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Abstract 

 

In this thesis, shortcomings and limitations of the existing methods for solving as well 

as the existing methods to deal with the sensitivity analysis of such linear programming 

problems in which parameters or decision variables or both are represented by fuzzy numbers 

are pointed out. Also, some new methods are proposed to resolve these shortcomings as well 

as to overcome these limitations. 

The chapter wise summary of the thesis is as follows: 

Chapter 1 

Chapter 1 is introductory in nature. In this chapter, a brief review of the work done in 

the literature for solving fuzzy variable linear programming problems, fuzzy number linear 

programming problems, fully fuzzy linear programming problems and interval-valued fuzzy 

number linear programming problems is presented. Also, a brief review of the work done in 

the literature to deal with the sensitivity analysis of fuzzy variable linear programming 

problems and fuzzy number linear programming problems is presented. 

 

Chapter 2 

Gani et al. [47] pointed out that although the methods, based on simplex tables, for 

solving fuzzy number linear programming problems and fuzzy variable linear programming 

problems are proposed in literature. However, no method, based on simplex tables, is 

proposed for solving fully fuzzy linear programming problems. To overcome this limitation, 

Gani et al. [47] proposed a method, based on simplex tables, for solving fully fuzzy linear 

programming problems. In this chapter, the shortcomings of this existing method are pointed 

out. Also, it is pointed out that the shortcomings in the existing method [47] are occurring due 
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to the use of existing multiplication of fuzzy numbers. To resolve the shortcomings of 

existing method [47], a new multiplication, named as Mehar multiplication, for LR flat fuzzy 

numbers is defined and it is shown that if in the existing method [47] proposed Mehar 

multiplication is used instead of existing multiplication then all the shortcomings of the 

existing method [47] are resolved. 

 

Chapter 3 

In this chapter, the limitations of the existing method [47] and the method, proposed 

in previous chapter, are pointed out and to overcome these limitations, a new method is 

proposed for solving fully fuzzy linear programming problems. To show the advantages of 

proposed method over existing method [47] and the method, proposed in previous chapter, a 

fully fuzzy linear programming which can neither be solved by the existing method [47] nor 

by the method proposed in previous chapter is solved by the proposed method. Also, the fully 

fuzzy linear programming problem, chosen in previous chapter, is solved by the proposed 

method. 

 

Chapter 4 

In this chapter, an alternative method is proposed for solving fully fuzzy linear 

programming problems and it is shown that if a fully fuzzy linear programming problem is 

either solved by the method proposed in previous chapter or by the method proposed in this 

chapter, the fuzzy optimal solution and the fuzzy optimal value will be same. However, it is 

much easy to apply the method proposed in this chapter, as compared to the method proposed 

in previous chapter for solving the fully fuzzy linear programming problems. 

 

Chapter 5 

Su [115] pointed out that the values of the membership of an element in a fuzzy set  
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are represented by a real number in [0, 1] but a specialist is always uncertain about the values 

of the membership. Hence, it is better to use interval-valued fuzzy set in which the values of 

the membership of an element in a set is represented by the interval of possible real numbers 

instead of real numbers and proposed a method for solving such linear programming 

problems in which all the parameters except the decision variables are represented by 

interval-valued fuzzy numbers. In this chapter, the limitations of this method are pointed out. 

Also, it is pointed out that to overcome the limitations of the existing method [115] there is 

need to define such multiplication of two interval-valued LR flat fuzzy numbers Aɶ  and Bɶ  for 

which the property ( ) ( ) ( )A B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  is satisfied. Due to the same reason, in this 

chapter, a new multiplication, named as Mehar multiplication, of interval-valued LR flat 

fuzzy numbers is defined and using it a new method is proposed for solving the interval-

valued fully fuzzy linear programming problems. 

 

Chapter 6 

To the best of our knowledge, till now neither there is any method in the literature to 

deal with the sensitivity analysis of fully fuzzy linear programming problems nor any method 

to deal with the sensitivity analysis of fully fuzzy transportation problems. In this chapter, 

two new methods, named as Mehar methods, are proposed for the same. To show the 

advantages of proposed methods over existing methods [35, 65, 95], some fuzzy sensitivity 

analysis problems which can not be solved by the existing methods [35, 65, 95] are solved by 

using the proposed method. 

 

Chapter 7 

In Chapter 5, to overcome the limitations of the existing method [115] a new method, 

based on proposed Mehar multiplication, is proposed for solving interval-valued fully fuzzy 

linear programming problems. In this chapter, a new method, based on existing 
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multiplication, is proposed for solving interval-valued fully fuzzy linear programming 

problems. Also, on the basis of proposed method, a new method is proposed to deal with the 

sensitivity analysis of interval-valued fully fuzzy linear programming problems. 

 

Chapter 8 

Any modification in fully fuzzy linear programming problems may or may not affect 

its fuzzy optimal solution. However, neither in the existing methods [35, 65, 95] nor in the 

methods proposed in Chapter 6 and Chapter 7, it is checked that the modifications in the 

fuzzy linear programming problem will affect the fuzzy optimal solution of the original fuzzy 

linear programming problem or not. Also, neither the existing methods [35, 65, 95] nor the 

methods, proposed in Chapter 6 and Chapter 7, are applicable to find the possible 

modifications in the fully fuzzy linear programming problem without affecting its fuzzy 

optimal solution. In this chapter, a new method is proposed for the same. Also, proposed 

method is illustrated with the help of numerical example. 

 

Chapter 9 

Finally, in this Chapter, based on the presented study future work has been suggested.
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Chapter 1 

Introduction 
 

In real life problems, the aim of each and every person is to maximize or minimize a 

specific objective or some specific objectives. However, to achieve the objectives of most of 

the real life problems there is need to fulfill some restrictions. Any real life problem whose 

aim is to maximize or minimize a single objective with m  restrictions and n  variables can be 

formulated into mathematical programming problem 1.1( )P : 

Maximize (or Minimize)  ( )f X  

Subject to 1.1( )P  

     ( ) (or or )0; 1,2,...,jg X j m≤ = ≥ =  

     1[ ]j nX x ×=  

If all the functions ( )f X  and ( ); 1,2,...,jg X j m=  are linear then the mathematical 

programming problem 1.1( )P  is known as linear programming problem and can be written as:  

Maximize (or Minimize)  TC X  

Subject to 1.2( )P  

(or or )AX b≤ = ≥  

0X ≥   

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = = . 

In the linear programming problem 1.2( )P , the values of the parameters , ,j j ijc x a  and 

ib  are assigned by the experts. However, neither the experts nor the decision makers 

precisely know the values of these parameters. Due to the same reason, in the literature fuzzy 

numbers [134] are used to represent these parameters. 
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The linear programming problems in which parameters are represented by fuzzy 

numbers can be categorized as follows: 

1) The linear programming problems in which the parameter jc  or the parameters ija  and ib  

or all the parameters ,j ijc a  and ib  are represented by fuzzy numbers but the decision 

variables jx  are represented by real numbers are known as fuzzy number linear 

programming problems and can be written as [83, 85, 92]: 

(i) Maximize (or Minimize)  TC Xɶ  

Subject to 1.3( )P  

(or or )AX b≤ = ≥  

0X ≥   

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶ . 

 
(ii)  Maximize (or Minimize)  TC X  

Subject to 1.4( )P  

(or or )AX bℜ ℜ ℜ≤ = ≥ ɶɶ  

0X ≥   

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶ , ℜ  is a linear ranking function. 

 

(iii)  Maximize (or Minimize)  TC Xɶ  

Subject to 1.5( )P  

(or or )AX bℜ ℜ ℜ≤ = ≥ ɶɶ  

0X ≥   

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶɶ ɶ , ℜ  is a linear ranking function. 

2) The linear programming problems in which all the decision variables jx  are represented  
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by fuzzy numbers are known as fuzzy variable linear programming problems and can be 

written as [83, 86, 91]: 

(i) Maximize (or Minimize)  TC X⊗ɶ ɶ  

Subject to 1.6( )P  

(or or )AX bℜ ℜ ℜ≤ = ≥ ɶɶ  

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶɶ ɶ , 0jx ℜ≥ ɶɶ , ℜ  is a linear ranking 

function. 

 
(ii)  Maximize (or Minimize)  TC Xɶ  

Subject to 1.7( )P  

(or or )AX bℜ ℜ ℜ≤ = ≥ ɶɶ  

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶ , 0jx ℜ≥ ɶɶ , ℜ  is a linear ranking 

function. 

 
3) The linear programming problems in which all the parameters ,j ijc a  and ib  as well as all 

the decision variables jx  are represented by fuzzy numbers are known as fully fuzzy 

linear programming problems and can be written as [4] : 

Maximize (or Minimize)  TC X⊗ɶ ɶ  

Subject to 1.8( )P  

     (or or )A X bℜ ℜ ℜ⊗ ≤ = ≥ ɶɶ ɶ  

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶɶɶ ɶ ɶ , 0jx ℜ≥ ɶɶ , ℜ  is a linear ranking 

function. 

The membership of an element in a fuzzy set is represented by a real number in [0,1] 

but a specialist is always uncertain about the values of the membership. Due to the same  
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reason, in the literature [115] the concept of fuzzy number linear programming problems is 

extended by the interval-valued fuzzy number linear programming problems (linear 

programming problems in which the parameter jc  or the parameters ija  and ib  or all the 

parameters ,j ijc a  and ib  are represented by interval-valued fuzzy numbers but the decision 

variables jx  are represented by real numbers). 

 

1.1 Literature review  

In this section, a brief review of the work done in the literature for solving fuzzy 

variable linear programming problems, fuzzy number linear programming problems, fully 

fuzzy linear programming problems and interval-valued fuzzy number linear programming 

problems is presented. Also, a brief review of the work done in the literature to deal with the 

sensitivity analysis of fuzzy variable linear programming problems and fuzzy number linear 

programming problems is presented. 

Maleki et al. [86] pointed out the shortcomings of the possibilistic programming or 

multiobjective programming methods for solving fuzzy variable linear programming 

problems and introduced a new method, based on the concept of comparison of fuzzy 

numbers, for the same. Naseri and Ardil [91] proposed a method, based on simplex tables, for 

solving fuzzy variable linear programming problems. Naseri et al. [92] proposed a method, 

based on simplex tables, for solving fuzzy number linear programming problems.  

Ganesan and Veeramani [46] proposed a new type of multiplication for symmetric 

trapezoidal fuzzy numbers and proposed a method, based on simplex tables, for solving fuzzy 

variable linear programming problems. Mahdavi-Amiri and Nasseri [81] proposed some 

duality properties for fuzzy number linear programming problems as well as a method to find 

the dual of a fuzzy number linear programming problem.  
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Su [115] extended the concept of fuzzy number linear programming problems by the 

interval-valued fuzzy number linear programming problems and proposed a method for 

finding its optimal solution. 

Allaviranloo et al. [4] proposed a method to find the fuzzy optimal solution of fully 

fuzzy linear programming problems by converting it into crisp linear programming problems. 

Gani et al. [47] pointed out that there is no method in the literature, based on simplex tables, 

for solving fully fuzzy linear programming problems and proposed a method for the same. 

Lotfi et al. [75] proposed a method to find the fuzzy optimal solution of fully fuzzy 

linear programming problems with equality constraints. Ebrahimnezad et al. [36] pointed out 

the limitations of the existing method [46] and proposed a new method to overcome these 

limitations.  

Kumar et al. [69] pointed out the shortcomings of the existing method [75] and 

proposed a new method to overcome these shortcomings. Naseri and Ebrahimnezad [95] 

proposed a method, based on simplex tables, to deal with the sensitivity analysis of fuzzy 

variable linear programming problems. Ebrahimnezad [35] proposed a method, based on 

simplex tables, to deal with the sensitivity analysis of fuzzy number linear programming 

problems. 

After reviewing the literature, it can be concluded that there are very few methods for 

solving fully fuzzy linear programming problems and neither there is any method to solve 

interval-valued fully fuzzy linear programming problems (linear programming problems in 

which all the parameters as well as decision variables are represented by interval-valued 

fuzzy numbers) nor to deal with the sensitivity analysis of fully fuzzy linear programming 

problems and interval-valued fully fuzzy linear programming problems. 

In this thesis, new methods are proposed for solving fully fuzzy linear programming 

problems and interval-valued fully fuzzy linear programming problems. Also, new methods 
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are proposed to deal with the sensitivity analysis of fully fuzzy linear programming problems 

and interval-valued fully fuzzy linear programming problems. 

 

1.2 Organization of the thesis 

 

The chapter wise summary of the thesis is as follows: 

 

Chapter 2 

Gani et al. [47] pointed out that although the methods, based on simplex tables, for 

solving fuzzy number linear programming problems and fuzzy variable linear programming 

problems are proposed in literature. However, no method, based on simplex tables, is 

proposed for solving fully fuzzy linear programming problems. To overcome this limitation, 

Gani et al. [47] proposed a method, based on simplex tables, for solving fully fuzzy linear 

programming problems. In this chapter, the shortcomings of this existing method are pointed 

out. Also, it is pointed out that the shortcomings in the existing method [47] are occurring due 

to the use of existing multiplication of fuzzy numbers. To resolve the shortcomings of the 

existing method [47], a new multiplication, named as Mehar multiplication, for LR flat fuzzy 

numbers is defined and it is shown that if in the existing method [47] proposed Mehar 

multiplication is used instead of existing multiplication then all the shortcomings of the 

existing method [47] are resolved. 

 

Chapter 3 

In this chapter, the limitations of the existing method [47] and the method, proposed 

in previous chapter, are pointed out and to overcome these limitations, a new method is 

proposed for solving fully fuzzy linear programming problems. To show the advantages of 

proposed method over existing method [47] and the method, proposed in previous chapter, a 
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fully fuzzy linear programming problem which can neither be solved by the existing method 

[47] nor by the method proposed in previous chapter, is solved by the proposed method. Also, 

the fully fuzzy linear programming problem, chosen in previous chapter, is solved by the 

proposed method. 

 

Chapter 4 

In this chapter, an alternative method is proposed for solving fully fuzzy linear 

programming problems and it is shown that if a fully fuzzy linear programming problem is 

either solved by the method proposed in previous chapter or by the method proposed in this 

chapter, the fuzzy optimal solution and the fuzzy optimal value will be same. However, it is 

much easy to apply the method proposed in this chapter, as compared to the method proposed 

in previous chapter for solving the fully fuzzy linear programming problems. 

 

Chapter 5 

Su [115] pointed out that the values of the membership of an element in a fuzzy set 

are represented by a real number in [0, 1] but a specialist is always uncertain about the values 

of the membership. Hence, it is better to use interval-valued fuzzy set in which the values of 

the membership of an element in a set is represented by the interval of possible real numbers 

instead of real numbers and proposed a method for solving such linear programming 

problems in which all the parameters except the decision variables are represented by 

interval-valued fuzzy numbers. In this chapter, the limitations of this method are pointed out. 

Also, it is pointed out that to overcome the limitations of the existing method [115] there is 

need to define such multiplication of two interval-valued LR flat fuzzy numbers Aɶ  and Bɶ  for 

which the property ( ) ( ) ( )A B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  is satisfied. Due to the same reason, in this 

chapter, a new multiplication, named as Mehar multiplication, of interval-valued LR flat 

fuzzy numbers is defined and using it a new method is proposed for solving the interval- 
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valued fully fuzzy linear programming problems. 

 

Chapter 6 

To the best of our knowledge, till now neither there is any method in the literature to 

deal with the sensitivity analysis of fully fuzzy linear programming problems nor any method 

to deal with the sensitivity analysis of fully fuzzy transportation problems. In this chapter, 

two new methods, named as Mehar methods, are proposed for the same. To show the 

advantages of proposed methods over existing methods [35, 65, 95], some fuzzy sensitivity 

analysis problems which can not be solved by the existing methods [35, 65, 95] are solved by 

using the proposed method. 

 

Chapter 7 

In Chapter 5, to overcome the limitations of the existing method [115] a new method, 

based on proposed Mehar multiplication, is proposed for solving interval-valued fully fuzzy 

linear programming problems. In this chapter, a new method, based on existing 

multiplication, is proposed for solving interval-valued fully fuzzy linear programming 

problems. Also, on the basis of proposed method, a new method is proposed to deal with the 

sensitivity analysis of interval-valued fully fuzzy linear programming problems. 

 

Chapter 8 

Any modification in fully fuzzy linear programming problems may or may not affect 

its fuzzy optimal solution. However, neither in the existing methods [35, 65, 95] nor in the 

methods proposed in Chapter 6 and Chapter 7, it is checked that the modifications in the 

fuzzy linear programming problem will affect the fuzzy optimal solution of the original fuzzy 

linear programming problem or not. Also, neither the existing methods [35, 65, 95] nor the 

methods, proposed in Chapter 6 and Chapter 7, are applicable to find the possible 
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modifications in the fully fuzzy linear programming problem without affecting its fuzzy 

optimal solution. In this chapter, a new method is proposed for the same. Also, proposed 

method is illustrated with the help of numerical example. 

 

Chapter 9 

Finally, in this Chapter, based on the presented study future work has been suggested. 
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Chapter 2 

Fuzzy optimal solution of fully fuzzy linear 

programming problems on the basis of 

proposed Mehar multiplication* 
 

Gani et al. [47] pointed out that although the methods, based on simplex tables, for 

solving fuzzy number linear programming problems and fuzzy variable linear programming 

problems are proposed in literature. However, no method, based on simplex tables, is 

proposed for solving fully fuzzy linear programming problems. To overcome this limitation, 

Gani et al. [47] proposed a method, based on simplex tables, for solving fully fuzzy linear 

programming problems. In this chapter, the shortcomings of this existing method are pointed 

out. Also, it is pointed out that the shortcomings in the existing method [47] are occurring due 

to the use of existing multiplication of fuzzy numbers. To resolve the shortcomings of the 

existing method [47], a new multiplication, named as Mehar multiplication, for LR flat fuzzy 

numbers is defined and it is shown that if in the existing method [47] proposed Mehar 

multiplication is used instead of existing multiplication then all the shortcomings of the 

existing method [47] are resolved. 

 
2.1 Preliminaries 

In this section, some basic concepts which are needed in rest of the chapters are 

presented [33]. 

Fuzzy set is defined as a subset Aɶ  of a universal set X ⊆ ℝ  (set of real numbers) by 

its membership function (.),
A

µ ɶ  which assigns to each element x ∈ℝ , a real number ( ),
A

xµ ɶ  

in the interval [0,1]. The λ -cut or λ -level set of Aɶ , which plays an essential role in fuzzy 

                                                 
* The contents of this chapter are communicated in Journal of Optimization Theory and Applications. 
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optimization, is defined as an ordinary set Aλ  for which the degree of its membership 

function exceeds the level λ . The fuzzy number is a convex normalized fuzzy set of the real 

line ℝ  whose membership function is piecewise continuous. The set of all fuzzy numbers on 

ℝ  is denoted by ( ).F ℝ  

 
Definition 2.1 A function : [0, ) [0,1] (or : [0, ) [0,1])L R∞ → ∞ →  is said to be reference 

function of fuzzy number if and only if  

i) )1)0(or(1)0( == RL  

ii)  )or( RL  is non-increasing on ).,0[ ∞  

Definition 2.2 A fuzzy number Aɶ  defined on the universal set of real numbers ,ℝ  denoted as 

( , , , )LRA m n α β=ɶ , is said to be an LR flat fuzzy number if its membership function )(~ x
A

µ  is 

given by: 

 

 

 

 

 

Definition 2.3 Let ( , , , )LRA m n α β=ɶ  be an LR flat fuzzy number and λ  be a real number in 

the interval ]1,0[ . Then, the crisp set 1 1{ : ( ) } [ ( ), ( )]
A

A x X x m L n Rλ µ λ α λ β λ− −= ∈ ≥ = − +ɶ  is 

said to be λ -cut of Aɶ . 

 
2.1.1 Yager's ranking approach  

A number of ranking approaches have been proposed in the literature for comparing 

fuzzy numbers. However, in the whole thesis, a relatively simple computational and easily 

understandable existing ranking approach [132] is used for comparing fuzzy numbers. 

 

, , 0

( ) , , 0

1 ,

A

m x
L x m

x n
x R x n

m x n

α
α

µ β
β

 −  ≤ > 
 

  −= ≥ >  
 

 ≤ ≤



ɶ
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Let 1 1 1 1( , , , ) ,LRA m n α β=ɶ  and 2 2 2 2( , , , )LRB m n α β=ɶ  be two LR flat fuzzy numbers. 

Then, 

(i) A Bℜ≥ɶ ɶ  if ( ) ( )A Bℜ ≥ ℜɶ ɶ  

(ii)  A Bℜ>ɶ ɶ  if ( ) ( )A Bℜ > ℜɶ ɶ  

(iii)  A Bℜ=ɶ ɶ  if ( ) ( )A Bℜ = ℜɶ ɶ  

where, 
1 11 1

1 1 1 10 0

1 1
( ) ( ( )) ( ( ))

2 2
A m L d n R dα λ λ β λ λ− −ℜ = − + +∫ ∫ɶ

 

and 
1 11 1

2 2 2 20 0

1 1
( ) ( ( )) ( ( ))

2 2
B m L d n R dα λ λ β λ λ− −ℜ = − + +∫ ∫ɶ  

 

Lemma 2.1 If 2( ) ( ) maximum{0,1 }L x R x x= = −  then, 1 1
1 1

2 21
( )

2 3 3
A m n

α β ℜ = + − + 
 

ɶ
 and 

2 2
2 2

2 21
( ) .

2 3 3
B m n

α β ℜ = + − + 
 

ɶ
 

Proof: Since, 2( ) ( ) maximum{0,1 }L x R x x= = −  so 1( ) 1L λ λ− = −  and 1( ) 1R λ λ− = −  

where, [0,1]λ ∈ . 

Substituting the values of 1( )L λ−  and 1( )R λ−  in Yager's ranking formula, 

1 1

0 0

1 1
( ) ( 1 ) ( 1 ) ,

2 2
A m d n dα λ λ β λ λℜ = − − + + −∫ ∫ɶ

 the value of ( )Aℜ ɶ  and ( )Bℜ ɶ  

are 1 1
1 1

2 21

2 3 3
m n

α β + − + 
 

 and 2 2
2 2

2 21

2 3 3
m n

α β + − + 
   respectively.  

 
Remark 2.1 An LR flat fuzzy number ( , , , )LRA m n α β=ɶ  is said to be zero fuzzy number if, 

( ) 0Aℜ =ɶ  and is denoted as 0ɶ . 

Remark 2.2 If nm =  then an LR flat fuzzy number LRnm ),,,( βα  is said to be an LR fuzzy 

number and is denoted as LRmm ),,,( βα  or LRnn ),,,( βα  or LRm ),,( βα  or LRn ),,( βα . 

Remark 2.3 If nm =  and == )()( xRxL maximum }1{0, x−  then an LR flat fuzzy number 

LRnm ),,,( βα  is said to be a triangular fuzzy number.  
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Remark 2.4 If nm ≠  and == )()( xRxL maximum }1{0, x−  then an LR flat fuzzy number  

LRnm ),,,( βα  is said to be a trapezoidal fuzzy number.  

 
2.1.2 Arithmetic operations 

In this section, arithmetic operations between two LR flat fuzzy numbers are 

presented [33]. 

Let 1 1 1 1 1( , , , ) ,LRA m n α β=ɶ 2 2 2 2 2( , , , )LRA m n α β=ɶ  be two LR flat fuzzy numbers and 

3 3 3 3 3( , , , )RLA m n α β=ɶ  be a RL flat fuzzy number. Then,  

(i) 1 2 1 2 1 2 1 2 1 2( , , , )LRA A m m n n α α β β⊕ = + + + +ɶ ɶ  

(ii)  1Aɶ Ө 3 1 3 1 3 1 3 1 3( , , , )LRA m n n m α β β α= − − + +ɶ  

(iii)  1 1 1 1
1

1 1 1 1

( , , , ) , 0

( , , , ) , 0
LR

RL

m n
A

n m

λ λ λα λβ λ
λ

λ λ λβ λα λ
≥

=  − − ≤

ɶ  

(iv) If 1 1 0m α− ≥  and 2 2 0m α− ≥ . Then, 

1 2 1 2 1 2 1 2 1 2 1 2 1 2( , , , )LRA A m m n n m m n nα α β β⊗ = + +ɶ ɶ  

(v) If 1 1 0n β+ ≤  and 2 2 0m α− ≥ . Then, 

1 2 1 2 1 2 1 2 1 2 1 2 1 2( , , , )LRA A m n n m m n n mβ α α β⊗ = − − − −ɶ ɶ  

(vi) If 1 1 0m α− ≥  and 2 2 0n β+ ≤ . Then, 

1 2 1 2 1 2 1 2 1 2 1 2 1 2( , , , )LRA A n m m n m n n mβ α α β⊗ = − − − −ɶ ɶ  

(vii)  If 1 1 0n β+ ≤  and 2 2 0n β+ ≤ . Then, 

1 2 1 2 1 2 1 2 1 2 1 2 1 2( , , , )LRA A n n m m n n m mβ β α α⊗ = − − − −ɶ ɶ  

 
2.2 Shortcomings of the existing method for solving fully fuzzy linear programming 

problems 

Gani et al. [47] pointed out that there is no method in the literature, based on simplex 

tables, for solving fully fuzzy linear programming problems 2.1( )P  and proposed a method by 

replacing the crisp arithmetic operations of the existing method [61] with existing fuzzy 
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arithmetic operations [33] as well as by using the method, presented in Section 2.1.1, for 

comparing fuzzy numbers: 

Maximize  
1

n

j j
j

c x
=

⊗∑ ɶ ɶ  

Subject to 2.1( )P  

   
1

or or ; 1,2,...,
n

ij j i
j

a x b i mℜ ℜ ℜ
=

⊗ ≤ = ≥ =∑ ɶɶ ɶ  

   0; 1,2,...,jx j nℜ≥ =ɶɶ  

where, ,jcɶ ijaɶ  and ( ); 1,2,..., , 1,2,...,ib F i m j n∈ = =ɶ ℝ  and ( )F ℝ  is the set of all LR fuzzy 

numbers. 

However, it is not genuine to use the existing method [47] due to the following 

reason: 

In each simplex table of a crisp linear programming problem the thi  element of the 

column corresponding to the thi  basic variable should be one and remaining elements should 

be zero. In the same direction, in each simplex table of a fully fuzzy linear programming 

problem the rank of the thi  element of the column corresponding to the thi  fuzzy basic 

variable should be one and rank of remaining elements should be zero.  

In this section, to show the shortcomings of the existing method [47], the existing 

problem [47], presented in Example 2.1, is solved by the existing method [47] and it is shown 

that for the elements of the simplex table, obtained by using the existing method [47], this 

property is not satisfying. 

Example 2.1 [47, pp. 103] Consider the fully fuzzy linear programming problem: 

Maximize  1 2[(5,1,2) (4,1,1) ]LR LRx x⊗ ⊕ ⊗ɶ ɶ  

Subject to 2.1( )E  

1 2(4,2,1) (5,3,1) (24,5,8)LR LR LRx x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ  
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1 2(4,1,2) (1,.5,1) (12,6,3)LR LR LRx x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ  

1 20, 0x xℜ ℜ≥ ≥ɶ ɶɶ ɶ   

where, ( ) ( ) maximum{0,1 }L x R x x= = − . 

Solution 

Using the existing method [47], the fuzzy optimal solution of fully fuzzy linear 

programming problem, chosen in Example 2.1, can be obtained as follows: 

Step 1 

Adding fuzzy slack variables 3xɶ  and 4xɶ  in first and second constraint respectively, the 

chosen fully fuzzy linear programming problem 2.1( )E  is converted into fully fuzzy linear 

programming problem 2.2( )E . 

Maximize  1 2 3 4[(5,1,2) (4,1,1) 0 0 ]LR LRx x x x⊗ ⊕ ⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶɶ ɶ ɶ ɶ  

Subject to 2.2( )E  

1 2 3(4,2,1) (5,3,1) (24,5,8)LR LR LRx x x ℜ⊗ ⊕ ⊗ ⊕ =ɶ ɶ ɶ  

1 2 4(4,1,2) (1,.5,1) (12,6,3)LR LR LRx x x ℜ⊗ ⊕ ⊗ ⊕ =ɶ ɶ ɶ  

1 2 3 4, , , 0x x x x ℜ≥ ɶɶ ɶ ɶ ɶ  

The initial fuzzy simplex table for the fully fuzzy linear programming problem 2.2( )E  is: 
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Table 2.1 The initial fuzzy simplex table 

Basic 

variables 

   1 2 3 4x x x xɶ ɶ ɶ ɶ  Solution Minimum 

ratio 

ℜ (Minimum 

ratio) 

( )z

z

ℜ ɶ

ɶ

 

5.25 4 0 0

( 5,2,1) ( 4,1,1) (0,0,0) (0,0,0)LR LR LR LR

− −

− −
 

(0,0,0)LR

−
 

  

3

4

x

x

ɶ

ɶ

 

(4,2,1) (5,3,1) (1,0,0) (0,0,0)

(4,1,2) (1,.5,1) (0,0,0) (1,0,0)

LR LR LR LR

LR LR LR LR

 

(24,5,8)

(12,6,3)

LR

LR

 

53
6, ,26

4

27 27
3, ,

2 4

LR

LR

 
 
 

 
 
 

 

9.18

2.43

 

 
Step 2 

Since, minimum { ( 5,2,1) , ( 4,1,1) }LR LRℜ − ℜ − =  minimum { 5.25, 4} 5.25− − = − , which is 

corresponding to the fuzzy decision variable 1xɶ . So, 1xɶ  will enter into the basis. Also, 

minimum 
(24,5,8) (12,6,3)

,
(4,2,1) (4,1,2)

LR LR

LR LR

     ℜ ℜ =    
     

 minimum 
53 27 27

6, ,26 , 3, ,
4 2 4LR LR

    ℜ ℜ    
    

 

= minimum {9.18,2.43} 2.43= , which is corresponding to the fuzzy basic variable 4xɶ . So, 4xɶ  

will leave the basis. 

