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.......... 155 xix Chapter 1 Intro duction 1.1 General introduction Numerical analysis is an area
of Mathematics that focuses on creating effective methodolo- gies for obtaining numerical solutions
to intricate mathematical problems Burden and Faires (2010); Gautschi (2011). The term ‘numerical
methods’ refers to the approach of solving mathematical issues through basic arithmetic operations,
including addition, subtraction, multiplication, division, and comparison. Given that these operations
are precisely what computers can perform, there is a significant connection between numerical
analysis and computer technology. In other words, nhumerical analysis is a technique for
approximating solutions to complex problems by utilizing various algorithms. This discipline
encompasses both mathematics and computer science, as it involves the design, evaluation, and
application of algorithms aimed at producing numerical solutions for problems with continuous
variables. Therefore, numerical analysis is relevant in numerous sectors, including business,
engineering, natural sciences, social sciences, medical sciences, and applied sciences, where the
demand for accurate solutions following calculations is prevalent. Large systems of equations,
whether linear, nonlinear, or characterized by complex ge- ometries, can also be effectively
addressed through numerical methods, which are widely used in the realms of science and
engineering. Consider a continuously differentiable function F : D € Rn — Rn, D being a convex set
such that F (X ) =0, (1.1.1) where F (X) = (f1(X), f2(X), . . ., fn(X))T , X = (x1, x2, . . . , xn)T .
Here, the functions f1, f2, . . ., fn are the coordinate functions of F . (1.1.1) reduces to scalar
nonlinear equation, when n = 1 and it can be rewritten as follows: f (x) = 0, (1.1.2) wheref : D ¢
R — R is a scalar function defined on a domain D. Such problems typically stem from real-world
applications within four key engineering fields: civil, chemical, electrical, and mechanical. These
issues can be modeled using a vari- ety of mathematical equations. Examples include the quest to
find the roots of an auxiliary 1 equation related to higher-order homogeneous differential equations
with constant coefficients, the determination of eigenvalues for a square matrix, and the solution of
integral and differ- ential equations through finite difference techniques. These scenarios can often
be framed as nonlinear equations or systems of nonlinear equations, potentially involving
exponential, trigonometric, and hyperbolic functions, or they may be entirely transcendental in
nature. There are two ways for finding the solutions of given problems, 1. Direct methods or
analytical methods 2. Indirect methods (generally called as iterative methods). Direct or analytical
methods are capable of determining the exact roots of an equation in a limited number of steps and
can identify all roots simultaneously. Unfortunately, these methods are seldom applicable to the
types of problems encountered. As a result, one must often rely on numerical techniques or indirect
methods. Although these indirect methods do not guarantee a finite humber of steps for completion,
they provide approximate solutions for every linear and nonlinear equation. The process involves
starting with an initial guess and producing successive approximations at each stage, which
converge towards the accurate solution. An iterative method (IM) is of the form xn+1 = ¢(xn), n =
0,1,...,(1.1.3) where xn is an approximation to the root k isolated in a real domain D, xn+1 is
the next approximation and ¢ is a suitable continuous function defined on D. IM starts with an initial
approximation x0 € D to k. The function ¢ is called iteration function (IF). 1.2 Classification of
iterative methods At this point, we will outline a classification of IMs utilizing Traub’s framework
Traub (1964). 1. Formula (1.1.3) defines the simplest IM where only one previous approximation xn
is required for evaluating the next approximation xn+1. Such scheme is called one-point IM. The
most commonly used IM of this type is given by xn+1 = xn — f'(xn), n = 0,1,..., f(xn) (1.2.1)
known as Newton’s method (NM) or Newton-Raphson’s method. 2. Assume that real numbers xn—k,
., xn—1, xn are approximations to k and let us define the mapping xn+1 = ¢(xn; xn—-1, ...,
xn—k). (1.2.2) The approximation xn+1 is determined by ¢ on the basis of the previous k + 1 ap-
proximations. However, only xn is a new information, while xn—Kk,...,xn—1 are reused 2 information,
which is indicated by the inserted semicolon. The IF ¢ of the form (1.2.2) is called a one-point
iteration function with memory. The best known iteration function with memory is defined by the
secant method, xn+1 = xn — f (xn) — f (xn—=1) f (xn), n =1, 2,...xn — xn—1 (1.2.3) 3. Another
type of IF is constructed by introducing wil(xn), w2(xn), . . ., wk(xn), where xn is the common
argument. The IF ¢ defined as xn+1 = ¢(xn, wl(xn), . .., wk(xn)), (1.2.4) is called a multipoint
iteration function without memory. We see from (1.2.4) that the new approximation xn+1 is
obtained by the use of only previous approximation xn, but through the k expressions wi. 4. Let the
IF has arguments zj, where each such argument represents k + 1 quantities xj,w1(xj),...,wk(xj), k
> 1. Then, this IF can be represented in the general form as xn+1 = ¢(zn; zn—-1, ..., zn—k).
(1.2.5) Such iteration function is called a multipoint iteration function with memory. Namely, in
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each iterative step, we must preserve information of the last n approximations xj, and for each
approximation, we must calculate k expressions w1(xj),...,wk(xj). 1.3 Fundamental concepts Some
fundamental definitions and findings that serve as the foundation for the examination of numerical
methods are included in this part. 1.3.1 Order of convergence Let ¢ : R — R be an IF which defines
the iterative procedure xn+1 = ¢(xn). If a real number p and a nonzero constant A exist such that |
d(xn) — k| nl»imoo [xn — k|p = A, (1.3.1) then p is termed as the order of convergence (see Traub
(1964)) and A is the factor of conver- gence or the asymptotic error constant (AEC). 1.3.2
Computational order of convergence (COC) Let xn—1, xn, and xn+1 be the last three successive
approximations to the zero k obtained in the iterative procedure xn+1 = ¢(xn) supposedly of order
p. The computational order of convergence as rediscovered by Weerakoon and Fernando (2000) is
as follows: pc = log|f(xn)/f(xn=1)|, n = 1,2,... log|f(xn+1)/f(xn)| (1.3.2) 1.3.3 Computational
efficiency of iterative methods Let Y denotes the number of functional evaluations per iteration.
Ostrowski (1960) introduced the efficiency index of an iterative method (IM) by E(IM) = pY1, (1
.3.3) where p is the order of the method. 1.3.4 Kung-Traub’s conjecture Multipoint iterative
methods without memory, requiring n + 1 function evaluations per iter- ation, have order of
convergence at most 2n (see Kung and Traub (1974)). 1.3.5 R-order of convergence In some
scenarios, it is not feasible to determine the order of convergence from the definition given in
(1.3.1). Moreover, there are instances where the limit in (1.3.1) may be nonexistent. To remedy this
situation, Ortega and Rheinboldt (1970) established a more generalized notion of convergence. For
finding the R-order of convergence of method with memory, we make use of the concept by Ortega
and Rheinboldt (1970) and Theorem 1.3.1 given by Traub (1964). Theorem 1.3.1. Consider an
iterative method with memory that generates a sequence {xm} of approximations (converging to
the root k). If there exists a nonzero constant ¢ and nonnegative numbers sj, 0 < j < k, such that
the inequality k | em+1 |< ¢ | em—j |sj TTj=0 holds, then the R-order of convergence (denoted by
OR) of this iterative method satisfies the inequality OR = tx, where t« is the unique positive root of
the equation, k tk+1 — sj tk—j = 0. (1.3.4) >j=0 1.3.6 Banach space A Banach space (see
Beauzamy (2011)) is a complete normed space (X, Il - II). A normed space is a pair (X, Il - II)
consisting of a vector space X over a scalar field K (where K is commonly R or C) together with a
distinguished norm || - || : X — R. Like all norms, this norm induces a translation invariant distance
function, called the canonical or (norm) induced metric, defined by d(x, y) :=1lly — xIl = lIx — vyl
(1.3.5) for all vectors x,y € X. This makes X into a metric space (X,d). A sequence (xn)con=1 is
called d—Cauchy or Cauchy in (X,d) if for every real T > 0, there exists some index N such that d (
xn, xm) = [Ixn — xml|l < T, (1.3.6) whenever m, n > N . 1.3.7 Fréchet derivative The Fréchet
derivative (see Narici and Beckenstein (2010) is a derivative defined on normed spaces. It is
commonly used to generalize the derivative of a real-valued function of a single real variable to the
case of a vector-valued function of multiple real variables, and to define the functional derivative
used widely in the calculus of variations. Generally, it extends the idea of the derivative from real-
valued functions of one real variable to functions on normed spaces. Let V and W be normed vector
spaces, and U € V be an open subset of V . A function f : U — W is called Fréchet differentiable at x
€ U if there exists a bounded linear operator A : V — W such that |If (x + h) — f (x) = AhIW
limlhl—0 I1hiIV = 0. (1.3.7) If there exists such an operator A, it is unique, so we write Df (x) = A
and call it the Fréchet derivative of f at x. 1.4 Stability analysis The study of the dynamical
behaviour of iterative methods for solving nonlinear equations in the complex plane is a subject
that has drawn the attention of researchers in the last decades. Papers by Roberts and Horgan-
Kobelski (2004); Amat et al. (2004); Varona (2002); Kneisl (2001) and the references therein are a
good evidence of this fact. The seminal works of Cayley and Schroder at the end of the nineteenth
century, dealing with Newton’s method applied to quadratic polynomials, were the beginning of a
theory (iteration of rational functions) that has been in continuous evolution. The application of root-
finding methods to polynomial equations leads to rational maps defined in the extended complex
plane. Therefore, the theory and concepts related with the iteration of rational maps (see Curry et
al. (1983); Beardon (1991)) can be applied in this situation. Firstly, we will recall the basic theory
concerning the complex dynamlcs (see Blanchard (1984)) that we will be using throughout.
Assume a rational map R : ¢ - C where € denotes a Riemann sphere. The objective of this study is
to analyze the asymptotic nature of the orbit based on the starting point x0. Precisely, the efficient
procedures are designed to investigate the dynamical plane of the function R. We obtain these
phase spaces by categorizing the initial points according to the asymptotic nature of their orbits. A
point x0 € C in the complex plane is termed as fixed point if R(x0) = x0. A point x0 is called
periodic with period p > 1 whenever Rp(x0) = x0, but Rk(x0) # x0, for 1 < k < p. Furthermore, the
point x0 is critical if R’(x0) = 0. In terms of classification of fixed points, x0 is considered to be
attractor if |R’(x0)| < 1, a superattractor if [R’(x0)| = 0, a repulsor if |[R’(x0)| > 1 and a parabolic
point if |[R’(x0)| = 1. The basin of attraction (BoA) of k is defined by the set containing all pre-
images of arbitrary order B(k) = {x0 € (off Rn(x0) - kK, n —» o}, (1.4.1) The set in which the orbits
converge to an attractor is referred to as Fatou set, denoted as F (R). Its complement in the
complex plane is known as the Julia set, denoted as J (R). Consequently, J (R) encompasses all
repelling fixed points, periodic orbits and their pre- images. This implies that the BoAs of any fixed
point are part of F (R), while the boundaries of these BoAs reside in J (R). 1.5 Literature survey
Identifying the zeros of a nonlinear equation represented by (1.1.2) is considered one of the most
critical challenges in both theoretical and applied aspects of various scientific and tech- nological
fields. To address this equation, a variety of qualitative methods are utilized. Many mathematical
issues encountered in science and engineering are complex and at times, cannot be solved exactly.
Consequently, approximating these challenging mathematical problems is essential to facilitate their
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resolution. In essence, the application of analytical methods to intricate functions may not be
applicable in a broader context. Therefore, iterative methods emerge as a powerful approach for
deriving approximate solutions. Traub (1964) provided a qualitative and quantitative analysis of
these iterative techniques, which has encouraged a multitude of researchers to delve into this
concept. Moreover, Traub (1964) made a distinction between one-point and multipoint methods
within the realm of iterative techniques. The multipoint iterative methods are considered to be
among the most proficient methods for solving nonlinear equations. This group of methods was the
subject of extensive research in Traub’s book and in numerous articles and books published in the
latter part of the twentieth century. The past few years have witnessed an increased interest in
multipoint methods, primarily driven by two main considerations: " The application of multipoint
methods in root-solving is attracting significant interest at present, as these methods transcend the
theoretical boundaries of one-point approaches, especially regarding their convergence order and
computational efficiency. * Significant enhancement of computer hardware, particularly through the
development of powerful processors, alongside improvements in software such as multi-precision
arith- metic and symbolic computation, has enabled the implementation and convergence anal- ysis
of multipoint methods that can produce root approximations with exceptional ac- curacy. Multipoint
methods with memory draw upon information from both the current iteration and those preceding
it. While the initial concepts for the formulation of this class of methods originated in 1964, as
presented in Traub’s book, there is a scarcity of contributions on this subject in the existing
literature. The convergence order of innovative multipoint methods with memory exceeds that of
their optimal counterparts without memory. This accelerated convergence is facilitated by the
modification of a self-correcting parameter, which is recur- sively determined as the iterations
advance, utilizing data from both the current and previous iterations. The significant enhancement
in the convergence rate, achieved without requiring additional function evaluations, constitutes a
major advantage of multipoint methods with memory. The foremost goal and inspiration behind the
formulation of new techniques is to enhance computational efficiency, which involves attaining the
highest feasible convergence order while limiting the number of function evaluations per iteration.
Methods that incorporate memory generally demonstrate a high degree of stability concerning the
variety of initial estimations that yield convergence. By judiciously choosing parameters, iterative
methods without mem- ory can markedly elevate their convergence order, thereby functioning
similarly to memory- based approaches. 1.5.1 Iterative methods for simple roots of a scalar
nonlinear equa- tion The most basic examples of iterative techniques for numerically determining
the simple roots of nonlinear equations are the bisection method and the regula-falsi method. These
approaches are not recommended in reality when accuracy in multi-precision digits is needed
because of their poor convergence speed. The inability of these methods to identify multiple roots
with even multiplicity is another disadvantage. Because locally convergent methods converge more
quickly than globally convergent ones, one chooses to utilize them. From the last decade, hybrid
algorithms, beginning with a globally convergent approach and transition- ing to a locally
convergent one as the approximations approach the desired zero, are being employed. One can
consult various top-notch textbooks for additional information and a thorough analysis of these
techniques given by Traub (1964); Ostrowski (1960); Ortega and Rheinboldt (1970); Kantorovich
and Akilov (2014); Chapra and Canale (2015); McNamee and Pan (2013); Petkovic et al. (2012).
There are numerous ways to develop computationally ef- ficient techniques to find zeros. A number
of iterative approaches have been developed using geometrical approach Ostrowski (1960); Traub
(1964); Amat et al. (2003); Chun (2007b); Kan- war et al. (2008), functional approach Kanwar et
al. (2006); Chun (2007d); Sharma (2007), Adomian decomposition approach Adomian and Rach
(1985); Adomian (1988, 2013); Abbaoui and Cherruault (1994); Abbasbandy (2003); Chun (2005);
Petkovic et al. (2012), quadrature approach Weerakoon and Fernando (2000); Frontini and Sormani
(2003); Homeier (2005); Kou et al. (2006); Kanwar (2006); Mir and Zaman (2007), weight function
approach Geum and Kim (2011b); Zhou et al. (2011); Soleymani et al. (2012b,d); Sharifi et al.
(2012); Soleymani et al. (2012a), inverse interpolation approach Traub (1964), sampling approach
Traub (1964); Jarratt (1966, 1969); Neta et al. (1979); Chun and Neta (2012), etc. some of which
we will discuss as we proceed through the chapter. The most well-known iterative method for
solving nonlinear equations is NM Traub (1964); Petkovic et al. (2012), defined in (1.2.1). This
method exhibits quadratic convergence for simple roots and linear convergence for multiple roots.
The efficiency index of NM is 2 2 1 = 1.414. While this method is optimal, its reliance on the
derivative can be a limitation in certain applications. It is often the case that evaluating derivatives
can be prohibitively expensive in various practical contexts. To mitigate this challenge, a number of
researchers have proposed the approach of omitting derivatives from iterative functions, relying
exclusively on the function that characterizes the problem for the calculation of iterates.
Geometrically, NM substitutes f with its tangent line close to x to obtain each new approximation
xn+1 to the zero. The approximation f /(x) = f (x + h) = f (x) h (1.5.1) is accurate for small h.
The consecutive approximations xn—1, xn are taken from (1.5.1), the derivative can be
approximated as f /(xn) = f (xn) — f (xn—1) xn — xn—1 . (1.5.2) Using the estimate (1.5.2) in
(1.2.1) leads to the formulation of the secant’s method described in (1.2.3). Visually, this method is
the intersection of x—axis and the secant line along xn—1, xn. The error relation for the same is
|len+1] < nlen||en—1]. In accordance with Theorem 1.3.1, the order of this method is
approximately calculated to be 1.618. The secant method is classified as a method with memory. It
exhibits superlinear convergence and eliminates the need for evaluating the derivatives of the
function. Furthermore, taking h to be f (x) for its small values in (1.5.1) and replacing in (1.2.1),
the derivative free optimal Steffensen’s method (see Steffensen (1933)) of order 2 is formulated as

file:///C:/Users/HP/Downloads/Turnitin_Originality_Report_2589212705.html

9/51



2/20/25, 10:29 AM

Turnitin - Originality Report - THesis-Himani

follows: xn+1 = xn = f (xn)2 f (xn + f (xn)) = f(xn) ,n =0, 1, 2, ... (1.5.3) The efficiency index
of this method is 2 12 = 1.414, the same as that of Newton’s method. Among the various third-
order methods, Halley’s method (see/Petkovic et al. (2912)) stands out as the most widely utilized
?iven by xn+1 =xn = f’(xn) f(xn) | 1 f(xn)f (xn) I, n=0,1,2,...(1.5.4) | 1 - 2f’(xn)2
The above-mentioned expression was formulated by Schréder (1870a) which has been derived
in several manners. For instance, Salehov (1952) used the osculatory rational function, (x + c)/(ax
+ b) and named it the method of tangent hyperbolas. Numerous contemporary and traditional
iterative methods can likewise be developed through geometric techniques. For example, the
derivation of Euler-Cauchy’s method involves identifying the intersection of a quadratic parabola
with the x-axis. Chun and Kim (2010) developed a method of order 3 utilizing the circle of
curvature, an essential concept within the field of differential geometry. New iteration functions are
formulated from those of order two, drawing upon geometric insights for their construction by Chun
(2007c). Another notable third-order scheme is the widely recognized Chebyshev’s method (see
Schroder (1870a); Gutiérrez and Hernandez (1997)), which is given as follows: f (xn) f (xn)f ’(xn)
xn+1l=xn-f’(xn) 1 + 2f’(xn)2,n=0,1,2,...(1.5.5) () This method can be derived from
(1.5.4) using the estimate 1 1 — t = 1 + t (for small t). Potra and Ptak (1984) have introduced the
following modified version of NM that exhibits third-order convergence: xn+1 = xn — f (xn)f /(xn —
w(xn)) f’(xn) ,n=0,1,2,...(1.5.6) Further, Laguerre (1878), a French mathematician,
developed a third-order method as follows: xn+1 = xn — af(xn) f'(xn) £ (a — 1)2 f’(xn)2 — aa—1f(
xn)f’’(xn) 1/2 ,a # 0, 1. (1.5.7) It is one of the most preferred( method(because of the fact that it
)h)as a great feature of global convergence in the case of polynomial zeros (real) and is nearly
insensitive to initial estimates. It is noteworthy that a number of techniques can be derived from
Laguerre’s method as special cases, namely, NM for a = 1 (a limiting case), Euler-Cauchy’s method
for a = 2, Halley’s method for a = 0 (a limiting case), square-root method (Ostrowski (1960)) as a
— 00, method of Hansen and Patrick (1976) by taking a = B1 + 1, B # 0, etc. Schréder (1870a)
introduced two general methods for finding zeros that possess an arbitrary order of convergence,
which he termed the methods of the first and second kind. These families of methods have been
rediscovered multiple times between 1946 and 1997, as noted by Petkovi¢ and Herceg (1999);
Petkovi¢ and Petkovi¢ (2008); Petkovic et al. (2010c). The method of the first kind of order p is as
follows: p—1 Ep(xn) = xn + (—1)j f (xn)j fFG)(f (xn)); (1.5.8) f(G)(F (xn)) = (f )2j—-1 pj Zj=1, pl =
1,jlpj+1 =f'p’'j — (2] — V)pjf "/, j =1, 2, ... Here, fis inverse of f and pj is a polynomial inf’, f’
', ..., f (). Schroder’s basic sequence, {Ep} is frequently employed to determine the convergence
order associated with iterative techniques. The method of the second kind of order p is as follows:
Ip(xn) = xn — Op—1(xn) Op—2(xn) ; 00(xn) = 1 p f (xn), Op(xn) = Zj=1 (—1)j—1 fjI(fj)((xxnn))
Op—j(xn), p =1, 2,...(1.5.9) Many iterative techniques can be developed employing this relation.
Traub (1964) used interpolation as one of the approach to derive some two-point methods. An
interpolation function ©(x) is constructed such that ©(p)(x) =f (p)(x),p=0,1,...,n.(1.5.10)
The goal is to use lower derivatives of f assessed at a specific number of points to replace the higher
order derivatives. Traub (1964) developed the following method of order 3: xn+1 = xn — f (xn) f’
xn —12w(xn) ,n=0,1,...(1.5.11) Using quadrature rule of midpoints, Fron(tini and Sorm)ani
(2003) rediscovered (1.5.11). Home- ier (2003) and Ozban (2004) also derived the same after
Traub. Weerakoon and Fernando (2000) used numerical integration to derive another third-order
method by Traub. Several methods can be developed by employing distinct formulae for numerical
integration (see Home- ier (2005)). Moving further, it is achievable to use certain suitable
approximations in place of higher derivatives. For example, Chun (2007f) introduced several
modifications of the Chebyshev- Halley methods that do not rely on the second derivative. Kou et al.
(2006) introduced a modification of the NM which is particularly advantageous when the
computational expenses associated with calculating the first derivative are equal to or exceed those
of evaluating the function itself. Sharma and Guha (2011) formulated second derivative free
multipoint methods from the one-point Hansen-Patrick family, which involves the second derivative.
A notable progress in the development of efficient two-point methods has been made with the
introduction of methods that utilize only three function evaluations while achieving a fourth-order
convergence. This indicates that these methods are in alignment with the Kung- Traub hypothesis,
i.e., they attain the optimal order of convergence. Their computational efficiency is 41/3 ~ 1.587.
Well before Traub conducted his in-depth studies in this domain, Ostrowski (1960) was the pioneer
in creating the first optimal two-point method, employing the interpolation of f via a linear fraction,
which is given as follows: yn = xn — f’(xn) f(xn) , xn+1 = yn — f’(xn) (f(xn) — 2f(yn)) f(yn) f(xn)
(1.5.12) ,n =10, 1, ... The fourth-order Ostrowski’s method (OM) have been derived using various
manners. It can be considered a fundamental technique that serves as the foundation for numerous
families of two-point methods. Given that OM frequently yields the most favorable outcomes among
those with comparable attributes, this claim is largely substantiated. It is important to acknowledge
that the favorable convergence characteristics of OM have been established by Yun and Petkovi¢
(2009), who utilized initial approximations derived from a technique by Yun (2008) involving the
numerical integration of sigmoid-like functions. One of the derivation of OM starts with double NM
given by yn = xn — f’(xn) f(xn) , xn+1 = yn — f’(yn), n = 0,1,... f(yn) (1.5.13) Using a suitable
estimate for f ’(yn), OM can be deduced. It is important to highlight that (1.5.13) does not qualify
as a proper two-point method. Rather, we utilize it as an auxiliary scheme in the development of
optimal two-point methods. A different formulation of OM was suggested by King (1973a) (KF) as a
generalization which is fourth-order optimal given by xn+1 = xn — w(xn) — f (xn — w(xn)) f '(xn) (
f(xn)+ (B —-2)f(xn —w(xn))),n=0,1,...,B€R. f(xn) + pf(xn — w(xn)) (1.5.14) OM is a
special case of (1.5.14) when B = 0. Also, the methods by Kou et al. (2007a); Chun (2008); Chun
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and Ham (2008a) are also some of the special cases of (1.5.14). Various forms of KF, derived from
distinct approximations to f ’(x), were introduced by Chun (2007g,a); Kou and Li (2007a). OM is
also constructed as a special case by Chun and Ham (2007a). The King-Ostrowski type methods
were also developed by Chun and Neta (2009) employing the method of undetermined coefficients,
Kou et al. (2007a) combining the methods by Potra and Ptak (1984) and Sharma (2005), etc.
Proceeding ahead, the computational efficiency of the iterative scheme (1.5.13) (order and number
of evaluations are 4) is evidently equivalent to that of NM. To decrease the number of evaluations
and thereby improve computational efficiency, Chun (2008) introduced a valuable technique for
estimating f ’ through the use of an appropriately chosen weight function D, f'(yn) = f'(xn)D(tn).
Here, tn = ff((xynn)). So, (1.5.13) takes the form: yn = xn — f’(xn) f(xn) , xn+1 = yn — f’(xn
)D(tn), n = 0,1,..., f(yn) (1.5.15) D being a real function to be selected so as to achieve order 4.
The conditions for the same are D(0) = 1, D’(0) = —2, and |D’/(0)| < o. The proposed concept is
both straightforward and effective. At times, it becomes essential to expand D into Taylor or
geometric series in order to create appropriate iteration functions, whether they are new or already
established. A more straightforward strategy that does not change the weight function, as
considered by Petkovi¢ and Petkovi¢ (2010), is based on Chun’s idea by using f '(yn) = f ‘(xn) D(tn)
. This approach relies on the assumption that D, along with its derivatives D’ and D'/, remains
continuous around 0. So, (1.5.13) takes the form: yn = xn — f ’(xn) f (xn) , f (yn) f (yn) (1.5.16)
xn+1 =yn —=D(tn) f’(xn) ,tn=f (xn), n=0,1, ..., The conditions for order 4 are D(0) = 1,
D’(0) = 2, and |D’’(0)| < co. We outline a few variants of (1.5.16) as we proceed ahead. KF is
obtained from (1.5.16) for D(t) = 1+(B—2)t, B € R. 1+Bt Cordero et al. (2010b) introduced an
optimal fourth-order method for D(t) = 1 + 2t + t2 and so on. As noted previously, derivative-free
methods prove to be advantageous for identifying the zeros of f, particularly when the computation
of its derivatives is complex and costly. Petkovi¢ et al. (2010b) made (1.5.13) free from derivative
by taking h to be Tf(x) in (1.5.1) and using the subsequent expression as f’(xn), and a specific
weight function to estimate f’(yn) in (1.5.13). Such kind of derivative-free techniques can be found
in Thukral and Petkovi¢ (2010); Peng et al. (2011); Sharma and Goyal (2006); Ren et al. (2009);
Cordero and Torregrosa (2011); Liu et al. (2010). The majority of the multipoint methods discussed
thus far utilize two or more evaluations of f, along with a single evaluation of f’. Following OM
(1.5.12), which achieved optimal order four in 1960, Jarratt (1966) introduced the subsequent two-
point method of fourth order given as follows: yn = xn — 3 f ’/(xn) 2 f (xn) , xn+1 = xn — plw(xn)
- p2 f’(yn) p3f'(xn) + p4f'(yn) , n=0,1,2,...f(xn) = f(xn) (1.5.17) Here, pl =1+ ,p2 =
1-13314,p3=—-(1-0)2,p4=80852(20)4(2(d—-1))33(d—1).Itisbasedon an
expanded version of Traub’s form (see Traub (1964)), and it incorporates one function evaluation
and two derivative evaluations for each iteration. Consequently, optimal two-point methods that
adhere to this evaluation model are frequently referred to as Jarratt- type methods. It is important
to highlight that, among the two-point methods, only Jarratt’'s model has the capability to produce
two-point methods of optimal order four for the purpose of locating multiple roots. A comparable
methodology was employed by Jarratt (1969) to develop a two-point tech- nique of fourth order,
which requires the same number of evaluations. Using expansion of ge- ometric series, an inverse-
free Jarratt’s method is formulated. Amat et al. (2004) and Varona (2002) proposed its
convergence. Several such instances can be seen in Chun and Ham (2008b); Kou et al. (2007b);
Sharma et al. (2009); Basu (2008). Also, Chun et al. (2012) employed an alternative methodology
to establish a generalized family of Jarratt’s type through which various methods can be
formulated. Next, the study of non-optimal three-point methods is undertaken because their design
is informed by a wide range of diverse, inspiring, and genuine developmental techniques that have
systematically led to the emergence of methods of optimal order. It has been found that these
techniques, which involve various interpolation methods, Taylor series approximations, and weight
functions, play a crucial role in the formulation of higher-order optimal multipoint methods. After
Ostrowski, King and Jarratt, the further optimal methods were introduced by Kung and Traub (1974)
which exhibit arbitrary order 2n for any integer n > 1. In the time frame from 1974 to 2007, the
four-point method by Neta (1983) was the sole method to achieve an optimal order of 16, while
none of the three-point methods developed during this period managed to reach the optimal order
of 8. In the years following the establishment of Kung-Traub’s families, a range of n—point methods
(n = 3) surfaced in the scholarly articles of Neta et al. (1979); Neta (1981, 1983); Popovski (1981);
King (1973a,b). Certain methods outlined in these publications were created through alternative
methodologies or utilized more than one initial estimation, thus compli- cating their direct
comparison to optimal multipoint methods. Following KF, Neta Neta et al. (1979) formulated the first
three-point sixth-order method with 4 function evaluations. The subsequent three-point methods
achieving optimal order 8 were introduced in an explicit manner many years after the families
proposed by Kung-Traub, specifically in the works of Milovanovi¢ and Cvetkovi¢ (2007) and the
articles authored by Bi et al. (2009b,a). It is important to highlight that a significantly more efficient
four-point method of optimal order 16 was developed by Neta (1983). This particular method is
based on an implicitly defined three-point method of eighth-order. This raises the question of
precedence between Neta’s findings and the results presented from 2007 to 2009. Furthermore,
between 1974 and 2007, numerous three-point methods with orders lower than 8 were established.
Following the works of Bi et al., several eighth-order three-point methods were created employing a
variety of techniques and concepts. Further, using a parametric function in the third step, Chun and
Ham (2007b) formu- lated a sixth-order family of three-point methods following (1.5.12), efficiency
index being 61/4 = 1.565, less than that of optimal two-point methods (41/3 = 1.587). Special
cases include methods by Sharma and Guha (2007); Grau and Diaz-Barrero (2006), considering

