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Abstract

The work exhibited in this thesis is an endeavor to achieve various duality results for min-
imax fractional programming and multiobjective programming problems. The proposed
work encapsulates these results which are weaved into six chapters. The present thesis is

assembled into chapters as described below:

Chapter 1 is introductory and consists of definitions, notations and prerequisites of
the present work. A brief account of the related work studied by various authors in the

field and a summary of the thesis are also presented.

Chapter 2 presents a parametric dual model for nondifferentiable minimax fractional
programming (NMFP) problems. Optimality conditions and duality relations are acquired
using (p, r)-p-(n, 0)-invex suppositions. Two types of second-order dual models are pro-
posed for NMFP problem and usual duality results are developed under second-order B-

(p, r)-invex functions.

In Chapter 3, we present a novel concept of higher-order B-(p,r)-invex functions.
we construct a higher-order dual for NMFP problem and achieve duality results under
higher-order B-(p,r)-invexity. A numerical example is solved for finding optimal solution
of NMFP problem.

In Chapter 4, we develop second-order duality results for nondifferentiable multiob-
jective fractional variational problem under second-order (F) «, p, d)-pseudoconvexity sup-
positions. An illustration showing the existence of second-order (F,«, p, d)-pseudoconvex
functions is provided. An example is obtained to validate the theoretical results of weak

duality.

Chapter 5 presents a new pair of higher-order symmetric dual for multiobjective
programming problems involving support functions over arbitrary cones. We construct an
example of a non trivial function that shows the existence of higher-order K-n-convex func-
tions. Various duality relations are explored under aforesaid assumptions. Some special

cases are also examined to show that this work extends known results of the literature.

In Chapter 6, we propose a mixed type higher-order symmetric dual model for mul-
tiobjective programming problems. Weak, strong and converse duality theorems are es-

tablished under higher-order K-(F, a, p, d)-convexity assumptions.
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Chapter 1

Introduction

Optimization techniques deal with selecting the best solution to a problem under a given
set of constraints. Various practical problems arising in engineering, economics, science
and finance often lead to minimize or maximize a function of several variables. Such
problems are known as optimization problems. Optimization problems occur frequently in
day to day life in order to take the best possible decision from the given set of possible
alternatives. The decision making situation could be something like buying a certain
product from market, deciding on means of transport to reach a particular destination etc.
In such situations a fundamental question arises in one’s mind is, “What decision should I
take now 7”7 Interestingly, finding an answer to such situations is equivalent of solving an

optimization problem. A general form of optimization problem can be described as:

(P)  Minimize 9(s)
subject to ((s) = 0,
seV,

where 9 is a real valued function on V(V C R") and ( is a mapping from V to R™.
The function ¥ is called the objective function. If either the objective function or at
least one of the constraint of above optimization problem or both are nonlinear then,
the problem is called nonlinear programming (NLP) problem. One of the applications of
NLP is to maximize or minimize ratio of two functions. Ratio optimization is commonly
called fractional programming (FP). FP can be used in various fields of study. The main
reason for interest in FP stems from the fact that programming models could better fit
the real problems if we consider the maximization of return on investment, maximization
of return/risk, minimization of cost/time etc. Many applications of FP problem are given
by Schaible [115], Schaible and Ibaraki [116] and Stancu-Minasian [121].

In many real-world applications there are often a number of conflicting objective func-
tions that are all important to optimize. Let us consider an example of a shipping company
which is interested in minimizing the total duration of its routes to improve customer ser-
vice. On the other hand, the company also wants to minimize the number of trucks used

in order to reduce operating costs. Clearly, these objectives are in conflict since adding



more trucks reduces the duration of the routes, but increases operation costs. In this way
there exist a number of problems where a decision maker is interested in maximizing or
minimizing various criteria function simultaneously. Such class of problems is known as
multiobjective programming (MP) problems where two or more functions are optimized
simultaneously. The purpose of MP is to give an understanding of how these functions are
conflicting and to give the user the possibility to choose an appropriate trade-off between
them.

There exist some real life problems where we have to maximize or minimize functionals
e.g. Brachistochrone problem, Isoperimetric problem etc. Such problems can be solved by
various techniques found in Calculus of variations. Calculus of variations plays a significant
role in many problems arising in mechanics, analysis, geometry etc. It has its origin in
the generalization of the elementary theory of minima and maxima of function of one or
more than one variables. Its aim is to explore analytical techniques for finding extrema or
stationary values of functionals. A functional is a kind of function where domain is itself
a set of functions and it associates a definite (real) number to each function belonging to
some class. Fermat’s principle in optics, the principle of conservation of linear momentum,
the principle of least action are some examples of variational principles. In general, we
want to find the curve or function y = y(s) where y(sg) = yo and y(s;) = y; such that for

some known function ¢(s,y(s),y(s)) of variables s, y, 9, the integral
51
[ otsuto).ito)s
S0

has an extremum. The curve that satisfy this property is known as extremal and the
problem for finding such extremal for above program is called variational programming
(VP) problem. In 1992, Bector and Husain [23] obtained dual model and acquired duality
results for multiobjective VP problems using convexity assumptions. Convexity supposi-
tions makes the solution of a problem relatively easy. It assures global optimal results.
But many problems exist which includes nonconvex functions and functionals. Therefore,

it is essential to generalize convexity to larger classes.

In the last three decades, the field of FP and VP has grown rapidly due to the pio-
neering contributions of the active researchers. But duality theory in the field of fractional
variational programming (FVP) and multiobjective variational programming (MVP) is yet
in its emerging phase. Moreover, acquiring duality results for nondifferentiable minimax
fractional programming (NMFP) is also a tedious task. In this thesis, we achieved second
and higher-order duality relations for NMFP problems. Although there is wide research

available on FVP, we have made an attempt to obtain duality results for nondifferentiable



FVP problems. We have provided an illustration to corroborate the theoretical results

acquired for nondifferentiable FVP problems.

1.1 Preliminaries

1.1.1 Notations and definitions

The following notations are used throughout the work. R™ represents n-dimensional Eu-
clidean space, R} = {s € R" : s; 2 0,4 = 1,2,...,n} and R, represents the set of
nonnegative real numbers. We will apply superscript 1" to represent transpose of a vector.
The vectors will be studied as column vectors. The term w.r.t. represents with respect to.
The index sets will be K = {1,2,...,k}, M ={1,2,...,m} and Q = {1,2,...,q}. Small

letters are used to denote vectors or vector functions. For s,v € R",

sZ2ve s 2, 1=1,2,...,n,
s>v<s2vand s # v,
s>ve s>, t=1,2,...n.

s £ v means negation of s < v.

The vector Vi) (3) represents the gradient of differentiable function ¢ : R" — R at §. It is

described as .
0 0 0
Vi (5) = 8_&¢(§)’ 8—527#(5),---,%@[’(5) :

If the function v is twice differentiable at 5 then there exists an n x n symmetric matrix
Vsth or V2, called Hessian matrix of 1 at 5. For any function ¢ : R* — RF V¢(3)
represents k x n jacobian matrix of ¢ at 5, whose ith row is the vector V¢;(5)T. A vector

valued function is differentiable if its every component is differentiable.

We need the following definitions in our work.

Lemma 1.1.1 (Generalized Schwartz inequality) Let G be a positive semidefinite matric
of order n. Then, ¥V s,w € R",

sTGw < (s7Gs)Y (w? Guw)Y2. (1.1.1)

Definition 1.1.1 A convex set Q) of R" is called a convex cone if V s € Q) and 3 > 0,



Bs € Q.
Definition 1.1.2 Q* = {z € R": s72 >0,V s € Q} is called positive polar cone of Q.

Definition 1.1.3 Let E be a compact convex set in R™. The support function of E 1is
defined by
S(s|E) = max{s’u:u € E}.

A support function which is conver and everywhere finite, has a subdifferential, that is, 3
z € R™ such that
S(u|E) = S(s|E) + 2" (u—s) Vue€E.

The subdifferential of S(s|E) is given by
0S(s|E) ={z € E: 2"s = S(s|E)}.
For any convexr set S C R"™, the normal cone to S at s € S is described as
Ns(s)={u e R":u' (2 —s5) S0V z € S}.
Now for compact conver set E, uw € Ng(s) iff S(u|E) = sTu, or equivalently, s is in
0S(ulE).
1.1.2 Convexity and its generalization

Most of the real world applications lead to optimization problems which are inherently
nonlinear and therefore are void of linearity structure. Fortunately most often this non-
linearity is leading to the convexity structure. Let V' be an open convex subset of R™ and
the function ¢ : V' — R. Then at a € V, ¢ is said to be

(i) convex ifVseVand 0 =1,
J(Bs + (1= B)a) = BI(s) + (1 — B)I(a).
If 9 is differentiable at a, then we have

JI(s) —V(a) = VI (a)" (s —a) ¥YseEV.

The function ¥ is defined as strictly convex if above inequality holds strictly for
s#a, 0<f <1



(i)

The important property of convex functions is that its level sets are convex sets.
But it was noted that its converse is not true i.e. if level sets are convex then the
function need not be convex. For this a new class of functions was obtained termed
as quasiconvex functions which generalize the convexity. Finetti [43] in 1949 was the
first one to introduce the generalized convex functions with the idea of quasiconvex
functions(named by Fenchel [41]). A function will be quasiconvex iff its level sets are

convex sets.

quasiconvexr if VseV and 0 < 3 <1,
Y(Bs+ (1 — Pf)a) < max{d(s),d(a)}

or equivalently, if
9(s) £ 9(a) = 9(Bs + (1 — Ba) < V(a).
Also if ¢ is differentiable at a, then we have
I(s) £9(a) = VI(a)' (s —a) S0 Vs V.

Remark: Every convex function is quasiconvex but its converse is not true. For

instance, ¥(s) = s% is quasiconvex but not convex.

Later on it was found that quasiconvex functions do not share the property of

0.8
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Figure 1.1: Quasiconvex function 9(s) = s*

convex functions, which says that if Vi(a) = 0 at some point a, then a is a global
minimum of ¥/. This motivated the definition of pseudoconvex functions which share

this important property of convex functions. The concept of pseudoconvexity was



introduced by Mangasarian [90].

(iii) pseudoconvex if 9 is differentiable at @ and V s € V|
Vi(a) (s —a) = 0= 9(s) = 9(a),
or equivalently, if
J(s) < 9(a) = VI(a) (s —a) < 0.

For example, 9(s) = s® + s is pseudoconvex.

Hanson [60] introduced the concept of invexity. By choosing 7(s,a) = s — a, we can

9(s)
o

I I I
1 -0.5 0 0.5 1
S

Figure 1.2: Pseudoconvex function 9(s) = s + s

deduce the definition of convex function.

(iv) tnwvex if there exists n: V x V — R" such that V s € V,

I(s) —I(a) = n(s,a)" Vi(a).

(v) pseudoinvex if there exists n: V x V — R™ such that V s € V|
n(s,a)’'Vi(a) = 0= 9(s) = V(a).

Hanson and Mond [61] introduced F-convex function using sublinear functional.
(vi) A functional F': V x V x R™ — R is sublinear in the third variable, if V s,a € V,

(a) F(s,a;u1 + po) S F(s,a; 1)+ F(s,a; ps), for all uy, us € R®



(b) F(s,a;au) = aF(s,a;u) for all &« € Ryand p € R™.

(vii) F-convex ifV s eV,

Y(s) —da) 2 F(s,a; VI (a)).

(viii) F-pseudoconvex if Vs eV,
F(s,a;ViY(a)) 2 0= 9(s) 2 J(a).

Preda [113] extended F-convexity to (F), p)-convexity. Liang et al. [86] defined (F, a, p, d)-
convexity where F' was a sublinear functional and proved optimality and duality

results.

(ix) (F,p)-convez if there exists d: V x V — R and p € Rsuch that Vs €V,

I(s) —V(a) = F(s,a; VI (a)) + pd*(s,a).

(x) (F,p)-pseudoconvez if there exists d: V x V — R and p € R such that V s € V,
F(s,a;Vi(a)) = —pd*(s,a) = 9(s) = V(a),
or equivalently

J(s) < V(a) = F(s,a;VI(a)) < —pd*(s,a).

(xi) (F,a,p,d)-convex if there exists a: V xV — R, \{0},d: V xV - Randpe R
such that Vs € V,

I(s) —0(a) = F(s,a;a(s,a)Vi(a)) + pd*(s,a).

(xii) (F,a,p,d)-pseudoconvex if there exists a : V x V. — R\ {0},d: V xV — R and
p € Rsuch that VseV,

F(s,a;a(s,0)V9(a)) 2 —pd(s,a) = (s) = (),
or equivalently

J(s) < V(a) = F(s,a;a(s,a)Vi(a)) < —pd*(s,a).



The class of (p,r)-invex functions contains the class of invex functions defined by

Hanson [60]. These functions possess a result that is, any local minimum of a function

is global minimum.
(xiil) (p,r)-tnvex (strictly) if for all s € V,

Lerd(s) > Leridla) [1 +z (Vﬁ(a)T(e””(s’“) - 1))] (> ifs#a)forp#0, r#0,
er(s) — eri(a) > perdl ( sa) (> ifs#a) forp=0, r#0,
I(s) —d(a) = L (Vﬂ(a) (ep" “)—1)) (> ifs#a) forp#0, r=0,
I(s) —V(a) 2 Vﬁ( (s, a) (> if s#a) forp=0, r=0.

The class of (p, r)-invex functions lies in the class of B-(p,r)-invex functions.

(xiv) B-(p,r)-itnvex (strictly) w.r.t. n and b at a € V if there exists n : V x V — R"
and b:V xV — R, such that Vs eV,

%b(s,a)(e’"(ﬁ(s)_ﬂ(“)) -1 =2 %(Vﬁ( )T (epn(sa) — 1)) (> ifs#a) for p#0, r#0,
%b(s, a) (") _ 1) > Vi(a)n(s,a) (> if s #a) for p=0, r#0,
b(s,a)(V(s) —v(a)) 2 %(Vﬁ(a)T(ep”(s’“) —1)) (> if s#a) for p#£0, r=0,
b(s,a)(V(s) —I(a)) = VI(a) n(s,a) (> if s #a) for p=0, r=0.

Herel = (1,1,...,1) € R*, (eP">% —1) represents (ePn (@) —1, epm(sa) 1 epmlsa)

1).

1.1.3 Extensions of convexity

Bector and Chandra [19] defined bonvex functions which were later on extended to 7-

bonvex by Pandey [111]. If ¢ is twice differentiable at a, then, at a € V, ¥ is said to
be

(xv) second-order convex (bonvex)ifVsecV, |l € R",

I(s) —V(a) = (VI(a) + VI (a))" (s —a) — %ZTV219(CL)I.

(xvi) second-order pseudoconvex (pseudobonvex) ifV seV, e R",

(V9(a) + V2@ (s — a) = 0 = 9(s) = () — %vaw(a)z.



(xvil) n-bonvex itV seV, l € R",

9(s) — D(a) = (s, a)T[VO(a) + V2I(a)l] — %vaw(a)z.

(xviii) n-pseudobonvex itV s €V, | € R",

n(s,a)’ (V(a) + V*I(a)l) = 0 = I(s) = 9(a) — %lva(a)z.

(xix) second-order F-conver ifVseV, € R",

I(s) —V(a) = F(s,a;VI(a) + VI (a)l) — %lTv%}(a)z.

(xx) second-order F-pseudoconvex ifVsecV, € R",

F(s,a: Vd(a) + V29(a)l) = 0 = 9(s) = 9(a) — %vaw(a)z.

(xxi) second-order (F,p)-convex if there exists d : V x V — R and p € R then V
seV,leR"

9(s) — 9(a) + %ZTVQﬁ(a)l > F(s,a: Vo(a) + V29(a)l) + pd?(s, a).

(xxii) second-order (F,p)-pseudoconve if there exists d : V xV — R and p € R then
VseV,leR"

F(s,a;VO(a) + V*0(a)l) = —pd?(s,a) = 9(s) = 9(a) — %ZTV219(Q)Z.

(xxiii) second-order (F,a,p,d)-convex if there exists a : VxV — R \{0},d: VXV —
Rand pe RthenVseV € R"

I(s) —I(a) + %ZTVQﬁ(a)l > F(s,a;a(s,a)(VI(a) + V*(a)l)) + pd*(s, a).

(xxiv) second-order (F,«,p,d)-pseudoconvex if Vs €V, | € R"

F(s,a;a(s,a)(Vi(a) + V*9(a)l)) = —pd*(s,a) = 9(s) = J(a) — %l2v219(a)l.

Ne}



1.2 Literature Review

1.2.1 Optimality conditions for single objective programming

The problems of optimizing a function under some constraints are known as mathematical
programming or constrained optimization problems. Optimality conditions plays a sig-
nificant role for finding solutions of mathematical programming problems. Initially John
obtained necessary optimality conditions for (P). Fritz John conditions have not only
shed new light on the notion of Lagrangian multipliers but also gave an easier approach to
develop the Lagrangian multiplier rule for equality constrained optimization. These condi-
tions with an added requirement on the lagrange multiplier for the objective function were
independently derived by Karush [75] and Kuhn and Tucker [82]. Thus these conditions
are called Karush-Kuhn-Tucker (KKT) conditions.

Theorem 1.2.1 (Necessary conditions) Let ¥ and ( be differentiable at 5 € V and let
the set of gradients of active constraints at § be linearly independent (LI). If § solves the
problem (P), there exists i € R™ such that
VI(5) + ' V((5) =0,
((5)=0
1'¢(5) =0, i=0
p¢(s)=0, p20.
Theorem 1.2.2 (Sufficient conditions) Let there exists p € R" satisfying the Karush-
Kuhn-Tucker conditions
VI(3) + iF'VE(5) = 0,
A ((s) =0,
((5)£0, 120,

If 9 is pseudoconvex and C is quasiconvexr and differentiable at 5, then s is a global optimal
solution of the problem (P).

1.2.2 Duality in mathematical programming

Duality in linear programming (LP) was first introduced by Neumann [109] in association

with Dantzig in 1947. Wolfe [130] gave duality results for convex primal program. For
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nonlinear problems, several dual programs were defined in the literature. But in nonlinear

case, unlike the linear case, the dual of a dual not always be primal.

Wolfe gave this dual for NLP problem (P):
(D1)

Maximize — ¥(a) + u’((a)
subject to  Vd(a) + Vu'((a) =0,
a€V,uz0

and developed various duality results between (P) and (ID1) under convexity assumptions.
Mond and Weir [106], in order to relax condition of convexity which is needed for Wolfe
duality to hold, associated a different type of dual to the primal problem (P). This dual
is known as Mond-Weir dual presented as:

(D2)

Maximize  ¥(a)

subject to  Vd(a) + Vu'((a) =0,
#'¢(a) 20,
acV, p20.

The duality theorems between problem (P) and problem (D2) had been worked out
under the pseudoconvexity of objective function ¥ and quasiconvexity of p’¢ by Mond
and Weir [106]. This was the first attempt to move away from convexity in obtaining the

duality results. Various duality results for nonconvex optimization problems have been
studied by Floudas and Pardalos [42].

1.2.2.1 Second and higher-order duality

Second-order duality attains great attention due to its computational advantage. It gives
better bounds for the value of objective function. Initially, second-order dual for NLP
problem (P) was proposed by Mangasarian [91].

(D3)

Maximize ﬁmyHFQ@—%Fhﬂw@+V%Fq®p
subject to  Vd(a) + u" V{(a) + " [V*I(a) + V*u'((a)] =0,
u = 0.
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By introducing differentiable functions h : R* x R* — R and k : R* x R" — R™, Man-
gasarian [91] constructed a higher-order dual for NLP problem (P):
(D4)

Maximize  ¥(a) + h(a,l) +u'((a) + v k(a,l)
subject to  V;h(a,l) + Viu'k(a,l) = 0,

u=0.

1.2.3 Multiobjective programming

We now take a step further and enter in the area where the programming problems require
optimization of more than one objective function. MP is used for solving these type of
problems. A general MP problem is stated as:

(MP1)

Minimize — @(s) = (61(8), .- ., dr(s))
subject to s € V! ={s€V:((s) 20},

Here we assume that V is non-empty subset of R*. ¢ : V — R is a given vector

function comprising of k objective criteria to be minimized and { : V' — R™.

For k=1, problem (MP1) reduces to a single objective programming problem. So,
for the multiobjective case, we take k > 2. Moreover it is not necessary that all the k
objective criteria are to be minimized, some criteria may involve maximization process.
For instance, in a car buying problem, we would like to maximize comfort and minimize
cost of a car. Actually in context of modeling the problem it does not matter whether we
investigate minimization or maximization problem. One can convert all the maximization
criteria into the minimization form by using Max ¢;(s) =-Min(—¢;(s)).

We introduce some concepts related to the problem (MP1):

Weak Efficient Solution:- A point 5§ € V! is called a weak efficient solution (WES) of
(MP1) if # s € V! such that

¢(s) < ¢(5).

Efficient Solution:- A point 5 € V! is called an efficient solution (ES) of (MP1) if A
s € V! such that

¢(s) < ¢(5).

12



Example of weak efficient and efficient solutions:- Consider V' = [0,1] x [0, 1] and
¢ :V — R? is the identity map given by ¢(s1, s2) = (s1, 82).
Here all the points in the set {(s1,0) : 0 < s3 < 1}J{(0,52) : 0 < 59 < 1} are WESs and
(0,0) is the only ES.
Efficiency in turn means decrease in value of one objective and raise in value of some
other. However, it may happen that the decrease is relatively too large as compared to
the increase in the other objective. Sometimes this is not a favorable scenario. To avoid
such pathological efficient point, Geoffrion [46] proposed the concept of properly efficient
solution defined as:
A point 5 € V! is called a properly effcient solution (PES) of (MP1) if 5 is an ES of
problem (MP1) and 3 a real number M > 0 such that for every index i (i = 1,...,k)
and every s € V! with ¢;(s) < ¢;(5), 3 at least one index j (j = 1,...,k) such that
9;(5) < ¢;(s) and )

$i(5) — di(s) < M.

¢;(s) — ¢;(5) ~
An ES that is not PES is called improperly efficient.

1.2.3.1 Duality in multiobjective programming

Some interesting results for the problem (MP1) were discussed by Kuhn and Tucker [82]
in his classical work in 1951. Since then, the researchers are paying more attention in this
field. In primitive times, optimality conditions for efficiency were attained by Kuhn and
Tucker [82] and Arrow et al. [16]. Geoffrion [46] introduced scalar parametric problem:
(EP)

Minimize — 87¢(s) = > Bi;(s)
jEK
subject to s € V!,

where 8; >0V j, > f; =1 and associated its results with PES of (MP1).
jEK

Theorem 1.2.3 (Necessary conditions) Let 5 € V! be PES of (MP1). Let  satisfy a
constraint qualification at 5. Then 3 B € R* and v € R™ such that
VET¢(s) + 0" V((5) = 0,
77¢(3)

:(),
— k; —
B>0020,> f=1
j=1

1\

—_

3



Theorem 1.2.4 (Sufficient conditions) Let ¢ and ¢ be convex at 5 € V'. If3 3 € R* and
v € R™ such that

V3 ¢(5) +0"V((5) =0,
v ¢(5)

:O,
— k —
B>0020,> =1
j=1

1\

then s is PES of (MP1).

Weir and Mond [129] constructed two symmetric dual models for MP problem. Motivated
by Weir and Mond [129], several researchers, such as the ones of (Chen [30]; Yang et
al. [136]), developed second and higher-order symmetric dual for MP problems. Yang et
al. [134] acquired higher-order duality results for MP problems. Usual higher-order dual-
ity results for Mond-Weir type dual are achieved by Ahmad et al. [11] using higher-order
(F, a, p, d)-type I functions. Batatorescu et al. [17] constructed higher-order dual for MP
problem with generalized invexity suppositions. Two dual models for fractional MP prob-
lem are proposed by Suneja et al. [124]. Mishra and Giorgi [93] explored various types of
invexity and duality relations. Kim and Lee [81] introduced the nondifferentiable MP prob-
lem involving support function with cone constraints and for this problem, they proposed
Wolfe and Mond-Weir type higher-order duals. Symmetric higher-order duality results
are proved by Gulati and Gupta [53] with cone constraints. Jayswal et al. [72] developed
higher-order Wolfe and Mond-Weir dual for MP problems. They explored duality relations
with higher-order (F,«, p,d)-V-type-I functions. Various methods for solving nonconvex
multiobjective optimization problems have been presented by Pardalos et al. [112]. Dubey
and Mishra [39] constructed second-order dual for MP problems. They also introduced the

novel concept of G ¢-bonvex/G s-pseudobonvex functions.

1.2.4 Symmetric and self duality

A pair of primal and dual problem is known as symmetric if dual of dual becomes primal.
Duality in LP is always symmetric. However, all dual models in NLP are not always
symmetric. Symmetric duality in quadratic programming was initiated by Dorn [35].
Dantzig et al. [32] formulated the following symmetric dual:

(PM1)

Minimize F(a,b) = H(a,b) — b"V,H(a,b)
subject to VyH(a,b) <0,
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(a,b) 2 0.
(DM1)

Maximize G(u,w) = H(u,w) — u'V,H(u,w)
subject to V.H(u,w) = 0,

(u,w) 2 0.

where H : R"™ x R™ — R is a continuously differentiable function. For the weak duality
theorem, Dantzig et al. [32] required H(-,b) to be convex in a and H(a,-) to be concave
in b. Mond and Weir [107] weakened the convexity-concavity supposition on H(a,b) to

pseudoconvexity-pseudoconcavity. They constructed the following pair:
(PM2)

Minimize H(a,b)

subject to VyH(a,b) =0,
bV H (a,b) =0,
a = 0.

(DM2)

Maximize H(u,w)

subject to Vo H(u,w) 2 0,
u'' Vo H(u,w) <0,
w 2 0.

and discussed duality results using pseudoconvexity-pseudoconcavity suppositions.

A problem is called self dual [36] if its dual is similar to problem itself. Mond and Cottle
[100] noticed that the symmetric duals given by Dantzig et al. [32] are self duals by taking
H(a,b) as skew symmetric. A nondifferentiable symmetric dual was proposed by Chandra
and Husain [25] with convexity/concavity suppositions of H(a,b):

(PM3)

Minimize  H(a,b) — b"V,H(a,b) + (" Ba)?
subject to —VyH(a,b) + Cu = 0,
u'Cu <1,
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(DM3)

Maximize  H(a,b) — a’ VoH(a,b) — (b7Cb)?
subject to —V.H(a,b) — Bz £ 0,

2TBz <1,

a =0,

b=0

Subsequently, Chandra et al. [24] explored nondifferentiable symmetric dual programs
inspired by Mond and Weir [107] and acquired results with pseudoconvexity suppositions.
Later on, Mond and Schechter [105] studied symmetric nondifferentiable Wolfe and Mond-
Weir dual. They established duality relations with convexity/concavity suppositions for
Wolfe type model and pseudoconvexity /pseudoconcavity suppositions for Mond-Weir type

model respectively.

1.2.5 Symmetric duality with cone constraints

Several researchers have explored symmetric duality results with cone constraints. Bazaraa
and Goode [18] generalized the results provided by Dantzig et al. [32] to include the case
where constraints involve cones. They studied the following dual pair over arbitrary cones:
(PM4)

Minimize F(a,b) = H(a,b) — b"V,H(a,b)
subject to VyH(a,b) € C5,
((I, b) S Cl X Cg.

