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PREFACE

To study the geometric aspects of a manifold, it is lot more convenient to first
embed it into a known manifold and then study the geometry viz-a-viz that of
the ambient manifold. This approach gave impetus to the study of submanifolds
which later developed into a fascinating topic of study of the theory of subman-
ifolds. A submanifold of an almost Hermitian manifold presents an interesting
geometric study as the action of almost complex structure .J transforms a vector
to a vector perpendicular to it. The natural out come of which are three typi-
cal classes of submanifolds, namely holomorphic or invariant submanifolds (also
known as almost complex submanifolds), totally real or anti-invariant submani-

folds and slant submanifolds (cf. [5], [20], [21], [25], [26], [76] etc.).

The holomorphic submanifolds M are characterized by the condition JT, M C
T,M and the totally real submanifolds are characterized by JT,M C T+M for
all z € M. That is, for a holomorphic submanifold, the action of J on a vector
in the tangent space T, M gives a vector of the same space, whereas in case of
a totally real submanifold the almost complex structure J carries each tangent
vector of M into the corresponding normal space of M.

The study of totally real and holomorphic submanifolds was initiated in early
as 1970 (cf. [20], [21]). Since then many differential geometers have contributed
interesting results (cf. [52], [76]). In 1978 A. Bejancu (cf. [3], [4]) introduced
the notion of CR-submanifolds and generalized the above two classes of sub-
manifolds. A real submanifold M of an almost Hermitian manifold is called a
CR-submanifold if there exists a differentiable distribution D on M satisfying
JD, = D, and JD} C T;}M for each x € M, where D' is the complemen-
tary orthogonal distribution to D. Integrability of the distributions on a CR-
submanifold gives rise to CR-product submanifolds, which are CR-submanifolds
that are locally Riemannian product of leaves of D and D+. A lot of research has
been done on CR-product submanifolds (cf. [22], [23], [30], [31], [78]). Moreover,
it is proved that there do not exist non-trivial CR-product submanifolds in com-
plex hyperbolic spaces. It was also found that S does not admit a non-trivial
CR-product submanifold [68]. CR-products however are obtained in complex
projective spaces naturally through Segre embedding theorem. A significant con-
tribution in the study of CR-submanifolds has been made by B.Y. Chen (cf. [22],
23]), A. Bejancu ([3], [4], [5]), K. Sekigawa [68] and A. Gray [36].

One can easily realize that a submanifold M of an almost Hermitian man-
ifold is a holomorphic or a totally real submanifold if and only if for every non



zero vector U tangent to M at any point z € M, the angle between JU and T, M
is 0 or w/2 respectively. This point of view paved way for a generalization of
CR~submanifold by B.Y. Chen in 1990. The new class of submanifold is known
as slant submanifold [25]. They are defined as the submanifolds for which the
angle between JU and the tangent space T, M is constant. According to him,
an immersed submanifold M of an almost Hermitian manifold (M, J, g) is slant
if and only if the Wirtinger angle 0(X) € [0,7/2] between JX and T, M has
the same value 6 for any € M and X € T, M, X # 0. The notion of slant
submanifold in the sense of Chen is an evident generalization of holomorphic and
totally real submanifolds.

As far as contact geometry is concerned, several results can be found in lit-
erature on the so called invariant and anti-invariant and on their generalization
CR-submanifolds of almost contact manifolds (cf. [48], [63], [70], [71], [78]). A.
Lotta [50], further extended this study to slant submanifolds of almost contact
geometry. J. L. Cabrerizo et al. ([16], [17]) worked out a characterization for the
existence of a slant submanifold in an almost contact metric manifold. Moreover,
in [64] N. Papaghiuc has introduced a class of submanifolds in an almost Hermi-
tian manifold, called the semi-slant submanifolds, such that the class of proper
CR-submanifolds and the class of slant submanifolds appear as particular cases in
the class of semi-slant submanifolds. Recently, Carriazo [18] defined and studied
bi-slant immersion in almost Hermitian manifold and termed it as an anti-slant
submanifold. However, the term anti-slant may suggest that the submanifold has
no slant part. Hence, Sahin [67] studied and define the notion of hemi-slant sub-
manifolds. However, in case of Lorentzian paracontact geometry [56] is concerned
there is need to do a lot more for exploring the new geometric aspects of the class.

In 1969 Bishop and O’Neill [8] introduced warped product manifolds as gen-
eralization to Riemannian product manifolds. The easiest example of warped
product manifolds is surface of revolution. Formally, a warped product manifold
B x ¢F of two Riemannian manifolds (B, gg) and (F, gr) where g and gp are
Riemannian metrics on B and F' respectively is the product manifold B x F
equipped with the Riemannian metric g = gg + f?gr, where f is a positive dif-
ferentiable function on B. Bishop and O’Neill studied these manifolds to study
and work out examples of manifolds of negative curvature. They also applied
them to space time scheme. From geometric point of view the study got mo-
mentum and thrust only when B. Y. Chen initiated the study of warped product
CR~submanifolds of a Kaehler manifold.

The aim of the present thesis is to extend the study of different classes
of slant submanifold of almost Hermitian, almost contact and Lorentzian almost
paracontact metric manifolds, in particular nearly Kaehler, nearly trans-Sasakian



and LP-Sasakian manifolds respectively. We have also made an effort to study
different warped product submanifolds when ambient manifold is almost contact
and Lorentzian contact, in particular when it is trans-Sasakian, nearly Cosym-
plectic or globally framed f-manifolds with lorentz metric.

The thesis comprises of seven chapters and each chapter is divided into vari-
ous sections. The mathematical relations obtained in the text have been labeled
with double decimal numbering. The first figure denotes the chapter number,
second represents the section and the third points out the number of definition,
equation, proposition, lemma or the theorem as the case may be, e.g. Theorem
4.3.2 refers to the second theorem of section three in chapter four.

The first chapter is introductory and contains basic definitions and some
known results, which will be used repeatedly in the subsequent chapters. How-
ever some of them might be repeated in chapters.

Slant submanifolds of a Kaehler manifold have been studied extensively in
([25], [26], [27], [28], [53], [66] etc.), whereas slant submanifolds of a nearly Kaehler
manifold are yet to be explored to that extent. In chapter II, we have studied
slant and pseudo-slant submanifold of nearly Kaehler manifolds. Slant subman-
ifold of almost Hermitian manifolds were initiated by N. Papaghiuc. In Section
2.2, we prove that a totally umbilical proper slant submanifold of a nearly Kaehler
manifold is totally geodesic if the endomorphism n is parallel. Whereas in sec-
tion 2.3, we have obtained some geometrically interesting results for the totally
umbilical pseudo-slant submanifolds of a nearly Kaehler manifold. The content
of this chapter are published in Kuwait Journal of Science and Engineering
(accepted for publication) and Acta Universitatis Apulensis, 29 (2012),
279-285.

In chapter III, we have introduced the study of slant submanifolds in the
setting of Lorentzian Paracontact Manifolds. The study of Lorentzian almost
paracontact manifold was initiated by K. Matsumoto [56]. Later on several au-
thors studied Lorentzian almost paracontact manifolds and their different classes.
We have obtained a characteristic equation of slant submanifold in the setting
of LP-Contact manifold. We have also obtained a characterization for slant sub-
manifold via some curvature tensor. Furthermore, if we use Lorentzian metric
in almost contact manifolds, then the structure becomes more interesting. In
the light of this, we have obtained some important results for slant submanifolds
in Lorentzian almost contact manifolds. Some contents of this chapter are pub-
lished in Differential Geometry Dynamical Systems, 12 (2010), 102-108
and some contents are communicated in Annals of University of Craiova-
Mathematics and Computer Science Series.



In chapter IV, we have proved that a every totally umbilical proper slant
submanifold of a Lorentzian paracontact manifold is either minimal or if it is not
minimal then we derive a formula for its slant angle. The contents of chapter are
published in Annals of the University of Craiova- Mathematics and Com-
puter Science Series, 38, 1(2011), 49-53, Mathematical Problems in Engi-
neering, vol. 2011, Article ID 516238, 9 pages, 2011. doi:10.1155/2011/516238
and International Journal of Physical Sciences, 7(10) (2012), 1526-1529.

Warped product manifolds are known to have applications in physics. For
instance, they provide an excellent setting to model space-time near a black hole
or a massive star. Recently, Chen [30] (see also [31]) studied warped product CR-
submanifolds and showed that there exist no warped product C'R-submanifolds
of the form M = N+ x ;N7 such that N* is a totally real submanifold and N”
is a holomorphic submanifold of a Kaehler manifold M. Therefore he considered
warped product CR-submanifold in the form M = N7 x ;N+ which is called
CR-warped product, where N7 and Nt are holomorphic and totally real sub-
manifolds of a Kaehler manifold M.

B.Y.Chen worked out a condition forcing a CR-submanifold to be CR-product.
He showed that a CR-submanifold is a CR-product if and only if A;7X = 0 for
all X € D and Z € D*. He further proved that VP = 0 is necessary and suf-
ficient for a CR-submanifold to become a CR-product submanifold of a Kaehler
manifold, where PU and FU denoting the tangential and normal components
of JU respectively. In [23] Chen again worked out a characterization for a CR-
submanifold to reduce to CR-product. To this end what remained to be explored
is the characterization in terms of canonical structure 7" and N. In chapter V,
we studied this problem and succeed to extend B.Y. Chen’s results to the set-
ting of nearly Cosymplectic manifold. The contents of chapter are published in
Mathematical Problems in Engineering, vol. 2011, Article ID 230374, 12
pages doi:10.1155/2011/230374.

Chapter VI deals with the study of warped product contact CR-submanifolds
of globally framed f-manifolds with Lorentz metric [15] in the particular setting
of indefinite S-manifolds for both spacelike and timelike cases. We prove that if
M = N* x; N7 is a warped C R-submanifold such that N+ is ¢-anti-invariant
and N7 is ¢-invariant, then M is a C R-product. We show that the second funda-
mental form of a contact C'R warped product of a indefinite S-space form satisfies
a geometric inequality, ||h||* > p{3||Vinf||* — Alnf + (c+2)k +1}. The contents
of this chapter are communicated in Filomat.

Doubly warped product manifolds were introduced as generalization of warped



product manifold [73].

In the Last Chapter, we have proved the Integrability condition of pseudo
slant submanifold in trans-Sasakian manifold. Also, we obtained the warped
and doubly warped product pseudo-slant submanifold of trans-Sasakian mani-
fold. We have provide an example of pseudo-slant warped product submanifold
of Kenmotsu manifold. The contents of this chapter are published in Thai Jour-
nal of Mathematics, 8(2) (2010), 263-273.

Towards the end, future work have been proposed. Finally at the end of the
thesis, references have been reported.



Chapter 1
INTRODUCTION




INTRODUCTION

The purpose of this chapter is to introduce basic concepts, preliminary no-
tions and some fundamental results which we require for the development of the
subject in the present thesis. This chapter contains brief resume of some of the
known results in geometry of almost Hermitian, almost contact metric manifolds,
Lorentzian almost paracontact manifolds, their allied structures and the geom-
etry of submanifolds of these manifolds. These results are readily available in
research papers and review articles (cf. [3], [22], [25], [50],[55],[56], [80],[83]) and
in standard books e.g., Nomizu and Kobayashi [49], B.Y. Chen [19], D.E. Blair
[13], K. Yano [77] and B. O’Neill [61] etc., nevertheless, we have collected them
here to fix up our terminology and for ready references.

1.1. STRUCTURES ON (°°-MANIFOLDS

To study the geometry of a differentiable manifold, we require a Riemannian
metric on differentiable manifold i.e., a positive definite inner product on the
tangent bundle of the manifold. By a Riemannian metric g on a manifold M, we
mean a map : p — g, where g, is a positive definite inner product on 7, M. We
require this map to be smooth (differentiable) in the sense that the function

0 0
p— gij(p) = gp(%b, %|p)v
i j

is smooth for all 4, j for any chart (X, z). This smoothness condition is same as
that for the map

p— gp(va Yp)v

for all vector fields X, Y on M. On a paracompact manifold, there exist a smooth
Riemannian metric. A differentiable manifold with a Riemannian metric is said
to be a Riemannian manifold. Further refined information can be had by know-
ing additional structures on the manifold, for example almost complex, almost
Kaehler, nearly Kaehler, almost contact metric, Sasakian, Kenmotsu and trans-
Sasakian structures etc., (cf. [13], [42], [49] [62], [77]). In this section we briefly
discuss some of these structures.

In what follows, we shall take a differentiable manifold which is connected
and paracompact, so that it can always be endowed with a Riemannian metric g

1



and a Riemannian connection V.

An almost complex structure on a real differentiable manifold M is a tensor
field J, an endomorphism of the tangent space T, M at every point p € M, such
that J? = —I where I denotes the identity transformation on T, M. A manifold
with a fixed almost complex structure is called an almost complex manifold. Let
M be a Riemannian manifold with almost complex structure J and Hermitian
metric g satisfying

(a) J2=—I, (b) g(JX,JY)=g(X,Y) (1.1.1)

for all X,Y € TM, by virtue of which g is called a Hermitian metric. An almost
complex manifold (respectively, a complex manifold) with a Hermitian metric is
called an almost Hermitian manifold (respectively, a Hermitian manifold).

The fundamental 2-form Q of an almost Hermitian manifold M with an
almost complex structure J and metric g is defined by

QX,Y) =g(X,JY).
Since ¢ is invariant by J, so is {2 i.e.,
QJX,JY)=Q(X,Y), (1.1.2)

for all vector fields X and Y on M.

The almost complex structure J is not, in general, parallel with respect to
the Riemannian connection defined by the Hermitian metric g. The following is
a useful relation (cf. [35]).

29(VxJ)Y,W) =dQX,Y,W) —dQX,JY, JW) — g(X,S(Y,JW)) (1.1.3)

for any vector fields X, Y, W on M, where S denotes the Nijenhuis tensor (or the
torsion tensor) of J and is defined by

S(X,Y)=[JX,JY]| - [X,)Y]-JX,JY]| - J[JX,Y], (1.1.4)
for all vector fields X,Y on M.

It is easy to verify that the Nijenhuis tensor of J satisfies

S(JX,Y) = S(X,JY) = —JS(X,Y). (1.1.5)



It is well known that vanishing of the tensor S(X,Y’) is the necessary and
sufficient condition for an almost complex manifold to be a complex manifold [49].

If we egtend the Riemannian connection V to be a derivative on the tensor
algebra of M, then we have the following formulae.

(VxJ)Y =VxJY — JVxY, (1.1.6)
(VxQ) Y, W) = g(Vx )Y, ). (1.1.7)

Now, we define a Kaehler structure on a Hermitian manifold as:

DEFINITION 1.1.1. A Hermitian metric on an almost complex manifold is
called a Kaehler metric if the fundamental 2-form €2 is closed. A complex manifold
equipped with a Kaehler metric is said to be a Kaehler manifold. Thus by formula
(1.1.3), an almost complex manifold M is Kaehler if and only if

(VxJ)Y =0 (1.1.8)

or equivalently, VxJY = JVxY

for all X,Y in TM. In this case the connection V on M is said to be the Kachle-
rian connection.

DEFINITION 1.1.2. A Kaehler manifold M is called a complex space form if it
is of constant holomorphic sectional curvature. We denote by M™(c) (or simply
M (c)) an m-dimensional complex space form of constant holomorphic sectional
curvature c¢. Then the curvature tensor R of M(c) is given by

RIX,Y)W = E{g(y, W)X — g(X, W)Y + g(JY, W)JX

—G(JX, W)Y +2g(X, JY)JW) (1.1.9)
for any vector fields X,Y, W on M.

There is another geometrically interesting and a more general class of almost
Hermitian manifolds known as nearly Kaehler manifold which are defined as

DEFINITION 1.1.3. A Hermitian manifold M is said to be a nearly Kaehler
manifold if B B

(Vx )Y + (VyJ)X =0, (1.1.10)
for all X,Y in TM. Obviously (1.1.10) is equivalent to (VxJ)X = 0, for all
X eTM.



A six dimensional unit sphere S° has an almost complex structure J defined
by the vector cross product in the space of purely imaginary Cayley numbers.
This almost complex structure is not integrable and satisfies (VxJ)X = 0, for
any vector field X on S%, where V is the Riemannian connection on S%. Hence
S6 is a nearly Kaehler manifold which is not Kaehler [37].

A structure on an n-dimensional manifold M given by a non null tensor field

f satisfying
fP+r=0

is called an f-structure. Then the rank of f is a constant, say r. If r = n, then
the f-structure gives an almost complex structure on the manifold M. In this
case n is even. If M is orientable and r» = n — 1, then the f-structure on M is
called an almost contact structure. In this case n is necessarily odd. Throughout,
we denote by ¢, the f-structure on an almost contact manifold. In the following
we shall give details of an almost contact structure.

Let M be a manifold of dimension (2m -+ 1). An almost contact metric
structure (¢, &, 7, g) on M consists of a tensor field ¢ of type (1,1), a vector field
¢ (known as structure vector field), a 1-form 1 and a metric tensor field g on M,
such that

¢*=—-T+n®E nE) =1, ¢(§) =0, nop=0,
9(X,0Y) = g(X,Y) —n(X)n(Y), n(X) = g(X,§)

for any vector fields X, Y on M, where I denotes the identity tensor and \Y
denotes the Levi-Civita connection with respect to the metric g on M.

(1.1.11)

An almost contact metric structure is called a contact metric structure if
dn = &,
where ® is the fundamental 2-form defined by
O(X,Y) =g(X,oY).
In this case for any vector field X on M, we have
Vxé=—0X — ¢hX, (1.1.12)

where h = %ngb, L¢¢ being the Lie-derivative of ¢ with respect to § and \Y%
denotes the Levi-Civita connection of M. The operator h satisfies

g(hX, Y)=g(X, hY), ¢oh=—hoo. (1.1.13)
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If ¢ is a killing vector field with respect to g, then the contact metric structure
is called a K-contact structure. 1t is known that a contact metric manifold is K-
contact if and only if

Vxé=—0¢X, (1.1.14)
for any X € TM.

The almost contact structure of M is said to be normal if,
Se +2dn® & =0,
where S, is the Nijenhuis tensor of the tensor field ¢.

DEFINITION 1.1.4. A normal contact metric manifold is called a Sasakian
manifold.

It is easy to show that an almost contact metric manifold is a Sasakian
manifold if and only if

(Vx¢)Y = g(X, V)¢ —n(Y)X,
(1.1.15)
Vxé=—¢X

for any X,Y € TM.

Following example shows the Sasakian structure:

EXAMPLE 1.1.1. We will denote by (R*"*! ¢, £, 7, g), the manifold R** ™! with
its usual Sasakian structure given by

1 ~ 9
—§(dz—;ydx), 5—2£,

1 i i i i
9—7I®77+1{;(d96 ®dz' +dy' @ dy')},

" 0 0. O D
(D (Xigys +Yiga) + 257) = Z(Yaxz_ +Zyya

= =1

where (z',y',2), i = 1,--- ,n are the Cartesian coordinates.



DEFINITION 1.1.5 [12]. A Cosymplectic structure on an almost contact man-
ifold is a normal almost contact metric structure (¢, &, 7, g) with ® and 7 closed.
Cosymplectic structure is characterized by the condition

(Vxo)Y =0, (1.1.16)

for all X,Y in TM.

In [72] S. Tanno classified connected almost contact metric manifolds whose
automorphism groups posses the maximum dimension. For such a manifold, the
sectional curvature of a plane sections containing £ is a constant say ¢. He showed
that they can be divided into three classes (i) Homogenous normal contact Rie-
mannian manifolds with ¢ > 0. (ii) Global Riemannian product of a line (or a
circle) with a Kaehler manifold of constant holomorphic sectional curvature if
¢ = 0 and (ili) A warped product space R xy C" if ¢ < 0. It is known that
manifolds of class (i) are characterized by certain tensorial equations. It admits
a Sasakian structure. The manifolds of class (ii) are characterized by a tenso-
rial relation admitting a Cosymplectic structure. Kenmotsu [42] characterized
the differential geometric properties of manifolds of class (iii). The structure so
obtained is now known as Kenmotsu structure. In general, these structures are
not Sasakian [42]. A manifold with a Kenmotsu structure is known as Kenmotsu
manifold.

Kenmotsu manifolds are characterized by the following tensorial equation
42]. B
(Vx@)Y = g(6X,Y)§ —n(Y)dX.

(1.1.17)

forall X, Y € TM.

One of the typical examples of Kenmotsu manifold is the hyperbolic space
M(—1).

Let an n-dimensional smooth connected paracompact Hausdorff manifold M
be equipped with a Lorentzian metric g, i.e., g is a smooth symmetric tensor field
of type (0, 2) such that at every point p € M, the tensor field g, : T,M xT,M —
R is a non-degenerate inner-product of signature, (—,+,-- ,+), where T,M is
the tangent space of M at p and R is the real line. In other words, a matrix
representation of g, has one eigenvalue negative and all other eigenvalues positive,
then M is Lorentzian manifold. A non-zero vector X, € TpM is known to be



spacelike, null, non-spacelike or timelike respectively according as
9p(Xp, Xp) >0,=0,<0o0r <O.

Let M be an dimensional differentiable manifold. An LP-Contact structure
(¢,€,m,9) on M consists of a tensor field ¢ of type(1,1), a vector field £, a 1-form
1 and a metric tensor field g on M such that

¢2 :]+7]®§7 77(5) = _]-7 ¢(§) :07 77°¢:07

9(0X,9Y) = g(X,Y) +n(X)n(Y), n(X) = g(X,¢)

for any vector fields X,Y on M, where I denotes the identity tensor and \Y%
denotes the Levi-Civita connection with respect to the metric g on M, we know

(1.1.18)

9(6X,Y) = g(X, ¢Y) (1.1.19)
Moreover, if on M the following additional conditions hold:

(Vxo)Y = g(X,Y)E+n(Y)X + 2n(X)n(Y)E
(1.1.20)
Vxé = ¢X,

for any vector fields X,Y € TM, then M is said to be an LP-Sasakian manifold
([56]).