file:///C:/Users/HP/Downloads/Turnitin_Originality_Report_2589212705.html 11/51



2/20/25, 10:29 AM

Turnitin - Originality Report - THesis-Himani

specific weight function and parameter values. Similarly, following (1.5.17), Jarratt’s method was
accelerated by Kou and Li (2007b) using linear interpolation, and by Chun (2007e) using equation
for parabola. Chun and Neta (2008) employed the method of undetermined coeffi- cients to
formulate another sixth-order method. Using linear interpolation, Parhi and Gupta (2008)
formulated the same kind of scheme. A category of third-order techniques known as Chebyshev-
Halley methods (see Amat et al. (2003); Gutiérrez and Hernandez (1997)) is given as follows: xn+1
=xn -1+ 1 - aLf(xn)) f'(xn) LfF(xn) f(xn) ,n=0,1,...,a€R, (Here Lf (xn) =f"
2(fx'n()xfn()x2n) . This family features Halley’s method when a = 12 , Chebyshev’s method when a
= 0, and super-Halley’s method when a = 1. Estimation of Lf (xn) formulates a method of order 3
which in turn led to the first seventh-order method by Kou et al. (2007c). Another method of order
7 was constructed by Bi et al. (2008). Using an estimation for derivative in third step and choosing
suitable weight function, Bi et al. (2009b) formulated an optimal method of order 8. Employing a
few modifications, Bi et al. (2009a) formulated another optimal eighth-order method. Further, some
optimal families can be seen in the work of Petkovi¢ (2010, 2011); Petkovi¢ and Petkovi¢ (2010);
Kou et al. (2010); Petkovic¢ et al. (2010a) which utilize advanced two-point methods of order four
and incorporate interpolation techniques to approximate f ’(z) in the third stage. These methods
have efficiency index 23/4 = 1.682. The subsequent category of optimal three-point methods is
based on the application of optimal two-point methods in the initial two steps, followed by the
utilization of a third- degree inverse interpolating polynomial in the final step, as discussed by Neta
and Petkovi¢ (2010). Thukral and Petkovi¢ (2010) proposed a family of three-point methods, where
the first two steps are aligned with KF (1.5.14). The third step is constructed through the
application of three weight functions, arranged in such a manner that the overall order of
convergence for the three-step method reaches eight. Several instances can be seen in the work
by Thukral (2010); Dzuni¢ (2011); Liu and Wang (2010). Next, DZunic¢ et al. (2012) formulated an
optimal eighth-order derivative-free method by applying third-degree Newton'’s interpolating
polynomial. Our next focus is on multipoint methods without memory and have an order exceeding
eight. These methods generate approximations of remarkable accuracy, which are infrequently
necessary in practical scenarios. The formulation of n—point methods with an optimal order of 2n for
any n = 1 is justified from a theoretical standpoint; these methods are particularly significant for
smaller values of n. Higher-order multipoint methods with this property include the family by Kung
and Traub (1974) and the family by Zheng et al. (2011), both of which are derivative-free.
Furthermore, a sixteenth-order method Neta (1983), based on inverse interpolation is optimized
through a judicious choice of initial approximations. Also, with some suitable choices of weight
functions, Geum and Kim (2011a) derived optimal methods of order 16. Petkovi¢ (2010) has
established a general class of optimal methods with arbitrary convergence orders through the use of
Hermite’s interpolation. The work of Zheng et al. (2011) presents a one-parameter family of
n—point methods that do not rely on derivatives and can attain an arbitrary order of convergence of
2n (for n = 1). These methods are developed through the application of Newton’s interpolation and
forward divided differences, which necessitate n + 1 function evaluations. Thus, they are deemed
optimal according to the principles outlined in the Kung-Traub conjecture. As discussed earlier, the
increase in the convergence order can be brought out with no further functional evaluation by
making use of self accelerating parameter(s). Traub (1964) was the first one to introduce this idea
and these methods were termed as methods with memory, the reason being that these methods
use the previous information to calculate the next iterate. This idea by Traub waslater developed by
Petkovic¢ et al. (2014) and is being used by many authors (see, for instance Cordero et al. (2015))
over these years. By employing two innovative strategies for the calculation of a self-correcting
parameter, specifically a ‘sliding’ secant technique and Newton'’s interpolation with divided
differences, one can achieve extremely rapid convergence of new methods with memory, all without
the need for additional function evaluations. As a result, these multipoint methods demonstrate a
high level of computational efficiency. Additionally, another variant of multipoint methods with
memory is founded on inverse interpolation and a strategic selection of initial approxi- mations,
which significantly improves the accuracy of the approximations to the roots. The already existing
Steffensen’s method had been improved in this sense by Traub (1964) and the first method with
memory be given which is as follows: w0 = x0 + yOf (x0), yO, x0 are suitably given, (xn+1 = xn{—
f[xn,wn],0#+vyneR, n=0,1,2,...,f(xn) NL(x) =f (xn) + (x — xn)f [xn, wn], (1.5.18)
yn+1 = —1 N1’(xn) , wn+1 = xn+1 + yn+1f (xn+1). Here, f [s, t] = f(s)| k— f (t) s — t denotes a
first-order divided difference. This method has order of convergence 2.414. Therefore, the order of
the method with memory is higher than that of Newton’s method, which also requires two F.E. per
iteration. It is still possible to increase the convergence order using a better self accelerating
parameter. Petkovi¢ et al. (2011) developed a two-point iterative method with memory having R-
order of convergence at least 4.561 given as wn = xn + ynf (xn), yn = f (xn) — f (xn—=1) xn—1 —
xn ,yn = xn - f[xn, wn] f(xn), (1.5.19) xn+1 =yn — f[xn,wn] 1+ f(xn)f(wn)), 0+ yne
R,n=0,1,2,...f(yn)f (yn) f (yn) + ( Further, Neta (1983) formulated a sixth-order three-point
method with memory requiring 3 function and one derivative computation per step of iteration.
Several iterative schemes without and with memory can be found in the literature, pub- lished in
recent years, highlighting ongoing advancements in the field. 1.5.2 Iterative methods for multiple
roots of a scalar nonlinear equation Locating multiple roots of f (x) = 0 with multiplicity m is one of
the most important challenges in science and engineering. We must therefore research numerical
techniques in this regard. Iterative methods intended for simple roots are either unsuitable or their
convergence rate diminishes to linear when confronted with multiple roots. Therefore, it is crucial to
either create new iterative algorithms or modify existing ones to effectively find multiple roots.
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There are essentially two main types of challenges related to multiple zeros: * When the multiplicity
m associated with the multiple root is clearly defined. ©~ When the multiplicity m of the multiple root
is not clearly defined, one can approximate both the multiple roots and their multiplicity in these
cases. The modified NM by Rall (1966), one of the prime numerical methods to approximate a
multiple root k with multiplicity m, is given by xn+1 = xn — mf’(xn) f(xn) . (1.5.20) It is
quadratically convergent, but the multiplicity m must be determined beforehand. This method can
be derived from NM for the function (f (x))1/m. To enhance the local order of convergence, Laguerre
(see Bodewig (1946)) introduced a family of methods that converge cubically, all derived from the
aforementioned function. Notable techniques such as the Euler- Cauchy method, Halley’s method,
Ostrowski’s square-root method, and the Hansen-Patrick family are recognized as specific instances
of this family (see Hansen and Patrick (1976)). Numerous higher order methods have been
developed by several authors to compute mul- tiple roots by using weight functions or the NM as a
starting step. The said methods need prior knowledge about the multiplicity m (see Hansen and
Patrick (1976); Victory Jr and Neta (1983); Dong (1987); Osada (1994); Neta (2008); Li et al.
(2010); Shengguo et al. (2009); Zafar et al. (2020); Sharma and Sharma (2010); Zhou et al.
(2011); Sharifi et al. (2012); Soleymani et al. (2013); Kansal et al. (2020); Cordero et al. (2016);
Kansal et al. (2015b); Behl et al. (2019); Behl and Al-Hamdan (2019)). Many variations of King’s
family King (1973a) have been constructed and studied in order to approximate simple roots of
nonlinear functions. Behl et al. (2020) used derivatives for multiple roots to extend King’s family.
We now turn our attention to the situation where the multiplicity m of the multiple root is not
clearly specified. Traub (1964) recommended a particular approach to estimate the multiplicity m of
the root as follows: m = log |f (x)/f '(x)] log |f (x)] , (1.5.21) m being sufficiently near to the zero
K. Lagouanelle (1966) used the following expression for the same: m= f '(x)2 f "(x)2 — f (xX)f ""(x) .
(1.5.22) In contrast, Traub (1964) adopted a basic transformation rather than the function f (x) for
the purpose of locating multiple zeros that possess an unknown multiplicity given as follows: T (x)
= f'(x) f(x) , f'(x) # 0 {0, f'(x) = 0 (1.5.23) If NM is applied to T (x), the following method by
Schroder (1870a) of order 2 is formulated: xn+1 = xn — f (xn)f ’(xn) f /(xn)2 — f (xn)f /(xn) (1
.5.24) which holds crucial for locating multiple roots (with unknown m). 1.5.3 Iterative methods for
simple roots of system of nonlinear equations Tackling the problem of nonlinear equation systems
is a vital and widespread concern in the realms of science and engineering Ortega and Rheinboldt
(1970), i.e., determining a vector k = (k1, k2, . . ., kn) for a nonlinear function F: D € Rn — Rn
such that, F (k) = 0. One can attain this solution as a fixed point of a specific function G : Rn — Rn
utilizing the fixed point iteration, x(k+1) = G(x(k)), k=0, 1, , ... (1.5.25) A fundamental
approach for addressing the system of nonlinear equations F (x) = 0is the quadratically convergent
Newton’s method (see Kelley (2003)) givenas follows: x(k+1) = x(k) — F "(x(k))—=1F (x(k)), k = 0,
1,2,...,(1.5.26) where F ’(x(k))—1 is the inverse of first Fréchet derivative F ’(x) of the
function F (x). To enhance the convergence rate of Newton’s method, several alternative
approaches have been suggested (see Cordero and Torregrosa (2006, 2007); Darvishi and Barati
(2007a); Frontini and Sormani (2004); Amat et al. (2003); Grau-Sanchez et al. (2011)). For a
system of n equations in n unknowns, the first Fréchet derivative F ’ is a matrix with n2 evaluations
while the second Fréchet derivative F ’* has n2(n + 1)/2 evaluations. The meth- ods like Halley and
Chebyshev, despite their cubic convergence, are considered less practical from a computational
point of view because of costly second-order derivative. For the scalar equation f (x) = 0, some
authors have proposed third-order methods without using second- order derivative. Some of the
instances include Frontini and Sormani (2003); Homeier (2003); Ozban (2004); Weerakoon and
Fernando (2000), each requiring three evaluations, namely, one f and two f ’. The extensions of
these methods for systems of equations have been developed in Cordero and Torregrosa (2006);
Frontini and Sormani (2004); Homeier (2004). In the last few years, multiple iterative methods
have been established to resolve nonlinear systems of equations, predominantly employing Taylor’s
polynomial Ortega and Rheinboldt (1970), decomposition Darvishi and Barati (2007b), homotopy
perturbation method Golbabai and Javidi (2007), quadrature formulas Cordero and Torregrosa
(2006, 2007); Darvishi and Barati (2007a); Frontini and Sormani (2004); Babajee et al. (2008) and
other techniques Homeier (2004); Kou (2007). Also, some new higher-order methods have been
formulated without second Fréchet derivative. For example, Cordero and Torregrosa (2007)
developed two variants of NM with at most third-order convergence. One of the methods requires
n+3n2 evaluations per iteration whereas, the other requires n+4n2 evaluations. Cordero et al.
(2009) also presented fourth and fifth-order methods requiring 2n + 2n2 and 3n + 2n2 evaluations,
respectively. Darvishi and Barati (2007a) obtained a fourth-order method which uses 2n+3n2
evaluations. Grau-Sanchez et al. (2011) proposed third, fourth and fifth-order methods which
require n + 2n2, 3n + n2 and 2n + 2n2 evaluations, respectively. Noor and Waseem (2009)
developed two third-order methods, each requires n + 2n2 evaluations. Another family of third and
fourth-order iterative methods was proposed by Nedzhibov (2008), which is defined by 1 (2 B I- A
Q(x(k)) Q(x(k)) h(x(k)), = 1 x(k+1) = x(k) = I + (B ) ) where Q(x(k)) =1 - F'(x(k))—1F “(y(k
), Y(K) = x(k) — Bh(x(k)), h(x(k)) = F "(x(k))—1F (x(k)), k =0, 1, 2, ...(1.5.27) (1.5.28) Here,
A and B are arbitrary real parameters. This family is proved to have order of convergence 3 for (A,B)
# (1, 23) and order of convergence 4 for (A,B) = (1, 23). One can notice that the two-parameter
family requires one F, two F’ per iteration and depending on the value of A would require one matrix
inversion or two matrix inversions per iteration. The development of such kind of methods has been
increasing over the years. In general, methods intended for one-dimensional equations are
ineffective for solving non- linear systems. Moreover, the concept of optimality related to functional
evaluations and convergence order is not applicable to nonlinear equation systems. Specifically, the
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estab- lished Kung-Traub conjecture Kung and Traub (1974) does not hold true for such systems. In
multidimensional scenarios, a method is deemed efficient if it requires the least number of matrix
inversions, functional evaluations, and matrix multiplications per iteration to achieve the necessary
accuracy. 1.5.4 Complex dynamical analysis The iteration of rational mappings of a complex variable
has a rich historical background. Foundational contributions to this field were made by Fatou
(1919) and Julia (1918) in the early 20th. In the 60s, notable advancements were achieved through
the work of Brolin (1965); Guckenheimer (1970); Jakobson (1968). A significant progress had also
been made by Sullivan (1982); Mané et al. (1983). While these studies had provided substantial
theoretical insights, experimental investigations into the iterates of rational maps were also done.
Among the few experimental studies, the work of Mandelbrot (1980) stands out as a singular
achieve- ment. He took into consideration the transformation, PC(x) = x2 + C, C € C, and generated
remarkable images characterized by widespread self-similarity. Douady (1982) had provided a
major breakthrough in comprehending Mandelbrot’s bifurcation diagram. The abovemen- tioned
quadratic transformation is arguably the simplest nontrivial rational map. Here, we focus on another
set of examples: rational maps derived from applying Newton’s method to a polynomial P. As stated
earlier, one of the most widely recognized techniques for determining the roots (or zeros) of a
polynomial P with real or complex coefficients is the Newton'’s iteration, also known as the Newton’s
method (NM) given by NP(x) = x — P’(x) P(x) , (1.5.29) having the following properties: " If x0 is
sufficiently close to a simple root k of P, the sequence xn = NPn(x0) = NP(NPn—1(x0)) exhibits a
quadratic convergence to k. Specifically, there exists a constant T > 0 such that [xn+1 — k| < T|xn
— k|2. " If x0 is close to a multiple root k, then |xn+1 — k| < T |xn — k|2 for some T (0 < T < 1).
So, the main emphasis is on selecting suitable initial conditions such that xn+1 — k. The clas- sical
theory by Fatou and Julia provides significant understanding of the potential behaviors of {xn3}. A
major motivation comes from the following theorem by Fatou: Theorem 1.5.1. If R(x) possesses an
attracting periodic cycle, the orbit of at least one critical point will eventually converge to it.
Schroéder (1870a,b), and later, Cayley (1879b,a, 1890), proposed extending Newton’s method for a
polynomial P to the complex plane. Both scholars aimed to investigate the BoA associ- ated with a
zero k of P. From a local perspective, the problem is relatively straightforward. xn converges very
fast to simple root k (x0 close to k), which implies that k is an attractive fixed point for NP. In case
of multiple root k, the same scenario occurs. The relaxed New- ton’s method is employed to
enhance the convergence of NP towards a multiple root given as follows: NP,m(x) = x — mP’(x) P(x)
. (1.5.30) For simple root k, NP (k + x) = k + 12 NP’' (k)x2 + . . . and for multiple root k of order q
>1,NP(k+Xx)=k+9g-1gx+...Ifm=qischosen, NP’ m(k) = 0 resulting in rapid convergence
of xn towards k. However, it is important to note that NP,m does not converge to a simple root when
m > 2, the root being a repelling fixed point. For m = 2, the convergence is very slow, the root
being a neutral fixed point. Schréder (1870a) generalized Newton’s method by introducing
algorithms G for finding zeros of P, satisfying G(k + x) = Kk + xn G(n)(k) + ..., n eN. 1n!
Specifically, xn = Gn(x0) converges to k with order n (see Vrscay (1986); Vrscay and Gilbert
(1987)). As we continue further, the Julia set, J (R), an invariant and perfect set associated with a
rational map, is the closure of the set of repelling periodic points, where the map exhibits chaotic
behavior. Under iteration, any neighborhood of a point in J (R) eventually maps to cover the entire
C, with the exception of at most two points. The Fatou set, F(R), which is the complement of J (R),
is where tame dynamics takes place, such as attracting cycles and the associated BoAs. F(R)
contains the zeros of P(x) and their BoAs. These BoAs provide examples of locations where the
numerical technique is effective. The numerical approach can go wrong in two ways. First, if the
initial seed x0 is chosen in J (R), it will never converge to a zero of P(x). Nevertheless, a slight
perturbation of x0 will result in convergence since any neighborhood of such an x0 contains points
that do converge to one of the zeros. A more problematic situation arises when an attracting cycle
exists that is not associated with the zeros. This cycle must reside in F(R), and its BoA forms an
entire region in €, for which initial seeds fail to converge to a zero. In such a scenario, even a small
perturbation of a failing seed may not result in convergence to a zero. We now give a mathematical
interpretation of this discussion as follows: Definition 1.5.2. The set of ‘good’ initial points for the
real NMis as Q = {x € R: NPn(x) — kK, n — oo, P(k) = 0} and the set of 'bad’ initial points is R\Q.
NM relies on approximating the polynomial P(x) with a linear approximation. If P(x) is a degree-d
polynomial with different zeros, then NP(x) becomes a rational map of degree d. It is evident that
fixed points of NP(x) correspond to zeros of P(x). Actually, co is the only fixed point of NP(x) that is
not a root. Now, we compute NP’ (x) = P((Px)’(Px’)")(2x) depicting the zeros to be superattracting.
It becomes crucial to recognize that the inflection points of P(x), where P’/(x) = 0, correspond to
the critical points of NP(x). Since, o is repelling for NM, it is worth noting that the poles of NP(x)
are the critical points of P(x). As a result, orbits that steer clear of the critical points of P(x) are
most likely to converge quickly to a zero. The following theorem shows the relation of the critical
points and the zeros of P(x): Theorem 1.5.3. The critical points of P(x) are located within the
convex hull formed by the roots of it. Further, a critical point is referred to as free if it is an
inflection point of P(x). To identify polynomials that contain extraneous attracting cycles, the orbit of
the free critical point is traced. Any such cycle must attract this orbit, as the other critical points,
which correspond to the roots, are fixed. This approach is grounded in Theorem 1.5.1 by Fatou and
Julia (see Blanchard (1984)). Before undertaking further study, the following result should be
mentioned: Lemma 1.5.1. Consider an affine map A(x) = §1x + §2, §1 # 0. If V(x) = P - A(x), then
NP is analytically conjugate to NV via A, that is, A - NV - A—1(x) = NP. The concept of conjugation
appears to be crucial for understanding the iteration of NP(x), and in the modern theory of iteration.
In fact, Schréder (1870a) recognized the significance of conjugations, primarily to simplify

file:///C:/Users/HP/Downloads/Turnitin_Originality_Report_2589212705.html

14/51



2/20/25, 10:29 AM Turnitin - Originality Report - THesis-Himani

calculations by obtaining a more convenient form. He proposed transforming an iteration xn+1 =
R(xn) using a bijective mapping Y such that (i) Y=1 - R - Y(x) = x + a (Abel’s equation) (ii) Y=1-R -
Y(x) = ax (Schréder’s equation) (iii) Y=1 < R » Y(x) = xn (Boettcher’s equation) A characteristic
geometric property of methods like NM is the nearest root principal, where initial guesses converge
to the closest zero. This principal accurately describes the dynamics when the technique is applied
to a quadratic polynomial. The technique succeeds if the initial guess is closer to one zero than the
other but fails if the initial seed lies equidistant from the two zeros. In such cases, the method
leaves the perpendicular bisector between the two zeros unchanged, as if unable to decide among
them. In case of NM, the dynamics on the line of points that are equally spaced from the roots are
chaotic. These results on NM can be found in Schréder (1870a); Cayley (1879a) where the Kdnig
iteration functions Kn applied to x2 — 1 are shown to be conjugate to x~ — xn. Theorem 1.5.4.
Assume P(x) to be a polynomial of degree 2 having distinct zeros. Then, NM for P(x) is globally,
analytically conjugate to x—» — x2. Furthermore, J (R) consists of all points located on the
perpendicular bisector of the line segment connecting the two roots. Proof. Given a polynomial P(x)
= (x — &§1)(x — &2) containing roots &1, £2 € R. The following Mdbius transformation can be
employed, mc(x) = x — §2 x — &1, (1.5.31) acquiring the properties, (i) mc(§1) = 0, (ii) mc(o0) =
1, (iii) mc(§2) = c0. Then, mc - NP - m—cl is a rational map of degree 2 having fixed points at 0 and
oo (both superattracting) and fixes 1. Under the conjugacy map mc, J (R) for x» — x2 corresponds
to the perpendicular bisector of the line segment connecting §1 and §2. Along this bisector, NP
exhibits the angle doubling dynamics of this map restricted to the unit circle. The analysis of NM
becomes dramatically more complicated as on the degree of the poly- nomial is greater than 2
which is thoroughly explained in Blanchard et al. (1994). In the past decade, Amat et al. (2004) and
Varona (2002) described the dynamical behavior of several well-known iterative methods. Moreover
Devaney (2018); Robinson (2012) studied the dynamics of different iterative families. In most of
these studies, interesting dynamical planes, including some periodical behavior and other
anomalies, have been obtained. In a few cases, the parameter planes have also been analyzed. The
iterative methods without memory have been overlooked by complex discrete dynamics in recent
years (see previous studies Cordero et al. (2021, 2013d); Chicharro et al. (2013a); Cordero et al.
(2022); Padilla et al. (2022); Cordero et al. (2013a); Chicharro et al. (2019)). 1.6 Structure of the
thesis The present thesis is organized into eight chapters, which are outlined below: Chapter 1 of
the thesis presents the motivation, and literature review for the research work, focusing on the
development of the iterative methods to solve scalar as well as system of nonlinear equations in
order to improve the order of convergence and analysis of stability properties of the rational
functions associated to the iterative methods. Chapter 2 deals with introducing a new iterative
family without memory for solving nonlinear equations which is based on a cubically convergent
Hansen-Patrick type method. The beauty of our techniques is that they work even though the
derivative is very small in the vicinity of the required root or f '(x) = 0. On the contrary, the
previous modifications either diverge or fail to work. In addition, we also extended the same idea
for iterative method with memory. Numerical examples and comparisons with some of the existing
methods are included to confirm the theoretical results. Furthermore, basins of attraction are
included to describe a clear picture of the convergence of the proposed as well as some of the
existing methods. Chapter 3 presents a new iterative family with memory for solving nonlinear
equations numerically in order to achieve higher order of convergence in comparison to the cubically
convergent Chebyshev-Halley type method. The acceleration of convergence speed has been
attained using a self accelerating parameter which is estimated from the current and previous
iterations using divided differences. Therefore, the order of convergence increases from 3 to 3.30
without any further functional evaluation. In addition, the complex and real dynamics of the
proposed family have been studied. The parameter spaces and dynamical planes are presented.
This study helps to determine the family members with stable behavior which in turn are suitable
for practical problems. Chapter 4 presents an optimal fourth-order iterative family and the
dynamical analysis of the family with the help of complex dynamics tools. This study allows us to
find those parametric values for which the corresponding family variant’s behavior is stable or
unsta- ble. Furthermore, we calculate critical and fixed points associated with the rational operator
linked to this iterative family. To visualize our findings, we draw dynamical and parameter planes.
Hence, we can select the regions where the corresponding method is more efficient or shows chaotic
behavior. The conclusions obtained from this stability analysis are used in the numerical section,
where some academic and real-life problems are solved. Chapter 5 performs stability analysis of an
optimal mean-based family of iterative meth- ods of order four. Taking into consideration the
stability aspect of the specified method, one can describe the method’s sensitivity to the initial
guesses. A rational function corresponding to the iterative family is developed. The convergence and
stability of a certain method can be analyzed upon finding the fixed points, critical points, periodic
points, etc. of the rational function. Furthermore, the dynamical and parametric planes are drawn
which help us to de- tect the stable as well as non-stable regions. It has been observed that stable
iterative methods generally yield better performance on complex problems compared to unstable
methods. This observation has been supported by numerical experiments that compare our
proposed family with some existing methods for representing some chemistry problems, like
conversion in a chemical reactor, equations of state, and continuous stirred tank reactor problem.
Chapter 6 displays an optimal iterative scheme without memory free from derivatives for solving
nonlinear equations. There are many iterative schemes existing in the literature which either
diverge or fail to work when f ’(x) = 0. But, our proposed scheme works even in those cases. In
addition, we also extended the same idea for iterative method with memory with the help of self-
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accelerating parameters estimated from the current and previous approximations. As a result, the
order of convergence increased from 4 to 7 without the addition of any further functional evaluation
. Chapter 7 introduces an iterative method that exhibits an optimal fourth-order conver- gence rate,
ensuring rapid and accurate approximation of the multiple roots. Unlike conven- tional methods,
the proposed algorithm can successfully converge even when the derivative is zero or approaches
zero in the vicinity of the desired root. Chapter 8 deals with introducing a new iterative family for
solving system of nonlinear equations. The effectiveness and performance of the new iterative
techniques are demon- strated by a number of numerical examples. The current approaches to
solving the system of nonlinear equations can be seen as being expanded upon and generalized by
these new iterative techniques. Lastly, we conclude with a summary of the thesis contributions. In
addition, future areas of research for new and related fields of study are also suggested. Chapter 2
An Efficient Iterative Family Adaptive with Memory and Their Applications This chapter deals with
introducing a new iterative family without memory for solving nonlinear equations which is based
on a cubically convergent Hansen-Patrick type method. The beauty of our techniques is that they
work even though the derivative is very small in the vicinity of the required root or f ’/(x) = 0. On
the contrary, the previous modifications either diverge or fail to work. In addition, we also extended
the same idea for iterative methods with memory. Numerical examples and comparisons with some
of the existing methods are included to confirm the theoretical results. Furthermore, basins of
attraction are included to describe a clear picture of the convergence of the proposed as well as
some of the existing methods. 2.1 Introduction Determining the zeros of a nonlinear function
promptly and accurately has become a very crucial task in many branches of science and
technology. The most used technique in this regard is NM of order 2 for simple roots. Various higher
order schemes have also been presented in Amat et al. (2003); Chen et al. (1993); Argyros et al.
(2017); Cordero et al. (2021). One amongst them is the family of Hansen and Patrick (1976) of
order 3 given by xn+1 =xn —a+ 1 f(xn) [a * (1 — (a + 1)Lf (xn))1/2 ] f'(xn), n =0,1,2,...,
(2.1.1) where Lf (xn) = f "(xn)f (xn) f 2(xn) and a € R\{—13}. This family comprises of Euler’s
method for (a = 1), Ostrowski’s square-root method for (a = 0), Laguerre’s method for (a = v—11,v
+ 1) and Newton’s method as a limiting case. Despite the fact that it has cubic convergence, the
The contents of this chapter are published in: Mathematical and Computational Applications (MDPI),
27(6), 97, 2022 (Scopus, Q2, Impact Factor: 1.9) involvement of second order derivative is limiting
its computational applications. This factor inspired many researchers to concentrate on multipoint
methods Petkovic et al. (2014), since they overcome the drawbacks of one-point iterative methods
with respect to the convergence order and efficiency. The main motive in the development of new
iterative methods is to achieve order of convergence as high as possible with certain number of
functional evaluations per iteration. Sharma et al. (2009) had modified (2.1.1), which is given as
follows: yn = xn —a f’(xn) f (xn) , xn+1 =xn =B+ 1f(xn) (2.1.2) [B £ (1 — (B + 1)Hf(
xn))1/2 1 f’(xn) , where Hf (xn) = f "’(yn)f (xn) the authors calculated second-order derivative of f
at yn. Moreover, several developmentsf ‘2(xn) and a, B are free parameters. Here, 3 # —1. Instead
at xn, of Hansen-Patrick type methods have been presented and examined in the work by Kansal et
al. (2015a) in order to eradicate the second-order derivative. Using some appropriate
approximation for f ’/(xn), Kansal et al. (2015a) presented the following method: yn = xn — f’(xn)
f(xn) , xn+1 = xn — [a+1 f(xn) , (2.1.3) f(xn)2 + (B — 2a = 2)f(xn)f(yn) — B(a + 1)f(yn)2 1/2]
f’(xn) | a+ [ ( f(xn)2 + Bf(xn)f(yn) ) | where a and B are free parameters. The prominent problem
when using such kind of methods J is that they fail to work in the case f ’(x) = 0 and diverge or fail
when the derivative is very small in the vicinity of the required root. That’s why, our main goal is to
develop a method that is globally convergent. As discussed earlier, the convergence order can
possibly be increased with no further functional evaluation by making use of a self accelerating
parameter. Traub (1964) was the first one to introduce this idea of the methods with memory. He
made minute alterations in the already existing Steffensen’s method (see Zheng et al. (2011)) and
presented the first method with memory as follows: y0, x0 are suitably given, wn = xn + ynf (xn),

0#yneR, xn+l=xn—-f[xn,wn],n=20,1,2,...,f(xn)(2.1.4) where yn is a self-
accelerating parameter given as —1 yn+1 = N1’(xn) , N1(x) = f (xn) + (x — xn)f [xn, wn], n = O,
1, 2, ... This method has order of convergence 2.414. Still, if we use a better self-accelerating