(DM4)
Maximize G(u,w) = H(u,w) — u" V. H(u,w)
subject to —V.H (u,w) € CY,
(u,w) € Cy x Ch.
where
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1. 1 and (5 are closed convex cones having non-empty interiors in R™ and R, respec-

tively.
2. For j = 1,2, C7 is the polar of Cj.

Chandra and Kumar [27] constructed the following pair:

(PM5)
Minimize H(a,b)
subject to ViyH(a,b) € C3,
b'VyH(a,b) 2 0,
a € Cl.
(DM5)
Maximize H(u,w)
subject to —VoH (u,w) € CT,
UTvaH(u7 U)) é O’
w e CQ.

and proved usual duality theorems under pseudoinvexity type assumptions.

Later on various problems have been studied where the objective function is maximized or

minimized w.r.t. a cone. Consider the following problem:

(PP1)

K-minimize 9(s)

subject to s € VO = {s € V : —((s) € C},

where V C R* ¥:V — RF, (:V — R™, Cis a closed convex cone in R™ and K is closed

convex pointed cone in R¥ with nonempty interior.

Definition 1.2.1 A point 5 € VV is said to be WES of (PP1) if there exists no s € V°
such that ¥(5) — 9(s) € int K.

Definition 1.2.2 A point 5 € V° is said to be an ES of (PP1) if there exists no s € V°
such that ¥(s5) — J(s) € K \ {0}.
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Suneja et al. [122] formulated this dual program:

(PMBS6)

K-minimize

subject to

(DMS6)

K-maximize

subject to

U(a,b) — (0" Vo(\)(a, b)]e
—V(AT9Y)(a,b) € C3, NTe =1,
AE K*, (a,b) e x CQ,

b(u,w) = [ul Vo (AT9) (u, w)]e
VoY) (u,w) € C7, Me=1,
A€ K™, (u,w) € Cy x Cy,

where e € int K and acquired usual relations using K-convexity suppositions.

Later, Khurana [77] discussed the following pair:

(PMT)
K-minimize (a,b)
subject to ~Vo(A\ ) (a,b) € Cs,
bV (AT¢)(a,b) 2 0,
Y= K*, a € Cl,
(DM7)
K-maximize W (u, w)

subject to Va(A\') (u,w) € Cf,

and proved the duality theorems under K-pseudoinvexity/strongly K-pseudoinvexity as-
sumptions. Kim and Kim [78] extended the above two results to nondifferentiable multi-
objective symmetric dual programs containing support functions. Ahmad and Husain [9]

constructed the mixed type symmetric dual problems which unifies the above two dual

formulations.

u! Vo(\9) (u, w) £0,
Ae K, we )y,
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1.2.6 Second and higher-order symmetric duality

Mond [99] established second-order symmetric dual pair:

(PM3)
1
Minimize — H(a,b) — b"VyH(a,b) — b* Vi H(a,b)l — §vab,,H(a, b)l
subject to VyH (a,b) + VyH(a,b)l <0
a2 0.
(DMB8)

1
Maximize H(a,b) —a"V,H(a,b) — a’ Vo H(a,b)r — §TTVMH(CL, b)r
subject to V.H(a,b) + Vo H(a,b)r 20
b= 0.

and achieved second-order duality results using simpler assumptions. Gulati et al. [47] for-
mulated the pairs of second-order nonlinear symmetric dual with 7;- pseudoconvexity /s~
pseudoconcavity suppositions. Yang et al. [135] achieved duality relations for second-order
symmetric pair with second-order F-convexity suppositions. Suneja et al. [123] constructed
second-order symmetric pair for MP. This pair was generalized to nondifferentiable case
by Yang et al. [136]. Chen [30] studied multiobjective higher-order dual involving nondif-
ferentiable functions and achieved duality results with higher-order F-convexity:

(PM9)

Minimize  (¢y(a,b) + S(a|Cy) — b 2, + hy(a,b, 1) — ] [V, ha(a, b,01)], . . .
b(a,b) + S(a|C) — b7 2y + hi(a,b, ) — 17 [V (e, b, 1)

k
subject to Z NilVyoi(a,b) — z + Vi,hi(a,b,1;)] £ 0,

i=1
k

bT Z )\i[vb¢i(a7 b) -z + Vlz‘h’i<a7 b> lz)} Z 07
i=1

z€D;, i=1,2,...,k, A>0, \e=1.

(DM9)

Maximize (¢1(u, w) — S(w|Dy) +uvy + g1(u, w, 1) — 71 [V g1(u,w, 1)), - . .
¢k:(u7 U)) - S(U}|Dk) + uTvk + gk(uy w, Tk) - Tg[vrkgk(ua w, Tk)])
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k
subject to Z AilVadi(u,w) + v; + V.. g;(u,w,r;)] 20,
i=1

TZA Vati(u, w) + vi + Vi, gi(u, w, ;)] £ 0,

viECi, i=1,2,....k, A>0, MNe=1.

Gulati and Gupta [51] proposed second-order Wolfe type dual with 7;-bonvexity supposi-
tions. Srivastava and Bhatia [120] studied second-order duality for MP with second-order
(F, p)-convexity suppositions. Later on, Gulati and Gupta [52] achieved results for higher-
order Wolfe dual. Ahmad et al. [11] presented higher-order Mond-Weir type dual for MP.
They acquired results with higher-order (F, «, p,d)-type I functions. Second-order Wolfe
dual pair for MP was constructed by Ahmad and Husain [10]. They also noticed that the
results given in Mishra [92] and Mishra and Wang [95] are erroneous. Later Agarwal et
al. [3] found some gaps in Chen [30]. They provided a corrected version of strong duality.
Gupta and Jayswal [54] obtained symmetric higher-order Mond-Weir dual for MP. Gulati
et al. [58] considered the following pair:

(PM10)

K-minimize ( b) + S(a|D)e — b' V(A ¢)(a,b)e — b (Vi (AT ¢)(a, b)l)e
(Vi (A ) (a, b)l)e

5
subject to —(Vy(AT9)(a,b) — 2 + Vi (A\T9)(a,b)l) € Cs,
Me=1,
aceCy, Neint K*, z € E.
(DM10)

K-maximize o(u, w) — S(w|E)e — u' V(A ¢) (u, w)e — u” (Vo (A @) (u, w)r)e
T (VT ) (1, w)r)e

2
subject to (VoA ) (u, w) + v + Vaa (AT 9) (u, w)r) € CF,
Me =1,

weCy, Neint K*, v e D.

where ¢ : S; xSy — R¥(S) and S, are open subsets of R" and R™), | € R™, r € R",\ € R*
and e = (1,1,...,1)T € Rk, Duality results are acquired using K-n-bonvex assumptions.
After that Debnath et al. [33] constructed the following higher-order pair:
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(PM11)
K-minimize  é(a,b) + h(a,b,1) + S(a|D)e — 1"V;h(a, b, 1)

k
—" (Y A Veoi(a,b) + Vi,hi(a, b, 1;) Ye)
i=1

k
subject to  —(D>_ A{Vedi(a,b) + Vi hi(a, b, 1;)} — 2) € C;

A= (LA, ) €int K%, Me=1,a€C, 2€ E,
(DM11)

K-maximize o(u,w) + g(u,w,r) — S(w|E)e — ' V,g(u,w,r)

k
AVl w) + Vi)
=1

subject to (Z Ai{Vuoi(u,w) + V., gi(u,w, )} +u) € CY
=1

A=A, ) eint K*, Me=1, weCy, veD,

where ¢; : S1 X So — R(S; and S, are open subsets of R" and R™), [; € R™ and r; € R".
Gao [44] proposed Mond-Weir type higher-order symmetrical pair for MP with generalized
invexity. Recently, Dubey and Mishra [39] constructed second-order Mond-Weir dual for
nondifferentiable MP problem.

1.2.7 Fractional programming

The fractional programs were firstly discussed by Neumann [109]. In 1962, Charnes
and Cooper [28] constructed an algorithm for solving a linear FP problem. Later on
Dinkelbach’s algorithm was given by Dinkelbach [34] for nonlinear fractional programming
(NLFP) programs. Dinkelbach has taken the following two problems
1

max{J(s)/0(s)| s € S1}

and
11
max{d(s) — ¢f(s)| s € S;} for ¢ € E*
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where S is compact and connected subset of E™, 6(s) > 0 and shown the relationship
between the problems I and I1. He proved that gy = 9¥(sg)/60(s0) = max{d(s)/0(s)| s € S1}
if and only if F'(q0) = F(qo, o) = max{d(s) — qof(s)|s € S1} = 0.

Duality in FP is a prominent class of duality theory and several researchers are engaged

in its development. Jagannathan [65] discussed the problems

(P1)
mwin 9(s)/0(s)
and
(P2)
min ¥(s) — A0(s)
where S = {s| (;(s) <0, ¢ =1,...,m}, ¥(s) and 6(s) are convex and concave functions

respectively. Moreover these functions are differentiable also. He gave the following duals
(DP1) and (DP2) for the problems (P1) and (P2) respectively.

(DP1)
max A
s) + Zuivg(s) = AV0(s)
i=1
s) + Z%‘Q(S) >0
i=1
u; >0, 1=1,....m
A>0.
(DP2)
max 19 + Z Uzgz

(s,u)€T),

where T, = {(s,u)|VI(s) — AVO(s +Zuzvg =0, u; >0}

Bector and Chandra [20] studied the duality for the following FP problem:

(PM12)
J(s)

Minimize —=

0(s)
subject to s € V, ((s) <0
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(DM12)
V(a) + 1" ¢(a)
0(a)

sabject 10 v (U L) g

Maximize

acV,pu>0.

where V' is an open subset of R". J, §:V — R, (:V — R™ and for all s, 6(s) > 0 and
Y(s) > 0 (if € is nonlinear). Ahmad and Husain [8] developed a Mond-Weir type dual for
NMEFP problems with generalized convexity.

1.2.8 Minimax programming

The problems, in which both minimization and maximization are evaluated, are called
minimax programming problems. In [117], Schmitendorf derived optimality conditions
for generalized minimax programming using convexity. Schmitendorf [117] studied the
following problem:
(PP)

Minimize sup ¥ (s, a)

acA

subject to s € X = {s|C(s) < 0},
where ¢(-,-) : R* X R™ — R is C' on R" x R™, X contains feasible solutions of (PP), A
is a specified subset of R™ and C(-) : R® — RP is C' on R™.

For s € X, the defined sets are

J(s) = {Jj : Cj(s) = 0},
A(s) ={a € A:¢(s,a) = ilelgw(s, 2)}.

and following are the necessary and sufficient optimality conditions.

Theorem 1.2.5 (Necessary Conditions) Let s* be a solution of (PP). Then 3 a positive
integer B, \i 20, a; € A(s*), i=1,2,....8 and pu; 20, j=1,2,...,p such that

B P
Z )\ﬂbs(S*, ai) -+ Zﬂjst(S*) =0
i=1 j=1
[LjCj(S*) :O, j: 1,2,...,]?,
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B P
Z Ai + Z 1 # 0.
i=1 j=1

B B p
If the vectors Cjs(s*), j € J(s*) are LI, then Y X\; # 0 can replace > \; + > pj # 0.

i=1 i=1 j=1
Theorem 1.2.6 (Sufficient Conditions) Let s* € S. Let C(-) be convex function of s and
for each a € A, let (-, a) be convex function of s. If 3 a positive integer 5,1 < < n+1,

B N

N0, i=12....68 YNF#0, g€ A(s*), i=1,2,....,0and p; 20, j=1,2,...,p
i=1

such that

B P
Z )\iws(S*a ai) + ZﬂjCjS(S*) = O
i=1 Jj=1

:UjCJ'(S*) = 07 ] = 1727 Ry 2

then s* is minimaz solution.

Later on Tanimoto [125] used these conditions to construct a dual and derived duality
theorems. Crouzeix et al. [31] have given a variety of applications of generalized FP and
examined that minimax fractional programming (MFP) can be solved by finding solution of
minimax parametric program. Moreover, numerous applications of minimax programming

problems has been discussed by Du and Pardalos [37].

1.2.8.1 Duality in minimax fractional programming

Duality for MFP is getting more attention with the passage of time. Lai et al. [84] derived
optimality conditions for NMFP. They used these conditions to obtain a parametric dual.
Liang et al. [86] acquired duality results for NLFP with (F,«, p,d)-convexity. Ho and
Lai [62] defined exponential (p, r)-invexity whereas differentiable (p, r)-invexity was defined
by Antczak [14]. Later on Yang and Hou [132] gave optimality conditions for generalized
MFP using generalized convexity. Jayswal and Stancu-Minasian [70] introduced higher-
order duality for nondifferentiable minimax programming (NMP). Further Ahmad et al. [5]
acquired various duality results for NMFP with B-(p, r)-invexity. Ahmad [4] also achieved
higher-order duality relations for NMFP problems. Second-order dual for NMFP was
achieved by Gupta et al. [48]. Sonali et al. [119] constructed second-order dual models for
NMFP problem using generalized invexity. Recently, Jayswal et al. [69] proposed higher-
order dual model for NMFP problem. They achieved results using generalized convexity

suppositions.
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1.2.9 Variational programming

Calculus of variation deals with maximizing or minimizing functionals. It gives an ana-
lytical approach to examine that curve joining two given points which either minimizes or
maximizes some known integral. For instance, to find a curve which will generate the min-
imum surface area when revolved about the z-axis. The curve which is to be determined

is called an extremal and the problem of finding such extremal is known as VP problem.

1.2.9.1 Duality in variational programming

Mond and Hanson [101] introduced duality in VP problems. They studied the following

pair under convexity assumptions:

(PM13)
Minimize /qS(t,S,é)dt
b
subject to Q(t,s,38) >0, s(b) = so, s(c) = s,
(DM13)

C

Maximize / 6(t,5,5) — NOQ(E, 5. )t

b

SUbjeCt to (bs(t? S, 8) o )‘(t)Qs(t7 S, S) = %[¢s(t7 S, S) - >‘@)Qs(t7 S, S)]u
A(t) >0, s(b) = so, s(c) = s,

where B = [b,c], ¢ : BX R" x R" — Rand @ : B x R" x R* — R™. s(t) is piecewise

smooth function of t. Mond and Hanson [102] studied the following dual programs:
(PM14)

r d
Minimize /[gb(t, s,5,1,7) —r(t) p.(t,s,8,7,7) + r(t)Tagbﬁ(t, s, 8,1, 7)|dt
b

subject to s(

Or(t, s, 8,7,7)
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(DM14)

[

d
Maximize /[¢(t, w, U, w, ) — u(t) by (t, u, 1, w, ) + u(t)T%@(t, u, U, w, w)|dt
b

subject to u(b) =, u(c) =0
w(b) =7, wl(e) =

d
Egbs(tv u, 'l'L, w, w) S ¢5(t, u, 1.1'7 w, 'UJ)

w(t) > 0.

where s : B — R", r : B — R™ and ¢(t,s, $,r,7) is continuously differentiable scalar
function. Here ¢ is considered as convex in s and s for every r and 7 and concave in r and
7 for every s and $ to establish duality results. If we eliminate s(t) =2 0 and w(t) = 0, we
acquire the problem presented in Smart and Mond [118] in which weak duality theorem
is obtained with invexity suppositions. Bector et al. [22] proposed symmetric dual for
VP problems. Chandra and Husain [26] discussed self duality for FVP. Later, Mond and
Husain [104] obtained optimality conditions using weaker invexity assumptions and proved
results for Mond-Weir dual. Bector and Husain [23] generalized Wolfe and Mond-Weir
duals to their multiobjective analogue. Kim and Lee [79] formulated symmetric dual for
VP problem using pseudoinvexity suppositions. A symmetric dual for multiobjective VP
problems were constructed by Kim and Lee [80] which unifies the Wolfe and Mond-Weir
models. They developed duality relations with the notion of efficiency. Husain et al. [63]
proposed second-order Mond-Weir dual by introducing second-order invexity. After that
Gulati and Mehndiratta [57] found some gaps in Husain et al. [63] and gave modified results
for multiobjective VP problems. Recently Jayswal and Jha [67] established second-order

dual for FVP problems using generalized invexity:.

1.2.10 Mixed duality

Mixed duality theory has been widely studied by researchers. Two types of mixed type
duals were constructed for MP and multiobjective FP problems by Xu [131] and usual
duality relations were established using generalized convexity. Aghezzaf [1] defined second-
order (F, p)-convexity suppositions and obtained second-order mixed dual model for MP.
Husain et al. [64] constructed a mixed type vector dual for MP problem containing support
functions and acquired duality theorems with generalized invexity. Ahmad and Husain
9] developed a mixed symmetric dual for MP problem. They achieved results with K-

preinvexity / K-pseudoinvexity suppositions. Gupta and Kailey [55] constructed a second-
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order mixed symmetric dual for nondifferentiable MP problem. They proved relations
with second-order F-convexity/pseudo-convexity suppositions. Tripathy and Devi [127]
introduced second-order (¢, p)-univexity and obtained second-order mixed symmetric dual
for MP problem. A second-order mixed dual was established by Gupta et al. [49] for
nondifferentiable MP problem.

1.3 Summary of the thesis

The aim of the present thesis is to acquire duality results for mathematical programming
problems with generalized convexity suppositions. The results obtained are discussed in
Chapter 2 to 6. Chapter 1 is introductory.

Chapterwise summary is as follows:

In Chapter 2, we consider the following NMFP problem:

. d(s, a) + (s"Ls)'"?
(NFP1) Minimize ¥ (s) = ilelg o(s.0) — (T8

subject to h(s) < 0.

Here A is a compact subset of R'. d(-,-) : R" x R' — R and e(-,-) : R x R — R are C"
functions on R" x R". h(-) : R* — R™ is C* function on R". L and N are n x n positive

semidefinite matrices.

We established the following dual model for (NFP1)

(NFD) max sup k,
(Q7£7a)€K(C) (C,C,k,’w,’v)EHl (qvéva)

where Hq(q,&,a) contains (¢, (, k, w,v) € R" x R x Ry x R" x R" that satisfy

Z §{Vd(c,a;) + Lw — k(Ve(c,a;) — Nv)} + V Z Cihi(c) =0,

J=1

ij{d(c, a;) + ¢’ Lw — k(e(c,a;) — " Nv)} >0,

j=1

Z Cihale) >0,
(¢,¢,a) € K(c),

wl Lw < 1, oI No < 1.

27



and proved duality results using (p,r)-p-(n,0) invexity. Then we proposed two second-
order duality models for (NFP1) and achieved duality results with second-order B-(p,r)

invexity.

Model-1

M1 max sup F(e),
( ) (q,f,@)EK(C) (C,C,’U},’U,Z)EH2(Q7£16’) ( )

T o\L/2
where F(c) = sup de,a) + (¢ Le)

aca €(c,a) — (<P Ne)l/?
R" x R™ x R™ that satisfy

and H(q, &, a) contains (c,(,w,v,l) € R* x R x

Vi (e) + Vi ()l = 0,
> Gihile) - %ZTVQwI(c)l >0,
i=1

wlLw <1, oI'Nv< 1,
(c"Le)V? = "Lw,  ("'Ne)Y? = "' Nw.

Model-11 , -
> & (d(e, ag) + (¢"Le)' %) + 37 Giha(e)
(M2) max sup = . = ,
(g,6,a)eK (c) (e,¢ww,l)eH3(g,€,a) Z Sj (6(0, EL]’) . (CTNC) 1/2)
j=1

where H3(q,&, a) represents the set of (¢,(,w,v,l) € R* x R x R* x R* x R" that
satisfy

Vipa(c) + Viiha(c)l = 0,
I"V21y(c)l <0,
w'Lw <1, v'Nv<1, ("Le)V?=c"Lw, (c"Ne)'/? =T No.

We have also given an illustration of second-order B-(p,r) invexity.

In Chapter 3, We proposed the following higher-order dual for NMFP problem:

FPD max sup F(c),
( ) (q,f,&)eK(C) (C,C,w,U,l)EHl(q=§7a) ( )

d(c,a) + (¢ Le)t/?
here F(c) =
where (C) 181161114) 6(0, a) — (CTNC)1/2
R" x R™ x R" that satisfy

and H,(q,&,a) contains (c,(,w,v,l) € R* x R x

Vipi(c) + Vigi(c, 1) = 0,
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m

D Ghile) + dile, ) = 1" Vign(e,1) > 0,

=1

wlLw <1, oI'Nv <1,

("Le)V? = "Lw,  ("Ne)Y? = ' Nw.

Various duality relations have been acquired using higher-order B-(p, ) invexity. An illus-
tration has been given which shows that there exists some functions that are higher-order
B-(p,r) invex but not second-order B-(p,r) invex. Also we solved an example of NMFP

using optimality conditions.

In Chapter 4, We focused on exploring second-order duality for nondifferentiable
multiobjective fractional variational programming (NMFVP) problem under second-order
(F, «, p, d)-pseudoconvexity assumptions. An illustration showing the existence of second-
order (F, «, p,d)-pseudoconvex functions has been given. Symmetric second-order duality
for NMFVP and results are discussed with aforesaid suppositions in Section 4.4. An illus-

tration which corroborate the weak duality has been provided.

In Chapter 5, Duality relations have been constructed for this higher-order symmetric

dual program involving support functions:
(SPP) K-minimize

k
S(a,b,6,p) = (¢(a,b) + S(a|E)ex — b" Z 0;(Vgi(a,b) + Vp,hi(a, b, p;))er
i=1
k k
+ Z 5ihi(aa b7pz')ek - Z 6i<pzrvpihi(av b7pi))ek)
i=1

i=1

k
subject to — Z 0;(Vpoi(a,b) — 2+ Vp,hi(a,b,p;)) € C5,
i=1
zeD
(5T6k =1

0 €int K*, a € C}
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(SDP) K-maximize

k
T(% w, 9, Q) = Cb(U, w) - S<w‘D)€k —u’ Z 5i(vb¢i(ua w) + tigi(U, w, Qi))ek

i=1
k

k
+ Z 8igi(u,w, gi)er — Y 6:(a] Va,9:(u, w, q;) e
: =1

subject to Z(S Vuti(u,w) + v+ Vg gi(u,w,q)) € CF,

UGE
(STGk:l

0eint K*, we Cy

where

(1) ¢i:SlXSQ—>R, hi:5’1><Sg><Rm—>Randgi:51XSQXR”—>R, 221,2,

are differentiable functions, where h(a, b, p) denotes (hq(a,b,p1), ha(a,b, pa),

E) hk(aa b»?k)) and g(u7 w, Q) denotes (gl(ua w, q1)7 g(“a w, q2)7 s 7g(u7 w, Qk)>a €

(1,....,)T € R* § = (61,09, ...,0),
(ii) Cf and Cf5 are positive polar cones of C; and Cj respectively,
(iii) ¢; and p; are vectors in R™ and R™, respectively for i = 1,2,... k.
(iv) E and D are compact convex sets in R" and R™, respectively, and
(v) S(a|E) and S(w|D) are the support functions of £ and D, respectively.

A non trivial example of higher-order K-n-convex functions is provided.

In Chapter 6, the duality relations for higher-order multiobjective mixed symmetric

dual are acquired.
Primal Problem (NMSP)
K-minimize
P(a*, b, a?, 0>\, 1, s) = (Pi(at, b, a2, 0%\, 71, 81), Po(al, bt a?, 0%\, 1o, 89), .. -
Py(at, b, a?, b* N\, 1y, si))
subject to
k

- Z)\j(vblgoj(a17bl) - q_jl + vTjh;<alvbl7rj>> S Cg’

J=1
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k
o Z Aj(vbﬂb]’(az? b2) - qJQ + vsjggl‘(a27 b27 Sj)) S CZa

k
<b2>TZAj<vbz¢j(a2,bQ> — 2+ Vgt a® 12, 5;)) 2 0,

A:(Al,AQ,...,Ak) cint K*, a' e Cy, a*€ Oy,
6@]7 QJ EQ?J j:17277k

Dual Problem (NMSD)

K-maximize

T(ut, wh, u?, w? N\ ¢, d) = (Ty(ut, wh, u?, w? N er, dy), To(ub, wh, u?, w?, A co, do), .. .
T (ut, wh, u? w?, X, e, dy))

subject to
k
Z)\j(vaupj(ul,w )—i—v —|—Vc]h3(u w', ¢;)) € CF,
j=1
k
D Ni(Vardy(u?,w?) + 0} + Va,0 (a0, dy)) € C,
j=1
k
Z a2¢] u? y W ) + vjz + vdjg?(UQaw27dj>> é 0,
=1
/\ €L = 1,
A= (AL A, N €int K*, w' e Oy, w? ey,
/U‘;l 6 V]17 /1']]2 6 V]27 j: 1727"'7k7
where

Pj(a',b',a?, 0, A\, 15, 55) = j(at, b) + S(a'|V}!) + ¢;(a®, b%) + S(a®|VP) — (0°)"q}
—(bl)Té:1 A (Virgj(at,0h)+V, hi(at, bt rj))+hj(at, bt ry) =T Vi hi(at, b 1)+ (a®, b7, 55) —
s; Vs, i (a0, 5;).

Ti(u',w' u?,w?, A, ¢, dj) = @;(u', w') — S(w'|Q) + ¢ (u?, w?) — S(w?Q3) + (u?)"v?

— (ul)Tﬁj1 Aj(Varg(ut,wh) + Ve h2(uh,w', ¢p)) + hi(uh,w', ;) — ¢ Ve h3(u!, w', ¢;) +
g7 (u?, w?, dj) — df Vg, g2 (u?, w?, d;).

and

(i) @ : RMIx RMI— R ¢; « RNVl x RIM2l — R L2 RN RIMi s RIMIT— R g1
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RIV2l s RIMEE e RIMeL — R p2 2 RINIE s RIMiL s RIMI — R and g} : RINI x RIM2l
RM2l s R are differentiable functions, respectively.

(ii) V', V2, Q) and Q% are compact convex sets in RIMI| RIN2I - RIMil and RIM2| respec-
tively.

(iii) C1, Cy, O3 and Cy are closed convex cones in RIMI RIN2I - RIMil and RIMzl| respec-
tively and C}, C5, C3 and C} are their respective positive polar cones.

Here N1 C N, M1 C M, NQZN\Nl and MQZM\Ml

Duality relations are acquired for aforesaid pair with higher-order K-(F,«, p,d)-convex
Yy q p g P

suppositions.

The overall concluding observations of this study and few significant directions for the

future scope are given in the end of chapters.
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Chapter 2

Duality in nondifferentiable minimax fractional

programming with generalized invexity

2.1 Introduction

There are numerous decision making problems which directly or indirectly lead to FP
problems. Some examples are efficiency measure for systems, portfolio selection prob-
lem, agricultural planning, information transfer, stochastic processes numerical analysis,
resource allocation problems and cargo loading problems etc. In physics, maximization of

signal-to-noise ratio of a spectral filter gives rise to concave quadratic fractional program-

ming (QFP) which was studied by Falk [40].

In the primitive years, much attention has been given to MFP problems. Schmitendorf
[117] obtained optimality conditions for static minimax problems. A parametric dual for
MFP problem was studied by Ahmad et al. [5]. Khan and Al-Solamy [76] obtained sufficient
conditions and duality relations for NMFP using (H,, r)-invexity.

In this chapter, we explore the following problem:

o d(s,a) + (s" Ls)'
(NFP1) Minimize ¥(s) = ilelg o(s.0) — (TNs)2

subject to h(s) < 0.