Also, if on M the following additional conditions hold:

(Vxd)Y = BLg(dX.V)E —n(Y)6X},
Vit = AIX — n(X)E) } (1.1.21)

for all X,Y € TM, where 7@ is the Levi-Civita connection with respect to the
Lorentzian metric g, then M is said to be a Lorentzian f— Kenmotsu.

A Lorentzian paracontact metric structure on M is called a Lorentzian para-
Cosymplectic structure if V¢ = 0, where V denotes the Levi-Civita connection
with respect to g. The manifold M in this case is called a Lorentzian para-
Cosymplectic (in brief, an LP-Cosymplectic) manifold. From formula V¢ = 0, it
follows that Vx& = 0.

An almost contact manifold with Lorentzian metric is called a Lorentzian
almost contact manifold.



Let M be a (2n+ 1)—dimensional manifold with an almost contact structure
and compatible Lorentzian metric [14], (M, ®,€,n,g) that is, ¢ is (1,1) tensor
field , ¢ is a structure vector field, 7 is 1-form and ¢ is Lorentzian metric on M
satisfying

FX =X +n(X)E, n(§) =1, 6(§) =0, nop=0 (1.1.22)

and
9(6X,0Y) = g(X,Y) +n(X)n(Y), n(X)=—g(X,$) (1.1.23)

for any X,Y € TM, where TM denotes the Lie algebra of vector fields on M. An
almost contact manifold with Lorentzian metric g is called a Lorentzian almost
contact manifold. From (1.1.23), it follows that

9(6X.Y) = —g(X, oY). (1.1.24)

As the warped product manifolds form the core part of our study in the
present thesis, now we recall some useful definitions and basic results about these
product manifolds:

If M; and M5 are Riemannian manifolds with Riemannian metric ¢g; and g
respectively then the product manifold (M; x M, g) is a Riemannian manifold
with the Riemannian metric g defined as

9(X,Y) = g1(dm X, dmY) + go(dme X, dmpY)

where 7; (i = 1,2) are the projection maps of M onto M; and M, respectively
and dm; (i = 1,2) are their differentials.

In [8] R.L. Bishop and B. O’Neill introduced the notion of warped product
manifolds by homothetically warping the product metric of a product manifold
B x F on the fibers p x F for each p € B. This generalized product metric ap-
pears in differential geometric studies in a natural way. For example, a surface of
revolution is a warped product manifold. They defined these product manifolds
as follows:

DEFINITION 1.1.6 [8]. Let (B, gp) and (F, gr) be two Riemannian manifolds
with Riemannian metrics gg and gr respectively and f, a positive differentiable
function on B. The warped product of B and F' is the Riemannian manifold

B x yF=(BxF, g),

where
9=95+ fgr.
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More explicitly if X is tangent to M = B X ¢F at (p, ¢) then
1K1 = [ldmi X2 + f2(p) | dma X ||,
where the function f is known as the warping function.

Doubly warped product manifolds were introduced as a generalization to
warped product manifolds by B. Unal [73]. Doubly warped product manifolds
are defined as:

DEFINITION 1.1.7 [73]. A doubly warped product manifold of B and F', denoted
as B x; I is endowed with a metric g defined as

9= f’g95 + bV°gr,

where b: B — R" and f: ' — R* are smooth maps and ¢gp, gr are the metrics
on the Riemannian manifolds B and F' respectively. If either b =1 or f =1, but
not both, then we obtain a (single) warped product. If both b = 1 and f = 1,
then we have a product manifold. 1f neither b nor f is constant, then we call it
non trivial doubly warped product manifold.

DEFINITION 1.1.8. A warped product manifold is said to be trivial if its warp-
ing function f is constant. In this case, the warped product manifold B x F' is
locally a Riemannian product B x F/, where F7 is the manifold with Riemannian
metric f2gr which is homothetic to the original metric g on F.

THEOREM 1.1.1 [40]. If the tangent bundle of a Riemannian manifold M splits
into an orthogonal sum TM = Eq® E; of non trivial vector subbundles such that
Ey is spherical and its orthogonal complement Ey is autoparallel, then the mani-
fold M s locally isometric to a warped product No x sNj.

EXAMPLE 1.1.2. A surface of revolution is a warped product with leaves as
the different positions of the rotated curve and fibers the circles of revolution.
Explicitly, if M is obtained by revolving a plane curve C' about an axis in R? and
f: C — RT, gives distance to the axis, then the surface M = C' x ;S*(1) is a
warped product manifold. Here S*(1) denotes the unit circle.

EXAMPLE 1.1.3. In spherical coordinates the line element of R? — {0} is

ds® = dr? + r*(d6” + sin® 0d¢?).



Setting r = 1 gives the line element of the unit sphere S?. Evidently R® — {0} is
diffeomorphic to R?* — {0} can be identified with the warped product R x ,.S52.
In R? — {0} the leaves are the rays from the origin and the fibers are the spheres
S%(r), r > 0.

In general, R" — {0} is naturally isometric to R* x,. S"~1.

EXAMPLE 1.1.4. The standard spacetime models of the universe are warped
products, as are the simplest models of neighborhoods of stars and black holes.

1.2. SUBMANIFOLDS THEORY

If an n-dimensional differentiable manifold M admits an immersion
f:M—=M

into an m-dimensional differentiable manifold M, then M is said to be a subman-
ifold of M. Clearly n < m. If M is a Riemannian manifold with a Riemannian
metric ¢, then M also admits a Riemannian metric induced from M which is
denoted by the same symbol g. The immersion f is said to be an isometric
immersion if the differentiable map f, : TM — TM preserves the Riemannian
metric, that is for any X, Y € TM,

g(f. X, f.Y)=9g(X,Y). (1.2.1)

We shall identify T'M with f,T'M through the isomorphism f,. Hence a
tangent vector in TM tangent to M, shall mean tangent vector which is the
image of an element in T'M under f,. More generally, a C*°-cross section of
the restriction of TM on M shall be called a vector field of M on M. Those
tangent vectors of M which are normal to TM form the normal bundle T+M
of M. Hence for every point x € M, the tangent space Tf(x)M of M admits the
following decomposition

The Riemannian connection V of M induces canonically the connection V
and V+ on TM and T+M respectively governed by the Gauss and Wiengarten
formulae Y.i.z.

VxY =VxY +h(X,Y), (1.2.2)

VxN = —AyX + V%N, (1.2.3)
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where X, Y are tangent vector fields on M and N € T+M. Ay and h are second
fundamental forms and are related by

g(h(X,Y),N) =g(AnyX,Y). (1.2.4)

Looking into the Gauss formula, we observe that one can classify the sub-
manifolds, by putting conditions on h as follows:

DEFINITION 1.2.1. A submanifold for which the second fundamental form h
is identically zero is called a totally geodesic submanifold.

DEFINITION 1.2.2. A submanifold is called totally umbilical if its second fun-
damental form h satisfies

h(X,Y) = g(X,Y)H, (1.2.5)

for any X, Y € TM and H = L3~ h(e;, ¢;) is the mean curvature vector, where n
i=1
is the dimension of M and {e;} is a local orthonormal frame of vector fields on M.

DEFINITION 1.2.3. A submanifold is called a minimal submanifold if the mean
curvature vector vanishes identically i.e., H = 0.

~ For the second fundamental form h, we define the covariant differentiation
V with respect to the connection in 7'M by

for any vector field X,Y and W tangent to M.

Let R and R denote the curvature tensor of the connection on M and M
respectively, then the equation of Gauss, Coddazi and Ricci are given by

R(X,Y,W,Z) = R(X,Y,W,Z) + g(h(X, Z), h(Y, WV))

—g(h(X, W), h(Y, Z)), (1.2.7)
(R(X,Y)W)' = (Vxh)(Y,W) = (Vyh)(X, W), (1.2.8)
R(X,Y, N1, Na) = RH(X,Y, Ny, Na) — g([An,, A X, Y), (1.2.9)
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where R(X,Y, W, Z) = g(R(X, Y)W, Z). In (1.2.8), (R(X, Y)VV)L denotes
the normal component of R. X, Y, W and Z are vector fields tangent to M and
N1, Ny are vector fields normal to M.

DEFINITION 1.2.4. A vector sub-bundle v of the normal bundle T+ M is said
to be parallel (in the normal bundle) if

VN €v

for any X € T'M and any local cross section N in v.

A submanifold M of M is called auto-parallel if for each vector X € T, M
and for each curve v in M starting from z, the parallel displacement of X along
7 (with respect to the affine connection V of M) yields a vector field tangent to
M. Thus, a distribution D on a manifold M is auto-parallel if VxY € D for each
X,Y in D. In general, if D and D are two distributions defined on a manifold
M, we say that D is D-parallelif for all X € D and Y € D we have VxY € D. If
D is D parallel then it is auto parallel. D is called X-parallel for some X € T M
and for all Y € D we have VxY € D. D is said to be parallel if for all X € TM
and Y € D, VxY € D.

If a distribution D on M is auto parallel, then it is clearly integrable and by
Gauss formula D is totally geodesic in M. If D is parallel, then the orthogonal
complementary distribution D’ is also parallel, which implies that D is parallel
if and only if D’ is parallel. In this case M is locally the product of the leaves of
D and D'

REMARK 1.2.1. In view of the above observation, throughout the auto paral-
lelism of a distribution on a manifold M and totally geodesicness of its leaves in
M are treated equivalent and the two terms are used interchangeably.

On a submanifold M of an almost Hermitian manifold A, for any vector
field X tangent to M, we put

JX =TX + NX, (1.2.10)

where T'X and NX are the tangential and normal components of JX respec-
tively. Then T is an endomorphism of the tangent bundle TM and N is normal
valued one form on T'M.

Similarly for any vector field N normal to M, if we put

JN =tN + nN, (1.2.11)
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where tN and n/N are tangential and normal components of JN respectively,
then n can be treated as an endomorphism of the normal bundle T+M and t, a
tangent bundle valued 1-form on THM.

The covariant differentiation of the operator T, N, t and n are defined respec-
tively as

(VxT)Y = VxTY —TVyY, (1.2.12)
(VxN)Y = VxNY — NVyY, (1.2.13)
(Vxt)N = VxtN — tVyN, (1.2.14)
(Vxn)N = VxnN — nVxN, (1.2.15)

for any X,Y € TM and N € T+ M.

Furthermore, for any X,Y € TM, let us decompose (VxJ)Y into tangential
and normal parts as B
(VXJ)Y =PxY + QY. (1.2.16)

By making use of equations (1.2.2), (1.2.3), (1.2.4), (1.2.10) and (1.2.11), we
may obtain that

PxY = (VxT)Y — Ayy X — th(X,Y), (1.2.17)

OxY = (VxN)Y + h(X,TV) —nh(X,Y). (1.2.18)

Similarly for N € T+M, denoting by PxN and Qx N respectively the tan-
gential and normal parts of (VxJ)N, we find that

PxN = (Vxt)N + TAxX — Aun X, (1.2.19)

OxN = (Vxn)N + h(tN,X) + NAyX. (1.2.20)

The following properties of P and Q are used in our subsequent discussion
and can be verified through straightforward computations:

(p1) (i) PxiyW =PxW + Py W,

(ii) OxyW = OxW + Oy W.
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(p2) (i) Px(Y +W) =PxY + PxW,

(ii) Ox(Y +W) = QxY + QxW.
(ps) (i) g(PxY, W) = —g(Y,PxW),

(i) 9(QxY, N) = —g(Y, PxN).
(Pa) PxJY + QxJY = —J(PxY + QxY).

However, on a submanifold M of an almost contact manifold (M, ¢, &, ), for
any X € T'M, we also denote the tangential and normal components of ¢.X by
TX and NX respectively. Similarly the tangential and normal components of
&N, for N € T+ M are denoted by tN and nN respectively i.e., we write

¢X =TX + NX (1.2.21)

and
¢N =tN +nN. (1.2.22)

The covariant differentiation of the operators T, N, t and n are defined in
the same manner as in equations (1.2.12) to (1.2.15).

In view of equation (1.2.12), the Nijenhuis tensor Sy of T' is also expressed
as

Sr(X,Y) = (VexT)Y — (Vv T)X + T(VyT)X — T(VxT)Y,  (1.2.23)

forall XY € TM.

1.3. SUBMANIFOLDS OF ALMOST HERMITIAN, ALMOST
CONTACT METRIC MANIFOLDS

Since the present thesis deals with the submanifold theory, we recall, in this
section, some of the basic notions and results about submanifolds of almost Her-
mitian, almost contact metric manifolds, which are relevant for the subsequent
chapters.

On an almost Hermitian manifold M,

9(JX, JY) = g(X,Y),
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for all vector fields X,Y on M. In other words,
g(JX,X)=0,

ie., JX L X for each vector field X on M. Hence for a submanifold M of M if
X €T, M, JX may or may not belong to T,,M. Thus the action of the almost
complex structure J on the tangent vectors of the submanifold of the almost Her-
mitian manifold gives rise to its classification into invariant and anti-invariant
submanifolds. These submanifolds are defined as follows:

DEFINITION 1.3.1. A submanifold M of an almost Hermitian manifold M is
said to be invariant (or holomorphic) submanifold if

J(T, M) =T,M, for all =z € M.

DEFINITION 1.3.2. A submanifold M of an almost Hermitian manifold M is
said to be a totally real (or anti-holomorphic) if

J(T,M) C T+ M, for all z € M.

In 1978, A. Bejancu (cf. [3], [4]) considered a new class of submanifolds of
an almost Hermitian manifold of which the above classes namely invariant and
totally real submanifolds are particular cases and named these submanifolds as
CR-submanifolds. That is, a CR-submanifold provides a single setting to study
the invariant and anti-invariant submanifolds of an almost Hermitian manifold.
Formally a CR-submanifold of an almost Hermitian manifold is defined as follows:

Let M be an almost Hermitian manifold with an almost complex structure .J
and Hermitian metric g and M, a Riemannian submanifold immersed in M. At
each point z € M, let D, be the maximal holomorphic subspace of the tangent
space T, M i.e.,

D, =T,MnNJT,M.

If the dimension of D, is same for all x € M, we get a holomorphic distribution
D on M.

DEFINITION 1.3.3 [3]. A submanifold is said to be a CR-submanifold of an
almost Hermitian manifold M if there exists on M a C'°°-holomorphic distribu-
tion D such that its orthogonal complementary distribution D+ is totally real

ie, JDF CTHM, for all z € M.

For a CR-submanifold M of an almost Hermitian manifold M, the tangent
bundle TM and normal bundle 7+M are decomposed as

TM = D@ D+
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and
T+M = JD @ v,

where v is the orthogonal complementary distribution to JD+ and is invariant
under J.

It is easy to observe that TX € D and NX € JD+,V X € TM. Similarly
tN € D+ and nN € v, forall N € T+ M.

DEFINITION 1.3.4. A CR-submanifold M is said to be proper if neither D nor
D+ = 0. Obviously if D = 0, then M is totally real submanifold and if D+ = 0,
then M is a holomorphic submanifold.

DEFINITION 1.3.5. A CR-submanifold is called an anti-holomorphic subman-
ifold if JD; = TPLM, for all p € M.

DEFINITION 1.3.6. A CR-submanifold M is called a CR-product if it is locally
a Riemannian product of a holomorphic submanifold Ny and a totally real sub-
manifold N .

From the above definition it follows that on a CR-product submanifold, the
leaves of D and D+ are totally geodesic in M and vice-versa.

We know that the leaves of a distribution D on a manifold M are totally
geodesic in M if and only if VxY € D for all X, Y € D. Thus in the setting
of CR-submanifold of an almost Hermitian manifold, the leaves of D are totally
geodesic in M if and only if

VxY eD (1.3.1)

for all XY € D, which is equivalent to the condition
VxW € D+ (1.3.2)

for X € D and Z,W € D+. Similarly, for the totally geodesicness of the leaves
of D*, the conditions
VW e Dt (1.3.3)

and
V;XeD (1.3.4)

for X in D and Z, W in D+, are equivalent.

From the definition (1.3.6), a CR-submanifold is a CR~product if and only if
the leaves of D and D™ are totally geodesic in M. Hence combining (1.3.1) and
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(1.3.4), we conclude that a CR-submanifold of an almost Hermitian manifold is
a CR-product if and only if
VuX €D (1.3.5)

for all X € TM. Similarly, combining (1.3.2) and (1.3.3), it is concluded that a
CR-submanifold is a CR-product if and only if

VuZ € D*. (1.3.6)

Since,
9(VuX,Z)=0 <= ¢g(X,VyZ)=0.

Therefore the conditions (1.3.5) and (1.3.6) are equivalent.

DEFINITION 1.3.7 [22]. A CR-submanifold M in a Kaehler manifold is said
to be mized foliate if

(i) D is integrable and
(ii) h(D,D*) =0.

If the ambient space M of a CR-submanifold M is a Kachler manifold, then
the integrability conditions for the distributions D and D+ obtained by A. Be-
jancu and B.Y. Chen (cf. [3], [4], [22], [23]) are:

THEOREM 1.3.1 [22]. The holomorphic distribution D on a CR-submanifold
of a Kaehler manifold M is integrable if and only if

g(WX,JY), JZ) = g(W(JX,Y), ] Z),
for any vector fields X,Y € D and Z € D*.

THEOREM 1.3.2 [22]. The totally real distribution D+ on a CR-submanifold
in a Kaehler manifold is integrable.

With regard to the geometry of D and those of D+, we have

THEOREM 1.3.3 [22]. Let M be a CR-submanifold of a Kaehler manifold M.
Then

(i) The leaves of D are totally geodesic in M if and only if

g(h(D,D), ‘]DL) =0,
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(ii) The leaves of D+ are totally geodesic in M if and only if

g(h(D,D*), JDY) = 0.

If a CR-submanifold M is locally a Riemannian product of the leaves of D
and D, then M is said to be a CR-product submanifold. B.Y. Chen obtained
the following characterization for M to be a CR-product in a Kaehler manifold:

THEOREM 1.3.4 [22]. A CR-submanifold M in a Kaehler manifold M is a
CR-product if and only if
AJDJ_D - O

Another equivalent condition for CR-product is obtained in the form of the
following theorem:

THEOREM 1.3.5 [22]. A CR-submanifold of a Kaehler manifold M is a CR-
product if and only if B
VT =0.

The condition VT = 0 was further extended by Chen [23] for general Rie-
mannian submanifolds of almost Hermitian manifolds and is given as:

THEOREM 1.3.6 [25]. Let M be a submanifold of an almost Hermitian man-
ifold M. Then VT = 0 if and only if M is locally the Riemannian product
My x My X -++ x M. Where each M; is either a Kaehler submanifold, a totally
real submanifold or a Kaehlerian slant submanifold.

We now define slant submanifolds of almost Hermitian manifolds.

Let M be an n-dimensional submanifold of an almost Hermitian manifold M
with almost complex structure J and Hermitian metric g. To extend the notion
of CR-submanifold to slant submanifold it is imperative to relook at the notions
of holomorphic and totally real submanifolds. To this end, we can say that a
submanifold of an almost Hermitian manifold is a holomorphic submanifold if
and only if every nonzero vector X tangent to M at x € M, the angle between
JX and T, M is equal to zero. Similarly M is totally real if and only if for every
non zero vector X € T, M the angle between JX and T, M is w/2. As before, for
any vector field X tangent to M, we put

JX =TX + NX,
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where T'X and NX denote respectively the tangential and normal components

of JX.

For each non zero vector X tangent to M at z, the angle 0(X) between
JX and T, M is called the Wirtinger angle of X. It is easy to observe that
Wirtinger angle (X)) of X is infact the angle between JX and T'X. An immer-
sion f: M — M is called a general slant immersion if the angle §(X) is constant
(i.e., independent of the choice of x € M and X € T,M). Holomorphic and
totally real immersions are slant immersions with Wirtinger angle 6 equal to 0
and /2 respectively.

A general slant immersion which is not holomorphic is called a slant immer-
sion. The Wirtinger angle 6 is called the slant angle of the slant immersion. If
M is a slant submanifold of an almost Hermitian manifold M, then we have (cf.
[26])

T? = —(cos? )1, (1.3.7)

where 6 is the Wirtinger angle of M in M. From (1.3.7) it can be easily seen that
g(TX,TY) = cos’0g(X,Y), (1.3.8)

g(NX,NY) =sin*0g(X,Y), (1.3.9)
for X, Y tangent to M.

Various aspects of slant submanifolds of a Kaehler manifold have been inves-
tigated by B. Y. Chen [25], Chen and Tazawa (c.f., [27],[28]), Maeda and ohnita
[53]. Before introducing slant submanifolds of contact manifolds, we first recall
the notions of invariant and anti-invariant submanifolds of contact manifolds.

A submanifold M of an almost contact metric manifold (M, ¢, £, 7, g) is said
to be invariant submanifold if ¢T, M C T, M,V x € M. And a submanifold M
of an almost contact metric manifold is said to be anti-invariant submanifold if
ST, M CT-M, ¥ x e M.

The study of the differential geometry of semi-invariant or contact CR-
submanifolds, as a generalization of invariant and anti-invariant submanifolds
of an almost contact metric manifold was initiated by A. Bejancu and N. Pa-
paghiuc [7] and was followed by several geometers (cf. [48], [57], [78] etc.).

~ Throughout, for a submanifold M of an almost contact metric manifold
(M, $,€,1m,9), we assume that the structure vector field ¢ is tangential to the
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submanifold M and therefore the tangent bundle T'M is decomposed as
TM =D (§),

where () is the one dimensional distribution on M spanned by structure vector

field &,

DEFINITION 1.3.8. A submanifold M of an almost contact metric manifold M
is said to be a contact CR-submanifold (or semi-invariant submanifold) if there
exists a pair of orthogonal distributions (D, D) satisfying the conditions

(i) TM = D& D* & (),
(ii) The distribution D is invariant by ¢ i.e., D, = D,, = € M,
(iii) The distribution D+ is anti-invariant i.e., D= C T;-M, z € M,

where TM and T+M denote the tangent and normal bundle to M respectively.
It follows that the normal bundle splits as

T+M = ¢Dt v, (1.3.10)

where v is the invariant sub-bundle of T+ M by ¢. If D = {0} (resp. D+ = {0}),
then M is said to be an anti-invariant (resp. invariant) submanifold. We say
that M is a proper contact CR-submanifold ( or semi-invariant submanifold) if
it is neither invariant nor anti-invariant.

