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Abstract

Approximation theory is an old and rich branch of analysis and a large number of re-
searchers have studied this subject. The theory has many applications in mathematical
analysis, nonlinear problems arising in physical sciences, engineering and social sciences.
Since the particular examples of approximation often arise from the problems of Science
and Technology, they provide proper motivation for the subject of Approximation The-
ory. In this work, we consider the problem of characterization, existence and uniqueness
of best approximation and best co-approximation in the setting of metric linear space and

normed linear space.
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Field of complex numbers

Unitary n-space

Space of continuous functions
Distance between two points x and y
Domain of an operator T
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Interior of the set G
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A sequence space

A function space
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Real part of z
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Norm of x
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

Approximation theory is an old and rich branch of mathematics. Approximation means
“a value or quantity that is nearly but not exactly correct ”. The problem of approxi-
mative determination of a given quantity is one of the oldest challenges of mathematics,
for instance, finding the formula for approximating the square root of a number, finding
the formula to approximate the value of transcendental functions at some given point
etc. In mathematics, approximation theory is concerned with how functions can best be
approximated and with quantitatively characterizing the error introduced thereby. The
historical evolution of the methods and results of approximation theory, starting from the
work of Euler in 1777 on minimizing distance errors in maps of Russia, and of Laplace in
1843 on determining the ellipsoid best approximating the surface of the earth, and end-
ing with the work of Bernstein. The maps of the atlas are drawn in the cone projection
which preserves distances and is attributed to J. Delisle. Because of the enormous size of
the Russian empire all known projections had very large errors near the borders of the
map, therefore Euler’s approach proved helpful. A problem encountered by Laplace was
similar in character, where he deal with the question of determining the ellipsoid best ap-
proximating the surface of the earth. In 1820 Fourier generalized Laplace’s results in his
work, where he approximatively solved linear equational systems with more equations
than parametres by minimizing the maximum error of every equation. In 1853 Pafnuti
Lvovich Chbeyshev was the first to consolidate these considerations into the * Theory of
functions deviating the least possible from zero’. Starting out from the problem of de-

termining the parameters of the driving mechanism of steam-engines-also called Watts
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Chapter L. Introduction and Preliminaries 2

Parallelogram- in such a manner that the conversion of straight into circular movement
becomes as exact as possible everywhere, he was led to the general problem of the uni-
form approximation of a real analytic function by polynomials of a given degree(see [18]).
The theory of best approximation is an important topic in functional analysis and has var-
ious applications. The problem of best approximation is defined as:

Let X be a normed linear space, and G be its non empty subset. An element gy € G is
called best approximation to x € X from G if g is closest to x among all the elements of
G, thatis, ||[x — go|| < ||lx — gl forall ¢ € G.

The set of all best approximations of x € X from set G is denoted by Pg(x). If P5(x) # @
for each x € X, then the set G is called proximinal set. If P;(x) contains only single
element for each x, then G is called Chebyshev set, after the name of the Russian Mathe-
matician Pafnuti Lavovich Chebyshev.

This thesis consists of mainly three chapters. In the first chapter, we discuss some basic
definitions and concepts related to different spaces. In the next chapter, we discuss about
best approximation in metric linear space and normed linear space. In the last chapter,
we discuss about another tool of approximation theory, called “Best co-approximation”
in both spaces. In normed linear space, an element gy € G is said to be the best co-
approximation to x € X from G, if ||g — go|| < ||x — gol|- In 1972, Franchetti and Furi
introduced best co-approximation in normed linear space(see [3]). Subsequently, this
theory has been developed to a large extent in normed linear spaces, metric linear spaces
and Hilbert spaces by C. Franchetti and Furi (see [3]), H. Mazaheri (see [8], [9]), T. D.
Narang (see [13], [12]), P. L. Papini and Ivan Singer (see [14]), Geeta S. Rao (see [15]) and
by many other researchers. In the present work, we concentrate on the following three

fundamental questions of best approximation (best co-approximation):(see [4], [13])

1. Characterization of best approximation (best co-approximation): How to recog-
nize whether a given element is best approximation (best co-approximation) to

x € X or not?

2. Existence of best approximation (best co-approximation): Which subsets are prox-

iminal?
3. Uniqueness of best approximation (best co-approximation): Which subsets are

Chebyshev?

Now we discuss some basic definitions, important concepts and notations which we re-

quire in the sequel.
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1.2 Metric Space.

Definition 1.1. [7] A metric space is a pair (X, d) where X is a non-empty set and d is a
metric defined on X (or distance on X), that is a function defined on X x X such that for

all x,y,z € X we have:

1. d is real-valued,finite and non-negative.

2. d(x,y) = 0ifand only if x = y.

3. d(x,y) = d(y, x) (symmetry).

4. d(x,y) <d(x,z) +d(z,y) (Triangle inequality).

Example 1.1. [7] Let Cla, b] be the set of all real valued functions which are defined and contin-
uous on [a,b]. Take x,y € Cla, b], which are the functions of an independent real variable t. Here

metric is defined as

doo(x,y) = max |x(t) — y(t)].

te(a,b]

Definition 1.2. [7] Let X be a non-empty set and define the metric on it as

0 whenx =y
d(x,y) =
1 whenx #y

which is known as discrete metric. The space (X, d) is known as discrete metric space.

Definition 1.3. [19] A metric space (X, d) is said to be convex if for every pair x,y € X
and for every A where 0 < A < 1, there exists at least one point z € X such thatd(x,z) =
Ad(x,y)and d(z,y) = (1 —A)d(x,y).

Example 1.2. A circle is a convex metric space, if the distance between two points is defined as

the length of the shortest arc on the circle connecting them.

Definition 1.4. [19] A metric space is said to be strictly convex if d(x,0) < t,d(y,0) <t

imply d(xzﬂ, 0) < tunless x = y, where x,y € X and ¢ is any positive real number.

Definition 1.5. [7](Distance from a point to a set and distance between two sets).
Let (X, d) be a metric space. The distance from a point ‘a’ to the non-empty set A of X is
defined as
d(a,A) = inf d(a,b
(2,4) = infd(a,b)
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whereas the distance between two non-empty sets A and B is defined as

d(A,B) = inf d(a,b).
( ’ ) ae}‘&r}beB (a’)

Definition 1.6. [7] In a metric space (X, d), a sequence {x,,} is said to be convergent if

there exist an element x € X such that

lim d(x,, x) =0.

m— 00

Definition 1.7. [7] Let (X, d) be a metric space, then a sequence {x,} in X is said to be

Cauchy if for every € > 0 there exists an integer N such that
d(xm, xy) < € for every m,n > N.
If every Cauchy sequence in X converges (that is, limit of the sequence is a point of X)

then X is said to be complete.

Definition 1.8. [7] A mapping T of a metric space (X,dx) into a metric space (Y,dy) is
continuous at a point xg if and only if x, — xp in (X, dx) implies T(x,) — T(xp) in
(Y, dy).

1.3 Normed Linear Space.

In this section, we define vector space, normed linear space and some of their properties.

Definition 1.9. [7] A vector space (or linear space) over a field K( R or C) is a nonempty set
X of vectors x,y, ... together with two algebraic operations. These operations are called

vector addition and multiplication of vectors by scalars, that is, by elements of K.

Vector addition associates with every ordered pair (x,y) of vectors in such a way that

the following properties hold:
X+y=y—+x

x+(y+z)=(x+y)+z

where a vector x + y called the sum of x and y. Furthermore, there exists a vector 0, called
the zero vector, such that

x+0=x

x4+ (—x) =0.
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Multiplication by scalars associates with every vector x and scalar a a vector ax (also
written xa), called the product of « and x, in such a way that for all vectors x, y and scalars

«, p we have
a(px) = (ap)x

Ix =x

and the distribution laws

a(x+y) =ax+ay
(0 + B)x = ax + Px

From the definition we see that vector addition is a mapping X x X — X, whereas
multiplication by scalars is a mapping K x X — X. If K = R, then X is called a real

vector space and if K = C, then X is called a complex vector space.

Example 1.3. Space Cla, bl: The set of real-valued continuous functions on [a,b] forms a real

vector space with algebraic operations which are defined as:
(x +y)(t) = x(t) +y(t)
(ax) () = ax(t)
where x and y are continuous functions.

Definition 1.10. [7] A normed space (X, ||-||) is a vector space X with a norm ||-|| defined
on it.
A norm is a real-valued function defined on a vector space X (real or complex) which

satisfies the following properties:

1. %l = 0

2. |lx[ & x=0

3. x| = lacf | x{]

4 lx+yll < [lxll + [yl

where x,y € X are arbitrary vectors and « is a scalar. On vector space X, a metric d is
defined by norm as

d(x,y) = ||x —y|| wherex,y € X
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and is called metric induced by the norm.
If the normed space is complete with respect to the metric induced by the norm, then

space is called Banach space.

Example 1.4. [7]Euclidean space R" and unitary space C".

These spaces are Banach spaces with norm defined by

Il = (5 152 = VIaP+ -+ TaP

and yields the metric

d(x,y) = llx =yl = VG —mP+- - +15n — 1l

We note in particular that in R3 we have

x| = |x| = /T + &5 + &3

This confirms that the norm generalizes the elementary notion of length |x| of a vector.

Note 1.3.1. The norm is a continuous mapping i.e. the mapping x — ||x|| is continuous.

Now we discuss Translation invariance, which we use widely in the next chapters.
Lemma 1.11. [7](Translation invariance). Let (X, ||-||) be a normed linear space. A metric d
induced by a norm satisfies

(@) d(x+a,y+a) =d(x,y)

(b) d(ax,ay) = |a|d(x,y)

forall x,y,a € X and every scalar .

Theorem 1.12. [1] Let X be a normed linear space and G be its non-empty subspace. Then,

(i) d(x+g,G) =d(x,G) forevery g € Gand x € X.
(ii) d(ax,G) = |a|d(x, G) for any scalar x« € R and x € X.

(iii) d(x+y,G) <d(x,G)+d(y,G) for every x,y € X.
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A linear space X together with a translation invariant metric d (ie. d(x +z,y+2z) =
d(x,y) for all x,y,z € X) such that addition and scalar multiplication are continuous in
(X, d) is called a metric linear space.

Lemma 1.11 and Theorem 1.12 help in proving many results in metric linear space.
Note 1.3.2. [13] Every normed linear space is a metric linear space but converse need not be true.

Definition 1.13. [4] A subset M of a vector space X is said to be convex if for each x,y €
M,z=Ax+(1—A)y € Mwhere0 < A <1.

Remark 1.14. [7] The closed unit ball B[0;1] = {x € X | ||x]| < 1} in a normed space is
convex.
Proof: Let x,y € B[0;1] and z = Ax + (1 — A)y, where 0 < A < 1. Then,

Izl = f[Ax+ (1 =)yl
< fAx][ + {11 = A)yll
= [A[llx[ 411 = Afllyl]
< A4(1-7)
=1

which implies ||z|| < 1 and hence, z € B[0;1]. This completes the proof.

