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Abstract

In this thesis, the limitations and shortcomings of existing methods for solv-
ing linear programming problems with fuzzy sets are pointed out. To overcome the
limitations and shortcomings of existing methods, some new ranking approaches are
proposed for comparing generalized fuzzy sets and vague sets. On the basis of pro-
posed ranking approaches, some new methods are proposed to find the appropriate
solution of such linear programming problems with generalized fuzzy sets and vague
sets in which only the parameters cost (or profit) are represented by fuzzy sets or
vague sets.

The chapter wise summary of the thesis is as follows:

In Chapter 1, a brief review of the work done in the area of linear program-
ming problems with fuzzy sets is presented.

In Chapter 2, it is shown that the existing method for solving linear program-
ming problems with fuzzy sets can be used only for solving such linear programming
problems in which either the parameters are represented by normal fuzzy sets or
generalized fuzzy sets having equal height. Although, the limitations of the existing
method can be removed by replacing an appropriate ranking approach instead of
already used existing ranking approach for comparing fuzzy sets but there are some
shortcomings in all the existing ranking approaches so none of the existing ranking

il



v

approach can be used to overcome the limitations of existing method. To overcome
the limitations of existing method, a new ranking approach is proposed for compar-
ing generalized trapezoidal fuzzy sets and on the basis of proposed ranking approach
a new method is proposed for solving linear programming problems with generalized
fuzzy sets.

In Chapter 3, the limitations of some existing results for comparing general-
ized p-norm fuzzy sets are pointed out and with the help of the ranking approach,
proposed in Chapter 2, some new results are proposed by modifying the existing
results to overcome the limitations of existing results. It is shown that the existing
results are the particular cases of the proposed results. Also, the method for solving
linear programming problems with generalized fuzzy sets, proposed in Chapter 2,
is used to solve a linear programming problem with generalized p-norm trapezoidal
fuzzy sets.

In Chapter 4, the shortcomings of the ranking approach, proposed in Chap-
ter 2, are pointed out and to overcome these shortcomings a new ranking approach,
named as RM ranking approach, is proposed for comparing generalized trapezoidal
fuzzy sets. Also, with the help of RM ranking approach, a new method is proposed
for solving linear programming problems with generalized trapezoidal fuzzy sets.

In Chapter 5, the limitations of some existing results related to comparison
of intuitionistic fuzzy sets and shortcomings of an existing ranking approach for
comparing triangular intuitionistic fuzzy sets are pointed out. To overcome the lim-
itations of existing results, some new results are proposed by modifying the existing
results and to overcome the shortcomings of existing ranking approach, a new rank-

ing approach is proposed for comparing trapezoidal vague sets. Also, the method



for solving linear programming problems with generalized fuzzy sets, proposed in
Chapter 4, with proposed ranking approach is used to solve a linear programming
problem with trapezoidal vague sets.

In Chapter 6, it is shown that the results of the linear programming problems
with fuzzy sets obtained by using the existing and proposed methods are not appro-
priate. It is pointed out that all the shortcomings in the results are occurring due to
used ranking approaches. To overcome the shortcomings of existing and proposed
ranking approaches, a new ranking approach, named as RMDS ranking approach,
is proposed for comparing trapezoidal vague sets. On the basis of proposed RMDS
ranking approach, a new method is proposed for solving linear programming prob-
lems with trapezoidal vague sets. To show the advantage of the proposed method
the linear programming problems with fuzzy and vague sets, for which the results
obtained by using the existing and other proposed methods are not appropriate, are
solved by using the proposed method and it is shown that the obtained results are
appropriate.

Finally, in Chapter 7, based on the present study, conclusions are drawn and

future work have been suggested.






List of Research Papers

1. A. Kumar, P. Singh, J. Kaur, Generalized simplex algorithm to solve fuzzy
linear programming problems with ranking of generalized fuzzy numbers, Turk-

ish Journal of Fuzzy Systems 1 (2010) 80-103.

2. A. Kumar, P. Singh and J. Kaur, Two phase method for solving fuzzy linear
programming problems using ranking of generalized fuzzy numbers. Interna-

tional Journal of Applied Science and Engineering 8 (2010) 127-147.

3. A. Kumar, P. Singh, A. Kaur, P. Kaur, RM approach for ranking of general-
ized trapezoidal fuzzy numbers, Fuzzy Information and Engineering 2 (2010)

37-47.

4. A. Kumar, P. Singh, P. Kaur and A. Kaur, RM approach for ranking of L-R

type generalized fuzzy numbers, Soft Computing 15 (2011) 1373-1381.

5. A. Kumar, P. Singh, A. Kaur, P. Kaur, Ranking of generalized trapezoidal
fuzzy numbers based on rank, mode, divergence and spread, Turkish Journal

of Fuzzy Systems 1 (2010) 141-152.

6. A. Kumar, P. Singh, A. Kaur, Ranking of generalized exponential fuzzy num-
bers using integral value approach, International Journal of Advances in Soft

Computing and Its Applications 2 (2010) 221-230.

vii



viil

10.

11.

12.

13.

14.

A. Kumar, P. Singh, A. Kaur, P. Kaur, Equality of generalized triangular
fuzzy numbers, International Journal of Physical and Mathematical Sciences

1 (2010) 43-48.

. A. Kumar, P. Singh, P. Kaur and A. Kaur, A new approach for ranking of

generalized trapezoidal fuzzy numbers, International Journal of Engineering

and Physical Sciences 4 (2010) 102-105.

. A. Kumar, P. Singh, A. Kaur and P. Kaur, A new approach for ranking

nonnormal p-norm trapezoidal fuzzy numbers, Computers and Mathematics

with Applications 61 (2011) 881-887.

A. Kumar, P. Singh, A. Kaur, P. Kaur, A new approach for ranking of L-
R type generalized fuzzy numbers, Tamsui Oxford Journal of Mathematical

Sciences 27(2011) 197-211..

A. Kumar, P. Singh, Ranking of generalized fuzzy numbers with generalized

fuzzy simplex algorithm, Journal of Mathematics and Applications (Accepted)

A. Kumar, P. Singh, A new approach for the ranking of trapezoidal vague

sets, Applied Soft Computing (Communicated).

A. Kumar, P. Singh, RMDS ranking approach for solving linear program-
ming problems with trapezoidal vague sets, Expert Systems with Applications

(Communicated)

A. Kumar, P. Singh, Ranking of generalized exponential fuzzy numbers us-
ing integral value approach, Eighteen International Conference on Interdis-

ciplinary and Statistical Techniques, Jaypee University of Information and



15.

X

Technology, Waknaghat, Himachal Pradesh, India, August 02-04, 2009.

A. Kumar, P. Singh, Big-M method for solving fuzzy linear programming
problems using ranking of generalized fuzzy numbers, International Congress
on Productivity, Quality, Reliability, Optimization and Modeling, ISI Delhi,

India, Feb. 07-08, 2011.






Table of Contents

Table of Contents xi
1 INTRODUCTION 1
1.1 Literature review . . . . . . . . .. 1
1.2 Organization of the thesis . . . . ... ... ... ... .. ...... 6

2 A NEW RANKING APPROACH FOR SOLVING LINEAR PRO-

GRAMMING PROGRAMMING PROBLEMS WITH GENER-

ALIZED TRAPEZOIDAL FUZZY SETS 11
2.1 Preliminaries . . . . . . . ... 12
2.1.1 Basic definitions . . . . . .. ..o 12
2.1.2  Arithmetic operations . . . . . . .. ... ... ... 14
2.2 Linear programming problems with fuzzy sets . . . .. .. ... ... 16
2.2.1 Linear programming problems with normal fuzzy sets . . . . . 16
2.2.2  Linear programming problems with generalized fuzzy sets . . . 17
2.2.3 Comparison of fuzzy sets . . . . . .. ... ... 17
2.2.4  Feasible and optimal solutions . . . . . . . ... ... ... .. 19

2.3 Existing method for solving linear programming problems with nor-
mal trapezoidal fuzzy sets . . . . . .. ..o 20

X1



xil

24

2.5

2.6

2.7

2.8

2.9

2.3.1 Ilustrative example . . . . . . . ... .. ... ... .. 21
Limitations of existing method . . . . . . . . ... ... .. ... ... 23
Shortcomings of existing ranking approaches . . . . . . .. ... ... 24
2.5.1 Chen and Chen ranking approach . . . . . ... .. ... ... 25
2.5.2  Chen and Sanguansat ranking approach . . . . .. ... ... 27

2.5.3 Shortcomings on the basis of reasonable properties of fuzzy

quantities . . . . . .. 30
2.5.4  Shortcomings on the basis of height of fuzzy sets. . . . . . .. 32
Proposed ranking approach . . . .. . ... oo 33
2.6.1 Illustrative examples . . . . . . ... ... ... L. 34
Validity of the proposed ranking approach . . . . .. ... ... ... 36

Proposed method for solving linear programming problems with gen-

eralized trapezoidal fuzzy sets . . . . . ... ... oL 37
2.8.1 Advantage of proposed method over existing method . . . . . 39
Conclusions . . . . . . . . .. 40

LINEAR PROGRAMMING PROBLEMS WITH GENERALIZED

p-NORM TRAPEZOIDAL FUZZY SETS 43
3.1 Preliminaries . . . . . . .. .. 43
3.1.1 Basic definitions . . . . . .. ... 44
3.1.2 Arithmetic operations . . . . .. ... ... ... .. ..... 45
3.2 Limitations of existing ranking results . . . . . . . ... ... ... .. 46
3.3 Generalization of existing results . . . . . . ... ... ... ... .. 50
3.3.1 Particular cases . . . . . . ... 53
3.4 Limitations of proposed results . . . . .. .. ... ... ... ... 54



x1il

3.5 Generalization of the proposed results . . . . . . ... ... ... ... 55
3.5.1 Particular cases . . . . . .. ..o o8

3.6 Linear programming problems with generalized p-norm trapezoidal
fuzzy sets . . . . . 59

3.7 Conclusions . . . . . . . . 61

RM RANKING APPROACH FOR SOLVING LINEAR PROGRAM-

MING PROGRAMMING PROBLEMS WITH GENERALIZED

TRAPEZOIDAL FUZZY SETS 63
4.1 Shortcomings of existing and proposed ranking approaches . . . . . . 63
4.2 RM ranking approach . . . . . . ... ... oo oL 65

4.2.1 Tlustrative examples . . . . . . . . ... ... L. 67
4.3 Proposed method based on RM ranking approach . . . . . .. .. .. 69

4.3.1 Hlustrative examples . . . . . .. .. .. ... ... ... .. 70
4.4 Conclusions . . . . . . . .. 71

A NEW RANKING APPROACH FOR SOLVING LINEAR PRO-

GRAMMING PROBLEMS WITH TRAPEZOIDAL VAGUE SETS 73

5.1 Preliminaries . . . . . . . . ... 74
5.1.1 Basic definitions . . . . . .. ... oo 74
5.1.2  Arithmetic operations . . . . . .. ... ... ... ... ... 7

5.2 Liranking approach . . . . . . . ... ... L 78

5.3 Limitations of existing results . . . . . . ... ... 0L 80

54 Proposed results. . . . . ... 82

5.5 Shortcomings of existing ranking approach . . . . . .. .. ... ... 83



Xiv

5.5.1 Shortcomings on the basis of reasonable properties of fuzzy
quantities . . . . ...
5.5.2  Shortcomings on the basis of height of fuzzy sets . . . . . . ..
5.6 Proposed ranking approach . . . . .. ... 0000
5.6.1 Particular cases . . . . . ... ..o
5.6.2 Illustrative examples . . . . . . . . . .. ...
5.7 Linear programming problems with trapezoidal vague sets . . . . ..
5.7.1 Application of proposed ranking approach . . . .. ... ...

5.8 Conclusions . . . . . . ..

RMDS RANKING APPROACH FOR SOLVING LINEAR PRO-

GRAMMING PROBLEMS WITH TRAPEZOIDAL VAGUE SETS 95

6.1 Shortcomings of existing methods . . . . . . ... ... ... ... ..
6.2 Proposed method based on Kaufmann and Gupta ranking approach .
6.2.1 Kaufmann and Gupta ranking approach . . . . ... ... ..
6.2.2 Proposed method . . . . ... ... ... ... L.
6.3 Advantage of proposed method based on Kaufmann and Gupta rank-
ing approach . . . . . .. ..
6.3.1 Solution of the chosen problem . . . . ... ... ... ....
6.4 Limitations of proposed method based on Kaufmann and Gupta rank-
ing approach . . . . . .. ..
6.5 Some important results . . . . ... ...
6.6 Proposed RMDS ranking approach . . . . ... ... ... ......
6.6.1 Particular cases . . . . . . .. .o

6.6.2 Illustrative examples . . . . . . . . .. ... .. ... ... ..



6.7 Proposed method based on RMDS ranking approach . . . ... ... 115
6.7.1 Illustrative examples . . . . . . . ... ... ... 118
6.8 Advantages of proposed method based on RMDS ranking approach . 124

6.9 Conclusions . . . . . . . . 130

7 CONCLUSIONS AND FUTURE SCOPE 131

Bibliography 133



Chapter 1

INTRODUCTION

Linear programming is one of the most frequently applied operations research
techniques. The classical tool for solving the linear programming problem in prac-
tice is the class of simplex algorithm which was proposed and developed by Dantzig
[47]. A lot of real world decision problems are described by linear programming
models and sometimes it is necessary to formulate them with elements of impre-
cision or uncertainty. This imprecise nature has long been studied with the help
of the probability theory. However, the probability theory might not provide the
correct interpretation to solve some practical decision making problems. Stochastic
programming is built on the assumption that some of the parameters used to de-
scribe the problem are random variables, which are difficult to determine exactly
and stochastic programming models are often very complex in structure and there-
fore rarely used in practice. In these cases, the fuzzy set theory [189] might be more

helpful.

1.1 Literature review

The concept of decision making in fuzzy environment was proposed by Bell-
man and Zadeh [15]. Tanaka et al. [163] adopted this concept for solving the

1



problems of mathematical programming. Rodder and Zimmermann [141] studied
the first duality results using fuzzy parameters. Zimmermann [193] proposed the
first formulation of fuzzy linear programming. Chanas [28] proposed the possibility
of the identification of a complete fuzzy decision in fuzzy linear programming by use
of the parametric programming technique. Verdegay [169] defined the fuzzy dual
problem with the help of parametric programming and proved that fuzzy primal
and fuzzy dual have the same fuzzy solution. Tanaka and Asai [161] formulated a
fuzzy linear programming problem to obtain a reasonable solution under consider-
ation of ambiguity of parameters. Carlsson and Korhonen [27] proposed a method
to deal with decision problems having uncertainity about the parameters. Werners
[178] introduced an interactive system which supports a decision maker in solving
programming models with crisp or fuzzy constraints and crisp or fuzzy goals.
Luhandjula [102] proposed some ways to deal with linear programming prob-
lems when the coefficients of the objective function are subject to possibilistic im-
precision. Campos and Verdegay [26] considered linear programming problems with
fuzzy constraints and fuzzy coefficients in both matrix and right hand of the con-
straint set. Delgado et al. [49] described more important problems in fuzzy linear
programming and proposed a method for solving them. Rommelfanger et al. [145]
presented a new method for solving linear programming problems with fuzzy pa-
rameters in the objective function. Inuiguchi et al. [71] dealt with the fuzzy linear
programming problems with continuous piecewise linear membership function. Zhao
and Govind [192] represented fuzzy equality constraints by fuzzy intervals and pro-
posed an expression from which the complete fuzzy solution set can be conveniently

studied. Lai and Hwang [89] investigated an interactive fuzzy linear programming



approach to improve the flexibility and robustness of linear programming technique.

Fuller and Zimmermann [61] interpreted fuzzy linear programming problems
with fuzzy coefficients and fuzzy inequality relations as multiple fuzzy reasoning
schemes. Shaocheng [149] focused on two kinds of linear programming: interval
number and fuzzy number linear programming. Herrera and Verdegay [70] studied
some models for dealing with fuzzy integer linear programming problems. Cadenas
and Verdegay [24] studied a linear programming problem in which all its elements
are defined as fuzzy sets. Wang [172] proposed an inexact approach to solve objec-
tive/resource type of fuzzy linear programming problems. Fang et al. [59] presented
a method for solving linear programming with fuzzy coefficients in constraints. Guu
and Wu [67] proposed a two phase approach to solve the fuzzy linear programming
problems.

Buckley and Feuring [22] introduced a method to find solution of the fully
fuzzified linear programming problems with all the parameters and variables as
fuzzy numbers by changing the objective function into a multiobjective fuzzy linear
programming problem. Jiuping [78] proposed a kind of fuzzy linear programming
problems based on interval-valued fuzzy sets by converting interval valued fuzzy
linear programming into parametric linear programming. Inuiguchi and Ramik [72]
proposed some fuzzy linear programming methods and techniques from a practical
point of view. Maleki et al. [111] solved the linear programming problems in which
all decision parameters are fuzzy numbers by the comparison of fuzzy numbers. Liu
[97] proposed a method for solving fuzzy linear programming problems based on the
satisfaction degree of the constraints.

Bector and Chandra [13] discussed duality in fuzzy linear programming based



on modification of dual formulation stated by Rodder and Zimmermann [141].
Maleki [110] introduced a new method for solving linear programming with vague-
ness in constraints by using ranking function. Zhang et al. [191] proposed a method
for solving fuzzy linear programming problems which involve fuzzy numbers in coeffi-
cients of objective functions. Wu [179] proposed fuzzy duality of linear programming
problems with fuzzy coefficients and formulated it by using the fuzzy scalar prod-
uct. Nehi et al. [126] defined the concept of optimality for linear programming
problem with fuzzy parameters by transforming fuzzy linear programming problem
into multiobjective linear programming problem. Ramik [132] introduced fuzzy lin-
ear programming problems based on fuzzy relations. Nasseri et al. [120] presented
a new method for solving fuzzy number linear programming problems.
Mahdavi-Amiri and Nasseri [108] proposed a method to obtain the dual of a
fuzzy linear programming problem. Ganesan and Veeramani [62] proposed an ap-
proach to solve a fuzzy linear programming problem involving symmetric trapezoidal
fuzzy numbers without converting it to crisp linear programming problem. Hashemi
et al. [69] proposed a two phase approach to find the optimal solutions of class
of fuzzy linear programming problems called fully fuzzified linear p rogramming,
where all decision parameters and variables are fuzzy numbers. Rommelfanger [142]
proposed a new method for solving stochastic linear programming problems with
fuzzy parameters. Lin and Lee [95] presented a genetic algorithm for solving lin-
ear programming problem having fuzzy constraints. Jimenez et al. [77] proposed a
method for solving linear programming problems where all the coefficients are fuzzy
numbers and used a fuzzy ranking method to rank the fuzzy objective values and

to deal with the inequality relation on constraints.



Mahdavi-Amiri and Nasseri [107] established some duality results for linear
programming problems with trapezoidal fuzzy variables. Safi et al. [146] improved
the Zimmermann method for solving fuzzy linear programming problems. Allahvi-
ranloo et al. [5] proposed a new method for solving fully fuzzy linear programming
problems by the use of ranking function. Nasseri [118] proposed a method for solv-
ing fuzzy linear programming problems by solving the classical linear programming.
Mahdavi-Amiri and Nasseri [109] introduced some duality results on linear program-
ming problems with symmetric fuzzy numbers. Lotfi et al. [101] discussed fully
fuzzy linear programming problems by representing all parameters and variables as
triangular fuzzy numbers. Ebrahimnejad and Nasseri [55] used the complementary
slackness property to solve fuzzy linear programming problem with fuzzy parameters
without the need of a simplex tableau. Stanojevic and Stanojevic [156] proposed
an algorithm for solving fuzzy linear programming problems with trapezoidal fuzzy
numbers using a penalty method. Ebrahimnejad et al. [57] proposed a new primal-
dual algorithm for solving linear programming problems with fuzzy variables by
using duality results.

In this thesis, the limitations and shortcomings of existing methods for solv-
ing linear programming problems with fuzzy sets are pointed out. To overcome the
limitations and shortcomings of existing methods, some new ranking approaches are
proposed for comparing generalized fuzzy sets and vague sets. On the basis of pro-
posed ranking approaches, some new methods are proposed for solving such linear
programming problems with generalized fuzzy sets and vague sets in which only the

parameters cost (or profit) are represented by fuzzy sets or vague sets.



1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

Several researchers [6, 55, 56, 57, 58, 107, 108, 109, 119, 120] have used the
existing method [111] for solving different types of linear programming problems
with fuzzy sets. In this chapter, it is shown that due to limitations of existing rank-
ing approach [96], used in the existing method [111] for comparing fuzzy sets, the
existing method [111] can be used for solving such linear programming problems
in which either the parameters are represented by normal fuzzy sets or generalized
fuzzy sets having equal heights but the existing method can’t be used for solving
such linear programming problems in which some or all the parameters are repre-
sented by generalized fuzzy sets having different heights.

Since, the limitations in the existing method are occurring due to limitations of
existing ranking approach so, the limitations of the existing method can be removed
by using an appropriate alternative ranking approach instead of existing ranking
approach.

Recently, Chen and Chen [37], Chen and Sanguansat [41] have pointed out the
limitations and shortcomings of several existing ranking approaches for comparing
generalized fuzzy sets and proposed new ranking approaches for comparing gener-
alized trapezoidal fuzzy sets but there are also some shortcomings in these existing
ranking approaches [37, 41] due to which these ranking approaches can also not be
used for comparing fuzzy sets in the existing methods.

In this chapter, the shortcomings of the existing ranking approaches [37, 41]

are pointed out and to overcome the shortcomings of the existing ranking approaches



[37, 41] a new ranking approach is proposed for comparing generalized trapezoidal
fuzzy sets. Also, a new method, on the basis of proposed ranking approach, is pro-
posed for solving linear programming problems with generalized trapezoidal fuzzy
sets by modifying the existing method [111].
Chapter 3

Chen and Tang [42] introduced the definition of generalized p-norm fuzzy sets
and proposed some results for comparing generalized p-norm fuzzy sets. In this chap-
ter, with the help of several counter examples it is proved that the existing results
[42] are applicable only for the generalized p-norm fuzzy sets having equal height.
To overcome the limitations of existing results, on the basis of ranking approach,
proposed in Chapter 2, some new results are proposed for comparing generalized
p-norm fuzzy sets having different height. It is shown that the existing results, [42]
are particular cases of the proposed results. Also, the method for solving linear
programming problems with generalized fuzzy sets, proposed in Chapter 2, is used
for solving a linear programming problem with generalized p-norm fuzzy sets.
Chapter 4

In Chapter 2, a new ranking approach is proposed for comparing generalized
fuzzy sets in which only rank is used for comparing generalized fuzzy sets. In this
chapter, it is shown that only rank is not sufficient for comparing generalized fuzzy
sets and to overcome this limitation, a new ranking approach, named as RM ranking
approach, is proposed by modifying the ranking approach proposed in Chapter 2.
Also, on the basis of the proposed RM ranking approach, a new method is proposed
for solving linear programming problems with generalized trapezoidal fuzzy sets.

The proposed method is illustrated by solving a numerical example.



Chapter 5

In real life, a person may assume that an object belongs to a set, but it is
possible that he is not sure about it. In other words, there may be hesitation or
confusion that whether an object belongs to a set or not. In fuzzy set theory, there is
no means to incorporate such type of hesitation or confusion. A possible solution is
to use intuitionistic fuzzy set [9] or vague set [63]. Bustince and Burillo [23] pointed
out that the notion of vague set is the same as that of intuitionistic fuzzy set.

Li [94] pointed out the shortcomings of all the existing ranking approaches for
comparing intuitionistic fuzzy sets and proposed some results and a new approach
for comparing intuitionistic fuzzy sets.