REMARK 1.3.1. Let M be a semi-invariant submanifold of an almost contact
metric manifold M then, we have

(i) For any X € TM, TX € D and NX € ¢D*,
(ii) For any N € T*M, tN € D+ and nN € v.

The notion of slant submanifolds is extended to the setting of almost contact
metric manifolds by A. Lotta [50]. Recently, J.L. Cabrerizo et al. [17] and A.
Carriazo et al. [18] studied these submanifolds in a more specialized setting of
Sasakian and K-contact manifolds.

Let M be an almost contact metric manifold with structure (¢, £, 7, g) and M
an immersed submanifold of M. For any # € M and X € T, M, if the vectors X
and ¢ are linearly independent, the angle 6(X) € [0,7/2], between ¢.X and T, M
is well defined. If #(X) does not depend on the choice of x € M and X € T, M,
then M is said to be slant in M. The constant angle §(X) is then called the slant
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angle of M in M, which in short, we denote by sla(M).

In particular, anti-invariant submanifolds of a Sasakian manifold are slant
submanifolds with slant angle equal to 7/2. A. Lotta [50] proved that slant sub-
manifolds of a Sasakian manifold with slant angle equal to zero are invariant
submanifolds. This fact is not trivial, since by definition an invariant submani-
fold must have odd dimension and the characteristic vector field £ of the ambient
manifold is required to be tangent to the submanifold. More generally, Lotta
showed that these properties are always satisfied by any non anti-invariant slant
submanifold of a contact metric manifold.

It can be seen with the help of (1.1.11) and (1.2.21) that

9(¢X,Y) = —g(X, ¢Y) (1.3.11)
ie.,

g(TX,)Y)=—g(X,TY), (1.3.12)
which implies that

g(T*°X,Y) = g(X,T?Y), (1.3.13)

for all X,Y € TM that is T? (which will be denote by Q) is a self adjoint
endomorphism on T'M. it is also easy to observe that, the eigen value of () be-
long to [—1, 0] and that each non-vanishing eigen value of @) has even multiplicity.

The covariant derivative of endomorphism () is defined as:
(VxQ)Y = VxQY — QVxY, (1.3.14)

forall X,Y € TM.

The following are some important results of A. Lotta [50], which will be used
in the subsequent chapters.

THEOREM 1.3.7 [50]. Letxz € M and X € T, M be an eigen vector of () with
eigen value \(X). Suppose that X is linearly independent from &,. Then

RY

cosf(X) = —)\(X)WX‘.

(1.3.15)

THEOREM 1.3.8 [50]. Suppose that M is slant in M and 6 = Sla(M) # 7 /2.
Then, for any x € M, Q admits the real number — cos® 0 as the only non van-
1shing eitgen value. Moreover the related eigen space H satisfies H C D where
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D = span(&,)*t C T, M.

THEOREM 1.3.9 [50]. Let M be a slant submanifold of dimension m of an
almost contact metric manifold M and suppose sla(M) # 7 /2. Then we have

m is even <= £is orthogonal to M,
m is odd <= ¢&is tangent to M.

THEOREM 1.3.10 [50]. Let M be an immersed submanifold of a contact met-
ric manifold M. If & is orthogonal to M, then M is anti-invariant.

The following theorem provides a useful characterization for the existence of
a slant distribution on a contact metric manifold.

THEOREM 1.3.11 [17]. Let M be a submanifold of an almost contact metric
manifold M, such that & € TM. Then M is slant if and only if there exists a
constant X € [0,1] such that

T*=XN-1+n®E). (1.3.16)
Furthermore, in such case, if 0 is slant angle, then \ = cos? 0.

Following relations are straight forward consequence of equation (1.3.16)

g(TU,TV) = cos® 0[g(X,Y) — n(X)n(Y)]
(1.3.17)
g(NU,NV) = sin*0[g(X,Y) — n(X)n(Y)]

for any X,Y tangent to M.

Recently, N. Papaghiuc [64] introduced the notion of semi-slant submanifolds
of an almost Hermitian manifold as a generalized version of CR-submanifolds.
J.L. Cabrerizo et al. [16] studied this class of submanifolds in an almost contact
metric manifold. Therefore, semi-invariant and contact slant submanifolds, be-
come particular cases of these submanifolds.

DEFINITION 1.3.9. Given a submanifold M, isometrically immersed in almost
Hermitian manifold (M, J, g), a differentiable distribution D on M is said to be
a slant distribution if for any non zero vector X € D,, x € M, the angle between
JX and the vector space D, is constant i.e., it is independent of the choice of
x € M and X € D,. This constant angle is called the slant angle of the slant
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distribution D. M is said to be a Semi-slant submanifold if there exist on M two
differentiable distributions D and D, such that

TM = D@ Dy,

where D is a holomorphic distribution i.e., JD = D and Dy is a slant distribution
with the angle 6 # 0.

Now, if M is an almost contact metric manifold with contact metric structure
(0,€,m, g), then a submanifold M of M is said to be semi-slant submanifold if
there exist two orthogonal distributions D and Dy on M such that

(i) TM admits the orthogonal direct decomposition TM = D & Dy @ (£),
(ii) The distribution D is invariant under ¢ i.e., ¢D C D,
(iii) The distribution Dy is slant with slant angle 6 # 0.

If we denote the dimension of D by d; and Dy by ds then we find the following
cases

(a) If do =0, then M is an invariant submanifold.
(b) If d; =0 and 6 = 7/2, then M is an anti-invariant submanifold.

(c) If dy = 0 and 6 # 7/2, then M is a proper slant submanifold with slant
angle 6.

Similarly, we define anti-slant submanifold as follows:

DEFINITION 1.3.10. A submanifold M of an almost contact metric manifold
M is said to be anti-slant submanifold if there exist two orthogonal distributions
D; and D, such that

() TM = D, & Dy & (6),
(ii) D is anti-invariant i.e., ¢D; C T+ M,

(iii) Dy is slant with slant angle 6 # /2.
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SOME SLANT AND BI-SLANT SUBMANIFOLDS
OF ALMOST HERMITIAN MANIFOLDS

2.1. INTRODUCTION

The notion of slant submanifolds of an almost Hermitian manifold was intro-
duced by B.Y. Chen (cf. [25,26]). These submanifolds are the generalization of
both holomorphic and totally real submanifolds of an almost Hermitian manifold
with an almost complex structure J. A nearly Kaehler structure on a manifold
provides an interesting study with differential geometric point of view (cf. [36],
[37]). Consequently, the study of submanifolds of a nearly Kaehler manifold vis-
a-vis that of a Kaehler manifold assumes significance in general, then the study of
totally umbilical CR-submanifolds of a nearly Kaehler manifold has been studied
in [43]. Later on, V.A. Khan and M.A. Khan extended this study to the semi-
slant submanifold of a nearly Kaehler manifold [45]. Recently, B. Sahin proved
every totally umbilical proper slant submanifold of a Kaehler manifold is totally
geodesic. In this chapter we have extended the results of B. Sahin [66] in this
more general setting of nearly Kaehler manifolds.

Bi-slant submanifolds of an almost Hermitian manifold were introduced as a
natural generalization of semi-slant submanifolds by A. Carriazo [18]. The class of
bi-slant submanifolds includes complex, totally real and CR-submanifolds. One
of the most important bi-slant submanifolds of an almost Hermitian manifold is
anti-slant submanifold which is studied by A. Carriazo [18]. Later, he called these
submanifolds as pseudo slant submanifolds (also known as Hemi-slant submani-
folds [67]). We have extended the study of these submanifolds to the setting of
nearly Kaehler manifolds and have obtained some basic and interesting results,
some of which are incorporated in Section 2.3 and a classification theorem is
proved for these submanifolds.

2.2. TOTALLY UMBILICAL PROPAR SLANT SUBMANIFOLDS OF
NEARLY KAEHLER MANIFOLDS

!The content of chapter are published in Kuwait Journal of Science and Engineering and
Acta Universitatis Apulensis.
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This section deals with totally umbilical proper slant submanifolds of nearly
Kachler manifolds. Throughout the section, we assume M to be a nearly Kaehler
manifold and M a slant submanifold of M. Let M be a Riemannian manifold
with almost complex structure J and Hermitian metric g satisfying

(a) J2=—1I, (b) g(JX,JY)=g(X,Y) (2.2.1)

for any X,Y € TM, where TM is the tangent bundle of M. If the almost complex
structure J satisfies B
(VxJ)X =0 (2.2.2)

for any X € TM, where V is the Levi-Civita connection on T'M then M is said
to have a nearly Kaehler structure. In this case M is a nearly Kaehler man-
ifold. Equation (2.2.2) is equivalent to (VxJ)Y + (VyJ)X = 0. Obviously,
every Kaehler manifold is a nearly Kaehler. The geometric meaning of the nearly
Kaehler condition is that geodesic are holomorphically planer curves. So far as
non Kaehler nearly Kaehler manifolds are concerned, one of the most prominent
example is that of S% on a 6-dimensional unit sphere S° [36].

For each non-zero vector X tangent to M at x, the angle 6(X) between JX
and T, M is called Wirtinger angle of X. It is easy to observe that Wirtinger angle
0(X) of X is in fact, the angle between JX and TX. An immersion f : M —s M
is called a general slant immersion if the angle (X)) is constant (i.e., independent
of the choice of x € M and X € T, M). Holomorphic and totally real immersions
with Wirtinger angle # = 0 and 7/2. A general slant immersion which is not
holomorphic and totally real is called proper slant immersion.

A submanifold M of almost Hermitian manifold M is slant submanifold of
M if and only if [25]
T? =\ (2.2.3)

for some real number A € [—1,0], where [ is the Identity transformation of the
tangent bundle T'M of the submanifold M. Moreover, if M is a slant submanifold

and @ is the slant angle of M, then A\ = — cos? 0. Hence, for a slant submanifold
we have
g(TX,TX) = cos®0g(X,Y) (2.2.4)
g(NX,NY) =sin*0g(X,Y) (2.2.5)

for any X,Y € T'M.

Let M be a proper slant submanifold of an almost Hermitian manifold M,
then NT,M is a subspace of T:-M. Thus for any z € M, we decompose the
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normal space as
T M =NTM & pu

where g is an invariant normal subbundle orthogonal to NT'M.

On a submanifold M of a nearly Kaehler manifold M, it follows from (2.2.2)
that
(@) PxY +PyX =0, (b)) QxY +QyX =0 (2.2.6)

for any X, Y € T'M.

THEOREM 2.2.1. Let M be a totally umbilical proper slant submanifold of a
nearly Kaehler manifold M. Then the following conditions are equivalent

(i) The submanifold M has a nearly Kaehler structure (T, g)
(i) H € p
where H 1s the mean curvature vector of M.

Proof: As M is a totally umbilical proper slant submanifold then for any X,Y €
TM, we have
MTX, TY)=g(TX,TY)H.

Using (1.2.2) and (2.2.4), we obtain
VorxTY — VrxTY = cos*0g(X,Y)H.
Then from equation (1.2.10), we get
VirxJY —VrxNY — VixTY = cos® 0g(X,Y)H.
Thus on using covariant derivative of J, we arrive at
(VrxJ)Y + IVrxY —Vix NY — VixTY = cos®0g(X,Y)H.
Using (1.2.2) and (1.2.3), we get
cos’0g(X,Y)H = (VrxJJ)Y + J(VrxY + h(TX,Y))

+ AnyTX — Vzx NY — VxTY. (2.2.7)
Interchanging Y with 7Y in (2.2.7), we obtain

cos?0g(X, TYH = (Vyx J)TY + J(VrxTY + h(TX,TY))
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+ AnryTX — Viy NTY — VpxT?Y.
Then taking account of equations (1.2.5), (2.2.3) and (2.2.4) we deduce that

cos?0g(X, TY)H = (VyxJ)TY + JVrxTY +cos?0g(X,Y)JH

+ AnryTX — V7 NTY — cos? 0V rxY. (2.2.8)

Similarly, we can obtain
cos?0g(Y, TX)H = (Vyy J)TX + JVryTX + cos* 0g(X,Y)JH

+ AnrxTY — Vg, NTX — cos® 0V ry X. (2.2.9)
Adding the equations (2.2.8) and (2.2.9), we get

cos> {g(Y, TX)+g9(X,TY)YH = (Vpy )T X +(Vrx )TY

+ J(VryTX +VoxTY) +2cos® 0g(X,Y)JH
+ AnrxTY + AnpyTX —Viy NTX — V7 NTY
—cos?0(Vpy X + VoxY). (2.2.10)
Then from (2.2.1) and (1.1.8), we obtain

0=J(VrxTY + VoyTX) + AnrxTY + AnryTX — Vzy NTX

— VzxNTY +2cos?0g(X,Y)JH — cos®> O(VrxY + Vry X).
Using (1.2.10) and then equating the tangential components, we get

0=T(VrxTY + VryTX) +2cos? 0g(X, Y )tH

-+ ANTyTX + ANTXTY — (3082 G(VT)(Y + VTyX). (2211)
As 0 # 7 /2, interchanging X by TX and Y by TY in (2.2.11) we obtain that

0=cos'0{T(VxY +VyX)+29(X,Y)tH + AyryTX

+ANTXTY —VxTY —VyTX}. (2.2.12)
On the other hand, for any U € T'M, we have

9(AnryTX,U) = g(h(TX,U), NTY).
Using (2.2.1), we get

9 ANty TX,U) = —g(JW(TX,U),TY).

27



Then from equations (1.2.5) and (1.2.10), we obtain that
g(AnryTX,U) = —g(TX,U)g(tH,TY).

That is

Using this fact the equation (2.2.12) takes the form
0=cos* {T(VxY + VyX) +29(X,Y)tH — TXg(tH,TY)

~TYg(tH,TX) — VxTY — VyTX}.

In particular, we obtain from the above equation that
0=2cos’ {TVxX+g(X,X)tH-TXg(tH,TX)—-VxTX}. (2.2.14)
Since 0 # /2, then from (2.2.14), it follows that
VxTX —TVxX = | X|*tH — TXg(tH, TX). (2.2.15)

From the above equation (2.2.15) it can be seen as if H € y and then (VxT)X = 0
and vice-versa. This completes the proof of the theorem.

THEOREM 2.2.2. A {otally umbilical proper slant submanifold M of a nearly
Kaehler manifold M 1is totally geodesic if n is parallel and H € p.

Proof: For any X,Y € T'M, we have
(VxJ)Y =VxJY — JVY.
Using (1.2.2) and (1.2.10) we get
PxY + OxY =VxTY + VxNY —TVxY — NVxY — Jh(X,Y).
Again from (1.2.2) and (1.2.3), we obtain
PxY + OxY =VxTY + h(X,TY) — Any X

+VELNY —TVxY — NVxY — Jh(X,Y).
Then from (1.2.5), we derive

ny + Qxy = VxTY + g(X, TY)H — ANyX

+VxNY —TVxY — NVxY — g(X,Y)JH. (2.2.16)
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Taking the product in (2.2.16) with JH and using Theorem 2.2.1 (equivalent
conditions), we deduce that

9(QxY, JH) = g(X,TY)g(H, JH) + g(VxNY, JH)

Using (2.2.1) and again Theorem 2.2.1 (equivalent conditions), we obtain
9(QxY. JH) = g(VxNY, JH) — g(X,Y)| H|*.
Thus by (1.2.3), we get
9(QxY, JH) = g(VxNY,JH) — g(X,Y)||H]|. (2.2.17)
Similarly, we can obtain
g(QyX,JH) = g(VyNX,JH) — g(X,Y)| H| (2.2.18)

Adding the equations (2.2.17) and (2.2.18) and on applying (2.2.6)(b), we arrive
at
g(VxNY +VyNX,JH) = 29(X,Y) | H|* (2.2.19)

Now for any X € T'M, we have
VxJH = (VxJ)H + JVxH.
Using (1.2.3), (1.2.10) and (1.2.11) we get
~ Ay X+VyJH =PxH+QxH—-TAyX —NAy X +tVxH+nVyH. (2.2.20)

Taking the product in (2.2.20) with NY for any Y € T'M and using the fact that
nV+H € u the above equation gives

g(VxJH,NY) = —g(NAgX,NY) + g(QxH, NY). (2.2.21)
Then from (2.2.5), we get
g(VxJH,NY) = —sin®0g(ApX,Y) + g(Qx H,NY).
Since H € p (by Theorem 2.2.1) then using (1.2.3) and (1.2.4), we obtain
g(VxNY,JH) = sin?g(h(X,Y), H) — g(QxH, NY).
Thus from (1.2.5), we derive

g(VxNY,JH) = sin’0g(X,Y)| H||* — g(Qx H, NY). (2.2.22)
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Similarly, we obtain
g(VyNX,JH) =sin?0g(X,Y) || H||* — g(QyH, NX). (2.2.23)
On addition of the equations (2.2.22) and (2.2.23), we get
g(VxNY + VyNX, JH) = 2sin? 0g(X,Y) || H|?

— g(QxH,NY) — g(QyH,NX). (2.2.24)
From equation (2.2.19) and (2.2.24) we derive

29(X,Y)|H|? = 2sin* 0g(X, V)| H|]* — 9(Qx H,NY) — g(Qv H, NX).
That is,
2cos? 0g( X, Y)||H||? + 9(QxH,NY) + g(Qy H, NX) = 0. (2.2.25)
Now, from equation (1.2.21) we have
g(QxH,NY) = g((Vxn)H,NY) + g(h(tH,X), NY) + g(NAxz X, NY),

for any X,Y € T'M. Using the assumption that n is parallel and Theorem 2.2.1
(equivalent conditions), then in view of the equation (2.2.5), we obtain that

g(QxH,NY) =sin*0g(AyX,Y). (2.2.26)
Then from (1.2.4) and (1.2.5), we get
g(QxH,NY) =sin®0g(X,Y)| H|. (2.2.27)
Using this fact in equation (2.2.25), we obtain
g(X,Y)|H|? = 0. (2.2.28)

It follows from (2.2.28) that H = 0, i.e., M is totally geodesic. This proves the
theorem completely.

2.3. PSEUDO-SLANT SUBMANIFOLDS OF NEARLY
KAEHLER M ANIFOLDS

Recently, V.A. Khan and M.A. Khan [46] studied pseudo-slant submanifolds
of a Sasakian manifold. The purpose of the present section is to study totally
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umbilical pseudo-slant submanifolds of nearly Kaehler manifolds.

Before dealing with the pseudo-slant submanifolds of M, we first recall the
definition.

A distribution D on a submanifold M of an almost Hermitian manifold M
is said to be slant distribution if for each U € D,. The angle 6 between JU and
D, is constant i.e., independent of € M and U € D,. A submanifold M of M
is said to be slant submanifold if the tangent bundle T'M of M is slant.

A pseudo-slant submanifold M of M is a submanifold which admits two or-
thogonal complementary distributions Dy and D+ such that Dy is slant and D+
is totally real i.e., JD+ C T+M and Dy is slant with slant angle 6 # 7 /2.

Let TM denote the tangent bundle on M. If p is the invariant subspace
of the normal bundle T+ M. Then, in the case of pseudo-slant submanifold the
normal bundle T+ M can be decomposed as follows

T*M =& NDy & ND*.

First we shall discuss the integrability of involved distributions.

PROPOSITION 2.3.1. Let M be a pseudo-slant submanifold of a nearly
Kaehler manifold then the anti-invariant distribution D+ is integrable if and only

if
Ay X — A;xY +2PxY € D+
for all X,Y € D*.

Proof. For any X,Y € D+ and Z € Dy, then by (1.2.10), we have
g([X,Y],TZ) = g(VyJX — (Vy )X —VxJY + (VxJ)Y, Z)
Using (1.2.2) and (1.2.3) the above equation reduced to
9([X,Y],TZ) = g(Ajy X — AyxY +2PxY, Z). (2.3.1)
Thus the assertion follows from (2.3.1).

PROPOSITION 2.3.2. Let M be a pseudo-slant submanifold of a nearly
Kaehler manifold M, then the distribution Dy is integrable if and only if

hZ,TW) —h(W,TZ) + VzNW — Vi, NZ —2Q,W € ND,.
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Proof. For any X € D+ and Z,W € Dy, then from equations (1.2.10), (1.2.2),
(1.2.3) and the normal components of (VzJ)W we have

g(N[Z,W],NX) = g(h(Z,TW) — h(W,TZ)

+VLNW —ViiENZ —20,W,NX). (2.3.2)

The result follows from equation (2.3.2) and the fact that NDy and ND* are
orthogonal.

As M is a totally umbilical pseudo-slant submanifold of a nearly Kaehler
manifold M. We consider M as a pseudo-slant submanifold of a nearly Kaehler
manifold M and Dy and D' are integrable distributions corresponding to the
slant and totally real submanifolds of M, respectively. Now, for any U € TM,
we have (Vi J)U = 0, using this fact, we get

(VzJ)Z =0 (2.3.3)

for any Z € D+. Therefore the tangential and normal parts of the above equation
are PzZ = 0 and Q7 = 0, respectively. From (1.2.17) and the tangential
component of (2.3.3), we obtain

PyZ =0=(VzT)Z — AxzZ — th(Z, Z).

That is, B
(VZT)Z = AnzZ + th(Z, Z) (234)

As M is totally umbilical and Z € D+, TZ = 0, using this fact and equation
(1.2.12), the above equation takes the form

TV 7 = —g(H,NZ)Z — |Z|*tH. (2.3.5)
Taking the product in equation (2.3.5) with W € D+, we obtain
g(H,NZ)g(Z,W) + | Z|*g(tH,W) = 0. (2.3.6)
Thus the equation (2.3.6) has a solution if one of the following holds:
(a) dimD+ =1
(b) H € p.

Now, we are in the position to prove our main result.

