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Abstract

In this thesis, we established the range of applicability of Lie’s classical symmetry
method and differential quadrature method (DQM), with various of its generalizations,
in constructing new exact and numerical solutions to the topical some nonlinear partial
differential equations, including variable-coefficient Benjamin-Bona-Mahony-Burger
(BBMB) equation, Coupled Short Pulse (CSP) equation with constant and variable
coefficients, variable coefficients (2+1)-dimensional Diffusion-Advection (DA)
equation, variable coefficients coupled KdV-Burgers’ equation, generalized Fitzhugh-
Nagumo equation with time-dependent coefficients and two-space-dimensional
Quasilinear Hyperbolic partial differential equation.

Our thesis comprises of seven chapters. In the introductory part some important
features of Lie group of transformations and differential quadrature method (DQM) are
demonstrated and the mathematical fundamentals of continuous group theory and
weighting coefficients of DQM are reviewed which are of great importance to the work
dealt in Chapters 2-7

Chapter 2 is concerned with variable-coefficients Benjamin-Bona-Mahony-Burger
(BBMB) equation arising as mathematical model of propagation of small-amplitude
long waves in nonlinear dispersive media is investigated. The integrability of such an
equation is studied with Painlevé analysis. The Lie symmetry method is performed for
the BBMB equation and then similarity reductions and exact solutions are obtained
based on the optimal system method. Furthermore different types of solitary, periodic
and kink waves can be seen with the change of variable coefficients.

Chapter 3 deals with comparative study of travelling wave and numerical solutions
for the Coupled Short Pulse (CSP) equation. The Lie symmetry analysis is performed



Abstract

for coupled short plus equation. We derive the infinitesimals that admit the classical
symmetry group. Five types arise depending on the nature of the Lie symmetry
generator. In all types, we find reductions in terms of system of ordinary differential
equations and exact solutions of the CSP equation are derived which are compared with
numerical solutions using classical fourth order Runge-Kutta (RK4) scheme.

Using the Lie symmetry approach, we have examined herein the variant Coupled
Short Pulse (VCSP) equation. The method reduced the system of partial differential
equations to a system of ordinary differential equations according to the Lie symmetry
admitted. In particular, we found the relevant system of ordinary differential equations
in all optimal subgroups. The system of ordinary differential equations is further solved
in general to obtain exact and numerical solutions. Several new physically important
families of exact and numerical solutions are derived.

Chapter 4 is concerned with (2+1)-dimensional variable coefficients Diffusion-
Advection (DA) equation, which arises in modeling of various physical phenomena, is
studied by Lie symmetry approach. The similarity reductions are derived by
determining the complete sets of point symmetries of this equation and then exact and
numerical solutions are reported for the reduced second order nonlinear ordinary
differential equations. Further, an extended (G’/ G)-expansion method is applied to
DA equation for constructing some new non-traveling wave solutions.

In chapter 5, we apply Lie symmetry approach, modified (G'/G)-expansion
method and classical RK4 method for seeking the exact and numerical solutions of
variable coefficients coupled KdV-Burgers’ equation. Using suitable similarity
transformations, the given system of partial differential equations reduced to a system
of ordinary differential equations (ODESs). Moreover, the system of ODEs are solved by

the modified (G'/G)-expansion method to obtain exact solutions. Further, RK4

method is applied to system of ODEs for constructing numerical solutions of variable
coefficients coupled KdV-Burgers’ equation.

Chapter 6 is devoted to derive the numerical solutions of the generalized Fitzhugh-
Nagumo equation with time-dependent coefficients in one space dimension are
considered using polynomial differential quadrature method (PDQM). The PDQM

reduced the problem into a system of second order linear differential equation. Then,



Abstract

the obtained system is solved by optimal four-stage, order three strong stability-
preserving time-stepping Runge-Kutta (SSP-RK43) scheme. The accuracy of the
proposed method is demonstrated by three test examples. The numerical results are

shown in max absolute errors (L), root mean square errors (RMS) and relative errors
(L,) form. Numerical solutions obtained by this method when compared with the exact

solutions reveal that the obtained solutions produce high accurate results. Numerical
results show that the proposed method is of high accuracy and is efficient for solving
the generalized Fitzhugh-Nagumo equation.

In Chapter 7, we have proposed a numerical technique based on PDQM to find the
numerical solutions of two-space-dimensional Quasilinear Hyperbolic partial
differential equations subject to appropriate dirichlet and neumann boundary
conditions. The second-order hyperbolic partial differential equations have great
impotence in fluid dynamics and aerodynamics, theory of elasticity, optics,
electromagnetic etc. The PDQM reduced the equations into a system of second order
linear differential equation. The obtained system is solved by RK4 method by
converting into a system of first order ordinary differential equations. The accuracy of
the proposed method is demonstrated by several test examples. The numerical results
are found to be in good agreement with the exact solutions. The proposed technique can

be applied easily for multidimensional problems.

Vi
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Chapter 1

Introduction

The field of nonlinear partial differential equations (PDEs) is important, mainly
because it is used as models to describe complex physical phenomena in various fields
of engineering and sciences, especially in fluid mechanics, solid-state physics, plasma
physics, plasma wave and chemical physics. It is difficult to imagine any area of
applications where its impact is not felt. In order to better understand these phenomena
as well as further apply them in practical scientific research, it is important to seek their
exact and numerical solutions. Generally, the nonlinear PDEs are still difficult to solve
theoretically and numerically. A great deal of effort has been expended over the last
100 years or so in attempting to find robust and stable numerical and analytical

methods for solving nonlinear PDEs of physical interest.

1.1 Exact Solutions of Partial Differential Equations

The effort in finding exact solutions to nonlinear PDEs are important for examine the
sensitivity of physical phenomena with several important physical parameters described
by constant and variable coefficients. These solutions of nonlinear PDEs are of much
interest, both from mathematical and application points of view. This is why symmetry
analysis using Lie group transformations is a subject which is becoming more and more
important. It is the only universal and effective method for solving nonlinear

differential equations analytically.
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The concept of symmetry fascinated through the centuries many artists and scientists,
from the ancient Greeks to Kepler, to Newton, who embodied in the laws of mechanics
as a symmetry principle the equivalence of motion in different inertial frames, to
Einstein, who generalized the Galileos principle of relativity from mechanics to all the
laws of physics. Presently, symmetries play an important role in mathematics,
chemistry, engineering and in almost all branches of physics, including classical
mechanics, quantum mechanics and general relativity etc. One reason for the overall
prominence of the concept of symmetry is its nativeness and its simplicity. Intuitively
speaking, symmetry is a transformation of an object leaving that object invariant. This
is clearly such a general property that it can be recovered almost everywhere in nature
and, correspondingly, innumerous areas of science and art.

Today when students are introduced to differential equations they are presented with
a variety of adhoc methods that often seem to be the result of a lucky guess. This was
also the state of affairs in the late 19th century when the Norwegian mathematician
Sophus Lie made the profound and far-reaching discovery, that most of these solution
methods were just special cases of a more general integration theory based on
symmetry transformations.

The study of symmetry provides one of the most appealing practical applications of
group theory. This was extensively shown by Sophus Lie in the nineteenth century
1872-1899 [178, 179]. Lie formally defined and initiated the mathematical study of
continuous group of transformations, now called Lie group. He showed how these led
to a symmetries theory of differential equation, in the same spirit of Galois Theory for
polynomial equation. This theory enables to derive solutions of differential equations in
a completely algorithmic way without appealing to special lucky guesses. Sophus Lie
pointed out the main problem he faced with his theory in a foreword to his lecture
Differentialgleichungen given in Leipzig (1891). He investigated the continuous groups
of transformations leaving differential equations invariant, creating what is now called
the symmetry analysis of differential equations. His aim was to solve nonlinear
differential equations, which to some extent are may be cumbersome to solve.

Lie had a closed friendship with Klein and led to a long fruitful collaboration. Klein,
who published his Erlangen program in 1872 [50], developed the thesis that geometry

was the study of invariants of group actions on geometric objects. Lie’s starting point

2
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had been in modern geometry, after coming across the work of Poncelet and Plucker,
[82] and soon turned his attention to the geometry of differential equation with all his
genius.

Despite this feature, the Lie’s approach to differential equations was not exploited
for half a century and only the abstract theory of Lie groups grew. The original Lie
group theory was extended to a global theory in the 1930s by Cartan [42] and Weyl
[193] (the term Lie group has been coined in 1928 by Hermann Weyl). It was in the
Forties of last century, with the work of Birkhoff [53] and Sedov [98] on dimensional
analysis, that the theory gave relevant results in concrete applied problems. The first
systematic investigation of the problem of group classification was done by
Ovsiannikov [103] in 1960 for differential equations in the explicit construction of
solutions of any sort of problems, even complicated, of mathematical physics. Among
these generalizations in the late 1960s and 1970s there is the non—classical method first
proposed by Bluman and Cole [57] which itself have been generalized by Olver and
Rosenau [141, 142]. In the 1980s the advent of symbolic manipulation computer
program [194], witch takes away the often tedious computations associated with the
Lie’s algorithm, has also helped in drawing researcher into this area. The basic theory
can be found in Ovsiannikov [102], Olver [143, 144], Bluman et al. [58-62], Hydon
[140], Stephani [65, 66], Ibragimov [133, 134], Cantwell [24] and in many other text
and research papers that have followed since.

Today, symmetry analysis constitutes the most important widely applicable method
for finding the exact solutions of the nonlinear problems. Lie’s classical theory is a
source for various generalizations in this direction, some recent contributions are from
Gandarias et al. [121-123, 127], Nucci [107-110], Biswas et al. [ 3, 9, 54, 69], Singh et
al. [93, 94], Gupta et al. [ 99, 100, 131, 132, 167, 168, 177], Sharma et al. [126, 188-
191], Gupta et al. [199, 200], Kara [10], Hill [78, 79], Lakshmanan et al. [119, 128],
Oliveri [51, 52], Bhutani et al. [135, 136] and Clarkson et al. [137, 138].

The key idea of Lie’s theory of symmetry analysis of differential equations relies on
the invariance of the latter under a transformation of independent and dependent
variables. The number of independent variables in a PDE is reduced by one by making
use of appropriate combinations of the original independent variables as new

2

independent variables, called “similarity variables.” The similarity variables can
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themselves be identified by using the invariance properties of PDEs when subjected to
finite or infinitesimal transformations. Thus with the applications of this method one
can reduce PDEs to ordinary differential equations (ODEs) or at least reduce the
number of independent variables. The reduced system is easier to analyze both
numerically and analytically than the original system. Therefore, whenever the need
arises, the symmetries are used to construct the invariant solutions; the invariant
solutions in turn are used to reduce the underlying PDEs to the systems of ODEs
which could be solved or approximated numerically.

There also exist alternative methods, which are not based on the applications of
group theory, such as Direct method [40, 96, 196], Backlund transformation [28],
Painleveé analysis [25, 26], Inverse scattering transformation [116]. Recently, a variety
of powerful methods, such as the tanh-sech method [15], extended tanh method [16],
sine-cosine method [17], Hirota method [18], homogeneous balance method [44],
Jacobi elliptic function method [27], F-expansion method [76], homotopy perturbation

method [33], variational iteration method [75], extended (G'/ G)-expansion method
[176], modified (G'/G)-expansion method [197] were developed.

In the following section, the relevant concepts of the Lie group of transformations
are introduced and then we have provided the algorithmic descriptions of the
techniques which are applied in the later chapters to derive the symmetry group of the
systems under investigation. For more details on Lie groups and various theorems, their
proofs and other concepts, we refer our reader to Bluman and Cole [57], Kumei [58]
and Olver [143].

1.2 Basic Theory of Lie Groups of Transformations

In this section, some basic definitions and fundamentals of Lie group analysis of
differential equations are given; a more detailed exposition can be found in [19, 51, 80,
125, 148].

1.2.1 Differential Equations
Let =7 (x, U, Uggys - - o u(k)) = 0, c=1..,s (1.2.1)
be a k'"-order (k >1) system Z of s differential equations, with independent

variables xE(xl, X2,.. .,x")eIR" and dependent variables UE(LIl, u?, .. ,um)e IR™

4
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and Uq, U, .., Uy are respectively the collection of all first, second, up to k™ -order

partial derivatives. If n =1 the system (1.2.1) becomes a system of ODEs otherwise it

is a system of PDEs

1.2.2 Symmetry

A symmetry transformation, or symmetry, is a transformation of an object such that
the object is unchanged (invariant). More precisely, the properties are
(1) The transformation preserves the structure of the object.

(i) The transformation and its inverse are both smooth, i.e. they are infinitely
differentiable.

(iii) The transformation maps the object to itself.

In the following, we are presenting some examples and figures from [80]

Example 1.2.1 (Equilateral Triangle). Consider an equilateral triangle like the one

illustrated in Figure 1.1. This geometric figure is symmetric with respect to 2m/3

rotations and mirroring along its three axes, in this case geometric object, admitting six

discrete symmetries.
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Figure 1.1. An equilateral triangle and its symmetries.
Example 1.2.2 The easiest differential equation is

a4y _o, (1.2.2)
dx
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The set of solutions to this ODE is given by
y= C, Ce R. (1.2.3)

The solution curves y = C are independent of x and y. Therefore it admits many
symmetry transformations, including
= Yy+e¢

T,: {
X

(1.2.4)
So we can slide any solution curve

x <l

in the y-direction into any of the other solution
curves by means of the correspondence (x, y) — (X, y¥). This is illustrated in Figure
1.2.

Figure 1.2. A symmetry transformation mapping a solution y = C to the solution
y=C+e¢
1.2.3 Point Transformation

Transformations of the form

[ X =49 (xu a) - o
T,: { . ¢“(x,u, a) i=1..,n; a=1...,m (125)

are called point transformations. Symmetry transformations of this form are called
point symmetries.
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1.2.4 The Group Structure of Symmetries

To be more specific, in the context of symmetries, we are interested in

transformations with a group structure, i.e. they satisfy the axioms of a group.

Definition 1.2.1 A non empty set G together with a composition rule (denoted here by
a dot) is said to be a Group if it satisfies the following four postulates
(i) Ifg,eGand g, G, then g,.9, €G. (1.2.6)

(if) The composition rule is associative, that is for g,, g,, 9, € G, then

(0,-9,)-9: = 9, (9, - 95). (1.2.7)
(iii) There is an elemente € G, called the identity, such that

g=e.g=9g.e VgeG. (1.2.8)
(iv) Foreveryg e G, there isan inverseg™* e G, such that

.g=e (1.2.9)

1.2.5 The Connection Between Groups and Geometry

When formulating the general theory of symmetry transformations, it is convenient
to do so in a coordinate free way. Hence it is natural to do so using differentiable
manifolds. Here we shall give a brief formal introduction, for a more rigorous treatment
see [80, 129, 184].

Definition 1.2.2 An n-dimensional differentiable manifold is a set M, such that for
every x € M, there exists a one-to-one and onto (bijective) map

¢ =U, >V, (1.2.10)
taking x from the subset U, — M to a subset V, < IR" of Euclidean space. The
subsets U, must be countable, and are together with the mappings ¢' called charts or

coordinate maps (¢', U,) of the manifold. They must also satisfy the conditions

(i) The charts must cover the entire M,

M=[]JU,. (1.2.11)

(i) On every overlap U, N V,, the composite map
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o) 4 U NU) - ¢' U, NV, (1.2.12)
between the different charts must be smooth (infinitely differentiable). In other
words, we must be able to convert between different charts where there is overlap.

_%?1 ’:—__a-"f.‘ll ]Rn

r'\/\
N
Y
Y
-

Figure 1.3. A manifold M and two charts (4, U,) and (¢,, U,).

(i) If x, e U; and x, € U; are distinct points on M, then there exists subsets
W, U, and W, cU;, with ¢' (x) € W, and ¢’ (x,) € W;, such that

@) W) N (¢ W) = . (1.2.13)
When dealing with maps f : M — N between different manifolds, we define f to
be smooth if
$lofo()™: IR" > IR, (1.2.14)
is smooth for every chart ¢' on M and 5j on N, where there is overlap such that
(1.2.14) is defined.
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Now we connect these geometric constructions with our earlier discussion about
groups. This marriage of group theory and analysis gives powerful tools to analyze

symmetry.

Definition 1.2.3 An r -parameter Lie group is group G which also has the structure of
an r-dimensional differentiable manifold, such that both the group composition and

inversion
(X y) = X.y,
X = X, (1.2.15)

are smooth maps between manifolds.

1.2.6 One-Parameter Lie Group of Point Transformations
Aset G of transformation
T.: X =g'(x,ua),t*“=¢“(x,u,a) i=1...,n, a=1..,m, (1.2.16)
where a is a real parameter which continuously takes values in a neighbourhood
ScIR of a=0 and g', ¢*are infinitely differentiable with respect to the real
variables x and an analytic function of the real continuous parameter a, which lies in
an open interval S. The transformation T, is a one-parameter Lie group of
transformation in IR™™ with respect to the binary operation of composition if and only
if
(i) Closure. T,, T,eG and a,be S" < S then
T,T, =T, G, (1.2.17)
where ¢ = ¢(a, b)e S The function ¢ defining the law of composition of T, is
an analytic function of a,be S and is commutative, i.e., ¢(a, b)=¢(b, a);

thus, Lie groups are abelian.

(i) Identity. There exists an identity element T, € G such that
TT,=T.T=T, (1.2.18)

(iii) Inverse. There is an inverse element Ta’l = T.€eG, a'e S such that

T'T, =T, T, = T, forevery T, €G, aeS'cS. (1.2.19)
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(iv) Associative. The group is associative, i.e.
(T, T,)T,=T, (T, T,) for a,b,ce S (1.2.20)

1.2.7 Infinitesimal Generators
Consider a one-parameter Lie group of transformations
T.: X' =g'(x,u,a), 0% =¢“(x,u, a) (1.2.21)

where a is the group parameter and assumed to be defined in such a way that the

identity element is a, = 0. Now, expanding (1.2.21) in a Taylor expansion up to the

first order terms about a = 0, with the initial conditions

i ag' (x,u, a) . d¢“ (x,u, a)
u) = 29 xua) | u)= 2 ua) 1222
£ u) oa a=0 7" (x u) oa a=0 ( )
we get
X'~ x +ac'(x,u), 0% =~u”+an”(x u). (1.2.23)

The derivatives of g', ¢' with respect to the group parameter a evaluated at a = 0

are called the infinitesimals of the group and are denoted by &' (x, u) and 7*(x, u).

The first-order approximations (1.2.21) can be written as

X'~ L+aX)x, u*=@+aXu”, (1.2.24)

where

X = &'(x, u)% + 7% (x,u) (1.2.25)

ou®’
The differential operator (1.2.25) is called the infinitesimal generator or vector field

of the group G. It is also known as the symmetry generator (operator).

Theorem 1.2.1 (First Fundamental Theorem of Lie) The Lie group of
transformations (1.2.16) is equivalent to the solution of the initial value problem for the
system of first order differential equations

dx'
da

= &' (x, U) = (%, 0), (1.2.26)

subject to the initial conditions

10
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x'(0)=x', @0“(0)=u” (1.2.27)

A one-parameter Lie group of transformations, which by Theorem 1.2.1 is equivalent to
its infinitesimal transformation, is also equivalent to its infinitesimal operator. The
latter allows to representing the solution of Lie’s equations (1.2.26) in terms of a Taylor

series (exponential map)

X' =ep@x)x, o“=ep@x)u”, (1.2.28)

where

2 0 r
a—l X" (1.2.29)
r!

exp(@aX)x' =1+axX +%X2 o=
r=0

1.2.8 Invariants

Now, we can introduce the concept of invariants of a function with respect to a Lie

group of transformations.

Theorem 1.2.2 A point (x, u)e IR"™™ is an invariant point of a group G with

generator
i 0 0
X=£&(x,u)— “(x,u , 1.2.30
&)+ (u) oo (1.2.30)
if and only if
E(x,u)=n“(x,u)= 0. (1.2.31)

Definition 1.2.4 An infinitely differentiable function F(x, u) is invariant function of

the Lie group of transformation (1.2.16) if and only if for any group transformation

(1.2.16).
F(x,0) = F(x u) VX, u,aeS'cS. (1.2.32)

Theorem 1.2.3 A function F(x, u) is an invariant of a group G with the generator X
if and only if
X (F)=0. (1.2.33)

11
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1.2.9 Prolongation Formulas
The transformations (1.2.16) determine suitable transformations for the derivatives

of system (1.2.1). Let u, denote the set of all m - n first order partial derivatives of
dependent variable u with respect to independent variable x,
Uy = (uf(x) ur(x), .., ut(x), .., uM(x), .. .,urT(x)), (1.2.34)

and in general, let u,, denote

k, a
U = W) 1o mi i =10 (12.35)
OX*,...,0X"

the set of all partial derivatives of order k .

The transformations of the derivatives of the dependent variables lead to natural
extensions (prolongations) of the one-parameter Lie group of transformations (1.2.16).

While the one-parameter Lie group of transformations (1.2.16) acts on the space (x, u),
the extended group acts on the space(x, u, u(l)), and, more in general, on the jet
space (x, U, Ugy, - - o u(k)). Since all the information about a Lie group of transformations

is contained in its infinitesimal generator, we need to compute its prolongations,

the first order prolongation

. u =D, (") (12.36)

B _ e R 0 e 0
X = g o) 2 (o u) 3+ € bow v b
with

¢ =D (Ua)_ uy b, (681) (1.2.37)

The k' extended infinitesimal generator (k'" prolongation of (1.2.25)) is given by

i 0 a 0 o 0
X [kl = £ (x, u)—i+77 (X, U)W‘ng (X’ u, u(l))aua +

o ! 1.2.38
+47 (x,u,. : .,u(k)) 0 (+:239)
L auikl...ik
where
ur . = D, D,...D, (ua) (1.2.39)

and ¢ ; defined by the relation

12
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iy i, = Dik(gif. . .iH)_ Ui i Dik(eg') (1.2.40)
In (1.2.37), (1.2.39) and (1.2.40) the total derivative operators

+Ufy +... (1.2.41)

The converse is also true in that, given the prolonged operators (1.2.38) or their
corresponding infinitesimal transformations (1.2.21), we can find the respective one-

parameter prolonged groups. This is achieved by using Theorem 1.2.1

1.2.10 Determining Equations

Definition 1.2.5 An invertible transformation acting on the space (x, u) of differential
equation = is a point symmetry of = provided every solution h of E is mapped onto

another solution h of =.

Theorem 1.2.4 Let

X = g‘(x,u)5€5-+ n” (x, u) (1.2.42)

ou”

be the infinitesimal generator corresponding to (1.2.21), and X! the k'" extended
infinitesimal generator. The group of transformations (1.2.21) is admitted by the system
(2.2.1) ifand only if

XW(E? (x, U, Uy, - Ug))=0, =1, . s (1.2.43)

The symmetry conditions (1.2.43) can be written compactly as

X[k](EU (X, u, U(l), . -1u(k)))

=0, o=1...s (1244

E* (x, Ugys « - u(k)):Oi -1

Equations (1.2.44) are the so-called determining equations. In general the determining

equations comprise an over-determined system of linear homogeneous PDEs for the
unknown coordinates &' and 7“of the symmetry generator X. The solutions of the

determining system form a vector space, that is, any finite linear combination of

symmetries is again symmetry.

13
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1.2.11 Multi Parameter Lie Groups of Transformations

In this section we summarize some key results pertaining to multi parameter Lie
groups of transformations. The definition of one-parameter local groups introduced
earlier in sub section 1.2.1 also applies to r-parameter local groups by defining the
vector parameter a = (a,, a,, .. ., a,).

Now we can generalize Theorem 1.2.1 for an r -parameter group of transformation
G as follows

Form the set of r-associated infinitesimal generators as

i 0 o 0
X, = & (x, u)ﬁ+ ne (x, u)au“’ l=1...,r (1.2.45)

where the infinitesimal &' (x, u) and 77 (x, u) are given by the Lie equations (1.2.26)

subject to the initial conditions (1.2.27)

Each transformation T, =T, . ..T, € G can be realized as either

e (4, X)exp (4, X )ep(4, X). .. exp (4, X) (1.2.46)
or

exp (5 X) (1.2.47)
where

X= oy Xy+ 1, Xy + 13 Xg + .00+ 1, X, (1.2.48)

where 4, J, , are arbitrary real constants with 4,, & sufficiently small. Hence, the r
infinitesimal generators X, contain all the information needed to reconstruct the r -
parameter Lie group of transformation G .

It is natural to consider the r -dimensional vector space L with basis given by the
infinitesimal generator {X,, X,, ..., X, } over the real number since for any X € L,
given by (1.2.48), the corresponding transformation (1.2.47) lies in G for sufficiently
small &. It turns out that L is endowed with an additional algebraic structure which we

shall now investigate.

14
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1.2.12 Lie Algebras
Definition 1.2.6 A Lie Algebra is a vector space L over the field IF together with the

binary operation
[, ]:LxL ->L (1.2.49)

called the Lie Bracket, such that for all a,belF and X,, X,, X; €L, if the

following axioms are satisfied

(i) Closure. [X,, X,] e (1.2.50)
(i) Bilinearity. [aX, +bX,, x3] = a[X,, X,]+b[X,, X,]; (1.2.51)
(iii) Skew- Symmetry. [X,, X,]=—[X,, X,]; (1.2.52)
(iv) Jacobi Identity. [ X,, [X,, X;]]+[X,, [X5, X, ]]+ [Xs, [Xy X,]]= 0.

(1.2.53)
The infinitesimal generators of an r-parameter Lie group, by introducing an
operation, commutator (Lie bracket) between two infinitesimal generators X,, X,
defined by
X, X,] =%, %X, -X,X,, (1.2.54)
span an r -dimensional vector space over the field IF of real numbers. Clearly (1.2.54)
satisfies the bilinear, antisymmetric, and Jacobi identity, say
(X, X, X ]+ %, [X,, x ]+ (X, [X., X,]] =0 (1.255)
where o, B, y=1,.. ., r
i.e. vector space of infinitesimal generators gains the structure of a Lie algebra.

Given an r -dimensional Lie algebra L of infinitesimal generators closed under the

operation of commutator with basis {X,, X,, ..., X, }, leads to
X, X,] =3 cr, %, where a B, y=1...,r,  (1.256)
y=1

for some constants C? ,, called the structural constants.

af?
Definition 1.2.7 A Subalgebra of a r -dimensional Lie algebra L is a subspace S of L

such that [X,, X,] €S forallX,, X, eS. (1.2.57)

15
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1.2.13 Lie’s Algorithm

1. Let the one-parameter Lie group of point transformations (1.2.16) leaves invariant
the system of PDEs (1.2.1).
Write the generator of symmetry

no

X = &(x, u)% + n°(x, u) (1.2.58)

ou”

3. Apply the prolonged operator X [l given by (1.2.38) to each equation of the system
(1.2.1) and require that

XM (E” (x, u, Uy - U ) =0, o=1...5 (L259)

EI(X’ U - - -’U(k)):03:1
4. Separate the expanded expression with respect to the derivatives of the dependent
variables and their powers resulting in an over-determined system of linear

homogeneous PDEs in terms of &' and 7n*.

ol

. The solutions of the over-determining equations will lead to the explicit forms of &'
and n“.

6. Introducing the corresponding characteristic equations

dx? dx" du’ du™
— =, .. = = =, .. =—" 1.2.60
E(x, u) E(x,u) nt(xu) 7™ (x, u) ( )

and obtain u in terms of n —1 new independent variables.

7. Rewrite the system (1.2.1) in these new coordinates to get the reduced form of the
system of PDEs (1.2.1).

1.3 Painlevé Analysis
The Painlevé analysis [34, 35] is a widely applied and quite successful technique to
investigate the integrability of nonlinear ODEs and PDEs by analyzing the singularity
structure of the solutions. The test is named after the French mathematician Paul
Painlevé (1863-1933), who classified second order differential equations that are
solvable in terms of known elementary functions or new transcendental functions [45].
Ablowitz et al. [117], stated that when all the ODEs obtained by exact similarity

transforms from a given PDE have the Painlevé property, then the PDE is “integrable.
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Weiss et al. [87, 88] have defined the Painlevé property for PDE directly, without
recourse to the reduction(s) to ODEs. A PDE is said to have the Painlevé property if its
solutions in the complex plane are single-valued in the neighbourhood of all its
movable singularities. This Painlevé test has proved to be a useful criterion for the

identification of completely integrable PDE.