Step 3 

Since, for the next simplex table (Table 2.2) the first and second fuzzy basic variables are 3xɶ  

and 1xɶ  respectively. So, the entries of the next fuzzy simplex table (Table 2.2) can be 

obtained as follows: 

Fuzzy basis matrix 
(1,0,0) (4,2,1)

(0,0,0) (4,1,2)
LR LR

LR LR

B
 

=  
 

ɶ , 
(1,0,0) (4,2,1)

(4,1,2)
(0,0,0) (4,1,2)

LR LR
LR

LR LR

B = =ɶ  

Cofactor matrix of fuzzy basis matrix 
(4,1,2) (0,0,0)

( 4,1,2) (1,0,0)
LR LR

LR LR

B
 

=  − 
ɶ ,  

(4,1,2) (0,0,0) (4,1,2) ( 4,1,2)
Adj ( )

( 4,1,2) (1,0,0) (0,0,0) (1,0,0)

T

LR LR LR LR

LR LR LR LR

B
−   

= =   −   

ɶ  
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So, 1

9 9
(1,0,0) 1, ,

(4,1,2) ( 4,1,2) 4 2Adj ( ) 1
=

(0,0,0) (1,0,0)(4,1,2) 1 1
(0,0,0) ,1,

4 2

LR
LR LR LR

LR LRLR
LR

LR

B
B

B
−

  −  −    = =     
  

  

ɶ
ɶ

ɶ
 

Entries of the column corresponding to fuzzy decision variable 1xɶ : 

1
1

9 9
(1,0,0) 1, , (0,13,20)

(4,2,1)4 2
= 17 5

1, ,(4,1,2)1 1
(0,0,0) ,1, 4 2

4 2

LR LR
LR LR

LR
LR LR

LR

B A−

  −          ⊗ ⊗ =                 
  

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 2xɶ : 

1
2

9 9 25
(1,0,0) 1, , 4, ,6

(5,3,1)4 2 4
=

(1,.5,1)1 1 1 9 3
(0,0,0) ,1, , ,

4 2 4 8 4

LR
LR LR LR

LR
LR

LR LR

B A−

      −             ⊗ ⊗ =        
      

      

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 3xɶ : 

( )

( )

( )
( )

( )
( )

1
3

9 9
1,0,0 1, ,

1,0,0 1,0,04 2
=

0,0,0 0,0,01 1
0,0,0 ,1,

4 2

LR
LR LR LR

LR LR
LR

LR

B A−

  −        ⊗ ⊗ =   
           

  

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 4xɶ : 

( )

( )

( )
( )

1
4

9 9 9 9
1,0,0 1, , 1, ,

0,0,04 2 4 2
=

1,0,01 1 1 1
0,0,0 ,1, ,1,

4 2 4 2

LR
LR LR LR

LR
LR

LR LR

B A−

      − −             ⊗ ⊗ = 
              

      

ɶɶ  

Entries of the elements corresponding to 3rd row i.e., corresponding to zɶ : 

1
1Bc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )1

(0,13,20)

0,0,0 5,1,2 17 5
1, ,

4 2

LR

LR LR

LR

c

 
  = ⊗         

ɶ Ө ( ) 97 31
5,1,2 0, ,

4 2LR
LR

 =  
 

 

1
2Bc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )2

25
4, ,6

4
0,0,0 5,1,2

1 9 3
, ,

4 8 4

LR

LR LR

LR

c

  
  
   = ⊗    
  
  

ɶ Ө ( ) 11 55 21
4,1,1 , ,

4 8 4LR
LR

 = − 
 
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1
3Bc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )

( )
( )3

1,0,0
0,0,0 5,1,2

0,0,0
LR

LR LR

LR

c
 

 = ⊗   
  

ɶ Ө ( ) ( )0,0,0 0,0,0
LR LR

=  

1
4Bc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )4

9 9
1, ,

4 2
0,0,0 5,1,2

1 1
,1,

4 2

LR

LR LR

LR

c

  −  
   = ⊗    
  
  

ɶ Ө ( ) 5 21
0,0,0 , ,3

4 4LR
LR

 =  
 

 

( ) ( )1

27 27
3, , 141 159

2 40,0,0 5,1,2 15, ,
2 4

(12,35,68)
LRB LR LR

LR
LR

c B b−

  
    ⊗ ⊗ = ⊗ =        

  

ɶɶɶ  

Entries of the elements corresponding to 6th column i.e., corresponding to solution column: 

1

9 9
(1,0,0) 1, , 27 27

3, ,(24,5,8)4 2
2 4=

(12,6,3)1 1
(0,0,0) ,1, (12,35,68)

4 2

LR
LR LR

LR
LR

LR LR
LR

B b−

  −            ⊗ ⊗ =               
  

ɶɶ  

 
Table 2.2 The second fuzzy simplex table 

Basic 

variables 

1 2 3 4x x x xɶ ɶ ɶ ɶ  Solution 

( )z

z

ℜ ɶ

ɶ

 

2.18 3.15 0 2.75

97 31 11 55 21 5 21
0, , , , (0,0,0) , ,3

4 2 4 8 4 4 4LR
LR LR LR

− −

     −     
     

 141 159
15, ,

2 4 LR

−

 
 
 

 

 

3

1

x

x

ɶ

ɶ

 

( ) ( )

( )

25 9 9
0,13,20 4, ,6 1,0,0 1, ,

4 4 2

17 5 1 9 3 1 1
1, , , , 0,0,0 ,1,

4 2 4 8 4 4 2

LR LR
LR LR

LR
LR LR LR

   −   
   

     
     
     

 

27 27
3, ,

2 4

(12,35,68)

LR

LR

 
 
 

 

 

Since, 1xɶ  is the second fuzzy basic variable so 
17 5

1, ,
4 2 LR

 ℜ 
 

 should be 1 and (0,13,20)LRℜ  

as well as 
97 31

0, ,
4 2 LR

 ℜ 
 

 should be 0. However, 
17 5

1, , .56 1
4 2 LR

 ℜ = ≠ 
 

 and 

(0,13,20) 1.75 0LRℜ = ≠ , 
97 31

0, , 2.18 0
4 2 LR

 ℜ = − ≠ 
 

. So, it is not genuine to use the 

existing method [47] for solving fully fuzzy linear programming problems. 
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Remark 2.5 In the existing method [47] the following method is used for dividing two fuzzy  

numbers: 

Let 1 1 1 1( , , )LRA m α β=ɶ  be an LR fuzzy number and 2 2 2 2( , , )RLA m α β=ɶ  be a RL fuzzy 

number. Then, 1

2

A

A

ɶ

ɶ
 cab be calculated as follows: 

(i) If 1 1 0m α− >  and 2 2 0m α− > . Then, 

1 1 1 1 1 1

2 2 2 2 22

, ,
LR

A m m m

m m mA

α β
α β

 
= + + 
 

ɶ

ɶ
. 

(ii)  If 1 1 0n β+ <  and 2 2 0m α− > . Then, 

1 1 1 1 1 1

2 2 2 2 22

, ,
LR

A m m m

m m mA

β α
α β

 −= − − 
 

ɶ

ɶ
. 

(iii)  If 1 1 0n β+ <  and 2 2 0n β+ < . Then, 

1 1 1 1 1 1

2 2 2 2 22

, ,
LR

A m m m

m m mA

β α
β α

 − − −= − 
 

ɶ

ɶ
. 

 
2.3 Origin of shortcomings 

 Let Bx  and B  be the basic feasible solution and basis matrix for the crisp linear 

programming problem: 

Maximize (or Minimize)  TC X  

Subject to  

(or or )AX b≤ = ≥  

0X ≥   

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = = . 

Then, 1
B Bx B b Bx b−= ⇒ = . 

e.g., Let 

66

13

1
Bx

 
 =  
  

,

1 4 6

0 1 2

0 2 3

B

− 
 = − 
 − 

 and 

20

11

23

b

 
 =  
  

. 
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Then, 

1 4 6 66 20

0 1 2 13 11

0 2 3 1 23
BBx

−     
     = − =     
     −     

 and 1

1 0 2 20 66

0 3 2 11 13

0 2 1 23 1

B b−

     
     = − =     
     −     

 i.e., BBx b=  and  

1
BB b x− = . 

In the same direction, in the existing method [47] it is assumed that if Bxɶ  and Bɶ  be  

the fuzzy basic feasible solution and the fuzzy basis matrix for the fully fuzzy linear 

programming problem. 

Maximize (or Minimize)  TC X⊗ɶ ɶ  

Subject to  

,A X ℜ⊗ ≤ɶ ɶ ,ℜ= , bℜ≥ ɶ  

where, 1 1 1[ ] , [ ] , [ ] , [ ]T
j n j n ij m n i mC c X x A a b b× × × ×= = = =ɶ ɶɶ ɶɶɶ ɶ ɶ , 0jx ℜ≥ ɶɶ . 

Then, 1
B Bx B b B x b−

ℜ ℜ= ⊗ ⇒ ⊗ =ɶ ɶɶ ɶɶ ɶ . 

 However, 1
Bx B b−

ℜ= ⊗ ɶɶɶ  does not implies BB x bℜ⊗ = ɶɶ ɶ . 

e.g., Since, for the fuzzy simplex table (Table 2.2) of fully fuzzy linear programming 

problem, chosen in Example 2.1, 

27 27
3, ,

2 4

(12,35,68)
LRB

LR

x

  
  =   
  

ɶ ,
(1,0,0) (4,2,1)

(0,0,0) (4,1,2)
LR LR

LR LR

B
 

=  
 

ɶ  and 

(24,5,8)

(12,6,3)
LR

LR

b
 

=  
 

ɶ , 

( )

( )
1

1 1
0,0,0 ,1,

4 2

9 9
1,0,0 1, ,

4 2

LR
LR

LR
LR

B−

  
  
  =

  −  
  

ɶ , 

27 27
3, , 1.31

2 4( )
20.25

(12,35,68)
LRB

LR

x

  ℜ    ℜ = =       ℜ 

ɶ  and 

(24,5,8) 24.75
( )

(12,6,3) 11.25
LR

LR

b
ℜ   

ℜ = =   ℜ   

ɶ  

So, 

( ) ( )

27 27 355 1163
3, , 51, ,(1,0,0) (4,2,1)

2 4 2 4
(0,0,0) (4,1,2)

12,35,68 48,152,320

LR LR
LR LRB

LR LR

LR LR

B x

      
        ⊗ = ⊗ =        
        

ɶ ɶ  

and 

( )

( )
1

1 1
0,0,0 ,1, 27 27

3, ,(24,5,8)4 2
2 4

(12,6,3)9 9
1,0,0 1, , (12,26,59)

4 2

LR
LR LR

LR
LR

LRLR
LR

B b−

  
           ⊗ = ⊗ =           −    

  

ɶɶ  
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Now, ( )
( )

1

27 27
3, , 1.31

2 4 ( )
20.25

12,26,59
LR B

LR

B b x−

  ℜ    ℜ ⊗ = = = ℜ    
  ℜ 

ɶɶ ɶ  

But, ( )
( )

355 1163
51, , 79.68

2 4 ( )
90

48,152,320
LRB

LR

B x b

  ℜ    ℜ ⊗ = = ≠ ℜ    
  ℜ 

ɶɶ ɶ  

i.e., 1
BB b x−

ℜ⊗ =ɶɶ ɶ  does not implies BB x bℜ⊗ = ɶɶ ɶ . 

 
2.4 Proposed Mehar multiplication and division 

All the shortcomings in the existing method [47], discussed in Section 2.3, are 

occurring due to the assumption that ( ) ( ) ( )A B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  which is not valid in general. 

In this section, such a multiplication and division for LR flat fuzzy numbers, named as 

Mehar multiplication and Mehar division, by modifying the existing multiplication and 

division [31] is defined so that the property ( ) ( ) ( )A B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  will always be satisfied.  

If 1 1 1 1 1( , , , )LRA m n α β=ɶ  and 2 2 2 2 2( , , , )LRA m n α β=ɶ  are two LR flat fuzzy numbers then,  

( )
( )

1 2 1 2 1 2 1 2 2

1 2

1 2 1 2 1 2 1 2 2

( ), ( ), ( ), ( ) , ( ) 0

( ), ( ), ( ), ( ) , ( ) 0

LR
M

RL

m A n A A A A
A A

n A m A A A A

α β

β α

 ℜ ℜ ℜ ℜ ℜ ≥⊗ = 
ℜ ℜ − ℜ − ℜ ℜ ≤

ɶ ɶ ɶ ɶ ɶ

ɶ ɶ

ɶ ɶ ɶ ɶ ɶ
 

1 1 1 1
2

2 2 2 2

1 2

1 1 1 1
2

2 2 2 2

, , , , ( ) 0
( ) ( ) ( ) ( )

/

, , , , ( ) 0
( ) ( ) ( ) ( )

LR
M

RL

m n
A

A A A A
A A

n m
A

A A A A

α β

β α

 
ℜ > ℜ ℜ ℜ ℜ = 

 − − ℜ <  ℜ ℜ ℜ ℜ 

ɶ
ɶ ɶ ɶ ɶ

ɶ ɶ

ɶ
ɶ ɶ ɶ ɶ

 

where, 
1 11 1

2 2 2 2 20 0

1 1
( ) ( ( )) ( ( )) .

2 2
A m L d n R dα λ λ β λ λ− −ℜ = − + +∫ ∫ɶ

 

 
Remark 2.6 Proposed Mehar multiplication and division is basically the product and division 

of a fuzzy number with the Yager’s rank of other. (The details about Mehar are mentioned in 

the second paragraph of acknowledgement).  

Remark 2.7 Let the thi  fuzzy constraint of a fully fuzzy linear programming problem be  
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1

n

ij M j i
j

a x bℜ
=

⊗ ≤∑ ɶɶ ɶ  where 0ib ℜ≥ɶ ɶ . Then, a fuzzy number isɶ , 0is ℜ≥ ɶɶ  such that 

1

=  
n

ij M j i i
j

a x s bℜ
=

⊗ ⊕∑ ɶɶ ɶ ɶ  is called a fuzzy slack variable. 

Remark 2.8 Let the thi  fuzzy constraint of a fully fuzzy linear programming problem be 

1

 
n

ij M j i
j

a x bℜ
=

⊗ ≥∑ ɶɶ ɶ  where 0ib ℜ≥ɶ ɶ . Then, a fuzzy number isɶ , 0is ℜ≥ ɶɶ  such that 

1

n

ij M j
j

a x
=

⊗∑ ɶ ɶ Ө =i is bℜ
ɶɶ  is called a fuzzy surplus variable.  

 
2.5 Proposed modifications 

If in the existing method [47], presented in Section 2.2, Mehar multiplication and 

division, defined in Section 2.4, is used instead of existing multiplication and division [33] 

then all the shortcomings, pointed out in Section 2.2 and Section 2.3, will be resolved. 

To illustrate the existing method [47] with proposed modifications, the existing fully 

fuzzy linear programming problem, presented in Example 2.1, is solved. Also, a fully fuzzy 

linear programming problem in which all the parameters and decision variables are 

represented by LR flat fuzzy numbers is solved by using the existing method [47] with 

proposed modifications. 

 
2.5.1 Solution of existing fully fuzzy linear programming problem 

On using the proposed Mehar multiplication instead of existing multiplication the 

fully fuzzy linear programming problem, chosen in Example 2.1, can be written as 2.3( )E  and 

can be solved as follows: 

 
Maximize  1 2[(5,1,2) (4,1,1) ]LR M LR Mx x⊗ ⊕ ⊗ɶ ɶ  

Subject to 2.3( )E  

1 2(4,2,1) (5,3,1) (24,5,8)LR M LR M LRx x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ  
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1 2(4,1,2) (1,.5,1) (12,6,3)LR M LR M LRx x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ  

1 20, 0x xℜ ℜ≥ ≥ɶ ɶɶ ɶ  

where, ( ) ( ) maximum{0,1 }L x R x x= = − . 

Step 1 

Adding fuzzy slack variables 3xɶ  and 4xɶ  in first and second constraint respectively, the fully 

fuzzy linear programming problem 2.3( )E  can be written as: 

Maximize  1 2 3 4[(5,1,2) (4,1,1) 0 0 ]LR M LR M M Mx x x x⊗ ⊕ ⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶɶ ɶ ɶ ɶ  

Subject to 2.4( )E  

1 2 3(4,2,1) (5,3,1) (24,5,8)LR M LR M LRx x x ℜ⊗ ⊕ ⊗ ⊕ =ɶ ɶ ɶ  

1 2 4(4,1,2) (1,.5,1) (12,6,3)LR M LR M LRx x x ℜ⊗ ⊕ ⊗ ⊕ =ɶ ɶ ɶ  

1 2 3 4, , , 0x x x x ℜ≥ ɶɶ ɶ ɶ ɶ  

where, 3 4,x xɶ ɶ  are fuzzy slack variables. 

The initial fuzzy simplex table for the fully fuzzy linear programming problem 2.4( )E  is: 
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Table 2.3 The initial fuzzy simplex table 

Basic 

variables 

   1 2 3 4x x x xɶ ɶ ɶ ɶ  Solution Minimum ratio ℜ (Minimum 

ratio) 

( )z

z

ℜ ɶ

ɶ

 

5.25 4 0 0

( 5,2,1) ( 4,1,1) (0,0,0) (0,0,0)LR LR LR LR

− −

− −
 

(0,0,0)LR

−
 

  

3

4

x

x

ɶ

ɶ

 

(4,2,1) (5,3,1) (1,0,0) (0,0,0)

(4,1,2) (1,.5,1) (0,0,0) (1,0,0)

LR LR LR LR

LR LR LR LR

 

(24,5,8)

(12,6,3)

LR

LR

 

96 20 32
, ,

15 15 15

48 24 12
, ,

17 17 17

LR

LR

 
 
 

 
 
 

 

26.4

10.58
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Step 2 

Since, minimum { ( 5,2,1) , ( 4,1,1) }LR LRℜ − ℜ − = minimum { 5.25, 4} 5.25− − = − , which is 

corresponding to the fuzzy decision variable 1xɶ . So, 1xɶ  will enter into the basis. Also, 

(24,5,8) (12,6,3) 96 20 32 48 24 12
minimum , minimum , , , , ,

(4,2,1) (4,1,2) 15 15 15 17 17 17
LR LR

LR LRLR LR

           ℜ ℜ = ℜ ℜ          
          

minimum {26.4,10.54} 10.54= , which is corresponding to the fuzzy basic variable 4xɶ . So, 

4xɶ  will leave the basis. 

Step 3 

Since, for the next simplex table (Table 2.4) the first and second fuzzy basic variables are 3xɶ  

and 1xɶ  respectively. So, the entries of the next fuzzy simplex table (Table 2.4) can be 

obtained as follows: 

Fuzzy basis matrix 
(1,0,0) (4,2,1)

(0,0,0) (4,1,2)
LR LR

LR LR

B
 

=  
 

ɶ , 
(1,0,0) (4,2,1)

(4,1,2)
(0,0,0) (4,1,2)

LR LR
LR

LR LR

B = =ɶ  

Cofactor matrix of fuzzy basis matrix 
(4,1,2) (0,0,0)

( 4,1,2) (1,0,0)
LR LR

LR LR

B
 

=  − 
ɶ ,  

(4,1,2) (0,0,0) (4,1,2) ( 4,1,2)
Adj ( )

( 4,1,2) (1,0,0) (0,0,0) (1,0,0)

T

LR LR LR LR

LR LR LR LR

B
−   

= =   −   

ɶ  

So, 1

15
(1,0,0) ,0,0

(4,1,2) ( 4,1,2) 17Adj ( ) 1
=

(0,0,0) (1,0,0)(4,1,2) 4
(0,0,0) ,0,0

17

LR
LR LR LR

LR LRLR
LR

LR

B
B

B
−

  −  −    = =     
  

  

ɶ
ɶ

ɶ
 

Entries of the column corresponding to fuzzy decision variable 1xɶ : 

1
1

15 8 64 32
(1,0,0) ,0,0 , ,

(4,2,1)17 17 17 17
=

(4,1,2)4 16 4 8
0,0,0) ,0,0 , ,

17 17 17 17

LR
LR LR LR

LR
LR

LR LR

B A−

      −             ⊗ ⊗ =        
      

      

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 2xɶ : 
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1
2

15 70 66 49
(1,0,0) ,0,0 , ,

(5,3,1)17 17 17 34
=

(1,.5,1)4 4 2 4
0,0,0) ,0,0 , ,

17 17 17 17

LR
LR LR LR

M M
LR

LR
LR LR

B A−

      −             ⊗ ⊗ =        
      

      

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 3xɶ : 

( )
( )

( )
( )

1
3

15
(1,0,0) ,0,0

1,0,0 1,0,017
=

0,0,0 0,0,04
0,0,0) ,0,0

17

LR
LR LR LR

M M

LR LR
LR

LR

B A−

  −        ⊗ ⊗ =   
           

  

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 4xɶ : 

( )
( )

1
4

15 15
(1,0,0) ,0,0 ,0,0

0,0,017 17
=

1,0,04 4
0,0,0) ,0,0 ,0,0

17 17

LR
LR LR LR

M M

LR
LR

LR LR

B A−

      − −             ⊗ ⊗ = 
              

      

ɶɶ  

Entries of the elements corresponding to 3rd row i.e., corresponding to zɶ : 

1
1B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )1

8 64 32
, ,

17 17 17
0,0,0 5,1,2

16 4 8
, ,

17 17 17

LR
MLR LR

LR

c

  
  
   = ⊗    
  
  

ɶ Ө ( )5,1,2
LR

=

1 55 59
, ,

17 17 17 LR

 − 
 

 

1
2B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )2

70 66 49
, ,

17 17 34
0,0,0 5,1,2

4 2 4
, ,

17 17 17

LR
MLR LR

LR

c

  
  
   = ⊗    
  
  

ɶ Ө ( )4,1,1
LR

=

47 55 38
, ,

17 34 17 LR

 − 
 

 

1
3B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )

( )
( )3

1,0,0
0,0,0 5,1,2

0,0,0
LR

MLR LR

LR

c
 

 = ⊗   
  

ɶ Ө ( ) ( )0,0,0 0,0,0
LR LR

=  
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1
4B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )4

15
,0,0

17
0,0,0 5,1,2

4
,0,0

17

LR
MLR LR

LR

c

  −  
   = ⊗    
  
  

ɶ Ө ( ) 21
0,0,0 ,0,0

17LR
LR

 =  
 

 

( ) ( )1

228 130 226
, ,

17 17 17 252 126 63
0,0,0 5,1,2 , ,

17 17 1748 24 12
, ,

17 17 17

LR
B M M MLR LR

LR

LR

c B b−

  
  
     ⊗ ⊗ = ⊗ =        
  
  

ɶɶɶ  

Entries of the elements corresponding to 6th column i.e., corresponding to solution column: 

1

15 228 130 226
(1,0,0) ,0,0 , ,

(24,5,8)17 17 17 17

(12,6,3)4 48 24 12
0,0,0) ,0,0 , ,

17 17 17 17

LR
LR LR LR

M M
LR

LR
LR LR

B b−

      −             ⊗ = ⊗ =        
      

      

ɶɶ  
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Table 2.4 The second fuzzy simplex table 

Basic 

variables 

        1 2 3 4x x x xɶ ɶ ɶ ɶ  Solution Minimum ratio ℜ (Minimum 

ratio) 

( )z

z

ℜ ɶ

ɶ

 

0 10.44 0 1.23

1 55 59 47 55 38 21
, , , , (0,0,0) ,0,0

17 17 17 17 34 17 17LR
LR LR LR

−

     − −     
     

 252 126 63
, ,

17 17 17 LR

−

 
 
 

 

  

3

1

x

x

ɶ

ɶ

 

8 64 32 70 66 49 15
, , , , (1,0,0) ,0,0

17 17 17 17 17 17 17

16 4 8 4 2 4 4
, , , , (0,0,0) ,0,0

17 17 17 17 17 17 17

LR
LR LR LR

LR
LR LR LR

     −     
     

     
     
     

 

228 136 226
, ,

17 17 17

48 24 12
, ,

17 17 17

LR

LR

 
 
 

 
 
 

 

1824 1040 1808
, ,

477 477 477

96 48 24
, ,

17 17 17

LR

LR

 
 
 

 
 
 

 

4.22

5.29
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Step 4 

Since 
47 55 38

, , 10.44
17 34 17 LR

 ℜ − = − 
 

, which is corresponding to the fuzzy decision variable 

2xɶ . So, 2xɶ  will enter into the basis. Also, 

228 136 226 48 24 12
, , , ,

1824 1040 180817 17 17 17 17 17
minimum , minimum , , ,

70 66 49 4 2 4 477 477 477, , , ,
17 17 17 17 17 17

LR LR

LR

LR LR

       
                 ℜ ℜ = ℜ    
                       

96 48 24
, , minimum{4.22,5.29} 4.22

17 17 17 LR

 ℜ = = 
  

, which is corresponding to the fuzzy basic 

variable 3xɶ . So, 3xɶ  will leave the basis. 

Step 5 

Since, for the next simplex table (Table 2.5) the first and second fuzzy basic variables 2xɶ  and 

1xɶ  respectively. So, the entries of the next fuzzy simplex table (Table 2.5) can be obtained as 

follows: 

Fuzzy basic matrix 
(5,3,1) (4,2,1)

(1,.5,1) (4,1,2)
LR LR

LR LR

B
 

=  
 

ɶ , 
(5,3,1) (4,2,1) 670 555 179

, ,
(1,.5,1) (4,1,2) 40 40 40

LR LR

LRLR LR

B
 = =  
 

ɶ  

Cofactor matrix of fuzzy basic matrix 
(4,1,2) ( 1,1,.5)

( 4,1,2) (5,3,1)
LR LR

LR LR

B
− 

=  − 
ɶ ,  

(4,1,2) ( 1,1,.5) (4,1,2) ( 4,1,2)
Adj ( )

( 4,1,2) (5,3,1) ( 1,1,.5) (5,3,1)

T

LR LR LR LR

LR LR LR LR

B
− −   

= =   − −   

ɶ  

So, 

1

136 120
,0,0 ,0,0

(4,1,2) ( 4,1,2) 477 477Adj ( ) 1
=

670 555 179 ( 1,1,.5) (5,3,1) 1224 1080, , ,0,0 ,0,0
40 40 40 16218 16218

LR LR LR LR

LR LR

LR LR LR

B
B

B
−

    −    −      = =   −       −            

ɶ
ɶ

ɶ

Entries of the column corresponding to fuzzy decision variable 1xɶ : 
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1
1

136 120 64 512 256
,0,0 ,0,0 , ,

(4,2,1)477 477 477 477 477
=

(4,1,2)1224 1080 14688 15660 12240
,0,0 ,0,0 , ,

16218 16218 16218 16218 16218

LR LR LR LR
M M

LR

LR LR LR

B A−

       −               ⊗ ⊗ =        −      
       

ɶɶ





 
 


 

Entries of the column corresponding to fuzzy decision variable 2xɶ : 

1
2

136 120 560 528 196
,0,0 ,0,0 , ,

(5,3,1)477 477 477 477 477
=

(1,.5,1)1224 1080 1224 3672 8568
,0,0 ,0,0 , ,

16218 16218 16218 16218 16218

LR LR LR LR
M M

LR

LR LR LR

B A−

       −               ⊗ ⊗ =        − −      
       

ɶɶ





 
 


 

Entries of the column corresponding to fuzzy decision variable 3xɶ : 

( )
( )

1
3

136 120 136
,0,0 ,0,0 ,0,0

1,0,0477 477 477
=

0,0,01224 1080 1224
,0,0 ,0,0 ,0,0

16218 16218 16218

LR LR LR LR
M M

LR

LR LR LR

B A−

        −                 ⊗ ⊗ = 
          − −        
        

ɶɶ  

Entries of the column corresponding to fuzzy decision variable 4xɶ : 

( )
( )

1
4

136 120 120
,0,0 ,0,0 ,0,0

0,0,0477 477 477
=

1,0,01224 1080 1080
,0,0 ,0,0 ,0,0

16218 16218 16218

LR LR LR LR
M M

LR

LR LR LR

B A−

        − −                 ⊗ ⊗ = 
          −        
        

ɶɶ  

Entries of the elements corresponding to 3rd row i.e., corresponding to zɶ : 

1
1Bc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )1

64 512 256
, ,

477 477 477
4,1,1 5,1,2

14688 15660 12240
, ,

16218 16218 16218

LR

LR LR

LR

c

  
  
   = ⊗    

  
  

ɶ Ө ( )5,1,2
LR

4726 184283 115294
, ,

16218 16218 16218LR

 = − 
 

 



 32 

1
2B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )2

560 528 196
, ,

477 477 477
4,1,1 5,1,2

1224 3672 8568
, ,

16218 16218 16218

LR
MLR LR

LR

c

  
  
   = ⊗    −  

  

ɶ Ө ( )4,1,1
LR

4862 37602 87856
, ,

16218 16218 16218LR

 =  
 

 

1
3B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )3

136
,0,0

477
4,1,1 5,1,2

1224
,0,0

16218

LR
MLR LR

LR

c

  
  
   = ⊗    −  

  

ɶ Ө ( )0,0,0
LR

=

12070
,0,0

16218 LR

 
 
 

 

1
4B M Mc B A−⊗ ⊗ ɶɶɶ Ө ( ) ( )4

120
,0,0

477
4,1,1 5,1,2

1080
,0,0

16218

LR
MLR LR

LR

c

  −  
   = ⊗    
  
  

ɶ Ө ( )0,0,0
LR

=

10650
,0,0

16218 LR

 
 
 

 

( ) ( )1

1824 1040 1808
, ,

477 477 477
0,0,0 5,1,2

29376 39168 20808
, ,

16218 16218 16218

277440 180608 266696
, ,

16218 16218 16218

LR
B M M MLR LR

LR

LR

c B b−

  
  
   ⊗ ⊗ = ⊗ =    
  
  

 
 
 

ɶɶɶ

 

Entries of the elements corresponding to 6th column i.e., corresponding to solution column: 

1

136 120 1824 1040 1808
,0,0 ,0,0 , ,

(24,5,8)477 477 477 477 477
=

(12,6,3)1224 1080 29376 39168 20808
,0,0 ,0,0 , ,

16218 16218 16218 16218 16218

LR LR LR LR
M M

LR

LR LR L

B b−

      −              ⊗ ⊗ =        −      
      

ɶɶ

R

 
 
 
 
 
 
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Table 2.5 The fuzzy optimal table 
Basic 

variables 

        1 2 3 4x x x xɶ ɶ ɶ ɶ  Solution 

( )z

z

ℜ ɶ
ɶ

 
0 10.44 0 1.23

4726 184283 115294 4862 37602 87856 12070 10650
, , , , ,0,0 ,0,0

16218 16218 16218 16218 16218 16218 16218 16218LR LR LR LR

       −       
       

 277440 180608 266696
, ,

16218 16218 16218LR

−

 
 
 

 

2

1

x

x

ɶ

ɶ

 

64 512 256 560 528 196 136 120
, , , , ,0,0 ,0,0

477 477 477 477 477 477 477 477

14688 15660 12240 1224 3672 8568 1224 1080
, , , , ,0,0

16218 16218 16218 16218 16218 16218 16218 1621

LR LR LR LR

LR LR LR

       −       
       

     − −     
     

,0,0
8 LR

 
 
 

 

1824 1040 1808
, ,

477 477 477

29376 39168 20808
, ,

16218 16218 16218

LR

LR

 
 
 

 
 
 
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Since, there does not exist any zɶ  such that ( ) 0zℜ <ɶ  so the fuzzy simplex table (Table 2.5) is 

the fuzzy optimal table. Also, the fuzzy optimal solution of the chosen fully fuzzy linear 

programming problem is: 

1 2

29376 39168 20808 1824 1040 1808
, , , , ,

16218 16218 16218 477 477 477LR LR

x xℜ ℜ
   = =   
   

ɶ ɶ   

and the fuzzy optimal value is:  

277440 180608 266696
, ,

16218 16218 16218LR

z ℜ
 =  
 

ɶ . 

