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Abstract

In this thesis work, robust and efficient adaptive finite element techniques have been

proposed for approximating the solutions of singularly perturbed PDEs arising during

the analysis of biological systems, heat transfer process, mass transfer process, etc.

The research work started with the following three objectives:

1. To propose robust and efficient numerical adaptive finite element technique for

linear and non-linear one dimensional singularly perturbed problems.

2. To extend the proposed adaptive techniques (Objective 1) to higher dimensional

singularly perturbed problems.

3. To solve some realistic problems arising in various branches of science and engi-

neering. One of the model problems to be considered is Burger Huxley problem.

Keeping these objectives in view, the research work has been carried out. These ob-

jectives have been achieved via the work which has been categorized into five different

Chapters, the details of which are given below:

Chapter 1: Introduction

In the first Chapter, some definitions and basic concepts involved in the thesis have

been discussed. A detailed survey on various adaptive finite element techniques has

been carried out. In the survey, the main focus has been given on a posteriori error

estimates, their efficiency, reliability and adaptive strategies designed to achieve the

numerical solution with desired accuracy. Based on the survey, some gaps in the



literature have been pointed out and objectives have been set up.

Chapter 2: Adaptive finite element scheme for one-dimensional singularly

perturbed parabolic problems

The second Chapter deals with an adaptive finite element technique for numerical ap-

proximation of solutions of one-dimensional singularly perturbed linear and non-linear

parabolic differential equations. The considered time dependent singularly perturbed

linear partial differential equation is given by

∂w

∂t
− ε∂

2w

∂x2
+ a(x, t)wx + b(x, t)w = f(x, t), (x, t) ∈ D,

with boundary conditions

w(0, t) = f1(t), t ≥ 0,

w(1, t) = f2(t), t ≥ 0,

and initial condition defined by

w(x, 0) = w0(x), 0 ≤ x ≤ 1,

where D = Ω× (0, 1), Ω = (0, 1) and ε is singular perturbation parameter (0 < ε�

1). It has been assumed that a(x, t), b(x, t) and f(x, t) are smooth functions satisfying

a(x, t) > α > 0 and b(x, t) ≥ β ≥ 0. Temporal semi-discretization has been carried

out using implicit Euler scheme. Spatial discretization has been performed using

finite element technique and Streamline upwind/Petrov-Galerkin (SUPG) method.

Piecewise uniform Shishkin mesh has been considered for domain discretization. Ex-

ponentially fitted splines have been used as test functions. At the end, numerical

tests have been carried out and it has been shown that the proposed schemes works

very well on adaptive Shishkin grids. It has been shown that the proposed adaptive
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schemes are very efficient in capturing sharp boundary layers as ε becomes small. For

non-linear time-dependent SPP, the following problem has been considered:

∂u

∂t
− ε∂

2u

∂x2
+ a(x, t, u)ux = f(x, t, u)u, (x, t) ∈ D,

with boundary conditions defined as

u(0, t) = f(t), t ≥ 0,

u(1, t) = g(t), t ≥ 0,

and initial condition as

u(x, 0) = u0(x), 0 ≤ x ≤ 1,

with D = Ω×(0, 1), Ω = (0, 1) and ε is the singular perturbation parameter satisfying

0 < ε� 1. Here a(x, t, u) and f(x, t, u) are assumed to be smooth functions. Bellman

and Kalaba[22] quasilinearization process has been considered to deal with nonlinear-

ity occurring in the problem. Further, finite element method and SUPG technique

has been used for spatial discretization based on exponentially fitted splines. Shishkin

mesh has been used to capture sharp boundary layers arising in the solution. Stability

analysis has been carried out. Numerical tests have been performed which shows that

both the schemes works efficiently for solving the singularly perturbed problems and

the numerical solution obtained by using the schemes agree with the exact solution.

Chapter 3: A posteriori error estimates for Hughes stabilized SUPG tech-

nique and adaptive refinement strategy for two-dimensional singularly per-

turbed problems

This Chapter is devoted to the study of singularly perturbed convection-diffusion

problems in two-dimensions. The convection-diffusion problem under consideration
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is given by

−∇ · ε∇u+ a · ∇u+ bu = f in Ω,

u = 0 on ∂ΩD,

ε
∂u

∂n
= g on ∂ΩN ,

where Ω ⊂ R2 is a bounded domain with Lipschitz-continuous boundary ∂Ω =

∂ΩD ∪ ∂ΩN , ε is singular perturbation parameter satisfying 0< ε � 1, and a, b

and f are sufficiently smooth. Here ∂ΩD and ∂ΩN denote the Dirichlet and Neu-

mann boundaries of the domain accordingly.

It has been observed that for small values of the singular perturbation parameter,

the problem under consideration displays boundary layers in the small subregions

near the boundary. Hughes[27] stabilization strategy along with the Streamline

upwind/Petrov-Galerkin (SUPG) method has been proposed to solve the problem.

Reliable a posteriori error estimates in energy norm on anisotropic meshes[111] have

been derived. But these estimates prove to be singular perturbation parameter de-

pendent. Therefore, to overcome the difficulty of oscillations in the solution, a robust

and efficient adaptive anisotropic mesh refinement[99] algorithm has been proposed.

Numerical experiments have been performed to test the theoretical findings.

Chapter 4: A posteriori error estimates for Hughes stabilized SUPG

method for three-dimensional singularly perturbed problems

The fourth Chapter deals with the singularly perturbed convection-diffusion problem

in three-dimensions. The convection-diffusion problem is considered in the following

form:

−∇ · ε∇u+ b · ∇u+ cu = f in Γ,

u = 0 on ∂ΓD,
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∂u

∂n
= g on ∂ΓN ,

where Γ ⊂ R3 is a bounded domain with Lipschitz-continuous boundary ∂Γ. It has

been assumed that ∂Γ = ∂ΓD ∪ ∂ΓN with ∂ΓD ∩ ∂ΓN = ∅, and b, c and f are

sufficiently smooth. ∂ΓD and ∂ΓN denote the Dirichlet and Neumann boundaries

of the domain respectively. Hughes stabilized Streamline upwind/Petrov-Galerkin

(SUPG)[96] method has been proposed to approximate the solution of the problem.

Reliable a posteriori error estimates in energy norm on anisotropic meshes have been

developed for the proposed method.

Chapter 5: Applications of singularly perturbed problems

In this Chapter, two realistic model phenomenon arising during the analysis of biolog-

ical systems, heat transfer process, etc., and governed by singularly perturbed prob-

lems have been considered. An efficient adaptive numerical scheme has been proposed

for approximating the solutions of these problems. The first considered model prob-

lem is the time dependent singularly perturbed Burgers-Fisher problem[174] given

by:

ut = εuxx − αuux + βu(1− u), 0 < x < 1, t > 0.

with initial and boundary conditions defined as

u(x, 0) = φ(x), x ∈ Ω = (0, 1)

and

u(0, t) = f(t), t > 0,

u(1, t) = g(t), t > 0.

The second model problem is the time dependent singularly perturbed Burgers-

Huxley problem[110]:

ut = εuxx − αuux + βu(1− u)(u− γ), 0 < x < 1, t > 0.
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with some non-zero initial and boundary conditions. The two model problems taken

into consideration represents the traveling wave phenomenon. Both the problems are

defined over the domain D = Ω× T = (0, 1)× (0,∞). α and β are parameters such

that α, β ≥ 0, and ε is the singular perturbation parameter satisfying 0 < ε � 1.

Since both the problems are non-linear, quasilinearization process has been utilized

to deal with the nonlinearity occurring in the problems. Time discretization has been

performed using implicit Euler method and spatial discretization has been carried out

using finite element technique based on exponentially fitted splines[174] on piecewise

uniform Shishkin mesh. Stability analysis has been carried out. At the end, it has

been shown numerically that the proposed method is very much effective for capturing

sharp boundary layers arising in the solutions as singular perturbation parameter

ε→ 0.
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Chapter 1

Introduction

Around 1940′s, with the advent of computer simulations, numerical methods came

into existence. Scientists and researchers observed that analytical methods work effi-

ciently for well-defined problems but for differential equations defined on complicated

domains or which have complicated coefficients or which are non-linear in nature, it is

not always feasible to apply these techniques. It has been observed that many times

transformation of a continuum model to a discretized system may not effectively cap-

ture the whole information embodied in the models. As a result of which, at that

time, one big question arouse that how the approximation error can be effectively

measured and minimized during computer simulations. Thanks to the efforts of re-

searchers, scientists and mathematicians, today we have reached at a stage, where

most of mathematical models of applied science and engineering can be numerically

solved within the desired precision.

1.1 Need of adaptive finite element strategies

Finite element techniques are numerical techniques for simulating various realis-

tic model problems described by differential equations or originating due to func-

tional minimization and for approximating the sols. of initial or boundary value

problems. Under a general framework, these techniques have been widely utilized
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for solving many problems. From early 1950′s to late 1970′s, with the pioneering

works of Courant[51], Hrennikoff[88], Feng[66], Argyris[7], Clough[48], Zeinkiewicz et

al.[211, 212, 213], Ciarlet[42] and Gallagher et al.[72], etc., finite element methods

became very popular and powerful techniques for solving differential problems. The

researchers widely began to use these techniques for solving structural problems aris-

ing in civil and aeronautical engineering. During numerical simulations of realistic

problems, one often faces the hurdle that the overall precision of numerical solutions

is drastically affected due to the presence of local singularities e.g. interior or bound-

ary layers, shocks or re-entrant corners[180], etc. In order to tackle this difficulty,

one of the obvious ways is to identify the critical regions and then to refine the mesh

in these regions to achieve more accurate numerical solutions. During 1980′s-1990′s,

adaptive finite element techniques obtained its real impetus with the revolutionary

work of Babuška et al.[13], Ainsworth et al.[5], Verfürth[193] and Eriksson et al.[62].

With the passage of time, these techniques became very popular and effective, and

many researchers and scientists started using these techniques for finding numeri-

cal solutions of differential equations. These techniques are generally based on four

successive steps:

SOLVE→ESTIMATE→MARK→REFINE.

In adaptive techniques based on a posteriori estimates, firstly, the problem under con-

sideration is solved and then error estimates are proposed followed by the marking of

elements that require refinements[193]. At the end, adaptive algorithm is proposed

for refining the meshes and to obtain the admissible numerical solution within the

desired accuracy. Since error estimation is a basic component in the development of

adaptive strategies, therefore, the need of error estimates becomes essential. Broadly,

error estimates can be categorized into two categories, namely, a priori error estimates

and a posteriori error estimates. It is seen that a priori error estimates provide crude

information only about the asymptotic behavior of the solution and involves regu-

2



larity conditions which are very difficult to achieve in case of singularities, whereas,

a posteriori error estimates provide information about the quantitative behavior of

the solution expected and can be derived using information about the computed nu-

merical solution. The main goal of a priori error estimates is to obtain a reasonable

measure about the order of convergence and the efficiency of the developed scheme.

In this Chapter, a detailed survey of different adaptive techniques based on finite

element methods has been presented. These methods have been developed to study

partial differential equations which occur during the analysis of biological systems,

heat transfer process, etc. Some realistic model problems e.g. Navier-Stokes problem,

quasi-linear elliptic problems, Maxwell’s equation, Helmholtz equation, bifurcation

problem, frictional problems, etc., have also been presented in this Chapter.

The Chapter is organised as follows.

In Section 1.2, we have presented some real world problems from applied science

and engineering which have been analyzed using various adaptive finite element tech-

niques. In Section 1.3, an overview towards the developments of various adaptive

techniques from 1970 to 2009 has been discussed. The literature survey of recently

developed adaptive techniques, mostly based on a posteriori error estimates, gaps in

literature and objectives of the thesis have been presented in Section 1.4. In the last

Section, conclusion has been presented.

1.2 Some of the real world models

In this Section, we present some of the realistic model problems for which various

adaptive finite element techniques have been applied by researchers. Some of the

mathematical models occurring frequently in fluid mechanics, financial mathematics,

modeling of gas dynamics, ecology, physiology, combustion, crystallization, plasma

physics, phase transition, etc., have been presented below in brief.

1. Anisotropic biphasic model of tissue-equivalent mechanics

3



The anisotropic biphasic model of tissue-equivalent mechanics[150] can be represented

as:

1

2G
σ̇ +

1

2µ
σ =

1

2
[∇v + (∇v)T ] +

ν

1− 2ν
(∇ · v)I,

∇ · [θ(σ + τcΩc)− P I] = 0,

Dc

Dt
+ c(∇ · v) = ∇ · (DoΩc · ∇c) + koc,

Dθ

Dt
+ θ(∇ · v) = 0,

−∇ ·
[

(1− θ)
θ
∇P ) + φo∇ · v

]
= 0,

where

σ̇ ≡ Dσ
Dt

- ∇v · σ- σ · (∇v)T .

Here D
Dt

denotes material derivative, I is the identity tensor, θ is the collagen net-

work volume fraction, v is the network velocity, c denotes cell concentration, σ is

the stress tensor, P is the pressure, G is the modulus representing material property

associated with the collagen network, µ the viscosity, ν the Poisson′s ratio, φo repre-

sents interstitial flow resistance, Do is the diffusivity, ko is the growth rate constant,

Ωc represents the cell orientation tensor and τ is the traction parameter given as

τ ≡ τo · tXA

t
XA+X

XA
B

. 1
1+λc2

where τo, XA, XB and λ are constants.

2. American-style option pricing problem

The American-style option pricing problem based on Black-Scholes model[204] is de-

fined as

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0 ∀ S > Sf (t) t ∈ [0, T ],

V (S, t) = P (S) ∀ 0 ≤ S ≤ Sf (t) t ∈ [0, T ],
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subjected to initial and boundary conditions

V (S, T ) = P (S) S ≥ 0,

V (Sf (t), t) = P (Sf (t)) 0 < t ≤ T,

∂V

∂S
(Sf (t), t) = −1 0 < t ≤ T,

lim
S→∞

V (S, t) = 0 0 ≤ t ≤ T,

where S(t) represents the underlying stock price, V (S, t) is the American put option

price at time t, σ is the volatility of the underlying stock, r the interest rate, Sf (t)

the exercise boundary at time t and P (S) is the pay-off function.

3. One dimensional water column model

One dimensional water column model[83] with unknowns horizontal velocity u =

(u, v) and b as buoyancy is given by:

∂u

∂t
+ fez × u =

∂

∂z

(
Ku

∂u

∂z

)
,

∂b

∂t
=

∂

∂z

(
Kb

∂b

∂z

)
,

subjected to initial and boundary conditions

[u, b]t=0 = [0, N2
0 z],

[q2, q2l]t=0 = [q2
min, (q

2l)min],[
Ku

∂u

∂z
,Kb

∂b

∂z

]
z=0

= [||u∗||u∗, 0],

[q2, q2l]z=0 = [6.5074u2
∗, 0]

defined over model domain that varies from z = -h to sea surface (z = 0) assuming

that all variables are horizontally homogeneous. In the above equations, f represents

Coriolis factor, z is the vertical coordinate (increasing upwards), ez the vertical unit

vector, Ku the eddy viscosity, Kb the eddy diffusivity, b = -g(ρ− ρ0)/ρ0 is the buoy-

ancy, g the gravitational acceleration, ρ the water density, ρ0 the reference value of

density, N0 the initial Brunt-Väisälä frequency, u∗ is the surface friction velocity,
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l the turbulence macroscale, q the velocity scale, q2
min = 5 ×10−7m2s−2, (q2l)min =

10−5m3s−2 and ||u∗|| = 10−2ms−1.

4. Fokker-Planck equation

The drift-diffusion partial differential equation, also known as the Fokker-Planck

equation[49] is given by

div[D(x)∇p(x)− v(x)p(x)] = 0,

where x = (x1, x2, ...,xN) ∈ RN is a vector of concentration of N chemical species,

D ≡ D(x) : Ω→ RN×N is the diffusion matrix, v ≡ v(x) : Ω→ RN is the drift term,

p ≡ p(x) represents the N -dimensional probability distribution function and div is

the divergence operator.

5. Model representing transport of contaminated groundwater flow in sat-

urated and unsaturated porous media

The model representing multi-dimensional, time dependent transport of contaminated

groundwater flow[155] is defined as

Saturated porous media

Rd
∂C

∂t
+ V · ∇C = ∇ · (D · ∇C) + S,

Sh
∂h

∂t
= ∇ · (k · ∇h) +Q,

where D (≡ dij) represents hydrodynamic dispersion tensor given as

dij = δijαT |V|+ (αL − αT )
VVT

|V|
+ δijµ,

V = −k · ∇h/θ.

Unsaturated porous media

∂C

∂t
+ V · ∇C = ∇ · [D(ψ) · ∇C] + Sψ,

Cψ
∂ψ

∂t
= ∇ · (k(ψ) · ∇ψ) +Qψ.

6



The parameters used in the above models are defined in [155].

6. Magnetotelluric excitation model

The set of partial differential equations arising due to two independent modes (TE-

transverse electric and TM-transverse magnetic) of magnetotelluric excitation (MT)[103]

are represented as:

TE : −∇ · ∇Ex + iωu0σEx = −iωu0J0,

TM : −∇ · 1

σ
∇Hx + iωu0Hx = −iωu0M0,

where ω is the angular frequency, u0 = 4π × 10−7 H/m is the uniform magnetic per-

meability, J0(z) represents the uniform electric source, M0(z) is the uniform magnetic

source located above earth′ surface, σ the electrical conductivity, Ex the electric field

and Hx is the magnetic field.

7. Poisson-Boltzmann equation

Poisson-Boltzmann equation[87] is used to study the electrostatic interaction between

molecules in ionic solution and is given by

−∇ · (ε∇φ) =
4π

ε0
(ρm + ρf ),

where φ = φ(x) is the electrostatic potential, ε = ε(x) is the spatially varying dielectric

constant, ε0 is the dielectric permittivity constant of vacuum, ρm represents mobile

charge distribution and ρf is the fixed charge distribution. The expression for ρm and

ρf are defined as

ρm =
∑M

j=1 cjqje
−qjφ
kT , ρf =

∑N
i=1 qiδ(xi), xi ∈ Ωm,

where M is the number of ion species, cj is the bulk concentration, qj is the charge

of jth ion, k represents Boltzmann constant, T is the absolute temperature, qi the

carrying charge, δ(xi) the delta function centered at xi and N represents number of

charges located at xi in the molecular region Ωm.

8. Models representing autocatalytic chemical reaction
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The model representing autocatalytic chemical reaction (Gray-Scott model)[105] is

given by

∂u

∂t
= du∆u− uv2 + A(1− u) in Ω× (0, T ),

∂v

∂t
= dv∆v + uv2 − λv in Ω× (0, T ),

∂u

∂ν
= 0,

∂v

∂ν
= 0 on ∂Ω,

u(x, 0) = u0(x), v(x, 0) = v0(x) x ∈ Ω,

where du, dv, λ > 0, A ≥ 0 are constants and u, v represent concentration of chemical

reactants.

1.3 Overview towards the development of various

adaptive finite element methods

During 1978, Babuška and Rheinboldt[9] made remarkable contributions in this emerg-

ing field by developing a posteriori error estimates for two point elliptic boundary

value problems. In 1984, at the Lisbon conference on adaptive refinement techniques

and error estimates, emphasize was given on new techniques[12], such as element

residual method, for the development of a posteriori error estimates. With the aim

to get effective adaptive techniques, many a priori and interpolation estimates[53]

came into existence. Different a posteriori error estimation techniques such as resid-

ual estimation method, duality method, subdomain residual method, post-processing

method, etc., were discussed. These interpolation estimates proved to be efficient for

some specific problems of computational fluid dynamics in which solution exhibits

surfaces of discontinuity and rarefaction waves, but failed badly for problems whose

solutions display boundary layers. In 1989, Demkowicz et al.[54, 148] proposed a

posteriori error estimates and adaptive strategies for linear elliptic boundary value

problem using h−p-FEM(“finite element method”). In 1990, Wu et al.[198] proposed
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adaptive technique based on Zienkiewicz and Zhu error estimates and semi-implicit

time marching scheme for Navier-Stokes incompressible fluid flow problems.

After the development of basic strategies for a posteriori error estimation, the at-

tention of researchers diverted towards the application of these estimates to general

classes of problems. Verfurth[192] derived error estimates for Stokes and Navier-

Stokes problems. By the end of 1990, researchers started making efforts to formulate

a posteriori error estimates based on h−, p− and h − p-finite element methods for

different practical problems. Ainsworth and Oden[4] developed a posteriori error

estimates for elliptic problems using element residual method. Further, authors for-

mulated a posteriori error estimates and adaptive techniques based on h − p-finite

element approximations for solving incompressible Navier-Stokes problem.

In 1998, Picasso[157] proposed a posteriori error estimates for the heat equation.

The author used backward Euler scheme for time discretization and finite element

scheme with linear triangular finite elements for space discretization. Becker and

Rannacher[20] discussed adaptive strategy based on Galerkin FEM. A posteriori error

estimates were derived using duality technique. Zienkiewicz and Zhu[213] proposed

a simple and accurate error estimator for estimation of local and global energy norm

errors for different engineering problems. Bergam et al.[23] developed a posteriori

error estimates for linear and semilinear parabolic problems. Implicit Euler scheme

was considered for time discretization followed by space discretization under finite

element framework.

Verfurth[194] proposed a posteriori error estimates for the convection-diffusion prob-

lem

−ε∆u+ a · ∇u+ bu = f in Ω ⊂ Rn,

u = 0 on ΓD,

ε
∂u

∂n
= g on ΓN ,

9



based on finite element method using locally refined isotropic meshes over a bounded

polygonal domain Ω. By the end of 2000, the concept of error estimation for FE(“finite

element”) methods reached its maturity. As a result, researchers shifted their focus

towards the development of marking and refining strategies essential to obtain adap-

tive procedures. Eriksson et al.[62] in their work stressed over the need of introducing

the concept of adaptivity for FE methods. In 1996, Dörfler[60] proposed crucial mark-

ing and refinement strategy based on error estimates for marking the triangles which

need refinements to get new triangulations.

Mesh refinement can be achieved by coarsening or local refinement of the mesh (h-

refinement), moving or relocating a mesh (r-refinement) and by local variation of

the degree of polynomials in the basis (p-refinement). It has been observed that r-

refinement techniques are quite effective in dealing with transient problems whereas

p-refinement techniques result in increase in rate of convergence for problems with

smooth solutions. Many h-refinement strategies also result in an increase in conver-

gence rate for problems exhibiting singularities[11, 166]. Mitchell in his work[128]

proposed various adaptive finite element refinement techniques for solving elliptic

problems using piecewise linear basis functions. He emphasized on different strate-

gies to determine triangles with largest error and on the techniques for division of

triangles such as-regular division and bisection method. Later Rivara[166, 167] de-

veloped hybrid mesh refinement strategy based on the bisection of longest edge ap-

proach and newest node approach. Cliffe et al.[46] proposed DGFEM(“discontinuous

Galerkin finite element method”) for solving bifurcation problems associated with

steady Navier-Stokes equation. The authors proposed adaptive mesh refinement tech-

nique based on the derived a posteriori error estimates. Further, Cliffe et al.[45] pre-

sented a posteriori error estimates and adaptive mesh refinement strategy based on

the discontinuous Galerkin method for eigenvalue problems used in channel and pipe

geometries. Moore[137] proposed an adaptive higher order h-refinement technique
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combined with continuation method to approximate solutions of three-dimensional

singularly perturbed reaction-diffusion problems.

Lang[114] derived a priori error estimates based on interpolation technique for two-

dimensional convection-diffusion SPP(“singularly perturbed problems”). An adaptive

refinement strategy based on SDFEM(“streamline-diffusion finite element method”)

was proposed. On the basis of h−, p− and r-refinement techniques, several new re-

finement strategies came into existence. Lang et al.[115] developed r − h-adaptive

FEM for solving time-dependent partial differential equations.

Numerous good books were written by Verfurth[193], Ainsworth and Oden[5], Bangerth

et al.[14], Babuska, etc., on a posteriori error estimation and adaptive mesh refinement

techniques. Though the authors tried their bests to incorporate exclusive and wide

varieties of adaptive techniques, but probably due to limited resources and availabil-

ity of the research papers, some of the research papers could not have been included.

The literature towards the development of adaptive FE methods is quite vast. In this

Chapter, we present a recent survey with the aim to highlight the developments of

adaptive techniques under finite element framework.

1.4 Brief survey of adaptive techniques based on

finite element framework

Here below, we present a survey of various finite element based adaptive strategies

(h-, p-, h − p-, h − p − q-, r-,r − h-, etc.) for different problems e.g. axisymmet-

ric compressible flow problems, Navier-Stokes problems, quasi-linear elliptic prob-

lems, Maxwell’s equation, evolutionary convection dominated problems, singularly

perturbed problems, Helmholtz equation, advection-diffusion-reaction problems, bi-

furcation problems, frictional problems, etc. The survey has been categorized as per

different adaptive strategies.
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1.4.1 h-adaptive strategies

Bao et al. [17] considered the following Kohn Sham equation representing density

functional theory model

Hψi(~x) = εiψi(~x),

where H = −1

2
∇2 + Vext(~x) + VHartree[n](~x) + Vxc[n](~x),

subjected to Dirichlet boundary conditions, where H is the Hamiltonian operator,

ψi(~x) is the wavefunction or the eigenfunction, εi is the eigen energy, -1
2
∇2 is the ki-

netic energy operator, n is the electron density, Vext(~x) is the external potential, Vxc is

the exchange-correlation potential and VHartree is the Hartree (electrostatic) potential.

In the beginning, the authors have used self-consistent field iteration for discretiza-

tion of considered equation based on linear finite element method using tetrahedron

meshes. Further, Hartree potential is computed by solving Poisson equation using

algebraic multigrid method. Boundary values are obtained using multipole expansion

method. Locally optimal block preconditioned conjugate gradient method is consid-

ered to solve the generalized eigenvalue problem. An efficient error indicator based on

normalization of indicator for each orbital has been presented. Further, h-adaptive

algorithm based on error indicator and hierarchy of the geometry tree for mesh refin-

ing and coarsening has been presented. The efficiency of adaptive technique has been

tested through numerical experiments involving simulation of atoms and molecules.

Experimentally, it has been shown that the numerical solutions obtained using the

adaptive technique are efficient for the pseudo-potential and the all-electron calcula-

tions.

In 2013, Paszynski et al.[154] considered two-and three-dimensional problems display-

ing point singularities. With the aim to reduce the computational cost, the authors

developed a direct adaptive algorithm based on h-refinement at point of singularities.

It was shown that the proposed solver results in linear computational cost of O(N)
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with respect to the number of unknowns N in terms of memory usage and execution

time.

Later on in 2013, Nicolas and Fouquet [147] proposed an adaptive h-refinement tech-

nique based on conformal finite element method on hexahedral mesh. Technique

developed has been presented in three steps. In the first step, each mesh element in

mesh having error indicator greater than same threshold value is refined by splitting

its edges into two edges. In the second step, each mesh element with at least two

refined neighbors is refined. In the third step, each mesh element with hanging nodes

is refined. At the end, the efficiency of proposed adaptive technique has been tested

numerically using HOMARD software.