Definition 1.3.1 A differential equation has Painlevé property if their general solutions
should have no movable singularities other than poles in the complex plane. A
singularity is movable if it depends on the constants of integration of the ODE. For
instance, the Riccati equation,

w'(z) + w?(z) =0, (1.3.2)
has the general solution w(z) =1/(z—c), where ¢ is the constant of integration. Hence,
(2.3.1) has a movable simple pole atz =c because it depends on the constant of

integration. In the following section, for details of the WTC-method for testing PDEs

for the Painlevé property, we are presenting some outlines from [195]

1.3.1 The Algorithm

Consider partial differential equations =(x,t, Y(x, t))= 0 in two independent
variables x and t.

Following [34, 35, 195], the Laurent expansion of the solution Y (x, t), about a

singular manifold u(x,t) is
Y (6 )= Ul ) S Y (x 1) (0 (x, 1)), (1.3.2)
k=0
In (1.3.2), Y,(x, t)=0, a isa negative integer, and Y, (x, t) are analytic functions in
a neighborhood of u(x, t). The algorithm for the Painlevé test is composed of the

following three steps.

Step 1. Leading order analysis

Determine the (negative) integer e and Y, (x, t) by balancing the highest derivative

with the nonlinear terms after substitution of
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Y (%, t) =Y, (x, thu* (x, t), (1.3.3)
into the given PDE. There may be several branches for Y,, and for each the next two
steps must be performed. If « is non-integer, orY, (x, t):O, then the algorithm

terminates.

Step 2. Determination of the resonances

For a selected o« andY,, calculate the non-negative integers r, called the
resonances, at which arbitrary functions Y, enter the series (1.3.2). For this, substitute
Y =Y, u"(x,t)+Y u"e, (1.3.4)
into the equation, only retaining its most singular terms. Require that the coefficient Y,
is arbitrary by equating its coefficient to zero. Compute the integer roots of the
resulting polynomial. For (1.3.2) to represent the general solution, the number of roots
(including r = —1) must match the order of the given equation. The root r = -1
corresponds to the arbitrariness of the manifold u(x,t)is often called the universal

resonance.

Step 3. Verification of the compatibility conditions
Verify that a solution of the form (1.3.2) is indeed admissible, and that it has the

necessary number of free coefficientsY,. Substitute (1.3.2), truncated a largest

resonance, into the PDE. Determine Y, at non-resonance levels k . At resonance levels,

Y, should be arbitrary, and since we are dealing with a nonlinear equation, a
compatibility condition must be unconditionally satisfied. An equation which carried
out consistently and unambiguously these three steps can be passes the Painleve test.

Details and an abundance of worked examples can be found in [20, 21, 39].

1.4 The (G'/G)-Expansion Method

Wang et al. [124] introduced the (G'/G)-expansion method [181] to look for
traveling wave solutions of nonlinear PDEs. This method is based on the assumptions
that the traveling wave solutions can be expressed by a polynomial in(G'/G), where
G satisfies the second order linear ODE. The degree of the polynomial can be

determined by the homogeneous balance between the highest order derivative and
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nonlinear terms appearing in the given PDEs. The coefficients of the polynomial can be
obtained by solving a set of algebraic equations. Being concise and straightforward, this
method can be applied to various nonlinear partial differential equations with variable
coefficients. As a result, hyperbolic function solution, trigonometric function solution

and rational solution with various parameters are obtained.

1.4.1 Extended (G'/G)-Expansion Method

Recently, Bangqing et al. [95] establish a connection between the (G’/G)-expansion
method and the soliton structure excitation. By extending the linear traveling wave
transformation to the nonlinear transformation with the method, the non-traveling wave
solutions with variable separation can be constructed for PDEs. For the non-traveling
wave solutions include arbitrary functions of independent variables, it is convenient to
excite abundant soliton structures.

Now we describe the extended (G’/G)-expansion method for a given variable
coefficient (2 + 1)-dimensional PDEs. Suppose that nonlinear PDEs equation with

independent variables x, y, t and dependent variable u is given by

tyr Uxys Ugxn Uy gy o .),

E(u, U, Uy, Uy, Uy, Ugy, U (1.4.2)

ttr Ftx?

where u =u (x, t) is unknown functions and = is a polynomial in u (x, t) and its

partial derivatives, in which the highest order derivatives and nonlinear terms are
involved. In the following, we give the main steps [95] for solving equation (1.4.1)

using an extended (G'/G)- expansion method.

Step 1. The solution of equation (1.4.1) can be expressed by a polynomial in (G' /G) as

follows

e, [c(0)]
SR ] 42)
where 8 = sx+ly-Vt is a linear traveling wave transformation, and s, |, V, a

(i=1 2, ..., m) are arbitrary functions of variable x, y, t to be determined, and G (@)

satisfies the following equation
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G"(6)+ 1 G'(0)+u G(#)=0 (1.4.3)
We extend 6 = sx+ly-Vt into & = 6(x, y,t), where @ is an arbitrary
function of the independent variables x, y, t. The solutions involved 8(x, y, t) are

called the non-traveling wave solutions. The non-traveling wave solutions allow us to

select @(x, y, t) and excite abundant soliton structures.
However, it is extremely arduous to calculate the solutions with &(x, y, t). In
general, we may suppose that 9(x, Y, t) is in variable separation forms, such as

O(x, y, t)=f (x,t)+g(y) or (x, y, t)=1(x,t)+g(y, t) where f(x,t) andg(y,t) are
arbitrary functions of the indicated variables.

Step 2. In order to determine u explicitly, we firstly find the value of integer m by
balancing the highest order nonlinear terms and the highest order partial derivative of u
in equation (1.4.1).

Step 3. Substituting equation (1.4.2) into equation (1.4.1) and using equation (1.4.3),
collecting all terms with the same order of together, the left-hand side of equation
(1.4.1) is converted into polynomial in (G'/G)’, (j=0,1, 2 3). Setting each

coefficient of this polynomial to zero, we derive a set of overdetermined differential

equations for s, I, V and a, .

Step 4. Solve the system of over-determined partial differential equations obtained in

Step 3fors, |, V and a, .

Step 5. Use the results obtained in above steps to derive the solutions of equation

(1.4.1) depending on (G'/G), since the solutions of equation (1.4.3) have been well

known to us depending on the sign of the discriminant A = A* —4 u, then the non-

traveling wave solutions of equation (1.4.1) are obtained.

1.4.2 Modified (G'/G)-Expansion Method

Suppose that a nonlinear PDE is given by

E(u, Ug, Uy, Uppy Upyy Uy - ) (1.4.4)
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where u =u (X, t) is unknown functions and = is a polynomial in u (X, t) and its
partial derivatives, in which the highest order derivatives and nonlinear terms are
involved. In the following, we give the main steps [197] for solving equation (1.4.4)
using modified (G' /G)- expansion method.
Step 1. The traveling wave variable

u (x, t) =u(&), &= k(x - ct), (1.4.5)
where k and ¢ are constants, permits us to reduce equation (1.4.4) into the following
ODE:

P(u,u,u”u”....). (1.4.6)

Step 2. Suppose that the solution of equation (1.4.6) can be expressed by a polynomial
(G'/G) as follows:

Lol (@Y, (e@)’
u() = a, + Zi{a, (G(é)j +b, (G(é)j } (1.4.7)
where G = G(&) satisfies the second order linear ODE
G"(&) + uG(8) =0, (1.4.8)

where a,, a;, b, and x are constants to be determined later.

Step 3. The parameter m in (1.4.7) can be found by balancing the highest order
derivative term and the highest nonlinear term in (1.4.4) or (1.4.6) and conclude the
following:

(i) If mis a positive integer then go to step 4,

(i) If m is not positive integer, we put u = v™ and then return to step 1.

Step 4. Substituting (1.4.7) into (1.4.6) and using (1.4.8), collecting all terms with the
same powers of (G'/ G) together and then equating each coefficient of the resulted
polynomial to zero, yield a system of algebraic equations for a,, a,, b, and x.

Step 5. Since the general solutions of (1.4.8) are well known to us, then substituting

a,, &, b, w and the general solutions of (1.4.8) into (1.4.7) we have the traveling

wave solutions of equation (1.4.4).

21



Chapter 1 Introduction

1.5 Numerical Solutions of Partial Differential Equations

The vast majority of PDEs model cannot be solved analytically. So, to investigate the
predictions of PDE models of such phenomena it is often necessary to approximate
their solutions numerically. In most cases, the approximate solution is represented by
functional values at certain discrete points (grid points or mesh points). There seems a
bridge between the derivatives in the PDE and the functional values at the grid points.
The numerical technique is such a bridge, and the corresponding approximate solution
is termed the numerical solution. Currently, there are many numerical techniques
available in the literature. Among them, the finite difference (FD) [25, 90], finite
element (FE) [5, 6], and finite volume (FV) [25] methods fall under the category of low
order methods, whereas spectral and pseudo spectral methods are considered global
methods. The differential quadrature method (DQM) is a higher order numerical
technique for solving partial differential equations. In the nineteen century, most of the
numerical simulations of engineering problems can be carried out by the low order FD,
FE, and FV methods using a large number of grid points. In some practical
applications, however, numerical solutions of PDEs are required at only a few specified
points in the physical domain. To achieve an acceptable degree of accuracy, low order
methods still require the use of a large number of grid points to obtain accurate
solutions at these specified points. In seeking an efficient discretization technique to
obtain accurate numerical solutions using a considerably small number of grid points,
Richard Bellman and his associates [151] introduced the method of differential
quadrature in the early 1970s. The DQM, akin to the conventional integral quadrature
method, approximates the partial derivative of a function at any location by a linear
summation of all the function values along a mesh line. The key procedure in the
differential quadrature application lies in the determination of the weighting
coefficients. Initially, Bellman and his associates proposed two methods to compute the
weighting coefficients for the first order derivative. The first method is based on an ill-
conditioned algebraic equation system. The second method uses a simple algebraic
formulation, but the coordinates of the grid points are fixed by the roots of the shifted
Legendre polynomial. In earlier applications of the DQM, Bellman’s first method was
usually used because it allows the use of an arbitrary grid point distribution. However,
since the algebraic equation system of this method is ill-conditioned, the number of the
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grid points usually used is less than 13. This drawback limits the application of the
DQM.

The DQM and its applications were rapidly developed after the late 1980s, thanks to
the innovative work in the computation of the weighting coefficients by researchers
[29, 32, 145, 146, 192]. As a result, the DQM has emerged as a powerful numerical
discretization tool in the past decade. As compared to the conventional low order finite
difference and finite element methods, the DQM can obtain very accurate numerical
results using a considerably smaller number of grid points and hence requiring
relatively little computational effort. So far, the DQM has been efficiently employed in
a variety of problems in engineering and physical sciences. The basic theory of this
method can be found in Shu [29]. Recently, Mittal et al. [152-160] and Jiwari et al.
[162-16] have used polynomial based differential quadrature method for numerical

solutions of some nonlinear partial differential equations.

1.6 Basic Approaches for Weighting Coefficients of DQM
In this section, some basic definitions and fundamentals for weighting coefficients of

differential quadrature method are given; a more detailed exposition can be found in
[29, 30, 166].

1.6.1 Weighting Coefficients for the First Order Derivative
Consider a one dimensional problem over a closed interval [a, b]. It is supposed that

there are N grid points with coordinates as a=Xx;,X,,..., Xy =b. Bellman et al. [151]
assumed that a function f(x) is sufficiently smooth over the interval [a, b] so that its

first order derivative f(l)(x) at any grid point can be approximated by the following

formulation
N
fX(l)(XI):za” f(XJ )l i :112$"'|N ’ (161)
j=1

where f(xj) represents the functional value at a grid point x;, f9(x) indicates the
first order derivative of f(x) at x;, and a; is the weighting coefficient of the first
order derivative. The determination of weighting coefficients a; in equations (1.6.1) is
a key procedure in the differential quadrature approximation. Once the weighting
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coefficients are determined the bridge to the link the derivatives in the governing
differential equation and the functional value at the mesh points is established. In the
following, we shall show that the weighting coefficients can be efficiently computed by

employing some explicit formulations.

1.6.2 Bellman’s Approach
Bellman et al. [151] proposed two approaches to compute the weighting coefficients

a;

; in equation (1.6.1). The two approaches are based on the use of two different test

functions.

Bellman’s first approach: In this approach, the test functions are chosen as
9,(x)=x*, k=01..,N -1, (1.6.2)
Obviously, equations (1.6.2) give N test functions. For the weighting coefficients a;
in equation (1.6.1), i and j are taken from I to N. Thus, the total number of weighting

coefficients isNxN. To obtain these weighting coefficients, the N test functions

should be applied at N grid pointsx;,X,,...,X, . AS a consequence, the following

N x N algebraic equations for a; are obtained

N

2.a;=0

j=1

N

D a;.x; =1 , for i=12 ...,N (163)
j=1

N

Dayxi =kx, k=23..,N-1

j=1

System of equations (1.6.3) has a unique solution because its matrix is of
Vandermonde form. Unfortunately, when N is large, the matrix is ill-conditioned and
its inversion is difficult. In the practical application of this approach, N is usually
chosen to be less than 13.

Bellman’s second approach: This approach is similar to the first approach, but uses
different test functions

g, (x)= — (X?l) k=12,..,N (1.6.4)
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where L, (x) is the Legendre polynomial of degree N and L!{)(x) is the first order
derivative of L, (x) By choosing X, to be the roots of the shifted Legendre
polynomial and applying equation (1.6.4) at N grid pointsx;, X,,..., X, , Bellman et al.

[151] obtained a simple algebraic formulation to compute a;

LY(x;) .
a,; = ' , for j =i (1.6.5a)
P l—xg ) W)
1-2x.
e B f j =i 1.6.5b
= D) or =i (1.6.5b)

Using equations (1.6.5), the computation of the weighting coefficients is a simple
task. However, this approach is not as flexible as the first approach because the
coordinates of the grid points in this approach cannot be chosen arbitrary. Instead, they
should be chosen as the roots of the Legendre polynomial of degree N. So equation
(1.6.5) only reflects a special case. Due to the inflexibility associated with the second
approach in selecting the grid points, the first approach is usually adopted in practical

applications.

1.6.3 Quan and Chang’s Approach

To improve Bellman’s approaches in computing the weighting coefficients, many
attempts have been made by researchers. One of the most useful approach is the one
introduced by Quan and Chang [84, 85]. Quan and Chang used the following Lagrange

interpolation polynomials as the test functions,

gk(x):(x_x'\)/"(&)(l)(x ; k=12,...N, (1.6.6)
where

M (%)= (x =% )(x =X, ).(x =X ), (16.7)

M@ (x,)= lﬁ[(xi ~X,). (1.6.8)

k=1,k=i
Subsequently, by applying equations (1.6.6) at N grid points, they obtained the

following algebraic formulations to compute the weighting coefficients a;,
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1

N _
[T 222, for j=i (1.6.92)
(X _X|)k1k¢ljx _Xk

- i - (1.6.9b)

k=L k=i Xj — X

It may be noted that there is no restriction on the choice of grid points in the equation
(1.6.9).

1.6.4 Shu’s General Approach [29]

Shu’s general approach was inspired from Bellman’s approaches. It covers all the
approaches, including Quan and Chang’s approach. Shu explains that computation of
weighting coefficients by all approaches is same due to polynomial approximation and
linear vector space analysis. Shu uses the following two typical sets of the base

polynomials listed as follows:

__ MK _
9. (x)= CERNVEITIRECEE (1.6.10a)
g9, (x)=x", k=12,..,N, (1.6.10b)

where M(x) and M®(x,) are the same as in equation (1.6.7) and (1.6.8), but the

computation of weighting coefficients is different. For simplicity, we set
M(x)=N(x,x ) (x-x.), k=12,..,N, (1.6.11)
with N(x,,xj) ( )5”,Where o; Is the Kronecker operator. Using equations

(1.6.11), equations (1.6.10) can be simplified to

N(x,x, )
X)=———~<,k=12,...,N. 1.6.12
gk( ) M()(Xk) ( )
Substituting equations (1.6.12) into (1.6.1) gives
N()(x,,x )
a; = vid x.J _ (1.6.13)

]

In equations (1.6.13), M (1)(xj) can be easily computed from the equation (1.6.8). To
evaluate N()(xI : xj) we successively differentiate equations (1.6.11) with respect to x

and obtain the following recurrence formulations
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M ™(x)= N™(x,x, ).(x=x, )+m.N"D(x,x, ), (1.6.14)
form=12..,N-1 k=12..N,
where M™(x) and N™(x,x,) indicate the mthorder derivative of M(x) and

N(x,x, ). From equations (1.6.14), we can obtain the expression for N (1)(xi , xj) as

@
N(l)(xi,xj): M (X‘), for j=#i (1.6.15a)
X; = X;
(2)
N(l)(xi,xi):MT(X‘) (1.6.15b)
Substituting equations (1.6.15) into equations (1.6.13), we obtain
M@ (x,) o
a; = ' , for j=#i (1.6.16a)
B IMOT)
M @)(x;)
= 1.6.16b
au 2M (1)(Xi) ( )

It is observed from equations (1.6.16) that, if x, is given, it is easy to compute M (1)(xi)

from equation (1.6.8), and hence a; for i = j. However, the calculation of a; is based

on the computation of the second order derivative M ®(x, ) which is not easy task. This

difficulty can be eliminated by using the second set of base polynomials (1.6.10b).
According to the property of a linear vector space, if one set of base polynomials
satisfies a linear operator, say equation (1.6.1), so does another set of base polynomials.
As a consequence, the system of equations for determination of a; derived from the
Lagrange interpolation polynomials equation (1.6.10a) should be equivalent to that

derived from another set of base polynomials x**, k=12,...,N equations (1.6.10b).

Thus a; satisfies the following equations which are obtained by the base polynomial

x“! when k=1

N
da;=0 or a;=->a;. (1.6.17)
=1 j=1, ji

Equations (1.6.16a) and (1.6.17) are two formulations to compute the weighting

coefficients a; . It is noted that in the development of these two formulations, two sets

of base polynomials were used in the linear polynomial vector space V.
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1.6.5 Weighting Coefficients for the Second Order Derivative
For the discretization of the second order derivative, we introduced a similar

approximation form given by

fx(z)(xi):ibij f(x,) i=12..,N (1.6.18)
j=1

where f®(x;) indicates the second order derivative of f(x) at x,, and b, is the

weighting coefficient of the second order derivative. Obviously, equations (1.6.18) are
a linear operator. The equations (1.6.18) have the same form as equations (1.6.1). The
only difference between these equations is the use of different weighting coefficients.

The following two approaches can be used to determine b; as follows

1.6.6 Quan and Chang’s Approach
In this approach, Quan and Chang [84, 85] used the Lagrange interpolation

polynomials as the test functions and then derived

b, = 2 [ ﬁ Xi_xk}[ i ! J for i =) (1.6.19a)

Xi =X Nkt Xj = X )=, X — X

N-1 1 N 1
b, =2 . (1.6.19b)
k§¢i X = Xy (I—lwzl,lvti Xi =X J

1.6.7 Shu’s General Approach

Similar to the first order derivative, Shu’s general approach is also based on
polynomial approximation and linear vector space analyses. Two sets of base
polynomials (1.6.10) are used. Substituting equations (1.6.12) into equations (1.6.18)

gives
(1.6.20)

On the other hand, from equations (1.6.14), we obtain
) M @(x)-2N"(x,, x;)
X, = X;

, for i#] (1.6.21a)

N (x,, x;

117
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NO(x,x )= M (3;(Xi) (1.6.21b)

Substituting equation (1.6.21) into equation (1.6.20) yields
M @ (x,)-2N(x,,x,)

b. = , for 1# | 1.6.22a
’ (% - Xj )M (1)()(1) . ( )
b =—m—~. 1.6.22b
ii 3M (1)(Xi) ( )
Finally, by substituting equation (1.6.16) into equation (1.6.22a), we obtain
1 .
b; = Za{aii - ] for 1= ] (1.6.23)
X —X;

When i j,b; can be easily computed from equation (1.6.23). However, from
equation (1.6.22a), it can be seen that the computation of b, involves the third order

derivative M ®(x, ) which cannot be computed easily. This difficulty can be eliminated
by employing the properties of a linear vector space. Similar to the analysis for the case
of first order derivative, the equation system for b, derived from the Lagrange
interpolation polynomials (1.6.10a) should be equivalent to that derived from another
set of base polynomials x**, k=12,..,N (1.6.10b). Thus b; satisfies the following

equation which is obtained by the base polynomial x** when k=1

N N
> by=0o0r by=—>b. (1.6.24)
j=1 j=1, j=i

For the application of Shu’s general approach, b;is firstly computed from equation

(1.6.23) wheni = j . Subsequently, b, is computed from equation (1.6.24).

1.6.8 Shu’s Recurrence Formulation for Higher Order Derivatives [29]

For the discretization of higher order derivatives, the following two linear operators

are applied

£ ()= Dowim £ (x; ) (1.6.25)

£M(x) =S w f(x,), (1.6.26)
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fori=12,..,N;m=23,...,N-1

where f™¥(x,), f™(x,) indicate the (m—1)" and m" order derivatives of f(x) with

17X

respect to x at x;. wi™ ¥, wi™ are the weighting coefficients related to f™*(x; ) and

f““)(xi ) Two sets of base polynomials will also be used to derive explicit formulation
for wi(jm). The first set of base polynomials is given by equations (1.6.12). Substituting

equations (1.6.12) into equations (1.6.25) and (1.6.26) gives

N
(m-1) i
Wi = M ) X; J ) (1-6-27)
m N (m)(xi i Xj )
Wi(j ) = IO < 2 (1.6.28)
By rewriting equation (1.6.27), we obtain
N3 (x,,x; )=w".MO(x, ) (1.6.29)

Equation (1.6.29) is valid for any i and j. On the other hand, from the recurrence

formulation (1.6.14), we have

(m)
N(m’l)(xi,xi):M—(X‘), (1.6.30)
m
M ™ (x )—mN ™Y X
N (x,,x, )= (4)-mN "2 XJ), for i=j (1631
Xi—Xj
M(erl)(X-)
N™(x,x )= ——77 1.6.32
Ox)=—— (16.32)

Substituting equation (1.6.30) into equation (1.6.31) leads to,

(m) N
N™(x,,x, )= m(N (1 )-N (X"X")), for i#zj  (16.33)

X —X;

Equation (1.6.33) can be further simplified using equation (1.6.29),

(MmN O (y ) ™I @
N(m)(xi,xj):m(wﬁ M li%‘jx‘_'v” M 1(X")), for i=j (1.6.34)
i i

Substituting equation (1.6.34) into equation (1.6.28) and using equation (1.6.16a), a

recurrence formulation is obtained as follows
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W_(_m—l)
wi" =m|a,w" ——— | fori,j=12,.,N;m=23.,N-1 (1.6.35)

ij ii Xi _Xj

where a; is the weighting coefficient of the first order derivative described above. The
formulation for wi(im)can be obtained by substituting equation (1.6.32) into equation

(1.6.28), which gives
(m) M " (x,)

M D MO(x )’

Obviously, equations (1.6.35) offer an easy way to compute the weighting coefficients

for i,j=12..,N;m=23.,N-1 (1.6.36)

w;" for 1= j. However, it is very difficult to apply equations (1.6.36) to compute the

weighting coefficients Wi(i”‘). Again, this difficulty can be overcome by the properties of
a linear vector space. In terms of the analysis of the N-dimensional linear vector space,
the equation system for wi(jm) derived from the Lagrange interpolation polynomials
should be equivalent to that derived from the base polynomials x**, k=1.2,...,N.

Thus Wi(jm)ShOU|d satisfy the following equation obtained from the base polynomial x**

when k =1
o () (m) o ()
Zwijm =0 or w"=- Zwijm (1.6.37)
=l j=1, j#i

From this formulation, w{™ can be determine from Wi(jm)(i )

1.6.9 Weighting Coefficients for the Multi-dimension Case

In practice, most problems are two-dimensional or three-dimensional. Thus, it is
necessary to extend the DQ approximation from the one-dimensional case to the multi-
dimensional cases. In this section, we will only demonstrate the extension of the one-
dimensional case to the two-dimensional case for regular domain. Shu [29] has shown
that the one-dimensional polynomial differential quadrature method (PDQM) can be
directly extended to the multi-dimensional case if the discretization domain is regular.
The regular domain can be a rectangle or other shapes such as circle. Here, for

simplicity, we only consider a rectangular domain for demonstration.

31



Chapter 1 Introduction

Figure 1.4 Rectangular domain
Consider a two-dimensional function f(x,y) defined on a rectangular domain, as

shown in Figure 1.4 It is clearly seen from the figure that along each horizontal line, the
x interval is same, and along each vertical line, the y interval is the same. Thus, we can
use the same x coordinate distribution for each horizontal line, and the same y

coordinate distribution for each vertical line. It is supposed that along a y=b, where b
IS a constant, the values of f(x,b), denoted by the filled circles, can be approximated
by a polynomial of degree (N —1), P,(x), which constitutes an N-dimensional linear
vector space V,, with N base vectors (polynomials) r,(x), i=12,..,N . Along a vertical
line x=a, where a is a constant, the values of f(a, y), denoted by the open circles,
can be approximated by a polynomial of degree (M —1), P, (y), which constitutes an
M-dimensional linear vector space V,, with M base vectors (polynomials)

s;(y), i=12...,M . The value of the function f(x,y) atany location in the domain can

then be approximated by a polynomial P, (x, y) of the form

N M

F6Y)=Pua (X Y) =22y Xy o, (1.6.38)

i=1 j=1
where c; are coefficients. It is clear that Py, (x,y) constitutesan NxM dimensional
linear polynomial vector space V,,,, with respect to the operation of vector addition
and scalar multiplication. It is easy to show that ¢;(x,y)=r(x)s;(y) constitutes the
base vectors (polynomials) in the linear vector space V,,, -
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Assumed that the derivatives of the function f(x, y) at any grid points (xi,yj) can

be approximated as follows

fx(l)(xi’yj):iaii' f(xk’yj)! (1.6.39a)
k=1
M

F00xy; )= ak F(x. ), (1.6.39b)
k=1

fori=12,...,N; j=12,..,.M
where f", " are the first order derivatives of the function f(x,y) with respect to x
and y respectively, and a; ,a} are the corresponding weighting coefficients. From the
properties of a linear vector space, we know that if all the base polynomials ¢, (x, y)
satisfy the linear equations (1.6.39), so does any polynomial in V,,, . Substituting

¢,(x,y) into equations (1.6.39) leads to

N
>ag.r(x)=rx) i,j=12..,N (1.6.40a)
k=1
M
>als(y)=s"(y;) i,j=12...M (1.6.40b)
k=1

where r(x;) represents the first order derivative of r;(x) at x, and s"(y,) represents
the first order derivative of sj(y) at y,. From equations (1.6.40), it is obvious that
a, or a) is only related to r(x) or s;(y). Hence the formulation of the one

dimensional case can be directly extended to the two dimensional case, that is

X M(l)(xi) H H
a; = (Xi —xj)M (l)(xj), for 1+ j (1.6.414a)
N
aj=— Y aj, for i,j=12,..,N (1.6.41b)
j=1, ji
PY(y,) o
al = ' : for i#j (1.6.42a)
] (y,—yj)P(l)(yj)
N
al =— Y a, for i,j=12...M  (1.6.42b)
j=1, j=i
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where
N M
M (1)(Xi): H(Xi _Xj)! P(l)(yi): H(yi - y]')-
j=1, j=i j=1j=i

Similarly, for the second and higher order derivatives, the recurrence relations of the
weighting coefficients are obtained as follows

win
w" =n|a w" ——L— | for i# ] (1.6.43a)
X; = X,

Zw”, for n=23..,N-11i,j=12..,N (1.6.43b)

j=1, j=i
—(m) —my Wy
wi =mlalwi = —— ,for i#j (1.6.44a)
Yi — yj
—(m) L —(m) L
wi =— > wi , for m=23...,M-1i,j=12..,M (1.6.44b)
=1, j#i

where w\" are the weighting coefficients of the nth order derivative of f(x,y) with

respect to x at (x;,y; ), namely fx(")(xi,yj) and w," are the weighting coefficients of

the mth order derivative of f(x,y) with respect to y at (x,y, ), namely f™(x,y,).