In this chapter, the limitations of the existing results [94] and the shortcomings
of the existing ranking approach [94] are pointed out. To overcome the limitations
of the existing results, some new results are proposed by modifying the existing
results. Also, to overcome the shortcomings of the existing ranking approach [94],
a new ranking approach is proposed for comparing trapezoidal vague sets. To show
the application of proposed ranking approach a linear programming problem with
trapezoidal vague sets is solved.

Chapter 6

Several researchers [6, 55, 57, 56, 58, 107, 108, 109, 119, 120] have used the
existing method [111] for solving different types of linear programming problems
with fuzzy sets. In this chapter, it is shown that the results of the linear program-
ming problems, obtained by the researchers by using the existing method [111] and
the results of the linear programming problems with generalized and vague sets, ob-

tained by using the proposed methods, are not appropriate. Also, it is shown that



the shortcomings in the results are occurring due to existing and proposed rank-
ing approaches which are used in the existing and proposed methods for comparing
fuzzy and vague sets. To overcome the shortcomings of the existing and proposed
methods, a new ranking approach, named as RMDS ranking approach, is proposed
for comparing trapezoidal vague sets having equal degree of membership and non
membership. On the basis of proposed RMDS ranking approach, a new method is
proposed for solving linear programming problems with trapezoidal vagues sets. To
show the advantages of the proposed RMDS ranking approach, the chosen linear
programming problems with fuzzy and vague sets, for which the results obtained
by using the existing and proposed methods are not appropriate, are solved by the
proposed method and it is shown that the obtained results are appropriate.
Chapter 7

Finally, in this chapter, based on the present study, conclusions are drawn and

future work have been suggested.






Chapter 2

A NEw RANKING APPrROACH FoRr
SOLVING LINEAR PROGRAMMING
ProBLEMS WITH (GENERALIZED
TRAPEZOIDAL Fuzzy Sets !

Several researchers [6, 55, 56, 57, 58, 107, 108, 109, 119, 120] have used the
existing method [111] for solving different types of linear programming problems
with fuzzy sets. In this chapter, it is shown that due to limitations of existing rank-
ing approach [96], used in the existing method [111] for comparing fuzzy sets, the
existing method [111] can be used for solving such linear programming problems
in which either the parameters are represented by normal fuzzy sets or generalized
fuzzy sets having equal heights but the existing method can’t be used for solving
such linear programming problems in which some or all the parameters are repre-
sented by generalized fuzzy sets having different heights.

Since, the limitations in the existing method are occurring due to limitations of
existing ranking approach so, the limitations of the existing method can be removed

by using an appropriate alternative ranking approach instead of existing ranking

'Some part of this chapter is published in the International Journal of Engineering and Physical
Sciences 4 (2010) 102-105 and remaining part is published in International Journal of Applied
Science and Engineering 8 (2010) 127-147.
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approach.

Recently, Chen and Chen [37], Chen and Sanguansat [41] have pointed out the
limitations and shortcomings of several existing ranking approaches for comparing
generalized fuzzy sets and proposed new ranking approaches for comparing gener-
alized trapezoidal fuzzy sets but there are also some shortcomings in these existing
ranking approaches [37, 41] due to which these ranking approaches can also not be
used for comparing fuzzy sets in the existing methods.

In this chapter, the shortcomings of the existing ranking approaches [37, 41]
are pointed out and to overcome the shortcomings of the existing ranking approaches
[37, 41], a new ranking approach is proposed for comparing generalized trapezoidal
fuzzy sets. Also, a new method, on the basis of proposed ranking approach, is pro-
posed for solving linear programming problems with generalized trapezoidal fuzzy

sets by modifying the existing method [111].

2.1 Preliminaries

In this section, some basic definitions and arithmetic operations are presented

37].
2.1.1 Basic definitions

In this section, some basic definitions are presented .
Definition 2.1 The characteristic function p4 of a crisp set A C X assigns a value
either 0 or 1 to each member in X. This function can be generalized to a function
1tz such that the value assigned to the element of the universal set X fall within a
specified range i.e. pj: X — [0,1]. The assigned value indicates the membership

grade of the element in the set A.
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The function g ; is called the membership function and the set A = {(z, uz(z)) :
x € X} defined by p4(x) for each x € X is called a fuzzy set.

Definition 2.2 A fuzzy set A, defined on the universal set of real numbers R,
is said to be a generalized fuzzy set if its membership function has the following
characteristics:

1. pz: R — [0,w] is continuous, where 0 < w < 1 and w is said to be height of
generalized fuzzy set.

2. pi(z) =0, for all x € (—o0, a] J[d, 00).

3. pj(x) is strictly increasing on [a, b] and is strictly decreasing on [c, d].

4. pi(x) =w, for all z € [b, ).

Definition 2.3 Let A be a generalized fuzzy set then A* = {z € X : ps(z) >
a,0 < a < w} is said to be an a-cut of A.

Definition 2.4 A generalized fuzzy set A defined on the universal set of real numbers

R, denoted as A = (a,b, c;w), shown in Fig. 2.1, is said to be a generalized triangular

fuzzy set if its membership function, p ;(x), is given by

.
ey a<z<b
(2) w , x=0>
HA\T)= _
el b<w<e
0 , otherwise
Hz(X) \
WV bom o
(0] a b c i

Fig. 2.1 A Generalized Triangular Fuzzy Set
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Definition 2.5 A generalized fuzzy set A defined on the universal set of real num-
bers R, denoted as A = (a,b,c,d;w), shown in Fig. 2.2, is said to be a generalized

trapezoidal fuzzy set if its membership function, u (), is given by

w(x—a)
o) o @ <z<b
(1) w , b<zr<c
HAT)= w(z—d)
wa o ¢<=w <d
\ 0 , otherwise
Hz(X)
WV oL
(0] a b (o} d )

Fig. 2.2 A Generalized Trapezoidal Fuzzy Set

Definition 2.6 Let A = (ay, ay, as; w) and B = (by, by, bs, by; w) be the generalized
triangular and generalized trapezoidal fuzzy sets respectively. Then the a-cuts A

and B“ for these generalized fuzzy sets can be defined as follows:

@ o
A% = ag + (az — al)a,ag — (a3 — ag)a],O <a<w
Ba = [bl + (bg — bl)g,b4 — <b4 — b3)g],0 <a<w
w w

2.1.2 Arithmetic operations

In this section, some arithmetic operations between two generalized triangular

fuzzy sets and between two generalized trapezoidal fuzzy sets, defined on universal
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set of real numbers R, are presented.

2.1.2.1 Arithmetic operations between generalized triangular fuzzy sets
Let A, = (ay,b1,c5wp) and Ay = (a9, by, co;w3) be two generalized triangular

fuzzy sets. Then

(i) Ay @ Ay = (a1 + ag, by + by, ¢1 + co;min (wy, ws))

(i) Ay © Ay = (a1 — 2, by — by, ¢1 — ag; min (wy, ws))

(i) Ay :{

(7a177b17701;w1) Y >0
(7017751/7@1,101) Y S 0

2.1.2.2 Arithmetic operations between generalized trapezoidal fuzzy sets
Let A, = (ay1,b1,c1,di;wy) and Ay = (ag, b, co,do; wy) be two generalized

trapezoidal fuzzy sets. Then

(i) A @Ay = (a1 + ag, by + ba, c1 + ¢, dy + do; min (wq,ws))

(11) 1211 © 1212 = ((11 - dQ, bl — C9,C1 — bg,dl — ag;mz’n (wl,wg))

(i) A, = (var,vb1, yer, ydi, wy) v >0
L=
(ydy,yer, vby, yay, wi) v <0

Remark 2.1 For w = 1 generalized triangular fuzzy sets and generalized trapezoidal
fuzzy sets are said to be normal triangular fuzzy sets and normal trapezoidal fuzzy
sets respectively.

Remark 2.2 Assuming w; = wy = 1, the arithmetic operations of generalized fuzzy

sets, presented in Section 2.1.2, can also be used for normal fuzzy sets.
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2.2 Linear programming problems with fuzzy sets

Linear programming is one of the most frequently applied operations research
techniques. The classical tool for solving the linear programming problem in prac-
tice is the class of simplex algorithm which was proposed and developed by Dantzig
[47]. A lot of real world decision problems are described by linear programming
models and sometimes it is necessary to formulate them with elements of impre-
cision or uncertainty. This imprecise nature has long been studied with the help
of the probability theory. However, the probability theory might not provide the
correct interpretation to solve some practical decision making problems. Stochastic
programming is built on the assumption that some of the parameters used to de-
scribe the problem are random variables, which are difficult to determine exactly
and stochastic programming models are often very complex in structure and there-
fore rarely used in practice. In these cases, the fuzzy set theory [189] might be more

helpful.

2.2.1 Linear programming problems with normal fuzzy sets

Any linear programming problem having m constraints and n decision variables
in which the profit (or cost) are represented by normal fuzzy sets can be formulated
as follows [57, 58, 107, 108, 109, 111]:

Mazximize (or Minimize) (ﬁ:l ¢ix;)
i=
subject to
ilaijxj > =,<b, i=12,....m (Py)
=
z; >0

where, ¢; is a normal fuzzy set and a;j, b;, x; € R.
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2.2.2 Linear programming problems with generalized fuzzy
sets

If in the existing linear programming problem with fuzzy sets (P;) the param-
eters ¢; are represented by generalized fuzzy sets instead of normal fuzzy sets then
the problem (P;) is converted into a linear programming problem with generalized
fuzzy sets (P,).

Mazximize (or Minimize) (Zn:l ¢iy)
iz
subject to
ﬁ%aijxj > =,<b, i=1,2,...m (P,)
iz
z; >0

where, ¢; is a generalized fuzzy set.

2.2.3 Comparison of fuzzy sets

Fuzzy sets must be ranked before an action is taken by a decision maker.
Real numbers can be linearly ordered by the relation > or <, however this type of
inequality does not exist in fuzzy sets. Since fuzzy sets are represented by possibility
distribution, they can overlap with each other and it is difficult to determine clearly
whether one fuzzy set is larger or smaller than other. An efficient method for
ordering the fuzzy sets is by the use of a ranking function, which maps each fuzzy
set into the real line, where a natural order exists. Jain [74] proposed the concept
of ranking function for comparing normal fuzzy sets. Chen [32] pointed out that
in many cases it is not possible to restrict the membership function to the normal
form and proposed the concept of generalized fuzzy sets. Since then, tremendous
efforts are spent and significant advances are made on the development of numerous

methodologies [1, 36, 37, 41, 44, 46, 88, 96, 113, 135, 150, 176, 177] for the ranking
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of generalized fuzzy sets.

Although there are several ranking approaches for comparing fuzzy sets but
several authors [6, 55, 57, 56, 58, 107, 108, 109, 111, 119, 120] have used the existing
ranking approach [96] for solving linear programming problem with normal fuzzy
sets.
2.2.3.1 Existing ranking approach

In this section, the existing ranking approach [96] for comparing generalized
fuzzy sets is presented.

Two generalized trapezoidal fuzzy sets A = (ay, by, 1, dy;wy) and
B = (ag, ba, 2, do; wsy) can be compared by using the following steps of the existing
ranking approach [96]:

Step 1 Calculate

w1 w1

I(A) = /(Vﬁ(a))da = /(a1 + Ma)doz = ﬂ(a1 + by) (2.1)

o
o

and
IL(B) = / (vp(e))do = / (a2 + <b2;2a2) Jdo=F(a+b) (23)
IR(B) = /(Vg(a))doz = /(dQ + %a)da = %(CQ + dg) (24)
where, v%(a) = infimum(A®), v (a) = in fimum(B*) and vi(a) = supremum(A®),
vE(a) = supremum(B®).

Step 2 Calculate

INA) = ML (A) + (1= NIp(d) = SHA @ +b) + 1= V(e +di)}  (25)
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and

INB) = M (B)+ (1= \NIg(B) = %{(A(@ +bo) 4 (1= N(ca+d2)}  (2.6)

where, A\ represents the degree of optimism of a decision maker. A larger value
of A indicates a higher degree of optimism. For A = 0 and A = 1 value of I}(A)
and I%(B) represents the view points of a pessimistic and optimistic decision maker
respectively while for A = 0.5 values of I2(A) and I}(B) represents the view points
of a moderate decision maker.

Step 3 Chose a particular value of X and check that IH(A) > INB) or INA) <
I3(B) or I}N(A) = I(B)

Case (i) If I}(A) > I}(B) for chosen value of A, then A = B for same value of \.
Case (ii) If I)(A) < I}(B) for chosen value of \, then A < B for same value of \.

Case (iii) If I)(A) = I} (B) for chosen value of A, then A ~ B for same value of \.

2.2.4 Feasible and optimal solutions

In this section, the definitions of feasible and optimal solution of linear pro-
gramming problem with fuzzy sets (P;) are presented [107, 108].
Definition 2.7 A set of real numbers {z;} is said to be feasible solution of the
linear programming problem with fuzzy sets if
() z; >0, j=1,2..n

n
(ii) j; a;r; >,=,<b, 1=12...m
Definition 2.8 A feasible solution {z;} of the linear programming problem with
fuzzy sets is said to be an optimal solution if:
G >~ il ¢y;, V y; € Sp (in case of maximization)

J

¢ < Zn: ¢y;, V y; € Sp (in case of minimization)

j=1 7j=1
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where, S is the set of all feasible solutions.
Definition 2.9 Let {z;} be an optimal solution of the linear programming problem

with fuzzy sets (P) and {7} be a feasible solution of the same problem such that

n n
> Ciwj ~ ) ¢y then {7} is said to be an alternative optimal solution.
j=1 =1

2.3 Existing method for solving linear program-
ming problems with normal trapezoidal fuzzy
sets

Several researchers [6, 55, 56, 57, 58, 107, 108, 109, 119, 120] have used the
existing method [111] for solving different types of linear programming problems
with fuzzy sets.

The solution of a linear programming problem with normal fuzzy sets (P;) can
be obtained by using the following steps of the existing method.

Step 1 Assuming ¢; = (¢;1, ¢ja, ¢j3, Cja; 1) the linear programming problem with nor-
mal fuzzy sets (P;) can be converted into linear programming problem with normal
trapezoidal fuzzy sets (Ps):
Mazximize (or Minimize) ('il(th Cj2, Cj3, Cja; 1))
j=
subject to
‘nl a;r; >,=,<b, 1=12..m (Ps)
j=
x; >0
Step 2 Using Definition 2.8, the optimal solution of the linear programming prob-
lem with normal trapezoidal fuzzy sets (P;) can be obtained by solving the crisp
linear programming problem (P;)

Maximize (or Minimize) (I2(3((ci1,¢j2, ¢, Cja; 1))
=1

subject to
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Z al]'x] Z,:’ S bi7 L= 1727 ey MM (P4)

Step 3 Using linearity property
I% Z ((le, C]’Q, ng, Cj4; 1).%]) = Z I%((le, ng, ng, Cj4; 1).Tj), the CI'iSp linear program-
j=1 j=1

ming problem (P;) can be converted into crisp linear programming problem (FPs)
Mazimize (or Minimize) (Y I3((cj1, ¢jo, ¢j3, ia; 1)24))
j=1
subject to

Zlauxj 2729 S bia 1= 172a ey T (P5)
]:

l’j>0

Step 4 Using I3°(a, b, ¢,d; 1) = (a+b-+c+d), the crisp linear programming prob-

lem (Ps) can be converted into crisp linear programming problem (Fg)
Maximize (or Minimize) (3 Y (cj1 + ¢jo + ¢j3 + ¢ja)z;)

J=1

subject to

Zn:laijmj > =,<b, i=12,...m (Ps)

j=

x; >0
Step 5 Use an appropriate existing method such as simplex method or Big-M
method or two phase method or dual simplex method etc. to find the optimal solu-
tion {z;} of the the crisp linear programming problem (F).
Step 6 Find the fuzzy optimal value of the linear programming problem with trape-

zoidal fuzzy sets (Ps) by putting the obtained values of x; in ) (¢j1, ¢jo, ¢j3, ¢ja; 1) ;.
=1

2.3.1 Illustrative example

In this section, the existing method is illustrated by solving a numerical ex-

ample.
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Example 2.1 Solve
Maximize ((2,3,5,6;1)z1 & (1,2,4,5; 1))
subject to
8x1 4+ 619 < 25
3x1 + 4x9 < 15
T1,To > 0
Solution:- Using the existing method the solution of linear programming problem
with normal trapezoidal fuzzy sets, chosen in Example 2.1, can be obtained as fol-
lows:
Step 1 Using Step 2, of the existing method the optimal solution of the chosen
problem can be obtained by solving the following crisp linear programming prob-
lem:
Mazximize (I%°((2,3,5,6; 1)z @ (1,2,4,5;1)z9))
subject to
8xr1 + 6y < 25
3r; +4xy <15
T1,29 > 0
Step 2 Using Step 3 of the existing method, the crisp linear programming problem,
obtained in Step 1, can be written as:
Mazximize (I%°((2,3,5,6;1)z1) + 13°((1,2,4,5;1)x3))
subject to
8x1 4+ 619 < 25
3r; +4zy <15

1,22 >0
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Step 3 Using I9°(a,b,¢,d;w) = %(a + b+ ¢+ d) the crisp linear programming
problem, obtained in Step 2, can be written as:
Mazimize (4xy + 3x3)
subject to
8r1 + 625 < 25
3r1 +4xy <15
T1,20 > 0
Step 4 On solving the crisp linear programming problem, obtained in Step 3, the
obtained optimal solution is xz; = 275 and zo = 0

Step 5 Putting z; = % and zo = 01in ((2,3,5,6;1)x1 @ (1,2,4,5; 1)xs) the fuzzy

50 75 125 150.
551

optimal value of the chosen problem is (3, ¢, %7,

2.4 Limitations of existing method

In Step 3, the existing method the linearity property I3(¢iz; @ Gy @ ... ®
Cnn) = I3(G111) + I}(Cowo) + ... + I2(Cpxy,) is used to convert the crisp linear pro-
gramming problem (P,) into the crisp linear programming problem (Ps). But the
linearity property I2(¢121 @ GaZo @ ... ® Euxy) = I2(E121) + I2(Gaxn) + ... + [3(Cpy)
is satisfied only if ¢q, ¢, ..., ¢, are either normal fuzzy sets or generalized fuzzy sets
having equal heights but if neither ¢, ¢s, ..., ¢, are normal fuzzy sets nor general-
ized fuzzy sets having equal heights then the linearity property is not satisfied i.e.
I2(G121 @ oo @ ... B Cpry) # INC111) + I3(Coma) + ... + I3(Cny).

So the existing method [111] can’t be used for solving linear programming

problems with generalized fuzzy sets having different heights.
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Example 2.2 Let C; = (1,2,4,5;1) and C, = (3,5,7,9;1) be two normal trape-
zoidal fuzzy sets then using equation (2.5), I%5(Cy) = 4, I%5(Cy) = 6 and I1%°(Cy ®
Cy) =9 ie. I%3(Cy @ Cy) = IY5(Ch) + 19°(Ch).

Example 2.3 Let C; = (1,2,4,5;0.3) and Cy = (3,5,7,9;0.3) be two generalized
trapezoidal fuzzy sets then using equation (2.5), I%%(Cy) = 0.9, I%5(Cy) = 1.8 and
I95(Cy @ Cy) = 2.7 ie. 193(Cy @ Cy) = I195(Cy) + 195(Cy).

Example 2.4 Let C; = (1,2,4,5;0.3) and Cy = (3,5,7,9;0.7) be two generalized
trapezoidal fuzzy sets then using equation (2.5), I%°(Cy) = 0.9, 1%%(Cy) = 4.2 and

I,%S(C'l D ég) = 2.7 1.e. [%5(61 D ég) 7é ]%5(6’1) + ]%5(62)

2.5 Shortcomings of existing ranking approaches

In Section 2.4, it is pointed out that the existing method can be used for solving
such linear programming problems in which either the parameters are represented
by normal fuzzy sets or generalized fuzzy sets having equal heights but the exist-
ing method can’t be used for solving such linear programming problems in which
some or all the parameters are represented by generalized fuzzy sets having different
heights.

If in the existing method instead of existing ranking approach, any such alter-
native ranking approach for comparing generalized fuzzy sets is used for the which
the linearity property, [2(¢121BCTo®... B¢, x,) = I3(G121)+ 1 (Coxo)+...+ I} Cpy),
is satisfied then the existing method can be used for solving programming problems
with generalized fuzzy sets having different heights.

Recently, Chen and Chen [37], Chen and Sanguansat [41] have pointed out the

limitations and shortcomings of several existing ranking approaches for comparing
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generalized fuzzy sets and proposed a new ranking approach for comparing general-
ized trapezoidal fuzzy sets.

In this section, it is shown that there are some shortcomings in the existing
ranking approaches [37, 41] so neither these existing ranking approaches should be
used for comparing normal fuzzy sets nor should be used for comparing generalized

fuzzy sets.

2.5.1 Chen and Chen ranking approach

In this section, the existing ranking approach [37] for comparing generalized
trapezoidal fuzzy sets is presented.

If A= (ay,b1,c1,d1;w ) and B = (@2, b, o, da; wp) are two generalized trape-
zoidal fuzzy sets then use the following steps to compare A and B:
Step 1 Standardize each generalized trapezoidal fuzzy set A and B into A* and B*

as follows:

A= (o g ) = (@b i)k = mar(la] [T, Tl M1, 0),
(2.7)
where, |a1], |b1], |c1], |d1| denotes the absolute value of aq, by, ¢, d; respectively and

[a1|1, 10111, [lei|], Tldi|] denotes the upper bound of |a4|, |b1], |c1], |di| respectively.

B = (ke by ) = (4305 ¢ dsswp), ks = maz([las]], [1eal], Tlea /1, T1da /1, 1)
(2.8)

where, |as], |ba], |c2], |d2| denotes the absolute value of asg, bo, ca, ds respectively and

[aall, 16211, [le2|], T|da|] denotes the upper bound of |as|, |bs], |cal, |d2| respectively.

Step 2 Calculate the defuzzified values z ;. and x 3. for the standardized generalized
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trapezoidal fuzzy sets A* and B* as follows:

af + b+ +df
R RAURA R (2.9)

and

ay + b5+ c5 + d;
4

Tge = (2.10)

Step 3 Calculate the standard deviations ST'D ;. and ST Dg. for the standardized

generalized trapezoidal fuzzy sets A* and B* as follows:

* - \2 * - \2 * ~-\2 * ~\2
STDA*:\/(% v 5.)% + (0] -TA*)4‘|’§C1 r5.)? 4 (df — 2 5.) (2.11)

and

. \2 x_ )2 x_ )2 *_ . \2
STDB*:\/(CLZ l’B*) + (b3 xB*)4+§CZ xB*) + (d3 ‘TB*) (2.12)

Step 4 Calculate the ranking scores Score(A*) and Score(B*) for the standardized

generalized trapezoidal fuzzy sets A* and B* as follows:

~ T« X W3
Ay = A A 2.1
ScorelA’) = 157D o (2.13)
and
~ Tpe X WpH
BY) = 25 2.14
SeorelB') = 157D, (2:14)

where, Score(A*) and Score(B*) € [—1, 1]

Step 5 Check Score(A*) > Score(B*) or Score(A*) < Score(B*) or Score(A*) =
Score(B*)

Case (i) If Score(A*) > Score(B*) then A = B

Case (ii) If Score(A*) < Score(B*) then A < B

Case (iii) If Score(A*) = Score(B*) then A ~ B

2.5.1.1 Illustrative example
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To illustrate the existing ranking approach [37] two generalized trapezoidal
fuzzy sets, A = (0.1,0.3,0.3,0.5;0.3) and B = (0.2,0.3,0.3,0.4;0.2) are compared
by using the existing ranking approach [37]:

Step 1 Using equation (2.7) and (2.8), A* = (0.1,0.3,0.3,0.5;0.3) and

B* =(0.2,0.3,0.3,0.3;0.2)

Step 2 Using equation (2.9) and (2.10), z 4. = 0.3 and 5. = 0.3.

