄ ∈ Rm such that

∇ūTf(x∗) +∇v̄Tg(x∗) = 0,

v̄Tg(x∗) = 0,

v̄ = 0, ū = 0,
k∑

i=1

ūi = 1.

A survey of recent developments in multiobjective optimization has appeared in [44].

1.1.9 Duality in multiobjective programming

Duality plays an important role in mathematical programming has been extended

to multiobjective optimization since late 1970’s. Isermann [71] developed multiob-

jective duality in the linear case. Duality for linear vector maximum problems with

matrix variables was discussed by Corley [45]. For the nonlinear cases duality has

been developed by Bitran [34], Craven [47], Tanino and Sawaragi [127] etc. These

studies differ in their approach as well as the sense in which ‘Optimality’ is defined

for the multiobjective programming problem. Bitran’s development associates a ma-

trix, rather than a vector, to efficient points of the saddle point dual. Craven treats

the problem from the strong vector minimization view point rather than the Pareto

minimization. Tanino and Sawaragi [127] developed a duality theory for convex mul-

tiobjective problems using a vector valued Lagrangian function and exploring the

properties of primal and dual point to set maps. Further, optimality conditions for
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multiobjective problems can be found in Wang [129], Miettinen [90] and Pardalos et

al. [108].

Bector et al. [28] and Singh [116, 117] discussed Mond-Weir type duality in mul-

tiobjective programming using the constraint qualification [100] based on the idea of

convergence vector under different generalized convexity assumptions. They consid-

ered the following dual problem of (P):

(D) Maximize f(y)

subject to λT∇f(y) + µT∇g(y) = 0,

µTg(y) = 0, λ > 0, µ = 0,

and proved the duality theorems relating the efficient solutions of (P) and (D). Gu-

lati and Talaat [63] obtained these duality relations without needing any constraint

qualification under weaker convexity assumptions. They established the following

duality results for the above Mond-Weir type dual :

Theorem 1.6 (Strong duality). Let x̄ be a properly efficient solution for (P) and let

g satisfy the Kuhn-Tucker constraint qualification at x̄. Then there exist (λ̄, µ̄), such

that (ȳ = x̄, λ̄, µ̄) is a feasible solution for (D) and the objective values of (P) and

(D) are equal. Also, if λ̄Tf is pseudoconvex and µ̄Tg is quasiconvex at ȳ for every

dual feasible solution (y, λ, µ), then (x̄, λ̄, µ̄) is a properly efficient solution for (D).

Theorem 1.7 (Converse duality). Let (ȳ, λ̄, µ̄) be a weak efficient solution for (D),

the n × n Hessian matrix ∇2(λ̄Tf(ȳ) + µ̄Tg(ȳ)) be positive or negative definite and

∇fi(ȳ), i = 1, 2, · · · , k be linearly independent. If λ̄Tf is pseudoconvex and µ̄Tg is

quasiconvex at ȳ, then ȳ is a properly efficient solution for (P).

Recently, Chinchuluun and Pardalos [44] have discussed optimality conditions and

various applications for multiobjective problems. They have also given a new concept

of epsilon Pareto optimal solution for such type of problems.
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1.2 Review of the Related Work

1.2.1 Symmetric and self duality

In mathematical programming, a pair of primal and dual problems is called

symmetric if the dual of the dual is the primal problem, that is, if the dual problem

is expressed in the form of the primal problem, then its dual is the primal problem.

Duality in linear programming is always symmetric. However, the majority of dual

formulations in nonlinear programming do not possess this property. Dorn [50] in-

troduced the concept of symmetric duality in quadratic programming. Dantzig et al.

[48] formulated the following pair of symmetric dual programs and established weak

and strong duality theorems :

(PS) Minimize F (x, y) = H(x, y)− yT∇yH(x, y)

subject to ∇yH(x, y) 5 0,

x, y = 0.

(DS) Maximize G(u, v) = H(u, v)− uT∇xH(u, v)

subject to ∇xH(u, v) = 0,

u, v = 0.

where H : Rn ×Rm → R is a twice differentiable function.

For the weak duality theorem, Dantzig et al. [48] required H(., y) to be convex

in x and H(x, .) to be concave in y. To weaken the convexity-concavity assumption

on H(x, y) to pseudoconvexity-pseudoconcavity, Mond and Weir [103] considered the

following pair of symmetric dual programs:

(PM) Minimize H(x, y)

subject to ∇yH(x, y) 5 0,

yT∇yH(x, y) = 0,

x = 0.

(DM) Maximize H(u, v)

subject to ∇xH(u, v) = 0,
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uT∇xH(u, v) 5 0,

v = 0.

and discussed duality theorems under pseudoconvexity-pseudoconcavity assumptions.

A program is said to be self dual [51] if the dual can be recast in the form of

the primal, that is, primal and dual formulations are equivalent. Mond and Cottle

[97] observed that the symmetric dual programs of Dantzig et al. [48] are self duals

if H(x, y) is skew symmetric, and gave self duality results.

Chandra and Husain [37] studied symmetric and self duality for the following

nondifferentiable symmetric duals assuming the convexity/concavity of H(x, y):

Minimize H(x, y)− yT∇yH(x, y) + (xTBx)
1
2

subject to ∇yH(x, y)− Cw 5 0,

wTCw 5 1,

x = 0,

y = 0.

Maximize H(x, y)− xT∇xH(x, y)− (yTCy)
1
2

subject to ∇xH(x, y) +Bz = 0,

zTBz 5 1,

x = 0,

y = 0.

Subsequently, Chandra et al. [35] formulated a pair of nondifferentiable sym-

metric dual programs in the spirit of Mond and Weir [103], and discussed duality re-

sults involving pseudoconvexity/pseudoconcavity assumptions. Later on, Mond and

Schechter [102] studied Wolfe and Mond-Weir type nondifferentiable symmetric dual

problems, in which the objective function contains a support function. They estab-

lished duality results under convexity/concavity assumptions for Wolfe type model

and pseudoconvexity/pseudoconcavity assumptions for Mond-Weir type model, re-

spectively.



19

1.2.2 Symmetric duality with cone constraints

Bazaraa and Goode [21] generalized the formulation of symmetric duality

introduced by Dantzig et al. [48] to include the case where the inequality constraints

are defined via closed convex cones and their polars. Such a formulation enables one

to consider infinitely many constraints of the inequality type. The new formulation

retains the symmetric duality of the original programs. They studied the following

Wolfe’s type symmetric dual pair over arbitrary cones :

(PC) Minimize F (x, y) = H(x, y)− yT∇yH(x, y)

subject to ∇yH(x, y) ∈ C?
2 ,

(x, y) ∈ C1 × C2,

(DC) Maximize G(u, v) = H(u, v)− uT∇xH(u, v)

subject to −∇xH(u, v) ∈ C?
1 ,

(u, v) ∈ C1 × C2,

where

(i) C1 and C2 are closed convex cones with non-empty interiors in Rn and Rm,

respectively.

(ii) For i = 1, 2, C?
i is the polar of Ci.

(iii) S1 ⊆ Rn and S2 ⊆ Rm are open sets such that C1 × C2 ⊂ S1 × S2 and H :

S1 × S2 7→ R is a twice differentiable function.

Chandra and Kumar [41] formulated the following Mond-Weir type symmetric

dual programs over arbitrary cones :

(PMC) Minimize H(x, y)

subject to ∇yH(x, y) ∈ C?
2 ,

yT∇yH(x, y) = 0,

x ∈ C1.

(DMC) Maximize H(u, v)
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subject to −∇xH(u, v) ∈ C?
1 ,

uT∇xH(u, v) 5 0,

v ∈ C2.

and proved usual duality theorems under pseudoinvexity type assumptions.

To review the work wherein the objective function is optimized with respect to a

cone, consider the following problem :

(P1) K-minimize f(x)

subject to − g(x) ∈ C, x ∈ X,

where X ⊆ Rn is open, f : X → Rk, g : X → Rm, C is a closed convex cone in

Rm and K is a closed convex pointed cone in Rk with nonempty interior. Let int K

denote interior of K.

Definition 1.8 [77, 123]. A point x̄ ∈ Xo is said to be weak efficient solution of (P1)

if there exists no x ∈ Xo such that f(x̄)− f(x) ∈ int K.

Definition 1.9 [77]. A point x̄ ∈ X◦ is said to be an efficient solution of (P1) if there

exists no x ∈ X◦ such that f(x̄)− f(x) ∈ K\{0}.

Suneja et al. [123] formulated the following pair of multiobjective dual programs

over cones and proved duality results under K-convexity assumptions:

(P2) K-minimize f(x, y)− [yT∇y(λ
Tf)(x, y)]e

subject to −∇y(λ
Tf)(x, y) ∈ C∗

2 , λ
T e = 1,

λ ∈ K∗, (x, y) ∈ C1 × C2,

(D2) K-maximize f(u, v)− [uT∇x(λ
Tf)(u, v)]e

subject to ∇x(λ
Tf)(u, v) ∈ C∗

1 , λ
T e = 1,

λ ∈ K∗, (u, v) ∈ C1 × C2,

where e ∈ int K.

Later, Khurana [77] discussed the following Mond-Weir type symmetric dual

problems :

(P3) K-minimize f(x, y)

subject to −∇y(λ
Tf)(x, y) ∈ C∗

2 ,
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yT∇y(λ
Tf)(x, y) = 0,

λ ∈ K∗, x ∈ C1,

(D3) K-maximize f(u, v)

subject to ∇x(λ
Tf)(u, v) ∈ C∗

1 ,

uT∇x(λ
Tf)(u, v) 5 0,

λ ∈ K∗, v ∈ C2,

and proved the duality theorems under K-pseudoinvexity/strongly K-pseudoinvexity

assumptions. Kim and Kim [78] extended the above two results to nondifferentiable

multiobjective symmetric dual programs containing support functions. Recently, Ah-

mad and Husain [12] formulated the mixed type symmetric dual problems over cones

which unifies the above two dual formulations.

1.2.3 Second-order duality

The study of second-order duality is significant due to the computational ad-

vantage over the first-order duality as it provides tighter bounds for the value of the

objective function, when approximations are used.

Mangasarian [89] first formulated the second-order dual for a nonlinear program-

ming problem and established duality results under somewhat involved assumptions.

Mond [94] considered the following second-order symmetric dual programs:

Minimize H(x, y)− yT∇yH(x, y)− yT∇yyH(x, y)p− 1
2
pT∇yyH(x, y)p

subject to ∇yH(x, y) +∇yyH(x, y)p 5 0,

x = 0.

Maximize H(x, y)− xT∇xH(x, y)− xT∇xxH(x, y)r − 1
2
rT∇xxH(x, y)r

subject to ∇xH(x, y) +∇xxH(x, y)r = 0,

y = 0,

and proved second-order duality theorems under simpler assumptions.

Gulati et al. [55] formulated the pairs of second-order nonlinear symmetric dual
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programs and obtained usual duality results under η1-convexity/η2-concavity and η1-

pseudoconvexity/η2-pseudoconcavity assumptions. Yang et al. [137] achieved duality

relations for a pair of Wolfe type non-differentiable second order symmetric primal

and dual problems under second-order F -convexity assumptions. Suneja et al. [124]

studied the following pair of MondWeir type second-order multiobjective symmetric

dual programs and proved the duality results under η-bonvexity/η-pseudobonvexity

assumptions:

Primal (P4)

minimize F (x, y, p) =
(
F1(x, y, p), F2(x, y, p), . . . , Fk(x, y, p)

)
subject to

k∑
i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi) 5 0,

yT
k∑

i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi) = 0,

λ > 0.

Dual (D4)

maximize G(u, v, q) =
(
G1(u, v, q), G2(u, v, q), . . . , Gk(u, v, q)

)
subject to

k∑
i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) = 0,

uT
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) 5 0,

λ > 0,

where

Fi(x, y, p) = fi(x, y)− 1
2
pT

i ∇yyfi(x, y)pi,

Gi(u, v, q) = fi(u, v)− 1
2
qT
i ∇xxfi(u, v)qi,

λi ∈ R, pi ∈ Rm, qi ∈ Rn, for i = 1, 2, . . . , k.

Also λ = (λ1, λ2, . . . , λk)
T , p = (p1, p2, . . . , pk), q = (q1, q2, . . . , qk).

Yang et al. [139] extended the results of Suneja et al. [124] to the nondifferentiable
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case. Later, Gulati and Gupta [57] considered a pair of Wolfe type second-order non-

differentiable symmetric dual programs and proved weak, strong and converse duality

theorems under η1-bonvexity assumptions.

Srivastava and Bhatia [120] studied second-order symmetric duality for multiob-

jective programs using second-order (F, ρ)-convexity assumptions. Recently, Ahmad

and Husain [13] formulated the following pair of Wolfe type multiobjective second

order symmetric dual programs with cone constraints:

Primal Problem (WP)

minimize φ(x, y)−[yT∇y(λ
Tφ)(x, y)]e−[yT∇yy(λ

Tφ)(x, y)p]e− 1
2
[pT∇yy(λ

Tφ)(x, y)p]e

subject to

∇y(λ
Tφ)(x, y) +∇yy(λ

Tφ)(x, y)p ∈ C∗
2 ,

x ∈ C1.

λ > 0, λT e = 1.

Dual Problem (WD)

maximize φ(u, v)−[uT∇x(λ
Tφ)(u, v)]e−[uT∇xx(λ

Tφ)(u, v)q]e−1
2
[qT∇xx(λ

Tφ)(u, v)q]e

subject to

−∇x(λ
Tφ)(u, v)−∇xx(λ

Tφ)(u, v)q ∈ C∗
1 ,

v ∈ C2,

λ > 0, λT e = 1,

where φ(x, y) : S1 × S2 → Rk(S1 ⊆ Rn, S2 ⊆ Rm), p ∈ Rm, q ∈ Rn, λ ∈ Rk and e =

(1, 1, . . . , 1)T ∈ Rk, and usual duality results are established under second-order in-

vexity assumptions. They also point out certain omissions and inconsistencies in the

earlier work of Mishra [91] and Mishra and Wang [93]. Some papers [7, 9, 62, 64,

68, 124, 138, 140, 141] also deal with the study of second-order duality for nonlinear

programs.
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1.2.4 Higher-order duality

The concept of higher-order duality for the nonlinear programming problems has

given by Mangasarian [89] by introducing twice differentiable functions h : Rn×Rn 7→

R and k : Rn ×Rn 7→ Rm. The higher-order dual pair studied in [89] is :

Primal problem (P5)

Minimize f(x)

subject to g(x) 5 0.

Dual problem (D5)

Maximize f(x) + h(x, p) + uTg(x) + uTk(x, p)

subject to ∇ph(x, p) +∇pu
Tk(x, p) = 0,

u = 0,

where f : Rn → R and g : Rn → Rm.

Chen [43] studied the following higher-order multiobjective Mond-Weir type dual

involving nondifferentiable functions and established duality results by introducing

the definition of higher-order F -convexity:

(MP) minimize (f1(x, y) + s(x|C1)− yT z1 + h1(x, y, p1)− pT
1 [∇p1h1(x, y, p1)], ...,

fk(x, y) + s(x|Ck)− yT zk + hk(x, y, pk)− pT
k [∇pk

h1(x, y, pk)])

subject to

k∑
i=1

λi[∇yfi(x, y)− zi +∇pi
hi(x, y, pi)] 5 0,

yT

k∑
i=1

λi[∇yfi(x, y)− zi +∇pi
hi(x, y, pi)] = 0,

zi ∈ Di, i = 1, 2, ..., k, λ > 0, λT e = 1.

(MD) maximize (f1(u, v)− s(v|D1)+uTw1 + g1(u, v, r1)− rT
1 [∇r1g1(u, v, r1)], ...,

fk(u, v)− s(v|Dk) + uTw1 + gk(u, v, rk)− rT
k [∇rk

gk(u, v, rk)])

subject to

k∑
i=1

λi[∇xfi(u, v) + wi +∇ri
gi(u, v, ri)] = 0,



25

uT

k∑
i=1

λi[∇xfi(u, v) + wi +∇ri
gi(u, v, ri)] 5 0,

wi ∈ Ci, i = 1, 2, ..., k, λ > 0, λT e = 1,

where Ci and Di, i = 1, 2, ..., k, are compact convex sets in Rn and Rm, respectively;

fi : Rn × Rm → R, hi : Rn × Rm × Rm → R and gi : Rn × Rm × Rn → R are

differentiable functions for i = 1, 2, ..., k and λ = (λ1, λ2, ..., λk)
T ∈ Rk.

Later on, Gulati and Gupta [58] proved duality theorems for a pair of Wolfe

type higher-order nondifferentiable symmetric dual programs under higher-order F -

convexity assumptions. Ahmad et al. [14] introduced a new class of higher-order

(F, α, ρ, d)-type I functions and studied various higher-order duality results for a pair

of general Mond-Weir type higher-order nondifferentiable multiobjective dual pro-

grams.

1.2.5 Minimax Programming

Schmitendorf [115] considered the following minimax programming problem:

(NP) Minimize sup
y∈Y

φ(x, y)

subject to x ∈ S = {x ∈ Rn : C(x) 5 0},

where S is the set of feasible solutions of (NP), Y is a compact subset of Rm ;

φ(., .) : Rn ×Rm → R is C1 on Rn ×Rm and C(.) : Rn → Rp is C1 on Rn.

Schmitendorf [115] established the following necessary and sufficient optimality con-

ditions for (NP) by defining the set

Ŷ (x) = {y ∈ Y : φ(x, y) = sup
z∈Y

φ(x, z)}.

Theorem 1.8 (Necessary Conditions). Let x∗ be a solution to the problem (NP) and

the vectors ∇xCi(x
∗), i ∈ I(x∗), are linearly independent. Then there exist a positive

integer α, scalars λi = 0, i = 1, 2, · · · , α, scalars µi = 0, i = 1, 2, · · · , p and vectors

yi ∈ Ŷ (x∗), i = 1, 2, · · · , α such that

α∑
i=1

λi∇xφ(x∗, yi) +

p∑
i=1

µi∇xCi(x
∗) = 0,
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µiCi(x
∗) = 0, i = 1, 2, · · · , p,

α∑
i=1

λi 6= 0.

Also, if β is the number of nonzero µi, 1 5 α+ β 5 n+ 1.

Theorem 1.9 (Sufficient Conditions). Let x∗ ∈ S. Let C(.) be a convex function of

x and, for every y ∈ Y , let φ(., y) be a convex function of x. If there is a positive

integer α, 1 5 α 5 n + 1, if there are scalars λi = 0, i = 1, 2, · · · , α,
α∑

i=1

λi 6= 0, and

scalars µi = 0, i = 1, 2, · · · , p, and if there are vectors yi ∈ Ŷ (x∗), i = 1, 2, · · · , α, such

that
α∑

i=1

λi∇xφ(x∗, yi) +

p∑
i=1

µi∇xCi(x
∗) = 0,

µiCi(x
∗) = 0, i = 1, 2, · · · , p,

then x∗ is a minimax solution.

Tanimoto [126] applied these optimality conditions to define the following dual prob-

lem:

max
(s,λ,ȳ)∈K

sup
(x,µ)∈H(s,λ,ȳ)

f(x) +

p∑
j=1

µjgj(x),

where K is the set of triplets (s, λ, ȳ), where s ranges over the integers 1 5 s 5

n + 1, λ = (λ1, λ2, · · · , λs) with λi > 0 (i = 1, 2, · · · , s),
s∑

i=1

λi = 1 and H(s, λ, ȳ)

denotes the set of all (x, µ) ∈ Rn ×Rp satisfying
s∑

i=1

λi 5x φ(x, yi) +
p∑

j=1

µj 5 gj(x) = 0,

{y1, y2, · · · , ys} ⊂ Y (x)

µ = (µ1, µ2, · · · , µp) = 0,

(s, λ, ȳ) ∈ K,

and derived the duality theorems for convex minimax programming. Weir [131] re-

laxed the convexity assumptions in the sufficient optimality of [115] and employed

the optimality conditions to construct several dual problems.
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1.2.6 Duality in fractional programming problems

The mathematical programming problem in which the objective function is a

ratio of two numerical functions is called a fractional programming problem.

Bector and Chandra [25] studied duality for the following fractional programming

problems:

Primal Problem (P6)
Minimize

f(x)

h(x)

subject to x ∈ X, g(x) 5 0

Dual Problem (D6)
Maximize

f(x) + µTg(y)

h(y)

subject to ∇
(
f(x) + µTg(y)

h(y)

)
= 0,

y ∈ X,µ = 0,

where X is an open subset of Rn and f, h : X 7→ R, g : X 7→ Rm, and for all

x, h(x) > 0 and f(x) = 0 (if h is nonlinear).

Mond [96] considered the following pair of nondifferentiable fractional programming

problems :

Primal Problem (P7)

Maximize
f(x)− (xTBx)

1
2

g(x) + (xTDx)
1
2

subject to h(x) 5 0.

Dual Problem (D7)

Minimize G(u, y, v, w, p) = p

subject to ∇yTh(u) + p∇g(u) +Bu+ pDw = ∇f(u),

− f(u) + uTBv + pg(u) + puTDw + yTh(u) = 0,

y, p = 0,

vTBv 5 1, wTDw 5 1.

and further necessary and sufficient conditions for optimality as well as appropriate
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duality theorems are also established. Lai et al. [85] obtained necessary and suf-

ficient optimality conditions for nondifferentiable minimax fractional problem with

generalized convexity and applied these optimality conditions to construct a para-

metric dual model and also discussed duality theorems. Later on, Yang et al. [136]

studied symmetric duality for the class of nondifferentiable multiobjective fractional

programming problems and proved duality results under invexity/incavity and pseu-

doinvexity/pseudoincavity assumptions.

Kim et al. [79] considered a class of nondifferentiable multiobjective frac-

tional programs in which each component of the objective function contains a term

involving the support function of a compact convex set and established necessary

and sufficient optimality conditions and duality results for weakly efficient solutions

of nondifferentiable multiobjective fractional programming problems. Antczak [19]

proved optimality conditions for a class of generalized fractional minimax program-

ming problems involving B-(p, r)-invexity functions and established duality theorems

for various duality models. Later on, Suneja et al. [125] introduced a new class of

higher-order (F, ρ, σ)-type I functions for multiobjective programming problems and

established higher-order duality results for higher-order Mond-Weir and Schaible type

nondifferentiable multiobjective fractional programming dual programs where the ob-

jective functions and the constraints contain support functions of compact convex sets

in Rn under higher-order (F, ρ, σ)-type I assumptions.

1.2.7 Duality in variational problems

Calculus of variation provides an excellent uniform analytical method to find

that curve connecting two given points which either maximizes or minimizes some

given integral. For example, to determine a curve which will generate the surface of

revolution of smallest area when revolved about the x-axis. In general, we wish to

find the curve x = x(t) where x(a) = α1 and x(b) = α2 such that for some given
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known function f(t, x(t), ẋ(t)) of variables t, x, ẋ, the integral∫ b

a

f(t, x, ẋ)dt

is either a maximum or minimum (also called extremum values). The curve which

satisfies this property is said to be an extremal. The problem of finding a piecewise

smooth extremal x = x(t) for the above program is known as a variational problem.

Mond and Hanson [98] introduced the concept of duality in variational problems.

They studied the following pair of dual problems under convexity assumptions :

(P8) Minimize
t1∫
t0

f(t, x, ẋ)dt

subject to Q(t, x, ẋ) = 0, x(t0) = x0, x(t1) = x1,

(D8) Maximize
t1∫
t0

[f(t, x, ẋ)− λ(t)Q(t, x, ẋ)]dt

subject to fx(t, x, ẋ)− λ(t)Qx(t, x, ẋ) =
d

dt
[fẋ(t, x, ẋ)− λ(t)Qẋ(t, x, ẋ)],

λ(t) = 0, x(t0) = x0, x(t1) = x1,

where I = [a, b] is a real interval, f : I×Rn×Rn → R and g : I×Rn×Rn → Rm; x(t)

is an n-dimensional piecewise smooth function of t and ẋ(t) is the derivative of x(t).

Bector et al. [27] extended symmetric duality to variational problems, providing

continuous analogous of the former results while Chandra and Husain [38] studied

symmetric and self duality for fractional variational problems as dynamic generaliza-

tions.

Mond and Hanson [99] studied the following dual programs:

(P9) Minimize
∫ b

a
[f(t, x, ẋ, y, ẏ)−y(t)T∇yf(t, x, ẋ, y, ẏ)+y(t)T d

dt
∇ẏf(t, x, ẋ, y, ẏ)]dt

subject to x(a) = α, x(b) = β

y(a) = γ, y(b) = δ

d
dt
∇ẏf(t, x, ẋ, y, ẏ) = ∇yf(t, x, ẋ, y, ẏ)

x(t) = 0.

(D9) Maximize
∫ b

a
[f(t, u, u̇, v, v̇)−u(t)T∇xf(t, u, u̇, v, v̇)+u(t)T d

dt
∇ẋf(t, u, u̇, v, v̇)]dt

subject to u(a) = α, u(b) = β

v(a) = γ, v(b) = δ



30

d
dt
∇ẋf(t, u, u̇, v, v̇) 5 ∇xf(t, u, u̇, v, v̇)

v(t) = 0,

where x : I → Rn, y : I → Rm and f(t, x, ẋ, y, ẏ) is a continuously differentiable

scalar function. They assumed f to be convex in x and ẋ for each y and ẏ and con-

cave in y and ẏ for each x and ẋ to prove duality results.

If the constraints x(t) = 0 and v(t) = 0 are removed from the above primal

and dual problems, we get the pair considered in Smart and Mond [119], wherein

weak duality theorem is proved assuming the functional
∫ b

a
f(t, x, ẋ, y, ẏ)dt to be in-

vex in x and ẋ and -
∫ b

a
f(t, x, ẋ, y, ẏ)dt to be invex in y and ẏ. Later, Mond and Husain

[101] obtained sufficient optimality conditions under weaker invexity assumptions and

proved various duality results for a Mond-Weir type dual. Bector and Husain [29]

generalized Wolfe and Mond-Weir type duals to their multiobjective analogue.

1.3 Summary of the thesis

The aim of the present thesis is to study the duality for some dual mathematical

programming problems under generalized convexity assumptions. The results ob-

tained are discussed in Chapter 2 to 8 and in Appendix A. Chapter 1 is introductory.

Chapterwise summary is as follows:

In Chapter 2, we consider the following pair of second-order Wolfe type nondif-

ferentiable multiobjective programming problem with k-objectives:

Primal problem (SP)

Minimize L(x, y, λ, p) = f(x, y)+S(x | C)ek−yT∇y(λ
Tf)(x, y)ek−yT (∇yy(λ

Tf)(x, y)p)ek

− 1
2
pT (∇yy(λ

Tf)(x, y)p)ek,

subject to

∇y(λ
Tf)(x, y)− z +∇yy(λ

Tf)(x, y)p 5 0,

z ∈ D,

λ > 0, λT ek = 1.
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Dual problem (SD)

Maximize M(u, v, λ, r) = f(u, v)−S(v | D)ek−uT∇x(λ
Tf)(u, v)ek−uT (∇xx(λ

Tf)(u, v)r)ek

− 1
2
rT (∇xx(λ

Tf)(u, v)r)ek,

subject to

∇x(λ
Tf)(u, v) + w +∇xx(λ

Tf)(u, v)r = 0,

w ∈ C,

λ > 0, λT ek = 1,

where

(i) f is a differentiable function from Rn ×Rm → Rk, ek = (1, . . . , 1)T ∈ Rk,

(ii) r, w and p, z are vectors in Rn and Rm, respectively, λ ∈ Rk and

(iii) C and D are compact convex sets in Rn and Rm, respectively.

The usual duality theorems are further established under second-order F -

convexity assumptions. We illustrate a non trivial example which is second-order

F -convex but not convex. Another example which is second-order (F, α, ρ, d)-convex

but not second-order F -convex is also exemplified. Further, in Section 2.5, we stud-

ied a symmetric multiobjective dual programs over arbitrary cones and established

appropriate duality results under second-order (F, α, ρ, d)-convexity assumptions.

In Chapter 3, we formulate the following pair of multiobjective second-order sym-

metric dual programs in which the objective function is optimized with respect to an

arbitrary closed convex cone:

Primal problem (WP)

K-minimize

G(x, y, λ, p) = (f1(x, y)−yT
k∑

i=1

λi(∇yfi(x, y)+∇yyfi(x, y)pi)−1
2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi),

. . . , fk(x, y)−yT
k∑

i=1

λi(∇yfi(x, y)+∇yyfi(x, y)pi)−1
2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi))

subject to

−
k∑

i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi) ∈ C∗
2 ,
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λT ek = 1,

λ ∈ int K∗, x ∈ C1.

Dual problem (WD)

K-maximize

H(u, v, λ, q) = (f1(u, v)−uT
k∑

i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)−1
2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi),

. . . , fk(u, v)−uT
k∑

i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)−1
2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi))

subject to
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) ∈ C∗
1 ,

λT ek = 1,

λ ∈ int K∗, v ∈ C2 ,

where

(i) fi : S1 × S2 → R, i = 1, 2, ..., k is a differentiable function of x and y, ek =

(1, . . . , 1)T ∈ Rk,

(ii) qi and pi are vectors in Rn and Rm, respectively, for i = 1, 2, . . . , k and λ ∈ Rk.

(iii) C1 and C2 be closed convex cones in Rn and Rm, respectively, with nonempty

interiors.

(iv) S1 ⊆ Rn and S2 ⊆ Rm are open sets such that C1 × C2 ⊂ S1 × S2.

For the above dual pair, usual duality theorems are established under K-η-bonvexity

assumptions. We also illustrate an example which is K-η-bonvex but not invex.

Furhter, self duality is obtained by assuming the functions involved to be skew-

symmetric. In Section 3.5, a pair of Mond-Weir type nondifferentiable multiobjective

second-order symmetric dual programs over arbitrary cones is formulated, where each

of the objective function contains a square root term with positive semidefinite matrix
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in Rn×n. Weak, strong and converse duality results are then proved under second-

order K-F -convexity/K-η-bonvexity assumptions. Some special cases are discussed

in the last of the chapter.

In Chapter 4, we have established duality relations for the following pair of

second-order mixed symmetric dual programs involving nondifferentiable functions

under second-order F -convexity/pseudoconvexity assumptions:

Primal Problem (SMNP)

minimize

G(x1, y1, x2, y2, z2, p, r) = f(x1, y1) + S(x1 | C1) + g(x2, y2) + S(x2 | C2)− (y2)T z2

−(y1)T [∇y1f(x1, y1)+∇y1y1f(x1, y1)p]−1
2
pT∇y1y1f(x1, y1)p−1

2
rT∇y2y2g(x2, y2)r,

subject to

∇y1f(x1, y1)− z1 +∇y1y1f(x1, y1)p 5 0,

∇y2g(x2, y2)− z2 +∇y2y2g(x2, y2)r 5 0,

(y2)T
[
∇y2g(x2, y2)− z2 +∇y2y2g(x2, y2)r

]
= 0,

z1 ∈ D1, z
2 ∈ D2.

Dual Problem (SMND)

maximize

H(u1, v1, u2, v2, w2, q, s) = f(u1, v1)− S(v1 | D1) + g(u2, v2)− S(v2 | D2) + (u2)Tw2

−(u1)T [∇x1f(u1, v1)+∇x1x1f(u1, v1)q]−1
2
qT∇x1x1f(u1, v1)q−1

2
sT∇x2x2g(u2, v2)s,

subject to

∇x1f(u1, v1) + w1 +∇x1x1f(u1, v1)q = 0,

∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s = 0,

(u2)T
[
∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s

]
5 0,

w1 ∈ C1, w
2 ∈ C2,

where

(i) f : R|J1| ×R|K1| → R and g : R|J2| ×R|K2| → R are differentiable functions,
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(ii) C1, C2, D1 and D2 are compact convex sets in R|J1|, R|J2|, R|K1| and R|K2|,

respectively, and

(iii) p ∈ R|K1|, r ∈ R|K2|, q ∈ R|J1| and s ∈ R|J2|,

let J1 ⊆ N = {1, 2, . . . , n}, K1 ⊆M = {1, 2, . . . ,m} and J2 = N\J1 andK2 = M\K1.

Suppose |J1| denote the number of elements in J1. The other symbols |J2|, |K1| and

|K2| are defined similarly.

Next, we have considered a pair of mixed second-order symmetric dual programs

over arbitrary cones and obtained duality results under second-order (F, ρ) convex-

ity/pseudoconvexity assumptions.

In Chapter 5, the duality results for a pair of second-order multiobjective mixed

symmetric dual programs over arbitrary cones are obtained under second-order in-

vexity/pseudoinvexity assumptions. In Section 5.3, we have formulated nondifferen-

tiable multiobjective second-order mixed symmetric dual programs. Weak, strong

and converse duality theorems are proved for aforementioned pair using the notion of

second-order F -convexity/pseudoconvexity assumptions.

In Chapter 6, we have studied a pair of higher-order Wolfe type multiobjective

symmetric dual programs over arbitrary cones and proved the usual duality results

under higher-order (F, α, ρ, d)-convexity/pseudo-convexity assumptions. Mond-Weir

type higher-order dual is also discussed. We have also illustrated a non-trivial exam-

ple of function lying in the class of higher-order K-(F, α, ρ, d)-convex but not in class

of higher-order K-F -convex. Further, we consider the higher-order multiobjective

symmetric nondifferentiable dual programs in which the objective function is opti-

mized with respect to an arbitrary closed convex cone and proved duality theorems

under higher-order-K-(F, α, ρ, d)-convexity assumptions.

Antczak [19] proved optimality conditions for a class of generalized fractional mini-

max programming problems involving B-(p, r)-invexity functions and established du-

ality theorems for various duality models. In Chapter 7, we have discussed sufficient

optimality conditions and duality theorems for a nondifferentiable minimax fractional
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programming problem with B-(p, r)-invexity. An example which is B-(1, 1)-invex but

not (p, r)-invex is exemplified. We also illustrate another example which is (−1, 1)-

invex but not convex.

In Chapter 8, the duality theorems for the following pair of nondifferentiable

multiobjective fractional variational symmetric dual problems over arbitrary cones

are proved under generalized (F, α, ρ, d)-convexity assumptions:

(FVP)

Minimize p =
(
p1, p2, . . . , pl

)
subject to

x(a) = 0 = x(b), y(a) = 0 = y(b),

ẋ(a) = 0 = ẋ(b), ẏ(a) = 0 = ẏ(b),

∫ b

a

{
f i(t, x, ẋ, y, ẏ) + s(x | Bi)− yT zi

}
dt

−pi

∫ b

a

{
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

}
dt = 0, i ∈ L,

−
l∑

i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
∈ C∗

2 , t ∈ I,

yT

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
= 0, t ∈ I,

λ > 0, x(t) ∈ C1, t ∈ I,

zi ∈ Di, ri ∈ Hi, i = 1, 2, . . . , l.

(FVD)

Maximize q =
(
q1, q2, . . . , ql

)
subject to

u(a) = 0 = u(b), v(a) = 0 = v(b),

u̇(a) = 0 = u̇(b), u̇(a) = 0 = u̇(b),
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∫ b

a

{
f i(t, u, u̇, v, v̇)− s(v | Di) + uTwi

}
dt

−qi
∫ b

a

{
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

}
dt = 0, i ∈ L,

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
∈ C∗

1 , t ∈ I,

uT

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
5 0, t ∈ I,

λ > 0, v(t) ∈ C2, t ∈ I,

wi ∈ Bi, si ∈ Ei, i = 1, 2, . . . , l.

where f i : I × Rn × Rn × Rm × Rm → R, gi : I × Rn × Rn × Rm × Rm → R, i ∈

L = {1, 2, . . . , l}, are continuously differentiable functions and I = [a, b] be a real

interval and C1 ⊂ Rn, C2 ⊂ Rm, be closed convex cones with nonempty interiors

having positive polars C∗
1 and C∗

2 , respectively and

pi =
F i(x, y)

Gi(x, y)
=

∫ b

a

{
f i(t, x, ẋ, y, ẏ) + s(x | Bi)− yT zi

}
dt∫ b

a

{
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

}
dt

and

qi =
M i(u, v)

Li(u, v)
=

∫ b

a

{
f i(t, u, u̇, v, v̇)− s(v | Di) + uTwi

}
dt∫ b

a

{
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

}
dt

.

A self duality theorem is also obtained by assuming the functions involved to be

skew-symmetric.

At the last, an Appendix A has been given, in which we establish a strong

duality theorem for a pair of multiobjective second-order symmetric dual programs.

This removes an omission in an earlier result in Yang et al. [140].



Chapter 2

NONDIFFERENTIABLE MULTIOBJECTIVE

SECOND-ORDER SYMMETRIC DUAL

PROGRAMS
1

2.1 Introduction

Motivated by the concept of second-order duality in nonlinear problems, in-

troduced by Mangasarian [89], several researchers [13, 56, 62, 64] have worked in

this field. Zhang and Mond [141] extended the class of (F, ρ)-convex functions to

second-order (F, ρ)-convex functions and obtained duality results for second-order

Mangasarian type, Mond-Weir type and generalized Mond-Weir type multiobjective

dual problems. Later, Ahmad and Husain [11] introduced second-order (F, α, ρ, d)-

convex functions, their generalizations and developed weak, strong and strict converse

duality theorems for second-order Mond-Weir type multiobjective dual programs.

Recently, Gulati and Geeta [56] formulated a pair of Mond-Weir type second-order

multiobjective symmetric dual programs over arbitrary cones and established duality

results under pseudoinvexity/K-F - convexity assumptions.

This chapter is organized as follows. Section 2.2 contains notations and definitions

used in this chapter. In Section 2.3, we illustrate an example which is second-order

F -convex but not convex. Another example which is second-order (F, α, ρ, d)-convex

1A part of this chapter has appeared in Optimization Letters 5 (2011) 125-139 and the remaining
part has appeared in Journal of Applied Mathematics and Informatics 28 (2010) 1395-1408.
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but not second-order F -convex is also exemplified. In Section 2.4, we consider a

pair of Wolfe type second-order multiobjective symmetric dual programs involving

nondifferentiable functions and prove appropriate duality relations using the notion

of second-order F -convexity assumptions. Further, in Section 2.5, we generalize the

symmetric multiobjective dual programs over arbitrary cones and establish usual du-

ality results under second-order (F, α, ρ, d)-convexity assumptions. The last Section

contains some particular cases of the programs considered in this chapter.

2.2 Notations and definitions

Consider a function f = (f1, f2, . . . , fk) : X 7→ Rk differentiable at u ∈ X, ρ =

(ρ1, ρ2, . . . , ρk) ∈ Rk and d = (d1, d2, . . . , dk) ∈ Rk.

Definition 2.1 [11]. A twice differentiable function fi over X is said to be second-

order (F, α, ρi, di)-convex at u on X, if ∀x ∈ X, there exist vector q ∈ Rn, a real

valued function α : X × X → R+\{0}, a real valued function di(·, ·) : X × X → R

and a real number ρi such that

fi(x)− fi(u) + 1
2
qT∇xxfi(u)q = F [x, u;α(x, u)(∇xfi(u) +∇xxfi(u)q)] + ρid

2
i (x, u).

A twice differentiable vector function f : X 7→ Rk is said to be second-order (F, α, ρ, d)-

convex at u, if each of its components fi is second-order (F, α, ρi, di)-convex at u.

Remarks

(i) If k = 1 and q = 0, the above definition become that of (F, α, ρ, d)-convex func-

tions introduced by Liang et al. [87].

(ii) For single objective programming problem and α(x, u) = 1, the definition of

second-order (F, α, ρi, di)-convexity reduces to second-order (F, ρ)-convexity given by

Srivastava and Bhatia [120].



39

2.3 Examples

2.1. An example of a non-convex function which is second-order F -convex.

Let X = [2.5, 3.5] ⊂ R. Let the function ψ : X → R be defined by

ψ(x) = e−x2

+ 8
√
x+ sin 2x

and the functional F : X ×X ×R→ R be given by

F (x, u; a) = a(u2 − 13u− 1).

Now,

G = ψ(x)− ψ(u) + 1
2
rT∇xxψ(u)r − F (x, u;∇xψ(u) +∇xxψ(u)r)

= e−x2 − e−u2
+ 8(

√
x−

√
u) + sin 2x− sin 2u+ r2[(2u2 − 1)e−u2

−u− 3
2 − 2 sin 2u] + (13u+ 1− u2){−2ue−u2

+ 4√
u

+ 2 cos 2u

+r[2(2u2 − 1)e−u2 − 2u−
3
2 − 4 sin 2u]}

= e−x2 − e−u2
+ 8(

√
x−

√
u) + sin 2x− sin 2u+ (13u+ 1− u2)

[−2ue−u2
+ 4√

u
+ 2 cos 2u] + r2[(2u2 − 1)e−u2 − u−

3
2 − 2 sin 2u]

+(13u+ 1− u2)[2r(2u2 − 1)e−u2 − 2ru−
3
2 − 4r sin 2u]

= ψ1 + ψ2 (say)

where

ψ1 = e−x2 − e−u2
+ 8(

√
x−

√
u) + sin 2x− sin 2u+ (13u+ 1− u2)[−2ue−u2

+ 4√
u

+ 2 cos 2u] = 0 ∀ x, u ∈ X, as can be seen from Figure 2.1

and

ψ2 = r2[(2u2 − 1)e−u2 − u−
3
2 − 2 sin 2u] + (13u+ 1− u2)[2r(2u2 − 1)e−u2 − 2ru−

3
2

−4r sin 2u] = 0 ∀u ∈ X and r ∈ (−1018, 1018) as can be seen from Figure 2.2.

Hence G = 0. Therefore, ψ is second-order F -convex. But for x = 2.6 and u = 3.4,

ψ(x)− ψ(u) = −3.228 and (x− u)T∇xψ(u) = −3.126, which implies

ψ(x)− ψ(u) � (x− u)T∇xψ(u).

Hence ψ is not convex.
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Figure 2.1: Graph of ψ1 against x and u

Figure 2.2: Graph of ψ2 against u and r
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2.2. An example of non trivial function which is second-order (F, α, ρ, d)-

convex but not second-order F -convex.

Let X = [0.7, 0.75] ⊂ R. Let the function f : X → R be defined by f(x) = sin2 x

and α : X ×X → R+\{0} be identified by α(x, u) = (x + u + 1). Let the functional

F : X ×X ×R→ R be defined by F (x, u; a) =
a

(x+ u+ 1)
and d : X ×X → R be given by d(x, u) =

√
x2 + u2.

For ρ = −4, we have

L = f(x)− f(u) + 1
2
qT∇xxf(u)q − F [x, u;α(x, u)(∇xf(u) +∇xxf(u)q)]− ρd2(x, u)

= sin2 x−sin2 u+q2 cos 2u−F [x, u; (x+u+1)(sin 2u+2q cos 2u)]−(−4)(
√
x2 + u2)2

= sin2 x− sin2 u− sin 2u+ 4x2 + q2 cos 2u− 2q cos 2u+ 4u2

= f1 + f2 (say)

where

f1 = sin2 x− sin2 u− sin 2u+ 4x2

= 0 ∀ x, u ∈ X as can be seen from Figure 2.3

and

f2 = q2 cos 2u− 2q cos 2u+ 4u2

= 0 ∀ u ∈ X and q ∈ (−1018, 1018) as can be seen from Figure 2.4.

Hence L = 0. Therefore f is second-order (F, α, ρ, d)-convex.

But f is not second-order F -convex since for q = 1, we have

M = f(x)− f(u) + 1
2
qT∇xxf(u)q − F [x, u;∇xf(u) +∇xxf(u)q]

= sin2 x− sin2 u+ cos 2u− F [x, u; sin 2u+ 2 cos 2u]

= sin2 x− sin2 u+ cos 2u− 1
(x+u+1)

(sin 2u+ 2 cos 2u)

< 0 ∀ x, u ∈ X as be can seen from Figure 2.5.

Hence the function f is second-order (F, α, ρ, d)-convex but is not second-order F -

convex.
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Figure 2.3: Graph of f1 against u and x

Figure 2.4: Graph of f2 against u and q



43

Figure 2.5: Graph of M against u and x
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2.4 Wolfe type symmetric duality

Wolfe type second-order symmetric duality has been discussed by Ahmad and Hu-

sain [9], Yang et al. [137] and Gulati and Gupta [57] for single objective involving

nondifferentiable functions and by Yang et al. [140] and Ahmad and Husain [13] for

multiobjective programming problems. Later on, an ommission in the strong duality

theorem in Yang et al. [140] has been rectified by Gupta and Kailey [64]. The work

cited in [13, 64, 140] involved differentiable functions.

Consider the following pair of second-order Wolfe type nondifferentiable multiobjec-

tive programming problem with k-objectives:

Primal problem (SP)

Minimize L(x, y, λ, p) = f(x, y)+S(x | C)ek−yT∇y(λ
Tf)(x, y)ek−yT (∇yy(λ

Tf)(x, y)p)ek

− 1
2
pT (∇yy(λ

Tf)(x, y)p)ek,

subject to

∇y(λ
Tf)(x, y)− z +∇yy(λ

Tf)(x, y)p 5 0, (2.1)

z ∈ D, (2.2)

λ > 0, λT ek = 1. (2.3)

Dual problem (SD)

Maximize M(u, v, λ, r) = f(u, v)−S(v | D)ek−uT∇x(λ
Tf)(u, v)ek−uT (∇xx(λ

Tf)(u, v)r)ek

− 1
2
rT (∇xx(λ

Tf)(u, v)r)ek,

subject to

∇x(λ
Tf)(u, v) + w +∇xx(λ

Tf)(u, v)r = 0, (2.4)

w ∈ C, (2.5)

λ > 0, λT ek = 1, (2.6)

where

(i) f : Rn ×Rm → Rk is a differentiable function, ek = (1, . . . , 1)T ∈ Rk,
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(ii) r, w and p, z are vectors in Rn and Rm, respectively, λ ∈ Rk and

(iii) C and D are compact convex sets in Rn and Rm, respectively.

We now prove the following duality results for the pair of problems (SP) and (SD).

Theorem 2.1 (Weak duality). Let (x, y, λ, z, p) be feasible for the primal problem

(SP) and (u, v, λ, w, r) be feasible for the dual problem (SD). Let

(i) fi(., v) + (.)Tw (1 5 i 5 k) be second-order F -convex at u,

(ii) fi(x, .)− (.)T z (1 5 i 5 k) be second-order G-concave at y,

where the sublinear functionals F : Rn×Rn×Rn 7→ R and G : Rm×Rm×Rm 7→ R

satisfy the following conditions:

(iii) F (x, u; a) + aTu = 0, for all a ∈ Rn
+,

(iv) G(v, y; b) + bTy = 0, for all b ∈ Rm
+ .

