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ABSTRACT

Chapter 1 is introductory in nature. Besides stating some numerical techniques like Finite
Difference methods, Finite Element method, Finite Volume method and methods of weighted
residuals it gives an introduction to Finite Difference method and existing literature review.
In chapter 2, we consider the one dimensional heat equation
dc 32c
o 3y2
This problem is one of the well-known second order linear partial differential equation [33, 34].
It shows that heat equation describes irreversible process and makes a distance between the

previous and next steps. Such equations arise very often in various applications of science and

engineering describing the variation of temperature (or heat distribution) in a given region over
some time [34]. It can be expressed as the heat flow in the rod with diffusionC ., along the rod

where the coefficient is the thermal diffusivity of the rod and L is the length of the rod. In this
model, the flow of the heat in one-dimension that is insulated everywhere except at the two end

points.

In this chapter, finite difference method is proposed for the numerical solutions of one
dimensional heat equation. Two test examples are considered to test the accuracy and efficiency

of the method.



In chapter 3, we consider the one dimensional advection-diffusion equation

2
9,9 _p9C i<l . 0<i<T
ot ox axz

The mathematical model describing the transport and diffusion processes is the one-dimensional
advection-diffusion equation. Mathematical modeling of heat transport, pollutants and suspended

matter in groundwater involves the solution of a convection—diffusion equation.

In this chapter, finite difference method is proposed for the numerical solutions of one
dimensional advection-diffusion equation. Two test examples are considered to test the accuracy

and efficiency of the method. The absolute errors are calculated for the both examples.



Chapter 1

Introduction
1.1 Classification of Second Order Partial Differential Equations
Consider general second order partial differential equation of the form
A82U BBZU C82U A FU - G(ny)
ol amdy U TPy TRy Y SOy (1.1)

The equation (1.1) is classified in the following categories:
(i) Parabolic Equation if B> —4AC =0
(ii) Elliptic Equation if B> —4AC <0
(iii) Hyperbolic Equation if B*> —4AC >0
Heat, Laplace and wave equations are the simple example of these equations which re given as

follows

(a) Parabolic Equation: The equation U, = kU,  is 1D diffusion equation and can be

used to model the time-dependent temperature distribution along a heated 1D bar.
(b) Elliptic Equation: The equation Uyx Uy, = f(x.y) is called Poisson Equation

when f(x,y)=0 then, the equation U,, +U,, =0 is called Laplace equation which may be used to

model the steady state temperature distribution in a plate or incompressible potential flow.

2
(c) Hyperbolic Equation: The equation U, =c¢ U, , where c is constant iS wave equation

and may be used to model string or 1D supersonic flow.
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1.2 Initial and Boundary Conditions

PDEs require proper initial conditions (ICs) and boundary conditions (BCs) in order to define
what is known as a well-posed problem. If too many conditions are specified then there will be
no solution; if too few conditions are specified the solution will not be unique. If the ICs/BCs are
specified in the wrong place or at the wrong time then the solution will not depend smoothly on
the ICs/BCs and small errors in the ICs/BCs will bring about large changes in the solution. This
is referred to as an ill-posed problem. However, we need to understand the properties of the

solution to these simple model PDEs before attempting to solve more complicated PDEs.

1.3 Numerical Solutions of Partial Differential Equations

Partial differential equations (PDEs) form the basis of very many mathematical models of
physical, chemical and biological phenomena, and more recently their use has spread into
economics, financial forecasting, image processing and other fields. The vast majority of PDEs
model cannot be solved analytically. So, to investigate the predictions of PDE models of such
phenomena it is often necessary to approximate their solution numerically. In most cases, the
approximate solution is represented by functional values at certain discrete points (grid points or
mesh points). There seems a bridge between the derivatives in the PDE and the functional values
at the grid points. The numerical technique is such a bridge, and the corresponding approximate
solution is termed the numerical solution. Currently, there are many numerical techniques
available in the literature. Among them, the finite difference (FD), finite element (FE), and finite
volume (FV) methods fall under the category of low order methods, whereas spectral and pseudo
spectral methods are considered global methods. Sometimes the latter two methods are

considered as subsets of the method of weighted.
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1.3.1 Finite Element Method

Finite element method (FEM) represents a powerful and general class of techniques for the
approximate solution of partial differential equations. The basic idea in the FEM is to find the
solution of a complicated problem by replacing it by a simpler one. Since the actual problem is
replaced by a simpler one in finding the solution, we will be able to find only an approximate
solution rather than the exact solution. This method is mostly used for the accurate solution of
complex engineering problems with abundant software available commercially. FEM was first
developed in 1956 for the analysis of aircraft structural problems. Thereafter, within a decade,
the potentialities of the method for the solution of different types of applied science and
engineering problems were recognized. Over the years, the FEM technique has been so well
established that today it is considered to be one of the best methods for solving a wide variety of
practical problems efficiently. In fact, the method has become one of the active research areas for
applied mathematicians. Based on the variational principle, basic procedures of the FEM include:
obtaining functional (variational expressions) from corresponding differential equations, dividing
interested region into small elements, constructing interpolation model for each element,
assembling all elements’ contributions to the global system, and finally solving the global-matrix
problems. The systematic generality of FEM makes it possible to construct a general-purposed
computer program for a wide range of problems. In this method, the region is divided into
Subregions (elements), which could be different shapes i.e. triangular, rectangular, curvilinear,
ring, or infinite.

Moreover, non uniform unstructured meshes and adaptive meshing procedures can be employed
to significantly improve the accuracy and efficiency of FEM programs. Furthermore, FEM

scheme can be established not only by the variational method but also by the Galerkin method or

12



the least squares method, so FEM can still be used even though a variation principle does not exit
or cannot be identified. Boundary conditions can be easily applied once the mesh generation is
done. However, the pre-and post-processes of the computed set up always play an important role
for a good FEM program. It has been applied to a number of physical problems, where the
governing differential equations are available. In Finite Element method the domain is divided
into a finite number of sub domains called elements and nodes are located at predetermined
locations around the elements boundary. The elements, along with the nodes, form the mesh,

which can be refined to provide any level of accuracy desired.

1.3.2 Finite Volume Method

Finite volume methods (FVMs) form a relatively general class of discretizations for certain types
of partial differential equations. These methods start from balance equations over local control
volumes, e.g., the conservation of mass in diffusion problems. When these conservation
equations are integrated by parts over each control volume, certain terms yield integrals over the
boundary of the control volume. For example, mass conservation can be written as a combination
of source terms inside the control volume and fluxes across its boundary. Of course the fluxes
between neighboring control volumes are coupled. If this natural coupling of boundary fluxes is
included in the discretization, then the local conservation laws satisfied by the continuous
problem are guaranteed to hold locally also for the discrete problem. This is an important aspect
of FVMs that makes them suitable for the numerical treatment of, e.g., problems in fluid
dynamics. Another valuable property is that when FVMs are applied to elliptic problems that

satisfy a boundary maximum principle, they yield discretizations that satisfy a discrete boundary

13



maximum principle even on fairly general grids. FVMs were proposed originally as a means of
generating finite difference methods on general grids.

