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ABSTRACT

The dissertation entitled as "Statistical Convergence of Sequences, Series
and Measurable functions with applications in Fourier Series", encompasses
a concise description of inquisition prosecute by numerous researchers. Besides this
certain results are evinced on statistical convergence under the enlightenment of Dr.
Jatinderdeep Kaur, Assistant Professor, School of Mathematics, Thapar Institute
of Engineering and Technology, Patiala.

Currently, the dissertation presents four chapters along with the conclusion.
Chapter I is the introductory which includes certain well known results, exam-
ples and assertions and comparison of Statistical convergence with classical con-
vergence.The objective of Chapter II and III is to study the convergence of single
and multiple sequences and series statistically already explained by Ferenc Moricz
and evaluating certain results and remarks. In Chapter IV, the statistical limit of
measurable function at co is explained with hypothesis and assertions with applica-
tion to Fourier Transform.

Towards the end, references of various publications cited in the current disserta-
tion have been reported.
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CHAPTER 1

1 INTRODUCTION

1.1 ORIGINATION OF STATISTICAL CONVERGENCE

Statistical Convergence,was published almost fifty years ago, has flatter the domain
of recent research. Unlike mathematicians studied characteristics of statistical con-
vergence and applied this notion in numerous extent such as measure theory, trigono-
metric series, approximation theory, locally compact spaces, and Banach spaces,etc.

The present thesis emphasis on certain results studied by Ferenc Moricz in his two
research papers i.e., "Statistical Convergence of Sequences and Series of Complex
Numbers with applications in Fourier Analysis and summability" and in " Statistical
Limat of Lebesque Measurable functions with oo with applications in Fourier Analysis
and summability".

The perception of conjunction has been generalized in various ways through different
methods such as summability and also a method in which one moves from a sequence
to functions. In 1932 earlies, Banach coined the first generalization of it and named
as "almost convergence". Later it was studied by Lorentz [6] in 1948.

The most recent generalization of the classical convergence i.e.,a new type of con-
junction named as Statistical Convergence had been originated first via Henry Fast|3|
in 1951. He characterizes this hypothesis to Hugo Steinhaus[19]|. Actually, it was
Antoni Zygmund|20] who evince the results, prepositions and assertion on Statistical
Convergence in a Monograph in 1935. Antoni Zygmund in 1935 demonstrated in his
book " Trigonometric Series" where instead of Statistical convergence he proposes
the term "almost convergence" which was later proved by Steinhaus and Fast(]|19]
and [3]).

Then, Henry Fast[3] in 1951 developed the notion analogous to Statistical Conver-
gence, Lacunary Statistical Convergence and A\ Statistical Convergence and it was
reintroduced by Schoenberg|[18] in 1959.Since then the several research paper re-
lated to the concept have been published explaining the notion of convergence and
is applications.The objective of the study is to discuss the fundamentals and results
along with various extensions which have been subsequently formulated.



1.2 BAsic TERMINOLOGY

In this subsection, basic concepts are presented as follows :

Borgohain and Savas introduced this term in [1] as listed below :

Definition 1.2.1. ASYMPTOTIC DENSITY The theory of Convergent statistically
depends on the perception of asymptotic density of subsets of N of natural numbers.
P C N is termed as natural density 6(P) i.e.,

L
O(P) = lim —3 x»(p)
p=1
where xp is the characteristic function of P.

Moricz defined certain terms such as Statistical Convergent, Statistically Bounded,
Statistically Cauchy, Summable explained in [9] are listed as follows :-

Definition 1.2.2. STATISTICALLY CONVERGENT - A sequence (t,) == (t, : p =
0,1,2,...) or a series. Consider partial sums (t,) of series, where the (t,) are real or
complex numbers, is called convergent statistically to limit (or sum) t, in symbols :-

st—plggotp:t

if for all e > 0,

lim ((m+1)"){p<m: t,—t >} =0
m—0o0

where p < m where p = 0,1,2,...,m; and where |T| is cardinality of finite set
T=Hp<m:|t,—t|>e}| CN:=0,1,2,....

Definition 1.2.3. BOUNDED STATISTICALLY - A sequence (t,) is called bounded
statistically, if some constant D > 0 exists so that

1
) <m- _
Jim ———{p <m: [ty > DY =0,
where D is a bound .

If definition of Statistical Convergence validates for some € > 0. Moreover, the
inequality validates for D = |t| + €; t — statistical limit of sequence, say.

Definition 1.2.4. STATISTICALLY CAUCHY A sequence (t,) is termed as Statis-
tically Cauchy, if for all e > 0 3 v = v(e) there exists N ( natural numbers) so
that



1
S T o B _
nlgn m1 |{p m:|t, —t,[ > e} =0

Definition 1.2.5. SUMMABLE A sequence (t,) is coined as Summable S, to limit
(or sum) t for certain real ¢ > 0 if

: i
n{gxgﬁm—l—l Z|t t9=0

In year, 2014 Mdricz defines in [10] the terms coined as Statistical limit, Approx-
imate limit. These are listed below :-

Definition 1.2.6. STATISTICAL LIMIT OF MEASURABLE FUNCTION AT oo
A function g : [s,00) — C, measurable in Lebesque, where s > 0, is said to have
statistical limit v at oo, 1n symbols:

st — lim g(v) =

V—00

if for every e > 0

lim (d — s) '{v € (s,d) : |[g(v) —7| > €}| =0

d—00

where

{v € (s,d) : [g(v) — 7| > €}
denotes the measure of the set in Lebesque’s sense
{ve(sd):lgv)—rl>e}

Definition 1.2.7. APPROXIMATE LIMIT A. Zygmund commenced its conceptual-
1zation. A function g is given on a set A C R which is measurable and there exists
vo > 0, then g has an approrimate limit r as v — vy, in symbols:

lim ap(g(v)) = r

vV—v0

1.3 LITERATURE REVIEW

1.3.1 THEOREMS

Some of the well known theorems are stated as follows :



Theorem 1.3.1. ) In Convergence of sequence if the limit exists for any sequence
(tp) then it is uniquely determined and same is followed by statistical convergence
also.