Definition 1.15. [7] A normed space (X, ||-||) is said to be a strictly convex normed space

(or rotund) if for all x,y (x # y) of norm 1
lx+yll <2
Equality holds only when x = y.

Most common examples of strictly convex normed spaces are L, and [, spaces for any

b P

1 < p < oco. The spaces L, with norm ||f|| = {f |f(t)]pdt} are strictly convex when
a

1 < p < oo(see [2]).

Definition 1.16. [7] Let (X, d) be a metric space and G be its subset. Then the boundary of
aset G is defined as closure minus the interior of G and is denoted by bd(G). Also Closure
of a set is defined as the union of the given set and its limit points that is, c/(G) = GU G’

(where G’ denotes set of limit points and cI(G) denotes the closure of G).

Next two theorems are related to convergence and completeness that needed in the se-

quel.
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Theorem 1.17. [7] Let G be a non-empty subset of a metric space (X,d). Then

(i) x € cl(G) if and only if there is a sequence {x, } in G such that x, — x.
(ii) G is closed if and only if the sequence {x,} € G and x,, — x implies that x € G.

Theorem 1.18. [7] Let X be a Banach space and G be its subspace. Then G is complete if and
only if G is closed.

Definition 1.19. [4] Let X be a vector space and G be its subset. Then for x € X we define
G+x={g+x:9€G}and aG = {ag: g € G} for a scalar «.

Definition 1.20. [7] A vector space X is said to be the direct sum of two subspaces Y and
Z of X, if each x € X has a unique representation x = y 4z, wherey € Y and z € Z and
it is represented as X = Y @ Z. Here Z is called an algebraic complement of Y in X and

vice versa.

Definition 1.21. [7] Let V be a subspace of a linear space X. The coset of an element x € X
with respect to V, denoted to the set x + V = {x 4+ V : x € X}. Linear operations on V /X
are defined by (x+V)+ (y+V)=(x+y)+V,a(x+V) = ax+ V,where x,y € X and
« € R. V/X is a linear space over IR. The space is called the quotient space of X by V.

Remark 1.22. [7]Let X and Y be normed spaces and T : D(T) — Y a linear operator,
where D(T) C X. The operator T is said to be bounded if there is a real number k such
that for all x € D(T),

ITx|| < k||x].

Definition 1.23. [7] A bounded linear functional f is a bounded linear operator. The
range of f lies in the the scalar field of normed linear space X in which the D(f) lies.
Thus there exists a real number k such that for all x € D(f),

[f (o) < kllx]].

Notation 1.3.1. [7] Let X be a normed space. Then the set of all bounded linear functionals on X
constitutes normed space with norm defined by
(%]
7= sup U

sup = sup |f(x)],
x€X,x#0 HXH xeX,||x||=1

which is called dual space of X and is denoted by X'.
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Remark 1.24. Let g is a real-valued functional defined on normed space X. If g is subaddi-

tive, that is,
q(x+y) < q(x)+4q(y)

for all x,y € X, and positive-homogeneous, that is,

qax) = aq(x)
where & > 0 and belongs to IR, then g is said to be sublinear functional on X.

Theorem 1.25. [7] Let q be a sublinear functional on a real vector space X. Also let f be a

functional which is defined on a subspace Y of X and satisfies

f(x) <q(x) @

forall x € Y. Then f has a linear extension f from Y to X satisfying

f(x) <q(x) ©)

forall x € X, that is, f is a linear functional on X, satisfies (2) on X and f(x) = f(x) for every
xeY.

Now, we discuss Hahn-Banach Theorem, which is used in some of the results.

Theorem 1.26. [7] Let f be a bounded linear functional on a subspace Y of a normed linear space
X. Then there exists a bounded linear functional f on X which is an extension of f to X and has

the same norm,

£ lx = I flly 3)

where

1fllx = sgg{!f(X)l Hlalf =13 i flly = sg};{\f(X)! Hllxlf =13

Proof. If Y = {0}, then f = 0 and the extension is f = 0. So, let Y # {0}. We need

Theorem 1.25 to prove this result. Hence, we have to first find a suitable g. Now, we have

LFEOL < N f Il ]

for all x € Y. This is of the form (1), where g(x) = ||f||y||x|| and g is defined on all X.
Also,

q(x+y) = [flivllx+yl < Iflly lxll + llyll) = q(x) +q(y)
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and

qax) = || fllvellxl] = [alll fllv[lx][]eclq(x).

Hence g is a sublinear functional on X. Now, by Theorem 1.25, there exists a linear func-

tional f on X which is an extension of f and satisfies

Fl < qCx) = [If v«

where x € X. Taking supremum over all x € X of norm 1, we get the following inequality

Iflx="sup [f()] <Ifly.

xeX, ||x]|=1

Also, ||fllx > |If|ly as norm cannot decrease, under an extension. Hence, we obtain (3),

which completes the proof. O

Theorem 1.27. [7] Let X be a normed space and let xo # 0 be any element of X. Then there exists

a bounded linear functional f on X such that
Ifl=1 f(x0) = llxoll.

Proof. Let Y be the subspace of X consisting of elements of type x = axo, where « is a

scalar. Now, define a linear functional f on Y by

f(x) = flaxo) = al|xo| (4)

which implies f is bounded. Also,

[f ()] = [f(axo)| = [a[| 0]l = [Jaxol] = [|x]
el
]
Hence, by Theorem 1.26, f has a linear extension f from Y to X, of norm | f|| = ||f|| = 1.
From (4), we see that f(xo) = f(x0) = ||xo]- O

Definition 1.28. [4] Let X be a normed linear space. By Hahn Banach Theorem, for each
x € Xwehave f € X' such that || f|| = 1 and f(x) = ||x]||.

X is said to be smooth normed linear space if for each x € X such f is unique .
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Theorem 1.29. [7] Let X be a normed space. For every x in a normed space X, we have

e
”"”‘f@?{ A #o)

If x¢ is such that f(xo) = 0 forall f € X', then xo = 0 and x is called the zero vector.

Proof. From Theorem 1.27 we have, writing x for xo,

o @I @ _ sl _
P P 1 I T

and from | f(x)| < [|f[[|x[| we get

FOL

sup ———— <
rexizo A
Hence, 00
X
sup LUy
fexf20 ISl

1.4 Inner Product Space.

Definition 1.30. [7] An inner product space (or pre Hilbert space) is a vector space with
an inner product defined on X. Here an inner product on X is a mapping of X x X into
the scalar field K of X, that is, with every pair of vectors x and y there is associated a

scalar which is written as (x, y) and satisfies the following properties:

(i) (x,x) >0and (x,x) =0 x=0

(ii) (ax,y) = alx,y)

(i) (x,y) = (v, x)

(iv) (x+vy,z) = (x,z) + (y,z) forall x,y,z € X and scalar «.

A complete inner product space (complete in the metric defined by the inner product) is

called Hilbert space. Norm on X defined by an inner product on X is given by

]l = 4/ {x, %)
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and a metric on X given by

d(x,y) =[x —yll =\/{(x—y,x—y).

Example 1.5. [7] Euclidean space R". The space R" is a Hilbert space with inner product
defined by
(v, y) = um + -+ Cutl

where x=(;)=(G1,- -+ , &) and y=(n)=(111,- - -, yn). Also norm on X is given as
1 1
Ixll = (x,%)2 = (G +- -+ &)

and from this the Euclidean metric defined by

NI—

dxy) = llx—yl = (x—y,x— )2 =[G —m)>+ -+ (& — 1)

Note 1.4.1. An inner product space is a continuous function.

Definition 1.31. [7]An element x € X is said to be orthogonal to an element y € X if

(x,y) =0.

It is denoted by x L y. Similarly, for subsets A,B C X we write x 1L Aif x L a for all
acA,and A L Bifal bforalla e Aand b € B.

Definition 1.32. [7](Pythagorean theorem). If x L y in an inner product space X, then

=+ ylI* = N1l + [y 1>,

There are many different ways to express the orthogonality of two vectors in real inner
product space. We discuss one of them, that is Birkhoff orthogonality which is of our

interest.

Definition 1.33. [4] Let X be a normed linear space. Two vectors x,y € X are said to
be Birkhoff orthogonal if and only if ||x + ay|| > ||x|| for all scalar . Symbolically, it is
represented as x Lp y.

In general, two sets G; and G; are said to be Birkhoff orthogonal if and only if g1 Lp ¢
forall g1 € Gy and g2 € Gs.

Proposition 1.34. [4] Birkhoff orthogonality is homogeneous, that is, if x Lp y, then x Lp Ay,
forall A € R.
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Proof. Let x Lp y, which implies ||x + ay|| > ||x|| forall « € R.
lx+uAIl = [lx+ Ayl where(u € R)
= llx+ayl  (pA=a)
>[Il
Hence, Birkhoff orthogonality is homogeneous. O



Chapter 2

Best Approximation in Metric Linear

Space and Normed Linear Space

In this chapter, we discuss about best approximation in metric linear space and normed
linear space. First, we discuss about best approximation and then define some terms like
proximinal set, Chebyshev set etc. We also concerned with the characterization, existence

and uniqueness of best approximation in metric linear space and normed linear space.

2.1 Best approximation in metric linear space.

Definition 2.1. [13] Let (X, d) be a metric space and G be its closed subset. An element
g0 € G is said to be best approximation to x € X if

d(x,80) <d(x,g) (Vg€G).

The set of all such elements that are best approximation to x € X is denoted by Pg(x). If
Pg(x) # @, then the set is called a proximinal set.

Example 2.1. [13] Let X = IR? be a metric space with metricd(x,y) = \/(x2 — x1)2 + (y2 — y1)?
where x = (x1,y1) and y = (x2,2). Then G = {(a,b) € R? : a® + b* = 1} is a proximinal
subset of X.

Example 2.2. Let IR? be a metric space with metric d((x1,y1), (x2,¥2)) = /(21 — x2)2 + (y1 — y2)?
and G = {x = —/1 —y?,—1 <y < 1} be its subset.

14
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dh

Since every point of R? has atleast one best approximation in G, therefore set G is a proximinal

set.

Definition 2.2. [13] If P;(x) contains exactly one element for each x € X, then the set G
is called Chebyshev set.

Example 2.3. [13] Let X = R be a metric space with metric d(x,y) = |x —y| and G = [1,2] be
its subset. Then G is a Chebyshev subset of X.

Example 2.4. [2] Consider G = B[0; 1] C R? equipped with metric d(x,y) = v/ (x1 — x2)2 + (y1 — y2)?

where x = (x1,y1) and y = (x2,y2).

ok
|/

It is easy to check that Pg(x) = { 0 }, for any x € R?\ G. Therefore, G is a Chebyshev set.

