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ABSTRACT

Differential equations arise in almost every area of science and engineering for example chem-
ical engineering, aerodynamics, fluid dynamics, material science, astrophysics, economics etc.
Day by day since the systems are becoming more and more complicated, the differential
equations governing the respective models are also becoming more and more complex and
nonlinear in nature. Because of this complexity and nonlinearity, it is very difficult to find
the exact solution and we need numerical methods in order to solve the differential equations.
In the present work, we will use finite element method to find the approximate solutions of
the differential equations. Also, while applying any numerical technique, it becomes very
important to estimate the error present in the numerical solution. Therefore, in the present
work, due importance has been given to both the a priori and a posteriori error estimates.
Since many differential equations arising in the fields like oceanography, elasticity etc. have
very large domains and at the same time at many instances, because of the need of immediate
solution requirements, it becomes very important to use parallel computing, in order to get an
immediate solution. Domain decomposition techniques are highly used for incorporating par-
allelism. In the present work, a domain decomposition algorithm based on monotone Schwarz
iterative process has been discussed in the finite element framework. The whole work has

been divided into three chapters.

Chapter 1 introduces the basic concepts of differential equations and the solution method-
ology. A brief history of finite element methods has been presented and Galerkin finite element

method has been explained with the help of examples.

Chapter 2 contains elementary estimates on a priori and a posteriori errors present in the

finite element solution in the energy norm. These estimates have been derived for Galerkin

11



finite element discretizations of general linear elliptic operators in the research paper entitled
“A tutorial in elementary finite element error analysis: A systematic presentation of a priori
and a posteriori error estimates” by J. Stewart and T.J.R. Hughes. In the present work, these

estimates have been derived by taking a particular linear elliptic differential equations.

In Chapter 3, a domain decomposition algorithm based on monotone Schwarz itera-
tive process has been discussed using finite element method for a nonlinear problem. The
monotone Schwarz iterative domain decomposition algorithm has been presented in the re-
search paper entitled “A block monotone domain decomposition algorithm for a semilinear
convection-diffusion problem” by Boglaev in the finite difference framework. In the presented
work, the method has been discussed in the finite element framework. Bibliography has been

presented in the last.
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Chapter 1

Differential Equations and Finite

Element Method - A Brief Overview

1.1 Introduction

Differential equations arise in almost every area of science and engineering for example chem-
ical engineering, aerodynamics, fluid dynamics, electromagnetism, material science, astro-
physics, economics etc. Day by day since the systems are becoming more and more com-
plicated, the differential equations governing the respective models are also becoming more
and more complex and nonlinear in nature. Because of this complexity and nonlinearity, it
is very difficult to find the exact solution and we need numerical methods in order to solve
the differential equations. In the present study, we will use finite element method to find
the approximate solutions of the differential equations. In the starting, we will present the

definitions of some of the concepts which have been used in the report.

1.2 Differential Equations

A differential equation is a relation between dependent variables, independent variables and

the derivatives of the dependent variables with respect to the independent variables.



For example,

dy

@—i—sin(y)::c;

d’y dy

LA A—

da:2+ da:+y ’
or Oy v

Differential equations can be categorized in two categories:
(1) Ordinary differential equations

(2) Partial differential equations

1.2.1 Ordinary Differential Equations

An ordinary differential equation (ODE) is a differential equation in which the unknown

function is a function of a single independent variable. For example,

d

d—i +sin(y) = x;
*y . dy
— 4+ 2= = 0.
dx? + dx Ty=0

1.2.2 Partial Differential Equations

A partial differential equation (PDE) is a differential equation in which the unknown func-

tion is a function of more than one independent variables and their partial derivatives. For

example,
0z N 0z
R — = 2.
ox Oy 4
02z N 0z 0
—+z—=0.
ox? dy

Further, ordinary differential equations can be classified into two types:
(i) Linear ordinary differential equations and

(ii) Nonlinear ordinary differential equations



1.2.3 Linear Ordinary Differential Equations

An ordinary differential equation is said to be linear if the differential equation is linear in

the dependent variable and its derivatives. For example,

d

d—z + sin(z)y = z;
Py | dy
AT Yo Sy}
dx? * dx Ty

1.2.4 Nonlinear Ordinary Differential Equations

An ordinary differential equation is said to be nonlinear if the differential equation is not

linear in the dependent variable and its derivatives. For example,

d

% + sin(y) = x;
*y | dy
T 0% 2,
dx? + dx Ty =0

Furthermore, partial differential equations can be classified into four types:
(i) Linear partial differential equations;

(ii) Semilinear partial differential equations;

(iii) Quasilinear partial differential equations; and

(iv) Nonlinear partial differential equations.

1.2.5 Linear Partial Differential Equations

A first order partial differential equation f(z,y,z,p,q) = 0 is said to be linear if it can be
written in the form as

P(z,y)p+ Q(x,y)g = R(z,y)z+ S(x,y), where P,Q and R are functions of x and y only and

therefore, the partial differential equation is linear in 2z, and where p = % and q = g—;. For
example,

0z n 0z

— 4+ — =2ay.

or Oy 4



1.2.6 Semilinear Partial Differential Equations

A first order partial differential equation f(z,y,z,p,q) = 0 is said to be semi-linear partial
differential equation if it is linear in p and ¢. A semilinear first order partial differential
equations can be written as

P(z,y)p + Q(x,y)qg = R(z,y,z), where P and @ are functions of z and y only and R is

non-linear in z. For example,

%+8z 9
or 0Oy

1.2.7 Quasilinear Partial Differential Equations

A first order partial differential equation f(x,y,z,p,q) = 0 is said to be quasi-linear partial
differential equation if it is linear in p and ¢ and it can be written in the form
P(z,y,2)p + Q(x,y,2)qg = R(x,y, z), where at least one of P or @ is non-linear in z. For

example,

%—I-zlg%

2
= xyz”.
ox oy 4

1.2.8 Nonlinear Partial Differential Equations

A first order partial differential equation f(x,y,z,p,q) = 0 which does not come under the
above three types is known as non-linear or fully non-linear partial differential equation. For

example,

PP +¢’ =1

1.3 Solution Methodology

As stated earlier differential equations form the basis of many mathematical models of phys-
ical, chemical and biological phenomenon and more recently their use has spread into eco-
nomics, financial forecasting, image processing and many other fields. Also these differential
equations or models are nonlinear, complex and transcendental in nature. Most of the differ-

ential equations governing these model problems can not be solved analytically. Therefore,



in order to investigate the behavior of these model problems, we need to depend on the nu-
merical methods to find the solution. There are many numerical techniques available in the
literature for example, finite difference methods, finite element methods, finite volume meth-
ods, collocation methods etc. In the present study, we will use finite element technique to

solve the differential equations.