Today, however, while FVMs can be interpreted as finite difference schemes, their convergence
analysis are usually facilitated by the construction of a related finite element method and a study
of its convergence properties. The fundamental idea of the finite volume method can be
implemented in various ways in the construction of the control volumes, in the localization of the
degree

of freedom, and in the discretization of the fluxes through the boundaries of the control volumes.
There are two basically classes of FVM. First, in cell-centred methods each control volume that
surrounds a grid point has no vertices of the original triangulation lying on its boundary. The
second approach, vertex-centred methods, uses vertices of the underlying triangulation as

vertices of control volumes.

1.3.3 Method of Weighted Residuals
The methods of weighted residuals are the approximate methods which determine the solution of
the differential equation in the form of functions which are closed in some sense to the exact
solution. Consider a differential equation
l(u)=0
(1.2)

with initial condition, I(#)=0 and boundary condition, S(u#)=0. The solution of

differential equation U (x) is approximated by a finite series of functions ¢, (x) as follows:

N
U(x)zUO(x)+kEIak¢k(x) (1.3)
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where @ (x) are the basis or trial functions, aj are the coefficients to be determined

that satisfy the differential equation, and N are the number of functions. The form of U 0 (x) is

chosen to satisfy the boundary and the initial conditions exactly. There is another approach in
which exact solutions of the differential equation are known and these are added together to
satisfy the boundary conditions approximately. It is also possible to formulate a method in which
the differential equation and the boundary conditions are satisfied approximately. In general, the
approximate solution does not satisfy the partial differential equation exactly, and substituting its

value results in a residual, R as

R(x,al,az,...,aN):l(U(x)) (1.4)

which in turn is minimized in some sense. For a given N the aj ’s are chosen by requiring that

an integration of the weighted residual over the domain is zero. Thus

W, (x.R)=0 (1.5)

By letting k = 1,2,..., N system of equations involving only as aj, ’s is obtained. For
unsteady partial differential equation this would be a system of ordinary differential equations,
for steady problems a system of algebraic equations obtained. Different choices of W} (x) give

rise to the different methods within the class.

1.3.4 Differential Quadrature Method

The differential quadrature method (DQM) is a higher order numerical technique for solving
partial differential equations. In the nineteen century, most of the numerical simulations of
engineering problems can be carried out by the low order FD, FE, and FV methods using a large

number of grid points. In some practical applications, however, numerical solutions of PDEs are
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required at only a few specified points in the physical domain. To achieve an acceptable degree
of accuracy, low order methods still require the use of a large number of grid points to obtain
accurate solutions at these specified points. In seeking an efficient discretization technique to
obtain accurate numerical solution using a considerably small number of grid points, Richard
Bellman and his associates [4] introduced the method of differential quadrature in the early
1970s. The DQM, akin to the conventional integral quadrature method, approximates the partial
derivative of a function at any location by a linear summation of all the function values along a
mesh line. The key procedure in the differential quadrature application lies in the determination
of the weighting coefficients. Initially, Bellman and his associates proposed two methods to
compute the weighting coefficients for the first order derivative. The first method is based on an
ill-conditioned algebraic equation system. The second method uses a simple algebraic
formulation, but the coordinates of the grid points are fixed by the roots of the shifted Legendre
polynomial. In earlier applications of the DQM, Bellman’s first method was usually used
because it allows the use of an arbitrary grid point distribution. However, since the algebraic
equation system of this method is ill-conditioned, the number of the grid points usually used is
less than 13. This drawback limits the application of the DQM.

The DQM and its applications were rapidly developed after the late 1980s, thanks to the
innovative work in the computation of the weighting coefficients by researchers [5, 7, 8, 20, 28].
As a result, the DQM has emerged as a powerful numerical discretization tool in the past decade.
As compared to the conventional low order finite difference and finite element methods, the
DQM can obtain very accurate numerical results using a considerably smaller number of grid

points and hence requiring relatively little computational effort. Recently, Jiwari et al [35-51]
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have used differential quadrature methods for some parabolic and hyperbolic partial differential

equations.

1.3.5 Finite Difference Methods

As one quickly learns, the differential equations that can be solved by explicit analytic formulae
are few and far between. Consequently, the development of accurate numerical approximation
schemes is essential for extracting quantitative information as well as achieving a qualitative
understanding of the various behaviors of their solutions. Even in cases, such as the heat and
wave equations, where explicit solution formulas (either closed form or infinite series) exist,
numerical methods can still be profitably employed. Indeed, one can accurately test a proposed
numerical algorithm by running it on a known solution, providing yet another motivation to
search for explicit solutions. An alternative approach is to use a manufactured solution, in which
one starts with a preselected function, which almost certainly is not a solution to the problem at
hand. Nevertheless, substituting this function into the differential equation and the relevant initial
and/or boundary conditions leads to an inhomogeneous problem of the same character as the
original. After running the numerical algorithm on the modified problem, one can test for
accuracy by comparing the numerical output with the preselected function. The lessons learned
in the design and testing of numerical algorithms for simpler ‘“solved” examples are of
inestimable value when confronting more challenging problems. Many of the basic numerical
solution schemes for partial differential equations can be fit into two broad themes. The first, to
be developed in the present chapter, are the finite difference methods, obtained by replacing the
derivatives in the equation by appropriate numerical differentiation formulae. We thus start with

a brief discussion of some elementary finite difference formulae used to numerically
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approximate first and second order derivatives of functions. We then establish and analyze some
of the most basic finite difference schemes for the heat equation, first order transport equations,
the second order wave equation, and the Laplace and Poisson equations. As we will learn, not all
finite difference approximations lead to accurate numerical schemes, and one must deal with the
issues of stability and convergence in order to distinguish reliable from worthless methods. In
fact, inspired by Fourier analysis, the crucial stability criterion follows from how the numerical
scheme handles basic complex exponentials. The second category of numerical solution
techniques are the finite element methods (1.3.1).

