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Abstract

Approximation theory is an old and rich branch of analysis and a large number of re-

searchers have studied this subject. The theory has many applications in mathematical

analysis, nonlinear problems arising in physical sciences, engineering and social sciences.

Since the particular examples of approximation often arise from the problems of Science

and Technology, they provide proper motivation for the subject of Approximation The-

ory. In this work, we consider the problem of characterization, existence and uniqueness

of best approximation and best co-approximation in the setting of metric linear space and

normed linear space.
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‖x‖ Norm of x

〈x, y〉 Inner product of x and y

x ⊥ y x orthogonal to y

X \ G Set X minus the set G

v



Chapter 1

Introduction and Preliminaries

1.1 Introduction

Approximation theory is an old and rich branch of mathematics. Approximation means

“a value or quantity that is nearly but not exactly correct ”. The problem of approxi-

mative determination of a given quantity is one of the oldest challenges of mathematics,

for instance, finding the formula for approximating the square root of a number, finding

the formula to approximate the value of transcendental functions at some given point

etc. In mathematics, approximation theory is concerned with how functions can best be

approximated and with quantitatively characterizing the error introduced thereby. The

historical evolution of the methods and results of approximation theory, starting from the

work of Euler in 1777 on minimizing distance errors in maps of Russia, and of Laplace in

1843 on determining the ellipsoid best approximating the surface of the earth, and end-

ing with the work of Bernstein. The maps of the atlas are drawn in the cone projection

which preserves distances and is attributed to J. Delisle. Because of the enormous size of

the Russian empire all known projections had very large errors near the borders of the

map, therefore Euler’s approach proved helpful. A problem encountered by Laplace was

similar in character, where he deal with the question of determining the ellipsoid best ap-

proximating the surface of the earth. In 1820 Fourier generalized Laplace’s results in his

work, where he approximatively solved linear equational systems with more equations

than parametres by minimizing the maximum error of every equation. In 1853 Pafnuti

Lvovich Chbeyshev was the first to consolidate these considerations into the ‘ Theory of

functions deviating the least possible from zero’. Starting out from the problem of de-

termining the parameters of the driving mechanism of steam-engines-also called Watts

1



Chapter I. Introduction and Preliminaries 2

Parallelogram- in such a manner that the conversion of straight into circular movement

becomes as exact as possible everywhere, he was led to the general problem of the uni-

form approximation of a real analytic function by polynomials of a given degree(see [18]).

The theory of best approximation is an important topic in functional analysis and has var-

ious applications. The problem of best approximation is defined as:

Let X be a normed linear space, and G be its non empty subset. An element g0 ∈ G is

called best approximation to x ∈ X from G if g0 is closest to x among all the elements of

G, that is, ‖x− g0‖ ≤ ‖x− g‖ for all g ∈ G.

The set of all best approximations of x ∈ X from set G is denoted by PG(x). If PG(x) 6= ∅

for each x ∈ X, then the set G is called proximinal set. If PG(x) contains only single

element for each x, then G is called Chebyshev set, after the name of the Russian Mathe-

matician Pafnuti Lavovich Chebyshev.

This thesis consists of mainly three chapters. In the first chapter, we discuss some basic

definitions and concepts related to different spaces. In the next chapter, we discuss about

best approximation in metric linear space and normed linear space. In the last chapter,

we discuss about another tool of approximation theory, called “Best co-approximation”

in both spaces. In normed linear space, an element g0 ∈ G is said to be the best co-

approximation to x ∈ X from G, if ‖g − g0‖ ≤ ‖x − g0‖. In 1972, Franchetti and Furi

introduced best co-approximation in normed linear space(see [3]). Subsequently, this

theory has been developed to a large extent in normed linear spaces, metric linear spaces

and Hilbert spaces by C. Franchetti and Furi (see [3]), H. Mazaheri (see [8], [9]), T. D.

Narang (see [13], [12]), P. L. Papini and Ivan Singer (see [14]), Geeta S. Rao (see [15]) and

by many other researchers. In the present work, we concentrate on the following three

fundamental questions of best approximation (best co-approximation):(see [4], [13])

1. Characterization of best approximation (best co-approximation): How to recog-

nize whether a given element is best approximation (best co-approximation) to

x ∈ X or not?

2. Existence of best approximation (best co-approximation): Which subsets are prox-

iminal?

3. Uniqueness of best approximation (best co-approximation): Which subsets are

Chebyshev?

Now we discuss some basic definitions, important concepts and notations which we re-

quire in the sequel.
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1.2 Metric Space.

Definition 1.1. [7] A metric space is a pair (X, d) where X is a non-empty set and d is a

metric defined on X (or distance on X), that is a function defined on X × X such that for

all x, y, z ∈ X we have:

1. d is real-valued,finite and non-negative.

2. d(x, y) = 0 if and only if x = y.

3. d(x, y) = d(y, x) (symmetry).

4. d(x, y) ≤ d(x, z) + d(z, y) (Triangle inequality).

Example 1.1. [7] Let C[a, b] be the set of all real valued functions which are defined and contin-

uous on [a, b]. Take x, y ∈ C[a, b], which are the functions of an independent real variable t. Here

metric is defined as

d∞(x, y) = max
t∈[a,b]

|x(t)− y(t)|.

Definition 1.2. [7] Let X be a non-empty set and define the metric on it as

d(x, y) =

0 when x = y

1 when x 6= y

which is known as discrete metric. The space (X, d) is known as discrete metric space.

Definition 1.3. [19] A metric space (X, d) is said to be convex if for every pair x, y ∈ X

and for every λ where 0 ≤ λ ≤ 1, there exists at least one point z ∈ X such that d(x, z) =

λd(x, y) and d(z, y) = (1− λ)d(x, y).

Example 1.2. A circle is a convex metric space, if the distance between two points is defined as

the length of the shortest arc on the circle connecting them.

Definition 1.4. [19] A metric space is said to be strictly convex if d(x, 0) ≤ t , d(y, 0) ≤ t

imply d( x+y
2 , 0) < t unless x = y, where x, y ∈ X and t is any positive real number.

Definition 1.5. [7](Distance from a point to a set and distance between two sets).

Let (X, d) be a metric space. The distance from a point ’a’ to the non-empty set A of X is

defined as

d(a, A) = inf
b∈A

d(a, b)
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whereas the distance between two non-empty sets A and B is defined as

d(A, B) = inf
a∈A,b∈B

d(a, b).

Definition 1.6. [7] In a metric space (X, d), a sequence {xm} is said to be convergent if

there exist an element x ∈ X such that

lim
m→∞

d(xm, x) = 0.

Definition 1.7. [7] Let (X, d) be a metric space, then a sequence {xn} in X is said to be

Cauchy if for every ε > 0 there exists an integer N such that

d(xm, xn) < ε for every m, n > N.

If every Cauchy sequence in X converges (that is, limit of the sequence is a point of X)

then X is said to be complete.

Definition 1.8. [7] A mapping T of a metric space (X, dX) into a metric space (Y, dY) is

continuous at a point x0 if and only if xn −→ x0 in (X, dX) implies T(xn) −→ T(x0) in

(Y, dY).

1.3 Normed Linear Space.

In this section, we define vector space, normed linear space and some of their properties.

Definition 1.9. [7] A vector space (or linear space) over a field K( R or C) is a nonempty set

X of vectors x, y, . . . together with two algebraic operations. These operations are called

vector addition and multiplication of vectors by scalars, that is, by elements of K.

Vector addition associates with every ordered pair (x, y) of vectors in such a way that

the following properties hold:

x + y = y + x

x + (y + z) = (x + y) + z;

where a vector x + y called the sum of x and y. Furthermore, there exists a vector 0, called

the zero vector, such that

x + 0 = x

x + (−x) = 0.
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Multiplication by scalars associates with every vector x and scalar α a vector αx (also

written xα), called the product of α and x, in such a way that for all vectors x, y and scalars

α, β we have

α(βx) = (αβ)x

1x = x

and the distribution laws

α(x + y) = αx + αy

(α + β)x = αx + βx

From the definition we see that vector addition is a mapping X × X −→ X, whereas

multiplication by scalars is a mapping K × X −→ X. If K = R, then X is called a real

vector space and if K = C, then X is called a complex vector space.

Example 1.3. Space C[a, b]: The set of real-valued continuous functions on [a, b] forms a real

vector space with algebraic operations which are defined as:

(x + y)(t) = x(t) + y(t)

(αx)(t) = αx(t)

where x and y are continuous functions.

Definition 1.10. [7] A normed space (X, ‖·‖) is a vector space X with a norm ‖·‖ defined

on it.

A norm is a real-valued function defined on a vector space X (real or complex) which

satisfies the following properties:

1. ‖x‖ ≥ 0

2. ‖x‖ ⇔ x = 0

3. ‖αx‖ = |α|‖x‖

4. ‖x + y‖ ≤ ‖x‖+ ‖y‖

where x, y ∈ X are arbitrary vectors and α is a scalar. On vector space X, a metric d is

defined by norm as

d(x, y) = ‖x− y‖ where x, y ∈ X



Chapter I. Introduction and Preliminaries 6

and is called metric induced by the norm.

If the normed space is complete with respect to the metric induced by the norm, then

space is called Banach space.

Example 1.4. [7]Euclidean space Rn and unitary space Cn.

These spaces are Banach spaces with norm defined by

‖x‖ = (
n
∑
j=1
|ξ j|2)

1
2 =

√
|ξ1|2 + · · ·+ |ξn|2.

and yields the metric

d(x, y) = ‖x− y‖ =
√
|ξ1 − η1|2 + · · ·+ |ξn − ηn|2.

We note in particular that in R3 we have

‖x‖ = |x| =
√

ξ2
1 + ξ2

2 + ξ2
3.

This confirms that the norm generalizes the elementary notion of length |x| of a vector.

Note 1.3.1. The norm is a continuous mapping i.e. the mapping x 7−→ ‖x‖ is continuous.

Now we discuss Translation invariance, which we use widely in the next chapters.

Lemma 1.11. [7](Translation invariance). Let (X, ‖·‖) be a normed linear space. A metric d

induced by a norm satisfies

(a) d(x + a, y + a) = d(x, y)

(b) d(αx, αy) = |α|d(x, y)

for all x, y, a ∈ X and every scalar α.

Theorem 1.12. [1] Let X be a normed linear space and G be its non-empty subspace. Then,

(i) d(x + g, G) = d(x, G) for every g ∈ G and x ∈ X.

(ii) d(αx, G) = |α|d(x, G) for any scalar α ∈ R and x ∈ X.

(iii) d(x + y, G) ≤ d(x, G) + d(y, G) for every x, y ∈ X.
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A linear space X together with a translation invariant metric d (i.e. d(x + z, y + z) =

d(x, y) for all x, y, z ∈ X) such that addition and scalar multiplication are continuous in

(X, d) is called a metric linear space.

Lemma 1.11 and Theorem 1.12 help in proving many results in metric linear space.

Note 1.3.2. [13] Every normed linear space is a metric linear space but converse need not be true.

Definition 1.13. [4] A subset M of a vector space X is said to be convex if for each x, y ∈
M, z = λx + (1− λ)y ∈ M where 0 ≤ λ ≤ 1.

Remark 1.14. [7] The closed unit ball B[0; 1] = {x ∈ X | ‖x‖ ≤ 1} in a normed space is

convex.

Proof: Let x, y ∈ B[0; 1] and z = λx + (1− λ)y, where 0 ≤ λ ≤ 1. Then,

‖z‖ = ‖λx + (1− λ)y‖

≤ ‖λx‖+ ‖(1− λ)y‖

= |λ|‖x‖+ |1− λ|‖y‖

≤ λ + (1− λ)

= 1

which implies ‖z‖ ≤ 1 and hence, z ∈ B[0; 1]. This completes the proof.

Definition 1.15. [7] A normed space (X, ‖·‖) is said to be a strictly convex normed space

(or rotund) if for all x, y (x 6= y) of norm 1

‖x + y‖ < 2

Equality holds only when x = y.

Most common examples of strictly convex normed spaces are Lp and lp spaces for any

1 < p < ∞. The spaces Lp with norm ‖ f ‖ =

{
b∫

a
| f (t)|pdt

} 1
p

are strictly convex when

1 < p < ∞(see [2]).

Definition 1.16. [7] Let (X, d) be a metric space and G be its subset. Then the boundary of

a set G is defined as closure minus the interior of G and is denoted by bd(G). Also Closure

of a set is defined as the union of the given set and its limit points that is, cl(G) = G ∪ G′

(where G′ denotes set of limit points and cl(G) denotes the closure of G).