1.4 Brief History of Finite Element Methods

Though there are many numerical methods to solve differential equations, among these tech-
niques, a particular class of numerical techniques namely “Finite Element Methods” is widely
used for for approximating exact solution of differential equations. Finite element method
represents a powerful and general class of techniques for approximating the exact solution
of the differential equations. Finite element method was originally suggested by the famous
mathematician Courant in 1943. Later on, finite element method(FEM) was developed in
1956 for the analysis of aircraft structural problems. Thereafter, within a decade, the poten-
tialities of the method for finding the solution of problems in stress analysis, fluid flow, heat
transfer, and in other areas were recognized. Over the years, the finite element technique has
been so well established that today it is considered to be one of the best method for solving a
wide variety of practical problems efficiently. In fact, the method has become one of the active
research area for applied mathematicians. The systematic procedure of the FEM makes it
possible to construct a general purpose software to solve a wide range of problems. Based on
the variational principle, the basic procedures of FEM include:

domain discretization, the weak formulation of the problem, formation of element equations,
assembly of element equations and then finally solving the global system of equations. Most

commercial FEM software packages originated in the 1970’s like Abaqus, Adina, Ansys, etc.

1.5 Finite Element Methods

The basic steps of finite element methods in computing an approximate solution of any prob-
lem consists :

1. Finite element discretization



2. Element equations
3. Assembly of element equations and solution
4. Convergence and error estimate
The basic ideas underlying the finite element method are introduced with the help of one

example [12]:

1.5.1 Example 1

Consider the problem of determining the area of a circle of radius R by discretizing it as a
collection of triangles. It is assumed that the area of the triangle can be calculated. The
approximate area of the circle is the sum of the areas of the triangles used to represent the
circle. Here we discuss the basic steps involved while finding finite element solution of any

problem.

1. Finite element discretization: First, the circle is represented as a collection of n
subregions, say triangles. This is called discretization of the domain. Each triangle is
called an element. The collection of elements is called the finite element mesh. In our
case, we discretize the circle into a mesh of five triangles. Since all the elements are of
same size, the mesh is said to be uniform. We consider two discretizations of the circle

say mesh 1 and mesh 2.

2. Element equations: A typical element i.e triangle from the discretized mess is selected
and its properties (i.e. area in the present case) or equations are computed. It is here
that we bring in the governing equation (i.e., the equation for computing the area) of
the element to calculate the required property. Let a. be the area of element e in mesh

1 and @, be the area of element e in mesh 2. Thus, for the for element e, we have

R? . (277)
. = —sin | —
2 n

@, = R*tan <E>

n

where R is the radius of the circle. The above equations are called element equations.



Mesh 1

Mesh 2

n=S,
(@)
b
-
6 =2xn/n
/'\ a =2(ibh) \/R/J
\A/R {4 5
h=R
b=RSin% b=Rtan%
h=R cos%
(b)
Error e,
Error e,
(c)



3. Assembly of element equations and solutions: The approximate area of the circle
is obtained by putting together the element property of all the elements in the mesh,
this is called assembly of the element equations. In the present case, the assembly means

the sum of the areas of the triangles.

Alzzae

e=1

Since the mesh is uniform, a. or @, is the same for each of the elements in the mesh,

2 2
Aﬁ”) = {ni sin (—W)}
2 n

Al = nR? tan (%)

and we have

4. Convergence and error estimate: For the present problem the exact solution is
the area of the circle i.e.: Ay = mR%. We can estimate the error in the finite element
solution and show that the approximate solution converges to the exact solution as
n — o0o. Consider the typical element e. The error in the approximation is equal to the

difference between the area of the sector and that of the triangle (see fig 1).

er = |Se — a

€y = |Se - Ee|

where S, = %RQQ is the area of the sector. Thus, the error estimates for an element in

the meshes 1 and 2 are given by

ep = R? (E — 1s.in (2—7T>)
n 2 n
e an(2) )



The total error (called global error) is given by multiplying the e; s by n:

EM = R? (m— gsin 2%)
=71R?— A§”)
E{M = R? <n tan(z — 7r>
n
=AY — 7R?

We now show that E; and Es go to zero as n — oc.

Letting x = 2/n, we have

2 n
2
_ B sin (7x)
nr
nh_)rrolo A}V = }:%R 7 (sin (mx) /7x)
= 1R’

Similarly, letting y = 1/n, we have

2 tan(my)

lim Ag’” = hII(l] R
y— Y

n—o0

= lim 7 R? sec®(my)
y—0

=R?
Hence, Ef") and Eé") goes to 0 as n — oo. This completes the proof the convergence.

Also, one can use either rectangles or any other polygons as elements in order to discretize
the area of the circle. The approximation error in each case is different and hence the finite

element solution is also different in each case.

1.5.2 Example 2

Next, we will solve a second order linear differential equation using standard Galerkin finite
element method [12].

Consider a second order linear differential equation

d2
s —utz=0 0<z<10
i



with boundary conditions; at z = 0,u = 1 and

du _
atw=1,2" = 1.

We take the nodes as x = 0,0.2,0.5,0.8,1.0.

Therefore, we have the following elements:

0,0.2], [0.2,0.5], [0.5,0.8], [0.8,1.0]

Now, at each node x;, we define the basis functions ¢;(x) as

T — T;_
#7 T € w1, 7]

) — i — Ti—1

¢Z(x) Tip1 — X
—, T & [$i7$i+1]

Tit1 — L4

Let the finite element approximate solution be

U= Zéj(x)uj. (1.5.1)

j=1

Now, the weak formulation is given by

/1 (% _““Lx) ®;(z)dr =0, i=1(1)5.

Integrating by parts and using @ = —du/dx, we get

1 1
Cilq; ﬁ /(I)i(x)de - /at@i(a:)da: — ®(75)Qs5 + Pi(1) Q1. (1.5.2)

0 0 0

Substituting the value of 4 from (1.5.1), equation (1.5.2) becomes

— /:mbi(:c)d:v — [®i(25)Q5 — @i(21)Q1],7 = 1(1)5.

Rewriting the above integral element wise, we get

4 5
Zzuj ‘gi ddi Zzu]/ v)de =R—T, i=1(1)5 (1.5.3)
J=1

r=1 r=1 j=1

10



where
R= Z/x@z(x)dx (1.5.4)

and

T = [®i(25)Q5 — Pi(z1) Q. (1.5.5)
Writing the first term on the left hand side of equation (1.5.3) in matrix form, we get

d®; d®;

AU =

Evaluating the integral over an element e having nodes 1 and 2, we get

ae | VB TVE (1.5.6)
~1/L 1/L

where L is defined as distance between the nodes.

Consider the second term on the left hand side of equation (1.5.3), and denote it in matrix

form as

BU = Zzuj/ , i=1(1)5

r=1 j=1

Again, evaluating the integral over element e, we get

L/3 LJ6
B¢ = (1.5.7)
L/6 L/3
Adding (1.5.6) and (1.5.7), we get
3+ L2/3L  6— L?/6L
(6 —L?)/6L 3+ L%/3L

e =

Substituting the values Ly = 0.2, Ly = 0.3, L3 = 0.3, Ly = 0.2, we get

15.2/3 —14.9/3
Pl -

—14.5/3 15.2/3

15.2/3 —14.9/3
P2 ==

—14.5/3 15.2/3

11



Therefore, we have P; = P, and Py = P; since L3 = Ly and Ly = L.

These values of Py, Py, P53, P, will be inserted in appropriate rows and columns of the global

matrix.

The i—th term of the column vector R of equation (1.5.4) is given by

R, = /01 z¢;(x)dz, i =1(1)5.