Step 3 Using equation (2.11) and (2.12), ST D ;. = 0.1633 and ST Dg. = 0.08165
Step 4 Using equation (2.13) and (2.14), Score(A*) = 0.0.07737 and Score(B*) =
0.0555

Step 5 Since Score(A*) > Score(B*), so A = B.
2.5.2 Chen and Sanguansat ranking approach

In this section, the existing ranking approach [41] for comparing generalized
trapezoidal fuzzy sets is presented.

Let A = (ay,b1,c1,dy;w ) and B = (ag, b, ca, da; wp) be two generalized trape-
zoidal fuzzy sets then use the following steps to compare A and B:
Step 1 Standardize each generalized trapezoidal fuzzy set A and B into A* and B*

as follows:

A= (ot e b ) = (o, d5wg), k= max(Tai1, 1o e T, (], 1)
(2.15)
where, |aq], |b1], |c1], |d1| denotes the absolute value of aq, by, ¢1, d; respectively and

[la1|1, 1611, [le1|], TIdi]] denotes the upper bound of |a4|, |b1], |c1], |d1| respectively.

B = (ke by ) = (a3 ¢ dsswp), ks = maz([las]], [1eal], Tlea /T, Tlda 1, 1)

(2.16)
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where, |as|, |b2], |c2|, |da| denotes the absolute value of ag, by, ¢2, do respectively and
[azl1, [162]1, [lea|1, [|da|] denotes the upper bound of |as|, |bs|, |c2|, |d2| respectively.
Step 2 Calculate the areas AreaA;” and AreaA}; on the negative side, respectively,
which denote the trapezoidal areas from the membership function curves of ,ufh and
,ug*, respectively, to the membership function curve of the generalized trapezoidal

fuzzy set (—1,—1,—1,—1;wj) respectively, where

L ($—a>{) * *
M;‘*:w‘z‘(b’{—a{)’algaj<bl (2.17)
ILLA* ZMAM701 <l’§d1 (218)

and

AreaA;” = wj. 5 (2.19)
1+1 dy+1
AreaA}, = wj. (G +1) _|2_ (di+1) (2.20)

Then, calculate the areas AreaA}" and AreaA}" on the positive side, respec-
tively, which denote the trapezoidal areas from the membership function curves of
k. and pf,, defined in equation (2.17) and (2.18), respectively, to the membership

function curve of the generalized trapezoidal fuzzy set (1,1, 1,1;wj4), where

(1 —af)+ (1 - b))
2

Area AT = w; (2.21)

(1—c)+ (1 —dj
2

AreaAym = wjy (2.22)

Similarly, calculate AreaB; , AreaBj, , AreaB;' and AreaBj;" for general-

ized trapezoidal fuzzy set B* as follows:

5+ 1 5+ 1
AreaB] = wg (a3 +1) ;_ (b5 +1) (2.23)

s+ 1 dy+1
AreaBj, = wg (+1) —g (dy +1) (2.24)
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(1—a3)+ (1 —b)

AreaB;" = wp 5 (2.25)
AreaB}t = wp (1=c) —; (1= dj) (2.26)
Step 3 Calculate the values X1;., XD j;., X1z, and XDp. as follows:
X1j;. = AreaA] + AreaAy; (2.27)
XDj;. = AreaA;" + Area A} (2.28)
and
XI1j. = AreaB]™ + AreaBj, (2.29)
XDg. = AreaB;" + AreaBj,' (2.30)

Step 4 Calculate the ranking scores Score(A*) and Score(B*) for each generalized

trapezoidal fuzzy set A* and B* as follows:

- X1z —XDj
A% = ~ - 2.31
Score(A") XTI+ XDot(1—wy) (2.31)
and
~ X1z, — XDg.
Score(B*) = B B (2.32)

Xz +XDp. + (1 —wp)
Step 5 Check Score(A*) > Score(B*) or Score(A*) < Score(B*) or Score(A*) =
Score(B*)
Case (i) If Score(A*) > Score(B*) then A = B
Case (ii) If Score(A*) < Score(B*) then A < B
Case (iii) If Score(A*) = Score(B*) then A ~ B
2.5.2.1 Illustrative example

To illustrate the existing ranking approach [41] two generalized trapezoidal

fuzzy sets, A = (0.1,0.3,0.3,0.5;0.8) and B = (0.1,0.3,0.3,0.5; 1) are compared by
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using the existing ranking approach [41].

Step 1 Using equation (2.15) and (2.16), A* = (0.1,0.3,0.3,0.5;0.8) and
B* =(0.1,0.3,0.3,0.5; 1)
Step 2 Using equation (2.19) and (2.20), AreaA;” = 0.96 and AreaA}; = 1.12.
Using equation (2.21) and (2.22), AreaA;" = 0.64 and Area A%t = 0.48.
Using equation (2.23) and (2.24), AreaB;” = 1.2 and AreaBj, = 1.4.
Using equation (2.25) and (2.26), AreaB;" = 0.8 and AreaBjy = 0.6
Step 3 Using equation (2.27) and (2.28), XI;. = AreaA; + AreaAj, = 2.08,
XDj. = AreaA;" + Area Ay = 1.12.
Using equation (2.29) and (2.30), X15. = AreaB] + AreaBj = 2.6, XDpj. =
AreaB;" + AreaByt =14
Step 4 Using equation (2.31) and (2.32) Score(A*) = 0.2824 and Score(B*) = 0.3
Step 5 Since Score(A*) < Score(B*) so A < B.
2.5.3 Shortcomings on the basis of reasonable properties of
fuzzy quantities

In this section, the shortcomings of existing ranking approaches [37, 41] on the
basis of reasonable properties of fuzzy quantities are pointed out.

Wang and Keere [174] proposed the following reasonable properties for the
validation of any ranking function.

If A and B are normal fuzzy sets then
()A=B=A®C)~ (Ba0)
i) A<B=>(AaC)< (BaC)
(ili) A~ B= (A C)~ (BaC)

where, C' is normal fuzzy set.
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For the generalized trapezoidal fuzzy sets the same property can be written
as:
If A= (ay,b1,¢1,dy;wy) and B = (ag, by, c2, do; we) are two generalized trape-

zoidal fuzzy sets then

where, C' = (a, b, ¢, d; ws) is a generalized trapezoidal fuzzy set and ws < min(wy, wy).
There can exist several fuzzy sets for which the existing ranking functions

[37, 41] does not satisfies the reasonable property A-B=AaC > BaCie,

according to existing ranking approaches A = B 4 A& C = B @ C which is a

contradiction according to Wang and Keere [174].

Example 2.5 Let A = (0.1,0.3,0.3,0.5;1), B = (0.2,0.3,0.3,0.4; 1) and

C

(—0.5,—0.3,—0.3,—0.1; 1) be three generalized trapezoidal fuzzy sets. Then
according to existing ranking approaches [37, 41], B=AbuwtBaC <AaCie,
B-A4ABaC-AaC.

Example 2.6 Let A = (0.1,0.3,0.3,0.5;0.8), B = (0.1,0.3,0.3,0.5;1) and C' =
(—=0.5,—0.3,—0.3, —0.1;0.8) be three generalized trapezoidal fuzzy sets. Then ac-
cording to existing ranking approaches [37, 41], B = Abut B&C < A® C ie.,
B-A#%ABaC-AaC.

Example 2.7 Let A = (—0.8, —0.6, —0.4, —0.2;0.35), B = (—0.4, —0.3, —0.2, —0.1; 0.7)
and C' = (0.2,0.4,0.6,0.8;0.35) be three generalized trapezoidal fuzzy sets. Then
according to existing ranking approaches [37, 41], A-Bbuwt AeC < Ba Cie,

A-B# AeC-BaC.
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Example 2.8 Let A = (0.2,0.4,0.6,0.8;0.35), B = (0.1,0.2,0.3,0.4;0.7) and C' =
(—0.8,—0.6,—0.4, —0.2;0.35) be three generalized trapezoidal fuzzy sets. Then ac-
cording to existing ranking approaches [37, 41], B = Abut B&C < A® C i.e.,

B-AABapC=AapC.

2.5.4 Shortcomings on the basis of height of fuzzy sets

In this section, it is shown that in some cases the ranking results, obtained by
using existing ranking approaches [37, 41], depends upon height of fuzzy sets while
in several cases the ranking results does not depend upon the height of fuzzy sets.

Let A = (a1, as, as, aq; wy) and B = (a1, as, as, ag; wy) be two generalized trape-
zoidal fuzzy sets. Then according to existing ranking approaches [37, 41] there can

be two cases:

A%B, if w1 < Wa
Case (i) If (a1 +ay +asz+a4) #0,then { A= B, if wy > wy
ANB, if W1 = Wa.

Case (ii) If (ay + as + a3 + ay) = 0, then A ~ B for all values of w; and ws.
Example 2.9 Let A = (1,1,1,1;w;) and B = (1,1,1,1;w,) be two generalized
trapezoidal fuzzy sets. Then according to existing ranking approaches A < B if
w1<w2,/~1>—éifw1>w2 andleBifwlzwg.
Example 2.10 Let A = (=4, —.2,—.1,.7;w;) and B = (—.4,—.2, —.1,.7;ws), be
two generalized trapezoidal fuzzy sets. Then A ~ B for all values of w; and ws.
According to existing ranking approaches [37, 41], in first case comparison of
fuzzy sets depends upon heights of fuzzy sets and in second case comparison of fuzzy

sets does not depend upon the heights of fuzzy sets which is a contradiction.



33

2.6 Proposed ranking approach

In this section, to overcome the shortcomings of the existing approaches [37,
41], a new ranking approach is proposed for comparing generalized trapezoidal fuzzy
sets.

Let A = (ay,b1,¢1,dy;wy) and B = (ag, by, ca, do; we) be two generalized trape-
zoidal fuzzy sets then use the following steps to compare A and B:

Step 1 Transform A, B into A*, B* as follows:
A* = (a1, by, 1, dy; w), B = (ag, ba, ¢, da; w), where w = min(wy, ws) (2.33)

Step 2 Calculate

Ri(A*) = /(l/f;*(oz))doz = /(a1 + (b = al)oz)doz = %(al +b) (2.34)
Rp(A*) = /(VB*(Q))da = /(d1 (d - Cl)oz)doz = %(01 +dy) (2.35)

and
RL(B*) = /(Vé*(a))da = /(az + @a)da = %(ag + b2) (2.36)
(D2 = €2) o %(CQ + dy) (2.37)

() = infimum(B*®), vE (a) = supremum(A*®)

where, v%_(a) = infimum(A*®), v VG

? A*
and vE (o) = supremum(B**).

Step 3 Calculate
RH(A") = ARL(A) 4 (1= VRe(A7) = Z{(Mar +b1) + (L= N)(er + )} (2:38)
and

R}(B') = ARL(B") + (1 = NRa(B') = Z{(Maz +b2) + (1 = N)(cz + )} (2:39)
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Step 4 Choose a particular value of A and check that R3.(A*) > R(B*) or R (A*) <
R (B°) or RA(AY) = RA(B?)

Case (i) If ®)(A*) > R)(B*) for chosen value of A, then A = B for same value
of A.

Case (ii) If R)(A*) < R} (B*) for chosen value of A, then A < B for same value
of \.

Case (iii) If R)(A*) = R)(B*) for chosen value of A, then A ~ B for same value

of A

2.6.1 [Illustrative examples

In this section, the proposed ranking approach is illustrated by solving some
numerical examples.
Example 2.11 Using the proposed ranking approach the normal trapezoidal fuzzy
sets A = (0.1,0.3,0.3,0.5; 1) and B = (0.2,0.3,0.3,0.4;1) can be compared as fol-
lows:
Step 1 Using equation (2.33), A* = (0.1,0.3,0.3,0.5;1) and B* = (0.2,0.3,0.3,0.4; 1)
Step 2 Using equation (2.34), (2.35), (2.36) and (2.37), R, (A*) = 0.2, Rz(4A*) =
0.4, Rp(B*) = 0.25 and Rz(B*) = 0.35
Step 3 Using equation (2.38) and (2.39), R)(A*) = (0.4 — 0.2)) and R} (B*) =
(0.35 — 0.1A)

Step 4 For a pessimistic decision maker i.e. for A = 0, R.(A*) = 0.4, R9.(B*) = 0.35

o5:

Since RY.(A*) > RY(B*) so A >

For optimistic decision maker i.e. for A = 1, RL(A*) = 0.2, RL(B*) = 0.25.

3.

Since RL(A*) < RL(B*) so A <
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For moderate decision maker i.e for A = 0.5, R (A*) = 0.3 and R)*(B*) = 0.3
Since RYP(A*) = R%5(B*) so A ~ B.
Example 2.12 Using the proposed ranking approach the generalized trapezoidal
fuzzy sets A = (0.1,0.3,0.3,0.5;0.8), B = (0.1,0.3,0.3,0.5; 0.9) can be compared as
follows:
Step 1 Using equation (2.33), A* = (0.1,0.3,0.3,0.5;0.8), B* = (0.1,0.3,0.3,0.5; 0.8)
Step 2 Using equation (2.34), (2.35), (2.36) and (2.37), R.(A*) = 0.16, Rp(A*) =
0.32, R (B*) = 0.16, Rr(B*) = 0.32.
Step 3 Using equation (2.38) and (2.39), R3(A*) = 0.4(0.8 — 0.4\) and R (B*) =
0.4(0.8 — 0.4))
Step 4 Since R} (A*) = R)M(B*) YA €[0,0.8] so A~ B
Example 2.13 Using the proposed ranking approach the generalized trapezoidal
fuzzy sets A = (—0.8,—0.6,—0.4,—0.2;0.35), B = (0.4, —0.3, —0.2, —=0.1;0.7) can
be compared as follows:
Step 1 Using equation (2.33),
A* = (—0.8,-0.6,-0.4, —0.2;0.35), B* = (—0.4, —0.3,—0.2, —0.1; 0.35)
Step 2 Using equation (2.34), (2.35), (2.36) and (2.37), R (A*) = —0.245, R(A*) =
—0.105, R (B*) = —0.1225, Rz(B*) = —0.0525
Step 3 Using equation (2.38) and (2.39), R)(A*) = 0.35(—0.3 — 0.4)), R)(B*) =
0.175(—0.3 — 0.4))
Step 4 For a pessimistic decision maker i.e. for A = 0, R%.(A*) = —0.105, R).(B*) =
—0.0525
Since RY(A*) < RY(B*) so A < B.

For optimistic decision maker i.e. for A = 1, RL(A*) = —2.45 RL(B*) =
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0.1225.
Since so A < B

For moderate decision maker i.e. for A = 0.5, R$5(A*) = —0.175, RY>(B*) =
0.0875.

Since RYS(A*) < R%3(B*) so A < B.
2.7 Validity of the proposed ranking approach

In Section 2.5.3, it is shown that if A, B, C' are three fuzzy sets then by using
the existing ranking approaches [37, 41] the property A = B = A& C = B&C is not
always satisfied. In this section, it is proved that by using the proposed approach
the property A = B =A@ C = B C is always satisfied.

Let A = (ay,b1,c1,dy;wy) and B = (ag, by, ca, do; we) be two generalized trape-
zoidal fuzzy sets then according proposed ranking approach for the generalized trape-
zoidal fuzzy set C' = (as, bs, c3, d3; ws3), where, wy < min(w, ws),

(A@C)* = (a1 +as, by +bs, c1 +c3,dy +ds; ws) and (B C)* = (ay + as, by + bs, co +
c3, dy + d3;w;)

Now, R} (A @ C)* — R)M(B @ C)*

= S M(ar +az) + (b +bs)} + (1 = N{(er + ¢3) + (do + d3)}] — 5 M (a2 + a3) +
(b2 + b3)} + (1 = A){(c2 + ¢3) + (d2 + d3)}]

= B[ (a1 —az) + (by —b2)} + (1 = MN{(c1 — ¢2) + (dy — d2)}]

= FM(ar +b1) + (1= A)er +di)}] = 5 M(az + b2) + (1 = A)(c2 + do) ]

— T _(R}(A") — RA(BY) (2.40)

~ min(wy, wy)
From (2.40) it can be easily seen that

(i) If RY:(A*) — R}(B*) > 0 then RY(A S O) — Ry (B®C)* > 0ie. A= B =
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(AaC) = (Ba )
(i) If R}(A*) — RM(B*) < 0 then R} (A C) — R BaC)* <0ie. A < B =
(A C) < (Bo0)

(iti) If R}(A*) — R3M(B*) = 0 then R}(A @ O —RM(BaC)* =0ie. A~ B =

2.8 Proposed method for solving linear program-
ming problems with generalized trapezoidal
fuzzy sets

In this section, to overcome the limitations of the existing method, a new
method is proposed to find the solution of linear programming problems with gen-
eralized trapezoidal fuzzy sets. The same method can also be used for solving linear
programming problems with normal trapezoidal fuzzy sets.

The solution of linear programming problem with generalized trapezoidal fuzzy
sets can be obtained by using the following steps:

Step 1 Assuming ¢; = (¢j1, ¢jo, ¢j3, Cja; w;) the linear programming problem with
generalized fuzzy sets (P,) can be converted into linear programming problem with
generalized trapezoidal fuzzy sets (Pr):

n
Maximize (07” Mzmmzze) (Z (le, Cj2,C43, Cj4; U)j)flfj)

j=1
subject to
n .
Zaijxj 2>:7§ bi7 v = 172""’m (P7)
j=1
Z; Z 0

Step 2 Using Definition 2.8 and on the basis of the proposed ranking approach, the
optimal solution of the linear programming problem with generalized trapezoidal

fuzzy sets (P;) can be obtained by solving the crisp linear programming problem
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((le, ng7 ng, Cj4; mm(wl, Wy vuny wn))x])))
1

Mazimize (or Minimize) (R)(

j=
subject to
Anlaijxj > =<b, i=1,2,...m (Ps)
=
z; >0
Step 3 Since the proposed ranking function %7 satisfies the linearity property i.e.

' 1((aj,bj,cj,dj;w)xj)) = Zlé]%g}((aj,bj,cj,dj;w)xj), so the crisp linear pro-
j =

NE

R (

gramming problem (Fs) can be converted into crisp linear programming problem
(Fy)
Mazximize (or Minimize) (i R ((cj1, ¢j2, ¢j3, Cja; min(wy, wa, ..., wy,))T;))
j=1
subject to

n
ajjr; 2,=,< b, 1=1,2,..,m (Py)
=1

ZL’j>0

Step 4 Using R}°(a,b,¢,d;w) = %(a + b+ ¢+ d), the crisp linear programming

problem (Py) can be converted into crisp linear programming problem (Pjg)

(min(wl,wz,...,wn)

Mazimize (or Minimize) 1 (cj1 + ¢jo + cjz + ¢ja)xj)

J

n
=1

subject to
ilaijxj > =<b, i=1,2,....m (Pro)
j=
z; >0
Step 5 Use an appropriate existing method such as simplex method or Big-M
method or two phase method or dual simplex method etc. to find the optimal solu-
tion {x;} of the the crisp linear programming problem (Py).
Step 6 Find the fuzzy optimal value of the linear programming problem with trape-

zoidal fuzzy sets (P;) by putting the obtained values of x; in ) (¢j1, ¢j2, ¢j3, ¢ja; wj) ;.
j=1
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2.8.1 Advantage of proposed method over existing method

The existing method can be used to solve such linear programming problems
in which either the parameters ¢; are represented by normal fuzzy sets or generalized
fuzzy sets having equal heights but the existing method can’t be used for solving such
linear programming problems in which some or all the parameters ¢; are represented
by generalized fuzzy sets having different heights while the proposed method can be
used for solving both types of linear programming problems with fuzzy sets.

To show the advantage of the proposed method over existing method a linear
programming problem with generalized fuzzy sets, chosen in Example 2.17, which
can’t be solved by using existing method is solved by the proposed method.
Example 2.17 Solve

Minimize ((2,5,8,10;0.8)z; & (5,10,15,30;0.6)z, & (1,5,6,8;0.9)x3)
subject to
Ty +2x9+ 23 <O
201 — X9+ 313 =2
T1,%2, T3 > 0
Solution:-The linear programming problem, chosen in Example 2.17, can be solved
by using the following steps of the proposed method:
Step 1 Using Step 2 of the proposed method the chosen linear programming problem
can be written as
Minimize (R35((2,5,8,10;0.6)x,®(5,10,15,30;0.6)x2B(1,5,6,8;0.6)x3))
subject to
r1+ 200+ 23<5

2£L‘1—Z)32+3ZL‘3:2
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21, T, T3 > 0
Step 2 Using Step 3 of the proposed method the chosen linear programming problem
can be written as
Minimize (R%>((2,5,8,10;0.6)z; +R%5(5,10,15,30;0.6)z2 +R%5(1,5,6,8;0.6)x3))
subject to
r1+ 20+ 23 <5
201 — 19+ 313 = 2
x1, T2, T3 > 0
Step 3 Using R}°(a,b,¢,d;w) = %(a + b+ ¢+ d), the crisp linear programming
problem, obtained in Step 2, can be written as
Mazximize (5xq + 12x9 + 4x3)
subject to
Ty 4+ 205 + 23 <5
201 — 9+ 3x3 =2
Ty, Ty, x3 > 0

Step 4 On solving the crisp linear programming problem, obtained in Step 2, the

8
5

[$1]Ne}

obtained optimal solution is xy = £, x5 = £ and z3 = 0. Putting x; = %, Ty = %

and z3 = 0 in (2,5,8,10;0.8)x; @ (5,10,15,30;0.6)xs & (1,5,6,8;0.9)x3 the fuzzy

optimal value of the chosen problem is (2,25, 22, 66;0.6).

2.9 Conclusions

In this chapter limitations of existing method for solving linear programming
problems with fuzzy sets and the shortcomings of existing ranking approaches [37, 41]

for comparing generalized trapezoidal fuzzy sets are pointed out. To overcome the



41

shortcomings of existing ranking approaches, a new ranking approach is proposed for
comparing generalized trapezoidal fuzzy sets and also on the basis of proposed rank-
ing approach, a new method is proposed for solving linear programming problems

with generalized fuzzy sets.






Chapter 3

LINEAR PROGRAMMING PROBLEMS
WitH (GENERALIZED P-NORM
TRAPEZOIDAL Fuzzy SETS !

Chen and Tang [42] introduced the definition of generalized p-norm fuzzy sets
and proposed some results for comparing generalized p-norm fuzzy sets. In this
chapter, with the help of several counter examples it is proved that the existing
results [42] are applicable only for the generalized p-norm fuzzy sets having equal
height. To overcome the limitations of existing results, on the basis of ranking
approach, proposed in Chapter 2, some new results are proposed for comparing
generalized p-norm fuzzy sets having different height. It is shown that the existing
results [42] are particular cases of the proposed results. Also, the method for solving
linear programming problems with generalized fuzzy sets, proposed in Chapter 2, is
used for solving a linear programming problem with generalized 2-norm trapezoidal

fuzzy sets.
3.1 Preliminaries

In this section some basic definitions and arithmetic operations are presented.