Then

L(x, y, λ, p) � M(u, v, λ, r). (2.7)

Proof. Suppose, to the contrary, that (2.7) is not true, that is,

L(x, y, λ, p) ≤M(u, v, λ, r),

or

f(x, y)+S(x | C)ek−yT∇y(λ
Tf)(x, y)ek−yT (∇yy(λ

Tf)(x, y)p)ek−
1

2
pT (∇yy(λ

Tf)(x, y)p)ek

≤ f(u, v)−S(v | D)ek−uT∇x(λ
Tf)(u, v)ek−uT (∇xx(λ

Tf)(u, v)r)ek−
1

2
rT (∇xx(λ

Tf)(u, v)r)ek.

Now, since λ > 0 and λT ek = 1, we get

(λTf)(x, y) + S(x | C)− yT∇y(λ
Tf)(x, y)− yT (∇yy(λ

Tf)(x, y)p)

−1

2
pT (∇yy(λ

Tf)(x, y)p) < (λTf)(u, v)− S(v | D)− uT∇x(λ
Tf)(u, v)

−uT (∇xx(λ
Tf)(u, v)r)−1

2
rT (∇xx(λ

Tf)(u, v)r). (2.8)
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Since (x, y, λ, z, p) is feasible for the primal problem (SP) and (u, v, λ, w, r) is feasible

for the dual problem (SD), by the dual constraint (2.4), the vector ξ = ∇x(λ
Tf)(u, v)+

w +∇xx(λ
Tf)(u, v)r ∈ Rn

+ and so from the hypothesis (iii), we obtain

F (x, u; ξ) + ξTu = 0. (2.9)

Similarly,

G(v, y; γ) + γTy = 0, (2.10)

for the vector γ = −{∇y(λ
Tf)(x, y)− z +∇yy(λ

Tf)(x, y)p} ∈ Rm
+ .

From the second-order F -convexity of fi(., v) + (.)Tw (1 5 i 5 k), we have

fi(x, v) + xTw − fi(u, v)− uTw+
1

2
rT (∇xxfi(u, v)r)

= F (x, u;∇xfi(u, v) + w +∇xxfi(u, v)r).

It follows from λ > 0, λT ek = 1 and sublinearity of F that

(λTf)(x, v) + xTw − (λTf)(u, v)− uTw

+
1

2
rT (∇xx(λ

Tf)(u, v)r) = F (x, u;∇x(λ
Tf)(u, v) + w +∇xx(λ

Tf)(u, v)r),

or

(λTf)(x, v)+xTw−(λTf)(u, v)−uTw+
1

2
rT (∇xx(λ

Tf)(u, v)r) = F (x, u; ξ). (2.11)

Using (2.9) in (2.11), we have

(λTf)(x, v) + xTw− (λTf)(u, v)− uTw+
1

2
rT (∇xx(λ

Tf)(u, v)r) = −uT ξ. (2.12)

From the second-order G-concavity of fi(x, .)− (.)T z (1 5 i 5 k), we get

fi(x, y)− yT z − fi(x, v) + vT z−1

2
pT (∇yyfi(x, y)p)

= G(v, y;−∇yfi(x, y) + z −∇yyfi(x, y)p).

It follows from λ > 0, λT ek = 1 and sublinearity of G that

(λTf)(x, y)− yT z − (λTf)(x, v) + vT z

−1

2
pT (∇yy(λ

Tf)(x, y)p) = G(v, y;−∇y(λ
Tf)(x, y) + z −∇yy(λ

Tf)(x, y)p),

or

(λTf)(x, y)−yT z−(λTf)(x, v)+vT z−1

2
pT (∇yy(λ

Tf)(x, y)p) = G(v, y; γ). (2.13)
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From (2.10) and (2.13), we get

(λTf)(x, y)− yT z− (λTf)(x, v) + vT z− 1

2
pT (∇yy(λ

Tf)(x, y)p) = −yTγ. (2.14)

Adding the inequalities (2.12) and (2.14), we obtain

(λTf)(x, y) + xTw − yT z + yTγ−1

2
pT (∇yy(λ

Tf)(x, y)p)

= (λTf)(u, v) + uTw − vT z − uT ξ−1

2
rT (∇xx(λ

Tf)(u, v)r).

Substituting the values of ξ and γ, we have

(λTf)(x, y) + xTw − yT∇y(λ
Tf)(x, y)− yT (∇yy(λ

Tf)(x, y)p)−1

2
pT (∇yy(λ

Tf)(x, y)p)

= (λTf)(u, v)−vT z−uT∇x(λ
Tf)(u, v)−uT (∇xx(λ

Tf)(u, v)r)−1

2
rT (∇xx(λ

Tf)(u, v)r).

Finally, since xTw 5 S(x | C), vT z 5 S(v | D) and λT ek = 1, the last inequality yields

(λTf)(x, y)+S(x | C)−yT∇y(λ
Tf)(x, y)−yT (∇yy(λ

Tf)(x, y)p)−1

2
pT (∇yy(λ

Tf)(x, y)p)

= (λTf)(u, v)−S(v | D)−uT∇x(λ
Tf)(u, v)−uT (∇xx(λ

Tf)(u, v)r)−1

2
rT (∇xx(λ

Tf)(u, v)r),

which contradicts (2.8). Hence the result.

Theorem 2.2 (Strong duality). Let f : Rn × Rm → Rk be thrice differentiable

function and let (x̄, ȳ, λ̄, z̄, p̄) be a weak efficient solution of (SP). If

(i) the matrix ∇yy(λ̄
Tf)(x̄, ȳ) is non singular,

(ii) the vectors {∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)} are linearly independent,

(iii) the vector ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ /∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0} and

(iv) p̄ 6= 0 implies ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ 6= 0,

then

(I) p̄ = 0, there exist w̄ ∈ C such that (x̄, ȳ, λ̄, w̄, r̄ = 0) is feasible for (SD) and

(II) L(x̄, ȳ, λ̄, p̄) = M(x̄, ȳ, λ̄, r̄).

Also, if the hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (SP)

and (SD), then (x̄, ȳ, λ̄, w̄, r̄ = 0) is an efficient solution for (SD).

Proof. Since (x̄, ȳ, λ̄, z̄, p̄) is a weak efficient solution of (SP), there exist α ∈ Rk,
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β ∈ Rm, γ ∈ Rn, δ ∈ Rk and µ ∈ R, such that the following Fritz John optimality

conditions [114] are satisfied at (x̄, ȳ, λ̄, z̄, p̄):

{αT (∇xf(x̄, ȳ) + γek) +∇xy(λ̄
Tf)(x̄, ȳ)(β − (αT ek)ȳ)

+∇x[∇yy(λ̄
Tf)(x̄, ȳ)p̄](β − (αT ek)(ȳ +

1

2
p̄))} = 0, (2.15)

[∇yf(x̄, ȳ)]T [α− (αT ek)λ̄] +∇yy(λ̄
Tf)(x̄, ȳ)(β − (αT ek)(ȳ + p̄))

+∇y[∇yy(λ̄
Tf)(x̄, ȳ)p̄](β − (αT ek)(ȳ +

1

2
p̄)) = 0, (2.16)

∇yy(λ̄
Tf)(x̄, ȳ)(β− (αT ek)(ȳ+ p̄)) = 0, (2.17)

∇yf(x̄, ȳ)(β − (αT ek)ȳ) + µek − δ + [(β − (αT ek)(ȳ +
1

2
p̄))T

×∇yyf1(x̄, ȳ)p̄, . . . , (β − (αT ek)(ȳ +
1

2
p̄))T∇yyfk(x̄, ȳ)p̄] = 0, (2.18)

βT [∇y(λ̄
Tf)(x̄, ȳ)− z̄+∇yy(λ̄

Tf)(x̄, ȳ)p̄] = 0, (2.19)

δT λ̄ = 0, (2.20)

β ∈ ND(z̄), (2.21)

γ ∈ C, γT x̄ = S(x̄ | C), (2.22)

(α, β, δ) = 0, (α, β, δ, µ) 6= 0. (2.23)

Since λ̄ > 0 and δ = 0, (2.20) yields δ = 0.

By hypothesis (i), (2.17) gives

β = (αT ek)(ȳ+ p̄). (2.24)

Suppose α = 0, then (2.24) implies β = 0 and (2.18) yields µ = 0. Consequently

(α, β, δ, µ) = 0, contradicting (2.23). Hence, α ≥ 0 or

αT ek > 0. (2.25)
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Now, we claim that p̄ = 0. Indeed, if p̄ 6= 0, then hypothesis (iv) implies

∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ 6= 0.

Using (2.24) and (2.25) in (2.16), we get

∇y[∇yy(λ̄
Tf)(x̄, ȳ)p̄]p̄ = − 2

αT ek

∇yf(x̄, ȳ)[α− (αT ek)λ̄], (2.26)

which contradicts the hypothesis (iii). Hence,

p̄ = 0. (2.27)

Now, from (2.25)-(2.27), we have

[∇yf(x̄, ȳ)]T [α− (αT ek)λ̄] = 0.

But the vectors {∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)} are linearly independent implies

α = (αT ek)λ̄. (2.28)

From (2.24) and (2.27), we get

β = (αT ek)ȳ. (2.29)

Using equations (2.25), (2.27)-(2.29) in (2.15), we have

∇x(λ̄
Tf)(x̄, ȳ) + γ = 0. (2.30)

Now, taking w̄ = γ ∈ C in (2.30), we find that (x̄, ȳ, λ̄, w̄, r̄ = 0) satisfies the con-

straints from (2.4) to (2.6), of (SD), and is therefore a feasible solution for the dual

problem (SD).

Further, using (2.25), (2.27), (2.29) in (2.19), we obtain

ȳT∇y(λ̄
Tf)(x̄, ȳ) = ȳT z̄. (2.31)

Moreover, since β = (αT ek)ȳ and αT ek > 0, (2.21) implies ȳ ∈ ND(z̄), so that

ȳT z̄ = S(ȳ | D). (2.32)
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Therefore, using (2.22), (2.27) and (2.30)-(2.32), we get

f(x̄, ȳ) + S(x̄ | C)ek − ȳT∇y(λ̄
Tf)(x̄, ȳ)ek − ȳT (∇yy(λ̄

Tf)(x̄, ȳ)p̄)ek

− 1
2
p̄T (∇yy(λ̄

Tf)(x̄, ȳ)p̄)ek = f(x̄, ȳ)− S(ȳ | D)ek − x̄T∇x(λ̄
Tf)(x̄, ȳ)ek

−x̄T (∇xx(λ̄
Tf)(x̄, ȳ)r̄)ek − 1

2
r̄T (∇xx(λ̄

Tf)(x̄, ȳ)r̄)ek,

that is, the two objective function values are equal.

Now, let (x̄, ȳ, λ̄, w̄, r̄ = 0) is not an efficient solution of (SD), then there exist

(ū, v̄, λ̄, w̄, r̄ = 0) feasible for (SD), such that,

f(x̄, ȳ)− S(ȳ | D)ek − x̄T [∇x(λ̄
Tf)(x̄, ȳ)ek + (∇xx(λ̄

Tf)(x̄, ȳ)r̄)ek]

− 1
2
r̄T (∇xx(λ̄

Tf)(x̄, ȳ)r̄)ek ≤ f(ū, v̄)− S(v̄ | D)ek − ūT [∇x(λ̄
Tf)(ū, v̄)ek

+(∇xx(λ̄
Tf)(ū, v̄)r̄)ek]− 1

2
r̄T (∇xx(λ̄

Tf)(ū, v̄)r̄)ek.

Since x̄T∇x(λ̄
Tf)(x̄, ȳ) = −S(x̄ | C) and ȳT∇y(λ̄

Tf)(x̄, ȳ) = S(ȳ | D) and p̄ = 0,

{f(x̄, ȳ) + S(x̄ | C)ek − ȳT [∇y(λ̄
Tf)(x̄, ȳ)ek + (∇yy(λ̄

Tf)(x̄, ȳ)p̄)ek]}

− 1
2
p̄T (∇yy(λ̄

Tf)(x̄, ȳ)p̄)ek ≤ {f(ū, v̄)− S(v̄ | D)ek − ūT [∇x(λ̄
Tf)(ū, v̄)ek

+(∇xx(λ̄
Tf)(ū, v̄)r̄)ek]} − 1

2
r̄T (∇xx(λ̄

Tf)(ū, v̄)r̄)ek,

that is

L(x̄, ȳ, λ̄, p̄) ≤M(ū, v̄, λ̄, r̄),

which contradicts weak duality theorem. Hence, (x̄, ȳ, λ̄, w̄, r̄ = 0) is an efficient so-

lution of (SD).

Theorem 2.3 (Converse duality). Let f : Rn × Rm → Rk be thrice differentiable

function and let (ū, v̄, λ̄, w̄, r̄) be a weak efficient solution of (SD). If

(i) the matrix ∇xx(λ̄
Tf)(ū, v̄) is non singular,

(ii) the vectors {∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)} are linearly independent,

(iii) the vector ∇x(∇xx(λ̄
Tf)(ū, v̄)r̄)r̄ /∈ span{∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)}\{0} and

(iv) r̄ 6= 0 implies ∇x(∇xx(λ̄
Tf)(ū, v̄)r̄)r̄ 6= 0,

then

(I) r̄ = 0, there exist z̄ ∈ D such that (ū, v̄, λ̄, z̄, p̄ = 0) is feasible for (SP) and
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(II) L(ū, v̄, λ̄, p̄) = M(ū, v̄, λ̄, r̄).

Also, if the hypotheses of Theorem 2.1 are satisfied for all feasible solutions of (SP)

and (SD), then (ū, v̄, λ̄, z̄, p̄ = 0) is an efficient solution for (SP).

Proof. It follows on the lines of Theorem 2.2.

2.4.1 Remarks

(i) Let n = m = 2, f1(x, y) = x2
1 + x2

2 − y2
1 − y2

2, f2(x, y) = x1 + x2
2 − y2, C =

{(ξ1, ξ2) : 0 5 ξi 5 1, i = 1, 2}, D = {(ς1, ς2) : ς1 − ς2 = 0, 0 5 ς1 5 1}.

Then

S(x | C) = (x1 + |x1|+ x2 + |x2|)/2 and S(y | D) = (y1 + y2 + |y1 + y2|)/2.

Problem (SP) and (SD) become

Primal problem (ESP)

Minimize L(x, y, λ, p) = {G1(x, y, λ, p), G2(x, y, λ, p)}

subject to {2λ1(y1 + p1) + z1, 2λ1(y2 + p2) + z2 + λ2} = 0,

z1 − z2 = 0, 0 5 z1 5 1,

λ1 > 0, λ2 > 0, λ1 + λ2 = 1.

Dual problem (ESD)

Maximize M(u, v, λ, r) = {H1(u, v, λ, r), H2(u, v, λ, r)}

subject to {2λ1(u1 + r1) + λ2 + w1, 2(u2 + r2) + w2} = 0,

0 5 wi 5 1, i = 1, 2,

λ1 > 0, λ2 > 0, λ1 + λ2 = 1,

where

Gi(x, y, λ, p) = xj
1 + x2

2 + (−1)jλjy2 + (−1)iλj(y
2
1 + y2

2)

+λ1[(y1 + p1)
2 + (y2 + p2)

2] + (x1 + |x1|+ x2 + |x2|)/2,

Hi(u, v, λ, r) = −{(j − 1)v2
1 + vj

2 + (v1 + v2 + |v1 + v2|)/2

+(u2 + r2)
2 + λ1(u1 + r1)

2 + (−1)iλju1(u1 − 1)},

and i+ j = 3 and i = 1, 2.

Therefore, our results also give the duality relations for (ESP) and (ESD), which
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cannot obtained from the work in [9, 48, 55, 57, 89, 137, 140], because the above

dual models are a pair of second-order multiobjective symmetric problems invol

-ving nondifferentiable terms S(x | C) and S(y | D).

(ii) We can also construct a pair of Wolfe type second-order symmetric dual programs

by taking C = {Ay : yTAy 5 1} and D = {Bx : xTBx 5 1} in our models (SP)

and (SD), where A and B are positive semidefinite matrices. For C and D so

defined, (xTAx)1/2 = S(x | C) and (yTBy)1/2 = S(y | D). Thus, duality results

for such a dual pair are obtained.

2.5 Symmetric duality with cone constraints

In this section, we establish duality theorems under second-order (F, α, ρ, d)-

convexity for the following pair of second-order Wolfe type nondifferentiable multiob-

jective programming problems with k-objectives over arbitrary cones:

Primal problem (PP)

Minimize G(x, y, λ, p) = {G1(x, y, λ, p), G2(x, y, λ, p), · · · , Gk(x, y, λ, p)}

subject to

−∇y(λ
Tf)(x, y) + z −∇yy(λ

Tf)(x, y)p ∈ C∗
2 , (2.33)

z ∈ E, (2.34)

λT ek = 1, (2.35)

λ > 0, x ∈ C1. (2.36)

Dual problem (DP)

Maximize H(u, v, λ, q) = {H1(u, v, λ, q), H2(u, v, λ, q), · · · , Hk(u, v, λ, q)}

subject to

∇x(λ
Tf)(u, v) + w +∇xx(λ

Tf)(u, v)q ∈ C∗
1 , (2.37)

w ∈ D, (2.38)

λT ek = 1, (2.39)
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λ > 0, v ∈ C2 , (2.40)

where for i = 1, 2, · · · , k,

Gi(x, y, λ, p) = fi(x, y) + S(x | D)− yT∇y(λ
Tf)(x, y)

−yT (∇yy(λ
Tf)(x, y)p)− 1

2
pT (∇yy(λ

Tf)(x, y)p),

Hi(u, v, λ, q) = fi(u, v)− S(v | E)− uT∇x(λ
Tf)(u, v)

−uT (∇xx(λ
Tf)(u, v)q)− 1

2
qT (∇xx(λ

Tf)(u, v)q).

and

(i) f = {f1, f2, · · · , fk} is a differentiable function from S1 × S2 → Rk (S1 ⊆ Rn

and S2 ⊆ Rm are open sets), ek = (1, . . . , 1)T ∈ Rk,

(ii) q and p are vectors in Rn and Rm, respectively, λ ∈ Rk,

(iii) D and E are compact convex sets in Rn and Rm, respectively.

Theorem 2.4 (Weak duality). Let (x, y, λ, z, p) be feasible for the primal problem

(PP) and (u, v, λ, w, q) be feasible for the dual problem (DP). Let the sublinear func-

tionals F : S1 × S1 × Rn 7→ R and G : S2 × S2 × Rm 7→ R satisfy the following

conditions:

F (x, u; a) + α−1
1 aTu = 0, for all a ∈ C∗

1 , (A)

G(v, y; b) + α−1
2 bTy = 0, for all b ∈ C∗

2 . (B)

Suppose that either (i)
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 +ρ

(2)
i (d

(2)
i (v, y))2] = 0 or (ii) ρ

(1)
i = 0 and

ρ
(2)
i = 0, for all i. Furthermore, assume that fi(., v) + (.)Tw (1 5 i 5 k) is second-

order (F, α1, ρ
(1)
i , d

(1)
i )-convex at u and fi(x, .) − (.)T z (1 5 i 5 k) be second-order

(G,α2, ρ
(2)
i , d

(2)
i )-concave at y. Then

G(x, y, λ, p) � H(u, v, λ, q). (2.41)

Proof. Since fi(., v) + (.)Tw (1 5 i 5 k) is second-order (F, α1, ρ
(1)
i , d

(1)
i )-convex, we

have

fi(x, v) + xTw − fi(u, v)− uTw + 1
2
qT (∇xxfi(u, v)q)
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= F [x, u;α1(x, u)(∇xfi(u, v) + w +∇xxfi(u, v)q)] + ρ
(1)
i (d

(1)
i (x, u))2.

It follows from λ > 0, λT ek = 1 and sublinearity of F that

(λTf)(x, v) + xTw − (λTf)(u, v)− uTw +
1

2
qT (∇xx(λ

Tf)(u, v)q)

= F [x, u;α1(x, u)(∇x(λ
Tf)(u, v) + w +∇xx(λ

Tf)(u, v)q)]

+
k∑

i=1

λiρ
(1)
i (d

(1)
i (x, u))2. (2.42)

As fi(x, .) − (.)T z (1 5 i 5 k) is second-order (G,α2, ρ
(2)
i , d

(2)
i )-concave therefore we

get

fi(x, y)− yT z − fi(x, v) + vT z − 1
2
pT (∇yyfi(x, y)p)

= G[v, y;−α2(v, y)(∇yfi(x, y)− z +∇yyfi(x, y)p)] + ρ
(2)
i (d

(2)
i (v, y))2.

Using λ > 0, λT ek = 1 and sublinearity of G it follows that

(λTf)(x, y)− yT z − (λTf)(x, v) + vT z − 1

2
pT (∇yy(λ

Tf)(x, y)p)

= G[v, y;−α2(v, y)(∇y(λ
Tf)(x, y)− z +∇yy(λ

Tf)(x, y)p)]

+
k∑

i=1

λiρ
(2)
i (d

(2)
i (v, y))2. (2.43)

Adding the inequalities (2.42) and (2.43), we obtain

(λTf)(x, y)− (λTf)(u, v) + xTw − uTw − yT z + vT z +
1

2
qT (∇xx(λ

Tf)(u, v)q)

−1

2
pT (∇yy(λ

Tf)(x, y)p) = F [x, u;α1(x, u)(∇x(λ
Tf)(u, v) + w

+∇xx(λ
Tf)(u, v)q)] +G[v, y;−α2(v, y)(∇y(λ

Tf)(x, y)− z

+∇yy(λ
Tf)(x, y)p)] +

k∑
i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2]. (2.44)

Since (x, y, λ, z, p) is feasible for the primal problem (PP) and (u, v, λ, w, q) is feasible

for the dual problem (DP), α1(x, u) > 0, by the dual constraint (2.37), the vector

a = α1(x, u)(∇x(λ
Tf)(u, v) +w+∇xx(λ

Tf)(u, v)q) ∈ C∗
1 and so from the hypothesis

(A), we obtain

F (x, u; a) + α−1
1 aTu = 0. (2.45)
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Similarly,

G(v, y; b) + α−1
2 bTy = 0, (2.46)

for the vector b = −α2(v, y){∇y(λ
Tf)(x, y)− z +∇yy(λ

Tf)(x, y)p} ∈ C∗
2 .

Using (2.45), (2.46) and hypothesis (i) or (ii) in (2.44), we have

(λTf)(x, y)− (λTf)(u, v) + xTw − uTw − yT z + vT z

+1
2
qT (∇xx(λ

Tf)(u, v)q)− 1
2
pT (∇yy(λ

Tf)(x, y)p) = −α−1
1 uTa− α−1

2 yT b.

Substituting the values of a and b, we have

(λTf)(x, y) + xTw − yT∇y(λ
Tf)(x, y)− yT (∇yy(λ

Tf)(x, y)p)

−1
2
pT (∇yy(λ

Tf)(x, y)p) = (λTf)(u, v)− vT z − uT∇x(λ
Tf)(u, v)

−uT (∇xx(λ
Tf)(u, v)q)− 1

2
qT (∇xx(λ

Tf)(u, v)q).

In view of the fact that xTw 5 S(x | D), vT z 5 S(v | E) and λT ek = 1, the last

inequality yields

(λTf)(x, y) + S(x | D)− yT∇y(λ
Tf)(x, y)− yT (∇yy(λ

Tf)(x, y)p)

−1

2
pT (∇yy(λ

Tf)(x, y)p) = (λTf)(u, v)− S(v | E)− uT∇x(λ
Tf)(u, v)

−uT (∇xx(λ
Tf)(u, v)q)− 1

2
qT (∇xx(λ

Tf)(u, v)q). (2.47)

Now suppose contrary to the result that (2.41) not holds, that is ,

{G1(x, y, λ, p), G2(x, y, λ, p), . . . , Gk(x, y, λ, p)}

≤ {H1(u, v, λ, q), H2(u, v, λ, q), . . . , Hk(u, v, λ, q)}

or

f(x, y) + S(x | D)ek − yT∇y(λ
Tf)(x, y)ek − yT (∇yy(λ

Tf)(x, y)p)ek

−1
2
pT (∇yy(λ

Tf)(x, y)p)ek ≤ f(u, v)− S(v | E)ek − uT∇x(λ
Tf)(u, v)ek

−uT (∇xx(λ
Tf)(u, v)q)ek − 1

2
qT (∇xx(λ

Tf)(u, v)q)ek.

Since λ > 0 and λT ek = 1, we obtain

(λTf)(x, y) + S(x | D)− yT∇y(λ
Tf)(x, y)− yT (∇yy(λ

Tf)(x, y)p)

−1
2
pT (∇yy(λ

Tf)(x, y)p) < (λTf)(u, v)− S(v | E)− uT∇x(λ
Tf)(u, v)

−uT (∇xx(λ
Tf)(u, v)q)− 1

2
qT (∇xx(λ

Tf)(u, v)q),
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which contradicts (2.47). Hence (2.41) holds.

We now state a weak duality theorem under second-order F -convexity assumptions.

Its proof follows on the lines of Theorem 2.4 on taking α1(x, u) = 1, α2(v, y) = 1,

and ρ1 = 0, ρ2 = 0.

Theorem 2.5 (Weak duality). Let (x, y, λ, z, p) be feasible for the primal problem

(PP) and (u, v, λ, w, q) be feasible for the dual problem (DP). Suppose that the sub-

linear functionals F : S1 × S1 × Rn 7→ R and G : S2 × S2 × Rm 7→ R satisfy the

following conditions:

F (x, u; a) + aTu = 0, for all a ∈ C∗
1 , (A)

G(v, y; b) + bTy = 0, for all b ∈ C∗
2 . (B)

Furthermore, assume that fi(., v) + (.)Tw (1 5 i 5 k) is second-order F -convex at u

and fi(x, .)− (.)T z (1 5 i 5 k) is second-order G-concave at y. Then

G(x, y, λ, p) � H(u, v, λ, q).

Theorem 2.6 (Strong duality). Let f : S1×S2 → Rk be thrice differentiable function

and let (x̄, ȳ, λ̄, z̄, p̄) be a weak efficient solution of (PP). Suppose that

(i) the matrix ∇yy(λ̄
Tf)(x̄, ȳ) is non singular,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii) the vector ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ /∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0} and

(iv) ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ = 0 implies p̄ = 0

then

(I) p̄ = 0, there exist w̄ ∈ D such that (x̄, ȳ, λ̄, w̄, q̄ = 0) is feasible for (DP), and

(II) G(x̄, ȳ, λ̄, p̄) = H(x̄, ȳ, λ̄, q̄).

Also, if the hypotheses of Theorem 2.4 or 2.5 are satisfied for all feasible solutions of

(PP) and (DP), then (x̄, ȳ, λ̄, w̄, q̄ = 0) is an efficient solution for (DP).

Proof. Its proof follows on the lines of Theorem 2.2 of this chapter and Theorem 2



57

in Ahmad and Husain [13].

A converse duality theorem may be merely stated as its proof would run analogously

to that of Theorem 2.6.

Theorem 2.7 (Converse duality). Let f : S1 × S2 → Rk be thrice differentiable

function and let (ū, v̄, λ̄, w̄, q̄) be a weak efficient solution of (DP). Suppose that

(i) the matrix ∇xx(λ̄
Tf)(ū, v̄) is non singular,

(ii) the vectors ∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄) are linearly independent,

(iii) the vector ∇x(∇xx(λ̄
Tf)(ū, v̄)q̄)q̄ /∈ span{∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)}\{0} and

(iv) ∇x(∇xx(λ̄
Tf)(ū, v̄)q̄)q̄ = 0 implies q̄ = 0,

then

(I) q̄ = 0, there exist z̄ ∈ E such that (ū, v̄, λ̄, z̄, p̄ = 0) is feasible for (PP), and

(II) G(ū, v̄, λ̄, p̄) = H(ū, v̄, λ̄, q̄).

Also, if the hypotheses of Theorem 2.4 or 2.5 are satisfied for all feasible solutions of

(PP) and (DP), then (ū, v̄, λ̄, z̄, p̄ = 0) is an efficient solution for (PP).

2.6 Special cases

In this section, we consider some special cases of the problems studied in Section 2.4

and Section 2.5.

(i) For k = 1, our programs (SP) and (SD) reduce to the problems (PP) and (DP)

considered in Gulati and Gupta [57].

(ii) For scalar programming problem, our problems (SP) and (SD) reduces to the

single objective nondifferentiable symmetric dual programs considered in Yang

et al. [137].
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(iii) If k = 1 and we take D = {Ay : yTAy 5 1}, E = {Bx : xTBx 5 1}, where

A and B are positive semidefinite matrices, then (xTAx)1/2 = S(x | D) and

(yTBy)1/2 = S(y | E). In this case (SP) and (SD) reduce to the problems

considered in Ahmad and Husain [9].

(iv) If D = {0} and E = {0}, then (SP) and (SD) reduce to (MP) and (MD)

considered in Yang et al. [140] along with the nonnegativity restrictions x = 0

and v = 0. However, taking F (x, u; a) = (x − u)Ta and G(v, y; b) = (v − y)T b

along with the hypotheses (A) and (B) of Theorem 1 in [140] gives x = 0 and

v = 0.

(v) If D = {0} and E = {0}, then our problems (PP) and (DP) reduce to the

programs studied in Ahmad and Husain [13].



Chapter 3

SYMMETRIC DUALITY IN
MULTIOBJECTIVE PROGRAMMING

INVOLVING GENERALIZED

CONE-CONVEX FUNCTIONS
1

3.1 Introduction

Ahmad and Husain [13] formulated a pair of Wolfe type multiobjective second

order symmetric dual programs with cone constraints and established duality results

under second-order invexity assumptions. They pointed out certain omissions and

inconsistencies in the earlier work of Mishra [91] and Mishra and Wang [93].

This chapter is divided into five sections. Section 3.2 contains notations and

definitions used in this chapter. In Section 3.3, we identify a function lying exclu-

sively in the class of K-η-bonvex and not in class of invex function already existing in

literature. In the next Section, we consider a new pair of second-order multiobjective

symmetric dual programs in which the objective function is optimized with respect to

an arbitrary closed convex cone and established appropriate duality theorems under

K-η-bonvexity assumptions. Self duality is also obtained by assuming the functions

1A part of this chapter has appeared in International Journal of Mathematics in Operational
Research3 (2011) 414-430.
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involved to be skew-symmetric. In Section 3.5, a pair of Mond-Weir type nondiffer-

entiable multiobjective second-order symmetric dual programs over arbitrary cones

is formulated, where each of the objective function contains a square root term with

positive semidefinite matrix in Rn×n. Weak, strong and converse duality results are

then proved under second-order K-F -convexity/K-η-bonvexity assumptions. Some

particular cases of the programs considered in this chapter are discussed in the last

Section.

3.2 Notations and definitions

Let C1 and C2 be closed convex cones in Rn and Rm, respectively, with nonempty

interiors. Suppose that S1 ⊆ Rn and S2 ⊆ Rm are open sets such that C1 × C2 ⊂

S1 × S2. Let fi : S1 × S2 → R, i = 1, 2, . . . , k, be differentiable functions of x and y.

Definition 3.1. A twice differentiable function f : S1 × S2 → Rk is said to be

K-η1-bonvex in the first variable at u ∈ S1 for fixed v ∈ S2, if there exists a function

η1 : S1 × S1 → Rn such that for x ∈ S1, qi ∈ Rn, i = 1, 2, ..., k,

(f1(x, v)− f1(u, v)+
1

2
qT
1∇xxf1(u, v)q1 − ηT

1 (x, u)(∇xf1(u, v) +∇xxf1(u, v)q1), ...,

fk(x, v)− fk(u, v)+
1

2
qT
k∇xxfk(u, v)qk − ηT

1 (x, u)(∇xfk(u, v) +∇xxfk(u, v)qk)) ∈ K

and f(x, y) is said to be K-η2-bonvex in the second variable at v ∈ S2 for fixed

u ∈ S1, if there exists a function η2 : S2×S2 → Rm such that for y ∈ S2, pi ∈ Rm, i =

1, 2, ..., k,

(f1(u, y)− f1(u, v)+
1

2
pT

1∇yyf1(u, v)p1 − ηT
2 (y, v)(∇yf1(u, v) +∇yyf1(u, v)p1), ...,

fk(u, y)− fk(u, v)+
1

2
pT

k∇yyfk(u, v)pk − ηT
2 (y, v)(∇yfk(u, v) +∇yyfk(u, v)pk)) ∈ K.

Definition 3.2. A twice differentiable function f : S1×S2 → Rk is said to be second-

order K-F -convex in the first variable at u ∈ S1 for fixed v ∈ S2, if there exists a

sublinear functional F : S1×S1×Rn → R such that for x ∈ S1, qi ∈ Rn, i = 1, 2, ..., k,

(f1(x, v)− f1(u, v)+
1

2
qT
1∇xxf1(u, v)q1 − F (x, u;∇xf1(u, v) +∇xxf1(u, v)q1), ...,

fk(x, v)− fk(u, v)+
1

2
qT
k∇xxfk(u, v)qk − F (x, u;∇xfk(u, v) +∇xxfk(u, v)qk)) ∈ K
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and f(x, y) is said to be second-order K-G-convex in the second variable at v ∈ S2

for fixed u ∈ S1, if there exists a sublinear functional G : S2 × S2 × Rm → R such

that for y ∈ S2, pi ∈ Rm, i = 1, 2, ..., k,

(f1(u, y)− f1(u, v)+
1

2
pT

1∇yyf1(u, v)p1 −G(y, v;∇yf1(u, v) +∇yyf1(u, v)p1), ...,

fk(u, y)− fk(u, v)+
1

2
pT

k∇yyfk(u, v)pk −G(y, v;∇yfk(u, v) +∇yyfk(u, v)pk)) ∈ K.

Remarks

(i) IfK = R+, p = 0 and q = 0, then the above definition reduces to η-convexity/invexity

in [75, 100].

(ii) If K = R+, then the K-η-bonvexity becomes η-bonvexity [55, 124].

(iii) Eliminating the second-order terms and substituting η1(x, u) = (x − u) and

η2(v, y) = (v − y), the definition reduces to K-convexity as in [123].

3.3 Example

An example of non trivial function which is K-η-bonvex but not invex.

Let X = [2, 2.35] ⊂ R, n = m = 1 and k = 2. Consider the function f : X → R2 be

defined by f(x) = (f1(x), f2(x)), where f1(x) = x3 sin 2
x
, f2(x) = sin2 x.

Let

K = {(x, y) : x = 4y, x = 0}

and η : X ×X → R be defined by

η(x, u) = 12(1− u).

To show that f is K-η-bonvex, we have to prove that(
f1(x)− f1(u)+

1

2
qT
1 (∇xxf1(u)q1)− ηT (x, u)[∇xf1(u) +∇xxf1(u)q1],

f2(x)− f2(u)+
1

2
qT
2 (∇xxf2(u)q2)− ηT (x, u)[∇xf2(u) +∇xxf2(u)q2]

)
∈ K,

or(
x3 sin 2

x
− u3 sin 2

u
+ q2

1[3u sin 2
u
− 2

u
sin 2

u
− 4 cos 2

u
]− 12(1− u)
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[−2u cos 2
u

+ 3u2 sin 2
u

+ q1(6u sin 2
u
− 4

u
sin 2

u
− 8 cos 2

u
)], sin2 x− sin2 u

+q2
2 cos 2u− 12(1− u)[sin 2u+ 2q2 cos 2u]

)
∈ K.

Let

φ = x3 sin 2
x
− u3 sin 2

u
+ q2

1[3u sin 2
u
− 2

u
sin 2

u
− 4 cos 2

u
]

−12(1− u)[−2u cos 2
u

+ 3u2 sin 2
u

+ q1(6u sin 2
u
− 4

u
sin 2

u
− 8 cos 2

u
)]

= φ1 + φ2 (say)

and

ψ = sin2 x− sin2 u+ q2
2 cos 2u− 12(1− u)[sin 2u+ 2q2 cos 2u].

= ψ1 + ψ2 (say)

where

φ1=x
3 sin 2

x
− u3 sin 2

u
− 12(1− u)[−2u cos 2

u
+ 3u2 sin 2

u
]

= 0 ∀ x, u ∈ X, as can be seen from Figure 3.1.

φ2=q
2
1[3u sin 2

u
− 2

u
sin 2

u
− 4 cos 2

u
]− 12(1− u)[q1(6u sin 2

u
− 4

u
sin 2

u
− 8 cos 2

u
)]

= 0 ∀ u ∈ X and q1 ∈ (−1018, 1018) as can be seen from Figure 3.2.

ψ1 = sin2 x− sin2 u− 12(1− u) sin 2u

< 0 ∀ x, u ∈ X, as can be seen from Figure 3.3

and

ψ2 = q2
2 cos 2u− 24(1− u)q2 cos 2u

5 0 ∀ u ∈ X and q2 ∈ (−1018, 1018) as can be seen from Figure 3.4.

Hence φ = 0 and ψ < 0. This implies φ − 4ψ = 0 and φ = 0. Thus (φ, ψ) ∈ K and

hence f is K-η-bonvex function.

Next, to prove f is not invex, either

f1(x)− f1(u)− ηT (x, u)∇xf1(u) � 0 or

f2(x)− f2(u)− ηT (x, u)∇xf2(u) � 0.

Since f2(x)− f2(u)− ηT (x, u)∇xf2(u) = sin2 x− sin2 u− 12(1− u) sin 2u

< 0 ∀ x, u ∈ X, as can be seen from Figure 3.3.

Therefore, f is not invex. Hence f is K-η-bonvex but not invex.
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Figure 3.1: Graph of φ1 against x and u

Figure 3.2: Graph of φ2 against u and q1



64

Figure 3.3: Graph of ψ1 against x and u

Figure 3.4: Graph of ψ2 against u and q2
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3.4 Problem formulation and duality results

The formulations where the inequality constraints are defined via closed convex cones

and their polars enable us to consider many constraints of the inequality type. Mo-

tivated by the concept of formulations with cones constraints, Suneja et al. [123]

formulated a pair of symmetric dual multiobjective programs over arbitrary cones in

which the objective function is optimized with respect to an arbitrary closed convex

cone by assuming the function involved to be cone convex. Khurana [77] studied a

pair of Mond-Weir type symmetric dual multiobjective programming problems and

obtained duality results under cone-pseudoinvex assumptions. Mishra and Lai [92]

extended the results of Khurana [77] to second-order and established appropriate du-

ality relations under cone-second-order pseudoinvexity assumptions.

Recently, Ahmad and Husain [13] and Gulati et al. [62] proved duality results for

second-order multiobjective symmetric dual programs with cone constraints under

second-order invexity assumptions.

Now we consider the following pair of multiobjective second-order symmetric dual

programs over arbitrary cones:

Primal problem (WP)

K-minimize

G(x, y, λ, p) = (f1(x, y)−yT
k∑

i=1

λi(∇yfi(x, y)+∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi),

. . . , fk(x, y)−yT

k∑
i=1

λi(∇yfi(x, y)+∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi))

subject to

−
k∑

i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi) ∈ C∗
2 , (3.1)

λT ek = 1, (3.2)

λ ∈ int K∗, x ∈ C1. (3.3)
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Dual problem (WD)

K-maximize

H(u, v, λ, q) = (f1(u, v)−uT
k∑

i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi),

. . . , fk(u, v)−uT

k∑
i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi))

subject to
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) ∈ C∗
1 , (3.4)

λT ek = 1, (3.5)

λ ∈ int K∗, v ∈ C2 , (3.6)

where

(i) fi : S1 × S2 → R, i = 1, 2, ..., k is a differentiable function of x and y, ek =

(1, . . . , 1)T ∈ Rk,

(ii) p = (p1, p2, . . . , pk), q = (q1, q2, . . . , qk), qi and pi are vectors in Rn and Rm,

respectively, for i = 1, 2, . . . , k and λ ∈ Rk.

Theorem 3.1 (Weak duality). Let (x, y, λ, p) be feasible for (WP) and (u, v, λ, q) be

feasible for (WD). Let

(i) f(., v) be K-η1-bonvex in the first variable at u,

(ii) −f(x, .) be K-η2-bonvex in the second variable at y,

(iii) η1(x, u) + u ∈ C1, for all x ∈ C1,

(iv) η2(v, y) + y ∈ C2, for all v ∈ C2.

Then

G(x, y, λ, p)−H(u, v, λ, q) /∈ −K\{0}.

Proof. Suppose, to the contrary, that

G(x, y, λ, p)−H(u, v, λ, q) ∈ −K\{0}.
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that is,

{[f1(x, y)− yT
k∑

i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi),

. . . , fk(x, y)− yT

k∑
i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi)]

−[f1(u, v)− uT
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi),

. . . , fk(u, v)−uT

k∑
i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi)]} ∈ −K\{0}.

Since λ ∈ int K∗ and λ 6= 0, we obtain

k∑
i=1

λi{fi(x, y)− yT

k∑
i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi)

−(fi(u, v)− uT

k∑
i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi))} < 0. (3.7)

By K-η1-bonvexity of f(., v), we have

{f1(x, v)− f1(u, v)+
1

2
qT
1∇xxf1(u, v)q1 − ηT

1 (x, u)[∇xf1(u, v) +∇xxf1(u, v)q1], . . . ,

fk(x, v)− fk(u, v)+
1

2
qT
k∇xxfk(u, v)qk − ηT

1 (x, u)[∇xfk(u, v) +∇xxfk(u, v)qk]} ∈ K.

Using λ ∈ int K∗, we get

k∑
i=1

λi{fi(x, v)− fi(u, v) +
1

2
qT
i ∇xxfi(u, v)qi

−ηT
1 (x, u)[∇xfi(u, v) +∇xxfi(u, v)qi]} = 0. (3.8)

Since (u, v, λ, q) is feasible for (WD), from the dual constraint (3.4) and hypothesis

(iii), it follows that

[η1(x, u) + u]T
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) = 0,

which implies

ηT
1 (x, u)

k∑
i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi)

= −uT

k∑
i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi). (3.9)
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Using (3.8) and (3.9), we obtain

k∑
i=1

λi(fi(x, v)− fi(u, v) +
1

2
qT
i ∇xxfi(u, v)qi)

= −uT

k∑
i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi). (3.10)

Similarly, by K-η2-bonvexity of −f(x, .), from (3.1) and hypothesis (iv), we get,

k∑
i=1

λi(fi(x, y)− fi(x, v)−
1

2
pT

i ∇yyfi(x, y)pi)

= yT

k∑
i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi). (3.11)

It follows from (3.10), (3.11) and λT ek = 1 that
k∑

i=1

λi{fi(x, y)− yT
k∑

i=1

λi(∇yfi(x, y) +∇yyfi(x, y)pi)−
1

2

k∑
i=1

λi(p
T
i ∇yyfi(x, y)pi)

−(fi(u, v)− uT
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi)−
1

2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi))} = 0,

which contradicts (3.7). Hence the result.

If the variable λ in the problems (WP) and (WD) is fixed to be λ̄, we shall denote

these problems by (WP )λ̄ and (WD)λ̄.

Theorem 3.2 (Strong duality). Let f : S1×S2 → Rk be thrice differentiable function

and let (x̄, ȳ, λ̄, p̄) be a weak efficient solution of (WP). Suppose that

(i) the matrix ∇yyfi(x̄, ȳ) is non singular for i = 1, 2, . . . , k,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii)
k∑

i=1

λ̄i(∇y(∇yyfi(x̄, ȳ)p̄i))p̄i /∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0},

(iv)
k∑

i=1

λ̄i(∇y(∇yyfi(x̄, ȳ)p̄i))p̄i = 0 implies p̄i = 0 ∀ i, and

(v) K is closed convex pointed cone with Rk
+ ⊆ K.
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Then p̄ = 0, (x̄, ȳ, q̄ = 0) is feasible for (WD)λ̄, and the objective function values

of (WP) and (WD)λ̄ are equal. Furthermore, if the hypotheses of Theorem 3.1 are

satisfied for all feasible solutions of (WP) and (WD)λ̄, then (x̄, ȳ, q̄ = 0) is an efficient

solution for (WD)λ̄.

Proof. Since (x̄, ȳ, λ̄, p̄) is a weak efficient solution of (WP), there exist ᾱ ∈ K∗,

β̄ ∈ C2, η̄ ∈ R, such that the following by Fritz-John optimality conditions ([123],

Lemma 1) are satisfied at (x̄, ȳ, λ̄, p̄)(for simplicity, we write ∇xfi,∇xyfi instead of

∇xfi(x̄, ȳ),∇xyfi(x̄, ȳ) etc.):

(x− x̄)T{
k∑

i=1

ᾱi∇xfi +
k∑

i=1

λ̄i∇xyfi[β̄ − (ᾱT ek)ȳ]

+
k∑

i=1

λ̄i[∇x(∇yyfip̄i)][β̄ − (ᾱT ek)(ȳ +
1

2
p̄i)]} = 0, for all x ∈ C1, (3.12)

(y − ȳ)T{
k∑

i=1

ᾱi∇yfi +
k∑

i=1

λ̄i∇yyfi[β̄ − (ᾱT ek)ȳ] +
k∑

i=1

λ̄i[∇y(∇yyfip̄i)][β̄

−(ᾱT ek)(ȳ +
1

2
p̄i)]−

k∑
i=1

λ̄i[∇yfi +∇yyfip̄i](ᾱ
T ek)} = 0, for all y ∈ Rm, (3.13)

∇yf(x̄, ȳ)(β̄ − (ᾱT ek)ȳ) + η̄ek + {(β̄ − (ᾱT ek)(ȳ +
1

2
p̄1))

T∇yyf1(x̄, ȳ)p̄1,

. . . , (β̄ − (ᾱT ek)(ȳ +
1

2
p̄k))

T∇yyfk(x̄, ȳ)p̄k} = 0, (3.14)

[(β̄−(ᾱT ek)(ȳ+p̄i))λ̄i]
T∇yyfi = 0, i = 1, 2, . . . , k, (3.15)

β̄T

k∑
i=1

λ̄i(∇yfi +∇yyfip̄i) = 0, (3.16)

η̄T [λ̄T ek − 1] = 0, (3.17)

(ᾱ, β̄, η̄) 6= 0. (3.18)

Inequalities (3.13) and (3.14) are equivalent to

k∑
i=1

ᾱi∇yfi +
k∑

i=1

λ̄i∇yyfi[β̄ − (ᾱT ek)ȳ]

+
k∑

i=1

λ̄i[∇y(∇yyfip̄i)][β̄ − (ᾱT ek)(ȳ +
1

2
p̄i)]−

k∑
i=1

λ̄i[∇yfi +∇yyfip̄i](ᾱ
T ek) = 0, (3.19)
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∇yfi[β̄−(ᾱT ek)ȳ]+∇yyfip̄i[β̄−(ᾱT ek)(ȳ+
1

2
p̄i)]+η̄ = 0, i = 1, 2, . . . , k. (3.20)

Since Rk
+ ⊆ K ⇒ K∗ ⊆ Rk

+ which implies int(K∗) ⊆ int(Rk
+).