In metric linear space, metric projection for a proximinal set G is defined as the mapping
from the set X to the power set of G, i.e. P5(x) : X — 26, whereas for the chebyshev set
G it is defined as the mapping from the set X to the set G, i.e. Pg(x) : X — G.

Definition 2.3. [12] Let (X, d) be a metric linear space. An element x € X is said to be
orthogonal to an element y € Xie. x L yifd(x,0) < d(x,ay) for each scalar a. Let G
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be a subset of X, then G is said to be orthogonal to some element x € X ie. G L x if

d(g,0) < d(g,ax) forall ¢ € G and scalar «.

Notation 2.1.1. [13] Let (X, d) be a metric space and G be its non-empty set. Then we define the
set P;1(0) as
G="P:'0)={x € X:d(x,0) =d(x,G)}

2.1.1 Characterization of best approximation in metric linear space.

In this section, we recognize whether the given element ¢ € G is the best approximtaion

of x € X or not.

Theorem 2.4. Let (X, d) be a metric space and G be its non-empty subspace. Then,

(i) If x € G, then Pg(x) = {x}.
(ii) Ifx € cl(G) \ G, then Pg(x) = @.
Proof. (i) Letx € G,s0d(x,G) = 0. Also, Pg(x) ={g € G:d(x,g) =d(x,G)} ={g €
G :d(x,g) = 0}. Hence Pg(x) = {x}.

(i) Letx € cI(G) \ G. Then, by Theorem 1.17, there exists a sequence { x, } of elements in
G such that x, — x, thatis d(x,,x) — 0as n — co. Hence, d(x, G) = 0. Therefore,

Pe(x) = {g€G:d(x,g)=d(x,G)}
= {§€G:d(x,g) =0}
= {§€G:x=g}
= .

O

Theorem 2.5. [19] Let (X, d) be a real metric linear space and G be its closed linear subspace.

Let xo € X \ G, then g9 € Pg(x) iff there exists h € X?', with the following properties:

(i) |h(x) —h(y)| <d(x,y) where x,y € X

Ixe — {f X = ]R‘ sup [‘jf(x())| < oo,f(O) =0, fis subadditive.}
xex—{0} (x,0)
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(ii) h(x+g) = h(x), foreach x € X,g € Gorh|c =0

(iii) h(xo — g0) = h(x0) = d(xo, 0)-

Proof. Let g9 € Pg(x). Now define a function & as follows: h : X — R such that h(x) =
d(x + go,G) for all x € X. Clearly, h(0) = d(go, G) = 0 and
|7 (x)] |d(x + 80, G)|
su = sup —————=—+
xeX JI;AO d(x,0) xeX,JIc)yéO d(x,0)
< 120
xeX,x#0 d(X,O)
< oo

Also,

h(x+y)

d(x+y+80,G)
d(x+y+280,G+ go)
(
(x

IN

d
h

x+80,G+g0) +d(y+ g0,G+ go) (by using Theorem 1.12)
) +h(y)

which implies / is subadditive. Hence h € X?. Now,

hix+g) = dix+g+80,G)
= d
= d

x+80,G—g)
X+g0/ )

(
(
(
().

I
=

Thus d(xo0, g0) = d(x0, G) = h(xo — o) = h(xp). To prove the first property, consider

h(y) = d(y+80,G)
= infd(y+go.8)
< in(f; d(y + go, x + go) + iné d(x + g0, g) (by using triangle inequality )
g€ g€
= d(y,x)+ inf d(x + g0, 9)
geG
= d(y,x)+ h(x).

So we have h(y) — h(x) < d(y,x). Now interchange the role of x and y, and we have
|h(x) —h(y)| < d(x,y) where x,y € X.
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Conversely, let there exists an i € X? satisfying all the three properties. Then d(xo, go) =
h(xo — go) = h(xo) = h(xo) —h(g) < d(xo,g) for all ¢ € G. Hence o € Ps(xp), which
completes the proof. O

Lemma 2.6. [19] Let G be a closed linear subspace of be a real metric linear space (X,d). Let
x € X\ Gand M C G, then M C Pg(x) if and only if there exists an h € X9 satisfying

(@) |1(x) =h(y)| < d(x,y) x,y € X
(ii) h|lc =0
(iii) h(x —g) =d(x,g) forall g € M.

Proof. Suppose M C Pg(x) and let go € M. Then g9 € P;(x) and by Theorem 2.5, there
exists h € X7 such that

|h(x) —h(y)| <d(x,y)forallx,y € X, hlc =0

and

h(x —go) = d(x,80), o €M

Now let ¢ € M, then g € P;(x). Consider

h(x—g) = h(x—go)
= d(x,8o)
= d(x,g) (asd(x,go) =d(x,g) =d(x,G)).

Hence there exists an i € X? which satisfies all given three properties. Conversely, let
there exists an h € X satisfying (i), (ii) and (iii). Now we show that M C Pg(x). Let
g0 € M. Then gy € Pg(x) by Theorem 2.5. Hence M C Pg(x). O

Lemma 2.7. [13] Let G be a subspace of a metric linear space (X,d). Then gy € Pg(x) if and
only if x — go € G forall x € X.

Proof. Let go € Pg(x) if and only if d(x,go) < d(x,g) for all g € G if and only if d(x —
20,0) < d(x — g0, — go) if and only if d(x — o,0) < d(x — go,£1) for all g1 € G if and
only if x — g9 € G. O

Theorem 2.8. [13] Let (X, d) be a metric linear space and G be a linear subspace of X. If Pg(x)
is the set of all best approximation of x € X, then Pg(x) = G N (x — G).



Chapter II. Best Approximation in Metric Linear Space and Normed Linear Space 19

Proof. Let go € GN (x — G) if and only if gg € G, and go € (x — G) if and only if go € G
and g = x — ¥ for some ¥ € G ifand only if g, € G and ¥ = x — go € G if and only if
90 € Pg(x), (by Lemma 2.7). Therefore, P5(x) = G N (x — G). O

Theorem 2.9. Let (X,d) be a metric linear space and G be a non-empty subset of X. Then
Pgiy(x+u) = Pg(x) + u for every u € X.

Proof. Letug € Pgiy(x +u), thend(x +u,up) < d(x+u,g+u) forevery g+u € G + u.

Now,

d(x,up—u) = d(x+u,up)
< dx+ug+u)
d(x,8)

which implies d(x, ug — u) < d(x,g) and we have, ug —u € Pg(x). Thus ug € Pg(x) +u
and Pgyy(x +u) C Pg(x) + u.

Conversely let, go € Pg(x) + u. This implies g9 — u € Pg(x), thend(x,g0 —u) < d(x,g)
for all g € G. Now,

dx+u,g) = d(x,g0—u)
< d(xg)
= dx+ug+u)

for every ¢ + u € G + u. This implies g0 € Pg+,(x + u), and thus Pg(x) + 1 C Pgi,(x +
u). Hence Pg4, (x +u) = Pg(x) + u for every u € X. O

Our next result is related to the characterization of semi-Chebyshev subspaces in the
framework of real metric linear space.
Let G be a linear subspace of metric linear space (X,d). Then G is said to be semi-

Chebyshev if for every x € X, the set P;(x) contains at most one element.

Theorem 2.10. [19] Let G be a linear subspace of real metric linear space (X,d). Then the fol-

lowing statements are equivalent:

(i) G is semi-Chebyshev

(ii) There exists an h € X? and x1,x, € X with x1 — xp € G\ {0} such that

|h(x)| <d(x,0), xeX (2.1)
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hlg =0 (2.2)

h(xl) = d(xl,O), h(xz) = d(XQ,O) (23)
(iii) There exists noh € X?,x € X and gy € G\ {0} with the properties (2.1), (2.2) and

h(x) =d(x,0) =d(x,go)- (2.4)

Proof. First, consider G is a semi-Chebyshev subspace. Assume that there exist 1 € X¢
and x1, x € X with x; —x; € G\ {0}, such that we have (2.1), (2.2) and (2.3). Put

g0 = x1 — x2. Then,
h(X1 — g()) = h(XQ) = d(XQ,O) = d(x1 — 8o, O) (25)

Now, x1 € X\ cl(G) asif x1 € cI(G), then from (2.2), (2.3) and (2.5) we have 0 = h(x1) =
d(x1,0),0 = h(x1 — go) = d(x2,0), which contradicts x; — x; # 0. From, Theorem 2.5 we
have, go € Pg(x) and 0 € Pg(x). Since, gy # 0, it follows that G is not a semi-Chebyshev
subspace, which is a contradiction. Hence, there do not exist h € X% and x1, x, € X with
x1 — x2 € G\ {0}, such that we have (2.1), (2.2) and (2.3). Thus (i) = (ii).

Now assume that there existh € X¢, x € X and g9 € G\ {0}, such that we have (2.1),
(2.2) and (2.4). By putting x; = x and xp = x — go in (2.4), we get h(x1) = d(x1,0) and
h(x) = d(x2,0). Now by (2.2), we have h(x2) = h(x — go) = h(x) = d(x,0). Thus we
have (2.1), (2.2) and (2.3) and also x; — x, = o € G\ {0}. Hence (ii) = (iii).

Now suppose that G is not a semi-Chebyshev subspace. For a suitable y € X \ cI(G)
there exist g1, 2 € Pg(x), such that g1 # g». By putting

X=Y—81, §0 =82 — &1,
we have x € X\ cl/(G), g0 € G\ {0} and 0, g0 € Ps(x). By Lemma 2.6, there exist an h €

X? such that we have (2.1), (2.2) and (2.4), which is a contradiction. Thus (iii) = (i). O

2.1.2 Existence of best approximation in metric linear space.

In this section, we discuss some conditions under which the given set is proximinal.

Theorem 2.11. Let X be a metric linear space and G be its non-empty subset. Then G + u is

proximinal if and only if G is proximinal for any given u € X.



Chapter II. Best Approximation in Metric Linear Space and Normed Linear Space 21

Proof. First assume that G is proximinal. Then G is proximinal if and only if P;(x) # @
if and only if P;(x) + u # @ if and only if Pg4, (x + u) # @ (by Theorem 2.9) if and only

if G + u is proximinal.
O

Theorem 2.12. [12] Let (X, d) be a metric linear space and G be its subspace. Then following are

equivalent:

(i) G is proximinal

(i) X=G+G.

Proof. Let G is proximinal, x € X and go € Pg(x). Then (x — go) € G and gy € G, (by
Lemma 2.7). Now, x = g9 + (x — g0) € G+ G. Hence X = G + G.