Here A is a compact subset of R”. d(-,-) : R" x R" = R, e(-,-) : R* x R¥ — R are C"
functions on R" x R" and h(-) : R* — R™ is C" function on R". L and N are n x n positive
semidefinite matrices. We presume that e(s, a) — (s" Ns)/2 > 0 and d(s, a)+ (s" Ls)/2 > 0
for every (s,a) € S x A, where S = {s € R": h(s) < 0} contains feasible solutions of
(NFP1).

Antczak [14] introduced p-invex sets and (p, r)-invexity. He established sufficient con-
ditions for NLP problem under (p, r)-invexity assumptions. Further generalization of (p, r)-

invexity was studied by Mandal and Nahak [89] as (p, r)-p-(n, 0)-invexity. In this chapter,

LA part of this chapter is published as “ On second order duality of minimaz fractional programming
with square root term involving generalized B-(p, r)-invex functions”, Annals of Operations Research, 244
(2016) 603-617.
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we derive duality theorems to relate NMFP problem and parametric dual with (p,7)-p-
(n, 0)-invexity suppositions. Section 2.2 reviews definitions. Optimality conditions for
finding optimal solution of NMFP are established in Section 2.3. Further, a paramet-
ric dual and its duality results are discussed with (p,7)-p-(n, 0)-invexity suppositions in
Section 2.4. In Section 2.5, second-order duality relations are explored with second-order

B-(p, r)-invexity.

2.2 Notations and preliminaries

For each (s,a) € S x Aand M = {1,2,...,m}, we define
I(s) ={ie M : h;(s) =0},
TT /2 TT \1/2
Ats) = Jaeca: d(s,a)+ (s" Ls) — sup d(s,u) + (s' Ls)
e(s,a) — (sTNs)/2  eae(s,u) — (sTNs)L/2

K(s) = {(q,f,a) ENXRLxRY:1<qg<n+1, {=(&,6....,8) € R, fﬁj =
j=1

1, a=(ay,ag,...,a4), a; € A(s),j=1,2,...,q

Since d and e are of class C' and A is compact in R', therefore, for every s* € S, A(s*) # ¢

and for any a; € A(s*), we have a positive constant

o _ AT ay) + (s LsT)2
ko =v(s") = (s*,d;) — (s TNs*)1/2"

s

Let ¢ : E — R (where E C R") be a differentiable function. Let p,r be arbitrary

real numbers.

Definition 2.2.1 [89] ¢ is called (p,r)-p-(n, 0)-invex (strictly (p,r)-p-(n, 8)-invex) w.r.t.
n and 0 atuEEonEifﬂn,Q:ExE%R" andpGRsuchthat‘v’sEE,

[F(er @2t —1)] > L(Vep () (P = 1) +pl|0(s,v)|[* (> if s #v) forp # 0,7 #0,
[F (e PO —1)] > [(Vow) n(s,v)] +pll0(s. )IP (> if s # v) forp=0,r #0,
(e(s) = (v)) = 3[(Vo@)) (") — )]+ pll0(s, )| (> if s # v) forp# 0,7 =0,
(e(s) = o(v) = (Vo(v)) n(s,v) + pll0(s, v)|]* (>ifs #v) forp=0,r=0.

Definition 2.2.2 ¢ is called second-order B-(p,r)-invex (strictly second-order B-(p,r)-
invex) w.r.t. n and b atvekE onEifﬂn:ExE%R” andb:ExE—)R+ such that
VseE andl € R,

b(s, v) [%(er(cp(s)—so(z/)) —1)+ %lTvng(l/)l} > L(Vp(v) + V290(V)Z)T<epn(s,y) — 1)

(> ifs#v) forp#0,r#0.

1
p

34



SV 2 [(Ve(v) + Vo)) (s, v)]

(> ifs#v) forp=0,r#0,
b(s,v)(p(s) = () + 51" V2pW)l) > L[(Ve(v) + Vo))" (P — 1)]
(> ifs#v) forp#0,r=0,

b(s, v)(p(s) — @(v) + 51T V2e(W)l) > [(n(s, 1)) (Ve(v) + VEp(v))]
(> ifs#v) forp=0,r=0.
Here 1= (1,1,...,1) € R", (eP"**) — 1) represents (ePm(sv) —1, epm(sv) 1 epmn(sv)

1).

Example 2.2.1 Let E = [—0.8,0] C R. Take ¢ : E — R as ¢(s) = log(sec s).
Consider n : ExE— R as

§(s,) = log (%)

b(s,v) = —8sinw.

and

Here ¢ is second-order B-(1,1)-invex as
L= b(s, ) [ME O — 1) 4 LIV2(0)i] — A(Vp(w) + V() (@04) — 1)
1
:—8(siny)[(secs —1) + 21% sec? i/} —(tanu+lse02u)( —1)
sec v 1+v
B . sec s 1 ) 119 9
= { 8(Smy)(secy 1) (tany)<1+y 1)} + { 8(sml/)(2l sec V)

1
— (I'sec? 1/)( - 1)]
1+v
where

— L, + Ly
L 8(sinv) [ 2% — 1) — (tanv) L
= — s v — — an v —
! sec v 1+v

>0 for all s,v € E (see Figure 2.1)

1
Ly = —8(sinv) (%ZQ sec? V) — (I'sec?v) (1 i 1>

>0 forallv e E and 1 € (—10',10") (see Figure 2.2).
Therefore, L > 0.
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Figure 2.1: graph of L, against s and v

| -5 =107
v -1. =102

Figure 2.2: graph of Ly against v and [
But ¢ is not B-(—1,—1)-invex as
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b(s,v) [%(er(SO(S)—w(V)) _ 1)] _ (V(p(y))T<€p77(s,y) — 1)

sy ()

sec(=0.8) _ 1) + (—0.8) tan(—0.8)
= —1.6338 < 0 for s =—0.1, v = —0.8.

sec(—0.1)

Hence ¢ is second-order B-(1,1)-invex but not B-(—1, —1)-invex.

2.3 Optimality conditions

Theorem 2.3.1 [8/] (Necessary conditions) If s* is an optimal solution of (NFP1) that
satisfies s*T Ls* > 0, s*T'Ns* > 0 and Vhy(s*), i € I(s*) are LI, then 3 (q,£*,a) € K(s*),

ko € Ry, w,v € R" and * € RT! s.t.

> &{Vd(s™,a;) + Lw — ko(Ve(s*, a;) — Nv)} + VY (Thi(s™) =0,
i=1

j=1
d(s*,a;) + (T Ls)V/% — ko(e(s*,a;) — (sTNs)V?) =0, j=1,2,...,q,
i=1
§200=12....0 Y &=1,

wl'Lw <1, v"'Nv <1, (sTLs")Y? =sTLw, (sTNs*)Y? =T No.

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

In the above theorem, L and N are positive definite. If either s*7 Ls* or s*T Ns* is zero or

both of them are zero, then, functions considered in objective of (NFP1) are not differ-

entiable. To establish necessary conditions for such cases, for (¢,¢*,a) € K(s*), we take

Zz(s*) ={z € R": 2TVh(s*) <0,i € I(s*),

with any one of the next conditions (i)-(iii) holds}.

(i) sTLs* >0, sTNs*=0
q Ls*
= ZT( > §;‘{Vd(s*, a;) + L koVe(s*, &j)})

= (s*T Ls*)1/2
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+ (2T (KAN)2)'? <0,

(i) sTLs* =0, sTNs*>0

q Ns*
ZT(Ef;{Vd(S*,C_L]) - k’o <V€(S*,C_Lj) - W) })
+(zTL2)Y? <0,

(iii) sTLs* =0, sTNs* =0
q
ZT< > {;‘{Vd(s*, a;) — koVe(s*, aj)})
j=1
+ (2T (REN)2)V? + (2T L2)Y? < 0,
If we add the condition Z;(s*) = ¢, then Theorem 2.3.1 still satisfies.

Remark 2.3.1 The theoretical results has been given for p # 0 and r # 0. For rest

conditions, theorems can be obtained easily than this one. Also we will assume that r > 0.

Theorem 2.3.2 (Sufficient conditions) Suppose s* is a feasible solution of (NFP1) and 3
a positive integer ¢, 1 < g<n+1, & € R, a; € A(s*)(j =1,2,...,q), ko € Ry, w, v €
R" and ¢* € R satisfying (2.3.1)-(2.8.5). Suppose

(4) i H(d(,a;) + + ()T Lw — ko(e(, a;) — ()T Nw)) is (p,r)-p*-(n, 0)-invex function at s*

j=1
wrt n and O for all s € S,

(17) fjlg* i(+) is (p,r)-p*-(n, 0)-invexr function at s* w.r.t. same function n and 0,
(¢3i) p* + p* > 0.
Then, s* is an optimal solution of (NFP1).
Proof Consider s* is not an optimal solution of (NFP1). Therefore, 3 5 € S s.t.

- d(g, a) + (§TL§)1/2 d(S*, C_L) + (S*TLS)1/2
ach e(s,a) — (8TN&)V2 " geae(s*,a) — (s T Ns*)l/2

Since
sup d(s*,a) + (s*T Ls*)'/? _d(s" ;) + (s*T Ls*)1/? ok
aea e(s™,a) — (sTNs)I2 ~ e(s*,a;) — (s7T Ns*)1/2 ’
for any a; € A(s*), j=1,2,...,q and
d(s, aj) + (57 L3)'/? - d(s,a) + (s7L3)Y/?
e(3,a;) — (STN3§)V/2 ~ seae(5,a) — (STNs)Y/2

Therefore, we get
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Also from & > 0,7 =1,2,...,¢,§" # 0 and a; € A(s*), we get
Zg (5,a;) + (3TL3)"? — ko(e(5,a;) — (53" N5)/?)] < 0. (2.3.6)

Using Lemma 1.1.1, (2.3.2), (2.3.5), and (2.3.6), we have
q
> & [d(5,d;) + 57 Lw — ko(e(3,a;) — 57 Nv)]
Jj=1

é [d(5, ;) + (57L8)Y — ko(e(5,a;) — (57 N5)'?)]

<0= ;f'j* [d(s*, a;)+ (5T Ls*)Y/? — /{;O(e(s*, aj) — (sTNs* )1/2)}

q
= > & ld(s*,a;) + T Lw — ko (e(s*, a;) — s Nv)].
j=1
It follows thag

;g; [d(5,a;) + 5" Lw — ko(e(,a;) — 5T Nv)]
< Z & ld(s*,aj) + s Lw — ko (e(s*, a;) — s* Nv)]. (2.3.7)

q

As Y& [d(- a;) + ()T Lw — ko(e(-,a;) — (-)"Nv)] is (p, 7)-p'-(n, §)-invex at s* on S w.r.t.
j=1

7 and 6, we have

|i1 r [ Zq: & (d(s,aj)JrsTwako (e(s,&j)fsTNv) ) - Zq: 3 (d(s*,ﬁj)Jrs*Twako (e(s*,&j)fs*TNv) )]
U -

= %( zq: & (Vd(s*,a;)+ Lw—ko(Ve(s", dj)—Nv)))T@P??(SﬂS*) —1) +p|0(s, 57| |2

J=1

holds V s € S, and also for s = 5. From (2.3.7), together with the inequality above, we get

q
[Zf [Vd(s*,a;) + Lw — ko(Ve(s*, a;) — NU)])T(ePn(E,s*)_l) + p'|6(5, 5| < 0.

7j=1
(2.3.8)
From the feasibility of 5 along with ¢ > 0, 7 € I, we acquire
> (rhi(s) < 0. (2.3.9)
i=1

Using (ii), we conclude
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Le vmm s >z§{<zv<* i(s)T (e —1) | + 2|05, 57)||?

Using (2.3.3), (2.3.9) and above inequality, we get
[ Zvc hi(s*))T (ern&s) — 1)} + p2||0(5, s%)])> < 0. (2.3.10)

By summing up (2.3.8) and (2.3.10), we have
( Z 3 {Vd(s a;)+ Lw — ko (Ve(s aj;) — NU)} +> Vthi(S*))T(em(g,s*) — 1) +(p +
i=1
)Hé’(s sIP <0,
Using (2.3.1), we get
(p' + )05, 57| <0,

which contradicts hypothesis (iii). Hence proved.

2.4 Duality results

We construct the following dual for (NFP1):

(NFD) max sup k,
(¢.¢,a)€K(c) (e,¢,kw,w)EH1(q,€,a)

where H,(q, &, a) signifies the set of (c,(,k,w,v) € R" x R} x R, x R" x R" satisfying

éfa‘{w(ca a;) + Lw — k(Ve(c,a;) — Nv)} +V 2:: Cihi(c) = 0, (2.4.1)
ifa{d (e,a;) + ¢" Lw — k(e(e,a;) — ¢"Nv)} > 0, (24.2)
i@hi(C) >0, (2.4.3)

(¢,€.a) € K(c), (2.4.4)

w'Lw <1, v"'Nv <1, (2.4.5)

If for (q,&,a) € K(c), Hi(q,&,a) = ¢, then we take supremum as —oo.

Now we acquire the following results.

Theorem 2.4.1 (Weak duality) Let s be a feasible solution of (NFP1) and (¢,(, k,w,v,q,&,a)
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be a feasible solution of (NFD). Suppose

() 32 &)+ () LKl a5) = (I N0)) s (pr)-p'-(n,O)-inves at e wrd. 1, 6.

(17) i Cihi(+) is (p,r)-p*-(n, 0)-inver at ¢ w.r.t. samen, 0,
i=1

(iii) p* + p* > 0.

Then,
d(s,a) + (sTLs)/?
> k. 2.4.6
igﬁ e(s,a) — (sTNs)/2 — ( )
Proof Let
d(s,a) + (sTLs)/?
<k

From above, we have
d(s,a;) + (sTLs)Y/? — k(e(s,a;) — (sTNs)/2) < 0, for all a; € A.

Using (2.3.4), we get

&;(d(s,a;) + (sTLs)"? — k(e(s,a;) — (s"Ns)'/?)) <0, (2.4.7)

as 5 = <§17§27‘ e 7§q) 7é 0.
From Lemma 1.1.1, (2.4.2), (2.4.5) and (2.4.7), we have

Zq:lfj [d(s, a;) + sTLw — k(e(s, aj) — STNU)]

< S2&[d(s,a;) + (sTLs)Y2 — k(e(s, @) — (sTNs)Y2)]

1

[
Il

A\

0< i &ld(c,a;) + " Lw — k(e(c,a;) — " Nv)]

=1

Hence Xq: &ld(s,a;) + s"Lw — k(e(s,a;) — sTNv)]
=1

< ij [d(c,a;) + ¢" Lw — k(e(c,a;) — " Nv)]. (2.4.8)

From hypothesis (i), we acquire
[%(er [J:lgj (d(s,&j)+sTLw7k:(e(s,dj)fsTNv>)fjél & (d(c,aj)JrcTwak(e(c,(‘zj)chNv))] B 1)]

> [(jiéj[Vd(c,aj)—|—Lw—k(Ve(c,aj)—NU)DT(ei””(S’C)—1) +p'10(s, )| 2.

1
p
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Using (2.4.8) together with above, we get

1[(2@ [Vd(e, a;)+ Lw—k(Ve(e,a;) = Nv)]) " (79 = 1) | 4 p[|6(s, ¢)[[* < 0. (2.4.9)

j=1

From the feasibility of s along with (; > 0, i € I, we have

i@hi(s) <0. (2.4.10)
i=1
Using (ii), we acquire
%( (g i(s)— ZCzh (C)) ) > %(Z \Y¢ z( )) (epn(s,c) _ 1) +p2‘|9(5,0)||2.

Now from (2.4.3), (2.4.10) and using above, we get
ZVQ ()T (P59 — 1) 4 p?|[6(s, ¢)|]* < 0. (2.4.11)

By adding (2.4.9) and (2.4.11), we obtain

m T
{( S ¢[Vd(e,a;) + Lw — k(Ve(c,a;) — Nv)] + 3 Vghi(c)) (s — 1)] T (! +
i=1
)H@(S o)ll* <o.
Consequently (2.4.1) and above inequality yield
(o' + )0, 0)[]* <0,
which contradicts to the fact that p' + p? > 0.

Theorem 2.4.2 (Strong duality) Let s* be an optimal solution for (NFP1) and let Vh;(s*),
i€ 1(s*) be LI. Then 3 (¢*,&*,a*) € K(s*) and (s*,(*, k*, w*,v*) € Hy(q*, &, a*), such that
(s*, C* k", w*,v*, q*, &, a*) is feasible solution of (NFD). If suppositions of Theorem 2.4.1
hold ¥ feasible solutions (c,(, k,w,v,q,&,a) of (NFD), then (s*,(*, k*, w*, v*, ¢*,&*,a*) is
an optimal solution of (NFD). Also both objectives have equal optimal values.

Proof Given that s* is an optimal solution of (NFP1). Vh;(s*), i € I(s*) are LI,
therefore by Theorem 2.3.1, 3 (¢*,&*,a*) € K(s*) and (s*,(*, k*, w*,v*) € Hi(q*, &, a")
such that (s*, ¢*, k*, w*, v*, ¢*, £*, a*) is feasible solution of (NFD). Also objectives gives

equal values as

d(s*,a;) + (s*Ls*)"/?
e(s*,@;) — (s*Ns*)l/2
Optimality of (s*, (* ,k*,w L0, ¢%, &, a*) for (NFD), thus follows from Theorem 2.4.1.

k*
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Theorem 2.4.3 (Strict converse duality) Let s* and (¢, *, k*, w*, v*, ¢*, &*

;2w v* gt £, a*) be optimal
solutions of (NFP1) and (NFD) respectively, and let Vh;(s*),i € I(s*) be LI. Assume
that

q

(i) 32 &(d(a5) + () Lw* — k*(e(-, a5) —

,a5) — ()" Nv*)) is strictly (p,r)-p'-(n, 0)-inver at €
j=1
w.r.t. ton, 0,

(i1) > Crhi(v) is (p,r)-p*-(n, 0)-inver at ¢ w.r.t. samen, 0,
i=1
(i5i) p'+ p? > 0.

Then, s* = ¢, that is, ¢ is an optimal solution in (NFP1) and
d(e. a* T IE)1/2
o AT (L
area €(¢,a*) — (¢T'Ne)l/?

Proof We will suppose that s* # ¢ and comes up with a contradiction. From Theorem
2.4.2, we have

d(s* C_L*) + (S*TLS*)I/Q
= k*. 2.4.12
aSléli)éX 6(8* &*) _ (8*TNS*)1/2 ( )
By the feasibility of s* along with ¢ > 0, ¢ € I, we get

> (hi(s) <
i=1

(2.4.13)
Now, (2.4.3) and (2.4.13) gives . i
: (g(Eﬁhi(s*’Eﬂ m@) ) <o,
Using (ii) and above, we obtain
(B vame) @ - 1) + 2ot <o
that is
%[ ng ha(e))” (e — 1)} < —|6(s", 9|2 (2.4.14)

Now using (2.4.1), (2.4.14) and assumption p* + p? > 0, we get

[ng d(e, a})

) 4+ Lw* — k*(Ve(e, a}) — Nv*)})T(ep"(s*’E) - 1)] > —p'|0(s*, 0)||?
(2.4.15)
From (i) and using (2.4.15), we acquire

(e (55 & (a0 —ae (o= mver) ) - £ 6 (s 7t (s <)) |
1)] > o0.
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This further gives
q* .
2 & [l @) 7 L =k (e(s", a5) 7 N") | = 3 € [d(e, a5) + ¢ L — kel @) -

ETNU*)] > 0.
Therefore, from (2.4.2),

q*

]; &ld(s*,ar) + 5T Lw* — k* (e(s*, a;) — s Nv*)] > 0.
Since & > 0 and £* # 0, therefore 3 j such that

d(s*,@;) + s*T Lw* — k* (e(s*, @) — s*T Nv*) > 0.
Hence, we get
d(s*,a}) + s*" Lw*

e(s*,a;) — s*T Nv*

> k¥,

which contradicts (2.4.12). Hence proved.

2.5 Second-order duality results

Second-order duality plays a vital role because of computational importance. It gives

tighter bounds whenever an approximation is used. For the sake of convenience, let
Pi() = Bu() + D Glha(-) = hile)) (2.5.1)
i=1

and

Uo(t) = [é

7j=1

& (ete.ay) — o) [z &) + (7 L) + 55 Ghi)

- £ etdtea) + zw + Eanto] | S letan - v,

j=1 i=1
where

Bi() = Ji §illele, a;) = " No)(d(-, a;) + ()" Lw) = (d(c, a;) + " Lw)(e(:,a;) = (-)" Nv)].
Now we propose second-order duals for (NFP1):

Model-1

max sup F(c), M1
(g.§,a)€K(c) (¢,¢w,v,l)eHa(g,¢,a) <) ( )

d(c,a) + (¢ Le)t/?
h F(c) =
where (C) 181161,14) 6(0, a) — (CTNC)1/2

and Hy(q,&,a) contains (c,(,w,v,l) € R* x R} x
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R™ x R™ x R"™ that satisfy

Vi (c) + V3 (e)l = 0, (2.5.2)
= 1
> Gihile) + 5va?¢1(0); >0, (2.5.3)
i=1
wl'Lw <1, oI'Nv <1,
("'Le)'? = T Lw,  ("Ne)Y? = ' No. (2.5.4)

If the set Hy(q,&,a) = ¢, we take the supremum as —oo.

Theorem 2.5.1 (Weak duality) Let s and (¢, (,w,v,q,&,a,l) be feasible solutions of (NFP1)
and (M1), respectively. Suppose

(1) 11() is second-order B-(p,r)-invez at c,
(it) V*i(c) is negative semidefinite.
Then

d(s,a) + (sTLs)Y/?
> F(c).
21615 e(s,a) — (sTNs)l/2 = (c)

Proof Since hypothesis (i) gives
b(S, C) [%(er(wl(s)fwl(c)) — 1) + %lTv2w1 (C)l] Z

1
p

(T01(0) + T2 (@) (@109 1),

from above and (2.5.2), we have

b(s, c) {%(awl(s)—wl@) — 1)+ %va%pl(c)z} >0,

that is ) .
|:_(e7’(w1(5)_'¢)1(c)) —1)+ §ZTV2¢1(C)Z} > 0,
r

which gives
() =€) > 1 _ ngV%l(C)l, (2.5.5)

Further from hypothesis (ii), we have
"2 ()l <0V I, (2.5.6)

Using (2.5.5) and (2.5.6), we get

e (h1(s)=1(e)) > 1

Y

which implies

P1(s) > 1 (c).
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From (2.5.1), (2.5.3), (2.5.6) and the feasibility of s implies

m

Bi(s) = = Ghi(s) > 0= Bi(0). (2.5.7)

i=1

Suppose

d = Ty 1/2
o 405:0) + (57 Ls)

P (5,d) — (sTNs)2 F(c). (2.5.8)

Since a; € A(c),j =1,2,...,q, we have

F(c) = ( ,' . (2.5.9)

Using (2.5.8) and (2.5.9), for j =1,2,...,¢q, we have
d(s,a;) + (sTLs)1/? - d(s,a) + (sTLs)Y?  d(c,a;) + (" Le)/?
e(s,aj) — (sTNs)YV2 = geae(s,a) — (sTNs)/2 ~ e(e,a;) — (cPNe)l/2
Also from &; > 0,5 =1,2,...,¢,£ # 0 and a; € A(c), we get

éfg‘ [(e(c,a;) — (c"Ne)?) (d(s,a;) + (s"Ls)Y?) — (d(c, a;) + (" Le)'/?)

x (e(s,a;) — (STNS)1/2>] < 0. (2.5.10)

Bus) = 22 &[ (el a) — " Nv) (d(s, a;) + s Lw)
— (d(c,a;) + " Lw) (e(s, a;) — s"Nv)]
< j; &l (e(e,az) — (TNe)V?) (d(s, a;) + (sTLs)'/?)
— (d(e,a;) + (c"Lo)'7?) (e(s, a;) — (s"Ns)'/?)]
(using Lemma 1.1.1 and (2.5.4))

—_

<0 (from (2.5.10)).

Therefore,
51(8) <0= Bl(C).
This contradicts (2.5.7), hence proved.

Theorem 2.5.2 (Strong duality) Suppose s* is an optimal solution of (NFP1) and Vh;(s*),
i € I(s*) are LI. Then there ezist (¢*,&*,a*) € K(s*) and (s*,(*,w*,v*,I* = 0) €
Hy(q*,&,a*), such that (s*,(*,w*,v*,¢*, &, a*, I* = 0) is feasible solution of (M1). Also
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objectives have equal values. If suppositions of Theorem 2.5.1 satisfy for all feasible so-
lutions (s,(,w,v,q,§,a,l) of (M1), then (s*,(*,w*, v* ¢*, &% a*1* = 0) is an optimal
solution of (M1).

Proof Given that s* is an optimal solution of (NFP1). Vh;(s*),i € I(s*) are LI. From
Theorem 2.3.1, there exist (¢*,&*,a*) € K(s*) and (s*,(*,w*,v*,I* = 0) € Hy(q*, &%, a")
such that (s*, (*, w*, v*, ¢*, &, a*, I* = 0) is feasible solution of (M1). Both objectives gives
equal values. Optimality of (s*, (*, w*, v*, ¢*,&*,a*, I* = 0) for (M1) follows from Theorem
2.5.1.

Theorem 2.5.3 (Strict converse duality) Let s* be an optimal solution of (NFP1) and
(c*, C*,w*, v, ¢*, &, a*, I*) be an optimal solution of (M1). Assume that

(1) 11(+) is strictly second-order B-(p,r)-invez at c*,
(i7) {Vhi(s*),i € I(s")}, are LI,

(ii1) V2 (c*) is negative semidefinite.

Then c* = s*.

Proof Using (i), we acquire

b(8*7 C*) |:%(67‘(¢1(5*)¢'1(C*)) - 1) + %Z*TVle(C*)Z*]

et o]
which using (2.5.2) give

b(S*, C*) |:%(€r(w1(5*)_¢1(c*)) i 1) + %Z*TVQQZJl(C*)l* > O7

that is

1 * * 1
[;(er(w(s )=v1(e?)) _ ) + él*TVQ@/)l(c*)l*} > 0,

which implies
e =) 1 gl*Tv% (eI, (2.5.11)

Now from hypothesis (ii), we acquire
PN () <0V T, (2.5.12)

Using (2.5.11) and (2.5.12), we obtain

er(W1(s™)=1(e”)) > 1,
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which implies
Pi(s") > i (c").
This further from (2.5.1), (2.5.3), (2.5.12) and the feasibility of s* gives

Bils) > = D Giluls") 2 0= Bu(e"). (2.5.13)

Let ¢* # s*. Given that s* and (¢*, {*, w*,v*, ¢*, &*, a*, [*) are optimal solutions to (NFP1)
and (M1), respectively. {Vh;(s*),i € I(s*)}, are LI, by Theorem 2.5.2, we get

d(S*,a*) + (S*TLS*)l/Z
sup -
area €(s*,a*) — (s*T Ns*)1/2

= F(c"). (2.5.14)
Since a; € A(c*),j =1,2,...,¢*, we have

F(c¢*) = — % (2.5.15)

By (2.5.14) and (2.5.15), we get
[(6(0*76,;7) — (C*TNC*)l/Q) (d(S* EL*) + (S*TLS*>1/2)

»
— (d(c*, a;) + (C*TLC*)l/Q) (e(s*, a;) — (S*TNS*)l/Q)} <0
. ‘i
forall j =1,2,...,¢" and @} € A. From a; € A(c*) C Aand £* € RL, with ) & =1, we
j=1
obtain

Y& (e(er,ar) — (¢TNe)V2) (d(s*, @) + (s*7 Ls*)/?)
—(d(c*,a}) + (C*TLC*)1/2) (e(s*,a}) — (s*TNs*)l/Q)} <0. (2.5.16)
From Lemma 1.1.1, (2.5.4), and (2.5.16), we have
Bi(s*) = i:lf;* [(e(cr,ar) — T Nv*) (d(s*, a}) + s*7 Lw*)
iz
— (d(¢*,a}) + ¢*Lw*) (e(s*,a}) — s*TNv*) |

< qz & [(e(c*, a;) — (C*TNC*)l/Q) (d(s* at) + (S*TLS*)UQ)

j 14

j=1

— (d(c*,a3) + (T L) ?) (e(s™, @) — (s*TNs)?)]
< 0=pi(c),

which contradicts (2.5.13), hence the result.
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Model-11 , -
> & (d(c, a;) + (CTLC)l/Q) + > Ghi(c)
j=1 i=1

max sup q ) (M2)
(2:£,0)€K(C) (¢,¢w,w,1)EH3(q,,8) Z:l £j (6(07 aj) . (CTNC)1/2)
J:
where Hs(q,&,a) contains (¢, (,w,v,l) € R" x R x R™ x R™ x R™ that satisfy
Vihy(c) + Vihy(e)l = 0, (2.5.17)
1"V %1y(c)l <0, (2.5.18)

w'Lw <1, v"Nv<1, ("'Le)V?=c"Lw, ("Ne)/? =c"'Nu. (2.5.19)
If H3(q,&,a) is empty, the supremum will be —oo.