The finite difference techniques are based upon the approximations that permit replacing
differential equation by finite difference equation. There finite difference approximations are
algebraic in form, and the solutions are related to grid points. Thus, a finite difference solution
basically involves three steps:-

(1) Dividing the solution into grids of nodes

AX

‘_
i-1j+1 ij+l i+, j+]
Ay

F.l
i-1,j i i+l

i~1,j-1 ij-1 i+1 j-1

» Ax and Ay spacing in positive x and y direction
» Ax and Ay not necessarily uniform

18



» In some cases, numerical calculations performed on transformed computational plane
having uniform spacing in transformed variables but non uniform spacing in physical
plane

»  Grid points identified by indices i and j in positive x and y direction

(ii) Approximating the given differential equation by finite difference equivalence that

relates the solutions to grid points.

(iii))  Solving the difference equations subject to the prescribed boundary conditions and/or

initial conditions.
Our main aim of the present study is to discuss some finite difference schemes for the
numerical solutions of some parabolic equations. So, we are giving some finite difference

schemes for parabolic equations in the following next chapter.

1.4 Organization of Thesis
In this thesis an attempt has been made to solve some parabolic partial differential equations by
using finite difference methods. The chapter wise summary of thesis is as follows.
In chapter 2, we consider the one dimensional heat equation
ac 9%
o Jy2
This problem is one of the well-known second order linear partial differential equation [33,34]. It
shows that heat equation describes irreversible process and makes a distance between the

previous and next steps. Such equations arise very often in various applications of science and

engineering describing the variation of temperature (or heat distribution) in a given region over

19



some time [34]. It can be expressed as the heat flow in the rod with diffusionC ., along the rod

where the coefficient is the thermal diffusivity of the rod and L is the length of the rod . In this
model, the flow of the heat in one-dimension that is insulated everywhere except at the two end

points.

In this chapter, finite difference methods are proposed for the numerical solutions of one
dimensional heat equation. Two test examples are considered to test the accuracy and efficiency

of the methods.

In chapter 3, we consider the one dimensional advection-diffusion equation

2
ac+u@:D2 , O<x<L , O0<t<T

E ox 8x2

The mathematical model describing the transport and diffusion processes is the one-dimensional
advection-diffusion equation. Mathematical modeling of heat transport, pollutants and suspended

matter in groundwater involves the solution of a convection—diffusion equation.

In this chapter, finite difference methods are proposed for the numerical solution of one
dimensional advection-diffusion equation. Two test examples are considered to test the accuracy

and efficiency of the method. The absolute errors are calculated for the both examples.

20



Chapter 2

Finite Difference Methods for Heat and Wave Equations

2. 1 Introduction

In this chapter, we will discuss finite difference methods and their stability for solving
one-dimensional heat and wave equations. The equations have great importance in science and
engineering. This problem is one of the well-known second order linear partial differential
equation [33, 34]. It shows that heat equation describes irreversible process and makes a distance
between the previous and next steps. Such equations arise very often in various applications of

science and engineering describing the variation of temperature (or heat distribution) in a given
region over some time [34]. It can be expressed as the heat flow in the rod with diffusion C XX

along the rod where the coefficient is the thermal diffusivity of the rod and L is the length of the
rod. In this model, the flow of the heat in one-dimension that is insulated everywhere except at
the two end points. Solutions of this equation are functions of the state along the rod and the time
t. In the past, this problem has been widely worked over a number of years by numerous
authors. But it is still an interesting problem since many physical phenomena can be formulated
into PDEs with boundary conditions. The heat equation is of fundamental importance in diverse
scientific fields. It is the prototypical parabolic partial differential equation in mathematics. In
probability theory, the heat equation is connected with the study of Brownian motion via the
Fokker—Planck equation. Numerical solutions of those equations are very useful to study
physical phenomena. One of the linear evolution equations which we deal with the numerical

solution is the heat equation [34].
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2.2 Heat Equation

Consider the one-dimensional heat equations

2
dc d“c
—=, 0<x<L
I g2 * (22)
with initial and boundary conditions
c(0,1)=¢, t>0 (2.2a)
c(L,t)=cL >0 (2.2b)
c(x,0)= f(x) t=0 (2.2¢)

The equation (2.2) is defined in the space domain 0 < x <L and the domain can also be

normalized varying from O to 1 by change of variable, if required.

2.2.1 Explicit Finite Difference Method for Heat Equation

Consider one dimensional heat equation

2
de _J7¢ 2.2.1)
o )2
The equivalent finite difference approximation of the equation is
ntl _ n no_ n n
¢ Ci _| S 2Ci2 T ¢ 2.2.1a)
At Ax
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where x, =iAx,i=123..,N,t, =nAt, n=123..,N —1,we use the forward difference formula

for the derivative with respective to ¢ and central difference formula for the with respect to X . If

we let
oA 5 (2.2.1b)
k(Ax)
Equation (2.2.1a) can be written as
n+l__n n n
¢ —rci_|_1+(1—21r)ci +r¢_ (22.10)

Explicit method uses the fact that we know the dependent variable, c at all x at time ¢ from initial

n+l
i

conditions. Since the equation contains only one unknown, c'" (i.e. ¢ at time ¢+ Atr), it can be

obtained directly from known values of ¢ at 7.
Thus, the values of ¢ along the first time row 7= Ar can be calculated in terms of the
boundary and initial conditions, then the values of ¢ along the second row, t=2Ar are

calculated in terms of the first time row, and so on.

2.2.2 Crank-Nicolson Scheme
The Crank-Nicolson scheme is an implicit scheme and in this scheme the mesh points are

discretized at the midpoint of nth and (n+1)th levels, i.e. at (x,,7,,,,,) .

Discretized the time derivative and space derivative in equation (2.2.1) by central differences, we

have

23



'n+1 n c;? —2cM 4 cn+1—20{1+1+cn+1

D I B A 20 O 5 Bl i+l | o2y +0(Ax%)  (2.2.2a)
At 2 A2 Ax?

It may be noted that since the values of ¢ are not available at the midpoint, the second derivative

at the point [i,n+%) is replaced by the average values at the (i,n) and (i,n+1)points. The

truncation error in the Crank-Nicolson scheme is O(Af?) + O(Ax?)

Rearranging the equation (2.3a) and putting r = we get

At
Ax)*

n+1 n+1 n+l_ _n n NN 2 2
—re LTIy +2(1+r)cl. —rcl.+1+rcl._1+2(1 r)cl. + At|o(At7) + o(Ax“)

Neglecting the error terms, the Crank-Nicolson scheme becomes

n+1 n+1
—rei LTIy +2(1+r)c

n+l_ _n n RN
; —rcl.+1+rcl._1+2(1 r)cl.