They satisfy
N
£00,y, )= w. f(x,,y,), (1.6.453)
k=1
(m) ()
f, (xi,yj)_ZW,k (X, Y, ), (1.6.45b)
k=1

for 1=12...,M; j=12,..,M; n=12...N; m=212,...M-1

1.6.10 Methodology for Solving a PDE by DQM

The partial differential equations (PDEs) are divided into two parts. First, time
dependent (unsteady state) and second, time independent (steady state). We will discuss
the methodology of DQM for both parts.
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1.6.10.1 Time dependent PDEs

Most of the engineering problems are governed by time-dependent partial differential
equations. The spatial derivatives are discretized by the DQM whereas the time
derivatives are discretized by low order finite difference schemes.

For the general case, we consider a time-dependent PDE as follows

R w)=g. (16.46)

where E(W) is a differential operator containing all the spatial derivatives and gis a
given function. Equation (1.6.46) should be specified with proper initial and boundary
conditions for the solution to a specific problem. By using DQM to discretize the
spatial derivatives in the differential operator E(W) and applying equation at all the

interior grid points, we can obtain a set of ordinary differential equations (ODEs)

dd—{\:\’}+ Lw}=1{G}, (1.6.47)

where {W } is a vector representing a set of unknown functional values at all the interior
points, L{W } is a vector resulting from the differential quadrature discretization, {G} is
a known vector arising from the function g and the given initial and boundary
conditions.

For a time-dependent problem, equation (1.6.47) constitutes a standard form of

ODEs. The time derivative in equation (1.6.47) can be discretized explicitly or

implicitly using low order finite difference schemes.

1.6.10.2 Time independent PDEs
To demonstrate the solution techniques for the time independent PDEs, we consider
the solution of a two-dimensional Poison’s equation
o*w  o*w
ox> oy’

on a rectangle domain, 0<x<L,0<y<H, where f(x,y) is a given function.

= f(x,y) (1.6.48)

Suppose that the equation (1.6.48) is subjected to a Dirichlet boundary condition, that

is, wis given at the boundary points. Let N and M be the number of grid points in the x

and y direction respectively, b, . and bi; be the differential quadrature weighting

i]
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coefficients of the second order derivatives of wwith respect to x and y respectively. At

any point (xi Y ) equation (1.6.48) can be discretized as

N Mo
bW+ biaw, =, (1.6.49)
k=1 k=1

where w,, and f,, represent the values of w and fat the grid point (x;,y,)

respectively. By shifting the functional values at the boundary points within the

summation sign to the right hand side, equation (1.6.49) can be written as
N-1 M-1_
> bW+ D bW, =5, (1.6.50)
k=2 k=2

for 2<i<N-1 2<j<M-1

where s, = f,, —(bi‘lwl,j +by Wy | +5,-,1wi,1+5,-,Mwin).
Equations (1.6.42) is a set of differential quadrature algebraic equations, which can be
written in matrix form

[Al{w}={s}, (1.6.51)
where {W} is a vector of unknown functional values at all the interior points given by

{W}: (WZ,Z’W2,3""’W2,M—1’W3,2"""WB,M—l""’WN—l,Z""'WN—l,M—l)T ’

and {s} is known vector given by

{s}= (52,2182,3""’SZ,M—l’S3,2""'1SS,M—l""'SN—1,21""SN—1,M—1)T .

The dimension of the matrix [A] is (N —2)M —2)x(N —2)M —2). Equation (1.6.51)

can be solved by direct methods or iterative methods.

1.6.10.3 Solution of a System of ODEs

If we consider the ordinary differential equation of the form
dy
—=f(Y) 1.6.52
e\ (1.6.52)
with given initial condition Y (0).
Pike and Roe [81] have given the following four-stage RK4 scheme when f is

independent of t.

Y=Y (1.6.53)
G=f(Y)
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At
Y=Y 6 (1.6.54)
G=f(Y)
At
Y=Y+=G
"3 (1.6.55)
G=f(Y)
At
Y=Y+ G
P (1.6.56)
G="(Y)
Y, =Y +AtG (1.6.57)

1.7 Outline of Thesis

In the thesis, an attempt has been made to analyse the exact and numerical solutions
of some nonlinear partial differential equations. To this effect we used the Lie group
analysis techniques for the systematic search of exact solutions, and DQM method for
the numerical solutions. The following six physically important partial differential
equations are studied in this thesis.

1.  Variable Coefficients Benjamin-Bona-Mahony-Burger (BBMB) Equation.

2. Coupled Short Pulse (CSP) Equation with its Variable Coefficients Form.

3. (2+1)-Dimensional Diffusion-Advection (DA) Equation with Variable
Coefficients.

4.  Variable Coefficients Coupled KdV-Burgers’ Equation

5.  Generalized Fitzhugh-Nagumo Equation with Time-Dependent Coefficients.

6. Two Dimensional Quasilinear Hyperbolic Equation.

In Chapter 2, a Painlevé analysis of variable-coefficients Benjamin-Bona-Mahony-
Burger (BBMB) equation

Y, —e(t)Y,, —f ()Y, +gt)YY, +h)Y, =0, (1.7.1)

xxt
where e(t), f(t), g(t) and h(t) are arbitrary time-dependent coefficients has been
performed to study the Painlevé properties. We derived the infinitesimals that admit
the classical symmetry group. The reduced ordinary differential equation is further

studied and many new families of exact solutions are successfully obtained.
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Furthermore three-dimensional profile plots of some of the solutions like periodic,
kink—antikink solitons etc. can easily be derived from the general results.

In Chapter 3, deals with comparative study of travelling wave and numerical

solutions for the Coupled Short Pulse (CSP) equation
u, =a,u+ B, u (uz)X + 51(u2 -+ wz)uXX

W, =052w+[32w(w2)x+52(u2 +w2)wxx, (1.7.2)

X

where «;, f; and &; i=1 2 are arbitrary constant coefficients. Using the invariance

group properties of the governing system of partial differential equations, admitting Lie
group of point transformations with commuting infinitesimal generators, some
appropriate canonical variables are characterized that transform the equations at hand to
an equivalent system of ordinary differential equations and some physically important
travelling wave solutions of CSP equations are constructed which are compared with
numerical solutions using classical fourth order Runge-Kutta scheme.

To understand more about physical phenomena of CSP equation, we consider the
variable variant Coupled Short Pulse (VCSP) equation

Uy, = o, (t)u+ g, u?), +68,0) U2 +w)u,,
W, =a,t)w+ B,t) wWw?), +5,0) U’ +w)w,,, (1.7.3)
where «,(t), g,(t) and &,(t) i=1 2 are arbitrary time-dependent coefficients. The

method of Lie symmetry of differential equations is utilized to obtain new exact and
numerical solutions of VCSP equations. Six cases arise depending on the nature of the
Lie symmetry generator. In all cases, we find reductions in terms of system of ODEs.
The system of ordinary differential equations is further solved in general to obtain exact
solutions. Now with respect to the some reduced system of ODEs we are unable to
obtain the nontrivial exact solutions for the VCSP equation so we present the numerical

solutions of main system by solving reduced ODEs with the help of RK4 method.

In Chapter 4, we study the following (2+1)-dimensional Diffusion-Advection (DA)
equation

u =a(t)u,, - A1) [Ku),, (1.7.4)
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where K (u) is an arbitrary functions of u and «(t), f(t) are arbitrary functions of t.
On carrying over the Lie group method to DA equation, we have derived the groups of
transformations admitted by the equation under consideration. Consequently, by using
the symmetries involving arbitrary functions, the equation has been reduced to (1+1)-
dimensional PDE with variable coefficients which is again studied for its symmetries,
reductions, exact and numerical solutions. Then, with the use of extended (G'/G)-
expansion method, more explicit non traveling wave solutions involving arbitrary
parameters are found out, which are expressed in terms of hyperbolic functions, the

trigonometric functions and rational functions.

In Chapter 5, with the help of classical Lie group method, we study a variable
coefficient coupled KdV-Burgers’ equation,
ut + al(t) UUX + ﬂl(t) Wxx + 5l(t) uxxx = 0'
Wt+a2(t)WWx+ﬂ2(t) Wxx+ 52(1:) uxxx = O' (175)
where «;(t), £,(t) and &,(t) i=1, 2 are arbitrary time-dependent coefficients and get
its infinitesimal generator, commutation table of Lie algebra. An optimal list of
inequivalent one-dimensional subalgebras of the maximal Lie invariance algebra is
constructed and used for Lie reductions. This method reduces the number of
independent variables by one. Therefore, for a system of PDEs with two independent
variables we applied the method once to yield a system represented by ODEs. Further,

modified (G' / G)-expansion and RK4 methods are successfully used to obtain exact

and numerical solutions. The results are illustrated graphically for different parameters.

In Chapter 6, we have developed a numerical method based on polynomial
differential quadrature method to solve time dependent Generalized Fitzhugh-Nagumo
equation
U +v@®u, —u)u, - n@Ou@-u)(p-u)=0; (xt)el[A B}x[0,T] (176)
subject to the boundary conditions

u(At)=g,(t), u(B,t) =g,t), t e [0, T] (1.7.7)

and the initial condition
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u (x 0) = f (x), x e [A B] (1.7.8)
where v (t), x«(t), and 7(t) are arbitrary real-valued functions of t. The equation has

various applications in the fields of flame propagation, logistic population growth,
neurophysiology, branching brownian motion process, autocatalytic chemical reaction
and nuclear reactor theory. In the construction of numerical method, spatial derivatives
are discretized by polynomial differential quadrature method (PDQM) which leads to a
system of first order initial value problem. For total discretization, we discretize the
system of first order initial value problem by optimal four-stage, order three strong
stability-preserving time-stepping Runge-Kutta (SSP-RK43) scheme. Finally, the

efficiency of the method is shown with the numerical solutions of three test examples.

Chapter 7 is devoted to the numerical simulation of two dimensional Quasilinear

Hyperbolic equations

2 2 2
gt_g+ A(x, y,t,u)g—l:+ B(x, y,t,u)gy—l:+ f(x,y,t,u,u,,u,,u,)=0,
X

y Yy

(1.7.9)
(x,y,t)e[0,1]x[0,1]x[t > 0]
with initial conditions

u(x,y.0)=g,(xy) (xy)e[o1]x[o]

u (x,y,0)=g,(x,y), (xy)e[01]x[01] (1.7.10)
subject to dirichlet and neumann boundary conditions by polynomial differential
quadrature method. The equation (1.7.9) is assumed to be hyperbolic if A(x, y,t,u)>0
and B(x,y,t,u)>0 in the solutions region Q= {(x,y,t):(x,y,t)e[0,4]x[0,1]x[t > O]}.
To check the efficiency and accuracy of the method, five examples of quasilinear
hyperbolic equation are included with their numerical solutions, L, RMS and L,

errors and comparisons are done with the exact solutions. The main advantage of the
present scheme is that the scheme gives very accurate and similar results to the exact
solutions by choosing less number of grid points and the problem can be solved up to
big time. The proposed method produces better results as compared to the results
obtained by almost all the schemes available in the literature, and approaching to the
exact solutions.
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Chapter 2

Variable Coefficients Benjamin-Bona-
Mahony-Burger (BBMB) Equation

2.1 Introduction

In recent years, nonlinear PDEs have been used to model many physical phenomena
in various fields such as fluid mechanics, solid state physics, plasma physics, chemical
physics, optical fiber, and geochemistry. Thus, it is important to investigate the exact
explicit solutions of nonlinear PDEs.

One such nonlinear PDE is the celebrated Benjamin-Bona-Mahony-Burger (BBMB)
equation

Y- Y —aY, +YY +Y =0, (2.1.2)

where Y(x,t) represents the fluid velocity in the horizontal direction x, « is a positive

constant. It has been proposed in [182], as a model to study the unidirectional long
waves of small amplitudes in water, which is an alternative to the Korteweg-de Vries
equation. For more details on both the mathematical theory and the physical
significance of equation (2.1.1), we refer the reader to the references [37, 182]. We call
equation (2.1.1) the BBMB equations, but it is proposed neither by Benjamin, Bona and

A part of this chapter has been published in Communication in Theoretical Physics,
60 (2013) 175-182
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Mahony nor by Burgers. Many authors studied equation (2.1.1) using so many aspects
[55, 67, 89, 91].

The physical phenomena in which many nonlinear integrable equations with constant
coefficients arise tend to highly idealized due the presence of constant coefficients;
therefore, equations with variable coefficients may provide various models for real
physical phenomena, such as, in the propagation of small-amplitude surface waves,
which runs on large channels of slowly varying depth variable coefficients of nonlinear
integrable evolution equations [93, 94]. As there are choices for parameters, the
variable-coefficients nonlinear equations can be considered as generalization of the
constant coefficients equations.

In this paper, we study variable coefficients version of Benjamin-Bona-Mahony-
Burger equation

Y, —e)Y,, . —f @)Y, +glt)YY, +h)Y, =0, (2.1.2)

xxt
where e(t), f(t), g(t) and h(t) are arbitrary time-dependent coefficients. When

f(t)=0, h(t)=1and e(t) =1 equation (2.1.2) is the alternative regularized long wave
equation proposed by Peregrine [37] and Benjamin [182].

In the physical case, the dispersive effect of equation (2.1.2) is the same as the

variable coefficients Benjamin-Bona-Mahony (BBM) equation

Y, —e(t)Y, , +9g)YY, +h(t)Y, =0, (2.1.3)
while the dissipative effect is the same as the variable coefficient Burgers equation

Y, —f(t)Y,, +g(t)YY, +h(t)Y, =0. (2.1.4)

The study of nonlinear models for integrable properties is one of the important works
in nonlinear science. Therefore, in this paper, we check the Painlevé property of the
variable coefficient Benjamin-Bona-Mahony-Burger (BBMB) equation (2.1.2) firstly,
and then the symmetries of equation (2.1.2) are considered. The exact solutions
generated from the symmetries are presented.

The outline of this chapter is as follows, In section 2.2, we study the Painlevé
property of BBMB equation. In section 2.3, the classical Lie method is utilized to
obtain the optimal system of sub-algebras for equation (2.1.2), and group invariant
solutions of the nonlinear equation (2.1.2) are sought. This analysis generates a rich
class of solutions. A number of cases arise depending on the nature of the Lie
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symmetry generator. This analysis demonstrates the value of Lie analysis of differential
equations for this application. In section 2.4, we derive some explicit exact solutions of

the nonlinear equation (2.1.2). In the last section, some conclusions are drawn.

2.2 Painlevé Analysis

Ablowitz et al. [117] stated that when all the ODEs obtained by exact similarity
transforms from a given PDE have the Painlevé property, then the PDE is “integrable”.
The definition of “Painlevé property” of the ODE (WTC) was extended to the case of
PDE by Weiss et al. [87]. Briefly, a partial differential equation has the Painlevé
property [20, 39] when the solutions of the PDE are “single-valued” in the
neighbourhood of all its movable singularities. Before finding some exact solutions of
equation (2.1.2), we briefly discuss its Painlevé property by means of the standard
WTC approach. The Laurent expansion of the function Y = Y(x, t) about a singular
manifold u(x,t) = 0 is

© k

Y(x,t) = (u(x,t)* DY, (xt) (u(xt)) (2.2.1)

k=0

whereby one makes the ansétz

Y(x,t) =Y, (x,t) [u(x,t)]". (2.2.2)
Substitution of (2.2.2) into (2.1.2) and balancing the highest derivative with the

nonlinear term gives
a=-2 and n@n=12ﬂ9u11. (2.2.3)
The resonances are determined by setting

Y(x,t) = Y,(x,t)u?(x,t) + Y, (x,t)u2(x,t), (2.2.4)

and balancing the most singular term in equation (2.1.2), giving recursion relation

Ve 2g(t)Ys (6 thu, (1) g (XY (6, thr = 2)u, (x 1) |+

Y, [e(t)Nr—2)r-3)r—3)r-4)u, (x huZ(xt) = HiY,, Yo, - Y, L vy, . ).
(2.2.5)
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Using (2.2.3) into (2.2.5), we find that the resonances for this branch are r = -1, 4
and 6. The resonance at J =—1 corresponds to the arbitrary function defining the

singularity manifold for the (BBMB) equation. After detailed calculation, we find that
compatibility conditions at J = 4 and 6 are satisfied identically. According to WTC

approach, equation (2.1.2) possesses “Painlevé property”.

2.3 Lie Symmetric Analysis for BBMB Equation
Let us consider a one-parameter Lie group of infinitesimal transformation
X' = x+¢&n(xtY)+0(e?),
t" =t+¢ l//(X,t,Y) + O(gz),
Y' =Y +&g(xtY)+0(s?), (2:3.1)
with a small parameter ¢ .

The BBMB equation (2.1.2) is said to admit a symmetry generated by the vector field

0 0 0
V = n(x,t,Y)& + y/(x,t,\()a + ¢(x,t,Y)a—Y, (2.3.2)

if it is left invariant by the transformation (x, t, Y) — (x", t", Y").

Applying the third prolongation pr®V [202] to (2.1.2) results in an overdetermined
system of linear partial differential equations. After some straightforward and lengthy

calculations, the resultant overdetermined system gives the following infinitesimal

elements
n=ax+b
¢ =cY +d
w =2a @ (2.3.3)

e'(t)’
where a, b, ¢, and d are arbitrary constants and the functione(t), f(t), g(t) and h(t)
are governed by the following conditions
4
dt
a
dt

[h(t)w] - ah(t) + g(t)d = 0

[9(t)y]+ (c —a)g(t) = 0
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%[f(t)t//] ~2af(t) = 0. (2.3.4)
The Lie algebra associated with equation (2.1.2) consists of following four vector fields
Vl = X g + 2@ 2 y VZ = ia
x elt)at X
0 0
V., =Y —, VvV, = —. 2.35
ooy ooy (2:33)
The commutator relations between these vector fields are given by
V.v,] = viv,-v,v,,  where i,j =1..., 4.

It immediately follows that
[V1’ Vl] = [Vz’ Vz] = [Vs' Vs] = [V4’ V4] =0

[Vl’ Vs]: [\/1’ V4]= [\/2,V3]= [Vzi V4]= [\/31 Vl]: [\/3'\/2]: [\/4’ V1]= [\/41 Vz]:0
[V11 Vz] == [Vz’ Vl] = -V,

[\/3, V4] == [V4’ Vs] = _V4-

The adjoint representation of a Lie group on the Lie algebra is given as the Lie series
2
&
Ad(exp(gVi))Vj =V, —E[Vi, Vj] + > B/i, B/i, Vj]]_. -

where ¢ is a parameter and [Vi s ] is the commutator of the Lie algebra.

It follows that the adjoint representations of the vector fields for the BBMB equation is

Ad(ep(eV,)V, = V,, where i=1...,4

and

Ad(exp(sV,)V, = e°V,, Ad(exp(sV))V, = V,, Ad(ep(eV,)V, = V,,
Ad (exp (5 Ve ))Vl =V, -¢&V,, Ad (eXp (‘9 Vv, ))Vs =V, Ad (eXp (5 Ve ))V4 = Vi,
Ad (eXp (5 Vs ))Vl = Vi, Ad (eXp (3 Vs ))Vz = V,, Ad (eXp (g Vs ))V4 = e’ V,,

Ad (eXp (5 Vs ))Vl = Vi, Ad (eXp (5 Vv, ))Vz =V, Ad (eXp (5 Vv, ))Vs = V; —¢V,.

The classification of one-dimensional subalgebras of the whole symmetry algebra

4
(2.3.5) is done by an inductive approach [143]. If V = Zai V, is non zero vector

i=1
field, we will simplify as many of the coefficients a, as possible by acting it to various

adjoint transformations to obtain the subalgebra.
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The types of one-dimensional subalgebras of equation (2.1.2) are as follows

) (V, +aV,),

(i) (V, + V),

(i) (Vy),

(iv) (V,), (2.3.6)

where « and § are arbitrary constants.

2.3.1 Reduced Systems and Exact Solutions
In the following, some exact solutions for the reduced systems are studied for each

type of subalgebra. These solutions are obtained by solving the associated Lagrange
equations [26, 100, 132]

o _da_ar (2.3.7)

2.3.1.1 Subalgebra (V, + aV,)

The invariants associated with the symmetry operators, can be obtained by
integrating the characteristic equation (2.3.7). In this type, the form of invariant

solution and coefficient functions are as follows

Y(x,t)=x" F(&),

gﬁ}ﬂgkﬂglgiflﬂ,|mw=kykﬁﬂ§flﬂ andf(O:kseg), (2.3.8)

where &= is an invariant of the symmetry. Substitution of (2.3.8) into (2.1.2)

)

gives the following ODE

1 3

(—az +a)k3+ ag? kJF J{_zfz +(20‘2 +6a—-4ak, -2k, +4)‘f+2k1 &R
a+l a+3

+[(4k, +8a+20)|E*F"+ak, & 2 F2+2k,& 2 FF'+8&°F" =0. (2.3.9)

To solve equation (2.3.9), we consider two cases
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Case (i) =0, the reduced ODE (2.3.9) is as follows

3 3
~2¢° +4§—2k3§+2k1§2}F'+[20+4k3]§2F”+2k2§2 FF'+8£°F"=0.  (23.10)

Thus, by solving equation (2.3.10) and reverting back to the original variables, we

obtain the following group-invariant solutions of the BBMB equation (2.1.2) as follows

Solution 1:-
X 2 x2 )2
254 55k, + 25 = | +3k,2 - 25k, | *
Ritiatii ¢ ) ie €0)
Y(x,t)=—= .
x? 2
k.| =~
{a0)
3 (25 +10k, + kj)tanh(— c, +411+210k3j
o5 i (2.3.12)
25 N
| XL
()
1 1, Y
3 (25-+10k, + ksz)tanh(— c, +4+20k3)
25 Nz .
2 @

where k,,k,,k, and C, are arbitrary constant and e(t) is an arbitrary function of t.

A

Exact solution

Figure 2.1: The inverted two solitary solution (2.3.11) in form of 3D plot (left) and

contour plot (projection of some of its level curves, right) at differenttimet=0, 1, 2, 3,

4,5, 6 with k, =k, =k, =C, =1 and e(t) = sec®(t).
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Exact solution

Figure 2.2: The inverted three Solitary solution (2.3.11) in form of 3D plot (left) and
contour plot (projection of some of its level curves, right) at differenttime t =0, 1, 2, 3,
4,5, 6 with k, =k, =k, =C, =1 ande(t) = cos(t).

Solution 2:-

3 3

96 [g((:))z C,’ tanh(cl +C, (ex(:)jj 48((:((:)j2 C,’ tanh(Cl +C, [g‘(:)nz

Y(x,t)=C, — - ,
(xt)=C: - .

(2.3.12)

1
2 x? X2 X

X 2 2\? 2
cgk;(J +7+20C2——48(j C, ,
e(t) e(tl) e(t) e(t) k——20c, X 5
2

)

and k,,C,,C,, C, are arbitrary constants and e(t) be an arbitrary function of t.

where k, =—

Solution 3:-

3
2 2

48[8)(&)}2 C,? tanh(Cl +C, e’zt) JZ

Y(x,t)=C, - : (2.3.13)

ck(szz 32(X2J2c2 kT
%2l o)) T @] 2 et
- elt) e(t) el(t) ,k;=-5 and k,, C,,C, are

arbitrary constants; also e(t) is an arbitrary function of t.
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27\ \\

~

1
0.5
x  0p

Exact solution

0.5

WAV

Figure 2.3: The distribution of some singularities of the solution (2.3.13) in form of 3D

o

plot (left) and contour plot (projection of some of its level curves, right) at different

timet=0,1,2,3,4,5,6with C, =C, =C, =-1; k, =0.5 ande(t) = sec?(t).

S

Exact solution

0 1 2 3 4 5 6
t

Figure 2.4: The damped oscillatory kink wave solution (2.3.13) in form of 3D plot
(left) and contour plot (Projection of some of its level curves, right) at different time t =

0,1,2,3,4,5 6with C,=C, =C, =-1; k,=0.5 ande(t) = cos(t).

Case (i) a=1
The reduced ODE is as follows

1 3

i ?F | (12-6ky )¢ —28°+2K, &7 |F/+[28+4k, [&*F '+ ko F* +2k,¢°F '

+8&°F"=0. (2.3.14)

Solving this equation (2.3.14) and reverting back to the original variables, we obtain
the following group-invariant solutions of the BBMB equation (2.1.2) as follows
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Solution 1:-
2 2
L -3+ 25X(t) 204 tanh| C, —270) 147 tanh| C, —270j
Y(xt) = — & — = (2.3.15)
25 K, 25 X 25 X
Ky o Ko
elt) elt)

Exact solution

Figure 2.5: The two Solitary solution (2.3.15) in form of 3D plot (left) and contour plot
(projection of some of its level curves, right) at different time t =0, 1, 2, 3, 4, 5, 6 with

C, =1; k,=—0.5 and e(t) = sec?(t).

Exact solution

Figure 2.6: The three Solitary solution (2.3.15) in form of 3D plot (left) and contour
plot (projection of some of its level curves, right) at different timet=0, 1, 2, 3,4,5, 6

where C, =1; k,=—0.5 and e(t) = cos?(t).

Solution 2:-
2
147 147 tanh(cl_;oj 147 tanh[cl_;oj
Y(x,t)=-—5 - - - 5 , (2.3.16)
X 25 X 50 X
50 -« S s
e(t) e(t) e(t)
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A 2
where kl:147 e(t) ’k3:%% :13(15 k,=2 and C, is an arbitrary

constant and e(t) is an arbitrary function of t.

Solution 3:-
2
441 147 tanh(C 27oj 147 tanh(c _27oj
Y(x,t)=——F - 5 - S , (2.3.17)
X 25 X 50 X
50 —= —=
elt) elt) elt)
X2
a4 2sm+144 - 1w
where k, = ¢ . Ky :——X— ,k,=2 and C, is an arbitrary

544 e(t) 136’

constant and e(t) is an arbitrary function of t.

2.3.1.2 Subalgebra (v, + BV,)

To solve the equation (2.1.2) we consider the two cases under this type of

subalgebra.

Case (i) e(t) = constantand y = arbitrary

The symmetry in this case gives the group invariant solution and form of the

coefficient functions as follows
vlu0)-en] £ [hi)e (o).
g(t)=k exp(——j J = arbitrary and  f(t)=k, h(t),  (2.3.18)

where &= x——j dt is an invariant of the symmetry. Substitution of (2.3.18) into

(2.1.2) gives the ODE where ‘F’ satisfies
C,F+C,F -C,F +C,FF +C.F = 0, (2.3.19)
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where C, =kﬁ, c, :1—%, Cszek—ﬁ+k3, C, =k,, C, :ki, k, #0 and k,,k,, /3, e
1 1 1 1

are arbitrary constants.
The solutions of the main equation (2.1.2) corresponding to the solutions of equation
(2.3.19) are

Solution 1:-
Y(x,t)=C, tanh[c6 +C, [x = ki | h(t)dtD, (2.3.20)
1

where C,=0,C,=0,C, = —%Cg <,

,C,=0 and C,,C,,C,,C, are arbitrary

7
constants and h(t) is an arbitrary function of t.

Solution 2:-

1

Y(x,t)=C, +C, tanh(CG +C, (x—ki j h(t)dtD, (2.3.21)

where C,=0,C,=-C,C,, C, =—%C9 Cs

,C,=0and C,, C,,C,,C;,C, are

7
arbitrary constants and h(t) is an arbitrary function of t.

Solution 3:-

Y(x,t)=C, +C,4 tanh(Ce +C, [x = kil | h(t)dtn +Cyy tanh[Cﬁ +C, (x - kil | h(t)dtj J

(2.3.22)
where C,=0,C,=0,C,=0,C,=0,C, =0 and C,,C,,C{,C,,C,, are arbitrary
constants and h(t) is an arbitrary function of t.

Solution 4:-

Y(x,t)=C, +C,, tanh((:6 +C, (x —ki | h(t)dtD , (2.3.23)

2 1C,C
where C,=0,C,=-C,C, _§C4C10’ C, =0GC = _E%

7

and C,,C,,C,,C,

C,, are arbitrary constants and h(t) is an arbitrary function of t.
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Exact solution

Figure 2.7: Singularity at t = Oof solution (2.3.20) in form of 3D plot (left) and

L
2 3 4 5 6

contour plot (projection of some of its level curves, right) at differenttime t =0, 1, 2, 3,
4,5,6withC, =C, =C, =1; k,=—0.5 and h(t) = cosh(t).

Exact solution

Figure 2.8: The periodic solution (2.3.20) in form of 3D plot (left) and contour plot
(projection of some of its level curves, right) at different time t =0, 1, 2, 3, 4,5, 6

withC, =C, =C, =1; k, = —0.5and h(t) = sec?(t).