param- eter, there are apparent chances that the order of convergence will increase. Also, using
secant approach, by the reuse of information from the previous iteration, Traub refined a
Steffensen-like method and presented the following method: yO0 is given, yn = f (xn) — f (xn—=1) , n
€N, xn — xn—=1(2.1.5) xn+1 = xn — ynf (xn)2 f (xn + ynf (xn)) — f (xn) , having R-order of
convergence at least 2.414. To this end, we firstly develop a new iterative family without memory
and extend it to one with memory. We carry out the convergence analysis of the new families in
order to demonstrate their order of convergence. To illustrate our theoretical results, numerical
results for the proposed families and comparisons with some of the existing methods are then
given. Lastly, we present the basins of attraction of the new families depicting clearly the
convergence or divergence of the new as well as the existing methods. 2.2 An iterative family
without memory and its conver- gence analysis We aim to construct a new two-point Hansen-
Patrick type method without memory in this section. Suppose yn = xn — f ’(xn) be the Newton’s
iterate. Expanding f (yn) about a point x = xn f (xn) by Taylor series, we get f(yn) = f(xn) + f’(xn)
(yn = xn) + 1f"’(xn)(yn — xn)2, 2 =f’/(xn) = 2f'(xn)2f(yn) f(xn)2 . Also, if we expand the function
f ’(yn) = f’ xn — ff’((xxnn)) about x = xn by Taylor series, we have f’(yn) = f’(xn) + f”/(xn)(yn —
xn), () = f’(xn) = f'(xn)(f'(xn) — f’(yn)). f(xn) Using previous developments, we have 2f'(2fxf(n’
x()fnx2(nf)x2)(n2y)fn2()y)n) (ff'(fF(Fxx’((nnxx))nn())f('f(’x(nx)n)——=ff'("y(ny)n))) 2 2 f "(xn) = + (
+ ) . As we can see, this estimation for f '’(xn) uses 4 functional evaluations per iteration, f (xn), f
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(yn), f '(xn) and f ‘(yn). To decrease the number of functional evaluations, King’s approxi- mation
King (1973a) may be used which is f’'(yn) = f'(xn)f(xn) + yf(yn) , f(xn) + Bf(yn) wheny =p — 2,
where (3 is a free parameter. Now, using this new approximation for f ’/(xn) in (2.1.1), Kansal et al.
(2015a) presented the following family: yn_= xn — f’(xn) f(xn) , xn+1 = xn — [ a+1f(xn)2 + (B
- 2a = 2)f(xn)f(yn) — B(a + 1)f(yn}2 172 1(2.2.1) a £ #(xn) f(xn) , | | (f(xn)2 + Bf(xn)f(yn) ) |
where a and (8 are free parameters. | Now, in order to extend to the method with memory, we come
up with an idea of intro- ducing a parameter n in the family (2.2.1) and we present a modification
in this family as follows: yn = xn — f(xn) f'(xn) + nf(xn) , xn+1 =xn -1l a+ 1 [f(xn),a = f (xn)
2+ (B—2a-2) (xn)f (yn) = B(a + 1)f (yn)2 1/2 f /(xn) + nf (xn) n =[ 0,1,(2,...,1 f(xn)2 +
Bf (xn)f (yn)) J (2.2.2) where a and B are free parameters. Next, we establish the convergence
results for our proposed family without memory given by (2.2.2). 2.2.1 Convergence analysis
Theorem 2.2.1. Suppose that f : D € R — R be a real function suitably differentiable in a domain D.
If k € D is a simple root of f (x) = 0 and an initial guess x0 is sufficiently close to k, then the
iterative family (2.2.2) converges to k with convergence order p = 3 having the following error
relation, en+1 = - 12 (n +d2)(n(1 + a - B) + (-1 + a — B)d2)e3n + O(en)4, 1 f (n)(k) where en
=xn—-kanddn=n!f’(k), n=2,3,...Proof. Expanding f (xn) about xn = k by Taylor series,
we have f (xn) = f (k)(en + d2e2n + d3e3n + d4e4n) + O(en)5. Then, f '(xn) = f /(k)(1 + 2d2en
+ 3d3e2n + 4d4e3n) + O(en)4. Using (2.2.3) and (2.2.4), we have f ’(xnf) (+xnn)f (xn) = en — (n
+ d2)e2n + (n2 + 2nd2 + 2d22 - 2d3)e3n + O(en)4. Using (2.2.5) in the first step of (2.2.2), we
have en,y = yn — k = (n + d2)e2n + (—n2 — 2nd2 — 2d22 + 2d3)e3n + O(en)4. Also, the Taylor’s
expansion of f(yn) is f(yn) = f’(k)(en,y + e2n,y + e3n,y + e4n,y) + O(en,y)5. Using
(2.2.3)—(2.2.7), we have | a + 1 f(xn) a £ f(xn)2+(B—f2a(x—n2))2f+(Bxnf)(fFxn(y)nf)(—=ynB)(
a+1)f(yn)2 1{21 f’(xn) + nf(xn) | l =en+ 1(n +d2)(d2(-1+a-B)+n(l+a-B))e3n+
O(en)4, () | 2 Finally, putting (2.2.8) in the second step of (2.2.2), we get en+1 = —1(n + d2)
(n(l +a-B)+(-1+a-p)d2)e3n + O(en)4, 2 (2.2.3) (2.2.4) (2.2.5) (2.2.6) (2.2.7) (2.2.8)
(2.2.9) which is the error equation for the proposed family (2.2.2) giving convergence order three.
This completes the proof. 2.3 An iterative family with memory and its conver- gence analysis Now,
we present an extension to the family (2.2.2) by inclusion of memory having improved convergence
order without the addition of any new functional evaluation. If we observe clearly, it can be seen
from the error relation (2.2.9), if n = —=d2 = =2f'(k) f’/(k) , then the order of convergence of our
family (2.2.2) can possibly be improved, but this value can’t be reached because the values of f ’(k)
and f ’/(k) are not practically available. Instead, we can use approximations calculated by already
available information. So, to improve the convergence order, we give an estimation using first order
divided difference, given by bn = — 1 f ’[xn, xn—=1] 2 f [xn, xn—1] , where f [s, t] =s —t f (s) — f(
t) denotes a first-order divided difference. So, by replacing n by nn in (2.2.2), we obtain a new
family with memory using the two previous iterations x0, x1 as follows: nnh = — 2 f [xn, xn—=1] 1 f '
[xn, xn—=1], yn = xn — f (xn) f'(xn) + nnfixn) , Xxn+1 =xn — [ a+1 | (23.1)a £ f(xn)2+ (B -
2a - 2)f (an)f (yn) = B(a + 1)f (yn)2 1/2 [ (f (xn)2 + Bf (xn)f (yn) ) | x f’(xn) + nnf (xn) , n €
N, f (xn) 1 where a and B are free parameters. Next, we establish the convergence results for our
proposed family with memory (2.3.1). 2.3.1 Convergence analysis Theorem 2.3.1. Suppose that f :
D © R — R be a real function suitably differentiable in a domain D. If k € D is a simple root of f (x)
= 0 and an initial guess x0 is sufficiently close to k, then the iterative family (2.3.1) converges to k
with convergence order at least 3.30. Proof. Using Taylor series expansion about xn = k, we get f
(xn—1) = f '(k)(en—1 + d2e2n—-1 + d3e3n—-1 + d4e4n—-1 + d5e5n—-1) + O(en—1)6, f (xn) = f '(k)
(en + d2e2n + d3e3n + d4e4n + d5e5n) + O(en)6. Then, f’(xn—1) = f '(k)(1 + 2d2en—-1 +
3d3e2n—1 + 4d4e3n—1 + 5d5e4n-1) + O(en—1)5, f '(xn) = f '(k)(1 + 2d2en + 3d3e2n + 4d4e3n
+ 5d5e4n) + O(en)5. (2.3.2) (2.3.3) (2.3.4) (2.3.5) Now, using previous developments, we have
nn=-2f[xn, xn=1]1f ‘[xn, xn—1] = —d2 + d22 — 3 d3 en—1 + —d32 + 5d2d3 — 2d4 e2n—-1 +
d42 — 72d22d3 + 3d23 ((2)(2) (2 + 3d2d4 — 5d5 e3n—1 d22 — 3d3 — 2 d32 — 2d2d3 + d4
en—1+4+3d42 —17d22d3 2 +))((2)—2d4 + 3d42 — 17 d22d3 + 3d23 ) ( 2 + 3d23 + 5d2d4 -
5d5 e2n—-12en + — d32 +(5d2d3 ) ) ((2) ( 2 + 5d2d4 — 5d5 en—1 e2n + O3(en—1en). 2))
(2.3.6) Using (2.3.3),(2.3.5) and (2.3.6) in the second step of (2.3.1), we get yn — k = d22 — 3d3
—d32 + 5d2d3 — 2d4 e2n-1e2n+d3 —2d32 —2d2d3 ((2en-1+1)(2))((2+d4en-1+
8d42 — 22d22d3 + 3d23 + 20d2d4 — 10d5 e2n—1 e3n + O4(en—1en). (4 ) ) () ) (2.3.7) Then,
using (2.3.7) in (2.3.3), we get f (yn) = f (k) d22 — 3d3 en—1 + — d32 + 5d2d3 — 2d4 e2n-1 e2n
+d3-2d32(((2)(2))(2—-2d2d3 + d4 en—1 + 8d42 — 22d22d3 + 3d23 + 20d2d4 — 10d5
e2n—1e3n + O4(en—1en). 1 (4 ) ())) (2.3.8) Using (2.3.3),(2.3.5)—(2.3.8) in the third step of
(2.3.1), we finally get en+1 = d32 — 3d2d3 en—1e3n + d2d3 e4n + O5(en—1en) 2 (2.3.9) () 2
Now, we can see the lowest term of the error equation is d32 — 3d2d3 en—1e3n, therefore, by
Theorem 1.3.1, the unique positive root Vof the polynomial (s2 — 3s — 1 gives the R-order of the 2
) proposed family (2.3.1), which is s = 342 13 = 3.30. This completes our proof. Remark 2.3.1. It
can be seen that the order of convergence has increased without the addition of any further
functional evaluation. Moreover, the presented scheme with memory has a very simple body
structure in comparison to the general complex structures of iterative schemes with memory. 2.4
Numerical results This section lays out the comparison of our families (2.2.2) and (2.3.1) with
several existing schemes. The initial values of a, B and n (or n0) are assumed to be chosen
beforehand to begin with the computations. Also, a suitable x0 must be fixed. The following
members of the families (2.2.2) and (2.3.1) are chosen in order to perform the calculations: 1. P
MlandPMMlfora=f=12.2.PM2andPMM2fora=1andpf =12.3. PM3 and P M M3 for
a=1andp = 1. We have taken n (or n0)= 0.01 in our computations. The following existing
methods have been selected to facilitate comparisons with our methods: 1. Hansen-Patrick’s family
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(H P M) without memory Hansen and Patrick (1976): xn+1 =xn—-a + 1 [ a £ (1 — (a + 1)Lf (xn
»N1/2]f'(xn), n=0,1,2,..., f(xn) where Lf (xn) = f "’(xn)f (xn) f '2(xn) and a € R\{—1}. The
results are obtained fora = . 1 2 2. Sharma et al. family (SHM) without memory Sharma et al.
(2009): yn = xn — af’(xn) f(xn) , xn+1 =xn =B + 1 f(xn) [B £ (1 — (B + 1)HF(xn))1/2] f'(xn),
where Hf(xn) = f"/(yn)f(xn) f’2(xn) and a and B(# —1) are free parameters. The results are
obtained for a = 1 and B = 12. 3. Halley’s method (HM) without memory Chen et al. (1993): xn+1
=xn—-1+1LF(xn)f(xn)21 —alLf(xn) )] f’(xn), n=0,1,2,...,[(f"”(xn)f (xn) 1 where Lf
(xn) = f’2(xn) and a = . The results are obtained fora =.12 2 32 (2.4.1) (2.4.2) (2.4.3) 4.
Traub’s method (T M1) with memory Traub (1964): y0, x0 are suitably given, wn = xn + ynf (xn), 0
#yneR, xn+l =xn-f[xn,wn],n=0,1,2,...,f(xn) where yn is a self-accelerating
parameter given as yn+1 = N1’(xn) , N1(x) = f (xn) + (x = xn)f [xn, wn], n=0,1,2,...-1The
results are obtained for yO = 0.01. 5. Traub’s method (T M2) with memory Traub (1964): y0 is
given, yn = f (xn) = f (xn—=1) , n € N, xn — xn—=1 xn+1 = xn — ynf (xn)2 f (xn + ynf (xn)) — f (xn)
. The results are obtained for yO = 0.01. (2.4.4) (2.4.5) Further, Table 2.1 displays some nonlinear
functions (f1 to f5) used to carry out the compu- tations. Table 2.1: Test functions, associated zeros
and the initial approximations (x0) Function Real zero x0 f1(x) = x2 — ex — 3x + 2 f2(x) = sin(nx
)ex2+x cos x—1 + x log(x sin x + 1) f3(x) = (x — 2)(x10 + x + 2)e—=5x f4(x) = x2 — 1 f5(x) = sin
x 0.257502 -1 2n 0.70 0.50 2.20 0 1.69 In addition, some real-life problems are also solved after
transforming them to nonlinear functions (f6 to f10). COC (computational order of convergence)
and the errors of approxi- mations to the desired roots, | xn — k| forn =1, 2, 3 of ft(x), t =1, 2,
..., 10 are outlined in Tables 2.2—-2.11. Remark 2.4.1. We have tested our proposed family of
iterative methods for several values of the parameters a and B out of which the best ones (the
values for which we got best results) are selected for numerical computations. Table 2.2: Numerical
outcomes for f1(x). Methods |[x1 — k| |x2 — k]| |x3 — k| pc CPU Time f1 (x) Without memory P M1
PM2PM3HPMSHMHM1.2 x 10-4 1.0 x 10-4 1.2 x 10-4 7.2 x 10-3 1.2 x 10-2 7.2 X
10-36.9 x 10-152.9 x 10-157.0 x 10-152.1 x 10-8 1.9 x 10-7 1.8 x 10-8 1.9 x 10-35
1.9 x 10-351.9 x 10-354.9 x 10-25 7.6 x 10—22 2.9 x 10-25 3.0000 3.0000 3.0000 2.9993
3.0008 2.9990 0.344 0.312 0.329 0.343 0.344 0.281 With memory PM M1 1.2 x 10-4 PM M2 1.0
x 10-4 PMM31.2 x 10-4TM16.8%x 10-3TM26.8 x 10-35.0 x 10-152.9 x 10-155.0 x
10-152.0 x 10-7 9.0 x 10-6 1.9 x 10-351.9 x 10-351.9 x 10-35 2.4 x 10-18 1.5 x 10-11
3.3435 3.3362 3.3434 2.4151 2.0037 0.407 0.407 0.344 0.343 0.312 Table 2.3: Numerical
outcomes for f2(x). Methods |[x1 — k| |x2 — k]| |x3 — k| pc CPU Time f2 (x) Without memory P M1
PM2PM3HPMSHMHM9.0 x 10-38.7 x 10-39.0 x 10-31.4 x 10-15.4 x 10-1 1.6 x
10-13.6 x 10-7 1.6 x 10-7 3.6 x 10—-7 5.1 x 10-4 1.8 x 10-1 3.5 x 10-3 2.4 x 10-20 9.7 %
10-22 2.3 x 10-20 6.4 x 10-11 1.2 x 10—-2 1.2 x 10—8 2,9961 2.9946 2.9950 2.7546 2.7518
3.1314 0.578 0.656 0.749 0.594 0.843 0.751 With memory P M M1 9.0 x 10-3 PM M2 8.7 x 10-3
PMM39,0x 10-3TM12.6 x10-2TM22.6 x10-2 3.2 x 10-7 2.2 x 10-7 3.1 x 10-7 2.2 %
10-4 1.1 x 10-3 1.6 x 10-23 5.3 x 10-24 1.5 x 10-23 1.6 x 10-9 2.4 x 10-6 3.6558 3.6119
3.6550 2.4624 1.9291 0.859 0.875 0.938 0.672 0.657 Remark 2.4.2. In Table 2.5, for the function
f4(x), as the derivative of the function becomes zero, the existing methods HPM, SHM and HM fail.
Also, TM1 and TM2 converge to the desired root but in 11 and 14 number of iterations, respectively
as we can see the errors of approximations are large in these cases. Further, for the function f5(x),
HPM, SHM and HM converge to undesired root 'n’ and TM1, TM2 both converge to undesired root
'3n’ which can be seen in Table 2.6. Table 2.4: Numerical outcomes for f3(x). Methods [x1 — k]| |x2
— K| |x3 — k| pc CPU Time f3 (x) Without memory PM1PM2PM3HPMSHMHM7.5x%x 10-5
3.0 x 10-4 1.8 x 10-4 6.9 x 10-32.4 x 10-29.4 x 10-3 5.2 x 10-17 2.6 x 10-157.9 x
10-16 4.0 x 10-7 3.2 x 10-51.0 x 10-6 1.7 x 10-53 1.9 x 10-48 5.9 x 10-50 7.6 x 10-20
7.7 x 10—-14 1.2 x 10—18 3.0008 2.9971 3.0019 2.9994 3.0020 2.9993 0.345 0.344 0.359 0.358
0.328 0.390 With memory PM M1 7.5 x 10-5P M M2 3.0 x 10-4 PM M3 1.8 x 10-4 T M1 2.0 x
10-2TM2 2.0 x 10-2 2.7 x 10-14 2.5 x 10-12 3.9 x 10-13 1.4 x 10-7 4.8 x 10-54.9 x
10-47 1.6 x 10—-40 3.7 x 10—-43 4.6 x 10-20 8.7 x 10—11 3.4661 3.4917 3.4628 2.4298 2.1886
0.516 0.468 0.422 0.313 0.297 Table 2.5: Numerical outcomes for f4(x). Methods |x1 — k| |x2 —
K| |x3 — k| pc CPU Time f4 (x) Without memory PM1PM2PM3HPMSHMHM2.2 x 10-1 4.0
x 10-14.0 x 10-1---1.0x 10-32.5x 10-34.5x 10-3---1.3x10-101.0 x 10-91.1
x 10—-8 - - - 2.8943 2.7963 2.7547 F F F 0.250 0.266 0.328 - - - With memory P M M1 2.2 x
10-1PMM24.0x 10-1PMM34.0x 10-1TM1-TM2-25x10-31.2 x 10-21.1 x 10-2 -
- 3.7 x 10-10 6.8 x 10-8 5.4 x 10—8 - — 3.4326 3.2771 3.2331 NC NC 0.250 0.250 0.296 - - F-
Method fails NC- Not converging in desired iterations Real-life problems: Next, we describe a few
real-life problems together with the computa- tional outcomes: Example 2.4.1. Planck’s radiation
law problem: Firstly, we analyze the well-known Table 2.6: Numerical outcomes for f5(x). [x1 — K|
|x2 = k| [x3 = k| pc CPU Time Without memory 2.4 x 10-1 4.4 x 10-14.8 x 10-1---4.9 x
10-6 3.2 x 10-4 2.0 x 10-4 - - - 6.0 x 10-21 2.5 x 10-15 3.8 x 10—-16 - - - 3.1821 3.5597
3.4779 UR UR UR 0.422 0.406 0.328 - - - With memory PM M1 2.4 x 10-1PMM24.4 x 10-1PM
M37.9%10-1TM1-TM2-3.8x%x10-31.1x10-18.7 x 10-2--1.0x 10-101.1 x 10-5
1.6 x 10-5--4.2117 6.8399 4.0907 UR UR 0.360 0.421 0.485 - - UR- Converging to undesired
root Planck’s radiation law problem (see Jain (2013)): w(A) = 8ncchphpA—5, (2.4.6) eABKkT — 1
where A is the wavelength of radiation, hp is the Planck’s constant, T is the absolute temper- ature
of the blackbody, c is the speed of light and Bk is the Boltzmann constant. It computes the energy
density within an isothermal blackbody. We intend to obtain wavelength A corre- sponding to
maximum energy density y(A). To obtain maximum value of y, we take w’(A) = 0 which gives
AcBhkpT e AcBhkpT chp = 5. eABKT — 1 chp Let x = ABKT . Then, (2.4.7) becomes f6(x) = e=x + —
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1 =0.x5(2.4.7) (2.4.8) As we find the solutions of f6(x) = 0, we get the maximum wavelength of
radiation A. As stated in Bradie (2006), the L.H.S. of (2.4.8) is zero when x = 5. Also, e=5 =
6.738e — 3. Thus, other root could appear close to x = 5. The desired zero is K =
4.9651142317442763. Table 2.7: Numerical outcomes for Example 2.4.1. Methods |[x1 — k| [x2 —
K| |x3 = k| pc CPU Time f6 (x) Without memory PM1PM2PM3HPMSHMHM 2.4 x 10-6 2.2
x 10-6 2.5 x 10-6 1.4 x 10-4 2.5 x 10-4 1.5 x 10-4 2.8 x 10-16 2.8 x 10-16 2.8 x 10-16
1.6 x 10-14 1.8 x 10-13 2.0 x 10-14 2.8 x 10—-16 2.8 x 10-16 2.8 x 10-16 2.8 x 10-16 2.8
x 10—16 2.8 x 10—16 3.0000 3.0000 3.0000 3.0000 3.0000 3.0000 0.392 0.390 0.375 0.313
0.328 0.329 With memory PMM1PM M2PMM3TM1TM2 2.4 x 10-6 2.2 x 10-6 2.5 x 10-6
1.5 x 10-31.5 x 10-3 2.8 x 10-16 2.8 x 10—-16 2.8 x 10—-16 4.8 x 10—-10 8.6 x 10—-8 2.8 x
10-16 2.8 x 10—-16 2.8 x 10—16 2.8 x 10—-16 5.5 x 10—16 3.3297 3.3318 3.3293 2.4006 2.0001
0.359 0.344 0.297 0.282 0.297 Example 2.4.2. Van der Waals state equation: Van der Waals
equation of state (see Argyros et al. (2017)) is given by the following equation: an2 (2.4.9) (P + V
2 (V = nb) = nGT . ) The following nonlinear equation needs to be solved to attain the volume V of
the gas in terms of another parameters: PV 3 — (nbP + nGT )V 2 + an2V — an2b = 0. (2.4.10)
Here, G is the universal gas constant, P is the pressure and T is the absolute temperature. If the
parameters a and b of a specific gas are given, the values of n, P and T can be calculated. Using
certain values, the following nonlinear equation can be obtained: f7(x) = 0.986x3 — 5.181x2 +
9.067x — 5.289 = 0, (2.4.11) having three roots, out of which one is real and two are complex.
Though our required zero is kK ® 1.9298462428478622. Example 2.4.3. Chemical reactor problem:
Here, we consider a problem of fractional conversion in a chemical reactor (see Shacham (1986))
described by the following equation: f8(x) = 1 — x — 5 log 0.4 — 0.5x + 4.45977 = 0. x 0.4(1 — x)
(2.4.12) Here, x denotes the fractional conversion of quantities in a chemical reactor. If x is less
than zero or greater than one, then above fractional conversion will be of no physical meaning.
Hence, x is taken to be bounded in the region 0 < x < 1. Moreover, desired root is k =
0.7573962462537538. Table 2.8: Numerical outcomes for Example 2.4.2. [x1 — k| |x2 — k| |x3 —
k| pc CPU Time Without memory 3.1 x 10-3 7.3 x 10—4 2.2 x 10-3 4.1 x 10-4 5.7 x 10-3 4.6
x 10-3 5.6 x 10-7 3.6 x 10-9 1.8 x 10-7 1.4 x 10-10 5.7 x 10-6 2.3 x 10-6 7.3 x 10-18 4.1
x 10-18 4.2 x 10—-18 4.1 x 10—-18 6.0 x 10—15 3.3 x 10—16 2.9887 2.9976 2.9912 3.0008
2.9774 2.9830 0.234 0.218 0.250 0.282 0.234 0.234 With memory P M M1 3.1 x 10-3 PM M2 7.3
x 10-4 PM M3 2.2 x 10-3TM11.9 x 10-2TM21.9 x 10-2 2.0 x 10-7 2.4 x 10-9 6.4 x
10-8 8.6 x 10-4 3.0 x 10-34.1 x 10-18 4.1 x 10-18 4.1 x 10-18 6.4 x 10-7 9.9 x 10-5
3.2847 3.3337 3.3027 2.2611 1.7706 0.125 0.187 0.171 0.157 0.203 Table 2.9: Numerical
outcomes for Example 2.4.3. Methods [x1 — K| |x2 — K| [x3 — k| pc CPU Time f8 (x) Without
memory PM1PM2PM3HPMSHMHMBS8.0 x 10-45.9 x 10-4 1.1 x 10-3 5.8 x 10-4 2.9 x
10-3 1.9 x 10-56.6 x 10-8 1.4 x 10-8 1.7 x 10-7 4.0 x 10-8 1.4 x 10-5 1.0 x 10—-13 8.8 %
10-17 8.8 x 10—17 8.8 x 10—-17 8.8 x 10—17 1.7 x 10—-12 8.8 x 10—17 3.0049 3.0056 3.0096
3.0000 3.0246 3.0000 0.359 0.360 0.376 0.344 0.313 0.296 With memory PM M1 8.0 x 10-4P M
M2 5.9 x 10-4 PMM31.1 x 10-3TM11.8x 10-3TM21.8 x 10-3 1.4 x 10-85.5 x 10-9 3.4
x 10-8 2.2 x 10-51.1 x 10-4 8.8 x 10-17 8.8 x 10-17 8.8 x 10-17 1.2 x 10-10 4.0 x 10-7
3.2477 3.2580 3.2322 2.7340 2.0345 0.390 0.374 0.297 0.296 0.344 Example 2.4.4. Multi-factor
effect: The path traversed by an electron in the air gap between two parallel plates considering the
multi-factor effect (see Argyros et al. (2017)) is given by u(t) =u0 + v0 + c0 mw sin wt0 + B (t —
t0) + c0 mw?2 (cos(wt + B) + sin(wt + B)) , EEO0 () (2.4.13) where u0 and vO are the position and
velocity of the electron at time t0, m and cO are the mass and the charge of the electron at rest
and EO sin(wt + B) is the RF electric field between the plates. If particular parameters are chosen,
(2.4.13) can be simplified as f9(x) = x —cosx + = 0.1 n 2 4 (2.4.14) The desired root of (2.4.14)
is kK ® —0.3090932715417949. Table 2.10: Numerical outcomes for Example 2.4.4. Methods [x1 —
K| |x2 — k| |x3 = k| pc CPU Time f9 (x) Without memory PM1PM2PM3HPMSHMHM 2.1 x
10-38.4 x 10-41.8 x 10-31.2 x 10-3 2.6 x 10-34.2 x 10-3 3.7 x 10-101.1 x 10-11 2.5 x
10-10 1.8 x 10—11 1.5 x 10-9 3.6 x 10-9 2.4 x 10-30 3.0 x 10-31 9.2 x 10-31 3.0 x 10-31
2.5 x 10-28 2.4 x 10—27 2.9998 2.9999 2.9998 2.9994 2.9996 3.0001 0.390 0.375 0.376 0.328
0.406 0.375 With memory PMM1IPMM2PMM3TM1TM2 2.1 x 10-38.4 x 10-4 1.8 x 10-3
4.0 x 10-24.0 x 10-25.3 x 10—-11 3.2 x 10-12 3.5 x 10-11 8.2 x 10-58.3 x 10—-4 3.0 x
10-31 3.0 x 10—-31 3.0 x 10-31 2.5 x 10—11 3.9 x 10-7 3.3204 3.3363 3.3231 2.4205 1.9767
0.390 0.391 0.359 0.328 0.312 Example 2.4.5. Embedment of a wall: The following nonlinear
equation results from the embedment x of a sheet-pile wall: f10(x) = x3 + 2.87x2 — 10.28 4.62 —
x = 0. (2.4.15) The required zero of (2.4.15) is k ® 2.0021. Remark 2.4.3. The proposed family
with memory (2.3.1) has been compared to some other methods and it is noted that it gives better
outcomes in terms of COC and errors as depicted in the tables. There is an obvious increase in the
order of convergence. 2.5 Basins of attraction The basins of attraction (see Ardelean (2011)) of the
root tx of u(t) = 0 is the set of all initial points t0 in the complex plane that converge to t+ on the
application of the given iterative Table 2.11: Numerical outcomes for Example 2.4.5. |x1 — k| |[x2 —
K| |[x3 — k| pc CPU Time Without memory 1.1 x 10-3 6.2 x 10—4 1.3 x 10-3 2.6 x 10-6 1.5 x
10-3 1.7 x 10-31.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-5 1.9 x 10-5 1.9 x
10-51.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-5 1.9 x 10-5 3.0002 3.0001 3.0003 3.0000
3.0002 3.0003 0.298 0.327 0.328 0.313 0.297 0.234 With memory PMM1PMM2PMM3TM1 T
M2 1.1 x 10-36.2 x 10-4 1.3 x 10-3 2.3 x 10-2 2.3 x 10-2 1.9 x 10-51.9 x 10-51.9 x
10-54.3 x 10-55.4 x 10-4 1.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-5 1.9 x 10-5 3.2964
3.3102 3.2930 2.5636 2.0023 0.218 0.187 0.234 0.235 0.220 scheme. Our objective is to make
use of basins of attraction to examine the comparison of several root finding iterative methods in
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the complex plane in terms of convergence and stability of the method. On this front, we have taken
a 512 x 512 grid of the rectangle S = [—-2,2] x [=2,2] c C. A color is assigned to each point t0 € S
on the basis of the convergence of the corresponding method starting from t0 to the simple root
and if the method diverges, black color is assigned to that point. Thus, distinct colors are assigned
to the distinct roots of the corresponding problem. It is decided that an initial point t0 converges to
a root tx when | t* — t0 |<10—4. Then, the point t0 is said to belong to the basins of attraction of
tx. Likewise, the method beginning from the initial point t0 is said to diverge if no root is located in
a maximum of 25 iterations. We have used MATLAB R2021a software to draw the presented basins
of attraction (see Zachary (1996)). Furthermore, Tables 2.12 and 2.13 list the average of iterations
(AI) denoted by Avg Iter, percentage of non-converging points denoted by PNC and the total CPU
time taken by the methods to generate the basins of attraction. To carry out the desired
comparisons, we have considered the test problems given below: Problem 2.5.1. The first function
considered is p1(z) = z2+ 1. The roots of this function are i, —i. The basins corresponding to our
proposed methods and the mentioned existing methods are shown in Figures 2.1 and 2.2. It is
observed that PM1, PM2, PM3, PMM1, PMM2 and PMM3 converge to the root with no diverging
points but HPM, SHM, TM1 and TM2 have some points painted as black. Problem 2.5.2. Second
function taken is p2(z) = z3 + 1 having roots —1, 0.5 + 0.866i, 0.5-0.866i. Figures 2.3 and 2.4
show the basins for p2(z) in which it can be seen that SHM, TM1 and TM2 have wider regions of
divergence. Table 2.12: Comparison of different methods without memory in terms of Avg Iter, PNC
and CPU time Without memory methods Avg Iter PN C CPU time p1(z) PM1 PM2PM3HPMSH
Mp2(z) PMIPM2PM3HPMSHMPp3(z)y) PMIPM2PM3 HPMSHMp4(z) PMLPM2P M3 H
PMSHM?2.7165 2.2822 2.6060 2.5187 2.5187 3.1603 2.7433 2.8910 2.2958 7.1570 3.9678
3.4784 3.6042 2.9863 8.9566 3.5381 3.3973 3.4684 3.4316 4.7686 0 0 0 4.0 x 10-6 4.0 x 10-6
0004.0x 10-61.5x10-11.3x 10-28.2 x 10-37.8 x 10-34.0x 10-61.1 x10-10000
3.0 x 10—4 4.0501 3.5181 3.8734 2.7963 3.0479 5.6380 4.9187 5.0015 2.7867 7.9437 7.2858
6.3408 6.7897 3.4503 10.4044 6.2320 6.0172 6.0730 3.7895 6.3023 Problem 2.5.3. The third
function considered is p3(z) = z4 — 1 having roots £1, £i. Fig- ures 2.5 and 2.6 show that SHM
and TM2 have smaller basins. Although PM1, PM2, PM3 and PMM1 have some diverging points, yet
they converge faster than the existing methods. Problem 2.5.4. The fourth function we have taken
is p4(z) = z5 — z whose roots are 0, £1, +i. Figures 2.7 and 2.8 show that PM1, PM2, PM3, HPM,
PMM1, PMM2 and PMM3 depict convergence to the root for any initial point as they have no
diverging points. Remark 2.5.1. One can see from Figures 2.1—-2.8 and Tables 2.12 and 2.13 that
there is a marginal increase in the average number of iterations per point of the existing methods,
as they have more number of divergent points than that of the proposed methods. Special mention
to the fact that our proposed with memory methods have negligible number of divergent points in
the specified mesh of points and hence, larger basins of attraction. Consequently, our proposed
family with memory shows faster convergence in comparison to the existing methods. Table 2.13:
Comparison of different methods with memory in terms of Avg Iter, PNC and CPU time With
memory methods Avg Iter PN C CPU time p1(z) PMM1IPM M2PM M3TM1TM2p2(z) PMMLP
MM2PMM3TM1TM2p3(z) PMMIPMM2PMM3TM1ITM2p4(z) PMMIPMM2PMM3T
M1 T M2 2.7089 2.4002 2.5916 4.3642 8.3338 3.1132 2.7755 2.8498 6.0252 11.9211 3.6980
3.3119 3.3200 8.3110 15.0794 3.7034 3.6684 3.6692 5.4714 9.1054000 1.9 x 10-3 1.4 x 10-1
0001.1 x10-32.8x10-13.0x10-5004.7 x 10-24.1 x 10-1000 1.5 x 10-38.0 x
10-2 5.2390 4.6904 5.1093 3.2522 5.6000 6.8290 6.2775 6.3416 5.2045 9.6673 8.2979 7.5358
7.7738 6.7431 11.8306 8.2241 8.2776 8.2856 4.5927 7.0686 2.6 Conclusions In this chapter, we
have contributed further to the literature by introducing a new family of iterative methods with
memory having higher order of convergence in comparison to the Hansen-Patrick’s family and
Traub’s method. For verification, we have carried out numerical experiments on a few test functions
and some real life problems. It is clearly visible from our results that the proposed family improves
the convergence order. This increase in the convergence order has been achieved with no additional
functional evaluation. Furthermore, we have also presented the basins of attraction for the proposed
as well as some existing methods, which point to the very fact that our proposed methods converge
largely to the desired zeros over a specified region much faster. Finally, to conclude we would say
that the proposed family can be significantly used for solving nonlinear equations. Figure 2.1:
Basins of attraction for PM1, PM2, PM3, HPF, SHM, respectively for p1(z) Figure 2.2: Basins of
attraction for PM M1, P M M2, P M M3, T M1, T M2, respectively for p1(z) Figure 2.3: Basins of
attraction for PM1, PM2, PM3, HPF, SHM, respectively for p2(z) Figure 2.4: Basins of attraction for P
M M1, PM M2, PM M3, T M1, T M2, respectively for p2(z) Figure 2.5: Basins of attraction for PM1,
PM2, PM3, HPF, SHM, respectively for p3(z) Figure 2.6: Basins of attraction for P M M1, P M M2, P
M M3, T M1, T M2, respectively for p3(z) Figure 2.7: Basins of attraction for PM1, PM2, PM3, HPF,
SHM, respectively for p4(z) Figure 2.8: Basins of attraction forPM M1, P M M2, PM M3, TM1, T
M2, respectively for p4(z) Chapter 3 Chebyshev-Halley Typ e Variants with Memory and Their
Stability Analysis In this chapter, a new iterative family with memory has been presented for
solving nonlinear equations numerically in order to achieve higher order of convergence in
comparison to the cubically convergent Chebyshev-Halley type method. The acceleration of
convergence speed has been attained using a self accelerating parameter which is estimated from
the current and previous iterations using divided differences. Therefore, the order of convergence
increases from 3 to 3.30 without any further functional evaluation. In addition, the complex and
real dynamics of the proposed family have been studied. The parameter spaces and dynamical
planes are presented. This study helps to determine the family members with stable behavior which
in turn are suitable for practical problems. 3.1 Introduction One of the various higher order schemes
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which we have considered is the Chebyshev- Halley’s family of order 3 given by xn+1 = xn — 1+ 1
Lf (xn) f(xn) 2 (1 = aLf (xn)) (3.1.1) [ )] f'(xn), a e R, n =0,1,2,..., where Lf (xn) = f"’(xn)f(xn)
f’2(xn) . This family comprises of Chebyshev’s method for (a = 0), Halley’s method for (a = 12)
and super-Halley’s method for (a = 1). As stated in the previous chapter, the involvement of second
order derivative makes the family less practical in terms of computations. Due to these restrictions,
the researchers are being interested towards The contents of this chapter are published in:
Mathematical Methods in the Applied Sciences (Wiley), 46(12), 12549-12569, 2023 (SCIE, Q1,
Impact Factor: 2.1) the development of multipoint methods for solving nonlinear equations. Many
second order derivative free variants of Chebyshev-Halley’s method have been introduced. Thus, by
taking into consideration this motivation, we further intend to increase the order of convergence of
the proposed family with the help of a self accelerating parameter in each iteration. As a result, the
R-order of convergence of the proposed family increases from 3 to 3.30 without any further
functional evaluation. However, another important aspect of an iterative scheme to be considered is
its stability which is the analysis that tells us how dependent the scheme of the initial guesses used
is. The dynamical performance of the rational functions associated to iterative schemes is a very
useful element to study their dependence on initial estimations. In recent years, complex discrete
dynamics has been widely used on iterative methods without memory (see Cordero et al. (2021,
2013d); Chicharro et al. (2013a)). Nevertheless, it is known that iterative schemes with memory
cannot be analyzed by means of these techniques. This is the reason why the authors focused on
their qualitative study by transforming them into multidimensional dynamical systems (see Campos
et al. (2017); Chicharro et al. (2019); Campos et al. (2015)). We make use of the dynamical tools
on iterative schemes with and without memory for solving nonlinear equations. We carry out the
study of the behavior of a rational function associated with an iterative scheme. The dynamical
properties of the rational function provide us with important infor- mation about the stability and
reliability of the corresponding method. The dynamical planes show this behavior by taking into
consideration the basins of attraction of the fixed points, periodic points, etc. of the rational function
considered. A basin of attraction allows us to visually interpret how a method works based on
several initial estimates. To this end, we firstly develop a new iterative family without memory and
extend it to one with memory. We carry out the convergence analysis of the new families in order to
demonstrate their order of convergence. Stability analysis of the proposed iterative family has also
been carried out. To illustrate our theoretical results, numerical results for the proposed families
and comparisons with some of the existing methods are then given. Lastly, we present the basins of
attraction of the new families depicting clearly the convergence or divergence of the new as well as
the existing methods. 3.2 An iterative family with memory and its conver- gence analysis We aim to
construct a new two-point Chebyshev-Halley type method with memory. Suppose yn = xn — f ’(xn)
be the Newton'’s iterate. Expanding f (yn) about a point x = xn f (xn) by Taylor series, we get f(yn)
= f(xn) + f'(xn)(yn — xn) + 1f”’(xn)(yn — xn)2, 2 =f’’(xn) = 2f’(xn)2f(yn) f(xn)2 . Now, using this
new approximation for f /(xn) in (3.1.1), Li et al. (2014) presented the following scheme, yn = xn
—f’(xn) f(xn), (3.2.1) xn+1 = yn — ( f (xn)f=(y2na)f (yn) ) ff’((xxnn)) , a € R. Now, in order to
extend to the method with memory, we come up with an idea of intro- ducing a parameter t in
(3.2.1) and we present a modification in this method as follows: yn = xn — f (xn) f ‘(xn) + tf (xn) ,
xn+1 =yn — f (yn) f(xn) (f(xn) = 2af (yn) ) (f’(xn) +tf(xn)),n=0,1,2,...,whereaq, te
R are free parameters. This scheme yields the convergence order 3 having the following error
relation, en+1 = —(t + d2) t(—1 + 2a) + 2(—1 + a)d2 e3n + O(en)4, (3.2.2) (3.2.3) () where en
= Xn — K, K isa simplerootof f(x) =0anddn=n!f’(k), n=2,3,...1f(n)(k) If we observe
clearly, it can be seen from the error equation (3.2.3), ift = —d2 = — 2f '(k) f "/(k) , then the order
of convergence of the presented scheme (3.2.2) can possibly be improved, but this value can’t be
reached because the values of f ’(k) and f ’/(k) are not practically available. Instead, we can use
approximations calculated by already available information. So, to im- prove the convergence order,
we give an estimation for tn given by th = = 1 f /(xn) = f '(xn—=1) 2 ( f (xn) = f (xn—1) . ) So, by
replacing t by tn in the method (3.2.2), we obtain a new family with memory using the two
previous iterations x0, x1 as follows: tn = — 1 f /(xn) — f ‘(xn=1) 2, (f (xn) = f (xn=1) yn = xn —
f (xn) ) f’(xn) + tnf (xn), (3.2.4) xn+1 =yn — ( f(xn) — 2af (yn) ) (f’(xn) + tnf (xn) ), a € R,
n=1,2,...f(yn) f(xn) Next, we establish the convergence results for our proposed family with
memory (3.2.4). 3.2.1 Convergence analysis Theorem 3.2.1. Suppose that f : D € R — R be a real
function suitably differentiable in a domain D. If k € D is a simple root of f(x) = 0 and an initial
guess x0 is sufficiently close to k, then the iterative method (3.2.4) converges to k with
convergence order at least 3.30 having the following error relation, en+1 = d32 — 3d2d3 en—1e3n
+ d2d3 e4n + O5(en—1en), (2 ) 2whereen=xn—«kanddn =n! f'(k) , n =2,3,...1f(n)(k)
Proof. Using Taylor series expansion about xn = k, we get f (xn—1) = f '(k)(en—1 + d2e2n—-1 +
d3e3n—1 + d4ed4n-1 + d5e5n-1) + O(en—-1)6, f (xn) = f ’(k)(en + d2e2n + d3e3n + d4ed4n +
d5e5n) + O(en)6. Then, f’/(xn—=1) = f ’(k)(1 + 2d2en—1 + 3d3e2n—1 + 4d4e3n—1 + 5d5e4n-1)
+ O(en—1)5, f /(xn) = f "(k)(1 + 2d2en + 3d3e2n + 4d4e3n + 5d5e4n) + O(en)5. Now, using
previous developments, we have (3.2.5) (3.2.6) (3.2.7) (3.2.8) (3.2.9) tn = — 1 f ’/(xn) — f /(xn—-1)
2=-d2+d22 -3d3(f(xn) — f(xn—1) )+ (2en—-1+ — d32 + 5d2d3 e2n—1 d22 — 3d3 + —
2d32 + 4d2d3 — 2d4 en—1 + 3d42 — 17d22d3 + 3d23 + 5d2d4 — 5d5e2n—-1 () (2))((2)en +
— 2d4 + 3d42 — 17d22d3 + 3d23 + 5d2d4 — 5d5 en—1 + — 6d52 + 21d32d3 — 15d2d23 —
12d22d4 ) (22 —-d32(+5d2d3 ) ) ((2)(22) + 9d3d4 + 6d2d5 e2n—1 e2n + O3(en—1en). () )
(3.2.10) Using (3.2.7), (3.2.9), (3.2.10) in the second step of (3.2.4), we get yn — k = d22 — 3d3
en—1 + — d32 + 5d2d3 — 2d4 e2n—-1e2n +d3 —2d32 -2d2d3((2)(2))(2 + d4 en—-1 +
8d42 — 22d22d3 + 3d23 + 20d2d4 — 10d5 e2n—1 e3n + O4(en—1en). 1 (4 ) () ) (3.2.11) Then,
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using (3.2.11) in (3.2.7), we get f (yn) =f (k) d22 — 3d3 en—1 + (( 2 ) ( — d32 + 5d2d3 — 2d4
e2n—1e2n +d23 —2d32 —-2d2d321))(+ d4en—1+ 8d42 — 22d22d3 + 3d23 + 20d2d4 —
10d5 e2n—-1 e3n + O4(en—1en). (4 ) () ) ) (3.2.12) Using (3.2.7), (3.2.9)-(3.2.12) in the third
step of (3.2.4), we finally get en+1 = d32 — 3d2d3 en—1e3n + d2d3 e4n + O5(en—1en). (2) 2
(3.2.13) Now, we can see the lowest term of the error equation is d32 — 3d2d3 en—1e3n,
therefore, by Theorem 1.3.1, the unique positive root oVf the polynomial (s2 — 3s — 1 gives the R-
order of the 2 ) proposed scheme (3.2.4), which is s = 3+2 13 = 3.30. This completes our proof.
Remark 3.2.1. It is observed that the order of convergence has increased without the addition of
any further functional evaluation. Moreover, our family with memory has a very simple body
structure in comparison to the general complex structures of iterative schemes with memory. 3.3
Complex dynamics To present the complex dynamical analysis of our proposed scheme without
memory (3.2.2), we construct a rational operator associated with the scheme on a low-degree
nonlinear polynomial and analyze the stability and convergence of the corresponding fixed points
and critical points. Then, we generate the parameter planes of the free critical points and generate
dynamical planes of the method for some optimal choices of the parameters involved. The fixed
point operator corresponding to the proposed family (3.2.2) is Sp(z) =y — f (y) f (z) f (z) — 2af (
y)f/(z) +tf(z).(3.3.1) () () Here,y =z - f (z) f'(z) + tf (z) , the iteration xn is denoted by z.
Also, a, t € C are parameters. Here, we study the dynamics of this operator when it is applied to a
quadratic polynomial p(z) = z2 — 3. It is known that the roots of a polynomial can be transformed
by an affine map with no qualitative changes on the dynamics of the concerned family. By some
previous propositions, we can use the conjugacy map, z — vV 3 h(z) = vV, z + 3 (3.3.2) with the
following properties: i) h(o) = 1, ii) h( 3) = 0, iii) h(- 3) = o, Vv vV For z = C1 For z = C2 For z =
C3 For z = C4 For z = C5, C6 For z = C7, C8 Figure 3.1: Parameter planes for Ci,i=1,2,..., 8to
prove that the operator Sp(z) can be conjugated to the operator Gp(z) = h - Sp - h—1 (z) = nl(z; q,
t) , (3.3.3) n2(z; a, t) where nl1 and n2 are rational polynomials whose coefficients are dependent
on parameters a ( ) and t. One of our goal is to make them minimally dependent on parameters.
We also take a particular case for the parameter t which is t = 1, which corresponds to the following
fixed point operator: Gp(z; a) — z = z(z — 1)2n3(z; a) n4(z; a), (3.3.4) where n3(z; a) =1 + z(1
+63-2(1+23)a)—-20z2(-1+a)+2z3(1-63+(-2+43)a)+z24VVVVni(z;a)=-1+
z(1-63+(2+43)a)+2z2(-33+63+42a) +2z3(19-183 +18(-1 VvV VV +23)a)+
2z4(7 — 33 + (-13 + 4 3)a). Vv vV V ClWearly, 0 and o are two super-attracting fixed points of Gp
corresponding to roots 3 and vV — 3 of the polynomial p(z). Also, they are free from parameter a.
Fixed points excluding these two are strange fixed points which are different from the roots of p(z).
In order to find further strange fixed points, we will solve Gp(z; a) — z = 0 for z with given values
of a. Theorem 3.3.1. (a) For a =, Gp(z) has 3 different fixed points whicharez=1,z =12+ 3
andz= -2+ 3.V V2 (b) For a =1, Gp(z) has 4 different fixed points whicharez =1, z =
4.319637, z = —0.427768 £ 0.220263i. (c) For a # 1, , Gp(z) has 5 different fixed points which are
z = 1 and the four roots of 1 n3(z; a) = 0. { 2 } Proof. (a) Let n3(z) = 0 and n4(z)V= 0 for some
values of z € C. By elimVinating avbetween these two equations, we get =2 3z + z2 — 1 = 0 which
givesz =2+ 3, =2 + 3. Now, n3(2 + 3) = 0 and n4(2 + 3) = 0 which gives a = . When we puta =
in Gp(z), Vv V 1 1 we get 3 strange fixed points. 2 2 (b) We will check if z — 1 is factor of n3(z) and
n4(z). If we putvz = 1 in n3(z), we get n3(1) = —24(—1 + a) = 0 which gives a = 1. Also, n4(1) =
24 3(—1 + 2a) = 0 which gives a = . So, n3(z) has factor z — 1 for a = 1 and n4(z) has factorz — 1
fora=112.When we puta =1in Gp(z), we get 4 strange fixed points. 2 (c) The proof for this
is straightforward. We can numerically find the fixed points for a # 1, as stated earlier. 1 { 2 }
Further, to study the stability of the fixed points, we will find the derivative of the operator Gp from
(3.3.4) as Gp'(z; a) = 2zn26n(5z(;za;)a) , (3.3.5) where n5(z; a) =(21 + 93 = 3(13 + 4 3)a +
22(66 + 57 3 — (127 + 144 3)a + (74 + 60 3)a2) VV VvV V + 622(92 + 31 3 — 4(78 + 19 3)a +
16(13 + 4 3)a2) + 623(26 + 193 — (91 V V V V + 176 3)a + 98(1 + 2 3)a2) — 2z4(429 — 983a +
256a2) — 6z5(-26 + 193 VvV vV + (91 — 176 3)a + 98(—-1 + 2 3)a2) — 6z6(—-92 + 31 3 + (312 -
763)aVVVV+16(-13 + 4 3)a2) — 2z7(-66 + 57 3 + (127 — 144 3)a + (=74 + 60 3)a2) Vv vV
VV+328(7-33+(-13+43)a))and vV vV n6(z; a) =(-1 + z2(-33 + 6 3 + 42a) + z3(19 — 18
34+ 18(-1+23)a)+2z4(7-33VVVV+(-13+43)a)+z(1-63+((2+43)a)2.VvVV
Now, for the strange fixed point z = 1, we have |G’p(1)| = 1 which implies that z = 1 is parabolic
point. The stability of the remaining strange fixed points depends on parameter a. A classical result
establishes that there is atleast one critical point associated with each invariant Fatou component.
The critical points of Gp(z; a) are the roots of G’p(z; a) = 0 which are z = 0, z = o and the roots
of equation n5(z; a) = 0. As z = 0 and z = o are both superattractive fixed points of Gp(z; a),
they are critical points too and give rise to their respective Fatou components. For the other critical
points, we can establish the following result: Theorem 3.3.2. (a) For a =, Gp(z) has 2 critical
points, —0.5974 and 3.0324. 1 2 (b) For a = 1, Gp(z) has 8 critical points, denoted by Ci, i = 1, 2,
..., 8given by C1 = -0.9282, C2 = —0.3648, C3 = 0.3442, C4 = 2.5866, C5 = —0.4600 +
0.3338i, C6 = —0.4600 — 0.3338i, C7 = 4.3089 + 0.1932i and C8 = 4.3089 — 0.1932i. (c) Fora #
1, , Gp(z) has 8 critical points which are the roots of n5(z; a) = 0. 1 { 2 } Proof. (a) When we put
a=,weget121=922(1+23+62+(1-23)22)VVGp'z;V(23-(-6+3)zV2.)(54
) Now, on solving the equation G’p z; 1 z = 0 which are z = —0.5974 and z(= 3.)0324. 2 = 0, we
obtain two critical points other than (b) On the similar lines,when we put a = 1, we get Gp’ (z; 1)
=(-1+(3-23)z2+(9+63)22+ (1 +183)z3 +2(-6 + 3)z4)2 vV vV 22251V VvV ,S1 = (-3(6 +
3) + (26 — 54 3)z + 6(—12 + 19 3)z2 + 18(11 + 13 3)z3 + 59624 + (198 V V V V — 234 3)z5 —
6(12 + 19 3)z6 + (26 + 54 3)z7 + 3(—6 + 3)z8). V V vV vV On solving the equation G’p (z; 1) = 0,
we obtain eight critical points other than z = 0 which areC1 = —0.9282, C2 = -0.3648, C3 =0
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.3442, C4 = 2.5866, C5 = —0.4600 + 0.3338i, C6 = —0.4600 — 0.3338i, C7 = 4.3089 + 0.1932i
and C8 = 4.3089 — 0.1932i. (c) The critical points for any value of a # 1, can also be found
numerically as stated 1 earlier. { 2 } 3.3.1 Dynamical planes and parameter spaces The dynamical
behavior of operator Gp depends on the values of parameter a. A parame- ter plane is defined as a
mesh in the complex plane where each point of this mesh corresponds to a different value of a. Its
graphical representation shows the convergence analysis of a method of family (3.2.2) associated
with this a using one of the free critical points Ci as initial estimate. The resulting figure is made in
MATLAB R2021a programming package with a resolution of 400 x 400 pixels. If a method
converges to any of the roots starting from Ci in a maximum of 40 iterations with a tolerance of
10-3, the pixel is colored red; in other cases, the pixel is colored black which can be seen in Figure
3.1. Each value of a that belongs to the same connected component of the parameter plane results
in subsets of schemas with similar dynamical behavior. Therefore, it is interesting to find regions of
the parameter space as stable as possible (red regions), because these values of a will give us the
best members of the family in terms of numerical stability. 3.3.2 Dynamical planes The behavior of
the fixed points can be illustrated through the dynamical planes. The dynamical planes for some of
the values of the parameter a are shown in Figure 3.2. These figures have been generated using
MATLAB R2021a with a resolution of 400 x 400 pixels. We have taken maximum iterations 40 with a
tolerance of 10—3. Based on these figures, we can analyze that for a =, there are no black areas of
non-convergence to the solution. Hence, this 1 2 method shows good dynamical behavior. It is very
stable. Further, fora=1,5112 ,336,5and,5Fora=12Fora = 1Fora =53 Fora = 161 For
a = 25 For a = 35 Figure 3.2: Dynamical planes there are black areas of slow convergence of the
methods. Hence, these methods show poor dynamical behavior. 3.4 Numerical results This section
lays out the comparison of our family (3.2.4) with several existing schemes. The initial values of a
and t (or t0) are assumed to be chosen beforehand to begin with the computations. Also, a suitable
x0 must be fixed. The following members of the family (3.2.4) are chosen in order to perform the
calculations: 1. P M1 for a = 12 . 2, P M2 fora = 19050 . 3. P M3 for a = 1. We have taken t (or
t0)= 0.01 in our computations. The following existing methods with memory have been selected to
facilitate comparisons with our methods: 1. Chicharro-Cordero method (M M1) Chicharro et al.
(2019): tn = 2N ‘(xn) =N "’(xn) , yn = xn = f (xn) f ‘(xn) + tnf (xn) , (3.4.1) xn+1 = yn — f’(xn),
n e N, flyn) where N (x) = f (xn) + f [xn, xn—=1](x — xn) + f [xn, xn—=1, yn—1](x — xn)(x — xn—1)
is the Newton'’s interpolating polynomial of second degree. 2. Modified Traub’s method (M M2)
Soleymani et al. (2015): wn = xn + tnf (xn), yn = xn — f [xn, wn] f (xn) , xn+1 = yn — f [xn, wn] ,
n=20,1,2,...f(yn) (3.4.2) =1 tn = f[xn,xn—=1], n = 1,2,... 3. Modified parametric family (M M3)
Soleymani et al. (2015): wn = xn + tnf (xn), yn = xn — f [xn, wn] af (xn) , vn = xn — f (yn) + af (
xn) f [xn, wn], (3.4.3) xn+1 = xn — f (vn) + f (yn) + af (xn) f [xn, wn] , n=0,1,2,...,a€eR,
—-2tn=f[xn,xn=1], n =1, 2,...15 We have taken a particular case for this family when a = 10
. Further, Table 3.1 displays some nonlinear functions (f1 to f4) used to carry out the compu-
tations. Table 3.1: Test functions, associated zeros and the initial approximations (x0) Function Real
zero x0 f1(x) = x3 —sin2 x + 3 cos x + 5 f2(x) = ex2+7x-30 — 1 f3(x) = x3 + 1 + ex3—x —
cos(x2 — 1) f4(x) = e=x2(x — 2)(x6 + x3 + 1) —1.5827 3 -1 2 —0.9 3.15 -0.9 1.9 In addition,
some real-life problems are also solved after transforming them to nonlinear functions (f5 to f8).
COC (computational order of convergence) and the errors of approxima- tions to the desired roots,