As λ̄ ∈ int (K∗), therefore λ̄ > 0.

As ∇yyfi is nonsingular and λ̄i > 0 for i = 1, 2, . . . , k, (3.15) implies

β̄ = (ᾱT ek)(ȳ+ p̄i), i = 1, 2, . . . , k. (3.21)

If ᾱ = 0 then (3.21) yields β̄ = 0. Further, the equation (3.20) gives η̄ = 0. Con-

sequently (ᾱ, β̄, η̄) = 0, contradicting (3.18). Hence ᾱ 6= 0. Further, ᾱ ∈ K∗ ⊆ Rk
+

implies

ᾱT ek > 0. (3.22)

Now, we claim that p̄i = 0 for i = 1, 2, . . . , k.

Using (3.21) and (3.22) in (3.19), we get

k∑
i=1

λ̄i(∇y(∇yyfip̄i))p̄i =
−2

ᾱT ek

k∑
i=1

∇yfi[ᾱi−(ᾱT ek)λ̄i], (3.23)

which by hypotheses (iii) and (iv) implies

p̄i = 0, ∀ i = 1, 2, . . . k, (3.24)

and thus relation (3.21) gives

β̄ = (ᾱT ek)ȳ. (3.25)

Equations (3.22)-(3.24), yields

k∑
i=1

(ᾱi − (ᾱT ek)λ̄i)∇yfi = 0,

which on using hypothesis (ii) gives

ᾱi = (ᾱT ek)λ̄i, i = 1, 2, . . . , k. (3.26)
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Using (3.22), (3.24)-(3.26) in (3.12), we have

(x− x̄)T

k∑
i=1

λ̄i∇xfi = 0, for all x ∈ C1. (3.27)

Let x ∈ C1. Then x+ x̄ ∈ C1 and so (3.27) implies

xT
k∑

i=1

λ̄i∇xfi = 0, for all x ∈ C1.

Therefore,

k∑
i=1

λ̄i∇xfi ∈ C∗
1 . (3.28)

Also, from (3.25), we have

ȳ =
β̄

ᾱT ek

∈ C2.

Thus (x̄, ȳ, q̄ = 0) satisfies the constraints of (WD)λ̄ and so it is a feasible solu-

tion for the dual problem (WD)λ̄.

Now, letting x = 0 and x = 2x̄ in (3.27), we get

x̄T

k∑
i=1

λ̄i∇xfi = 0. (3.29)

Further, from (3.16), (3.22), (3.24) and (3.25), we obtain

ȳT

k∑
i=1

λ̄i∇yfi = 0. (3.30)

Therefore, using (3.24), (3.29) and (3.30), we get

(f1(x̄, ȳ)− ȳT
k∑

i=1

λ̄i(∇yfi +∇yyfip̄i)− 1
2

k∑
i=1

λ̄i(p̄
T
i ∇yyfip̄i),

. . . , fk(x̄, ȳ)− ȳT
k∑

i=1

λ̄i(∇yfi +∇yyfip̄i)− 1
2

k∑
i=1

λ̄i(p̄
T
i ∇yyfip̄i))

= (f1(x̄, ȳ)− x̄T
k∑

i=1

λ̄i(∇xfi +∇xxfiq̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfiq̄i),
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. . . , fk(x̄, ȳ)− x̄T
k∑

i=1

λ̄i(∇xfi +∇xxfiq̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfiq̄i))

that is, the two objective function values are equal.

Now, let (x̄, ȳ, q̄ = 0) is not an efficient solution of (WD)λ̄, then there exist (ū, v̄, q̄ = 0)

feasible for (WD)λ̄, such that,

{f1(x̄, ȳ)− x̄T
k∑

i=1

λ̄i(∇xfi(x̄, ȳ) +∇xxfi(x̄, ȳ)q̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(x̄, ȳ)q̄i),

. . . , fk(x̄, ȳ)− x̄T
k∑

i=1

λ̄i(∇xfi(x̄, ȳ) +∇xxfi(x̄, ȳ)q̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(x̄, ȳ)q̄i)}

−{f1(ū, v̄)− ūT
k∑

i=1

λ̄i(∇xfi(ū, v̄) +∇xxfi(ū, v̄)q̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(ū, v̄)q̄i),

. . . , fk(ū, v̄)−ūT
k∑

i=1

λ̄i(∇xfi(ū, v̄)+∇xxfi(ū, v̄)q̄i)−1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(ū, v̄)q̄i)} ∈ −K\{0}.

As x̄T
k∑

i=1

λ̄i∇xfi(x̄, ȳ) = ȳT
k∑

i=1

λ̄i∇yfi(x̄, ȳ) and p̄i = 0, for i = 1, 2, . . . , k,

{f1(x̄, ȳ)− ȳT
k∑

i=1

λ̄i(∇yfi(x̄, ȳ) +∇yyfi(x̄, ȳ)p̄i)− 1
2

k∑
i=1

λ̄i(p̄
T
i ∇yyfi(x̄, ȳ)p̄i),

. . . , fk(x̄, ȳ)− ȳT
k∑

i=1

λ̄i(∇yfi(x̄, ȳ) +∇yyfi(x̄, ȳ)p̄i)− 1
2

k∑
i=1

λ̄i(p̄
T
i ∇yyfi(x̄, ȳ)p̄i)}

−{f1(ū, v̄)− ūT
k∑

i=1

λ̄i(∇xfi(ū, v̄) +∇xxfi(ū, v̄)q̄i)− 1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(ū, v̄)q̄i),

. . . , fk(ū, v̄)−ūT
k∑

i=1

λ̄i(∇xfi(ū, v̄)+∇xxfi(ū, v̄)q̄i)−1
2

k∑
i=1

λ̄i(q̄
T
i ∇xxfi(ū, v̄)q̄i)} ∈ −K\{0},

which contradicts Theorem 3.1. Hence (x̄, ȳ, q̄ = 0) is an efficient solution of (WD)λ̄.

Theorem 3.3 (Converse duality). Let f : S1 × S2 → Rk be thrice differentiable

function and let (ū, v̄, λ̄, q̄) be a weak efficient solution of (WD). Suppose that

(i) the matrix ∇xxfi(ū, v̄) is non singular for i = 1, 2, . . . , k,

(ii) the vectors ∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄) are linearly independent,

(iii)
k∑

i=1

λ̄i(∇x(∇xxfi(ū, v̄)q̄i))q̄i /∈ span{∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)}\{0},

(iv)
k∑

i=1

λ̄i(∇x(∇xxfi(ū, v̄)q̄i))q̄i = 0 implies q̄i = 0 ∀ i, and

(v) K is closed convex pointed cone with Rk
+ ⊆ K.
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Then q̄ = 0, (ū, v̄, p̄ = 0) is feasible for (WP )λ̄ and the objective function values

of (WP )λ̄ and (WD) are equal. Furthermore, if the hypotheses of Theorem 3.1 are

satisfied for all feasible solutions of (WP )λ̄ and (WD), then (ū, v̄, p̄ = 0) is an efficient

solution for (WP )λ̄.

Proof. It follows on the lines of Theorem 3.2.

Self duality

A mathematical programming problem is said to be self dual if it is formally identical

with its dual, that is, if the dual is recast in the form of primal, the new problem

so obtained is the same as the primal. In general (WP) and (WD) are not self dual

without an added restriction on f . The vector function f : Rn × Rn → Rk is said to

be skew symmetric if for all x, y ∈ Rn,

fi(x, y) = −fi(y, x), i ∈ {1, 2, . . . , k}.

For the programs (WP) and (WD) self duality exists under the following assumptions:

(i) m = n, (ii) C1 = C2, (iii) the vector function f(x, y) to be skew symmetric, i.e.,

f(x, y) = −f(y, x).

Now recasting the dual problem (WD) as a minimization problem:

(WD)′

K-minimize (−f1(u, v)+u
T

k∑
i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)+
1
2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi),

. . . ,−fk(u, v)+u
T

k∑
i=1

λi(∇xfi(u, v)+∇xxfi(u, v)qi)+
1
2

k∑
i=1

λi(q
T
i ∇xxfi(u, v)qi))

subject to
k∑

i=1

λi(∇xfi(u, v) +∇xxfi(u, v)qi) ∈ C∗
1 ,

λT ek = 1,

λ ∈ int K∗, v ∈ C2 .

Since f is skew symmetric,

∇xfi(u, v) = −∇yfi(v, u) and ∇xxfi(u, v) = −∇yyfi(v, u) for i = 1, 2, . . . , k.

Therefore, the problem (WD)′ reduces to,

K-minimize (f1(v, u)−uT
k∑

i=1

λi(∇yfi(v, u)+∇yyfi(v, u)qi)− 1
2

k∑
i=1

λi(q
T
i ∇yyfi(v, u)qi),
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. . . , fk(v, u)−uT
k∑

i=1

λi(∇yfi(v, u)+∇yyfi(v, u)qi)−1
2

k∑
i=1

λi(q
T
i ∇yyfi(v, u)qi))

subject to −
k∑

i=1

λi(∇yfi(v, u) +∇yyfi(v, u)qi) ∈ C∗
2 ,

λT ek = 1,

λ ∈ int K∗, v ∈ C1 .

This shows that (WD)′ is formally identical to (WP), that is, the objective and con-

straint functions are identical. Hence (WP) is self dual. Consequently, the feasibility

of (x, y, λ, p) for (WP) implies the feasibility of (y, x, λ, p) for (WD) and conversely.

3.5 Mond-Weir type second-order symmetric du-

ality over arbitrary cones

Consider the following pair of Mond-Weir type second-order nondifferentiable

multiobjective symmetric dual programming problems:

Primal (MP)

K-minimize L(x, y, w, p) = (L1(x, y, w, p), L2(x, y, w, p), ..., Lk(x, y, w, p))

subject to

−
k∑

i=1

λi(∇yfi(x, y)− Eiwi +∇yyfi(x, y)pi) ∈ C∗
2 , (3.31)

yT

k∑
i=1

λi(∇yfi(x, y)− Eiwi +∇yyfi(x, y)pi) = 0, (3.32)

wT
i Eiwi 5 1, i = 1, 2, ..., k, (3.33)

λ ∈ int K∗, x ∈ C1. (3.34)

Dual (MD)

K-maximize M(u, v, z, q) = (M1(u, v, z, q),M2(u, v, z, q), ...,Mk(u, v, z, q))

subject to
k∑

i=1

λi(∇xfi(u, v) +Bizi +∇xxfi(u, v)qi) ∈ C∗
1 , (3.35)

uT

k∑
i=1

λi(∇xfi(u, v) +Bizi +∇xxfi(u, v)qi) 5 0, (3.36)
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zT
i Bizi 5 1, i = 1, 2, ..., k, (3.37)

λ ∈ int K∗, v ∈ C2, (3.38)

where λ = (λ1, λ2, ..., λk)
T ∈ Rk, p = (p1, p2, . . . , pk), q = (q1, q2, . . . , qk) and for

i = 1, 2, ..., k,

Li(x, y, w, p) = fi(x, y) + (xTBix)
1
2 − yTEiwi − 1

2
pT

i ∇yyfi(x, y)pi,

Mi(u, v, z, q) = fi(u, v)− (vTEiv)
1
2 + uTBizi − 1

2
qT
i ∇xxfi(u, v)qi and

(i) fi : S1 × S2 → R is a thrice differentiable function of x and y,

(ii) Bi and Ei are positive semidefinite matrices in Rn×n and Rm×m, respectively,

(iii) C∗
1 and C∗

2 are positive polar cones of C1 and C2,

(iv) pi, wi and qi, zi are vectors in Rm and Rn, respectively,

(v) K is closed convex pointed cone in Rk such that int K 6= φ and K∗ is its positive

polar cone.

Theorem 3.4 (Weak duality). Let (x, y, λ, w, p) be feasible for (MP) and (u, v, λ, z, q)

be feasible for (MD). Let

(i) {f1(., v) + (.)TB1z1, ..., fk(., v) + (.)TBkzk} be second-order K-F -convex in the

first variable at u,

(ii) −{f1(x, .) − (.)TE1w1, ..., fk(x, .) − (.)TEkwk} be second-order K-G-convex in

the second variable at y,

(iii) Rk
+ ⊆ K,

where the sublinear functionals F : S1 × S1 × Rn → R and G : S2 × S2 × Rm → R

satisfy the following conditions:

(iv) F (x, u; a) + aTu = 0, for all a ∈ C∗
1 and

(v) G(v, y; b) + bTy = 0, for all b ∈ C∗
2 .
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Then

L(x, y, w, p)−M(u, v, z, q) /∈ −K\{0}.

Proof. Suppose, to the contrary, that

L(x, y, w, p)−M(u, v, z, q) ∈ −K\{0}.

Since λ ∈ int K∗, we obtain

k∑
i=1

λi(fi(x, y) + (xTBix)
1
2 − yTEiwi −

1

2
pT

i ∇yyfi(x, y)pi)

<
k∑

i=1

λi(fi(u, v)− (vTEiv)
1
2 + uTBizi −

1

2
qT
i ∇xxfi(u, v)qi). (3.39)

By second-order K-F -convexity of {f1(., v) + (.)TB1z1, ..., fk(., v) + (.)TBkzk} at u,

we have

(f1(x, v)+xTB1z1− f1(u, v)−uTB1z1 + 1
2
qT
1∇xxf1(u, v)q1−F (x, u;∇xf1(u, v)+B1z1

+∇xxf1(u, v)q1), ..., fk(x, v) + xTBkzk − fk(u, v)− uTBkzk + 1
2
qT
k∇xxfk(u, v)qk

− F (x, u;∇xfk(u, v) +Bkzk +∇xxfk(u, v)qk)) ∈ K.

It follows from hypothesis (iii) that K∗ ⊆ Rk
+ and hence λ > 0.

By using the sublinearity of F , we get
k∑

i=1

λi(fi(x, v) + xTBizi − fi(u, v)− uTBizi + 1
2
qT
i ∇xxfi(u, v)qi)

= F (x, u;
k∑

i=1

λi(∇xfi(u, v) +Bizi +∇xxfi(u, v)qi))

= −uT
k∑

i=1

λi(∇xfi(u, v) +Bizi +∇xxfi(u, v)qi)

(by hypothesis (iv) and constraint (3.35), for a =
k∑

i=1

λi(∇xfi(u, v) + Bizi +

∇xxfi(u, v)qi) ∈ C∗
1)

= 0 (by constraint (3.36)). (3.40)

Similarly, using hypotheses (ii) and (v) along with primal constraints (3.31), (3.32)

and (3.34) and the sublinearity of G, we get

k∑
i=1

λi(fi(x, y)−yTEiwi−fi(x, v)+v
TEiwi−

1

2
pT

i ∇yyfi(x, y)pi) = 0. (3.41)
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Combining inequalities (3.40) and (3.41), we get
k∑

i=1

λi(fi(x, y) + xTBizi − yTEiwi − 1
2
pT

i ∇yyfi(x, y)pi)

=
k∑

i=1

λi(fi(u, v)−vTEiwi +u
TBizi− 1

2
qT
i ∇xxfi(u, v)qi).

Applying the Schwartz inequality and using (3.33) and (3.37), we obtain
k∑

i=1

λi(fi(x, y) + (xTBix)
1
2 − yTEiwi − 1

2
pT

i ∇yyfi(x, y)pi)

=
k∑

i=1

λi(fi(u, v)−(vTEiv)
1
2 +uTBizi− 1

2
qT
i ∇xxfi(u, v)qi),

which contradicts (3.39). Hence the result.

If the variable λ in the problems (MP) and (MD) is fixed to be λ̄, we shall denote

these problems by (MP)λ̄ and (MD)λ̄, respectively.

Theorem 3.5 (Strong duality). Let (x̄, ȳ, λ̄, w̄, p̄) be an efficient solution for (MP).

Suppose that

(i) ∇yyfi(x̄, ȳ) is positive definite for i = 1, 2, ..., k and
k∑

i=1

λ̄ip̄
T
i (∇yfi(x̄, ȳ)−Eiw̄i) = 0

or∇yyfi(x̄, ȳ) is negative definite for i = 1, 2, ..., k and
k∑

i=1

λ̄ip̄
T
i (∇yfi(x̄, ȳ)−Eiw̄i) 5 0,

(ii) the set {∇yfi(x̄, ȳ)−Eiw̄i +∇yyfi(x̄, ȳ)p̄i, i = 1, 2, . . . , k} is linearly independent,

(iii) K is closed convex pointed cone with Rk
+ ⊆ K.

Then p̄ = 0, there exist z̄ such that (x̄, ȳ, z̄, q̄ = 0) is feasible for (MD)λ̄, and the

objective function values of (MP) and (MD)λ̄ are equal. Furthermore, if the hypothe-

ses of Theorem 3.4 are satisfied for all feasible solutions of (MP) and (MD)λ̄, then

(x̄, ȳ, z̄, q̄) is an efficient solution for (MD)λ̄.

Proof. Since (x̄, ȳ, λ̄, w̄, p̄) is an efficient solution for (MP), by the Fritz John neces-

sary optimality conditions (Suneja et al. [123]), there exist α ∈ K∗, β ∈ C2, γ ∈ R+

and ν ∈ Rk, such that the following conditions are satisfied at (x̄, ȳ, λ̄, w̄, p̄) (for

simplicity, we write ∇xfi,∇xyfi instead of ∇xfi(x̄, ȳ),∇xyfi(x̄, ȳ) etc.):

(x− x̄)T [
k∑

i=1

αi(∇xfi +Biz̄i −
1

2
∇x(∇yyfip̄i)p̄i)

+
k∑

i=1

λ̄i(∇yxfi +∇x(∇yyfip̄i))(β − γȳ)] = 0 for all x ∈ C1, (3.42)
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(y − ȳ)T [
k∑

i=1

αi(∇yfi − Eiw̄i −
1

2
∇y(∇yyfip̄i)p̄i) +

k∑
i=1

λ̄i(∇yyfi +∇y(∇yyfip̄i))

×(β − γȳ)− γ

k∑
i=1

λ̄i(∇yfi − Eiw̄i +∇yyfip̄i)] = 0 for all y ∈ Rm, (3.43)

[(β− γȳ)T (∇yfi−Eiw̄i +∇yyfip̄i)](λi− λ̄i) = 0,∀ i for all λ ∈ int K∗, (3.44)

αiEiȳ+(β− γȳ)λ̄iEi = 2νiEiw̄i, i = 1, 2, ..., k, (3.45)

[(β−γȳ)λ̄i−αip̄i]
T∇yyfi = 0, i = 1, 2, ..., k, (3.46)

x̄TBiz̄i = (x̄TBix̄)
1
2 , i = 1, 2, ..., k, (3.47)

βT

k∑
i=1

λ̄i(∇yfi−Eiw̄i +∇yyfip̄i) = 0, (3.48)

γȳT

k∑
i=1

λ̄i(∇yfi−Eiw̄i +∇yyfip̄i) = 0, (3.49)

νi(w̄
T
i Eiw̄i−1) = 0, i = 1, 2, ..., k, (3.50)

z̄T
i Biz̄i 5 1, i = 1, 2, ..., k, (3.51)

(α, β, γ, ν) 6= 0. (3.52)

Inequalities (3.43) and (3.44) are equivalent to

k∑
i=1

αi(∇yfi − Eiw̄i −
1

2
∇y(∇yyfip̄i)p̄i) +

k∑
i=1

λ̄i(∇yyfi +∇y(∇yyfip̄i))

×(β − γȳ)− γ

k∑
i=1

λ̄i(∇yfi − Eiw̄i +∇yyfip̄i) = 0, (3.53)

and

(β− γȳ)T (∇yfi−Eiw̄i +∇yyfip̄i) = 0, i = 1, 2, ..., k. (3.54)

Since ∇yyfi is positive or negative definite, for i = 1, 2, ..., k, equation (3.46) yield

(β− γȳ)λ̄i = αip̄i i = 1, 2, ..., k. (3.55)
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On rearranging (3.53), we get
k∑

i=1

(αi − γλ̄i)(∇yfi − Eiw̄i) +
k∑

i=1

λ̄i∇yyfi(β − γȳ − γp̄i)+

k∑
i=1

∇y(∇yyfip̄i)((β−γȳ)λ̄i− 1
2
αip̄i) = 0,

which by equation (3.55) becomes

k∑
i=1

(αi−γλ̄i)(∇yfi−Eiw̄i+∇yyfip̄i)+
1

2

k∑
i=1

λ̄i∇y(∇yyfip̄i)(β−γȳ) = 0. (3.56)

Now, let αj = 0 for some j. Since Rk
+ ⊆ K ⇒ K∗ ⊆ Rk

+ which further gives int K∗ ⊆

int Rk
+ and therefore λ̄ > 0.

Then relation (3.55) yields

β = γȳ. (3.57)

This reduces (3.56) to

k∑
i=1

(αi − γλ̄i)(∇yfi − Eiw̄i +∇yyfip̄i) = 0,

which on using hypothesis (ii), gives

αi = γλ̄i, i = 1, 2, ..., k. (3.58)

Since λ̄i > 0 for i = 1, 2, ..., k and αj = 0 for some j, therefore (3.58) implies γ = 0

and thus from (3.57) and (3.58) respectively, we get β = 0 and αi = 0, i = 1, 2, ..., k.

Further, the equation (3.45) and (3.50) gives νi = 0, i = 1, 2, ..., k. Thus (α, β, γ, ν) =

0, a contradiction to (3.52).

Hence αi 6= 0, for all i. As α ∈ K∗ ⊆ Rk
+ implies

αi > 0, i = 1, 2, ..., k. (3.59)

Using (3.55), α > 0 and λ̄ > 0 in (3.54), we get

λ̄ip̄
T
i (∇yfi − Eiw̄i +∇yyfip̄i) = 0, i = 1, 2, ..., k,
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which further gives

k∑
i=1

λ̄ip̄
T
i (∇yfi−Eiw̄i)+

k∑
i=1

λ̄ip̄
T
i ∇yyfip̄i = 0, (3.60)

which contradicts hypothesis (i) unless

p̄i = 0, i = 1, 2, ..., k. (3.61)

And thus from (3.55), we get

β = γȳ. (3.62)

Equations (3.56), (3.61) and (3.62) yields

k∑
i=1

(αi − γλ̄i)(∇yfi − Eiw̄i) = 0,

which on using hypothesis (ii) gives

αi = γλ̄i i = 1, 2, ..., k. (3.63)

Since λ̄i > 0 and αi > 0 for i = 1, 2, ..., k, the above relation implies

γ > 0. (3.64)

Therefore (3.62) yields ȳ =
β

γ
∈ C2.

Using (3.61) to (3.64) in (3.42), we get

(x−x̄)T

k∑
i=1

λ̄i(∇xfi+Biz̄i) = 0 for all x ∈ C1. (3.65)

Since for each x ∈ C1, x̄ ∈ C1, x̄ + x ∈ C1 as C1 is a closed convex cone, inequality

(3.65) gives

xT
k∑

i=1

λ̄i(∇xfi +Biz̄i) = 0 for all x ∈ C1,

or
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k∑
i=1

λ̄i(∇xfi +Biz̄i) ∈ C∗
1 .

Putting x = 0 in (3.65), we obtain

x̄T
k∑

i=1

λ̄i(∇xfi +Biz̄i) 5 0.

Hence (x̄, ȳ, z̄, q̄ = 0) satisfies the dual constraints in (MD)λ̄ and so it is a feasi-

ble solution for the dual problem (MD)λ̄.

Now, letting
2νi

αi

= a. Then a = 0 and from (3.45) and (3.62)

Eiȳ = aEiw̄i, (3.66)

which is the condition for equality in the schwartz inequality. Therefore

ȳTEiw̄i = (ȳTEiȳ)
1
2 (w̄T

i Eiw̄i)
1
2 . (3.67)

In case νi > 0, (3.50) gives w̄T
i Eiw̄i = 1 and so ȳTEiw̄i = (ȳTEiȳ)

1
2 .

In case νi = 0, (3.66) gives Eiȳ = 0 and so ȳTEiw̄i = (ȳTEiȳ)
1
2 = 0.

Thus in either case

ȳTEiw̄i = (ȳTEiȳ)
1
2 . (3.68)

Hence Li(x̄, ȳ, w̄, p̄ = 0) = fi(x̄, ȳ) + (x̄TBix̄)
1
2 − ȳTEiw̄i

= fi(x̄, ȳ) + x̄TBiz̄i − (ȳTEiȳ)
1
2

= Mi(x̄, ȳ, z̄, q̄ = 0) {using (3.47) and (3.68)},

that is, the two objective function values are equal.

Now, let (x̄, ȳ, z̄, q̄) is not an efficient solution for (MD)λ̄, then there exists (ū, v̄, z̄, q̄)

feasible for (MD)λ̄, such that

{f1(x̄, ȳ)− (ȳTE1ȳ)
1
2 + x̄TB1z̄1 − 1

2
q̄T
1∇xxf1(x̄, ȳ)q̄1, ...,

fk(x̄, ȳ)− (ȳTEkȳ)
1
2 + x̄TBkz̄k − 1

2
q̄T
k∇xxfk(x̄, ȳ)q̄k}−

{f1(ū, v̄)− (v̄TE1v̄)
1
2 + ūTB1z̄1 − 1

2
q̄T
1∇xxf1(ū, v̄)q̄1, ...,

fk(ū, v̄)− (v̄TEkv̄)
1
2 + ūTBkz̄k − 1

2
q̄T
k∇xxfk(ū, v̄)q̄k} ∈ −K\{0}.
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Since p̄ = 0, q̄ = 0, x̄TBiz̄i = (x̄TBix̄)
1
2 and ȳTEiw̄i = (ȳTEiȳ)

1
2 , i = 1, 2, ..., k, we

have

{f1(x̄, ȳ) + (x̄TB1x̄)
1
2 − ȳTE1w̄1 − 1

2
p̄T

1∇yyf1(x̄, ȳ)p̄1, ...,

fk(x̄, ȳ) + (x̄TBkx̄)
1
2 − ȳTEkw̄k − 1

2
p̄T

k∇yyfk(x̄, ȳ)p̄k}−

{f1(ū, v̄)− (v̄TE1v̄)
1
2 + ūTB1z̄1 − 1

2
q̄T
1∇xxf1(ū, v̄)q̄1, ...,

fk(ū, v̄)−(v̄TEkv̄)
1
2 + ūTBkz̄k− 1

2
q̄T
k∇xxfk(ū, v̄)q̄k} ∈ −K\{0},

which contradicts Theorem 3.4. Hence (x̄, ȳ, z̄, q̄) is an efficient solution for (MD)λ̄.

Theorem 3.6 (Converse duality). Let (ū, v̄, λ̄, z̄, q̄) be an efficient solution for (MD).

Suppose that

(i) ∇xxfi(ū, v̄) is positive definite for i = 1, 2, ..., k and
k∑

i=1

λ̄iq̄
T
i (∇xfi(ū, v̄)+Biz̄i) = 0

or ∇xxfi(ū, v̄) is negative definite for i = 1, 2, ..., k and
k∑

i=1

λ̄iq̄
T
i (∇xfi(ū, v̄)+Biz̄i) 5 0,

(ii) the set {∇xfi(ū, v̄) +Biz̄i +∇xxfi(ū, v̄)q̄i, i = 1, 2, . . . , k} is linearly independent,

(iii) K is closed convex pointed cone with Rk
+ ⊆ K.

Then q̄ = 0, there exist w̄ such that (ū, v̄, w̄, p̄ = 0) is feasible for (MP)λ̄, and

the objective function values of (MP)λ̄ and (MD) are equal. Furthermore, if the

hypotheses of Theorem 3.4 are satisfied for all feasible solutions of (MP)λ̄ and (MD),

then (ū, v̄, w̄, p̄ = 0) is an efficient solution for (MP)λ̄.

Proof. Follows on the lines of Theorem 3.5.

3.6 Special cases

In this section, we consider some of the special cases of our problems studied in

Section 3.4 and 3.5.

(i) If K = Rk
+, pi = p and qi = q,∀ i, then our programs (WP) and (WD) gives

the duality results for the dual pair studied in [13, 62].

(ii) If Bi = Ei = {0}, for i = 1, 2, ..., k, p = q = 0, then (MP) and (MD) are reduced

to the programs studied in Khurana [77]. This shows that our programs are

generalization of programs of Khurana [77] as they involves nondifferentiable
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and second-order terms. In addition, if we take k = 1, K = R+, λ = 1 ∈ int

R+, in (MP) and (MD), then we get the programs considered in Chandra and

Kumar [41].

Further for all cases, K = Rk
+, C1 = Rn

+ and C2 = Rm
+ .

(iii) If k = 1, our problems (WP) and (WD) reduce to programs studied in Gulati

et al. [55] which in turn gives the problems considered in [89, 95].

(iv) If pi = p and qi = q, i = 1, 2, ..., k in (WP) and (WD), then the programs

of Yang et al. [140] are obtained with x = 0 and v = 0. However, taking

F (x, u; a) = (x− u)Ta and G(v, y; b) = (v − y)T b in hypothesis (A) and (B) of

Theorem 1 in [140] gives x = 0 and v = 0.

(v) Our problems (MP) and (MD) reduce to the programs studied in Ahmad and

Husain [10]. This explains that (MP) and (MD) are generalization of programs

of Ahmad and Husain [10] as these programs are discussed over cones.





Chapter 4

MIXED TYPE SECOND-ORDER

SYMMETRIC DUALITY WITH

GENERALIZED F -CONVEXITY
1

4.1 Introduction

Mixed duality is a fruitful theory which plays an important role in mathe-

matical programming. Mixed programming problems are in general more difficult

than linear programming problems. The concept of mixed duality is interesting and

useful both from theoretical as well as from algorithmic point of view. Xu [133] for-

mulated two mixed type duals in multiobjective fractional programming and proved

usual duality theorems. Chandra et al. [39] and Yang et al. [135] discussed a mixed

symmetric dual formulation for a nonlinear progrmming problem and for a class of

nondifferentiable nonlinear programming problems, respectively. Later on, Ahmad

[6] formulated mixed type symmetric dual in multiobjective programming problems

ignoring nonnegativity restrictions of Bector et al. [26].

This chapter is organized as follows. In Section 4.2, we give some notations and

definitions used in the chapter. The next Section deals with the study of a pair of

second-order mixed symmetric dual programs for a class of nondifferentiable nonlinear

programming problems. Weak, strong and converse duality theorems are proved using

1A part of this chapter has appeared in Abstract and Applied Analysis volume 2011, Article ID
103597, 14 pages, doi:10.1155/2011/103597.
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the notion of second-order F -convexity/pseudoconvexity assumptions. In Section 4.4,

we formulate a pair of mixed second-order symmetric dual programs over cones and

proved duality results under second-order (F, ρ) convexity/pseudoconvexity assump-

tions. The last section contains some particular cases of the programs considered in

this chapter.

4.2 Notations and definitions

For N = {1, 2, . . . , n} and M = {1, 2, . . . ,m}, let J1 ⊆ N,K1 ⊆ M and

J2 = N\J1 and K2 = M\K1. Let |J1| denote the number of elements in J1. The other

symbols |J2|, |K1| and |K2| are defined similarly. Let x1 ∈ R|J1|, x2 ∈ R|J2|. Then any

x ∈ Rn can be written as (x1, x2). Similarly for y1 ∈ R|K1|, y2 ∈ R|K2|, y ∈ Rm can be

written as (y1, y2). It may be noted here that if J1 = ∅, then |J1| = 0, J2 = N and

therefore |J2| = n. In this case, R|J1|, R|J2| and R|J1|×R|K1| will be zero-dimensional,

n-dimensional and |K1|-dimensional Euclidean spaces, respectively. Similarly, we can

describe the cases J2 = ∅, K1 = ∅ or K2 = ∅. Let C1, C2, C3 and C4 be closed convex

cones with nonempty interiors in R|J1|, R|J2|, R|K1| and R|K2| respectively.

Now we consider a sublinear functional F : X ×X ×Rn → R (where X ⊆ Rn), and

a real valued twice differentiable function ψ : X → R.

Definition 4.1. ψ is said to be second-order (F, ρ) convex at u ∈ X, if ∀ q ∈ Rn

and x ∈ X, there exist a real valued function d : X ×X → R and a real number ρ,

such that

ψ(x)− ψ(u)+
1

2
qT∇xxψ(u)q = F (x, u;∇xψ(u) +∇xxψ(u)q) + ρd2(x, u).

Definition 4.2. ψ is said to be second-order (F, ρ) pseudoconvex at u ∈ X, if

∀ q ∈ Rn and x ∈ X, if there exist a real valued function d : X ×X → R and a real

number ρ, such that

F (x, u;∇xψ(u) +∇xxψ(u)q) = 0

⇒ ψ(x) = ψ(u)−1

2
qT∇xxψ(u)q + ρd2(x, u).
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4.3 Second-order mixed nondifferentiable symmet-

ric dual programs

Consider the following pair of mixed nondifferentiable second-order symmetric

dual programs:

Primal Problem (SMNP)

minimize

G(x1, y1, x2, y2, z2, p, r) = f(x1, y1) + S(x1 | C1) + g(x2, y2) + S(x2 | C2)− (y2)T z2

−(y1)T [∇y1f(x1, y1)+∇y1y1f(x1, y1)p]−1

2
pT∇y1y1f(x1, y1)p− 1

2
rT∇y2y2g(x2, y2)r,

subject to

∇y1f(x1, y1)− z1 +∇y1y1f(x1, y1)p 5 0, (4.1)

∇y2g(x2, y2)− z2 +∇y2y2g(x2, y2)r 5 0, (4.2)

(y2)T
[
∇y2g(x2, y2)− z2 +∇y2y2g(x2, y2)r

]
= 0, (4.3)

z1 ∈ D1, z
2 ∈ D2. (4.4)

Dual Problem (SMND)

maximize

H(u1, v1, u2, v2, w2, q, s) = f(u1, v1)− S(v1 | D1) + g(u2, v2)− S(v2 | D2) + (u2)Tw2

−(u1)T [∇x1f(u1, v1)+∇x1x1f(u1, v1)q]−1

2
qT∇x1x1f(u1, v1)q − 1

2
sT∇x2x2g(u2, v2)s,

subject to

∇x1f(u1, v1) + w1 +∇x1x1f(u1, v1)q = 0, (4.5)

∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s = 0, (4.6)

(u2)T
[
∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s

]
5 0, (4.7)

w1 ∈ C1, w
2 ∈ C2, (4.8)

where

(i) f : R|J1| ×R|K1| → R and g : R|J2| ×R|K2| → R are differentiable functions,
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(ii) C1, C2, D1 and D2 are compact convex sets in R|J1|, R|J2|, R|K1| and R|K2|,

respectively, and

(iii) p ∈ R|K1|, r ∈ R|K2|, q ∈ R|J1| and s ∈ R|J2|.

Theorem 4.1 (Weak duality). Let (x1, y1, x2, y2, z1, z2, p, r) be feasible for (SMNP)

and (u1, v1, u2, v2, w1, w2, q, s) be feasible for (SMND). Let the sublinear functionals

F1 : R|J1|×R|J1|×R|J1| 7→ R, F2 : R|K1|×R|K1|×R|K1| 7→ R, G1 : R|J2|×R|J2|×R|J2| 7→

R and G2 : R|K2| ×R|K2| ×R|K2| 7→ R satisfy the following conditions:

F1(x
1, u1; a1) + (a1)Tu1 = 0, for all a1 ∈ R|J1|

+ , (A)

F2(v
1, y1; a2) + (a2)Ty1 = 0, for all a2 ∈ R|K1|

+ , (B)

G1(x
2, u2; b1) + (b1)Tu2 = 0, for all b1 ∈ R|J2|

+ , (C)

G2(v
2, y2; b2) + (b2)Ty2 = 0, for all b2 ∈ R|K2|

+ . (D)

Suppose that

(i) f(., v1)+(.)Tw1 be second-order F1-convex at u1, and f(x1, .)−(.)T z1 be second-

order F2-concave at y1,

(ii) g(., v2) + (.)Tw2 be second-order G1-pseudoconvex at u2, and g(x2, .) − (.)T z2

be second-order G2-pseudoconcave at y2.

Then

G(x1, y1, x2, y2, z2, p, r) = H(u1, v1, u2, v2, w2, q, s).

Proof. By the second-order F1-convexity of f(., v1) + (.)Tw1 at u1 and the second-

order F2 concavity of f(x1, .)− (.)T z1 at y1, we have

f(x1, v1) + (x1)Tw1 − f(u1, v1)− (u1)Tw1 +
1

2
qT∇x1x1f(u1, v1)q

= F1

(
x1, u1;∇x1f(u1, v1) + w1 +∇x1x1f(u1, v1)q

)
(4.9)

and

f(x1, y1)− (y1)T z1 − f(x1, v1) + (v1)T z1 −
1

2
pT∇y1y1f(x1, y1)p

= F2

(
v1, y1;−

(
∇y1f(x1, y1)− z1 +∇y1y1f(x1, y1)p

))
. (4.10)
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Since (x1, y1, x2, y2, z1, z2, p, r) is feasible for primal problem (SMNP) and (u1, v1, u2, v2,

w1, w2, q, s) is feasible for dual problem (SMND), by the dual constraint (4.5), the

vector a1 = ∇x1f(u1, v1) + w1 +∇x1x1f(u1, v1)q ∈ R
|J1|
+ , and so from the hypothesis

(A), we obtain

F1(x
1, u1; a1) + (a1)Tu1 = 0. (4.11)

Similarly,

F2(v
1, y1; a2) + (a2)Ty1 = 0, (4.12)

for the vector a2 = − [∇y1f(x1, y1)− z1 +∇y1y1f(x1, y1)p] ∈ R|K1|
+ .

Using (4.11) in (4.9) and (4.12) in (4.10), we have

f(x1, v1) + (x1)Tw1 − f(u1, v1)− (u1)Tw1+
1

2
qT∇x1x1f(u1, v1)q = −(u1)Ta1,

and

f(x1, y1)− (y1)T z1 − f(x1, v1) + (v1)T z1−
1

2
pT∇y1y1f(x1, y1)p = −(y1)Ta2.

Adding the above inequalities, we obtain

f(x1, y1) + (x1)Tw1 − (y1)T z1 + (y1)Ta2 − 1

2
pT∇y1y1f(x1, y1)p

= f(u1, v1) + (u1)Tw1 − (v1)T z1 − (u1)Ta1 − 1

2
qT∇x1x1f(u1, v1)q. (4.13)

Substituting the values of a1 and a2 in (4.13), we get

f(x1, y1) + (x1)Tw1 − (y1)T [∇y1f(x1, y1) +∇y1y1f(x1, y1)p]− 1

2
pT∇y1y1f(x1, y1)p

= f(u1, v1)− (v1)T z1 − (u1)T [∇x1f(u1, v1) +∇x1x1f(u1, v1)q]− 1

2
qT∇x1x1f(u1, v1)q. (4.14)

Using (x1)Tw1 5 S(x1 | C1) and (v1)T z1 5 S(v1 | D1), we have

f(x1, y1) + S(x1 | C1)− (y1)T [∇y1f(x1, y1) +∇y1y1f(x1, y1)p]− 1

2
pT∇y1y1f(x1, y1)p

= f(u1, v1)− S(v1 | D1)− (u1)T [∇x1f(u1, v1) +∇x1x1f(u1, v1)q]− 1

2
qT∇x1x1f(u1, v1)q. (4.15)

By hypothesis (C) and the dual constraint (4.6), we obtain

G1(x
2, u2;∇x2g(u2, v2)+w2+∇x2x2g(u2, v2)s) = −(u2)T [∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s] ,
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which on using the dual constraint (4.7) yields

G1(x
2, u2;∇x2g(u2, v2) + w2 +∇x2x2g(u2, v2)s) = 0.

Since g(., v2) + (.)Tw2 be second-order G1-pseudoconvex at u2, we have

g(x2, v2)+(x2)Tw2 = g(u2, v2)+(u2)Tw2−1

2
sT∇x2x2g(u2, v2)s. (4.16)

Similarly, from (4.2) and (4.3) and hypothesis (D) along with second-order G2-

pseudoconcavity of g(x2, .)− (.)T z2 at y2, we get

g(x2, y2)−(y2)T z2 = g(x2, v2)−(v2)T z2+
1

2
rT∇y2y2g(x2, y2)r. (4.17)

Adding equations (4.16) and (4.17), we obtain

g(x2, y2) + (x2)Tw2 − (y2)T z2−1

2
rT∇y2y2g(x2, y2)r

= g(u2, v2) + (u2)Tw2 − (v2)T z2−1

2
sT∇x2x2g(u2, v2)s.

Using (x2)Tw2 5 S(x2 | C2) and (v2)T z2 5 S(v2 | D2), we have

g(x2, y2) + S(x2 | C2)− (y2)T z2 − 1

2
rT∇y2y2g(x2, y2)r

= g(u2, v2) + (u2)Tw2 − S(v2 | D2)−
1

2
sT∇x2x2g(u2, v2)s. (4.18)

Inequalities (4.15) and (4.18) together yield

f(x1, y1) + S(x1 | C1) + g(x2, y2) + S(x2 | C2)− (y2)T z2

−(y1)T [∇y1f(x1, y1)+∇y1y1f(x1, y1)p]−1

2
pT∇y1y1f(x1, y1)p− 1

2
rT∇y2y2g(x2, y2)r

= f(u1, v1)− S(v1 | D1) + g(u2, v2)− S(v2 | D2) + (u2)Tw2

−(u1)T [∇x1f(u1, v1)+∇x1x1f(u1, v1)q]−1

2
qT∇x1x1f(u1, v1)q − 1

2
sT∇x2x2g(u2, v2)s,

that is,

G(x1, y1, x2, y2, z2, p, r) = H(u1, v1, u2, v2, w2, q, s).

Theorem 4.2 (Strong duality). Let f : R|J1| × R|K1| → R and g : R|J2| × R|K2| → R

be differentiable functions and let (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, p̄, r̄) be a local optimal solution

of (SMNP). Suppose that

(i) the matrix ∇y1y1f(x̄1, ȳ1) is non singular,

(ii)∇y2y2g (x̄2, ȳ2) is positive definite and r̄T (∇y2g (x̄2, ȳ2)− z̄2) = 0 or∇y2y2g (x̄2, ȳ2)
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is negative definite and r̄T (∇y2g (x̄2, ȳ2)− z̄2) 5 0,

(iii) ∇y2g(x̄2, ȳ2)− z̄2 +∇y2y2g(x̄2, ȳ2)r̄ 6= 0, and

(iv) one of the matrices ∂
∂y1

i
(∇y1y1f(x̄1, ȳ1)) , i = 1, 2, . . . , |K1|, is positive or negative

definite.

Then p̄ = 0, r̄ = 0, there exist w̄1 ∈ C1 and w̄2 ∈ C2 such that (x̄1, ȳ1, x̄2, ȳ2, w̄1, w̄2, q̄ =

0, s̄ = 0) is feasible for (SMND) and the objective function values of (SMNP) and

(SMND) are equal. Furthermore, if the assumptions of Theorem 4.1 are satisfied

for all feasible solutions of (SMNP) and (SMND), then (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, p̄, r̄) and

(x̄1, ȳ1, x̄2, ȳ2, w̄1, w̄2, q̄, s̄) are global optimal solutions for (SMNP) and (SMND), re-

spectively.

Proof. Since (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, p̄, r̄) is a local optimal solution of (SMNP), there

exist α ∈ R, β ∈ R|K1|, γ ∈ R|K2|, δ ∈ R, η1 ∈ R|J1| and η2 ∈ R|J2| such that the follow-

ing by Fritz John optimality conditions [114] are satisfied at (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, p̄, r̄) :

αT (∇x1f(x̄1, ȳ1) + η1) +∇y1x1f(x̄1, ȳ1)
[
β − αȳ1

]
+∇x1

(
∇y1y1f

(
x̄1, ȳ1

)
p̄
) [
β − α

(
ȳ1 +

1

2
p̄

)]
= 0, (4.19)

αT (∇x2g(x̄2, ȳ2) + η2) +∇y2x2g(x̄2, ȳ2)
[
γ − δȳ2

]
+∇x2

(
∇y2y2g

(
x̄2, ȳ2

)
r̄
) [
γ − δȳ2 − 1

2
αr̄

]
= 0, (4.20)

∇y1y1f(x̄1, ȳ1)

[
β − α

(
ȳ1 + p̄

) ]
+∇y1

(
∇y1y1f(x̄1, ȳ1)p̄

) [
β − α

(
ȳ1 +

1

2
p̄

)]
= 0, (4.21)

[
∇y2g(x̄2, ȳ2)− z̄2

]
[α− δ] +∇y2y2g(x̄2, ȳ2)

[
γ − δ

(
ȳ2 + r̄

)]
+∇y2

(
∇y2y2g(x̄2, ȳ2)r̄

) [
γ − δȳ2 − 1

2
αr̄

]
= 0, (4.22)

∇y1y1f(x̄1, ȳ1)

[
β−α

(
ȳ1 + p̄

) ]
= 0, (4.23)

∇y2y2g(x̄2, ȳ2)

[
γ− δȳ2−αr̄

]
= 0, (4.24)
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βT
[
∇y1f(x̄1, ȳ1)− z̄1 +∇y1y1f(x̄1, ȳ1)p̄

]
= 0, (4.25)

γT
[
∇y2g(x̄2, ȳ2)− z̄2 +∇y2y2g(x̄2, ȳ2)r̄

]
= 0, (4.26)

δ(ȳ2)T
[
∇y2g(x̄2, ȳ2)− z̄2 +∇y2y2g(x̄2, ȳ2)r̄

]
= 0, (4.27)

β ∈ ND1(z̄
1), (4.28)

(α− δ)ȳ2 + γ ∈ ND2(z̄
2), (4.29)

η1 ∈ C1, ηT
1 x̄

1 = S(x̄1 | C1), (4.30)

η2 ∈ C2, ηT
2 x̄

2 = S(x̄2 | C2), (4.31)

(α, β, γ, δ) ≥ 0, (α, β, γ, δ) 6= 0. (4.32)

By hypothesis (i), (4.23) gives

β = α
(
ȳ1 + p̄

)
. (4.33)

Since ∇y2y2g(x̄2, ȳ2) is positive or negative definite, (4.24) yields

γ = δȳ2 +αr̄. (4.34)

Suppose α = 0, then (4.34) implies

γ = δȳ2.