THEOREM 2.3.1. Let M be a totally umbilical pseudo-slant submanifold of a
nearly Kaehler manifold M. Then atleast one of the following statements is true
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(i) M is totally real submanifold,

)
(ii) The slant distribution Dy has a nearly Kaehler structure (7, g),
(iii) M is totally geodesic submanifold when n is parallel,

(iv) dimD*+ = 1.

Proof. 1f Dy = {0}, then by definition M is totally real which is case (i). If
Dy # {0} and H € p, then by Theorem 2.2.1, there is a nearly Kaehler structure
(T, g) on Dy, this is case (ii). Moreover, if H € pu and n is parallel then by
Theorem (2.2.2) M is totally geodesic, which proves case (iii). Finally, if H & u,
then equation (2.3.6) has a solution if dimD* = 1 which is case (iv). Thus the
theorem is proved completely.
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SLANT SUBMANIFOLDS IN LORENTZIAN
PARACONTACT GEOMETRY

3.1. INTRODUCTION

The study of Lorentzian almost paracontact manifold was initiated by K.
Matsumoto (cf. [55],[56]). Later on several authors studied Lorentzian almost
paracontact manifolds and their different classes including those of [33].

The term ”Slant submanifolds” have been introduced by B. Y. Chen in the
paper "Slant Immersions” ([25]), in which slant submanifold of almost Hermitian
manifolds and Kaehler manifolds are studied. According to Chen an immersed
submanifold N of an almost Hermitian manifold (M, J, g) is slant if the Wirtinger
angle J(X) € [0, 7] between JX and T, N has the same value # for any x € N
and X € T, N, X # 0.

The notion of slant submanifold in the sense of Chen is an evident general-
ization of the important notion of holomorphic and totally real submanifolds. The
idea was followed up by many geometers (cf., [17],[18],[28],[53] etc.). A. Lotta [50]
extended the notion of slant immersion to the setting of almost contact metric
manifolds and obtained results of fundamental importance. J.L. Cabrerizo et.al.
[17] studied the geometry of slant submanifolds in more specialized settings of
K-contact and Sasakian manifolds.

As far as LP-Contact geometry is concerned several results can be found in
literature on the so called anti-invariant and invariant submanifolds of various
types of LP-Contact manifolds. Our aim in the present chapter is to extend
the study of slant submanifold to the setting of L P-Contact manifolds. Further-
more, we have extended these results in the setting of Lorentzian almost contact
manifolds.

3.2. SLANT IMMERSIONS IN L P-CONTACT MANIFOLDS

IResults of this chapter are published in Differential Geometry Dynamical Systems and some
results are under consideration in Annals of University of Craiova-Mathematics and Computer
Science Series.
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Throughout, for a submanifold M of a LP-contact manifold (see equation
1.1.18), we assume that the structure vector field £ is tangential to the submani-
fold M and therefore the tangent bundle T'M is decomposed as

TM =D& <>

where < £ > is the one dimensional distribution on M spanned by the structure
vector field &, also we consider that g(X, X) >0V X € TM\(¢).

Let M be an immersed submanifold of M. For any x € M and X € T, M, if
the vector X and ¢ are linearly independent, the angle (X) € [0, /2] between
¢X and T, M is well defined, if §(X) does not depend on the choice of z € M
and X € T, M, then M is slant in M. The constant angle 6(X) is then called
the slant angle of M in M and which in short we denote by Sla(M).

For any x € M taking X € T, M we put X =TX + NX, TX € T, M and
NX € T,*M thus defining endomorphism T : T,M — T,M whose square T>
will be denoted by (. Then tensor field on M of type (1,1) determined by these
endomorphisms will be denoted by the same letters T" and Q).

It is easy to prove that for every z € M, g(TX,Y) = ¢g(X,TY), which
implies that @) is symmetric. Moreover, in the following steps we can prove that
the eigenvalue of @) always belong to [0, 1], for any vector X € T,M— < & >

9(QX. X) = |ITX|*
but,
ITX]| < [[oX]| = [|X]]

therefore,
9(QX, X) = AM(X) [ X|*

where 0 < A(X) <1 and A depends on X. In other words, each eigen value of @
lies in [0, 1].

THEOREM 3.2.1. Letx € M and X € T,M be an eigenvector of QQ with
eigenvalue A\(X). Suppose that X is linearly independent from &, then,
RS

cosf(X) = )\(X)’ng’

(3.2.1)

Proof. We have |[TX|? = g(TX,TX) = \X)|X|?, by definition of §(X) we get
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_g@X, TX) X
cosf(X) = —\TXHd)X] = \/)\(X)W

which proves the theorem.

LEMMA 3.2.1. Let M be a slant submanifold of LP—contact manifold M
and 0 = Sla(M) # /2, then Q admits the real number cos® 6 as the only non-

vanishing eigen value, for any x € M. Moreover, the related eigen space H
satisfies H C D, where D = Span(&,)*t C T, M.

Proof. Let x € M, from equation (3.2.1) Ker(Q) # T, M, otherwise Sla(M) =
7 /2 which contradict the assumption. So let A be an arbitrary non-vanishing eigen
value of () and let H be the corresponding eigen space, Now we have dim(D) =
n — 1 and dim(H) is even, If n is even or odd in both cases dim(H N D) > 1.
Let X € H N D is a unit vector, then ¢X is also unit vector then from equation
(3.2.1)
cosf =/ A(X),

which proves the first assertion. Moreover, for any X € H, formula (3.2.1) yields
|pX| = | X| which allows us to conclude that g(X,£) = 0, hence H C D.

We have noted that, invariant and anti-invariant submanifolds are slant sub-
manifolds with slant angle # = 0 and 6 = 7/2, respectively. A slant immersion
which neither invariant nor anti-invariant is called a proper slant immersion. In
case of invariant submanifold T'= ¢ and so

T?=¢*=T4+nR®E.

While in case of anti-invariant submanifold, 72 = 0. Infact, we have the following
general result which characterize slant immersions.

THEOREM 3.2.2. Let M be a submanifold of an LP-Contact manifold M
such that & € TM. Then, M s slant submanifold if and only if there exist a
constant X € [0,1] such that

T*=XNI+n®¢) (3.2.2)
Furthermore, if 6 is slant angle of M, then \ = cos? 6.
Proof. The necessary condition is obvious, we have to prove the sufficient condi-

tion, suppose that there exist a constant A such that 72 = \(I + 7 ® &), then for
any X € TM— < & >, we have
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_g@X. TX)  g(X,T°X)

0(X) = =
“os6X) = TrX]ex] = [rX]ex]
_ X X)L JoX)
TX[[oX] ~ "|TX[[¢X]
NI
COSQ(X)—)\‘T—X|

also cos0(X) = % therefore A = cos? §. Hence, §(X) is constant so M is slant.

Now, we have the following corollary, which can be easily verified.

COROLLARY 3.2.1. Let M be a slant submanifold of a LP-contact manifold
M with slant angle 6. Then for any X,Y € T'M, we have

g(TX, TY) = cos>0(g(X,Y) +n(X)n(Y)) (3.2.3)

g(NX,NY) =sin*0(g(X,Y) +n(X)n(Y)). (3.2.4)
3.3. SLANT IMMERSIONS IN L P-SASAKIAN MANIFOLDS

In this section, we will study slant submanifolds of L P-Sasakian manifolds.
We recall some important formulae first.

Let M be an n- dimensional L P-Sasakian manifold with structure (¢, ¢, 7, )
(see equation 1.1.20), then we have (cf. [34], [55])

(X, Y)E =n(Y)X —n(X)Y,
(& X)Y = g(X,Y)§ —n(Y)X, (3.3.1)
(£, X)¢ = X +n(X)¢,

jou[lewiav]

where R(X,Y)Z is the Riemannian curvature tensor.

THEOREM 3.3.1. Let M be a slant submanifold of a LP-Sasakian manifold
M. Then @ is parallel if and only if M is anti-invariant.

Proof. Let 6 be slant angle of M in M, then for any X,Y in TM by equation
(3.2.2)
T?Y = QY = cos* (Y +n(Y)E) (3.3.2)

QVxY = cos’(VxY +n(VxY)E) (3.3.3)
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By taking covariant derivative of (3.3.2) with respect to X € TM, we get
VxQY = cos? 0(VxY +n(VxY)E+ g(Y, VxEE+n(Y)VxE) (3.3.4)
from (3.3.3) and (3.3.4)
(VxQ)Y = cos 0(g(Y, Vx&)E +n(Y)Vx¢)
on using Vx&é =TX
(VxQ)Y = cos?0(g(Y,TX)E +n(Y)TX) (3.3.5)
assertion follows on using equation (3.3.5).

Now, we investigate the existence of a slant submanifold via some curvature
measures of the submanifold. To this end, first some formulae for the curvature
tensor are obtained in the next lemma.

LEMMA 3.3.1. Let M be an immersed submanifold of LP-Sasakian manifold
M such that £ is tangent to M, then for any X,Y € TM.

R(X,Y)¢ = (VxT)Y — (VyT)X (3.3.6)

where V, R are the Levi-Civita connection and the curvature tensor field associ-
ated to the metric induced by M on M. Moreover,

R(¢,X)E = QX + (VeT)X (3.3.7)

R(X. & X, €) = 9(QX, X). (3.3.8)
Proof. We have Vx& = ¢X, using equation (1.1.2)

X =Vx&+ h(X,9). (3.3.9)
Now, by definition of T', we get
TX =Vx¢

hence
(VxT)Y =VxTY —TVxY =VxVy& — Vy,vé.

Similarly,
(VyT)X =VyTX —TVyX =VyVx& — Ve, x€
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substituting these equations in equation (3.3.1) it is easy to get(3.3.6). Rewriting
(3.3.6) for X = ¢ and Y = X and using (3.3.9), we obtain

R(E,X)€ = (V)X — (VxT)E = (VD)X + QX
Now taking scaler product of above equation by X, since

9((VED)X, X) = g(VeX, TX) — (TX, VeX) = 0
which proves (3.3.8).

THEOREM 3.3.2. Let M be immersed submanifold of a LP-Sasakian manifold
M such that the characteristic vector field & of M is tangent to M. If 6 € (0, %),
then following statements are equivalent.

(a) M is slant with slant angle 6

(b) For any # € M the sectional curvature of any 2-plane of T, M containing
&, equals cos? 6.

Proof. Let statement (a) be true, then for any X 1 & by equation (3.2.2)
QX =cos’ X
which by virtue of (3.3.8) yields
R(X,&,X,€) = cos* 0 (3.3.10)
and (b) is proved
Conversely, assuming (b) is true, then for any X € T'M, we may write
X =Xe+ X¢™ (3.3.11)

where X¢ = n(X)¢ and XgL is the component of X perpendicular to the &, using
(3.3.10) and (3.3.11)
R(X¢, & X, )
| Xe|*
R(Xeh €, Xt €) = cos? 0| Xe|*. (3.3.12)
Let X be a unit vector such that QX = 0. Then from (3.3.6) and (3.3.12)

= cos’ f

cos? 0| X2 =0, (3.3.13)
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if cosf # 0, then from the above equation X = X,. This proves that at each
point z € M,

Ker(Q) = (&). (3.3.14)

More generally, Let A be the matrix of the endomorphism @) at x € M, then for
a unit vector field X on M, QX = AX, and as Q(X¢) = 0,X = X¢. Then by
(3.3.8) and (3.3.12)

A = cos® 01 (3.3.15)

Choosing A = cos?#, we conclude that for any z € M, This fact together with
(3.3.14) and theorem (3.2.2) verifies that M is slant in M with slant angle 6.

Finally, suppose cos = 0 and X is an arbitrary unit vector field such that
QX = AX where A € C*°(M). Then, from (3.3.8) and (3.3.12) g(QX,X) =0
that is A = 0 and therefore () = 0 which means M is anti-invariant.

3.4. SLANT IMMERSIONS IN LORENTZIAN ALMOST CONTACT
MANIFOLDS

In this section we study slant submanifolds of Lorentzian almost contact
manifolds. We have taken the submanifold as a space like and then defined the
slant angle on a submanifold and thus we extended the results of section (3.2) in
this new setting.

An almost contact manifold with Lorentzian metric is called a Lorentzian al-
most contact manifold (see equation (1.1.22) and equation (1.1.23)). Let M be a
submanifold of a Lorentzian manifold M such that for all X € TM, g(X,X) >0
or g(X,X) = 0 ie., all the tangent vectors on M are Space like or null like, we
shall call these type of submanifolds as space like and also we assume that the
structure vector field £ is tangent to the submanifold M.

DEFINITION 3.4.1. Let M be an immersed submanifold of M and for any
x € M and X € T, M, if the vector field X and & are linearly independent then
the angle 0(X) € [0,7/2] between ¢X and T, M is well defined, if 0(X) does
not depend upon the choice of v € M and X € T,M, then M is slant in M.
The constant angle 8(X) is then called the slant angle of M in M and which in
short we denote by Sla(M). The tangent bundle TM at every point x € M is
decomposed as
TM =D& (§)

where (§) is the one dimensional distribution orthogonal to the slant distribution
D on M and spanned by the structure vector field &.
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Now, for any = € M taking X € Tx M we put X =TX + NX where T'X €
TxM and NX € T+M. Thus defining an endomorphism T : T,M — T, M,
whose square T2 will be denoted by Q. Then tensor fields on M of the type (1,1)
determined by their endomorphisms shall be denoted by same letters T" and Q).
It is easy to show that for every x € M, g(TX,Y) = —g(X,TY), which implies
that @ is anti-symmetric. Moreover, in the following steps we can prove that the
eigen value of @) always belong to [—1,0]. For any X € T,M— < £ >, we get

9(QX, X) = —|TX|*

but,
17X < |QX]
ITX| < pllX]], and ue€0,1],

thus we obtain
9(QX, X) = —p(X)[| X,

that is,
9(QX, X) = AX)[IX]P?,

where —1 < A\(X) <0 and X depends on X. In other words, each eigen value of
@ lies in [—1,0] and each eigen value has even multiplicity.

Now, we have the following theorem.

THEOREM 3.4.1. Let x € M and X € T,M be an eigenvector of () with
eigenvalue A\(X). Suppose X is linearly independent from &, then,

X
cosf(X) = \/—)\(X)M. (3.4.1)
Proof. For any X € TM we have
ITX|* = g(TX,TX) = —AMX) | X|*. (3.4.2)

On the other hand by definition of §(X) we have

~ 9(0X,TX)
s %) = |TxTTox]
§(TX.TX) X
= = _ANX)—m—m.
rxIex ~ MO TrxTexT
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Then from (3.4.2), we obtain that
cos(0)(X) = /- NX)m—+
This completes the proof.

The following characterization theorem gives the existence of eigen values of
the endomorphism Q).

THEOREM 3.4.2. Let M be a space like slant submanifold of a Lorentzian
almost contact manifold M and 0 = Sla(M) # 7 /2, then Q admits the real num-
ber — cos? 0 as the only non-vanishing eigen value, for any x € M. Moreover the
related eigen space H satisfies H C D, where D = Span(&,)t C T, M.

Proof. Let x € M, from equation (3.4.1) Ker(Q) # T,M, otherwise Sla(M) =
7/2 which contradict the assumption. So let A be an arbitrary non-vanishing
eigen value of () and let H be the corresponding eigen space. Now, we have
dim(D) = 2n and dim(H) is even, which shows that dim(H N D) > 1. Let
X € HN D is a unit vector, then ¢.X is also unit vector then from equation (3.1)

we obtain

cos = /—A(X),
which proves the first part. Moreover, for any X € H, formula (3.1) yields
loX || = || X || which imply that g(X,&) =0, hence H C D.

We have noted that, invariant and anti-invariant submanifolds are slant sub-
manifolds with slant angle # = 0 and 6 = 7/2, respectively. A slant immersion
which is neither invariant nor anti-invariant is called a proper slant immersion.
In case of invariant submanifold 7' = ¢ and so

T? =¢* =TI +nQRE.

While in case of anti-invariant submanifold, 72 = 0. In fact, we have the follow-
ing general result which characterize slant immersion.

THEOREM 3.4.3. Let M be a space like submanifold of a Lorentzian manifold
M such that & € TM. Then, M is slant submanifold if and only if there exist a
constant X € [0,1] such that

T* = XN~-I+n®¢§). (3.4.3)

Furthermore, if 0 is slant angle of M, then \ = cos? 0.
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Proof. Necessary condition is obvious, we have to prove the sufficient condition,
suppose that there exist a constant A such that 7% = \(—I +n ®¢), then for any
X € TM — (£), we have

9(¢X, TX)
0(X) = i+
) = rxex]
g(X, 1T2X) | ll¢X]|
= - =\ . (3.4.4)
ITXloXI[ 17X
On the other hand cosf(X) = |\|\Z§\|\| and so by using (3.4.4) we obtain that

A = cos? 0. Hence, 6(X) is a constant angle of M i.e, M is slant.
Now, we have the following corollary, which can be easily verified.

COROLLARY 3.4.1. Let M be a space like slant submanifold of a Lorentzian
manifold M with slant angle 6. Then for any X,Y € T M, we have

g(TX,TY) = cos’0(g(X,Y) — n(X)n(Y)) (3.4.5)

G(NX, NY) = sin? 6(g(X, Y) — n(X)n(Y) (3.4.6)
Proof. For any X,Y € TM, then by using (1.1.24), we have

9g(X,TY) = —g(TX,Y).
Substituting Y by TY in the above equation we get
o(TX,TY) = —g(X,T?Y).

Then by virtue of (3.4.3), we obtain (3.4.5). The proof of (3.4.6) follows from
(1.1.23).
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SOME SLANT AND BI-SLANT SUBMANIFOLDS
OF LORENTZIAN PARACONTACT MANIFOLDS

4.1. INTRODUCTION

Totally umbilical CR-submanifolds of a Kaehler manifold have been consid-
ered by Bejancu [5]. Roughly speaking, a submanifold of a Riemannian manifold
is totally umbilical, or simply umbilical, if it is equally curved in all tangent
directions. More precisely, an isometric immersion f : M™ — M"™ between
Riemannian manifolds is umbilical if there exists a normal vector field { along f
such that its second fundamental form oy : TM x TM —s N/M with values in
the normal bundle satisfies af(X,Y) =< X,Y > ( for all X, Y € T'M.

Umbilical submanifolds are the simplest submanifolds after the totally geodesic
ones (for which the second fundamental form vanishes identically), and their
knowledge sheds light on the geometry of the ambient space. Apart from space
forms, however, there are few Riemannian manifolds for which umbilical subman-
ifolds are classified. The class of totally umbilical submanifolds includes the class
of all totally geodesic submanifolds and extrinsic spheres. The class of totally um-
bilical submanifolds with constant mean curvature lies between these two classes.

In this chapter, we give some new results by taking a special kind of slant
submanifold which is totally umbilical and obtain a necessary and sufficient con-
ditions on a totally umbilical slant submanifold M of an LP-contact manifold
M. Finally, we prove that a totally umbilical proper slant submanifold M of M
either minimal (in case of totally umbilical submanifolds minimality implies to-
tally geodesicness) or if it is not minimal (totally geodesic) then we have derived
a formula for its slant angle.

A manifold M with Lorentzian paracontact metric structure (¢, €, 1,9) sat-
isfying (Vx¢)Y = 0 is called an LP-Cosymplectic manifold, where V is the
Levi-Civita connection corresponding to the Lorentzian metric g on M.

IResults of this chapter are published in Annals of the University of Craiova- Mathematics
and Computer Science Series, Mathematical Problems in Engineering and International Journal
of Physical Sciences.
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Let M be a submanifold of a Lorentzian almost paracontact manifold M
with Lorentzian almost paracontact structure (¢, &, 7, g). Let the induced metric
on M also be denoted by g. Then Gauss and Weingarten formulae are given by

VxY =VxY +h(X,Y) (4.1.1)

VxN = —AyX + V%N, (4.1.2)

for any X, Y in TM and N in T+M, where TM is the Lie algebra of vector field
in M and T*M is the set of all vector fields normal to M. V+ is the connection
in the normal bundle, h the second fundamental form and Ay is the Weingarten
endomorphism associated with N. It is easy to see that

g(ANX,Y) = g(h(X,Y),N). (4.1.3)
For any X € TM, we write
pX =TX+NX, (4.1.4)
where T'X is the tangential component and N X is the normal component of ¢.X.
Similarly for N € T+M, we write
¢N =tN +nN, (4.1.5)

where tN is the tangential component and n/NV is the normal component of ¢/N.

The covariant derivatives of the tensor fields ¢, T and N are defined as

(Vxo)Y =VxoY —¢VxY, VX YeETM (4.1.6)
(VxT)Y =VxTY —TVyY, VX YeTM (4.1.7)
(VxN)Y =VxNY —NVyY, VX, YeTM. (4.1.8)

Moreover, for an LP-Cosymplectic manifold we have
(VxT)Y = Any X +th(X,Y), (4.1.9)

(VxN)Y =nh(X,Y) - h(X,TY). (4.1.10)
A submanifold M is said to be totally umbilical if

h(X,Y) = g(X,Y)H, (4.1.11)
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where H is the mean curvature vector. Furthermore, if A(X,Y) = 0 for all
X, Y € TM, then M is said to be totally geodesic and if H = 0 then M is mini-
malin M.

A submanifold M of a Lorentzian Paracontact manifold M is said to be a
slant submanifold if for any x € M and X € T,M — (), the angle between ¢X
and T, M is constant. The constant angle 6 € [0,7/2] is then called slant angle
of M. The tangent bundle T'M of M is decomposed as

TM =D& (€) (4.1.12)

where the orthogonal complementary distribution D of (§) is known as the slant
distribution on M. If ;1 is an invariant subspace of the normal bundle 7+ M, then

T*M = NTM & pu. (4.1.13)

In the previous chapter, we have proved the following theorem for a slant
submanifold M of a Lorentzian Paracontact manifold M with slant angle 6.

THEOREM 4.1.1. (theorem 3.2.2. of previous chapter) Let M be a submanifold
of an LP-contact manifold M such that & € TM. Then, M is slant submanifold
if and only if there exist a constant A € [0, 1] such that

T =\I+n®¢). (4.1.14)

Furthermore, if 0 is slant angle of M, then \ = cos?#.