Next two theorems are related to convergence and completeness that needed in the se-

quel.
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Theorem 1.17. [7] Let G be a non-empty subset of a metric space (X, d). Then

(i) x ∈ cl(G) if and only if there is a sequence {xn} in G such that xn −→ x.

(ii) G is closed if and only if the sequence {xn} ∈ G and xn −→ x implies that x ∈ G.

Theorem 1.18. [7] Let X be a Banach space and G be its subspace. Then G is complete if and

only if G is closed.

Definition 1.19. [4] Let X be a vector space and G be its subset. Then for x ∈ X we define

G + x = {g + x : g ∈ G} and αG = {αg : g ∈ G} for a scalar α.

Definition 1.20. [7] A vector space X is said to be the direct sum of two subspaces Y and

Z of X, if each x ∈ X has a unique representation x = y + z, where y ∈ Y and z ∈ Z and

it is represented as X = Y ⊕ Z. Here Z is called an algebraic complement of Y in X and

vice versa.

Definition 1.21. [7] Let V be a subspace of a linear space X. The coset of an element x ∈ X

with respect to V, denoted to the set x +V = {x +V : x ∈ X}. Linear operations on V/X

are defined by (x + V) + (y + V) = (x + y) + V, α(x + V) = αx + V, where x, y ∈ X and

α ∈ R. V/X is a linear space over R. The space is called the quotient space of X by V.

Remark 1.22. [7]Let X and Y be normed spaces and T : D(T) −→ Y a linear operator,

where D(T) ⊂ X. The operator T is said to be bounded if there is a real number k such

that for all x ∈ D(T),

‖Tx‖ ≤ k‖x‖.

Definition 1.23. [7] A bounded linear functional f is a bounded linear operator. The

range of f lies in the the scalar field of normed linear space X in which the D( f ) lies.

Thus there exists a real number k such that for all x ∈ D( f ),

| f (x)| ≤ k‖x‖.

Notation 1.3.1. [7] Let X be a normed space. Then the set of all bounded linear functionals on X

constitutes normed space with norm defined by

‖ f ‖ = sup
x∈X,x 6=0

| f (x)|
‖x‖ = sup

x∈X,‖x‖=1
| f (x)|,

which is called dual space of X and is denoted by X′.



Chapter I. Introduction and Preliminaries 9

Remark 1.24. Let q is a real-valued functional defined on normed space X. If q is subaddi-

tive, that is,

q(x + y) ≤ q(x) + q(y)

for all x, y ∈ X, and positive-homogeneous, that is,

q(αx) = αq(x)

where α ≥ 0 and belongs to R, then q is said to be sublinear functional on X.

Theorem 1.25. [7] Let q be a sublinear functional on a real vector space X. Also let f be a

functional which is defined on a subspace Y of X and satisfies

f (x) ≤ q(x) (1)

for all x ∈ Y. Then f has a linear extension f̂ from Y to X satisfying

f̂ (x) ≤ q(x) (2)

for all x ∈ X, that is, f̂ is a linear functional on X, satisfies (2) on X and f̂ (x) = f (x) for every

x ∈ Y.

Now, we discuss Hahn-Banach Theorem, which is used in some of the results.

Theorem 1.26. [7] Let f be a bounded linear functional on a subspace Y of a normed linear space

X. Then there exists a bounded linear functional f̂ on X which is an extension of f to X and has

the same norm,

‖ f̂ ‖X = ‖ f ‖Y (3)

where

‖ f̂ ‖X = sup
x∈X
{| f̂ (x)| : ‖x‖ = 1} ‖ f ‖Y = sup

x∈Y
{| f (x)| : ‖x‖ = 1}.

Proof. If Y = {0}, then f = 0 and the extension is f̂ = 0. So, let Y 6= {0}. We need

Theorem 1.25 to prove this result. Hence, we have to first find a suitable q. Now, we have

| f (x)| ≤ ‖ f ‖Y‖x‖

for all x ∈ Y. This is of the form (1), where q(x) = ‖ f ‖Y‖x‖ and q is defined on all X.

Also,

q(x + y) = ‖ f ‖Y‖x + y‖ ≤ ‖ f ‖Y(‖x‖+ ‖y‖) = q(x) + q(y)
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and

q(αx) = ‖ f ‖Yα‖x‖ = |α|‖ f ‖Y‖x‖|α|q(x).

Hence q is a sublinear functional on X. Now, by Theorem 1.25, there exists a linear func-

tional f̂ on X which is an extension of f and satisfies

| f̂ (x)| ≤ q(x) = ‖ f ‖Y‖x‖

where x ∈ X. Taking supremum over all x ∈ X of norm 1, we get the following inequality

‖ f̂ ‖X = sup
x∈X,‖x‖=1

| f̂ (x)| ≤ ‖ f ‖Y.

Also, ‖ f̂ ‖X ≥ ‖ f ‖Y as norm cannot decrease, under an extension. Hence, we obtain (3),

which completes the proof.

Theorem 1.27. [7] Let X be a normed space and let x0 6= 0 be any element of X. Then there exists

a bounded linear functional f̂ on X such that

‖ f̂ ‖ = 1 f̂ (x0) = ‖x0‖.

Proof. Let Y be the subspace of X consisting of elements of type x = αx0, where α is a

scalar. Now, define a linear functional f on Y by

f (x) = f (αx0) = α‖x0‖ (4)

which implies f is bounded. Also,

| f (x)| = | f (αx0)| = |α|‖x0‖ = ‖αx0‖ = ‖x‖

⇒ | f (x)|
‖x‖ = 1.

Hence, by Theorem 1.26, f has a linear extension f̂ from Y to X, of norm ‖ f ‖ = ‖ f̂ ‖ = 1.

From (4), we see that f̂ (x0) = f (x0) = ‖x0‖.

Definition 1.28. [4] Let X be a normed linear space. By Hahn Banach Theorem, for each

x ∈ X we have f ∈ X′ such that ‖ f ‖ = 1 and f (x) = ‖x‖.
X is said to be smooth normed linear space if for each x ∈ X such f is unique .
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Theorem 1.29. [7] Let X be a normed space. For every x in a normed space X, we have

‖x‖ = sup
f∈X′

{
| f (x)|
‖ f ‖ | f 6= 0

}
.

If x0 is such that f (x0) = 0 for all f ∈ X′, then x0 = 0 and x0 is called the zero vector.

Proof. From Theorem 1.27 we have, writing x for x0,

sup
f∈X′, f 6=0

| f (x)|
‖ f ‖ ≥

| f̂ (x)|
‖ f̂ ‖

=
‖x‖

1
= ‖x‖,

and from | f (x)| ≤ ‖ f ‖‖x‖ we get

sup
f∈X′, f 6=0

| f (x)|
‖ f ‖ ≤ ‖x‖.

Hence,

sup
f∈X′, f 6=0

| f (x)|
‖ f ‖ = ‖x‖.

1.4 Inner Product Space.

Definition 1.30. [7] An inner product space (or pre Hilbert space) is a vector space with

an inner product defined on X. Here an inner product on X is a mapping of X × X into

the scalar field K of X, that is, with every pair of vectors x and y there is associated a

scalar which is written as 〈x, y〉 and satisfies the following properties:

(i) 〈x, x〉 ≥ 0 and 〈x, x〉 = 0⇔ x = 0

(ii) 〈αx, y〉 = α〈x, y〉

(iii) 〈x, y〉 = 〈y, x〉

(iv) 〈x + y, z〉 = 〈x, z〉+ 〈y, z〉 for all x, y, z ∈ X and scalar α.

A complete inner product space (complete in the metric defined by the inner product) is

called Hilbert space. Norm on X defined by an inner product on X is given by

‖x‖ =
√
〈x, x〉
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and a metric on X given by

d(x, y) = ‖x− y‖ =
√
〈x− y, x− y〉.

Example 1.5. [7] Euclidean space Rn. The space Rn is a Hilbert space with inner product

defined by

〈x, y〉 = ξ1η1 + · · ·+ ξnηn

where x=(ξ j)=(ξ1, · · · , ξn) and y=(ηj)=(η1, · · · , ηn). Also norm on X is given as

‖x‖ = 〈x, x〉 1
2 = (ξ2

1 + · · ·+ ξn)
1
2

and from this the Euclidean metric defined by

d(x, y) = ‖x− y‖ = 〈x− y, x− y〉 1
2 = [(ξ1 − η1)

2 + · · ·+ (ξn − ηn)
2]

1
2 .

Note 1.4.1. An inner product space is a continuous function.

Definition 1.31. [7]An element x ∈ X is said to be orthogonal to an element y ∈ X if

〈x, y〉 = 0.

It is denoted by x ⊥ y. Similarly, for subsets A, B ⊂ X we write x ⊥ A if x ⊥ a for all

a ∈ A, and A ⊥ B if a ⊥ b for all a ∈ A and b ∈ B.

Definition 1.32. [7](Pythagorean theorem). If x ⊥ y in an inner product space X, then

‖x + y‖2 = ‖x‖2 + ‖y‖2.

There are many different ways to express the orthogonality of two vectors in real inner

product space. We discuss one of them, that is Birkhoff orthogonality which is of our

interest.

Definition 1.33. [4] Let X be a normed linear space. Two vectors x, y ∈ X are said to

be Birkhoff orthogonal if and only if ‖x + αy‖ ≥ ‖x‖ for all scalar α. Symbolically, it is

represented as x ⊥B y.

In general, two sets G1 and G2 are said to be Birkhoff orthogonal if and only if g1 ⊥B g2

for all g1 ∈ G1 and g2 ∈ G2.

Proposition 1.34. [4] Birkhoff orthogonality is homogeneous, that is, if x ⊥B y, then x ⊥B λy,

for all λ ∈ R.
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Proof. Let x ⊥B y, which implies ‖x + αy‖ ≥ ‖x‖ for all α ∈ R.

‖x + µ(λy)‖ = ‖x + (µλ)y‖ where(µ ∈ R)

= ‖x + αy‖ (µλ = α)

≥ ‖x‖

Hence, Birkhoff orthogonality is homogeneous.



Chapter 2

Best Approximation in Metric Linear

Space and Normed Linear Space

In this chapter, we discuss about best approximation in metric linear space and normed

linear space. First, we discuss about best approximation and then define some terms like

proximinal set, Chebyshev set etc. We also concerned with the characterization, existence

and uniqueness of best approximation in metric linear space and normed linear space.

2.1 Best approximation in metric linear space.

Definition 2.1. [13] Let (X, d) be a metric space and G be its closed subset. An element

g0 ∈ G is said to be best approximation to x ∈ X if

d(x, g0) ≤ d(x, g) (∀g ∈ G ).

The set of all such elements that are best approximation to x ∈ X is denoted by PG(x). If

PG(x) 6= ∅, then the set is called a proximinal set.

Example 2.1. [13] Let X = R2 be a metric space with metric d(x, y) =
√
(x2 − x1)2 + (y2 − y1)2

where x = (x1, y1) and y = (x2, y2). Then G = {(a, b) ∈ R2 : a2 + b2 = 1} is a proximinal

subset of X.

Example 2.2. Let R2 be a metric space with metric d((x1, y1), (x2, y2)) =
√
(x1 − x2)2 + (y1 − y2)2

and G = {x = −
√

1− y2,−1 ≤ y ≤ 1} be its subset.

14
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Since every point of R2 has atleast one best approximation in G, therefore set G is a proximinal

set.

Definition 2.2. [13] If PG(x) contains exactly one element for each x ∈ X, then the set G

is called Chebyshev set.

Example 2.3. [13] Let X = R be a metric space with metric d(x, y) = |x− y| and G = [1, 2] be

its subset. Then G is a Chebyshev subset of X.

Example 2.4. [2] Consider G = B[0; 1]⊆R2 equipped with metric d(x, y) =
√
(x1 − x2)2 + (y1 − y2)2

where x = (x1, y1) and y = (x2, y2).

It is easy to check that PG(x) = { x
d(x,0)}, for any x ∈ R2 \ G. Therefore, G is a Chebyshev set.

In metric linear space, metric projection for a proximinal set G is defined as the mapping

from the set X to the power set of G, i.e. PG(x) : X → 2G, whereas for the chebyshev set

G it is defined as the mapping from the set X to the set G, i.e. PG(x) : X → G.