Solution 5:-

. (:{x—kl1 h(t)dtj
C,’tanh| —C, + —

10 C,

Y(x,t)=C, _5

25 C.C,
2 (2.3.24)
C{x—kl | h(t)dt]
C,’ tanh| - C, L !
10 C,
3
25 C,C, ’
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92 2 .
where C,=0,C,= L Z25C, G5 C, +3C, and C,, C,,C,,C,,C,, are arbitrary
25 C.

constants and h(t) is an arbitrary function of t.

Case (ii) e(t) = arbitraryand v = 0
Suitable invariants and form of the coefficient functions of this case for reduction are

as follows
Y(xt)=F(¢),
g(t)= arbitrary, h(t)= arbitrary and g(t)= arbitrary, (2.3.25)
where £ =t represents the invariant of the symmetry which reduce equation (2.1.2) to
F'=0. (2.3.26)

The obvious solution of equation (2.1.2), in this case, is Y = constant.

2.3.1.3 Subalgebra (V,)

Under this type to find the solutions of equation we consider the following cases

Case (i) e(t)= constant and w = arbitrary. In this case we derive the following

expression of Y

Y(x,t)zexp(k_ll Ih(t)dt]F(gf),

g(t)=k2h(t)exp(_kijh(t)dt],h(t)=arbmary and f(t)=k,h(t), (23.27)

1

where & = x and F must satisfy

C,F+F'+C,FF'-C,F" =0 (2.3.28)
where C, = ki C,=k,,C; = E—+k3, k, =0 and k,,k,, e are arbitrary constants.
1 1

The solution of the main equation (2.1.2) is given by

Y(x,t)= —Ci+c7 tanh(C, +C; x), (2.3.29)

2

where C, =0, C, :—%%, C,=0and C,, C,are arbitrary constants.

5
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Excat Solution

i i i L L
0 1 2 3 4 5 6
t

Figure 2.9: The kink wave solution (2.3.29) in form of 3D plot (left) and contour plot
(projection of some of its level curves, right) at different time t = 0, 1, 2, 3, 4,5, 6
withC, =C, =C, =C, =1.

Case (ii) e(t) = arbitraryand v = 0

This gives a constant solution.

2.3.1.4 Subalgebra (V,)

It leads to a constant solution.

2.4 Discussion and Concluding Remarks

We have performed Painlevé analysis to cheek the integrability of the nonlinear
variable coefficient BBMB equation. The Lie symmetry method is utilized to
investigate the symmetries and invariant solutions of the BBMB equations. The vector
fields of the optimal system lead to reduction of the nonlinear PDE to system of ODEs.
The infinitesimal generators in the optimal system are used for reductions and exact
solutions. By using these vector fields, we have found group-invariant solutions. In

almost all the cases, one can choose the arbitrary functione(t) or h(t) along with

various other arbitrary parameters, in a suitable manner, to simulate physical situations

with the help of figures (2.1-2.9) governed by the equation (2.1.2).
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Chapter 3

Coupled Short Pulse (CSP) Equation

with 1ts VVariable Coefficients Form

3.1 Introduction
The short pulse (SP) equation, which has the form

u (3.1.1)

Xt=u+%(u3)

XX

was derived by Schafer and Wayne [186, 198] as a model equation describing the
propagation of ultra-short light pulses in silica optical fibres. Here u=u(x, t)

represents the magnitude of the electric field, while the subscripts t and x denote
partial differentiations. The SP equation represents an alternative approach in contrast
with the slowly varying envelope approximation which leads to the nonlinear
Schrodinger (NLS) equation.

The form of coupled short pulse (CSP) equation [22] is

u,=u-+ % (u3)XX + %quxx
w,, = W—I—%(Ws)xx —I—%quXX. (3.1.2)

A part of this chapter has been published in Chinese Physics B 22 (2013) 050201 (7
pp.) and some part has been accepted in Nonlinear Dynamics DOI 10.1007/s11071-
014-1678-5.
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A CSP equation is proposed for the propagation of ultra-short pulses in optical fibers.
Based on two sets of bilinear equations to a two-dimensional Toda lattice linked by a
Backlund transformation, and an appropriate hodograph transformation, the CSP

equation is derived. In particular, system (3.1.2) can be written as

2 l 2 2
U, = U+ u(u )X +—(u +W)uXX
2

(3.1.3)

X"

W, = W+ W(WZ)X +%(u2 +W2)WX

If u=0o0r w=0 the system is reduced to the SP equation (3.1.1).

The system (3.1.3), with constant coefficients, has been proposed by Feng in [22] for
the propagation of ultra-short pulses in optical fibers. Based on two sets of bilinear
equations to a two-dimensional Toda lattice linked by a Backlund transformation, and
an appropriate hodograph transformation, the CSP equation is derived. The determinant
N-soliton solution of the CSP equation in the parameter form and the properties of the
one and two-soliton solutions were discussed in [22] in detail. The hamiltonian
integrability of two-Component SP equations was given in [73]. In this chapter, we

study the general form of the CSP equation
U, =a,u+ B u (uz)X + 51(u2 + WZ)UXX

W, :a2W+ﬂ2W(W2)X+52(U2 +W2)WXX, (3.1.4)

X

where «;, £, and &, i=1 2 are arbitrary constant coefficients. For more details on

both the mathematical theory and the physical significance of equation (3.1.4), we refer
the readers to [23, 64, 74]

With the consideration of inhomogeneous media and non-uniform boundaries, the
variable-coefficient PDEs can be used to describe some complex and realistic
phenomena [4]. Due to this, much attention has been paid on study of nonlinear
equations with variable coefficients [93, 94]. Motivated by the reasons above in this
chapter, we also study the variable coefficients version of the Coupled Short Pulse
(VCSP) equation [22]

Uy =yt u+ A1) u ), + 6,0 [0+ w)uy,,
W, = a, (t)w + B, () wW?), + 5,(t) (U +w?)w,,, (3.1.5)
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where «,(t), S,(t) and &,(t) i=1 2 are arbitrary time-dependent coefficients, for
exact and numerical solutions.

The study in this chapter has been structured as follows. In section 3.2, we study the
Lie symmetries of the equation (3.1.4), its Lie algebra, and also the corresponding
optimal system. In section 3.3, we present the reduced ODEs systems and exact
solutions. Section 3.4, devoted to the comparative study of travelling wave and
numerical solutions for CSP equation. In Section 3.5, we generate various symmetries
of the VCSP equation, the admissible forms of the coefficients that admit the classical
symmetry group and PDEs corresponding to each member of the optimal system of
subalgebras and it also contains the reductions of reduced PDEs to corresponding
ODEs along with their exact and numerical solutions. Some concluding remarks are

given in Section 3.6.

3.2. Coupled Short Pulse (CSP) Equation

In this section, the Lie symmetry analysis is performed for coupled Short Pulse
equation. On considering one point group transformations of point-like transformations
acting on the space of independent variables (x,t) and dependent variablesu, the
associated infinitesimal generator is obtained. We derive the infinitesimals that admit
the classical symmetry group. Five types arise depending on the nature of the Lie
symmetry generator. In all types, we find reductions in terms of system of ordinary
differential equations and exact solutions of the CSP equation are derived which are

compared with numerical solutions using classical fourth order RK4 scheme.

3.2.1. Lie Symmetric Analysis for CSP Equation

In this section, Lie’s method [178] of infinitesimal transformation groups is applied
on system of Einstein equations for perfect fluids. On considering a one point group
transformation of point-like transformations acting on the space of independent

variables (x, t) and dependent variables u and w, the associated infinitesimal generator

is given by
V = §(x,t,u,w)§ + r(x,t,u,w)g + ¢(x,t,u,w)§ + y/(x,t,u,w)aiw, (3.2.2)

Then, it is required that this transformation leave the set of solutions of system (3.1.4)
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invariant. This yields an over determined linear system of equations for the
infinitesimals &(x,t,u,w), #(x,t,u,w), z(x,t,u,w) and y(x,t,u,w).
The structure of the determining equations prompts the selection of the following

forms of infinitesimals

& = ax+c,

r = —at +b,

¢ = au,

v = aw, (3.2.3)

where a, b, and c are arbitrary constants.

The Lie algebra associated with system (3.1.4) consists of following three vector fields

0 0 0 0
Vi=X— -t—+U— +WwW—,
OX ot ou ow
0
V:_v
2ot
0
V., = —. 3.2.4
= (3:24)

The commutation relations between these vector fields are given in the Table 3.1.
Table 3.1

Commutation relations between vector fields

[V, v,] V, V, V,
V, 0 v, ~V,
v, Vv, 0 0
V, Vv, 0 0

To compute the adjoint representation, we use the Lie series.
2
Ad(exp(gVi))Vj =V, —g[Vi, Vj] + % B/i, B/i, Vj]]_. _—

wheree is a parameter, [Vi, Vj] is the commutator of the Lie algebra and

i, j =1, 2, 3. Then we have the Table 3.2.
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Table 3.2 Adjoint Representation Table

Ad V, v, V,
V, V, V,e ¢ V,e ¢
v, V,+ £V, v, V,
V, V- eV, v, V,

The classification of one-dimensional subalgebras of the whole symmetry algebra

3
(3.2.4) is done by an inductive approach [125]. If V = Zai V, is a non zero vector

i=1
field we will simplify as many of the coefficients a, as possible by acting it to various

adjoint transformations to obtain the subalgebra.
The types of one-dimensional subalgebras of system (3.1.4) are as follows.

i Vi,

(i) V, +V,,
(i) V, - V,,

(iv) V,,

V) V.. (3.2.5)

3.3 Reduced Systems and Exact Solutions

In the following section, some exact solutions for the reduced systems are studied for
each type of subalgebra. For this first we solve the associated Lagrange equations for
subalgebra (3.2.5) to obtain the group invariant solutions and then we obtained reduced
system of ODEs [13, 46, 63] which are further studied for the exact and numerical

solutions

dx _dt _du_dw (3.2.6)

3.3.1 Subalgebra v,

The symmetry in this type gives the invariant of the symmetry and group invariant

solution as
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z = xt
F(z)
u(x,t)= —
w(x,t) = G—Z). (3.3.1)

Using this similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.4) reduces to the following system of ODEs

F'z-a,F - BF (F)-5(F?+G*)F" =0
G"z-a,G- G (G -5,(F+G2)c" = 0. (3.3.2)
The solutions of system (3.1.4) are discussed under the following cases.

Case (i)

If &,=C,’s5,C,°+5,C,°C,*~z2C,%, a,=—C,’B,C," - 2C%, B, =

—~—— and f,, 6, are arbitrary constants. Then the solution of the system
C +C,

(3.3.2) is given by

B, C,
52:_ 22 4

F(z)=C,sin(C, + C,2) G(z)=C,sin(C, + C, z), (3.3.3)

where C,, C,, C, and C, are arbitrary constants.

Corresponding solution of the system (3.1.4) can be expressed as.

u(x,t)=C,sin(C, + C, xt) w(x,t) = C,sin(C, + C, xt), (3.3.4)

where C,, C,, C, and C, are arbitrary constants.

Case (ii)

When constants are under the restriction o, = —C,* ,C,* - ,C,°C,>—zC,’, a, =0,
o, =—p, and g, B,, d,are arbitrary constants then solution of system (3.1.2) is as

follows

F(z)=C,sin(C, + C, 2) G(z)=cC,, (3.3.5)

where C,, C,, C, and C, are arbitrary constants.

The solution of the main system (3.1.4) corresponding to the solution (3.3.5) is
u(x,t)=C,sin(C, + C, xt) w(x,t)=C,, (3.3.6)

where C,, C,, C; and C, are arbitrary constants.
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3.3.2 Subalgebra v, +V,

We derive the following expression of z, u and w by solving Lagrange equation

Z =X+t
u(x,t)= F(z)
w(xt)= G(z). (3.3.7)

Using the similarity variable and the forms of the similarity solution (3.3.7), the

system of PDEs (3.1.4) reduces to the following system of ODEs
F" + o, F + B,F (FP +6,(F2 +G?)F" =0

G" +a,G+ B,G (G +5,(F? +G?)G" = 0. (3.3.8)
The solutions of system (3.1.4) are as follows
Case (i)
If ¢,=C,’5,C,>+5,C,°C°+C}?, a,=-C,> B, C°+C}, B _=% (C122+ C42),

Cl

o, :—% and f,, o, are arbitrary constants. Then the solution of the system
(3.3.8) is
F(z)=C,sin(C, + C,2) G(z)=C,sin(C, + C, z), (3.3.9)
where C,, C,, C, and C, are arbitrary constants.
Corresponding solutions of the system (3.1.4) can be expressed as follows
u(x,t)=C,sin(C, + C, xt) w(x,t)=C,sin(C, + C,xt),  (3.3.10)

where C,, C,, C, and C, are arbitrary constants.
Case (ii)

When constants satisfy the following restriction o, = —C,’,C,” - ,C,>C,” + C,7,
a,=0, 6, =—p, and B, B,, o, are arbitrary constants then solution of the system
(3.3.8) is
F(z)=C, G(z)=C,sin(C, + C, z), (3.3.11)
where C,, C,, C, and C, are arbitrary constants.

Thus on using the back transformation we get the solution of the system (3.1.4) as
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u(xt)=_C, w(x,t) = C,sin(C, + C, xt), (3.3.12)

where C,, C,, C, and C, are arbitrary constants.

3.3.3 Subalgebra v, -V,

Suitable invariant of the symmetry and group invariant solution of this type for

reduction are as follows

Z=Xx—-1
u(x,t)= F(z)
w(xt)= G(z). (3.3.13)

Using the similarity variable and the forms of the similarity solution (3.3.13), the

system of PDEs (3.1.4) reduces to the following system of ODEs
F" —a,F - BF (F} -65,(F> +G*)F" = 0
G" —a,G-5,G(G) -5,(F? +G?)e" = 0. (3.3.14)
The solution of system (3.1.4) is as follows
If «,=-C;°p,C,°-C} &,=-p, then solution of the system (3.3.14)
corresponds to the arbitrary constants e, f,, f,, 6, 1S
F(z)=0 G(z)=C,sin(C, + C, z), (3.3.15)
where C,, C,, C, and C, are arbitrary constants.
Corresponding solution of the system (3.1.4) can be expressed as
u(x,t)=0 w(x,t) = C,sin(C, + C,(x—t)), (3.3.16)

where C,, C,, C, and C, are arbitrary constants.

3.3.4 Subalgebra v,and v,

Corresponding to these subalgebras we get only constant solutions of system (3.1.4).

3.4 Comparative Study of Travelling Wave and Numerical Solutions

for CSP Equation
In this section, we drive numerical solutions of the main system (3.1.4). For this
purpose the reduced systems of ODEs obtained in section, 3.3 are solved numerically.
Also in this section we compare the exact and numerical solutions of system (3.1.4).
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3.4.1 Classical Fourth Order Runge-Kutta (RK4) Method
The classical RK4 method applied to the nth order differential equation

y™ = f(t,y, VAR AN y(”‘l)), (3.4.1)
with initial conditions y(t,)=Y,, Y'(t,)=Ys V' ({t;)=VYer - ... Y "V (t,)=y,,
evaluates the function f(t, v, Y,y ... ,y(n ’1)) four times per step and can be derived

by transforming the problem to a system of first order differential equations. To solve
the reduced ODEs the RK4 method is given by the following equations.

Yoi1 = Yn +%(k1 + 2k, + 2k, + k4)1 t,., =t +h, (3.4.2)

where 'y, ., isthe RK4 approximation of y(tml) and

k=hflt,y) k= hf[tn+%h, yn+%k1],

k, = h f(tn +%h, Y, +%k2j, k,=hf(t,+h vy +ky) (343

3.4.2 Numerical Experiments

In this sub-section, the proposed scheme based on RK4 method applied on reduced
ODEs of the system (3.1.4) to show the efficiency and accuracy of the numerical
method. The exact solutions of these reduced ODEs are obtained in section 3.3 by using
Lie classical method. The software Dev C++, Matlab and Maple are used for whole

computational work. For each reduced ODEs absolute errorsE,, relative error E . and
percentage error E , are computed by the following formulas

Absolute Error E, =| u -0 |,

Relative Error E, :‘
u

u—U‘

u-u
u

Percentage Error E, = x 100,

where U and U denote the exact and numerical solution of the problem.
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3.4.3 Subalgebra v,

For the purpose of numerical solutions of the main system (3.1.4) we solve
numerically the reduced system of ODEs (3.3.2) under the following restrictions with
the help of RK4 method.

Example 1

For numerical solutions we start with initial values at z =15 and the initial

approximation by solution (3.3.3). If constants are under the restrictions g, = 6, = 0,
B,C.

a,=C,°6,C,°+4,C,°C,*~2C%, a,=-C,°B,C,° - 2C,°, &= 222,
C,” +C,

2 2
B, = 51((;1;(:4 ) and C, =15, C,=0,C, =
1

,C, =—1 then reduced ODEs

gl

system (3.3.2) for CSP equation transforms into the following system of first order

differential equation

dy1 dyz

— = , —=< = —-0.04vy,,

dz Y, dz Y1

dy, dy,

—2 = , —= = -0.04vy,, 34.4
4o U . Ys (3.4.4)

with initial conditions y, = 1.5sin (1), y, = 0.3cos (1), y,=—1sin(1), and y, =—0.2cos(1).

15 T T r o ? 4 ®

o—o———"" —— RK4
— RK4

1 -
— RK4

RK4

© Exact

-0.51~ i

-1 L
5 55

65 7 75 8 85 9
Similarity variable (z)

Figure 3.1: Comparison between exact and numerical solutions for the reduced ODEs
system (3.3.2) for CSP equation when we start with initial values at z=5 and the
initial approximation by equation (3.3.3) at h =0.1.

o 4
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Table - 3.3

Absolute error, relative error, and percentage error for example 1 of subalgebra V,

z

Absolute error E,

2.4513724383x10°
1.4983125851x10™**
1.7643597693x 10 *°
1.0003580186 %10~ *
3.7432299482 %10 °

2.0997092953 %10 *

7.3100553388x10 2
2.5900011302x10**
1.8625004316x 10
1.9830399822 %10 *°

1.6298074001x10™*

9.9880104187x10 **
1.1762302243x107°
6.6690508671x10 *°
2.4954870392x 10 °

1.4002687898 %10 **
4.8699932975x10™ 2
1.7269996197x10**
1.2416997985x10**
1.3220199934 %10 *°

Relative error E,

1.7534117579x10 *3
1.0136235531x10°**
1.1767416053x10*°
6.8481487721x10°*°
2.7444118486 %10 °

1.9315251013x10™*

1.4336212701x10° *3
2.9566706645x10 *°
2.7325165204 %10 *°
1.5884136784x10°

1.7486470521x10™ "

1.0135484454 x10
1.1767319792 %10 *°
6.8481461120x10°*°
2.7444122963x10°

1.9321634110x10*®
1.4326278639x10°
2.9572395087 x10~*°
2.7325887998x10 *°
1.5884056748x10"°

Percentage error E |

1.7534117579x10"**
1.0136235531 %10 °
1.1767416053x10°8
6.8481487721x10° 8
2.7444118486x10 '

1.9315251013x10™*

1.4336212701x10°
2.9566706645x10"®
2.7325165204 %108
1.5884136784x10 '

1.7486470521x10™

1.0135484454 10~ °
1.1767319792x10"®
6.8481461120x10°®
2.7444122963x10 '

1.9321634110x10™ "
1.4326278639x10"°
2.9572395087 x 108
2.7325887998x 10 ®
1.5884056748x10 '

y, 6
.
8
9
10
y, 6
.
8
9
10
Y3 6
-
8
9
10
Y4 6
.
8
9
10
Example 2

In this example to solve the system (3.3.2) numerically we start with initial values at

z =5 and the initial approximation by solutions (3.3.5).

If 0(1:—C42ﬂlC32—,81C32C12—ZC32, a,=0, 6,=-4, p=0 B,=1 5225

C,=C,=C,=1and C; =

1

— % then reduced ODEs system (3.3.2) for CSP equation

transforms into the following system of first order differential equation
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dy, dy,
dz Y2 dz Y
d d 2
f = Ya 5’24 - (23’4) -~ (3.4.5)
Z- 7(yl + Y )
2
with initial conditions y, = sin(0), y, =—0.2cos(0), y, =1, and y, = 0.
0 T T T T T T T T
— RK 4
0.1 A R oo
e oo ©-0-0-0-0-0-0-9 0-0-0-0-0-0-0-9 T RK4
-0.2 0-0-0-0-0-0-0-0-0-0 )
O  Exact
0.3 -
0.4 i
>
0.5 i
06 i
07+ i
0.8 i
0
09 5(5 é 6(5 ; 7T5 é 8(5 9(5 10

Similarity variable (z)

Figure 3.2: Comparison between exact and numerical solutions for the reduced ODEs

system (3.3.2) for CSP equation when we start with initial values at z=5 and the

initial approximation by equation (3.3.5) at h = 0.1.

Table 3.4

Absolute error, relative error, and percentage error for example 2 of subalgebra V,

z Absolute error E,

2.6006974351x10*

6

7  3.3590352721x10 *?
8 5.5817017674x10 **
9  4.0669900780x10*°
10  1.8716309613x10"°

Y1

3.2002178684x10

6

7 1.9509949211x10 *?
8  2.0566992553x10 ™
9  1.0410100559x10 *°
10  3.4276399774x10*°

Relative error E,

1.3090583356 x10™ **
8.6257756946x10™ *
9.8853735424 %10 **
5.6694159701x10™ *°
2.2242370742x10°°

16326533017 %10 *
1.0591019128 %10~ *
1.2459775261x10 *°
7.4709346269x10 °
3.1719649723x10 " °

Percentage error E

1.3090583356x10™**

8.6257756946 10 *°
0.8853735424 %10 °
5.6694159701 %10 ®
2.2242370742x10" "

1.6326533017x10™ "

1.0591019128 %10~ °
1.2459775261x10 8
7.4709346269%10®
3.1719649723x10 '
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3.4.4 Subalgebra v, +V,

Using the similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.4) reduces to the system (3.3.8) of ODEs. For numerical solutions of the
system (3.1.4) we solve the reduced ODEs (3.3.8) with the help of fourth order RK4

method under the two examples given below.
Example 1

In this example we start with initial values at z=5and the initial approximation by
equation (3.3.9). When «,=C,’s5,C,°+6,C,°C*+C,°, «,=—C,’3,C,%+C.%,

sleives) o pcs
)

hi= C, c2+c?’

B,=6,=0, C, =5 C,=0,C, =01 and

C, = —6 then system (3.3.8) for CSP equation becomes as

dy1 dyz

Ny 22— _0.01y,,

5 - ) o A

dy, dy,

sy 4 _ _0.01y., 3.4.6
™ Y, ™ Ys (3.4.6)

with initial conditions

y, =5sin(0.5), y,=0.5¢c0s(0.5), y,=—6sin(0.5) and y,=—0.6c0s(0.5).

- RK4
- RK4

— RK4

ol | ——Rk4

© Exact

_7 ) ) 75 ) 8 8.5 9 95 10
Similarity variable (z)

Figure 3.3: Comparison between exact and numerical solutions for the reduced ODESs
system (3.3.8) for CSP equation when we start with initial values at z =5 and the

initial approximation by equation (3.3.9) at h = 0.1.
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Table - 3.5

Absolute error, relative error, and percentage error for example 1 of subalgebra V, +V,

z

Absolute error E,

Relative error E,

Percentage error E

A 6 9.7699626167x10°*°*  3.4605836709x10 *°*  3.4605836709x10 **
7 5.0004445029%10°**  1.5524083246x10°**  1.5524083246x10° "
8 6.2598815020x10 2 1.7452647524x10°'*  1.7452647524x10 *°
9 3.8620218134x10° "  9.8605620871x10"'*  9.8605620871x10 *°
10 1.5941026276x10°*°  3.7888475216x10 "  3.7888475216x10°
Y, 6 0.9920072216x10° %  2.4213197737x10°*®  2.4213197737x10°*®
7 6.3005156647x10"*  1.6475335093x10°**  1.6475335093x10 "
8 6.7501559897x10°**  1.9377324487x10°**  1.9377324487x10°*°
9 3.5179636981x10"'*  1.1318878002x10" "  1.1318878002x10 °
10 1.2271017535x10° " 4.5422784253x10° 1  4.5422784253x10°°
Vs 6 0.7699626167x10°*°  2.8838197257x10°'°®  2.8838197257x10 *®
7 5.9996452250x10°*°  1.5521785425x10°**  1.5521785425x10~ 1
8 7.5193185011x10° %%  1.7469981311x10 **  1.7469981311x10 *°
9 4.6339820869x10" "  9.8596172087x10"'*  9.8596172087 x10*°
10 1.9130030892x10°1°  3.7890058477x10"*  3.7890058477 x10"°
y, 6 1.9984014443x10" " 4.0355329561x10"*°  4.0355329561x10 *°
7 7.5994766035%x10"**  1.6560010090x10°**  1.6560010090x10 ™
8 8.0896400689x10°**  1.9352093595x10° '  1.9352093595x10 *°
9 4.2230108299x10° %%  1.1322777533x10° "  1.1322777533x10°°
10 1.4724998997x10" "  4.5422099313x10"*  4.5422099313x10°
Example 2

Here to fulfill the purpose of numerical solutions we start with initial values at

z =5 and the initial approximation by equation (3.3.11).

When o, = 0, a,=-C°B,C,°- B,C,’C,+C,*, 6, = -5, B, =0, f=1,

%, C,=C,=C,=1and C, =0.1 then the system of ODEs (3.3.8) for CSP

equation can be expressed into the following system of first order differential equations

0, =
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dy, _ y dy, _ - i (y,)
21 - 1
dz dz - ;(ylz N y32)
dy, dy,
— =Yy, —=* = -0.01y,, 3.4.7
5 Ve & Ys (3.4.7)
with initial conditions y, = 1, y, = 0, y, =sin(L.5), and y, = 0.1 cos(L.5).
12 T T 1 T T 1 T T
—RK4
10-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0-0 O=0=0==-0=0-0=0m0=0-6m _ - R | =—RK4
N - - ¢ 0 Exact

0.8

0.6~
>
0.4

6 6.5 7

7.5 8 8.5

Similarity variable (z)

9.5 10

Figure 3.4 Comparison between exact and numerical solutions for the reduced ODEs

system (3.3.8) for CSP equation when we start with initial values at z=5 and the

initial approximation by Eq. (3.3.11) at h =0.1.

Table- 3.6
Absolute error, relative error, and percentage error for example 2 of subalgebra V, +V,

z

Ys 6
;
8
9
10

y, 6
.
8
9
10

Absolute error E,

2.9976021664x10"*°

1.5998313784x10 ™
1.8119949984 x 10~ *2
1.0095035918 x 10~ ™
3.7877034841x10™*

1.9949319973x 10~

1.6011497683x10*°
3.2602393007 x10™ **
2.6960378374x10
1.3569007029 %10 *2

Relative error E,

2.9988808801x10™ *°

1.6132783594x10 "3
1.8606555492 x 10~ *2
1.0667901281x10~ ™
4.1655275517 %10

6.8320706646x10™ *°

1.2426994083x10°**
1.4349512512 %10 *2
8.3393901745x10 2
3.2606296233x10™ "

Percentage error E |

2.9988808801x10™**

1.6132783594x10°*
1.8606555492 x 10 *°
1.0667901281 %10~ *
4.1655275517x10°

6.8320706646x10™*°

1.2426994083x10™*
1.4349512512x10~*
8.3393901745x10*°
3.2606296233x10°
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3.4.5 Subalgebra v, -V,

Using the similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.4) reduces to the system (3.3.14) of ODEs. For the numerical solutions of

CSP Equation we solve the system (3.3.14) under the restrictions given below.
Example

Herein, we start with initial values at z =5 and the initial approximation by equation

(3.3.15) to construct the numerical solutions of system (3.1.4). When ¢, =—f,,
a,=-C,p,C -Cland f,=0, a,=,=C,=C,=C,=16,= %then reduced

first order system of ODEs corresponding to the systems (3.3.14) for CSP equation is as

follows
dy, _ dy, v+ Y. (y,)
—_— 2, - )
dz dz ; ;(ylz 4 ysz)
dy, dy,
— ey 3.3.8
™ Y4 & Ys (3.3.8)

with initial conditions y, = 0, y, = 0, y, =sin(6), and y, = cos(6).