 
2.5.2 Solution of chosen fully fuzzy linear programming problem 

Using the existing method [47] with proposed modification, the fuzzy optimal 

solution of the chosen fully fuzzy linear programming problem, chosen in Example 2.3, in 

which all the parameters as well as decision variables are represented by LR flat fuzzy 

numbers can be obtained as follows: 

 
Example 2.3 Consider the following fully fuzzy linear programming problem: 

Maximize 1 2 3[(2,3,2,5) (1,2,1,3) (3,4,3,4) ]LR M LR M LR Mx x x⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ  

Subject to                  2.5( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2M M LR M LR
LR LR

x x x ℜ
   ⊗ ⊕ ⊗ ⊕ ⊗ ≤   
   

ɶ ɶ ɶ

1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR M M LR
LR

x x ℜ
 ⊗ ⊕ ⊗ ≤ 
 

ɶ ɶ  

1 2 30, 0, 0x x xℜ ℜ ℜ≥ ≥ ≥ɶ ɶ ɶɶ ɶ ɶ  

where, },1{0,maximum)( 2xxL −= 2( ) maximum{0,1 }R x x= − . 

Step 1 

Adding fuzzy slack variables 4xɶ  and 5xɶ  in first and second constraint respectively, the 

chosen fully fuzzy linear programming problem 2.5( )E  can be written as: 
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Maximize 1 2 3 4 5[(2,3,2,5) (1,2,1,3) (3,4,3,4) 0 0 ]LR M LR M LR Mx x x x x⊗ ⊕ ⊗ ⊕ ⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶɶ ɶ ɶ ɶ ɶ  

Subject to 2.6( )E  

1 2 3 4

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2M M LR M LR
LR LR

x x x x ℜ
   ⊗ ⊕ ⊗ ⊕ ⊗ ⊕ =   
   

ɶ ɶ ɶ ɶ

1 2 5

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR M M LR
LR

x x x ℜ
 ⊗ ⊕ ⊗ ⊕ = 
 

ɶ ɶ ɶ  

1 2 3 4 50, 0, 0, 0, 0x x x x xℜ ℜ ℜ ℜ ℜ≥ ≥ ≥ ≥ ≥ɶ ɶ ɶ ɶ ɶɶ ɶ ɶ ɶ ɶ  

where, 4 5,x xɶ ɶ  are fuzzy slack variables, 2( ) ( ) maximum{0,1 }L x R x x= = − . 

The initial fuzzy simplex table for the fully fuzzy linear programming problem 2.6( )E  is: 
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Table 2.6 The initial fuzzy simplex table 

Basis           1 2 3 4 5x x x x xɶ ɶ ɶ ɶ ɶ  Solution Minimum ratio ℜ (Minimum 

ratio) 

( )z

z

ℜ ɶ

ɶ

 

7 13 23
0 0

2 6 6

( 3, 2,5,2) ( 2, 1,3,1) ( 4, 3,4,3) 0 0LR LR LR

− − −

− − − − − − ɶ ɶ

 (0,0,0,0)LR

−
 

  

4

5

x

x

ɶ

ɶ

 

1 1 3
2,3,1, 1,3, , (3,4,1,1) (1,1,1,1) (0,0,0,0)

2 2 2

1
(2,3,2,5) 1,3,1, (0,0,0,0) (0,0,0,0) (1,1,1,1)

2

LR LR LR
LR LR

LR LR LR LR
LR

   
   
   

 
 
 

 

(5,7,2,2)

(3,5,1,1)

LR

LR

 

10 4 4
,2, ,

7 7 7 LR

 
 
 

−
 

12

7
−
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Since, { } {minimum ( 3, 2,5,2) , ( 2, 1,3,1) , ( 4, 3,4,3) minimum 3.5, 2.1,LR LR LRℜ − − ℜ − − ℜ − − = − −  

}3.8 3.8− = − , which is corresponding to the fuzzy decision variable 3xɶ . So, 3xɶ  will enter into 

the basis. Also, 
( )
( )
5,7,2,2 10 4 4 12

minimum ,2, ,
3,7,1,1 7 7 7 7

LR

LRLR

     ℜ = ℜ =          
, which is 

corresponding to the fuzzy basic variable 4xɶ . So, 4xɶ  will leave the basis. 

Step 3  

Since, for the next simplex table (Table 2.7) the first and second fuzzy basic variables are 

3 5,x xɶ ɶ . So, next table will be:  
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Table 2.7 The second fuzzy simplex table 

Basic 

variables 

1 2 3 4 5x x x x xɶ ɶ ɶ ɶ ɶ  Solution Minimum ratio ℜ (Minimum 

ratio) 

( )z

z

ℜ ɶ

ɶ

 

17 7
0 0 0

18 18
17 9 128 107 19 16 149 37 5 29 107 86 23 23 23 23

, , , , , , , , , , , , 0
21 7 21 42 21 7 42 14 7 21 21 21 21 21 21 21LR LR LR LR

−

       − − − − −       
       

ɶ

 
(0,0,0,0)LR

−
 

  

3

5

x

x

ɶ

ɶ

 

4 6 2 1 2 6 1 3 6 8 2 2 2 2 2 2
, , , , , , , , , , , , (0,0,0,0)

7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7

1
(2,3,2,5) 1,3,1, (0,0,0,0) (0,0,0,0) (1,1,1,1)

2

LR
LR LR LR LR

LR LR LR LR
LR

       
       
       

 
 
 

 

10 4 4
,2, ,

7 7 7

(3,5,1,1)

LR

LR

 
 
 

 

15 6 6
,3, ,

7 7 7

6 10 2 2
, , ,

7 7 7 7

LR

LR

 
 
 

 
 
 

 

18

7
8

7
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Step 4 

Since 
17 9 128 107

, , , 0.94
21 7 21 42 LR

 ℜ − − = − 
 

, which is corresponding to the fuzzy decision 

variable 1xɶ . So, 1xɶ  will enter into the basis. Also, 

( )
( )

10 4 4
,4, ,

3,5,1,1 15 6 6 6 10 2 27 7 7
minimum , minimum ,3, , , , , ,

4 6 2 1 2,3,2,5 7 7 7 7 7 7 7, , ,
7 7 7 7

LR LR

LR LRLR

LR

   
              ℜ ℜ = ℜ ℜ                       

{ }minimum 2.5,1.1 1.1= , which is corresponding to the fuzzy basic variable 5xɶ . So, 5xɶ  will 

leave the basis. 

Step 5 

Since, for the next simplex table (Table 2.8) the first and second fuzzy basic variables are 

3 1,x xɶ ɶ  so next table will be: 
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Table 2.8 The fuzzy optimal table 

Basic 

variables 

  1 2 3 4 5x x x x xɶ ɶ ɶ ɶ ɶ  Solution 

 

( )z

z

ℜ ɶ

ɶ

 

 

7 23 17
0 0

18 21 63

356 1480 1135 44 47 619 488 5 29 107 86 23 23 23 23 17 17 109 109
1, , , , , , , , , , , , , , ,

126 126 126 21 9 126 126 7 21 21 21 21 21 21 21 63 63 63 63LR LR LR LR LR

         − − − − −         
         

 

 

608 860 494 494
, , ,

126 126 126 126LR

−

 
 
 

 

 

3

1

x

x

ɶ

ɶ

 

 

10 26 11 6 14 5 13 6 8 2 2 2 2 2 2 4 4 4 4
0, , , , , , , , , , , , , , ,

21 21 21 21 21 21 21 7 7 7 7 7 7 7 7 21 21 21 21

12 18 12 30 6 18 6 3 6 6 6 6
, , , , , , (0,0,0,0) (0,0,0,0) , , ,

21 21 21 21 21 21 21 21 21 21 21 21

LR LR LR LR LR

LR LR
LR LR

         − −         
         

   
   
    LR

 
 
 

 

 

10 30 16 16
, , ,

21 21 21 21

18 30 6 6
, , ,

21 21 21 21

LR

LR

 
 
 

 
 
 

 



 41 

Since, there does not exist any zɶ  such that ( ) 0zℜ <ɶ  so the fuzzy simplex table (Table 2.8) 

will be the fuzzy optimal table. Also, the fuzzy optimal solution of the chosen fully fuzzy 

linear programming problem is: 

 1

18 30 6 6
, , ,

21 21 21 21LR

x ℜ
 =  
 

ɶ  2 (0,0,0,0) ,LRx ℜ=ɶ  3

10 30 16 16
, , ,

21 21 21 21LR

x ℜ
 =  
 

ɶ   

and the fuzzy optimal value is 
608 860 494 494

, , ,
126 126 126 126LR

z ℜ
 =  
 

ɶ . 

 
2.6 Comparative study 

The results of an existing fuzzy number linear programming problem, two existing 

fuzzy variable linear programming problems, an existing fully fuzzy linear programming 

problem as well as a fully fuzzy linear programming problem, chosen in Example 2.3, 

obtained by using the existing methods [46, 91, 92] and the existing method [47] with 

proposed modifications are shown in Table 2.9. 

Table 2.9 Fuzzy optimal value 

Example Existing method [92] Existing 

method [91] 

Existing method [46] Existing method [47] with 

proposed modification 

8.1 [92, pp. 

287] 

8.1 [91, pp. 

202] 

2.4 [46, pp. 

313] 

 
Section 6 

[47, pp. 

103] 

2.1 [47, pp. 

103] 

2.3 

90 148 32 90
, , ,

7 7 7 7 LR

 
 
 

 

Not applicable 

 

Not applicable 

 
 

Not applicable 

 

 

Not applicable 

 

Not applicable 

Not applicable 

 

(8,16,4,12)LR  

 

Not applicable 

 

 

Not applicable 

 

 

Not applicable 

 

Not applicable 

Not applicable 

 

Not applicable 

94235 120265
, ,

169 169
19819 19819

,
169 169 LR

 
 
 
 
 
 

 

 

Not applicable 

 

 

Not applicable 

 

Not applicable 

90 148 32 90
, , ,

7 7 7 7 LR

 
 
 

 

(8,16,4,12)LR  

94235 120265
, ,

169 169
19819 19819

,
169 169 LR

 
 
 
 
 
 

 

15043 93 11797
, ,

100 4 80 LR

 
 
 

 

 

277440 180608 266696
, ,

16218 16218 16218LR

 
 
 

 

 

608 860 494 494
, , ,

126 126 126 126LR

 
 
 

 

 
The results, presented in Table 2.9, can be explained as follows: 
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(i) The existing method [92] can be used only to find the optimal solution of fuzzy number 

linear programming problem 1.3( )P . Since, the existing problem [92, Example 8.1 pp. 

287] is a fuzzy number linear programming problem of type 1.3( )P  so it can be solved by 

using the existing method [92, Example 8.1 pp. 287]. However, the existing problem [91, 

Example 8.1 pp. 202], the existing problem [46, Example 2.4 pp. 313], the existing 

problem [47, Section 6 pp. 103] and the problem chosen in Example 2.3, are not fuzzy 

number linear programming problem of type 1.3( )P . So, none of these problems can be 

solved by the existing method [92]. 

(ii)  The existing method [91] can be used only to find the fuzzy optimal solution of fuzzy 

variable linear programming problem1.7( )P . Since, the existing problem [91, Example 8.1 

pp. 202] is a fuzzy variable linear programming problem of type 1.7( )P  so it can be solved 

by using the existing method [91]. However, the existing problem [92, Example 8.1 pp. 

287], the existing problem [46, Example 2.4 pp. 313], the existing problem [47, Section 6 

pp. 103] and the problem chosen in Example 2.3, are not fuzzy variable linear 

programming problem of type 1.7( )P . So, none of these problems can be solved by the 

existing method [91]. 

(iii)  The existing method [46] can be used only to find the fuzzy optimal solution of such 

fuzzy variable linear programming problem in which all the parameters as well as the 

decision variables except ija  are represented by symmetric trapezoidal fuzzy numbers. 

Since, in the existing problem [46, Example 2.4 pp. 313] all the parameters as well as the 

decision variables except ija  are represented by symmetric trapezoidal fuzzy numbers so 

it can be solved by using the existing method [46]. However, the existing problem [92, 

Example 8.1 pp. 287], the existing problem [91, Example 8.1 pp. 202], the existing 

problem [47, Section 6 pp. 103] and the problem chosen in Example 2.3, are neither the 
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parameters nor the decision variables are represented by symmetric trapezoidal fuzzy 

numbers. So, none of these problems can be solved the existing method [46]. 

(iv) Since, the existing method [47] with proposed modifications can be used to find the fuzzy  

optimal solution of fully fuzzy linear programming problems and fuzzy number linear 

programming problems as well as fuzzy variable linear programming problems are 

special cases of fully fuzzy linear programming problems. So, all the existing as well as 

chosen problems can be solved by the existing method [47] with proposed modifications. 

 
2.7 Conclusions 

 On the basis of presented study, it can be concluded that the existing method [47] 

should not be used for solving fully fuzzy linear programming problems. However, the 

existing method [47] with proposed modifications can be used for the same. 
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Chapter 3 

A new method for solving fully fuzzy linear 

programming problems† 
 

In this chapter, the limitations of the existing method [47] and the method, proposed 

in previous chapter, are pointed out and to overcome these limitations, a new method is 

proposed for solving fully fuzzy linear programming problems. To show the advantages of 

proposed method over existing method [47] and the method, proposed in previous chapter, a 

fully fuzzy linear programming which can neither be solved by the existing method [47] nor 

by the method proposed in previous chapter, is solved by the proposed method. Also, the 

fully fuzzy linear programming problem, chosen in previous chapter, is solved by the 

proposed method. 

 
3.1 Limitations of the existing method and the method proposed in previous chapter 

For solving the fully fuzzy linear programming problems by using the existing 

method [47] as well as by the method proposed in previous chapter there is need to subtract 

as well as to divide LR flat fuzzy numbers. Since, in the literature [33] it is pointed out that 

only RL flat fuzzy numbers can be subtracted as well as divided from LR flat fuzzy numbers. 

So, all such fully fuzzy linear programming problems, in which the parameters are 

represented by such LR flat fuzzy numbers for which ( ) ( )L x R x≠  can neither be solved by 

the existing method [47] nor by the method proposed in previous chapter e.g., the fully fuzzy 

linear programming problem, chosen in Example 3.1, in which all the parameters are 

represented by such LR flat fuzzy numbers for which ( ) ( )L x R x≠  can neither be solved by 

the existing method [47] nor by the method proposed in previous chapter. 

                                                 
† The contents of this chapter are communicated in Applied Mathematical Modelling. 
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Example 3.1 Consider the following fully fuzzy linear programming problem 

Maximize 1 2 3[(2,3,2,5) (1,2,1,3) (3,4,3,4) ]LR M LR M LR Mx x x⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ   

Subject to 3.1( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2M M LR M LR
LR LR

x x x ℜ
   ⊗ ⊕ ⊗ ⊕ ⊗ ≤   
   

ɶ ɶ ɶ ,

1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR M M LR
LR

x x ℜ
 ⊗ ⊕ ⊗ ≤ 
 

ɶ ɶ , 

1 2 30, 0, 0x x xℜ ℜ ℜ≥ ≥ ≥ɶ ɶ ɶɶ ɶ ɶ . 

where, },1{0,maximum)( 2xxL −= }1{0,maximum)( xxR −= . 

 
3.2 Proposed method 

In this section, to overcome the limitations of the existing method [47] and the 

method proposed in previous chapter, discussed in Section 3.1, a new method is proposed for 

solving fully fuzzy linear programming problems 3.1( )P . 

Maximize (or Minimize) 
1

,
n

j M j
j

c x
=

⊗∑ ɶ ɶ  

Subject to 3.1( )P  

   
1

or =or ; 1,2,...,
n

ij M j i
j

a x b i mℜ ℜ
=

⊗ ≤ ≥ =∑ ɶɶ ɶ  

   0, 1,2,...,jx j nℜ≥ =ɶɶ . 

where, jcɶ , ibɶ  and ijaɶ  are LR flat fuzzy numbers, ℜ  is a linear ranking function. 

The steps of the proposed method are as follows: 

Step 1 

Since, for the ranking function ℜ  the property 
1 1

( )
n n

j j
j j

c c
= =

 
ℜ = ℜ 
 
∑ ∑ɶ ɶ  is satisfied so the fully 

fuzzy linear programming problem 3.1( )P  can be written as: 
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Maximize (or Minimize) 
1

( ),
n

j M j
j

c x
=

ℜ ⊗∑ ɶ ɶ  

Subject to 3.2( )P  

   
1

( ) or =or ( ); 1,2,...,
n

ij M j i
j

a x b i m
=

ℜ ⊗ ≤ ≥ ℜ =∑ ɶɶ ɶ  

( ) 0, 1,2,...,jx j nℜ ≥ =ɶ . 

Step 2 

Since, for the Mehar multiplication, proposed in previous chapter, the property 

( ) ( ) ( )MA B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  is satisfied. So, the crisp linear programming problem 3.2( )P  can be 

written as: 

Maximize (or Minimize) 
1

( ) ( ),
n

j j
j

c x
=

ℜ ℜ∑ ɶ ɶ  

Subject to 3.3( )P  

   
1

( ) ( ) or =or ( ); 1,2,...,
n

ij j i
j

a x b i m
=

ℜ ℜ ≤ ≥ ℜ =∑ ɶɶ ɶ  

( ) 0, 1,2,...,jx j nℜ ≥ =ɶ . 

Step 3 

Assuming ( , , , )j j j j j LRx m n α β=ɶ , ( ', ', ', ')j j j j j LRc m n α β=ɶ , ( '', '', '', '')i i i i i LRb m n α β=ɶ  and 

( ''', ''', ''', ''')ij ij ij ij ij LRa m n α β=ɶ  the problem 3.3( )P  can be written as: 

Maximize (or Minimize)  

1

( ', ', ', ') ( , , , ) ,
n

j j j j LR j j j j LR
j

m n m nα β α β
=

ℜ ℜ∑  

Subject to 3.4( )P  

1

( ''', ''', ''', ''') ( , , , ) or =or ( '', '', '', '') ; 1,2,...,
n

ij ij ij ij LR j j j j LR i i i i LR
j

m n m n m n i mα β α β α β
=

ℜ ℜ ≤ ≥ℜ =∑  

( , , , ) 0, 1,2,...,j j j j LRm n j nα βℜ ≥ = . 
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Step 4 

Using the existing ranking formula [132], 
1 1

0

1
( ) ( , , , ) ( ( ))

2
A m n m L dα β α λ λ−ℜ = ℜ = −∫ɶ   

1 1

0

1
( ( ))

2
n R dβ λ λ−+ +∫ , the problem 3.4( )P  can be written as: 

Maximize (or Minimize) 

1 1 1 11 1 1

0 0 0 0
1

1 1 1 1
( ' ' ( )) ( ' ' ( ) ( ( )) (

2 2 2 2

n

j j j j j j j j
j

m L d n R d m L d nα λ λ β λ λ α λ λ β− − −

=

 − + + − + + 
 

∑ ∫ ∫ ∫ ∫

)1( )R dλ λ−  

Subject to 3.5( )P  

1 1 11 1 1

0 0 0
1

1 1 1 1
( ''' ''' ( )) ( ''' ''' ( ) ) ( ( ))

2 2 2 2

n

ij ij ij ij j j
j

m L d n R d m L dα λ λ β λ λ α λ λ− − −

=

 − + + − + 
 

∑ ∫ ∫ ∫  

)1 1 11 1 1

0 0 0

1 1
( ( ) ) or = or ( '' '' ( )) ( '' '' ( ) ); 1,2,...,

2 2j j i i i in R d m L d n R d i mβ λ λ α λ λ β λ λ− − −+ ≤ ≥ − + + =∫ ∫ ∫  

1 11 1

0 0

1 1
( ( )) ( ( )) 0

2 2j j j jm L d n R dα λ λ β λ λ− −− + + ≥∫ ∫ . 

Step 5 

Solve the crisp linear programming problem 3.5( )P  to find its optimal solution 

},,,{ jjjj nm βα . 

Step 6 

Put the values of , , ,j j j jm n α β , obtained from Step 5, in ( , , , )j j j j j LRx m n α β=ɶ  to find the 

fuzzy optimal solution { , 1,2,..., }jx j n=ɶ  of fully fuzzy linear programming problem 3.1( )P . 

Step 7 

Substitute the values of { ; 1,2,..., }jx j n=ɶ , obtained from Step 6, in 
1

,
n

j M j
j

c x
=

⊗∑ ɶ ɶ  to find the 

fuzzy optimal value of fully fuzzy linear programming problem 3.1( )P . 

 

Lemma 3.1: If for any LR flat fuzzy number ( , , , )LRA m n α β=ɶ , }1{0,maximum)( 2xxL −=   
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and }1{0,maximum)( xxR −=  then, 
1 2

( ) .
2 3 2

A m n
α β ℜ = + − + 

 
ɶ

 

Proof: Since, }1{0,maximum)( 2xxL −=  and }1{0,maximum)( xxR −=  so 1( ) 1L λ λ− = −   

and 1( ) 1R λ λ− = −  where, [0,1]λ ∈ . 

Substituting the values of 1( )L λ−  and 1( )R λ−  in Yager's ranking formula, 

1 1

0 0

1 1
( ) ( 1 ) ( (1 ) ) ,

2 2
A m d n dα λ λ β λ λℜ = − − + + −∫ ∫ɶ

 the value of ( )Aℜ ɶ  is 

1 2
.

2 3 2
m n

α β + − + 
   

 
3.3 Advantages of the proposed method 

The advantages of the method, proposed in this chapter, over the existing method [47] 

and the method, proposed in previous chapter, are as follows: 

(i) As discussed in Section 3.1, the existing method [47] and the method, proposed in 

previous chapter, can not be used for solving such fully fuzzy linear programming 

problems in which parameters are represented by such LR flat fuzzy numbers for which 

( ) ( )L x R x≠ . Since, in the proposed method neither there is need to subtract nor to divide 

two LR flat fuzzy numbers. So, the method, proposed in this chapter, can be used for 

solving these fully fuzzy linear programming problems. 

(ii)  For solving the fully fuzzy linear programming problems by using the existing method 

[47] and the method proposed in previous chapter there is need to apply the fuzzy 

arithmetic operations for finding the elements of each simplex table. While, for solving 

the same problem by using the proposed method there is need to apply the crisp 

arithmetic operations for finding the elements of each simplex table. 

Since, the number of simplex tables in both the methods are same. While, it is much 

easy to apply the crisp arithmetic operations as compared to the fuzzy arithmetic operations. 

So, it is much easy to apply the method proposed in this chapter as compared to the existing  
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method [47] and method proposed in previous chapter. 

To show the advantage of the method, proposed in Section 3.2, over the existing 

method [47] and the method, proposed in previous chapter, the fully fuzzy linear 

programming problem, chosen in Example 2.3, which can be solved by the method proposed 

in previous chapter as well as the fully fuzzy linear programming problem, chosen in 

Example 3.1, which can neither be solved by the existing method [47] nor by the method, 

proposed in previous chapter, are solved by using the proposed method. 

 
3.3.1 Fuzzy optimal solution of the fully fuzzy linear programming problem chosen in 

Example 2.3  

Using the method, proposed in Section 3.2, the fuzzy optimal solution of the fully 

fuzzy linear programming problem, chosen in Example 2.3, can be obtained as follows: 

Step 1 

Using Step 1 of the method, proposed in Section 3.2, the fully fuzzy linear programming 

problem 2.5( )E  can be written as: 

Maximize   

1 2 3((2,3,2,5) ) ((1,2,1,3) ) ((3,4,3,4) )LR M LR M LR Mx x xℜ ⊗ + ℜ ⊗ + ℜ ⊗ɶ ɶ ɶ  

Subject to 3.2( )E  

( )1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2M M LR M LR
LR LR

x x x
      ℜ ⊗ + ℜ ⊗ +ℜ ⊗ ≤ℜ      
      

ɶ ɶ ɶ  

( )1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR M M LR
LR

x x
  ℜ ⊗ + ℜ ⊗ ≤ℜ  
  

ɶ ɶ  

1 2 30, 0, 0x x xℜ ℜ ℜ≥ ≥ ≥ɶ ɶ ɶɶ ɶ ɶ . 

where, },1{0,maximum)( 2xxL −= 2( ) maximum{0,1 }R x x= − . 

Step 2 

Using Step 2 of the method, proposed in Section 3.2, the crisp linear programming problem  
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3.2( )E  can be written as: 

Maximize   

1 2 3(2,3,2,5) ( ) (1,2,1,3) ( ) (3,4,3,4) ( )LR LR LRx x xℜ ℜ + ℜ ℜ + ℜ ℜɶ ɶ ɶ  

Subject to 3.3( )E  

1 2 3

1 1 3
2,3,1, ( ) 1,3, , ( ) (3,4,1,1) ( ) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ ℜ + ℜ ℜ +ℜ ℜ ≤ℜ   
   

ɶ ɶ ɶ  

1 2

1
(2,3,2,5) ( ) 1,3,1, ( ) (3,5,1,1)

2LR LR
LR

x x ℜ ℜ + ℜ ℜ ≤ℜ 
 

ɶ ɶ  

1 2 3( ) 0, ( ) 0, ( ) 0x x xℜ ≥ ℜ ≥ ℜ ≥ɶ ɶ ɶ . 

Step 3 

Assuming ( , , , )j j j j j LRx m n α β=ɶ , the problem 3.3( )E  can be written as: 

Maximize 

1 1 1 1 2 2 2 2(2,3,2,5) ( , , , ) (1,2,1,3) ( , , , ) (3,4,3,4)LR LR LR LR LRm n m nα β α βℜ ℜ +ℜ ℜ +ℜ

3 3 3 3( , , , )LRm n α βℜ  

Subject to 3.4( )E  

1 1 1 1 2 2 2 2

1 1 3
2,3,1, ( , , , ) 1,3, , ( , , , ) (3,4,1,1)

2 2 2LR LR LR
LR LR

m n m nα β α β   ℜ ℜ + ℜ ℜ +ℜ   
   

3 3 3 3( , , , ) (5,7,2,2)LR LRm n α βℜ ≤ℜ  

1 1 1 1 2 2 2 2

1
(2,3,2,5) ( , , , ) 1,3,1, ( , , , ) (3,5,1,1)

2LR LR LR LR
LR

m n m nα β α β ℜ ℜ +ℜ ℜ ≤ℜ 
 

 

1 1 1 1 2 2 2 2 3 3 3 3( , , , ) 0, ( , , , ) 0, ( , , , ) 0LR LR LRm n m n m nα β α β α βℜ ≥ ℜ ≥ ℜ ≥ . 

