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Abstract

General relativity is a physical theory which plays a key role in astrophysics and is impor-
tant for a number of ambitious experiments and space missions. Einstein field equations
are basic equations of general relativity and are expressed in terms of coupled highly non-
linear partial differential equations describing the matter content of space-time. For this
reason it is clear that the theory of partial differential equations is of immense importance
in the study of Einstein field equations. The investigations carried out are confined to
the applications of the group-theoretic methods, symmetry reduction method, Painlevé
analysis and Generalized %- expansion method to the system of nonlinear partial differ-
ential equations arising in general relativity and other important physical phenomenon
from mathematical physics.

The thesis entitled GROUP THEORETIC TECHNIQUES FOR SOLUTIONS
OF EINSTEIN EQUATIONS comprises eight chapters. This thesis is a condensed re-
view of the exact solutions of Einstein field equations and ensuing phenomena.

In Chapter 1, some important features of Lie groups of transformations and symme-
tries are demonstrated. It presents primarily the methodologies utilized in the thesis and
a brief account of the related studies made by various authors in the field.

Chapter 2 is devoted to the study of the system of partial differential equations cor-



responding to the Einstein-Maxwell equations for a static axially symmetric spacetime

Upp + “—p" + Uy, = — exp(—2u)(v§ + v?)
Vpp + %” + v, — 2(upv, + uv,) =0

=2 = (uf) —u?) + exp(—2u)(vg —v?)
ke
p

X

= 2u,u, + 2exp(—2u)(v,v,).

By using Lie symmetry method, an optimal system of conjugacy inequivalent subalge-
bras is then identified with the adjoint action of symmetry group. For each basic vector
field in optimal system, the above system is reduced to system of ODEs which is further
examined with the aim of deriving certain exact solutions.
In Chapter 3, we have investigated Einstein field equations for perfect fluid distri-
bution
(1 — 2u?) (uy — Upe) + 2u(uf —u2) =0,
and pure radiation fields
Upr + 55 —uy = 0
v+ v — (U, +u)? =0
Vpp — Oy +up —u; = 0.
An optimal system of inequivalent subalgebras of the above system having basic vector
fields is determined. Using the non-equivalent Lie ansatz for each essential vector field,
the nonlinear ODEs and further exact solutions are constructed.
Chapter 4 is concerned with Einstein field equations corresponding to Weyl-Lewis-

Papapetrou form for an axisymmetric rotating field

2 2
Uy 22 (ptur)
W(tpp + Uzz + =£) — u, — uz 7= =0

W(Vpp + Vs — %”) — 2u,v, — 2u v, = 0,

utw, = uu, + %p(ui —u?) — Qip(vg —v?),

wrw, = uu, + puyu, — %vpvz.
Using the invariance group properties of the governing system of partial differential equa-
tions (PDEs), admitting Lie group of point transformations with commuting infinitesi-
mal generators, some appropriate canonical variables are characterized that transform the
equations at hand to an equivalent system of ordinary differential equations and some
physically important analytic solutions of field equations are constructed. Also, the class
of axially symmetric solutions of Einstein field equations including the Papapetrou solu-

tion as particular case has been obtained.
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In Chapter S, the invariance under continuous groups of transformations of a system
of nonlinear partial differential equations derived from a line element with axial symmetry

for empty space containing an electrostatic field,

Ain+ Agp + o7 + i_z = 2exp(—p)(4] — ¢3)

Air+ Agp + 3 — i—z - %2 = —2exp(—p)(¢7 — ¢3)
prpa — 2 — 2L = dexp(—p)1¢s

pi1 + paz + 22 = 2exp(—p)(47 + b3)

11+ P22 + i—j = (p11 + p292)

where the suffix 1 and 2 after )\, p and ¢ means partial differentiation with respect to
and x5, has been examined. Corresponding to each basic vector field, the reductions of
the above nonlinear systems to ODEs are obtained. These reduced systems of ODEs are
further studied for exact solutions.

