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Abstract

The work exhibited in this thesis is an endeavor to achieve various duality results for min-

imax fractional programming and multiobjective programming problems. The proposed

work encapsulates these results which are weaved into six chapters. The present thesis is

assembled into chapters as described below:

Chapter 1 is introductory and consists of definitions, notations and prerequisites of

the present work. A brief account of the related work studied by various authors in the

field and a summary of the thesis are also presented.

Chapter 2 presents a parametric dual model for nondifferentiable minimax fractional

programming (NMFP) problems. Optimality conditions and duality relations are acquired

using (p, r)-ρ-(η, θ)-invex suppositions. Two types of second-order dual models are pro-

posed for NMFP problem and usual duality results are developed under second-order B-

(p, r)-invex functions.

In Chapter 3, we present a novel concept of higher-order B-(p, r)-invex functions.

we construct a higher-order dual for NMFP problem and achieve duality results under

higher-order B-(p, r)-invexity. A numerical example is solved for finding optimal solution

of NMFP problem.

In Chapter 4, we develop second-order duality results for nondifferentiable multiob-

jective fractional variational problem under second-order (F, α, ρ, d)-pseudoconvexity sup-

positions. An illustration showing the existence of second-order (F, α, ρ, d)-pseudoconvex

functions is provided. An example is obtained to validate the theoretical results of weak

duality.

Chapter 5 presents a new pair of higher-order symmetric dual for multiobjective

programming problems involving support functions over arbitrary cones. We construct an

example of a non trivial function that shows the existence of higher-orderK-η-convex func-

tions. Various duality relations are explored under aforesaid assumptions. Some special

cases are also examined to show that this work extends known results of the literature.

In Chapter 6, we propose a mixed type higher-order symmetric dual model for mul-

tiobjective programming problems. Weak, strong and converse duality theorems are es-

tablished under higher-order K-(F, α, ρ, d)-convexity assumptions.
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Chapter 1

Introduction

Optimization techniques deal with selecting the best solution to a problem under a given

set of constraints. Various practical problems arising in engineering, economics, science

and finance often lead to minimize or maximize a function of several variables. Such

problems are known as optimization problems. Optimization problems occur frequently in

day to day life in order to take the best possible decision from the given set of possible

alternatives. The decision making situation could be something like buying a certain

product from market, deciding on means of transport to reach a particular destination etc.

In such situations a fundamental question arises in one’s mind is, “What decision should I

take now ?” Interestingly, finding an answer to such situations is equivalent of solving an

optimization problem. A general form of optimization problem can be described as:

(P) Minimize ϑ(s)

subject to ζ(s) 5 0,

s ∈ V,

where ϑ is a real valued function on V (V ⊆ Rn) and ζ is a mapping from V to Rm.

The function ϑ is called the objective function. If either the objective function or at

least one of the constraint of above optimization problem or both are nonlinear then,

the problem is called nonlinear programming (NLP) problem. One of the applications of

NLP is to maximize or minimize ratio of two functions. Ratio optimization is commonly

called fractional programming (FP). FP can be used in various fields of study. The main

reason for interest in FP stems from the fact that programming models could better fit

the real problems if we consider the maximization of return on investment, maximization

of return/risk, minimization of cost/time etc. Many applications of FP problem are given

by Schaible [115], Schaible and Ibaraki [116] and Stancu-Minasian [121].

In many real-world applications there are often a number of conflicting objective func-

tions that are all important to optimize. Let us consider an example of a shipping company

which is interested in minimizing the total duration of its routes to improve customer ser-

vice. On the other hand, the company also wants to minimize the number of trucks used

in order to reduce operating costs. Clearly, these objectives are in conflict since adding
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more trucks reduces the duration of the routes, but increases operation costs. In this way

there exist a number of problems where a decision maker is interested in maximizing or

minimizing various criteria function simultaneously. Such class of problems is known as

multiobjective programming (MP) problems where two or more functions are optimized

simultaneously. The purpose of MP is to give an understanding of how these functions are

conflicting and to give the user the possibility to choose an appropriate trade-off between

them.

There exist some real life problems where we have to maximize or minimize functionals

e.g. Brachistochrone problem, Isoperimetric problem etc. Such problems can be solved by

various techniques found in Calculus of variations. Calculus of variations plays a significant

role in many problems arising in mechanics, analysis, geometry etc. It has its origin in

the generalization of the elementary theory of minima and maxima of function of one or

more than one variables. Its aim is to explore analytical techniques for finding extrema or

stationary values of functionals. A functional is a kind of function where domain is itself

a set of functions and it associates a definite (real) number to each function belonging to

some class. Fermat’s principle in optics, the principle of conservation of linear momentum,

the principle of least action are some examples of variational principles. In general, we

want to find the curve or function y = y(s) where y(s0) = y0 and y(s1) = y1 such that for

some known function ϕ(s, y(s), ẏ(s)) of variables s, y, ẏ, the integral

s1∫
s0

ϕ(s, y(s), ẏ(s))ds

has an extremum. The curve that satisfy this property is known as extremal and the

problem for finding such extremal for above program is called variational programming

(VP) problem. In 1992, Bector and Husain [23] obtained dual model and acquired duality

results for multiobjective VP problems using convexity assumptions. Convexity supposi-

tions makes the solution of a problem relatively easy. It assures global optimal results.

But many problems exist which includes nonconvex functions and functionals. Therefore,

it is essential to generalize convexity to larger classes.

In the last three decades, the field of FP and VP has grown rapidly due to the pio-

neering contributions of the active researchers. But duality theory in the field of fractional

variational programming (FVP) and multiobjective variational programming (MVP) is yet

in its emerging phase. Moreover, acquiring duality results for nondifferentiable minimax

fractional programming (NMFP) is also a tedious task. In this thesis, we achieved second

and higher-order duality relations for NMFP problems. Although there is wide research

available on FVP, we have made an attempt to obtain duality results for nondifferentiable
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FVP problems. We have provided an illustration to corroborate the theoretical results

acquired for nondifferentiable FVP problems.

1.1 Preliminaries

1.1.1 Notations and definitions

The following notations are used throughout the work. Rn represents n-dimensional Eu-

clidean space, Rn
+ = {s ∈ Rn : si = 0, i = 1, 2, . . . , n} and R+ represents the set of

nonnegative real numbers. We will apply superscript T to represent transpose of a vector.

The vectors will be studied as column vectors. The term w.r.t. represents with respect to.

The index sets will be K = {1, 2, . . . , k}, M = {1, 2, . . . ,m} and Q = {1, 2, . . . , q}. Small

letters are used to denote vectors or vector functions. For s, v ∈ Rn,

s = v ⇔ si = vi, i = 1, 2, ..., n,

s ≥ v ⇔ s = v and s ̸= v,

s > v ⇔ si > vi, i = 1, 2, ..., n.

s � v means negation of s ≤ v.

The vector ∇ψ(s̄) represents the gradient of differentiable function ψ : Rn → R at s̄. It is

described as

∇ψ(s̄) =
[
∂

∂s1
ψ(s̄),

∂

∂s2
ψ(s̄), . . . ,

∂

∂sn
ψ(s̄)

]T
.

If the function ψ is twice differentiable at s̄ then there exists an n × n symmetric matrix

∇ssψ or ∇2ψ, called Hessian matrix of ψ at s̄. For any function ϕ : Rn → Rk, ∇ϕ(s̄)
represents k × n jacobian matrix of ϕ at s̄, whose ith row is the vector ∇ϕi(s̄)T . A vector

valued function is differentiable if its every component is differentiable.

We need the following definitions in our work.

Lemma 1.1.1 (Generalized Schwartz inequality) Let G be a positive semidefinite matrix

of order n. Then, ∀ s, w ∈ Rn,

sTGw ≤ (sTGs)1/2(wTGw)1/2. (1.1.1)

Definition 1.1.1 A convex set Q of Rn is called a convex cone if ∀ s ∈ Q and β ≥ 0,

3



βs ∈ Q.

Definition 1.1.2 Q∗ = {z ∈ Rn : sT z ≥ 0, ∀ s ∈ Q} is called positive polar cone of Q.

Definition 1.1.3 Let E be a compact convex set in Rn. The support function of E is

defined by

S(s|E) = max{sTu : u ∈ E}.

A support function which is convex and everywhere finite, has a subdifferential, that is, ∃
z ∈ Rn such that

S(u|E) = S(s|E) + zT (u− s) ∀ u ∈ E.

The subdifferential of S(s|E) is given by

∂S(s|E) = {z ∈ E : zT s = S(s|E)}.

For any convex set S ⊂ Rn, the normal cone to S at s ∈ S is described as

NS(s) = {u ∈ Rn : uT (z − s) 5 0 ∀ z ∈ S}.

Now for compact convex set E, u ∈ NE(s) iff S(u|E) = sTu, or equivalently, s is in

∂S(u|E).

1.1.2 Convexity and its generalization

Most of the real world applications lead to optimization problems which are inherently

nonlinear and therefore are void of linearity structure. Fortunately most often this non-

linearity is leading to the convexity structure. Let V be an open convex subset of Rn and

the function ϑ : V → R. Then at a ∈ V , ϑ is said to be

(i) convex if ∀ s ∈ V and 0 5 β 5 1,

ϑ(βs+ (1− β)a) 5 βϑ(s) + (1− β)ϑ(a).

If ϑ is differentiable at a, then we have

ϑ(s)− ϑ(a) = ∇ϑ(a)T (s− a) ∀ s ∈ V.

The function ϑ is defined as strictly convex if above inequality holds strictly for

s ̸= a, 0 < β < 1.
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The important property of convex functions is that its level sets are convex sets.

But it was noted that its converse is not true i.e. if level sets are convex then the

function need not be convex. For this a new class of functions was obtained termed

as quasiconvex functions which generalize the convexity. Finetti [43] in 1949 was the

first one to introduce the generalized convex functions with the idea of quasiconvex

functions(named by Fenchel [41]). A function will be quasiconvex iff its level sets are

convex sets.

(ii) quasiconvex if ∀ s ∈ V and 0 5 β 5 1,

ϑ(βs+ (1− β)a) 5 max{ϑ(s), ϑ(a)}

or equivalently, if

ϑ(s) 5 ϑ(a) ⇒ ϑ(βs+ (1− β)a) 5 ϑ(a).

Also if ϑ is differentiable at a, then we have

ϑ(s) 5 ϑ(a) ⇒ ∇ϑ(a)T (s− a) 5 0 ∀ s ∈ V.

Remark: Every convex function is quasiconvex but its converse is not true. For

instance, ϑ(s) = s3 is quasiconvex but not convex.

Later on it was found that quasiconvex functions do not share the property of

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

s

ϑ
(s

)

Figure 1.1: Quasiconvex function ϑ(s) = s3

convex functions, which says that if ∇ϑ(a) = 0 at some point a, then a is a global

minimum of ϑ. This motivated the definition of pseudoconvex functions which share

this important property of convex functions. The concept of pseudoconvexity was
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introduced by Mangasarian [90].

(iii) pseudoconvex if ϑ is differentiable at a and ∀ s ∈ V ,

∇ϑ(a)T (s− a) = 0 ⇒ ϑ(s) = ϑ(a),

or equivalently, if

ϑ(s) < ϑ(a) ⇒ ∇ϑ(a)T (s− a) < 0.

For example, ϑ(s) = s3 + s is pseudoconvex.

Hanson [60] introduced the concept of invexity. By choosing η(s, a) = s− a, we can

−1 −0.5 0 0.5 1
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

s

ϑ
(s

)

Figure 1.2: Pseudoconvex function ϑ(s) = s3 + s

deduce the definition of convex function.

(iv) invex if there exists η : V × V → Rn such that ∀ s ∈ V ,

ϑ(s)− ϑ(a) = η(s, a)T∇ϑ(a).

(v) pseudoinvex if there exists η : V × V → Rn such that ∀ s ∈ V ,

η(s, a)T∇ϑ(a) = 0 ⇒ ϑ(s) = ϑ(a).

Hanson and Mond [61] introduced F -convex function using sublinear functional.

(vi) A functional F : V × V ×Rn → R is sublinear in the third variable, if ∀ s, a ∈ V,

(a) F (s, a;µ1 + µ2) 5 F (s, a;µ1) + F (s, a;µ2), for all µ1, µ2 ∈ Rn
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(b) F (s, a;αµ) = αF (s, a;µ) for all α ∈ R+and µ ∈ Rn.

(vii) F -convex if ∀ s ∈ V ,

ϑ(s)− ϑ(a) = F (s, a;∇ϑ(a)).

(viii) F -pseudoconvex if ∀ s ∈ V ,

F (s, a;∇ϑ(a)) = 0 ⇒ ϑ(s) = ϑ(a).

Preda [113] extended F -convexity to (F, ρ)-convexity. Liang et al. [86] defined (F, α, ρ, d)-

convexity where F was a sublinear functional and proved optimality and duality

results.

(ix) (F, ρ)-convex if there exists d : V × V → R and ρ ∈ R such that ∀ s ∈ V ,

ϑ(s)− ϑ(a) = F (s, a;∇ϑ(a)) + ρd2(s, a).

(x) (F, ρ)-pseudoconvex if there exists d : V × V → R and ρ ∈ R such that ∀ s ∈ V ,

F (s, a;∇ϑ(a)) = −ρd2(s, a) ⇒ ϑ(s) = ϑ(a),

or equivalently

ϑ(s) < ϑ(a) ⇒ F (s, a;∇ϑ(a)) < −ρd2(s, a).

(xi) (F, α, ρ, d)-convex if there exists α : V × V → R+ \ {0}, d : V × V → R and ρ ∈ R

such that ∀ s ∈ V ,

ϑ(s)− ϑ(a) = F (s, a;α(s, a)∇ϑ(a)) + ρd2(s, a).

(xii) (F, α, ρ, d)-pseudoconvex if there exists α : V × V → R+ \ {0}, d : V × V → R and

ρ ∈ R such that ∀ s ∈ V ,

F (s, a;α(s, a)∇ϑ(a)) = −ρd2(s, a) ⇒ ϑ(s) = ϑ(a),

or equivalently

ϑ(s) < ϑ(a) ⇒ F (s, a;α(s, a)∇ϑ(a)) < −ρd2(s, a).
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The class of (p, r)-invex functions contains the class of invex functions defined by

Hanson [60]. These functions possess a result that is, any local minimum of a function

is global minimum.

(xiii) (p, r)-invex (strictly) if for all s ∈ V ,

1
r
erϑ(s) = 1

r
erϑ(a)

[
1 + r

p

(
∇ϑ(a)T (epη(s,a) − 1)

)]
(> if s ̸= a) for p ̸= 0, r ̸= 0,

erϑ(s) − erϑ(a) = rerϑ(a)
(
∇ϑ(a)Tη(s, a)

)
(> if s ̸= a) for p = 0, r ̸= 0,

ϑ(s)− ϑ(a) = 1
p

(
∇ϑ(a)T (epη(s,a) − 1)

)
(> if s ̸= a) for p ̸= 0, r = 0,

ϑ(s)− ϑ(a) = ∇ϑ(a)Tη(s, a) (> if s ̸= a) for p = 0, r = 0.

The class of (p, r)-invex functions lies in the class of B-(p, r)-invex functions.

(xiv) B-(p, r)-invex (strictly) w.r.t. η and b at a ∈ V if there exists η : V × V → Rn

and b : V × V → R+ such that ∀ s ∈ V ,

1

r
b(s, a)(er(ϑ(s)−ϑ(a)) − 1) = 1

p

(
∇ϑ(a)T (epη(s,a) − 1)

)
(> if s ̸= a) for p ̸= 0, r ̸= 0,

1

r
b(s, a)(er(ϑ(s)−ϑ(a)) − 1) = ∇ϑ(a)Tη(s, a) (> if s ̸= a) for p = 0, r ̸= 0,

b(s, a)(ϑ(s)− ϑ(a)) = 1

p

(
∇ϑ(a)T (epη(s,a) − 1)

)
(> if s ̸= a) for p ̸= 0, r = 0,

b(s, a)(ϑ(s)− ϑ(a)) = ∇ϑ(a)Tη(s, a) (> if s ̸= a) for p = 0, r = 0.

Here 1 = (1, 1, . . . , 1) ∈ Rn, (epη(s,a)−1) represents (epη1(s,a)−1, epη2(s,a)−1, . . . , epηn(s,a)−
1).

1.1.3 Extensions of convexity

Bector and Chandra [19] defined bonvex functions which were later on extended to η-

bonvex by Pandey [111]. If ϑ is twice differentiable at a, then, at a ∈ V , ϑ is said to

be

(xv) second-order convex (bonvex) if ∀ s ∈ V, l ∈ Rn,

ϑ(s)− ϑ(a) = (∇ϑ(a) +∇2ϑ(a)l)T (s− a)− 1

2
lT∇2ϑ(a)l.

(xvi) second-order pseudoconvex (pseudobonvex) if ∀ s ∈ V, l ∈ Rn,

(∇ϑ(a) +∇2ϑ(a)l)T (s− a) = 0 ⇒ ϑ(s) = ϑ(a)− 1

2
lT∇2ϑ(a)l.
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(xvii) η-bonvex if ∀ s ∈ V, l ∈ Rn,

ϑ(s)− ϑ(a) = η(s, a)T [∇ϑ(a) +∇2ϑ(a)l]− 1

2
lT∇2ϑ(a)l.

(xviii) η-pseudobonvex if ∀ s ∈ V, l ∈ Rn,

η(s, a)T (∇ϑ(a) +∇2ϑ(a)l) = 0 ⇒ ϑ(s) = ϑ(a)− 1

2
lT∇2ϑ(a)l.

(xix) second-order F -convex if ∀ s ∈ V, l ∈ Rn,

ϑ(s)− ϑ(a) = F (s, a;∇ϑ(a) +∇2ϑ(a)l)− 1

2
lT∇2ϑ(a)l.

(xx) second-order F -pseudoconvex if ∀ s ∈ V, l ∈ Rn,

F (s, a;∇ϑ(a) +∇2ϑ(a)l) = 0 ⇒ ϑ(s) = ϑ(a)− 1

2
lT∇2ϑ(a)l.

(xxi) second-order (F, ρ)-convex if there exists d : V × V → R and ρ ∈ R then ∀
s ∈ V, l ∈ Rn

ϑ(s)− ϑ(a) +
1

2
lT∇2ϑ(a)l = F (s, a;∇ϑ(a) +∇2ϑ(a)l) + ρd2(s, a).

(xxii) second-order (F, ρ)-pseudoconvex if there exists d : V ×V → R and ρ ∈ R then

∀ s ∈ V, l ∈ Rn

F (s, a;∇ϑ(a) +∇2ϑ(a)l) = −ρd2(s, a) ⇒ ϑ(s) = ϑ(a)− 1

2
lT∇2ϑ(a)l.

(xxiii) second-order (F, α, ρ, d)-convex if there exists α : V ×V → R+\{0}, d : V ×V →
R and ρ ∈ R then ∀ s ∈ V, l ∈ Rn

ϑ(s)− ϑ(a) +
1

2
lT∇2ϑ(a)l = F (s, a;α(s, a)(∇ϑ(a) +∇2ϑ(a)l)) + ρd2(s, a).

(xxiv) second-order (F, α, ρ, d)-pseudoconvex if ∀ s ∈ V, l ∈ Rn

F (s, a;α(s, a)(∇ϑ(a) +∇2ϑ(a)l)) = −ρd2(s, a) ⇒ ϑ(s) = ϑ(a)− 1

2
l2∇2ϑ(a)l.
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1.2 Literature Review

1.2.1 Optimality conditions for single objective programming

The problems of optimizing a function under some constraints are known as mathematical

programming or constrained optimization problems. Optimality conditions plays a sig-

nificant role for finding solutions of mathematical programming problems. Initially John

obtained necessary optimality conditions for (P). Fritz John conditions have not only

shed new light on the notion of Lagrangian multipliers but also gave an easier approach to

develop the Lagrangian multiplier rule for equality constrained optimization. These condi-

tions with an added requirement on the lagrange multiplier for the objective function were

independently derived by Karush [75] and Kuhn and Tucker [82]. Thus these conditions

are called Karush-Kuhn-Tucker (KKT) conditions.

Theorem 1.2.1 (Necessary conditions) Let ϑ and ζ be differentiable at s̄ ∈ V and let

the set of gradients of active constraints at s̄ be linearly independent (LI). If s̄ solves the

problem (P), there exists µ̄ ∈ Rn such that

∇ϑ(s̄) + µ̄T∇ζ(s̄) = 0,

ζ(s̄) 5 0

µ̄T ζ(s̄) = 0, µ̄ = 0.

Theorem 1.2.2 (Sufficient conditions) Let there exists µ̄ ∈ Rn satisfying the Karush-

Kuhn-Tucker conditions

∇ϑ(s̄) + µ̄T∇ζ(s̄) = 0,

µ̄T ζ(s̄) = 0,

ζ(s̄) 5 0, µ̄ = 0.

If ϑ is pseudoconvex and ζ is quasiconvex and differentiable at s̄, then s̄ is a global optimal

solution of the problem (P).

1.2.2 Duality in mathematical programming

Duality in linear programming (LP) was first introduced by Neumann [109] in association

with Dantzig in 1947. Wolfe [130] gave duality results for convex primal program. For
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nonlinear problems, several dual programs were defined in the literature. But in nonlinear

case, unlike the linear case, the dual of a dual not always be primal.

Wolfe gave this dual for NLP problem (P):

(D1)

Maximize ϑ(a) + µT ζ(a)

subject to ∇ϑ(a) +∇µT ζ(a) = 0,

a ∈ V, µ = 0

and developed various duality results between (P) and (D1) under convexity assumptions.

Mond and Weir [106], in order to relax condition of convexity which is needed for Wolfe

duality to hold, associated a different type of dual to the primal problem (P). This dual

is known as Mond-Weir dual presented as:

(D2)

Maximize ϑ(a)

subject to ∇ϑ(a) +∇µT ζ(a) = 0,

µT ζ(a) = 0,

a ∈ V, µ = 0.

The duality theorems between problem (P) and problem (D2) had been worked out

under the pseudoconvexity of objective function ϑ and quasiconvexity of µT ζ by Mond

and Weir [106]. This was the first attempt to move away from convexity in obtaining the

duality results. Various duality results for nonconvex optimization problems have been

studied by Floudas and Pardalos [42].

1.2.2.1 Second and higher-order duality

Second-order duality attains great attention due to its computational advantage. It gives

better bounds for the value of objective function. Initially, second-order dual for NLP

problem (P) was proposed by Mangasarian [91].

(D3)

Maximize ϑ(a) + uT ζ(a)− 1

2
lT
[
∇2ϑ(a) +∇2uT ζ(a)

]
l

subject to ∇ϑ(a) + uT∇ζ(a) + lT
[
∇2ϑ(a) +∇2uT ζ(a)

]
= 0,

u = 0.
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By introducing differentiable functions h : Rn × Rn → R and k : Rn × Rn → Rm, Man-

gasarian [91] constructed a higher-order dual for NLP problem (P):

(D4)

Maximize ϑ(a) + h(a, l) + uT ζ(a) + uTk(a, l)

subject to ∇lh(a, l) +∇lu
Tk(a, l) = 0,

u = 0.

1.2.3 Multiobjective programming

We now take a step further and enter in the area where the programming problems require

optimization of more than one objective function. MP is used for solving these type of

problems. A general MP problem is stated as:

(MP1)

Minimize ϕ(s) = (ϕ1(s), . . . , ϕk(s))

subject to s ∈ V 1 = {s ∈ V : ζ(s) 5 0},

Here we assume that V is non-empty subset of Rn. ϕ : V → Rk is a given vector

function comprising of k objective criteria to be minimized and ζ : V → Rm.

For k=1, problem (MP1) reduces to a single objective programming problem. So,

for the multiobjective case, we take k ≥ 2. Moreover it is not necessary that all the k

objective criteria are to be minimized, some criteria may involve maximization process.

For instance, in a car buying problem, we would like to maximize comfort and minimize

cost of a car. Actually in context of modeling the problem it does not matter whether we

investigate minimization or maximization problem. One can convert all the maximization

criteria into the minimization form by using Max ϕi(s) =-Min(−ϕi(s)).
We introduce some concepts related to the problem (MP1):

Weak Efficient Solution:- A point s̄ ∈ V 1 is called a weak efficient solution (WES) of

(MP1) if @ s ∈ V 1 such that

ϕ(s) < ϕ(s̄).

Efficient Solution:- A point s̄ ∈ V 1 is called an efficient solution (ES) of (MP1) if @
s ∈ V 1 such that

ϕ(s) ≤ ϕ(s̄).
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Example of weak efficient and efficient solutions:- Consider V = [0, 1] × [0, 1] and

ϕ : V → R2 is the identity map given by ϕ(s1, s2) = (s1, s2).

Here all the points in the set {(s1, 0) : 0 ≤ s1 ≤ 1}
∪
{(0, s2) : 0 ≤ s2 ≤ 1} are WESs and

(0, 0) is the only ES.

Efficiency in turn means decrease in value of one objective and raise in value of some

other. However, it may happen that the decrease is relatively too large as compared to

the increase in the other objective. Sometimes this is not a favorable scenario. To avoid

such pathological efficient point, Geoffrion [46] proposed the concept of properly efficient

solution defined as:

A point s̄ ∈ V 1 is called a properly effcient solution (PES) of (MP1) if s̄ is an ES of

problem (MP1) and ∃ a real number M > 0 such that for every index i (i = 1, . . . , k)

and every s ∈ V 1 with ϕi(s) < ϕi(s̄), ∃ at least one index j (j = 1, . . . , k) such that

ϕj(s̄) < ϕj(s) and
ϕi(s̄)− ϕi(s)

ϕj(s)− ϕj(s̄)
≤M.

An ES that is not PES is called improperly efficient.

1.2.3.1 Duality in multiobjective programming

Some interesting results for the problem (MP1) were discussed by Kuhn and Tucker [82]

in his classical work in 1951. Since then, the researchers are paying more attention in this

field. In primitive times, optimality conditions for efficiency were attained by Kuhn and

Tucker [82] and Arrow et al. [16]. Geoffrion [46] introduced scalar parametric problem:

(EP)

Minimize βTϕ(s) =
∑
j∈K

βjϕj(s)

subject to s ∈ V 1,

where βj > 0 ∀ j,
∑
j∈K

βj = 1 and associated its results with PES of (MP1).

Theorem 1.2.3 (Necessary conditions) Let s̄ ∈ V 1 be PES of (MP1). Let ζ satisfy a

constraint qualification at s̄. Then ∃ β̄ ∈ Rk and v̄ ∈ Rm such that

∇β̄Tϕ(s̄) + v̄T∇ζ(s̄) = 0,

v̄T ζ(s̄) = 0,

β̄ > 0, v̄ = 0,
k∑
j=1

β̄j = 1.
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Theorem 1.2.4 (Sufficient conditions) Let ϕ and ζ be convex at s̄ ∈ V 1. If ∃ β̄ ∈ Rk and

v̄ ∈ Rm such that

∇β̄Tϕ(s̄) + v̄T∇ζ(s̄) = 0,

v̄T ζ(s̄) = 0,

β̄ > 0, v̄ = 0,
k∑
j=1

β̄j = 1,

then s̄ is PES of (MP1).

Weir and Mond [129] constructed two symmetric dual models for MP problem. Motivated

by Weir and Mond [129], several researchers, such as the ones of (Chen [30]; Yang et

al. [136]), developed second and higher-order symmetric dual for MP problems. Yang et

al. [134] acquired higher-order duality results for MP problems. Usual higher-order dual-

ity results for Mond-Weir type dual are achieved by Ahmad et al. [11] using higher-order

(F, α, ρ, d)-type I functions. Batatorescu et al. [17] constructed higher-order dual for MP

problem with generalized invexity suppositions. Two dual models for fractional MP prob-

lem are proposed by Suneja et al. [124]. Mishra and Giorgi [93] explored various types of

invexity and duality relations. Kim and Lee [81] introduced the nondifferentiable MP prob-

lem involving support function with cone constraints and for this problem, they proposed

Wolfe and Mond-Weir type higher-order duals. Symmetric higher-order duality results

are proved by Gulati and Gupta [53] with cone constraints. Jayswal et al. [72] developed

higher-order Wolfe and Mond-Weir dual for MP problems. They explored duality relations

with higher-order (F, α, ρ, d)-V-type-I functions. Various methods for solving nonconvex

multiobjective optimization problems have been presented by Pardalos et al. [112]. Dubey

and Mishra [39] constructed second-order dual for MP problems. They also introduced the

novel concept of Gf -bonvex/Gf -pseudobonvex functions.

1.2.4 Symmetric and self duality

A pair of primal and dual problem is known as symmetric if dual of dual becomes primal.

Duality in LP is always symmetric. However, all dual models in NLP are not always

symmetric. Symmetric duality in quadratic programming was initiated by Dorn [35].

Dantzig et al. [32] formulated the following symmetric dual:

(PM1)

Minimize F (a, b) = H(a, b)− bT∇bH(a, b)

subject to ∇bH(a, b) 5 0,
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(a, b) = 0.

(DM1)

Maximize G(u,w) = H(u,w)− uT∇aH(u,w)

subject to ∇aH(u,w) = 0,

(u,w) = 0.

where H : Rn × Rm → R is a continuously differentiable function. For the weak duality

theorem, Dantzig et al. [32] required H(·, b) to be convex in a and H(a, ·) to be concave

in b. Mond and Weir [107] weakened the convexity-concavity supposition on H(a, b) to

pseudoconvexity-pseudoconcavity. They constructed the following pair:

(PM2)

Minimize H(a, b)

subject to ∇bH(a, b) 5 0,

bT∇bH(a, b) = 0,

a = 0.

(DM2)

Maximize H(u,w)

subject to ∇aH(u,w) = 0,

uT∇aH(u,w) 5 0,

w = 0.

and discussed duality results using pseudoconvexity-pseudoconcavity suppositions.

A problem is called self dual [36] if its dual is similar to problem itself. Mond and Cottle

[100] noticed that the symmetric duals given by Dantzig et al. [32] are self duals by taking

H(a, b) as skew symmetric. A nondifferentiable symmetric dual was proposed by Chandra

and Husain [25] with convexity/concavity suppositions of H(a, b):

(PM3)

Minimize H(a, b)− bT∇bH(a, b) + (aTBa)
1
2

subject to −∇bH(a, b) + Cu = 0,

uTCu 5 1,
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a = 0,

b = 0

(DM3)

Maximize H(a, b)− aT∇aH(a, b)− (bTCb)
1
2

subject to −∇aH(a, b)−Bz 5 0,

zTBz 5 1,

a = 0,

b = 0

Subsequently, Chandra et al. [24] explored nondifferentiable symmetric dual programs

inspired by Mond and Weir [107] and acquired results with pseudoconvexity suppositions.

Later on, Mond and Schechter [105] studied symmetric nondifferentiable Wolfe and Mond-

Weir dual. They established duality relations with convexity/concavity suppositions for

Wolfe type model and pseudoconvexity/pseudoconcavity suppositions for Mond-Weir type

model respectively.

1.2.5 Symmetric duality with cone constraints

Several researchers have explored symmetric duality results with cone constraints. Bazaraa

and Goode [18] generalized the results provided by Dantzig et al. [32] to include the case

where constraints involve cones. They studied the following dual pair over arbitrary cones:

(PM4)

Minimize F (a, b) = H(a, b)− bT∇bH(a, b)

subject to ∇bH(a, b) ∈ C∗
2 ,

(a, b) ∈ C1 × C2.

(DM4)

Maximize G(u,w) = H(u,w)− uT∇aH(u,w)

subject to −∇aH(u,w) ∈ C∗
1 ,

(u,w) ∈ C1 × C2.

where
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1. C1 and C2 are closed convex cones having non-empty interiors in Rn and Rm, respec-

tively.

2. For j = 1, 2, C∗
j is the polar of Cj.

Chandra and Kumar [27] constructed the following pair:

(PM5)

Minimize H(a, b)

subject to ∇bH(a, b) ∈ C∗
2 ,

bT∇bH(a, b) = 0,

a ∈ C1.

(DM5)

Maximize H(u,w)

subject to −∇aH(u,w) ∈ C∗
1 ,

uT∇aH(u,w) 5 0,

w ∈ C2.

and proved usual duality theorems under pseudoinvexity type assumptions.

Later on various problems have been studied where the objective function is maximized or

minimized w.r.t. a cone. Consider the following problem:

(PP1)

K-minimize ϑ(s)

subject to s ∈ V 0 = {s ∈ V : −ζ(s) ∈ C},

where V ⊆ Rn, ϑ : V → Rk, ζ : V → Rm, C is a closed convex cone in Rm and K is closed

convex pointed cone in Rk with nonempty interior.

Definition 1.2.1 A point s̄ ∈ V 0 is said to be WES of (PP1) if there exists no s ∈ V 0

such that ϑ(s̄)− ϑ(s) ∈ int K.

Definition 1.2.2 A point s̄ ∈ V 0 is said to be an ES of (PP1) if there exists no s ∈ V 0

such that ϑ(s̄)− ϑ(s) ∈ K \ {0}.
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Suneja et al. [122] formulated this dual program:

(PM6)

K-minimize ψ(a, b)− [bT∇b(λ
Tψ)(a, b)]e

subject to −∇b(λ
Tψ)(a, b) ∈ C∗

2 , λ
T e = 1,

λ ∈ K∗, (a, b) ∈ C1 × C2,

(DM6)

K-maximize ψ(u,w)− [uT∇a(λ
Tψ)(u,w)]e

subject to ∇a(λ
Tψ)(u,w) ∈ C∗

1 , λ
T e = 1,

λ ∈ K∗, (u,w) ∈ C1 × C2,

where e ∈ int K and acquired usual relations using K-convexity suppositions.

Later, Khurana [77] discussed the following pair:

(PM7)

K-minimize ψ(a, b)

subject to −∇b(λ
Tψ)(a, b) ∈ C∗

2 ,

bT∇b(λ
Tψ)(a, b) = 0,

λ ∈ K∗, a ∈ C1,

(DM7)

K-maximize ψ(u,w)

subject to ∇a(λ
Tψ)(u,w) ∈ C∗

1 ,

uT∇a(λ
Tψ)(u,w) 5 0,

λ ∈ K∗, w ∈ C2,

and proved the duality theorems under K-pseudoinvexity/strongly K-pseudoinvexity as-

sumptions. Kim and Kim [78] extended the above two results to nondifferentiable multi-

objective symmetric dual programs containing support functions. Ahmad and Husain [9]

constructed the mixed type symmetric dual problems which unifies the above two dual

formulations.
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1.2.6 Second and higher-order symmetric duality

Mond [99] established second-order symmetric dual pair:

(PM8)

Minimize H(a, b)− bT∇bH(a, b)− bT∇bbH(a, b)l − 1

2
lT∇bbH(a, b)l

subject to ∇bH(a, b) +∇bbH(a, b)l 5 0

a = 0.