Definition 2.3. [12] Let (X, d) be a metric linear space. An element x ∈ X is said to be

orthogonal to an element y ∈ X i.e. x ⊥ y if d(x, 0) ≤ d(x, αy) for each scalar α. Let G
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be a subset of X, then G is said to be orthogonal to some element x ∈ X i.e. G ⊥ x if

d(g, 0) ≤ d(g, αx) for all g ∈ G and scalar α.

Notation 2.1.1. [13] Let (X, d) be a metric space and G be its non-empty set. Then we define the

set P−1
G (0) as

Ğ = P−1
G (0) = {x ∈ X : d(x, 0) = d(x, G)}

2.1.1 Characterization of best approximation in metric linear space.

In this section, we recognize whether the given element g ∈ G is the best approximtaion

of x ∈ X or not.

Theorem 2.4. Let (X, d) be a metric space and G be its non-empty subspace. Then,

(i) If x ∈ G, then PG(x) = {x}.

(ii) If x ∈ cl(G) \ G , then PG(x) = ∅.

Proof. (i) Let x ∈ G, so d(x, G) = 0. Also, PG(x) = {g ∈ G : d(x, g) = d(x, G)} = {g ∈
G : d(x, g) = 0}. Hence PG(x) = {x}.

(ii) Let x ∈ cl(G) \G. Then, by Theorem 1.17, there exists a sequence {xn} of elements in

G such that xn −→ x, that is d(xn, x)→ 0 as n→ ∞. Hence, d(x, G) = 0. Therefore,

PG(x) = {g ∈ G : d(x, g) = d(x, G)}

= {g ∈ G : d(x, g) = 0}

= {g ∈ G : x = g}

= ∅.

Theorem 2.5. [19] Let (X, d) be a real metric linear space and G be its closed linear subspace.

Let x0 ∈ X \ G, then g0 ∈ PG(x) iff there exists h ∈ Xϕ1, with the following properties:

(i) |h(x)− h(y)| ≤ d(x, y) where x, y ∈ X

1Xϕ =

{
f : X → R| sup

x∈X−{0}

| f (x)|
d(x, 0)

< ∞, f (0) = 0, f is subadditive.

}
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(ii) h(x + g) = h(x), for each x ∈ X, g ∈ G or h|G = 0

(iii) h(x0 − g0) = h(x0) = d(x0, g0).

Proof. Let g0 ∈ PG(x). Now define a function h as follows: h : X → R such that h(x) =

d(x + g0, G) for all x ∈ X. Clearly, h(0) = d(g0, G) = 0 and

sup
x∈X,x 6=0

|h(x)|
d(x, 0)

= sup
x∈X,x 6=0

|d(x + g0, G)|
d(x, 0)

≤ sup
x∈X,x 6=0

|d(x, G)|
d(x, 0)

< ∞.

Also,

h(x + y) = d(x + y + g0, G)

= d(x + y + 2g0, G + g0)

≤ d(x + g0, G + g0) + d(y + g0, G + g0) (by using Theorem 1.12)

= h(x) + h(y)

which implies h is subadditive. Hence h ∈ Xϕ. Now,

h(x + g) = d(x + g + g0, G)

= d(x + g0, G− g)

= d(x + g0, G)

= h(x).

Thus d(x0, g0) = d(x0, G) = h(x0 − g0) = h(x0). To prove the first property, consider

h(y) = d(y + g0, G)

= inf
g∈G

d(y + g0, g)

≤ inf
g∈G

d(y + g0, x + g0) + inf
g∈G

d(x + g0, g) (by using triangle inequality )

= d(y, x) + inf
g∈G

d(x + g0, g)

= d(y, x) + h(x).

So we have h(y) − h(x) ≤ d(y, x). Now interchange the role of x and y, and we have

|h(x)− h(y)| ≤ d(x, y) where x, y ∈ X.
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Conversely, let there exists an h ∈ Xϕ satisfying all the three properties. Then d(x0, g0) =

h(x0 − g0) = h(x0) = h(x0)− h(g) ≤ d(x0, g) for all g ∈ G. Hence g0 ∈ PG(x0), which

completes the proof.

Lemma 2.6. [19] Let G be a closed linear subspace of be a real metric linear space (X, d). Let

x ∈ X \ G and M ⊂ G, then M ⊂ PG(x) if and only if there exists an h ∈ Xϕ satisfying

(i) |h(x)− h(y)| ≤ d(x, y) x, y ∈ X

(ii) h|G = 0

(iii) h(x− g) = d(x, g) for all g ∈ M.

Proof. Suppose M ⊂ PG(x) and let g0 ∈ M. Then g0 ∈ PG(x) and by Theorem 2.5, there

exists h ∈ Xϕ such that

|h(x)− h(y)| ≤ d(x, y) for all x, y ∈ X, h|G = 0

and

h(x− g0) = d(x, g0), g0 ∈ M

Now let g ∈ M, then g ∈ PG(x). Consider

h(x− g) = h(x− g0)

= d(x, g0)

= d(x, g) (as d(x, g0) = d(x, g) = d(x, G)).

Hence there exists an h ∈ Xϕ which satisfies all given three properties. Conversely, let

there exists an h ∈ Xϕ satisfying (i), (ii) and (iii). Now we show that M ⊂ PG(x). Let

g0 ∈ M. Then g0 ∈ PG(x) by Theorem 2.5. Hence M ⊂ PG(x).

Lemma 2.7. [13] Let G be a subspace of a metric linear space (X, d). Then g0 ∈ PG(x) if and

only if x− g0 ∈ Ğ for all x ∈ X.

Proof. Let g0 ∈ PG(x) if and only if d(x, g0) ≤ d(x, g) for all g ∈ G if and only if d(x −
g0, 0) ≤ d(x − g0, g− g0) if and only if d(x − g0, 0) ≤ d(x − g0, g1) for all g1 ∈ G if and

only if x− g0 ∈ Ğ.

Theorem 2.8. [13] Let (X, d) be a metric linear space and G be a linear subspace of X. If PG(x)

is the set of all best approximation of x ∈ X, then PG(x) = G ∩ (x− Ğ).
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Proof. Let g0 ∈ G ∩ (x− Ğ) if and only if g0 ∈ G, and g0 ∈ (x− Ğ) if and only if g0 ∈ G

and g0 = x − x̆ for some x̆ ∈ Ğ if and only if go ∈ G and x̆ = x − g0 ∈ Ğ if and only if

g0 ∈ PG(x), (by Lemma 2.7). Therefore, PG(x) = G ∩ (x− Ğ).

Theorem 2.9. Let (X, d) be a metric linear space and G be a non-empty subset of X. Then

PG+u(x + u) = PG(x) + u for every u ∈ X.

Proof. Let u0 ∈ PG+u(x + u), then d(x + u, u0) ≤ d(x + u, g + u) for every g + u ∈ G + u.

Now,

d(x, u0 − u) = d(x + u, u0)

≤ d(x + u, g + u)

= d(x, g)

which implies d(x, u0 − u) ≤ d(x, g) and we have, u0 − u ∈ PG(x). Thus u0 ∈ PG(x) + u

and PG+u(x + u) ⊆ PG(x) + u.

Conversely let, g0 ∈ PG(x) + u. This implies g0 − u ∈ PG(x), then d(x, g0 − u) ≤ d(x, g)

for all g ∈ G. Now,

d(x + u, g0) = d(x, g0 − u)

≤ d(x, g)

= d(x + u, g + u)

for every g + u ∈ G + u. This implies g0 ∈ PG+u(x + u), and thus PG(x) + u ⊆ PG+u(x +

u). Hence PG+u(x + u) = PG(x) + u for every u ∈ X.

Our next result is related to the characterization of semi-Chebyshev subspaces in the

framework of real metric linear space.

Let G be a linear subspace of metric linear space (X, d). Then G is said to be semi-

Chebyshev if for every x ∈ X, the set PG(x) contains at most one element.

Theorem 2.10. [19] Let G be a linear subspace of real metric linear space (X, d). Then the fol-

lowing statements are equivalent:

(i) G is semi-Chebyshev

(ii) There exists an h ∈ Xϕ and x1, x2 ∈ X with x1 − x2 ∈ G \ {0} such that

|h(x)| ≤ d(x, 0), x ∈ X (2.1)
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h|G = 0 (2.2)

h(x1) = d(x1, 0), h(x2) = d(x2, 0) (2.3)

(iii) There exists no h ∈ Xϕ, x ∈ X and g0 ∈ G \ {0} with the properties (2.1), (2.2) and

h(x) = d(x, 0) = d(x, g0). (2.4)

Proof. First, consider G is a semi-Chebyshev subspace. Assume that there exist h ∈ Xϕ

and x1, x2 ∈ X with x1 − x2 ∈ G \ {0}, such that we have (2.1), (2.2) and (2.3). Put

g0 = x1 − x2. Then,

h(x1 − g0) = h(x2) = d(x2, 0) = d(x1 − g0, 0). (2.5)

Now, x1 ∈ X \ cl(G) as if x1 ∈ cl(G), then from (2.2), (2.3) and (2.5) we have 0 = h(x1) =

d(x1, 0), 0 = h(x1 − g0) = d(x2, 0), which contradicts x2 − x1 6= 0. From, Theorem 2.5 we

have, g0 ∈ PG(x) and 0 ∈ PG(x). Since, g0 6= 0, it follows that G is not a semi-Chebyshev

subspace, which is a contradiction. Hence, there do not exist h ∈ Xϕ and x1, x2 ∈ X with

x1 − x2 ∈ G \ {0}, such that we have (2.1), (2.2) and (2.3). Thus (i)⇒ (ii).

Now assume that there exist h ∈ Xϕ, x ∈ X and g0 ∈ G \ {0}, such that we have (2.1),

(2.2) and (2.4). By putting x1 = x and x2 = x − g0 in (2.4), we get h(x1) = d(x1, 0) and

h(x) = d(x2, 0). Now by (2.2), we have h(x2) = h(x − g0) = h(x) = d(x2, 0). Thus we

have (2.1), (2.2) and (2.3) and also x1 − x2 = g0 ∈ G \ {0}. Hence (ii)⇒ (iii).

Now suppose that G is not a semi-Chebyshev subspace. For a suitable y ∈ X \ cl(G)

there exist g1, g2 ∈ PG(x), such that g1 6= g2. By putting

x = y− g1, g0 = g2 − g1,

we have x ∈ X \ cl(G), g0 ∈ G \ {0} and 0, g0 ∈ PG(x). By Lemma 2.6, there exist an h ∈
Xϕ such that we have (2.1), (2.2) and (2.4), which is a contradiction. Thus (iii)⇒ (i).

2.1.2 Existence of best approximation in metric linear space.

In this section, we discuss some conditions under which the given set is proximinal.

Theorem 2.11. Let X be a metric linear space and G be its non-empty subset. Then G + u is

proximinal if and only if G is proximinal for any given u ∈ X.
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Proof. First assume that G is proximinal. Then G is proximinal if and only if PG(x) 6= ∅

if and only if PG(x) + u 6= ∅ if and only if PG+u(x + u) 6= ∅ (by Theorem 2.9) if and only

if G + u is proximinal.

Theorem 2.12. [12] Let (X, d) be a metric linear space and G be its subspace. Then following are

equivalent:

(i) G is proximinal

(ii) X = G + Ğ.

Proof. Let G is proximinal, x ∈ X and g0 ∈ PG(x). Then (x − g0) ∈ Ğ and g0 ∈ G, (by

Lemma 2.7). Now, x = g0 + (x− g0) ∈ G + Ğ. Hence X = G + Ğ.

Conversly, let X = G + Ğ and let x ∈ X. Then x = g0 + ğ where g0 ∈ G and ğ ∈ Ğ. Now

ğ ∈ Ğ, and so, 0 ∈ PG(ğ). But ğ = x− g0, so PG(ğ) = PG(x− g0). Hence 0 ∈ PG(x− g0).

Then for all g ∈ G, d(x− g0, 0) ≤ d(x− g0, g), and so, d(x, g0) ≤ d(x, g + g0). Since G is a

subspace therefore, g + g0 ∈ G. Let g1 = g + g0 and so d(x, g0) ≤ d(x, g1) for all g1 ∈ G.

But this implies that g0 ∈ PG(x). Hence, G is proximinal.

Theorem 2.13. Let G be a subspace of a metric linear space (X, d) and x ∈ X. Then PG(x) is a

bounded set.

Proof. Let g1, g2 ∈ PG(x), then d(x, g1) ≤ d(x, g) for all g ∈ G and d(x, g2) ≤ d(x, g) for

all g ∈ G. Now,

d(g1, g2) ≤ d(g1, x) + d(x, g2) where x ∈ G

≤ d(g0, x) + d(x, g0) for some fix g0 ∈ G

= 2d(x, g0)

= t

where t is a constant and ≥ 0. Hence, the proof is complete.