Theorem 1.3.2. ! Any Sequence that converges is Statistically Convergent however
the implication is not valid for converse.

Theorem 1.3.3. V1 Statistical limit follows the algebra of limits.

i.€.
Let (t,) and (b,) be two sequences such that

st — limt, =1

pP—00
and,
st — lim b, = b
pP—00
then,

1. t, + b, converge statistically to t + b.
2. t, — b, converge statistically to t - b.
3. t, * b, converge statistically to t * b.

4. t,/b, converge statistically to t/b; provided b, # 0 and b # 0.

Theorem 1.3.4. ) If a sequence is convergent, then the sequence is also bounded.
Theorem 1.3.5. ! Every Statistically Convergent Sequence is Statistically Bounded.

Theorem 1.3.6. ! All the sequences that converges are statistically convergent with
common limit however, the sequences which are Statistically Convergent may neither
be convergent nor bounded.

Theorem 1.3.7. [V (tp) is a sequence converge to a limit t statistically if and only
if there exists two sequences (u,) and (w,) such that

1. t,=u,+wy,;p=0,1,2,..
2. limy oo up =1

3. 1imy o0 (1) {p <M wy, # 0} =0

Moreover, if sequence (t,) is bounded, then both (u,) and (w,) are also bounded.



Theorem 1.3.8. ) Convergence of sequence statistically is equivalent to almost
convergence of sequences.

Theorem 1.3.9. Bl A function h with periodicity is continuous i.e., h € C(S),
subsequently for certain q > 0 Fourier Series is S, summable to h(a) uniformly in
aeS

Theorem 1.3.10. P! [f h € LY(S), afterwards for any q > 0 Fourier Series is S,
summable to h(a) at almost every a € S.

Theorem 1.3.11. !9 Any integrable function of Fourier series is statistically con-
vergent at almost all point.

Theorem 1.3.12. 1% Any continuous function of Fourier series is uniformly sta-
tistically convergent.

The above hypothesis also hold for the Lebesgue measurable function at oo along
with the statistical limit and there are some more hypothesis for Lebesgue measur-
able function at oo along with the Statistical limit.

Theorem 1.3.13. 9 [f ¢ function ¢ has limit at oo statistically then it is bounded
statistically.

Theorem 1.3.14. !9 [f h € LY(R) then at every a € R,

st — lim t,(h;a) = h(a)

V—00

st — lim ,(h;a) = h(a)
V—00
Theorem 1.3.15. BOL 1f b € LY(R), h has a Lebesque point a, and the Hilbert

transform h exists al a, then Drichlet integral and conjugate Drichlet integral i.e.,
t,(h;a) and t,(h;a) respectively are Sy summable then,

d—o0

d
lim d_l/ lty(h;a) — h(a)|dv =0
and,

d—o0

d
lim d_l/ It,(h;a) — h(a)|dv =0

Theorem 1.3.16. 9 [f a function g € LY(R) N L (R) on bounded interval U is

loc
continuous, then the limit in theorem 1.3.15 holds locally uniformly on U.

Corollary 1.3.16.1. "% Based on the assumptions of theorem 1.3.16, the statistical
limit in theorem 1.3.14 is locally uniform in a € U



Theorem 1.3.17. 1% [f g € LY(R) U Cy(R), then limit in theorem 1.5.15 holds
uniformly on the whole R.

Corollary 1.3.17.1. ' Based on the assumptions of theorem 1.3.17, the statistical
limat in theorem 1.83.14 is uniform in a € R.

1.3.2 EXAMPLES

Some common examples which are used in every concept and satisfy certain properties:-

1. Consider a sequence

tt =12
(tp) := ) .
0; otherwise

be a statistical convergent sequence where the limit ¢t = 0 for every € > 0.
But (t,) is not bounded.

—> it may or may not be convergent.

2. If the sequence

1/t; otherwise

tift=102%1=0,1,2,.
(an) ==
Then, the given sequence statistically converges to 0 . i.e.
st — lim t, =0

p—0o0

but the sequence is divergent in ordinary sense.

3. Statistical Convergence based on intervals [1,p] and Lacunary Convergence
based on (t,_1,%,]. Therefore, the sequence that converges is statistically con-
vergent however converse is not valid.

4. A function denoted by g is coined as

tve (Bt +1),t=1,2,..;
g(v) := .
0; otherwise on (0,00)

Then, its statistical limit exists in Lebesgue measure at oo for every € > 0 with
r=0 but g is not bounded, and therefore its ordinary limit cannot exist at oo



1.3.3 REMARKS
Some remarks concluded from the well known results are stated below:-

e Limit of a sequence classically exists imply that statistical limit of sequence also
exists.
Also, two limits correlate. In general, the converse is not valid.

e The abstraction of limit statistically also boasts the laws of limit which validates
inquest of limit classically in the terms of Cauchy I1.e., additivity, homogeneity,
ete.

Both assertions stated above are valid for Lebesgue measurable functions at co
with the statistical limit.

e Holder’s Inequality provides that

m—o0

lim (m +1)7" ) " [t, —t[? =0,
p=0

is valid for certain ¢ > 0. It validates for all smaller exponent rq, 0< rg
< ¢. Thus, Summability S; is termed as strong summability (C,1) implies
Summability by first arithmetic means i.e.,

. 1 -
%g(m—i—l) z%tp—t
p:

e Holder’s Inequality provides that if

d
lim (d — 5)1/ lg(v) —r|%dv =0

d—00

is valid for certain ¢ > 0. It validates for any smaller exponent ¢, 0 < ¢ < gq.
If the above equality is satisfied for ¢ = 1, then it is trivial that

d d
(d—s)" / g(0)dv —r| < (d— )" / l9(v) — rldv — 0

as d — oo

So, the summability Sy of g to r at co imply the classical summability of g at oo
by Cesaro summability (C,1) of g at co. Thus, the summability S, is termed
as strong Cesdro summability (C,q), where ¢ > 0.