1.4.2 p-adaptive strategies

Nguyen et al.[144] proposed p-adaptive FEM for elliptic partial differential equations

defined as:

−∇ · a(x, y, u,∇u) + f(x, y, u,∇u) = 0 in Ω,

subjected to boundary conditions

u = g2(x, y) on ∂Ω2,

a(x, y, u,∇u) · n = g1(x, y, u) on ∂Ω1,

where Ω ⊆ R2 is a bounded domain, a = (a1, a2)T , u, a(x, y, u,∇u) ·n are continuous

on ∂Ω0 and a1, a2, f , g1, g2 are the scalar functions. The following a priori error

estimates:

||u− up||1,Ω0 ≤ C(k, ε)p−(k−1)+ε||u||k,Ω0 ,

is proposed. Here u ∈ Hk(Ω0), k > 1, up ∈ Pp(Γh) is the finite element approxi-

mation, Pp(Γh) is the space of C0 piecewise polynomials of degree upto p and Γh is
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the triangulation of Ω0. Error estimates based on the derivative recovery technique

proposed by Bank and Xu [15, 16]

||∇u− Smh Qh∇uh||0,Ω ≤ h
(
mh1/2 + εm)

(
||u||3,Ω + |u|2,∞,Ω),

are discussed. Further, h − p-refinement indicator is discussed. Numerical valida-

tion shows that the combination of h-and p-refinement indicators results in optimal

meshes. Exponential rate of convergence on adaptive meshes is shown.

1.4.3 h− p-adaptive strategies

Dörsek and Melenk [61] considered the problem of frictional contact arising in linear

elasticity. In the beginning, the considered problem is approximated using h−p-finite

element method. Further, a priori error estimates based on h − p-mortar projection

operator are proposed in two-and three-dimensions. A residual based error indicator

in two-dimensions is proposed as defined by Melenk and Wohlmuth[126]. At the end,

based on the derived error estimates an adaptive h − p-finite element algorithm is

proposed and it is shown to be efficient on the basis of different numerical tests.

In 2010, Paszyǹski et al.[152] proposed self-adaptive h − p-finite element method to

study petroleum engineering problems (3D Direct Current (DC) resistivity logging

measurements in deviated well) modeled by

∇ · (σ∇u) = −f ,

where σ is the conductivity of media and f is the load. Starting with an arbitrary

initial two-dimensional rectangular mesh, the mesh is refined with the aim to reduce

the numerical error of the solution. It has been observed that size of elimination tree

(number of degrees of freedom) increases as mesh refinement is performed and conse-

quently the computation time also increases. In this work, a new parallel direct solver

on the basis of three level elimination trees i.e. sub-domains, initial mesh elements,

and refinement trees is proposed. Based on history of refinements, the new solver
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involves construction of the third level elimination tree. The proposed solver involves

elimination of interior of h−p-finite elements which are computationally most expen-

sive and have less connected nodes. Exponential convergence of the numerical error

with respect to degrees of freedom and CPU time on adaptive mesh is shown. Both

regular and irregular mesh i.e. adaptive meshes with very large degrees of freedom

are considered to measure computational cost and the execution time of the proposed

solver numerically.

In his paper[197], Wihler proposed h − p-adaptive strategy based on continuous

Sobolev embedding for one-dimensional elliptic BVP(“boundary value problems”)

of the type

-au′′ + du =f on Ω = (0, 1) ⊂ R,

u(0) = u(1) = 0,

where a > 0 and d ≥ 0. Reliable and efficient upper and lower a posteriori error

bound are proposed. The upper bound is

||u− uhp||2E,(0,1) ≤
N∑
j=1

η2
Kj

+
1

apj(pj + 1)
‖(f − πNf)w

1/2
j ‖2

0,Kj

where

ηKj = 1√
apj(pj+1)

‖(πNf + au′′hp − duhp)w
1/2
j ‖0,Kj .

Here ηKj is the local error estimator on Kj, j = 1,2,...N , πN represents L2- projection

onto V (γN ,pN), wj is a non-negative weight function on Kj. Define Kj = (xj−1, xj),

wj(x) = (xj − x)(x − xj−1), u ∈ H1
0 (0, 1) represents solution, uhp ∈ V (γN ,pN) is

h− p finite element solution on mesh γN , γN = {Kj}Nj=1 and pN is polynomial degree

vector defined as pN= (p1, p2, ...pN). The lower bound is

ηKj ≤ c
(
a||u′ − u′hp||20,Kj + d||u− uhp||20,Kj

)1/2

+ 1√
apj(pj+1)

‖(f − πNf)w
1/2
j ‖2

0,Kj
,

for j = 1,2,...N and c > 0 is a constant. The author proposed new smoothness

estimation technique using a posteriori error estimates. Exponential convergence is
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proved experimentally for the proposed h−p-adaptive strategy for the elliptic bound-

ary value problems. The advantage of proposed algorithm is that it helps to locate

and resolve the local irregularities arising in the solution.

Schillinger and Rank [176] introduced B-spline finite element method to study in-

terface problems with complex geometry. An unfitted adaptive refinement of inter-

faces based on hierarchically contracted B-splines, which improves the resolution of

corresponding discontinuities, is proposed. Numerically, it is shown that despite of

the presence of discontinuities, proposed h − p-adaptive refinement strategy, which

involves simultaneous increase in the polynomial degree of B-spline basis and the lev-

els of refinement around interfaces, results in exponential rate of convergence. The

performance of proposed adaptive strategy is tested for two-and three-dimensional

interface problems.

In 2011, Armentano et al. [8] proposed h−p-adaptive FEM to solve a two-dimensional

Laplace model, arising from fluid-solid vibrations. h− p-FEM is used to find the ap-

proximate solution of the considered model problem. Convergence analysis of the

proposed method is presented. A priori error estimates for eigenvalues and eigenfunc-

tions are derived. Residual type a posteriori error estimates are proposed. Authors

derived the global error estimate given as:

ηΩ ≤ Cδ(max p)1+δ(|e|2H1(Ω) + higher order terms)1/2,

where δ > 0, Cδ > 0 is a positive constant, ηΩ represents global error estimator and e

is the error. Further, the reliability and efficiency of the derived estimates have been

proved by showing it to be equivalent to the e in energy norm. An adaptive algorithm

has been developed based on the proposed a posteriori error estimates. The proposed

an adaptive algorithm results in refining of some of the elements and increasing the

polynomial degree at each step. At the end, numerical experiments have been carried

out which show that the proposed scheme results in exponential convergence.

Solin and Kuraz [184] analysed time-dependent Darcian flow problem (Richards equa-
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tion) using h−p-adaptive finite element method. Convergence of new proposed adap-

tive approach has been tested numerically by considering different problems with

known exact solution, non-stationary groundwater seepage into dry lysimeter box

with time-dependent boundary conditions and non-stationary problem of capillary

under intense infiltration.

Paszyńska et al.[153] developed programmable graph grammar model for self-adaptive

two-dimensional h− p-FEM based on mixed triangular and rectangular elements. In

the beginning, h− p-adaptive finite element strategy is discussed. Further modelling

of the proposed method by graph grammars has been presented.

Hakula [82] analyzed two- and three-dimensional elliptic BVPs, given in [82], using

h − p adaptive finite element method. The author proposed error indicators for the

model and then based on these error indicators, developed an h − p-adaptive algo-

rithm. Error indicators based on the internal shape functions of the elements have

been developed. The effectivity and convergence of the proposed adaptive algorithm

have been observed numerically by applying it to square and L-shaped domains.

Revuelto et al.[165] studied the following discontinuity problem in rectangular waveg-

uide technology

∇× 1
εr
∇×H - k2

0µrH = 0,

subject to boundary conditions

n×H = 0 at perfect magnetic conductors (ΓD),

n× 1

εr
∇×H = 0 at perfect electric conductors (ΓN),

n× 1

εr
∇×H + j

k2

εrβ10

n× n×H = Uin at port boundaries (Γp),

where H represents magnetic field intensity vector, εr = ε/ε0, µr = µ/µ0, ε is electrical

permittivity, µ is magnetic permeability of the medium, k0 = w
√
ε0µ0, ε0 corresponds

to electrical permittivity in vacuum medium, µ0 is magnetic permeability of vacuum
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medium, Uin = 2j k2

εrβ10
n × n × Hin, with Hin being incident magnetic field at the

port. An adaptive h−p-FEM supporting anisotropic refinements on irregular meshes

with hanging nodes, and isoparametric elements is developed. Similar type of three-

dimensional self-adaptive h − p-strategy was first proposed for elliptic problems by

Demkowicz and Buffa[55]. Numerical experiments are performed which show that

the approximation error in energy norm converges exponentially on h− p-meshes.

Later on in 2014, Giani et al.[76] proposed h−p-adaptive discontinuous Galerkin (DG)

method for singularly perturbed convection-diffusion problem in 2D on anisotropically

refined meshes. Firstly, the considered equation is discretized using h−p-version inte-

rior penalty DG FEM on anisotropically refined meshes. A posteriori error estimates

have been derived. Based on these derived estimates, global upper and lower bounds

of error, expressed in terms of natural norm associated with diffusion and semi-norm

associated with convection, have been proposed. It has been shown that the pro-

posed lower bound of error does not dependent on singular perturbation parameter

and mesh size whereas global error upper bound is based on anisotropic interpolation.

Further, h− p-adaptive algorithm has been developed. In order to test the reliability

and efficiency of proposed adaptive strategy, various numerical experiments have been

carried out which shows that internal and boundary layers occurring in numerical so-

lutions are easily captured and resolved with exponential rate of convergence.

Aramberri et al.[6] analyzed the round-off errors during the computation of numerical

solution of Poisson equation

−∆u = f ,

using h−p-adaptive finite element method. Earlier, it was considered that the behav-

ior of round-off errors can be analyzed only using the condition number. In this paper,

it has been shown that through suitable eigenvalue analysis, suitable choice of right-

hand side of considered equation can also result in small round-off errors despite the

presence of large condition number. While performing p-refinements, authors proved
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that suitable choice of basis functions also affects the round-off errors. Different basis

functions such as hierarchical Peano and integrated Legendre polynomials (ILP) have

been considered and it has been shown numerically that ILP produces better results

as compared to hierarchical Peano basis functions and small number of elements.

Giani et al. [75] studied the following eigen value problem:

Au := −∇ · (A∇u) + V u = λu on Ω,

u = 0 on ∂Ω,

where Ω ⊂ R2 is a bounded domain, A is a self-adjoint and satisfies some conditions[75].

Such type of equations represent a class of jumping coefficient problems. The con-

sidered problem has been analyzed using discontinuous Galerkin method. Since dual

weighted residual (DWR)[46, 45] approach is flexible and effective, goal oriented a

posteriori error estimates have been derived using DWR approach based on associ-

ated dual of the considered problem. In order to estimate the error, authors proposed

the following result

|J(û)− J(ûn)| ≤
∑

K∈γn |ηK |

in terms of the goal functional. Here ηK represents the residual defined as:

ηK =

∫
K

−(λnun +∇ · (AK∇un)− V un)(z − zn)− 1

2

∫
∂K/Γ

{{A∇(z − zn)}}[[un]]

+
1

2

∫
∂K/Γ

[[A∇un]]{{z − zn}}+
1

2

∫
∂K/Γ

c[[un]][[z − zn]]−
∫
∂K∩Γ

AK
∂(z − zn)

∂n
un

+

∫
∂K∩Γ

cun(z − zn),

where û is exact solution and ûn is approximate solution of corresponding dual prob-

lem. The h−p-adaptive algorithm has been developed to reduce the eigen value error.

Numerical experiments have been performed on different test problems having jump

discontinuities and it has been shown that the developed adaptive scheme results in

exponential convergence of eigenvalue error.
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Bürg [28] developed an automatic h−p-adaptive FE methodology for numerical simu-

lation of Maxwell’s equation representing the electric field. Firstly, the author carried

out finite element formulation and proposed the following a posteriori error estimates:

||u− uN ||2Ω ≤ C1

∑
K∈K(pK + 1)2ε(η2

K +
h2
K

(pK+1)2 ||f − fpK+1
||2L2(K)3),

where

η2 ≤ C2(ε)
∑

K∈K(pK + 1)2(2+ε)(||u− uN ||2wK +
h2
K

(pK+1)2 ||f − fpK+1
||2L2(wK)3).

Here the constants C1 and C2(ε) > 0 are independent of h, the mesh size vector

and p, the polynomial degree vector. Further, h − p- adaptive refinement technique

has been developed. It has been shown that the proposed h− p-adaptive refinement

strategy is uniformly convergent as energy error decreases with each refinement step

of the algorithm. At the end, efficiency of proposed algorithm is tested using various

numerical examples.

In the same year 2013, Cliffe et al. [47] developed goal oriented a posteriori estimates

based on dual weighted residual strategy for the DGFEM(“discontinuous Galerkin

finite element method”) for the nonlinear time dependent bifurcation problem given

as:

∂u
∂t

+ F (u, λ) = 0,

where λ is unknown parameter (Reynolds number), u is state variable and F repre-

sents the incompressible Navier-Stokes equation defined on open domain Ω ⊂ Rd (d

= 2,3). The concept of Z2 or O(2) symmetry is introduced to reduce the computa-

tional difficulty. After that h − p-adaptive refinement strategy based on 1-irregular

quadrilateral elements has been proposed. At the end, efficiency of proposed adaptive

scheme has been tested using numerical experiments.

Doleǰśı [58] studied the following nonlinear problem
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Find u: Ω→ R such that

∇ · f(u)−∇ · (K(u)∇u) = g(x),

u|∂ΩD = uD,

K(u)
∂u

∂n
|∂ΩN = gN ,

where Ω ⊆ Rd (d= 2,3) is polygonal domain with boundary ∂Ω = ∂ΩD∪∂ΩN , n is unit

outer normal to ∂Ω, f(u) = (f1(u),...,fd(u)): R→ Rd and K(u) = {Kij(u)}di,j=1 R→

Rd×d are nonlinear functions. In the beginning, the model problem is discretized using

DGFEM. The system of discrete equations are then solved using damped Newton-like

method. In order to estimate the discretization and algebraic errors, some residuum-

nonconformity estimator is proposed. Author proposed the following global residuum-

nonconformity estimator

ηh: = (ρh(uh)
2 +Nh(uh)

2)1/2,

defined in terms of algebraic residuum estimator and local variant. Further, regularity

indicator based on inter-element jumps of the approximate solution computed over

the element boundary is discussed. The h−p-adaptive strategy based on combination

of derived residuum-nonconformity estimator and regularity indicator is proposed. At

the end, accuracy of the proposed strategy is verified numerically.

Fankhauser et al. [64] considered a linear elliptic problem defined over some bounded

Lipschitz polygonal domain Ω in R2. Some smoothness indicators are proposed.

Based on isotropic embedding, h−p-adaptive strategy has been developed. Numerical

tests are performed to check the effectivity of proposed adaptive scheme. It has been

shown that the proposed technique results in exponential rate of convergence.

Giani [74] considered the following eigenvalue problem for two-dimensional periodic

photonic crystals

∇ · (A∇u) + λBu = 0,
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defined over R2 with periodic coefficients to determine band structure arising from it.

The h − p-version of symmetric interior penalty FEM has been implemented to dis-

cretize the considered problem. A reliable and efficient residual based error estimator

has been presented. Author proposed the following bound on error estimator

ηj . dist(uj,hp, E1(λj))E,Γ + h||λj,hpuj,hp − λjuj||0,β + hs||uj,hp − uj||0,β.

Here uj represents an eigenvalue and uj,hp be its corresponding discontinuous Galerkin

approximation. Based on these estimates, h−p-adaptive strategy has been developed.

Two numerical tests have been performed based on fully periodic crystals and crys-

tal with defects which show that the proposed strategy results in exponential rate

of convergence for computed eigenvalues on single cell and supercell. Author also

proved that the computed eigenvalue converges to true eigenvalue as error estimator

converges to zero.

Matuszyk et al.[124] in their paper analyzed a non-stationary two dimensional heat

transfer problem over some bounded domain Ω ⊆ R2. Time discretization has been

performed based on Crank-Nicolson scheme. Further, space discretization has been

performed using finite element method over quadrilateral elements at each time step.

A self-adaptive h − p-FEM has been presented. At the end, numerical solution of

non-stationary heat transfer problem over L-shaped domain has been analyzed to

test the efficiency of proposed adaptive algorithm.

Klimczak et al.[106] studied the following viscoelastic problem with Burgers consti-

tutive equation

divσ̇ + Ẋ = 0 ∀ t, x ∈ wi ⊂ Ω,

σ̇ = C[ε̇(u̇)− ε̇∗],

ε̇ =
1

2
[∇u̇+ (∇u̇)T ],

ε̇∗ = f(σ, χ, ...),
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subjected to initial, boundary and continuity conditions. Here σ is stress tensor,

u(x, t) is the displacement vector, X is the body force, C is the tensor of material

parameters, χ is the internal variable and ε̇∗ is inelastic strain rate. An adaptive

strategy based on local numerical homogenization approach and h− p-adaptive FEM

has been proposed. The authors discussed the projection based interpolation error

estimates. Then anisotropic refinements were considered to obtain the optimal mesh.

At the end, effectiveness of proposed adaptive scheme has been validated numerically.

Oleksy et al.[151], in 2015, proposed an adaptive strategy based on two scale approach

for modeling of inelastic heterogenous materials with periodic microstructure. The

authors considered two problems, namely the macro-scale problem for heterogenous

material defined over heterogenous domain and the micro-scale problem for heteroge-

nous material defined over representative volume elements. It is seen that in case of

inelastic deformations, numerical computations become expensive. In order to reduce

the computational cost, computational homogenization is taken into consideration.

Error estimation based on residuum has been discussed. Further, an automatic h−p-

adaptive FEM has been proposed to reduce the approximation error. Efficiency of

the proposed strategy has also been tested numerically.

Tsuchida et al.[191] gave an adaptive finite element strategy for large scale atomistic

simulations. FEMTECK code based on density functional theory is considered for

effective simulation. Comparison has been made for computation of the Kohn-Sham

total energy of methane molecule using FEMTECK and ABINIT on uniform and

adaptive mesh. At the end, accuracy of the proposed adaptive strategy has been

verified numerically using example of polymer electrolyte membranes for fluid cells.

Abas et al.[1] studied the following fluid-structure interaction problem
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Find {u, v, w, p} ∈ {vD + V } × V × V × L(
ρ
∂v

∂t
|x0 +ρ([v-w] · ∇)v, ψv

)
+ (∇ · σ, ψv) = (g1, ψ

v,p) |∂Ω +(f1, ψ
v,p),

(∇ · v, ψv) = 0,

(∇ · C : ε(u), ψu) = 0 ∀ ψ ∈ V,

where

σ = σf + σs,

σf = −pI + 2ρfvfε(v),

σs = JF−1(λs(tr(E))I + 2µsE)F−T ,

C : ε(u) = 2µε+ λ(tr(ε))I,

ε =
1

2
(F TF − I),

F = (I −∇u)−1.

The parameters used in the above problem have been defined in [1]. The authors

derived the following residual based a posteriori error estimates in terms of weighted

sum of elements and edge contributions

∑
R,K η

2
R,K = ηK(uh)

2 + ηE,Ω(uh)
2 + ηE,ΓN (uh)

2,

where

ηK(uh)
2 =

h2
K

pK

∫
K

|∇ · qlh + f |2dΩ,

ηE,Ω(uh)
2 =

∑
e in Ω

hE
2pK

∫
e

|[qeh · ne]e|2dΓ,

ηE,ΓN (uh)
2 =

∑
e in Γ

hE
2pK

∫
e

|qbh · ne − g|2dΓ.

Here K represents element number, uh is value of velocity in fluid domain, qh is

flux vector, Ω is considered mesh, hK is size of element, hE is size of edge and ne

is the unit normal to the edge. Based on these proposed error estimates, h − p-

adaptive strategy is proposed. Further, domain decomposition parallelization scheme
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is adopted to reduce the computational time. Numerical tests are carried out to check

the performance proposed adaptive finite element method.

1.4.4 h− p− q-adaptive strategies

Zboinski [201] developed h− p− q-adaptive FEM for analysis of complex structures.

The proposed adaptive strategy is applied to simulate a hierarchy of 3D-based me-

chanical models, first-order Reissner-Mindlin shell theory, higher-order hierarchical

shell models and 3D elasticity models. Residual equilibration method is considered

for a posteriori error estimation. The performance of adaptive algorithm is tested

through numerical experiments.

Zboinski [202] proposed an adaptive h− p− q-finite element method for solving com-

plex 3D-models based on elastic structures. The a posteriori error estimates based

on residual equilibrated method proposed by Ainsworth and Oden [5] are derived.

An adaptive technique based on Texas three step strategy is developed. Various nu-

merical tests are performed by the author to test the effectiveness and reliability of

proposed adaptive scheme.

1.4.5 r − h-adaptive strategies

Kardani et al. [98] studied large deformation problems of geomechanics. The au-

thors developed combined r − h-adaptive FEM for numerical simulation. In the

proposed r−h-adaptive strategy, h-adaptivity helps to obtain more accurate solution

and r-adaptivity (Arbritrary Lagrangian-Eulerian method) helps to refine the mesh

distortion without changing number of elements and nodes.
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1.4.6 Adaptive strategies based on layer adaptive mesh

Franz et al.[68] considered the following singularly perturbed convection-diffusion

equation

−ε∆u− bux + cu = f in Ω = (0, 1)2,

u = 0 on ∂Ω,

where 0 < ε� 1 is small perturbation parameter, b ≥ β on Ω̄ and β is positive con-

stant. In this paper, the considered equation is discretized using standard Galerkin

FEM and local projection stabilization FE method on layer-adapted mesh. Numerical

validation of proposed scheme is done using both bilinear finite elements and higher

order finite elements. It is shown that for bilinear finite elements, first order conver-

gence in energy norm for Galerkin method and local stabilization scheme is achieved.

Higher order elements results in convergence of order p + 1 for both Galerkin and

local stabilization methods.

Kumar et al.[110] considered the following singularly perturbed generalized Burgers-

Huxley equation

ut + αuδux − εuxx = βu(1− uδ)(uδ − γ) 0 ≤ x ≤ 1, t ≥ 0,

subjected to initial and boundary conditions

u(x, 0) = f(x) 0 ≤ x ≤ 1,

u(0, t) = u0 0 ≤ t ≤ 1,

u(1, t) = u1 0 ≤ t ≤ 1,

where α, β, γ, δ and ε are parameters s.t. α ≥ 0, β ≥ 0, γ ∈ (0, 1), δ = 1,2,3 and

ε � 1. An efficient numerical scheme based on three-step Taylor Galerkin method

is proposed. In the beginning, time discretization is performed using forward-time

Taylor series expansion. Shishkin mesh has been considered for mesh dicretization.
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Standard Galerkin FEM is used for spatial discretization. Stability analysis of pro-

posed scheme has been discussed in detail. It has been shown that the proposed

numerical scheme is robust and efficient in capturing sharp boundary layers as singu-

lar perturbation parameter becomes small numerically.

Franz[69] studied the following singularly perturbed convection-diffusion problem

−ε∆u− bux + cu = f in Ω = (0, 1)2,

u = 0 on ∂Ω,

where 0 < ε � 1 is small perturbation parameter and b ≥ β > 0. Shishkin mesh

is considered for domain discretization. Superconvergence analysis for higher-order

SDFEM is presented. The author established the following estimates

|||u− uN |||ε ≤ C(N−1lnN)p,

for the convergence analysis of the general higher-order element space. Here uN is

the streamline diffusion solution and u is the exact solution.

In [70], the author considered the following convection dominated problem

−ε∆u− b∇u+ cu = f in Ω = (0, 1)2,

u = 0 on ∂Ω,

defined over domain Ω. The authors derived the following supercloseness estimates

based on higher-order Galerkin finite element on Shishkin mesh:

|||PNuN − u|||ε ≤ (N−1lnN)p+1 +N−(p+1/4),

where PN is postprocessing operator and PNuN is the numerical solution.

Liu et al.[121] studied the following singularly perturbed problem:

−ε∆u+ b · ∇u+ cu = f in Ω = (0, 1)2,

u = 0 on ∂Ω.
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The authors discussed some bounds on the solution of the continuous problem and

its derivatives. Further, Galerkin FEM on Shishkin triangular mesh and hybrid mesh

has been discussed. The authors derived anisotropic interpolation bounds on Shishkin

mesh followed by error estimation on Shishkin mesh and hybrid mesh. Numerical tests

are carried out and it is shown that the proposed scheme is ε-uniform convergent with

respect to diffusion parameter. Increase in order of convergence of computed solution

on hybrid mesh is shown as compared to Shishkin mesh.

Sangwan et al.[174] proposed mesh adaptive strategy for computing numerical solu-

tion of time dependent singularly perturbed Burger-Fisher equation defined as:

ut + αuδux = εuxx + βu(1− uδ) a ≤ x ≤ b, t ≥ 0,

where u represents traveling wave phenomena, ε is the diffusion coefficient, α, β and

δ are parameters satisfying α, β ≥ 0, δ > 0 and 0 < ε ≤≤ 1. Firstly, time semi-

discretization is performed using implicit Euler method. Quasilinearization process

is used to handle the nonlinearity. Further its convergence has been discussed. Spa-

tial discretization is carried out using finite element procedure. Exponentially fitted

splines on piecewise Shishkin mesh is considered for discretization in spatial direc-

tion. Stability of proposed adaptive scheme is analyzed. Numerical experiments are

performed and it is shown that the proposed adaptive scheme is quite effective in

capturing sharp boundary layers.

1.4.7 Adaptive strategies based on error estimates

Ren et al.[164] studied the three-dimensional DC resistivity boundary value prob-

lem. Gradient recovery based a posteriori error estimates originally developed by

Zienkiewicz and Zhu (1987) have been discussed. The authors considered the follow-

ing two estimators η̄e(average element error percentage) and η (global error percent-

age) to propose mesh adaptive scheme defined as:

η̄e =
[

1
m

∑m−1
k=0 ( ||e||k

||R∇uh||k
)2
]1/2

× 100%,
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and

η = ||e||
||R∇uh||

× 100%,

where ||e|| =
∑m−1

k=0 ||ek||, ||R∇uh|| =
∑m−1

k=0 ||R∇uh||k, m is the number of elements,

||ek|| is the element error and R∇uh is the recovered gradient. To test the accuracy

and efficiency of proposed adaptive strategy, numerical experiments for two synthetic

models and one valley model have been performed .

