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ABSTRACT 

 

This thesis aims to provide an improved model for solids friction factor and particle velocity for 

fluidized dense-phase pneumatic conveying of fine powders. Due to the highly turbulent and 

concentrated moving dunes, only limited progress has been attained so far towards understanding 

the flow mechanism of fluidized dense-phase pneumatic conveying of fine powders. A new test 

facility has been developed for the pneumatic conveying of fine powders. Fine powders such as 

cement and fly ash were tested for their apparent rheology in a rotational powder rheology tester. 

Tests were carried out with different rotational speeds and fluidization air quantities. Governing 

equations for solids-gas flow for fluidized dense-phase pneumatic conveying of powders have 

been developed considering one-directional steady-state flow, and the same were solved by using 

Fourth-fifth-order Runge-Kutta-Fehlberg (RKF45) method for various solids flow and airflow 

rates for constant and variable fluidized bulk densities to determine particle and actual gas 

velocities. The results have shown an increasing trend of particle and actual gas velocities and 

decreasing trend of solids volumetric concentration in the direction of flow. From the numerically 

obtained values, a model for particle velocity has been obtained using solids loading ratio, 

dimensionless velocity, dimensionless diameter and dimensionless density terms covering flow, 

pipe and particle properties. An improved model for solids friction factor has been developed by 

incorporating an additional collision term representing energy loss due to particle-particle impact 

during conveying. The new solids friction factor model has been validated by using it to predict 

total pipeline pressure drop for length and diameter scale-up conditions and comparing the 

predicted pneumatic conveying characteristics against the experimental plots. The results confirm 

the improved prediction capability of the new solids friction factor model. The model has been 

further improved by incorporating apparent powder rheology terms in the expression for solids 
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friction factor model. Two different formats for modelling solids friction factor were evaluated; 

one format is scientifically more appropriate, whereas the other format provides practical 

convenience of testing and modelling. A comprehensive scale-up evaluation has shown that the 

format with convenience can provide satisfactory results from an industrial design point of view.  

 

Keywords: Solids friction factor, Pneumatic conveying, Powder rheology, Runge-Kutta-Fehlberg, 

Particle velocity  
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1.1 Introduction 

 

Transportation of fine powders, such as cement, pulverized coal, fly ash, food products, chemical 

powders, pulverized coal, calcium carbonate, plastic pellets, etc. through pipelines by using gas as 

the conveying medium is mostly preferred in various industries including cement, chemical, coal-

fired thermal power plants, pharmaceutical, petrochemical plants, calcium carbonate to list a few. 

Out of the various modes of conveying, for the transport of fine powders (fly ash, cement, alumina, 

barytes, pulverized coal), which have good air retention capabilities, the fluidized dense-phase 

method is preferred over the conventional dilute-phase flow. This is due to the fact that the 

fluidized dense-phase flow is characterized by high solids to gas mass flow rate ratio (can go up 

to 100) and because of that the following advantages are obtained: lower conveying velocity 

requirements at feed points due to the non-suspension nature of transportation, reduced airflow 

and size of air compressors, savings in operating power (can go up to 50% energy saving), lower 

wear rate of pipelines and bends, reduced size of solids-gas separation equipment, reduced size of 

pipes, and decreased rate of particles attrition and product degradation (Klinzing et al., 2010; 

Mallick, 2009). In order to ensure that the guaranteed amount of material is transported without 

flow blockage, designing of the fluidized dense-phase system is based on the estimation of two 

main parameters, which are the total pipeline pressure drop and minimum airflow rate requirement. 

Over-prediction of the total pipeline pressure drop would cause the use of large size of air movers, 

which would result in initial and operating cost increment. On the other hand, the reduced flow 

rate of material would be observed with the under-prediction of total pipeline pressure drop. 

Saltation in the pipeline, product build-up, unstable flow, and ultimately, pipeline blockage is 

caused by the underestimation of the reliable transport boundary (Wypych, 1989). The pressure 
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loss for solids-gas flow through a straight horizontal section of pipe can be expressed using 

equation (1.1), as given by Barth (1958). 

 

∆𝑃 =
((𝜆𝑓 + 𝑚∗𝜆𝑠)𝜌𝑎𝐿𝑉2)

2𝐷
                                                                                                                  (1.1) 

 

where ‘∆𝑃’ is the pressure drop in the horizontal section, ‘𝜆𝑓’ is the air (gas) only friction factor, 

‘𝑚∗’ is the solid loading ratio, ‘𝜆𝑠’ is the solids friction factor, ‘𝜌𝑎’ is the density of air, ‘𝐿’ is the 

total length of the pipe, ‘V’ is the superficial air velocity, and ‘D’ is the internal diameter of the 

pipe. The above equation (1.1) considers the pressure losses due to the gas and solids phases 

separately. In the above equation, it is relatively easier to calculate the other terms, such as air/gas-

only friction factor (𝜆𝑓), solids loading ratio (𝑚∗), the density of air (𝜌𝑎), gas velocity (V) using 

the well-established models of thermos-fluids, but a precise estimation of solids friction factor is 

a challenging task due to the limited progress made so far towards understanding the fundamentals 

of changing flow mechanisms in fluidized dense-phase. The solids friction factor term is a 

combined depiction of loss of energy due to solids to solids, solids to gas, and solids to pipe wall 

interactions (Klinzing et al., 2010; Mallick, 2009).  Weber (1981) used the expression represented 

in the equation (1.1) for coarse-grained particles, which are likely to be conveyed in the suspension 

flow mode (i.e., dilute-mode of flow). For certain products and types of flows, such as low-velocity 

slug-flow of granular products (Mi and Wypych, 1994; Mi and Wypych, 1995; Pan and Wypych, 

1997) or the suspension flow mode (i.e., dilute flow mode) of bulk solids, fundamental modelling 

approaches based on the concept of empirical powder-function based mechanics have been 

developed in relatively more detail, because it is relatively easier to model this type of flow 

mechanism (Mallick, 2009). Also, the flow physics of energy required to lift the particles is well 
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defined (Pan, 1992). However, the accurate modelling of solids friction factor for the fluidized 

dense-phase conveying of fine powders as compared to the dilute-phase has been a far more 

challenging task to be solved at a similar level of accuracy. This occurs due to the highly 

concentrated, turbulent and complex nature of the gas-solids mixture moving in the fluidized bed 

(non-suspension mode) of fine powders under high solids to gas mass flow rate ratio, which makes 

it difficult to connect the particle and bulk properties during actual flow operating conditions and 

the subsequent accuracy of modelling and scale-up is compromised (Mallick, 2009). 

 

Stegmaier (1978) developed a power function-based model to estimate solids friction factor for fly 

ash, alumina, quartz powder, sand, catalyst for horizontal transport with average particle size 

ranging from 15 to 112 μm and particle density from 1500 to 4100 kg/m3, respectively for a range 

of flow conditions (dense- to dilute-phase). The developed model is presented in equation (1.2). 

 

𝜆𝑠 = 2.1 (𝑚∗)−0.3 (𝐹𝑟)−2 (𝐹𝑟𝑠)
0.5 (𝐷 𝑑𝑠⁄ )0.1                                                                                    (1.2) 

 

Rizk (1982) identified the various factors that contributed to the overall solids friction factor (𝜆𝑠). 

The developed model for solid friction factor (𝜆𝑠) worked well in the dilute phase. He mentioned 

‘𝜆𝑠
’
 can be separated into two terms provided by the equation (1.3). 

 

𝜆𝑠 = 𝜆𝑠
∗ (

𝐶

𝑉
) + 2 (

𝑤𝑓

𝑉
) (

𝐶

𝑉
)⁄ 𝐹𝑟2                                                                                                        (1.3) 

 

Where, 𝜆𝑠
∗
 is related to the impact and friction of the solid particles (particle to particle/wall). The 

term 2 (
𝑤𝑓

𝑉
) (

𝐶

𝑉
)⁄ 𝐹𝑟2  is related to the energy loss due to keeping the particles in suspension. 



5 
 

Wypych et al. (1990, 1990a) presented a dilute-phase model, which was based on equation (1.3), 

and termed it as Weber A4 model, which was originally presented by Rizk (1982). However, the 

authors replaced the term β = 
𝑤𝑓

𝑉
    by βo = 

𝑤𝑓𝑜

𝑉
  . Other empirical power function-based models have 

been popularly used over the years by several researchers, such as Pan and Wypych (1992), Pan 

(1992), Jones and Williams (2003), using dimensionless numbers, as given by equation (1.4). 

 

𝜆𝑠 = 𝐾(𝑚∗)𝑎(𝐹𝑟)𝑏                                                                                                                                 (1.4) 

 

Pan and Wypych (1998) added the term, i.e., “particle to air density ratio” in the format given 

above (provided by equation 1.4) in order to incorporate the changes occurred in the “gas density” 

term along the pipeline (due to gas expansion), is given by equation (1.5). Four different fly ash 

samples were transported with average particle size ranging from 4 to 58 μm, particle density from 

2197 to 2540 kg/m3, and bulk density from 634 to 955 kg/m3 for respective internal diameter taken 

from 52.5 to 105 mm and length from 70 to 564 m.  

 

𝜆𝑠 = 𝐾(𝑚∗)𝑎(𝐹𝑟)𝑏  (
𝜌𝑎

𝜌𝑠
⁄ )

𝑐
                                                                                                                      (1.5) 

 

Ratnayake and Datta (2007) and Sæther et al. (2009) provided a model format to determine straight 

pipe pressure drop where the solids-air mixture has been considered as a single-phase (instead of 

treating solids and air separately). The total pressure drop due to solids-air mixture has been given 

by equation (1.6), and an expression of suspension density has been provided by equation (1.7).   
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∆𝑃𝑠𝑡 =
1

2
(𝐾𝑠𝑡)(𝜌𝑠𝑢𝑠)(𝑉

2
𝑒𝑛𝑡𝑟𝑦) (

∆𝐿

𝐷
)                                                                                                  (1.6) 

 

𝜌𝑠𝑢𝑠 =
𝑚𝑠 + 𝑚𝑎

𝑉𝑠 + 𝑉𝑎
                                                                                                                                       (1.7) 

 

Mallick (2009) evaluated the above various mentioned existing models or model formats for solids 

friction for scale-up accuracy and stability. He found that the above formats of solids friction factor 

can surprisingly result in gross inaccurate predictions under significant scale-up conditions of 

pipeline lengths and diameters. Mallick (2009) modified an existing dilute phase model known as 

Weber A4 model to dense-phase model, which he termed as modified Weber-A4 model. The 

newly developed model was claimed to be more appropriate for dense-phase conditions by 

changing the term from 𝑤𝑓𝑜 (settling velocity of a single particle) to 𝑤𝑓 (settling velocity of a 

particle in a cloud). The results revealed an improvement in the overall accuracy of predictions 

under scale-up conditions for fly ash, ESP dust, pulverized coal, and fly ash/cement mixture. The 

modified Weber-A4 model is essentially a Rizk (1982) model, but Mallick (2009) used it for fine 

powders, and Rizk (1982) used it for coarse particles. Mallick (2009) developed another method 

of representing the solid friction factor using the concept of “two-layer” slurry flow modelling 

(suspension flow occurring on top of a non-suspension layer), but he could not further proceed to 

actually test the accuracy of the two-layer concept because he did not have the experimental data 

of rheological properties of fine powders. During pneumatic conveying trials through sight glass 

observation, it was found that there is a suspension layer that flows on the top over the bottom 

non-suspension layer. Therefore, the “two-layer” concept was believed to be the more appropriate 

form to represent the actual flow conditions under dense-phase conveying.  
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Setia et al. (2015) introduced a new model format by incorporating the terms such as volumetric 

loading ratio and dimensionless velocity, as these were believed to be the more appropriate flow 

defining parameters. In the opinion of Setia et al. (2015), Volumetric Loading Ratio (VLR) is used 

to include the partial occupancy of pipe volume by the solids in the dense phase. As per Setia et 

al. (2015), for fluidized non-suspension (dense) type of flows, a considerable portion of the pipe 

volume is occupied by the dunes, and hence, the lack of cross-section available for the flow of gas-

phase was not ignored. The term 
𝑤𝑓𝑜

𝑉
  attempts to indicate dense- to dilute-phase transition 

phenomenon. Larger sized and/or higher particle density products will have increased free settling 

velocity, and higher velocity will be required to keep them in suspension.  

 

The model for estimating the solids friction factor was provided in the equation (1.8) as follows,  

 

𝜆𝑠 = 𝐾 (𝑉𝐿𝑅)𝑎  (
𝑤𝑓𝑜

𝑉
)
𝑏

                                                                                                                               (1.8) 

 

where 

𝑉𝐿𝑅 =  (
𝑉𝑠

𝑉𝑎
⁄ ) = {(𝑚𝑠/𝜌𝑠) (𝑚𝑎 /𝜌𝑎)⁄ }                                                                                             (1.9) 

 

The above presented Volumetric Loading Ratio model (in equation 1.8) did not work well in the 

scale-up evaluation and provided under-prediction. This model worked well in dense-phase, but it 

did not work in the dilute phase. This could be due to the fact that in dilute-phase, the partial 

occupancy of pipe volume covered by the solids is less or should be ignored as compared to the 

dense-phase flow, as the remaining volume available for gas flows is more in the former case. The 
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above model presented in equation (1.8) was found to be better than other existing models (refer 

equations 1.2 to 1.5). Earlier the term solids loading ratio (𝑚∗) (mass flow rate ratio of solids to 

air) was used to represent the flow condition that occurred in the pipeline (Mallick, 2009; Pan and 

Wypych, 1992; Setia and Mallick, 2015a; Jones and Williams, 2003; Williams and Jones, 2004; 

Ratnayake et al., 2007; Chunhui et al., 2012; Behera et al., 2013; Cai et al., 2014; Behera et al., 

2015). Setia et al. (2015) introduce the term volumetric loading ratio (VLR), which mainly 

incorporates the effect of product volume occupancy inside the pipeline, which in turn was 

considered to be the better representation for the flow conditions. This term was assuming a 

uniform distribution of solids across the pipe cross-section. On the other hand, always there is a 

transition phase that exists during the flow conditions in the pipeline. Therefore, to incorporate the 

transition phase from dense- to dilute-phase the dimensionless velocity term (
𝑤𝑓𝑜

𝑉⁄ ) was used 

(Setia et al., 2015). 

 

Subsequently, Setia et al. (2016) provided a new two-layer based model format (suspension flow 

occurring on top of a non-suspension layer) to determine solids friction factor, which included 

separate contributory terms for the non-suspension and suspension flows. The work has been 

carried out on the fine powders such as fly ash, cement, ESP dust. The format is provided in the 

following: 

 

𝜆𝑠 = 𝜏1 [𝐾(𝑉𝐿𝑅)𝑎  (
𝑤𝑓𝑜

𝑉
)
𝑏

] + 𝜏2 [𝜆𝑠
∗ (

𝐶

𝑉
) + (

2𝛽𝑜

(
𝐶

𝑉
) 𝐹𝑟2⁄ )]                                                    (1.10)                                               
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where K is the coefficient, and ‘a’ and ‘b’ are the exponents of power function format and ′𝜏1′ and 

′𝜏2′ denote the relative contributions of non-suspension and suspension layers, respectively. The 

first term in equation (1.10), i.e., 𝜏1 [𝐾(𝑉𝐿𝑅)𝑎  (
𝑤𝑓𝑜

𝑉
)
𝑏

] represents the contribution of dense phase 

flow (non-suspension layer), whereas the second term, i.e., 𝜏2 [𝜆𝑠
∗ (

𝐶

𝑉
) + (

2𝛽𝑜

(
𝐶

𝑉
)𝐹𝑟2⁄ )]  

represents the contribution of dilute-phase flow (suspension layer) (Wypych et al., 1990; 1990a). 

The two layers mentioned here (suspension and non-suspension layer) were physically observable, 

and to represent these two layers, two distinct models were required. The second portion of this 

equation has been taken from a pure dilute-phase model (suspension flow type), known as “Weber 

A4” model (Wypych, 1990). This model (Weber A4) has been reported (Mallick, 2009; Wypych, 

1990) to provide better predictions for dilute-phase flow for different pipeline configurations. The 

predicted results of pneumatic conveying characteristics have displayed ‘U’-shaped trends that 

were very close to the shapes of experimental pneumatic conveying characteristics in comparison 

to the uniform flow model presented in equation (1.8). The results revealed that the two-layer 

model could provide better reliable scale-up predictions as compared to the uniform model 

(equation 1.8) and other existing correlations in the literature, but it showed some inaccurate results 

for scale-up predictions in the step-up pipelines. Overall, preliminary validations of a two-layer 

model have indicated a good potential from dense to the dilute-phase regime. On the other hand, 

in realistic situations, there is some influence of solid particles (particle to particle/wall) in the 

entire pipeline, which creates some frictional effects. Therefore, in the present thesis, the term ′ λs
∗′ 

is used to incorporate impact and friction effects caused by the solids.  
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There is another approach to designate the pressure drop in the pipeline, which is given by Weber 

(1991). In that approach, he did not consider separately the air only and the solid component of 

the pressure drop. Weber (1991) suggested that the pressure drop of the solids air mixture was 

integral in nature. In his opinion, it is individually difficult to separate the pressure drop caused by 

air-only and solids-only due to the intense mixing nature of the dense phase flow. He considered 

that the entire pressure drop of solid and air could be represented by the following new model 

format, as provided by the equation (1.11). 

 

∆𝑃 =
𝜆𝑇𝜌𝑉2 𝐿

2𝐷
                                                                                                                                        (1.11) 

 

The model format presented in the equation (1.11) has been validated by Mallick (2009) under 

scale-up conditions of diameter and length. He validated with the aid of using dimensionless 

numbers such as solid loading ratio (𝑚∗), mean Froude number (𝐹𝑟𝑚) terms. The model is given 

by equation (1.12): 

 

𝜆𝑇 = 𝐾(𝑚∗)𝑎(𝐹𝑟𝑚)𝑏                                                                                                                              (1.12) 

 

where ‘K’ is the coefficient, and ‘a’ and ‘b’ are the exponents of power function format. It has 

been found that using the above model (i.e., equation 1.12), pressure drop predictions under scale-

up conditions did not come well (i.e., largely inaccurate). However, an attempt should be made to 

explore the use of other dimensionless terms such as Volumetric Loading ratio and 𝑤𝑓𝑜 𝑉⁄  (instead 

of m* and Fr), because Setia et al. (2016) have shown that this method seems to have better 

potential to provide reliable scale-up predictions. Therefore, using the same format with different 
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dimensionless terms needs to be addressed in the future. Moreover, there is a possibility that the 

format given by equation (1.8) is internally more suitable for fluidized dense-phase flow, and it is 

only the choice of dimensionless terms that are causing the inaccuracies associated with equation 

(1.4). 

 

Unfortunately, many of the existing models do not consider the particle velocity term (C) (refer 

equations 1.4, 1.5, and 1.8). In the solid friction factor modelling, particle velocity term (C) is an 

important parameter, because it is considered to be an important particle flow characteristic and 

hence needed to be included in the model. Particle velocity term ′𝐶′ has been used by Setia et al. 

(2016) in the two-layer model. They have used 𝐶 𝑉⁄ = 1, which may not be good for dense-phase, 

because Mallick (2009) considered that at low superficial air velocity range, the value of 𝐶 𝑉⁄  

would be less than that of dilute-phase. Therefore, due to such an assumption made in the existing 

two-layer model, an accurate estimation of particle velocity had not been possible. Most of the 

existing models, e.g., equations (1.4) and (1.5), do not address particle velocity and the slip velocity 

(the difference between gas and particle velocities) and relies on the superficial velocity of the gas. 

Therefore, it is considered that it would be prudent to include the particle velocity term, which is 

considered to be the most important parameter to represent the dune flow. However, experimental 

measurement of dune velocity for fine powders during actual flow conditions is a difficult task. 

The reason for this is, it is difficult to analyze the structure (i.e., movement) of the dunes between 

the sensors because the fine powders coat the sight glass.  

 

Kaur et al. (2017) solved one-dimensional governing equations of flow for dense-phase pneumatic 

conveying of fly ash using the Runge-Kutta-Fehlberg (RKF45) method. Using numerical analysis, 
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Kaur et al. (2017)  developed a new correlation of determining particle velocity. This work was 

done on the limited data (only fly ash), which needs to be further validated for other types of 

products. The model is provided by equation (1.13). 

 

𝑢𝑠

𝑢𝑎
= 10−3.227(𝑚∗)1.212 (

𝑤𝑓𝑜

𝑉
)
−0.385

                                                                                                (1.13) 

 

Kaur et al. (2017) considered a constant value of fluidized bulk density, but it may be expected to 

vary along the length of the pipe (possibly decreasing). Because of the expansion of gas, more 

mixing of gas by the transport and the intense blending that can happen over the bend. In their 

model, they did not consider any concentration gradient of the particles across the diameter of the 

pipe and coupling between solid to solid and gas to solid particles. Therefore, the effects of varying 

fluidized bulk density, concentration gradient, and coupling parameters need to be included in the 

future model of particle velocity. As compared to the existing models of particle velocity 

mentioned below in equations (1.14) and (1.15), it was claimed that the model developed holds 

good for dense phase. The new model (Kaur et al. 2017) was validated against two existing models 

(Klinzing et al. 1989; Hong and Shen 1994), which are given by: 

 

𝑢𝑠 = (𝑢𝑎 − 𝑤𝑓𝑜
0.71)𝐷0.019                                                                                                                      (1.14) 

 

𝑢𝑠 = 𝑢𝑎 [1 − 0.533 (
1000𝜌𝑎

𝜌𝑠
)
1.093

 (
𝐷

100𝑑𝑝
)

−0.721

]                                                                   (1.15) 
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The model given by equation (1.14) was developed by Klinzing et al. (1989) (as reported by Wei 

et al. 2011), which was only suitable for the dilute-phase system and has been applicable for the 

particle size range of 67 to 900 μm. The model given by equation (1.15) was developed by Hong 

and Shen (1994) (as reported by Wei et al. 2011). They used a particle density term in their model 

and reported that the model is appropriate for “High solid-gas ratio and for fine powder.” The 

existing models presented in the equations (1.14) and (1.15) seems to be applicable for fine 

powders to estimate particle velocity term. Therefore, Kaur et al. (2017) used these two models to 

predict particle velocity for fine powders for validation purposes only. It has been found that the 

values of particle velocity obtained with the aid of using the numerical model lie in between the 

two sets of the predicted existing model presented in equations (1.14) and (1.15).  

 

The aerated powders conveyed in fluidized dense-phase behave as pseudo-fluid (fluid-like 

appearance). However, none of the existing models for solid friction factor or pressure drop 

considers fluid bed rheology (or apparent viscosity). Readdressing the issue of two-layer modelling 

(Mallick, 2009), apparent rheology is considered to be a significant parameter in order to 

understand the flow mechanism and modelling fluidized dense-phase type of conveying. 

Anjaneyulu and Khakhar (1994) experimentally studied the rheology of granular materials (glass 

beads) with Brookfield, Synchro-Lectric viscometer. However, their scope of work was limited up 

to granular products only, and hence, no data was generated to study the rheology of fine powders. 

Bruni et al. (2007, 2007a) studied the rheological characteristics (torque vs. impeller depth) for 

aerated fine powders and addressed the issue of the influence of inter-particle forces on the 

fluidization behaviour of fine powders. However, they did not model the pressure drops of fine 

powders at different aeration conditions in relation to pneumatic conveying.  
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Chen (2013) designed a testing apparatus using a combination of a fluidization chamber and a 

rotary viscometer, which utilized the Couette method to measure the rheology of gas-solid systems. 

In his present set-up, only the rheology of homogenous laminar flow was considered, but actually, 

in the case of aerated powder, the flow is heterogeneous (i.e., turbulent in nature), which requires 

further investigations. Therefore, rheological data should be obtained from a set-up where 

turbulent flow condition (turbulent fluidized bed condition) is prevailing. Chen (2013) carried out 

rheology testing of fine powders such as fly ash and cement. However, he could not carry out 

comprehensive validation on the usability of such data to model solid friction factor. This is due 

to the fact that he only validated on a 7-meter long pilot-scale pneumatic conveyor, which is too 

short for validation purposes with any degree of reliability for practical usefulness. Further 

improvements and modifications are required to evaluate the flow behaviour under conveying 

conditions having the scale of practical relevance.  

 

Chaudhry (2015) tried to investigate the rheology of fine powders, i.e., the yield stress of fine 

powders for modelling fluidized dense-phase pneumatic conveying. She attempted to develop a 

powder rheological tester by having a 4-inch diameter tube attached to the bottom with aeration 

arrangement provided in the distributor plate with the help of a compressor supply fixed to it. 

However, she found that with such a set-up, getting a reliable and stable result is an extremely 

difficult task because of the experimental challenges, such as non-uniform fluidization, 

channelling, etc.  

 

The existing models for pressure drop are often based on Barth’s approach (Barth 1958) and using 

the “straight pipe” pressure drop data for modelling of solids friction (Mallick 2009). Barth 
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equation considers a linear dependency of solids loading ratio, which is then multiplied by solids 

friction factor (which again may have a direct or indirect inclusion of solids loading ratio term) 

(Mallick, 2009). As a result, it is thought that the Barth equation is always inherently influenced 

by solids loading ratio. Therefore, it is important to evaluate a model format that will not include 

solids loading ratio. A proposed format is provided in the following, which is the termed here as 

the amended Barth format:  

 

∆𝑃 =
((𝜆𝑓 + 𝜆𝑠)𝜌𝑎𝐿𝑉2)

2𝐷
                                                                                                                     (1.16) 

 

The “straight pipe” pressure drop data (obtained from the differences of static pressure values 

measured across a straight pipe section between two tapping points) are a presumably better 

selection of data for modelling straight pipe losses as compared to the “back-calculation” method 

(Jones and Williams 2003). It can be a difficult task to obtain a consistently good straight-pipe 

data, due to the frequent choking of the filters installed in the various pressure tapping points in 

the entire pipeline (Mallick, 2009; Setia, 2016a). Also, it becomes a very challenging work to set-

up a typical mean value of static pressures, due to the highly fluctuating nature of the pressure 

signals. Additionally, if the distance between tapping points is comparatively small, it may be hard 

to obtain reliable pressure difference values (due to the highly fluctuating nature of signals). On 

the other hand, too long a distance between the tapping points may result in the transformation of 

dune properties between the tapping points. Therefore, in spite of the “straight-pipe” method being 

preferably suitable for the modelling purposes, this approach of data measurement and modelling 

is having certain practical drawbacks (as discussed above). In the “back-calculation” method, the 

pressure loss in the straight pipe is determined by subtracting losses occurring in the bends, 
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verticals and that due to initial acceleration from the total pipeline pressure drop. Therefore, the 

“back-calculation” method is indirectly dependent on the accuracy of reliable 

bend/vertical/acceleration models (the development of these models is still under the research 

stage). However, according to the practical point of view, this method has the main benefit that 

only one pressure transducer is required, and that too is installed on the clean airline (located on 

the compressed air line and just before the blow tank). The transducer on clean airline does not 

require frequent cleaning and provides data with less pressure fluctuation (compared to particle-

laden flow areas where transducers are installed in a “straight pipe” approach). Mallick (2009) 

demonstrated that the solids friction factor models developed using the “back-calculation” method 

can provide grossly inaccurate results when tested under scale-up conditions of pipeline length and 

diameter. However, it should be noted that Mallick (2009) carried out the evaluation work using a 

format of solids friction factor as given by equation (1.4). This power function format uses solids 

loading ratio and Froude number as the dimensional terms, and it has been demonstrated that this 

format can provide grossly inaccurate scale-up predictions (Mallick, 2009). Therefore, it would be 

very difficult to predict, whether the large inaccuracy of “back-calculation” method under the 

scale-up configurations is due to its indirect approach of estimating the solids friction factor with 

dependency on bend/vertical/acceleration losses or if it is due to the selection of unsuitable solids 

friction factor model format (i.e., the dimensionless terms). There may be a possibility that the 

reliable solids friction factor model, such as the two-layer model format of Setia et al. (2016), 

could provide better-quality predictions even with the “back-calculation” approach. Therefore, it 

is essential to generate a solids friction factor model using the combination of a two-layer format 

of Setia et al. (2016) and back-calculation method and test the model for its scale-up accuracy.  
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Based on the above discussion, the following are the three critical areas that require further 

attention. 

 

• Development of a validated particle velocity model (of practical use) using the numerical 

technique by considering the effect of change in particle concentration along the pipeline 

diameter and varying fluidized bulk density (along with the flow). 

 

• Development of pressure drop models using different model formats, such as combined 

gas-solid phase approach, amended Barth technique, and back-calculation method (with 

relatively established reliable solids friction factor model format). 

 

• Development of a pressure drop model using rheological parameters of aerated fine 

powders. 

 

Therefore, further work is required to be carried out in the above mentioned critical areas: In the 

view of the above, the following are the objectives. 
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1.2  Research objectives 

 

Specific research objectives include: 

 

1. To develop dense-phase pneumatic conveying test facility. 

 

2. To experimentally determine shear stress and apparent viscosity of aerated powder bed under 

different conditions of aeration, shear rate and type of powders and to convey fine powders (Group-

A fine powder) through pneumatic conveying test rig.  

 

3. To carry out scale-up evaluation of pressure drop models developed using different model formats, 

such as combined gas-solid phase approach, amended Barth technique and back calculation method 

(with relatively established reliable solids friction factor model format). 