(DM8)

Maximize H(a, b)− aT∇aH(a, b)− aT∇aaH(a, b)r − 1

2
rT∇aaH(a, b)r

subject to ∇aH(a, b) +∇aaH(a, b)r = 0

b = 0.

and achieved second-order duality results using simpler assumptions. Gulati et al. [47] for-

mulated the pairs of second-order nonlinear symmetric dual with η1- pseudoconvexity/η2-

pseudoconcavity suppositions. Yang et al. [135] achieved duality relations for second-order

symmetric pair with second-order F -convexity suppositions. Suneja et al. [123] constructed

second-order symmetric pair for MP. This pair was generalized to nondifferentiable case

by Yang et al. [136]. Chen [30] studied multiobjective higher-order dual involving nondif-

ferentiable functions and achieved duality results with higher-order F -convexity:

(PM9)

Minimize (ϕ1(a, b) + S(a|C1)− bT z1 + h1(a, b, l1)− lT1 [∇l1h1(a, b, l1)], . . . ,

ϕk(a, b) + S(a|Ck)− bT zk + hk(a, b, lk)− lTk [∇lkhk(a, b, lk)])

subject to
k∑
i=1

λi[∇bϕi(a, b)− zi +∇lihi(a, b, li)] 5 0,

bT
k∑
i=1

λi[∇bϕi(a, b)− zi +∇lihi(a, b, li)] = 0,

zi ∈ Di, i = 1, 2, . . . , k, λ > 0, λT e = 1.

(DM9)

Maximize (ϕ1(u,w)− S(w|D1) + uTv1 + g1(u,w, r1)− rT1 [∇r1g1(u,w, r1)], . . . ,

ϕk(u,w)− S(w|Dk) + uTvk + gk(u,w, rk)− rTk [∇rkgk(u,w, rk)])

19



subject to
k∑
i=1

λi[∇aϕi(u,w) + vi +∇rigi(u,w, ri)] = 0,

uT
k∑
i=1

λi[∇aϕi(u,w) + vi +∇rigi(u,w, ri)] 5 0,

vi ∈ Ci, i = 1, 2, . . . , k, λ > 0, λT e = 1.

Gulati and Gupta [51] proposed second-order Wolfe type dual with η1-bonvexity supposi-

tions. Srivastava and Bhatia [120] studied second-order duality for MP with second-order

(F , ρ)-convexity suppositions. Later on, Gulati and Gupta [52] achieved results for higher-

order Wolfe dual. Ahmad et al. [11] presented higher-order Mond-Weir type dual for MP.

They acquired results with higher-order (F, α, ρ, d)-type I functions. Second-order Wolfe

dual pair for MP was constructed by Ahmad and Husain [10]. They also noticed that the

results given in Mishra [92] and Mishra and Wang [95] are erroneous. Later Agarwal et

al. [3] found some gaps in Chen [30]. They provided a corrected version of strong duality.

Gupta and Jayswal [54] obtained symmetric higher-order Mond-Weir dual for MP. Gulati

et al. [58] considered the following pair:

(PM10)

K-minimize ϕ(a, b) + S(a|D)e− bT∇b(λ
Tϕ)(a, b)e− bT (∇bb(λ

Tϕ)(a, b)l)e

−1

2
lT (∇bb(λ

Tϕ)(a, b)l)e

subject to −(∇b(λ
Tϕ)(a, b)− z +∇bb(λ

Tϕ)(a, b)l) ∈ C∗
2 ,

λT e = 1,

a ∈ C1, λ ∈ int K∗, z ∈ E.

(DM10)

K-maximize ϕ(u,w)− S(w|E)e− uT∇a(λ
Tϕ)(u,w)e− uT (∇aa(λ

Tϕ)(u,w)r)e

−1

2
rT (∇aa(λ

Tϕ)(u,w)r)e

subject to (∇a(λ
Tϕ)(u,w) + v +∇aa(λ

Tϕ)(u,w)r) ∈ C∗
1 ,

λT e = 1,

w ∈ C2, λ ∈ int K∗, v ∈ D.

where ϕ : S1×S2 → Rk(S1 and S2 are open subsets of Rn and Rm), l ∈ Rm, r ∈ Rn, λ ∈ Rk

and e = (1, 1, . . . , 1)T ∈ Rk. Duality results are acquired using K-η-bonvex assumptions.

After that Debnath et al. [33] constructed the following higher-order pair:
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(PM11)

K-minimize ϕ(a, b) + h(a, b, l) + S(a|D)e− lT∇lh(a, b, l)

−bT (
k∑
i=1

λi{∇bϕi(a, b) +∇lihi(a, b, li)}e)

subject to −(
k∑
i=1

λi{∇bϕi(a, b) +∇lihi(a, b, li)} − z) ∈ C∗
2

λ = (λ1, λ2, . . . , λk) ∈ int K∗, λT e = 1, a ∈ C1, z ∈ E,

(DM11)

K-maximize ϕ(u,w) + g(u,w, r)− S(w|E)e− rT∇rg(u,w, r)

−uT (
k∑
i=1

λi{∇uϕi(u,w) +∇rigi(u,w, ri)}e)

subject to (
k∑
i=1

λi{∇uϕi(u,w) +∇rigi(u,w, ri)}+ u) ∈ C∗
1

λ = (λ1, λ2, . . . , λk) ∈ int K∗, λT e = 1, w ∈ C2, v ∈ D,

where ϕi : S1 × S2 → R(S1 and S2 are open subsets of Rn and Rm), li ∈ Rm and ri ∈ Rn.

Gao [44] proposed Mond-Weir type higher-order symmetrical pair for MP with generalized

invexity. Recently, Dubey and Mishra [39] constructed second-order Mond-Weir dual for

nondifferentiable MP problem.

1.2.7 Fractional programming

The fractional programs were firstly discussed by Neumann [109]. In 1962, Charnes

and Cooper [28] constructed an algorithm for solving a linear FP problem. Later on

Dinkelbach’s algorithm was given by Dinkelbach [34] for nonlinear fractional programming

(NLFP) programs. Dinkelbach has taken the following two problems

I

max{ϑ(s)/θ(s)| s ∈ S1}

and

II

max{ϑ(s)− qθ(s)| s ∈ S1} for q ∈ E1
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where S1 is compact and connected subset of En, θ(s) > 0 and shown the relationship

between the problems I and II. He proved that q0 = ϑ(s0)/θ(s0) = max{ϑ(s)/θ(s)| s ∈ S1}
if and only if F (q0) = F (q0, s0) = max{ϑ(s)− q0θ(s)|s ∈ S1} = 0.

Duality in FP is a prominent class of duality theory and several researchers are engaged

in its development. Jagannathan [65] discussed the problems

(P1)

min
s∈S

ϑ(s)/θ(s)

and

(P2)

min
s∈S

ϑ(s)− λθ(s)

where S = {s| ζi(s) ≤ 0, i = 1, . . . ,m}, ϑ(s) and θ(s) are convex and concave functions

respectively. Moreover these functions are differentiable also. He gave the following duals

(DP1) and (DP2) for the problems (P1) and (P2) respectively.

(DP1)

max λ

∇ϑ(s) +
m∑
i=1

ui∇ζi(s) = λ∇θ(s)

ϑ(s)− λθ(s) +
m∑
i=1

uiζi(s) ≥ 0

ui ≥ 0, i = 1, . . . ,m

λ ≥ 0.

(DP2)

max
(s,u)∈Tp

ϑ(s)− λθ(s) +
m∑
i=1

uiζi(s)

where Tp =
{
(s, u)|∇ϑ(s)− λ∇θ(s) +

m∑
i=1

ui∇ζi(s) = 0, ui ≥ 0
}
.

Bector and Chandra [20] studied the duality for the following FP problem:

(PM12)

Minimize
ϑ(s)

θ(s)

subject to s ∈ V, ζ(s) ≤ 0.
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(DM12)

Maximize
ϑ(a) + µT ζ(a)

θ(a)

subject to ∇
(
ϑ(a) + µT ζ(a)

θ(a)

)
= 0,

a ∈ V, µ ≥ 0.

where V is an open subset of Rn. ϑ, θ : V → R, ζ : V → Rm and for all s, θ(s) > 0 and

ϑ(s) ≥ 0 (if θ is nonlinear). Ahmad and Husain [8] developed a Mond-Weir type dual for

NMFP problems with generalized convexity.

1.2.8 Minimax programming

The problems, in which both minimization and maximization are evaluated, are called

minimax programming problems. In [117], Schmitendorf derived optimality conditions

for generalized minimax programming using convexity. Schmitendorf [117] studied the

following problem:

(PP)

Minimize sup
a∈A

ψ(s, a)

subject to s ∈ X = {s|C(s) 5 0},

where ψ(·, ·) : Rn ×Rm → R is C1 on Rn ×Rm, X contains feasible solutions of (PP), A

is a specified subset of Rm and C(·) : Rn → Rp is C1 on Rn.

For s ∈ X, the defined sets are

J(s) = {j : Cj(s) = 0},

Â(s) = {a ∈ A : ψ(s, a) = sup
z∈A

ψ(s, z)}.

and following are the necessary and sufficient optimality conditions.

Theorem 1.2.5 (Necessary Conditions) Let s∗ be a solution of (PP). Then ∃ a positive

integer β, λi = 0, ai ∈ A(s∗), i = 1, 2, . . . , β and µj = 0, j = 1, 2, . . . , p such that

β∑
i=1

λiψs(s
∗, ai) +

p∑
j=1

µjCjs(s
∗) = 0

µjCj(s
∗) = 0, j = 1, 2, ..., p,
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β∑
i=1

λi +

p∑
j=1

µj ̸= 0.

If the vectors Cjs(s
∗), j ∈ J(s∗) are LI, then

β∑
i=1

λi ̸= 0 can replace
β∑
i=1

λi +
p∑
j=1

µj ̸= 0.

Theorem 1.2.6 (Sufficient Conditions) Let s∗ ∈ S. Let C(·) be convex function of s and

for each a ∈ A, let ψ(·, a) be convex function of s. If ∃ a positive integer β, 1 5 β 5 n+1,

λi = 0, i = 1, 2, . . . , β,
β∑
i=1

λi ̸= 0, ai ∈ Â(s∗), i = 1, 2, . . . , β and µj = 0, j = 1, 2, . . . , p

such that
β∑
i=1

λiψs(s
∗, ai) +

p∑
j=1

µjCjs(s
∗) = 0

µjCj(s
∗) = 0, j = 1, 2, . . . , p,

then s∗ is minimax solution.

Later on Tanimoto [125] used these conditions to construct a dual and derived duality

theorems. Crouzeix et al. [31] have given a variety of applications of generalized FP and

examined that minimax fractional programming (MFP) can be solved by finding solution of

minimax parametric program. Moreover, numerous applications of minimax programming

problems has been discussed by Du and Pardalos [37].

1.2.8.1 Duality in minimax fractional programming

Duality for MFP is getting more attention with the passage of time. Lai et al. [84] derived

optimality conditions for NMFP. They used these conditions to obtain a parametric dual.

Liang et al. [86] acquired duality results for NLFP with (F, α, ρ, d)-convexity. Ho and

Lai [62] defined exponential (p, r)-invexity whereas differentiable (p, r)-invexity was defined

by Antczak [14]. Later on Yang and Hou [132] gave optimality conditions for generalized

MFP using generalized convexity. Jayswal and Stancu-Minasian [70] introduced higher-

order duality for nondifferentiable minimax programming (NMP). Further Ahmad et al. [5]

acquired various duality results for NMFP with B-(p, r)-invexity. Ahmad [4] also achieved

higher-order duality relations for NMFP problems. Second-order dual for NMFP was

achieved by Gupta et al. [48]. Sonali et al. [119] constructed second-order dual models for

NMFP problem using generalized invexity. Recently, Jayswal et al. [69] proposed higher-

order dual model for NMFP problem. They achieved results using generalized convexity

suppositions.
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1.2.9 Variational programming

Calculus of variation deals with maximizing or minimizing functionals. It gives an ana-

lytical approach to examine that curve joining two given points which either minimizes or

maximizes some known integral. For instance, to find a curve which will generate the min-

imum surface area when revolved about the x-axis. The curve which is to be determined

is called an extremal and the problem of finding such extremal is known as VP problem.

1.2.9.1 Duality in variational programming

Mond and Hanson [101] introduced duality in VP problems. They studied the following

pair under convexity assumptions:

(PM13)

Minimize

c∫
b

ϕ(t, s, ṡ)dt

subject to Q(t, s, ṡ) ≥ 0, s(b) = s0, s(c) = s1,

(DM13)

Maximize

c∫
b

ϕ(t, s, ṡ)− λ(t)Q(t, s, ṡ)dt

subject to ϕs(t, s, ṡ)− λ(t)Qs(t, s, ṡ) =
d

dt
[ϕṡ(t, s, ṡ)− λ(t)Qṡ(t, s, ṡ)],

λ(t) ≥ 0, s(b) = s0, s(c) = s1,

where B = [b, c], ϕ : B × Rn × Rn → R and Q : B × Rn × Rn → Rm. s(t) is piecewise

smooth function of t. Mond and Hanson [102] studied the following dual programs:

(PM14)

Minimize

c∫
b

[ϕ(t, s, ṡ, r, ṙ)− r(t)Tϕr(t, s, ṡ, r, ṙ) + r(t)T
d

dt
ϕṙ(t, s, ṡ, r, ṙ)]dt

subject to s(b) = α, s(c) = β

r(b) = γ, r(c) = δ

d

dt
ϕṙ(t, s, ṡ, r, ṙ) ≥ ϕr(t, s, ṡ, r, ṙ)

s(t) ≥ 0.
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(DM14)

Maximize

c∫
b

[ϕ(t, u, u̇, w, ẇ)− u(t)Tϕs(t, u, u̇, w, ẇ) + u(t)T
d

dt
ϕṡ(t, u, u̇, w, ẇ)]dt

subject to u(b) = α, u(c) = β

w(b) = γ, w(c) = δ

d

dt
ϕṡ(t, u, u̇, w, ẇ) ≤ ϕs(t, u, u̇, w, ẇ)

w(t) ≥ 0.

where s : B → Rn, r : B → Rm and ϕ(t, s, ṡ, r, ṙ) is continuously differentiable scalar

function. Here ϕ is considered as convex in s and ṡ for every r and ṙ and concave in r and

ṙ for every s and ṡ to establish duality results. If we eliminate s(t) = 0 and w(t) = 0, we

acquire the problem presented in Smart and Mond [118] in which weak duality theorem

is obtained with invexity suppositions. Bector et al. [22] proposed symmetric dual for

VP problems. Chandra and Husain [26] discussed self duality for FVP. Later, Mond and

Husain [104] obtained optimality conditions using weaker invexity assumptions and proved

results for Mond-Weir dual. Bector and Husain [23] generalized Wolfe and Mond-Weir

duals to their multiobjective analogue. Kim and Lee [79] formulated symmetric dual for

VP problem using pseudoinvexity suppositions. A symmetric dual for multiobjective VP

problems were constructed by Kim and Lee [80] which unifies the Wolfe and Mond-Weir

models. They developed duality relations with the notion of efficiency. Husain et al. [63]

proposed second-order Mond-Weir dual by introducing second-order invexity. After that

Gulati and Mehndiratta [57] found some gaps in Husain et al. [63] and gave modified results

for multiobjective VP problems. Recently Jayswal and Jha [67] established second-order

dual for FVP problems using generalized invexity.

1.2.10 Mixed duality

Mixed duality theory has been widely studied by researchers. Two types of mixed type

duals were constructed for MP and multiobjective FP problems by Xu [131] and usual

duality relations were established using generalized convexity. Aghezzaf [1] defined second-

order (F, ρ)-convexity suppositions and obtained second-order mixed dual model for MP.

Husain et al. [64] constructed a mixed type vector dual for MP problem containing support

functions and acquired duality theorems with generalized invexity. Ahmad and Husain

[9] developed a mixed symmetric dual for MP problem. They achieved results with K-

preinvexity/K-pseudoinvexity suppositions. Gupta and Kailey [55] constructed a second-
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order mixed symmetric dual for nondifferentiable MP problem. They proved relations

with second-order F -convexity/pseudo-convexity suppositions. Tripathy and Devi [127]

introduced second-order (ϕ, ρ)-univexity and obtained second-order mixed symmetric dual

for MP problem. A second-order mixed dual was established by Gupta et al. [49] for

nondifferentiable MP problem.

1.3 Summary of the thesis

The aim of the present thesis is to acquire duality results for mathematical programming

problems with generalized convexity suppositions. The results obtained are discussed in

Chapter 2 to 6. Chapter 1 is introductory.

Chapterwise summary is as follows:

In Chapter 2, we consider the following NMFP problem:

(NFP1) Minimize ψ(s) = sup
a∈A

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
,

subject to h(s) ≤ 0.

Here A is a compact subset of Rl′ . d(·, ·) : Rn ×Rl′ → R and e(·, ·) : Rn ×Rl′ → R are C1

functions on Rn ×Rl′ . h(·) : Rn → Rm is C1 function on Rn. L and N are n× n positive

semidefinite matrices.

We established the following dual model for (NFP1)

(NFD) max
(q,ξ,ā)∈K(c)

sup
(c,ζ,k,w,v)∈H1(q,ξ,ā)

k,

where H1(q, ξ, ā) contains (c, ζ, k, w, v) ∈ Rn ×Rm
+ ×R+ ×Rn ×Rn that satisfy

q∑
j=1

ξj{∇d(c, āj) + Lw − k(∇e(c, āj)−Nv)}+∇
m∑
i=1

ζihi(c) = 0,

q∑
j=1

ξj{d(c, āj) + cTLw − k(e(c, āj)− cTNv)} ≥ 0,

m∑
i=1

ζihi(c) ≥ 0,

(q, ξ, ā) ∈ K(c),

wTLw ≤ 1, vTNv ≤ 1.
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and proved duality results using (p, r)-ρ-(η, θ) invexity. Then we proposed two second-

order duality models for (NFP1) and achieved duality results with second-order B-(p, r)

invexity.

Model-I
(M1) max

(q,ξ,ā)∈K(c)
sup

(c,ζ,w,v,l)∈H2(q,ξ,ā)

F (c),

where F (c) = sup
a∈A

d(c, a) + (cTLc)1/2

e(c, a)− (cTNc)1/2
and H2(q, ξ, ā) contains (c, ζ, w, v, l) ∈ Rn × Rm

+ ×

Rn ×Rn ×Rn that satisfy

∇ψ1(c) +∇2ψ1(c)l = 0,
m∑
i=1

ζihi(c)−
1

2
lT∇2ψ1(c)l ≥ 0,

wTLw ≤ 1, vTNv ≤ 1,

(cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv.

Model-II

(M2) max
(q,ξ,ā)∈K(c)

sup
(c,ζ,w,v,l)∈H3(q,ξ,ā)

q∑
j=1

ξj
(
d(c, āj) + (cTLc)1/2

)
+

m∑
i=1

ζihi(c)

q∑
j=1

ξj
(
e(c, āj)− (cTNc)1/2

) ,

where H3(q, ξ, ā) represents the set of (c, ζ, w, v, l) ∈ Rn × Rm
+ × Rn × Rn × Rn that

satisfy

∇ψ2(c) +∇2ψ2(c)l = 0,

lT∇2ψ2(c)l ≤ 0,

wTLw ≤ 1, vTNv ≤ 1, (cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv.

We have also given an illustration of second-order B-(p, r) invexity.

In Chapter 3, We proposed the following higher-order dual for NMFP problem:

(FPD) max
(q,ξ,ā)∈K(c)

sup
(c,ζ,w,v,l)∈H1(q,ξ,ā)

F (c),

where F (c) = sup
a∈A

d(c, a) + (cTLc)1/2

e(c, a)− (cTNc)1/2
and H1(q, ξ, ā) contains (c, ζ, w, v, l) ∈ Rn × Rm

+ ×

Rn ×Rn ×Rn that satisfy

∇ψ1(c) +∇lϕ1(c, l) = 0,
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m∑
i=1

ζihi(c) + ϕ1(c, l)− lT∇lϕ1(c, l) ≥ 0,

wTLw ≤ 1, vTNv ≤ 1,

(cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv.

Various duality relations have been acquired using higher-order B-(p, r) invexity. An illus-

tration has been given which shows that there exists some functions that are higher-order

B-(p, r) invex but not second-order B-(p, r) invex. Also we solved an example of NMFP

using optimality conditions.

In Chapter 4, We focused on exploring second-order duality for nondifferentiable

multiobjective fractional variational programming (NMFVP) problem under second-order

(F, α, ρ, d)-pseudoconvexity assumptions. An illustration showing the existence of second-

order (F, α, ρ, d)-pseudoconvex functions has been given. Symmetric second-order duality

for NMFVP and results are discussed with aforesaid suppositions in Section 4.4. An illus-

tration which corroborate the weak duality has been provided.

In Chapter 5, Duality relations have been constructed for this higher-order symmetric

dual program involving support functions:

(SPP) K-minimize

S(a, b, δ, p) =
(
ϕ(a, b) + S(a|E)ek − bT

k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))ek

+
k∑
i=1

δihi(a, b, pi)ek −
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))ek

)
subject to −

k∑
i=1

δi(∇bϕi(a, b)− z +∇pihi(a, b, pi)) ∈ C∗
2 ,

z ∈ D

δT ek = 1

δ ∈ int K∗, a ∈ C1
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(SDP) K-maximize

T (u,w, δ, q) = ϕ(u,w)− S(w|D)ek − uT
k∑
i=1

δi(∇bϕi(u,w) +∇qigi(u,w, qi))ek

+
k∑
i=1

δigi(u,w, qi)ek −
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))ek

subject to
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi)) ∈ C∗
1 ,

v ∈ E

δT ek = 1

δ ∈ int K∗, w ∈ C2

where

(i) ϕi : S1 × S2 → R, hi : S1 × S2 ×Rm → R and gi : S1 × S2 ×Rn → R, i = 1, 2, . . . , k

are differentiable functions, where h(a, b, p) denotes (h1(a, b, p1), h2(a, b, p2),

. . . , hk(a, b, pk)) and g(u,w, q) denotes (g1(u,w, q1), g(u,w, q2), . . . , g(u,w, qk)), ek =

(1, . . . , 1)T ∈ Rk, δ = (δ1, δ2, . . . , δk),

(ii) C∗
1 and C∗

2 are positive polar cones of C1 and C2 respectively,

(iii) qi and pi are vectors in Rn and Rm, respectively for i = 1, 2, . . . , k.

(iv) E and D are compact convex sets in Rn and Rm, respectively, and

(v) S(a|E) and S(w|D) are the support functions of E and D, respectively.

A non trivial example of higher-order K-η-convex functions is provided.

In Chapter 6, the duality relations for higher-order multiobjective mixed symmetric

dual are acquired.

Primal Problem (NMSP)

K-minimize

P (a1, b1, a2, b2, λ, r, s) = (P1(a
1, b1, a2, b2, λ, r1, s1), P2(a

1, b1, a2, b2, λ, r2, s2), . . . ,

Pl(a
1, b1, a2, b2, λ, rk, sk))

subject to

−
k∑
j=1

λj(∇b1φj(a
1, b1)− q1j +∇rjh

1
j(a

1, b1, rj)) ∈ C∗
3 ,
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−
k∑
j=1

λj(∇b2ϕj(a
2, b2)− q2j +∇sjg

1
j (a

2, b2, sj)) ∈ C∗
4 ,

(b2)T
k∑
j=1

λj(∇b2ϕj(a
2, b2)− q2j +∇sjg

1
j (a

2, b2, sj)) = 0,

λT ek = 1,

λ = (λ1, λ2, . . . , λk) ∈ int K∗, a1 ∈ C1, a2 ∈ C2,

q1j ∈ Q1
j , q

2
j ∈ Q2

j , j = 1, 2, . . . , k.

Dual Problem (NMSD)

K-maximize

T (u1, w1, u2, w2, λ, c, d) = (T1(u
1, w1, u2, w2, λ, c1, d1), T2(u

1, w1, u2, w2, λ, c2, d2), . . . ,

Tl(u
1, w1, u2, w2, λ, ck, dk))

subject to

k∑
j=1

λj(∇a1φj(u
1, w1) + v1j +∇cjh

2
j(u

1, w1, cj)) ∈ C∗
1 ,

k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)) ∈ C∗
2 ,

(u2)T
k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)) 5 0,

λT ek = 1,

λ = (λ1, λ2, . . . , λk) ∈ int K∗, w1 ∈ C3, w2 ∈ C4,

v1j ∈ V 1
j , v

2
j ∈ V 2

j , j = 1, 2, . . . , k,

where

Pj(a
1, b1, a2, b2, λ, rj, sj) = φj(a

1, b1) + S(a1|V 1
j ) + ϕj(a

2, b2) + S(a2|V 2
j )− (b2)T q2j

−(b1)T
k∑
j=1

λj(∇b1φj(a
1, b1)+∇rjh

1
j(a

1, b1, rj))+h
1
j(a

1, b1, rj)−rTj ∇rjh
1
j(a

1, b1, rj)+g
1
j (a

2, b2, sj)−

sTj ∇sjg
1
j (a

2, b2, sj).

Tj(u
1, w1, u2, w2, λ, cj, dj) = φj(u

1, w1)− S(w1|Q1
j) + ϕj(u

2, w2)− S(w2|Q2
j) + (u2)Tv2j

− (u1)T
k∑
j=1

λj(∇u1φj(u
1, w1) + ∇cjh

2
j(u

1, w1, cj)) + h2j(u
1, w1, cj) − cTj ∇cjh

2
j(u

1, w1, cj) +

g2j (u
2, w2, dj)− dTj ∇djg

2
j (u

2, w2, dj).

and

(i) φj : R
|N1| ×R|M1| → R, ϕj : R

|N2| ×R|M2| → R, h1j : R
|N1| ×R|M1| ×R|M1| → R, g1j :
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R|N2| × R|M2| × R|M2| → R, h2j : R
|N1| × R|M1| × R|N1| → R and g1j : R|N2| × R|M2| ×

R|N2| → R are differentiable functions, respectively.

(ii) V 1
j , V

2
j , Q

1
j and Q

2
j are compact convex sets in R|N1|, R|N2|, R|M1| and R|M2|, respec-

tively.

(iii) C1, C2, C3 and C4 are closed convex cones in R|N1|, R|N2|, R|M1| and R|M2|, respec-

tively and C∗
1 , C

∗
2 , C

∗
3 and C∗

4 are their respective positive polar cones.

Here N1 ⊂ N, M1 ⊂M, N2 = N \N1 and M2 =M \M1.

Duality relations are acquired for aforesaid pair with higher-order K-(F, α, ρ, d)-convex

suppositions.

The overall concluding observations of this study and few significant directions for the

future scope are given in the end of chapters.
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Chapter 2

Duality in nondifferentiable minimax fractional

programming with generalized invexity
1

2.1 Introduction

There are numerous decision making problems which directly or indirectly lead to FP

problems. Some examples are efficiency measure for systems, portfolio selection prob-

lem, agricultural planning, information transfer, stochastic processes numerical analysis,

resource allocation problems and cargo loading problems etc. In physics, maximization of

signal-to-noise ratio of a spectral filter gives rise to concave quadratic fractional program-

ming (QFP) which was studied by Falk [40].

In the primitive years, much attention has been given to MFP problems. Schmitendorf

[117] obtained optimality conditions for static minimax problems. A parametric dual for

MFP problem was studied by Ahmad et al. [5]. Khan and Al-Solamy [76] obtained sufficient

conditions and duality relations for NMFP using (Hp, r)-invexity.

In this chapter, we explore the following problem:

(NFP1) Minimize ψ(s) = sup
a∈A

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
,

subject to h(s) ≤ 0.

Here A is a compact subset of Rl′ . d(·, ·) : Rn × Rl′ → R, e(·, ·) : Rn × Rl′ → R are C1

functions on Rn×Rl′ and h(·) : Rn → Rm is C1 function on Rn. L and N are n×n positive

semidefinite matrices. We presume that e(s, a)−(sTNs)1/2 > 0 and d(s, a)+(sTLs)1/2 ≥ 0

for every (s, a) ∈ S × A, where S = {s ∈ Rn : h(s) ≤ 0} contains feasible solutions of

(NFP1).

Antczak [14] introduced p-invex sets and (p, r)-invexity. He established sufficient con-

ditions for NLP problem under (p, r)-invexity assumptions. Further generalization of (p, r)-

invexity was studied by Mandal and Nahak [89] as (p, r)-ρ-(η, θ)-invexity. In this chapter,

1A part of this chapter is published as “ On second order duality of minimax fractional programming
with square root term involving generalized B-(p, r)-invex functions”, Annals of Operations Research, 244
(2016) 603-617.
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we derive duality theorems to relate NMFP problem and parametric dual with (p, r)-ρ-

(η, θ)-invexity suppositions. Section 2.2 reviews definitions. Optimality conditions for

finding optimal solution of NMFP are established in Section 2.3. Further, a paramet-

ric dual and its duality results are discussed with (p, r)-ρ-(η, θ)-invexity suppositions in

Section 2.4. In Section 2.5, second-order duality relations are explored with second-order

B-(p, r)-invexity.

2.2 Notations and preliminaries

For each (s, a) ∈ S × A and M = {1, 2, . . . ,m}, we define

I(s) = {i ∈M : hi(s) = 0},

A(s) =

{
a ∈ A :

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
= sup

u∈A

d(s, u) + (sTLs)1/2

e(s, u)− (sTNs)1/2

}
,

K(s) =

{
(q, ξ, ā) ∈ N × Rq

+ × Rl′q : 1 ≤ q ≤ n + 1, ξ = (ξ1, ξ2, . . . , ξq) ∈ Rq
+,

q∑
j=1

ξj =

1, ā = (ā1, ā2, . . . , āq), āj ∈ A(s), j = 1, 2, . . . , q

}
.

Since d and e are of class C1 and A is compact in Rl′ , therefore, for every s∗ ∈ S, A(s∗) ̸= ϕ

and for any āj ∈ A(s∗), we have a positive constant

k0 = ψ(s∗) =
d(s∗, āj) + (s∗TLs∗)1/2

e(s∗, āj)− (s∗TNs∗)1/2
.

Let φ : Ê → R (where Ê ⊂ Rn) be a differentiable function. Let p, r be arbitrary

real numbers.

Definition 2.2.1 [89] φ is called (p, r)-ρ-(η, θ)-invex (strictly (p, r)-ρ-(η, θ)-invex) w.r.t.

η and θ at ν ∈ Ê on Ê if ∃ η, θ : Ê × Ê → Rn and ρ ∈ R such that ∀ s ∈ Ê,[
1
r
(er(φ(s)−φ(ν))−1)

]
≥ 1

p
(∇φ(ν))T (epη(s,ν)−1)+ρ||θ(s, ν)||2 (> if s ̸= ν) for p ̸= 0, r ̸= 0,[

1
r
(er(φ(s)−φ(ν))−1)

]
≥

[
(∇φ(ν))Tη(s, ν)

]
+ρ||θ(s, ν)||2 (> if s ̸= ν) for p = 0, r ̸= 0,

(φ(s)−φ(ν)) ≥ 1
p
[(∇φ(ν))T (epη(s,ν)−1)]+ρ||θ(s, ν)||2 (> if s ̸= ν) for p ̸= 0, r = 0,

(φ(s)− φ(ν)) ≥ (∇φ(ν))Tη(s, ν) + ρ||θ(s, ν)||2 (> if s ̸= ν) for p = 0, r = 0.

Definition 2.2.2 φ is called second-order B-(p, r)-invex (strictly second-order B-(p, r)-

invex) w.r.t. η and b at ν ∈ Ê on Ê if ∃ η : Ê × Ê → Rn and b : Ê × Ê → R+ such that

∀ s ∈ Ê and l ∈ Rn,

b(s, ν)
[
1
r
(er(φ(s)−φ(ν)) − 1) + 1

2
lT∇2φ(ν)l

]
≥ 1

p
(∇φ(ν) +∇2φ(ν)l)T (epη(s,ν) − 1)

(> if s ̸= ν) for p ̸= 0, r ̸= 0.
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b(s, ν)
[
1
r
(er(φ(s)−φ(ν)) − 1) + 1

2
lT∇2φ(ν)l

]
≥

[
(∇φ(ν) +∇2φ(ν)l)Tη(s, ν)

]
(> if s ̸= ν) for p = 0, r ̸= 0,

b(s, ν)(φ(s)− φ(ν) + 1
2
lT∇2φ(ν)l) ≥ 1

p
[(∇φ(ν) +∇2φ(ν)l)T (epη(s,ν) − 1)]

(> if s ̸= ν) for p ̸= 0, r = 0,

b(s, ν)(φ(s)− φ(ν) + 1
2
lT∇2φ(ν)l) ≥ [(η(s, ν))T (∇φ(ν) +∇2φ(ν)l)]

(> if s ̸= ν) for p = 0, r = 0.

Here 1 = (1, 1, . . . , 1) ∈ Rn, (epη(s,ν)−1) represents (epη1(s,ν)−1, epη2(s,ν)−1, . . . , epηn(s,ν)−
1).

Example 2.2.1 Let Ê = [−0.8, 0] ⊂ R. Take φ : Ê → R as φ(s) = log(sec s).

Consider η : Ê × Ê → R as

η(s, ν) = log

(
1

1 + ν

)
and

b(s, ν) = −8 sin ν.

Here φ is second-order B-(1, 1)-invex as

L = b(s, ν)
[
1
r
(er(φ(s)−φ(ν)) − 1) + 1

2
lT∇2φ(ν)l

]
− 1

p
(∇φ(ν) +∇2φ(ν)l)T (epη(s,ν) − 1)

= −8(sin ν)

[(
sec s

sec ν
− 1

)
+ 1

2
l2 sec2 ν

]
−
(
tan ν + l sec2 ν

)( 1

1 + ν
− 1

)
=

[
− 8(sin ν)

(
sec s

sec ν
− 1

)
− (tan ν)

(
1

1 + ν
− 1

)]
+

[
− 8(sin ν)

(
1
2
l2 sec2 ν

)
− (l sec2 ν)

(
1

1 + ν
− 1

)]
= L1 + L2

where

L1 = −8(sin ν)

(
sec s

sec ν
− 1

)
− (tan ν)

(
1

1 + ν
− 1

)
≥ 0 for all s, ν ∈ Ê (see Figure 2.1)

and

L2 = −8(sin ν)

(
1
2
l2 sec2 ν

)
− (l sec2 ν)

(
1

1 + ν
− 1

)
≥ 0 for all ν ∈ Ê and l ∈ (−1018, 1018) (see Figure 2.2).