ISome part of this chapter is published in the Computers and Mathematics with Applications
61 (2011) 881-887 and remaining part is accepted for publication in Tamsui Ozford Journal of
Mathematical Sciences.
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3.1.1 Basic definitions

In this section some basic definitions are presented [42].
Definition 3.1 A generalized fuzzy set defined on the universal set of real numbers
R, denoted as A = (a, b, ¢; w),, is said to be a generalized p-norm triangular fuzzy

set if its membership function is given by

0 , otherwise

where, p is a positive integer.
Definition 3.2 A generalized fuzzy set defined on the universal set of real numbers
R, denoted as A = (a,b,c,d;w),, is said to be a generalized p-norm trapezoidal

fuzzy set if its membership function is given by

w(l — (E=2P)5, a<z<b

Jow , b<z<c
pa(z)= w(l — (Z=2p), c<z<d
0 , otherwise

where, p is a positive integer.
Definition 3.3 Let A = (a1, az,az;w), and B = (b1, b2, bs, by; w), be generalized
p-norm triangular and generalized p-norm trapezoidal fuzzy sets respectively. Then

the a-cuts A% and B? for these generalized fuzzy sets can be defined as follows:
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3.1.2 Arithmetic operations

In this section, some arithmetic operations between two generalized p-norm
triangular fuzzy sets and between two generalized p-norm trapezoidal fuzzy sets,
defined on universal set of real numbers R, are presented.
3.1.2.1 Arithmetic operations between generalized p-norm triangular fuzzy
sets

Let A, = (a1, b1, c1;wy), and Ay = (a2, be, co;w3), be two generalized p-norm
triangular fuzzy sets. Then
(i) A @Ay = (a1 + az, by + ba, 1 + co;min (wy, we)),

(11) 1211 ) /12 = ((11 — Cg,bl — bQ,Cl — ag;min (wl,wg))p

(111) ,YA o (7&17 ’Ybb Y1, wl)P Y >0
1=
(7617/yb17’7a1aw1)p Y < 0.

3.1.2.2 Arithmetic operations between generalized p-norm trapezoidal
fuzzy sets

Let A; = (a1, b1, c1,dy;wy), and Ay = (ag, b, ¢, da; we), be two generalized
p-norm trapezoidal fuzzy sets. Then
(i) A @Ay = (a1 + az, by + by, 1 + o, dy + do; min (wy, ws)),

(11) 1211 © 1212 = (a1 - dQ, bl — C9,C1 — bg,dl — ag;mz’n (wl,wg))p

(iid) VA, = (var, vb1, yer, ydy,wi)p, v =0
1=
(vdy, yer, by, yar, wy), v < 0.

Remark 3.1 For p = 1 generalized p-norm triangular and generalized p-norm trape-
zoidal fuzzy sets are converted into generalized triangular and generalized trape-
zoidal fuzzy sets respectively. For p = 1 and w = 1 generalized p-norm triangular

and generalized p-norm trapezoidal fuzzy sets are converted into normal triangular
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and normal trapezoidal fuzzy sets respectively.

Remark 3.2 For p = 1, the arithmetic operations between generalized p-norm fuzzy
sets, presented in Section 3.1.2, are converted into arithmetic operations between
generalized fuzzy sets. For p = 1 and w = 1, the arithmetic operations between gen-
eralized p-norm fuzzy sets, presented in Section 3.1.2, are converted into arithmetic

operations between normal fuzzy sets.

3.2 Limitations of existing ranking results

Chen and Tang [42] proposed the following results for comparing generalized
p-norm fuzzy sets having equal height.
Proposition 3.1 [42] Let A = (a,b,¢,d;w) and B = (a,e,d;w) be generalized
trapezoidal and generalized triangular fuzzy sets, respectively and —oco < a < b <
e <c¢<d< oo. Then
(1) I(B) > I(A)
(2) In(A) = In(B)
(3) INA) > INB) if e < e+ (1 = \)b
(4) INA) = INB) ife = A+ (1 = \)b
(5) INA) < INB) if e > eA + (1 — \)b.
where, I (A) = 2(a +b), I1(B) = 2(a+e), Ir(A) = 2(c+d), Ir(B) = L(e +d),
INA) =2(Nc+d) + (1 = N)(a+b)) and I}(B) = L(Md + e+ (1 — N)a)

The above results are valid only if either both A and B are normal fuzzy sets
or generalized fuzzy sets having equal height.

But the results of Proposition 3.1 are invalid if the height of A and B are

different.
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Let A = (a,b,¢,d;w;) and B = (a,e,d;w;) be generalized trapezoidal and

triangular fuzzy sets respectively and —oco < a < b < e < ¢ < d < oo then

according to existing approach [42], the values of I (A), IL(B), Ir(A), Ir(B) etc.

will be
I,(A) = %(a +b) (3.1)
1.(B) = %(a te) (3.2)
In(A) = %(H d) (3.3)
Ir(B) = %(e +d) (3.4)
IMA) = %(/\(c+d) (1= N(a+b) (3.5)
and
INB) = %(Ad +e+(1—Na) (3.6)

To illustrate the limitations of the existing results, presented in Proposition
3.1, the following counter examples are chosen:
Example 3.1 Let A = (5,7,9,10;0.4) and B = (5,8,10;0.2) be generalized trape-
zoidal and generalized triangular fuzzy sets. Then using equation (3.1) and equation

(3.2), it can be easily seen that I1,(A) > I,(B), which contradicts the existing result
I.(A) < I(B).

Example 3.2 Let A = (5,7,9,10;0.2) and B = (5,8,10;0.8) be generalized trape-
zoidal and generalized triangular fuzzy sets. Then using equation (3.3) and equation
(3.4), it can be easily seen that Iz(A) < Iz(B), which contradicts the existing result
Ir(A) > In(B).

Example 3.3 Let A = (0,1,4,5;0.1) and B = (0,3,5;0.8) be generalized trape-

zoidal and generalized triangular fuzzy sets. For A = 0.9, e < cA + (1 — A\)b but
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using equation (3.5) and equation (3.6), it can be easily seen that I%%(A) < I%°(B),

which contradicts the existing result I%°(A) > 1%°(B)

Example 3.4 Let A = (0,1,4,5;0.1) and B = (0,3,5;0.2) be generalized trape-
zoidal and generalized triangular fuzzy sets. For A = %, e =cA+ (1 — \)b but using
equation (3.5) and equation (3.6), it can be easily seen that IT% (A) # L_,%i (B), which

(B)

win

2
contradicts the existing result 12 (A) = 1

~

Example 3.5 Let A = (0,1,4,5;0.9) and B = (0,3,5;0.1) be generalized trape-
zoidal and generalized triangular fuzzy sets. For A\ = 0.3, ¢ > ¢\ 4+ (1 — A\)b but
using equation (3.5) and equation (3.6), it can be easily seen that 1%3(A) > I%3(B),
which contradicts the existing result 1%*(A) < 1%3(B)
Proposition 3.2 [42] Let A = (a,b,c,d; w) and Cy = (a,b, ¢, d; w), be generalized
trapezoidal and generalized 2-norm trapezoidal fuzzy sets respectively. Then
(1) 1L(A) > I5(Cy)
(2) In(A) < In(Cy)
(3) IN(A) < INCy) if AMd—¢) + (1 =N (a—1Db) >0
(4) I}NA) = INCo) if A(d—¢) + (1= N)(a—1b) =0
(5) IMA) > INCo) if Md—¢) + (1= N)(a—b) <0
where, I1(A) = 2(a +b), Ir(A) = L(c+d), INA) = L(Nc+d) + (1 — N)(a+b)),
I1(Cy) = bw + () mw, Ir(Cs) = cw + (4)mw and I} (Cy) = w{Z[A(d —c) + (1 —
A(a =b)]+ e+ (1 —A)b}

The above results are valid only if either both A and Cy are normal fuzzy sets
or generalized fuzzy sets having equal height.

Let A = (a,b,c,d;w;) and Cy = (a,b,c,d;ws)s be generalized trapezoidal and

generalized 2-norm trapezoidal fuzzy sets respectively and then according to existing
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approach [42], the values of I1,(A), I1(Cy), Ir(A), Ir(Cs) ete. will be

I(A) = %(a +b) (3.7)
Ip(A) = %(c +d) (3.8)
IMA) = %(A(chd) + (1= N(a+Dd) (3.9)
1L(Cy) = buws + (=) ru (3.10)
Ir(Cy) = cwy + (——)mw, (3.11)
and
INCy) = wg{%[)\(d — )+ (1= N(a—Db)]+Ac+ (1 — \)b} (3.12)

To illustrate the limitations of the results, proposed in Proposition 3.2, the
following counter examples are chosen:
Example 3.6 Let A = (5,7,8,9;0.4) and Cy = (5,7,8,9:0.6), be generalized trape-
zoidal fuzzy set and generalized 2-norm trapezoidal fuzzy sets respectively. Then
using equation (3.7) and equation (3.10), it can be easily seen that I (A) < I (Cy),
which contradicts the existing result I,(A) > I1(C,).
Example 3.7 Let A = (5,7,8,9;0.4) and Cy = (5,7,8,9;0.1)5 be generalized trape-
zoidal fuzzy set and generalized 2-norm trapezoidal fuzzy sets respectively. Then
using equation (3.8) and equation (3.11), it can be easily seen that Ip(A) > I5(C),
which contradicts the existing result Ir(A) < Iz(Cy).
Example 3.8 Let A = (5,7,8,9;0.4) and C, = (5,7,8,9:0.1), be generalized trape-
zoidal fuzzy set and generalized 2-norm trapezoidal fuzzy sets respectively. For
A> 2, Md—c¢)+ (1= X)(a—b) > 0 but using equation (3.9) and equation (3.12),

. 1
it can be easily seen that I2(A) > [2(C5), which contradicts the existing result
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13(A) < I3(Cy)

Example 3.9 Let A = (1,1,1,1;0.4) and Cy = (1,1,1,1;0.1)5 be generalized trape-
zoidal fuzzy set and generalized 2-norm trapezoidal fuzzy sets respectively. For
A=1,Ad—c)+ (1 —=X)(a—b) =0 but using equation (3.9) and equation (3.12),
it can be easily seen that [7%1(121) > L_,% (C,), which contradicts the existing result
13 () < I3(Cy)

Example 3.10 Let A = (5,7,8,9;0.1) and Cy = (5,7,8,9;0.4)2 be generalized
trapezoidal fuzzy set and generalized 2-norm trapezoidal fuzzy sets respectively.
For A < 3, AM(d —¢) + (1 — X)(a — b) < 0 but using equation (3.9) and equation
(3.12), it can be easily seen that I:%(fl) < [1%(6'2), which contradicts the existing

result [T% (A) > [T%(éz).

3.3 Generalization of existing results

In Section 3.2, using counter examples, the shortcomings in the existing results
are pointed out.

In this section, on the basis of the ranking approach, proposed in Chapter
2, new results are proposed in Proposition 3.3 and Proposition 3.4 which are the
generalization of results of Proposition 3.1 and Proposition 3.2, discussed in Section
3.3 respectively. In the proposed propositions it is assumed that the heights of fuzzy
sets are different.

The results, proposed by Chen and Tang [42], are the particular cases of pro-
posed results and can be obtained by assuming that the height of all fuzzy sets are

equal.
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Proposition 3.3 Let A = (a,b,¢,d;w;) and B = (a, e, d;w;) be generalized trape-
zoidal and generalized triangular fuzzy sets respectively and —oco < a < b < e <
c<d < oo. Then

(1) Re(B) > Ry (A7)

(2) Rr(A*) > Rp(B*)

(3) RO(A*) > RM(B*) if e < eA+ (1 = \)b

(4) RO(A*) = RM(B*) if e = eA + (1 = \)b

(5) RY(A*) < RM(B*) if e > e+ (1 — A\)b

where, A* = (a,b,c,d;w), B* = (a,e,d;w) and w = min(wy, ws).

Proof:- The proposed results can be proved as follows:

(1) Using equation (2.28), Ry (A*) = Y(a+b) and R (B*) = L(a +e)

Now,

Ri(B') = Ry (A7) = S(e—) (3.13)

Since b < e < ¢, so using equation (3.13), R (B*) — RL(A*) > 0 = R, (B*) >

Jer (A7)

(2) Using equation (2.29), Rz(A*) = F(c+d) and Rr(B*) = Fle+d)

Now,

Rr(B*) — Rp(A*) = %(e — ) (3.14)

Since e < ¢ < d, so using equation (3.14), Rr(B*) — Rz(A*) < 0 = Rp(B*) <

Rr(A7)

(3) Using equation (2.32), R}(A*) = AR1(A) + (1 = N)Rgr(A*) = L(Mc+d)+ (1 —

M) (a + b)) and using equation (2.33), R}(B*) = ARL(B*) + (1 — N)Rz(B*) =
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FAd+e+ (1= Na)
Now,

RA(AY) — RM(B*) = %(c)\ — e+ (1= \)b) (3.15)

Since e < ¢\ + (1 — \)b, so using equation (3.15), R}(A*) — R} (B*) > 0 =

R} (A7) > Rp(B)

(4) Since e > ¢ + (1 — \)b, so using equation (3.15), RM(A*) — RA(B*) < 0 =

Ry (A7) < R3(BY)

(5) Since e = e\ + (1 — \)b, so using equation (3.15), R} (A*) — RM(B*) = 0 =

Ry (A7) = Rp(B).

Proposition 3.4 Let A = (a,b,¢,d;w,) and Cy = (a,b, ¢, d;wy)s be generalized
trapezoidal and generalized 2-norm trapezoidal fuzzy sets respectively. Then

(1) RL(A) > RL(Cs)

(2) Re(A") < Rr(Cy)

(3) RO(A*) < RMC) if Md—c)+ (1= XN)(a—b) >0

(4) RM(A*) = RMC) if AMd—¢) + (1= A)(a—b) =0

(5) RAM(A*) > RMCE) if Md—¢)+ (1= N)(a—Db) <0

where A* = (a,b, ¢, d;w), Ci = (a,b, ¢, d;w)y and w = min(wy, w,).

Proof:- The proposed results can be proved as follows:

(1) Using equation (2.28),

RL(C3) = [(0+ (a—b)(1—(2)%)2)da = bw + “TPwr and Ry (A*) = 2(a+b)

4

O—eg

Now,

Ro(C5) — 03 = "B (0~ by (3.16)
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Since a < b, so using equation (3.16), R.(C3) — RL(A*) < 0 = RL(C;) <

R (A7)

(2) Using equation (2.29),

Ri(C) = O]U(c+ (d—)(1— (2))D)da = cw+ “Pwr and Rp(A7) = 2 (c+d)

Now,

Rr(C3) — Rr(A*) = (d—c)w (3.17)
Since d > ¢, so using equation (3.17), Rr(CF) — Re(A*) > 0 = RR(C3) >

Rr(A)

(3) Using equation (2.32),
R}(C3) = (1 = MRL(C5) + ARR(C5) = w{FA(d =) + (1 = A)(a—b)] + Ac +
(1 =M} and R}(A*) = 2(A(c+d) + (1 = A)(a +b))
Now,

(m—2)

R} (Cp) — R (A) = T

wA(d—c)+ (1 —A)(a—0b)) (3.18)
Since A(d—c)+(1—\)(a—b) > 0, so using equation (3.18), RM(C5) — R (A*) >
0= RHM(C3) > R (AY)

(4) Since A(d—c)+(1—X)(a—b) < 0, so using equation (3.18), R3(C) — R (A*) <
0= R)(C5) < RY (A7)

(5) Since A(d—c)+(1—X)(a—b) = 0, so using equation (3.18), R}(C) — R} (A*) =
0= R}(C5) = Rp(A")

3.3.1 Particular cases

The existing results, presented in Proposition 3.1 and Proposition 3.2 can be

easily obtained by using the results, proposed in Proposition 3.3 and Proposition
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3.4 respectively, by using the following assumption:

(i) Assuming wy = we = w the results, proposed in Proposition 3.3 and Proposition
3.4, will be converted into the existing results, presented in Proposition 3.1

and Proposition 3.2 respectively.

3.4 Limitations of proposed results

In the Section 3.2, limitations of existing results [42] are pointed out and to
overcome these limitations new results are proposed in Section 3.3. But the re-
sults, proposed in Section 3.3, are valid only for special type of generalized fuzzy
sets i.e, results, proposed in Proposition 3.3, are valid only for such generalized
fuzzy sets A= (ay,b1,c1,dy;wy) and B = (a9, €9, dy;wy) in which the conditions
a1 = a9, dy = dy and —o00 < a1 = as < by < ey < ¢ < dy = dy < 00 are satis-
fied and the results, proposed in Proposition 3.4, are valid only for such generalized
fuzzy sets A= (a1,b1,c1,dy;wy) and Cy = (a9, b, 2, do; ws)s in which the conditions
a1 = as,by = by, 1 = ¢ and d; = dy are satisfied.

But the results proposed in Section 3.4, can not be used for such generalized
fuzzy sets in which these conditions are not satisfied.

To illustrate the limitations of the proposed results, proposed in Proposition

3.3 and Proposition 3.4, the following counter examples are chosen:
Example 3.11 Let A = (0.2,0.4,0.6,0.8;0.35) and B = (0.1,0.2,0.3;.7) be gen-
eralized trapezoidal and generalized triangular fuzzy sets respectively. Then using
equation (3.1) and equation (3.2), it can be easily seen that then R, (B*) < R (A*),
which contradicts the proposed result R, (B*) > Ry (A*).

Example 3.12 Let A = (0.1,0.2,0.2,0.5;1) and B = (0.1,0.3,0.5; 1) be generalized
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trapezoidal and generalized triangular fuzzy sets respectively. Then using equation
(3.3) and equation (3.4), it can be easily seen that Rz(B*) > Rp(A*), which con-
tradicts the proposed result Rz(B*) < Rz(A*).

Example 3.13 Let A = (5,7,8,9;0.4) and Cy = (6,7,8,12;0.6); be generalized
trapezoidal and generalized 2-norm trapezoidal fuzzy sets respectively. Then using
equation (3.7) and equation (3.10), it can be easily seen that R (A*) < RL(C5),
which contradicts the proposed result Ry (A*) > R, (C5).

Example 3.14 Let A = (6,7,10,12;0.4) and C, = (5,7,8,9;0.1); be generalized
trapezoidal and generalized 2-norm trapezoidal fuzzy sets respectively. Then using

equation (3.8) and equation (3.11), it can be easily seen that Rpr(A*) > Rz(C5),

which contradicts the proposed result Rp(A*) < Rz(C3)

3.5 Generalization of the proposed results

In this section, new results are proposed in Proposition 3.5 and Proposition
3.6 which are the generalization of the results of Proposition 3.3 and Proposition
3.4 respectively.
Proposition 3.5 Let A = (ay,by,c1,dy;wy) and B = (a9, €2, dy; wy) be generalized
trapezoidal and generalized triangular fuzzy sets respectively. Then
(1) Rp(B*) > Rp(A*) if (ag + e3) > (ay + by)
(2) Re(A*) > Rp(B*) if (¢1 + dy) > (g + dy)
(3) RA(A*) > RM(B*) if ey +dy) + (1 — N)(ar +b1) > (1 — Nag + €3 + Ady
(4) RY(A*) < RM(B*) if My + dy) + (1 — M) (ay +by) < (1 — Nag + ex + A\dy
(5) RY(A*) = RM(B*) if Aey +dy) + (1 — N(ay +by) = (1 — Nag + ez + My

where, A = (ay,b1,c1,dy;w), B* = (a9, €, do; wy) and w = min (wy, wy)
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Proof:- The proposed results can be proved as follows:

(1) Using equation (2.28), R1(A*) = 2(a; + b)) and R (B*) = 2(az + €2)
Now,

Rp(B*) — R (A) = %(w tes—ar—b) (3.19)

Since (ay 4 €3) > (ay + by), so using equation (3.19), R (B*) — R (A*) >0

(2) Using equation (2.29), Rz(A*) = $(c1 +dp) and Rp(B*) = F(ea + da)
Now,

Rp(A*) — Rp(B*) = %(Cl tdi — e — do) (3.20)

Since (¢; + dy) > (ey + dy), so using equation (3.20), Rp(A*) — Rp(B*) >0

= Rp(A*) > Rg(B*)

(3) Using equation (2.32), R)(A*) = Z(Ae1+dy)+(1=A)(a; +b;1)) and R(B*) =
%()\dz + e2 + (1 - )\)CLQ)

Now,
R (A")—Rp(B*) = %(A(Cl+dl)+(1_)‘)(a1+bl)_>\d2_€2_(1_>‘)a2) (3.21)

Since A(cy +dy) + (1 — AN)(ar +b1) > (1 — X)ag + e2 + Ada, so using equation

(3.21), RYM(A*) — RN (B*) > 0 = R (A*) > RN (BY)

(4) Since A(c1 +di) + (1 — A)(a1 +b1) < (1 — N)ag + ex + Ads, so using equation

(3.21), R (A) = RY(B") < 0= R(A) < RY(B")

(5) Since A(c; +di) + (1 — AN)(ay + b)) = (1 — N)ag + e3 + Ads, so using equation

(3.21), ®H(A) — RU(B*) = 0= R}(A) = R (B")
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Proposition 3.6 Let A = (a1,b1,¢1,dy;wy) and Cy = (ag, by, ca, da; we)s be gener-
alized trapezoidal and 2-norm trapezoidal fuzzy sets respectively. Then

(1) RL(A) > R(C3) if (a1 + br) > (maz + (4 — m)bs)

(2) Re(A*) < Re(Cs) if (¢ + dy) < §(mdy + (4 — m)cy)

(3) %%(A) < gceE\r(é'z) if %()\(Cl +di) + (1= A)(ar1+b1)) < F(AM(d2 —c2) + (1 —A)(az —
b2)) + Aca + (1 — N)by

(4) R}(A*) > RYM(C5) if 2(A(er+di) + (1= A)(ar+b1)) > T(A(d2—c2) + (1 —A) (a2 —
ba)) + Aca + (1 — N)by

(5) RH(A) = Rp(C5) if 5(Aer+da) + (L= A)(ar+b1)) = F(A(da —c2) + (1= M) (az —
bg)) + Aca + (1 — A)by

where, A* = (a1, by, c1,dy;w), C5 = (ag, by, ¢z, do; w)y and w = min (w1, w,)

Proof:- The proposed results can be proved as follows:

(1) Using equation (2.28), Rz(A*) = 2(a; + b1) and R.(C5) = byw + (272)7w

Now,

as — by

R (A*) — RL(CE) = %(al +by) = (bow + ( )rw) (3.22)

Since (a1 4 b1) > L(may + (4 — 7)by), so using equation (3.22), R(A*) —

1
2

RL(Cy) > 0= RL(A*) > R (Cy)

(2) Using equation (2.29), Rz(A*) = F(c1 +dp) and Re(Ch) = cow + (222w

Now,

Rp(A*) — Rp(Cr) = %(cl +dy) — (cow + ( )rw) (3.23)

Since ¢;+d; < 1(dom+(4—7)c2), so using equation (3.23), Rr(A)—R(C3) <

0= Rp(A*) < Rp(Cy)
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(3) Using equation (2.32), R)(Cs) = w{Z[A(da—c2)+(1—\)(a2—b2)]+Aca+(1—\)bs
and R} (A*) = L(\(cr +di) + (1 — N)(ar + b))
Now, ®3(A*) — R3(C5)
- (%(A(cl+d1)+(1—>\)(a1+b1)))—(w{£[A(d2—02)+(1—)\)(aQ—bg)]Jr)\cQJr(l—)\)bg)
(3.24)
Since 2(A(e1+dy) + (1= A)(a1 +b1)) < T(A(da — c2) + (1= \)(az — b)) + Aca +

(1—\)by, so using equation (3.24), R (A*) =R (C3) < 0 = RM(A*) < RM(CF)

(4) Since (A(e1 +dy) + (1= A)(ar+b1)) < T(A(da — ¢3) + (1 — A)(ag — by)) + Aca +
(1 — \)ba, so using equation (3.24), R} (A*) — RM(C%) > 0
= R} (A7) > R}(C5)
(5) Since 2(A(c1 +di) + (1= A)(a1 +b1)) = Z(A(d2 — c2) + (1 = N)(az — b2)) + Aca +
(1 — )by, so using equation (3.24), R1(A*) — RM(CE) = 0
= R} (A") = R}(C5)
3.5.1 Particular cases

The existing results, presented in Section 3.3, and the results, proposed in the
Section 3.4 can be easily obtained by using the results, proposed in Section 3.6, by

using the following assumptions:

(i) Assuming a1 = ay = a,by = b,¢c; = ¢,d; = dy = d,es = e and w; = wy = w the
results, proposed in Proposition 3.5 and Proposition 3.6 are converted into the

existing results, presented in Proposition 3.1 and Proposition 3.2 respectively.
(ii) Assuming a3 = as = a,by = b,c; = ¢,dy = dy = d and ey = e the results,
proposed in Proposition 3.5 and Proposition 3.6 are converted into results

proposed in Proposition 3.3 and Proposition 3.4 respectively.
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3.6 Linear programming problems with general-
ized p-norm trapezoidal fuzzy sets

If in the linear programming problem with generalized fuzzy sets (P,), defined
in Section 2.2 of Chapter 2, the parameters ¢, are represented by generalized p-
norm trapezoidal fuzzy sets (cj1, ¢j2, ¢j3, ¢ja; wj), then linear programming problem
(P,) can be converted into the linear programming problem with generalized p-norm
trapezoidal fuzzy sets (Py):

n
Mazximize (or Minimize) (D (¢j1, o, Cj3, Cja; Wi)pTs)

7j=1
subject to
z a’l.]q;.] 27:7 S bi? Z = 1727 "'7m (Pll)
j=1
z; >0

Example 3.15 Solve
Minimize ((2,4,8,10;0.8)221 & (1,3,5,7;0.7)2x2)
subject to
1+ a9 <3

T+ x9 > 2

r1,T9 > 0
Solution:-Using the method, proposed in Chapter 2, with proposed comparing
results the linear programming problem with generalized 2-norm trapezoidal fuzzy
sets, chosen in Example 3.15, can be solved by using the following steps:
Step 1 Using Step 2 of the method, proposed in Section 2.8, the chosen linear
programming problem can be written as

Minimize (R%°((2,4,8,10;0.7)2x1 & (1,3,5,7;0.7)522))
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subject to

1+ 29 <3

r1,T9 > 0
Step 2 Using Step 3 of the method, proposed in Section 2.8, the chosen linear
programming problem can be written as
Minimize (R%°((2,4,8,10;0.7)2x1) + R35((1,3,5,7;0.7)222))

subject to

L1, T2 Z 0
Step 3 Using R (a, b, ¢, d; w)y = w((‘H’%ME%—%‘:), the crisp linear programming
problem, obtained in Step 2, can be written as
Mazimize (2z; + L))
subject to

ZL’1+{L’2§3

Ty +x9 > 2

1,12 20
Step 4 On solving the crisp linear programming problem, obtained in Step 3, the
obtained optimal solution is 1 = 3 and zo = 0. Putting z; = 3 and 25 = 0

in ((2,4,8,10;0.8)2x1 & (1,3,5,7;0.7)2x2) the fuzzy optimal value of the chosen
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problem is (6,12,24,30;0.7),.