Chapter 6 deals with the study of Einstein - Maxwell equations

Vit 3 = Voo = H(VE — V2 +C3 — ),
Cu + % — Coo = %(VICI —VoCo),

o = 22"V 2 (VoW — CoCh),

§u=a VRV + Vi + Cf + CF),

§i1 — oo = V2V = VP + CF = C),

where the lower suffix 1, 0 denotes partial differentiation with respect to the correspond-
ing variables 2! and 2°.
Here, in this chapter, an investigation of similarity solutions of field equations of gen-
eral relativity with an electromagnetic stress tensor as source and Maxwell’s equations in
curved space has been undertaken by using the generalized symmetry method based on
Fréchet derivative of the differential operators. Metrics and electromagnetic fields as func-
tions of two independent variables are considered and the field equations are presented in
a simple form and certain exact solutions of these equations are derived by obtaining the
infinitesimals of the group of transformations which leaves the system of field equations
invariant.

Chapter 7, is devoted to the use of combination of Lie group method and general-

ized (%)—expansion method to variable coefficients Kawahara equation (VCKE)
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and variable coefficients modified Kawahara equation (VCMKE)
Uy + a(t)uzux + B(t)uxx:c + U(t)uxxxxx = 07

where «(t), 5(t) and o(t) are arbitrary time-dependent coefficients. Firstly, the similar-
ity reductions and exact solutions are derived by determining the complete sets of point
symmetries of these equations. Then, with the use of generalized (%)— expansion method,
more explicit traveling wave solutions involving arbitrary parameters are found out, which
are expressed in terms of hyperbolic functions, the trigonometric functions and rational
functions.
In Chapter 8, Painlevé analysis of variable coefficients Kuramoto-Sivashinsky (VCKS)

equation,

where «(t), 4(t) and o (t) are arbitrary time-dependent coefficients, is performed to check
the Painlevé property and further auto-Backlund transformation is presented via the trun-
cated Painlevé expansion. Then the exact solutions generated from group invariant re-
ductions are presented. Moreover, the exact analytic solutions are also considered by the

power series method.
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Chapter 1

Introduction

1.1 Literature Survey and Motivation

In 1916, Albert Einstein published his famous theory of general relativity, which contains
the rules of gravity and provides the basis for modern theories of astrophysics and cosmol-
ogy. It describes phenomena on all scales in the universe, from compact objects such as
black holes, neutron stars, and supernovae to large-scale structure formation such as that
involved in creating the distribution of clusters of galaxies. For many years, physicists,
astrophysicists and mathematicians have striven to develop techniques for unlocking the
secrets contained in Einstein’s theory of gravity. More recently, solutions of Einstein field
equations have added their expertise to the endeavor. Those who study these objects face
a daunting challenge that the equations are among the most complicated in mathematical
physics. Together, they form a set of coupled, nonlinear, hyperbolic-elliptic partial differ-
ential equations that contain many thousands of terms.

Despite more than 95 years of intense analytical study, these equations have yielded
only a handful of special solutions relevant for astrophysics and cosmology, giving only

tantalizing snapshots of the dynamics that occur in our universe. Scientists have gradually
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realized that exact studies of Einstein’s equations will play an essential role in uncovering
the full picture. Progress here has been initially slow, due to the complexity of the equa-
tions and the lack of methods and the wide variety of algorithms and techniques.

After proposing special theory of relativity, Einstein came out with a more compre-
hensive general theory of relativity which also provided a very unusual description of the
phenomenon of gravity as a manifestation of curved space-time around any presence of
matter and energy. In 1915, Einstein presented his theory of general relativity. His theory
was widely accepted once it was established that it explained the precession of Mercury’s
orbit and predicted the bending of starlight by the Sun. After the general relativity theory
in 1915, Albert Einstein used it in an ambitious way to propose a model of the entire uni-
verse. This simple model assumed that the universe is homogeneous, isotropic and also
static. The Einstein equation relates the space-time geometry and the physical contents of
the universe.

Karl Schwarzschild determined the first solution to Einstein’s equations in a vac-
uum and it was a spherically symmetric exact solution. Shortly after Einstein wrote down
his gravitational field equations, in 1915, Karl Schwarzschild found a solution which de-
scribes a non-rotating spherical star or black hole. However, it is known that all stars
rotate, and Schwarzchild’s solution gives the best approximation. In the period 1915 to
1948, Godel published research paper [62] in the field of general relativity. Thus, the the-
ory of general relativity is very interesting from a number of reasons and it has become
a gold mine for many known relativists. Godel interests in cosmology continued and in
1950, he published the other paper [63].