4
RS = Z/x@i(x)dx, i =1(1)5.
r=1

Evaluating the above integral over the element e having nodes 1 and 2.

1 L?
R] = §$1L + F
1 L?
RS = §$1L — F

Similarly, we can get the expression for R over other elements.

1 L3
sr1ly + 3

1 L1 _ L
s¥2ln + 4 5rals —

_ |1 L2 1 L2
R = 51‘3[/2 + ?2 + 51’3[/3 — ?‘5

1 Ly 1 L3
sTaly + 2 + qwaly —

1 L3
s¥slat 3

-0.00667-
0.05833
R=1 015

0.19167
_0.09333_

Given that, Q5 = —1,

Using nodal values for xy = 0,25 =0.2,23 = 0.5,24 = 0.8, 25 = 1.0, in

T = [—Pi(25)Q5 + Pi(x1)Q1], we get

Q1




Using the values of Py, P, P3, Py, Ps, R and T', the system (1.5.3) becomes

5.0667u; — 4.9667uy = 0.00667 — Q)4
—4.9667u; + 8.5uy — 3.2833u3 = 0.05833
—3.2833ug + 6.8667us — 3.28337uy = 0.15
—3.2833us + 8.5uy — 4.9669u5 = 0.191667

—4.9667uy + 5.0667us = 1.0933.

Since ()7 is not known, therefore we neglect first equation and consider the above remaining

equations. Since u; = 1 is given, solving these linear equations, we get

uy = 1.0667 w3 = 1.2307

1.6 Basic results for Standard Finite Element Methods

Let V' be a given Hilbert Space with norm ||.|| and inner product (.,.). Now, we present below

some basic results for Ritz-Galerkin Method.

Consider a second order differential equation:

2
S b) 2 el = f(a),

with boundary conditions defined by u(0) = u(1) = 0.
We define the corresponding variational problem as follows:

Find v € V such that

a(u,v) = f(v), veV (1.6.1)

where a(.,.) is a bilinear form on V' x V and f(.) is a given continuous function on V' defined

13



as

1
/vw + (bv' + cv)w)de,

0
:!mm

For the given problem, the solution will belong to the V' = H}(0, 1)-space.
Now the Lax-Milgram Lemma gives the sufficient conditions for the existence and uniqueness

of solutions of the variational problem (1.6.1). The Lax-Milgram Lemma stats that

Lemma 1.6.1 Lax-Milgram Lemma:
Let V' be a Hilbert Space and af(.,.) be a continuous and V —elliptic (or coercive) bilinear

form. Then for any continuous linear functional f € V', there exists a unique u € V such

that a(u,v) = (f,v), ¥V veV.

In general, the solution space V is infinite-dimensional. But it will not be possible to
find the solution in the infinite dimensional space. Therefore, in order to approximate the

solution, we need to
1. approximate V' by means of finite-dimensional space V},, and
2. pose the variational problem in V/,.

Then solving this problem in V}, is equivalent to solving a finite-dimensional system of linear
equations.
Assume that the method is confirming i.e. V,, C V.
Then the discrete problem corresponding to (1.6.1) is given by
Find u;, € V,, such that
a(up,vp) = f(vg) Yy, € V. (1.6.2)

This method is known as Ritz-Galerkin method.

Now, the Lax-Milgram Lemma implies that

1. the discrete problem has a unique solution

14



2. the discrete problem is stable.

Let dimension of the finite dimensional space V}, be N and let {w; : i = 1,2,..., N} be a basis
for V},. Therefore,

N
up = Zuiwi (1.6.3)
i=1

where the unknowns wu; are to be determined. Using this approximation (1.6.3) in (1.6.2), we

get

N
a (Z uw;, Uh) = f(va)
i=1
N
= > wa(w,v) = f(v) (1.6.4)
i=1
Now, taking v, = wy, ws, ..., wx, we get a system of N equations, which can be written as
Au = b,

where A@j = a(w,-,wj), Uz = U; and bz = f(wz)
Solving this system for us, we get the approximate solution uy,.

Now, the Cea’s lemma provides error estimates in the discretized solution wy,.

Lemma 1.6.2 Cea’s Lemma:
Assume that the hypothesis of the Laz-Milgram lemma are satisfied. Let u and uy denote the
solutions of the continuous problem (1.6.1) and the discrete problem (1.6.2) respectively. Then

B
_ < 2 5nf — 1.6.5
=l < 2 inf = v (165)
Proof: Since u and wy, are solutions of (1.6.1) and (1.6.2) respectively, i.e.

a(u,vn) = f(vp)

and  alup,vy) = f(vp), Yoy, € Vj,
Subtracting these equations, we get
a(u — up,vp) =0, Y, € V. (1.6.6)

15



Now, using coercivity and continuity of af(.,.),, we get

= a(u — up,u — vy
= a(e,u — vp)
< Bllel||lu — v (using continuity)
Thus,
[lu — up|| < gHU_UhH Yoy, € V. (1.6.7)

This proves the result.

1.6.1 Enmergy Error Estimates

Suppose af.,.) is coercive, symmetric and bilinear form, then define the energy product and

the related energy norm as

(v, w)p =a(v,w)  and o]l = (v,v)p.

Continuing in the same way as above in the Cea’s lemma, we get

- = inf |ju—vpp.
= wnll = inf Jlu = ol

16



Chapter 2

ELEMENTARY A PRIORI AND A
POSTERIORI FINITE ELEMENT
ERROR ESTIMATES IN ENERGY
NORM

In finite element error estimates, we determine the bound on error ||u — uy|| where u is exact
solution and wy, is finite element solution of any given differential equation. In general, finite
element error estimates can be classified into two categories:

1) A Priori Error Estimates

2) A Posteriori Error Estimates

In a priori error estimates, the estimates are obtained before the solution is known. These type
of estimates are useful for the design of finite element methods and are valuable for determining
the asymptotic rate of convergence of the method as well as for finding dependencies on the
problem parameters. A priori estimates are not computable because they are given in term
of exact solution which is generally not known. But these estimates require knowledge about
the derivatives of the (unknown) exact solution expected.

The second kind of estimates are a posteriori estimates. In a posteriori error estimates,
bounds are obtained on the error in the finite element approximation in terms of the residual

error. These error bounds can be evaluated once the finite element solution is computed

17



and are used to estimate the error. Through the a posteriori error estimates, it is possible to
estimate and adaptively control the finite element error to a desired tolerance level by suitably
refining the mesh i.e. the error in the finite element approximation can be made arbitrarily
small by refining the mesh provided that the solution w is sufficiently smooth to allow the
interpolation error bounds not to depend on the approximate solution to be computed. These
type of estimates are computable since they are expressed in the term of the known finite
element solution.

In the present study, the a priori estimates have been derived in the energy norm for both the
symmetric and non-symmetric operators. The a posteriori estimates have also been derived

in the energy norm. Before proceeding to a priori estimates, first we define some norms.

2.1 Some Important Norms

L 1/p
Ly=Norm ol =( [ 1@pP)”, 0<p<
0
L 1/2
Ly — Norm ||v||2:</ w(@)?)?, 0<p<1
0

L 1/2
Energy — Norm  ||v||g = (/ a(x)|v(x)|2>
0

2.2 A Priori Error Estimates in Energy Norm

In this Section, the a priori bounds on the error in computed finite element solution has been
derived in the energy norm. The objective has been achieved by categorizing the operator as

symmetric and nonsymmetric operators.