— RK4
= RK4

O Exact

_ [ [ [ & 2
5 55 6 6.5 7 7.5 8 8.5 9 9.5 10

Similarity variable (z)

Figure 3.5: Comparison between exact and numerical solutions for the reduced ODEs

system (3.3.14) for CSP equation when we start with initial values at z =5 and the

initial approximation by equation (3.3.15) at h = 0.1.
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Table- 3.7

Absolute error, relative error, and percentage error for example of subalgebra V, —V,

yA Absolute error E, Relative error E , Percentage error E

y, 6 1.3090309947x10°°?  1.9924774679x10°  1.9924774679x10’
7 1.6135250902 %10’ 1.6308805184 %10’ 1.6308805184 x10"°

8 1.5353387229x10 ° 3.7254789046x10°° 3.7254789046x10™ *

9 1.0498759309 %10 ° 1.9298440997x10~° 1.9298440997 %10~ *

10 2.8677316509%x10°°>  2.8677597361x10°°>  2.8677597361x10 ®

Y, 2.1546260331x10°° 2.8579647039x10°° 2.8579647039x10 '

6
7 3.1689822987x10°%  2.1779942009x10" " = 2.1779942009x10 °
8 1.1455247350x10°°  1.2572568193x10°°  1.2572568193x10 *
9 1.0913914822x10°°  1.3007132818x10°°  1.3007132818x10°°

10  3.1303523470x10°°  7.0731268953x10°°  7.0731268953x10*

3.5 Coupled Short Pulse Equation with Time Dependent Coefficients

In this section, using the Lie symmetry approach, we have examined herein the
variant Coupled Short Pulse (VCSP) equation (3.1.5). The method used reduces the
system of PDEs to a system of ODEs according to the Lie symmetry admitted. In
particular, we found the relevant system of ODEs is all optimal subgroups. The system
of ODEs is further solved in general to obtain exact and numerical solutions. Several

new physically important families of exact and numerical solutions are derived

3.5.1 Lie Symmetric Reduction, Exact and Numerical Solutions
The application of the classical Lie group method requires considering a one

parameter Lie group of infinitesimal transformations as follows
X" = x+&X(xtuw)+0(s?),

t" = t+eT(xtuw)+0(?),

c
I

U+ & U(xt,u,w)+0(s?),

w+ £ W (x,t,u,w)+ Olg?), (35.1)

=
I

with a small parametere. The vector field associated with the above group of

transformations can be written as
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Vo= X(x,t,u,w)%+T(x,t,u,w)§+U(x,t,u,w)%+W(x,t,u,w)aiw. (35.2)

The method for determining the symmetry group of (3.1.5) consists of finding the
infinitesimals X, T, U and W, which are functions of x, t, uand w. Assuming that
system (3.1.5) is invariant under the transformations (3.5.1). In other words, the
transformations are such that if u is a solution of equation (3.1.5), then u” is also a
solution. Herein, on invoking the invariance criterion as mentioned in [57], we obtain

the following relation from the coefficients of the first order of ¢:

U, -a,U-a, OTu-28,uuU, —(,Bl(t)U +ﬂ1'(t)uTjux2 _s bW +wi,,
—(251(t)uU 125,) WW +68, (U2T +51'(t)w2Tjuxx _0, (3.5.3)
W, —a, W —a, (t)WT — 23, (t) ww,W, — (,32 OW + 3, (t)wT)wX2 —5,®? +w?)

W, —[252(t)uu £25,(t) WW +5, ©UT +52'(t)w2T)wxx -0, (3.5.4)
where the prime () denotes the derivatives with respect to t and
U, U, U, W, W, W, are extended (prolonged) infinitesimals acting on an

xt? XX
enlarged space that includes all derivatives of the dependent variables
u,u

Uygyr Wy, W

xt?

LU O U and w,, (for more details, see [57, 102, 143]). The infinitesimals

are determined from invariance conditions (3.5.3) and (3.5.4) by setting the coefficients
of different differentials equal to zero. We obtain a large number of the following PDEs
inX, T, U and W that need to be satisfied:

() T,=0 T,=0, T,=0,
(i) X,=0, X,=0, X,=0,
(i) U,=0, U,=0, U=0 U,=0,
(iv) W,=0, W,=0, W,=0, W, =0,

V) —a®X+T)-a ®T =0,

(Vi) —28,OU, +BOX,-BOT.- 4 O T =0,
(Vi) —25,()U, +8,t) X, -5, T, -5, © T =0,
(viii) U, =W,,
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(%) -a®X,+T)-a OT=0,
) —28,OU, +B,EO X, -BOT, -5 T =0,
i) —26,()U, +5,O)X,~8,OT, -5, ©)T =0, (3.5.5)

The general solution of this large system (3.5.5) leads to the expressions for the
functions X (x,t,u,w), T (x,t,u,w), U (x,t,u,w) and W (x,t,u,w) of the form

—afa,(t)dt+ b
T al(t) ’

U = du, W = dw. (3.5.6)

X =ax+ c,

The functions «; (t), £, (t) and &, (t), i =1, 2 are connected by the relations

e ®T]= —aa ). SIAOTI- @-20)40)

dt

S10T]= (- 29)00), (357
where a, b, ¢ and d are arbitrary constants.
Hence, the Lie algebra of infinitesimal symmetries of the equations (3.1.5) is

spanned by the following four linearly independent vector fields

0 1 0 0 0
V, = vl al(t)-[al(t)dt o V, =u—+w_—,
1 0

V = DU
° alt) ot

v, (3.5.8)

In general, one may obtain the reduced system of ODEs from any linear combination

of vector fieldsV;, j =1, 2,3 4. Since there exist infinite possibilities for such

combinations, a systematic procedure to classify these reductions is based on the
property that the transformations of the symmetry group will transform solutions of
equations (3.1.5) into other solutions. Therefore, we classify the symmetry algebra of
system (3.1.5) into conjugacy inequivalent subalgebra under the adjoint action of the

symmetry group. We will work out first an optimal system and then embark upon the
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various reductions associated with generators in the optimal system [143]. The adjoint
action is given by the Lie series

Ad(ep(eV)V, = v, -V, v, + & G B/B/v]]— . (359

where B/i,vj] = V;V, =V,;V, is the commutator for the Lie algebra, ¢ is a

parameter and Ad denotes adjoint action.

The commutation relations of Lie algebra (3.5.8) are as follows:

Mo Vil = Vo, Vo] = Vs, Vi) = Vo, V] = 0

Mo Vo=V, V= Vo Vo= Vo, Vel = Ve, VL] = Vs, Vel = Ve, Vo= Va0 V)= 0,
Mo Vsl == Vs vi] = v

NV, V,]=-M, V] =-Vv,. (3.5.10)
Using these commutation relations, we can easily construct following adjoint table
from (3.5.9)

Ad(exp(eV,))V, = V,, where i=1234

and

Ad(exp(sV,)V, = V,, Ad(exp(sV,)V, = eV, Ad(exp(eV,)V, = e“V,,

Ad(ep(eV,)V, = V,, Ad(exp(eV,))V, = Vi, Ad(ep(eV,)V, = V,,

Ad(ep(eVy))V, = V, + &V, Ad(ep(eV,))V, = V,, Ad(exp(sV,))\V, = V,,

Ad(exp(eV,)V, = V, —&V,, Adep(eV,)V, = V,, Ad(exp(sV,)V, = V,.
(3.5.11)

The classification of one-dimensional subalgebras of the whole symmetry algebra
(3.5.8) is done by an inductive approach (for details see [102] and [143]). We begin by

considering a general element V =aV, +a,V, +a,V,+a,V, of symmetry algebra and

subject it to various adjoint transformations to simplify it as much as possible. The
types of one-dimensional subalgebras of system (3.1.5) are as follows:
(i) Vi +uV,,
(iLa) V,+A4AV,+V,,
(i_b) V, +AV, -V
(i) V, + yV,,
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(iv_a) V,+ V,,
(iv_b) V, -V,
V) Vs,
(vi) Vv,, (3.5.12)

where 4, A and y are arbitrary constants. Because the discrete symmetry

(x, t, u) = (=x, t, u) will map (ii_a), (iv_a) to (ii_b), (iv_b) respectively, and therefore,
in the optimal system, we confine ourselves to six essential vector fields of the optimal
system, while neglecting the other two (ii_b), (iv_b).

Once the subalgebra of the equation (3.1.5) have been determined, the symmetry
variables and similarity solutions for the associated reduction can be found by solving
the characteristic equation

dx dt du dw

X(xtuw) Ttuw) UKxtuw) Wxtuw) (3.5.13)

The general solution of these equations involves three constants; one becomes the
new independent variable z (similarity variable) and the others, say F (similarity
solution) and G (similarity solution), play the role of new dependent variables. On
substituting non-equivalent Lie ansatze (similarity variable, similarity solutions and

forms of the coefficient functions) for the function u(x, t) andw(x, t) in system (3.1.5),

one gets the reduced system of ordinary differential equations.

3.5.1.1 Subalgebra v, + uv,

In this subalgebra we obtain the following similarity variable and similarity solutions

for the reduction

z = xjal(t)dt,
u(xt)= ([e @)dt) “ F(2),
wixt)= ([a, @)dt) “ 6(2), (3.5.14)

and the coefficient functions are given by following relations
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A=K ([ @t f* o), 6,0)=-K([a@d] o),
0, 0)= Ky ®),  B0)=-K,([a @)t e 0)
5,(t)= K, ([ @)t [, (0). (3.5.15)

Using (3.5.14) and (3.5.15), the system of PDEs (3.1.5) reduces to the following
system of ODEs:

Cu+)F +F z-F+KF(Ff+K,(F2+G°)F =0,

(cu+1)G +G" z2+K,G+K,G(G) + K, (F? +G?)G" = 0. (35.16)
Thus, by solving equation (3.5.16) for =1 and reverting back to the original

variables, we obtain the group-invariant solutions of the equation (3.1.5) as follows

0 (1) (Ial Q) (Cl G+ C,(x [e (t)dt)],

VK, G,
— ([ ) [04 R (Cf:g b (t)dt))], (35.17)
where C,, C,, C,;, C,,K,, K,, K; and K, are arbitrary constants.
(i) u(xt)=C, ([eu t)ct) " sed —C, + \/% ,
X [ e, (t)dt
L (t)d -C, 35.18
w(x,t)= (Ia t) sec + \/—x (J'al(t)dt) ( )
where K1=4(X'[a—lz(t)dt), K,=K;= _z(fjal(t)?t), K,=-1,K, :Ll()(ja—lz(t)dt)
C, C,”+ C, C,
andC,, C,, C, are arbitrary constants.
(iii) u(xt)=C, ([ @)ctt) " sin(C, + C, (x [a, (t)ct)),
w(xt)=C, ([ @)dt)” sin(c, + C, (x [a, ¢)adt)) (35.19)
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c,’ t)dt +1 -C,’ t)dt )+1
where K, = : (X('[flc(:)z )+ , K, = CSZ((CE[?{ZJZ); , K, =K, Ky =
1 3 3 1 4

_ K4 C42
c’+c,”

K, =— (—x (Ial(t)dt )+ K,C,’ )C32 and C,, C,, C,, C, are arbitrary constants.

Figure 3.6: The periodic solution (3.5.19) in form of 3D plot withC, =C, =C, =1;
C,=-1and a(t) =sin(t).

3.5.1.2 Subalgebra v, + 2V, + v,

Under this subalgebra, the optimal system defines the similarity variable and

similarity solution as follows

z=2 x—jal(t)dt,

w(x,t) = exp(% [eu(t) dtjG (2). (3.5.20)
and the coefficient functions are given by following relations

5.0 =5 e ( =P (t)dtjal 0. a=" exp[_Tz [ (t)dtjal (t),

@ 0="2 a0, 2.0 v Zfaa)u )

A A
5,(t)= % exp ( _72"‘0{1 (t)dtjal (t). (3.5.21)
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Using the similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.5) reduces to the following system of ODEs

F-F -F-KAFFYf-KA(F2+G*)F =0,

16 -G K, 6 — K 426 (B — Ko 4? (7 +67)6" = 0. (3522
() ulxt)= exp[% [ (t)dt +§(ﬁx -[ al(t)dt)jx
(s 3o fo ) oo 33 - [ ) ),
w(x0)= o[ 2 a0t + o~ 0]
[c.sin 2 ax- [ ), o 2 x|

where 1 =K, # 0, K, =K, =K, =K, =0andC,, C,, C;, C, are arbitrary constants.

(3.5.23)

u(x,t)=C, exp(c2 +%Ial(t)dt+(%—%\/——3j(}t x—jal(t)dt)j :
w(xt)=C, exp(Cz Lo +(§—%J—_3J (1x- Ial(t)dt)j @524

where 1 =K, # 0, K, =K, =K, =K, =0andC,, C,, C, are arbitrary constants.

(i) Herein, we seek the solution of equation (3.5.22) in the following form

F(2) = a exp(mz)

G(z) =a,exp(mz) (3.5.25)
where a, and m are constants to be found out. On substitution of the form of F(z)
and G(z) in equation (3.5.22), and performing the algebraic calculations on the

relations obtained among various parameters, we get the corresponding solution of

equation (3.1.5) as follows:

u(x,t)= a exp(%jal (t) dt) (exp (m AX — mj a, (t) dt)),

w(x,t)= a, exp( jal j (exp (m/i X — mj a, (t) dt)). (3.5.26)
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2 2 2 2
+ /=
Ka(a +a,7) b ) K, =@-myam K= 5@ +a) 8 ) o138

where K, =—
a, & 2

and K,, K;, a;, a,, 4 are arbitrary constants.

1000

500

-500

-1000 ,
10

t -0 -10 t -10 -10 X
Figure 3.7: The periodic solution (3.5.23) in form of 3D plot with C, =C, =1,
C,=C,=-1ande,(t) = cos(t).

3.5.1.3 Subalgebra v, +y v,

For this subalgebra, on solving the equations (3.5.7) and (3.5.13) we obtain the
following similarity variable and similarity solution for the reduction

Z = X,

u(xt)= exp[%.[al (t) dtj F(z),

W(xt)= exp(l [, () dtj 5() (35.27)
v
and the coefficient functions are given by following relations

A= exp[_Tz [a (t)dtJal @), 5.(t)= K7 xp ( ‘72 e (t)dtjal (0,

4

0= a0, 50" o0 2Ja0a )

5, (t)= Ks o ( _—zjal (t)dt | (t). (3.5.28)
Ve Ve

81



Chapter 3 Coupled Short Pulse (CSP) Equation

Using the similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.5) reduces to the following system of ODEs

F-yF-KF(Ff-K,(F?+G*)F =0,
G -K,G-K,G(G) -K,(F?+G?)c" = 0. (3.5.29)
Now with respect to the ODEs (3.5.29), we are unable to obtain the nontrivial exact
solutions for the VCSP equation so under this subalgebra we present the numerical
solutions of main system (3.1.5) by solving reduced ODEs (3.5.29) with the help of

classical RK4 method. For numerical solution we pose the following initial value
problem (I\VVP) for the ODEs (3.5.29) after reducing it first order ODEs.

@, dys _ Yo=Y 2K v (y,)
z % dz K, 02+ v52)
dy dy,  Yi—Ks Y- 2K, y,(v,)
s oo YamRe Y= 2RV le) - (3530)
dz dz Ks (v + ¥5°)
with y, ) =001, y,)=0, y,()=39 and y, 1) =0. (3.5.31)

The numerical solution to the IVP (3.5.30)—(3.5.31) are depicted below

03 T T 13 15 F 1.5 F
— 1 [

0.2 1k —_ -
: - v
S £
3 01f 2 05-
3 &
2 2 \
g O g O
E E
? 01l N o5k

'02 £ T r c t -1 £ r r

0 20 40 60 80 100 0 50 100 150
Similarity Variable (z) Similarity Variable (z)

Figure 3.8: Numerical solutions for the reduced IVP (3.5.30-3.5.31) for VCSP
equation wheny =K, =K, =K, =K, =1 andK, =0, with initial value z=1 at

h=0.01as z— 100 andz — 150.
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60 . : - - 60 :
—y3
40 | . , 40F — V4
S 20- 2 20
3 A
> 2
8 O — - 5 0
£ £
” )
20 - | 20+
20 v3
y4
-40 : : : : -40 : :
0 20 40 60 80 100 0 50 100 150
Similarity Variable (z) Similarity Variable (z)

Figure 3.9: Numerical solutions for the reduced IVP (3.5.30-3.5.31) for VCSP
equation wheny = K, = K, =K, =K, =K, =1, with initial value z=1 at h =0.01

as z - 100 and z — 150.

3.5.1.4 Subalgebra v, + v,
For this subalgebra, on solving the equation (3.5.7) and (3.5.13) we obtain
Z= X-— Ial(t)dt,
u(x,t)= F(z),
w(xt)= G(z), (3.5.32)
and the coefficient functions are given by following relations
A=K, a(t), 8,)=K, ar(t), a,t)=K; a,(t),
B, t)=K, (), 5,(t)=K, o (1). (3.5.33)
Using the similarity variable and the forms of the similarity solution, the system of
PDEs (3.1.5) reduces to the following system of ODEs

F +F+KF(Ff+K,(F2+G°)F =0,
G +K,G+K,G(G) +Ks(F>+G?)G" = 0. (3.5.34)

Solving this equation (3.5.34) and using the back transformation we get the solutions

of the main system (3.1.5) as
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C, +C,(x— [ (t)ct)

(i) u(x,t)=C, - e, ,
wlx)m G - J-K. K, (c, ; c(:; (x - [, (t)ct) | 5535

where C,, C,, C;, C,,K,, K,, K, and K, are arbitrary constants.

(ii) u(x,t)=C, sec(i C, + x—jal(t)dt),
w(xt)=C, sec(+C, + x— [ a,(t)dt) (3.5.36)
4 2

Where Klzc—lz, K2=K5=—m, K3 =1, andK4:C—32,

andC,, C,, C, are arbitrary constants.

TR
RO R
R

Figure 3.10: The periodic solution (3.5.35) in form of 3D plot withC, =C, =C, =1,
C,=0, K,=K, =1, K,=-1and e(t) = cos(t).

3.5.1.5 Subalgebra v,
Following the same way as above, we get
¢ = X,
u(xt)= F($),
w(xt) = G(&). (3.5.37)

and the coefficient functions are given by following relations
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At)=K, a(t), 6,()=K, ar(t) & (t)=K, o (),

B, t)=K, e (t), 5,(t)=K, o (1). (3.5.38)
Substituting (3.5.37) into equation (3.1.5), we have the functions F(&)and G(&) which
must satisfy the following ODE:

F+KF(F)+K,(F2+G*)F =0,
KsG+K,G (G +K,(F2 +G?)G" = 0. (3.5.39)
As one can see from equation (3.5.37) that u(x, t)and w(x, t) both degenerate into

functions of variable x alone, which may not really correspond to a physically

interesting case, we, therefore, prefer not to study the reduced system (3.5.39) further.

3.5.1.6 Subalgebra v,

The reduced ODEs, in this case are
F'=0 G =0. (3.5.40)
The obvious solution of (1.4) is as follows

u(x, t) = constant,  w(x, t) = constant. (3.5.41)

3.6 Discussion and Concluding Remarks

In this chapter, we have investigated the symmetries, exact and numerical solutions of
CSP and VCSP equation. Firstly, The Lie symmetry method is utilized to investigate
the symmetries and invariant solutions of the CSP equations. By determining the
transformation group under which a given system is invariant, we obtained information
about the invariants and symmetries of that equation. This information, in turn, was
used to determine similarity variables that reduced the number of independent
variables. The vector fields of the optimal system lead to reduction of the nonlinear
system of PDEs to ODEs. The infinitesimal generators in the optimal system are used
for reductions and exact solutions. By using these vector fields, we have found group-
invariant solutions. Here, we found new exact solutions which are compared with
numerical solutions using classical RK4 scheme. The numerical solutions are presented
in Tables 3.3-3.7and Figures 3.1-3.5. From these results, we found that the numerical
solution is in a good agreement with the analytical solution. The results reported here
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provide further evidence of the usefulness of RK4 method of fourth order for solving
nonlinear system of PDEs.

In this chapter, we have also studied the CSP equation with time dependent variable
coefficients using the Lie symmetry group method. The Lie symmetry classification
with respect to the special form of the time dependent variable coefficients equation
was presented. We used this classification of optimal system of one-dimensional
subalgebras of the Lie symmetry algebras to construct symmetry reductions and exact
group-invariant solutions with physical behavior given in Figure 3.6 and Figure 3.7 for
the subalgebra 3.5.1.1 and 3.5.1.2 Then under the subalgebra 3.5.1.3 initial value
problems are posed to (3.5.21) and the numerical solutions are shown to decay for a
fairly finite value of z in the Figure 3.8 and Figure 3.9. Further, for subalgebra 3.5.1.4
some exact solutions with physical behavior given in Figure 3.10 to the equation (3.1.5)

are also obtained.

86



Chapter 4

(2+1)-Dimensional Diffusion-Advection

Equation with Variable Coefficients

4.1 Introduction

The continuum problem of the driven diffusive flow of particles past an impenetrable
strip of length L which is parallel to the y-axis ; the strip is centered on the origin and
normal to the incident flow which taking the direction parallel to the x-axis from left to
right ( as shown in Figure 4.1). The flux of particles in the fluid is composed of row

tends: a linear diffusive term —Du, perpendicular to the nonlinear drift tends
vLk(u), where u(x, y, t)is the particle concentration, D is the diffusion coefficient, v
is the drift velocity, k(u) is a nonlinear function of the particle concentration. We

further impose that there can be no flux through the strip. The velocity v may result
from the motion of the fluid (advection), or from gravitational field acting on the
particles (drift). Conservations of particles implies that the divergence of the flux

equals to —u, . Therefore, when D and v are constants, u(x, Yy, t) satisfies the following

nonlinear diffusion-advection (DA) equation in (2+1) dimensions

A part of this chapter has been published in Chinese Physics B 22 (2013) 050201
(7 pp.)

87



Chapter 4 Diffusion-Advection (DA) Equation

Y
L J

Figure 4.1: An obstacle of length L parallel to the y-axis, centred on the origin and
oriented perpendicular to the drift. The direction of the drift is parallel to the x-axis

from left to right.

u = Du,, — [K(u)] (4.1.1)

where K(u) =vLKk(u). A number of many special cases of this class of equations have
been used to model successfully problems in mathematical physics, chemistry and
biology. In fact, Alexander and Lebowitz [48] investigated when K (u)=u(l-u)
equation (4.1.1) represents the flow of particles in a lattice fluid past an impenetrable
obstacle [48, 49], where u(x, y,t) is the particle concentration moving by diffusion
and advection or drift, Dand v are constants that they represent the diffusion
coefficient and the drift velocity, respectively.

In [41, 175], the classical Lie group method was used for studying another model of
the driven diffusive flow whose behavior is quite similar to that of a rod in a lattice
fluid given in [48, 49]. Following [41, 43, 175] and using the classical symmetry
reduction technique, RK4 and extended (G'/G)-expansion methods, in this chapter we

study the variable-coefficient version of the DA equation
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u =atu,, - AO[KGL, (4.1.2)
where K (u) is an arbitrary functions of u and «(t), A(t) are arbitrary functions of t,

which arises in modeling of various physical phenomena, is studied by Lie symmetry
approach. The similarity reductions are derived by determining the complete sets of
point symmetries of this equation and then exact and numerical solutions are reported

for the reduced second order nonlinear ODEs. Further, an extended (G' /G)-expansion

method is applied to DA equation (4.1.2) for constructing some new non-traveling
wave solutions.

The outline of this chapter is as follows, In section 4.2, the classical Lie method is
utilized to obtain the optimal system of sub-algebras for equation (4.1.2). In sub-section

4.2.1, we derive some explicit exact and numerical solutions of the nonlinear equation
(4.1.2). In section 4.3, we apply extended (G' /G)-expansion method to DA equation

for constructing some new non-traveling wave solutions. In the last section, some

conclusions are drawn.

4.2 Symmetry Analysis for DA Equation

Firstly, let us consider a one-parameter Lie group of infinitesimal transformation

X" = x+&X(x vt u)+0(?),
t" = t+eT(x y,t,u) +0(?),

y =y +eY(x y,t,u)+ O(gz),

u" = u+ sU(x, y,t,u)+ O(gz), (4.2.1)
with a small parameter ¢. The vector field associated with the above group of

transformations can be written as

(4.2.2)

V= X(x vt u)§+T(x, v, t, u)§+Y(x, y, t, u)%+u(x, v, t, u)a%

The condition that the above-mentioned transformation (4.2.1) leaves invariant the
equation (4.1.2) under consideration yields an overdetermined system of linear
equations for the infinitesimals X (x,y,t,u), T(x,y,t,u), Y(x,y,t,u)and U (x,y,t,u).

The infinitesimals for the different form of K (u) are given in the Table 4.1.
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Table 4.1
The Infinitesimals corresponding to different form of K (u)
K(u) X Y T U
2k, | a(t)dt+k
u™, m=0,1 2 K, X+ K, K,y +Ks 4'[ ((t)) ° k,u
(94
2k, |a(t)dt+k
em K, X+ K, K, y +k 41013 ° K,
2k, | (t)dt+k
log(u) K, X+ K, K,y +Ks 4'[ a((t)) ° k,u

The relations between «(t) and A(t) for the different form of K (u) are given in the
Table 4.2

Table 4.2
Relation between « (t) and 4(t)

K (u) Relation between « (t) and A(t)
u™, m=0,1,2 2k, Taaqu 1)k, @+ﬁ®T_o
e 2&—Tgi9+mkf49+£dQT:0
alt A(t)
o) B
log(u) 2k, Tao K, @+ﬂ®T_O

The Lie algebra of infinitesimal symmetries of equations (4.1.2) when K(u)=u",

m=0,1 2 and Iog(u) is spanned by the following six linearly independent

infinitesimal generators
0

V, =u—,

! u

V, = xg,

OX
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v- o
OX
v- 2,
oy
_ 1 0
Vs = a0
_y9 . 2 9o
V, = v a(t)ja(t)dt = (4.2.3)

Itis easy to verify that V; j=1, 2, 3, 4, 5, 6 is closed under the Lie bracket.

However, if the two lie algebras are similar, i.e. they are connected to each other by a
transformation from the symmetry group, then their corresponding invariant solutions
are connected to each other by the same transformation. Therefore, it is sufficient to put
all similar subalgebras into one class and select a representative from each class. The
set of all these representatives is called an optimal system [143].

For brevity we omit the details and just state the result that an optimal system of one-
dimensional subalgebras of equation (4.1.2) is as follows

Q) (V, + AV, + uVy),

iy (V,+ pVq),

(i) (V4 + oVy),

(iv) (Vi)

V) (Vs),

(vi) (V). (4.2.4)

where A, u, p and o are arbitrary constants. Once the subalgebra of the equation
(4.1.2) have been determined, the symmetry variables for the associated reduction can
be found by solving the characteristic equation
dx _ dy _ dt _ du . (4.2.5)
X(x,y,t,u)  Y(xytu) T(xytu) U(xytu)

In Table 4.3, we have listed the Lie ansatze for all the essential fields comprising the

optimal system and forms of the coefficient functions of equation (4.1.2) are listed in
Table 4.4
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Table 4.3
Similarity variables, Similarity functions, and the Coefficient functions of DA equation

when K (u)=u™ for m=0,1,2 and K (u)=log(u)

Essential Similarity Similarity
vector fields variables(f, g) solution (u)

-1

(Vy + AV, + uV,) X (Ia(t)dt)z", y (Ia(t)dt)

1

(Ja)dt ) H(F, g)

|
N‘»—‘

-1 -1

(V, + pVs) x([a)dt)”, y([a)d)? H(f, g)
(Vo + o V) X(Ia(t)dt);, y(ja(t)dt)_; H(f, g)
(V,) X, y(_[a(t)dt)_zl H(f, g)

Table 4.4

Form of the Coefficient functions of DA equation for different form of K (u)

Essential Form of coefficient function Form of coefficient function
vector fields when K (u)=u™ for m=0,1,2 when K (u)=log(u)
A-(m-1)-2u A+1-2u
(V+ AV, + uVy)  k([aldt) ) k([a@)dt) > al)
(V, + pV,) k (Ia(t)dt)zlpla(t) K (Ia(t)dt)zlpla(t)
(V, + o V,) k([ert)dt) () k ([e)dt) ()
(V) k([at)dt)* alt) k([at)dt)* alt)

4.2.1 Similarity Reductions, Exact and Numerical Solutions when
K(u) = log(u)
Now, we deal with the symmetry reductions and exact solutions to equation (4.1.2).