| xn — k| forn=1,2,3of ft(x),t=1,2, ..., 10 are outlined in Tables 3.2—3.9. Table 3.2:
Numerical outcomes for f1(x). Methods |x1 — k| |x2 — k| |x3 — k| pc CPU Time f1 (x) With
memory PM1PM2PM3M M1 MM2MM37.3%x10-21.0x 10-21.7 x 10-2 2.7 x 10—-1 3.4 x
10-11,5x 10-11.1 x 10-53.1 x 10-8 1.5 x 10-7 6.4 x 10-4 1.2 x 10-3 1.4 x 10-5 3.3 %
10-17 3.6 x 10—-17 3.6 x 10-17 2.1 x 10—12 2.2 x 10-11 2.5 x 10-17 3.3495 3.4001 3.3918
3.2889 3.1911 2.9844 0.0049 0.0048 0.0048 0.0059 0.0036 0.0068 Table 3.3: Numerical outcomes
for f2(x). Methods [x1 — k| |x2 — k| [x3 = k| pc CPU Time f2 (x) With memory P M1 5.3 x 10-2 P
M2 2.7 x 10-2 P M3 2.1 x 10-2M M1 6.4 x 10-2MM28.7 x 10-2 MM3 6.3 x 10-2 5.8 x 10-4
3.7 x 10-51.3 x 10-51.7 x 10-2 1.3 x 10-2 5.0 x 10-3 2.7 x 10-11 4.6 x 10-151.7 x
10-16 1.7 x 10—4 5.4 x 10-5 2.3 x 10—6 3.4625 3.3623 3.3326 2.3424 2.2481 2.5584 0.0028
0.0022 0.0021 0.0029 0.0025 0.0037 Table 3.4: Numerical outcomes for f3(x). Methods |x1 — k| |
x2 — k| |x3 — k| pc CPU Time f3 (x) With memory P M1 3.2 x 10-4 P M2 3.4 x 10-5P M3 7.1 x
10-5M M1 7.7 x 10-4 MM2 8.6 x 10-4 MM3 1.0 x 10-3 2.1 x 10-12 3.3 x 10—-15 3.2 x
10-14 3.1 x 10—-11 5.1 x 10-12 3.9 x 10—-12 2.0 x 10-39 7.6 x 10—49 1.4 x 10—-45 1.8 x
10-35 7.2 x 10—-39 2.0 x 10—39 3.3065 3.3620 3.3542 3.2798 3.2616 3.2368 0.0036 0.0032
0.0034 0.0048 0.0030 0.0046 Table 3.5: Numerical outcomes for f4(x). Methods |x1 — k| |x2 — K|
|x3 — k| pc CPU Time f4 (x) With memory P M1 8.0 x 10-4 PM2 2.3 x 10-4 PM3 1.6 x 10-4 M
M11.4 x 10-3MM21.4 x 10-3MM31.4x 10-31.6 x 10-103.1 x 10-121.0 x 10-126.3 x
10-10 4.2 x 10-10 3.2 x 10-10 1.0 x 10-32 2.2 x 10-38 5.9 x 10-40 6.6 x 10-31 1.8 x
10-31 4.0 x 10—-32 3.3103 3.3212 3.3260 3.3131 3.2780 3.2856 0.0035 0.0036 0.0036 0.0038
0.0036 0.0038 Remark 3.4.1. We have tested our proposed family of iterative methods for several
values of the parameter a out of which the best ones (the values for which we got best results) are
selected for numerical computations. Real-life problems: Next, we describe a few real-life problems
together with the computa- tional outcomes: Example 3.4.1. Planck’s radiation law problem: As
described in Example 2.4.1, the nonlinear equation for the said problem is as follows: f5(x) = e—x +
— 1 =0.x5(3.4.4) The desired zero is kK = 4.9651142317442763. Table 3.6: Numerical outcomes
for Example 3.4.1. Methods |x1 — k| [x2 — k| [x3 — k| pc CPU Time f5 (x) With memory P M1 P
M2PM3MM1MM2MM324 x 10-31.7 x 10-3 2.1 x 10-3 6.6 x 10-3 5.3 x 10-3 5.6 x 10-3
4.6 x 10-12 2.8 x 10-125.9 x 10-129.6 x 10—-11 1.6 x 10—-12 8.6 x 10—13 2.8 x 10-16 2.8
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x 10—-16 2.8 x 10—-16 2.8 x 10—16 2.8 x 10—16 2.8 x 10—16 3.3297 3.3768 3.3774 3.3004
3.2655 3.2513 0.0022 0.0022 0.0021 0.0025 0.0020 0.0028 Example 3.4.2. Van der Waals state
equation: As described in Example 2.4.2, the nonlinear equation for the said problem is as follows:
f6(x) = 0.986x3 — 5.181x2 + 9.067x — 5.289 = 0, (3.4.5) having three roots, out of which one is
real and two are complex. Though our required zero is k & 1.9298462428478622. Table 3.7:
Numerical outcomes for Example 3.4.2. Methods |x1 — k| |x2 — k| |x3 — k| pc CPU Time f6 (x)
with memory PM1IPM2PM3MMI MM2MM31.4 x 10-10 1.3 x 10-11 1.3 x 10-13 2.7 x
10-10 2.7 x 10-10 3.4 x 10-104.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x
10-18 4.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x 10-18 4.1 x
10—-18 3.2821 3.3008 3.3298 3.2766 3.2795 3.2734 0.0007 0.0006 0.0006 0.0009 0.0006 0.0010
Example 3.4.3. Multi-factor effect: As described in Example 2.4.4, the nonlinear equation for the
said problem is as follows: f7(x) = x — cos x + = 0. 1 n 2 4 (3.4.6) The desired root of (3.4.6) is k
= —0.309093271541794952741986808924. Table 3.8: Numerical outcomes for Example 3.4.3.
Methods |x1 — k| |x2 — k]| |x3 — k]| pc CPU Time f7 (x) With memory P M1 P M2 P M3 M M1 M M2
M M34.3 x 10-36.8 x 10-4 2.4 x 10-4 7.5 x 10-3 7.4 x 10-3 6.5 x 10-3 4.6 x 10-10 1.7 x
10-12 7.2 x 10-14 1.9 x 10-9 3.6 x 10-9 1.6 x 10-9 3.1 x 10-31 3.0 x 10-31 3.0 x 10-31
1.2 x 10-30 8.3 x 10-30 6.2 x 10-31 3.3075 3.3389 3.3539 3.2366 3.2772 3.2900 0.0024
0.0026 0.0027 0.0030 0.0024 0.0037 Example 3.4.4. Embedment of a wall: The following nonlinear
equation results from the embedment x of a sheet-pile wall, as described in Example 2.4.5: x3 +
2.87x2 — 10.28 f8(x) = 4.62 — x = 0. (3.4.7) The required zero of (3.4.7) is k = 2.0021. Table
3.9: Numerical outcomes for Example 3.4.4. Methods [x1 — k| |x2 — k]| |x3 — k| pc CPU Time f8
(x) With memory PM1 PM2PM3 M M1 MM2MM3 2.3 x 10-31.2 x 10-52.4 x 10-4 5.4 x
10-3 5.6 x 10-38.6 x 10-31.9 x 10-51.,9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-51.9 x
10-51.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-51.9 x 10-5 1.9 x 10-5 3.2769 3.3716
3.3299 3.2195 3.2496 3.1871 0.0005 0.0006 0.0006 0.0008 0.0005 0.0015 Remark 3.4.2. The
proposed with memory scheme (3.2.4) has been compared to some other methods and it is noted
that our proposed scheme with memory gives better outcomes in terms of COC and errors as
depicted in the tables. It can be seen from Tables 3.2-3.5 that for the functions f1, f2, f3 and f4,
the proposed methods P M1, P M2 and P M3 converge to the desired root with error of
approximations much lower than the existing methods M M1, M M2 and M M3. For the function f2,
the methods M M1, M M2 and M M3 have low convergence order in comparison to the methods P
M1, P M2 and P M3. Table 3.10: Comparison of different methods with memory in terms of Avg Iter,
PNC and CPU time Methods Avg Iter PN C CPU time p1(z) PM1 P M2P M3 M M1 M M2 M M3 p2(z)
pPM1PM2PM3 MM1IMM2MM3p3(z)y PMIPM2P M3 MM1 M M2M M3 p4(z) PM1PM2PM3 M
M1 M M2 M M3 3.0368 2.9180 2.8824 4.2048 3.6256 6.0583 3.6516 3.5149 3.4624 6.5860 6.6945
8.4984 4.1059 3.7720 3.6980 8.0397 8.4718 11.5663 3.8285 3.7316 3.6943 5.7324 4.5185
5.5617 0 1.6 x 10-3 6.6 x 10-4 4.0 x 10-6 7.5 x 10-3 1.4 x 10-1 1.6 x 10-4 1.3 x 10-2 1.1
x 10-2 1.2 x 10-21.2 x 10-11.1 x 10-1 2.6 x 10-3 1.6 x 10-2 1.5 x 10-2 6.3 x 10-2 2.0 x
10-13.7 x 10-11.7 x 10-3 2.2 x 10-3 1.9 x 10-3 5.4 x 10-3 2.4 x 10-2 7.0 x 10-2 4.0254
3.9590 3.7584 7.8023 4.4682 5.9984 5.6410 5.3589 5.5212 13.5069 8.8731 16.5921 6.6177
6.1735 6.1986 17.0593 10.5184 9.8958 6.1362 6.0548 6.0116 11.8286 6.2708 10.6208 3.5 Basins
of attraction Now, we will study the dynamics of the proposed as well as some existing methods by
analyzing the behavior of their basins of attraction in the complex plane. Table 3.10 lists the
average number of iterations denoted by Avg Iter, percentage of non- converging points denoted by
PNC and the total CPU time taken by the methods to generate the basins of attraction. We have
taken the initial approximation for the accelerating param- eter t0 = 0.01 while plotting the basins
of attraction. To carry out the desired comparisons, we have considered the test problems given
below: Figure 3.3: Basins of attraction for P M1, P M2, P M3, M M1, M M2, M M3, respectively for
pl(z) Figure 3.4: Basins of attraction for P M1, P M2, P M3, M M1, M M2, M M3, respectively for
p2(z) Problem 3.5.1. The first function considered is p1(z) = z2 — 1. The roots of this function are
+1. The basins corresponding to our proposed method and the mentioned existing methods are
shown in Figure 3.3. It is observed that P M1 converge to the root with no diverging point, P M2, P
M3 and M M1 converge to the root with a small number of diverging points but M M2 and M M3
have many points painted as black. Problem 3.5.2. Second function taken is p2(z) = z3 — 1 having
roots 1, —0.5 £ 0.866i. Figure 3.4 shows the basins for p2(z) in which it can be seen that M M1, M
M2 and M M3 have wider regions of divergence. Problem 3.5.3. The third function considered is p3(
z) = z4 + 1 having roots —0.707 + 0.707i, 0.707 + 0.707i. Figure 3.5 shows that M M1, M M2 and
M M3 have smaller basins. Although P M1, P M2 and P M3 have some diverging points, yet they
converge faster than the existing methods. Problem 3.5.4. The fourth function we have taken is p4(
z) = z5 + z whose roots are 0, —0.707 + 0.707i, 0.707 £ 0.707i. Figure 3.6 shows the basins for
p4(z). Figure 3.5: Basins of attraction for P M1, P M2, P M3, M M1, M M2, M M3, respectively for
p3(z) Remark 3.5.1. One can see from the Figures 3.3—-3.6 that the existing methods have some-
what darker basins as they have more number of divergent points than that of the proposed
method in the specified mesh of points. Hence, our proposed method with memory has larger
basins of attraction. Remark 3.5.2. As we concentrate on the number of iterations, it can be seen
from the Table 3.10 that there is a marginal increase in the average number of iterations per point
of the existing methods as they have more number of divergent points than that of the proposed
method. Moreover, the existing methods require more CPU time to generate the basins as compared
to our proposed method. Consequently, our proposed method with memory shows faster
convergence in comparison to the existing methods. Figure 3.6: Basins of attraction for P M1, P
M2, P M3, M M1, M M2, M M3, respectively for p4(z) 3.6 Conclusions A new method with memory
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has been introduced. The proposed method has higher or- der of convergence in comparison to the
Chebyshev Halley’s family and Traub’s method. For verification, we have carried out numerical
experiments on afew test functions and some real life problems. It is clearly visible from our results
that the proposed method improves the convergence order. This increase in the convergence order
has been achieved with no addi- tional functional evaluation. Furthermore, we have also presented
the basins of attraction for the proposed as well as some existing methods, which point to the very
fact that our proposed method converges largely to the desired zeros over a specified region much
faster. Also, we have adapted some tools of the dynamical analysis of the complex as well as
multivariate real discrete problems to analyze the stability of the fixed points of iterative methods
with- out memory and with memory, respectively on a quadratic polynomial. This study aids in
determining the family members with stable behavior which in turn are suitable for practical
problems. Finally, to conclude we would say that the proposed method can be significantly used for
solving nonlinear equations. Chapter 4 Optimal Iterative Family Involving First Order Derivative and
its Complex Dynamics In the previous chapter, we carried out the dynamical analysis of a non-
optimal third- order iterative family of methods. In the current chapter, we have proposed an
optimal fourth-order iterative family and performed the dynamical analysis of the family with the
help of complex dynamics tools. This study allows us to find those parametric values for which the
corresponding family variant’s behavior is stable or unstable. Furthermore, we calculate critical and
fixed points associated with the rational operator linked to this iterative family. To visualize our
findings, we draw dynamical and parameter planes. Hence, we can select the regions where the
corresponding method is more efficient or shows chaotic behavior. The conclusions obtained from
this stability analysis are used in the numerical section, where some academic and real-life
problems are solved. 4.1 Introduction In recent decades, academics have become interested in
studying the dynamical behavior of iterative procedures to solve f (x) = 0 within the complex plane.
The papers Amat et al. (2004); Varona (2002) and the references therein provide substantial proof
of this. The concept of iterated rational functions has continuously evolved since the pioneering
contributions of Cayley and Schroder in the late 19th century. Their work primarily focused on
applying Newton’s solver to quadratic polynomials. The extended complex plane hosts rational
maps, which emerge from operating root-finding procedures to polynomial equations. Consequently,
the principles and concepts related to iterated rational maps find relevance in this context. The
contents of this chapter are published in: Journal of Mathematical Chemistry (Springer), 62(1),
198-221, 2024 (SCIE, Q2, Impact Factor: 1.7) Numerous researchers have delved into the
dynamics of Newton’s procedure when applied to complex polynomials, mainly focusing on those of
lower degrees. The paper by Curry et al. (1983) was one of the early works on this subject, and it
eventually inspired numerous subse- quent studies (see Roberts and Horgan-Kobelski (2004) as an
example). Halley’s method and other iterative techniques have also been taken into consideration
(see Roberts and Horgan- Kobelski (2004)). There are numerous iterative techniques to take into
account, each with its unique characteristics and properties. The Schrdder iteration functions,
encompassing both the first and second kinds, are associated with well-recognized procedures like
Halley’s and Chebyshev’s techniques. Within each of these families, we can find an iterative
approach characterized by a convergence order m, corresponding to its mth member. The dynamical
behavior of Chebyshev’s method reveals surprising results. Notably, Cheby- shev’s technique
demonstrates a distinct dynamical behavior, setting it apart from the pre- viously mentioned
Newton’s and Halley’s solvers, even when applied to polynomials of lower degrees. This particular
trait, initially established by Cayley for quadratic polynomials when employing Newton’s procedure,
asserts that the trajectory initiated from an initial estimate converges towards the nearest root
while leaving the perpendicular bisector between the two roots as an invariant set, where
divergence occurs. However, Chebyshev’s procedure does not adhere to this property, even in the
simplest scenario involving quadratic polynomials. Furthermore, one must outlook the stability
prospect of the considered method, which aids in telling us the dependence of the method on the
initial guesses used. Investigating the dynamical behavior of the rational functions is highly helpful
when examining how iterative techniques depend on the initial estimates. We can learn vital details
about the associated scheme’s stability and dependability from the rational function’s dynamical
characteristics. By taking into account the fixed, periodic points, etc., of the rational function under
study, the dynamical planes exhibit this behavior. Based on various initial hypotheses, an attraction
basin enables us to comprehend how an approach operates visually. This study explores the stability
of the presented family via complex dynamics tools. To begin with, we derive the rational map for
the proposed family through a Mébius conjugate transformation applied to the Riemann sphere.
Then, we study its critical and fixed points based on the rational map. The most stable member of
the family is then acquired by exam- ining the appropriate parameter and dynamical planes
beginning from the critical points. In this study, we firstly develop a new iterative family of optimal
nature. We carry out the convergence analysis of the new family in order to demonstrate their order
of convergence. A stability analysis of the proposed family is also made. To highlight our theoretical
results, numerical computations for the proposed family and comparisons with some of the existing
methods are then done. 4.2 An optimal iterative family and its convergence anal- ysis We propose
an optimal iterative family of order four whose iterative expression is givenas yn = xn — f ’(xn) f
(xn) , xn+1 = xn —a f’(xn)(f (xn) = f (yn)) — (1 — a) (y2f (yn) — f (xn)) f’'(xn) f (xn)2 (y1f (yn)
- f(xn))f(xn),(4.2.1)n=0,1,2,..., wherea € R\{1} denotes a free parameter, whereas v1,
y2 are the parameters depending on a. Theorem 4.2.1 describes the circumstances in which our
proposed family (4.2.1) will reach the optimal convergence rate. 4.2.1 Convergence analysis
Theorem 4.2.1. Consider a function f : D ¢ R — R that is sufficiently differentiable in a domain D. If
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an initial estimate x0 is close enough to k € D which is a simple root of f (x) = 0, then the
sequence {xn}n=0 obtained from scheme (4.2.1) converges to k with convergence order at least
four when yl =1a-1andy2 =a -1, where a e R\{1}, a giving the error relation, en+1 = (
2aa—-11d32 — d2d3 e4n + O(en)5, ) where en = xn —kanddn =n! f (k) , n =2,3,...1f(n)
(k) Proof. Expanding f(xn) and f’(xn) about xn = k by Taylor series, we have f(xn) = f’/(k)(en +
d2e2n + d3e3n + d4e4n) + O(en)5 and f’(xn) = f’(k)(1 + 2d2en + 3d3e2n + 4d4e3n + 5d5e4n) +
O(en)5. Substituting (4.2.3) and (4.2.4) in the first substep of scheme (4.2.1), one arrive at en,y =
yn — Kk = d2e2n + (—2d22 + 2d3)e3n + (4d32 — 7d2d3 + 3d4)e4n + O(en)5. Also, the Taylor’s
expansion of f(yn) around k, similar to (4.2.3) is f(yn) = f'(k)(en,y + d2e2n,y + d3e3n,y +
d4edn,y) + O(en,y)5. (4.2.2) (4.2.3) (4.2.4) (4.2.5) (4.2.6) On substituting (4.2.2)—(4.2.6) in the
second substep of scheme (4.2.1), one can have en+1 =xn+1 —k=—-(a—-1)(yl1—-vy2+ 1
)yd2e2n + ((—=2 + y1(—4 + y2) + 4y2 — y22+ a(3 — y1(—4 + y2) — 4y2 + y22))d22 — 2(a — 1)(y1
—vy2 + 1)d3)e3n+ ((4 — 13y2 + 7y22 — y23 + y1(13 — 7y2 + y22) + a(—7 + 13y2 — 7y22+ y23 —
v1(13 — 7y2 + y22)))d32 + (=7 + 14y2 — 4y22 + 2y1(—7 + 2y2)+ 2a(5 + y1(7 — 2y2) — 7y2 +
2y22))d2d3 - 3(a — 1)(yl — y2 + 1)d4)e4n+ O(en)5. (4.2.7) Now, to attain fourth-order
convergence, coefficients of e2n and e3n must vanish simultaneously. Hence, substituting
coefficients of e2n and e3n to zero, we get the following conditions: y1 = 1 a-1and y2 =aa-1,
where a € R\{1}. (4.2.8) Therefore, replacing these conditions (4.2.8) in (4.2.7), we obtain en+1 =
( 2aa—-11d32 — d2d3 e4n + O(en)5, (4.2.9) ) where a € R\{1} denotes a free parameter. This is
the error equation depicting the conver- gence order four of our proposed optimal family (4.2.1).
This finishes the proof. 4.3 Complex dynamics Let us discuss the stability of our proposed iterative
family (4.2.1) using complex dynamics tools. 4.3.1 Scaling theorem Theorem 4.3.1. Let the map f
(x) be analytic on the Riemann sphere, and consider an affine map A(x) = E1x + €2, &1 # 0. If V (X)
= f+ A(x), then the fixed point operator obtained from the scheme (4.2.1) denoted by Sf is
analytically conjugated to SV via A, that is, A > SV - A—1(x) = Sf (x). Proof. The fixed point
operator obtained from the proposed family (4.2.1) denoted by Sf is given as Sf (x) = x — a f (x)2
FrO0F () = F(y)) = (1 = a) FOO(F (x) = yIf (y)) F/OO(F (x) = v2f (y)) , (4.3.1) f(x) where y = x
— f’(x). With this iteration function, we obtain SV(A-1(x)) = A=1(x) — a V(A-1(x))2 V (A=1(x))
V(A=-1(x)) V(A-1(x)) =yl VA-1(x) = V(A—1(x)) V'(A-1(x)) V(A=1(x)) = V A—=1(x) = V/(A-1(x
M) (((4.3.2) =(1 = a) ((V'(A-1(x)) V(A-1(x)) — Y2 V A=1(x) = V'(A=1(x)))) VV'((AA—
=11((xx)))))) . ( ( Now, since V (x) = f - A(x), we have V - A—1(x) =f (x), (V- A=1)'(x) = V/(A-1
(x)). 1 &1 (4.3.3) (4.3.4) By using (4.3.3) and (4.3.4), we get V/(A=1(x)) =E1(V - A—=1)"(x) = &1f'(
x), (4.3.5) and V''(A—-1(x)) = €12f"’(x). (4.3.6) Therefore, by (4.3.3) and (4.3.5), we obtain the
expression SV(A—-1(x)) = A—1(x) — a (f(x))2 &1f'(x) f(x) — V A—1(x) — f(x) ( ( f(x) §1f'(x))) —(1
—a) f(x) f(x) =yl VA-1(x) — &1f'(x))) . ( ( &1f'(x) f(x)—y2 V A—1(x)— f(x) ( ( §1f'(x))) Further,
we have A - SV - A—1(x) =A(SV(A-1(x))) = E1SV(A-1(x)) + §2 =E1A—-1(x) — a (f(x))2 f'(x) f(x)
=V A=1(x) = f(x) ( (E1f(x))) f(x) f(x)=y1 V A=1(x)— f(x) —(1-a) ( (E1f(x))) +&2 f'(x) f(X)
—Y2 V A-1(x)— f(x) ( (f(x))2 (E1f'(x))) =x—a f'(x) f(x)-V A-1(x)— f(x) ( ( §1F'(x))) f (x) f (x) —
Y1VA-1(x) - f(X) = (1 — a) ((&LF(x))) . F'(x) f(x) — y2 V A-1(x) — f (x) ( (E1f "(x) )) Now,
to prove A - SV o A—1(x) = Sf (x), we just need to prove V A—1(x) — E1f (x) f (x) = f (x) () f (y).
Expanding V A—-1(x) — (4.3.6), we have ( £1f'(x)) using Taylor’s expansion about A—1(x) and
Equation V A-1(x) = f(x) =V(A=1(x)) = V'(A=1(x)) f(x) + V""(A=1(x)) f (x)2 ( §1f'(x) ) E1f'(x)
2812f '(x)2 — V """(A—1(x)) 6&Ef13f(x'()x3)3 + ... =f ""(x) 2ff('x(x)2)2 — f """(x) 6ff("(xx))33 + ..
L=fx —f/(x)f(x)=f(y). () Thus, we have A - SV - A—1(x) = Sf (x) which finishes our proof.
Remark 4.3.1. The aforementioned theorem proves that we can conjugate the dynamical traits of
an operator with that of another via an affine application. According to the scaling theorem,
studying the dynamical properties of a conjugated map that has been simplified through conjugacy
A, is definitely of value. 4.3.2 Rational operator Any nonlinear function can be used to generate the
rational operator. In this context, our focus lies on quadratic polynomials, as their stability or
instability characteristics in relation to a given procedure can be extrapolated to other nonlinear
functions too. Proposition 4.3.1. Consider a quadratic polynomial P(x) = (x — §1)(x — &2) having
roots &1, £2 € R. So, the rational operator My1,y2(x) obtained from the family (4.2.1) applied to
P(x), is Myl,y2(x) = 02 01, (4.3.7) where 01 = x2(a(y2 — 1)(x + 1)2 —ayl(1 + x + x2) + (1 + x
+x2)(yl-(-1+y2-x)(x+1))ando2=1-(y2-3)x+ 4 +yl-2y2+a(-1-vyl+
V2))x2 + (3 + vyl —a(2 + vyl —2y2) —2y2)x3 — (a — 1)(1 + y1 — y2)x4. Making use of the
conditions described in Theorem 4.2.1 for y1 and y2, we obtain the operator Ma(x) given as Ma(x)
=—-1-x=-x2+a(l +2x+ 2x2) x4(—-1 — x —x2 + a(2 + 2x + x2)) , (4.3.8) wherea e Cis an
arbitrary parameter. Proof. Given a polynomial P(x) = (x — §1)(x — §2) containing roots &1, §2 € R.
By applying (4.2.1) on P(x), we can get a rational map H(x) which depends upon the parameters
v1, y2 and the roots &1, £2. Now, the following conjugate transformation can be employed, mc(x) =
xx —— &§12 , (4.3.9) acquiring the properties, (i) mc(§1) = 0, (ii) mc(e0) = 1, (iii) mc(§2) = oo,
proving that the function H(x) can be transformed into the conjugated operator, My1,y2(x) = 62 ol
,whereol = x2(a(y2 — 1)(x+1)2 —ayl(1 + x +x2) + (1 + x + x2)(y1 = (-1 +y2 - x)(x+ 1
Mando2=1-(y2-3)x+(4+yl—-2y2+a(-1-vyl+y2))x2+ (3 +vyl—-a(2+yl-2y2)-
2y2)x3 — (a — 1)(1 + y1 — y2)x4. Making use of the conditions described in Theorem 4.2.1 for y1
and y2, we obtain the operator Ma(x) given as Ma(x) = =1 — x — x2 + a(l + 2x + 2x2) x4(—-1 — x
— X2 + a(2 + 2x + x2)) (4.3.10) depending only on the arbitrary parameter a and the proof is
finished. It can be observed from Proposition 4.3.1 and in view of the scaling theorem that
analyzing the rational operator (4.3.10) is similar to analyzing the family (4.2.1). 4.3.3 Fixed and
critical points It can be obtained from (4.3.10), Ma(x) — x = x(x — 1)wa(x) ¢a (x), (4.3.11) where
wa(x) = —(1 + x +x2)2 + a(1 + 3x + 5x2 + 3x3 + x4) and ¢a(x) = =1 = x = x2 + a(l + 2x +
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2x2). Proposition 4.3.2. For wa(x) and ¢a(x), we have * When a = 0, wa(x) and ¢a(x) have
common factor (x2 + x + 1). © When a =, wa(x) has a factor (x — 1)2. 9 13 " When a =, ¢a(x)
has a factor (x — 1). 3 5 Proof. Upon solving the equations wa(x) = 0 and ¢a(x) = 0
simultaneously, one can get: wa(x) and ¢a(x) have common factor (x2 + x + 1) when a = 0. At
this value, wO(x) = (x2 + x + 1)2 and ¢0(x) = —=(x2 + x + 1). Then, we put x = 1 into wa(x) and
da(x) and get wa(l) = =9 + 13a and ¢a(x) = —3 + 5a. As we solve wa(1l) = 0 and ¢a(1) = 0, we
find that wa(x) has a factor (x — 1)2 when a = 9 and ¢a(x) has a factor (x = 1) when a = . This
completes the proof. 3 13 5 Proposition 4.3.3. To find FPs, we solve Ma(x) — x = 0 for x with given
values of a. The FPs of Ma(x) are x = 0, x = o and the following strange FPs (SFPs): " F1 = 1
when a # and Fi(a) corresponding to the 4 roots of polynomial wa(x), 3 wherei =(2, 3, 4,5.5) As
we choose different values of a, we obtain different number of FPs as follows: * Ma(x) has 6 FPs
whena e C\0,35.{3} " Ma(x) has 5 FPs when a = excluding F1 = 1. 3 5 " Ma(x) has 4 FPs when
a = 0. " Ma(x) has 6 FPs when a = and F1 = 1 is a triple root in this case. 9 13 74 " The SFPs of
Ma(x) satisfy Fi = for i # j, that is, each pair is conjugate to each 1 Fj other. Proof. From (4.3.11),
we have Ma(x) — x = x(x — 1)wa(x) ¢a (x) = 0. (4.3.12) Now, MO(x) — x = x(x3 = 1), M 9 (x) —
X ==-x(x —1)3(4+7x +4x2)and 13 -4 + 5x + 5x2 (4.3.13) M3 (x) = x = = x(2 + x + x3 +
2x4) 5 2+x . We can obtain the corresponding FPs for varying a upon solving these equations which
are displayed in Table 4.1. According to Proposition 4.3.3, we obtained that there exist a minimum
of 5 and a max- imum of 7 FPs, where 0 and o are two superattracting FPs of Ma that correspond
to the roots a and b of the polynomial g(x), respectively. They do not involve the parameter a. If we
exclude these two FPs, then the remaining points are termed as the SFPs. Also, F1 = 1 when a # 3
( 5 is indicating a point of divergence within theoriginal approach. ) Proposition 4.3.4. The FP F1 =
1, a € C\ 3 has its stability properties as follows: { } 5 " F1 is a repulsor when 201 a — 299 > 6
299 . " F1 is an attractor when| a — 20|11 < 6 299 . 299 " F1 is parabolic when a —| 201 =| 6 . 299
299 " F1 is a superattractor| for a = |2 . 3 Proof. We compute the derivative of the operator Ma
from (4.3.11) as Ma’(x) = (x¢3aAr(ax()x))2 , (4.3.14) where Aa(x) = 4(1 + x + x2)2 — 3a(4 + 9x +
12x2 + 9x3 + 4x4) + a2(8 + 22x + 30x2 + 22x3 + 8x4). Substituting x = 1 in (4.3.14), we get |M’
a(l)] =62—-3a3—-5a.ltiseasytoobtain||62 —-3a3-5a=<1&=6|2-3a| <|3 - 5q]. Let
a = p + iq be an arbitrary complex number. Then, we have the following: | |2 — 3a|2 = (2 — 3p)2
+9g2land |3 - 5a|2 = (3 - 5p)2 + 25g2. So, 36(4 + 9p2 — 12p + 9g2) < 9 + 25p2 — 30p +
25g2. Upon simplifying, we obtain 299p2 + 29 — 402p + 135 = 299 p — 220919 + 29992 — 23969
<02()==>p-2014+9g2<262(4.3.15).(299) (299 ) Thus, |M’a(1)] £1iff201a—-299<6
. Further, |M’a(1)| = 0 iff a = [I3; F1 = 1 becomes superattractor in this case. Hence the 2 299 |
proof. Further, the stability of the SFPs is based on the parameter a. The superattracting FPs other
than 0, co and F1 = 1 fora = 2 3 are as follows: " F2 and F3 for a = 1.32991. () " F4 and F5 for a
= 0.70855. As a result, the method might not converge to the root because of a basin of attraction
of the SFP. Table 4.1 displays the stability outcomes of the SFPs for varying values of a. As outlined
in Proposition 4.3.3, the stability analysis of the SFPs becomes more efficient since each set of
conjugate SFPs shares identical stability characteristics, effectively reducing the stability by fifty
percent. Further, established classical findings indicate that each invariant Fatou component is
associated with a minimum of one CP linked to it. This implies that each attraction basin contains at
least one CP, other than the points 0 and oo, which are categorized as FCPs. Our focus lies in
analyzing these points dependent on the parameter a, due to their varying orbital dynamics. Table
4.1: Stability of SFPs Fi for specific a—values a Fi [M’a(Fi)| Behavior No. of Fi 0 —0.5 £ 0.866025i 4
Repulsor 2 9 13 —0.875 + 0.484123i 5.69 Repulsor 2 3 5 —0.84307 £ 0.537803i 5.84 Repulsor 4
0.59307 £ 0.805151i 4.41 Repulsor Table 4.2: FCPs Ci for special a—values a Ci No. of Ci0 — 0 9
13 1.37429, 0.727649 4 —0.530922, —1.88352 3 5 —0.404831, —2.47017 2 Proposition 4.3.5. The
CPs of Ma(x) can be seen as solutions of equation M’a(x) = 0 or roots of the equation Aa(x) = 0.
As x = 0 and o are both superattractive FPs of Ma(x), they are also CP§ giving their specific Fatou
elements. The FCPs are as follows: 18 VVVVV V" Rl - 11016l a-1a-1 7‘ 3aul - V2
3-83u2qul+113au2auiu2VvV(a-1)32a-1) |, \vv-1lavVvVvV \ c21816
a-1a-1-3aul+2u3-8Au2aul +113au2aulu2v(a-1)32a-1) |, \vv/ 18
1103au1\/\/\K\//\/"C3= 16l a—1-a-1+u2-2u3+83u2aul — 11 3au2aul v (a -
1)3(Ra-1) |, 18vVV-11a3aul Vu3+83u2aul —113au2aul vV vV " C4=161a
-la-1+u2+2v (- 1)3(20\—}1) , Where ul = 16 — 19a + 6a2, u2 = (-1 + a)2(-1 + 2a)
and u3 = =96 + 432a — 711a2 + 501a3 — 126a4. As we choose different values of a, we
obtain different number of CPs as follows: v " Ma(x) has 7 CPs when a € C/ 0,53 . { } " Ma(x)
has 2 CPs when a = 0 which are 0 only. * Ma(x) has 7 CPs when a = and 0 denotes the triple root
in this case. 9 13 " Ma(x) has 5 CPs when a = and 0 denotes the triple root in this case too. 35 "
The FCPs of Ma(x) satisfy Ci = for i # j, that is, each pair is conjugate to each 1 Cj other which are
C1 and C2, and C3 and C4. As indicated by Proposition 4.3.5, it has been established that the
count of CPs falls within the range of 3 to 8. Notably, within this set, the points 0 and o correspond
respectively to the roots €1 and &2 of the equation P(x) = 0. It's important to reiterate that any CP
other than these two is categorized as an FCP. It's worth noting that, similar to the SFPs, the
analysis of FCPs is simplified since examination of just half of them is required, given that each pair
of conjugate FCPs shares identical stability characteristics. Refer to Table 4.2 for a comprehensive
display of the FCPs across varying values of the parameter a. 4.3.4 Dynamical planes and
parameter spaces The parametric values of a determine how dynamically the operator Ma behaves.
In the complex plane, the term ‘parameter plane’ (see Chicharro et al. (2013b)) refers to a mesh
where every point represents an independent value of a. Taking one of the FCPs Ci as a starting
measure, the graphical representation of this plane depicts the convergence analysis of a variant in