From 1920’s to the 1960’s, there was considerable development of the theory of gen-
eral relativity. After applying quantum physics and Relativity to Eddington’s calculations,
astrophysicist Chandrasekhar [37] gave an idea related to black holes showing that only
stars of mass below a certain limit could become white dwarfs. This mass is known as
the Chandrasekhar limit. On physical grounds it is expected that black holes should rotate

and have a oblate shape which requires different solutions to the equations of General



Relativity other than that of Schwarzschild. The unique solution which has all the correct
properties was obtained by Roy Kerr [92] and is known as Petrov Type D solution.

Bonnor [26] used canonical cylindrical coordinates of Weyl to derive certain exact
solutions of the equations of general relativity with an electrostatic field and gave a phys-
ical interpretation. Miser [126] explained gravitational field equations of perfect fluid
sphere. Cahill and Taub [32] studied spherically symmetric similarity solutions of the
Einstein field equations for a perfect fluid. They showed that the metric coefficients of
spherically symmetric space-times depend essentially on the single variable z = %, where
r is a radial coordinate and ¢ is the time and then the Einstein field equations reduces to
ordinary differential equations. The solutions of Einstein field equations are analogous to
the similarity solutions of the classical theory of hydrodynamics.

Kuchowicz [101] gave method of driving exact solution of spherical symmetry in the
Einstein Cartan theory for a perfect fluid with a classical description of spin. Einstein Car-
tan theory has useful feature that, its equations in empty space are exactly same as that of
Einstein theory and thus exact solutions of Einstein Cartan theory has been derived from
known solutions of Einstein equations. Chakravarty [36] considered some exact solutions
of Einstein field equations and the general relativistic exterior metric solution of an un-
charged and rotating finite cylinder has been furnished. Kinnersley [95] described briefly
all known vacuum solutions including electrovacuum inter-relationships.

Das and Banerji [45] constructed a method for generation of stationary solution of
Einstein equations. Fischer [58] presented similarity solutions of the Einstein equations
by the use of geometric technique of Harrison and Estabrook [74] by finding appropriate
similarity variables to reduce partial differential equations to ordinary differential equa-
tions. Patel [143] studied Einstein field equations for axisymmetric gravitational collapse
and obtained solutions for Einstein field equations. Das [46] proved that asymptotically
flat stationary solutions of Einstein equations, including Kerr solution, are generated from
solutions of Laplace equation. A new interior solution of Einstein’s field equations for a

spherically symmetric perfect fluid in shear-free motion are derived by Stephani [165] and



also a new class of exact solutions is presented which contains two arbitrary functions of
time and one additional parameter.

Matravers [121] solved Einstein’s field equations with two parameter family of clas-
sical strings as the source for the gravitational field. Senovilla [154] has discovered an im-
portant solution representing a perfect fluid distribution with cylindrical symmetry. Das
and Choudhuri [47] proposed that solutions of Einstein field equations are obtained from
a non diagonal seed by ’inverse scattering method’. Castejon-Amenedo and Coley [35]
studied exact solutions of Einstein’s field equations admitting a Lie algebra of conformal
Killing vectors and gave some examples of exact solutions and their particular confor-
mal structures. Two exact solutions of the Einstein equations, representing the field of a
static deformed mass, were obtained and these solutions are reduced to give well known
Schwarzchild metric, hence used for the analysis of the physical properties of the gravita-
tional field.

HernBndez Pastora and Martin [78] found a exact asymptotically flat solution of the
Einstein equations and described the exterior gravitational field of a static mass possess-
ing a quadrupole moment explicitly. Meinel and Neugebauer [123] presented a new class
of exact solutions to the axisymmetric and stationary vacuum Einstein equations contain-
ing arbitrary complex parameters. The obtained solutions are related to Jacobi’s inversion
problem.

Marchildon [119] investigated Lie symmetries of Einstein vacuum equations in N
dimensions, with a cosmological term. For this purpose, he first wrote down the sec-
ond prolongation of the symmetry generating vector fields, and compute its action on
Einsteins equations. Instead of setting to zero the coefficients of all independent partial
derivatives, we set to zero the coefficients of derivatives that do not appear in Einsteins
equations. This considerably constrained the coefficients of symmetry generating vector
fields. Using the Lie algebra property of generators of symmetries and the fact that general
coordinate transformations are symmetries of Einsteins equations, all the Lie symmetries

are obtained.