Both, the assertions are valid for Lebesgue measurable functions at oo with the
statistical limit.



1.4 COMPARISON OF STATISTICAL CONVERGENCE AND CLASSICAL CON-
VERGENCE

The idea is used to define statistical convergence was following a sequence may be
infinite which are not included in € neighborhoods of limit point but the index of
terms have density zero, which is not possible in ordinary sense.

Thus, a convergence defined in this manner gives us the statistical convergence
different from classical convergence. Researchers focuses on convergence obtained
from different density functions. But all density function are based on class of
intervals different from each other. Also, recall the finite subsets of Natural Numbers
having natural density as zero, and if the fact is combined with that of classical
convergence of a sequence to a real number k,

= t:|t,— k| >e¢

also a finite set which says that classical convergence imply statistical convergence.
But, the property of boundedness does not hold by Statistical convergence.

Therefore, in Classical convergence, convergent sequences are all bounded i.e., the
result stated above shows that Statistical Convergence differs from that of Classical
convergence.

1.5 SuMMARY OF CHAPTERS

In Chapter II, the Convergence of single sequence and series statistically with ap-
plication in single Fourier series have been studied.

In Chapter III, the Convergence of multiple sequence and series statistically with
application in multiple Fourier series have been studied.

The limit of Lebesgue Measurable function at co statistically has been studied with
application in Fourier Analysis have been presented in Chapter IV.

Moreover, some concepts, hypothesis, examples, and remarks have been used repeat-
edly in the further study of this dissertation. Apart from these some new theorems
will be proved in the further chapters and new concepts have been explained.Some
of the examples and concepts are developed from [2], [13], [15], [16] and [17].

10



CHAPTER 11

2 Statistical Convergence Of Single Sequence And Series With
Application In Fourier Analysis

2.1 SINGLE SEQUENCE AND SERIES - INTRODUCTION

In this chapter, Convergence of Single Sequence and Series statistically have been
studied. Here, few terms related to Convergence of single sequence and series sta-
tistically has been already defined in Chapter I.

The concept defined below is the main notion used in this chapter to formulate the
main result. i.e.,

Definition 2.1.1. STATISTICAL CONVERGENT - A sequence (t,) := (t, :
p=0,1,2,...) or a series. Consider partial sums (t,) of series, where the (t,) are
real or complex numbers, is called convergent statistically to limit (or sum) t, in
symbols :-

st — ,}E&tp =t
iof for all e > 0,
lim (m+1)"Y{p<m:|t,—t|>e}|=0 (2.1.1)
m—0o0

where p < m where p = 0,1,2,...,m; and where |T| is cardinality of finite set
T=Hp<m:|t,—t|>e}[ SN :=0,1,2,...

Definition 2.1.2. BOUNDED STATISTICALLY - A sequence (t,) is called
bounded statistically, if some constant D > 0 exists so that

1
N TP )
Jim ———|{p < m: [ty] > D} =0, (2.1.2)

where D is a bound .

If definition of Statistical Convergence validates for some € > 0. Moreover, the
inequality validates for D = |t| + €; t — statistical limit of sequence, say.

2.2 MAIN RESULT

Some generalization of notion discussed in Chapter I with the some well known
hypothesis, examples and assertions evolved new main results for single sequence
and series are stated below along with the proofs as:-

11



Theorem 2.2.1. Statistical Limit is Uniquely determined, if exists.

Proof. Suppose (t,) is a sequence and, Also assume that (¢,) statistically converges
to tl and t2

= st—limt, =1t

p—0o0

and,

= st — lim t, =15
p—00

— t1 —ty =0

S t1:t2

Hence, limit is unique.

O

Theorem 2.2.2. Sequence (t,) Statistically converges if and only if sequence (t,) is
Statistically Cauchy.

Proof. Recall [4], and [9] as it defines
P C N is termed as natural density denoted by §(P) if

5(P) = Tim —

<n: 2.2.1
lim ——[{t<n:teP) (22.1)

and limit exists. Thus, if the sequence is statistically convergent and say, it
converges to t then,

S{teN :|t,—t] >€})=0

is given from (2.1.1) and (2.1.2) along with (2.2.1).
Thus, by the concept defined in earlier Chapter I it’s proved to be Statistically
Cauchy.

Conversely,if it is Statistically Cauchy
for each € > 0 there exists v(e) € N such that

lim

Ht<n:|t,—t,|>€}|=0
i.e., subset has natural density as 0.

. 1
— lim

Ht<n:teP} =iP)

12



and limit exists.

Therefore, the sequence converges statistically. O]

Theorem 2.2.3. If a sequence (t,) is S, summable to a limit t for certain q > 0
subsequently, (t,) is almost convergent to t.

Proof. Assume that t = 0. Then, firstly to show the condition necessary and suffi-
cient for (¢,) to be almost convergent to 0 i.e., for all e > 0, the p’s so that

[t <e

has density 1.

Thus, it is suffices to prove only the sufficient condition.
LetT be the set of p indices so that

1
[l < 7 (k=1,2,.)

Then, 71 D 72 D ... D T D ... and each of T, has density 1.
Then, defining a sequence

Bi<By<..<B,<..

so that By, has density > 1 — 1 in (0,B) is not less than density of 7; in (0,B), and

so exceeds 1 — % Hence ,7 is of density 1, and also as p — oo implies t, — 0 in

T O

Theorem 2.2.4. Conversely, if (t,) is almost convergent to t and bounded, after-
wards for certain q > 0, (t,) is S, summable to t.

Proof. Now, for this using the proof done for above theorem 2.2.3
Then, fix an € > 0. Let v(B) be the number of s < B with |¢,| > €. Recalling the
summability defined by Hardy and Littlewood in 5]

lto —t|7 4+ |t1 — |9+ ...+ |t, — t]2

—+0asp— o0

p+1
with ¢ = 0 is not less than €4 ;’%. Thus, this is an application of the theorem (2.2.3)
yields above. O

2.3 APPLICATION TO SINGLE FOURIER SERIES

A special type of series has been considered as an application to Single Sequence
and Series Statistically.