Thus, we have the following consequences of formula (4.1.14),
g(TX, TX) = cos?0[g(X,Y) + n(X)n(Y)] (4.1.15)

g(NX,NY) =sin?0[g(X,Y) +n(X)n(Y)] (4.1.16)
for any X,Y € TM.

4.2. TOTALLY UMBILICAL PROPAR SLANT SUBMANIFOLDS OF
LP-COSYMPLECTIC MANIFOLDS

In this section, we consider M as a totally umbilical proper slant submani-
fold of an LP-Cosymplectic manifold M. Such submanifolds, we always consider
tangent to the structure vector field £&. We study proper slant submanifolds of an
LP-Cosymplectic manifold.
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THEOREM 4.2.1. A non trivial totally umbilical proper slant submanifold M
of an LP-Cosymplectic manifold M 1s either totally geodesic or if it is not totally

geodesic then the slant angle 6 = tan™*( n?)(;)(;&)), for any X, Y € TM.

Proof. For any X,Y € TM, the equation (4.1.9) gives

(VxT)Y = Any X +th(X,Y).
Taking the product with ¢ and using (4.1.7), we obtain

Using (4.1.3) and the fact that M is totally umbilical, the above equation takes
the form
—9(TY, V&) = g(H, NY )n(X) + g(X,Y)g(tH, ).

Then from the characteristic equation of LP-Cosymplectic manifold, we obtain
0=g(H,NY)n(X). (4.2.1)

Thus from (4.2.1), it follows that either H € p or M is trivial.

Now, for an LP-Cosymplectic manifold, we have from (4.1.6),

VxoY = ¢VxY
for any X,Y € TM. From (4.1.1) and (4.1.4), we obtain
VxTY + VxNY = ¢(VxY + h(X,Y)).

Again using (4.1.1), (4.1.2) and (4.1.4), we get

VxTY + WX, TY) — Ay X + VxNY =TVxY + NVxY + ¢h(X,Y).
As M is totally umbilical, then

VxTY + WX, TY) — Ay X + VxNY =TVxY + NVxY + g(X,Y)oH.
Taking product with ¢ H and using the fact that H € pu, we obtain

g(MX,TY),¢H) + g(VxNY,¢H) = g(NVxY,¢H) + g(X,Y)g(¢H, oH).
Then from (1.1.18) and (4.1.11), we get

9(X,TY)g(H,¢H) + g(VxNY,¢H) = g(NVxY,0H) + g(X,Y)| H|>
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Again, using (1.1.18) and the fact that H € p, then ¢ H is also lies in p, thus we
obtain
9(VxNY,¢H) = g(X,Y) | H]*

Then from (4.1.2), we derive
G(VXNY, 6H) = g(X, V)| H]?. (42.2)
Now for any X € T'M, we have
(Vx¢)H = Vx¢H — ¢V x H.
Using the fact that as M is an LP-Cosymplectic manifold, we obtain
Vx¢oH = ¢V xH.

Using (4.1.2), (4.1.4),and (4.1.5), we obtain

—AguX +Vx¢H = ~TApX — NAgpX +tVyH +nVyH. (4.2.3)

Taking the product in (4.2.3) with NY for any Y € T'M and using the fact
nVxH € u, the above equation gives

g(VxdH,NY) = —g(NAg X, NY).
Using (4.1.16), we obtain
g(VxNY,¢H) = sin lg(AxX,Y) +n(AxX)n(Y)],
Then from (4.1.3) and (4.1.11), we get
g(VxNY, ¢H) = sin® [g(X, V) + n(X)n(Y)][| H||*. (4.2.4)
Thus, from (4.2.2) and (4.2.4), we derive
[cos® Og(X,Y) — sin?On(X)n(Y)]||H||* = 0. (4.2.5)

Hence, equation (4.2.5) gives either H = 0, or if H # 0, then the slant angle of

M is 0 = tan™}( n?)(f))(nl(fi)/)) This proves the theorem completely.

4.3. HEMI SLANT SUBMANIFOLDS OF L P-COSYMPLECTIC
MANIFOLDS
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In the following section, we assume M a hemi-slant submanifold of an LP-
Cosymplectic manifold M such that the structure vector field ¢ tangent to M.
First, we define a hemi-slant submanifold [67] and then we obtain the integra-
bility conditions of the involved distributions Dy and D+ in the definition of a
hemi-slant submanifold M of an LP-Cosymplectic manifold M.

DEFINITION 4.3.1. A submanifold M of an LP-contact manifold M is said
to be a hemi-slant submanifold if there exist two orthogonal complementary dis-
tributions Dy and D+ satisfying:

(i) TM = Dy & D+ & (£)
(ii) Dy is a slant distribution with slant angle 6 # /2
(iii) D+ is totally real i.e., 9D+ C T+M.

If 41 is an invariant subspace of the normal bundle T M, then in case of
hemi-slant submanifold, the normal bundle T+ M can be decomposed as

T+M = NDy @& ND* @ pu. (4.3.1)

In the following we obtain the integrability conditions of involved distribu-
tions in the definition of hemi-slant submanifold.

PROPOSITION 4.3.1. Let M be a hemi-slant submanifold of an LP-Cosymplectic
manifold M, then the anti-invariant distribution D* is integrable if and only if

AW = ANWZ (432)
for any Z,W € D+,

Proof. For any Z,W € D+, we have
PlZ, W] = ¢V, W — ¢V Z.
Using (4.1.6), we obtain
G2, W] =V z0W — VwoZ.
Then from (4.1.2), we derive
2, W] = —AywZ + VZNW + Ay, W — Vi, NZ. (4.3.3)

As D4 is an anti-invariant distribution, then the tangential part of (4.3.3) should
be identically zero, hence we obtain the required result.
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PROPOSITION 4.3.2. Let M be a hemi-slant submanifold of an LP-Cosymplectic
manifold M, then the invariant distribution Dy @ (§) is integrable if and only if

g(h(X,TY) = h(Y,TX) + VxNY = VyNX,NZ) =0,
for any X, Y € Dy ® (£) and Z € D+,
Proof. For any X, Y € Dy @ (£), we have
P[X,Y] = ¢VxY — ¢Vy X.
The from (4.1.6) and the fact that M is LP-Cosymplectic, we obtain
P[X,Y] = VxoY — VypX.
Using (4.1.4), we get
P[X, Y] =VxTY + VxNY —VyTX — Vy NX.
Thus from (4.1.1) and (4.1.2), we derive
P[X,Y] =VxTY + h(X,TY) — Ayy X + VxNY

~VyTX —h(Y,TX)+ AyxY — VyNX. (4.3.4)
Taking the product in (4.3.4) with NZ, for any Z € D+, we obtain

g(B[X,Y],NZ) = g(h(X,TY) + VXNY — h(Y,TX) — VENX,NZ). (4.3.5)

Thus the assertion follows from (4.3.5) after using (1.1.18) and the fact that & is
tangential to Dy.

Now, we consider M as a totally umbilical hemi-slant submanifold of an
LP-Cosymplectic manifold M. For any X,Y € T'M, we have

VoY = oVyY.

Using this fact, if we take for any Z, W € D then from (4.1.1) and (4.1.2), the
above equation takes the form

—ANwZ +VENW = (N W + h(Z,W)).
Thus on using (4.1.4) and (4.1.5), we obtain

~AnywZ +VZNW =TV ;W + NV W +th(Z, W) +nh(Z,W).  (4.3.6)
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equating the tangential components, we get
TV W = —AywZ — th(Z,W).
Taking the product with V € D+, we obtain
g(ITV W V) = —g(Anw Z, V) — g(th(Z, W), V).

Using (1.1.18), (4.1.3) and the fact that TW = 0, for any W € D=*. Thus, the
above equation takes the form

0=g(h(Z,V),NW)+ g(th(Z,W),V).
As M is totally umbilical, hence we derive
0= g(Z,V)g(H,NW) + g(Z, W)g(tH,V). (43.7)

Thus, the equation (4.3.7) has a solution if either Z = W = V = ¢ ie.
dimD+ =1 or H € y or D+ = {0}. Hence, we state the following theorem:

THEOREM 4.3.1. Let M be a totally umbilical hemi-slant submanifold of an
LP-Cosymplectic manifold M. Then atleast one of the following statement s
true:

(i) The dimension of anti-invariant distribution is one, i.e., dimD+ = 1.
(ii) The mean curvature vector H € p.
(iii) M is proper slant submanifold of M.

4.4. TOTALLY UMBILICAL PROPAR SLANT SUBMANIFOLDS OF
LP-SASAKIAN M ANIFOLDS

Now in this section we shall discuss slant submanifolds of L P-Sasakian mani-
folds. We consider M as a proper slant submanifold of a Lorentzian para-Sasakian
manifold M. Throughout, the structure vector field ¢ is assumed to be tangential
to M, otherwise M is simply anti-invariant.

A manifold M with Lorentzian paracontact metric structure (¢, &, n, g) sat-
isfies the following additional conditions

(Vx@)Y = g(X,Y)E+n(Y)X + 2n(X)n(Y)E, } (4.4.1)

Vx¢ = ¢X,
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for any vector fields X,Y € TM, then M is said to be an LP-Sasakian manifold
([55)).

Now, for any X,Y € T'M on using (4.4.1) and (4.1.1) we may obtain
(@) Vxé=TX, (b) h(X,&)=NX. (4.4.2)
On using (4.4.1), (4.1.1), (4.1.2), (4.1.3), (4.1.5), (4.1.7) and (4.1.8), we obtain
(VxT)Y = g(X,Y)E+n(Y)X +2n(X)n(Y)E + Ayy X +th(X,Y)  (4.4.3)

(VxN)Y = —h(X,TY) +nh(X,Y). (4.4.4)

In, the following theorems we consider M as a totally umbilical proper slant
submanifold of an L P-Sasakian manifold M.

THEOREM 4.4.1 Let M be a totally umbilical slant submanifold of an LP-
Sasakian manifold M, then the following statements are equivalent

(i) Hep
(ii) M is an invariant submanifold of M or M is trivial.

Proof. For any X,Y € T'M then from (4.4.3), we have
(VxT)Y = Ayy X +th(X,Y) 4+ g(X,Y)E+n(Y)X +2n(X)n(Y)E.  (4.4.5)
Taking the product in (4.4.5) with &, we obtain
g(VxTY,€) = g(h(X, &), NY) + g(th(X,Y),£) — g(X,Y)

+n(X)n(Y) = 2n(X)n(Y).

As M is a totally umbilical slant submanifold of M, then from (4.1.11), the above
equation takes the form

—9(TY,Vx§) = g(H, NY )n(X) + g(X,Y)g(tH,§) — g(X,Y) — n(X)n(Y).
Using (4.1.15), we get
cos® Olg(X,Y) +n(X)n(Y)] = —g(H, NY)n(X) + g(X,Y) +n(X)n(Y).
The above equation can be written as

sin 0lg(X, V) +n(X)n(Y)] = g(H, NY )n(X). (4.4.6)
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If H € p, then from (4.1.13), the right hand side of (4.4.6) is identically zero
hence (i) holds. Conversely, if (ii) holds then from (4.4.6), we get H € p. This
completes the proof of the theorem.

THEOREM 4.4.2 Let M be a totally umbilical proper slant submanifold of an
LP-Sasakian manifold M such that H € p. Then at least one of the following
statements is true

(i) M is totally geodesic

(i) If M is proper slant, then the slant angle 6 = tan™'(
forany X, Y € TM.

Proof. For any X,Y € T'M, we have

Vx¢Y — ¢VxY = g(X, V) +n(Y)X + 2n(X)n(Y)E.

From (4.1.1) and (4.1.4), we obtain

VxTY +VxNY — ¢(VxY +h(X,Y)) = g(X,Y)E+n(Y)X + 2n(X)n(Y)E.
Again using (4.1.1), (4.1.2) and (4.1.4), we get

9(X,V)E +n(Y)X + 20(X)(Y)E = VxTY + h(X,TY)

— Any X + VENY —TVxY — NVxY — ¢h(X,Y).
As M is totally umbilical proper slant, then

9(X,Y)E+n(Y)X +2n(X)n(Y)E = VxTY +g(X, TY)H — Ayy X

+VENY - TVLY — NVxY — g(X,Y)oH. (4.4.7)
Taking the product in (4.4.7) with ¢H, we obtain

9(X,TY)g(H,¢oH) + g(VxNY,¢H) = g(NVxY,0H) + g(X,Y)g(¢H, o H).
Using (1.1.18) and the fact that H € u, we get
g(VxNY, ¢H) = g(X,Y)||H]|*.
Then from (4.1.2), we derive
g(VxNY,oH) = g(X. Y)||H|. (4.4.8)

93



Now, for any X € T'M, we have
(Vo) H = VxoH — 6V H.
Using (4.4.1) and the fact that H € p, we obtain
0=VxoH — ¢V xH.
Using (4.1.1), (4.1.2), (4.1.4) and (4.1.5), we obtain
~AypX +VyoH = ~TAgX — NAgX +tVyH +nVy H. (4.4.9)

Taking the product in (4.4.9) with NY for any Y € T'M and using the fact
nV+H € u, the above equation gives

9(Vx¢H,NY) = —g(NAgX,NY).
Using (4.1.16), we obtain that
9(VxNY, ¢H) = sin®0lg(ApX,Y) + 1n(An X)n(Y)),

that is,

9(VxNY, 6H) = sin? 6]g(X,Y) + n(X)n(¥ )] | H||> (4.4.10)
Thus, from (4.4.8) and (4.4.10), we derive

[cos® Og(X,Y) — sin? On(X)n(Y)]||H||> = 0. (4.4.11)

Since M is proper slant submanifold then it follows from (4.4.11) that either

9(X,Y) )
n(X)n(Y) /"

H = 0, i.e., M is minimal or § = tan™!( This proves the theorem

completely.

Similar calculations leads us to the following important result for totally
umbilical proper slant submanifolds of a Lorentzian S-Kenmotsu Manifold (see
equation 1.1.21):

THEOREM 4.4.3. Let M be a totally umbilical submanifold of a Lorentzian
B-Kenmotsu manifold M, then atleast one of the following statements is true

(i) Hep

(i1) M is trivial.
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THEOREM 4.4.4. Let M be a non trivial totally umbilical proper slant sub-
manifold of a Lorentzian B—Kenmotsu manifold M. Then at least one of the
following statements is true

(i) M is totally geodesic

(i) If M is not minimal, then the slant angle of M is 0 = tan™*( ng(X’Y) )

forany X, Y € TM.
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WARPED PRODUCT SEMI-INVARIANT
SUBMANIFOLDS OF NEARLY COSYMPLECTIC
MANIFOLDS

5.1. INTRODUCTION

R.L. Bishop and B. O’Neill [8] introduced warped product metric on a prod-
uct manifold B x F' by homothetically warping the product metric on the fibers
p x F for each p € B. Such metrics are not only seen in differential geometric
studies but are also used to model space time near black holes or massive stars.
For instance, the best relativistic model of the Schwarzschild space time describ-
ing the neighborhood of bodies with large gravitational fields is a warped product
manifold. For these applications the study of warped product manifolds assumed
significance. Recently, the study of differential geometry of warped product man-
ifolds got impetus with B.Y. Chen’s work on warped product CR-submanifolds
of a Kaehler manifold (cf. [30], [31], [32] etc.). So far as the existence of these
warped products are concerned, he proved that there does not exist a proper
warped product CR-submanifold N+ x ;N7 of a Kaehler manifold, where N+
and N7 are totally real and holomorphic submanifolds respectively of the Kaehler
manifold. Recently, K. A. Khan and others studied the warped product subman-
ifolds of Cosymplectic manifolds. They obtained some interesting properties of
these warped product submanifolds with differential geometric point of view and
provided example of these warped product submanifolds (cf. [44]). We have ex-
tended this study in nearly Cosymplectic manifolds.

In this chapter, we have generalized the results of Chen’s (cf. [30],[31]) in
this more general setting of nearly Cosymplectic manifolds and have shown that
the warped product in the form M = N+ x ;N7 is simply Riemannian product
of N+ and NT where N* is an anti-invariant submanifold and N7 is an invariant
submanifold of a nearly Cosymplectic manifold M. Thus we consider the warped
product submanifold of the type M = N7 x ;N* by reversing the two factor
N+ and N7, and simply will be called warped product semi-invariant submani-
fold. Thus, we derive the integrability of the involved distributions in the warped
product and obtain a characterization result.

'Results of this chapter are published in Mathematical Problems in Engineering.
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5.2. SOME BAsic RESULTS

Almost contact manifolds with Killing structure tensors were defined in [10]
as nearly Cosymplectic manifolds, and it was shown normal nearly Cosymplectic
manifolds are Cosymplectic (see also [11]). Later on, Blair [12] studied nearly
Cosymplectic structure (¢, &,n, g) on a manifold M with n closed from the topo-
logical viewpoint.

An almost contact structure (¢, &, n) is said to be normal if the almost com-
plex structure J on the product manifold M x R given by

d d

where f is a C°°—function on M x R has no torsion i.e., J is integrable, the
condition for normality in terms of ¢, € and 1 is [¢, ¢] +2dn® & = 0 on M, where
(¢, #] is the Nijenhuis tensor of ¢. Finally the fundamental 2-form ® is defined
by ®(X,Y) = g(X, ¢Y).

An almost contact metric structure (¢, &,n,g) is said to be Cosymplectic, if
it is normal and both ® and 7 are closed [12]. The structure is said to be nearly
Cosymplectic if ¢ is Killing, i.e., if

(Vx9)Y + (Vy9)X =0, (5.2.1)

for any X, Y € TM, where TM is the tangent bundle of M and V denotes
the Riemannian connection of the metric g. Equation (5.2.1) is equivalent to
(Vx¢)X =0, for each X € TM. The structure is said to be closely Cosymplectic
if ¢ is Killing and 7 is closed. It is well known that an almost contact metric
manifold is Cosymplectic if and only if V¢ vanishes identically, i.e., (Vx¢)Y =0
and ? Xf =0.

PROPOSITION 5.2.1 [12]. On a nearly Cosymplectic manifold the vector
field & is Killing.

From the above proposition we have V xé =0, for any vector field X tangent
to M, where M is a nearly Cosymplectic manifold.

Let M be a Riemannian manifold isometrically immersed in an almost con-
tact metric manifold M, then for every & € M there exists a maximal invariant
subspace denoted by D, of the tangent space T, M of M. If the dimension of D,
is the same for all value of x € M, then D, gives an invariant distribution D on M.
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A submanifold M of an almost contact metric manifold M is called semi-
tnvariant submanifold if there exists on M a differentiable invariant distribution
D whose orthogonal complementary distribution D+ is anti-invariant, i.e.,

(i) TM =D & D+ & (¢),

(i) ¢(Ds) S Ds,

(iii) ¢(Dy) C T, M
for any @ € M, where T;*M denotes the orthogonal space of T, M in T,M. A
semi-invariant submanifold is called anti-invariant if D, = {0} and invariant if

DLt = {0}, respectively for any x € M. It is called proper semi-invariant sub-
manifold if neither D, = {0} nor D+ = {0}, for every z € M.

B Let M be a semi-invariant submanifold of an almost contact metric manifold
M. Then, N(T,M) is a subspace of TLM. Then for every x € M, there exists
an invariant subspace v, of T, M such that

T-M = N(T,M) & v,. (5.2.2)

A semi-invariant submanifold M of an almost contact metric manifold M
is called Riemannian product if the invariant distribution D and anti-invariant
distribution D+ are totally geodesic distributions in M.

Let (Ny,g91) and (Na, g2) be two Riemannian manifolds and f, a positive
differentiable function on N;. The warped product of N; and N, is the product
manifold Ny x Ny = (N7 X Ny, g), where

g=ag+ f*g.

where f is called the warping function of the warped product. The warped prod-
uct Ny x Ny is said to be trivial or simply Riemannian product if the warping
function f is constant. This means that the Riemannian product is a special case
of warped product.

We recall the following general results obtained by Bishop and O’Neill [8] for
warped product manifolds.

LEMMA 5.2.1. Let M = N; X Ny be a warped product manifold with the
warping function f, then

(i) VxY € TNy for each X,Y € TNy,

o7



(il) VxZ =V X =(XInf)Z, for each X € TNy and Z € T'No,
(ili) VoW = VW — 228 gradf
where V and V2 denote the Levi-Civita connections on M and Ns, respectively.

From (ii) of above lemma we can see that
for any vector fields X tangent to B and Y tangent to F.

In the above Lemma gradf is the gradient of the function f defined by
g(gradf,U) = Uf, for each U € TM. From the Lemma 5.2.1, we have on a
warped product manifold M = Ny x yNj

(i) Ny is totally geodesic in M.
(ii) N is totally umbilical in M.

~ Now, we denote by PxY and QxY the tangential and normal parts of
(VX(b)Y? i'e'7 _
(Vxo)Y =PxY + QxY (5.2.4)

for all X,Y € TM. Making use of equations (1.2.2), (1.2.3),(1.2.12),(1.2.13) and
(1.2.21),(1.2.22), the following relations may easily be obtained,

PxY = (VxT)Y — Ayy X — th(X,Y) (5.2.5)

OxY = (VxF)Y + (X, TY) —nh(X,Y). (5.2.6)

It is straightforward to verify the following properties of P and Q, which we
enlist here for later use

(p1) (i) PxiyW =PxW +PyW, (17) OxiyW = OxW 4+ Oy W,

(p2) (i) Px(Y+W)=PxY +PxW, (ii) Ox(Y +W)=0QxY + OxW,
(p3) Q(PXY, W) = —Q(Y> PXW>
forall XY, W € T M.

On a submanifold M of a nearly Cosymplectic manifold M, we obtain from
equations (5.2.1) and (5.2.4) that

(Z) PxY +PyX =0, (ZZ) OxY +9yX =0 (527)
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forany X, Y € TM.

5.3. WARPED PRODUCT SEMI-INVARIANT SUBMANIFOLDS OF
NEARLY COSYMPLECTIC M ANIFOLDS

Through out the section we consider the submanifold M of a nearly Cosym-
plectic manifold M such that the structure vector field ¢ is tangent to M. First,
we prove that the warped product M = N; x N, is trivial when ¢ is tangent
to N, where N; and N, are Riemannian submanifolds of a nearly Cosymplec-
tic manifold M. Thus, we consider the warped product M = N; X N2, when
¢ is tangent to the submanifold N;. We have the following non-existence theorem.