 

4. To numerically determine particle velocity for Group-A fine powders and use the same to develop 

validated solids friction model and validate the numerically developed particle velocity model with 

predictions obtained using existing empirical models. 

 

5. To develop validated model for solids friction, using rheological data of fine powders (Group-A 

fine powders) and the pseudo-fluid flow concept for dune transport. 

 

The outcome of the present thesis work would provide a better understanding of the fundamentals 

of changing flow mechanisms in the fluidized dense-phase flow of powders. The newly developed 

validated modelling and scale-up procedure would benefit the industrial sector in the following 

ways: 
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• The reduced flow rate of air, which leads to the reduced consumption of power and the 

sizing of the compressor. 

• Pipe sizing calculations getting optimized to a greater extent for a given product and layout.  

• The troubleshooting of the entire installed pneumatic transport system getting easier. 

• Reduced size of the solids-gas separation equipment. 

• Estimated prediction of pressure drop in a precise manner - design getting optimized. 

• Fluidized dense-phase system emerging as a promising method to transport fine powders 

in the industry.  

 

Chapter 1 presents the introduction to the subject and need of the research work. It comprises of 

the need of work and specific research objectives. In this thesis, a formal ‘literature review’ chapter 

has not been provided, but the contents of the same have been included in different chapters 

covering respective domains. Chapter 2 covers details of the experimental set up/test facilities 

developed and test programs. Chapter 3 evaluates two methods of modelling solids friction factor 

– one method is scientifically more accurate, but the other method has practical advantages. 

Chapter 4 contains governing equations for gas-solids flow and results of numerical modelling to 

solve for particle velocity under different flow conditions. Chapter 5 introduces a new scale-up 

validated modelling procedure in which the particle-particle collision effect has been considered. 

It also includes apparent rheological properties of powdered bed into modelling solids friction 

factor. Chapter 6 includes the conclusion and future scope of work. Note: some of the initial 

thought research issues, such as combined air and solids friction factor or amended Barth’s 

equation approach, did not result in reliable predictions. Hence, the same has been placed in 

Annexure.  
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The scope of the present thesis includes the development of improved modelling and scale-up 

procedures for dense-phase pneumatic conveying of fine powders. Steady-state data of pressure 

drop of fine powders (such as cement, fly ash, ESP dust, etc.) pneumatically conveyed in recent 

past by Setia (2016a), Mallick (2009) and before by Pan (1992) have been primarily used for 

modelling solids friction, particle velocity, and scale-up validations. In addition, fine powders, 

such as fly ash and cement, conveyed through the test rigs of Particle and Bulk Solids Technologies 

Laboratories (53 mm I.D. x 70 m long and 105 mm I.D. x 130 m long pressure conveying rigs) of 

Thapar Institute, were used for specific investigations. Rheological parameters of fine powders, 

such as fly ash and cement, have been experimentally determined in the rotational Powder 

Rheometer.  

 

2.1   Pneumatic conveying through existing test facilities 

 

White cement powder was conveyed from fluidized dense-phase to dilute phase regime through 

53 mm I.D. × 69 m long test rig at Thapar Institute of Engineering and Technology. A schematic 

of this test rig is shown in Figure 2.1. Different pneumatic conveying trials were conducted 

corresponding to different air and solids mass flow rates. The purpose of testing at Thapar Institute 

of Engineering and Technology test rig was to evaluate the extent of powder deposition on the 

surface of filters of static pressure transducers. Static pressure transducers were located along the 

pipeline from P1 (beginning of pipeline) to P8 (last transducers in the line, towards the end of 

pipeline). Figure 2.2 shows the pictorial representation of transducers installed in the dirty line 

(cement-airflow line) after 10th and 25th conveying cycle at P2 (the second transducer in the line 

after P1) and P8 (the last transducer in the line) locations. The test set-up consists of a 0.2 m3 
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bottom-discharge type blow tank (A) feeding system. A receiving bin (B) with a capacity of 0.65 

m3 was installed on the top of the blow tank. The receiver bin was fitted with bag filters (C) having 

a reverse pulse jet type cleaning mechanism.  

 

Figure 2.1: Schematic diagram (isometric view) of the existing test rig (53 mm I.D. × 69 m 

long) 

  

In order to supply the compressed air (D) at a maximum pressure of approximately 750 kPa-g, 

Kirloskar made electric-powered Model KES 18-7.5, 3.37 m3/min free air delivery rotary screw 

compressor was used. Pipes and bends used in the pilot plant were made of mild steel. The pipeline 

included a 3 m vertical lift, six 1 m radius of curvature, and 90° angle bends. To measure static 

pressure in the horizontal straight sections of the pipeline, eight static pressure transducers were 

employed along with all the pipelines (P1 to P8). The static pressure transducers had the following 

specification: manufacturer: Endress & Hauser, model: Cerabar PMC131, pressure range: 0–2 bar, 

maximum pressure: 3.5 bar (absolute), current signal: 4–20 mA. Other required instruments, such 

as PRV (pressure reducing valve), flow meter (vortex type), NRV (non-return valve), flow control 
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valve, pressure gauge, etc. were suitably placed in the appropriate locations. The calibration of the 

static pressure transducers (P1 to P8), load cells, and airflow meter was performed using the 

standard calibration procedure (Mallick, 2009). The pressure transducers were installed in near the 

blow tank (P1) and to the end of the pipeline (P8) in the ash conveying lines. Shear beam type load 

cells were placed on the top side of the blow tank and receiver bin. The pressure readings were 

obtained in P1 to P8 locations in the pipeline, and load cells were used to calculate the mass of 

material accumulated in and discharged from the blow tank and receiver bin. A portable PC 

compatible data logger (make: National Instruments) was used to record the electrical output 

signals from the load cells, pressure transducer, and flow meters. The installed data logger was a 

high-speed unit featuring 14-bit resolution and had 16 different channels. It must be emphasized 

that the purpose of carrying tests in the existing set-up was not for modelling solids friction but to 

investigate into the extent of powder deposition on the filters of static pressure transmitters, which 

may compromise with the quality data. Later in this thesis, the author has described in much detail 

the practical challenges of pressure measurements by static pressure transmitters on conveying 

(“dirty”) lines. For this investigation, cement was conveyed through the 70 m test rig at 6.1 t/h 

using an airflow of 0.027 kg/s. Twenty-five conveying trials were conducted. Figure 2.2 shows the 

condition of filters at the beginning of conveying, after 10 and 25 cycles at P1 and P8 locations. It 

can be seen that there was significant chocking of filters even after ten cycles. This would require 

the periodic opening of the pressure measurement assembly and cleaning of the filters. Table 2.1 

includes the physical properties of the cement conveyed for the above-described purpose through 

the existing pneumatic conveying test rig. Particle size distribution was measured using the laser 

diffraction method. 
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Figure 2.2: Pictorial representation of transducers showing filter conditions after 0th (before the 

start of conveying), 10th and 25th conveying cycles installed in P2 and P8 locations 

 

Table 2.1: Physical properties of product conveyed through existing pneumatic conveying set up 

Powder 𝒅𝟏𝟎 

(μm) 

𝒅𝟓𝟎 

(μm) 

𝒅𝟗𝟎 

(μm) 

𝝆𝒔 

(kg/m3) 

𝝆𝒃 

(kg/m3) 

Cement (white) 5 

 

27 

 

80 2000 

 

1280 

 

 

 

2.2   Development of new pneumatic conveying test facility  

 

Towards the later stages of the Ph.D. tenure, a new pneumatic conveying test facility was built at 

the Particle and Bulk Solids Technologies Laboratory of Thapar Institute of Engineering & 
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Technology through research project sponsored by NTPC (previously known as National Thermal 

Power Corporation). Figure 2.3 shows a schematic of the new facility. The new facility comprised 

of a multistage screw compressor (equipped with air receiver and drier), having the maximum 

delivery pressure of approximately 700 kPa-g; it is a Chicago Pneumatic Compressors, a division 

of Atlas Copco India Ltd. Model CPD 75 G 7 having a capacity of 605 m3/hr (Free Air Delivery). 

A bottom-discharge type blow-tank (A) having 0.8 m3 empty volume was used to feed the product 

into the pipeline. On the top of the blow tank, a receiver bin (B) with insertable pulse jet dust filter 

of capacity 2.5 m3 capacity was installed. The receiver bin was fitted with bag filters (C) having a 

reverse pulse jet type cleaning mechanism. The test rig is of 130 m of length and having 100 NB 

pipeline bore and includes 12 number of bends (90o bends of 1 m radius of curvature) and a vertical 

lift of height 5 m. To measure static pressure in the horizontal straight sections of the pipeline, 

seven static pressure transducers were employed along with all the pipelines, i.e., P8, P1 to P6 (see 

Figure 2.3). The static pressure transducers had the following specification: manufacturer: Wika, 

model: S-20, pressure range: 0-10 and 0-2.5 bar-g, maximum pressure: 40 bar (absolute), current 

signal: 4 to 20 mA. The P8 transducer was used to measure the total pipeline pressure drop, 

whereas P1-P6 tapping points were installed to provide static pressures along the pipeline. All 

other necessary instrumentation, such as the pressure-reducing valve, flow meter (orifice type), 

non-return valve, flow-control valve, pressure gauge, etc. were installed in suitable locations. 

Process and Instrumentation Diagram (P&ID) of the new set up is shown in Figure 2.4. The 

standard calibration procedure was used to calibrate the pressure transducers, load cells, and flow 

meter (Mallick, 2009). The pressure transducers were installed in the clean airline (P8) near the 

blow tank and the ash conveying lines (P1 to P6). The receiver bin and blow tanks were supported 

on load cells (shear beam type) to determine mass flow rates of solids. To achieve a wide range of 
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airflow, a flow control valve was used to change the air mass flow rate. Variation of solids flow 

rates was achieved through different blow tank pre-pressurization and combinations of different 

amounts of blow tank aeration and transport air. A portable PC compatible data logger (Data Taker 

80 or DT80 and CEM 20 of Data electronics) was used to record the electrical output signals from 

the load cells, static pressure transducer, and airflow meters. DT80 is a high-speed unit featuring 

18-bit resolution. This has 39 analogue inputs. Various samples of fly ash obtained from different 

power-stations were conveyed in fluidized dense through the newly developed test facility. In this 

thesis, the solids friction factor model generated for one such product has been provided. Physical 

properties of this product are provided in Table 2.2.  

 

Figure 2.3: Schematic diagram of the new test facility with pipeline dimensions 



27 
 

 

Figure 2.4: P&ID for the newly developed pneumatic conveying test rig 
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Table 2.2: Physical properties of product conveyed through new pneumatic conveying set up 

Powder 𝒅𝟏𝟎 

(μm) 

𝒅𝟓𝟎 

(μm) 

𝒅𝟗𝟎 

(μm) 

𝝆𝒔 

(kg/m3) 

𝝆𝒃 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Fly ash 5 44 171 2104 1000 0.123 

 

 

2.3   Apparent rheology measurement for fluidized powders 

 

Apparent rheology of dry and fine powders was measured using a powder rheometer (“MCR 702 

Twin Drive”) machine at Anton Paar, Gurugram, India. The “Powder Cell” is an instrument for 

the study of dry granular flows, especially in the fluidized or near fluidized conditions. The “MCR 

702 Twin Drive” combines a traditional stress-controlled rheometer and a strain-controlled 

rheometer in a single instrument. The experimental set-up of the Anton Paar powder cell is shown 

in Figure 2.5. The “powder measuring cell” is comprised of a 50 mm internal diameter glass 

cylinder of capacity 140 ml, provided with a porous plate for the uniform distribution of airflow 

to aerate the powder below and above the minimum fluidization conditions. In general, the 

rheometer device has been equipped with impellers of different shapes (such as circular, flat or 

cylindrical), but in the present investigation, in order to carry out the modelling and rheology trials, 

flat (10 mm) shaped type of impeller (stirrer ST36-2V type) has been employed as shown in Figure 

2.5. The instrument is provided with a torque sensor able to accurately measure the torque in 

single-drive mode (between 1×10-9 to 0.23 Nm) and twin drive mode (between 5×10-9 to 0.23 

Nm). These wide ranges of measurable torque values make this torque sensor capable of measuring 

the torques in both fluidized and non-fluidized state for powders. In the present rheology trials, the 
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rotational speed of the impeller has been continuously regulated between 0 to 200 rpm in linear 

steps. The equipment is provided with an air mass flow controller (ranging from 0 L/min to 15 

L/min). There is a pressure sensor that is used to characterize the pressure drop across the 

powdered bed. The rheometer is provided with a dust protection hood (to catch powders having 

size of more than 5 µm, which allows the measurements of Geldart Group A powders. Test data 

and results obtained from this equipment have been provided in detail in a later chapter. The details 

of the experimental conditions are given in Table 2.3. 

 

 

Figure 2.5: Schematic diagram of MCR 702 Twin Drive” Rheometer at Anton Paar Laboratory, 

Gurugram, India 
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Table 2.3: Details of experimental conditions 

Flow Rate (l/min) Spindle rotational speed (rpm) - 

low to high airflow in linear steps 

Spindle rotational speed (rpm) - 

high to low airflow in linear steps 

0 to 15 

(in steps of 3 l/min) 

0 to 200 

 

200 to 0 

 

 

Table 2.4: Details of products tested for apparent powder rheology  

Powder 𝒅𝟏𝟎 

(μm) 

𝒅𝟓𝟎 

(μm) 

𝒅𝟗𝟎 

(μm) 

𝝆𝒔 

(kg/m3) 

𝝆𝒃 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Cement (white) 3 19 50 2720 1028 0.03 

Cement (grey) 4 18 54 2680 1020 0.0262 

Fly ash 9 65 206 1900 950 0.242 

Fly ash 4 22 79 2370 660 0.038 

Cement (grey) 3 19 75 2910 1080 0.036 

 

Table 2.4 shows the details of products tested for apparent powder rheology in powder Rheometer. 

In Chapter 5, cement (grey) (average particle size: 18 μm), fly ash (average particle size: 65 μm), 

fly ash (average particle size: 22 μm) and cement (grey) (average particle size: 19 μm) is designated 

as grey cement 2, fly ash 2, fly ash 1, grey cement 1. It is to be noted that fly ash 1 and cement 

(grey) 1 were pneumatically conveyed in the laboratory of Fujian Longking Co., China (Setia, 

2016a). Samples of these powders were tested for their apparent rheology in the present work. 
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Whereas, fly ash 2 was obtained for an Indian power station. This product was used in the present 

thesis to generate data for apparent powder rheology. In addition to this, SEM images are provided 

in Figures 2.6 to 2.10. The SEM image analysis gives an idea of the shape of the bulk material. 

SEM images were captured at the Sophisticated Analytical Instruments Laboratory of TIET, 

Patiala. It has been evident from the figures that some of the samples have a spherical shape, and 

some of them having a polyhedral shape. This is an important consideration in fluidization and 

conveying of particles. The polyhedral structure of the powder samples contributes to the 

challenges in conveying and fluidizing phenomenon in comparison to the spherical structure. 

 

 

Figure 2.6: SEM image of cement (white) (conveyed at TIET) 
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Figure 2.7: SEM image of grey cement (conveyed at TIET) 

 

 

Figure 2.8: SEM image of fly ash (conveyed at TIET) 
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Figure 2.9: SEM image of fly ash (conveyed in Fujian Longking, China) 

 

 

Figure 2.10: SEM image of grey cement ((conveyed in Fujian Longking, China) 
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2.4   Test data of other researchers used for modelling and scale-up purpose 

 

Pneumatic conveying test data provided in Mallick (2009) and Setia et al. (2016) for two samples 

of fly ash, ESP dust, and cement have been used in this thesis for modelling solids friction and 

diameter and length scale-up prediction/validation. Physical properties and pipeline conditions of 

these products are provided in Table 2.5. Schematic of such test rigs are provided in Figures A1.1 

to Figures A1.4 (Annexure 1). As mentioned before, steady-state straight pipe and total pipeline 

data of these set-ups have been used the author to develop the majority of solids friction factor 

models and scale-up validations for fly ash, ESP dust, and cement. Detail description of the 

experimental test set-up is described in Mallick (2009) and Setia (2016a). In addition to this, the 

fluidization and de-aeration test set up from which the values of fluidized bulk density were 

obtained is given in Figure A1.5 (Annexure 1). The obtained values of fluidized bulk density were 

used in the modelling for particle velocity. 

 

The three-particle diameters (𝑑10, 𝑑50, 𝑑90) have been obtained from the Malvern particle size 

analyzer equipment. Out of these three different diameters ′𝑑10′ is meant for the very fine/cohesive 

particles (which stick with the pipe walls) and ′𝑑90′ is meant for the very coarse particles (that can 

cause blockage in the pipeline) in the entire pipeline. On the other hand, ′𝑑50′ represents the 

median/average particle diameter (neither very fine/cohesive nor coarse). In order to avoid very 

much complex flow phenomenon and to represent better flow conditions, for the sake of simplicity, 

the term  ′𝑑50′ has been employed for modelling purposes. In addition to this for the modelling 

purposes, the consideration of the spherical shape of particles have been taken into account which 

is merely represented by the median/average particle diameter (𝑑50). 
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Table 2.5: Physical properties of products and pipeline configurations 

 

Product 

 

Originally 

conveyed in 

laboratory 

 

 

𝒅𝟏𝟎 

(μm) 

 

𝒅𝟓𝟎 

(μm) 

 

𝒅𝟗𝟎 

(μm) 

 

𝝆𝒔 

(kg/m3) 

 

𝝆𝒃 

(kg/m3) 

 

𝒘𝒇𝒐 

(m/s) 

 

D 

(mm) 

 

 

L 

(m) 

 

Lh 

(m) 

 

Lv 

(m) 

 

No. of 

Bends 

(N.B.) 

Fly ash 

(Mallick, 2009) 

 

 

University of 

Wollongong, 

Australia 

 

 

2 

 

 

30 

 

 

110 

 

 

 

 

2300 

 

 

700 

 

 

0.06 

69 

105 

69 

168 

168 

554 

161 

161 

547 

7 

7 

7 

5 

5 

17 

ESP dust 

(Mallick, 2009) 

University of 

Wollongong, 

Australia 

 

3 

 

7 

 

25 

 

3637 

 

610 

 

0.005 

69 

105 

69 

168 

168 

554 

161 

161 

547 

7 

7 

7 

5 

5 

17 

Fly ash 

(Setia et al., 2016) 

Fujian Longking 

Co., Ltd., China 

 

4 

 

22 

 

79 

 

 

2370 

 

660 

 

0.038 

65 

80/100 

254 

407 

241 

382 

13 

25 

10 

14 

Cement 

(Setia et al., 2016) 

Fujian Longking 

Co., Ltd., China 

 

3 

 

 

19 

 

75 

 

2910 

 

1080 

 

0.036 

65 

80/100 

254 

407 

241 

382 

13 

25 

10 

14 
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Product 

 

Originally 

conveyed in 

laboratory 

 

 

𝒅𝟏𝟎 

(μm) 

 

𝒅𝟓𝟎 

(μm) 

 

𝒅𝟗𝟎 

(μm) 

 

𝝆𝒔 

(kg/m3) 

 

𝝆𝒃 

(kg/m3) 

 

𝒘𝒇𝒐 

(m/s) 

 

D 

(mm) 

 

 

L 

(m) 

 

Lh 

(m) 

 

Lv 

(m) 

 

No. of 

Bends 

(N.B.) 

Fly ash  

(Pan, 1992) 

University of 

Wollongong, 

Australia 

- 16 - 2197 634 0.0158 69 

69 

172 

554 

165 

547 

7 

7 

5 

17 

Pulverized brown 

coal (Pan, 1992) 

University of 

Wollongong, 

Australia 

- 26 - 1488 437 0.0299 69 

69 

172 

554 

165 

547 

7 

7 

5 

17 

Fly ash (89% 

weight) and 

cement (11% 

weight) mixture 

(Wypych, 1989) 

University of 

Wollongong, 

Australia 

- 19 

20 

- 2130 

3100 

700 

950 

0.0232 

0.0375 

60 

105 

162 

554 

158 

547 

4 

7 

5 

17 
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CHAPTER 3 

AN EVALUATION OF MODELLING FORMAT FOR 

INDUSTRIAL DESIGN - ENGINEERING CONVENIENCE 

VERSUS RESEARCH ACCURACY 
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3.1  Modelling solids friction factor using “back-calculation” method versus “straight 

pipe” method 

 

An accurate modelling of solids friction factor is a challenging task due to the limited development 

achieved so far towards understanding the basics of flow mechanisms of highly turbulent, 

complex, and high concentration powdered bed. The loss of energy takes place in the entire 

pipeline due to the collisions between solids and solids, solids and gas and solids and pipe wall, 

and these losses together constitute a friction factor term known as solids friction factor (Klinzing 

et al., 2010; Mallick, 2009). Various researchers have provided expressions for the solids friction 

factor to determine the pressure drop in the gas-solids flows. Empirical models based on power 

function formats have been popularly used over the years by several investigators (Mallick, 2009; 

Pan and Wypych, 1992; Setia and Mallick, 2015a; Jones and Williams, 2003; Williams and Jones, 

2004; Ratnayake et al.,  2007; Chunhui et al., 2012; Behera et al., 2013; Cai et al., 2014; Behera 

et al., 2015) using dimensionless numbers. Mallick (2009) carried out the evaluation of solids 

friction factor model developed using the “straight-pipe” data obtained from a set of two pressure 

transduces strategically placed on the straight-pipe section for fly ash and ESP dust using solid 

loading ratio and gas Froude number as the dimensionless parameters (refer equation 1.4). Model 

for solids friction factor using the format using the above parameters (solid loading ratio and gas 

Froude number) was also developed using the “back-calculation” method using the total pipeline 

pressure drop data obtained from the transducer located at the beginning of the pipe (Mallick, 

2009). Losses occurred due to the bends, verticals, and initial acceleration were determined using 

models available in the literature (Mallick, 2009). Both the methods (i.e., models for solids friction 

developed using “straight pipe” and “back-calculation” methods) resulted in inaccurate predictions 
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when used to predict the total pipeline pressure drop for larger and longer pipelines. The ranges of 

inaccuracies were much higher for the models developed using the “back-calculation” method (in 

the range of 40 to 150% depending on the pipeline and product).  

 

Recently, Setia et al. (2016) developed an improved method to model solids friction factor (refer 

equation 1.10). A two-layer based model was provided in which the authors considered the solids 

friction contributions of the non-suspension bed of powders flowing along the bottom of the pipe 

and the suspension of particles occurring on top of the non-suspension layer. Volumetric loading 

ratio and dimensionless velocity (ratio of free settling velocity to superficial air velocity) have 

been used to represent the non-suspension flow of the dune layer. A solids impact and friction term 

have been employed to represent the dilute-phase flow due to its established reliability. The 

validation of the two-layer model was carried out against the experimental pressure loss data of 

two samples of fly ash, ESP dust, and cement under the scale-up conditions of pipeline lengths 

and diameters. The predicted results of pneumatic conveying characteristics with two-layer 

modelling approach (Setia et al., 2016) have displayed ‘U’-shaped trends that were very close to 

the shapes of experimental pneumatic conveying characteristics in comparison to the earlier model 

of Mallick (2009) having solids friction factor and Froude number as dimensionless parameters. 

The new developed two-layer model resulted in predictions within 12% accuracy for a wide range 

of scale-up conditions resulting in better reliability of predictions.  

 

In order to comment on the apparent lack of reliability of the “back-calculation” approach, it should 

be remembered that the format of solids friction factor using solid loading ratio and Froude number 

(Mallick, 2009) provided grossly inaccurate scale-up predictions of about 60% (Mallick, 2009) 
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even when the “straight-pipe” modelling approach was adopted (compared to only 12% inaccuracy 

provided by the improved two-layer format). Therefore, it would not be conclusive to state whether 

that the failure of “back-calculation” method is attributed to its indirect approach of determining 

solids friction factor with dependency on bend/vertical/acceleration loss models or if it is due to 

the selection of inappropriate solids friction factor model format (i.e., the dimensionless terms). It 

could happen that a robust solids friction factor model, such as the two-layer model (Setia et al., 

2016), could provide much improved predictions even with the “back-calculation” approach. 

Therefore, there is a need to develop solids friction factor model using the combination of two-

layer format (Setia et al., 2016) and back-calculation method and to put the model so developed 

under scale-up testing. Therefore, an attempt has been made in this chapter to evaluate the true 

accuracy of the “back-calculation” method as it offers various practical merits over the “straight 

pipe” method. 

 

There are two methods to determine the solids friction factor; one is the “straight pipe” method 

(Mallick, 2009; Wypych, 1989; Setia et al., 2016; Pan and Wypych, 1992; Setia and Mallick, 2015; 

Pan, 1992; Wypych et al., 1990; Wypych et al., 1990a; Pan and Wypych, 1998; Setia and Mallick, 

2015a) and the other is known as “back-calculation” approach (Jones and Williams, 2003; 

Williams and Jones, 2004). In the “straight pipe method,” pressure drop data obtained from the 

differences of static pressure values measured across a straight pipe section between two tapping 

points are used by for modelling of solids friction. It has been experienced (Mallick, 2009; Setia, 

2016a) that getting reliable straight-pipe data can be a challenging task due to the frequent choking 

of the filters used in pressure tapping points. Also, due to the highly fluctuating pressure signals 

(caused by the presence of turbulent and concentrated moving dunes), it is often difficult to 
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establish a representative mean value of static pressure (Mittal, 2016). Furthermore, if the distance 

between the tapping points is relatively small, it may be difficult to obtain reliable pressure 

difference values between the tapping points due to the highly fluctuating nature of signals and the 

pressure differentials may lie in the tolerance ranges of the pressure transducers. A combination 

of all these could easily result in inaccuracies in the range of 1 to 5 kPa (as an example) in the 

value of pressure differential across a 10 m long (typical) pipe section (considering two static 

pressure transducers have been installed across such short pipe section). Such inaccurate test data 

would result in the development of an inaccurate model for solids friction factor (inheriting under- 

or over-prediction characteristics), which, when scaled up to predict pressure drops in larger or 

longer pipelines (e.g., 500 m long), could provide gross over/under-predictions. On the contrary, 

too long a distance between the tapping points may result in a change in dune characteristics along 

the length. Therefore, in spite of the “straight-pipe” approach being fundamentally preferable, this 

method of data measurement and modelling is having certain practical limitations (as mentioned 

above). In the “back-calculation” method, straight pipe loss is calculated using the following 

equation (3.1), given as: 

 

(∆𝑃)𝑠𝑡 = (∆𝑃)𝑇𝑜𝑡𝑎𝑙 − (∆𝑃)𝑏 + (∆𝑃)𝑣 + (∆𝑃)𝑎𝑐𝑐𝑒𝑙                                                                        (3.1) 

 

where, ‘(∆𝑃)𝑠𝑡’ is the pressure drop due to the straight pipe section, ‘(∆𝑃)𝑇𝑜𝑡𝑎𝑙’ is the total 

pipeline pressure drop, ‘(∆𝑃)𝑏’ is the pressure drop due to the bends, ‘(∆𝑃)𝑣’ is the pressure drop 

due to the verticals and ‘(∆𝑃)𝑎𝑐𝑐𝑒𝑙’ is the pressure drop due to initial acceleration. In the back-

calculation method, losses due to bends, vertical and initial acceleration is first estimated (using 

available models provided in literature) to subsequently determine the straight pipe loss for the 
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entire pipe. This method bears the criticism (Mallick 2009) that till date reliable models to calculate 

bend, vertical and initial acceleration losses have not been developed (these are still under research 

stage) and hence the theoretically calculated component losses may be erroneous, which would, in 

turn, affect the accuracy of the straight pipe losses obtained from “back-calculation” method. In 

other words, the “back-calculation” method is an indirect method and depends on the accuracy of 

bend/vertical/acceleration loss models (which are still being researched). However, for practical 

purposes, this method has some major advantages that only one pressure transducer is required in 

this approach and that too is installed on the clean airline (on the compressed air line and just 

before the blow tank denoted by location P8 in the Figure A1.1) and it leads to less maintenance 

because it is well calibrated and free from the contact of particles. Transducer installed on clean 

airline does not require any frequent cleaning, and it provides data with reduced pressure 

fluctuation (due to “air only” flow); thus less manpower is required and is cost-effective due to the 

use of only a single transducer in the entire pipeline in comparison to the straight pipe method 

(where at least an additional pair of transducers with filters are required). Moreover, as the single 

pressure transducer is recording total pipeline pressure drop data, which is much larger in 

magnitude compared to the pressure differential data obtained in the “straight-pipe” method across 

a shorter pipe section. Total pipeline pressure drop data, being large in magnitude, is less affected 

by the tolerances and possible inherent inaccuracies of the combination of pressure transducer-

filter-data logging arrangements.  

 

In this chapter, the “back-calculation” approach of modelling solids friction factor has been 

employed using a two-layer model format (refer equation 1.10) multiple regression technique for 

the fly ash, ESP dust, and cement (mentioned in Table 3.1). Models have been developed using 
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the total pipeline pressure drop pneumatic conveying characteristics provided in Mallick (2009) 

and Setia (2016a) and by subtracting the losses occurred due to initial acceleration, verticals, and 

bends from the total pipeline pressure drop data. These losses were calculated using the following 

equations 3.2 to 3.4: 

 

Acceleration loss : ∆𝑃𝑎𝑐𝑐𝑒𝑙 = 𝜌𝑎𝑉2 (1 + 2𝑚∗ 𝐶 𝑉⁄ ) 2⁄                                                 (3.2) 

                              

where, ‘∆𝑃𝑎𝑐𝑐𝑒𝑙’ is the pressure drop due to initial acceleration, ‘𝜌𝑎’ is the density of air, ‘𝑉’ is the 

superficial air or gas velocity, ‘𝑚∗’ is the solids loading ratio, and ‘𝐶’ is the particle velocity. 