Conversly, let X = G + G and let x € X. Then x = go + § where ¢ € G and § € G. Now
¢ € G,and so,0 € P5(§). But § = x — go, 50 P5(§) = Ps(x — o). Hence 0 € Pg(x — o).
Then forall g € G, d(x — go,0) < d(x — go,8),and so, d(x, g0) < d(x,¢+ Qo). Since Gisa
subspace therefore, g+ g0 € G. Let g1 = ¢+ go and so d(x, go) < d(x,g1) forall g; € G.
But this implies that gy € P;(x). Hence, G is proximinal. O

Theorem 2.13. Let G be a subspace of a metric linear space (X,d) and x € X. Then Pg(x) isa

bounded set.

Proof. Let 1,92 € Pg(x), thend(x,¢1) < d(x,g) forall g € G and d(x,g2) < d(x,g) for
all ¢ € G. Now,

d(g1,$) < d(g1,x)+d(x,g) wherex € G
< d(go,x)+d(x,go) for some fix g € G
= 2d(x,80)
= t

where t is a constant and > 0. Hence, the proof is complete. ]

Now we discuss some results related to the proximinality of quotient spaces.
For a closed linear subspace G of a metric linear space (X,d), canonical mapping 7 :

X — X/G is defined as t(x) = x + G, where x € X. This mapping 7 is linear[13].
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Theorem 2.14. [13] Let G be a closed linear subspace of a metric linear space (X, d) and M be a
proximinal subspace of X containing G. Then M/ G is proximinal in X /G.

Proof. Let x + G € X/G, x € X and m be a best approximation to x. We show that m + G

is best approximation to x + G. To the contrary, suppose that there exists m' + G € M/G

such that d(x + G,m + G) > d(x + G,m' + G), that is, inéd(x —m',g) < d(x —m,G).
g€

Then there exist some gg € G such that
d(x—m',g) <d(x —m,G) <d(x—m,0)

thatis, d(x, m’ + go) < d(x,m). Thus m is not a best approximation to x from M, which is
a contradiction. Hence m + G is a best approximation to x + G and consequently, M/G

is a proximinal in X/G. O

Theorem 2.15. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing
G where G is a proximinal subspace of X. If M/ G is proximinal in X /G, then M is proximinal
in X.

Proof. Let x € X be arbitrary, then x + G € X/G. Since M/G is proximinal in X/G,
there is some m + G € Py/g(x + G), thatis, d(m + G,x+ G) < d(x+ G,m’ + G) for
every m' + G € M/G. Also, since G is proximinal, there exist some gy € G such that
dim —x,g0) <d(x—m',G) <d(x—m’,0) for every m" € M. This implies that m — gy €

Pyp(x). Hence M is proximinal in X. O

2.1.3 Uniqueness of best approximation in metric linear space.

In this section, we discuss the cases in which the given set G is Chebyshev.

Theorem 2.16. [13] Let (X, d) be a metric linear space and G be its linear subspace. Then G is
Chebyshev if and only if X = G @ G.

Proof. Let G be a subspace of metric linear space X and x € X. Then by Theorem 2.12 we
have, x = ¢+ §forsomeg € Gand § € G.Letx = g1 + §1 = &2 + &, where 1,92 € G
and ¢1,$ € G. Now we will show that ¢; = ¢, and &) = &. Since x = g1 + ¢ and
x =g+ &, thenx — g1 = ¢1 and x — g = ¢». This implies that g1, g» € P;(x) by Lemma
2.7. Now, since G is Chebyshev, therefore g1 = g¢», and it follows that §&§ = ¢>. Hence
X=GaG.
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Conversely, let X = G @ G, and x € X. On contrary, assume that ¢1,¢» € P5(x). Then by
Lemma 2.7, we have x — ¢1,x — ¢» € Gandsox = g1 + ¢1 = g2 + §» for some ¢1,$ € G.
But X = G & G, therefore g1 = g and g1 = $. Hence, G is Chebyshev. ]

Lemma 2.17. [13] Let (X, d) be a metric linear space and G be a non-empty subspace of X. Then
GNG = {0}.

Proof. Letg € GNGifand onlyif ¢ € Gand ¢ € G if and only if ¢ € G and d(g,0) <
d(g,h) forallh € Gifand only if ¢ € G and d(g,0) < d(g,g) when h = g, if and only if
¢ € Gand d(g,0) < 0ifand only if ¢ € G and d(g,0) = 0 as d can’t be negative, if and
only if ¢ € Gand g = 0 ifand only if GN G = {0}. O

The following theorem give condition under which proximinal set is Chebyshev and met-

ric projection Pg is linear.

Theorem 2.18. [13] Let (X, d) be a metric linear space and G be a proximinal subspace of X,

then the following are equivalent:

(i) Pg is one-valued and linear

(ii) G is a linear subspace of X.

Proof. First assume, P is one-valued and linear. Let x,y € G and «, B be scalars. Then
Ps(x) = {0} and Ps(y) = {0}. Since Pg is linear, we have Pg(ax + By) = aPg(x) +
BPs(y) = {0}. This implies that ax + By € G and hence G is a linear subspace of X.

Conversely let, G is a linear subspace of X, and also let g1,92 € Pg(x). This gives x —
91,% — g2 € G by Theorem 2.7. Now (x — g1) — (x — &2) € G, thatis, ¢ — g1 € Gas G
is a subspace . This implies that g —¢1 € GNG = {0} and so g1 = g». Hence Pg is
one valued. Now let x,y € X and «, § are scalars. Suppose g1 € P;(x) and g2 € Ps(y).
This gives x — g1, ¥ — g2 € G. Since G is a subspace, therefore we have a(x — g1) +
B(y — g2) € G, thatis, (ax + By) — (ag1 + Bg2) € G. Now Pg(ax + By) — (ag1 + Bg2) =
Ps(ax+ By — (ag1 + Bg2)) = {0}, as Pg is one-valued. Hence P (ax + By) = ag1 + g2 =
aPg(x) + BP;(y) and this completes the proof. O

Theorem 2.19. [13] Let (X,d) be a metric linear space and G be a Chebyshev subspace of X.

Then the following are equivalent:

(i) Pg is linear
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(ii) G is a subspace

(iii) G contains a subspace H for which X = G @ H.

Proof. Let Pg is linear and it is given that G is Chebyshev, therefore G is a subspace of X
by Theorem 2.18. Hence (i) = (ii).

Now by Theorem 2.16, it is obvious that (i) = (iii). Now we show that (iii) = (i).
Let x,y € X and &, 8 be scalars. Then x = g1 +h; and y = g2 + hy for some g1,92 €
G and hy,hy € H. Thus x — g1,y — g2 € H. Since H is a subspace, therefore we have
a(x —g1)+ B(y — g2) € H C G for all scalars a, 8. This implies that (ax + By) — (ag1 +
Bg2) € G = P;1(0), that s, Pg(ax + By — (ag1 + By2)) = {0} as G is Chebyshev. Hence
Pg(ax + By) = ag1 + pg2 = aPc(x) + BPc(y). O

Theorem 2.20. [13] Let G be a proximinal subspace of a metric linear space X and G is convex.
Then

(i) G is Chebyshev

(ii) M is a proximinal subspaces of X containing G, then the quotient space M/ G is a chebyshev
subspace of X/ G.

Proof. (i) Suppose g1,92 € Pg(x). Then g) = x — g1, §» = x — g2 € G (by Lemma 2.7.)
Since G is convex, therefore 1(¢» — &1) = 3(g1 — g2) € G. Also, 3(g1 — 2) € G as
G is a subspace of X. Then 1(g1 — g2) € GNG = {0}(by Lemma 2.17), and this
implies g1 = g». Hence G is Chebyshev.

(i) As described earlier, 77 : X — X/G is the canonical map defined by 7r(x) = x + G.
Also M/ G is proximinal with X /G, by Theorem 2.14. Thus, 7t(Pp(x)) € Pp/c(x +
G).Now, let m + G € Py;/6(x + G). Then by Theorem 2.15 there exists gp € G such
that m — g9 € Pp(x). This implies that m + G € 7(Py(x)). Therefore, Py c(x +
G) C m(Pm(x)) and hence 7t(Pp(x)) = Ppyc(x + G).

Now we show that PAjll/ c(G) = M/G is convex. Suppose x + G,y + G € M/G and
0 < A < 1.Since G € Py/g(x+ G), then G € 7(Pp(x)), it means there exists m; €
Pp(x) such that 7t(mq) = G. Also, since G € Py g(y + G), then G € t(Pym(y)), it
means there exists my € Py(y) such that 71(my) = G, so we have n(m;) = G =
7t(my). Now since m; € Py(x) and my € Py (y), therefore x — mq, y — my € M and
M is convex, so A(x —mq) + (1 — A)(y — mp) € M, then (Ax + (1 — A)y) — (Amy +
(1 — A)my) € M. It follows that Amy + (1 — A)my € Pp(Ax + (1 — A)y), that is
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t(Amy + (1 — A)mp) = Amy + (1 — A)my + G = G. Therefore G € Py g(Ax+ (1 —
AMNy+G),and A(x+G)+(1-A)(y+G) € M/G. This implies that M/ G is convex.
Then (by part (1)) we have, M /G is Chebyshev subspace of X/G.

O
Theorem 2.21. [19] Let (X,d) be a strictly convex metric linear space and G be its convex

proximinal subset, then G is Chebyshev.

Proof. Let G be a convex proximinal set in a strictly convex metric linear space X. For a

given pair x1,xp € X, if possible, let g7, ¢5 € G be such that

max{d(gy, x1),d(g1, %2) } = max{d(g3,x1),d(83,%2)} = t

where
t = inf{max{d(g,x1),d(g,x2)} : ¢ € G}.

Thend (g7, x1),d(g5,x1) < tand d(g],x2),d(g5,x2) < t.Since X is a strictly convex, there-

fore

d <g1 ;gz,m) <tand d (glzg%@) <t

unless g7 = ¢5. But this contradicts the definition of ¢, as %(g’f +93) € G.Hence g} = g3.
Thus G is a Chebyshev set. O

2.2 Best approximation in normed linear space.

In this section, we discuss some results related to the characterization, existence and unique-
ness of best approximation in normed linear space. To start with, we give a following

notation to be used in the sequel.

Notation 2.2.1. [11] Let X be a normed linear space and G be its subspace. Define,

G=P1(0) = {x e X|0€ Ps(x)} = {x € X||x]| < |lx—g| Vg€ G}={xeX|xLsG}

2.2.1 Characterization of best approximation in normed linear space.

Theorem 2.22. [16] Let X be a normed space and G be its non-empty subspace. Then,
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(i) If x € G, then Pg(x) = {x}.

(ii) Ifx € cl(G) \ G, then Pg(x) =@ (cl(G) is the closure of G).
Proof. The result follows from Theorem 2.4. O

As a consequence of this result, we will characterize the best approximation of only those
elements which belong to the set X \ ¢/(G).

