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Abstract

Let G be an arbitrary group and let Aut(G) denote the full automorphism group
of G. An automorphism « of G is called a class-preserving automorphism if for
each z € G, there exists an element g, € G such that a(xr) = g, 'zg,; and is
called an inner automorphism if for all z € G, there exists a fix element g € G
such that a(z) = g 'zg. The group Inn(G) of all inner automorphisms of G is a
normal subgroup of the group Aut.(G) of all class-preserving automorphisms of G.
An automorphism « of G is called an nth class-preserving if for each x € G, there
exists an element g, € v,(G), where v, (G) denotes the nth term of the lower central
series of G, such that a(z) = g;'rg,. The set Aut!(G) of all nth class-preserving
automorphisms of G fixing Z(G) element-wise is a normal subgroup of Aut(G).
An automorphism « of G is called a central automorphism if it commutes with all
inner automorphisms of G; or equivalently g 'a(g) € Z(G), the center of G, for all
g € G. The group of all central automorphisms of G is denoted as Autcent(G). An
automorphism « of a group G is called a commuting automorphism if each element
z in G commutes with its image a(x) under . Let A(G) denote the set of all
commuting automorphisms of G. Observe that Autcent(G) is contained in A(G). A
group G is called an A(G)-group if the set A(G) is a subgroup of Aut(G).

In this thesis, we mainly study the structure of A(G), Autcent(G) and Aut(G).
We find some conditions on a finite p-group G such that A(G) is a subgroup of
Aut(G). We also find conditions on a finite p-group G such that Aut](G) =
Autcent(G) and Autcent(G) = Z(Inn(G)).

Chapter 1, contains the introductory part and some basic definitions. In chapter
2, we give necessary and sufficient conditions for a finite p-group G of class n + 1
such that Aut!(G) = Autcent(G). As a consequence, we give a short proof of the
main result of Yadav [45] which states that: Let G be a finite p-group of class 2 and
let p™,...,p™ be the invariants of G/Z(G). Then Aut.(G) = Autcent(G) if and
only if 15(G) = Z(G) and | Autu(G)] = [T, |2, (12(G))].

A group G is said to be metacyclic if it contains a cyclic normal subgroup Z such
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that G/Z is cyclic. In chapter 3, we find some necessary and sufficient conditions
on a finite non-abelian p-group G, where p is odd prime, with G/Z(G) metacyclic
such that G is an A(G)-group.

For z € G, let [z, G| denote the set {[z, ¢]| g € G}. A non-abelian group G that
has no non-trivial abelian direct factor is said to be purely non-abelian. Let G be
a finite p-group and N be a non-trivial normal subgroup of GG. The pair (G, N) is
called a Camina pair if N C [z,G] for all x € G — N. A finite p-group G is called
Frattinian if Z(M) # Z(G) for all maximal subgroups M of G. A Frattinian p-group
G satisfying Cq(Z(P(G))) = ®(G) is called strongly Frattinian. In chapter 4, we
find some necessary conditions on a finite non-abelian p-group G such that G is an
A(G)-group. In this chapter we give two theorems. In first one, we prove that if G is
a finite non-abelian p-group such that Ce(®(G)) is cyclic, then G is an A(G)-group.
In second one, we prove that if G is a finite Frattinian p-group such that G/Z(G) is
purely non-abelian and (G, Z(G)) is a Camina pair, then G is strongly Frattinian,
and if p is odd, then G is an A(G)-group.

In chapter 5, we study finite p-groups G for which Autcent(G) is of minimal order,
that is, Autcent(G) = Z(Inn(G)). We give necessary and sufficient conditions on a
finite p-group G such that Autcent(G) = Z(Inn(G)).
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CHAPTER 1

Introduction and Basics

1.1 Introduction

Let G be an arbitrary group and let Z(G) and ®(G) respectively denote the centre
and the Frattini subgroup of G. Let Aut(G) denote the full automorphism group
of G. An automorphism «a of G is called a class-preserving automorphism if for
each € G, there exists an element g, € G such that a(x) = g;'zg,; and is
called an inner automorphism if for all x € G, there exists a fix element g € G
such that a(z) = g 'zg. The group Inn(G) of all inner automorphisms of G is a
normal subgroup of the group Aut.(G) of all class-preserving automorphisms of G.
An automorphism ¢ of G is called a central automorphism if it commutes with all
inner automorphisms of G; or equivalently ¢ '¢(g) € Z(G), the center of G, for all
g € G. The set Autcent(G) of all central automorphisms of G fixes the commutator
subgroup G’ element-wise and is a normal subgroup of Aut(G).

Note that, for a finite p-group of class 2, we have
Aut.(G) < Autcent(G) < Aut(G).

In 1999, Mann [31], Question 10] asked the following question:

1



2 Introduction and Basics

Do all p-groups have automorphisms that are not class preserving?
If the answer is no, which are the groups that have only class preserv-

ing automorphisms?

The examples of finite p-groups G such that Aut.(G) = Aut(G) are already
known in the literature. Such groups, having nilpotency class 2 were constructed
by Heineken [19] in 1980 and that having nilpotency class 3 were constructed by
Malinowska [29] in 1992.

The group of all central automorphisms is as large as possible when all automor-
phisms are central, that is Autcent(G) = Aut(G), and is as small as possible when
all central automorphisms are inner, that is Autcent(G) = Z(Inn(G)). Non-abelian
p-groups G in which Autcent(G) = Aut(G) have been well studied. In 1913, Miller
[32] constructed a group G of order 2% and generated by three elements such that
Aut(G) is abelian, that is, Autcent(G) = Aut(G). Miller’s group of order 64 is the
smallest non-abelian group with an abelian automorphism group. In 1975, Jonah
and Konvisser [23] constructed a group G of order p® and generated by four elements
such that Aut(G) is abelian. In 1987, Curran [9] gave a method for constructing
further examples of non-abelian 2-groups which have abelian automorphism groups.

In 1995, Morigi [33] raised the following question:

What is the minimal number of generators for a non-abelian p-group

having an abelian automorphism group, for p an odd prime?

He himself settled this question and proved that the minimal number of generators

for a p-group having an abelian automorphism group is four, for p an odd prime. In
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1998, Ban and Yu [4] proved that there is no group G such that Aut(G) is an abelian
p-group of order < p'', where p > 2. In 1982, Curran [8] constructed a group G
of order 27 such that Autcent(G) = Aut(G) is non-abelian. In 1984, Malone [28§]
constructed p-groups for odd primes such that Autcent(G) = Aut(G) is non-abelian.
Note that the groups considered by Curran and Malone have abelian direct factors.
Examples of 2-groups G such that G does not have an abelian direct factor and
Autcent(G) = Aut(G) is non-abelian were constructed by Glasby [1I7] in 1986. In

2002, Malinowska [30, Problem 13| proposed the following problem:

For an odd prime p, find a p-group G which has no non-trivial abelian

direct factor and Autcent(G) = Aut(G) is non-abelian.

In 2012, Jain and Yadav [22] gave the following example of such groups for n > 2
and p an odd prime:

G={abed|a" =W = =d =1,[a,b] =, [a,c] = &, [a,d] = P, [b,d =
a" b, d) = 0P, e, d] = 1).

In 2013, Yadav [45] Theorem A] gave necessary and sufficient conditions on a
finite p-group G of class 2 such that Aut.(G) = Autcent(G). He also proved that,
if G is a finite p-group of class 2 such that Aut.(G) = Autcent(G), then d(G) is
even. In 2013, Kalra and Gumber [24] proved that Aut.(G) = Autcent(G) if and
only if Aut.(G) ~ Hom(G/Z(G),72(G)) and 1(G) = Z(G). As a consequence of
this result, they obtained an easy and short proof of the main result of Curran and
McCaughan [I1] which states that: If G is a finite p-group, then Autcent(G) =
Inn(G) if and only if G’ = Z(G) and Z(G) is cyclic. They also classified all finite

p-groups G such that Aut.(G) = Autcent(G) when Z(G) is cyclic or elementary
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abelian. And consequently, they characterized all finite p-groups of order p™(n < 7)
such that Aut.(G) = Autcent(G).

We call an automorphism « of G an nth class-preserving if for all g € G, a(g) €
(@ where 7,(G) denotes the nth term of the lower central series of G. The set
Aut](G) of all nth class-preserving automorphisms of G fixes Z(G) element-wise
and is a normal subgroup of Aut(G). Observe that Aut!(G) = Aut.(G) for n = 1,
and if G is a finite p-group of class n + 1, then Aut”(G) is a normal subgroup of
Autcent(G). In chapter 2, we give necessary and sufficient conditions for a finite
p-group G of class n + 1 such that Aut](G) = Autcent(G), and as a consequence
obtain Theorem A of Yadav [45] as a particular case.

An automorphism « of a group G is called a commuting automorphism if each
element x in G commutes with its image a(z) under a. Let A(G) denote the set of
all commuting automorphisms of G. Observe that Autcent(G) is contained in A(G).
Let [g,a] = g 'a(g), where g € G and o € Aut(G). Note that if € Autcent(G) if
and only if the function g — [g, @] is a homomorphism, and « € A(G) if and only if
[g", a] = [g,a]" for all g € G. A group G is said to be an A(G)-group if the set of all
commuting automorphisms of G forms a subgroup of Aut(G). Many authors have
done work on commuting and non-commuting elements of a group (see for example
[12], 146]). Commuting maps like derivations and automorphisms were first studied
for various classes of rings [5l [7, 15, 26 B7, 42]. In the year 1984, Herstein [20]

proposed the following problem to American Mathematical Monthly:
If G is a simple non-abelian group, then prove that A(G) = 1.