Bhutani and Singh [15] used a new approach for the solution of partial differential
equations corresponding to the metric function in a five dimensional flat space describing
the perfect fluid distribution for generalized symmetries. In fact, the generalized symme-
try approach [15] combined with variational symmetry has provided a breakthrough in
obtaining the exact solutions of the coupled system of nonlinear partial differential equa-
tions corresponding to Einstein exterior equations. Also it has yielded new solutions of
Ernst form of Einstein equations and enabled us to arrive at a generalized form of Weyl
and Schwarzschild solutions.

Wang and U Mao-Wang [175] found a new generation theorem for Einstein-Maxwell
field. Starting with Schwarzschild solution, a new solution of the Einstein-Maxwell equa-
tions is obtained by means of generation theorem. Therefore, by ”generation techniques”,
appeared in 1970’s, a new solution can be obtained from the known one through a certain
transformation. The major research achievements in this field are mostly some important
generation solution theorems developed by Ernst, Kinnersley, Chandrasekhar, Ehlers et
al.[166], which resulted in a series of new exact solutions. The Einstein field equations
for a static spherically symmetric distribution of perfect fluid have been investigated by
many authors using different approaches.

Sharif and Igbal [156] examined systematically Einstein field equations for non static
spherically symmetric perfect fluid solutions. Bhutani et al. [16] found a certain class
of exact solutions of Einstein field equations for rotating fields in conventional and non
conventional form by using symmetry approach. They had also carried over the tech-
nique of invariant variational principle [116] and deduced generalized form of Weyl and
Schwarzchild solutions for the case of no spin as particular cases. The symmetry ap-
proach to solve differential equations can be found from Olver [137], Bluman and Cole
[21], Bluman and Kumei [23], Ovsiannikov [139].

Khugaev and Ahmedov [94] presented a class of axially symmetric solutions of vac-
uum Einstein field equations including the Papapetrou solution as particular case. Hansraj

et al. [72] devised exact solutions to the Einstein field equations which arise when two



spacetime geometries are conformally related and used the method of Lie analysis of
differential equations to obtain new group invariant solutions. Wiltshire [186] studied
Einstein’s equations, in terms of the isotropy condition for fluid spheres. He considered
the Lie symmetry approach to review symmetry solutions for comoving cases.

Negi [129] has derived some new exact solutions, which proves to be very helpful
in constructing the appropriate core-envelope models of many stellar objects and may be
used to test various equations of state for dense nuclear matter. Attallah et al. [8], studied
well known exact solution of Einstein vacuum equations for stationary axially symmetric
rotating fields with the generation technique of the isovector fields. They obtained all
linearly independent isovector fields of Einstein vacuum equations for rotating fields and
determined the isovector fields associated with Einstein vacuum equations correspond-
ing to the most general axisymmetric metric by completely solving the equations for the
isovector fields.

Janda [87] discussed certain aspects of Lie-point symmetries in spherically symmet-
ric systems of gravitational physics. In case of perfect fluid, existence of symmetries
appears to be helpful for solving these differential equations. Janda explained general
concepts and a few examples of the equations with Lie symmetry method. Cabezas et.al.
[31] established an approximate global stationary and axisymmetric solution of Einstein
equations which can be considered as simple star model and described the gravitational
field inside a ball of perfect fluid. Yingqin [188] presented a framework for getting a
series of exact vacuum solutions of Einstein equations. This procedure of resolution is
based on canonical form of metric.

Vilasi [171] described exact solutions of Einstein field equations invariant for a non-
Abelian 2- dimensional Lie algebra of killing fields. A sub-class of these gravitational
fields have a wave-like character. Davidson [48] derived two solutions of Einstein’s equa-
tions, one representing rigid rotation of a perfect fluid and the other differential rotation.
These are obtained as solutions of the two second order non-linear ordinary differential

equations which describe a rotating family presented by Senovilla [155]. Ali [5] derived



some new exact solution of Einstein vacuum equations for rotating axially symmetric
fields with the use of isovector technique. This techniques is closely related to technique
used by Stephani [165]. In order to obtain the new solutions, all linearly independent
isovector fields of Einstein vacuum equations for rotating fields for axisymmetric metric
in the general form of Weyl metric are determined.