2.2.1 Symmetric Operator Case

Consider a differential equation:

d*u _
€ +u=0 on Q=10,1]; (2.2.1)

with boundary conditions u(0) = uy and u(1) = u;.

In order to derive the a priori error estimates, we first find the finite element solution. For
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this first discretize the domain [0, 1] into N elements.
Let 0 =29 < 1 < 29 < ... < xy = 1 be any discretization of the domain.

Now, at each node z;, we define a basis function ¢;(x) as

xr— Ti_
pr— —, x€[n,1)
¢;(x) = hR o
J
L1 _CUj7 z [xﬁ‘TJﬁLl]

In general, the solution space, say, S is infinite dimensional. But since it is not possible to
find the solution in the infinite dimensional space, we approximate the solution space in the

finite dimension solution space S”. In S", let the finite element solution is given by
n=Y ¢x)uy, (2.2.2)
=1

where u € S™.
Multiply equation (2.2.1) by weight function say w(x) and then integrating over the domain
0, 1], we get

1 2 1
/ —ed u(x)w(x)drc —|—/ uw(z)w(x)dr =0 (2.2.3)
0 dz? 0
Integrating by parts, the first term in (2.2.3) becomes

/1 —edQu(x)w(x)dx _ —e[w(m)du(x) ‘1 B /1 dw(z) du(z) dx]

dx?

Substituting this value in equation (2.2.3), we get

- ew(a:)du(x) ‘1 + 6/01 dw(z) du(w)dm + /01 u(z)w(x)dr =0

dr lo dr dx
6/01 dl:l(; dzzlgf)dx + /01 uw(z)w(r)dr = ew(x)—du(fl; D) — ew(m)—du(zx: 0)

Putting

du

Q="
we get,

1
6/01 dqs—ff)m;—f)dx + /0 u(z)w(r)dr = ew(ry)Qn — ew(w1)Q1 (2.2.4)
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Writing the above weak formulation in the finite dimensional space S, we get

6/0 dlg—;x)dfi—(;)dx + /0 u(z)w(z)dr = ew(zy)Qn — ew(x1)Qq (2.2.5)

Substitute equation (2.2.2) in equation (2.2.5), we get

6/0 dx dx (Zuj(bj)dx + / )(iujgbj)dx =ew(xy)Qn — ew(r)Q1

N .
Z Z / dwx d¢1d —|—Zu]/ gzﬁjdx =ew(zy)Qn — ew(x1)Q1,

e=1

= XN: (ZUJ (w, &; ) = ew(xn)Qn — ew(ry)Q. (2.2.6)

e=1

where

B, (w,@) = /:1 (edzfl;@% +w(.7c)¢>j(:z:))d:c
Let
B(w.é5) = ZB (1.6)

du dv !
= _—— . 2.2.
B(u,v) 6/ o d:cdx+/ uvdx (2.2.7)

The above equation (2.2.6) is called finite element weak formulation. By calculating the
equation (2.2.6) for different test functions w = ¢;;i = 1,2,..., N, we get a linear system of

equations which can be written in the form
AU =B

Simplifying this linear algebraic system, we get the finite element solution for problem (2.2.1)

du dv !
(u,v) e/ %%dl‘—i—/ uodz.

= B(u,v) = €(ug, v,) + (u,v) (2.2.8)

Now
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where

and B(.,.) is a bilinear form on V' x S.

S and V are the trial solution space and weighting function space respectively. The solution
space S consists of H'(€2) functions which satisfy the given boundary conditions and the test
space V consists of test functions which belong to the space H'(2). It can easily be seen that

the bilinear form B(u,v) defined by (2.2.8) is symmetric. Now the energy norm is defined by
lul|3 = B(u,u) (2.2.9)
The Cauchy Schwarz inequality holds true with respect to this norm and is given by
|B(u, v)| < [lullzl[v]le

Remark: The Cauchy Schwarz inequality is valid in this form since the bilinear form B(u, v)
is symmetric.
Introduce the following splitting of the error which will be useful for the proof. Let u; be
nodal interpolation of the exact solution u. Letting e denote the finite element solution of
error, we have
e=u,—u

= Up — ﬂh + ﬂh —Uu

=en+n (2.2.10)
where e;, = uy, — @y, is the portion of the error in V", and

nN=u,—u=e—ey

is the interpolation error and is a member of V.

Now the weak formulation of the given problem can be written as
B(u,v) = 0. (2.2.11)
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Since vy, € V, s0 (2.2.8) will also hold for all v, € V}, a finite dimensional subspace of V,
= B(u,v,) =0 (2.2.12)
Also, from the finite element weak formulation, we have
B(up,vp) = 0. (2.2.13)
Subtracting (2.2.12) from (2.2.13), we get
B(u,vy) — B(up,v) =0
= B(u—up,vp) =0
Thus, we get Galerkin orthogonality property
B(e,ep) =0,

where e = u — uy,.

Using the energy norm ||.||g given by (2.2.9), for e € V', we get
lellz = 1B(e,e)]
=|B(e,er, + 1) (using (2.2.10))
= ‘B(eaeh) + B(ean)|
Using Galerkin orthogonality property i.e. B(e,ep) =0,
el = [B(e,n)|
<|lellelnlle  (Using Cauchy — Schwarz inequality) (2.2.14)

Therefore,

lelle < Inlle (2.2.15)

which states the best approximation property with respect to the energy norm.

Again,
lelle < (IB(n,m))*"? (. lInll* = B(n.n))
= (|e(esna) + (n,m))Y* (by equation ((2.2.8))
= (e|ln I1” + [Im[1*)2
=( shlt + Il (where [|n.]| = [n])
=|lellz < Clinll, (2.2.16)
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Expanding H'(2) norm for 7, we get
1 1
dn\ 2
2 2
e [ (@
ol = [ oo+ [ () o
= [[nll* + I/
= [nl5 + Inl3,

where ||.|| denotes the Lo(€2) norm, and ||.||; and |.|; denote the H'(Q) norm and H'(Q)
semi-norm respectively.

We can now apply the standard interpolation estimates [7, 14] of the form

Inlls < Ci(p, DR [[6llp41, (2.2.17)

where it is assumed that ¢ has regularity » > p 4+ 1. Substituting (2.2.17) into (2.2.16), we
get
lelle < ChP[| |1, (2.2.18)

where C' = CC;(p, Q).

2.2.2 Non-symmetric Operator Case
Consider the differential equation
—eu’ (z) — bu'(z) + cu(z) = f(z) in Q=(0,1) (2.2.19)

with the boundary conditions

Before proceeding to estimate the a priori error, we first briefly explain the finite element
formulation in order to get the bilinear form for problem (2.2.19). We consider the domain
discretization as in the symmetric operator case. Similarly, at each x;, we define a basis

function ¢;(x) as

T — Ti_
) _ )T T X1
gb](:t) T i~z
L , T € [T, 7541]
Tj+1 —

Then the finite element solution is given by:
N
0= ¢;(z)u (2.2.20)
j=1
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Multiplying equation (2.2.19) by weight function say w(x) and then integrating over the

domain 2, we get

/01<—eu”(x)—bu()+cu dx—/f dz.