In 1986, Laffey [25] observed that A(G) = 1 provided G has no nontrivial abelian
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normal subgroups, while Pettet [25] proved that A(G) = 1 if Z(G) = 1 and
7(G) = G. Let E3(G) = {9 € G | [g,z,2] = 1 Yz € G} denote the set of right
2-Engel elements of G. In 2001, Deaconescu and Walls [I3] have shown that there
is a close connection between the right 2-Engel elements and the set of commuting
automorphisms of a group. Deaconescu, Silberberg and Walls [14] in 2002, raised
the following questions about A(G):

1. Is it true that the set A(G) is always a subgroup of Aut(G)?

2. What conditions on G imply the equality A(G) = Autcent(G)?

3. Is it true that A(G) = 1 if and only if Autcent(G) = 17

Regarding question 1, Deaconescu et al. [14] gave the following example of a group

G of order 2° in which A(G) doesn’t form a subgroup:

G = (a,b,c,d | a* = V> = d* = 1,a*> = 2, [a,b] = [c,d] = d?, [a,c] = [a,d] =

[b,¢] = [b,d] = 1)

In 2013, Vosooghpour and Malayeri [43] showed that minimum order of a non-
A(G) p-group is p°. In 2013, Fouladi and Orfi [16] proved that if G is either a
finite AC-group or a p-group of maximal class or a metacyclic p-group, then G is an
A(G)-group. They also proved that if G is a group of order p" with a cyclic maximal
subgroup, then A(G) is a subgroup of Aut(G). In 2013, Vosooghpour, Kargarian
and Malayeri [44] obtained the structure of A(G), where G is a non-abelian p-group
of order p™ with cyclic maximal subgroup. In 2015, Rai [35] gave some sufficient
conditions on a finite p-group G such that A(G) is a subgroup of Aut(G) and, as
a consequence, proved that in a finite p-group G of co-class 2, where p is an odd

prime, A(G) is a subgroup of Aut(G). In 2016, Singh and Gumber [4I] gave very
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elementary and short proofs of main results of Rai and obtained some other related
results. In 2019, Shahrabi, Malayeri and Vosooghpour [39] have proved that a finite
2-group G of almost maximal class is an A(G)-group. Recently in 2019, Rai [36]
proved that the direct product of two finite A(G)-groups is also an A(G)-group.
He also proved that GL(n,q) for n = 3 or ¢ > n, PSL(2,q) and ZM-groups are
A(G)-groups.

A group G is said to be metacyclic if it contains a cyclic normal subgroup Z
such that G/Z is cyclic. In chapter 3, we prove that if G is a finite non-abelian
p-group, where p is odd prime, such that G/Z(G) is metacyclic, then G is an A(G)-
group if and only if ¢/(G) = 2. Let o, € A(G) and x € G. Then, by [14, Lemma
2.2], a(z) = zcy and B(x) = xcy for some ¢1,¢0 € Co(G'). Therefore, if Co(G') is
abelian, then [a(z), ()] = [z a(x), B(x)] = [z a(x),z718(z)] = 1 because z~!
commutes with both a(z) and f(z). Therefore G is an A(G)-group by [14, Lemma
2.4(ii), Lemma 2.2(vi)]. Observe that Z5(G) < Cg(G’). Rai [35, Lemma 3.2] proved
that if G is a finite p-group, where p is an odd prime, such that Z5(G) is abelian,

then G is an A(G)-group. This raises the obvious question:

Is G an A(G)-group if Cq(®(G)) is abelian?

In chapter 4, we prove that if G is a finite non-abelian p-group such that Cq(®(G))
is cyclic, then G is an A(G)-group.

For x € G, let [z, G| denote the set {[z,g]|g € G}. Let G be a finite p-group
and N be a non-trivial normal subgroup of G. The pair (G, N) is called a Camina
pair if N C [z,G] for all x € G — N. A finite p-group G is called Frattinian

if Z(M) # Z(G) for all maximal subgroups M of G. A Frattinian p-group G
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satisfying Co(Z(®(G))) = ®(G) is called strongly Frattinian. In 2013, Vosooghpour
and Akhavan-Malayeri [43] showed that for each n > 5, there exists a non-A(G)
p-group of order p”. They, in fact, proved that if G is an extra-special p-group of
order > p°, then G is not an A(G)-group. Observe that if G is a finite extra-special
p-group, then G is Frattinian and (G, Z(@G)) is a Camina pair. The converse is true

if cl(G) = 2 (see Proposition 4.2.8). The following example shows that the converse

is false if cl(G) > 3.

Example 1.1.1 Let G be the group defined by the presentation

n—+1

G={a,c|la" =c°

_ a __ 1+p
=1,c" =c™P),

where p is an odd prime. Then

G| = p> 1.

o Z(G) = (c"") has order p and (G, Z(Q)) is a Camina pair.

O(G) = GPG' = (aP,c?), and thus G has p + 1 mazimal subgroups. All the

mazimal subgroups have the center of order p*.

G has nilpotency class n + 1.

These observations suggest the following natural question:

Does there exist a finite Frattinian p-group G with (G,Z(G)) a Camina

pair which is an A(G)-group?

We answer this question in affirmative in chapter 4 when p is odd and G/Z(G) is

purely non-abelian. More precisely, we prove that if G is a finite Frattinian p-group
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such that G/Z(G) is purely non-abelian and (G, Z(G)) is a Camina pair, then G is
strongly Frattinian, and if p is odd, then G is an A(G)-group.

In the recent past, there has been an interest in finding finite p-groups for which
all central automorphisms are inner [10, 11, 18] 40]. Observe that the problem of
finding finite p-groups G for which Autcent(G) < Inn(G) is equivalent to finding
finite p-groups G for which Autcent(G) = Z(Inn(G)), that is, Autcent(G) is min-
imal. In case of nilpotence class 2, this is equivalent to finding finite p-groups G
for which Autcent(G) = Inn(G). This case was settled by Curran and McCaughan
[11] in 2001. They proved that if G is a finite p-group, then Autcent(G) = Inn(G)
if and only if G’ = Z(G) and Z(G) is cyclic. In 2004, Curran [I0] gave two nec-
essary conditions for a finite non-abelian p-group G to have minimal number of
central automorphisms. He proved that if G is a finite non-abelian p-group such
that Autcent(G) = Z(Inn(G)), then Z(G) < G’ and Z(Inn(G)) is not cyclic. These
conditions are necessary but not sufficient. In 2013, Sharma and Gumber [40] proved
that if G is a finite p-group of order p° or p% then Autcent(G) = Z(Inn(G)) if and
only if G is of rank 2 and |Z(G)| = p. In 2015, Gumber and Kalra [I§] character-
ized finite p-groups G of co-class up to 4 and groups of order up to p’ for which
Autcent(G) is minimal. They gave necessary and sufficient conditions on a finite
p-group G for which Autcent(G) = Z(Inn(G)) in the case when Z(G) is cyclic.

Let G be a finite p-group and let
G/G/ ~ Cpoq X Cpag X+ X Cpan

and

ZQ(G)/Z(G) ~ Cpﬁl X Cpﬁz X e X Cpﬁm
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be the cyclic decompositions of respective abelian groups, where a; > «;; and
Bi > Pir1 are positive integers. Let W(G)/Z(G) = Q1(Z2(G)/Z(G)). In chapter 5,
we prove that if G is a finite non-abelian p-group such that W (G) is non-abelian,
then Autcent(G) = Z(Inn(G)) if and only if Z(G) =~ Cpn is cyclic and either
G/G" ~ Zy(G)/Z(G) or d(G) = d(Z2(G)/Z(G)), Bi = 7 for 1 <i < rand 3; =

for r+1 < i <n, where r, 1 < r <mn, is the largest such that a,. > ;.

1.2 Basics

In this section, we give a quick review of some of the basic facts of group theory
that are assumed in the foregoing chapters. The definitions and proofs of results
presented here can be found in any standard book on group theory. Let X be a
nonempty subset of a group GG. Define the subgroup generated by X, denoted by
(X), to be the intersection of all subgroups of G which contain X. In a real sense
(X) is the smallest subgroup of G' containing X. Clearly X = (X) precisely when
X itself is a subgroup. If X is non-empty, then (X) contains every finite product of

the type

eyt or> 1, ;€ X, my = £1,

/]

and conversely all such products form a subgroup of G' containing X. It follows
that (X) consists of all such products. A cyclic group is thus generated by a single
element. We shall denote a cyclic group of order m by C),. The rank of a group G

is the smallest cardinality of a generating set of G and is denoted by d(G). That is,

d(G) = min{|X|: X C G, (X) = G}.
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The exponent of a group G is the least natural number n such that ¢" = 1 for all
g € G and is denoted by exp(G). Observe that the least common multiple of the
orders of the elements of a finite group G is the exponent of G. For a p-group G and
a positive integer i, we write Q;(G) = (z € G : 27" = 1) and U;(G) = («¥ : z € G).

The commutator of two elements a and b of a group G is the element [a,b] =
a~'btab of G and the commutator subgroup or the derived subgroup G’ of G is the

subgroup of G generated by all commutators of GG. That is,
G' = (la,b] : a,b € G).

It is easy to see that G’ is a normal subgroup of G. If X and Y are two subsets of G,
then we define [ X,Y] = ([z,y] : v € X,y € Y). Thus [X,Y] is always a subgroup of
G. Observe that G' = [G,G]. For z € G, [z, G] denotes the set of all commutators

[z, g], where g € G. The followings are well known commutator identities

[z, yz] = [z, 2] [z, y)[z, y, 2]; |2y, 2] = [z, 2]z, 2, 9]y, 2],

where z,y, z € G and will be frequently used in the thesis without any reference.