Theorem 2.23. [6] Let G be a subspace of a normed linear space X over the field K. Let xg € X
be such that d(xo, G) = d > 0. Then, there exists a f € X' such that

(i) f(x0) =1
(it) f(G) =0, (thatis, f(g) =0Vg € G)

(i) ||f] = }-

Proof. Let
Go=G+ [JCQ]

be the space spanned by G and xj. This xp ¢ G as d > 0. Each point of x € Gy can
be expressed uniquely in the form x = g 4 axo, where ¢ € G and a € K. Consider the
functional / : Gy — K defined as

h(g+axg) = a.
Note that & is a linear functional on Gy satisfying h(G) = 0 and h(xg) = 1. Also,
|h(x)| = |h(g + axp)| = |a|, for all x € Gy.
Now if & # 0, then

lxll = [lg + axo|

|2+ o
a]d
d|h(x)|, where xy € Go

v

If « = 0, then
[x][ = [lgll = 0 =d[h(x)].
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Hence, in either case, it follows that
h(x)] < 12l for all x € Gp.

which implies, h is bounded on Gy and ||h|| < 1. To prove ||h| > 1, consider a sequence
{gx} C G such that ||xg — gx|| — d. Then

1= h(xo = gk) < [[1llllx0 = gell — [|lld
which implies ||| > 1.

This means that there exists an h € G such that h(G) = 0,h(x9) = 1and ||h|| = 1. By
Theorem 1.26 we obtain a functional f € X’ such that

fle, =hand [|f]| = [[n]| = 3

But

f(x0) = h(xp) = 1.

Hence, the proof is complete. O

o ne {f(G) H(G) =0

Corollary 2.24. [6] Let G be a closed linear subspace of a normed linear space X over the field K.
Let xo € X\ G. If d(xo, G) = d, then there exists a f € X' such that

(@) f(xo) =1
(ii) f(G) =0, (thatis, f(g) =0Vg € G)
Gii) |1fI| = 3.
Proof. Let d(xg, G) = 0, which implies xo € cI(G). Since G is closed, therefore G = cI(G).

Also xy € G, so
d=d(xp,G) > 0.

Hence, the result follows from Theorem 2.23. O

Theorem 2.25. [16] Let G be a non-empty linear subspace of a normed space X such that x €
X\ cl(G) and g0 € G. We have g9 € Pg(x) if and only if there exists an f € X' with the

following properties:

£l =1 (2.6)
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flg) =0 (Vg€G) 2.7)

f(x=80) = [lx = goll (2.8)

Proof. Assume that g9 € Pg(x). Also, since x € X \ cI(G) therefore, we have d(x,G) =
1

d(x,G)’
fo(g) = 0 (Vg € G)and fo(x) = 1. Take f = ||x — gol|fo € X' which satisfies (2.6), (2.7)

and (2.8).
Conversely, assume that there exists a f € X’ which satisfies (2.6), (2.7) and (2.8). Then

|lx — go|| > 0. Now, by Corollary 2.24, there exists an fy € X’ such that || fo|| =

for any ¢ € G we have

lx = goll = [f(x =)l = [f(x =) < Ifl[llx = gll = [[x =gl
Hence go € Ps(x), which completes the proof. O

Lemma 2.26. [16] Let X be a normed linear subspace and G be its linear subspace. If x €
X\ cl(G),g0 € Gand f € X/, then

(i) f satisfies (2.6) and (2.8) if and only if satisfies (2.6) and

Ref(x = go) = |[x — gol| (2.9)
(ii) f satisfies (2.7) if and only if
Ref(g) =0 (Vg€ G). (2.10)
(iii) f satisfies (2.6), (2.7) and
|f(x = go)| = [lx = goll (2.11)

if and only if either f1 = [signf(x — go)|f satisfies (2.6), (2.7) and (2.8).

(iv) f satisfies (2.6), (2.7) and
[Ref(x = o) = [[x — goll, (2.12)

if and only if either f1 = f, or fo = —f satisfies (2.6), (2.7) and (2.8).

Proof. (i) Clearly, (2.9) is directly obtained from (2.8). Hence (2.6) and (2.8) = (2.6)
and (2.9). Conversely, if f satisfies (2.6) and (2.9), we have

[l = goll = Ref(x = go) < |f(x = go)| < [lx = goll,
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hence Ref(x — go) = |f(x — go)|, and as a result, f(x — go) is real and positive.
Hence (2.6) and (2.9) = (2.6) and (2.8).

(ii) Obviously, (2.7) = (2.10). Conversely, let f satisfies (2.10). Consider that ig € G
and the relation Imf(g) = —Ref(ig), we have

f(g) = Ref(g) —iRef(ig) =0  where(g € G).

(iti) If f; = [signf(x — go)]f satisfies (2.6), (2.7) and (2.8) then obviously f = ¢/¥8f(x~g)fi
satisfies (2.6), (2.7) and (2.11). Conversely, if f satisfies (2.6), (2.7) and (2.11), then f;
satisfies (2.6), (2.7) and

filx —go) = f(x — go)| = [|x — gol|-

(iv) If either f1 = f, or f, = —f satisfies (2.6), (2.7) and (2.8) then f satisfies (2.6), (2.7)
and (2.12). Conversely, if f satisfies (2.6), (2.7) and (2.12), then we have

[l = goll = |Ref (x = go)| < [f(x = go)| < [lx = gl

hence [Ref(x — go)| = |f(x —go)|- Asaresult, f(x — go) is real, whence either f; = f
or f, = f satisfies (2.6), (2.7) and (2.8), which completes the proof.

O]

Lemma 2.27. (see[4], [10]) Let G be a linear subspace of normed linear space X. Then gy € Pg(x)
ifand only if (x — go) Lp G.

Proof. Let go € Pg(x). Put g1 = go — ag for any fixed ¢ € G and a € R. Since gy €
P;(x), therefore ||x — go|| < |[x — g|| for all g € G. In particular, ||x — go|| < ||x — g1,
which implies ||x — go|| < ||x — (g0 — «g)||- Then, ||x — go|| < ||(x — go) + ag||- Hence,
(x —g0) L G.

Conversely, let (x — go) Lp G. Then ||x — go|| < ||x — g0 + «g1]|- Since G is a subspace,
therefore g0 — g1 € G. Put ¢ = go — ag1 and we get ||x — go|| < ||x — gl|. Hence,
g0 € Pg(x). O

The following two results, follows from the Lemma 2.7 and Theorem 2.8.

Lemma 2.28. (see[4], [11]) Let G be a subspace of a normed linear space X. Then gy € Pg(x) if
and only if x — go € G forall x € X.
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Theorem 2.29. (see[4], [10]) Let X be a normed linear space and G be a linear subspace of X. If
Pg(x) is the set of all best approximation of x € X.Then, Pg(x) = GN (x — G).

Lemma 2.30. (see[4],[11]) Let G be a subspace of normed linear space X. Then GN G = {0}.

Proof. Letg € GNG,theng € Gand g € G.Now ¢ Lp G as g € G. This implies that

gl < |lg+ ah|| forall g € G and all scalar a. Now choose i = g and « = —3, then
gl < [138ll, and hence g = 0. Therefore, GN G C {0}. But {0} C G N G, hence together
we have GN G = {0}. O

Theorem 2.31. [4] Let X be a normed linear space and G be its non-empty subset. Then

(i) Pgiy(x +u) = Pg(x) + u for every x,u € X.

(ii) Pgg(Bx) = BPc(x) where x € X and B € R.

Proof. (i) Letgo € Pgyy(x+u)ifand onlyif go € G+ uand ||x +u —go|| < ||x +u —
(¢+u)| forallg+u € G+uifandonlyif go —u € Gand ||x — (g0 —u)|| < ||[x — g
for all ¢ € G if and only if (g0 — 1) € Pg(x) if and only if go € Pg(x) + u, which

completes the proof.

(ii) If B = O then the result trivially holds, as Psc(Bx) = Po(0) = 0 (because 0 € {0}).
Also BP(x) = 0Pg(x) = 0.
So, let B # 0. Now, assume go € Pgg(Bx) if and only if go € BG and [[Bx — o] <
||Bx — Bg|| for all ¢ € G if and only if |B]||x — %OH < |Blllx — gl for all g € G if
and only if %0 € Gand [|x — %H < ||x — gl if and only if %0 € Pg(x) if and only if
8o € BPs(x). Hence Py (Bx) = BPs(x).

O

Theorem 2.32. [16] Let G be a linear subspace of a normed linear space X. Then following are

equivalent:

1. G is a semi-Chebyshev subspace

2. There do not exist f € X" and x1, x, € X with x1 — xp € G\ {0}, such that

Ifll=1 (2.13)

f(g)=0 (vVg€G) (2.14)

fxa) = lxall, f(x2) = [l (2.15)
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3. There do not exist f € X', x € X and gy € G\ {0} with the properties (2.13), (2.14) and
f(x) = llxll = llx = goll-

Proof. Proceeding on the similar lines of Theorem 2.10, we obtain the result. ]

2.2.2 Existence of best approximation in normed linear space.
Theorem 2.33. [4] Let X be a normed linear space and G be its non-empty subset. Then

(i) G is proximinal if and only if G + u is proximinal for any given u € X.
(it) G is proximinal if and only if BG is proximinal where B € R\ {0}.
Proof. (i) G isproximinal if and only if P;(x) # @ if and only if Pg(x) # @ if and only
if P4y (x +u) # @ (by theorem 2.31) if and only if G + u is proximinal.

(ii) G is proximinal if and only if P;(x) # @ if and only if BP¢(x) # @ if and only if
Pgc(Bx) # @ (by Theorem 2.31) if and only if G is proximinal.

O

Theorem 2.34. (see[4], [17]) Let X be a normed linear space and G be a linear subspace of X.

Then following statements are equivalent:

(i) G is Proximinal,

(i) X=G+G={g+ylg € Gye G}

Proof. Proof follows from Theorem 2.12. O

Theorem 2.35. (see[2], [4]) Let X be a normed linear space and G be a proximinal subset of X.

Then G is non-empty and closed.

Proof. Since @ # P;(0) C G, therefore, G is a non-empty set. To show that G is closed,
take any sequence {x,} € G which converges to x. If we show x € G then we have done.
Since G is proximinal, therefore Pg(x) # @. Let go € Pg(x) such that ||x — go|| < ||x — x|
for all n. But lim x, = x implies ||x, — x|| = 0. Then x = gy € G, and hence G is

n—oo

closed. 0
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Corollary 2.36. (see[4], [9]) Let G be a subspace of a normed linear space X and x € X, then

1. If G is a convex subset of X, then Pg(x) is a convex subset of X for every x € X

2. Pg(x) is a bounded set.

Proof. Let g1,82 € Ps(x), then
[x =gl < [[x—gll and [x—g| < |x—glvVgeG. €]
1. Now, for 0 < A <1and any g € G, we have

lx—(Ag1+ (1 -A)g)| = llx—Ag1 — g + A&l

= |lx—Ag1 — 2+ A% — Ax+ Ax||
[A(x = g1) + (1 = A)(x = )|
Allx =gl + (1 = A)[[x — &2
Allx =gl + (1= A)[Jx—gll,

IA

IN

so we have, ||[x — (Ag1 + (1 —A)g2)|| < ||x — |- which implies Ag1 + (1 —A)g €

P;(x), and hence Pg(x) is a convex set.