Therefore, L ≥ 0.

35



Figure 2.1: graph of L1 against s and ν

Figure 2.2: graph of L2 against ν and l

But φ is not B-(−1,−1)-invex as
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b(s, ν)
[
1
r
(er(φ(s)−φ(ν)) − 1)

]
− 1

p
(∇φ(ν))T (epη(s,ν) − 1)

= 8(sin(−0.8))

(
sec(−0.8)

sec(−0.1)
− 1

)
+ (−0.8) tan(−0.8)

= −1.6338 < 0 for s = −0.1, ν = −0.8.

Hence φ is second-order B-(1, 1)-invex but not B-(−1,−1)-invex.

2.3 Optimality conditions

Theorem 2.3.1 [84] (Necessary conditions) If s∗ is an optimal solution of (NFP1) that

satisfies s∗TLs∗ > 0, s∗TNs∗ > 0 and ∇hi(s∗), i ∈ I(s∗) are LI, then ∃ (q, ξ∗, ā) ∈ K(s∗),

k0 ∈ R+, w, v ∈ Rn and ζ∗ ∈ Rm
+ s.t.

q∑
j=1

ξ∗j {∇d(s∗, āj) + Lw − k0(∇e(s∗, āj)−Nv)}+∇
m∑
i=1

ζ∗j hi(s
∗) = 0, (2.3.1)

d(s∗, āj) + (s∗TLs∗)1/2 − k0(e(s
∗, āj)− (s∗TNs∗)1/2) = 0, j = 1, 2, . . . , q, (2.3.2)

m∑
i=1

ζ∗i hi(s
∗) = 0, (2.3.3)

ξ∗j ≥ 0 (j = 1, 2, . . . , q),

q∑
j=1

ξ∗j = 1, (2.3.4)

wTLw ≤ 1, vTNv ≤ 1, (s∗TLs∗)1/2 = s∗TLw, (s∗TNs∗)1/2 = s∗TNv. (2.3.5)

In the above theorem, L and N are positive definite. If either s∗TLs∗ or s∗TNs∗ is zero or

both of them are zero, then, functions considered in objective of (NFP1) are not differ-

entiable. To establish necessary conditions for such cases, for (q, ξ∗, ā) ∈ K(s∗), we take

Zā(s
∗) =

{
z ∈ Rn : zT∇hi(s∗) ≤ 0, i ∈ I(s∗),

with any one of the next conditions (i)-(iii) holds
}
.

(i) s∗TLs∗ > 0, s∗TNs∗ = 0

⇒ zT
(

q∑
j=1

ξ∗j

{
∇d(s∗, āj) +

Ls∗

(s∗TLs∗)1/2
− k0∇e(s∗, āj)

})
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+ (zT (k20N)z)1/2 < 0,

(ii) s∗TLs∗ = 0, s∗TNs∗ > 0

⇒ zT
(

q∑
j=1

ξ∗j

{
∇d(s∗, āj)− k0

(
∇e(s∗, āj)−

Ns∗

(s∗TNs∗)1/2

)})
+(zTLz)1/2 < 0,

(iii) s∗TLs∗ = 0, s∗TNs∗ = 0

⇒ zT
(

q∑
j=1

ξ∗j

{
∇d(s∗, āj)− k0∇e(s∗, āj)

})
+ (zT (k20N)z)1/2 + (zTLz)1/2 < 0,

If we add the condition Zā(s
∗) = ϕ, then Theorem 2.3.1 still satisfies.

Remark 2.3.1 The theoretical results has been given for p ̸= 0 and r ̸= 0. For rest

conditions, theorems can be obtained easily than this one. Also we will assume that r > 0.

Theorem 2.3.2 (Sufficient conditions) Suppose s∗ is a feasible solution of (NFP1) and ∃
a positive integer q, 1 ≤ q ≤ n+1, ξ∗ ∈ Rq

+, āj ∈ A(s∗)(j = 1, 2, . . . , q), k0 ∈ R+, w, v ∈
Rn and ζ∗ ∈ Rm

+ satisfying (2.3.1)-(2.3.5). Suppose

(i)
q∑
j=1

ξ∗j (d(·, āj) + (·)TLw− k0(e(·, āj)− (·)TNv)) is (p, r)-ρ1-(η, θ)-invex function at s∗

w.r.t. η and θ for all s ∈ S,

(ii)
m∑
i=1

ζ∗i hi(·) is (p, r)-ρ2-(η, θ)-invex function at s∗ w.r.t. same function η and θ,

(iii) ρ1 + ρ2 ≥ 0.

Then, s∗ is an optimal solution of (NFP1).

Proof Consider s∗ is not an optimal solution of (NFP1). Therefore, ∃ s̄ ∈ S s.t.

sup
ā∈A

d(s̄, ā) + (s̄TLs̄)1/2

e(s̄, ā)− (s̄TNs̄)1/2
< sup

ā∈A

d(s∗, ā) + (s∗TLs)1/2

e(s∗, ā)− (s∗TNs∗)1/2
.

Since

sup
ā∈A

d(s∗, ā) + (s∗TLs∗)1/2

e(s∗, ā)− (s∗TNs∗)1/2
=
d(s∗, āj) + (s∗TLs∗)1/2

e(s∗, āj)− (s∗TNs∗)1/2
= k0,

for any āj ∈ A(s∗), j = 1, 2, . . . , q and
d(s̄, āj) + (s̄TLs̄)1/2

e(s̄, āj)− (s̄TNs̄)1/2
≤ sup

ā∈A

d(s̄, ā) + (s̄TLs̄)1/2

e(s̄, ā)− (s̄TNs̄)1/2
.

Therefore, we get
d(s̄, āj) + (s̄TLs̄)1/2

e(s̄, āj)− (s̄TNs̄)1/2
< k0.
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Also from ξ∗j ≥ 0, j = 1, 2, . . . , q, ξ∗ ̸= 0 and āj ∈ A(s∗), we get

q∑
j=1

ξ∗j
[
d(s̄, āj) + (s̄TLs̄)1/2 − k0

(
e(s̄, āj)− (s̄TNs̄)1/2

)]
< 0. (2.3.6)

Using Lemma 1.1.1, (2.3.2), (2.3.5), and (2.3.6), we have
q∑
j=1

ξ∗j
[
d(s̄, āj) + s̄TLw − k0

(
e(s̄, āj)− s̄TNv

)]
≤

q∑
j=1

ξ∗j
[
d(s̄, āj) + (s̄TLs̄)1/2 − k0

(
e(s̄, āj)− (s̄TNs̄)1/2

)]
< 0 =

q∑
j=1

ξ∗j
[
d(s∗, āj) + (s∗TLs∗)1/2 − k0

(
e(s∗, āj)− (s∗TNs∗)1/2

)]
,

=
q∑
j=1

ξ∗j
[
d(s∗, āj) + s∗TLw − k0

(
e(s∗, āj)− s∗TNv

)]
.

It follows that
q∑
j=1

ξ∗j
[
d(s̄, āj) + s̄TLw − k0

(
e(s̄, āj)− s̄TNv

)]

<

q∑
j=1

ξ∗j
[
d(s∗, āj) + s∗TLw − k0

(
e(s∗, āj)− s∗TNv

)]
. (2.3.7)

As
q∑
j=1

ξ∗j
[
d(·, āj) + (·)TLw− k0

(
e(·, āj)− (·)TNv

)]
is (p, r)-ρ1-(η, θ)-invex at s∗ on S w.r.t.

η and θ, we have[
1
r
(e
r
[ q∑

j=1
ξ∗j

(
d(s,āj)+s

TLw−k0
(
e(s,āj)−sTNv

))
−

q∑
j=1

ξ∗j

(
d(s∗,āj)+s∗TLw−k0

(
e(s∗,āj)−s∗TNv

))]
− 1)

]
≥ 1

p

( q∑
j=1

ξ∗j
(
∇d(s∗, āj)+Lw−k0

(
∇e(s∗, āj)−Nv

)))T (
epη(s,s

∗)−1
)
+ρ1||θ(s, s∗)||2

holds ∀ s ∈ S, and also for s = s̄. From (2.3.7), together with the inequality above, we get

1

p

[( q∑
j=1

ξ∗j
[
∇d(s∗, āj) + Lw − k0

(
∇e(s∗, āj)−Nv

)])T (
epη(s̄,s

∗) − 1
)]

+ ρ1||θ(s̄, s∗)||2 < 0.

(2.3.8)

From the feasibility of s̄ along with ζ∗i ≥ 0, i ∈ I, we acquire

m∑
i=1

ζ∗i hi(s̄) ≤ 0. (2.3.9)

Using (ii), we conclude
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1
r
(e
r
( m∑

i=1
ζ∗i hi(s̄)−

m∑
i=1

ζ∗i hi(s
∗)
)
−1) ≥ 1

p

[
(
m∑
i=1

∇ζ∗i hi(s∗))T
(
epη(s̄,s

∗)−1
)]

+ρ2||θ(s̄, s∗)||2

Using (2.3.3), (2.3.9) and above inequality, we get

1

p

[
(
m∑
i=1

∇ζ∗i hi(s∗))T
(
epη(s̄,s

∗) − 1
)]

+ ρ2||θ(s̄, s∗)||2 ≤ 0. (2.3.10)

By summing up (2.3.8) and (2.3.10), we have

1
p

[( q∑
j=1

ξ∗j
[
∇d(s∗, āj) +Lw− k0

(
∇e(s∗, āj)−Nv

)]
+

m∑
i=1

∇ζ∗i hi(s∗)
)T (

epη(s̄,s
∗) − 1

)]
+ (ρ1 +

ρ2)||θ(s̄, s∗)||2 < 0,

Using (2.3.1), we get

(ρ1 + ρ2)||θ(s̄, s∗)||2 < 0,

which contradicts hypothesis (iii). Hence proved.

2.4 Duality results

We construct the following dual for (NFP1):

(NFD) max
(q,ξ,ā)∈K(c)

sup
(c,ζ,k,w,v)∈H1(q,ξ,ā)

k,

where H1(q, ξ, ā) signifies the set of (c, ζ, k, w, v) ∈ Rn × Rm
+ × R+ × Rn × Rn satisfying

q∑
j=1

ξj{∇d(c, āj) + Lw − k(∇e(c, āj)−Nv)}+∇
m∑
i=1

ζihi(c) = 0, (2.4.1)

q∑
j=1

ξj{d(c, āj) + cTLw − k(e(c, āj)− cTNv)} ≥ 0, (2.4.2)

m∑
i=1

ζihi(c) ≥ 0, (2.4.3)

(q, ξ, ā) ∈ K(c), (2.4.4)

wTLw ≤ 1, vTNv ≤ 1. (2.4.5)

If for (q, ξ, ā) ∈ K(c), H1(q, ξ, ā) = ϕ, then we take supremum as −∞.

Now we acquire the following results.

Theorem 2.4.1 (Weak duality) Let s be a feasible solution of (NFP1) and (c, ζ, k, w, v, q, ξ, ā)
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be a feasible solution of (NFD). Suppose

(i)
q∑
j=1

ξj(d(·, āj)+ (·)TLw−k(e(·, āj)− (·)TNv)) is (p, r)-ρ1-(η, θ)-invex at c w.r.t. η, θ,

(ii)
m∑
i=1

ζihi(·) is (p, r)-ρ2-(η, θ)-invex at c w.r.t. same η, θ,

(iii) ρ1 + ρ2 ≥ 0.

Then,

sup
a∈A

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
≥ k. (2.4.6)

Proof Let

sup
a∈A

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
< k.

From above, we have

d(s, āj) + (sTLs)1/2 − k(e(s, āj)− (sTNs)1/2) < 0, for all āj ∈ A.

Using (2.3.4), we get

ξj(d(s, āj) + (sTLs)1/2 − k(e(s, āj)− (sTNs)1/2)) < 0, (2.4.7)

as ξ = (ξ1, ξ2, . . . , ξq) ̸= 0.

From Lemma 1.1.1, (2.4.2), (2.4.5) and (2.4.7), we have
q∑
j=1

ξj
[
d(s, āj) + sTLw − k

(
e(s, āj)− sTNv

)]
≤

q∑
j=1

ξj
[
d(s, āj) + (sTLs)1/2 − k

(
e(s, āj)− (sTNs)1/2

)]
< 0 ≤

q∑
j=1

ξj
[
d(c, āj) + cTLw − k

(
e(c, āj)− cTNv

)]
Hence

q∑
j=1

ξj
[
d(s, āj) + sTLw − k

(
e(s, āj)− sTNv

)]
<

q∑
j=1

ξj
[
d(c, āj) + cTLw − k

(
e(c, āj)− cTNv

)]
. (2.4.8)

From hypothesis (i), we acquire[
1
r
(e
r
[ q∑

j=1
ξj

(
d(s,āj)+s

TLw−k
(
e(s,āj)−sTNv

))
−

q∑
j=1

ξj

(
d(c,āj)+c

TLw−k
(
e(c,āj)−cTNv

))]
− 1)

]
≥ 1

p

[( q∑
j=1

ξj
[
∇d(c, āj)+Lw−k

(
∇e(c, āj)−Nv

)])T (
epη(s,c)−1

)]
+ρ1||θ(s, c)||2.
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Using (2.4.8) together with above, we get

1

p

[( q∑
j=1

ξj
[
∇d(c, āj)+Lw−k

(
∇e(c, āj)−Nv

)])T (
epη(s,c)−1

)]
+ρ1||θ(s, c)||2 < 0. (2.4.9)

From the feasibility of s along with ζi ≥ 0, i ∈ I, we have

m∑
i=1

ζihi(s) ≤ 0. (2.4.10)

Using (ii), we acquire

1
r

(
e
r
( m∑

i=1
ζihi(s)−

m∑
i=1

ζihi(c)
)
− 1

)
≥ 1

p
(
m∑
i=1

∇ζihi(c))T
(
epη(s,c) − 1

)
+ ρ2||θ(s, c)||2.

Now from (2.4.3), (2.4.10) and using above, we get

1

p
(
m∑
i=1

∇ζihi(c))T
(
epη(s,c) − 1

)
+ ρ2||θ(s, c)||2 ≤ 0. (2.4.11)

By adding (2.4.9) and (2.4.11), we obtain

1
p

[(
q∑
j=1

ξj
[
∇d(c, āj) + Lw − k

(
∇e(c, āj) − Nv

)]
+

m∑
i=1

∇ζihi(c)
)T (

epη(s,c) − 1
)]

+ (ρ1 +

ρ2)||θ(s, c)||2 < 0.

Consequently (2.4.1) and above inequality yield

(ρ1 + ρ2)||θ(s, c)||2 < 0,

which contradicts to the fact that ρ1 + ρ2 ≥ 0.

Theorem 2.4.2 (Strong duality) Let s∗ be an optimal solution for (NFP1) and let ∇hi(s∗),
i ∈ I(s∗) be LI. Then ∃ (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, k∗, w∗, v∗) ∈ H1(q

∗, ξ∗, ā∗), such that

(s∗, ζ∗, k∗, w∗, v∗, q∗, ξ∗, ā∗) is feasible solution of (NFD). If suppositions of Theorem 2.4.1

hold ∀ feasible solutions (c, ζ, k, w, v, q, ξ, ā) of (NFD), then (s∗, ζ∗, k∗, w∗, v∗, q∗, ξ∗, ā∗) is

an optimal solution of (NFD). Also both objectives have equal optimal values.

Proof Given that s∗ is an optimal solution of (NFP1). ∇hi(s∗), i ∈ I(s∗) are LI,

therefore by Theorem 2.3.1, ∃ (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, k∗, w∗, v∗) ∈ H1(q
∗, ξ∗, ā∗)

such that (s∗, ζ∗, k∗, w∗, v∗, q∗, ξ∗, ā∗) is feasible solution of (NFD). Also objectives gives

equal values as

k∗ =
d(s∗, ā∗j) + (s∗Ls∗)1/2

e(s∗, ā∗j)− (s∗Ns∗)1/2

Optimality of (s∗, ζ∗, k∗, w∗, v∗, q∗, ξ∗, ā∗) for (NFD), thus follows from Theorem 2.4.1.
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Theorem 2.4.3 (Strict converse duality) Let s∗ and (c̄, ζ∗, k∗, w∗, v∗, q∗, ξ∗, ā∗) be optimal

solutions of (NFP1) and (NFD) respectively, and let ∇hi(s∗), i ∈ I(s∗) be LI. Assume

that

(i)
q∗∑
j=1

ξ∗j (d(·, ā∗j) + (·)TLw∗ − k∗(e(·, ā∗j)− (·)TNv∗)) is strictly (p, r)-ρ1-(η, θ)-invex at c̄

w.r.t. to η, θ,

(ii)
m∑
i=1

ζ∗i hi(·) is (p, r)-ρ2-(η, θ)-invex at c̄ w.r.t. same η, θ,

(iii) ρ1 + ρ2 ≥ 0.

Then, s∗ = c̄, that is, c̄ is an optimal solution in (NFP1) and

sup
ā∗∈A

d(c̄, ā∗) + (c̄TLc̄)1/2

e(c̄, ā∗)− (c̄TNc̄)1/2
= k∗.

Proof We will suppose that s∗ ̸= c̄ and comes up with a contradiction. From Theorem

2.4.2, we have

sup
ā∗∈A

d(s∗, ā∗) + (s∗TLs∗)1/2

e(s∗, ā∗)− (s∗TNs∗)1/2
= k∗. (2.4.12)

By the feasibility of s∗ along with ζ∗i ≥ 0, i ∈ I, we get

m∑
i=1

ζ∗i hi(s
∗) ≤ 0. (2.4.13)

Now, (2.4.3) and (2.4.13) gives

1
r

(
e
r
( m∑

i=1
ζ∗i hi(s

∗)−
m∑
i=1

ζ∗i hi(c̄)
)
− 1

)
≤ 0.

Using (ii) and above, we obtain

1
p

[( m∑
i=1

∇ζ∗i hi(c̄)
)T (

epη(s
∗,c̄) − 1

)]
+ ρ2||θ(s∗, c̄)||2 ≤ 0.

that is
1

p

[( m∑
i=1

∇ζ∗i hi(c̄)
)T (

epη(s
∗,c̄) − 1

)]
≤ −ρ2||θ(s∗, c̄)||2. (2.4.14)

Now using (2.4.1), (2.4.14) and assumption ρ1 + ρ2 ≥ 0, we get

1

p

[( q∗∑
j=1

ξ∗j
[
∇d(c̄, ā∗j) + Lw∗ − k∗

(
∇e(c̄, ā∗j)−Nv∗

)])T (
epη(s

∗,c̄) − 1
)]

≥ −ρ1||θ(s∗, c̄)||2.

(2.4.15)

From (i) and using (2.4.15), we acquire[
1
r
(e
r
[ q∗∑

j=1
ξ∗j

(
d(s∗,ā∗j )+s

∗TLw∗−k∗
(
e(s∗,ā∗j )−s∗TNv∗

))
−

q∗∑
j=1

ξ∗j

(
d(c̄,ā∗j )+c̄

TLw∗−k∗
(
e(c̄,ā∗j )−c̄TNv∗

))]
−

1)
]
> 0.
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This further gives
q∗∑
j=1

ξ∗j
[
d(s∗, ā∗j)+s

∗TLw∗−k∗
(
e(s∗, ā∗j)−s∗TNv∗

)]
−

q∗∑
j=1

ξ∗j
[
d(c̄, ā∗j)+ c̄

TLw∗−k∗
(
e(c̄, ā∗j)−

c̄TNv∗
)]
> 0.

Therefore, from (2.4.2),
q∗∑
j=1

ξ∗j
[
d(s∗, ā∗j) + s∗TLw∗ − k∗

(
e(s∗, ā∗j)− s∗TNv∗

)]
> 0.

Since ξ∗j ≥ 0 and ξ∗ ̸= 0, therefore ∃ j such that

d(s∗, ā∗j) + s∗TLw∗ − k∗
(
e(s∗, ā∗j)− s∗TNv∗

)
> 0.

Hence, we get
d(s∗, ā∗j) + s∗TLw∗

e(s∗, ā∗j)− s∗TNv∗
> k∗,

which contradicts (2.4.12). Hence proved.

2.5 Second-order duality results

Second-order duality plays a vital role because of computational importance. It gives

tighter bounds whenever an approximation is used. For the sake of convenience, let

ψ1(·) = β1(·) +
m∑
i=1

ζi(hi(·)− hi(c)) (2.5.1)

and

ψ2(·) =
[

q∑
j=1

ξj
(
e(c, āj)− cTNv)

][
q∑
j=1

ξj(d(·, āj) + (·)TLw) +
m∑
i=1

ζihi(·)
]

−
[

q∑
j=1

ξj(d(c, āj) + cTLw) +
m∑
i=1

ζihi(c)

][
q∑
j=1

ξj
(
e(·, āj)− (·)TNv)

]
,

where

β1(·) =
q∑
j=1

ξj[(e(c, āj)− cTNv)(d(·, āj) + (·)TLw)− (d(c, āj) + cTLw)(e(·, āj)− (·)TNv)].

Now we propose second-order duals for (NFP1):

Model-I
max

(q,ξ,ā)∈K(c)
sup

(c,ζ,w,v,l)∈H2(q,ξ,ā)

F (c), (M1)

where F (c) = sup
a∈A

d(c, a) + (cTLc)1/2

e(c, a)− (cTNc)1/2
and H2(q, ξ, ā) contains (c, ζ, w, v, l) ∈ Rn × Rm

+ ×
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Rn ×Rn ×Rn that satisfy

∇ψ1(c) +∇2ψ1(c)l = 0, (2.5.2)
m∑
i=1

ζihi(c) +
1

2
lT∇2ψ1(c)l ≥ 0, (2.5.3)

wTLw ≤ 1, vTNv ≤ 1,

(cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv. (2.5.4)

If the set H2(q, ξ, ā) = ϕ, we take the supremum as −∞.

Theorem 2.5.1 (Weak duality) Let s and (c, ζ, w, v, q, ξ, ā, l) be feasible solutions of (NFP1)

and (M1), respectively. Suppose

(i) ψ1(·) is second-order B-(p, r)-invex at c,

(ii) ∇2ψ1(c) is negative semidefinite.

Then

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
≥ F (c).

Proof Since hypothesis (i) gives

b(s, c)
[
1
r
(er(ψ1(s)−ψ1(c)) − 1) + 1

2
lT∇2ψ1(c)l

]
≥ 1

p

[(
∇ψ1(c) +∇2ψ1(c)l

)T (
epη(s,c) − 1

)]
,

from above and (2.5.2), we have

b(s, c)

[
1
r
(er(ψ1(s)−ψ1(c)) − 1) + 1

2
lT∇2ψ1(c)l

]
≥ 0,

that is [
1

r
(er(ψ1(s)−ψ1(c)) − 1) +

1

2
lT∇2ψ1(c)l

]
≥ 0,

which gives

er(ψ1(s)−ψ1(c)) ≥ 1− r

2
lT∇2ψ1(c)l, (2.5.5)

Further from hypothesis (ii), we have

lT∇2ψ1(c)l ≤ 0 ∀ l, (2.5.6)

Using (2.5.5) and (2.5.6), we get

er(ψ1(s)−ψ1(c)) ≥ 1,

which implies

ψ1(s) ≥ ψ1(c).
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From (2.5.1), (2.5.3), (2.5.6) and the feasibility of s implies

β1(s) ≥ −
m∑
i=1

ζihi(s) ≥ 0 = β1(c). (2.5.7)

Suppose

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
< F (c). (2.5.8)

Since āj ∈ A(c), j = 1, 2, . . . , q, we have

F (c) =
d(c, āj) + (cTLc)1/2

e(c, āj)− (cTNc)1/2
. (2.5.9)

Using (2.5.8) and (2.5.9), for j = 1, 2, . . . , q, we have
d(s, āj) + (sTLs)1/2

e(s, āj)− (sTNs)1/2
≤ sup

ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
<
d(c, āj) + (cTLc)1/2

e(c, āj)− (cTNc)1/2
.

Also from ξj ≥ 0, j = 1, 2, . . . , q, ξ ̸= 0 and āj ∈ A(c), we get
q∑
j=1

ξj
[(
e(c, āj)− (cTNc)1/2

)(
d(s, āj) + (sTLs)1/2

)
−

(
d(c, āj) + (cTLc)1/2

)
×
(
e(s, āj)− (sTNs)1/2

)]
< 0. (2.5.10)

Now,

β1(s) =
q∑
j=1

ξj
[(
e(c, āj)− cTNv

)(
d(s, āj) + sTLw

)
−
(
d(c, āj) + cTLw

)(
e(s, āj)− sTNv

)]
≤

q∑
j=1

ξj
[(
e(c, āj)− (cTNc)1/2

)(
d(s, āj) + (sTLs)1/2

)
−

(
d(c, āj) + (cTLc)1/2

)(
e(s, āj)− (sTNs)1/2

)]
(using Lemma 1.1.1 and (2.5.4))

< 0 (from (2.5.10)).

Therefore,

β1(s) < 0 = β1(c).

This contradicts (2.5.7), hence proved.

Theorem 2.5.2 (Strong duality) Suppose s∗ is an optimal solution of (NFP1) and ∇hi(s∗),
i ∈ I(s∗) are LI. Then there exist (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, w∗, v∗, l∗ = 0) ∈
H2(q

∗, ξ∗, ā∗), such that (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is feasible solution of (M1). Also
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objectives have equal values. If suppositions of Theorem 2.5.1 satisfy for all feasible so-

lutions (s, ζ, w, v, q, ξ, ā, l) of (M1), then (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is an optimal

solution of (M1).

Proof Given that s∗ is an optimal solution of (NFP1). ∇hi(s∗), i ∈ I(s∗) are LI. From

Theorem 2.3.1, there exist (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, w∗, v∗, l∗ = 0) ∈ H2(q
∗, ξ∗, ā∗)

such that (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is feasible solution of (M1). Both objectives gives

equal values. Optimality of (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) for (M1) follows from Theorem

2.5.1.

Theorem 2.5.3 (Strict converse duality) Let s∗ be an optimal solution of (NFP1) and

(c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) be an optimal solution of (M1). Assume that

(i) ψ1(·) is strictly second-order B-(p, r)-invex at c∗,

(ii) {∇hi(s∗), i ∈ I(s∗)}, are LI,

(iii) ∇2ψ1(c
∗) is negative semidefinite.

Then c∗ = s∗.

Proof Using (i), we acquire

b(s∗, c∗)

[
1
r
(er(ψ1(s∗)−ψ1(c∗)) − 1) + 1

2
l∗T∇2ψ1(c

∗)l∗
]

> 1
p

[(
∇ψ1(c

∗) +∇2ψ1(c
∗)l∗

)T (
epη(s

∗,c∗) − 1
)]
,

which using (2.5.2) give

b(s∗, c∗)

[
1
r
(er(ψ1(s∗)−ψ1(c∗)) − 1) + 1

2
l∗T∇2ψ1(c

∗)l∗
]
> 0,

that is [
1

r
(er(ψ1(s∗)−ψ1(c∗)) − 1) +

1

2
l∗T∇2ψ1(c

∗)l∗
]
> 0,

which implies

er(ψ1(s∗)−ψ1(c∗)) > 1− r

2
l∗T∇2ψ1(c

∗)l∗, (2.5.11)

Now from hypothesis (ii), we acquire

l∗T∇2ψ1(c
∗)l∗ ≤ 0 ∀ l∗, (2.5.12)

Using (2.5.11) and (2.5.12), we obtain

er(ψ1(s∗)−ψ1(c∗)) > 1,
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which implies

ψ1(s
∗) > ψ1(c

∗).

This further from (2.5.1), (2.5.3), (2.5.12) and the feasibility of s∗ gives

β1(s
∗) > −

m∑
i=1

ζihi(s
∗) ≥ 0 = β1(c

∗). (2.5.13)

Let c∗ ̸= s∗. Given that s∗ and (c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) are optimal solutions to (NFP1)

and (M1), respectively. {∇hi(s∗), i ∈ I(s∗)}, are LI, by Theorem 2.5.2, we get

sup
ā∗∈A

d(s∗, ā∗) + (s∗TLs∗)1/2

e(s∗, ā∗)− (s∗TNs∗)1/2
= F (c∗). (2.5.14)

Since ā∗j ∈ A(c∗), j = 1, 2, . . . , q∗, we have

F (c∗) =
d(c∗, ā∗j) + (c∗TLc∗)1/2

e(c∗, ā∗j)− (c∗TNc∗)1/2
. (2.5.15)

By (2.5.14) and (2.5.15), we get[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−

(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0

for all j = 1, 2, . . . , q∗ and ā∗j ∈ A. From ā∗j ∈ A(c∗) ⊂ A and ξ∗ ∈ Rq∗

+ , with
q∗∑
j=1

ξ∗j = 1, we

obtain
q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−
(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0. (2.5.16)

From Lemma 1.1.1, (2.5.4), and (2.5.16), we have

β1(s
∗) =

q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− c∗TNv∗

)(
d(s∗, ā∗j) + s∗TLw∗)

−
(
d(c∗, ā∗j) + c∗Lw∗)(e(s∗, ā∗j)− s∗TNv∗

)]
≤

q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−
(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0 = β1(c

∗),

which contradicts (2.5.13), hence the result.
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Model-II

max
(q,ξ,ā)∈K(c)

sup
(c,ζ,w,v,l)∈H3(q,ξ,ā)

q∑
j=1

ξj
(
d(c, āj) + (cTLc)1/2

)
+

m∑
i=1

ζihi(c)

q∑
j=1

ξj
(
e(c, āj)− (cTNc)1/2

) , (M2)

where H3(q, ξ, ā) contains (c, ζ, w, v, l) ∈ Rn ×Rm
+ ×Rn ×Rn ×Rn that satisfy

∇ψ2(c) +∇2ψ2(c)l = 0, (2.5.17)

lT∇2ψ2(c)l ≤ 0, (2.5.18)

wTLw ≤ 1, vTNv ≤ 1, (cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv. (2.5.19)

If H3(q, ξ, ā) is empty, the supremum will be −∞.

Theorem 2.5.4 (Weak duality) Let s and (c, ζ, w, v, q, ξ, ā, l) be feasible solutions of (NFP1)

and (M2), respectively. Suppose that ψ2(.) is second-order B-(p, r)-invex at c. Then

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
≥

q∑
j=1

ξj
(
d(c, āj) + (cTLc)1/2

)
+

m∑
i=1

ζihi(c)

q∑
j=1

ξj
(
e(c, āj)− (cTNc)1/2

) .

Proof Since ψ2(.) is second-order B-(p, r)-invex at c, we acquire

b(s, c)
[
1
r
(er(ψ2(s)−ψ2(c)) − 1) + 1

2
lT∇2ψ2(c)l

]
≥ 1

p

[(
∇ψ2(c) +∇2ψ2(c)l

)T (
epη(s,c) − 1

)]
.

Using above and (2.5.17), we get

b(s, c)
[
1
r
(er(ψ2(s)−ψ2(c)) − 1) + 1

2
lT∇2ψ2(c)l

]
≥ 0.

This implies [
1
r
(er(ψ2(s)−ψ2(c)) − 1) + 1

2
lT∇2ψ2(c)l

]
≥ 0.

From (2.5.18), we have
1
r
(er(ψ2(s)−ψ2(c)) − 1) ≥ 0,

that is

ψ2(s) ≥ ψ2(c). (2.5.20)

Suppose

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
<

q∑
j=1

ξj
(
d(c, āj) + (cTLc)1/2

)
+

m∑
i=1

ζihi(c)

q∑
j=1

ξj
(
e(c, āj)− (cTNc)1/2

) .

or (
d(s, āj) + (sTLs)1/2

)[ q∑
j=1

ξj
(
e(c, āj)− (cTNc)1/2

)]
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< (e(s, āj)− (sTNs)1/2
)[ q∑

j=1

ξj
(
d(c, āj) + (cTLc)1/2

)
+

m∑
i=1

ζihi(c)

]
,

for all āj ∈ A(c), j = 1, 2, . . . , q.

From ξj ≥ 0, j = 1, 2, . . . , q and (2.5.19) in above, we have

q∑
j=1

ξj
(
d(s, āj) + (sTLs)1/2

)[ q∑
j=1

ξj
(
e(c, āj)− cTNv

)]

<

q∑
j=1

ξj(e(s, āj)− (sTNs)1/2
)[ q∑

j=1

ξj
(
d(c, āj) + cTLw

)
+

m∑
i=1

ζihi(c)

]
.(2.5.21)

Now, ψ2(s) =

[
q∑
j=1

ξj
(
d(s, āj) + sTLw

)
+

m∑
i=1

ζihi(s)

][
q∑
j=1

ξj
(
e(c, āj)− cTNv

)]
−

[
q∑
j=1

ξj
(
e(s, āj)− sTNv

)][ q∑
j=1

ξj
(
d(c, āj) + cTLw

)
+

m∑
i=1

ζihi(c)

]
≤

[
q∑
j=1

ξj
(
d(s, āj) + (sTLs)1/2

)
+

m∑
i=1

ζihi(s)

][
q∑
j=1

ξj
(
e(c, āj)− cTNv

)]
−

[
q∑
j=1

ξj
(
e(s, āj)− (sTNs)1/2

)][ q∑
j=1

ξj
(
d(c, āj) + cTLw

)
+

m∑
i=1

ζihi(c)

]
(from Lemma 1.1.1 and (2.5.19))

<
q∑
j=1

ξj
(
e(c, āj)− cTNv

) m∑
i=1

ζihi(s) (using (2.5.21))

≤ 0

(
Since

q∑
j=1

ξj
(
e(c, āj)− cTNv

)
> 0 and

m∑
i=1

ζihi(s) ≤ 0

)
.

Hence,

ψ2(s) < 0 = ψ2(c).

which contradicts (2.5.20). Hence proved.