 

Vertical loss  : ∆𝑃𝑉 = 𝑚∗𝜌𝑎𝑔𝐿𝑉 𝑉 𝐶⁄                                                                        (3.3)         

                                              

where, ‘∆𝑃𝑉’ is the pressure drop due to the verticals, ‘𝑚∗’ is the solids loading ratio, ‘𝜌𝑎’ is the 

density of air, ‘𝑔’ is the acceleration due to gravity, ‘𝐿𝑉’ is the length of vertical pipe or test section, 

‘𝑉’ is the superficial air or gas velocity, and ‘𝐶’ is the particle velocity. 

 

Bend loss  : ∆𝑃𝑏 = 𝑁𝐵(1 + 𝑚∗)𝜌𝑎 𝑉2 2⁄                                                            (3.4) 

                     

where, ‘∆𝑃𝑏’ is the pressure drop due to the bends, ‘𝑁𝐵’ is the number of bends, ‘𝑚∗’ is the solids 

loading ratio, ‘𝜌𝑎’ is the density of air, ‘𝑉’ is the superficial air or gas velocity. 

 

The values of power function constant (‘𝐾’), exponents (‘a’ and ‘b’), 𝑤𝑓𝑜, 𝜆𝑠
∗  of the developed 

models are provided in Table 3.1. These have been obtained using the “back-calculation” 
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modelling approach and “two-layer” format employed in the present study using the format of 

equation (1.10). Table 3.1 also contains values of the same parameters obtained by Setia et al. 

(2016), who used the “straight pipe” modelling approach using a “two-layer” format (refer 

equation 1.10). The high values of R2 indicate a good fit of the model to experimental data, which 

has been used to develop models.  
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Table 3.1: Models developed using “back-calculation” versus “straight pipe” methods (both using “two-layer” format, equation 1.10) 

Product reference Pipeline data used for modelling Models (as per the format provided by equation 1.10) R2 

𝐾 a b 𝝀𝒔
∗ 𝒘𝒇𝒐 (m/s) 

Models developed using “back-calculation” approach in the present study 

Fly ash  

(Mallick, 2009) 

69 mm I.D. × 168 m 5.5 −0.48 1.55 0.0055 0.06 0.96 

ESP dust  

(Mallick, 2009) 

69 mm I.D. × 168 m 224 −0.32 1.40 0.0060 0.005 0.97 

Fly ash  

(Setia et al, 2016) 

65 mm I.D. × 254 m 19.95 −0.75 1.73 0.00529 0.038 0.96 

Cement  

(Setia et al., 2016) 

65 mm I.D. × 254 m 7 −0.49 1.41 0.00588 0.036 0.95 

Fly ash  

(Pan, 1992) 

69 mm I.D. × 172 m 192 -0.31 1.71 0.00599 0.0158 0.99 

Pulverized brown 

coal (Pan, 1992) 

69 mm I.D. × 172 m 0.138 -0.097 0.52 0.00579 0.0299 0.97 
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Fly ash (89% 

weight) and 

cement (11% 

weight) mixture 

(Wypych, 1989) 

60 mm I.D. × 162 m 115 -0.42 1.79 0.00389 0.0232 

0.0375 

0.99 

Models developed using a “straight pipe” approach (Setia et al., 2016) 

Fly ash  

(Mallick, 2009) 

69 mm I.D. × 168 m 8.04 −0.22 1.48 0.0043 0.06 0.98 

ESP dust  

(Mallick, 2009) 

69 mm I.D. × 168 m 3018 −0.20 1.72 0.0135 0.005 0.99 

Fly ash  

(Setia et al., 2016) 

65 mm I.D. × 254 m 23.54 −0.61 1.71 0.0074 0.038 0.99 

Cement  

(Setia et al., 2016) 

65 mm I.D. × 254 m 17.31 −0.40 1.54 0.0081 0.036 0.98 
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3.2.   Scale-up validation of models 

 

The models developed using “back-calculation” approach using the experimental data of 69 mm 

I.D. × 168 m long pipe (Mallick 2009) for fly ash and ESP dust (Mallick 2009) and 65 mm I.D. × 

254 m long for the other sample of fly ash and cement (Setia et al., 2016) have been validated for 

longer and larger scale-up pipeline configurations (105 mm I.D. × 168 m long and 69 mm I.D. × 

554 m long pipelines for fly ash and ESP dust, 80/100 mm I.D. × 407 m long step-up pipeline for 

the other fly ash sample and cement) for different air and solids mass flow rates by comparing the 

predicted pneumatic conveying characteristics against the experimental plots. An iterative 

solution-based program has been developed to estimate the total pipeline pressure drop by dividing 

the total pipeline into several smaller straight pipe segments and bends. The program commences 

from the exit section of the pipe and gradually calculates the pressure losses in different pipe 

segments up to the blow tank. The program begins with a known condition, which corresponds to 

the discharge or the atmospheric condition and proceeds section by section and terminates at the 

blow tank location of the pipe. While Chambers and Marcus (1986) models have been used to 

determine the pressure drops due to initial acceleration, verticals, and bends (equations 3.2 to 3.4), 

models provided in Table 3.1 have been used to determine the losses that occurred in the straight 

horizontal pipes. The results are provided in Figures 3.1 to 3.6.   
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Figure 3.1: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for fly ash through 105 mm I.D. × 168 m long pipe 

 

 

Figure 3.2: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for fly ash through 69 mm I.D. × 554 m long pipe 
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Figure 3.3: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for ESP dust through 105 mm I.D. × 168 m long pipe 

 

 

Figure 3.4: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for ESP dust through 69 mm I.D. × 554 m long pipe 
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Figure 3.5: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for cement through 80/100 mm I.D. × 407 m long pipe 

 

 

Figure 3.6: Scale-up evaluation of models based on “back-calculation” versus “straight pipe” 

methods for fly ash through 80/100 mm I.D. × 407 m long pipe 
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The results show that for fly ash and 105 mm I.D. × 168 m long pipeline (18 t/h: bottom lines and 

28 t/h: top lines) (Figure 3.1), the new model developed using “back-calculation” method and the 

“straight-pipe” model of Setia et al. (2016), i.e., two-layer format, provided almost similar 

predictions in very dense-phase (low-velocity zone), while on the other hand, the new model 

provided some over-prediction in dilute-phase in comparison to the existing two-layer model 

format developed by Setia et al. (2016) for a higher mass flow rate of solids (i.e., 28 t/h). In dense-

phase or low-velocity flow regime, the relative error shown by the straight pipe approach (Setia et 

al., 2016) is 29%, while 32% is shown by the back-calculation approach; i.e., both the approaches 

have provided similar levels of accuracy. However, for a lower mass flow rate of solids (i.e., 18 

t/h), the new model developed using “back-calculation” method provided some over-prediction 

from dense- to the dilute-phase region in comparison to the existing two-layer model format 

developed by Setia et al. (2016). For the 69 mm I.D. × 554 m long pipe, i.e., for length scale-up 

(7 t/h: bottom lines and 11 t/h: top lines) (Figure 3.2), the results show that the “back-calculation” 

method provides over-predictions from dense- to dilute-phase in comparison to the existing Setia 

et al. (2016) two-layer model format for both mass flow rate of solids (i.e., lower: 7 t/h and higher: 

11 t/h). In the dense-phase flow regime, the relative error shown by the straight pipe approach 

(Setia et al., 2016) is 23%, while 35% is shown by the back-calculation approach. Figure 3.3 shows 

that for ESP dust and diameter scale-up (105 mm I.D. × 168 m long pipeline) (15 t/h: bottom lines 

and 25 t/h: top lines), the new model (developed through “back-calculation” method) provides 

almost similar predictions in very dense-phase and some over-prediction in dilute-phase in 

comparison to the “straight pipe” model of Setia et al. (2016), i.e., two-layer format, for both mass 

flow rate of solids (i.e., lower: 15 t/h and higher: 25 t/h). In the dense-phase flow regime, the 

relative error shown by the straight pipe approach (Setia et al., 2016) is 5%, while 12% is shown 
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by the back-calculation approach. For ESP dust and length scale-up (69 mm I.D. × 554 m long 

pipe) (6 t/h: bottom lines and 10 t/h: top lines) the “back-calculation” method based model provides 

over-predictions from dense- to dilute-phase in comparison to the “straight-pipe” model of Setia 

et al. (2016) (Figure 3.4) for both mass flow rate of solids (i.e., lower: 6 t/h and higher: 10 t/h). 

The relative error shown by the straight pipe approach (Setia et al., 2016) is 14%, while 18% is 

shown by the back-calculation approach in the dense-phase zone. Figure 3.5 shows the results of 

scale-up evaluations for cement conveyed through the 80/100 mm I.D. × 407 m long step-up 

pipeline (18 t/h: bottom lines and 36 t/h: top lines). The results for cement (for 80/100 mm I.D. × 

407 m long step-up pipeline) indicate that in dense-phase flow regime, the relative error shown by 

the straight pipe approach (Setia et al., 2016), i.e., two-layer format is 14%, while 5% is shown by 

the back-calculation approach, i.e., the back-calculation approach has provided more accurate 

predictions, while on the other hand, the new model (developed through “back-calculation” 

method) provided almost similar predictions in dilute-phase with the existing two-layer model 

format developed by Setia et al. (2016) for higher mass flow rate of solids (i.e., 36 t/h). However, 

for a lower mass flow rate of solids (i.e., 18 t/h), the new model developed using the “back-

calculation” method provided almost similar predictions from dense- to dilute-phase region with 

the existing two-layer model format developed by Setia et al. (2016). Figure 3.6 shows the results 

of scale-up evaluations for fly ash conveyed through the 80/100 mm I.D. × 407 m long step-up 

pipeline (20 t/h: bottom lines and 30 t/h: top lines). In the dense-phase flow regime, the relative 

error shown by the straight pipe approach (Setia et al., 2016) is 22%, while 26% is shown by the 

back-calculation approach. Hence, the new model (developed through “back-calculation” method) 

shows almost similar results to some extent in dense-phase flow regime and some over-prediction 

in dilute-phase in comparison to the existing two-layer model format developed by Setia et al. 
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(2016) for higher mass flow rate of solids (i.e., 30 t/h). However, for a lower mass flow rate of 

solids (i.e., 20 t/h) the new model developed using the “back-calculation” method provided over-

predictions from dense- to dilute-phase region in comparison to the existing two-layer model 

format developed by Setia et al. (2016). Table 3.2 shows the complete detail of relative error values 

in predictions obtained using the “back-calculation” versus “straight pipe” approach of modelling 

for different mass flow rates of solids and air in different pipes in both low velocity and high-

velocity region. The relative error is calculated based on the following equation (3.5) and uses the 

absolute values:  

 

% Relative Error = (
Experimental data − Predicted value

Experimental value
) × 100                                       (3.5) 
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Table 3.2: Comparison of relative errors of predictions between models developed using “back-calculation” and “straight pipe” methods  

Product Pipe diameter 

and length  

Mass flow 

rate of solids 

(t/h) 

Mass flow 

rate of air 

(kg/s) 

Relative error % of model 

developed using a “straight 

pipe” method  

Relative error % of model 

developed using “back-

calculation” method 

Fly ash 

(Mallick, 

2009) 

105 mm I.D. 

× 168 m long  

28 

18 

0.10 

0.26 

29 

3 

32 

18 

ESP dust 

(Mallick, 

2009) 

105 mm I.D. 

× 168 m long  

25 

15 

0.12 

0.26 

5 

2 

12 

6 

Fly ash 

(Mallick, 

2009) 

69 mm I.D. 

× 554 m long  

11 

7 

0.07 

0.16 

23 

6 

35 

21 

ESP dust 

(Mallick, 

2009) 

69 mm I.D. 

× 554 m long  

10 

6 

0.1 

0.16 

14 

6 

18 

21 
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Product Pipe diameter 

and length  

Mass flow 

rate of solids 

(t/h) 

Mass flow 

rate of air 

(kg/s) 

Relative error % of model 

developed using a “straight 

pipe” method  

Relative error % of model 

developed using “back-

calculation” method 

Cement 

(Setia et al., 

2016) 

80/100 mm 

I.D. × 407 m 

long  

36 

18 

0.1 

0.17 

14 

16 

5 

11 

Fly ash 

(Setia et al., 

2016) 

80/100 mm 

I.D. × 407 m 

long  

30 

20 

0.1 

0.17 

22 

7 

26 

17 
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It can be seen from Table 3.2 that the relative error values of predictions obtained using the “back-

calculation” method are generally larger than that obtained using the “straight pipe” method of 

Setia et al. (2016) by a maximum of 15%. Also, the maximum error value obtained with the “back-

calculation” method has been found to be within 3 to 35% range when compared with the 

experimental pressure drop values. This is certainly a significant improvement considering the 40 

to 150% range of error values in predictions obtained by Mallick (2009) using the “back-

calculation” technique in his earlier work. This shows that selection of an improved format of 

model for solids friction factor (e.g., two-layer format) could significantly improve the reliability 

of “back-calculation” method and considering the other benefits that the “back-calculation” 

method provides (such as less number of pressure transducer requirement and is to be installed on 

clean pipe, no requirement of periodic change of filters, less pressure fluctuation, etc.), this could 

promote the “back-calculation” approach as a quicker, yet being a reliable method to carry out 

testing and modelling pressure drop for industrial designs. Also, the accuracy of the prediction of 

pressure drop is more in the dense-phase region, where the bend loss effects are comparatively less 

than dilute-phase conveying. The accuracy of the “back-calculation” approach has been tested for 

other products and pipeline configurations shown in Figures 3.7 to 3.9. Figure 3.7 shows the results 

of scale-up evaluations for fly ash (Pan, 1992) conveyed through the 69 mm I.D. × 554 m long 

pipeline (7.2 t/h: bottom lines and 14.4 t/h: top lines). The results show that the “back-calculation” 

method shows better predictions in the very dense-phase region, and it shows slight over 

predictions in the dilute-phase region for both solid flow rates (i.e., lower: 7.2 t/h and higher: 14.4 

t/h). Figure 3.8 shows the results of scale-up evaluations for pulverized brown coal (Pan, 1992) 

conveyed through the 69 mm I.D. × 554 m long pipeline (1.8 t/h: bottom lines and 9 t/h: top lines). 

The results show that the “back-calculation” method works well for lower solid flow rate (1.8 t/h) 
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from dense to dilute-phase region whereas, it shows better predictions in the dense-phase region 

and slight overprediction in the dilute-phase region for higher solid flow rate (9 t/h). Figure 3.9 

shows the results of scale-up evaluations for fly ash and cement mixture (Wypych, 1989) conveyed 

through the 105 mm I.D. × 168 m long pipeline (36 t/h: bottom lines and 72 t/h: top lines). The 

results show that the “back-calculation” method works well in the dense-phase region and shows 

slight over predictions in dilute-phase for both solid flow rates (i.e., lower: 36 t/h and higher: 72 

t/h). The bend loss is a more significant factor in dilute-phase conveying. The primary regime of 

the study of the present chapter is the fluidized dense-phase system. In this regime (dense-phase), 

the bend losses are expected to be relatively less dominant, and pressure drop through the straight 

pipe is supposed to be a more significant factor. Nonetheless, future research is to be carried out 

in modelling and prediction of bend loss for different powders and pipe layout. 

 

 

Figure 3.7: Scale-up evaluation of “back-calculation model” with Experimental PCC for fly ash 

(Pan, 1992) through 69 mm I.D. × 554 m long pipe 
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Figure 3.8: Scale-up evaluation of “back-calculation model” with Experimental PCC for 

pulverized brown coal (Pan, 1992) through 69 mm I.D. × 554 m long pipe 

 

 

Figure 3.9: Scale-up evaluation of “back-calculation model” with Experimental PCC for fly ash 

and cement mixture (Wypych, 1989) through 105 mm I.D. × 168 m long pipe 
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The relative error values of predictions obtained using the “back-calculation” method are generally 

larger than that obtained using a “straight pipe” method by a maximum of 15%. The absolute error 

values obtained using the “back-calculation” method have been drastically reduced to a range of 3 

to 35% from the earlier reported values of 40 to 150% inaccuracy. This significant improvement 

has been made possible due to the selection of an accurate format of modelling solids friction 

factor (two-layer modelling format) in the first place. While the “straight pipe” modelling approach 

will remain as the preferred method for studying pneumatic conveying and solids friction from a 

more research/fundamental point of view, the significant improvement of accuracy of “back-

calculation” technique could promote the “back-calculation” approach as a quicker method for 

conducting testing and modelling pressure drop for industrial designs considering the several 

practical benefits of performing pneumatic conveying trails, data analysis, cost, time, etc. 

associated with “back-calculation method”. Based on the results presented in this chapter, it can 

be said that the “back-calculation” method generally provides up to 15% over-prediction compared 

to the straight-pipe model. This could be beneficial from an industrial system design point of view 

as this could provide a natural safety factor in predicting total pipeline pressure drop. However, 

while developing solids friction factor model using the “back-calculation” method, the pilot plant 

in the laboratory should not have too many bends or verticals, and the significant amount of 

pressure drops should come from the straight-horizontal pipe sections.  
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CHAPTER 4 

 NUMERICAL MODELLING OF PARTICLE VELOCITY 
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This chapter discusses the particle velocity estimation using numerical modelling technique. The 

detailed discussion has been made on the results obtained with the help of a MATLAB based 

program and on the validation of the newly developed particle velocity model. In the first half of 

the chapter, examinations have been made on the importance of using the particle velocity model 

in the existing two-layer model format, which was originally developed by Setia et al. (2016). A 

precise review of the existing literature related to particle velocity estimation for pneumatic 

conveying has also been presented. In the later part of this chapter, the newly developed particle 

velocity model has been used in the existing two-layer flow model format to estimate the solids 

friction factor under scale-up conditions of various pipeline lengths and diameters, respectively. 

The newly developed numerical particle velocity model has been validated using existing 

empirical models in the two-layer flow model format for scale-up configurations of various 

pipeline lengths and diameters, respectively. 

 

4.1   Particle velocity and numerical simulation in gas-solids flows 

 

Tsuji et al. (1985) used a numerical simulation technique for pneumatic conveying to study the 

behaviour of solids in a horizontal pipe channel. Polyethylene pellets were transported with an 

average particle size of 1.1 mm, particle density of 923 kg/m3, air velocity ranging from 7 to 20 

m/s, and mass flow ratio of less than 10. In their work, the various parameters, such as fluid drag, 

lift force due to particle rotation and torque on the rotating particles, were taken into consideration. 

The friction loss occurred due to the collision of particles with a surface of the pipe wall was also 

estimated. Frank et al. (1993) studied the motion of solid particles in a horizontal, two-

dimensional, turbulent channel flow with the aid of experimental investigations and numerical 



62 
 

simulation. The numerical simulation was based on the Lagrangian approach. In the present work, 

glass particles were taken into account with average particle size: 115 𝜇𝑚 and particle density: 

2500 kg/m3 for the respective horizontal channel of length: 4 m (approx.). The collision of glass 

particles (spherical in shape) with a pipe wall was investigated. It was found that the results 

obtained from the numerical method are in close agreement with the experimental investigations. 

Levy (2000) attempted to model the plug flow in a horizontal pneumatic conveying pipeline with 

the aid of using the two-fluid approach. To simulate the dense-phase flow conditions, a three-

dimensional (3-D) model for the horizontal pipe of the respective internal diameter: 80 mm and 

length: 10 m was developed. In order to carry out the numerical simulations, polyethylene pellets 

(mono-sized and spherical in shape) with average particle size: 3 mm and particle density: 880 

kg/m3 were taken into consideration. The finite volume numerical method was used to solve the 

conservation equations for mass and momentum for the gas and solids phases. Along the horizontal 

pipe channel, the formation and deformations of plugs were demonstrated with the help of using 

numerical simulations. In the present investigation, axial and radial pressure drops were inspected 

and compared with the obtained experimental data. It was concluded that due to plug formation 

and deformation, it is not possible to obtain the plug velocity by cross-correlation between radial 

or axial pressure drops. Pu et al. (2008) studied the dense phase pneumatic conveying of pulverized 

coal at high pressure in a vertical pipe with the aid of three-dimensional numerical simulation. 

Pulverized coal was conveyed between two pressurized hoppers with an average particle size of 

37 μm, particle density of 1350 kg/m3 for respective internal diameter: 10 mm and length: 53 m. 

It was observed that as the superficial velocity increased, the pressure gradient decreased first and 

then subsequently increased, and as the transport pressure decreased, the pressure gradient also 

decreased. It was also concluded that there is a great influence of particle turbulence on dense 



63 
 

phase pneumatic conveying at high-pressure conditions. Pu et al. (2010) studied the dense phase 

pneumatic conveying of pulverized coal at high pressure in a horizontal pipe with the aid of 

numerical simulation. Pulverized coal was transported between two pressurized hoppers with an 

average particle size of 37 μm, particle density of 1350 kg/m3 for pipe internal diameter: 10 mm 

and length: 53 m. It was observed that as the superficial velocity increased, the pressure gradient 

decreased first and then subsequently increased after reaching a minimum point. It has also been 

observed that in the horizontal pipe section in dense phase pneumatic conveying at high pressure, 

the pulverized coal deposited in the lower portion of the pipe surface and the upper surface of the 

settled layer had a distinct concave. Liu et al. (2011) numerically simulated the dense-phase 

pneumatic conveying for long-distance pipes in a horizontal channel. Fly ash was transported from 

the feeder vessel into the receiver bin in dense-phase, with an average particle size of 60 μm, bulk 

density of 770 kg/m3 for respective internal diameter: 80 mm and length: 203 m. It was observed 

that the gas and particle velocity increased along the pipeline length, and the velocity on the upper 

surface of the pipe was larger than that at the bottom surface of the pipe and along pipe axial 

direction, pressure and pressure gradient decreased, and dynamic pressure increased gradually. 

Tripathi and Khakhar (2011) numerically simulated the sedimentation of a sphere of higher mass 

in a steady, gravity-driven granular flow of identical spheres, on a rough inclined plane. Behera et 

al. (2013, 2013a) solved one-dimensional governing equations of flow and developed a model to 

simulate fluidized dense-phase pneumatic conveying of fine powders through straight pipelines. 

Five different powder samples were transported, such as fly ash, alumina and cement meal with 

average particle size varying from 11 to 75 µm, particle density from 2096 to 3000 kg/m3 for the 

respective pipeline of internal diameter: 63 mm and length: 173 m. It was found that for all five 

powders, the error between the numerically predicted and experimental values of inlet pressure lie 
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within acceptable margins, ranging from 13 to 25 %. The developed model has also been simulated 

for a pipeline configuration of different pipeline length and diameter. It has been found that the 

error between the predicted and the experimental pressure drop for the scale-up configurations was 

within ±10% for their set of data. Kuang et al. (2013) attempted to examine the gas-solid flow 

behaviour for coarser particles, using the combined approach of computational fluid dynamics and 

the discrete element method (CFD-DEM). In the present investigation, the applied simulation 

conditions were as follows; the pipe of internal diameter ranging from 49 to 51 mm, pipe length 

ranging from 6 to 14 m, average diameter of particle ranging from 2 to 5 mm, density ranging from 

880 to 1350 kg/m3. Kaur et al. (2017) solved one-dimensional governing equations of flow for 

fluidized dense-phase pneumatic conveying using the Runge-Kutta-Fehlberg (RKF45) method. 

Fly ash was conveyed from the feeder vessel into the receiver bin in dense phase, with an average 

particle size of 30 μm, particle density of 2300 kg/m3, bulk density of 700 kg/m3 for respective 

internal diameter: 69 mm and length: 168 m. Using numerical analysis, Kaur et al. (2017) 

developed a correlation for determining particle velocity. The model is provided in Chapter 1 in 

equation (1.13). 

 

Subsequently, Kaur et al. (2017a) solved one-dimensional governing equations of flow for 

fluidized dense-phase pneumatic conveying of fine powders using Runge-Kutta-Fehlberg 

(RKF45) method using the different sample of fly ash. The product (i.e., fly ash) was transported 

from the feeder vessel into the receiver bin in dense phase, with average particle size of 22 μm, 

particle density of 2370 kg/m3, bulk density of 660 kg/m3 for respective internal diameter: 65 mm 

and length: 254 m. Using numerical analysis, Kaur et al. (2017a) developed a new correlation of 

estimating particle velocity. The model is provided by equation (4.1). 
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𝑢𝑠

𝑢𝑎
= 10−2.026(𝑚∗)0.912 (

𝑤𝑓𝑜

𝑉
)
−0.135

                                                                                                (4.1) 

 

In both of the above investigations done by Kaur et al. (2017; 2017a), the results revealed that the 

particle and actual gas velocities and the ratio of the two velocities increase in the direction of 

flow. The newly developed particle velocity model, when incorporated in the solids friction factor 

format, resulted in reliable predictions for scale-up configurations of various diameters and 

lengths, respectively. These investigations were done on the limited data (only fly ash), which 

needs to be further validated for other types of products. Vango et al. (2018) presented a coupled 

CFD-DEM model to study the multiphase flows in densely packed beds. Various existing models 

in the literature (Mallick, 2009; Barth, 1958; Setia and Mallick, 2015; Jones and Williams, 2003; 

Pan and Wypych, 1998; Setia et al., 2014) to estimate the solids friction factor term use “superficial 

gas velocity”, in place of actual gas velocity, which is a valid assumption for suspension type of 

flow (i.e., dilute-phase flow regime). Since the volume of the entire pipeline occupied by the 

particles is significantly less as compared to the remaining residual volume available for gas flows. 

However, for fluidized non-suspension (dense) type of flows under a high solid loading ratio, a 

considerable portion of the pipe volume is occupied by the dunes, and hence, the lack of cross-

section of pipe area available for the flow of gas-phase should not be ignored. Thus, in such cases 

to represent actual gas velocity (𝑢𝑎 ) with superficial velocity (𝑉) term could lead to gross 

inaccuracies in the model in fluidized dense phase mode of conveying. The existing empirical 

models for solids friction factor (equations 1.2 to 1.5, 1.8 and 1.10) do not address the particle or 

dune velocity and the slip velocity (the difference between gas and particle velocities) and totally 

depend on the superficial velocity of the gas. Nonetheless, it should not be overlooked that particle 

velocity estimation is important in order to better understand the gas-solids flow mechanism.  
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Over the years, researchers have made attempts to determine the particle velocity using various 

experimental techniques. To measure particle velocity in dilute gas-particle two-phase flows, 

particle image velocimetry (PIV) technique was developed. Miyazaki et al. (1999) first measured 

the particle velocity of glass beads (average diameter: 2.9-3.9 mm) in gas-solids two-phase flow 

by using particle image velocimetry (PIV) method. The main limitation of this technique is that it 

is limited to dilute-phase particulate flow (higher air velocity or suspension flow) only. However, 

limited research has been reported so far in the area of applying particle image velocimetry for 

estimating particle velocity in the dense-phase pneumatic conveying. Li and Tomita (2000) have 

carried out measurements to estimate particle velocity using the photographic image technique. 

For testing purposes, two test products, i.e., polyethylene (average diameter: 3.13 mm) and 

polyvinyl (average diameter: 4.26 mm), were used. Wei et al. (2011) determined the particle 

velocity of quartz sand (average diameter: ranging from 60 to 350 µm) and pulverized coal 

(average diameter: ranging from 75 to 300 µm) using optical fiber probe technique. Yan and 

Rinoshika (2011) attempted to determine the particle velocity of polyethylene particles (average 

diameter: 2-3 mm) using particle image velocimetry (PIV) technique for low-velocity flows. It is 

evident from the existing literature that the majority of the attempts have been made towards the 

estimation of particle velocity considering the coarser particles (i.e., applicable for dilute phase 

mode) and very little work has been reported so far in the area of measurement of particle velocity 

for fine powders. Limited attempts have been made to experimentally determine the particle 

velocity for fine powders due to various challenges associated with fine powders such as (1) fine 

powders have high turbulent nature of flow, and it is difficult to analyze the structure (i.e., 

movement) of the dunes between the sensors; (2) fine powders tend to coat the sight glass thus 

making it difficult to see through the glass. Therefore, researchers have largely relied on empirical 
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models such as Klinzing et al. (1989), Hong and Shen (1994), Hinkle (1953), Arastoopour et al. 