file:///C:/Users/HP/Downloads/Turnitin_Originality_Report_2589212705.html

27/51



2/20/25, 10:29 AM Turnitin - Originality Report - THesis-Himani

our proposed family (4.2.1) incurred with a. The final image has a resolution of 500 x 500 pixels.
The pixel is colored red whenever a method converges to one of the solutions beginning with Ci
having an iteration count of 25 as its upper limit and a tolerance of 0.001, otherwise, black color is
assigned to the pixel as can be illustrated through Figure 4.1. Subsets of schemes with comparable
dynamical behavior are produced for every a-value that corresponds to the similar connected
component of the parameter space. Discovering possible stable regions in the parameter plane (i.e.,
red colored regions) is interesting since these values will provide us the best members in the family
(4.2.1) in terms of numerical stability. As displayed in Table 4.2, the family (4.2.1) has a maximum
of four FCPs. Proposition 4.3.5 makes it clear that the study of two distinct parameter planes will be
sufficient as shown in Figure 4.1 because the CPs C1 to C4 are conjugated in pairs. The major
region of the figure is red, which indicates that it converges to the roots in most of the cases. In
terms of numerical stability, the methods associated with the parametric values of a inside the
stability areas (i.e., red colored regions), for instance, a = 3, 11 33, , —=2, 7, 8 show good
dynamical behavior. Additionally, with these particular values of a, the iterative 520 50 5 5 scheme
of the proposed family (4.2.1) is simplified. This helps in reducing the desired time to arrive at the
solution. On the other hand, the methods associated with the parametric values of a giving black
shaded areas are outside the stability regions in the parameter spaces, for instancea =9, 7, -30,
—35, showing poor dynamical behavior in context of numerical stability. 13 10 Furthermore, the
dynamical planes can also be used to explain how FPs behave. We can check the method’s stability
for a given value of a by drawing a dynamical plane (see Chicharro et al. (2013b)) (represented by
a mesh in the complex plane) where each point represents a different value of the initial estimate
x0. With an upper limit of 25 iterations and a tolerance of 10-3, its graphical depiction
demonstrates the convergence of the method to any of the solutions beginning with x0. Different
colors are used to represent the different basins of attraction. These images were created with a
resolution of 500 x 500 pixels. Now, through dynamical planes, we examine the stability of some
methods of our proposed family. This analysis encompasses instances where the values of a fall
within and outside the stability regions of the parameter spaces. Inside the stability region are the
methods pertaining to some values of a, namely, a = 2050, -2,3,11335,75,85. Their
dynamical planes are displayed in Figure 4.2. It is to be noted here that all the methods display two
basins of attraction only, related to the roots namely 0 and o by red and blue colors, respectively.
In addition, no black areas are found representing the non-convergence to the root. As a result, the
said methods exhibit good dynamical behavior, leading to being very stable. However, some black
areas denote the slow convergence of the techniques considered here that can be spotted outside
the stability regions fora =9 , 7, =30, —35 as shown in Figure 13 10 4.3. In these figures, due to
the presence of another basins, the region corresponding to root 0 is of small size, which reduces
the possibilities of convergence to the root. Thus, the said methods show poor dynamical traits.
Remark 4.3.2. The parameter planes allow us to recognize the performance of the various members
in scheme (4.2.1), leading us to select stable and unstable methods of the family. Moreover, the
dynamical planes help us to describe the behavior of these methods. Figure 4.1: Parameter planes
for x = C1, C2 and x = C3, C4 4.4 Numerical results This section lays out the comparison of our
family (4.2.1) with several existing schemes. The initial value of a is assumed to be chosen
beforehand to begin with the computations. Also, a suitable x0 must be fixed. The following
members of the family (4.2.1) are chosen in order to perform the calculations: 1. P M1 fora=9.
132.PM2fora=.353.PM3fora=2315.4.P M4 fora =50 33. The following existing
methods without memory have been selected to facilitate comparisons with our methods: 1. Panday
et al. method (SM1 and SM2) Panday et al. (2023): yn = xn — f /(xn) f (xn) , xn+1 = xn — vy f ’(xn)
(f (xn) = f(yn)) — (1 —vy) f/(xn)(f (xn) = 3f (yn)) f (xn)2 f (xn)2 — 2f (xn)f (yn), (4.4.1) n =0,
1,2,...,y €R. The parameter values taken are as y = 1 for SM1 and y = 20 for SM2. 11 2.
Cordero et al. method (AM ) Cordero et al. (2013c): yn = xn — f [xn, wn] , wn = xn + f (xn), f (xn)
xn+1 =yn — f [xn, yn]f [yn, wn] , n=0,1,2,...f(yn)f [xn, wn] 3. Chun method (CM) Chun
(2007g): yn = xn — f ’(xn) f (xn) , xn+1 = xn — ff'((xxnn))(1 + u + 2u2), u = ff((xynn)), n =0, 1,
2,...4. Kou et al. method (KM) Kou et al. (2007a): yn = xn — ff’((xxnn)) , xn+1 = xn — f /(xn)(f
(xn) —f(yn)), n=0,1,2,...(f(xn))2 + (f (yn))2 (4.4.2) (4.4.3) (4.4.4) Further, Table 4.3
displays some nonlinear functions (f1 to f5) used to carry out the compu- tations. Table 4.3: Test
functions, associated zeros and the initial approximations (x0) Function Real zero x0 f1(x) = sin2 x
+ x f2(x) = ex2+7x—=30 — 1 f3(x) = 5i=1(x — i) f4(x) = (x — 2)(x10 + x + 1)e—x—1 f5(x) = (TTx
—1)3-1032220.052.90 1.8 1.925 1.8 In addition, some real-life problems are also solved
after transforming them to nonlinear functions (f6 to f9). COC (computational order of
convergence) and the errors of approxi- mations to the desired roots, | xn — k | forn =1, 2, 3 of
ft(x),t=1,2,...,9 are outlined in Tables 4.4—4.12. Remark 4.4.1. It can be seen from Tables
4.4-4.8 that for the function f1, the proposed methods PM1, PM2, PM3 and PM4 converge to the
respective solution with a significantly reduced approximation error compared to the previous
methods. For the function f2, AM and CM diverge to the solution. However, KM needs more than 3
iterations in order to converge to the solution. AM converges to undesired root, 4 for the function f3
and diverges for the function f4. Due to a derivative flaw, CM and KM cannot operate at points
where the function is zero or nearly zero. Table 4.4: Numerical outcomes for f1(x). Methods |x1 —
K| |x2 — k| |x3 — k| pc CPU Time f1 (x) SM11.1 x 10-4SM21.1 x 10-5AM 3.7 x 10-5CM
2.2 x 10-5KM 1.4 x 10-5PM16.9 x 10-6 PM2 2.5 x 10-6 PM3 4.7 x 10-6 P M4 5.1 x 10-6
1.2 x 10-121.3 x 10-16 1.5 x 10-17 1.2 x 10-18 1.2 x 10—-19 2.9 x 10-21 2.1 x 10-23 4.2
x 10—22 6.2 x 10-22 1.9 x 10-36 2.3 x 10-49 4.2 x 10-67 1.1 x 10-71 6.3 x 10-76 8.4 x
10-83 9.2 x 10-92 2.8 x 10—86 1.4 x 10—85 3.0000 3.0000 4.0000 4.0000 4.0000 4.0000
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4.0000 4.0000 4.0000 0.0106 0.0021 0.0018 0.0012 0.0013 0.0022 0.0029 0.0031 0.0029 Table
4.5: Numerical outcomes for f2(x). Methods |x1 — k| |x2 — k| |x3 — k| pc CPU Time f2 (x) 6.0 x
10-21.4x10-2---23x10-21.6 x 10-2 2.0 x 10-2 2.0 x 10-2 1.3 x 10-2 1.9 x 10-5 -
--1.3x%x10-41.9 x 10-55.8 x 10-56.8 x 10-59.5 x 10-53.0 x 10-14 - - -1.4 x 10-13
3.9 x 10-17 4.9 x 10—15 9.6 x 10—-15 3.7890 3.1164 D D NC 4.0762 4.0484 4.0639 4.0663
0.0027 0.0025 - - - 0.0038 0.0035 0.0033 0.0031 D- Divergent NC- Not converging in desired
iterations Real-life problems: Next, we describe a few real-life problems together with the computa-
tional outcomes: Example 4.4.1. Chemical reactor problem: As described in Example 2.4.3, the
nonlinear equation for the said problem is as follows: x 0.4(1 — x) f6(x) =1 — x — 5 log 0.4 — 0.5x
+ 4.45977 = 0. The desired root is k =& 0.7573962462537538. After comparing the new methods
with existing ones taking initial value x0 = 0.72, the results are displayed in Table 4.9. Example
4.4.2. Channel flow problem: In this example, we consider a problem of open channel flow, which
involves finding the depth of water in a rectangular channel which is Table 4.6: Numerical outcomes
for f3(x). Methods [x1 — k| |x2 — k| [x3 — k| pc CPU Time f3 (x) SM1 1.4 x 10—-3 SM2 6.8 x
10-4 AM -CM 8.2 x 10-4 KM 7.4 x 10—4 PM1 5.1 x 10—4 PM2 5.7 x 10—4 PM3 5.4 x 10—-4 PM4
5.4 x 10-4 2.0 x 10-9 2.2 x 10-11-1.6 x 10-12 7.4 x 10-13 1.9 x 10-154.1 x 10-14 1.6 x
10-14 1.3 x 10-14 5.6 x 10-27 7.2 x 10-34 - 2.6 x 10—-47 7.1 x 10-49 3.6 x 10-61 1.2 x
10-54 1.3 x 10-56 3.7 x 10—-57 2.9992 3.0000 UR 3.9995 3.9996 3.9970 4.0000 4.0003 4.0004
0.0016 0.0014 - 0.0008 0.0007 0.0012 0.0012 0.0011 0.0011 UR- Converging to undesired root
Table 4.7: Numerical outcomes for f4(x). Methods |x1 — k| |x2 — k]| |X3 — k| pc CPU Time f4 (x) 1
.1 x10-21.9x 10-3-6.6 x 10-22.1 x 10-2 3.1 x 10-3 1.9 x 10-3 2.5 x 10-3 2.6 x 10-3
2.3x10-51.0 x 10-8 -1.8 x 10-3 2.3 x 10-59.6 x 10-9 7.2 x 10-10 3.3 x 10-9 4.1 x
10-92.0 x 10-13 1.8 x 10-24 - 3.2 x 10-94.7 x 10-17 9.1 x 10-31 1.5 x 10-351.0 x
10-32 2.5 x 10—32 3.0342 3.0052 D 3.4574 3.9064 4.0035 4.0022 4.0029 4.0031 0.0042 0.0041
- 0.0027 0.0030 0.0041 0.0056 0.0040 0.0041 D- Divergent represented by the nonlinear equation
given as follows (see Rehman et al. (2021)): Vtex ex23f(x) =n(c+2x) — F =0, vV F being
the water flow, which is given by F = tcx 2 n r3, n is the Manning’s roughness coeffi- cient, t is the
slope, r is the hydraulic radius and c is the width of the channel. The following equation is obtained
if the parameter values are as F = 14.15 m3/s, ¢ = 4.572 m, t = 0.017 and n = 0.0015: 0.5961x
4.572x 2 3 — 14.15 = 0. The desired solution being k = 0.13839748098511792; for the initial
guess x0 = 1.2, the f7(x) = 0.0015 (4.572 + 2x) numerical outcomes are displayed in Table 4.10.
Table 4.8: Numerical outcomes for f5(x). Methods [x1 — k| |x2 — k| |x3 — k| pc CPU Time f5 (x) S
M11.2 x10-2SM21.7 x 10-3AM1.4 x 10-1CM 2.8 x 10-2KM 1.1 x 10-2 P M1 2.6 x
10-3PM21.5x 10-3PM3 2.1 x 10-3PM4 2.2 x 10-31.7 x 10-6 5.3 x 10-10 3.8 x 10-3
2.3 x10-64.1 x 10-8 7.3 x 10-114.3 x 10-12 2.3 x 10-11 2.9 x 10-11 5.2 x 10-18 1.5 x
10-29 5.3 x 10-9 1.4 x 10-22 7.9 x 10-304.5 x 10-41 2.8 x 10—-46 3.3 x 10—-43 8.8 x 10—-43
3.0068 3.0009 3.6288 3.9726 3.9925 4.0006 4.0004 4.0005 4.0005 0.0004 0.0004 0.0007 0.0004
0.0003 0.0004 0.0004 0.0007 0.0007 Table 4.9: Numerical outcomes for Example 4.4.1. Methods
[x1 — k] |x2 = k| [x3 = k]| pc CPU Time f6 (x) 1.3 x 10-2 4.6 x 10-3 - - 3.6 x 10-2 6.0 x
10-34.8 x 10-35.4 x 10-3 5.6 x 10-3 5.4 x 10-4 3.8 x 10-6 - - 1.3 x 10-29.0 x 10-6 2.6
x 10-6 5.3 x 10-6 5.9 x 10-6 4.0 x 10-8 1.3 x 10-15--2.2 x 10-4 2.9 x 10-17 8.8 x
10-17 8.2 x 10—-17 7.9 x 10—17 3.1678 3.0950 D D 2.4506 4.0109 4.0130 4.0126 4.0123 0.0046
0.0048 - - 0.0038 0.0045 0.0048 0.0038 0.0036 D- Divergent Example 4.4.3. Multi-factor effect:
As described in Example 2.4.4, the nonlinear equation for the said problem is as follows: f8(x) = x
—cosx+ =0.1n24(4.4.5) The desired root of f8(x) is k ® —0.3090932715417949 and the
numerical results are ob- tained by taking x0 = —2.25 in Table 4.11. Example 4.4.4. Embedment
of a wall: As described in Example 2.4.5, the nonlinear equation for the said problem is as follows:
fo(x) = x3 + 2.87x2 — 10.28 4.62 — x = 0. (4.4.6) The required zero of f9(x) is k ® 2.0021 and
the initial guess taken for the results is x0 = 1.2. The results are displayed in Table 4.12. Table 4
.10: Numerical outcomes for Example 4.4.2. Methods |x1 — k| [x2 — k| |x3 = k| pc CPU Time f7
(x)SM11.1 x10-1SM26.6 x 10-2AM 1.6 x 10-1CM9.0 x 10-2 KM 8.2 x 10-2 P M1 3.5 x
10-2P M2 5.3 x 10-2P M3 4.6 x 10-2P M4 4.4 x 10-2 2.4 x 10-3 1.3 x 10-4 2.1 x 10-2 8.3
x 10—4 4.8 x 10-4 7.8 x 10-6 4.6 x 10-6 8.5 x 10-6 9.2 x 10-6 6.2 x 10-8 9.7 x 10-13 5.6
x 10-4 2.7 x 10-11 2.0 x 10-12 2.7 x 10-18 2.7 x 10-18 2.7 x 10-18 2.7 x 10-18 2.6490
2.9298 1.5936 3.5588 3.6497 3.9222 4.0035 3.8879 3.8940 0.0047 0.0045 0.0018 0.0031 0.0116
0.0044 0.0043 0.0043 0.0046 Table 4.11: Numerical outcomes for Example 4.4.3. Methods |x1 —
K| |x2 — k| |x3 — k| pc CPU Time f8 (x) 2.5 x 10—-2 2.8 x 10-2 4.0 x 10—-1 2.8 x 10-2 2.8 x
10-22.9 x 10-22.9 x 10-22.9 x 10-22.9 x 10-2 1.2 x 10-6 1.7 x 10-7 2.2 x 10-3 5.8 x
10-8 3.5 x 10-82.4 x 10-8 1.3 x 10-8 1.9 x 10-8 2.0 x 10-8 1.2 x 10—19 3.8 x 10-23 2.8 x
10-12 1.5 x 10-30 3.9 x 10—-31 2.9 x 10—-31 3.0 x 10-31 3.0 x 10-31 3.0 x 10—31 2.9966
2.9946 3.8518 3.9948 3.9958 3.9970 3.9961 3.9966 3.9967 0.0033 0.0031 0.0032 0.0018 0.0020
0.0030 0.0031 0.0030 0.0034 Remark 4.4.2. From Tables 4.9-4.12, we can determine that AM and
C M diverge to the root in case of Example 4.4.1. For Example 4.4.4, AM converges to the
undesired root, —1.5417 . . . and C M do not converge to the respective solution in 3 number of
iterations. In addition, in case of Examples 4.4.2 and 4.4.3, our methods converge to the
respective solution acquiring minimum error compared to the previous methods. Remark 4.4.3. The
proposed methods from the family (4.2.1) and some existing methods have been compared and the
results clarify that our methods perform well in several situations where the existing methods fall
short when the COC and errors are concerned as demonstrated in Tables 4.4-4,12. In addition, our
methods exhibit a noticeable reduction in the error in approximations as shown in above mentioned
tables. Table 4.12: Numerical outcomes for Example 4.4.4. Methods |x1 — k| |x2 — k| |x3 = k| pc
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CPU Time f9 (x) SM1 2.7 x 10-1 5.7 x 10-3SM2 2.0 x 10-21.9 x 10-5AM --CM - - KM 1.5 x
100 1.4 x 10-1 PM1 6.4 x 10-2 1.6 x 10-5PM2 2.6 x 10-2 1.9 x 10-5PM3 4.7 x 10-2 1.8 x
10-5PM4 5,0 x 10-2 1.8 x 10-51.9 x 10-51,9 x 10-5--1.1 x 10-4 1.9 x 10-51.9 x 10-5
1.9 x 10-51.9 x 10-5 3.1800 3.0060 UR NC 2.5644 4.0137 4.0048 4.0095 4.0103 0.0007 0.0008
- - 0.0005 0.0009 0.0009 0.0007 0.0007 UR- Converging to undesired root NC- Not converging in
desired iterations 4.5 Conclusions In this work, we proposed an optimal iterative family of methods.
We explored the complex dynamic behavior of our proposed family (4.2.1) for solving nonlinear
equations. In accordance with the theory of Mébius conjugate transformation and scaling theorem,
we were able to extract the equivalent rational operator by the application of a general quadratic
polynomial upon the iterative family. We computed its fixed and critical points and analyzed that the
two strange points were conjugate, same with the case of free critical points. Consequently, we
study about half of them for stability. Further, the parameter planes and the dynamical planes were
drawn. This study helps identify family members which exhibit stable behavior and are thus
appropriate for solving practical issues. Numerical results are displayed on comparison of our
methods with some existing schemes. which reveal that our methods perform better compared to
the existing methods, since they provide lower absolute errors. Furthermore, our methods have
proven their versatility and applicability in diverse problem domains, including the chemical reactor
problem, a channel flow problem, multi-factor effect and embedment of a sheet-pile wall. Thus, our
methods are highly valuable tools for researchers and practitioners in fields where an accurate root
determination is crucial. Figure 4.2: Dynamical planes fora = 52050, =2, 55, respectively 3 11
33,,7 8, Figure 4.3: Dynamical planes fora =9, 7, =30, —35, respectively 13 10 Chapter 5
Complex Dynamics of a Mean-Based Optimal Iterative Family and its Applications to Chemical Mo
dels This chapter performs stability analysis of an optimal mean-based family of itera- tive methods
of order four. Taking into consideration the stability aspect of the specified method, one can describe
the method’s sensitivity to the initial guesses. A rational function corresponding to the iterative
family is developed. The convergence and stability of a certain method can be analyzed upon finding
the fixed points, critical points, periodic points, etc. of the rational function. Furthermore, the
dynamical and parametric planes are drawn which help us to detect the stable as well as non-stable
regions. It has been observed that stable iterative methods generally yield better performance on
complex problems compared to un- stable methods. This observation has been supported by
numerical experiments that compare our proposed family with some existing methods for
representing some chemistry problems, like conversion in a chemical reactor, equations of state,
and continuous stirred tank reactor problem. 5.1 Introduction It is very well-known that the fixed
point iterative methods (IMs) contribute significantly in the field of applied mathematics and
scientific computations. Nonlinear models are com- mon in many areas of chemistry, such as
reaction kinetics, thermodynamics, quantum chem- istry, and molecular dynamics (see Wilczek-
Vera and Vera (2015),Constantinides and Mostoufi (1999),Douglas (1972)). These models often
describe complex behaviors, including reaction mechanisms, phase transitions, and molecular
interactions, where minimal changes in the ini- tial state may produce significantly distinct
outcomes. Through the integration of numerical The contents of this chapter are published in:
Journal of Mathematical Chemistry (Springer), 1-23, 2024 (SCIE, Q2, Impact Factor: 1.7)
techniques, computational tools, and theoretical methods, researchers can effectively solve
nonlinear models, leading to deeper insights into complex chemical phenomena. Whether through
iterative methods, optimization techniques, or computational simulations, the ability to solve
nonlinear models is crucial for advancing both theoretical and applied chemistry. Ostrowski
proposed the coefficient pl/n, known as the efficiency index, to quantify the effectiveness of these
techniques. Here, p is the convergence order and n refers to the number of times the function
computations are performed during each iterative step. However, as the number of evaluations of
functions and the order of a method among a set of IMs do not differ, it becomes relevant to analyze
the methods by taking into consideration their dynamical behavior in the argand plane through
which the convergence and consistency of the IMs could be examined. The perspective of stability of
a method facilitates explaining the method’s sensitivity to the initial guesses. The investigation of
the rational functions and calculating their fixed points, critical points, periodic points becomes
relevant in this context. In the study, a rational operator is constructed and by the use of affine
transformation, the concerned iterative family (IF) can be conjugated to that operator so that it can
be investigated how the family behaves dynamically. Further, we focus upon its fixed and critical
points. Then, the parametric spaces are drawn which help us to detect the stable as well as non-
stable regions via the parameter values. By taking into account these parameter values, we are
aware of the regions where the concerned method is efficient by drawing the dynamical planes. In
this manner, we obtain the most-stable member in the family. 5.2 An optimal iterative family and
its convergence anal- ysis In this section, we propose an IF in two free parameters y1 and y2 as
follows: yn = xn — wn, xn+1 = xn — (f (xn))2 + y1f (xn)f (yn) + y2(f (yn))2 ( (f (xn))2 + (y1 —
1)f (xn)f (yn) + (y2 — y1 — 1)(f (yn))2 ) wn, (5.2.1) f (xn) forn = 0,1,2,... Here, wn = f’(xn). This
family is optimal as it uses three functional evaluations and shows fourth-order convergence.
Theorem 5.2.1 establishes the convergence analysis of the family (5.2.1). 5.2.1 Convergence
analysis Theorem 5.2.1. Assume f : D ¢ R — R to be a sufficiently differentiable function in D. If x0
is close enough to its simple root k € D, then the sequence {xn}n=0 derived from (5.2.1)
converges to k with order at least four whose error relation is as follows: en+1 = ((2 + y1 +
y2)d32 — d2d3)ed4n + O(en)5. (5.2.2) Here, y1 and y2 are parameters, en = xn — kand dn =n! f '’
(k), n=2,3,...1f(n)(k) Proof. Employing Taylor series expansion to f (xn) and f ’(xn) about xn
= Kk, we attain f (xn) = f '(k)(en + d2e2n + d3e3n + d4e4n) + O(en)5 (5.2.3) and f’(xn) = f'(k)(1
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+ 2d2en + 3d3e2n + 4d4e3n + 5d5e4n) + O(en)5. (5.2.4) Now, using (5.2.3) and (5.2.4), the
first substep of (5.2.1) becomes en,y = yn — k = d2e2n + (2d3 — 2d22)e3n + (3d4 — 7d2d3 +
4d32)e4n + O(en)5. (5.2.5) Further, expanding f(yn) around K, similar to (5.2.3), we get f(yn) =
(k)(en,y + d2e2n,y + d3e3n,y + d4edn,y) + O(en,y)5. (5.2.6) (f (xn))2 + y1f (xn)f (yn) + y2(f
(yn))2 ((f(xn))2 + (y1 — 1)f (xn)f (yn) + (y2 — y1 = 1)(f(yn))2 ) wn (5.2.7) = en — ((2 + y1 +
y2)d32 — d2d3)ed4n + O(en)5. Finally, using the expression (5.2.7), the second substep of (5.2.1)
yields en+1 = xn+1 — k = ((2 + y1 + y2)d32 — d2d3)ed4n + O(en)5. (5.2.8) (5.2.8) is the error
relation for our proposed optimal family (5.2.1), showing convergence order four which brings our
proof to an end. 5.3 Complex dynamics This section lays out the stability analysis of the IF (5.2.1).
To this end, using a low-degree nonlinear polynomial, a rational operator associated with (5.2.1) is
designed. In this manner, the convergence and stability of the corresponding fixed and critical points
are examined. Then, the parameter planes are drawn and the dynamical planes for specific
techniques of the IF are generated for the optimal choice of the associated parameters. 5.3.1
Scaling theorem Theorem 5.3.1. Assume f(x) to be a holomorphic function on €, and A(x) =
§1x+E&2,81 # 0, to be an affine mapping. If V(x) = f-A(x), then the fixed point operator denoted by
Sf, derived from the family (5.2.1) is analytically conjugated to SV via A, that is, ASV-A—1(x) = Sf(
x). Proof. Sf (the fixed point operator) derived from (5.2.1) is as follows: Sf (x) = x — (f (x))2 +
Y1F OOF (y) + v2(f (v))2 ( (F(x))2 + (v1 — D)f ()f (y) + (v2 = vy1 = 1)(f (y))2 ) w(x). Here, y = X
— w(x) and w(x) = f ’(x) f (x) . Using the recurrence relation (5.3.1), we get SV (A-1(x)) = A—1(x)
-V (A-1(x)) al(x) V '(A=1(x)) (a2(x) ), where al(x) = (V(A-1(x)))2 + y1V(A-1(x))V(B1(x)) +
v2(V(81(x)))2, a2(x) = (V(A-1(x)))2 + (v1 — 1)V(A-1(x))V(B1(x)) + (v2 — v1 — 1)(V(61(x)))2,
01(x) = A—1(x) = V(A—=1(x)) V/(A—=1(x)) . Now, since V(x) = f - A(x), we have (V - A-1)(x) = f(x),
(VeA-1)(x) = V(A-1(x)). 1 &1 By using (5.3.3) and (5.3.4), we get V'(A—-1(x)) = §1(V - A—1)’
(x) = E1f"(x), and V""(A—1(x)) = &12f"’(x). Thus, (5.3.3) and (5.3.5) lead to the following
expression: SV(A-1(x)) = A=1(x) — w(x) a3(x) 1 &, 1 (a4(x) ) where a3(x) = (f(x))2 + y1f(x)V
(62(x)) + v2(V(82(x)))2, a4(x) = (f(x))2 + (v1 — 1)f(x)V(82(x)) + (Y2 — y1 — 1)(V(82(x)))2,
02(x) = A=1(x) — w(x). 1 &1 Further, we have A - SV - A—1(x) = A(SV(A-1(x))) = §1SV(A-1(x))
+ &2 = E1A-1(x) — w(x)(a@a34((xx))) + €2 = x — w(x) a3(x) (a4(x)) . (5.3.1) (5.3.2) (5.3.3)
(5.3.4) (5.3.5) (5.3.6) Now, the last point is to verify A - SV - A—1(x) = Sf (x). For this, we just
need to prove V A—1(x) — w(x) = f (y). Expanding V A—1(x) — w(x) by Taylor’s form about 1 1 A(—
1(x) and Equation (5.3.6), we have 1) (&1 ) VA-1(x) — w(x) =V (A-1(x)) = V "(A-1(x)) w(x)
+1V7A-1(x))1112&Ewx)(1))23 (& (&) -1V ""A-1(x))16WX)+...(&)=f"
X)1wx)2-=f""(xX)1wXx)3+...26="F(x—w(x))="Ff(y). Therefore, we get A-SV-A-1(x) =
Sf (x) which brings this proof to an end. Remark 5.3.1. It is proven through Theorem 5.3.1 that by
an affine application, the dynami- cal behaviors of two operators can be matched via conjugation.
The scaling theorem states that it is valuable to examine the dynamics of a conjugated map if it is
made simpler by conjugacy A. 5.3.2 Rational operator When developing a rational operator, any
nonlinear mapping can be utilized. Nevertheless, we make use of quadratic polynomials since the
stability or instability criterion associated with a technique on these polynomials can similarly be
implemented to distinct nonlinear mappings. We therefore construct the operator on a quadratic
polynomial that corresponds to the IF (5.2.1). Proposition 5.3.1. Let us take a generic quadratic
polynomial P(x) = (x — &1)(x — &2) with roots &1, £2 € R. The rational operator My1(x) related to
(5.2.1) applied to P(x) is My1(x) =1 + (y1 + 3)x + (2y1l + 3)x2 x4(3 + 3x + x2 + y1(x + 2)), for
all yl € C. Proof. Assume P(x) = (x — E1)(x — &2) to be any quadratic polynomial with roots &1, §2
€ R. The expression (5.2.1) is applied on P(x) resulting in a function H(x) which is rational,
dependent on the roots &1, &2 and the parameters y1, y2 € C. The following M&bius conjugacy map
can be used: mc(x) = x — &1 x — &2, (mc(§1l) = 0, mc(§2) = oo, mc(oo) = 1), which conjugates
H(x) to the operator My1,y2(x) which will depend on the parameters y1, y2 only, whose expression
is given as My1,y2(x) = (yl +y2+ 2)x2 + (y1 + 3)x + 1 x4(x2 + 3x + yIx + yl + y2 + 2) .
Now, we need to reduce the dependence of our operator on the parameters. So, we will opt for a
particular case for y2 given by y2 = y1 + 1 which reduces the operator M as My1(x) = (2y1l + 3)x2
+ (vl + 3)x + 1 x4(x2 + y1(x + 2) + 3x + 3) . (5.3.7) This completes our proof. Proposition 5.3.1
asserts that the rational operator (5.3.7) and the IF (5.2.1) can be ana- lyzed interchangeably. 5.3
.3 Fixed points and their stability Proceeding further, we will find fixed points of My1(x) by solving
My1(x) — x = 0 for x with given values of y1. Now, from (5.3.7), the following can be deduced:
Myl (x) = x = wyl (xX)(x — 1)x ¢yl (x) . (5.3.8) Here, wyl (x) = x4 + (y1 + 4)x3 + (3yl + 7)x2 +
(y1+4)x+1, ¢yl (x) = (2y1 + 3)x2 + (Y1 + 3)x + 1. Firstly, it will be investigated whether values
of y1 exist for common divisors of wyl(x) and ¢y1l(x). Also, it will be examined whether they have
a factor (x — 1). This examination is carried out in Proposition 5.3.2. Proposition 5.3.2. When
checking for common divisors of wy1(x) and ¢y1(x), the subsequent outcomes are: (a) When y1 =
-1, wy1l(x) and ¢y1(x) have common factor (x + 1)2. (b) When y1 = - 157, yy1l (x) has (x — 1)2
as a factor and when y1 = — 73, ¢y1 (x) has (x — 1) as a factor. Proof. (a) On solving yyl (x) =0
and ¢yl (x) = 0 in parallel, we obtain: As y1 appears in both the polynomials, eliminating y1
between wyl = 0 and ¢yl = 0, we get an equation (x + 1)3 = 0. So, (x + 1)j,j =1, 2, 3 are the
candidates for common divisors of wyl (x) and ¢yl (x). If we put x = —1, the equations wyl (—1)
= 0and ¢yl (=1) = O imply y1 = —1. Then, in this case, yyl (x) and ¢y1 (x), respectively reduce
to (x + 1)2(x2 + x + 1) and (x + 1)2. (b) Then, we put x = 1 in pyl (x) and ¢yl (x) to attain yyl
(1) =5y1 + 17 and ¢yl (1) = 3yl + 7, as a result of which pyl (x) has (x — 1)2 as a factor when
vl = — 157 (as wy’l (1) = 0 in this case) and ¢yl (x) has (x — 1) as a factor when y1 = — 73 . This
finishes the proof. The subsequent proposition details the fixed points of My1. Proposition 5.3.3.
Fixed points of My1(x) are 0,00 and the strange fixed points (apart from 0 and o) described as: *
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F1 = 1 when y1 # — and the four zeros of wy1(x), denoted by Fi(y1),i =2, 3,4, 5.7 ( 3) Distinct
values for y1 give us fixed points in varying counts, as detailed below: * Myl (x) has 7 fixed points
whenyleC\ -1, - 7.{3 3} " Myl (x) has 5 fixed points when y1 = —1 including F1 = 1. * My1
(x) has 7 fixed points when y1 = — 17 5 and F1 = 1 occurs three times in this case. " Myl (x) has
6 fixed points when y1 = — not including F1 = 1. 7 3 " Every pair of strange fixed points of My1(x)
is mutually conjugate which means that they comply with the condition Fi =, i # j. 1 Fj Proposition
5.3.3 affirms that there are at most 7 and at least 5 fixed points, where 0 and o« are
superattractors of Myl corresponding to &1 and &2, respectively. Also, they do not involve the
parameter y1. F1 = 1 is a fixed point which indicates the divergence of the method. Its stability
characteristics are detailed in the following result: Proposition 5.3.4. F1 = 1 when y1 € C\ — 7 has
its stability properties as follows: ( { 3 }) " F1 is a repulsor when 171 > 16 y1 + 5555 . " Fl is an
attractor when| y1 + 17|1 < 16 55 55 . " F1 is parabolic when y1 |+ 15751 =|16 . 55 " Fl is a
superattractor| for yl = |=3. Proof. The derivative M’y1 from (5.3.7) is computed to gain insight
into the stability of the strange fixed points, given by My’1(x) = 2x3((x¢+y1(1x))2)(2y1(x) ,
(5.3.9) where Cy1(x) = 6x2 + 4y1(x + 1)2 + 9x + 3y12x + 6. Substituting x = 1 in (5.3.9), we get
IM’y1 (1)] =8yl +3 3yl +7.Itiseasytoobtainthat |18yl +33yl+7=<1&=8|yl+ 3| =
|13yl + 7|. (5.3.10) Let y1 = p + iq be an arbitrlary com|plex number. Therefore, upon simplifying
(5.3.10), we get the following relation: (p + 15751 + g2 <2162 )55171 (16 )==>yl1 + 55 <
55. Thus, |[M’y1 (1)] £ 1iffyl + 55171 < 16 55 . | | Further, |[M’y1(1)| = 0 iff y1 = —3; the case
for which F1 is a superattractor. Thus, the proof is complete. | | Furthermore, excluding the above-
mentioned points, stability of the remaining ones is dependent on y1. These stability results with
distinct y1—values are depicted in Table 5.1. Proposition 5.3.3 also asserts that there exists
conjugation in pairs of strange fixed points. Each such pair acquires the similar stability properties.
That’s why, only half of them are sufficient to analyze. Superattractors other than 0 and e is F1 = 1
for yl = —3 (as stated in Proposition 5.3.4). This implies that the fixed point would have an
attractor basin, which would prevent the method from converging to the root. The remaining points
are never superattractors. Moreover, the stability zones of Fi, i =1, 2, ..., 5 are shown in Figures
5.1-5.2. These figures have been generated via Mathematica 11.1. 5.3.4 Critical points The zeros of
M’y1(x) = 0 will be the critical points. We know that to every Fatou component (invariant), at least
one critical point is linked, that is, each basin involves at least a free critical point (apart from 0 and
o). We are interested in examining these free critical points that vary with y1, in light of their
orbital behavior. Table 5.1: Strange fixed points Fi for special y1—values and their stability y1 Fi
Behavior Number of Fi =1 —(—1)1/3 (—1)2/3 Repulsor Repulsor 2 — 17 5 —=2.1307 —0.4693
Repulsor 2 Repulsor — 7 3 —1.9662 —0.5086 0.4041 + 0.9147i Repulsor 4 Repulsor Repulsor Figure
5.1: Stability surface for F1 = 1 Prior to finding these points, values of y1 for common divisors of
Cy1(x) and ¢y1(x) will be investigated for existence. Also, it will be examined whether they have a
factor xk,k € N. Proposition 5.3.5 demonstrates this analysis. Proposition 5.3.5. When checking for
common factors of ¢y1(x) and ¢y1(x), the subsequent outcomes are: (a) When y1 = -1, Zyl (x)
and ¢yl (x) have common factor (x + 1)2, when y1 = — 73, they have (x — 1) in common and
when y1 = 3, they have (3x + 1) in common. (b) When y1 = — 32, Cy1 (x) has x as a factor, but
¢yl (x) doesn’t have any such factor. Figure 5.2: Stability surfaces for F2, F3 and F4, F5,
respectively Proof. (a) On solving Cy1(x) = 0 and ¢y1(x) = 0, simultaneously, we obtain:
Eliminating y1 from the two equations, we get a relation (x — 1)(x + 1)4(3x + 1) = 0. So, (x — 1),
(x+1)j,j=1,2,3,4 and (3x + 1) are the candidates for common divisors of Cyl(x) and ¢y1(x). If
we put x = 1, ¢yl(1l) = O implies y1 = =3,-73, and ¢y1(1) = 0 implies y1 = =73, If we put x =
—1, the equations ¢y1(—1) = 0 and ¢y1(—1) = 0 imply yl = 1,—1, and y1 = —1, respectively.
Finally, putting x = —13, the equations ¢y1(—13) = 0 and ¢y1(—13) = 0 imply y1 = 3,—-191, and y1
= 3, respectively. (b) Then, we put x = 0 into ¢y1(x) and ¢y1l(x) to obtain ¢y1(0) = 2(2y1 + 3) and
¢y1(0) = 1, as a result of which Cy1(x) has x as a factor when y1 = —32. This brings our proof to
an end. The next result details the critical points of the operator My1. Proposition 5.3.6. Critical
points of My1(x) are listed as x = 0,00,—1 and two roots of ¢yl (x) = 0 denoted by Ci (i = 1, 2). As
we have the term x3 in M’y1 (x), so 0 occurs three times except when yl1 = — 3 Selecting distinct
values for y1 gives us critical points in varying counts, as detailed below: 2 as stated in Proposition
5.3.5. " My1 (x) has 8 critical points when y1eC\ -1, —,3,—-73.{323} " Myl (x) has 4