3.7 Conclusions

In this chapter, the limitations of the existing results [42] are pointed out and
some new results are proposed. It is shown that the existing results are particular
cases of the proposed results. Also, a linear programming problem with generalized

2-norm trapezoidal fuzzy sets is solved.






Chapter 4

RM RANKING APPROACH FOR

SOLVING LINEAR PROGRAMMING
ProBLEMS WITH (GENERALIZED

TRAPEZOIDAL Fuzzy Sets!

In Chapter 2, a new ranking approach is proposed for comparing generalized
fuzzy sets in which only rank is used for comparing generalized fuzzy sets. In this
chapter, it is shown that only rank is not sufficient for comparing generalized fuzzy
sets and to overcome this limitation, a new ranking approach, named as RM ranking
approach, is proposed by modifying the ranking approach proposed in Chapter 2.
Also, on the basis of the proposed RM ranking approach, a new method is proposed
for solving linear programming problems with generalized trapezoidal fuzzy sets.

The proposed method is illustrated by solving a numerical example.

4.1 Shortcomings of existing and proposed rank-
ing approaches

In all the existing ranking approaches and ranking approach, proposed in Chap-

ter 2, only rank is used for comparing fuzzy sets. In this section, it is shown that

!Some part of this chapter is published in the Fuzzy Information and Engineering 2 (2010)
37-47 and remaining part is published in Soft Computing DOI 10.1007/s00500-010-0676-x.
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only rank is not sufficient for comparing fuzzy sets.

Let A= (a1, as, as,as; w) be a generalized trapezoidal fuzzy set then Ao A=
(a1 — ay,ay — as,as — ag, ay — ar;w) ie., Ao A # (0,0,0,0;w). On the basis of
this property of fuzzy sets it can be concluded that two generalized trapezoidal
fuzzy sets A = (a1, as, as, aq; wy) and B = (b1, ba, b3, by; we) will be equivalent if for
A S B = (ay — by, ay — bs, ag — by, ay — by; min(wy, ws)) the following two properties
are satisfied:

(i) @y — by = —(aq — by)
(i) ag — by = —(az — by)

For example, if A and B are any two generalized trapezoidal fuzzy sets such
that A© B = (—4,—-2,2,4;w) then A ~ B.

Similarly two generalized triangular fuzzy sets A = (ay, a9, as;w;) and B =
(b1, by, bs; we) will be equivalent if for Ao B= (ay — b3, ag — by, azg — by; min(wy, we))
the following properties are satisfied:

(i) ag — by =0
(i) a3 — by = —(az — by)

According to existing ranking approaches and ranking approach, proposed
in Chapter 2, if A and B are any two generalized fuzzy sets such that %ﬁ}(fl) =
R).(B) then A ~ B but there may exist several generalized fuzzy sets for which
R (A) = R)(B) but for A © B the above two properties are not satisfied, e.g, if
A= (0,2,4;1) and B = (0,1,6;1) are two generalized triangular fuzzy sets then
according to ranking approach, proposed in Chapter 2, R9:°(4) = R%5(B) = 2 but

AeB= (—6,1,4;1) i.e., Ao B+ (—a,0,a;w).
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Similarly if A = (1,2,3,6;1) and B = (1,2,4,5;1) are two generalized trape-
zoidal fuzzy sets then according to ranking approach, proposed in Chapter 2, %OTS’(/NX) =
RO5(B) but Ao B=(—4,-2,1,5;1) i.e., A B # (—a, —b,b,a; w).

On the basis of above discussion the following conclusions can be drawn :

If A and B are two generalized triangular fuzzy sets then
() R (A) = R (B) A A6 B = (—a,0,a3w)
(i) Ae B = (—a,0,a; w) = R (A) = R)(B).
Similarly, if A and B are two generalized trapezoidal fuzzy sets then
(i) R)M(A) = R)(B) & Ao B = (—a,—b,b,a;w)
(i) Ae B = (—a, —b,b,a; w) = R} (A) = R)(B)
i.e., it is not correct to check the equality relation on the basis of rank only. Hence,
to overcome these shortcomings, in the next section, a new ranking approach, named
as RM ranking approach, is proposed by modifying the ranking approach, proposed

in Chapter 2.

4.2 RM ranking approach

In this section, a new ranking approach, named as RM ranking approach, is
proposed for comparing generalized trapezoidal fuzzy sets.

Let A = (ay1,b1,¢1,dy;wy) and B = (@g, by, ca, do; we) be two generalized trape-
zoidal fuzzy sets then use the following steps to compare A and B:
Step 1 Transform A, B into A*, B* as follows:

A* = (a1, by, ¢, dy;w), B = (ag, ba, ¢, dy; w) where, w = min(wy,w,) (4.1)

Step 2 Calculate

RH(A") = S{(A@r +b) + (L= N(er + )} (4.2)
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and

RY(BY) = S{(Maz +by) + (1= N)(e2 +d2))} (43)

Step 3 Chose a particular value of , and check that R (A*) = R)(B*) or R)(A*) #£
R)(B°)
Case (i) If R)(A*) = R)(B*) then Go to Step 4.
Case (ii) If R} (A*) # R)M(B*) then check that R} (A*) > RM(B*) or Rp(A*) <
Case (a) If R} (A*) > R}(B*) then A ~ B
Case (b) If R).(A*) < R)(B*) then A < B

Step 4 Calculate
RM*(A*) = Mode*(A*) = w(Aby + (1 — N)ey) (4.4)

and

RM*(B*) = Mode(B*) = w(A\by + (1 — N)es) (4.5)

Step 5 Check that for the chosen value of A, RM*(A*) > RM*(B*) or RM*(A*) <
RM*(B*) or RMA(A*) = RM(B*)

Case (i) If RM*A*) > RM*(B*) for chosen value of A, then A = B for same
value of A.

Case (ii) If RM*A*) < RM*(B*) for chosen value of A, then A < B for same
value of A.

Case (iii) If RM*(A*) = RM*(B*) for chosen value of A, then A ~ B for same

value of \.
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4.2.1 Illustrative examples

In this section, to illustrate the proposed RM ranking approach, some normal
and generalized trapezoidal fuzzy sets are compared by using the proposed RM
ranking approach.

Example 4.1 Let A = (0.2,0.4,0.6,0.8;0.35) and B = (0.1,0.2,0.3,0.4;0.7) be two
generalized trapezoidal fuzzy sets. Then A and B can be compared by using the
following steps:

Step 1 Using equation (4.1),

A* =(0.2,0.4,0.6,0.8;0.35) and B* = (0.1,0.2,0.3,0.4; 0.35)

Step 2 Using equation (4.2) and (4.3),

RI(A*) = 0.35(0.3\ + (1 — X)0.7) and R} (B*) = 0.175(0.3)\ + (1 — X)0.7)

Step 3 For a pessimistic decision maker i.e. for A = 0,

o

RI.(A*) = 0.245, R9.(B*) = 0.1225. Since R%(A*) > RY.(B*) = A »~
For optimistic decision maker i.e. for A =1,
RE(A*) = 0.105, RL(B*) = 0.0525. Since RL(A*) > RL(B*) => A~ B
For moderate decision maker i.e. for A = 0.5,
RSP (A*) = 0.175, RS (B*) = 0.0875. Since NG5 (A*) > RIS (B*) = A~ B
Example 4.2
Let A = (0.1,0.2,0.4,0.5;1) and B = (0.1,0.2,0.3,0.6;1) be two generalized
trapezoidal fuzzy sets. Then A and B can be compared by using the following steps:
Step 1 Using equation (4.1),
A* =(0.1,0.2,0.4,0.5; 1) and B* = (0.1,0.2,0.3,0.5; 1)
Step 2 Using equation (4.2) and (4.3),

RM(A*) = (0.15X 4 (1 — A)0.45) and R)(B*) = (0.15)\ + (1 — 1)0.45)
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Step 3 Since R} (A*) = R} (B*) V A so go to Step 4
Step 4 Using equation (4.4) and (4.5),
RM*M(A*) = 0.2\ + (1 — A)0.4 and RM*(B*) = 0.2\ + (1 — 1)0.3
Step 5 For a pessimistic decision maker i.e. for A = 0,
RM?(A*) = 0.4 and RM°(B*) = 0.3. Since RM°(A*) >RM°(B*) = A » B
For optimistic decision maker i.e. for A =1,
RM'(A*) = 0.2 and RM'(B*) = 0.2. Since RM'(A*) =RM'(4*) = A~ B
For moderate decision maker i.e. for A = 0.5,
RM%?(A*) = 0.3 and RM°(B*) = 0.25. Since RM®%(A*) >RM®%(B*) = A ~ B
Example 4.3
Let A= (0.1,0.2,0.4,0.5;0.1) and B = (1,1,1,1;0.1) be two generalized fuzzy
sets. Then A and B can be compared by using the following steps:
Step 1 Using equation (4.1),
A*=1(0.1,0.2,0.4,0.5;0.1) and B* = (1,1,1,1;0.1)
Step 2 Using equation (4.2) and (4.3),
RN(A*) = (0.03X 4 (1 — 1)0.09) and R)(B*) = (0.02X + (1 — 1)0.02).
Step 3 For a pessimistic decision maker i.e. for A = 0,
RY.(A*) = 0.09 and R}.(B*) = 0.02. Since R(A*) > R)(B*) = A~ B
For optimistic decision maker i.e. for A =1,
RL(A*) = 0.03 and RL(B*) = 0.02
Since RL.(A*) > RL(B*) = A~ B
For moderate decision maker i.e. for A = 0.5,

R (A*) = 0.06 and RY*(B*) = 0.02. Since RF*(A*) > R}5(B*) = A~ B
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4.3 Proposed method based on RM ranking ap-
proach

In this section by modifying the method, proposed in Chapter 2, a new
method, based on proposed RM ranking approach, is proposed for solving linear
programming problems with generalized trapezoidal fuzzy sets. The steps of the
proposed method are as follows:

Step 1 Use Step 1 to Step 6 of the method, proposed in Chapter 2, to solve the
chosen linear programming problem with generalized fuzzy sets (P,) and check that
alternative optimal solution exist or not.
Case (i) If there does not exist any alternative optimal solution then obtained so-
lution {x;} is the optimal solution and find the fuzzy optimal value by putting the
values of z; in f:l(éjxj).

j=

Case (ii) If alternative optimal solution exist then Go to Step 2.

Step 2 Solve the crisp linear programming problem (P;5)

Mazimize (or Minimize)( (Y. Mode”*(¢;x;)))
=1
subject to
Zaiﬂfj >,=,<b, 1=12,..m (P12)
i=1
(X RP°(¢zy)) = a
j=1
Ij Z 0

where, a is the optimal value of the crisp linear programming problem (Py5).
The obtained solution is optimal solution and fuzzy optimal value can be obtained

by putting the values of x; in ) (¢;z;).
j=1
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4.3.1 Illustrative examples

To illustrate the proposed method based on RM ranking approach, a linear
programming problem with generalized trapezoidal fuzzy sets, chosen in Example
4.6, is solved by using the proposed method based on RM ranking approach.
Example 4.4 Solve

Maximize ((2,4,5,6;0.9)z1 @ (2,3,5,7;0.8)x,)
subject to
T+ 19 <3
T1+ 29 > 2
T1,T9 > 0
Solution:-The linear programming problem with trapezoidal fuzzy sets, chosen in
Example 4.4, can be solved by using the following steps of the proposed method:
Step 1 Since on solving the chosen linear programming problem with generalized
trapezoidal fuzzy sets by using the method, proposed in Section 2.8, alternative
optimal solution is obtained and the optimal value of the crisp linear programming
problem corresponding to crisp linear programming problem (Pyg) is % so according
to Case (ii) of Step 1, of the proposed method the solution of the chosen problem
can be obtained by solving the following crisp linear programming problem:

Mazximize (Mode™®((2,4,5,6;0.8)x; + Mode™®(2,3,5,7;0.8)25))

subject to
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Step 2 Using Mode®5(a, b, c,d;w) = (bgc), the crisp linear programming problem
obtained in Step 1, can be written as

Maximize (%ml + %372)

subject to

$1+$2§3

1+ a9 > 2

17
5

T+ %ng ==
r1,To > 0

Step 3 On solving the crisp linear programming problem, obtained in Step 2, the

obtained optimal solution is 1 = 3 and x5, = 0. Putting ;1 = 3 and 25 = 0 in

((2,4,5,6;0.9)x1 @ (2,3,5,7;0.8)z3) the fuzzy optimal value of the chosen problem

is (6,12,15,18;0.8).
4.4 Conclusions

In this chapter, the shortcomings of existing ranking approaches and the rank-
ing approach, proposed in Chapter 2, are pointed out and a new ranking approach,
named as RM ranking approach is proposed for comparing generalized trapezoidal
fuzzy sets. Also, a new method, on the basis of RM ranking approach, is proposed
for solving linear programming problems with generalized trapezoidal fuzzy sets.
To illustrate the proposed method a linear programming problem with generalized

trapezoidal fuzzy set is solved.






Chapter 5

A NEw RANKING APPrROACH FoRr
SOLVING LINEAR PROGRAMMING
ProBLEMS WITH TRAPEZOIDAL
VacUE SETS !

In real life, a person may assume that an object belongs to a set, but it is
possible that he is not sure about it. In other words, there may be hesitation or
confusion that whether an object belongs to a set or not. In fuzzy set theory, there is
no means to incorporate such type of hesitation or confusion. A possible solution is
to use intuitionistic fuzzy set [9] or vague set [63]. Bustince and Burillo [23] pointed
out that the notion of vague set is the same as that of intuitionistic fuzzy set.

Li [94] pointed out the shortcomings of all the existing ranking approaches for
comparing intuitionistic fuzzy sets and proposed some results and a new approach
for comparing intuitionistic fuzzy sets.

In this chapter, the limitations of the existing results [94] and the shortcomings
of the existing ranking approach [94] are pointed out. To overcome the limitations

of the existing results, some new results are proposed by modifying the existing

LA part of this chapter has appeared in Journal of Advances in Soft Computing and Its Appli-
cations 2 (2010) 221-230 and some part of this chapter has been communicated in Applied Soft
Computing.
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results and to overcome the shortcomings of the existing ranking approach [94].
Also, a new approach is proposed for comparing trapezoidal vague sets. To show
the application of proposed ranking approach, a linear programming problem with

trapezoidal vague sets is solved.

5.1 Preliminaries

In this section some basic definitions and arithmetic operations are presented.

5.1.1 Basic definitions

In this section, some basic definitions are presented.

Definition 5.1 [9] An intuitionistic fuzzy set A = {(x, ;5 (x), v;(2))|z € X} on the
universal set X is characterized by a truth membership function pz,pn; : X —
[0,1] and a false membership function vz,v; : X — [0,1]. The values p;(z)
and v;(x) represents the degree of membership and degree of non-membership for
x € X and always satisfies the condition pz(x) + vi(x) <1V x € X. The value
(1 — pz(x) — v4(x)) represents the degree of hesitation for x € X.

Definition 5.2 [9] Let A be an intuitionistic fuzzy set then A% = {z € X :
pi(z) > a,vi(z) < 3,0, 8 € [0,1]} is said to be an (a, §)-cut of A.

Definition 5.3 [9] An intuitionistic fuzzy set A, defined on the universal set of real
numbers R, denoted as A =< [(a, b, ¢); w,u] >, is said to be triangular intuitionistic
fuzzy set, if degree of membership p;(z) and degree of non-membership v;(z) are

given by:
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( w(z—a) (b—z+u(z—a))
b—a) > a<x<b e a<x<b
woo, r=1b (T r=1b
i(z)= and vji(x)=
nilo) w((cc__g), b<z<ce i) %, b<z<ce
0 , otherwise \ 1 , otherwise

respectively, where, w = supremum{p;(x) : © € R} and u = infimum{v(x) : x €
R}.

Definition 5.4 [9] Let A =< [(ay, as, as); w, u] > be a triangular intuitionistic fuzzy
set then the (o, §)-cut A@P) for the triangular intuitionistic fuzzy set A can be de-

fined as follows:

A = {lay + (0 — 1) & a5 — (15— 02) T [0 — (a2 — ) a0 4 (a5 — 2) ]}

Definition 5.5 [63] A vague set A =< [z;p;(z), (1 — vi(z))|lz € X] >, de-

Hz(X)1-vz(X)
'y

1-vz(X)

1_Vz\()§)
Hz(X)

\J

Fig 5.1 Vague Set

fined on the universal set X, is characterized by a truth membership function
pi, g - X — [0,1] and complement of a false membership function (1 — vj),
(1—-v4) : X — [0,1]. The values p4(z) and vj;(x) represents the degree of mem-
bership and degree of non-membership for x € X and always satisfies the condition
pi(r) < (1—vsi(x)) Vo e X. The value (1 — pj(x) — vj(x)) represents the degree

of hesitation for z € X.
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Definition 5.6 [63] Let A be a vague set then A% = {z ¢ X : p;(z) >
a, (1 —v;i(z)) > B,a, 6 € [0,1]} is said to be an (a, §)-cut of A.

Definition 5.7 [30] A vague set A, defined on the universal set of real numbers
R, denoted as A = < [(a,b,¢);d,p] >, where a < b < ¢ and § < p, is said to be a
triangular vague set if degree of membership, p (), and complement of the degree

of non-membership, (1 —v4(z)), are given by

o) a<x<b b=a) a<x<b
) , x=> p , x=>
ra(@)=9 50 and (1 —wv4(z))= B
4 de—d)  pogp<ec 4 ple=d) p g <ec
(b=c) (b—c)
\ 0 , otherwise \ 0 , otherwise

where, 6 = supremum{u;(z) : € R} and p = supremum{(1 —v4(z) : € R}
Definition 5.8 [30] Let A =< [(a1, as,as); 6, p] > be a triangular vague set then the

(o, B)-cut AP for the triangular vague set can be defined as follows:

A = {lar-+ (a2 -an)(§) = aa - an) (Pl for + (=) ) aa = (=) 0

Definition 5.9 [30] A vague set A, defined on the universal set of real numbers R,
denoted as A = < [(a,b,¢,d);6,p] >, where a < b < ¢ < d and § < p, is said to
be a trapezoidal vague set if degree of membership, p4(x), and complement of the

degree of non-membership, (1 — v;(x)), are given by

( 5(z—a) ( p(z—a)

=) a<x<b =) a<x<b
) , b<zxr<c p , b<zxr<c
pz(z)= and (1 —vy(z))=1
4 de=d) g <d 4 pla—d) g <
(c—d) (c—d)
\ 0 , otherwise | 0 , otherwise

where, 6 = supremum{u;(z) : € R} and p = supremum{(1 —v4(x)) : © € R}

Definition 5.10 [30] Let A =< [(ay, a2, as, a4); 6, p] > be a trapezoidal vague set
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then the (o, 3)-cut AP for the trapezoidal vague set A can be defined as follows:

A — {lar-+(@=a)(§) o= (@=a) (Pl o+ (=) 0o~ @ —a) )}

>

5.1.2 Arithmetic operations

In this section, some arithmetic operations between triangular intuitionistic
fuzzy sets, triangular vague sets and trapezoidal vague sets, defined on universal set
of real numbers R, are presented.
5.1.2.1 Arithmetic operations between triangular intuitionistic fuzzy sets

In this section, some arithmetic operations between triangular intuitionistic
fuzzy sets, defined on universal set of real numbers R, are presented 87-96.

Let A = < (a1, b1, c1);wy;ug] > and B = < [(ag, by, c2); we, us] > be two

triangular intuitionistic fuzzy set. Then
(i) A® B =< [(a1 + az, by + by, 1 + ¢2);min (wy, wy), maz(uy, ug)] >

(ii) Ao B=< [(a1 — c2,b1 — ba, c1 — ag);min (wy,ws), maz(uy, uz)| >

(iif) VA { < [(ya1,vb1, ver);wi,wa] >, v >0

< [(ver,vb1, yar);wy, wg) >, v <0

5.1.2.2 Arithmetic operations between triangular vague sets

In this section, some arithmetic operations between triangular vague sets, de-
fined on universal set of real numbers R, are presented [30].

Let A =< [(a1,b1,c1); 01, p1] > and B =< [(ag, by, c2); 02, p2] > be two trian-

gular vague sets. Then

(i) A® B =< [(a1 + az, by + by, ¢1 + ¢3); min (81,82), min(py, p2)] >
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(ii) Ao B =< [(a1 — c2,b1 — ba, c1 — ag); min (01, 09), min(py, p2)] >

(i) vA

{ < [(ya1,vb1,ve1); 01, p1] >, v>0
< [(ver, vb1,var); 01, p1) >, v <0

5.1.2.3 Arithmetic operations between trapezoidal vague sets

In this section, some arithmetic operations between trapezoidal vague sets,
defined on universal set of real numbers R, are presented [30].