(1979), IGT (Klinzing et al., 1987), Tripathi et al. (2018), Santo et al. (2018) for particle velocity 

estimation. Table 4.1 shows the various gas-solids velocity correlations in horizontal dilute phase 

pneumatic conveying. Most of these empirical models are valid only for coarser particles, which 

are being transported in dilute-phase only (Li et al., 2014). Kaur et al. (2017; 2017a) carried out 

particle velocity estimations using numerical procedures for fly ash. However, the work was 

carried out for limited test products (only for fly ash), which needs to be further validated for other 

types of products. Hence, there is a need to carry out further research to validate the preliminary 

findings and to use the results of an improved particle velocity model. 
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Table 4.1: Gas–solids velocity correlations in horizontal dilute-phase pneumatic conveying 

 

Author Empirical correlations Data range 

Hinkle (1953) us = u𝑔(1 − 0.1344ds
0.3ρs

0.5) 0.36 mm <𝑑𝑠< 8.38 mm 

1048 kg/m3 <𝜌𝑠 < 1808 kg/m3 

Arastoopour et al. (1979) us = u𝑔(1 − 0.044ds
0.3ρs

0.5) Same as Hinkle (1953) 

IGT  

(Klinzing et al., 1987) 

us = u𝑔(1 − 0.68ds
0.92ρs

0.5𝜌𝑎
−0.2 𝐷−0.54) 

 

Not given  

Klinzing et al. (1989) us = (u𝑔 − 𝑤𝑓𝑜
0.71)𝐷0.019 67 µm <𝑑𝑠< 900 µm 

2395 kg/m3 <𝜌𝑠 < 5004 kg/m3 

Hong and Shen (1994) 
𝑢𝑠 = 𝑢𝑔 [1 − 0.533 (

1000𝜌𝑎

𝜌𝑠
)
1.093

 (
𝐷

100𝑑𝑝
)

−0.721

] 
High solid-gas ratio, fine powder 

Tripathi et al. (2017) 

 

us

𝑢𝑔
= 1 − 0.072 [𝐴𝑟 (

𝜌𝑝 − 𝜌𝑎

𝜌𝑎
)]

0.091

 
0.23 mm <𝑑𝑠< 4 mm 

940 kg/m3 <𝜌𝑠 < 3794 kg/m3 

Santo et al. (2018) us

𝑢𝑔
= 1 − 0.02 [𝐴𝑟 (

𝜌𝑝 − 𝜌𝑎

𝜌𝑎
) (

𝐷

𝐷50
)
−2

]

0.14

 
0.06 mm <𝑑𝑠< 4 mm 

940 kg/m3 <𝜌𝑠 < 5800 kg/m3 
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4.2  Numerical solution for particle velocity for constant fluidized bulk density  

 

In order to develop the governing equations for solids-gas through a horizontal section of the 

pipeline, the following assumptions have been made:  

 

• The flow is considered to be occurring in the steady-state condition.  

• The flow is one-dimensional (i.e., in the x-direction of bulk flow).  

• The system is isothermal, and the gas phase obeys the ideal gas equation of state.  

• There is no heat and mass transfer between the phases.  

• The composition of the solids-gas mixture in a finitely small control volume is uniform.  

• There is no concentration gradient of particles taken across the pipe diameter. 

• Fluidized bulk density is taken in place of particle density.  

• Fluidized bulk density is assumed to be constant in the entire cross-section of the pipeline. 

 

In the present thesis, the maximum length of the pipe for model prediction purposes has been taken 

as 554 m. As the length of the pipe is very large with the same diameter, the fluctuations in the 

pipe will come into existence, and it majorly influences the flow conditions. Therefore, it is 

difficult to incorporate energy losses, turbulence created by the fluctuations that occurred in the 

entire pipeline in a 3D numerical model. Hence, it is beyond the scope of the numerical work 

presented in this chapter. Therefore, the flow is considered to be happening only in one direction 

(x-direction). However, Chapter 5 deals with the model prediction considering the energy 

losses/turbulence occurred in the pipeline.  
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In the present investigation, the term ‘particle density’ has been replaced by the term ‘fluidized 

bulk density’ because the latter term shows better flow representation of moving dunes in the 

pipeline for the fluidized dense-phase conditions. For developing the energy equation, energy 

balance across a control volume is as given below (Figure 4.1). 

 

 

Figure 4.1: Mass and momentum interactions across a control volume 

 

Conservation of mass for the gas-phase is represented by equation (4.2), and the solids phase is 

represented by equation (4.3), respectively. 

 

𝑑

𝑑𝑥
(𝜀𝑎𝜌𝑎𝑢𝑎) = 0                                                                                                                                       (4.2) 

 

𝑑

𝑑𝑥
(𝜀𝑠𝜌𝑓𝑙𝑢𝑠) = 0                                                                                                                                       (4.3) 
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To obtain conservation of momentum per unit time equation (i.e., force balance equation), the 

equation (4.4) has been derived from the control volume shown in Figure 4.1, as shown below: 

 

[(𝜌𝑎𝜀𝑎𝐴𝑢𝑎) (𝑢𝑎 +
𝑑𝑢𝑎

𝑑𝑥
∆𝑥) − (𝜌𝑎𝜀𝑎𝐴𝑢𝑎)𝑢𝑎] + [(𝜌𝑓𝑙𝜀𝑠𝐴𝑢𝑠) (𝑢𝑠 +

𝑑𝑢𝑠

𝑑𝑥
∆𝑥) − (𝜌𝑓𝑙𝜀𝑠𝐴𝑢𝑠)𝑢𝑠]

= [𝑃𝐴 − (𝑃 + 
𝑑𝑃

𝑑𝑥
∆𝑥)𝐴] − 𝐹𝑎 − 𝐹𝑠                                                                       (4.4) 

 

The final expression for the conservation of momentum equation for the solids-gas flows has been 

obtained by dividing both sides of equation (4.4) by elemental volume (𝐴∆𝑥) as shown below: 

 

𝜀𝑎𝜌𝑎𝑢𝑎

𝑑𝑢𝑎

𝑑𝑥
+ 𝜀𝑠𝜌𝑓𝑙𝑢𝑠

𝑑𝑢𝑆

𝑑𝑥
+

𝑑𝑃

𝑑𝑥
=  −𝑓𝑎 − 𝑓𝑠                                                                                    (4.5) 

 

Net accumulation of pressure and shear energy in the x-direction equals to 

 

= 𝐴𝑃𝑢𝑎 − 𝐴 [(𝑝 +
𝑑𝑝

𝑑𝑥
∆𝑥) (𝑢𝑎 +

𝑑𝑢𝑎

𝑑𝑥
∆𝑥)] − [𝐹𝑎 (𝑢𝑎 +

𝑑𝑢𝑎

𝑑𝑥

∆𝑥

2
) + 𝐹𝑠 (𝑢𝑠 +

𝑑𝑢𝑠

𝑑𝑥

∆𝑥

2
)]      (4.6) 

 

The word “shear energy” is intended to mean the energy spent in overcoming the shear forces. 

These losses are arising due to air-only and particle to particle-air-wall interactions. To overcome 

these losses, pressure energy is provided (compressed air). In the given study, pressure and shear 

forces are acting on the cross-sectional area of the pipe and the wall surfaces, respectively. A 

similar consideration was made by Behera et al. (2013). By solving and neglecting the higher-

order terms in equation (4.6), the final expression has been obtained as follows: 
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Net accumulation of pressure and shear energy in the x-direction equals to 

 

= −𝐴∆𝑥 [𝑝
𝑑𝑢𝑎

𝑑𝑥
+ 𝑢𝑎

𝑑𝑝

𝑑𝑥
+ 𝑢𝑎𝑓𝑎 + 𝑢𝑠𝑓𝑠]                                                                                           (4.7) 

 

Net accumulation of kinetic energy in x-direction equals to 

 

=
1

2
𝑚𝑎𝑢𝑎

2 +
1

2
𝑚𝑠𝑢𝑠

2 −
1

2
𝑚𝑎 (𝑢𝑎 +

𝑑𝑢𝑎

𝑑𝑥
∆𝑥)

2

−
1

2
𝑚𝑠 (𝑢𝑠 +

𝑑𝑢𝑠

𝑑𝑥
∆𝑥)

2

                                      (4.8) 

 

On solving and rearranging the equation (4.8), the final expression has been obtained as follows: 

Net accumulation of kinetic energy in x-direction equals to 

 

= −𝐴∆𝑥 [𝜌𝑎𝜀𝑎𝑢𝑎
2
𝑑𝑢𝑎

𝑑𝑥
+ 𝜌𝑓𝑙𝜀𝑠𝑢𝑠

2
𝑑𝑢𝑠

𝑑𝑥
]                                                                                            (4.9) 

 

Considering there is no net accumulation of energy within the control volume under steady-state 

condition, the following energy equation (4.10) is obtained from equations (4.7) and (4.9), which 

shows the net summation under steady-state equals to zero. 

 

𝑝
𝑑𝑢𝑎

𝑑𝑥
+ 𝑢𝑎

𝑑𝑝

𝑑𝑥
+ 𝑢𝑎𝑓𝑎 + 𝑢𝑠𝑓𝑠 + 𝜌𝑎𝜀𝑎𝑢𝑎

2
𝑑𝑢𝑎

𝑑𝑥
+ 𝜌𝑓𝑙𝜀𝑠𝑢𝑠

2
𝑑𝑢𝑠

𝑑𝑥
= 0                                            (4.10) 

 

The energy equation represented in the equation (4.10) addresses the energy dissipation due to the 

turbulence and frictional resistance of fluid-wall interactions, particle to air, particle to particle, 
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and particle to wall interactions. Volume fractions for the gas and solid phases obey the following 

relationship: 

 

𝜀𝑎 + 𝜀𝑠 = 1                                                                                                                                              (4.11) 

 

In equations (4.2) to (4.11), the fluidized bulk density has been considered as the representation of 

solids density, which considers the dune flow nature of the fluidized dense-phase flow. The system 

of equations (equations 4.2, 4.3, 4.5, 4.10) has been solved for the four variables namely, 𝑢𝑎 , 𝑢𝑠, 𝜖𝑠 

and 𝑃. Firstly, the conservation equations, i.e., equations (4.2), (4.3), (4.5), (4.10) have been 

coupled and transformed into first-order ordinary differential equations (4.12) to (4.15), which 

show the evolution of an individual parameter with respect to the spatial distance (x) under study. 

The spatial variation of fluidized bulk density vanishes for the solids phase, as it is considered to 

be a constant term in the system. The derived equations are represented in the following form: 

 

𝑑𝑢𝑠

𝑑𝑥
=

𝑢𝑠

𝜀𝑠 (𝜌𝑓𝑙𝑢𝑠
2(𝑢𝑠 − 𝑢𝑎) −

𝑢𝑎𝑃
(1 − 𝜀𝑠)

)
[

 

−(𝑢𝑠 − 𝑢𝑎)𝑓𝑠 +
𝑢𝑎𝑃

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥
   ]                                       (4.12) 

 

𝑑𝑢𝑎

𝑑𝑥
= −

𝑢𝑎

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥

𝑢𝑎

(1 − 𝜀𝑠 ) (𝜌𝑓𝑙𝑢𝑠
2(𝑢𝑠 − 𝑢𝑎) −

𝑢𝑎𝑃
(1 − 𝜀𝑠)

)
[

 

−(𝑢𝑠 − 𝑢𝑎)𝑓𝑠 +
𝑢𝑎𝑃

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥
   ]       (4.13) 

 

𝑑𝜀𝑠

𝑑𝑥
= −

1

(𝜌𝑓𝑙𝑢𝑠
2(𝑢𝑠 − 𝑢𝑎) −

𝑢𝑎𝑃
(1 − 𝜀𝑠)

)
[

 

−(𝑢𝑠 − 𝑢𝑎)𝑓𝑠 + 
𝑢𝑎𝑃

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥
   ]                                      (4.14) 
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𝑑𝑃

𝑑𝑥
= −𝑓𝑎 − 𝑓𝑠 + (1 − 𝜀𝑠)𝑢𝑎

2
𝑑𝜌𝑎

𝑑𝑥

(𝜌𝑎𝑢𝑎
2 − 𝜌𝑓𝑙𝑢𝑠

2)

(𝜌𝑓𝑙𝑢𝑠
2(𝑢𝑠 − 𝑢𝑎) −

𝑢𝑎𝑃
(1 − 𝜀𝑠)

)
[

 

−(𝑢𝑠 − 𝑢𝑎)𝑓𝑠 + 
𝑢𝑎𝑃

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥
   ] 

                                                                                                                                                  (4.15) 

where, 𝑓𝑎 = [
(𝜆𝑓𝜌𝑉2𝐿)

(2𝐷)
⁄ ]  and 𝑓𝑠 = [

(𝑚∗𝜆𝑠𝜌𝑉2𝐿)
(2𝐷)⁄ ] 

 

The set of equations (4.12) to (4.15) present the evolution of the parameters 𝑢𝑠, 𝑢𝑎, 𝜀𝑠 and 𝑃, 

respectively, with respect to the spatial coordinate, i.e., along with the length (x) of the pipeline. 

The entire length of the pipeline has been divided into several straight pipe segments/sections (6 

in numbers) (Figure A1.1). Large straight pipeline sections have been further divided into smaller 

sections. In the present investigation, the different values of ‘𝑥 ’ thus obtained on the horizontal 

section of pipe for the purpose of study, have been provided in Table 4.2 (starting from the location 

of the blow tank). For each small section of the pipe, a set of coupled ordinary differential 

equations have been solved numerically using MATLAB’s ode45 solver, which is based on the 

fourth-fifth-order Runge-Kutta-Fehlberg (RKF45) method (Fehlberg, 1969). The solution 

proceeded from the pipe inlet to the outlet. In order to calculate the initial value of 𝑢𝑠,𝑢𝑎, 𝜀𝑠, the 

following formulae have been used, represented by the following equations (4.16 to 4.18). It has 

been assumed that when the material is discharged from the blow tank, the aerated mixture 

occupies the full cross-section of the pipe. The extent of occupancy decreases subsequently along 

the direction of flow in the pipeline. 

 

𝑢𝑠 = 
𝑚𝑠

𝐴𝜌𝑓𝑙
                                                                                                                                                (4.16) 
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𝑢𝑎 = 
(𝑚𝑎 𝐴⁄ )

(𝜀𝑎 𝜌𝑎𝑖)⁄
                                                                                                                                       (4.17) 

 

𝜀𝑠 =
(𝑚𝑠 𝜌𝑓𝑙⁄ )

[𝑚𝑠 𝜌𝑓𝑙⁄ + 𝑚𝑎 𝜌𝑎𝑖⁄ ]
                                                                                                                     (4.18) 

 

Numerically determined values of the various parameters, such as 𝑢𝑎 , 𝑢𝑠, 𝜖𝑠 and 𝑃 obtained at the 

end of the first section of pipe was used as the initial conditions for the successive section. This 

process has been followed in all subsequent sections of the pipe until the outlet section of the 

pipeline has been reached. Thus, the value of the various parameters 𝑢𝑠, 𝑢𝑎, 𝑢𝑠 𝑢𝑎⁄ , 𝜖𝑠 and 𝑃 have 

been determined at the initial and final point of each section of the pipe, and with the help of these, 

results corresponding to the mid-point values (at x, given in Table 4.2) were acquired. Calculations 

have been performed for various operating parameters, i.e., corresponding to different solid flow 

rates in t/h and airflow rates in kg/s, fluidized bulk density in kg/m3 (for different products given 

in Table 4.2). The results of these four parameters, i.e., the variation of 𝑢𝑠, 𝑢𝑎 , 𝑢𝑠 𝑢𝑎⁄  and 𝜖𝑠 along 

the length of the pipe section (𝑥) m, are shown in Figures 4.2 to 4.7 for fly ash (Mallick, 2009; 

Setia et al., 2016) and cement (Setia et al., 2016). Fluidized bulk density values have been obtained 

from Kaur et al. (2017; 2017a).  
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Table 4.2: Description of parameters, mid-point values and flow rates of solids and air for numerical simulation 

Products  Calculated 

parameters 

Mid-point values 

x (m) 

(𝒎𝒔) 

(t/h) 

(𝒎𝒂) 

(kg/s) 

Fluidized bulk 

density (𝝆𝒇𝒍) 

(kg/m3) 

Pipeline 

conveying 

length (m) 

Fly ash, 

(Mallick, 2009) 

𝑢𝑎 (𝑚 𝑠⁄ ), 𝑢𝑠  (𝑚 𝑠⁄ ), 𝜖𝑠, 𝑃(𝑘𝑃𝑎) 6.51, 42.73, 78.94, 

83.67, 113.88, 144 

19, 14, 9 0.04, 0.09, 0.14 300 168 

Cement,  

(Setia et al., 

2016) 

𝑢𝑎 (𝑚 𝑠⁄ ), 𝑢𝑠  (𝑚 𝑠⁄ ), 𝜖𝑠, 𝑃(𝑘𝑃𝑎) 9.1, 20.1, 60.2,  

100.3, 144.25, 188.2 

18, 14, 10 0.06, 0.16 564 254 

Fly ash,  

(Setia et al., 

2016) 

𝑢𝑎 (𝑚 𝑠⁄ ), 𝑢𝑠  (𝑚 𝑠⁄ ), 𝜖𝑠, 𝑃(𝑘𝑃𝑎) 9.1, 20.1, 60.2,  

100.3, 144.25, 188.2 

18, 14, 10 0.06, 0.16 333 254 
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Figure 4.2: Variation of particle velocity and actual air velocity along the pipeline length for fly 

ash for different airflow rates for 𝑚𝑠  = 19 t/h; 𝜌𝑓𝑙 = 300 kg/m3 

 

 

Figure 4.3: Variation of particle velocity and actual air velocity along the pipeline length for 

cement for different airflow rates for 𝑚𝑠  = 18 t/h; 𝜌𝑓𝑙 = 564 kg/m3 
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Figure 4.4: Variation of particle velocity and actual air velocity along the pipeline length for fly 

ash for different airflow rates for 𝑚𝑠  = 18 t/h; 𝜌𝑓𝑙 = 333 kg/m3 

 

Figures 4.2, 4.3, and 4.4 show the variation of particle velocity and actual air velocity for three 

different products, i.e., fly ash (Mallick, 2009), cement and fly ash (Setia et al., 2016). Particle 

velocity has been shown along the primary axis and actual air velocity along the secondary axis. 

It is evident from the figures that there is an overall increasing trend in the values of particle 

velocity along the direction of flow in the pipeline. It has also been observed that an increased flow 

rate of air results into higher values of particle velocity. This may be due to the fact that the higher 

airflow causes the particles to get suspended (i.e., particles do not remain in the non-suspension 

layer anymore). In the non-suspension mode, the particles experience the impact of adhesive forces 

and inter-particle locking caused by the pipe wall and the surrounding particles. Hence, the particle 

velocities would remain relatively smaller as compared to the air velocities at lower airflow rates. 
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At higher air velocities, the suspended particles remain mostly under the influence of air drag and 

resistive forces. This is due to the friction occurring at the pipe wall and with the other particles. 

Hence, the particle velocity values get relatively closure to the air velocity values. There is an 

overall rising trend observed in the values of actual gas and particle velocities along the direction 

of flow in the pipeline. Higher particle velocities are observed for higher solids flow rates. Also, 

higher actual air velocities are observed for higher product flow rates. This could be caused by the 

higher solid volume occupancy in pipe cross-section at higher product flow rates, which results in 

a relatively less area available for the gas flows. As a result, there is an increase in the values of 

actual air velocities with an increase in solids flow rates. Similar results have been obtained for all 

products conveyed with different solids mass flow rate of 14, 9, and 10 t/h and respective air mass 

flow rates in kg/s for a constant fluidized bulk density in kg/m3 (given in Table 4.2). The results 

are shown in Figures A3.1 to A3.6 (Annexure A3). Figures 4.5, 4.6, and 4.7 show the variation of 

the ratio of particle to actual air velocity and solids volumetric concentration for these three 

different products. Particle to actual air velocity ratio has been represented in the primary axis, and 

solids volumetric concentration has been represented in the secondary axis.  
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Figure 4.5: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipe length for fly ash for different airflow rates  

for 𝑚𝑠 = 19 t/h; 𝜌𝑓𝑙 = 300 kg/m3 

 

 

Figure 4.6: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipe length for cement for different airflow rates  

for 𝑚𝑠 = 18 t/h; 𝜌𝑓𝑙 = 564 kg/m3 
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Figure 4.7: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipe length for fly ash for different airflow rates  

for 𝑚𝑠 = 18 t/h; 𝜌𝑓𝑙 = 333 kg/m3 

 

It is evident from the figures that the ratio of particle to actual air velocities increases in the 

direction of flow, indicating that the rate of increase in the particle velocity is more dominating 

over the corresponding rise in the actual air velocities (due to gas expansion). This could be due 

to particles getting into suspension mode along with the direction of flow in the pipeline and/or 

with an increase in airflow rates, thus experiencing reduced resistive forces due to particle-particle-

wall interactions. The results revealed that there is a sharp increase in the value of the solids to 

actual air velocity ratio towards the end of the pipeline after the closely coupled bends (from 80 to 

150 m pipeline length). This is due to the fact that there is a substantial drop in gas pressure due to 

flow through the closely coupled bend. On the other hand, a decreasing trend in the solids 

volumetric concentration is observed along the direction of flow, which indicates that there is a 

gradual transition from dense- to dilute-phase conditions prevailing inside the pipeline. Similar 
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results have been obtained for all products conveyed with different solids mass flow rate of 14, 9, 

and 10 t/h and respective air mass flow rates in kg/s for a constant fluidized bulk density in kg/m3 

(given in Table 4.2). The results are shown in Figures A3.7 to A3.12 (Annexure A3). Using the 

obtained numerical values of the particle to actual gas velocity ratio, a power function-based 

correlation for particle-to-actual gas velocity has been developed for all three products, namely, 

fly ash (Mallick, 2009), cement, and fly ash (Setia et al., 2016). The following empirical power 

function-based models have been obtained using multiple regression method. In these models, the 

ratio of particle to actual gas velocity has been represented by solids loading ratio (m*) and 

dimensionless velocity (𝑤𝑓𝑜 𝑉⁄ ) terms. A high value of the coefficient of determination (R2) 

indicates a good fit.  

 

For fly ash of Mallick (2009), 

 

𝑢𝑠

𝑢𝑎
= 10−3.561(𝑚∗)1.063 (

𝑤𝑓𝑜

𝑉
)
−0.585

,  𝑅2 = 0.97                                                                          (4.19)  

 

For cement of Setia et al. (2016),  

 

𝑢𝑠

𝑢𝑎
= 10−4.734(𝑚∗)1.324 (

𝑤𝑓𝑜

𝑉
)
−0.895

,  𝑅2 = 0.96                                                                          (4.20) 

 

For fly ash of Setia et al. (2016),  

 

𝑢𝑠

𝑢𝑎
= 10−2.981(𝑚∗)0.930 (

𝑤𝑓𝑜

𝑉
)
−0.474

  ,  𝑅2 = 0.98                                                                        (4.21) 
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An attempt has been made here to improve the existing two-layer model developed by Setia et al. 

(2016) by including the newly developed particle velocity model in the model. Using steady-state 

pressure drop data across a straight pipe section, 𝐾, a, b and 𝜆𝑠
∗ values for the newly developed 

two-layer model (in the form of equation 4.22) were determined. The modified form of the two-

layer model has been used for the scale-up validation of solids friction factor and has been shown 

as follows in equation (4.22). 

 

𝜆𝑠 = 𝜏1 [𝐾(𝑉𝐿𝑅)𝑎  (
𝑤𝑓𝑜

𝑉
)
𝑏

] + 𝜏2 [𝜆𝑠
∗ (

𝑢𝑠

𝑢𝑎
) + (

2𝛽𝑜

(
𝑢𝑠

𝑢𝑎
) 𝐹𝑟2⁄ )]                                             (4.22) 

 

where, (
𝑢𝑠

𝑢𝑎
⁄ ) is taken from the newly developed model formats given in equations 4.19, 4.20 

and 4.21 (developed with the assumption of constant fluidized bulk density) for cement and fly 

ash. In the above equation (4.22), VLR (volumetric loading ratio) is determined using equation 

(1.9) provided in Chapter 1. 

 

The equation (1.10) refer Chapter 1 considers that the particles have the same velocity as that of 

the superficial gas velocity (V), i.e. (C V⁄ = 1), which may be a good approximation for fine 

powders travelling in very dilute-phase, but not an appropriate assumption for fluidized dense-

phase type flow (which is characterized by non-suspension dune flow). Therefore, in order to 

address the above issues, equation (1.10) has been modified to equation (4.22) by incorporating 

the term (
us

ua
⁄ ) (varies from 0 to 1), which replaces the term (C V⁄ = 1). 
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Table 4.3. Newly developed two-layer model (in the form of equation 4.22) 

Product Models (as per the format provided by 

equation 4.22) 

R2 Particle velocity model type 

𝑲 a b 𝝀𝒔
∗ 𝒘𝒇𝒐 (m/s) 

Fly ash 

(Mallick, 2009) 

8 −0.40 1.62 0.0164 0.06 0.99 Newly developed model format 

(equation 4.19) 

Cement  

(Setia et al., 

2016) 

 

26.5 −0.62 1.74 0.0384 0.036 0.96 Newly developed model format 

(equation 4.20) 

Fly ash 

(Setia et al., 

2016) 

 

84.5 −0.86 2.10 0.0313 0.038 0.96 Newly developed model format 

(equation 4.21) 
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The newly developed improved two-layer models for solids friction factor (refer equation 4.22) 

has been validated for longer and larger scale-up pipeline conditions viz. 105 mm I.D. × 168 m 

long and 69 mm I.D. × 554 m long pipelines for fly ash, and 80/100 mm I.D. × 407-m-long 

pipelines for fly ash and cement for various solids and airflow rates by comparing the predicted 

pneumatic conveying characteristics against the experimental plots. The results are provided in 

Figures 4.8 to 4.11. In order to calculate the total pipeline pressure drop, an iterative program using 

SOLVER and MACRO in Microsoft Excel 2007 has been developed. To evaluate the relative 

accuracy of the newly developed improved two-layer models (using three different particle 

velocity models), plots between predicted pneumatic conveying characteristics and experimental 

pneumatic conveying characteristics have been shown in the Figures 4.8 to 4.11. Predictions 

obtained from the originally developed two-layer model (Setia et al., 2016) have been 

superimposed on Figures 4.8 to 4.11 to show the possible improvements obtained by using newly 

developed particle velocity models in the two-layer model format of solids friction. In Figures 4.8 

to 4.11, the “particle specific” term has been used to represent the two-layer model for solids 

friction that uses particle velocity model given by equation (4.22).  
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Figure 4.8: Scale-up evaluation for solids friction factor (two-layer specific) for fly ash through 

105 mm I.D.  168 m long pipe 

 

 

Figure 4.9: Scale-up evaluation for solids friction factor (two-layer specific) for fly ash through 

69 mm I.D.  554 m long pipe 
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Figure 4.10: Scale-up evaluation for solids friction factor (two-layer specific) for cement 

through 80/100 mm I.D. × 407 m long pipe 

 

 

Figure 4.11: Scale-up evaluation for solids friction factor (two-layer specific) for fly ash through 

80/100 mm I.D. × 407 m long pipe 
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Figure 4.8 shows the results of pressure drop evaluations for fly ash conveyed through the 105 mm 

I.D. × 168 m long pipeline corresponding to the different mass flow rate of solids (18 t/h: bottom 

lines and 28 t/h: top lines). For the 105 mm I.D. × 168 m long pipe, the two-layer model of equation 

(4.22) (
 𝑢𝑠

𝑢𝑎
⁄ : particle specific) provides better prediction in dense-phase for both mass flow rate 

of solids as compared to the predictions obtained from existing two-layer Setia et al. (2016) model. 

Figure 4.9 shows the results of pressure drop evaluations for fly ash conveyed through the pipeline 

viz. 69 mm I.D. × 554 m long pipeline corresponding to the different mass flow rate of solids (7 

t/h: bottom lines and 11 t/h: top lines). For the 69 mm I.D. × 554 m long pipe, the developed two-

layer model using equation (4.22) provides better predictions in the very dense-phase region as 

compared to the Setia et al. (2016) model for higher mass flow rates of solids. However, for a 

lower mass flow rate of solids, the model (refer equation 4.22) has provided almost similar results 

from dense-phase to dilute-phase regime with the two-layer Setia et al. (2016) model. Figure 4.10 

shows the results of pressure drop evaluations for cement conveyed through 80/100 mm I.D. × 

407 m long pipeline corresponding to a different mass flow rate of solids (18 t/h: bottom lines and 

36 t/h: top lines). The results show that for the 80/100 mm I.D. × 407 m long pipe, the newly 

developed model provides better prediction in very dense-phase region in comparison with Setia 

et al. (2016) model and provides almost similar prediction in the dilute-phase region for the higher 

mass flow rate of solids (i.e., 36 t/h). However, for a lower mass flow rate of solids (i.e., 18 t/h), 

the model (equation 4.22) has provided satisfactory results in the very dense-phase region as 

compare to the Setia et al. (2016) model and provides almost similar results in the dilute phase 

regime. Figure 4.11 shows the results of pressure drop evaluations for fly ash conveyed through 

80/100 mm I.D. × 407 m long pipeline corresponding to a different mass flow rate of solids (20 

t/h: bottom lines and 30 t/h: top lines). The results show that for the 80/100 mm I.D. × 554 m long 
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pipe, the newly developed model provides better predictions from dense- to dilute-phase flow 

region in comparison with Setia et al. (2016) model for the higher mass flow rate of solids (i.e., 30 

t/h). On the other hand, for the lower mass flow rate of solids (i.e., 20 t/h), the newly developed 

model provides slight over-prediction in the very dense-phase region and provides almost similar 

predictions in the dilute-phase region. Overall, it can be inferred that the newly developed two-

layer model (equation 4.22, using particle specific model for particle velocity) could provide 

improved PCC (pneumatic conveying characteristics) predictions from dense- to dilute-phase 

region for all three products used in the present investigation under scale-up conditions, as 

compared to the predictions obtained by Setia et al. (2016). This clearly shows the importance of 

using particle and actual gas velocity ratio term in the model of solids friction factor. Hence, the 

results demonstrate a step improvement in the existing two-layer model.  