We will consider the similarity reductions and group-invariant solutions. From an

optimal system of group-invariant solutions to equation (4.1.2), every other such
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solution to the equation can be derived. Using the ansatze mentioned in Table 4.3, for

the form of K (u) = log(u) we can reduce the nonlinear equation (4.1.2) to ODE.

4.2.1.1 Subalgebra (V, + AV, + u V)

Substituting the forms of the similarity solution and the coefficient functions

corresponding to this vector field, equation (4.1.2) yields the following PDE

H-AfH,—ugH, —2uH,, +2ukH 'H, = 0. (4.2.6)

g9

To reduce the PDE, let us assume transformation of the form

H(f, g)=f " J(2) z=g, 4.2.7)
which reduces equation (4.2.6) to the ODE of the form
@+A)d—puzd —-2ud" -2uk=0. (4.2.8)

Solving this equation (4.2.8) and reverting back to the original variables, we obtain

the following group-invariant solutions of the DA equation (4.1.2)

ulx, v, 1) = (0 (Jer ) 12+;exp( (P jx

KummerM %w g Ly (ja(t)dt)_ljy(ja(t)dt )%1 C,

1+ A
- () ([a)at) o exp(—yz ([a )t )1}
1 2u+1+1 3 1 -1 1 2 uk
KummerU (E ﬂT > Zyz (J'a(t)dt) jy (Ia(t)dt )2 CZ+1fi’
(4.2.9)
where A, u, k, C, and C, are arbitrary constants.
4.2.1.2 Subalgebra (v, + pV;)
For the case under consideration, the reduced PDE is as follows
fo+ngg+2pHgg—2pkH_1Hf=O. (4.2.10)
Perform the transformation as follows
H(f,g)="f" J(z), z=g, (4.2.11)
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Substituting (4.2.11) into equation (4.2.10) one obtains an ODE of the form
J—pz23-2pJ'-2pk = 0. (4.2.12)

Now with respect to the ODEs (4.2.12) we are unable to obtain the nontrivial exact
solutions for the DA equation so under this subalgebra we present the numerical
solutions of main equation (4.1.2) by solving reduced ODEs (4.2.12) with the help of

Classical RK4 method. For numerical solutions we start with initial values at z = 0. If
constants are under the restrictions =100, k =0.5. We pose the following initial

value problem (I\VP) for the ODE (4.2.12) after reducing it first order ODEs.

dF (z) _

= G(z), (4.2.13)
dG(z) F(z)_z ~

@ - 2, 2G(z) k, (4.2.14)
F(0) =100, G (0) = —1.019607920x10°°. (4.2.15)

The numerical solutions to the IVP (4.2.13)—(4.2.15) are depicted below

6
x 10
15
10000000025 -
T 100.00000020 - = 1
L 0
= 100.00000015 | > 05
o] 5] .
£ 100.00000010 s
& 10000000005 2 0
%’ 100.0 >
T 99.09909995 g 05
B 99.99999989 - E
n -1
99.99999985 -
99.99999980 : : , : 15 : : r r
0 5 10 15 2 % 0 5 10 15 20 75

Similarity variable (Z) Slmllarlty variable (Z)

Figure 4.2: Numerical solutions of the reduced I\VP (4.2.13-4.2.15) for DA equation at
h=00las z—>25
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E z
M 99.99999979 & Ak
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Figure 4.3: Numerical solutions of the reduced I\VVP (4.2.13-4.2.15) for DA equation at
h=0.1as z— 50.

4.2.1.3 Subalgebra (v, + o V;)

For this vector field, equation (4.1.2) is transformed into the following second order

nonlinear PDE

Hi+ogH,+20H,,-20ckH 'H, = 0. (4.2.16)

We further transform (4.2.16) via H(f, g)= J(z), z= g to ODE

zJ'+2J" = 0. (4.2.17)

Then the solution of the above ODE leads to the following trivial group-invariant

solution of the equation (4.1.2)
1 -1
u(x,y,t)=C, + erf (E y (Ia(t)dt )2 ] C,, (4.2.18)
where C, and C, are arbitrary constants.

4.2.1.4 Subalgebra (Vv,),(V;)and(V,)

Under these subalgebras, we obtain the solutions which may not really correspond to

a physically interesting case. Thus, we omit the details here.
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4.3 Application of Extended (G'/G)-Expansion Method to DA Equation

when K (u) = u(1 — u) then the equation (4.1.2) can be written as

u, = alt)u,, —At)u@-u),. (4.3.1)
In this section, we will apply the extended (G'/G)-expansion method to DA

equation (4.1) as a result, some non-traveling wave solutions with parameters are

obtained.
The solution of equation (4.3.1) can be expressed by a polynomial in (G'/G)as

follows

U=3a, + 2"’% {ET(;)} , (43.2)
where a, (i=1 2,..., m) are arbitrary functions of variable x, y, t to be determined,
and G (@) satisfies the following equation

G"(6)+ 1 G'(0)+uG(#)=0, (4.3.3)
where @(x, vy, t)="f (x,t)+g(y) and f(xt), g(y) are arbitrary functions of the

indicated variables.

By balancing the highest order nonlinear term and the highest order partial derivative

term of u in equation (4.3.1), we obtainm = 1. In order to search for explicit solutions,

we suppose that equation (4.3.1) has the following formal solution

!

u=a, +a, (%) a, #0. (4.3.4)

Substituting equation (4.3.4) into equation (4.3.1) and using equation (4.3.3),
collecting all terms with the same order of together, the left-hand side of equation

!

i
(4.3.1) is converted into polynomial in (%) : (j =0,1 2, 3). Setting each coefficient

of this polynomial to zero, we derive a set of overdetermined differential equations for

a,and a, .

(&) -2alat)r2 s -0, 439
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(%) ~g'Bra g -2(a,), |a(t)-a T, BH)+228(1)a’ f,+28(t)a a,f,
+a1g”a(t)= 0, (4.3.6)
(%j (a) 22, f—g' [ +2u)a g'-24(a), e (t)+[(a), - 22, 1,]B()
_zal[(ao)x_:ual fx]ﬁ(t _Zao[al x_/lalfx]ﬁ t _[al)yy — g g”]a(t)zo
(4.3.7)
(G_'jo (a,), —ua, f +g’[ﬂ, a,-2u(a) ]a(t)+[(a) —ua, 1,]A(t)
G| ol THA T Hay —cpu\a, ), oJx “HA T (4.3.8)
-2, [(a,), - w2, £,180)-[(@0),, - w2 ") ®) =0
Solving this set of equations, we have obtained the following results
_fr20) )+ £, 0-50"a®) , _aOE) (Lo g

* 2501, O TR

Substituting the general solutions of equation (4.3.3) into equation (4.3.4) and using
equations (4.3.5-4.3.9), we have three types of exact solutions of equation (4.3.1) as

follows

Type 1. When 2> —4 u >0 we have

G'(6) _ N A,sinh A, (f +g)+ A, coshA, (f +g), (4.3.10)

G() 2 ' AjcoshA,(f+g)+A,sinhA,(f+g)

A —4u
2

We can obtain the non-traveling wave solutions with hyperbolic functions for the DA

where A, = and A,, A, are arbitrary constants.

equation (4.3.1) in the form

ft + fx ﬂ(t)—Sg"(){ (t)
28(t)f,

2 i
. a(t)(g’) A, A, sinh A, (f +9)+ A, C(_)Sh Ay (F + g), (4.3.15)
B)f, A, cosh A, (f+g)+A,sinhA, (f+9g)

u(x, y, t)=
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where the arbitrary function f (x, t) satisfies the conditions (i) f, = 0; (ii) f, exists

and g(y) satisfies (i) g’ = 0; (i) g’ exists; (iii) g" exists.

(a) (b)

Figure 4.4: (a) The soliton-like solution given by equation (4.3.11) with the
settings 1=3, =1, f(x,t)= sin(x)+t, g(y)=exp(y), x(t) = £ (t)=cos(t) and x, y[-2,2]
at t = 0 (b) The projection of (a) on xoy plane.

Type 2. When 4> —4 u < 0 we have

G'(0) _ —iﬂ\z —A,sinA,(f+g)+ A, ?osA2 (f + g)’ (4.3.12)
G(9) 2 A, cosA, (f+g)+A,sinA,(f+g)
12
where A, =u and A,, A, are arbitrary constants.

We can obtain the non-traveling wave solutions with trigonometric functions for the

DA equation (4.1) in the form

_f+ £, B)-59"2(t)

)= s
a(t)(g')’ R ~A,sinA,(f+g)+ A, cosA, (f +9) 0313
Bt)f, 2 A cosA, (f+g)+A,sinA,(f+g) 3.
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where the arbitrary function f (x, t) satisfies the conditions (i) f, = 0; (ii) f, exists

and g(y) satisfies (i) g' = 0; (i) g' exists; (i) g" exists.

(a) (b)

1

Figure 4.5: (a) The soliton-like solution given by equation (4.3.13) with the
settings A== 2, f(x, t)=sin(x)+t, g(y)=exp (y), (t)= £(t)=cos(t) andx,ye[-1, 1]
at t = 0 (b) The projection of (a) on xoy plane.

Type 3. When 4> —4 u = 0 we have

G'(e) 4 A,

GO) 2 A +A,(f+g)

(4.3.14)

where A,, A, are arbitrary constants.
We can obtain the non-traveling wave solutions with rational functions for the DA

equation (4.3.1) in the form

haf,p0)-50%l) (ab@f ) A,
ey, ) = g 2 ( 05 JAﬁAz(ng)' (4315)

where the arbitrary function f (x, t) satisfies the conditions (i) f, = 0; (ii) f, exists

and g(y) satisfies (i) g’ = 0; (ii) g’ exists; (iii) g" exists.
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(@) (b)
1
\H
05
5 - 0
05
05 0 05 1

X
Figure 4.6: (a) The soliton-like solution given by equation (4.3.15) with the settings
f(x t)=sin(x) +t, g(y)=exp (y), a(t)= B(t)=cos(t) and x, ye[-1 1] at t= 0 (b)

The projection of (a) on xoy plane.

4.4 Discussion and Concluding Remarks

The Lie symmetry method is utilized to investigate the symmetries and invariant
solutions of the DA equations. By determining the transformation group under which a
given system is invariant, we obtained information about the invariants and symmetries
of that equation. This information, in turn, was used to determine similarity variables
that reduced the number of independent variables. The vector fields of the optimal
system lead to reduction of the nonlinear PDEs to ODEs. The infinitesimal generators
in the optimal system are used for reductions and exact solution. By using these vector
fields, we have found group-invariant solution under the subalgebra 4.2.1.1 Then under
the subalgebra 4.2.1.2 IVVP are posed to (4.2.12) and the numerical solutions are shown
with the help of Figures (4.2, 4.3) to decay for a fairly finite value of z. Further, we
successfully obtained non-traveling solutions with arbitrary parameters to DA equation

(4.3.1) via extended (G’/G)-expansion method and in all the cases, we choose the
arbitrary function f(x, t) or g(y) along with various other arbitrary parameters, in a

suitable manner, to simulate physical behavior of the solutions with the help of Figures
(4.4-4.6). Thus, we found some new exact, numerical and non-traveling wave solutions
that might prove to be potentially useful for applications in mathematical physics and
applied mathematics.
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Chapter 5

Variable Coefficients Coupled KdV-

Burgers’ Equation

5.1 Introduction

One of the famous nonlinear PDE is Korteweg-de-Vries-Burgers’ equation [31]

u,+uu,+au,, + pu,,, =0, (5.1.1)

where o, f are dissipation and dispersion coefficients respectively. The equation
describes the mathematical modeling of liquid flow in bubble and the liquid flow in the
elastic pipeline [104]. Also, it was derived in fluid mechanics to describe shallow water
waves in a rectangular channel [173] and plays an important role in plasma physics
[147]. The Korteweg-de-Vries-Burgers’ equation(5.1.1) for « =0, becomes KdV
equation derived by Korteweg and de Vries [38] to describe the theory of water waves
in shallow channels, such as a canal. Further, for # = 0, the equation (5.1.1) reduces to
the well known Burgers’ equation [77] which encountered in the theory of shock
waves, mathematical modeling of turbulent fluid and in continuous stochastic
processes.

In this chapter, we consider the variable coefficients version of the coupled
KdVBurgers’ equation [101, 139, 201]

A part of this chapter has been communicated in Acta Applicandae Mathematicae
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u,+a,(t)uu, + B, t)w, +35,t)u,, =0,

W, +a, () ww, + B, (t) w,, + 5,(t)u,,, = 0, (5.1.2)
where «,(t), A,(t) and &,(t) i=1 2 are arbitrary time-dependent coefficients. We
have studied the equation (5.1.2) for exact and numerical solutions using Lie symmetry

analysis, modified (G'/G)-expansion method and RK4 method.

The layout of this chapter is as follows. Section 5.2 is devoted to an outline of the
Lie classical method for generating various symmetries of the equation (5.1.2) and the
admissible forms of the coefficients that admit the classical symmetry group
corresponding to each member of the optimal system of subalgebras. In Section 5.3,
with the use of the modified (G'/G)-expansion method, more explicit exact solutions
involving arbitrary parameters of equation (5.1.2) are found out, which are expressed
by the hyperbolic functions, the trigonometric functions, and rational functions.
Further, in this section with the help of RK4 method numerical solutions of equation

(5.1.2) are also found out. Some concluding remarks are given in section 5.4.

5.2 Lie Symmetric Reduction

Let us consider the Lie group of point transformations

X" = x+&X(xtuw)+Ols

’)
t+&T(xtuw)+0(e?)
)

t =
u" = u+eU(xtuw)+Ofs?
W = w+eW(xtuw)+0e?), (5.2.1)

which leaves the system (5.1.2) invariant. The method for determining the symmetry
group of (5.1.2) consists of finding the infinitesimals X, T, U and W, which are
functions of x, t, uand w.

Assuming that system (5.1.2) is invariant under the transformations (5.2.1), the

infinitesimals X, T, U and W must satisfy the symmetry conditions

U, +a,()Uu, +a, (U, u+a, (OTuu, +8 OW,, +5, ©Tw,, 5222
Z2.2a

+ 51(t)Uxxx +51' (t)Tuxxx = O’
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Wt +a, (t)WWX +a, (t)WXW+ (lz’ (t)TWWX +ﬂ2 (t)Wxx +ﬂ2, (t)TWxx (5 2 2b)
+52 (t)Uxxx +52,(t)Tuxxx =0,

where U,,U ,W,,W,, W, and U,  are extended (prolonged) infinitesimals acting

on an enlarged space (jet space) that includes all derivatives of the dependent variables

(for more details, see [58]). Substituting expressions for U, U,, W, , W, W, and

U into symmetry conditions (5.2.2), then equating the coefficients of the various

XXX

monomials in the first, second and the other order partial derivatives of u, w and their

powers, we can find the determining equations for the symmetry group of the equations
(5.1.2). Solving these equations, we get the following forms of infinitesimals:

X=ax+a, T-= %(t)[(araz),[al(t)dt + 34]'

U= a,u, W = a,w. (5.2.3)

The functions ¢, (t), S, (t) and &, (t), i =1, 2 are connected by the relations

B T+B0)T, + (2, -28,-3,)A,(t)= 0,
5 O)T+60)T,~3a,6,t)=0,
a, ()T +a,O) T, + (&, & ), (t)= 0,

B (t)T + 5, (t)Tt —2a, ﬁz(t): 0,
5 (0T +8, (0T, - (3.~ a,+ 3a,)5,(1)= 0. (5.2.4)
where a,, a,, a,, a, and a, are arbitrary constants. The Lie algebra associated with

system (5.1.2) consists of following five vector fields

d 1 d d 1 d
Vi = x— + — [e,(t)dt =, V, = u— - — [e,(t)dt =,
LT T al(t)jal() ot 2T Y al(t)jal() ot
d 1 0 d
V, = w—, V, = =, V= —. 5.2.5
: = Y ow Yoayt) ot ° Ox (5:2.3)

It is easy to verify that V;, j=1, 2, 3, 4,5 is closed under the Lie bracket.

The classification of one-dimensional subalgebras of the whole symmetry algebra

(5.2.5) is done by an inductive approach [143]. We will work out first an optimal

103



Chapter 5 Coupled KdV-Burgers’ Equation

system and then embark upon the various reductions associated with generators in the

optimal system. We begin by considering a general element V = a,V,+ a,V,+a,V,
+a,V, +a; V., of symmetry algebra and subject it to various adjoint transformations to

simplify it as much as possible. The adjoint action is given by the Lie series
2
Ad(ep(eV))V, = v, -V, v,] + % VYA | (5.2.6)

where B/i,vj] = V;V, —V,;V, is the commutator for the Lie algebra, and ¢ is a
parameter.
The types of one-dimensional subalgebras of system (5.1.2) are as follows

i V,+A4V,+4,V,,
(ii_a) V, + A4, V, + Vi,
(ii_b) V, + A4, V, —V,,

(i) V, + 4, V,,
(iv,a) V,;+ AV, +V.,
(ivb) V,+ AV, -V,

(v) V,+ 4V,

(vi_a) V, +V.,
(vi_b) V, -V,
(vii) V,,
(viii) Vg, (5.2.7)

where 4, 4,,4;, 4,,4; and A, are arbitrary constants. Because the discrete symmetry
(%, t, u)=>(=x, t, u) will map (ii_a), (iv_a) and (vi_a) to (ii_b), (iv_b) and (vi_b)
respectively, and therefore, in the optimal system, we confine ourselves to eight
essential vector fields of the optimal system, while neglecting the other three (ii_b),
(iv_b) and (vi_b).

Once the subalgebra of the equation (5.1.2) have been determined, the symmetry
variables for the associated reduction can be found by solving the characteristic

equation
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dx _ dt _ du _ dw (5.2.8)
X(xtu,w) T(xtuw) U(xtuw) W(xtuw) o

On solving the equation (5.2.8) for the various operators in the optimal system, we
obtain a set of non-equivalent Lie ansétze for the function u(x, t) andw(x, t). Using

these anséatze, we can reduce the nonlinear system (5.1.2) to system of ODEs.

5.3 Exact and Numerical Solutions

In this section, the primary focus is on the reductions associated with the subalgebras
in the optimal system. Corresponding, to every essential subalgebras in the optimal
system, the reduced ODEs are obtained. Each reduced system of ODEs can be further

studied for exact and numerical solutions

5.3.1 Subalgebra v, + 4V, +4,V,

In this subalgebra we obtain the following similarity variables and similarity solution

for the reduction as

-1

&= x (e ),
uet)= (e @) T 5 F),

A

w(x,t)= ([en ()t = 6(&), (53.1)

and the coefficient functions are given by following relations
A0 w0 ([a00) 80w (alu)
= a0 (fa ) 0= ([
5 () = 1le ) ([, Ot )5 (53.2)

Using the similarity variable and the forms of the similarity solution (5.3.1), the

system of PDEs (5.1.2) reduces to the following system of ODEs:
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ME-F é+(1-4)FF+K G +K, F"=0,
1,6-G £+K, GG +K,G"+K, F"=0. (5.3.3)

Solving the above ODEs (5.3.3) main system (5.1.2) possesses the following solutions:

Herein, we seek a special solution for (5.3.3) in the following form:
F=acé?+b¢
G=a, &% +h,¢& (5.3.4)
By substituting these expressions for F and G in (5.3.3), we get the following

relations among the various parameters:

a 3 a,’ 1
b =1 K, =0, Kzz_gl, K, = E’K“: 0, K5=_8b2a ,ﬂq=/12=_5
2 21
(5.3.5)

where a;, a, and b, are arbitrary constants.

Thus, on using the back transformation, we get the solution of the system (5.1.2) as

xt):(jal(t)dt)_l( ( (jal(t)dt j +X([al(t)dt j
= (e ()t )™ [az[x (] al(t)dt)_z)_2+b2 ([ al(t)dt)_zj (5.3.6)

5.3.2 Subalgebra v, + 4, V, + V,

Under this subalgebra the optimal system defines the similarity variable and

similarity solution as follows

&= x+|ogja1(t)dt,
u(xt)= ([ @) dt) ™ F(2)
wixt)= (o @) dt) G (). (5.3.7)

and the coefficient functions are given by following relations
£.0=Ka®)([e,0d)" " 60)=Kal)(fabd) "
a,(t)=K al (Ial )13_1, ﬁ =K al (jal ) ,

5,(t) = Ky o (t) ([ ()t ) ™ (53.8)
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Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs

-F+F+FF +K G+ K, F"=0,

~ 2,6 + G'+K,GG +K,G"+ K, F"= 0. (5.3.9)

Now with respect to the ODEs (5.3.9) we are unable to obtain the nontrivial exact
solutions for the coupled KdV-Burgers’ equation (5.1.2) so under this subalgebra we
present the numerical solutions of main system (5.1.2) by solving reduced ODEs (5.3.9)
with the help of RK4 method. For numerical solution we pose the following initial
value problem (IVP) for the ODEs (5.3.9) after reducing it first order ODEs.

%: %zy dy, _ Yi— Y2 —Y1Y, — K Ye

dz 2! dz ¥ dz K, '

ay, = Y., dys =y, dy, _ Ao Ys—Ys —KsYy ¥s — Ky Yo . (5.3.10)
dz dz dz Ks

with v, =-15, y,0=1, y,®=0, y, =0, y;()=-05 and y,(1)=-1.
(5.3.11)

The numerical solution to the IVP (5.3.10)—(5.3.11) are depicted below

40+ - : < 20+
y2
y3
» 20° . w O
c c
o 2o
> 0 > -20
3 3
E E yi
@ 201 u L ? a0 y4
| s
y6
40+ r r r -60 - r r r
1 2 3 4 5 1 2 3 4 5
Similarity Variable (z) Similarity Variable (z)

Figure 5.1: Numerical solutions for the reduced IVP (5.3.10-5.3.11) for equation
(5.1.2) when K, =1, K, =0.04, K, =5 K, =-05 K, = 05 and 4, =10, with

initial value z =1 at h = 0.01.
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5.3.3 Subalgebra v, + 4, V,

For this subalgebra, on solving the equations (5.2.4) and (5.2.8) we obtain the
following similarity variables and similarity solution for the reduction

=X,
xt)= ([a®)dt) " F),
wixt)= (e @) dt) ™ 6(2), (5.3.12)

and the coefficient functions are given by following relations
£0=Ka®) ([ Od) " 50=Ka)([abd)
)= Ko ®) ([ Ot ) 4.0 = Ko anlt) (e )

5,(t) = Ky oy (t) ([ 0)clt | (5.3.13)
Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs
-F+FF +K G +K,F"=0,
-1,6+K,GG' +K,G"+K,F"=0. (5.3.14)
Herein, we exploit the idea used in [197] to construct solutions of equation (5.3.14)
by modified (G'/G)-expansion method with the restriction A, = 0.

Let us assume that the system (5.3.14) admits a solution in the (G'/G)form as follows

Lo (@), (@)
T a0+z{ (G@)j +bi(G(§>J }

] (6@) . 4 (6©®)
G(&) = ¢, d, | =2| ¢ 5.3.15
Qe +Z{ (G@)] ' (G@)} } 5519
where the function G(&) is the solution of the linear ODE
G"(&) + uG(g) =0, (5.3.16)

While a,, &;, by, ¢y, ¢;, d; and x are constants to be determined later, the positive

integer m, n can be determined by considering the homogeneous balance between the

highest order derivatives and nonlinear terms appearing in ODEs (5.3.14).
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Now, balancing the highest-order derivatives and nonlinear terms appearing in

equation (5.3.14), we get m = 2, n = 2 and thus we write

FE) - a+a, [wj re, [wJ oh, (m} o (G’(é)j_z,

G($) G($) G(S) G($)
G(&) = G+ Cl(e'(g)j ‘e, (—G'(f)j + dl(—G'(f)j_ + dz(—G'(f)J_ . (53.17)
G(S) G(S) G(S) G($)

By substituting (5.3.17) into the first equation of system (5.3.14) and using linear
ODE (5.3.16), and equating the coefficients of same powers of (G'/G) to zero, yields a

set of simultaneous algebraic equations among a,, a,, a,,b,, b,, c,, ¢;, ¢,, d;, d, and
4 as follows:

(i) 24b,K, z®+2b°u=0,

(i) 6d,K, x*+6b, £°K,+3ubb, =0,

(iii) 2d, K, z® + 40b, ® K, + 2 a, ub, + b’ u +2b,%> = 0,

(iv) 8d, K, u+8b, u*K,+a, ub, +b,a u+3bb, —b, =0,

(v) 2d,K, u+16b, u K,+2a,b, —2b,a, # + b’ +2a,b, 1 —b, = 0,

(vi) 2d,K, —2a,4°K, + 2buK, —a,a, u+a,b, +ab, —b a, u +2c, K, u*—a, =0,
(vii) 2¢, K, u—16a, ’K,—2a,a, u—a,’u—a, = 0,

(viii) 8¢, K, u—8a, uK,-3a,a, u—a,a, —a,b—a, =0,

(ix) 2c,K,—40a, uK,—-2a,a, —a,°—2a,” u=0,

(x) -6a,K,-3a,a,+6K,c, =0,

(xi) —24a,K,-2a,” = 0, (5.3.18)

Substituting (5.3.17) into the second equation of ODEs (5.3.14) yields the following
system of algebraic equations:

(i) 24b,K,x®+2K,d,” =0,
(i) 6d,K, #*+6b #° K, + 3K, ud, d, = 0,
(iii) 2d, K, z®+ 40b, p? Ko+ 2 ¢y ud, Ky + K, d,* 2 +2K, d,? = 0,

(iv) 8d,K, u+ 8bl,u2 K;+ K,c, ud, +K,d,c, £ +3K,;d,; d, = 0,,
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(v) 2d, K, u+16b, u K +2K,c,d, — 2K, d,c, # +K,d,* + 2K,c,d, = 0,
i) 2d,K, —2a,1°K, +2b,u K, —K,c, c,u+K,c,d, +K,c,d, —K,d,c,u
+2¢,K, 12 =0,
(vii) 2¢, K, u—16a, K, - 2K, ¢, ¢, u— K, ¢ u = 0,
(viii) 8¢, K, u—8a, uK,—-3K;c,c, u—K;c,c, — K,c,d;, =0,
(ix) 2c,K,—40a, u K,—2K,c,c, — K,c’—2K,c,” u=0,
(x) —-6a K,-3K,cc,+6K,c, =0,
(xiy —24a,K,-2K,c,” = 0. (5.3.19)
Solving these algebraic equations we obtain the following results:
Casel:
a,=a,, b, =1 c,=c,, d,=d; and a,=a,=b,=c,=c,=d,=K,;=x=0, (5.3.20)
Case 2:
2K,

a,=a,, b=1 ¢ = and a, =a,=b,=c,=c,=d,=d, =K, =4 =0, (5.3.21)

3

From (5.3.16) and the general solution of (5.3.18) and (5.3.19), we deduce the
rational solutions of (5.1.2) as follows:

Case 1, gives the rational solution of equation (5.1.2) as follows:

u(xt) = (jal(t) dt )1[a0 + (A+B|3le}

1
W(x, 1) = ¢, +d{ﬁ} | (5.3.22)

where A and B are arbitrary constants.

Similarly, case 2, gives the rational solution as follows:

u(xt)= ([ @) dt )1[a0 + (ﬁjl},

2
w(x, t) = ZK“( B j , (5.3.23)
K; \A+ BX

where A, B, K, and K,are arbitrary constants.
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Figure 5.2: Periodic solution (left) and soliton-like solution (right) given by equation
(5.322) with A=1, B=1 a, = ¢, = d,=1 and «,(t) = exp(t) + sec(t) tan(t)+t.