(2.2.2b)
for i=1,2,...,N—1
In order to find the value of ¢ at the (n+1)th level, we have to invoke it fori = 1(1)N —1
which will result in N —1 equation in N —1 unknowns and their solution will give the value of ¢
at the (n+1)th time level. It may also be mentioned that the resulting system of equations is

tridiagonal and can be very easily solved by Gaussian elimination, Thomas algorithm and some

other standard method.
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2.3 Stability Analysis of Finite Difference Method
There are two methods to discuss the stability of finite difference methods

(a) Matrix method

(b) Fourier method
2.3.1. Stability of Explicit Scheme
(a) Matrix method

In the explicit scheme the values of cat the level of time n+1 are given explicitly in

terms of the values of ¢ at the previous level n, i.e.

+(1-2r)c i=12,.,N—1

CG,n+1) " G+1,n) @) TG =1,n) 2.3.1a)

Let us suppose that the values of ¢ at the nth level are not the true values and have certain error

in them. We have computed c¢ at the (n+1)th level using these values which will also have error

in it. Let us denote the true value by ¢, approximate (actually computed) value by ¢ and the

associated error in ¢ by e, so that the computed value can be expressed as,

* * * * (2.3.1b)
¢ (i,n+1)=r1C (i+1,n) +(1-2r)c (i,n) +rc (i—1,n)
Subtracting (2.3.1b) from (2.3.1a), we get
e(i,n+1):re(i+l,n)+(1_2r)e(i,n)+re(i—1,n) i=12,.... ,N—1 (2.3.1¢)
where e (i.n) denotes the error in the exact value ¢ and the computed value c>i< at the (i,n)
mesh points. It may be remembered that c =c,and c =U , on account of the

O,n+1) 0 (N,n+1) L
boundary conditions and their value are not being computed at any time. Hence there is no

question of error in the values of ¢ at the endpoints so that e =0 . We can now

(0,n) ~ °(N,n)

write (2.3.1¢) in matrix form as follows:
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gl | [1m2r ¢ 00 0 L o T ¢,
62,n+1 r 1-2r r 0o ... 0 e2,n
0 1-2r r ... 0
S+l |- r o _ °3 1
—— (2.3.1d)
“N-1n+1] L ro 1=2r|°N_1n
or e].+1 :AeJ (2.3.1e)
where eT =|e e e
n+l Ln+1 2,n+1 3,n+1 7 N-1Ln+1 (2.3.10)
eT =|e e e e
n Ln 2,n 3.n 77 N-1n (23.1g)
[1-2r r 0 0 . 0 |
r 1-2r r 0o ... 0
0 r 1-2r r ... 0
A= . (2.3.1h)

ro =2y ik -
Then according to formula (2.3.1e) these error will become Ae, at the next step ignoring
the computing error introduced at that step, so that e, = Ae, Then at the following step the

contribution of e, will be e, = Ae, = A’¢,. Proceeding in the same manner, after k step, the error

e, will contribute to overall error
—ak k=1,2
=2 €0 Tl (2.3.1k)
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It should be noted that local computational error has been neglected at each time level.
We observe from (2.3.1k) that e, is dependent on A" . If elements of matrix A become smaller

and smaller tending to zero, or remain bounded, as k becomes infinitely larger than the scheme

will be stable. On the other hand, if they increase, then the scheme will be unstable.
Let us suppose that the matrix A{(N —1)x(N —1)} possesses eigen value A, with
Corresponding eigen vectors Vg, s=1,2,...,N—1 and that they are all distinct. They satisfy the

equation,

Av=Av  or Avg=Agvg, s=1,2,....N—1

(2.3.11)
we can express the error vector 0 by a linear combination of these vectors say
N-1
%zé%% (2.3.1m)
where
T _
vy _[Vls v2s""’vN—1,s} (2.3.1n)

It may be noted that the (N —1)coefficient, ¢, can be uniquely determined from the system

of equation (2.3.1m).

we can express the error vector e, by a linear combination of these vectors, say

k, _  k=1% form (2.3.1m)
A eo =A ;CSAVS’

_ k-1
=A ch/'iSVS from(2.3.11)

N-1 k
= AV, (2.3.10)
s=1
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The terms A‘e, on the left side (2.3.10) denotes the propagation of error e, at the kth step as

shown in (2.3.1k). if this error is not to increase indefinitely with k, then we must have
| Ag I€1, s =1,2,..,N —1

or 1Amax!<1
Thus for the Explicit scheme to be stable, the modulus of the largest eigen value of matrix

A, given by (2.3.1h), should not exceed unity.

(b) Fourier method:

The Explicit Method is
C(i,n+1) = rc(i+1’n) +(1—2r)c(i’n) +rc(l._1’n), i=12,.,N-1
let c? = _ZAm(tn)e"ﬁmx” where j=+—1

" by VT g TS
= m==ee

m = —oo m = —oo

Ry S Am(tn)ej’gmxi

m = —oo
B x. B x. B x. B x.
Am(th)e m”i :Am(tn{/i(e miitl g mii=1y (o) M

a
Dividing both sides by ¢/om*

Am(th+1) _ iBmh . —JjBmh
14,,”([”)_/1[6 m”4e m :|+(1—2/1)

An(th41)

=S =2Acos B, h+ (1—2A)
A (ty) Fm
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=2A(cos B;,h—-1)+1

. h . h
=—4/151n’5m +1 :>1—4/151n15m

2 2

A (2
Magnification factor Am (tp+1)
A (ty)
For stability
1 i ., Bh
= A<———— since the value of sin” ~—*— is always less than or equal to one ,the
202 ﬂmh 2
2sin =

minimum value of A4 should be % .The condition for Stability of the Explicit Scheme is A < %

2.3.2 Stability of Crank Nicolson’s (C-N) Method

The method of Crank Nicolson is

- rcln:il - rc;l_-}il +2(1+ r)c;H_1 = rc?_,_l + rcln_l +2(1- r)c;l

now we check the stability by fourier method

m = oo JjB x.
let c"= Y A (t )é m1 where j=+—1
P mn
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N T I S N R
m = —oo m = —oo
+2(1+A) Z A {thJejﬁmxi
= —o0
()eml+1/12A()€]ml—l
m=—

-1y Am(tn)ejﬂm i

m = —oo

—JjB h iB h
A (t {—ﬂ[e J'Bm +ejﬂm +2(1+A4)
min+1

—jB h i3 h
=A (t {ﬂ[e Jﬂm +ejﬁm J+2(1—/1)
m'n

A (zn " I— 2Acos B h+201+ )| =A (zn Izz cos B h+2(1-2)]

An(thy1)  2Acos Byh+2(1-2)
An(ty) — —2Acos Bh+2(1+4)

h
.2 B m
- 1-24
i{cos ﬂmh 1]+1 sin 5
_ _ ) B h
l[cosﬂmh 1]+1 1+24sin2
2
A (¢ 1)
Magnification factor —Z L+ 1
Am (tn)