 

Further to developing particle velocity models for individual powders, a combined correlation has 

been developed for particle-to-actual gas velocity ratio, by combining a large database of particle-

to-actual air velocity ratio along the pipeline length obtained from the numerical data of the two 

samples of fly ash and cement. The correlation for the newly developed particle velocity model is 

presented in equation (4.23). Higher values of the coefficient of determination (R2) indicates a 

good fit. In this model, the ratio of particle to actual gas velocity has been represented by solids 

loading ratio, dimensionless velocity terms, dimensionless diameter terms, and dimensionless 

density terms.  

 

𝑢𝑠

𝑢𝑎
= 10−0.913(𝑚∗)1.129 (

𝑤𝑓𝑜

𝑉
)
−0.693

(
𝑑𝑝

𝐷
)

0.534

(
𝜌𝑎

𝜌𝑠
)

0.393

,  𝑅2 = 0.88                                     (4.23) 
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The correlation presented in equation (4.23) has been included in the model of solids friction factor 

for the fly ash samples, ESP dust, and cement in the following portion of the thesis. To verify the 

accuracy of the empirical correlation presented above, comparisons between the predicted results 

based on the above correlation and numerical data of particle-to-actual gas velocity are shown in 

Figure 4.12. It has been found that the predicted results (
𝑢𝑠

𝑢𝑎
⁄ ) obtained are in the close 

agreement with the numerical results (
𝑢𝑠

𝑢𝑎
⁄ ) with the high coefficient of determination R2  =  

0.88. 

 

 

Figure 4.12: Comparison of predicted versus numerical data of particle-to-actual gas velocity for 

different products with a constant fluidized bulk density  

 

Setia et al. (2016) developed a two-layer model for solids friction factor for the fluidized dense-

phase flow of fine powders considering the ratio of particle to air as unity. In the present 



91 
 

investigation, the existing two-layer model (Setia et al., 2016) has been modified with the addition 

of a newly developed combined particle velocity model. Along with the newly developed model, 

other existing correlations (available in the literature) have also been employed in Setia et al. 

(2016) model for solids friction factor for the purpose of scale-up validation for pipeline length 

and diameter. Table 4.4 lists the two-layer models developed by Setia et al. (2016) for different 

powders. These are provided here for completeness.  

 

Table 4.4. Two-layer model developed using a “straight pipe” method  

(“two-layer” format, equation 1.10, Setia et al., 2016) 

Product reference Models (as per the format provided by equation 

1.10) 

R2 

K a b 𝝀𝒔
∗ 𝒘𝒇𝒐 

(m/s) 

Fly ash (Mallick, 2009) 8.04 −0.22 1.48 0.0043 0.06 0.98 

ESP dust (Mallick, 2009) 3018 −0.20 1.72 0.0135 0.005 0.99 

Fly ash (Setia et al., 2016) 23.54 −0.61 1.71 0.0074 0.038 0.99 

Cement (Setia et al., 2016) 17.31 −0.40 1.54 0.0081 0.036 0.98 

 

Equation (4.22) shows the modified form of the two-layer model (Setia et al., 2016), which has 

been used for the scale-up validation of solid friction factor in the present investigation. The newly 

developed two-layer model (in modified form with newly developed particle velocity model and 

other empirical correlations existing in the literature) for solids friction factor has been validated 

for longer and larger scale-up pipeline conditions (for fly ash and ESP dust: 105 mm I.D. × 168 
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m and 69 mm I.D. × 554 m; for cement and fly ash: 80/100 mm I.D. × 407-m-long pipelines) for 

different solids and airflow rates by comparing the predicted pneumatic conveying characteristics 

against the experimental plots. The results are provided in Figures 4.13 to 4.18. Predictions 

obtained from the originally developed two-layer model (Setia et al., 2016) have been 

superimposed on Figures 4.13 to 4.18 to show any improvement in prediction achieved by using 

the newly developed particle velocity model in the two-layer model format of solids friction in 

comparison to the existing correlations cited in the literature. Figure 4.13 shows the results of 

scale-up evaluations for fly ash conveyed through the pipeline viz. 105 mm I.D. × 168 m long 

pipeline for the respective mass flow rate of solids, i.e., 28 t/h. The results show that for fly ash 

(105 mm I.D. × 168 m long pipeline), the modified two-layer format with a newly developed 

model provides almost similar predictions in the dense-phase region with the other existing 

correlations and Setia et al. (2016) model. The figure shows some slight under-prediction at the 

dilute-phase region in comparison with the other existing correlations (by around 10-15 kPa 

approx.). 
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Figure 4.13: Scale-up evaluation for solids friction factor (with particle specific models) 

for fly ash through 105 mm I.D. × 168 m long pipe 



94 
 

 

Figure 4.14: Scale-up evaluation for solids friction factor (with particle specific models)  

for fly ash through 69 mm I.D. × 554 m long pipe 
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Figure 4.15: Scale-up evaluation for solids friction factor (with particle specific models) 

for cement through 80/100 mm I.D. × 407 m long pipe 
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Figure 4.16: Scale-up evaluation for solids friction factor (with particle specific models) 

for fly ash through 80/100 mm I.D. × 407 m long pipe 
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Figure 4.17: Scale-up evaluation for solids friction factor (with particle specific models) 

for ESP dust through 105 mm I.D. × 168 m long pipe 
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Figure 4.18: Scale-up evaluation for solids friction factor (with particle specific models) 

for ESP dust through 69 mm I.D. × 554 m long pipe 
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Figure 4.14 shows the results of scale-up evaluations for fly ash conveyed through the pipeline 

viz. 69 mm I.D. × 554 m long pipeline for the respective mass flow rate of solids, i.e., 11 t/h. The 

results show that for fly ash (69 mm I.D. × 554 m long pipeline), the modified two-layer format 

with newly developed model worked well and provided almost similar predictions in dense-phase 

region along with the other existing correlations, but provided some slight over-prediction in 

comparison with Setia et al. (2016) model (i.e., around 15 kPa). On the other hand, all existing 

correlations showed large over-predictions at dilute-phase region, except Klinzing et al. (1989) 

and the newly developed model format, which provided some slight under-prediction in the 

pressure drop predictions (i.e., around 9 to 25 kPa) in comparison to Setia et al. (2016) format in 

the dilute-phase mode. Figure 4.15 showed the results of scale-up evaluations for cement conveyed 

through the 80/100 mm I.D. × 554 m long pipeline corresponding to 36 t/h mass flow rate of 

solids. For the 80/100 mm I.D. × 554 m long pipe, the newly developed model provided almost 

similar predictions at the dense-phase region along with the existing correlations and better 

predictions at the dilute-phase region in comparison with the existing correlations, except Hinkle 

(1953) which provided almost the similar predictions with the newly developed model. On the 

other hand, the two-layer model format provided over-predictions from dense (i.e., around 8 kPa) 

to dilute-phase (i.e., around 35 kPa) for the respective mass flow rate of solids. Figure 4.16 shows 

the results of scale-up evaluations for fly ash conveyed through the pipeline viz. 80/100 mm I.D. 

× 407 m long pipeline corresponding to 30 t/h mass flow rate of solids. The results show that for 

fly ash (80/100 mm I.D. × 407 m long pipeline), the newly developed two-layer model provided 

almost similar predictions at dense-phase and better predictions at the dilute-phase region in 

comparison to the existing correlations and Setia et al. (2016) model. Whereas on the other hand, 

the existing two-layer model coincides with the predictions of existing correlations from dense to 
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dilute-phase. In order to test the accuracy of the newly developed particle velocity model presented 

in equation (4.23), the scale-up predictions for very fine powder (i.e., for ESP dust) are also 

investigated. Figure 4.17 shows the results of scale-up evaluations for ESP dust conveyed through 

105 mm I.D. × 168 m long pipeline for the respective mass flow rate of solids, i.e., 25 t/h. The 

results show that for ESP dust (105 mm I.D. × 168 m long pipeline), the new modified two-layer 

format with particle velocity model included provides slight over-prediction in dense-phase region 

as compared to Setia et al. (2016) model (by about 4 kPa) and slight over-prediction in comparison 

with existing correlations (by about 9 kPa). It also shows some slight under-prediction at the dilute-

phase region in comparison to the other existing correlations and existing two-layer model format 

developed by Setia et al. (2016). On the other hand, IGT (Institute of Gas Technology) model (as 

reported by Klinzing et al., 1987) showed large over predictions from dense to dilute-phase mode. 

Figure 4.18 shows the results of scale-up evaluations for ESP dust conveyed through 69 mm I.D. 

× 554 m long pipeline for the respective mass flow rate of solids, i.e., 10 t/h. The results revealed 

that for ESP dust (69 mm I.D. × 554 m long pipeline), the newly developed model provides 

improved predictions from dense-phase to very dilute-phase region. The existing correlations and 

Setia et al. (2016) model provided very large over-predictions from dense-phase to dilute-phase 

flow regime (in the range of 30 to 70 kPa in dense-phase and 70 to 105 kPa in dilute -phase). It 

can be concluded that the overall newly developed two-layer model shows satisfactory results from 

dense to dilute-phase region in comparison with the Setia et al. (2016) model and other correlations 

existing in the literature.  
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4.3  Numerical solution for particle velocity for varying fluidized bulk density  

 

In the previous section, it was considered constant value of fluidized bulk density along the length 

of pipe for numerical modelling of particle velocity; however, in reality, fluidized bulk density 

may be expected to vary along the length of the pipe (possibly decreasing) because of the 

expansion of the gas, more mixing of gas by the transport and the intense blending that can happen 

over the bend. Therefore, the effects of varying fluidized bulk density need to be considered in the 

model of particle velocity. The following equation (4.24) has been developed, and the results for 

fluidized bulk density varying along the length of the pipe have been obtained using a MATLAB 

based program.  

 

𝑑𝜌𝑓𝑙

𝑑𝑥
= −

𝜌𝑓𝑙

𝑢𝑠
[

𝑢𝑠

𝜀𝑠 (𝜌𝑓𝑙𝑢𝑠
2(𝑢𝑠 − 𝑢𝑎) −

𝑢𝑎𝑃
(1 − 𝜀𝑠)

)
{

 

−(𝑢𝑠 − 𝑢𝑎)𝑓𝑠 +
𝑢𝑎𝑃

𝜌𝑎

𝑑𝜌𝑎

𝑑𝑥
   }]                     (4.24) 

 

A new correlation for particle-to-actual gas velocity ratio has been developed by solving the above 

equation, with the application of variable fluidized bulk density in the entire pipeline. The 

developed correlation for cement is presented in equation (4.25) and for fly ash in equation (4.26) 

obtained using multiple regression technique. Higher values of the coefficient of determination 

(R2) indicate a good fit. In these models, the ratio of particle to actual gas velocity has been 

represented by solids loading ratio and dimensionless velocity terms. The correlations presented 

in equations (4.25) and (4.26) have been used further to model the solids friction factor for cement 

and fly ash in the following section. 
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𝑢𝑠

𝑢𝑎
= 10−3.643(𝑚∗)1.032 (

𝑤𝑓𝑜

𝑉
)
−0.612

  ,  𝑅2 = 0.95                                                                 (4.25) 

 

𝑢𝑠

𝑢𝑎
= 10−3.003(𝑚∗)0.897 (

𝑤𝑓𝑜

𝑉
)
−0.504

,  𝑅2 = 0.95                                                                   (4.26) 

 

Using steady-state experimental pressure drop data and using the values obtained from equations 

(4.25) and (4.26) for different experimental conditions, different values of ′𝜆𝑠′ have been obtained. 

Subsequently, a modified two-layer model has been developed with the aid of the newly generated 

particle velocity model with variable fluidized bulk density (equations 4.25 and 4.26). Table 4.5 

shows the 𝐾, 𝑎, 𝑏 and 𝜆𝑠
∗ values for the newly developed model (in the form of equation 4.22). 

Equation (4.22) shows the modified form of the two-layer model (Setia et al., 2016), which has 

been used for the scale-up validation of solid friction factor in the present investigation. The newly 

developed two-layer model (in modified form with varying fluidized bulk density concept in 

particle velocity model) for solids friction factor has been validated for longer and larger scale-up 

pipeline conditions (cement and fly ash: 65 mm I.D. × 254-m-long and 80/100 mm I.D. × 407-m-

long pipelines) for different solids and airflow rates by comparing the predicted pneumatic 

conveying characteristics against the experimental plots. To estimate the relative correctness of 

the newly developed model, plots between predicted and experimental conveying characteristics 

have been shown in Figures 4.19 and 4.20. Predictions obtained from the existing two-layer model 

(Setia et al., 2016) have been superimposed on Figures 4.19 and 4.20 to show the improved results 

attained with the aid of the newly developed particle velocity model in the two-layer model format 

of solids friction. 
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Figure 4.19: Total Pipeline pressure drop depending on a mass flow rate of conveying air for 

cement through 80/100 mm I.D. × 407 m long pipe 

 

 

Figure 4.20: Total Pipeline pressure drop depending on a mass flow rate of conveying air for fly 

ash through 80/100 mm I.D. × 407 m long pipe 
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Table 4.5. New model developed using a “straight pipe” method (in the form of equation 4.22) 

Product Pipeline data used 

for modelling 

Models (as per the format provided by equation 

4.22) 

R2 Particle velocity model type 

K a b 𝝀𝒔
∗ 𝒘𝒇𝒐 (m/s) 

Cement  

(Setia et al., 

2016) 

 

65 mm I.D. × 254 m 23 −0.55 1.68 0.0402 0.036 0.95 Newly developed model format 

(equation 4.25) 

Fly ash 

(Setia et al., 

2016) 

 

65 mm I.D. × 254 m 74 −0.85 2.07 0.0298 0.038 0.95 Newly developed model format 

(equation 4.26) 
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Figure 4.19 shows the results of pressure drop evaluations for cement conveyed through 80/100 

mm I.D. × 407 m long pipeline corresponding to a different mass flow rate of solids (18 t/h: bottom 

lines and 36 t/h: top lines). The results show that for the 80/100 mm I.D. × 407 m long pipe, the 

newly developed model with variable fluidized bulk density provides better prediction in very 

dense-phase region in comparison with Setia et al. (2016) two-layer model and provides almost 

similar prediction in the dilute-phase region for the higher mass flow rate of solids (i.e., 36 t/h). 

However, for a lower mass flow rate of solids (i.e., 18 t/h), the model (refer equation 4.22) has 

provided almost similar results from dense- to dilute phase regime with the two-layer (Setia et al., 

2016) model. Figure 4.20 shows the results of pressure drop evaluations for fly ash conveyed 

through 80/100 mm I.D. × 407 m long pipeline corresponding to a different mass flow rate of 

solids (20 t/h: bottom lines and 30 t/h: top lines). The results show that, for the 80/100 mm I.D. × 

554 m long pipe, the newly developed model with variable fluidized bulk density provides better 

prediction in very dense-phase region in comparison to Setia et al. (2016) two-layer model and 

provides almost similar prediction in the dilute-phase region for higher mass flow rate of solids 

(i.e., 30 t/h). On the other hand, for the lower mass flow rate of solids (i.e., 20 t/h), the newly 

developed model with variable fluidized bulk density provides almost similar predictions from 

dense- to the dilute-phase regime. Therefore, a newly developed two-layer model based on the 

concept of variable fluidized bulk density holds good from dense to dilute-phase region in 

comparison with the Setia et al. (2016) two-layer model.  

 

In the present section, the author attempted to develop a combined correlation for particle-to-actual 

gas velocity ratio based on the application of variable fluidized bulk density in the entire pipeline 

using the compilation of numerical data (particle to actual air velocity ratio) which have been 
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obtained from the products namely, two samples of fly ash and cement. The correlation for newly 

developed particle velocity model is presented in the equation (4.27) as follows, 

 

us

ua
= 10−1.46(m∗)1.057 (

wfo

V
)
−0.634

(
dp

D
)

0.415

(
ρa

ρs
)

0.26

,  𝑅2 = 0.90                                      (4.27) 

 

 

In this model, the same format has been used as described by equation (4.23). The use of 

correlation presented in equation (4.27) has been extended further in order to model the solids 

friction factor for fly ash and cement in the following section (results will be shown in Chapter 5).  

 

 

Figure 4.21: Consolidated comparison of predicted and numerical data of particle-to-actual gas 

velocity for fly ash and cement conveyed data 



107 
 

In order to validate the accuracy of the newly developed empirical correlation presented in 

equation (4.27), a comparison between the predicted results based on the above correlation and 

numerical data of particle-to-actual gas velocity have been shown in Figure 4.21. From Figure 

4.21, it has been found that, the predicted results (
𝑢𝑠

𝑢𝑎
⁄ ) obtained are in the close agreement with 

the numerical results (
𝑢𝑠

𝑢𝑎
⁄ ) with the highest coefficient of determination R2 = 0.90. 
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CHAPTER 5 

NEW MODEL DEVELOPMENT FOR SOLIDS FRICTION 

CONSIDERING PARTICLE-PARTICLE COLLISION EFFECT 
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This chapter deals with the development of new model for solids friction factor with the aid of (1) 

apparent rheology of fluidized bed of powders in dense-phase (2) energy loss due to the particle-

particle-wall impact and particle bouncing occurring along the internal surface of pipes, (3) newly 

developed improved unified numerical particle velocity model with variable fluidized bulk 

density.  

 

5.1   Modelling energy loss due to the collision between particles during dense-phase 

conveying 

 

Louge et al. (1991) studied the role of particle collisions in pneumatic transport for dilute gas-

solids flow in a vertical pipe of 30.5 mm diameter under fully developed steady-state flow. 

Polystyrene spheres were transported in dilute-phase, with average particle size ranging from 200 

µm to 3 mm, particle density of 1020 kg/m3, mass flow ratio of 3.6. It was concluded that the 

particle collisions play a significant role in flows involving relatively huge particles, even when 

the particle phase is in the dilute-phase region. Tanaka and Tsuji (1991) studied the effect of inter-

particle collisions for fully developed gas-solid flow in a vertical pipe with the aid of numerical 

simulation method known as Lagrangian approach. The average particle diameter ranged from 

0.406 to 1.50 mm, and the pipe internal diameter was taken as 40 mm. The effect of solid loading 

ratio on particle concentration was investigated, and it was found that there was a conclusive effect 

on the particle concentration even at a small loading ratio. Oesterle and Petitjean (1993) examined 

the interactions between particle to particle in gas-solids flows using Lagrangian simulation 

method for the dense-phase region. A horizontal straight pipe gas-solids flow (internal diameter: 

30 mm) was investigated at loading ratios up to 20 for glass beads with an average diameter of 0.1 
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mm. It was concluded that the particle collisions play an important role in the entire pipeline, with 

loading ratio exceeding unity. Huber and Sommerfeld (1998) studied the effects of turbulence, 

particle-wall collisions including wall roughness, and inter-particle collisions on the development 

of the two-phase flow in various pipe elements with the aid of using 3-dimensional (3-D) numerical 

simulation method known as Euler/Lagrangian approach. In the present investigation, the 

modelling and numerical calculations were done for dilute-phase pneumatic conveying systems. 

The results obtained from the numerical calculations were presented for various pipe elements, 

such as horizontal pipes (material: glass and stainless steel), pipe bends (𝑅 𝐷⁄ = 2.54) and vertical 

pipes (material: stainless steel) for different pipe diameters (internal diameter.: 80 mm and 150 

mm), pipe lengths (4 m and 8 m) and flow conditions, such as conveying velocity (24 and 27 m/s) 

and particle loading (0.3 and 0.7 kg particles/kg air). Glass beads (shape: spherical) of average 

particle size: 40 𝜇𝑚 were used for the investigation. The numerical results obtained are found to 

be in close agreement with the experimental results. Sommerfeld (2003) analyzed the collision 

effects for turbulent gas-solids flow in a horizontal pipe channel (length of 6 m approx.) with the 

aid of a 2-dimensional numerical simulation technique known as Lagrangian approach. The 

investigation includes the impact of wall roughness and inter-particle collisions for the particle 

motion. Mono-sized particles with size ranging from 30 to 700 µm were taken into consideration. 

It was concluded that the inter-particle collisions and particle collision with the wall, both have a 

great impact on the particle behaviour in a horizontal pipe channel and on the particle phase 

characteristics of the developed flow. Bose and Kumaran (2004) studied the velocity distribution 

for a two-dimensional sheared granular material considering the particle-particle, particle-wall 

collisions. Bose et al. (2005) studied a two dimensional bi-disperse vibrofluidized granular mixture 

subject to vertical vibration in the rapid flow regime, where particle interactions occur due to 
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instantaneous collisions. Schneiderbauer et al. (2012) derive the new boundary conditions for the 

solid’s stresses and the flux of fluctuation energy for collisional granular flows at flat frictional 

moving walls in non-steady state. Kuang et al. (2012) studied energy dissipation resulting from 

the interactions between particles, particles, and wall, particles, and fluid and between fluid to 

fluid. The average diameters of particles were ranging from 3 to 5 mm and a density of 880 kg/m3. 

The results revealed that the energy loss during steady-state pneumatic conveying consists of 

particle-fluid energy dissipation, gravitational potential energy (for inclined pneumatic 

conveying), particle-wall friction energy dissipation and fluid-wall viscous energy dissipation. The 

energy equations presented in the research (Chapter 4; refer equation (4.10)) addresses the energy 

dissipation due to the turbulence and frictional resistance of fluid-wall interactions, particle to air, 

particle to particle and particle to wall interactions. Desu and Annabattula (2019) investigated the 

force distribution (i.e., contact type) among dissimilar particle sizes in a polydisperse granular 

assemblies using the discrete element method (DEM) technique. It was found that the larger 

particles have a higher chance of experiencing stronger contact forces in comparison to the smaller 

particles. 

 

In this section, the existing Setia et al. (2016) two-layer model has been modified with the inclusion 

of newly developed combined particle velocity model (represented by equation 4.27) with variable 

fluidized bulk density concept and kinetic theory of gases showing the energy loss occurs due to 

the inter-particle collisions, collisions with the wall and velocity fluctuations due to the turbulence 

in the pipe. The various assumptions that have been made while developing the concept of energy 

loss during conveying due to the collisions between the particles and with the wall are given below: 
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• The rapidly moving particles constantly collide among themselves and with the walls of 

the entire pipeline. All the collisions between the particles are perfectly elastic. This means 

the particles are considered to be perfectly spherical in shape and elastic in nature. 

• The average distance separating the gas particles is large as compared to their dimensions. 

All the particles have the same mass. 

• The number of particles is so large that statistical treatment can be applied. 

• The particles are in the state of random motion moving in all directions with velocity ′Cx′, 

′Cy′, ′Cz′ and the gas are said to be in the state of molecular disorder. 

• There are no intermolecular forces of attraction or repulsion that exist. This means that the 

energy of a gas is all kinetic.  

• Except during collisions, the interactions among the particles are negligible.  

• The time spent in a collision is negligible compared to the time during which the particles 

are moving independently. 

• Between collisions, the particles move in a straight line with uniform velocity because of 

frictionless motion between particles.  

• The volume of a particle is so small that it is negligible compared to the total volume of 

the gas. 
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Figure 5.1: (a) Control volume showing single particle movement; (b) bouncing effect of a 

single particle to the pipe wall 

 

Figure 5.1 shows the control volume (a) single-particle movement; (b) bouncing effect of a single 

particle to the pipe wall. 

 

Let ‘x’ be the direction perpendicular to the pipe wall. When a particle bounces off the wall (i.e., 

in y-z plane), then the projection of velocity of a particle on the ‘x’ axis is given by: 

a) 

b) 
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Cx(after) = −Cx(before)                                                                                                                              (5.1)       

(y-z plane with velocity vx) = (Rebound velocity) 

 

The x-component of velocity is ′Cx′ and momentum is ′mCx′ towards the wall. When a particle 

hits the wall, it will bounce back with the same speed but in the opposite direction (kinetic energy 

is conserved, and the collision is being elastic). The x-component of the momentum of the particle 

changes and will then be -mCx. Then the change in momentum delivered by the particle to the wall 

in the ‘x’ direction is given by: 

 

∆P𝑚 = 2mPCx                                                                                                                                            (5.2) 

 

Equation (5.2) presents the total momentum delivered by the particle to the wall. 

 

Let 𝑉𝑇= total volume of gas 

 

N = total number of particles in a control volume having velocities ranging from 0 to ∞ 

 

Let dN (Cx): number of particles having velocity greater than (Cx) but ≪ Cx + dCx, i.e., colliding 

on the wall per second. Mathematically can be written as follows:  

 

(Cx + dCx) > C > Cx 
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Consider the particles in the x-component, whose velocity lies in a small interval [Cx, Cx + dCx], 

where dCx ≪ Cx. Then the contribution of these particles to pressure is: 

 

dP (Cx) = ∆𝑃𝑚 dφ (Cx) = 2mPCx dφ (Cx)                                                                                           (5.3) 

 

where dφ(Cx) is the differential particle flux, i.e., the number of particles with velocities in the 

interval [Cx, Cx + dCx] hitting the wall per unit time per unit area. Mathematically can be written 

as follows: 

 

dφ(Cx) =
dN(Cx)

At
                                                                                                                                    (5.4) 

 

where dN(Cx) is the number of particles with velocity in the interval [Cx, Cx + dCx] that hits the 

area ‘A’ of pipe wall over time t. Hence, mathematically dN(Cx) can be written as follows: 

 

dN(Cx) = [volume, where a particle with velocity (Cx) hitting the wall during time t × number 

density of particles in the gas × fraction of particles whose velocities are in the interval {Cx, Cx +

dCx}]. Mathematically this can be written as follows: 

 

dN(Cx) = A(Cx)t. n. f(Cx) dCx                                                                                                               (5.5) 

 

Therefore, we have obtained the following expression as follows: 

 

dφ(Cx) = n(Cx) f(Cx) dCx                                                                                                                     (5.6) 
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According to the probability theory, normalization of the pdf is given by 

 

∫ f(Cx) dCx = 1
+∞

−∞

                                                                                                                                   (5.7) 

 

Equation (5.7) shows that the probability for a particle to have some velocity lies between -∞ and 

+∞ is 1. Using equations (5.3) and (5.6), we have, 

 

dP (Cx) = 2mP(Cx). n(Cx) f(Cx) dCx 

 

dP (Cx) = 2mPn(Cx)
2f(Cx) dCx                                                                                                              (5.8) 

 

The total pressure is obtained by integrating overall particles at Cx > 0, can be written as follows: 

P𝑇 = 2mPn∫ (Cx)
2f(Cx) dCx

∞

0

 

P𝑇 = mPn(Cx)
2 ∫ f(Cx) dCx

+∞

−∞

                                                                                                                    

P𝑇 = mPn(Cx)
2                                                                                                                                          (5.9) 

 

Let us assume all directions are statistically the same (i.e., the system is isotropic). Therefore, the 

distribution of velocities is isotropic, and the pressure is also isotropic. Then,  

C2
x = C2

y
= C2

z and C2 = C2
x + C2

y + C2
z 

Therefore, 

C2
x =

C2

3
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Equation (5.9) can be rewritten as follows: 

P𝑇 = mPnC2 3⁄  , where, n = N
V𝑠𝑝

⁄  

Hence, P𝑇V𝑠𝑝 = mPNC2 3⁄                                                                                                                    (5.10) 

 

The equation (5.10) presented the fundamental equation of the kinetic theory of gases and is often 

known as the kinetic equation of gases. The term ‘P𝑇V𝑠𝑝’ has a unit of Joule; therefore, it is 

equivalent to the energy loss due to particle impact against other particles. Energy loss (K.E.) due 

to particle impact against other particles and further re-acceleration of the decelerated/stopped 

particle to its original velocity can be represented as follows: 

 

EL = mPNC2 3 ⁄ Since, mPN = ∆Mp 

 

Then, EL = ∆MpC
2 3⁄ , here ∆Mp = Total mass of particles in a control volume (kg) 

 

Therefore, kinetic energy loss per unit specific volume = 
(∆MpC

2 3⁄ )

(∆Mp ρ∗⁄ )
⁄  

 where, ρ∗ = ρp(1 − ε) 

 

Kinetic energy loss per unit specific volume = C2ρ∗ 3⁄ = C(C. ρ∗ 3⁄ )                                          (5.11) 
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From Figure 5.1, a single particle motion time (t) is calculated as: 

 

t =
∆L

C
=

D

wfo
 and C =

∆Lwfo

D
 

 

Therefore, from equation (5.11), the kinetic energy loss per unit specific volume is: 

 

(
∆Lwfo

D
) (

C. ρ∗

3
)                                                                                                                                        (5.12) 

 

Pressure drop due to the presence of the solids is given by (Klinzing et al. , 2010) 

 

(λsm
∗) (

ρa∆LV2

2D
) = (λS)

∗
ρ∗C2∆L

2D
+ (ρ∗g∆L

wfo

V
  )                                                                     (5.13) 

 

From equation (5.12) adding the kinetic energy loss per unit specific volume in the above 

expression (5.13), we get, 

 

(λsm
∗) (

ρa∆LV2

2D
) = (λS)

∗
ρ∗C2∆L

2D
+ (ρ∗g∆L

wfo

V
) + (

∆Lwfo

D
)(

C. ρ∗

3
)                                   (5.14) 