Chen et al.[41] considered the following eddy current model with voltage excitations

for complicated 3D structures

∇×∇×A + iwσµA = −σµ∇φ0 + µJs in Ω,

A× n = 0 on Γ,

defined on domain Ω with boundary Γ. A is assumed to be the magnetic vector

potential, Js is the applied current density satisfying divJs = 0, µ is the magnetic

permeability, w is frequency, σ is the electric conductivity and φ0 ∈ H1(Ω) satisfying

φ0 = Uj on Sj, j = 1,...,N . Using Scott-Zhang and Beck-Hiptmair-Hoppe-Wohlmuth

interpolants, the authors proposed the adaptive FEM and derived the following error

upper bounds

ηT ≤ C(||∇ × (A−Ah)||L2(T̃ ) + α2||A−Ah||L2(ΩC∩T̃ ) +
∑

T⊂T̃ hT ||f −Qhf ||L2(T )),

where T̃ is the union of T and the adjacent elements of T , f = s2µ(Js − s−1σ∇φo),

Qh : L2(T ) → P1(T ) is the L2 projection to the space of linear functions on T , A

is the analytical solution of the considered problem and Ah is its finite element ap-

proximation. Based on these a posteriori error estimates, an adaptive algorithm is

developed. A parallel adaptive finite element package i.e. parallel hierarchical grid

(PHG) is considered for numerical validation of the proposed adaptive scheme.

Mao et al. [123] developed simple adaptive nonconforming finite element method us-

ing Dörfler marking strategy [60] for a second order elliptic problem. Firstly, noncon-

forming P1 finite element space (Crouzeix-Raviart element) is considered for domain

29



discretization. Further, efficient and reliable residual type a posteriori error estimates

are developed. Mesh refinement technique is so employed that the family of meshes

obtained are conforming and shape regular. At last, optimal convergence of the pro-

posed adaptive algorithm is tested numerically.

Guaily and Megahed [81] considered the following two dimensional planar and ax-

isymmetric compressible flow problem

At
∂Q

∂t
+ Ax

∂Q

∂x
+ Ay

∂Q

∂y
+ αAaxisQ = 0,

where QT = (ρ, u, v, p) is the vector of unknowns and Ax, Ay, At, Aaxis are some

matrices, ρ is the spatial density, γ is the specific heat ratio, At = I is identity matrix,

α = 1 for axisymmetric flow and α = 0 for planar flow. In the beginning, least square

FEM combined with Newton-Raphson method is considered for approximation of

solution. Edge based error estimates are discussed. Further, grid smoothening is

performed to obtain the grid differentiable at all nodes. Based on error estimates, an

adaptive algorithm on quadrilateral meshes is developed to achieve sharp resolution

of discontinuities. Through numerical tests, it has been shown that the proposed

technique is quite effective as compared to other existing techniques. The proposed

scheme allows to use large time steps in order to reach steady state solution in very

few iterations.

Solin et al. [183] considered the following time-dependent multiphysics model

c[TT ]∂T

∂t
− d[TT ]∆T − d[Tw]∆w = 0,

c[ww]∂w

∂t
− d[wT ]∆T − d[ww]∆w = 0,

defined over reactor vessel with boundary ∂Ω = ΓS∪ΓR∪ΓE, ΓS∩ΓR∩ΓE = ∅. Here

T represents temperature, w relative humidity, d[TT ], d[wT ], d[Tw], d[ww] are the scalar

conductivities, c[TT ], c[ww] represents capacity properties, ΓS is the axis of symmetry,

ΓR is reactor wall, ΓE is exterior wall. Boundary conditions under consideration are

∂T

∂n
= 0,

∂w

∂n
= 0 on ΓS,
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q[w] · n = 0 and Dirichlet boundary condition for temperature T = T̃ on ΓR,

q[T ] · n = k[TT ](T − Text) + k[Tw](w − wext) on ΓE (Newton Boundary condition),

q[w] · n = k[wT ](T − Text) + k[ww](w − wext) on ΓE (Newton Boundary condition),

where k[Tw], k[ww], k[TT ], k[wT ] represent the transmission coefficients, Text is the tem-

perature of environment, wext is the relative humidity of environment, q[T ] is heat

flux and q[w] is moisture flux. Time discretization is performed using Rothe’s method

followed by space discretization. Further, multimesh space and time adaptive higher-

order FEM based on dynamical meshes is proposed. The proposed technique involves

small low-degree elements on moving fronts and large high-degree elements where

solution is smooth. At the end, it is shown numerically that the computed solution

obtained from the proposed scheme is more reliable and efficient as compared to the

results obtained from h-adaptive with quadratic elements and standard (single-mesh)

h− p FEM.

Carstensen et al.[32] proposed an optimal adaptive FEM for Poisson model defined

as:

p+∇u = 0 and divp = f in Ω := (0, 1)2,

u = 0 on ∂Ω.

The problem has been approximated using Raviart-Thomas finite elements of the

lowest order. The authors established the following edge-error estimator: ηe:= ηe(Ee)

where

η2
e(M): =

∑
E∈M η2

e(E) for M ⊆ Ee,

with local contributions

ηe(E): = |E|1/2||[pl]E||L2(E) ∀E ∈ Ee.

Here Tl is the regular triangulation of Ω, E = T+ ∩ T− represents edge shared by

elements T+, T− ∈ Tl and ηe(E) corresponds to the jump parallel to E. When
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oscillations are small as compared to estimated error, edge-oriented Dörfler marking

strategy has been performed, otherwise the thresholding second algorithm (TSA)[24]

has been performed in order to reduce the oscillations. Adaptive mesh refinement

has been performed based on Newest vertex bisection refinement technique. Later

on, convergence of the proposed adaptive scheme has also been shown to be optimal .

At the end, numerical tests have been presented to validate the theoretical findings.

Key et al.[104] studied isotropic two-dimensional electrical conductivity model defined

as

−∇ · (A∇u) + Cu = f in Ω,

u = 0 on ∂Ω,

where parameters have been defined in [104]. Authors proposed a parallel goal-

oriented adaptive finite element method for solving the problem under consideration.

In the beginning, finite element formulation is presented. Goal oriented error es-

timates has been proposed using dual weighted residual (DWR) method. Authors

established the following local element error indicator for any triangle τ :

µt = |F (δn)τ −B(un, δn)τ |,

where δn ≈ w − wn is the discrete error in the dual solution. Here G(u) = B(u,w)

= F (w) represents the functionals of the primal and dual solution u and w. Domain

discretization is based on coarse Delaunay triangulation. Goal oriented error estima-

tor based on dual weighted residual method has been considered. Further, iterative

mesh refinement based on the relative error has been carried out. In order to save

computational cost, parallel computation of different parameters such as wavenumber,

frequency, etc., in the proposed adaptive algorithm has been considered. Performance

of the proposed adaptive strategy has been tested numerically.

Tavakoli and Zarmehi [187] studied the Saint-Venant equations using adaptive finite

element methods. The problem represents unsteady, one-dimensional flow in an open
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channel with no lateral inlet or outlet. The authors proposed three adaptive FE

schemes for solving the Saint Venant equation. In the first method, called as compar-

ison adaptive finite element method (CAFE), the problem is initially solved on coarse

grid followed by refinement of intervals. Further, the numerical solution is obtained

on new coarse grid. Since in CAFE method, problem is solved several times in each

time step which results in increase in CPU time, therefore, in the second proposed

method known as the regression adaptive finite element method (RAFE), problem

is solved for first few moments on fine mesh. Further, the solution is computed at

next time level using regression method. In the third method, called as the heuristic

adaptive finite element method (HAFE), the considered problem is solved for first

few moments on fine mesh followed by computing numerical solution for next time

levels. Numerical experiments are carried out for subcritical and supercritical flow

problems to test the effectivity of the proposed adaptive methods.

Frutos et al. [71] considered the following evolutionary convection dominated problem

defined as:

ut − ε∆u+ b · ∇u+ cu = f in Ω,

u = g1 on ∂ΩD,

∂u

∂n
= g2 on ∂ΩN ,

u(0, x) = u0(x) in Ω,

where Ω is bounded open domain in Rn (n = 1,2,3) with polygonal boundary ∂Ω =

∂ΩD ∪ ∂ΩN . In the beginning, temporal semi-discretization is performed. Further,

spatial semidiscrete Galerkin finite element approximation is considered to compute

approximate solution. On the basis of computed solution, a posteriori error indicator

is proposed. An adaptive algorithm is developed based on refining of mesh using

red-green refinement technique. At the end, numerical experiments are performed to

validate the effectivity of developed algorithm.
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Garau et al. [73] studied quasi-linear elliptic partial differential equation using discrete

adaptive approximations based on Lagrange finite element space. Triangulation of the

domain comprising of continuous functions vanishing on ∂Ω is considered. An inexact

adaptive FEM has been developed using Kačanov iteration and mesh adaptation.

Convergence of the proposed scheme

limk→∞ || ∇(uk − uk+1) ||Ω = 0,

and stability of local error indicators have been proved by showing

ηK(T ) . ||∇uk||wk(T ) + ||f ||T ∀T ∈ Tk ∀k ∈ N ,

where uk{k∈N} represents the sequence of discrete solutions obtained using adaptive

algorithm. The proposed adaptive strategy is based on adaptive technique for Stokes

problem using Uzawa’s Algorithm [52, 200]. At the end, the behavior of adaptive

algorithm has been analyzed numerically by considering different nonlinear problems.

Schwarzbach et al.[178] considered the following three-dimensional model of electro-

magnetics

curl(µ−1curlEs)−iw(σ−iwε)Es = curl([µ−1
p −µ−1]curlEp)−iw([σp−σ]−iw[εp−ε])Ep,

subject to homogenous Dirichlet condition

n× Es = 0,

defined over domain Ω with boundary ∂Ω. Here µ is magnetic permeability, ε is

electrical permittivity, σ is electrical conductivity, Ep is primary electric field, Es is

secondary electric field and µp, εp, σp are parameters. Finite element discretization

based on tetrahedral meshes has been presented. Finite element library FEMSTER

has been used for computation of finite element solution. A posteriori error esti-

mates proposed by Beck and Hiptmair[19] have been discussed for the model under

consideration. Based on these a posteriori error estimates, the local error indicator
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ηKi =
∫
Ki

(Ĥs − H̄s) · µ(Ĥs − H̄s)d
3r,

defined in terms of a weighted norm of the difference between the two magnetic field

approximations Ĥs and H̄s over element Ki has been proposed and an adaptive mesh

refinement procedure has been discussed. Convergence analysis has been carried out

which clearly shows that the use of higher order polynomial is highly appreciated

when solution is not globally smooth. Validation of code is done through numerical

experiments.

Hoffman et al. [85] proposed an adaptive FEM for numerical simulation of Navier-

Stokes equation

u̇ + (u · ∇)u +∇p− ν∆u = f (x, t) ∈ Ω× I,

∇ · u = 0 (x, t) ∈ Ω× I,

u(x, 0) = u0(x) x ∈ Ω,

defined over Ω ⊆ R3, I = (0, T ]. The considered equation is discretized using con-

tinuous Galerkin method in space as well in time. The authors derived the following

estimates based on the solution of dual problem [62, 20, 77]:

|M(û)−M(Û)| ≤
N∑
n=1

[

∫
In

∑
K∈Γn

|R1(Û)|K · w1dt+

∫
In

∑
K∈Γn

|R2(U)K | · w2dt

+

∫
In

∑
K∈Γn

R3(U) · w3dt+

∫
In

∑
K∈Γn

|SDn
δ (Û ; φ̂)K |dt],

where R1, R2 and R3 are defined in [85]. Robust and efficient adaptive algorithm

based on a posteriori error estimates has been developed. At the end, the efficiency of

proposed algorithm has been observed numerically by considering different problems

arising in the field of aerodynamics and geophysics.

Chang and Chen [39] considered the following convection-diffusion problem in two

spatial dimensions

−β∇Φ+ < α,∇Φ > = f on Ω,

Φ = g on Γ,
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where Ω is a unit square {0 < x, y < 1} with boundary Γ, β is diffusion coefficient,

α represents convection, f and g are given functions. Authors proposed an adaptive

algorithm to generate optimal grids using least squares finite element method. With

the slight modifications to algorithm developed by Chen and Yang [40] for solving

convection-diffusion problems, refinement strategy has been developed by the authors

based on redistribution of grading function. Delaunay triangulation is considered to

generate good quality triangular mesh. An unstructured local mesh smoothening is

performed to avoid skewed mesh in optimal grids generated by proposed algorithm.

At the end, effectiveness and optimal convergence of proposed strategy have been

analyzed numerically by comparing it with the results obtained from Galerkin finite

element method.

Tian et al. [189] considered the elliptic partial differential equation represented as:

−∇ · (a∇u) = f in Ω,

u = 0 on ∂Ω,

where a(x) > 0, Ω ⊆ R2 is rectangular domain with boundary ∂Ω. The authors

presented finite element discretization using polynomial basis over hierarchical T-

meshes. It has been observed that polynomial splines over hierarchical T-meshes

results in effective local refinement in adaptive computation. To perform an adaptive

refinement, residual based a posteriori error estimates

||eh||2E ≤ C
∑

K∈Γ h
2
K ||r||2L2(K),

has been proposed, where C is constant, eh = u−uh is the error in the approximation

uh and r = f + ∇ · (a∇uh). Further, reliability and efficiency of the derived error

estimates has been discussed. Numerical experiments have been performed to study

the robustness of the proposed adaptive scheme.

Zhang et al. [205] considered the following stationary conduction-convection problem:
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Find u = (u1,u2 ), p and T such that

−µ∆u + (u · ∇)u +∇p = λjT x ∈ Ω,

divu = 0 x ∈ Ω,

−∆T + λu · ∇T = 0 x ∈ Ω,

u = 0, T = T0 x ∈ ∂Ω,

where Ω ⊂ R2 is bounded, connected domain with Lipschitz continuous boundary

∂Ω, u is velocity vector, λ > 0 is Groshoff number, j = (0,1) be the unit vector

and µ is viscosity. In the beginning, mixed FE formulation of given equation has

been presented. Authors established the following residual based a posteriori error

estimates based on Verfürth [193]

{||u∗ − uh||21,2 + ||p∗ − ph||20,2 + ||T∗ − Th||21,2}1/2 ≤ C8||DF (u∗, p∗, T∗)
−1||Q(Y ∗D,XD){

∑
K∈Γh,j(Ω)

η2
K}1/2,

ηK ≤ C9||DF (u∗, p∗, T∗)||Q(X,Y ∗){||u∗−uh||21,2;wK
+||p∗−ph||20,2;wK

+||T∗−Th||21,2;wK
}1/2,

where C8 and C9 depend upon the polynomial degrees of the spaces Mh, Qh, Wh, do-

main Ω and on hK
QK

, u∗ represents a weak solution and uh is an approximate solution of

the equation Fh(uh) = 0. Based on error estimates, an adaptive refinement strategy

has been developed for solving the considered stationary conduction-convection equa-

tion. Two numerical tests have been performed to test the effectivity of the proposed

adaptive strategy.

Vuong et al. [195] formulated hierarchical adaptive local refinement approach for iso-

geometric analysis based on hierarchical B-splines defined on nested approximation

spaces for approximating the solution of the stationary heat conduction equation.

Authors proposed the following error indicator defined as:

η̃(φ) =
1

|S(φ)|
∑

T∈S(φ)

η(T ),
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where η̃ : Φ → R+
o and S(φ) := {T ∈ A|T ⊂ supp φ}. Effectiveness of hierarchical

adaptive algorithm is tested using numerical experiments on problem with elastic

plate with circular hole, stationary heat conduction equation with L-shaped domain

and advection-diffusion problem.

Selim et al. [179] proposed an adaptive finite element splitting scheme for approximat-

ing the solution of incompressible Navier-Stokes equation. Standard splitting scheme

(incremental pressure correction scheme) has been considered for time discretization.

Finite element formulation has been used for space discretization of the considered

problem and its dual. A posteriori estimates E = (Eh+Ek+Ec) expressed as sum

of spatial discretization error, time discretization error and computational error have

been derived. An adaptive algorithm has been developed to test the quality of the

derived error estimates. Numerical experiments have been carried out and it has been

shown that the proposed adaptive refinement strategy is optimal in approximating

the solution of the considered problem.

Nazarov et al.[143] proposed a robust and efficient adaptive FEM for approximating

numerical solution of turbulent compressible flow problem:

Find û ≡ (ρ,m,E)

∂tρ+∇ · (ρu) = 0 in Q,

∂tm+∇ · (m⊗ u + pI) = g in Q,

∂tE +∇ · (Eu + pu) = 0 in Q,

û(·, 0) = û0 in Ω,

defined over fixed, open domain Ω ⊆ R3 with boundary Γ where I = [0, t̂], ρ is density,

m = ρu is momentum, u = (u1, u2, u3) represents velocity, E = E(x, t) is total energy,

(x, t) ∈ Q = Ω× I, x = (x1, x2, x3) ∈ R3, I is identity matrix, g = (g1, g2, g3) is given

volume force, ⊗ denotes tensor product, û0 = û0(x) and p = (γ − 1)ρT is pressure,

γ = cp is adiabatic index and cp is heat capacity under constant pressure. FEM
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combined with residual based artificial viscosity for numerical stabilization, shock

capturing and turbulence capturing is considered. Time discretization is carried out

using explicit third-order Runge-Kutta method. Authors presented a posteriori error

estimates based on solution of corresponding dual problem and are defined as:

|M(û)−M(ûh)| ≤
∑
n

∑
K∈Γn

∫
In

ChhK |R(ûh)|K · |Dφ|K +
∑
n

∑
K∈Γn

∫
In

|V is(ûh; πhφ)K |dt

+ h.o.t,

where R(ûh) = (Rρ(ûh), Rm(ûh), RE(ûh)) is the residual of Euler equations, M(û)

is target functional, Ch = 1/2 is interpolation constant, Dφ represents space-time

derivative of φ and V is(ûh; πhφ) = (∇ · fvisc(ûh), πhφ) represents contribution from

the residual based artifical viscosity in the finite element discretization. An adaptive

algorithm is proposed by authors. Various two-and three-dimensional examples are

considered for numerical validation of the proposed adaptive algorithm.

Belenki et al.[21] studied the following nonlinear Dirichlet problem

−div(A(∇u)) = f in Ω,

u = 0 on ∂Ω,

where Ω is bounded, polyhedral domain in Rd, d ∈ N and A : Rd → Rd. The

considered equation is discretized under finite element framework. Conforming and

shape regular triangulation of domain is considered. Some residual based a posteriori

error estimates are discussed. The author established the following error indicator on

T ∈ Γ:

η2(v, vT, T ) :=
∫
T

(φ∗|∇v|(hT |f |)dx+
∑

γ∈Γ,γ⊂∂T
∫
γ
hT |[[F (∇vT)]]γ|2dx,

where [[F (∇vΓ)]]γ represents jump of F (∇vT) across the face γ ∈ Γ. Here 1st term

in the right hand side of above expression denotes element indicator and second

term as jump indicator. Based on error indicator, an adaptive refinement strategy

is proposed. Dörfler marking strategy is used for selection of elements for further
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refinement. Refinement is done using bisection method. Optimal rate of convergence

of discrete solution obtained from adaptive algorithm is proved. Numerical tests over

L-shaped and crack domain are carried out to analyze rate of convergence of proposed

strategy.

MacDonald et al.[122] presented numerical solution of non-linear singularly perturbed

BVP arising from 1-dimensional Q-tensor model of liquid crystals using adaptive

FEM. The concept of spatial rescaling is introduced to study singularly perturbed

behavior of considered problem. Further, the asymptotic behavior of solution in

boundary layer region is discussed. The concept of mesh equidistribution, arc-length

(AL) and Beckett-Mackenzie (BM) monitor function is also introduced. Since AL

monitor function are less effective for exponential-like boundary layers, therefore the

alternative monitor function

M(Sn(Z)) = α +

(
|dSn|
|dz|

)1/m

,

where α =

∫ 1

0

(
|dSN |
|dz|

)1/m

dz,

with m as constant is discussed. It is observed that these BM monitor functions

are more useful as they involve lesser user defined parameters. An adaptive strategy

is discussed. The authors showed numerically that adaptive meshes obtained by

equidistribution of BM monitor functions are quite effective, as they results in optimal

rate of convergence of computed numerical solution. In the end, it is shown that the

computed solution is robust with respect to the perturbation parameter.

Mohite and Upadhyay [135] gave numerical solution of three-dimensional laminated

plates using adaptive FEM. Following a posteriori error estimates based on patch

recovery are derived to control discretization error:

ψw =

√∑NEl,w
τ=1 η2

τ ,

and
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η2
τ =

∫
V lτ
{σ(uM,∗)− σ(uM,h)}T{ε(uM,∗)− ε(uM,h)}dv,

where V l
τ is the volume enclosed by the τ -th element in lth layer, {σ(uM,∗)} is the

engineering stress, {ε(uM,∗)} is the strain vector and uM,∗ is the recovered displace-

ment field. Further, an explicit indicator is proposed to approximate the modeling

error. The effectiveness of computed adaptive solution is tested on problems of dam-

aged laminated plates. It is shown that the proposed adaptive strategy is effective in

achieving optimal solution.

Rossi et al. [171] presented an adaptive refinement strategy for incompressible flow

problems. With the aim to obtain conformant refined mesh, an adaptive strategy is

proposed based on three basic components. The first component involves construc-

tion of element-driven global splitting algorithm. The second component involves

error estimation strategy that helps to identify the regions where mesh resolution is

not sufficient and to decide the elements that must be splitted and to communicate

this information to other processes. The third component involves local refinement

strategy. The reliability and effectiveness of proposed adaptive algorithm is observed

for flow problems.

Shi et al.[182] studied the following Cahn-Hilliard Navier-Stokes equation together

with generalized Navier boundary condition (GNBC) modelling moving contact line

problems in three dimensions

∂φ

∂t
+ u · ∇φ = M4µ in Ω,

µ = −ε4φ− 1

ε
(φ− φ3) in Ω,

Re

(
∂u

∂t
+ (u · ∇)u

)
+∇p = 4u + λµ∇φ+ f in Ω,

∇ · u = 0 in Ω,
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together with boundary conditions

φt + ur∂rφ = −Γ

(
ε∂nφ−

√
2

6
π cos θs cos(

πφ

2
)

)
on ∂Ω, (relaxational boundary condition)

uslipr

Ls
= −(∂nur + ∂run) + λ

(
ε∂nφ−

√
2

6
π cos(θs) cos(

πφ

2
)

)
∂rφ on ∂Ω, (GNBC)

un = 0, ∂nµ = 0 on ∂Ω, (non-penetration boundary condition)

and initial conditions

u(0) = u0, φ(0) = φ0,

where parameters are defined in the above cited paper. In order to perform time dis-

cretization, decoupling of Cahn-Hilliard and Navier-Stokes equation has been done.

Finite element discretization of Cahn-Hilliard equation over tetrahedron mesh has

been carried out. Further, Navier-Stokes equation has been discretized under fi-

nite element framework. To avoid nonlinear iterations, semi-implicit convex splitting

scheme for Cahn-Hilliard equation and linearized semi-implicit scheme for Navier-

Stokes equation has been used. Mesh adaptation strategy based on a posteriori error

indicator

ηT (φh) =

(∑
e∈∂T

∫
e

h3[
∂φh
∂ne

]2de

)1/2

and ηT (uh) =

(∑
e∈∂T

∫
e

h3[
∂uh
∂ne

].[
∂uh
∂ne

]de

)1/2

,

is proposed. Here [ ] represents the jump on the element boundary and h is the length

of edge e. Validation of adaptive algorithm has been done using numerical tests and

it has been shown that the proposed scheme is reliable and efficient.

Hoffman et al.[86] analyzed different mathematical models of continuum mechanics

e.g. incompressible flow, compressible flow and fluid-structure interaction. Authors

developed a parallel adaptive FEM for approximating the solution of considered mod-

els. For compressible flow, explicit third order Runge-Kutta scheme is used for time
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discretization. A posteriori error estimates

εK ≡
N∑
n=1

[∫
In

∫
K

∑
i

|Ri(Û)|K · widxdt+

∫
In

|SDn
δ (Û ; φ̂)K |dt

]
,

based on solution of corresponding dual problem are proposed. Here Ri(Û) is the

residuals of the equations, û represents a weak solution of the equations, Û is the

finite element approximation, φ̂ is the solution of dual problem, K ∈ Γn, SDn
δ (.; .)K

represents stabilization over element K and wi are stability weights. An adaptive

mesh refinement strategy is discussed. The algorithm developed is suitable for prob-

lems with complex geometries and deforming domains. Different solvers such as

UNICORN and DOLFIN are considered for implementation of the proposed adaptive

algorithm. Efficiency of proposed adaptive strategy is proved for different problems

of aerodynamics, biomedicine, etc.

Coupez and Hachem [50] proved that anisotropic adaptive meshes with highly stretched

elements can be used to study high Reynolds number flow problems. A posteriori es-

timates based on length distribution tensor approach and associated edge based error

analysis is presented. Further, variational multiscale finite element solver (VMS) is

used for simulating flow at high Reynolds number which helps to decompose velocity

and pressure into different scales. At the end, numerical experiments for driven flow

cavity problem (2D) are carried out and it is shown that proposed solver provides

stable and accurate results on anisotropic meshes.

Solin et al. [185] proposed an adaptive numerical solution of three benchmark prob-

lems i.e. Poisson equation, singularly Perturbed elliptic equation and Fitzhugh-

Nagumo equation using adaptive FEM codes designed to tackle anisotropic refine-

ments available at open source library HERMES.

Jasinski and Zboinski [92] considered the following small oscillation eigen problem

representing linear isotropic elastic body:
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Find w and u such that

w2ρu+∇ · σ = 0 in Ω,

σ · n = 0 at Γt,

u = 0 at Γu,

ε : = ((∇u)T +∇u)/2,

σ = Dε,

where Ω ⊂ R3 is elastic undeformed domain with ∂Ω = Γt ∪ Γu. It is assumed that

Γt ∩ Γu = φ where Γt and Γu are boundary parts describing tractions and displace-

ments. The authors proposed h−p-adaptive technique based on Texas 3-step adaptive

strategy[149]. A posteriori error estimates

ηERM := (
∑
K

AK(φS+
K , φS+

K ))1/2,

using equilibrated residual method are developed to decrease the discretization error.

Here φS+
K ∈ S+

K , φK ∈ VK and S+
K : S+

K ⊇ SK . Numerically, it is shown that the

developed adaptive strategy is very effective in computing approximate solution.

Mitchell [129] proposed an adaptive grid refinement algorithm to solve two dimen-

sional elliptic partial differential equations exhibiting singularities such as point sin-

gularity, line singularity, boundary layers, sharp peaks and wave fronts.