For stability

B h
X—(”“)Sl - /),2h <1
13
e 14 24sin2 ’;

B h
1—2/1sin2% <

1+2Asin2 —m_
2

.2 Bh
which is true for all values of A > 0 since O < sIn“~ —"—

2.4 Wave Equation

Consider a one-space dimensional wave equation

82c

——=u

at2

20%

2
;, a<x<b
ox

with initial and boundary conditions

c(x,0)= f(x),
ac(x,O] B
5 g(x),

c@n=fo,  cbn=rf0
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(2.4a)

(2.4b)

(2.4¢)

(2.44d)



Equation (2.4a) represents the notation of vibrating string stretched between two points.
where c¢ is denotes the displacement of a point on the string at a distance x, at any instant t

while the string vibrates in the ¢ —x plane. The string is assumed to be uniform and elastic and

that u* =

— , where T is the tension in the string and m is its mass per unit length. The equation
m

may also represent the displacement of a longitudinally vibrating bar or of sound waves in a

pipe. In two-space dimension it may represent deflection of a membrane.

2.4.1 Explicit Method for Wave Equation

Discretizing the equation (2.4a) at the mesh point (i,n) , we have

n-1 n n+l n n n

¢ —=2c +c ¢, —2c +
, E——+O0(Ar?) =
Ax

5+ O(AX)
Ar? : (2.4.12)

Neglecting the truncation error, we can write from (2.4.1a)

C,-n+1:rz(cz"il+Ci11)+2(1_r2)c;l_cin_l i=1HN -1

(2.4.1b)

where r=—-:
Ax
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2.4.2. Implicit Method for Wave Equation

Discretizing partial differential equation (2.4a) at (i,n) mesh point such time derivatives is
replaced by central difference and space derivative by the average of central difference

approximations at (i,n+1) and (i,n—1),i.e.

i i+l i+l

At 2 Ax> Ax>

~1 1 1 1 1 ~1 ~1 -1
=2+ l{c;’j -2¢" + el _l_cl."_1 —2¢ + ¢l }

After transposing terms we get,

—rict + 2(1 +r’ )cl."+1 —rict =il + 2(1 +r2 el el + 4e! i=1(HN -1 (2.4.2a)
2.5 Numerical Experiments

In this section, we have considered some numerical examples for heat and wave equations to
check the accuracy and efficiency of the finite differences methods proposed in the above

sections.

Example 2.1: Consider the one dimensional heat equation

2
E:%a—; O<x<l1 , t>0 (2.53)
o 1%
with initial and boundary conditions
c(x,0)=sin(rx) , 0<x<1l , ¢(0,6)=c(l,r)=0 , 20 (2.5b)

The exact solution is given by
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clx,r)=e ! sin(7 x) (2.5¢)

The numerical results of the example are shown in Table 2.1 and Figures 1-7. Table 2.1 shows

absolute error at different time and time steps length 7.

Figure 1 -7 show the comparison of
numerical and exact solutions at different times.

Example 2.2: Consider the heat conduction equation

2
9%_97¢ <rsl 150 (2.5d)
o 9y2
with initial and boundary conditions
1
2x 0<x<—
c(x,0) 1 2 (2.5¢)
20-x) =<x<I
2
C(O,t) = c[l,t) =0 t>0 (2.5f)

The numerical results of the example are shown in Table 2.2 and Figures 8-14. Table 2.2 shows

absolute error at different time and time steps length 7. Figure 8 -14 show the comparison of

numerical and exact solutions at different times.

Example 2.3:Consider a one dimensional wave equation

azc 826

=—, OSXSI, tZO
o2 oax?

(2.52)
with initial and boundary conditions
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c(x,0)=2x(1-x) (2.5h)

ac(x,O) 0 2.51)
ot
c(0,1)=c(1,1)=0 (2.5))

The numerical results at different value for ¢ and x of the example are shown in Table 2.3.
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Table 2.1: Maximum absolute error of example 1 for different method at different time t.

At t Explicit Method Crank-Nicholson
Method
0.0001 0.48 75653%10~ 38689 %10~ 0
0.0001 0.58 3.3863x10° 1.7441x10~ 0
0.0001 0.78 6.3147 %10~ 6 3.2623x10~ 7
0.0001 1.0 92134 %10~ 47731x10~8
0.0001 5.0 3.8148x10™ 23 1.7165x10~ 24

Table 2.2: Maximum absolute error of example 2.1 for different method at different time t.

At t Crank-Nicholson Explicit Method
Method
0.0001 0.48 3.7283x10~ 0 6.1652x107°
0.0001 0.58 1.6431x10~ 0 3.2347x107°
0.0001 0.78 3.2333x10” 6.4178x10~ 0
0.0001 1.0 48721x1078 8.3145x10~
0.0001 5.0

1.5162x10~ 23

3.4248x10 22
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Table 2.3: Numerical solution of example 2.3 for different value of t and x.

t x=0 x=0.1 x=0.2 x=0.3 x=0.4 x=0.5 x=0.6
0 0 0.18 0.32 0.42 0.48 0.50 0.48
0.1 0 0.16 0.30 0.40 0.46 0.48 0.46
0.2 0 0.12 0.24 0.34 0.40 0.42 0.40
0.3 0 0.08 0.16 0.24 0.30 0.32 0.30
0.4 0 0.04 0.08 0.12 0.16 0.18 0.16
0.5 0 0 0 0 0 0 0
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Figure 1: Comparison of exact and numerical solutions of Example 2.1 by explicit method for

At =0.0001 at t = 0.48.
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Figure 2: Comparison of exact and numerical solutions of Example 2.1 by explicit method for

At =0.0001,7 =1.
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Figure 3: Comparison of exact and numerical solutions of Example 2.1 by explicit method for

Ar=0.0001, 7=5.
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Figure 4: Comparison of exact and numerical solutions of Example 2.1 by Crank-Nicholson

method for At = 0.0001 ar tr = 0.48.
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x 10

solution
N

Figure 5: Comparison of exact and numerical solutions of Example 2.1 by Crank-Nicholson

method for At = 0.0001 art =1.

x 107

solution
N

Figure 6: Comparison of exact and numerical solutions of Example 2.1 by Crank-Nicholson

method for Af = 0.0001,7 =1.
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Figure 7: Comparison of exact and numerical solutions of Example 2.2 by explicit method for

At =0.0001 ar t = 0.48
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Figure 8: Comparison of exact and numerical solutions of Example 2.2 by explicit method for