Step 4 

Using Lemma 2.1, the problem 3.4( )E  can be written as: 

Maximize

1 1 1 1 2 2 2 2 3 3 3 3

7 7 7 7 13 13 13 13 23 23 23 23

2 2 3 3 6 6 9 9 6 6 9 9
m n m n m nβ α β α β α + + − + + + − + + + − 

 
 

Subject to 3.5( )E  
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1 1 1 1 2 2 2 2 3 3 3 3

7 7 14 14 7 7 14 14 7 7 7 7
12

3 3 9 9 3 3 9 9 2 2 3 3
m n m n m nβ α β α β α+ + − + + + − + + + − ≤  

1 1 1 1 2 2 2 2

7 7 7 7 11 11 11 11
8

2 2 3 3 6 6 9 9
m n m nβ α β α+ + − + + + − ≤  

1 1
1 1

2 2
0

3 3
m n

α β+ − + ≥  

2 2
2 2

2 2
0

3 3
m n

α β+ − + ≥  

3 3
3 3

2 2
0

3 3
m n

α β+ − + ≥  

Step 5 

The optimal solution of the crisp linear programming problem 3.5( )E  is: 

1 2 3 1 2 3 1 2 3 1 20.85, 0, 0.47, 1.42, 0, 1.42, 0.28, 0, 0.28, 0.28, 0,m m m n n n α α α β β= = = = = = = = = = =

3 0.28β = . 

Step 6 

Putting the values of , , , ; 1,2,3j j j jm n jα β =  in ( , , , )j j j j j LRx m n α β=ɶ  the fuzzy optimal 

solution of fully fuzzy linear programming problem 2.5( )E  is: 

( ) ( )1 2 30.85,1.42,0.28,0.28 , 0, 0.47,1.42,0.76,0.76
LR LR

x x xℜ ℜ ℜ= = =ɶɶ ɶ ɶ . 

Step 7 

Substituting the values of 1 2,x xɶ ɶ  and 3xɶ , obtained from Step 6, in 

1 2 3[(2,3,2,5) (1,2,1,3) (3,4,3,4) ]LR M LR M LR Mx x x⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ  the fuzzy optimal value of fully 

fuzzy linear programming problem 2.5( )E  is ( )4.82,6.82,3.92,3.92
LR

. 

 
3.3.2 Fuzzy optimal solution of the fully fuzzy linear programming problem chosen in 

Example 3.1 

Using the method, proposed in Section 3.2, the fuzzy optimal solution of the fully 

fuzzy linear programming problem, chosen in Example 3.1, can be obtained as follows: 
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Step 1 

Using Step 1 of the method, proposed in Section 3.2, the fully fuzzy linear programming 

problem 3.1( )E  can be written as: 

Maximize 

1 2 3((2,3,2,5) ) ((1,2,1,3) ) ((3,4,3,4) )LR M LR M LR Mx x xℜ ⊗ + ℜ ⊗ + ℜ ⊗ɶ ɶ ɶ  

Subject to 3.6( )E  

( )1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2M M LR M LR
LR LR

x x x
      ℜ ⊗ + ℜ ⊗ +ℜ ⊗ ≤ℜ      
      

ɶ ɶ ɶ  

( )1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR M M LR
LR

x x
  ℜ ⊗ + ℜ ⊗ ≤ ℜ  
  

ɶ ɶ  

1 2 3( ) 0, ( ) 0, ( ) 0x x xℜ ≥ ℜ ≥ ℜ ≥ɶ ɶ ɶ  

where, },1{0,maximum)( 2xxL −= }1{0,maximum)( xxR −= . 

Step 2 

Using Step 2 of the method, proposed in Section 3.2, the crisp linear programming problem 

3.6( )E  can be written as: 

Maximize 

1 2 3(2,3,2,5) ( ) (1,2,1,3) ( ) (3,4,3,4) ( )LR LR LRx x xℜ ℜ + ℜ ℜ + ℜ ℜɶ ɶ ɶ  

Subject to 3.7( )E  

1 2 3

1 1 3
2,3,1, ( ) 1,3, , ( ) (3,4,1,1) ( ) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ ℜ + ℜ ℜ +ℜ ℜ ≤ℜ   
   

ɶ ɶ ɶ  

1 2

1
(2,3,2,5) ( ) 1,3,1, ( ) (3,5,1,1)

2LR LR
LR

x x ℜ ℜ + ℜ ℜ ≤ℜ 
 

ɶ ɶ  

1 2 3( ) 0, ( ) 0, ( ) 0x x xℜ ≥ ℜ ≥ ℜ ≥ɶ ɶ ɶ . 

Step 3 

Assuming ( , , , )j j j j j LRx m n α β=ɶ , the problem 3.7( )E  can be written as: 
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Maximize 

1 1 1 1 2 2 2 2(2,3,2,5) ( , , , ) (1,2,1,3) ( , , , ) (3,4,3,4)LR LR LR LR LRm n m nα β α βℜ ℜ +ℜ ℜ +ℜ

3 3 3 3( , , , )LRm n α βℜ  

Subject to 3.8( )E  

1 1 1 1 2 2 2 2

1 1 3
2,3,1, ( , , , ) 1,3, , ( , , , ) (3,4,1,1)

2 2 2LR LR LR
LR LR

m n m nα β α β   ℜ ℜ +ℜ ℜ +ℜ   
   

 

3 3 3 3( , , , ) (5,7,2,2)LR LRm n α βℜ ≤ℜ  

1 1 1 1 2 2 2 2

1
(2,3,2,5) ( , , , ) 1,3,1, ( , , , ) (3,5,1,1)

2LR LR LR LR
LR

m n m nα β α β ℜ ℜ +ℜ ℜ ≤ℜ 
 

 

1 1 1 1 2 2 2 2 3 3 3 3( , , , ) 0, ( , , , ) 0, ( , , , ) 0LR LR LRm n m n m nα β α β α βℜ ≥ ℜ ≥ ℜ ≥ . 

Step 4 

Using Lemma 3.1, the problem 3.8( )E  can be written as: 

Maximize

1 1 1 1 2 2 2 2 3 3 3 3

1 37 37 37 37 23 23 23 23 7 14
7 7

2 6 6 12 9 6 6 12 9 2 3
m n m n m nβ α β α β α + + − + + + − + + + − 

 
 

Subject to 3.9( )E  

1 1 1 1 2 2 2 2 3 3 3

55 55 55 55 53 53 53 53 41 41 41

12 12 24 18 12 12 24 18 6 6 12
m n m n m nβ α β α β+ + − + + + − + + +

3

41 35

9 3
α− ≤  

1 1 1 1 2 2 2 2

37 37 37 37 43 43 43 43 47

6 6 12 9 12 12 24 18 6
m n m nβ α β α+ + − + + + − ≤  

1 1
1 1

2
0

3 2
m n

α β+ − + ≥  

2 2
2 2

2
0

3 2
m n

α β+ − + ≥  

3 3
3 3

2
0

3 2
m n

α β+ − + ≥ . 
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Step 5 

The optimal solution of the crisp linear programming problem 3.9( )E  is: 

1 2 3 1 2 3 1 2 3 1 2 30.95, 0, 0, 0.95, 0, 0, 0.95, 0, 0, 0, 0, 1.71m m m n n n α α α β β β= = = = = = = = = = = = . 

Step 6 

Putting the values of , , , ; 1,2,3j j j jm n jα β =  in ( , , , )j j j j j LRx m n α β=ɶ  the fuzzy optimal  

solution of fully fuzzy linear programming problem 3.1( )E  is: 

1 2 3(0.95,0.95,0.95,0) , (0,0,0,0) , (0,0,0,1.71)LR LR LRx x xℜ ℜ ℜ= = =ɶ ɶ ɶ . 

Step 7 

Substituting the values of 1 2,x xɶ ɶ  and 3xɶ , obtained from Step 6, in 

1 2 3[(2,3,2,5) (1,2,1,3) (3,4,3,4) ]LR M LR M LR Mx x x⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ  the fuzzy optimal value of fully 

fuzzy linear programming problem 3.1( )E  is ( )2.52,3.57,2.52,4.83
LR

. 

 
3.4 Comparative study 

The results of the fully fuzzy linear programming problem, chosen in Example 2.3 

and Example 3.1, obtained by using the method proposed in previous chapter and the method 

proposed in this chapter are shown in Table 3.1. 

Table 3.1 Fuzzy optimal solution 

Example Method proposed in previous 

chapter 

Method proposed in this chapter 

 

2.3 

 

 

3.1 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

 

Not applicable 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

( )
( )
( )

1

2

3

0.95,0.95,0.95,0 ,

0,0,0,0 ,

0,0,0,1.71

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=

=

ɶ

ɶ

ɶ

 

 
The results, presented in Table 3.1, can be explained as follows: 
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(i) In the fully fuzzy linear programming problem, chosen in Example 2.3, all the parameters 

as well as decision variables are represented by such LR flat fuzzy numbers for which 

( ) ( )L x R x= . While, in the fully fuzzy linear programming problem, chosen in Example 

3.1, all the parameters as well as decision variables are represented by such LR flat fuzzy 

numbers for which ( ) ( )L x R x≠ . So, due to the limitations of the method proposed in 

previous chapter, discussed in Section 3.1, the fully fuzzy linear programming problem, 

chosen in Example 2.3, can be solved by the method proposed in previous chapter but the 

fully fuzzy linear programming problem, chosen in Example 3.1, can not be solved by the 

method proposed in previous chapter. 

(ii)  As discussed in Section 3.3, that the method proposed in this chapter can be used for 

solving fully fuzzy linear programming problems in which all the parameters as well as 

decision variables are represented by such LR flat fuzzy numbers for which ( ) ( )L x R x=  

and ( ) ( )L x R x≠ . So both the fully fuzzy linear programming problems, chosen in 

Example 2.3 and Example 3.1, can be solved by the method proposed in this chapter. 

 
3.5 Conclusions 

 On the basis of presented study, it can be concluded that all the fully fuzzy linear  

programming problems which can be solved by using the existing method [47] and the 

method proposed in the previous chapter can also be solved by using the method proposed in 

this chapter. However, there exist several fully fuzzy linear programming problems which 

can be solved by the method proposed in this chapter but can neither be solved by using the 

existing method [47] nor by the method proposed in previous chapter. Hence, it is better to 

use the method, proposed in this chapter, as compared to the existing method [47] and the 

method proposed in the previous chapter for solving fully fuzzy linear programming 

problems. 



 57 

Chapter 4 

An efficient method for solving fully fuzzy 

linear programming problems‡ 
 

In this chapter, an alternative method is proposed for solving fully fuzzy linear 

programming problems and it is shown that if a fully fuzzy linear programming problem is 

either solved by the method proposed in previous chapter or by the method proposed in this 

chapter, the fuzzy optimal solution and the fuzzy optimal value will be same. However, it is 

much easy to apply the method, proposed in this chapter, as compared to the method 

proposed in previous chapter for solving the fully fuzzy linear programming problems. 

 
4.1 Proposed alternative method 

In this section, an alternative method is proposed for solving fully fuzzy linear 

programming problem 3.1( )P . 

The steps of the proposed method are as follows: 

Step 1 

Use Step 1 to Step 3 of the method proposed in previous chapter to convert the fully fuzzy 

linear programming problem 3.1( )P  into the crisp linear programming problem 4.1( )P . 

Maximize (or Minimize) 

1

( ', ', ', ') ( , , , ) ,
n

j j j j LR j j j j LR
j

m n m nα β α β
=

ℜ ℜ∑  

Subject to 4.1( )P  

1

( ''', ''', ''', ''') ( , , , ) or =or ( '', '', '', '') ; 1,2,...,
LR

n

ij ij ij ij LR j j j j i i i i LR
j

m n m n m n i mα β α β α β
=

ℜ ℜ ≤ ≥ ℜ =∑   

( , , , ) 0, 1,2,...,j j j j LRm n j nα β ℜ≥ =ɶ . 

                                                 
‡ The contents of this chapter are communicated in Journal of Intelligent and Fuzzy Systems. 
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Step 2 

Assuming ( ) ( , , , ) , 1,2,...,j j j j j LR jx m n x j nα βℜ = ℜ = =ɶ  the problem 4.1( )P  can be written as: 

Maximize (or Minimize) 

1

( ', ', ', ')
n

j j j j LR j
j

m n xα β
=

ℜ∑  

Subject to 4.2( )P  

1

( ''', ''', ''', ''') or =or ( '', '', '', '') ; 1,2,...,
n

ij ij ij ij LR j i i i i LR
j

m n x m n i mα β α β
=

ℜ ≤ ≥ ℜ =∑  

0; 1,2,...,jx j n≥ = . 

Step 3 

Using the existing ranking formula [132], 
1 1

0

1
( ) ( , , , ) ( ( ))

2
A m n m L dα β α λ λ−ℜ = ℜ = − +∫ɶ

 

1 1

0

1
( ( ))

2
n R dβ λ λ−+∫ , the problem 4.2( )P  can be written as: 

Maximize (or Minimize) 

1 11 1

0 0
1

1 1
( ' ' ( )) ( ' ' ( )

2 2

n

j j j j j
j

m L d n R d xα λ λ β λ λ− −

=

 − + + 
 

∑ ∫ ∫  

Subject to 4.3( )P  

1 1 11 1 1

0 0 0
1

1 1 1
( ''' ''' ( )) ( ''' ''' ( ) ) or = or ( '' '' ( ))

2 2 2

n

ij ij ij ij j i i
j

m L d n R d x m Lα λ λ β λ λ α λ− − −

=

 − + + ≤ ≥ − 
 

∑ ∫ ∫ ∫
1 1

0

1
( '' '' ( ) ); 1,2,...,

2 i id n R d i mλ β λ λ−+ + =∫  

0; 1,2,...,jx j n≥ = . 

Step 4 

Solve the crisp linear programming problem 4.3( )P  to find its optimal solution { }jx . 

Step 5 

Since, every set of LR flat fuzzy numbers { ; 1,2,..., : ( ) }j j jx j n x x= ℜ =ɶ ɶ  will be the fuzzy 

optimal solution of the fully fuzzy linear programming problem 3.1( )P . So, find a set of LR  
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flat fuzzy numbers { ; 1,2,..., : ( ) }j j jx j n x x= ℜ =ɶ ɶ . 

Step 6 

Put { ; 1,2,..., }jx j n=ɶ , obtained from Step 5, in 
1

,
n

j M j
j

c x
=

⊗∑ ɶ ɶ  to find the fuzzy optimal value 

of fully fuzzy linear programming problem 3.1( )P . 

 
4.2 Advantages of the proposed alternative method 

To find the fuzzy optimal solution of fully fuzzy linear programming problems by the 

method proposed in previous chapter as well as the method proposed in this chapter, there is 

need to convert the fully fuzzy linear programming problems into the crisp linear 

programming problems. Since, the number of variables in the crisp linear programming 

problem obtained by the method proposed in previous chapter is four times the number of 

variables in crisp linear programming problem obtained by the method proposed in this 

chapter. So, it is much easy to apply the method proposed in this chapter as compared to the 

method proposed in previous chapter for solving the fully fuzzy linear programming 

problems. 

To illustrate the proposed method, both the fully fuzzy linear programming problems 

chosen in Example 2.3 and Example 3.1, are solved by the method proposed in this chapter. 

 
4.2.1 Fuzzy optimal solution of the fully fuzzy linear programming problem chosen in 

Example 2.3 

Using the method, proposed in Section 4.1, the fuzzy optimal solution of fully fuzzy 

linear programming problem, chosen in Example 2.3, can be obtained as follows: 

Step 1 

Using Step 1 of the method, proposed in Section 4.1, the fully fuzzy linear programming 

problem 2.5( )E  can be written as: 

Maximize 
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1 2 3(2,3,2,5) ( ) (1,2,1,3) ( ) (3,4,3,4) ( )LR LR LRx x xℜ ℜ + ℜ ℜ + ℜ ℜɶ ɶ ɶ  

Subject to 4.1( )E  

1 2 3

1 1 3
2,3,1, ( ) 1,3, , ( ) (3,4,1,1) ( ) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ ℜ + ℜ ℜ +ℜ ℜ ≤ℜ   
   

ɶ ɶ ɶ  

1 2

1
(2,3,2,5) ( ) 1,3,1, ( ) (3,5,1,1)

2LR LR
LR

x x ℜ ℜ + ℜ ℜ ≤ℜ 
 

ɶ ɶ  

1 2 3( ) 0, ( ) 0, ( ) 0x x xℜ ≥ ℜ ≥ ℜ ≥ɶ ɶ ɶ . 

Step 2 

Assuming ( ) ( , , , )j j j j j LR jx m n xα βℜ = ℜ =ɶ , the problem 4.1( )E  can be written as: 

Maximize 

1 2 3(2,3,2,5) (1,2,1,3) (3,4,3,4)LR LR LRx x xℜ + ℜ + ℜ  

Subject to 4.2( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ + ℜ +ℜ ≤ℜ   
   

 

1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR LR
LR

x x ℜ + ℜ ≤ℜ 
 

 

1 2 30, 0, 0x x x≥ ≥ ≥ . 

Step 3 

Using Lemma 2.1, the problem 4.2( )E  can be written as: 

Maximize 

1 2 3

21 13 23

6 6 6
x x x

 + + 
 

 

Subject to 4.3( )E  

1 2 3

7 7 7
12

3 3 2
x x x+ + ≤  

1 2

7 11
8

2 6
x x+ ≤  
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1 2 30, 0, 0x x x≥ ≥ ≥ . 

Step 4 

The optimal solution of the crisp linear programming problem 4.3( )E  is: 

1 2 31.13, 0, 0.94x x x= = = . 

Step 5 

Since, 1 21.13, 0x x= =  and 3 0.94x = . So, every set of LR flat fuzzy numbers 

1 2 3 1 2 3{ , , : ( ) 1.13, ( ) 0, ( ) 0.94}x x x x x xℜ = ℜ = ℜ =ɶ ɶ ɶ ɶ ɶ ɶ  will be the fuzzy optimal solution of the 

chosen problem. e.g., ( ) ( )1 2 3{ 0.85,1.42,0.28,0.28 , 0, 0.47,1.42,0.76,0.76 }
LR LR

x x x= = =ɶɶ ɶ ɶ  is 

one of the fuzzy optimal solutions of the chosen problem. 

Step 6 

Substituting the values of 1 2,x xɶ ɶ  and 3xɶ , obtained from Step 5, in 

1 2 3[(2,3,2,5) (1,2,1,3) (3,4,3,4) ]LR M LR M LR Mx x x⊗ ⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ  the fuzzy optimal value of fully 

fuzzy linear programming problem 2.5( )E  is ( )4.82,6.82,3.92,3.92
LR

. 

 
4.2.2 Fuzzy optimal solution of the fully fuzzy linear programming problem chosen in 

Example 3.1 

Using the method, proposed in Section 4.1, the fuzzy optimal solution of the fully 

fuzzy linear programming problem, chosen in Example 3.1, can be obtained as follows: 

Step 1 

Using Step 1 of the method, proposed in Section 4.1, the fully fuzzy linear programming 

problem 3.1( )E  can be written as: 

Maximize 

1 2 3(2,3,2,5) ( ) (1,2,1,3) ( ) (3,4,3,4) ( )LR LR LRx x xℜ ℜ + ℜ ℜ + ℜ ℜɶ ɶ ɶ  

Subject to 4.4( )E  
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1 2 3

1 1 3
2,3,1, ( ) 1,3, , ( ) (3,4,1,1) ( ) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ ℜ + ℜ ℜ +ℜ ℜ ≤ℜ   
   

ɶ ɶ ɶ  

1 2

1
(2,3,2,5) ( ) 1,3,1, ( ) (3,5,1,1)

2LR LR
LR

x x ℜ ℜ + ℜ ℜ ≤ℜ 
 

ɶ ɶ  

1 2 3( ) 0, ( ) 0, ( ) 0x x xℜ ≥ ℜ ≥ ℜ ≥ɶ ɶ ɶ . 

Step 2 

Assuming ( ) ( , , , )j j j j j LR jx m n xα βℜ = ℜ =ɶ , the problem 4.4( )E  can be written as: 

Maximize 

1 2 3(2,3,2,5) (1,2,1,3) (3,4,3,4)LR LR LRx x xℜ + ℜ + ℜ  

Subject to 4.5( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x   ℜ + ℜ +ℜ ≤ℜ   
   

 

1 2

1
(2,3,2,5) 1,3,1, (3,5,1,1)

2LR LR
LR

x x ℜ + ℜ ≤ℜ 
 

 

1 2 30, 0, 0x x x≥ ≥ ≥ . 

Step 3 

Using Lemma 3.1, the problem 4.5( )E  can be written as: 

Maximize 

1 2 3

37 23 7

12 12 2
x x x

 + + 
 

 

Subject to 4.6( )E  

1 2 3

55 53 41 35

12 12 6 3
x x x+ + ≤  

1 2

37 43 47

6 12 6
x x+ ≤  

1 2 30, 0, 0x x x≥ ≥ ≥ . 
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Step 4 

The optimal solution of the crisp linear programming problem 4.6( )E  is:  

1 2 30.63, 0, 0.42x x x= = = . 

Step 5 

Since, 1 20.63, 0x x= =  and 3 0.42x = . So, every set of LR flat fuzzy numbers 

1 2 3 1 2 3{ , , : ( ) 0.63, ( ) 0, ( ) 0.85}x x x x x xℜ = ℜ = ℜ =ɶ ɶ ɶ ɶ ɶ ɶ  will be the fuzzy optimal solution of the 

chosen problem. e.g., 1 2 3{ (0.95,0.95,0.95,0) , (0,0,0,0) , (0,0,0,1.71) }LR LR LRx x x= = =ɶ ɶ ɶ  is one 

of the fuzzy optimal solutions of the chosen problem. 

Step 6 

Substituting the values of 1 2,x xɶ ɶ  and 3xɶ , obtained from Step 5, in [(2,3,2,5)LR M⊗  

1 2 3(1,2,1,3) (3,4,3,4) ]LR M LR Mx x x⊕ ⊗ ⊕ ⊗ɶ ɶ ɶ  the fuzzy optimal value of fully fuzzy linear 

programming problem 3.1( )E  is ( )2.52,3.57,2.52,4.83
LR

. 

 
4.3 Comparative study 

The results of the fully fuzzy linear programming problems chosen in Example 2.3 

and Example 3.1, obtained by using the method proposed in previous chapter and the method 

proposed in this chapter, are shown in Table 4.1. Also, the number of variables in the crisp 

linear programming problem corresponding to the fully fuzzy linear programming problem 

obtained with the help of method, proposed in previous chapter, and the method, proposed in 

this chapter, are shown in Table 4.2. 
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Table 4.1 Fuzzy optimal solution 

Example Method proposed in previous 

chapter 

Method proposed in this 

chapter 

2.3 

 

 

3.1 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

1

2

3

(0.95,0.95,0.95,0) ,

(0,0,0,0) ,

(0,0,0,1.71)

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=
=
=

ɶ

ɶ

ɶ

 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

1

2

3

(0.95,0.95,0.95,0) ,

(0,0,0,0) ,

(0,0,0,1.71)

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=
=
=

ɶ

ɶ

ɶ

 

 
Table 4.2 Number of variables 

Example Number of variables in the crisp 

linear programming problem 

obtained by the method proposed in 

previous chapter 

Number of variables in the crisp 

linear programming problem 

obtained by the method 

proposed in this chapter 

2.3 

3.1 

12 

12 

3 

3 

 
It is obvious from Table 4.1 and Table 4.2 that on solving the fully fuzzy linear 

programming problems by using the method, proposed in previous chapter, and the method, 

proposed in this chapter, same fuzzy optimal solution is obtained. However, the number of 

crisp variables in the crisp linear programming problem corresponding to fully fuzzy linear 

programming problem, obtained by using the method, proposed in previous chapter, are more 

than the number of variables in the crisp linear programming problem corresponding to fully 

fuzzy linear programming problem obtained by using the method proposed in this chapter. 

 
4.4 Conclusions 

 On the basis of presented study, it can be concluded that it is better to use the method 

proposed in this chapter as compared to the method proposed in previous chapter for solving  

fully fuzzy linear programming problems. 
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Chapter 5 

Novel method for solving interval-valued fully 

fuzzy linear programming problems§ 
 

Su [115] pointed out that the values of the membership of an element in a fuzzy set 

are represented by a real number in [0, 1] but a specialist is always uncertain about the values 

of the membership. Hence, it is better to use interval-valued fuzzy set in which the values of 

the membership of an element in a set is represented by the interval of possible real numbers 

instead of real numbers and proposed a method for solving such linear programming 

problems in which all the parameters except the decision variables are represented by 

interval-valued fuzzy numbers. In this chapter, the limitations of this method are pointed out. 

Also, it is pointed out that to overcome the limitations of the existing method [115] there is 

need to define such multiplication of two interval-valued LR flat fuzzy numbers Aɶ  and Bɶ  for 

which the property ( ) ( ) ( )A B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  is satisfied. Due to the same reason, in this 

chapter, a new multiplication, named as Mehar multiplication, of interval-valued LR flat 

fuzzy numbers is defined and using it a new method is proposed for solving the interval-

valued fully fuzzy linear programming problems. 

 

5.1 Preliminaries 

In this section, some basic definitions, arithmetic operations and an existing method 

for comparing interval-valued LR flat fuzzy numbers are presented. 

 
5.1.1 Basic definitions 

In this section, some basic definitions are presented [115]. 

 

                                                 
§ The contents of this chapter are communicated in Journal of Applied Research and Technology. 
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Definition 5.1 If the membership function of the fuzzy set ( , , , )LRA m n α β=ɶ  on ℝ  is  

, , 0

( ) , , 0

,

A

m x
L x m

x n
x R x n

m x n

λ α
α

µ λ β
β

λ

 −  ≤ > 
 

  −= ≥ >  
 

 ≤ ≤



ɶ  

m n<  then Aɶ  is called λ  LR flat fuzzy number, 10 ≤< λ  and is denoted as 

( , , , ; )LRA m n α β λ=ɶ . 

Let )(λNF  be the family of all λ  LR flat fuzzy numbers, i.e. 

( ) {( , , , ; ) : , 0, 0, , , , }, 0 1.N LRF m n m n m nλ α β λ β α α β λ= ∀ < ≥ ≥ ∈ < ≤ℝ  

Definition 5.2 An interval-valued fuzzy set Aɶ  on ℝ  is given by {( ,[ ( ), ( )])L UA A
A x x xµ µ=

ɶ ɶ
ɶ  

}: ,x ∈ℝ  where ( ), ( ) [0,1]L UA A
x xµ µ ∈

ɶ ɶ
 and ( ) ( )L UA A

x x xµ µ≤ ∀ ∈
ɶ ɶ

ℝ  and is denoted as 

[ , ].L UA A A=ɶ ɶ ɶ  

This means that the grade of membership of x  belongs to the interval )],(),([ ~~ xx UL AA
µµ  the 

least grade of membership at x  is ( )LA
xµ

ɶ
 and greatest grade of membership at x  is ( ).UA

xµ
ɶ

 

Let 

, , ' 0
'

, , ' 0( )
'

,

0 ,

LA

m x
L x m

x n
R x nx

m x n

otherwise

λ α
α

λ βµ
β

λ

 −  ≤ > 
 

  − ≥ >=  
 

 ≤ ≤



ɶ
 

Then, ( , , ', '; ) .L
LRA m n α β λ=ɶ  

Let 
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, , 0

, , 0( )

,

0 ,

UA

m x
L x m

x n
R x nx

m x n

otherwise

ρ α
α

ρ βµ
β

ρ

 −  ≤ > 
 

  − ≥ >=  
 

 ≤ ≤



ɶ
 

Then, ( , , , ; )U
LRA m n α β ρ=ɶ . 

Here 10 ≤≤< ρλ  and ' ' .m m m n n nα α β β− < − < < < + < +  The interval-valued LR flat 

fuzzy number [( , , ', '; ) , ( , , , ; ) ]LR LRA m n m nα β λ α β ρ=ɶ  is called ),( ρλ  interval-valued LR flat 

fuzzy number. 

 

Remark 5.1 If , 'λ ρ α α= =  and 'β β=  then [ , ]L UA A A=ɶ ɶ ɶ  is reduced to λ  LR flat fuzzy 

number ( , , , ; ) .LRA m n α β λ=ɶ  

 
5.1.2 Arithmetic operations 

In this section, arithmetic operations between ( , )λ ρ  interval-valued LR flat fuzzy 

numbers are presented [115]. 

Let 1 1 1 1 1 1 1 1[( , , ', '; ) , ( , , , ; ) ]LR LRA m n m nα β λ α β ρ=ɶ  and 2 2 2 2 2[( , , ', '; ) , ( ,LRB m n mα β λ=ɶ  

2 2 2, , ; ) ]LRn α β ρ  be two interval-valued LR flat fuzzy numbers and 3 3 3 3[( , , ', ';C m n α β=ɶ  

3 3 3 3) , ( , , , ; ) ]RL RLm nλ α β ρ  be an interval-valued RL flat fuzzy number. Then, 

(i) 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2[( , , ' ', ' '; ) , ( , , , ; ) ]LR LRA B m m n n m m n nα α β β λ α α β β ρ⊕ = + + + + + + + +ɶ ɶ  

(ii)  A
~
Ө 1 3 1 3 1 3 1 3 1 3 1 3 1 3 1 3[( , , ' ', ' '; ) , ( , , , ; ) ]LR LRC m n n m m n n mα β β α λ α β β α ρ= − − + + − − + +ɶ  

(iii)  1 2 1 2 2 1 1 2 1 2 2 1 1 2 2 1 1 2 1 2 2 1[( , , ' ' ' ', ' ' ' '; ) , ( , ,LRA B m m n n m m n n m m n n mα α α α β β β β λ α⊗ = + − + +ɶ ɶ  

                 1 2 1 2 2 1 1 2 2 1, ; ) ]LRm n nα α α β β β β ρ+ − + +  

(iv) 1 1 1 1 1 1 1 1If 0 then [( , , ', '; ) , ( , , , ; ) ]LR LRk kA km kn k k km k n k kα β λ α β ρ≥ =ɶ  

(v) 1 1 1 1 1 1 1 1If 0 then [( , , ', '; ) , ( , , , ; ) ]RL RLk kA kn km k k kn km k kβ α λ β α ρ≤ = − − − −ɶ  
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5.1.3 Comparison of interval-valued LR flat fuzzy numbers 

In this section, the existing method [115] for comparing interval-valued fuzzy 

numbers is presented. 