The Fourier Analysis endlessly work on time domain and move to frequency do-
main which are considered to be symmetric and real valued. Sometimes these are
complex valued when perform under some conditions and give rise to the pair of

13



functions.

2.3.1 CONVERSION OF CLASSICAL FOURIER SERIES

The Fourier series classically is of the form
a(s) = Z m e — = — a(s) e 7%%ds (2.3.1)

The classical Fourier Series demonstrates a function with continuity, piecewise con-
tinuity and periodicity

i.e., a(s) =a(s+ H)

represented as a sum of functions of sin and cos. These functions are with in-
creasing frequencies harmonically

e, m =2 1=12,..

such that
a(s) = o+ > _ Bicos(zs) + > _ Bisin(zs)
=1 =1
= Bo+ Y _ durcos(zs — 1) (2.3.2)
=1
Now, z; = %r i.e., the angular velocity or fundamental frequency.

This further proportionates to trigonometric function which finishes one cycle in
H H

[0,H] interval or in some interval of length H such as [-5, 7.

The expression of a(s) depends on a fact when written again i.e.,

ol =B +af
and,
¥y = tan~! (%) (2.3.3)
and the identity of trigonometry is followed by equality
o cos(A — B) = cos(A) cos(B) + sin(A) sin(B) (2.3.4)

Therefore, the periodicity of a(s) is illustrated by considering a map from [0,H]
an interval onto the circumference of circle on which a function is defined where the

14



end points of the interval coincide.

Moreover, continuous cycles will be generated by the laps or circuits of circle
successively.

These are according to Euler’s equation :
1, . A
cos(z;s) = 5(632[”5 )

and,
sin(z;s) = —%(ejzls — e~ I7%) (2.3.5)

So, equation (2.3.2) is evaluated as

> + g > — Ly
M$=ﬁ%+§:éjfieﬂﬁ+§:@jfiéw (2.3.6)
=1 =1

that can also be expressed as :-

= Z nlejzls (237)

l=—00
where,
B — toy
no = Bo;m = 5
. Bty
=1 = (2.3.8)

Now, the inverse of the classical Fourier series transform i.e., equation (2.3.7) is

written as,
IR :
= —/ a(s)e 7*%ds

/ Z Mp IS eIF8 g

p=—00

H Z np/ el =23 s (2.3.9)

p=—00

where the final equality is followed from a condition of orthogonality i.e., of form

H .
!/ eito—sgg — J O W 1ED (2.3.10)
0 Ha Zfl:p

Thus, the relation between the periodic function which is continuous and its
Fourier Transform can be summarized as

Z m e sy = H/ s) e IF5ds (2.3.11)

l=—oc0

15



2.3.2 CONDITIONS FOR CONVERGENCE OF CLASSICAL FOURIER SERIES

The visualization of Fourier series is considered along the conditions established
under which convergent to function for its partial sums.
Sufficiency for convergence is that a(s) should be continuous and in the interval
[0,H] is bounded.

Although, the theory of classical convergence of Fourier series is concerned with
the relationship existence in the case that a(s) is bounded and is allowed with finite
maxima, minima and jump discontinuities.

Further, we see that if the terms which are successive when added, the Fourier
series of equation (2.4.2.2) converges to 2a(s + 0) + a(s — 0)
where, a(s + 0) is the value approached from right of s and a(s — 0) is the value
approached from the left of s.

Thus, if a(s) attains continuity at a point, then Fourier series converges to a(s)
only.

2.3.3 CONVERGENCE OF FOURIER SERIES

Consider, Mdricz describes the special type of series in his paper 9] , recalling
the term

FOURIER SERIES - A function h:S — C in Lebesgue’s measure is integrable on

the core § := [—¢, ¢), its represented as : h € £!(S) .The Fourier Series is termed
by
h(a) ~ Y h(l)e" a €S, (2.3.12)
le2

where the Fourier coefficients k(1) are defined by

(1) =

= —/h(s) exp edsie Z:=..,-2,—-1,0,1,2,.... (2.3.13)
27 S

Therefore, the series with symmetric partial sums in (2.3.12) is coined by

Py(h;a) = Z hel pe N and a e S (2.3.14)

[1I<p

Now, an example is quoted i.e., the Conjugate Series to Fourier Series defined by
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Z(—j sign D)h(1)e’"
lez
|§—‘;l #0

2.3.15
0;1=0 ( )

where sign [ = {

Clearly from (2.3.12) and (2.3.15) it follows that

> hl)e + 5> (= sign Dh(1)e' =1+ 2 f: h(l)el (2.3.16)

lez lez

Thus, the power series is considered from (2.3.16) we get,

1+ QZ h(1)z', where z = R’ 0 < R < 1
=1

on open unit disk i.e. |z| <1 is analytic.

because, |h(l)| < o [ |h(s)|ds, | € Z which vindicates the term "Conjugate

series” in (2.3.16). Thus, the conjugate function h of a function h € L1(8S) is
termed by

P(a) = —lim Ma+s)
0 T Jec|sj<n 2tan(3)

:hml h(a —s) — h(a+ s)
o ™ [, Ztan(g)

ds (2.3.17)

Thus, it is defined in the sense of principle value and that h(a) exists at almost
every a € §. Then by the results stated in Chapter I, conclusion for Statistical
convergence single Fourier series of function h € £1(8S) diverges everywhere.

2.4 REMARKS

e The conjugate series written above is summable S, for certain ¢ > 0 to the
conjugate function h(a) explained above at each a € S.

o If h € C(S), then Fourier Series converges statistically to h(a) uniformly in
a€s.

e If by the virtue of above results in Chapter I, the divergence of a function
obtained from the Fourier series i.e. h € C(S) at one point a € S is due to
existence of a subsequence 0 < p; < ps < ... < p, < ... with natural density as
0 of integers so that the subsequences (P, (h;a)) of the partial sums of Fourier
series of h diverges at the point a.
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CHAPTER III1

3 STATISTICAL CONVERGENCE OF MULTIPLE SEQUENCE AND
SERIES WITH APPLICATION

3.1 MULTIPLE SEQUENCE AND SERIES - BAsic CONCEPTS

In this chapter, Convergence of Multiple Sequence and Series statistically have been
studied. Here, few terms related to Statistical Convergence of double sequence and
series are explained below which are discussed by Salat in [14].