Integrating by parts, the first term in of above equation becomes

1
+e/ u (z)w'd
0

—6/01 u (2)w(z)de = —ew(x)ul(x)‘l

Using this result, the above equation becomes

;+e/01u’<x>w’<x>dx_b/01 () <>+c/ dx_/ fo

e/olu’(x)w’(x)dx—b/ol (@) )dx—l—c/ dx—/ F@)w(z)dz + ew()u (x))o
Put Q = u'

e/olu’(x)w’(x)dx—b/ol (@)w ()dx+c/ da:—/f

+ e(w(zy)Qn — w(z1)Q1)

0

/

—ew(z)u (x)

Now the finite element weak formulation is obtained by using the approximation @ of u in the

above equation. Substituting the value of u in the finite element weak formulation, we get
N N .
S (Swe [ W Zuj / dﬁzuj / )6 (x)de
e=1  j=1 Te—1

/ f@)w(x)dz + e(w(zy)Qn — w(z)Q)

—1

N N

=3 (D wB(os, >)—<f<x>,w> (o won) = 0 = we))

e=1 j=1
(2.2.21)

where

B.(¢;,w) = /:_1 <ew/¢; - bw(b;- + cwgzﬁj)dm

Take

B(¢j7w) = ZBe(¢j7w)
= 3" Bloyw) = Lw)
= B(u,w) = L(w)
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where

1 1 1
B(u,v) = (—:/ uv'de — b/ u'vdz + c/ uvdx (2.2.22)
0 0 0

L(v):/o f(z)vdx. (2.2.23)

B(u,v) is the bilinear form and L(v) is the linear functional corresponding to the problem
(2.2.19).

The above equation is called weak formulation. Here, in the present case, we can easily see
that the bilinear form B(u,v) is not symmetric.

Calculating equation (2.2.21) element wise, we get
AU =B

Solving this algebraic system we get the finite element solution. Next, we will estimate the a
priori error in the finite element formulation.
In order to derive the a priori error estimates, the non symmetric operator can be systemati-

cally decomposed into symmetric part and skew symmetric part i.e.

B(u,v) = Bsymm(u, v) + Bsgew(u, v), (2.2.24)
where

Bgymm(u,v) = 1/2(B(u,v) + B(v,u)) (2.2.25)

Bgkew(u,v) = 1/2(B(u,v) — B(v,u)) (2.2.26)

Substituting (2.2.22) into (2.2.25) and (2.2.26), we get
1 7 1 !/ 1 1 7
Biymm (u,v) = 1/2|:€/ uvdaz—b/ uvdx—l—c/ uvdx—i—e/ vudr
0 0 0 0

1 1
— b/ v uds + c/ vudx] (2.2.27)
0 0

Now using integration by parts

1 1
b/ v udr = buv |} —b/ u vdz
0 0
1 ’
= —b/ u vdz.
0
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Substituting this value in equation (2.2.27), we get
1 ! 1 A 1 1 ! !
Biymm (u,v) = 1/2[6/ uvdx—b/ uvdx—l—c/ uvdat—i—e/ vudr
0 0 0 0

1 1
+b/ ulvdx%—c/ vudm}
0 0
o 1
:(—:/ uvd:rj—l—c/ uvdx’
0 0

1 1 1 1
Bikew(u,v) =1/2 [e/ wv'dr — b/ u'vd:c—i—c/ uvdxr — e/ v dx (2.2.28)
0 0 o1 | 0 )
+ b/ v udr — c/ vud:z:} (2.2.29)
0 0

Again using integration by parts, we get

1 1
b/ v ude = buv |} —b/ w vdx
0 0

1 !/
= —b/ u vdx.
0

Substituting this value in equation (2.2.28), we have

1 1 1 1
Bsgew(u,v) =1/2 [e/ uwv'dr — b/ wvdr + c/ uvdx — 6/ v dx
0 0 0 0

. 1
—b/uvdm—c/ Uudx]
0 0
1 ’
:—b/ u vdx
0

The proof of the previous Section break down here for the non-symmetric operator case since
the Cauchy-Schwarz inequality does not hold for non-symmetric operators. This is because
the skew symmetric operator does not contribute to the energy norm, as if B(.,.) is skew-

symmetric, then

[ull% = [B(u,w)|
= ‘Bskew(ua u)’
= [1/2(B(u,v) — B(u,u))|

=0.
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The approach taken here is to define a dual norm to accommodate the skew symmetric part.
This definition is canonical and allow the proof to proceed in a natural way, along the similar

lines of the preceding derivation for symmetric operators. The ‘skew-norm’ is defined by

BS ew 9
||u||skew = Sup M (2230)
vev lvlle
Clearly, from (2.2.30),
| Bskew(u, v)| < |lullellvlle (2.2.31)

This inequality is derived directly from the definition of the skew norm. It is similar in the
form to the Cauchy-Schwarz inequality, however, note the appearance of the symmetric norm
(i.e. the energy norm) on the right-hand side.

The proof of a priori error estimate may now be proceeded. We begin by applying the

definition of ||.||g on e, as in the previous section, to get

lellz = |B(e, e)|
= [B(e" +n.e)]
= |B(e", ¢) + B(n, ¢)|
= |B(n,e)| (- Ble,e") = 0)
= | Bsymm (11, €) + Bakew (1, €)] (using (2.2.24))

< | Baymm (1, €)| 4 | Bakew (1, €)]

|B

< [Inllellelle + lInllskewllell 2

Therefore,

lelle < llnlle + [[nllskew- (2.2.32)
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Expending ||7||skew and noting that |B(n,v)| = |B(v,n)|, we get

Bskew n,v
17| skew = sup|—()|
veV HUHE
Bs ew\V,
== SuPlk—(’Un)’
veV o]l
= [b(v, )]
= sup TR— : 5
veV (e [y v'v'dz + ¢ [ vudz)
bl[w]Hf]m
vev €[V]]* + cf|o]]?
sup bl[]lflm |
vev (€Cp2 + )2

= Culln'|

(using Cauchy — Schwarz inequality)

IN

< Culinll (2.2.33)
where Cpp is the domain-dependent constant arising from the Poincare-Friedrich inequality.
[v]] < Crrllvl (2.2.34)
which hold for all functions in V' = H'(Q). The constant in (2.2.33) is taken as
b

c — 2.2.35
L(eCpr + c)/2 ( )

Applying the interpolation estimates (2.2.17) to (2.2.33),

||77||skew < Onci(pa Q)hp”¢||p+1 (2.2.36)

Finally, substituting (2.2.36) into (2.2.32) and using the estimates for ||n|| g derived in (2.2.18),

we get
lellz < CnAP||B]lpia (2.2.37)
where
Oy =C+Cho

Comparing (2.2.37) to (2.2.18), it is seen that the skew symmetric part does not destroy the

error estimate unless C,, is large.
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2.3 A Posteriori Estimates in Energy Norm

In this Section, we consider here the same differential equation as considered in the previous

Section. Consider the equation
—€uy — buy + cu = f(x) in Q=1(0,1) (2.3.1)

with boundary conditions

Multiplying above equation by a test function w(z) and then integrating over the domain §2,

we get

6/01 UpWypdr — b/ol uw(x)dr + c/o1 vw(z)dr = /01 f(x)w(x)dz

€(Ug, wy) — blug, w) + c(u,w) = (f,w)
B(w,u) = L(w)

where B(w,u) is the bilinear form and L(w) is the linear functional corresponding to the
problem (2.3.1).
Replacing the test function w by v, we get

B(v,u) = L(v) (2.3.2)
where
B(v,u) = €(tg, vz) — by, v) + c(u,v) (2.3.3)
and
L(v) = (f,v). (2.3.4)

The methodology for deriving a posteriori error estimates is same for both the symmetric and

nonsymmetric operators, since the Cauchy-Schwarz inequality in the energy norm given by

lellz < llellzlinlle

is not needed.