critical points when y1 = —1, where 0 occurs three times. *~ My1(x) has 6 critical points when y1 =
— , and 7 critical points when y1 = 3. In these 7 cases, 0 is a triple root as well. 3 " Myl (x) has 7
critical points when y1 = — and 0 occurs four times in this case. 3 2 " Each pair of free critical

points is mutually conjugate which means that they comply with the condition Ci =, i # j. 1 Cj
Proposition 5.3.6 affirms that there are at most 8 and at least 4 critical points, where 0 and o are
corresponding to &1, €2, respectively. Additionally, as with the case of strange fixed points, the
dynamical traits of only half of the free critical points are sufficient to analyze. These points are
depicted in Table 5.2 for varying values of y1. Table 5.2: Free critical points Ci for distinct y1-
values y1 Ci Numberof Ci -1 - - -73-1,-123-1,-1,-33-32 -1, -1 2 5.3.5 Dynamical
planes and parameter spaces The values of parameter y1 determine how the operator Myl behaves
dynamically. A mesh in the argand plane with distinct values of y1 assigned to each point is called a
parameter plane. The analysis of convergence of a technique of the IF (5.2.1) linked to this y1 is
depicted graphically, with one among the free critical points Ci serving as the primary guess. The
package of MATLAB R2022a with a resolution of 500 x 500 pixels has been used to generate the
figures. In this instance, red color is applied to the pixel if a method, starting from Ci, reaches to a
zero in at most 25iterations with a tolerance value of 10—-3; in rest of the cases, it is painted black
as demonstrated in Figure 5.3. Subsets of schemas with dynamically analogous behavior are
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deduced for any value of y1 that is a member of the similar connected component of the parameter
plane. That’s why, we are interested to find the possible stable areas, i.e. red areas of the
parameter plane, as the values of y1 in these areas will give us the best technique of the IF as far
as stability is concerned. 8642 1 Im{0-2-4-6-8-8-6-4-202468Re{17} Figure5.3:
Parameter plane for x = C1 and C2 The affirmations in Table 5.2 and Proposition 5.3.6 directs us to
visualize one parameter plane as shown in Figure 5.3 because C1 and C2 are conjugated in pairs.
It can be seen that the large domain of the figure is red, which implies that it converges to zeros for
majority of the points. However, observing the parameter plane’s details carefully near the
imaginary part of y1, we can see the black patches. The members of the IF associated with y1
inside the stability areas of the parameter plane will show advantageous dynamical behavior, for y1
=1,3,-1,-17, -, — 39 as instance. Additionally, taking specific values of y1 simplify the
structure of the IF (5.2.1) which cuts 10 2 10 down the time required in processing to achieve the
solution to some extent. In contrast, the members associated with y1 beyond the areas of stability
will display unsatisfactory dynamical behavior, for yl = —, — , —, =3 as instance. 7 17 7 Moreover,
the dynamical planes provide an illustration of the behavior of fixed points. 3 5 2 After drawing a
dynamical plane, the stability of a member for any y1 can be evaluated. In the complex plane, this
is described as a mesh in which every point refers to a distinct initial guess x0. The method’s
graphical depiction illustrates how, with 10—3 as tolerance and at most 25 iterations, it can
converge from x0 to one of the roots. The attractor basins are depicted in various colors. The
software specifications are same as the previous one. Now, through dynamical planes, certain
members of the IF (5.2.1) are examined for sta- bility. The members are taken for values of y1
within and beyond the stability areas of the parametric space. The associated dynamical planes are
shown in Figures 5.4 and 5.5. Note that the red and blue basins correspond to 0 and oo,
respectively. For methods in Figure 5.4, there are no regions (black) of divergence. Hence, the
mentioned methods are considered stable. For methods in Figure 5.5, the black areas can be seen
depicting slow convergence. It makes the basin of 0 small, which lessens the probability of
converging to the solution. Hence, these methods display poor behavior. 5.4 Numerical results This
section lays out the comparison of our family (5.2.1) with several existing schemes. The initial
values of y1 and y2 and a suitable x0 are assumed to be chosen beforehand to begin with the
computations. The following members of the IF (5.2.1) are chosen in order to perform the
calculations: 1. PM1 foryl =—-andy2=91.10102. PM2foryl=—-andy2=-.31223.P
M3 foryl = —-1andy2 =0.4.P M4 foryl = -10andy2 = — 10 17 7 . The following existing
methods without memory have been selected to facilitate comparisons with our methods: 1. Kung
and Traub method (KTM) Kung and Traub (1974): yn = xn — f [xn, un] , un = xn + y3f (xn), y3 €
R\{0}, f (xn) xn+1 = yn — f (yn)f (un) f [xn, yn](f (un) — f(yn)), n =0, 1, 2,...The results are
obtained for y3 = —0.01. 2. Soleimani et al. method (SSM) Soleimani et al. (2013): yn = xn — f [xn
,un] , un = xn + y3f (xn), y3 € R\{0}, f (xn) xn+1 = xn — (f (xn))2 f [xn, un] f (xn) — f (yn) —
(ff((yunn)))2 , n =20, 1, 2, . .. The results are obtained for y3 = —=0.01. () (5.4.1) (5.4.2) 3. Kou
and Li method (KLM1) Kou and Li (2007a): yn = xn — wn, xn+1 =xn — 1 + Kf (xn) + 1 1 (Kf
(xn))2 wn, y4 € R, (5.4.3) (2 2 1 — y4Kf (xn) ) where Kf (xn) = f’"(xn — 13 wn)wn ,n=20, 1, 2, .
.. f’/(xn) This method is a variant of the famous super-Halley’s method. The results are obtained
for y4 = 19. 4. Kou et al. method (KLM2) Kou et al. (2007a): yn = xn — wn, xn+1 = xn — 1 + s2n
(5.44)(1-sn)wn,n=0,1,2,...Here, sn=f(xn) f (yn) . Further, Table 5.3 displays some
nonlinear functions (f1 to f4) used to carry out the compu- tations. Table 5.3: Test functions,
associated zeros and the initial approximations (x0) Function Real zero x0 f1(x) = x + sin2 x 0
0.05 f2(x) = sin x 0 0.50 f3(x) = 5i=1(x — i) 2 1.80 f4(x) = (x10 + x + 2)(x — 2)e—5x 2 1.80 TT
In addition, some real-life chemistry problems are also solved after transforming them to nonlinear
functions (f5 to f8). COC (computational order of convergence) and the errors of approximations to
the desired roots, | xn — k | forn =1, 2, 3 of ft(x),t =1, 2, ..., 8 are outlined in Tables 5.4-
5.11. Real-life problems: Next, we describe a few real-life problems together with the computa-
tional outcomes: Example 5.4.1. Virial state equation: Virial state equation, (see Wilczek-Vera and
Vera (2015)) is givenas V = UU1U32 1.0 + p1 + p 2V V 2 . Here, U1 is the universal gas constant,
U2 i(s the absolute te)mperature and U3 is the pressure. Using some specific gas parameters values
, Ul =82.05, U2 = 430.85, U3 =75, pl = —159, p2 = 9000, and taking V as variable x, the
attained nonlinear equation is f5(x) = x — 471.3499 + 749444.6310 4.242149100 x — x2 =0,
(5.4.5) Table 5.4: Numerical outcomes for f1(x). Methods |x1 — k| [x2 = K| [X3 = k| pfl (X) KT M
SSMKLM1KLM2PM1PM2PM3PM49.7x10-69.6 x 10—-6 2.0 x 10-51.4 x 10-56.2 x
10-6 5.4 x 10-7 5.3 x 10-6 1.4 x 10-6 1.8 x 10-20 1.7 x 10-20 7.0 x 10-19 1.2 x 10-19
1.8 x 10-21 1.0 x 10-31 7.9 x 10-22 1.6 x 10-24 1.9 x 10-79 1.5 x 10-79 1.0 x 10-72 6.3
x 10-76 1.2 x 10—-83 2.5 x 10—155 3.8 x 10—85 2.9 x 10—96 4.0000 4.0000 4.0000 4.0000
4.0000 5.0000 4.0000 4.0000 Table 5.5: Numerical outcomes for f2(x). Methods |x1 — k| |x2 — K|
IXx3-k|pf2(x) KTMSSMKLMLKLM2PM1PM2PM3PM4 2.4 x 10-32.4x%x 10-33.3 x
10-32.8 x 10-32.2 x 10-31.8 x 10-32.1 x 10-31.6 x 10-3 4.1 x 10-154.4 x 10-151.8 x
10-14 1.0 x 10-14 2.6 x 10-159.5 x 10-16 2.2 x 10-156.6 x 10—-16 6.1 x 10-74 9.1 x
10-74 8.2 x 10-71 6.7 x 10-72 7.2 x 10-754.3 x 10-77 3.2 x 10-75 6.7 x 10—78 5.0000
5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 5.0000 Table 5.6: Numerical outcomes for f3(x).
Methods [x1 — k| |[x2 — k| [X3 = k| pf3(X) KTMSSMKLM1 KLM2 PM1PM2PM3PM4 7.5 x
10-4 7.5 x 10-4 4.1 x 10-4 7.4 x 10-4 6.6 x 10-4 6.0 x 10-4 6.5 x 10-4 5.8 x 10-4 6.6 x
10-13 6.3 x 10-13 8.7 x 10-14 7.4 x 10—-13 2.6 x 10-13 9.1 x 10-14 2.3 x 10-13 5.2 x
10-14 4.0 x 10—-49 3.2 x 10—49 1.8 x 10-52 7.1 x 10-49 6.8 x 10-51 4.7 x 10-53 3.5 x
10-51 3.5 x 10—54 3.9996 3.9996 3.9998 3.9996 3.9997 3.9999 3.9998 4.0000 with one real and
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two complex zeros. We choose the zero k # 5.6604 x 10—6 and the initial guess is taken to be 4.2
x 10—6. The computational results are outlined in Table 5.8. Table 5.7: Numerical outcomes for
f4(x). Methods |x1 — k| [x2 = k| [Xx3 = k| pfd (X)) KTMSSMKLM1 KLM2 PM1PM2PM3P M4
1.5x10-31.5x%x 10-32.1 x 10-31.8 x 10-3 1.3 x 10-31.0 x 10-3 1.2 x 10-3 9.5 x 10-4
1.2 x 10-13 1.4 x 10-13 1.9 x 10-12 2.6 x 10-13 7.3 x 10—14 2.8 x 10—-14 6.3 x 10-14 2.0
x 10-14 5.4 x 10-54 7.5 x 10-54 1.1 x 10-48 1.0 x 10-52 6.3 x 10-55 1.4 x 10-56 3.4 x
10-55 3.6 x 10—-57 4.0075 4.0077 3.9976 4.0091 4.0066 4.0051 4.0063 4.0047 Table 5.8:
Numerical outcomes for Example 5.4.1. Methods |x1 — k| [x2 = k| [ X3 = k| pf5 (X) KTMSSMK
LM1 KLM2 PM1PM2PM3PM4 — —-2.2x 10-71.6 x 10-7 5.9 x 10-8 1.1 x 10-7 4.0 x 10-8
2.2 x10-7 - -3.3x 10-106.3 x 10-11 2.4 x 10-135.4 x 10-122.8 x 10-14 1.4 x 10-10 —
- 1.9 x 10-21 2.8 x 10-22 2.8 x 10—22 2.8 x 10-22 2.8 x 10-22 3.0 x 10-22 D D 3.9174
3.9539 3.9916 4.0207 3.9955 4.0528 D- Divergent Example 5.4.2. Van der Waals state equation:
As described in Example 2.4.2, the nonlinear equation for the said problem after taking specific
parameters’ values is as follows: f6(x) = x3 — 5.22x2 + 9.0825x — 5.2675 = 0, (5.4.6) with three
roots. Among them, the simple root k = 1.72 is chosen and the initial guess is taken to be 1.70.
Table 5.9 outlines the results. Example 5.4.3. Chemical reactor problem: As described in Example
2.4.3, the nonlinear equation for the said problem is as follows: f7(x) =1 — x — 5log 0.4 — 0.5x +
4.45977 = 0. x 0.4(1 — x) (5.4.7) The desired root is k = 0.7573962462537538. The outcomes are
presented in Table 5.10 taking x0 = 0.72. Table 5.9: Numerical outcomes for Example 5.4.2.
Methods [x1 — k| |x2 = k| [x3 —k|pf6 (X) KTMSSMKLM1KLM2 PM1PM2PM3PM4 3.3 x
10-33.1 x 10-34.2 x 10-3 3.7 x 10-3 2.6 x 10-3 1.0 x 10-3 2.4 x 10-3 4.0 x 10-5 2.9 x
10-52.3 x 10-51.1 x 10-4 5.6 x 10-57.8 x 10-6 4.4 x 10-8 5.0 x 10-6 5.1 x 10-13 3.4 x
10-131.4 x 10-13 1.7 x 10-107.6 x 10-12 1.0 x 10-152.7 x 10-17 1.1 x 10-16 2.7 x
10-17 3.6801 3.6933 3.4211 3.5685 3.8014 3.9227 3.8333 3.9987 Table 5.10: Numerical
outcomes for Example 5.4.3. Methods [x1 — K| |x2 — K| [Xx3 = k| pf7(X) KTMSSMKLM1K
LM2 PM1IPM2PM3PM4 1.7 x 10-2 — — 3.6 X 10-2 2.2 x 10-39.9 x 10-3 1.9 x 10-4 1.3 x
10-22.0 x 10-3 - - 1.3 x 10-21.3 x 10-8 3.7 x 10-52.7 x 10-13 1.4 x 10-4 1.9 x 10-7 —
- 2.2 x10-48.8 x 10-17 7.5 x 10-158.8 x 10—-17 2.5 x 10—12 3.7523 D D 2.4506 3.9858
4.0888 4.0001 4.1410 D- Divergent Example 5.4.4. Continuous stirred tank reactor (CSTR)
problem: Here, we consider the isothermal CSTR (see Constantinides and Mostoufi (1999)). The re-
actor receives inputs Al and U4 at rates of Q and q — Q, respectively. In the reactor, the following
reaction process is then achieved: Al + U4 — A2, A2 + U4 — A3, A3 + U4 — A4, A3 + U4 — A5.
While designing a simple model for feedback control systems, Douglas (1972) examined the above-
mentioned model which was converted into the following expression: U5 2.98(x + 2.25) (x + 1.45)
(x + 4.35)(x + 2.85)2 = —1. Here, U5 is the proportional controller gain. For values of U5 that
result in zeros of the transfer function with a negative real part, the control system is stable. Upon
choosing U5 = 0, the poles of the feedback-free transfer function can be acquired as zeros of the
equation given as f8(x) = x4 + 11.50x3 + 47.49x2 + 83.06325x + 51.23266875 = 0. (5.4.8)
(5.4.8) has four zeros but our desired simple zero being k = —4.35. Table 5.11 outlines the results
with x0 = —4.13. Table 5.11: Numerical outcomes for Example 5.4.4. Methods |x1 — k| |x2 = k]| |
x3 — k| p f8 (x) KTM 7.9 x 10—2 SSM — KLM1 8.0 x 10—1 KLM2 2.6 x 10—1 PM1 3.7 x 10-2 PM2
4.2 x 10-2PM3 2.1 x 10-2 PM4 6.3 x 10-22.3 x 10-4 - 1.9 x 10-1 1.3 x 10-2 6.4 x 10-6
7.4 x 10-65.9 x 10-7 8.3 x 10-52.4 x 10-14 — 6.8 x 10-3 2.8 x 10-7 3.6 x 10—-16 3.6 x
10-16 3.6 x 10—16 1.9 x 10—16 3.8413 NC 1.6352 3.1329 3.9520 4.0822 3.9782 4.1370 NC- Not
converging in desired iterations Remark 5.4.1. It can be seen from Tables 5.4-5.7 that for f1 to f4,
in comparison to the previous techniques, we get a noticeably lower approximation error with the
proposed methodsP M1, P M2, P M3 and P M4 as they converge to the solution. Remark 5.4.2. From
Tables 5.8-5.11, it can be confirmed that for Example 5.4.1, KTM and SSM diverge. Similarly, for
Example 5.4.3, SSM and KLM1 diverge. For Example 5.4.4, SSM is not converging to the zero in
required iterations and methods KLM1 and KLM2 exhibit a very slow convergence in this case. In
addition, for Example 5.4.2, a least amount of error can be observed for our methods. Remark
5.4.3. A comparison has been made between our methods and several existing meth- ods. The
results show that our methods outperform the existing methods in numerous scenarios in terms of
COC and errors as revealed in Tables 5.4-5.11. Furthermore, the aforementioned tables
demonstrate a significant decrease in approximation error for our methods. 5.5 Conclusions In this
work, the complex dynamic behavior of an optimal IF has been explored by analyzing its stability
properties. We can better understand how a given method of an IF depends on initial guesses if the
aforementioned aspect is taken into consideration. A rational operator is constructed by applying a
generic quadratic polynomial to the IF, taking into account the scaling theorem and the Mobius
transformation theory in conjugation on the Riemann sphere. The fixed and critical points are
evaluated, and it is inspected that each pair of strange fixed points as well as free critical points
were conjugate to each other. Thereupon, we examine the stability of roughly half of them.
Additionally, we generated the dynamical and parameter planes whose study helps to distinguish the
stable or unstable family members which in turn can be employed to several practical problems.
When our methods are compared to certain previous techniques, numerical outcomes in- dicate
that our methods perform better since they produce smaller absolute errors than the existing IMs.
Furthermore, the chemical reactor problem, equations of state and continuous stirred tank reactor
problems are only a few domains in which our methods have demonstrated their adaptability and
usefulness. As a result, researchers working in domains where precise root finding is essential will
find great value in our methods. 33221 1Im{x} 0Im{x}0-1-1-2-2-3-3-3-2-10123-3
-2-10123Re{x}Re{x}332211Im{x} 0Im{x}0-1-1-2-2-3-3-3-2-10123-3-2-1
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0123Re{x}Re{x}332211Im{x}0Im{xy0-1-1-2-2-3-3-3-2-10123-3-2-1012
3 Re{x} Re{x} Figure 5.4: Dynamical planes foryl =1, 3, -1, — 1170, —, — 10, respectively 3 9
2332211 Im{x}0Im{x}0-1-1-2-2-3-3-3-2-10123-3-2-10123Re{x}Re{x}33
2211Im{x} 0Im{x}0-1-1-2-2-3-3-3-2-10123-3-2-101 2 3Re{x} Re{x} Figure
5.5: Dynamical planes foryl = -, - 17735, —, =3, respectively 7 2 Chapter 6 An Optimal
Derivative-free Fourth Order Metho d and its Memory Variant for Nonlinear Mo dels An optimal
iterative scheme without memory free from derivatives has been presented in this chapter for
solving nonlinear equations. There are many iterative schemes existing in the literature which either
diverge or fail to work when f ’(x) = 0. But, our proposed scheme works even in those cases. In
addition, we also extended the same idea for iterative method with memory with the help of self-
accelerating parameters estimated from the current and previous approximations. As a result, the
order of convergence increased from 4 to 7 without the addition of any further functional evaluation
. 6.1 Introduction The previous chapters dealt with iterative scheme involving first order derivatives.
One drawback of such kind of methods is that when f ‘(xn) = 0, the methods fail, which confines
their applications. Therefore, a lot of researchers are interested towards building optimal multipoint
methods free from derivatives. These methods prove to be very helpful in the cases where the
derivative of the function is cumbersome to evaluate or is expensive to compute. In order to
circumvent the clause of derivatives, Traub-Steffensen used the approximation, f'(xn) = f(xn + Bf(
xn)) — f(xn), B € R\{0} Bf(xn) which when replaced in the Newton’s method taking the form, xn+1
=xn — f [wn, xn] f (xn), (6.1.1) (6.1.2) The contents of this chapter are published in:
Mathematical and Computational Applications (MDPI), 28(2), 48, 2023 (Scopus, Q2, Impact Factor:
1.9) where wn = xn + Bf(xn), termed as Traub-Steffensen method. This method is free from
derivative and is a significant improvement of Newton’s method because it retains its quadratic
convergence without the addition of the derivative. In literature, various procedures have been
used for approximating the first order deriva- Gp(x) tives. For example, one of the procedure uses
Padé approximant of the form Hq(x), where Gp(x) and Hq(x) are polynomials of degree p and q,
respectively. Cordero et al. Cordero et al. (2013c) used the first degree Padé approximant to
approximate the first order deriva- tive. Another procedure uses interpolating polynomial of degree
n that interpolates n + 1 already known values of the specified function Cordero et al. (2013b).
Additionally, procedure by using the divided difference can also be used. Following the steps of
Traub, many authors are constructing higher order methods with - out derivatives. Among many
others, Chicharro et al. Chicharro et al. (2017) presented a biparametric family of order four and
then developed a family of methods with memory having higher order of convergence without
further increasing the number of functional evaluations per iteration. In Sharifi et al. (2016), the
authors presented a derivative free form of King’s family with memory. Kansal et al. (2016)
developed a tri-parametric derivative-free family of Hansen-Patrick type methods which requires
only three functional evaluations to achieve optimal fourth order of convergence. Then, they
extended the idea to with memory as a result of which the R-order of convergence is increased
from 4 to 7, without any additional functional evaluation. Thus, by taking into consideration these
developments, we further attempt to propose an iterative method without memory free from
derivatives and then convert it into more efficient method with memory such that the order of
convergence is increased without any further functional evaluation. We carry out the convergence
analysis of the new methods in order to demonstrate their order of convergence. To illustrate our
theoretical results, numerical results for the proposed methods and comparisons with some of the
existing methods are then given. Lastly, we present the basins of attraction of the new methods
which demonstrate the convergence or divergence of the new as well as the existing methods. 6.2
An optimal iterative method without memory and its convergence analysis We aim to construct a
new two-point derivative-free optimal scheme without memory in this section and extend it to with
memory scheme. If the well-known Steffensen’s method is composed with Newton’s method, we
get the following fourth order scheme: yn = xn — f (wn) = f (xn) f (xn)2, xn+1 =yn — f’(yn) f
(yn) (6.2.1) , where wn = xn + f (xn). To avoid the computation of f ’(yn), Cordero et al. (2013c)
approxi- mated it by the derivative m’(yn) of the following first degree Padé approximant: al + a2(
t—yn)m(t) =1+ a3(t- yn), (6.2.2) where al, a2 and a3 are real parameters to be determined
satisfying the following conditions: m(xn) = f (xn), (6.2.3) m(yn) = f (yn), (6.2.4) m(wn) = f (wn).
(6.2.5) Using these conditions, the derivative of the Padé approximant evaluated in yn is given as
m’(yn) = f [xn, yn]f [yn, wn]. (6.2.6) f [xn, wn] Using (6.2.6) in second step of (6.2.1), they
presented the following scheme: yn = xn — f (wn) — f (xn) f (xn)2, f (yn)f [xn, wn] (6.2.7) xn+1
=yn — f [xn, yn]f [yn, wn] , where wn = xn+f(xn). This scheme is optimal in the sense of
Kung—Traub conjecture having order of convergence 4 with three functional evaluations per
iteration, f(xn), f(yn) and f(wn). Now, in order to extend to the method with memory, we come up
with an idea of intro- ducing two parameters y and § in (6.2.7) and we present a modification in
this method as follows: yn = xn = f (xn) , f [xn, wn] + &f (wn) (6.2.8) xn+1 = yn — (f [xn, yn] + &f
(wn))f [yn, wn] f (yn)(f [xn, wn] + & (wn)) , where wn = xn + yf(xn). This modified scheme yields
the optimal order of convergence 4 having three functional evaluations per iteration, f(xn), f(yn)
and f(wn). Next, we establish the convergence results for our proposed family without memory
given by Equation (6.2.8). 6.2.1 Convergence analysis Theorem 6.2.1. Suppose thatf: Dc R - R
be a real function suitably differentiable in a domain D. If k € D is a simple root of f (x) = 0 and an
initial guess x0 is sufficiently close to k, then the iterative method given by Equation (6.2.8)
converges to k with convergence order p = 4 having the following error relation, en+1 = (1 + f’(k)
V)2(§ + d2) (2 + f'(k)y)&d2 + 2d22 — d3 e4n + O(en)5, ( where en = xn — K, K is a simple root of
f(x)=0anddn=1f(n))(k) n'f’(k), n=2,3,...Proof. Expanding f (xn) about xn = k by
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Taylor series, we have f (xn) = f '(k)(en + d2e2n + d3e3n + d4e4n) + O(en)5. (6.2.9) Using
Equation (6.2.9) in the first step of Equation (6.2.8), we have en,y = yn — k = (1 + f'(k)y)(§ + d2)
e2n + (—(2 + 2f"(k)y + f'(k)2y2)&d2 — (2 + 2f'(K)y + f'(k)2y2)d22 — (1 + f'(k)y)((1 + f'(k)y)E§2 —
(2 + f'(k)y)d3))e3n + ((5 + 7f(K)y + 4f'(k)2y2 + f'(k)3y3)Ed22 + (4 + 5f'(k)y + 3f'(k)2y2 + f’
(k)3y3)d32 — (4 + 7f'(K)y + 5f'(k)2y2 + f'(k)3y3)&d3 — d2(—(3 + 5f'(k)y + 3f'(k)2y2 + f’
(K)3y3)E2 + (7 + 10f(K)y + 7f'(k)2y2 + 2f'(k)3y3)d3) + (1 + f'(k)y)((1 + f'(k)y)2E3 + (3 + 3f’
(K)y + f'(k)2y2)d4))ed4n + O(en)5. (6.2.10) Also, the Taylor’s expansion of f(yn) is f(yn) = f'(k)
(en,y + d2e2n,y + d3e3n,y + d4e4n,y) + O(en,y)5. (6.2.11) Using Equations (6.2.9)—(6.2.11), we
have (ff[(xynn,)y(nf][x+n& wf(nw]+n))EFf[(ywn,nw))n] = (1 + f'(K)y)(§ + d2)e2n + (—(2 + 2f'(kK)y
+ f/(k)2y2)&d2 — (2 + 2f'(K)y + f'(k)2y2)d22 — (1 + f(K)y)((1 + f'(k)y)E2 — (2 + f'(k)y)d3))e3n
+ ((1 = 2f'(k)y — 2f"(k)2y2)&d22 + (2 + f'(k)y + f'(k)2y2 + f'(k)3y3)d32 — (3 + 5f(k)y + 4f’
(k)2y2 + f'(k)3y3)Ed3 — d2((—1 + f'(k)2y2)E2 + 2(3 + 4f'(k)y + 3f'(k)2y2 + f'(k)3y3)d3) + (1 +
(K)Y)((1 + f(k)Y)2E3 + (3 + 3f'(K)y + f'(k)2y2)d4))edn + O(en)5. (6.2.12) Finally, putting
Equation (6.2.12) in the second step of Equation (6.2.8), we get en+1 = (1 + f'(k)y)2(§ + d2) (2
+ f'(k)y)&d2 + 2d22 — d3 e4n + O(en)5, (6.2.13) which is the error equation for the (proposed
optimal scheme g)iven by Equation (6.2.8) with convergence order four. This completes the proof.
6.3 An iterative method with memory and its conver- gence analysis Now, we present an extension
to the method given by Equation (6.2.8) by inclusion of memory having improved convergence
order without the addition of any new functional evaluation. If we observe clearly, it can be seen
from the error relation given in Equation (6.2.13) that the order of convergence of the proposed
family given by Equation (6.2.8) is 4 if y # f’(k) —1 and § # —d2. Therefore, if y = f’(k) and § =
—-d2 = =2f’(k), then the order of convergence —1 f’’(k) of our proposed family can possibly be
improved, but this value can’t be reached because the values of f /(k) and f ’/(k) are not practically
available. Instead, we can use approximations calculated by already available information. Hence,
the main idea in constructing methods with memory consists of the calculation of the parameters y
= vyn and § = §n as the iteration proceeds by the formulaes, yn = f'(k) and &n = —d2 = -2f'(k) -1
f'’(k) forn =1, 2, ... Further, it is also assumed that the initial estimates y0 and €0 must be
chosen before starting the iterations. Thus, we give an estimation for yn and &n given by yn = N3-’
(x1n) and &n = —2NN44’’((wwnn)) , (6.3.1) where N3(k) = N3(k; xn, xn—=1, yn—1, wn—1) and
N4(k) = N4(k; wn, xn, wn—1, yn—1, xn—1) are Newton'’s interpolating polynomials of third and
fourth degrees, respectively which are set through best available nodal points, (xn, xn—1, yn—1,
wn-1) for N3 and (wn, xn, wn—1, yn—1, xn—1) for N4. So, by replacing y by yn and & by &n in the
method given by Equation (6.2.8), we obtain a new family with memory as follows: y0, §0, x0 are
given, w0 = x0 + yOf (x0) yn = N3-='(x1n) , wn = xn + ynf (xn), &n = —2NN44’"’((wwnn)) , n = 1,
2,...,yn=xn-f(xn), (6.3.2) f [xn, wn] + &nf (wn) xn+1 = yn — (f [xn, yn] + &nf (wn))f [yn,
wn] f (yn)(f [xn, wn] + &nf (wn)) . Next, we establish the convergence results for our proposed
family with memory given by Equation (6.3.2). 6.3.1 Convergence analysis Theorem 6.3.1.
Suppose that f : D ¢ R — R be a real function suitably differentiable in a domain D. If k € D is a
simple root of f (x) = 0 and an initial guess x0 is sufficiently close to k, then the iterative method
given by Equation (6.3.2) converges to k with convergence order at least 7. Proof. Let {xn} be a
sequence of approximations generated by an iterative method (IM). If this sequence converges to
the zero k of f with the R-order (= r) of IM, then we write en+1 ~ Dn,rern, en = xn — K, where Dn,r
tends to the asymptotic error constant Dr of IM, when n — . Thus, en+1 ~ Dn,r(Dn—1,rern—1)r =
Dn,rDnr—1,rern2—1 (6.3.3) (6.3.4) Let the iterative sequences {wn} and {yn} have R-orders rl
and r2, respectively. Therefore, we obtain en,w = wn — k ~ Dn,rlernl ~ Dn,r1(Dn—-1,rern—1)rl =
Dn,riDnri—-1,rernr—11 and en,y = yn — Kk ~ Dn,r2ern2 ~ Dn,r2(Dn—1,rern—1)r2 = Dn,r2Dnr2—1
,rernr—21. Using (6.3.5), (6.3.6) and a lemma stated in Kansal et al. (2016), we obtain 1 + ynf’(k)
~ylen—-1,wen—-1,yen—1 = w1Dn-1,r1Dn—-1,r2ern1—+1r2+1, &n + d2 ~ y2en—-1,wen—-1,yen—1 =
w2Dn-1,r1iDn—-1,r2ern1—+1r2+1. (6.3.5) (6.3.6) (6.3.7) In view of our proposed family of
methods without memory given by Equation (6.2.8), we have the following error relations, en,w =
(1 + yf'(k))en + O(en)2, en,y = (1 + yf(k))(§ + d2)e2n + O(en)3, en+1 = ¢1(1 + yf'(k))2(§ +
d2)e4n + O(en)5, (6.3.8) (6.3.9) (6.3.10) where ¢1 = (2 + f'(k)y)&d2 + 2d22 — d3. According to
the error relations given by Equations (6.3.8)—(6.3.10) with self-accelerating parameters, y = yn
and & = &n, we can write the corresponding error relations for the methods given by Equation
(6.3.2) with memory as follows: en,w ~ (1 + ynf ’(k))en, en,y ~ (1 + ynf /(k))(§n + d2)e2n, en+1
~ $2(1 + ynf '(k))2(§n + d2)e4n, (6.3.11) (6.3.12) (6.3.13) where ¢2 = (2 + f '(k)yn)End2 + 2d22
— d3 depending on iteration index since yn and &n are re-calculated in each step. Now using
Equations (6.3.7) and (6.3.11)—(6.3.13), we get the following relations: en,w ~ (1 + ynf’(k))en ~
w1Dn—1,r1Dn—-1,r2Dn—1,rern+-r11+r2+1, (6.3.14) en,y ~ (1 + ynf’(k))(§n + d2)e2n ~
wlw2Dn2-1,r1Dn2-1,r2Dn2—-1,re2nr—+12r14+2r2+2, (6.3.15) en+1 ~ $2(1 + ynf’(x))2(&n +
d2)ed4n ~ ¢2w12w2D3n—-1,r1Dn3-1,r2Dn4—-1,red4nr—+13r1+3r2+3. (6.3.16) Now, comparing the
error exponents of en—1 on the right hand sides of pairs given by Equations (6.3.5) with (6.3.14),
(6.3.6) with (6.3.15) and (6.3.4) with (6.3.16), respectively, we obtain the following system of
equations: rrl —r—-r1—-r2=1,rm2-2r—-2r1 —2r2 =2, (6.3.17) r2 — 4r — 3r1 — 3r2 = 3.
Solving this system of equations, we get a non-trivial solution as r1 = 2, r2 = 4 and r = 7. Hence,
we can conclude that the lower bound of the R-order of our proposed family with memory given by
Equation (6.3.2) is 7. This completes our proof. 6.4 Numerical results This section lays out the
comparison of our schemes (6.2.8), denoted by P M and (6.3.2), denoted by P M M with several
existing schemes. The initial values of y (or y0) and & (or §0) are assumed to be chosen beforehand
to begin with the computations. Also, a suitable x0 must be fixed. We have taken y (or yO)= —-0.1
and § (or §0)= 0.1 in our computations. The following existing methods have been selected to
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facilitate comparisons with our methods: 1. Soleymani et al. method (SM) without memory
Soleymani et al. (2012c): yn = xn — f [xn, wn] , wn = xn + yf (xn), y € R\{0}, f (xn) 2 xn+1 = xn
= f(xn) + f (yn) = 2f (xn) + af (yn) f (yn) yf [xn, wn] ( f[xn,wn]ln=0,1,2,...)(f[xn, wn])
(f(xn)) (1 -2+ 2yf[xn,wn] ), aeR, (6.4.1) We have taken a particular case for this family
when a = 10, y = —0.01. 2. Cordero et al. method (AM1) without memory Cordero et al. (2013c):
yn = xn — f [xn, wn] , wn = xn + f (xn), f (xn) (6.4.2) xn+1 = yn — f [xn, yn]f [yn, wn] , n =0,
1,2,...f(yn)f [xn, wn] 3. Chun method (CM) without memory Chun (2007g): yn = xn — f ’(xn) f
(xn) , xn+1 = xn = ff'((xxnn))(1 + u + 2u2),u = (6.4.3) f (xn) ,n=0,1,2,...f(yn) 4. Cordero
et al. method (AM2) with memory Cordero et al. (2015): y0, &0, x0 are given, w0 = x0 + yOf (x0),
yn = N3-’/(x1n) , wn = xn + ynf (xn), &n = —2NN44’"’((wwnn)) ,n=1,2,...,yn =xn — f (xn) ,
(6.4.4) f [xn, wn] + &nf (wn) xn+1 = yn — f (yn) f [xn, yn] + (yn — xn)f [xn, wn, yn] , where N3
and N4 are as defined in Section 6.3 and yO = €0 = 0.1 are used in results. 5. D”zuni¢ method
(DM1 and DM2) with memory Dzuni¢ (2013): y0, &0, x0 are given, w0 = x0 + yOf (x0), yn = N3-’
(x1n) , wn = xn + ynf (xn), &n = —2NN44'"’((wwnn)) ,n=1,2,...,yn =xn — f (xn), (6.4.5) f
[xn, wn] + &nf (wn) xn+1 = yn = f [yn, wn] + &nf (wn) , tn = f (xn) f (yn)g(tn) f (yn) , where N3
and N4 are as defined in Section 6.3 and y0 = 0 = 0.1 are used in results. The particular functions
are taken for the methods, which are g(t) = 1 + t for DM1 and g(t) = 1/(1 — t) for DM2. Further,
Table 6.1 displays some nonlinear functions (f1 to f5) used to carry out the compu- tations. In
addition, some real-life problems are also solved after transforming them to nonlinear functions (f6
and f7). COC (computational order of convergence) and the errors of approxi- mations to the
desired roots, | xn —k | forn=1,2, 3 of ft(x), t =1, 2, ..., 7 are outlined in Tables 6.2—-6.8.
Real-life problems: Next, we describe a few real-life problems together with the computa- tional
outcomes: Table 6.1: Test functions, associated zeros and the initial approximations (x0) Function
Real zero x0 f1(x) = (x — 2)(x10 + x + 1)e—x—1 f2(x) = ex2+7x—30 — 1 f3(x) = sin(nx)ex2+x
cos x—1 + x log(x sin x + 1) f4(x) = ex3—x — cos(x2 — 1) + x3 + 1 f5(x) = ex2—3x sin X + log(x2
+1)230-101.9252.90 0.05 —1.10 0.05 Table 6.2: Numerical outcomes for f1(x). Methods |x1
— K| |x2 = k| |x3 = k| pc CPU Time f1 (x) Without memory PM 1.1 x 10-2 SM 4.6 x 10-2 AM1
-CM6.6 x 10-23.5% 10-51.5 x 10-3-1.8 x 10-3 2.4 x 10-151.8 x 10-10 - 3.2 x 10-9
4.0308 4.8888 F 3.4574 0.0029 0.0038 - 0.0023 With memory PM M 1.1 x 10-2 AM2 3.8 x 10-1
DM1 - DM2 9.5 x 10-1 2.0 x 10-111.8 x 10-2 - 7.7 x 10-2 1.7 x 10-72 7.0 x 10-12 - 3.8 x
10-6 6.9728 4.8678 NC 1.9871 0.0131 0.0141 - 0.0154 F- Method fails NC- Not converging in
desired iterations Table 6.3: Numerical outcomes for f2(x). Methods |x1 — k| |x2 — k]| |x3 — K| pc