The concept of Statistical convergence can be expanded to k - multiple se-
quences and series, where a fixed integer is k& > 2 Notation for the k-tuples p =
(p1, P2, P3, .-, P&) With the coordinates p; all are non-negative integers.

The main concepts used to explain the convergence of k - multiple sequences and
series statistically discussed by Mo ricz in [8] are listed below :-

Definition 3.1.1. CONVERGENCE OF k - MULTIPLE SEQUENCE STA-
TISTICALLY - A k - multiple sequence (t,) = (t, : p € N*) of real or complex
numbers is said to converge statistically to limit t, in symbols :

— i =
st pggotp t,

if for every e > 0,

k
lim (JJ(mi+ 1) ™p<m:|t,—t]>el =0

m—oo
=1

where by m — oo, we mean

min(my, ma, ..., My) — 00

Definition 3.1.2. CONVERGENCE OF k - MULTIPLE SERIES STATISTI-
CALLY - An k - multiple series

oo oo o0
§ :E :E : bll,l27--~7lk

11=01>=0 Ix=0

18



of real or complex numbers, considering its rectangular partial sums as (t,) defined
by

P p2 Pk

tp = Z Z Z bll,lg,...,lky pE ./\/’Ic

11=01=0 l;,=0

The k - multiple series converges to sum t statistically if the k - multiple sequence
(tp) of its rectangular partial sums converges to t statistically.

Definition 3.1.3. STATISTICALLY CAUCHY - A multiple sequence (t, : p €
NF) is Statistically Cauchy if for every e > 0 there exists v € N* such that

k
i , (_ < m _ —
nll_rgo(ll(mz—i—l) Dp<m:|t,—t,]>¢ =0

Definition 3.1.4. ASYMPTOTIC DENSITY - The natural density of a set P C
N* is represented as

d(P) := lim (H(ml +1) Hp<m:peP|

m—o0 4
=1

provided limit above exists.

Definition 3.1.5. SUMMABLE - An k - multiple sequence (t,) or series with
rectangular partial sums (t,) is said to be S, summable to limit (or sum) t for
certain real ¢ > 0 if

nyggo(ﬂ(mi +)THY > Z It, — /7 =0.

=1 p1=0p2=0  pp=0

3.2 MAIN RESULTS
Now, here are some well known results based on the generalization of multiple

sequences and series converges statistically.

The result stated below are for double sequence and series can be expanded to
multiple sequence and series.
Following are the results discussed in [8] as:-

Theorem 3.2.1. A double sequence to a number t converges Statistically if and only
if there exists a subset A= (I,p) CN x N;l,p=1,2,..., such that
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d(A) =1
and,

lim A = t
lp — oo (I,p)EA

Proof. Let (a) be statistically convergent to t. But,
1
Ay ={(lip) e N XN :ay, — t| > 7‘_}
0
and,
1
My ={(L,p) EN XN : fay, — 1] > —}
0
where rg = 1,2, ... Then, d2(4,,) =0

1. My D My D Ms... D M; D Miyq D ... and

2. 52(Mr0) = 1,T0 = 1, 2,
Now, to show that for (I,p) € M,,, (a;,) converges to t.
Suppose that (a;,) is not convergent to t.

Therefore, there exists € > 0, so that |a;, — t| > € for infinitely many values.
Let
M,, ={(,p) : la, — t| < €}

and, € > L (r=1,2,...) Then,
0
3. 52<Me> - O

and by (1) M,, C M.. Thus, 62(M,,) = 0 contradicts (2). So, (a;,) is convergent to
t.

Conversely,
Suppose that there exists a subset A = (I,p) C N x N such that

d2(A) =1 and l}m ap =t
P

i.e., there exits B € N such that for all e > 0, |a;, —t| <€,V I,p> B
Now,

Ac=A{l,p) s a, —t| > ¢ CN XN —{(lp41,08+1), UB1+2,PB12)s -}

Hence, (a) is statistically convergent to t. O
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Theorem 3.2.2. A double sequence (ay,) is Convergent Statistically if and only if
(ap) is Statistically Cauchy.

Proof. Let (a) converges a number t statistically.
Then, for all € > 0, the set

{Lp):l<m p<k:lay—t] > c}

has natural density 0.

Choosing Number B and M such that |agp — t| > €.

Now, let
Ce={(p):l<m, p<k:|ay—apul =€}
E.={(l,p):1<m, p<k:|ap—tl >¢€}
F.={(l,p):l=B<m, p=M<k:|apm —t| > €}
Then,

C.CEUF,

Therefore, d9(C,) < 09(F,) + d2(F,) = 0.

Conversely, Let (a) be statistically Cauchy but not convergent statistically.
Then, there ezists B and M such that the set C, has natural density 0.
Hence, the set

Ge=(l,p):l<m, p<k:|ap—apm| <e

has natural density 1. In particular, it can also be written as:-

‘Cllp—CLBM‘ < 2|alp—t] <€ (321)

if |alp — t| < %
Since, (a) is not statistically Convergent, the set F. has natural density 1 i.e. the
set
{(lvp) o1 S m,p S k |a'lp_t| < 6}

has natural density 0.

Therefore, by equation (3.1.1),
the set

{(lap) ol S m,p S k |alp - a’BM| < 6}
has natural density 0 , i.e., the set C, has natural density 1 which is a contradiction.
Hence,(a) Converges statistically. ]
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Theorem 3.2.3. A double sequence (a;,) to some number n converges Statistically
if and only if there exist two sequences (w;p) and (w;p) such that

ayp = Wy + Wy, L,p=0,1,2,..
lim w, =
l,p—00 tp "

and,

1
y
kmosoo (K + 1)(m + 1)

Hl<Ekp<m:w,#0}=0

Moreover, if (aj,) is bounded, then (w;,) and (wy,) are also bounded.