Given a group G and a subgroup H of GG, a series from H to G is a finite sequence
H=Gy<G < --<G,=0G (1.1)

of subgroups of G where each Gj is a subgroup of its successor. If H = 1, we say that
(1.1) is a series for G. The subgroups G; in this series are called terms. The length
of the series is the number of terms excluding G itself. The series (1.1) is called
proper if no two of the terms are equal, that is, G; < G,;1 for : = 0,1,...,n — 1.

The series (1.1) is called subnormal series if each G; is a normal subgroup of its
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successor, and is called normal series if each G; is a normal subgroup of G. The
quotient groups G;;1/G; are called the factor groups of the series. The normal series
above is called a central series if for each i, G;11/G; < Z(G/G;). Let Zy = 1 and
let Z;11/Z; = Z(G/Z;) for i > 0. Observe that Z; is the center of G and Z;,1/Z;,
being the center of G/Z;, is normal in G/Z; and hence Z; 1 is normal in G for all

1 > 0. It follows that the series

1l=2y<Z1<Zy<---

is a central series of G. The subgroup Z; is called the i-th center and this series is
called the upper central series of G.

We define subgroups v;(G), i > 1, of G by setting

1n(G) =G, 7n(G) = [n(G),Gl.

Observe that 72(G) = G’, each 7;(G) is normal in G and 7;41(G) < 7;(G). The
series

G =1(G) 2 (G) 2+ 7(C) 2+

is called the lower central series of GG. If the lower central series of a group G
terminates in a finite number of steps at 1, and if ¢ is the least natural number
such that v..1(G) = 1, then G is called a nilpotent group of class ¢. The class of a
nilpotent group is denoted by cl(G). Observe that if c/(G) = 2, then G' < Z(G).
A proper subgroup M of GG is maximal if whenever M C H C G, then either
H = M or H = G. The intersection of all the maximal subgroups of G is the
Frattini subgroup ®(G) of G. If G has no maximal subgroup, then ®(G) = G. An

element g of G is called a non-generator of G if whenever (H U {g}) = G, then
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(H) = G for all H C G. An interesting fact of ®(G) is that it is equal to the set of
all non-generators of G.

Two elements a and b of G are called conjugate if there exists an element g of G
such that b = g~ 'ag. It is easily seen that “conjugacy” is an equivalence relation on
G and therefore it partitions G into equivalence classes. The equivalence class that

contains the element a of G is called the conjugacy class of a and is denoted as a®.

That is,

a® = {gag™' : g € G}.
Let H be a non-empty subset of G. The set of elements of G which commute with
every element of H is called the centralizer of H in G, and is denoted as Cg(H).
That is,

Co(H)={9€G:hg=ghVhe H}.

It is easy to see that Cg(H) is a subgroup of G. If H = {h} is singleton, then
Ce({h}) is simply denoted as Cg(h).

A finite group G is called a purely non-abelian group if it has no non-trivial
abelian direct factor. If Z(G) is cyclic or if Z(G) < ®(G), then G is purely non-
abelian. Let G; and G5 be groups, and let ¢ be a map from G; to G3. Then the

map ¢ is called a homomorphism from G to Gy if for all g, h € Gy,

d(gh) = o(g)o(h).

Let ¢ be a homomorphism from G; to G5. Then
(1) ¢ is called the trivial homomorphism if ¢(a) =1 for all a € G;.

(i7) ¢ is called a monomorphism if it is injective.



1.2 Basics 13

(1ii) ¢ is called an epimorphism if it is surjective.

(1v) ¢ is called an isomorphism if it is bijective.

(v) ¢ is called an endomorphism if it is a homomorphism of G to itself.

(vi) ¢ is called an automorphism if it is an isomorphism of G to itself.

The set of all automorphisms of G is a group under the usual operation of composi-
tions of mappings. We call this group the full automorphism group of G and denote
it by Aut(G).

Let A be an abelian group and let Hom(G, A) denote the set of all homo-
morphisms of G into A. For f,g € Hom(G, A), define fg(x) = f(x)g(z). Then
Hom(G, A) becomes an abelian group under this operation. If A, B, C' are all finite
abelian groups, then Hom(A, B x C) ~ Hom(A, B) x Hom(A, C) and Hom(A, B) ~
Hom(B, A). Also, Hom(C,,, C,,) ~ Cy4, where d = ged(m,n).

A group G is called a p-group, where p is prime, if order of every element of G

is a power of p.
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CHAPTER 2

On finite p-groups whose central automorphisms
are all nth class-preserving

2.1 Introduction

Yadav [45, Theorem A] gave necessary and sufficient conditions on a finite p-group
G of class 2 such that Aut.(G) = Autcent(G). We call an automorphism « of G
an nth class-preserving if for all g € G, a(g) € g™(@, where ~,(G) denotes the nth
term of the lower central series of G. The set Aut](G) of all nth class-preserving
automorphisms of G fixes Z(G) element-wise and is a normal subgroup of Aut(G).
Observe that Aut)(G) = Aut.(G) for n = 1, and if G is a finite p-group of class
n+ 1, then Aut?(G) is a normal subgroup of Autcent(G). In this chapter, we give
necessary and sufficient conditions for a finite p-group G of class n + 1 such that
Aut(G) = Autcent(G), and obtain, as a consequence, Theorem A of Yadav [45] as

a particular case.

2.2 Main Results

Let Hom(G, A) denote the group of all homomorphisms of G into an abelian group

A. The following three well-known lemmas will be used very frequently without

15
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further referring.

Lemma 2.2.1 Let A, B and C be finite abelian groups. Then

(1) Hom(A x B, (') ~ Hom(A, C) x Hom(B,C),

(1) Hom(A, B x C') ~ Hom(A, B) x Hom(A, C), and

(2ii) if B is a proper subgroup of C, then |Hom(A, B)| < |Hom(A, C)|.

Lemma 2.2.2 Hom(C,,, C,,,) ~ Cy, where C; denotes the cyclic group of order i and

d s the greatest common divisor of n and m.

Lemma 2.2.3 Let A be any finite abelian group. Then

| Hom(Cn, A)| = | Hom(Cpr, 2u(A))].

For normal subgroups X and Y of G, let Aut™(G) and Auty(G) respectively
denote the subgroups of Aut(G) centralizing G/ X and Y. We denote the intersection
Aut®(G) N Auty (G) by Auty (G). The following lemma is a little modification of

arguments of [2, Lemma 3].

Lemma 2.2.4 Let G be any group and Y be a central subgroup of G contained in a

normal subgroup X of G. Then Autk(G) ~ Hom(G/X,Y).

Proof. For any 1 € Autk (G), define the map ¢, : G/X — Y as ¥, (bX) = b~ u(b).
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Now

Uu((0rX)(02X)) = ¢ (b10:X)
= (baba) " p(bido)
= by by (1) a(be)
= (by (b)) (b3 (b))

= %(le)%((bzX).

Thus v, is a homomorphism. Define the map

Y Auty (G) — Hom(G/X,Y)

as ¥(u) =1, Let po(b) = by for some y € Y. Then

Ui (0X) = 07 i pia (D)

= b7 (p2(b))

= b7 (by)

= b m(b)m(y)
= b m(b)y

= b7 (D)0 p2(b)

= wul (bX>wu2 (bX)

Now #,(bX) = 1 implies that p(b) = b for all b € G. Thus ¢ is a monomorphism.

For any 7 € Hom(G/X,Y'), define the map p: G — G as p(g) = gr(gX) for all



18 On finite p-groups whose central automorphisms are all nth class-preserving

g € G. Since Y < Z(G),

1(grg2) = 91927(g192X)
= 91927((91.X)(92X))
= 91927(01.X)7(92X)
= (17(91X))(927(92X))

= p(g1)n(g2)-

Now p(g) = 1 implies that g = (7(¢X))™' € Y < X, and therefore g = 1. Thus pis a
monomorphism. It is easy to see that p is onto, and therefore i is an automorphism
of G inducing identity on both X and G/Y and ¢ (u) = 7. Hence v is onto as

well. 0

Lemma 2.2.5 Let G be a finite non-abelian p-group such that Aut (G) = Autcent(G).

Then Z(G) < ®(G) and

AUt (G) = Hom(G/72(G), Yor1(G)) = Hom(G/Z(G), Yur1 (G)).

Proof. On the contrary, assume that Z(G) £ ®(G). Choose an element h in Z(G) \
M for some maximal subgroup M of G. Then G = M (h). There exists a non-trivial
element z in Z(G) N ®(G) of order p. We prove that the map o : G — G, defined
as a(mh') = mhiz® for every m € M and for every i,0 < i < p — 1, is a central

automorphism but not an nth class-preserving automorphism of G. Let my,ms € M
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and 0 <17,7 <p—1. Then

a(mih'mah?) = almimeh')
_ m1m2hi+jzi+j

= (mh'2")(mah? 27)

= a(mih)a(mah?).

Thus « is a homomorphism. It follows from a(mh’) = 1 that mh® = 2~* € M. Since
«a fixes M element-wise, mh'z" = a(mh') = mh’. It implies that mh’ = 2= =1, and
therefore « is one-one. Now (mh')ta(mh’) = 2* € Z(G) for all 4, 0 < i < p — 1.
Thus « is a central automorphism. Since a(h) = hz # h, «a is not an nth class-
preserving automorphism of G, which is a contradiction. Thus Z(G) < ®(G). For
any y € v,(G), the inner automorphism ¢,, induced by y is an element of Aut, (G). It
follows that 271, (z) = 2 'y tey = [x,y] € Z(G) for all x € G and thus 7,41 (G) <
Z(G). Hence Aut?(G) ~ Hom(G/:1(G), 3er(G)) = Hom(G/7:(G), 3o (G))

and Aut)(G) ~ Hom(G/Z(G),¥n+1(G)) by Lemma 2.2.4 because Aut](G) fixes

Z(@) element-wise. O

Let G be a finite non-abelian p-group of class n + 1. Let

G/7(G) =~ Cpa x Chaz X -+ X Cpar,
Ynt1(G) =2 Cppy X Cppy X - x Cppy,and
Z(G) ~ Cpcl X Opcz X oo X Cpcm

be the cyclic decompositions of respective abelian groups, where a; > a;11,b; > b1
and ¢; > ¢;11 are positive integers. Since 7,41(G) is a subgroup of Z(G), I < m and
bj <cjforall j,1 <5<

A non-abelian group G that has no non-trivial abelian direct factor is said to

be purely non-abelian. Observe that a group G is purely non-abelian if Z(G) is
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contained in ®(G).