Using (4.34) in (4.22), we get

(α− δ)

[
∇y2g(x̄2, ȳ2)− z̄2 +∇y2y2g(x̄2, ȳ2)r̄

]
+ 1

2
∇y2 (∇y2y2g(x̄2, ȳ2)r̄) [γ − δȳ2] = 0,

which on using hypothesis (iii) and γ = δȳ2 yields

α = δ.

As α = 0, therefore the equations α = δ and γ = δȳ2 give δ = 0 and γ = 0, respec-

tively. Further, (4.33) implies β = 0. Consequently, (α, β, γ, δ) = 0, contradicting

(4.32). Hence we have,

α > 0. (4.35)
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Subtracting (4.27) from (4.26) yields[
γ − δ(ȳ2)

]T

[∇y2g(x̄2, ȳ2)− z̄2 +∇y2y2g(x̄2, ȳ2)r̄] = 0.

Using (4.34) and (4.35) in above equation, we get

r̄T
(
∇y2g(x̄2, ȳ2)− z̄2

)
+r̄T∇y2y2g(x̄2, ȳ2)r̄ = 0, (4.36)

which contradicts hypothesis (ii) unless

r̄ = 0. (4.37)

Equation (4.34) yields

γ = δȳ2. (4.38)

Using (4.37) and (4.38) in (4.22), we obtain

(α− δ) (∇y2g(x̄2, ȳ2)− z̄2) = 0,

which on using hypothesis (iii) and (4.37) gives

α = δ. (4.39)

Since α > 0, therefore

δ > 0. (4.40)

Now, using (4.33) and (4.35) in (4.21), we get

(∇y1(∇y1y1f(x̄1, ȳ1)p̄))p̄ = 0,

which by hypothesis (iv) implies

p̄ = 0. (4.41)

By equation (4.33) and (4.41), we have

β = αȳ1. (4.42)

Using (4.35), (4.41) and (4.42) in (4.19), we get

∇x1f(x̄1, ȳ1) + η1 = 0. (4.43)
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Equations (4.20), (4.35), (4.37) and (4.38) give

∇x2g(x̄2, ȳ2) + η2 = 0, (4.44)

and hence, we also have

(x̄2)T
(
∇x2g(x̄2, ȳ2) + η2

)
= 0. (4.45)

Thus (x̄1, ȳ1, x̄2, ȳ2, w̄1 = η1, w̄
2 = η2, q̄ = 0, s̄ = 0) satisfies the dual constraints from

(4.5) to (4.8) and so it is a feasible solution for the dual problem (SMND).

Further, using (4.35), (4.41), (4.42) in (4.25), we obtain

(ȳ1)T∇y1f(x̄1, ȳ1) = (ȳ1)T z̄1. (4.46)

Moreover, since β = αȳ1 and α > 0, (4.28) implies ȳ1 ∈ ND1(z̄
1), so that

(ȳ1)T z̄1 = S(ȳ1 | D1). (4.47)

From (4.29) and (4.38)-(4.40), we get

ȳ2 ∈ ND2(z̄
2).

Since D2 is a compact convex set in R|K2|,

(ȳ2)T z̄2 = S(ȳ2 | D2). (4.48)

Therefore, using (4.30), (4.31), (4.37), (4.41), (4.43) and (4.46)-(4.48), we obtain

f(x̄1, ȳ1) + S(x̄1 | C1) + g(x̄2, ȳ2) + S(x̄2 | C2)− (ȳ2)T z̄2 − (ȳ1)T [∇y1f(x̄1, ȳ1)

+∇y1y1f(x̄1, ȳ1)p̄]− 1
2
p̄T∇y1y1f(x̄1, ȳ1)p̄− 1

2
r̄T∇y2y2g(x̄2, ȳ2)r̄

= f(x̄1, ȳ1)− S(ȳ1 | D1) + g(x̄2, ȳ2)− S(ȳ2 | D2) + (x̄2)T w̄2 − (x̄1)T [∇x1f(x̄1, ȳ1)

+∇x1x1f(x̄1, ȳ1)q̄]− 1
2
q̄T∇x1x1f(x̄1, ȳ1)q̄ − 1

2
s̄T∇x2x2g(x̄2, ȳ2)s̄,

that is, the two objective function values are equal.

Finally, from Theorem 4.1, we get that (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, p̄, r̄) and (x̄1, ȳ1, x̄2, ȳ2, w̄1,

w̄2, q̄, s̄) are global optimal solutions for (SMNP) and (SMND), respectively.
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Theorem 4.3 (Converse duality). Let f : R|J1|×R|K1| → R and g : R|J2|×R|K2| → R

be differentiable functions and let (ū1, v̄1, ū2, v̄2, w̄1, w̄2, q̄, s̄) be a local optimal solu-

tion of (SMND). Suppose that

(i) the matrix ∇x1x1f(ū1, v̄1) is non singular,

(ii)∇x2x2g (ū2, v̄2) is positive definite and s̄T (∇x2g (ū2, v̄2) + w̄2) = 0 or∇x2x2g (ū2, v̄2)

is negative definite and s̄T (∇x2g (ū2, v̄2) + w̄2) 5 0,

(iii) ∇x2g(ū2, v̄2) + w̄2 +∇x2x2g(ū2, v̄2)s̄ 6= 0, and

(iv) one of the matrices ∂
∂x1

i
(∇x1x1f(ū1, v̄1)) , i = 1, 2, . . . , |J1|, is positive or negative

definite.

Then q̄ = 0, s̄ = 0, there exist z̄1 ∈ D1 and z̄2 ∈ D2 such that (ū1, v̄1, ū2, v̄2, z̄1, z̄2, p̄ =

0, r̄ = 0) is feasible for (SMNP) and the objective function values of (SMNP) and

(SMND) are equal. Furthermore, if the assumptions of Theorem 4.1 are satisfied

for all feasible solutions of (SMNP) and (SMND), then (ū1, v̄1, ū2, v̄2, w̄1, w̄2, q̄, s̄) and

(ū1, v̄1, ū2, v̄2, z̄1, z̄2, p̄, r̄) are global optimal solutions for (SMND) and (SMNP), re-

spectively.

Proof. It follows on the lines of Theorem 4.2.

4.4 Second-order mixed symmetric dual programs

with cone constraints

Now we consider the following pair of mixed second-order symmetric dual programs:

Primal Problem (SMP)

minimize L(x1, y1, x2, y2, p, r) = f(x1, y1) + g(x2, y2)− (y1)T [∇y1f(x1, y1)

+∇y1y1f(x1, y1)p]−1

2
pT∇y1y1f(x1, y1)p− 1

2
rT∇y2y2g(x2, y2)r,

subject to

−
[
∇y1f(x1, y1) +∇y1y1f(x1, y1)p

]
∈ C∗

3 , (4.49)

−
[
∇y2g(x2, y2) +∇y2y2g(x2, y2)r

]
∈ C∗

4 , (4.50)

(y2)T
[
∇y2g(x2, y2) +∇y2y2g(x2, y2)r

]
= 0, (4.51)
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x1 ∈ C1, x
2 ∈ C2. (4.52)

Dual Problem (SMD)

maximize M(u1, v1, u2, v2, q, s) = f(u1, v1) + g(u2, v2)− (u1)T [∇x1f(u1, v1)

+∇x1x1f(u1, v1)q]−1

2
qT∇x1x1f(u1, v1)q − 1

2
sT∇x2x2g(u2, v2)s,

subject to

∇x1f(u1, v1) +∇x1x1f(u1, v1)q ∈ C∗
1 , (4.53)

∇x2g(u2, v2) +∇x2x2g(u2, v2)s ∈ C∗
2 , (4.54)

(u2)T
[
∇x2g(u2, v2) +∇x2x2g(u2, v2)s

]
5 0, (4.55)

v1 ∈ C3, v
2 ∈ C4. (4.56)

(i) f : R|J1| ×R|K1| → R and g : R|J2| ×R|K2| → R are differentiable functions,

(ii) p ∈ R|K1|, r ∈ R|K2|, q ∈ R|J1| and s ∈ R|J2|.

Theorem 4.4 (Weak duality). Let (x1, y1, x2, y2, p, r) be feasible for (SMP) and

(u1, v1, u2, v2, q, s) be feasible for (SMD). Let the sublinear functionals F1 : R|J1| ×

R|J1| × R|J1| 7→ R, F2 : R|K1| × R|K1| × R|K1| 7→ R, G1 : R|J2| × R|J2| × R|J2| 7→ R and

G2 : R|K2| ×R|K2| ×R|K2| 7→ R satisfy the following conditions:

F1(x
1, u1; a1) + (a1)Tu1 = 0, for all a1 ∈ C∗

1 , (A)

F2(v
1, y1; a2) + (a2)Ty1 = 0, for all a2 ∈ C∗

3 , (B)

G1(x
2, u2; b1) + (b1)Tu2 = 0, for all b1 ∈ C∗

2 , (C)

G2(v
2, y2; b2) + (b2)Ty2 = 0, for all b2 ∈ C∗

4 . (D)

Suppose that

(i) f(., v1) be second-order (F1, ρ1) convex at u1, and −f(x1, .) be second-order

(F2, ρ2) convex at y1,

(ii) g(., v2) be second-order (G1, σ1) pseudoconvex at u2, and −g(x2, .) be second-

order (G2, σ2) pseudoconvex at y2,

(iii) either ρ1d
2
1(x

1, u1) + ρ2d
2
2(v

1, y1) = 0 or ρ1, ρ2 = 0, and
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(iv) either σ1d
2
3(x

2, u2) + σ2d
2
4(v

2, y2) = 0 or σ1, σ2 = 0.

Then

L(x1, y1, x2, y2, p, r) = M(u1, v1, u2, v2, q, s).

Proof. By the second-order (F1, ρ1) convexity of f(., v1) at u1 and the second-order

(F2, ρ2) convexity of −f(x1, .) at y1, we have

f(x1, v1)− f(u1, v1) +
1

2
qT∇x1x1f(u1, v1)q

= F1

(
x1, u1;∇x1f(u1, v1) +∇x1x1f(u1, v1)q

)
+ ρ1d

2
1(x

1, u1) (4.57)

and

f(x1, y1)− f(x1, v1)− 1

2
pT∇y1y1f(x1, y1)p

= F2

(
v1, y1;−

(
∇y1f(x1, y1) +∇y1y1f(x1, y1)p

))
+ ρ2d

2
2(v

1, y1). (4.58)

Adding the inequalities (4.57) and (4.58), we obtain

f(x1, y1)− f(u1, v1) +
1

2
qT∇x1x1f(u1, v1)q − 1

2
pT∇y1y1f(x1, y1)p = F1(x

1, u1;∇x1f(u1, v1)

+∇x1x1f(u1, v1)q) + F2

(
v1, y1;−

(
∇y1f(x1, y1) +∇y1y1f(x1, y1)p

))
+ρ1d

2
1(x

1, u1) + ρ2d
2
2(v

1, y1). (4.59)

Since (x1, y1, x2, y2, p, r) is feasible for primal problem (SMP) and (u1, v1, u2, v2, q, s)

is feasible for dual problem (SMD), by the dual constraint (4.53), the vector a1 =

∇x1f(u1, v1) +∇x1x1f(u1, v1)q ∈ C∗
1 , and so from the hypothesis (A), we obtain

F1(x
1, u1; a1) + (a1)Tu1 = 0. (4.60)

Similarly,

F2(v
1, y1; a2) + (a2)Ty1 = 0, (4.61)

for the vector a2 = − [∇y1f(x1, y1) +∇y1y1f(x1, y1)p] ∈ C∗
3 .

Using (4.60) and (4.61) and hypothesis (iii) in (4.59), we have
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f(x1, y1)−f(u1, v1)+
1

2
qT∇x1x1f(u1, v1)q − 1

2
pT∇y1y1f(x1, y1)p = −(u1)Ta1−(y1)Ta2.

Substituting the values of a1 and a2, we get

f(x1, y1)− (y1)T [∇y1f(x1, y1) +∇y1y1f(x1, y1)p]− 1

2
pT∇y1y1f(x1, y1)p

= f(u1, v1)− (u1)T [∇x1f(u1, v1) +∇x1x1f(u1, v1)q]− 1

2
qT∇x1x1f(u1, v1)q. (4.62)

By hypothesis (C) and the dual constraint (4.54), we obtain

G1(x
2, u2;∇x2g(u2, v2) +∇x2x2g(u2, v2)s) = −(u2)T [∇x2g(u2, v2) +∇x2x2g(u2, v2)s] ,

which on using the dual constraint (4.55) yields

G1(x
2, u2;∇x2g(u2, v2) +∇x2x2g(u2, v2)s) = 0.

Since g(., v2) be second-order (G1, σ1) pseudoconvex at u2, we have

g(x2, v2) = g(u2, v2)−1

2
sT∇x2x2g(u2, v2)s+σ1d

2
3(x

2, u2). (4.63)

Similarly, from (4.50) and (4.51) and hypothesis (D) along with second-order (G2, σ2)

pseudoconvexity of −g(x2, .) at y2, we get

g(x2, y2) = g(x2, v2)+
1

2
rT∇y2y2g(x2, y2)r+σ2d

2
4(v

2, y2). (4.64)

Adding equations (4.63) and (4.64) and using hypothesis (iv), we obtain

g(x2, y2)− 1

2
rT∇y2y2g(x2, y2)r = g(u2, v2)− 1

2
sT∇x2x2g(u2, v2)s. (4.65)

Equations (4.62) and (4.65) together yield

f(x1, y1) + g(x2, y2)− (y1)T [∇y1f(x1, y1) +∇y1y1f(x1, y1)p]−1

2
pT∇y1y1f(x1, y1)p

−1

2
rT∇y2y2g(x2, y2)r = f(u1, v1)+g(u2, v2)−(u1)T [∇x1f(u1, v1)+∇x1x1f(u1, v1)q]

−1

2
qT∇x1x1f(u1, v1)q − 1

2
sT∇x2x2g(u2, v2)s,

that is,

L(x1, y1, x2, y2, p, r) = M(u1, v1, u2, v2, q, s).

Theorem 4.5 (Strong duality). Let f : R|J1| × R|K1| → R and g : R|J2| × R|K2| → R

be differentiable functions and let (x̄1, ȳ1, x̄2, ȳ2, p̄, r̄) be a local optimal solution of

(SMP). Suppose that
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(i) the matrix ∇y1y1f(x̄1, ȳ1) is non singular,

(ii) ∇y2y2g (x̄2, ȳ2) is positive definite and ∇y2g (x̄2, ȳ2) r̄ = 0 or ∇y2y2g (x̄2, ȳ2) is

negative definite and ∇y2g (x̄2, ȳ2) r̄ 5 0,

(iii) ∇y2g(x̄2, ȳ2) +∇y2y2g(x̄2, ȳ2)r̄ 6= 0, and

(iv) one of the matrices ∂
∂y1

i
(∇y1y1f(x̄1, ȳ1)) , i = 1, 2, . . . , |K1|, is positive or negative

definite.

Then p̄ = 0, r̄ = 0, (x̄1, ȳ1, x̄2, ȳ2, q̄ = 0, s̄ = 0) is feasible for (SMD) and the objective

function values of (SMP) and (SMD) are equal. Furthermore, if the assumptions

of Theorem 4.4 are satisfied for all feasible solutions of (SMP) and (SMD), then

(x̄1, ȳ1, x̄2, ȳ2, p̄, r̄) and (x̄1, ȳ1, x̄2, ȳ2, q̄, s̄) are global optimal solutions for (SMP) and

(SMD), respectively.

Proof. Its proof follows on the lines of Theorem 4.2 of this chapter, taking η1 = 0,

η2 = 0 and Theorem 3.2 in [12].

A converse duality theorem may be merely stated as its proof would run analogously

to that of Theorem 4.5.

Theorem 4.6 (Converse duality). Let f : R|J1|×R|K1| → R and g : R|J2|×R|K2| → R

be differentiable functions and let (ū1, v̄1, ū2, v̄2, q̄, s̄) be a local optimal solution of

(SMD). Suppose that

(i) the matrix ∇x1x1f(ū1, v̄1) is non singular,

(ii) ∇x2x2g (ū2, v̄2) is positive definite and ∇x2g (ū2, v̄2) s̄ = 0 or ∇x2x2g (ū2, v̄2) is

negative definite and ∇x2g (ū2, v̄2) s̄ 5 0,

(iii) ∇x2g(ū2, v̄2) +∇x2x2g(ū2, v̄2)s̄ 6= 0, and

(iv) one of the matrices ∂
∂x1

i
(∇x1x1f(ū1, v̄1)) , i = 1, 2, . . . , |J1|, is positive or negative

definite.

Then q̄ = 0, s̄ = 0, (ū1, v̄1, ū2, v̄2, p̄ = 0, r̄ = 0) is feasible for (SMP) and the objective

function values of (SMP) and (SMD) are equal. Furthermore, if the assumptions

of Theorem 4.4 are satisfied for all feasible solutions of (SMP) and (SMD), then

(ū1, v̄1, ū2, v̄2, q̄, s̄) and (ū1, v̄1, ū2, v̄2, p̄, r̄) are global optimal solutions for (SMD) and
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(SMP), respectively.

4.5 Special cases

In this section, we will consider some of the special cases of the problems considered

in Section 4.3 and Section 4.4 by choosing particular forms of J1, J2, K1 and K2 and

closed convex cones C1, C2, C3 and C4 and compact convex sets.

(i) If J2 = ∅ and K2 = ∅, then our problems (SMNP) and (SMND) reduce to the

programs (PP) and (DP) studied in Gulati and Gupta [57].

(ii) If J2 = ∅, K2 = ∅, C1 = {0} and D1 = {0}, then (SMNP) and (SMND) are

reduced to the programs (SP) and (SD) studied in Gulati et al. [55] with the

omission of nonnegativity constraints from (SP) and (SD).

(iii) If J1 = ∅ and K1 = ∅ in (SMNP) and (SMND), then the programs studied in

[70] are obtained.

Further for all cases, C1 = R
|J1|
+ , C2 = R

|J2|
+ , C3 = R

|K1|
+ and C4 = R

|K2|
+ .

(iv) If J2 = ∅ and K2 = ∅, then our problems (SMP) and (SMD) reduce to the

programs (SP) and (SD) studied in Gulati et al. [55] and if J1 = ∅ and K1 = ∅

in (SMP) and (SMD), then the programs (SP1) and (SD1) of [55] are obtained.

(v) By eliminating the second-order terms, our problems (SMP) and (SMD) reduce

to the mixed symmetric dual programs studied by Chandra et al. [39].



Chapter 5

SECOND-ORDER MULTIOBJECTIVE

MIXED SYMMETRIC DUAL PROGRAMS
1

5.1 Introduction

Bector et al. [26] and Yang et al. [135] obtained duality results for mixed symmet-

ric multiobjective differentiable and single objective nondifferentiable programming

problems. Aghezzaf [4] formulated second-order mixed type dual for multiobjective

programming problems and achieved duality theorems under generalized second-order

(F, ρ)-convexity assumptions. Ahmad [6] studied invexity/generalized invexity for

mixed type symmetric dual in multiobjective programming problems ignoring non-

negativity constraints of Bector et al. [26] but adjoining an additional constraint on

invexity/generalized invexity. Recently, Ahmad and Husain [12] discussed a pair of

multiobjective mixed symmetric dual programs over arbitrary cones and established

duality results under K-preinvexity/K-pseudoinvexity assumptions.

In the present chapter, we formulate a pair of second-order multiobjective mixed

symmetric dual programs over arbitrary cones. Weak, strong and converse duality

theorems are proved for these programs under second-order invexity/pseudoinvexity

1A part of this chapter has appeared in Nonlinear Analysis: Real World Applications12 (2011)
3373-3383.
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assumptions. For notations, refer Section 4.2 of Chapter 4. In mathematical pro-

gramming there are a large number of papers discussing duality theory for a prob-

lem involving the square root of a positive semidefinite quadratic function, (xTBx)
1
2

[5, 10, 35, 37, 110, 118]. These types of problems are important due to the fact

that, even though the objective function and/or constraint functions are nonsmooth,

a simple representation for the dual problem may be found. Using such a function

we construct a pair of multiobjective second-order mixed symmetric dual programs

in Section 5.3. The usual duality results are then established using the notion of

second-order F -convexity/pseudoconvexity assumptions. Special cases are discussed

to show that our study extends some of the known results in [10, 13, 55, 62, 124, 140].

5.2 Mixed type second-order multiobjective sym-

metric duality with cone constraints

Now we consider the following pair of multiobjective mixed second-order symmetric

dual programs:

Primal Problem (MSP)

minimize

G(x1, y1, x2, y2, λ, p, r1, . . . , rl) =

{
G1

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)
,

G2

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)
, . . . , Gl

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)}
subject to

−
l∑

i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p] ∈ C∗
3 , (5.1)

−
l∑

i=1

λi[∇y2gi(x
2, y2) +∇y2y2gi(x

2, y2)ri] ∈ C∗
4 , (5.2)

(y2)T

l∑
i=1

λi

(
∇y2gi(x

2, y2) +∇y2y2gi(x
2, y2)ri

)
= 0, (5.3)

λT el = 1, (5.4)

λ > 0, x1 ∈ C1, x
2 ∈ C2. (5.5)
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Dual Problem (MSD)

maximize

H(u1, v1, u2, v2, λ, q, s1, . . . , sl) =

{
H1

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)
,

H2

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)
, . . . , Hl

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)}
subject to

l∑
i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q] ∈ C∗
1 , (5.6)

l∑
i=1

λi[∇x2gi(u
2, v2) +∇x2x2gi(u

2, v2)si] ∈ C∗
2 , (5.7)

(u2)T

l∑
i=1

λi

(
∇x2gi(u

2, v2) +∇x2x2gi(u
2, v2)si

)
5 0, (5.8)

λT el = 1, (5.9)

λ > 0, v1 ∈ C3, v
2 ∈ C4. (5.10)

where for i = 1, 2, . . . , l

Gi(x
1, y1, x2, y2, λ, p, r1, . . . , rl) = fi(x

1, y1) + gi(x
2, y2)

− (y1)T
l∑

i=1

λi (∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p)

− 1
2
pT

l∑
i=1

λi (∇y1y1fi(x
1, y1)p)− 1

2
(ri)T∇y2y2gi(x

2, y2)ri,

Hi(u
1, v1, u2, v2, λ, q, s1, . . . , sl) = fi(u

1, v1) + gi(u
2, v2)

− (u1)T
l∑

i=1

λi (∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q)

− 1
2
qT

l∑
i=1

λi (∇x1x1fi(u
1, v1)q)− 1

2
(si)T∇x2x2gi(u

2, v2)si,

and

(i) fi : R|J1| ×R|K1| → R and gi : R|J2| ×R|K2| → R are differentiable functions

(ii) C1, C2, C3 and C4 are closed convex cones with nonempty interiors in R|J1|,

R|J2|, R|K1| and R|K2| respectively,
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(iii) p ∈ R|K1|, q ∈ R|J1|, ri ∈ R|K2|, si ∈ R|J2|, λ ∈ Rl and el = (1, . . . , 1)T ∈ Rl.

Theorem 5.1 (Weak duality). Let (x1, y1, x2, y2, λ, p, r1, . . . , rl) be feasible for (MSP)

and (u1, v1, u2, v2, λ, q, s1, . . . , sl) be feasible for (MSD). Let

(i)
l∑

i=1

λifi(., v
1) be second-order invex with respect to η1 for fixed v1, and−

l∑
i=1

λifi(x
1, .)

be second-order invex with respect to η2 for fixed x1 with η1(x
1, u1) + u1 ∈ C1

and η2(v
1, y1) + y1 ∈ C3 and

(ii)
l∑

i=1

λigi(., v
2) be second-order pseudoinvex with respect to η3 for fixed v2, and

−
l∑

i=1

λigi(x
2, .) be second-order pseudoinvex with respect to η4 for fixed x2 with

η3(x
2, u2) + u2 ∈ C2 and η4(v

2, y2) + y2 ∈ C4.

Then

G(x1, y1, x2, y2, λ, p, r1, . . . , rl) � H(u1, v1, u2, v2, λ, q, s1, . . . , sl).

Proof. Suppose, to the contrary that

G(x1, y1, x2, y2, λ, p, r1, . . . , rl) ≤ H(u1, v1, u2, v2, λ, q, s1, . . . , sl),

that is,{
G1

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)
, G2

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)
,

. . . , Gl

(
x1, y1, x2, y2, λ, p, r1, . . . , rl

)}
≤
{
H1

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)
,

H2

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)
, . . . , Hl

(
u1, v1, u2, v2, λ, q, s1, . . . , sl

)}
.

Then, since λ > 0, we have

l∑
i=1

λi

{
fi(x

1, y1) + gi(x
2, y2)− (y1)T

l∑
i=1

λi(∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p)

−1

2
pT

l∑
i=1

λi(∇y1y1fi(x
1, y1)p)− 1

2
(ri)T∇y2y2gi(x

2, y2)ri

}

<

l∑
i=1

λi

{
fi(u

1, v1) + gi(u
2, v2)− (u1)T

l∑
i=1

λi(∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q)

−1

2
qT

l∑
i=1

λi(∇x1x1fi(u
1, v1)q)− 1

2
(si)T∇x2x2gi(u

2, v2)si

}
. (5.11)
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By second-order invexity of
l∑

i=1

λifi(., v
1) and −

l∑
i=1

λifi(x
1, .) with respect to η1 and

η2 for fixed v1 and x1, respectively, we have

l∑
i=1

λi{fi(x
1, v1)− fi(u

1, v1) +
1

2
qT∇x1x1fi(u

1, v1)q}

= ηT
1 (x1, u1)

l∑
i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q], (5.12)

and

l∑
i=1

λi{fi(x
1, y1)− fi(x

1, v1)− 1

2
pT∇y1y1fi(x

1, y1)p}

= −ηT
2 (v1, y1)

l∑
i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p]. (5.13)

Since (u1, v1, u2, v2, λ, q, s1, . . . , sl) is feasible for (MSD), from the dual constraint (5.6)

and η1(x
1, u1) + u1 ∈ C1, it follows that

[η1(x
1, u1) + u1]T

l∑
i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q] = 0,

which implies

ηT
1 (x1, u1)

l∑
i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q]

= −(u1)T

l∑
i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q]. (5.14)

Similarly, from the primal constraint (5.1) and η2(v
1, y1) + y1 ∈ C3, we have

−ηT
2 (v1, y1)

l∑
i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p]

= (y1)T

l∑
i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p]. (5.15)

Using (5.14) in (5.12) and (5.15) in (5.13), we get
l∑

i=1

λi{fi(x
1, v1)− fi(u

1, v1) + 1
2
qT∇x1x1fi(u

1, v1)q}

= −(u1)T
l∑

i=1

λi[∇x1fi(u
1, v1) +∇x1x1fi(u

1, v1)q],
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and
l∑

i=1

λi{fi(x
1, y1)− fi(x

1, v1)− 1
2
pT∇y1y1fi(x

1, y1)p}

= (y1)T
l∑

i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p].

It follows from the above inequalities and λT el = 1 that

l∑
i=1

λi

{
fi(x

1, y1)− (y1)T

l∑
i=1

λi[∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p]

−1

2
pT

l∑
i=1

λi(∇y1y1fi(x
1, y1)p)

}
=

l∑
i=1

λi

{
fi(u

1, v1)− (u1)T

l∑
i=1

λi[∇x1fi(u
1, v1)

+∇x1x1fi(u
1, v1)q]− 1

2
qT

l∑
i=1

λi(∇x1x1fi(u
1, v1)q)

}
. (5.16)

By η3(x
2, u2) + u2 ∈ C2 and the dual constraint (5.7), we get

[η3(x
2, u2) + u2]T

l∑
i=1

λi[∇x2gi(u
2, v2) +∇x2x2gi(u

2, v2)si] = 0,

which on using the dual constraint (5.8) yields

ηT
3 (x2, u2)

l∑
i=1

λi[∇x2gi(u
2, v2) +∇x2x2gi(u

2, v2)si] = 0.

Since
l∑

i=1

λigi(., v
2) is second-order pseudoinvex with respect to η3 for fixed v2, we

have

l∑
i=1

λi[gi(x
2, v2)] =

l∑
i=1

λi[gi(u
2, v2)−1

2
(si)T∇x2x2gi(u

2, v2)si]. (5.17)

Similarly, from (5.2) and (5.3) and η4(v
2, y2) + y2 ∈ C4 along with second-order

pseudoinvexity of −
l∑

i=1

λigi(x
2, .) with respect to η4 for fixed x2, we have

l∑
i=1

λi[gi(x
2, y2)] =

l∑
i=1

λi[gi(x
2, v2)+

1

2
(ri)T∇y2y2gi(x

2, y2)ri]. (5.18)

Combining (5.17) and (5.18), we have

l∑
i=1

λi

[
gi(x

2, y2)− 1

2
(ri)T∇y2y2gi(x

2, y2)ri

]

=
l∑

i=1

λi

[
gi(u

2, v2)− 1

2
(si)T∇x2x2gi(u

2, v2)si

]
. (5.19)
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Equations (5.16) and (5.19) together yield
l∑

i=1

λi

{
fi(x

1, y1) + gi(x
2, y2)− (y1)T

l∑
i=1

λi(∇y1fi(x
1, y1) +∇y1y1fi(x

1, y1)p)

− 1
2
pT

l∑
i=1

λi(∇y1y1fi(x
1, y1)p)− 1

2
(ri)T∇y2y2gi(x

2, y2)ri

}
=

l∑
i=1

λi

{
fi(u

1, v1)+gi(u
2, v2)− (u1)T

l∑
i=1

λi(∇x1fi(u
1, v1)+∇x1x1fi(u

1, v1)q)

− 1
2
qT

l∑
i=1

λi(∇x1x1fi(u
1, v1)q)− 1

2
(si)T∇x2x2gi(u

2, v2)si

}
,

which contradicts (5.11). Hence the results.

Theorem 5.2 (Strong duality). Let f : R|J1|×R|K1| → Rl and g : R|J2|×R|K2| → Rl

be differentiable functions and let (x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l) be a weak efficient

solution of (MSP). Suppose that

(i) the matrix ∇y1y1(λ̄Tf)(x̄1, ȳ1) is non singular,

(ii) the matrices ∇y2y2gi (x̄
2, ȳ2) for i = 1, 2, . . . , l are non singular,

(iii) the set

{
∇y2g1(x̄

2, ȳ2)+∇y2y2g1(x̄
2, ȳ2)r̄1, . . . ,∇y2gl(x̄

2, ȳ2)+∇y2y2gl(x̄
2, ȳ2)r̄l

}
is linearly independent,

(iv) for some % ∈ Rl
+ (% > 0) and r̄i ∈ R|K2|, r̄i 6= 0 (i = 1, 2, . . . , l) implies that

l∑
i=1

%i(r̄
i)T

[
∇y2gi(x̄

2, ȳ2) +∇y2y2gi(x̄
2, ȳ2)r̄i

]
6= 0,

(v)
l∑

i=1

λ̄i(∇y1(∇y1y1fi(x̄
1, ȳ1)p̄))p̄ /∈ span{∇y1f1(x̄

1, ȳ1), . . . ,∇y1fl(x̄
1, ȳ1)}\{0}, and

(vi)
l∑

i=1

λ̄i(∇y1(∇y1y1fi(x̄
1, ȳ1)p̄))p̄ = 0 implies p̄ = 0.

Then p̄ = 0, r̄i = 0, for i = 1, 2, . . . , l, (x̄1, ȳ1, x̄2, ȳ2, λ̄, q̄ = 0, s̄1 = . . . = s̄l = 0) is

feasible for (MSD) and the objective function values of (MSP) and (MSD) are equal.

Furthermore, if the assumptions of Theorem 5.1 are satisfied for all feasible solutions

of (MSP) and (MSD), then (x̄1, ȳ1, x̄2, ȳ2, λ̄, q̄ = 0, s̄1 = . . . = s̄l = 0) is an efficient

solution for (MSD).

Proof. Since (x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l) is a weak efficient solution of (MSP),
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there exist α ∈ Rl
+, β ∈ C3, ν ∈ C4, ξ ∈ R+, η ∈ R and δ ∈ Rl

+ such that

the following by Fritz John optimality conditions ([123], Lemma 1) are satisfied at

(x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l) :{ l∑
i=1

αi∇x1fi

(
x̄1, ȳ1

)
+

l∑
i=1

λ̄i∇y1x1fi

(
x̄1, ȳ1

) [
β − (αT el)ȳ

1
]

+
l∑

i=1

λ̄i

(
∇x1

(
∇y1y1fi

(
x̄1, ȳ1

)
p̄
)) [

β − (αT el)(ȳ
1 +

1

2
p̄)

]}
(x1 − x̄1) = 0, ∀x1 ∈ C1, (5.20)

{ l∑
i=1

αi

[
∇x2gi(x̄

2, ȳ2)− 1

2

(
∇x2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
))
r̄i

]
+

l∑
i=1

λ̄i

[
∇y2x2gi

(
x̄2, ȳ2

)
+∇x2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
) ]

[ν − ξȳ2]

}
(x2 − x̄2) = 0, ∀x2 ∈ C2, (5.21)

l∑
i=1

αi∇y1fi(x̄
1, ȳ1) +

l∑
i=1

λ̄i∇y1y1fi

(
x̄1, ȳ1

) [
β −

(
αT el

)
ȳ1
]

+
l∑

i=1

λ̄i

[
∇y1

(
∇y1y1fi

(
x̄1, ȳ1

)
p̄
)] [

β −
(
αT el

)(
ȳ1 +

1

2
p̄

)]

−
l∑

i=1

λ̄i

[
∇y1fi

(
x̄1, ȳ1

)
+∇y1y1fi

(
x̄1, ȳ1

)
p̄

] (
αT el

)
= 0, (5.22)

l∑
i=1

αi

[
∇y2gi

(
x̄2, ȳ2

)
− 1

2

(
∇y2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
)
r̄i
)]

+
l∑

i=1

λ̄i

[
∇y2y2gi

(
x̄2, ȳ2

)
+∇y2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
) ] [

ν − ξȳ2
]
− ξ

l∑
i=1

λ̄i

(
∇y2gi

(
x̄2, ȳ2

)
+∇y2y2gi

(
x̄2, ȳ2

)
r̄i
)

= 0, (5.23)

[
β −

(
αT el

)
ȳ1

]
∇y1f

(
x̄1, ȳ1

)
+
[
ν − ξȳ2

]
∇y2g(x̄2, ȳ2)− δ + ηel +

{[
β −

(
αT el

)
(
ȳ1 +

1

2
p̄

)]T

∇y1y1f1

(
x̄1, ȳ1

)
p̄, . . . ,

[
β −

(
αT el

)(
ȳ1 +

1

2
p̄

)]T

∇y1y1fl

(
x̄1, ȳ1

)
p̄

}
+

{[
ν − ξȳ2

]T ∇y2y2g1(x̄
2, ȳ2)r̄1, . . . ,

[
ν − ξȳ2

]T ∇y2y2gl

(
x̄2, ȳ2

)
r̄l

}
= 0, (5.24)

∇y1y1(λ̄Tf)(x̄1, ȳ1)
[
β −

(
αT el

) (
ȳ1 + p̄

)]
= 0, (5.25)
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[ (
ν − ξȳ2

)
λ̄i−αir̄

i

]T

∇y2y2gi(x̄
2, ȳ2) = 0, i = 1, 2, . . . , l, (5.26)

βT

l∑
i=1

λ̄i[∇y1fi(x̄
1, ȳ1)+∇y1y1fi(x̄

1, ȳ1)p̄] = 0, (5.27)

νT

l∑
i=1

λ̄i[∇y2gi(x̄
2, ȳ2)+∇y2y2gi(x̄

2, ȳ2)r̄i] = 0, (5.28)

ξ(ȳ2)T

l∑
i=1

λ̄i[∇y2gi(x̄
2, ȳ2)+∇y2y2gi(x̄

2, ȳ2)r̄i] = 0, (5.29)

η[λ̄T el − 1] = 0, (5.30)

δT λ̄ = 0, (5.31)

(α, β, ν, ξ, η, δ) 6= 0. (5.32)

Since λ̄ > 0 and δ = 0, (5.31) implies δ = 0.

As ∇y1y1(λ̄Tf)(x̄1, ȳ1) is nonsingular, by (5.25), we get

β = (αT el)(ȳ
1+p̄). (5.33)

From (5.26) and hypothesis (ii), we have

(ν−ξȳ2)λ̄i = αir̄
i, i = 1, 2, . . . , l. (5.34)

Now, we claim that αi 6= 0, i = 1, 2, . . . , l. Otherwise, if for some l0, αl0 = 0, then it

follows from λl0 > 0, and (5.34) that

ν = ξȳ2.

From (5.23), we get
l∑

i=1

(
αi − ξλ̄i

)
∇y2gi (x̄

2, ȳ2) +
l∑

i=1

λ̄i∇y2y2gi (x̄
2, ȳ2)

[
ν − ξȳ2 − ξr̄i

]
+

l∑
i=1

∇y2 (∇y2y2gi (x̄
2, ȳ2) r̄i)

[
(ν − ξȳ2) λ̄i − 1

2
αir̄

i

]
= 0,

By using (5.34), it follows that
l∑

i=1

(
αi − ξλ̄i

) [
∇y2gi (x̄

2, ȳ2) +∇y2y2gi (x̄
2, ȳ2) r̄i

]
+1

2

l∑
i=1

λ̄i

[
∇y2

(
∇y2y2gi (x̄

2, ȳ2) r̄i

)][
ν − ξȳ2

]
= 0,
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which on using hypothesis (iii) and ν = ξȳ2 yields αi = ξλ̄i, i = 1, 2, . . . , l.

As λ̄i > 0, i = 1, 2, . . . , l and αl0 = 0, for some l0, the above equation shows ξ = 0.

Now, using ξ = 0, the equations ν = ξȳ2 and αi = ξλ̄i, i = 1, 2, . . . , l give ν = 0

and αi = 0, ∀ i. Further, (5.33) and (5.24) implies β = 0 and η = 0, respectively.

Consequently, (α, β, ν, ξ, η, δ) = 0, contradicting (5.32). Hence αi > 0, ∀ i.

Subtracting (5.29) from (5.28) yields

[
ν − ξȳ2

]T l∑
i=1

λ̄i

[
∇y2gi(x̄

2, ȳ2) +∇y2y2gi(x̄
2, ȳ2)r̄i

]
= 0,

Using (5.34), we get

l∑
i=1

αi(r̄
i)T

[
∇y2gi(x̄

2, ȳ2) +∇y2y2gi(x̄
2, ȳ2)r̄i

]
= 0.

By the hypothesis (iv) with αi > 0, i = 1, 2, . . . , l, we have

r̄i = 0, i = 1, 2, . . . , l. (5.35)

As λ̄i > 0, i = 1, 2, . . . , l, (5.34) yields

ν = ξȳ2. (5.36)

Using (5.35) and (5.36) in (5.23), we get
l∑

i=1

(
αi − ξλ̄i

)
[∇y2gi (x̄

2, ȳ2)] = 0,

which on using hypothesis (iii) and (5.35) gives

αi = ξλ̄i, i = 1, 2, . . . , l. (5.37)

From (5.37) and λ̄T el = 1, it is clear that αT el = ξ(λ̄T el) = ξ. since αi > 0, i =

1, 2, . . . , l, therefore

ξ > 0. (5.38)

Now using (5.33) and αi > 0, ∀ i in (5.22), we get
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l∑
i=1

λ̄i

[
∇y1(∇y1y1fi(x̄

1, ȳ1)p̄)

]
p̄ = −2

αT el

l∑
i=1

∇y1fi(x̄
1, ȳ1)[αi − (αT el)λ̄i]

which by hypothesis (v) and (vi) implies

p̄ = 0. (5.39)

From (5.39) and (5.33), we obtain

β = (αT el)ȳ
1. (5.40)

Using (5.37)-(5.40) in (5.20), we have

(x1−x̄1)T

l∑
i=1

λ̄i∇x1fi(x̄
1, ȳ1) = 0, for all x1 ∈ C1. (5.41)

Let x1 ∈ C1. Then x1 + x̄1 ∈ C1, as C1 is a closed convex cone, and so (5.41) implies

(x1)T
l∑

i=1

λ̄i∇x1fi(x̄
1, ȳ1) = 0, for all x1 ∈ C1.

Therefore,

l∑
i=1

λ̄i∇x1fi(x̄
1, ȳ1) ∈ C∗

1 . (5.42)

Also from αi > 0, i = 1, 2, . . . , l and (5.40), we have

ȳ1 =
β

αT el

∈ C3.

Moreover, equations (5.21) and (5.35)-(5.38) give

(x2−x̄2)T

l∑
i=1

λ̄i∇x2gi(x̄
2, ȳ2) = 0, for all x2 ∈ C2. (5.43)

Let x2 ∈ C2. Then x2 + x̄2 ∈ C2, as C2 is a closed convex cone, and so (5.43) implies

(x2)T
l∑

i=1

λ̄i∇x2gi(x̄
2, ȳ2) = 0, for all x2 ∈ C2.
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Therefore,

l∑
i=1

λ̄i∇x2gi(x̄
2, ȳ2) ∈ C∗

2 . (5.44)

Also from (5.36) and (5.38), we have

ȳ2 =
ν

ξ
∈ C4.

Now, letting x2 = 0 and x2 = 2x̄2 in (5.43), we get

(x̄2)T

l∑
i=1

λ̄i∇x2gi(x̄
2, ȳ2) = 0. (5.45)

Thus (x̄1, ȳ1, x̄2, ȳ2, λ̄, q̄ = 0, s̄1 = . . . = s̄l = 0) satisfies the dual constraints from

(5.6) to (5.10) and so it is a feasible solution for the dual problem (MSD).

Similarly, by putting x1 = 0 and x1 = 2x̄1 in (5.41), we obtain

(x̄1)T

l∑
i=1

λ̄i∇x1fi(x̄
1, ȳ1) = 0. (5.46)

Further, using αi > 0, ∀ i, (5.39) and (5.40) in (5.27), we get

(ȳ1)T

l∑
i=1

λ̄i∇y1fi(x̄
1, ȳ1) = 0. (5.47)

Therefore, using (5.35), (5.39), (5.46) and (5.47), we get{
f1(x̄

1, ȳ1)+g1(x̄
2, ȳ2)−(ȳ1)T

l∑
i=1

λ̄i(∇y1fi(x̄
1, ȳ1)+∇y1y1fi(x̄

1, ȳ1)p̄)−1
2
p̄T

l∑
i=1

λ̄i(∇y1y1fi(x̄
1, ȳ1)p̄)

−1
2
(r̄1)T∇y2y2g1(x̄

2, ȳ2)r̄1, . . . , fl(x̄
1, ȳ1)+gl(x̄

2, ȳ2)−(ȳ1)T
l∑

i=1

λ̄i(∇y1fi(x̄
1, ȳ1)+∇y1y1fi(x̄

1, ȳ1)p̄)

−1
2
p̄T

l∑
i=1

λ̄i(∇y1y1fi(x̄
1, ȳ1)p̄)− 1

2
(r̄l)T∇y2y2gl(x̄

2, ȳ2)r̄l

}
=

{
f1(x̄

1, ȳ1)+g1(x̄
2, ȳ2)−(x̄1)T

l∑
i=1

λ̄i(∇x1fi(x̄
1, ȳ1)+∇x1x1fi(x̄

1, ȳ1)q̄)−1
2
q̄T

l∑
i=1

λ̄i(∇x1x1fi(x̄
1, ȳ1)q̄)

−1
2
(s̄1)T∇x2x2g1(x̄

2, ȳ2)s̄1, . . . , fl(x̄
1, ȳ1)+gl(x̄

2, ȳ2)−(x̄1)T
l∑

i=1

λ̄i(∇x1fi(x̄
1, ȳ1)+∇x1x1fi(x̄

1, ȳ1)q̄)

−1
2
q̄T

l∑
i=1

λ̄i(∇x1x1fi(x̄
1, ȳ1)q̄)− 1

2
(s̄l)T∇x2x2gl(x̄

2, ȳ2)s̄l

}
that is, the two objective function values are equal.
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Now, let (x̄1, ȳ1, x̄2, ȳ2, λ̄, q̄ = 0, s̄1 = . . . = s̄l = 0) is not an efficient solution of

(MSD), then there exist (ū1, v̄1, ū2, v̄2, λ̄, q̄ = 0, s̄1 = . . . = s̄l = 0) feasible for (MSD),

such that,{
G1

(
x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l

)
, G2

(
x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l

)
,

. . . , Gl

(
x̄1, ȳ1, x̄2, ȳ2, λ̄, p̄, r̄1, . . . , r̄l

)}
≤
{
H1

(
ū1, v̄1, ū2, v̄2, λ̄, q̄, s̄1, . . . , s̄l

)
,

H2

(
ū1, v̄1, ū2, v̄2, λ̄, q̄, s̄1, . . . , s̄l

)
, . . . , Hl

(
ū1, v̄1, ū2, v̄2, λ̄, q̄, s̄1, . . . , s̄l

)}
,

which contradicts weak duality theorem. Hence (x̄1, ȳ1, x̄2, ȳ2, λ̄, q̄ = 0, s̄1 = . . . = s̄l =

0) is an efficient solution of (MSD).