The derivation begins the same way as for the a priori estimates.
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We know that |w||g = |B(w,w)| regardless of the symmetric properties of B(.,.).

lell = 1B(e, e)]

= |B(en +n,¢)]
where

e=e,+n
lell% = [Blen, ) + B(n, e)]

lell% = |B(n, e)| (Using Galerkin consistancy) (2.3.5)

which is same as in the case of a priori estimates. Here, we diverge from the a priori estimates
proof. For the a priori estimates, the objective is to cancel the error term on the right with
one on the left, and then apply interpolation estimates to bound the remaining 7 term as a
function of the exact solution u. For the a posteriori estimates, the goal is to form residual,
and then apply interpolation estimates to bound the remaining n term as a function of the
error. This error term then cancel with one on the left, leaving a bound in term of only
residuals.

Now, continuing from (2.3.5), we have,

lell% = |B(n, u" — )]

el = |B(n,u") = L(n)| (using B(v,v) = L(v)) (2.3.6)

The effect of the third line is to remove the exact solution u from the expression, leaving only
Galerkin solution u”. Also the right hand side of equation (2.3.6) is not zero since n ¢ V.
The next step is to form residuals, which is always done through integration by parts. Fur-
thermore, the integration by parts must be performed separately on each element K, since
u” is only C? continuous across element interfaces.

Let any K-th element be defined by

Qg = (rk-1,7K) where K=1,...,.N
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and N is the total number of elements, 2o = 0 and x = 1. Thus, the elements are numbered

from left to right. In addition, let

rl = lim o(rx +€)

Ty = limeo(xg — €)

where € > 0. Subsituting (2.3.3) and (2.3.4) into (2.3.6) and integrating by parts, we get

Now

(e, ult) — b(ne, u") + c(n, u”) — (n, f)|. (2.3.7)

lell% =

+
K=1 K—1
N _ T
— ho |¥K _ h d >
EZ (ua}n ’xlt—l 6/9;_'_ nua}x T
K=1 K—1
N —
=> [GUZU k3 —6(777U§5x)L2<QK>] (2.3.8)

N Ty
= Z b/ npuldz
+
K=1 Y%Trx-1
N - o
= Z (buhn |j§ b/ nuﬁdm)
K=1 K x;r( 1
N -
=3 [t b)) (2:3.9)
T, K

K
Substituting (2.3.8) and (2.3.9) in (2.3.7), we get

K—-1

N
> leuln |75 —e(n,uly) Loy — bu'n |§£71 (1, 1) Ly

1

+ C(nv uh) - (777 f)L2(QK)]
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= llellz =

where 7" is the residual on element interior, given by

=] Sl et )l [ |

MziMz

+Z (wre) (eul(ah) - eul(zo))]

=
I

r" = —eul, +bul + cu - f,
and N
hy |PK
E —bu™n ’x+ =0
K-1
K=1
as
N
h, 1Tk 1 h, 1Tk Ty h, TN
E —bu 77’33+ = —bu” 77‘ e T bu 77‘1+ — bu" 77‘ — ... —bu 77|x+
K=1 et K= N-1

= — bn(ay)u" (27) + by(a u" (27)... — bn(eg)u" (zx)
+ (e u" (wk_y) — (i )u" (w) + on(af)u (oF) — .

— by(ay)u" (xx) + bn(af_ u" (@3 _,)

Here, inbetween terms cancel with each other as 1 and u” are continuous functions and hence

bn(ag)u (v) = bn(ege)u" (2).
Therefore, we get
= by(o)u (o) — by(zn)u" (zx)

Z bun

vanishes on the boundary because u" € S and

xKl

Again, since u”

S={ue H((Q)|ulxg) =0 and u(zy)=0},

thus

—1

N —
> —bun [l =0
TK
K=1

But since uy, is only C° continuous function i.e. u" may not be differentiable at the inter-

element nodal points, hence,

n(z)(eug(zy) — eug(2y)) # 0
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Therefore, at last we are left only with

el = | Sl )+ 3 ) enda) — cul(az)]|
< i_[@,m]\ +| jf[mm(euzm;) — eul(z)))

which gives us the required a posteriori error estimates in the energy norm.

2.4 Conclusion

In the present work, elementary estimates for both the a priori and a posteriori errors present
in the finite element solution have been derived in the energy norm. For a priori error
estimates, two different problems have been considered which results in symmetric and non-
symmetric bilinear forms. Then, the a priori estimates have been derived separately for
both these symmetric and non-symmetric bilinear forms. These estimates are generally not
computable since they include the unknown exact solution. For a posteriori error estimates,
a linear convection-diffusion problem has been considered. After obtaining the corresponding
bilinear form, a posteriori error estimates have been derived. On contrary to the a priori
estimates, these estimates are computable since they are expressed in the terms of residual

error which uses only the finite element solution.
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Chapter 3

A SCHWARZ ITERATIVE
MONOTONE DOMAIN
DECOMPOSITION ALGORITHM
FOR A NONLINEAR
CONVECTION-DIFFUSION
PROBLEM

3.1 Introduction

The traditional numerical methods for solving singular perturbation problem require a fine
mesh covering the whole domain in order to resolve local details. These methods are inefficient
since the fine mesh is not needed in those part of the domain where the solution has a moderate
variation.

In the present work we are interested in applying an iterative domain decomposition method

for solving a nonlinear convection-diffusion problem which possesses boundary layers. The
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governing differential equation is given by

v du

with boundary condition
u=g on 0,

We assume that b> 3 >0 on €, where Q=[0,1] and

0<c < fulz,u) <c*, (z,u) €Qx(—00,00) and f, = % (3.1.1)

e is a small positive parameter, ¢* and ¢, are constants, 02 denotes the boundary of €. If
f(z,u) is sufficiently smooth, then under suitable continuity and compatibility conditions on
the data, a unique solution u(x) of (3.1.1) exists (see [10] for details). For ¢ < 1, problem
(3.1.1) is singularly perturbed and the boundary layer occurs at = = 1.

In the study of numerical solution of nonlinear singularly perturbed problems by the finite
element method, the corresponding weak problem is formulated into finite dimensional weak
problem which is further written as a system of nonlinear algebraic equations. A major point
about this system is to obtain reliable and efficient computational algorithms for computing
the solution.