At = 0.0001 ar t = 0.58.
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solution
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Figure 9: Comparison of exact and numerical solutions of Example 2.2 by explicit method for

Ar=0.0001,z=1.
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Figure 10: Comparison of exact and numerical solutions of Example 2.2 by explicit method for

At =0.0001,r = 2.
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Chapter 3

Finite difference techniques for the Advection-diffusion equation

3.1.  Introduction
The mathematical model describing the transport and diffusion processes is the one-dimensional
advection-diffusion equation. Mathematical modeling of heat transport, pollutants and suspended
matter in groundwater involves the solution of a convection—diffusion equation. When the
velocity field is complex and changing in time, transport processes can’t be analytically
calculated, numerical approximations are necessary. The finite difference method is a well-
established and solution techniques are covered in textbooks [3, 14, 25, 32, 33]. Many popular
finite difference methods, such as Noye and Tan [22], have used a weighted discretisation with
the modified equivalent partial differential equation for solving one-dimensional advection—
diffusion equations (ADE). Later, the authors extended this scheme to solve two-dimensional
ADE [23]. The upwind scheme of Spal-ding [31] and the flux-corrected scheme are available for
the solution of the depth-averaged form of the ADE. Also, widely used is the split-operator
approach [19, 29], in which the advection and diffusion terms are solved simultaneously by two
different numerical methods.
Lam [16] points out that the central difference approximation will overestimate the advective
flux so much that it often causes a negative concentration to appear in the neighboring cells.
Some researchers have suggested flux corrected methods, which take into account the mass flow
rates and flow directions on the grid cell boundaries by interpolation [26].

To prevent this situation Leonard [17] introduced an upstream interpolation method,

namely QUICK (Quadratic Upstream Interpolation Convective Kinematics) for one-dimensional
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unsteady flow to prevent this situation. Later, Leonard improved this scheme, eliminating the
wiggles completely by introducing exponential integration into regions with sharp fronts.

Sommeijer and Kok [30] used various time-integration techniques to improve a finite
differences model for the numerical solution of three-dimensional ADE. Their model was
validated by comparing with analytical solutions of transport of a Gaussian pulse in unsteady
non-uniform flow. Sankaranarayanan et al.[27] used a third-order upwind difference scheme as
given by Kowalik and Murty for the advective terms of the ADE.

However, previously mentioned techniques require extensive matrix algebra at each time
step. One of the tools for solving a PDE is a spreadsheet like Excel. There are many advantages
of spreadsheets such as numerical, visual feedback and a graphical interface. Solutions obtained
through the spreadsheet are readily plotted in the same worksheet. Any changes in the input
parameters of the solution domain are then reflected graphically.

Spreadsheets are applied in different fields of engineering to solve partial differential
equations such as free-surface, steady-state groundwater flow, transient groundwater problems
and groundwater parameter estimation.

The main objective of this study is to develop a user friendly, flexible advection—
diffusion modeling simulation algorithm for the ADE with FDM. Thus ADE Explicit
Spreadsheet Simulation (ADEESS) model is proposed. ADEESS model uses the Saulyev ’s FD
schemes. The main advantage of these schemes is that they are unconditionally stable and are
explicit in nature. ADEESS model is not required to use one of the most significant features of
spreadsheets: that is ‘‘iterative calculation’’. Only the “ copy & paste ’’ feature of spreadsheets
has been automatized and solved with sequential steps with the help of a basic macro. The results

of the model are validated with the analytical and numerical solutions in literature.
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By changing only the weighting parameter in the proposed model is solves ADE and the
results can be examined simultaneously with the spreadsheet interface. Thus, the effects of the
model parameters (such as u,At,Ax, D) to the results can easily be examined graphically. In
addition, model parameters (such as At,Ax) may be adjusted easily in order to overcome the

problem of overshooting and negative concentrations.

3.2. Mathematical model
The mathematical model describing the transport and diffusion processes is the one-dimensional

advection—diffusion equation

3§+u§;:D;f;, O<x<L, O<t<T G.1)
with initial conditions
c(x,0)=f(x) 0<x<L (3.2)
and boundary conditions
c(0,6)=g(t), 0<t<T

(3.3)

c(L,t)=h(), O0<t<T

where f, g and h are known functions, while the function c is unknown, u is the velocity in x
direction and D is the dispersion coeffcient. Note that u and D are considered to be positive
constant values. In general, explicit finite difference methods are restricted to necessitate
extremely small values for time step to maintain stability.

On the other hand, stable implicit finite difference schemes require the solution of simultaneous

linear equations at each time step.
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3.3.  Numerical Solution of Advection-Diffusion Equation by Finite Difference Method

The solution domain of the problem is covered by a mesh of grid-lines

x; =iAx,..,i =0,1,2,..M
t, =nAt,.,n=0,1,2,..,N

Where X; and tn are parallel to the space and time coordinate axes. The constant

spatial and temporal grid-spacing are Ax=L/M and At=T /N . Consider the following

approximations of the derivatives in the advection—diffusion equation which incorporate time

weights @ as follows:
dc _c(i,n+1)=c(i,n)
ot At

Loe _ u{ { e{c(i,n)—c(i—l,n)}r (I 0){c(i+1,n)—c(i—1,n)}}
ox Ax 2Ax

a2¢ _ Dle(i=1,n)=2¢(i.n) +c(i+1,n)]
ax2 (Ax)2

D

Put these value in equation (3.1)

cli,n+1) —c(i,n) +u{0{c(i,n)—c(i—l,n)}+(1_6)[c(i+l,n)—c(i—l,n)
Ax 2Ax

At

)

_ D[c(i —Ln)—2c(,n)+c@i+1,n)

c(i,n)—c(i—1,n) +(1-0)

ci+l,n)—c@i—1,n)

c(i,n+1)= —uAt{@

2Ax
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ci—-1,n)—2c(i,n)+c@+1,n)

+ DAt >
(Ax)

+c(i,n)

ultc(i —1,n) N u(l—0)Atc(i—1,n) N DAtc(i—1,n) uAt@c(i,n) ) DAtc(i,n)

. D=
c(i,n+1) A S Ax (Ax)z A (Ax)z

+c(i,n)

_u(l- O Atc(i+1,n) N DAtc(i +1,n)
2Ax (Ax)2

ci,n+1)=[S+1A+O)Rc(i—1, j)+[1-25 —2ROc(i,n) +[S — R(1—6)|c(i +1,n) 3.8)

where R=M—At and S = AD
2Ax 2

3.3.1. Explicit Method

Assume that @ = 0 in Equation (3.8) and it may be written as the following upwind

explicit-type Finite  Difference Formula is solving the ADE

cln+D) =[S +Rle(i —=1,n)+[1-2S]c(i,n) +[S = Rlc(i +1,n)