 

As  

m∗ =
ms

ma
=

ρ∗C

ρaV
                                                                          (Klinzing et al. , 2010)      
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Substituting in equation (5.14) we get 

 

(λs.
ρ∗C

ρaV
)(

ρa∆LV2

2D
) = (λS)

∗
ρ∗C2∆L

2D
+ (ρ∗g∆L

wfo

V
) + (

∆Lwfo

D
)(

C. ρ∗

3
)                               (5.15) 

 

(λs) (
CV

2D
) = (λS)

∗
C2

2D
+ g

wfo

V
+ (

Cwfo

3D
) 

 

λs = (λS)
∗
C2

2D
. (

2D

CV
) + g

wfo

V
. (

2D

CV
) + (

Cwfo

3D
) . (

2D

CV
) 

 

λs = λS
∗ (

C

V
) +

2(
wfo

V⁄ )

Fr2(C V⁄ )
+ (

2 (
wfo

V )

3
) 

 

λs = λS
∗ (

C

V
) +

2β O 

Fr2(C V⁄ )
+ (

2β O 

3
)                                                                                                (5.16) 

 

In the present investigation, the term (C V⁄ ) in equation (5.16)  has been replaced by the term 

(
us

ua
⁄ ); therefore, the modified equation (5.17) can be written in the final form as: 

 

λs = λS
∗ (

us

ua
) +

2β O

Fr2 (
us

ua
)

+
2β O 

3
                                                                                                     (5.17) 
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where, λS
∗
 is related to the impact and friction of the solid particles (particle to particle/wall). The 

term ′2β O Fr2 (
us

ua
)⁄ ′ takes into account the influence of weight (i.e., energy loss due to keeping 

the particles in suspension). β O refers to the velocity ratio related to particle fall velocity in the 

undisturbed fluid. An increase in the mass flow rate of solids would cause an increase in the 

particle/particle/wall interactions, which would cause higher energy losses. The higher energy loss 

due to keeping the particles in suspension mode has been incorporated by the term ′2β O Fr2 (
us

ua
)⁄ ′ 

in which the gravity force of the particles is to be overcome by providing sufficient inertia force 

to keep particles in suspension, with the presence of dimensionless number known as Froude 

number. However, it is difficult to rationalize the application of the Froude number term to model 

particle-particle/wall interactions for a non-suspension layer (Mallick, 2009). Turbulent flow 

condition is prevalent in the suspension flow regime, which would be the main cause for the energy 

loss of gas, as more of the energy would spend in keeping the particles in turbulent condition. The 

term ′2β O 3⁄ ′ attempts to indicate dense- to dilute-phase transition phenomenon. Larger sized 

and/or higher particle density products will have increased free settling velocity, and higher 

velocity will be required to keep them in suspension, which indicates the need for higher energy 

input. To state, in other words, commonly, the dense-phase regime of flow is attributed to more 

product turbulence, and the dilute-phase regime is said to be associated with dominant fluid 

turbulence (Mallick, 2009). However, Mittal (2016) has shown that the pressure fluctuations are 

more dominating at a higher flow velocity regime, whereas the fluctuations seemed to get 

suppressed in the low-velocity regime. This is because, at the dense-phase or low-velocity regime 

of flow, the product to product movements could be suppressed due to rather smaller inter-particle 

gaps (particles not having too much mean free path to move around and collide with other 

particles).  
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The two-layer model format of Setia et al. (2016) has been modified by incorporating the newly 

developed particle velocity model with variable fluidized bulk density (equation 4.27) and energy 

loss effect due to the turbulence region occurred in the suspension mode (equation 5.17). The 

modified two-layer model is given as follows:  

 

λs = τ1 [K(VLR)a  (
wfo

V
)
b

] + τ2 [λs
∗ (

us

ua
) + (

2βo

Fr2 (
us

ua
)

⁄ ) +
2β O 

3
]                                (5.18) 

 

Table 5.1 shows the exponents values obtained during modelling obtained through regression 

analysis. The modified two-layer model (incorporated with particle velocity model with variable 

fluidized bulk density and energy loss due to impact) for solids friction factor has been validated 

for longer and larger scale-up pipeline conditions (fly ash and ESP dust: 105 mm I.D. × 168 m 

and 69 mm I.D. × 554 m; cement and fly ash: 80/100 mm I.D. × 407-m-long pipelines) for 

different solids and airflow rates by comparing the predicted pneumatic conveying characteristics 

against the experimental plots. Predictions obtained using the two-layer model of Setia et al. (2016) 

have been superimposed on the plots to highlight the improvement in the prediction capability of 

the new model (5.18), if any.  
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Table 5.1. Modified two-layer model developed using a “straight pipe” method (equation 5.18) 

Product Pipeline data used 

for modelling 

Models (as per the format provided by 

equation 5.18) 

R2 

K a b 𝛌𝐬
∗ 𝐰𝐟𝐨 

(m/s) 

Fly ash  

(Mallick, 2009) 

69 mm I.D. × 168 m 9.5 −0.39 1.67 0.0103 0.06 0.98 

ESP dust  

(Mallick, 2009) 

69 mm I.D. × 168 m 1072 −0.23 1.59 0.0150 0.005 0.98 

Fly ash  

(Setia et al., 2016) 

65 mm I.D. × 254 m 81 −0.89 2.12 0.0305 0.038 0.96 

Cement  

(Setia et al., 2016) 

65 mm I.D. × 254 m 26 −0.57 1.72 0.0314 0.036 0.97 

 

To evaluate the relative accuracy of the newly developed model, plots between predicted 

pneumatic conveying characteristics and experimental pneumatic conveying characteristics have 

been shown in Figures 5.2 to 5.7. Figure 5.2 shows the results of scale-up validation for fly ash 

conveyed through the 105 mm I.D. × 168 m long pipeline corresponding to different mass flow 

rates of solids (18 t/h: bottom lines and 28 t/h: top lines).  
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Figure 5.2: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for fly ash through 105 mm I.D. × 168 m long pipe 

 

 

Figure 5.3: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for fly ash through 69 mm I.D. × 554 m long pipe 
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Figure 5.4: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for cement through 80/100 mm I.D. × 407 m long pipe 

 

 

Figure 5.5: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for fly ash through 80/100 mm I.D. × 407 m long pipe 
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Figure 5.6: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for ESP dust through 105 mm I.D. × 168 m long pipe 

 

 

Figure 5.7: Scale-up validation for solids friction factor (modified two-layer model with impact 

friction, variable fluidized bulk density) for ESP dust through 69 mm I.D. × 554 m long pipe 
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The results show that for this fly ash, the modified two-layer format with newly developed particle 

specific model with variable fluidized bulk density and energy loss impact provides better 

prediction from dense- to dilute-phase region in comparison with the Setia et al. (2016) model for 

the higher mass flow rates (28 t/h: top lines). On the other hand, for lower (18 t/h: bottom lines) 

mass flow rates it shows better predictions in very dense-phase region and some very slight under-

prediction (i.e., around 2 to 3 kPa) at dilute-phase region in comparison with the existing two-layer 

model format developed by Setia et al. (2016). Figure 5.3 shows the results of scale-up validation 

for fly ash conveyed through the pipeline viz. 69 mm I.D. × 554 m long pipeline corresponding to 

the different mass flow rate of solids (7 t/h: bottom lines and 11 t/h: top lines). The results show 

that for fly ash (69 mm I.D. × 554 m long pipeline), the modified two-layer format with newly 

developed particle specific model with variable fluidized bulk density and energy loss impact 

provides better predictions from dense- to dilute-phase region in comparison with the Setia et al. 

(2016) model for higher (11 t/h: top lines) mass flow rate. On the other hand, for lower (7 t/h: 

bottom lines) mass flow rate, it shows satisfactorily better predictions in very dense-phase and 

almost similar-prediction in the dilute-phase region with the existing two-layer model format 

developed by Setia et al. (2016). Figure 5.4 shows the results of scale-up validation for cement 

conveyed through the pipeline viz. 80/100 mm I.D. × 407 m long pipeline corresponding to the 

different mass flow rate of solids (18 t/h: bottom lines and 36 t/h: top lines). The results show that 

for cement (80/100 mm I.D. × 407 m long pipeline), the modified two-layer format with newly 

developed particle specific model with variable fluidized bulk density and energy loss impact 

provides better predictions from dense- to dilute-phase region in comparison with the Setia et al. 

(2016) model for higher (36 t/h: top lines) mass flow rate. On the other hand, the modified two-

layer model shows almost similar prediction from dense to dilute-phase region for lower mass flow 
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rate (18 t/h: bottom lines) with the existing two-layer model format developed by Setia et al. 

(2016). Figure 5.5 shows the results of scale-up validation for fly ash conveyed through the 

pipeline viz. 80/100 mm I.D. × 407 m long pipeline corresponding to the different mass flow rate 

of solids (20 t/h: bottom lines and 30 t/h: top lines). The results show that for fly ash (80/100 mm 

I.D. × 407 m long pipeline), the modified two-layer format with newly developed particle specific 

model with variable fluidized bulk density and energy loss impact provides better predictions from 

dense- to dilute-phase region in comparison with the existing two-layer model format developed 

by Setia et al. (2016) for almost both mass flow rates (20 t/h: bottom lines and 30 t/h: top lines). 

In order to test the accuracy of the modified two-layer model presented, the scale-up predictions 

for very fine powder (i.e., for ESP dust) were also investigated. Figure 5.6 shows the results of 

scale-up validation for ESP dust conveyed through 105 mm I.D. × 168 m long pipeline 

corresponding to the different mass flow rate of solids (15 t/h: bottom lines and 25 t/h: top lines). 

The results show that for ESP dust (105 mm I.D. × 168 m long pipeline), the modified two-layer 

format with newly developed particle specific model with variable fluidized bulk density and 

energy loss impact provides better predictions in dense-phase and almost shows the similar 

prediction in the dilute-phase region for higher mass flow rate (25 t/h: top lines) compared to the 

existing two-layer model format developed by Setia et al. (2016). On the other hand, it shows some 

slight under-prediction (i.e., around 4 to 7 kPa) at dense-phase and almost shows the similar 

predictions in the dilute-phase region for lower (15 t/h: bottom lines) mass flow rate compared to 

the existing two-layer model format developed by Setia et al. (2016). Figure 5.7 shows the results 

of scale-up validation for ESP dust conveyed through the pipeline viz. 69 mm I.D. × 554 m long 

pipeline corresponding to the different mass flow rate of solids (6 t/h: bottom lines and 10 t/h: top 

lines). The results show that for ESP dust (69 mm I.D. × 554 m long pipeline), the modified two-
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layer format with newly developed particle specific model with variable fluidized bulk density and 

energy loss impact provides better predictions from dense- to dilute-phase region in comparison 

with the existing two-layer model format developed by Setia et al. (2016) for almost both mass 

flow rates (6 t/h: bottom lines and 10 t/h: top lines). It has been seen from the Figures 5.2 to 5.7 

that the modified two-layer model could provide better predictions from dense to the dilute-phase 

region for the used mass flow rate of solids in the present investigation and products under scale-

up conditions. Therefore, the modified two-layer model holds good and shows great improvements 

from dense- to dilute-phase region in comparison with the Setia et al. (2016) model for scale-up 

configurations.  

 

In addition to this, the modified two-layer model format developed in equation (5.18) has also been 

used to model the fly ash conveyed in the newly developed test rig under the NTPC project shown 

in Chapter 2 (see Figure 2.3). NTPC power station fly ash was conveyed in the test rig (105 mm 

I.D. × 130 m long pipeline) at Particle and Bulk Solids Technologies Laboratory of Thapar 

Institute of Engineering & Technology, India. The physical properties are given in Chapter 2 (refer 

to Table 2.2). The obtained K, a, b values are shown in Table 5.2 as follows: - 

 

Table 5.2. Modified two-layer model developed using equation (5.18) 

Product Pipeline data used 

for modelling 

Model (as per the format provided by 

equation 5.18) 

R2 

K a b 𝛌𝐬
∗ 𝐰𝐟𝐨 

(m/s) 

Fly ash  105 mm I.D. × 130 m 10 −1.122 2.195 0.02126 0.123 0.97 
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Similarly, different grade of products (i.e., fly ash) obtained from other NTPC super thermal power 

stations have been modelled with the same format represented by equation (5.18) using multiple 

regression method (not shown in the present thesis research work). 

 

5.2  Modelling solids friction using apparent rheology of powdered bed 

 

Anjaneyulu and Khakhar (1994) experimentally studied the rheology of granular materials (i.e., 

glass beads) with Brookfield, Synchro-Lectric viscometer. The average particle size of glass beads 

ranges from 400 to 1000 µm. It was concluded that the yield stress decreases with an increase in 

the amount of aeration. Zhao and Wei (2000) studied the rheological behaviours of gas-solid 

fluidized beds. The viscosity of fluidized beds was measured with the help of solid-settling 

experiments. The inner diameter and height of the fluidized bed were 46 mm and 240 mm. The 

average particle size of silica sand was 88 µm, whereas, for glass beads, average particle size 

ranges from 88 to 175 µm. The plastic viscosity and yield stress values of fluidized beds were 

obtained with the aid of the linear regression technique, which was applied to the obtained 

experimental data. The calculated results were found to be in a close agreement with the 

experimental data. It was also concluded that both plastic viscosity and yield stress values increase 

with an increase in particle size. Bruni et al. (2005) studied the flow properties of aerated/fluidized 

granular powders below the minimum fluidization condition and when the powders are just 

fluidized using torque measurements using a mechanically stirred fluidized bed rheometer 

(msFBR). The average particle size of glass ballotini was 350 µm, and particle density was 2500 

kg/m3, whereas for Alumina powders, average particle size was 75 µm and particle density was 

1730 kg/m3. It was observed that below the minimum fluidization, the torque profiles obtained for 
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both powders were independent of impeller speed, and at minimum fluidization condition, torque 

profiles obtained were dependent on the impeller speed and found to increase linearly with 

increasing depth of the impeller. Barletta et al. (2007) experimentally studied the effect of aeration 

on the yield strength, rheology, and on the shear stress of various cohesive powders. In this work, 

for experimental purposes, two different cohesive powder samples were taken into account, i.e., 

silica: average particle size: 21 μm, particle density: 2650 kg/m3 and magnesium carbonate: 

average particle size: 15 μm, particle density: 2600 kg/m3. He designed and fabricated a new 

rotational shear cell tester for the measurement of flow properties of aerated fine powders for 

respective internal diameter: 61.8 mm and height: 15 mm. It was found that aeration does not affect 

the unconfined yield strength of the powder and its inherent rheological properties. It only modifies 

the effective state of shear stress of the powder. Bruni et al. (2007, 2007a) experimentally studied 

the rheology of fine powders aerated below the minimum fluidization with the help of using 

mechanically stirred fluid-bed rheometer. Glass ballotini, silica and alumina (A0, A3, A4, A5, A6) 

powders with different fine contents were tested. The average particle size of glass ballotini was 

350 µm, and that of silica powders alumina (A0, A3, A4, A5, A6) powders ranged from 36 to 75 

µm. At various impeller depths of immersions, aeration rates and rotational speeds of the impeller, 

the torque required to spin an impeller immersed in a bed of aerated powders was measured near 

minimum fluidization velocities. This investigation mainly focusses on studying the influence of 

the IPFs on the fluidization behaviour and rheology of alumina powders when adding big fines 

(25–45 µm) or small fines (0–25 µm) using fluidization tests and shear cell measurements. Results 

obtained from pressure drop profiles, bed expansion profiles, and bed collapse tests were linked to 

the rheological examination of materials. The results obtained from the cohesion and the effective 

angle of internal friction showed that the alumina sample containing small fines (0–25 µm), A6, 
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was more cohesive, means increased effect of interparticle forces (IPFs) and maximum resistance 

to flow, hence less flowable, than the alumina sample containing the same amount of big fines 

(25–45 µm) having lower resistance to flow. Colafigli et al. (2008) attempted to determine the 

viscosity of fine powders in a homogeneous gas-fluidized bed using ambient nitrogen as the 

aeration medium. In this work, the powder sample used was silica (falling under Geldart Group-C 

category) of average particle size of 26 μm, particle density of 460 kg/m3. He designed and 

fabricated a Couette fluidized-bed rheometer (CFBR) set-up having Pyrex cylindrical vessel of 

width 13.8 cm, height: 30 cm and the wall thickness of 0.2 cm, capable of measuring the viscosity 

of a fluidized suspension under variable conditions of applied shear stress. It was observed that the 

viscosity decreases with increased shear rate. Tripathi and Khakhar (2011) used the discrete 

element method (DEM) simulation technique to study the rheology of granular mixtures in a 

steady, fully developed, gravity-driven flow on an inclined plane. Barletta and Poletto (2013) 

developed a new experimental device for the measurement of the horizontal to vertical stress ratio 

for free-flowing (65 to 373 μm) non-compressible powders and for, cohesive (3 to 25 μm) and 

compressible powders. Chen (2013) experimentally studied the rheology of aerated fine powders. 

He designed and fabricated a new testing apparatus using a combination of a fluidization chamber 

and a rotary viscometer, which utilized the Couette method to measure the rheology of gas-solid 

systems. In his set-up, the rheology of homogenous laminar flow was considered. Chen (2013) 

carried out rheology testing of fine powders, such as fly ash and alumina. Based on rheology, 

conveying models of aerated fine powders (fly ash and alumina) were derived for straight 

pipelines. The newly derived conveying models are presented below by equations (5.19), (5.20), 

and (5.21). 
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The power-law fluid conveying model is given as follows: 

 

∆𝑃

2𝐿
= 𝐴𝑠𝑝 + (

∆𝑃

2𝐿
)
𝑎𝑖𝑟

                                                                                                                             (5.19) 

 

The yield power-law fluid conveying model is given as follows: 

 

∆𝑃

2𝐿
= 𝐴𝑠𝑦 + (

∆𝑃

2𝐿
)

𝑎𝑖𝑟
                                                                                                                             (5.20) 

 

Combined material conveying model is given as follows: 

 

∆𝑃

2𝐿
= 𝐴𝑠𝑦 + 𝐴𝑠𝑝 + (

∆𝑃

2𝐿
)

𝑎𝑖𝑟
                                                                                                                 (5.21) 

 

Out of three above derived conveying models, the yield power-law fluid conveying model was 

selected to describe the pneumatic flow of fine powders. Afterwards, the newly developed 

conveying model based on the concept of rheology was evaluated and validated by comparing the 

pressure drop obtained from the conveying model with the pressure drop measured from a 79 mm 

I.D. × 7 m long pilot-scale pneumatic conveying loop. The results of the final validation revealed 

that, for alumina, the overall error between the experimental observations and the newly predicted 

model was around 11.7 %, which was considered to be in good agreement. Whereas, on the other 

hand, for fly ash, the new model predictions showed good agreement (i.e., error < 20%) with the 

experimental results only at low to intermediate dense-phase flow mode conditions (m* < 130). 

For highly dense-phase flow conditions, the predicted model under-estimated the pressure drop 

values, while for highly dilute-phase flow conditions, the predicted model over-predicted the 

pressure drop values. It was concluded that the selected rheology based conveying model (i.e., 

yield power-law fluid) has a good potential to estimate the straight pipeline pressure drops for the 
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fine aerated flow of powders. Chaudhry (2015) tried to investigate the rheology of fine powders 

in order to develop a rheological model for fluidized dense-phase pneumatic conveying systems 

with the help of designed and fabricated powder rheological tester in the lab. In this work, yield 

stress and viscosity were measured under fluidized and unfluidized conditions. Five different 

power station fly ash samples with average particle size ranging from 19-139 μm, particle density 

from 1950-2370 kg/m3 and bulk density from 660-950 kg/m3 were taken into account along with 

the cement sample with particle size of 19 μm, particle density of 2910 kg/m3 and bulk density of 

1080 kg/m3 in order to carry out the rheological experimentations for respective fluidization 

chamber of internal diameter: 105 mm. From the experimental results, it was concluded that with 

fluidization, the yield stress and viscosity decreases. On the other hand, in the unfluidized state, 

yield stress increases with an increase in the mean particle size of the powders. It was also found 

that the yield stress and viscosity values increased with the increase in depth of spindle immersion 

but decreased with the increase in the rotational speed of the spindle. Moscardini et al. (2017) 

simulated the mechanical behaviour of particles (ellipsoidal shape) with the aid of the discrete 

element method (DEM) approach. It was concluded that the DEM simulations are essential to 

study the stress-strain behaviour of particles having non-spherical nature. Salehi et al. (2018) 

performed the torque measurements with the powder cell mounted on an Anton Paar rheometer 

using glass beads of two different sizes (2 to 4 mm) and different impeller geometries. The scope 

of the research work of Salehi et al. (2018) was only limited up to granular products, and hence, 

no data was generated to study the rheology of fine powders.  

 

In the present work, results have been obtained from the rheology of fine powders performed at 

Anton Paar Powder Rheometer for different rotational speeds, aeration amounts, and direction of 
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the rise of rotational speeds. The details of the Rheometer device used and the experimental 

conditions are given in Chapter 2 (see Table 2.3). Figures 5.8 to 5.12 shows the results obtained 

for the variation of shear stress along with the shear rates (increasing spindle speed: 0-200) for 3 

to 15 l/min airflow rates. Whereas, Figures 5.13 to 5.17 shows the results obtained for the variation 

of shear stress along with the shear rates (decreasing spindle speed: 200-0) for 3 to 15 l/min airflow 

rates. Different products such as fly ash 1, fly ash 2, grey cement 1, grey cement 2, and white 

cement have been taken into consideration while doing the rheology tests. The details of all 

products tested for apparent powder rheology are shown in Chapter 2 (see Table 2.4). The shear 

rate is shown in all figures has been divided into three zones, i.e., low shear rate, medium shear 

rate, high shear rate zones. Figure 5.8 shows the variation of shear stress along with the shear rates 

(0-200) for 3 l/min air flow rate. It has been seen that the powder sample grey cement 1 shows 

higher shear stress values at the low shear rate in comparison to the other powder samples, which 

shows lower values of shear stresses at the same condition (i.e., low shear rate). Overall, the same 

trend has been continued in the higher shear rate as well. It has been observed that, as the shear 

rate from the origin point increased with the uniform increment, the gradient of the shear stress 

curves reduces accordingly, which exhibited a shear-thinning effect. In other words, pseudo-plastic 

behaviour has been displayed by all powders. Figure 5.9 shows the variation of shear stress along 

with the shear rates (0-200) for 6 l/min air flow rate. It has been seen that the powder sample grey 

cement 1 shows higher shear stress values as compared to the other powder samples, which show 

lower values of shear stresses at the low shear rate zone. In the higher shear rate zone, it has been 

seen that the sample fly ash 1 exhibits higher values of shear stress in comparison to the other used 

powder samples in the investigation. It has been observed that, as the shear rate from the origin 

point increased with the uniform increment, the gradient of the shear stress curves reduces 
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accordingly, which exhibited a shear-thinning effect. It has been critically reviewed by the authors 

that, in Figure 5.9 more reduced gradient has been observed (in the shear stress curves) in case of 

samples grey cement 1 and fly ash 1, which essentially reflects the more shear-thinning effect. On 

the other hand, for the remaining powder samples, the less shear-thinning effect has been 

pronounced due to the less curvilinear structure of the shear stress curves with increasing shear 

rate on the x-axis.  It has been concluded that, more or less, the pseudo-plastic behaviour has been 

displayed by all powders. Figure 5.10 shows the variation of shear stress along with the shear rates 

(0-200) for 9 l/min air flow rate. It has been seen that, at a very low shear rate zone, the values of 

powder samples grey cement 1 and fly ash 1 have got almost similar values of shear stress. But 

overall, the results indicated that the powder sample fly ash 1 shows higher shear stress values in 

comparison to the other powder samples, which shows lower values of shear stresses at the low 

shear rate zone. The same trend has been continued in the higher shear rate zone as well. It has 

been observed that, as the shear rate from the origin point increased with the uniform increment, 

the gradient of the shear stress curves reduces accordingly for samples grey cement 1 and fly ash 

1 which exhibited a shear-thinning effect. On the other hand, for other powder samples, as the 

shear rate from the origin point increased with the uniform increment on the x-axis, the shear stress 

curves rose correspondingly, which also reflects the pseudo-plastic behaviour or shear thinning 

behaviour. Figure 5.11 shows the variation of shear stress along with the shear rates (0-200) for 12 

l/min air flow rate. The results indicated that the powder sample fly ash 1 shows higher shear stress 

values in comparison to the other powder samples, which shows lower values of shear stresses at 

the low shear rate zone. The same trend has been continued in the higher shear rate zone as well. 

The shear-thinning effect or pseudo-plastic effect for powder samples grey cement 1 and fly ash 

1, and other powder samples used in the present investigation is similar, as described in Figure 
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5.10. Figure 5.12 shows the variation of shear stress along with the shear rates (0-200) for 15 l/min 

air flow rate. It has been seen that, overall, the powder sample grey cement 1 shows higher shear 

stress values in comparison to the other powder samples, which shows lower values of shear 

stresses at the low shear rate zone. The same trend has been displayed in the higher shear rate zone 

as well. It has been observed that, for all powders, as the shear rate from the origin point increased 

with the uniform increment on the x-axis, the gradient of the shear stress curves rose 

correspondingly, which in turn exhibited a shear thinning behaviour or pseudo-plastic behaviour. 

Likewise, a similar trend has been observed with the decreasing spindle speed from 200-0 rpm, 

i.e., for all powder samples Figures 5.13 (variation of shear stress along the shear rates (200-0) for 

3 l/min air flow rate), 5.14 (variation of shear stress along the shear rates (200-0) for 6 l/min air 

flow rate) and 5.17 (variation of shear stress along the shear rates (200-0) for 15 l/min air flow 

rate) shows shear-thinning or pseudo-plastic behaviour (gradient of the shear stress curves reduces 

correspondingly) with the uniform increment of shear rate from the origin point (from low shear 

rate zone to high shear rate zone). Whereas, in Figures 5.15 (variation of shear stress along the 

shear rates (200-0) for 9 l/min air flow rate) an 5.16 (variation of shear stress along the shear rates 

(200-0) for 12 l/min air flow rate) for major of the powder samples the gradient of the shear stress 

curves rises correspondingly to the uniform increment of shear rate from the origin point on x-

axis, which in turn also reflect the shear thinning behaviour. Finally, it has been concluded that 

almost all test samples used in the investigation exhibit a shear-thinning or pseudo-plastic 

behaviour with increasing shear rate a uniform rate on the x-axis. It has also been evident from all 

figures that the shear stress (Pa) remains constant after 125 shear rate value in seconds. This has 

been observed towards increasing shear rate values in the higher shear rate zone. It has also been 
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observed that with an increase in fluidization airflow, the yield stress (starting stress values at low 

rotational speeds) values show a decreasing trend. 

 

Figure 5.8: Variation of shear stress along with the shear rates (0-200) for 3 l/min air flow rate 

 

 

Figure 5.9: Variation of shear stress along with the shear rates (0-200) for 6 l/min air flow rate 



138 
 

 

Figure 5.10: Variation of shear stress along with the shear rates (0-200) for 9 l/min air flow rate 

 

 

Figure 5.11: Variation of shear stress along with the shear rates (0-200) for 12 l/min air flow rate 
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Figure 5.12: Variation of shear stress along with the shear rates (0-200) for 15 l/min air flow rate 

 

 

Figure 5.13: Variation of shear stress along with the shear rates (200-0) for 3 l/min air flow rate 
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Figure 5.14: Variation of shear stress along with the shear rates (200-0) for 6 l/min air flow rate 

 

 

Figure 5.15: Variation of shear stress along with the shear rates (200-0) for 9 l/min air flow rate 
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Figure 5.16: Variation of shear stress along with the shear rates (200-0) for 12 l/min air flow rate 

 

 

Figure 5.17: Variation of shear stress along with the shear rates (200-0) for 15 l/min air flow rate 
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The authors developed a power function-based rheological model. The empirical correlation for 

newly developed models based on rheology is presented in the equation (5.22). This correlation 

has been obtained using the large database of fine powders (see corresponding Table 2.4 in Chapter 

2), namely different fly ash and cement samples, with the aid of multiple regression technique. 