Wang et al. [172] constructed a class of exact solutions of the non-commutative
Einstein field equations in the vacuum. Chifu et al. [39] constructed the new analytical
solutions to Einsteins geometrical field equations in prolate spheroidal regions and hence,
found the solution which puts Einsteins geometrical theory of gravity on same footing
with Newtons dynamical theory; with the dependence of the field on one and only one
unknown function comparable to Newtons gravitational scalar potential. Einstein equa-
tions with cosmological constant has been integrated in a very general form by Vacaru
[169] and then these equations has been reduced to a system of two nonlinear ordinary
differential equations and thus presented the analytical and numerical solutions satisfying
the dominant energy conditions. Goyal [64, 65] has considered Einstein - Rosen metric
and derived some new exact solutions of the field equations for stationary axisymmetric
Einstein - Maxwell fields by using Lie symmetry method.

These references provide a sample idea that these equations have been a subject of
extensive and intensive study both by mathematicians and physicists. For the detail study
of exact solutions of Einstein field equations, reader may refer to Stephani et al. [166].
Einstein equations, which play a central role in theory of general relativity, have symme-
try consideration as one of the most important mathematical properties apart from their
applications and implications for astrophysics and cosmology. That is why Einstein field
equations, arising in a variety of applications, is a wonderful research area for many sci-

entists and deserve clear scrutiny.



1.1.1 Einstein Field Equations

General Relativity is a unified theory of space, time and gravitation. The theory’s roots
extend over almost the entire previous history of physics and mathematics. General Rela-
tivity constitutes a triumph of the geometric approach to physical science. The connection
between gravitation and Riemannian geometry arose in Einstein’s mind in his effort to un-
cover the meaning of what in Newtonian theory is the fortuitous equality of the inertial and
the gravitational mass. Identification, via the equivalence principle, of the gravitational
tidal force with spacetime curvature at once gave a physical interpretation of curvature of
the spacetime manifold and also revealed the geometrical meaning of gravitation.

The laws of General Relativity, Einstein’s equations, constitute, when written in any
system of local coordinates, a non-linear system of partial differential equations for the
metric components. In practice, one of the great difficulties of relating the particular
features of general relativity to real physical problems, arises from the high degree of
non-linearity of Einstein field equations. Although the linearized theory has been used in
some applications, its use is severely limited. Many of the most interesting properties of
space-time, such as the occurrence of singularities, are consequences of the non-linearity
of the equations. Therefore, it becomes very difficult to solve these equations unless
certain symmetry restrictions are imposed on some space-time metric. These symmetry
restrictions are expressed in terms of isometries possessed by space times. These isome-
tries, which are also called killing vectors, give rise to conservational laws.

Symmetries in general relativity have been the subject of much study in recent years,
partly because of the considerable simplification of Einstein’s equations resulting from
the assumption of one or more symmetries, partly because of interest in the geometric
significance of the symmetries, which are described by vector fields of certain geomet-
rical objects on the manifold, and partly because of the possible physical significance of
the existence of these symmetries.

Einstein equations (without cosmological constant) linking the curvature of space-
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time to its matter content are given by:
1
G =R, — ég,wR = kT, (1.1.1)

Here T}, is the energy-momentum tensor of matter, G ,,, the Einstein tensor, R, the Ricci
tensor, £ is the Einstein gravitation constant and R the scalar curvature of the metric g, .

From the original Bianchi identity
VOCR575€ + VﬁRVO«k + vvRaﬁ(Se =0, (1.1.2)

one obtains

VG, =0, (1.1.3)
the twice contracted Bianchi identity. This identity (1.1.3) implies
VYT, =0, (1.1.4)
the equations of motion of matter. The Einstein vacuum equations
G =0, (1.1.5)
correspond to the absence of matter: 7, = 0. The equations are then equivalent to

R,uu = 07 (116)

1.1.2 Differential Geometry

The general theory of relativity is a theory of gravitation in which gravitation emerges
as the property of the space-time structure through the metric tensor g;;. The metric ten-
sor determines another object (of tensorial nature) known as Riemann curvature tensor.
At any given event this tensorial object provides all information about the gravitational
field in the neighbourhood of the event. It may, in real sense, be interpreted as describing
the curvature of the space-time. The Riemann curvature tensor is the simplest non-trivial

object one can build at a point; its vanishing is the criterion for the absence of genuine
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gravitational fields and its structure determines the relative motion of the neighbouring
test particles via the equation of geodesic deviation.

The above discussion clearly illustrates the importance of the Riemann curvature
tensor in general relativity and it is for these reasons that a study of this curvature tensor
has been made here. Next, certain basic aspects of differential geometry are considered,
which are necessary for later work. The aspects of differential geometry relevant to gen-
eral relativity are briefly discussed in this section. The non vanishing components of the
connection coefficients, the Ricci tensor, the Ricci scalar and the Einstein tensor are ex-
plicitly calculated for Einstein field equations. The coupling of the Einstein tensor and
energy-momentum tensor is used to generate the Einstein field equations.