Bao et al.[18] presented an adaptive mesh redistribution technique for finding solution

of Kohn-Sham equation involving minimization of the total energy of a many-electron

system

(T̂ + veff (x))Ψi(x) = εiΨi(x),

where T̂ = −1
2
∇2

represents kinetic energy, εi are eigen values, Ψi are wave functions and veff is

effective potential. The authors used standard finite element method involving self-

consistent field iteration to obtain self-consistent electron density followed by adaptive
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optimizing mesh grid distribution based on harmonic mapping. Since the variation

of the wavefunction in the vicinity of nucleus and between atoms of chemical bonds

is very large as compared to other regions, therefore, the following monitor function

M =

√√√√ε+
occ∑
i

|∇ψi(x)|2

 I,

has been considered. Here I represents identity matrix and ε is parameter. Further,

moving mesh method[186] is used to improve the quality of mesh obtained using

finite element solver. At the end, convergence of adaptive technique is analyzed using

numerical experiments.

Li and Yang [118] considered the second order self-adjoint elliptic eigenvalue problem

Lu ≡ −
d∑

i,j=1

∂j(aij∂iu) + cu = λβu in Ω,

u = 0 on ∂Ω,

where Ω ⊂ Rd (d = 1,2,3...) is a polyhedral bounded domain, A = (aij)d×d is symmet-

ric, positive definite matrix, λ ∈ R and c, β are real functions. The authors presented

finite element formulation of the considered eigenvalue problem. Some multi-scale dis-

cretization schemes based on Rayleigh quotient iteration [200] is used. The authors

established

||u− uhl ||a ≤(C̃1 + δ)ηhl(u
hl ,Ω),

(C̃2 + δ)2η2
hl

(uhl ,Ω)− (C̃3 + δ)2osc(L(uhl), πhl)
2 ≤||u− uhl ||2a,

where Vhl is a finite element space, δ is a positive constant independent of hl and

ηhl(u
hl ,Ω) is error estimate. Reliablity and efficiency of residual type a posteriori

error estimates[10, 125, 181, 193, 60] are discussed. An adaptive algorithm based on

derived a posteriori error estimates are proposed. At the end, efficiency of proposed

adaptive algorithm is verified numerically using Harmonic oscillator equation and

Schrodinger equation for hydrogen atoms.
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Deolmi et al. [57] analyzed inverse convection problem whose direct model is repre-

sented by the following parabolic convection-diffusion-reaction equation

∂c

∂t
−∇ · (µ∇c) + u · ∇c+ σc = 0 in (0, tf )× Ω,

c = c0 on {0} × Ω,

c = cin on (0, tf )× Γin,

c = cup on (0, tf )× Γup,

ν
∂c

∂n
= 0 on (0, tf )× Γdown,

c = 0 on (0, tf )× Γr,

on a fixed domain with space-varying inlet lateral boundary conditions. Here Ω ⊆ R2

is open, continuous and Lipschitz domain with boundary ∂Ω, c: [0, tf ) → R, c =

c(t, x) is unknown, ∂Ω = Γin ∪ Γup ∪ Γr ∪ Γdown where Γin, Γup, Γdown, Γr are disjoint

sets. We assume cin ∈ H
1
2 (Γin), cup ∈ H

1
2 (Γup), c0 ∈ L2(Ω), µ ∈ L∞(Ω), σ ∈ L∞(Ω),

σ(x) ≥ 0 a.e. in Ω, u ∈ [L∞(Ω)]2 and µ(x) > 0 ∀ x ∈ Ω. The authors predicted

intensity and location of air and water pollution. In this paper, the inverse convection

problem with boundary control, where sources are along the boundary of domain is

studied. Firstly, the problem with known source location is studied with Projected

Damped Gauss Newton (Gauss-Newton method with truncated singular value decom-

position) method. Then, the problem with unknown source location is analyzed using

adaptive parametrization with space-time localization. At the end, authors proved

numerically that proposed adaptive parametrization with space-time localization is

reliable and effective for parameter estimation.

Murotani et al. [141] considered two-dimensional elasticity problems to develop an

adaptive FEM using hierarchical mesh and level-of-detail (LOD) approximation on

the basis of adaptivity analysis given in [117, 198, 213]. Firstly, Delaunay trian-

gulation is used for fine mesh generation followed by progressive meshing to obtain

hierarchical mesh. A posteriori error estimation is carried out using Zienkiewicz-Zhu’s
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method [198]. Further, remeshing is performed based on error estimates. Lastly, new

proposed adaptive technique is tested on different problems based on fracture me-

chanics e.g. crack propagation analysis, etc.

Porta et al. [158] developed space-time adaptive scheme for numerical simulation of

unsteady shallow water equation (SWE)

∂U

∂t
+ A1

∂U

∂x
+ A2

∂U

∂y
= S in Ω,

defined over polygonal domain Ω in R2 where U = (u, v, c)T is unknown, c = 2
√
gh, h

is total water depth with respect to bottom profile, c depends on water depth and S

represents all sources and sinks of the momentum. Here symmetric matrices A1 and

A2 are given by

A1 =

 u 0 c
2

0 u 0
c
2

0 u

, A2 =

 v 0 0
0 v c

2

0 c
2

v


Finite element discretization is performed using streamline-diffusion shock-capturing

finite element method (SDSCFEM). In order to control discretization error, recovery

based error estimator in space as well as in time is proposed. Based on error estimates,

space-time adaptive strategy is proposed. The robustness of the proposed adaptive

scheme is tested by applying it to various hydraulic applications.

Further, Lin et al. [119] studied Laplace eigenvalue problem defined as:

−∆u = λu in Ω,

u = 0 on ∂Ω,∫
Ω

u2dΩ = 1,

where Ω is bounded Lipschitz polygonal domain in R2. Nonconforming discretization

of considered problem is presented. Following reliable and efficient residual based a

posteriori estimates using extended Crouziex-Raviart element (ECR) are developed:

Reliability

||||∇heh||| ≤ C(ηh(λh, uh) + ||λhuh − λu||0,h),
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where C is a constant depending upon minimum angle of Γh, (λh, uh) is nonconforming

finite element approximation, (λ, u) is exact solution and eh = u−uh is corresponding

error.

Efficiency

ηK ≤ C(||∇heh||0,wK + (
∑
K∈wK

h2
K ||λhuh − λu||20,K)1/2),

where wK represents the set of elements that share a common vertex with K and C

is a constant. Based on these derived estimates, an adaptive algorithm is developed.

Analysis of lower bounds for ECR element on adaptive meshes is discussed. At the

end, reliability of proposed adaptive strategy is tested using numerical experiments.

Kou and Sun [108] formulated an adaptive FEM to approximate the surface ten-

sion based on gradient theory of fluid interfaces. Finite element approximation of

nonlinear Euler-Lagrange equation is presented. Newton method is used to solve sys-

tem of nonlinear discrete equations arising from FE approximations of the considered

problem. Some error estimates of the type

0 ≤ σH − σh ≤ CHγ,

are derived where V ⊃ Vh ⊇ VH , H > h, C depends on exact solution and σh is

the discrete surface tension. For the numerical validity of proposed adaptive scheme,

hydrocarbon fluid system is considered to predict surface tension at different tem-

peratures. It has been shown that the proposed method is very much effective in

computing optimal numerical solution.

Canuto et al. [30] proposed an adaptive Legendre-Galerkin method for elliptic boundary-

value problem given as

Lu := −D · (ϑDu) + σu = f in (−1, 1),

u(−1) = u(1) = 0,

where ϑ and σ are sufficiently smooth real coefficients satisfying 0< ϑ(x) < ∞ and

0≤ σ(x) <∞ in I=(-1,1). Similar type of analysis has been done to study contraction
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and optimality of adaptive Fourier-Galerkin method[29] for periodic box in dimension

d > 1. Some error estimator is proposed. Using the error estimator, an adaptive

algorithm is developed. Dörfler marking strategy is used for mesh refinement. At

each step of adaptive algorithm, the optimality of computed numerical solution is

enhanced using coarsening.

Gittelson et al. [78] considered the following parametric parabolic partial differential

equation

∂tu(t, y) + A(t, y)u(t, y) = g(t, y), t ∈ I,

u(0, y) = h(y),

where I = [0, T ], A(t, y; ., .) is sesquilinear form on V ×V and y ∈ Γ = [−1, 1]N. Weak

formulation in space-time domain and parameter domain is presented. Further, the

need of Riesz bases in the parameter domain and multiresolution (wavelet) Reisz

bases [177] in space-time domain is discussed. An adaptive Galerkin method which is

simultaneously adaptive in space-time and in parameter space is developed. At the

end, optimality of the proposed adaptive method is discussed.

Hu et al. [89] proposed an adaptive non-conforming FEM using Wilson element on 1-

irregular mesh for solving second order two-dimensional Poisson problem. Following

a priori error estimates have been proposed:

||∇h(u− uh)|| ≤ hΓh||D2u||,

where hΓh := maxK∈ΓhhK and u ∈ H2(Ω) ∩ H1
0 (Ω). In order to study the optimal

behavior of proposed adaptive strategy, discrete reliability and efficiency of proposed

error estimator

||∇h(u− uh)||2 ≤ CRelη
2(uh,Γh) ≤ CEff (||∇h(u− uh)||)2 + osc2(f,Γh),

is discussed. Here u and uh are the exact and approximate solutions respectively.

Discrete reliability of the estimator η based on Scott-Zhang interpolation has been
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discussed. Numerical tests have been performed to study the effectiveness of devel-

oped algorithm.

Feischl et al. [65] proposed an adaptive lowest-order finite element method for second

order elliptic partial differential equation

−∆u = f in Ω,

u = g on ΓD,

∂nu = φ on ΓN ,

subjected to mixed Dirichlet-Neumann boundary conditions, Ω ⊂ R2 is bounded

Lipschitz domain with polygonal boundary Γ = ∂Ω, Γ = ΓD ∪ ΓN and ΓD ∩ ΓN =

φ. Element based and edge based residual error estimators are developed. For both

of these estimators, the following reliability and efficiency estimates are obtained:

Reliability and efficiency of element-based residual error estimator

||u− Ul||H1(Ω) ≤ C2%l,

C−1
3 %l ≤ (||∇(u− Ul)||2L2(Ω) + osc2

ρ,l + osc2
N,l + osc2

D,l,

Reliability and efficiency of edge-based residual error estimator

||u− Ul||H1(Ω) ≤Crel%l,

C−1
eff%l ≤(||∇(u− Ul)||2L2(Ω) + osc2

ρ,l + osc2
N,l + osc2

D,l.

Here C2, C3, Crel and Ceff are positive constants. An adaptive algorithm, based on

proposed error estimates, is developed. Dörfler marking strategy and newest vertex

bisection is considered for mesh refinement. Convergence analysis for adaptive FEM

in two-and three-dimensions is presented. Effectiveness of proposed adaptive strategy

is tested numerically.

Hecht and Kuate [84] developed an anisotropic mesh adaptation strategy based on La-

grange finite element approximation of degree k, k > 1, for approximation of metrics.
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Numerical tests based on mesh adaptation are performed to validate the theoretical

findings.

Quan et al. in their paper [161] developed an adaptive approach for modeling em-

bedded surfaces. The authors considered a two-dimensional Laplace problem with

Dirichlet and Neumann boundary conditions. The need of faster local refinement to

remove large error that occurs on the embedded interface is discussed. Appropriate

amount of local isotropic refinements based on body-fitted meshes is discussed. Opti-

mal convergence rate for finite elements of order p is proved. At the end, it is shown

through numerical experiments that the use of anisotropically refined meshes results

in decrease in geometrical error.

Mostaghimi et al.[138] developed an adaptive numerical scheme to study unsaturated

incompressible flow in porous media subjected to heap leaching. The governing equa-

tion representing Darcy’s law and conservation of mass is given by

∂

∂t
(φρlSl) +∇ · (ρlul) = 0,

where ul = −Kl
µl

(∇pl − ρlg), φ is porosity of porous media, ρl is density, ul is super-

ficial velocity of phase l, Sl is saturation, µl is viscosity of phase l, g is acceleration

due to gravity, pl is pressure and Kl is permeability. Implicit pressure explicit sat-

uration (IMPES) method is used to obtain pressure and saturation equation. For

spatial discretization, pressure is approximated using finite element method and sat-

uration using node centered control volume method. An adaptive algorithm based

on anisotropic mesh adaptation is proposed. Order of convergence of the proposed

scheme is discussed based on prediction of saturation using

Es = ||S − SA||1 =

∫ 1

0

|S − SA|dx,

where Es is the L1-norm of error for saturation and SA is the quasi-analytical solution.

Buckley Leverett problem is considered for numerical validation of the algorithm.

Open source package Fluidity is used for numerical simulation.
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Branco et al.[26] presented review of different three-dimensional adaptive remeshing

techniques based on finite element method for fatigue crack growth model problem.

Roberts et al.[168] considered the following incompressible Navier-Stokes equation

−∇p+ µ4u = f,

∇ · u = 0,

defined over domain Ω with boundary ∂Ω. Here u represents velocity, p is pressure

and f is vector-valued forcing function. Dirichlet boundary conditions u = g on ∂Ω

have been considered. Authors proposed an adaptive strategy based on discontinu-

ous Petrov-Galerkin method for numerical simulation of considered model problem.

The proposed strategy is based on discontinuous Petrov-Galerkin method given by

Demkowicz et al.[56]. Various numerical experiments on problems such as lid-driven

cavity problem, backward-facing step problem, flow past a cylinder problem, etc., are

performed to study the convergence rate of the proposed adaptive algorithm.

Carstensen et al.[33] proposed an adaptive FEM for affine obstacle problem. Lowest

order conforming finite element approximation of considered problem is presented.

The authors proposed side oriented error estimator. An adaptive algorithm is pre-

sented. Newest vertex bisection method is used for refinement. Further, discrete

reliability and efficiency of a posteriori error estimator is discussed. At the end, con-

vergence analysis of proposed adaptive algorithm is presented.

Later on, the authors [34] also considered nonconvex variational problem based on

relaxation of two-well problem arising as a result of solid-solid phase transitions with

dependence on linear strains in two dimensions and incompatible walls. Finite el-

ement space with Courant elements is taken into consideration. Based on derived

a priori error estimates, an adaptive algorithm is proposed. Dörfler marking strat-

egy is used in the adaptive algorithm. Newest vertex bisection method is used for

mesh refinement. The following global convergence result for the proposed adaptive
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algorithm is established:

lim
l→∞

Iqc(ul) = Iqc(u) = minv∈uD+H1
0 (Ω;R2)I

qc(v),

where ul ∈ uD+V l
0 , l ∈ N0 is approximate solution obtained using adaptive algorithm

and u is minimizer of the variational integral Iqc. Verfurth [190] proposed robust a

posteriori error estimates for different stabilized finite element methods applied on

stationary and non-stationary convection-diffusion problems. The authors considered

the following non-stationary convection-diffusion problem:

∂tu− ε∆u+ a · ∇u+ bu = f in Ω× (0, T ],

u = 0 on (0, T ]× ΓD,

ε
∂u

∂n
= g on (0, T ]× ΓN ,

u(0, ·) = uo in Ω,

defined in bounded space-time cylinder where Ω ⊂ R2 is a polygonal domain and

0< ε� 1. It is shown that all the stabilized finite element methods such as streamline

diffusion method, local projection schemes, etc., results in a posteriori error estimates

in which the multiplicative constants in the lower and upper bounds are independent

of size of reaction or convection term. The author established the following lower and

upper error bounds

Upper error bound

|||u− uh|||+ |||a · ∇(u− uh)|||∗ ≤ C̃∗{
∑
K∈Γh

[η2
N,K + θ2

K ]}1/2,

Lower error bound

{
∑
K∈Γh

η2
N,K}1/2 ≤ C̃∗

[
|||u− uh|||+ |||a · ∇(u− uh)|||∗ + {

∑
K∈Γh

θ2
K}1/2

]
,

where |||v||| = {ε||∇u||20 + β||u||20}1/2. Here the constants C̃∗, C̃∗ depend only on the

polynomial degree k and on ratios hK
ρK

.
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Carstensen et al.[37] studied the following linear elasticity problem:

Find displacement u and stress tensor σ such that

−divσ = f, σ = Cε(u) in Ω,

u = uD on ΓD, σν = g on ΓN ,

where Ω ⊆ R2 with boundary ∂Ω = ΓD ∪ ΓN . Here f : Ω → R2 is volume force,

uD : ΓD → R2 is displacement, g : ΓN → R2 is a traction and u : Ω → R2. Arnold-

Winther finite element space is considered for domain discretization. The authors

developed the following residual based a posteriori error estimator:

η2
l =osc2(f,T) + osc2(g, ε(ΓN)) +

∑
T∈T

h2
T ||curl(c−1σAW + νh)||2L2(T )

+
∑

E∈ε(Ω)

||[c−1σAW + νh]EτE||2L2(E)

+
∑

E∈ε(ΓD)

hE||(C−1σAW + νh −DuD)τ ||2L2(E),

where ηl is proposed error estimator, νh represents arbitrary asymmetric approxima-

tion, σAW be the Arnold-Winther finite element solution and σ is the exact solution.

The reliability and efficiency of the proposed estimator is discussed using

||σ − σAW ||C−1 ≤Crelηl,

ηl ≤Ceff (||σ − σAW ||C−1 + ||skew(Du)− νh||L2(Ω)),

where Crel, Ceff are λ-independent constants. Based on the error estimates, an adap-

tive algorithm is proposed. Numerical tests are performed to validate the theoretical

findings.

Later on, Carstensen alongwith other authors [36] also proposed an adaptive finite

element method for discretization of variational inequality in elastoplasticity. In the

beginning, discretization is performed using low-order finite element method based

on triangulation of the domain. Residual based explicit error estimates are derived.
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Discrete reliability of the proposed error estimates is proved using

E(wl)− E(wl+m) . ||σl+m − σl||2L2(Ω;Rd×d) . η2
l (Γl \ Γl+m),

where Γl \ Γl+m := {T ∈ Γl|T 6∈ Γl+m}, σl := σ(ul, pl), E is the functional, wl =

(ul, pl, αl) ∈ Wl and η2(T ) := |T |||f ||2
L2(T ;Rd)

+ |T |1/2
∑

E∈ε(T )R
2
E for T ∈ Γl. Dörfler

marking strategy is used. Newest vertex bisection method is used for mesh refine-

ment. The optimal convergence of developed adaptive algorithm in terms of degrees

of freedom is proved. At the end, influence of the hardening and bulk parameters on

convergence of proposed adaptive algorithm is tested numerically.

Zhao et al.[209] considered the following fractional differential equation

Dα
xu(x) = f(x) x ∈ (b, c), 1 < α < 2,

u(b) = 0, u(c) = 0,

having Reisz fractional derivative where f ∈ L2([b, c]). FE discretization of considered

problem is discussed. To reduce computational complexity, H- matrix representation

is adapted to approximate dense matrices, resulted from finite element discretization.

Further, to solve linear system of equations involving H-matrices, geometric multigrid

(GMG) method is used. Based on gradient recovery approach, following a posteriori

error estimator is developed:

ηl(ūl, τ) : ||∇ūl −Gūl||τ τ ∈ Γl,

whereGūl ∈ Vl = span{φl1, ..., φlNl}, Gūl :=
∑Nl

i (Gūl)iφ
l
i, (Gūl)i :=

hli∇ūl|[xli−1,x
l
i]+h

l
i+1∇ūl|[xli+xli+1]

hli+h
l
i+1

and Gūl is recovery gradient. Using these estimates, an adaptive algorithm is devel-

oped. Dörfler marking strategy is used for marking the elements to be refined. Bisec-

tion method is used for mesh refinement. Numerical tests are carried out to validate

the reliability and efficiency of proposed strategy despite of presence of singularities.

The proposed adaptive strategy results in optimal second order accuracy.

55



Kreuzer et al.[109] proposed an adaptive linear FEM for approximating numerical

solution of Poisson equation

−∆u = f in Ω ⊂ Rd,

u = 0 on ∂Ω.

Conforming linear finite elements are considered for mesh discretization. A posteriori

error bounds

||∇(u− Uτ )||2Ω .
∑
z∈ντ

||Pτf + ∆Uτ ||2−1;wτ,z + ||f − Pτf ||2−1;wτ,z ,

||Pτf + ∆Uτ ||2−1,wτ,z + ||f − Pτf ||2−1;wτ,z .||∇(u− Uτ )||2wτ,z ,

with error-dominated oscillation are derived. Here z ∈ ϑτ , Uτ is Galerkin approx-

imation, P : H−1 → D(τ) is projection operator and u is the exact solution. An

adaptive algorithm is proposed. Further, on the basis of marking strategy necessary

and sufficient condition for convergence of adaptive FE procedure is provided in the

form i.e.

∀T ∈ T∗, δ(T ) = 0 and lim
k→∞

εk(T ) = 0,

where εT(T ), T ∈ T are element indicators, T∗ := {T |∃m ∈ N0 ∀k ≥ m T ∈ Tk} 6= ∅

and δ(T ) is the oscillation.

1.5 Conclusion

In this Chapter, need of adaptive finite element strategies for numerical approximation

of the solution of singularly perturbed problems have been focussed. Basic concepts

and some definitions involved in the thesis work have been discussed. Survey on

different adaptive techniques, like h-adaptivity, h−p-adaptivity, p-adaptivity, h−p−q-

adaptivity, r-adaptivity, r − h-adaptivity, etc., mostly based on a posteriori error

estimates, have been presented. Various models governing real life phenomenon have
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also been presented. Based on the extensive survey, gaps in the literature have been

pointed out and consequently, objectives of the thesis have been framed. These

objectives have been achieved via the work which has been categorized in four different

Chapters to follow.
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Chapter 2

Adaptive finite element scheme for
one-dimensional singularly
perturbed parabolic problems

2.1 Introduction

Partial differential equations are used to model wide variety of phenomena such as

diffusion[160, 172], heat, sound, etc. Singularly perturbed parabolic differential equa-

tions occur frequently during the analysis of biological systems, heat transfer process,

mass transfer process, etc. From literature, it can be easily seen that the classi-

cal discretization methods fail to give good approximations to exact solutions for

problems exhibiting sharp boundary layers until very large number of mesh points

are considered in the domain. Various numerical methods have been proposed for

solving singularly perturbed parabolic differential equations on layer adapted meshes

e.g. Bakhalov mesh, Shishkin mesh, Logarithmic mesh, etc. Ramos et al. [163] de-

veloped a third-order convergent numerical strategy for solving non-linear singularly

perturbed problems using non-standard algorithm on adaptive Shishkin mesh and

through numerical tests shown that the proposed scheme is very efficient in capturing

sharp boundary layers. Natesan et al.[142] proposed parameter uniform convergent

numerical technique for approximating singularly perturbed turning point problems
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on piecewise uniform Shishkin mesh and discussed the error estimates, efficiency and

accuracy of the proposed scheme. Kaushik et al.[101] gave a parameter uniform fi-

nite element numerical scheme for singularly perturbed problems on modified graded

mesh. The authors derived some error estimates and compared their numerical results

with those existing in the literature. Clavero et al.[43] proposed uniform convergent

numerical scheme for convection-diffusion parabolic problems on nonuniform mesh.

Ramos[162] developed exponentially fitted numerical scheme for singularly perturbed

linear parabolic convection-diffusion-reaction problems on uniform mesh.

In [94], Jiwari et al. developed two numerical schemes i.e. based on cubic trigono-

metric B-splines functions and modified cubic trigonometric B-splines functions for

approximating non-linear parabolic problems.

In this Chapter, firstly a singularly perturbed parabolic differential equation in 1D,

representing a linear model in fluid mechanics, has been considered. Implicit Euler

scheme has been used for time semi-discretization. Spatial discretization has been

carried out using finite element technique and Streamline upwind/Petrov-Galerkin

(SUPG) method on layer adapted Shishkin mesh. Exponentially fitted splines have

been considered to obtain uniform convergent scheme. Numerical tests have been

carried out and it has been shown that the proposed adaptive schemes are efficient in

capturing sharp boundary layers arising in the solution as the singular perturbation

parameter ε becomes small. Further, one-dimensional non-linear singularly perturbed

parabolic differential equation has been taken into consideration. Quasilinearization

process has been used to deal with the nonlinearity occurring in the problem. Time

semi-discretization has been done using implicit Euler method. Further, spatial dis-

cretization has been carried out using finite element method and SUPG technique.

An adaptive numerical schemes have been obtained using layer adapted Shishkin

mesh based on exponentially fitted splines. The region of absolute stability has been

discussed. At the end, numerical tests have been carried out and it has been shown
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that the proposed adaptive schemes works efficiently for solving SPP.

The Chapter is organized as follows: In Section 2.2, a singularly perturbed linear

parabolic differential equation in one-dimension has been presented. Section 2.3 deals

with the construction of numerical scheme using temporal and spatial discretization.

Streamline upwind/Petrov-Galerkin (SUPG) stabilization technique has been dis-

cussed for the considered problem. In Section 2.4, effectivity of proposed adaptive

numerical scheme has been tested using various numerical examples. It has been

shown that sharp boundary layers appear in the solution as ε → 0. In Section 2.5,

one-dimensional non-linear singularly perturbed parabolic differential equation has

been discussed. In Section 2.6, adaptive numerical scheme has been proposed us-

ing finite element method and SUPG technique. Section 2.7 deals with the stability

analysis. Section 2.8 includes numerical tests which have been performed to test the

effectivity of proposed adaptive numerical scheme. In the last, conclusion has been

presented.

2.2 Singularly perturbed linear parabolic partial

differential equation

Consider the time dependent singularly perturbed linear parabolic partial differential

equation

∂w

∂t
− ε∂

2w

∂x2
+ a(x, t)wx + b(x, t)w = f(x, t), 0 < x < 1, 0 < t ≤ 1, (2.2.1)

with boundary conditions

w(0, t) = f1(t) for 0 < t ≤ 1,

w(1, t) = f2(t) for 0 < t ≤ 1,

and initial condition as

w(x, 0) = w0(x) for 0 ≤ x ≤ 1,
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whose solution domain is D = [0 ≤ x ≤ 1] × [0 ≤ t ≤ 1 ]. ε is singular perturbation

parameter (0 < ε� 1). Take Ω =(0 < x < 1). Assume that a(x, t), b(x, t) and f(x, t)

are continuous functions satisfying a(x, t) > α > 0 and b(x, t) ≥ b ≥ 0.

2.3 Construction of adaptive numerical scheme

2.3.1 Temporal discretization

To find the weak formulation of Eq.(2.2.1), first we will discretize the equation w.r.t.

time. Temporal semi-discretization has been performed using implicit Euler method

with uniform step size ∆t. After performing semi-discretization with respect to time,

the above equation reduces to

wj+1 = ∆t
[
ε(wxx)

j+1 − a(x, t)(wx)|j+1 − b(x, t)w|j+1 + f(x, t)|j+1
]
+wj, j ≥ 0, x ∈ Ω,

(2.3.1.1)

with boundary conditions

wj+1(0) = f1(tj+1),

wj+1(1) = f2(tj+1), j ≥ 0,

where ∆t = 1
M

, M is the no. of time-steps and wj+1 is solution of the above equation

at (j + 1)-th time level i.e. tj+1 = (j + 1)∆t.