Theorem 5.3 (Converse duality). Let f : R|J1|×R|K1| → Rl and g : R|J2|×R|K2| → Rl

be differentiable functions and let (ū1, v̄1, ū2, v̄2, λ̄, q̄, s̄1, . . . , s̄l) be a weak efficient so-

lution of (MSD). Suppose that

(i) the matrix ∇x1x1(λ̄Tf)(ū1, v̄1) is non singular,

(ii) the matrices ∇x2x2gi (ū
2, v̄2) for i = 1, 2, . . . , l are non singular,

(iii) the set

{
∇x2g1(ū

2, v̄2)+∇x2x2g1(ū
2, v̄2)s̄1, . . . ,∇x2gl(ū

2, v̄2)+∇x2x2gl(ū
2, v̄2)s̄l

}
is linearly independent,

(iv) for some % ∈ Rl
+ (% > 0) and s̄i ∈ R|J2|, s̄i 6= 0 (i = 1, 2, . . . , l) implies that

l∑
i=1

%i(s̄
i)T

[
∇x2gi(ū

2, v̄2) +∇x2x2gi(ū
2, v̄2)s̄i

]
6= 0,

(v)
l∑

i=1

λ̄i(∇x1(∇x1x1fi(ū
1, v̄1)q̄))q̄ /∈ span{∇x1f1(ū

1, v̄1), . . . ,∇x1fl(ū
1, v̄1)}\{0}, and

(vi)
l∑

i=1

λ̄i(∇x1(∇x1x1fi(ū
1, v̄1)q̄))q̄ = 0 implies q̄ = 0.

Then q̄ = 0, s̄i = 0, for i = 1, 2, . . . , l, (ū1, v̄1, ū2, v̄2, λ̄, p̄ = 0, r̄1 = . . . = r̄l = 0) is

feasible for (MSP) and the objective function values of (MSP) and (MSD) are equal.

Furthermore, if the assumptions of Theorem 5.1 are satisfied for all feasible solutions

of (MSP) and (MSD), then (ū1, v̄1, ū2, v̄2, λ̄, p̄ = 0, r̄1 = . . . = r̄l = 0) is an efficient
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solution for (MSP).

Proof. It follows on the lines of Theorem 5.2.

5.3 Multiobjective nondifferentiable second-order

symmetric dual programs

Now we consider the following pair of multiobjective mixed second-order nondiffer-

entiable symmetric dual programs and discuss their duality results:

Primal Problem (NKP)

minimize

N(x1, y1, x2, y2, w2, λ, p, r) =

{
N1

(
x1, y1, x2, y2, w2

1, λ, p, r
1
)
, . . . , Nl

(
x1, y1, x2, y2, w2

l , λ, p, r
l
)}

subject to
l∑

i=1

λi[∇y1fi(x
1, y1)− Ew1 +∇y1y1fi(x

1, y1)p] 5 0, (5.48)

l∑
i=1

λi[∇y2gi(x
2, y2)− Ciw

2
i +∇y2y2gi(x

2, y2)ri] 5 0, (5.49)

(y2)T

l∑
i=1

λi

(
∇y2gi(x

2, y2)− Ciw
2
i +∇y2y2gi(x

2, y2)ri
)

= 0, (5.50)

(w1)TEw1 5 1, (5.51)

(w2
i )

TCiw
2
i 5 1, i = 1, 2, . . . , l, (5.52)

λT el = 1, (5.53)

λ > 0. (5.54)

Dual Problem (NKD)

maximize

K(u1, v1, u2, v2, z2, λ, q, s) =

{
K1

(
u1, v1, u2, v2, z2

1 , λ, q, s
1
)
, . . . , Kl

(
u1, v1, u2, v2, z2

l , λ, q, s
l
)}

subject to
l∑

i=1

λi

[
∇x1fi(u

1, v1) +Dz1 +∇x1x1fi(u
1, v1)q

]
= 0, (5.55)
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l∑
i=1

λi[∇x2gi(u
2, v2) +Biz

2
i +∇x2x2gi(u

2, v2)si] = 0, (5.56)

(u2)T

l∑
i=1

λi

(
∇x2gi(u

2, v2) +Biz
2
i +∇x2x2gi(u

2, v2)si
)

5 0, (5.57)

(z1)TDz1 5 1, (5.58)

(z2
i )

TCiz
2
i 5 1, i = 1, 2, . . . , l, (5.59)

λT el = 1, (5.60)

λ > 0. (5.61)

where λ ∈ Rl, el = (1, . . . , 1)T ∈ Rl, p, w1 ∈ R|K1| and q, z1 ∈ R|J1|, D and E are

positive semidefinite matrices in R|J1| × R|J1| and R|K1| × R|K1|, respectively and for

i = 1, 2, . . . , l

Ni(x
1, y1, x2, y2, w2

i , λ, p, r
i) = fi(x

1, y1) +
(
(x1)TDx1

) 1
2

+ gi(x
2, y2) +

(
(x2)TBix

2
) 1

2 − (y2)TCiw
2
i − (y1)T

l∑
i=1

λi

(
∇y1fi(x

1, y1)

+∇y1y1fi(x
1, y1)p

)
− 1

2
pT

l∑
i=1

λi (∇y1y1fi(x
1, y1)p)− 1

2
(ri)T∇y2y2gi(x

2, y2)ri,

Ki(u
1, v1, u2, v2, z2

i , λ, q, s
i) = fi(u

1, v1)−
(
(v1)TEv1

) 1
2

+ gi(u
2, v2)−

(
(v2)TCiv

2
) 1

2 + (u2)TBiz
2
i − (u1)T

l∑
i=1

λi

(
∇x1fi(u

1, v1)

+∇x1x1fi(u
1, v1)q

)
− 1

2
qT

l∑
i=1

λi (∇x1x1fi(u
1, v1)q)− 1

2
(si)T∇x2x2gi(u

2, v2)si,

and

(i) fi : R|J1| ×R|K1| → R and gi : R|J2| ×R|K2| → R are differentiable functions

(ii) Bi and Ci are positive semidefinite matrices in R|J2| × R|J2| and R|K2| × R|K2|,

respectively,

(iii) ri, w2
i ∈ R|K2| and si, z2

i ∈ R|J2|.

Theorem 5.4 (Weak duality). Let (x1, y1, x2, y2, w1, w2, λ, p, r) be feasible for (NKP)

and (u1, v1, u2, v2, z1, z2, λ, q, s) be feasible for (NKD). Let the sublinear functionals
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F1 : R|J1|×R|J1|×R|J1| 7→ R, F2 : R|K1|×R|K1|×R|K1| 7→ R, G1 : R|J2|×R|J2|×R|J2| 7→

R and G2 : R|K2| ×R|K2| ×R|K2| 7→ R satisfy the following conditions:

F1(x
1, u1; a1) + (a1)Tu1 = 0, for all a1 ∈ R|J1|

+ , (A)

F2(v
1, y1; a2) + (a2)Ty1 = 0, for all a2 ∈ R|K1|

+ , (B)

G1(x
2, u2; b1) + (b1)Tu2 = 0, for all b1 ∈ R|J2|

+ , (C)

G2(v
2, y2; b2) + (b2)Ty2 = 0, for all b2 ∈ R|K2|

+ . (D)

Suppose that

(i)
l∑

i=1

λi

(
fi(., v

1) + (.)TDz1
)

be second-order F1-convex at u1, and
l∑

i=1

λi

(
fi(x

1, .)−

(.)TEw1
)

be second-order F2-concave at y1,

(ii)
l∑

i=1

λi

(
gi(., v

2)+(.)TBiz
2
i

)
be second-orderG1-pseudoconvex at u2, and

l∑
i=1

λi

(
gi(x

2, .)−

(.)TCiw
2
i

)
be second-order G2-pseudoconcave at y2.

Then

N(x1, y1, x2, y2, w2, λ, p, r) � K(u1, v1, u2, v2, z2, λ, q, s).

Proof. Suppose, to the contrary, that

N(x1, y1, x2, y2, w2, λ, p, r) ≤ K(u1, v1, u2, v2, z2, λ, q, s),

that is,{
N1

(
x1, y1, x2, y2, w2

1, λ, p, r
1
)
, . . . , Nl

(
x1, y1, x2, y2, w2

l , λ, p, r
l
)}

≤
{
K1

(
u1, v1, u2, v2, z2

1 , λ, q, s
1
)
, . . . , Kl

(
u1, v1, u2, v2, z2

l , λ, q, s
l
)}

.

Then, since λ > 0, we have

l∑
i=1

λi

{
fi(x

1, y1) +
(
(x1)TDx1

) 1
2 + gi(x

2, y2) +
(
(x2)TBix

2
) 1

2 − (y2)TCiw
2
i − (y1)T

l∑
i=1

λi

(
∇y1fi(x

1, y1)

+∇y1y1fi(x
1, y1)p

)
− 1

2
pT

l∑
i=1

λi

(
∇y1y1fi(x

1, y1)p
)
− 1

2
(ri)T∇y2y2gi(x

2, y2)ri

}
<

l∑
i=1

λi

{
fi(u

1, v1)

−
(
(v1)TEv1

) 1
2 + gi(u

2, v2)−
(
(v2)TCiv

2
) 1

2 + (u2)TBiz
2
i − (u1)T

l∑
i=1

λi

(
∇x1fi(u

1, v1)

+∇x1x1fi(u
1, v1)q

)
− 1

2
qT

l∑
i=1

λi

(
∇x1x1fi(u

1, v1)q
)
− 1

2
(si)T∇x2x2gi(u

2, v2)si

}
. (5.62)
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By the second-order F1-convexity of
l∑

i=1

λi

(
fi(., v

1) + (.)TDz1
)

at u1 and the second-

order F2 concavity of
l∑

i=1

λi

(
fi(x

1, .)− (.)TEw1
)

at y1, we have

l∑
i=1

λi

{
fi(x

1, v1) + (x1)TDz1 − fi(u
1, v1)− (u1)TDz1 +

1

2
qT∇x1x1fi(u

1, v1)q

}

= F1

(
x1, u1;

l∑
i=1

λi

[
∇x1fi(u

1, v1) +Dz1 +∇x1x1fi(u
1, v1)q

])
(5.63)

and

l∑
i=1

λi

{
fi(x

1, y1)− (y1)TEw1 − fi(x
1, v1) + (v1)TEw1 − 1

2
pT∇y1y1fi(x

1, y1)p

}

= F2

(
v1, y1;−

l∑
i=1

λi[∇y1fi(x
1, y1)− Ew1 +∇y1y1fi(x

1, y1)p]

)
. (5.64)

Since (x1, y1, x2, y2, w1, w2, λ, p, r) is feasible for primal problem (NKP) and (u1, v1, u2,

v2, z1, z2, λ, q, s) is feasible for dual problem (NKD), by the dual constraint (5.55), the

vector a1 =
l∑

i=1

λi

[
∇x1fi(u

1, v1) + Dz1 + ∇x1x1fi(u
1, v1)q

]
∈ R

|J1|
+ , and so from the

hypothesis (A), we obtain

F1(x
1, u1; a1)+(a1)Tu1 = 0. (5.65)

Similarly,

F2(v
1, y1; a2)+(a2)Ty1 = 0, (5.66)

for the vector a2 = −
l∑

i=1

λi[∇y1fi(x
1, y1)− Ew1 +∇y1y1fi(x

1, y1)p] ∈ R|K1|
+ .

Using (5.66) in (5.64) and (5.65) in (5.63), we have
l∑

i=1

λi

{
fi(x

1, v1)+(x1)TDz1−fi(u
1, v1)−(u1)TDz1+1

2
qT∇x1x1fi(u

1, v1)q

}
= −(u1)Ta1,

and
l∑

i=1

λi

{
fi(x

1, y1)−(y1)TEw1−fi(x
1, v1)+(v1)TEw1−1

2
pT∇y1y1fi(x

1, y1)p

}
= −(y1)Ta2.
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Adding the above inequalities, we obtain

l∑
i=1

λi

{
fi(x

1, y1) + (x1)TDz1 − (y1)TEw1 + (y1)Ta2 − 1

2
pT∇y1y1fi(x

1, y1)p

}

=
l∑

i=1

λi

{
fi(u

1, v1)− (v1)TEw1 + (u1)TDz1 − (u1)Ta1 − 1

2
qT∇x1x1fi(u

1, v1)q

}
. (5.67)

Substituting the values of a1 and a2 in (5.67), we get
l∑

i=1

λi

{
fi(x

1, y1) + (x1)TDz1 − (y1)T
l∑

i=1

λi

(
∇y1fi(x

1, y1) +∇y1y1fi(x
1, y1)p

)
−1

2
pT

l∑
i=1

λi (∇y1y1fi(x
1, y1)p)

}
=

l∑
i=1

λi

{
fi(u

1, v1)−(v1)TEw1−(u1)T
l∑

i=1

λi

(
∇x1fi(u

1, v1)

+∇x1x1fi(u
1, v1)q

)
− 1

2
qT

l∑
i=1

λi (∇x1x1fi(u
1, v1)q)− 1

2
(si)T∇x2x2gi(u

2, v2)si

}
.

Applying the Schwartz inequality and using (5.51) and (5.58), we have

l∑
i=1

λi

{
fi(x

1, y1) +
(
(x1)TDx1

) 1
2 − (y1)T

l∑
i=1

λi

(
∇y1fi(x

1, y1) +∇y1y1fi(x
1, y1)p

)
−1

2
pT

l∑
i=1

λi

(
∇y1y1fi(x

1, y1)p
)}

=
l∑

i=1

λi

{
fi(u

1, v1)−
(
(v1)TEv1

) 1
2

−(u1)T

l∑
i=1

λi

(
∇x1fi(u

1, v1) +∇x1x1fi(u
1, v1)q

)
− 1

2
qT

l∑
i=1

λi

(
∇x1x1fi(u

1, v1)q
)}

. (5.68)

By hypothesis (C) and the dual constraint (5.56), we obtain

G1

(
x2, u2;

l∑
i=1

λi[∇x2gi(u
2, v2) +Biz

2
i +∇x2x2gi(u

2, v2)si]

)
= −(u2)T

[
l∑

i=1

λi[∇x2gi(u
2, v2) +Biz

2
i +∇x2x2gi(u

2, v2)si]

]
,

which on using the dual constraint (5.54) yields

G1

(
x2, u2;

l∑
i=1

λi[∇x2gi(u
2, v2) +Biz

2
i +∇x2x2gi(u

2, v2)si]

)
= 0.

Since
l∑

i=1

λi

(
gi(., v

2) + (.)TBiz
2
i

)
be second-order G1-pseudoconvex at u2, we have

l∑
i=1

λi

[
gi(x

2, v2) + (x2)TBiz
2
i

]
=

l∑
i=1

λi

[
gi(u

2, v2) + (u2)TBiz
2
i −

1

2
(si)T∇x2x2gi(u

2, v2)si

]
. (5.69)
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Similarly, from (5.49) and (5.50) and hypothesis (D) along with second-order G2-

pseudoconcavity of
l∑

i=1

λi

(
gi(x

2, .)− (.)TCiw
2
i

)
at y2, we get

l∑
i=1

λi

[
gi(x

2, y2)− (y2)TCiw
2
i

]
=

l∑
i=1

λi

[
gi(x

2, v2)− (v2)TCiw
2
i +

1

2
(ri)T∇y2y2gi(x

2, y2)ri

]
. (5.70)

Adding equations (5.69) and (5.70), we obtain
l∑

i=1

λi

[
gi(x

2, y2) + (x2)TBiz
2
i − (y2)TCiw

2
i − 1

2
(ri)T∇y2y2gi(x

2, y2)ri
]

=
l∑

i=1

λi

[
gi(u

2, v2) + (u2)TBiz
2
i − (v2)TCiw

2
i − 1

2
(si)T∇x2x2gi(u

2, v2)si

]
.

Applying the Schwartz inequality, (5.52) and (5.59), we obtain,

l∑
i=1

λi

[
gi(x

2, y2) +
(
(x2)TBix

2
) 1

2 − (y2)TCiw
2
i −

1

2
(ri)T∇y2y2gi(x

2, y2)ri

]

=
l∑

i=1

λi

[
gi(u

2, v2)−
(
(v2)TCiv

2
) 1

2 + (u2)TBiz
2
i −

1

2
(si)T∇x2x2gi(u

2, v2)si

]
. (5.71)

Equations (5.68) and (5.71) together yield
l∑

i=1

λi

{
fi(x

1, y1) +
(
(x1)TDx1

) 1
2 + gi(x

2, y2) +
(
(x2)TBix

2
) 1

2 − (y2)TCiw
2
i

− (y1)T
l∑

i=1

λi

(
∇y1fi(x

1, y1) +∇y1y1fi(x
1, y1)p

)
− 1

2
pT

l∑
i=1

λi (∇y1y1fi(x
1, y1)p)

− 1
2
(ri)T∇y2y2gi(x

2, y2)ri

}
=

l∑
i=1

λi

{
fi(u

1, v1)−
(
(v1)TEv1

) 1
2 + gi(u

2, v2)−
(
(v2)TCiv

2
) 1

2 + (u2)TBiz
2
i

− (u1)T
l∑

i=1

λi

(
∇x1fi(u

1, v1) +∇x1x1fi(u
1, v1)q

)
− 1

2
qT

l∑
i=1

λi (∇x1x1fi(u
1, v1)q)

− 1
2
(si)T∇x2x2gi(u

2, v2)si

}
which contradicts (5.62). Hence the results.

Theorem 5.5 (Strong duality). Let f : R|J1|×R|K1| → Rl and g : R|J2|×R|K2| → Rl

be differentiable functions and let (x̄1, ȳ1, x̄2, ȳ2, w̄1, w̄2, λ̄, p̄, r̄) be a weak efficient

solution of (NKP). Suppose that
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(i) the matrix ∇y1y1(λ̄Tf)(x̄1, ȳ1) is non singular,

(ii) the matrices ∇y2y2gi (x̄
2, ȳ2) for i = 1, 2, . . . , l are non singular,

(iii) the set

{
∇y2g1(x̄

2, ȳ2) − C1w̄
1 + ∇y2y2g1(x̄

2, ȳ2)r̄1, . . . ,∇y2gl(x̄
2, ȳ2) − Clw̄

l +

∇y2y2gl(x̄
2, ȳ2)r̄l

}
is linearly independent,

(iv) for some % ∈ Rl
+ (% > 0) and r̄i ∈ R|K2|, r̄i 6= 0 (i = 1, 2, . . . , l) implies that

l∑
i=1

%i(r̄
i)T

[
∇y2gi(x̄

2, ȳ2)− Ciw̄
2
i +∇y2y2gi(x̄

2, ȳ2)r̄i

]
6= 0,

(v)
l∑

i=1

λ̄i(∇y1(∇y1y1fi(x̄
1, ȳ1)p̄))p̄ /∈ span{∇y1f1(x̄

1, ȳ1), . . . ,∇y1fl(x̄
1, ȳ1)}\{0}, and

(vi)
l∑

i=1

λ̄i(∇y1(∇y1y1fi(x̄
1, ȳ1)p̄))p̄ = 0 implies p̄ = 0.

Then p̄ = 0, r̄ = 0, there exist z̄1 ∈ R|J1| and z̄2
i ∈ R|J2|, i = 1, 2, . . . , l such

that (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, λ̄, q̄ = 0, s̄ = 0) is feasible for (NKD) and the objective

function values of (NKP) and (NKD) are equal. Furthermore, if the assumptions

of Theorem 5.4 are satisfied for all feasible solutions of (NKP) and (NKD), then

(x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, λ̄, q̄ = 0, s̄ = 0) is an efficient solution for (NKD).

Proof. Since (x̄1, ȳ1, x̄2, ȳ2, w̄1, w̄2, λ̄, p̄, r̄) is a weak efficient solution of (NKP), there

exist α ∈ Rl
+, β ∈ R|K1|, γ ∈ R|K2|, δ ∈ R+, µ ∈ R+, ν ∈ Rl

+, η ∈ R and ψ ∈ Rl
+

such that the following by Fritz John optimality conditions [114] are satisfied at

(x̄1, ȳ1, x̄2, ȳ2, w̄1, w̄2, λ̄, p̄, r̄) :

l∑
i=1

αi

(
∇x1fi

(
x̄1, ȳ1

)
+Dz̄1

)
+

l∑
i=1

λ̄i∇y1x1fi

(
x̄1, ȳ1

) [
β − (αT el)ȳ

1
]

+
l∑

i=1

λ̄i

(
∇x1

(
∇y1y1fi

(
x̄1, ȳ1

)
p̄
)) [

β − (αT el)(ȳ
1 +

1

2
p̄)

]
= 0, (5.72)

l∑
i=1

αi

[
∇x2gi(x̄

2, ȳ2) +Biz̄
2
i −

1

2

(
∇x2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
))
r̄i

]

+
l∑

i=1

λ̄i

[
∇y2x2gi

(
x̄2, ȳ2

)
+∇x2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
) ]

[γ − δȳ2] = 0, (5.73)
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l∑
i=1

αi∇y1fi(x̄
1, ȳ1) +

l∑
i=1

λ̄i∇y1y1fi

(
x̄1, ȳ1

) [
β −

(
αT el

)
ȳ1
]

+
l∑

i=1

λ̄i

[
∇y1

(
∇y1y1fi

(
x̄1, ȳ1

)
p̄
)] [

β −
(
αT el

)(
ȳ1 +

1

2
p̄

)]
−

l∑
i=1

λ̄i

[
∇y1fi

(
x̄1, ȳ1

)
+∇y1y1fi

(
x̄1, ȳ1

)
p̄

] (
αT el

)
= 0, (5.74)

l∑
i=1

αi

[
∇y2gi

(
x̄2, ȳ2

)
− Ciw̄

2
i −

1

2

(
∇y2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
)
r̄i
)]

+
l∑

i=1

λ̄i

[
∇y2y2gi

(
x̄2, ȳ2

)
+∇y2

(
∇y2y2gi

(
x̄2, ȳ2

)
r̄i
) ] [

γ − δȳ2
]

−δ
l∑

i=1

λ̄i

(
∇y2gi

(
x̄2, ȳ2

)
− Ciw̄

2
i +∇y2y2gi

(
x̄2, ȳ2

)
r̄i
)

= 0, (5.75)

(
−βE+µEw̄1

)
= 0, (5.76)

αiCiȳ
2+λ̄iCi

(
γ−δȳ2

)
= 2νiCiw̄

2
i , i = 1, 2, . . . , l, (5.77)

[
β −

(
αT el

)
ȳ1

]
∇y1f

(
x̄1, ȳ1

)
+
[
γ − δȳ2

]
∇y2g(x̄2, ȳ2)− ξ + ηel

+

{[
β −

(
αT el

)(
ȳ1 +

1

2
p̄

)]T

∇y1y1f1

(
x̄1, ȳ1

)
p̄, . . . ,

[
β −

(
αT el

)(
ȳ1 +

1

2
p̄

)]T

∇y1y1fl

(
x̄1, ȳ1

)
p̄

}
+

{[
γ − δȳ2

]T (∇y2y2g1(x̄
2, ȳ2)r̄1 − C1w̄

2
1

)
,

. . . ,
[
γ − δȳ2

]T (∇y2y2gl

(
x̄2, ȳ2

)
r̄l − Clw̄

2
l

)}
= 0, (5.78)

∇y1y1(λ̄Tf)(x̄1, ȳ1)
[
β −

(
αT el

) (
ȳ1 + p̄

)]
= 0, (5.79)[ (

γ − δȳ2
)
λ̄i−αir̄

i

]T

∇y2y2gi(x̄
2, ȳ2) = 0, i = 1, 2, . . . , l, (5.80)

βT

l∑
i=1

λ̄i[∇y1fi(x̄
1, ȳ1)−Ew̄1+∇y1y1fi(x̄

1, ȳ1)p̄] = 0, (5.81)

γT

l∑
i=1

λ̄i[∇y2gi(x̄
2, ȳ2)−Ciw̄

2
i +∇y2y2gi(x̄

2, ȳ2)r̄i] = 0, (5.82)
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δ(ȳ2)T

l∑
i=1

λ̄i

(
∇y2gi(x̄

2, ȳ2)− Ciw̄
2
i +∇y2y2gi(x̄

2, ȳ2)r̄i
)

= 0, (5.83)

(x̄1)TDz̄1 =
(
(x̄1)TDx̄1

) 1
2 , (5.84)

(x̄2)TBiz̄
2
i =

(
(x̄2)TBix̄

2
) 1

2 , i = 1, 2, . . . , l, (5.85)

(z̄1)TDz̄1 5 1, (5.86)

(z̄2
i )

TBiz̄
2
i 5 1, i = 1, 2, . . . , l, (5.87)

µ
(
(w̄1)TEw̄1−1

)
= 0, (5.88)

νi

(
(w̄2

i )
TCiw̄

2
i−1

)
= 0, i = 1, 2, . . . , l, (5.89)

η
(
λ̄T el − 1

)
= 0, (5.90)

ξT λ̄ = 0, (5.91)

(α, β, γ, δ, µ, ν, ξ) = 0, (α, β, γ, δ, µ, ν, η, ξ) 6= 0. (5.92)

Since λ̄ > 0 and ξ = 0, (5.91) implies ξ = 0.

By hypothesis (i), (5.79) gives

β = (αT el)(ȳ
1+p̄). (5.93)

Since the matrices ∇y2y2gi (x̄
2, ȳ2) for i = 1, 2, . . . , l are non singular, (5.80) yields

(γ−δȳ2)λ̄i = αir̄
i, i = 1, 2, . . . , l. (5.94)

Now, we claim that αi 6= 0, i = 1, 2, . . . , l. Otherwise, if for some k0, αk0 = 0, then it

follows from λk0 > 0, and (5.94) that

γ = δȳ2.

From (5.75), we get
l∑

i=1

(
αi − δλ̄i

)
(∇y2gi (x̄

2, ȳ2)− Ciw̄
2
i ) +

l∑
i=1

λ̄i∇y2y2gi (x̄
2, ȳ2)

[
γ − δȳ2 − δr̄i

]
+

l∑
i=1

∇y2 (∇y2y2gi (x̄
2, ȳ2) r̄i)

[
(γ − δȳ2) λ̄i− 1

2
αir̄

i

]
= 0,

By using (5.94), it follows that
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l∑
i=1

(
αi − δλ̄i

) [
∇y2gi (x̄

2, ȳ2)− Ciw̄
2
i +∇y2y2gi (x̄

2, ȳ2) r̄i

]
+1

2

l∑
i=1

λ̄i

[
∇y2

(
∇y2y2gi (x̄

2, ȳ2) r̄i

)][
γ − δȳ2

]
= 0,

which on using hypothesis (iii) and γ = δȳ2 yields

αi = δλ̄i, i = 1, 2, . . . , l.

As λ̄i > 0, i = 1, 2, . . . , l and αk0 = 0, for some k0, the above equation shows δ = 0.

Now, using δ = 0, the equations γ = δȳ2 and αi = δλ̄i, i = 1, 2, . . . , l give γ = 0 and

αi = 0, ∀ i. Further, (5.93) and (5.78) implies β = 0 and η = 0, respectively.

Also from equation (5.76) and (5.88), we have

µ̄ = µ̄
(
(w̄1)TEw̄1

)
= (w̄1)T (µ̄Ew̄1) = (w̄1)T (Eβ) = 0.

From (5.77) and (5.89), we get

νi = 0, i = 1, 2, . . . , l.

Consequently, (α, β, γ, δ, µ, ν, η, ξ) = 0, contradicting (5.92). Hence αi > 0, ∀ i.

Subtracting (5.83) from (5.82) yields[
γ − δȳ2

]T l∑
i=1

λ̄i

[
∇y2gi(x̄

2, ȳ2)− Ciw̄
2
i +∇y2y2gi(x̄

2, ȳ2)r̄i

]
= 0,

Using (5.94), we get

l∑
i=1

αi(r̄
i)T

[
∇y2gi(x̄

2, ȳ2)− Ciw̄
2
i +∇y2y2gi(x̄

2, ȳ2)r̄i

]
= 0.

By the hypothesis (iv) with αi > 0, i = 1, 2, . . . , l, we have

r̄i = 0, i = 1, 2, . . . , l. (5.95)

As λ̄i > 0, i = 1, 2, . . . , l, (5.94) yields

γ = δȳ2. (5.96)

Using (5.95) and (5.96) in (5.75), we get
l∑

i=1

(
αi − δλ̄i

)
[∇y2gi (x̄

2, ȳ2)− Ciw̄
2
i ] = 0,

which on using hypothesis (iii) and (5.95) gives

αi = δλ̄i, i = 1, 2, . . . , l. (5.97)
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From (5.97) and λ̄T el = 1, it is clear that αT el = δ(λ̄T el) = δ. Since αi > 0, i =

1, 2, . . . , l, therefore

δ > 0. (5.98)

Now using (5.93) and αi > 0, ∀ i in (5.74), we get

l∑
i=1

λ̄i

[
∇y1(∇y1y1fi(x̄

1, ȳ1)p̄)

]
p̄ =

−2

αT el

l∑
i=1

∇y1fi(x̄
1, ȳ1)[αi − (αT el)λ̄i]

which by hypothesis (v) and (vi) implies

p̄ = 0. (5.99)

From (5.99) and (5.93), we obtain

β = (αT el)ȳ
1. (5.100)

Using (5.97)-(5.100) in (5.72), we have

l∑
i=1

λ̄i

(
∇x1fi(x̄

1, ȳ1)+Dz̄1
)

= 0. (5.101)

Moreover, equations (5.73) and (5.95)-(5.98) give

l∑
i=1

λ̄i

(
∇x2gi(x̄

2, ȳ2)+Biz̄
2
i

)
= 0. (5.102)

and hence, we also have

(x̄2)T

l∑
i=1

λ̄i

(
∇x2gi(x̄

2, ȳ2)+Biz̄
2
i

)
= 0. (5.103)

Thus (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, λ̄, q̄ = 0, s̄ = 0) satisfies the dual constraints from (5.55) to

(5.61) and so it is a feasible solution for the dual problem (NKD). Now let 2νi

αi
= a.

Then a = 0 and from (5.77) and (5.96)

Ciȳ
2 = aCiw̄

2
i (5.104)
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which is condition for equality in the Schwartz inequality. Therefore

(ȳ2)TCiw̄
2
i =

(
(ȳ2)TCiȳ

2
) 1

2
(
(w̄2

i )
TCiw̄

2
i

) 1
2 .

In case νi > 0, (5.89) gives (w̄2
i )

TCiw̄
2
i = 1 and so (ȳ2)TCiw̄

2
i =

(
(ȳ2)TCiȳ

2
) 1

2 . In case

νi = 0, (5.104) gives Ciȳ
2 = 0 and so (ȳ2)TCiw̄

2
i =

(
(ȳ2)TCiȳ

2
) 1

2 = 0. Thus in either

case

(ȳ2)TCiw̄
2
i =

(
(ȳ2)TCiȳ

2
) 1

2 . (5.105)

Also, (5.101) yields

(x̄1)T
l∑

i=1

λ̄i

(
∇x1fi(x̄

1, ȳ1) +Dz̄1
)

= 0.

From (5.84), we have

(x̄1)T

l∑
i=1

λ̄i

(
∇x1fi(x̄

1, ȳ1)
)

= −(x̄1)TDz̄1 = −
(
(x̄1)TDx̄1

) 1
2 . (5.106)

Further, using αi > 0, i = 1, 2, . . . , l, (5.99) and (5.100) in (5.81), we get

(ȳ1)T

l∑
i=1

λ̄i

(
∇y1fi(x̄

1, ȳ1)
)

= (ȳ1)TEw̄1. (5.107)

Equation (5.76), implies

Eβ = µEw̄1.

Using (5.100) in the above equation

Eȳ1 =
µ

αT el

Ew̄1. (5.108)

Since equation (5.108) is the condition for the Schwartz inequality to hold as equality,

so

(ȳ1)TEw̄1 =
(
(ȳ1)TEȳ1

) 1
2
(
(w̄1)TEw̄1

) 1
2 .

In case µ > 0, equation (5.88) implies (w̄1)TEw̄1 = 1 and so (ȳ1)TEw̄1 =
(
(ȳ1)TEȳ1

) 1
2 .

In case µ = 0, equation (5.108) gives Eȳ1 = 0 and so (ȳ1)TEw̄1 =
(
(ȳ1)TEȳ1

) 1
2 = 0.
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Thus in either case (ȳ1)TEw̄1 =
(
(ȳ1)TEȳ1

) 1
2 .

Now equation (5.107) becomes

(ȳ1)T

l∑
i=1

λ̄i

(
∇y1fi(x̄

1, ȳ1)
)

= (ȳ1)TEw̄1 =
(
(ȳ1)TEȳ1

) 1
2 . (5.109)

Therefore, using (5.85), (5.95), (5.99), (5.105), (5.106) and (5.109), we get{
f1(x̄

1, ȳ1)+
(
(x̄1)TDx̄1

) 1
2 +g1(x̄

2, ȳ2)+
(
(x̄2)TB1x̄

2
) 1

2−(ȳ2)TC1w̄
2
1−(ȳ1)T

l∑
i=1

λ̄i(∇y1fi(x̄
1, ȳ1)

+∇y1y1fi(x̄
1, ȳ1)p̄)−1

2
p̄T

l∑
i=1

λ̄i(∇y1y1fi(x̄
1, ȳ1)p̄)−1

2
(r̄1)T∇y2y2g1(x̄

2, ȳ2)r̄1, . . . , fl(x̄
1, ȳ1)

+
(
(x̄1)TDx̄1

) 1
2 +gl(x̄

2, ȳ2)+
(
(x̄2)TBlx̄

2
) 1

2−(ȳ2)TClw̄
2
l−(ȳ1)T

l∑
i=1

λ̄i(∇y1fi(x̄
1, ȳ1)

+∇y1y1fi(x̄
1, ȳ1)p̄)−1

2
p̄T

l∑
i=1

λ̄i(∇y1y1fi(x̄
1, ȳ1)p̄)−1

2
(r̄l)T∇y2y2gl(x̄

2, ȳ2)r̄l

}
=

{
f1(x̄

1, ȳ1)−
(
(ȳ1)TEȳ1

) 1
2 +g1(x̄

2, ȳ2)−
(
(ȳ2)TC1ȳ

2
) 1

2 +(x̄2)TB1z̄
2
1−(x̄1)T

l∑
i=1

λ̄i(∇x1fi(x̄
1, ȳ1)

+∇x1x1fi(x̄
1, ȳ1)q̄)−1

2
q̄T

l∑
i=1

λ̄i(∇x1x1fi(x̄
1, ȳ1)q̄)−1

2
(s̄1)T∇x2x2g1(x̄

2, ȳ2)s̄1, . . . , fl(x̄
1, ȳ1)

−
(
(ȳ1)TEȳ1

) 1
2 +gl(x̄

2, ȳ2)−
(
(ȳ2)TClȳ

2
) 1

2 +(x̄2)TBlz̄
2
l−(x̄1)T

l∑
i=1

λ̄i(∇x1fi(x̄
1, ȳ1)

+∇x1x1fi(x̄
1, ȳ1)q̄)−1

2
q̄T

l∑
i=1

λ̄i(∇x1x1fi(x̄
1, ȳ1)q̄)−1

2
(s̄l)T∇x2x2gl(x̄

2, ȳ2)s̄l

}
that is, the two objective function values are equal.

Now, let (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2, λ̄, q̄ = 0, s̄ = 0) is not an efficient solution of (NKD),

then there exist (ū1, v̄1, ū2, v̄2, z̄1, z̄2, λ̄, q̄ = 0, s̄ = 0) feasible for (NKD), such that,{
N1

(
x1, y1, x2, y2, w2

1, λ, p, r
1
)
, . . . , Nl

(
x1, y1, x2, y2, w2

l , λ, p, r
l
)}

≤
{
K1

(
u1, v1, u2, v2, z2

1 , λ, q, s
1
)
, . . . , Kl

(
u1, v1, u2, v2, z2

l , λ, q, s
l
)}

,

which contradicts Theorem 5.4. Hence (x̄1, ȳ1, x̄2, ȳ2, z̄1, z̄2
1 , . . . , z̄

2
l , λ̄1, . . . , λ̄l, q̄ =

0, s̄1 = 0, . . . , s̄l = 0) is an efficient solution of (NKD).

Theorem 5.6 (Converse duality). Let f : R|J1|×R|K1| → Rl and g : R|J2|×R|K2| → Rl

be differentiable functions and let (ū1, v̄1, ū2, v̄2, z̄1, z̄2, λ̄, q̄, s̄) be a weak efficient so-

lution of (NKD). Suppose that

(i) the matrix ∇x1x1(λ̄Tf)(ū1, v̄1) is non singular,



127

(ii) the matrices ∇x2x2gi (ū
2, v̄2) for i = 1, 2, . . . , l are non singular,

(iii) the set

{
∇x2g1(ū

2, v̄2) + B1z̄
1 + ∇x2x2g1(ū

2, v̄2)s̄1, . . . ,∇x2gl(ū
2, v̄2) + Blz̄

l +

∇x2x2gl(ū
2, v̄2)s̄l

}
is linearly independent,

(iv) for some % ∈ Rl
+ (% > 0) and s̄i ∈ R|J2|, s̄i 6= 0 (i = 1, 2, . . . , l) implies that

l∑
i=1

%i(s̄
i)T

[
∇x2gi(ū

2, v̄2) +Biz̄
2
i +∇x2x2gi(ū

2, v̄2)s̄i

]
6= 0,

(v)
l∑

i=1

λ̄i(∇x1(∇x1x1fi(ū
1, v̄1)q̄))q̄ /∈ span{∇x1f1(ū

1, v̄1), . . . ,∇x1fl(ū
1, v̄1)}\{0}, and

(vi)
l∑

i=1

λ̄i(∇x1(∇x1x1fi(ū
1, v̄1)q̄))q̄ = 0 implies q̄ = 0.

Then q̄ = 0, s̄ = 0, there exist w̄1 ∈ R|K1| and w̄2
i ∈ R|K2|, i = 1, 2, . . . , l such

that (ū1, v̄1, ū2, v̄2, w̄1, w̄2, λ̄, p̄ = 0, r̄ = 0) is feasible for (NKP) and the objective

function values of (NKP) and (NKD) are equal. Furthermore, if the assumptions

of Theorem 5.4 are satisfied for all feasible solutions of (NKP) and (NKD), then

(ū1, v̄1, ū2, v̄2, w̄1, w̄2, λ̄, p̄ = 0, r̄ = 0) is an efficient solution for (NKP).

Proof. It follows on the lines of Theorem 5.5.

5.4 Special cases

In this section, we consider some of the special cases of the problems studied in

this chapter in Section 5.2 and Section 5.3.

(i) If J2 = ∅ and K2 = ∅, then our programs (MSP) and (MSD) gives the duality

results studied in [13, 62].

(ii) If J2 = ∅, K2 = ∅, D = {0} and E = {0} in (NKP) and (NKD), then the

programs (MP) and (MD) of [140] are obtained.

(iii) If J1 = ∅, K1 = ∅, Bi = {0} and Ci = {0}, i = 1, 2, . . . , l, then (NKP) and

(NKD) become the programs studied in [124].
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(iv) If J1 = ∅ and K1 = ∅ in (NKP) and (NKD), then the programs (MP) and (MD)

of [10] are obtained with nonnegativity constraints.

For C1 = R
|J1|
+ , C2 = R

|J2|
+ , C3 = R

|K1|
+ and C4 = R

|K2|
+ , in (MSP) and (MSD),

we obtain the following special cases :

(v) If we take J2 = ∅, K2 = ∅ and l = 1, then our problems (MSP) and (MSD)

reduce to the programs (SP) and (SD) studied in Gulati et al. [55] and if J1 = ∅,

K1 = ∅ and l = 1 in (MSP) and (MSD), then the programs (SP1) and (SD1)

of [55] are obtained.

(vi) If J2 = ∅ and K2 = ∅ in (MSP) and (MSD), then the programs (MP) and (MD)

of [140] are obtained with x1 = 0 and v1 = 0.



Chapter 6

HIGHER-ORDER MULTIOBJECTIVE

SYMMETRIC DUALITY OVER CONES
1

6.1 Introduction

Higher-order duality in nonlinear programming has been studied in last few years

by many researchers [3, 14, 43, 53, 89, 105]. One practical advantage of higher-order

duality is that it provides tighter bounds for the value of objective function of the

primal problem when approximations are used because there are more parameters

involved. Mangasarian [89] first formulated a class of higher-order dual problems for

nonlinear programming problems. Mond and Zhang [105] obtained duality results for

various higher-order dual problems under higher-order invexity assumptions.

Yang et al. [138] formulated several second order duals for scalar program-

ming problem and proved duality results involving generalized F-convex functions.

Zhang and Mond [141] extended the class of (F, ρ)-convex functions to second order

(F, ρ)-convex functions and obtained duality results for multiobjective dual prob-

lems. Motivated by various concepts of generalized convexity, Liang et al. [86, 87]

introduced a unified formulation of generalized convexity, called (F, α, ρ, d)- convexity

and obtained some optimality conditions and duality results for the single objective

fractional and multiobjective problems. Ahmad and Husain [11] discussed duality

1A part of this chapter has appeared in Computers and Mathematics with Applications 60 (2010)
2373-2381.

129
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theorems for second-order Mond-Weir type multiobjective dual model under second-

order (F, α, ρ, d)-convexity/pseudo–convexity assumptions. Later on, Ahmad et al.

[14] formulated a general Mond-Weir type higher-order dual for nondifferentiable mul-

tiobjective programming problem and established higher-order duality theorems.

Chen [43] studied Mond-Weir type higher-order symmetric duality for multiobjec-

tive nondifferentiable programms by introducing higher-order F -convexity. Recently,

Agarwal et al. [3] extended the results of Chen [43] over arbitrary cones and proved

appropriate duality relations under higher-order K-F -convexity assumptions. Mond-

Weir type duality has been discussed in both the papers.

This chapter is divided into five sections. Section 6.2 contains notations and

definitions used in this chapter. In Section 6.3, we give a non-trivial example of

function lying in the class of higher-order K-(F, α, ρ, d)-convex but not in class of

higher-order K-F -convex. In the next Section, we have studied higher-order Wolfe

type and Mond-Weir type multiobjective symmetric dual programs over arbitrary

cones. Weak strong and converse duality theorems are then proved under higher-order

(F, α, ρ, d)-convexity/pseudo-convexity assumptions. In Section 6.5, a pair of higher-

order multiobjective nondifferentiable symmetric dual programs over arbitrary cones

is formulated and duality theorems are then proved under higher-order-K-(F, α, ρ, d)-

convexity assumptions. Finally, in the last Section, we have discussed some special

cases of the programs studied in this chapter to show that this study extends some

known results of the literature.

6.2 Notations and definitions

Let F : S × S × Rn → R (where S ⊆ Rn) be a sublinear functional. Now

we consider a function φ = (φ1, φ2, . . . , φk) : S 7→ Rk differentiable at u ∈ S, ρ =

(ρ1, ρ2, . . . , ρk) ∈ Rk and d = (d1, d2, . . . , dk) ∈ Rk.

Definition 6.1. A twice differentiable function φi over S is said to be higher-order

(F, α, ρi, di)-convex at u on S with respect to ζi : S × Rn 7→ R, if for all x ∈ S and
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q ∈ Rn, there exist a real valued function α : S×S → R+\{0}, a real valued function

di(·, ·) : S × S → R and a real number ρi such that

φi(x)− φi(u)− ζi(u, q) + qT∇qζi(u, q)

= F [x, u;α(x, u)(∇xφi(u) +∇qζi(u, q))] + ρid
2
i (x, u).

Definition 6.2. A twice differentiable function φi over S is said to be higher-order

(F, α, ρi, di)-pseudoconvex at u on S with respect to ζi : S ×Rn 7→ R, if for all x ∈ S

and q ∈ Rn, there exist a real valued function α : S × S → R+\{0}, a real valued

function di(·, ·) : S × S → R and a real number ρi such that

F [x, u;α(x, u)(∇xφi(u) +∇qζi(u, q))] + ρid
2
i (x, u) = 0

⇒ φi(x)− φi(u)− ζi(u, q) + qT∇qζi(u, q) = 0.

A twice differentiable vector function φ : S 7→ Rk is said to be higher-order (F, α, ρ, d)-

convex/pseudoconvex at u, if each of its components φi is higher-order (F, α, ρi, di)-

convex/pseudoconvex at u.

Definition 6.3. A twice differentiable function φ : S → Rk is said to be higher-

order-K-F -convex at u on S with respect to ζ : S × Rn 7→ Rk, if for all x ∈ S and

q ∈ Rn such that{
φ1(x)− φ1(u)− ζ1(u, q) + qT∇qζ1(u, q)− F [x, u;∇xφ1(u) +∇qζ1(u, q)], . . . ,

φk(x)−φk(u)− ζk(u, q) + qT∇qζk(u, q)−F [x, u;∇xφk(u) +∇qζk(u, q)]

}
∈ K.

Definition 6.4. A twice differentiable function φ : S → Rk is said to be higher-

order-K-(F, α, ρ, d)-convex at u on S with respect to ζ : S×Rn 7→ Rk, if for all x ∈ S

and q ∈ Rn, there exist vector ρ ∈ Rk, a real valued function α : S × S → R+\{0}

and d : S × S → Rk such that{
φ1(x)− φ1(u)− ζ1(u, q) + qT∇qζ1(u, q)− F [x, u;α(x, u)(∇xφ1(u) +∇qζ1(u, q))]

−ρ1d
2
1(x, u), . . . , φk(x)−φk(u)−ζk(u, q)+qT∇qζk(u, q)−F [x, u;α(x, u)(∇xφk(u)

+∇qζk(u, q))]− ρkd
2
k(x, u)

}
∈ K.

Remarks

(i) If k = 1 and ζ(u, q) = 0, then the definition of higher-order (F, α, ρi, di)-

convexity become that of (F, α, ρ, d)-convex functions introduced by Liang et
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al. [87].

(ii) If K = R+, α(x, u) = 1 and ζ(u, q) = 1
2
qT∇xxφ(u)q, the definition of higher-

order-K-(F, α, ρ, d)-convexity reduce to second-order (F, ρ)-convexity given by

Srivastava and Bhatia [120].

(iii) If K = R+, α(x, u) = 1 and ρ = 0, then higher-order-K-(F, α, ρ, d)-convexity

reduce to higher-order F -convexity (see [43, 58]).

(iv) If we take K = R+, α(x, u) = 1, ρ = 0, ζ(u, q) = 1
2
qT∇xxφ(u)q and Fx,u(a) =

η(x, u)Ta, where η is a function from S × S to Rn, the definition of higher-

order-K-(F, α, ρ, d)-convexity becomes that of second-order η-convexity given

in [124].