Theorem 2.5.5 (Strong duality) If s∗ is an optimal solution for (NFP1) and ∇hi(s∗),
i ∈ I(s∗) are LI. Then there exist (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, w∗, v∗, l∗ = 0) ∈
H3(q

∗, ξ∗, ā∗), such that (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is feasible solution of (M2). Also

objectives gives equal values. If suppositions of weak duality hold for all feasible solutions

(s, ζ, w, v, q, ξ, ā, l) of (M2), then (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is an optimal solution of

(M2).

Theorem 2.5.6 (Strict converse duality) Let s∗ and (c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) be optimal

solutions of (NFP1) and (M2), respectively. Suppose

(i) ψ2(·) is strictly second-order B-(p, r)-invex at c∗,

(ii) {∇hi(s∗), i ∈ I(s∗)}, are LI,
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Then c∗=s∗.

Proof From (i), we acquire

b(s∗, c∗)
[
1
r
(er(ψ2(s∗)−ψ2(c∗)) − 1) + 1

2
l∗T∇2ψ2(c

∗)l∗
]

> 1
p

[(
∇ψ2(c

∗) +∇2ψ2(c
∗)l∗

)T (
epη(s

∗,c∗) − 1
)]
,

which using (2.5.17) give

b(s∗, c∗)
[
1
r
(er(ψ2(s∗)−ψ2(c∗)) − 1) + 1

2
l∗T∇2ψ2(c

∗)l∗
]
> 0,

that is [
1
r
(er(ψ2(s∗)−ψ2(c∗)) − 1) + 1

2
l∗T∇2ψ2(c

∗)l∗
]
> 0.

From (2.5.18) and above we have,
1
r
(er(ψ2(s∗)−ψ2(c∗)) − 1) > 0.

From this, we get

ψ2(s
∗) > ψ2(c

∗). (2.5.22)

Let c∗ ̸= s∗. Given that s∗ and (c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) are optimal solutions to (NFP1)

and (M2), respectively. {∇hi(s∗), i ∈ I(s∗)}, are LI, by Theorem 2.5.5, we get

sup
ā∗∈A

d(s∗, ā∗) + (s∗TLs∗)1/2

e(s∗, ā∗)− (s∗TNs∗)1/2
=

q∗∑
j=1

ξ∗j
(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)
+

m∑
i=1

ζihi(c
∗)

q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)
or (

d(s∗, ā∗j) + (s∗TLs∗)1/2
)[ q∗∑

j=1

ξ∗j
(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)]
≤ (e(s∗, ā∗j)− (s∗TNs∗)1/2

)[ q∗∑
j=1

ξ∗j
(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)
+

m∑
i=1

ζihi(c
∗)

]
,

for all ā∗j ∈ A(c), j = 1, 2, . . . , q∗.

Using ξ∗j ≥ 0, j = 1, 2, . . . , q∗ and (2.5.19) in above, we have
q∗∑
j=1

ξ∗j
(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)[ q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− c∗TNv∗

)]

≤
q∗∑
j=1

ξ∗j (e(s
∗, ā∗j)− (s∗TNs∗)1/2

)[ q∗∑
j=1

ξ∗j
(
d(c∗, ā∗j) + c∗TLw∗)+ m∑

i=1

ζihi(c
∗)

]
. (2.5.23)

From Lemma 1.1.1,(2.5.19) and (2.5.23), we have

ψ2(s
∗) =

[
q∗∑
j=1

ξ∗j
(
d(s∗, ā∗j) + s∗TLw∗)+ m∑

i=1

ζihi(s
∗)

][
q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− c∗TNv∗

)]
−
[

q∗∑
j=1

ξ∗j
(
e(s∗, ā∗j)− s∗TNv∗

)][ q∗∑
j=1

ξ∗j
(
d(c∗, ā∗j) + c∗TLw∗)+ m∑

i=1

ζihi(c
∗)

]
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≤
[

q∗∑
j=1

ξ∗j
(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
+

m∑
i=1

ζihi(s
∗)

][
q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− c∗TNv∗

)]
−

[
q∗∑
j=1

ξ∗j
(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)][ q∗∑
j=1

ξ∗j
(
d(c∗, ā∗j) + c∗TLw∗)+ m∑

i=1

ζihi(c
∗)

]
(from Lemma 1.1.1 and (2.5.19))

≤
q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− c∗TNv∗

) m∑
i=1

ζihi(s
∗) (using (2.5.23))

≤ 0

(
Since

q∗∑
j=1

ξ∗j
(
e(c∗, ā∗j)− c∗TNv∗

)
> 0 and

m∑
i=1

ζihi(s
∗) ≤ 0

)
.

Hence,

ψ2(s
∗) < 0 = ψ2(c

∗).

which contradicts (2.5.22), hence the result.

2.6 Conclusion

We studied NMFP problem and acquired duality results with (p, r)-ρ-(η, θ)-invexity. We

have also constructed two second-order duals and achieved results using generalized invex-

ity.
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Chapter 3

Higher-order non-symmetric duality for non-

differentiable minimax fractional programs with

square root terms
1

3.1 Introduction

The theory of higher-order duality is most significant. It gives better bounds to the infimum

of primal problem when it is hard to examine feasible solution for first and second-order

dual. Initially, higher-order duality was introduced by Mangasarian [91]. Suneja et al.

[124] considered Mond-Weir and Schaible type nondifferentiable higher-order dual. They

achieved results using higher-order (F, ρ, σ)- type I suppositions. Various higher-order

duality models for minimax problems were derived by Jayswal and Stancu-Minasian [70].

Later on Jayswal et al. [68] has taken NMFP problem and established duality theorems

using generalized convexity. Duality relations for fractional MP were discussed by Dubey

et al. [38]. Sonali et al. [119] studied second-order duality for NMFP with second-order B-

(p, r)-invexity. Jayswal et al. [69] corroborated a higher-order duality model for NMFP with

(C, α, ρ, d)-convexity. Recently Li et al. [85] acquired optimality conditions and duality

results for MFP with data uncertainty.

This chapter is organized as follows. In Section 3.2, a novel concept of higher-order

B-(p, r)-invex functions has been introduced. An illustration of higher-order B-(p, r)-invex

functions has been given. Optimality conditions for NMFP problems are also discussed.

Section 3.4 presents a higher-order dual for NMFP problem. A numerical example of

NMFP program has been solved in Section 3.5. The paper closes with conclusions in

Section 3.7.

1The content of this chapter is published as “Higher-order non-symmetric duality for nondifferentiable
minimax fractional programs with square root terms”, Acta Mathematica Scientia, 40B(1) (2020) 127-140.
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3.2 Preliminaries

We focus on the following problem:

Minimize ψ(s) = sup
a∈A

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
, (NMFPP)

subject to h(s) ≤ 0.

where A is a compact subset of Rl′ , d(·, ·) : Rn×Rl′ → R, e(·, ·) : Rn×Rl′ → R are C2(twice

continuously differentiable) functions on Rn×Rl′ and h(·) : Rn → Rm is C2 function on Rn.

L and N are n×n positive semidefinite matrices. We assume that e(s, a)− (sTNs)1/2 > 0

and d(s, a) + (sTLs)1/2 ≥ 0 for each (s, a) ∈ S × A, where S = {s ∈ Rn : h(s) ≤ 0}
contains feasible solutions of (NMFPP).

For (s, a) ∈ S × A and M = {1, 2, . . . ,m}, Consider
I(s) = {i ∈M : hi(s) = 0},

A(s) =

{
a ∈ A :

d(s, a) + (sTLs)1/2

e(s, a)− (sTNs)1/2
= sup

u∈A

d(s, u) + (sTLs)1/2

e(s, u)− (sTNs)1/2

}
,

K(s) =

{
(q, ξ, ā) ∈ N × Rq

+ × Rl′q : 1 ≤ q ≤ n + 1, ξ = (ξ1, ξ2, . . . , ξq) ∈ Rq
+,

q∑
j=1

ξj =

1, ā = (ā1, ā2, . . . , āq), āj ∈ A(s), j = 1, 2, . . . , q

}
.

Since d and e are C2 and A is compact in Rl′ , for each s∗ ∈ S, A(s∗) ̸= ϕ, and for any

āj ∈ A(s∗), we have a positive constant

k0 = ψ(s∗) =
d(s∗, āj) + (s∗TLs∗)1/2

e(s∗, āj)− (s∗TNs∗)1/2
.

Definition 3.2.1 Let φ : Ê → R (where Ê ⊂ Rn) be a differentiable function and let

p, r be arbitrary real numbers. Then φ is called higher-order B-(p, r)-invex (strictly higher-

order B-(p, r)-invex) w.r.t. η, b and a differentiable function k : Ê × Rn → R (Ê ⊂ Rn)

at z ∈ Ê if ∃ a function η : Ê × Ê → Rn and a function b : Ê × Ê → R+ such that ∀
s ∈ Ê and l ∈ Rn,

b(s, z)
[1
r
(er(φ(s)−φ(z)) − 1)− k(z, l) + lT∇lk(z, l)

]
≥ 1

p
(∇sφ(z) +∇lk(z, l))

T (epη(s,z) − 1)

(> if s ̸= z) for p ̸= 0, r ̸= 0. (3.2.1)

Now

(i) when r ̸= 0, p = 0 in (3.2.1), we acquire

b(s, z)
[
1
r
(er(φ(s)−φ(z)) − 1)− k(z, l) + lT∇lk(z, l)

]
≥

[
(∇sφ(z) +∇lk(z, l))

Tη(s, z)
]

(> if s ̸= z)

(ii) when p ̸= 0, r = 0 in (3.2.1), we acquire
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b(s, z)(φ(s)− φ(z)− k(z, l) + lT∇lk(z, l)) ≥ 1
p
[(∇sφ(z) +∇lk(z, l))

T (epη(s,z) − 1)]

(> if s ̸= z)

(iii) when r = 0, p = 0 in (3.2.1), we acquire

b(s, z)(φ(s)− φ(z)− k(z, l) + lT∇lk(z, l)) ≥ [η(s, z)T (∇sφ(z) +∇lk(z, l))]

(> if s ̸= z)

Here 1 = (1, 1, . . . , 1) ∈ Rn, (epη(s,z)−1) represents (epη1(s,z)−1, epη2(s,z)−1, . . . , epηn(s,z)−
1).

Example 3.2.1 Let Ê = [0.1, 1] ⊂ R. Take φ : Ê → R as φ(s) = log(sin s).

Consider η : Ê × Ê → R as

η(s, z) = log

(
1

1 + z

)
and

b(s, z) = cos2(z).

Let k(z, l) = (z + 1)l where k : Ê ×R → R.

Now φ is higher order B-(1, 1)-invex as

b(s, z)
[
1
r
(er(φ(s)−φ(z)) − 1)− k(z, l) + lT∇lk(z, l)

]
− 1

p
(∇φ(z) +∇lk(z, l))

T (epη(s,z) − 1)

= cos2(z)

(
sin(s)

sin(z)
− 1

)
+ z

(
cot(z)

z + 1
+ 1

)
≥ 0 for all s, z ∈ Ê (see Figure 3.1).

But it is not second-order B-(−1,−1)-invex as

b(s, z)
[
1
r
(er(φ(s)−φ(z)) − 1) + 1

2
lT∇2φ(z)l

]
− 1

p
(∇φ(z) +∇2φ(z)l)T (epη(s,z) − 1)

= − cos2(z)

(
sin(z)

sin(s)
− 1

)
+ z cot(z)− 1

2
l2 cos2(z) csc2(z)

−lz csc2(z)

= − cos2(0.8)

(
sin(0.8)

sin(0.1)
− 1

)
+ (0.8) cot(0.8)− 1

2
l2 cos2(0.8) csc2(0.8)

−l(0.8) csc2(0.8)

= −0.47163l2 − 1.55461l − 2.22503 < 0 for s = 0.1, z = 0.8 and l ∈ R.

Therefore the function φ is higher-order B-(1, 1)-invex function but not second-order

B-(−1,−1)-invex.
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Figure 3.1: graph of function

Remark 3.2.1 The theoretical results has been given for p ̸= 0 and r ̸= 0. Moreover we

will suppose that r > 0.

3.3 Optimality conditions

Theorem 3.3.1 [84] (Necessary conditions) If s∗ is an optimal solution of (NMFPP)

that satisfies s∗TLs∗ > 0, s∗TNs∗ > 0, and ∇hi(s∗), i ∈ I(s∗) are LI, then ∃ (q, ξ∗, ā) ∈
K(s∗), k0 ∈ R+, w, v ∈ Rn and ζ∗ ∈ Rm

+ s.t.

q∑
j=1

ξ∗j {∇d(s∗, āj) + Lw − k0(∇e(s∗, āj)−Nv)}+
m∑
i=1

ζ∗j∇hi(s∗) = 0, (3.3.1)

d(s∗, āj) + (s∗TLs∗)1/2 − k0(e(s
∗, āj)− (s∗TNs∗)1/2) = 0, j = 1, 2, . . . , q, (3.3.2)

m∑
i=1

ζ∗i hi(s
∗) = 0, (3.3.3)

ξ∗j ≥ 0 (j = 1, 2, . . . , q),

q∑
j=1

ξ∗j = 1, (3.3.4)

wTLw ≤ 1, vTNv ≤ 1, (s∗TLs∗)1/2 = s∗TLw, (s∗TNs∗)1/2 = s∗TNv. (3.3.5)
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Theorem 3.3.2 (Sufficient Condition) Let s∗ be a feasible solution of (NMFPP) and ∃ a

positive integer q, 1 ≤ q ≤ n+1, ξ∗ ∈ Rq
+, āj ∈ A(s∗)(j = 1, 2, . . . , q), k0 ∈ R+, w, v ∈ Rn

and ζ∗ ∈ Rm
+ satisfying the relations (3.3.1-3.3.5). Assume that

(i) ϑ(·) = ϑ1(·) +
m∑
i=1

ζ∗i hi(·) is higher-order B-(p, r)-invex at s∗ w.r.t. η and b satisfying

b(s, s∗) > 0 ∀ s ∈ S where ϑ1(·) =
q∑
j=1

ξ∗j [d(·, āj) + (·)TLw − k0(e(·, āj)− (·)TNv)],

(ii) ν(s∗, l∗) ≥ 0 and ∇lν(s
∗, l∗) = 0.

Then, s∗ is an optimal solution of problem (NMFPP).

Proof Suppose s∗ is not an optimal solution of (NMFPP). Then there exists an s̄ ∈ S

such that

sup
ā∈A

d(s̄, ā) + (s̄TLs̄)1/2

e(s̄, ā)− (s̄TNs̄)1/2
< sup

ā∈A

d(s∗, ā) + (s∗TLs∗)1/2

e(s∗, ā)− (s∗TNs∗)1/2
.

Since

sup
ā∈A

d(s∗, ā) + (s∗TLs∗)1/2

e(s∗, ā)− (s∗TNs∗)1/2
=
d(s∗, āj) + (s∗TLs∗)1/2

e(s∗, āj)− (s∗TNs∗)1/2
= k0,

for āj ∈ A(s∗), j = 1, 2, . . . , q and
d(s̄, āj) + (s̄TLs̄)1/2

e(s̄, āj)− (s̄TNs̄)1/2
≤ sup

ā∈A

d(s̄, ā) + (s̄TLs̄)1/2

e(s̄, ā)− (s̄TNs̄)1/2
,

therefore, we get
d(s̄, āj) + (s̄TLs̄)1/2

e(s̄, āj)− (s̄TNs̄)1/2
< k0.

Also ξ∗j ≥ 0, j = 1, 2, . . . , q, ξ∗ ̸= 0 and āj ∈ A(s∗) implies

q∑
j=1

ξ∗j
[
d(s̄, āj) + (s̄TLs̄)1/2 − k0

(
e(s̄, āj)− (s̄TNs̄)1/2

)]
< 0. (3.3.6)

Using Lemma 1.1.1, (3.3.5) and (3.3.6), we obtain

ϑ1(s̄) =

q∑
j=1

ξ∗j
[
d(s̄, āj) + s̄TLw − k0

(
e(s̄, āj)− s̄TNv

)]
≤

q∑
j=1

ξ∗j
[
d(s̄, āj) + (s̄TLs̄)1/2 − k0

(
e(s̄, āj)− (s̄TNs̄)1/2

)]
< 0 = ϑ1(s

∗), (3.3.7)

From hypothesis (i), we acquire

b(s, s∗)
[
1
r
(er(ϑ(s)−ϑ(s

∗))−1)−ν(s∗, l∗)+l∗T∇lν(s
∗, l∗)

]
≥ 1

p

[(
∇ϑ(s∗)+∇lν(s

∗, l∗)
)T (

epη(s,s
∗)−
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1
)]

holds for all s ∈ S, and so for s = s̄. Using (3.3.1), (ii) and b(s̄, s∗) > 0 along with the

inequality above, we have
1
r
(er(ϑ(s̄)−ϑ(s

∗)) − 1)− ν(s∗, l∗) + l∗T∇lν(s
∗, l∗) ≥ 0,

⇒ 1
r
(er(ϑ(s̄)−ϑ(s

∗)) − 1) ≥ ν(s∗, l∗)− l∗T∇lν(s
∗, l∗) ≥ 0, (From hypothesis (ii))

⇒ 1
r
(er(ϑ(s̄)−ϑ(s

∗)) − 1) ≥ 0,

⇒ ϑ(s̄) ≥ ϑ(s∗).

Now,

ϑ1(s̄) = ϑ(s̄)−
m∑
i=1

ζ∗i hi(s̄),

≥ ϑ(s∗), (From above and
m∑
i=1

ζ∗i hi(s̄) ≤ 0)

= ϑ1(s
∗),

that is ϑ1(s̄) ≥ ϑ1(s
∗), which contradicts (3.3.7). Hence the result.

For our convenience, Assume that

ψ1(·) = β1(·) +
m∑
i=1

ζi(hi(·)− hi(c)) (3.3.8)

where

β1(·) =
q∑
j=1

ξj[(e(c, āj)−cTNv)(d(·, āj)+(·)TLw)−(d(c, āj)+c
TLw)(e(·, āj)−(·)TNv)].

3.4 Higher-order duality results

Duality theory is well-developed for nonlinear programming problems. It is exciting to

enhance the second order results to higher-order as it provides tighter bounds when ap-

proximations are used. A unified higher-order dual for NMP was constructed by Ahmad et

al. [12] which was the extension of second-order dual proposed by Mishra and Rueda [94].

Later Ahmad [4] discussed higher-order duality for NMFP problem using generalized con-

vexity assumptions. We have considered a higher-order dual for (NMFPP) problem:

Model-I
max

(q,ξ,ā)∈K(c)
sup

(c,ζ,w,v,l)∈H1(q,ξ,ā)

F (c), (FPD)
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where F (c) = sup
a∈A

d(c, a) + (cTLc)1/2

e(c, a)− (cTNc)1/2
and H1(q, ξ, ā) contains (c, ζ, w, v, l) ∈ Rn × Rm

+ ×

Rn ×Rn ×Rn that satisfy

∇ψ1(c) +∇lϕ1(c, l) = 0, (3.4.1)

m∑
i=1

ζihi(c) + ϕ1(c, l)− lT∇lϕ1(c, l) ≥ 0, (3.4.2)

wTLw ≤ 1, vTNv ≤ 1,

(cTLc)1/2 = cTLw, (cTNc)1/2 = cTNv. (3.4.3)

If H1(q, ξ, ā) = ϕ, then the supremum of F (c) will be −∞.

Now, we acquire the following duality results.

Theorem 3.4.1 (Weak duality) Let s and (c, ζ, w, v, q, ξ, ā, l) be feasible solutions of (NMFPP)

and (FPD), respectively. Suppose

(i) ψ1(·) is higher-order B-(p, r)-invex at c w.r.t. η and b that satisfy b(s, c) > 0 ∀ s ∈ S,

(ii) ϕ1(c, l) = lT∇lϕ1(c, l).

Then

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
≥ F (c).

Proof Assume that

sup
ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
< F (c). (3.4.4)

Since āj ∈ A(c), j = 1, 2, . . . , q, we have

F (c) =
d(c, āj) + (cTLc)1/2

e(c, āj)− (cTNc)1/2
. (3.4.5)

From (3.4.4) and (3.4.5), for j = 1, 2, . . . , q, we get
d(s, āj) + (sTLs)1/2

e(s, āj)− (sTNs)1/2
≤ sup

ā∈A

d(s, ā) + (sTLs)1/2

e(s, ā)− (sTNs)1/2
<
d(c, āj) + (cTLc)1/2

e(c, āj)− (cTNc)1/2
.

Also from ξj ≥ 0, j = 1, 2, . . . , q, ξ ̸= 0 and āj ∈ A(c), we get

q∑
j=1

ξj
[(
e(c, āj)− (cTNc)1/2

)(
d(s, āj) + (sTLs)1/2

)
−

(
d(c, āj) + (cTLc)1/2

)
×
(
e(s, āj)− (sTNs)1/2

)]
< 0. (3.4.6)
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Now,

β1(s) =
q∑
j=1

ξj
[(
e(c, āj)− cTNv

)(
d(s, āj) + sTLw

)
−

(
d(c, āj) + cTLw

)(
e(s, āj)− sTNv

)]
≤

q∑
j=1

ξj
[(
e(c, āj)− (cTNc)1/2

)(
d(s, āj) + (sTLs)1/2

)
−
(
d(c, āj) + (cTLc)1/2

)(
e(s, āj)− (sTNs)1/2

)]
(using Lemma 1.1.1 and (3.4.3))

< 0 (from (3.4.6)).

Therefore,

β1(s) < 0. (3.4.7)

Using (i), we achieve

b(s, c)
[
1
r
(er(ψ1(s)−ψ1(c))−1)−ϕ1(c, l)+ l

T∇lϕ1(c, l)
]
≥ 1

p

[(
∇ψ1(c)+∇lϕ1(c, l)

)T (
epη(s,c)−

1
)]
.

From above, b(s, c) > 0 and (3.4.1), we have

b(s, c)

[
1
r
(er(ψ1(s)−ψ1(c)) − 1)− ϕ1(c, l) + lT∇lϕ1(c, l)

]
≥ 0,

⇒
[
1
r
(er(ψ1(s)−ψ1(c)) − 1)− ϕ1(c, l) + lT∇lϕ1(c, l)

]
≥ 0,

⇒ 1
r
(er(ψ1(s)−ψ1(c)) − 1) ≥ ϕ1(c, l)− lT∇lϕ1(c, l),

⇒ 1
r
(er(ψ1(s)−ψ1(c)) − 1) ≥ 0, (From (ii))

which gives

ψ1(s) ≥ ψ1(c). (3.4.8)

Now,

β1(s) = ψ1(s)−
m∑
i=1

ζi(hi(s)− hi(c)),

≥ ψ1(c) +
m∑
i=1

ζihi(c), (From (3.4.8) and
m∑
i=1

ζihi(s) ≤ 0)

≥ ψ1(c) = 0. (Using hypothesis (ii), (3.3.8) and (3.4.2))

Therefore, β1(s) ≥ 0. This contradicts (3.4.7).

Theorem 3.4.2 (Strong duality) Suppose s∗ is an optimal solution for (NMFPP). Sup-

pose ∇hi(s∗), i ∈ I(s∗) are LI. Assume that

ϕ1(s
∗, 0) = 0 ∇lϕ1(s

∗, 0) = ∇ψ1(s
∗)

Then there exist (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, w∗, v∗, l∗ = 0) ∈ H1(q
∗, ξ∗, ā∗), such that
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(s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is feasible solution of (FPD). Also objectives have equal

values. If suppositions of Theorem 3.4.1 satisfy for all feasible solutions (s, ζ, w, v, q, ξ, ā, l)

of (FPD), then (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is optimal solution of (FPD).

Proof Given that s∗ is optimal solution of (NMFPP). ∇hi(s∗), i ∈ I(s∗) are LI, then by

Theorem 3.3.1, there exist (q∗, ξ∗, ā∗) ∈ K(s∗) and (s∗, ζ∗, w∗, v∗, l∗ = 0) ∈ H1(q
∗, ξ∗, ā∗)

such that (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) is feasible solution of (FPD) and the objectives

gives equal values.

F (s∗) = sup
ā∗∈A

d(s∗, ā∗) + (s∗Ls∗)1/2

e(s∗, ā∗)− (s∗Ns∗)1/2

=
d(s∗, ā∗j) + (s∗Ls∗)1/2

e(s∗, ā∗j)− (s∗Ns∗)1/2

= k0

= ψ(s∗).

Optimality of (s∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗ = 0) for (FPD) follows from Theorem 3.4.1.

Theorem 3.4.3 (Strict converse duality) Let s∗ be an optimal solution of (NMFPP)

and (c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) be an optimal solution of (FPD). Suppose

(i) ψ1(·) is strictly higher-order B-(p, r)-invex at c∗ w.r.t. η and b that satisfy b(s, c∗) > 0

∀ s ∈ S,

(ii) {∇hi(s∗), i ∈ I(s∗)}, are LI,

(iii) ϕ1(c
∗, l∗) = l∗T∇lϕ1(c

∗, l∗).

Then c∗ = s∗.

Proof From (i), we acquire

b(s∗, c∗)
[1
r
(er(ψ1(s∗)−ψ1(c∗)) − 1)− ϕ1(c

∗, l∗) + l∗T∇lϕ1(c
∗, l∗)

]
>

1

p

[(
∇ψ1(c

∗) +∇lϕ1(c
∗, l∗)

)T (
epη(s

∗,c∗) − 1
)]
. (3.4.9)

Using (3.4.1) and hypothesis (iii) in (3.4.9), we get
1
r
(er(ψ1(s∗)−ψ1(c∗)) − 1) > 0,

that is

ψ1(s
∗) > ψ1(c

∗). (3.4.10)

Now,

β1(s
∗) = ψ1(s

∗)−
m∑
i=1

ζ∗i (hi(s
∗)− hi(c

∗)),
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> ψ1(c
∗)−

m∑
i=1

ζ∗i (hi(s
∗)− hi(c

∗)), (From (3.4.10))

≥ ψ1(c
∗) +

m∑
i=1

ζ∗i hi(c
∗), (As

m∑
i=1

ζ∗i hi(s
∗) ≤ 0)

≥ ψ1(c
∗), (Using hypothesis (iii) and (3.4.2)

= β1(c
∗),

that is

β1(s
∗) > β1(c

∗). (3.4.11)

Now, we suppose that c∗ ̸= s∗. As s∗ and (c∗, ζ∗, w∗, v∗, q∗, ξ∗, ā∗, l∗) are optimal solutions

to (NMFPP) and (FPD), respectively, and {∇hi(s∗), i ∈ I(s∗)}, are LI, by Theorem

3.4.2, we get

sup
ā∗∈A

d(s∗, ā∗) + (s∗TLs∗)1/2

e(s∗, ā∗)− (s∗TNs∗)1/2
= F (c∗). (3.4.12)

Since ā∗j ∈ A(c∗), j = 1, 2, . . . , q∗, we have

F (c∗) =
d(c∗, ā∗j) + (c∗TLc∗)1/2

e(c∗, ā∗j)− (c∗TNc∗)1/2
. (3.4.13)

By (3.4.12) and (3.4.13), we get[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−

(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0

for all j = 1, 2, . . . , q∗ and ā∗j ∈ A. From ā∗j ∈ A(c∗) ⊂ A and ξ∗ ∈ Rq∗

+ , with
q∗∑
j=1

ξ∗j = 1, we

obtain
q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−
(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0. (3.4.14)

From Lemma 1.1.1, (3.4.3) and (3.4.14), we have

β1(s
∗) =

q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− c∗TNv∗

)(
d(s∗, ā∗j) + s∗TLw∗)

−
(
d(c∗, ā∗j) + c∗TLw∗)(e(s∗, ā∗j)− s∗TNv∗

)]
≤

q∗∑
j=1

ξ∗j
[(
e(c∗, ā∗j)− (c∗TNc∗)1/2

)(
d(s∗, ā∗j) + (s∗TLs∗)1/2

)
−

(
d(c∗, ā∗j) + (c∗TLc∗)1/2

)(
e(s∗, ā∗j)− (s∗TNs∗)1/2

)]
≤ 0 = β1(c

∗),
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which contradicts (3.4.11), hence the result.

3.5 Example of a minimax problem

Let n = l′ = 1, m = 2 and A = [1, 2].

Let d(s, a) = s4+2s2a+a, e(s, a) = s2+4, L = N = 1, h1(s) = s−3 and h2(s) = −s+1.

Also h(s) ≤ 0 ⇒ s− 3 ≤ 0 and −s+ 1 ≤ 0,

⇒ 1 ≤ s ≤ 3.

Therefore S = {s ∈ R| 1 ≤ s ≤ 3}.

Now d(s, a) + (sTLs)
1
2 = s4 + 2s2a+ a+ |s| > 0

and e(s, a)− (sTNs)
1
2 = s2 + 4− |s| > 0 ∀(s, a) ∈ S × A

where S × A = {(s, a)|1 ≤ s ≤ 3, 1 ≤ a ≤ 2}.
Now the problem (NMFPP) becomes

Minimize ψ(s) = sup
a∈A

s4 + 2s2a+ a+ |s|
s2 + 4− |s|

,

subject to s− 3 ≤ 0,

−s+ 1 ≤ 0,

and 1 ≤ a ≤ 2.

Here A(s) = {2} and K(s) = {(1, 1, 2)}.

In order to calculate minimax solution of (NMFPP) for s∗ ∈ [1, 3], we have considered

the following cases.

Case I: Take s∗ = 3

Using (3.3.2), (3.3.4) and (3.3.5), we get k0 = 12.2, w = v = 1 and ξ∗1 = 1.

Since h1(s
∗) = 0 for s∗ = 3, therefore from (3.3.3), we have ζ∗2h2(s

∗) = 0 which implies

ζ∗2 = 0. Hence from (3.3.1), ζ∗1 = −72 does not satisfy the condition that ζ∗1 ∈ R+.

Case II: Take 1 < s∗ < 3

Using (3.3.3), we obtain ζ∗1 (s
∗− 3)+ ζ∗2 (−s∗+1) = 0 which implies ζ∗2 = ζ∗1

(s∗ − 3)

(s∗ − 1)
. From

(3.3.4), ξ∗1 = 1 and from (3.3.5), we get w2 ≤ 1, v2 ≤ 1, |s∗| = s∗w and |s∗| = s∗v which

implies w = v = 1. By using values of ζ∗2 , ξ
∗
1 , w and v in (3.3.1) and (3.3.2), we get

(4s∗3 + 8s∗ + 1)− (s∗4 + 4s∗2 + 2 + |s∗|)
(s∗2 + 4− |s∗|)

(2s∗ − 1) +
2ζ∗1

(s∗ − 1)
= 0

⇒ (4s∗3 + 8s∗ + 1)− (s∗4 + 4s∗2 + 2 + s∗)

(s∗2 + 4− s∗)
(2s∗ − 1) =

−2ζ∗1
(s∗ − 1)

Since
−2ζ∗1

(s∗ − 1)
≤ 0 for s∗ ∈ (1, 3)
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therefore, (4s∗3 + 8s∗ + 1)− (s∗4 + 4s∗2 + 2 + s∗)

(s∗2 + 4− s∗)
(2s∗ − 1) ≤ 0,

that is (s∗2 + 4− s∗)(4s∗3 + 8s∗ + 1)− (s∗4 + 4s∗2 + 2 + s∗)(2s∗ − 1) ≤ 0

that is 2s∗5 − 3s∗4 + 16s∗3 − 5s∗2 + 28s∗ + 6 ≤ 0, which is not possible for any s∗ ∈ (1, 3).

Therefore s∗ ∈ (1, 3) cannot be a minimax solution.

Case III: Take s∗ = 1

Since h2(s
∗) = 0 for s∗ = 1, therefore from (3.3.3), we have ζ∗1h1(s

∗) = 0 implies ζ∗1 = 0

and using (3.3.4), we get ξ∗1 = 1. By solving (3.3.2), we have k0 = 2 and using (3.3.5), we

obtain w = v = 1. Putting these values in (3.3.1), we get ζ∗2 = 11. Now using w = v = 1

along with ξ∗1 = 1, k0 = 2, ζ∗1 = 0 and ζ∗2 = 11, we can check that all these values satisfy

the necessary conditions for a minimax solution. Therefore s∗ = 1 is the only candidate

for a minimax solution.

Now we will justify that s∗ = 1 is an optimal solution of (NMFPP). For this we will show

that ϑ(·) is higher-order B-(p, r)-invex function at s∗.

Here ϑ(·) =
q∑
j=1

ξ∗j [d(·, āj) + (·)TLw − k0(e(·, āj)− (·)TNv) +
m∑
i=1

ζ∗i (hi(·)),

= [((·)4 + 4(·)2 + 2 + (·)w)− k0((·)2 + 4− (·)v) + ζ∗1 ((·)− 3) + ζ∗2 (−(·) + 1)],

Using w = v = 1, k0 = 2 and ζ∗1 = 0 and ζ∗2 = 11, we get

ϑ(·) = [((·)4 + 4(·)2 + 2 + (·))− 2((·)2 + 4− (·)) + 11(−(·) + 1)],

= (·)4 + 2(·)2 − 8(·) + 5,

which is convex and hence higher-order B-(p, r)-invex at s∗ = 1. By taking q = 1, ξ∗1 =

1, w = v = 1, k0 = 2, ζ∗1 = 0 and ζ∗2 = 11, the sufficient conditions of the theorem are

easily verified and s∗ = 1 is a minimax solution.

Now we will formulate dual model (FPD) for (NMFPP) problem.

Let ϕ1(c, l) = (c+ 1)l. From (FPD), we have

max
(q,ξ,ā)∈K(c)

sup
(c,ζ,w,v,l)∈H1(q,ξ,ā)

F (c),

where F (c) = sup
a∈A

c4 + 2c2a+ a+ |c|
c2 + 4− |c|

and H1(q, ξ, ā) contains (c, ζ, w, v, l) ∈ R×R2
+ ×R×R×R that satisfy

2c5 − 3c4v + 16c3 − (4v + w)c2 + 29c+ 4w + 2v + ζ1 − ζ2 + 1 = 0,

ζ1(c− 3) + ζ2(−c+ 1) ≥ 0,

w2 ≤ 1, v2 ≤ 1,

|c| = cw, |c| = cv.
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3.6 Special cases

(i) If we take ϕ1(c, l) = 1
2
lT∇2ψ1(c)l in (FPD) then, our dual will be reduced to the

second-order dual given by Gupta et al. [50].

(ii) If l = 0, then the dual model (FPD) reduces to the problems studied in [7, 66,83].

(iii) If l = 0 and L and N are zero matrices of order n, then (FPD) becomes the dual

problem given in [87,88].