In the present work, we are interested in applying a finite element method to the given non-
linear problem (3.1.1) by using monotone iterative (known as a method of lower and upper
solutions). This method leads to iterative algorithms which converge globally and solve only
linear discrete system at each iterative step.

In [2], for solving nonlinear reaction-diffusion problems, Boglaev proposed the discrete it-
erative algorithm which combines the monotone approach and the iterative domain decom-
position method based on the Schwarz alternating procedure from [1]. In [3], for solving
problem (3.1.1), Boglaev proposed the monotone domain decomposition algorithm based on
the Schwarz alternating procedure from [§].

In the present work, the computational domain is partitioned into overlapping subdomains.
The domain decomposition algorithm consists of the two iterative processes: outer iterations
and inner iterations. One outer iteration step represents computing finite element subprob-

lems on the subdomains in serial, starting from the left subdomain. Thus, the multiplicative
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Schwarz method is the outer part of the algorithm. At the level of inner iterations, each
common subdomain is discretized into overlapping nodes and the natural parallelism can be
invoked, since each of box-subdomains can be treated by its own processor. For inner iter-
ations, one can use a version of the Schwarz method. In [3]|, Boglaev investigated only the
outer part of domain decomposition algorithm from [§].

The purpose of the present work is to apply the monotone domain decomposition algorithm
in the finite element frame work. The nonlinear finite element weak formulation has been
approximated by the linear finite element weak formulation by making use of the monotone
Schwarz iterative algorithm. The same strategy has already been applied for solving the
semilinear (singular perturbed) differential equations in the finite difference frame work by
the Boglaev [4]. The same methodology [4] has been discussed in the present work but in
the finite element framework for one-dimensional nonlinear problem. A numerical experiment
has been presented from [4] using finite difference method.

To be brief in Section 2, for solving the nonlinear finite element scheme, a Schwarz itera-
tive method which possesses the monotone convergence has been discussed. In Section 3, a
monotone domain decomposition algorithm has been constructed and the monotone Schwarz

iterative strategy has been employed in each of these subdomains.

3.2 DMonotone Iterative Method
On Q, introduce a non-uniform mesh Q" :
Q" ={z;, 0<i<N; 20=0, zny=1; hi=xi41 — 2},

In order to find the solution U(z), = € Q" we use the traditional finite element scheme
which is thoroughly explained in Chapter 1. The nonlinear finite element weak formulation
for problem (3.1.1) is defined as follows:

Find U(z) € H'(Q) such that

€Uy, Vo) +0 (U, V) + (f(z,U), V) =0
= BWU,V)+ (f(z,U),V)=10
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where the bilinear form is given by

B(U,V) = €Uy, Vo) +b (Us, V)
= L"U(z)+ (f(2,U),V) =0, ze€Q (3.2.1)
where U satisfies the boundary condition u = g on 010,

and L"U(z) is defined by
L"U(x) = B(U,V)

Now, we construct the Schwarz iterative algorithm for solving the nonlinear finite element
formulation (3.2.1) which possesses the monotone convergence. This method is based on the
approach from [5].

Also, we assume that f(x,U) from (3.1.1) satisfies bounds

0<c < fu<c, (3.2.2)

where ¢, and ¢* are fixed constants. We define U(x) as an upper solution of (3.2.1) if it

satisfies the following inequalities

L'U(z) + (f(2,0),V) >0, zeQ"
U>g on 00"

where the operator L; is defined as above.

Similarly, U(z) is called a lower solution of (3.2.1) if it satisfies the following inequalities

L"U(z)+ (f(2,U), V) <0, zeQ
U<g on o0

The iterative sequence U™ (z) is constructed using the following recurrence formulas:

Let U (z) be any fixed mesh function which satisfies the given boundary condition i.e.
UO(z) =g(z), xedQ"
Now, let the solution at first iteration be denoted by U™ and is given by
U =y 4 70 (3.2.3)
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where Z( is the error in U,

Now UW must satisfies the discrete equation (3.2.1) i.e.
LU () + (f(z,UD(2)),V)=0; =z (3.2.4)
Substituting equation (3.2.3) in (3.2.4), we get
MU 4+ 2O 4 (f(z,UQ + zW) V) = 0.
Since L" is a linear operator, hence
LU+ zWy = LMUO) + LM Z(1)).
Expanding the second term in above equation by using Taylor’s series and simplifying, we get

LMUO(x) + L2V (2)) + (f (2, U0 (2)), V) + (20 (@) fulz, UV (2)), V) =0, zeQ"
= L"ZW(2) + (¢ 2V (2),V) = —[L"U(2) + (f(z,U"(2)),V)]

ZW(z) =0, ze€dQ"
Generalizing the iterative process, we get

U™ (z) = U™ Y(z) + 2 () (3.2.5)
L2 () + (2" (2), V) = =[L*U" D (@) + (f(a, UV (@), V)] (3.2.6)

ZMW(z) =0, z e

Hence, we get the Schwarz iterative solution U™ (z) for the given problem (3.1.1) using the

finite element methodology.

3.2.1 Remark 1

Let U©, U©® be upper and lower solution of (3.2.1), and let f(z, U) satisfies (3.2.2). Then
the upper sequence U™ (z) generated by (3.2.5) converges monotonically from above to the
unique solution U of (3.2.1) [4] and the lower sequence U™ (z) generated by (3.2.5) converges

monotonically from below to U

Q(O) < Q(l)... < Q(n) < Q("'H) <U< (n+1) < Um < U < © on Q&
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3.2.2 Remark 2

We can consider the following approach for constructing initial upper and lower solutions U(©)
and U, Consider a mesh function W (z) which is defined on Q" and satisfies the boundary

condition W (x) = g(z) on 9Q". Introduce the following finite element problem

L"Z0(@) + (e.Z0(2), V) = plL"W (z) + (f(z, W (2)), V)], z€Q" (3.2.7)
ZO(x)=0, 2€0Q", p=1-1 (3.2.8)

Then the functions U©) = W + Zfo), U =w + Z(,Ol) can be taken as the upper and lower
solutions, respectively.

Theorem: Prove that U as defined above forms an upper solution.

Proof: We will prove the result by making use of discrete maximum principle. Here we have

p = 1. Hence from (3.2.7), we get
L2 (@) + (20 (@), V) = [L"W (@) + (£, W (), V)],

>0 V zeQh
Also, since on the boundary 9Q", from (3.2.8) we have A (x) = 0.
From discrete maximum principle, we get Zl(o)(x) > 0 on Q"
Again, using the equation (3.2.7) for Z\% (z) and using Mean Value Theorem, we have

LYW+ Z) + (. W+ 217), V) = [LMV) + (£, W), V)]
LM W) + (W), VN + (£ = ) 27, V).

Since fﬁo) > ¢, and Zfo) is non-negative, we conclude that U is an upper solution.