Theorem 2.5.4 (Weak duality) Let s and (¢, (,w,v,q,&,a,l) be feasible solutions of (NFP1)
and (M2), respectively. Suppose that 1s(.) is second-order B-(p,r)-invex at c. Then

ji &(d(c,a;) + ("Le)'/?) + g:l Gihi(c)

d(s,a) + (sTLs)Y/?
sup — >
aca e(s,a) — (sTNs)l/?2

z &(ee,a;) — (TNe)V2)

Proof Since v5(.) is second-order B-(p, r)-invex at ¢, we acquire
b(s, c)[L(erW=()=2(eD) — 1) 4 LTV 24y ()] > % (Viho(c) + Vng(c)l)T(ep”(s’c) —-1)|.
Using above and (2.5.17), we get

b(s, c)[L(erW=()=v2(eD) — 1) 4 LTV 24y (c)l] > 0.

This implies
[L(er@2)—v2() — 1) 4 LIT2y(c)i] > 0.

From (2.5.18), we have
l(er(¢2(s)—¢2(c)) - 1) >0,

that is
Pa(s) > a(c). (2.5.20)
Suppose
d(s,a) + (sTLs)/? 1£j (d(e,a;) + (¢"Le)'?) + Zl Gihi(c)
sup ——— < = - =
aca €(5,@) = (sTNs)! > &i(ele @) — (TNe)/?)
j=1

or

(d(s,a;) + (s"Ls)"/?) i &(e(e,a;) — (c"'Ne)t/?)

J=1
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< lelon) = (T NS)2) | S ey + (T L) + 5 o)

i=1
forall a; € A(c), 7=1,2,....q.
From §; > 0,7 =1,2,...,¢ and (2.5.19) in above, we have

ij s,a;) + (s"Ls)"/?) {Zg‘] e(c, a;) —CTNU)]

<Z§j(e(s,d]~) (sTNs) 1/2 {Z@ (c,a;) + " Lw) +ZQ ; }(2521)
j=1

=1

Now. a(s) = | 56 (dlnm) + 57 L0) + 55 Ghio)] | £ 65(e(ca) = Vo)

i=1

- { i &(e(s,a;) — STNU):| { ]il &(d(c,a;) + "' Lw) + f) ghi(c)l

j=1 i=1

Q.
1
i

&(d(s,) + (572)7) + £ 6hls) | 6 (elen) - o))

<
= [iﬁj (e(s.a;) — (STNS)W)} [iﬁj(d(c, a;) + c"Lw) + iCihi(C)]
(from Lemma 1.1.1 and (2.5.19))
< ;5]- (e(c,a;) — c"Nw) ;th(s) (using (2.5.21))

<0 (Since Zq: &(e(e,a;) — c"Nv) >0 and i Ghi(s) < 0).
i=1

i=1
Hence,

ZZJQ(S) < 0= wg(c).
which contradicts (2.5.20). Hence proved.
Theorem 2.5.5 (Strong duality) If s* is an optimal solution for (NFP1) and Vh;(s*),
i € I(s*) are LI. Then there ezist (¢*,&*,a*) € K(s*) and (s*,(*,w*,v*,I* = 0) €
Hs(q*, &*,a*), such that (s*,(*,w*,v*,¢*, &, a*,1* = 0) is feasible solution of (M2). Also
objectives gives equal values. If suppositions of weak duality hold for all feasible solutions
(s,C,w,v,q,&,a,l) of (M2), then (s*,(*,w*,v*, ¢*, &, a*,1* = 0) is an optimal solution of

Theorem 2.5.6 (Strict converse duality) Let s* and (c*, (*,w*,v*, ¢*, £*,a*,1*) be optimal
solutions of (NFP1) and (M2), respectively. Suppose

(1) 1o(+) is strictly second-order B-(p,r)-invex at c*,
(i1) {Vh;(s*),i € I(s*)}, are LI,
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Then c*=s*.

Proof From (i), we acquire
b, ) [H(er 06D 1) - TR
> % (vwz(c*) + v21/12(0*)l*)T(€pn(s*’c*) _ ]_) ,
which using (2.5.17) give
b(S*, C*) [%(er(wg(s*),ﬂa(c*)) . 1) + %Z*Tv2¢2<c*)l*} > 0,
that is
[L(e @262 1) 4 LIT2(e)1] > 0.
From (2.5.18) and above we have,

l(eT(%(S*)*wz(C*)) _ 1) > 0.

From this, we get
Pa(s™) > Pa(ch). (2.5.22)

Let ¢* # s*. Given that s* and (¢, {*, w*,v*, ¢*, &*, a*, [*) are optimal solutions to (NFP1)
and (M2), respectively. {Vh;(s*),i € I(s*)}, are LI, by Theorem 2.5.5, we get

q* m
“(d(c*,a*) + (T Le*)V?) + hi(c*
sup d(s*,a*) + (s*T Ls*)'/? _ jégj( () +( ) ) z:zlg ()
areA 6(8*,(_1*) _ (S*TNS*)I/Q q* i} .
© > £j (e(c*a aj) - (C*TNC*)UQ)

=1

or

(d(s*, EL;) + (S*TLS*)1/2) [ig“ (e(c*, EL;‘-) — (C*TNC*)1/2)}

g&Wwp—wWWWM[égwwﬂp+WUﬁW%+i@wam

i=1
for all a; € A(c),j =1,2,...,q"
Using 5 > 0,5 =1,2,...,¢" and (2.5.19) in above, we have

% & (d(s*, C_L;) + (S*TLS*)l/Z) [ % & (e(c*, ay) — C*TNU*)]
J=1 j=1

< &(e(s,ay) — (sTTNs)?) {Z &ld(er,a;) + ¢ Lw) + ) ghi(c*)] . (25.23)
j=1 j=1 i=1

From Lemma 1.1.1,(2.5.19) and (2.5.23), we have
q" m ‘N
o(s*) = {zzlf;‘ (d(s*,a}) + s*T Lw*) + Zlghz(s*)] {2315; (e(er,ar) — C*TNU*):|
= i= =

*

q

— { ij & (e(s™,ar) — s*TNU*)} [ > & (d(er @) + T Lw*) + fjl th(c*)]

Jj=1
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< {z & (d(s7,a) + (7 L)) + 3 cz-hxs*ﬂ [ z G eler,a) - c*TNv*)}

=1 i=1
q*

- £t - ey | S g e a) + o) + £ o)

Jj=1

(from Lemma 1.1.1 and (2.5.19))
q m
<> & (6(0*; aj) — C*TNU*) > Ghi(s*)  (using (2.5.23))
=1 i=1

=1

q* m
<0 (Since > &(e(er,ar) — ¢TNv*) > 0 and Y Ghi(s*) < 0).
=1 =

Hence,

which contradicts (2.5.22), hence the result.

2.6 Conclusion

We studied NMFP problem and acquired duality results with (p,r)-p-(n, #)-invexity. We

have also constructed two second-order duals and achieved results using generalized invex-

ity.
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Chapter 3

Higher-order non-symmetric duality for non-
differentiable minimax fractional programs with

1
square root terms

3.1 Introduction

The theory of higher-order duality is most significant. It gives better bounds to the infimum
of primal problem when it is hard to examine feasible solution for first and second-order
dual. Initially, higher-order duality was introduced by Mangasarian [91]. Suneja et al.
[124] considered Mond-Weir and Schaible type nondifferentiable higher-order dual. They
achieved results using higher-order (F,p,o)- type I suppositions. Various higher-order
duality models for minimax problems were derived by Jayswal and Stancu-Minasian [70].
Later on Jayswal et al. [68] has taken NMFP problem and established duality theorems
using generalized convexity. Duality relations for fractional MP were discussed by Dubey
et al. [38]. Sonali et al. [119] studied second-order duality for NMFP with second-order B-
(p, r)-invexity. Jayswal et al. [69] corroborated a higher-order duality model for NMFP with
(C, a, p, d)-convexity. Recently Li et al. [85] acquired optimality conditions and duality
results for MFP with data uncertainty.

This chapter is organized as follows. In Section 3.2, a novel concept of higher-order
B-(p, r)-invex functions has been introduced. An illustration of higher-order B-(p, r)-invex
functions has been given. Optimality conditions for NMFP problems are also discussed.
Section 3.4 presents a higher-order dual for NMFP problem. A numerical example of
NMFP program has been solved in Section 3.5. The paper closes with conclusions in
Section 3.7.

!The content of this chapter is published as “Higher-order non-symmetric duality for nondifferentiable
minimaz fractional programs with square oot terms”, Acta Mathematica Scientia, 40B(1) (2020) 127-140.
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3.2 Preliminaries

We focus on the following problem:

o d(s,a) + (s"Ls)'/?
Minimize 1/)(8) = 21615 e(s, a) — (STNS)l/Q’

subject to h(s) < 0.

(NMFPP)

where A is a compact subset of R, d(-,-) : R"xR" — R, e(-,-) : R*xR" — R are C?(twice
continuously differentiable) functions on R" x R" and h(-) : R* — R™ is C? function on R".
L and N are n x n positive semidefinite matrices. We assume that e(s, a) — (s Ns)¥/2 > 0
and d(s,a) + (sTLs)/? > 0 for each (s,a) € S x A, where S = {s € R" : h(s) < 0}
contains feasible solutions of (NMFPP).
For (s,a) € S x Aand M ={1,2,...,m}, Consider
I(s)={i e M : hi(s) =0},

d(s,a) + (sTLs)/? d(s,u) + (s Ls)'/? }

Als) = {a c4: e(s,a) — (sTNs)l/2 - 322 e(s,u) — (sTNs)l/?

K(s) = {(q,&d) ENXRLXRT:1<qg<n+1, &= (&,&,...,&) € RY, ifj =
j=1

1, a=(ay,as,...,a,), a, EA(S),jzl,Q,...,q}.

Since d and e are C? and A is compact in R", for each s* € S, A(s*) # ¢, and for any
a; € A(s*), we have a positive constant

fo = p(s) = A1)+ GTLE)
e(s*,a;) — (s*TNs*)

Definition 3.2.1 Let ¢ : E — R (where E C R") be a differentiable function and let
p,r be arbitrary real numbers. Then ¢ is called higher-order B-(p,r)-invez (strictly higher-
order B-(p,r)-invex) w.r.t. 1, b and a differentiable function k : E x R* — R (E C R")
at z € E if 3 a function n : E x E = R" and a function b : E x E — R, such that ¥
seFandl e R,

b(s, 2) [%(e“@(s)@(z)) — 1) — k(z,0) + " Vik(z,1)] > %(vsgp(z) +Vik(z, 1)) (7169 1)
(> if s#z) forp£0,r #£0. (3.2.1)
Now

(i) whenr #0,p=0 in (3.2.1), we acquire
b(s, 2)[2(er O =¢E) — 1) — k(2,1) + 1"V ik(2,1)] > [(Vsp(2) + Vik(z,1))Tn(s, 2)]
(> if s # 2)

(17) whenp#0,r =0 1in (3.2.1), we acquire
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[(Vsp(2) + Vik(z, 1)) (772 — 1)]
(> if s # 2)

b(s, 2)((s) — p(2) — k(2,1) + 1TV k(2,1)) >

1
p

(13i) whenr=0,p=0 in (3.2.1), we acquire
b(s, 2)(e(s) = @(2) = k(z,1) +1"Vik(2,1)) = [n(s, 2)" (Vap(2) + Vik(z,1))]
(> if s # 2)

Here 1= (1,1,...,1) € R*, (eP">?) — 1) represents (ePn(s2) 1 epm2(s:2) 1 epm(s2)

1).

Example 3.2.1 Let E = [0.1,1] C R. Take ¢ : E — R as o(s) = log(sin s).

COTLSZdET??IEXE%R as
ns, z (6]
’ & 1+ 2

b(s, z) = cos®(z).

Let k(z,1) = (z + 1)l where k : E x R — R.

and

Now ¢ is higher order B-(1,1)-invez as
b(s, 2) [ (eI — 1) — k(2,1) + IVik(2,1)] — 5(Vip(2) + Vik(z,1))" (P2 — 1)

r

= cos?(z) (228 — 1) + z(%(zl) + 1)

>0 for all s,z € E (see Figure 3.1).

But it is not second-order B-(—1, —1)-invex as
b(s, Z)[%(er(w(s)—so(z)) _ 1) + %lTvzap(z)l] _ %(Vgp(z) + v2¢(Z>Z)T(€pn(s,z) B 1)

— _ cos?(2) (228 - 1) 4 zcot(z) — L2 cos?(z) csc?(2)

—lz csc?(z2)
sin(0.8)

= —cos?(0.8) <M

—1(0.8) csc?(0.8)

— 1> + (0.8) cot(0.8) — 31% cos?(0.8) csc?(0.8)

= —0.47163[* — 1.55461] — 2.22503 < 0 for s =0.1, 2=0.8 and | € R.

Therefore the function ¢ is higher-order B-(1,1)-invex function but not second-order
B-(—1, —1)-invez.
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Figure 3.1: graph of function

Remark 3.2.1 The theoretical results has been given for p # 0 and r # 0. Moreover we
will suppose that r > 0.

3.3 Optimality conditions

Theorem 3.3.1 [8/] (Necessary conditions) If s* is an optimal solution of (NMFPP)
that satisfies s*TLs* > 0, s*TNs* > 0, and Vhy(s*), i € I(s*) are LI, then 3 (q,£*,a) €
K(s*), ko € Ry,w,v € R" and * € R} s.t.

> &{Vd(s*,a;) + Lw — ko(Ve(s*,a;) — Nv)} + Z (Vhi(s*) =0, (3.3.1)

Jj=1

d(s*,a;) + (s Ls")V? — ko(e(s*,a;) — (sTNs)Y?) =0, j=1,2,...,q, (3.3.2)

> (rha(st) =0, (3.3.3)
=1
q
20(=12....9, Y &=1, (3.3.4)
j=1
wl'Lw <1, vI'Nv <1, (sTLs*)Y?=sTLw, (sTNs)Y?=sTNo. (3.3.5)
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Theorem 3.3.2 (Sufficient Condition) Let s* be a feasible solution of (NMFPP) and 3 a
positive integerq, 1 < q¢ <n+1, & € R%, a; € A(s*)(j =1,2,...,q), ko € R4, w, v € R"
and ¢* € R satisfying the relations (8.3.1-3.3.5). Assume that

(i) 9(:) =01(-) + > ¢Fhi(+) is higher-order B-(p, r)-invex at s* w.r.t. n and b satisfying
i=1

b(s,s*) >0V s €S where ¥,(-) = if}‘[d(-,aj) + () Lw — ko(e(-,a;) — ()T Nv)],

(i7) v(s*,1*) >0 and V,v(s*,1*) = 0.
Then, s* is an optimal solution of problem (NMFPP).

Proof Suppose s* is not an optimal solution of (NMFPP). Then there exists an 5§ € S

such that
d(3,a) + (37 L3)/? d(s*,a) + (s*T Ls*)1/?
sup ——— — — < sup = .
aca €(5,a) — (STN3)V/2 ~ Geae(s*,a) — (s*TNs*)1/2

Since
d(s*,a) + (s*TLs* )2 d(s*,a;) + (s*T Ls*)\/2 .
su — _
seh e(s*,a) — (sTNs)/2 — e(s*,a;) — (sTNs* )2~ "0
for a; € A(s*), 7=1,2,...,q and

d(s,a;) + (‘TLg)l/2 < d(3,a) + (37 L3)"/?
e(3,d) — (37N3)'2 = aeh e(3,a) — (T N35)/2

therefore, we get

< ky.

d(s,a;) + (57 Ls)'/?
e(3,a;) — (ST Ns§)l/2
Also & >0,j=1,2,...,¢,§ # 0 and a; € A(s*) implies
q
> &ld + (57L5)"* — ko(e(5,a;) — (5" Ns)?)] < 0. (3.3.6)

Jj=1

Using Lemma 1.1.1, (3.3.5) and (3.3.6), we obtain
91(8) Zf (5,a;) + 5" Lw — ko(e(8,a;) — 5" Nv)]
< Zg (5,a,) + (57L3)"? — ko(e(5, a;) — (37N3)V?)]
< O =01(s), (3.3.7)

From hypothesis (i), we acquire

b(s, s*) [ ("N 1) —p(s*, 1)+ 1T Vw(s*, 1%)] > (Vﬁ(s*)—i—V;u(s*,l*))T(ep”(S’S*)—

1
P
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1)1
holds for all s € S, and so for s = 5. Using (3.3.1), (i7) and b(s, s*) > 0 along with the
inequality above, we have

L(erWO=06) — 1) — p(s*, 1) + TV (s*, 1) > 0,
er@E=IEN) 1) > p(s*, 1*) — *TVw(s*,1*) > 0, (From hypothesis (i))
(=0 _ 1)

v

0,

91(5) = 9(5) — éc:hxs),

> 9(s*), (From above and > (h;(5) <0)
=1

(2

= 191(8*),

that is ¥1(5) > ¥1(s*), which contradicts (3.3.7). Hence the result.

For our convenience, Assume that
i) = Bi() + Y Glha(-) = hile)) (3.3.8)
i=1

where

pi() = ]Zijl gille(e,az)—c" No)(d(-, a;)+ ()" Lw)—(d(c, az)+c" Lw)(e(- a;) = (-) " Nv)].

3.4 Higher-order duality results

Duality theory is well-developed for nonlinear programming problems. It is exciting to
enhance the second order results to higher-order as it provides tighter bounds when ap-
proximations are used. A unified higher-order dual for NMP was constructed by Ahmad et
al. [12] which was the extension of second-order dual proposed by Mishra and Rueda [94].
Later Ahmad [4] discussed higher-order duality for NMFP problem using generalized con-
vexity assumptions. We have considered a higher-order dual for (NMFPP) problem:

Model-1

max sup F(c), (FPD)
(q,g,&)eK(c) (C,C,’U},’U,l)EHl(Qvaa) ( )

58



d Tr, 1/2
where F(c) = sug 6((06’5)) +((cCTNCc))1/2 and Hi(q, &, a) contains (c,(,w,v,l) € R* x R x
a€ ’ -

R" x R™ x R™ that satisfy

Vz/)l(c) + qubl (C, l) = 0, (341)

Zg i(€) + i (e, 1) = TV (e, 1) > 0, (3.4.2)
wlLw <1, ovI'Nv<1,

("'Le)'? = T Lw,  ("Ne)V? = ' No. (3.4.3)
If Hi(q,§,a) = ¢, then the supremum of F(c) will be —co

Now, we acquire the following duality results.

Theorem 3.4.1 (Weak duality) Let s and (¢, (,w,v,q,&,a,l) be feasible solutions of (NMFPP)
and (FPD), respectively. Suppose

(1) Y1(+) 1s higher-order B-(p,r)-invex at ¢ w.r.t. n and b that satisfy b(s,c) >0V s € S,

(i1) ¢1(c, 1) =1TV,1(c,1).

Then (s,@) + ( T )1/2
d(s,a) + (s' Ls
> F
b o5 — (TN = F
Proof Assume that Tr N\1/2
d(s.a L
qup L&D+ (ST L) (3.4.4)

aca e(s,a) — (sTNs)l/?

Since a; € A(c),j =1,2,...,q, we have

_d(c,a;) + (c"Le)/?
Flo) = o (3.45)

From (3.4.4) and (3.4.5), for j = 1,2,...,q, we get
d(s,a;) + (sTLs)1/? d(s,a) + (sTLs)*/? _ d(c,a;) + (cTLe)l/?
su :
e(s,a;) — (sTNs)l/2 — it e(s,a) — (sTNs)/2 = e(e,a;) — (c"Ne)l/?
Also from &; > 0,5 =1,2,...,¢,£ # 0 and a; € A(c), we get

Z & (ele,a;) — (c"Ne) ) (d(s,a;) + (s7Ls)?) — (d(c,a;) + (¢" Le)'/?)

X(e(s,aj) — (s"Ns)?)] <. (3.4.6)
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Now,
Bils) = Ji) &l(ele.a;) — " Nv)(d(s, a;) + s" Lw)
— (d(c,a;) + " Lw) (e(s,a;) — s" Nv)]
< ifa [(e(e,a;) = (" Ne)' /%) (d(s, ) + (s Ls)"?)
— (dle,a5) + (" Le)V ) (e(s, a;) — (s"Ns)V?)]
(using Lemma 1.1.1 and (3.4.3))

[y

<0 (from (3.4.6)).

Therefore,
P1(s) < 0. (3.4.7)

Using (i), we achieve

b(s, €) [F(er 7D —1) — 6 (c, 1) + 1T Vi (e, )] z%kvw )+ Vidi(e,1)) " (ers)

1)1.
From above, b(s,c¢) > 0 and (3.4.1), we have
b@@[(wm><”—n—@@w+ﬂw¢@w]za

= (M0 1) = oufe ) + Ve )| 2 0
( r(¥1(s)—¢1(c)) _ 1) > ¢1(c, 1) — ITV1¢1(c, 1),
( r(Wis)=vile) — 1) >0, (From (i1))
which gives
n(s) > v (). (3.4.8)

Now,

Bu(s) = vn(s) = 3 Glhals) — ha(c)),

> y1(c) + Z Gihi(c), (From (3.4.8) and ig}hi(s) <0)

> 11(c) = 0. (Using hypothesis (i7), (3.3.8) and (3.4.2))
Therefore, 51(s) > 0. This contradicts (3.4.7).

Theorem 3.4.2 (Strong duality) Suppose s* is an optimal solution for (NMFPP). Sup-
pose Vhi(s*),i € I(s*) are LI. Assume that

$1(s%,0) =0 Vigi(s*,0) = Vi (s*)
Then there exist (¢*,&*,a*) € K(s*) and (s*,(*,w*,v*,I* = 0) € Hi(q*,£*,a"), such that
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(s*, C* w*, v*, q*, &, a*, 1* = 0) is feasible solution of (FPD). Also objectives have equal
values. If suppositions of Theorem 3.4.1 satisfy for all feasible solutions (s,(,w,v,q,&, a,l)
of (FPD), then (s*,(*,w*,v*, ¢*, &, a*,1* = 0) is optimal solution of (FPD).

Proof Given that s* is optimal solution of (NMFPP). Vh;(s*),i € I(s*) are LI, then by
Theorem 3.3.1, there exist (¢*,£*,a*) € K(s*) and (s*, (", w*,v*,[* = 0) € Hy(¢*, & a")
such that (s*, (", w*,v*, ¢*, &, a*, [* = 0) is feasible solution of (FPD) and the objectives

gives equal values.
d(s*. a* *J,g* 1/2
F(S*) — Sup (8 7_0’ )+ (8 S )

areA e(s*,a*) _ (S*NS*)l/Q
d(s*, @) + (s*Ls*)'/?

e(st,al) — (s Ns*)/2

= ko

= ¥(s7).

Optimality of (s*, (*, w*,v*, ¢*,&*, a*, * = 0) for (FPD) follows from Theorem 3.4.1.

Theorem 3.4.3 (Strict converse duality) Let s* be an optimal solution of (NMFPP)
and (c*, ", w*, v*, ¢*, &, a*,1*) be an optimal solution of (FPD). Suppose

(1) 11(+) s strictly higher-order B-(p,r)-invex at ¢* w.r.t. n and b that satisfy b(s,c*) >0
VseSs,

(i7) {Vhi(s*),i € I(s")}, are LI,
(iii) &1 (c*, 1*) = TV 1 (c*, 1%).
Then c* = s*.

Proof From (i), we acquire
1 * *
b(s*, ) [=(er @D 1y — gy (¢ 1) + 1TV (cF, 1)
r

> ]1? (Vb (¢*) + Vig (¢, 1)) (7767 — 1) (3.4.9)

Using (3.4.1) and hypothesis (i7i) in (3.4.9), we get
l(er(lﬁl(S*)—wl(C*)) — 1) > 0,
that is
w1(5*> > wl(c*). (3410)

Now,

Bul(s™) = i (s") — i ¢ (hils™) = hi(c),
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s

s
I
—

> ¢1(C*) —

)

> () + 3 Ghi(e). (As f: Crhi(s™) < 0)

> 11 (c*), (Using hypothesis (iii) and (3.4.2)

= 51(0*)7
that is
Bl(s*) > 51(6*).

¢ (hi(s*) — hi(c*)), (From (3.4.10))

(3.4.11)

Now, we suppose that ¢* # s*. As s* and (c*, (*, w*,v*, ¢*, £*, a*, [*) are optimal solutions
to (NMFPP) and (FPD), respectively, and {Vh;(s*),i € I(s*)}, are LI, by Theorem

3.4.2, we get

d(s*. a* *TL *\1/2
o A7) L
arca e(s*,a*) — (T Ns*)1/2

Since a; € A(c*),j =1,2,...,¢*, we have

d(c*,ax) + (c¢*T Le¥)Y/?
e(cr,at) — (¢*TN¢x)1/2

By (3.4.12) and (3.4.13), we get
[(e(cr,ar) — (¢ TNe)Y2) (d(s*, @) + (7T Ls*)'/?)
— (d(cr,at) + (T L)) (e(s™,as) — (s*TNs)Y2)] <0

(3.4.12)

(3.4.13)

. ‘i
forall j = 1,2,...,¢" and @} € A. From aj € A(c*) C Aand £* € RL, with ) & =1, we
j=1

obtain )
q
Z fj*[(e(c*,dj) - (C*TNC*)I/Q) (d(S*, a;) + (S*TLS*>1/2)
i=1

—(d(C*,&;) + (C*TLC*)l/Z) (6(8*,@;) _ (S*TNS*)l/Q)} <0.

From Lemma 1.1.1, (3.4.3) and (3.4.14), we have
q*
Bi(s*) = Y & (e(er,ar) — T Nv*) (d(s*, @) + s*7 Lw*)
j=1

— (d(c*, @) + T Lw*) (e(s*, a}) — s*T Nv*)]

< g: £ [(e(c*, ar) — (C*TNC*)1/2) (d(s*, a;) + (s*TLs*)l/Q)
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which contradicts (3.4.11), hence the result.