THEOREM 5.3.1. A warped product submanifold M = Ny x Ny of a nearly
Cosymplectic manifold M s usual Riemannian product if the structure vector

field € is tangent to Ny, where N1 and Ny are the Riemannian submanifolds of
M.

Proof. For any X € T'N; and £ is tangent to N,, we have
va = ng + h(Xa 5)

Using the fact that ¢ is killing on a nearly Cosymplectic manifold (see Proposition
5.2.1) and Lemma 5.2.1 (ii), we get

0= (X1Inf)¢+ h(X,€). (5.3.1)

Equating the tangential component of (5.3.1), we obtain XIn f = 0, for all
X € TNy, ie., f is constant function on N;. Thus, M is Riemannian prod-
uct. This proves the theorem.

Now, the other case of warped product M = Nj X y Ny when § € T'Ny, where
N; and Nj are Riemannian submanifolds of M. For any X € T'N,, we have

Vxé=Vx&+h(X,E).
By Proposition 5.2.1, and Lemma 5.2.1 (ii), we obtain
(1) Elnf =0, (17) h(X,&) =0. (5.3.2)

Thus, we consider the warped product semi-invariant submanifolds of a nearly
Cosymplectic manifold M of the types:

(i) M = N+ x N7,
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ii) M = NT x ;N*,
f

where N7 and N1 are invariant and anti-invariant submanifolds of M, respec-
tively. In the following theorem we prove that the warped product semi-invariant
submanifold of the type (i) is CR-product.

THEOREM 5.3.2. The warped product semi-invariant submanifold M = N+ x
tNT of a nearly Cosymplectic manifold M is a usual Riemannian product of N+
and NT, where N* and N7 are anti-invariant and invariant submanifolds of M,
respectively.

Proof. When & € TNT, then by Theorem 5.3.1, M is a Riemannian product.
Thus, we consider £ € TN*. For any X € TNT and Z € TN, we have

= 9(0VxX,0Z) + 9(Vx¢) X, 6Z).

From the structure equation of nearly Cosymplectic, the second term of right
hand side vanishes identically. Thus from (1.1.11), we derive

g(MX,¢X),NZ) = g(Vx X, Z) = n(Z)9(Vx X&)
= —9(X,VxZ) +1(2)g(X, Vx§).
Then from (1.2.2), Lemma 5.2.1 (i7) and Proposition 5.2.1, we obtain
g(h(X,9X),NZ) = —(ZIn f)|| X|*. (5.3.3)
Interchanging X by ¢X in (5.3.3) and using the fact that £ € TN+, we obtain
g(h(X,¢X),NZ) = (ZIn f)| X|?*. (5.3.4)

It follows from (5.3.3) and (5.3.4) that ZIn f = 0, for all Z € TN*. Also, from
(5.3.2) we have {In f = 0. Thus, the warping function f is constant. This com-
pletes the proof of the theorem.

From the above theorem we have seen that the warped product of the type
M = Nt x sNT is a usual Riemannian product of an anti-invariant submani-
fold N+ and an invariant submanifold N7 of a nearly Cosymplectic manifold M.
Since both N+ and N7 are totally geodesic in M, then M is CR-product. Now,
we study the warped product semi-invariant submanifold M = N7 x ;N* of a
nearly Cosymplectic manifold M.
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THEOREM 5.3.3. Let M = NT x N+ be a warped product semi-invariant
submanifold of a nearly Cosymplectic manifold M. Then the invariant distribu-
tion D and the anti-invariant distribution D+ are always integrable.

Proof. For any X,Y € D, we have
N[X,Y] = NVxY — NVyX.
Using (1.2.13), we obtain
N[X,Y] = (VxN)Y — (VyN)X.
Then by (5.2.6), we derive
NX,)Y]=0OxY — h(X,TY)+nh(X,Y) — Qy X + h(Y,TX) — nh(X,Y).
Thus from (5.2.7)(i7), we get
N[X,Y]=20xY + (Y, TX) — h(X,TY). (5.3.5)

Now, for any X,Y € D, we have

h(X,TY)+ VxTY =VxTY = VxoY.
Using the covariant derivative property of V¢, we obtain

h(X,TY)+ VxTY = (Vx®)Y + ¢V Y.
Then by equations (1.2.2) and (5.2.4), we get

X, TY)+VxTY = PxY + QxY + ¢(VxY + h(X,Y)).

Since N7 is totally geodesic in M (see Lemma 5.2.1(4)), then using (1.2.2) and
(1.2.22), we obtain

WX, TY) + VxTY = PxY + QxY + TVxY + th(X,Y) + nh(X,Y). (5.3.6)
Equating the normal components of (5.3.6), we get
WX, TY) = QxY +nh(X,Y). (5.3.7)

Similarly, we obtain
MY, TX)=QyX +nh(X,Y). (5.3.8)

Then from (5.3.7) and (5.3.8), we arrive at
WY, TX) - h(X,TY) = Qy X — QxY.
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Hence, using (5.2.7)(i7), we get
WY, TX) — h(X,TY) = —2QyY. (5.3.9)

Thus, it follows from (5.3.5) and (5.3.9) that N[X,Y] =0, for all X,Y € D. This
proves the integrability of D. Now, for the integrability of D+, we consider any
X € D and Z,W € D+, we have

9([2, W], X) = g(VzW - VwZ, X).
= —g(VZX, W) + g(VWX, Z)
Using Lemma 5.2.1 (i), we obtain
g([Z,W],X) = —(X1n f)g(Z, W) + (X In f)g(Z, W) = 0. (5.3.10)

Thus from (5.3.10), we conclude that [Z, W] € D+, for each Z,W € D+. Hence,
the theorem is proved completely.

LEMMA 5.3.1 Let M = NT x Nt be a warped product submanifold of a nearly
Cosymplectic manifold M. If X,Y € TNT and Z,W € TN*, then

(i) g(Pny Z) = g(h(Xv Y)vNZ) =0,

(i) g(PxZ. W) = g(h(X, Z), NW) - g(h(X, W), NZ) = —(¢X In f)g(Z, W)
g(h(X,Z),NW),

(i) g(h(¢X,Z),NZ) = (XIn f)] Z]*.

Proof. For a warped product manifold M = N” x ;N*, we have N” is totally
geodesic in M, then by (1.2.12) (VxT)Y € TN, for any X,Y € TNT and
therefore from equation (5.2.5), we get

g(PxY, Z) = —g(th(X,Y), Z) = g(h(X,Y),NZ). (5.3.11)

The left hand side of (5.3.11) is skew symmetric in X and Y whereas the right
hand side is symmetric in X and Y, which proves (i). Now, from equations
(1.2.12) and (5.2.5), we have

PxZ =-TVxZ — AnzX — th(X, Z). (5.3.12)

for any X € TNT and Z € TN+. Using Lemma 5.2.1 (i7), the first term of right
hand side is zero. Thus, taking the product with W € TN+, we obtain

Q(sz, W) = _g<ANZX7 W) - g<th(X7 Z)7W>
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Then by (1.1.11) and (1.2.5), we get
9(PxZ,W) = —g(M(X,W),NZ) + g(h(X, Z), NW).

Which proves the first equality of (ii). Again, from equations (1.2.12) and (5.2.5),
we have
P,X =V,TX —TV,X — Bh(X, Z).

Thus using Lemma 5.2.1(i7), we derive
PyX = (TXIn f)Z — th(X, Z). (5.3.13)
Taking inner product with W € TNt and using (1.1.11), we obtain
G(P2X, W) = (6X In £)g(Z, W) + g(h(X, Z), NWV).
Then from equation (5.2.7)(i), we get
9(PxZ,W) = =(6XIn f)g(Z,W) — g(h(X, Z), NW).

This is the second equality of (i7). Now, from equations (5.3.12) and (5.3.13), we
have
PxZ +PyX = —TVxZ — AxzX + (TX In f)Z — 2th(X, 7).

Left hand side and the first term of right hand side are zero on using (5.2.7)(7)
and Lemma 5.2.1(i), respectively. Thus the above equation takes the form

(TX I f)Z = Ay X + 2th(X, Z).
Taking the product with Z and on using (1.1.11) and (1.2.5), we get
@XInNHIZ|* = g(MX,2),NZ) = 29(h(X, Z),NZ) = —g(h(X,Z),NZ).
Interchanging X by ¢X and using (1.1.11), we obtain
{=X +0(X)} I fIZ|* = —g(h(¢X, Z),NZ).
Thus by (5.3.2)(7), the above equation reduces to
(XIn f)||Z]* = g(h(¢X, Z), NZ).

This proves the lemma completely.

THEOREM 5.3.4 A proper semi-invariant submanifold M of a nearly Cosym-
plectic manifold M is locally a semi-invariant warped product if and only if the
shape operator of M satisfies

ApzX = —(0Xp)Z, X e€Da (), ZecD* (5.3.14)
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for some function u on M satisfying V(u) = 0 for each V € D+.

Proof 1f M = NT x ;N* is a warped product semi-invariant submanifold, then
by Lemma 5.3.1(7i7), we obtain (5.3.14). In this case = In f.

Conversely, suppose M is a semi-invariant submanifold of a nearly Cosym-
plectic manifold M satisfying the equation (5.3.14), then

9(h(X,Y),62) = g(AszX,Y) = —(6Xp)g(Y, Z) = 0. (5.3.15)
Now, from (1.2.2) and the property of covariant derivative of V, we have
9(W(X,Y),0Z) = g(VxY,9Z) = —g(¢VxY, Z)

= —9(VxoY,Z) + g((Vx9)Y. Z).
Then from (1.2.2), (5.2.4) and (5.3.15), the above equation takes the form

g(VxTY,Z) = g(PxY, 2).
Using (1.2.12) and (5.2.5), we obtain
9(VXTY, Z) = g(VxTY, Z) — g(TVxY, Z) — g(th(X,Y), Z).
Thus by (1.1.11), the above equation reduces to
9(IVxY,Z) = g(h(X,Y), ¢Z).
Hence using (1.2.5) and (5.3.14), we get
9(TVXY, Z) = g(AezX,Y) = 0.

Which implies VxY € D@ (€), i.e., D@ (&) is integrable and its leaves are totally
geodesic in M. Now, for any Z,W € D+ and X € D @ (¢£), we have

g(V2W,0X) = g(V W, 0X) = —g(¢V W, X)

= g((Vz0)W, X) = g(VzoW, X).
Then, using (1.2.3) and (5.2.4), we obtain

Thus from (1.2.5) and the property (ps), we arrive at

g(VzW,0X) = —g(W, Pz X) + g(h(Z, X), pW).
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Again using (1.2.5) and (5.2.7)(7), we get
g(V W, 0X) =g(PxZ,W) + g(Asw X, Z). (5.3.16)
On the other hand, from (1.2.12) and (5.2.5), we have
PxZ =TVxZ — AnzX — th(X, Z).
Taking the product with W € D+ and using (5.3.14), we obtain
g(PxZ, W) =g(TVxZ, W)+ (6Xn)g(Z, W)+ g(h(X,Z), NW).

The first term of right hand side of above equation is zero using the fact that
TW =0, for any W € D+. Again using (1.2.5), we get

9g(PxZ,W) = (¢Xp)g(Z, W)+ g(Asw X, Z).
Thus from (5.3.14), we derive
9(Px2Z, W) = (¢Xp)g(Z, W) = (6X p)g(Z, W) = 0. (5.3.17)
Then from (5.3.14), (5.3.16) and (5.3.17), we obtain
9(VzW,0X) = —(oXpn)g(Z,W). (5.3.18)

Let N1t be a leaf of D+ and h* be the second fundamental form of the immersion
of N+ into M. Then for any Z, W € D+, we have

g(h*(Z,W),X) = g(V W, $X). (5.3.19)
Hence, from (5.3.18) and (5.3.19), we conclude that
G (Z,), 6X) = —(6X p)g(Z,W). (5.3.20)

This means that integral manifold N+ of D+ is totally umbilical in M. Since the
anti-invariant distribution D+ of a semi-invariant submanifold M is always inte-
grable (Theorem 5.3.3) and V(i) = 0 for each V' € D+, which implies that the
integral manifold of D+ is an extrinsic sphere in M, that is it is totally umbilical
and its mean curvature vector field is non-zero and parallel along N*. Hence by
virtue of result [10], M is locally a warped product N7 x ; N+, where N7 and N+
denote the integral manifolds of the distributions D @ (£) and D+, respectively
and f is the warping function. Thus the theorem is proved.
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WARPED PRODUCT CONTACT CR-SUBMANIFOLDS
OF GLOBALLY FRAMED f-MANIFOLDS WITH
LORENTZ METRIC

6.1. INTRODUCTION

Recently, Chen [30] (see also [31]) studied warped product C'R-submanifolds
and showed that there exist no warped product C'R-submanifolds of the form
M = N+t x ;NT such that Nt is a totally real submanifold and N7 is a holo-
morphic submanifold of a Kaehler manifold M. Therefore he considered warped
product C'R-submanifold in the form M = N7 x ;N*+ which is called C'R-warped
product, where N7 and Nt are holomorphic and totally real submanifolds of a
Kaehler manifold M.

In this chapter, we study warped product C' R-submanifolds of globally framed
f-manifolds in the particular setting of indefinite S-manifolds for both space-
like and timelike cases. We prove that if M = N+ x; N7 is a warped C'R-
submanifold such that N+ is ¢-anti-invariant and N7 is ¢-invariant, then M is
a C'R-product. We show that the second fundamental form of a contact C'R
warped product of a indefinite S space form satisfies a geometric inequality,
IAI2 > p{3]Vinfll? — Alnf + (c+ 2)k +1}.

6.2. (' R-SUBMANIFOLDS OF INDEFINITE S-MANIFOLDS

A manifold M is called a globally framed f-manifold (briefly g. f. f-manifold)
if it is endowed with a non null (1,1)—tensor field ¢ of constant rank, such
that ker ¢ is parallelizable i.e. there exist global vector field &,, such that a =
{1,...,s}, and 1-form n®, satisfying [34]

¢’ =—I+n"®E, and n*(&) = 5%. (6.2.1)

A g.f.f-manifold (M23"*5 ¢, n* &), such that a € {1,...,s}, is said to be an
indefinite g.f. f-manifold if g is a semi-Riemannian metric satisfying the following
compatibility condition

'Results of this chapter are communicated in Filomat.
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9(dX,0Y) = g(X,Y) — ean®(X)n*(Y), (6.2.2)

for any vector fields X, Y, where ¢, = 41 according to whether &, is spacelike or
timelike. Then for any a € {1, ..., s},

ﬂa(X) = Eag(X, ga)'

Note: We will consider a € {1, ..., s} throughout the chapter.

An indefinite g.f. f-manifold is an indefinite S-manifold if it is normal and dn® =
®, for any a € {1, ..., s}, where ®(X,Y) = g(X, ¢Y) for any X,Y € x(M>""5).
The Levi-Civita connection of an indefinite S-manifold satisfies

(Vx9)Y = g(6X, ¢Y )& +7°(Y)9*(X), (6.2.3)

where £ = 3 &, and 7 = e,n®. Note that for s = 1, indefinite S-manifold be-

a=1
comes indefinite Sasaki manifold.

From (6.2.3), it follows that V&, = —e,0X and ker¢ is an integrable flat dis-
tribution since Ve &z = 0, for any o, 8 € {1,...,;s}. A g.f.f-manifold is subject
to the topological condition: It has to be either non compact or compact with
vanishing Euler characteristic, since it admits never vanishing vector fields. This
implies that such a g.f. f-manifold always admit Lorentz metrics.

An indefinite S-manifold (M 0,80, g) is said to be an indefinite S—space
if the ¢-sectional curvature H,(X) is constant, for any point and any ¢-plane.
In particular, in [15] it is proved that an indefinite S-manifold (M, ¢,&,,n%, g)
is an indefinite S—space form with H,(X) = c if and only if the Riemannian
(0,4)—type curvature tensor field R is given by

RX,Y, 2, W) = =55 (g(67, 62)9(6X, 6W) ~g(6X, 62)g 0¥, 1)} (6.2.4
- S HRWX)R(Z,Y) — (2. X)R(W,Y)

+20(X, Y)W, Z)} = {n(W)i(X)g(oZ, ¢Y)
—W)i(Y)g(0Z,¢X) +0(Y)7(Z)g(¢W, 9.X)
—1(Z2)7(X)g(eW, ¢Y)},

for any vector fields X,Y,Z and W on M, where € = zs: €a-

a=1
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Let M be a real m—dimensional submanifold of M?2**, tangent to the global
vector field &,. We shall need the Gauss and Weigarten formulae

VxY =VxY +h(X,Y), VxN = —AxyX + VxN, (6.2.5)

for any X,Y € x(M) and N € I'™(T(M)*), where V= is the connection on
the normal bundle T(M)*, h is the second fundamental form and Ay is the
Weingarten map associated with the vector field N € T(M)* as

g(ANXa Y) = §<h<X> Y)>N)

For any X € x(M) we set TX = tan(¢X) and NX = nor(¢X), where tan, and
nor, are the natural projections associated to the direct sum decomposition

To(M) =T, (M)®T(M),", x¢&M.

Then T is an endomorphism of the tangent bundle of T'(M) and N is a normal
bundle valued 1—form on M. Since &, is tangent to M, we get

Té =0, N&=0, Vx&=TX, nX,&)=NX.

Similarly, for a normal vector field N, we put tN = tan(¢N) and nN = nor(¢N)
for the tangential and normal part of ¢V, respectively.

The covariant derivative of the morphisms 7" and N are defined respectively as
(VuT)V =VyTV —TVyV, (VyN)V =VENV — NVGY,
for U,V € x(M). On using equation (6.2.3) and (6.2.5) we get
(Vo T)V = g(TU, TV),o + (U (V)éa —n*(V)U +th(U, V) + AnyU (6.2.6)

and
(VuN)V = g(NU, NV ), + nh(U, V) + h(U,TV). (6.2.7)

The Riemannian curvature tensor R of M is given by

RxrZ = “ R g0 2 (06 — g (VN6 (629

c+ e
4

(92, TY)TX — ¢(Z, TX)TY — 29(X, TY)TZ},

+0* (V)™ (Z2) X =n*(X)n*(Z2)Y +

C_
4
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for all XY ,Z vector fields on M, we recall the equation of Gauss and Codazzi,
respectively
J(RxyZ, W) = g(Rxy Z,W) — g(h(X,W),h(Y, Z))
+9(h(Y, W), h(X, Z)) (6.2.9)
(Vxh)(Y,Z) — (Vyh)(X,Z) = (Rxy Z)*, (6.2.10)

where (V)h the covariant derivative of the second fundamental form is given by

(Vh)(Y, Z) = Vxh(Y, Z) — h(VxY, Z) — h(Y,Vx Z), (6.2.11)

for all XY, Z € TM. Codazzi equation becomes
(Vxh)(Y, Z) = (Vyh)(X, 2) = ——{g(TX, Z)NY — g(TY, Z)NX

+29(X,TY)NZ}. (6.2.12)

LEMMA 6.2.1 Let M™ be a submanifold of an indefinite S-space form M?m+s (c)
tangent to the global vector field &, with ¢ # 1, —1 according to whether &, is space-
like or timelike. If the second fundamental form h of M™ satisfies the classical
Codazzi equation then M™ is ¢—invariant or ¢—anti-invariant.

Proof. By using (6.2.12) and (6.2.13), we get
{9(TX, Z)NY — g(TY, Z)NX + 2¢(X,TY)NZ} = 0, (6.2.14)

for all X,Y,Z € T(M). By contradiction, let there exist U, € T, (M) such that
TU, # 0 and NU, # 0. From (6.2.14), we deduce 2¢(U,,TU,)NU, = 0, which is
false. Therefore, for U, € T,,(M), we have either TU, = 0 or NU, = 0. It can be
also proved that we can not have U,,V, € T, (M) such that TU, # 0, NU, = 0,
TV, = 0 and NV, # 0. Therefore either T'= 0 or N = 0 which completes the
statement.

LEMMA 6.2.2 Let M™ be a contact C'R-submanifold of an indefinite S-manifold
M?"*s . Then for any Z,W € D+, we have

AnW + AywZ = ()W +n*(W)Z = 20 (W)n*(Z)&,. (6.2.15)

Proof. Proof is straightforward and can be obtained by using equation (6.2.3)
and (6.2.5).
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Clearly, for ¢, € D we also have
AnzW + Ayw Z = 0, (6.2.16)

where W, Z € D+.
By easy calculations we can get the following lemma:

LEMMA 6.2.3 Let M™ be a contact C R-submanifold of an indefinite S-manifold
M?Fs with &, € D. Then the following are equivalent

(i) W(X,TY)=h(TX,Y) VY X,YeD,
(i) G(h(X.TY),62) = §(h(TX.Y),6Z) VXY €D, VZeD"
(iii) D is completely Integrable.

For a leaf of anti-invariant distribution D+. We prove the following

PROPOSITION 6.2.1 Let M™ be a contact C'R-submanifold of an indefinite
S-manifold M?"*5. Then any leaf of D* is totally geodesic in M™ if and only if

g(h(D, D*), ¢D+) = 0. (6.2.17)
Proof. By hypothesis
g(ITVwZ,Y) = —g(AN,W,Y) — g(th(Z,W),Y) = —g(h(Y,W),NZ), (6.2.18)
forany Y € D, Z,W € D*. Then
g(VwZ,TY) = —g(h(Y,W),NZ). (6.2.19)

Consequently, Vi Z € D+ if and only if (6.2.17) holds.

REMARK 6.2.1 Let v be the complementary orthogonal subbundle of ¢D* in
the normal bundle T(M)*. Thus we have the following direct sum decomposition

T(M)*: =¢D+ . (6.2.20)

Similarly, we can also prove that, h(X,Y) € v and ¢h(X,Y) = h(X,TY) for all
X,Y tangent to NT. On NT we have an induced indefinite S-structure.