Proposition 2.2.6 ([I, Theorem 1]) If G is a purely non-abelian group, then there

is a one-to-one correspondence between Autcent(G) and Hom(G/G', Z(G)).

Theorem 2.2.7 Let G be a finite non-abelian p-group of class n + 1. Then the

following two statements are equivalent:
(1) Aut2(G) = Autcent(G),

(2) Aut(G) ~ Hom(G/72(G), vn+1(G)) and one of the following two conditions
holds:
(@) Y1 (G) = Z(G) or
(b) Z(G) < ®(G),l =m, and a; < by, where s is the largest integer between

1 and | such that by < c.

Proof. First suppose that Aut!(G) = Autcent(G). Then, by Lemma 2.2.5, Z(G) <

®(G) and Aut(G) ~ Hom(G/72(G), ¥m+1(G)), and by Proposition 2.2.6
| Autcent(G)| = [Hom(G /72 (G), Z(G))].
Assume that 7,41 (G) < Z(G). Since
| Hom(G/72(G), yn41(G))| = [Hom(G /72 (G), Z(G))l,
it follows that

rk[ rl[pmin{ai,bj} _ ﬁ ﬁpmin{ai,cy-}.

i=1 j=1 i=1 j=1

Now [ < m and b; < ¢; for each j, 1 < j </, therefore min{a;, b;} < min{a;,c;} for

all i, 1 <i<kand forall j, 1 <j <Ll Ifl <m, then |Hom(G/72(G),v,11(G))| <
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| Hom(G/72(G), Z(G))|, which is not so. Thus [ = m and min{a;, b;} = min{a;, ¢;}
for all 4, 1 < i < k and for all j, 1 < j < [. Since v,41(G) < Z(G), there exists
some j between 1 and [ such that b; < ¢;. Let s be the largest integer between 1
and [ such that by < ¢5. If a; > b, then by = min{ay,bs} = min{ay,cs} > by, a
contradiction.

Conversely, if v,11(G) = Z(G) and Aut](G) ~ Hom(G/72(G), Ynt1(G)), then
the result holds trivially by using Proposition 2.2.6. We, therefore, suppose that
Aut](G) ~ Hom(G/72(G), 1m4+1(Q)), Z(G) < ®(G),l = m, and a; < b, where s is

the largest integer between 1 and [ such that b, < ¢,. Now

ko
| Hom(G /72(G), Vi1 (G H H prntentit,
=1 j5=1

and

| Hom(G /(G Q)| = H Hpmm{az <}

i=1 j=1

Observe that a; < b; < c¢j forall i, 1 <i <k and for all j, 1 <j <s, and b; = ¢

for all j, s+ 1< j <[. It follows that

| Hom(G/72(G), 7+1(G))| = HHpmin{“"’bﬂ'}

i=1 j=1

ps(a1+a2+~'+ak)ﬁ ﬁ pmin{aivbj}7

i=1 j=s+1

and



22 On finite p-groups whose central automorphisms are all nth class-preserving

ko

| Hom(G /v (G), Z(G))| = HHpmin{ai,Cj}

i=1j=1

k l
_ ps(a1+a2+...+ak)H H pmin{ai,b]-}.

i=1 j=s+1
Thus | Hom(G/72(G), Yus1(G))| = | Hom(G/72(G), Z(G))|. Since Z(G) < ®(G), by
Proposition 2.2.6 it follows that | Autcent(G)| = | Hom(G/(G), Z(G))|. Hence by
the given hypothesis and the fact that Autl(G) < Autcent(G), we have Aut!(G) =

Autcent(G). O

We now give an example of a group which satisfies the hypothesis of the Theorem
2.2.7. Its GAP id is 740.

Let G = (f1, fo, f5, fas f5: fo f2) be a 2-group of order 27 with the following
relations:
ff=B=K=FK=F=L1E=1=flfahl=fufs il = L] =
fo, lfa, ful = [fs, 1ol = [fo, il = [fa ol = [ o] = [fs, fo] = fo. [fs, fol = o, fol =
e, fs] = fs; fa] = [fe. ful = fs, 5] = [fr. il = [fe. fo] = [fo. fs] = [fe, fa] =
[f7, fs] = [f7, fe] = 1.
In this group G’ = ®(G) = (fu, f5, fs, fr), 1(G) = Z(G), fr € Z(G).

By using the following commands in GAP:

A := AutomorphismGroup(G);

I := Inner AutomorphismsAutomorphismGroup(A);
C := Centraliser(A,I);

Elements(C);

we have the following eight central automorphisms:

O1(fifafsfafs) = fifafsfafsfo, or(fifafefr) = fifafe, or(fafr) = fo
Go(frfofsfafs) = fifofsfafsfo, da(frfafsfr) = fifafs, d2(fofr) = fofr
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O3(f1fafsfafs) = frlafsfafs o, os(fifafefr) = fifafsfz, os(faf) = fa
Oa(f1fafsfafs) = frlafsfats o, oa(fifafefr) = fifafofr, oa(fafz) = fafz
Os(f1fafsfafs) = frlafsfafs, &s(fifafefn) = ifafe, &s(faf7) = fof7
G6(f1fafsfafs) = frfafsfufs d6(fifafefr) = fifafe, d6(faf7) = fo
Or(f1fafsfafs) = filafsfafs, &r(fifafefn) = Tifafefr, on(fafr) = fo
Os(f1fafsfalfs) = frfafsfafs, ¢s(fifafefr) = Tifafefr, ds(faf7) = fofr.
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It is easy to see that

o(fifafsfafs) = fifafsfafsfn
= flefsfafsfi
= hhlafsfafatsfa
= Nfafafslfs falfafsfa
= hhlafafsfafsfatz
= hfafafsfatsfa
= fifahifafsfafshs
= fi'(fifefsfafs) fa

O1(fifafefr) = fifafs
= hifafstifz
= fifaffifi
= hfafafefrtfs
= fufahfafstifa
= fi' (ffafsfo) s
¢1(fafr) = fo

= fafrfr
= fffi
= fafafifa
= fifalafifa
= fi'(f2f)fa
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Thus ¢; € Aut?(G). Similarly we can show that the other seven central auto-
morphisms also belong to Aut?(G), and therefore Autcent(G) < Aut?(G). But
Aut?(G) < Autcent(G), and hence Aut?(G) = Autcent(G).

Let G be a finite abelian p-group and let G ~ Cpai X Cpaz X - -+ X Cpar be

the cyclic decomposition of G such that oy > as > ... > «, > 1. The integers

(&3] a2

p*,p®2, ..., p* are unique for G and are called the invariants of G. Yadav [45,
Theorem A] proved that if G is a finite p-group of class 2 and p™ ... p™¢ are the
invariants of G/Z(G), then Aut.(G) = Autcent(G) if and only if 15(G) = Z(G) and
| Aute(G)] = TTL, |Qm, (72(G))]. As a particular case of Theorem 2.2.7, we give a

short proof of this result of Yadav. We, however, use Lemma 3.1(3) and Lemma 3.5

of Yadav [45].

Proposition 2.2.8 ([I0, Lemma 2.8]) Let A and B be abelian groups with C a
proper subgroup or quotient of A, and D a proper subgroup or quotient of B, such
that |A|/|C| = n = |B|/|D|, for some n > 1. Then Hom(C, D) is isomorphic to a

proper subgroup of Hom(A, B).

A subset {y1, ¥, ..., ya} of a finite abelian group Y is said to be a minimal basis

for Y if

Y = (1) X (y2) X -+ X (Ya)
and
(y)| = [ya)| > -+ > [(ya)] > 1.

A minimal generating set {x1, s, ..., 24} of a finite p-group G of class 2 is said to be

distinguished if the set {77, 73, ..., T4}, where T; = 2;Z(G), forms a minimal basis
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for G/Z(G).
Proposition 2.2.9 ([45, Lemma 3.5)) Let G be a finite p-group of class 2 such that
Z(G) < ®(G). Then the following statements hold true:

(1) Any minimal basis {¥1, %3, ..., Zq} for G = G/Z(G) provides a distinguished

minimal generating set {xy,xs,...,xq} for G

(2) Any element x € G\ ®(G) can be included in a distinguished minimal gener-

ating set for G.
Proof. Since Z(G) € ®(G),

G/®(G) ~ (G/Z2(G))/(®(G)/Z(G)) =~ G/2(G).
Therefore the set {z1®(G), 72®(G), ..., 7,0(G)} minimally generates G/®(G), and

thus the set {x1, za, ..., 24} minimally generates G. Let z € G\ ®(G). Then 2Z(G) €

(G/Z(G)\ (2(G)/Z(G)). Hence the result follows. O

Proposition 2.2.10 ([45, Lemma 3.1(3)]) Let G be a finite p-group of class 2. Then

forz e G\ Z(G), exp([z,G]) = |Z|, where T = 2Z(G) € G/Z(G).