3.5 Example of a minimax problem

Let n=10=1 m=2and A=[1,2].
Let d(s,a) = s*+2s%a+a, e(s,a) =s*+4, L=N =1, hy(s) = s—3 and hy(s) = —s+1.
Also h(s) <0 =s—3<0and —s+1<0,

=1<s<3.

Therefore S = {s € R| 1 < s < 3}.

Now d(s,a) + (sTLs)z = s* + 2s2a +a+ |s| > 0

and e(s,a) — (s"Ns)z = s2+4 — |s| > 0 V(s,a) € S x A
where S x A ={(s,a)|]1 <s<3, 1<a<2}.

Now the problem (NMFPP) becomes

st +2s%a+a+|s|

s2+4 —|s]
subject to s —3 <0,

Minimize v (s) = sup ,
acA
—s+1<0,
and 1 <a < 2.
Here A(s) = {2} and K(s) = {(1,1,2)}.
In order to calculate minimax solution of (NMFPP) for s* € [1, 3], we have considered
the following cases.

Case I: Take s* = 3
Using (3.3.2), (3.3.4) and (3.3.5), we get kg = 12.2, w=v =1 and & = 1.

Since hy(s*) = 0 for s* = 3, therefore from (3.3.3), we have (Jho(s*) = 0 which implies
(5 = 0. Hence from (3.3.1), ¢ = —72 does not satisfy the condition that (f € R..

Case II: Take 1 < s* < 3 ‘g
Using (3.3.3), we obtain (j(s* —3) + (5 (—s*+ 1) = 0 which implies ¢ = ¢ ES* — 1;
8 —

(3.3.4), & =1 and from (3.3.5), we get w? < 1, v? < 1, |s*| = s*w and |s*| = s*v which
implies w = v = 1. By using values of (5, &}, w and v in (3.3.1) and (3.3.2), we get

. From

. . (s + 45 +2+5"]) ., 20
(4S3+85 +1)— (3*2+4—|3*|) (25 —1)+ﬁ:0
+ 45 + 2+ 5%) —2¢
= (45*3 4 8s* 1—(8 2¢* — 1) = 1
(457 + 857 4 1) (s*2+4 — s*) (25 ) (s* —1)
_OCH
Since S <0 for s* € (1,3)
(s*—1)
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(s + 452 +2 + s%)
(8*2 + 4 — 5*)
that is (s*2 +4 — s*)(4s*3 +8s* + 1) — (s* + 452 + 2+ 5%)(2s* — 1) <0

that is 2s*° — 3s™ + 165*3 — 55 + 28s* + 6 < 0, which is not possible for any s* € (1, 3).

Therefore s* € (1,3) cannot be a minimax solution.

therefore, (45* 4 8s* + 1) —

(2s* —1) <0,

Case III: Take s* =1

Since hy(s*) = 0 for s* = 1, therefore from (3.3.3), we have ({h;i(s*) = 0 implies ¢ = 0
and using (3.3.4), we get £ = 1. By solving (3.3.2), we have kg = 2 and using (3.3.5), we
obtain w = v = 1. Putting these values in (3.3.1), we get ¢ = 11. Now using w = v =1
along with £§ =1, kg =2, (§ =0 and ¢J = 11, we can check that all these values satisty
the necessary conditions for a minimax solution. Therefore s* = 1 is the only candidate

for a minimax solution.

Now we will justify that s* = 1 is an optimal solution of (NMFPP). For this we will show
that ¥(-) is higher-order B-(p,r)-invex function at s*.

Here 9(-) = Jif}k[d(-, a;) + ()" Lw — Ko(e(",a;) — (-)"Nv) + XE G (hi(+)),
= ()" +40)* + 24 (Jw) = ko((-)? +4 = ()v) + G(() =3) + G(=() + 1],
Usingw =v=1, kg =2 and (§ =0 and ¢; = 11, we get
IC) =1 +40)2 +2+ () = 2(()* +4 = () + 11(=() + D],
= ()" +2()* = 8() +5,
which is convex and hence higher-order B-(p,r)-invex at s* = 1. By taking ¢ = 1, & =

I, w=v=1, kg =2, ¢(f =0 and (5 = 11, the sufficient conditions of the theorem are

easily verified and s* =1 is a minimax solution.

Now we will formulate dual model (FPD) for (NMFPP) problem.
Let ¢1(c,l) = (¢ + 1)l. From (FPD), we have

max sup F(e),
(@&a)EK(C)  (c.¢wwl)eH:(g.€,a)

A +2a+a+ |
where F'(c) = su
(c) GEE 2+4—|c|

and Hi(q,§, @) contains (c,(,w,v,l) € R x R% X R x R x R that satisfy
2¢% — 3ctv +16¢% — (v +w)2 +29c+ 4w +20+ (G — G+ 1 =0,

Gle=3)+G(—c+1) 20,

w? <1, v? <1,

le| = cw, |c| = cv.
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3.6 Special cases

(i) If we take ¢1(c,l) = $1"V?¥(c)l in (FPD) then, our dual will be reduced to the
second-order dual given by Gupta et al. [50].

(12) If [ = 0, then the dual model (FPD) reduces to the problems studied in [7,66, 83].

(i4) If = 0 and L and N are zero matrices of order n, then (FPD) becomes the dual
problem given in [87,88].

3.7 Conclusion

We proposed a higher-order dual for (NMFPP) and proved duality results with higher-

order B-(p,r)-invexity. An illustration of higher-order B-(p,r)-invex function has been

given. Also we have solved a NMFP problem using optimality conditions.
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Chapter 4

Parametric approach for a class of fractional
variational programs involving support func-

tions

4.1 Introduction

Duality results have been applied to several problems of calculus of variations that arises
in physics, filtering and optimal control theory. The purpose of calculus of variations is to
provide analytical methods to find maxima or minima of functionals. Several physical laws
can be derived from mathematical principles to the effect that a certain functional acquires
a maximum and minimum. The connection between mathematical programming and the
classical calculus of variations was examined by [59]. Mond and Hanson [101] discussed
the results of duality for VP using convexity. A symmetric dual pair for NMFVP problems
was considered by Mishra et al. [96]. Mititelu and Stancu-Minasian [98] studied duality for
MFVP problems and used a parametric approach in order to relate ESs of MFVP problem
and a non-fractional problem. Kailey and Gupta [73] achieved appropriate duality relations
for symmetric NMFVP with arbitrary cones using generalized (F) «, p, d)-convexity. Mond-
Weir and Wolfe duals for MVP were studied by Antczak [15].

Second-order duality models for VP problems were formulated by Chen [29]. Second-
order Mond-Weir dual for VP was explored by Husain et al. [63]. Later Gulati and Mehndi-
ratta [57] provided a modified version of converse duality which was studied by Husain et
al. [63]. Symmetric second-order duals for VP were constructed by Padhan et al. [110] and
relations between primal and dual were proved under generalized invexity. Second-order
(F, , p,0)-convexity for VP was introduced by Jayswal et al. [71] and various duality re-
sults were derived for VP and its second-order dual. Jayswal and Jha [67] constructed

symmetric second-order dual for FVP involving cone constraints.

In this chapter, we study second-order duality for NMFVP problem with second-
order (F, «, p, d)-pseudoconvexity suppositions. Section 4.2 reviews the definitions. An

illustration showing the existence of second-order (F,«, p,d)-pseudoconvexity has been
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provided. Symmetric second-order duality for NMFVP and results are discussed with
aforesaid suppositions in Section 4.4. Also an illustration which corroborate weak duality

is obtained. The chapter closes with conclusions in Section 4.6.

4.2 Notations and preliminaries

Let B = [c,d] be a real interval. Let C; C R", Cy C R™ be closed convex cones
with nonempty interiors and their respective positive polar cones are C} and C;. Let
hE(t, w(t), w(t), s(t), 5(t)) and e (t, w(t), w(t), s(t), $(t)) are C2 functions Vi € L = {1,2,...,1},
where w : B — R" and s : B — R™ with derivatives & and . For i € L, the symbols
hi , hi ki, R signifies gradient vectors of hi(t,w,, s, $) with respect to w, 1w, s and $, re-

spectively. We have
o (00 NT oo
v 8w1’”"8w" ’ v\ owl’ T Qun

Similarly, e ¢ and €} signifies the gradient vectors of €'(¢,w,w, s, §) with respect to

’U}’ ’LU’ S
w,w, s and §, respectively.
These observations are considered to establish Theorem 4.4.2:

DR, = Rl + hi s + hi s + bl + iy

Consequently,
2Dhi = Dhi,, 2D} = Dhi, +hi,, &Dhi=h,
2D, = Dl 2Dl = Dl + By, Db = by i € L.

Similarly, De’ can be defined.
Let W(B, R") denotes the space of piecewise smooth functions w with the norm
lw[| = [[wllee + [[Dw]|oo-

Here the differentiation operator D is defined as
t

V= Duw & w(t) =+ fﬂ(g)dg,

where p; is a given boundary value. So = D except at discontinuities. The space of

’ E
piecewise smooth functions s : B — R™ is denoted with S(B, R™) with the same norm as
defined for W (B, R").

Consider the following MVP problem:

(MVP1) Minimize f(p (t,w(t),w(t))dt = (fdwl(t,w(t),w(t))dt, . .,]i(p (t, w(t), w(t))dt)

subject to w(c) = 0 = w(d),
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C(t,w(t), w(t)) S0, t € B.

Here ¢ : Bx R" x R* — R' and ¢ : B x R® x R"* — R™ are differentiable functions.
Let S contains feasible solutions of (MVP1)i.e.,
S = {w e W(B,R")| w(c) = 0 = w(d), w(c) =0 =w(d), ((t,w(t),w(t)) <0, t e B}.

Deﬁnltlon 4.2.1 [75] A pomtw € S is an ES of (MVP1) ifBwe S s.t.

fgotwt) w(t) dtgfwt,wt),w(t))dt.

Deﬁmtlon 4.2.2 [75] A pomtw € S is a WES of (MVP1) if fwe S s.t.
fs@tw) w(t) dt<f90 w(t), w(t))dt.

Definition 4.2.3 [73] A functional F : BxW xW xW xW x R" — R is called sublinear

n sixzth argument, if V w,w, z, 2 € W,
(i) F(t,w,w,z 2,11 + 1) S F(t,w,w,z, 2v1) + F(t,w,w, z, 2;1),Y v1,vy € R™
(i) F(t,w,w,z 2;a1v) = a1 F(t,w,w,z,%;v),¥Y a1 € Ry and v € R".

Let F and G be functionals sublinear in sixth argument. Let d = (d',d?), where d' =
(di,db,....d}) : BXWXxW xWxW — R d> = (d?,d3,...,d?) : BxSxSxSxS — R
Let h = (b, h%, ..., hY) : BxW xW xS xS — R!be a differentiable function, a = (ay, as),
where a; : W x W — Ry \ {0}, ay : S xS — Ry \ {0} and p = (p', p?), where
Pt = (o1, 3 00), 0P = (105, p7) € R

N d .
Definition 4.2.4 For everyi € L, [ h'(t,w,w,s, $)dt is called second-order (F, aq, p;,d})-
pseudoconvex at z for fized s and $, if V. w,w € W and ¢ € R",
d
[ F(t,w,w,z, 2 a1 (w, 2)(hi(t, 2, 2,8, 8) — DRL(t, 2, 2,8, 8) + M'q'(t)))dt = 0

C

d
:>fh’tww,s,s dt>fhztzzssdt—2fq )T Mg (t)dt + p} [(d} (t,w,w, 2, 2))*dt

where M = hfww(t,z,z,s, $) — thww(t,z,z,s,s), t € B.

Remark 4.2.1 (i) If we take ¢'(t) = 0 in above definition, then it will be reduced to the
definition of (F,«ay, p},d})-pseudoconver functions given by [73].

(ii) With (i), consider F(t,w,w,z, ;a) = n(t,w,w, 2, 2)Ta, a1(w,z) = 1 and p} = 0
then it will become the definition of pseudoinvex functions studied by [79].
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4.3 Example

Many optimization problems exist in the literature which includes nonconvex functions and
functionals. Therefore it is essential to generalize the concept of convexity. In this work,
we considered second-order (F) «, p, d)-pseudoconvexity. Now we construct an illustration

which shows the existence of aforementioned functions.

Example 4.3.1 Let B = [0,1]. Let W, S be the space of piecewise smooth functions
w: B — [0,00) and s : B — [0,00) respectively. For i = 1, define h'(t,w,w,s,s) :
BxWxWxSx8 — R ash'(t,w,w, s, §) = w*—w+sin (%) +5s. Consider the functional
F:BxW xW xW xW x R— R be defined as F(t,w,w,z,2,v) = —v(w+z+1) and
a; : W x W — R\ {0} be defined as ay(w, z) = ﬁ
Take di(t,w,w,z,é) = (w+ 2)2 and p! = —6.

Since fF(t,w,u'), z, 2 a0 (w, 2) (R (¢, 2, 2,8, 8) — DR (t, 2, 2,5, 8) + M1q'(t)))dt,

Ofl ( 423—1—1—% cos (;) - (12z2—%sin (g))ql(t))dt 2 0 forw(t) e W, z(t) =0
) €

1 1
cmdbfhl t,w,w,s,é)dt—ofh (t, 2, 2,8, 8)dt+% fq ()T Mg (t)dt—p} {(d%(t,w,w,z,z))gdt

= Ofl <w4—w+sin (%) +s5—2t4z—sin (%) —s—l—%(lQZQ - %Sin (g))(ql(t))2+
6(w+z))dt

:j(w —w—l—sm(2>+6w)dt>0f0rw()€W, 2(t) =0 and ¢*(t) € R
0

where M = hl (t 2, 2,5, 8) — Dhl  (t,2,%,s,38),
1

and q Lt

Therefore, the functional [ h'(t,w,w, s, $)dt is second-order (F, aq, pi, d})-pseudoconver at
0

z(t) = 0, But it is not second-order F-pseudoconvex at z(t) = 0 as

1

f F(t, w,w, z, 2 hl (t,2,2,8,8) — DhL(t, 2, 2,8,8) + Mg (¢))dt = 0,

%) )(q* (t))?) dt 0 for all
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4.4 Dual formulation

We construct the following second-order symmetric NMFVP problem and its dual with
cone constraints.

Primal Problem (MFVP1)

Minimize

[Th(t,w, b, 5,8) + S(w|E) — sTu — $p(t)” Rp(t)]dt

f[e(t,w,u'),s, $) — S(w|A) + sTv — ( YT Hp(t)]dt

(f[hl (t,w,w,s,é)—&-S(w\El)—sTul—%(pl )T Ript(t))dt f[hl(t,w,w,s,é)—‘rS(w\El) sTyul-1 (p (t))TRlp (¢ )}dt)

y e g
Jlet (tw,i,s,8) =S (w| A1) +sT vl =5 (p (£))T Hip? (t)]dt JIe!(tw,i,s,8) =S (w| A)+sT ol — 5 (91 ()T Hip! (1)) dt

c

subjéct to
w(c) =0=w(d), s(c)=0=s(d),
0

U'J(Cl) =0=1u(d), 5(c)=0=3(d), i
_i;)\i{[hi — DR —u' + Rip'(t)] — [} — Det + v + Hip'(t >]—g125 3} €Cy, teB,
sTZl:)\l{[ — DRl — u® + Rip'(t)] — [¢! — Del + v —i—Hzp()]%}iO,teB,

A>0, w(t) e Cy, t e B,
w ey, viez, iel.

Dual Problem (MFVD1)

Maximize

JIn(t, 2, 2, m,7) = S(r|Y) + 7o — 5q(t)" Jq(t)]dt

le(t,z, z,r,7) + S(r|Z) — 2Ty — %q(t)TKq(t)]dt

0%& o

AR

( j[hl(t,z,é,r,r’)fs(HYl)JrzT:rl7%((11 )T Jiqt(t)]dt
f[el(tvz,iﬂ’i)-i-s(r\zl)—ZTyl—%(ql(t))TKlql(t)]dt ‘

[hl (tfz"évT?f')*S(T'YVl)“i’ZTzl7%(ql (t))Tqul(t)]dt )

O >ale—q

[le(t.2,2,m,7)+S(r| Z0) = Tyl—5(q! (1)) T Kig! (t))dt
subject to

2(c) = 0= z(d), r(c) =0=r(d),

2(e) = 0= 2(d), 7(c) = 0 =7r(d),

i i i i i i i i Li(z,r)
Mi{ [y = Dhiy + 0"+ Jig (0] = [e1, = Deyy — '+ K (0] 573

! . . . . . 4 . L
T Z )\i{ [hi, — Dhiy + 2' + J;g'(t)] — [e}, — Dely — y' + K;q'(t)] N(é :)) } <0,teB
A > 0 r(t) e Cy, t€ B
P eB;, yed, iel,

-

}eC{‘,teB

-
Il
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where

(i) W :BxW xWxS8xS—Ryande : BxWxWxSxS— R \{0},i€l,
are O functions,
(i1) Ri(t,w,w,w,s,$,8) =h' (t,w,w,s,s) — Dhi(t,w,w,s,5), t € B,
(id1) H;(t,w,w,0,s,$,8) = e (t,w,w,s, ) — Del(t,w,w,s,5), t €B,
(iv) Ji(t,z, 2,2, m,7,7) = h (¢, 2, 2,7, 7) — DRl . (t, 2, 2,7,7), t € B,
(v) Ki(t,z, 2,2, r,7,7)=¢  (t,2,2,7,7) — Dé . (t,z,2,7,7), t € B,

(vi) E;, A;, Y; and Z; are compact convex sets in R, R™, R™ and R™ respectively,

(vii) p' : B— R™ and ¢' : B — R" for i € L.

and

Bi(w,s) = [[h'(t,w,w,s,$) + S(w|E;) — sTu’ — L(p'(t)) " Rip' ()] d,
d

Ci(w,s) = [[e'(t,w,w,s,$) — S(w]4;) + sTv' — (p'(¢))" Hyp' (¢t)]dt,

Li(z,r) = [[hi(t, 2, 2,m,7) — S(r]Y;) + 272" — %(qi(t))TJiqi(t)]dt,

Ni(z,r) = f[ei(t, 2, 2,r,0) + S(r|Z;) — 2Tyt — 5(¢'(¢) T Kig' (1)) dt.

Assume thé;t
C(w,s) >0, BY(w,s) =0, N(z,r)>0, L(z,r)20, Vi€ L,

and let )
By I 5,9) 4 S@IE) Tt = 3070 Ry ()
S s T .
Jleit, w,a, 5,5) — S(w|Ay) + sTot — 5 (pi(t))T Hip'(t)]dt
and )
Liten) S 2 20.7) = SIY:) + 270! L(q' () Jigi ()]t
T Nizr)  d

f[ei(t7 Zs '737 T, 7.’) + S(T|Zl) - zTyi - %(qi@))TKiqi(t)]dt
Express problems (MFVP1) and (MFVD1) equivalently as follows:

(EMFVP)

Minimize k = (k1, ko, ..., ki)

subject to

w(c) =0=w(d), s(c)=0=s(d)

w(e) =0=w(d), s(c)=0=35(d) (4.4.2)
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[In (¢, w, b, s,8) + S(w|E;) — sTu? — 2(p'(¢)T Rip'(t)]dt— kf (t,w, 0, s,8) — S(w|A;) +

vt — L(p'(t))T Hip'(t)]dt= 0, (4.4.3)
I
— S N{[RL — DR — u' + Rip'(t)] — kilel — Del +v' + Hip'(t)]} € C3, t € B (4.4.4)
i=1
!
sT ST N[ — DR — u' + Rip'(t)] — kilel — Del + o' + Hip'(t)]} =20, t € B (4.4.5)
i=1
A>0, w(t)eCy, teB (4.4.6)
w ey, viez, iel. (4.4.7)
(EMFVD)
Maximize n = (ny,ng,...,n)
subject to
z2(c)=0=2z(d), r(c)=0=r(d) (4.4.8)
2(c)=0=2(d), 7r(c)=0=r(d) (4.4.9)
d d
[0, 2, 2,r,7) = S(r|Y;) + 272’ — 3 (¢ (¢))T Jig ()] dt—n; [[€'(t, 2, 2,7, 7) + S(r|Z;) — 2"y' —
(¢ ()"K' (t)]dt= 0, (4.4.10)
I
ST N{ R, — Dhl, + 2 + Jiq' ()] — nilel, — Dely —y' + Kiq'(t)]} € Cf, t € B (4.4.11)
i=1
!
ZISTNA[RE, — DR + 2t + Jiqt(¢)] — nilel, — Dely —yt + K¢t (t)]} £ 0, t € B (4.4.12)
i=1
A>0, r(t)eCy teB (4.4.13)
e B, ye A, iel. (4.4.14)

In (EMFVP) and (EMFVD), it can be seen that k£ and n are nonnegative. Let P
and @ contain feasible solutions of (EMFVP) and (EMFVD), respectively. Various
duality results are established for (EMFVP) and (EMFVD) that are equally applicable
to (MFVP1) and (MFVD1).

Theorem 4.4.1 (Weak Duality) Let (w, s, k, A\, u,v,p) € P and (z,r,n,\,x,y,q) € Q. Let
the sublinear functionals F : BXW xW xW xW xR" — R and G : BxSxSxSxSxR™ —
R satisfy the following conditions:

F(t,w,,z %;a) +a;'a’220, Vac Cf, t€ B (4.4.15)

G(t,r, 7, 8,8b) +a;'b's 20, Vbe Cs, t € B (4.4.16)

Suppose that

) é)‘i LR, - )+ () T2 —ny (et -, -, 7)— (1) Ty?) Yt is second-order (F, aq, p}, d})-

pseudoconver at z,
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(i) E A f{ —hi(t,w, b, -, ) 4+ ()Tut) + ki(el(t,w, b, -, ) + (-)Tv?) }dt is second-order

(G g, pi,d?)-pseudoconver at s,

! d ! d
(¢3d) either Y Nipy [d} (¢, w, w, z, 2)]2dt+>" Nip? [[dF(t, 7,7, 8, 8)?dt =2 0 orp; 2 0& p7 2

i=1 c i=1 c

0, i€l,

i(t,w, b, 7, 7) — S(w|A;) + rTo))dt >0, Vi L

“%&

Then,

Proof Given that (w, s, k, A\, u,v,p) and (z,r,n, A\, x,y, q) are feasible solutions for (EM-
FVP) and (EMFVD) respectively.
Using a; (w, z) > 0 and (4.4.11), consider

a = (w,z) ZA {hi, = Dhiy + &' + Jig'(t) = nile,, — Dey, —y' + Kig' (1)} € CF, t € B,
and so from (4 4.15), we get

!
Fltyw, i, 2, % 0w, 2) o Alh, — Dby + 20 + Jig'(t) — milél, — Deél, — o + Kigh(1)]})

=1

I

2 —2" 37 Ni{hi, — Dhiy + 2" + Jig'(t) — niel, — Dey, —y' + Kiq'(t)]}
=1

2 0, (from (4.4.12))

Which on using sublinearity of F' and \; > 0, ¢ € L becomes

Z)\F(t w, W, 2, 2; a1 (w, 2){h!, — Dhiy + 2* + J;q'(t) — nilel, — Dely — y' + K;q'(t)]}) = 0,
that is

Z Y fF(t,w,u'),z, zray(w, 2){hi,— Dhi +x' + J;¢* (t) —n;lel, — De, —y' + Kq'(t)]})dt = 0.
i=1 ¢ (4.4.17)
Also second-order (F, ay, p;, d})-pseudoconvexity of .Zl:l)‘i f{(hi(t, o)+ ()T )

—n(e'(t,-,-,r,7) — (-)Ty") }dt in w and w for fixed r and 7 gives

l l d
Z )\2 f{(hz(t7 w, 'li], T, T) + wT$i) - ni(ei(tv w, wa r, T) - wTyZ)}dt - Z )‘Z f{(hl(ta Z, 27 T, ’l“) +
i=1 c i=1 c

) = et 207 8) = Y+ 0 S B 07T () — B () K (0)) e 2
i&@ﬁ@@mexmﬁ (4.4.18)

Substituting w’z’ < S(w|E;), 2 € B; and wTyt < S(w|4;), v € A;, i € L, (4.4.18) can

be written as
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zl: N [{(R(t w0, r, 1) +S(w|E;))—ni(el(t, w, w, f)—S(w|Ai))}dt—i:1 N [{(Ri(t, 2, 2,7, 7)+

i=1 c

2Tat) —ni(ei(t, z, 2,r, 1) — 2T y)}dt—i—ZAf TJZq()—nz(% (T Kiqi(t)))dt =

=1

! d
=1 c
Using (4.4.10) along with 7"v' < S(r|Z;), v € Z;, i € L in above inequality, we get
L d
SN J{(h (w0, ) + S(w|Ey) — S(r]Y:))) — na(el(t, w,w, 7, 7) — S(w]A;) + rTo’) Yt
=1 e
! d
= S Niph [ldH(t,w,w, 2, 2))2dt. (4.4.19)
i=1 c

!
Again using (4.4.4) and as(r,s) > 0, take b = —ay(r, s) > N{[h’ — Dh% — u' + Rip;(t)] —
i=1

kilel — Dg’ +v' + Hip'(t)]} € C5, t € B
From (4.4.16), we obtain

I
G(t,r, 7,8, 8 —as(r,s) S Ni{[hi — DR — u' + Rip;(t)] — kilel — Dgt + v' + Hip'(t)]})
i=1
I
= sT ST NA{[hE — DRt — u' + Ripi(t)] — kil — Dgi + v' + Hip'(t)]}
i=1
2 0. (from (4.4.5))
NOW sublinearity of G and \; > 0, i € L gives
Z NG(t, 7,7, 8,8 —ao(r, s){[h. — DR% — v’ + Ryp;(t)] — ke’ — Dgi +v' + H;p'(t)]}) =2 0
Wthh 1mphes
Z Py f G(t,r,7, s, 8 —ay(r, s){[h:— Dh—u'+ Rip;(t)] — ki[e’. — Dg'+v"+ H;p'(t)]})dt = 0.

. (4.4.20)
Using hypothesis (ii), we have

! d ! d
SN [{=h'(t,w,w,r,7T) +rtut + ki (el (t, w,w, r, 1) +rTod) hdt —S° N\ J{=h'(t,w,w,s,3)+

=1 c =1 c
d
sTul + k(e (t, w,w, s, 8) + sTvi) }dt — Z Ai [P ()T Rip'(t) — ki (5p°(1)T Hip' (t)))dt
=1 c
d
= Z Nipg [1d3 (L, 7, 5, 8)]7dt. (4.4.21)
i=1 p

Now (4.4.3), rTu’ < S(r|Y;), u' € Y;, i € L, and (4.4.21) yields

! d

SN f{—hi(t,w,w,r, 7) — S(w|E;) + S(r|Y:) + ki(e'(t, w,w,r, 1) — S(w|A;) + rTvt)}dt
=1 e

l d
=D Xip} [1d2 (t,r, 7, s, 8)]2dt. (4.4.22)

C

Adding (4.4.19) and (4.4.22) and from (iii), we get
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l

> Ailki — )

i=1

(e'(t, w,w,r,7) — S(w|4;) + rTv*)dt = 0. (4.4.23)

0 —a

IfViel, ki <n; and k; < n; for some j € L, then from A > 0 and assumption (iv) we
get

!
> Ailk; — ny)
=1

which contradicts (4.4.23). Hence k £ n.

et(t,w,w,r, 1) — S(w|A;) + rfvi)dt < 0,

O ~—aq,

We have explored duality relations between variational fractional problems and second-
order dual. An illustration is constructed below to validate the theoretical results obtained

in this chapter.