LEMMA 6.2.4 Let M™ be a contact C R-submanifold of an indefinite S-manifold
M+ with €, € D. Then for all X,Y € D, we have ¢h(X,Y) € ¢D+ @ v.
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Proof. From above remark 6.2.1 it follows that ¢v = v. Since h is normal to M™
and n®(D+) = 0. We easily get the result.

A contact C'R-submanifold M™ of an indefinite S-manifold is called contact C R-
product if it is locally a Riemannian product of a ¢—invariant submanifold N T
tangent to &, and a totally real submanifold N+ of M27+s,

THEOREM 6.2.1 Let M™ be a contact CR-submanifold of an indefinite S-
manifold M** and set &, € D. Then M™ is contact C R-product if and only if
T satisfies

(VuT)V = g(TUp, TV)&a — 1*(V)Up + 1n*(Up)n*(V)&a, (6.2.21)

where U,V tangent to M™ and we are taking Up as the component of D.

Proof. Since ¢ = T on N7, due to indefinite S-structure of M?"s using the
Gauss formula we get

(VAT)Y = g(TX, TY )0 — 1 (V)X + 5 (X)0°(V)&a — h(X,TY) + (X, Y),
for any X,Y € NT. Taking the components in D one gets
(VxT)Y =g(TX, TY )0 — (V)X + (X )n*(Y)&,. (6.2.22)
Consider now Z € N+ and Y € NT. Similarly, we can prove
(V1Y = —n“Y)Z, (6.2.23)
as consequence
hZ,TY)=¢h(Z,Y)+n(Y)Z, VY &N’ ZecN*

Now it is easy to show that (VyT)Z = 0 for all U € x(M), Z € D+ and hence
the conclusion.

Conversely, consider (6.2.21) exists. Let U = X, V = Z with X € D and
Z € Dt. The relation (6.2.21) becomes (VxT)Z = 0 and by using (6.2.6) we
obtain th(X,Z) = —AnzX. Considering U = Z,V = X (with X, Z as above)
we obtain (VzT')X = —n*(X)Z. Thus one gets

ANzX = na(X)Z7 (6224)

for all X € D and Z € D*. After the computations we obtain g(h(X,TY) —
h(TX,Y))=0. Let X € H(M), Z,W € D*. Due to (6.2.24) we have

9(W(X, Z),oW) = g(Avw X, Z) = g(n* (X)W, Z) = 1*(X)g(W, Z) = 0.
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Thus by virtue of proposition (6.2.1), Nt is totally geodesic in M™. Let now
X,Y € D, from (6.2.21) and (6.2.6) we obtain th(X,Y) = 0. If Z € D+ we have

0=g(th(X,Y),Z) = §(VxY,0Z) = —§(Y,(Vx$)Z)—§(Y, 0V x Z) = —§(¢Y, Vx Z),

replacing Y by ¢Y one obtains §(Y,VxZ) =0 for all X,Y € D and Z € D+. Tt
follows that g(VxY, Z) = 0 which means that N is also totally geodesic in M™.
We may conclude that M™ is a contact C'R-product in M?"+5,

PROPOSITION 6.2.2 Let M™ be a contact CR-submanifold of an indefinite
S-manifold M** with £, € D. Then M™ is a contact CR-product if and only
of

A¢ZX = na(X)Z, (6225)

for all X € D and Z € D+.

Proof. Suppose that (6.2.25) holds. We have
9(h(X, 2),oW) = §(Asw X, Z) = 11*(X)g(Z,W) =0, VX € H(M), VZ,W € D*.

From proposition 6.2.1 we get that N+ (the integral manifold of D) is totally
geodesic in M™. Consider now X,Y € D and Z € D+. We have

J(WX,¢Y),0Z) = §(Apz X, dY) = §(n*(X)Z,$Y) = 0.
Similarly g(h(Y, ¢X), ¢Z) = 0 and by lemma 6.2.3 it follows that D is completely
integrable. To prove that N7 (the integral manifold of D) is totally geodesic
in M™ we will prove that VxY belongs to N7 for all X|Y tangent to NT.
We have ¢(VxY,Z) = —g(Y,VxZ). On the other hand, from the hypothesis
G(h(X,Y),6Z) = 0. Then

GMX,Y),0Z) = —§(Y,Vx(¢Z)) = —§(¢Y,VxZ) = —§(¢Y, Vx Z).

So, we obtain g(¢Y,VxZ) = 0, for all X,;Y € D and for all Z € D*+. But
(€., VxZ) =0 and hence ¢g(Y,VxZ) = 0. We may conclude now that VxY €
NT for all X,Y € NT. Therefore the two integral manifolds N7 and N+ are

both totally geodesic in M™ Consequently, M™ is locally a Riemannian product
of N7 and N*t.

Conversely, from the totally geodesy of N™ and N, using the Gauss formula we
get §(VxY,0Z) = g(h(X,Y),¢Z) with X, Y € D and Z € D*. The right side is
exactly g(As2X,Y) while the left side equals to —g(¢Y, VxZ) = g(Vx(¢Y), Z) =
0.
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It follows that AzzX € D+. Again by using the Gauss formula we obtain af-
ter the computations n*(X)g(Z, W) = §(AszX,W). Taking into account that
AszX € D+ it follows AgzX = n®(X)Z. This completes the proof.

Now we will prove the geometrical description of contact C'R-products in indefi-
nite S-space forms.

THEOREM 6.2.2 Let M™ be a generic, simply connected contact CR-submanifold
of an indefinite S-space form M*"*5(c), If M™ is a contact C' R-product then

(i) For spacelike global vector field &,

c+3

(——)@(TX, TZ)NY —g(TY,TZ)NX) = 0.

(i1) For timelike global vector field &,

c+5

( 1 Wg(TX, TZ)NY —g(TY, TZ)NX) = 0.

Therefore if ¢ # —3,—5 and M™ is a ¢-anti-invariant submanifold of M2"ts,
then M™ is locally a Riemannian product of an integral curve of &, and a totally
real submanifold N+ of M?***s and if ¢ = —3,—5, then M™ is locally a Rieman-
nian product of N and N*.

Proof. Since M™ is generic it follows that &, € D. By remark 6.2.1 we have
WX, Y)=0forall X,)Y € D and AyzX =n*(X)Z for all X € D and Z € D*.
Sice T(M)* = ¢D+ and h € T(M)* by using the Weingarten formula we imme-
diately see that g(h(X, Z), W) = g(Asw X, Z) = n*(X)g(W, Z).

Consequently h(X, Z) = n*(X)¢Z for all X € D and Z € D*.
By making use of (6.2.11) we obtain for X, U,V € T'(M).
(Vxh)(U,TV)=—-h(U,(VxT)V+TVxV) (6.2.26)

= g(U,g(TX, TV )0 — (V)X +0*(X)n*(V)éa)
g(I'X, TV )n*(U)=n*(V)g(U, X)+n*(X)n*(V)n*(U),

hence we get

(Vxh)(U,TV) = g(TX, TV)NU = n*(V)g(U, X) +n*(X)n*(V)n*(U) (6.2.27)
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Substitute in (6.2.12) Z by TZ (with Z € T(M) arbitrary) the following identity
holds:

C —

v “((TX,TZ)NY — ¢(TY,TZ)NX},

(Vxh)(Y,TZ) — (Vyh)(X,TZ) =

where € = £1 according to whether &, is spacelike or timelike. Combining with
(6.2.27) above relation yields to

g(TX,TZ)NY — ¢(TY,TZ)NX = ° - “(9(TX,TZ)NY — g(TY,TZ)NXY},
which is equivalent to
( - © L 1)(g(TX, TZ)NY — ¢(TY,TZ)NX) = 0. (6.2.28)

Now we have to discuss two situations: € = +1. For spacelike global vector field
€ = +1, above equation becomes

c+3

( Wg(TX, TZ)NY —g(TY, TZ)NX) = 0. (6.2.29)
For timelike global vector field ¢ = —1, the above equation becomes
c+5
( Wg(TX, TZ)NY —g(TY, TZ)NX) = 0. (6.2.30)

Now we discuss the two cases

Case I. For ¢ # —3,—5, From the equation (6.2.29) and (6.2.30) we obtain
gTY,TZ)NX — g(TX, TZ)NY = 0, for all X,Y,Z € T(M): Since M™ is
generic we have N # 0 and it is not difficult to prove that T" = 0, thus M™ is
¢-anti-invariant. Moreover, by theorem 6.2.1 we can say that M™ is a contact
C R-product of an integral curve of £, and a totally real submanifold N+ of M2+,

Case II. For ¢ = —3, —5 from (6.2.29) and (6.2.30). M is a contact C'R-product
of the invariant submanifold N7 and the anti-invariant submanifold N*: Since
NT is totally geodesic in M™ and h(X,Y) = 0 for all X,Y € D then N7 is
totally geodesic in M?2*+s. Thus, we can use the well known result that M™ has
constant ¢— sectional curvature, then M™ is simply connected and hence M™ is
the Riemannian product of N7 and N-.

Let lflh(U, V') be the ¢-holomorphic bisectional curvature of the plane U A V| i.e.
Hp(U,V) = R(pU,U; ¢V, V)  for UV € T(M).
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We prove the following important lemmas for later use.

LEMMA 6.2.5 Let M™ be a contact CR-product of a indefinite S-manifold
M?*s_ Then, for any unit vector fields X € D and Z € D*, then:

g(h<v¢XX7 QbZ), Z) = =S5, g(h(ngbX,QbZ), Z) =S, (6231)

9(h(X,Vex9Z),Z) =0, §(h(¢X,Vx9Z),Z) = 0. (6.2.32)
Proof. By theorem (6.2.1)

s

G(h(VexX,02),2) => 1" (VexX)g(6°Z, 2) Zg (X, Vox&a)g(Z, 2)

a=1 a=1

s

== 9(¢X,6X) = —

which is first part of (6.2.31). We also have

G(h(VxoX,6Z), Zn (Vx¢X)9(2,Z) = = 9(6X,Vx&a)9(Z, Z)

a=1

= 9(6X,6X) =,
a=1

which is other part of (6.2.31). Finally

(WX, Vx¢Z), Z Z” 9(Vox0Z,Z) =0,

G(MdX,Vx02), Z Zn (6X)g(Vx6Z, Z) =0,

a=1

which are (6.2.32).

LEMMA 6.2.6 Let M™ be a contact CR-product of a indefinite S-manifold
M?*s. Then, for any unit vector fields X € D and Z € D+ we have

Hp(X,Z) =2s — 2||h(X, Z)|)? (6.2.33)
Proof. We know
R(6X, X, 02, 7) = §((V"sxh)(X,0Z) — (V'xh) (X, 67), Z)
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by using (6.2.11) and above lemma, we gets
R(6X,X,67.2) = §(Voxh(X, 6Z) — h(Vox X, 6Z) — h(X, Vyx6Z), Z)

— §(Vxh(¢X,0Z) — MV x0X,0Z) — h(oX,Vx0Z), Z)
=25 — g(h(X,02),VyxZ) — g(h(X,9Z),h(¢pX, Z))
+g(W(oX,0Z),VxZ) + g(MeX, 9Z), h(X, Z)).

Now, using the fact that VxZ and V,xZ belong to D™, therefore above equation
becomes

R(¢X> Xa ¢Za Z) =25 — 2Hh(X7 ZH27
this ends the proof.

We come to know that Hg(U,&,) = 0 and h(U, &) = ¢U, So, when we will refer
to the ¢-holomorphic bisectional curvature of the plane U A V', we intend that

this plane is orthogonal &,. Thus for X in the above lemma we can suppose that
it belongs to H(M).

PROPOSITION 6.2.3 Let M>"+*(c) be a indefinite S-space form and let X, Z
be two unit vector fields orthogonal to global vector filed . Then the ¢p-holomorphic
bisectional curvature of the plane X A Z is given by

(i) For spacelike global vector field &,

- c—1 c+3

9(6X,2)* +c. (6.2.34)

(ii) For timelike global vector field &,

~ 1
HB<X7Z) = °r

96X, Z) — ?gmx, Z2)? +ec. (6.2.35)

COROLLARY 6.2.1 Let M2"+S(c) be a indefinite S-space form and let X €
H(M) and Z € D+ be unit vector fields orthogonal to global vector filed &,. Then
the ¢-holomorphic bisectional curvature of the plane X N Z for spacelike and
timelike global vector field &, is given by

Hp(X,Z) =c. (6.2.36)

THEOREM 6.2.3 Let M?>™*5(c) be a indefinite S-space form and let M =
NT x N+ be a contact CR-product in M?"*S. Then the norm of the second
fundamental form of M satisfies the inequality

1P = (3¢ + 85 — 3e)p + 25)a, (6.2.37)
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where € = +1 according to whether global vector field &, is spacelike or timelike.
The equality sign holds if and only if both NT and N+ are totally geodesic.

Proof. For X € H(M) and Z € D+ we have |W(X, Z)|]> = $(3c + 8s — 3¢).

Now, we choose a local field of orthonormal frames
{X1, 0, Xp, Xp1 = 60X, ., Xop = 06X, Xop1 = 24, .., Xy, = Z,

Xn+1 = ¢Z17 “'7Xn+q = ¢Zq7X’rL+q+17 "'7X2m7€17 "')gs}
on M?"*3(c) in such a way that {Xi, ..., Xo,} is a local frame field on D and
{Z1,...,Z,} is a local frame field on D*. Thus

1n[* = (D, D)|I* + (D, DH||* + 2| (D, D*||* > 2| (D, D|*

=203 X Z) 1+ 30 S lh(ea, ZI12)

=1 j=1 a=1 j=1
= ((3¢ + 8s — 3¢)p + 2s)q,

where X; and Z; are orthonormal basis in H(M) and D™ respectively. The
equality sign holds if and only if h(D, D) = 0 and h(D+, Dt) = 0, which is
equivalent to the totally geodesy of N7 and N*.

6.3. C R-WARPED PRODUCT SUBMANIFOLDS OF INDEFINITE S-
MANIFOLDS

The main purpose of this section is devoted to the presentation of some properties
of warped product contact C'R-submanifolds in indefinite S-manifolds.

Let (N1, 1) and (Na, g2) be two Riemannian manifolds and f, a positive differen-
tiable function on N;. The warped product of N; and Ny is the product manifold
N1 X fN2 = (Nl X N27 g), where

9=01+ g, (6.3.1)

where f is called the warping function of the warped product. The warped prod-
uct N; x Ny is said to be trivial or simply Riemannian product if the warping
function f is constant. This means that the Riemannian product is a special case
of warped product.
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THEOREM 6.3.1 Let M2"t¢ be a indefinite S-manifold and let M = N+ X NT
be a warped product C'R-submanifold such that N+ is a totally real submanifold
and NT is ¢-holomorphic (invariant) of M****. Then M is a CR-product.

Proof. Let X be tangent to N7 and let Z be a vector field tangent to N+. From
the lemma 5.2.1 we find that

VxZ = (ZInf)X. (6.3.2))

Now we have two cases either &, is tangent to N7 or &, is tangent to N .

Case I. &, is tangent to NT. Take X = &,. Since Vz&, = —TZ =0 and Vz&, =
Ve, Z (&, is tangent to N7 while Z is tangent to N*) one gets 0 = Z(Inf)E, and
hence Z(Inf) = 0 for all Z tangent to N+. Consequently f is constant and thus
the warped product above is nothing but a Riemannian product.

Case I1. Now we will consider the other case, &, is tangent to N*. Similarly, take
Z =&, Since Vx&, = —€,TX = —¢,0X it follows —€,0X = (&Inf)X. But
this is impossible if dimNT # 0.

REMARK 6.3.1: There do not exist warped product C'R-submanifolds in the
form N+ x; NT other than C R-products such that NT is a ¢-invariant subman-
ifold and N* is a totally real submanifold of M.

From now on we will consider warped product C R-submanifolds in the form
N T X ¥ N J‘.

We can say that A contact C'R-submanifold M of a indefinite S-manifold
M?"+s tangent to the structure vector field &, is called a contact CR-warped
product if it is the warped product NT x Nt of an invariant submanifold N7,
tangent to &, and a totally real submanifold N+ of M2"*5, where f is the warping
function.

LEMMA 6.3.1 Let M™ be a contact C R-submanifold in indefinite S-manifold
M?+s such that &, € D. Then we have

9(VuX,Z) = -§(¢pAyzU, X), VY XeD, VZeD+ VYUeT(M), (63.3)

A X +A8X =0 VXeD, Vyuew (6.3.4)

Proof. We have §(¢pAyzU,X) = §(AszU, 0X) = §(V*tudZ — VyoZ,¢X) =
—§(oVuZ,0X) = —g(Vu Z, X)+n*(Vu Z)n*(X) = —g(Vuv Z, X)—g(Z,Vi&)n*(X) =
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—g(VuZ,X) 4+ g(Z,oUn*(X) = —g(Vy Z, X). So, equation (6.3.3) follows.

For the proof of the equation (6.3.4) we have g(Ay,X,U) = —g(@xgbu, U) =
g(p, 8V xU) and g(AU, ¢X) = —g(p, ¢VyX) with U € T(M). It follow that
Apgp X +A,0X =0,V X eD Vyuecv.

LEMMA 6.3.2 If M = NTx N*+ is a contact C R-warped product in a indefinite
S-manifold M?*"+* the for X tangent to NT and Z,W tangent to N+ we have

g(h(D,D),¢D+) =0 (6.3.5)
&(f) =0 (6.3.6)
9(h(¢X, Z),oW) = (Xinf)g(Z, W) (6.3.7)

Proof. For any X,Y € D and Z € D+, we have
9(M(X.Y),02) = g(VxY,0Z) = —g(¢Y,VxZ) = g(Vx¢Y, Z) = 0.

We know that V&, = —€,TU. It follows that V£, = 0 for all Z tangent to
N+, Using lemma 6.3.1 and theorem 6.3.1 we get equation (6.3.6).

From equation (6.3.2) it follows that
Hence proved.

THEOREM 6.3.2 The necessary and sufficient condition for a strictly proper
CR-submanifold M of a indefinite S-manifold M?"**, tangent to the structure
vector field &, to be locally a contact C R-warped product is that

ApzX = (=(¢X) (1) = n*(X))Z + n*(X)n*(Z)&a (6.3.8)
for some function p on M satisfying Wy =0 for all W € D*.

Proof. Let M = N7 x; Nt be a locally contact C'R-warped product.

Consider X,Y € D, Z € D*+. We can easily get g(AyzX,Y) = 0, which shows
that AgzX belongs to Dt

Now take any W € D+, we get
9(Asz X, W) = (= (0 X) (1) = n*(X))g(W, Z) +n*(X)n*(Z)n* (W)
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hence the result where = Inf.

Conversely, Let
Apz X = (=(0X) (1) = n* (X)) Z + n*(X)n*(Z)&a-

We get easily that g(h(¢X,Y),¢Z) =0,

Also

G(W(X, W), 02) = (=(6X) (1) = 1*(X))Z + n*(X)n*(Z)&a,
where X,Y € D and Z,W € D+. In the above equation replacing X by ¢X, we
obtain

9((X, W), 0Z) = (X (1) = n*(X)Ea(p))g(Z, W).
So, if we take X € H(M) it becomes g(h(¢p X, W),0Z) = (X (u)g(Z, W) and if
X =& we get g(h(¢X, W), $Z) = (1 — 6a")a(p)g(Z, W).

Now, we will prove the main theorems of the chapter.

Let M be a (pseudo-)Riemannian k-manifold with inner product <, > and ey, ..., e
be an orthonormal frame fields on M. For differentiable function ¢ on M, the
gradient V¢ and the Laplacian A¢ of ¢ are defined respectively by

< V6, X >= X(¢), (6.3.9)

D6 =3 {(Ve,e)d = ejej()} = —divVo (6.3.10)

for vector field X tangent to M, where V is the Riemannian connection on M.

As consequence, we have
k

IVol* = (e;(0)* (6.3.11)

j=1
THEOREM 6.3.3 Let M = NT x; N+ be a contact CR-warped product of
a indefinite S-space form M?*""*(c). Then the second fundamental form of M
satisfies the following inequality

|R||? > p{3||VInf|* — Alnf + (c + 2)k + 1}, (6.3.12)
Proof. We have

|h(D, D})|? = ZZHh Z)|%, (6.3.13)

7j=1 =1
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where X; for {j = 1,...,k} and Z, for o = {1,...,p} are orthonormal frames
on N7 and N+, respectively. On N7 we will consider a ¢-adapted orthonormal
frame, namely {e;, ¢e;, &y}, where {j =1,....k}, {a =1,...,s}.