Let A = < [(a1,b1,c1,dy1); 01, p1] > and B =< [(ag, bg, 2, ds); 02, pa] > be two

trapezoidal vague sets. Then
(1) 121 D B =< [(a1 + as, bl + bg, 1+ Co, dl + dg), min (51, 52), min(pl, pg)] >
(11) A S B =< [(a1 — dg, by — C2,C1 — bg, dy — a2>; min ((51, 52),min(,01,p2)] >

(111) ’YA _ { < [('Valy’Ybl’”YCl;’Ydl)ﬂsbpl] >, Z 0

< [(ydy,yer,7b1,7a1); 61, p1] >, v <0
5.2 Li ranking approach
In this section, the existing ranking approach [94] for comparing triangular
intuitionistic fuzzy sets is presented.
Let A =< [(a1,b1,c¢1); wy,uy] > and B =< [(ag, be, c2); we, ug] > be two trian-

gular intuitionistic fuzzy sets. Then use the following steps to compare A and B:

Step 1 Calculate

AMA) = Au(A) = MA(A) = Au(A)) (5.2)

VA(B) = Vi(B) + A(Vi(B) = Viu(B)) (5-3)



where,
Vi(A) = (a4 by + 1)
v,(A) = U _6“1) (a1 + 4by + 1)
A,(A) = e — )
Ay =12 )
V,(B) = %(az + dby + ¢5)
v,B) = 4 _6“2) (a5 + 4by + c3)
A,(B) = F(e2 — a2)
4,8 = 12 0, —
and \ € [0, 1].

Step 2 Calculate

~ VXA ~ VNB
L}(A) = o4 and L3 (B) = {505
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(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

Step 3 Chose a particular value of A and check that L} (A) > L3(B) or L}(A) <

Ly(B) or Ly(A) = L3(B)

Case (i) If L)}(A) > L)(B) for chosen value of ), then A = B for same value of

A

Case (ii) If L)(A) < L3(B) for chosen value of A, then A < B for same value of

A

Case (iii) If L) (A) = L)(B) for chosen value of \, then A ~ B for same value of

A
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5.3 Limitations of existing results

Li [94] pointed out the shortcomings of all the existing ranking approaches for
comparing triangular intuitionistic fuzzy sets and proposed some results and a new
ranking approach for comparing triangular intuitionistic fuzzy sets. In this section,
the limitations of existing results [94] are pointed out.

Li [94] proposed the following results [94], (Theorem 5.1-Theorem 5.6), for
the the triangular intuitionistic fuzzy sets A =< [(ay1, ag, as); W, ug] > and B =<
[(by, b, bg); wy, up] >:

(1) VM(A ©® B) = VM(A) + VM(B)
(ii) V,(A @ B) = V,(A) + V,(B)
(iii) A, (A® B) = A,(A) + A.(DB)
(iv) A (A ® B) = A,(A) + A(B)
(v) VMA@ B) = VMA) + VA(B)
(vi) ANA @ B) = ANA) + AN(B)
where, A € [0, 1]

The existing results are valid only if w, = w, and u, = u.

But if w, # wy and u, # u, then the existing results are not valid.

Example 5.1 Let A =< [(1,3,5);0.3,0.2] > and B =< [(4,8,9);0.4,0.1] > be two
triangular intuitionistic fuzzy sets. Then using equation (5.5), it can be easily seen
that

V(A @ B) # V,(A) + V,(B), which contradicts the existing result V,(A @ B) =
Vi(A) + Vu(B)

Example 5.2 Let A =< [(0,2,5);0.2,0.1] > and B =< [(2,3,7);0.3,0.2] > be two

triangular intuitionistic fuzzy sets. Then using equation (5.6), it can be easily seen
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that

V,(A® B) # V,(A) + V,(B), which contradicts the existing result V, (A @ B) =
V,(A) + V,(B)

Example 5.3 Let A =< [(1,2,7);0.4,0.3] > and B =< [(0,3,7);0.3,0.2] > be two
triangular intuitionistic fuzzy sets. Then using equation (5.7), it can be easily seen
that

A (A@® B) # A, (A) + A,(B), which contradicts the existing result A,(A @ B) =
A+ A (B)

Example 5.4 Let A =< [(—2,0,3);0.3,0.1] > and B =< [(0,3,8);0.2,0.1] > be
two triangular intuitionistic fuzzy sets. Then using equation (5.8), it can be easily

seen that

A, (A® B) # A,(A) + A,(B), which contradicts the existing result A,(A @ B) =
A (A) + A(B)

Example 5.5 Let A =< [(1,3,9);0.6,0.4] > and B =< [(2,3,8);0.5,0.3] > be two
triangular intuitionistic fuzzy sets. Then using equation (5.1), it can be easily seen
that

VMA@ B) # VMA) 4+ VA(B), which contradicts the existing result VMA@ B) =
VMA) + VA(B)

Example 5.6 Let A =< [(2,3,5);0.5,0.4] > and B =< [(2,3,8);0.5,0.3] > be two
triangular intuitionistic fuzzy sets. Then using equation (5.2), it can be easily seen

that

AMA @ B) # AMA) 4+ ANB), which contradicts the existing result AN A @ B) =
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5.4 Proposed results

In this section, to overcome the limitation of the existing results, pointed out
in Section 5.3, new results are proposed.
Proposition 5.1 Let A =< [(a1, az, a3); w,, u,| > and B =< [(b1, b, b3); wp, up) >
be two triangular intuitionistic fuzzy sets. Then
(i) Va(A* @ B*) = Vo (A") + Viu(B7)
(i) Vi (A" @ B) = V, (A7) + V,(B)
(ifi) A, (A* @ B*) = A (A*) + A,(B*)
(iv) Ay (A" @ BY) = A, (A7) + A,(B")
(v) VMA* @ B*) = VMNA*) + VN(BY)
(vi) AMA* @ B*) = ANA*) + ANBY)
where, A* =< [(a1,az,as3);w,u] >, B* =< [(b1, bo, b3); w,u| >, A @ B =< [(a1 +
b1, as + ba, az + bs; w, u)] >, w = min(w,, wy) and u = maz(u,, up).

Proof:- The proposed results can be proved as follows:

(i) Using equation (5.5),
V(A ®B*) = 2(a;+bi+4(as+bo)+az+bs) = L(ar+4as+az)+2 (b1 +4by+b3)

= V,(A") + Vu(B")

(i) Using equation (5.6),

(1gu) ((11 + 4(12 + CL3) +

Vo (A* @ B*) = L2 (ay + by + 4(ag + bo) + ag + by) =

U= (b + 4by + b)

=V, (A*) + V,(B*)

(iii) Using equation (5.7),

AN(A* &) B*) = %((Ch +b3) — (a1 + b)) = 5(azs —ay) + %(b3 +by)
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= A7) + ABY)

(iv) Using equation (5.8),

(1—w)

Ay(A* @ B*) = S5 (a1 + bs) — (a1 + 1)) = S5 (a5 — ar) + 52 (bs + by)

(v) Using equation (5.1),

VA" @ BY) = V(A" @ B*) + A(V, (A" © B*) = V(A" @ B))

Using (i) and (ii),

VAA" @ B*) = Vu(A") + Vu(B*) + AVi (A7) + Vo (B7) = (Vu(A7) + Vi(BY)))
= Vi(A") + MV, (A7) = Vu(A))+Vu(B*) + A(Vi(B*) = Viu(B"))

= VMA*) + VN(BY)

(vi) Using equation (5.2),
ANA* @ BY) = A, (A* @ BY) + A(A,(A* @ B*) — A,(A* @ B*))
Using (iii) and (iv),

ANA @ B*) = AL (A%) + Au(BY) + MA (A%) + A, (B*) — (Au(A) + Au(BY)))

= Au(A7) + MAL(A") = A(A)+AL(B") + MAL(BY) = Au(BY))

= ANA%) + AN(BY)
5.5 Shortcomings of existing ranking approach

Li [94] pointed out the shortcomings of all the existing ranking approaches
for comparing intuitionistic fuzzy sets and proposed a new ranking approach for
comparing intuitionistic fuzzy sets. In this section, the shortcomings of existing

ranking approach [94] are pointed out.



84

5.5.1 Shortcomings on the basis of reasonable properties of
fuzzy quantities

In Section 2.5.3, on the basis of reasonable properties of fuzzy quantities, the
shortcomings of existing ranking approaches [37, 41] are pointed out. In this section,
it is shown that the ranking function used in the existing ranking approach [94] for
comparing intuitionistic fuzzy sets also does not satisfies the same properties so the
ranking results, obtained by using the existing ranking approach [94] are not valid.
Example 5.7 Let A =< [(—a,0,a);w,u] >, B =< [(—=b,0,b);w,u] > and C' =<
[(c1, ¢, ¢3);w,u] > be three triangular intuitionistic fuzzy sets. Then A\ L} (A) =
LYB)V A€ [0,1] but LN(A®C) # LY B®C)VY A [0,1]ie. A~ B#A (AaC) ~
(B @ C), which contradicts the reasonable property, A~ B = (A® C) ~ (B® C).
Example 5.8 Let A =< (1,3,5;0.3,0.2) >, B =< (4,8,9;0.4,0.1) > and C' =<
(—9,—-8,—4;0.4,0.1) > be two triangular intuitionistic fuzzy sets. According to
existing ranking approach [94] the values of L)°(A) and L3°(B) are 0.6347 and
0.822 respectively so A < B but the values of LY*(A @ C) and L)*(B @ C) are

—10.2 and 0 respectively so LI5(A @ C) > LY*(B @ C), which contradicts the

resealable property A<B=AaC=<BaC

5.5.2 Shortcomings on the basis of height of fuzzy sets

In this section, it is shown that in some cases the ranking results, obtained by
using existing ranking approach [94], depends upon degree of membership and de-
gree of non-membership of intuitionistic fuzzy sets while in several cases the ranking
results does not depend upon degree of membership and degree of non-membership

of intuitionistic fuzzy sets.
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Let A =< [(ay,as,a3);wi,uy] > and B =< [(ay, ay, as); wy, us] > be two tri-
angular intuitionistic fuzzy sets. Then according to existing ranking approach [94]
there can be two cases:

Case (i) If (a; + 4ay + as) # 0 then the comparison of A and B will depend upon
the values of wy, uy, wo and uy

Case (ii) If (a1 + 4as + a3) = 0 then A ~ B all values of wy, uy, wy and us i.e. the
comparison of A and B does not depend upon the values of wq, uy, wo and us.
Example 5.9 Let A =< [(1,1,1);wy,us] > and B =< [(1,1,1);wy, ug] > be two

triangular intuitionitsic fuzzy sets. Then according to existing ranking approach

Example 5.10 Let A =< [(—=2,0,2);wy, 1] > and B =< [(=2,0,2); wa, us] > be
two triangular intuitionitsic fuzzy sets. Then according to existing ranking approach
[94] A ~ B for all values of wy, uy, ws and us.
Example 5.11 Let A =< [(—=8,1,4);wy,u] > and B =< [(—8,1,4); ws, us] > be
two triangular intuitionitsic fuzzy sets. Then according to existing ranking approach
[94] A ~ B for all values of wy, uy, ws and us.

According to existing approach [94], in first case comparison of triangular
intuitionistic fuzzy sets depends upon degree of membership and degree of non-
membership of intuitionistic fuzzy sets while in second case comparison of triangular
intuitionistic fuzzy sets does not depend upon degree of membership and degree of

non-membership of intuitionistic fuzzy sets which is a contradiction.
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5.6 Proposed ranking approach

In this section, a new ranking approach is proposed for comparing trapezoidal
vague sets.

Let A = < [(a1,b1,c1,d1); 01, p1] > and B =< [(ag, be, 2, ds); 02, pa] > be two
triangular vague sets, where a; < by < ¢ < dy, 01 < p; and as < by < ¢ < dy,
05 < po. Then use the following steps to compare A and B:

Step 1 Transform A, B into A*, B* as follows:
121* =< [(al, bl, Cq1, dl), 5, p] >, B* =< [(GQ, bg, Ca, dg), 5, p] > (513)

where, 0 = min(dy,d2) and p = min(py, p2)
5
Step 2 Calculate R} (A%) = Of)\ 4 iza)a “1 da+f (1—N\)(dy + @)da

(11—|—bl
2

C1+d1
2

= RN(AL) = M( )+ (1= N)d( ) (5.14)

RY(As_5) = jwbl — (5= (a1 + (b — ar)? — b)))da + 6fp<<1 — N — () +
(c1 —di) — c1)))da,

(bl + (11) 0 (bl - al) (Cl + dl) i é (dl — Cl)

= WA, 5) = (= D5+ S5+ (=N ()
(5.15)

Now Rp(A%) = R} (A5) + Ry (A5 _5)

- (CLl + bl) (p — (5) ) (01 + dl) (,0 — (5) 1)

= Mo 5t (b1+a1+ (by—aq1)) }H(1=N){d 5 T (c1+d1+5(d1—c1))}
(5.16)

where, A € [0, 1]

Similarly, R)(B*) = R)(B;) + R)}(B:_,)

(a2 +b3) (p—9) 0 (c2+dz) (p—9) 0
=0 5 T 5 (b2+a2—|— (ba—aq)) }H(1=X){d 5 T 5 (c2+d2+;(d2—c2))}

(5.17)
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where, A € [0, 1]
Step 3 Check that for particular value of A, R} (A*) = RM(B*) or R} (A*) # R} (B*)
Case (i) If R).(A*) = R)(B*) then Co to Step 4.
Case (ii) If R} (A*) # R)M(B*) then check that R} (A*) > RM(B*) or Rp(A*) <
Case (a) If R).(A*) > R)(B*) then A = B.
Case (b) If R).(A*) < R).(B*) then A < B.

Step 4 Calculate
RM*(A*) = Mode*(A*) = Aby + (1 — Ny (5.18)

and

RM*(B*) = Mode*(B*) = Aby + (1 — N)ey (5.19)

Step 5 Check that for the chosen value of A, RM*(A*) > RM*(B*) or RM*(A*) <
RM*(B*) or RM*(A*) = RM*(B*)

Case (i) If RM*A*) > RM*(B*) for chosen value of A, then A = B for same
value of \.

Case (ii) If RM*A*) < RM*(B*) for chosen value of A, then A < B for same
value of A.

Case (iii) If RM*(A*) = RM*(B*) for chosen value of A, then A ~ B for same

value of \.

5.6.1 Particular cases

Since trapezoidal vague sets are the generalization of normal triangular fuzzy
sets, trapezoidal fuzzy sets, generalized triangular fuzzy sets, generalized trapezoidal

fuzzy sets and triangular vague sets so the proposed ranking approach can also be
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used for comparing these sets by considering the following assumptions:

(i) Assuming by = ¢; = b} and by = ¢y = b), the proposed ranking approach can
be used for comparing triangular vague sets A =< [(ay,¥,,d,);d,p] > and

B =< [(ay, by, d3); 6, p] >.

(ii) Assuming 0 = p = 9] the proposed ranking approach can be used for comparing

generalized trapezoidal fuzzy sets A = (ay, by, ¢1, dy; 8}) and B = (ag, by, 2, da; 8).

(iii) Assuming by = ¢; = b}, 6 = p = 0] and by = ¢, = b, the proposed ranking
approach can be used for comparing generalized triangular fuzzy sets A =<

[(a1,0},d1;61)] > and B =< [(ay, b, dy: 8})] >.

(iv) Assuming § = p = 1 the proposed ranking approach can be used for comparing

trapezoidal fuzzy numbers A =< [(ay, by, ¢, dy; 1)] > and B =< [(ag, by, ¢a, da; 1)] >.

(v) Assuming by = ¢; = b}, 6 = p = 1 and by = ¢y = b}, the proposed ranking ap-
proach , can be used for comparing triangular fuzzy sets A =< [(ay, b}, dy;1)] >

and B =< [(ag, b, dy; 1)] >.
5.6.2 Illustrative examples

In this section, to illustrate the proposed ranking approach some triangular
and trapezoidal vague sets are compared.
Example 5.12 Let A=< [(5,7,9);0.4,0.8] > and B = < [(2,4,8);0.2,0.9] >
be two triangular vague sets. Then A and B can be compared by using the following
steps:
Step 1 Using equation (5.13),

A* =< [(5,7,9); min(0.2,0.4), min(0.8,0.9)] > and B* =< [(2,4,8); min(0.2,0.4), min(0.8,0.9)] >
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Step 2 Using equation (5.16), R)(A*) = 4.95\ + 3.25(1 — \) and R)(B*) =
27X\ +2.45(1 — A)
Step 3 For a pessimistic decision maker i.e. for A = 0,
R9.(A*) = 3.25 and R} (B*) = 2.45. Since RY(A*) > RY(B*) = A~ B
For optimistic decision maker i.e. for A =1,
RL(A*) = 4.95 and RL(B*) = 2.7. Since RL(A*) > RL(B*) = A = B.
For moderate decision maker i.e. for A = 0.5,
RI>(A*) = 4.1, RY>(B*) = 2.6. Since RIS (A*) > RY>(B*) = A = B.
Example 5.13 Let A= < [(3,7,14);0.2,0.7] > and B = < [(1,6,9);0.3,0.4] >
be two triangular vague sets. Then A and B can be compared by using the following
steps:
Step 1 Using equation (5.13),
A* =< [(3,7,14);0.2,0.4)] > and B* =< [(1,6,9);0.2,0.4)] >
Step 2 Using equation (5.16), R}(A*) = 2.25\ + 4.35(1 — \) and R} (B*) =
1.65X + 3.15(1 — A)
Step 3 For a pessimistic decision maker i.e. for A = 0,
RO.(A*) = 4.35 and RY(B*) = 3.15
Since RY(A*) > RY(B*) = A~ B
For optimistic decision maker i.e. for A = 1,
RL(A*) = 2.25 and RL(B*) = 1.65. Since RL(A*) > RL(B*) = A = B.
For moderate decision maker i.e. for A = 0.5,
R92(A*) = 3.3 and RIS (B*) = 2.4. Since RY*(A*) > RI5(B*) = A - B.
Example 5.14

Let A = < [(1,2,3,4);0.5,0.6] > and B = < [(2,4,5,6,1);0.6,0.8] > be two
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vague sets. Then A and B can be compared by using the following steps:
Step 1 Using equation (5.13),
A* =< [(1,2,3,4);0.5,0.6] > and B* =< [(2,4,5,6,1);0.5,0.6] >
Step 2 Using equation (5.13), R} (A*) = 0.942) + 2.14(1 — \) and R)}(B*) =
1.88\ +3.34(1 — \)
Step 3 For a pessimistic decision maker i.e. for A = 0,
RY.(A*) = 2.14 and R}(B*) = 3.34. Since RY(A*) < RY(B*) = A< B
For optimistic decision maker i.e. for A =1,
RL(A*) = 0.942 and RL(B*) = 1.88. Since RL(A*) < RL(B*) = A < B.
For moderate decision maker i.e for A = 0.5,

RIP(A*) = 1.54 and RY?(B*) = 2.6. Since RY?(A*) < RY*(B*) = A < B.

5.7 Linear programming problems with trapezoidal
vague sets

If in the existing linear programming problem with fuzzy sets (P,) the pa-
rameters ¢; are represented by trapezoidal vague sets < [(¢j1, ¢jo, ¢j3, Cja); 05, ps] >
then linear programming problem with fuzzy set (P,) can be converted into linear
programming problem with trapezoidal vague set (Pi3):

Mazximize (or Minimize) il(< [(¢j1, Cjas Ci35 Cja); 05, pil > x5)
j=
subject to
iaijxj > =,<b, i=12,....m (P13)
j=
(Jﬁ:l Ry (6jz5)) = a

lL‘]ZO
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5.7.1 Application of proposed ranking approach

To show the application of proposed ranking approach a linear programming
problem with vague sets, chosen in Example 5.15, is solved by using the method,
proposed in Chapter 4, with the proposed ranking approach.

Example 5.15 Solve
Mazimize (< [(1,2,3,4);0.5,0.6] > & < [(2,4,5,6);0.7,0.7] > z2)

subject to

T1,22 > 0

Solution:- Using the method, proposed in Section 4.4, with proposed proposed
ranking approach the linear programming problem with trapezoidal vague sets, cho-
sen in Example 5.15, can be solved by using the following steps:
Step 1 Using Definition 2.8 and on the basis of the proposed ranking approach, the
optimal solution of the chosen linear programming problem with trapezoidal vague
sets can be obtained by solving the crisp linear programming problem

Maximize (R35(<[(1,2,3,4);0.5,0.6] > & < [(2,4,5,6);0.7,0.9] > x3))

subject to

1+ T9 > 2

1+ 22 <5
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x> —1
To <7
r1,T9 > 0
Step 2 Using linearity property
%%521@ [(aj,bj,¢5,d;); 6,p] > x5) = ji:l R (< [(aj, by, ¢5,dy); 0, p] > x5), the crisp
linear programming problem, obtained in Step 1, can be written as
Mazximize (R3°(<[(1,2,3,4);0.5,0.6] >)+R%°(< [(2,4,5,6);0.5,0.6] > x5))

subject to

r1,To > 0
Step 3 Using R3° < [(a,b,¢,d);8,p] >= H{2(a+b+c+d)+ S ((a+b+c+d)+
%(—a +b+d— c))}, the crisp linear programming problem, obtained in Step 2, can
be written as
771 653

Maximize (5511 + 55572)

subject to

x1,T2 > 0

Step 4 On solving the crisp linear programming problem, obtained in Step 3, the
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obtained optimal solution is x; = 5, x5 = 0. Putting xy = 5 and 23 = 0 in
(< [(1,2,3,4);0.5,0.6] > & < [(2,4,5,6);0.7,0.7] > x2) the vague optimal value of

the chosen problem is < [(5, 10, 15,20);0.5,0.6] >.

5.8 Conclusions

In this chapter, the shortcomings of existing ranking approaches [94] for com-
paring triangular intuitionistic fuzzy sets are pointed out and a new ranking ap-
proach is proposed for comparing trapezoidal vague sets. To show the application of
proposed ranking approach a linear programming problem with trapezoidal vague
set is solved by using the method, proposed in Chapter 4, with proposed ranking

approach.






Chapter 6

RMDS RANKING ArPPROACH FOR
SOLVING LINEAR PROGRAMMING
ProBLEMS WITH TRAPEZOIDAL
VAGUE SeTs !

Several researchers [6, 55, 57, 56, 58, 107, 108, 109, 119, 120] have used the
existing method [111] for solving different types of linear programming problems with
fuzzy sets. In this chapter, it is shown that the results of the linear programming
problems, obtained by the researchers by using the existing method [111] and the
results of the linear programming problems with generalized and vague sets obtained
by using the methods, proposed in previous chapters, are not appropriate. Also, it
is shown that the shortcomings in the results are occurring due to existing and
proposed ranking approaches which are used in the existing and proposed methods
for comparing fuzzy and vague sets.

To overcome the shortcomings of the existing and proposed methods, a new
ranking approach, named as RMDS ranking approach, is proposed for comparing
trapezoidal vague sets having equal degree of membership and non membership. On

the basis of proposed RMDS ranking approach, a new method is proposed for solving

'Some part of this chapter has been communicated in Expert Systems with Applications

95
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linear programming problems with trapezoidal vagues sets. To show the advantages
of the proposed RMDS ranking approach, the chosen linear programming problems
with fuzzy and vague sets, for which the results obtained by using the existing and
proposed methods are not appropriate, are solved by the proposed method and it is

shown that the obtained results are appropriate.