CPU Time f2 (x) Without memory PM 5.3 x 10-3SM-AM1-CM-3.7 x 10-8 - --6.3 x
10-29 - - - 4.0108 F F NC 0.0027 - - - With memory PM M AM2 DM1 DM2 5.3 x 10-3 5.2 x
10-2--2.2 x 10-12 3.2 x 10-6 - - 6.5 x 10-78 4.6 x 10—35 - - 6.9741 6.6121 F NC 0.0093
0.0100 - - F- Method fails NC- Not converging in desired iterations Table 6.4: Numerical outcomes

for f3(x). Methods |x1 — k| |x2 — k| |x3 — k| pc CPU Time f3 (x) Without memory PM 7.7 x 10—-6
SM22x10-5AM1 3.9 x 10-5CM 2.3 x 10-54.4 x 10-21 1.4 x 10-18 1.3 x 10-17 1.1 x
10-18 4.6 x 10—-82 2.1 x 10-71 1.9 x 10-67 7.5 x 10—-72 4.0000 4.0000 4.0000 4.0000 0.0084
0.0120 0.0081 0.0069 With memory PM M 7.7 x 10—-6 AM2 4.3 x 10—6 DM1 2.2 x 10-5DM2 1.2
x 10-54.8 x 10-38 1.2 x 10—-37 7.3 x 10—34 3.6 x 10-36 7.5 x 10-261 2.3 x 10—-258 7.0 x
10-232 5.7 x 10—-248 6.9199 6.9946 6.9537 6.9365 0.0312 0.0340 0.0379 0.0344 Table 6.5:
Numerical outcomes for f4(x). Methods |x1 — k| |x2 — k| |x3 — k| pc CPU Time f4 (x) Without
memory PM 3.7 x 10-6 SM 1.4 x 10-5AM1 9.0 x 10-5CM 2.3 x 10-51.6 x 10-23 2.5 x
10-211.2 x 10-151.8 x 10-196.7 x 10-93 2.4 x 10-84 3.9 x 10-59 7.5 x 10—-76 4.0000
4.0000 4.0001 4.0000 0.0030 0.0054 0.0036 0.0025 With memory P M M AM2 DM1 DM2 3.7 x
10-6 1.2 x 10-51.3 x 10-51.3 x 10-5 3.0 x 10-39 2.6 x 10-35 2.9 x 10—-35 2.8 x 10-35
2.1 x 10-271 6.1 x 10-244 1.1 x 10—-243 9.2 x 10—-244 7.0152 7.0303 7.0301 7.0301 0.0141
0.0151 0.0168 0.0199 Example 6.4.1. Chemical reactor problem: As described in Example 2.4.3,
the nonlinear equation for the said problem is as follows: f6(x) = 1 — x — 51log 0.4 — 0.5x +
4.45977 = 0. x 0.4(1 — x) (6.4.6) The desired root is k = 0.7573962462537538. Example 6.4.2.
Multi-factor effect: As described in Example 2.4.4, the nonlinear equation for the said problem is as
follows: f7(x) = x —cos x + = 0.1 n 2 4 (6.4.7) The desired root of Equation (6.4.7) is kK & —
0.3090932715417949. Table 6.6: Numerical outcomes for f5(x). Methods |x1 — k| |x2 — k| |x3 —
k| pc CPU Time f5 (x) Without memory PM 1.0 x 10-5S M 3.8 x 10—-4 AM1 3.6 x 10-5CM 1.6
x 10—4 3.6 x 10-20 1.0 x 10—-12 3.6 x 10—17 2.1 x 10-14 6.1 x 10-78 5.6 x 10—-47 3.5 x
10-65 5.4 x 10—54 4.0000 4.0003 4.0000 3.9999 0.0047 0.0058 0.0040 0.0035 With memory P M
M AM2 DM1 DM2 1.0 x 10-5 2.6 x 10-56.0 x 10-51.3 x 10-56.6 x 10-34 6.2 x 10—31 6.9 x
10-28 3.2 x 10—-32 9.9 x 10-231 4.5 x 10—211 9.8 x 10—190 4.0 x 10—220 6.9827 7.0310
7.0557 7.0625 0.0169 0.0198 0.0200 0.0192 Table 6.7: Numerical outcomes for Example 6.4.1.
Methods [x1 — k| |x2 — k] |x3 = k| pc CPU Time f6 (x) Without memory PM 7.5 x 10-3S M 1.4
x 10-3AM1 -CM 1.0 x 10-31.0 x 10-354 x 10-7-1.7 x 10-8 3.8 x 10-7 8.8 x 10—-17 -
8.8 x 10—-17 3.7581 4.0239 F 3.9915 0.0063 0.0052 - 0.0023 With memory PM M 7.4 x 10-3
AM2 3.5 x 10-4 DM1 8.3 x 10-2 DM2 4.4 x 10—-2 9.0 x 10-8 1.7 x 10-13 3.3 x 10-2 2.5 x
10-28.8 x 10-17 8.8 x 10—-17 1.0 x 10-2 4.9 x 10—-3 7.1919 7.7953 1.8843 1.0704 0.0326
0.0178 0.0282 0.0296 F- Method fails Remark 6.4.1. It can be seen from Table 6.2 that for the
function f1, AM1 fails to give solution and DM1 requires more than 3 iterations to converge to the
root. Also, PMM converges to the desired root with error of approximations much lower than AM2
and DM2. For the function f2, SM, AM1 and DM1 fail to provide solution and CM and DM2 do not
converge to the desired solution in 3 iterations whihc can be seen in Table 6.3. Furthermore, for
functions f3, f4 and f5, the proposed methods PM and PMM converge to the required root with
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minimum error as compared to the existing methods. Remark 6.4.2. The proposed schemes given
by Equations (6.2.8) and (6.3.2) have been com- pared to some already existing methods and it
can be seen from the computational results that our proposed schemes give results in many of the
cases where the existing methods fail in terms of COC and errors as depicted in Tables 6.2—6.8.
Our methods display a noticeable decrease Table 6.8: Numerical outcomes for Example 6.4.2.
Methods |x1 — k| |x2 — k] |x3 = k| pc CPU Time f7 (x) Without memory PM SM AM1CM 1.1 x
10-38.6 x 10-4 2.4 x 10-3 1.6 x 10-3 8.4 x 10—-14 6.5 x 10—-14 3.9 x 10-12 6.6 x 10-13
3.0 x 10-31 3.0 x 10—-31 3.0 x 10—-31 3.0 x 10—-31 3.9999 4.0001 3.9998 3.9998 0.0028 0.0040
0.0023 0.0021 With memory PM M 1.1 x 10-3 AM2 8.5 x 10-4 DM1 2.5 x 10-3 DM2 1.6 x 10-3
5.2 x 10-26 5.7 x 10-29 1.8 x 10-23 3.6 x 10-25 3.0 x 10-31 3.0 x 10-31 3.0 x 10-31 3.0
x 10-31 6.9718 6.8573 6.9345 6.9245 0.0133 0.0151 0.0159 0.0139 in the error in
approximations as shown in above mentioned tables. Remark 6.4.3. From Tables 6.7 and 6.8, one
can observe that for the function f6, the existing method AM1 fails to converge. In addition, for the
function f7, an obvious decrease in the order of convergence of the existing methods can be
noticed. Table 6.9: Comparison of different methods without and with memoryin terms of Avg Iter
and PNC Without memory methods Avg Iter PN C With memory methods Avg Iter PN C p1(z) P M
3.0552 S M 21.3618 AM1 3.3635 C M 3.8199 0.0067 0.8369 0.0001 0.0021 P M M AM2 DM1 DM2
2.6643 2.5278 4.3746 2.8281 0 0.0002 0.0753 0.0001 p2(z) P M 5.8428 S M 23.1283 AM1 9.8161
C M 6.3409 0.1062 0.9159 0.1125 0.0452 PM M AM2 DM1 DM2 4.8963 4.2219 10.5985 5.1956
0.0456 0.0193 0.3383 0.0070 p3(z) P M 8.4306 S M 23.7348 AM1 10.2165 C M 9.5562 0.2165
0.9430 0.0663 0.1695 P M M AM2 DM2 DM2 5.9777 6.3765 17.1381 7.8478 0.0361 0.0224 0.6309
0.0360 6.5 Basins of attraction Now, we will study the dynamics of the proposed as well as some
mentioned existing methods by analyzing the behavior of their basins of attraction in the complex
plane. Table 6.9 lists the average number of iterations denoted by Avg Iter and percentage of non-
converging points denoted by PNC of the methods to generate the basins of attraction. We have
considered the following test problems in order to demonstrate the dynamical behavior of the
methods: Problem 6.5.1. The first function considered is p1(z) = z2— 1. The roots of this function
are 1, —1. The basins corresponding to our proposed method and the mentioned existing methods
are shown in Figures 6.1 and 6.2. From Table 6.9, it can be seen that the proposed methods, PM
and PMM converge to root in less number of iterations. Also, from the figures, it is observed that
PMM converges to the root with no diverging points but the existing methods have some points
painted as black. SM, in particular has very small basins. Problem 6.5.2. Second function taken is
p2(z) = z3 — 1 having roots —1, 0.5 + 0.866i, 0.5 — 0.866i. Figures 6.3 and 6.4 show the basins
for p2(z) in which it can be seen that SM, AM1 and DM1 have wider regions of divergence.
Moreover, the average number of iterations taken by the proposed methods is less in each case in
comparison to the existing methods. Problem 6.5.3. The third function considered is p3(z) = z4 —
1 having roots +1, %i. Fig- ures 6.5 and 6.6 show that SM, CM and DM1 have smaller basins.
Although PM and PMM have some diverging points, yet they converge in less number of iterations
faster than the existing methods. Remark 6.5.1. One can see from Figures 6.1-6.6 and Table 6.9
that our proposed methods have larger basins of attraction in comparison to the existing ones. In
addition, there is a marginal increase in the average number of iterations per point of the existing
methods. Consequently, through our proposed methods, the chances of non-convergence to the
root are very less when compared to the existing methods. 6.6 Conclusions We have proposed a
new fourth order optimal method without memory which is more efficient than several optimal
schemes existing in the literature as illustrated through our com- putational results. Further, in
order to increase the order of convergence, we have extended the proposed method without
memory to with memory method without the addition of any new functional evaluation taking into
consideration two self-accelerating parameters. Conse- quently, the order of convergence has
increased from 4 to 7. Numerical results demonstrate that the proposed optimal method and its
extension to memory are more effective than the other methods of the same order at the point
considered, as they are converging to the root with higher rate. In addition, our proposed schemes
give results in many of the cases where Figure 6.1: Basins of attraction for PM, SM, AM1, CM,
respectively for p1(z) Figure 6.2: Basins of attraction for PM M, AM2, DM1, DM2, respectively for
p1(z) the existing methods fail in terms of COC and errors. Moreover, we have also presented the
basins of attraction for the proposed as well as some existing methods, which assert that the Figure
6.3: Basins of attraction for PM, SM, AM1, CM, respectively for p2(z) Figure 6.4: Basins of
attraction for PM M, AM2, DM1, DM2, respectively for p2(z) chances of non-convergence to the
root are very less in our proposed methods when compared to the existing methods. Figure 6.5:
Basins of attraction for PM, SM, AM1, CM, respectively for p3(z) Figure 6.6: Basins of attraction for
P MM, AM2, DM1, DM2, respectively for p3(z) Chapter 7 A Robust Iterative Family for Multiple Ro
ots of Nonlinear Equations This chapter introduces an iterative method that exhibits an optimal
fourth-order convergence rate, ensuring rapid and accurate approximation in case of multiple roots.
Unlike conventional methods, the proposed algorithm can successfully converge even when the
deriva- tive is zero or approaches zero in the vicinity of the desired root. This remarkable feature
enhances the applicability of the method, allowing it to handle situations where conventional
methods fail due to the presence of critical points such as the roots of f /(x) = 0. Its ability to
converge even in the presence of zero or near-zero derivatives significantly expands the scope of
applications, making it a valuable tool for solving complex problems in science and engineering. 7.1
Introduction The previous chapters dealt with iterative schemes for determining simple roots of f (x)
= 0. Locating its multiple roots with multiplicity m is one of the most important challenges in
science and engineering. We must therefore research numerical techniques in this regard. The
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modified Newton’s method by Rall (1966), one of the prime numerical methods to approximate a
multiple root k with multiplicity m, is given by (1.5.20). It is quadratically convergent, but the
multiplicity m must be determined beforehand. Numerous higher order methods have been
developed by several authors to compute multiple roots by using weight functions or the Newton’s
method as a starting step. The said methods need prior knowledge about the multiplicity m. Some
of the instances include methods by Victory Jr and Neta (1983); Dong (1982) which are of order 3.
Each of the aforementioned methods necessitates three function evaluations, The contents of this
chapter are published in: Journal of Computational and Applied Mathematics (Elsevier), 444,
115795, 2024 (SCIE, Q1, Impact Factor: 2.1) along with two function evaluations and one
derivative evaluation for every iteration. Con- sequently, in light of Traub’s well-known conjecture
regarding the optimal order for methods without memory, the anticipated optimal convergence
order for these methods should be four rather than three. Recently, there has been a growing
number of optimal fourth-order iterative methods (see Zhou et al. (2011); Sharma and Sharma
(2010); Li et al. (2010)). Inspired by the research in this area, an attempt has been made to
present a new iterative family that only requires three functional evaluations to attain convergence
of optimal fourth- order in accordance with the Kung-Traub conjecture Kung and Traub (1974).
Numerous numerical problems are analyzed using the proposed family along with comparisons with
some of the previous techniques to highlight our theoretical findings. 7.2 An optimal iterative family
and its convergence anal- ysis We consider an optimal family of iterative methods of order four for
multiple roots having known multiplicity m > 1 as follows: yn = xn — m f (xn) , f ’(xn) + tf (xn) pn f
(xn) (7.2.1) xn+1 =yn—-m 1 = 2aun ) ( f/(xn) + tf (xn) ) ( G(un) — t f(xn) f'(xn) + tf(xn)), (
where g, t € R are free parameters, the weight function G : C — C is an analytic function in 1 the
vicinity of the origin with uyn = f (yn) m , a multi-valued function for which its principal ( f (xn) )
analytic branch has been considered (see Ahlfors et al. (1966)). Therefore, the principal root of pn
is examined which is given as pn = exp m1llog ff((xynn)) , where log ff((xynn)) = log ff((xynn)) + i
- arg ff((xynn)) with —n < arg ff((yxnn)) < n. [ ()] () | In (the su)bsequent Theorem( 7.2.)1, we
prove that the proposed family (7.2.1) reaches the | | optimal convergence rate for all a, t € R.
7.2.1 Convergence analysis Theorem 7.2.1. Consider a function f : D € C — C defined on a ball D
containing the desired multiple zero k € R having multiplicity m. Then, the sequence {xn}n=0
obtained from family (7.2.1) converges to k with convergence order at least four giving the error
relation, en+1 = —1 ((t + d1)(t2(-2 + G’/(0) + 4a) + 2t(-5+ G"’(0) + 6a)dl + (-9 — m + G’/(0
) 2m3 + 8a)d21 + 2md2))e4n + O(e5n), (7.2.2) where ag, t € R, G is a weight function verifying
G(0) =1, G'(0) = 2(1 — a), and dk = (mm+!k)! f (fm(m+)k()k(k)), k=1,2,3,....Proof. Let
us consider k to be a multiple zero having multiplicity m > 1. Now, by Taylor’s series expansion, f
(xn) and f ‘(xn) can be expanded about x = k, obtaining f(xn) =f(mm)('k)emn(1 + dlen + d2e2n
+ d3e3n + d4e4n) + O(e5n), (7.2.3) and f'(xn) =f(m—-1)(k)emn—1 m+1 (m — 1)! 1+ ( m dlen +
m+2 m d2e2n + m + 3d3e3n + m + 4d4ed4n + O(e5n), m m ) (7.2.4) respectively. Upon using the
expressions (7.2.3) and (7.2.4) in (7.2.1), we obtain eyn = yn — k = (t + d1)e2n + m2 (t2 + 2td1
+ (1 + m)d21 —2md2)e3n + m3 (t3 + (3 + 2m)td21 111 m + (1 + m)2d31 — 4mtd2 + d1(3t2 —
m(4 + 3m)d2) + 3m2d3)e4n + O(e5n). (7.2.5) From the Taylor’s series expansion of f (yn) and
expression (7.2.5), we get f(yn) =f(mm)('k)emyn 1 + dleyn + d2e2yn + d3e3yn + d4edyn +
O(e5yn) . () From expressions (7.2.3) and (7.2.6), we obtain yn = ( ff ((xynn)) ) m (t + dl)en —
m2 (t2 + 3tdl + (2 + m)d21 — 2md2)e2n + 1 =111 m 2m3 (5(3 + m)td21 + (7 + 7m +
2m2)d31 + 2d1(5t2 — m(7 + 3m)d2) + 2(t3 — 5mtd2 + 3m2d3))e3n + O(e4n). (7.2.6) (7.2.7)
From (7.2.7), the order of un is linear, i.e., un = O(en). So, we can expand G(p) by employing
expansion by Taylor in the vicinity of origin as G(pn) =G(0) + unG’(0) + p2nG’’(0) + p3nG’’’(0) +
O(e4n). 11 (7.2.8) 2! 3! By using expressions (7.2.3)-(7.2.5), (7.2.7), (7.2.8) in the scheme
(7.2.1), we obtain en+1 =1 (=1 + G(0))(t + dl)e2n — t2(G’(0) + 2G(0)(—=1 + a)) + t(1 + 2G'(0)
1 mm2+ G(0)(=5 + 4a))dl + (1 + m (= 3G(0) — mG(0) + G’(0) + 2G(0)a)d21 + 2m(-1 + G(0
))d2 e3n —2m3 1 t3(4 + G"7(0) — 4a + G'(0)(—=6 + 4a) + 2G(0)(3 — 6a + 4a)2)) + t2((8( + 3G’
'(0) — 8a + 2G’(0)(=11 + 6a) + 4G(0)(6 — 11a + 6a2))dl) + t((2 — 26G’(0) + 3G"’(0) — 4a +
12aG’(0) (7.2.9) + G(0)(31 = 52a + 24a2) — m(2 + 4G’(0) + G(0)(—9 + 8a)))d21 + 2m(2 +
4G’(0) + G(0)(—9 + 8a))d2) + (-2 + 2m2(—1 + G(0)) — 10G’(0) + G'’(0) + 4G’(0)a — m(4 —
11G(0) + 4G’(0) + 8G(0)a) + G(0)(13 — 20a + 8a2))d31 + 2m(4 — 3m(—-1 + G(0)) — 11G(0) +
4G’(0) + 8aG(0))d1d2 + 6m2(—1 + G(0))d3 e4n + O(e5n). Taking G(0) = 1, (7).2.9) becomes
en+l =— (-2 + G'(0) + 2a)(t +d1)2e3n — 11 2m3 t3(10 + G"/(0) — 164 + 8a2 m2 + G’(0)(-6
+ 4a)) + t2((32 + 3G"’(0) — 52(a + 24a2 + 2G’(0)(—11 + 6a))dl) + t((33 — 26G’(0) + 3G’'(0) +
m(7 — 4G’(0) — 8a) — 56a + 12G’(0)a + 24a2)d21 + 2m(—7 + 4G’(0) + 8a)d2) + (11 — 10G’(0)
+ G"’(0) + m(7 — 4G’(0) — 8a) — 20a + 4G’(0)a + 8a2)d31 + 2m(-7 + 4G’(0) + 8a)d1d2 e4n +
O(e5n). ) (7.2.10) Further, taking G’(0) = 2(1 — a) in (7.2.10), the final error equation becomes
en+1l = -1 ((t +d1)(t2(-2 + G”’(0) + 4qa) + 2t(-5+ G"’(0) + 6a)dl + (-9 — m + G’/(0) 2m3 +
8a)d21 + 2md2))e4n + O(e5n), (7.2.11) which shows at least fourth-order convergence of (7.2.1)
for m > 1. Remark 7.2.1. There are very few multiple root-finding methods of order four that work
when m = 1. Particularly, the schemes by Shengguo et al. (2009) and Zafar et al. (2020) work only
when m = 2 and when m = 1, they fail. We will show that we have developed a scheme in order to
solve problems requiring multiple solutions working for m > 1 instead of m > 2. 7.2.2 Some
selective weight functions Many methods of the family (7.2.1) can be formed for distinct choices of
the weight function G which fulfill the conditions indicated in Theorem 7.2.1. Here, some of them
arelisted: 1. 1 + (2 —2a)p 2. ep2 + (2 = 2a)p3. p(1 + (2 = 2a)p) p + gqu2 , wherep,ge R 4. 1
+2(2 —a)p 1+ 2y + cp2 , where c € R. 7.3 Numerical results This section lays out the
comparison of our family (7.2.1) with several existing schemes. Numerical results have been
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computed by taking t = 0.5 and a = 1 for our methods. We have made a careful selection of
challenging problems, for which many numerical methods encounter difficulties. First, we examined
the Oscillation problem, where certain methods showed instability and fluctuating solutions. Next,
we focused on the Failure problem, where some methods failed to converge or produced inaccurate
results. We also investigated the issue of convergence to undesired roots, noting that certain
methods struggled to reach the desired root and instead converged to incorrect solutions. Another
challenge we encountered was the so-called 6 — 12 potential problem, where certain methods
exhibited slow convergence or even divergence. Additionally, we explored the Channel flow problem,
which required specialized methods to handle complex flow dynamics. The Clustered roots problem
posed difficulties due to multiple roots in close proximity, requiring careful handling to accurately
locate each root. Finally, we addressed the challenge of High-order multiplicity, where some
methods struggled to handle roots with high multiplicities, leading to inaccuracies in the computed
solutions. Many of the previous optimal Newton-like schemes locating the multiple roots having
order four are taken into consideration which are described as follows: 1. Li et al. method (LM1)
Shengguo et al. (2009): yn =xn — m + 2 f’(xn) 2m f (xn) , xn+1 = xn — bl f ’(xn) b2f '(xn) +
b3f ’(yn) f (xn) = f(xn) , wherebl =m —,b2=—,andb3 =m2112mmmm. m+2 2. Li et
al. method (LM2) Li et al. (2010): () yn = xn — m2m+ 2 ff’((xxnn)) , xn+1 = xn — bl f ’(yn) b2f ’(
xn) + b3f ’(yn) f (xn) — f (xn), (7.3.1) (7.3.2) where bl = = 1 mm+2 mm(m4 + 4m3 — 16m — 16
)2,()m3-4m+8b2=-=(mM3 -4m + 8)2 m(m4 + 4m3 — 4m2 — 16m + 16)(m2 + 2m — 4) ,
b3 =m2(m3 —-4m +8) m+2 (M4 + 4m3 — 4m2 — 16m + 16)(m2 +2m —-4) mm. () 3.
Soleymani and Babajee method (SB1) Soleymani and Babajee (2013): yn = xn — m2+m 2 ff’
((xxnn)) , xn+1 = xn + 4mpmf (xn)S1 (M2 + 2m — 4)pmf ’(xn) — m2f '(yn) , where p = m and m
+2S1=—-(m-2)m3p-2m f’(yn) — pm—1 12 — 1000 f’(yn) — pm—=1 + 1. 3 16 (f'(xn) ) (f'(xn) )
4. Soleymani and Babajee method (SB2) Soleymani and Babajee (2013): yn = xn — m + 2 f ’(xn)
2m f (xn), 2 4mpmf (xn) 1 — ((m = 2)m3 f '(yn) — pm—=1 xn+1 = xn + 16p2m ( f ‘(xn) ) ) (M2
+ 2m — 4)pmf ’'(xn) — m2f ‘(yn) , where p = m . m + 2 5. Sharma et al. method (SM1) Sharma et
al. (2019): yn = xn — mf [vn, xn] f (xn) , xn+1 = yn — sn — wn + mwn — m2snwn + 2msnwn f
(xn), (=msn +s2n + 1) f[vn, xn] f (yn) m1f(yn) m 1 where vh = xn + Bf(xn), sn = (f(xn)) ,
wn = (f(vn)) and B = 0.5. 132 (7.3.3) (7.3.4) (7.3.5) 6. Sharma and Sharma method (SM2)
Sharma and Sharma (2010): yn =xn — m + 2 f /(xn) 2m f (xn) , xn+1 = xn — (M3 — 4m + 8) —
(m+2)22mmmf’(xn) 8 (7.3.6) (mf’/(xn)f(xn)(m+2m)f’(yn) (2(m = 1) = (m +2)(m
+2) f’(yn))) f’(xn) . 7. Sharifi et al. method (SM3) Sharifi et al. (2012): yn =xn —m + 2 f '(xn
Y2m f(xn) , xn+1 =xn+ 1 m(m2 +2m —4)f(xn) = 1 m(m + 2)2pm f (xn) (4 f’(xn) 4 f’(yn)
(7.3.7) f'(yn) = pm—=12 x 1 + m4 + 1 f(xn) 3, 8(m + 2)p2m f'(xn) m ( () 81 f'(yn)) ) ( where p
=.m + 2 8. Zafar et al. method (ZM1) Zafar et al. (2020): yn = xn — mf’(xn) f(xn) , xn+1 = xn —
m + mvn + m2m-21 vn2 + 32.6vn3 ff’((xxnn)) , (7.3.8) () f'(yn) m—1 1 where vn = f'(xn)) . ( 9.
Zhou et al. method (ZM2) Zhou et al. (2011): yn =xn — m + 2 f ’(xn) 2m f (xn) , xn+1 = xn — m3
m+22mf/(yn) 2 =2m2(m+3)m+2mf’(yn)m8(7.3.9) ((m) (f’(xn)) (m) f’(xn) +
(m3 + 6m2 + 8m + 8) f (xn) f ’(xn) . ) 10. Zafar et al. method (ZM3) Zafar et al. (2020): yn = xn
— (m + 50f (xn)m) f (xn) f ’(xn), f (xn) (7.3.10) xn+1 = xn — m + mvn + ( m2m-21 vn2 +
32.6vn3) f '(xn) , f’(yn) m—1 1 where vn = f’(xn)) . ( We display in Table 7.1 our proposed
methods which have been named as P M1, P M2 or P M3 according to the weight function used.
Table 7.1: Our proposed methods Weight function G(u) Parameter values Method 1 + (2 — 2a)u p(1
+(2=-2a)p)p+qu2l+2(2 —a)pl+2p+cp2 -p=1,q=1c=1PM1P M2P M3 In Tables
7.2-7.9, we have displayed errors in the consecutive approximations [xn+1 — xn| and the
computational order of convergence (see Jay (2001)) (denoted by p). We have also included CPU
time for all the methods. We have selected the following numerical examples: Example 7.3.1.
Oscillatory approximations: Oscillation in iterative methods refers to a phenomenon where the
computed solutions alternate between different values without con- verging to a stable result. It
can occur due to poor initial guesses, ill-conditioned systems, or inappropriate iteration parameters.
We take into consideration the following problem: f1(x) = sin x = 0. Although, the said equation
acquires infinite roots in number having multiplicity one, our desired zero being k = —n. After
comparing the new methods with existing ones taking initial guess as x0 = —1.6, we display the
numerical results in Table 7.2. In many cases, this test problem gives an oscillatory conduct.
Furthermore, the variants of Newton’s method on the said problem do not work, in general, even
when the initial point is very near to the desired solution. But our methods do not exhibit this kind
of behavior. We note that the methods LM1, LM2, SB1, SB2, SM1, SM2, SM3 and ZM2 converge to
the undesired roots —18.8496, 0, 3.4872 x 107, 728.8495, —9.4248, —21.9911, —2070.3096 and
—28695.3073, respectively. Also, the methods ZM1 and ZM3 diverge. Example 7.3.2. Failure
problem: When the first derivative is zero at any stage of an iterative process, usually a failure
problem arises. This condition leads to a flat or plateau- like region, preventing further progress
towards the solution. Then, some special techniques like our methods are needed to address this
challenge and resume convergence. The following problem is therefore taken in this context: 1 3
f2(x) = xe—x — = 0. ( 10 ) Table 7.2: Numerical outcomes for Example 7.3.1 Methods |x2 — x1| |x3
— x2| |x4 — x3]| p CPU Time f1 (x) LM1 - LM2 - -SB1 - - SB2 - - SM1 - - SM2 - - SM3 - - ZM1
-—-2ZM2 - -ZM3 - -PM1 3.3 x 10-1 1.2 x 10-3 PM2 3.7 x 10-1 5.3 x 10-3 PM3 4.8 x 10-1
50x10-2--------—-- 1.0 x 10-13 6.5 x 10—-11 4.2 x 10-7 UR UR UR URUR UR UR D
UR D 4.1852 4.3230 5.5106 - - - = = = = = — - 0.003 0.004 0.003 UR-Convergence to undesired
root D-DivergentThe said equation has roots, finite in number having multiplicity three each, but
the root which we have considered is k = 0.11183255915896296483356945682026584. It can be
seen in Table 7.3 that for the initial guess x0 = 1, all the previous methods mentioned, fail to
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converge to the desired solution. The reason being that the function has its first order derivative
equal to zero at the required root, but to guarantee convergence of Newton’s like methods, the
derivative must be non zero in a vicinity of the desired solution. Nevertheless, after a finite number
of iterations, our methods converge to the desired solution. Example 7.3.3. Divergence or
convergence to undesired roots: Divergence or con- vergence to an undesired root is a significant
issue in iterative methods. It occurs when the iterations fail to converge towards the desired
solution and instead approach a different unde- sired root. This may be due to poor initial guesses,
ill-conditioned problems, or inappropriate convergence criteria. However, such behavior is not
displayed by our methods. The following Van der Waals equation (see Chapra and Canale (2015)) of
the ideal gas is the subject of the third illustration, P1 + aln2 (V1 — nbl) = nR1T1, ( V1 ) which
details the behavior of a real gas under certain conditions, where al and b1l are two known
constants. For specific values, the volume V1 can be computed upon finding the solution for the
nonlinear equation given as f3(x) = x3 — 5.22x2 + 9.082x — 5.2675 = 0. Table 7.3: Numerical
outcomes for Example 7.3.2 Methods [x8 — x7| |x9 — x8| |x10 — x9| p CPU Time f2 (x) LM1 - LM2
--SB1--SB2--SM1--SM2--SM3--27ZM1 - -2ZM2 - - ZM3 - - PM1 7.9 x 10-34 2.6 X
10-133 PM2 1.3 x 10-3 4.1 x 10-12PM36.2 x 10-42.0 x 10-13 - - - === - = - - 2.9 x
10-531 3.8 x 10-46 2.4 x 10-51 FFFFFFFFF F 4.0000 4.00004.0000 - - - === - = - -
0.016 0.027 0.036 F-Method fails to converge to the desired root The concerned multiple zero taken
is k = 1.75 with m = 2. Table 7.4 includes the corre- sponding data taking initial guess as x0 =
1.735. We can see that our methodsPM1, PM2 and PM3 converge to the desired root with far fewer
errors than other existing methods. Fur- thermore, the methods LM1 and SB2 both converge to the
undesired root 1.72. On the other hand, the methods LM2, SM2, SM3, ZM1 and ZM3 diverge, while
the methods SB1, SM1 and ZM2 show a very slow convergence to the desired root. Example 7.3.4.
Potential problem: In the fourth example, the problem of Lenard-Jones potential, known as the 6 —
12 potential has been outlooked (see Ozyapic et al. (2014)). The said problem examines the
interaction in between two neutral atoms or molecules in atomic physics and physical chemistry
described through the function, s 12s 6 V (x) = VO x — x, (( ) () ) where x is the distance in
between both particles (measured from the center of one to that of another particle), s is the
position where the particle interaction becomes zero and VO repre- sents depth of the potential. We
are concerned only about the minimum distance, which is determined after solving the equation V '
(x) = 0 because the Lenard-Jones potential reflects the potential energy of contact between two
nonbonding atoms or molecules dependent on their distance of detachment. This means getting the
root of the nonlinear equation: f4(x) = —12x13 + 6x7 = 0. s12 s6 The exact minimum value K = 2
76 with multiplicity 1 is obtained for s = 2. Taking initial guess x0 = 1.9, the obtained results are
displayed in Table 7.5. It can be seen that under these Table 7.4: Numerical outcomes for Example
7.3.3 Methods |x2 — x1]| |x3 — x2| |x4 — x3| p CPU Time f1 (x) LM1 — — LM2 — — SB1 3.8 x 100
5.4 x 10-3 SB2 -= - SM1 1.0 x 10-19.1 x 10-3 SM2 — — SM3 — — ZM1 — - ZM2 1.7 x 10-1
2.2 x 10-2 ZM3 - - PM1 8.6 x 10-3 2.6 x 10—-3 PM2 9.99 x 10-3 3.8 x 10-5PM3 2.6 x 10-3
3.5x 10-7 - -23x10-5-3.1 x 10-5—- - -5.3 x 10-4 — 2.4 x 10-7 2.5 x 10-14 1.9 x
10-22 UR D 0.6259 UR 1.8508 D D D 1.3913 D 3.9540 3.7074 3.9419 - - 0.001 - 0.001 - - -
0.001 - 0.002 0.002 0.001 UR-Convergence to undesired root D-Divergentconditions, the methods
SB1, SM1, ZM1 and ZM3 diverge. Also, the method ZM2 displays a very slow convergence to the
desired root. Table 7.5: Numerical outcomes for Example 7.3.4 Methods |x2 — x1| |x3 — x2| |x4 —
x3| p CPU Time f4 (x) LM1 9.5 x 10-2 LM2 1.2 x 10-1SB1 -SB21.3 x 10-1SM1 -SM21.1
x 10-15SM31.2%x10-1ZM1 -2ZM21.3 x10-1ZM3 -PM19.7 x 10-2PM21.1 x 10-1P
M3 1.0 x 10-12.4 x 10-3 2.0 x 10-2 - 2.1 x 10-2 - 8.0 x 10-3 1.6 x 10-2 — 3.3 x 10-2 —
2.6 x 10-35.4 x 10-34.3 x 10-31.5 x 10-93.3 x 10-5-3.5x 10-5-3.6 x 10-7 1.2 x
10-5-2.9 x 10-4 — 2.3 x 10-99.4 x 10—-8 4.0 x 10—8 3.4210 2.4911 D 2.5209 D 3.0602 2
.6616 D 2.1862 D 3.4019 3.1031 3.1425 0.002 0.001 - 0.002 - 0.001 0.002 - 0.002 - 0.002
0.002 0.002 D-Divergent Example 7.3.5. Chemical reactor problem: Here, we consider a problem of
fractional conversion in a chemical reactor, described by the following equation (see Shacham
(1986)): f5(x) =1 — x — 5log 0.4 — 0.5x + 4.45977 = 0. x 0.4(1 — x) Here, fractional conversion
of quantities in a chemical reactor is denoted by x. The above fractional conversion will be of no
physical meaning if x is less than zero or greater than one. Thus, x must be from the interval [0,1].
The desired root is k ® 0.7573962462537538. After comparing the new methods with existing ones
taking initial guess x0 = 0.73, the numerical outcomes are displayed in Table 7.6. Note that the
methods SB1, SM1, ZM1 and ZM3 diverge in this case too. Table 7.6: Numerical outcomes for
Example 7.3.5 Methods |x2 — x1| [x3 — x2| [x4 — x3| p CPU Time f5 (x) 1.7 x 10—-4 2.6 x 10-2 -
6.9 x 10-3 -8.5x 10-4 5.7 x 10-3-2.0 x 10-2 — 1.3 x 10-4 7.9 x 10—-4 2.6 x 10—-4 2.5 x
10-137.6 x 10-3-1.8 x 10-5-1.1 x 10-96.8 x 10-6 - 3.1 x 10-3 - 1.1 x 10-13 2.1 x
10-14 3.4 x 10-13 1.2 x 10-48 2.9 x 10-5-9.0 x 10-16 - 2.9 x 10-33 1.4 x 10-17 - 1.4 X
10-6 — 5.9 x 10-50 2.5 x 10-52 6.2 x 10-50 3.9995 11.2100 D 3.9121 D 3.9968 3.9370 D
3.1577 D 4.0002 3.9995 4.0002 0.003 0.003 - 0.003 - 0.004 0.005 - 0.004 - 0.004 0.005 0.009
D-Divergent Example 7.3.6. Channel flow problem: In this example, we consider a problem of open
channel flow, which involves finding the depth of water in a rectangular channel which is
represented by the nonlinear equation: (see Rehman et al. (2021)) vV sbx bx 2 3 f(x)= —F =0, v n (
b+2x ) F being the water flow given by F = sbx 2 r3, n is the Manning’s roughness coefficient, s is
the slope, r is the hydraulic radius and b is the width of the channel. The following equation n is
obtained if the parameter values are as F = 14,15 m3/s, b = 4.572 m, s = 0.017 and n = 0.0015:
f6(x) = 0.0015 (4.572 + 2x) 0.5961x 4.572x 2 3 — 14.15 = 0. The desired solution being k =
0.13839748098511792. For the initial guess x0 = 0.4, the numerical outcomes are displayed in
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Table 7.7. In this case, the methods SB1, SM1, ZM1 and ZM3 diverge. Table 7.7: Numerical
outcomes for Example 7.3.6 Methods [x2 — x1| |x3 = x2| |[x4 — x3]| p CPU Time f6 (x) 2.9 x 10-2
3.7 x 10-2 - 3.6 x 10-2 -3.1 x 10-23.4 x 10-2-4.1 x 10-2 - 1.9 x 10-2 3.6 x 10-2 3.1 x
10-28.5 x 10-6 4.1 x 10-5-3.5x 10-5-1.4 x 10-52.5 x 10-5-7.5 x 10-5-1.7 x 10-6
3.4 x 10-51.7 x 10-58.9 x 10-20 1.2 x 10-16 - 5.7 x 10-17 - 7.2 x 10-19 1.2 x 10-17 -
1.8 x 10-15 - 1.5 x 10-22 4.8 x 10-17 3.3 x 10—-18 3.9229 3.8567 D 3.8709 D 3.9101 3.8859
D 3.8281 D 3.9545 3.8704 3.8891 0.005 0.011 - 0.014 - 0.009 0.012 - 0.005 - 0.009 0.006 0.007
D-Divergent Example 7.3.7. Clustered roots problem: In this example, a problem with clustered
roots is considered, which was previously examined by Zeng (2005), given as f7(x) = (x — 1)20(x
— 2)15(x = 3)10(x — 4)5 = 0. f7 has four zeros x = 1, 2, 3 and 4 having multiplicities twenty,
fifteen, ten and five, respectively. However, the desired root taken here is x = 1, with multiplicity
20. Table 7.8 details the numerical outcomes of the methods with initial guess x0 = 0.8. We note
that the methods Z M1 and Z M3 diverge in this case too, and the proposed methods provide the
lower errors. Example 7.3.8. High-order multiplicity: In the final example, a classic academic
problem is taken, given by the equation: f8(x) = (x — 1)3 — 1 100 = 0. f8 has a root x = 2 having
multiplicit(y 100. Table )7.9 details the obtained computed results with x0 = 2.1. The proposed
methods P M1, P M2 and P M3 converge to the desired solution with error as minimum when
compared to the previous methods. In this example, we have again that the methods ZM1 and ZM3
diverge. Table 7.8: Numerical outcomes for Example 7.3.7 Methods |x2 — x1| |x3 — x2| |x4 — x3|
p CPU Time f7 (x) 2.6 x 10-3 2.6 x 10-3 2.5 x 10-3 2.5 x 10-3 1.2 x 10-2 2.6 x 10-3 2.5 x
10-3-2.6 x 10-3 -9.0 x 10-41.4 x 10-3 1.3 x 10-3 2.2 x 10-102.2 x 10-10 1.8 x 10-10
1.8 x 10-101.3 x 10-6 2.2 x 10-101.9 x 10-10 — 2.2 x 10-10 - 7.4 x 10-13 8.6 x 10—-12
6.4 x 10-12 1.1 x 10-38 1.1 x 10-38 5.6 x 10-39 5.6 x 10—-39 3.4 x 10-12 1.1 x 10-38 6.5
x 10-39 — 1.2 x 10-38 — 3.3 x 10—-49 1.2 x 10—44 3.8 x 10—45 3.9982 3.9982 3.9983 3.9983
1.3914 3.9982 3.9983 D 3.9982 D 3.9997 3.9992 3.9992 0.007 0.004 0.008 0.006 0.003 0.012
0.007 - 0.011 - 0.006 0.004 0.005 D-Divergent Table 7.9: Numerical outcomes for Example 7.3.8
Methods [x2 — x1| [x3 — x2| |x4 — x3| p CPU Time f8 (x) 2.1 x 10-4 2.1 x 10-4 2.1 x 10-4 2.1
x 10-4 1.6 x 10-3 2.1 x 10-4 2.1 x 10-4 - 2.1 x 10-4 - 5.3 x 10-51.1 x 10-4 1.0 x 10-4
6.1 x 10-156.1 x 10-155.9 x 10-155.9 x 10-151.6 x 10-9 6.1 x 10-155.9 x 10-15 - 6.1
x 10—-15-5.2 x 10-18 2.5 x 10-16 1.8 x 10-16 4.5 x 10-57 4.5 x 10-57 3.8 x 10-57 3.8 x
10-57 5.2 x 10-18 4.5 x 10-57 3.9 x 10-57 — 4.5 x 10-57 - 4.7 x 10-706.3 x 10-63 1.9 x
10-63 3.9999 3.9999 3.9999 3.9999 1.4141 3.9999 3.9999 D 3.9999 D 4.0000 4.0000 4.0000
0.009 0.002 0.001 0.001 0.031 0.002 0.002 - 0.002 - 0.002 0.002 0.001 D-Divergent Remark
7.3.1. The numerical outcomes in Tables 7.2—7.9 clarify that our methods P M1, P M2 and P M3
perform better compared to other existing methods, since they provide lower ab- solute errors.
Furthermore, many of the considered methods for comparison failed to converge to the root when f
(k) = 0. Remark 7.3.2. In all the eight problems, our methods show consistent behavior, whereas
the existing methods do not exhibit this behavior. The existing methods either fail to converge,
converge to undesired root, diverge or show slow convergence to the root. Therefore, our methods
can be considered superior in this regard as they give results in many of the cases where the
existing methods do not work. 7.4 Conclusions A new family of methods iterative in nature, has
been developed, exhibiting an exceptional performance with optimal fourth-order convergence for
multiple roots. Notably, they demon- strate a remarkable convergence even in scenarios where the
derivative of the function is zero or extremely small around the desired zero. Additionally, our
methods successfully overcome various challenges that commonly arise in root-finding algorithms.
By overcoming challenges such as oscillation, failure, and convergence to undesired roots, our
methods provide robust and reliable solutions. Furthermore, our methods have proven their
versatility and applica- bility in diverse problem domains, including the 6 — 12 potential problem, a
channel flow problem, a clustered roots problem, and high-order multiplicity problems. Thus, our
methods are highly valuable tools for researchers and practitioners in fields where an accurate root
determination is crucial. The robust convergence properties, coupled with their versatility and ability
to handle complex scenarios, position our methods as reliable and efficient options for root-finding
tasks across diverse domains. Chapter 8 An Iterative Family for System of Nonlinear Equations This
chapter deals with introducing an extension to a family for scalar equations to solve system of
nonlinear equations. To validate the effectiveness of the proposed meth- ods, multiple numerical
examples are provided, demonstrating their convergence properties and efficiency in comparison to
well-established iterative techniques. The results illustrate that the new methods outperform
traditional approaches in terms of iteration count, accu- racy, and computational complexity. In
particular, the numerical experiments highlight how these iterative schemes successfully navigate
issues such as slow convergence and sensitivity to initial conditions, which are common challenges
in solving nonlinear systems. The current approaches to solving the system of nonlinear equations
can be seen as being expanded upon and generalized by these new iterative techniques. 8.1
Introduction The resolution of equations is a long-established topic within the realms of science and
en- gineering, holding significant relevance in various applications. Given this context, a vast array
of iterative methods has been developed for addressing scalar nonlinear equations. However, it is
important to recognize that many of these methods are not applicable to their correspond- ing
systems. Even when such extensions are feasible, several critical factors must be taken into
account. Consequently, there exists a limited number of practical iterative methods in this domain.
Furthermore, it is noteworthy that while some scalar iterations can be adapted, the resulting
increase in computational complexity renders them of little practical value. This issue has been
extensively examined in the literature. Consider a nonlinear function F : D € Rn — Rn having at
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least, second-order Fréchet derivatives and continuity on D. We determine a vector k = (k1, K2, . .
., kn) for F such that, F (k) = 0. The contents of this chapter are communicated. As discussed
earlier, a fundamental approach for addressing the system of nonlinear equa- tions F (x) = 0 is NM
given in (1.5.26). However, it requires the computation of Jacobian matrices, which can be
computationally expensive, motivating the development of derivative- free or quasi-Newton
approaches. Various one-point methods, including Chebyshev and Halley, have been adapted to
their respective system versions, achieving a convergence order of three. However, these methods
rely on the first and second Fréchet derivatives, necessitating n2 and n3 functional evaluations,
respectively. Conversely, significant efforts have been made to develop methods that do not depend
on the second Fréchet derivative while still attaining a convergence order of three, although these
methods are not classified as one-step methods. More recently, multipoint and hybrid methods have
gained attention for their ability to accelerate convergence while reducing computational cost.
Inspired by the research in this area, this chapter introduces an extension of a family of iterative
methods initially designed for scalar equations, adapting them to solve systems of nonlinear
equations. The newly proposed methods generalize existing approaches by incor- porating
modifications that improve convergence behavior and computational efficiency. To assess their
effectiveness, multiple numerical experiments are conducted, demonstrating their superior
performance in comparison to conventional methods. 8.2 An iterative method and its convergence
analysis We consider the following iterative scheme to find roots of system of nonlinear equations:
y(k) = x(k) = F (x(k)) F (x(k)), =1 x(k+1) = x(k) = [y(k), x(Ok); F 1 (=1 (8.2.1) F (x(k)), ()
where [y(k), x(k); F ] is a finite difference. Now, we will prove that our scheme (8.2.1) attains third
order of convergence. In order to clarify its proof, we recall some notions and results introduced in
Cordero et al. (2010a). g = 1, is the g-linear function F (g)(u) : Rn x ... x Rn — Rn such that F
(q)(u)(vl, ..., vqg) € Rn. Let F : D € Rn — Rn be sufficiently differentiable in D. The qth derivative
of F at u € Rn, It is easy to observe that 1. F (q)(u)(vl,...,vg—1, ) € L(Rn) 2. F (q)(u)(vo(1), .
.., vo(q)) = F(g)(u)(vl, ..., vq), for all permutation o of {1, 2, ..., q}. From the above
properties, we can use the following notations: (a) F (q)(u)(vl, ..., vq) =F(g)(u)vl...vqg(b)F
(q)(u)vg—1F (p)vp = F (q)(u)F (p)(u)vg+p—1 On the other hand, for k + h € Rn lying in a
neighborhood of a solution k of F (x) = 0, we can apply Taylor’s expansion and assuming that the
Jacobian matrix F ’(k) is nonsingular, we have p—1 F (k + h) = F (k) [ h + Dghq ] + O(hp),
(8.2.2) >g=2 where Dq = [F "(k)]—-1F (g)(K), g = 2. We observe that Dghq € Rn since F (q)(k) €
L(Rn x 1...x Rn,Rn)and [F ’(x )]-1 € L(Rn). In addition, we can express F " as q! p—2 F (k +
h) =F’(x )[ I+ gDbghg—1 1]+ O(hp-1), (8.2.3) 3q=2 where I is the identity matrix. Therefore,
qDghg—1 € L(Rn). From (8.2.3), we obtain [F ‘(k + h)]-1 =1 + X2h + X3h2 + X4h4 + . .. [F’
(k)]—-1 + O(hp), (8.2.4) where [ ] X2 = —2D2, X3 = 4D22 — 3D3, X4 = —8D23 + 6D2D3 + 6D3D2
— 4D4, . We denote ek = x(k) — k, the error in the kth iteration in the multidimensional case. The
equation ek+1 = M epk + O(epk+1), where M is a p-linear function, M € L(Rn x ... x Rn, Rn), is
called the error equation and p is the order of convergence. Observe that ekp is (ek, ek, . .., ek).
8.2.1 Convergence analysis Theorem 8.2.1. Let F : D € Rn — Rn be a sufficiently differentiable
function in an open neighborhood D of its zero k. Let us suppose that F ’(x) is continuous and
nonsingular in k and the initial guess x(0) is close enough to k. Then, the iterative scheme defined
by ( (8.2.1)) attains maximum third-order of convergence. Proof. Let ek = x(k) — k be the error of
the kth iteration. Developing F (x(k)) and F ’(x(k)) in a neighborhood of k, we write F (x(k)) = F "(k
) ek + D2e2k + D3e3k + O(edk), (8.2.5) and [ ] F "(x(k)) = F (k) I + 2D2ek + 3D3e2k + O(e3k)
, (8.2.6) [ ] where I is the identity matrix of size n x nand Dk = F "(k)—1F (k)(k), k = 2. Inversion
of 1 F’(x(k)) yields k! F "(x(k))—1 =1 + Xlek + X2e2k F '(k)—1, (8.2.7) where X1 = —2D2 and X2
= 4D22 — 3D[3. By replacing t]hese expressions in the first step of (8.2.1), we obtain y(k) — k =
D2e2k — 2(D22 — D3)e3k + O(e4k). (8.2.8) Therefore, we have F (y(k)) = F ‘(k) D2e2k — 2(D22 —
D3)e3k + O(e3k) (8.2.9) and [ ] [y(k), x(k); F] = F (k) I + D2ek + (D22 + D3)e2k + O(e3k) .
(8.2.10) Inversion of [y(k), x(k); F Jyields [ ] [y(k), x(k); F]=1 =1 — D2ek — D3e2k + O(e3k) F’
(k)—1. (8.2.11) Adopting the expressions (8.2.5) and (8.2.11), we obtain [ ] [y(k), x(k); F J=1F ’(
x(k)) = ek — D22e3k + O(e4dk). (8.2.12) Finally, using the expression (8.2.12) in the second
substep of (8.2.1), we get x(k+1) — k = ek — [y(k), x(k); F ]-1F ‘(x(k)) = D22e3k + O(e4k).
(8.2.13) Hence, the iterative method (8.2.1) has third-order convergence. 8.3 Numerical results
Based on the theoretical results, we performed a computational analysis to demonstrate their
practical significance. Therefore, we choose some third-order existing schemes for comparison: 1.
Homeier method (HM) Homeier (2004): y(k) =x(k) — 1F’(x(k))—=1F(x(k)), 2 (8.3.1) x(k+1) =x(k)
— F'(y(k))=1F(x(k)). 2. Frontini and Sormani method (FSM) Frontini and Sormani (2003); Cordero
et al. (2012): y(k) =x(k) = F "(x(k))—1F (x(k)), x(k+1) =x(k) — 2(F "(y(k)) + F "(x(k)))—1F (x(k
)). (8.3.2) 3. Modified Newton method (M N M ) Frontini and Sormani (2004): m —1 3 ( ) We have
chosenm=2,A1 =A2 =711 =712 =.12x(k+1) =x(k) = AiF * x(k) = T7iF "(x(k))—=1F (x(k)) ) F
(x(k)). (8.3.3) (i=1 4. Newton Simpson method (N SM ) Cordero and Torregrosa (2007): y(k)
=x(k) — F "(x(k))—1F (x(k)), x(k+1) =x(k) — 6F (x(k)) F "(x(k)) + 4F " y(k) + x(k) ( 2 . + F"(y(k
)) ) (8.3.4) 5. Chebyshev-like method (CLM ) Babajee et al. (2010): Xk+1 =XkN+1 — JF—1(Xk)F
(XkN+1). (8.3.5) We choose five problems for our computational examinations. In Example (8.3.1),
we selected an academic problem that contains a 4 x 4 system of nonlinear equations, and the
obtained results are depicted in Table 8.1. In Example 8.3.2, we investigate an applied science
problem, namely the Hammerstein integral equation, to demonstrate the applicability and efficacy of
our method (8.2.1). The values of the abscissas tj and weights wj are depicted in Table 8.2. The
numerical results are presented in Table 8.3 for Example 8.3.2. Table 8.4 provides the numerical
results for the boundary value problem, which is given in Example (8.3.3). In the BVP, we choose a
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larger system of nonlinear equations of order 100 x 100. In Example 8.3.4, we investigate the
applicability of our method on another applied science problem, namely the Burger equation, and
for this problem, we also used a larger system of nonlinear equations of order 100 x 100. In the
last example, we selected another 95 x 95 system of nonlinear equations, which is a mixture of
algebraic and trigonometric functions (further information is provided in Example (8.3.5)), with
numerical results displayed in Table 8.6. Further, we also compared our method with existing
methods based on the number of iterations, and the results are mentioned in Table 8.7, and in
Table 8.8, the results based on the residual error at fifth step are mentioned. Additionally, we
provide the computational order of convergence (COC), which has been calculated using the
following formulae: n = In [Ix|xk+k=1=xsx]l*ll In [IxIxk—k—=1=x=x|«ll , for k =1, 2, ... o0r
approximated computational order of convergence (ACOC) (see Grau-Sanchez et al. (2011)) by: nx
= In |llIxxkk+—=1x=k=xk1]lll In IIxlIxk—k—1-xkx—k—11]2|| , for k = 2, 3, . . . The termination criteria
for programming is given below: (i) lIxk+1 — xkl|l < €, (ii) IF (xk)Il < €, where € = 10—300. Example
8.3.1. Consider the following system of nonlinear equations in four unknown vari- ables: x2x3 +
(X2 + x3) x4 = 0, x2x3 + (X2 + x3) x4 = 0, x1x3 + (x1 + x3) x4 = 0, x1x2 + x3x2 + x1x3 = 1.
The approximate solution is (0.5773 ..., 0.5773...,0.5773 ..., —0.2886 ... )T . The obtained
results can be observed in Table 8.1 based on the initial approximation (0.5, 0.5, 0.5, 0.5)T . Table
8.1: Numerical outcomes for Example 8.3.1. Methods n [IF (xn)Il Ixn+1 — xn| n CPU Timing HM 1 2
31.1 x10-88.4 x 10-29 2.7 x 10-2 5.5 x 10-94.2 x 10-29 1.4 x 10-2 3.6234 3.1473
0.0183853 2.7 x 10-21.4 x 10-2FSM 123 1.1 x 10-88.4 x 10-29 2.7 x 10-2 5.5 x 10-9
4.2 x 10-29 1.4 x 10—-2 3.6234 3.1473 0.0200469 MNM 1 2 3 1.1 x 10-8 8.4 x 10-29 2.7 x
10-2 5.5 x 10-94.2 x 10-29 1.4 x 10—-2 3.6234 3.1473 0.0203486 NSM 123 1.1 x 10-8 8.4
x 10—-29 5.5 x 10-9 4.2 x 10—29 3.6234 3.1473 0.028271 1 CLM 23 6.2 x 10-2 2.6 x 10-7 2.1
x 10-24 3.2 x 10-2 1.3 x 10-7 1.1 x 10—24 3.8913 0.0178618 3.1474 1 OM 2 3 1.7 x 10-2 4.5
x 10—-9 2.3 x 10-29 8.5 x 10-3 2.3 x 10-9 1.2 x 10-29 3.3350 0.0250707 3.089 Example
8.3.2. We investigate a widely recognized problem in applied science, the Hammer- stein integral
equation, as detailed in pages 19-20 in the work of Sharma and Gupta (2014). The primary
objective is to evaluate and contrast the effectiveness and practicality of our pro- posed methods
against those established earlier. The Hammerstein integral equation, presented below, serves as a
standard reference for this comparative study: 1 x(s) = 1 + 1 G(s, t)x(t)3dt, 5 [O where x € C [0,
1], s, t € [0, 1] and the kernel G is G(s, t) = (1 — s)t, t <'s, {s(1 — t), s < t. To transform the
given equation into a finite-dimensional problem, the Gauss-Legendre quadra- ture formula is
applied as follows: 1 10 g(t)dt = wjg(tj), JO >j=1 where the abscissas tj and the weights wj are
computed using the Gauss-Legendre quadrature formula for j = 10. Let xi(i = 1, 2, ..., 10)
represent the approximations of x(ti). This leads to a system of nonlinear equations, which is given
below: 10 5xi =5 —aijx3j=0,i=1, 2, ..., 10 2j=1 where wjtj(1 — ti), j < i, aij = {wijti(1 — tj), i
< j. For i =j =10, the abscissas tj and weights wj are known and shown in the Table 8.2. In Table
8.2: The abscissas tj and weights wj by Gauss Legendre quadrature formula. jtjwj 1 0
.01304673574141413996101799... 2 0.06746831665550774463395165... 3
0.16029521585048779688283632... 4 0.28330230293537640460036703... 5
0.42556283050918439455758700... 6 0.57443716949081560544241300... 7
0.71669769706462359539963297... 8 0.83970478414951220311716368... 9
0.93253168334449225536604834... 10 0.98695326425858586003898201...
0.03333567215434406879678440... 0.07472567457529029657288816...
0.10954318125799102199776746... 0.13463335965499817754561346...
0.14776211235737643508694649... 0.14776211235737643508694649...
0.13463335965499817754561346... 0.10954318125799102199776746...
0.07472567457529029657288816... 0.03333567215434406879678440... Table 8.3, we present
COC, CPU timing, residual errors and the difference of errors between two iterations for Example
(8.3.2). The convergence approaches towards the root, which is given as a column vector: xx =
1.001...,1.006...,1.014...,1.021...,1.026...,1.026...,1.021...,(1.014...,
1.006 ..., 1.0013...T) In addition, we choose the initial guess x0 = 1.1, 1.1, .1.0., 1.1 T for the
computational work. () Table 8.3: Numerical outcomes for Example 8.3.2. Methods n |IF (xn)l|
[[xn+1 — xnll n CPU Timing HM 1 23 1.7 x 10-17 4.7 x 10-55 3.6 x 10-5 3.6 x 10—-18 1.0 x
10-55 7.6 x 10—6 2.8844 2.9970 0.140692 5.8 x 10-51.2 x 10-5FSM 123 2.3 x 10-18 8.0 x
10-58 5.8 x 10-55.0 x 10-19 1.7 x 10-58 1.2 x 10-5 2.8949 2.9930 0.154874 MNM 1 2 3 1.7
x 10—-17 4.7 x 10-55 2.7 x 10-5 3.6 x 10—-18 1.0 x 10-55 5.7 x 10-6 2.8844 2.9970 0.153137
NSM1237.8x10-192.0 x 10-595.4 x 10-51.7 x 10-194.3 x 10-60 1.2 x 10-5 2.8923
2.9988 0.235745CILM 123 1.3 x 10-17 2.0 x 10-552.7 x 10-52.8 x 10-18 4.2 x 10-56 5.7
x 10—6 2.8867 2.9987 0.1501850M 1 23 7.8 x 10—19 2.0 x 10-59 1.7 x 10—-19 4.3 x 10-60
2.8923 2.9988 0.291461 Example 8.3.3. Consider the Van der Pol equation Burden and Faires
(2010), presented as follows: y’* — pu(y2 — 1)y’ + y = 0, p > 0. (8.3.6) The above expression
describes the current flow in a vacuum tube with the boundary conditions y(0) = 0 and y(2) = 1.
Additionally, we consider the following partition of the given interval [0,2]: x0 = 0 < x1 < x2 < x3<
+ < X8, where xi = x0 + ip, p = 2 8 . Furthermore, we suppose that yO = y(x0) = 0, y1 = y(x1),
..., y0—-1 =y(x6-1), yB = y(x8) = 1. If we discretize the preceding problem (8.3.6) using the
second-order division difference for the first and second derivatives, we get y1’ = y1 +1 2—-h y1 -1,
yt'’' =yt -1 -2hy2tr+yt+1,7=1,2,...,6 -1 Theresultisa (6 — 1) x (6 — 1) system of
nonlinear equations, which is defined by 2h2xT — hpy x21 — 1 (xT+1 = xT —=1) + 2 (XT =1 + X7 +1 —
2xt)=0,7=1,2,...,0—=1.1() Let p =, and the initial approximationx0 =92 ,97T, 9,
.10.0., 9 . For 8 = 101, we are dealing with a 100 x 100 system of nonlinear equa(tiolnOs aln0d
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1tOhe prov1iOd)ed solution is given below: x* = 0.01420 ..., 0.02833 ..., 0.04239 ..., 0.05637
...,0.07028...,0.08411...,0(.09787...,0.1115...,0.1252...,0.1387 ..., 0.1521 . .
.,0.1655...,0.1788...,0.1920...,0.2051...,0.2181...,0.2311...,0.2440 .. .,
0.2568...,0.2695...,0.2821...,0.2946...,0.3071...,0.3194...,0.3317...,0.3439
...,0350...,0.3680...,0.3800...,0.3918...,0.4036...,0.4153...,0.4268...,
0.4383...,0.4497...,0.4610...,0.4723...,0.4834...,0.4944...,0.5054 ..., 0.5163
...,05270...,0.5377...,0.5483...,0.5588...,0.5693...,0.5796...,0.5898 ...,
0.6000...,0.6100...,0.6200...,0.6299...,0.6396...,0.6493...,0.6589 ..., 0.6684
...,06778...,0.6872...,0.6964...,0.7055...,0.7146 ..., 0.7235...,0.7324 . . .,
0.7412...,0.7499...,0.7585...,0.7669 ..., 0.7754 ..., 0.7837 ..., 0.7919 . .., 0.8000
...,0.8080...,0.8160...,0.8238...,0.8316...,0.8392...,0.8468...,0.8543 ...,
0.8617...,0.8690...,0.8761...,0.8832...,0.8902...,0.8972...,0.9040...,0.9107
...,09173,..,0.9238...,0.9303...,0.9366...,0.9429...,0.9490...,0.9551 ...,
0.9610...,0.9669...,0.9726...,0.9783...,0.9839...,0.9893...,0.9947...T7.)