Proof. Let |Z| = p°. Then 2" € Z(G). Let [r,g9] € [2,G] be any element.
Then [z, g]"" = [27°,g] = 1, and thus exp([z,G]) < p¢. If possible, suppose that
exp([z,G]) = p* < p°. Now for all ¢ € G, we have [z, g] = [z, g]” = 1. It
follows that 27" € Z(@), which is a contradiction. Hence exp([z, G]) = |z| for all
re G\ Z(G). O
Corollary 2.2.11 ([45, Theorem Al) Let G be a finite p-group of class 2 and let
P p™e be the invariants of G/Z(G). Then Aut.(G) = Autcent(G) if and only

if 12(G) = Z(G) and | Aut(G)] = TTi_, [, (12(G))].
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Proof. First suppose that Aut.(G) = Autcent(G). Then, by Lemma 2.2.5,
Aut.(G) ~ Hom(G/Z(G),v2(G)).

By Theorem 2.2.7, either 12(G) = Z(G) or Z(G) < ®(G),l = m, and a1 < bs, where
s is the largest integer between 1 and [ such that by, < ¢,. If %(G) < Z(G), then

G/Z(G) is a proper quotient of G/v,(G) and

(G/7(G)/(G/Z(G))| = |2(G)/7(G)] > 1.

It thus follows from Proposition 2.2.8 that Hom(G/Z(G),~2(G)) is isomorphic to
a proper subgroup of Hom(G/v2(G), Z(G)), which is a contradiction because by

Proposition 2.2.6,
| Aut.(G)| = | Autcent(G)| = | Hom(G/(G), Z(G))|.

Thus 7 (G) = Z(G). Let G/Z(G) ~ (T7) X (T3) x -+ x (Tg) such that the order
of T; = 2;Z(G) is p™ for all i, 1 < i < d. It follows from Proposition 2.2.9 that

{1, 29, ..., 24} is a distinguished minimal generating set for G. The map

fr—= (f(21), f(2), ..., f(2a))

d
is an injective map from Aut.(G) to 2§ xz§ x- - - xx§. So | Aut.(G)| < Hl |z¥|. Now,
1=

exp([z:, G]) = 77| = |2:Z(G)| by Proposition 2.2.10. Therefore, Hom((77), [x;, G]) ~
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[z;, G] and hence

|Aute(G)] = [Hom(G/Z(G),72(G))]
d

= [ 1Hom((). 22(G)
[T Hom (). z:, )|

=1

v

d
Thus | Aut.(G)| = [] |z§] and | Hom((7;), 12(G))| = | Hom((z3), [x;, G])| for every
i=1

1, 1 <1 <d. It follows from Lemma 2.2.3 that

[z, G]l = [Hom({73), [z:, G])]
= |Hom((73), 72(G))]
= [Hom((Z3), Qm, (72(G)))]

= |, (12(G))].

Hence | Aut,(G)] = [T [0, (32(G))]

i=1
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d
Conversely, suppose that | Aut.(G)| = [ |2m, (12(G))] and 12(G) = Z(G). Then
i=1

Aut(@) = [[12m (2@
=TI I Hom((m), 2, (12(G))

_ H|Hom(<$_i>a72(G)>|
= |Hom(G/Z(G),7(G))]
= |Hom(G/%(G), Z(G))|

= | Autcent(G)].

It now follows from Aut.(G) < Autcent(G) that Aut.(G) = Autcent(G). O
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CHAPTER 3

On commuting automorphisms of finite p-groups
with a metacyclic quotient

3.1 Introduction.

Let G be a group. An automorphism « of G is called a commuting automorphism
if a(z)xr = za(z) for all x € G. The set of all commuting automorphisms of G is
denoted by A(G). It is well-known that A(G) does not necessarily form a subgroup
of Aut(G), but it has a number of interesting properties (see [14]). In 1984, Herstein

[20] proposed the following problem:
If G is a simple non-abelian group, then prove that A(G) = 1.

In 1986, giving an answer to this problem, Laffey [25] proved that if G has no non-
trivial abelian normal subgroup, then A(G) = 1. Pettet (see [25]), in his personal
communication, observed that if Z(G) = 1 and G’ = G, then A(G) = 1. A group
G is called an A(G)-group if the set A(G) is a subgroup of Aut(G). In 2013,
Vosooghpour and Malayeri [43] showed that minimum order of a non-A(G) p-group
is p5. In 2013, Vosooghpour, Kargarian and Malayeri [44] obtained the structure of

A(G), where GG is a non-abelian p-group of order p" with cyclic maximal subgroup.

31
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In 2015, Rai [35] gave some sufficient conditions on a finite p-group G such that A(G)
is a subgroup of Aut(G) and, as a consequence, proved that in a finite p-group G of
co-class 2, where p is an odd prime, A(G) is a subgroup of Aut(G). In 2016, Singh
and Gumber [41] gave very elementary and short proofs of main results of Rai and
obtained other related results. In 2019, Shahrabi, Malayeri and Vosooghpour [39]
proved that a finite 2-group G of almost maximal class is an A(G)-group. Recently
in 2019, Rai [36] proved that the direct product of two finite A(G)-groups is also
an A(G)-group. He also proved that GL(n,q) for n = 3 or ¢ > n, PSL(2,q) and
Z M-groups are A(G)-groups.

In [I6l Theorem 4.2], the authors have proved that if G is a finite non-abelian
metacyclic p-group, then G is an A(G)-group. Observe that if G is metacyclic, then
G/Z(G) is also metacyclic. But the converse need not be true. This raises the

obvious question:

Is G an A(G)-group if G/Z(G) is metacyclic?

In this chapter, we prove the following result:

Theorem 3.1.1 Let G be a finite non-abelian p-group, where p is odd prime, such

that G/Z(G) is metacyclic. Then G is an A(G)-group if and only if cl(G) = 2.

3.2 Main Results

Let G be a finite non-abelian p-group such that G/Z(G) is metacyclic. Then there

is a normal subgroup M/Z(G) of G/Z(G) such that both M/Z(G) and

(G/2(G))/[(M/Z(G)) = G/M
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are cyclic. Let G/M = (aM) and let M/Z(G) = (bZ(G)). Then

G = (a,b, Z(G)).

Since G’ < M = (b, Z(G)), b commutes with every commutator, and hence [a,b]’ =
[a,b] for all i > 1. Let |bZ(G)| = p™. Then [a,b]P" = [a,b*"] = 1. But for
0<n<m,[ab]P" =la,bP"] # 1. Hence |[a,b]| = p™. For the rest of the paper we

fix the above notation.

Proposition 3.2.1 ([2I, Aufgaben. 2(b), p. 259]) Let M be an Abelian normal
subgroup of a finite group G with cyclic factor group G/M. Then |M| = |G'||M N

Z(@)].

Proposition 3.2.2 ([43, Lemma 2.2]) Let G be a group of nilpotency class 2. If

d(G/Z(G)) =2, then G is an A(G)-group.

Proposition 3.2.3 (|21, Satz. 111.10.2(c)]) Let G be a p-group. If G’ is cyclic and

p > 2, then G is reqular.

Lemma 3.2.4 Let (a,m) = d. Then the linear congruence ax = b(mod m) has a
solution if and only if d | b. Moreover if d | b, then it has exactly d solutions modulo

m.

Proof. Firstly assume that ax = b(mod m) has a solution # = xy. Then there exists
Yo € Z such that azg — b = myy. Since (a,m) =d, d | (axg — myp). Thus d | b.

Conversely assume that d | b. Then there exists r € Z such that b = dr. Tt
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follows from (a,m) = d that d = azxy + my, for some g, yo € Z. Therefore

b = dr
= (axg + myo)r

= a(rzo) + m(ryo)

implies that a(rzo) = b+ m(—ryp). Thus x = rx, is a solution of ax = b(mod m).
For t € Z, we have a(xo + %t) = axo(mod m) = b(mod m). So for t € Z, a(xo + %)
is also a solution of ax = b(mod m). Let t1,t, € {0,1,2,...,d — 1} such that
wo+t1% = 2o+t (mod m). Then t; = ty(mod d). Since 0 < ty,ty <d—1,1 =t,.
Therefore the integers of the set

m

(20,00 + 2w+ 22 o+ (d— 1) =)

d d
are incongruent modulo m. Let y = x + %t be any solution of ax = b(mod m).
Then by division algorithm, there exists integers ¢ and r, 0 < r < d such that

t =qd+r. Now
+mt
= €T _—
Yy 0 d

= m0+%(qd—l—7‘)

m
= x0+mq+gr

Ty + %r(mod m).

Hence ax = b(mod m) has exactly d solutions modulo m. O

As a particular case of Lemma 3.2.4, we have the following result:

Corollary 3.2.5 ([3 Corollary 5.1]) If (a,c) = 1, then a has an inverse, and it is

unique modulo c.
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Lemma 3.2.6 Let G be a finite non-abelian p-group, where p is odd prime, such

that G/Z(G) is metacyclic. Then
(1) G" = ([a,b]),
(i7) if cl(G) =2, then G is an A(G)-group,
(i11) if cl(G) > 2, then [a,b] = b z, for some fir j, 0 < j <m and z € Z(G),

(iv) if a'™' € Ca(G), where t > 1, then [a™,b] = [af, b)"TFH**+ """ 20 for any

r>1, where k=1—9p’ and 2, € Z(Q).

Proof. (i) By Proposition 3.2.1, |M| = |G'||M N Z(G)| = |G'||Z(G)|. Therefore

|G'| = |M|/|Z(G)| = p™, and hence G’ = ([a, b]) because |[a, b]| = p™.

(1) Since d(G/Z(G)) = 2 and cl(G) = 2, it follows from Proposition 3.2.2 that G

is an A(G)-group.