2.3.2 Shishkin mesh methodology

Static grid refinement techniques result in generation of mesh where in grid is more

finely spaced in some regions as compared to other regions but the shape is maintained

over the time. Static adaptation results in improving the accuracy and efficiency of the

approximations on a discrete mesh. Since the solutions to the considered singularly

perturbed problems exhibit sharp boundary layers as ε approaches 0, therefore, in the

present work, static grid adaption approach has been considered for grid refinement

under SUPG framework while approximating the solutions of linear and non-linear
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singularly perturbed partial differential equation. From asymptotic analysis available

in literature, it has been observed that the problem under consideration displays sharp

boundary layers near x = 1 as ε→ 0. In order to resolve these sharp boundary layers,

a piecewise uniform mesh, called Shishkin mesh, has been considered so that more

mesh points can be generated in the boundary layer region as ε → 0. Suppose that

number of mesh elements be N where N ≥ 4 is a positive even integer. Shishkin mesh

is obtained by dividing spatial domain Ω into two subintervals [0, 1-τ ] and [1− τ ,1],

where τ is transition parameter defined as

τ = min{1
2
, Cε log N},

where C is a constant chosen appropriately.

We discretize each of the two subintervals [0, 1-τ ] and [1 − τ , 1] into N
2

equal mesh

elements with mesh spacing defined by

h =

{
h1 = 2 (1−τ)

N
, if i = 1, 2, ..., N

2
,

h2 = 2 τ
N
, if i = N

2
+ 1, ..., N.

Therefore, mesh points {xi}Ni=1 are given by

xi =

{
h1i, i = 0, 1, 2, ...N

2
,

(1− τ) + h2(i− N
2

), i = N
2

+ 1, ..., N.
.

Hence, the piecewise uniform discretization of the spatial domain Ω is defined as:

Ωh =
N⋃
e=1

Ωh
e ,

where Ωh
e represents linear element [xe,xe+1] and N is the number of elements.

2.3.3 Exponentially fitted finite element method

Assume that

S = {w ∈ (H1(Ω); L2(T )): w(x, 0) = w0(x), w(0, t) = f1(t), w(1, t) = f2(t)},

and
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V = {v ∈ (H1(Ω); L2(T)): v(0, t) = 0, v(1, t) = 0},

be solution space and test space.

The variational formulation of Eq.(2.3.1.1) is defined as follows: Find w ∈ S such

that∫
Ω

wj+1vdx = ∆t

[∫
Ω

ε(wxx)|j+1 − a(x, t)wx|j+1 − b(x, t)w|j+1 + f(x, t)|j+1

]
vdx

+

∫
Ω

wjvdx, ∀ v ∈ V.

(2.3.3.1)

Assume that Sh and Vh be finite dimensional subspaces of S and V . In the literature,

it has been shown that classical methods fail to give satisfactory results for singularly

perturbed problems as singular perturbation parameter ε tends to zero, unless large

number of mesh points are to be chosen or some other special treatment has to be

incorporated. In order to overcome this difficulty and to produce uniform convergent

scheme, exponentially fitted splines have been used as test functions satisfying the

condition

ε(ψei )xx(x, tj+1) + α(ψei )x(x, tj+1) = 0.

Spatial discretization of Eq.(2.3.3.1) has been done using standard Galerkin FEM.

Let {φei (x)}Ni=1 be standard basis of Sh comprising of standard linear interpolation

functions defined on each element Ωh
e . Therefore, discrete approximation to exact

solution w(x, t) is given as:

wh(t) =
N∑
i=1

wi(t)φi(x).

By substituting the above finite element discretization into the element-level finite di-

mensional discrete version of Eq.(2.3.3.1) we get element-level linear system of equa-

tions. After assembly of element-level matrices and on solving the global system we

get

[A]{w} = {f},
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where w = wj+1 is finite element solution at (j + 1)th-time level.

2.3.4 Streamline upwind/Petrov-Galerkin (SUPG) method

Since the classical Galerkin formulation fails to give satisfactory results for singu-

larly perturbed problems. To enhance the precision and stability of the Galerkin

discretization, SUPG technique proposed by Brooks and Hughes[96] has been pre-

ferred by many researchers for convection dominated problems. For approximating

the sols. of SPP, we have also considered the SUPG technique. The SUPG technique

eliminates unwanted oscillations in the region of boundary layer. The weak formula-

tion of Eq.(2.2.1) is defined as:

Find w ∈ H1(D)

a(w, v) = (F, v) ∀ v ∈ H1
0 (D).

Here a(w, v) = ε(∇w,∇v) + (a∇w, v) and F = f − bw.

The SUPG technique is defined as:

Find wh ∈ L2(D) such that

ah(wh, vh) + (Rh(wh), τa∇hvh) = (F, vh) ∀ vh ∈ Vh,

where Rh(w) = −ε4hw + a∇hw − F , τ is the nonnegative stabilization parameter

and Vh is the finite dimensional solution subspace. We choose

τ |K ≡ τK =

{
τ0hK , if PeK > 1,

τ1h
2
K/ε, if PeK ≤ 1,

as proposed by Roos[169] where PeK = |a|hK
2ε

, K is the element of the mesh, hK is

the characteristic dimension of K, τ0 and τ1 are positive constants.

2.4 Numerical results

In this Section, some numerical results have been presented to test the efficiency of

proposed adaptive numerical scheme.
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Example 1. Consider Eq. (2.2.1) for the specific values of a(x, t) = 1 and b(x, t) = 0

subject to initial condition

w(x, 0) = exp(−0)(C1 + C2x− exp(−(1− x)/ε)), 0 < x < 1,

and boundary conditions

w(0, t) = exp(−t)(C1 + C2.0− exp(−(1− 0)/ε)), t >0,

w(1, t) = exp(−t)(C1 + C2.1− exp(−(1− 1)/ε)), t >0.

The source function f(x, t) is so chosen to satisfy the analytical solution given by

w(x, t) = exp(−t)(C1 + C2x− exp(−(1− x)/ε)),

where C1 = exp(−1/ε) and C2 = 1−C1. Since for the present problem the analytical

solution is known, some error estimates have been presented in L∞-norm defined by

‖ w(x, t)− wh(x, t) ‖L∞= max
1≤i≤N

| w(xi, t)− wh(xi, t) |,

EN,δt
ε = max0≤i≤N,0≤j≤M |w(xi, tj)− wh(xi, tj)|,

where N represents the number of mesh points in the spatial direction. In Table 2.1

and 2.2, maximum absolute errors have been tabulated at time level t = 1 and have

been compared with uniform convergent scheme proposed by Clavero et al.[43] for

different values of ε. In Fig. 2.1, comparison of numerical solution has been done for

the Example 1 using FEM and SUPG method on piecewise uniform Shishkin mesh.

From the solution plot, it can be verified that the both SUPG method and FEM

works efficiently for very small values of ε. For the other solution plots, FEM has

been taken into consideration. In Fig. 2.2, grid validation of the code has been tested

for different values of singular perturbation parameter ε = 2−8 and 2−18 at time level t

= 1. From solution plots, it can be seen that a grid of 64 elements is sufficient enough

to capture the boundary layers even for very small values of ε like ε = 2−18. From

grid validation tests, we analyze that as we move from grid of 16 elements to grid
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Table 2.1: Maximum pointwise errors EN,∆t
ε for Example 1 on piecewise uniform

Shishkin mesh

Proposed Sch Clavero [43] Proposed Sch Clavero[43] Proposed Sch Clavero[43]
ε N=16 N=16 N=32 N=32 N=64 N=64

2−0 2.132E-5 1.307E-3 1.755E-5 7.907E-4 1.662E-5 3.698E-4
2−2 1.000E-3 1.739E-2 4.733E-4 9.684E-3 3.523E-4 5.105E-3
2−4 6.700E-3 4.013E-2 3.000E-3 2.555E-2 1.500E-3 1.586E-2
2−6 6.700E-3 5.966E-2 3.100E-3 3.737E-2 1.700E-3 2.179E-2
2−8 6.700E-3 6.879E-2 3.100E-3 4.540E-2 1.700E-3 2.711E-2
2−10 6.700E-3 7.147E-2 3.100E-3 4.833E-2 1.700E-3 2.963E-2
2−12 6.700E-3 7.217E-2 3.100E-3 4.912E-2 1.700E-3 3.038E-2
2−14 6.700E-3 7.235E-2 3.100E-3 4.932E-2 1.700E-3 3.055E-2
2−16 6.700E-3 7.239E-2 3.100E-3 4.937E-2 1.700E-3 3.063E-2
2−18 6.700E-3 7.240E-2 3.100E-3 4.939E-2 1.700E-3 3.064E-2
2−20 6.700E-3 7.241E-2 3.100E-3 4.939E-2 1.700E-3 3.064E-2
2−22 6.700E-3 7.241E-2 3.100E-3 4.939E-2 1.700E-3 3.064E-2
2−24 6.700E-3 7.241E-2 3.100E-3 4.939E-2 1.700E-3 3.064E-2
2−26 6.700E-3 7.241E-2 3.100E-3 4.939E-2 1.700E-3 3.064E-2

Table 2.2: Maximum pointwise errors EN,∆t
ε for Example 1 on piecewise uniform

Shishkin mesh

Proposed Scheme Clavero [43] Proposed Scheme Clavero[43]
ε N=128 N=128 N=256 N=256

2−0 1.639E-5 1.889E-4 1.633E-5 9.551E-5
2−2 3.226E-4 2.622E-3 3.152E-4 1.328E-3
2−4 1.000E-3 9.560E-3 9.000E-4 5.599E-3
2−6 1.300E-3 1.238E-2 1.200E-3 6.970E-3
2−8 1.300E-3 1.527E-2 1.300E-3 8.339E-3
2−10 1.400E-3 1.708E-2 1.300E-3 9.466E-2
2−12 1.400E-3 1.772E-2 1.300E-3 9.976E-3
2−14 1.400E-3 1.789E-2 1.300E-3 1.013E-2
2−16 1.400E-3 1.793E-2 1.300E-3 1.013E-2
2−18 1.400E-3 1.794E-2 1.300E-3 1.017E-2
2−20 1.400E-3 1.795E-2 1.300E-3 1.018E-2
2−22 1.400E-3 1.795E-2 1.300E-3 1.018E-2
2−24 1.400E-3 1.795E-2 1.300E-3 1.018E-2
2−26 1.400E-3 1.795E-2 1.300E-3 1.018E-2
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Figure 2.1: Comparison of numerical solution profile for ε = 2−16 using FEM and
SUPG method

of 256 elements, the boundary layers are captured very nicely. For further numerical

results to follow, grid of 128 elements has been considered. In Fig. 2.3, the effect of

(a) ε = 2−8 (b) ε = 2−18

Figure 2.2: Grid validation test for ε = 2−8, 2−18

singular perturbation parameter ε on the solution has been depicted as ε → 0. The

solution plots have been drawn for various values of ε at time levels t = 0.5 and t =

1. In both the plots, it is very clear that as singular perturbation parameter becomes

smaller and smaller, sharper boundary layers appear in the solution and the proposed

numerical scheme is efficient enough to capture these boundary layers.
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In Fig. 2.4(a), finite element solution of singularly perturbed problem has been

(a) Effect of ε on the sol. at t = 0.5 (b) Effect of ε on the sol. at t = 1.0

Figure 2.3: ε - effect at different time levels

plotted for ε = 2−12 at different time levels t = 0.2, 0.4, 0.6, 0.8 and 1. Further, the

solution has been plotted for ε = 2−16 at various time levels t = 0.1, 0.3, 0.5, 0.7 and

0.9 in Fig. 2.4(b). Both the plots depict the efficiency and robustness of the proposed

method in capturing very sharp boundary layers. Fig. 2.5 presents numerical solution

(a) ε = 2−12 (b) ε = 2−16

Figure 2.4: Time-effect for ε = 2−12, 2−16

profile of Example 1. for ε = 2−26 over the whole time domain [0, 1].
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Figure 2.5: The numerical solution profile for ε = 2−26

2.5 Non-linear singularly perturbed parabolic par-

tial differential equation

Consider time dependent singularly perturbed non-linear parabolic partial differential

equation in one-dimension

∂u

∂t
− ε∂

2u

∂x2
+ a(x, t, u)ux = f(x, t, u), 0 < x < 1, t > 0, (2.5.1)

with boundary conditions

u(0, t) = f(t), t ≥ 0,

u(1, t) = g(t), t ≥ 0,

and initial condition as

u(x, 0) = u0(x) for 0 ≤ x ≤ 1,

over the domain D = [0 ≤ x ≤ 1] × [t ≥ 0], where ε is small singular perturbation

parameter (0 < ε � 1) and Ω = [0 < x < 1]. Assuming a(x, t, u) and f(x, t, u) as

continuous functions.

2.6 Proposed numerical strategy

2.6.1 Time semi-discretization

In the first step, we discretize the time derivative using implicit Euler method with

constant step size ∆t. Using time-discretization, we get the following semi-discretized
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non-linear differential problem:

(uj+1 − uj)
∆t

= εuj+1
xx − a(x, t, u)ux|j+1 + f(x, t, u)|j+1, (2.6.1.1)

u0 = u(x, 0) = u0(x), 0 < x < 1, (2.6.1.2)

together with the boundary conditions

u(0, tj+1) = uj+1(0) = f(tj+1), u(1, tj+1) = uj+1(1) = g(tj+1), j > 0, (2.6.1.3)

where uj+1 denote the solution of the above differential equation at (j + 1)-th time

level. Next, before proceeding to spatial discretization of Eq. (2.6.1.1), we will use

quasilinearization process to linearize the equation.

2.6.2 Quasilinearization process and its convergence

Quasilinearization is a very well known and established process used for approxi-

mating and obtaining the solutions of nonlinear problems. Lot of researchers have

used different quasilinearization techniques. For instance, Yakar and Koksal [199]

proposed quasilinearization strategy for approximating non-linear problems using ca-

sual operators. Motsa et al. [139] proposed successive linearization technique for

approximating non-linear problems and then the obtained reduced system of equa-

tions have been solved using Chebyshev spectral collocation method. Mittal and

Jiwari[130]developed numerical scheme based on differential quadrature method for

solving nonlinear generalizations of Fisher and Burgers’ equation using quasilineariza-

tion technique proposed by Bellman and Kalaba[22].

In the present work, we have used the quasilinearization technique proposed by Bell-

man and Kalaba [22] to obtain linear approximates of the non-linear differential equa-

tions. It has been shown that the sequence of approximate solutions of these linearized

problems converges monotonically and quadratically to the solution of the non-linear
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equation (2.5.1). The semi-discretized equation (2.6.1.1) is linearized around a nomi-

nal solution satisfying the given boundary conditions. Let ur(x) be nominal solution

of the above problem (2.6.1.1-2.6.1.3). Applying quasilinearization process for a fixed

time level tj+1, we get a sequence of solutions {uj+1
r (x)}r=∞r=0 of linear equations given

by the following recurrence relation:

u0
r+1 = u0(x). (2.6.2.1)

We write the Eq.(2.6.1.1) as

uj+1 − uj

∆t
= εuj+1

xx − a(x, t, u)ux|j+1 + f(x, t, u)|j+1 = εuj+1
xx +G(u, ux, x, t)|j+1.

(2.6.2.2)

Applying quasilinearization technique [22], we get

uj+1
r+1 − u

j
r+1

∆t
= ε(uxx)

j+1
r+1 +G(u, ux, x, t)|j+1

r + (uj+1
r+1 − uj+1

r )

(
∂G(u, ux, x, t)

∂u

)
|j+1
r

+((ux)
j+1
r+1 − (ux)

j+1
r )

(
∂G(u, ux, x, t)

∂ux

)
|j+1
r . (2.6.2.3)

Also, the boundary conditions reduce to

uj+1
r+1(0) = f((j + 1)∆t), uj+1

r+1(1) = g((j + 1)∆t), j ≥ 0, (2.6.2.4)

where r = 0, 1, 2, ... is iteration index and uj+1
0 (x) is initial guess. Further, in order to

prove the convergence of the quasilinearization process, for the sake of convenience,

we consider

εuj+1
xx = H(uj+1), 0< x < 1,

uj+1(0) = f(tj+1) , uj+1(1) = g(tj+1).

Using quasilinearization process, we obtain a sequence of linear differential equations

determined by the following recurrence relation:

ε(uxx)
j+1
r+1 = H(uj+1

r ) + (uj+1
r+1 − uj+1

r )
∂H(uj+1

r )

∂u
, 0 < x < 1,

(2.6.2.5)
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uj+1
r+1(0) = f(tj+1) and uj+1

r+1(1) = g(tj+1),

where we assume that uj+1
r=0 is the initial guess which satisfy the boundary conditions

also. Rewriting the above relation at previous iteration step, we get

ε(uxx)
j+1
r = H(uj+1

r−1) + (uj+1
r − uj+1

r−1)
∂H(uj+1

r−1)

∂u
, 0 < x < 1. (2.6.2.6)

Subtracting Eq.(2.6.2.6) from Eq.(2.6.2.5), we get

ε((uxx)
j+1
r+1 − (uxx)

j+1
r ) = H(uj+1

r ) - H(uj+1
r−1) + (uj+1

r+1 − uj+1
r )∂H(uj+1

r )
∂u

−(uj+1
r − uj+1

r−1)
∂H(uj+1

r−1)

∂u
, 0 < x < 1.

The above differential equation is of second order in (uj+1
r+1 - uj+1

r ). Converting it into

integral equation by using Green’s function, we obtain

ε(uj+1
r+1 − uj+1

r ) =
∫ 1

0
G(x, s)[H(uj+1

r )−H(uj+1
r−1) + (uj+1

r+1 − uj+1
r )∂H(uj+1

r )
∂u

−(uj+1
r − uj+1

r−1)
∂H(uj+1

r−1)

∂u
]ds, 0 < x < 1,

(2.6.2.7)

where Green’s function G(x, s) is given by

G(x, s) =

{
x(s− 1), 0 ≤ x ≤ s ≤ 1,

(x− 1)s, 0 ≤ s ≤ x ≤ 1,

and

max
x,s

G(x, s) =
1

4
. (2.6.2.8)

Using Mean Value Theorem,

H(uj+1
r )−H(uj+1

r−1) = (uj+1
r − uj+1

r−1)
∂H(uj+1

r−1)

∂u
+

(uj+1
r − uj+1

r−1)2

2

∂2H(θ)

∂u2
, (2.6.2.9)

where uj+1
r−1 ≤ θ ≤ uj+1

r .

Using Eq.(2.6.2.9), Eq.(2.6.2.7) becomes

ε
(
uj+1
r+1 − uj+1

r

)
=

∫ 1

0

G(x, s)

[
(uj+1

r − uj+1
r−1)2

2

∂2H(θ)

∂u2
+ (uj+1

r+1 − uj+1
r )

∂H(uj+1
r )

∂u

]
ds,
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0 < x < 1. (2.6.2.10)

Taking

max
|uj+1
r−1|≤1

∣∣∣∣∂2H(θ)

∂u2

∣∣∣∣ = P, max
|uj+1
r |≤1

∣∣∣∣∂H(uj+1
r )

∂u

∣∣∣∣ = Q.

(2.6.2.11)

Taking maximum norm over the spatial domain and using equations (2.6.2.8) and

(2.6.2.11) in (2.6.2.10), we get∣∣∣∣∣∣∣∣(uj+1
r+1 − uj+1

r )

∣∣∣∣∣∣∣∣ ≤ 1

4ε

∫ 1

0

[
P

2

(
uj+1
r − uj+1

r−1

)2
+Q

∣∣∣∣∣∣∣∣(uj+1
r+1 − uj+1

r )

∣∣∣∣∣∣∣∣] ds. (2.6.2.12)

Simplifying this inequality, we get∣∣∣∣∣∣∣∣(uj+1
r+1 − uj+1

r )

∣∣∣∣∣∣∣∣
Ω

≤ P

8ε− 2Q

∣∣∣∣∣∣∣∣(uj+1
r − uj+1

r−1)

∣∣∣∣∣∣∣∣2
Ω

,

≤ C

∣∣∣∣∣∣∣∣(uj+1
r − uj+1

r−1)

∣∣∣∣∣∣∣∣2
Ω

,

(2.6.2.13)

where C = P
8ε−2Q

.

Thus, with appropriate choice of initial iterative approximation uj+1
0 , the quasilin-

earization process converges quadratically.

Therefore, in order to approximate the sol. of the problem (2.6.1.1-2.6.1.3), it is suf-

ficient to approximate the sol. of its linearized version (2.6.2.3-2.6.2.4). The finite

element formulation and SUPG formulation of the linearized problem (2.6.2.3-2.6.2.4)

can be carried out on Shishkin mesh in similar way as discussed in Subsections 2.3.3

and 2.3.4 respectively.

2.7 Absolute stability

Consider the problem given by (2.5.1). Its approximate linear differential equation is

given by equation (2.6.2.3). Applying Galerkin finite element or SUPG technique to
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the linearized version in the spatial direction and using boundary conditions, we get

a system of first order differential equations in time variable and can be written as

[A1]

{
∂Ũ

∂t

}
= [B1]{Ũ}+ S, (2.7.1)

with initial condition

Ũ(0) = [φ2, φ3, ..., φN ]T , (2.7.2)

where [A1], [B1] are (N − 1)× (N − 1) tridiagonal matrices, Ũ= {ur+1
2 , ur+1

3 ,..., ur+1
N }

and S are column vectors of order (N − 1).

On simplifying the system (2.7.1), we get{
∂Ũ

∂t

}
= [C]{Ũ}+ S1, (2.7.3)

where C = [A1]−1[B1] and S1= [A1]−1S.

Let {λs, s = 1, 2, ..., N − 1} be eigen values of the matrix C where λs = λsR + iλsI .

The proposed numerical scheme will be stable if all the eigenvalues of matrix C lie

outside the unit circle

(1−∆tλsR)2 + (∆tλsI)
2 = 1.

2.8 Numerical results

In this Section, we have presented some numerical results to check the efficiency and

robustness of the developed adaptive schemes.

Example 2. Consider Eq. (2.5.1) for a(x, t, u) = 0, f(x, t, u) = (−bu2− cu) together

with the initial condition

u(x, 0) = (d.x+ 1)−1, 0 < x < 1,

and boundary conditions

u(0, t) = (c.t+ 1)−1, t >0,

u(1, t) = (c.t+ d.1 + 1)−1, t >0.
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0 1 2 Re (λ∆t)

Im (λ∆t)

Figure 2.6: Stability region for non-linear singularly perturbed problem

The analytic solution of the above problem is given by

u(x, t) = (c.t+ d.x+ 1)−1,

where d =
√
b/2ε, b = 0.01 and c = 0.01. The errors have been presented in the

L∞-norm defined by

‖ u(x, t)− uh(x, t) ‖∞= max
1≤i≤N,1≤j≤M

| u(xi, tj)− uh(xi, tj) |,

where M is the number of time-steps.

The problem has been solved using both the proposed numerical schemes FEM i.e.

finite element method and stabilized SUPG technique. Since the solution obtained

using both the schemes differs minutely, therefore, the results have been presented

for stabilized SUPG technique. The region of absolute stability, which is outside the

above mentioned unit circle, for the problem under consideration is shown in Fig. 2.6.

From Fig. 2.6, it can easily be seen that all eigenvalues of matrix [C] lie in the region

of absolute stability which proves the stability of the proposed numerical scheme. In

Table 2.3, maximum absolute errors have been tabulated using SUPG method for
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different values of ε at time level t = 1.

In Fig. 2.7, grid validation of the code has been done for different values of singu-

Table 2.3: Maximum SUPG pointwise errors EN,∆t
ε for the Example 2 on piecewise

uniform Shishkin mesh

Proposed Sch. Proposed Sch. Proposed Sch. Proposed Sch. Proposed Sch.
ε N=16 N=32 N=64 N=128 N=256

2−0 1.416E-5 1.415E-5 1.415E-5 1.415E-5 1.415E-5
2−2 3.473E-5 3.475E-5 3.472E-5 3.472E-5 3.471E-5
2−4 4.634E-5 4.502E-5 4.485E-5 4.483E-5 4.482E-5
2−6 5.533E-5 4.782E-5 4.571E-5 4.522E-5 4.509E-5
2−8 7.726E-5 5.704E-5 4.796E-5 4.574E-5 4.524E-5
2−10 1.254E-4 8.090E-5 5.679E-5 4.785E-5 4.571E-5
2−12 2.232E-4 1.354E-4 8.373E-5 5.578E-5 4.719E-5
2−14 3.950E-4 2.048E-4 1.420E-4 8.615E-5 5.477E-5
2−16 6.071E-4 2.518E-4 2.197E-4 1.456E-4 8.664E-5
2−18 8.025E-4 3.849E-4 2.535E-4 2.288E-4 1.475E-4
2−20 9.444E-4 5.075E-4 2.319E-4 2.704E-4 2.339E-4
2−22 1.000E-3 5.965E-4 3.054E-4 1.850E-4 2.804E-4
2−24 1.100E-3 6.515E-4 3.588E-4 1.783E-4 2.005E-4

lar perturbation parameter ε = 2−12, 2−22 at time level t=1. From solution plots, it

can be seen that for very small values of ε like 2−22, grid of 64 elements is sufficient

enough to capture the boundary layers. From grid validation tests, we analyze that

as we move from grid of 16 elements to grid of 256 elements, the boundary layers are

captured very nicely. For further numerical results to follow, grid of 256 elements has

been considered. In Fig. 2.8, the behavior of singular perturbation parameter ε has

been depicted as ε → 0. The solution plots have been drawn for various values of ε

at time levels t = 0.5 and t = 1. In both the plots, it is very clear that as singular

perturbation parameter gets smaller and smaller, sharper boundary layers appear in

the solution and the proposed numerical scheme is efficient enough to capture these

boundary layers. In Fig. 2.9(a), finite element solution of singularly perturbed prob-

lem has been plotted for ε = 2−20 at different time levels t = 0.2, 0.4, 0.6 and 0.8.

Further, the solution has been plotted for ε = 2−16 at various time levels t = 0.1, 0.3,

0.5 and 0.7 in Fig. 2.9(b). In Fig. 2.10, finite element solution profile of Example
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(a) ε = 2−12 (b) ε = 2−22

Figure 2.7: Grid validation test for ε = 2−12, 2−22

(a) t = 0.5 (b) t = 1.0

Figure 2.8: ε - effect at t = 0.5, 1

2 is shown for ε = 2−25 over the continuous time-domain [0,1]. Further, the SUPG

solution has been plotted on piecewise uniform Shishkin mesh for different values of

ε in Fig. 2.11.
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(a) ε = 2−20 (b) ε = 2−16

Figure 2.9: Temporal-effect on the FEM sol.

Figure 2.10: FEM solution profile for ε = 2−25 over the time-domain [0,1]

Figure 2.11: SUPG solution at t=1 for different values of ε
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Example 3. Consider the following singularly perturbed non-linear partial

differential equation defined by

ut − εuxx = ku(1− u), 0 < x < 1.

The exact solution of the considered problem for ε =1 is given by

u(x, t) =
1(

1 + exp
(√

k
6
x− 5k

6
t
))2 .