Example 4.4.1 Let B = [0,1]. Let W, S be the space of piecewise smooth functions
w: B — [0,00) and s : B — [0,00) respectively. Suppose that C; = Cy = [0,00), hence
Cr=C3=1[0,00). Let n=m =1 and | = 2, therefore L = {1,2}.

Let the functions h' : Bx W x W xS xS — R, ande : BXxW xW x S x 8 —
R.\{0Y, i € L be defined ash* =w+s+2, 2 =uw?+2, el =s+1, e2=w+1.
Hence Ry = H;, = K; =0 fori=1,2 and J, =0, Jy = 2.

Let the functionals F : BXW XW xW xW xR — Rand G: BxSxSxSxSxR— R
be considered as F(t,w,w,z,2;a) = a(w+ z + 1) and G(t,r,7,s,$b) = b(r +s+1).

Assume that ay : W x W — Ry \ {0} and ay : S x S — R, \ {0} are defined as ay(w, 2) =
1 1

(w+2+1) (r+s+1)
Suppose E; = A; =Y, = Z; = {0} and hence S(w|E;) = S(w|A;) = S(r]Y;) = S(r|Z;) = 0.

Alsod' : BXW xW xW xW — R%is defined by d* (t,w,w, z, 2) = (di(t,w,w, z, 2), d3(t, w, W, z, %))
where d(t,w, 1, 2, 2) = (w? + 22)2 and db(t,w, 0, 2, ) = (w + 2)2,
and
d®:BxSxSx8xS— R?is defined by d*(t,r,7,s,3) = (d3(t,r, 7,5, 8),d3(t,r, 7, s,8))
where d2(t,r,i,s,$) = (r + s)2 and d3(t,r,i,s,$) = (r + s)2. Therefore, problems (EM-
FVP) and (EMFVD) becomes

Minimize k = (kq, k2)

subject to w(0) =0 =w(1), s(0)=0=s(1)

W(0) = 0 =wi(1), 5(0)=0=3(1)

1 1

and ay(r,s) = respectively. Take p; = pi = %, py = p3 = 1.

J(w+s+2)dt —k [(s+1)dt =0
0 0
1 1

[(w? +2)dt — ko [(w+1)dt =0

~M[l—k]€Cs teB
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S/\l(l—k?l)zo7 teB
A= ()\1,)\2) >0, 'U}(t) 601, te B

and
Mazimize n = (nq,no)
subject to z(0) =0 = 2(1), r(0)=0=r(1)
2(0) =0=2(1), 7(0)=0=7r(1)
1 1
J(z+r+2)dt—ny [(r+1)dt =0
0 0
1
fz +2—(q ()))dt—ngf(z+1)dt:0
0
)\1 + )\2(22 + 2q2(t) — n2) S Cik, te B
2[M + A2(22 +2¢%(t) —n2)] £0, t€B
A= (A1,M) >0, r(t) € Cy, t€B
1 1
where B = [(w + s+ 2)dt B? = [(w® + 2)dt,
0 0
1 1
C'= [(s+1)dt C? = [(w+ 1)dt,
0 0
1 1
L'= [(z+r+2)dt L? = [(22+2 — (¢*(t))?)dt,
0 0
1 1
Nt= [(r+1)dt N2 = [(z+1)dt
0 0
and .
Bi(w, s) Of(w+s+2)dt
by = %) _ ,
1 1
(/LU,S) f(S + ]_)d
0
1
B (w5 0f(w2 +2)d
k2 = : = )
2 1
W) w1
0
1
L) g’(z+r+2)d
ny = ’ = s
N1 1
(z.7) [(r+1)dt
0
1
(2(4))2
Loy 2@
"= N2(z,r)
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Now we see that (w, s, k, A\, u,v,p) = (t2(t—1)2,0, (k1, k2), (3,1),0,0, (t,£?)) and (z,7,n, N\, x,y,q) =
(0,0, (n1,n2),(3,1),0, O (t,t%)) are feasible solutions of (EMFVP) and (EMFVD) re-

spectively where ki = 30, ko = %, ny =2 and ny = g
Now we will check second-order (F,ay, p},d})-pseudoconverity of Z i f{ (hi(t, -, -, r,7) +

=1

(T2t —mi(ei(t, -, r7) — () Ty }dt at 2(t) = 0 for fized r(t) = 0. We hcwe

2 1

ST fF(t, w0, 2, 2y a1 (w, 2){hS, — Dhi + x' + Jiq'(t) — nylel, — Dely — y' + K;q'(t)]})dt
i=1

1
=[(3+ (22— 2))dt 20
0

2 1
and )\i RE(t, w, b, 7, 7)+wl zt)—n; (et (t, w,w, r,7)—wly") Ydt— )\i hi(t, z, 2,7, 1)+
._1 —1

1

ZTﬂ)—nz( "tz 5, 0) = 2T y)}dt+z&f ()" ig'(t) — ni(5q ()TKCJ()))dt—

i=1 0

2 1
> ! ST (b w, i, 2, 2)] e
i=1

%
= [(¥+2)dt 20 forweW.
0

Therefore, Z/\ f{ (hi(t, -, -, 7) + (T2t — ng(ei(t, -, -, r,7) — ()Ty))}dt is second-order
(F,aq,p}, dl) pseudoconvex at z(t ) =0 for fized r(t) = 0.
Similarly, we can prove that Z i f{ —Rhi(t, w, b, -, )+ () Tut )+ (et w, b, - )+ () Tot) bt

2 dz) pseudoconvex at s(t) =0 for fived w(t) = t*(t — 1)2.
6

Also we have F(t,w,w,z,%;a) + oy aTz = 2t> + = =0, Ya € CY,

Similarly G(t,r, 7, s, 5;0) +ay'b's 20, Vb € Cj.

Further, hypotheses (iii) and (iv) are also satisfied.

is second-order (G, ay, p?

Since all hypotheses of Theorem 4.4.1 are satisfied, we can see that by result of Theorem
441, k £ n that is (55, 25L) £ (2,2). Hence verified.

307 651

Any problem where \ is fixed as ), say (EMFVD), will be considered as (EMFVD)j.

Theorem 4.4.2 (Strong Duality) Let (w, 5, k, \, @, v,p) be WES for (EMFVP). Suppose

(1) R; — k:H; are nonsingular and symmetric matrices V i € [:,
(i1) the set of vectors {h% — DR} — @ + R;p’(t) — k(e — Dé’, + o + Hyp'(t))},i € L is LI

Then 3 & € R", §' € R", i € L, such that (w,5,k,z,7,q = 0) is feasible solution for
(EMFVD);. Also the objective values of (EMFVP) and (EMFVD)5 will be equal.
Moreover if weak duality holds for all feasible solutions of (EMFVP);5 and (EMFVD)s,
then (w0, 5, k,Z,9,q = 0) is an ES of (EMFVD);.
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Proof As (w, 5, k, A\, @,9,p) is a WES of (EMFVP), by Fritz John optimality conditions
given in [122], 3 a € R!, B € R!, piecewise smooth (t) : B — Cy, £(t) : B — R, and
§ € R, such that

Q= Zl: aik; + i Bil(h" + S(w|E;) — sTa' — $p' ()T Rip'(t)) — ki(e' — S(w]A;) + §70" —
=1 =1

30 ()T Hip'(1))] +<7_§§)T[i Ni{h— Dh—u'+ Rip'(t) = ki(e}, — Del+0' + H;p' (t)) }] — 07 A

satisfies the following conditions at (w, l_c A

0,0, p):
[Quw — DQuy + D*Qu)(w(t) — w(t)) = 0, Yw(t) € Cy, t € B, (4.4.24)
Qs — DQ: + D2Q; =0, t € B, (4.4.25)
Q,=0, t € B, (4.4.26)
Q, =0, t € B, (4.4.27)
Q,=0, t € B, (4.4.28)
d

[ Bil(h + S(w|E) — 5T — L' ()T Rip' () — ki(e' — S(w|A;) + 570" — Lpi (0)T Hip' (t))]dt =
0,i€l, teB, (4.4.29)
vT[Z Ai{ly = Dy — u' + Rip'(t) — ki(ey, — Des + 0" + Hip'(1))}] =0, t € B, (4.4.30)

£s [Z Ai{hl — DRhL — @' + Rip'(t) — ki(e! — Del + o' + H;p'(t))}] =0, t € B, (4.4.31)
SR =0, (4.4.32)
S(w|E;) = wTn;, n; € By, i € L, (4.4.33)
S(w|A;) = @76;, 0; € A;, i€ L, (4.4.34)
Bi5T + [y — &3]\ € Ny, (). (4.4.35)
ki[Bi5T + (v — €3)\i] € Ny, (vY). (4.4.36)
(, B,7,€,0) #£0, t € B. (4.4.37)
The above relation hold throughout the interval B, except at the corners of (w, 5, k, A, @, 0, p)
where (4.4.24) and (4.4.25) hold for unique right and left hand limits. v and £ are contin-
uously differentiable except possibly of the corners of (w, 5, k, A, @, 0, p).
Now Eqs. (4.4.24)-(4.4.28) along with the observations on Dh% and Del, i € L, become

Zﬁz[hz + i — ( ()TRZP()) k( _6_< ()THzp(>> )
— D(hy, — (55" ()" Rip' (1)) — Kilel, — (30 (1) Hip' (t))w))
+ D= (30 ()" Rip'(t))a + ki (50° (1) Hip' (t))a))

(
+(v -9 Zlfl Ni{hy — Dhiy, + (R (8))w — Kilet, — Deky, + (Hip' (t))w) }]

—D[(’Y—fg)T[i:Zl:l Aif by = Dhigy, — bl + (Rip' (1)) — ki€l — Dely — el + (Hip' (£)) ) H]
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+ D?[(v - §§)T[ZZI Ai{=hly + (Rip' (1) — ki(—ely, + (Hip' (1)) ] | (w(t) — w(t)) 2

i=1
0, Vw(t) e Cy, t € B, (4.4.38)
l _ . .
> Bilhi —ut = (P ()T Rip (t))s — Kilel + 0" — (5p° ()T Hip' (1))

(3 — €8)T[ 3 M, — Dh, + (Rt (), — el — Del, + (H(1))}]

l — . . . . — . . . .
— & [ X NAhL — DRl — @ + Rip'(t) — kel — Del + 0" + Hip'(t))}]

@
Il
—

—D[(v- €§)T[Zl: Aifhis = Dhiy — hi + (Rip'(t))s — ki(els — Det — el + (Hip'(1))3)}]]

+D?[(y — §§>T[i N{—his + (Rp'(1))s — ki(—ely + (Hp'(1)s)}] =0, t € B,  (4.4.39)

=1

=

(4.4.40)
a; — Bi(e" — S(w|A;) + 570" — 3p' ()" Hip' (1)) — (v — €5)" [Nile} — Del + 0 + Hip'(t))] =
0,iel, teB, (4.4.41)
— Bi[Rip'(t) — ki(Hip'(t))] + (v — €5)T[Ni(R: — kiH;)) = 0, i € L, t € B, (4.4.42)
As ¢ 2 0and A\ > 0, (4.4.32) gives § = 0. (4.4.43)

Consequently (4.4.40) becomes

(v — €8)T[h% — Dhl, — @' + Ry (t) — ki(el — Del + 0" + Hip' ()] = 0, i € L, t € B, (4.4.44)
Since from hypothesis (i), R; — k;H; are non singular and symmetric matrices, therefore
from (4.4.42), we get

—Bip () + Mi(y—£8) =0, i € L. (4.4.45)
Now by hypothesis (i) and (4.4.44), we have
7—&5=0. (4.4.46)

From (4.4.45) and (4.4.46), we get
Bip'(t) =0, i€ L (4.4.47)
Using (4.4.39), (4.4.46) and (4.4.47), we obtain
5 (8 — EXi) (b — DB} — @ + R (t) — Falel — Del, + 8 + H(1))) = 0, i € L (4.4.48)
i=1
Now using hypothesis (ii) and (4.4.48), we have
Bi — EXi = 0. (4.4.49)
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or B—Ex=0ie[=¢EN

If 3; = 0, for some i € L, from (4.4.49), € = 0 as \; > 0. Therefore, 3; = 0 for all i and

using (4.4.41) and (4.4.46), we obtain, ; = 0 and from (4.4.40), 6; =0, i € L.
Now ¢ = 0 and (4.4.46) implies v = 0. So («, 8,7,&,9) = 0, contradicts (4.4.37).

Thus 8; #0V i€ Lie 8#0.
Therefore from (4.4.47) and (4.4.50), we get p'(t) = 0.
Since 3 # 0 and A > 0, therefore (4.4.49) implies ¢ # 0 that is £ > 0.
From (4.4.46), we have
5 = g €y, t € B.

Now (4.4.38), (4.4.46), (4.4.49) and (4.4.51) along with ¢ > 0 gives

3 N lh, s — el — 6) = Dy — el (w(t) — w(t)) 2 0, t € B,

Let w(t) € Cy. Then w(t) +w(t) € Cy, t € B and so (4.4.53) becomes
l — . — . . — .

that is
Nilhl, +mi — Ki(el, — 0;) — D(hi, — kiel,)] € CF, t € B.

w

MN

=1

Now takmg w( ) =0 and w(t) = 2w(t) in (4.4.53) yields
i=1
Further (4.4.35), (4.4.46) and (4.4.49) with £ > 0, t € B gives
5\,’5 S N}/Z(ﬂl), for ¢ € [A/
or  5€ Ny(u') as \; > 0.

Now Y; is compact convex set in R™, 5@ = S(5|Y;), i € L.

Also, from (4.4.36), (4.4.46) and (4.4.49) with £ > 0, ¢t € B, we have for i € L,

]%15\15 € NZ¢ (@l), for ¢ € [A/
or  5€ Ny (v) using \; > 0.

Also Z; is compact convex set in R™, 574" = S(5Z;), i € L.

(4.4.50)
(4.4.51)

(4.4.52)

(4.4.53)

(4.4.54)

(4.4.55)

Therefore, from (4.4.52), (4.4.54) and (4.4.55), it shows that (w,3,k,Z2 = 0,7 = 0,3 = 0)
is feasible solution for (EMFVD)5. Thus (EMFVP) and (EMFVD); have equal ob-

jective values (i ek = ﬁ)

EMFVD;\ such that
k<n,

which contradicts Theorem 4.4.1. Thus (w, s,k,Z,y,q = 0) is an ES of (EMFVD)j5.
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Hence proved.

Theorem 4.4.3 (Converse Duality) Let (2,77, \, T, ¥, q) be a WES for (EMFVD). As-

sume that
(1) J; —n;K; are nonsingular and symmetric matrices,
(i1) the set of vectors {hi — Dhi + ' + J;g (t) — ny(el, — Del, — i + K;q (t))},i € L is
LI.

is an ES of (EMFVP)s5.

Proof Same on the lines of Theorem 4.4.2.

4.5 Special cases

(1) If we take p'(t) = 0 and ¢’(t) = 0, i € L in (MFVP1) and (MFVD1) respectively
then, our dual model will be reduced to the dual model given by [73].

(i) fl=1, E=A=Y = Z = {0} and p(t) = ¢'(t) = 0, i € L then our problem will
be reduced to the problem studied in [13].

(t9) f l =1 and E = A=Y = Z = {0} then our problem will become the problem
studied in [67].

4.6 Conclusion

This chapter presents a symmetric second-order dual for NMFEFVP problem and usual results

are acquired with second-order (F, «, p, d)-pseudoconvexity suppositions.
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Chapter 5

Higher-order symmetric duality in nondiffer-

L] L] L) L] L] L] L) 1
entiable multiobjective optimization over cones

5.1 Introduction

The approach of symmetric duality in quadratic programming was initiated by Dorn [35].
His results were extended to convex NLP problems in Dantzig et al. [32] and then in
Bazaraa and Goode [18] over arbitrary cones by assuming the kernel function f(a,b) to
be convex in a and concave in b. Mond and Weir [107] proposed symmetric dual pro-
grams which admit the relaxation of the convexity/concavity supposition to pseudocon-

vexity /pseudoconcavity.

Higher-order duality in nonlinear programs has been studied by several researchers
[11,44,52,53,108]. Mond and Zhang [108] developed relations for higher-order dual with
invexity suppositions. Wolfe type higher-order symmetric dual was constructed by Gulati
and Gupta [52]. Ahmad et al. [11] established Mond-Weir dual for MP and acquired
results. Optimality conditions for nonconvex quadratic-exponential minimization problems
were discussed by Gao and Ruan [45]. Mishra et al. [97] obtained optimality conditions
and relations between primal and dual models for nonsmooth MP with generalized type I
functions. Usual duality relations are acquired by Saini and Gulati [114] for second-order
Wolfe dual.

Thakur and Priya [126] discussed duality results for MP with (¢, p)-univexity. Sym-
metric second-order dual programs for MP over arbitrary cones were introduced by Gupta
and Kailey [56] and duality relations were derived with K-n-bonvexity suppositions. Re-
cently, Gao [44] constructed symmetric higher-order Mond-Weir dual. Motivated by [44,
56,126], we construct a nondifferentiable higher-order symmetric dual for MP. We acquire
duality relations with higher-order K-n-convexity suppositions. An illustration is provided
for higher-order K-n-convex functions. Self duality relations are acquired with suitable

suppositions. Some special cases are also obtained.

'The content of this chapter is published as “Higher-order symmetric duality in nondifferentiable
multiobjective optimization over cones”, Filomat, 33(3) (2019) 711-724.
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5.2 Notations and preliminaries

Let K be a closed convex pointed cone in R¥ with int K # ¢. Let C; and Oy be closed
convex cones with nonempty interiors in R" and R™, respectively and S; C R™ and Sy C
R™ be open sets such that C; x Cy C S X Ss.

Definition 5.2.1 A differentiable function ¢ : Sy x Sy — R* is called higher-order K-, -
convex in the first variable at w € Sy for fived w € Sy w.r.t. g:S; x Sy x R* — RF, if 3
m :S1 xSy = R" such thatV a € Sy, ¢ € R", i=1,2,...,k,

¢1 ((l, w>_¢1 (U, w)_gl (U, w, QI>+Q¥1V¢1191 (’LL, w, Q1)_7]{(a’ U) [Va¢1 (U, w>+vlhgl(u7 w, ql)]’ R

¢k<a7 w>_¢k (U, w)_gk (ua w, Qk)_'_q]{vquk(ua w, qk>_77{<a7 U) [Va(z)k(ua w)+vquk<u7 w, qk)}) S
K,

and ¢(a,b) is called higher-order K-ng-conver in the second variable at w € Sy for fized
w€ S, wrt h:S xSy xR™— RF, if 3my: Sy x Sy — R™ such thatV b € Sy, p; €
R™ i=1,2,... k,

(le (U, b)_¢1 (U, w)_hl (U, w7p1)+p?vp1h1 (U, w, pl)_ng<b7 ’U)) [vb¢1 (U, w)+vp1 h’l (U, w, pl)]a sy

¢k(u’ b)_¢k(u7 w)_hk‘(uv w7pk>+pgvpk hk(“? w, pk)_ng(b’ w)[vb¢k(u’ w)+vpk hk (Uv w, pk)]) €
K.

Remark 5.2.1 (i) If we take g;(u,w, q;) = %q;‘-rvaa@(u,w)qi and hi(u, w, p;) = %pfvbb¢i(u,w)pi,
then higher-order K -n;-convexity and K -ns-convexity reduces to K-ny-bonvezity and K -ns-
bonvezity [56] respectively.

(ii) The above definition can be reduced to n-convexity/invexity [103], n-bonvexity [47, 125]

and K -convexity [122] as given in Remark 1 of [56].

Example 5.2.1 Let X = (1.95,24) C R, n=m=1, k=2 and K ={(a,b):a >0, b>
0}. Take ¢ : X — R? as ¢(a) = (¢1, ¢2), where

$1(a) =8cos’a,  ¢a(a) = cos3a,

and n : X x X = R as n(a,u) = —1 —u. Assume g : X x R — R? as g(u,q) =
(91(u, q1), 92(u, g2)), where

n(w,q) =q@ +1),  g(u,¢) =g —1).

We justify that ¢ is higher-order K -n-convex.

That 1is,
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(¢1(a) — ¢1(u) — g1(u, 1) + thVqlgl(U, q) — UT(G, u)[Vadr(u) + Vg, 91(u, q1)],

¢2(a) - ¢2(U) - gQ(“? qZ) + qqung(u’ QQ) - nT(a’ u) [va¢2(u) + VQ292(U7 q2)]) S Kv

or

(8 cos? a—8 cos? u+(1+u)(—8 sin 2u+u?+1), cos 3a—cos 3u+(14+u)(—3sin 3u+u®—1)) € K

Let L = (8 cos? a—8cos? u+ (1+u)(—8sin 2u+u*+1), cos3a—cos3u+ (1+u)(—3sin 3u+
u? — 1))

= (L1, L),
where

Ly =8cos®a— 8cos?u+ (1 + u)(—8sin2u + u? + 1)
>0 Va, ue X (see Figure 5.1)

and
Ly = cos3a — cos3u + (1 + u)(—3sin3u +u* — 1)
>0 Va, ue X (see Figure 5.2)

Next, we need to prove that ¢ is not K-n-bonver. That is

Figure 5.1: graph of L,

M = (6n(a) — 61(u) + 50 (Vaur (w)) — 17 (0 0) [V (1) + Voutr ()],

62(a) — 62(0) + 508 (Vaubo(u)) — " (0, 0)[ V() + Vaato(w)gs]) ¢ .

i.e., either .
p1(a) — ¢1(u) + §Qf(vaa¢1(u)(h) — 0" (a,u)[Vag1(u) + Vaadr(u)q] 2 0
or

¢2(a) - ¢2(U) + %qg(vaa¢2<u)q2) - 77T(a> u)[va¢2(u> + Vaa¢2(u)q2] ;\é 0.

Since
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Figure 5.2: graph of L,

1
¢2(a) = 62(u) + 56 (Vaaba(w)2) — 0" (@, u)[Vada(u) + Vaada ()]
= cos3a — cos 3u — gqg cos 3u + (1 + u)(—3sin 3u — 9g, cos 3u)
<0 (fora=2,u=21 and g € (—10'8,10'8))

Therefore M ¢ K. Hence ¢ is not K-n-bonvex function.

5.3 Problem formulation

Consider the following pair.
(SPP) K-minimize

k
S(aa b? 57 p) = (¢(a7 b) + S(Cl|E)€k - bT Z 5i(vb¢i(a’ b) + Vpihi(aa b7pz))ek

i=1
k k
+ Z d;hi(a, b, p;)ex — Z 8i(p; Vphi(a, b, pi))ex)
i=1 i=1
k
subject to - Z 3i(Vepi(a,b) — 2+ V,.hi(a,b,p;)) € C3, (5.3.1)
i=1
€D (5.3.2)
d €int K*, a € () (5.3.4)
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(SDP) K-maximize

k
T(u,w,0,q) =  ¢(u,w) — S(w|D)ey, —u” Z 3 (Vigi(u, w) + Vg0i(u, w, q;))er

i=1
k k
+ Z 5igi (u7 w, Qi)ek - Z 5i(qgquz'gi (U, w, Qi))ek
i=1 i=1
subject to Z(S (Vati(u,w) + v+ Vy,9(u,w,q)) € CY, (5.3.5)
vel (5.3.6)
6ler =1 (5.3.7)
deint K*, we Cy (5.3.8)

where

(1) ¢i:SlXSQ—>R, hi:Slngme%Randgi:SlXSQXR"—>R, i:1,2,...,k
are differentiable functions, where h(a, b, p) denotes (hy(a, b, p1), ho(a, b, p2),

‘7hk(a7 bvpk)) and g(u,w,q) denotes (gl(uanQI)ag(u7w7Q2)7 s 7g(u7w7qk))7 €L =
(1,...,1)T ER’“, (5: (517527"-76k)7

(ii) C} and C5 are positive polar cones of Cy and Cj respectively,

(iii) ¢; and p; are vectors in R™ and R™, respectively for i = 1,2,... k.

(iv) E and D are compact convex sets in R" and R™, respectively, and

(v) S(a|E) and S(w|D) are the support functions of E and D, respectively.

Theorem 5.3.1 (Weak Duality) Suppose (a,b, 0, z,p) is feasible for (SPP) and (u,w,d,v,q)
is feasible for (SDP). Let

(i) ¢(-,w) + (-)Tvey, be higher-order K -n;-convex at u w.r.t. g(u,w,q) for fived w,
(ii) —é(a,-) + (-)T zey be higher-order K-ns-conver at b w.r.t. —h(a,b,p) for fired a,
(iii) R* C K,

(w) m(a,u) +u e Cy, forall a € Cy,

(v) ne(w,b) +b € Csy, for all w € Cs.
Then

S(a,b,0,p) — T'(u,w,d,q) ¢ —K \ {0}.
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Proof Suppose
S((J,, b7 (5,])) - T(U,, w, 57 Q) €-K \ {0}

that is

{ [qs(a, )+ S(alE)es — 573 6(Vou(a,b) + Vyuhu(ar b p)es

=1

k k
# 3 hlabpen — 380V hilasb i)

=1 =1
k
- [¢<u, w) — S(uD)es — S 5,(V il ) + Vargi(on, w, )
k k -
£ G g)er — 3 0i(a7 Vg i, v, qi>>ek} } e —K\{0)
1=1 =1

As d € int K* C int R® (by hypothesis (iii)), hence § > 0. Therefore, we get

k k
Z dipi(a,b) + S(alE) — " Z 0i(Vydi(a, b) + Vp,hi(a, b, pi))

i=1 i=1
k k
+ Z 5ihi(aa b7pi) - Z 51 (pzrvpihi(av b7pi))
=1 =1
k k
_(Z 52(251 (u7 w) - S(wlD) - UT Z 5Z(va¢l (u7 w) + Vf]igi (uv w, qz))
=1 =1
k k
+ Z 52'91’(”’ w, Qi) - Z 5i(Q?VQigi(u’ w, qz))) < 0. (539>
=1 =1

By higher-order K-n;-convexity of ¢(-,w) + (-)Tvey, we acquire

(61000 + a7 = dn(uw) = 0 = a0, 00) + 47 Viran o)
—771T(@a u)[va(bl(u? w) +U+ Vmgl(ua w, ql)]a SR
(bk(&, 'U)) + aTU - ¢k(u7 'lU) - UTU - gk(u7 w, Qk) + qqukgk<u7 w, Qk-)

T (0, 0)[V (1 ) + 0 + Vo g1, 0, qm) e K.