Now we discuss some results related to the proximinality of quotient spaces.

For a closed linear subspace G of a metric linear space (X, d), canonical mapping π :

X → X/G is defined as π(x) = x + G, where x ∈ X. This mapping π is linear[13].



Chapter II. Best Approximation in Metric Linear Space and Normed Linear Space 22

Theorem 2.14. [13] Let G be a closed linear subspace of a metric linear space (X, d) and M be a

proximinal subspace of X containing G. Then M/G is proximinal in X/G.

Proof. Let x + G ∈ X/G, x ∈ X and m be a best approximation to x. We show that m + G

is best approximation to x + G. To the contrary, suppose that there exists m′ + G ∈ M/G

such that d(x + G, m + G) > d(x + G, m′ + G), that is, inf
g∈G

d(x − m′, g) < d(x − m, G).

Then there exist some g0 ∈ G such that

d(x−m′, g0) < d(x−m, G) ≤ d(x−m, 0)

that is, d(x, m′ + g0) < d(x, m). Thus m is not a best approximation to x from M, which is

a contradiction. Hence m + G is a best approximation to x + G and consequently, M/G

is a proximinal in X/G.

Theorem 2.15. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing

G where G is a proximinal subspace of X. If M/G is proximinal in X/G, then M is proximinal

in X.

Proof. Let x ∈ X be arbitrary, then x + G ∈ X/G. Since M/G is proximinal in X/G,

there is some m + G ∈ PM/G(x + G), that is, d(m + G, x + G) ≤ d(x + G, m′ + G) for

every m′ + G ∈ M/G. Also, since G is proximinal, there exist some g0 ∈ G such that

d(m− x, g0) ≤ d(x−m′, G) ≤ d(x−m′, 0) for every m′ ∈ M. This implies that m− g0 ∈
PM(x). Hence M is proximinal in X.

2.1.3 Uniqueness of best approximation in metric linear space.

In this section, we discuss the cases in which the given set G is Chebyshev.

Theorem 2.16. [13] Let (X, d) be a metric linear space and G be its linear subspace. Then G is

Chebyshev if and only if X = G⊕ Ğ.

Proof. Let G be a subspace of metric linear space X and x ∈ X. Then by Theorem 2.12 we

have, x = g + ğ for some g ∈ G and ğ ∈ Ğ. Let x = g1 + ğ1 = g2 + ğ2, where g1, g2 ∈ G

and ğ1, ğ2 ∈ Ğ. Now we will show that g1 = g2 and ğ1 = ğ2. Since x = g1 + ğ1 and

x = g2 + ğ2, then x− g1 = ğ1 and x− g2 = ğ2. This implies that g1, g2 ∈ PG(x) by Lemma

2.7. Now, since G is Chebyshev, therefore g1 = g2, and it follows that ğ1 = ğ2. Hence

X = G⊕ Ğ.



Chapter II. Best Approximation in Metric Linear Space and Normed Linear Space 23

Conversely, let X = G⊕ Ğ, and x ∈ X. On contrary, assume that g1, g2 ∈ PG(x). Then by

Lemma 2.7, we have x− g1, x− g2 ∈ Ğ and so x = g1 + ğ1 = g2 + ğ2 for some ğ1, ğ2 ∈ Ğ.

But X = G⊕ Ğ, therefore g1 = g2 and ğ1 = ğ2. Hence, G is Chebyshev.

Lemma 2.17. [13] Let (X, d) be a metric linear space and G be a non-empty subspace of X. Then

G ∩ Ğ = {0}.

Proof. Let g ∈ G ∩ Ğ if and only if g ∈ G and g ∈ Ğ if and only if g ∈ G and d(g, 0) ≤
d(g, h) for all h ∈ G if and only if g ∈ G and d(g, 0) ≤ d(g, g) when h = g, if and only if

g ∈ G and d(g, 0) ≤ 0 if and only if g ∈ G and d(g, 0) = 0 as d can’t be negative, if and

only if g ∈ G and g = 0 if and only if G ∩ Ğ = {0}.

The following theorem give condition under which proximinal set is Chebyshev and met-

ric projection PG is linear.

Theorem 2.18. [13] Let (X, d) be a metric linear space and G be a proximinal subspace of X,

then the following are equivalent:

(i) PG is one-valued and linear

(ii) Ğ is a linear subspace of X.

Proof. First assume, PG is one-valued and linear. Let x, y ∈ Ğ and α, β be scalars. Then

PG(x) = {0} and PG(y) = {0}. Since PG is linear, we have PG(αx + βy) = αPG(x) +

βPG(y) = {0}. This implies that αx + βy ∈ Ğ and hence Ğ is a linear subspace of X.

Conversely let, Ğ is a linear subspace of X, and also let g1, g2 ∈ PG(x). This gives x −
g1, x − g2 ∈ Ğ by Theorem 2.7. Now (x − g1)− (x − g2) ∈ Ğ, that is, g2 − g1 ∈ G̃ as Ğ

is a subspace . This implies that g2 − g1 ∈ Ğ ∩ G = {0} and so g1 = g2. Hence PG is

one valued. Now let x, y ∈ X and α, β are scalars. Suppose g1 ∈ PG(x) and g2 ∈ PG(y).

This gives x − g1, y − g2 ∈ Ğ. Since G̃ is a subspace, therefore we have α(x − g1) +

β(y− g2) ∈ Ğ, that is, (αx + βy)− (αg1 + βg2) ∈ Ğ. Now PG(αx + βy)− (αg1 + βg2) =

PG(αx+ βy− (αg1 + βg2)) = {0}, as PG is one-valued. Hence PG(αx+ βy) = αg1 + βg2 =

αPG(x) + βPG(y) and this completes the proof.

Theorem 2.19. [13] Let (X, d) be a metric linear space and G be a Chebyshev subspace of X.

Then the following are equivalent:

(i) PG is linear
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(ii) Ğ is a subspace

(iii) Ğ contains a subspace H for which X = G⊕ H.

Proof. Let PG is linear and it is given that G is Chebyshev, therefore Ğ is a subspace of X

by Theorem 2.18. Hence (i)⇒ (ii).

Now by Theorem 2.16, it is obvious that (ii) ⇒ (iii). Now we show that (iii) ⇒ (i).

Let x, y ∈ X and α, β be scalars. Then x = g1 + h1 and y = g2 + h2 for some g1, g2 ∈
G and h1, h2 ∈ H. Thus x − g1, y − g2 ∈ H. Since H is a subspace, therefore we have

α(x− g1) + β(y− g2) ∈ H ⊆ Ğ for all scalars α, β. This implies that (αx + βy)− (αg1 +

βg2) ∈ Ğ = P−1
G (0), that is, PG(αx + βy− (αg1 + βy2)) = {0} as G is Chebyshev. Hence

PG(αx + βy) = αg1 + βg2 = αPG(x) + βPG(y).

Theorem 2.20. [13] Let G be a proximinal subspace of a metric linear space X and Ğ is convex.

Then

(i) G is Chebyshev

(ii) M is a proximinal subspaces of X containing G, then the quotient space M/G is a chebyshev

subspace of X/G.

Proof. (i) Suppose g1, g2 ∈ PG(x). Then ğ1 = x− g1, ğ2 = x− g2 ∈ Ğ (by Lemma 2.7.)

Since Ğ is convex, therefore 1
2 (ğ2 − ğ1) = 1

2 (g1 − g2) ∈ Ğ. Also, 1
2 (g1 − g2) ∈ G as

G is a subspace of X. Then 1
2 (g1 − g2) ∈ G ∩ Ğ = {0}(by Lemma 2.17), and this

implies g1 = g2. Hence G is Chebyshev.

(ii) As described earlier, π : X → X/G is the canonical map defined by π(x) = x + G.

Also M/G is proximinal with X/G, by Theorem 2.14. Thus, π(PM(x)) ⊆ PM/G(x +

G). Now, let m + G ∈ PM/G(x + G). Then by Theorem 2.15 there exists g0 ∈ G such

that m − g0 ∈ PM(x). This implies that m + G ∈ π(PM(x)). Therefore, PM/G(x +

G) ⊆ π(PM(x)) and hence π(PM(x)) = PM/G(x + G).

Now we show that P−1
M/G(G) = M̂/G is convex. Suppose x + G, y + G ∈ M̂/G and

0 < λ < 1. Since G ∈ PM/G(x + G), then G ∈ π(PM(x)), it means there exists m1 ∈
PM(x) such that π(m1) = G. Also, since G ∈ PM/G(y + G), then G ∈ π(PM(y)), it

means there exists m2 ∈ PM(y) such that π(m2) = G, so we have π(m1) = G =

π(m2). Now since m1 ∈ PM(x) and m2 ∈ PM(y), therefore x−m1, y−m2 ∈ M̆ and

M̆ is convex, so λ(x−m1) + (1− λ)(y−m2) ∈ M̆, then (λx + (1− λ)y)− (λm1 +

(1 − λ)m2) ∈ M̆. It follows that λm1 + (1 − λ)m2 ∈ PM(λx + (1 − λ)y), that is
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π(λm1 + (1− λ)m2) = λm1 + (1− λ)m2 + G = G. Therefore G ∈ PM/G(λx + (1−
λ)y + G), and λ(x + G) + (1− λ)(y + G) ∈ M̂/G. This implies that M̂/G is convex.

Then (by part (1)) we have, M/G is Chebyshev subspace of X/G.

Theorem 2.21. [19] Let (X, d) be a strictly convex metric linear space and G be its convex

proximinal subset, then G is Chebyshev.

Proof. Let G be a convex proximinal set in a strictly convex metric linear space X. For a

given pair x1, x2 ∈ X, if possible, let g∗1 , g∗2 ∈ G be such that

max{d(g∗1 , x1), d(g∗1 , x2)} = max{d(g∗2 , x1), d(g∗2 , x2)} = t

where

t = inf{max{d(g, x1), d(g, x2)} : g ∈ G}.

Then d(g∗1 , x1), d(g∗2 , x1) ≤ t and d(g∗1 , x2), d(g∗2 , x2) ≤ t. Since X is a strictly convex, there-

fore

d
(

g∗1 + g∗2
2

, x1

)
< t and d

(
g∗1 + g∗2

2
, x2

)
< t

unless g∗1 = g∗2 . But this contradicts the definition of t, as 1
2 (g∗1 + g∗2) ∈ G. Hence g∗1 = g∗2 .

Thus G is a Chebyshev set.

2.2 Best approximation in normed linear space.

In this section, we discuss some results related to the characterization, existence and unique-

ness of best approximation in normed linear space. To start with, we give a following

notation to be used in the sequel.

Notation 2.2.1. [11] Let X be a normed linear space and G be its subspace. Define,

Ğ = P−1
G (0) = {x ∈ X|0 ∈ PG(x)} = {x ∈ X|‖x‖ ≤ ‖x− g‖ ∀g ∈ G} = {x ∈ X|x ⊥B G}.

2.2.1 Characterization of best approximation in normed linear space.

Theorem 2.22. [16] Let X be a normed space and G be its non-empty subspace. Then,
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(i) If x ∈ G, then PG(x) = {x}.

(ii) If x ∈ cl(G) \ G , then PG(x) = ∅ (cl(G) is the closure of G).

Proof. The result follows from Theorem 2.4.

As a consequence of this result, we will characterize the best approximation of only those

elements which belong to the set X \ cl(G).

Theorem 2.23. [6] Let G be a subspace of a normed linear space X over the field K. Let x0 ∈ X

be such that d(x0, G) = d > 0. Then, there exists a f ∈ X′ such that

(i) f (x0) = 1

(ii) f (G) = 0, (that is, f (g) = 0 ∀g ∈ G)

(iii) ‖ f ‖ = 1
d .

Proof. Let

G0 = G + [x0]

be the space spanned by G and x0. This x0 /∈ G as d > 0. Each point of x ∈ G0 can

be expressed uniquely in the form x = g + αx0, where g ∈ G and α ∈ K. Consider the

functional h : G0 −→ K defined as

h(g + αx0) = α.

Note that h is a linear functional on G0 satisfying h(G) = 0 and h(x0) = 1. Also,

|h(x)| = |h(g + αx0)| = |α|, for all x ∈ G0.