5.3.4 Subalgebra v, + 4, V, +V,

Following the same way as above, we get similarity variable and similarity solution as

follows

& = x—%jal(t)dt,

u(xt)= F($),
w(x t) = exp(% jal(t)dtJe(g), (5.3.24)
and the coefficient functions are given by following relations
A0- " aen - Lawa ] a0-5 a0,
0= aen - Lawa ], £,0-5 a0
5,0=%2 ) exp( L fa, @ J (5.3.25)

Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs
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~F +A FF +K G +K,F"=0,
G-G +K,GG +K,G"+K,F"=0. (5.3.26)

With respect to the ODEs (5.3.26), we are also unable to obtain the nontrivial exact
solutions for the system (5.1.2). So, under this subalgebra, we present the numerical
solutions of main system by solving reduced ODEs (5.3.26) with the help of RK4
method. For numerical solution, we pose the following initial value problem (I1VVP) for
the ODEs (5.3.26) after reducing it first order ODEs.

dy, _ dy, _ dys; _ Yi= Vi, — KiYs

- — y2 ) . y3 ) - )

dz dz dz K,

dy, = v, dys . dy, _ TYatYs— KeYa ¥s — Ky ¥e . (5.3.27)
dz dz dz Ky

with y, 1) =35, y,(1)=6.9, y,() =0, y,(1) =0, y. (1) =0.43 and y, (1) = 0.87.
(5.3.28)

The numerical solution to the IVP (5.3.27)—(5.3.28) are depicted as follow

250 = : : = 50
200 40
2 2
S 150 S 30
5 5
3 3
> 100 > 20
3 3
‘e 50 € 10
7 7
0 0
50 - r r -10 r r r
1 2 3 4 5 1 2 3 4 5
Similarity Variable (z) Similarity Variable (z)

Figure 5.3: Numerical solutions for the reduced IVP (5.3.27-5.3.28) for equation
(5.1.2) when K, =4, K,=-0.22, K,=1 K, =05 K, = 0.04 and A, =0, with

initial value z =1 at h = 0.01.
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5.3.5 Subalgebra v, + 4, Vv,

For this subalgebra the associated similarity variable and similarity solution are as

follows:
£ = x,
u(x,t)= F(&),
w(x.t) = exp(% jal(t)dtje(g), (5.3.29)
and the coefficient functions are given by following relations
A= aon- La0n), a0-5 a0
=52 aen - L], 2,05 ab)
5 (t):ﬁa(t)exp ija (t)dt (5.3.30)
2 Ae 1 16 1 ' e

Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs

A FF +K G"+K,F"=0,
G +K,GG +K,G"+K,F"=0. (5.3.31)
In this subalgebra, we seek solutions of equation (5.3.31) by modified (G'/G)-

expansion method. Following the procedure adopted in subalgebra 5.3.3, suppose the
solution of (5.3.31) can be expressed in(G'/G)as in (5.3.15), where G(&) satisfies the

linear ODE (5.3.16). Considering the homogeneous balance between highest-order

derivatives with the nonlinear terms appearing in (5.3.31), weget m=2,n= 2. So we

can suppose that the solution of ODEs (5.3.31) is of the form

F() = a0+a1(G,(§)j+a2(G,(§)j +b{%J +bZ(G'(§)J |

G(S) G(S) G(S) G(S)
G(&)=c,+ CI(G,(GK)) + ¢, (%J + dl(%J_ +d, [%]_ . (6.3.32)
G(S) G(S) G(S) G($)
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By substituting (5.3.32) into the first equation of system (5.3.31) and using linear
ODE (5.3.16), and equating the coefficients of same powers of (G'/G) to zero, yields a

set of simultaneous algebraic equations among a,, a,, a,,b,, b,, c,, ¢;, ¢,, d;, d, and
4 as follows:
(i) 24b,K,u*+2 A, b, =0,
(i) 6d,K, z°+6b 4°K,+ 31, ub b, =0,
(iii) 2d, K, z®+ 40b, 11 K, + 2 A a, ub, + A b u+24.b,° = 0,
(iv) 8d, K, u+8b u°K,+a, A, ub +b, A;a, u+34,bb, =0,
(v) 2d, K, u+16b, u K, +2 A;a,b, — 24, b,a, u+A,b° +2 1, a,b, u= 0,
i) 2d,K, —2a,1°K, +2b, u K, — 2,8, a u+ A,a,0, + A, a,b, — A.b,a, u
+2¢, K, u?=0,
(vii) 2c¢, K, u—16a, 1’K, -2 . a,a, u—a," Ao pu= 0,
(viii) 8c, K, u—8a, uK,-34a,a, u— A, 8,8 —A,a,b =0,
(iX) 2c,K,—40a, uK,-24a,a, — Aga,°—245a,” =0,
(x) —-6aK,-34aa,+6K,c,=0,
(xiy -24a,K,-24a,” = 0. (5.3.33)
Substituting (5.3.32) into the second equation of ODEs (5.3.31) yields the following
system of algebraic equations:
(i) 24b, K, 1*+2K,d,? u= 0,
(i) 6d, K, #*+6b 1° K, + 3K, ud, d, = 0,
(iii) 2d, K, g%+ 40b, 4 Ko+ 2 ¢, ud, K, +K, d,* # + 2K, d,* = 0,
(iv) 8d, K, u+8b, 1 K, + K, ¢, ud, +K,d,c, u+3K,d, d,+d,=0,,
(v) 2d, K, u+16b, u K, +2K,c,d, — 2K, d,c, u +K,d,* + 2K, c,d, u+d, = 0,
(vi) 2d,K, —2a,u°K, +2b 1K, —K,c,c u+K,c,d, +K,c,d, —K,d,c,u
+2¢,K, 1’ +¢, =0

(vii) 2¢, K, u—16a, 1*K, — 2K, c, ¢, 1— K ¢’ u+c, = 0,
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(viii) 8¢, K, u—8a, uK,—-3K;c, ¢, u— K,c,c, —K;c,d;+¢,=0,

(ix) 2¢,K,—40a, u K. —2K,c,c, —K,c’—2K,c,” u=0,

(x) —6a, K;—3K,c,c,+6K,c, =0,

(xi) —24a,K,-2K,c,” = 0. (5.3.34)

Solving these algebraic equations we obtain the following results:

Casel:
1 1
&, =a,, Gy =Cy, dlz—K—, Kzz_ﬁﬂeazi a,=a,=b =b,=c,=c,=d, =K;=x=0
3
(5.3.35)
Case 2:
a, :—12;2 , Co = Cy, dlz—Ki, and a,=a,=b =b, =¢,=c,=d, =K, =u=0,
6 3
(5.3.36)

From (5.3.16) and the general solution of (5.3.33) and (5.3.34), we deduce the rational

solutions of (5.1.2) as follows:

Case 1, gives the rational solution of equation (5.1.2) as follows:

2
B
u(x 1) = a, [ﬁj ’

w(x,t) = exp[% | al(t)dt][co - %(ﬁjl}, (5.3.37)

where A, B, K, and A, are arbitrary constants.

Similarly, case 2, gives the rational solution as follows:

u(x, t):—12K2 ( A j :

Ag A+ AX

w(x,t) = exp(l—lﬁj’al(t)dt][co - %(ﬁjll (5.3.38)

where A, B, K,, K, and A, are arbitrary constants.
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150,
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Figure 5.4: U-shaped soliton solution (left) periodic solution (right) given by equation

(5337)with K, =-1, A=B=1 a, = ¢, = 4,= 1and «(t) = cos(t) + sin(t).

5.3.6 Subalgebra v, +V,
On solving the equations (5.2.4) and (5.2.8), we get
&= x—[aft)dt,
u(xt)= F($),
w(xt) = G(&). (5.3.39)
and the coefficient functions are given by following relations
A=K, at) 6t)=K, o), a,t)=K, /),
B [t)=K, a(t), 6,()=K, alt). (5.3.40)
Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs
-F+FF +K G"+K,F"=0,
-G +K,GG' +K,G"+K,F"= 0. (5.3.41)
In this subalgebra, follow the procedure in a manner similar to the preceding
subalgebra to solve the equations (5.3.41) by modified (G’/G)-expansion method we
get solution of ODEs (5.3.41) as follows:
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F&) = a0+a1(%j+az(%j +b{%} +b2(G'(‘§)J |

G(S) G(S) G($) G(S)
G()=c,+ CI(G,(GK)) +c, (%J + dl(%J_ +d, [%]_ . (6.3.42)
G(S) G(5) G(5) G(5)

By substituting (5.3.42) into the first ODE of (5.3.41) and using linear ODE (5.3.16),

and equating the coefficients of same powers of (G'/G) to zero, yields a set of
simultaneous algebraic equations among a,, a,, a,,b;, b,, ¢,, ¢;, c,, d;, d, and u as
follows:

(i) 24b,K,1°+2b,° u=0,

(i) 6d,K, x*+6b, 4°K,+3ubb, =0,

(i) 2d, K, 2>+ 40b, 4* K, + 2 a, ub, + b g1 +2b,° — 2b, u = 0,

(iv) 8d,K, u+8b, x*K,+a, ub, +b,a u+3bb, —b, u=0,

(v) 2d, K, pu+16b, u K,+2a,b, —2b,a, u +b* +2a,b, u —2b, = 0,

(vi) 2d,K, —2a,1°K, +2b, 1K, —a,a, u+ayb, +ab, —ba,u+2c,K u* +a,u—b =0,
(vii) 2c, K, u—16a, u’K,—2a,a, u—a, u+2a,u= 0,

(viii) 8¢, K, u—8a, uK,-3a,a, u—a,a —a,b+a =0,

(ix) 2c,K,—40a, u K,—2a,a, —a,° —2a,” u+2a,=0,

(x) —-6a, K,-3a,a,+6K,c, =0,

(xi) —24a,K,—2a,” =0, (5.3.43)

By substituting (5.3.42) into the second equation of ODEs (5.3.41) yields the following

system of algebraic equations:

(i) 24b,K, 1*+2K,d,” =0,

(i) 6d,K, x*+6b, 1° K, + 3K, 1d, d, = 0,

(iii) 2d, K, z* + 40b, 1? Ko + 2 ¢, ud, K, +K,d,* 1 + 2K, d,” —2d, u= 0,

(iv) 8d, K, u+8b, u° K.+ K,c, ud, +K,d,c, u+3K,d, d,—d, u= 0,
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2d, K, u+16b, 1 K, +2K,c,d, — 2K, d,c, u +K,d,’

(V)
+2K,c,d, u—2d, = 0,

vi) 2d,K, —2a,u°K, +2bu K, —K,c,cu+K,c,d, +K,c,d, —K,d,c,pt+2¢,K, p?
+c,u—d; =0,

(vii) 2c, K, u—16a, K, — 2K, ¢, ¢, ui— Ky’ u+2¢, u = 0,

(viii) 8¢, K, u—8a, uK,-3K;c,c, u—K,c,c, — K,c,d;+¢, =0,

(ix) 2¢,K,—40a, u K.—2K,c,¢c, - K,c,” - 2K, ¢,” u+2¢,=0,

(x) —-6a K;-3K,c,c,+6K,c, =0,

(xi) —24a,K;-2K;c,” = 0. (5.3.44)

Solving these algebraic equations, yields

a, =1, a = a, a, =0, b,=b, =0,
c, = & c,=¢C c,=0 d,=d, =0
0 2K4’ 1 11 2 1 1 2 )
2
Klza;, K, =0, K; = 2K4, Ke =0, K, =K,, p=u. (5.3.45)
2¢, C,

Substituting the general solutions of equation (5.3.16) into equation (5.3.42) and
using equation (5.3.45), we have three types of exact solutions of equation (5.1.2) as

follows:

If 1 >0, we have trigonometric function solution

e fotre). s Ja) -
u(x,t) =1+ a{ﬁ Asin(ﬁ(x—f%(t)dt» 4 Bsin(ﬁ(x—f%(t)dt»_

Asin{/u(x - | a, (0t )) — Bsin{y/z(x - Ial(t)dt))_
ASin(\/;(X_jal(t)dt)) + BSin(\/;(X—J'al(t)dt» '

(5.3.46)
where A, B and K, are arbitrary constants.
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If 1 < 0, then we obtain hyperbolic function solution in the form

Asin (= su(x — [, @0)ct)) - Bsinh{y= salx - [ o, @)ctt)
Asin (/= s (x~[a, (tat)) + Bsinly/= s (x- [, )] |

u(x,t):1+a1\/—_y

. Asinh(y=(x - [, ()at) - Bsinn(y=z(x~ [, t)ct)
w(x, t) = 2K, AN Asinh(ﬁ(x—jal(t)dt»Jr Bsmh(ﬁ(x—fal(t)dt)) .

(5.3.47)
where A, B and K, are arbitrary constants.
When 4 = 0, we obtain rational solution as follows:
B
u(x,t) =1+ a
| A+ Blx - [a,(t)ct)
c B
w(x,t) = —— + ¢ , (5.3.48)
2K, | A+ Blx - [ayyct)

where A, B and K, are arbitrary constants.

t 11 X

Figure 5.5: Soliton-like solutions given by equation (5.3.48) with a, =1, ¢, =-1,

K,=-1 A= B=1and ¢t)=cosech?(t).
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5.3.7 Subalgebra v,
On solving the equations (5.2.4) and (5.2.8), we get
¢ = X,
u(x.t)= F(£),
w(xt)= G(&). (5.3.49)
and the coefficient functions are given by following relations
A=K a(t), 6,)=K, (1), ,(t)=K; a(t),
B, t)=K, e (t), 5,(t)=K, o 1). (5.3.50)
Using the similarity variable and the forms of the similarity solution, the system of
PDEs (5.1.2) reduces to the following system of ODEs

FF +K G"+K,F"=0,
K,GG' +K,G"+K,F"=0. (5.3.51)
As one can see from equation (5.3.51) that u(x, t)and w(x, t) both degenerate into
functions of variable x alone, which may not really correspond to a physically

interesting case, we, therefore, prefer not to study the reduced system (5.3.51) further.

5.3.8 Subalgebra v,

The reduced ODEs, in this case are
F'=0, G =0. (5.3.52)
The obvious solution of (5.1.2) is

u(x, t) = constant,  w(x, t) = constant. (5.3.53)

5.4. Discussion and Concluding Remarks

In this chapter, the authors have studied solution of coupled KdV-Burgers’ equation
with variable coefficients by using Lie symmetry group method, modified (G’/G)-
expansion method and RK4 method. The Lie symmetry classification with respect to
the special form of the time dependent variable coefficients equation was presented.
We used this classification of optimal system of one-dimensional subalgebras of the Lie
symmetry algebras to construct symmetry reductions, exact and numerical solutions.

Herein, with the aid of the modified (G'/G)-expansion method some exact solutions
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are found out under the subalgebra 5.3.3, 5.3.5 and 5.3.6. Then under the subalgebra
5.3.2 and 5.3.4 initial value problems are posed to the reduced ODEs and the numerical
solutions are shown to decay for a fairly finite value of z in the Figure 5.1 and Figure
5.3.
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Chapter 6

Generalized Fitzhugh-Nagumo Equation

with Time-Dependent Coefficients

6.1 Introduction
The classical Fitzhugh-Nagumo (FN) equation

U = U, —u-u) (o -u, (6.1.1)
where p is constant and u(x, t) is the unknown function depending on the temporal

variable t and the spatial variable x has been derived by both FitzHugh [161] and
Nagumo et al. [86]. When p =—1, equation (6.1.1) reduces to the real Newell-
Whitehead equation describes the dynamical behavior near the bifurcation point for the
Rayleigh-Bénard convection of binary fluid mixtures [72]. The Fitzhugh-Nagumo
equation has various applications in the fields of flame propagation, logistic population
growth, neurophysiology, branching Brownian motion process, autocatalytic chemical
reaction and nuclear reactor theory. This equation combines diffusion, and nonlinearity
which is controlled by the term u(1 —u) (o —u).

In [130], Shih et al. proposed the approximate conditional symmetry method to
determine approximate solutions admitted by a perturbation of equation (6.1.1), where

the perturbation is proportional to u. Abbasbandy [174] applied the homotopy analysis

A part of this chapter has been accepted in Ain Sham Journal of Engineering
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approach to obtain the soliton solution of the Fitzhugh-Nagumo equation. The Haar
wavelet method has been presented by Hariharan and Kannan [56], for solving the
standard Fitzhugh-Nagumo equation (6.1.1). Meanwhile, Van Gorder and Vajravelu
[150] investigated the variational method to obtain analytical solutions for both the
Nagumo telegraph and the Nagumo reaction-diffusion PDEs. Moreover, the homotopy
analysis method has been successfully applied by Van Gorder [149], to present the
approximate solution of the standard Fitzhugh-Nagumo equation. By using Hirota
method, Kawahara and Tanaka [185] have found new exact solutions of equation
(6.1.1), by applying the nonclassical symmetry reductions approach, Nucci and
Clarkson [107] have obtained some new exact solutions with Jacobi elliptic function.
Huaying Li and Yucui Guo [70] have obtained the new exact solutions of the FN
equation by using first integral method. Recently, Hajipour et al [8] proposed exp-
function method for Fitzhugh-Nagumo equation.

In this chapter, we are interested to exhibit the numerical behavior of the generalized
Fitzhugh-Nagumo equation with time dependent coefficients and linear dispersion term

given by

u +v@t)u, —ut)u, - n)u@-u) (p-u)=0; (x,t) € [A B]x[0,T] (6.1.2)

subject to the boundary conditions

u(At)=g,(t), u(B,t) =g,)), t [0 T] (6.1.3)
and the initial condition
u (x, 0) = f (x), x e [A B] (6.1.4)
where v (t), «(t), and 7 (t) are arbitrary real-valued functions of t.

Recently, the generalized Fitzhugh-Nagumo equation with time dependent
coefficients has been considered by Bhrawy [7] and Triki et al. [68]. In [7], the author
used Jacobi-Gauss-Lobatto collocation method to find the numerical solutions of
equation (6.1.2), while in [57] the authors considered a generalized Fitzhugh-Nagumo
equation exhibiting time-varying coefficients and linear dispersion term. By means of
specific solitary wave ansatz and the tanh method, new variety of soliton solutions are
derived in [68] and the conditions of existence and uniqueness of solitons are also
presented.
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In this chapter, we propose a numerical scheme based on polynomial differential
quadrature method to find the numerical solutions of the equation (6.1.2) with initial
conditions and Dirichlet boundary conditions (6.1.3)-(6.1.4). The PDQM reduced the
problem into a system of first order non-linear ordinary differential equations. Then, the
obtained system is solved by optimal four-stage, order three strong stability-preserving
time-stepping Runge-Kutta (SSP-RK43) scheme [83]. The accuracy and efficiency of
the proposed method is demonstrated by three test examples. The numerical results are

discussed in L, RMS and L,errors and figures form. The obtained numerical

solutions are very similar to the exact solutions.

6.2 Numerical Solutions of Generalized Fitzhugh-Nagumo Equation
The space derivatives in the generalized Fitzhugh-Nagumo with time dependent

coefficients equation (6.1.2) are approximated by the differential quadrature methods

discussed in chapter 1. The equation (6.1.2) changed into a system of first order

nonlinear ODEs in time dependent coefficients.

dt

du(x;,t) = v(t)ilwfjl)u(xj ,t)+ ﬂ(t)iwi(f)u(xj ,t)—n(t)u(xj ’tX_ U(Xj ’t) p— U(Xj t))

X, e, t>0 (6.2.1)
with initial condition

u(x;,0)= f(x,) (6.2.2)
and Dirichlet boundary conditions (6.1.3).
6.2.1 Implementation of Dirichlet Boundary Conditions

The Dirichlet boundary conditions are directly applied in the PDQM and gives

numerical solutions on boundary in the following way

u, = g,(t) uy, =g,(t), t>0. (6.2.3)
The above system (6.2.3) can be written as follows
VL[ )+t (6:24)

with initial conditions
U =1{F}, (6.2.5)
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where {U}=1{u,,u,,...u,,}, is unknown vector,[A]is full matrix of dimension
N—-2xN-2 and {F}={f(x,), f(x;)., T(xy,), is known vector from initial

conditions. Keeping in mind the stability criteria, we preferred the optimal SSP-RK43
scheme [83] to solve the system of ODE (6.2.4) with initial conditions (6.2.5).

6.3 Selections of Grid Points and Stability

The accuracy, stability and rate of convergence of the numerical solutions depend on
the choice of grid points selected. It is well known that uniformly distributed grid
points are not desirable [32]. Therefore it is suggested that non-uniformly spaced grid
points may give better solutions. The zeros of some orthogonal polynomials are
commonly used as the grid points. Infact Bellman et al. [151] had proposed to use the
zeros of the Legendre polynomials as the grid points in one of his papers.

The stability of the DQM applied depends on the eigenvalues of differential
quadrature discretization matrices. These eigenvalues in turn vary much depend on the
distribution of grid points. It has been shown by Shu [29] in his book that the uniform
grid points distribution does not give stable solution which we have also noticed in our
numerical experiments. According to Shu the stable solution can be obtained when
Chebyshev-Gauss- Lobatto grid points are chosen. The Chebyshev-Gauss-Lobatto grid

points are given by

X, = a+£[l—cos((i_—1)ﬁ)j L,, 1=12,...,N (6.3.1)
2 N-1

where L, is the length of the interval.

6.4 Application of the Proposed Method

In this section, the numerical solutions by the proposed method are evaluated for
three examples of generalized Fitzhugh-Nagumo equation. Existence of analytical
solutions helps to measure the accuracy of numerical method. The numerical

computations have been done with the help of software DEV C++ and MATLAB. In

numerical experiments L, , L, and RMS errors are calculated by the formulas
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N 1/2
L, :( efj :
i=1

L, =max|e,
I<i<N

i=1

RMS = (i%) , (6.4.1)

where e, =(ui —Ui), u; are exact solutions and u; are approximate solutions.

Example 1

In this example, we consider the nonlinear standard Fitzhugh-Nagumo PDE [7]

u=u,—-ul-u)(p—-u)=0, (x, 1) e [A B]x[0,T] (6.4.2)
subject to the boundary conditions
1 1 1 2p-1
u(At)==+ =tanh A - t|, 6.4.3
AD=5+3 (2& ( V2 D (643)
1 1 1 2p-1
u(B,t) ==+ = tanh B - t|, 6.4.4
Bh=5"3 [2\/5 ( J2 j} (649
and initial conditions
1 1 X
u(x,0)==+=tanh| ——|. XxelA B 6.4.5
(0 ==+ ( > ﬁ] (A B] (6.4.5)
The exact solution of equation (6.4.2) is
1 1 1 2 p-1
u(x,t)==+ = tanh X — t]| 6.4.6
D=5+3 (2& ( V2 B (6.49)

The numerical results of example 1 are shown in table 6.1 and Figures 6.1-6.2
with A=-10, B=10. Table shows L, RMS and L,errors of the PDQM for

p =0.75 at different times t = 0.2, 0.5, 1.0, 1.5, 2.0, 3.0, 5.0. The Figure 6.1 and 6.2
compares the numerical results with the exact one for p= -2 andp= 0.75
respectively in 3D form upto time t = 5. From numerical results of this example, we

conclude that the obtained results are quite agreed with the exact one.
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Table 6.1 Max absolute errors L, RMS errors, L, errors and CPU time of example 1

at different time with p = 0.75.

CPU
T L, RMS L, Time(s)

0.2 4.7416x10° 1.5880x107° 2.3012x10°° 0.10
0.5 1.2312x10™* 3.8433x10°° 5.5695x10°° 0.10
1.0 2.6261x10™* 8.1870x10°° 1.1864x107° 0.18
15 4.2096x10™ 1.3387x107 1.9400x10°° 0.24
2.0 5.9999x10~* 1.9433x10™ 2.8162x107° 0.31
3.0 1.0324x10°® 3.4320x10™ 4.9735x10°° 0.35
5.0 2.3050%x107° 7.8638x107* 1.1395x10™* 0.55

Numerical Solution

Exact Solution

Figure 6.1: Numerical (left) and exact (right) solutions of example 1 with time step
length At =0.001, o =-2.0 uptotime t =5.

I o o
ES o 3 -

Numerical Solution
I
N

Exact Solution
o e o
> o o

o
N

Figure 6.2: Numerical (left) and exact (right) solutions of example 1 with time step
length At =0.001, p=0.75 upto time t =5.
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Example 2

In this example we examine the Fisher type standard Fitzhugh-Nagumo PDE [14,
185]

u =u, —-u@-u) (p—-u, 0< p <1, (6.4.7)
subject to the initial condition
1
u(x,0)= (6.4.8)

1+e><p(—\/1E x]’

by taking boundary conditions from the exact solution

U (x 1) = % AL+ p)+ G _ % pj tanh(i V2 - p) 2 L ‘4”2)tj  (6.4.9)

of equation (6.4.7) as presented in [185].
The numerical results of example 2 are shown in table 6.2 and Figures 6.3-6.4
with A=0, B =1. Table shows L, RMS and L, errors of the PDQM for p =0.75 at

different times t = 0.2, 0.5, 1.0, 1.5, 2.0, 3.0, 5.0. The Figure 6.3 and 6.4 compares the
numerical results with the exact one for p= 0.5 and p= 0.75 respectively in 3D
form upto time t = 3. From numerical results of this example, we conclude that the

obtained results are quite agreed with the exact one.

Table 6.2 Max absolute errors L, RMS errors, L, errors and CPU time of example 2

at different time with p = 0.75.

CPU
T L, RMS L, Time(s)
0.2 7.0244x10°° 2.3380x10°° 9.6401x10° 0.11
0.5 7.3492x10™* 2.3469x10°° 9.6764x10°° 0.12
1.0 7.9036x10™* 2.3778x10°° 9.8004x10°° 0.21
1.5 8.4706x10™* 2.4276x10™* 1.0009x10°° 0.27
2.0 9.0446x10™* 2.4937x107* 1.0282x107° 0.32
3.0 1.0187x107 2.6623x107* 1.0977x107° 0.36
5.0 1.2229x10°° 3.0427x10™* 1.2545x10°* 0.57
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[N

o
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Exact Solution

o
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Numerical Solution
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Figure 6.3: Numerical (left) and exact (right) solutions of example 2 with time step
length At =0.001, p =0.5 upto time t =3.0.

0.95

0.9

Exact Solution

0.85

Numerical Solution

0.8

0.75
10

Figure 6.4: Numerical (left) and exact (right) solutions of example 2 with time step

length At =0.001, p=0.75 upto time t =3.0.

Example 3
Consider the nonlinear time-dependent generalized Fitzhugh-Nagumo equation with
time-dependent coefficients [7, 68]

u, +cos(t) u, —cos(t) u,, — 2cos(t)(u 1 —-u) (p —u)) =0;

(x, 1) € [A B]x[0, T] (6.4.10)

subject to the boundary conditions
U (A t) = g + g tanh (g(A —(3- p)sin (t))j, (6.4.11)
u (B, t) = g + g tanh (g(s — (3 p) sin (t))j, (6.4.12)
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And initial conditions

u(x 0 =2+ 2 tanh| 22|, x € [A BJ. (6.4.13)

2 2 2

The exact solution of equation (6.10) is
uxt)= g + g tanh (g(x —(3- p)sin (t))j. (6.4.14)

In this example, the results are computed with A=-10, B=10, p=0.5,0.75 and
shown in table 6.3 and Figures 6.5-6.6. Table 6.3 shows the L_, RMS and L, errors of
PDQM at different time t with p= 0.75. Figures 6.5-6.6 depict a comparison of
numerical and exact solutions with p= 0.5, 0.75 and time upto t =1.0.

Table 6.3 Max absolute errorsL_, RMS errors, L,errors and CPU time of example 3

at different time with p = 0.75.

CPU
T L, RMS L, Time(s)
0.2 1.235x10°° 4.5670x10°° 1.3122x10°° 0.12
0.5 5.1986x10™* 5.6423x107° 6.0995x10°° 0.15
1.0 6.3283x107* 8.1671x10°° 2.1213x10°° 0.23
1.5 8.5383x10™ 2.3681x10™ 3.2340x10°° 0.26
2.0 9.9123x10™* 3.0123x10™* 4.8342x10°° 0.37
3.0 1.7904x1072 5.3420x107* 6.1098x10°° 0.39
2.0 3.3551x107 7.8900x10™ 1.0015x10™* 0.61

Numerical Solution

Figure 6.5: Numerical (left) and exact (right) solutions of example 3 with time step

Exact Solution

length At =0.001, p =0.5 upto time t =1.0.
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Numerical Solution
Exact Solution

Figure 6.6: Numerical (left) and exact (right) solutions of example 3 with time step
length At =0.001, o =0.75 upto time t =1.0.

6.5. Conclusion and Discussion

In this chapter, we proposed PDQM based on Lagrange interpolation to find the
approximate solution of well known generalized Fitzhugh-Nagumo equation. To check
the accuracy of the method three test problems available in the literature are solved.