Using 0 € int K*, we get
k

Z@{@(%w) +a"v = ¢i(u,w) —u'v = gi(u, w0, ¢:) + 4] Vg, 0i(u, w, )

=1
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—ni (a,u)[Vagi(u, w) + v+ Vi (u, w, ql)]} = 0. (5.3.10)

As (u,w, d,v,q) is feasible for (SDP), using (5.3.5) and (iv), we conclude

k
[ (a,u) + )Y 6:(Vagi(u, w) + v + Vo,0:(u, w, ;) 2 0.

i=1
which implies

k
Z (Vati(u,w) + v+ Vy,9:(u, w,q))

=1
k

Z (Vagi(u, w) + v+ Vg,gi(u, w, g)). (5.3.11)

Using (5.3.10), (5.3.11) and 6”e, = 1, we obtain

k
Z 52(¢z<a7 ’U)) - (bl(ua U}) - gl(uu w, Qz) + quv(Izgl(Uw w, QZ)) + aTU - UTU
=1

k
2 _UT Z 5Z(va¢’b (U, w) + v%gi(uv w, Qz)) - UT,U' (5312)

i=1

Similarly, by higher-order K-ny-convexity of —¢(a,-)+ (-) zey, from (5.3.1) and hypothesis

(v), we get
k
> " 6i(dila,b) — di(a,w) + hi(a, b,p;) — pf Vphi(a,b,p)) — 07z +w”z
i=1
k
20" " 6:i(Vidila,b) + Vi, hi(a, b,p;)) — bz, (5.3.13)

i=1

Adding inequalities (5.3.12) and (5.3.13), we have

k k
(Z 5i6n(a,b) + 7o — 73" 6(V46i(a,b) + Vb, b, )

i=1 i=1

k k
i=1 1
k

k
g ( Z 5Z¢Z(U, 'LU) - ’LUTZ - UT Z 5i(va¢i(ua w) + tigi(ua w, QZ))
=1

i=1
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k k

i=1 i=1

By using a’v £ S(a|E) and w”z £ S(w|D) in above inequality, we obtain

k k
(Z Sii(a,b) + S(alE) = 07> 6i(Vugi(a, b) + V,hi(a,b, pi))
i=1 =1

k k
=1 1=1
k
—(zému,w) S(w|D) - uTZ(i Vi, w) + Vil 0, :))
=1
k k
=1 1=1

which contradicts (5.3.9).

If 6 in (SPP) and (SDP) is fixed as §, we express these problems as (SPP)s and (SDP)j,
respectively.

Theorem 5.3.2 (Strong Duality) Suppose (a,b,6,%,p) is WES of (SPP). Suppose
(1) Vpphi, Yi=1,2... k, is positive or negative definite.

(ii) the set of vectors V1 (a,b), ..., Vydr(a,b) is LI,

k _
(iii) Y 0;VudiDi & span{Vyd; + Vp,hi — Vphi, Vs, i =
i=1

1,2,...,k}\ {0},
ko _
() p; # 0, for some i € {1,2,... k} imply > 6;Vipdip; # 0,
i=1
ko ko _ k _ ko _
(U) Z 6ihi(a’ ) 25 ( b, ) Z ( b, O) =0, Z 5ivpihi(a7b7 O) =0,
i=1 i=1 i=1 i=1

ko ko _
> 60;Vahi(a,0,0) = > 6,V 9:(a,b,0) and
=1

i=1
(vi) K is a closed convex pointed cone with R C K.

Then,

(I) 39 € E such that (a,b,0,v,q = 0) is feasible for (SDP)s, and
(1) S(a,b,6,p) = T(a,b,d,q).

Furthermore, if conditions of Theorem 5.3.1 hold for all feasible solutions of (SPP) and
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(SDP);, then (a,b,6,v,q = 0) is an ES for (SDP);.

Proof As (a,b,6, z,p) is WES of (SPP), 3a € K*, B € Cy, i) € R, such that by Fritz-
John conditions ( [122], Lemma 1), the following hold at (a,b,4, z,p) (for simplicity, we
write V,0;, Vs instead of V,0;(a,b), Vadi(a,b) etc.):

k k k
- a)T{ Z @ (Vadi +7) Z Vardi)" (@”ep)b] + Z (aex)
k = =
Z 5i(Vaphi) ' [ — @’ ex(b +pi)}} > 0, for all a € C, (5.3.14)
k k ~ B B k ~
> aVidi + Y 6i(Vud) 1B — (@ er)B] + Y 6:;Vohi(a"ey)
=1 =1 =1
k - - k
+> 0i(Vip,hi)T[B — aTer(b + pi)] Z Vot + Vi hi)(@Tex) =0, (5.3.15)
i=1 i—1
(Vi)' [B — a”exd] + hi(a, b, p;)(@" ex) + (Vp,hi(a, b, ;)" [6 — (a"er) (b + pi)
+7=0,i=1,2,...k (5.3.16)
(B — (aTer)(b+Pi)0i) Vyphi =0, i =1,2,...k, (5.3.17)
k
BN " 6i(Vidi — 2+ V) =0, (5.3.18)
=1
7' 0% e, — 1] =0, (5.3.19)
B € Np(z), (5.3.20)
yeE, y'a= S(a|E) (5.3.21)
(@, 8,7) # 0. (5.3.22)
Since R¥ C K = K* C Rk, it gives int(K*) Cint(R").
As 6 € int(K*), 0 > 0.
Now hypothesis (i), ; > 0 for i = 1,2, ...k, and (5.3.17) imply that
B=(ale)b+pi),i=1,2,...,k, (5.3.23)

If @ = 0 then (5.3.23) yields 3 = 0. Further, (5.3.16) provides 7 = 0. Hence (&, 3,7) = 0
contradict to (5.3.22). So, @ # 0. Also, @ € K* C R¥ gives

a’e, > 0. (5.3.24)

91



Using (5.3.23) and (5.3.24) in (5.3.15), we acquire

Z Vi, (5.3.25)

k
Z givbb¢ipz Z 5 Vb¢z + vpzh T
=1
which yields
k —
> 6V € span{Vyé; + Vi, hi — Vihi, Vidy, i =1,2,... k}. (5.3.26)
=1

We justify p; = 0 V i. On the contrary, let p; # 0 for some ¢, then using hypothesis (iv),

we achieve i
> 6V # 0. (5.3.27)
i=1
This contradicts hypothesis (iii) (by (5.3.26) and (5.3.27)). Hence
5 =0Vi. (5.3.28)
From (5.3.23), we conclude
B = (a"ex)b. (5.3.29)

Using hypothesis (v) and (5.3.28) in (5.3.25) yields

k —_
; Vil — (aley)d;] = 0,

and from hypothesis (ii), we acquire
a; = (a@le)d;, i=1,2,...,k, (5.3.30)

Using (5.3.24), (5.3.28), (5.3.29) and (5.3.30) in (5.3.14), we have

For g; = 0, it follows from the hypothesis (v) and (5.3.28) that

1\

0. (5.3.31)

k k
- a)T{ Z 0i(Vagi(@, ) +7) + Z 0,V 4,9i(a, b, CE)}
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Let a € (. Then a4+ a € C; and so (5.3.31) implies

k k
aT{ Z 6:(Vathi +7) + Z&tigl} > 0,for all a € C;.
i=1 i=1

Therefore,

k k
> 0i(Vati +7) + > 0V, € Cf. (5.3.32)

=1 =1

Thus (a,b,0,9 =7, G = 0) is feasible solution for (SDP)j;.
By taking a = 0 and a = 2a in (5.3.31) gives
k _ ko _
C_LT{ > 0i(Vagi +7) + > 5ivq1.gi} =0
i=1 i=1

or

k
aT{ Z&Vagbi + Vql.g,;} =—a'y=—S(a|E). (5.3.33)

i=1
From (5.3.20) and (5.3.29), (a¥ey)b € Np(z). Since aTey > 0, b € Np(z). Since D is a
compact convex set in R™, b7z = S(b| D).

Further from (5.3.18), (5.3.24) and (5.3.29) and the above relation, we obtain

k
0" " 6i(Vugi + Vi hi) = b7z = S(b|D). (5.3.34)
i=1

Therefore, using (5.3.28), (5.3.33), (5.3.34) and the hypothesis (v), for g; = 0, we get

k
Qb(d, B) + S(a’|E)6k - BT Z Si(vb¢i(dv B) + Vplhz(av 67 ﬁz))ek
=1
k - - —
+3 " 6ihi(a, b, pier — Y 6:(p] Vp,hi(@, b, pi))ex
i=1 =1
— — k —_ — —
= ¢(a,b) — S(b|D)ey, — a” Z 0i(Va9i(a@,b) + Vg, 9:(a, b, @:))ex
=1
k - ~ k ~ ~
=1 i=1

i.e., objectives attain equal values.

Consider (@,b,5,7,q = 0) is not an ES of (SDP);, then 3 (u,w,d,v,§ = 0) feasible for
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(SDP); such that

k

{¢(6_l, l_)) - S<6|D)6k - a/T Z SZ(VQQbZ(C_l, E) + v(hgl(aa 67 q_l>>ek
koo B k lil
+Z5if]i(@, b, @;)er — Z(S( qugz(a b, Gi) €k}
i=1 i=1
k
—{¢(a,w) — S(w|D)e, — a" > 6:(Vati(t1, ) + V,g:(, W, G;) ex
koo koo -
+ Z 6291(717 ’U_}, _1)ek - Zd ( qugz ﬂ w Cj ek} € —K \ {0}
i=1 i=1

—{p(u, w) = S(@|D)ey — " Y 6:(Vagi(, @) + Vg, 0:(t, 0, G;))ex

=1

+Z§igi<a7 w, _i)ek - Zgl<g?qugl(aﬂ w, qz))ek} € —K \ {0}7

that is

2
\-QI
sl
>l
S
|
=
&
\.SI
>l
2
m
|
=
/
~
o
—

Theorem 5.3.3 (Converse Duality) Suppose (u,w,d,v,q) is a WES of (SDP). Suppose
(1) the Hessian matriz V,4g:, ¥ i =1,2,...,k is positive or negative definite.

(ii) the set of vectors V,¢1(u,w), ..., Vadr(u,w) is L,

ko _
(Z”) Z 5ivaa¢i@ ¢ SPCm{Vaﬁbz‘ + vqlgz - Vagiv va¢7ﬁ7 1= ]-7 27 EIRI) k} \ {O}a
=1

ko _
(iv) q; # 0, for some i € {1,2,...,k} imply that > 0;Va®:i@ # 0,
i=1



ko ko

Z (51ng1(1}, 'U_J, O) = Z (52Vplhl(ﬂ, _, 0) and

i=1 i=1
(vi) K is a closed convex pointed cone with RY C K.
Then,

(I) 3 zZ € D such that (u,w,d,z,p = 0) is feasible for (SPP)s and

(1) S(u,w,d,p) = T(a, ).

Furthermore, if conditions of Theorem 5.3.1 hold for all feasible solutions of (SPP)s; and
(SDP), then (u,w,6,%,p = 0) is an ES for (SPP);.

0,

gl
©|

5.4 Self-duality

Here (SPP) and (SDP) are not self dual if we do not add conditions on ¢, g and h. For
(SPP) and (SDP), self duality exists with these suppositions:

(i) m = n, (ii) C; = Cy, (iii) D = E, (iv) the vector functions ¢ : R® x R™ — R* and
g: R"x R™ x R" — R* to be skew symmetric, i.e.,¢;(a,b) = —¢;(b,a) and g;(u,w, q;) =

—gi(w,u,q), 1 €{1,2,...,k}.
Now recasting (SDP) as a minimization problem:
(SDP1) K-minimize

k
( — ¢(u, w) + S(w|D)ey, +u” Z 0i(Vadi(u, w) + Vg, gi(u, w, ¢;) e
i=1

_Zézgzuw% 6k+26 ‘hgzquz» >

subject to 25 Vuti(u,w) + v+ Vg gi(u,w,q)) € Cf,
v E E
5T€k =1

0eint K*, we Oy
Now ¢ and g are skew symmetric,

e, Vodi(u,w) = —Vppi(w,u) and Vg (u,w,q) = =V (w,u,q) for i = 1,... k.
Therefore, (SDP1) becomes
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K-minimize
k
(¢<w, u) + S(w|E)ex — o S 6 Vodu(w, u) + Vo1, w60

=1

k k
#3 aa)en — D 6a! V1)

i=1 =1

k
subject to — Z 0i(Vepi(w,u) — v+ Vy,9:(w,u,q)) € C3,
i=1
veD
(5T€k =1

0 €int K*, we Cy

Here (SDP1) is formally identical to (SPP). Therefore, (SPP) is self dual. The fea-
sibility of (a,b,9,z,p) for (SPP) assures the feasibility of (b,a,d, z,p) for (SDP) and

conversely.

5.5 Special cases

k k k
In all these cases, if > §;h;(a,b,p;) = > 5i%piTVbb¢i(a, b)p; and > 6;g:(u, w, q;) =
= i=1 =

i=1 i=1

k
; 5i%qzrvaa¢i(u; w)g;.

(i) If £ ={0} and D = {0}, then (SPP) and (SDP) become the problems studied in
Gupta and Kailey [56].

(ii) For K =RY, C1 =R%, Co=R7", k=1,¢=q, pi=p, E={Bb:b"Bb< 1}, D =
{Ca : aTCa < 1}, where B and C are positive semidefinite matrices, (a”Ba)z =

S(a|E) and (bTCh)2 = S(b|D), (SPP) and (SDP) reduce to the problems presented
in Ahmad and Hussain [6].

(ii) If K = R%, C1 = R}, Cy; = R}, k=1, ¢; = q, p; = p, then (SPP) and (SDP)
reduce to the programs presented in Yang et al. [135].

(iv) The cases given in Gupta and Kailey [56] can also be extracted from our problems.
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5.6 Conclusion

A new pair of higher-order symmetric dual for MP has been proposed. We have given
an illustration of higher-order K-n-convex functions. Duality results with higher-order
K-n-convexity suppositions have been provided. Some results acquired in Ahmad and

Hussain [6], Gupta and Kailey [56] and Yang et al. [135] are special cases of our work.
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Chapter 6

Higher-order mixed symmetric duality in mul-
tiobjective programming involving support func-

tions

6.1 Introduction

Mixed duality is a fruitful result that unifies two different dual models. Xu [131] constructed
two mixed duals for MP and fractional MP problems. Bector et al. [21] acquired duality
results for mixed symmetric MP problems. Yang et al. [133] derived duality relations for
mixed nondifferentiable programming problems. Second-order mixed dual for MP problems
was constructed by Aghezzaf [1]. Ahmad and Husain [9] proposed mixed symmetric dual
for MP problem over cones. They acquired results with K-preinvexity / K-pseudoinvexity
suppositions. Gao [44] formulated Mond-Weir type higher-order symmetrical dual pair for
MP and proved duality results under generalized invexity. Recently Verma et al. [128]
obtained mixed type higher-order symmetric dual model for scalar-objective programming

problem.

In this chapter, we focus on higher-order duality for nondifferentiable mixed symmet-
ric MP problem with higher-order K-(F)«, p, d)-convexity suppositions. This chapter is
organized as follows. Section 6.2 reviews the definitions. Higher-order mixed symmetric
duality for nondifferentiable MP problem and its duality results are discussed with afore-

said assumptions in Section 6.3. The chapter closes with conclusions in Section 6.5.

6.2 Definitions and preliminaries

Let K be a closed convex pointed cone in R* with int K # ¢ and @ be a closed convex
cone with nonempty interior in R™. Let F': S x S x R — R(where S C R") be sublinear
functional in its third variable. Let (; : S x R"™ — R be differentiable function.

Definition 6.2.1 A differentiable function) : S — R¥ is called higher-order K-(F, c, p, d)-
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conver at b € S on S w.r.t. ¢ ifVa€S andq € R, j=1,2,...,k, 3 vector p € R*, a
real valued function o : S x S — R, \ {0} and d: S x S — R* such that
(1(a) =11 (b)=Ca (b, q1)+q{ Vi, Gi (b 1) = F(a, b; aa, b) (Vath1 (0)+V g, Ci (b, 1)) —prdi (a, D), - ..
(@) =1 (D)= Cr (b, @)+ a5 Vi G (b, ax) = F (a, b; a(a, D) (V oty (0)+V g, (b, i) — prdii(a, b)) €
K.

Y

6.3 Mixed higher-order symmetric dual program

For N ={1,2,...,n} and M = {1,2,...,m}, let Ny C N, M; C M, N, = N\ N; and
My = M\ M; where |N;| denotes the number of elements in the set Ny. |Ny|, |My|, | M|
are defined similarly. Let a' € R™MI a?> € R™I. Then any a € R" can be written as
(a*,a?). Also for b' € RMI p2 ¢ RIM:l p € R™ can be written as (b',0?). Now if
Ny = ¢, then |N;| = 0, Ny = N and hence |N,| = n. In this situation, RV RIM2| and
RN x RIN2l will be zero-dimensional, n-dimensional and | N |-dimensional, respectively.
Also Ny = ¢, My = ¢ or My = ¢ can be interpret similarly.

Now we consider the following pair of multiobjective mixed higher-order symmetric dual
programs:

Primal Problem (NMSP)

K-minimize

P(a', b, a? 0*,\,r,8) = (Pi(a*, b, a®, 0%, \, 71, 81), Po(al, b1, a® 0%, N\, o, 89), . . .,
Py(at, b, a® 0%\, 1k, s1))

subject to
k
> Ni(Vygpi(a',b') — ¢' + V, hi(a', b, ry)) € G5 (6.3.1)
j=1
k
= Ni(Viedy(a® V%) — ¢} + Vi g)(a’, 1%, 5;)) € Cf, (6.3.2)
j=1
k
(B3 N (Viegj (a2, 1) — @2 + Vs, g (0?02, 5)) 2 0, (6.3.3)
j=1
Mep =1, (6.3.4)
A= (A, Ay, ..., ) €int K*, a' € Oy, a* € Oy, (6.3.5)

¢ eQ e j=12.. .k

Dual Problem (NMSD)

K-maximize
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1,1 .2 .2 1,1 .2 .2 1,1 ,2 .2
T(ut, wh u? w? A e, d) = (Ty(u', wh, u?, w2, A ey, dy), To(u', wh u?, w? A, eo, ds), . ..

Tk(ula w17 u27 ’UJQ, )\7 Ck, dk))

subject to
Z)\ api(ut,w') + o' + Ve b (ut w', ¢p)) € CF, (6.3.6)
Z)\ Ve o;(u?, w?) + v} + Vg, g3 (u?, 0, dy)) € Cs, (6.3.7)
k
TZ)\] a2¢] U , W ) + /UJQ' =+ VdngZ-(UQ,wQ,dj)) g Oa (638)
7j=1
Me, =1, (6.3.9)
A\ = (Al,AQ, o) €int K w' € G, w® € Cy, (6.3.10)
vteVh wie Vi j =12k
where

Pj(a',b',a®, 0%, N5, 85) = @j(al,bY) + S(a' V') 4+ ¢;(a®, 0%) + S(a®|V}7) — (b*)'q;
k
— (bl)TzlAj(Vb1¢j( a',b') + V., hi(a', b ry)) + hi(a', b ry) — TV, hi(al, b )
iz
+ gjl-(a2, b?,s;) — s;‘-FVsjgjl-(CLQ, b?, s;5).
T (u', wh, u?,w?, N, ¢, dj) = @j(ut, w') = S(w'|Q) + ¢ (u?, w?) — S(w?QF) + (u?)"v]
k
— (uh)" ZlAj(Val%(Ulaw ) + Ve, b3 (u' w', ¢;)) + B3 (u',wh c;) — ¢ Ve, hi(ut,w', ¢5) +
iz
gjz(u27w27dj) - d?vdjgjz(u27w27dj>‘

and

(i) @ : RMIx RMI— R ¢; : RVl x RIM2l — R hl: RN RIMi s R — R g1
RIN2l ¢ RIM2| 5 RIM2| 5 R h? - RNl « RIMil  RIMiI s R and gj2, - RIN2|  RIM2|

RW2l 5 R are differentiable functions, respectively.

(ii) V', V72, Q' and Q? are compact convex sets in RIMI RIN:I - RIMil and RIM2| respec-

tively.

(iii) C1, Cy, O3 and Cy are closed convex cones in RIMI RIN2I - RIMil and RIMzl| respec-

tively and C}, C5, C3 and C} are their respective positive polar cones.

(iv) Also h'(a',b,r) denotes (h}(a',b',r1), ..., h}(at, bt 7)), h?(ul, w', ) denotes
(R (u, whcy), .o, R (ut, wt ), g (a?,b%,s) denotes (gi(a?, b%, s1), ..., gi(a?, b, sk))
and ¢?(u?, w?, d) denotes (g3 (u?, w?, dy), ..., gi(u?, w?, dy)).
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Theorem 6.3.1 (Weak Duality) Let (a*,b', a® b2, ¢*, ¢*, \, 7, s) be feasible solution of (NMSP)
and (ur, w', u? w?, vl 0% A, ¢, d) be feasible solution of (NMSD). Let the sublinear func-
tionals Fy : RNl x RNl RINil 5 R Fy - RIMil x RIMil 5 RIMil 5 R Gy - RIV2l x RIV2l
RNVl 5 R and Gy : RIM2l x RIM2l x RIM2l 5 R satisfy the following conditions:

Fi(a' uts vt + (o) et 20, Wt € O, (6.3.11)
Fy(wh, b5 02) + (o) ()T 20, W2 € O, (6.3.12)
Gi(a®,u* V) + () () Tu? 2 0, Y° ey, (6.3.13)
Go(w?, 0% vY) + (a2) T (M e? 2 0, Wt e Cf. (6.3.14)

Suppose that

(1) (-, wh)+ ()T vley is higher-order K-(Fy, at, ptt, d*)-convexr at ut w.r.t. h?(ul, w!,c)
and —(p(at, )= ()T q'ey) is higher-order K -(Fy, o2, p'?, d*?)-convex at b* w.r.t. —h'(at,bl,r),

(i1) (-, w?) + (1) Tv? is higher-order K-(G1, a3, p?*, d*')-convezr at u* w.r.t. g*(u* w? d)
—(p(a?, )= ()T q?) is higher-order K-(Gy, a3, p?2, d*?)-convex at b* w.r.t. —g'(a? b2, s),

S
N
SH

M=
R

(¢47) pjt(dj! (al,ul))? + pj?(dj*(w', b1))%] Z 0 and

<.
Il
-

M=
<

P (M (a2 ) 222 (1)) 2 0,

<.
Il
—

(iv) R* C K.
Then, P(a',b,a® b?, \,r,s) — T(u', w',u? w? X\ c,d) ¢ —K \ {0}.
Proof Suppose that P(al,b!,a? 0*,\,r,s) — T(u', wh, u?, w?, A, c,d) E — K\ {0},
That is {901(@1,bl)+5(a1|V1)+¢1(02752)+5(a2|V12)—( gt —(0h)" Z)\ (Virgj(at, b')+
V., hi(al, bt ) +hi(al, bt ry) =TV, bl (a0 ) +gi (a2, B2, s Vslgl( 202, 51),...,

—(@
1)—
pi(at, b) + S(a V1) + ¢r(a?, 0%) + S(a®| Vi) — (0°) g — (0)" 32 Ai(Virgp;(a’, bY)

7j=1
+ Vo, hi(at, bt ) +hy(at, b re) = Vo hi (@t bY k) + gi(a®, 02, ) — s Vi, gi(a®, b2 sk}
- {901(111,?01)—S(w1|Q1)+¢1(U27w2)—5(w2|Q%)+(U2)TU%—(U1)T 2 Ai(Vargs(ut, wh) +
=1

P2

o h2(ul, w0t ¢3)) Rt wh, e0)— TV B3t wh, o)+ g2 (12, w0, dy) ~dF Vg2 (62, w2, dy), .
k

pelut, wh) — S|QY) + dr(u?, w?) — S@QR) + ()70 — (u)T 32 A (Vo (ul, ') +

J=1

\Y, hQ(ul,wl,cj))—l-hi(ul,wl,ck)—cfvckhi(ul,wl,ck)—i-g,%(fu?,wz,dk)—dgvdkg,z(ﬁ,wz,dk)] €

¢ty
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—K\ {0}.

Since A € intK* C intR% (by hypothesis (iv)), hence A > 0. Therefore, we get

k

Z%{%a bY) + S(a' V1) + ¢5(a®,0%) + S(a®|V7) — (07)7qF — (0" Y Ai(Vingpy(a, b1)

J=1 J=1

—i—V,«jh}(al, b'ri)) + h}(al, b)) — roVTjh}(al, b)) + gjl-(a2, b, s;) — SJTVSngI-(aQ, b2, sj)}

k

— Z )\j{gpj(ul,wl) — S(w'|QY) + gbj(u2, w?) — S(wﬂ@?) + (UZ)TU? —
=1

k
(UI)T Z )\j(vale(u17 wl) + vcjhi(ula wlv Cj)) + h?(u17 wlv Cj) - C?Vthi(ulv ’lU17 Cj)
j=1
+g]2'(u27w27dj) _d?vdjg?(u2aw2adj>} <0 (6315)

As o(-,wt) + (1) Tvleg is higher-order K-(Fi,al, ptt, d')-convex at u! and —(p(at, ) —

(1) Tq'ey,) is higher-order K-(Fy,a?, p'?, d'?)-convex at b, we acquire

(p1(at, wh) + a'Tol — o1 (ut, wh) — (uh) ot — B3 (ut,wt ) + el Ve hi(ut,wt o) —
Fi(a', v ar(at, ut) (Voo (vt wh) + ot + Ve, RE(ut, w', 1)) — prt(di (o, uh))?, ...,
or(a*, w) + at vt — op(ut,w') — (uh) ot — B (u', ', ) + f Ve b (ut, w', cp) —
Fi(a'u'sap(a', ul)(Vapr(u', w') + 0t + Vo, i (u', w', er))) — ppl(d (o', uh))?) € K,

and

(—p1(at, w') + wqul +@i(at, b)) — (M) g + hl(at, bt r) — 1TV, AL (et b ) —
Fi(wh, bt —af(w', b)) (Ve (a', b)) — ¢* + V,, hi(a', b, 1)) — pi2(di? (w?, b1))?, ..
—r(at, wh) + wqul +op(at,bt) — (BT q" + hi(at, bt 1) — iV, hi(at, bh e )
Fi(wh, b —af(wh, b)) (Vipr(at, b)) = ¢' + Vi hilal, b, 7)) — py (d}f(w bh)?) e K.

Using A\ € int K*, we get

k
ij{gpj(al,wl) +atful — goj(ul,wl) — (u)Tot — hz(u w! .cj)+ CTVCJhi(ul,wl,cj)} >
=1

k
Z)\jFl(al,ul;a%(al,ul)(valgpj(ul,w )+ ot + Ve R (ut wt ¢j))) —I—ZA]pJ al11 (a',u"))?,

€
j=1
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and

k
Z)\j{—%(alwl) +wt gt 4 py(at,bY) — (Mgt + hi(a', b ) — "V, hi(a bl )} 2

LA
jl

Z)\ B (wh b —ad (wh, bY) (Vs (at,b') — ¢t + V, hl (a',b",75)) +Z)\]p] dew bM))2.