2. Now, we show P;(x) is a bounded set. Fix g € G. Then

g1 — &l = lg1—x+x—g
< llgr—x||+lx =gl (by using (1))
< 2|lx — gol| = t(say),

where t is a constant and > 0.

Hence, the proof is complete. O
Theorem 2.37. [9] Let G be a subspace of a normed linear space X. If G is closed and go € G is
a best approximation for x € X \ G, then g € bd(G).

Proof. On the contrary , suppose that gy € Int(G), then there exists r > 0 such that
B(go;r) C G. Since gy € G is a best approximation for x, then d(x,G) = ||xo — go|| =

t(say) > 0. Let g1 = 7580 + 75 Xo. Then [|g1 — goll = £5 < rand so g1 € B(go; 7). Also,
llg1 — xo]| = thzr < t = ||xo — go||, which implies that g is not a best approximation of x

and hence, a contradiction. Therefore, gg € bd(G). O
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Corollary 2.38. [9] Let G be a closed subspace of a normed linear space X. If xo € X \ G has a
best approximation in G, then d(xo, G) = d(xo, bd(G)).

Proof. bd(G) C G as G is a closed set. Now,

d(xo,bd(G)) = inf{||xo—b| :be€bd(G)}
> inf{|lxo —b|| : b € G} = d(x0,G).

Hence,
d(x0,bd(G)) = d(x0,G) @

Now, suppose that go € G is the best approximation for xg. Then d(xo, G) = ||xo — ol
Hence, go € bd(G) (by Theorem 2.37). Also, d(xo,bd(G)) = inf{|[xo —b|| : b € bd(G)} <
lxo — gol| = d(x0, G). So, we have

d(xo, G) > d(xo,bd(G)) 2

Hence, from (1) and (2), we have d(x, G) = d(xo, bd(G)). O

2.2.3 Uniqueness of best approximation in normed linear space.

Theorem 2.39. [16] Let G be a linear subspace of a normed linear space X. Let x € X \ cI(G)
and go € G. Then Pg(x) is a Chebyshev set, if and only if gy € Pg(x) and there do not exist
g€ G\ {go}and f € X' such that

Ifll=1 (2.16)
f(g) = f(go) (2.17)
flx—g)=Ix—gl (2.18)

Proof. Let Pg(x) be a Chebyshev set such that P5(x) = {go}. On the contrary, assume
that there exist g € G\ {go} and f € X’ satisfying (2.16), (2.17) and (2.18). Then,

lx = gll = [f(x =gl = |f(x = go) + f(g0 = &) = [f(x = go)| < [[x = oll-

Since gy € Pg(x), therefore ¢ € Ps(x). Hence, P;(x) cannot be a Chebyshev set which
is a contradiction. Therefore, there do not exist ¢ € G\ {0} and f € X satisfying (2.16),
(2.17) and (2.18).
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Conversely let, gy € Pg(x) and there do not exist § € G\ {go} and f € X’ satisfying
(2.16), (2.17) and (2.18). Assume that some g1 € Pg(x). Then by Theorem 2.25, there exist
h € X’ such that

[hll =1

h(g) =0 (VgeG)
h(x —g1) =[x — g1l

which implies h(g) = h(go) = 0. But this contradicts to our assumption that there do not
exist g € G\ {go} and f € X’ satisfying (2.16), (2.17) and (2.18). Therefore, g1 ¢ Ps(x)
and thus, Pg(x) is a Chebyshev set. Hence, the proof is complete. O

Theorem 2.40. [2] Let X be a strictly convex normed linear space and G be a non-empty and

closed subset of X. Then for each x € X, Pg(x) contains at most one element.

Proof. The result is obviously true if x € G. So, assume that x € X \ G. On the contrary,
suppose that there exist two distinct g3 and g» € Pg(x). Then,

I = g1l = [Jx = gal| = d(x,G) > 0.

Now, % € G as G is convex, and so

+
d(x,G) < [x— (5135

(x—g1) + (x—g2)

2
< Ix =&l 42_ Ix = &| (since ||-|| is strictly convex)
= d(x,G),
which is not possible. Hence, g1 = g2, and so P;(x) contains at most one element. O

Corollary 2.41. [2] Every convex proximinal set in a strictly convex normed linear space (X, ||-||)

is a Chebyshev set.

Proof. By Theorem 2.35, proximinal set is closed. Hence by Theorem 2.40, every convex

proximinal set in a srictly convex normed linear space is Chebyshev set. O

The following example shows that if normed linear space X is not strictly convex, then

there exists a convex proximinal set G which is not Chebyshev.
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Example 2.5. Let X = R? equipped with the norm ||(x,y)|| = |x| + |y| be a normed linear space
and G = {(x,y) € R? : x>+ y?> < 1where 0 < x < land —1 <y < 1}. Then, G is convex
proximinal set of X but not Chebyshev.

Proof. First we show that X is not a strictly convex. Letx = (3,3), v = (3,3) € R~

Clearly, both x and y € Sx as they have norm 1. Also,

= 23)+ ()
5]

which implies that xTer € Sx. Hence, X is not strictly convex as x # y. Now, we show this

x+y
2

1

is a convex set. Let (x1,y1), (x2,y2) € G, which implies

x%+y%§1;0§x1§1and—1§y1§1
BHys<L0<x<land—1<y, <1

Now,

A, y) + (1 =A)(x2,y2) = (Axg, Ay) + (1= A)xz, (1= A)y2)
= (Ax1+(1—=A)x2, Ay + (1 — A)yo)

such that0 < Ax; + (1 —A)xp <land —1 < Ay; + (1 —A)yp < 1. Also,

Axi+ (1=l + A+ (1= Ay = A2 +y7) + (11— A>3 +y5) +
2)&(1 — /\) (xle + ylyz)

< A+(1-A)+
2A(1 = A)(x1x2 + y1y2)
< A+ (1-A)2+240(1-1)(1)

= 1

Hence, this is a convex set. Now, we show this is a proximinal set but not Chebyshev.
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N
/

From this figure, it is clear that point x has two best approximations in G. Therefore, it is

a proximinal set, not Chebyshev. Hence, the proof is complete. O
Theorem 2.42. [2] Let X be a normed linear space and G be its non-empty set. Suppose that
x € X\ Gandy € Pg(x), then forany u € Ax + (1 — A)y, where0 < A < 1,y € Pg(u).

Proof. Since u € Ax + (1 — A)y, therefore, ||x — u|| + [[u —y|| = ||x —y|. Now, y € GN
Blu;||u —y||] and so d(u, G) < |ju — y/||. On the other hand, by triangle inequality,

B(u;[lu —yll) € B(x; [lx —ul + [[u —yl) = B(x; [|x —yll) € X\ G

and hence, we have ||u —y|| < d(u,G). Thus, ||u —y| = d(u,G), which implies y €
PG (M) . L]
The proof of following two theorems follows from Theorem 2.16 and Theorem 2.20.

Theorem 2.43. [4] Let G be a subspace of a normed linear space X. Then following are equivalent:

(i) G is Chebyshev

(i) X=G&G.
Theorem 2.44. (see[10], [4]) Let G be a proximinal subspace of a normed linear space X and G
is convex. Then

(i) G is Chebyshev

(ii) M is a proximinal subspaces of X containing G, then the quotient space M/ G is a Chebyshev
subspace of X/ G.



Chapter 3

Best Co-approximation in Metric
Linear Space and Normed linear

space

In this chapter, we discuss about best co-approximation in metric linear space and normed
linear space. First we define best co-approximation in metric linear space, and then de-
fine some terms and definitions like co-proximinal set, co-Chebyshev set etc. We also
discuss some results related to the characterization, existence and uniqueness of best co-

approximation in metric linear space and normed linear space.

3.1 Best co-approximation in metric linear space.

Let (X, d) be a metric linear space and G be its non-empty subset. Then element gy € G

is called best co-approximation to x € X from set G if

d(g0,8) < d(x,8)

for every ¢ € G. This set is denoted by R (x).

If Rg(x) # @ for every x € X, then G is called co-proximinal set. If every x € X has
unique best co-approximation in G, then G is called co-Chebyshev set. Metric projection
for co-proximinal set G of metric linear space X is the set valued mapping Rg(x) : X —

2C, which is defined as Rg(x) = {g0 € G : d(g0,¢) < d(x,g) for every ¢ € G}.

37
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Example 3.1. [13] Let X = R\ {1} be a metric space with metric d(x,y) = |x —y| and
G = (1,2] be its subset. Then G is co-proximinal subset of X.

Example 3.2. [13] Let X = R? be a metric space with the metric d((x1,v1), (x2,y2)) = |x1 —
Xo| 4+ |y1 — y2| and G = {(x,y) € R? : x = y} be its subset. Then Rg(x,y) = {(3%, 5¥)},
that is, G is co-Chebychev.

Notation 3.1.1. [13] Let G be a subspace of a metric linear space X. Then the set R:'(0) is
defined as
G=R;'(0)={xe€X:d(g,0) <d(x,g) for all g € G}.

Theorem 3.1. [12] Let (X, d) be a metric linear space and G be its linear subspace. If G_L (x —
Q0), then gy € Rg(x).

Proof. Since GL(x — go), so gL (x — go) for all ¢ € G. Then by the definition of orthog-
onality we have, d(g,0) < d(g,a(x — go)) for every scalar a. Now take &« = 1, we get
d(g,0) < d(g,x — go) forevery ¢ € G. This implies d(go, ¢ + g0) < d(x, g+ go) for every
¢ € G.Hence gy € Rg(x). O

Lemma 3.2. [12] Let (X, d) be a metric linear space and G be its subspace. Then, for all x € X,
90 € Rg(x) ifand only if (x — go) € G.

Proof. go € Rg(x) ifand only if d(go,g) < d(x,g) forall g € Gifand onlyifd(0,g — o) <
d(x — g0,§ — o) for all (¢ — go) € G if and only if x — g9 € G. Hence, the proof is

complete. O

Theorem 3.3. Let (X,d) be a metric linear space and G be its subspace. Then, Rg(x) = GN
(x —G).

Proof. go € GN (x — G), if and only if go € G and gy € (x — G), if and only if g9 € G
and go = x — ¢ where § € G ifand only if go € Gand § = x — go € G if and only if
g0 € Rg(x) by using [Lemma 3.2]. Hence, Rg(x) = G N (x — G). O

Theorem 3.4. [12] If G be a subspace of a metric linear space (X, d), then G N G = {0}.