3.7 Conclusion

We proposed a higher-order dual for (NMFPP) and proved duality results with higher-

order B-(p, r)-invexity. An illustration of higher-order B-(p, r)-invex function has been

given. Also we have solved a NMFP problem using optimality conditions.
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Chapter 4

Parametric approach for a class of fractional

variational programs involving support func-

tions

4.1 Introduction

Duality results have been applied to several problems of calculus of variations that arises

in physics, filtering and optimal control theory. The purpose of calculus of variations is to

provide analytical methods to find maxima or minima of functionals. Several physical laws

can be derived from mathematical principles to the effect that a certain functional acquires

a maximum and minimum. The connection between mathematical programming and the

classical calculus of variations was examined by [59]. Mond and Hanson [101] discussed

the results of duality for VP using convexity. A symmetric dual pair for NMFVP problems

was considered by Mishra et al. [96]. Mititelu and Stancu-Minasian [98] studied duality for

MFVP problems and used a parametric approach in order to relate ESs of MFVP problem

and a non-fractional problem. Kailey and Gupta [73] achieved appropriate duality relations

for symmetric NMFVP with arbitrary cones using generalized (F, α, ρ, d)-convexity. Mond-

Weir and Wolfe duals for MVP were studied by Antczak [15].

Second-order duality models for VP problems were formulated by Chen [29]. Second-

order Mond-Weir dual for VP was explored by Husain et al. [63]. Later Gulati and Mehndi-

ratta [57] provided a modified version of converse duality which was studied by Husain et

al. [63]. Symmetric second-order duals for VP were constructed by Padhan et al. [110] and

relations between primal and dual were proved under generalized invexity. Second-order

(F, α, ρ, θ)-convexity for VP was introduced by Jayswal et al. [71] and various duality re-

sults were derived for VP and its second-order dual. Jayswal and Jha [67] constructed

symmetric second-order dual for FVP involving cone constraints.

In this chapter, we study second-order duality for NMFVP problem with second-

order (F, α, ρ, d)-pseudoconvexity suppositions. Section 4.2 reviews the definitions. An

illustration showing the existence of second-order (F, α, ρ, d)-pseudoconvexity has been
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provided. Symmetric second-order duality for NMFVP and results are discussed with

aforesaid suppositions in Section 4.4. Also an illustration which corroborate weak duality

is obtained. The chapter closes with conclusions in Section 4.6.

4.2 Notations and preliminaries

Let B = [c, d] be a real interval. Let C1 ⊂ Rn, C2 ⊂ Rm be closed convex cones

with nonempty interiors and their respective positive polar cones are C∗
1 and C∗

2 . Let

hi(t, w(t), ẇ(t), s(t), ṡ(t)) and ei(t, w(t), ẇ(t), s(t), ṡ(t)) are C2 functions ∀ i ∈ L̂ = {1, 2, . . . , l},
where w : B → Rn and s : B → Rm with derivatives ẇ and ṡ. For i ∈ L̂, the symbols

hiw, h
i
ẇ, h

i
s, h

i
ṡ signifies gradient vectors of h

i(t, w, ẇ, s, ṡ) with respect to w, ẇ, s and ṡ, re-

spectively. We have

hiw =

(
∂hi

∂w1
, . . . ,

∂hi

∂wn

)T

, hiẇ =

(
∂hi

∂ẇ1
, . . . ,

∂hi

∂ẇn

)T

Similarly, eiw, e
i
ẇ, e

i
s and e

i
ṡ signifies the gradient vectors of ei(t, w, ẇ, s, ṡ) with respect to

w, ẇ, s and ṡ, respectively.

These observations are considered to establish Theorem 4.4.2:

Dhiṡ = hiṡt + hiṡsṡ+ hiṡṡs̈+ hiṡwẇ + hiṡẇẅ.

Consequently,
∂
∂s
Dhiṡ = Dhiṡs,

∂
∂ṡ
Dhiṡ = Dhiṡṡ + hiṡs,

∂
∂s̈
Dhiṡ = hiṡṡ,

∂
∂w
Dhiṡ = Dhiṡw,

∂
∂ẇ
Dhiṡ = Dhiṡẇ + hiṡw,

∂
∂ẅ
Dhiṡ = hiṡẇ, i ∈ L̂.

Similarly, Deiṡ can be defined.

Let W (B,Rn) denotes the space of piecewise smooth functions w with the norm

||w|| = ||w||∞ + ||Dw||∞.

Here the differentiation operator D is defined as

ϑ = Dw ⇔ w(t) = µ1 +
t∫
c

ϑ(g)dg,

where µ1 is a given boundary value. So, d
dt

≡ D except at discontinuities. The space of

piecewise smooth functions s : B → Rm is denoted with Š(B,Rm) with the same norm as

defined for W (B,Rn).

Consider the following MVP problem:

(MVP1)Minimize
d∫
c

φ(t, w(t), ẇ(t))dt =
( d∫
c

φ1(t, w(t), ẇ(t))dt, . . . ,
d∫
c

φl(t, w(t), ẇ(t))dt
)

subject to w(c) = 0 = w(d),

ẇ(c) = 0 = ẇ(d),
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ζ(t, w(t), ẇ(t)) 5 0, t ∈ B.

Here φ : B ×Rn ×Rn → Rl and ζ : B ×Rn ×Rn → Rm are differentiable functions.

Let Ŝ contains feasible solutions of (MVP1),i.e.,

Ŝ = {w ∈ W (B,Rn)| w(c) = 0 = w(d), ẇ(c) = 0 = ẇ(d), ζ(t, w(t), ẇ(t)) 5 0, t ∈ B}.

Definition 4.2.1 [73] A point w̄ ∈ Ŝ is an ES of (MVP1) if @ w ∈ Ŝ s.t.
d∫
c

φ(t, w(t), ẇ(t))dt ≤
d∫
c

φ(t, w̄(t), ˙̄w(t))dt.

Definition 4.2.2 [73] A point w̄ ∈ Ŝ is a WES of (MVP1) if @ w ∈ Ŝ s.t.
d∫
c

φ(t, w(t), ẇ(t))dt <
d∫
c

φ(t, w̄(t), ˙̄w(t))dt.

Definition 4.2.3 [73] A functional F : B×W×W×W×W×Rn → R is called sublinear

in sixth argument, if ∀ w, ẇ, z, ż ∈ W,

(i) F (t, w, ẇ, z, ż; ν1 + ν2) 5 F (t, w, ẇ, z, ż; ν1) + F (t, w, ẇ, z, ż; ν2),∀ ν1, ν2 ∈ Rn

(ii) F (t, w, ẇ, z, ż; a1ν) = a1F (t, w, ẇ, z, ż; ν),∀ a1 ∈ R+ and ν ∈ Rn.

Let F and G be functionals sublinear in sixth argument. Let d = (d1, d2), where d1 =

(d11, d
1
2, . . . , d

1
l ) : B×W×W×W×W → Rl, d2 = (d21, d

2
2, . . . , d

2
l ) : B× Š×Š×Š×Š → Rl.

Let h = (h1, h2, . . . , hl) : B×W×W×Š×Š → Rl be a differentiable function, α = (α1, α2),

where α1 : W × W → R+ \ {0}, α2 : Š × Š → R+ \ {0} and ρ = (ρ1, ρ2), where

ρ1 = (ρ11, ρ
1
2, . . . , ρ

1
l ), ρ

2 = (ρ21, ρ
2
2, . . . , ρ

2
l ) ∈ Rl.

Definition 4.2.4 For every i ∈ L̂,
d∫
c

hi(t, w, ẇ, s, ṡ)dt is called second-order (F, α1, ρ
1
i , d

1
i )-

pseudoconvex at z for fixed s and ṡ, if ∀ w, ẇ ∈ W and qi ∈ Rn,
d∫
c

F (t, w, ẇ, z, ż;α1(w, z)(h
i
w(t, z, ż, s, ṡ)−Dhiẇ(t, z, ż, s, ṡ) +M iqi(t)))dt = 0

⇒
d∫
c

hi(t, w, ẇ, s, ṡ)dt =
d∫
c

hi(t, z, ż, s, ṡ)dt− 1
2

d∫
c

qi(t)TM iqi(t)dt+ ρ1i

d∫
c

(d1i (t, w, ẇ, z, ż))
2dt

where M i = hiww(t, z, ż, s, ṡ)−Dhiwẇ(t, z, ż, s, ṡ), t ∈ B.

Remark 4.2.1 (i) If we take qi(t) = 0 in above definition, then it will be reduced to the

definition of (F, α1, ρ
1
i , d

1
i )-pseudoconvex functions given by [73].

(ii) With (i), consider F (t, w, ẇ, z, ż; a) = η(t, w, ẇ, z, ż)Ta, α1(w, z) = 1 and ρ1i = 0

then it will become the definition of pseudoinvex functions studied by [79].
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4.3 Example

Many optimization problems exist in the literature which includes nonconvex functions and

functionals. Therefore it is essential to generalize the concept of convexity. In this work,

we considered second-order (F, α, ρ, d)-pseudoconvexity. Now we construct an illustration

which shows the existence of aforementioned functions.

Example 4.3.1 Let B = [0, 1]. Let W, Š be the space of piecewise smooth functions

w : B → [0,∞) and s : B → [0,∞) respectively. For i = 1, define h1(t, w, ẇ, s, ṡ) :

B×W×W×Š×Š → R as h1(t, w, ẇ, s, ṡ) = w4−w+sin

(
w

2

)
+s. Consider the functional

F : B ×W ×W ×W ×W ×R → R be defined as F (t, w, ẇ, z, ż; ν) = −ν(w + z + 1) and

α1 : W ×W → R+ \ {0} be defined as α1(w, z) =
1

w + z + 1
.

Take d11(t, w, ẇ, z, ż) = (w + z)
1
2 and ρ11 = −6.

Since
1∫
0

F (t, w, ẇ, z, ż;α1(w, z)(h
1
w(t, z, ż, s, ṡ)−Dh1ẇ(t, z, ż, s, ṡ) +M1q1(t)))dt,

=
1∫
0

(
−4z3+1−1

2
cos

(
z

2

)
−
(
12z2−1

4
sin

(
z

2

))
q1(t)

)
dt = 0 for w(t) ∈ W, z(t) = 0

and q1(t) ∈ R

and
1∫
0

h1(t, w, ẇ, s, ṡ)dt−
1∫
0

h1(t, z, ż, s, ṡ)dt+ 1
2

1∫
0

q1(t)TM1q1(t)dt−ρ11
1∫
0

(d11(t, w, ẇ, z, ż))
2dt

=
1∫
0

(
w4 − w + sin

(
w

2

)
+ s− z4 + z − sin

(
z

2

)
− s+

1

2

(
12z2 − 1

4
sin

(
z

2

))
(q1(t))2 +

6(w + z)

)
dt

=
1∫
0

(
w4 − w + sin

(
w

2

)
+ 6w

)
dt = 0 for w(t) ∈ W, z(t) = 0 and q1(t) ∈ R

where M1 = h1ww(t, z, ż, s, ṡ)−Dh1wẇ(t, z, ż, s, ṡ),

Therefore, the functional
1∫
0

h1(t, w, ẇ, s, ṡ)dt is second-order (F, α1, ρ
1
1, d

1
1)-pseudoconvex at

z(t) = 0, But it is not second-order F -pseudoconvex at z(t) = 0 as
1∫
0

F (t, w, ẇ, z, ż;h1w(t, z, ż, s, ṡ)−Dh1ẇ(t, z, ż, s, ṡ) +M1q1(t))dt = 0,

but
1∫
0

h1(t, w, ẇ, s, ṡ)dt−
1∫
0

h1(t, z, ż, s, ṡ)dt+ 1
2

1∫
0

q1(t)TM1q1(t)dt

=
1∫
0

(
w4 −w+ sin

(
w

2

)
− z4 + z− sin

(
z

2

)
+

1

2
(12z2 − 1

4
sin

(
z

2

)
)(q1(t))2

)
dt � 0 for all

w ∈ W and q1(t) ∈ R.
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4.4 Dual formulation

We construct the following second-order symmetric NMFVP problem and its dual with

cone constraints.

Primal Problem (MFVP1)

Minimize
d∫
c

[h(t, w, ẇ, s, ṡ) + S(w|E)− sTu− 1
2
p(t)T R̂p(t)]dt

d∫
c

[e(t, w, ẇ, s, ṡ)− S(w|A) + sTv − 1
2
p(t)THp(t)]dt

=

( d∫
c
[h1(t,w,ẇ,s,ṡ)+S(w|E1)−sTu1− 1

2
(p1(t))TR1p1(t)]dt

d∫
c
[e1(t,w,ẇ,s,ṡ)−S(w|A1)+sT v1− 1

2
(p1(t))TH1p1(t)]dt

, . . . ,

d∫
c
[hl(t,w,ẇ,s,ṡ)+S(w|El)−sTul− 1

2
(pl(t))TRlp

l(t)]dt

d∫
c
[el(t,w,ẇ,s,ṡ)−S(w|Al)+sT vl− 1

2
(pl(t))THlpl(t)]dt

)
subject to

w(c) = 0 = w(d), s(c) = 0 = s(d),

ẇ(c) = 0 = ẇ(d), ṡ(c) = 0 = ṡ(d),

−
l∑

i=1

λi

{[
his −Dhiṡ − ui +Rip

i(t)]− [eis −Deiṡ + vi +Hip
i(t)

]Bi(w, s)

Ci(w, s)

}
∈ C∗

2 , t ∈ B,

sT
l∑

i=1

λi

{[
his −Dhiṡ − ui +Rip

i(t)]− [eis −Deiṡ + vi +Hip
i(t)

]Bi(w, s)

Ci(w, s)

}
= 0, t ∈ B,

λ > 0, w(t) ∈ C1, t ∈ B,

ui ∈ Yi, v
i ∈ Zi, i ∈ L̂.

Dual Problem (MFVD1)

Maximize
d∫
c

[h(t, z, ż, r, ṙ)− S(r|Y ) + zTx− 1
2
q(t)TJq(t)]dt

d∫
c

[e(t, z, ż, r, ṙ) + S(r|Z)− zTy − 1
2
q(t)TKq(t)]dt

=

( d∫
c
[h1(t,z,ż,r,ṙ)−S(r|Y1)+zT x1− 1

2
(q1(t))T J1q1(t)]dt

d∫
c
[e1(t,z,ż,r,ṙ)+S(r|Z1)−zT y1− 1

2
(q1(t))TK1q1(t)]dt

, . . . ,

d∫
c
[hl(t,z,ż,r,ṙ)−S(r|Yl)+zT xl− 1

2
(ql(t))T Jlq

l(t)]dt

d∫
c
[el(t,z,ż,r,ṙ)+S(r|Zl)−zT yl− 1

2
(ql(t))TKlql(t)]dt

)
subject to

z(c) = 0 = z(d), r(c) = 0 = r(d),

ż(c) = 0 = ż(d), ṙ(c) = 0 = ṙ(d),
l∑

i=1

λi

{[
hiw −Dhiẇ + xi + Jiq

i(t)]− [eiw −Deiẇ − yi +Kiq
i(t)

] Li(z, r)
N i(z, r)

}
∈ C∗

1 , t ∈ B

zT
l∑

i=1

λi

{[
hiw −Dhiẇ + xi + Jiq

i(t)]− [eiw −Deiẇ − yi +Kiq
i(t)

] Li(z, r)
N i(z, r)

}
5 0, t ∈ B

λ > 0, r(t) ∈ C2, t ∈ B

xi ∈ Ei, y
i ∈ Ai, i ∈ L̂,
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where

(i) hi : B ×W ×W × Š × Š → R+ and ei : B ×W ×W × Š × Š → R+ \ {0}, i ∈ L̂,

are C2 functions,

(ii) Ri(t, w, ẇ, ẅ, s, ṡ, s̈) = hiss(t, w, ẇ, s, ṡ)−Dhisṡ(t, w, ẇ, s, ṡ), t ∈ B,

(iii) Hi(t, w, ẇ, ẅ, s, ṡ, s̈) = eiss(t, w, ẇ, s, ṡ)−Deisṡ(t, w, ẇ, s, ṡ), t ∈ B,

(iv) Ji(t, z, ż, z̈, r, ṙ, r̈) = hiww(t, z, ż, r, ṙ)−Dhiwẇ(t, z, ż, r, ṙ), t ∈ B,

(v) Ki(t, z, ż, z̈, r, ṙ, r̈) = eiww(t, z, ż, r, ṙ)−Deiwẇ(t, z, ż, r, ṙ), t ∈ B,

(vi) Ei, Ai, Yi and Zi are compact convex sets in Rn, Rn, Rm and Rm respectively,

(vii) pi : B → Rm and qi : B → Rn for i ∈ L̂.

and

Bi(w, s) =
d∫
c

[hi(t, w, ẇ, s, ṡ) + S(w|Ei)− sTui − 1
2
(pi(t))TRip

i(t)]dt,

Ci(w, s) =
d∫
c

[ei(t, w, ẇ, s, ṡ)− S(w|Ai) + sTvi − 1
2
(pi(t))THip

i(t)]dt,

Li(z, r) =
d∫
c

[hi(t, z, ż, r, ṙ)− S(r|Yi) + zTxi − 1
2
(qi(t))TJiq

i(t)]dt,

N i(z, r) =
d∫
c

[ei(t, z, ż, r, ṙ) + S(r|Zi)− zTyi − 1
2
(qi(t))TKiq

i(t)]dt.

Assume that

Ci(w, s) > 0, Bi(w, s) = 0, N i(z, r) > 0, Li(z, r) = 0, ∀ i ∈ L̂,

and let

ki =
Bi(w, s)

Ci(w, s)
=

d∫
c

[hi(t, w, ẇ, s, ṡ) + S(w|Ei)− sTui − 1
2
(pi(t))TRip

i(t)]dt

d∫
c

[ei(t, w, ẇ, s, ṡ)− S(w|Ai) + sTvi − 1
2
(pi(t))THipi(t)]dt

and

ni =
Li(z, r)

N i(z, r)
=

d∫
c

[hi(t, z, ż, r, ṙ)− S(r|Yi) + zTxi − 1
2
(qi(t))TJiq

i(t)]dt

d∫
c

[ei(t, z, ż, r, ṙ) + S(r|Zi)− zTyi − 1
2
(qi(t))TKiqi(t)]dt

.

Express problems (MFVP1) and (MFVD1) equivalently as follows:

(EMFVP)

Minimize k = (k1, k2, . . . , kl)

subject to

w(c) = 0 = w(d), s(c) = 0 = s(d) (4.4.1)

ẇ(c) = 0 = ẇ(d), ṡ(c) = 0 = ṡ(d) (4.4.2)
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d∫
c

[hi(t, w, ẇ, s, ṡ) + S(w|Ei) − sTui − 1
2
(pi(t))TRip

i(t)]dt−ki
d∫
c

[ei(t, w, ẇ, s, ṡ) − S(w|Ai) +

sTvi − 1
2
(pi(t))THip

i(t)]dt= 0, (4.4.3)

−
l∑

i=1

λi{[his −Dhiṡ − ui +Rip
i(t)]− ki[e

i
s −Deiṡ + vi +Hip

i(t)]} ∈ C∗
2 , t ∈ B (4.4.4)

sT
l∑

i=1

λi{[his −Dhiṡ − ui +Rip
i(t)]− ki[e

i
s −Deiṡ + vi +Hip

i(t)]} = 0, t ∈ B (4.4.5)

λ > 0, w(t) ∈ C1, t ∈ B (4.4.6)

ui ∈ Yi, v
i ∈ Zi, i ∈ L̂. (4.4.7)

(EMFVD)

Maximize n = (n1, n2, . . . , nl)

subject to

z(c) = 0 = z(d), r(c) = 0 = r(d) (4.4.8)

ż(c) = 0 = ż(d), ṙ(c) = 0 = ṙ(d) (4.4.9)
d∫
c

[hi(t, z, ż, r, ṙ)−S(r|Yi)+zTxi− 1
2
(qi(t))TJiq

i(t)]dt−ni
d∫
c

[ei(t, z, ż, r, ṙ)+S(r|Zi)−zTyi−
1
2
(qi(t))TKiq

i(t)]dt= 0, (4.4.10)
l∑

i=1

λi{[hiw −Dhiẇ + xi + Jiq
i(t)]− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]} ∈ C∗
1 , t ∈ B (4.4.11)

zT
l∑

i=1

λi{[hiw −Dhiẇ + xi + Jiq
i(t)]− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]} 5 0, t ∈ B (4.4.12)

λ > 0, r(t) ∈ C2, t ∈ B (4.4.13)

xi ∈ Ei, y
i ∈ Ai, i ∈ L̂. (4.4.14)

In (EMFVP) and (EMFVD), it can be seen that k and n are nonnegative. Let P

and Q contain feasible solutions of (EMFVP) and (EMFVD), respectively. Various

duality results are established for (EMFVP) and (EMFVD) that are equally applicable

to (MFVP1) and (MFVD1).

Theorem 4.4.1 (Weak Duality) Let (w, s, k, λ, u, v, p) ∈ P and (z, r, n, λ, x, y, q) ∈ Q. Let

the sublinear functionals F : B×W×W×W×W×Rn → R and G : B×Š×Š×Š×Š×Rm →
R satisfy the following conditions:

F (t, w, ẇ, z, ż; a) + α−1
1 aT z = 0, ∀a ∈ C∗

1 , t ∈ B (4.4.15)

G(t, r, ṙ, s, ṡ; b) + α−1
2 bT s = 0, ∀b ∈ C∗

2 , t ∈ B (4.4.16)

Suppose that

(i)
l∑

i=1

λi
d∫
c

{(hi(t, ·, ·, r, ṙ)+(·)Txi)−ni(ei(t, ·, ·, r, ṙ)−(·)Tyi)}dt is second-order (F, α1, ρ
1
i , d

1
i )-

pseudoconvex at z,
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(ii)
l∑

i=1

λi
d∫
c

{(−hi(t, w, ẇ, ·, ·) + (·)Tui) + ki(e
i(t, w, ẇ, ·, ·) + (·)Tvi)}dt is second-order

(G,α2, ρ
2
i , d

2
i )-pseudoconvex at s,

(iii) either
l∑

i=1

λiρ
1
i

d∫
c

[d1i (t, w, ẇ, z, ż)]
2dt+

l∑
i=1

λiρ
2
i

d∫
c

[d2i (t, r, ṙ, s, ṡ)]
2dt = 0 or ρ1i = 0 & ρ2i =

0, i ∈ L̂,

(iv)
d∫
c

(ei(t, w, ẇ, r, ṙ)− S(w|Ai) + rTvi)dt > 0, ∀ i ∈ L̂

Then,

k � n.

Proof Given that (w, s, k, λ, u, v, p) and (z, r, n, λ, x, y, q) are feasible solutions for (EM-

FVP) and (EMFVD) respectively.

Using α1(w, z) > 0 and (4.4.11), consider

a = α1(w, z)
l∑

i=1

λi{hiw −Dhiẇ + xi + Jiq
i(t)− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]} ∈ C∗
1 , t ∈ B,

and so from (4.4.15), we get

F (t, w, ẇ, z, ż;α1(w, z)
l∑

i=1

λi{hiw −Dhiẇ + xi + Jiq
i(t)− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]})

= −zT
l∑

i=1

λi{hiw −Dhiẇ + xi + Jiq
i(t)− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]}

= 0, (from (4.4.12))

which on using sublinearity of F and λi > 0, i ∈ L̂ becomes
l∑

i=1

λiF (t, w, ẇ, z, ż;α1(w, z){hiw −Dhiẇ + xi + Jiq
i(t)− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]}) = 0,

that is
l∑

i=1

λi
d∫
c

F (t, w, ẇ, z, ż;α1(w, z){hiw−Dhiẇ+xi+Jiqi(t)−ni[eiw−Deiẇ−yi+Kiq
i(t)]})dt = 0.

(4.4.17)

Also second-order (F, α1, ρ
1
i , d

1
i )-pseudoconvexity of

l∑
i=1

λi
d∫
c

{(hi(t, ·, ·, r, ṙ) + (·)Txi)

− ni(e
i(t, ·, ·, r, ṙ)− (·)Tyi)}dt in w and ẇ for fixed r and ṙ gives

l∑
i=1

λi
d∫
c

{(hi(t, w, ẇ, r, ṙ) +wTxi)−ni(e
i(t, w, ẇ, r, ṙ)−wTyi)}dt−

l∑
i=1

λi
d∫
c

{(hi(t, z, ż, r, ṙ) +

zTxi)− ni(e
i(t, z, ż, r, ṙ)− zTyi)}dt+

l∑
i=1

λi
d∫
c

(1
2
qi(t)TJiq

i(t)− ni(
1
2
qi(t)TKiq

i(t)))dt =
l∑

i=1

λiρ
1
i

d∫
c

[d1i (t, w, ẇ, z, ż)]
2dt (4.4.18)

Substituting wTxi 5 S(w|Ei), xi ∈ Ei and w
Tyi 5 S(w|Ai), yi ∈ Ai, i ∈ L̂, (4.4.18) can

be written as
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l∑
i=1

λi
d∫
c

{(hi(t, w, ẇ, r, ṙ)+S(w|Ei))−ni(ei(t, w, ẇ, r, ṙ)−S(w|Ai))}dt−
l∑

i=1

λi
d∫
c

{(hi(t, z, ż, r, ṙ)+

zTxi)− ni(e
i(t, z, ż, r, ṙ)− zTyi)}dt+

l∑
i=1

λi
d∫
c

(1
2
qi(t)TJiq

i(t)− ni(
1
2
qi(t)TKiq

i(t)))dt =
l∑

i=1

λiρ
1
i

d∫
c

[d1i (t, w, ẇ, z, ż)]
2dt.

Using (4.4.10) along with rTvi 5 S(r|Zi), vi ∈ Zi, i ∈ L̂ in above inequality, we get
l∑

i=1

λi
d∫
c

{(hi(t, w, ẇ, r, ṙ) + S(w|Ei)− S(r|Yi)))− ni(e
i(t, w, ẇ, r, ṙ)− S(w|Ai) + rTvi)}dt

=
l∑

i=1

λiρ
1
i

d∫
c

[d1i (t, w, ẇ, z, ż)]
2dt. (4.4.19)

Again using (4.4.4) and α2(r, s) > 0, take b = −α2(r, s)
l∑

i=1

λi{[his −Dhiṡ − ui + Ripi(t)]−

ki[e
i
s −Dgiṡ + vi +Hip

i(t)]} ∈ C∗
2 , t ∈ B

From (4.4.16), we obtain

G(t, r, ṙ, s, ṡ;−α2(r, s)
l∑

i=1

λi{[his −Dhiṡ − ui +Ripi(t)]− ki[e
i
s −Dgiṡ + vi +Hip

i(t)]})

= sT
l∑

i=1

λi{[his −Dhiṡ − ui +Ripi(t)]− ki[e
i
s −Dgiṡ + vi +Hip

i(t)]}

= 0. (from (4.4.5))

Now sublinearity of G and λi > 0, i ∈ L̂ gives
l∑

i=1

λiG(t, r, ṙ, s, ṡ;−α2(r, s){[his −Dhiṡ − ui +Ripi(t)]− ki[e
i
s −Dgiṡ + vi +Hip

i(t)]}) = 0

which implies
l∑

i=1

λi
d∫
c

G(t, r, ṙ, s, ṡ;−α2(r, s){[his−Dhiṡ−ui+Ripi(t)]−ki[eis−Dgiṡ+vi+Hip
i(t)]})dt = 0.

(4.4.20)

Using hypothesis (ii), we have
l∑

i=1

λi
d∫
c

{−hi(t, w, ẇ, r, ṙ)+ rTui+ki(ei(t, w, ẇ, r, ṙ)+ rTvi)}dt−
l∑

i=1

λi
d∫
c

{−hi(t, w, ẇ, s, ṡ)+

sTui + ki(e
i(t, w, ẇ, s, ṡ) + sTvi)}dt−

l∑
i=1

λi
d∫
c

(1
2
pi(t)TRip

i(t)− ki(
1
2
pi(t)THip

i(t)))dt

=
l∑

i=1

λiρ
2
i

d∫
c

[d2i (t, r, ṙ, s, ṡ)]
2dt. (4.4.21)

Now (4.4.3), rTui 5 S(r|Yi), ui ∈ Yi, i ∈ L̂, and (4.4.21) yields
l∑

i=1

λi
d∫
c

{−hi(t, w, ẇ, r, ṙ)− S(w|Ei) + S(r|Yi) + ki(e
i(t, w, ẇ, r, ṙ)− S(w|Ai) + rTvi)}dt

=
l∑

i=1

λiρ
2
i

d∫
c

[d2i (t, r, ṙ, s, ṡ)]
2dt. (4.4.22)

Adding (4.4.19) and (4.4.22) and from (iii), we get
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l∑
i=1

λi(ki − ni)
d∫
c

(ei(t, w, ẇ, r, ṙ)− S(w|Ai) + rTvi)dt = 0. (4.4.23)

If ∀ i ∈ L̂, ki 5 ni and kj < nj for some j ∈ L̂, then from λ > 0 and assumption (iv) we

get
l∑

i=1

λi(ki − ni)
d∫
c

ei(t, w, ẇ, r, ṙ)− S(w|Ai) + rTvi)dt < 0,

which contradicts (4.4.23). Hence k � n.

We have explored duality relations between variational fractional problems and second-

order dual. An illustration is constructed below to validate the theoretical results obtained

in this chapter.

Example 4.4.1 Let B = [0, 1]. Let W, Š be the space of piecewise smooth functions

w : B → [0,∞) and s : B → [0,∞) respectively. Suppose that C1 = C2 = [0,∞), hence

C∗
1 = C∗

2 = [0,∞). Let n = m = 1 and l = 2, therefore L̂ = {1, 2}.

Let the functions hi : B ×W ×W × Š × Š → R+ and ei : B ×W ×W × Š × Š →

R+ \ {0}, i ∈ L̂ be defined as h1 = w + s+ 2, h2 = w2 + 2, e1 = s+ 1, e2 = w + 1.

Hence Ri = Hi = Ki = 0 for i = 1, 2 and J1 = 0, J2 = 2.

Let the functionals F : B×W ×W ×W ×W ×R → R and G : B× Š× Š× Š× Š×R → R

be considered as F (t, w, ẇ, z, ż; a) = a(w + z + 1) and G(t, r, ṙ, s, ṡ; b) = b(r + s+ 1).

Assume that α1 : W ×W → R+ \{0} and α2 : Š× Š → R+ \{0} are defined as α1(w, z) =
1

(w + z + 1)
and α2(r, s) =

1

(r + s+ 1)
respectively. Take ρ11 = ρ21 =

1
3
, ρ12 = ρ22 = 1.

Suppose Ei = Ai = Yi = Zi = {0} and hence S(w|Ei) = S(w|Ai) = S(r|Yi) = S(r|Zi) = 0.

Also d1 : B×W×W×W×W → R2 is defined by d1(t, w, ẇ, z, ż) = (d11(t, w, ẇ, z, ż), d
1
2(t, w, ẇ, z, ż))

where d11(t, w, ẇ, z, ż) = (w2 + z2)
1
2 and d12(t, w, ẇ, z, ż) = (w + z)

1
2 ,

and

d2 : B × Š × Š × Š × Š → R2 is defined by d2(t, r, ṙ, s, ṡ) = (d21(t, r, ṙ, s, ṡ), d
2
2(t, r, ṙ, s, ṡ))

where d21(t, r, ṙ, s, ṡ) = (r + s)
1
2 and d22(t, r, ṙ, s, ṡ) = (r + s)

1
2 . Therefore, problems (EM-

FVP) and (EMFVD) becomes

Minimize k = (k1, k2)

subject to w(0) = 0 = w(1), s(0) = 0 = s(1)

ẇ(0) = 0 = ẇ(1), ṡ(0) = 0 = ṡ(1)
1∫
0

(w + s+ 2)dt− k1
1∫
0

(s+ 1)dt = 0

1∫
0

(w2 + 2)dt− k2
1∫
0

(w + 1)dt = 0

−λ1[1− k1] ∈ C∗
2 , t ∈ B
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sλ1(1− k1) = 0, t ∈ B

λ = (λ1, λ2) > 0, w(t) ∈ C1, t ∈ B

and

Maximize n = (n1, n2)

subject to z(0) = 0 = z(1), r(0) = 0 = r(1)

ż(0) = 0 = ż(1), ṙ(0) = 0 = ṙ(1)
1∫
0

(z + r + 2)dt− n1

1∫
0

(r + 1)dt = 0

1∫
0

(z2 + 2− (q2(t))2)dt− n2

1∫
0

(z + 1)dt = 0

λ1 + λ2(2z + 2q2(t)− n2) ∈ C∗
1 , t ∈ B

z[λ1 + λ2(2z + 2q2(t)− n2)] 5 0, t ∈ B

λ = (λ1, λ2) > 0, r(t) ∈ C2, t ∈ B

where B1 =
1∫
0

(w + s+ 2)dt B2 =
1∫
0

(w2 + 2)dt,

C1 =
1∫
0

(s+ 1)dt C2 =
1∫
0

(w + 1)dt,

L1 =
1∫
0

(z + r + 2)dt L2 =
1∫
0

(z2 + 2− (q2(t))2)dt,

N1 =
1∫
0

(r + 1)dt N2 =
1∫
0

(z + 1)dt

and

k1 =
B1(w, s)

C1(w, s)
=

1∫
0

(w + s+ 2)dt

1∫
0

(s+ 1)dt

,

k2 =
B2(w, s)

C2(w, s)
=

1∫
0

(w2 + 2)dt

1∫
0

(w + 1)dt

,

n1 =
L1(z, r)

N1(z, r)
=

1∫
0

(z + r + 2)dt

1∫
0

(r + 1)dt

,

n2 =
L2(z, r)

N2(z, r)
=

1∫
0

(z2 + 2− (q2(t))2)dt

1∫
0

(z + 1)dt

.
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Now we see that (w, s, k, λ, u, v, p) = (t2(t−1)2, 0, (k1, k2), (3, 1), 0, 0, (t, t
2)) and (z, r, n, λ, x, y, q) =

(0, 0, (n1, n2), (3, 1), 0, 0, (t, t
2)) are feasible solutions of (EMFVP) and (EMFVD) re-

spectively where k1 =
61
30
, k2 =

1261
651

, n1 = 2 and n2 =
9
5
.