Now if α 6= 0, then

‖x‖ = ‖g + αx0‖

= |α|‖ g
α
+ x0‖

≥ |α|d

= d|h(x)|, where x0 ∈ G0

If α = 0, then

‖x‖ = ‖g‖ ≥ 0 = d|h(x)|.
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Hence, in either case, it follows that

|h(x)| ≤ ‖x‖
d for all x ∈ G0.

which implies, h is bounded on G0 and ‖h‖ ≤ 1
d . To prove ‖h‖ ≥ 1

d , consider a sequence

{gk} ⊂ G such that ‖x0 − gk‖ −→ d. Then

1 = h(x0 − gk) ≤ ‖h‖‖x0 − gk‖ −→ ‖h‖d

which implies ‖h‖ ≥ 1
d .

This means that there exists an h ∈ G′0 such that h(G) = 0, h(x0) = 1 and ‖h‖ = 1
d . By

Theorem 1.26 we obtain a functional f ∈ X′ such that

f |G0 = h and ‖ f ‖ = ‖h‖ = 1
d

But

f |G0 = h⇒

 f (G) = h(G) = 0

f (x0) = h(x0) = 1.

Hence, the proof is complete.

Corollary 2.24. [6] Let G be a closed linear subspace of a normed linear space X over the field K.

Let x0 ∈ X \ G. If d(x0, G) = d, then there exists a f ∈ X′ such that

(i) f (x0) = 1

(ii) f (G) = 0, (that is, f (g) = 0 ∀g ∈ G)

(iii) ‖ f ‖ = 1
d .

Proof. Let d(x0, G) = 0, which implies x0 ∈ cl(G). Since G is closed, therefore G = cl(G).

Also x0 /∈ G, so

d = d(x0, G) > 0.

Hence, the result follows from Theorem 2.23.

Theorem 2.25. [16] Let G be a non-empty linear subspace of a normed space X such that x ∈
X \ cl(G) and g0 ∈ G. We have g0 ∈ PG(x) if and only if there exists an f ∈ X′ with the

following properties:

‖ f ‖ = 1 (2.6)
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f (g) = 0 (∀g ∈ G) (2.7)

f (x− g0) = ‖x− g0‖. (2.8)

Proof. Assume that g0 ∈ PG(x). Also, since x ∈ X \ cl(G) therefore, we have d(x, G) =

‖x− g0‖ > 0. Now, by Corollary 2.24, there exists an f0 ∈ X′ such that ‖ f0‖ =
1

d(x, G)
,

f0(g) = 0 (∀g ∈ G) and f0(x) = 1. Take f = ‖x − g0‖ f0 ∈ X′ which satisfies (2.6), (2.7)

and (2.8).

Conversely, assume that there exists a f ∈ X′ which satisfies (2.6), (2.7) and (2.8). Then

for any g ∈ G we have

‖x− g0‖ = | f (x− g)| = | f (x− g)| ≤ ‖ f ‖‖x− g‖ = ‖x− g‖.

Hence g0 ∈ PG(x), which completes the proof.

Lemma 2.26. [16] Let X be a normed linear subspace and G be its linear subspace. If x ∈
X \ cl(G), g0 ∈ G and f ∈ X′, then

(i) f satisfies (2.6) and (2.8) if and only if satisfies (2.6) and

Re f (x− g0) = ‖x− g0‖. (2.9)

(ii) f satisfies (2.7) if and only if

Re f (g) = 0 (∀g ∈ G). (2.10)

(iii) f satisfies (2.6), (2.7) and

| f (x− g0)| = ‖x− g0‖ (2.11)

if and only if either f1 = [sign f (x− g0)] f satisfies (2.6), (2.7) and (2.8).

(iv) f satisfies (2.6), (2.7) and

|Re f (x− g0)| = ‖x− g0‖, (2.12)

if and only if either f1 = f , or f2 = − f satisfies (2.6), (2.7) and (2.8).

Proof. (i) Clearly, (2.9) is directly obtained from (2.8). Hence (2.6) and (2.8) =⇒ (2.6)

and (2.9). Conversely, if f satisfies (2.6) and (2.9), we have

‖x− g0‖ = Re f (x− g0) ≤ | f (x− g0)| ≤ ‖x− g0‖,
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hence Re f (x − g0) = | f (x − g0)|, and as a result, f (x − g0) is real and positive.

Hence (2.6) and (2.9) =⇒ (2.6) and (2.8).

(ii) Obviously, (2.7) =⇒ (2.10). Conversely, let f satisfies (2.10). Consider that ig ∈ G

and the relation Im f (g) = −Re f (ig), we have

f (g) = Re f (g)− iRe f (ig) = 0 where(g ∈ G).

(iii) If f1 = [sign f (x− g0)] f satisfies (2.6), (2.7) and (2.8) then obviously f = eiarg f (x−g0) f1

satisfies (2.6), (2.7) and (2.11). Conversely, if f satisfies (2.6), (2.7) and (2.11), then f1

satisfies (2.6), (2.7) and

f1(x− g0) = | f (x− g0)| = ‖x− g0‖.

(iv) If either f1 = f , or f2 = − f satisfies (2.6), (2.7) and (2.8) then f satisfies (2.6), (2.7)

and (2.12). Conversely, if f satisfies (2.6), (2.7) and (2.12), then we have

‖x− g0‖ = |Re f (x− g0)| ≤ | f (x− g0)| ≤ ‖x− g0‖,

hence |Re f (x− g0)| = | f (x− g0)|. As a result, f (x− g0) is real, whence either f1 = f

or f2 = f satisfies (2.6), (2.7) and (2.8), which completes the proof.

Lemma 2.27. (see[4], [10]) Let G be a linear subspace of normed linear space X. Then g0 ∈ PG(x)

if and only if (x− g0) ⊥B G.

Proof. Let g0 ∈ PG(x). Put g1 = g0 − αg for any fixed g ∈ G and α ∈ R. Since g0 ∈
PG(x), therefore ‖x − g0‖ ≤ ‖x − g‖ for all g ∈ G. In particular, ‖x − g0‖ ≤ ‖x − g1‖,
which implies ‖x − g0‖ ≤ ‖x − (g0 − αg)‖. Then, ‖x − g0‖ ≤ ‖(x − g0) + αg‖. Hence,

(x− g0) ⊥B G.

Conversely, let (x − g0) ⊥B G. Then ‖x − g0‖ ≤ ‖x − g0 + αg1‖. Since G is a subspace,

therefore g0 − αg1 ∈ G. Put g = g0 − αg1 and we get ‖x − g0‖ ≤ ‖x − g‖. Hence,

g0 ∈ PG(x).

The following two results, follows from the Lemma 2.7 and Theorem 2.8.

Lemma 2.28. (see[4], [11]) Let G be a subspace of a normed linear space X. Then g0 ∈ PG(x) if

and only if x− g0 ∈ Ğ for all x ∈ X.
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Theorem 2.29. (see[4], [10]) Let X be a normed linear space and G be a linear subspace of X. If

PG(x) is the set of all best approximation of x ∈ X.Then, PG(x) = G ∩ (x− Ğ).

Lemma 2.30. (see[4],[11]) Let G be a subspace of normed linear space X. Then G ∩ Ğ = {0}.

Proof. Let g ∈ G ∩ Ğ, then g ∈ G and g ∈ Ğ. Now g ⊥B G as g ∈ Ğ. This implies that

‖g‖ ≤ ‖g + αh‖ for all g ∈ G and all scalar α. Now choose h = g and α = − 1
2 , then

‖g‖ ≤ ‖ 1
2 g‖, and hence g = 0. Therefore, G ∩ Ğ ⊆ {0}. But {0} ⊆ G ∩ Ğ, hence together

we have G ∩ Ğ = {0}.

Theorem 2.31. [4] Let X be a normed linear space and G be its non-empty subset. Then

(i) PG+u(x + u) = PG(x) + u for every x, u ∈ X.

(ii) PβG(βx) = βPG(x) where x ∈ X and β ∈ R.

Proof. (i) Let g0 ∈ PG+u(x + u) if and only if g0 ∈ G + u and ‖x + u− g0‖ ≤ ‖x + u−
(g+ u)‖ for all g+ u ∈ G + u if and only if g0− u ∈ G and ‖x− (g0− u)‖ ≤ ‖x− g‖
for all g ∈ G if and only if (g0 − u) ∈ PG(x) if and only if g0 ∈ PG(x) + u, which

completes the proof.

(ii) If β = 0 then the result trivially holds, as PβG(βx) = P0(0) = 0 (because 0 ∈ {0}).
Also βPG(x) = 0PG(x) = 0.

So, let β 6= 0. Now, assume g0 ∈ PβG(βx) if and only if g0 ∈ βG and ‖βx − g0‖ ≤
‖βx − βg‖ for all g ∈ G if and only if |β|‖x − g0

β ‖ ≤ |β|‖x − g‖ for all g ∈ G if

and only if g0
β ∈ G and ‖x − g0

β ‖ ≤ ‖x − g‖ if and only if g0
β ∈ PG(x) if and only if

g0 ∈ βPG(x). Hence PβG(βx) = βPG(x).

Theorem 2.32. [16] Let G be a linear subspace of a normed linear space X. Then following are

equivalent:

1. G is a semi-Chebyshev subspace

2. There do not exist f ∈ X′ and x1, x2 ∈ X with x1 − x2 ∈ G \ {0}, such that

‖ f ‖ = 1 (2.13)

f (g) = 0 (∀g ∈ G) (2.14)

f (x1) = ‖x1‖, f (x2) = ‖x2‖ (2.15)
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3. There do not exist f ∈ X′, x ∈ X and g0 ∈ G \ {0} with the properties (2.13), (2.14) and

f (x) = ‖x‖ = ‖x− g0‖.

Proof. Proceeding on the similar lines of Theorem 2.10, we obtain the result.

2.2.2 Existence of best approximation in normed linear space.

Theorem 2.33. [4] Let X be a normed linear space and G be its non-empty subset. Then

(i) G is proximinal if and only if G + u is proximinal for any given u ∈ X.

(ii) G is proximinal if and only if βG is proximinal where β ∈ R \ {0}.

Proof. (i) G is proximinal if and only if PG(x) 6= ∅ if and only if PG(x) 6= ∅ if and only

if PG+u(x + u) 6= ∅ (by theorem 2.31) if and only if G + u is proximinal.

(ii) G is proximinal if and only if PG(x) 6= ∅ if and only if βPG(x) 6= ∅ if and only if

PβG(βx) 6= ∅ (by Theorem 2.31) if and only if βG is proximinal.

Theorem 2.34. (see[4], [17]) Let X be a normed linear space and G be a linear subspace of X.

Then following statements are equivalent:

(i) G is Proximinal,

(ii) X = G + Ğ = {g + y|g ∈ G, y ∈ Ğ}.

Proof. Proof follows from Theorem 2.12.

Theorem 2.35. (see[2], [4]) Let X be a normed linear space and G be a proximinal subset of X.

Then G is non-empty and closed.

Proof. Since ∅ 6= PG(0) ⊂ G, therefore, G is a non-empty set. To show that G is closed,

take any sequence {xn} ∈ G which converges to x. If we show x ∈ G then we have done.

Since G is proximinal, therefore PG(x) 6= ∅. Let g0 ∈ PG(x) such that ‖x− g0‖ ≤ ‖x− xn‖
for all n. But lim

n→∞
xn = x implies ‖xn − x‖ = 0. Then x = g0 ∈ G, and hence G is

closed.
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Corollary 2.36. (see[4], [9]) Let G be a subspace of a normed linear space X and x ∈ X, then

1. If G is a convex subset of X, then PG(x) is a convex subset of X for every x ∈ X

2. PG(x) is a bounded set.

Proof. Let g1, g2 ∈ PG(x), then

‖x− g1‖ ≤ ‖x− g‖ and ‖x− g2‖ ≤ ‖x− g‖∀g ∈ G. (1)

1. Now, for 0 ≤ λ ≤ 1 and any g ∈ G, we have

‖x− (λg1 + (1− λ)g2)‖ = ‖x− λg1 − g2 + λg2‖

= ‖x− λg1 − g2 + λg2 − λx + λx‖

= ‖λ(x− g1) + (1− λ)(x− g2)‖

≤ λ‖x− g1‖+ (1− λ)‖x− g2‖

≤ λ‖x− g‖+ (1− λ)‖x− g‖,

so we have, ‖x− (λg1 + (1− λ)g2)‖ ≤ ‖x− g‖. which implies λg1 + (1− λ)g2 ∈
PG(x), and hence PG(x) is a convex set.

2. Now, we show PG(x) is a bounded set. Fix g0 ∈ G. Then

‖g1 − g2‖ = ‖g1 − x + x− g2‖

≤ ‖g1 − x‖+ ‖x− g2‖ (by using (1))

≤ 2‖x− g0‖ = t(say),

where t is a constant and ≥ 0.