6.3 Example

An example of non trivial function which is higher-order K-(F, α, ρ, d)-

convex but not higher-order K-F -convex.

Let X = [−2.5,−0.5] ⊂ R, n = m = 1, k = 2, K = {(x, y) : x = 0, y = 0}. Consider

the function ψ : X → R2 be defined by ψ(x) = (ψ1(x), ψ2(x)), where

ψ1(x) = x3 sin
2

x
, ψ2(x) = x3,

and α : X × X → R+\{0} be identified by α(x, u) = (u2 + 1). Let the functional

F : X ×X ×R→ R be defined by F (x, u; a) = 12(1− u)a. Suppose d : X ×X → R2

be given by d(x, u) = (d1(x, u), d2(x, u)), where

d1(x, u) = (x4 + u2)
3
2 , d2(x, u) = (x2 + u2)

5
2

and ζ : X ×R→ R2 be defined by ζ(u, q) = (ζ1(u, q), ζ2(u, q)), where

ζ1(u, q) = 15u+ 12q, ζ2(u, q) = sin2 u+ q2.

For ρ1 = −4 and ρ2 = −28, we have

L =

{
ψ1(x)−ψ1(u)− ζ1(u, q)+ qT∇qζ1(u, q)−F [x, u;α(x, u)(∇xψ1(u)+∇qζ1(u, q))]

−ρ1d
2
1(x, u), ψ2(x)−ψ2(u)− ζ2(u, q) + qT∇qζ2(u, q)−F [x, u;α(x, u)(∇xψ2(u)
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+∇qζ2(u, q))]− ρ2d
2
2(x, u)

}
∈ K.

=

{
x3 sin 2

x
− u3 sin 2

u
− 15u− 12(1− u)

[
(u2 + 1)(−2u cos 2

u
+ 3u2 sin 2

u
+ 12)

]
+ 4(x4 + u2)3, x3 − u3 − sin2 u+ q2 − 12(1− u) [(u2 + 1)(3u2 + 2q)]

+ 28(x2 + u2)5

}
∈ K,

= {L1, L2} ∈ K,

where

L1 = x3 sin 2
x
− u3 sin 2

u
− 15u− 12(1− u)

[
(u2 + 1)(−2u cos 2

u
+ 3u2 sin 2

u
+ 12)

]
+ 4(x4 + u2)3

= 0 ∀ x, u ∈ X as can be seen from Figure 6.1

and

L2 = x3 − u3 − sin2 u+ q2 − 12(1− u) [(u2 + 1)(3u2 + 2q)] + 28(x2 + u2)5

= L21 + L22.

Now L21 = x3 − u3 − sin2 u− 12(1− u) [3u2(u2 + 1)] + 28(x2 + u2)5

= 0 ∀ x, u ∈ X as can be seen from Figure 6.2

and

L22 = q2 − 12(1− u) [2q(u2 + 1)]

= 0 ∀ u ∈ X and q ∈ (−1018, 1018) as can be seen from Figure 6.3.

Thus L2 = 0. Therefore ψ is higher-order K- (F, α, ρ, d)-convex with respect to ζ.

Next, we will show that ψ is not higher-order K-F -convex with respect to ζ. To prove

it, we will show that

M =

{
ψ1(x)−ψ1(u)− ζ1(u, q)+ qT∇qζ1(u, q)−F [x, u;∇xψ1(u)+∇qζ1(u, q)], ψ2(x)

−ψ2(u)− ζ2(u, q) + qT∇qζ2(u, q)− F [x, u;∇xψ2(u) +∇qζ2(u, q)]

}
/∈ K

i.e., either

ψ1(x)− ψ1(u)− ζ1(u, q) + qT∇qζ1(u, q)− F [x, u;∇xψ1(u) +∇qζ1(u, q)] � 0

or ψ2(x)− ψ2(u)− ζ2(u, q) + qT∇qζ2(u, q)− F [x, u;∇xψ2(u) +∇qζ2(u, q)] � 0.

Since

N = ψ1(x)− ψ1(u)− ζ1(u, q) + qT∇qζ1(u, q)− F [x, u;∇xψ1(u) +∇qζ1(u, q)]
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Figure 6.1: Graph of L1 against u and x

Figure 6.2: Graph of L21 against u and x
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Figure 6.3: Graph of L22 against q and u

Figure 6.4: Graph of N against u and x
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= x3 sin 2
x
− u3 sin 2

u
− 15u− 12(1− u)

[
−2u cos 2

u
+ 3u2 sin 2

u
+ 12

]
< 0 ∀ x, u ∈ X as be can seen from Figure 6.4.

Therefore, ψ is not higher-order K-F -convex with respect to ζ.

6.4 Higher-order symmetric duality in multiobjec-

tive programming

6.4.1 Wolfe type higher-order symmetric duality

In this section, we consider the following Wolfe type multiobjective higher-order sym-

metric dual programs:

Primal Problem (HWP)

minimize L(x, y, λ, p) = f(x, y) + (λTh)(x, y, p)ek − pT∇p(λ
Th)(x, y, p)ek

−yT∇y(λ
Tf)(x, y)ek−yT∇p(λ

Th)(x, y, p)ek

subject to

−{∇y(λ
Tf)(x, y) +∇p(λ

Th)(x, y, p)} ∈ C∗
2 , (6.1)

λT ek = 1, (6.2)

λ > 0, x ∈ C1. (6.3)

Dual Problem (HWD)

maximize M(u, v, λ, r) = f(u, v) + (λTg)(u, v, r)ek − rT∇r(λ
Tg)(u, v, r)ek

−uT∇x(λ
Tf)(u, v)ek−uT∇r(λ

Tg)(u, v, r)ek

subject to

∇x(λ
Tf)(u, v) +∇r(λ

Tg)(u, v, r) ∈ C∗
1 , (6.4)

λT ek = 1, (6.5)

λ > 0, v ∈ C2, (6.6)

where

(i) S1 ⊆ Rn and S2 ⊆ Rm are open sets such that C1 × C2 ⊂ S1 × S2,
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(ii) f : S1 × S2 → Rk, h : S1 × S2 × Rm → Rk and g : S1 × S2 × Rn → Rk are

differentiable functions, ek = (1, . . . , 1)T ∈ Rk, λ ∈ Rk and

(iii) r and p are vectors in Rn and Rm, respectively.

Theorem 6.1 (Weak duality). Let (x, y, λ, p) be feasible for the primal problem

(HWP) and (u, v, λ, r) be feasible for the dual problem (HWD). Let for i = 1, 2, . . . , k

(i) fi(., v) be higher-order (F, α1, ρ
(1)
i , d

(1)
i )-convex at u with respect to gi(u, v, r),

(ii) −fi(x, .) be higher-order (G,α2, ρ
(2)
i , d

(2)
i )-convex at y with respect to−hi(x, y, p),

(iii) either (a)
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2] = 0 or (b) ρ

(1)
i = 0 and ρ

(2)
i =

0, for all i,

where the sublinear functionals F : Rn×Rn×Rn 7→ R and G : Rm×Rm×Rm 7→ R

satisfy the following conditions:

(iv) F (x, u; a) + α−1
1 aTu = 0, for all a ∈ C∗

1 and

(v) G(v, y; b) + α−1
2 bTy = 0, for all b ∈ C∗

2 .

Then

L(x, y, λ, p) � M(u, v, λ, r). (6.7)

Proof. Assume by contradiction that (6.7) is not true, that is ,

L(x, y, λ, p) ≤M(u, v, λ, r), or

f(x, y)+(λTh)(x, y, p)ek−pT∇p(λ
Th)(x, y, p)ek−yT∇y(λ

Tf)(x, y)ek−yT∇p(λ
Th)(x, y, p)ek

≤ f(u, v)+(λTg)(u, v, r)ek−rT∇r(λ
Tg)(u, v, r)ek−uT∇x(λ

Tf)(u, v)ek−uT∇r(λ
Tg)(u, v, r)ek.

Since λ > 0 and λT ek = 1, we obtain

(λTf)(x, y) + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p)

−yT∇y(λ
Tf)(x, y)− yT∇p(λ

Th)(x, y, p) < (λTf)(u, v) + (λTg)(u, v, r)

−rT∇r(λ
Tg)(u, v, r)− uT∇x(λ

Tf)(u, v)− uT∇r(λ
Tg)(u, v, r). (6.8)
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Since (x, y, λ, p) is feasible for the primal problem (HWP) and (u, v, λ, r) is feasible

for the dual problem (HWD), α1(x, u) > 0, by the dual constraint (6.4), the vector

a = α1(x, u)[∇x(λ
Tf)(u, v) +∇r(λ

Tg)(u, v, r)] ∈ C∗
1 and so from the hypothesis (iv),

we obtain

F (x, u; a) +α−1
1 aTu = 0. (6.9)

Similarly,

G(v, y; b)+α−1
2 bTy = 0, (6.10)

for the vector b = −α2(v, y)[∇y(λ
Tf)(x, y) +∇p(λ

Th)(x, y, p)] ∈ C∗
2 .

By higher-order (F, α1, ρ
(1)
i , d

(1)
i )-convexity of fi(., v)(1 5 i 5 k) with respect to

gi(u, v, r), we have

fi(x, v)− fi(u, v)− gi(u, v, r) + rT∇rgi(u, v, r)

= F [x, u;α1(x, u)(∇xfi(u, v) +∇rgi(u, v, r))] + ρ
(1)
i (d

(1)
i (x, u))2.

It follows from λ > 0 and sublinearity of F that

(λTf)(x, v)− (λTf)(u, v)− (λTg)(u, v, r) + rT∇r(λ
Tg)(u, v, r)

= F [x, u;α1(x, u)(∇x(λ
Tf)(u, v) +∇r(λ

Tg)(u, v, r))] +
k∑

i=1

λiρ
(1)
i (d

(1)
i (x, u))2,

or

(λTf)(x, v)− (λTf)(u, v)− (λTg)(u, v, r)

+rT∇r(λ
Tg)(u, v, r)−

k∑
i=1

λiρ
(1)
i (d

(1)
i (x, u))2 = F (x, u; a). (6.11)

Using (6.9) in (6.11), we have

(λTf)(x, v)− (λTf)(u, v)− (λTg)(u, v, r)

+rT∇r(λ
Tg)(u, v, r)−

k∑
i=1

λiρ
(1)
i (d

(1)
i (x, u))2 = −α−1

1 uTa. (6.12)
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Similarly, using hypotheses (ii) and (v) along with primal constraint (6.1) and in-

equality (6.10), λ > 0, α2(v, y) > 0 and sublinearity of G, we get

(λTf)(x, y)− (λTf)(x, v) + (λTh)(x, y, p)

−pT∇p(λ
Th)(x, y, p)−

k∑
i=1

λiρ
(2)
i (d

(2)
i (v, y))2 = −α−1

2 yT b. (6.13)

Adding the inequalities (6.12) and (6.13), we obtain

(λTf)(x, y)+(λTh)(x, y, p)−pT∇p(λ
Th)(x, y, p)+α−1

2 yT b−(λTf)(u, v)−(λTg)(u, v, r)

+rT∇r(λ
Tg)(u, v, r)+α−1

1 uTa =
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2].

Using hypothesis (iii) in the above inequality, we get

(λTf)(x, y) + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p) + α−1

2 yT b

= (λTf)(u, v) + (λTg)(u, v, r)− rT∇r(λ
Tg)(u, v, r)− α−1

1 uTa.

Finally, substituting the values of a and b, we have

(λTf)(x, y)+(λTh)(x, y, p)−pT∇p(λ
Th)(x, y, p)−yT∇y(λ

Tf)(x, y)−yT∇p(λ
Th)(x, y, p)

= (λTf)(u, v)+(λTg)(u, v, r)−rT∇r(λ
Tg)(u, v, r)−uT∇x(λ

Tf)(u, v)−uT∇r(λ
Tg)(u, v, r),

which contradicts (6.8). Hence the result.

If the variable λ in the problems (HWP) and (HWD) is fixed to be λ̄, we shall denote

these problems by (HWP )λ̄ and (HWD)λ̄.

Theorem 6.2 (Strong duality). Let f : S1×S2 → Rk be twice differentiable function

and let (x̄, ȳ, λ̄, p̄) be a weak efficient solution of (HWP). Suppose that

(i) the matrix ∇pp(λ̄
Th)(x̄, ȳ, p̄) is non singular,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii) the vector {∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄) +∇yy(λ̄
Tf)(x̄, ȳ)p̄}

/∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0},

(iv) ∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄) +∇yy(λ̄
Tf)(x̄, ȳ)p̄ = 0 implies p̄ = 0 and

(v) (λ̄Th)(x̄, ȳ, 0) = (λ̄Tg)(x̄, ȳ, 0), ∇x(λ̄
Th)(x̄, ȳ, 0) = ∇r(λ̄

Tg)(x̄, ȳ, 0),

∇y(λ̄
Th)(x̄, ȳ, 0) = 0 and ∇p(λ̄

Th)(x̄, ȳ, 0) = 0.
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Then p̄ = 0, (x̄, ȳ, r̄ = 0) is feasible for (HWD)λ̄, and the objective values of (HWP)

and (HWD)λ̄ are equal. Furthermore, if the hypotheses of Theorem 6.1 are satisfied

for all feasible solutions of (HWP) and (HWD)λ̄, then (x̄, ȳ, r̄ = 0) is an efficient

solution for (HWD)λ̄.

Proof. Since (x̄, ȳ, λ̄, p̄) is a weak efficient solution of (HWP), by the Fritz John

necessary optimality conditions [123], there exist ᾱ ∈ Rk
+, β̄ ∈ C2, µ̄ ∈ Rk

+, η̄ ∈ R,

such that the following conditions are satisfied at (x̄, ȳ, λ̄, p̄):

{ᾱT∇xf(x̄, ȳ) +∇x(λ̄
Th)(x̄, ȳ, p̄)(ᾱT ek) +∇xy(λ̄

Tf)(x̄, ȳ)[β̄ − (ᾱT ek)ȳ]

+∇px(λ̄
Th)(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)]}(x− x̄) = 0, for all x ∈ C1, (6.14)

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄] + [∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄)](ᾱT ek)

+∇yy(λ̄
Tf)(x̄, ȳ)[β̄ − (ᾱT ek)ȳ] +∇py(λ̄

Th)(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)] = 0, (6.15)

∇pp(λ̄
Th)(x̄, ȳ, p̄)[β̄− (ᾱT ek)(ȳ+ p̄)] = 0, (6.16)

∇yf(x̄, ȳ)[β̄ − (ᾱT ek)ȳ] + h(x̄, ȳ, p̄)(ᾱT ek)− µ̄+ η̄ek

+∇ph(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)] = 0, (6.17)

β̄T [∇y(λ̄
Tf)(x̄, ȳ) +∇p(λ̄

Th)(x̄, ȳ, p̄)] = 0, (6.18)

µ̄T λ̄ = 0, (6.19)

η̄T [λ̄T ek−1] = 0, (6.20)

(ᾱ, β̄, µ̄, η̄) 6= 0. (6.21)

Since λ̄ > 0 and µ̄ = 0, (6.19) yields µ̄ = 0.

From (6.16) and nonsingularity of ∇pp(λ̄
Th)(x̄, ȳ, p̄), we have

β̄ = (ᾱT ek)(ȳ+ p̄). (6.22)

If ᾱ = 0, then (6.17) and (6.22) yields η̄ = 0 and β̄ = 0, respectively. Consequently

(ᾱ, β̄, µ̄, η̄) = 0, contradicting (6.21). Hence, ᾱ ≥ 0 or

ᾱT ek > 0. (6.23)
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Now, using (6.22) and (6.23) in (6.15), we get

∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄)

+∇yy(λ̄
Tf)(x̄, ȳ)p̄ = − 1

ᾱT ek

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄], (6.24)

which by hypotheses (iii) and (iv) implies

p̄ = 0. (6.25)

Now using hypothesis (iii) in (6.24), we obtain

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄] = 0.

Since the vectors {∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)} are linearly independent, therefore the

above equation yields

ᾱ = (ᾱT ek)λ̄. (6.26)

From (6.25) in (6.22), we get

β̄ = (ᾱT ek)ȳ. (6.27)

Using (6.23) and (6.25)-(6.27) in (6.14), we have

{∇x(λ̄
Tf)(x̄, ȳ) +∇x(λ̄

Th)(x̄, ȳ, p̄)}(x− x̄) = 0, for all x ∈ C1.

From hypothesis (v), for r̄ = 0, the above inequality yields

{∇x(λ̄
Tf)(x̄, ȳ)+∇r(λ̄

Tg)(x̄, ȳ, r̄)}(x−x̄) = 0. (6.28)

Let x ∈ C1. Then x+ x̄ ∈ C1 and so (6.28) implies

{∇x(λ̄
Tf)(x̄, ȳ) +∇r(λ̄

Tg)(x̄, ȳ, r̄)}x = 0 for all x ∈ C1.

Therefore,

{∇x(λ̄
Tf)(x̄, ȳ)+∇r(λ̄

Tg)(x̄, ȳ, r̄)} ∈ C∗
1 . (6.29)

Also, from (6.27), we have

ȳ =
β̄

ᾱT ek

∈ C2.
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Thus (x̄, ȳ, r̄ = 0) satisfies the constraints from (6.4) to (6.6) in (HWD)λ̄ and so it is

a feasible solution for the dual problem (HWD)λ̄.

Now, letting x = 0 and x = 2x̄ in (6.28), we get

x̄T [∇x(λ̄
Tf)(x̄, ȳ)+∇r(λ̄

Tg)(x̄, ȳ, r̄)] = 0. (6.30)

Further, from (6.18), (6.23) and (6.27), we obtain

ȳT [∇y(λ̄
Tf)(x̄, ȳ)+∇p(λ̄

Th)(x̄, ȳ, p̄)] = 0. (6.31)

Therefore, using (6.25), (6.30), (6.31) and hypothesis (v), for r̄ = 0, we get

f(x̄, ȳ)+(λ̄Th)(x̄, ȳ, p̄)ek−p̄T∇p(λ̄
Th)(x̄, ȳ, p̄)ek−ȳT∇y(λ̄

Tf)(x̄, ȳ)ek−ȳT∇p(λ̄
Th)(x̄, ȳ, p̄)ek

= f(x̄, ȳ)+(λ̄Tg)(x̄, ȳ, r̄)ek−r̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek−x̄T∇x(λ̄

Tf)(x̄, ȳ)ek−x̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek,

that is, the two objective values are equal.

Now, let (x̄, ȳ, r̄ = 0) is not an efficient solution of (HWD)λ̄, then there exist

(ū, v̄, r̄ = 0) feasible for (HWD)λ̄ such that,

f(x̄, ȳ)+(λ̄Tg)(x̄, ȳ, r̄)ek−r̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek−x̄T∇x(λ̄

Tf)(x̄, ȳ)ek−x̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek

≤ f(ū, v̄)+(λ̄Tg)(ū, v̄, r̄)ek−r̄T∇r(λ̄
Tg)(ū, v̄, r̄)ek−ūT∇x(λ̄

Tf)(ū, v̄)ek−ūT∇r(λ̄
Tg)(ū, v̄, r̄)ek.

As x̄T [∇x(λ̄
Tf)(x̄, ȳ) +∇r(λ

Tg)(x̄, ȳ, r̄)] = 0 = ȳT [∇y(λ̄
Tf)(x̄, ȳ) +∇p(λ̄

Th)(x̄, ȳ, p̄)]

and from hypothesis (v), for r̄ = 0, we obtain

f(x̄, ȳ)+(λ̄Th)(x̄, ȳ, p̄)ek−p̄T∇p(λ̄
Th)(x̄, ȳ, p̄)ek−ȳT∇y(λ̄

Tf)(x̄, ȳ)ek−ȳT∇p(λ̄
Th)(x̄, ȳ, p̄)ek

≤ f(ū, v̄)+(λ̄Tg)(ū, v̄, r̄)ek−r̄T∇r(λ̄
Tg)(ū, v̄, r̄)ek−ūT∇x(λ̄

Tf)(ū, v̄)ek−ūT∇r(λ̄
Tg)(ū, v̄, r̄)ek,

which contradicts weak duality theorem. Hence (x̄, ȳ, r̄ = 0) is an efficient solution of

(HWD)λ̄.

Theorem 6.3 (Converse duality). Let f : S1 × S2 → Rk be twice differentiable

function and let (ū, v̄, λ̄, r̄) be a weak efficient solution of (HWD). Suppose that

(i) the matrix ∇rr(λ̄
Tg)(ū, v̄, r̄) is non singular,

(ii) the vectors ∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄) are linearly independent,

(iii) the vector {∇x(λ̄
Tg)(ū, v̄, r̄)−∇r(λ̄

Tg)(ū, v̄, r̄) +∇xx(λ̄
Tf)(ū, v̄)r̄}

/∈ span{∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)}\{0},
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(iv) ∇x(λ̄
Tg)(ū, v̄, r̄)−∇r(λ̄

Tg)(ū, v̄, r̄) +∇xx(λ̄
Tf)(ū, v̄)r̄ = 0 implies r̄ = 0 and

(v) (λ̄Tg)(ū, v̄, 0) = (λ̄Th)(ū, v̄, 0), ∇y(λ̄
Tg)(ū, v̄, 0) = ∇p(λ̄

Th)(ū, v̄, 0),

∇x(λ̄
Tg)(ū, v̄, 0) = 0 and ∇r(λ̄

Tg)(ū, v̄, 0) = 0.

Then r̄ = 0, (ū, v̄, p̄ = 0) is feasible for (HWP )λ̄, and the objective values of (HWP )λ̄

and (HWD) are equal. Furthermore, if the hypotheses of Theorem 6.1 are satisfied

for all feasible solutions of (HWP )λ̄ and (HWD), then (ū, v̄, p̄ = 0) is an efficient

solution for (HWP )λ̄.

Proof. It follows on the lines of Theorem 6.2.

6.4.2 Mond-Weir type higher-order symmetric duality

We now formulate following pair of Mond-Weir type higher-order multiobjective sym-

metric dual programs over cones:

Primal Problem (HMP)

minimize F (x, y, p1, p2, . . . , pk) = (F1(x, y, p1), F2(x, y, p2), . . . , Fk(x, y, pk))

subject to

−
k∑

i=1

λi[∇yfi(x, y) +∇pi
hi(x, y, pi)] ∈ C∗

2 , (6.32)

yT

k∑
i=1

λi[∇yfi(x, y) +∇pi
hi(x, y, pi)] = 0, (6.33)

λ > 0, x ∈ C1. (6.34)

Dual Problem (HMD)

maximize H(u, v, r1, r2, . . . , rk) = (H1(u, v, r1), H2(u, v, r2), . . . , Hk(u, v, rk))

subject to
k∑

i=1

λi[∇xfi(u, v) +∇ri
gi(u, v, ri)] ∈ C∗

1 , (6.35)

uT

k∑
i=1

λi[∇xfi(u, v) +∇ri
gi(u, v, ri)] 5 0, (6.36)

λ > 0, v ∈ C2, (6.37)
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where for i = 1, 2, ..., k, Fi(x, y, pi) = fi(x, y)+hi(x, y, pi)−pT
i [∇pi

hi(x, y, pi)], Hi(u, v, ri) =

fi(u, v)+ gi(u, v, ri)− rT
i [∇ri

gi(u, v, ri)], fi : S1×S2 → R, hi : S1×S2×Rm → R and

gi : S1 × S2 ×Rn → R are differentiable functions, pi ∈ Rm and ri ∈ Rn.

Theorem 6.4 (Weak duality). Let (x, y, λ, p1, p2, . . . , pk) be feasible for the primal

problem (HMP) and (u, v, λ, r1, r2, . . . , rk) be feasible for the dual problem (HMD).

Let for i = 1, 2, . . . , k

(i) fi(., v) be higher-order (F, α1, ρ
(1)
i , d

(1)
i )-convex at u with respect to gi(u, v, ri),

(ii) −fi(x, .) be higher-order (G,α2, ρ
(2)
i , d

(2)
i )-convex at y with respect to−hi(x, y, pi),

(iii) either (a)
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2] = 0 or (b) ρ

(1)
i = 0 and ρ

(2)
i =

0, for all i,

where the sublinear functionals F : Rn×Rn×Rn 7→ R and G : Rm×Rm×Rm 7→ R

satisfy the following conditions:

(iv) F (x, u; a) + α−1
1 aTu = 0, for all a ∈ C∗

1 and

(v) G(v, y; b) + α−1
2 bTy = 0, for all b ∈ C∗

2 .

Then

F (x, y, p1, p2, . . . , pk) � H(u, v, r1, r2, . . . , rk).

Proof. Suppose, to the contrary, that

F (x, y, p1, p2, . . . , pk) ≤ H(u, v, r1, r2, . . . , rk).

Since λ > 0, we obtain

k∑
i=1

λi[fi(x, y) + hi(x, y, pi)− pT
i (∇pi

hi(x, y, pi))]

<
k∑

i=1

λi[fi(u, v) + gi(u, v, ri)− rT
i (∇ri

gi(u, v, ri))]. (6.38)

Since (x, y, λ, p1, p2, . . . , pk) is feasible for the primal problem (HMP) and (u, v, λ, r1, r2, . . . , rk)

is feasible for the dual problem (HMD), α1(x, u) > 0, by the dual constraint (6.35),
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the vector a = α1(x, u){
k∑

i=1

λi[∇xfi(u, v) +∇ri
gi(u, v, ri)]} ∈ C∗

1 and so from the hy-

pothesis (iv), we obtain

F (x, u; a) = −α−1
1 uTa.

Substituting value of a in above inequality, we obtain

F (x, u;α1(x, u){
k∑

i=1

λi[∇xfi(u, v)+∇ri
gi(u, v, ri)]}) = −uT

k∑
i=1

λi[∇xfi(u, v)+∇ri
gi(u, v, ri)]

= 0 [by dual constraint (6.36)]. (6.39)

By higher-order (F, α1, ρ
(1)
i , d

(1)
i )-convexity of fi(., v)(1 5 i 5 k) with respect to

gi(u, v, ri), we have

fi(x, v)− fi(u, v)− gi(u, v, ri) + rT
i ∇ri

gi(u, v, ri)

= F [x, u;α1(x, u)(∇xfi(u, v) +∇ri
gi(u, v, ri))] + ρ

(1)
i (d

(1)
i (x, u))2.

Using sublinearity of function about the third variable, and multiplying each inequal-

ity by λi and summing over i, we obtain
k∑

i=1

λi[fi(x, v)− fi(u, v)− gi(u, v, ri) + rT
i (∇ri

gi(u, v, ri))− ρ
(1)
i (d

(1)
i (x, u))2]

= F

(
x, u;α1(x, u)

{
k∑

i=1

λi[∇xfi(u, v) +∇ri
gi(u, v, ri)]

})
.

= 0 [by (6.39)]. (6.40)

Similarly, using hypotheses (ii) and (v) along with primal constraint (6.32) and (6.33),

α2(v, y) > 0, sublinearity of G, we get

k∑
i=1

λi[fi(x, y)− fi(x, v) + hi(x, y, pi)

−pT
i (∇pi

hi(x, y, pi))− ρ
(2)
i (d

(2)
i (x, u))2] = 0. (6.41)

Adding the inequalities (6.40) and (6.41), we obtain

k∑
i=1

λi[fi(x, y) + hi(x, y, pi)− pT
i (∇pi

hi(x, y, pi))− fi(u, v)− gi(u, v, ri)

+rT
i (∇ri

gi(u, v, ri))] =
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2]. (6.42)
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Using hypothesis (iii) in (6.42), we get
k∑

i=1

λi[fi(x, y) + hi(x, y, pi)− pT
i (∇pi

hi(x, y, pi))]

=
k∑

i=1

λi[fi(u, v) + gi(u, v, ri)− rT
i (∇ri

gi(u, v, ri))],

which contradicts (6.38). Hence the result.

If the variable λ in the problems (HMP) and (HMD) is fixed to be λ̄, we shall denote

these problems by (HMP )λ̄ and (HMD)λ̄.

Theorem 6.5 (Strong duality). Let (x̄, ȳ, λ̄, p̄1, p̄2, . . . , p̄k) be an efficient solution of

(HMP), fi : S1×S2 → R is thrice differentiable function at (x̄, ȳ), hi : S1×S2×Rm →

R is a twice differentiable function at (x̄, ȳ, p̄i), gi : S1×S2×Rn → R is differentiable

at (x̄, ȳ, r̄i), i = 1, 2, . . . , k. If the following conditions hold:

(i) hi(x̄, ȳ, 0) = 0, gi(x̄, ȳ, 0) = 0, ∇xhi(x̄, ȳ, 0) = ∇ri
gi(x̄, ȳ, 0), ∇pi

hi(x̄, ȳ, 0) =

0,∇yhi(x̄, ȳ, 0) = 0, i = 1, 2, . . . , k,

(ii) for all i = 1, 2, . . . , k, the Hessian matrix ∇pipi
hi(x̄, ȳ, p̄i) is positive or negative

definite,

(iii) the set of vectors {∇yfi(x̄, ȳ) +∇pi
hi(x̄, ȳ, p̄i)}k

i=1 is linearly independent,

(iv) the set of vectors {∇yfi(x̄, ȳ) +∇yhi(x̄, ȳ, p̄i),∇yfi(x̄, ȳ) +∇pi
hi(x̄, ȳ, p̄i)}k

i=1 is

linearly independent,

(v) for some α ∈ Rk (α > 0) and pi ∈ Rn, pi 6= 0 (i = 1, 2, . . . , k) implies that
k∑

i=1

αip
T
i [∇yfi(x̄, ȳ) +∇pi

hi(x̄, ȳ, p̄i)] 6= 0.

Then p̄i = 0 (i = 1, 2, . . . , k), (x̄, ȳ, r̄1 = r̄2 = . . . = r̄k = 0) is feasible for (HMD)λ̄,

and the two objective values are equal. Furthermore, if the hypotheses of Theorem 6.4

are satisfied, then (x̄, ȳ, r̄1 = r̄2 = . . . = r̄k = 0) is an efficient solution for (HMD)λ̄.

Proof. Its proof follows on the lines of Theorem 3.2 in [3] on taking K = Rk
+ and

omitting the nondifferentiable terms.

A converse duality theorem may be merely stated as its proof would run analogously
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to that of Theorem 6.5.

Theorem 6.6 (Converse duality). Let (ū, v̄, λ̄, r̄1, r̄2, . . . , r̄k) be an efficient solution

of (HMD), fi : S1× S2 → R is a thrice differentiable function at (ū, v̄), hi : S1× S2×

Rm → R is a twice differentiable function at (ū, v̄, p̄i) and gi : S1 × S2 × Rn → R is

differentiable at (ū, v̄, r̄i), i = 1, 2, . . . , k. If the following conditions hold:

(i) hi(ū, v̄, 0) = 0, gi(ū, v̄, 0) = 0,∇xgi(ū, v̄, 0) = 0,∇ri
gi(ū, v̄, 0) = 0,∇pi

hi(ū, v̄, 0) =

∇ygi(ū, v̄, 0), i = 1, 2, . . . , k,

(ii) for all i = 1, 2, . . . , k, the Hessian matrix ∇riri
gi(ū, v̄, r̄i) is positive or negative

definite,

(iii) the set of vectors {∇xfi(ū, v̄) +∇ri
gi(ū, v̄, r̄i)}k

i=1 is linearly independent,

(iv) the set of vectors {∇xfi(ū, v̄) +∇xgi(ū, v̄, r̄i),∇xfi(ū, v̄) +∇ri
gi(ū, v̄, r̄i)}k

i=1 is

linearly independent,

(v) for some α ∈ Rk (α > 0) and ri ∈ Rn, ri 6= 0 (i = 1, 2, . . . , k) implies that
k∑

i=1

αir
T
i [∇xfi(ū, v̄) +∇ri

gi(ū, v̄, r̄i)] 6= 0.

Then r̄i = 0 (i = 1, 2, . . . , k), (ū, v̄, p̄1 = p̄2 = . . . = p̄k = 0) is feasible for (HMP)λ̄,

and the two objective values of are equal. Furthermore, if the hypotheses of Theorem

6.4 are satisfied, then (ū, v̄, p̄1 = p̄2 = . . . = p̄k = 0) is an efficient solution for

(HMP)λ̄.

6.5 Nondifferentiable multiobjective higher-order

symmetric duality

In this section, we consider the following Wolfe type nondifferentiable multiobjective

higher-order symmetric dual programs:

Primal Problem (HNWP)

K-minimize G(x, y, λ, p) = f(x, y)+S(x | D)ek+(λTh)(x, y, p)ek−pT∇p(λ
Th)(x, y, p)ek
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−yT∇y(λ
Tf)(x, y)ek−yT∇p(λ

Th)(x, y, p)ek

subject to

−{∇y(λ
Tf)(x, y)− z +∇p(λ

Th)(x, y, p)} ∈ C∗
2 , (6.43)

z ∈ E, (6.44)

λT ek = 1, (6.45)

λ ∈ intK∗, x ∈ C1. (6.46)

Dual Problem (HNWD)

K-maximize H(u, v, λ, r) = f(u, v)−S(v | E)ek+(λTg)(u, v, r)ek−rT∇r(λ
Tg)(u, v, r)ek

−uT∇x(λ
Tf)(u, v)ek−uT∇r(λ

Tg)(u, v, r)ek

subject to

∇x(λ
Tf)(u, v) + w +∇r(λ

Tg)(u, v, r) ∈ C∗
1 , (6.47)

w ∈ D, (6.48)

λT ek = 1, (6.49)

λ ∈ intK∗, v ∈ C2, (6.50)

where

(i) C1 and C2 be closed convex cones with non-empty interiors in Rn and Rm,

respectively,

(ii) S1 ⊆ Rn and S2 ⊆ Rm are open sets such that C1 × C2 ⊂ S1 × S2,

(iii) f : S1 × S2 → Rk, h : S1 × S2 × Rm → Rk and g : S1 × S2 × Rn → Rk are

differentiable functions, ek = (1, . . . , 1)T ∈ Rk, λ ∈ Rk,

(iv) r and p are vectors in Rn and Rm, respectively,

(v) D and E are compact convex sets in Rn and Rm, respectively and

(vi) S(x | D) and S(v | E) are the support functions of D and E, respectively.
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We now prove the following duality results for the pair of problems (HNWP) and

(HNWD).

Theorem 6.7 (Weak duality). Let (x, y, λ, z, p) be feasible for the primal problem

(HNWP) and (u, v, λ, w, r) be feasible for the dual problem (HNWD). Let the sub-

linear functionals F : Rn × Rn × Rn 7→ R and G : Rm × Rm × Rm 7→ R satisfy the

following conditions:

F (x, u; a) + α−1
1 aTu = 0, for all a ∈ C∗

1 , (A)

G(v, y; b) + α−1
2 bTy = 0, for all b ∈ C∗

2 . (B)

Suppose that either (i)
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2] = 0 or (ii) ρ(1) =

0 and ρ(2) = 0. Furthermore, assume that f(., v) + (.)Twek is higher-order-K-

(F, α1, ρ
(1), d(1))-convex at u with respect to g(u, v, r), −{f(x, .)− (.)T zek} is higher-

order-K-(G,α2, ρ
(2), d(2))-convex at y with respect to −h(x, y, p) and Rk

+ ⊆ K. Then

G(x, y, λ, p)−H(u, v, λ, r) /∈ −K\{0}. (6.51)

Proof. Since f(., v)+(.)Twek is higher-order-K-(F, α1, ρ
(1), d(1))-convex with respect

to g(u, v, r), we have

{f1(x, v)+x
Tw−f1(u, v)−uTw−g1(u, v, r)+r

T∇rg1(u, v, r)−F [x, u;α1(x, u)(∇xf1(u, v)

+w +∇rg1(u, v, r))]− ρ
(1)
1 (d

(1)
1 (x, u))2, . . . , fk(x, v) + xTw − fk(u, v)− uTw

−gk(u, v, r) + rT∇rgk(u, v, r)− F [x, u;α1(x, u)(∇xfk(u, v) + w

+∇rgk(u, v, r))]− ρ(1)
k (d

(1)
k (x, u))2} ∈ K.

Since Rk
+ ⊆ K ⇒ K∗ ⊆ Rk

+ and hence λ > 0.

Further using sublinearity of F and λT ek = 1, we get

(λTf)(x, v) + xTw − (λTf)(u, v)− uTw − (λTg)(u, v, r) + rT∇r(λ
Tg)(u, v, r)

−F [x, u;α1(x, u)(∇x(λ
Tf)(u, v) + w +∇r(λ

Tg)(u, v, r))]−
k∑

i=1

λiρ
(1)
i (d

(1)
i (x, u))2 = 0. (6.52)

As −{f(x, .) − (.)T zek} is higher-order-K-(G,α2, ρ
(2), d(2))-convex with respect to

−h(x, y, p), therefore we get

{f1(x, y)−yT z−f1(x, v)+v
T z+h1(x, y, p)−pT∇ph1(x, y, p)−G[v, y;−α2(v, y)(∇yf1(x, y)
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−z +∇ph1(x, y, p))]− ρ
(2)
1 (d

(2)
1 (v, y))2, . . . , fk(x, y)− yT z − fk(x, v) + vT z

+hk(x, y, p)− pT∇phk(x, y, p)−G[v, y;−α2(v, y)(∇yfk(x, y)− z

+∇phk(x, y, p))]− ρ(2)
k (d

(2)
k (v, y))2} ∈ K.

Using λ ∈ intK∗, λT ek = 1, and sublinearity of G, we obtain

(λTf)(x, y)− yT z − (λTf)(x, v) + vT z + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p)−G[v, y;

−α2(v, y)(∇y(λ
Tf)(x, y)− z +∇p(λ

Th)(x, y, p))]−
k∑

i=1

λiρ
(2)
i (d

(2)
i (v, y))2 = 0. (6.53)

Adding the inequalities (6.52) and (6.53), we have

(λTf)(x, y)− (λTf)(u, v) + xTw − uTw − yT z + vT z + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p)

−(λTg)(u, v, r) + rT∇r(λ
Tg)(u, v, r) = F [x, u;α1(x, u)(∇x(λ

Tf)(u, v) + w

+∇r(λ
Tg)(u, v, r))] +G[v, y;−α2(v, y)(∇y(λ

Tf)(x, y)− z +∇p(λ
Th)(x, y, p))]

+
k∑

i=1

λi[ρ
(1)
i (d

(1)
i (x, u))2 + ρ

(2)
i (d

(2)
i (v, y))2]. (6.54)

Now, since (x, y, λ, z, p) is feasible for the primal problem (HNWP) and (u, v, λ, w, r)

is feasible for the dual problem (HNWD), α1(x, u) > 0, by the dual constraint (6.47)

and from the hypothesis (A), we obtain

F

(
x, u;α1(x, u)[∇x(λ

Tf)(u, v) + w +∇r(λ
Tg)(u, v, r)]

)
+

[
∇x(λ

Tf)(u, v) + w +∇r(λ
Tg)(u, v, r)

]T

u = 0. (6.55)

Also, from hypothesis (B), α2(v, y) > 0 and (6.43), we get

G

(
v, y;−α2(v, y)[∇y(λ

Tf)(x, y)− z +∇p(λ
Th)(x, y, p)]

)
−
[
∇y(λ

Tf)(x, y)− z +∇p(λ
Th)(x, y, p)

]T

y = 0. (6.56)

Using (6.55), (6.56) and hypothesis (i) or (ii) in (6.54), we have

(λTf)(x, y)+xTw+(λTh)(x, y, p)−pT∇p(λ
Th)(x, y, p)−yT∇y(λ

Tf)(x, y)−yT∇p(λ
Th)(x, y, p)

= (λTf)(u, v)−vT z+(λTg)(u, v, r)−rT∇r(λ
Tg)(u, v, r)−uT∇x(λ

Tf)(u, v)−uT∇r(λ
Tg)(u, v, r).
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In view of the fact that xTw 5 S(x | D), vT z 5 S(v | E) and λT ek = 1, the last

inequality yields

(λTf)(x, y) + S(x | D) + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p)− yT∇y(λ

Tf)(x, y)

−yT∇p(λ
Th)(x, y, p) = (λTf)(u, v)− S(v | E) + (λTg)(u, v, r)

−rT∇r(λ
Tg)(u, v, r)− uT∇x(λ

Tf)(u, v)− uT∇r(λ
Tg)(u, v, r). (6.57)

Now suppose contrary to the result that (6.51) not holds, that is ,

G(x, y, λ, p)−H(u, v, λ, r) ∈ −K\{0}, or

{f(x, y) + S(x | D)ek + (λTh)(x, y, p)ek − pT∇p(λ
Th)(x, y, p)ek − yT∇y(λ

Tf)(x, y)ek

−yT∇p(λ
Th)(x, y, p)ek}−{f(u, v)−S(v | E)ek+(λTg)(u, v, r)ek−rT∇r(λ

Tg)(u, v, r)ek

−uT∇x(λ
Tf)(u, v)ek − uT∇r(λ

Tg)(u, v, r)ek} ∈ −K\{0}.

It follows from λ ∈ intK∗ and λT ek = 1 that

(λTf)(x, y) + S(x | D) + (λTh)(x, y, p)− pT∇p(λ
Th)(x, y, p)− yT∇y(λ

Tf)(x, y)

−yT∇p(λ
Th)(x, y, p) < (λTf)(u, v)−S(v | E)+(λTg)(u, v, r)−rT∇r(λ

Tg)(u, v, r)

−uT∇x(λ
Tf)(u, v)− uT∇r(λ

Tg)(u, v, r),

which contradicts (6.57). Hence the result.

Theorem 6.8 (Strong duality). Let f : S1×S2 → Rk be twice differentiable function

and let (x̄, ȳ, λ̄, z̄, p̄) be a weak efficient solution of (HNWP). Suppose that

(i) the matrix ∇pp(λ̄
Th)(x̄, ȳ, p̄) is non singular,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii) the vector {∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄) +∇yy(λ̄
Tf)(x̄, ȳ)p̄}

/∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0},

(iv) ∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄) +∇yy(λ̄
Tf)(x̄, ȳ)p̄ = 0 implies p̄ = 0,

(v) (λ̄Th)(x̄, ȳ, 0) = (λ̄Tg)(x̄, ȳ, 0), ∇y(λ̄
Th)(x̄, ȳ, 0) = 0, ∇p(λ̄

Th)(x̄, ȳ, 0) = 0,

∇x(λ̄
Th)(x̄, ȳ, 0) = ∇r(λ̄

Tg)(x̄, ȳ, 0) and

(vi) K is closed convex pointed cone with Rk
+ ⊆ K.
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Then

(I) p̄ = 0, there exist w̄ ∈ D such that (x̄, ȳ, λ̄, w̄, r̄ = 0) is feasible for (HNWD)

and

(II) G(x̄, ȳ, λ̄, p̄) = H(x̄, ȳ, λ̄, r̄).

Also, if the hypotheses of Theorem 6.7 are satisfied for all feasible solutions of

(HNWP) and (HNWD), then (x̄, ȳ, λ̄, w̄, r̄ = 0) is an efficient solution for (HNWD).

Proof. Since (x̄, ȳ, λ̄, z̄, p̄) is a weak efficient solution of (HNWP), by the Fritz John

necessary optimality conditions [123], there exist ᾱ ∈ K∗, β̄ ∈ C2, η̄ ∈ R, such that

the following conditions are satisfied at (x̄, ȳ, λ̄, z̄, p̄):

{ᾱT (∇xf(x̄, ȳ) + γ̄ek) +∇x(λ̄
Th)(x̄, ȳ, p̄)(ᾱT ek) +∇xy(λ̄

Tf)(x̄, ȳ)[β̄ − (ᾱT ek)ȳ]

+∇px(λ̄
Th)(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)]}(x− x̄) = 0, for all x ∈ C1, (6.58)

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄] + [∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄)](ᾱT ek)

+∇yy(λ̄
Tf)(x̄, ȳ)[β̄ − (ᾱT ek)ȳ] +∇py(λ̄

Th)(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)] = 0, (6.59)

∇pp(λ̄
Th)(x̄, ȳ, p̄)[β̄−(ᾱT ek)(ȳ+p̄)] = 0, (6.60)

{∇yf(x̄, ȳ)[β̄ − (ᾱT ek)ȳ] + h(x̄, ȳ, p̄)(ᾱT ek) + η̄ek

+∇ph(x̄, ȳ, p̄)[β̄ − (ᾱT ek)(ȳ + p̄)]}(λ− λ̄) = 0, for all λ ∈ int K∗, (6.61)

β̄T [∇y(λ̄
Tf)(x̄, ȳ)−z̄+∇p(λ̄

Th)(x̄, ȳ, p̄)] = 0, (6.62)

η̄T [λ̄T ek−1] = 0, (6.63)

β̄ ∈ NE(z̄), (6.64)

γ̄ ∈ D, γ̄T x̄ = S(x̄ | D), (6.65)

(ᾱ, β̄, η̄) 6= 0. (6.66)
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From (6.60) and nonsingularity of ∇pp(λ̄
Th)(x̄, ȳ, p̄), we have

β̄ = (ᾱT ek)(ȳ+p̄). (6.67)

Also, (6.61) is equivalent to

∇yf(x̄, ȳ)[β̄− (ᾱT ek)ȳ] + h(x̄, ȳ, p̄)(ᾱT ek) + η̄ek +∇ph(x̄, ȳ, p̄)[β̄− (ᾱT ek)(ȳ+ p̄)] = 0.

Now, we claim that ᾱ 6= 0. Since if ᾱ = 0 then (6.67) yields β̄ = 0. Further, the above

equality gives η̄ek = 0 or η̄ = 0. Consequently (ᾱ, β̄, η̄) = 0, contradicting (6.66).

Hence ᾱ 6= 0.

Since Rk
+ ⊆ K ⇒ K∗ ⊆ Rk

+, ᾱ ∈ K∗ ⇒ ᾱ = 0.

But ᾱ 6= 0 ⇒ ᾱ ≥ 0 or

ᾱT ek > 0. (6.68)

The relation (6.59), (6.67) and (6.68) give

∇y(λ̄
Th)(x̄, ȳ, p̄)−∇p(λ̄

Th)(x̄, ȳ, p̄)

+∇yy(λ̄
Tf)(x̄, ȳ)p̄ = − 1

ᾱT ek

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄], (6.69)

which on using hypothesis (iii) and (iv) yield

p̄ = 0. (6.70)

Now using hypothesis (iii) in (6.69), we obtain

∇yf(x̄, ȳ)[ᾱ− (ᾱT ek)λ̄] = 0.