Now we will check second-order (F, α1, ρ
1
i , d

1
i )-pseudoconvexity of

2∑
i=1

λi
1∫
0

{(hi(t, ·, ·, r, ṙ) +

(·)Txi)− ni(e
i(t, ·, ·, r, ṙ)− (·)Tyi)}dt at z(t) = 0 for fixed r(t) = 0. We have

2∑
i=1

λi
1∫
0

F (t, w, ẇ, z, ż;α1(w, z){hiw −Dhiẇ + xi + Jiq
i(t)− ni[e

i
w −Deiẇ − yi +Kiq

i(t)]})dt

=
1∫
0

(3 + (2t2 − 9
5
))dt = 0

and
2∑
i=1

λi
1∫
0

{(hi(t, w, ẇ, r, ṙ)+wTxi)−ni(ei(t, w, ẇ, r, ṙ)−wTyi)}dt−
2∑
i=1

λi
1∫
0

{(hi(t, z, ż, r, ṙ)+

zTxi)− ni(e
i(t, z, ż, r, ṙ)− zTyi)}dt+

2∑
i=1

λi
1∫
0

(1
2
qi(t)TJiq

i(t)− ni(
1
2
qi(t)TKiq

i(t)))dt−
2∑
i=1

λiρ
1
i

1∫
0

[d1i (t, w, ẇ, z, ż)]
2dt

=
1∫
0

(w
5
+ 1

5
)dt = 0 for w ∈ W .

Therefore,
2∑
i=1

λi
1∫
0

{(hi(t, ·, ·, r, ṙ) + (·)Txi) − ni(e
i(t, ·, ·, r, ṙ) − (·)Tyi)}dt is second-order

(F, α1, ρ
1
i , d

1
i )-pseudoconvex at z(t) = 0 for fixed r(t) = 0.

Similarly, we can prove that
2∑
i=1

λi
1∫
0

{(−hi(t, w, ẇ, ·, ·)+(·)Tui)+ki(ei(t, w, ẇ, ·, ·)+(·)Tvi)}dt

is second-order (G,α2, ρ
2
i , d

2
i )-pseudoconvex at s(t) = 0 for fixed w(t) = t2(t− 1)2.

Also we have F (t, w, ẇ, z, ż; a) + α−1
1 aT z = 2t2 +

6

5
= 0, ∀a ∈ C∗

1 ,

Similarly G(t, r, ṙ, s, ṡ; b) + α−1
2 bT s = 0, ∀b ∈ C∗

2 .

Further, hypotheses (iii) and (iv) are also satisfied.

Since all hypotheses of Theorem 4.4.1 are satisfied, we can see that by result of Theorem

4.4.1, k � n that is (61
30
, 1261

651
) � (2, 9

5
). Hence verified.

Any problem where λ is fixed as λ̄, say (EMFVD), will be considered as (EMFVD)λ̄.

Theorem 4.4.2 (Strong Duality) Let (w̄, s̄, k̄, λ̄, ū, v̄, p̄) be WES for (EMFVP). Suppose

(i) Ri − k̄iHi are nonsingular and symmetric matrices ∀ i ∈ L̂,

(ii) the set of vectors {his−Dhiṡ− ūi+Rip̄
i(t)− k̄i(e

i
s−Deiṡ+ v̄i+Hip̄

i(t))}, i ∈ L̂ is LI.

Then ∃ x̄i ∈ Rn, ȳi ∈ Rn, i ∈ L̂, such that (w̄, s̄, k̄, x̄, ȳ, q̄ = 0) is feasible solution for

(EMFVD)λ̄. Also the objective values of (EMFVP) and (EMFVD)λ̄ will be equal.

Moreover if weak duality holds for all feasible solutions of (EMFVP)λ̄ and (EMFVD)λ̄,

then (w̄, s̄, k̄, x̄, ȳ, q̄ = 0) is an ES of (EMFVD)λ̄.
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Proof As (w̄, s̄, k̄, λ̄, ū, v̄, p̄) is a WES of (EMFVP), by Fritz John optimality conditions

given in [122], ∃ α ∈ Rl, β ∈ Rl, piecewise smooth γ(t) : B → C2, ξ(t) : B → R+ and

δ ∈ Rl
+ such that

Q̂ =
l∑

i=1

αik̄i +
l∑

i=1

βi[(h
i + S(w̄|Ei) − s̄T ūi − 1

2
p̄i(t)TRip̄

i(t)) − k̄i(e
i − S(w̄|Ai) + s̄T v̄i −

1
2
p̄i(t)THip̄

i(t))]+(γ−ξs̄)T [
l∑

i=1

λ̄i{his−Dhiṡ−ūi+Rip̄
i(t)− k̄i(eis−Deiṡ+ v̄i+Hip̄

i(t))}]−δT λ̄

satisfies the following conditions at (w̄, s̄, k̄, λ̄, ū, v̄, p̄):

[Q̂w −DQ̂ẇ +D2Q̂ẅ](w(t)− w̄(t)) = 0, ∀w(t) ∈ C1, t ∈ B, (4.4.24)

Q̂s −DQ̂ṡ +D2Q̂s̈ = 0, t ∈ B, (4.4.25)

Q̂λ = 0, t ∈ B, (4.4.26)

Q̂k = 0, t ∈ B, (4.4.27)

Q̂p = 0, t ∈ B, (4.4.28)
d∫
c

βi[(h
i+S(w̄|Ei)− s̄T ūi− 1

2
p̄i(t)TRip̄

i(t))− k̄i(e
i−S(w̄|Ai) + s̄T v̄i− 1

2
p̄i(t)THip̄

i(t))]dt =

0, i ∈ L̂, t ∈ B, (4.4.29)

γT [
l∑

i=1

λ̄i{his −Dhiṡ − ūi +Rip̄
i(t)− k̄i(e

i
s −Deiṡ + v̄i +Hip̄

i(t))}] = 0, t ∈ B, (4.4.30)

ξs̄T [
l∑

i=1

λ̄i{his −Dhiṡ − ūi +Rip̄
i(t)− k̄i(e

i
s −Deiṡ + v̄i +Hip̄

i(t))}] = 0, t ∈ B, (4.4.31)

δT λ̄ = 0, (4.4.32)

S(w̄|Ei) = w̄Tηi, ηi ∈ Ei, i ∈ L̂, (4.4.33)

S(w̄|Ai) = w̄T θi, θi ∈ Ai, i ∈ L̂, (4.4.34)

βis̄
T + [γ − ξs̄]λ̄i ∈ NYi(ū

i). (4.4.35)

k̄i[βis̄
T + (γ − ξs̄)λ̄i] ∈ NZi

(v̄i). (4.4.36)

(α, β, γ, ξ, δ) ̸= 0, t ∈ B. (4.4.37)

The above relation hold throughout the intervalB, except at the corners of (w̄, s̄, k̄, λ̄, ū, v̄, p̄)

where (4.4.24) and (4.4.25) hold for unique right and left hand limits. γ and ξ are contin-

uously differentiable except possibly of the corners of (w̄, s̄, k̄, λ̄, ū, v̄, p̄).

Now Eqs. (4.4.24)-(4.4.28) along with the observations on Dhiṡ and De
i
ṡ, i ∈ L̂, become[

l∑
i=1

βi
[
hiw + ηi − (1

2
p̄i(t)TRip̄

i(t))w − k̄i(e
i
w − θi − (1

2
p̄i(t)THip̄

i(t))w)

−D(hiẇ − (1
2
p̄i(t)TRip̄

i(t))ẇ − k̄i(e
i
ẇ − (1

2
p̄i(t)THip̄

i(t))ẇ))

+D2(−(1
2
p̄i(t)TRip̄

i(t))ẅ + k̄i(
1
2
p̄i(t)THip̄

i(t))ẅ)
]

+ (γ − ξs̄)T
[ l∑
i=1

λ̄i{hisw −Dhiṡw + (Rip̄
i(t))w − k̄i(e

i
sw −Deiṡw + (Hip̄

i(t))w)}
]

−D
[
(γ− ξs̄)T [

l∑
i=1

λ̄i{hisẇ−Dhiṡẇ−hiṡw+(Rip̄
i(t))ẇ− k̄i(eisẇ−Deiṡẇ−eiṡw+(Hip̄

i(t))ẇ)}]
]
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+ D2
[
(γ − ξs̄)T [

l∑
i=1

λ̄i{−hiṡẇ + (Rip̄
i(t))ẅ − k̄i(−eiṡẇ + (Hip̄

i(t))ẅ)}]
]]
(w(t) − w̄(t)) =

0, ∀ w(t) ∈ C1, t ∈ B, (4.4.38)
l∑

i=1

βi
[
his − ūi − (1

2
p̄i(t)TRip̄

i(t))s − k̄i(e
i
s + v̄i − (1

2
p̄i(t)THip̄

i(t))s)

−D(hiṡ − (1
2
p̄i(t)TRip̄

i(t))ṡ − k̄i(e
i
ṡ − (1

2
p̄i(t)THip̄

i(t))ṡ))

+D2(−(1
2
p̄i(t)TRip̄

i(t))s̈ + k̄i(
1
2
p̄i(t)THip̄

i(t))s̈)
]

+ (γ − ξs̄)T
[ l∑
i=1

λ̄i{hiss −Dhiṡs + (Rip̄
i(t))s − k̄i(e

i
ss −Deiṡs + (Hip̄

i(t))s)}
]

− ξT
[ l∑
i=1

λ̄i{his −Dhiṡ − ūi +Rip̄
i(t)− k̄i(e

i
s −Deiṡ + v̄i +Hip̄

i(t))}
]

−D
[
(γ − ξs̄)T [

l∑
i=1

λ̄i{hisṡ −Dhiṡṡ − hiṡs + (Rip̄
i(t))ṡ − k̄i(e

i
sṡ −Deiṡṡ − eiṡs + (Hip̄

i(t))ṡ)}]
]

+D2
[
(γ − ξs̄)T [

l∑
i=1

λ̄i{−hiṡṡ + (Rip̄
i(t))s̈ − k̄i(−eiṡṡ + (Hip̄

i(t))s̈)}]
]
= 0, t ∈ B, (4.4.39)

(γ − ξs̄)T [his −Dhiṡ − ūi +Rip̄
i(t)− k̄i(e

i
s −Deiṡ + v̄i +Hip̄

i(t))]− δi = 0, i ∈ L̂, t ∈ B,

(4.4.40)

αi − βi(e
i − S(w̄|Ai) + s̄T v̄i − 1

2
p̄i(t)THip̄

i(t)) − (γ − ξs̄)T [λ̄i(e
i
s − Deiṡ + v̄i + Hip̄

i(t))] =

0, i ∈ L̂, t ∈ B, (4.4.41)

− βi[Rip̄
i(t)− k̄i(Hip̄

i(t))] + (γ − ξs̄)T [λ̄i(Ri − k̄iHi)] = 0, i ∈ L̂, t ∈ B, (4.4.42)

As δ = 0 and λ̄ > 0, (4.4.32) gives δ = 0. (4.4.43)

Consequently (4.4.40) becomes

(γ − ξs̄)T [his−Dhiṡ− ūi+Rip̄
i(t)− k̄i(e

i
s−Deiṡ+ v̄i+Hip̄

i(t))] = 0, i ∈ L̂, t ∈ B, (4.4.44)

Since from hypothesis (i), Ri − k̄iHi are non singular and symmetric matrices, therefore

from (4.4.42), we get

−βip̄i(t) + λ̄i(γ − ξs̄) = 0, i ∈ L̂. (4.4.45)

Now by hypothesis (ii) and (4.4.44), we have

γ − ξs̄ = 0. (4.4.46)

From (4.4.45) and (4.4.46), we get

βip̄
i(t) = 0, i ∈ L̂ (4.4.47)

Using (4.4.39), (4.4.46) and (4.4.47), we obtain
l∑

i=1

(βi − ξλ̄i)(h
i
s −Dhiṡ − ūi +Rip̄

i(t)− k̄i(e
i
s −Deiṡ + v̄i +Hip̄

i(t))) = 0, i ∈ L̂ (4.4.48)

Now using hypothesis (ii) and (4.4.48), we have

βi − ξλ̄i = 0. (4.4.49)
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or β − ξλ̄ = 0 i.e.β = ξλ̄.

If βi = 0, for some i ∈ L̂, from (4.4.49), ξ = 0 as λ̄i > 0. Therefore, βi = 0 for all i and

using (4.4.41) and (4.4.46), we obtain, αi = 0 and from (4.4.40), δi = 0, i ∈ L̂.

Now ξ = 0 and (4.4.46) implies γ = 0. So (α, β, γ, ξ, δ) = 0, contradicts (4.4.37).

Thus βi ̸= 0 ∀ i ∈ L̂ i.e. β ̸= 0. (4.4.50)

Therefore from (4.4.47) and (4.4.50), we get p̄i(t) = 0. (4.4.51)

Since β ̸= 0 and λ̄ > 0, therefore (4.4.49) implies ξ ̸= 0 that is ξ > 0.

From (4.4.46), we have

s̄ = γ
ξ
∈ C2, t ∈ B. (4.4.52)

Now (4.4.38), (4.4.46), (4.4.49) and (4.4.51) along with ξ > 0 gives
l∑

i=1

λ̄i[h
i
w + ηi − k̄i(e

i
w − θi)−D(hiẇ − k̄ie

i
ẇ)](w(t)− w̄(t)) = 0, t ∈ B, (4.4.53)

Let w(t) ∈ C1. Then w(t) + w̄(t) ∈ C1, t ∈ B and so (4.4.53) becomes
l∑

i=1

λ̄i[h
i
w + ηi − k̄i(e

i
w − θi)−D(hiẇ − k̄ie

i
ẇ)]w(t) = 0, t ∈ B,

that is
l∑

i=1

λ̄i[h
i
w + ηi − k̄i(e

i
w − θi)−D(hiẇ − k̄ie

i
ẇ)] ∈ C∗

1 , t ∈ B. (4.4.54)

Now taking w(t) = 0 and w(t) = 2w̄(t) in (4.4.53) yields

w̄(t)T
l∑

i=1

λ̄i[h
i
w + ηi − k̄i(e

i
w − θi)−D(hiẇ − k̄ie

i
ẇ)] = 0, t ∈ B. (4.4.55)

Further (4.4.35), (4.4.46) and (4.4.49) with ξ > 0, t ∈ B gives

λ̄is̄ ∈ NYi(ū
i), for i ∈ L̂

or s̄ ∈ NYi(ū
i) as λ̄i > 0.

Now Yi is compact convex set in Rm, s̄T ūi = S(s̄|Yi), i ∈ L̂.

Also, from (4.4.36), (4.4.46) and (4.4.49) with ξ > 0, t ∈ B, we have for i ∈ L̂,

k̄iλ̄is̄ ∈ NZi
(v̄i), for i ∈ L̂

or s̄ ∈ NZi
(v̄i) using λ̄i > 0.

Also Zi is compact convex set in Rm, s̄T v̄i = S(s̄|Zi), i ∈ L̂.

Therefore, from (4.4.52), (4.4.54) and (4.4.55), it shows that (w̄, s̄, k̄, x̄ = η, ȳ = θ, q̄ = 0)

is feasible solution for (EMFVD)λ̄. Thus (EMFVP) and (EMFVD)λ̄ have equal ob-

jective values (i.e.k̄ = n̄).

If (w̄, s̄, k̄, x̄, ȳ, q̄ = 0) is not an ES of EMFVDλ̄, then ∃ (z̄, r̄, n̄, x̄, ȳ, q̄ = 0) feasible for

EMFVDλ̄ such that

k̄ ≤ n̄,

which contradicts Theorem 4.4.1. Thus (w̄, s̄, k̄, x̄, ȳ, q̄ = 0) is an ES of (EMFVD)λ̄.
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Hence proved.

Theorem 4.4.3 (Converse Duality) Let (z̄, r̄, n̄, λ̄, x̄, ȳ, q̄) be a WES for (EMFVD). As-

sume that

(i) Ji − n̄iKi are nonsingular and symmetric matrices,

(ii) the set of vectors {hiw −Dhiẇ + x̄i + Jiq̄
i(t)− n̄i(e

i
w −Deiẇ − ȳi +Kiq̄

i(t))}, i ∈ L̂ is

LI.

Then ∃ ūi ∈ Rm, v̄i ∈ Rm, i ∈ L̂, such that (z̄, r̄, n̄, ū, v̄, p̄ = 0) is feasible solution for

(EMFVP)λ̄ and the objective values of (EMFVP) and (EMFVD)λ̄ are equal. Also if

weak duality holds for all FSs of (EMFVP)λ̄ and (EMFVD)λ̄, then (z̄, r̄, n̄, ū, v̄, p̄ = 0)

is an ES of (EMFVP)λ̄.

Proof Same on the lines of Theorem 4.4.2.

4.5 Special cases

(i) If we take pi(t) = 0 and qi(t) = 0, i ∈ L̂ in (MFVP1) and (MFVD1) respectively

then, our dual model will be reduced to the dual model given by [73].

(ii) If l = 1, E = A = Y = Z = {0} and pi(t) = qi(t) = 0, i ∈ L̂ then our problem will

be reduced to the problem studied in [13].

(iii) If l = 1 and E = A = Y = Z = {0} then our problem will become the problem

studied in [67].

4.6 Conclusion

This chapter presents a symmetric second-order dual for NMFVP problem and usual results

are acquired with second-order (F, α, ρ, d)-pseudoconvexity suppositions.
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Chapter 5

Higher-order symmetric duality in nondiffer-

entiable multiobjective optimization over cones
1

5.1 Introduction

The approach of symmetric duality in quadratic programming was initiated by Dorn [35].

His results were extended to convex NLP problems in Dantzig et al. [32] and then in

Bazaraa and Goode [18] over arbitrary cones by assuming the kernel function f(a, b) to

be convex in a and concave in b. Mond and Weir [107] proposed symmetric dual pro-

grams which admit the relaxation of the convexity/concavity supposition to pseudocon-

vexity/pseudoconcavity.

Higher-order duality in nonlinear programs has been studied by several researchers

[11, 44, 52, 53, 108]. Mond and Zhang [108] developed relations for higher-order dual with

invexity suppositions. Wolfe type higher-order symmetric dual was constructed by Gulati

and Gupta [52]. Ahmad et al. [11] established Mond-Weir dual for MP and acquired

results. Optimality conditions for nonconvex quadratic-exponential minimization problems

were discussed by Gao and Ruan [45]. Mishra et al. [97] obtained optimality conditions

and relations between primal and dual models for nonsmooth MP with generalized type I

functions. Usual duality relations are acquired by Saini and Gulati [114] for second-order

Wolfe dual.

Thakur and Priya [126] discussed duality results for MP with (ϕ, ρ)-univexity. Sym-

metric second-order dual programs for MP over arbitrary cones were introduced by Gupta

and Kailey [56] and duality relations were derived with K-η-bonvexity suppositions. Re-

cently, Gao [44] constructed symmetric higher-order Mond-Weir dual. Motivated by [44,

56,126], we construct a nondifferentiable higher-order symmetric dual for MP. We acquire

duality relations with higher-order K-η-convexity suppositions. An illustration is provided

for higher-order K-η-convex functions. Self duality relations are acquired with suitable

suppositions. Some special cases are also obtained.

1The content of this chapter is published as “Higher-order symmetric duality in nondifferentiable
multiobjective optimization over cones”, Filomat, 33(3) (2019) 711-724.
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5.2 Notations and preliminaries

Let K be a closed convex pointed cone in Rk with int K ̸= ϕ. Let C1 and C2 be closed

convex cones with nonempty interiors in Rn and Rm, respectively and S1 ⊆ Rn and S2 ⊆
Rm be open sets such that C1 × C2 ⊂ S1 × S2.

Definition 5.2.1 A differentiable function ϕ : S1 × S2 → Rk is called higher-order K-η1-

convex in the first variable at u ∈ S1 for fixed w ∈ S2 w.r.t. g : S1 × S2 × Rn → Rk, if ∃
η1 : S1 × S1 → Rn such that ∀ a ∈ S1, qi ∈ Rn, i = 1, 2, . . . , k,(
ϕ1(a, w)−ϕ1(u,w)−g1(u,w, q1)+qT1 ∇q1g1(u,w, q1)−ηT1 (a, u)[∇aϕ1(u,w)+∇q1g1(u,w, q1)], . . . ,

ϕk(a, w)−ϕk(u,w)−gk(u,w, qk)+qTk∇qkgk(u,w, qk)−ηT1 (a, u)[∇aϕk(u,w)+∇qkgk(u,w, qk)]

)
∈

K,

and ϕ(a, b) is called higher-order K-η2-convex in the second variable at w ∈ S2 for fixed

u ∈ S1 w.r.t. h : S1 × S2 × Rm → Rk, if ∃ η2 : S2 × S2 → Rm such that ∀ b ∈ S2, pi ∈
Rm, i = 1, 2, . . . , k,(
ϕ1(u, b)−ϕ1(u,w)−h1(u,w, p1)+pT1∇p1h1(u,w, p1)−ηT2 (b, w)[∇bϕ1(u,w)+∇p1h1(u,w, p1)], . . . ,

ϕk(u, b)−ϕk(u,w)−hk(u,w, pk)+pTk∇pkhk(u,w, pk)−ηT2 (b, w)[∇bϕk(u,w)+∇pkhk(u,w, pk)]

)
∈

K.

Remark 5.2.1 (i) If we take gi(u,w, qi) =
1
2
qTi ∇aaϕi(u,w)qi and hi(u,w, pi) =

1
2
pTi ∇bbϕi(u,w)pi,

then higher-order K-η1-convexity and K-η2-convexity reduces to K-η1-bonvexity and K-η2-

bonvexity [56] respectively.

(ii) The above definition can be reduced to η-convexity/invexity [103], η-bonvexity [47,123]

and K-convexity [122] as given in Remark 1 of [56].

Example 5.2.1 Let X = (1.95, 2.4) ⊂ R, n = m = 1, k = 2 and K = {(a, b) : a ≥ 0, b ≥
0}. Take ϕ : X → R2 as ϕ(a) = (ϕ1, ϕ2), where

ϕ1(a) = 8 cos2 a, ϕ2(a) = cos 3a,

and η : X × X → R as η(a, u) = −1 − u. Assume g : X × R → R2 as g(u, q) =

(g1(u, q1), g2(u, q2)), where

g1(u, q1) = q1(u
2 + 1), g2(u, q2) = q2(u

2 − 1).

We justify that ϕ is higher-order K-η-convex.

That is,
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(
ϕ1(a)− ϕ1(u)− g1(u, q1) + qT1 ∇q1g1(u, q1)− ηT (a, u)[∇aϕ1(u) +∇q1g1(u, q1)],

ϕ2(a)− ϕ2(u)− g2(u, q2) + qT2 ∇q2g2(u, q2)− ηT (a, u)[∇aϕ2(u) +∇q2g2(u, q2)]

)
∈ K,

or

(8 cos2 a−8 cos2 u+(1+u)(−8 sin 2u+u2+1), cos 3a−cos 3u+(1+u)(−3 sin 3u+u2−1)) ∈ K

Let L = (8 cos2 a−8 cos2 u+(1+u)(−8 sin 2u+u2+1), cos 3a−cos 3u+(1+u)(−3 sin 3u+

u2 − 1))

= (L1, L2),

where

 L1 = 8 cos2 a− 8 cos2 u+ (1 + u)(−8 sin 2u+ u2 + 1)

≥ 0 ∀a, u ∈ X (see Figure 5.1)

and

L2 = cos 3a− cos 3u+ (1 + u)(−3 sin 3u+ u2 − 1)

≥ 0 ∀a, u ∈ X (see Figure 5.2)

Next, we need to prove that ϕ is not K-η-bonvex. That is

Figure 5.1: graph of L1

M =
(
ϕ1(a)− ϕ1(u) +

1

2
qT1 (∇aaϕ1(u)q1)− ηT (a, u)[∇aϕ1(u) +∇aaϕ1(u)q1],

ϕ2(a)− ϕ2(u) +
1

2
qT2 (∇aaϕ2(u)q2)− ηT (a, u)[∇aϕ2(u) +∇aaϕ2(u)q2]

)
/∈ K,

i.e., either

ϕ1(a)− ϕ1(u) +
1

2
qT1 (∇aaϕ1(u)q1)− ηT (a, u)[∇aϕ1(u) +∇aaϕ1(u)q1] � 0

or

ϕ2(a)− ϕ2(u) +
1

2
qT2 (∇aaϕ2(u)q2)− ηT (a, u)[∇aϕ2(u) +∇aaϕ2(u)q2] � 0.

Since
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Figure 5.2: graph of L2

ϕ2(a)− ϕ2(u) +
1

2
qT2 (∇aaϕ2(u)q2)− ηT (a, u)[∇aϕ2(u) +∇aaϕ2(u)q2]

= cos 3a− cos 3u− 9

2
q22 cos 3u+ (1 + u)(−3 sin 3u− 9q2 cos 3u)

≤ 0 ( for a = 2, u = 2.1 and q2 ∈ (−1018, 1018))

Therefore M /∈ K. Hence ϕ is not K-η-bonvex function.

5.3 Problem formulation

Consider the following pair.

(SPP) K-minimize

S(a, b, δ, p) =
(
ϕ(a, b) + S(a|E)ek − bT

k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))ek

+
k∑
i=1

δihi(a, b, pi)ek −
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))ek

)
subject to −

k∑
i=1

δi(∇bϕi(a, b)− z +∇pihi(a, b, pi)) ∈ C∗
2 , (5.3.1)

z ∈ D (5.3.2)

δT ek = 1 (5.3.3)

δ ∈ int K∗, a ∈ C1 (5.3.4)
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(SDP) K-maximize

T (u,w, δ, q) = ϕ(u,w)− S(w|D)ek − uT
k∑
i=1

δi(∇bϕi(u,w) +∇qigi(u,w, qi))ek

+
k∑
i=1

δigi(u,w, qi)ek −
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))ek

subject to
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi)) ∈ C∗
1 , (5.3.5)

v ∈ E (5.3.6)

δT ek = 1 (5.3.7)

δ ∈ int K∗, w ∈ C2 (5.3.8)

where

(i) ϕi : S1 × S2 → R, hi : S1 × S2 ×Rm → R and gi : S1 × S2 ×Rn → R, i = 1, 2, . . . , k

are differentiable functions, where h(a, b, p) denotes (h1(a, b, p1), h2(a, b, p2),

. . . , hk(a, b, pk)) and g(u,w, q) denotes (g1(u,w, q1), g(u,w, q2), . . . , g(u,w, qk)), ek =

(1, . . . , 1)T ∈ Rk, δ = (δ1, δ2, . . . , δk),

(ii) C∗
1 and C∗

2 are positive polar cones of C1 and C2 respectively,

(iii) qi and pi are vectors in Rn and Rm, respectively for i = 1, 2, . . . , k.

(iv) E and D are compact convex sets in Rn and Rm, respectively, and

(v) S(a|E) and S(w|D) are the support functions of E and D, respectively.

Theorem 5.3.1 (Weak Duality) Suppose (a, b, δ, z, p) is feasible for (SPP) and (u,w, δ, v, q)

is feasible for (SDP). Let

(i) ϕ(·, w) + (·)Tvek be higher-order K-η1-convex at u w.r.t. g(u,w, q) for fixed w,

(ii) −ϕ(a, ·) + (·)T zek be higher-order K-η2-convex at b w.r.t. −h(a, b, p) for fixed a,

(iii) Rk
+ ⊆ K,

(iv) η1(a, u) + u ∈ C1, for all a ∈ C1,

(v) η2(w, b) + b ∈ C2, for all w ∈ C2.

Then

S(a, b, δ, p)− T (u,w, δ, q) /∈ −K \ {0}.
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Proof Suppose

S(a, b, δ, p)− T (u,w, δ, q) ∈ −K \ {0}.

that is {[
ϕ(a, b) + S(a|E)ek − bT

k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))ek

+
k∑
i=1

δihi(a, b, pi)ek −
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))ek

]

−
[
ϕ(u,w)− S(w|D)ek − uT

k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))ek

+
k∑
i=1

δigi(u,w, qi)ek −
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))ek

]}
∈ −K \ {0}

As δ ∈ int K∗ ⊆ int Rk
+ (by hypothesis (iii)), hence δ > 0. Therefore, we get

k∑
i=1

δiϕi(a, b) + S(a|E)− bT
k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))

+
k∑
i=1

δihi(a, b, pi)−
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))

−(
k∑
i=1

δiϕi(u,w)− S(w|D)− uT
k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))

+
k∑
i=1

δigi(u,w, qi)−
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))) < 0. (5.3.9)

By higher-order K-η1-convexity of ϕ(·, w) + (·)Tvek, we acquire(
ϕ1(a, w) + aTv − ϕ1(u,w)− uTv − g1(u,w, q1) + qT1 ∇q1g1(u,w, q1)

−ηT1 (a, u)[∇aϕ1(u,w) + v +∇q1g1(u,w, q1)], . . . ,

ϕk(a, w) + aTv − ϕk(u,w)− uTv − gk(u,w, qk) + qTk∇qkgk(u,w, qk)

−ηT1 (a, u)[∇aϕk(u,w) + v +∇qkgk(u,w, qk)]

)
∈ K.

Using δ ∈ int K∗, we get

k∑
i=1

δi

{
ϕi(a, w) + aTv − ϕi(u,w)− uTv − gi(u,w, qi) + qTi ∇qigi(u,w, qi)
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−ηT1 (a, u)[∇aϕi(u,w) + v +∇qigi(u,w, qi)]

}
= 0. (5.3.10)

As (u,w, δ, v, q) is feasible for (SDP), using (5.3.5) and (iv), we conclude

[η1(a, u) + u]T
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi)) = 0.

which implies

ηT1 (a, u)
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi))

= −uT
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi)). (5.3.11)

Using (5.3.10), (5.3.11) and δT ek = 1, we obtain

k∑
i=1

δi(ϕi(a, w)− ϕi(u,w)− gi(u,w, qi) + qTi ∇qigi(u,w, qi)) + aTv − uTv

= −uT
k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))− uTv. (5.3.12)

Similarly, by higher-order K-η2-convexity of −ϕ(a, ·)+(·)T zek, from (5.3.1) and hypothesis

(v), we get

k∑
i=1

δi(ϕi(a, b)− ϕi(a, w) + hi(a, b, pi)− pTi ∇pihi(a, b, pi))− bT z + wT z

= bT
k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))− bT z. (5.3.13)

Adding inequalities (5.3.12) and (5.3.13), we have

( k∑
i=1

δiϕi(a, b) + aTv − bT
k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))

+
k∑
i=1

δihi(a, b, pi)−
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))

)

=
( k∑

i=1

δiϕi(u,w)− wT z − uT
k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))
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+
k∑
i=1

δigi(u,w, qi)−
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))

)
,

By using aTv 5 S(a|E) and wT z 5 S(w|D) in above inequality, we obtain

( k∑
i=1

δiϕi(a, b) + S(a|E)− bT
k∑
i=1

δi(∇bϕi(a, b) +∇pihi(a, b, pi))

+
k∑
i=1

δihi(a, b, pi)−
k∑
i=1

δi(p
T
i ∇pihi(a, b, pi))

)

−
( k∑

i=1

δiϕi(u,w)− S(w|D)− uT
k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))

+
k∑
i=1

δigi(u,w, qi)−
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))

)
= 0,

which contradicts (5.3.9).

If δ in (SPP) and (SDP) is fixed as δ̄, we express these problems as (SPP)δ̄ and (SDP)δ̄,

respectively.

Theorem 5.3.2 (Strong Duality) Suppose (ā, b̄, δ̄, z̄, p̄) is WES of (SPP). Suppose

(i) ∇pipihi, ∀ i = 1, 2, . . . , k, is positive or negative definite.

(ii) the set of vectors ∇bϕ1(ā, b̄), . . . ,∇bϕk(ā, b̄) is LI,

(iii)
k∑
i=1

δ̄i∇bbϕip̄i /∈ span{∇bϕi +∇pihi −∇bhi,∇bϕi, i = 1, 2, . . . , k} \ {0},

(iv) p̄i ̸= 0, for some i ∈ {1, 2, . . . , k} imply
k∑
i=1

δ̄i∇bbϕip̄i ̸= 0,

(v)
k∑
i=1

δ̄ihi(ā, b̄, 0) =
k∑
i=1

δ̄igi(ā, b̄, 0),
k∑
i=1

δ̄i∇bhi(ā, b̄, 0) = 0,
k∑
i=1

δ̄i∇pihi(ā, b̄, 0) = 0,

k∑
i=1

δ̄i∇ahi(ā, b̄, 0) =
k∑
i=1

δ̄i∇qigi(ā, b̄, 0) and

(vi) K is a closed convex pointed cone with Rk
+ ⊆ K.

Then,

(I) ∃ v̄ ∈ E such that (ā, b̄, δ̄, v̄, q̄ = 0) is feasible for (SDP)δ̄, and

(II) S(ā, b̄, δ̄, p̄) = T (ā, b̄, δ̄, q̄).

Furthermore, if conditions of Theorem 5.3.1 hold for all feasible solutions of (SPP) and
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(SDP)δ̄, then (ā, b̄, δ̄, v̄, q̄ = 0) is an ES for (SDP)δ̄.

Proof As (ā, b̄, δ̄, z̄, p̄) is WES of (SPP), ∃ ᾱ ∈ K∗, β̄ ∈ C2, η̄ ∈ R, such that by Fritz-

John conditions ( [122], Lemma 1), the following hold at (ā, b̄, δ̄, z̄, p̄) (for simplicity, we

write ∇aϕi, ∇abϕi instead of ∇aϕi(ā, b̄), ∇abϕi(ā, b̄) etc.):

(a− ā)T
{ k∑

i=1

ᾱi(∇aϕi + γ̄) +
k∑
i=1

δ̄i(∇abϕi)
T [β̄ − (ᾱT ek)b̄] +

k∑
i=1

δ̄i∇ahi(ᾱ
T ek)

+
k∑
i=1

δ̄i(∇apihi)
T
[
β̄ − ᾱT ek(b̄+ p̄i)

]}
= 0, for all a ∈ C1, (5.3.14)

k∑
i=1

ᾱi∇bϕi +
k∑
i=1

δ̄i(∇bbϕi)
T [β̄ − (ᾱT ek)b̄] +

k∑
i=1

δ̄i∇bhi(ᾱ
T ek)

+
k∑
i=1

δ̄i(∇bpihi)
T
[
β̄ − ᾱT ek(b̄+ p̄i)

]
−

k∑
i=1

δ̄i[∇bϕi +∇pihi](ᾱ
T ek) = 0, (5.3.15)

(∇bϕi)
T [β̄ − ᾱT ekb̄] + hi(ā, b̄, p̄i)(ᾱ

T ek) + (∇pihi(ā, b̄, p̄i))
T

[
β̄ − (ᾱT ek)(b̄+ p̄i)

]
+η̄ = 0, i = 1, 2, . . . , k, (5.3.16)

[(β̄ − (ᾱT ek)(b̄+ p̄i))δ̄i]
T∇pipihi = 0, i = 1, 2, . . . , k, (5.3.17)

β̄T
k∑
i=1

δ̄i(∇bϕi − z̄ +∇pihi) = 0, (5.3.18)

η̄T [δ̄T ek − 1] = 0, (5.3.19)

β̄ ∈ ND(z̄), (5.3.20)

γ̄ ∈ E, γ̄T ā = S(ā|E) (5.3.21)

(ᾱ, β̄, η̄) ̸= 0. (5.3.22)

Since Rk
+ ⊆ K ⇒ K∗ ⊆ Rk

+, it gives int(K
∗) ⊆int(Rk

+).