(i1i) Since [a,b] € G' < (B)Z(G), [a,b] = b'? z, where (r,p) = 1 and z € Z(G).
Since |bZ(G)| = p™ and cl(G) > 2, 0 < j < m. Since G’ is cyclic, G is regular
by Proposition 3.2.3. Thus [a,b]"" = [a,b""] = 1 implies that [a,b]P" =
[aP" b] = 1. Therefore a*" € Z(G). Hence G' = {[a®,b] | 0 < s < p™}.
Since (r,p) = 1, there exists some integer ¢ such that (¢,p) = 1 and rq =
1(mod |b]) by Corollary 3.2.5. Thus (b 2)9 = b"% 29 = b’ 2 is a generator of
(. Therefore b’ z = [a®,b] for some integer 5,0 < s < m. If (s,p) # 1, then
s = pt for some t > 1. Since G is regular, [a,b]P"" = 1 implies that [a?"? b] =
1. It further implies that [a® b]P" " = 1, which is not so as |[a®,b]| = p™.

Therefore (s,p) = 1.
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(iv) Let r =2. Then

[a®,b] = [d',b][a",b,a'][a’, V]
= [a',b)*[a’, b, a']
= [da',bla""[a’, b]a’
= ld", bla""a " a!, blaa' !

= [d", b][a’, b)" 2

— [&t,b]1+k21.
Assume that [a™,b] = [af, o) T+ ) for any > 2, where k = 1 — p/
and 2z, € Z(G). Now
[a(r-i-l)t’ b] _ [art7 b] [art7 b, at][at’ b]

= [da', bla""[a", bla*
— [at’ b]a*tﬂa*l [a”, b]a&til
= [, b][a", b]* 2

k

= [at7 b]([at’ b]1+k+k2+m+k7«_122) Z3

_ [at, b]1+k+k2+~--+k’"z4‘

Proposition 3.2.7 ([14, Lemma 2.1]) If a € A(G) and z,y € G, then [a(x),y] =

[z, a(y)]-

Proof. Since xy ta(zy™!) = alzy oy, xyta(z)aly™) = a(z)aly oyt Tt

implies that a(x™ Yy ta(z)y = 2 ta(y Hra(y). Hence [a(z),y] = [z, aly)]. ]
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Proposition 3.2.8 ([I4, Lemma 2.4(ii)]) Let G be a group and o € A(G). Then

a™ € A(Q) for all integers n.

Proof. Let o € A(G) and let « € G. Then for n € {0,1}, [@"(x),z] = 1. Assume

that [a™(x),z] = 1 for any integer m > 2 and for all z € G. By Proposition 3.2.7,

we have
0™ (@), 2] = [a""(2), a(2)]
= a([a™(x),2])
= 1.
Hence o™ € A(G) for all integers n. O

Proposition 3.2.9 ([14, Lemma 2.4(vi)]) Let G be a group. Then aff € A(G) if

and only if [a(z), B(x)] =1 for all x € G.

Proof. Observe that aff € A(G) if and only if [x,af(x)] = 1 for all z € G if and

only if [a(z), B(z)] = 1 for all x € G by Proposition 3.2.7. O

Proof of Theorem 3.1.1: If cl(G) = 2, then G is an A(G)-group by Lemma
3.2.6(ii). Conversely, suppose that G is an A(G)-group. We prove that cl(G) = 2.
On the contradiction, assume that ¢/(G) > 2. Then [a,b] = b” z, where 0 < j < m
and z € Z(G) by Lemma 3.2.6(iii). Let o € A(G). Then a(a) = aV'¢; and
a(b) = ab2cy for some ¢y, ¢y € Z(G). Since [z, a(z)] = 1 for all z € G, we can
write a(a) = a2, and a(b) = b2z, for some 21,22 € Z(G). Similarly for g € A(G),

we can assume 3(a) = a®z3 and B(b) = bz, for some z3,24 € Z(G). Let g € G.
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Then g = a"b°z; for some z; € Z(G). Therefore, by using commutator identities

[a(9), B(g)] = [e(a’b*25), B(a"b2)]
= [a(a)"a(b)*, B(a)"B(b)’]
— [a"b%2, ]
— [0, 5], 0]
= [a"™, b]*"[a"", b] 5",
Now [a",b] = [a™, b]'"tRHR+4K" 20 and [a7®2,b] = [a®, b]"TFHF++K" 20 for some
26,27 € Z(G) by Lemma 3.2.6(iv). It follows from Proposition 3.2.7 that [a™,b] =
[a,b™] and [a®,b] = [a,b™]. Hence
[alg), B(g)] = ([ail, b]1+k+k2+"~+k7'26)5i4([aie,’ b]1+k+k2+~~~+k7'z7)—si2
= ([a, bi2]1+k+k2+---+krz6)si4 (la, bi4]1+k+k2+---+krz7)—sz'z
= ([la, b]i2(1+k+k2+~~+kr)26)514([a’ b]i4(1+k+k2+~~+k”)27)—31'2

Siq

_ —sig
= zgtz; .

Now we can take iy,i9,7, s such that [a(g), 8(g)] # 1. For example, let iy = iy =

1,r=2,s=1. Then
la(g), B(9)] = [a® b]"[a** 0]
= (o, 077y ([0, 0] HF2) !
= ([a’v6]2_pj)i4([a7bi4]2_pjz)_1
= 2141

Hence G is not an A(G)-group by Proposition 3.2.9, which is a contradiction. Hence

c(G) = 2.



CHAPTER 4

On commuting automorphisms of some finite
p-groups

4.1 Introduction

Let G be a group. An automorphism « of G is called a commuting automorphism of
G if for each z € G, a(x) commutes with 2. The set of all commuting automorphisms
of G is denoted by A(G). A group G is called an A(G)-group if the set A(G) forms
a subgroup of Aut(G).

Let a, f € A(G) and = € G. Then, by [14, Lemma 2.2|, a(z) = z¢; and [(z) =
xcy for some ¢y, ¢y € Cg(G'). Therefore, if Co(G') is abelian, then [a(z), B(x)] =
[z a(z), ()] = [z a(x), 27 B(x)] = 1 because 27! commutes with both «(z)
and f(x). Therefore G is an A(G)-group by Proposition 3.2.8 and Proposition
3.2.9. Observe that Z5(G) < Ce(G’). Rai [35, Lemma 3.2] proved that if G is a
finite p-group, where p is an odd prime, such that Z(G) is abelian, then G is an

A(G)-group. This raises the obvious question:
Is G an A(G)-group if Cs(P(G)) is abelian?

In this chapter, we prove the following result:

39
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Theorem 4.1.1 Let G be a finite non-abelian p-group such that Co(P(G)) is cyclic.

Then G is an A(G)-group.

For x € G, let [z, G| denote the set {[z,g]|g € G}. Let G be a finite p-group
and N be a non-trivial normal subgroup of G. The pair (G, N) is called a Camina
pair if N C [z,G] for all x € G\ N. A finite p-group G is called Frattinian
it Z(M) # Z(G) for all maximal subgroups M of G. A Frattinian p-group G
satisfying Co(Z(®(G))) = ®(G) is called strongly Frattinian. In 2013, Vosooghpour
and Akhavan-Malayeri [43] showed that for each n > 5, there exists a non-A(G)
p-group of order p”. They, in fact, proved that if G is an extra-special p-group of
order > p°, then G is not an A(G)-group. Observe that if G is a finite extra-special
p-group, then G is Frattinian and (G, Z(G)) is a Camina pair. The converse is true
if cl(G) = 2 (see Proposition 4.2.8). The following example shows that the converse

is false if cl(G) > 3.

Example 4.1.2 Let G be the group defined by the presentation

n—+1

G={a,c|la" =c°

_ a __ 1+p
=1,c" =c™P),

where p is an odd prime. Then

|G| — p2n+1'

o Z(G) = (") has order p and (G, Z(G)) is a Camina pair.

O(G) = GPG' = (aP,c?), and thus G has p + 1 mazimal subgroups. All the

mazimal subgroups have the center of order p*.

G has nilpotency class n + 1.



4.2 Main Results 41

These observations suggest the following natural question:

Does there exist a finite Frattinian p-group G with (G,Z(G)) a Camina

pair which is an A(G)-group?

We answer this question in affirmative in this chapter when p is odd and G /Z(G)

is purely non-abelian. More precisely, we prove the following result:

Theorem 4.1.3 Let G be a finite Frattinian p-group such that G/Z(G) is purely
non-abelian and (G, Z(Q)) is a Camina pair. Then G is strongly Frattinian, and if

p is odd, then G is an A(G)-group.
4.2 Main Results

In [44, Theorem 1.5, the authors have proved that if G is a finite non-abelian p-
group with a cyclic maximal subgroup, then G is an A(G)-group. We generalize this

by proving the following result.

Proposition 4.2.1 Let G be a finite non-abelian p-group with an abelian mazimal

subgroup M. Then G is an A(G)-group.

Proof. Since G is non-abelian, M < MZ(G) < G, and thus Z(G) < M. We prove
that Cg(g) is abelian for all ¢ € G — Z(G). If ¢ € M — Z(G), then Cg(g9) = M
is abelian. Let ¢ € G — M. Then G = M(g) and thus M N Cs(9) = Z(G). By

Dedekind’s Modular Law,

Calg) = GNCalg)
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Thus Cg(g) is abelian for all g € G — Z(G). Let o, € A(G) and g € G. Then

[a(g), B(g)] = 1 and hence G is an A(G)-group by Proposition 3.2.9. O
Proposition 4.2.2 ([21} Satz. 1I11.7.8(c)]) If Z(®(Q)) is cyclic, ®(G) is also cyclic.

Proposition 4.2.3 ([6, Theorem 1.2]) Let G be a non-abelian p-group of order p™+!

with cyclic maximal subgroup. Then G is isomorphic to one of the following groups:

(1) Mpn+1r = {(a,b | a®" = b = 1,b7'ab = a' "), where n > 3 and p is odd

prime.
(1) Dont1 = (a,b | a*" =b* = 1,bab = a™').
(i11) Qg1 = (a,b|a® = b =a®" b lab=a").
(iv) SDgni1 = (a,b | a®" = b = 1,bab = a '*2"""), where n > 3.