3.3 Monotone Domain Decomposition Strategy

In this Section, we consider a monotone domain decomposition algorithm based on the
Schwarz alternating algorithm from [8] which has been explained using upwind finite dif-
ference framework for a two dimensional problem. In [8], domain decomposition algorithm
consists of the two iterative processes: outer iterations and inner iterations. One outer it-

erative step represents computing M difference subproblems on overlapping vertical strips
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m = 1,..., M in serial, starting from Q%% and finishing off on Q%%. The multiplicative
Schwarz method is the outer part of the algorithm from [8]. At the level of inner iterations,
each vertical strips @ is split into overlapping boxes, and the natural parallelism can be
used since each of the subdomains can be treated by its own processor. In the present work,
we shall consider only the outer part of domain decomposition algorithm from [8] but in the
finite element framework for one dimensional nonlinear problem. We introduce the set of the

overlapping subdomains as follows:

Q= ( gl,mf;l), m=1,...M, wl{:O, x5 =1,

Oy, = {apy,ap, ), T0, = {ah, ), Th, = {a,}-
Thus,
QN Qg1 = Wy, m=1,...,M —1, where 1w, = (xfnﬂ,xfn),
where W,,,m = 1, ..., M are the overlap domains between two subdomains ,, and ;1.

QO =Q, N0 {ab 2 WM =0t

m?

The domain decomposition of the domain © = [0, 1] is illustrated in Fig.1
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3.3.1 Monotone Domain Decomposition Algorithm

In this Section, we explain the monotone domain decomposition algorithm from [2], where
one complete iterative step includes solving a sequence of M problems on Q% m =1,.... M
in serial. For computing the problem on subdomains €2,,,1 < m < M, Dirichlet boundary
condition on the left boundary I'’ is updated by using the solution of the problem on the
previous subdomains €,,_; (previous step of the current iterative step). As for the monotone
iterative method (3.2.5), we assume that f(z,U) from (3.1.1) satisfies (3.2.2).

Step 0: Initialization: On the whole mesh Q" choose an upper or lower solution U (x),z €
Q" of (3.2.1) satisfying the boundary condition U® (x) = g(x) on 0Q".

Step 1: On the subdomains Q" m = 1,..., M, compute, in serial, mesh function Zim (x), m =

1,..., M, satisfying the following finite element scheme:

L"Z0(2) + (¢ 28 (), V) = [0 V(@) + (f(z, UMD (2)), V)], 2 eQb,

(
0, rel® m=1,
ZI(@) =3 72" (2), zel®, m=2, ..M, (3.3.1)
0, x el
\

and denote

Wi (z) = U V(z)+ 2 (), x€h.

m

Step 2: Compute the solution U (z), © € Q" by piecing the solution on the subdomains

Wi (z), zeQh \wh, m=1,.. M,
U™ () = (3.3.2)

W](V?)(x), r el
Step 3: Stopping criterion: As soon as, the iterative solution U (z); € Q" attains any
given accuracy, then stop; otherwise go to Step 1.
One of the possible approaches for constructing initial upper and lower solution for the finite
element formulation (3.2.1) has been suggested in Remark 2 of the previous Section.

Similar to Remark 1, we get the following convergence property of algorithm (3.3.1)-(3.3.2).
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3.3.2 Remark 3

Let U©, U be upper and lower solutions of (3.2.1), and let f(z, U) satisfy (3.2.2). Then the
upper solution sequence U™ (z) generated by (3.3.1)-(3.3.2) converges monotonically from
above to the unique solution U(z) of (3.2.1) and the lower sequence U™ (z) generated by

(3.3.1)-(3.3.2) converges monotonically from below to U(x) and satisfies

Q(O) < Q(l) < _”Q(n) < Q(ﬂ+1) <U< [y (n+1) < 7 < LUW < 7 on O

3.4 Numerical Result

In this Section, a nonlinear singularly perturbed problem has been considered and its numer-
ical results have been obtained presented which have been obtained using monotone Schwarz
iterative domain decomposition algorithm in [6] and the finite difference scheme has been em-
ployed. Also, a grid refinement technique which solves the problem in interfacial subdomains

has been employed in [6]:

3.4.1 Example

Consider the problem

fu> B, Bo=const>0, (x,u)e€ (0,1)xR. (3.4.1)
where
fz,u) = exp[ —(1- x)ﬂ — exp(—u)

Clearly, we can check that f, > 82, o = const >0, (z,u)€ (0,1) xR
Take p1 = /€. Boundary layer width h. is defined as

he = p|In(p)]/ Bo-
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It is easy to see that this test problem has the boundary layer at x = 0. Introduce a non-
equidistant mesh {z;,7 = 0,1, ..., N}. In the boundary layer region [0, h.|, the mesh generating

function is of logarithmic type function from [1].

ZT; € [Oa he] Poxy = _luln[l - (1 - M)@/ng]/ﬁo, L= 07 17 ey e = N/27

2 € (he, 1] =29+ 1 —h)/n,, i=n.+1,...,N =2n,.
If he > 0.5, then we choose the following mesh:

i—1 .
Ty = 0, T; = X1+ ho’y , 1= 1, 2, ..... , N,y

ho = min{0.5/n; — pln[l — (1 — p)/ne/Bo},

where v satisfies the condition

ho ) 7' =005,
=0
ie.,
Tp, = 0.5,
and

Llii:l'i,1+0.5/n€, Z:’I”LE—'—L,N

The differential equation from (3.4.1) is approximated by a simple variable-mesh formula.
The nonlinear algebraic system are solved by the Newton iterative method upto an accuracy
of 107°. The iterative algorithm are finished to achieve an accuracy of 107°.

In Table 1.1 and Table 1.2, we give the numerical results of the Schwarz alternative algorithm
and interfacial procedure for the various value of p and h (the number of the mesh points
n. = 100) have been presented [6]. K4 and Ko denote number of iterations for Schwarz
alternative algorithm and interfacial procedure, respectively, to the achieve an accuracy of
1075 (in the table * denotes numbers K 4;,K42 > 200). The table contains the value of K4,
K 49 for the two cases: hyy = h/16 and hy,; = h. One can see that, in the first case, the
inequality Ka; > Kyo is fulfilled if A/ < 1. In the case hyye = h, we have K41 ~ K49 for all

values of u and h.
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Table 3.1:

h Ka:Kaz  how :h/16
272 711 5:;6 5;6 33 33
274 21:35  8:13 6:6 4:5  3;3
276 65111  23;39 8;13 6;6 4:4
28 k% 74126 23:38 812 6:6
2-10 kx ok 72;123 19;32  7;10
u 92 o4 96 9-8 910
Table 3.2:
h Ka1;Ka2  houwt =h
272 7,6 5;5 5;9 3;3 3;3
274 21;19 87 6:6 4:4  3;3
276 65,64 23;22 8;7 6;6 4:4
98 Kk 7479 23:21 87 66
2710 Hx ok 72:70 19;18 77
“ 92 94 96 9-8  9-10

3.5 Conclusion

In the present study, we have considered a nonlinear convection-diffusion problem. Firstly,
monotone Schwarz iterative methodology has been discussed under finite element framework
for solving the problem under consideration. Since the problem is non-linear in nature, if we
directly apply the finite element method, the method results in a system of nonlinear algebraic
equations. A major point about this system is to obtain reliable and efficient computational
algorithms for computing the solution. A major benefit of the monotone Schwarz iterative
strategy is that it leads to iterative algorithm which converge globally and solve only linear
discrete system at each iterative step. Further, the iterative scheme has been incorporated in
the domain decomposition algorithm in the finite element framework. The algorithm has the

benefit that the problem can be solved on subdomains in parallel.
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