Table 8.4 shows the data for COC (Coefficient of Convergence), CPU timing, residual errors, and the
difference in errors between consecutive iterations for Example (8.3.3). Example 8.3.4. We assume
the 2-dimensional Burger’s equation Xiao and Yin (2016), which is given by d2u ot + pdu + g(u, t)
= 0, 92p dp dp — Table 8.4: Numerical outcomes for Example 8.3.3. Methods n |IF (xn)|l Ixn+1 —
xn|l n CPU Timing HM 1 2 36.8 x 10-12 8.2 x 10-34 1.7 x 10-3 9.5 x 10-10 1.1 x 10-31 3.8 %
10-2 3.2781 2.9647 3.33992 8.4 x 10—-4 2.4 x 10-2FSM1238.7 x 10-11 6.1 x 10-30 8.4 x
10-4 1.4 x 10-8 6.1 x 10—-28 2.4 x 10—2 3.1324 3.0077 3.97881 MNM 12 3 6.8 x 10-12 8.2 x
10-34 2.2 x 10-59.5 x 10-10 1.1 x 10-31 4.1 x 10-3 3.2781 2.9647 4.13904 NSM 1 2 3 2.2
x 10—-14 6.8 x 10-42 5.5 x 10-52.1 x 10—12 3.7 x 10—-40 1.0 x 10-2 3.0648 2.9923 6.13112
CLM1236.1 x10-133.4 x 10-37 2.8 x 10-56.3 x 10—-11 1.8 x 10-35 3.0 x 10-3 3.1105
2.9913 3.39971OM1231.0 x 10-142.9 x 10-438.1 x 10-13 1.5 x 10-41 3.0289 3.0021
5.34322 where (u,t) € [0,1]%[0,1], g(u,t) = —10e-2t[et(u2—u+2)+10u(2u2-3u+1)]. The p = p(u,t
) fulfills the following boundary conditions: p(0, t) = p(1, t) = 0, p(u, 0) = 10(u2 — u), p(u, 1) =
10 (u2 — u). e We assume that pi,j = p(ui,tj) is the approximate root at the grid points of the mesh.
In addition, we consider M and N are the number of steps in u and t directions. The h and k are
their corresponding step sizes. We can easily deduce a nonlinear system of equations from this
partial differential equation by adopting a finite difference discretization. Therefore, we apply the
following central difference and backward difference, respectively: 92p 92p d2u d2u(ui, tj) = = pi+
1,j — 2pi,j + pi—1,j h2 , and op pi+1,j — pi—1,j 9p pi,j+1 — pi,j—1 du = 2h, ot = 2k , in order to
obtain solution. For deducing the large system of nonlinear equations 100 x 100, we use M = 11
and N = 11. Moreover, we assume 1 nn2n 1T x0 = sin2, 1 sin sin, .10.0., sinn 2n 1 n sin, sin2 (
10(11)10(11)(11)10(11)(11)10(11)) 152 as initial vector and our required estimated

zero is given below: x+ = 0.001113 . .., 0.001813 . .., 0.002260 . . ., 0.002530 . . ., 0.002658 .
..,0.002658 . ..,0.002530 ..., 0(.002260 . .., 0.001813 ..., 0.001113 ..., 0.001813. ..,
0.003049 . .., 0.003870 . .., 0.004374 ..., 0.004614 . .., 0.004614 . .., 0.004374 . . .,
0.003870 . .., 0.003049 . .., 0.001813 ..., 0.002260 . .., 0.003870 . .., 0.004969 . . .,
0.005652 . .., 0.005979 . .., 0.005979 ..., 0.005652 . .., 0.004969 . .., 0.003870 . ..,
0.002260 . .., 0.002530 . .., 0.004374 ..., 0.005652 . .., 0.006455 . .., 0.006841 . . .,
0.006841 . .., 0.006455 . . ., 0.005652 . .., 0.004374 ..., 0.002530 ..., 0.002658 . . .,
0.004614 . .., 0.005979 . .., 0.006841 . .., 0.007257 ..., 0.007257 . .., 0.006841 . . .,
0.005979 . .., 0.004614 . .., 0.002658 . .., 0.002658 . .., 0.004614 . .., 0.005979 . . .,
0.006841 . .., 0.007257 . .., 0.007257 . .., 0.006841 . .., 0.005979 . .., 0.004614 . . .,
0.002658 . .., 0.002530 . .., 0.004374 ..., 0.005652 . .., 0.006455 . .., 0.006841 . . .,
0.006841 . .., 0.006455 . . ., 0.005652 . .., 0.004374 ..., 0.002530 . .., 0.002260 . . .,
0.003870 . .., 0.004969 . .., 0.005652 . .., 0.005979 ..., 0.005979 ..., 0.005652 . ..,
0.004969 . . ., 0.003870 . .., 0.002260 . .., 0.001813 ..., 0.003049 . .., 0.003870 . ..,
0.004374 ..., 0.004614 . .., 0.004614 ..., 0.004374 ..., 0.003870 ..., 0.003049 . ..,
0.001813...,0.001113 ..., 0.001813 ..., 0.002260 . .., 0.002530 . .., 0.002658 . . .,
0.002658 . . ., 0.002530 . . ., 0.002260 . . ., 0.001813...,0.001113... T . In Table 8.5, we present

COC, CPU timing, residual errors and errors difference between two ) iterations for Example (8.3.4).
Example 8.3.5. We assume a nonlinear system (selected from Grau-Sanchez et al. (2011)), defined
as follows: n F (x) = xk — cos 2xk — xi (), 1 <k £ n. (8.3.7) We choose n = 95 and the initial
guess x(0) = (0.21, 0.21, 0.21, .9.5.0.21)T for this problem. Xi=1 The required solution is 0.2172 .
..,0.2172...,.9.5,,0.2172 . ... The obtained results can be T observed in Table 8.6. ( ) 8.4
Conclusions Table 8.5: Numerical outcomes for Example 8.3.4. Methods n [IF (xn)|l lIxn+1 — xnll n
CPU TimingHM 1 23 1.0 x 10-7 1.6 x 10-256.0 x 10-79 1.9 x 10-7 5.6 x 10-7 8.4 x 10-25
3.0 x 10-78 1.1 x 10—6 2.9929 2.9988 23.6653 FSM 1 2 3 2.2 x 10-24 2.8 x 10-75 1.0 x 10-7
1.1 x 10-23 1.4 x 10—74 2.9921 2.9987 24.7904 MNM 1 2 3 1.6 x 10-25 6.0 x 10-79 2.8 x
10-9 x10—- 8.4 x 10—25 3.0 x 10-78 1.6 x 10—8 2.9929 2.9988 26.1044 NSM 12 3 9.2 x
10-32 3.3 x 10-99 5.6 x 10-9 5.3 x 10—-31 1.9 x 10-98 3.3 x 10—8 3.0007 2.9998 34.6971 C
LM1231.5x 10-303.1 x 10-952.8 x 10-98.9 x 10-30 1.8 x 10-94 1.6 x 10-8 3.0016
2.9998 22.3362 OM 12 39.3 x 10-32 3.4 x 10-99 5.4 x 10—-31 1.9 x 10—98 3.0008 2.9998
47.8200 Table 8.6: Numerical outcomes for Example 8.3.5. Methods n IIF (xn)Il Ixn+1 — xnl n CPU
TimingHM 1 236.7 x 10-51.7 x 10-16 1.5 x 10-1 7.3 x 10-7 1.9 x 10-18 1.7 x 10-3
3.5100 3.0074 88.7778 4.7 x 10-15.2 x 10-3FSM 123 2.8 x 10-6 1.6 x 10-20 4.7 x 10-1
3.0 x 10-81.9 x 10—-18 5.2 x 10—-3 2.9026 3.0074 130.598 MNM 12 3 6.7 x 10-51.7 x 10-16
2.8 x 10-17.3 x 10-7 1.9 x 10—-18 3.1 x 10-3 3.5100 3.0074 134.812 NSM 12 3 3.3 x 10-6
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4.9 x 10-21 3.6 x 10-85.3 x 10-23 1.3 x 10-2 3.67103.0120CLM1231.27.9 x 10-4 1.3 x
10-13 8.6 x 10—-6 1.4 x 10—15 4.8498 3.0858 88.2526 1 OM 2 3 2.8 x 10—1 3.3 x 10—6 4.6 x
10-21 3.0 x 10-3 3.6 x 10-8 5.1 x 10—-23 3.6683 202.62 3.0120 Table 8.7: Number of iterations
for Examples 8.3.1- 8.3.5. Methods HM F SM MNM NSM CLM OM Ex. 8.3.16 66 6 6 6 Ex. 8.3.255
5555Ex.8.3.3666555Ex.8.3.4555454Ex.8.3.566 666 6 (Ex. stands for example)
Table 8.8: Comparison on basis of |IF (x5)Il for Examples 8.3.1- 8.3.5. Methods HM F SM MNM NSM
CLM OM Ex. 8.3.1 6.3 x 10—-275 3.2 x 10-275 3.2 x 10-275 3.2 x 10-275 1.3 x 10-234 7.7 x
10-276 Ex. 8.3.2 9.7 x 10-506 2.7 x 10-531 9.7 x 10-506 1.6 x 10—-546 2.3 x 10-509 1.6 x
10-546 Ex. 8.3.3 3.0 x 10-297 2.9 x 10-720 1.2 x 10—261 4.6 x 10—-686 3.0 x 10—297 2.9 x
10-720 2.2 x 10-377 1.5 x 10-908 3.7 x 10—-333 1.3 x 10—-871 8.9 x 10-389 1.8 x 10-908
Ex. 8.3.4 1.6 x 10—-155 2.8 x 10—-191 1.6 x 10—-1554.4 x 10—-199 4.7 x 10-131 2.9 x 10-199
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