Higher values of the coefficient of determination (R2) indicates a good fit. In addition to this, in 

the present investigation, the accuracy of the newly developed models has been tested for the solids 

friction factor in a two-layer model format. The rheological model is given as: 

 

𝜏

𝑤𝑓𝑜
2𝜌𝑠

= 𝐾 [
𝜇

𝑉𝜌𝑠𝑑𝑝
]

𝑎

[𝐴𝑟]𝑏                                                                                                                (5.22) 

 

 

 

𝐴𝑟 = [
(𝜌𝑏 − 𝜌𝑎)𝜌𝑎𝑔(𝑑𝑝)

3

𝜇2
] 

 

 

where, K = 10, a = 0.627, b = -0.978, R2 = 0.93 

 

 

 

Very few researchers have put efforts towards linking outcomes obtained from the rheological 

investigations with the fluidized dense-phase pneumatic conveying of fine powders. In the view 

of this, in the present thesis work, authors tried to link the rheological studies with the 

determination of solid friction factor of fluidized dense-phase pneumatic conveying of fine 

powders. Therefore, in this section, the Setia et al. (2016) two-layer model has been modified with 

the inclusion of rheology effects.  
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Figure 5.18: Shear energy interactions across a control volume 

 

The derived expression in order to incorporate the rheology effects from the control volume (see 

Figure 5.18) is given as follows: 

 

From the control volume shown in Figure 5.18, the net accumulation of shear energy in the x-

direction can be written as follows: 

 

𝑃𝐴 − (𝑃 +
𝑑𝑃

𝑑𝑥
∆𝑥)𝐴 = 𝜏(𝜋𝐷)(∆𝑥)                                                                                                  (5.23) 

 

On solving and rearranging the equation (5.23), the final expression has been obtained as follows: 

 

𝑑𝑃

𝑑𝑥
=

4𝜏

𝐷
                                                                                                                                                   (5.24) 
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On rearranging the Barth (1958) model format represented by equation (1.1), the following 

expression has been obtained as follows for solids component of pressure loss: 

 

𝑑𝑃

𝑑𝑥
=

(𝑚∗𝜆𝑠)𝜌𝑠𝑉
2

2𝐷
                                                                                                                              (5.25) 

 

On equating the expressions represented by equations (5.24) and (5.25) the following final 

expression has been obtained as follows: 

 

𝜆𝑠 =
8𝜏

𝑚∗𝜌𝑠𝑉2
                                                                                                                                           (5.26) 

 

where the term ‘𝜏’ is the shear stress, ‘𝑚∗’ is the solids loading ratio, ‘𝜌𝑠’ is the particle density, 

and ‘V’ is the superficial air or gas velocity. The equation (5.26) shows the inclusion of rheology 

effects with the term ‘𝜏’ in solids friction factor. Therefore, the derived expression represented by 

equation (5.26) has been incorporated in the Setia et al. (2016) two-layer model in dense-phase 

flow region in order to encounter the effects of rheology. In fluidized non-suspension mode, the 

powders having aeration capability when conveyed behave as pseudo-fluid (fluid-like appearance). 

In order to understand the flow mechanism and modelling fluidized non-suspension type of 

conveying, the rheological term ‘𝜏’ has been considered to be the most significant parameter to 

address the apparent rheology phenomenon. 
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Setia et al. (2016) have modelled a two-layer model presented in equation (1.10) using the steady-

state pressure drop of fly ash, ESP dust, and cement conveying. In the present investigation, the 

Setia et al. (2016) two-layer model format has been modified by incorporating the rheology effects 

(developed in equation (5.26)) with the newly developed rheological model from Anton Paar 

experiments on Rheometer, varying fluidized bulk density and energy loss effect due to turbulence 

region.  

 

The modified two-layer model is given as follows:  

 

𝜆𝑠 = 𝜏1 [
8𝜏

𝑚∗𝜌𝑠𝑉2
+ 𝐾(𝑉𝐿𝑅)𝑎 (

𝑤𝑓𝑜

𝑉
)
𝑏

] + 𝜏2 [𝜆𝑠
∗ (

𝑢𝑠

𝑢𝑎
) +  (

2𝛽𝑜

(
𝑢𝑠

𝑢𝑎
)𝐹𝑟2⁄ ) +

2𝛽𝑜

3
]           (5.27) 

 

where the rheological term ‘𝜏’ has been obtained from the newly developed rheological model 

provided in equation (5.22). The modified form of Setia et al. (2016) two-layer model presented 

in equation (5.27) has been used for the scale-up validation of solid friction factor in the present 

investigation. Table 5.3 shows the constant and exponent values obtained during modelling 

obtained through regression analysis. 
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Table 5.3. Modified two-layer developed using a “straight pipe” method (equation 5.27) 

Product reference Pipeline data used 

for modelling 

Models (as per the format provided by 

equation 5.27) 

R2 

K a b 𝛌𝐬
∗ 𝐰𝐟𝐨 

(m/s) 

Fly ash (Mallick, 

2009) 

69 mm I.D. × 168 m 10.2 −0.38 1.68 0.0103 0.06 0.98 

ESP dust (Mallick, 

2009) 

69 mm I.D. × 168 m 1109 −0.22 1.59 0.0150 0.005 0.98 

Fly ash (Setia et al., 

2016) 

65 mm I.D. × 254 m 83 −0.88 2.12 0.0305 0.038 0.96 

Cement (Setia et al., 

2016) 

65 mm I.D. × 254 m 27.5 −0.56 1.73 0.0314 0.036 0.97 

 

 

Figure 5.19: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for fly ash through 69 mm I.D. × 554 m long pipe 
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Figure 5.20: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for cement through 80/100 mm I.D. × 407 m long pipe 

 

Figure 5.21: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for ESP dust through 105 mm I.D. × 168 m long pipe 
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Figure 5.22: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for ESP dust through 69 mm I.D. × 554 m long pipe 

 

Figure 5.19 shows the results of scale-up validation for fly ash conveyed through the pipeline viz. 

69 mm I.D. × 554 m long pipeline corresponding to the different mass flow rate of solids (7 t/h: 

bottom lines and 11 t/h: top lines). The results indicate that for fly ash in 69 mm I.D. × 554 m long 

pipeline configuration, the newly developed rheological two-layer model format with inclusion of 

developed unified particle velocity model with variable fluidized bulk density and energy loss 

impact provides better predictions from dense to dilute-phase region in comparison with the Setia 

et al. (2016) model for almost both mass flow rates of solids (7 t/h: bottom lines and 11 t/h: top 

lines). The results of scale-up validation for fly ash conveyed through the pipeline viz. 105 mm 

I.D. × 168 m long pipeline for the different mass flow rate of solids (18 t/h: bottom lines and 28 

t/h: top lines) are shown in A4.1 (Annexure A4). Figure 5.20 shows the results of scale-up 

validation for cement conveyed through 80/100 mm I.D. × 407 m long pipeline corresponding to 
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the different mass flow rate of solids (18 t/h: bottom lines and 36 t/h: top lines). The results show 

that for cement (80/100 mm I.D. × 407 m long pipeline), the newly developed rheological two-

layer model format with inclusion of developed unified particle velocity model with variable 

density and energy loss impact provides better predictions from dense to dilute-phase region in 

comparison with the Setia et al. (2016) model for higher (36 t/h: top lines) mass flow rate. On the 

other hand, the newly developed rheological two-layer model format shows satisfactorily better 

prediction in the very dense-phase region and almost similar prediction in the dilute-phase region 

for lower mass flow rate (18 t/h: bottom lines) with the existing two-layer model format developed 

by Setia et al. (2016). The results of scale-up validation for fly ash conveyed through the pipeline 

viz. 80/100 mm I.D. × 407 m long pipeline corresponding to the different mass flow rate of solids 

(20 t/h: bottom lines and 30 t/h: top lines) are shown in A4.2 (Annexure A4). In order to test the 

accuracy of the newly developed rheological two-layer model format presented in equation (5.27), 

the scale-up predictions for very fine powder (i.e., for ESP dust) are also investigated. Figure 5.21 

shows the results of scale-up validation for ESP dust conveyed through 105 mm I.D. × 168 m long 

pipeline corresponding to the different mass flow rate of solids (15 t/h: bottom lines and 25 t/h: 

top lines). The results show that for ESP dust (105 mm I.D. × 168 m long pipeline), the newly 

developed rheological two-layer model format with inclusion of developed unified particle 

velocity model with variable density and energy loss impact provides better prediction in very 

dense-phase and shows similar prediction in the dilute-phase region with the experimental curve 

for higher mass flow rate (25 t/h: top lines) in comparison with the existing two-layer model format 

developed by Setia et al. (2016), which shows slight over-prediction. On the other hand, it provides 

the almost same predictions from dense to dilute-phase flow regime for lower (15 t/h: bottom lines) 

mass flow rate, with the existing two-layer model format developed by Setia et al. (2016). Figure 
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5.22 shows the results of scale-up validation for ESP dust conveyed through the pipeline viz. 69 

mm I.D. × 554 m long pipeline corresponding to the different mass flow rate of solids (6 t/h: 

bottom lines and 10 t/h: top lines). The results show that for ESP dust (69 mm I.D. × 554 m long 

pipeline), the newly developed rheological two-layer model format with inclusion of developed 

unified particle velocity model with variable density and energy loss impact provides better 

predictions from dense to dilute-phase region in comparison with the existing two-layer model 

format developed by Setia et al. (2016) for both mass flow rates (6 t/h: bottom lines and 10 t/h: top 

lines). In the present investigation, it has been observed from the Figures 5.19 to 5.22 that the 

newly developed rheological two-layer model format with effect of particle velocity with variable 

density and energy loss impact is able to predict better PCC (pneumatic conveying characteristics) 

results from dense to dilute-phase region for the respective mass flow rate of solids for the products 

conveyed under scale-up conditions.  
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CHAPTER 6  

CONCLUSIONS AND FUTURE SCOPE OF WORK 
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6.1   Conclusions  

 

The relative error values of predictions obtained using the “back-calculation” method are generally 

larger than that obtained using a “straight pipe” method by a maximum of 15%. The absolute error 

values obtained using the “back-calculation” method have been drastically reduced to a range of 3 

to 35% from the earlier reported values of 40 to 150% inaccuracy. This significant improvement 

has been made possible due to the selection of an accurate format of modelling solids friction 

factor (two-layer modelling format) in the first place. Therefore, the selection of a better format of 

the model for solids friction factor could significantly improve the reliability of the “back-

calculation” method. While the “straight pipe” modelling approach will remain as the preferred 

method for studying pneumatic conveying and solids friction from a more research/fundamental 

point of view, the significant improvement of accuracy of “back-calculation” technique could 

promote the “back-calculation” approach as a quicker method for conducting testing and 

modelling pressure drop for industrial designs considering the several practical benefits of 

performing pneumatic conveying trails, data analysis, cost, time, etc. associated with “back-

calculation method”. Based on the results presented in this chapter, it can be said that the “back-

calculation” method generally provides up to 15% over-prediction compared to the straight-pipe 

model. This could be beneficial from an industrial system design point of view as this could 

provide a natural safety factor in predicting total pipeline pressure drop. However, while 

developing solids friction factor model using the “back-calculation” method, the pilot plant in the 

laboratory should not have too many bends or verticals, and the significant amount of pressure 

drops should come from the straight-horizontal pipe sections.  
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The author has numerically developed particle velocity models for different powders with and 

without the conditions of variable fluidized bulk densities using solid loading ratio and 

dimensionless velocity terms. Subsequently, the author developed a unified model for particle 

velocity model using solids loading ratio, dimensionless terms for velocity, diameter, and density. 

These particle velocity models, when employed in the existing two-layer model format for solids 

friction factor, has provided improved scale-up predictions (under diameter and length scale-up 

conditions) compared to the original two-layer model. The results indicated the importance of 

incorporating particle and actual gas velocity terms while modelling solids friction factor, 

especially for fluidized dense-phase (non-suspension) mode.  

 

The authors developed a modified two-layer model with the inclusion of energy loss impact 

(occurred due to the particle-particle collision, particle-wall collision, and turbulence velocity 

fluctuations) and variable fluidized bulk density throughout the pipeline. Later on, the author 

linked the rheological studies with the fluidized dense-phase mode of pneumatic conveying with 

the aid of the newly developed model based on the concept of rheology. The predicted PCC 

(pneumatic conveying characteristics) results obtained from the modified two-layer model format 

have been validated for scale-up configurations of various pipeline lengths and diameters, 

respectively. The newly developed model incorporating the effects of rheology has been employed 

in the existing two-layer model format along with the concept of energy loss impact and variable 

fluidized bulk density. The results revealed that the modified two-layer model for solids friction 

factor provided better predictions under scale-up conditions (under diameter and length scale-up) 

in the non-suspension mode as compared to the existing two-layer model format.  
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6.2   Future scope of work 

 

Further scope of work will include: 

1. Experimental determination of particle velocity and volume fraction of solids and the 

inclusion of particle to particle agglomeration effect in the flow models for describing the 

pneumatic conveying of fine powders. 

2. The future model of particle velocity should include the effects of the concentration 

gradient across the diameter of the pipe and coupling between solid to solid and gas to solid 

particles. 

3. An attempt should be made to incorporate the effects of the particle size distribution (other 

than median particle diameter, 𝑑50) in the future two-layer model format for determining 

solids friction factor. 
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ANNEXURE A1 

LAYOUTS OF DIFFERENT EXPERIMENTAL SET-UPS (OF 

OTHER RESEARCH LABORATORIES) USED IN THE 

PRESENT THESIS WORK  
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Figure A1.1: Layout of the 69 mm I.D. x 168 m test rig (for fly ash) (Mallick, 2009) 
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Figure A1.2: Layout of the 105 mm I.D. x 168 m test rig (for fly ash) (Mallick, 2009) 



170 
 

 

Figure A1.3: Layout of the 105 mm I.D. x 168 m test rig (for fly ash) (Mallick, 2009) 
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a) 65 mm I.D. × 254 m long pipeline test rig 
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b) 80/100 mm I.D. × 407 m long stepped pipeline test rig 

Figure A1.4: Schematic diagrams of the test rigs at Fujian Longking Co., Ltd., China (Setia, 

2016) 
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Figure A1.5: Fluidization and de-aeration chamber used to determine fluidized bulk density of 

fly ash powders (Kaur et al., 2017) 
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ANNEXURE A2 

PRELIMINARY INVESTIGATION TO MODEL  

SOLIDS FRICTION FACTOR 
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This section deals with the estimation and evaluation of solids friction factor term with various 

proposed approaches, such as combined solids-gas friction approach and modified Barth equation 

approach. This work was carried out in the initial part of the thesis. The attempt was to carry out 

certain basic changes in the format of Barth equation and the way solids and gas friction factors 

are approached separately while modelling pipeline pressure drop due to solids-gas flows. 

Unfortunately, such attempts did not result in any improvement in modelling prediction 

capabilities, and it was decided that effort should be focused to improve the two-layer modelling 

approach of Setia et al. (2016) to achieve step-wise better in prediction capability in a definite 

direction. However, for the purpose of completeness, some portion of these initial attempts have 

been included in this thesis in Annexure.  

 

A2.1   Combined solids-gas friction approach 

 

Weber (1991) introduced a unique approach to represent the pressure drop in the pipeline (as 

already discussed in Chapter 1). He suggested that the pressure drop of the solids air mixture was 

inseparable in nature (i.e., the pressure drop due to solids-only and that due to the air-only were 

difficult to separate individually). This happens due to the intense mixing nature of the non-

suspension flow mode regime. Therefore, in 1991, Weber developed a new format of representing 

pressure drop, which is represented in Chapter 1 (refer equation 1.11). The model format presented 

in the equation (1.11) has been validated by Mallick (2009) under scale-up configurations. He 

validated with the help of using dimensionless numbers based on the format of equation (1.4) given 

in Chapter 1. It has been found that using the model represented by equation (1.12), pressure drop 

predictions under significant scale-up conditions of respective pipeline lengths and diameter did 
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not come well (i.e., gross inaccurate predictions). However, an effort should be made to discover 

the usage of other dimensionless terms (Volumetric Loading ratio and 𝑤𝑓𝑜 𝑉⁄ ) provided by 

equation (1.8) in Chapter 1, because in the opinion of various researchers (Setia et al., 2015) this 

model format has a good potential to provide promising predictions under scale-up situations. 

Therefore, there is a probability that the format given by equation (1.8) is more appropriate for 

fluidized dense-phase flow, and it is only the selection of dimensionless terms that are causing the 

inaccurate predictions associated with equation (1.4). The first main objective of this chapter is to 

examine the reliability of the format given by equation (1.8) by using the terms volumetric loading 

ratio (VLR) and dimensionless velocity (𝑤𝑓𝑜 𝑉)⁄  in the combined model (considering solid and 

air as an integral mixture). The modified form of Barth (1958) equation with the combined model 

(𝜆𝑇) approach is shown by equation (A2.1).  

 

𝜆𝑇 = 𝐾 (𝑉𝐿𝑅)𝑎  (
𝑤𝑓𝑜

𝑉
)
𝑏

                                                                                                                       (𝐴2.1)    

 

where VLR is represented by equation (A2.2): 

 

  𝑉𝐿𝑅 =  {(𝑚𝑠/𝜌𝑓𝑙) (𝑚𝑎 /𝜌𝑎)⁄ }                                                                                                          (𝐴2.2) 

 

The above-proposed model format represented by equation (A2.1) has been used to estimate the 

combined solids-gas friction factor term. Rautiainen et al. (1999) used solids volume fraction to 

model pneumatic conveying of solids and stated that the slip velocity of particles is greatly 

influenced by the solids volume concentration. The free gas path is affected by the occupied 

volume of solids as the gas would need to follow the circuitous path available through the solid 



177 
 

particles. This non-linear gas path would contribute to the pressure drop of the gas-phase. In the 

opinion of Bosse et al. (2006), “two-way coupling” is appropriate for the non-suspension type of 

flow, where the gas and fine solids are expected to influence the turbulence of each other. Similar 

conclusions were made by Ahmed and Elghobashi (2000), who concluded that the gas and fine 

solids would influence the turbulence of each other and vorticity dynamics of the flow. Huber and 

Sommerfield (1998) concluded that the volume concentration of solids would influence the 

turbulence pattern of the gas-phase. Therefore, the volumetric loading ratio (VLR) has been 

considered as a suitable dimensionless parameter to model solids-air combined friction factor. To 

identify whether the flow mode is in non-suspension or suspension mode, another dimensionless 

term 𝑤𝑓0/𝑉 has been introduced in the model. The least-square technique has been used to model 

the combined solids-air friction factor (𝜆𝑇) using steady-state P11-P12 data (i.e., straight pipe 

pressure tapping data) of fly ash conveying through the 69 mm I.D. x 168 m long pipe (see Figure 

A1.1).  The newly developed model for fly ash has been shown in Table A2.1. The format of the 

newly developed model has been represented by equation (A2.1). The high values of R2 indicate 

a good fit. The high values of ‘K’ may induce unstable predictions during scale-up validations.   
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Table A2.1: New model developed using combined solids-gas friction format  

(in the form of equation A2.1) 

Product Model (as per the format provided by 

equation A2.1) 

R2 Model type 

𝐾 𝑎 𝑏 𝑤𝑓𝑜  

(m/s) 

Fly ash 

(Mallick, 2009) 

104.256 0.417 1.825 0.06 0.99 Combined solids-gas friction 

model format (equation A2.1) 

 

To evaluate the relative accuracy of the newly developed combined model approach for solids-

gas, predictions obtained from a recently developed uniform flow model format by Setia et al. 

(2015) have been superimposed on Figure A2.1. The model developed by Setia et al. (2015) has 

been provided by Table A2.2 for comprehensiveness for fly ash, respectively. Note that the format 

used by Setia et al. (2015) is as per Barth equation, i.e., it considers the losses due to air and solids 

separately.  

 

Table A2.2: Model developed using uniform flow format (Setia et al., 2015) 

Product Model (as per the format provided 

by equation 1.8) 

R2 Model type 

𝐾 𝑎 𝑏 𝑤𝑓𝑜  

(m/s) 

Fly ash,  

Mallick (2009) 

7.94 −0.26 1.51 0.06 0.98 Uniform flow model format 

(equation 1.8) 
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Figure A2.1: Scale-up evaluation for combined solids-gas friction factor for fly ash through  

105 mm I.D.  168 m long pipe 

 

Figure A2.1 shows the results of pressure drop evaluations in scale-up conditions for combined 

solids-gas friction factor for fly ash conveyed through the 105 mm I.D. × 168 m long pipeline 

corresponding to the different mass flow rate of solids (18 t/h: bottom lines and 28 t/h: top lines). 

For the 105 mm I.D. × 168 m long pipe, the combined model approach provides almost similar 

predictions in very dense-phase region and some very slight under-prediction at dilute-phase 

region in comparison with the uniform flow model format developed by Setia et al. (2015) for a 

lower mass flow rate of solids (i.e., 18 t/h). However, for a higher mass flow rate of solids (i.e., 28 

t/h), the combined model approach (equation A2.1) provides better predictions in the very dense-

phase region and slight under-prediction at the dilute-phase region in comparison with the uniform 

flow model format developed by Setia et al. (2015). Subsequently, the combined solids-gas friction 
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model approach is further evaluated by applying it to predict the total pipeline pressure losses for 

fly ash (69 mm I.D. × 554 m long pipes). The results are shown in Figure A2.2. It can be seen that 

the combined model format resulted in highly inaccurate results for length scale-up conditions. It 

was decided not to pursue this format any further.  

 

 

Figure A2.2: Scale-up evaluation for combined solids-gas friction factor for fly ash through  

69 mm I.D.  554 m long pipe 

 

A2.2   Amended Barth equation approach 

 

The existing pressure drop models are based on the Barth’s approach (Barth 1958) provided by 

equation (1.1) in Chapter 1 and using the “straight pipe” pressure drop data in order to model the 

solids friction factor (Mallick 2009). In the opinion of Mallick (2009), Barth equation format 
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mainly depends on the solids loading ratio term, which is then multiplied by solids friction factor 

(which shows direct or indirect involvement of solids loading ratio term). As a result, it is believed 

that the Barth equation format is integrally influenced by the solids loading ratio term. Therefore, 

it is significant to evaluate a model format that will not include solids loading ratio term. A 

proposed format is provided by equation (1.16) in Chapter 1, which is termed here as the amended 

Barth format. The proposed model format represented by equation (1.16) has been used to estimate 

the solids friction factor term. The least-square technique has been used to model the solids friction 

using an amended Barth equation approach using steady-state P11-P12 data (i.e., straight pipe 

pressure tapping data) of fly ash conveying through the 69 mm I.D. x 168 m long pipe (Mallick 

2009, see Figure A1.1). The newly developed model for fly ash has been shown in Table A2.3. 

The format of the newly developed model based on the equation represented by equation (1.10). 

The high values of R2 indicate a good fit.  

 

Table A2.3: New model developed using two-layer modelling format  

(in the form of equation 1.10) 

Product Model (as per the format provided by 

equation 1.10) 

R2 Model type 

𝐾 𝑎 𝑏 𝑤𝑓𝑜  

(m/s) 

𝜆𝑠
∗ 

Fly ash 

(Mallick, 2009) 

104 0.464 1.656 0.06 0.0273 0.995 Two-layer flow model 

format (equation 1.10) 
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To evaluate the relative accuracy of the newly developed amended Barth equation approach for 

solids-gas, predictions obtained from a recently developed two-layer flow model format by Setia 

et al. (2016) have been superimposed on Figure A2.3. The model developed by Setia et al. (2016) 

has been provided by Table A2.4 for comprehensiveness for fly ash, respectively. Note that the 

format used by Setia et al. (2016) is as per Barth equation, i.e., it considers the inclusion of solids 

loading ratio term (𝑚∗).  

 

Table A2.4: Model developed using two-layer modelling format (Setia et al., 2016) 

Product Model (as per format based on the 

equation 1.10) 

R2 Model type 

𝐾 𝑎 𝑏 𝑤𝑓𝑜  

(m/s) 

𝜆𝑠
∗ 

Fly ash 

(Mallick, 2009) 

8.04 −0.22 1.48 0.06 0.0043 0.98 Two-layer flow model 

format (Setia et al., 2016) 
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Figure A2.3: Scale-up evaluation using a modified Barth equation format (Two-layer) for fly 

ash through 69 mm I.D.  554 m long pipe 

 

Figure A2.3 shows the results of pressure drop evaluations in scale-up conditions for modified 

Barth equation format for fly ash conveyed through the 69 mm I.D. × 554 m long pipeline 

corresponding to the different mass flow rate of solids (7 t/h: bottom lines and 11 t/h: top lines). 

For the 69 mm I.D. × 105 m long pipe, the modified Barth equation model approach provides 

large over-predictions from dense- to dilute-phase flow phase flow regimes in comparison with 

the existing two-layer flow model format developed by Setia et al. (2016) for both mass flow rate 

of solids (7 t/h: bottom lines and 11 t/h: top lines). Subsequently, it was decided not to pursue the 

amended Barth equation approach.  
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A2.3   Development of VLR curves 

 

This section deals with the development of VLR curves for straight pipeline pressure drop per unit 

length vs mass flow rate of air. Figures A2.4 to 2.20 shows “straight-pipe” pneumatic conveying 

characteristics with constant volumetric loading ratio (VLR) curves for fly ash and cement with 

various pipeline configurations along with the different straight pipe sections. It has been observed 

that with progressively increased mass flow rates of air, all constant VLR curves become straight 

with slowly decreasing of VLR values (from fluidized dense-phase to dilute-phase). This is due to 

the fact that, in accordance with the concept of VLR model presented in equation (1.8) given by 

Setia et al. (2015), the concept of volumetric loading ratio approach works well only in the dense-

phase (already discussed in Chapter 1), hence higher values of volumetric loading ratio can be 

seen in dense-phase zone (more curvilinear structure) in the Figures A2.4 to 2.20 which decreases 

as we entered in the dilute-phase zone (less curvilinear structure).  
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Figure A2.4: VLR curves for fly ash through 69 mm I.D. × 168 m long pipe (P9-P10 section) 

 

 

Figure A2.5: VLR curves for fly ash through 69 mm I.D. × 168 m long pipe (P11-P12 section) 
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Figure A2.6: VLR curves for cement through 65 mm I.D. × 300 m long pipe 

 

 

Figure A2.7: VLR curves for cement through 80/100 mm I.D. × 407 m long pipe 



187 
 

 

Figure A2.8: VLR curves for fly ash through 65 mm I.D. × 300 m long pipe 

 

 

 

Figure A2.9: VLR curves for fly ash through 80/100 mm I.D. × 407 m long pipe 

 



188 
 

 

Figure A2.10: VLR curves for ESP dust through 69 mm I.D. × 554 m long pipe 

 

 

 

Figure A2.11: VLR curves for fly ash through 69 mm I.D. × 168 m long pipe 
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Figure A2.12: VLR curves for fly ash through 105 mm I.D. × 168 m long pipe 

 

 

Figure A2.13: VLR curves for fly ash through 69 mm I.D. × 554 m long pipe 
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Figure A2.14: VLR curves for cement through 65 mm I.D. × 300 m long pipe 

 

 

 

Figure A2.15: VLR curves for cement through 80/100 mm I.D. × 407 m long pipe 
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Figure A2.16: VLR curves for fly ash through 65 mm I.D. × 300 m long pipe 

 

 

Figure A2.17: VLR curves for fly ash through 80/100 mm I.D. × 407 m long pipe 
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Figure A2.18: VLR curves for ESP dust through 69 mm I.D. × 168 m long pipe 

 

 

 

Figure A2.19: VLR curves for ESP dust through 105 mm I.D. × 168 m long pipe 
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Figure A2.20: VLR curves for ESP dust through 69 mm I.D. × 554 m long pipe 

 

A2.4   Solids friction factor values from literature 

 

This section deals with the development of characterization diagram which shows solids friction 

factor per unit solid loading ratio (
𝜆𝑠

𝑚∗⁄ ) on y-axis & Archimedes number (𝐴𝑟) and Stokes 

number (𝑆𝑡𝑘) on the x-axis. Figures A2.21 and A2.22 have been developed with a large number 

of an extensive database, including 57 different products and 107 pipeline configurations with 

various lengths and diameters, respectively. The complete summary of 57 different products and 

107 pipeline configurations are given in Table A2.5. The coloured experimental data points have 

been obtained from the total pipeline pressure drop PCC (pneumatic conveying characteristics) 

predictions through the minimum transport boundary conditions beyond which the blockage 
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happens in the pipeline. In the present investigation, cohesive, very cohesive, and coarse-grained 

particles have been taken into account. It has been evident from the graphs that, with increasing 

the size of the powder the logarithmic values of Archimedes number (𝐴𝑟) and Stokes number 

(𝑆𝑡𝑘) progressively increasing with some asymptotic varied values of solids friction factor per 

unit solid loading ratio (
𝜆𝑠

𝑚∗⁄ ).  

 

It has also been observed that, in case of increasing Archimedes number (𝐴𝑟) in the x-axis, more 

gravity effects have been pronounced with larger values of terminal (𝑤𝑓𝑜) velocity for 

progressively larger particle sizes. However, in case of increasing Stokes number (𝑆𝑡𝑘) in the x-

axis, large particle size powders will have higher superficial velocity (𝑉) in the pipeline. 