In Table 2.4, numerical results obtained using the proposed scheme have been com-

pared with those cited in [38] for ε =1. For the case ε� 1, numerical results could not

Table 2.4: Numerical results for Example 3 for k = 6, ε = 1 and ∆t = 0.001, T = 0.01

x Proposed Scheme Semi-implicit method Exact sol
0.25 0.2027 0.2027 0.2026
0.50 0.1516 0.1516 0.1516
0.75 0.1101 0.1101 0.1101

be found. In order to test the effectivity of the proposed adaptive numerical scheme,

the considered problem has been solved subject to the initial condition

u(x, 0) = 1− cos(x), 0 ≤ x ≤ 1,

and boundary conditions

u(0, t) = 0, t > 0,

u(1, t) = 0, t > 0.

In Fig. 2.12(a) and (b), ε-effect has been shown on the numerical solution at time t

= 0.5 and t = 1. From the solution plots, it can be noticed that the proposed scheme

is efficient enough in capturing sudden sharp changes in the solution. Further, in Fig.

2.13(a) and (b), numerical solution has been plotted for ε = 2−12 and 2−15 at different

time levels. It can be observed from the solution plots that the sharp boundary layers

79



(a) k = 0.0001, t = 0.5 (b) k = 0.0001, t = 1

Figure 2.12: ε-effect on the FEM sol.

(a) k = 0.0001, ε = 2−12 (b) k = 0.0001, ε = 2−15

Figure 2.13: Time-effect on the sol. for ε = 2−12 and 2−15

appear near the boundary x = 1 as singular perturbation parameter ε becomes small.

In Fig. 2.14, behavior of the numerical solution has been shown for ε = 2−14 over the

time-domain [0,1].

2.9 Conclusion

In this Chapter, two numerical techniques, i.e. finite element technique and stabilized

SUPG technique, on adaptive piecewise uniform Shishkin mesh have been proposed

for approximating one-dimensional singularly perturbed problems. The considered
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Figure 2.14: FEM solution profile for k = 0.0001, ε = 2−14 over the time-domain [0,1]

problems are time-dependent. Time semi-discretization has been performed using

implicit Euler’s method. Piecewise uniform Shishkin mesh has been considered for

spatial discretization. Spatial discretization has been carried out using both the pro-

posed finite element and stabilized SUPG methods. Exponentially fitted splines have

been considered as a basis for the test spaces. Streamline upwind/Petrov-Galerkin

(SUPG) stabilization strategy removes the unwanted oscillations in the boundary

layer region. For non-linear singularly perturbed problems, quasilinearization strategy

has been invoked to handle the non-linear terms. Stability of the proposed schemes

have also been discussed. Numerical experiments have been performed and it has

been shown that the proposed schemes approximates the solution very effectively on

adaptive Shishkin grids. It has been observed that both the schemes works very well

for solving the singularly perturbed problems and the numerical solutions obtained

by using both the proposed schemes agree with the exact solutions for both linear

and non-linear problems. In the next Chapter, two-dimensional singularly perturbed

convection-diffusion problem has been analyzed based on Hughes stabilized SUPG

method. An adaptive anisotropic mesh refinement technique based on the a posteri-

ori error estimates has been developed to capture the abrupt changes in the solution
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as ε→ 0.

82



Chapter 3

A posteriori error estimates for
Hughes stabilized SUPG technique
and adaptive refinement strategy
for two-dimensional singularly
perturbed problems

3.1 Introduction

Singularly perturbed problems occur frequently during the analysis of biological sys-

tems, heat transfer processes, etc. In general, it has been observed that singularly

perturbed problems display singularities for sufficiently small values of ε→ 0. There-

fore, it becomes essential to implement some robust numerical technique to capture

these singularities. Sharma et al.[180] presented a review on asymptotic and numeri-

cal analysis for solving singularly perturbed problems. From the literature review, it

is clear that there exist various robust numerical strategies to handle these singulari-

ties. Adaptive mesh refinement techniques based on error estimates are among such

techniques which are widely used to capture the layer behavior of SPPs. Broadly,

we can categorize the error estimates into two categories, namely, a priori error es-

This Chapter has been published in Advances in Mathematical Physics (2020)
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timates and a posteriori error estimates. Various researchers have derived error esti-

mates for different type of problems. Nicaise and Repin[146] derived a posteriori error

estimates for reaction-convection-diffusion problems based on purely functional argu-

ments. Further, Zhao et al.[208] proposed adaptive numerical strategy for convection-

diffusion problem based on semi-robust residual a posteriori error estimates for lower

order nonconforming finite element approximations of streamline diffusion method.

González et al.[79] developed residual type a posteriori error estimates for the lin-

ear convection-diffusion problem based on dual-mixed finite element method. Lin

et.al[120] proposed a weak Galerkin FEM for SPP. Kopteva[107] developed a poste-

riori error estimates in maximum norm and shown second-order uniform convergence

for the proposed method for solving singularly perturbed semilinear reaction-diffusion

problems. Aguiar and Natesan[3] proposed two numerical schemes for two-point sin-

gularly perturbed problems. The first scheme is based on combination of classical

finite difference scheme and exponentially fitted difference scheme and the second

scheme is based on numerical scheme proposed by Aguiar and Ferrándiz[2]. Error

estimates have been derived and the theoretical findings have been validated via nu-

merical results.

From literature, we know that the classical finite element methods fail to provide

satisfactory results for small values of singular perturbation parameter, i.e., when

ε → 0. Since, the Streamline upwind/Petrov-Galerkin (SUPG) method results in

good approximation in the region where there is no abrupt change in the solution but

fails drastically in the subregions of boundary layers. It has been observed that the

SUPG method is not monotonicity preserving in nature, therefore, oscillations appear

in the approximate solution of SUPG technique. In order to overcome this problem,

in the present work, we have used Hughes stabilization technique[90] alongwith the

Streamline upwind/Petrov-Galerkin (SUPG) method. This results into addition of

one more term in the SUPG discretization of convection-diffusion problem. Further,
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error estimates have been derived for the proposed scheme. An anisotropic mesh

refinement technique have been proposed for two-dimensional singularly perturbed

problems based on the derived error estimates.

The Chapter is organised as follows:

In Section 3.2, the problem under consideration and its Hughes stabilized stream-

line upwind finite element approximation have been discussed. In order to obtain

reliable error bounds, some important tools have been discussed in Section 3.3. In

Section 3.4, residual based a posteriori error estimates have been derived. Further, an

adaptive refinement algorithm based on the derived a posteriori error estimates has

been proposed in Section 3.5. Section 3.6 includes some numerical experiments which

have been performed to analyze the robustness and efficiency of proposed adaptive

refinement strategy. In the last, conclusion has been presented.

3.2 Continuous problem

Consider the following convection-diffusion equation in two-dimensions

−∇ · ε∇u+ a · ∇u+ bu = f in Ω, (3.2.1)

u = 0 on ∂ΩD, (3.2.2)

ε
∂u

∂n
= g on ∂ΩN , (3.2.3)

where Ω ⊂ R2 is a bounded domain and ∂Ω = ∂ΩD∪∂ΩN is the Lipschitz-continuous

boundary, ε is singular perturbation parameter (0< ε� 1), a, b and f are sufficiently

smooth. Here ∂ΩD and ∂ΩN denote the Dirichlet and Neumann boundaries of the

domain respectively.

W 1,∞(Ω) and L∞(Ω) represent the usual Sobolev and Lebesgue space. We will use

the notation (·, ·) for inner product (·, ·)Ω.

Through out the Chapter, we assume that -1
2
∇ · a + b ≥ b0 > 0 on Ω.
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For any open bounded subset K ⊆ Ω, let H1(K) be the standard Sobolev space.

Further, we define

V0 = {v ∈ H1(Ω), v = 0 on ∂ΩD}.

Let

|||v|||2K = ε||∇v||2K + b0||v||2K , (3.2.4)

be energy norm on bounded subset K ⊂ Ω. The weak formulation of Eq.(3.2.1) is

given by

Find u ∈ H1(Ω)

B(u, v) = < F, v >, (3.2.5)

where

B(u, v) = ε(∇u,∇v) + (a · ∇u, v) + (bu, v) (3.2.6)

and < F, v > = (f, v) + (g, v)∂ΩN ∀v ∈ V0.

The solution of weak formulation (3.2.5) is confirmed using Lax Milgram Lemma

along with the condition (3.2.3). Let F = {Γh} be family of triangulations where Γh

be the admissible and shape-regular triangulation of domain Ω consisting of triangles.

Let L be any two-dimensional triangular element with edge E. Define nL,E = (nx, ny)

to be unit outward normal vector to L along E see Fig. 3.1. Fixing one of the two

normal vectors, let nE be the normal vector for each edge E. It has been observed

that the convection dominated problems exhibit non-physical oscillations in the layer

region i.e. if Peclet number (as discussed below) is large, the solution of singularly

perturbed problem exhibits abrupt changes in the solution. Define local mesh Peclet

number for any element K as

PeK =
‖a‖∞,KhKmin

2ε
, (3.2.7)

where hKmin is the minimal length of element K defined in the next Section. Further,

we define V h = {vh ∈ H1 : vh|K ∈ P1(K)}, where P1(K) is the space of linear
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Figure 3.1: Orthogonality condition

polynomials over element K and V h
0 = {vh ∈ V h : vh|∂ΩD = 0}. Since the standard

FEM and SUPG methods results in unsatisfactory results for (ε � 1)[169], in the

present work, SUPG method together with the Hughes stabilization technique has

been proposed for approximating the solution of the problem (3.2.1). The SUPG

method[27] for problem (3.2.1) is defined as follows:

Find uh ∈ V h such that

Bρ(uh, vh) =< F, vh > ∀ vh ∈ V h
0 , (3.2.8)

where Bρ(uh, vh) = B(uh, vh) + < Rh(uh), ρa · ∇hvh >,

Rh(u) = -ε∆hu + a · ∇hu + bu -f , ρ is non-negative stabilization parameter, B(u, v)

and < F, v > are discussed in (3.2.6).

3.2.1 Hughes stabilization strategy

Since Streamline upwind/Petrov-Galerkin (SUPG) method results in good approxi-

mate solution in the region where there is no abrupt change in the solution but fails

drastically in the boundary layer region. In order to deal with this hurdle, Hughes sta-

bilization technique [96] together with SUPG method has been considered. It results

in addition of term < Rh(uh), σah · ∇hvh > in the SUPG finite element discretization
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of convection-diffusion equation where

ah =

{
(a·∇uh)∇uh
|∇uh|2

, if | ∇uh |6= 0,

0, if |∇uh| = 0,
(3.2.1.1)

and σ is nonnegative stabilization parameter. This additional term increases the ro-

bustness of SUPG method in the boundary layer region by controlling oscillations. Us-

ing Hughes stabilization technique along with SUPG finite element method, Eq.(3.2.1)

is discretized as:

Find uh ∈ V h such that

Bρ,σ(uh, vh) =< F, vh > ∀ vh ∈ V h
0 , (3.2.1.2)

where Bρ,σ(uh, vh) = B(uh, vh) + < Rh(uh), ρa ·∇hvh > + < Rh(uh), σah ·∇hvh >

and Rh(u) = -ε∆hu + a · ∇hu + bu -f .

Let ρK be stabilization parameter over each element K. The existence and uniqueness

of the finite element solution uh derived using SUPG finite element discretization

technique has been proved by Roos et al.[169]. It has been shown that the stabilization

parameter ρK satisfies

0 ≤ ρK ≤
1

2
min{b0‖b‖−2

∞,K , (h
K
min)2ε−1ν−2},

where hKmin is minimal length of element K and the constant ν satisfies the inequality

‖∇ · ∇vh‖K ≤ ν(hKmin)−1‖∇vh‖K ∀ vh ∈ V h
0 . (3.2.1.3)

From inequality (3.2.1.3), it can easily be observed that ν = 0 for piecewise linear

functions in V h
0 . Therefore, the above bounds reduces to 0 ≤ ρK ≤ b0

2
‖b‖−2
∞,K . For

simplicity, we introduce the notation c . d which means that there exists a positive

constant A independent of c,d, Γh and ε such that c ≤ Ad. Further, we assume that

ρK . hKmin‖a‖−1
∞,K ∀K ∈ Γh. (3.2.1.4)

Also, for any mesh function vh ∈ V h
0 , using (3.2.1.3) and scaling arguments, we can

get
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||∇vh||K . (hKmin)−1||vh||K .

Using energy norm def.(3.2.4), ||vh||K ≤ b
−1/2
0 |||vh|||K . Thus we have,

||∇vh||K . (hKmin)−1b
−1/2
0 |||vh|||K . (3.2.1.5)

Again, from energy norm, we have

||∇vh||K ≤ ε−1/2|||vh|||K . (3.2.1.6)

Using (3.2.1.5) and (3.2.1.6), we get

||∇vh||K . min{(hKmin)−1b
−1/2
0 , ε−1/2}|||vh|||K . (3.2.1.7)

3.3 Some important notations and tools

Since the considered singularly perturbed convection-diffusion problems displays abrupt

change in the solution when Peclet number becomes large, in such cases, elements

with large aspect ratio (anisotropic meshes) are preferred. Therefore, in the present

work, anisotropic mesh has been considered for domain discretization. In the present

Section, some important results on anisotropic meshes has been discussed.

3.3.1 Notations

Consider a triangle K ∈ Γh with Q0Q1 as longest edge (see Fig. 3.2). Represent two

orthogonal vectors qi,K with length hi,K = |qi,K |, i = 1, 2, where q1,K is chosen along

the the largest edge Q0Q1. From Fig. 3.2, it can be be confirmed that h1,K ≥ h2,K .

Define hKmin = h2,K . These qi,K ’s correspond to two anisotropic directions. Further,

define an orthogonal matrix CK = (q1,K , q2,K) ∈ R2X2. Let αK be scaling factor

defined as

αK = min{b−1/2
0 , ε−1/2 · hKmin}. (3.3.1.1)

We represent triangles by K or K ′ or Ki, and its edges by E. Further, define its

height over edge E as
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hE,K = 2 |K||E| ,

where |K| represents area of triangle K. Let wE be the bounded domain formed by

using two triangles having common edge E and wK to be the domain consisting of

triangle K and its edge neighboring triangles. Let

PewK = maxK′⊂wK PeK′ ,

be mesh Peclet number defined on the domain wK where PeK is discussed in (3.2.7).

For an interior edge E = K1 ∩K2, define parameters hE = (hE,K1 + hE,K2)/2, hEmin =

(hK1
min + hK2

min)/2 and αE = (αK1 + αK2)/2.

For boundary edge E ⊂ ∂K ∩ ∂Ω, we define hE = hE,K , hEmin = hKmin and αE = αK .

Since the mesh considered is assumed to be shape-regular and admissible, along with

these requirements, we take

hi,K ∼ hi,K′ ∀K,K ′ with K ∩K ′ 6= ∅, i=1,2.

and number of triangles with node yj is bounded uniformly.

Q0 Q1
q1,K

Q2

q2,K

Figure 3.2: Triangle K

3.3.2 Interpolation

To derive reliable error upper bounds, we discuss a suitable matching function[111,

113] to estimate alignment of anisotropic mesh Γh and anisotropic function.

Definition 1: (Matching function)Let u ∈ H1(Ω) and Γh ∈ F be triangulation of
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Ω. Here M1: H1(Ω)× F → R is defined as

M1(u,Γh) :=

(∑
K∈Γh

(
hKmin

)−2 · ||CT
K∇u||2K

)1/2/
||∇u||, (3.3.2.1)

where CK ∈ R2X2 has been defined previously.

We can easily verify that M1(u,Γh) ∼ 1 for anisotropic meshes suitably aligned with

anisotropic function u.

In order to derive reliable error estimates in energy norm, Clément interpolation

operator[44] RC : H1
0 (Ω) 7→ V h

0 has been considered which is defined as

RCv :=
∑
aj∈NI

(Pjv)(aj) · φj,

where NI represents set of all inner nodes of the considered triangulation.

Lemma 1: Let u ∈ H1
0 (Ω) and αK be the scaling factor as discussed in (3.3.1.1).

Then the Clément interpolation operator RC : H1
0 (Ω) 7→ V h

0 satisfies∑
K∈Γh

α−2
K · ||u−Rcu||2K . M1(u,Γh)

2 · |||u|||2, (3.3.2.2)

ε1/2
∑

E⊂Ω\∂ΩD

α−1
E · ||u−Rcu||2E . M1(u,Γh)

2 · |||u|||2. (3.3.2.3)

Proof: The proof of the Lemma has been discussed in [112].

3.4 Residual error estimates

In this Section, firstly we discuss exact and approximate residuals. Further, we will

develop reliable error upper bounds for Hughes stabilized SUPG finite element solu-

tion on anisotropic meshes. It is shown that the error bounds obtained depend on

anisotropic interpolation.

Exact residuals: We define exact element residual RK and exact edge residual RE

as:

RK = f - (−ε∆uh + a · ∇uh + buh) on K.
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RE(x) =


ε. lim
s→+0

[∂nEuh(x+ snE)− ∂nEuh(x− snE)] if E ⊂ Ω \ ∂Ω,

g − ε∂nuh if E ⊂ ∂ΩN ,

0 if E ⊂ ∂ΩD,

where nE ⊥ E ⊂ Ω \ ∂Ω is unitary normal vector and n ⊥ E ⊂ ∂ΩN is outer unitary

normal vector.

Approximate residuals: Let Q be approximation operator used to approximate

the element residuals and the face residuals i.e.

rK = Q(RK) ∈ P 0(K) ∀K ∈ Γh,

rE = Q(RE) ∈ P 0(E) ∀ E,

where we have denoted approximate element residual by rK and the (approximate)

face residual by rE. Since the numerical solution uh is linear, thus

rE = RE ∀ E ⊂ Ω \ ∂ΩN .

Definition 2: (Residual error estimator): Residual error estimator ηK and the

approximation term ζK over triangle K are defined as

η2
K = a2

K · ||rK ||2K + ε−1/2 · αK ·
∑

E⊂∂K\∂ΩD

||rE||2E,

ζ2
K = a2

K · ||rK −RK ||2wK + ε−1/2 · αK ·
∑

E⊂∂K∩∂ΩN

||rE −RE||2E,

where αK be scaling factor and aK = 3αK . Global error estimators are defined as

η2 =
∑
K∈Γh

η2
K and ζ2 =

∑
K∈Γh

ζ2
K .

Theorem (Residual error estimation): Let v ∈ H1
0 (Ω) be exact solution and

vh ∈ V h
0 be Hughes stabilized SUPG solution. Then the global error in energy norm

is bounded above by

|||v − vh||| . C

(∑
K∈Γh

a2
K

(
||rK −RK ||2K + ||rK ||2K

))1/2

+

 ∑
E⊂∂K\∂ΩD

ε−1/2αE
(
||rE −RE||2E + ||rE||2E

)1/2
 .
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Proof: We know that B(v, v) ≥ |||v|||2 ∀ v ∈ H1
0 (Ω).

Using the above result, we get

|||v − vh||| ≤ Bρ,σ(v−vh,v−vh)

|||v−vh|||
= Bρ,σ(v−vh,u)

|||u||| .

where u = v− vh. Introducing Clément interpolation operator RC , we can write the

bilinear form Bρ,σ(·, ·) as

Bρ,σ(v − vh, u) = Bρ,σ(v − vh, u−RCu) + Bρ,σ(v − vh, RCu). (3.4.1)

Now, using the error equation and integration by parts, we have

Bρ,σ(v − vh, w) =
∑
K∈Γh

(RK , w)K +
∑

E⊂Ω\∂ΩD

(RE, w)E ∀ w ∈ H1
0 (Ω). (3.4.2)

Using Eq. (3.4.2), the middle term of Eq. (3.4.1) can be written as

Bρ,σ(v − vh, u−RCu) =
∑
K∈Γh

(RK , u−RCu)K +
∑

E⊂Ω\∂ΩD

(RE, u−RCu)E . (3.4.3)

Using Cauchy Schwarz inequality, we get

∑
K∈Γh

(RK , u−RCu)K ≤

(∑
K∈Γh

α2
K ||RK ||2K

)1/2

·

(∑
K∈Γh

α−2
K ||u−RCu||2K

)1/2

,

∑
E⊂Ω\∂ΩD

(RE, u−RCu)E ≤

 ∑
E⊂Ω\∂ΩD

ε−1/2αE||RE||2E

1/2

·

 ∑
E⊂Ω\∂ΩD

ε1/2α−1
E ||u−RCu||2E

1/2

.

Further, using Lemma 1, we get

∑
K∈Γh

(RK , u−RCu)K .

(∑
K∈Γh

α2
K ||RK ||2K

)1/2

C|||u|||,

∑
E⊂Ω\∂ΩD

(RE, u−RCu)E .

 ∑
E⊂Ω\∂ΩD

ε−1/2αE||RE||2E

1/2

C|||u|||.

Therefore, the term Bρ,σ(v − vh, u−RCu) is bounded above by

Bρ,σ(v−vh, u−RCu) .

(
∑
K∈Γh

α2
K ||RK ||2K)1/2 + (

∑
E⊂Ω\∂ΩD

ε−1/2αE||RE||2E)1/2

C|||u|||.
(3.4.4)
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From Eq.(3.2.1.7) and Eq.(3.3.1.1), we have

||∇uh||K . min{(hKmin)−1b
−1/2
0 , ε−1/2}|||uh|||K = (hKmin)−1αK |||uh|||K for uh ∈ V h

0 .

Next, we will find the bounds on the second term Bρ,σ(v − vh, RCu) of Eq. (3.4.1).

Bρ,σ(v − vh, RCu) = < ε∇v,∇RCu > + < a.∇v,RCu > + < bv,RCu >

−[< ε∇vh,∇RCu > + < a.∇vh, RCu > + < bvh, RCu >

+
∑
K

ρK(RK , a.∇RCu) +
∑
K

σK(RK , ah.∇RCu)].

Using the standard scaling results and Galerkin orthogonality property, the above

equation can be written as

Bρ,σ(v − vh, RCu) = −
∑
K

ρK(RK , a · ∇RCu)−
∑
K

σK(RK , ah · ∇RCu)

≤
∑
K∈Γh

ρK ||RK ||K ||a||∞,K ||∇RCu||K

+
∑
K∈Γh

σK ||RK ||K ||ah||∞,K ||∇RCu||K

≤
∑
K∈Γh

ρK ||RK ||K ||a||∞,K(hKmin)−1αK |||RCu|||K

+
∑
K∈Γh

σK ||RK ||K ||ah||∞,K(hKmin)−1αK |||RCu|||K .

We know that for Clément operator [111],

|||RCu||| . C|||u||| ∀u ∈ H1
0 (Ω).

Thus, we have

Bρ,σ(v − vh, RCu) ≤

(∑
K∈Γh

ρ2
K ||RK ||2K ||a||2∞,K(hKmin)−2α2

K

)1/2

C|||u|||

+

(∑
K∈Γh

σ2
K ||RK ||2K ||ah||2∞,K(hKmin)−2α2

K

)1/2

C|||u|||.
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It may be noted that the effect of nonlinear term in the L∞ norm will be bounded by

that of the term ||a||∞ as shown below i.e.

ah =
(a · ∇uh)∇uh
|∇uh|2

, |∇uh| 6= 0

ah ≤
||a|| · ||∇uh||∇uh

|∇uh|2
(Using Cauchy − Schwarz inequality)

||ah|| ≤
||a|| · ||∇uh||||∇uh||

|∇uh|2

� ||a||

Since, a, the convection coefficient, is assumed to be smooth in the domain under

consideration, it is bounded above. Hence, the nonlinear term ||ah||∞,K is taken as

bounded above by some constant and is absorbed in the constant term.

We know that

ρK . hKmin/||a||∞,K ∀K ∈ Γh,

σK . hKmin/||ah||∞,K ∀ K ∈ Γh.

Therefore,

Bρ,σ(v − vh, RCu) .

[
(
∑
K∈Γh

α2
K ||RK ||2K)1/2 + (

∑
K∈Γh

α2
K ||RK ||2K)1/2

]
C|||u|||.

(M1(u,Γh) ≈ C) (3.4.5)

. 2

(∑
K∈Γh

α2
K ||RK ||2K

)1/2

C|||u|||.

Since

|||v − vh||| ≤ Bρ,σ(v−vh,u)

|||u||| ,

using Eq. (3.4.4) and Eq. (3.4.5) in Eq. (3.4.1), we get

|||v − vh||| .

3(
∑
K∈Γh

α2
K ||RK ||2K)1/2 + (

∑
E⊂Ω\∂ΩD

ε−1/2αE||RE||2E)1/2

C. (3.4.6)

Using triangle inequalities,
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‖ RK ‖2
K ≤ ‖ rK −RK ‖2

K + ‖ rK ‖2
K ,

and

‖ RE ‖2
E ≤ ‖ rE −RE ‖2

E + ‖ rE ‖2
E,

we get

|||v − vh||| . C

(∑
K∈Γh

a2
K

(
||rK −RK ||2K + ||rK ||2K

))1/2

+

 ∑
E⊂∂K\∂ΩD

ε−1/2αE
(
||rE −RE||2E + ||rE||2E

)1/2
 .

3.5 Adaptive refinement strategy

In this Section, an adaptive refinement strategy has been developed based on the

proposed a posteriori error estimates. The following adaptive refinement algorithm

is proposed:

1. Firstly, the whole domain is discretized using triangular elements. Triangulation

is done based on red refinement.

2. The problem is to be solved numerically using the proposed scheme discussed

in Section 3.2.

3. In the third step, over each element K, the residual error estimates ηK are to

be evaluated as defined in Section 3.4.

4. All those elements {Kei}Mei=1 satisfying ηKei > C max
L′

ηL′ , where C is a user

chosen constant from (0,1), are to be marked for refinement.

5. These marked elements are to be refined using green refinement procedure.

6. In the next step, all the elements having hanging nodes are also to be refined

in order to obtain continuous solution.
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7. The problem is again solved on the new refined mesh.

8. This process of grid refinement is to be repeated until the numerical solution is

computed upto a given desired precision.

3.6 Numerical results and discussion

In the present Section, numerical tests have been performed to check the efficiency

and robustness of the developed adaptive refinement strategy.

Example 1: Consider the following singularly perturbed convection-diffusion prob-

lem:

-∇ · ε∇u + 2ux + 3uy + u = f in Ω = (0, 1)2,

u = 0 on ∂Ω.

The right-hand side function f is so chosen to satisfy the exact solution

u = sin(x)(1− e−2(1−x)/ε)y2(1− e−3(1−y)/ε).