7j=1

Using (6.3.5) and sublinearity of F' in above expressions, we get

k
Z)\j{cpj(al,wl) +at"ol — goj(ul,wl) — (uh)To! — h2(u w! ,¢j) + CTVCth(ul,wl,cj)}
j=1
k
> Fi(a',u';af(at, ut Z)\] api(ut, wh) + ot + Vo hi(u' v, ¢;)))
7j=1
+Z)\]p] (d}'(a', u'))? (6.3.16)
and
k
Yo Nf—eialwh) +wtl et a6 — ()7 g! + h(al b 1) = TV b (el B )
j=1
k
> Fy(w', b —ai(w',0") Y X(Vagpi(al b)) — ¢ + V,, hi(a', b, 7))))
7j=1
—i—Z)\Jp] (d?(w', b))2. (6.3.17)
Using ai(a',u ) > 0 and (6.3.6), we obtain
vt = ai(al )Z/\ (Varp;(ut, wh) + ot —i—Vc]h?(u w', ¢;)) € Cf,
and so from (6 3 11)
Fi(a',u';vh) + (o) )Tt 2 0. (6.3.18)
Similarly
Fy(w', ' %) + (o)) ()Tt 2 0, (6.3.19)
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k

as 12 = —a2(w!, b') Z i(Vypi(a,b') — ¢' + V,, hj(a', b)) € Cf.
=

From (6.3.16) and (6.3.18), we get

k
T
Y Mlpilat wh) +at ot =gt wh) = (W)t = B (u! Wt ) + o Ve (ut w' )
j=1
_Z)‘J'OJ di'(a',uh))? 2 —(ay) (") " (6.3.20)
Using (6.3.17) and (6.3.19), we obtain
: T
Z )‘j{_goj(alvwl) + w' ql + @j(alv bl) - (bl)qu + hgl‘(alv bl7rj) - Tijrjh;(al, bla rj)}
j=1
—Zm (@2, 5))? 2 —(a2)" ()78 (6:3.21)

Now by adding (6.3. 20) and (6.3.21), we have
Z Aidwi(at o) +w gt = ()T q! + hj(at bt ry) = TV B (et B )} (ad) )T -

v

¢

k
ZA‘{%(ul,wl)—al vh ()Tl 15 (ul wh ep) =T Ve, B (ul wh, ) b+ (o) TH (') Tt
k k
5 Aol (@0t u )P + 3 AptP(d (b))%
=1 =1
which along with (iii) gives

> Adpilal ) + (wh) Tt = (01)7q! + hjlat bt ry) — 1TV Ri(ah b + (o)) !
=1

= N{pi(ut wh) = (ah) ot + (W)t + Bt wh o) — ¢ Ve B3 (ut wt e)}
+ap) M) Tut 2 0. (6.3.22)

As we know (w!)T¢" < S(w'|Q'), (a')Tv! £ S(a'|V!) and substituting the values of v!
and 2 in above, we get

k

Z )\j{gpj(al, b + S(w'|Q") + h;(al, b'r;) — ?"]TVrjhjl(a by ) Z A (Vyo( a',bh)
j=1 J=1

+V,,hi(a', b r Z)\ {oj(u',w") = S(@'|V") + h3(u',w', ;) — ¢V, hi(ul, w', ¢;)}
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k
TZAJ ap;(ut, wh) + Ve h3(ut, w', ¢;)) 2 0. (6.3.23)

S ]

Using ol (a?,u ) > (0 and (6.3.7), we acquire
V3 = ad(a? u?) Z)\ (Va2 (u?, w?) + 03 + Vg, 93 (v, w?, dj)) € C5.

Now from (6.3. 13) and above, we have

k
Gi(a®, % ah(a®,u?) Y Nj(Vaedy (v, w?) + 07 + Vi, 63 (v, 0, d))))
j=1

k
z _(UQ)T Z )‘J<va2¢3 (u27 wZ) + 1}32' + vdjg]2'<u27 ’LUQ, d]))
j=1
> 0.(Using (6.3.8)) (6.3.24)
Since ¢(-, w?) + (-)Tv? is higher-order K-(G1, ad, p*t, d*')-convex at u?, therefore we have

(61(a®,w?) + ()"0} = dr(u?, 0?) = (u?) "0} — g} (u?, w?, dy) + di "V, g7 (u?, w2, dy)

= Gi(a®, u? ag(a?, u?) (Ve (u?, w?) +0f + Va, g7 (u®, w?, dr))) — pit(d7' (a?, u?))?, .,
on(a?, w?) + (a®)Tvk — ¢p(u?, w?) — (u?) vl — g2 (u?, w? dk)—l—dkTdegk(u w?, dy)

— Gi(a®,u? az(a?, u?) (Vo gp (v, w?) + v + Va, g3 (u?, w?, di)) — pil (d7 (0%, u?))?) € K,

Using A € int K* and sublinearity of F', we obtain
k
j;)\j{(bj(QQ’wg) + (a )T 2 ¢](u w ) (u2>T 2 — 9 (u w? ,d; ) +d Vd ;95 (u w? ,d; )}

k
2 Gi(a®, u?; az(a®,u?) 30 A (Var gy (u?, w?)+oi 4V, g7 (u?, w?, L+ APy (d5t (a%, u?))?,
j=1 J=1

which on using (6.3.24), we get
Z Aj {¢] a w ( )Tvz - ¢j(u2’ w2) - (UQ)TUJZ - g?(uz,wz, dj) + dijdngQ‘(u2>w27 dj)}
—Z)\]p] (d*(a®,u?))? 2 0. (6.3.25)

Similarly (6.3.14), A € int K* and higher-order K-(Gy, a3, p?2, d*?)-convexity of —(¢(a?,-)—
(1)7q?) at b* gives

k
ZAj{—gbj(a?,w?) + (WG + ¢(a®,0%) — ()5 + gj(a®, 0%, 5;) — 5,7 Vi, 95 (a®, 0, 55)}

—Z)\Jp] (d2(w?,b%))* 2 0. (6.3.26)
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Adding (6.3.25) and (6.3.26), we obtain

k

2 Aj{d(a?, %) + (w?)" qf — d;(u?, w?) + ()"0} — ()" g — ()"0} + gj(a?, 1%, 5))
]:

k
- SijSjgjl'(a27 b27 Sj) - g?(u2> w27 dj) + dijdngQ'(u27 w27 dj)} - 21 /\jp?(d?l(CLQ, u2))2
]:

k
— >0 NP (AP (w?, b?)
=1

)?
Now using (w?)"¢? < S(w?|Q3), (a*)"v? £ S(a®|V}?) and (iii), we get

k

Z Ni{p;(a®, b*) + S(wQ\QJZ) — ¢j(u*, w®) + S(a2|Vj2) — (bQ)TqJQ- — (uQ)TU? + gjl-(az, v, s;)
j=1

—5; 'V, g5(a®, 0%, 55) — g5 (v, w®, d;) + djTVdjg?(u2,w2, d;j)} = 0. (6.3.27)

Summing up (6.3.23) and (6.3.27) gives
k k
Al )4 510 V) 056+ S(IVE) = ()7 = 01)7 32 (Tl 1) +

i=1
V., hi(a, bt ry)) + hi(a, bt ry) — TV, hi(a', b! rj)+g}(a2,b2,sj)—sTVsjg}(a2,b2,sj)}
k

—Zl)\j{%(Ul,wl)—s(w1|Q1)+¢j(U2,wg)—S(w2|Q§)+(U2) —(u')? Z i(Varg(u', wh)+

J= Jj=1
Ve, b3 (ut, wh, ¢;))+h5(ut, wh, )=l Vo, b2 (uh, wh, ¢5)+g3 (u?, w?, dj)—d) Vg, g7 (u?, w? d)}_
0,
which contradicts (6.3.15). Hence proved.

If A\ in (NMSP) and (NMSD) is fixed as A, we express these problems as (NMSP);
and (NMSD)j, respectively.

Theorem 6.3.2 (Strong Duality)Let (a',b',a? b% ¢', ¢ )\, 7,5) be a WES of (NMSP).
Let

(i) Vrjrjhjl-(dl, bl,7;) is positive or negative definite ¥V j =1,2,...,k;
(ii) Vs,s,93(a2 b2, 5;) is positive or negative definite V j = 1,2,... k;

k _
(ii) 7; # 0 for some j € {1,2,...,k} imply that > o;(Viypp;(at,bt))’r; # 0 for all

j=1
a e K*

(iv) Z aj(Vppp;(at,0))Tr; & span{Vipg;(a',b') + Viphi(a',b',7;), Vye;(at,b')
+V hi(al, b, %), 5 =1,2,...,k}\ {0}, for all o« € K*;

ri'Yg

(v) the set of vectors {Vbz¢j(d2,1_92)—(7]2-—|—Vbzgjl-(d2,l_)2,§j),Vbz¢j(d2,b) G;+Vs,g9; (@ 0% 55)},
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j=1.2,... kis LI

(vi) the set of vectors {Vi2¢;(@®,b*) — @ + Vs,91 (@, 0?,5;)}, j=1,2,...,k is LI;

(U“) g}(a276270) :9 = gjz(C_LQ,l_)QLO), Vtﬂg]l‘(dQvE;Z?O) = vdjg]?(dz7l_)210)7 vb2g}(d276279) =
0= V.,g!(a% 12,0), hi(a',b',0) = h(a', b',0) and Vi hi(a, bt 0) = V., h3(a', b, 0),
i=1.2,. .k

(viii) K is closed convex pointed cone with RY C K.

Then,

(1) 30" € V! and v} € V? such that (a',b",a* b*,0",0%,\,¢ = 0,d = 0) be feasible

J

solution of (NMSD )y, and

([]) P(a1751’&276275\7f’ 5) :T(d1’617d27527A76’ )'

Further, if the suppositions of Theorem 6.3.1 are satisfied for all feasible solutions of
(NMSP) and (NMSD)5, then (a*,b',a? b v', 92, \,é¢ = 0,d = 0) is an ES of (NMSD)y.

Proof Since (a',b', a2, b, ¢*, ¢ M\, 7, 35) is a WES of (NMSP), by Fritz John necessary
optimality conditions ( [122], Lemma 1), 3a € K*, € C3, y€ Cy, 6 € Ry andn € R
such that

|

+

'Mw

k
aj(Vag;(a,b') + v+ Vahi(a',b', 7)) Z (Virarps(@', o))" (8 — (a’ep)b")

1

J

T
(v,«jalh;( bl r )) (/_\]6 — /_\j(aTek)Bl — Oéj?"j):| (CLI - dl) z 07 A (11 S Cl, (6328)

Wk

1

<.
Il

k
;(Vadj(a®,0%) + & + Vgl (a®, 0%, 55)) Z (Viza20;(a%, b)) (v — (6)b°)

Ww

<
Il
-

T
(Vs,a29; (@, 0%,5,))" (N\jy — a;5; — S\J(5)b2)] (a* —a*) 20, Va* € Cy,  (6.3.29)

-

Il
—

_l’_
J

k
Z aj(vblcpj(d17 61) + vblhgl'(alv Bla fj)) -

j=1 J
k
Z (Voro;(at, b)) (8 — (aTep)bt) +
7j=1

—O./jTj) = 0, (6330)

(a"ex)\i{Vig;(a',b') + V, hi(a', o', 7;)}

M” &M»

(Vyphy (@, b, 7)) (A8 — Aj(a’ex)b!
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k
ZO‘J Viz¢;(a*,b%) — q] +Vb29] a*, 0%, 55)) Z (Vi@ L 0%)T (y — ab?) +
=1

j=1
k - B k
D (Vg (@07, 5))" (Ay — 08 — X;00°) — 60> Nj(Viedy (@, 0%) — @
j=1 j=1
+V,,9; (@, 0%, 5;))) =0, (6.3.31)
(B — (aer)b" ) (Viypi(at, b') + V., h}( 0N 7))+ (v — 00T [V, (@, b)
—@ + V9@ b°,5)]+n=0, j=1,2,... k, (6.3.32)
(Vi h (@', 1, 75)) T (A8 = Aj(alen)b' — ay7y) = 0, (6.3.33)
(vsjsjgjl‘<a 7b27 §J>> (S\er - ajgj - 5\3552> = 07 (6334)
k
B " Ni(Vigs(a',b') — ¢ + vV, hj(@', b, 7)) =0, (6.3.35)
j 1
TZ)\ (Vieo;(a®,b%) — @ + Vg5 (@, 1%, 5;)) = 0, (6.3.36)
7j=1
5B Ni(Vieei(@®,0?) — G + Vs,g)(@*, 5, 55)) = 0, (6.3.37)
j=1
n(\e, —1) =0, (6.3.38)
B € Noi(q), (6.3.39)
a;b? + Ny — \;0b% € NQ?(qf.), j=1,2,... k, (6.3.40)
viat = S@vh), ve v, (6.3.41)
§a’=S@|vy), &evy, (6.3.42)
(o, B,7,9,m) # 0. (6.3.43)
From hypothesis (i) and (6.3.33), we get
S\jﬁ - j\j(OZTGk)Bl — Ozjfj =0. (6344)
Using (6.3.44) in (6.3.30), we have
k
Z&] Vip;(at,b') (aTey, Z {Vip;(a',b') + V, hi(a',b',7)}
Jj=1 j=1
k — —_
=3 a;(Vipg;(a',b') + Viphj (@', b', 7)) (6.3.45)

J=1
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that is

k
Z Q; (Vblblng(dl, Bl))T’Fj € Span{Vblgpj (dl, 61) + vblh; (dl, Bl, fj),
j=1
V(@' b') +V, hi(a',b',7;), j=1,2,...,k}. (6.3.46)
Now we prove r; =0V 5 =1,2,... k.

On contrary suppose that for some j € {1,2,...,k}, 7; # 0, then using (iii), we have

k
> (V@' b)) # 0, (6.3.47)

j=1
This contradicts (iv) (by (6.3.46) & (6.3.47)). Hence
r,=0v;j=12...k (6.3.48)
Using (6.3.48) in (6.3.44) implies
B =A(alep)bt, 1=1,2,... k.
Since Ri C K implies K* C R’j_. As X € intK*, therefore A > 0. Hence from above we get
B = (alep)b . (6.3.49)
Now from (ii) and (6.3.34), we obtain
Ny — ;85 — A\job? = 0. (6.3.50)
Now we prove that a; # 0V j. Let a; = 0 for some j. As A > 0, (6.3.50) gives
v = 3b%. (6.3.51)

Using (6.3.50) and (6.3.51) in (6.3.31), we obtain

k k
> (Vg (@, 0°) — @ + Vieg) (@*,5°,55)) — (O 60;(Vieg; (@, 1)
j=1 j=1
=G + Vs,9;(@%,0%,5;))) = 0,
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which along with hypothesis (v) gives

a;=0,7=1,2... Kk (6.3.52)
6N =0, j=1,2,...,k,

which implies § = 0 as A; > 0. Also § = 0 and (6.3.51) gives

v =0. (6.3.53)
Using (6.3.49) and (6.3.51) in (6.3.32), we get

n=0. (6.3.54)
From (6.3.49) and (6.3.52), we obtain

g =0.

Consequently («, 3,7, 0,17) = 0 which contradicts (6.3.43).
Therefore, a; # 0V j. Since @ € K* and K* C RY, therefore a; > 0V j and hence
a®e;, > 0. Subtract (6.3.37) from (6.3.36), we obtain

k
(v = 6@ Ni(Vieg;(@*,0°) — @ + V,,9} (@, 1%, 55)) = 0, (6.3.55)
J=1
Now (6.3.50), (6.3.55) and A > 0 implies

k
D8] (Viedy (@, 1) — @ + Vi,0)(@. 1. 5)) =0

j=1

which using «; > 0 and hypothesis (vi) gives
5 =0. (6.3.56)
From (6.3.50), (6.3.56) and \ > 0, we get

v = 62, (6.3.57)
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Using (6.3.50), (6.3.56), (6.3.57) and hypothesis (vii), (6.3.29) and (6.3.31) reduces to

k T
{Z a;(Va2¢; (@, 0%) + & + Varg; (@*,0%,55)) | (a® —a®) 20, (6.3.58)
j=1
and
b < — —
> (o = 63)(Vieg;(a®, 1) — @ + Vs, 9} (@, 1, 55)) = 0, (6.3.59)
j=1

From hypothesis (vi) and (6.3.59), we obtain
a; =0\, j=1,2.. .k (6.3.60)

Since \; > 0 and a; > 0, j = 1,2,...,k, then (6.3.60) gives § > 0. Hence from (6.3.58)
and (6.3.60), we acquire

T
[Z)\ Va2 ¢; (@, 0°) + & + Vg (@, 0 5]))} (a* —a@*) 20, ¥ a® € C,.
For d; = 0, by using condition (vii) and (6.3.56) in above inequality, we get
ko ) T
[Z A (Va2 ¢5(a®,b%) + & + Va, g2 (@, b, dj))} (a* —a*) 2 0. (6.3.61)

=1

Let a*> € Cy. Then a® + a* € Cy, as Cy is a closed convex cone and so (6.3.61) shows that

for every a? € Cy
k
2 Z ;\j(va2¢j<a2a 62) + gj + vdjg?(a?a 627 J])) 2 0,
-1
which gives
k
Z Va;(a®,b°) + & + Va,g: (@, 0%, d;)) € Cs, (6.3.62)
Now if a? = 0, (6.3.61) becomes

(Va2 (@, 0%) + &5 + Va,g5(a*, 0%, d;)) <0, (6.3.63)

IIM?r
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From (6.3.57), we get

B = % e 0. (6.3.64)

Also from (6.3.49), we obtain
s

ale,

Using (6.3.44), (6.3.49), (6.3.60) and 6 > 0 in (6.3.28), we get

bt = 603

k T
[Z/\j(valgoj(al,bl) +v+ Valh;(al,bl,rj))} (a' —a') 20, Va' €Oy
j=1

Now for ¢; = 0, using (6.3.48) and hypothesis (vii) with above inequality, we obtain

1\

[ZS‘(Vl%(G b') + v+ V. hia' b —))] (a' —a)

J=1

0, (6.3.65)
Let a' € C;. Then a' + o' € C; and from (6.3.65), we have
k
TN (Vs (@8 + v+ Vo (a8 ) 2 0,
=1

which gives

k
> O Ni(Varg (@, b') + v+ Ve hi(a', b, ¢;)) € Cf,
7j=1

By taking v = o' and &; = v7, we can see that (a',b',a% b0*, v =0, = 0%, \,¢=0,d = 0)
satisfies the constraints of (NMSD)j5. Therefore it is a feasible solution for the dual
problem.

Now by taking a' = 0 and a' = 2a', simultaneously in (6.3.65), we achieve
k —
@)™ > N(Vargi(@',b') + v+ Vo hi(@',b', ) =0,
7j=1
which implies
k — — —
BTSSR (Vo B) + Vo 2@ B ) = (@)1 = —S@|VY,  (6.366)

j=1

Now (6.3.39) and (6.3.49) gives (aTe; )bt € Ngi(g'). Since aley > 0, we have b* € N1 (q').

Now as Q' is a compact convex set in Rl (b1)Tg! = S(b'|QY).
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From (6.3.35), (6.3.49) and a’e;, > 0, we get

k
(EI)T Z /\j(vblgpj(a17 l_)l) - q_l + vTjh}(alv [_717 f])) = 07
j=1
which implies
— k — — —
(HT Z A (Vips(at,b') + V. hi(@@', b, ;) = (01)7q" = S(b'Q"). (6.3.67)
j=1

Using (6.3.40), a; > 0 and (6.3.57), we get
b* € Ngz(gp)-
Since Q2 is compact convex set in Rl
SEQ:) =", j=1.2,... k. (6.3.68)

By hypothesis (vii) for ¢; = 0, d; = 0, (6.3.48), (6.3.56), (6.3.66)-(6.3.68) gives

k
i@, 0Y) + 8@ V') + ¢, B) + S@ V) — (0)7q — (0" D A (Vipy(a', b
j=1

+V,, by (@', b, 7)) + hi(at, b, 7)) — 7V, hi(at, bl ) + g; (@, b gj)—grv ,9;(a%,0%,5;)

T3°7 3%
= @@, b') = SOQY) + ¢;(a*,0%) — S(b°|Q5) + (a” ZA (@', b)

+V,hi(at, b, &) + b3 (@', b, ¢) — ¢ Vo, hi(@' b, ¢) + g; (@ ,52,@) — dj Va,g5(@b*, d;).

¢ty

0) be not an ES of (NMSD)j, then 3

Now let (a!,bt,a%,b% v =v',& =03 )\, e =0,
v? ,d) of (NMSD)j such that

another feasible solution (a', w!, @, w?, v'

d=
WG

B B . . k B
(%(ala b') — S(0HQY) + ¢1(a*, b?) — S(b*|Q3) + (@*) "o} — (@) Z:: i(Vap;(@', oh)
+V,,h3(@' b, ¢;))+hi(al, bt e )—cf Ve hi(al, b, e)+g7 (@, 0, dy)—df Va, g3 (a®, 0%, dy), .

¢t

pr(al,b) = S(OMQY) + du(a®,0?) — S(B*|QF) + (a*)" v} — (a')" Ekf Ai(Vargs(at,bt)

]

+V. h2(at, b, ¢;))+hi(at, bt e) — et V., hi(at, b, ¢p) + g2 (a2, b2, dy) — J,{deg,%(aQ,l_)Z,Jk)>
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on(@, 07) — S(@1QY) + (@, %) — S(@IQD) + (@)'F — (@) 32 Moy, ) +
j=1
'Y

Using (6.3.48), (6.3.56), (6.3.66)-(6.3.68) and hypothesis (vii) for ¢ =0, d = 0, we get

\Y hz’(ﬂla 71}1, Ej))—i-hi(ﬂl, QD17 Ek>_égvckh%(al7 wlﬂ 5k)+91%(7~727 wQ? Czk)_dzvdkglz(az7 QDQ? Czk)) €

_ _ _ _ ko _ _
(mal, B) + S(@ V1) + 61 (@, 5) + S@IV2) — (B)7@ — ()7 3 Ay (Vongs (@, 5)
j=1
F B (@, B )R (@t B )T B @ B ) g (02 B 51) 5T Vgl (@ B, 5,

LR

<.
I
—

+Vrjh}(a1761,fj))+h,1(a1,Bl,fk)—fgvmh,ﬁ(al,l_al,fk)+g,§(52,62,§k)—§fvskg,§(a2,62,gk))
ko _

- (@l(ulawl) _S(w1|Q1)+¢j(ﬂ27 7112) _S<w2|Q%)+(ﬂ2)T@%_ (al)T Z )\j(valng(ﬂl,ﬂ)l)—i—

\Y% hz(alv U_Jl, éj))"i_h%(al? wlv 51)_51TV01h%(a17 U_Jla 51)—|—g%(ﬂ2, 11_)27 Jl)—CZ{leg%(’&Q, 11_}2, dl)v SRR

€'

pi(ut, wh) — S(@'QY) + ok (u?, w?) — S(w?|QF) + () v} — ()" Zkl Aj(Varp;(at, o) +

\% h?(ﬂ}, wla éj))JFhi(ﬁl’ ﬁJl? Ek)—éfvckhi(m? wla 5k)+913(ﬂ27 U_J27 Czk)_dzvdkglz(a2v u_)27 Czk)) S

€'Y

—K\ {0}
which contradicts Theorem 6.3.1. Hence (a',b',a?,b% 0%, 9%, \,¢ = 0,d = 0) is an ES of
(NMSD);.

Theorem 6.3.3 (Converse duality)Let (a*, w", %, w? v, 92, \, ¢ d) be a WES of (NMSD).
Let

(i) Ve, h3(a', w', ;) is positive or negative definite ¥V j =1,2,... k;

(it) Va,a,95(u?, 0%, d;) is positive or negative definite V j = 1,2,. .. k;

k
(iii) ¢; # 0 for some j € {1,2,...,k} imply that Zlozj(va1a1g0j(ﬂ1,w1))TEj # 0 for all
]:
a e K*;

k
(iv) Zlaj(valale(ﬂl,wl))TEj ¢ span{Vap;(a', 0")+Vahi(a', @', ¢), Vap;(a', o)+
]:
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Ve h2(at,w,¢), j=1,2,...,k}\ {0}, for all « € K*;

%)

(v) the set of vectors_ {Va20;(0®,0%) — 03 + V207 (0, 0%, d;), V 20 (u?, w?) — 02
+ Vdjg]?(EQ,wQ, dj)}, j=1,2,...,k is L;

(vi) the set of vectors {V2¢;(u?, w?) — 7 + Vdjg?(EQ,IDQ,Jj)}, j=1,2... ks LI;

(vii) g7(u? w?*, 0) = gj(a? w?0), Vb2g]2-(ﬂ2 w?,0) = Vy,g;(@*, 0%, 0), Vegi(u? w?0) =
Va,9; (@, %, 0), hi(a',@',0) = hi(a',@',0) and Vi hi(a', @', 0) = V, hi(a', @', 0),
i=12,...,k;

(viii) K is closed convex pointed cone with R C K.
Then,

1) 3G € Q' and @ € Q? such that (a*,w',u* w0 q,3* N\, 7 = 0,5 = 0) be feasible
j j
solution of (NMSP)s, and

(II) P(a,w',u? w? N\ ¢ d) =T(u,w,u? w? N7, 35).

Further, if the suppositions of Theorem 6.3.1 are satisfied for all feasible solutions of
(NMSD) and (NMSP);, then (u', w', u%, w2, ¢*, 3>, \,7 = 0,5 = 0) is an ES of (NMSP);.

Proof It follows on the lines of Theorem 6.3.2.

6.4 Special Cases

(i) If we take N7 = ¢ and M; = ¢, then our primal and dual model reduce to the problem
studied by Agarwal et al. [3].

2"
hi(ut,w',¢j) = 3¢l Vaag;(ut, wh)e, gf(u?,w?, d;) = 3d] Va2 (u?, w?)d; and K =
R

(i) If we consider hj(a',b',7;) = 3r] Vip(a',b")ry, gi(a®, b2, s;) = 351 Vipedj(a®,0%)s;,
(w2

(a) For C) = R|N1| Cy = R|N2| Cy = R‘Ml‘ Cy = R‘MQ‘ k=1 r,=r s5 =

s, ¢;=c¢, dj =d, qj = ¢?, = 02 our problem reduces to the problem studied

in Agarwal et al. [2].

(b) Forrj =1, ¢;j = ¢, k=1, Q' = {0}, Q? = {0}, V! = {0} and ij = {0},
(NMSP) and (NMSD) becomes the problem considered in Kailey et al. [74].

(c) The cases given in Agarwal et al. [2] can also be extracted from our problem.
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6.5 Conclusion
This chapter presents a multiobjective higher-order mixed symmetric dual including sup-

port functions over arbitrary cones. Duality results are acquired with higher-order K-

(F, a, p, d)-convexity suppositions.

117



118



Conclusion and Future Scope

In this thesis, we have studied duality results for NMFP problems and acquired duality
results using generalized convexity. We have formulated a parametric dual model for NMFP
problems and obtained usual duality relations under (p, r)-p-(n, 6)-invex suppositions. Two
types of second-order dual models have been constructed for NMFP problem and achieved
results using second-order B-(p,r)-invex functions. After that we established higher-order
duality results for NMFP problems. We have also solved a NMFP problem using various
optimality conditions. Then we focused on multiobjective VP problems. A parametric
second-order dual model for NMFVP problem has been formulated. Duality results have
been acquired under second-order (F) «, p, d)-pseudoconvexity assumptions. It was quite
interesting to study symmetric duality results for MP problems. We have constructed a new
pair of multiobjective higher-order symmetric dual programs involving support functions
over arbitrary cones. Weak, strong and converse duality theorems under higher-order K-7-
convexity assumptions have also been established. A mixed-type higher-order symmetric
dual model has been formulated for nondifferentiable MP problems over arbitrary cones.
Our work can be used to solve various types of NMFP and MP problems. One can extend
the second-order duality results achieved for multiobjective VP problems to higher-order
case. Mixed type higher-order symmetric duality results for MP problems can be further
extended to fractional MP problems using generalized convexity suppositions. There is
wide scope for new researchers to develop algorithms using optimality conditions for solving

fractional and multiobjective programming problems.
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