6.1 Shortcomings of existing methods

Let {z;} and A be the optimal solution and optimal value of a linear pro-
gramming problem respectively. If there exist any feasible solution {y;} of the same
linear programming problem such that the value of the objective function of the
linear programming problem corresponding to {y;} is also A then {y;} is said to be
an alternative optimal solution of the same linear programming problem i.e. corre-
sponding to all alternative optimal solutions the values of objective function should
be same.

In this section, it is shown that the results obtained by using the existing and
proposed methods are contradicting this property of alternative optimal solutions
i.e. by using the existing methods the value of the objective function corresponding
to all the alternative optimal solution are not same e.g. the results of the linear
programming problem with normal triangular fuzzy set, chosen in Example 6.1, by
using the existing and proposed methods are contradicting this property of alterna-
tive optimal solution.

Example 6.1: Solve
Mazximize ((4,8,12;1)z1 & (6,8,10;1)z3)

subject to
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r1+ 29 <10
T+ 29 >3
r1,T9 > 0
Solution:- On solving the problem by using the existing and proposed methods the
following alternative optimal solutions are obtained:
(i) 1 = 10 and 25 = 0
(ii) 1 = 0 and zo = 10
Putting ; = 10 and 25 = 0 in ((4,8,12;1)z; @ (6,8,10; 1)z3) the obtained
fuzzy optimal value is (40,80,120;1).
Similarly, on putting 1 = 0 and x5 = 10 in ((4, 8,12; 1)z @ (6,8, 10; 1)z5) the
obtained fuzzy optimal value is (60, 80, 100; 1).
It is obvious from the results that the normal triangular fuzzy sets, repre-
senting the fuzzy optimal values corresponding to two different alternative optimal
solutions, are not equal which is contradicting the property of alternative optimal

solution.

6.2 Proposed method based on Kaufmann and
Gupta ranking approach

Kaufmann and Gupta [80] defined the three parameters, Rank, Mode and
Divergence for a normal triangular fuzzy set and proposed a ranking approach, on
the basis of these parameters, for comparing normal triangular fuzzy sets.

In this section, the existing ranking approach [80] is presented and to overcome
the shortcoming of existing method [111], a new method is proposed for solving linear

programming problems with normal triangular fuzzy sets.
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6.2.1 Kaufmann and Gupta ranking approach

In this section, the existing ranking approach is presented.
Let A = (a1,by,¢1;1) and B = (ag, by, c2;1) be two normal triangular fuzzy
sets. Then use the following steps to compare A and B:
Step 1 Find R9°(A) = L(a; + 2by + ¢1) and RGP (B) = L(as + 2by + )
Case (i) If R)°(A) > RY°(B) then A ~ B
Case (ii) If R)°(A) < R5(B) then A < B
Case (iii) If R (A) = R%5(B) then go to Step 2.
Step 2 Find Mode®5(A) = by and Mode®(B) = b,
Case (i) If Mode®®(A) > Mode®?(B) then A = B
Case (ii) If Mode®?(A) < Mode®5(B) then A < B

Case (iii) If Mode®(A) = Mode(B) then go to Step 3

Step 3 Find Divergence(A) = (¢; — a1) and Divergence(B) = (¢; — ay)

Case (i) If Divergence(A) > Divergence(B) then A = B

Case (ii) If Divergence(A) < Divergence(B) then A < B

Case (iii) If Divergence(A) = Divergence(B) then A = B

Remark 6.1 The Mode and Divergence for a triangular vague set A =< [(a,b,¢);0,p] >
can be defined as:

Mode®3(A) = b and Divergence(A) = ¢ — a

Remark 6.2 The Mode and Divergence for a trapezoidal vague set A =< [(a,b,c,d);0,p] >

can be defined as:

Mode®5(A) = @ and Divergence(A) = d — a.
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6.2.2 Proposed method

In this section, to overcome the shortcomings of existing method [111], on the
basis of Kaufmann and Gupta ranking approach [80], a new method is proposed to
find the fuzzy optimal solution of linear programming problems with fuzzy sets.

The steps of the proposed method are as follows:
Step 1 Use Step 1 to Step 6 of the method, proposed in Chapter 2, to solve the
chosen linear programming problem with normal fuzzy sets (P;) and check that
alternative optimal solution exist or not.
Case (i) If there does not exist any alternative optimal solution then obtained

solution {x;} is the optimal solution and find the fuzzy optimal value by putting
the values of z; in ) (&z;).
j=1

Case (ii) If alternative optimal solution exist then Go to Step 2.
Step 2 Solve the crisp linear programming problem (Pj4) and check that alternative
optimal solution exist or not.
Mazimize (or Minimize) ( (3. Mode®®(é;x;)))
j=1
subject to
ajjr; 2,=,< b, 1=12,...,m (Pra)
=1
]TL
R (Gjay) = a
j=1
Z; Z 0

where, a is the optimal value of the crisp linear programming problem (Ps).
Case (i) If there does not exist any alternative optimal solution then obtained

solution {x;} is the optimal solution and find the fuzzy optimal value by putting

n
the values of z; in ) (&z;).
j=1

Case (ii) If alternative solution exist then Go to Step 3.
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Step 3 Solve the crisp linear programming problem (Pj5) and check that alternative
optimal solution problem exist or not.
Mazximize (or Minimize) ( (D Divergence(¢;x;)))

Jj=1

subject to

n
Zaijl'j 27:7<bia L= 172a"'7m (P15)
j=1

n
> Wi (¢a;) = a

J
> Mode”®(¢;x;) = b
j=1
Z; 2 0
where, b is the optimal value of the crisp linear programming problem (P4)

The obtained solution is optimal solution and unique fuzzy optimal value can

be obtained by putting the values of z; in ) (&;x;).
j=1

6.3 Advantage of proposed method based on Kauf-
mann and Gupta ranking approach

To show the advantage of the proposed method based on Kaufmann and Gupta
ranking approach the linear programming problem with normal triangular fuzzy sets
chosen in Example 6.1, for which the results obtained by using the existing methods
are not appropriate, is solved by using the proposed method based on Kaufmann
and Gupta approach and it is shown that all the shortcomings occurring in the

results are removed.
6.3.1 Solution of the chosen problem

The linear programming problem, chosen in Example 6.1, can be solved by
using the following steps of the proposed method based on Kaufmann and Gupta

approach:
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Step 1 Since on solving the linear programming problem with normal triangular
fuzzy sets, chosen in Example 6.1, by using the existing method [111] and the pro-
posed methods, an alternative optimal solution is obtained and the optimal value
of the crisp linear programming problem corresponding to crisp linear programming
problem (Fg) is 80 so the solution of the chosen problem can be obtained by solving
the following crisp linear programming problem:
Mazimize (Mode™®(4,8,12;1)z; + Mode’®(6,8,10;1)z,))
subject to
r1+ 29 <10
T+ 29 >3
R9°((4,8,12; 1)x1) + R%A((6,8,10; 1)z2) = 80
T1,20 > 0
Step 2 On solving the crisp linear programming problem, obtained in Step 1, al-
ternative optimal solution is obtained. Since the optimal value of the crisp linear
programming problem is 8 so the solution of the chosen problem can be obtained
by solving the following crisp linear programming problem:
Mazximize (Divegence™®(4,8,12;1)x; + Divegence’”(6,8,10; 1)x5))
subject to
1+ 22 < 10
1+ 292 >3
R%°((4,8,12; 1)x1) + R%*((6,8,10; 1)x2) = 80
Mode®®((4,8,12; 1)z;) + Mode®?((6,8,10; 1)x5)) = 8
T1,29 >0

Step 3 On solving the crisp linear programming problem, obtained in Step 2, the



102

obtained optimal solution is z;y = 10 and x5 = 0. Putting x; = 10 and 2z, = 0
in ((4,8,12;1)z1 & (6,8, 10; 1)xs) the fuzzy optimal value of the chosen problem is

(40, 80, 120; 1).

6.4 Limitations of proposed method based on Kauf-
mann and Gupta ranking approach

In this section, some important results are proved to show that the proposed
method based on Kaufmann and Gupta ranking approach can be used to find the
appropriate optimal solution of such linear programming problems in which the pa-
rameters are represented by normal triangular fuzzy sets or generalized triangular
fuzzy sets having same heights or triangular vague sets but the same method can’t
be used for solving such linear programming problem in which the parameters are
represented by normal trapezoidal fuzzy sets or generalized trapezoidal fuzzy sets
or triangular vague sets.

The results of the proposed method based on Kaufmann and Gupta approach
are appropriate due to following property, proved in Proposition 6.1, of normal tri-
angular fuzzy sets:

If A and B are two normal triangular fuzzy sets or generalized triangular fuzzy
sets having equal heights or triangular vague sets such that §ROT5(/~1) = %%5(13?),
Mode®?(A) = Mode®®(B) and Divergence(A) = Divergence(B) then A = B.

In Proposition 6.2 to Proposition 6.6 it is proved that if all these three condi-
tions are satisfied for normal trapezoidal fuzzy sets or generalized trapezoidal fuzzy
sets or trapezoidal vague sets then chosen sets may or may not be equal. Due to the

same reason, proposed method based on Kaufmann and Gupta approach can’t be
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used to find the appropriate results of such linear programming problems in which
the parameters are represented by normal trapezoidal or generalized trapezoidal or
trapezoidal vague sets.

Proposition 6.1 Let A = (ay, by, ¢1;1) and B = (ay, by, ¢2;1) be two normal trian-

gular fuzzy sets such that

(i) RYP(A) = RIS5(B) (i) Mode®5(A) = Mode®5(B)  (iii) Divergence(A) =
Divergence(B).

Then A = B

Proof:- Using equation (2.38),

RI(A) = L(ay + 2by + 1), RY2(B) = L(as + 20y + ¢2)

From (i) R9°(A) = R)°(B)

= (CL1 + 2b; + Cl) = (CLQ + 2by + Cg) (61)

Using equation (4.4), Mode®5(A) = by, Mode®5(B) = by

From (i) Mode®3(A) = Mode®5(B)

From (iii) Divergence(A) = Divergence(B)
= (a1 —a1) = (2 — a2) (6.3)

Solving (6.1), (6.2) and (6.3),
a1 = a9, by = by and ¢; = ¢y. Therefore A= B.
Proposition 6.2 Let A = (a1,b1,c1;w) and B = (ag, be, co;w) be two generalized
triangular fuzzy sets such that

(i) RIP(A) = RI5(B)  (ii) Mode®5(A) = Mode®5(B)  (iii) Divergence(A) =
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Divergence(B).

Then A = B.

Proof:- Using equation (2.38),

RIS(A) = L(ar + 2by + ¢1), RSP (B) = 2(az + 2by + c2)

From (i) R0:°(A) = RY*(B)
= w(al + 2b; + Cl) = 'LU((IQ + 2by + CQ)

Using equation (4.4), Mode®5(A) = by, Mode®5(B) = by

From (i) Mode®5(A) = Mode®5(B)
= wb; = wby
From (iii) Divergence(A) = Divergence(B)
= (1 —a1) = (c2 — ag)

Solving (6.4), (6.5) and (6.6),

a1 = asz, by = by and ¢; = ¢o. Therefore A=B.

(6.4)

(6.5)

Proposition 6.3 Let A = (ay,b1,c1,di;w) and B = (a9, ba, 2, do; w) be two gener-

alized trapezoidal fuzzy sets such that

(i) RIP(A) = RY3(B) (i) Mode®(A) =Mode®5(B)  (iii) Divergence(A) =

Divergence(B).
Then A # B
Proof:- Using equation (2.38),

RS (A) = J(ar + by + ey +di), REP(B) = J(as + by + o+ do)

From (i) R9:°(A) = R9>(B)

ﬁw(al‘f‘bl—i‘cl‘f'dl)Zw(a2+b2+02+d2)
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Using equation (4.4), Mode®®(A) = (b + ¢1), Mode®®(B) = 1(by + ¢»)

From (i) Mode®3(A) = Mode®5(B)

= w(by + ¢1) = w(by + ¢2) (6.8)

From (iii) Divergence(A) = Divergence(B)

= (dl — Cll) = (dg — CLQ) (69)

Solving (6.7), (6.8) and (6.9),
a; = ag and dy = dy. Therefore (a1, by, ¢y, dy; w) # (az, by, co, dy;w) = A =+ B
Proposition 6.4 Let A = (a;,by,¢1,dy;1) and B = (ag, ba, ¢2,da; 1) be two trape-
zoidal fuzzy set such that

(i) RIP(A) = RY2(B) (ii) Mode’?(A) =Mode*(B) (iii) Divergence(A) =
Divergence(B).

Then A # B.

Proof:- Putting w = 1 in the Proposition 6.3 we get

a; = ag, and dy = dy. Therefore (ay, by, c1,dq; 1) # (ag, be, ca,dy; 1) = A #+ B
Proposition 6.5 Let A =< [(ay,by,¢1); 6, p] > and B =< [(ag, ba, ¢3); 8, p] > be two

triangular vague sets such that

(i) R9P(A) = R%3(B) (i) Mode®5(A) = Mode®5(B) (iif) Divergence(A) =
Divergence(B).
Then A = B

Proof:- Using equation (5.16),

—

R (A) = 3{8(ar +2b1 + 1) + L2 (a1 + 20y + 1) + 2(—a1 + 1))},

—

W2 (B) = §{§az + 2o + c2) + 232 (a2 + 202 + o) + &z + c2))}



106

From (i) R)°(A) = R95(B)

(G1 + 2b1 + Cl) + (p

| >

{

N | —

- )((al—i—le—i—cl)—l—%(—Cﬁ+C1))}

(p—9)
2

= %{3(02 + 2b2 + 02) + ((CL2 + 2b2 + CQ) -+ %(—ag + CQ))} (610)

Using equation (5.18), Mode®®(A) = by, Mode®5(B) = by

From (ii) Mode®®(A) = Mode®?(B)

Since Divergence(A) = (¢; — aq), Divergence(B) = (¢3 — as)

From (iii) Divergence(A) = Divergence(B)
= (a —a1) = (2 — az) (6.12)

Solving (6.10), (6.11) and (6.12), we get
a1 = as, by = by and ¢; = ¢y. Therefore A=B.
Proposition 6.6 Let A =< [(ay,by,¢1,d1):6,p] > and B =< [(ag, by, ¢2,ds); 6, p] >
be two trapezoidal vague sets such that

(i) RYP(A) = RIS(B)  (ii) Mode®3(A) = Mode®5(B)  (iii) Divergence(A) =
Divergence(B).

Then A # B

Proof:- Using equation (5.16),

RIS(A) = ${8(ar + by + e + i) + L2 (a1 + by + e + i) + 2(—as + dy)) },

R (B) = ${5(az + ba + ca + do) + L5 (a2 + by + 02+ do) + 2 (—a + da)) }

From (i) R9:°(A) = R9>(B)

=

| >

{ (/0;5)

)
(a1+b1+01+d1)+ ((Ch+b1+61+d1)+;(—a1+d1))}

N[ —
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(p—
2

1.6 5 5
= 5{5(% Tbo+ et do) + )((cm + by + o+ dp) + ;(—@ +dy))} (6.13)

Using equation (5.18), Mode®®(A) = by + ¢, Mode®®(A) = by + ¢y

From (i) Mode®3(A) = Mode®5(B)
= (b1 + 1) = (b2 + c2) (6.14)

Since Divergence(A) = (dy — ay), Divergence(B) = (dy — as)

From (iii) Divergence(A) = Divergence(B)
= (d1 — al) = (dg — CLQ) (615)

Solving (6.13), (6.14) and (6.15) we get
a; = ay and dy = dy. Therefore < [(a1, b1, c1,dy); 6, p| >#< [(az, be, c2,d1); 0, p] >=
A+B
6.5 Some important results

In Section 6.4, it is shown that Rank, Mode and Divergence are not sufficient
for the equality of fuzzy sets and vague sets. To overcome this shortcoming in this
section, one more parameter Spread, is taken in the account. Also, some important
results that are proved.

Let A =< [(a,b,c,d); 6, p] > be a trapezoidal vague set then (b—a) and (d — c)
may be be called Left spread and Right spread respectively.

Proposition 6.7 Let A =< [(a1,by1,¢1,d1);6,p] > and B =< [(ag, by, ¢2,ds); 0, p] >
be two trapezoidal vague sets such that

(i) RIP(A) = RY3(B) (i) Mode®®(A) = Mode®(B) (iii) Divergence(A) =

Divergence(B).

Then
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(a) Left spread (A) > Left spread (B) iff by > by

(b) Left spread (A) < Left spread (B) iff by < by

(c) Left spread (A) = Left spread (B) iff b = by
Proof: Since R9:°(A) = R%°(B), Mode®5(A) = Mode®?(B) and Divergence(A) =

Divergence(B) so, from Proposition 6.6, we have

a; = as (6.16)
(b +c1) = (ba + c2) (6.18)

(a) Left spread (A) > Left spread (B)
iff (by —ay) > (ba — a2)
iff by > by (a1 = a)
Hence, Left spread (A) > Left spread (B) iff by > b,.
(b) Left spread (A) < Left spread (B)
iff (by —a1) < (b — a2)
iff by < by (" a; = ag)

Hence, Left spread (A) < Left spread (B) iff b; < bs.
(c¢) Left spread (A) = Left spread (B)
iff (by —ay) = (by — a9)
iff by = by (a1 = ag)
Hence, Left spread (A) = Left spread (B) iff by = b,.
Proposition 6.8 Let A =< [(a1,b1,c1,d1); 6, p] > and B =< [(ag, ba, co,ds); 6, p| >

be two trapezoidal vague sets such that

(i) R95(A) = RY3(B)  (ii) Mode®?(A) = Mode®?(B) (iii) Divergence(A) =
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Divergence(B).

Then

(a) Right spread (A) > Right spread (B) iff ¢; < o

(b) Right spread (A) < Right spread (B) iff ¢; > ¢y

(c) Right spread (A) = Right spread (B) iff ¢; = ¢
Proof: Since R)*(A) = R5(B), Mode®5(A) = Mode®®(B) and Divergence(A) =

Divergence(B) so, from Proposition 6.6, we have

a; = as (6.19)
dy = dy (6.20)
(b1 +c1) = (b2 + c2) (6.21)

(a) Right spread (A) > Right spread (B)
iff (dy — 1) > (da — ¢2)
iff ¢; < ¢ (" ay = ag)
Hence, Right spread (A) > Right spread (B) iff ¢; < cs.
(b) Right spread (A) < Right spread (B)
iff (di —c1) < (da — ¢2)
iff ¢ > ¢ (" a1 = ag)

Hence, Right spread (A) < Right spread (B) iff ¢; > cs.
(¢) Right spread (A) = Right spread (B)
iff (dy — ¢1)=(dy — ¢2)
iff c; = ¢ (" a = ag)

Hence, Right spread (A) = Right spread (B) iff ¢; = cs.

Proposition 6.9 Let A = < [(a1,by, ¢1,d1);0,p] > and B = < [(ag, by, ¢2,d2): 6, p] >
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be two trapezoidal vague sets such that

(i) RY°(A) = RI5(B)  (ii) Mode®5(A) = Mode®®(B) (i) Divergence(A) =
Divergence(B).

Then

(a) Left spread (A) > Left spread (B) iff Right spread (A) > Right spread (B)

(b) Left spread (A) < Left spread (B) iff Right spread (A) < Right spread (B)
(c) Left spread (A) = Left spread (B) iff Right spread (A) = Right spread (B)
Proof: Since R9°(4) = R)%(B), Mode®5(A) = Mode®?(B) and Divergence(A) =

Divergence(B) so, from Proposition 6.7, we have
a1 = Q9

di = dy
(bl + Cl) = (b2 + 62)

(a) Left spread (A) >Left spread (B)
iff by > by (from Proposition 6.7)
iff ¢; < ¢ (14 1) = (ba+¢2))
i —c; > —cy
iff (dy —c1) > (da — c2) (" dy = dy)
iff Right spread (A) > Right spread (B)

(b) Left spread (A) < Left spread (B)

iff by < by (from Proposition 6.7)
iff C1 > Co ( (bl + cl) = (b2 + 62))
if —C1 < —Co

iff (dl — Cl) < (dg — CQ) ( dl = dg)
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iff Right spread (A) < Right spread (B)

(c) Left spread (A) = Left spread (B)

iff by = by (from Proposition 6.7)
iff c; =y (o (b1 +c1) = (by+ ¢2))
iff —¢1 = —c

iff (dy —c1) = (dy — ¢2) (" dy = dy)

iff Right spread (A) = Right spread (B)

6.6 Proposed RMDS ranking approach

In this section, to overcome the limitations of Kaufmann and Gupta approach
a new ranking approach, named as RMDS ranking approach, is proposed for compar-
ing trapezoidal vague sets having equal degree of membership and non-membership.
Let A = < [(ay,b1,c1,d1);6,p] > and B = < [(ag, by, ¢2,d2); 6, p] > be two
trapezoidal vague sets. Then use the following steps to compare A and B:
Step 1 Find R)(A) and R).(B) for some particular value of \.
Case (i) If R)(A) > R)}(B) then A = B
Case (ii) If R)(A) < R)(B) then A < B
Case (iii) If R).(A) = R).(B) then go to Step 2.
Step 2 Find Mode*(A) and Mode(B)
Case (i) If Mode*(A) > Mode*(B) then A = B
Case (ii) If Mode(A) < Mode*(B) then A < B
Case (iii) If Mode*(A) = Mode*(B) then go to Step 3.
Step 3 Find Divergence(A) and Divergence(B)

Case (i) If Divergence(A) > Divergence(B) then A ~ B
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Case (ii) If Divergence(A) < Divergence(B) then A < B

Case (iii) If Divergence(A) = Divergence(B) then go to Step 4.

Step 4 Find Left spread (A) and Left spread (B)
Case (i) If Left spread (A) > Left spread (B)

i.e., by > by then A = B. (from Proposition 6.7)
Case (ii) Left spread (A) < Left spread (B)

i.e., by < by then A < B. (from Proposition 6.7)

Case (iii) Left spread (A) = Left spread (B)

i.e., by = by then A = B. (from Proposition 6.7)

6.6.1 Particular cases

Since trapezoidal vague sets are the generalization of normal triangular fuzzy
sets, trapezoidal fuzzy sets, generalized triangular fuzzy sets, generalized trapezoidal
fuzzy sets and triangular vague sets so the approach RMDS ranking approach can

also be used for comparing these sets by considering the following assumptions:

i) Assuming b; = ¢; = b} and by = ¢, = b, the proposed RMDS ranking approach
1 2
can be used for comparing triangular vague sets A =< [(a1,b),d1); 6, p] > and

B =< [(az,b),d2); 6, p] >.

(ii) Assuming 6 = p = 0] the proposed RMDS ranking approach can be used
for comparing generalized trapezoidal fuzzy sets A = (ay, b1, ¢y, dy;6)) and

B = (a27 b2a Ca, d?) 5,1)

(iii) Assuming by = ¢; = b}, 6 = p = 0] and by = ¢» = b, the proposed RMDS

ranking approach can be used for comparing generalized triangular fuzzy sets
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A =<{(ay,V,dy;8,)] > and B =< [(ay, by, do; 6})] >.

(iv) Assuming § = p = 1 the proposed RMDS ranking approach can be used for
comparing trapezoidal fuzzy numbers A =< [(ay, b1, ¢1,dy;1)] > and B =<

[(QQ, b27 Co, d27 1)] >.

(v) Assuming by = ¢; = b}, § = p = 1 and by = ¢ = b}, the proposed RMDS
ranking approach , can be used for comparing triangular fuzzy sets A =<

[(ay,b,,dy;1)] > and B =< [(ag, by, da; 1)] >.
6.6.2 Illustrative examples

In this section, the proposed RMDS ranking approach is illustrated by com-
paring some fuzzy sets and vague sets.
Example 6.2

Using the proposed RMDS ranking approach the generalized trapezoidal fuzzy
sets A = (0.1,0.2,0.4,0.5;0.8) and B = (0.1,0.3,0.3,0.5;0.8) can be compared as
follows:
Step 1 R%5(A) = 0.24 and RY°(B) = 0.24. Since, RL(A) = R%5(B), so go to Step
2.
Step 2 Mode®(A) = 0.3 and Mode®?(B) = 0.3. Since, Mode®?(A) = Mode®®(B),
so go to Step 3.