Theorem 3.2.4. A double sequence (ay,) converges to some number n statistically
if and only if there exists a T C N? such that the natural density of T is 1 and

lim ay, =
l,p—oo and (I,p)ET P g

i.e., for each € > 0, there exists B such that

la, — | <€ ,if l,p> B and (j,k) €T

3.3 ApPPLICATION ToO k - MULTIPLE FOURIER SERIES

A special type of series has been considered as an application to multiple Sequence
and Series Statistically.
The Fourier Series repeatedly move from time to frequency domain an expressed
in symmetric and real valued. Under certain conditions it is expressed in complex

value and give rise to pair of functions.
3.3.1 CONVERGENCE OF K- MULTIPLE FOURIER SERIES

Let h : S* — C in Lebesgue’s measure is integrable on the k- dimensional core
S* = [~¢, ¢)F where k is an integer < 2.
Recalling the special type of Fourier Series discussed by Mdricz in [9]

k- MULTIPLE FOURIER SERIES - A function h:S* — C in Lebesgue’s

measure is integrable on the k - dimensional core S* := [—¢, ¢). The Fourier Series
is termed by

hla) ~ > ) h(h)e",a € S, (3.3.1)

LhEeZleZ lLeZ

where the Fourier coefficients iL(l) are defined by
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~ 1 .
h(l) := ﬁ///h(8> exp’'® dsyds;...dsy,
™ JsJs Js
k

l.s = le’Sz’;l € ZFand s € S* (3.3.2)

Si

Therefore, the symmetric rectangular partial sums of the series in (3.3.1) is coined
by

Py(hia):== Y > .. > ) pe N* and a € S* (3.3.3)

[11|<p1ll2|<p2  |lk|<pk

So, the convergence of P,(h;a) meaning in Pringsheim’s sense, i.e.,

the finite limit lim P,(h; a) exists as min(py, pa, ..., pk) — 00

An example is now quoted i.e., the Conjugate Series for the sake of impermanence
to Fourier Series for the case when k = 2 defined by :-

Z Z(—j sign ll)ﬁ(l)eﬂ“,

LheZleZ

Z Z(—j sign Iy)h(l)el",

heZ ez

Z Z(—j sign y)(—j sign L)h(1)e™* a € S? (3.3.4)

heZleZ

The corresponding conjugate functions analogous to one dimensional case are :-

~ 1 h

R0 () = — Tim - Mot s1,00)
a0 T Jo sy j<n 2tAN T

~ 1 hiay, a s

h(O,l)(a) — —lim = ( 1 Zt 27) So,
€20 T €2<sa|<T 2tan72

150 €30 772 4tan % tan

~ 1 h
AY(a) := lim lim —/ / a1+ 51,05 + S2)d81d82,
e1<]s1|<m Jea<]s2| <

all the integrals are in the sense of principle value. These functions exists at all
a € 8% provided

//|h(31,52)|l0g+|h(51,32)|d31d32 < 0,
SJS

represented as:
h € L'og* L(8?), where

log™|e| := max{0,logle|},e € C
In general, take case when k > 3, then,

¢ = (p1, 92, ..., 1) €0,1%
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is such that one of the component is 1 at least.

Precisely,
Oip =...=@;, =1, where 1 <4 < ... <y <kand 1<t <k

while ¢; = 0 and for the other remaining indicies t is between 1 and k . Thus, the
k- multiple series

Z Z Z(—jsign ;) (—jsign 1,)...(—jsign 1;,)h(l) €'

LheZleZz LeZ

is the conjugate series of Fourier Series which corresponds to ¢ € 0,1F There are
2% — 1 conjugate series to Fourier series altogether . .
Also, the symmetric partial sums of the k - multiple series is denoted by ¢7(h;a).

all these are defined in sense of principle value and that h(a) esists at almost every
a€ S

Then by the result stated in Chapter I, the conclusion of Statistical convergence
of k - multiple Fourier series of function h € £}(S) diverges everywhere.

3.4 REMARKS

e Some results proved above for double sequences can be generalized for the
conceptualization of the k - multiple sequences and series.

o If f € LY(logtL)*1(S*),then the k- multiple sequence (t,(h;a)) of the sym-
metric rectangular partial sums of the Fourier series is summable S, to h(a) at
every point a € S* for certain 0 < ¢ < co. Moreover, for each ¢ € 0, 1% with
anyone component ¢; = 1, the k- multiple sequence (t£(h;a)) of the conjugate
series is S, summable at ever point a € S* to the conjugate function iL“’(a) for
certain 0 < g < oo.

o If f € LY(logtL£)*1(S*)then the k- multiple Fourier Series to h(a) at every
point @ € S*. Besides this, each of its conjugate series converges statistically
to the corresponding conjugate function h?(a) at almost every a € S*.

e For certain 0 < ¢ < oo, ezists a constant C; which depends only on q in such
a way that if h € C'(S?), then for every (my, my) € N2 and (ay,a) € S? then

mi mo
(my+ 1) (mg+ 1)~ ZZ'tll 1 (h;ay, az) — h(ay, az)|?
11=0102=0
mi mo
< C'q(m1 + 1) m2 +1 Z Z Gll,lg 4,
11=012=0

where Gy, 1,(h) is the most suitable uniform approximation by two- dimensional
trigonometric polynomials to the function h which is continuous .

e If h € C(S%), then the k - multiple Fourier series of h statistically converges to
h(a) uniformly in a € S*.

24



CHAPTER IV

4 STATISTICAL CONVERGENCE OF LEBESGUE MEASURABLE
FUNCTIONS AT co WITH APPLICATION

This chapter has been presented with the Statistical convergence of Measurable
functions in Lebesgue sense at oo. Some of the abstractions related to this have
already been materialized in the introductory chapter. This is the major flattering
part of the domain of research .