Let 1 1 1 1 1 1 1 1[( , , ', '; ) , ( , , , ; ) ]LR LRA m n m nα β λ α β ρ=ɶ  and 2 2 2 2[( , , ', '; ) ,LRB m n α β λ=ɶ  

2 2 2 2( , , , ; ) ]LRm n α β ρ  are two ),( ρλ  interval-valued LR flat fuzzy numbers. Then, 

(i) A Bℜ>ɶ ɶ  if ( ) ( )A Bℜ > ℜɶ ɶ  

(ii)  A Bℜ=ɶ ɶ  if ( ) ( )A Bℜ = ℜɶ ɶ  

(iii)  A Bℜ<ɶ ɶ  if ( ) ( )A Bℜ < ℜɶ ɶ  

where,  

1 1 1 1
1 1 1 1 1 1

0

1 1
1 1 1 1

1 1
( ) 2 2 ' ( ) ( ) ' ( ) ( )

4

1 1
( ) ( )

2

A m n R R L L d

m n R L d

λ

ρ

λ

α α α αβ β α α α
λ λ ρ λ ρ

α αβ α α
ρ λ ρ ρ

− − − −

− −

 ℜ = + + + − − + 
 

 + + − −  

∫

∫

ɶ

 (5.1) 

1 1 1 1
2 2 2 2 2 2

0

1 1
2 2 2 2

1 1
( ) 2 2 ' ( ) ( ) ' ( ) ( )

4

1 1
( ) ( )

2

B m n R R L L d

m n R L d

λ

ρ

λ

α α α αβ β α α α
λ λ ρ λ ρ

α αβ α α
ρ λ ρ ρ

− − − −

− −

 ℜ = + + + − − + 
 

 + + − −  

∫

∫

ɶ

(5.2) 

 

Lemma 5.1 If ( ) ( ) {0,1 }L x R x Maximum x= = −  then,  

1 1 1 1 1 1

1 3
( ) 8 8 ' ' (4 )( ) .

8
A m n

λβ α β α
ρ

 ℜ = + + − + − − 
 

ɶ
 

Proof: Since, ( ) ( ) {0,1 }L x R x Maximum x= = −  so 1 1( ) ( ) 1L Rλ λ λ− −= = −  where, [0,1]λ ∈ . 

Substituting the values of 1( )L λ−  and 1( )R λ−  in ranking formula,  

1 1 1 1
1 1 1 1 1 1

0

1 1
1 1 1 1 1 1 1 1 1 1

1 1 1
( ) 2 2 ' ( ) ( ) ' ( ) ( )

4

1 1 3
( ) ( ) 8 8 ' ' (4 )( ) .

2 8

A m n R R L L d

m n R L d m n

λ

ρ

λ

α α α αβ β α α α
λ λ ρ λ ρ ρ λ

α α λβ α α β α β α
ρ ρ ρ

− − − −

− −

 ℜ = + + + − − +  − 

   + + − = + + − + − −  
   

∫

∫

ɶ
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5.2 Limitation of the existing method 

The existing method [115] can be used only for solving fuzzy linear programming 

problems 5.1( )P  in which all the parameters except the decision variables are represented by 

interval-valued fuzzy numbers. However, the same method can not be used for solving 

interval-valued fully fuzzy linear programming problems 5.2( )P . 

(i) Maximize (or Minimize) 
1

n

j j
j

c x
=
∑ ɶ  

Subject to 5.1( )P  

   
1

or =or ; 1,2,...,
n

ij j i
j

a x b i mℜ ℜ
=

≤ ≥ =∑ ɶɶ  

0, 1,2,...,jx j nℜ≥ =ɶɶ  

where, jcɶ , ibɶ  and ijaɶ  are interval-valued fuzzy numbers, ℜ  is a linear ranking function. 

Example 5.1 [115 pp. 103] Consider the interval-valued fuzzy linear programming problem: 

Maximize   

1 2[[(19,25,33;.9), (18,25,34;1)] [(44,48,54;.9), (43,48,56;1)] ]x x⊕  

Subject to 5.1( )E  

1 2[(14,15,17;.9), (10,15,18;1)] [(25,30,34;.9), (23,30,38;1)] [(430,450,480;.9), (420,

450,520;1)]

x x ℜ⊕ ≤
 

1 2[(21,24,26;.9), (20,24,33;1)] [(4,6,8;.9),(2,6,11;1)] [(220,240,290;.9), (180,240,

300;1)]

x x ℜ⊕ ≤
 

1 2[(17,21,22;.9), (16,21,26;1)] [(12,14,19;.9), (8,14,22;1)] [(270,280,310;.9), (230,

280,320;1)]

x x ℜ⊕ ≤
 

0; 1,2jx j≥ =  

 

(ii)  Maximize (or Minimize) 
1

n

j M j
j

c x
=

⊗∑ ɶ ɶ  

Subject to 5.2( )P  
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1

or =or ; 1,2,...,
n

ij M j i
j

a x b i mℜ ℜ
=

⊗ ≤ ≥ =∑ ɶɶ ɶ  

0, 1,2,...,jx j nℜ≥ =ɶɶ  

2 3 1 4 2 3 1 4

2 3 1 4

where, [( , ', , ; ) , ( , ', , ; ) ], [( , ', , ; ) , ( , ', , ;

) ], [( , ', , ; ) , ( , ', , ; ) ], [( , , ', '; ) , ( , , , ; )

j j j j j LR j j j j LR ij ij ij ij ij LR ij ij ij ij

LR i i i i i LR i i i i LR j j j j j LR j j j j L

c c c c c a a a a a

b b b b b x m n m n

δ δ λ δ δ ρ δ δ λ δ δ

ρ α α λ α α ρ α β λ α β ρ

= =

= =

ɶ ɶ

ɶ ɶ

2 1 3 4 2 1 3 4 2 1 3

4

],

0 ',0 ,0 ', 0 , 0 ', 0

; 0 ' , 0 ' ; 1,2,..., ; 0 1; 1,2,..., .

R

j j j j j j ij ij ij ij ij ij i i i i i

i j j j j j j

c c a a b b

m n j n i m

δ δ δ δ δ δ δ δ α α α
α α α β β λ
< < < < < < < < < < < < < < < < <

< < < < < < < = < < =

  

Example 5.2 Consider the interval-valued fully fuzzy linear programming problem: 

Maximize 

( )1 2[(25,27,6,8;.9) , (25,27,7,9;1) ] [(48,50,4,6;.9) , (48,50,5,8;1) ]LR LR M LR LR Mx x⊗ ⊕ ⊗ɶ ɶ  

Subject to 5.2( )E  

1 2[(15,17,1,2;.9) , (15,17,5,3,1) ] [(30,32,5,4;.9) , (30,32,7,8;1) ]

[(450,470,20,30;.9) , (450,470,30,70;1) ]
LR LR M LR LR M

LR LR

x x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ
 

1 2[(24,26,3,2;.9) , (24,26,4,9;1) ] [(6,8,2,2;.9) , (6,8,4,5;1) ]

[(240,260,20,50;.9) , (240,260,60,60;1) ]
LR LR M LR LR M

LR LR

x x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ
 

1 2[(21,23,4,1;.9) , (21,23,5,5;1) ] [(14,16,2,5;.9) , (14,16,6,8;1) ]

[(280,300,10,30;.9) , (280,300,50,40;1) ]
LR LR M LR LR M

LR LR

x x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ
 

1 2 30, 0, 0x x xℜ ℜ ℜ≥ ≥ ≥ɶ ɶ ɶɶ ɶ ɶ  

where, ( ) ( ) {0,1 }L x R x Maximum x= = − . 

 
5.3 Proposed Mehar multiplication 

In this section, a new multiplication, named as Mehar multiplication, by modifying 

the multiplication of LR flat fuzzy numbers defined in Chapter 2, is defined for interval-

valued LR flat fuzzy numbers. 

If 1 1 1 1 1 1 1 1[( , , ', '; ) , ( , , , ; ) ]LR LRA m n m nα β λ α β ρ=ɶ  and 2 2 2 2 2 2 2 2[( , , ', '; ) , ( , , , ;LRB m n m nα β λ α β=ɶ  

) ]LRρ  are two interval-valued LR flat fuzzy numbers. Then,  
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1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

[( ( ), ( ), ' ( ), ' ( ); ) , ( ( ), ( ), ( ), ( ); ) ], ( ) 0

[( ( ), ( ), ( ), ( ); ) , ( ( ), ( ), ( ), ( ); ) ], ( ) 0

LR LR
M

RL RL

m B n B B B m B n B B B B
A B

n B m B B B n B m B B B B

α β λ α β ρ
β α λ β α ρ

 ℜ ℜ ℜ ℜ ℜ ℜ ℜ ℜ ℜ ≥⊗ = 
ℜ ℜ − ℜ − ℜ ℜ ℜ − ℜ − ℜ ℜ ≤

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ
ɶ ɶ

ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ
 

where, 1 1 1 1
2 2 2 2 2 2

0

1 1 1
( ) 2 2 ' ( ) ( ) ' ( ) ( )

4
B m n R R L L d

λ α α α αβ β α α α
λ λ ρ λ ρ ρ λ

− − − − ℜ = + + + − − +  − 
∫ɶ

 

1 1
2 2 2 2

1
( ) ( )

2
m n R L d

ρ

λ

α αβ α α
ρ ρ

− − + + − 
 

∫ . 

 
5.4 Proposed method 

In this section, a new method, by modifying the method proposed in previous chapter, 

is proposed for solving interval-valued fully fuzzy linear programming problem 5.2( )P . 

The steps of the proposed method are as follows: 

Step 1 

Since, for the ranking function ℜ  the property 
1 1

( )
n n

j j
j j

c c
= =

 
ℜ = ℜ 
 
∑ ∑ɶ ɶ  is satisfied so the fully 

fuzzy linear programming problem 5.2( )P  can be written as: 

Maximize (or Minimize) 
1

( ),
n

j M j
j

c x
=

ℜ ⊗∑ ɶ ɶ  

Subject to 5.3( )P  

   
1

( ) or =or ( ); 1,2,...,
n

ij M j i
j

a x b i m
=

ℜ ⊗ ≤ ≥ ℜ =∑ ɶɶ ɶ  

0, 1,2,...,jx j nℜ≥ =ɶɶ . 

Step 2 

Since, for the Mehar multiplication, proposed in Section 5.3, the property 

( ) ( ) ( )MA B A Bℜ ⊗ =ℜ ℜɶ ɶɶ ɶ  is satisfied. So, the crisp linear programming problem 5.3( )P  can be 

written as: 

Maximize (or Minimize) 
1

( ) ( ),
n

j j
j

c x
=

ℜ ℜ∑ ɶ ɶ  
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Subject to 5.4( )P  

   
1

( ) ( ) or =or ( ); 1,2,...,
n

ij j i
j

a x b i m
=

ℜ ℜ ≤ ≥ ℜ =∑ ɶɶ ɶ  

( ) 0, 1,2,...,jx j nℜ ≥ =ɶɶ . 

Step 3 

Assuming 2 3 1 4[( , ', , ; ) , ( , ', , ; ) ],j j j j j LR j j j j LRc c c c cδ δ λ δ δ ρ=ɶ 2 3[( , ', , ; ) , ( , ',ij ij ij ij ij LR ij ija a a a aδ δ λ=ɶ  

1 4, ; ) ],ij ij LRδ δ ρ  2 3 1 4[( , ', , ; ) , ( , ', , ; ) ],i i i i i LR i i i i LRb b b b bα α λ α α ρ=ɶ  the problem 5.4( )P  can be 

written as: 

Maximize (or Minimize) 2 3 1 4
1

[( , ', , ; ) , ( , ', , ; ) ] ( )
n

j j j j LR j j j j LR j
j

c c c c xδ δ λ δ δ ρ
=

ℜ ℜ∑ ɶ  

Subject to 5.5( )P  

2 3 1 4 2 3
1

[( , ', , ; ) , ( , ', , ; ) ] ( ) or =or [( , ', , ; ) ,
n

ij ij ij ij LR ij ij ij ij LR j i i i i LR
j

a a a a x b bδ δ λ δ δ ρ α α λ
=

ℜ ℜ ≤ ≥ℜ∑ ɶ  

1 4( , ', , ; ) ]; 1,2,...,i i i i LRb b i mα α ρ =  

( ) 0, 1,2,...,jx j nℜ ≥ =ɶɶ . 

Step 4 

Assuming ( )j jx xℜ =ɶ  the problem 5.5( )P  can be written as: 

Maximize (or Minimize) 2 3 1 4
1

[( , ', , ; ) , ( , ', , ; ) ]
n

j j j j LR j j j j LR j
j

c c c c xδ δ λ δ δ ρ
=

ℜ∑  

Subject to  5.6( )P  

2 3 1 4 2 3
1

[( , ', , ; ) , ( , ', , ; ) ] or = or [( , ', , ; ) ,
n

ij ij ij ij LR ij ij ij ij LR j i i i i LR
j

a a a a x b bδ δ λ δ δ ρ α α λ
=

ℜ ≤ ≥ℜ∑  

1 4( , ', , ; ) ]; 1,2,...,i i i i LRb b i mα α ρ =  

0, 1,2,...,jx j n≥ = . 
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Step 5 

Using the ranking formula 1 1 1 1 1 1 1 1

1
( ) [( , , ', '; ) , ( , , , ; ) ]LR LRA m n m nα β λ α β ρ

λ
ℜ = ℜ =ɶ

 

[1 1 1 1 1
1 1 1 1 1 1 1 1 1

0

1 1 1
2 2 ' ( ) ( ) ' ( ) ( )

4 2
m n R R L L d m n R

ρλ

λ

α α α αβ β α α α β
λ ρ λ ρ ρ λ

− − − − − + + + − − + + +  − 
∫ ∫

1
1( ) ( )L d

α αα α
ρ ρ

− − 


 the problem 5.6( )P  can be written as: 

Maximize (or Minimize) 

1 1 1 1
3 4 2 1

1 0

1 1 1 1 1
2 2 ' ( ) ( ) ( ) ( )

2 4 2

n

j j j j j j j
j

c c R R L L d c
ρλ

λ

α α α αδ δ δ δ α
λ λ ρ λ ρ ρ λ

− − − −

=

  
+ + + − − + +   − 

∑ ∫ ∫

1 1
4 1' ( ) ( )j j j jc R L d x

α αδ δ α
ρ ρ

− − + − 
 

 

Subject to 5.7( )P  

[
1

1 1 1 1
3 4 2 1 1 1

1 0

1 1 1 1
2 2 ' ( ) ( ) ( ) ( )

4 1 2

n

ij ij ij ij ij ij
j

a a R R L L d m n
λ

λ

α αδ δ α δ δ α α
λ λ λ λ

− − − −

=

  + + + − − + +   − 
∑ ∫ ∫

1 1 1 1 1
4 1 3 4 2

0

1 1
( ) ( ) or = or 2 2 ' ( ) ( ) ( )

4ij ij j i i i i iR L d x b b R R L
λ α αδ α δ α α α α α α

λ λ λ
− − − − −+ − ≤ ≥ + + + − 

∫
1

1 1 1
1 4 1

1 1
( ) ' ( ) ( ) ; 1,2,...,

1 2i i i i iL d b b R L d i m
λ

α α α α α α α α
λ

− − −  − + + + − =  − ∫  

0jx ≥ . 

Step 6 

Solve the crisp linear programming problem 5.7( )P  to find its optimal solution { }jx . 

Step 7 

Since, every set of interval-valued LR flat fuzzy numbers { ; 1,2,..., : ( ) }j j jx j n x x= ℜ =ɶ ɶ  will 

be the fuzzy optimal solution of the interval-valued fully fuzzy linear programming problem 

5.2( )P . So, find a set of interval-valued LR flat fuzzy numbers { ; 1,2,..., : ( ) }j j jx j n x x= ℜ =ɶ ɶ . 

Step 8 

Put { ; 1,2,..., }jx j n=ɶ , obtained from Step 7, in 
1

,
n

j M j
j

c x
=

⊗∑ ɶ ɶ  to find the fuzzy optimal value  
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of the interval-valued fully fuzzy linear programming problem 5.2( )P . 

 
5.5 Advantages of the proposed method 

The advantages of the method, proposed in this chapter over the existing method 

[115] and the methods proposed in the previous chapters, is that all the problems which can 

be solved by the existing method [115] and the method proposed in previous chapters can 

also be solved by the method proposed in this chapter. However, there exist several problems 

which can be solved by the method proposed in this chapter but can neither be solved by the 

existing method [115] nor by the method proposed in previous chapter. 

To show the advantages of the proposed method, the interval-valued fully fuzzy linear 

programming problem, chosen in Example 5.2, which can neither be solved by the existing 

method [115] nor by the method, proposed in previous chapter, is solved by the proposed 

method. 

 
5.5.1 Fuzzy optimal solution of the interval-valued fully fuzzy linear programming 

problem chosen in Example 5.2 

The fuzzy optimal solution of the interval-valued fully fuzzy linear programming 

problem, chosen in Example 5.2, can be obtained as follows: 

Step 1 

Using the Step 1 of the method, proposed in Section 5.4, the interval-valued fully fuzzy linear 

programming problem 5.2( )E  can be written as: 

Maximize 

( ) ( )1 2[(25,27,6,8;.9) , (25,27,7,9;1) ] [(48,50,4,6;.9) , (48,50,5,8;1) ]LR LR M LR LR Mx xℜ ⊗ + ℜ ⊗ɶ ɶ  

Subject to 5.3( )E  

( ) ( )1 2[(15,17,1,2;.9) , (15,17,5,3,1) ] [(30,32,5,4;.9) , (30,32,7,8;1) ]

[(450,470,20,30;.9) , (450,470,30,70;1) ]
LR LR M LR LR M

LR LR

x xℜ ⊗ + ℜ ⊗
≤ℜ

ɶ ɶ
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( ) ( )1 2[(24,26,3,2;.9) , (24,26,4,9;1) ] [(6,8,2,2;.9) , (6,8,4,5;1) ]

[(240,260,20,50;.9) , (240,260,60,60;1) ]
LR LR M LR LR M

LR LR

x xℜ ⊗ + ℜ ⊗
≤ ℜ

ɶ ɶ
 

( ) ( )1 2[(21,23,4,1;.9) , (21,23,5,5;1) ] [(14,16,2,5;.9) , (14,16,6,8;1) ]

[(280,300,10,30;.9) , (280,300,50,40;1) ]
LR LR M LR LR M

LR LR

x xℜ ⊗ + ℜ ⊗
≤ℜ

ɶ ɶ
 

1 20, 0x xℜ ℜ≥ ≥ɶ ɶɶ ɶ . 

Step 2 

Using Step 2 of the method, proposed in Section 5.4, the crisp linear programming problem 

5.3( )E  can be written as: 

Maximize 

1 2[(25,27,6,8;.9) , (25,27,7,9;1) ] ( ) [(48,50,4,6;.9) , (48,50,5,8;1) ] ( )LR LR LR LRx xℜ ℜ +ℜ ℜɶ ɶ  

Subject to 5.4( )E  

1 2[(15,17,1,2;.9) , (15,17,5,3,1) ] ( ) [(30,32,5,4;.9) , (30,32,7,8;1) ] ( )

[(450,470,20,30;.9) , (450,470,30,70;1) ]
LR LR LR LR

LR LR

x xℜ ℜ + ℜ ℜ
≤ℜ

ɶ ɶ
 

1 2[(24,26,3,2;.9) , (24,26,4,9;1) ] ( ) [(6,8,2,2;.9) , (6,8,4,5;1) ] ( )

[(240,260,20,50;.9) , (240,260,60,60;1) ]
LR LR LR LR

LR LR

x xℜ ℜ + ℜ ℜ
≤ ℜ

ɶ ɶ
 

1 2[(21,23,4,1;.9) , (21,23,5,5;1) ] ( ) [(14,16,2,5;.9) , (14,16,6,8;1) ] ( )

[(280,300,10,30;.9) , (280,300,50,40;1) ]
LR LR LR LR

LR LR

x xℜ ℜ + ℜ ℜ
≤ℜ

ɶ ɶ
 

1 2( ) 0, ( ) 0x xℜ ≥ ℜ ≥ɶ ɶɶ ɶ . 

Step 3 

Assuming ( ) ( , , , )j j j j j LR jx m n xα βℜ = ℜ =ɶ , the problem 5.4( )E  can be written as: 

Maximize 

1 2[(25,27,6,8;.9) , (25,27,7,9;1) ] [(48,50,4,6;.9) , (48,50,5,8;1) ]LR LR LR LRx xℜ ⊕ℜ  

Subject to 5.5( )E  

1 2[(15,17,1,2;.9) , (15,17,5,3,1) ] [(30,32,5,4;.9) , (30,32,7,8;1) ]

[(450,470,20,30;.9) , (450,470,30,70;1) ]
LR LR LR LR

LR LR

x xℜ ⊕ ℜ
≤ℜ
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1 2[(24,26,3,2;.9) , (24,26,4,9;1) ] [(6,8,2,2;.9) , (6,8,4,5;1) ]

[(240,260,20,50;.9) , (240,260,60,60;1) ]
LR LR LR LR

LR LR

x xℜ ⊕ ℜ
≤ ℜ

 

1 2[(21,23,4,1;.9) , (21,23,5,5;1) ] [(14,16,2,5;.9) , (14,16,6,8;1) ]

[(280,300,10,30;.9) , (280,300,50,40;1) ]
LR LR LR LR

LR LR

x xℜ ⊕ ℜ
≤ℜ

 

1 20, 0.x x≥ ≥  

Step 4 

Using Lemma 5.1 the problem 5.5( )E  can be written as: 

Maximize 

( )1 2

1
420.6 789.9

16
x x+  

Subject to 5.6( )E  

1 2254.4 496.3 7422x x+ ≤  

1 2405.5 113.3 4030x x+ ≤  

1 2349 245.6 4647x x+ ≤  

1 20, 0x x≥ ≥ . 

Step 5 

The optimal solution of the crisp linear programming problem 5.6( )E  is: 1 212.72, 4.37x x= = . 

Step 6 

Since, 1 12.72x =  and 2 4.37x =  So, every set of interval-valued LR flat fuzzy numbers 

1 2 3 1 2 3{ , , : ( ) 1.13, ( ) 0, ( ) 0.94}x x x x x xℜ = ℜ = ℜ =ɶ ɶ ɶ ɶ ɶ ɶ  will be the fuzzy optimal solution of the 

chosen problem. e.g., 1 2{ [(5,7.72,3,3;.9) , (5,7.72,4,4;1) ], [(2,2.37,2,2;.9) , (2,LR LR LRx x= =ɶ ɶ  

2.37,4,4;1) ]}LR  is one of the fuzzy optimal solutions of the chosen problem. 

Step 7 

Substituting the values of 1xɶ  and 2xɶ , obtained from Step 6, in 

( )1 2[(25,27,6,8;.9) , (25,27,7,9;1) ] [(48,50,4,6;.9) , (48,50,5,8;1) ]LR LR M LR LR Mx x⊗ ⊕ ⊗ɶ ɶ  the 
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fuzzy optimal value of the interval-valued fully fuzzy linear programming problem 5.2( )E  is 

[(527.76,561.94,93.8,127.98;.9) , (527.76,561.94,110.89,149.44;1) ]LR LR . 

 
5.6 Comparative study 

The results of the fully fuzzy linear programming problems, chosen in Example 2.3 

and Example 3.1, as well as the results of existing interval-valued fuzzy number linear 

programming problem, presented in Example 5.1 and the interval-valued fully fuzzy linear 

programming problem chosen in Example 5.2, obtained by using the method proposed in 

previous chapter and the method, proposed in Section 5.4, are shown in Table 5.1. 

Table 5.1 Fuzzy optimal solution 

Example Method proposed in previous 

chapter 

Existing method 

[115] 

Method proposed in this chapter 

 

2.3 

 

3.1 

 

5.1 

 

5.2 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

1

2

3

(0.95,0.95,0.95,0) ,

(0,0,0,0) ,

(0,0,0,1.71)

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=
=
=

ɶ

ɶ

ɶ

 

Not applicable 

 

Not applicable 

 

Not applicable 

 

Not applicable 

 

1 2475, 1261x x= =  

 

Not applicable 

( )

( )

1

2

3

0.85,1.42,0.28,0.28 ,

(0,0,0) ,

0.47,1.42,0.76,0.76

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=

=
=

ɶ

ɶ

ɶ

 

1

2

3

(0.95,0.95,0.95,0) ,

(0,0,0,0) ,

(0,0,0,1.71)

LR

LR

LR

x

x

x

ℜ

ℜ

ℜ

=
=
=

ɶ

ɶ

ɶ

 

1 2475, 1261x x= =  

1

2

[(5,7.72,3,3;.9) , (5,7.72,4,

4;1) ], [(2,2.37,2,2;.9) ,

(2,2.37,4,4;1) ],

LR

LR LR

LR

x

x
ℜ

ℜ

=
=

ɶ

ɶ  

 

The results, presented in Table 5.1, can be explained as follows: 

(i) The method, proposed in Chapter 4, can be used for solving fully fuzzy linear 

programming problems but can neither be used for solving interval-valued fuzzy linear 

programming problems nor for solving interval-valued fully fuzzy linear programming 

problems. Since, the problem, chosen in Example 2.3 and the problem, chosen in 

Example 3.1, are fully fuzzy linear programming problems so these problems can be 

solved by the method proposed in previous chapter. However, the existing problem, 
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presented in Example 5.1, and the problem, chosen in Example 5.2, are interval-valued 

fuzzy number linear programming problem and interval-valued fully fuzzy linear 

programming problem respectively. So, none of these problems can be solved by the 

method proposed in Chapter 4. 

(ii)  The existing method [115] can be used for solving such interval-valued fuzzy number 

linear programming problems in which all the parameters except decision variables are 

represented by interval-valued fuzzy numbers but can neither be used for solving fully 

fuzzy linear programming problems nor for solving interval-valued fully fuzzy linear 

programming problems. Since, the existing problem, presented in Example 5.1, is an 

interval-valued fuzzy number linear programming problem so it can be solved by the 

existing method. However, the existing problem, chosen in Example 2.3, the problem, 

chosen in Example 3.1 and the problem, chosen in Example 5.2, are fully fuzzy linear 

programming problems and interval-valued fully fuzzy linear programming problems 

respectively. So, none of these problems can be solved by the existing method [115]. 

(iii)  The method, proposed in this chapter, can be used for solving fully fuzzy linear 

programming problems. Since, fully fuzzy linear programming problems and interval-

valued fuzzy number linear programming problems are specific type of interval-valued 

fully fuzzy linear programming problems. So, all the existing as well as chosen problems 

can be solved by the method proposed in this chapter. 

 
5.7 Conclusions 

 On the basis of presented study, it can be concluded that all the interval-valued fuzzy 

linear programming problems which can be solved by using the existing method [115] can 

also be solved by using the method proposed in this chapter. However, there exists several 

interval-valued fully fuzzy linear programming problems which can be solved by the method 

proposed in this chapter but can neither be solved by the using existing method [115] nor by 

the method proposed in previous chapters. Hence, it is better to use the method proposed in 
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this chapter as compared to the existing method [115] and the method proposed in the 

previous chapters for solving interval-valued fully fuzzy linear programming problems. 
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Chapter 6 

Sensitivity analysis of fully fuzzy linear 

programming problems and fully fuzzy 

transportation problems**  
 

To the best of our knowledge, till now neither there is any method in the literature to 

deal with the sensitivity analysis of fully fuzzy linear programming problems nor any method 

to deal with the sensitivity analysis of fully fuzzy transportation problems. In this chapter, 

two new methods, named as Mehar methods, are proposed for the same. To show the 

advantages of proposed methods over existing methods, some fuzzy sensitivity analysis 

problems which can not be solved by the existing methods [35, 65, 95] are solved by using 

the proposed method. 

 
6.1 Preliminaries 

In this section, some basic concepts which are needed in rest of the chapters are 

presented [33]. 

 
Definition 6.1 An LR flat fuzzy number ( , , , )LRA m n α β=ɶ  is said to be zero LR flat fuzzy 

number if and only if 0,0,0 === αnm  and 0=β . 

Definition 6.2 Two LR flat fuzzy numbers1 1 1 1 1( , , , )LRA m n α β=ɶ , 2 2 2 2 2( , , , )LRA m n α β=ɶ  are 

said to be equal i.e., 1 2A A=ɶ ɶ  if and only if 212121 ,, αα === nnmm and 21 ββ = . 

Definition 6.3 An LR flat fuzzy number ( , , , )LRA m n α β=ɶ  is said to be non-negative LR flat 

fuzzy number if and only if 0≥− αm . 

 

                                                 
**  Some contents of this chapter are published in Applied Mathematical Modelling 36 (2012) 4087-4095 and 
remaining are accepted for publication in Journal of Intelligent and Fuzzy Systems. 
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6.2 Limitations of the existing methods 

In this section, the limitations of the existing methods [35, 65, 95] are pointed out. 

The existing methods [65, 95] can be used only to deal with the sensitivity analysis of 

such fuzzy variable linear programming problems 6.1( )P  in which the decision vector ( )X  

and requirement vector ( )b  are represented by fuzzy numbers and rest of the parameters are 

represented by real numbers. 

Maximize (or Minimize)  ( )CXɶ  

Subject to     

AX bℜ= ɶɶ  6.1( )P  

     0X ℜ≥ ɶɶ . 

where, 1[ ] ,j nC c ×=  1[ ] ,i mb b ×=ɶ ɶ  1[ ] ,j nX x ×=ɶ ɶ  [ ] ,ij m nA a ×=  ℜ  is a linear ranking function. 