3.3.2. Implicit Method

If assuming 6@ =1 in Equation (3.8) may be written the following Implicit-type finite

difference formula to solve the ADE

cl,n+1) =[S+ 2R} —1,n) +[1-2(S)-2R]c(i, n) +[S)e(i +1,n)

3.3.3. Crank Nicholson Method

Assuming 6 = 5 in Equation yields the following

c(i,n+1)=

S+§R
2

c(i—1n)+[1-2(S)—R]c(i,n) + S—%R c(i+1,n)
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3.3.4. Lax-Wendroff Method
If assuming @ = 2R in Equation (3.8) may be written the following Lax-Wendroff type finite

difference formula to solve the ADE

cGn+1)=|S +R+2R?|e(i —1,n) +|1-2(S)— 4R? c(i,n) +

S—R+ 2R2}c(i +1.n)

3.4. Stability Analysis of Finite Difference Methods
In this section, we have analyzed the stability of finite difference methods discussed in the
above section by using Fourier method.

3.4.1. Stability of Explicit Method

m=oo b x.
Letc'= Y A (¢ )ejﬁml where j=\/—_1
i m-n
m = —oo
m=oo JjB x. m=oo B X4
Am(tn+1)e ml:(/11+/12) D Am(tn)e m1
m = —oo m = —oo
m=oo B X m = oo B x.
+(/11—/12) D Am(tn)e m1 +(1—2/11) > Am(tn)e m-i
m = —oo m = —oo
AL B jB h
m- n+1" _ m _ m _
ot () 4 2 -, k" 24
)
m-n
_ 8 3 h _ 8 3 h
:ﬂl{e Jﬁm +ejﬁm J—i—ﬂz{e J’Bm —ejﬁm J—i—l—Zﬂl
Am(tl’H-l)_ A A isi
A—t_z l(cos,b’mh—l)+2 2]smﬁmh+1
m(n)
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— 4] 2 P 1424, jsin B _h
=—44,sin 5 +1+ 2]s1nﬁm

Magnification factor Anltn)
Am (tn)
for stability
A (1 1) 5 h
_m n+lic] 5 |-44 sin " +1+24 jsinf8 h <1 after equating real and imaginary
A @) 1 ) 5 -
m-n
part

B h h
1-44 sin? M| <] = —1<1-44 sin> <]
1 2 1 2
2 h
= 2<—44 sin” <0
1 2
1 . .2 B .
= /11 SW since the value of sin # is always less than or equal to one ,the
2 m

minimum value of S should be % .The condition for stability of explicit scheme is say A<—

3.4.2. Stability of the Implicit Scheme

The scheme is
clin+1)= |4 +22, kG ~1n) +[1 =24 =22, k. + |4 FG+ 1)

Similarly, assume as above
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m = oo B x.
Letc?= XA @) ™ where j=~-1

m = —oo
m=oo JjB x. m=oo B x.
S OA G, e ml=(/11+2/12) A e mitl
m = —oo m = —oo
m = oo ]ﬂ X. m=oo ]ﬁ X.
+(/11)m_z_ooAm(tn)e mi+1 +(1—2/11—2/12)m_2_00Am(tn)e m’i

A (1) —jB h B h
7/';1’"(’;:) =(4+24y)e M (4)e M +(1-24-22, )

—jp h i h —jb h i h
=/11{e ]'B’" +e]ﬂm J+/12[e ]ﬁm —e]ﬂm J+1—2/11

A @ )

m- n+1" _ _ .
A—I—le(cos,b’mh 1)+2/12Jsmﬁmh+1
m(n)

g sin2 P 1 0a ing
=44, sin T+ + 2]s1n,8m

Magnification factor Anll)
A, (1)
For stability
A (t ) B h
ot :>—4Z15in2 M_ 1 1+24,jsinfB _h<1
Anly) 2 pJsinf,

after equating real and imaginary part, we have
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B h B h

1-44 sin? M |<] = —1<1-44 sin? 1<
1 2 1 2
2 h

= -2<-4] sin“ <

1 2

1 . . LB h .

= /11 SW since the value of sin % is always less than or equal to one ,the

.2

2sin” ———

minimum value of S should be % .The condition for stability of explicit scheme is say /135 .

3.4.3. Stability of Crank Nicholson Method:

The Crank-Nicholson Method is

ci,n+1)= c(i—1,n)+[1-2(S)—R]c(i,n) + ci+1,n)  (3.4.3a)

S-LR
2

S+§R
2

Now we check the stability by Fourier method

N = oo
Let cl.”: >
m =

B x.
Am(tn)e M1 where j=~-1

Substituting the value in equation (3.4.3a), we have

m = oo .]:B X. 3 n = o J:B X.
mi _ = mi—1
. :Z_oo Am (tn + 1)6 = (/11 + > /12 jm :Z_oo Am (tn )e

+(1—221—/12)m§°° Am(tn)ejﬁmxi +(ﬂi—%ﬂzjm§w Am(tn)ejﬂmxi""l
= —o0 n = —oo

m
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After solving these, we have

At 1) 3, —iBh 1, ) B h
m- n+1" _ 2 m _ _ 2 m
A () _(/11+2/12)e +(1 24, /12)+(/11 Zﬂzje
m'n
—-jB. h  —jB h —JjB. h  jB h
:ﬂl[e B +e B —2/11]+l/1 [353 B —eJ'Bm —2}
2°2
— 7 h
:2/11{c0s,3mh—1]+/12 jsin,Bmh+e J'Bm —1}

Am (tn+1 )

m n

Magnification factor should be less than one

Annt?) 2[/1 y) ] w2 P <1 { A=A )}

T2 1< = + sin® ——+1/ < A+ A, =A(sa
A (t) 1 72 2 /11 2 Y
m-n
. | B0

which is true for all values of A > 0 since 0 <sin 5 <lI.
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3.5 Numerical Experiments

In this section, we have considered two test examples to check the accuracy and efficiency of the

schemes developed for advection-diffusion equation.