The solution of the above problem exhibits exponential boundary layers along the

lines x = 1 and y = 1. For adaptive refinement, anisotropic triangular mesh have

been taken into consideration. In Fig. 3.3, we present portion of adaptive triangular

mesh for ε = 2−3 with different degrees of freedom. Fig. 3.4 presents adaptive refined

meshes for ε = 2−5 with different degrees of freedoms. In Figs. 3.5 and 3.6, numerical

solutions obtained using the proposed refinement algorithm for different values of the

singular perturbation parameter ε = 2−3 and ε = 2−5 have been plotted. It can be

easily seen that even very sharp boundary layers have been efficiently captured using

the proposed refinement algorithm and scheme. From the solution plots, it can also

be observed that the problem is very sensitive to the singular perturbation parameter

ε i.e. even for ε = 2−5, very sharp boundary layers appear in the solution. Since the

mesh refinement is carried out only in the part of the domain wherein it is required
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Figure 3.3: Portion of adaptive mesh for ε = 2−3 with DOF = 187,224

rather than refining the mesh throughout the domain as can be seen in Figs. 3.3 and

3.4, therefore, the same accuracy is attained with less number of degrees of freedoms

making the proposed scheme computationally very effective. In Fig. 3.7, energy

norm errors for ε = 2−5 have been presented. The behavior of effectivity index ψ =

|||v−vh|||
ErrorEstimator

is shown in Fig. 3.8.

Figure 3.4: Portion of adaptive mesh for ε = 2−5 with DOF = 559,587

3.7 Conclusion

In this Chapter, an adaptive numerical strategy has been proposed for two-dimensional

singularly perturbed convection-diffusion problem. The problem under consideration
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Figure 3.5: Numerical Solution Profile for ε = 2−3

Figure 3.6: Numerical Solution Profile for ε = 2−5

has been solved using Hughes stabilzation technique together with SUPG finite ele-

ment method. The domain discretization has been carried out based on anisotropic

triangular meshes. Further, reliable a posteriori error estimates in energy norm have

been developed. An adaptive mesh refinement strategy has been proposed based on

derived error estimates. Numerical results validate the proposed adaptive refinement

strategy in capturing the sharp boundary layers arising in the solution as ε → 0.
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Figure 3.7: Error |||v − vh||| and Error estimator for ε = 2−5

Figure 3.8: ψ (Effectivity Index) for ε = 2−5

In the next Chapter, the proposed scheme has been extended for three-dimensional

singularly perturbed convection-diffusion problems.

100



Chapter 4

A posteriori error estimates for
Hughes stabilized SUPG method
for three-dimensional singularly
perturbed problems

4.1 Introduction

Many important mathematical models governing various physical phenomena occur-

ring during the analysis of biological systems, heat transfer process, mass transfer

process, etc., are represented by partial differential equations [160, 172]. Very few re-

searchers have developed finite element strategies for simulating three-dimensional

partial differential equations. To name a few, Branco et al.[25] proposed three-

dimensional finite element technique to analyse the shape evolution of fatigue cracks.

Numerical tests have been performed and it has been shown that the numerical results

agree with the experimental findings. Mola et al.[136] developed Streamline upwind

Petrov-Galerkin (SUPG) technique for approximating unsteady three-dimensional

non-linear water waves arising due to ship hull advancing in water based on semi-

Lagrangian framework. SUPG projection has been considered to recover accurate

estimates of position vector and potential gradients on free surface. The proposed
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technique results in stabilization of the transport dominated terms and robust adap-

tation of the spatial discretization on unstructured quadrilateral grids. Zhai et al.[203]

analysed three-dimensional time fractional convection-diffusion equation by proposing

an implicit compact finite difference scheme which uses fourth-order Padé approxi-

mation for spatial discretization and central difference scheme for time discretization.

Mohanty and Setia[133] developed high order compact finite difference scheme for

approximating three-dimensional quasi-linear elliptic partial differential equation. In

the present Chapter, we will focus on proposing the Hughes stabilized SUPG finite

element technique for solving the singularly perturbed problems.

Consider the three-dimensional SPP given by

−∇ · ε∇u+ b · ∇u+ cu = f in Γ, (4.1.1)

u = 0 on ∂ΓD, (4.1.2)

∂u

∂n
= g on ∂ΓN , (4.1.3)

where Γ ⊂ R3 is a bounded domain with Lipschitz-continuous boundary ∂Γ and

ε is singular perturbation parameter satisfying 0< ε � 1. We assume that ∂Γ =

∂ΓD∪∂ΓN with ∂ΓD∩∂ΓN = ∅, and b, c and f are analytic. ∂ΓD and ∂ΓN represent

the Dirichlet and Neumann boundaries of the domain respectively.

The considered problem is comprised of two basic phenomena-convection and diffu-

sion. For the case when ε � ||b||, the above problem becomes convection dominant

in nature. This results in singularities, such as shocks, interior and boundary layers

which deteriorate the accuracy of numerical solutions obtained by various numerical

schemes. Therefore, it becomes essential to obtain some reliable and efficient error

estimates for the computed numerical solution to rely on.

Broadly, error estimates are of two different types, namely, a priori error estimates

102



and a posteriori error estimates. It is seen that a priori error estimates provide crude

information only about the asymptotic behavior of the solution and involves regu-

larity conditions which are very difficult to achieve in case of singularities whereas a

posteriori error estimates provide quantitative information of the computed numeri-

cal solution. Therefore, it is more expected to derive some reliable a posteriori error

estimates based on the data of the problem and the computed numerical solution.

Stephansen[63] proposed robust a posteriori error estimates for convection-diffusion-

reaction problems based on weighted interior-penalty discontinuous Galerkin meth-

ods. Lazarov[116] derived residual based a posteriori estimates for convection-diffusion-

reaction equations using finite volume element approximations. Carstensen et al.[31]

proposed residual-type explicit error estimators and averaging techniques for steady

convection-diffusion-reaction problems using finite volume method. Further, the au-

thors proposed adaptive mesh refining strategy and considered numerical examples

to test the theoretical findings.

It has been seen that Streamline upwind/Petrov-Galerkin (SUPG) method provides

good approximate solution in the region where there is no sharp change in the solu-

tion but fails badly in the small subregions of sharp boundary layers appearing in the

sol. of singularly perturbed problems. It has been observed that occurrence of these

nonphysical oscillations in the region of sharp boundary layers in discrete solution

of SUPG method is based on the fact that this scheme is not monotonicity preserv-

ing. To overcome this hurdle, in the present work, an effort has been made by us-

ing Hughes stabilization strategy [90] alongwith Streamline upwind/Petrov-Galerkin

(SUPG) method. This corresponds to addition of one more term in the SUPG dis-

cretization of the considered convection-diffusion problem. A posteriori error esti-

mates have been obtained for the developed technique.

The Chapter is organised as follows:

In Section 4.2, some notations and standard norms have been discussed. Then the
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variational formulation and Hughes stabilized Streamline upwind finite element ap-

proximation of the continuous problem have been discussed. Section 4.3 deals with

some important tools which are essential for deriving reliable error estimates. In Sec-

tion 4.4, residual based a posteriori error estimates have been derived on anisotropic

meshes. In the last Section 4.5, concluding remarks have been made.

4.2 Hughes stabilized SUPG technique

Let W 1,∞(Γ) and L∞(Γ) denote the usual Sobolev space and Lebesgue space respec-

tively. We will use the notation (·, ·) for inner product (·, ·)Γ.

We assume that -1
2
∇ · b + c ≥ c0 > 0 on Γ .

For any open and bounded subset T ⊂ Γ, let H1(T ) be the standard Sobolev space.

Let

V0 = {w ∈ H1(Γ), w = 0 on ∂ΓD}.

Since, our objective is to bound the global error w−wh in energy norm, so we define

the energy norm on any bounded subset T ⊂ Γ as

|||w|||2T = ε · ||∇w||2T + c0 · ||w||2T . (4.2.1)

The finite element weak formulation of (4.1.1) is given as:

Find v ∈ H1(Γ) such that

B(v, w) = < F,w >, (4.2.2)

where

B(v, w) = ε(∇v,∇w) + (b · ∇v, w) + (cv, w) (4.2.3)

< F,w > = (f, w) + (g, w)∂ΩN , ∀ w ∈ V0.

The existence and uniqueness of solution of above weak formulation (4.2.2) can be

confirmed using the Lax Milgram lemma. Let F = {Γh} denote the family of tri-

angulations of Γ. Let Γh be triangulation of domain Γ consisting of tetrahedrons in
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three-dimensions, assuming only admissible and shape-regular triangulation in Γh.

For any tetrahedron T with face E, we define nT,E = (nx, ny, nz) to be the unit out-

ward normal vector for face E of the tetrahedron T . Let nE be the normal vector for

face E obtained from nT,E by fixing any of two normal components.

4.2.1 SUPG method

We define V h = {wh ∈ H1 : wh|T ∈ P1(T ),∀ T ∈ Γh}, where P1(T ) is the space

of linear polynomials over tetrahedron T and V h
0 = {wh ∈ V h : wh|∂ΓD = 0}. The

SUPG method[27] for problem (4.1.1) is given by

Find vh ∈ V h such that

Bρ(vh, wh) =< F,wh > ∀ wh ∈ V h
0 , (4.2.1.1)

where Bρ(vh, wh) = B(vh, wh) + < Rh(vh), ρb · ∇hwh > and < Rh(vh), ρb · ∇hwh >

=
∑

T∈Γh
ρT (−ε∆hvh + b · ∇hvh + cvh − f,b · ∇hwh)T , ρ is nonnegative stabilization

parameter, B(v, w) and < F,w > are defined in (4.2.3).

4.2.2 Hughes stabilized SUPG technique

As is well known that convection dominated problems exhibit nonphysical oscillations

at layers as ε decreases, the solution of singularly perturbed problem displays bound-

ary layers. Since the Streamline upwind/Petrov-Galerkin (SUPG) method results in

good approximate solution in the region where there is no sharp change in the so-

lution but fails drastically in the subregions of sharp boundary layers, in the trial

to overcome this hurdle, we propose Hughes stabilization technique [96] to SUPG

method. It results in an addition of the term < Rh(vh), σbh · ∇hwh > in the SUPG

finite element discretization of the convection-diffusion equation where

bh =

{
(b·∇vh)∇vh
|∇vh|2

, if | ∇vh |6= 0,

0, if |∇vh| = 0,
(4.2.2.1)

and σ is nonnegative stabilization parameter. This additional term increases the

robustness of SUPG method in the boundary layer region by controlling oscillations.
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Using Hughes stabilization technique to SUPG finite element method, Eq.(4.1.1) is

discretized as follows:

Find vh ∈ V h such that

Bρ,σ(vh, wh) =< F,wh > ∀ wh ∈ V h
0 . (4.2.2.2)

Here Bρ,σ(vh, wh) = B(vh, wh) + < Rh(vh), ρb ·∇hwh > + < Rh(vh), σbh ·∇hwh >

and < Rh(vh), σbh · ∇hwh > =
∑

T∈Γh
σT (−ε∆hvh + b · ∇hvh + cvh − f,bh · ∇hwh)T .

Let ρT and σT be stabilization parameters over each element T . The existence and

uniqueness of the finite element solution vh obtained using SUPG finite element dis-

cretization has been proved by Roos et al.[169]. The stabilization parameter ρT

satisfies

0 ≤ ρT ≤
1

2
min{c0‖c‖−2

∞,T , (h
T
min)2ε−1ν−2}, (4.2.2.3)

where hTmin is minimal length of element T and the constant ν satisfies the inequality

‖∇ · ∇vh‖T ≤ ν(hTmin)−1‖∇vh‖T ∀ vh ∈ V h
0 . (4.2.2.4)

It can be observed that ν = 0 for piecewise linear functions in V h
0 . Therefore, the

above bounds reduces to 0 ≤ ρT ≤ c0
2
‖c‖−2

∞,T . For easiness, we will use c . d to

denote that there exists a positive constant A independent of c,d, Γh and ε such that

c ≤ Ad. Further, we assume that

ρT . hTmin‖b‖−1
∞,T ∀ T ∈ Γh. (4.2.2.5)

4.3 Some auxiliary tools

Since the considered singularly perturbed problem displays abrupt changes in the so-

lution when Peclet number becomes very large as clear from (4.3.2), in such situations,

elements with large aspect ratio i.e. anisotropic meshes are preferred. Therefore, in

the present work, anisotropic mesh has been considered for domain discretization. In

the present Section, some notations on anisotropic meshes have been discussed which
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will be used in later Sections.

Notations: Consider an arbitrary tetrahedron T ∈ Γh with Q0Q1 as longest edge

(see Fig. 4.1). Represent three orthogonal vectors by qi,T with lengths hi,T = |qi,T |,

where q1,T is taken along the largest edge. From Fig. 4.1, it can be be confirmed that

h1,T > h2,T ≥ h3,T . Define hTmin = h3,T . These qi,T 's correspond to three anisotropic

directions. Define an orthogonal matrix as CT = (q1,T , q2,T , q3,T ) ∈ R3X3. Let αT be

scaling factor defined as

αT = min{c−1/2
0 , ε−1/2 · hTmin}. (4.3.1)

We denote tetrahedron by T or T ′ or Ti, and its faces by E. Denote its height over

face E by

hE,T = 3 · |T ||E| ,

where |T | represents the volume of the tetrahedron and |E| represents the area of

the face E. Let wE be the bounded domain formed by using two tetrahedrons with

common face E and wT to be the domain consisting of tetrahedron T and its face

neighbouring tetrahedra. We denote the local mesh Peclet number as

PeT =
‖b‖∞,ThTmin

2ε
, (4.3.2)

where hTmin is minimal length of element T . Let

PewT = maxT ′⊂wT PeT ′ ,

be mesh Peclet number on the domain wT . For an interior face E = T1 ∩ T2, define

face based parameters hE = (hE,T1 + hE,T2)/2, hEmin = (hT1
min + hT2

min)/2 and αE =

(αT1 + αT2)/2.

For boundary face E ⊂ ∂T ∩ ∂Γ, we define hE = hE,T , hEmin = hTmin and αE = αT .

We assume

hi,T ∼ hi,T ′ ∀ T, T ′ with T ∩ T ′ 6= ∅, i=1,2,3,

and number of tetrahedra with node yj is bounded uniformly.
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q3,T

Figure 4.1: Tetrahedron T

4.4 Interpolation

Till now, very few researchers have proposed different a posteriori error estimates

on anisotropic meshes for three-dimensional singularly perturbed problems. Since

the focus is to obtain reliable upper error bounds, therefore, a suitable estimate

or function called matching function[111] has been defined to measure alignment of

anisotropic mesh Γh and anisotropic function.

Matching function: Let v ∈ H1(Γ) and Γh ∈ F be triangulation of Γ. Then M1:

H1(Γ)× F → R is defined as

M1(v,Γh) :=

( ∑
T∈Γh

(hTmin)−2 · ||CT
T∇v||2T

)1/2/
||∇v||, (4.4.1)

where CT ∈ R3X3 has been defined earlier.

In order to derive reliable error estimates in energy norm, we define Clément inter-

polation operator Ic[44] for v ∈ H1(Γ).

Lemma 1: Let v ∈ H1
0 (Γ) and αT be the scaling factor defined by (4.3.1). Define

Clément interpolation operator Ic : H1
0 (Γ) 7→ V h

0 as defined in [44, 112]. Then it

satisfies

|||Icv||| . M1(v,Γh) · |||v|||, (4.4.2)∑
T∈Γh

α−2
T · ||v − Icv||

2
T .M1(v,Γh)

2 · |||v|||2, (4.4.3)

ε1/2
∑

E⊂Γ\∂ΓD

α−1
E · ||v − Icv||

2
E .M1(v,Γh)

2 · |||v|||2. (4.4.4)
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Proof: The proof of the Lemma has been discussed in [112].

4.4.1 Residual error estimates

In the present Section, first we will discuss exact and approximate residuals. Then,

residual error estimator based on residuals has been defined to estimate error in energy

norm. Further, reliable error bounds for the proposed scheme Hughes stabilized SUPG

finite element method has been proposed on anisotropic meshes.

Exact residuals: Let RT and RE denote the exact element residual and exact face

residual over a general tetrahedron element T respectively and are defined as

RT = f - (−ε∆uh + b · ∇uh + cuh) on T ,

RE(x) =


lims→0+[∂nEuh(x+ snE)− ∂nEuh(x− snE)] if E ⊂ Γ \ ∂Γ,

g − ∂nuh if E ⊂ ∂ΓN ,

0 if E ⊂ ∂ΓD,

where nE ⊥ E is unitary normal vector for face E ⊂ Γ − ΓN and n ⊥ E ⊂ ∂ΓN is

outer unitary normal vector.

Approximate residuals: Let Q be approximation operator, used to approximate

the element residuals and the face residuals i.e.

rT = Q(RT ) ∈ P 0(T ) ∀ T ∈ Γh,

rE = Q(RE) ∈ P 0(E) ∀ E.

where rT denotes the approximate element residual and rE denotes the approximate

face residual. Since the numerical solution uh is linear on E, therefore,

rE = RE ∀ E ⊂ Γ \ ∂ΓN .

Residual error estimator: Residual error estimator ηT and the approximation

term ζT over any tetrahedron T are defined as

η2
T = a2

T · ||rT ||2T + ε−1/2 · αT ·
∑

E⊂∂T\∂ΓD

||rE||2E,
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ζ2
T = a2

T · ||rT −RT ||2wT + ε−1/2 · αT ·
∑

E⊂∂T∩∂ΓN

||rE −RE||2E,

where αT be scaling factor and aT = 3αT . Global error estimators are defined as

η2 =
∑
T∈Γh

η2
T and ζ2 =

∑
T∈Γh

ζ2
T . (4.4.1.1)

Before proposing reliable error upper bounds, we will prove the following two lemmas

which will be used in the results to follow:

Lemma 2: Let v ∈ H1
0 (Γ) be exact solution and vh ∈ V h

0 be numerical solution

obtained by the proposed scheme. Then the bilinear form Bρ,σ(·, ·) satisfies the bounds

Bρ,σ(v − vh, w − Icw) .

(
∑
T∈Γh

α2
T ||RT ||2T )1/2 + (

∑
E⊂Γ\∂ΓD

ε−1/2αE||RE||2E)1/2

 ·M1(w,Γh) · |||w|||.

Proof : Using Clément interpolation operator Ic, we can write the bilinear form

Bρ,σ(.,.) as

Bρ,σ(v − vh, w) = Bρ,σ(v − vh, w − Icw) + Bρ,σ(v − vh, Icw). (4.4.1.2)

Now, integrating by parts and using exact element residual RT and face residual RE,

the bilinear form Bρ,σ(v − vh, w) can be written as

Bρ,σ(v − vh, w) =
∑
T∈Γh

(RT , w)T +
∑

E⊂Γ\∂ΓD

(RE, w)E ∀ w ∈ H1
0 (Γ).

Using the above expression for bilinear form, the middle term of (4.4.1.2) can be

expressed as

Bρ,σ(v − vh, w − Icw) =
∑
T∈Γh

(RT , w − Icw)T +
∑

E⊂Γ\∂ΓD

(RE, w − Icw)E .

Using Cauchy Schwarz inequality, we get

∑
T∈Γh

(RT , w − Icw)T ≤

(
(
∑
T∈Γh

α2
T ||RT ||2T )1/2 · (

∑
T∈Γh

α−2
T ||w − Icw||

2
T )

)1/2

,

∑
E⊂Γ\∂ΓD

(RE, w − Icw)E ≤

(
∑

E⊂Γ\∂ΓD

ε−1/2αE||RE||2E)1/2 · (
∑

E⊂Γ\∂ΓD

ε1/2α−1
E ||w − Icw||

2
E)

1/2

.
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Further, using Lemma 1, we get

∑
T∈Γh

(RT , w − Icw)T .

(
(
∑
T∈Γh

α2
T ||RT ||2T )1/2 ·M1(w,Γh)

)
· |||w|||,

∑
E⊂Γ\∂ΓD

(RE, w − Icw)E .

(
∑

E⊂Γ\∂ΓD

ε−1/2αE||RE||2E)1/2 ·M1(w,Γh)

 · |||w|||.
Therefore, the term Bρ,σ(v − vh, w − Icw) is bounded above by

Bρ,σ(v−vh, w−Icw) .

(
∑
T∈Γh

α2
T ||RT ||2T )1/2 + (

∑
E⊂Γ\∂ΓD

ε−1/2αE||RE||2E)1/2

·M1(w,Γh)·|||w|||.

Lemma 3: Let v ∈ H1
0 (Γ) be exact solution and vh ∈ V h

0 be the approximate

solution. Then the Clément interpolation operator Ic : H1
0 (Γ) 7→ V h

0 satisfies the

inequality

Bρ,σ(v − vh, Icw) . 2

(∑
T∈Γh

α2
T ||RT ||2T

)1/2

·M1(w,Γh)|||w|||.

Proof: For any mesh function vh ∈ V h
0 , using (4.2.2.4) and scaling arguments, we

can get

||∇vh||T . (hTmin)−1||vh||T .

From energy norm def.(4.2.1), we have

||vh||T ≤ c
−1/2
0 |||vh|||T .

⇒ ||∇vh||T . (hTmin)−1c
−1/2
0 |||vh|||T . (4.4.1.3)

Again, from energy norm, we get

||∇vh||T ≤ ε−1/2|||vh|||T . (4.4.1.4)

⇒ ||∇vh||T . min{(hTmin)−1c
−1/2
0 , ε−1/2}|||vh|||T (4.4.1.5)
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On simplification, inequality (4.4.1.5) reduces to

||∇vh||T . min{(hTmin)−1c
−1/2
0 , ε−1/2}|||vh|||T = (hTmin)−1αT |||vh|||T for vh ∈ V h

0 .

(Using Eq.(4.3.1))

Bρ,σ(v − vh, Icw) = < ε∇v,∇Icw > + < b · ∇v, Icw > + < cv, Icw >

−{< ε∇vh,∇Icw > + < b · ∇vh, Icw > + < cvh, Icw >

+
∑
T

ρT (RT ,b · ∇Icw) +
∑
T

σT (RT ,bh · ∇Icw)}.

Now based on the Galerkin orthogonal property and standard scaling results, the

above equation can be rewritten as

Bρ,σ(v − vh, Icw) = −
∑
T

ρT (RT ,b · ∇Icw)−
∑
T

σT (RT ,bh · ∇Icw)

≤
∑
T∈Γh

ρT ||RT ||T ||b||∞,T ||∇Icw||T

+
∑
T∈Γh

σT ||RT ||T ||bh||∞,T ||∇Icw||T

≤
∑
T∈Γh

ρT ||RT ||T ||b||∞,T (hTmin)−1αT |||Icw|||T

+
∑
T∈Γh

σT ||RT ||T ||bh||∞,T (hTmin)−1αT |||Icw|||T .

Using Lemma 1, we get

|||Icw||| . M1(w,Γh) · |||w||| ∀ w ∈ H1
0 (Γ).

Thus, we have

Bρ,σ(v − vh, Icw) ≤

(∑
T∈Γh

ρ2
T ||RT ||2T ||b||2∞,T (hTmin)−2α2

T

)1/2

·M1(w,Γh) · |||w|||
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+

(∑
T∈Γh

σ2
T ||RT ||2T ||bh||2∞,T (hTmin)−2α2

T

)1/2

·M1(w,Γh) · |||w|||.

It may be noted that the effect of nonlinear term bh in the L∞ norm will be bounded

by that of the term ||b||∞ as shown below i.e.

bh =
(b · ∇vh)∇vh
|∇vh|2

, |∇vh| 6= 0

bh ≤
||b||||∇vh||∇vh
|∇vh|2

{Using Cauchy-Schwarz inequality}

||bh|| ≤
||b||||∇vh||||∇vh||

|∇vh|2

� ||b||

From relation (4.2.2.5), we get

ρT . hTmin/ ‖ b ‖∞,T ∀ T ∈ Γh,

σT . hTmin/ ‖ bh ‖∞,T ∀ T ∈ Γh.

Therefore,

Bρ,σ(v − vh, Icw) .

[
(
∑
T∈Γh

α2
T ||RT ||2T )1/2 + (

∑
T∈Γh

α2
T ||RT ||2T )1/2

]
·M1(w,Γh) · |||w|||

. 2

(∑
T∈Γh

α2
T ‖ RT ‖2

T

)1/2

·M1(w,Γh) · |||w|||.

Theorem: (Residual error estimation) Let v ∈ H1
0 (Γ) be the exact solution and

vh ∈ V h
0 be the Hughes stabilized SUPG finite element solution of (4.1.1)-(4.1.3).

Then the error in energy norm is bounded above globally by

|||v − vh||| . M1(v − vh,Γh) · [η + ζ].

Proof: We know that Bρ,σ(v, v) ≥ |||v|||2 ∀ v ∈ H1
0 (Γ). Using this result, we get

|||v − vh||| ≤
Bρ,σ(v − vh, w)

|||v − vh|||
, (4.4.1.6)
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where w = v−vh. Putting aT = 3αT and using Lemma 2 and Lemma 3 in Eq.(4.4.1.2),

the above equation reduces to

|||v − vh||| .

(
∑
T∈Γh

a2
T ||RT ||2T )1/2 + (

∑
E⊂Γ\∂ΓD

ε−1/2αE||RE||2E)1/2

 ·M1(w,Γh).

(4.4.1.7)

Using triangle inequalities

‖ RT ‖2
T ≤ ‖ rT −RT ‖2

T + ‖ rT ‖2
T ,

‖ RE ‖2
E ≤ ‖ rE −RE ‖2

E + ‖ rE ‖2
E,

Substituting these inequalities in Eq.(4.4.1.7), we get

|||v − vh||| . M1(v − vh,Γh) · [η + ζ],

where η2 and ζ2 are defined in Eq.(4.4.1.1).

Remark: The adaptive mesh refinement strategy which have been proposed for two-

dimensional singularly perturbed problems in Chapter 3 can be extended for the

three-dimensional problems in a similar way.

4.5 Conclusion

In this Chapter, Hughes stabilzation strategy together with SUPG finite element

method has been proposed to approximate the solutions of three-dimensional sin-

gularly perturbed convection-diffusion problems. The domain has been discretized

using anisotropic meshes and residual based a posteriori error estimates in energy

norm have been proposed for the proposed scheme. In the next Chapter, some ap-

plications of the singularly perturbed problems have been presented and have been

solved using the adaptive strategy discussed in the second Chapter.
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Chapter 5

Applications of singularly
perturbed problems

5.1 Introduction

Singularly perturbed problems occur frequently during the analysis of the biological

systems, mass transfer process, etc. In this Chapter, two real-life singularly perturbed

model problems governing the travelling wave phenomenon have been considered. For

the first problem, we have considered a particular case of the generalized singularly

perturbed Burgers-Fisher equation given by

ut + αuδux = εuxx + βu(1− uδ), a < x < b, t > 0, (5.1.1)

for δ = 1, where u represents traveling wave phenomena, uxx corresponds to diffusion

term, ε is the diffusion coefficient, α, β and δ are parameters satisfying α, β ≥ 0,

δ > 0 and 0 < ε � 1. Keeping other parameters fixed, when ε → 0, the above

equation becomes singularly perturbed problem.