Similarly, the existing method [35] can be used to deal with the sensitivity analysis of 

such fuzzy number linear programming problems 6.2( )P  in which only the decision variables 

( )X  are represented by real numbers and rest of the parameters are represented by fuzzy 

numbers. 

Maximize (or Minimize)  ( )CXɶ  

Subject to     

AX bℜ= ɶɶ  6.2( )P  

     0X ≥ . 

where, 1[ ] ,j nC c ×=ɶ ɶ  1[ ] ,i mb b ×=ɶ ɶ  1[ ] ,j nX x ×=  [ ] ,ij m nA a ×=ɶ ɶ  ℜ  is a linear ranking function. 

However, none of the existing methods [35, 65, 95] can be used to deal with the 

sensitivity analysis of fully fuzzy linear programming problem 6.3( )P .  

Maximize (or Minimize)  ( )TC X⊗ɶ ɶ  

Subject to     
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A X ℜ⊗ ≤ɶ ɶ  or ℜ=  or bℜ≥ ɶ  6.3( )P  

where, 1[ ] ,i mb b ×=ɶ ɶ  1[ ] ,j nX x ×=ɶ ɶ  [ ] ,ij m nA a ×=ɶ ɶ  1[ ] ,T
j nC c ×=ɶ ɶ ℜ  is a linear ranking function, 

( , , , )j j j j j LRx m n α β=ɶ  are non-negative LR flat fuzzy decision variables, 

( '' , '' , '' , '' ) ,j j j j j LRc m n α β=ɶ  ( ' , ' , ' , ' )i i i i i LRb m n α β=ɶ  and ( , , , )ij ij ij ij ij LRa m n α β=ɶ  are either non-

negative or non-positive LR flat fuzzy numbers. 

 
6.3 Proposed Mehar method for the sensitivity analysis of fully fuzzy linear 

programming problems 

In this section, to overcome the limitations of the existing methods [35, 65, 95], 

discussed in Section 6.1, a new method, named as Mehar method, is proposed to deal with the 

sensitivity analysis of fully fuzzy linear programming problems 6.3( )P . The same method can 

be used to deal with the sensitivity analysis of fuzzy linear programming problems 6.1( )P  and 

6.2( )P . 

The steps of proposed method are as follows: 

Step 1 

Use the following steps of existing method [4] to find the fuzzy optimal solution { }jxɶ  and 

fuzzy optimal value ( )TC X⊗ɶ ɶ  of the fully fuzzy linear programming problem 6.3( )P . 

Step 1(a) 

Convert the fully fuzzy linear programming problem 6.3( )P  into the crisp linear programming 

problem 6.4( )P . 

Maximize (or Minimize)  ( )TC Xℜ ⊗ɶ ɶ  

Subject to     

( ) ( )A X or or bℜ ⊗ ≤ = ≥ ℜ ɶɶ ɶ  6.4( )P  

0≥− jjm α , jj nm ≤ , 0≥jα , 0 1,2,3,...,j j nβ ≥ = . 
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Step 1(b) 

Solve the crisp linear programming problem 6.4( )P , obtained in Step 1, to find the optimal 

solution },,,{ jjjj nm βα .  

Step 1(c) 

Find the fuzzy optimal solution 1[ ] ,j nX x ×=ɶ ɶ  by putting the values of , ,j j jm n α  and jβ  

obtained from Step 1(b), in ( , , , )j j j j j LRx m n α β=ɶ , and the fuzzy optimal value by putting the 

values of Xɶ  in TC X⊗ɶ ɶ .  

Step 2 

If any change is made in the chosen fully fuzzy linear programming problem 6.3( )P  then the 

optimal solution of the resulting fully fuzzy linear programming problem can be obtained as 

follows: 

Check that which of the following case is to be considered: 

1. Change in fuzzy cost vector, 

2. Change in fuzzy requirement vector, 

3. Addition of a new fuzzy variable,  

4. Addition of new fuzzy constraint, 

5. Change in fuzzy coefficient matrix of the constraints. 

 
Case 1: Change in fuzzy cost vector 

If the cost vector TCɶ changes to 'TCɶ in the given fully fuzzy linear programming 

problem 6.3( )P  then replace ( )TC Xℜ ⊗ɶ ɶ  by ( ' )TC Xℜ ⊗ɶ ɶ  in crisp linear programming 6.4( )P  

to obtain 6.5( )P  and Go to Step 3. 

Maximize (or Minimize)  ( ' )TC Xℜ ⊗ɶ ɶ  

Subject to 6.5( )P  

( ) ( )A X or or bℜ ⊗ ≤ = ≥ ℜ ɶɶ ɶ   
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0≥− jjm α , jj nm ≤ , 0≥jα , 0 1,2,3,...,j j nβ ≥ = . 

 
Case 2: Change in fuzzy requirement vector 

If the change in fuzzy requirement vector is made i.e., bɶ  is changed to 'bɶ  in 6.3( )P  

then replace ( )bℜ ɶ  by ( ')bℜ ɶ  in crisp linear programming problem 6.4( )P  to obtain 6.6( )P  and 

Go to Step 3. 

Maximize (or Minimize)  ( )TC Xℜ ⊗ɶ ɶ  

Subject to 6.6( )P  

( ) ( ')A X or or bℜ ⊗ ≤ = ≥ ℜ ɶɶ ɶ   

 0≥− jjm α , jj nm ≤ , 0≥jα 0 1,2,3,...,j j nβ ≥ = . 

 
Case 3: Addition of a new fuzzy variable 

Suppose a new non-negative fuzzy variable, say 1,nx +ɶ  is added in 6.3( )P . Assume that 

if 1nc +ɶ  is cost and 1nA +
ɶ  is the column associated with 1,nx +ɶ  then replace ( )A Xℜ ⊗ɶ ɶ  by 

1 1( )n nA X A x+ +ℜ ⊗ ⊕ ⊗ɶ ɶɶ ɶ and ( )TC Xℜ ⊗ɶ ɶ  by 1 1( )T
n nC X c x+ +ℜ ⊗ ⊕ ⊗ɶ ɶ ɶ ɶ  in 6.4( )P  to obtain the 

crisp linear programming problem 6.7( )P  and Go to Step 3. 

Maximize (or Minimize)  1 1( )T
n nC X c x+ +ℜ ⊗ ⊕ ⊗ɶ ɶ ɶ ɶ  

Subject to 6.7( )P  

1 1( ) ( )n nA X A x or or b+ +ℜ ⊗ ⊕ ⊗ ≤ = ≥ ℜ ɶɶ ɶɶ ɶ   

0≥− jjm α , jj nm ≤ , 0≥jα , 0 1,2,3,..., 1j j nβ ≥ = + . 

 
Case 4: Addition of a new fuzzy constraint 

Suppose a new fuzzy constraint is added in the original fully fuzzy linear 

programming problem 6.3( )P  then replace ( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  by ( ' )A X or orℜ ⊗ ≤ =ɶ ɶ   
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( ')b≥ℜ ɶ  in 6.4( )P  to obtain crisp linear programming problem 6.8( )P  and Go to Step 3. 

Maximize (or Minimize)  ( )TC Xℜ ⊗ɶ ɶ  

Subject to 6.8( )P  

( ' ) ( ')A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ   

0≥− jjm α , jj nm ≤ , 0≥jα , 0 1,2,3,...,j j nβ ≥ = . 

 
Case 5: Change in fuzzy coefficient matrix of the constraints 

Suppose if the column of the coefficient matrix of the constraints, corresponding to 

the fuzzy variable jxɶ , is changed from jAɶ  to 'jAɶ  in the original fuzzy linear programming 

problem 6.3( )P  then replace ( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  by ( ' ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  in 

6.4( )P  to obtain new crisp linear programming problem 6.9( )P  and Go to Step 3. 

Maximize (or Minimize)  ( )TC Xℜ ⊗ɶ ɶ  

Subject to 6.9( )P  

( ' ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ   

 0≥− jjm α , jj nm ≤ , 0≥jα , 0 1,2,3,...,j j nβ ≥ = . 

Step 3 

Apply the existing sensitivity analysis technique [116] to find the optimal solution of 

6.5 6.6 6.7 6.8( ), ( ), ( ), ( )P P P P  and 6.9( )P  with the help of optimal solution of 6.4( )P  and use Step 

1(c) of the proposed method to find the fuzzy optimal solution of the resulting fully fuzzy 

linear programming problem. 

 
Remark 6.1 The other cases i.e., deletion of fuzzy decision variables, deletion of fuzzy 

constraints, simultaneous change in coefficients of the fuzzy decision variables in objective  

function and fuzzy requirement vectors etc. can also be solved by using the proposed Mehar 

method. 
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6.4 Advantages of proposed Mehar method over existing methods 

The main advantage of proposed Mehar method over existing methods [35, 65, 95]  is 

that there may exist several fuzzy sensitivity analysis problems, as discussed in Section 6.1, 

which may or may not be solved by the existing methods but can be solved by using the 

proposed Mehar method. 

To show the advantages of the proposed Mehar method over existing methods [35, 

65, 95], the fuzzy sensitivity analysis problem, chosen in Example 6.1, which can’t be solved 

by using any of the existing methods [35, 65, 95] is solved by using the proposed Mehar 

method. 

 
Example 6.1 Consider the following fully fuzzy linear programming problem, 

Maximize  1[(2,3,2,5)LR x⊗ ɶ  2(1,2,1,3)LR x⊕ ⊗ ɶ 3(3,4,3,4) ]LR x⊕ ⊗ ɶ  

Subject to  6.1( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x ℜ
   ⊗ ⊕ ⊗ ⊕ ⊗ ≤   
   

ɶ ɶ ɶ

 1 2

1
(2,3,2,5) 1,3,1,

2LR
LR

x x ⊗ ⊕ ⊗ 
 

ɶ ɶ LR)1,1,5,3(ℜ≤  

1 2 3, ,x x xɶ ɶ ɶ  are non-negative LR flat fuzzy decision variables 

where, },1{0,maximum)( 2xxL −= }1{0,maximum)( xxR −= . 

(i) Discuss the effect of changing the cost coefficients ,)5,2,3,2( LR LR)3,1,2,1(  and 

LR)4,3,4,3(  of the fuzzy decision variables 1 2,x xɶ ɶ  and 3xɶ  to ,)4,1,3,2( LR  LR)4,1,3,2(  and 

LR)5,1,4,3(  respectively on the fuzzy optimal solution and fuzzy optimal value of 

resulting fully fuzzy linear programming problem. 

(ii)  Discuss the effect of changing the fuzzy requirement vector from ,)2,2,7,5( LR LR)1,1,5,3(  

to LRLR )2,2,6,3(,)2,2,8,5(  on the fuzzy optimal solution and fuzzy optimal value of 

resulting fully fuzzy linear programming problem. 
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(iii)  Discuss the effect of addition of a new non-negative LR flat fuzzy decision variable 4xɶ  

with cost LR)5,2,3,2(  and column vectors T
LRLR ])1,1,3,1(,)3,1,4,2[(  on the fuzzy optimal 

solution and fuzzy optimal value of resulting fully fuzzy linear programming problem. 

(iv) Discuss the effect of changing column of coefficient matrix of the constraints 

corresponding to an LR flat fuzzy variable 2xɶ  by T
LRLR ])5,1,4,3(,)3,1,4,2[( on the fuzzy 

optimal solution and fuzzy optimal value of resulting fully fuzzy linear programming 

problem. 

(v) Discuss the effect of addition of a new fuzzy constraint 1(2,3,1,4) (1,2,1,3)LR LRx⊗ ⊕ ⊗ɶ  

2 (2,4,1,1)LRx ℜ≤ɶ  on the fuzzy optimal solution and fuzzy optimal value of resulting 

fully fuzzy linear programming problem. 

 
Solution: The solution of fully fuzzy sensitivity analysis problem, chosen in Example 6.1, by 

using the proposed Mehar method can be obtained as follows: 

Step 1 

Using Step 1 of the proposed Mehar method the fuzzy optimal solution and fuzzy optimal 

value of the fully fuzzy linear programming problem, chosen in Example 6.1, can be obtained 

as follows: 

Step 1(a) 

Assuming 1 1 1 1 1( , , , )LRx m n α β=ɶ , 2 2 2 2 2( , , , )LRx m n α β=ɶ  and 3 3 3 3 3( , , , )LRx m n α β=ɶ  and using  

Step 1(a) of the proposed method the fully fuzzy linear programming problem 6.1( )E  is  

converted into the crisp linear programming problem 6.2( )E . 

Maximize 






 ++++++++ 333
222

1
11 46

2

5

2

7

3
4

2

11

3

2 βββ nm
nmnm

 

Subject to  6.2( )E  

3

35

3

4

2

5

2

9

3

7

34

9

4

15

3

2

3

2

4

7

4

13

3

4 333322221111 ≤−+++−+++−++ αβαβαβ nmnmnm
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6

47

4

7

4

13

3
4

2

11

3

2 222
1

11 ≤+++++
ββ nmnm

 

0,0,0 332211 ≥−≥−≥− ααα mmm   

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

Step 1(b) 

The optimal solution of the crisp linear programming problem 6.2( )E  is:  

293.3,0,957.1,0,0,0,0,0,0,0,0,0 321321321321 ============ βββαααnnnmmm  

and the optimal value is 005.21 . 

Step 1(c) 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the fully fuzzy linear 

programming problem 6.1( )E  is:  

1 2 3(0,0,0,1.957) , (0,0,0,0) , (0,0,0,3.293)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is: 

.)42,0,0,0( LR  

Step 2 

Using Step 2 of the proposed method the fuzzy optimal solution and fuzzy optimal value of 

the resulting fully fuzzy linear programming problem can be obtained as follows: 

 
(i) Since, the cost coefficients corresponding to the fuzzy decision variables 1 2,x xɶ ɶ  and 3xɶ  

changes to ,)4,1,3,2( LR LR)4,1,3,2(  and LR)5,1,4,3(  respectively in the original fully fuzzy 

linear programming problem so using Case 1 of the proposed method replace the crisp 

linear programming problem 6.2( )E  by 6.3( )E . 

Maximize








 −++++−+++−+
3

4

2

9

2

13

3

7

2

7

3

2
5

3

4

2

7

3

2
5

3

4 333322
2

211
1

1 αββαβα nm
n

m
n

m
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Subject to 6.3( )E  

3

35

3

4

2

5

2

9

3

7

34

9

4

15

3

2

3

2

4

7

4

13

3

4 333322221111 ≤−+++−+++−++
αβαβαβ nmnmnm

 

6

47

4

7

4

13

3
4

2

11

3

2 222
1

11 ≤+++++
ββ nmnm

  

0,0,0 332211 ≥−≥−≥− ααα mmm  

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 6.3( )E  is: 

293.3,0,957.1,0,0,0,0,0,0,0,0,0 321321321321 ============ βββαααnnnmmm  

and the optimal value is 673.21 . 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the resulting fully 

fuzzy linear programming problem is: 

1 2 3(0,0,0,1.957) , (0,0,0,0) , (0,0,0,3.293)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is 

.)336.43,0,0,0( LR  

 
(ii)  Since, the requirement vector is changed from ,)2,2,7,5( LR  LR)1,1,5,3(  to 

LRLR )2,2,6,3(,)2,2,8,5(  in the original fully fuzzy linear programming problem 6.1( )E  so 

using Case 2 of the proposed method replace ,)2,2,7,5( LRℜ LR)1,1,5,3(ℜ  by 

)2,2,6,3(),2,2,8,5( ℜℜ  i.e., ,
3

35

6

47
 by ,

3

38
 

3

26
 respectively in 6.2( )E . 

Maximize  






 ++++++++ 333
222

1
11 88

2

5

2

7

3
4

2

11

3

2 βββ nm
nmnm

 

Subject to 6.4( )E  
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3

38

3

4

2

5

2

9

3

7

34

9

4

15

3

2

3

2

4

7

4

13

3

4 333322221111 ≤−+++−+++−++
αβαβαβ nmnmnm

 

3

26

4

7

4

13

3
4

2

11

3

2 222
1

11 ≤+++++
ββ nmnm

  

0,0,0 332211 ≥−≥−≥− ααα mmm  

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 6.4( )E  is: 

548.3,0,165.2,0,0,0,0,0,0,0,0,0 321321321321 ============ βββαααnnnmmm  

and the optimal value is 854.22 . 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the resulting fully 

fuzzy linear programming problems is: 

1 2 3(0,0,0,2.165) , (0,0,0,0) , (0,0,0,3.548)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is 

.)705.45,0,0,0( LR  

 
(iii)  Since, a new non-negative LR flat fuzzy decision variable 4xɶ  with cost LR)5,2,3,2(  and 

column vectors T
LRLR ])1,1,3,1(,)3,1,4,2[(  is added in the original fully fuzzy linear 

programming problem 6.1( )E  so using Case 3 of the proposed method replace the crisp 

linear programming problem 6.2( )E  by 6.5( )E . 

Maximize 






 +++++++++++ 4
44

333
222

1
11 4

2

11

3

2
46

2

5

2

7

3
4

2

11

3

2 ββββ nm
nm

nmnm
 

Subject to 6.5( )E  

2

15

3

4

3

4

2

5

2

9

3

7

3

1

4

9

4

15

3

2

3

2

4

7

4

13

3

4 44333322221111 nmnmnmnm ++−+++−+++−++
αβαβαβ
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3

35

3

2

2

7 44 ≤−+ αβ
 

6

47
2

2

7

34

7

4

13

3
4

2

11

3

2
4

44
2

22
1

11 ≤++++++++ βββ nmnmnm
  

0,0,0,0 44332211 ≥−≥−≥−≥− αααα mmmm  

44332211 ,,, nmnmnmnm ≤≤≤≤  

0,0,0,0 4321 ≥≥≥≥ αααα  

0,0,0,0 4321 ≥≥≥≥ ββββ   

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 6.5( )E  is: 

1 2 3 4 1 2 3 4 1 2 3 4 10, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,m m m m n n n n α α α α β= = = = = = = = = = = = =  

1.957, 0,293.3,0 432 === βββ  and the optimal value is 005.21 . 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the resulting fully 

fuzzy linear programming problems is: 

1 2 3 4(0,0,0,1.957) , (0,0,0,0) , (0,0,0,3.293) , (0,0,0,0)LR LR LR LRx x x x= = = =ɶ ɶ ɶ ɶ  and the fuzzy 

optimal value is .)42,0,0,0( LR  

 
(iv) Since, the column of the constraint matrix corresponding to an LR flat fuzzy decision 

variable 2xɶ  is changed to T
LRLR ])5,1,4,3(,)3,1,4,2[(  in the original fuzzy linear 

programming problem 6.1( )E  so using Case 4 of the proposed method replace the crisp 

linear programming problem 6.2( )E  by 6.6( )E . 

Maximize  1 1 2 2 2
1 3 3 3

2 11 7 5
4 6 4

3 2 3 2 2

m n m n
m n

ββ β + + + + + + + + 
 

 

Subject to  6.6( )E  

3

35

3

4

2

5

2

9

3

7

3

2

2

7

2

15

3

4

3

2

4

7

4

13

3

4 333322221111 ≤−+++−+++−++
αβαβαβ nmnmnm
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6

47

3

4

2

9

2

13

3

7
4

2

11

3

2 2222
1

11 ≤−+++++
αββ nmnm

 

0,0,0 332211 ≥−≥−≥− ααα mmm  

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 6.6( )E  is: 

1 2 3 1 2 3 1 2 3 1 2 30, 0, 0, 0, 0, 0, 0, 0, 0, 1.957, 0,m m m n n n α α α β β β= = = = = = = = = = = = 3.293 

and the optimal value is 005.21 . 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the resulting fully 

fuzzy linear programming problems is: 

1 2 3(0,0,0,1.957) , (0,0,0,0) , (0,0,0,3.293)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is 

.)42,0,0,0( LR  

 
(v) Since, a new fuzzy constraint 1(2,3,1,4)LR x⊗ ɶ 2(1,2,1,3) (2,4,1,1)LR LRx ℜ⊕ ⊗ ≤ɶ  is added to 

the original fuzzy linear programming problem 6.1( )E  so using Case 5 of the proposed 

method add the constraint 
6

35

4

5

2

7

33

2

4

7

4

13

3

4 2221111 ≤+++−++ βαβ nmnm
 to 6.7( )E . 

Maximize  1 1 2 2 2
1 3 3 3

2 11 7 5
4 6 4

3 2 3 2 2

m n m n
m n

ββ β + + + + + + + + 
 

 

Subject to 6.9( )E  
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6

35

4

5

2

7

33

2

2

7
5

3

4 22211
1

1 ≤+++−++
βαβ nm

n
m

 

0,0,0 332211 ≥−≥−≥− ααα mmm  

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

Applying the existing sensitivity analysis technique [116] the optimal solution of the crisp 

linear programming problem 6.9( )E  is:  

1 2 3 1 2 3 1 2 3 1 2 30, 0, 0, 0, 0, 0, 0, 0, 0, 1.665, 0,m m m n n n α α α β β β= = = = = = = = = = = = 3.498 

and the optimal value is 654.20 . 

Using Step 1(c) of the proposed method the fuzzy optimal solution of the resulting fully 

fuzzy linear programming problems is: 

1 2 3(0,0,0,1.665) , (0,0,0,0) , (0,0,0,3.498)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is 

.)304.41,0,0,0( LR  

 
6.5 Comparative study 

To compare the proposed method with the existing methods [35, 65, 95] the results of 

fuzzy sensitivity analysis problems, obtained by using the existing methods [35, 65, 95] as 

well as the proposed Mehar method, are shown in Table 6.1 

 
Table 6.1 Comparison of proposed Mehar method with the existing methods 

Example Existing method [35] Existing methods 

[65, 95] 

Proposed Mehar 

method 

3.1 [35, pp.1882] 

1 [65, pp. 263 ] 

6.1 

Applicable 

Not applicable 

Not applicable 

Not Applicable 

Applicable 

Not applicable 

Applicable 

Applicable 

Applicable 
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The results, presented in Table 6.1, can be explained as follows: 

(a) Since, in the existing fuzzy sensitivity analysis problem [35, Example 3.1, pp. 1882] only 

the decision variables are represented by real numbers and rest of the parameters are 

represented by triangular or trapezoidal fuzzy numbers. So, as discussed in Section 6.2 

and Section 6.3, this problem can be solved by using the proposed Mehar method but 

can’t be solved by using the existing methods [65, 95].  

 

(b) Since, in the existing fuzzy sensitivity analysis problem [65, Example 1, pp. 263] the 

decision variables and right-hand side vectors are represented by fuzzy numbers and rest 

of the parameters are represented by real numbers. So, as discussed in Section 6.2 and 

Section 6.3, this problem can be solved by using the proposed Mehar method but can’t be 

solved by using the existing method [35]. 

 

(c) Since, in the fuzzy sensitivity analysis problem, chosen in Example 6.1, all the parameters 

as well as decision variables are represented by LR flat fuzzy numbers. So, as discussed in 

Section 6.2 and Section 6.3, this problem can only be solved by using the proposed Mehar 

method but not by using any of the existing methods [35, 65, 95]. 

 
6.6 Proposed Mehar method for the sensitivity analysis of fully fuzzy transportation 

problems 

To the best of our knowledge there is no method in the literature to deal with the 

sensitivity analysis of fully fuzzy transportation problems. In this section, a new method, 

named as Mehar method, is proposed to deal with the sensitivity analysis of fully fuzzy  

transportation problems. 

The steps of the proposed method are as follows: 

Step 1 

Use the following steps of the existing method [68] to find the fuzzy optimal solution and  
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fuzzy optimal value of the balanced fully fuzzy transportation problem represented by Table 

6.2. 

Table 6.2 Tabular representation of balanced fully fuzzy transportation problem 

Destinations→ 

Sources ↓ 

1D  2D  
…  

jD  
…  

nD  Fuzzy 

availability 

1S  11
~c  12

~c  …  
jc1

~  …  
nc1

~  1
~a  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

iS  1
~

ic  2
~

ic  …  
ijc~  …  

inc~  ia~  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

mS  1
~

mc  2
~

mc  …  
mjc~  …  

mnc~  ma~  

Fuzzy demand 
1

~
b  2

~
b  …  

jb
~

 …  
nb

~
 ∑∑

==
=

n

j
j

m

i
i ba

11

~~  

 
where, :m total number of sources; 

:n total number of destinations;  

:),,,(~
LRiiiii nma βα=  the fuzzy availability of the product at thi  source;  

:)',',','(
~

LRjjjjj nmb βα=  the fuzzy demand of the product at thj  destination;  

:),,,(~
LRijijijijij nmc βα=  the fuzzy cost for transporting one unit quantity of the product 

from thi  source  to thj  destination;  

:~
1
∑

=

m

i
ia  total fuzzy availability of the product; :

~

1
∑

=

n

j
jb  total fuzzy demand of the 

product. 

Step 1(a) 

Split Table 6.2 into four balanced crisp transportation tables, Table 6.3, Table 6.4, Table 6.5 

and Table 6.6 respectively. 
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Table 6.3 Tabular representation of first balanced crisp transportation problem 

Destinations→ 

Sources ↓ 

1D  2D  
…  

jD  
…  

nD  Availability 

1S  11η  12η  …  
j1η  …  

n1η  11 α−m  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

iS  1iη  2iη  …  
ijη  …  

inη  iim α−  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

mS  1mη  2mη  …  
mjη  …  

mnη  mmm α−  

 

Demand 

 

11 '' α−m
 

 

22 '' α−m
 

 

…  

 

jjm '' α−
 

 

…  

 

nnm '' α−
 ∑

∑

=

=

−

=−

n

j
jj

m

i
ii

m

m

1

1

)''(

)(

α

α

 

 

where, midRdLnm ijijijijij ...,,2,1,))()()((
2

1 1

0

1

0

11 =+−+= ∫ ∫
−− λλβλλαη  and 1,2,...,j n=  

Table 6.4 Tabular representation of second balanced crisp transportation problem 

Destinations→ 

Sources ↓ 

1D  2D  
…  

jD  
…  

nD  Availability 

1S  11ρ  12ρ  …  
j1ρ  …  

n1ρ  1α  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

iS  1iρ  2iρ  …  
ijρ  …  

inρ  iα  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

mS  1mρ  2mρ  …  
mjρ  …  

mnρ  mα  

Demand 
1'α  2'α  …  

j'α  …  
n'α  

∑∑
==

=
n

j
j

m

i
i

11

'αα
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where, midRdLmnm ijijijijij ...,,2,1,))()()((
2

1 1

0

1

0

11 =+−+= ∫ ∫
−− λλβλλρ  and 1,2,...,j n=  

Table 6.5 Tabular representation of third balanced crisp transportation problem 

Destinations→ 

Sources ↓ 

1D  2D  
…  

jD  
…  

nD  Availability 

1S  11δ  12δ  …  
j1δ  …  

n1δ  11 mn −  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

iS  1iδ  2iδ  …  
ijδ  …  

inδ  ii mn −  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

mS  1mδ  2mδ  …  
mjδ  …  

mnδ  mm mn −  

 

Demand 

 

11 '' mn −
 

 

22 '' mn −
 

 

…  

 

jj mn '' −
 

 

…  

 

nn mn '' −
 ∑

∑

=

=

−

=−

n

j
jj

m

i
ii

mn

mn

1

1

)''(

)(

 

where, midRn ijijij ...,,2,1,))((
2

1 1

0

1 =+= ∫
− λλβδ  and 1,2,...,j n=  

Table 6.6 Tabular representation of fourth balanced crisp transportation problem 

Destinations→ 

Sources ↓ 

1D  2D  
…  

jD  
…  

nD  Availability 

1S  11ξ  12ξ  …  
j1ξ  …  

n1ξ  1β  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

iS  1iξ  2iξ  …  
ijξ  …  

inξ  iβ  

⋮  ⋮  ⋮  …  ⋮  …  ⋮  ⋮  

mS  1mξ  2mξ  …  
mjξ  …  

mnξ  mβ  

Demand 
1'β  2'β  …  

j'β  …  
n'β  

∑∑
==

=
n

j
j

m

i
i

11

'ββ
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where, midRn ijijij ...,,2,1,))()((
2

1 1

0

1 =+= ∫
− λλβξ  and ....,,2,1 nj =  

Step 1(b) 

Find the optimal solution '' '' , '' , '' ''ij ij ij ij ijm n mα α− −  and ''ijβ  by solving the balanced crisp 

transportation problems, represented by Table 6.3, Table 6.4, Table 6.5 and Table 6.6, 

respectively. 

Step 1(c) 

Find the values of '' , '' , ''ij ij ijm n α  and ''ijβ  by solving the equations, obtained in Step 1(b). 

Step 1(d) 

Find the fuzzy optimal solution by putting the values of '' , '' , ''ij ij ijm n α  and ''ijβ  in 

( '' , '' , '' , '' )ij ij ij ij ij LRx m n α β=ɶ . 