We have to evaluate |h(X, Z)||*> with X € D and Z € D*. The second funda-
mental form h(X, Z) is normal to M so, it splits into two orthogonal components

WX, Z) = hyp (X, Z) + hy(X, Z), (6.3.14)
where hyp. (X, Z) € ¢D* and h, (X, Z) € v. So
IO 2P = s (X, 2| + (X, Z)] (63.15)
If X =¢&,, we have h(&,,Z) = —¢Z. Hence
hopi (€as Z) = =02, hy(Ea, Z) = 0. (6.3.16)

Consider now X € H(M) and let’s compute the norm of the ¢ D*-component of
h(X,Z). We have

||h¢DJ-<X7 Z)H2 =< hd)DJ-(XJ Z)7 h(X7 Z) >
By using relation (6.3.7), after the computations, we obtain
lhop (X, Z)|* = (6 X (Inf))*[| Z|*.
So

lhgp(ej, Zi)lI* = (de;(Inf))*,  llhope(dej, Z)|* = (e;(Inf))*.  (6.3.17)

On the other hand, from (6.3.11) we have
k k
IVInfI* = (e(inf))” + > (de;(Inf))> (6.3.18)
j=1 j=1

Since &,(Inf) = 0. Finally we can compute the norm Hh¢DL(D DL)H2 Thus

kE »
1hgpe (D, DT)||* = 21 le{thbDi(eja Z) P+ hope (e, Zo)|1 H 21 Z 17 (€
J=1l1= [e% 1=
P P
STIVInf? + > ||¢Z:||?. Since ||¢Z;||* = 1 we can conclude that
i=1 i=1
p
lhgp (D, DR)|P = O |IVinf|* + 1}p. (6.3.19)
i=1
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Now we will compute the norm of the v-component of h(X, 7). We have

17 (X, Z)|)? =< ho(X, Z), WX, Z) >=< Ap,(x.0)X, Z >,
by using lemma (6.3.1) we can write Ay, (x,2)X = Agn, (x,2)(¢X) so,

1 (X, 2)|2 =< Gh(X. Z) = Ghyp: (X, Z), h(6X, Z) > .
Since ¢hgpe (X, Z) belongs to D+ we obtain

17 (X, 2)|1? = §(oh(X, Z),h(¢X, Z)), VX € H(M), Ze D' (6.3.20)

Consider the tensor field Hg. As we already have seen

Hp(X,Z) =< (Vyx)W(X,Z) — (Vxh)(¢X,Z),¢Z >, ¥ X € HM), Z € D"
Using the definition of Vh, developing the expression above we obtain
F[B(Xa Z) =< vl¢>Xh(X7 Z)7¢Z > —< h(v¢XX7 Z)>¢Z > —< h(Xa V¢XZ)7¢Z >

— < Vih(6X,2),0Z > + < W(Vx¢X,Z),6Z > + < W(¢X,VxZ),0Z >,

after using lemma 6.3.2 and theorem 6.3.2, we get
Hp(X, Z) = | Z|{(6X (Inf))* = (6X)(6X (Inf)) + (XInf)* = X(XInf)

+(OVox X)(Inf) — [IX|* = (6VxoX)(Inf) — || X|I*
+(@X (Inf))* + (X(Inf))*} +2 < 0h(X, Z), M X, Z) >,

which becomes
Hp(X, Z) = || Z|P{2(¢X (Inf))* = (¢X)*(Inf) + 2(XInf)* — X*(Inf)

+((VoxX) — (X Vx X)) (Inf) = 2| X|*} + 2|7 (X, Z)|*. (6.3.21)

We can easily prove that

Using equations (6.3.21) and (6.3.22), we get

Hp(X, Z) = | Z|H{2(6X (Inf))* = (¢X)*(Inf) + 2(XInf)* — X*(Inf) (6.3.23)
+ (Vox (0X) + VxX)(Inf) — 2| X"} + 2/ b, (X, 2)]*.
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Using orthonormal frames, we have

Hp(ej, Z;) = | ZilI{2(de;(Inf))? — (¢e;)*(Inf) + 2(ejinf)* — e (Inf) (6.3.24)

+ (Voe, (9€5) + Ve,e5)(Inf) = 2| X517} + 20|k (e, Z) |1
Similarly,

Hp(dej, Zi) = | Zi)*{2(e;(Inf))* — e (Inf) + 2(de;inf)? — (de;)*(Inf) (6.3.25)

+ (Ve,€5 + Ve, (0€;))(Inf) = 2|1 X;1°} + 2| hu (€5, Z3)|17.
On the other hand we have

k

A(inf) = 3 _A(Vees)(inf) = e (inf)} + 3 _{(Voe,0;)(Inf) = de;*(Inf)}

=1

by using (6.3.11), we get

k k
2AVinf I =23 (e;(nf))* +23_(de;(inf))*

=1

Since &,Inf = 0. Taking the sum of (6.3.24) and (6.3.25) we get

2ZZ{||h ej, Zo)|IP + o (9es, Zo)|1} = ZZ{HB ¢j, Zi) + Hp(de;, Zi)}
=1 i=1 7j=1 =1
—2pA(Inf) + 4kp + 4| Vinf|]?,

by using proposition 6.3.3, we have

Z S Whles. ZOIE + ey, ZDI} = ckp = pA(ing) + 2k -+ 2p|Vin |-
Jj=1 =1
(6.3.26)
Now from (6.3.15), (6.3.19) and (6.3.26) we conclude that h satisfies the inequal-

ity.
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WARPED AND DOUBLY WARPED PRODUCT
PSEUDO-SLANT SUBMANIFOLDS OF
TRANS-SASAKIAN MANIFOLDS

7.1. INTRODUCTION

In chapter 6 we have studied warped product contact C'R-submanifolds of
globally framed f-manifolds with Lorentz metric. In this chapter, we change
the ambient space to trans-Sasakian manifold and study another important class
of warped product bi-slant submanifolds, namely warped product pseudo-slant
submanifolds (also known as Hemi-slant submanifolds [67]). we have also stud-
ied doubly warped products which were introduced as generalization of warped
product submanifolds by B. Unel [73]. A doubly warped product (M, g) is a
product manifold of the form M =; B X, F with the metric g = f%gp & V?gp,
where b : B — (0,00) and f : FF — (0,00) are smooth maps and gg, gr are
the metric on the Riemannian manifolds B and F' respectively. If either b =1 or
f =1, but not both, then we obtain a (single) warped product. If both b = 1
and f = 1, then we have a product manifold. If neither b nor f is constant, then
we have a non trivial doubly warped product.

If X € T(B) and Z € T(F), then the Levi-Civita connection is
VxZ =2Z(nf)X + X(Inb)Z. (7.1.1)

In the present chapter, we have studied the warped and doubly warped
pseudo-slant submanifolds of trans-Sasakian manifolds and obtained some inter-
esting properties of these submanifolds with differential geometric point of view
and provided an example of these warped product submanifolds.

An almost contact metric structure on a manifold M is called a trans-
Sasakian structure if the product manifold M x R belongs to class W,. J. C.
Marrero [54] studied the tensor equations characterizing the trans-Sasakian struc-
ture. D. E. Blair [12] and J. A. Oubina [62] showed that an almost contact metric
manifold M with a contact metric structure (¢,&,7, g) is trans-Sasakian if

(Vx¢)Y = a(g(X,Y)E —n(YV)X) + B(g(6X,Y)E —n(Y)pX) (7.1.2)

IResults of this chapter are Published in Thai Journal of Mathematics.
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for some smooth functions « and 5 on M and V being the Levi-Civita connection
of M. The trans-Sasakian structure on a manifold defined by equation (7.1.2)
are termed as structure of type («, 5). From the formula (7.1.2) it follows that

Vx§ = —agX + B(X —n(X)E). (7.1.3)

We note that trans-Sasakian structure of type (0,0) are Cosymplectic [12].
Trans-Sasakian structure of type (0, ) are S-Kenmotsu [42] and trans-Sasakian
structure of type («, 0) are a-Sasakian [42]. Their tensorial equations are respec-
tively given by

(Vx¢)Y =0

(Vx@)Y = B(g(¢X,Y)E = n(Y)dX)

and

(Vx@)Y = a(g(X,Y)§ —n(Y)X)
X,Y € TM.

NOTE 7.1.1. Throughout, the structure vector field ¢ is assumed to be tan-
gential to M, for otherwise M is simply anti-invariant by virtue of theorem 1.3.10.

Now, Let M be a submanifold immersed in M. For any X € TM, applying
(1.2.2) and (1.2.6) we have,

Vxé+h(X,§) = —aTX —aNX + (X —n(X)E).
Comparing tangential and normal parts in the above equation we find that
(a) Vxé=—aTX + (X —n(X)E) (b)) h(X,§) =—-aNX. (7.1.4)

If (M, $,&,m,g) is a trans-Sasakian manifold, then (M x R, J, g;) belongs to
the class Wa of almost Hermitian manifold. The almost complex structure J and
Hermitian metric g; on M x R are defined as under.

A vector field on M x R has the form (X ,a%), where X is a vector field
tangential to M, ¢ denotes the coordinate function on R and a is a differentiable
function on M x R. The almost complex structure J on M x R is defined as

d d
J(XWLE) = (¢X — G&TI(X)E)- (7.1.5)
The product metric g; on M x R is given by
d d
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which is compatible with the almost complex structure J on M x R turning
M x R, into a Hermitian Manifold.

7.2. PSEUDO-SLANT SUBMANIFOLDS OF TRANS-SASAKIAN
MANIFOLDS

Our aim in the present section is to study pseudo-slant submanifolds of a
trans-Sasakian manifold and obtain integrability conditions for the distributions
on these submanifolds. To begin with, we elaborate as to how, a pseudo-slant
submanifold of an almost Hermitian manifold is obtained via a slant submanifold
of an almost contact metric manifold.

Let M be an almost contact metric manifold with an almost structure (¢, £, 7, g)
and M be a submanifold isometrically immersed into M with structure vector
field £ tangent to M. D denote the orthogonal complement of < & > i.e.,

TM =D® <& >.

The following theorem provides a mechanism of obtaining a pseudo-slant
submanifold of M x R from a slant submanifold of M.

THEOREM 7.2.1. Let M be a non anti-invariant even dimensional slant sub-
manifold of an almost contact metric manifold M. Then M x R is a pseudo-slant
submanifold of M x R.

Proof. Set, D+ = {(0,4)} and Dy = {(X,0)|X € D}.

It is easy to check that D+ and D, are orthogonal with respect to the product
metric g; on M x R (see equation (7.1.6) and,

T(M x R) = D* @ D,.
Moreover, by equation (7.1.5),

d

J(0,5) = (~€,0).

D% is a totally real distribution by Theorem 1.3.9 and D, defines a slant dis-
tribution on M x R in the sense of N. Papaghiuc [64]. Therefore by definition,
M x R is a pseudo-slant submanifold of M x R.
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As a special case of bi-slant submanifolds of an almost contact metric mani-
fold, we study pseudo-slant submanifold which are formally defined as follows:

DEFINITION 7.2.1. We say that M is a pseudo-slant submanifold of an al-
most contact metric manifold M, if there exist two orthogonal distributions D+
and Dy on M such that,

(i) TM = D* @& Dp® < € >,
(ii) The distribution D is anti-invariant i.e., pD+ C T+ M,
(iii) The distribution Dy is slant with slant angle 6 # 7/2.

Suppose that M is a pseudo-slant submanifold of an almost contact metric
manifold. Then, for any X € T M, put

where P; = (i = 1,2) are projection maps on the distributions D+ and Dy. Now
operating ¢ on both sides of equation (7.2.1), and using equation (1.2.16), we
find that

TX =ThX, NX =NP X+ NPX, (7.2.2)
oPX =NPX, TPX=0, (7.2.3)
TR,X € D, (7.2.4)

Since Dy is a slant distribution, by Theorem 1.3.11
T°X = —cos” 60X, (7.2.5)

for any X € Dy.

The above condition leads to the following characterization for a slant sub-

manifold M to be a pseudo-slant submanifold in an almost contact metric mani-
fold.

THEOREM 7.2.2. Let M be a submanifold of an almost contact metric mani-
fold M, such that & € TM. Then M s a pseudo-slant submanifold if and only if
there exist a constant A € (0, 1] such that

(i) D ={X € D|T?’X = —\X} is a distribution,
(i1) For any X € TM, orthogonal to D, TX = 0.
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Furthermore, in this case A = cos> 0, where 0 denotes the slant angle of the dis-
tribution D.

Proof. 1If we put A = cos? 6, then it follows from (7.2.4) and (7.2.5) that D = Dj.
Conversely, we consider the orthogonal direct decomposition TM = D & D@ <
£ >. Tt is evident that TD C D. Hence, by statement (ii) it is clear that D+
is an anti-invariant distribution. Finally, Theorem 1.3.11 and the statement (i)
imply that D is slant distribution, with slant angle 0 satisfying A\ = cos? 0.

Now, we will discuss the integrability of distribution on a pseudo-slant sub-
manifold of a trans-Sasakian manifold.

If 1 is the invariant sub bundle of the normal bundle TH-M then, in the
case of pseudo-slant submanifold, the normal bundle 7+M can be decomposed
as follows

T+M = 1@ ND* @ NDy. (7.2.6)

As Dt and Dy are orthogonal distribution on M, g(Z,X) = 0 for each

Z € Dt and X € Dy. Thus, by equations (1.2.21) and (1.3.11), we may write
g(INZ NX) =g(¢Z,¢X) = g(Z, X) = 0.
That means the decomposition (7.2.6) is an orthogonal direct decomposition.

For this setting following lemmas play an important role in working out the
integrability conditions of the canonical distributions on M.

LEMMA 7.2.1 Let M be a pseudo-slant submanifold of a trans-Sasakian man-
ifold M. Then
A¢yX = A¢XY (727)

for all X,Y € D*.

Proof. For any X,Y in D+ and Z in T M, using (1.2.4),(1.3.11),(7.1.3) and (1.2.2)
we find that B

= - g(vZ¢X - (vz¢)X7 Y)
on applying equations (7.1.2) and (1.2.3) the above equation yields
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the results follows from the above equation.

LEMMA 7.2.3. Let M be a pseudo-slant submanifold of a trans-Sasakian man-
ifold M, o # 0, then for any X,Y € D+ @ Dy

g([X,Y],€) =2a9(TX,Y) (7.2.8)

The proof of equation (7.2.8) is straightforward and may be obtained by us-
ing (7.1.4)(a).

PROPOSITION 7.2.1. Let M be a pseudo-slant submanifold of a trans-

Sasakian manifold M. Then, anti-invariant distribution D+ is integrable.

Proof. For any X,Y € D+ and Z € Dy, by (7.2.1)
9(X, Y], ThZ) = —g(¢[X,Y], P.Z)
which on using (7.1.2) and (1.2.3), gives
([ X, Y], TPZ) = g(Apy X — AsxY, P2 2)

Now, the integrability of the distribution D+ follows on using equation (7.2.7)
and (7.2.8).

LEMMA 7.2.3. Let M be a pseudo-slant submanifold of trans-Sasakian mani-
fold M, with o # 0. Then, the slant distribution Dy is not integrable.

The proof of the lemma is straightforward in view of equation (7.2.8) and
the definition of pseudo-slant submanifolds.

PROPOSITION 7.2.2.  Let M be a pseudo-slant submanifold of M, with
a # 0, then the distribution De® < & > is integrable if and only if

WZ,TW) —h(W,TZ) +VxNW — Vi, NZ
lies in N Dy for each Z,W € Do® < £ >.
Proof. Making use of equations (1.2.21),(7.1.2),(1.2.2) and (1.2.3), we obtain
g(N[Z,W],NX) = g(h(Z, TW) — h(W,TZ) + VENW — VL NZ NX)

for each X € D+ and Z,W € Dy. The Result follows on using the fact that
ND* and N Dy are mutually perpendicular.
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Now we have the following consequence of above result.

COROLLARY 7.2.2 Let M be a pseudo-slant submanifold of a 5-Kenmotsu
manifold or Cosymplectic manifold, then the slant distribution Dy is integrable if

and only if
WZ,TW) — h(W,TZ) +Vx*NW -V NZ

lies in N Dy for each Z,W &€ Dy.

Now, in the following sections we shall study doubly warped product and
warped product submanifolds of trans-Sasakian manifolds.

7.3 WARPED AND DOUBLYWARPED PRODUCT PSEUDO-SLANT
SUBMANIFOLDS OF TRANS-SASAKIAN MANIFOLDS

In this section we study warped product pseudo-slant submanifolds of trans-
Sasakian manifolds. Throughout the section, M trans-Sasakian manifold and N 0
and N* are slant and anti-invariant submanifolds of M, respectively.

Let M = ;,N* x ; N? be doubly warped product pseudo-slant submani-
folds of trans-Sasakian manifold M. Such submanifolds are always tangent to
the structure vector field £.We distinguish 2 cases

(i) € tangent to N+,
(ii) € tangent to N?.

NOTE 7.3.1. By Lemma (7.2.3), in case of trans-Sasakian manifold with o # 0,

The slant distribution Dy is not integrable, due to this there does not exist slant
submanifold N?, but Dy® < ¢ > is integrable, so in view of this remark we can-
not take ¢ tangential to N+, hence there is only possibility of case (ii).

THEOREM 7.3.1. Let M be trans-Sasakian manifold, with o # 0, then there
do not exist doubly warped product submanifolds M = szL X le‘Q wm M, such

that N* is anti-invariant and N? is proper slant submanifold of M, & tangential
to NY.

Proof. Let M = ¢y, N L x 1N 0 be doubly warped product pseudo-slant submani-
fold of trans-Sasakian manifold M, ¢ tangent to N? then, for any Z € TN+
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Also, by equation (7.1.3) and (1.2.2), we have

—a¢pZ + B(Z —n(2)€) = Vz€ = V& + h(Z,€) (7.3.2)
—aNZ + BZ =V z6+ h(Z,§) (7.3.3)
This means that
Vz€=pZ (7.3.4)
h(Z,€) = —aNZ. (7.3.5)
Using equation (7.3.1) and (7.3.4), we get
Z(Inf1)¢ +&(Inf)Z = BZ (7.3.6)

By the orthogonality of two distribution, we get
Z(lnf1) =0 (7.3.7)

Elinfs) = B (7.3.8)

Now (7.3.7) yields, f; is constant. So, there does not exist doubly warped product
pseudo-slant submanifold of the form f2NL X lee, with & tangent to NY.

In view of the physical applications of the warped product manifolds (cf.
[30],[60] etc.), the question of existence or non-existence of warped product sub-
manifolds assumes significance. We turn to study warped product pseudo-slant
submanifolds in the following:

Let M = N+ x; N? be a warped product pseudo-slant submanifold of a trans-
Sasakian manifold M with o # 0. Such submanifolds are always tangent to the
structure vector field £. Again, we have two cases

(i) € tangent to N+,
(ii) € tangent to N?.

In view of above Note 7.3.1 we have the following result.

THEOREM 7.3.2. Let M be a trans-Sasakian manifold, a # 0, then there
do not exist warped product submanifolds M = N+ x; N? in M such that N+ s
anti-invariant submanifold and N? is a proper slant submanifold of M, £ tangent

to NY.
Proof. By equation (5.2.3),
ViZ=V,X = (ZInf)X (7.3.9)
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for any vector fields X € N% and Z € N*.

Now, for £ € N?
V€ = (Zinf)e (7.3.10)

Also, by equation (7.1.3) and (1.2.2), we have

—a¢Z + B(Z —n(Z)§) = V2§ = V2§ + WZ,§) (7.3.11)
VzE+hZ,§) =—aNZ + pZ (7.3.12)
from (7.3.12), we get
Vz{=pZ (7.3.13)
h(Z,€) = —aNZ (7.3.14)

Thus (7.3.10) and (7.3.13) imply (Zinf) = 0, for all Z € N+, it follows that
f is constant. Warped product submanifolds do not exists. Hence, the proof is
complete.

7.4. PSEUDO-SLANTWARPED AND DOUBLYWARPED PRODUCT
SUBMANIFOLDS OF TRANS-SASAKIAN MANIFOLDS

We begin the section by proving the non-existence of pseudo-slant doubly
warped product submanifolds of trans-Sasakian manifolds. As earlier in view of
Note 7.3.1, there is only case in which we can take & tangential to N°.

THEOREM 7.4.1 There is no proper pseudo-slant doubly warped product sub-
manifolds in trans-Sasakian manifolds, with o # 0.

Proof. Let M = N x;, N+ be a pseudo-slant Doubly warped product sub-
manifold in trans-Sasakian manifold M, where N and N1 are proper slant and
anti-invariant submanifolds respectively.

Due to Note 7.3.1, we can not take ¢ tangential to N+, So taking ¢ tangential to
N? Now, for any X € N? and Z € N+, by equation (7.1.3) and (1.2.2), we have

Vz€=pZ (7.4.1)
Also, from (7.1.1), we get

V€ = Z(Inf)E + E(Inf) Z. (7.4.2)
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It follows from (7.4.1) and (7.4.2)
Z(lnf) =0, (7.4.3)

{(Infy) =8 (7.4.4)

from (7.4.4),Z(Inf,) = 0, shows that f is constant. Therefore there does not exist
pseudo-slant doubly warped product submanifold in trans-Sasakian manifold.

Now, for pseudo-slant warped product submanifold in trans-Sasakian mani-
fold. In view of Note 7.3.1, we cannot take & tangential to N*. So, the remaining
case is case ¢ tangential to NY.

THEOREM 7.4.2. Let M be trans-Sasakian manifold, with o # 0, then there
exit M = N? x ; N+ pseudo-slant warped product submanifold, such that N? is a

proper slant submanifold tangent to § and N+ is an anti-invariant submanifold
of M.

Proof. For any vector fields X € N% and Z € N*, using equation(5.2.3), for
¢ € N? we have

Vz€ = (&nf)Z. (7.4.5)

Now, by structure equation (7.1.3) and (1.2.2), we have
Vz{=pZ (7.4.6)
h(Z,€) = —aNZ (7.4.7)

these equations imply, élnf = 8 for all Z € N+. Therefore in this case warped
product do exist.

In particular, we can obtain an example of pseudo-slant submanifold in the
setting of Kenmotsu manifold as follows.

EXAMPLE 7.4.1.  Consider the complex space C* with the Usual Kachler
Structure and real global coordinates (z*,y', 22, y* o3, y®, 2%, y*).Let M = Rx ;C*
be the warped product between the real line R and C*, where the warping function
e*, where z being the global coordinates in R, then M is a Kenmotsu manifold
[58]. Now defining orthogonal basis

e1 = 0/0zt, ey = 0/0y3, ez = cos O/Oy* — sin® 9/0z*, ey = cosh O/
Ozt +sinf 9/0y* and es = 0/0z

Distribution Dy =< es,eq > and D+ =< es,e1,es > are integrable and
denoted by N° and N+, then M = N+ X ¢ N? is a pseudo-slant warped product
submanifold isometrically immersed in M, here the warping function is f = e*.
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Future Work

Slant and bi-slant submanifolds of various setting of almost contact, Lorentzian
Paracontact and Lorentzian almost contact manifolds are yet to explore.

Warped product manifolds are known to have applications in physics. For
instance, they provide an excellent setting to model space-time near a black hole
or a massive star. One can explore more general warped product submanifold
than CR warped products manifold, for example Warped and Doubly warped
product and their geometric inequalities in different settings namely LP-Contact
and Lorentzian almost contact Manifolds. As warping function is always a so-
lution of a second degree equation so the study may find useful applications in
physics and different branches of engineering K
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