Step 3 Divergence(A) = 0.4 and Divergence(B) = 0.4. Since, Divergence(A) =
Divergence(B), so go to Step 4.

Step 4 Left spread (A) = 0.1 and Left spread (B) = 0.2. Since, Left spread (4) <
Left spread (B), so A < B

Example 6.3 Using the proposed RMDS ranking approach the normal trapezoidal
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fuzzy sets A = (0.1,0.2,0.4,0.5;1) and B = (0.1,0.3,0.3,0.5; 1) can be compared as
follows:

Step 1 R)*(A) = 0.3 and R} (B) = 0.3. Since, R)*(B) = RY*(B), so go to Step 2.
Step 2 Mode®3(A) = 0.3 and Mode®?(B) = 0.3. Since, Mode®3(A) = Mode®*(B),
so go to Step 3.

Step 3 Divergence(A) = 0.4 and Divergence(B) = 0.4. Since, Divergence(A) =

Divergence(B), so go to Step 4.

Step 4 Left spread (A) = 0.1 and Left spread (B) = 0.2. Left spread (A) < Left
spread (B) = A < B

Example 6.4 Using the proposed RMDS ranking approach the trapezoidal vague
sets A = < [(4,5,9,14);0.3,0.4] > and B = < [(4,6,8,14);0.3,0.4] > can be com-
pared as follows:

Step 1 RY°(A) = 3.3875 and R}5(B) = 3.3875. Since, RS (A) = RI5(B), so go to
Step 2.

Step 2 Mode®?(A) = 7 and Mode®3(B) = 7. Since, Mode®?(A) = Mode®*(B), so
go to Step 3.

Step 3 Divergence(A) = 10 and Divergence(B) = 10. Since, Divergence(A) =

Divergence(B), so go to Step 4.

Step 4 Left spread (A) = 1 and Left spread (B) = 2. Since, Left spread (A) < Left
spread (B), so A < B

Example 6.5 Using the proposed RMDS ranking approach the trapezoidal vague
sets A = < [(2,6,8);0.5,0.8] > and B = < [(3,6,7):0.5,0.8] > can be compared as

follows:

Step 1 RI5(A) = 2.425 and RY*(B) = 2.425. Since, RY*(A) = R%3(B), so go to
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Step 2.

Step 2 Mode’?(A) = 6 and Mode®’(B) = 6. Since, Mode®?(A) = Mode®?(B), so
go to Step 3.

Step 3 Divergence(A) = 6 and Divergence(B) = 4. Since, Divergence(A) >

Divergence(B), so A = B.

6.7 Proposed method based on RMDS ranking
approach

To overcome the shortcomings of existing method [111] and to overcome the
limitations of proposed method based on Kaufmann and Gupta approach, a new
method, based on RMDS ranking approach, is proposed for solving such linear pro-
gramming problems in which the parameters are represented by trapezoidal vague
sets. The same method can also be used for solving such linear programming prob-
lems in which the parameters are represented by normal triangular fuzzy sets or
generalized triangular fuzzy sets or normal trapezoidal fuzzy sets or generalized
trapezoidal fuzzy sets or triangular vague sets.

The steps of the proposed method are as follows:

Step 1 Assuming ¢; =< [(¢j1, ¢j2, ¢j3, Cja); 0, p] > the linear programming problem
with fuzzy set (P;) can be converted into (Pyg):

n

Mazximize (or Minimize) (> < [(cj1,¢j2, ¢j3,Cja); 0, p| > xj)

j=1
subject to
Ealjmj 27:7<bi7 Z:1727 , M (P16)
j=1
rz; >0
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Step 2 Using Definition 2.8 and on the basis of the proposed RMDS ranking ap-
proach, the optimal solution of the linear programming problem with trapezoidal
vague sets (Pjg) can be obtained by solving the crisp linear programming problem
(Fr7)

Mazimize (or Minimize) (R (Y. < [(¢j1, ¢j2, ¢j3, ¢ja); 0, p| > 25))
=1

J

subject to
Zn:aijxj > =<b, i=12,....m (P17)
j=1
z; >0
Step 3 Using linearity property
3“3%5(]% < [(cj1, ¢z, ¢35 ¢ja); 0, p] > w5) = ]2(%%5 < [(ej1, ¢jo, ¢j3, €a)3 0, 0] > 5),
the crisp linear programming problem (P;7) can be converted into crisp linear pro-

gramming problem (Pg)

1(%%5 < [(lea CjQ,ng,Cj4); 57 p] > 35']))

Mazximize (or Minimize) (

J

subject to _
.ilaijxj > =,<b, 1=1,2,....m (Pis)
iz
x; >0
Step 4 Using R9°(< [(a, b, ¢,d); 0, p] >) = {2 (a1 +b1+c —l—dl)—l—@((al—l—bl +e1+
di) + %(—al +dy))} the crisp linear programming problem (Pjs) can be converted
into (Pyo)
Mazimize (or Minimize) (3{8(cj1 + cjo+ cj3 + cju) + @((cﬂ +cjo+cjs+cja) +
2(=ci+eu))zy)})
subject to

n
Z al]x] 27 =, S bl) Z = ]_727 ...,m (Plg)
j=1

:UJEO
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Step 5 Solve the crisp linear programming problem (Pjg) and check that alternative
optimal solution exist or not.

Case (i) If there does not exist any alternative optimal solution then the obtained
solution is optimal solution. Find the fuzzy optimal value by putting the values of

n
n (;1 < [(¢j1, ¢ja, ¢js, ¢ja); 6, p] > ;).

Case (ii) If alternative optimal solution exist then Go to Step 6.

Step 6 Solve the crisp linear programming problem (Pa) and check that alternative
optimal solution exist or not.

Mazimize (or Minimize) (3 (Mode®® (< [(¢j1, ¢ja, ¢j3,¢ja); 6, p] > 75))

j=1
subject to
Z Z]l'] =, = Sb i:1,2,...,m (on)
z_:( < [(¢j1,¢j2,¢53,¢ja); 0, p] > 5) = a

z; >0
where a, is the optimal value of the crisp linear programming problem (Pjg).
Case (i) If there does not exist any alternative solution obtained then solution is
optimal solution. Find the fuzzy optimal value by values of z; in
(g:l < [(ej1, 2y €3y ¢ja); 0, p] > 5).
Case (ii) If alternative solution exist then Go to Step 7.
Step 7 Solve the crisp linear programming problem (FP»;) and check that alternative
optimal solution exist or not.
Maximize (or Minimize) (il(Divergence(< [(¢j1, ¢, Cj3, Cja); 0, p] > 5))
j=
subject to
zn: ajjr; >,=,<b, i=12..,m (Po)
i

(RT° < [(cj1, ¢ios ¢35 ¢ja); 0, p) > 25) = a

.
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jz:(l\/[odeo'g’ < [(¢j1,¢j2, ¢j3,Cja); 0, p] > xj) =b

z; >0
where b, is the optimal value of the crisp linear programming problem (Ps).
Case (i) If there does not exist any alternative optimal solution then obtained
solution is optimal solution. Find the fuzzy optimal value by values of z; in

(

Case (ii) If alternative solution exist then Go to Step 8.

< [(le, Cj2, C43, Cj4); 57 p] > :Uj)

-

1

J

Step 8 Solve the crisp linear programming problem (Pas) and check that alternative

optimal solution exist or not.

Mazximize (or Minimize) (D (Left Spread(< [(¢j1, ¢j2, ¢js, ¢ja); 0, p] > 5))
j=1

subject to

n
Zaz]«x] 27:7§ bi; 1= 1727"'7m (P22)
j=1
n

Z(%%S < [(leacj27cj3acj4>;67 p] > m]) =a

<
I
—

(Mode™ < [(cj1, ¢j2, ¢j3, ¢ja); 6, p] > ) = b

M=

<
Il
-

M=

(Divergence < [(¢j1, ¢j2, ¢j3,Cja); 0, p] > x5) = ¢

& o

<. Il
o

vV

(e}

where, ¢ is the optimal value of the crisp linear programming problem (Pas).

The solution obtained in Step 8 is optimal solution and fuzzy optimal value is

obtained by putting the values of z; in (> < [(¢j1, ¢j2, ¢j3, ¢ja); 6, p] > x;5)
7j=1

6.7.1 Illustrative examples

In this section proposed method based on RMDS ranking approach is illus-

trated by solving some linear programming problems with normal and generalized
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trapezoidal vague set fuzzy sets. To illustrate the proposed method a linear pro-
gramming problem with trapezoidal vagues set, chosen in Example 6.6, is solved by
using the proposed method based on RMDS ranking approach.
Example 6.6 Solve
Maximize (< (1,4,5,8);0.6,0.8] > x;® < [(1,3,6,8);0.6,0.8] > x2)
subject to
T, + a9 <2
T+ 29 2> 1
T <4
Ty > 3
T1,T9 > 0
Solution:-Using Step 1, the linear programming problem, chosen in Example 6.6,
can be solved by using the following steps of the proposed method:
Step 1 Using Step 2 of the proposed method the chosen linear programming prob-
lem can be written as
Mazimize (R3°(< [(1,4,5,8);0.6,0.8] > 216 < [(1,3,6,8);0.6,0.8] > x3))

subject to

1,22 >0

Step 2 Using linearity property

M=

%%5(231 < [(leacj27cj3vcj4>;§a p] > ill'j) = (%%5 < [(le,CjQ,ng,Cj4);5,p] > 33j>,
]:

j=1
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the crisp linear programming problem, obtained in Step 1, can be written as:
Mazximize (R3°(<[(1,4,5,8);0.6,0.8] > x1) + R%:°(< [(1,3,6,8);0.6,0.8] > x5))
subject to

J]1+I2§2

T1,T9 > 0
Step 3 Using R(< [(a,b,¢,d);6,p] >) = H{2(a+b+c+d) + @2;6)(((1 +b+c+
d) + %(—a +d))}, the crisp linear programming problem, obtained in Step 2, can be
written as
Mazimize (3 x+ 3x,)
subject to
1+ 29 <2
Ty +x2 > 1
T <4
To > 3
T1,T9 > 0
Step 4 Since on solving the crisp linear programming problem, obtained in Step
3, alternative optimal solution is obtained and the optimal value is % so the so-
lution of the chosen problem can be obtained by solving the following crisp linear
programming problem:

Mazximize (Mode™®(< [(1,4,5,8;)0.6,0.8] > 21)+Mode™(< [(1,3,6,8);0.6,0.8] >

2)
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subject to
T1+ 29 < 2
T t+wy > 1

309 309, _ 309
s0 L1t 50 %2 = TG

1,72 > 0

Step 5 Using Mode(< [(a,b,c,d); 6, p] >) = (b;rc), the crisp linear programming
problem, obtained in Step 4, can be written as
Mazimize (3z1+ 3x,)
subject to
T +x9 <2
T1+x9 21
1 <4
To > 3
r1,T9 >0
Step 6 Since on solving the crisp linear programming problem, obtained in Step 5,
alternative optimal solution is obtained and the optimal value is 9 so the solution of
the chosen problem can be obtained by solving the following crisp linear program-
ming problem:
Mazximize (Divergence(< [(1,4,5,8);0.6,0.8] > x;)+Divergence(< [(1, 3,6, 8);0.6,0.8] >

T3))

subject to
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I1+$2§2
T1+x2 > 1
309 309

309 _
80 L1+ o T2 =

9 9
§ZE1+§ZL’2 :9

r1, 22 2> 0
Step 7 Using Divergence(< [(a,b,c,d); 4, p] >) = d — a, the crisp linear program-
ming problem, obtained in Step 6, can be written as

Mazximize (Txy+ Txs)

subject to
T+ 19 <2
T1+ 29 2> 1

9 9
§$1+§I’2 :9

T1,T9 > 0
Step 8 Since on solving the crisp linear programming problem, obtained in Step 7,
alternative optimal solution is obtained and the optimal value is 14 so the solution
of the chosen problem can be obtained by solving the following crisp linear program-
ming problem:

Mazimize (Left Spread(< [(1,4,5,8);0.6,0.8] > x1)+Left Spread(< [(1,3,6,8);0.6,0.8] >

3))
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subject to
T1+ 29 < 2
T+ 29 > 1
x4 2 =9
Tx1+ Txg =14
T <4
To > 3
T1,29 > 0
Step 9 Using Left Spread(< [(a,b,c,d);d, p] >) = b — a, the crisp linear program-
ming problem, obtained in Step 8, can be written as
Mazimize (3z1 + 2z2)
subject to
1+ a9 <2
T +x2 > 1
gxl + %xg =9

71’1 + 7!132 =14

1,12 20
Step 10 On solving the crisp linear programming problem, obtained in Step 9,
the obtained solution is z; = 2 and z, = 0 and putting ;1 = 2 and 29 = 0 in

(< [(1,4,5,8);0.6,0.8] > x1® < [(1,3,6,8);0.6,0.8] > x5) the fuzzy optimal value
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of the chosen problem is < [(2, 8,10, 16); 0.6, 0.8] >.

6.8 Advantages of proposed method based on RMDS
ranking approach

To show the advantages of the proposed method based on RMDS ranking
approach over existing methods, method based on Kaufmann and Gupta approach
and methods proposed in previous chapters, the results of the linear programming
problems with fuzzy sets and vague sets, chosen in Example 6.7 to Example 6.11
and linear programming problem with trapezoidal vague set, chosen in Example
6.1, obtained by using all these methods and the proposed method based on RMDS
approach are compared in Table 1.

Example 6.7 Solve
Mazximize ((1,5,8;0.8)x; ® (2,5,7;0.8)xs)

subject to

Example 6.8 Solve
Mazximize ((1,3,4,9;1)x1 ® (1,2,5,9;1)z5)
subject to
1+ 22 <5

£L‘1+ZE221
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1 <6
T1,20 > 0
Example 6.9 Solve
Mazximize ((1,4,7,9;0.6)z, @ (1,3,8,9;0.6)x2)
subject to
r1+ 29 <5
T1+x2 > 1
1 <6
r1,T9 >0
Example 6.10 Solve
Mazimize (<[(1,5,8);0.6,0.8] > x4 < [(2,5,7);0.6,0.8] > x2)

subject to

Example 6.11 Solve
Maximize (<1(2,4,7,9);0.6,0.7] > 1P < [(2,3,8,9);0.6,0.7] > x2)

subject to
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x1,22 >0



127

< [L0‘90:(Lz‘FE69)] >

< [20‘90:(Lg ‘vE ‘6 9)] >

< [20°902z 1821 ‘9)] > | Pue < [L°0°9°0%(L2 ‘12T Q)] > | pue < [L°09°0¢(LZ ‘1T ‘TT ‘9)] > arqeordde joN a1qesridde joN a1qesridde joN 1179
< [80‘90:(1g ST 9)] > <[8090:(Tz T 9)] >
< [8'0‘90:¥z g1 e)] > pue < [8°0°9°0:(¥z ‘ST ‘€)] > pue < [8°0°9°04(¥z ‘ST ‘€)] > arqeordde joN arqeoridde joN a1qesridde joN 01’9
(9°0°6¥ ‘0% ‘ST ‘g) (9°0°6¥ ‘Ov ‘ST ‘) (9°0%6¥% ‘0% ‘ST ‘Q) (9°0%6¥ ‘0% ‘ST ‘Q) (9°0°6¥ ‘0¥ ‘ST Q)
(9°0'g¥ ‘e ‘0T ‘9) pue (9°0‘G¥ ‘g€ ‘0T ‘) pue (9°0‘G¥ ‘g€ ‘0T ‘) pue (970 ‘G¥ ‘g€ ‘0T ‘S) pue (970 'SV ‘g€ ‘0T ‘Q) pue (970 'SV ‘g€ ‘0T ‘S) 69
(1¢g¥ ‘g ‘01 ‘) (1¢g¥ ‘gz ‘01 ‘g) (1g¥ ‘gz ‘01 ‘) (Tier ‘sz ot ‘g) (Tier‘cz ot ‘g)
(T4¢¥ ‘0z ‘e1 Q) pue (T:¢¥ ‘0T ‘ST Q) pue (T:G% ‘0T ‘ST ‘) pue (T :G¥ ‘0T ‘ST ‘G) pue (T :G¥ ‘0T ‘ST ‘G) pue (T:G¥ ‘0T ‘ST ‘G) 89
(8017 ‘g1 ‘9) (8°0¢1z ‘ST ‘9) (8°0¢1z ‘ST ‘9) (8°0¢1z ‘ST ‘9)
(8°0'%z ‘ST ‘€) (8°0'7z ‘g1 ‘€e) pue (8°0%c ‘ST ‘€) pue (8°0‘%Z ‘ST ‘€) pue (8°0‘%Z ‘ST ‘€) pue (8°0:%g ‘ST ‘€) L9
(1001 ‘08 ‘09) (1¢00T ‘08 ‘09) (1¢00T ‘08 ‘09) (1¢00T ‘08 ‘09)
(14021 ‘08 ‘0F) (1021 ‘08 ‘0%) pue (T:0zT ‘08 ‘0F) pue (T:0gT ‘08 ‘0%) pue (T:0ZT ‘08 ‘0%) pue (T:0ZT ‘08 ‘0%) 19
yoeoidde yoroixdde Surjuer g 1e93deyp ur pesodoad ¥ 193deyp ur pesodoad g 193deyp ur pesodoad
Sunjuer gQNY uo ejdns pue uurwWnNey U0 yoroiadde Jurjuel uo yorvoidde Suruer Ny uo yoeoidde Junyuer uo d
ordurexsy

peseq poyjew pesodorg

paseq poyjlew pasodoig

paseq poyjeuwr pasodoig

peseq poyjewt pasodorg

poseq poyjouwt pesodord

[T11] poysewr Sursixy

anyea rewjdo Azzng

symsa1 jo uostredwo)) 1°9 a[qe],




128

The results of the chosen linear programming problems with generalized fuzzy

sets and vague sets obtained by using different existing and proposed methods,

shown in Table 6.1, can be explained as follows:

(i)

If the linear programming problem with triangular fuzzy sets, chosen in Ex-
ample 6.1 and Example 6.7, are solved by existing method [111] or proposed
method based on ranking approach proposed in Chapter 2 or proposed method
based on RM ranking approach proposed in Chapter 4 or proposed method
based on ranking approach proposed in Chapter 5 then two different normal
triangular fuzzy sets, representing the fuzzy optimal value of the same problem,
are obtained which contradicts the property of alternative optimal solutions
while on solving the same problem by using the proposed method based on
Kaufmann and Gupta ranking approach and by using the proposed method
based RMDS ranking approach a unique triangular fuzzy set, representing the

fuzzy optimal value, is obtained which is appropriate.

If the linear programming problem with trapezoidal fuzzy sets, chosen in
Example 6.8 and Example 6.9, are solved by existing method [111] or pro-
posed method based on ranking approach proposed in Chapter 2 or proposed
method based on RM ranking approach proposed in Chapter 4 or proposed
method based on ranking approach proposed in Chapter 5 or the proposed
method based on Kaufmann and Gupta ranking approach then two differ-
ent trapezoidal fuzzy sets, representing the fuzzy optimal value of the same
problem, are obtained which contradicts the property of alternative optimal
solutions while on solving the same problem by using the proposed method

based RMDS ranking approach a unique trapezoidal fuzzy set, representing
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the fuzzy optimal value, is obtained which is appropriate.

(iii)  Since the existing method, proposed method based on ranking approach
proposed in Chapter 2 or proposed method based on RM ranking approach
proposed in Chapter 4 can be used only for solving such linear programming
problems in which either the parameters are represented by normal fuzzy set
or generalized fuzzy set but in the linear programming problems, chosen in Ex-
ample 6.10 and Example 6.11, the parameters are represented by vague sets
so none of these proposed method can be used for solving these chosen prob-
lems. On solving the linear programming problems with triangular vague sets,
chosen in Example 6.10 by using the proposed method based on Kaufmann
and Gupta ranking approach and proposed method based on RMDS ranking
approach a unique triangular vague set, representing the fuzzy optimal value,
of the chosen problem is obtained. On solving the linear programming prob-
lem with trapezoidal vague set, chosen in Example 6.11, by using the proposed
method based on RMDS approach a unique trapezoidal vague set, representing
the fuzzy optimal value of the chosen problem, is obtained while on solving
the same problem by using the proposed method based on Kaufmann and
Gupta ranking approach two different trapezoidal vague sets, representing the
fuzzy optimal value of the same problem, are obtained which contradicts the

properties of alternative optimal solution.

On the basis of above discussion it can be concluded that it is better to use
proposed method based on RMDS ranking approach as compared to existing and
other proposed methods for solving linear programming problems with fuzzy and

vague sets.
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6.9 Conclusions

In this chapter, the shortcomings of the existing method for solving linear
programming problems with fuzzy and vague sets are pointed out and to overcome
these shortcomings a new method with a new ranking approach is proposed for
solving linear programming problems with fuzzy and vague sets. Also, it is shown
that it is better to use the proposed method as compared to existing and other
proposed methods for solving linear programming problems with fuzzy and vague

sets.



Chapter 7

ConNcLusioNs AND FUTURE ScoPE

On the basis of the work done in this Chapter 6, it can be concluded that it
is better to use RMDS ranking approach, proposed in Chapter 6, as compared to
other existing ranking approaches for comparing fuzzy sets and vague sets. Also
it is better to use method, proposed in Chapter 6 on the basis of RMDS ranking
approach, for solving linear programming problems with generalized fuzzy sets and
linear programming problems with vague sets.

The RMDS ranking approach, proposed in Chapter 6, can be used for com-
paring such trapezoidal vague sets (1211 =< [(ay,b1,¢1,d1); 81, p1] > and (/12 =<
[(ag, by, c2,ds); 02, po] > for which the property d; = d2 and p; = py is satisfied but
the same approach can’t be used for comparing such trapezoidal vague sets for which
the property d; = do and p; = po is not satisfied.

Due to the same reason the method, proposed in Chapter 6, based on RMDS
ranking approach can be used to find the appropriate solution of such linear pro-
gramming problems with trapezoidal vague sets in which all the parameters ¢; are
represented by such trapezoidal vague sets in which the property ¢; = d; and p; = p;,
1 =j =1,2...,n is satisfied but the same method can’t be used for solving such lin-
ear programming problems with trapezoidal vague sets in which some or all the

131
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parameters ¢; are represented by such trapezoidal vague sets for which the property
0; = 9; and p; = p; is not satisfied.

In future, it may be tried to modify the proposed RMDS ranking approach
for comparing such trapezoidal vague sets (A, =< [(a1,b1,c1,dy);01, p1] > and
(Ag =< |[(ag, by, ¢, d3); 92, po] > for which the property 6, = dy and p; = ps is
not satisfied and on the basis of proposed approach it may be tried to modify the
method for solving linear programming problems with trapezoidal vague sets, pro-
posed in Chapter 6, to solve such linear programming problems with trapezoidal
vague sets in which some or all the parameters ¢; are represented by such trape-
zoidal vague sets for which the property 6; = d; and p; = p; is not satisfied.

Also, the proposed methods can be used only to find the appropriate solution
of such linear programming problems with generalized fuzzy sets and vague sets in
which only the parameters cost (or profit) are represented by fuzzy sets or vague
sets. In future, it may be tried to modify these methods for solving such linear

programming problems with generalized fuzzy sets and vague sets in which all the

parameters are represented by fuzzy sets or vague sets.
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