From the condition (ii), we have

ᾱ = (ᾱT ek)λ̄. (6.71)

Equations (6.67) and (6.70) give

β̄ = (ᾱT ek)ȳ. (6.72)

Using (6.68) and (6.70)-(6.72) in (6.58), we have

{∇x(λ̄
Tf)(x̄, ȳ) + γ̄ +∇x(λ̄

Th)(x̄, ȳ, p̄)}(x− x̄) = 0, for all x ∈ C1.
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From hypothesis (v), for r̄ = 0, the above inequality yields

{∇x(λ̄
Tf)(x̄, ȳ)+ γ̄+∇r(λ̄

Tg)(x̄, ȳ, r̄)}(x− x̄) = 0. (6.73)

Let x ∈ C1. Then x + x̄ ∈ C1, as C1 is closed convex cone, and so (6.73) shows that

for every x ∈ C1

{∇x(λ̄
Tf)(x̄, ȳ) + γ̄ +∇r(λ̄

Tg)(x̄, ȳ, r̄)}Tx = 0,

which implies,

{∇x(λ̄
Tf)(x̄, ȳ)+ γ̄+∇r(λ̄

Tg)(x̄, ȳ, r̄)} ∈ C∗
1 . (6.74)

Also, from (6.68), (6.72) and β̄ ∈ C2, we obtain ȳ ∈ C2. Thus (x̄, ȳ, λ̄, w̄ = γ̄, r̄ =

0) satisfies the dual constraints from (6.47) to (6.50) in (HNWD) and so it is a

feasible solution for the dual problem (HNWD). Also, by letting x = 0 and x = 2x̄

simultaneously in (6.73), we get

x̄T [∇x(λ̄
Tf)(x̄, ȳ) + γ̄ +∇r(λ̄

Tg)(x̄, ȳ, r̄)] = 0,

or

x̄T [∇x(λ̄
Tf)(x̄, ȳ)+∇r(λ̄

Tg)(x̄, ȳ, r̄)] = −x̄T γ̄ = −S(x̄ | D). (6.75)

From (6.64) and (6.72), (ᾱT ek)ȳ ∈ NE(z̄). Since ᾱT ek > 0, ȳ ∈ NE(z̄). Also, as E is

a compact convex set in Rm, ȳT z̄ = S(ȳ | E).

Further, from (6.62), (6.68) and (6.72) and the above relation, we obtain

ȳT [∇y(λ̄
Tf)(x̄, ȳ) +∇p(λ̄

Th)(x̄, ȳ, p̄)] = ȳT z̄ = S(ȳ | E). (6.76)

Therefore, using (6.70), (6.75), (6.76) and hypothesis (v), for r̄ = 0, we get

f(x̄, ȳ) + S(x̄ | D)ek + (λ̄Th)(x̄, ȳ, p̄)ek − p̄T∇p(λ̄
Th)(x̄, ȳ, p̄)ek − ȳT∇y(λ̄

Tf)(x̄, ȳ)ek

−ȳT∇p(λ̄
Th)(x̄, ȳ, p̄)ek = f(x̄, ȳ)−S(ȳ | E)ek +(λ̄Tg)(x̄, ȳ, r̄)ek− r̄T∇r(λ̄

Tg)(x̄, ȳ, r̄)ek

−x̄T∇x(λ̄
Tf)(x̄, ȳ)ek − x̄T∇r(λ̄

Tg)(x̄, ȳ, r̄)ek,

that is, the two objective values are equal.

Now, let (x̄, ȳ, λ̄, w̄, r̄ = 0) is not an efficient solution of (HNWD), then there exist

(ū, v̄, λ̄, w̄, r̄ = 0) feasible for (HNWD), such that,
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f(x̄, ȳ)− S(ȳ | E)ek + (λ̄Tg)(x̄, ȳ, r̄)ek − r̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek − x̄T∇x(λ̄

Tf)(x̄, ȳ)ek

−x̄T∇r(λ̄
Tg)(x̄, ȳ, r̄)ek−f(ū, v̄)+S(v̄ | E)ek− (λ̄Tg)(ū, v̄, r̄)ek + r̄T∇r(λ̄

Tg)(ū, v̄, r̄)ek

+ūT∇x(λ̄
Tf)(ū, v̄)ek + ūT∇r(λ̄

Tg)(ū, v̄, r̄)ek ∈ −K\{0}.

As x̄T [∇x(λ̄
Tf)(x̄, ȳ)+∇r(λ̄

Tg)(x̄, ȳ, r̄)] = −S(x̄ | D), ȳT [∇y(λ̄
Tf)(x̄, ȳ)+∇p(λ̄

Th)(x̄, ȳ, p̄)] =

S(ȳ | E) and from hypothesis (v), for r̄ = 0, we obtain

{f(x̄, ȳ) + S(x̄ | D)ek + (λ̄Th)(x̄, ȳ, p̄)ek − p̄T∇p(λ̄
Th)(x̄, ȳ, p̄)ek − ȳT∇y(λ̄

Tf)(x̄, ȳ)ek

−ȳT∇p(λ̄
Th)(x̄, ȳ, p̄)ek}−{f(ū, v̄)−S(v̄ | E)ek+(λ̄Tg)(ū, v̄, r̄)ek−r̄T∇r(λ̄

Tg)(ū, v̄, r̄)ek

−ūT∇x(λ̄
Tf)(ū, v̄)ek − ūT∇r(λ̄

Tg)(ū, v̄, r̄)ek} ∈ −K\{0},

which contradicts Theorem 6.7. Hence (x̄, ȳ, λ̄, w̄, r̄ = 0) is an efficient solution of

(HNWD).

Theorem 6.9 (Converse duality). Let f : S1 × S2 → Rk be twice differentiable

function and let (ū, v̄, λ̄, w̄, r̄) be a weak efficient solution of (HNWD). Suppose that

(i) the matrix ∇rr(λ̄
Tg)(ū, v̄, r̄) is non singular,

(ii) the vectors ∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄) are linearly independent,

(iii) the vector {∇x(λ̄
Tg)(ū, v̄, r̄)−∇r(λ̄

Tg)(ū, v̄, r̄) +∇xx(λ̄
Tf)(ū, v̄)r̄}

/∈ span{∇xf1(ū, v̄), . . . ,∇xfk(ū, v̄)}\{0},

(iv) ∇x(λ̄
Tg)(ū, v̄, r̄)−∇r(λ̄

Tg)(ū, v̄, r̄) +∇xx(λ̄
Tf)(ū, v̄)r̄ = 0 implies r̄ = 0,

(v) (λ̄Tg)(ū, v̄, 0) = (λ̄Th)(ū, v̄, 0), ∇x(λ̄
Tg)(ū, v̄, 0) = 0, ∇r(λ̄

Tg)(ū, v̄, 0) = 0,

∇y(λ̄
Tg)(ū, v̄, 0) = ∇p(λ̄

Th)(ū, v̄, 0) and

(vi) K is closed convex pointed cone with Rk
+ ⊆ K.

Then

(I) r̄ = 0, there exist z̄ ∈ E such that (ū, v̄, λ̄, z̄, p̄ = 0) is feasible for (HNWP), and

(II) G(ū, v̄, λ̄, p̄) = H(ū, v̄, λ̄, r̄).
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Also, if the hypotheses of Theorem 6.7 are satisfied for all feasible solutions of

(HNWP) and (HNWD), then (ū, v̄, λ̄, z̄, p̄ = 0) is an efficient solution for (HNWP).

Proof. It follows on the lines of Theorem 6.8.

6.6 Special cases

In this section, we consider some of the special cases of the problems studied in

Section 6.4. In all these cases, K = Rk
+, C1 = Rn

+, C2 = Rm
+ , (λTh)(x, y, p) =

1
2
pT∇yy(λ

Tf)(x, y)p and (λTg)(u, v, r) = 1
2
rT∇xx(λ

Tf)(u, v)r.

(i) For k = 1, D = {Ay : yTAy 5 1}, E = {Bx : xTBx 5 1}, where A and B are

positive semidefinite matrices, (xTAx)1/2 = S(x | D) and (yTBy)1/2 = S(y | E).

In this case (HNWP) and (HNWD) reduce to the problems considered in Ahmad

and Husain [9].

(ii) Let k = 1, D = {0} and E = {0}, then our problems (HNWP) and (HNWD)

become the problems studied in Gulati et al. [55].

(iii) If k = 1, then our problems (HNWP) and (HNWD) reduce to the programs

studied in Yang et al. [137].

(iv) LetD = {0} and E = {0}, our problems (HNWP) and (HNWD) reduce to (MP)

and (MD) considered in Yang et al. [140] along with nonnegativity restrictions

x = 0 and v = 0. However, taking F (x, u; a) = (x − u)Ta and G(v, y; b) =

(v − y)T b along with the hypothesis (A) and (B) of Theorem 1 in [140] gives

x = 0 and v = 0.



Chapter 7

DUALITY IN NONDIFFERENTIABLE

MINIMAX FRACTIONAL

PROGRAMMING
1

7.1 Introduction

The mathematical programming problem in which the objective function is a

ratio of two numerical functions is called a fractional programming problem. Frac-

tional programming is used in various fields of study. Most extensively it is used

in business and economic situations, mainly in the situations of deficit of financial

resources. Fractional programming problems have arisen in multiobjective program-

ming [54, 130], game theory [36] and goal programming [42]. Problems of these type

have been the subject of immense interest in the past few years.

The necessary and sufficient conditions for generalized minimax programming

were first developed by Schmitendorf [115]. Tanimoto [126] applied these optimality

conditions to define a dual problem and derived duality theorems. Bector and Bhatia

[23] relaxed the convexity assumptions in the sufficient optimality condition in [115]

and also employed the optimality conditions to construct several dual models which

involve pseudo-convex and quasi-convex functions, and derived duality theorems. Ya-

dav and Mukhrjee [134] established the optimality conditions to construct the two

1The result of this chapter will appear in Journal of Inequalities and Applications.
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dual problems and derived duality theorems for differentiable fractional minimax pro-

gramming. Chandra and Kumar [40] pointed out that the formulation of Yadav and

Mukhrjee [134] has some omissions and inconsistencies and they constructed two mod-

ified dual problems and proved duality theorems for differentiable fractional minimax

programming.

Lai et al. [85] established necessary and sufficient optimality conditions for nondif-

ferentiable minimax fractional problem with generalized convexity and applied these

optimality conditions to construct a parametric dual model and also discussed duality

theorems. Lai and Lee [84] obtained duality theorems for two parameter-free dual

models of nondifferentiable minimax fractional problem involving generalized con-

vexity assumptions. Recently, Antczak [19] proved optimality conditions for a class

of generalized fractional minimax programming problems involving B-(p, r)-invexity

functions and established duality theorems for various duality models.

In this chapter, motivated by Lai et al. [85], Lai and Lee [84] and Antczak [19], we

discuss sufficient optimality conditions and duality theorems for a nondifferentiable

minimax fractional programming problem with B-(p, r)-invexity. In Section 7.2, we

give some preliminaries. An example which is B-(1, 1)-invex but not (p, r)-invex is

exemplified. We also illustrate another example which is (−1, 1)-invex but not con-

vex. In Section 7.4, we establish the sufficient optimality conditions. Duality results

are presented in Section 7.5.

7.2 Notations and preliminaries

Definition 7.1. Let f : X → R (where X ⊆ Rn) be differentiable function and let

p, r be arbitrary real numbers. Then f is said to be (p, r)-invex (strictly (p, r)-invex)

with respect to η at u ∈ X on X if there exist a function η : X ×X → Rn such that,

for all x ∈ X, the inequalities

1

r
erf(x) =

1

r
erf(u)

[
1 +

r

p
∇f(u)(epη(x,u) − 1)

]
(> if x 6= u) for p 6= 0, r 6= 0,
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1

r
erf(x) =

1

r
erf(u)

[
1 + r∇f(u)(epη(x,u) − 1)

]
(> if x 6= u) for p = 0, r 6= 0,

f(x)− f(u) =
1

p
∇f(u)(epη(x,u) − 1) (> if x 6= u) for p 6= 0, r = 0,

f(x)− f(u) = ∇f(u)η(x, u) (> if x 6= u) for p = 0, r = 0,

hold.

Definition 7.2 [19]. The differentiable function f : X → R (where X ⊆ Rn) is said

to be (strictly) B-(p, r)-invex with respect to η and b at u ∈ X on X if there exist a

function η : X ×X → Rn and a function b : X ×X → R+ such that, for all x ∈ X,

the inequalities

1

r
b(x, u)(er(f(x)−f(u))−1) =

1

p
∇f(u)(epη(x,u)−1) (> if x 6= u) for p 6= 0, r 6= 0,

1

r
b(x, u)(er(f(x)−f(u)) − 1) = ∇f(u)η(x, u) (> if x 6= u) for p = 0, r 6= 0,

b(x, u)(f(x)− f(u)) =
1

p
∇f(u)(epη(x,u)−1) (> if x 6= u) for p 6= 0, r = 0,

b(x, u)(f(x)− f(u)) = ∇f(u)η(x, u) (> if x 6= u) for p = 0, r = 0,

hold.

f is said to be (strictly) B-(p, r)-invex with respect to η and b on X if it is B-(p, r)-

invex with respect to same η and b at each u ∈ X on X.

In this chapter, we consider the following nondifferentiable minimax fractional pro-

gramming problem:

(FP)

min
x∈Rn

sup
y∈Y

l(x, y) + (xTDx)1/2

m(x, y)− (xTEx)1/2

subject to g(x) 5 0, x ∈ X

where Y is a compact subset of Rm, l(., .) : Rn × Rm → R, m(., .) : Rn × Rm → R,

are C1 functions on Rn ×Rm and g(.) : Rn → Rp is C1 function on Rn. D and E are

n× n positive semidefinite matrices.

Let S = {x ∈ X : g(x) 5 0} be the set of all feasible solutions of (FP). Any point
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x ∈ S is called the feasible point of (FP). For each (x, y) ∈ Rn ×Rm, we define

φ(x, y) =
l(x, y) + (xTDx)1/2

m(x, y)− (xTEx)1/2
,

such that for each (x, y) ∈ S × Y,

l(x, y) + (xTDx)1/2 = 0 and m(x, y)− (xTEx)1/2 > 0.

For each x ∈ S, we define

H(x) = {h ∈ H : gh(x) = 0},

where

H = {1, 2, · · · , p},

Y (x) =

{
y ∈ Y :

l(x, y) + (xTDx)1/2

m(x, y)− (xTEx)1/2
= sup

z∈Y

l(x, z) + (xTDx)1/2

m(x, z)− (xTEx)1/2

}
.

K(x) =

{
(s, t, ỹ) ∈ N ×Rs

+ ×Rms : 1 5 s 5 n+ 1, t = (t1, t2, · · · , ts) ∈ Rs
+

with
s∑

i=1

ti = 1, ỹ = (ȳ1, ȳ2, · · · , ȳs) with ȳi ∈ Y (x)(i = 1, 2, · · · , s)
}
.

Since l and m are continuously differentiable and Y is compact in Rm, it follows that

for each x∗ ∈ S, Y (x∗) 6= ∅, and for any ȳi ∈ Y (x∗), we have a positive constant

k◦ = φ(x∗, ȳi) =
l(x∗, ȳi) + (x∗TDx∗)1/2

m(x∗, ȳi)− (x∗TEx∗)1/2
.

If the functions l, g and m in problem (FP) are continuously differentiable with

respect to x ∈ Rn, then Lai et al. [85] derived the following necessary conditions for

optimality of (FP).

Theorem 7.1 (Necessary conditions). If x∗ is a solution of (FP) satisfying x∗TDx∗ >

0, x∗TEx∗ > 0, and ∇gh(x
∗), h ∈ H(x∗) are linearly independent, then there exist

(s, t∗, ȳ) ∈ K(x∗), k◦ ∈ R+, w, v ∈ Rn, and µ∗ ∈ Rp
+ such that

s∑
i=1

t∗i

{
∇l(x∗, ȳi)+Dw−k◦(∇m(x∗, ȳi)−Ev)

}
+∇

p∑
h=1

µ∗hgh(x
∗) = 0, (7.1)

l(x∗, ȳi) + (x∗TDx∗)
1
2 − k◦

(
m(x∗, ȳi)− (x∗TEx∗)

1
2

)
= 0, i = 1, 2, · · · , s, (7.2)

p∑
h=1

µ∗hgh(x
∗) = 0, (7.3)

t∗i = 0 (i = 1, 2, · · · , s),
s∑

i=1

t∗i = 1, (7.4)
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

wTDw 5 1, vTEv 5 1,

(x∗TDx∗)1/2 = x∗TDw,

(x∗TEx∗)1/2 = x∗TEv.

(7.5)

Remark 7.1 [19]. It should be pointed out that the exponentials appearing on the

right-hand sides of the inequalities above are understood to be taken componentwise

and 1 = (1, 1, . . . , 1) ∈ Rn.

Remark 7.2. All the theorems in this chapter will be proved only in the case when

p 6= 0, r 6= 0. The proofs in the other cases are easier than in this one. It follows from

the form of inequalities which are given in Definition 7.2. Moreover, without limiting

the generality considerations we shall assume that r > 0.

7.3 Examples

7.1. An example of non trivial function which is (−1, 1)-invex but not

convex.

Let X = [8.75, 9.15] ⊂ R. Consider the function f : X → R defined by f(x) =

log(sin2 x). Let η : X ×X → R be given by

η(x, u) = 12(1 + u).

To prove that f is (−1, 1)-invex, we have to show that

1

r
erf(x)− 1

r
erf(u)

[
1+

r

p
∇f(u)

(
epη(x,u)−1

)]
= 0, for p = −1 and r = 1.

Now, consider

ϕ = ef(x) − ef(u)

[
1−∇f(u)

(
e−η(x,u) − 1

)]
= sin2 x+ sin 2u

(
e−12(1+u) − 1

)
− sin2 u

= 0 ∀ x, u ∈ X, as can be seen from Figure 7.1.

Hence, f is (−1, 1)-invex.



162

Further, for x = 8.8 and u = 9.1, we have

ϑ = f(x)− f(u)− (x− u)T∇f(u)

= 2 log

(
sinx

sinu

)
− (x− u) sin 2u

sin2 u

= −0.5701 < 0

Thus f is not convex function on X.

7.2. An example of non trivial function which is B-(1, 1)-invex but not

(p, r)-invex.

Let X = [0.25, 0.45] ⊂ R. Consider the function f : X → R defined by

f(x) = −x2 + log(8
√
x).

Let η : X ×X → R be given by

η(x, u) = log(1 + 2u2)

and b : X ×X → R+ be defined by

b(x, u) = 4 sin2 x+ sin2 u.

The function f defined above is B-(1, 1)-invex as

φ = b(x, u)(e(f(x)−f(u)) − 1)−∇f(u)(eη(x,u) − 1)

=

[
4 sin2 x+ sin2 u

][
e(u

2−x2)
√

x
u
− 1

]
−
[
u− 4u3

]

= 0 ∀ x, u ∈ X, as can be seen from Figure 7.2.

But it is not (p, r) invex for all p, r ∈ (−1017, 1017) as

ψ = 1
r
erf(x) − 1

r
erf(u)

[
1 + r

p
∇f(u)

(
epη(x,u) − 1

)]
= 1

r
e1.4613×r − 1

r
e1.469×r

[
1 + 0.45× r

p

(
e0.3022×p − 1

)]
(for x = 0.4 and u = 0.42)

< 0 as can be seen from Figure 7.3.

Hence f is B-(1, 1)-invex but not (p, r)-invex.
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Figure 7.1: Graph of ϕ against x and u

Figure 7.2: Graph of φ against x and u
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Figure 7.3: Graph of ψ against r and p
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7.4 Sufficient conditions

Now, we prove the sufficient condition for optimality of (FP) under B-(p, r)-invexity

assumptions.

Theorem 7.2 (Sufficient condition). Let x∗ be a feasible solution of (FP) and there

exist a positive integer s, 1 5 s 5 n + 1, t∗ ∈ Rs
+, ȳi ∈ Y (x∗)(i = 1, 2, · · · s), k◦ ∈

R+, w, v ∈ Rn and µ∗ ∈ Rp
+ satisfying the relations (7.1)-(7.5). Assume that

(i)
s∑

i=1

t∗i
(
l(., ȳi) + (.)TDw − k◦

(
m(., ȳi)− (.)TEv

))
isB-(p, r)-invex at x∗ on S with

respect to η and b satisfying b(x, x∗) > 0 for all x ∈ S,

(ii)
p∑

h=1

µ∗hgh(.) is Bg-(p, r)-invex at x∗ on S with respect to the same function η,

and with respect to the function bg, not necessarily, equal to b.

Then x∗ is an optimal solution of (FP).

Proof. Suppose to the contrary that x∗ is not an optimal solution of (FP). Then

there exists an x̄ ∈ S such that

sup
y∈Y

l(x̄, y) + (x̄TDx̄)1/2

m(x̄, y)− (x̄TEx̄)1/2
< sup

y∈Y

l(x∗, y) + (x∗TDx∗)1/2

m(x∗, y)− (x∗TEx∗)1/2
.

We note that

sup
y∈Y

l(x∗, y) + (x∗TDx∗)1/2

m(x∗, y)− (x∗TEx∗)1/2
=

l(x∗, ȳi) + (x∗TDx∗)1/2

m(x∗, ȳi)− (x∗TEx∗)1/2
= k◦,

for ȳi ∈ Y (x∗), i = 1, 2, · · · , s and

l(x̄, ȳi) + (x̄TDx̄)1/2

m(x̄, ȳi)− (x̄TEx̄)1/2
5 sup

y∈Y

l(x̄, y) + (x̄TDx̄)1/2

m(x̄, y)− (x̄TEx̄)1/2
.

Thus, we have
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l(x̄, ȳi) + (x̄TDx̄)1/2

m(x̄, ȳi)− (x̄TEx̄)1/2
< k◦, for i = 1, 2, · · · , s.

It follows that

l(x̄, ȳi)+(x̄TDx̄)1/2−k◦(m(x̄, ȳi)−(x̄TEx̄)1/2) < 0, for i = 1, 2, · · · , s. (7.6)

From (7.2), (7.4)-(7.6) and Schwartz Inequality, we obtain
s∑

i=1

t∗i {l(x̄, ȳi) + x̄TDw − k◦(m(x̄, ȳi)− x̄TEv)}

5
s∑

i=1

t∗i {l(x̄, ȳi) + (x̄TDx̄)
1
2 − k◦(m(x̄, ȳi)− (x̄TEx̄)

1
2 )}

< 0 =
s∑

i=1

t∗i {l(x∗, ȳi) + (x∗TDx∗)
1
2 − k◦(m(x∗, ȳi)− (x∗TEx∗)

1
2 )}

=
s∑

i=1

t∗i {l(x∗, ȳi) + x∗TDw − k◦(m(x∗, ȳi)− x∗TEv)}.

It follows that

s∑
i=1

t∗i {l(x̄, ȳi) + x̄TDw − k◦(m(x̄, ȳi)− x̄TEv)}

<
s∑

i=1

t∗i {l(x∗, ȳi) + x∗TDw − k◦(m(x∗, ȳi)− x∗TEv)}. (7.7)

As
s∑

i=1

t∗i
(
l(., ȳi) + (.)TDw − k◦

(
m(., ȳi)− (.)TEv

))
is B-(p, r)-invex at x∗ on S with

respect to η and b, we have

1

r
b(x, x∗)

{
e

r

[
s∑

i=1
t∗i (l(x,ȳi)+xT Dw−k◦(m(x,ȳi)−xT Ev))−

s∑
i=1

t∗i (l(x∗,ȳi)+x∗T Dw−k◦(m(x∗,ȳi)−x∗T Ev))
]
− 1

}

=
1

p

{
s∑

i=1

t∗i (∇l(x∗, ȳi) +Dw − k◦ (∇m(x∗, ȳi)− Ev))

}{
epη(x,x∗) − 1

}
holds for all x ∈ S, and so for x = x̄. Using (7.7) and b(x̄, x∗) > 0 together with the

inequality above, we get

1

p

{
s∑

i=1

t∗i (∇l(x∗, ȳi) +Dw − k◦ (∇m(x∗, ȳi)− Ev))

}{
epη(x̄,x∗) − 1

}
< 0. (7.8)

From the feasibility of x̄ together with µ∗h = 0, h ∈ H, we have

p∑
h=1

µ∗hgh(x̄) 5 0. (7.9)
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By Bg-(p, r)-invexity of
p∑

h=1

µ∗hgh(.) at x∗ on S with respect to the same function η,

and with respect to the function bg, we have

1
r
bg(x̄, x

∗)

{
e

r

[
p∑

h=1
µ∗hgh(x̄)−

p∑
h=1

µ∗hgh(x∗)

]
− 1

}
= 1

p

p∑
h=1

∇µ∗hgh(x
∗)
{
epη(x̄,x∗) − 1

}
.

Since bg(x, x
∗) ≥ 0 for all x ∈ S then by (7.3) and (7.9), we obtain

1

p

p∑
h=1

∇µ∗hgh(x
∗)
{
epη(x̄,x∗) − 1

}
5 0. (7.10)

By adding the inequalities (7.8) and (7.10), we have

1
p

{
s∑

i=1

t∗i (∇l(x∗, ȳi) +Dw − k◦ (∇m(x∗, ȳi)− Ev)) +
p∑

h=1

∇µ∗hgh(x
∗)

}
{
epη(x̄,x∗) − 1

}
< 0,

which contradicts (7.1). Hence the result.

7.5 Duality model

Consider the following dual to (FP):

(FD) max
(s,t,ȳ)∈K(a)

sup
(a,µ,k,v,w)∈H1(s,t,ȳ)

k,

where H1(s, t, ȳ) denotes the set of all (a, µ, k, v, w) ∈ Rn × Rp
+ × R+ × Rn × Rn

satisfying

s∑
i=1

ti{∇l(a, ȳi) +Dw − k(∇m(a, ȳi)− Ev)}+∇
p∑

h=1

µhgh(a) = 0, (7.11)

s∑
i=1

ti{l(a, ȳi) + aTDw − k(m(a, ȳi)− aTEv)} = 0, (7.12)

p∑
h=1

µhgh(a) = 0, (7.13)

(s, t, ȳ) ∈ K(a), (7.14)

wTDw 5 1, vTEv 5 1. (7.15)

If, for a triplet (s, t, ȳ) ∈ K(a), the set H1(s, t, ȳ) = ∅, then we define the supremum

over it to be −∞. For convenience, we let
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ψ1(.) =
s∑

i=1

ti{l(., ȳi) + (.)TDw − k(m(., ȳi)− (.)TEv)}.

Let SFD denote a set of all feasible solutions for problem (FD). Moreover, let S1

denote S1 = {a ∈ Rn : (a, µ, k, v, w, s, t, ȳ) ∈ SFD}.

Theorem 7.3 (Weak duality). Let x be a feasible solution of (FP) and (a, µ, k, v, w, s, t, ȳ)

be a feasible of (FD). Let

(i)
s∑

i=1

ti
(
l(., ȳi) + (.)TDw − k

(
m(., ȳi)− (.)TEv

))
is B-(p, r)-invex at a on S ∪ S1

with respect to η and b satisfying b(x, a) > 0,

(ii)
p∑

h=1

µhgh(.) is Bg-(p, r)-invex at a on S ∪S1 with respect to the same function η

and with respect to the function bg, not necessarily, equal to b.

Then

sup
y∈Y

l(x, y) + (xTDx)1/2

m(x, y)− (xTEx)1/2
≥ k. (7.16)

Proof. Suppose to the contrary that

sup
y∈Y

l(x, y) + (xTDx)1/2

m(x, y)− (xTEx)1/2
< k.

Then, we have

l(x, ȳi) + (xTDx)1/2 − k(m(x, ȳi)− (xTEx)1/2) < 0, for all ȳi ∈ Y.

It follows from (7.4) that

ti{l(x, ȳi)+(xTDx)1/2−k(m(x, ȳi)−(xTEx)1/2) ≤ 0, (7.17)

with at least one strict inequality, since t = (t1, t2, · · · , ts) 6= 0.

From (7.12), (7.15) and (7.17), we have
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ψ1(x) =
s∑

i=1

ti{l(x, ȳi) + xTDw − k(m(x, ȳi)− xTEv)}

5
s∑

i=1

ti{l(x, ȳi) + (xTDx)
1
2 − k(m(x, ȳi)− (xTEx)

1
2 )}

< 0 5
s∑

i=1

ti{l(a, ȳi) + aTDw − k(m(a, ȳi)− aTEv)}

= ψ1(a).

Hence

ψ1(x) < ψ1(a). (7.18)

Since
s∑

i=1

ti
(
l(., ȳi) + (.)TDw − k

(
m(., ȳi)− (.)TEv

))
is B-(p, r)-invex at a on S ∪ S1

with respect to η and b, we have

1
r
b(x, a)

{
e

r

[
s∑

i=1
ti(l(x,ȳi)+xT Dw−k(m(x,ȳi)−xT Ev))−

s∑
i=1

ti(l(a,ȳi)+aT Dw−k(m(a,ȳi)−aT Ev))
]
− 1

}
= 1

p

{
s∑

i=1

ti (∇l(a, ȳi) +Dw − k (∇m(a, ȳi)− Ev))

}{
epη(x,a) − 1

}
.

From (7.18) and b(x, a) > 0 together with the inequality above, we get

1

p

{
s∑

i=1

ti (∇l(a, ȳi) +Dw − k (∇m(a, ȳi)− Ev))

}{
epη(x,a) − 1

}
< 0. (7.19)

Using the feasibility of x together with µh = 0, h ∈ H, we obtain

p∑
h=1

µhgh(x) 5 0. (7.20)

From hypothesis (ii), we have

1
r
bg(x, a)

{
e

r

[
p∑

h=1
µhgh(x)−

p∑
h=1

µhgh(a)

]
− 1

}
= 1

p

p∑
h=1

∇µhgh(a)
{
epη(x,a) − 1

}
.

As bg(x, a) = 0 then by (7.13) and (7.20), we obtain

1

p

p∑
h=1

∇µhgh(a)
{
epη(x,a) − 1

}
5 0. (7.21)

Thus, by (7.19) and (7.21), we obtain the inequality

1
p

{
s∑

i=1

ti (∇l(a, ȳi) +Dw − k (∇m(a, ȳi)− Ev)) +
p∑

h=1

∇µhgh(a)

}
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{
epη(x,a) − 1

}
< 0,

which contradicts (7.11). Hence (7.16) holds.

Theorem 7.4 (Strong duality). Let x∗ be an optimal solution of (FP) and∇gh(x
∗), h ∈

H(x∗) is linearly independent. Then there exist (s̄, t̄, ȳ∗) ∈ K(x∗) and (x∗, µ̄, k̄, v̄, w̄) ∈

H1(s̄, t̄, ȳ
∗) such that (x∗, µ̄, k̄, v̄, w̄, s̄, t̄, ȳ∗) is a feasible solution of (FD). Further, if the

hypotheses of Theorem 7.3 are satisfied for all feasible solutions (a, µ, k, v, w, s, t, ȳ) of

(FD), then (x∗, µ̄, k̄, v̄, w̄, s̄, t̄, ȳ∗) is an optimal solution of (FD) and the two objectives

have the same optimal values.

Proof. If x∗ be an optimal solution of (FP) and ∇gh(x
∗), h ∈ H(x∗) is linearly in-

dependent, then by Theorem 7.1, there exist (s̄, t̄, ȳ∗) ∈ K(x∗) and (x∗, µ̄, k̄, v̄, w̄) ∈

H1(s̄, t̄, ȳ
∗) such that (x∗, µ̄, k̄, v̄, w̄, s̄, t̄, ȳ∗) is feasible for (FD) and problems (FP) and

(FD) have the same objective values and

k̄ =
l(x∗, ȳ∗i ) + (x∗TDx∗)1/2

m(x∗, ȳ∗i )− (x∗TEx∗)1/2
.

The optimality of this feasible solution for (FD) thus follows from Theorem 7.3.

Theorem 7.5 (Strict converse duality). Let x∗ and (ā, µ̄, k̄, v̄, w̄, s̄, t̄, ȳ∗) be the op-

timal solutions of (FP) and (FD), respectively and ∇gh(x
∗), h ∈ H(x∗) is linearly

independent. Suppose that
s∑

i=1

ti
(
l(., ȳi) + (.)TDw − k̄

(
m(., ȳi)− (.)TEv

))
is strictly

B-(p, r)-invex at a on S ∪ S1 with respect to η and b satisfying b(x, a) > 0 for all

x ∈ S. Furthermore assume that
p∑

h=1

µhgh(.) is Bg-(p, r)-invex at a on S ∪ S1 with

respect to the same function η and with respect to the function bg, not necessarily,

equal to the function b. Then x∗ = ā, that is, ā is an optimal point in (FP) and

sup
y∈Y

l(ā, ȳ∗) + (āTDā)1/2

m(ā, ȳ∗)− (āTEā)1/2
= k̄.

Proof. We shall assume that x∗ 6= ā and reach a contradiction. From the strong

duality theorem (Theorem 7.4), it follows that

sup
y∈Y

l(x∗, ȳ∗) + (x∗TDx∗)1/2

m(x∗, ȳ∗)− (x∗TEx∗)1/2
= k̄. (7.22)
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By feasibility of x∗ together with µh = 0, h ∈ H, we obtain

p∑
h=1

µhgh(x
∗) 5 0. (7.23)

By assumption,
p∑

h=1

µhgh(.) is Bg-(p, r)-invex at a on S ∪ S1 with respect to η and

with respect to the bg. Then, by Definition 7.2, there exists a function bg such that

bg(x, a) = 0 for all x ∈ S and a ∈ S1. Hence by (7.13) and (7.23),

1
r
bg(x

∗, ā)

{
e

r

[
p∑

h=1
µhgh(x∗)−

p∑
h=1

µhgh(ā)

]
− 1

}
5 0.

Then, from Definition 7.2, we get

1

p

p∑
h=1

∇µhgh(ā)
{
epη(x∗,ā) − 1

}
5 0. (7.24)

Therefore, by (7.24), we obtain the inequality

1
p

{
s∑

i=1

ti
(
∇l(ā, ȳi) +Dw − k̄ (∇m(ā, ȳi)− Ev)

)}{
epη(x∗,ā) − 1

}
= 0.

As
s∑

i=1

ti
(
l(., ȳi) + (.)TDw − k̄

(
m(., ȳi)− (.)TEv

))
is strictly B-(p, r)-invex with re-

spect to η and b at ā on S ∪ S1. Then, by the Definition of strictly B-(p, r)-invexity

and from above inequality, it follows that

1
r
b(x∗, ā)×{
e

r

[
s∑

i=1
ti(l(x∗,ȳi)+x∗T Dw−k̄(m(x∗,ȳi)−x∗T Ev))−

s∑
i=1

ti(l(ā,ȳi)+āT Dw−k̄(m(ā,ȳi)−āT Ev))
]
− 1

}
> 0.

From the hypothesis b(x∗, ā) > 0, and the above inequality, we get
s∑

i=1

ti
(
l(x∗, ȳi) + x∗TDw − k̄

(
m(x∗, ȳi)− x∗TEv

))
−

s∑
i=1

ti
(
l(ā, ȳi) + āTDw − k̄

(
m(ā, ȳi)− āTEv

))
> 0.

Therefore, by (7.12),
s∑

i=1

ti
(
l(x∗, ȳi) + x∗TDw − k̄

(
m(x∗, ȳi)− x∗TEv

))
> 0.

Since ti = 0, i = 1, 2, . . . , s, therefore there exists i∗ such that

l(x∗, ȳ∗i ) + x∗TDw − k̄
(
m(x∗, ȳ∗i )− x∗TEv

)
> 0.

Hence, we obtain the following inequality
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l(x∗, ȳ∗i ) + (x∗TDx∗)1/2

m(x∗, ȳ∗i )− (x∗TEx∗)1/2
> k̄,

which contradicts (7.22). Hence the result.



Chapter 8

NONDIFFERENTIABLE MULTIOBJECTIVE

FRACTIONAL VARIATIONAL

PROGRAMMING PROBLEMS

8.1 Introduction

Hanson [66] surveyed and generalized the relationship between mathematical

programming and classical calculus of variation. Optimality conditions and duality

results were obtained for scalar valued variational problems by Mond and Hanson

[98] under convexity. Bector et al. [27] extended symmetric duality to variational

programming, giving continuous analogous of the results of Dantzig et al. [48] and

Mond and Weir [103], respectively.

Ahmad and Husain [11] introduced second-order (F, α, ρ, d)-convex functions and

their generalizations and developed weak, strong and strict converse duality theorems

for second-order Mond-Weir type multiobjective dual. Hachimi and Aghezzaf [65] ex-

tended the concepts of (F, α, ρ, d) type-I functions and generalized type-I functions

to the continuous case and established various sufficient optimality conditions and

mixed duality results for multiobjective variational problems. Recently, Ahmad and

Sharma [15] formulated a pair of multiobjective fractional variational symmetric dual

problems over arbitrary cones and obtained usual duality results under generalized

F -convexity assumptions.
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This chapter is organized as follows: In Section 8.2, we give some definitions and

preliminaries related with the chapter. In Section 8.3, we formulate a pair of multiob-

jective fractional variational symmetric dual problems for a class of nondifferentiable

functions over arbitrary cones and prove weak, strong and converse duality theorems

under (F, α, ρ, d)-convexity/pseudoconvexity assumptions. Self duality for this pair

is also discussed in Section 8.4.

8.2 Notations and definitions

Let I = [a, b] be a real interval and C1 ⊂ Rn, C2 ⊂ Rm, be closed convex

cones with nonempty interiors having positive polars C∗
1 and C∗

2 , respectively. Let

for each i ∈ L = {1, 2, . . . , l}, f i(t, x(t), ẋ(t), y(t), ẏ(t)) and gi(t, x(t), ẋ(t), y(t), ẏ(t)),

where x : I → Rn and y : I → Rm, with derivatives ẋ and ẏ, are twice continuously

differentiable functions. For i ∈ L, the symbols f i
x, f

i
ẋ, f

i
y and f i

ẏ denote gradient

vectors of the scalar function f i(t, x, ẋ, y, ẏ) with respect to x, ẋ, y and ẏ, respectively.

We have

f i
x =

(∂f i

∂x1
, . . . ,

∂f i

∂xn

)T
, f i

ẋ =
(∂f i

∂ẋ1
, . . . ,

∂f i

∂ẋn

)T
.

Similarly, gi
x, g

i
ẋ, g

i
y and gi

ẏ denote the gradient vectors of gi(t, x, ẋ, y, ẏ) with respect

to x, ẋ, y and ẏ, respectively.

The following observations are used for proving duality results:

Df i
ẏ = f i

ẏt + f i
ẏyẏ + f i

ẏẏÿ + f i
ẏxẋ+ f i

ẏẋẍ.

Consequently,
∂

∂y
Df i

ẏ = Df i
ẏy,

∂

∂ẏ
Df i

ẏ = Df i
ẏẏ + f i

ẏy,
∂

∂ÿ
Df i

ẏ = f i
ẏẏ,

∂

∂x
Df i

ẏ = Df i
ẏx,

∂

∂ẋ
Df i

ẏ = Df i
ẏẋ + f i

ẏx,
∂

∂ẍ
Df i

ẏ = f i
ẏẋ, i ∈ L.

Similarly, Dgi
ẏ can be defined.

Let X(I, Rn) denotes the space of piecewise smooth functions x with norm

‖ x ‖=‖ x ‖∞ + ‖ Dx ‖∞,

where the differentiation operator D is given by
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u = Dx⇔ x(t) = α1 +
∫ t

a
u(s)ds,

where α1 is a given boundary value. Therefore, d
dt
≡ D except at discontinuities.

Denote by Y (I, Rm), the space of piecewise smooth functions y : I → Rm with the

norm as that of space X(I, Rn).

Consider the following multiobjective variational problem:

(NFP) Minimize∫ b

a

φ(t, x(t), ẋ(t))dt =

(∫ b

a

φ1(t, x(t), ẋ(t))dt, . . . ,

∫ b

a

φl(t, x(t), ẋ(t))dt

)
subject to x(a) = 0 = x(b),

ẋ(a) = 0 = ẋ(b),

h(t, x(t), ẋ(t)) 5 0, t ∈ I,

where φ : I ×Rn ×Rn → Rl and h : I ×Rn ×Rn → Rm are differentiable functions.

Let S be the set of all feasible solutions of (NFP), i.e.,

S = {x ∈ X(I, Rn) | x(a) = 0 = x(b), ẋ(a) = 0 = ẋ(b), h(t, x(t), ẋ(t)) 5 0, t ∈ I}.

Definition 8.1. A point x̄ ∈ S is an efficient (or pareto optimal) solution of (NFP)

if there exist no other x ∈ S such that

∫ b

a

φ(t, x(t), ẋ(t))dt ≤
∫ b

a

φ(t, x̄(t), ˙̄x(t))dt.

Definition 8.2. A point x̄ ∈ S is a weak efficient solution of (NFP) if there ex-

ist no other x ∈ S such that

∫ b

a

φ(t, x(t), ẋ(t))dt <

∫ b

a

φ(t, x̄(t), ˙̄x(t))dt.

Let F and G be sublinear functional with respect to third variable and d = (d1, d2),

where d1 = (d1
1, d

1
2, . . . , d

1
l ) : I × Rn × Rn × Rn × Rn → Rl, d2 = (d2

1, d
2
2, . . . , d

2
l ) :

I×Rm×Rm×Rm×Rm → Rl. Let f = (f 1, f2, . . . , f l) : I×Rn×Rn×Rm×Rm → Rl be

differentiable function, α = (α1, α2), where α1 : Rn×Rn → R+\{0}, α2 : Rm×Rm →
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R+\{0} and ρ = (ρ1, ρ2), where ρ1 = (ρ1
1, ρ

1
2, . . . , ρ

1
l ), ρ

2 = (ρ2
1, ρ

2
2, . . . , ρ

2
l ) ∈ Rl.

Definition 8.3. For each i ∈ L,

∫ b

a

f i(t, x, ẋ, y, ẏ) is said to be (F, α1, ρ
1
i , d

1
i )-convex

in x and ẋ for fixed y and ẏ, if∫ b

a

f i(t, x, ẋ, y, ẏ)dt−
∫ b

a

f i(t, u, u̇, y, ẏ)dt

=
∫ b

a

F (t, x, ẋ, y, ẏ;α1(x, u)(f
i
x(t, u, u̇, y, ẏ)

−Df i
ẋ(t, u, u̇, y, ẏ)))dt+ ρ1

i

∫ b

a

(
d1

i (t, x, ẋ, u, u̇)
)2
dt

for all x, u : I → Rn and for some arbitrary sublinear functional F .

Definition 8.4. For each i ∈ L,

∫ b

a

f i(t, x, ẋ, y, ẏ) is said to be (F, α1, ρ
1
i , d

1
i )-

pseudoconvex in x and ẋ for fixed y and ẏ, if∫ b

a

F (t, x, ẋ, y, ẏ;α1(x, u)(f
i
x(t, u, u̇, y, ẏ)−Df i

ẋ(t, u, u̇, y, ẏ)))dt = 0

⇒
∫ b

a

f i(t, x, ẋ, y, ẏ)dt =
∫ b

a

f i(t, u, u̇, y, ẏ)dt+ ρ1
i

∫ b

a

(
d1

i (t, x, ẋ, u, u̇)
)2
dt,

for all x, u : I → Rn and for some arbitrary sublinear functional F .

In the sequel, we will write F (t, x, u; ξ) for F (t, x, ẋ, u, u̇; ξ) andG(t, v, y; η) forG(t, v, v̇, y, ẏ; η).

8.3 Problem formulation and duality results

Kim and Lee [80] formulated a pair of symmetric dual variational problems

in the spirit of Mond and Weir [103] using pseudo-invexity. Recently, Hachimi and

Aghezzaf [65] proved mixed duality results for multiobjective variational programming

problems using the concept of generalized (F, α, ρ, d)-type I functions. Very recently,

Ahmad and Sharma [15] formulated multiobjective fractional variational symmetric

dual problems over arbitrary cones and established usual duality theorems under

generalized F -convexity assumptions.

Now, we consider the problem of finding functions x : I → Rn and y : I → Rm,

where (ẋ, ẏ) is piecewise smooth on I, to solve the following pair of symmetric dual

multiobjective nondifferentiable fractional variational problems over arbitrary cones:



177

Primal Problem (VP)

minimize∫ b

a

{f(t, x, ẋ, y, ẏ) + s(x | B)− yT z}dt∫ b

a

{g(t, x, ẋ, y, ẏ)− s(x | E) + yT r}dt

=

(∫ b

a

{f 1(t, x, ẋ, y, ẏ) + s(x | B1)− yT z1}dt∫ b

a

{g1(t, x, ẋ, y, ẏ)− s(x | E1) + yT r1}dt
, . . . ,

∫ b

a

{f l(t, x, ẋ, y, ẏ) + s(x | Bl)− yT zl}dt∫ b

a

{gl(t, x, ẋ, y, ẏ)− s(x | El) + yT rl}dt

)

subject to x(a) = 0 = x(b), y(a) = 0 = y(b),

ẋ(a) = 0 = ẋ(b), ẏ(a) = 0 = ẏ(b),

−
l∑

i=1

λi

{[
f i

y −Df i
ẏ − zi

]
−
[
gi

y −Dgi
ẏ + ri

]F i(x, y)

Gi(x, y)

}
∈ C∗

2 , t ∈ I,

yT
l∑

i=1

λi

{[
f i

y −Df i
ẏ − zi

]
−
[
gi

y −Dgi
ẏ + ri

]F i(x, y)

Gi(x, y)

}
= 0, t ∈ I,

λ > 0, x(t) ∈ C1, t ∈ I,

zi ∈ Di, ri ∈ Hi, i = 1, 2, . . . , l.