As δ̄ ∈ int(K∗), δ̄ > 0.

Now hypothesis (i), δ̄i > 0 for i = 1, 2, . . . , k, and (5.3.17) imply that

β̄ = (ᾱT ek)(b̄+ p̄i), i = 1, 2, . . . , k, (5.3.23)

If ᾱ = 0 then (5.3.23) yields β̄ = 0. Further, (5.3.16) provides η̄ = 0. Hence (ᾱ, β̄, η̄) = 0

contradict to (5.3.22). So, ᾱ ̸= 0. Also, ᾱ ∈ K∗ ⊆ Rk
+ gives

ᾱT ek > 0. (5.3.24)
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Using (5.3.23) and (5.3.24) in (5.3.15), we acquire

k∑
i=1

δ̄i∇bbϕip̄i =
k∑
i=1

δ̄i(∇bϕi +∇pihi −∇bhi)−
1

(ᾱT ek)

k∑
i=1

ᾱi∇bϕi, (5.3.25)

which yields

k∑
i=1

δ̄i∇bbϕip̄i ∈ span{∇bϕi +∇pihi −∇bhi,∇bϕi, i = 1, 2, . . . , k}. (5.3.26)

We justify p̄i = 0 ∀ i. On the contrary, let p̄i ̸= 0 for some i, then using hypothesis (iv),

we achieve
k∑
i=1

δ̄i∇bbϕip̄i ̸= 0. (5.3.27)

This contradicts hypothesis (iii) (by (5.3.26) and (5.3.27)). Hence

p̄i = 0 ∀ i. (5.3.28)

From (5.3.23), we conclude

β̄ = (ᾱT ek)b̄. (5.3.29)

Using hypothesis (v) and (5.3.28) in (5.3.25) yields

k∑
i=1

∇bϕi[ᾱi − (ᾱT ek)δ̄i] = 0,

and from hypothesis (ii), we acquire

ᾱi = (ᾱT ek)δ̄i, i = 1, 2, . . . , k, (5.3.30)

Using (5.3.24), (5.3.28), (5.3.29) and (5.3.30) in (5.3.14), we have

(a− ā)T
{ k∑

i=1

δ̄i(∇aϕi(ā, b̄) + γ̄) +
k∑
i=1

δ̄i∇ahi(ā, b̄, p̄i)

}
= 0, ∀ a ∈ C1.

For q̄i = 0, it follows from the hypothesis (v) and (5.3.28) that

(a− ā)T
{ k∑

i=1

δ̄i(∇aϕi(ā, b̄) + γ̄) +
k∑
i=1

δ̄i∇qigi(ā, b̄, q̄i)

}
= 0. (5.3.31)
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Let a ∈ C1. Then a+ ā ∈ C1 and so (5.3.31) implies

aT
{ k∑

i=1

δ̄i(∇aϕi + γ̄) +
k∑
i=1

δ̄i∇qigi

}
= 0, for all a ∈ C1.

Therefore,
k∑
i=1

δ̄i(∇aϕi + γ̄) +
k∑
i=1

δ̄i∇qigi ∈ C∗
1 . (5.3.32)

Also from (5.3.24) and (5.3.29), we have

b̄ =
β̄

ᾱT ek
∈ C2.

Thus (ā, b̄, δ̄, v̄ = γ̄, q̄ = 0) is feasible solution for (SDP)δ̄.

By taking a = 0 and a = 2ā in (5.3.31) gives

āT
{

k∑
i=1

δ̄i(∇aϕi + γ̄) +
k∑
i=1

δ̄i∇qigi

}
= 0

or

āT
{ k∑

i=1

δ̄i∇aϕi +∇qigi

}
= −āT γ̄ = −S(ā|E). (5.3.33)

From (5.3.20) and (5.3.29), (ᾱT ek)b̄ ∈ ND(z̄). Since ᾱT ek > 0, b̄ ∈ ND(z̄). Since D is a

compact convex set in Rm, b̄T z̄ = S(b̄|D).

Further from (5.3.18), (5.3.24) and (5.3.29) and the above relation, we obtain

b̄T
k∑
i=1

δ̄i(∇bϕi +∇pihi) = b̄T z̄ = S(b̄|D). (5.3.34)

Therefore, using (5.3.28), (5.3.33), (5.3.34) and the hypothesis (v), for q̄i = 0, we get

ϕ(ā, b̄) + S(ā|E)ek − b̄T
k∑
i=1

δ̄i(∇bϕi(ā, b̄) +∇pihi(ā, b̄, p̄i))ek

+
k∑
i=1

δ̄ihi(ā, b̄, p̄i)ek −
k∑
i=1

δ̄i(p̄
T
i ∇pihi(ā, b̄, p̄i))ek

= ϕ(ā, b̄)− S(b̄|D)ek − āT
k∑
i=1

δ̄i(∇aϕi(ā, b̄) +∇qigi(ā, b̄, q̄i))ek

+
k∑
i=1

δ̄igi(ā, b̄, q̄i)ek −
k∑
i=1

δ̄i(q̄
T
i ∇qigi(ā, b̄, q̄i))ek

i.e., objectives attain equal values.

Consider (ā, b̄, δ̄, v̄, q̄ = 0) is not an ES of (SDP)δ̄, then ∃ (ū, w̄, δ̄, v̄, q̄ = 0) feasible for
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(SDP)δ̄ such that

{
ϕ(ā, b̄)− S(b̄|D)ek − āT

k∑
i=1

δ̄i(∇aϕi(ā, b̄) +∇qigi(ā, b̄, q̄i))ek

+
k∑
i=1

δ̄igi(ā, b̄, q̄i)ek −
k∑
i=1

δ̄i(q̄
T
i ∇qigi(ā, b̄, q̄i))ek

}
−
{
ϕ(ū, w̄)− S(w̄|D)ek − ūT

k∑
i=1

δ̄i(∇aϕi(ū, w̄) +∇qigi(ū, w̄, q̄i))ek

+
k∑
i=1

δ̄igi(ū, w̄, q̄i)ek −
k∑
i=1

δ̄i(q̄
T
i ∇qigi(ū, w̄, q̄i))ek

}
∈ −K \ {0},

Using (5.3.28), (5.3.33), (5.3.34) and the hypothesis (v), for q̄i = 0, we obtain

{ϕ(ā, b̄) + S(ā|E)ek − b̄T
k∑
i=1

δ̄i(∇bϕi(ā, b̄) +∇pihi(ā, b̄, p̄i))ek

+
k∑
i=1

δ̄ihi(ā, b̄, p̄i)ek −
k∑
i=1

δ̄i(p̄
T
i ∇pihi(ā, b̄, p̄i))ek}

−{ϕ(ū, w̄)− S(w̄|D)ek − ūT
k∑
i=1

δ̄i(∇aϕi(ū, w̄) +∇qigi(ū, w̄, q̄i))ek

+
k∑
i=1

δ̄igi(ū, w̄, q̄i)ek −
k∑
i=1

δ̄i(q̄
T
i ∇qigi(ū, w̄, q̄i))ek} ∈ −K \ {0},

that is

S(ā, b̄, δ̄, p̄)− T (ū, w̄, δ̄, q̄) ∈ −K \ {0}.

which contradicts Theorem 5.3.1. Hence (ā, b̄, δ̄, v̄, q̄ = 0) is an ES of (SDP)δ̄.

Theorem 5.3.3 (Converse Duality) Suppose (ū, w̄, δ̄, v̄, q̄) is a WES of (SDP). Suppose

(i) the Hessian matrix ∇qiqigi, ∀ i = 1, 2, . . . , k is positive or negative definite.

(ii) the set of vectors ∇aϕ1(ū, w̄), . . . ,∇aϕk(ū, w̄) is LI,

(iii)
k∑
i=1

δ̄i∇aaϕiq̄i /∈ span{∇aϕi +∇qigi −∇agi,∇aϕi, i = 1, 2, . . . , k} \ {0},

(iv) q̄i ̸= 0, for some i ∈ {1, 2, . . . , k} imply that
k∑
i=1

δ̄i∇aaϕiq̄i ̸= 0,

(v)
k∑
i=1

δ̄igi(ū, w̄, 0) =
k∑
i=1

δ̄ihi(ū, w̄, 0),
k∑
i=1

δ̄i∇agi(ū, w̄, 0) = 0,
k∑
i=1

δ̄i∇qigi(ū, w̄, 0) = 0,
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k∑
i=1

δ̄i∇bgi(ū, w̄, 0) =
k∑
i=1

δ̄i∇pihi(ū, w̄, 0) and

(vi) K is a closed convex pointed cone with Rk
+ ⊆ K.

Then,

(I) ∃ z̄ ∈ D such that (ū, w̄, δ̄, z̄, p̄ = 0) is feasible for (SPP)δ̄ and

(II) S(ū, w̄, δ̄, p̄) = T (ū, w̄, δ̄, q̄).

Furthermore, if conditions of Theorem 5.3.1 hold for all feasible solutions of (SPP)δ̄ and

(SDP), then (ū, w̄, δ̄, z̄, p̄ = 0) is an ES for (SPP)δ̄.

5.4 Self-duality

Here (SPP) and (SDP) are not self dual if we do not add conditions on ϕ, g and h. For

(SPP) and (SDP), self duality exists with these suppositions:

(i) m = n, (ii) C1 = C2, (iii) D = E, (iv) the vector functions ϕ : Rn × Rm → Rk and

g : Rn × Rm × Rn → Rk to be skew symmetric, i.e.,ϕi(a, b) = −ϕi(b, a) and gi(u,w, qi) =
−gi(w, u, qi), i ∈ {1, 2, . . . , k}.
Now recasting (SDP) as a minimization problem:

(SDP1) K-minimize

(
− ϕ(u,w) + S(w|D)ek + uT

k∑
i=1

δi(∇aϕi(u,w) +∇qigi(u,w, qi))ek

−
k∑
i=1

δigi(u,w, qi)ek +
k∑
i=1

δi(q
T
i ∇qigi(u,w, qi))ek

)

subject to
k∑
i=1

δi(∇aϕi(u,w) + v +∇qigi(u,w, qi)) ∈ C∗
1 ,

v ∈ E

δT ek = 1

δ ∈ int K∗, w ∈ C2

Now ϕ and g are skew symmetric,

i.e., ∇aϕi(u,w) = −∇bϕi(w, u) and ∇qigi(u,w, qi) = −∇qigi(w, u, qi) for i = 1, . . . , k.

Therefore, (SDP1) becomes
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K-minimize (
ϕ(w, u) + S(w|E)ek − uT

k∑
i=1

δi(∇bϕi(w, u) +∇qigi(w, u, qi))ek

+
k∑
i=1

δigi(w, u, qi)ek −
k∑
i=1

δi(q
T
i ∇qigi(w, u, qi))ek

)

subject to −
k∑
i=1

δi(∇bϕi(w, u)− v +∇qigi(w, u, qi)) ∈ C∗
2 ,

v ∈ D

δT ek = 1

δ ∈ int K∗, w ∈ C1

Here (SDP1) is formally identical to (SPP). Therefore, (SPP) is self dual. The fea-

sibility of (a, b, δ, z, p) for (SPP) assures the feasibility of (b, a, δ, z, p) for (SDP) and

conversely.

5.5 Special cases

In all these cases, if
k∑
i=1

δihi(a, b, pi) =
k∑
i=1

δi
1
2
pTi ∇bbϕi(a, b)pi and

k∑
i=1

δigi(u,w, qi) =

k∑
i=1

δi
1
2
qTi ∇aaϕi(u,w)qi.

(i) If E = {0} and D = {0}, then (SPP) and (SDP) become the problems studied in

Gupta and Kailey [56].

(ii) ForK = Rk
+, C1 = Rn

+, C2 = Rm
+ , k = 1, qi = q, pi = p, E = {Bb : bTBb 5 1}, D =

{Ca : aTCa 5 1}, where B and C are positive semidefinite matrices, (aTBa)
1
2 =

S(a|E) and (bTCb)
1
2 = S(b|D), (SPP) and (SDP) reduce to the problems presented

in Ahmad and Hussain [6].

(iii) If K = Rk
+, C1 = Rn

+, C2 = Rm
+ , k = 1, qi = q, pi = p, then (SPP) and (SDP)

reduce to the programs presented in Yang et al. [135].

(iv) The cases given in Gupta and Kailey [56] can also be extracted from our problems.
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5.6 Conclusion

A new pair of higher-order symmetric dual for MP has been proposed. We have given

an illustration of higher-order K-η-convex functions. Duality results with higher-order

K-η-convexity suppositions have been provided. Some results acquired in Ahmad and

Hussain [6], Gupta and Kailey [56] and Yang et al. [135] are special cases of our work.
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Chapter 6

Higher-order mixed symmetric duality in mul-

tiobjective programming involving support func-

tions

6.1 Introduction

Mixed duality is a fruitful result that unifies two different dual models. Xu [131] constructed

two mixed duals for MP and fractional MP problems. Bector et al. [21] acquired duality

results for mixed symmetric MP problems. Yang et al. [133] derived duality relations for

mixed nondifferentiable programming problems. Second-order mixed dual for MP problems

was constructed by Aghezzaf [1]. Ahmad and Husain [9] proposed mixed symmetric dual

for MP problem over cones. They acquired results with K-preinvexity/K-pseudoinvexity

suppositions. Gao [44] formulated Mond-Weir type higher-order symmetrical dual pair for

MP and proved duality results under generalized invexity. Recently Verma et al. [128]

obtained mixed type higher-order symmetric dual model for scalar-objective programming

problem.

In this chapter, we focus on higher-order duality for nondifferentiable mixed symmet-

ric MP problem with higher-order K-(F, α, ρ, d)-convexity suppositions. This chapter is

organized as follows. Section 6.2 reviews the definitions. Higher-order mixed symmetric

duality for nondifferentiable MP problem and its duality results are discussed with afore-

said assumptions in Section 6.3. The chapter closes with conclusions in Section 6.5.

6.2 Definitions and preliminaries

Let K be a closed convex pointed cone in Rk with int K ̸= ϕ and Q be a closed convex

cone with nonempty interior in Rm. Let F : S ×S ×Rn → R(where S ⊆ Rn) be sublinear

functional in its third variable. Let ζj : S ×Rn → R be differentiable function.

Definition 6.2.1 A differentiable function ψ : S → Rk is called higher-order K-(F, α, ρ, d)-
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convex at b ∈ S on S w.r.t. ζ if ∀ a ∈ S and qj ∈ Rn, j = 1, 2, . . . , k, ∃ vector ρ ∈ Rk, a

real valued function α : S × S → R+ \ {0} and d : S × S → Rk such that

(ψ1(a)−ψ1(b)−ζ1(b, q1)+qT1 ∇q1ζ1(b, q1)−F (a, b;α(a, b)(∇aψ1(b)+∇q1ζ1(b, q1)))−ρ1d21(a, b), . . . ,
ψk(a)−ψk(b)−ζk(b, qk)+qTk∇qkζk(b, qk)−F (a, b;α(a, b)(∇aψk(b)+∇qkζk(b, qk)))−ρkd2k(a, b)) ∈
K.

6.3 Mixed higher-order symmetric dual program

For N = {1, 2, . . . , n} and M = {1, 2, . . . ,m}, let N1 ⊆ N, M1 ⊆ M, N2 = N \ N1 and

M2 =M \M1 where |N1| denotes the number of elements in the set N1. |N2|, |M1|, |M2|
are defined similarly. Let a1 ∈ R|N1|, a2 ∈ R|N2|. Then any a ∈ Rn can be written as

(a1, a2). Also for b1 ∈ R|M1|, b2 ∈ R|M2|, b ∈ Rm can be written as (b1, b2). Now if

N1 = ϕ, then |N1| = 0, N2 = N and hence |N2| = n. In this situation, R|N1|, R|N2| and

R|N1| × R|N2| will be zero-dimensional, n-dimensional and |N2|-dimensional, respectively.

Also N2 = ϕ, M1 = ϕ or M2 = ϕ can be interpret similarly.

Now we consider the following pair of multiobjective mixed higher-order symmetric dual

programs:

Primal Problem (NMSP)

K-minimize

P (a1, b1, a2, b2, λ, r, s) = (P1(a
1, b1, a2, b2, λ, r1, s1), P2(a

1, b1, a2, b2, λ, r2, s2), . . . ,

Pk(a
1, b1, a2, b2, λ, rk, sk))

subject to

−
k∑
j=1

λj(∇b1φj(a
1, b1)− q1 +∇rjh

1
j(a

1, b1, rj)) ∈ C∗
3 , (6.3.1)

−
k∑
j=1

λj(∇b2ϕj(a
2, b2)− q2j +∇sjg

1
j (a

2, b2, sj)) ∈ C∗
4 , (6.3.2)

(b2)T
k∑
j=1

λj(∇b2ϕj(a
2, b2)− q2j +∇sjg

1
j (a

2, b2, sj)) = 0, (6.3.3)

λT ek = 1, (6.3.4)

λ = (λ1, λ2, . . . , λk) ∈ int K∗, a1 ∈ C1, a2 ∈ C2, (6.3.5)

q1 ∈ Q1, q2j ∈ Q2
j , j = 1, 2, . . . , k.

Dual Problem (NMSD)

K-maximize
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T (u1, w1, u2, w2, λ, c, d) = (T1(u
1, w1, u2, w2, λ, c1, d1), T2(u

1, w1, u2, w2, λ, c2, d2), . . . ,

Tk(u
1, w1, u2, w2, λ, ck, dk))

subject to

k∑
j=1

λj(∇a1φj(u
1, w1) + v1 +∇cjh

2
j(u

1, w1, cj)) ∈ C∗
1 , (6.3.6)

k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)) ∈ C∗
2 , (6.3.7)

(u2)T
k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)) 5 0, (6.3.8)

λT ek = 1, (6.3.9)

λ = (λ1, λ2, . . . , λk) ∈ int K∗, w1 ∈ C3, w2 ∈ C4, (6.3.10)

v1 ∈ V 1, v2j ∈ V 2
j , j = 1, 2, . . . , k,

where

Pj(a
1, b1, a2, b2, λ, rj, sj) = φj(a

1, b1) + S(a1|V 1) + ϕj(a
2, b2) + S(a2|V 2

j )− (b2)T q2j

− (b1)T
k∑
j=1

λj(∇b1φj(a
1, b1) +∇rjh

1
j(a

1, b1, rj)) + h1j(a
1, b1, rj)− rTj ∇rjh

1
j(a

1, b1, rj)

+ g1j (a
2, b2, sj)− sTj ∇sjg

1
j (a

2, b2, sj).

Tj(u
1, w1, u2, w2, λ, cj, dj) = φj(u

1, w1)− S(w1|Q1) + ϕj(u
2, w2)− S(w2|Q2

j) + (u2)Tv2j

− (u1)T
k∑
j=1

λj(∇a1φj(u
1, w1) + ∇cjh

2
j(u

1, w1, cj)) + h2j(u
1, w1, cj) − cTj ∇cjh

2
j(u

1, w1, cj) +

g2j (u
2, w2, dj)− dTj ∇djg

2
j (u

2, w2, dj).

and

(i) φj : R
|N1| ×R|M1| → R, ϕj : R

|N2| ×R|M2| → R, h1j : R
|N1| ×R|M1| ×R|M1| → R, g1j :

R|N2| × R|M2| × R|M2| → R, h2j : R
|N1| × R|M1| × R|N1| → R and g2j : R|N2| × R|M2| ×

R|N2| → R are differentiable functions, respectively.

(ii) V 1, V 2
j , Q

1 and Q2
j are compact convex sets in R|N1|, R|N2|, R|M1| and R|M2|, respec-

tively.

(iii) C1, C2, C3 and C4 are closed convex cones in R|N1|, R|N2|, R|M1| and R|M2|, respec-

tively and C∗
1 , C

∗
2 , C

∗
3 and C∗

4 are their respective positive polar cones.

(iv) Also h1(a1, b1, r) denotes (h11(a
1, b1, r1), ..., h

1
k(a

1, b1, rk)), h
2(u1, w1, c) denotes

(h21(u
1, w1, c1), ..., h

2
k(u

1, w1, ck)), g
1(a2, b2, s) denotes (g11(a

2, b2, s1), ..., g
1
k(a

2, b2, sk))

and g2(u2, w2, d) denotes (g21(u
2, w2, d1), ..., g

2
k(u

2, w2, dk)).
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Theorem 6.3.1 (Weak Duality) Let (a1, b1, a2, b2, q1, q2, λ, r, s) be feasible solution of (NMSP)

and (u1, w1, u2, w2, v1, v2, λ, c, d) be feasible solution of (NMSD). Let the sublinear func-

tionals F1 : R
|N1|×R|N1|×R|N1| → R, F2 : R

|M1|×R|M1|×R|M1| → R, G1 : R
|N2|×R|N2|×

R|N2| → R and G2 : R
|M2| ×R|M2| ×R|M2| → R satisfy the following conditions:

F1(a
1, u1; ν1) + (α1

1)
−1(ν1)Tu1 = 0, ∀ν1 ∈ C∗

1 , (6.3.11)

F2(w
1, b1; ν2) + (α2

1)
−1(ν2)T b1 = 0, ∀ν2 ∈ C∗

3 , (6.3.12)

G1(a
2, u2; ν3) + (α1

2)
−1(ν3)Tu2 = 0, ∀ν3 ∈ C∗

2 , (6.3.13)

G2(w
2, b2; ν4) + (α2

2)
−1(ν4)T b2 = 0, ∀ν4 ∈ C∗

4 . (6.3.14)

Suppose that

(i) φ(·, w1)+(·)Tv1ek is higher-order K-(F1, α
1
1, ρ

11, d11)-convex at u1 w.r.t. h2(u1, w1, c)

and −(φ(a1, ·)−(·)T q1ek) is higher-order K-(F2, α
2
1, ρ

12, d12)-convex at b1 w.r.t. −h1(a1, b1, r),

(ii) ϕ(·, w2) + (·)Tv2 is higher-order K-(G1, α
1
2, ρ

21, d21)-convex at u2 w.r.t. g2(u2, w2, d)

and −(ϕ(a2, ·)−(·)T q2) is higher-order K-(G2, α
2
2, ρ

22, d22)-convex at b2 w.r.t. −g1(a2, b2, s),

(iii)
k∑
j=1

λj[ρ
11
j (d11j (a1, u1))2 + ρ12j (d12j (w1, b1))2] = 0 and

k∑
j=1

λj[ρ
21
j (d21j (a2, u2))2 + ρ22j (d22j (w2, b2))2] = 0,

(iv) Rk
+ ⊆ K.

Then, P (a1, b1, a2, b2, λ, r, s)− T (u1, w1, u2, w2, λ, c, d) /∈ −K \ {0}.

Proof Suppose that P (a1, b1, a2, b2, λ, r, s)− T (u1, w1, u2, w2, λ, c, d) ∈ −K \ {0},

That is

[
φ1(a

1, b1)+S(a1|V 1)+ϕ1(a
2, b2)+S(a2|V 2

1 )−(b2)T q21−(b1)T
k∑
j=1

λj(∇b1φj(a
1, b1)+

∇rjh
1
j(a

1, b1, rj))+h
1
1(a

1, b1, r1)−rT1 ∇r1h
1
1(a

1, b1, r1)+g
1
1(a

2, b2, s1)−sT1∇s1g
1
1(a

2, b2, s1), . . . ,

φk(a
1, b1) + S(a1|V 1) + ϕk(a

2, b2) + S(a2|V 2
k )− (b2)T q2k − (b1)T

k∑
j=1

λj(∇b1φj(a
1, b1)

+∇rjh
1
j(a

1, b1, rj))+h
1
k(a

1, b1, rk)−rTk∇rkh
1
k(a

1, b1, rk)+g
1
k(a

2, b2, sk)−sTk∇skg
1
k(a

2, b2, sk)

]
−
[
φ1(u

1, w1)−S(w1|Q1)+ϕ1(u
2, w2)−S(w2|Q2

1)+(u2)Tv21 − (u1)T
k∑
j=1

λj(∇a1φj(u
1, w1)+

∇cjh
2
j(u

1, w1, cj))+h
2
1(u

1, w1, c1)−cT1∇c1h
2
1(u

1, w1, c1)+g
2
1(u

2, w2, d1)−dT1∇d1g
2
1(u

2, w2, d1), . . . ,

φk(u
1, w1) − S(w1|Q1) + ϕk(u

2, w2) − S(w2|Q2
k) + (u2)Tv2k − (u1)T

k∑
j=1

λj(∇a1φj(u
1, w1) +

∇cjh
2
j(u

1, w1, cj))+h
2
k(u

1, w1, ck)−cTk∇ckh
2
k(u

1, w1, ck)+g
2
k(u

2, w2, dk)−dTk∇dkg
2
k(u

2, w2, dk)

]
∈

102



−K \ {0}.
Since λ ∈ intK∗ ⊆ intRk

+ (by hypothesis (iv)), hence λ > 0. Therefore, we get

k∑
j=1

λj

{
φj(a

1, b1) + S(a1|V 1) + ϕj(a
2, b2) + S(a2|V 2

j )− (b2)T q2j − (b1)T
k∑
j=1

λj(∇b1φj(a
1, b1)

+∇rjh
1
j(a

1, b1, rj)) + h1j(a
1, b1, rj)− rTj ∇rjh

1
j(a

1, b1, rj) + g1j (a
2, b2, sj)− sTj ∇sjg

1
j (a

2, b2, sj)

}
−

k∑
j=1

λj

{
φj(u

1, w1)− S(w1|Q1) + ϕj(u
2, w2)− S(w2|Q2

j) + (u2)Tv2j −

(u1)T
k∑
j=1

λj(∇a1φj(u
1, w1) +∇cjh

2
j(u

1, w1, cj)) + h2j(u
1, w1, cj)− cTj ∇cjh

2
j(u

1, w1, cj)

+g2j (u
2, w2, dj)− dTj ∇djg

2
j (u

2, w2, dj)

}
< 0 (6.3.15)

As φ(·, w1) + (·)Tv1ek is higher-order K-(F1, α
1
1, ρ

11, d11)-convex at u1 and −(φ(a1, ·) −
(·)T q1ek) is higher-order K-(F2, α

2
1, ρ

12, d12)-convex at b1, we acquire

(φ1(a
1, w1) + a1

T
v1 − φ1(u

1, w1)− (u1)Tv1 − h21(u
1, w1, c1) + cT1∇c1h

2
1(u

1, w1, c1)−

F1(a
1, u1;α1

1(a
1, u1)(∇a1φ1(u

1, w1) + v1 +∇c1h
2
1(u

1, w1, c1)))− ρ111 (d111 (a1, u1))2, ...,

φk(a
1, w1) + a1

T
v1 − φk(u

1, w1)− (u1)Tv1 − h2k(u
1, w1, ck) + cTk∇ckh

2
k(u

1, w1, ck)−

F1(a
1, u1;α1

1(a
1, u1)(∇a1φk(u

1, w1) + v1 +∇ckh
2
k(u

1, w1, ck)))− ρ11k (d11k (a1, u1))2) ∈ K,

and

(−φ1(a
1, w1) + w1T q1 + φ1(a

1, b1)− (b1)T q1 + h11(a
1, b1, r1)− r1

T∇r1h
1
1(a

1, b1, r1)−

F1(w
1, b1;−α2

1(w
1, b1)(∇b1φ1(a

1, b1)− q1 +∇r1h
1
1(a

1, b1, r1)))− ρ121 (d121 (w1, b1))2, ...,

−φk(a1, w1) + w1T q1 + φk(a
1, b1)− (b1)T q1 + h1k(a

1, b1, rk)− rk
T∇rkh

1
k(a

1, b1, rk)−

F1(w
1, b1;−α2

1(w
1, b1)(∇b1φk(a

1, b1)− q1 +∇rkh
1
k(a

1, b1, rk)))− ρ12k (d12k (w1, b1))2) ∈ K.

Using λ ∈ intK∗, we get

k∑
j=1

λj{φj(a1, w1) + a1
T
v1 − φj(u

1, w1)− (u1)Tv1 − h2j(u
1, w1, cj) + cTj ∇cjh

2
j(u

1, w1, cj)} =

k∑
j=1

λjF1(a
1, u1;α1

1(a
1, u1)(∇a1φj(u

1, w1) + v1 +∇cjh
2
j(u

1, w1, cj))) +
k∑
j=1

λjρ
11
j (d11j (a1, u1))2,
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and

k∑
j=1

λj{−φj(a1, w1) + w1T q1 + φj(a
1, b1)− (b1)T q1 + h1j(a

1, b1, rj)− rj
T∇rjh

1
j(a

1, b1, rj)} =

k∑
j=1

λjF1(w
1, b1;−α2

1(w
1, b1)(∇b1φj(a

1, b1)− q1 +∇rjh
1
j(a

1, b1, rj))) +
k∑
j=1

λjρ
12
j (d12j (w1, b1))2.

Using (6.3.5) and sublinearity of F in above expressions, we get

k∑
j=1

λj{φj(a1, w1) + a1
T
v1 − φj(u

1, w1)− (u1)Tv1 − h2j(u
1, w1, cj) + cTj ∇cjh

2
j(u

1, w1, cj)}

= F1(a
1, u1;α1

1(a
1, u1)

k∑
j=1

λj(∇a1φj(u
1, w1) + v1 +∇cjh

2
j(u

1, w1, cj)))

+
k∑
j=1

λjρ
11
j (d11j (a1, u1))2 (6.3.16)

and

k∑
j=1

λj{−φj(a1, w1) + w1T q1 + φj(a
1, b1)− (b1)T q1 + h1j(a

1, b1, rj)− rj
T∇rjh

1
j(a

1, b1, rj)}

= F1(w
1, b1;−α2

1(w
1, b1)

k∑
j=1

λj(∇b1φj(a
1, b1)− q1 +∇rjh

1
j(a

1, b1, rj)))

+
k∑
j=1

λjρ
12
j (d12j (w1, b1))2. (6.3.17)

Using α1
1(a

1, u1) > 0 and (6.3.6), we obtain

ν1 = α1
1(a

1, u1)
k∑
j=1

λj(∇a1φj(u
1, w1) + v1 +∇cjh

2
j(u

1, w1, cj)) ∈ C∗
1 ,

and so from (6.3.11),

F1(a
1, u1; ν1) + (α1

1)
−1(ν1)Tu1 = 0. (6.3.18)

Similarly

F2(w
1, b1; ν2) + (α2

1)
−1(ν2)T b1 = 0, (6.3.19)
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as ν2 = −α2
1(w

1, b1)
k∑
j=1

λj(∇b1φj(a
1, b1)− q1 +∇rjh

1
j(a

1, b1, rj)) ∈ C∗
3 .

From (6.3.16) and (6.3.18), we get

k∑
j=1

λj{φj(a1, w1) + a1
T
v1 − φj(u

1, w1)− (u1)Tv1 − h2j(u
1, w1, cj) + cj

T∇cjh
2
j(u

1, w1, cj)}

−
k∑
j=1

λjρ
11
j (d11j (a1, u1))2 = −(α1

1)
−1(ν1)Tu1. (6.3.20)

Using (6.3.17) and (6.3.19), we obtain

k∑
j=1

λj{−φj(a1, w1) + w1T q1 + φj(a
1, b1)− (b1)T q1 + h1j(a

1, b1, rj)− rj
T∇rjh

1
j(a

1, b1, rj)}

−
k∑
j=1

λjρ
12
j (d12j (w1, b1))2 = −(α2

1)
−1(ν2)T b1. (6.3.21)

Now by adding (6.3.20) and (6.3.21), we have
k∑
j=1

λj{φj(a1, b1) +w1T q1 − (b1)T q1 + h1j(a
1, b1, rj)− rj

T∇rjh
1
j(a

1, b1, rj)}+ (α2
1)

−1(ν2)T b1 −

k∑
j=1

λj{φj(u1, w1)−a1Tv1+(u1)Tv1+h2j(u
1, w1, cj)−cjT∇cjh

2
j(u

1, w1, cj)}+(α1
1)

−1(ν1)Tu1 =
k∑
j=1

λjρ
11
j (d11j (a1, u1))2 +

k∑
j=1

λjρ
12
j (d12j (w1, b1))2,

which along with (iii) gives

k∑
j=1

λj{φj(a1, b1) + (w1)T q1 − (b1)T q1 + h1j(a
1, b1, rj)− rj

T∇rjh
1
j(a

1, b1, rj)}+ (α2
1)

−1(ν2)T b1

−
k∑
j=1

λj{φj(u1, w1)− (a1)Tv1 + (u1)Tv1 + h2j(u
1, w1, cj)− cj

T∇cjh
2
j(u

1, w1, cj)}

+(α1
1)

−1(ν1)Tu1 = 0. (6.3.22)

As we know (w1)T q1 5 S(w1|Q1), (a1)Tv1 5 S(a1|V 1) and substituting the values of ν1

and ν2 in above, we get

k∑
j=1

λj{φj(a1, b1) + S(w1|Q1) + h1j(a
1, b1, rj)− rj

T∇rjh
1
j(a

1, b1, rj)} − (b1)T
k∑
j=1

λj(∇b1φj(a
1, b1)

+∇rjh
1
j(a

1, b1, rj))−
k∑
j=1

λj{φj(u1, w1)− S(a1|V 1) + h2j(u
1, w1, cj)− cj

T∇cjh
2
j(u

1, w1, cj)}
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+(u1)T
k∑
j=1

λj(∇a1φj(u
1, w1) +∇cjh

2
j(u

1, w1, cj)) = 0. (6.3.23)

Using α1
2(a

2, u2) > 0 and (6.3.7), we acquire

ν3 = α1
2(a

2, u2)
k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)) ∈ C∗
2 .