The L, RMS and L, errors are presented in tables with time step length At =0.001. It

is suggested that the Chebyshev-Gauss-Lobatto grid points produce accurate solutions.
Finally, the authors conclude that the proposed methods give very accurate and similar
results to the exact solutions by choosing less number of grid points. Also, the methods
can be applicable for two and multidimensional problems that arise in biological,

physical and chemical phenomena.
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Chapter 7

Numerical Simulation of Two
Dimensional Quasilinear Hyperbolic

Equations

7.1 Introduction

In this chapter, we have considered the two dimensional quasilinear hyperbolic PDE:

Ztig + A(X, y,t, u)gxitzJ +B(x, y,t,u)gyilzJ +f(x y.tuu,, uy,ut): 0, (7.11)
(x,y,t)e[0,1]x[0,1]x[t > 0]
with initial conditions
u(x,y.0)=g,(x,y)  (xy)e[o1]x[oa]
u,(x,y,0)=g,(x,y)., (x,y)el[o1]x[01] (7.1.2)

subject to Dirichlet boundary conditions given by
u(0.y,t)=h(y.t) (v.t) [0a]x[t>0] u@y.t)=h,(y.t) (v.t) e[0a]x[t>0]
u(x,0,t)=h,(x,t), (xt)e[01]x[t>0] u(xLt)=h,(x,t), (xt)e[01]x[t>0] (7.1.3)

A part of this chapter has been published in Engineering Computations, 30 (2013)
892-909
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and Neumann boundary conditions given by
u,(0,y,t)= f,(y,t), (y,t) e[o1]x[t>0] u @ y,t)=f,(y,t) (v.t) e[01]x][t > 0]
u,(x0,t)= f,(x,t), (xt)e[01x[t>0] u,(xLt)= f,(x.t) (xt)[01]x[t>0]
(7.1.4)
The equation (7.1.1) is assumed to be hyperbolic if A(x, y,t,u)>0 and
B(x,y,t,u)>0 in the solution region Q@ = {(x,y,t): (x,y,t)e [0,1]x[0,1]x[t > O]}.
Further, it is assumed that g, (x, y), g,(x, y) are sufficiently differentiable functions as
required and u(x, y,t)e C?, A(x,y,t,u), B(x,y,t,u)eC?.
The second-order quasilinear hyperbolic PDE (7.1.1) with appropriate initial and
boundary conditions serves as models in many branches of physics, fluid dynamics and

aerodynamics, theory of elasticity, optics, electromagnetic etc. The wave equation with

nonlinear first derivative terms has been studied by Lees [121] and Greenspan [36].
Unconditionally stable ADI schemes of O(h?+k?) and O(h*+k?) for the wave

equation with constant coefficients and variable coefficients were proposed by Jain et
al. [118] and lyengar and Mittal [180]. Using operator compact implicit method,
Ciment and Leventhal [105, 106] have developed fourth order difference schemes for
linear two-dimensional wave equation. After that, Mohanty et al. [171] have proposed a
high order conditionally stable numerical method for the solution of two-space
dimensional second-order nonlinear hyperbolic equation. Later, Mohanty et al. [172]
have extended their technique to solve second order quasilinear hyperbolic equations
by using seven evaluations of the function and 19-grid points. Mohanty and Jain [169]
proposed an unconditionally stable ADI scheme for the two space dimensional linear
hyperbolic equation. Meanwhile, Koksal et al. [1, 2] have proposed the difference
scheme for hyperbolic equations in a Hilbert space and for the hyperbolic equation with
self-adjoint operator. Schwartzkopff et al. [187] have proposed and analyzed a higher
order ADER finite volume schemes for linear hyperbolic equations using Cartesian
meshes while Dumbser and Kaser [115] used arbitrary high order non-oscillatory finite
volume schemes on unstructured meshes for linear hyperbolic systems. Dehghan and
Mehebbi [111] proposed a high order implicit collocation method for solving the two
dimensional hyperbolic equation. Dehghan and Shokri [113] solved the one and two

dimensional hyperbolic equations using collocation points and used the thin plate-
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spline radial basis functions to approximate the solution. In [112, 114], Dehghan and
Mohebbi proposed some numerical techniques for two dimensional wave equation and
Schrédinger equation. Recently, Mohanty and Singh [170] proposed a new high-order
approximation for the solution of two-space-dimensional quasilinear hyperbolic PDE of
the form (7.1.1).

In the following sections, we proposed a numerical scheme based on PDQM to find
the numerical solutions of two-space-dimensional quasilinear hyperbolic PDEs with
Dirichlet and Neumann boundary conditions. The PDQM reduced the problems into a
system of second order quasilinear differential equations. Then, the obtained system is
changed into coupled differential equations and lastly, RK4 method is used to solve the
coupled system. The accuracy and efficiency of the proposed method are demonstrated
by several test examples of nonlinear wave equations with constants coefficients and

nonlinear wave equations with variable coefficients.

7.2 Numerical Scheme for Two Dimensional Quasilinear Hyperbolic
Equation
The space derivatives in the two-dimensional quasilinear hyperbolic equation (7.1.1)

are approximated by the polynomial differential quadrature method discussed in
chapter 1. The equation (7.1.1) changed into the following form

2

:i’j * A(Xi Y LU )iwfi)uk,i + B(Xi Yyt )iv_v(fzui,k

2
d k=1 k=1

N M ) du, .
+ f(xi ) yj ’t’ui,j’zwi(];)uk,j 'ijvkui,k ;Tjj =0, (Xi , yj ,t)E [O,l]X [O,l]X [t > 0],
k=t k=1

i=12..,N, j=12...M (7.2.1)
with initial conditions
U(Xi,yj '0): gl(xi’yj)' (7.2.2)
d
_U(Xi’yj '0):gz(xi’y]'): (7.2.3)

dt

where u, ; =u(xi,yj,t) :
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Equation (7.2.1) represents a system of second order nonlinear differential equations.

Now let
d d? d
d—l:(xi,yj,t)zv(xi,yj,t), than d—tg(xi,yj,t):d—\t/(xi,yj,t). (7.2.4)

Using (7.2.4) into the equation (7.2.1), the equation (7.2.1) can be written as the

following system

ccjl—l:(xi,yj,t):v(xi,yj,t), (7.2.5)
., +Alx,y, .t j)iw(z)uk,- + B(waj LU, j)iv"(ﬁl”i K
dt ) Mo ey ’

N M
+ f(Xi,yj,t,ui'j,ZWi(lk)Uk’j,ZW(jl,)kUiyk,Viyjj:0, (xi,yj,t)e [0,1]x[0,1]x[t > 0],
k=1 k=1

i=12..,N, j=12,...M (7.2.6)

with initial conditions
ul(x;,y;,0)=g.0x.y;) (7.2.7)
v(xi,yj ,O)= gz(xi,yj ) (7.2.8)

7.2.1 Implementation of Dirichlet Boundary Conditions
The Dirichlet boundary conditions are directly applied in the PDQM like [163] and
we can get numerical solutions at the rectangular or square boundary in the following
way
uy; =h(y;,t) (v, 0 elol]xt>0] for j=12..,M (7.2.9)
Ui, =hy(x,t) (x,t) e[01]x]t > 0]

U =h,(x,t) (x,0)elolx[t>0] for i=12,..,N (7.2.10)

7.2.2 Implementation of Neumann Boundary Conditions

The Neumann boundary conditions (7.1.4) at X=0 and X =1can be approximated

as

Zwl(lk) Uy j =f,(0,y.t), (7.2.11)

N
k=1
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N
Swidou =0yt j=12..,M (7.2.12)
k=1

Equations (7.2.11) and (7.2.12) are simplifying as in [163] and finally, we get

solutions at boundaries

(1) (1)

w (F, =S, )—w f,—S

Uy j = in 2(1) (12)) ﬁ’)N ((1)1 1), 1=12,..M (7.2.13)
(Wl,NWN 1 W1,1WN,N )

Wﬁ?l(fl_sl) l)(f _Sz)

U = , i=12,..M 7.2.14
T - | .
N-1 N-1
where S, =Y wiu,,, S,=> w = 1,(0,y,t)and f, = f,(Ly,t).
k=2 k=2

In a similar way, the Neumann boundary conditions (7.1.4) at Yy=0 and Yy =1can

be approximated as

zwlku,k .(x,0,t), (7.2.15)
M _

S Wiy, = f,(x11), =12, N (7.2.16)
k=1

Equations (7.2.15) and (7.2.16) are simplifying as in [163] and we get solutions at
boundaries as follows
—(1)
W1,|v|(f -S,)- WMM(f —S) :
Hin = (—(3 e R ) ! J=12...M (7.2.17)

Wim WM, —Wi1 WM m

—(@) —(@)
Wumilf,—S,)—wui(f, =S .
ui,M = M(—(gll)\j —(1)3) _(:I]-_)l_((l;f ) 4)’ J 21121'--’ M (7218)

M,1— W11 Wm M

0 A
where S; = > Wik U, S, = Y WukU;,, f, =f,(x0t)and f, = f,(x1t).
k=2 k=2

The system of ODEs (7.2.5)-(7.2.6) with initial and boundary conditions (7.2.7)-
(7.2.8), discussed in subsection 7.1 and 7.2, cannot be solved directly by standard RK4
method since RK4 method is used to solve only initial value problems (IVP). So, after
applying the boundary conditions on the system of equations (7.2.5)-(7.2.6), the system
(7.2.5)-(7.2.6) is changed into a system of IVPs. Then, the obtained system is solved by
RK4 method.
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7.3 Stability of the Differential Quadrature Method

The stability of the PDQM depends on the eigen-values of differential quadrature
discretization matrices. These eigen-values in turn very much depend on the
distribution of grid points. It has been shown by Shu [29] in his book that the uniform
grid points distribution does not give stable solutions. So, in the whole numerical
experiments, we have used the Chebyshev-Gauss-Lobatto grid points to find the
numerical solutions of the two dimensional quasilinear hyperbolic partial differential

equation (7.1.1). The Chebyshev-Gauss-Lobatto grid points are

X, =a+%(l—cos((il\l_—1)lﬂ)j(b—a), i=12,..,N (7.3.1)

7.4 Numerical Experiments

In this section, the proposed scheme based on PDQM is applied on several test
examples of nonlinear wave equations with constants and variable coefficients to show
the efficiency and accuracy of the numerical method. The examples are chosen such
that their exact solutions are known and already discussed in literature. The software
Dev C++ and Matlab are used for whole computational work in the paper. In each
example, relative errors, root mean square (RMS) errors and absolute errors are

computed by the following formulas

Absolute error =‘uij —aij‘

Relative error =

ZN:(uij _uii)z

i,j=1

N < N

RMS error =

where U; and u; denote the exact and numerical solution of the problem.
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Example 1

In this example, Van der Pol type nonlinear wave equation is considered with

domain 0<x,y<1t>0,
Uy = Uy +U,, +7(u? =2)u, + (277 +y2e 2" sin?(z x)sin(z y))e 7 sin(z x)sin(z )
(7.4.1)
with initial and Dirichlet boundary conditions
{u(x, y,0)=sin(z x)sin(z y),
u, (x,y,0)=—ysin(z x)sin(r y),

{u(o, y,t)=u(l,y,t)=0,

u(x,0,t)=u(x,1,t)=0 (7.4.2)

The exact solution is given by

u(x,y,t)=e7'sin(zx)sin(zy), t>0. (7.4.3)
Table 7.1 presents RMS errors, relative errors, max absolute errors and CPU time in
seconds of example 1. The table shows that the errors are small and negligible. The
figures 7.1 and 7.2 show the numerical and exact solutions at time t=1.0 and
t =3.0respectively. The Figures show that the numerical results are in good
agreements with the exact solutions. The Figure 7.3 shows physical behavior of the

Van der Pol type nonlinear wave equation (7.4.1) in contour form at t =1.0.

Table-7.1
RMS, relative, max absolute errors and CPU time of example 1 at different times for
N=M=21 y=1.

T PDQM PDQM PDQM CPU
RMS Relative Error Max Absolute Error | Time(s)

0.5 2.688x10°° 1.337x107° 8.114x10°° 9
1.0 1.121x10°° 9.194x10°° 3.454x10° 19
2.0 1.169x10°° 2.609x10°° 3.488x10°° 38
3.0 3.018x10° 1.829x107° 8.989x10°° 56
5.0 2.282x10°° 1.023x10° 6.818x10°° 94
7.0 7.133x10°7 2.360x107* 2.199x10°7 133
10.0 1.696x1077 1.127x10™* 5.139x107" 186
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Figure 7.1: Exact (left) and numerical (right) solutions of example 1 with time step

length At =0.001,

latt=10.

Figure: 7.2: Exact (left) and numerical (right) solutions of example 1 with time step

length At =0.001,7 =1 at t =3.0.

0.00Ly =1 at

Figure 7.3: Contours plots of example 1 with time step length At

t=1.0, 3.0 respectively.
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Example 2

Consider the dissipative nonlinear hyperbolic wave equation in the region
0<x,y<1,1t>0;

Uy = Uy +U,, —2uu, + (272 =1+ 2sin(z x)sin(z y)cos(t))sin(z x)sin(r y)sin(t) (7.4.4)

with initial and Dirichlet boundary conditions

u, (x, y,0)=sin(z x)sin(z y),

{U(x, y.0)=0,

u(0,y,t)=u(, y,t)=0, (7.45)
u(x,0,t)=u(x1,t)=0

The exact solution is given by
u(x, y,t)=sin(z x)sin(z y)sin(t), t=>0, (7.4.6)

The RMS errors, relative errors, max absolute errors and CPU time in seconds of
example 2 are shown in table 7.2. The table shows that the errors are small and
negligible. The numerical and exact solutions at time t=1.0 and t =3.0respectively
are shown in figures 7.4 and 7.5. The figures show that the numerical results are in
good agreements with the exact solutions. The figure 7.6 shows physical behavior of

the equation (7.4.4) in contour format t =1.0.

Table-7.2
RMS, relative, max absolute errors and CPU time of example 2 at different times for
N=M =21

T PDQM PDQM PDQM CPU
RMS Relative Error Max Absolute Time(s)
Error

0.5 3.066x10°° 1.930x10°° 9.098x10° 8
1.0 1.399x10°° 5.018x10°° 4.402x107° 15
2.0 2.862x1077 9.500x10~7 9.305x1077 31
3.0 2.439x10°° 5.218x1077 7.379x10°° 45
5.0 1.805x10°° 5.684x107° 5.403x10°° 76
7.0 8.099x107" 3.720x10~7 2.305x107" 106
10.0 2.348x10°° 1.302x10°° 7.119x10°® 153
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Figure 7.4: Exact (Left) and Numerical (Right) solutions of Example 2 with time step

length At=0.001 at t=1.0.

Figure 7.5: Exact (left) and numerical (right) solutions of example 2 with time step

length At =0.001 at t

=3.0.

Figure 7.6: Contours plots of example 2 with time step length At=0.001 at
142

t =1.0, 3.0 respectively.
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Example 3
In this example, we have considered a nonlinear hyperbolic wave equation with
variable coefficients
Uy =1+ %2, + [+ yz)Jyy +yulu, +u, +u,)
+ (e (cosh(x)cosh(y)—sinh(x + y))—1-x2 — y? e * cosh(x)cosh(y),
0<x,y<Lt>0 (7.4.7)
The initial and Dirichlet boundary conditions of (7.4.7) are given by

u(0,y,t)=e" cosh(y), 0<y<l x=0,
{u(x,y,O):cosh(x)cosh(y), u(L,y,t)=e"cosh(l)cosh(y), 0<y<1 x=1,
u,(x, y,0)=—cosh(x)cosh(y), |u(x,0,t)=e" cosh(x), 0<x<1l y=0
u(x,Lt)=e"cosh(x)cosh(l), 0<x<1, y=1.

(7.4.8)

The exact solution of the nonlinear hyperbolic wave equation (7.4.7) is given
u(x, y,t)=e" cosh(x)cosh(y). (7.4.9)
The numerical results of the example 3 are presented in table 7.3 in form of RMS
errors, relative errors, max absolute errors and CPU time in seconds. The figures 7.7
and 7.8 show the numerical and exact solutions at time t =1.0 and t = 3.0 respectively
and show that the numerical results are in good agreements with the exact solution. The

figure 7.9 show the contour plot of the considered equation (7.4.7) at t =1.0.

Table-7.3
RMS, relative, max absolute errors and CPU time of example 3 at different times for
N=M=21 y=1.

T PDQM PDQM PDQM CPU
RMS Relative Error Max Absolute Time(s)
Error
0.5 1.917x107° 2.126x10°° 6.643x107° 13
1.0 1.056x107° 1.932x10°° 2.643x10°° 26
2.0 2.465x107° 1.225%x107° 7.615%x107° 52
3.0 2.236x107° 3.020x10™* 5.430x10°° 86
5.0 1.430x107° 1.427x107 4.942x10°° 130
7.0 2.609%10°° 1.920x10™* 6.067x107° 193
10.0 1.082x10°° 1.604x10°° 3.130x10°° 270
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Figure 7.7: Exact (left) and numerical (right) solutions of example 3 with time step

length At =0.001, »

latt=1.0.

uonnjos 19ex3

Figure 7.8: Exact (left) and numerical (right) solutions of example 3 with time step

length At =0.001, y

latt=3.0.

0.001,7 =1 at

Figure 7.9: Contours plots of example 3 with time step length At

t =1.0, 3.0 respectively.

Example 4

In this example, we have considered the quasilinear hyperbolic equation
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u, = (1+u2XuXX +UW)+7U(UX +U, +ut)

+ (e (sinh(x)cosh(y)- cosh(x + y)) - 1e ™ sinh(x)cosh(y) — 2(e * sinh(x)cosh(y))’,
0<x,y<Lt>0 (7.4.10)

with initial and Neumann boundary conditions are given by

Mz,e‘t cosh(y) 0<y<l1l x=0,
OX
_ ULyt - cosh(l)cosh(y), 0<y<l x=1,
{u(x, y,0)=sinh(x)cosh(y), ox
u, (x, y,0)=—sinh(x) cosh(y), | du(x,0,t) _o 0<x<l y=0
oy ' S ’
%j’t):e‘sinh(x)sinh(l), 0<x<1 y=1.
(7.4.11)

The exact solution is given by
u(x,y,t)=e" sinh(x)cosh(y), (7.4.12)
Table 7.4 presents RMS errors, relative errors, max absolute errors and CPU time in
seconds of example 4. The table shows that the errors are small and negligible. The
figures 7.10 and 7.11 show the numerical and exact solutions at time t=1.0 and
t =3.0respectively. The figures show that the numerical results are in good
agreements with the exact solutions. The figure 7.12 shows physical behavior of the
equation (7.4.12) in contour format t =1.0.

Table-7.4
RMS, relative, max absolute errors and CPU time of example 4 at different times for
N=M =21

T PDQM PDQM PDQM CPU
RMS Relative Error Max Absolute Error | Time(s)

0.5 9.985x10°° 1.934x10°° 3.846x10°° 17
1.0 7.545x107 2.410x10°° 2.277x10°° 36
2.0 1.220x10°° 1.059x10°° 4.086x10° 70
3.0 8.040x10°° 1.897x107* 2.106x10°° 103
5.0 9.168x10°° 1.599x107* 2.669%10°° 179
7.0 5.395x10°° 6.953x107° 1.499x10°° 248
10.0 5.939x10°° 1.537x1073 1.619x10°° 339
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Figure 7.10: Exact (left) and numerical (right) solutions of example 4 with time step
length At=0.001, y =1 at t=1.0.

Figure 7.11: Exact (left) and numerical (right) solutions of example 4 with time step
length At=0.001, y =1 at t =3.0.

08 ~J 08
0 07
osf
Y] S — —_— > 05
0.4 o T 0

Figure 7.12: Contours plots of example 4 with time step length At=0.001,y =1 at
t =1.0, 3.0 respectively.

146



Chapter 7 Two Dimensional Quasilinear Hyperbolic Equations

Example 5
In this example, we have considered the following two dimensional hyperbolic

equation with forcing function
Ug +2aU, + AU = U, +U,, +(2—4oz+ﬁ2)e*Zt sinh(x)sinh(y), 0<x,y<1, t>0,
(7.4.13)

where « >0 and g >0are real parameters and exact solution is given by

u(x, y,t)=e?"sinh(x)sinh(y), t=>0. The initial and Dirichlet boundary conditions

M = e ?sinh(y),

0<y<1l x=0,
0 X ’ '
_ _ oL y.t) =e cosh(l)sinh(y), 0<y<1l x=1
{u(x, y,0) = sinh(x)sinh(y), oX
u,(x, y,0)=—2sinh(x)sinh(y), | a(x,0,t) = e % sinh(x) 0<x<l y=0
oy | o |
a(;’“) e cosh(l)sinh(x), 0<x<1 y=1
y

(7.4.14)

The RMS errors, relative errors, max absolute errors and CPU time in seconds of

example 5 are shown in table 7.5 at different time. The table shows that the errors are

small and negligible. The numerical and exact solutions at time t=1.0 and

t =3.0respectively are shown in figures 7.13 and 7.14. The figures show that the

numerical results are in good agreements with the exact solutions. The figure 7.15
shows physical behavior of the telegraph equation (7.4.14) in contour format t =1.0.

Table-7.5
RMS, relative, max absolute errors and CPU time of example 5 at different times for
N=M =21 a«=10,3="5.

T PDQM PDQM PDQM CPU
RMS Relative Error | Max Absolute Error | Time(s)
0.5 6.111x10° 3.411x10°° 2.422x10°° 6
1.0 6.066x10° 9.206x107° 2.319x10° 12
2.0 6.072x10°° 6.809x10°* 2.266x10°° 24
3.0 6.079x10° 5.035x107* 2.197x10°° 35
5.0 6.080x10°° 4.984x10°° 2.765x107° 57
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Figure 7.13: Exact (left) and numerical (right) solutions of example 5 with time step
length At=0.001, =0, f=5 at t =1.0.

Numerical Solution
e

Figure 7.14: Exact (left) and numerical (right) solutions of example 5 with time step
length At=0.001, « =0, #=5 at t =3.0.

Figure 7.15: Contours plots of example 5 with time step length
At=0.00L, ¢ =0, =5 at t =1.0, 3.0 respectively.
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7.5 Discussion

In this chapter, numerical solutions of the second order two dimensional quasilinear
hyperbolic equations are discussed by PDQM. Many authors [105, 106, 118, 111-114]
have proposed the numerical schemes for the two dimensional quasilinear hyperbolic
equations. In this study, numerical results obtained by using Gauss-Lobatto-Chebyshev
grid points are presented. In all problems, the RSM errors, relative errors, absolute
errors and CPU times are presented in tables 7.1-7.5 with time step length
At =0.00land M =N =21. The main advantage of the present scheme is that the

scheme gives very accurate and similar results to the exact solutions by choosing less
number of grid points and the problem can be solved upto big time. The good thing of
the present technique is that it is easy to apply and gives us better accuracy in less
numbers of grid points as comparison to the other numerical techniques. The
multidimensional problems can be easily handled by the present numerical technique.

Due to easiness, the present scheme is very useful for engineers and physical scientists.
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Summary

The study of nonlinear partial differential equations has an important role in the
domains of mathematics, physics, classical mechanics, electromagnetism, relativity
theory and quantum mechanics etc. The exact and numerical solutions for nonlinear
systems are used for physical investigations. In this thesis entitled “Exact and

Numerical Solutions of some Nonlinear Partial Differential Equations”, we present

the applications of Lie classical approach and Differential quadrature method to obtain
the exact and numerical solutions of certain nonlinear PDES representing important
physical phenomenon which are the variable coefficients Benjamin-Bona-Mahony-
Burger (BBMB) equation, Coupled Short Pulse (CSP) equation along with time
dependent coefficients, (2+1)-dimensional Diffusion-Advection equation with variable
coefficient, variable coefficient coupled KdV-Burgers’s equation, generalized
Fitzhugh-Nagumo equation with time-dependent coefficients and two dimensional
Quasilinear Hyperbolic equations.

In chapters 2, Lie symmetry method has been applied to investigate the symmetries
and invariant solutions of Benjamin-Bona-Mahony-Burger equation. The vector fields
of the optimal system lead to reductions of the nonlinear PDE to ODEs and some new
exact solutions are derived. Chapter 3 is devoted to utilize the Lie symmetry method to
obtain the symmetries admitted by CSP and variable coefficients CSP equations. The
symmetries of these equations are exploited to derive some ansétz leading to the
reduction of variables, where the traveling wave and exact solutions are easier to obtain
by considering the optimal system of conjugacy inequivalent subgroups. The system of
ordinary differential equations is further solved in general to obtain numerical solutions
with the help of RK4 method.
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(2+1)-dimensional variable coefficients Diffusion Advection (DA) equation is
studied in chapter 4. The admissible forms of coefficients have been derived for which
this nonlinear equation possess the Lie symmetries. Further, we have successfully
established exact and explicit non-traveling wave solutions with arbitrary parameters to

variable coefficients DA equation via extended (G'/G)-expansion method. These

solutions are expressed in terms of the hyperbolic functions, trigonometric functions
and rational functions. Most of the solutions obtained involve an arbitrary coefficient
function and it may enable one to control and discuss the behavior of solution as
governed by the choice of this arbitrary function. In Chapter 5, based on classical Lie

group method, with the help of modified (G’/G)-expansion and RK4 methods, we

study a variable coefficient coupled KdV-Burgers’ equation, and get its infinitesimal
generator, commutation table of Lie algebra, symmetry group and similarity reductions.
In particular, exact and numerical solutions of the coupled KdV-Burgers equation are
derived from the reduction equations. Further, results are illustrated graphically for
different parameters.

Another important aspect that deserves special attention is to study numerical
solutions of PDEs with the help of PDQM method. Chapter 6, 7 are concerned with
numerical solutions of generalized Fitzhugh-Nagumo equation with time-dependent
coefficients and two-space-dimensional Quasilinear Hyperbolic partial differential
equations with the help of PDQM. In construction of the numerical method, Lagrange’s
interpolation is used to find the weighting coefficients of differential quadrature method
that is why the method is called PDQ method. PDQ method reduced the problem into a
system of nonlinear ODEs with initial and boundary conditions. After using the
boundary conditions, the obtained ODEs with initial conditions are solved by RK4
method. Finally, numerical examples support to check the accuracy and efficiency of
the developed method.

We make the remark that, PDEs and the PDEs systems which arise from differential
geometry were not systematically studied numerically by using the symmetry group
theory. That is our motivation to apply the modern symmetry groups theory in the case
of certain PDEs connected with physical phenomena to obtain the exact as well as
numerical solutions. After obtaining the point symmetries of the PDEs under
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investigation, our attempt is to reduce the number of independent variables of the PDEs
corresponding to each element of the optimal system and then reduced ODEs have been
studied for exact solution. But with respect to the some reduced ODEs we are unable to
obtain the nontrivial exact solutions for the PDEs so for these ODEs we present the
numerical solutions of main equation by solving reduced ODEs with the help of
classical RK4 method. For numerical solution we pose the initial value problem (IVP)
for the ODEs after reducing it to first order ODEs.

Finally, it is worth mentioning that in spite of the focus on the numerical solutions,
the author found that the accuracy of the PDQM depends on the number of grid points.
As we increase the grid points it gives better results and the method gives better
accuracy in less number of grid points while in other numerical methods large number
of grid point are used. It is also observed that time dependent problems can be best
solved by forming initial valued problems. The multidimensional problems can be
easily handled by the present numerical technique. Due to easiness, the PDQM scheme
is very useful for engineers and physical scientists.

In short, we can say that in spite of the focus on symmetries and exact solutions, the
authors found it really difficult at times to find symmetries for variable coefficient
equations as symmetries for constant coefficient equations can be obtained by some
mathematical softwares. Keeping in view this limitation, it will be really interesting if
such softwares can be developed. In this thesis, it is also a herculean task to extract
solutions of PDEs from reduced ODEs and to fulfill this aim, some specific forms of
solutions of ODEs have been assumed. Thus, the general solution of reduced ODEs,
their physical interpretation and to study the nonclassical symmetries of variable
coefficient equations brings forth tremendous scope of future work. Also there is gap
in literature to study the numerical analysis and simulation of elliptic PDEs by DQM.
In future, numerical analysis and simulation of elliptic PDEs can be done by
developing numerical scheme based on B-spline differential quadrature methods,
quasilinearization process and some standard numerical methods such as Runge-Kutta

methods, Gauss-elimination method etc.
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