Proof. Letg € GNGifand only if ¢ € Gand g € G if and only if g € G and d(h,0) <
d(g,h) forallh € Gifand only if ¢ € G and d(g,0) < d(g,g) when h = g, if and only if
g € Gand d(g,0) < 0ifand onlyif ¢ € G and d(g,0) = 0 as d can’t be negative, if and
only if ¢ € Gand g = 0 ifand only if GN G = {0}. O
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Theorem 3.5. [11] Let (X, d) be a metric linear space and G be its subspace. Then G is a co-
proximinal subspace if and only if X = G + G.

Proof. First let, G is a co-proximinal subspace of X. Also, let x € X and gy € Rg(x).
Then x — go € G (by Lemma 3.2). Now x = go + (x —g0) € G+ G as go € G. Hence,
X=G+G.

Conversely, let X = G+ G and x € X. Then x = ¢+ § where ¢ € G and § € G. Since
§€G=R;0),then0 € Rg(g). Now § = x — ggas x = go + § 50, Rg(§) = Rg(x — o)
which implies 0 € Rg(§) = Rg(x — go)- Then d(0,g) < d(x — go,g) forall ¢ € G, so
d(g0,g+ 8o0) < d(x,g+ go) where g+ go € G as G is a subspace. Hence gy € Rg(x).

Therefore, G is co-proximinal. O

Theorem 3.6. Let (X, d) be a metric linear space and G be a subspace of X. Then Rgyy, (x +u) =
Rg(x) + u for every u € X.

Proof. Letug € Rg1y,(x+u), thend(g+u,up) <d(x+u,g+u) forevery g+u € G+ u.

Now,

dguo—1u) = d(g+uuo)
< dx+ug+u)
= d(xg)

which implies d(g, up — u) < d(x,g) and we have, uy — u € Rg(x). Thus 1y € Rg(x) +u
and R, (x +u) C Rg(x) + u.

Conversely, let o € Rg(x) + u. This implies go — u € Rg(x), then d(g, g0 —u) < d(x,g)
for all ¢ € G. Now,

d(g+u,go) = d(g,8 —u)
< d(xg8)
= d(x+ug+u)

for every ¢+ u € G + u. This implies g9 € Rg4,(x + 1), and thus Rg(x) +u C Re4u(x +
u). Hence Rgyy(x +u) = Rg(x) + u for every u € X. O

Theorem 3.7. [13] Let (X, d) be a metric linear space and G be a co-proximinal subspace of X,

then the following are equivalent:

(i) Rg is one-valued and linear.
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(ii) G is a linear subspace of X.

Proof. First assume, Rg is one-valued and linear. Let x,y € G and a, B be scalars. Then
Rg(x) = {0} and Rg(y) = {0}. Since Rg is linear, we have Rg(ax + By) = aRg(x) +
BRc(y) = {0}. This implies that ax + By € G and hence G is a linear subspace of X.

Conversely let, G is a linear subspace of X, and also let g1,92 € Rg(x). This gives x —
¢1,x — g2 € G by Lemma 3.2. Now (x —¢1) — (x — ¢2) € G, thatis, ¢ — g1 € Gas G is
a subspace . This implies that go — g1 € GNG = {0} and so g1 = g». Hence R is one
valued. Now let x,y € X and &, B are scalars. Suppose g1 € Rg(x) and g» € Rg(y). This
gives x — g1,y — g2 € G. Since G is a subspace, therefore we have a(x — ¢1) + B(y — &2) €
G, that is, (ax + By) — (ag1 + Bg2) € G. Now Rg(ax + By) — (ag1 + Bg2) = Rg(ax +
By — (ag1 + Bg2)) = {0}, as Rg is one-valued. Hence Rg(ax + By) = ag1 + g =
aRg(x) + BR;(y) and this completes the proof. O

Theorem 3.8. [13] Let G be a closed linear subspace of a metric linear space (X,d) and M be a

co-proximinal subspace of X containing G. Then M/ G is co-proximinal in X/G.

Proof. Letx+ G € X/G,x € X and m be a best approximation to x. We show that m + G is
best co-approximation to x + G. On the contrary, suppose that there exists m’ + G € M/G
such that d(m + G, m' + G) > d(x + G, m’ + G), that is, ire1(f;d(x —m',g) <d(m—m',G).
Then there exist some gg € G such that :

dx—m',g) <d(m—m',G) <d(m—m’, o)

that is, d(x, m’ + go) < d(m,m’ + o). Thus m is not best co-approximation to x from M,
which is a contradiction. Hence m + G is a best co-approximation to x + G and conse-

quently, M /G is a co-proximinal in X/G. O

Theorem 3.9. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing G
where G is a proximinal subspace of X. If M/ G is co-proximinal in X /G, then M is co-proximinal
in X.

Proof. Let x € X be arbitrary, then x + G € X/G. Since M/G is co-proximinal in X/G,
there is some m + G € Ry/g(x + G), thatis, dim+ G,m' + G) < d(x + G,m' + G) for
every m' + G € M/G. Also, since G is proximinal, there exists some ¢y € G such that
dim—m’',go) <d(x—m',G) < d(x—m’,0) for every m’ € M. This implies that m — gy €

Ry (x). Hence M is co-proximinal in X. O
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Theorem 3.10. [13] Let G be a subspace of a metric linear space X. Then following are equivalent:

(i) G is co-Chebyshev

(i) X =GaG.

Proof. Result follows from Theorem 2.16. O

Theorem 3.11. [13] Let (X, d) be a metric linear space and G be a co-Chebyshev subspace of X.

Then the following are equivalent:

(i) Rg is linear
(ii) G is a subspace

(iii) G contains a subspace H for which X = G @ H.

Proof. Let Rg is linear and it is given that G is co-Chebyshev, therefore G is a subspace of
X by Theorem 3.7. Hence (i) = (ii).

Now by Theorem 3.10, it is obvious that (ii) = (iii). Now we show that (iii) = (i). Let
x,y € X and «, 8 be scalars. Then x = g1 +h; and y = ¢ + hy for some g1,82 € G
and hy,hy € H. Thus x — g1, — g2 € H. Since H is a subspace, therefore we have a(x —
¢1) + B(y — g2) € H C G for all scalars a, B. This implies that (ax + By) — (ag1 + Bg2) €
G = R;:'(0), that is, Rg(ax + By — (ag1 + By2)) = {0} as G is co-Chebyshev. Hence
Re(ax + By) = ag1 + Bg2 = aRe(x) + PRc(y)- O

Theorem 3.12. [12] Let (X, d) be a metric linear space and G be its co-proximinal subspace. If

G is a convex set, then G is co-Chebyshev.

Proof. Suppose x € X and g1,82 € Rg(x), then x — g1, x — ¢o € G by Lemma 3.2. Put
x—g1 = ¢ and x — g = §, where §1,¢ € G. Now we first show that g1 —x € G.
Since 0 € Rg(x — g1), so we have d(g,0) < d(x — g1,8) for every ¢ € G. This implies
that d(—g,0) < d(—g,41 — x) for every ¢ € G thatis, d(g’,0) < d(g1 — x,g’) for every
¢ € G. Therefore, g1 — x € G. Now, x — 82,81 — X € G and G is convex, we have
3[(x —g2) + (g1 —x)] € G. This implies 3[$> — §1] € Gand also, 3[&> — 1] = 7[g1— 8] €
G. So we have 1[g1 — ] € GNG = {0} and this implies g1 = g. Hence G is co-
Chebyshev. O
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Theorem 3.13. [13] Let G be a proximinal subspace of a metric linear space (X,d) and M be
a co-proximinal subspace of X containing G. If m : X — X/G is the canonical map, then
m(Rm(x)) = Ryya(x + G).

Proof. Since it is given that G is a proximinal subspace, therefore by Theorem 2.35, G is
a closed subspace. Then by using Theorem 3.8, we have M/ G is co-proximinal subspace
of X/G. Thus, m(Ry(x)) € Rpyc(x+ G). Now, let m + G € Ry/g(x + G). Then by
Theorem 3.9 there exists g € G such that m — g € Rps(x). This implies that m + G €
T(Rp(x)). Therefore, Ry/c(x + G) € m(Rp(x)) and hence m(Rp(x)) = Rpr/g(x +
G). O

Theorem 3.14. [13] Let G be a proximinal subspace of a metric linear space (X,d) and M be a
co-proximinal subspace containing G. If G is a convex set then M/ G is a co-Chebyshev subspace
of X/G.

Proof. From Theorem 3.13, we have 71(Rp(x)) = Rpyc(x + G) . Also by Theorem 3.8,
M/ G is co-proximinal in X/G. Now in view of Theorem 3.12 it is sufficient to prove that
RX/F/G(G) = M/G is convex. Let x + G, y+G € M/Gand 0 < A < 1.Since G €
Rum/c(x+ G), then G € m(Rp(x)), it means there exists m; € Rys(x) such that 7t(m;) =
G. Also, since G € Ry g(y + G), then G € (Rp(y)), it means there exists my € Rp(y)
such that 7t(my) = G, so we have 7t(m1) = G = 7(my). Therefore, x —mq, y — my € M
(asmy € Ry(x), ma € Ry(y)). Since M is a convex set, therefore A (x —mq) + (1 —A)(y —
my) € M, thatis, d(0,m) < d(A(x —m1) + (1 —A)(y — my), m) for all m € M. This implies
d(Amy 4+ (1 —=A)ymg, Amy + (1 = A)ymy+m) < d(Ax+ (1= A)y, Amy + (1 — A)my + m) for
allm € M. Therefore, Amq1 + (1 —A)my € Ryp(Ax+ (1 —A)y). Also m(Amy+ (1 —A)mp) =
G. Therefore, G € Ryy/c(Ax + (1 — A)y + G), thatis, A(x + G) + (1 — A)(y + G) € M/G
and so M/G is convex. Hence M/G is co-Chebyshev in X/G. O

3.2 Best co-approximation in normed linear space

In this section, we discuss about the characterization, existence and uniqueness of best co-

approximation in normed linear space. Before discussing this, we define a notation.

Notation 3.2.1. [11] Let G be a subspace of a normed linear space X. Then the set R;'(0) is
defined as

G=R;0)={xeX:|g|l<|x—glforallge G} ={xeX:G Lpx}.
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Theorem 3.15. Let G be a non-empty subset of a normed linear space X. If x € G, then Rg(x) =

{x}-

Proof. It is easy to see that x € Rg(x). Now we show that x is the only element of G
which belongs to the set Rg(x). Assume some gy € G, which is not equal to x but belongs
to Rg(x). From the definition of Rg(x), we have ||g — go|| < |lg — x| for all g € G.
This implies ||x — go|| < ||x — x|| when ¢ = x, which in turn gives ||x — go|| < 0. Now
|lx — goll # 0as go # x, so it means ||x — go|| < O, which is a contradiction. Hence
Rg(x) = {x}. O
Lemma 3.16. [4] Let X be a normed linear space and G be its subspace. Then for all x € X,

Q0 € Rg(x) ifand only if G Lp (x — go).