4.1 BAsic CONCEPTS

Some the conceptions are determined and certain results are demonstrated below
for the visualization of conjunction. All the hypothesis of this scope are analogous
to that of the notion of convergence of single and multiple sequences and series
statistically.

Definition 4.1.1. STATISTICAL LIMIT OF MEASURABLE FUNCTION AT
00 - A function g : [s,00) — C, measurable in Lebesque, where s > 0, is said to
have statistical limit r at oo , in symbols:

st — lim g(v) =r
vV—00
if for every e > 0 we have
dlim (d—s)"{v e (s,d): |gv) —r| >€} =0
— 00

where

{v € (s,d) : |g(v) —r| > €}
denotes the measure of the set in Lebesque’s sense

{v e (s,d):|g(v) —r| >¢€}

Definition 4.1.2. BOUNDED STATISTICALLY - A function g is called bounded
statistically, if some constant Dy > 0 exists so that

lim (d — s)'|{v € (s,d)| > Dy}| =0,

d—00

where Dy is a bound .

If definition of Statistical Convergence validates for some € > 0. Moreover, the
inequality validates for Dy = |r| + €; r — statistical limit of measurable functions,
say.
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Definition 4.1.3. ASYMPTOTIC DENSITY - A subset K C (s,00) is measur-
able called to have the (non-discrete) natural density zero if

§(K):= lim(d—s) '{v e (s,d) N K} =0

d—00

Definition 4.1.4. STATISTICALLY CAUCHY - A function g is measurable if
for all e > 0, there exists certain vy = vo(€) > s SUCH THAT

lim (d — s) " |{v € (s,d) : |g(v) — g(vo)| > €}| =0

d—o0

Definition 4.1.5. SUMMABLE - A function g is called to be summable S, to the
limit r at co for certain exponent q > 0 if

d
lim (d — s)_l/ lg(v) —r|?dv =0

d—oo

Definition 4.1.6. APPROXIMATE LIMIT - A. Zygmund commenced its con-
ceptualization. A function g is given on a set A C Ry which is measurable and there
exists vg > 0, then g has an approximate limit r as v — vy, 1n symbols:

lim ap(g(v)) = r

vV—V0

These basic concepts are required to formulate certain results. Some of the results
have already been discussed in introductory Chapter.

4.2 MAIN RESULT

Apart from those hypothesis, examples and assertions some main results are
evolved for measurable functions along with the proofs are stated below:-

Theorem 4.2.1. The statement follows are equivalent pairwise : -
1. g has limit at oo statistically.
2. g is Cauchy statistically.

3. g can be represented as sum of two measurable functions gy : (s,00) = C and
g2 : (s,00) = C so that

lim ¢y (v) = st — lim g;(v)

V—00 V—00
and,
lim (d—s) '{s<v<d:gs #0} =0

d—o0
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Moreover, if g is bounded, then both g, and g, are also bounded, in the classical
sense.

Proof. The proof is schemed as (1) = (2) = (3) = (1).
(1) = (2)
A sequence which is convergent is always Cauchy. Given € > 0, then

€
h - —
h(a) r] < S

for all x € (s,00) and choose ag. Then, for all s < ag < d,
|h(a) = h(ao)| < |h(a) —r|+[r — h(ao)|
< In(a) = r|+3
Consequently, we have
{s <a<d:|h(a)— h(ap)| > €}
C{s<a<d:|ha)—r| >§},

hence it follows. (2) == (3) Suppose a real-valued function is considered and
denoted as h. If U and V are intervals such that both includes the value of a
function h(a) for every a € (s,00), also their intersection U NV,

Then, ¢ := 3. So, U := [h(a,) — 1/2,h(a,) + 1/2] contains the value of func-
tion h(a) for all a € (s,00) and €y = % to get certain a; > s so that the interval
V = [h(a1) — 1, h(a1) + 3] comprises the value of function h(a) for all a € (s, 00).
The interval U; := U NV also includes the value of function h(a) ¥V a . Clearly, U;

is a closed interval whose length |U;| < 1.

Then, use € = £ to get some ay > s so that V4 = [h(a) — 3, h(a) +

5 ] involves the
value of function h(a) V a € (s, 00).

1
8

Hence, Uy = U; NV} that comprises the value of function h(a) ¥V a € (s,00).
Then, Us is closed interval and |Us| < }1.

Then, by method of induction

A sequence Uy 2O Uy, Ukl < 2% and U, contains the value of function
h(a) ¥V a € (s,00).

Therefore, by Nested Interval Theorem 3 a unique no. r so that r € U, V k£ > 1.

On the other hand, select the number (s <)d; < dy < d3 < ... so that dj, — oo as
k — oo and,

|
d_8|{s<a<d:h(a)¢Uk}|<E,zfd>dk

Then, for s < a < d, 94 two functions f; and fy such that
fi(a) := g(a) and fz(a) :=0
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If, a > dy, then d, < a < dj; for some k& > 1.

B g(a),if g(a) € Uy
and, fi(a) = {f,», otherwise

and, fo =g — fi

As, f1 and f5 are measurable function and g = f; + f5

Claiming that the classical limit of f;(a) exists as a — oo and equals r.
Let € > 0 be given.

Assume € < 1

Choosing pg so that 2770 < e.

if a>dp, then dp < a < dgy1 V k> po.

if h(a) € Ug then fi(a) = g(a)

and [fi(a) —r| < [Up| <278 <2770 <e

while if a ¢ Uy, then fi(a) =r.

The above inequality holds V a > d,,, which proves the result.