Hence, the proof is complete.

Theorem 2.37. [9] Let G be a subspace of a normed linear space X. If G is closed and g0 ∈ G is

a best approximation for x ∈ X \ G, then g0 ∈ bd(G).

Proof. On the contrary , suppose that g0 ∈ Int(G), then there exists r > 0 such that

B(g0; r) ⊂ G. Since g0 ∈ G is a best approximation for x, then d(x, G) = ‖x0 − g0‖ =

t(say) > 0. Let g1 = t
t+r g0 +

r
t+r x0. Then ‖g1 − g0‖ = rt

t+r < r and so g1 ∈ B(g0; r). Also,

‖g1 − x0‖ = t2

t+r < t = ‖x0 − g0‖, which implies that g0 is not a best approximation of x0

and hence, a contradiction. Therefore, g0 ∈ bd(G).
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Corollary 2.38. [9] Let G be a closed subspace of a normed linear space X. If x0 ∈ X \ G has a

best approximation in G, then d(x0, G) = d(x0, bd(G)).

Proof. bd(G) ⊂ G as G is a closed set. Now,

d(x0, bd(G)) = inf{‖x0 − b‖ : b ∈ bd(G)}

≥ inf{‖x0 − b‖ : b ∈ G} = d(x0, G).

Hence,

d(x0, bd(G)) ≥ d(x0, G) (1)

Now, suppose that g0 ∈ G is the best approximation for x0. Then d(x0, G) = ‖x0 − g0‖.
Hence, g0 ∈ bd(G) (by Theorem 2.37). Also, d(x0, bd(G)) = inf{‖x0 − b‖ : b ∈ bd(G)} ≤
‖x0 − g0‖ = d(x0, G). So, we have

d(x0, G) ≥ d(x0, bd(G)) (2)

Hence, from (1) and (2), we have d(x0, G) = d(x0, bd(G)).

2.2.3 Uniqueness of best approximation in normed linear space.

Theorem 2.39. [16] Let G be a linear subspace of a normed linear space X. Let x ∈ X \ cl(G)

and g0 ∈ G. Then PG(x) is a Chebyshev set, if and only if g0 ∈ PG(x) and there do not exist

g ∈ G \ {g0} and f ∈ X′ such that

‖ f ‖ = 1 (2.16)

f (g) = f (g0) (2.17)

f (x− g) = ‖x− g‖. (2.18)

Proof. Let PG(x) be a Chebyshev set such that PG(x) = {g0}. On the contrary, assume

that there exist g ∈ G \ {g0} and f ∈ X′ satisfying (2.16), (2.17) and (2.18). Then,

‖x− g‖ = | f (x− g)| = | f (x− g0) + f (g0 − g)| = | f (x− g0)| ≤ ‖x− g0‖.

Since g0 ∈ PG(x), therefore g ∈ PG(x). Hence, PG(x) cannot be a Chebyshev set which

is a contradiction. Therefore, there do not exist g ∈ G \ {g0} and f ∈ X satisfying (2.16),

(2.17) and (2.18).
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Conversely let, g0 ∈ PG(x) and there do not exist g ∈ G \ {g0} and f ∈ X′ satisfying

(2.16), (2.17) and (2.18). Assume that some g1 ∈ PG(x). Then by Theorem 2.25, there exist

h ∈ X′ such that

‖h‖ = 1

h(g) = 0 (∀g ∈ G)

h(x− g1) = ‖x− g1‖.

which implies h(g) = h(g0) = 0. But this contradicts to our assumption that there do not

exist g ∈ G \ {g0} and f ∈ X′ satisfying (2.16), (2.17) and (2.18). Therefore, g1 /∈ PG(x)

and thus, PG(x) is a Chebyshev set. Hence, the proof is complete.

Theorem 2.40. [2] Let X be a strictly convex normed linear space and G be a non-empty and

closed subset of X. Then for each x ∈ X, PG(x) contains at most one element.

Proof. The result is obviously true if x ∈ G. So, assume that x ∈ X \ G. On the contrary,

suppose that there exist two distinct g1 and g2 ∈ PG(x). Then,

‖x− g1‖ = ‖x− g2‖ = d(x, G) > 0.

Now, g1+g2
2 ∈ G as G is convex, and so

d(x, G) ≤ ‖x− (
g1 + g2

2
)‖

=

∥∥∥∥ (x− g1) + (x− g2)

2

∥∥∥∥
<
‖x− g1‖+ ‖x− g2‖

2
(since ‖·‖ is strictly convex)

= d(x, G),

which is not possible. Hence, g1 = g2, and so PG(x) contains at most one element.

Corollary 2.41. [2] Every convex proximinal set in a strictly convex normed linear space (X, ‖·‖)
is a Chebyshev set.

Proof. By Theorem 2.35, proximinal set is closed. Hence by Theorem 2.40, every convex

proximinal set in a srictly convex normed linear space is Chebyshev set.

The following example shows that if normed linear space X is not strictly convex, then

there exists a convex proximinal set G which is not Chebyshev.
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Example 2.5. Let X = R2 equipped with the norm ‖(x, y)‖ = |x|+ |y| be a normed linear space

and G = {(x, y) ∈ R2 : x2 + y2 ≤ 1 where 0 ≤ x ≤ 1 and − 1 ≤ y ≤ 1}. Then, G is convex

proximinal set of X but not Chebyshev.

Proof. First we show that X is not a strictly convex. Let x = ( 1
3 , 2

3 ), y = ( 1
2 , 1

2 ) ∈ R2.

Clearly, both x and y ∈ SX as they have norm 1. Also,∥∥∥∥ x + y
2

∥∥∥∥
1

=
1
2

∥∥∥∥(1
3

,
2
3

)
+

(
1
2

,
1
2

)∥∥∥∥
1

=
1
2

∥∥∥∥(5
6

,
7
6

)∥∥∥∥
1

= 1

which implies that x+y
2 ∈ SX. Hence, X is not strictly convex as x 6= y. Now, we show this

is a convex set. Let (x1, y1), (x2, y2) ∈ G, which implies

x2
1 + y2

1 ≤ 1; 0 ≤ x1 ≤ 1 and− 1 ≤ y1 ≤ 1

x2
2 + y2

2 ≤ 1; 0 ≤ x2 ≤ 1 and− 1 ≤ y2 ≤ 1.

Now,

λ(x1, y1) + (1− λ)(x2, y2) = (λx1, λy1) + ((1− λ)x2, (1− λ)y2)

= (λx1 + (1− λ)x2, λy1 + (1− λ)y2)

such that 0 ≤ λx1 + (1− λ)x2 ≤ 1 and −1 ≤ λy1 + (1− λ)y2 ≤ 1. Also,

[λx1 + (1− λ)x2]
2 + [λy1 + (1− λ)y2]

2 = λ2(x2
1 + y2

1) + (1− λ)2(x2
2 + y2

2) +

2λ(1− λ)(x1x2 + y1y2)

≤ λ2 + (1− λ)2 +

2λ(1− λ)(x1x2 + y1y2)

≤ λ2 + (1− λ)2 + 2λ(1− λ)(1)

= 1.

Hence, this is a convex set. Now, we show this is a proximinal set but not Chebyshev.
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From this figure, it is clear that point x has two best approximations in G. Therefore, it is

a proximinal set, not Chebyshev. Hence, the proof is complete.

Theorem 2.42. [2] Let X be a normed linear space and G be its non-empty set. Suppose that

x ∈ X \ G and y ∈ PG(x), then for any u ∈ λx + (1− λ)y, where 0 ≤ λ < 1, y ∈ PG(u).

Proof. Since u ∈ λx + (1− λ)y, therefore, ‖x − u‖+ ‖u− y‖ = ‖x − y‖. Now, y ∈ G ∩
B[u; ‖u− y‖] and so d(u, G) ≤ ‖u− y‖. On the other hand, by triangle inequality,

B(u; ‖u− y‖) ⊆ B(x; ‖x− u‖+ ‖u− y‖) = B(x; ‖x− y‖) ⊆ X \ G

and hence, we have ‖u − y‖ ≤ d(u, G). Thus, ‖u − y‖ = d(u, G), which implies y ∈
PG(u).

The proof of following two theorems follows from Theorem 2.16 and Theorem 2.20.

Theorem 2.43. [4] Let G be a subspace of a normed linear space X. Then following are equivalent:

(i) G is Chebyshev

(ii) X = G⊕ Ğ.

Theorem 2.44. (see[10], [4]) Let G be a proximinal subspace of a normed linear space X and Ğ

is convex. Then

(i) G is Chebyshev

(ii) M is a proximinal subspaces of X containing G, then the quotient space M/G is a Chebyshev

subspace of X/G.



Chapter 3

Best Co-approximation in Metric

Linear Space and Normed linear

space

In this chapter, we discuss about best co-approximation in metric linear space and normed

linear space. First we define best co-approximation in metric linear space, and then de-

fine some terms and definitions like co-proximinal set, co-Chebyshev set etc. We also

discuss some results related to the characterization, existence and uniqueness of best co-

approximation in metric linear space and normed linear space.

3.1 Best co-approximation in metric linear space.

Let (X, d) be a metric linear space and G be its non-empty subset. Then element g0 ∈ G

is called best co-approximation to x ∈ X from set G if

d(g0, g) ≤ d(x, g)

for every g ∈ G. This set is denoted by RG(x).

If RG(x) 6= ∅ for every x ∈ X, then G is called co-proximinal set. If every x ∈ X has

unique best co-approximation in G, then G is called co-Chebyshev set. Metric projection

for co-proximinal set G of metric linear space X is the set valued mapping RG(x) : X →
2G, which is defined as RG(x) = {g0 ∈ G : d(g0, g) ≤ d(x, g) for every g ∈ G}.

37
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Example 3.1. [13] Let X = R \ {1} be a metric space with metric d(x, y) = |x − y| and

G = (1, 2] be its subset. Then G is co-proximinal subset of X.

Example 3.2. [13] Let X = R2 be a metric space with the metric d((x1, y1), (x2, y2)) = |x1 −
x2|+ |y1 − y2| and G = {(x, y) ∈ R2 : x = y} be its subset. Then RG(x, y) = {( x+y

2 , x+y
2 )},

that is, G is co-Chebychev.

Notation 3.1.1. [13] Let G be a subspace of a metric linear space X. Then the set R−1
G (0) is

defined as

G̃ = R−1
G (0) = {x ∈ X : d(g, 0) ≤ d(x, g) for all g ∈ G}.

Theorem 3.1. [12] Let (X, d) be a metric linear space and G be its linear subspace. If G⊥(x−
g0), then g0 ∈ RG(x).

Proof. Since G⊥(x − g0), so g⊥(x − g0) for all g ∈ G. Then by the definition of orthog-

onality we have, d(g, 0) ≤ d(g, α(x − g0)) for every scalar α. Now take α = 1, we get

d(g, 0) ≤ d(g, x− g0) for every g ∈ G. This implies d(g0, g + g0) ≤ d(x, g + g0) for every

g ∈ G. Hence g0 ∈ RG(x).

Lemma 3.2. [12] Let (X, d) be a metric linear space and G be its subspace. Then, for all x ∈ X,

g0 ∈ RG(x) if and only if (x− g0) ∈ G̃.

Proof. g0 ∈ RG(x) if and only if d(g0, g) ≤ d(x, g) for all g ∈ G if and only if d(0, g− g0) ≤
d(x − g0, g − g0) for all (g − g0) ∈ G if and only if x − g0 ∈ G̃. Hence, the proof is

complete.

Theorem 3.3. Let (X, d) be a metric linear space and G be its subspace. Then, RG(x) = G ∩
(x− G̃).

Proof. g0 ∈ G ∩ (x − G̃), if and only if g0 ∈ G and g0 ∈ (x − G̃), if and only if g0 ∈ G

and g0 = x − g̃ where g̃ ∈ G̃ if and only if g0 ∈ G and g̃ = x − g0 ∈ G̃ if and only if

g0 ∈ RG(x) by using [Lemma 3.2]. Hence, RG(x) = G ∩ (x− G̃).

Theorem 3.4. [12] If G be a subspace of a metric linear space (X, d), then G ∩ G̃ = {0}.