Proposition 4.2.4 ([21, Satz. II1.10.7(a)]) Let G be a regular p-group. Then

|G/Q(G)] = [Br(G)].

Proposition 4.2.5 ([21, Satz. I11.8.2(a)]) If the p-group G has only one subgroup

of order p, then for p > 2, G s cyclic.

Proof of Theorem 4.1.1: Observe that if Co(P(G)) is cyclic, then Z(®(G)) is
also cyclic, and therefore ®(G) is cyclic by Proposition 4.2.2. Now ®(G) is not
contained in Z(G), because if ®(G) < Z(G), then G = Cq(P(G)) is abelian. We
therefore assume that |®(G)| > p. Since ®(G) is cyclic, P(G) = (x) for some = € G.
Let |®(G)| = p™,|G'| = p" and |GP| = p®. We prove that either ®(G) = GP or
®(G) = G'. On the contradiction suppose that r,s < m. Without any loss of

generality, we assume that s > r. Let x = ab, for some a € G’ and b € GP. Then
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2" = (ab)?" = aP’b" = 1, which is a contradiction. Hence either ®(G) = G? or
o(G)=G".

We prove that ®(G) = GP. On the contradiction suppose that ®(G) # GP.
Then ®(G) = G' = ([a,b]) for some a,b € G. Since |®(G)| > p, |[a,b]| > p*. Let
H = (a,b) and let |H| = p™. Then H has no cyclic maximal subgroup, because
if H has a cyclic maximal subgroup, then it follows from Proposition 4.2.3 that
[a,b] € (aP) < GP, which contradicts our assumption. Since ®(H) < ®(G) is cyclic,
either ®(H) = HP or ®(H) = H'. If ®(H) = H?, then ®(H) = (h?) for some h € H.
Thus

P =@(H)| = [(7)] < |(h)]
implies that (h) is maximal in H, which is not so. Therefore H? < H' = ®(H), and
hence p is odd because if p = 2, then H' < H?. Since H' = ®(H) is cyclic, H is
regular by Proposition 3.2.3. Since Qs(H/Q,_s(H)) = Q,.(H)/Q,_s(H) for r > s, it

follows from Proposition 4.2.4 that
W (H/Q(H))| = [Q(H)/Q(H)
= [(H/(H))/(H/Q(H))|
= [(H/Q(H)|/I(H/Q(H))|
= [01(H)/Ca(H)

< p
Since H is regular, H/;(H) is regular and
W(H) = (xeH|2?=1)={re H|2"=1}.

Thus H/4(H) has at most one subgroup of order p. Since p is odd, H/Q(H) is
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cyclic by Proposition 4.2.5, and so H' < Qy(H). Since H is regular, exp(£(H)) = p.
It follows that exp(H') = p, and therefore |®(H)| = |H'| = p, which is again not
possible because H' has an element [a, b] of order > p?. It follows that ®(G) = GP.

Let ®(G) = (¢*) and let h € G—Cg(P(G)). Then h? € C(P(G)), and therefore
(g, h) has a cyclic maximal subgroup (g). Since [¢*, h] # 1, it follows from Proposi-
tion 4.2.3 that p = 2. Since G' < ®(G) = (¢*) < (g), (g) is normal in G and G/(g)
has exponent 2. Let ¢, denote the inner automorphism of G induced by a € G.

Then

Pa(palg’)) = wala 'g'a)

Thus every non-trivial automorphism induced on (g) by G has order 2. Therefore,
its restriction on (g?) is trivial or inverting. It follows that |G/Cq(®(G))| = 2, and

hence G is an A(G)-group by Proposition 4.2.1.

Proposition 4.2.6 ([27, Corollary 2.4]) If (G, H) is a Camina pair and G has class

2, then
(1) G is a special p-group; and
(i) H=G".
Lemma 4.2.7 Let G be a finite Frattinian p-group such that (G, Z(Q)) is a Camina
pair. Then |Z(G)| = p.
Proof. Since (G, Z(G)) is a Camina pair, there exists z € G — Z(G) such that

Z(G) C [z,G) C G’ < 3(G).
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Thus Z(G) < M for all maximal subgroups M of G and therefore Z(G) < Z(M).

Since G is Frattinian, Z(G) < Z(M). Let g € G— M and x € Z(M) — Z(G). Then

[z, Gl = [z, (9)M]

= {lz.g]11<i<p}
It follows that [z, G] has p elements, and hence |Z(G)| = |[z, G]| = p. O

Proposition 4.2.8 Let G be a finite Frattinian p-group of nilpotence class 2 such

that (G, Z(@G)) is a Camina pair. Then G is extra-special.

Proof. Since cl(G) = 2, G is a special p-group by Proposition 4.2.6. Thus G is an

extra-special p-group, because |Z(G)| = p by Lemma 4.2.7. ]

Proposition 4.2.9 ([27, Theorem 2.2]) Let (G, H) be a Camina pair, let H = Z(G),

and let G have class c. Then Z,.(G)/Z,_1(G) has exponent p for all 1 <r < c.

Proposition 4.2.10 ([I4, Lemma 2.4(viii)]) Let G be a group and let o € A(G).

Then o € Autcent(G) if and only if G' < Cg(a).
Proof. Let o € Autcent(G). Then for all y € G, a*(y) = yz for some z € Z(G).
Let x,y € GG. Then by Proposition 3.2.7,

a? € Auteent(G) <= [r,y] = [z,* ()]

= [r,y] = la(@),a(y)] = aflz,y])

= (G < Og(()é).
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Proposition 4.2.11 ([14, Lemma 2.2]) Let G be a group, let a € A(G), and let

y € G. Then [y, a] € Ca(G).

Proof. Let x,y,z € G. Then by Proposition 3.2.7,

la(zy), 2] = la(x)aly), 2]

Also [zy, a(2)] = [z, a(2)][z, a(z), y][y, a(2)]. Since [a(xy), z] = [zy, a(z)] by Propo-
sition 3.2.7, [z, a(2)][a(x), z, a(y)]|[y, a(2)] = [z, a(2)][z, a(2), y][y, @(2)]. Therefore

[a(z), z, a(y)] = [z, a(z),y]. Thus

(2), 2, a(y)] = [a(@),2,9] = [la(2), 2], aly)] = [la(z), 2], 4]

=y 'a(y) € Co([a(x), 2])

yla(y) € Ca(@).

!

Hence [y, a] € Ce(G') for all y € G and for all a € A(G). O

Let E2(G) = {9 € G | [g,z,z] = 1 Vo € G} denote the set of right 2-Engel

elements of G.

Proposition 4.2.12 ([I4, Proposition 2.5]) Let G be a group. Then Ey(G) is a

subgroup of G and Ey(G) < Zs(G).

Proposition 4.2.13 ([14, Lemma 2.6(i)]) Let G be a group and let o € A(G). then

(G, a] < Ex(G).
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Proof. Let x,y € GG. Then by Proposition 3.2.7 and Proposition 4.2.11,

@ a(x)y] = [,

Therefore

.2 e(@)] = (" e(x),y])

= (y 'zy a)y) "

= y =y al)]) 'y
= y [y aly), ]y

= y (a7 [y, 2 e(a)]a)y

= (zy) 'y, 2" e(@)] (2y).

It implies that [y, 2 'a(z)] € Cg(xy) for all z,y € G. Now, replacing y by ™1y

gives that [z 'y, ta(z)] € Cq(y). It follows that [y,z 'a(z)] € Cq(y). Thus

[z a(z),y,y] = 1 for all y € G, and hence |G, a] < Fy(G). O

Proposition 4.2.14 ([I4, Theorem 1.4)) If G is a group and o € A(G), then

(G?,a] C Zy(G).
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Proof. Let x € E3(G) N Ce(G’) such that I, € Inn(G). Then for all y € G,

[L(y),y] = [z y)z,y]
= [z 'y yllz "y, 2]z, y)

-1

= [a7yllz7h gyl v

= [z 1 ylz,y]
= [z Lyl y ey

= 2 'z yly ey

= 1.

Thus I, € A(G). Since z € Co(@), I, fixes G’ element-wise, and therefore I? €

Autcent(G) by Proposition 4.2.10. Let I2(g) = gz for some z € Z(G). Then
L2(9) =92 = g 'a%ga* =2
— 27 € Z,(Q).
Thus (E2(G) N Ce(G"))/Z2(G) is an elementary abelian 2-group by Proposition

4.2.12. Since [G, a] C Ey(G)NCs(G") by Proposition 4.2.11 and Proposition 4.2.13,

|G, a]? C Z5(G), and hence [G?, o] C Zy(G). O

Proposition 4.2.15 ([35, Lemma 3.2]) Let p be an odd prime and let G be a finite

p-group such that Zy(Q) is abelian. Then G is an A(G)-group.

Proof. Since p is odd, G = G. Therefore, by Proposition 4.2.14, v~ ta(z),z 7 (z) €
Zy(@G) for all z € G and for all «, 5 € A(G). Since Zy(@G) is abelian, [a(z), B(z)] =

[z 'a(z), 271 3(x)] = 1 and thus G is an A(G)-group by Proposition 3.2.9. O

Proof of Theorem 4.1.3: It follows from [38, Theorem] that either
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(1) G = E\Ey--- E, is the central product of non-abelian p-groups FE;, where
|E;, E;] = 1for alli # j, |E;| = p*|Z(G)|, and Z(G) = Z(E;) forall1 <i<n

or

(1) G = E - F is the central product of Frattinian subgroups E and F', where

Cr(Z(B(F))) = B(F), E = Ca(F) and ®(E) < Z(G).