Example 3.1: Considered the advection-diffusion equation (3.1) over the region bounded by

0 < x <1 [1] and the analytical solution is given by

~/0.000625+0.021 0.00125 +0.04¢)

2
e(xt) 0.025 exp[_( (x+0.5-1) ]

The initial and boundary conditions are given by

c(x,0)= exp{ w]

0.00125

2
(0.1) 0.025 exp{_ ( (0.5-1) ]

~4/0.000625 +0.02¢ 0.00125 +0.04¢)

2
o(1.1) 0.025 exp{_( (1.5-1) ]

~1/0.000625+0.02¢ 0.00125 +0.04¢)

2
In this example, the values of various parameters are used D = 0.01lm™ /s, u = 1m/s. The

numerical results are calculated with space step and time step Ax = 0.01m and At = 0.0001

s, respectively. This problem model has been solved for show the maximum absolute error of the
problem shown in Table 3.1 at different value of t. The figure 1-12 compare the exact and

numerical solutions at the different time t for different value of &
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Example 3.2: A problem for which the exact solution is known is considered to test the accuracy

of the proposed methods described for solving the advection-diffusion equation. These

techniques are applied to solve (3.1)-(3.4) with f (x), g(¢) and h(t)known and ¢ unknown.

The initial conditions

(x=x,)°

c(x,0) =exp — 5

The boundary conditions

) (~xy —un)®
c(0,1) = expl ——————
4t +1 D(41+1)
| ©—x, —ut)>
c(9,1) = exp -— 0 -
T 441 D(4r+1)

The analytical solution to the one-dimensional advection-diffusion of Gaussian pulse of unit

height at x=1 in a region bounded by 0 < x <9 as given by Ref [1] is

(x—xo —ut)2

1
Var+1 P D(41 +1)

c(x,t)=
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where u is the velocity in the x direction, X() is the centre of the initial Gaussian pulse. D is

the diffusion coefficient in the x direction and ¢ is the time coordinate. The values of the
) 2
various parameters used are D = 0.005m™ /s and u = 0.8m/ s.

This problem model has been solved for show the maximum absolute error of the problem
shown in Table 3.2 at different value of 7. The Figure 13-20 compare the exact and numerical

solutions at the different time t for different value of @.
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Table 3.1: Maximum absolute error of example 3.1 for different method at different time t.

Maximum Absolute error

At t Implicit Explicit Crank Lax-

Method Method Nicholson Wendroff
0.00001 0.5 4.4027x10~4 | 8.1000x107 | 4.4000x107 | 4.333x107™
0.00001 0.75 5.7169x10~ 4 | 1.3100x10™ | 7.1000x107 | 5.6719x107
0.00001 1.0 6.0759x10~4 | 1.7000x107 | 9.3000x107 | 6.0400x107
0.00001 2.0 1517310~ 4 | 2.7000x107 | 1.4000x107 | 1.4920x10~
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Table 3.2: Maximum absolute error of Example 3.2 for different method at different time t.

Maximum Absolute error

At

t Implicit Method Explicit Method Crank Nicholson
0.0001 0.5 8.5100x10”2 | 10.8100x10”2 | 5.1200x10™ 2
0.0001 1.0 7.8200x10"% | 7.7200x10~ 2 4.9600x10~ 2
0.0001 2.0 6.6500x10”2 | 4.8000x10”2 | 4.5000%10” 2
0.0001 2.5 6.2600x10"2 | 45100102 | 4.3500x10™ 2
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0.15

solution

0.1

0.05}

Figure 1: Comparision of exact and numerical solutions of Example 3.1 by explicit method for

N =100, D=0.01, u =1, At =0.0001 at t =0.5.

0.25

0.2}

0.15¢

solution

0.1}

0.05¢

Figure 2: Comparision of exact and numerical solutions of Example 3.1 by explicit method for

N =100, D=0.01, u =1, Ar=0.0001at t =0.75.
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Figure 3: Comparision of exact and numerical solutions of Example 3.1 by Crank Nicolson

method for N =100, D=0.01, u=1, Ar=0.0001art=1.0.
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0.15

solution

0.6 0.8 1

Figure 4: Comparison of exact and numerical solutions of Example 3.1 by Crank-Nicholson

method for N =100, D =0.01, u =1, At =0.0001 ar t =0.5.
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0.1+

solution

0.05¢

0.8 1

Figure 5: Comparison of exact and numerical solutions of Example 3.1 by Crank-Nicholson

method for N =100, D =0.01, u =1, At =0.0001 at t =0.75.
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Figure 6: Comparison of exact and numerical solutions of Example 3.1 by Crank-Nicholson

method for N =100, D=0.01, u =1, Ar=0.0001 ar t=1.0.
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Figure 7: Comparison of exact and numerical solutions of Example 3.1 for implicit method for

N =100, D=0.01, u=1, Ar=0.0001at t=0.5 .
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solution

0.05}

0.8 1

Figure 8: Comparison of exact and numerical solutions of Example 3.1 by implicit method, for

N =100, D=0.01, u =1, Ar=0.0001 at t =0.75.
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0.1}

solution

0.05¢

Figure 9: Comparison of exact and numerical solutions of Example 3.1 by implicit method for

N =100, D=0.0L, u=1, Ar=0.0001ar t=1.0.
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Figure 10: Comparison of exact and numerical solutions of Example 3.1 by Lax-Wendroff

method for N =100, D=0.01, u=1, At=0.0001art=1.0.

0.4

solution

Figure 11: Comparison of exact and numerical solutions of Example 3.1 by Lax-Wendroff

method for N =100, D =0.01, u =1, At =0.0001 at t =0.75 .
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solution

Figure 12: Comparison of exact and numerical solutions of Example 3.1 by Lax-Wendroff

method for N =100, D=0.01, u =1, Ar=0.0001at t=1.0.
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Figure 13: Comparision of exact and numerical solutions of Example 3.2 by explicit method for

N=100, D=0.01, u=1, Ar=0.0001 at t=0.5.
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Figure 14: Comparision of exact and numerical solutions of Example 3.2 by explicit method for

N =100, D =0.01,u =1, Ar =0.0001 ar t = 2.0.
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Figure 15: Comparision of exact and numerical solutions of Example 3.2 by explicit method for

N =100, D =0.01,u =1, Ar =0.0001 ar t = 2.5.
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0

Figure 16: Comparision of exact and numerical solutions of Example 3.2 for explicit method for

N=100, D=0.01, u=1, Ar=0.0001 at t=4.0.
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Figurel7: Comparison of exact and numerical solutions of Example 3.2 by Crank-Nicholson

method for N =100, D=0.01, u=1, At =0.0001ar t=1.0.

solution

67



Figure 18: Comparison of exact and numerical solutions of Example 3.2 by Crank-Nicholson

method for N=100, D=0.01, u=I1, Ar=0.0001 ar t=4.0.

0.7

solution

Figure 19: Comparison of exact and numerical solutions of Example 3.2 by implicit method for

N =100, D =0.0L u =1, At =0.0001att =0.5.
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0.25

solution

0.05+

Figure 20: Comparison of exact and numerical solutions of Example 3.2 by implicit method for

N=100, D=0.01, u=1, Ar=0.0001 at t=4.0.
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