Proof. Let g ∈ G ∩ G̃ if and only if g ∈ G and g ∈ G̃ if and only if g ∈ G and d(h, 0) ≤
d(g, h) for all h ∈ G if and only if g ∈ G and d(g, 0) ≤ d(g, g) when h = g, if and only if

g ∈ G and d(g, 0) ≤ 0 if and only if g ∈ G and d(g, 0) = 0 as d can’t be negative, if and

only if g ∈ G and g = 0 if and only if G ∩ Ğ = {0}.
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Theorem 3.5. [11] Let (X, d) be a metric linear space and G be its subspace. Then G is a co-

proximinal subspace if and only if X = G + G̃.

Proof. First let, G is a co-proximinal subspace of X. Also, let x ∈ X and g0 ∈ RG(x).

Then x − g0 ∈ G̃ (by Lemma 3.2). Now x = g0 + (x − g0) ∈ G + G̃ as g0 ∈ G. Hence,

X = G + G̃.

Conversely, let X = G + G̃ and x ∈ X. Then x = g + g̃ where g ∈ G and g̃ ∈ G̃. Since

g̃ ∈ G̃ = R−1
G (0), then 0 ∈ RG(g̃). Now g̃ = x− g0 as x = g0 + g̃ so, RG(g̃) = RG(x− g0)

which implies 0 ∈ RG(g̃) = RG(x − g0). Then d(0, g) ≤ d(x − g0, g) for all g ∈ G, so

d(g0, g + g0) ≤ d(x, g + g0) where g + g0 ∈ G as G is a subspace. Hence g0 ∈ RG(x).

Therefore, G is co-proximinal.

Theorem 3.6. Let (X, d) be a metric linear space and G be a subspace of X. Then RG+u(x+ u) =

RG(x) + u for every u ∈ X.

Proof. Let u0 ∈ RG+u(x + u), then d(g + u, u0) ≤ d(x + u, g + u) for every g + u ∈ G + u.

Now,

d(g, u0 − u) = d(g + u, u0)

≤ d(x + u, g + u)

= d(x, g)

which implies d(g, u0 − u) ≤ d(x, g) and we have, u0 − u ∈ RG(x). Thus u0 ∈ RG(x) + u

and RG+u(x + u) ⊆ RG(x) + u.

Conversely, let g0 ∈ RG(x) + u. This implies g0 − u ∈ RG(x), then d(g, g0 − u) ≤ d(x, g)

for all g ∈ G. Now,

d(g + u, g0) = d(g, g0 − u)

≤ d(x, g)

= d(x + u, g + u)

for every g + u ∈ G + u. This implies g0 ∈ RG+u(x + u), and thus RG(x) + u ⊆ RG+u(x +

u). Hence RG+u(x + u) = RG(x) + u for every u ∈ X.

Theorem 3.7. [13] Let (X, d) be a metric linear space and G be a co-proximinal subspace of X,

then the following are equivalent:

(i) RG is one-valued and linear.
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(ii) G̃ is a linear subspace of X.

Proof. First assume, RG is one-valued and linear. Let x, y ∈ G̃ and α, β be scalars. Then

RG(x) = {0} and RG(y) = {0}. Since RG is linear, we have RG(αx + βy) = αRG(x) +

βRG(y) = {0}. This implies that αx + βy ∈ G̃ and hence G̃ is a linear subspace of X.

Conversely let, G̃ is a linear subspace of X, and also let g1, g2 ∈ RG(x). This gives x −
g1, x− g2 ∈ G̃ by Lemma 3.2. Now (x− g1)− (x− g2) ∈ G̃, that is, g2 − g1 ∈ G̃ as G̃ is

a subspace . This implies that g2 − g1 ∈ G̃ ∩ G = {0} and so g1 = g2. Hence RG is one

valued. Now let x, y ∈ X and α, β are scalars. Suppose g1 ∈ RG(x) and g2 ∈ RG(y). This

gives x− g1, y− g2 ∈ G̃. Since G̃ is a subspace, therefore we have α(x− g1) + β(y− g2) ∈
G̃, that is, (αx + βy) − (αg1 + βg2) ∈ G̃. Now RG(αx + βy) − (αg1 + βg2) = RG(αx +

βy − (αg1 + βg2)) = {0}, as RG is one-valued. Hence RG(αx + βy) = αg1 + βg2 =

αRG(x) + βRG(y) and this completes the proof.

Theorem 3.8. [13] Let G be a closed linear subspace of a metric linear space (X, d) and M be a

co-proximinal subspace of X containing G. Then M/G is co-proximinal in X/G.

Proof. Let x+G ∈ X/G, x ∈ X and m be a best approximation to x. We show that m+G is

best co-approximation to x + G. On the contrary, suppose that there exists m′+ G ∈ M/G

such that d(m + G, m′ + G) > d(x + G, m′ + G), that is, inf
g∈G

d(x−m′, g) < d(m−m′, G).

Then there exist some g0 ∈ G such that

d(x−m′, g0) < d(m−m′, G) ≤ d(m−m′, g0)

that is, d(x, m′ + g0) < d(m, m′ + g0). Thus m is not best co-approximation to x from M,

which is a contradiction. Hence m + G is a best co-approximation to x + G and conse-

quently, M/G is a co-proximinal in X/G.

Theorem 3.9. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing G

where G is a proximinal subspace of X. If M/G is co-proximinal in X/G, then M is co-proximinal

in X.

Proof. Let x ∈ X be arbitrary, then x + G ∈ X/G. Since M/G is co-proximinal in X/G,

there is some m + G ∈ RM/G(x + G), that is, d(m + G, m′ + G) ≤ d(x + G, m′ + G) for

every m′ + G ∈ M/G. Also, since G is proximinal, there exists some g0 ∈ G such that

d(m−m′, g0) ≤ d(x−m′, G) ≤ d(x−m′, 0) for every m′ ∈ M. This implies that m− g0 ∈
RM(x). Hence M is co-proximinal in X.
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Theorem 3.10. [13] Let G be a subspace of a metric linear space X. Then following are equivalent:

(i) G is co-Chebyshev

(ii) X = G⊕ G̃.

Proof. Result follows from Theorem 2.16.

Theorem 3.11. [13] Let (X, d) be a metric linear space and G be a co-Chebyshev subspace of X.

Then the following are equivalent:

(i) RG is linear

(ii) G̃ is a subspace

(iii) G̃ contains a subspace H for which X = G⊕ H.

Proof. Let RG is linear and it is given that G is co-Chebyshev, therefore G̃ is a subspace of

X by Theorem 3.7. Hence (i)⇒ (ii).

Now by Theorem 3.10, it is obvious that (ii) ⇒ (iii). Now we show that (iii) ⇒ (i). Let

x, y ∈ X and α, β be scalars. Then x = g1 + h1 and y = g2 + h2 for some g1, g2 ∈ G

and h1, h2 ∈ H. Thus x− g1, y− g2 ∈ H. Since H is a subspace, therefore we have α(x−
g1) + β(y− g2) ∈ H ⊆ G̃ for all scalars α, β. This implies that (αx + βy)− (αg1 + βg2) ∈
G̃ = R−1

G (0), that is, RG(αx + βy − (αg1 + βy2)) = {0} as G is co-Chebyshev. Hence

RG(αx + βy) = αg1 + βg2 = αRG(x) + βRG(y).

Theorem 3.12. [12] Let (X, d) be a metric linear space and G be its co-proximinal subspace. If

G̃ is a convex set, then G is co-Chebyshev.

Proof. Suppose x ∈ X and g1, g2 ∈ RG(x), then x − g1, x − g2 ∈ G̃ by Lemma 3.2. Put

x − g1 = g̃1 and x − g2 = g̃2, where g̃1, g̃2 ∈ G̃. Now we first show that g1 − x ∈ G̃.

Since 0 ∈ RG(x − g1), so we have d(g, 0) ≤ d(x − g1, g) for every g ∈ G. This implies

that d(−g, 0) ≤ d(−g, g1 − x) for every g ∈ G that is, d(g′, 0) ≤ d(g1 − x, g′) for every

g′ ∈ G. Therefore, g1 − x ∈ G̃. Now, x − g2, g1 − x ∈ G̃ and G̃ is convex, we have
1
2 [(x− g2)+ (g1− x)] ∈ Ǧ. This implies 1

2 [g̃2− g̃1] ∈ G̃ and also, 1
2 [g̃2− g̃1] =

1
2 [g1− g2] ∈

G. So we have 1
2 [g1 − g2] ∈ G̃ ∩ G = {0} and this implies g1 = g2. Hence G is co-

Chebyshev.
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Theorem 3.13. [13] Let G be a proximinal subspace of a metric linear space (X, d) and M be

a co-proximinal subspace of X containing G. If π : X → X/G is the canonical map, then

π(RM(x)) = RM/G(x + G).

Proof. Since it is given that G is a proximinal subspace, therefore by Theorem 2.35, G is

a closed subspace. Then by using Theorem 3.8, we have M/G is co-proximinal subspace

of X/G. Thus, π(RM(x)) ⊆ RM/G(x + G). Now, let m + G ∈ RM/G(x + G). Then by

Theorem 3.9 there exists g0 ∈ G such that m − g0 ∈ RM(x). This implies that m + G ∈
π(RM(x)). Therefore, RM/G(x + G) ⊆ π(RM(x)) and hence π(RM(x)) = RM/G(x +

G).

Theorem 3.14. [13] Let G be a proximinal subspace of a metric linear space (X, d) and M be a

co-proximinal subspace containing G. If G̃ is a convex set then M/G is a co-Chebyshev subspace

of X/G.

Proof. From Theorem 3.13, we have π(RM(x)) = RM/G(x + G) . Also by Theorem 3.8,

M/G is co-proximinal in X/G. Now in view of Theorem 3.12 it is sufficient to prove that

R−1
M/G(G) = M̃/G is convex. Let x + G, y + G ∈ M̃/G and 0 < λ < 1. Since G ∈

RM/G(x + G), then G ∈ π(RM(x)), it means there exists m1 ∈ RM(x) such that π(m1) =

G. Also , since G ∈ RM/G(y + G), then G ∈ π(RM(y)), it means there exists m2 ∈ RM(y)

such that π(m2) = G, so we have π(m1) = G = π(m2). Therefore, x −m1, y−m2 ∈ M̃

(as m1 ∈ RM(x), m2 ∈ RM(y)). Since M̃ is a convex set, therefore λ(x−m1) + (1− λ)(y−
m2) ∈ M̃, that is, d(0, m) ≤ d(λ(x−m1) + (1− λ)(y−m2), m) for all m ∈ M. This implies

d(λm1 + (1− λ)m2, λm1 + (1− λ)m2 + m) ≤ d(λx + (1− λ)y, λm1 + (1− λ)m2 + m) for

all m ∈ M. Therefore, λm1 +(1−λ)m2 ∈ RM(λx+(1−λ)y). Also π(λm1 +(1−λ)m2) =

G. Therefore, G ∈ RM/G(λx + (1− λ)y + G), that is, λ(x + G) + (1− λ)(y + G) ∈ M̃/G

and so M̃/G is convex. Hence M/G is co-Chebyshev in X/G.

3.2 Best co-approximation in normed linear space

In this section, we discuss about the characterization, existence and uniqueness of best co-

approximation in normed linear space. Before discussing this, we define a notation.

Notation 3.2.1. [11] Let G be a subspace of a normed linear space X. Then the set R−1
G (0) is

defined as

G̃ = R−1
G (0) = {x ∈ X : ‖g‖ ≤ ‖x− g‖ for all g ∈ G} = {x ∈ X : G ⊥B x}.



Chapter III. Best Co-approximation in Metric Linear Space and Normed linear space 43

Theorem 3.15. Let G be a non-empty subset of a normed linear space X. If x ∈ G, then RG(x) =

{x}.

Proof. It is easy to see that x ∈ RG(x). Now we show that x is the only element of G

which belongs to the set RG(x). Assume some g0 ∈ G, which is not equal to x but belongs

to RG(x). From the definition of RG(x), we have ‖g − g0‖ ≤ ‖g − x‖ for all g ∈ G.

This implies ‖x − g0‖ ≤ ‖x − x‖ when g = x, which in turn gives ‖x − g0‖ ≤ 0. Now

‖x − g0‖ 6= 0 as g0 6= x, so it means ‖x − g0‖ < 0, which is a contradiction. Hence

RG(x) = {x}.

Lemma 3.16. [4] Let X be a normed linear space and G be its subspace. Then for all x ∈ X,

g0 ∈ RG(x) if and only if G ⊥B (x− g0).