 

Step 2 

If any change is made in the chosen fully fuzzy transportation problem then the optimal 

solution of the resulting fully fuzzy transportation problem can be obtained as follows: 

Check that which of the following case is to be considered: 

1. Change in the fuzzy transportation cost. 

2. Increase (or Decrease) in the fuzzy availability and fuzzy demand. 

 
Case 1: Change in the fuzzy transportation cost 

If in the original fully fuzzy transportation problem the fuzzy cost for transporting one 

unit quantity of the product from thi  source to thj  destination LRijijijijij nmc ),,,(~ βα=  is 

changed to LRijijijijij nmc )',',','('~ βα=  then replace the crisp transportation costs ijijij δρη ,,  

and ijξ  of Table 6.3, Table 6.4, Table 6.5 and Table 6.6, by ijijij ',',' δρη  and ij'ξ  

respectively. 
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 where, 
1 11 1

0 0

1
' (( ' ' ) ' ( ) ' ( ) ) , 1,2,...,

2ij ij ij ij ijm n L d R d i mη α λ λ β λ λ− −= + − + =∫ ∫  and  

,...,,2,1 nj =  

midRdLmnm ijijijijij ...,,2,1,))(')(')''((
2

1
'

1

0

1

0

11 =+−+= ∫ ∫
−− λλβλλρ and ,...,,2,1 nj =  

midRn ijijij ...,,2,1,))(''(
2

1
'

1

0

1 =+= ∫
− λλβδ and ,...,,2,1 nj =  

midRn ijijij ...,,2,1,))()''((
2

1
'

1

0

1 =+= ∫
− λλβξ  and ....,,2,1 nj =   

 

Case 2: Increase (or decrease) in both fuzzy availability ia~  and fuzzy demand jb
~

 

If in the original fully fuzzy transportation problem, both fuzzy availability ia~  and 

fuzzy demand jb
~

 is increased (or decreased) by ( , , , )LRm n α β  then replace the crisp 

availabilities iiiii mnm −− ,,αα  and iβ  of Table 6.3, Table 6.4, Table 6.5 and Table 6.6 by 

, ,i i i i im m n n m mα α α α+ − − + + − −  and iβ β+  respectively. Also, replace the crisp 

demands jjjjj mnm '',','' −− αα  and j'β  of Table 6.3, Table 6.4, Table 6.5 and Table 6.6, 

by ' ' , ' , ' 'i i i i im m n n m mα α α α+ − − + + − −  and 'iβ β+  respectively. 

Step 3 

Use the existing sensitivity analysis technique [129] to find the optimal solution of modified 

balanced crisp transportation tables, with the help of optimal solution of balanced crisp 

transportation tables, Table 6.3, Table 6.4, Table 6.5 and Table 6.6, obtained in Step 1(b), of 

the method, proposed in Section 6.6. 

Step 4 

Use Step 1(d) of the method, proposed in Section 6.6, to find the fuzzy optimal solution of 

modified fully fuzzy transportation problem with the help of optimal solution of modified 

balanced crisp transportation problems. 
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6.7 Illustrative example 

In this section, proposed method is illustrated with the help of a numerical example.  

Example 6.2 [68 pp. 88]: Considered the balanced fully fuzzy transportation problem 

represented by Table 6.7. 

 
Table 6.7 Tabular representation of the balanced fully fuzzy transportation problem 

 1D  2D  3D  4D  ia~  

1S  LR)10,10,30,20(
 

LR)20,10,70,60(
 

LR)10,10,110,90(
 

LR)0,0,0,0(  LR)10,20,90,90(
 

2S
 

LR)10,10,80,70(  LR)20,10,100,80(  
LR)10,10,50,30(  LR)0,0,0,0(  LR)10,20,70,60(

 

3S  LR)0,0,0,0(  LR)0,0,0,0(  LR)0,0,0,0(  LR)0,0,0,0(  LR)40,0,10,0(  

jb
~

 (40,50,10,20)LR  
LR)10,10,40,30(  LR)30,10,50,50(  LR)0,10,30,30(  

∑∑
==

=
4

1

3

1

~~
j

j
i

i ba  

 
(i) Find the fuzzy optimal solution of resulting fuzzy transportation problem obtained by 

changing the fuzzy cost for transporting one unit quantity of the product 11
~c  from 

LR)10,10,30,20(  to LR)10,10,70,60(  in the original fuzzy transportation problem. 

(ii)  Find the fuzzy optimal solution of resulting fuzzy transportation problem with the 

increase in both fuzzy availability 2
~a  and fuzzy demand 1

~
b  by LR)10,10,40,30( . 

 
Solution: The solution of fully fuzzy sensitivity analysis problem, chosen in Example 6.2, by 

using the proposed method can be obtained as follows: 

Step 1 

Using Step 1 of the method, proposed in Section 6.6, the fuzzy optimal solution of the fully 

fuzzy transportation problem, chosen in Example 6.2, can be obtained as follows: 

Step 1(a) 

Using Step 1(a) of the method, proposed in Section 6.6, split the Table 6.7 into four balanced  



 102 

crisp transportation tables, Table 6.8, Table 6.9, Table 6.10 and Table 6.11 respectively. 

Table 6.8 Tabular representation of first balanced crisp transportation problem 

 1D  2D  3D  4D  iim α−  

1S  25 5.67  100 0  70 

2S  75 5.92  40 0  40 

3S  0  0  0  0  0  

jjm '' α−  30 20 40 20  

 
Table 6.9 Tabular representation of second balanced crisp transportation problem 

 1D  2D  3D  4D  iα  

1S  5.22  55 80 0  20 

2S  60 75 35 0  20 

3S  0  0  0  0  0  

j'α  10 10 10 10  

 
Table 6.10 Tabular representation of third balanced crisp transportation problem 

 1D  2D  3D  4D  jj mn −  

1S  5.17  40 5.57  0  0  

2S  5.42  55 5.27  0  10 

3S  0  0  0  0  10 

jj mn '' −  10 10 0  0   
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Table 6.11. Tabular representation of fourth balanced crisp transportation problem 

 1D  2D  3D  4D  iβ  

1S  10 5.22  30 0  10 

2S  5.22  30 15 0  10 

3S  0  0  0  0  40 

j'β  20 10 30 0   

 
Step 1(b) 

The optimal solution of balanced crisp transportation problem, represented by Table 6.8, is: 

11 11 12 12 13 13 14 14 21 21 22 22 23 23

24 24 31 31 32 32 33 33 34 34

30, 20, 0, 20, 0, 0,

40, 0, 0, 0, 0, 0

m m m m m m m

m m m m m

α α α α α α α
α α α α α

− = − = − = − = − = − = − =
− = − = − = − = − =

 

The optimal solution of the balanced crisp transportation problem, represented by Table 6.9, 

is: 

0,0,0,0,10,10,0,0,0,0,10,10 343332312423222114131211 ============ αααααααααααα  

The optimal solution of the balanced crisp transportation problem, represented by Table 6.10, 

is: 

0,0,10,0,0

,0,0,10,0,0,0,0

34343333323231312424

2323222221211414131312121111

=−=−=−=−=−
=−=−=−=−=−=−=−

mnmnmnmnmn

mnmnmnmnmnmnmn
 

The optimal solution of the balanced crisp transportation problem, represented by Table 6.11, 

is: 

11 12 13 14 21 22 23 24 31 32 3310, 0, 0, 0, 0, 0, 10, 0, 10, 10, 20,β β β β β β β β β β β= = = = = = = = = = =

34 0β =  

Step 1(c) 

Using Step 1(d) of the method, proposed in Section 6.6, the fuzzy optimal solution of fully 

fuzzy transportation problem represented by Table 6.7 is: 

11 (40,40,10,10) ,LRx =ɶ 12 (30,30,10,0) ,LRx =ɶ 13 (0,0,0,0) ,LRx =ɶ 14 (20,20,0,0) ,LRx =ɶ  
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21 (0,10,0,0) ,LRx =ɶ 22 (0,0,0,0) ,LRx =ɶ 23 (50,50,10,10) ,LRx =ɶ 24 (10,10,10,0) ,LRx =ɶ

31 (0,0,0,10) ,LRx =ɶ 32 (0,10,0,10) ,LRx =ɶ 33 (0,0,0,20) ,LRx =ɶ 34 (0,0,0,0)LRx =ɶ   

Step 2 

Using Step 2 of the method, proposed in Section 6.6, the fuzzy optimal solution of modified 

fully fuzzy transportation problem can be obtained as follows:  

 
(i) Since the fuzzy cost for transporting one unit quantity of the product is changed from 

LRc )10,10,30,20(~
11 =  to LRc )10,10,70,60('~

11 =  in the original fuzzy transportation 

problem so using Case 1 of Step 1 of the proposed method Table 6.12, Table 6.13, Table 

6.14 and Table 6.15 can be obtained by replacing the crisp transportation costs 

5.17,5.22,25  and 10 of Table 6.8, Table 6.9, Table 6.10 and Table 6.11 by 

5.37,5.52,65  and 20  respectively.  

Table 6.12 Tabular representation of first balanced crisp transportation problem 

 1D  2D  3D  4D  iim α−  

1S  65 5.67  100 0  70 

2S  75 5.92  40 0  40 

3S  0  0  0  0  0  

jjm '' α−  30 20 40 20  

 
Table 6.13 Tabular representation of second balanced crisp transportation problem 

 1D  2D  3D  4D  iα  

1S  7.52  55 80 0  20 

2S  60 75 35 0  20 

3S  0  0  0  0  0  

j'α  10 10 10 10  
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Table 6.14 Tabular representation of third balanced crisp transportation problem 

 1D  2D  3D  4D  jj mn −  

1S  5.37  40 5.57  0  0  

2S  5.42  55 5.27  0  10 

3S  0  0  0  0  10 

jj mn '' −  10 10 0  0   

 
Table 6.15 Tabular representation of fourth balanced crisp transportation problem 

 1D  2D  3D  4D  iβ  

1S  20 5.22  30 0  10 

2S  5.22  30 15 0  10 

3S  0  0  0  0  40 

j'β  20 10 30 0   

 
Applying the existing sensitivity analysis technique [129], the optimal solution of 

modified balanced crisp transportation tables with the help of optimal solution of 

balanced crisp transportation Table 6.8, Table 6.9, Table 6.10 and Table 6.11 are as 

follows: 

The optimal solution of the balanced crisp transportation problem, represented by Table 

6.12 is: 

11 11 12 12 13 13 14 14 21 21 22 22 23

23 24 24 31 31 32 32 33 33 34 34

30, 20, 0, 20, 0, 0,

40, 0, 0, 0, 0, 0

m m m m m m m

m m m m m

α α α α α α
α α α α α α

− = − = − = − = − = − = −
= − = − = − = − = − =

 

The optimal solution of the balanced crisp transportation problem, represented by Table 

6.13 is: 

 11 12 13 14 21 22 23 24 31 32 330, 10, 0, 10, 10, 0, 10, 0, 0, 0, 0,α α α α α α α α α α α= = = = = = = = = = =

 34 0α =   
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The optimal solution of the balanced crisp transportation problem, represented by Table 

6.14 is: 

 11 11 12 12 13 13 14 14 21 21 22 22 23 23

24 24 31 31 32 32 33 33 34 34

0, 0, 0, 0, 10, 0,

0, 0, 0, 10, 0, 0

n m n m n m n m n m n m n m

n m n m n m n m n m

− = − = − = − = − = − = − =
− = − = − = − = − =

 

The optimal solution of the balanced crisp transportation problem, represented by Table 

6.15 is: 

11 12 13 14 21 22 23 24 31 32 3310, 0, 0, 0, 0, 0, 10, 0, 10, 10, 20,β β β β β β β β β β β= = = = = = = = = = =

34 0β =  

Using Step 1(d) of the method, proposed in Section 6.6, the fuzzy optimal solution of 

modified fully fuzzy transportation problem is: 

,)10,10,0,40(~
11 LRx = ,)0,10,30,30(~

12 LRx = ,)0,0,0,0(~
13 LRx = ,)0,0,0,20(~

14 LRx =
,)0,10,0,0(~

21 LRx = ,)0,0,0,0(~
22 LRx = ,)10,10,50,50(~

23 LRx = ,)0,0,0,0(~
24 LRx =

,)10,0,0,0(~
31 LRx = ,)10,0,10,0(~

32 LRx = ,)20,0,0,0(~
33 LRx = LRx )0,0,0,0(~

24 =   

and the minimum total fuzzy transportation cost is LR)2200,3400,4600,5700(  

 
(ii)  Since, in the original fuzzy transportation problem both fuzzy availability 2

~a  and fuzzy 

demand 1

~
b  are increased by LR)10,10,40,30(  so using Case 2 of Step 1 of the proposed 

method Table 6.16, Table 6.17, Table 6.18 and Table 6.19 is obtained by replacing crisp 

availabilities 10,20,40  and 10 by 20,30,60  and 20  respectively and replacing crisp 

demands 10,10,30  and 20  by 20,20,50  and 30  respectively. 

Table 6.16 Tabular representation of first balanced crisp transportation problem 

 1D  2D  3D  4D  iim α−  

1S  25 5.67  100 0  70 

2S  75 5.92  40 0  60 

3S  0  0  0  0  0  

jjm '' α−  50 20 40 20  
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Table 6.17 Tabular representation of second balanced crisp transportation problem 

 1D  2D  3D  4D  iα  

1S  5.22  55 80 0  20 

2S  60 75 35 0  30 

3S  0  0  0  0  0  

j'α  20 10 10 10  

 
Table 6.18 Tabular representation of third balanced crisp transportation problem 

 1D  2D  3D  4D  jj mn −  

1S  5.17  40 5.57  0  0  

2S  5.42  55 5.27  0  20 

3S  0  0  0  0  10 

jj mn '' −  20 10 0  0   

 
Table 6.19 Tabular representation of fourth balanced crisp transportation problem 

 1D  2D  3D  4D  iβ  

1S  10 5.22  30 0  10 

2S  5.22  30 15 0  20 

3S  0  0  0  0  40 

j'β  30 10 30 0   

 
Applying the existing sensitivity analysis technique [129], the optimal solution of 

modified balanced crisp transportation tables with the help of optimal solution of 

balanced crisp transportation Table 6.8, Table 6.9, Table 6.10 and Table 6.11 are as 

follows: 
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The optimal solution of crisp transportation Table 6.16 is: 

11 11 12 12 13 13 14 14 21 21 22 22 23 23

24 24 31 31 32 32 33 33 34 34

50, 20, 0, 0, 0, 0,

40, 20, 0, 0, 0, 0

m m m m m m m

m m m m m

α α α α α α α
α α α α α

− = − = − = − = − = − = − =
− = − = − = − = − =

 

The optimal solution of crisp transportation Table 6.17 is: 

11 12 13 14 21 22 23 24 31 32 3320, 0, 0, 0, 0, 10, 10, 10, 0, 0, 0,α α α α α α α α α α α= = = = = = = = = = =  

34 0α =  

 The optimal solution of crisp transportation Table 6.18 is: 

0,0,10,0,0

,0,0,20,0,0,0,0

34343333323231312424

2323222221211414131312121111

=−=−=−=−=−
=−=−=−=−=−=−=−

mnmnmnmnmn

mnmnmnmnmnmnmn

 

The optimal solution of crisp transportation Table 6.19 is: 

11 12 13 14 21 22 23 24 31 32 3310, 0, 0, 0, 0, 0, 20, 0, 20, 10, 10,β β β β β β β β β β β= = = = = = = = = = =

34 0β = . 

Using Step 1(d) of the method, proposed in Section 6.6, the fuzzy optimal solution of 

modified fully fuzzy transportation problem is: 

,)10,20,70,70(~
11 LRx = ,)0,10,20,20(~

12 LRx = ,)0,0,0,0(~
13 LRx = ,)0,0,0,0(~

14 LRx =
,)0,0,0,0(~

21 LRx = ,)0,10,10,10(~
22 LRx = ,)20,10,50,50(~

23 LRx = ,)0,10,30,30(~
24 LRx =

,)20,0,0,0(~
31 LRx = ,)10,0,10,0(~

32 LRx = ,)10,0,0,0(~
33 LRx = LRx )0,0,0,0(~

24 =   

and the minimum total fuzzy transportation cost is LR)4100,3600,7000,4900( . 

 
6.8 Conclusions 

On the basis of presented study, it can be concluded that neither there is any method in the 

literature to deal with the sensitivity analysis of fully fuzzy linear programming problems nor 

to deal with the sensitivity analysis of fully fuzzy transportation problems. In this chapter, 

new methods are proposed for the same. 
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Chapter 7 

Sensitivity analysis of interval-valued fully 

fuzzy linear programming problems†† 
 

 In Chapter 5, to overcome the limitations of the existing method [115] a new method, 

based on proposed Mehar multiplication, is proposed for solving interval-valued fully fuzzy 

linear programming problems. In this chapter, a new method, based on existing 

multiplication, is proposed for solving interval-valued fully fuzzy linear programming 

problems. Also, on the basis of proposed method, a new method is proposed to deal with the 

sensitivity analysis of interval-valued fully fuzzy linear programming problems. 

 
7.1 Proposed methods 

To the best of our knowledge neither there is any method in the literature to find the 

fuzzy optimal solution nor to deal with the sensitivity analysis of interval-valued fully fuzzy 

linear programming problem 7.1( )P . So, in this section, two new methods, one for finding the 

fuzzy optimal solution and another for dealing with the sensitivity analysis of interval-valued 

fully fuzzy linear programming problem 7.1( )P  are proposed. 

Maximize (or Minimize)  ( )TC X⊗ɶ ɶ  

Subject to 7.1( )P  

  or orA X bℜ ℜ ℜ⊗ ≤ = ≥ ɶɶ ɶ  

1[ ]j nX x ×=ɶ ɶ  

where, jxɶ  are non-negative interval-valued LR flat fuzzy decision variables. 

                                                 
†† The contents of this chapters are accepted for publication in Journal of Applied Research and Technology. 
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1 1 2 3 1 4

2 3 1 4 2 3 1 4

and [ ] , [ ] , [ ] , [( , ', , ; ) , ( , ', , ; ) ],

[( , ', , ; ) , ( , ', , ; ) ], [( , ', , ; ) , ( , ', , ; ) ],

[(

T
k m kj m n j n j j j j j LR j j j j LR kj

kj kj kj kj LR kj kj kj kj LR k k k k k LR k k k k LR

j

b b A a C c c c c c c a

a a a a b b b b b

x

δ δ λ δ δ ρ

δ δ λ δ δ ρ α α λ α α ρ
× × ×= = = = =

=

=

ɶ ɶ ɶ ɶɶ ɶ ɶ ɶ

ɶ

ɶ 2 1 3 4 2 1

3 4 2 1 3 4

, , ', '; ) , ( , , , ; ) ],0 ',0 ,0

', 0 , 0 ', 0 ; 0 ' , 0 '

; 1,2,..., ; 0 1; 1,2,..., .

j j j j LR j j j j LR j j j j j j kj kj

kj kj kj kj k k k k k k j j j j j j

m n m n c c

a a b b m n

j n k m

α β λ α β ρ δ δ δ δ δ δ
δ δ α α α α α α β β

λ

< < < < < < < <

< < < < < < < < < < < < < < < <

= < < =
 
7.1.1 Proposed method for finding the fuzzy optimal solution of interval-valued fully 

fuzzy linear programming problems 

In this section, a new method is proposed to find the fuzzy optimal solution ( )Xɶ and 

fuzzy optimal value ( )TC X⊗ɶ ɶ  of interval-valued fully fuzzy linear programming problem 

7.1( )P . 

 The steps of the proposed method are as follows: 

Step 1 

Convert the chosen interval-valued fully fuzzy linear programming problem 7.1( )P  into the 

crisp linear programming problem7.2( )P . 

Maximize (or Minimize) ( )TC Xℜ ⊗ɶ ɶ  

Subject to 

( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

or 

Maximize (or Minimize) 
3 3

2 2 4 4
1

1 1

8 8 ' ' ' ' '
1

' (4 3 )( '
16

)

j j j j j j j j j j j j
n

j j j j j j j j j j
j

j j j j j j

c m c n n c c

m n c

c m

δ β β δ α
δ α δ λ δ β δ β

α δ α δ
=

  + + + + −
  

− + + − + +  
   − − +  

∑  

Subject to 7.2( )P  

[ ]

3 3 2 2

1 4 4 1 1

3 2 4 1
1

8 8 ' ' ' ' ' '

(4 3 )( ' )

8 8 ' (4 3 )( )

n
kj j kj j j kj kj j j kj kj j j kj j kj

j j kj kj j kj j kj j j kj j kj

m

k k k k k k
k

a m a n n a a m
or

n a a m

or b b

δ β β δ α δ α δ
λ δ β δ β α δ α δ

α α λ α α

=

=

+ + + + − − + 
≤ = + − + + − − +  

≥ + + − + − −

∑

∑
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0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

Step 2 

Solve the crisp linear programming problem 7.2( )P , to find the optimal solution 

{ }, , , ', , '; 1,2,..., .j j j j j jn m j nα α β β =  

Step 3 

Find the fuzzy optimal solution 1[ ]j nX x ×=ɶ ɶ  by putting the values of , , , ',j j j j jn m α α β  and 

'jβ , obtained from Step 2, in [( , , ', '; ) , ( , , , ; ) ]j j j j j LR j j j j LRx m n m nα β λ α β ρ=ɶ  and the fuzzy 

optimal value by putting the values of Xɶ  in TC X⊗ɶ ɶ . 

 
7.1.2 Proposed method to deal with the sensitivity analysis of interval-valued fully 

fuzzy linear programming problems 

In this section, a new method is proposed to deal with the sensitivity analysis of 

interval-valued fully fuzzy linear programming problem 7.1( )P . 

The steps of the proposed method are as follows: 

Step 1 

Check that which of the following case is to be considered 

1. Change in fuzzy cost vector, 

2. Change in fuzzy requirement vector, 

3. Addition of a new fuzzy variable,  

4. Addition of new fuzzy constraint, 

5. Change in fuzzy coefficient matrix of the constraints. 

 
Case 1: Change in the fuzzy cost vector 

If the cost vector TCɶ changes to 'TCɶ in the original interval-valued fully fuzzy linear 

programming problem 7.1( )P  then replace ( )TC Xℜ ⊗ɶ ɶ  by ( ' )TC Xℜ ⊗ɶ ɶ  in crisp linear 

programming 7.2( )P  to obtain 7.3( )P  and Go to Step 2. 
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Maximize (or Minimize) ( ' )TC Xℜ ⊗ɶ ɶ  

Subject to 7.3( )P  

( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ         

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

 
Case 2: Change in fuzzy requirement vector 

If the change in fuzzy requirement vector is made i.e., bɶ  is changed to 'bɶ  in original 

interval-valued fully fuzzy linear programming problem 7.1( )P  then replace ( )bℜ ɶ  by ( ')bℜ ɶ  

in crisp linear programming problem 7.2( )P  to obtain 7.4( )P  and Go to Step 2. 

Maximize (or Minimize) ( )TC Xℜ ⊗ɶ ɶ  

Subject to 7.4( )P  

( ) ( ')A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

 
Case 3: Addition of a new fuzzy decision variable 

Suppose a new non-negative interval-valued LR flat fuzzy decision variable, say 1,nx +ɶ  

is added in original interval-valued fully fuzzy linear programming problem 7.1( )P  Assume 

that if 1nc +ɶ  is cost and 1nA +
ɶ  is the column associated with 1nx +ɶ  then replace ( )A Xℜ ⊗ɶ ɶ  by 

1 1( )n nA X A x+ +ℜ ⊗ ⊕ ⊗ɶ ɶɶ ɶ  and ( )TC Xℜ ⊗ɶ ɶ  by 1 1( )T
n nC X c x+ +ℜ ⊗ ⊕ ⊗ɶ ɶ ɶ ɶ  in 7.2( )P  to obtain the 

crisp linear programming problem 7.5( )P  and Go to Step 2. 

Maximize (or Minimize) 1 1( )T
n nC X c x+ +ℜ ⊗ ⊕ ⊗ɶ ɶ ɶ ɶ  

Subject to 7.5( )P  

1 1( ) ( )n nA X A x or or b+ +ℜ ⊗ ⊕ ⊗ ≤ = ≥ ℜ ɶɶ ɶɶ ɶ  
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0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,..., , 1.j j j j j j j j j j j jn m m j n nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = +
 
Case 4: Addition of a new fuzzy constraint 

Suppose a new fuzzy constraint is added in the original interval-valued fully fuzzy 

linear programming problem 7.1( )P  then replace ( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  by 

( ' ) ( ')A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  in 7.2( )P  to obtain crisp linear programming problem 7.6( )P  and 

Go to Step 2. 

Maximize (or Minimize) ( )TC Xℜ ⊗ɶ ɶ  

Subject to 7.6( )P  

( ' ) ( ')A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

 
Case 5: Change in fuzzy constraint matrix  

Suppose the column of a constraint matrix, corresponding to the fuzzy decision 

variable jxɶ , is changed from jAɶ  to 'jAɶ  in the original interval-valued fully fuzzy linear 

programming problem then replace ( ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  by ( ' ) ( )A X or or bℜ ⊗ ≤ = ℜ ɶɶ ɶ  

in 7.2( )P  to obtain new crisp linear programming problem 7.7( )P  and Go to Step 2. 

Maximize (or Minimize) ( )TC Xℜ ⊗ɶ ɶ  

Subject to 7.7( )P  

( ' ) ( )A X or or bℜ ⊗ ≤ = ≥ℜ ɶɶ ɶ  

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ = . 

Step 2 

Apply the existing sensitivity analysis technique [116] to find the optimal solution of 

7.3 7.4 7.5 7.6( ), ( ), ( ), ( )P P P P  and 7.7( )P  with the help of optimal solution of 7.2( )P  and use Step 3 

of the method, proposed in Section 7.1.1, to find the fuzzy optimal solution and fuzzy optimal  
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value of the resulting interval-valued fully fuzzy linear programming problem. 

 
Remark 7.1 The other cases i.e., deletion of fuzzy decision variables, deletion of fuzzy 

constraints, simultaneous change in coefficients of fuzzy decision variables in the objective 

function and fuzzy requirement vectors etc. can also be solved by using the proposed method. 

 
7.2 Illustrative example 

In this section, proposed method is illustrated with the help of a numerical example:  

 
Example 7.1 Consider the interval-valued fully fuzzy linear programming problem: 

Maximize 1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

[(25,27,6,8;.9) , (25,27,7,9;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(48,50,4,6;.9) , (48,50,5,8;1) ] [( , , ', ';.9) , ( , , , ;1)
LR LR LR LR

LR LR LR LR

m n m n

m n m n

α β α β
α β α β

⊗ ⊕ 
 ⊗ 

 

Subject to 7.1( )E  

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

[(15,17,1,2;.9) , (15,17,5,3,1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(30,32,5,4;.9) , (30,32,7,8;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(450,470,20,30;.9) , (450,470,30,70;1) ]

LR LR LR LR

LR LR LR LR

LR LR

m n m n

m n m n

α β α β
α β α β

⊗ ⊕
⊗

≤
 

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

[(24,26,3,2;.9) , (24,26,4,9;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(6,8,2,2;.9) , (6,8,4,5;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(240,260,20,50;.9) , (240,260,60,60;1) ]

LR LR LR LR

LR LR LR LR

LR LR

m n m n

m n m n

α β α β
α β α β

⊗ ⊕
⊗ ≤  

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

[(21,23,4,1;.9) , (21,23,5,5;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(14,16,2,5;.9) , (14,16,6,8;1) ] [( , , ', ';.9) , ( , , , ;1) ]

[(280,300,10,30;.9) , (280,300,50,40;1) ]

LR LR LR LR

LR LR LR LR

LR LR

m n m n

m n m n

α β α β
α β α β

⊗ ⊕
⊗ ≤  

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0; 1,2,...,j j j j j j j j j j j jn m m j nα α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥ =  

where, ( ) ( ) {0,1 }L x R x Maximum x= = − . 

(i) Discuss the effect of changing the fuzzy cost coefficients corresponding to the fuzzy 

decision variables 1xɶ  and 2xɶ  to [(30,32,6,8;.9) , (30,32,7,9;1) ]LR LR  and 

[(50,52,4,6,.9) , (50,52,5,8;1) ]LR LR  respectively on the fuzzy optimal solution and fuzzy 

optimal value of resulting fully fuzzy linear programming problem. 
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(ii)  Discuss the effect of changing the fuzzy requirement vector from 

[(450,470,20,30;.9) , (450,470,30,70;1) ],[(240,260,20,50;.9) , (240,260,60,60;1) ],LR LR LR LR

[(280,300,10,30;.9) , (280,300,50,40;1) ]LR LR  to [(500,550,20,30;.9) , (500,550,30,70;1LR  

) ], [(300,350,20,50;.9) , (300,350,60,60;1)]LR LR LR  and [(400,450,10,30;.9), (400,450,50, 

40;1) ]LR  respectively on the fuzzy optimal solution and fuzzy optimal value of resulting 

fully fuzzy linear programming problem. 

(iii)  Discuss the effect of addition of a new non-negative interval-valued LR flat fuzzy 

decision variable 3xɶ  with cost [(50,52,4,6;.9) , (50,52,5,8;1) ]LR LR  and column vectors 

[[(6,8,2,2;.9) , (6,8,4,5;1) ], [(14,16,2,5;.9) , (14,16,6,8;1) ], [(6,8,2,2;.9) , (6,8,4,LR LR LR LR LR

5;1) ]]TLR  on the fuzzy optimal solution and fuzzy optimal value of resulting fully fuzzy 

linear programming problem. 

(iv) Discuss the effect of changing the column of fuzzy constraint matrix corresponding to the 

fuzzy decision variable 2xɶ  by [[(6,8,2,2;.9) , (6,8,4,5;1) ],[(14,16,2,5;.9) , (14,16,LR LR LR  

6,8;1) ], [(6,8,2,2;.9) , (6,8,4,5;1) ]]T
LR LR LR  on the fuzzy optimal solution and fuzzy 

optimal value of resulting fully fuzzy linear programming problem. 

(v) Discuss the effect of addition of a new fuzzy constraint [(24,26,3,2;.9) ,LR  

1 2(24, 26, 4,9;1) ] [(14,16,2,5;.9) , (14,16,6,8;1) ] [(500,550, 20,30;.9) ,LR LR LR LRx x⊗ ⊕ ⊗ ≤ɶ ɶ  

(500,550,30,70;1) ]]LR  on the fuzzy optimal solution and fuzzy optimal value of resulting 

fully fuzzy linear programming problem. 