Now from (6.3.13) and above, we have

G1(a
2, u2;α1

2(a
2, u2)

k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj)))

= −(u2)T
k∑
j=1

λj(∇a2ϕj(u
2, w2) + v2j +∇djg

2
j (u

2, w2, dj))

= 0.(Using (6.3.8)) (6.3.24)

Since ϕ(·, w2) + (·)Tv2 is higher-order K-(G1, α
1
2, ρ

21, d21)-convex at u2, therefore we have

(ϕ1(a
2, w2) + (a2)Tv21 − ϕ1(u

2, w2)− (u2)Tv21 − g21(u
2, w2, d1) + d1

T∇d1g
2
1(u

2, w2, d1)

−G1(a
2, u2;α1

2(a
2, u2)(∇a2ϕ1(u

2, w2) + v21 +∇d1g
2
1(u

2, w2, d1)))− ρ211 (d211 (a2, u2))2, ...,

ϕk(a
2, w2) + (a2)Tv2k − ϕk(u

2, w2)− (u2)Tv2k − g2k(u
2, w2, dk) + dk

T∇dkg
2
k(u

2, w2, dk)

−G1(a
2, u2;α1

2(a
2, u2)(∇a2ϕk(u

2, w2) + v2k +∇dkg
2
k(u

2, w2, dk)))− ρ21k (d21k (a2, u2))2) ∈ K,

Using λ ∈ int K∗ and sublinearity of F , we obtain
k∑
j=1

λj{ϕj(a2, w2) + (a2)Tv2j − ϕj(u
2, w2)− (u2)Tv2j − g2j (u

2, w2, dj) + dj
T∇djg

2
j (u

2, w2, dj)}

= G1(a
2, u2;α1

2(a
2, u2)

k∑
j=1

λj(∇a2ϕj(u
2, w2)+v2j+∇djg

2
j (u

2, w2, dj)))+
k∑
j=1

λjρ
21
j (d21j (a2, u2))2,

which on using (6.3.24), we get

k∑
j=1

λj{ϕj(a2, w2) + (a2)Tv2j − ϕj(u
2, w2)− (u2)Tv2j − g2j (u

2, w2, dj) + dj
T∇djg

2
j (u

2, w2, dj)}

−
k∑
j=1

λjρ
21
j (d21j (a2, u2))2 = 0. (6.3.25)

Similarly (6.3.14), λ ∈ intK∗ and higher-orderK-(G2, α
2
2, ρ

22, d22)-convexity of−(ϕ(a2, ·)−
(·)T q2) at b2 gives

k∑
j=1

λj{−ϕj(a2, w2) + (w2)T q2j + ϕj(a
2, b2)− (b2)T q2j + g1j (a

2, b2, sj)− sj
T∇sjg

1
j (a

2, b2, sj)}

−
k∑
j=1

λjρ
22
j (d22j (w2, b2))2 = 0. (6.3.26)
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Adding (6.3.25) and (6.3.26), we obtain
k∑
j=1

λj{ϕj(a2, b2) + (w2)T q2j − ϕj(u
2, w2) + (a2)Tv2j − (b2)T q2j − (u2)Tv2j + g1j (a

2, b2, sj)

− sj
T∇sjg

1
j (a

2, b2, sj)− g2j (u
2, w2, dj) + dj

T∇djg
2
j (u

2, w2, dj)} −
k∑
j=1

λjρ
21
j (d21j (a2, u2))2

−
k∑
j=1

λjρ
22
j (d22j (w2, b2))2 = 0.

Now using (w2)T q2j 5 S(w2|Q2
j), (a

2)Tv2j 5 S(a2|V 2
j ) and (iii), we get

k∑
j=1

λj{ϕj(a2, b2) + S(w2|Q2
j)− ϕj(u

2, w2) + S(a2|V 2
j )− (b2)T q2j − (u2)Tv2j + g1j (a

2, b2, sj)

−sjT∇sjg
1
j (a

2, b2, sj)− g2j (u
2, w2, dj) + dj

T∇djg
2
j (u

2, w2, dj)} = 0. (6.3.27)

Summing up (6.3.23) and (6.3.27) gives
k∑
j=1

λj

{
φj(a

1, b1)+S(a1|V 1)+ϕj(a
2, b2)+S(a2|V 2

j )− (b2)T q2j − (b1)T
k∑
j=1

λj(∇b1φj(a
1, b1)+

∇rjh
1
j(a

1, b1, rj)) + h1j(a
1, b1, rj)− rTj ∇rjh

1
j(a

1, b1, rj) + g1j (a
2, b2, sj)− sTj ∇sjg

1
j (a

2, b2, sj)

}
−

k∑
j=1

λj

{
φj(u

1, w1)−S(w1|Q1)+ϕj(u
2, w2)−S(w2|Q2

j)+(u2)Tv2j−(u1)T
k∑
j=1

λj(∇a1φj(u
1, w1)+

∇cjh
2
j(u

1, w1, cj))+h
2
j(u

1, w1, cj)−cTj ∇cjh
2
j(u

1, w1, cj)+g
2
j (u

2, w2, dj)−dTj ∇djg
2
j (u

2, w2, dj)

}
=

0,

which contradicts (6.3.15). Hence proved.

If λ in (NMSP) and (NMSD) is fixed as λ̄, we express these problems as (NMSP)λ̄

and (NMSD)λ̄, respectively.

Theorem 6.3.2 (Strong Duality)Let (ā1, b̄1, ā2, b̄2, q̄1, q̄2, λ̄, r̄, s̄) be a WES of (NMSP).

Let

(i) ∇rjrjh
1
j(ā

1, b̄1, r̄j) is positive or negative definite ∀ j = 1, 2, . . . , k;

(ii) ∇sjsjg
1
j (ā

2, b̄2, s̄j) is positive or negative definite ∀ j = 1, 2, . . . , k;

(iii) r̄j ̸= 0 for some j ∈ {1, 2, . . . , k} imply that
k∑
j=1

αj(∇b1b1φj(ā
1, b̄1))T r̄j ̸= 0 for all

α ∈ K∗;

(iv)
k∑
j=1

αj(∇b1b1φj(ā
1, b̄1))T r̄j /∈ span{∇b1φj(ā

1, b̄1) +∇b1h
1
j(ā

1, b̄1, r̄j), ∇b1φj(ā
1, b̄1)

+∇rjh
1
j(ā

1, b̄1, r̄j), j = 1, 2, . . . , k} \ {0}, for all α ∈ K∗;

(v) the set of vectors {∇b2ϕj(ā
2, b̄2)−q̄2j+∇b2g

1
j (ā

2, b̄2, s̄j),∇b2ϕj(ā
2, b̄2)−q̄2j+∇sjg

1
j (ā

2, b̄2, s̄j)},
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j = 1, 2, . . . , k is LI;

(vi) the set of vectors {∇b2ϕj(ā
2, b̄2)− q̄2j +∇sjg

1
j (ā

2, b̄2, s̄j)}, j = 1, 2, . . . , k is LI;

(vii) g1j (ā
2, b̄2, 0) = 0 = g2j (ā

2, b̄2, 0), ∇a2g
1
j (ā

2, b̄2, 0) = ∇djg
2
j (ā

2, b̄2, 0), ∇b2g
1
j (ā

2, b̄2, 0) =

0 = ∇sjg
1
j (ā

2, b̄2, 0), h1j(ā
1, b̄1, 0) = h2j(ā

1, b̄1, 0) and ∇a1h
1
j(ā

1, b̄1, 0) = ∇cjh
2
j(ā

1, b̄1, 0),

j = 1, 2, . . . , k;

(viii) K is closed convex pointed cone with Rk
+ ⊆ K.

Then,

(I) ∃ v̄1 ∈ V 1 and v̄2j ∈ V 2
j such that (ā1, b̄1, ā2, b̄2, v̄1, v̄2, λ̄, c̄ = 0, d̄ = 0) be feasible

solution of (NMSD)λ̄, and

(II) P (ā1, b̄1, ā2, b̄2, λ̄, r̄, s̄) = T (ā1, b̄1, ā2, b̄2, λ̄, c̄, d̄).

Further, if the suppositions of Theorem 6.3.1 are satisfied for all feasible solutions of

(NMSP) and (NMSD)λ̄, then (ā1, b̄1, ā2, b̄2, v̄1, v̄2, λ̄, c̄ = 0, d̄ = 0) is an ES of (NMSD)λ̄.

Proof Since (ā1, b̄1, ā2, b̄2, q̄1, q̄2, λ̄, r̄, s̄) is a WES of (NMSP), by Fritz John necessary

optimality conditions ( [122], Lemma 1), ∃ α ∈ K∗, β ∈ C3, γ ∈ C4, δ ∈ R+ and η ∈ R

such that[ k∑
j=1

αj(∇a1φj(ā
1, b̄1) + ν +∇a1h

1
j(ā

1, b̄1, r̄j)) +
k∑
j=1

λ̄j(∇b1a1φj(ā
1, b̄1))T (β − (αT ek)b̄

1)

+
k∑
j=1

(∇rja1h
1
j(ā

1, b̄1, r̄j))
T (λ̄jβ − λ̄j(α

T ek)b̄
1 − αj r̄j)

]T
(a1 − ā1) = 0, ∀ a1 ∈ C1, (6.3.28)

[ k∑
j=1

αj(∇a2ϕj(ā
2, b̄2) + ξj +∇a2g

1
j (ā

2, b̄2, s̄j)) +
k∑
j=1

λ̄j(∇b2a2ϕj(ā
2, b̄2))T (γ − (δ)b̄2)

+
k∑
j=1

(∇sja2g
1
j (ā

2, b̄2, s̄j))
T (λ̄jγ − αj s̄j − λ̄j(δ)b̄

2)

]T
(a2 − ā2) = 0, ∀ a2 ∈ C2, (6.3.29)

k∑
j=1

αj(∇b1φj(ā
1, b̄1) +∇b1h

1
j(ā

1, b̄1, r̄j))−
k∑
j=1

(αT ek)λ̄j{∇b1φj(ā
1, b̄1) +∇rjh

1
j(ā

1, b̄1, r̄j)}

+
k∑
j=1

λ̄j(∇b1b1φj(ā
1, b̄1))T (β − (αT ek)b̄

1) +
k∑
j=1

(∇rjb1h
1
j(ā

1, b̄1, r̄j))
T (λ̄jβ − λ̄j(α

T ek)b̄
1

−αj r̄j) = 0, (6.3.30)
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k∑
j=1

αj(∇b2ϕj(ā
2, b̄2)− q̄2j +∇b2g

1
j (ā

2, b̄2, s̄j)) +
k∑
j=1

λ̄j(∇b2b2ϕj(ā
2, b̄2))T (γ − δb̄2) +

k∑
j=1

(∇sjb2g
1
j (ā

2, b̄2, s̄j))
T (λ̄jγ − αj s̄j − λ̄jδb̄

2)− δ(
k∑
j=1

λ̄j(∇b2ϕj(ā
2, b̄2)− q̄2j

+∇sjg
1
j (ā

2, b̄2, s̄j))) = 0, (6.3.31)

(β − (αT ek)b̄
1)T (∇b1φj(ā

1, b̄1) +∇rjh
1
j(ā

1, b̄1, r̄j)) + (γ − δb̄2)T [∇b2ϕj(ā
2, b̄2)

−q̄2j +∇sjg
1
j (ā

2, b̄2, s̄j)] + η = 0, j = 1, 2, . . . , k, (6.3.32)

(∇rjrjh
1
j(ā

1, b̄1, r̄j))
T (λ̄jβ − λ̄j(α

T ek)b̄
1 − αj r̄j) = 0, (6.3.33)

(∇sjsjg
1
j (ā

2, b̄2, s̄j))
T (λ̄jγ − αj s̄j − λ̄jδb̄

2) = 0, (6.3.34)

βT
k∑
j=1

λ̄j(∇b1φj(ā
1, b̄1)− q̄1 +∇rjh

1
j(ā

1, b̄1, r̄j)) = 0, (6.3.35)

γT
k∑
j=1

λ̄j(∇b2ϕj(ā
2, b̄2)− q̄2j +∇sjg

1
j (ā

2, b̄2, s̄j)) = 0, (6.3.36)

δ(b̄2)T
k∑
j=1

λ̄j(∇b2ϕj(ā
2, b̄2)− q̄2j +∇sjg

1
j (ā

2, b̄2, s̄j)) = 0, (6.3.37)

η(λ̄T ek − 1) = 0, (6.3.38)

β ∈ NQ1(q̄1), (6.3.39)

αj b̄
2 + λ̄jγ − λ̄jδb̄

2 ∈ NQ2
j
(q̄2j ), j = 1, 2, . . . , k, (6.3.40)

νT ā1 = S(ā1|V 1), ν ∈ V 1, (6.3.41)

ξTj ā
2 = S(ā2|V 2

j ), ξj ∈ V 2
j , (6.3.42)

(α, β, γ, δ, η) ̸= 0. (6.3.43)

From hypothesis (i) and (6.3.33), we get

λ̄jβ − λ̄j(α
T ek)b̄

1 − αj r̄j = 0. (6.3.44)

Using (6.3.44) in (6.3.30), we have

k∑
j=1

αj(∇b1b1φj(ā
1, b̄1))T r̄j = (αT ek)

k∑
j=1

λ̄j{∇b1φj(ā
1, b̄1) +∇rjh

1
j(ā

1, b̄1, r̄j)}

−
k∑
j=1

αj(∇b1φj(ā
1, b̄1) +∇b1h

1
j(ā

1, b̄1, r̄j)) (6.3.45)
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that is

k∑
j=1

αj(∇b1b1φj(ā
1, b̄1))T r̄j ∈ span{∇b1φj(ā

1, b̄1) +∇b1h
1
j(ā

1, b̄1, r̄j),

∇b1φj(ā
1, b̄1) +∇rjh

1
j(ā

1, b̄1, r̄j), j = 1, 2, . . . , k}. (6.3.46)

Now we prove r̄j = 0 ∀ j = 1, 2, . . . , k.

On contrary suppose that for some j ∈ {1, 2, . . . , k}, r̄j ̸= 0, then using (iii), we have

k∑
j=1

αj(∇b1b1φj(ā
1, b̄1))T r̄j ̸= 0, (6.3.47)

This contradicts (iv) (by (6.3.46) & (6.3.47)). Hence

r̄j = 0 ∀ j = 1, 2, . . . , k. (6.3.48)

Using (6.3.48) in (6.3.44) implies

λ̄jβ = λ̄j(α
T ek)b̄

1, j = 1, 2, . . . , k.

Since Rk
+ ⊆ K implies K∗ ⊆ Rk

+. As λ̄ ∈ intK∗, therefore λ̄ > 0. Hence from above we get

β = (αT ek)b̄
1. (6.3.49)

Now from (ii) and (6.3.34), we obtain

λ̄jγ − αj s̄j − λ̄jδb̄
2 = 0. (6.3.50)

Now we prove that αj ̸= 0 ∀ j. Let αj = 0 for some j. As λ̄ > 0, (6.3.50) gives

γ = δb̄2. (6.3.51)

Using (6.3.50) and (6.3.51) in (6.3.31), we obtain

k∑
j=1

αj(∇b2ϕj(ā
2, b̄2)− q̄2j +∇b2g

1
j (ā

2, b̄2, s̄j))− (
k∑
j=1

δλ̄j(∇b2ϕj(ā
2, b̄2)

−q̄2j +∇sjg
1
j (ā

2, b̄2, s̄j))) = 0,
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which along with hypothesis (v) gives

αj = 0, j = 1, 2, . . . , k, (6.3.52)

δλ̄j = 0, j = 1, 2, . . . , k,

which implies δ = 0 as λ̄j > 0. Also δ = 0 and (6.3.51) gives

γ = 0. (6.3.53)

Using (6.3.49) and (6.3.51) in (6.3.32), we get

η = 0. (6.3.54)

From (6.3.49) and (6.3.52), we obtain

β = 0.

Consequently (α, β, γ, δ, η) = 0 which contradicts (6.3.43).

Therefore, αj ̸= 0 ∀ j. Since α ∈ K∗ and K∗ ⊆ Rk
+, therefore αj > 0 ∀ j and hence

αT ek > 0. Subtract (6.3.37) from (6.3.36), we obtain

(γ − δ(b̄2))T
k∑
j=1

λ̄j(∇b2ϕj(ā
2, b̄2)− q̄2j +∇sjg

1
j (ā

2, b̄2, s̄j)) = 0, (6.3.55)

Now (6.3.50), (6.3.55) and λ̄ > 0 implies

k∑
j=1

αj s̄
T
j (∇b2ϕj(ā

2, b̄2)− q̄2j +∇sjg
1
j (ā

2, b̄2, s̄j)) = 0,

which using αj > 0 and hypothesis (vi) gives

s̄j = 0. (6.3.56)

From (6.3.50), (6.3.56) and λ̄ > 0, we get

γ = δb̄2. (6.3.57)
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Using (6.3.50), (6.3.56), (6.3.57) and hypothesis (vii), (6.3.29) and (6.3.31) reduces to

[ k∑
j=1

αj(∇a2ϕj(ā
2, b̄2) + ξj +∇a2g

1
j (ā

2, b̄2, s̄j))

]T
(a2 − ā2) = 0, (6.3.58)

and
k∑
j=1

(αj − δλ̄j)(∇b2ϕj(ā
2, b̄2)− q̄2j +∇sjg

1
j (ā

2, b̄2, s̄j)) = 0, (6.3.59)

From hypothesis (vi) and (6.3.59), we obtain

αj = δλ̄j, j = 1, 2, . . . , k. (6.3.60)

Since λ̄j > 0 and αj > 0, j = 1, 2, . . . , k, then (6.3.60) gives δ > 0. Hence from (6.3.58)

and (6.3.60), we acquire

[ k∑
j=1

λ̄j(∇a2ϕj(ā
2, b̄2) + ξj +∇a2g

1
j (ā

2, b̄2, s̄j))

]T
(a2 − ā2) = 0, ∀ a2 ∈ C2.

For d̄j = 0, by using condition (vii) and (6.3.56) in above inequality, we get

[ k∑
j=1

λ̄j(∇a2ϕj(ā
2, b̄2) + ξj +∇djg

2
j (ā

2, b̄2, d̄j))

]T
(a2 − ā2) = 0. (6.3.61)

Let a2 ∈ C2. Then a
2 + ā2 ∈ C2, as C2 is a closed convex cone and so (6.3.61) shows that

for every a2 ∈ C2

a2
T

k∑
j=1

λ̄j(∇a2ϕj(ā
2, b̄2) + ξj +∇djg

2
j (ā

2, b̄2, d̄j)) = 0,

which gives

k∑
j=1

λ̄j(∇a2ϕj(ā
2, b̄2) + ξj +∇djg

2
j (ā

2, b̄2, d̄j)) ∈ C∗
2 , (6.3.62)

Now if a2 = 0, (6.3.61) becomes

(ā2)T
k∑
j=1

λ̄j(∇a2ϕj(ā
2, b̄2) + ξj +∇djg

2
j (ā

2, b̄2, d̄j)) 5 0, (6.3.63)
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From (6.3.57), we get

b̄2 =
γ

δ
∈ C4. (6.3.64)

Also from (6.3.49), we obtain

b̄1 =
β

αT ek
∈ C3.

Using (6.3.44), (6.3.49), (6.3.60) and δ > 0 in (6.3.28), we get

[ k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) + ν +∇a1h

1
j(ā

1, b̄1, r̄j))

]T
(a1 − ā1) = 0, ∀ a1 ∈ C1.

Now for c̄j = 0, using (6.3.48) and hypothesis (vii) with above inequality, we obtain

[ k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) + ν +∇cjh

2
j(ā

1, b̄1, c̄j))

]T
(a1 − ā1) = 0, (6.3.65)

Let a1 ∈ C1. Then ā
1 + a1 ∈ C1 and from (6.3.65), we have

a1
T

k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) + ν +∇cjh

2
j(ā

1, b̄1, c̄j)) = 0,

which gives
k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) + ν +∇cjh

2
j(ā

1, b̄1, c̄j)) ∈ C∗
1 ,

By taking ν = v̄1 and ξj = v̄2j , we can see that (ā1, b̄1, ā2, b̄2, ν = v̄1, ξ = v̄2, λ̄, c̄ = 0, d̄ = 0)

satisfies the constraints of (NMSD)λ̄. Therefore it is a feasible solution for the dual

problem.

Now by taking a1 = 0 and a1 = 2ā1, simultaneously in (6.3.65), we achieve

(ā1)T
k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) + ν +∇cjh

2
j(ā

1, b̄1, c̄j)) = 0,

which implies

(ā1)T
k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1) +∇cjh

2
j(ā

1, b̄1, c̄j)) = −(ā1)Tν = −S(ā1|V 1), (6.3.66)

Now (6.3.39) and (6.3.49) gives (αT ek)b̄
1 ∈ NQ1(q̄1). Since αT ek > 0, we have b̄1 ∈ NQ1(q̄1).

Now as Q1 is a compact convex set in R|M1|, (b̄1)T q̄1 = S(b̄1|Q1).
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From (6.3.35), (6.3.49) and αT ek > 0, we get

(b̄1)T
k∑
j=1

λj(∇b1φj(ā
1, b̄1)− q̄1 +∇rjh

1
j(ā

1, b̄1, r̄j)) = 0,

which implies

(b̄1)T
k∑
j=1

λj(∇b1φj(ā
1, b̄1) +∇rjh

1
j(ā

1, b̄1, r̄j)) = (b̄1)T q̄1 = S(b̄1|Q1). (6.3.67)

Using (6.3.40), αj > 0 and (6.3.57), we get

b̄2 ∈ NQ2
j (q̄

2
j )
.

Since Q2
j is compact convex set in R|M2|,

S(b̄2|Q2
j) = (b̄2)T q̄2j , j = 1, 2, . . . , k. (6.3.68)

By hypothesis (vii) for c̄j = 0, d̄j = 0, (6.3.48), (6.3.56), (6.3.66)-(6.3.68) gives

φj(ā
1, b̄1) + S(ā1|V 1) + ϕj(ā

2, b̄2) + S(ā2|V 2
j )− (b̄2)T q̄2j − (b̄1)T

k∑
j=1

λ̄j(∇b1φj(ā
1, b̄1)

+∇rjh
1
j(ā

1, b̄1, r̄j)) + h1j(ā
1, b̄1, r̄j)− r̄Tj ∇rjh

1
j(ā

1, b̄1, r̄j) + g1j (ā
2, b̄2, s̄j)− s̄Tj ∇sjg

1
j (ā

2, b̄2, s̄j)

= φj(ā
1, b̄1)− S(b̄1|Q1) + ϕj(ā

2, b̄2)− S(b̄2|Q2
j) + (ā2)T v̄2j − (ā1)T

k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1)

+∇cjh
2
j(ā

1, b̄1, c̄j)) + h2j(ā
1, b̄1, c̄j)− c̄Tj ∇cjh

2
j(ā

1, b̄1, c̄j) + g2j (ā
2, b̄2, d̄j)− d̄Tj ∇djg

2
j (ā

2, b̄2, d̄j).

Now let (ā1, b̄1, ā2, b̄2, ν = v̄1, ξ = v̄2, λ̄, c̄ = 0, d̄ = 0) be not an ES of (NMSD)λ̄, then ∃
another feasible solution (ū1, w̄1, ū2, w̄2, v̄1, v̄2, λ̄, c̄, d̄) of (NMSD)λ̄ such that(
φ1(ā

1, b̄1)− S(b̄1|Q1) + ϕ1(ā
2, b̄2)− S(b̄2|Q2

1) + (ā2)T v̄21 − (ā1)T
k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1)

+∇cjh
2
j(ā

1, b̄1, c̄j))+h
2
1(ā

1, b̄1, c̄1)−c̄T1∇c1h
2
1(ā

1, b̄1, c̄1)+g
2
1(ā

2, b̄2, d̄1)−d̄T1∇d1g
2
1(ā

2, b̄2, d̄1), . . . ,

φk(ā
1, b̄1)− S(b̄1|Q1) + ϕk(ā

2, b̄2)− S(b̄2|Q2
k) + (ā2)T v̄2k − (ā1)T

k∑
j=1

λ̄j(∇a1φj(ā
1, b̄1)

+∇cjh
2
j(ā

1, b̄1, c̄j))+h
2
k(ā

1, b̄1, c̄k)− c̄Tk∇ckh
2
k(ā

1, b̄1, c̄k)+g
2
k(ā

2, b̄2, d̄k)−d̄Tk∇dkg
2
k(ā

2, b̄2, d̄k)

)
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−
(
φ1(ū

1, w̄1)−S(w̄1|Q1)+ϕ1(ū
2, w̄2)−S(w̄2|Q2

1)+(ū2)T v̄21−(ū1)T
k∑
j=1

λ̄j(∇a1φj(ū
1, w̄1)+

∇cjh
2
j(ū

1, w̄1, c̄j))+h
2
1(ū

1, w̄1, c̄1)−c̄T1∇c1h
2
1(ū

1, w̄1, c̄1)+g
2
1(ū

2, w̄2, d̄1)−d̄T1∇d1g
2
1(ū

2, w̄2, d̄1), . . . ,

φk(ū
1, w̄1)− S(w̄1|Q1) + ϕk(ū

2, w̄2)− S(w̄2|Q2
k) + (ū2)T v̄2k − (ū1)T

k∑
j=1

λ̄j(∇a1φj(ū
1, w̄1) +

∇cjh
2
j(ū

1, w̄1, c̄j))+h
2
k(ū

1, w̄1, c̄k)−c̄Tk∇ckh
2
k(ū

1, w̄1, c̄k)+g
2
k(ū

2, w̄2, d̄k)−d̄Tk∇dkg
2
k(ū

2, w̄2, d̄k)

)
∈

−K \ {0},
Using (6.3.48), (6.3.56), (6.3.66)-(6.3.68) and hypothesis (vii) for c̄ = 0, d̄ = 0, we get(
φ1(ā

1, b̄1) + S(ā1|V 1) + ϕ1(ā
2, b̄2) + S(ā2|V 2

1 )− (b̄2)T q̄21 − (b̄1)T
k∑
j=1

λ̄j(∇b̄1φj(ā
1, b̄1)

+∇rjh
1
j(ā

1, b̄1, r̄j))+h
1
1(ā

1, b̄1, r̄1)−r̄T1 ∇r1h
1
1(ā

1, b̄1, r̄1)+g
1
1(ā

2, b̄2, s̄1)−s̄T1∇s1g
1
1(ā

2, b̄2, s̄1), . . . ,

φk(ā
1, b̄1) + S(ā1|V 1) + ϕk(ā

2, b̄2) + S(ā2|V 2
k )− (b̄2)T q̄2k − (b̄1)T

k∑
j=1

λ̄j(∇b̄1φj(ā
1, b̄1)

+∇rjh
1
j(ā

1, b̄1, r̄j))+h
1
k(ā

1, b̄1, r̄k)− r̄Tk∇rkh
1
k(ā

1, b̄1, r̄k)+g
1
k(ā

2, b̄2, s̄k)− s̄Tk∇skg
1
k(ā

2, b̄2, s̄k)

)
−
(
φ1(ū

1, w̄1)−S(w̄1|Q1)+ϕj(ū
2, w̄2)−S(w̄2|Q2

1)+(ū2)T v̄21−(ū1)T
k∑
j=1

λ̄j(∇a1φj(ū
1, w̄1)+

∇cjh
2
j(ū

1, w̄1, c̄j))+h
2
1(ū

1, w̄1, c̄1)−c̄T1∇c1h
2
1(ū

1, w̄1, c̄1)+g
2
1(ū

2, w̄2, d̄1)−d̄T1∇d1g
2
1(ū

2, w̄2, d̄1), . . . ,

φk(ū
1, w̄1)− S(w̄1|Q1) + ϕk(ū

2, w̄2)− S(w̄2|Q2
k) + (ū2)T v̄2k − (ū1)T

k∑
j=1

λ̄j(∇a1φj(ū
1, w̄1) +

∇cjh
2
j(ū

1, w̄1, c̄j))+h
2
k(ū

1, w̄1, c̄k)−c̄Tk∇ckh
2
k(ū

1, w̄1, c̄k)+g
2
k(ū

2, w̄2, d̄k)−d̄Tk∇dkg
2
k(ū

2, w̄2, d̄k)

)
∈

−K \ {0}
which contradicts Theorem 6.3.1. Hence (ā1, b̄1, ā2, b̄2, v̄1, v̄2, λ̄, c̄ = 0, d̄ = 0) is an ES of

(NMSD)λ̄.

Theorem 6.3.3 (Converse duality)Let (ū1, w̄1, ū2, w̄2, v̄1, v̄2, λ̄, c̄, d̄) be a WES of (NMSD).

Let

(i) ∇cjcjh
2
j(ū

1, w̄1, c̄j) is positive or negative definite ∀ j = 1, 2, . . . , k;

(ii) ∇djdjg
2
j (ū

2, w̄2, d̄j) is positive or negative definite ∀ j = 1, 2, . . . , k;

(iii) c̄j ̸= 0 for some j ∈ {1, 2, . . . , k} imply that
k∑
j=1

αj(∇a1a1φj(ū
1, w̄1))T c̄j ̸= 0 for all

α ∈ K∗;

(iv)
k∑
j=1

αj(∇a1a1φj(ū
1, w̄1))T c̄j /∈ span{∇a1φj(ū

1, w̄1)+∇a1h
2
j(ū

1, w̄1, c̄j), ∇a1φj(ū
1, w̄1)+
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∇cjh
2
j(ū

1, w̄1, c̄j), j = 1, 2, . . . , k} \ {0}, for all α ∈ K∗;

(v) the set of vectors {∇a2ϕj(ū
2, w̄2)− v̄2j +∇a2g

2
j (ū

2, w̄2, d̄j),∇a2ϕj(ū
2, w̄2)− v̄2j

+∇djg
2
j (ū

2, w̄2, d̄j)}, j = 1, 2, . . . , k is LI;

(vi) the set of vectors {∇a2ϕj(ū
2, w̄2)− v̄2j +∇djg

2
j (ū

2, w̄2, d̄j)}, j = 1, 2, . . . , k is LI;

(vii) g2j (ū
2, w̄2, 0) = g1j (ū

2, w̄2, 0), ∇b2g
2
j (ū

2, w̄2, 0) = ∇sjg
1
j (ū

2, w̄2, 0), ∇a2g
2
j (ū

2, w̄2, 0) =

∇djg
2
j (ū

2, w̄2, 0), h2j(ū
1, w̄1, 0) = h1j(ū

1, w̄1, 0) and ∇b1h
2
j(ū

1, w̄1, 0) = ∇rjh
1
j(ū

1, w̄1, 0),

j = 1, 2, . . . , k;

(viii) K is closed convex pointed cone with Rk
+ ⊆ K.

Then,

(I) ∃ q̄1 ∈ Q1 and q̄2j ∈ Q2
j such that (ū1, w̄1, ū2, w̄2, q̄1, q̄2, λ̄, r̄ = 0, s̄ = 0) be feasible

solution of (NMSP)λ̄, and

(II) P (ū1, w̄1, ū2, w̄2, λ̄, c̄, d̄) = T (ū1, w̄1, ū2, w̄2, λ̄, r̄, s̄).

Further, if the suppositions of Theorem 6.3.1 are satisfied for all feasible solutions of

(NMSD) and (NMSP)λ̄, then (ū1, w̄1, ū2, w̄2, q̄1, q̄2, λ̄, r̄ = 0, s̄ = 0) is an ES of (NMSP)λ̄.

Proof It follows on the lines of Theorem 6.3.2.

6.4 Special Cases

(i) If we take N1 = ϕ andM1 = ϕ, then our primal and dual model reduce to the problem

studied by Agarwal et al. [3].

(ii) If we consider h1j(a
1, b1, rj) =

1
2
rTj ∇b1b1φj(a

1, b1)rj, g
1
j (a

2, b2, sj) =
1
2
sTj ∇b2b2ϕj(a

2, b2)sj,

h2j(u
1, w1, cj) =

1
2
cTj ∇a1a1φj(u

1, w1)cj, g
2
j (u

2, w2, dj) =
1
2
dTj ∇a2a2ϕj(u

2, w2)dj andK =

Rk
+,

(a) For C1 = R
|N1|
+ , C2 = R

|N2|
+ , C3 = R

|M1|
+ , C4 = R

|M2|
+ , k = 1, rj = r, sj =

s, cj = c, dj = d, q2j = q2, v2j = v2 our problem reduces to the problem studied

in Agarwal et al. [2].

(b) For rj = r, cj = c, k = l, Q1 = {0}, Q2
j = {0}, V 1 = {0} and V 2

j = {0},
(NMSP) and (NMSD) becomes the problem considered in Kailey et al. [74].

(c) The cases given in Agarwal et al. [2] can also be extracted from our problem.
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6.5 Conclusion

This chapter presents a multiobjective higher-order mixed symmetric dual including sup-

port functions over arbitrary cones. Duality results are acquired with higher-order K-

(F, α, ρ, d)-convexity suppositions.
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Conclusion and Future Scope

In this thesis, we have studied duality results for NMFP problems and acquired duality

results using generalized convexity. We have formulated a parametric dual model for NMFP

problems and obtained usual duality relations under (p, r)-ρ-(η, θ)-invex suppositions. Two

types of second-order dual models have been constructed for NMFP problem and achieved

results using second-order B-(p, r)-invex functions. After that we established higher-order

duality results for NMFP problems. We have also solved a NMFP problem using various

optimality conditions. Then we focused on multiobjective VP problems. A parametric

second-order dual model for NMFVP problem has been formulated. Duality results have

been acquired under second-order (F, α, ρ, d)-pseudoconvexity assumptions. It was quite

interesting to study symmetric duality results for MP problems. We have constructed a new

pair of multiobjective higher-order symmetric dual programs involving support functions

over arbitrary cones. Weak, strong and converse duality theorems under higher-order K-η-

convexity assumptions have also been established. A mixed-type higher-order symmetric

dual model has been formulated for nondifferentiable MP problems over arbitrary cones.

Our work can be used to solve various types of NMFP and MP problems. One can extend

the second-order duality results achieved for multiobjective VP problems to higher-order

case. Mixed type higher-order symmetric duality results for MP problems can be further

extended to fractional MP problems using generalized convexity suppositions. There is

wide scope for new researchers to develop algorithms using optimality conditions for solving

fractional and multiobjective programming problems.
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