Proof. First suppose that g0 ∈ RG(x). For α ∈ R and α 6= 0, put g1 = g0 − 1
α g where

g ∈ G. Since g0 ∈ RG(x) so, ‖g0 − g1‖ ≤ ‖x− g1‖. Therefore,∥∥∥∥1
α

g
∥∥∥∥ ≤ ∥∥∥∥x− g0 +

1
α

g
∥∥∥∥

=
1
α
‖α(x− g0) + g‖

which implies ‖g‖ ≤ ‖g+ α(x− g0)‖. Hence, g ⊥B (x− g0). Since g is arbitrary, therefore

G ⊥B (x− g0).

Conversely, let G ⊥B (x− g0). Then for all g1 ∈ G and α ∈ R we have,

‖g1‖ ≤ ‖α(x− g0) + g1‖.

Put g1 = g0 − g where g ∈ G and α = 1, then we have

‖g0 − g‖ ≤ ‖x− g‖.

Hence g0 ∈ RG(x), which completes the proof.

By proceeding on similar lines of Lemma 3.2 and Theorem 3.3, we get the following re-

sults.

Lemma 3.17. [10] Let X be a normed space and G be its subspace. Then, for all x ∈ X, g0 ∈
RG(x) if and only if (x− g0) ∈ G̃.

Theorem 3.18. [4] Let X be a normed space and G be its subspace. Then, RG(x) = G∩ (x− G̃).
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Proposition 3.19. [4] Let X be a normed linear space and G be its subspace, then

(i) RG+u(x + u) = RG(x) + u for every x, u ∈ X,

(ii) RβG(βx) = βRG(x) for every x ∈ X and any scalar β.

Proof. (i) g0 ∈ RG+u(x + u), if and only if ‖g0 − (g + u)‖ ≤ ‖x + u− (g + u)‖ ∀ (g +

u) ∈ G + u if and only if ‖(g0 − u) − g‖ ≤ ‖x − g‖ for all g ∈ G, if and only if

(g0 − u) ∈ RG(x), if and only if g0 ∈ RG(x) + u. Hence, RG+u(x + u) = RG(x) + u.

(ii) g0 ∈ RβG(βx), if and only if ‖g0− g‖ ≤ ‖βx− g‖ ∀g ∈ G, if and only if
∥∥∥ 1

β g0 − 1
β g
∥∥∥ ≤

‖x− g
β‖ for all 1

β g ∈ G if and only if
∥∥∥ 1

β g0 − g1

∥∥∥ ≤ ‖x− g1‖ for all g1 = 1
β g ∈ G if

and only if 1
β g0 ∈ RG(x), if and only if g0 ∈ βRG(x). Therefore, RβG(βx) = βRG(x)

for every x ∈ X and any scalar β.

Theorem 3.20. [4] Let G be a subset of a normed linear space X. If g0 ∈ RG(x) and (1− λ)x +

λg0 ∈ G, for some scalar λ, then (1− λ)x + λg0 ∈ RG(x).

Proof. Since g0 ∈ RG(x), then by definition we have,

‖g− g0‖ ≤ ‖x− g‖ for all g ∈ G. (1)

Now,

‖g− (1− λ)x + λg0‖ = ‖g− (1− λ)x + λg− λg− λg0‖

= ‖(1− λ)g− (1− λ)x + λ(g− g0)‖

= ‖(1− λ)(g− x) + λ(g− g0)‖

≤ (1− λ)‖g− x‖+ λ|g− g0‖

≤ (1− λ)‖g− x‖+ λ‖x− g‖ (by using (1))

≤ ‖g− x‖ for all g ∈ G.

Hence, (1− λ)x + λg0 ∈ RG(x).

Theorem 3.21. [4] Let G be a subspace of normed linear space X. If x ∈ X \ G and g0 ∈ RG(x),

then g0 ∈ bd(G).
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Proof. Assume that g0 /∈ bd(G). Since g0 ∈ RG(x), therefore we have

‖g− g0‖ ≤ ‖x− g‖

for all g ∈ G. Now,

‖g− [(1− λ)x + λg0]‖ = ‖g− (1− λ)x− λg + λg− λg0‖

= ‖(1− λ)g− (1− λ)x + λ(g− g0)‖

≤ ‖(1− λ)(g− x) + λ(g− g0)‖

≤ (1− λ)‖g− x‖+ λ‖g− g0‖

≤ (1− λ)‖g− x‖+ λ‖x− g‖

= ‖g− x‖ for all g ∈ G.

This implies (1− λ)x + λg0 ∈ RG(x), and hence (1− λ)x + λg0 ∈ G. It means x ∈ G, as

G is a subspace which is a contradiction. Hence g0 ∈ bd(G).

Theorem 3.22. [4] Let X be a normed linear space and G be its subspace. Then,

(i) G is co-proximinal if and only if G + u is co-proximinal for every element u ∈ X.

(ii) G is co-proximinal if and only if βG is co-proximinal for any scalar β.

Proof. (i) G is co-proximinal if and only if RG(x) 6= ∅ if and only if RG(x) + u 6= ∅

if and only if RG+u(x + u) 6= ∅ (by using Proposition 3.19) if and only if G + u is

co-proximinal.

(ii) G is co-proximinal if and only if RG(x) 6= ∅ if and only if βRG(x) 6= ∅ if and only if

RβG(βx) 6= ∅ (by using Proposition 3.19) if and only if βG is co-proximinal.

Theorem 3.23. [11] Let X be a normed linear space and G be its subspace. Then G is a co-

proximinal subspace if and only if X = G + G̃.

Proof. The proof follows the same steps written in the Theorem 3.5.

Theorem 3.24. (see[11], [4]) If G be a subspace of a normed linear space X, then G ∩ G̃ = {0}.



Chapter III. Best Co-approximation in Metric Linear Space and Normed linear space 46

Proof. Let u ∈ G + G̃ and we show that u = 0. To show this, we have u ∈ G̃, as u ∈
G + G̃. Then, G ⊥B u for all g ∈ G. This implies that g ⊥B u for all g ∈ G. Therefore,

‖g‖ ≤ ‖g + βu‖ for all g ∈ G and scalar β. Now choose β = − 1
2 and g = u, then

‖g‖ ≤ ‖g − 1
2 g‖, and so, ‖g‖ ≤ ‖ 1

2 g‖ and we have, g = 0. This implies G ∩ G̃ ⊆ {0}.
Also, {0} ⊆ G ∩ G̃. Therefore, we get G ∩ G̃ = {0}.

Lemma 3.25. (see[11], [4]) Let X be a normed linear space and G be its subset. Then d(x, G̃) =

‖g‖ for every g ∈ G.

Proof. Let s ∈ G̃, then G ⊥B s, that is, g ⊥B s for every g ∈ G and scalar α. Now put

α = −1, then ‖g‖ ≤ ‖g− s‖ for every g ∈ G. For fixed g ∈ G, we have ‖g‖ ≤ ‖g− s‖ for

every s ∈ G̃. Now this implies

‖g‖ ≤ inf
s∈G̃
‖g− s‖ = d(g, G̃) ≤ ‖g− 0‖ = ‖g‖, where g ∈ G̃.

Therefore, d(g, G̃) = ‖g‖.

Theorem 3.26. (see[11], [4]) Let X be a smooth Banach space and G be its co-proximinal sub-

space. Then, G̃ is a proximinal subspace of X.

Proof. Suppose G is co-proximinal, then by Theorem 3.23 we have X = G + G̃. Therefore,

x = g + G̃ where g ∈ G and g̃ ∈ G̃. Then, x− g̃ = g, and so, ‖x− g̃‖ = ‖x− (x− g)‖ =
‖g‖ = d(g, G̃). Now since ‖x − g̃‖ = d(g, G̃), then g̃ ∈ RG̃(x) for all x ∈ X. Therefore,

RG̃(x) 6= ∅, that is, G is co-proximinal subspace of X.

Theorem 3.27. [11] Let G be a subspace of a normed linear space X. Then following are equiva-

lent:

(i) G is co-Chebyshev

(ii) X = G⊕ G̃.

Proof. The proof runs on similar lines of Theorem 2.16.

Theorem 3.28. [4] Let X be a smooth Banach space and G be its co-Chebyshev subspace. Then,

G̃ is a Chebyshev subspace of X.

Proof. Suppose G is co-Chebyshev, then by Theorem 3.27 we have X = G ⊕ G̃. So G̃

is a proximinal subspace of X, by Theorem 3.26. Now we have to only show that for
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every x ∈ X, the set PG̃(x) is singleton. To show this, assume that g1, g2 ∈ PG̃(x), then

x− g1 = g̃1 ∈ G̃ and x− g2 = g̃2 ∈ G̃. Therefore, x = g1 + g̃1 = g2 + g̃2, so g̃1 = g̃2 and

g1 = g2. Thus PG̃ is a singleton set, that is, G̃ is co-Chebyshev subspace of X.

Definition 3.29. [8] Let X be a normed linear space and G be its subspace. For x ∈ X, let

d(x, G) denotes the distance between x and G, that is, d(x, G) = inf{‖x − g‖ : g ∈ G}.
Then the quotient space X/G is equipped with the norm

‖x + G‖ = d(x, G).

If X is a normed space or a Banach space, and G is a closed subspace of X, then X/G is a

normed space or a Banach space.

Theorem 3.30. [15] Let X be a normed linear space and let G and M be its subspaces such that

G ⊂ M. Let x ∈ X \M and m ∈ M. If m is a best approximation to x from M, then m + G is a

best co-approximation to x + G from the quotient space M/G.

Proof. On the contrary, assume that m + G is not a best co-approximation to x + G from

M/G. Then there exists m′ + G ∈ M/G such that

|‖m′ + G− (m + G)‖| > |‖x + G− (m′ + G)‖|,

that is,

|‖m′ −m + G‖| > |‖x−m′ + G‖|,

that is,

d(x−m′, G) < d(m′ −m, G).

This implies that there exists g ∈ G such that

‖x−m′ − g‖ < d(m′ −m, G)

< ‖m′ −m + g‖.

That is,

‖(g + m′)−m‖ > ‖x− (g + m′)‖.

Thus m is not a best approximation to x from M, which is a contradiction. Hence m + G

is a best co-approximation to x + G from the quotient space M/G.

Theorem 3.31. [8] Let G be a closed linear subspace of normed linear space X and M be a co-

proximinal subspace of X containing G. Then, M/G is co-proximinal to X/G.
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Proof. Proof follows from Theorem 3.8.

Theorem 3.32. [13] Let (X, d) be a metric linear space and let M be a subspace of X containing G

where G is a proximinal subspace of X. If M/G is co-proximinal in X/G, then M is co-proximinal

in X.

Proof. Proof follows from Theorem 3.9.

Theorem 3.33. [8] Let G be a proximinal subspace of a normed space X and let M be co-

proximinal subspace of X containing G. If π : X → X/G is the canonical map, then π(RM(x)) =

RM/G(x + G).

Proof. As G is proximinal subspace therefore, G is closed subspace by Theorem 2.35. Also,

by Theorem 3.31 M/G is co-proximinal with X/M. Now suppose m ∈ RM(x), and let

u ∈ M, then for every g ∈ G we have

‖(m + G)− (u + G)‖ = d(m− u, G)

≤ ‖m− (u + g)‖

≤ ‖x− (u + g)‖

= ‖(x− u) + g‖

= ‖(x + G)− (u + G)‖.

Therefore, ‖(m + G)− (u + G)‖ ≤ |(x + G)− (u + G)‖. This implies that π(m) = m +

G ∈ RM/G(x + G) and thus π(RM(x)) ⊆ RM/G(x + G). Now, let m + G ∈ RM/G(x + G).

Then by Theorem 3.32, there exists g0 ∈ G such that m − g0 ∈ RM(x). This implies

that m + G ∈ π(RM(x)). Therefore, RM/G(x + G) ⊆ π(RM(x)) and hence π(RM(x)) =

RM/G(x + G).

Theorem 3.34. [8] Let G be a proximinal subspace of a normed space X and let M be a co-

proximinal subspace of X containing G. If M̃ is convex, then M/G is co-Chebyshev with X/G.

Proof. Proof is similar of Theorem 3.14.



Future Work

Best approximation is a vast topic of the approximation theory. Many researchers have

done work in this field. But still there are many areas in which work can be done. For

instance:

(i) Error of approximation:

How to compute the error of approximation d(x, G)?

(ii) Computation of best approximation:

Which algorithms are useful for computing best approximation?

(iii) Continuity of best approximation:

How does the set of all best approximation vary as a function of x or G?

Also, there is an open problem which is referred to as the ‘Chebyshev set problem’:

“Is every Chebyshev set in a Hilbert space convex”?
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