Now, by definition fy(a) # 0 if and only if fi(a) # g(a)

Therefore, if di < d < djyq for certain k£ > 1.
then, by definition

k—1

{s<a<d: fola) #0} = [J{d < a < ds1:9(a) & Un}

m=1

Wdr <a<d:gla) Ut £ {s<a<d:g(a) ¢ U}

Therefore,
1

1
m\{s<a<d:fz(a)7&0}’ <

for dp, < d < dps1;k=1,2, ...

|

Since, k — oo as d — 00
in that case, g is bounded say, |g(a)| < Dy V a

28



Therefore, |fi(a)| < max{Dy,r}
and |fo(a)] < Do+ 1V a € (s,00)

lastly, to show : (3) = (1)
The implication is valid under the certain assumptions that ¢ = f; + fo

st — lim fi(a) =7

a—o0

and,
st — lim fo(a) =0
a— 00

due to the additive property of limit at oo statistically. The result is proved. O

Theorem 4.2.2. Suppose g € L] [a,00) for certain s > 0 and ¢ > 0. If g is

loc

summable S, to the limit r at oo then

st — lim g(v) =r

V—00

Proof. Given € > 0.
So, by Markov’s Inequality

c{s <a<d:|gla) —r| > €}

d
< [ lgta) - rivda

VO<g<ooanda<d< oo.

Thus,

1
lim —{s<a<d:|gla)—7|>€}|=0
d—oo d — 8

follows from
1 d
. g,
i = | lte) = ivda =0

]

Theorem 4.2.3. Suppose g € L] [a,00) for certain s > 0 and q > 0.Then after
=r

loc
the proof of the above theorem. Conversely, if st — lim, . g(v) holds and

g € L®[s,00), then g is summable S, to the same r for each q > 0.

Proof. Assume |g(a)] < Dy V a

then,
d
[ 1ata) = riraa= [ + [
s {s<a<d:|g(a)—r|<e} {s,a<d:|g(a)—r|>€}

<(d—3s)e"+ (Do +|r]){s <a<d:|gla) — 71| > €}
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So, by
1
lim —{s<a<d:|gla)—7r|>€}| =0

d—oo d — 8
_—
1 d
as, € > 0 is arbitrary. The result is proved. O

4.3 APPLICATION TO FOURIER TRANSFORM

A special type of transform has been used here an application of limit of Measur-
able function at oo statistically. Fourier Transforms expressed as a function of time
into the frequencies.It is a Complex valued function.

4.3.1 CONVERGENCE OF FOURIER TRANSFORM

The Fourier transform h of a function h € £}(R) is termed by

~

1 )
h(s) := E/Rh(a)e_]s“da , s €ER

The above integral exists in Lebesgue’s sense. Also, h € Co(R) i.e., h is contin-

uous on R and, limy o iz(s) =0

Thus, most important part in Fourier Analysis is to recover the function h in
terms of Fourier transform h. X
Considering an example for this i.e., if h and h both lies in £'(R) then, the inversion

formula .
hia) = — h(s)ei**ds

holds at almost all @ € R. Also, if the above integral exists in Lebesgue’s sense then
it equals to h"(—a) In general, h ¢ L'(R). The integral existing on right side of
Inversion formula does not exist in Lebesgue’s sense.To deal with this situation, the
integral is assumed to be improper integral and as a result of it consider Drichlet
integral ¢,(h; a) of function h € L!(R) is defined by

1 s -
ty(h;a) = \/—2_7'['/ h(s)e’**ds ;v € Ryanda € R

It follows from the above that

] :
ty(h;a) = —/ h(a — S)vasds ;v € Ryanda € R
R

™ s
which is analogous to the classical Drichlet formula of a periodic function for

the partial sum of the Fourier series. Now on successive integration using Fubini’s
Theorem. The hope of saving inversion formula by replacing the integral fails.
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Furthermore, recalling the (Fourier) integral conjugate on the right side of inver-
sion formula it is defined by

—j sign s)h(s)e’**ds ,a € R

77

Therefore, the conjugate Drichlet integral analogous to that of Drichlet integral
defined t,(h;a) of a function h € £!(R) is defined by

~ 1 v A )
ty(h;a) = E/ (—jsign s)h(s)e’**ds

1 1-—
:_/h(a—s)ﬂds;veRJranda ER
R

™ (%

Again on successive integration using Fubini’s Theorem it follows that

2 (Y .
ty(h;a) +it,(h;a) = \/i/ h(s)e’**ds ;v € Riand a € R,
T Jo
and hence justify the term used known as "Conjugate".
Also, the Hilbert Transform of a function h € £L1(R) is defined by

1 h(a + s)
el0 7T s|>e S

ds

1 [*h(a—s)—hla+s)
el0 T € S

ds

then, the classical limit called the principle value in terms of Cauchy exists at
almost every a € R.
Thus, in general case the claim is that the inversion formula can be saved when
h € LYR)and h ¢ L'(R) by considering the statistical limit of the Drichlet integral.
Moreover by the results stated in Chapter I, conclusion for Statistical limit of Fourier
Transform h € £'(R) diverges everywhere and satisfies Continuity characteristics
under certain conditions defined earlier.

4.4 REMARKS
e Statistical limit of a function is determined uniquely, if exists.

e The statistical limit existing as per the definition of statistical limit of measur-
able functions at oo is equivalently defined by the necessity for all € > 0, the
set

R.:={v>s:|g(v) —r|>c¢€}
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has natural density zero.

e The measurable function g is such that |g|? is locally integrable on some interval
[a,0), and represented as: g € L] [a,00), where s > 0 and ¢ > 0.

loc

e If two sets having a point vy as density then they must have points in common
in every neighborhood of vy and there exists at most one approximate limit.

e Fourier series of a periodic function h € L*(—¢, ¢) and its conjugate series are
summable S, at almost every point a € (—¢, ¢) for certain ¢ > 0.

e The notion of limit of a measurable function g at oo can be generalized as
a nondiscrete version of the notion of convergence of sequences of numbers
statistically.
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5 CONCLUSION

The present dissertation reveals certain results for Statistical convergence of Se-
quences, Series and Measurable functions with application in Fourier series explains
that certain conditions to be needed for special series such as Fourier Series to con-
verge statistically in Lebesgue Measure. One of these conditions are termed as
Tauberian Conditions for Statistical summability. This is research are carried out

later on in future.
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