Burger, in 1948, posed Burgers equation as a remarkable model of one-dimensional

turbulence which describes weak nonlinear acoustics waves in gases. The Burgers

equation is a particular case of Eq.(5.1.1) for β = 0, δ = 1, i.e.,

The part of this Chapter has been published in International Journal of Computer Mathematics,
96(7):1502-1513, 2019
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ut + αuux = εuxx, a < x < b, t > 0.

A lot of researchers have worked on the Burgers problem. Mittal et al.[131] proposed

differential quadrature method for solving the Burgers problem. The authors used

quasilinearization process to deal with the nonlinearity arising in the problem and

utilized RK fourth-order method for time discretization. Stability and convergence

analysis of the proposed scheme has been discussed. Numerical experiments depict

that the proposed scheme provides more accurate results as compared to some of the

methods existing in the literature. Gowrisankar and Natesan [80] applied upwind

finite difference scheme for approximating the solution of the singularly perturbed

Burgers equation on a layer-adapted nonuniform mesh after linearizing the Burgers

equation. Mohanty et al.[134] proposed compact operator method for approximat-

ing coupled viscous Burger’s equation. Kadalbajoo et al.[97] developed a parameter

uniform implicit upwind difference scheme for solving Burgers’ equation on piecewise

uniform Shishkin mesh. The authors utilized Bellman and Kalaba[22] quasilineariza-

tion strategy to linearize the considered problem and proved the uniform convergence

of the proposed scheme.

For α = 0, δ = 1, the above equation (5.1.1) reduces to classical Fishers equation,

i.e.,

ut = εuxx + βu(1− u), a < x < b, t > 0.

Fisher, in 1937, proposed in his paper that the Fishers equation represents spatial

spread of an advantageous allele.

The second model problem, singularly perturbed Burgers-Huxley problem

∂v

∂t
+ αv

∂v

∂x
− ε∂

2v

∂x2
= βv(1− v)(v − γ), 0 < x < 1, t > 0,

has been considered. The considered equation represents interaction between convec-

tion, diffusion and reaction and governs the wave phenomenon. For α = 0, the above
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equation reduces to Hodgkin-Huxley equation given by

∂v

∂t
− ε∂

2v

∂x2
= βv(1− v)(v − γ), 0 < x < 1, t > 0,

which represents wall motion in liquid crystals. The problem is widely used in theoret-

ical neuroscience[160] and represents the ionic processes at a real nerve membrane[160,

172]. The Hodgkin-Huxley model problem can provide approximate solutions of the

nondimensional FitzHugh-Nagumo model problem via some appropriate affine trans-

formations as shown by Postnikov [160].

Till date, very few researchers have proposed some numerical schemes to solve gen-

eralized Burgers-Fisher equation and that too for ε = 1. But a very little effort has

been made for solving the equation for small values of ε� 1, though some researchers

have developed some numerical schemes for Burgers-Huxley problem. Javidi[93] gave

numerical solution of generalized Burgers-Fisher equation for the case ε = 1 using

spectral collocation method. Sari et al.[175] proposed a compact finite difference

scheme for solving generalized Burgers-Fisher equation for ε = 1. Zhu and Kang[210]

used cubic B-splines quasi-interpolation to solve Burgers-Fisher equation for the case

ε = 1. Zhang et al.[207] presented a numerical scheme for solving Burgers-Huxley and

Burgers-Fisher equation using local discontinuous Galerkin method for ε = 1. Mittal

et al.[132] proposed a numerical scheme based on cubic splines for solving generalized

Burgers-Fisher and Burgers-Huxley problems for the case ε� 1. Pei at al.[206] pro-

posed direct discontinuous Galerkin method to solve singularly perturbed generalized

Burgers-Fisher (SPGBF) equation for ε � 1. Wang et al.[196] analyzed the wave

solutions of the generalized Burgers-Huxley problem. Kumar et al.[110] presented a

robust and convergent three-step Taylor-Galerkin finite element numerical technique

for approximating the solutions of singularly perturbed Burgers-Huxley problems as

ε → 0. The authors carried out stability and convergence analysis. The efficiency

of the proposed numerical scheme has been tested via numerical results. Motsa et

al. [140] proposed spectral local linearization technique for approximating non-linear
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boundary layer problems. The considered non-linear problem was linearized and the

obtained reduced system has been solved using spectral collocation method. Numer-

ical tests show that the proposed technique converges rapidly and produces accurate

results. Kaushik[100] developed pointwise uniform convergent numerical scheme for

the nonstationary Burgers-Huxley problem based on grid equidistribution for the case

ε� 1. Kaushik et al.[102] analysed singularly perturbed two-paramter problems us-

ing higher order finite element method. The authors proved that the propsoed scheme

is parameter uniform convergent.

Since both the problems under consideration are singularly perturbed in nature, tra-

ditional finite element methods cannot be relied to capture sharp boundary layers

arising the solution. Therefore, we need some special treatment to capture these

sharp boundary layers as ε → 0. In the present work, we propose exponentially fit-

ted finite element method for capturing the boundary layers occurring in solution

of singularly perturbed Burgers-Fisher (SPBF) equation and singularly perturbed

Burgers-Huxley (SPBH) equation for the case ε � 1. Shishkin mesh methodology

has been used so as to refine the mesh in the boundary layer region. Also, for the

method to be uniform convergent, exponentially fitted splines[170, 173] have been

used as test functions in the proposed finite element scheme. Time discretization has

been performed prior to spatial discretization and quasilinearization process proposed

by Bellman and Kalaba[22] has been invoked to deal with the nonlinearity occurring

in the problem. For the numerical scheme to be stable, time discretization has been

performed using implicit Euler method. The proposed numerical scheme has already

been discussed in Chapter 2.

The Chapter is divided into different Sections to follow:

In Section 5.2, the SPBF equation has been presented. The weak formulation of

the proposed scheme has also been presented. Section 5.3 includes some numerical

experiments which have been performed to test the efficiency and robustness of the nu-
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merical scheme. In Section 5.4, the singularly perturbed generalized Burgers-Huxley

equation and its weak formulation has been presented. Numerical tests have been

carried out to test the effectivity of proposed adaptive numerical scheme in Section

5.5. At the end, conclusion has been presented.

5.2 Singularly perturbed generalized Burgers-Fisher

equation

The time dependent singularly perturbed generalized Burgers-Fisher (SPGBF) initial-

boundary value problem is given by

∂u

∂t
= −αuδ ∂u

∂x
+ ε

∂2u

∂x2
+ βu(1− uδ), 0 < x < 1, t > 0, (5.2.1)

with initial condition

u(x, 0) = φ(x), x ∈ Ω = (0, 1),

and boundary conditions as

u(0, t) = f(t), t > 0,

u(1, t) = g(t), t > 0,

over a domain D = Ω ×T = (0 < x < 1) × (t > 0), where α, β and δ are parameters

such that α, β ≥ 0, δ > 0 and ε is the singular perturbation parameter (0 < ε� 1).

Here, we consider a particular case of Eq.(5.2.1) for δ = 1, though the proposed

scheme can be applied for other values of δ in a similar way. For δ = 1, the above

equation reduces to

ut = εuxx − αuux + βu(1− u), 0 < x < 1, t > 0. (5.2.2)

The temporal and spatial discretization of Eq.(5.2.2) and quasilinearization can be

carried out in a similar way as described in Chapter 2. Using implicit Euler scheme

for temporal discretization and applying quasilinearization process for a fixed time
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level tj+1, we get a sequence of solutions {ur(x)}r=∞r=0 of linear equations given by the

following recurrence relation:

u0
r+1 = u0(x), (5.2.3)

uj+1
r+1 − ujr

∆t
= ε(uxx)

j+1
r+1 − αu

j+1
r+1(ux)

j+1
r + αuj+1

r (ux)
j+1
r − αuj+1

r (ux)
j+1
r+1

−2βuj+1
r uj+1

r+1 + βuj+1
r+1 + β(uj+1

r )2.

(5.2.4)

Also, the boundary conditions reduces to

uj+1
r+1(0) = f((j + 1)∆t), uj+1

r+1(1) = g((j + 1)∆t), j ≥ 0, (5.2.5)

where r = 0, 1, 2, ... is iteration index and uj+1
0 (x) is initial guess. The proof of

convergence of quasilinearization process and Shishkin mesh methodology has been

discussed in Chapter 2.

The finite element weak formulation of Eq.(5.2.4) is given by

Find u ∈ Sh such that∫
Ω

uj+1
r+1vdx = ∆t

[
−ε
∫

Ω

(ux)
j+1
r+1 vx − αu

j+1
r+1 (ux)

j+1
r v + αuj+1

r (ux)
j+1
r v − 2βuj+1

r uj+1
r+1v

−αuj+1
r (ux)

j+1
r+1v + βuj+1

r+1v + β
(
uj+1
r

)2
v
]
dx+

∫
Ω

ujr+1vdx,∀ v ∈ V.

(5.2.6)

Exponentially fitted splines have been used as test functions satisfying

ε(φei )xx(x, tj+1) + αu(xe, tj+1)(φei )x(x, tj+1) = 0.

Now the finite element sol. can be obtained by following the procedure mentioned in

Section (2.3.3) of Chapter 2.
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Im (λ∆t)

Figure 5.1: Stability region for singularly perturbed Burgers-Fisher equation

5.3 Numerical results

In this Section, some numerical results have been presented to demonstrate the effi-

ciency and robustness of the proposed numerical scheme.

Example 1. Consider Eq.(5.2.2) for the specific parameter values of α = 0.01, β =

0.01 together with the initial condition

u(x, 0) =
1

2
+

1

2
tanh(θ1x), 0 < x < 1,

and boundary conditions

u(0, t) = 1
2

+ 1
2

tanh(0− θ1θ2t), t >0,

u(1, t) = 1
2

+ 1
2

tanh(θ1 − θ1θ2t), t >0.

The analytic solution of the problem is given by

u(x, t) = 1
2

+ 1
2

tanh(θ1x− θ1θ2t),

where θ1 = −α
4ε

and θ2 = α
2

+ 2εβ
α

. The problem under consideration has not been

solved so far for small values of ε, hence numerical results are not available.
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The stability analysis can be carried in the same way as described in Chapter 2. The

region of absolute stability, which is outside the above mentioned unit circle, for the

Burgers-Fisher problem is shown in Fig. 5.1. From Fig. 5.1, it can easily be seen that

all eigenvalues of matrix [C] lie in the region of stability which proves the stability of

the proposed numerical scheme.

Define the L∞-norm as

‖ u(x, t)− uh(x, t) ‖L∞= max
1≤i≤N,1≤j≤M

| u(xi, tj)− uh(xi, tj) |,

where N represents the number of mesh points in the spatial direction and

tj = j∆t, ∆t is the time step. In Table 5.1, maximum absolute errors have been

tabulated at different time levels t = 1, 10, 50 and have been compared with the

variational iteration method(VIM), lattice Boltzmann method(LBM) and Adomian

decomposition method(ADM) from [206] for ε = 1. From this comparison table, it can

Table 5.1: Maximum absolute errors in Example 1 for α = 0.01, β = 0.01, ε = 1 and
∆t = 0.0002

t x Proposed Scheme LBM VIM ADM
1 0.1 2.5982× 10−7 1.080× 10−4 1.780× 10−8 1.780× 10−8

0.5 7.0165× 10−7 0.325× 10−4 5.290× 10−9 5.290× 10−9

0.9 2.4219× 10−7 1.730× 10−4 7.280× 10−9 7.280× 10−9

10 0.1 2.9587× 10−6 1.080× 10−4 2.070× 10−5 2.070× 10−5

0.5 8.0982× 10−6 0.314× 10−4 1.940× 10−5 1.940× 10−5

0.9 2.7571× 10−6 1.720× 10−4 1.810× 10−5 1.810× 10−5

50 0.1 1.7174× 10−5 1.010× 10−4 0.002552 0.002552
0.5 4.7068× 10−5 0.306× 10−4 0.002552 0.002552
0.9 1.6010× 10−5 1.620× 10−4 0.002492 0.002492

be easily noticed that the proposed numerical scheme provides more accurate results.

In order to check the robustness of the proposed numerical scheme for the solution

of SPBF equation with respect to very small values of the singular perturbation

parameter ε, the L∞-error estimates and order of convergence(for different values of

ε) have been presented in Table 5.2. For calculating order of convergence, we define
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EN,∆t
ε = max0≤i≤N,0≤j≤M |u(xi, tj)− uh(xi, tj)|,

where N represents the number of mesh points in the spatial direction. Now, the

order of convergence is calculated using double mesh principle defined by

pNε = log(EN,∆tε /E
2N,∆t/2
ε )

log 2
.

In Fig. 5.2, grid validation of the code has been tested for different values of singular

perturbation parameter ε = 2−11, 2−14 at time level t = 1. From solution plots, it can

be seen that a grid of 64 elements is sufficient enough to capture the boundary layers

for very small values of ε like ε = 2−14. For further numerical results to follow, grid

of 128 elements has been considered. In Fig. 5.3, the behavior of singular perturba-

(a) α = 0.01, β = 0.01, δ = 1, ε = 2−11 (b) α = 0.01, β = 0.01, δ = 1, ε = 2−14

Figure 5.2: Grid validation test for ε = 2−11, 2−14

tion parameter ε has been depicted as ε → 0. The solutions have been plotted for

various values of ε at time levels t = 0.5 and t = 1. In both the plots, it is very clear

that as singular perturbation parameter gets smaller and smaller, sharper boundary

layers appear in the solution and the proposed numerical scheme is efficient enough

to capture these boundary layers. In Fig. 5.4(a), finite element solution of singularly

perturbed Burgers-Fisher equation has been plotted for ε = 2−12 at different time

levels t = 0.2, 0.4, 0.6, 0.8 and 1. Further, the solution has been plotted for ε =
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(a) α = 0.01,β = 0.01,δ = 1, t = 0.5 (b) α = 0.01,β = 0.01,δ = 1, t = 1.0

Figure 5.3: ε - effect at different time levels t = 0.5, 1.0

2−15 at various time levels t = 0.1, 0.3, 0.5, 0.7 and 0.9 in Fig. 5.4(b). Both the

plots depict the efficiency and robustness of the proposed method in capturing very

sharp boundary layers. In Fig. 5.5, numerical solution profile for the Burgers-Fisher

(a) α = 0.01, β = 0.01, δ = 1, ε = 2−12 (b) α = 0.01, β = 0.01, δ = 1, ε = 2−15

Figure 5.4: Time-effect at different values of ε = 2−12, 2−15

problem has been shown for ε = 2−12.
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Figure 5.5: The numerical solution profile for α = 0.01, β = 0.01, δ = 1, ε = 2−12

5.4 Singularly perturbed generalized Burgers-Huxley

equation

The time dependent singularly perturbed generalized Burgers-Huxley (SPGBH) prob-

lem is defined as

∂v

∂t
+ αv

∂v

∂x
− ε∂

2v

∂x2
= βv(1− v)(v − γ), 0 < x < 1, t > 0, (5.4.1)

with initial condition

v(x, 0) = φ(x), x ∈ Ω = (0, 1), (5.4.2)

and boundary conditions as

v(0, t) = f(t), t > 0,

v(1, t) = g(t), t > 0,

over a domain D = Ω ×T = (0, 1) × (0,∞), where α, β ≥ 0, γ ∈ (0, 1) and ε is the

singular perturbation parameter satisfying 0 < ε� 1. The Burgers-Huxley equation

is widely used to model nerve pulse propagation in nerve fibres and wall motion in

liquid crystals.

Carrying out the temporal discretization and quasilineraization as discussed in Chap-

ter 2, the linearized approximate system of Eq.(5.4.1) can be written as

v0
r+1 = v0(x), (5.4.3)
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vj+1
r+1 − v

j
r+1

∆t
= ε(vxx)

j+1
r+1 − α(vx)

j+1
r vj+1

r+1 + (−β − βγ)(vj+1
r )2 + 2β(vj+1

r )3

+(2β + 2βγ)vj+1
r vj+1

r+1 − 3β(vj+1
r )2vj+1

r+1 − βγv
j+1
r+1.

(5.4.4)

The boundary conditions for the sys.(5.4.4) are given by

vj+1
r+1(0) = f((j + 1)∆t), vj+1

r+1(1) = g((j + 1)∆t), j ≥ 0. (5.4.5)

Here r = 0, 1, 2, ... denotes the iteration index and vj+1
0 (x) is the initial approximation.

The exponentially fitted finite element weak formulation of Eq.(5.4.4) seeks v ∈ Sh =

{ψ1(x), ψ2(x), ..., ψN(x)} such that∫
Ω

[
vj+1
r+1 − vj

]
wdx = (∆t)

∫
Ω

[
−ε(vx)j+1

r+1wx − α(vx)
j+1
r vj+1

r+1w + +2β(vj+1
r )3w

+(−β − βγ)(vj+1
r )2w + (2β + 2βγ)vj+1

r vj+1
r+1w − 3β(vj+1

r )2vj+1
r+1w

−βγvj+1
r+1w

]
dx,

(5.4.6)

where Vh = {φ1(x), ..., φN(x)}. Stability analysis can be carried out in a similar

manner as discussed in Section (2.7) of Chapter 2.

5.5 Numerical results

In this Section, effectivity and robustness of the proposed numerical scheme has been

tested using different numerical experiments.

Example 2. Consider Eq.(5.4.1) for the parameter values of α = 3, β = 9.8 and γ

= 0.7, the initial condition

v(x, 0) = 1− cos(x), 0 < x < 1,

and boundary conditions
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Im (λ∆t)

Figure 5.6: Stability region for singularly perturbed Burgers-Huxley equation

v(0, t) = 0, t >0,

v(1, t) = 0, t >0.

The region of absolute stability has been plotted in Fig. 5.6. It can be seen that

all the eigen values are lying outside the unit circle which shows that the proposed

scheme is stable. In Fig. 5.7, grid validation of the code has been tested for different

values of singular perturbation parameter ε = 2−12 and 2−14 at time level t = 1. From

grid validation tests, we analyze that as we move from grid of 64 elements to grid

of 256 elements, the boundary layers are captured very nicely. Grid of 128 elements

has been considered for further numerical results to follow. In Fig. 5.8, the behavior

of parameter ε has been depicted as ε becomes small. The solution plots have been

drawn for various values of ε at time levels t = 0.5 and t = 1.0. These solution plots

clearly depict that the proposed scheme is very efficient in capturing sharp boundary

layers. In Fig. 5.9(a) and (b), the solution of singularly perturbed Burgers-Huxley

equation has been plotted for ε = 2−14 and 2−18 at various time levels. It can be eas-

ily seen that very sharp boundary layers appear near the boundary x = 1. Both the
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(a) ε = 2−12 (b) ε = 2−14

Figure 5.7: Grid validation test for ε = 2−12, 2−14

(a) α = 3, β = 9.8, γ = 0.7, t = 0.5 (b) α = 3, β = 9.8, γ = 0.7, t = 1.0

Figure 5.8: ε- effect at different time levels = 0.5,1.0

plots depict the efficiency of method in capturing sharp boundary layers. Numerical

solution of Example 2 has been plotted for the time-domain [0,1] for ε = 2−15 in Fig.

5.10. From the plot, one can see how the solution evolves with the passage of time.

Example 3. Consider singularly perturbed Burgers-Huxley equation for the pa-

rameter values α = 1, β = 0, γ = 0 together with the initial condition

v(x, 0) = x(1− x2), 0 ≤ x ≤ 1,

and boundary conditions

v(0, t) = 0, t >0,
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(a) α = 3, β = 9.8, γ = 0.7, ε = 2−14 (b) α = 3, β = 9.8, γ = 0.7, ε = 2−18

Figure 5.9: Time-effect on the sol. at ε = 2−14 and 2−18

Figure 5.10: Numerical solution profile for α = 3, β = 9.8, γ = 0.7, ε = 2−15.

v(1, t) = 0, t >0.

In Fig. 5.11, grid validation of the code has been done for ε = 2−7 and 2−12 at time

t = 1. Further, in Fig. 5.12 ε-effect has been shown on the numerical solution at

t = 0.5 and t = 1. It can be easily observed from the solution plots that the developed

strategy is very much effective in capturing sharp changes in the solution.

In Fig. 5.13, numerical solution for the Example 3 has been plotted for ε = 2−15

and 2−17 at different time levels. From the solution plots, it can be verified that the

proposed scheme is very much efficient in capturing sharp boundary layers near the
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(a) α = 1, β = 0, γ = 0, ε = 2−7 (b) α = 1, β = 0, γ = 0, ε = 2−12

Figure 5.11: Grid validation test for ε = 2−7, 2−12

(a) α = 1, β = 0, γ = 0, t = 0.5 (b) α = 1, β = 0, γ = 0, t = 1

Figure 5.12: ε-effect at t = 0.5 and t = 1

boundary x = 1 as ε→ 0.

(a) α = 1, β = 0, γ = 0, ε = 2−15 (b) α = 1, β = 0, γ = 0, ε = 2−17

Figure 5.13: Time-effect on the sol. at ε = 2−15 and 2−17
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5.6 Conclusion

In this Chapter, two realistic model phenomenon arising during the analysis of bio-

logical systems and governed by singularly perturbed problems have been considered.

An exponentially fitted finite element technique has been presented for solving the sin-

gularly perturbed model problems, i.e. Burgers-Fisher problem and Burgers-Huxley

model problem, on a layer adapted mesh. Both the model problems are non-linear

in nature. Therefore, quasilinearization process has been invoked to tackle the non-

linearity occurring in the problems. Temporal semi-discretization has been carried

out prior to spatial discretization using implicit Euler method. Exponentially fitted

splines have been used as test functions. Further, the proposed numerical scheme has

been shown to be absolute stable. It has been depicted through numerous numerical

experiments that the proposed scheme approximates the solutions of both the models

very nicely. The proposed scheme is very efficient in capturing the abrupt changes in

the solution as ε becomes small.
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Table 5.2: Maximum pointwise errors and order of convergence in Example 1 with α
= 0.01, β = 0.01

ε N=16 N=32 N=64 N=128

2−6 3.3290 ×10−6 3.0380 ×10−6 2.9700 ×10−6 2.8330 ×10−6

0.131 0.032 0.068
2−7 3.5180 ×10−6 2.8020 ×10−6 2.4990 ×10−6 2.4890 ×10−6

0.328 0.165 0.005
2−8 4.6500 ×10−6 2.1020 ×10−6 1.5250 ×10−6 1.4840 ×10−6

1.145 0.463 0.039
2−9 1.3840 ×10−5 5.2850 ×10−6 2.6550 ×10−6 2.5240 ×10−6

1.389 0.993 0.073
2−10 8.0090 ×10−5 1.7610 ×10−5 1.6960 ×10−5 1.6590 ×10−5

2.185 0.054 0.034
2−11 5.1070 ×10−4 6.0410×10−5 5.2950 ×10−5 5.2560 ×10−5

3.079 0.190 0.010
2−12 1.4000 ×10−3 7.2340 ×10−4 2.7380 ×10−4 2.6590 ×10−4

0.952 1.403 0.042
2−13 3.6000 ×10−3 2.4000 ×10−3 7.2420 ×10−4 7.1900 ×10−4

0.585 1.728 0.010
2−14 1.8600 ×10−2 5.7000 ×10−3 4.1000 ×10−3 3.6000 ×10−3

1.706 0.475 0.187
2−15 3.7900 ×10−2 2.8100 ×10−2 4.7000 ×10−3 1.2500 ×10−3

0.431 2.580 1.910
2−16 7.2700 ×10−2 6.5500 ×10−2 3.7700 ×10−2 1.9500 ×10−2

0.150 0.797 0.951
2−17 1.0730 ×10−1 9.9500 ×10−2 7.1200 ×10−2 9.7000 ×10−3

0.108 0.482 2.876
2−18 1.2090 ×10−1 1.1000 ×10−1 7.9100 ×10−2 1.7600 ×10−2

0.136 0.475 2.168
2−19 1.2220 ×10−1 1.0910 ×10−1 7.6900 ×10−2 2.0400 ×10−2

0.163 0.504 1.914
2−20 1.2220 ×10−1 1.0800 ×10−1 7.4700 ×10−2 2.1800 ×10−2

0.178 0.531 1.776
2−21 1.2210 ×10−1 1.0780 ×10−1 7.4300 ×10−2 2.2300 ×10−2

0.179 0.536 1.736
2−22 1.2210 ×10−1 1.0760 ×10−1 7.3700 ×10−2 2.2600 ×10−2

0.182 0.545 1.705
2−23 1.2220 ×10−1 1.0760 ×10−1 7.3600 ×10−2 2.2800 ×10−2

0.183 0.547 1.692
2−24 1.2220 ×10−1 1.0770 ×10−1 7.3700 ×10−2 2.2900 ×10−2

0.182 0.547 1.686
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Future work

In the presented work, some robust and efficient adaptive finite element strategies

have been proposed for approximating the solutions of singularly perturbed problems

in one-, two- and three-dimensions. A posteriori error estimates in energy norm have

been developed for the proposed scheme for two- and three-dimensional singularly

perturbed convection-diffusion problems. An adaptive mesh refinement strategy has

been proposed for the proposed method. Efficiency index and the L∞-error vs de-

grees of freedom plots clearly validate the proposed adaptive refinement strategy. The

proposed method provides good approximate results for singularly perturbed prob-

lems. For the future work, some other error estimates and adaptive mesh refinement

strategies based on finite element estimates can be investigated for higher dimensional

singularly perturbed problems.



Bibliography

[1] A. Abas and R.A. Rahman, Adaptive FEM with domain decomposition method

for partitioned-based fluid-structure interaction, Arab. J. Sci. Eng. 41:611-622,

2016.

[2] J.V. Aguiar and J.M. Ferrándiz, A general procedure for the adaptation of multi-

step algorithms to the integration of oscillatory problems, SIAM J. Numer. Anal.

35(4):1684-1708, 1998.

[3] J.V. Aguiar and S. Natesan, An efficient numerical method for singular perturba-

tion problems, J. Comput. Appl. Math. 192(1):132-141, 2006.

[4] M. Ainsworth and J.T. Oden, A unified approach to a posteriori error estimation

using element residual methods, Numer. Math. 65:23-50, 1993.

[5] M. Ainsworth and J.T. Oden, A posteriori error estimation in finite element anal-

ysis, Wiley-Interscience, 2000.

[6] J. Aramberri, D. Padro, M. Paszynski, N. Collier, L. Dalcin and V.M. Calo, On

round-off error for adaptive finite element method, Procedia Comput. Sci. 9:1474-

1483, 2012.

[7] J.H. Argyris and S. Kelsey, Energy theorems and Structural Analysis, Butterworth

Scientific Publications, London, 1954.

134
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[10] I. Babuška and W.C. Rheinboldt, Error estimates for adaptive finite element

computations, SIAM J. Numer. Anal. 15:736-754, 1978.
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[76] S. Giani, D. Schötzau and L. Zhu, An a-posteriori error estimate for hp-adaptive

DG methods for convection-diffusion problems on anisotropically refined meshes,

Comput. Math. Appl. 67:869-887, 2014.
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