Proof. First suppose that g9 € Rg(x). Fora € Rand a # 0, put g1 = go — g where
¢ € G.Since gy € Rg(x) so, ||g0 — g1/l < ||x — g1/|- Therefore,

Eg

<

X — +1
ot 8
1
= llalx—g0) +¢ll

which implies ||g|| < ||g+a(x —go)||. Hence, ¢ L (x — o). Since g is arbitrary, therefore
G Lp (x—go)-
Conversely, let G L (x — o). Then for all g1 € G and & € R we have,

g1l < lla(x = go) + gall-

Put g1 = go — g where ¢ € G and & = 1, then we have

Igo =gl < llx = glI-
Hence go € R¢(x), which completes the proof. O
By proceeding on similar lines of Lemma 3.2 and Theorem 3.3, we get the following re-
sults.

Lemma 3.17. [10] Let X be a normed space and G be its subspace. Then, for all x € X, go €
Rg(x) if and only if (x — go) € G.

Theorem 3.18. [4] Let X be a normed space and G be its subspace. Then, Rg(x) = GN (x — G).
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Proposition 3.19. [4] Let X be a normed linear space and G be its subspace, then

(i) Rgyu(x+u) = Rg(x) + u for every x,u € X,

(ii) Rpc(Bx) = BRg(x) for every x € X and any scalar p.

Proof. (i) g0 € Rgyu(x+u), ifand onlyif ||[go — (g4 u)| < |lx+u—(g+u)|| V(¢g+
u) € G+ uif and only if |[(go —u) — g|| < ||x — g]| for all ¢ € G, if and only if
(g0 —u) € Rg(x), if and only if gy € Rg(x) + u. Hence, Rg1,, (x + 1) = Rg(x) + u.

(ii) go € Rpc(Bx),ifand onlyif [|go —g|| < [|Bx —g|| Vg € G, if and only if H%go - %g” <
lx — §|| for all kg € G if and only if H%go —ng < lx—gill forallgy = kg € G if
and only if %go € Rg(x), if and only if go € BR¢(x). Therefore, Rgg(Bx) = BRg(x)

for every x € X and any scalar .
O
Theorem 3.20. [4] Let G be a subset of a normed linear space X. If g0 € Rg(x) and (1 —A)x +

Ago € G, for some scalar A, then (1 — A)x + Agp € Rg(x).

Proof. Since o € Rg(x), then by definition we have,

g — goll < [lx —g[ forallg € G. 1)
Now,
lg— T -=Mx+Agl = [lg—(1—-A)x+Ag—Ag—Agoll
= [[(1-A)g—(1—=A)x+A(g—g)ll
= [[(A1-=2A)(g—x)+A(g— o)l
< (A-=M)lg—x|+Alg—goll
< (1-MN)[lg—x| +Allx — gl| (by using (1))
< ||g— x| forall g € G.
Hence, (1 — A)x + Ago € Rg(x). O

Theorem 3.21. [4] Let G be a subspace of normed linear space X. If x € X \ G and gy € Rg(x),
then go € bd(G).
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Proof. Assume that gg ¢ bd(G). Since g9 € R¢(x), therefore we have
1§ = 8oll < [lx =gl
for all g € G. Now,

18 =T =A)x+Aglll = [l§ =1 —-A)x—Ag+Ag—Agoll
= [(T=A)g—(1—=A)x+A(g = g0)ll

< [A=A)(g—x)+A(g—go)ll
< (1-A)llg—xl+Allg— goll
< (A=MNlg—x[+Ax—gl

llg — x|| forall g € G.

This implies (1 — A)x + Agy € Rg(x), and hence (1 —A)x +Agp € G. It means x € G, as
G is a subspace which is a contradiction. Hence gy € bd(G). O

Theorem 3.22. [4] Let X be a normed linear space and G be its subspace. Then,

(i) G is co-proximinal if and only if G + u is co-proximinal for every element u € X.
(ii) G is co-proximinal if and only if BG is co-proximinal for any scalar p.
Proof. (i) G is co-proximinal if and only if Rg(x) # @ if and only if Rg(x) +u # @

if and only if Rgy,(x + u) # @ (by using Proposition 3.19) if and only if G + u is

co-proximinal.

(i) G is co-proximinal if and only if Rg(x) # @ if and only if BRg(x) # @ if and only if
Rgc(Bx) # @ (by using Proposition 3.19) if and only if BG is co-proximinal.

O
Theorem 3.23. [11] Let X be a normed linear space and G be its subspace. Then G is a co-
proximinal subspace if and only if X = G + G.
Proof. The proof follows the same steps written in the Theorem 3.5. O

Theorem 3.24. (see[11], [4]) If G be a subspace of a normed linear space X, then G N G = {0}.
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Proof. Letu € G + G and we show that u = 0. To show this, we have u € G, as u €
G+ G. Then, G Lg u for all g € G. This implies that g L u for all ¢ € G. Therefore,
gl < |lg+ pull for all ¢ € G and scalar B. Now choose B = —3 and ¢ = u, then
gl < |lg — 3gll, and so, ||g|| < |3¢|l and we have, g = 0. This implies GN G C {0}.
Also, {0} € GN G. Therefore, we get GNG = {0}. O

Lemma 3.25. (see[11], [4]) Let X be a normed linear space and G be its subset. Then d(x, G) =

|lgl| for every g € G.

Proof. Lets € G, then G Lg s, thatis, ¢ Lp s for every ¢ € G and scalar a. Now put
a = —1, then ||g|| < ||g —s]|| for every g € G. For fixed ¢ € G, we have ||g|| < ||g — s|| for

every s € G. Now this implies
lgll < infllg —sll = d(g, G) < llg —Oll = llgll, where g < G.

Therefore, d(g,G) = ||g]|- O
Theorem 3.26. (see[11], [4]) Let X be a smooth Banach space and G be its co-proximinal sub-

space. Then, G is a proximinal subspace of X.

Proof. Suppose G is co-proximinal, then by Theorem 3.23 we have X = G + G. Therefore,
x=g+Gwhereg € Gand § € G.Then, x — ¢ = g,and so, [|[x — §|| = [[x — (x — g)| =
lgll = d(g,G). Now since ||x — §|| = d(g,G), then § € Ra(x) for all x € X. Therefore,
Ri(x) # @, thatis, G is co-proximinal subspace of X. O

Theorem 3.27. [11] Let G be a subspace of a normed linear space X. Then following are equiva-
lent:
(i) G is co-Chebyshev

(i) X =GaG.

Proof. The proof runs on similar lines of Theorem 2.16. O]
Theorem 3.28. [4] Let X be a smooth Banach space and G be its co-Chebyshev subspace. Then,
G is a Chebyshev subspace of X.

Proof. Suppose G is co-Chebyshev, then by Theorem 3.27 we have X = G & G. So G

is a proximinal subspace of X, by Theorem 3.26. Now we have to only show that for
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every x € X, the set Pz(x) is singleton. To show this, assume that g1,$> € Ps(x), then
x—g1 =81 € Gandx—gz =& € G. Therefore, x =51+85i=9+$H 08 =$and
g1 = g». Thus P is a singleton set, that is, G is co-Chebyshev subspace of X. ]

Definition 3.29. [8] Let X be a normed linear space and G be its subspace. For x € X, let
d(x, G) denotes the distance between x and G, that is, d(x, G) = inf{||x — g|| : ¢ € G}.
Then the quotient space X /G is equipped with the norm

|+ Gl = d(x,G).

If X is a normed space or a Banach space, and G is a closed subspace of X, then X/G is a

normed space or a Banach space.

Theorem 3.30. [15] Let X be a normed linear space and let G and M be its subspaces such that
G C M. Let x € X\ M and m € M. If m is a best approximation to x from M, then m + G is a
best co-approximation to x 4+ G from the quotient space M/ G.

Proof. On the contrary, assume that m 4 G is not a best co-approximation to x + G from
M/ G. Then there exists m’ + G € M /G such that

Im' +G = (m+ Gl > [llx+ G = (m + G|,

that is,
[lm" —m+G|[| > [[|lx —m" + Gl||,

that is,
d(x—m',G) <d(m" —m,G).

This implies that there exists ¢ € G such that

|lx—m'—¢|| < d(m —m,G)

< |m —m+g].
That is,
(g +m') —ml| > [|x — (g +m)||.

Thus m is not a best approximation to x from M, which is a contradiction. Hence m + G

is a best co-approximation to x 4+ G from the quotient space M/G. O

Theorem 3.31. [8] Let G be a closed linear subspace of normed linear space X and M be a co-

proximinal subspace of X containing G. Then, M/ G is co-proximinal to X/ G.
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Proof. Proof follows from Theorem 3.8. O

Theorem 3.32. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing G
where G is a proximinal subspace of X. If M/ G is co-proximinal in X /G, then M is co-proximinal
in X.

Proof. Proof follows from Theorem 3.9. O

Theorem 3.33. [8] Let G be a proximinal subspace of a normed space X and let M be co-
proximinal subspace of X containing G.If 7t : X — X/ G is the canonical map, then 7t(Rp(x)) =
Ryyc(x+G).

Proof. As G is proximinal subspace therefore, G is closed subspace by Theorem 2.35. Also,
by Theorem 3.31 M/G is co-proximinal with X/M. Now suppose m € Rp(x), and let
u € M, then for every ¢ € G we have

|(m+G)—(u+G)|| = dm—u,G)
< m = (u+g)ll
< lx=(u+3)ll
= [[(x—u)+g]

= [(x+G) = (u+G)].

Therefore, ||(m + G) — (u+ G)|| < |(x + G) — (u + G)||. This implies that 7t(m) = m +
G € Ryyc(x + G) and thus m(Rpm(x)) € Rpyr/g(x + G). Now, let m + G € Ryg/g(x + G).
Then by Theorem 3.32, there exists o € G such that m — g9 € Rp(x). This implies
that m + G € m(Rp(x)). Therefore, Ry c(x + G) € 7t(Ry(x)) and hence t(Rpy(x)) =
Rmyc(x +G). u

Theorem 3.34. [8] Let G be a proximinal subspace of a normed space X and let M be a co-
proximinal subspace of X containing G. If M is convex, then M/ G is co-Chebyshev with X/ G.

Proof. Proof is similar of Theorem 3.14. O



Future Work

Best approximation is a vast topic of the approximation theory. Many researchers have
done work in this field. But still there are many areas in which work can be done. For

instance:
(i) Error of approximation:
How to compute the error of approximation d(x, G)?

(ii) Computation of best approximation:

Which algorithms are useful for computing best approximation?

(iii) Continuity of best approximation:

How does the set of all best approximation vary as a function of x or G?

7

Also, there is an open problem which is referred to as the ‘Chebyshev set problem’:

“Is every Chebyshev set in a Hilbert space convex”?
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