 
Solution: Using the method, proposed in Section 7.1.1, the fuzzy optimal solution and fuzzy 

optimal value of the interval-valued fully fuzzy linear programming problem, chosen in 

Example 7.1, can be obtained as follows: 

Step 1 

Using Step 1 of proposed method, the fully fuzzy linear programming problem 7.1( )E  can be 

converted into the crisp linear programming problem 7.2( )E . 
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Maximize  1 1 1 1 1 1

2 2 2 2 2 2

248.9 235.7 35 ' 46.8 19 ' 23.41

373.5 416.4 56 ' 75.4 44 ' 55.916

m n

m n

β β α α
β β α α

+ + + − − + 
 + + + − − 

 

Subject to 7.2( )E  

1 1 1 1 1 1 2

2 2 2 2 2

112.5 141.9 19 ' 26 14 ' 13 225

268 36 ' 50 25 ' 29.9 7422

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 40.8

72.5 10 ' 16.9 4 ' 2.6 4030

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

157.5 191.5 24 ' 36.4 17 ' 20.8 102

143.7 21 ' 31.5 12 ' 10.4 4647

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

0, ' 0, ' 0, 0, 0,

' 0, 0, ' 0; 1,2.
j j j j j j j j j

j j j

n m m

j

α α β β α α
α β β

− ≥ − ≥ − ≥ − ≥ ≥

≥ ≥ ≥ =
 

Step 2 

The optimal solution of the crisp linear programming problem 7.2( )E  is: 

1 1 1 1 1 1 2 2 2 2

2 2

0, 0, ' 0, ' 22.38, 0, 22.38, 12.97, 12.97, ' 0, ' 0,

0, 0.

m n m nα β α β α β
α β

= = = = = = = = = =
= =

 

Step 3 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of chosen 

interval-valued fully fuzzy linear programming problem 7.1( )E  is:  

1 2[(0,0,0,22.38;.9) , (0,0,0,22.38;1) ], [(12.97,12.97,0,0;.9) , (12.97,12.97,0,0;1) ]LR LR LR LRx x= =ɶ ɶ

 and the fuzzy optimal value is: 

[(622.5,648.5,51.82,861.12;.9) , (622.5,648.5,64.85,909.44;1) ]LR LR . 

Using the method, proposed in Section 7.2.2, the fuzzy optimal solution and fuzzy 

optimal value of the resulting fully fuzzy linear programming problem can be obtained as 

follows: 

 
(i) Since the fuzzy cost coefficients corresponding to the fuzzy decision variables 1xɶ  and 2xɶ  

changes to [(30,32,6,8;.9) , (30,32,7,9;1) ]LR LR  and [(50,52,4,6,.9) ,LR  (50,52,5,8;1) ]LR  



 117 

respectively in the original fuzzy linear programming problem 7.1( )E  so using Case 1 of 

the method proposed in Section 7.2.2 replace the crisp linear programming problem 

7.2( )E  by 7.3( )E . 

Maximize  1 1 1 1 1 1

2 2 2 2 2 2

224.9 275.7 35 ' 46.8 19 ' 23.41

389.5 432.4 56 ' 75.4 44 ' 55.916

m n

m n

β β α α
β β α α

+ + + − − + 
 + + + − − 

 

Subject to 7.3( )E  

1 1 1 1 1 1 2

2 2 2 2 2

112.5 141.9 19 ' 26 14 ' 13 225

268 36 ' 50 25 ' 29.9 7422

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 40.8

72.5 10 ' 16.9 4 ' 2.6 4030

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

157.5 191.5 24 ' 36.4 17 ' 20.8 102

143.7 21 ' 31.5 12 ' 10.4 4647

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

0, ' 0, ' 0, 0, 0,

' 0, 0, ' 0; 1,2 .
j j j j j j j j j

j j j

n m m

j

α α β β α α
α β β

− ≥ − ≥ − ≥ − ≥ ≥

≥ ≥ ≥ =
 

Applying the existing sensitivity analysis technique [116], the optimal solution of crisp 

linear programming problem 7.3( )E  is: 

1 1 1 1 1 1 2 2

2 2 2 2

4.01, 4.01, ' 4.01, ' 4.01, 4.01, 4.01, 12.83, 12.83,

' 0, ' 0, 0, 0.

m n m nα β α β
α β α β

= = = = = = = =
= = = =

 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of 

resulting interval-valued fully fuzzy linear programming problem is:  

1 [(4.01,4.01,4.01,4.01;.9) , (4.01,4.01,4.01,4.01;1) ],LR LRx =ɶ  

2 [(12.83,12.83,0,0;.9) , (12.83,12.83,0,0;1) ]LR LRx =ɶ  and the fuzzy optimal value is: 

[(761.8,795.48,171.62,1860.42;.9) , (761.8,795.48,184.45,1894.1;1) ]LR LR . 

 
(ii)  Since, the requirement vector is changed from [(450,470,20,30;.9) , (450,470,30,70;1LR  

) ], [(240,260,20,50;.9) , (240,260,60,60;1)],[(280,300,10,30;.9) ,[(280,300,50,40;LR LR LR LR

1) ]LR  to [(500,550,20,30;.9) , (500,550,30,70;1) ],[(300,350,20,50;.9) , (300,350,60,LR LR LR  
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60;1) ]LR  and [(400,450,10,30;.9), (400,450, 50,40;1) ]LR  respectively in the original 

fully fuzzy linear programming problem 7.1( )E  so using Case 2 of the method proposed in 

Section 7.2.2 replace the crisp linear programming problem 7.2( )E  by 7.4( )E . 

Maximize  1 1 1 1 1 1

2 2 2 2 2 2

248.9 235.7 35 ' 46.8 19 ' 23.41

373.5 416.4 56 ' 75.4 44 ' 55.916

m n

m n

β β α α
β β α α

+ + + − − + 
 + + + − − 

 

Subject to                   7.4( )E  

1 1 1 1 1 1 2

2 2 2 2 2

112.5 141.9 19 ' 26 14 ' 13 225

268 36 ' 50 25 ' 29.9 8462

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 40.8

72.5 10 ' 16.9 4 ' 2.6 5230

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

157.5 191.5 24 ' 36.4 17 ' 20.8 102

143.7 21 ' 31.5 12 ' 10.4 7377

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

0, ' 0, ' 0, 0, 0,

' 0, 0, ' 0; 1,2.
j j j j j j j j j

j j j

n m m

j

α α β β α α
α β β

− ≥ − ≥ − ≥ − ≥ ≥

≥ ≥ ≥ =
 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 7.4( )E  is 

1 1 1 1 1 1 2 2 2 2

2 2

0, 0, ' 0, ' 15.07, 0, 15.07, 12.37, 12.37, ' 0, ' 0,

0, 0.

m n m nα β α β α β
α β

= = = = = = = = = =
= =

 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of 

resulting interval-valued fully fuzzy linear programming problem is:  

1 [(0,0,0,15.07;.9) , (0,0,0,15.07;.9) ],LR LRx =ɶ

2 [(12.37,12.37,0,0;.9) , (12.37,12.37,0,0;1) ]LR LRx =ɶ  and the fuzzy optimal value is: 

[(593.76,618.5,49.48,74.22;.9) , (593.76,618.5,61.85,98.96;1) ]LR LR . 

 
(iii)  Since, a new non-negative interval-valued fuzzy decision variable 3xɶ  with cost 

[(50,52,4,6;.9) , (50,52,5,8;1) ]LR LR  and column vectors [[(6,8,2,2;.9) ,LR  

(6,8,4,5;1) ],[(14,16,2,5;.9) , (14,16,6,8;1) ],[(6,8,2,2;.9) , (6,8,4,5;1) ]]T
LR LR LR LR LR  is added 
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in the original fully fuzzy linear programming problem 7.1( )E  so using Case 3 of the 

method proposed in Section 7.1.1, replace the crisp linear programming problem 7.2( )E  

by 7.5( )E . 

 Maximize   
1 1 1 1 1 1

2 2 2 2 2 2

3 3 3 3 3 3

248.9 235.7 35 ' 46.8 19 ' 23.4
1

373.5 416.4 56 ' 75.4 44 ' 55.9
16

389.5 432.4 58 ' 78 46 ' 58.5

m n

m n

m n

β β α α
β β α α
β β α α

+ + + − − + 
 + + + − − + 
 + + + − − 

 

 Subject to                   7.5( )E  

 1 1 1 1 1 1 2 2 2 2

2 2 3 3 3 3 3 3

112.5 141.9 19 ' 26 14 ' 13 225 268 36 ' 50

25 ' 29.9 40.8 72.5 10 ' 16.9 4 ' 2.6 7422

m n m n

m n

β β α α β β
α α β β α α

+ + + − − + + + +
− − + + + + − − ≤

 

1 1 1 1 1 1 2 2 2

2 2 2 3 3 3 3 3 3

183.8 221.7 28 ' 45.5 21 ' 26 40.8 72.5 10 ' 16.9

4 ' 2.6 102.2 143.7 21 ' 31.5 12 ' 10.4 4030

m n m n

m n

β β α α β
β α α β β α α

+ + + − − + + + +
− − + + + + − − ≤

 

1 1 1 1 1 1 2 2 2

2 2 2 3 3 3 3 3 3

157.5 191.5 24 ' 36.4 17 ' 20.8 102 143.7 21 ' 31.5

12 ' 10.4 40.8 72.5 10 ' 16.9 4 ' 2.6 4647

m n m n

m n

β β α α β
β α α β β α α

+ + + − − + + + +
− − + + + + − − ≤

 

0, ' 0, ' 0, 0, 0, ' 0, 0, ' 0;

1,2,3 .
j j j j j j j j j j j jn m m

j

α α β β α α α β β− ≥ − ≥ − ≥ − ≥ ≥ ≥ ≥ ≥

=
 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 7.5( )E  is: 

1 1 1 1 1 1 2 2 2 2 2

2 3 3 3 3 3 3

0, 0, ' 0, ' 0, 0, 0, 12.67, 12.67, ' 0, ' 0, 0,

0, 10.21, 10.21, ' 0, ' 0, 0, 0.

m n m n

m n

α β α β α β α
β α β α β

= = = = = = = = = = =
= = = = = = =

 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of 

resulting interval-valued fully fuzzy linear programming problem is: 

1 2[(0,0,0,0;.9) , (0,0,0,0;.9) ], [(12.67,12.67,0,0;.9) , (12.67,12.67,0,0;1) ]LR LR LR LRx x= =ɶ ɶ , 

3 [(10.21,10.21,0,0;.9) , (10.21,10.21,0,0;1) ]LR LRx =ɶ  and the fuzzy optimal value is: 

[(608.16,633.5,50.68,76.02;.9) , (608.16,633.5,63.35,101.36;1) ]LR LR . 

 
(iv) Since, the column of the constraint matrix corresponding to the interval-valued fuzzy 

variable 2xɶ  is changed to [[(6,8,2,2;.9) , (6,8,4,5;1) ], [(14,16,2,5;.9) , (14,16,6,8;LR LR LR  
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1) ],[(6,8,2,2;.9) , (6,8,4,5;1) ]]T
LR LR LR  in the original interval-valued fully fuzzy linear 

programming problem 7.1( )E  so using Case 4 of the proposed method replace the crisp 

linear programming problem 7.2( )E  by 7.6( )E . 

Maximize  1 1 1 1 1 1

2 2 2 2 2 2

248.9 235.7 35 ' 46.8 19 ' 23.41

373.5 416.4 56 ' 75.4 44 ' 55.916

m n

m n

β β α α
β β α α

+ + + − − + 
 + + + − − 

 

Subject to                  7.6( )E  

1 1 1 1 1 1 2

2 2 2 2 2

112.5 141.9 19 ' 26 14 ' 13 40.8

72.5 10 ' 16.9 4 ' 2.6 7422

m n m

n

β β α α
β β α α

+ + + − − +
+ + + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 102

143.7 21 ' 31.5 12 ' 10.4 4030

m n m

n

β β α α
β β α α

+ + + − − +
+ + + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

157.5 191.5 24 ' 36.4 17 ' 20.8 40.8

72.5 10 ' 16.9 4 ' 2.6 4647

m n m

n

β β α α
β β α α

+ + + − − +
+ + + − − ≤

 

0, ' 0, ' 0, 0, 0,

' 0, 0, ' 0; 1,2 .
j j j j j j j j j

j j j

n m m

j

α α β β α α
α β β

− ≥ − ≥ − ≥ − ≥ ≥

≥ ≥ ≥ =
 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 7.6( )E  is: 

1 1 1 1 1 1 2 2 2 2 20, 0, ' 0, ' 0, 0, 0, 15.87, 15.87, ' 0, ' 0, 0,m n m nα β α β α β α= = = = = = = = = = =  

2 0β = . 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of 

resulting interval-valued fully fuzzy linear programming problem is: 

1 2[(0,0,0,0;.9) , (0,0,0,0;.9) ], [(15.87,15.87,0,0;.9) , (15.87,15.87,0,0;1) ]LR LR LR LRx x= =ɶ ɶ  

and the fuzzy optimal value is: 

[(761.76,793.5,63.48,95.22;.9) , (761.76,793.5,79.35,126.96;1) ]LR LR . 

 
(v) Since, a new fuzzy constraint 1[(24,26,3,2;.9) , (24,26,4,9;1) ] [(14,16,LR LR x⊗ ⊕ɶ  

22,5;.9) (14,16,6,8;1) ] [(500,550,20,30;.9), (500,550,30,70;1) ]]LR LR LR LRx⊗ ≤ɶ  is added to the 
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original fully fuzzy linear programming problem 7.1( )E  so using Case 5 of the proposed 

method replace the crisp linear programming problem 7.2( )E  by crisp linear programming 

problem 7.7( )E . 

Maximize  1 1 1 1 1 1

2 2 2 2 2 2

248.9 235.7 35 ' 46.8 19 ' 23.41

373.5 416.4 56 ' 75.4 44 ' 55.916

m n

m n

β β α α
β β α α

+ + + − − + 
 + + + − − 

 

Subject to                  7.7( )E  

1 1 1 1 1 1 2

2 2 2 2 2

112.5 141.9 19 ' 26 14 ' 13 225

268 36 ' 50 25 ' 29.9 7422

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 40.8

72.5 10 ' 16.9 4 ' 2.6 4030

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

157.5 191.5 24 ' 36.4 17 ' 20.8 102

143.7 21 ' 31.5 12 ' 10.4 4647

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

1 1 1 1 1 1 2

2 2 2 2 2

183.8 221.7 28 ' 45.5 21 ' 26 102

143.7 21 ' 31.5 12 ' 10.4 8462

m n m

n

β β α α
β β α α

+ + + − − + +
+ + − − ≤

 

0, ' 0, ' 0, 0, 0,

' 0, 0, ' 0; 1,2 .
j j j j j j j j j

j j j

n m m

j

α α β β α α
α β β

− ≥ − ≥ − ≥ − ≥ ≥

≥ ≥ ≥ =
 

Applying the existing sensitivity analysis technique [116] the optimal solution of crisp 

linear programming problem 7.7( )E  is: 

1 1 1 1 1 1 2 2 2

2 2 2

0, 0, ' 0, ' 22.36, 0, 22.36, 12.97, 12.97, ' 0,

' 0, 0, 0.

m n m nα β α β α
β α β

= = = = = = = = =
= = =

 

Using Step 3 of the method, proposed in Section 7.1.1, the fuzzy optimal solution of 

resulting interval-valued fully fuzzy linear programming problem is: 

1 [(0,0,0,22.36;.9) , (0,0,0,22.36;.9) ],LR LRx =ɶ

2 [(12.97,12.97,0,0;.9) , (12.97,12.97,0,0;1) ]LR LRx =ɶ  the fuzzy optimal value is: 

[(622.56,648.5,51.88,860.42;.9) , (622.56,648.5,64.85,908.72;1) ]LR LR . 
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7.3 Conclusions 

On the basis of the presented study, it can be concluded that neither the existing 

method [115] nor the methods, proposed in previous chapters, can be used for solving 

interval-valued fully fuzzy linear programming problems and to deal with the sensitivity 

analysis of interval-valued fully fuzzy linear programming problems. While, the methods 

proposed in this chapter can be used for the same. 
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Chapter 8 

Possible modifications in the fully fuzzy linear 

programming problems without affecting the 

fuzzy optimal solution‡‡ 
 

Any modification in fully fuzzy linear programming problems may or may not affect 

on its fuzzy optimal solution. However, neither in the existing methods [35, 65, 95] nor in the 

methods proposed in Chapter 6 and Chapter 7, it is checked that the modifications in the 

fuzzy linear programming problem will affect on the fuzzy optimal solution of the original 

fuzzy linear programming problem or not. Also, neither the existing methods [35, 65, 95] nor 

the methods, proposed in Chapter 6 and Chapter 7, are applicable to find the possible 

modifications in the fully fuzzy linear programming problem without affecting its fuzzy 

optimal solution. In this chapter, a new method is proposed for the same, Also, proposed 

method is illustrated with the help of numerical example. 

 
8.1 Proposed method 

In this section, a new method is proposed to find the possible modifications in the 

fully fuzzy linear programming problem 6.3( )P  without affecting its fuzzy optimal solution. 

Step 1 

Using Step 1 of the method, proposed in Chapter 6, find the fuzzy optimal solution and fuzzy 

optimal value of fully fuzzy linear programming problem 6.3( )P . 

Step 2 

Check that which of the following case is to be considered: 

 
 

                                                 
‡‡ The contents of this chapter are communicated in ASOR Bulletin. 
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Case 1: Variation in the fuzzy cost  

  All such fuzzy cost 'jcɶ  which can be replaced by jcɶ  corresponding to the fuzzy 

variable jxɶ  in fuzzy linear programming problem 6.3( )P , without any change in its fuzzy 

optimal solution can be obtained as follows: 

Let us assume that the fuzzy cost jcɶ  corresponding to the fuzzy decision variable 

( , , , )j j j j j LRx m n α β=ɶ  is changed to 'jcɶ  in 6.3( )P . Then, in the crisp linear programming 

problem 6.4( )P  the cost corresponding to the variables , ,j j jm n α  and jβ  and hence the 

relative cost corresponding to some or all the non-basic variables of the optimal basis of 

6.4( )P  will be affected. If 'jcɶ  in 6.3( )P  is chosen in such a manner that the relative costs 

corresponding to all the non basic variables of the optimal basis of 6.4( )P  are greater than or 

equal to zero then the optimal solution of crisp linear programming problem 6.4( )P  and hence 

the fuzzy optimal solution of 6.3( )P  will remain unaffected. 

 
Case 2: Variation in fuzzy requirement vector 

All such fuzzy right hand side entries jbɶ  of fuzzy requirement vector 

1 2( , ,..., ,..., )Tj mb b b b b=ɶ ɶ ɶ ɶ ɶ  which can be replaced by 'jbɶ  in fully fuzzy linear programming 

problem 6.3( )P , without any change in its fuzzy optimal basis can be obtained as follows: 

Let us assume that the right hand side entry jbɶ  of the fuzzy requirement vector 

1 2( , ,..., ,..., )Tj mb b b b b=ɶ ɶ ɶ ɶ ɶ is changed to 'jbɶ  in fully fuzzy linear programming problem 6.3( )P . 

Then in the crisp linear programming problem 6.4( )P  the right hand side vector corresponding 

to the basic variables , ,j j jm n α  and jβ  and hence the right hand side vector corresponding to 

some or all the basic variables of the optimal basis of 6.4( )P  will be affected. If 'jbɶ  is chosen 

in such a manner that all the entries of the right hand side vector corresponding to all the 
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basic variables of the optimal basis of 6.4( )P  are greater than or equal to zero then the optimal 

basis of 6.4( )P  and hence the fuzzy optimal basis of 6.3( )P  will remain unaffected. 

 
Case 3: Addition of a fuzzy constraint 

Suppose a new fuzzy constraint is added to the fully fuzzy linear programming 

problem 6.3( )P , the current fuzzy optimal solution will remain same for the new problem as 

well if the fuzzy constraint to be added is satisfied by the current fuzzy optimal solution of 

6.3( )P  i.e., on adding all such fuzzy constraints that are satisfied by the current fuzzy optimal 

solution of 6.3( )P , there will be no change in fuzzy optimal solution of fully fuzzy linear 

programming problem 6.3( )P . 

 
8.2 Illustrative example 

In this section, to illustrate the proposed method the fuzzy sensitivity analysis 

problem is solved. 

Example 8.1 Consider the following fully fuzzy linear programming problem 

Maximize  1[(2,3,2,5)LR x⊗ ɶ  2(1,2,1,3)LR x⊕ ⊗ ɶ 3(3,4,3,4) ]LR x⊕ ⊗ ɶ  

Subject to 8.1( )E  

1 2 3

1 1 3
2,3,1, 1,3, , (3,4,1,1) (5,7,2,2)

2 2 2 LR LR
LR LR

x x x ℜ
   ⊗ ⊕ ⊗ ⊕ ⊗ ≤   
   

ɶ ɶ ɶ

1 2

1
(2,3,2,5) 1,3,1,

2LR
LR

x x ⊗ ⊕ ⊗ 
 

ɶ ɶ LR)1,1,5,3(ℜ≤  

1 2 3, ,x x xɶ ɶ ɶ  are non-negative LR flat fuzzy numbers  

where, },1{0,maximum)( 2xxL −= }1{0,maximum)( xxR −= . 

(i) Within what range the cost coefficient corresponding to the fuzzy decision variables 2xɶ  

varies so that the optimality remains unaffected. 

(ii)  Within what range the first component of fuzzy requirement vector varies so that the 

optimality remains unaltered. 
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(iii)  Check whether the addition of a new fuzzy constraint 1(2,3,1,4)LR x⊗ ⊕ɶ  

2(1,2,1,3) (2,4,1,1)LR LRx ℜ⊗ ≤ɶ  will effect the optimality of the given fully fuzzy linear 

programming problem or not. 

Solution: The optimal solution of the chosen fully fuzzy linear programming problem 8.1( )E  

by using the proposed method can be obtained as follows:  

Assuming 1 1 1 1 1( , , , )LRx m n α β=ɶ , 2 2 2 2 2( , , , )LRx m n α β=ɶ  and 3 3 3 3 3( , , , )LRx m n α β=ɶ , the fully 

fuzzy linear programming problem 8.1( )E  can be written as: 

Maximize  ⊕⊗ LRLR nm ),,,()5,2,3,2[( 1111 βα LRLRLR nm )4,3,4,3(),,,()3,1,2,1( 2222 ⊕⊗ βα  

]),,,( 3333 LRnm βα⊗  

Subject to 8.2( )E  

),,,()1,1,4,3(),,,(
2

3
,

2

1
,3,1),,,(

2

1
,1,3,2 333322221111 βαβαβα nmnmnm LRLR

LR
LR

LR

⊗⊕⊗






⊕⊗








(5,7,2,2)LRℜ≤   

1 1 1 1 2 2 2 2

1
(2,3,2,5) ( , , , ) 1,3,1, ( , , , ) (3,5,1,1)

2LR LR LR LR
LR

m n m nα β α β ℜ
 ⊗ ⊕ ⊗ ≤ 
 

 

LRnm ),,,( 1111 βα , LRnm ),,,( 2222 βα  and LRnm ),,,( 3333 βα  are non-negative LR flat fuzzy 

numbers. 

Step 1 

Using Step 1(a) of the method, proposed in Chapter 6, the fully fuzzy linear programming 

problem 8.2( )E  can be converted into the crisp linear programming problem 8.3( )E . 

Maximize 1 1 2 2 2
1 3 3 3

2 11 7 5
4 6 4

3 2 3 2 2

m n m n
m n

ββ β + + + + + + + + 
 

 

Subject to 8.3( )E  

3

35

3

4

2

5

2

9

3

7

34

9

4

15

3

2

3

2

4

7

4

13

3

4 333322221111 ≤−+++−+++−++ αβαβαβ nmnmnm
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6

47

4

7

4

13

3
4

2

11

3

2 222
1

11 ≤+++++
ββ nmnm

 

0,0,0 332211 ≥−≥−≥− ααα mmm  

332211 ,, nmnmnm ≤≤≤  

0,0,0 321 ≥≥≥ ααα  

0,0,0 321 ≥≥≥ βββ . 

The optimal solution of the crisp linear programming problem 8.3( )E  is:  

293.3,0,957.1,0,0,0,0,0,0,0,0,0 321321321321 ============ βββαααnnnmmm  

and the optimal value is 21.005. 

Using Step 1(c) of the method, proposed in Chapter 6, the fuzzy optimal solution of the fully 

fuzzy linear programming problem 8.1( )E  is: 

1 2 3(0,0,0,1.957) , (0,0,0,0) , (0,0,0,3.293)LR LR LRx x x= = =ɶ ɶ ɶ  and the fuzzy optimal value is: 

(0,0,0,42) .LR  

 
Case 1: Variation in the fuzzy cost  

Suppose, the fuzzy cost 2 (1,2,1,3)LRc =ɶ  corresponding to the fuzzy decision variable 

2xɶ  in fully fuzzy linear programming problem 8.1( )E  is replaced by a non-negative LR flat 

fuzzy number 2 ' ( , , , )LRc m n α β=ɶ . Thus by using Case 1 of the proposed method, the cost 

corresponding to the variables 2 2 2, ,m n α  and 2β  in crisp linear programming problem 8.3( )E  

changes to 
2

,
3

m α− ,
2

n
β+  

2 2

3 3
m α− +  and 

2 2

n β+  respectively and hence the relative cost 

corresponding to some of the non basic variable of the optimal basis changes to 

2 2
16.32, 21.28, 16.32, 15.28,

3 2 3 2 3 2 3 2

m m
m n n m n n n

β β β βα α− + − − + − − − + − + + − + + − +

16.48β −  and 13.92
2

n
β− − + . 

Thus the optimal solution of 8.3( )E  and hence the fuzzy optimal solution of fully fuzzy linear  
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programming problem 8.1( )E  will remain same if the relative costs corresponding to the non 

basic variables of the optimal basis of 8.3( )E are greater than or equal to zero i.e., if it satisfies 

the following inequalities: 

2
16.32,

3 2

21.28,
3 2

2
16.32,

3 2

15.28,
3 2

16.48, 13.92,
2

, 0, 0, 0.

m n

m
n

m n

m
n

n n

m n m

βα

β

βα

β

ββ

α α β

− + + ≤

+ + ≤

− + + ≥

+ + ≥

+ ≥ + ≤

≤ − ≥ ≥ ≥

 

e.g., Since, 2 ' ( , , , ) (2.40,13.92,0,0)LR LRc m n α β= =ɶ  satisfies all the inequalities so on 

replacing the fuzzy cost 2 (1,2,1,3)LRc =ɶ  by 2 ' (2.40,13.92,0,0)LRc =ɶ  the fuzzy optimal 

solution of fully fuzzy linear programming problem 8.1( )E  will remain unaffected. 

 
Case 2: Variation in fuzzy requirement vector bɶ  

Suppose the right hand side entry 1 (5,7,2,2)LRb =ɶ  of the fuzzy requirement vector 

1 2( , )Tb b b=ɶ ɶ ɶ  is replaced by 1 ' ( , , , )LRb m n α β=ɶ  in fully fuzzy linear programming problem 

8.1( )E . Thus using Case 2 of the proposed method, in the crisp linear programming 8.3( )E  the 

right hand side vector corresponding to the basic variable 2β  changes to 

.8
.4 .4 .2 1.40

3
m n

α β+ − + − . 

Thus the optimal solution of 8.3( )E  and hence the fuzzy optimal solution of fully fuzzy linear 

programming problem 8.1( )E  will remain same if all the entries of the right hand side vector 

corresponding to all the basic variables of the optimal basis of 8.3( )E  are greater than or equal 

to zero i.e., if it satisfies the following inequalities: 
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.8
.4 .4 .2 1.40 0,

3
m n

α β+ − + − ≥  

, 0, 0, 0.m n m α α β≤ − ≥ ≥ ≥  

e.g., Since, 1 ' ( , , , ) (3,4,2,2)LR LRb m n α β= =ɶ  satisfies all the inequalities so on replacing the 

fuzzy right hand side entry 1 (5,7,2,2)LRb =ɶ  by 1 ' (3,4,2,2)LRb =ɶ , the fuzzy optimal basis of 

fully fuzzy linear programming problem 8.1( )E  will remain unaffected. 

 
Case 3: Addition of a fuzzy constraint 

Suppose, a new fuzzy constraint 1 2(2,3,1,4) (1,2,1,3) (2,4,1,1)LR LR LRx x ℜ⊗ ⊕ ⊗ ≤ɶ ɶ  is 

added to the original fuzzy linear programming problem 8.1( )E . Since this fuzzy constraint is 

satisfied by the current optimal solution of 8.1( )E  so the fuzzy optimal solution of 8.1( )E  

remains unchanged. 

 
Remark 8.1: In the same manner, the possible modification in the interval-valued fully fuzzy 

linear programming problem can also be easily calculated. 

 
8.3 Conclusions  

On the basis of presented study it can be concluded that neither the existing methods 

[35, 65, 95] nor the methods, proposed in Chapter 6 and Chapter 7, can be used to find the 

possible modifications in the fully fuzzy linear programming problem without affecting its 

fuzzy optimal solution. While, the methods, proposed in this chapter, can be used for the 

same. 
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Chapter 9 

Future scope 
 

The following may be treated as future directions: 

 
In the literature, there was no method to deal with the sensitivity analysis of fully 

fuzzy linear programming problems and interval-valued fully fuzzy linear programming 

problems. So, in Chapter 6 and in Chapter 7, new methods are proposed for the same. 

However, to apply the methods, proposed in Chapter 6 and Chapter 7 there is need to convert 

the fully fuzzy linear programming problems into crisp linear programming problems.  

In future, it may be tried to develop such new methods which can be used directly to 

deal with the sensitivity analysis of fully fuzzy linear programming problems and interval-

valued fully fuzzy linear programming problems without converting it into crisp linear 

programming problems.
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