Dual Problem (VD)

maximize∫ b

a

{f(t, u, u̇, v, v̇)− s(v | D) + uTw}dt∫ b

a

{g(t, u, u̇, v, v̇) + s(v | H)− uT s}dt

=

(∫ b

a

{f 1(t, u, u̇, v, v̇)− s(v | D1) + uTw1}dt∫ b

a

{g1(t, u, u̇, v, v̇) + s(v | H1)− uT s1}dt
, . . . ,

∫ b

a

{f l(t, u, u̇, v, v̇)− s(v | Dl) + uTwl}dt∫ b

a

{gl(t, u, u̇, v, v̇) + s(v | Hl)− uT sl}dt

)

subject to u(a) = 0 = u(b), v(a) = 0 = v(b),

u̇(a) = 0 = u̇(b), v̇(a) = 0 = v̇(b),
l∑

i=1

λi

{[
f i

x −Df i
ẋ + wi

]
−
[
gi

x −Dgi
ẋ − si

]M i(u, v)

Li(u, v)

}
∈ C∗

1 , t ∈ I,

uT
l∑

i=1

λi

{[
f i

x −Df i
ẋ + wi

]
−
[
gi

x −Dgi
ẋ − si

]M i(u, v)

Li(u, v)

}
5 0, t ∈ I,
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λ > 0, v(t) ∈ C2, t ∈ I,

wi ∈ Bi, si ∈ Ei, i = 1, 2, . . . , l,

where f i : I×Rn×Rn×Rm×Rm → R and gi : I×Rn×Rn×Rm×Rm → R, i ∈ L,

are continuously differentiable functions and

F i(x, y) =

∫ b

a

{
f i(t, x, ẋ, y, ẏ) + s(x | Bi)− yT zi

}
dt;

Gi(x, y) =

∫ b

a

{
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

}
dt;

M i(u, v) =

∫ b

a

{
f i(t, u, u̇, v, v̇)− s(v | Di) + uTwi

}
dt;

and

Li(u, v) =

∫ b

a

{
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

}
dt.

Assume that

Gi(x, y) > 0, Li(u, v) > 0, F i(x, y) = 0, M i(u, v) = 0, ∀ i.

In order to simplify the notations, let

pi =
F i(x, y)

Gi(x, y)
=

∫ b

a

{
f i(t, x, ẋ, y, ẏ) + s(x | Bi)− yT zi

}
dt∫ b

a

{
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

}
dt

and

qi =
M i(u, v)

Li(u, v)
=

∫ b

a

{
f i(t, u, u̇, v, v̇)− s(v | Di) + uTwi

}
dt∫ b

a

{
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

}
dt

and express problems (VP) and (VD) equivalently as follows:

Primal Problem (FVP)

Minimize p =
(
p1, p2, . . . , pl

)
subject to

x(a) = 0 = x(b), y(a) = 0 = y(b), (8.1)

ẋ(a) = 0 = ẋ(b), ẏ(a) = 0 = ẏ(b), (8.2)

∫ b

a

{
f i(t, x, ẋ, y, ẏ) + s(x | Bi)− yT zi

}
dt

−pi

∫ b

a

{
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

}
dt = 0, i ∈ L, (8.3)
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−
l∑

i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
∈ C∗

2 , t ∈ I, (8.4)

yT

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
= 0, t ∈ I, (8.5)

λ > 0, x(t) ∈ C1, t ∈ I, (8.6)

zi ∈ Di, ri ∈ Hi, i = 1, 2, . . . , l. (8.7)

Dual Problem (FVD)

Maximize q =
(
q1, q2, . . . , ql

)
subject to

u(a) = 0 = u(b), v(a) = 0 = v(b), (8.8)

u̇(a) = 0 = u̇(b), u̇(a) = 0 = u̇(b), (8.9)

∫ b

a

{
f i(t, u, u̇, v, v̇)− s(v | Di) + uTwi

}
dt

−qi
∫ b

a

{
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

}
dt = 0, i ∈ L, (8.10)

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
∈ C∗

1 , t ∈ I, (8.11)

uT

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
5 0, t ∈ I, (8.12)

λ > 0, v(t) ∈ C2, t ∈ I, (8.13)

wi ∈ Bi, si ∈ Ei, i = 1, 2, . . . , l. (8.14)

In the above problems (FVP) and (FVD), it is to be noted that p and q are non-

negative. Let P and Q denote the sets of feasible solutions of (FVP) and (FVD),

respectively. In the subsequent analysis, usual duality theorems are discussed in

terms of (FVP) and (FVD), but equally apply to (VP) and (VD).

Now we establish weak, strong, converse and self duality theorems for the problems

(FVP) and (FVD).
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Theorem 8.1 (Weak duality). Let (x, y, p, λ, z, r) ∈ P and (u, v, q, λ, w, s) ∈ Q. Let

the sublinear functionals F : I×Rn×Rn×Rn 7→ R and G : I×Rm×Rm×Rm 7→ R

satisfy the following conditions:

F
(
t, x, u; a

)
+ α−1

1 aTu = 0, for all a ∈ C∗
1 , t ∈ I (A)

G
(
t, v, y; b

)
+ α−1

2 bTy = 0, for all b ∈ C∗
2 , t ∈ I. (B)

Suppose that either

(i)
l∑

i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt+
l∑

i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt = 0

or ρ1
i = 0 and ρ2

i = 0, i ∈ L.

Furthermore, assume that
l∑

i=1

λi

∫ b

a

{(
f i(t, ·, ·, v, v̇)+(·)Twi

)
−qi
(
gi(t, ·, ·, v, v̇)−(·)T si

)}
dt

is (F, α1, ρ
1
i , d

1
i )-pseudoconvex in x and ẋ,

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, ·, ·)−(·)T zi

)
−pi

(
gi(t, x, ẋ, ·, ·)+

(·)T ri
)}
dt is (G,α2, ρ

2
i , d

2
i )-pseudoconcave in y and ẏ.

Then p � q.

Proof. As (x, y, p, λ, z, r) is feasible for the primal problem (FVP) and (u, v, q, λ, w, s)

is feasible for the dual problem (FVD), α1(x, u) > 0, by the dual constraint (8.11),

the vector a = α1(x, u)
l∑

i=1

λi

{[
f i

x−Df i
ẋ +wi

]
− qi

[
gi

x−Dgi
ẋ− si

]}
∈ C∗

1 , t ∈ I, and

so from hypothesis (A), we obtain

F

(
t, x, u;α1(x, u)

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
= −uT

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
= 0 (by dual constraint (8.12)).

By using sublinearity of F , we get

l∑
i=1

λiF

(
t, x, u;α1(x, u)

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
= 0,

which implies

l∑
i=1

λi

∫ b

a

F

(
t, x, u;α1(x, u)

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
dt = 0. (8.15)
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This, in view of (F, α1, ρ
1
i , d

1
i )-pseudoconvexity of

l∑
i=1

λi

∫ b

a

{
(
f i(t, ·, ·, v, v̇) + (·)Twi

)
−

qi
(
gi(t, ·, ·, v, v̇)− (·)T si

)
}dt in x and ẋ, we have

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + xTwi

)
−qi
(
gi(t, x, ẋ, v, v̇) + s(v | Hi)− xT si

)}
dt

=
l∑

i=1

λi

∫ b

a

{(
f i(t, u, u̇, v, v̇) + uTwi

)
− qi

(
gi(t, u, u̇, v, v̇) + s(v | Hi)

−uT si

)}
dt+

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt. (8.16)

Since xTwi 5 s(x | Bi), w
i ∈ Bi, i = 1, 2, . . . , l, (8.16) can be written as

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)

)
− qi

(
gi(t, x, ẋ, v, v̇) + s(v | Hi)− xT si

)}
dt

=
l∑

i=1

λi

∫ b

a

{(
f i(t, u, u̇, v, v̇) + uTwi

)
− qi

(
gi(t, u, u̇, v, v̇) + s(v | Hi)

− uT si

)}
dt+

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt.

From xT si 5 s(x | Ei), s
i ∈ Ei, v

T ri 5 s(v | Hi), r
i ∈ Hi, qi = 0, i = 1, 2, . . . , l, by

above inequality, we obtain

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)

−qi
(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt =

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt. (8.17)

By the primal constraint (8.4), α2(v, y) > 0, taking vector b = −α2(v, y)
l∑

i=1

λi

{[
f i

y −

Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
∈ C∗

2 , t ∈ I, and using hypothesis (B), we obtain

G

(
t, v, y;−α2(v, y)

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]})
= yT

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
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= 0 (by primal constraint (8.5)).

Using sublinearity of G, we get

l∑
i=1

λiG

(
t, v, y;−α2(v, y)

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]})
= 0,

which implies

l∑
i=1

λi

∫ b

a

G

(
t, v, y;−α2(v, y)

{[
f i

y−Df i
ẏ−zi

]
−pi

[
gi

y−Dgi
ẏ +ri

]})
dt = 0. (8.18)

The (G,α2, ρ
2
i , d

2
i )-pseudoconcavity of

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, ·, ·)−(·)T zi

)
−pi

(
gi(t, x, ẋ, ·, ·)+

(·)T ri
)}
dt in y and ẏ yields

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇)− vT zi

)
−pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt

5
l∑

i=1

λi

∫ b

a

{(
f i(t, x, ẋ, y, ẏ)− yT zi

)
− pi

(
gi(t, x, ẋ, y, ẏ)− s(x | Ei)

+yT ri

)}
dt−

l∑
i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.19)

Since vT zi 5 s(v | Di), z
i ∈ Di, i = 1, 2, . . . , l, (8.19) becomes

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)

−pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt 5 −

l∑
i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.20)
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From (8.17) and (8.20), we get

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
− qi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei)

+vT ri

)}
dt−

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
− pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei)

+vT ri

)}
dt =

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt+
l∑

i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.21)

Using hypothesis (i) in (8.21), we obtain

l∑
i=1

λi

(
pi− qi

) ∫ b

a

(
gi(t, x(t), ẋ(t), v(t), v̇(t))−s(x | Ei)+vT ri

)
dt = 0. (8.22)

If, for some i ∈ L, pi < qi and pi 5 qj, for all j 6= i, then from λ > 0 and∫ b

a

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)
dt > 0, i = 1, 2, . . . , l, implies that

l∑
i=1

λi

(
pi − qi

) ∫ b

a

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)
dt < 0,

which contradicts (8.22). Hence p � q.

Theorem 8.2 (Weak duality). Let (x, y, p, λ, z, r) ∈ P and (u, v, q, λ, w, s) ∈ Q. Let

the sublinear functionals F : I×Rn×Rn×Rn 7→ R and G : I×Rm×Rm×Rm 7→ R

satisfy the following conditions:

F
(
t, x, u; a

)
+ α−1

1 aTu = 0, for all a ∈ C∗
1 , t ∈ I (A)

G
(
t, v, y; b

)
+ α−1

2 bTy = 0, for all b ∈ C∗
2 , t ∈ I. (B)

Suppose that either

(i)
l∑

i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt+
l∑

i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt = 0

or ρ1
i = 0 and ρ2

i = 0, i ∈ L.

Furthermore, assume that

∫ b

a

{(
f i(t, ·, ·, v, v̇)+(·)Twi

)
−qi

(
gi(t, ·, ·, v, v̇)− (·)T si

)}
dt

is (F, α1, ρ
1
i , d

1
i )-convex in x and ẋ,

∫ b

a

{(
f i(t, x, ẋ, ·, ·) − (·)T zi

)
− pi

(
gi(t, x, ẋ, ·, ·) +

(·)T ri
)}
dt is (G,α2, ρ

2
i , d

2
i )-concave in y and ẏ.

Then

p � q. (8.23)
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Proof. Assume by contradiction that (8.23) is not true, that is, p ≤ q, i.e., pi < qi, for

some i ∈ L and pi 5 qj, for all j 6= i, then from λ > 0 and

∫ b

a

(
gi(t, x, ẋ, v, v̇)− s(x |

Ei) + vT ri

)
dt > 0, i = 1, 2, . . . , l, we have

l∑
i=1

λi

(
pi− qi

) ∫ b

a

(
gi(t, x, ẋ, v, v̇)−s(x | Ei)+vT ri

)
dt < 0. (8.24)

Since (x, y, p, λ, z, r) is feasible for the primal problem (FVP) and (u, v, q, λ, w, s) is

feasible for the dual problem (FVD), α1(x, u) > 0, by the dual constraint (8.11), the

vector a = α1(x, u)
l∑

i=1

λi

{[
f i

x −Df i
ẋ +wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
∈ C∗

1 , t ∈ I, and so

from hypothesis (A), we obtain

F

(
t, x, u;α1(x, u)

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
= −uT

l∑
i=1

λi

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]}
= 0 (by dual constraint (8.12)).

By using sublinearity of F , we get
l∑

i=1

λiF

(
t, x, u;α1(x, u)

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
= 0,

which further implies

l∑
i=1

λi

∫ b

a

F

(
t, x, u;α1(x, u)

{[
f i

x−Df i
ẋ+wi

]
−qi
[
gi

x−Dgi
ẋ−si

]})
dt = 0. (8.25)

Since

∫ b

a

{
(
f i(t, ·, ·, v, v̇)+(·)Twi

)
−qi
(
gi(t, ·, ·, v, v̇)−(·)T si

)
}dt is (F, α1, ρ

1
i , d

1
i )-convex

in x and ẋ, we have∫ b

a

{(
f i(t, x, ẋ, v, v̇) + xTwi

)
− qi

(
gi(t, x, ẋ, v, v̇) + s(v | Hi)− xT si

)}
dt

−
∫ b

a

{(
f i(t, u, u̇, v, v̇) + uTwi

)
− qi

(
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

)}
dt

=
∫ b

a

F

(
t, x, u;α1(x, u)

{[
f i

x −Df i
ẋ + wi

]
− qi

[
gi

x −Dgi
ẋ − si

]})
dt

+ρ1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt. (8.26)
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Using (8.13) and (8.25) in (8.26), we obtain

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + xTwi

)
− qi

(
gi(t, x, ẋ, v, v̇) + s(v | Hi)− xT si

)}
dt

−
l∑

i=1

λi

∫ b

a

{(
f i(t, u, u̇, v, v̇) + uTwi

)
− qi

(
gi(t, u, u̇, v, v̇) + s(v | Hi)− uT si

)}
dt

=
l∑

i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt. (8.27)

Since xTwi 5 s(x | Bi), w
i ∈ Bi, i = 1, 2, . . . , l, (8.27) can be written as

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
−qi
(
gi(t, x, ẋ, v, v̇)+s(v | Hi)−xT si

)}
dt =

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt.

From xT si 5 s(x | Ei), s
i ∈ Ei, v

T ri 5 s(v | Hi), r
i ∈ Hi, qi = 0, i = 1, 2, . . . , l, by

above inequality, we obtain

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)

−qi
(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt =

l∑
i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt. (8.28)

By the primal constraint (8.4), α2(v, y) > 0, taking vector b = −α2(v, y)
l∑

i=1

λi

{[
f i

y −

Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
∈ C∗

2 , t ∈ I, and using hypothesis (B), we obtain

G

(
t, v, y;−α2(v, y)

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]})
= yT

l∑
i=1

λi

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]}
= 0 (by primal constraint (8.5)).

Using sublinearity of G, we get
l∑

i=1

λiG

(
t, v, y;−α2(v, y)

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]})
= 0,

which shows that

l∑
i=1

λi

∫ b

a

G

(
t, v, y;−α2(v, y)

{[
f i

y−Df i
ẏ−zi

]
−pi

[
gi

y−Dgi
ẏ+ri

]})
dt = 0. (8.29)
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The (G,α2, ρ
2
i , d

2
i )-concavity of

∫ b

a

{
(
f i(t, x, ẋ, ·, ·)−(·)T zi

)
−pi

(
gi(t, x, ẋ, ·, ·)+(·)T ri

)
}dt

in y and ẏ yields∫ b

a

{(
f i(t, x, ẋ, v, v̇)− vT zi

)
− pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt+

∫ b

a

G

(
t, v, y;

−α2(v, y)

{[
f i

y −Df i
ẏ − zi

]
− pi

[
gi

y −Dgi
ẏ + ri

]})
dt 5

∫ b

a

{(
f i(t, x, ẋ, y, ẏ)

−yT zi

)
− pi

(
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

)}
dt− ρ2

i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.30)

From (8.6), (8.29) and (8.30), we have

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇)− vT zi

)
− pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt

5
l∑

i=1

λi

∫ b

a

{(
f i(t, x, ẋ, y, ẏ)− yT zi

)
− pi

(
gi(t, x, ẋ, y, ẏ)− s(x | Ei) + yT ri

)}
dt

−
l∑

i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.31)

Since vT zi 5 s(v | Di), z
i ∈ Di, i = 1, 2, . . . , l, (8.31) becomes

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)

−pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt 5 −

l∑
i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.32)

From (8.28) and (8.32), we get

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
−qi
(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt

−
l∑

i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
−pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt

=
l∑

i=1

λiρ
1
i

∫ b

a

[
d1

i (t, x, ẋ, u, u̇)

]2

dt+
l∑

i=1

λiρ
2
i

∫ b

a

[
d2

i (t, v, v̇, y, ẏ)

]2

dt. (8.33)
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Using hypothesis (i) in (8.33), we obtain

l∑
i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
−qi
(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt

=
l∑

i=1

λi

∫ b

a

{(
f i(t, x, ẋ, v, v̇) + s(x | Bi)− s(v | Di)

)
−pi

(
gi(t, x, ẋ, v, v̇)− s(x | Ei) + vT ri

)}
dt.

that is,

l∑
i=1

λi

(
pi− qi

) ∫ b

a

(
gi(t, x(t), ẋ(t), v(t), v̇(t))− s(x | Ei)+ vT ri

)
dt = 0, (8.34)

which contradicts (8.24). Hence the result.

Any problem, say (FVD), in which λ is fixed to be λ̄ will be denoted by (FV D)λ̄.

Theorem 8.3 (Strong duality). Let (x̄, ȳ, p̄, λ̄, z̄, r̄) be a weakly efficient solution for

(FVP). Assume that

(i)

[
σ(t)T

{
l∑

i=1

λ̄i

[(
f i

yy−p̄ig
i
yy

)
−D

(
f i

ẏy−p̄ig
i
ẏy

)]}
+D

[
σ(t)T

l∑
i=1

λ̄i

{
D(f i

ẏẏ−p̄ig
i
ẏẏ)
}]

+

D2
{
− σ(t)T

l∑
i=1

λ̄i

(
f i

ẏẏ − p̄ig
i
ẏẏ

)}]
σ(t) = 0

implies σ(t) = 0, ∀ t ∈ I, and

(ii) the set of vectors

{(
f i

y − z̄i
)
− p̄i

(
gi

y + r̄i
)
−D

(
f i

ẏ − p̄ig
i
ẏ

)}l

i=1

is linearly inde-

pendent.

Then there exist w̄i ∈ Rn, s̄i ∈ Rn, i = 1, 2, . . . , l, such that (x̄, ȳ, p̄, w̄, s̄) is feasible

for (FV D)λ̄, and the objective values of (FVP) and (FV D)λ̄ are equal. Furthermore,

if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of

(FV P )λ̄ and (FV D)λ̄, then (x̄, ȳ, p̄, w̄, s̄) is an efficient solution of (FV D)λ̄.

Proof. Since (x̄, ȳ, p̄, λ̄, z̄, r̄) be a weakly efficient solution of (FVP), by Fritz John

optimality conditions [123], there exist α ∈ Rl, β ∈ Rl, piecewise smooth γ(t) : I →
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C2, ξ(t) : I → R and δ ∈ Rl such that

M̃ =
l∑

i=1

αipi +
l∑

i=1

βi

[(
f i + s(x̄ | Bi)− ȳT z̄i

)
− p̄i

(
gi − s(x̄ | Ei) + ȳT r̄i

)]
+
[
γ − ξȳT

][ l∑
i=1

λi

{(
f i

y − z̄i
)
− p̄i

(
gi

y + r̄i
)
−D

(
f i

ẏ − p̄ig
i
ẏ

)}]
− δT λ̄

satisfies the following conditions at (x̄, ȳ, p̄, λ̄, z̄, r̄) :[
M̃x−DM̃ẋ +D2M̃ẍ

]{
x(t)− x̄(t)

}
= 0, ∀ x(t) ∈ C1, t ∈ I, (8.35)

M̃y−DM̃ẏ +D2M̃ÿ = 0, t ∈ I, (8.36)

M̃λ = 0, t ∈ I, (8.37)

M̃p = 0, t ∈ I, (8.38)

∫ b

a

βi

[(
f i + s(x̄ | Bi)− ȳT z̄i

)
−p̄i(g

i − s(x̄ | Ei) + ȳT r̄i)

]
dt = 0, i ∈ L, t ∈ I, (8.39)

γT

l∑
i=1

λ̄i

{(
f i

y−z̄i
)
−p̄i

(
gi

y+r̄
i
)
−D

(
f i

ẏ−p̄ig
i
ẏ

)}
= 0, t ∈ I, (8.40)

ξȳT

l∑
i=1

λi

{(
f i

y− z̄i
)
− p̄i

(
gi

y + r̄i
)
−D

(
f i

ẏ− p̄ig
i
ẏ

)}
= 0, t ∈ I, (8.41)

δT λ̄ = 0, (8.42)

s(x̄ | Bi) = x̄Tηi, ηi ∈ Bi, i = 1, 2, . . . , l, (8.43)

s(x̄ | Ei) = x̄T θi, θi ∈ Ei, i = 1, 2, . . . , l, (8.44)

βiȳ
T +
[
γ−ξȳ

]
λ̄i ∈ NDi

(z̄i), (8.45)

p̄i

[
βiȳ+

(
γ−ξȳ

)
λ̄i

]
∈ NHi

(r̄i), (8.46)

(α, β, γ, ξ, δ) 6= 0, t ∈ I. (8.47)

The above relation hold throughout the interval I, except at the corners of (x̄, ȳ, p̄, λ̄, z̄, r̄),

where (8.35) and (8.36) hold for unique right and left hand limits. The piecewise
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smooth functions γ and ξ are continuously differentiable except possibly of the cor-

ners of (x̄, ȳ, p̄, λ̄, z̄, r̄).

Using the observations on Df i
ẏ and Dgi

ẏ, i = 1, 2, . . . , l, from Section 8.2, equations

(8.35)-(8.38) become[ l∑
i=1

βi

{[(
f i

x + ηi

)
− p̄i

(
gi

x − θi

)]
−D

(
f i

ẋ − p̄ig
i
ẋ

)}

+
[
γ − ξȳ

]T[ l∑
i=1

λ̄i

{(
f i

yx − p̄ig
i
yx

)
−D

(
f i

ẏx − p̄ig
i
ẏx

)}]

−D
[(
γ − ξȳ

)T l∑
i=1

λ̄i

{(
f i

yẋ − p̄ig
i
yẋ

)
−D

(
f i

ẏẋ − p̄ig
i
ẏẋ

)
−
(
f i

ẏx − p̄ig
i
ẏx

)}]
+D2

{
−
[
γ − ξȳ]T

l∑
i=1

(
f i

ẏẋ − p̄ig
i
ẏẋ

)}]
{
x(t)− x̄(t)

}
= 0, ∀ x(t) ∈ C1, t ∈ I, (8.48)

l∑
i=1

[
βi − ξλ̄i

]{(
f i

y − z̄i
)
− p̄i

(
gi

y + r̄i
)
−D

(
f i

ẏ − p̄ig
i
ẏ

)}

+
[
γ − ξȳ

]T[ l∑
i=1

λ̄i

{(
f i

yy − p̄ig
i
yy

)
−D

(
f i

ẏy − p̄ig
i
ẏy

)}]

+D

[(
γ − ξȳ

)T l∑
i=1

λ̄i

{
D
(
f i

ẏẏ − p̄ig
i
ẏẏ

)}]

+D2

{
−
(
γ − ξȳ

)T l∑
i=1

λ̄i

(
f i

ẏẏ − p̄ig
i
ẏẏ

)}
= 0, t ∈ I, (8.49)

{(
f i

y − z̄i
)
− p̄i

(
gi

y + r̄i
)

−D
(
f i

ẏ − p̄ig
i
ẏ

)}[
γ − ξȳ

]T

− δi = 0, i = 1, 2, . . . , l, t ∈ I, (8.50)

and

αi−βi

(
gi−θi+ȳ

T r̄i
)
−
[
γ−ξȳ

]T [
gi

y+r̄i−Dgi
ẏ

]
= 0, i = 1, 2, . . . , l, t ∈ I. (8.51)
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Since δ = 0 and λ̄ > 0, (8.42) yields δ = 0. Consequently (8.50) becomes{(
f i

y−z̄i
)
−p̄i

(
gi

y+r̄
i
)
−D

(
f i

ẏ−p̄ig
i
ẏ

)}[
γ−ξȳ

]T

= 0, i = 1, 2, . . . , l, t ∈ I. (8.52)

Multiplying (8.49) by
[
γ − ξȳ

]
and using (8.52), we have[

γ − ξȳ

]T l∑
i=1

λ̄i

{(
f i

yy − p̄ig
i
yy

)
−D

(
f i

ẏy − p̄ig
i
ẏy

)}[
γ − ξȳ

]

+D

[(
γ − ξȳ

)T l∑
i=1

λ̄i

{
D
(
f i

ẏẏ − p̄ig
i
ẏẏ

)}][
γ − ξȳ

]

+D2

{
−
(
γ − ξȳ

)T l∑
i=1

λ̄i

(
f i

ẏẏ − p̄ig
i
ẏẏ

)}[
γ − ξȳ

]
= 0, t ∈ I, (8.53)

This, in view of hypothesis (i), yields

γ−ξȳ = 0, t ∈ I. (8.54)

From (8.49), we have
l∑

i=1

[
βi − ξλ̄i

]{(
f i

y − z̄i
)
− p̄i

(
gi

y + r̄i
)
−D

(
f i

ẏ − p̄ig
i
ẏ

)}
= 0,

which, because of hypothesis (ii), implies

βi − ξλ̄i = 0, i = 1, 2, . . . , l,

or

β = ξλ̄. (8.55)

If, for t ∈ I, ξ = 0, then from (8.54) and (8.55), we get γ = 0 and β = 0, respectively.

Also, (8.51) gives α = 0. Hence (α, β, γ, ξ, δ) = 0, contradicting (8.47). Thus ξ >

0, t ∈ I.

From (8.54), we have

ȳ =
γ

ξ
∈ C2, t ∈ I. (8.56)

Now, (8.48) along with (8.54) and (8.55), and with ξ > 0, gives

l∑
i=1

λ̄i

{[(
f i

x + ηi

)
− p̄i

(
gi

x − θi

)]
−D

(
f i

ẋ − p̄ig
i
ẋ

)}(
x(t)− x̄(t)

)
= 0, t ∈ I. (8.57)
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Let x(t) ∈ C1. Then x(t) + x̄(t) ∈ C1, t ∈ I and so (8.57) show that for every

x(t) ∈ C1,
l∑

i=1

λ̄i

{[(
f i

x + ηi

)
− p̄i

(
gi

x − θi

)]
−D

(
f i

ẋ − p̄ig
i
ẋ

)}
x(t) = 0, t ∈ I.

Therefore,

l∑
i=1

λ̄i

{[(
f i

x + ηi

)
− p̄i

(
gi

x− θi

)]
−D

(
f i

ẋ− p̄ig
i
ẋ

)}
∈ C∗

1 , t ∈ I. (8.58)

Also, by letting x(t) = 0 and x(t) = 2x̄(t) simultaneously in (8.57), we obtain

x̄(t)T

l∑
i=1

λ̄i

{[(
f i

x + ηi

)
− p̄i

(
gi

x− θi

)]
−D

(
f i

ẋ− p̄ig
i
ẋ

)}
= 0, t ∈ I. (8.59)

Thus, from (8.56), (8.58) and (8.59), it follows that (x̄, ȳ, p̄, w̄ = η, s̄ = θ) is a feasible

solution for the dual problem (FV D)λ̄.

Further, from (8.45), (8.54), (8.55) and ξ > 0, t ∈ I, we have for i = 1, 2, . . . , l,

λ̄iȳ ∈ NDi
(z̄i)

or ȳ ∈ NDi
(z̄i), using λ̄i > 0, i = 1, 2, . . . , l.

Since Di is a compact convex set in Rm, ȳT z̄i = s(ȳ | Di), i = 1, 2, . . . , l.

Also, from (8.46), (8.54), (8.55) and ξ > 0, t ∈ I, we have for i = 1, 2, . . . , l,

p̄iλ̄iȳ ∈ NHi
(r̄i)

or ȳ ∈ NHi
(r̄i), using λ̄i > 0, i = 1, 2, . . . , l.

Since Hi is a compact convex set in Rm, ȳT r̄i = s(ȳ | Hi), i = 1, 2, . . . , l.

Thus (FVP) and (FV D)λ̄ have equal objective function values (i.e., p̄ = q̄).

If (x̄, ȳ, p̄, w̄, s̄) is not an efficient solution of (FV D)λ̄, then there exists (ū, v̄, q̄, w̄, s̄)

feasible for (FV D)λ̄ such that

p̄ ≤ q̄,

which contradicts weak duality theorem (Theorem 8.1 or 8.2). Thus (x̄, ȳ, p̄, w̄, s̄) is

an efficient solution of (FV D)λ̄. Hence the result.

Theorem 8.4 (Converse duality). Let (ū, v̄, q̄, λ̄, w̄, s̄) be a weakly efficient solution

for (FVD). Assume that

(i)

[
ψ(t)T

{
l∑

i=1

λ̄i

[(
f i

xx−q̄igi
xx

)
−D

(
f i

ẋx−q̄igi
ẋx

)]}
+D

[
ψ(t)T

l∑
i=1

λ̄i

{
D(f i

ẋẋ−q̄igi
ẋẋ)
}]

+
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D2
{
− ψ(t)T

l∑
i=1

λ̄i

(
f i

ẋẋ − q̄ig
i
ẋẋ

)}]
ψ(t)dt = 0

implies ψ(t) = 0, ∀ t ∈ I, and

(ii) the set of vectors

{(
f i

x + w̄i
)
− q̄i

(
gi

x − s̄i
)
−D

(
f i

ẋ − q̄ig
i
ẋ

)}l

i=1

is linearly inde-

pendent.

Then there exist z̄i ∈ Rm, r̄i ∈ Rm, i = 1, 2, . . . , l, such that (ū, v̄, q̄, z̄, r̄) is feasible

for (FV P )λ̄, and the objective values of (FV P )λ̄ and (FVD) are equal. Furthermore,

if the hypotheses of a weak duality theorem are satisfied for all feasible solutions of

(FV P )λ̄ and (FV D)λ̄, then (ū, v̄, q̄, z̄, r̄) is an efficient solution of (FV P )λ̄.

Proof. Follows on the lines of Theorem 8.3.

8.4 Self duality

A mathematical programming problem is said to be self dual, if it is formally identical

with its dual that is, the dual can be recast in the form of the primal. In general, the

problem (NKFVP) is not self dual. In order to establish the self duality some condi-

tions are required. Assume that x and y have the same dimension, Bi = Di, Ei = Hi,

C1 = C2 = C, C∗
1 = C∗

2 = C∗, f i and gi, i ∈ L, are skew symmetric and symmetric

respectively. Further assume that

g(t, u, u̇, v, v̇) + s(v | H)− uT s = g(t, v, v̇, u, u̇)− s(v | H) + uT s.

The function f i(t, u, u̇, v, v̇), i ∈ L, is said to be skew symmetric, if

f i(t, u, u̇, v, v̇) = −f i(t, v, v̇, u, u̇), i ∈ L, t ∈ I,

for all u and v in the domain of f i,

and the function gi(t, u, u̇, v, v̇), i ∈ L, is said to be symmetric, if

gi(t, u, u̇, v, v̇) = gi(t, v, v̇, u, u̇), i ∈ L, t ∈ I,

for all u and v in the domain of gi.

By recasting the dual problem (VD) as minimization problem, we have
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minimize

[∫ b

a

{
− f(t, u, u̇, v, v̇) + s(v | D)− uTw

}
dt∫ b

a

{
g(t, u, u̇, v, v̇) + s(v | H)− uT s

}
dt

]

=

[∫ b

a

{
− f 1(t, u, u̇, v, v̇) + s(v | D1)− uTw1

}
dt∫ b

a

{
g1(t, u, u̇, v, v̇) + s(v | H1)− uT s1

}
dt

, . . . ,

∫ b

a

{
− f l(t, u, u̇, v, v̇) + s(v | Dl)− uTwl

}
dt∫ b

a

{
gl(t, u, u̇, v, v̇) + s(v | Hl)− uT sl

}
dt

]
subject to u(a) = 0 = u(b), v(a) = 0 = v(b),

u̇(a) = 0 = u̇(b), v̇(a) = 0 = v̇(b),
l∑

i=1

λi

{[
f i

x −Df i
ẋ + wi

]
−
[
gi

x −Dgi
ẋ − si

]M i(u, v)

Li(u, v)

}
∈ C∗, t ∈ I,

uT
l∑

i=1

λi

{[
f i

x −Df i
ẋ + wi

]
−
[
gi

x −Dgi
ẋ − si

]M i(u, v)

Li(u, v)

}
5 0, t ∈ I,

λ > 0, v(t) ∈ C, t ∈ I,

wi ∈ Bi, si ∈ Ei, i = 1, 2, . . . , l.

Since f i and gi, i ∈ L are skew symmetric and symmetric, respectively. Consequently,

it follows that

f i
x(t, u, u̇, v, v̇) = −f i

y(t, v, v̇, u, u̇), f
i
ẋ(t, u, u̇, v, v̇) = −f i

ẏ(t, v, v̇, u, u̇), i ∈ L, t ∈ I,

and gi
x(t, u, u̇, v, v̇) = gi

y(t, v, v̇, u, u̇), g
i
ẋ(t, u, u̇, v, v̇) = gi

ẏ(t, v, v̇, u, u̇), i ∈ L, t ∈ I.

On using the skew symmetry and symmetry of f i and gi, i ∈ L, respectively, and the

aforementioned assumptions, the above problem becomes

(V D)∗

minimize

[∫ b

a

{
f(t, v, v̇, u, u̇) + s(v | D)− uTw

}
dt∫ b

a

{
g(t, v, v̇, u, u̇)− s(v | H) + uT s

}
dt

]
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=

[∫ b

a

{
f 1(t, v, v̇, u, u̇) + s(v | D1)− uTw1

}
dt∫ b

a

{
g1(t, v, v̇, u, u̇)− s(v | H1) + uT s1

}
dt

, . . . ,

∫ b

a

{
f l(t, v, v̇, u, u̇) + s(v | Dl)− uTwl

}
dt∫ b

a

{
gl(t, v, v̇, u, u̇)− s(v | Hl) + uT sl

}
dt

]

subject to u(a) = 0 = u(b), v(a) = 0 = v(b),

u̇(a) = 0 = u̇(b), v̇(a) = 0 = v̇(b),

−
l∑

i=1

λi

{[
f i

y −Df i
ẏ − wi

]
−
[
gi

y −Dgi
ẏ + si

]M i(v, u)

Li(v, u)

}
∈ C∗, t ∈ I,

uT
l∑

i=1

λi

{[
f i

y −Df i
ẏ − wi

]
−
[
gi

y −Dgi
ẏ + si

]M i(v, u)

Li(v, u)

}
= 0, t ∈ I,

λ > 0, v(t) ∈ C, t ∈ I,

wi ∈ Bi, si ∈ Ei, i = 1, 2, . . . , l,

which is formally identical to (VP), i.e., the objectives, the constraint functions and

the initial conditions of (VP) and (V D)∗ are identical. Therefore (VP) is self dual.

Thus, if (x̄, ȳ, p̄, λ̄, z̄, r̄) is feasible for (VP), then (ȳ, x̄, p̄, λ̄, z̄, r̄) is feasible for (VD)

and conversely.

Theorem 8.5 (Self duality). If f(t, x, ẋ, y, ẏ) is skew-symmetric and g(t, x, ẋ, y, ẏ) is

symmetric along with the assumptions m = n, B = D, E = H, C1 = C2 = C, C∗
1 =

C∗
2 = C∗ and g(t, u, u̇, v, v̇) + s(v | H)− uT s = g(t, v, v̇, u, u̇)− s(v | H) + uT s,

then (VP) is self dual. Also, if (VP) and (VD) are dual variational problems, and

(x∗, y∗, p∗, λ∗, w∗, s∗) is a joint weakly efficient solution, then so is (y∗, x∗, p∗, λ∗, w∗, s∗)

and

∫ b

a

{
f(t, x∗, ẋ∗, y∗, ẏ∗)− s(y∗ | B) + x∗Tw∗

}
dt∫ b

a

{
g(t, x∗, ẋ∗, y∗, ẏ∗) + s(y∗ | E)− x∗T s∗

}
dt

= 0.

Proof. Since (x∗, y∗, p∗, λ∗, w∗, s∗) is a joint weakly efficient solution of (VP) and

(VD), the objective functional values are equal to

∫ b

a

{
f(t, x∗, ẋ∗, y∗, ẏ∗)− s(y∗ | B) + x∗Tw∗

}
dt∫ b

a

{
g(t, x∗, ẋ∗, y∗, ẏ∗) + s(y∗ | E)− x∗T s∗

}
dt

.



195

As (VP) is a self dual, it follows that (x∗, y∗, p∗, λ∗, w∗, s∗) is feasible for (VP) iff

(y∗, x∗, p∗, λ∗, w∗, s∗) is feasible for (VD). Thus, weak efficiency of (x∗, y∗, p∗, λ∗, w∗, s∗)

for (VP) implies the weak efficiency of (y∗, x∗, p∗, λ∗, w∗, s∗) for (VD) and conversely.

Also the two objective values are equal to

∫ b

a

{
f(t, y∗, ẏ∗, x∗, ẋ∗) + s(y∗ | B)− x∗Tw∗

}
dt∫ b

a

{
g(t, y∗, ẏ∗, x∗, ẋ∗)− s(y∗ | E) + x∗T s∗

}
dt

.

Thus, we have

∫ b

a

{
f(t, x∗, ẋ∗, y∗, ẏ∗)− s(y∗ | B) + x∗Tw∗

}
dt∫ b

a

{
g(t, x∗, ẋ∗, y∗, ẏ∗) + s(y∗ | E)− x∗T s∗

}
dt

=

∫ b

a

{
f(t, y∗, ẏ∗, x∗, ẋ∗) + s(y∗ | B)− x∗Tw∗

}
dt∫ b

a

{
g(t, y∗, ẏ∗, x∗, ẋ∗)− s(y∗ | E) + x∗T s∗

}
dt

= −

∫ b

a

{
f(t, x∗, ẋ∗, y∗, ẏ∗)− s(y∗ | B) + x∗Tw∗

}
dt∫ b

a

{
g(t, x∗, ẋ∗, y∗, ẏ∗) + s(y∗ | E)− x∗T s∗

}
dt

,

(
using the skew symmetry of f and the symmetry of g along with the assumptions

of B = D, E = H, and

g(t, u, u̇, v, v̇) + s(v | H)− uT s = g(t, v, v̇, u, u̇)− s(v | H) + uT s,

)
.

Therefore,∫ b

a

{
f(t, x∗, ẋ∗, y∗, ẏ∗)− s(y∗ | B) + x∗Tw∗

}
dt∫ b

a

{
g(t, x∗, ẋ∗, y∗, ẏ∗) + s(y∗ | E)− x∗T s∗

}
dt

= 0.

Hence the result.





Appendix A

A Note On Second-Order Symmetric

Duality
1

A.1 Introduction

Yang et al. [140] studied duality relations for the following pair of multiobjective

second-order symmetric dual programs:

Primal problem

(MP) min
x,y,λ,p

FP (x, y, λ, p) = f(x, y)−yT∇y(λ
Tf)(x, y)ek−yT (∇yy(λ

Tf)(x, y)p)ek

− 1
2
pT (∇yy(λ

Tf)(x, y)p)ek

subject to ∇y(λ
Tf)(x, y)+∇yy(λ

Tf)(x, y)p 5 0,

λ > 0, λT ek = 1,

Dual problem

(MD) max
u,v,λ,r

FD(u, v, λ, r) = f(u, v)−uT∇u(λ
Tf)(u, v)ek−uT (∇uu(λ

Tf)(u, v)r)ek

− 1
2
rT (∇uu(λ

Tf)(u, v)r)ek

subject to ∇u(λ
Tf)(u, v)+∇uu(λ

Tf)(u, v)r = 0,

λ > 0, λT ek = 1,

where f : Rn×Rm −→ Rk, p ∈ Rm, r ∈ Rn, λ ∈ Rk and ek = (1, 1, . . . , 1)T ∈ Rk.

For other notations and definitions, we refer to Yang et al. [140]. After establishing a

weak duality theorem under second-order F -convexity assumptions, they proved the

1A part of this chapter has appeared in European Journal of Operational Research 201 (2010)
649-651.
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following strong duality theorem:

Theorem A.1. Let (x̄, ȳ, λ̄, p̄) be a weak efficient solution of (MP). Assume that

(i) the matrix ∇yy(λ̄
Tf)(x̄, ȳ) is nonsingular,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii) the vector p̄T∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄) = 0 implies that p̄ = 0, and

(iv) p̄ 6= 0 implies ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ 6= 0.

Assume further that the assumptions of Theorem 1 in [140] are satisfied. Then the

objective values of (MP) and (MD) are equal, and (x̄, ȳ, λ̄, r̄ = 0) is an efficient solu-

tion of (MD).

In the proof of strong duality theorem, the authors claim p̄ = 0. To prove this, they

have taken two cases. However, in the second case, if ᾱ 6= (ᾱT ek)λ̄, then using the

hypotheses (ii) and (iv) in

∇y(∇yy(λ
Tf)(x̄, ȳ)p̄)p̄ =

−2

(αT ek)
∇yf(x̄, ȳ)(ᾱ− (ᾱT ek)λ̄) (A.1)

does not imply p̄ = 0. Since if we suppose that p̄ 6= 0, then using the above assump-

tions we should obtain a contradiction. However, from assumption (iv) and (A.1), we

obtain

∇yf(x̄, ȳ)(ᾱ− (ᾱT ek)λ̄) 6= 0,

which along with the given assumptions does not prove the contradiction. Hence, the

proof of the Theorem 2 in [140] seems to be erroneous.

In the present note, we have given an appropriate modification for this deficiency

contained in Theorem A.1.

A.2 Strong duality

In this section, we present a strong duality theorem which is a correction of

Theorem A.1. The assumption (iii) in Theorem A.1 has been replaced by assumption

(iii) below in Theorem A.2. On the same lines, the converse duality theorem (Theo-

rem 3 in [140]) can be rectified.
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Theorem A.2. (Strong duality). Let (x̄, ȳ, λ̄, p̄) be a weak efficient solution of (MP).

Assume that

(i) the matrix ∇yy(λ̄
Tf)(x̄, ȳ) is nonsingular,

(ii) the vectors ∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ) are linearly independent,

(iii) the vector ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ /∈ span{∇yf1(x̄, ȳ), . . . ,∇yfk(x̄, ȳ)}\{0}, and

(iv) p̄ 6= 0 implies ∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ 6= 0.

Assume further that the assumptions of Theorem 1 in [140] are satisfied. Then the

objective values of (MP) and (MD) are equal, and (x̄, ȳ, λ̄, r̄ = 0) is an efficient solu-

tion of (MD).

Proof. Since (x̄, ȳ, λ̄, p̄) is a weak efficient solution of (MP), by the Fritz John op-

timality conditions [46], there exist ᾱ ∈ Rk, β̄ ∈ Rm, µ̄ ∈ R and ω̄ ∈ Rk such

that

∇x(ᾱ
Tf)(x̄, ȳ) +∇xy(λ̄

Tf)(x̄, ȳ)(β̄ − (ᾱT ek)ȳ)

+∇x{∇yy(λ̄
Tf)(x̄, ȳ)p̄}(β̄ − (ᾱT ek)(ȳ +

1

2
p̄)) = 0, (A.2)

∇yf(x̄, ȳ)(ᾱ− (ᾱT ek)λ̄) +∇yy(λ̄
Tf)(x̄, ȳ)(β̄ − (ᾱT ek)ȳ)− (ᾱT ek)

×∇yy(λ̄
Tf)(x̄, ȳ)p̄+∇y{∇yy(λ̄

Tf)(x̄, ȳ)p̄}(β̄ − (ᾱT ek)(ȳ +
1

2
p̄)) = 0, (A.3)

∇yy(λ̄
Tf)(x̄, ȳ)(β̄− (ᾱT ek)(ȳ+ p̄)) = 0, (A.4)

∇T
y f(x̄, ȳ)(β̄ − (ᾱT ek)ȳ)− ω̄ + µ̄ek + {(β̄ − (ᾱT ek)(ȳ +

1

2
p̄))T

+∇yyf1(x̄, ȳ)p̄, . . . , (β̄ − (ᾱT ek)(ȳ +
1

2
p̄))T∇yyfk(x̄, ȳ)p̄} = 0, (A.5)

β̄T{∇y(λ̄
Tf)(x̄, ȳ)+∇yy(λ̄

Tf)(x̄, ȳ)p̄} = 0, (A.6)

ω̄T λ̄ = 0, (A.7)

(ᾱ, β̄, ω̄) = 0, (ᾱ, β̄, ω̄, µ̄) 6= 0. (A.8)

Since λ̄ > 0 and ω̄ = 0, (A.7) yields ω̄ = 0.

Using Hypothesis (i) in (A.4), we get

β̄ = (ᾱT ek)(ȳ+ p̄). (A.9)
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If ᾱ = 0, then (A.9) yields β̄ = 0 and (A.5) gives µ̄ = 0. Hence (ᾱ, β̄, ω̄, µ̄) = 0,

contradicting (A.8). Therefore, ᾱ ≥ 0 or

ᾱT ek 6= 0. (A.10)

Now, we claim that p̄ = 0. Indeed, if p̄ 6= 0, then Hypothesis (iv) implies

∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ 6= 0.

Using (A.9) and (A.10) in (A.3), we obtain

∇y(∇yy(λ̄
Tf)(x̄, ȳ)p̄)p̄ =

−2

ᾱT ek

∇yf(x̄, ȳ)(ᾱ− (ᾱT ek)λ̄),

which contradicts the Hypothesis (iii). Hence, p̄ = 0.

The rest of the proof follows on the lines of Theorem 2 in Yang et al. [140].

Remark A.1. For single objective problems, the authors in [137] have considered

the assumption

∇y(∇yyf(x̄, ȳ)p̄)p̄ = 0 ⇒ p̄ = 0.

It may be noted that this can also be obtained from the assumptions (iii) and (iv) in

Theorem A.2. above as

∇y(∇yyf(x̄, ȳ)p̄)p̄ /∈ span(∇yf(x̄, ȳ))/{0}

⇒ ∇y(∇yyf(x̄, ȳ)p̄)p̄ = 0

⇒ p̄ = 0.
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