 

The expressions for Archimedes number and Stokes number are given by the following equations:  

 

𝐴𝑟 =
𝜌𝑎(𝜌𝑠 − 𝜌𝑎)𝑔𝑑𝑝

3

𝜇2
                                                                                                                        (𝐴2.3) 

 

𝑆𝑡𝑘 =
𝜌𝑆𝑉𝑑𝑝

2

18𝜇𝐷
                                                                                                                                        (𝐴2.4) 
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Figure A2.21: Different solids friction factor per unit solid loading ratio with Archimedes number 



196 
 

 

Figure A2.22: Different solids friction factor per unit solid loading ratio with Stokes Number 
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Table A2.5: Summary of 57 products conveyed and 107 pipeline configurations 

No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

1 
ESP dust 

(Mallick, 2009) 
7 3637 610 

 

0.005 BD 

69 

69 

105 

168 

554 

168 

161 

547 

161 

7 

7 

7 

5 

17 

5 

2 
Fly ash 

(Mallick, 2009) 
30 2300 700 

 

0.06 BD 

69 

69 

105 

168 

554 

168 

161 

547 

161 

7 

7 

7 

5 

17 

5 

3 
White powder  

(Mallick, 2009) 
55 1600 620 

 

0.145 
BD 69 148 142 6 6 

4 
Barytes  

(Ratnayake, 2005) 
12 4200 * 

 

 

0.0182 
TD 

75 

75 

100 

125 

72 

66 

66 

68 

64 

66 

66 

68 

8 

0 

0 

0 

5 

4 

4 

4 

5 
Cement 

(Ratnayake, 2005) 
15.5 3100 * 

 

 

0.0224 
TD 

75 

75 

100 

125 

72 

66 

66 

68 

64 

66 

66 

68 

8 

0 

0 

0 

5 

4 

4 

4 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

6 
Ilmenite 

(Ratnayake, 2005) 
9.5 4600 * 

 

0.0125 
TD 

75 

100 

125 

66 

66 

68 

66 

66 

68 

0 

0 

0 

4 

4 

4 

7 
Bentonite 

(Ratnayake, 2005) 
25 2500 * 

 

0.047 TD 75 72 64 8 5 

8 
Alumina 1 

(Ratnayake, 2005) 
59.2 2800 * 

 

0.295 
TD 75 138 130 8 9 

9 
Alumina 2 

(Ratnayake, 2005) 
72 2800 * 

 

0.4368 
TD 75 138 130 8 9 

10 
Alumina 3 

(Ratnayake, 2005) 
79.3 2800 * 

 

0.53 
TD 75 138 130 8 9 

11 
Alumina 4 

(Ratnayake, 2005) 
86.7 2800 * 

 

0.633 
TD 75 138 130 8 9 

12 
Alumina 5 

(Ratnayake, 2005) 
90.5 2800 * 

 

0.69 TD 75 138 130 8 9 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

13 
Cement 

(Mills, 2004) 
14 3060 1070 

 

0.018 TD 
81 

53 

95 

101 

95 

101 

0 

0 

9 

17 

14 
Fly ash 

(Pan, 1992) 
15.5 2197 634 

 

 

0.0158 BD 

52.5 

52.5 

69 

69 

102 

135 

172 

553 

96 

129 

165 

547 

6 

6 

7 

6 

4 

4 

5 

17 

15 
Tallawarra fly ash 

(Wypych, 1989) 
20 2350 500 

 

0.02828 
BD 52 71 67.4 3.6 11 

16 
Eraring fly ash 

(Wypych, 1989) 
27 2160 880 

 

0.0473 
BD 52 71 67.4 3.6 11 

17 
Munmorah fly ash 

(Wypych, 1989) 
25 2100 650 

 

0.0395 
BD 52 71 67.4 3.6 11 

18 
Vales Point fly ash 

(Wypych, 1989) 
19 2130 700 

 

0.02313 
BD 52 71 67.4 3.6 11 

19 
Gladstone fly ash 

(Wypych, 1989) 
18 2250 1030 

 

0.02193 
BD 52 71 67.4 3.6 11 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

20 
Wallerawang fly ash 

(Wypych, 1989) 
12 2195 455 

 

0.0095 
BD 52 71 67.4 3.6 11 

21 
Liddell fly ash 

(Wypych, 1989) 
13 2415 640 

 

0.01228 
BD 52 71 67.4 3.6 11 

22 
Cement 

(Setia et al., 2016) 
19 2910 1080 

 

0.036 
BD 65 254 241 13 10 

23 
Fly ash 

(Setia et al., 2016) 
22 2370 660 

 

0.038 
BD 65 254 241 13 10 

24 

Cement 

(Wypych & Arnold, 

1984) 

20 3100 950 

 

0.0373 

 

BD 65 162 157.6 4.4 5 

25 

Pulverized coal 

(Wypych & Arnold, 

1984) 

30 1600 760 

 

0.0433 

 

BD 50 25 21.4 3.6 5 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

26 

Power station fly ash 

(Wypych & Arnold, 

1984) 

43 2100 880 

 

0.1168 

 

BD 50 71 67.4 3.6 13 

27 

PVC powder 

(Wypych & Arnold, 

1984) 

130 1400 575 

 

0.7118 

 

BD 50 71 67.4 3.6 13 

28 
Fly ash 1 

(Pan & Wypych, 1998) 
16 2197 634 

 

0.0169 

 

BD 

69 

128 

554 

760 

547 

735 

7 

25 

17 

4 

29 
Fly ash 2 

(Pan & Wypych, 1998) 
12 2215 955 

 

0.00959 

 

BD 

105 

128 

168 

760 

161 

735 

7 

25 

5 

4 

30 
Fly ash 3 

(Pan & Wypych, 1998) 
3.5 2540 670 

 

0.000936 

 

BD 
128 760 736 24 4 

31 
Fly ash 4 

(Pan & Wypych, 1998) 
58 2180 730 

 

0.22069 

 

BD 

128 

53 

760 

70 

736 

65 

24 

5 

4 

8 

32 
Fly ash 

(Setia et al., 2015) 
19 1950 950 

 

0.02118 

 

BD 
54 70 67 3 4 

33 
Fly ash + Cement 

(Wypych, 1989) 
19 2237 728 

 

0.0243 
BD 

60 

105 

158 

158 

153 

153 

5 

5 

5 

5 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

34 
Cement 

(Jones et al., 1987) 
21 3060 1070 

 

0.04 
BD 53 50 50 0 9 

35 
Copper ore 

(Jones et al., 1987) 
75 3950 1660 

 

0.6688 
BD 53 50 50 0 9 

36 
Pulverized coal 

(Wypych et al., 1990a) 
37 1680 * 

 

0.0692 
BD 52 71 67.4 3.6 11 

37 

PVC powder 

(Wypych & Arnold, 

1987) 

130 1400 575 

 

0.7118 BD 
52 

105 

71 

162 

67.4 

157.4 

3.6 

4.6 

11 

5 

38 
Calcined alumina 

(Mills et al., 2004) 
66 3920 750 

 

0.5139 
TD 81 95 95 0 9 

39 
Hydrated alumina 

(Mills et al., 2004) 
60 2420 1110 

 

0.2621 
TD 53 98 98 0 13 

40 
Sandy alumina 

(Mills, 2016) 
79 3600 1040 

 

0.6762 

BD 

TD 

TD 

53 

53 

81 

47 

50 

95 

47 

50 

95 

0 

0 

0 

6 

8 

9 

41 

Bentonite 

(Mills et al., 2004; 

Mills, 2016) 

24 2300 760 

 

0.0398 
TD 

TD 

53 

53 

70 

70 

70 

70 

0 

0 

9 

9 (6 L+3 

S) 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

42 

Barites 

(Mills et al., 2004; 

Mills, 2016) 

12 4250 1590 

 

 

 

 

0.0184 

BD 

BD 

TD 

TD 

TD 

TD 

BD 

BD 

53 

53 

53 

53 

53 

53 

81 

102 

34 

43 

50 

70 

101 

163 

50 

50 

34 

43 

50 

70 

101 

163 

50 

50 

0 

0 

0 

0 

0 

0 

0 

0 

7 

6 

8 

9 

17 

17 

9 

9 

43 

Portland cement 

(Mills et al., 2004; 

Mills, 2016) 

14 3060 1070 

 

 

 

0.018 

BD 

TD 

TD 

TD 

TD 

BD 

BD 

53 

53 

53 

53 

53 

81 

102 

43 

50 

70 

95 

163 

95 

95 

43 

50 

70 

95 

163 

95 

95 

0 

0 

0 

0 

0 

0 

0 

6 

8 

9 

9 

17 

9 

9 

44 
PVC powder 

(Mills, 2016) 
90 990 615 

 

0.2411 
BD 53 34 34 0 7 

45 
PVC resin 

(Mills et al., 2004) 
120 1400 490 

 

0.6065 

BD 

TD 

53 

53 

34 

50 

34 

50 

0 

0 

7 

8 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

46 

Silica sand 

(Mills et al., 2004; 

Mills, 2016) 

70 2630 1250 

 

0.3878 

BD 

TD 

TD 

53 

53 

53 

35 

50 

70 

35 

50 

70 

0 

0 

0 

8 

8 

9 (6+3) 

47 
Potassium sulphate 

(Mills, 2016) 
170 2625 1240 

 

 

 

2.283 

TD 

TD 

TD 

TD 

TD 

TD 

TD 

81 

81 

81 

100 

125 

150 

200 

95 

150 

200 

95 

95 

95 

95 

95 

150 

200 

95 

95 

95 

95 

0 

0 

0 

0 

0 

0 

0 

9 

9 

9 

9 

9 

9 

9 

48 

Granulated coal 

(degraded) 

(Mills, 2016) 

146 1550 700 

0.994 

TD 53 50 50 0 8 

49 

Granulated sugar 

(degraded) 

(Mills, 2016) 

170 1580 655 

 

1.373 TD 53 50 50 0 8 

50 
Copper concentrate 

(Mills et al., 2004) 
55 3950 1660 

 

0.3596 
TD 53 50 50 0 8 
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No. Product Reference 
d50 

(µm) 

ρs 

(kg/m3) 

ρbl 

(kg/m3) 

𝒘𝒇𝒐 

(m/s) 

Blow 

tank 

type 

D 

(mm) 

L 

(m) 

Lh 

(m) 

Lv 

(m) 

No. of 

bends 

51 

Fine fly ash 

(Mills & Mason, 1985; 

Mills, 2016) 

25 1700 700 

 

 

0.03196 

BD 

TD 

TD 

TD 

53 

53 

53 

63 

34 

101 

116 

133 

34 

101 

116 

133 

0 

0 

0 

0 

7 

17 

10 

10 

52 
Fluorspar 

(Mills, 2016) 
66 3700 1580 

 

0.4851 
TD 53 70 70 0 9 (6+3) 

53 
Iron powder 

(Mills, 2016) 
64 5710 2380 

 

0.704 
TD 53 50 50 0 9 

54 
Pearlite 

(Mills et al., 2004) 
200 800 100 

 

0.962 

BD 

TD 

53 

53 

35 

50 

35 

50 

0 

0 

8 

9 

55 
Pulverized coal 

(Mills, 2016) 
84 1550 393 

 

0.329 
TD 53 50 50 0 9 

56 
Wheat flour 

(Mills, 2016) 
90 1470 510 

 

0.3582 
TD 53 50 50 0 9 

57 
Zircon sand 

(Mills et al., 2004) 
120 4600 2600 

 

1.993 
TD 53 50 50 0 9 
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ANNEXURE A3 

 ADDITIONAL RESULTS OF NUMERICAL WORK 
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Figure A3.1: Variation of particle velocity and actual air velocity along the pipeline length for 

fly ash for different airflow rates for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 300 kg/m3 

 

 

Figure A3.2: Variation of particle velocity and actual air velocity along the pipeline length for 

fly ash for different airflow rates for 𝑚𝑠 = 9 t/h; 𝜌𝑓𝑙 = 300 kg/m3 
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Figure A3.3: Variation of particle velocity and actual air velocity along the pipeline length for 

fly ash for different airflow rates for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 333 kg/m3 

 

 

Figure A3.4: Variation of particle velocity and actual air velocity along the pipeline length for 

fly ash for different airflow rates for 𝑚𝑠 = 10 t/h; 𝜌𝑓𝑙 = 333 kg/m3 
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Figure A3.5: Variation of particle velocity and actual air velocity along the pipeline length for 

cement for different airflow rates for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 564 kg/m3 

 

 

Figure A3.6: Variation of particle velocity and actual air velocity along the pipeline length for 

cement for different airflow rates for 𝑚𝑠 = 10 t/h; 𝜌𝑓𝑙 = 564 kg/m3 
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Figure A3.7: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for fly ash for different airflow rates  

for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 300 kg/m3 

 

 

Figure A3.8: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for fly ash for different airflow rates  

for 𝑚𝑠 = 9 t/h; 𝜌𝑓𝑙 = 300 kg/m3 
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Figure A3.9: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for fly ash for different airflow rates  

for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 333 kg/m3 

 

 

Figure A3.10: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for fly ash for different airflow rates  

for 𝑚𝑠 = 10 t/h; 𝜌𝑓𝑙 = 333 kg/m3 
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Figure A3.11: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for cement for different airflow rates  

for 𝑚𝑠 = 14 t/h; 𝜌𝑓𝑙 = 564 kg/m3 

 

 

Figure A3.12: Variation of ratio of particle to actual air velocity and solids volumetric 

concentration along the pipeline length for cement for different airflow rates  

for 𝑚𝑠 = 10 t/h; 𝜌𝑓𝑙 = 564 kg/m3 
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A3.1   Model for particle velocity for varying dune bed area  

 

In this section, an attempt has been made to develop the particle velocity model with the variable 

area and constant fluidized bulk density. In addition to the assumptions listed in section 4.2 (see 

Chapter 4), additional considerations are provided as below: 

 

• Variable cross-section area (𝐴 ≠ 𝑐) in the entire cross-section of the pipeline. 

• The first layer (i.e., the lower section in the control volume) will be considered as a pure 

non-suspension layer (dense-phase). 

• The second layer (i.e., the middle section in the control volume) will be considered as a 

suspension layer (dilute-phase) carrying solids with some amount of air.  

• The third layer (i.e., the upper section in the control volume) will be considered as a pure 

suspension layer (dilute-phase) carrying only air without the presence of solids.  

• Particle density will be taken in case of the first layer. 

• Fluidized bulk density will be taken in case of the second layer. 

 

For developing the energy equation, energy balance across a control volume is as given below 

(Figure A3.13). 

 

Conservation of mass for the gas-phase is represented by equation (A3.1) as, 

 

𝑑

𝑑𝑥
(𝜀𝑎𝐴𝑎𝜌𝑎𝑢𝑎) = 0                                                                                                                               (𝐴3.1) 
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Figure A3.13: Mass and momentum interactions across a control volume 

 

 

Conservation of mass equation for solids phase is represented by equations A3.2, and A3.3 as, 

 

𝑑

𝑑𝑥
(𝜀𝑠1𝜌𝑠1𝐴𝑠1𝑢𝑠1) = 0                                                                                                                          (𝐴3.2) 

 

𝑑

𝑑𝑥
(𝜀𝑠2𝜌𝑠2𝐴𝑠2𝑢𝑠2) = 0                                                                                                                          (𝐴3.3) 

 

Equation (A3.4) for the conservation of momentum has been derived from the control volume 

shown in Figure A3.13, as shown below: 
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[(𝜌𝑎𝜀𝑎𝐴𝑢𝑎) (𝑢𝑎 +
𝑑𝑢𝑎

𝑑𝑥
∆𝑥) − (𝜌𝑎𝜀𝑎𝐴𝑢𝑎)𝑢𝑎] + [(𝜌𝑠𝜀𝑠𝐴𝑢𝑠) (𝑢𝑠 +

𝑑𝑢𝑠

𝑑𝑥
∆𝑥) − (𝜌𝑠𝜀𝑠𝐴𝑢𝑠)𝑢𝑠]

= [𝑃𝐴 − (𝑃 + 
𝑑𝑃

𝑑𝑥
∆𝑥)𝐴] − 𝐹𝑎 − 𝐹𝑠                                                                   (𝐴3.4) 

 

The final expression for the conservation of momentum equation for the solids-gas flows has been 

obtained by dividing both sides of equation (A3.4) by elemental volume (𝐴∆𝑥) as shown below: 

 

𝜀𝑎𝜌𝑎𝐴𝑎𝑢𝑎 (
𝑑𝑢𝑎

𝑑𝑥
) + 𝜀𝑠1𝜌𝑠1𝐴𝑠1𝑢𝑠1

𝑑𝑢𝑆1

𝑑𝑥
+ 𝜀𝑠2𝜌𝑓𝑙𝐴𝑠2𝑢𝑠2 (

𝑑𝑢𝑆2

𝑑𝑥
) + 𝐴𝑎 (

𝑑𝑃

𝑑𝑥
)

=  −𝑓𝑎𝐴𝑎 − 𝑓𝑠1𝐴𝑠1 − 𝑓𝑠2𝐴𝑠2                                                                                    (𝐴3.5) 

 

Net accumulation of pressure and shear energy in the x-direction equals to 

 

= 𝐴𝑎𝑃𝑢𝑎 − 𝐴𝑎 [(𝑝 +
𝑑𝑝

𝑑𝑥
∆𝑥) (𝑢𝑎 +

𝑑𝑢𝑎

𝑑𝑥
∆𝑥)]

− [𝐹𝑎 (𝑢𝑎 +
𝑑𝑢𝑎

𝑑𝑥

∆𝑥

2
) + 𝐹𝑠1 (𝑢𝑠1 +

𝑑𝑢𝑠1

𝑑𝑥

∆𝑥

2
) + 𝐹𝑠1 (𝑢𝑠2 +

𝑑𝑢𝑠2

𝑑𝑥

∆𝑥

2
)]        (𝐴3.6) 

 

Net accumulation of kinetic energy in x-direction equals to 

 

=
1

2
𝑚𝑎𝑢𝑎

2 +
1

2
𝑚𝑠1𝑢𝑠1

2 +
1

2
𝑚𝑠2𝑢𝑠2

2 −
1

2
𝑚𝑎 (𝑢𝑎 +

𝑑𝑢𝑎

𝑑𝑥
∆𝑥)

2

−
1

2
𝑚𝑠1 (𝑢𝑠1 +

𝑑𝑢𝑠1

𝑑𝑥
∆𝑥)

2

−
1

2
𝑚𝑠2 (𝑢𝑠2 +

𝑑𝑢𝑠2

𝑑𝑥
∆𝑥)

2

                                                                                       (𝐴3.7) 
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Neglecting the higher-order terms and considering that there is no net accumulation of energy 

within the control volume under steady-state condition, the following energy equation (A3.8), 

which shows the net summation under steady-state equals to zero. 

 

[𝐴𝑎 {𝑝 (
𝑑𝑢𝑎

𝑑𝑥
) + 𝑢𝑎 (

𝑑𝑝

𝑑𝑥
) + 𝑢𝑎𝑓𝑎} + 𝑢𝑠1𝐴𝑠1𝑓𝑠1 + 𝑢𝑠2𝐴𝑠2𝑓𝑠2 + 𝜌𝑎𝐴𝑎𝜀𝑎𝑢𝑎

2 (
𝑑𝑢𝑎

𝑑𝑥
)

+ 𝜌𝑠1𝐴𝑠1𝜀𝑠1𝑢𝑠
2 (

𝑑𝑢𝑠1

𝑑𝑥
) + 𝜌𝑓𝑙𝐴𝑠2𝜀𝑠2𝑢𝑠

2 (
𝑑𝑢𝑠2

𝑑𝑥
)] = 0                                       (𝐴3.8) 

 

The energy equation represented in the equation (A3.8) addresses the energy dissipation due to the 

turbulence and frictional resistance of fluid-wall interactions, particle to air, particle to particle, 

and particle to wall interactions. Volume fractions for the gas and solid phases obey the following 

relationship: 

 

𝜀𝑎 + 𝜀𝑠1 + 𝜀𝑠2 = 1                                                                                                                                 (𝐴3.9) 

 

The system of equations (equations A3.1 to A3.3, A3.5, A3.8) have been solved for the eight 

variables namely, 𝑢𝑎 ,  𝑢𝑠1,  𝑢𝑠2, 𝜖𝑠1, 𝜖𝑠2, 𝐴𝑠1, 𝐴𝑠2 and 𝑃. Firstly, the conservation equations, i.e., 

equations A3.1 to A3.3, A3.5, A3.8, have been coupled and transformed into first-order ordinary 

differential equations (A3.10) to (A3.17), which show the evolution of an individual parameter 

with respect to the spatial distance (x) under study. The derived equations are represented in the 

following form: 
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𝑑𝑢𝑎

𝑑𝑥
= [

{−
𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
} {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} −

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) +

𝑢𝑎

𝐴𝑎
{
𝑑𝐴𝑠1

𝑑𝑥
+

𝑑𝐴𝑠2

𝑑𝑥
}

[(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)]

]                                           (𝐴3.10) 

𝑑𝑢𝑠1

𝑑𝑥
= 𝑐. [

{−
𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
} {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} −

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) +

𝑢𝑎

𝐴𝑎
{
𝑑𝐴𝑠1

𝑑𝑥
+

𝑑𝐴𝑠2

𝑑𝑥
}

[(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)]

]                                      (𝐴3.11) 

 

𝑑𝑢𝑠2

𝑑𝑥
= {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
}                                                                                                                                (𝐴3.12) 

 

𝑑𝜀𝑠1

𝑑𝑥
= 𝑐. [

{−
𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
} {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} −

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) +

𝑢𝑎

𝐴𝑎
{
𝑑𝐴𝑠1

𝑑𝑥
+

𝑑𝐴𝑠2

𝑑𝑥
}

[(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)]

] [−
𝜀𝑠1

𝑢𝑠1
+

𝜀𝑠1

𝐴𝑠1
(
𝐴𝑠1

𝑢𝑠1
)] (𝐴3.13) 

 

𝑑𝜀𝑠2

𝑑𝑥
= {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} [−

𝜀𝑠2

𝑢𝑠2
+

𝜀𝑠2

𝐴𝑠2
(
𝐴𝑠2

𝑢𝑠2
 )]                                                                                         (𝐴3.14) 

 

 

𝑑𝐴𝑠1

𝑑𝑥
=

[
 
 
 
 

−
𝐴𝑠1

𝑢𝑠1
 𝑐. [

{−
𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
} {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} −

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) +

𝑢𝑎

𝐴𝑎
{
𝑑𝐴𝑠1

𝑑𝑥
+

𝑑𝐴𝑠2

𝑑𝑥
}

[(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)]

]

]
 
 
 
 

                      (𝐴3.15) 

 

𝑑𝐴𝑠2

𝑑𝑥
= −

𝐴𝑠2

𝑢𝑠2
 {
𝑋1 − 𝑋2

𝑌1 + 𝑌2
}                                                                                                                   (𝐴3.16) 
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𝑑𝑃

𝑑𝑥
= −𝑓𝑎 − 𝑓𝑠1 (

𝐴𝑠1

𝐴𝑎
) − 𝑓𝑠2 (

𝐴𝑠2

𝐴𝑎
)

+ [
{−

𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
} {

𝑋1 − 𝑋2

𝑌1 + 𝑌2
} −

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) +

𝑢𝑎

𝐴𝑎
{
𝑑𝐴𝑠1

𝑑𝑥
+

𝑑𝐴𝑠2

𝑑𝑥
}

[(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)]

] {−𝜌𝑎𝜀𝑎𝑢𝑎

− 𝜌𝑠1𝑢𝑠1𝜀𝑠1 (
𝐴𝑠1

𝐴𝑎
) . 𝑐} − 𝜌𝑓𝑙𝑢𝑠2𝜀𝑠2 (

𝐴𝑠2

𝐴𝑎
) [{

𝑋1 − 𝑋2

𝑌1 + 𝑌2
}]                                    (𝐴3.17) 

where, 

𝑋1 = [−(𝑢𝑠1 − 𝑢𝑎)𝑓𝑠1𝐴𝑠1 − (𝑢𝑠2 − 𝑢𝑎)𝑓𝑠2𝐴𝑠2 + 𝐴𝑎𝑃 (
𝑢𝑎

𝜌𝑎
) (

𝑑𝜌𝑎

𝑑𝑥
)] 

 

𝑋2 = [𝑐. 𝜀𝑠1

𝑢𝑎

𝜌𝑎
(
𝑑𝜌𝑎

𝑑𝑥
) {𝐴𝑎𝑃 (

𝑢𝑎

𝜀𝑎𝑢𝑠1
) − 𝜌𝑠1𝐴𝑠1𝑢𝑠1(𝑢𝑠1 − 𝑢𝑎)}] 

𝑌1 = [{
𝑐𝜀𝑠1 (

𝑢𝑎

𝜀𝑎

𝜀𝑠2

𝑢𝑠2
)

(1 + 𝑐
𝑢𝑎

𝜀𝑎

𝜀𝑠1

𝑢𝑠1
)
} {𝐴𝑎

𝑃

𝜀𝑎

𝑢𝑎

𝑢𝑠1
− 𝜌𝑠1𝐴𝑠1𝑢𝑠1(𝑢𝑠1 − 𝑢𝑎)}] 

 

𝑌2 = [𝜀𝑠2{𝜌𝑓𝑙𝐴𝑠2𝑢𝑠2(𝑢𝑠2 − 𝑢𝑎)} − 𝐴𝑎𝑃(
𝑢𝑎

𝜀𝑎𝑢𝑠2
)] 

 

The set of equations (A3.10) to (A3.17) present the evolution of the parameters 𝑢𝑎 , 𝑢𝑠1, 𝑢𝑠2, 𝜖𝑠1, 

𝜖𝑠2, 𝐴𝑠1, 𝐴𝑠2 and 𝑃 respectively, along with the length (x) of the pipeline. The entire length of the 

pipeline has been divided into several straight pipe segments (6 in numbers) (Figure A1.1). Large 
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straight pipeline segments have been divided into smaller segments. In the present investigation, 

the different values of ‘𝑥 ’ thus obtained on the horizontal segments of pipe for the purpose of 

study, have been provided in Table 4.2 (starting from the location of the blow tank). For each small 

segment of the pipe, a set of coupled ordinary differential equations have been solved numerically 

using MATLAB’s ode45 solver, which is based on the fourth-fifth-order Runge-Kutta-Fehlberg 

(RKF45) method (Fehlberg, 1969). The solution proceeded from the pipe inlet to the outlet. In 

order to calculate the initial value of 𝑢𝑎 , 𝑢𝑠1, 𝑢𝑠2, 𝜖𝑠1, 𝜖𝑠2 and 𝐴𝑠1, 𝐴𝑠2 the following formulae 

have been used, represented by the following equations (A3.18 to A3.24). It has been assumed that 

when the material is discharged from the blow tank, the aerated mixture occupies the full cross-

section of the pipe. The extent of occupancy decreases subsequently along the direction of flow in 

the pipeline. 

 

us1 = 𝑢𝑎 [1 − 0.02 [𝐴𝑟 (
𝜌𝑝 − 𝜌𝑎

𝜌𝑎
) (

𝐷

𝐷50
)
−2

]

0.14

]              (Santo et al. , 2018)                   (𝐴3.18) 

 

𝑢𝑠2 = 
𝑚𝑠2

𝜌𝑓𝑙 . 𝐴𝑠2
                                                                                                                                      (𝐴3.19) 

 

𝑢𝑎 = 
(𝑚𝑎 𝐴𝑎⁄ )

(𝜀𝑎 𝜌𝑎𝑖)⁄
                                                                                                                                   (𝐴3.20) 

 

𝜀𝑠1 =
(𝑚𝑠1 𝜌𝑠⁄ )

[𝑚𝑠1 𝜌𝑠⁄ + 𝑚𝑎 𝜌𝑎𝑖⁄ ]
                                                                                                                (𝐴3.21) 
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𝜀𝑠2 =
(𝑚𝑠2 𝜌𝑓𝑙⁄ )

[𝑚𝑠2 𝜌𝑓𝑙⁄ + 𝑚𝑎 𝜌𝑎𝑖⁄ ]
                                                                                                              (𝐴3.22) 

 

𝐴𝑠1 = [
(𝑚𝑠1 𝜌𝑠⁄ )

[𝑚𝑠1 𝜌𝑠⁄ + 𝑚𝑎 𝜌𝑎𝑖⁄ ]
] ∗ 𝐴𝑇𝑜𝑡𝑎𝑙                                                                                             (𝐴3.23) 

 

𝐴𝑠2 = [
(𝑚𝑠2 𝜌𝑓𝑙⁄ )

[𝑚𝑠2 𝜌𝑓𝑙⁄ + 𝑚𝑎 𝜌𝑎𝑖⁄ ]
] ∗ 𝐴𝑇𝑜𝑡𝑎𝑙                                                                                            (𝐴3.24) 

 

Numerically calculated values of the different parameters, such as 𝑢𝑎 , 𝑢𝑠1, 𝑢𝑠2, 𝜖𝑠1, 𝜖𝑠2, 𝐴𝑠1,

𝐴𝑠2 and 𝑃 obtained at the end of the first segment of the pipe were considered as the initial 

conditions for the successive segment. This process has been followed in all subsequent segments 

of pipe up to the last segment of the pipeline. Thus, the value of the different parameters 𝑢𝑎 , 𝑢𝑠1,

𝑢𝑠2, 𝜖𝑠1, 𝜖𝑠2, 𝐴𝑠1, 𝐴𝑠2 and 𝑃 have been calculated at the initial and final point of each segment 

of the pipe and with the help of these, results corresponding to the mid-point values (at x, given in 

Table 4.2) were acquired. Calculations have been performed for different operating parameters, 

i.e., corresponding to different solid flow rates in t/h, airflow rates in kg/s, and fluidized bulk 

density in kg/m3 (for different products given in Table 4.2). While performing the numerical 

simulations in MATLAB program, it was found that the program becomes unstable after 4th/5th 

segment for almost all respective solids flow rates in t/h and airflow rates in kg/s for all 3 products 

used in the investigation. Therefore, using the proposed 3-layer approach, valid results for the 

parameters under consideration could not be obtained. It was decided to consider this topic as the 

future scope of the study.  
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ANNEXURE A4 

ADDITIONAL RESULTS OF TWO-LAYER MODEL 

DEVELOPMENT WITH RHEOLOGY EFFECTS 
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Figure A4.1: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for fly ash through 105 mm I.D. × 168 m long pipe 

 

 

Figure A4.2: Scale-up validation for solids friction factor (modified two-layer model with 

rheology) for fly ash through 80/100 mm I.D. × 407 m long pipe 
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