Moreover, in case (ii), either £ = Z(G) (and therefore G = F, because E =
Z(G) < ®(@Q)) or E is a central product as in case (i).

If G is the central product as in (i), then since |Z(G)| = p by Lemma 4.2.7,
|E;| = p? for each i and therefore G is extra-special, which is a contradiction to the
fact that cl(G) > 3. Therefore, suppose that G has the structure as in case (ii). We
prove that G = F. Contrary assume that G # F. Then G ~ (E x F)/Zy, where
Zy < Z(@G) is isomorphic to some subgroups of Z(E) and Z(F). Since |Z(G)| = p,
either Zyp = 1 or Zy = Z(G). If Zy = 1, then Z(G) ~ Z(E) x Z(F), which is not
possible because |Z(G)| = p. So assume that Zy = Z(G). Then ENF = Z(G) and
therefore G/Z(G) ~ E/Z(G) x F/Z(G). This is a contradiction as G/Z(G) is purely
non-abelian and £/Z(G) is abelian. Thus G = F. Then Cg(Z(®(G))) = ¢(G) and
hence G is strongly Frattinian. Now suppose that p is odd. Since (G, Z(G)) is
a Camina pair, it follows from Proposition 4.2.9 that Z»(G)/Z(G) is elementary
abelian and therefore Z5(G) < Cq(P(G)) = Z(P(G)). Thus Z3(G) is abelian and

hence G is an A(G)-group by Proposition 4.2.15.
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CHAPTER 5

On finite p-groups whose central automorphisms
are all inner

5.1 Introduction

An automorphism « of a group G is called derival automorphism if g *a(g) € G for
all g € G. The set D(G) of all derival automorphisms of G is a subgroup of Aut(G).
An automorphism « of a group G is called a central automorphism if it commutes
with all inner automorphisms, or equivalently, g'a(g) € Z(G) for all g € G. The
set Autcent(G) of all central automorphisms of G fixes the commutator subgroup
G’ element-wise and is a normal subgroup of Aut(G). The groups G satisfying one

of the following equalities have been well studied in the literature:

e Autcent(G) = Inn(G) [11]

e Autcent(G) = Z(Inn(G)) [10] 18], 40]

o D(G) =Inn(G) [34].

Observe that the problem of finding finite p-groups G for which Autcent(G) <
Inn(G) is equivalent to finding finite p-groups G for which Autcent(G) = Z(Inn(G)),
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that is, Autcent(G) is minimal. In case of nilpotence class 2, this is equivalent to
finding finite p-groups G for which Autcent(G) = Inn(G). This case was settled by
Curran and McCaughan [I1] in 2001. They proved that if G is a finite p-group, then
Autcent(G) = Inn(G) if and only if G' = Z(G) and Z(G) is cyclic. In 2004, Curran
[10] gave two necessary conditions for a finite non-abelian p-group G to have minimal
number of central automorphisms. He proved that if G is a finite non-abelian p-group
such that Autcent(G) = Z(Inn(G)), then Z(G) < G' and Z(Inn(G)) is not cyclic.
These conditions are necessary but not sufficient. In 2013, Sharma and Gumber [40]
proved that if G is a finite p-group of order p° or p°, then Autcent(G) = Z(Inn(G))
if and only if G is of rank 2 and |Z(G)| = p. In 2015, Gumber and Kalra [I§]
characterized finite p-groups G of co-class up to 4 and groups of order up to p’ for
which Autcent(G) is minimal.

Let G be a finite p-group and let G/G" ~ []""; Cpe: and Zy(G)/Z(G) ~ [[;2, Cp,
be the cyclic decompositions of respective abelian groups, where a; > «;.; and
Bi > Biy1 are positive integers. Gumber and Kalra [I8, Theorem 2.1] gave necessary
and sufficient conditions on G for which Autcent(G) = Z(Inn(G)) in the case when

Z(@G) is cyclic. More precisely, they proved the following result:

Theorem 5.1.1 Let G be a finite non-abelian p-group such that Z(G) ~ Cyn is
cyclic. Then Autcent(G) = Z(Inn(G)) if and only if either G/G' ~ Zy(G)/Z(G) or
d(G)=d(Z2(G)/Z(Q)),B; = for 1 <i<r and ; = a; for r+1 < i < n, where

r,1 <r <mn, is the largest such that o, > ;.

Let G be a finite p-group and let W(G)/Z(G) = (Z2(G)/Z(G)). In this

chapter, we prove the following main result:
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Theorem 5.1.2 Let G be a finite non-abelian p-group such that W(G) is non-
abelian. Then Autcent(G) = Z(Inn(G)) if and only if Z(G) ~ Cpn is cyclic and
either G/G' ~ Zy(G)/Z(G) or d(G) = d(Z2(G)/Z(G)), B; = 1 for 1 <i <r and

Bi = ay forr+1<1i<n, where r,1 <r <mn, is the largest such that o, > 7.

5.2 Main Results

Observe that if Z5(G)/Z(G) is elementary abelian, then W(G) = Z3(G). It thus
follows that there are a large number of finite p-groups G for which W (G) is non-

abelian. We start with the following lemma.

Lemma 5.2.1 Let G be a finite non-abelian p-group such that
Autcent(G) = Z(Inn(G)).
Then Cq(W(GQ)) = ®(G).

Proof. Let M be a maximal subgroup of G and let gy € G— M. Let zo € Z(G)NM
be of order p. Now, we prove that the map a : G — G defined as a(gg) = gozo and
a(m) = m, for all m € M, can be extended to a central automorphism of G. Let
the map « : G — G be defined as a(mgj) = mgiz} for all m € M and for all i,

0<i<p—1. Let my,mese M and 0 <i,5 <p—1. Then

a(migimagd) = a(migimagy'gegd)
= a(mi(ggmagy)g™)

(]

= ml(géngai)go éﬂ

2
= (mugoz) (m2g02)

= a(migy)a(mag).
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Thus « is a homomorphism. It follows from a(mgi) = 1 that mg} = 2, € M.
Since « fixes M element-wise, mghzy = a(mgl) = mgi. It implies that 25" = 1,
and therefore mgy = 1. Thus « is one-one. Now (mg})'a(mgl) = 2 € Z(G) for
all 7, 0 <7 < p—1. Thus « is a central automorphism. By assumption, a = ¢

an

the inner automorphism induced by some ay; € G. For any x = mg) € G, we

have a(x) = 0,,,(v) = ay;ray. It follows that xz) = ay;way. It implies that

ay € Zs(G). Therefore

Pl =

[QS,QM [x>aM]p

ip

Thus ay; € W(G). For any m € M, we have
m = a(m) = 0,,,(m) = ay; may.
It follows that M = Cg(anr). Since [Z2(G),G'] =1,

[W(G),2(G)] = [W(G),G"G]
= [W(G),¢W(G), G"W(G), G, &
= [W<G)’ G/]

= 1
Therefore ®(G) < Cq(W(G)). It thus follows that

o(G) < Ce(W(G)) < ﬂCG(CLM) = ﬂM = 0(G),

M

and hence Co(W(Q)) = O(G). O
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Proposition 5.2.2 ([I0, Corollary 3.7(i)]) Let G be a non-abelian p-group. If

Autcent(G) = Z(Inn(Q)), then Z(G) < G'.

Proposition 5.2.3 Let G be a finite non-abelian p-group with non-abelian W (G)

such that Autcent(G) = Z(Inn(G)). Then Z(G) is cyclic.

Proof. 1t follows from Proposition 5.2.2 that Z(G) < ®(G). For z € G and H < G,
let Z and H denote the coset 2®(G) and the quotient group H®(G)/®(G) respec-
tively. For each w € W(G), define the map f,, : W(G) — Qi (Z(Q)) as f,(7) = [v, w]
for all v € W(G). Let vy,v9 € W(G). Then, since Z3(G) = {x € G | [z,y] €

Z(G) Vy € G,

fu@v2) = [vive,w]
= [vg, w][v1, w, vo][va, W]
- [Uh w] [U27 w]

= fw<v_1)fw(v_2)

Thus f, is a homomorphism. For all wy,ws € W(G), we have

Jurws (V) = [0, wywy]
= [v, wo][v, wi][v, wy, w)]
= [v, wa[v, wr]
= [v,wi][v, wy]
= Jur (0) fu, (V).

Thus the map

f:W(G) - Hom(W(G), % (Z(G)))
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defined as f(w) = f,, for all w € W(G) is then a homomorphism with
Ker(f) = W(G)NCe(W(G)) = W(G) N O(G).

We prove that f is an epimorphism. Let @ € Hom(W(G),Q,(Z(G))). Since G is
elementary abelian, the homomorphism « can be extended to the homomorphism

B:G — 0 (Z(G)) defined by

_ a(w) if we W(Q)
5(“’)_{ 1 if wed—W(G).

Define the map o5 : G — G as 03(g) = gB(g). Now

05(9192) = 919:8(7152)
= 01928(71 %)
= 01928(91)8(32)
= (918(71))(928(72))

= 053(91)05(92)-
Now 03(g) = 1 implies that g5(g) = 1. So
9=(8@) " en(Z(G)) <)

Therefore g = (3(g))"! = 1. Also g 'os(g) = B(9) € U (Z(G)) < Z(G). Thus o5 is

a central automorphism. By assumption, oz = 0, for some a € W(G). Therefore,
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for each w € W(G),

aw) = Bw)
= wlog(w)
= w f,(w)

= [w,ad]

= fa(w>7

and hence f is an epimorphism. It follows from second isomorphism theorem that

and thus d(Z(G)) = 1. O

The proof of Theorem 5.1.2 now follows from Theorem 5.1.1 and Proposition

0.2.3.
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