Riemann curvature tensor plays an important role for specifying the geometrical

properties of spacetime. It is defined in terms of Christoffel symbols:

gw - F%&W B g%ts + Fgcsrlo;y - F%F%a (L.1.7)

a(rgs)
o — B
where '3, = —5+.

The spacetime is considered to be flat if the Riemann tensor vanishes everywhere. Rie-

mann tensor can also be written directly in terms of spacetime metric

1 v v
Raﬂ’y& = 5(9,8%&6 + gaé,,@’y — 39B86,ay — ga'y,,@é) + g}U/Ao(yégé - g,uVAaédgw (118)
The Riemann tensor satisfy the following identities:

Raﬂfyé - _Rﬁaw? = _Raﬁé'y = R’y&vﬂa
Rogys + Rgsay + Raspy = 0.

(1.1.9)

Because of the symmetries above, the Riemann tensor in 4-dimensional spacetime has

only 20 independent components. The general rule for computing the number of inde-
. . . . . N2(N2-1)

pendent components is an N-dimensional spacetime is —75—

Ricci tensor is obtained from the Riemann tensor by simply contracting over two of the

indices:

R.s = R} (1.1.10)

ayB*
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It is symmetric, which means that it has at most 10 independent quantities. Ricci scalar is

obtained by contracting the Ricci tensor over the remaining two indices:
R = g*"R.3 = R (1.1.11)
Bianchi identities are another important symmetry of the Riemann tensor
Ragysw + Rgavy:s + Ragsvy = 0, (1.1.12)

which after contracting, leads to

1
R = §gaﬁR;a. (1.1.13)

Einstein Tensor is defined in terms of the Ricci tensor and Ricci scalar as

1
Gaﬁ = Raﬁ — §ga5R. (1114)

From eq (1.1.13), a very important property of the Einstein tensor is derived
Gapa = 0. (1.1.15)

The importance of G in gravity was first recognized by Einstein while developing the field

equations for the theory of general relativity.

1.2 Methodology

In many situations, while translating a physical problems into mathematical terminology,
one is often confronted with a single or a system of differential equations, that may be
ordinary, partial, linear or nonlinear in nature. In the study of nonlinear partial differential
equations the discovery of explicit solutions has great theocratical and practical impor-
tance. These explicit solutions for nonlinear systems are used as models for physical
or numerical investigations and often reflect qualitatively on the behavior of more com-

plicated solutions. As the scientific literature grew richer, the task of determining these
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special solutions posed over increasing challenge to the scientists.

The concept of symmetry fascinated through the centuries many artists and scientists,
from the ancient Greeks to Kepler, to Newton, who embodied in the laws of mechanics
as a symmetry principle the equivalence of motion in different inertial frames, to Ein-
stein, who generalized the Galileos principle of relativity from mechanics to all the laws
of physics. Presently, symmetries play an important role in mathematics, chemistry, en-
gineering and in almost all branches of physics, including classical mechanics, quantum
mechanics and general relativity etc. One reason for the overall prominence of the con-
cept of symmetry is its nativeness and its simplicity. Intuitively speaking, a symmetry is
a transformation of an object leaving that object invariant. This is clearly such a general
property that it can be recovered almost everywhere in nature and, correspondingly, in
numerous areas of science and art.

To be more specific, in the course of the thesis, our objects will be several differential
equations associated with Einstein field equations and our transformations will be point
transformations preserving these equations or relating them to each other. By definition,
symmetries are attributes of their associated objects and thus in some sense provide an
inverse way to characterize these objects. That is, by studying the transformations that
leave an object invariant, we can already learn about the object itself. The most inspiring
example of this finding stems from inverse group classification: Any differential equation
can be represented as a function of the differential invariants of its admitted Lie symmetry
group. In other words, the knowledge of the symmetries of a differential equation (i.e. the
transformations) is a source to determine the differential equation (i.e. the object) itself.
Indeed, this is a main motivation for investigating symmetries of differential equations.
They help to understand these equations, which is of inestimable value especially for all
those differential equations, for which it is difficult to determine their general solution(s)
systematically.

Exact solutions for nonlinear equations are rare, and the methods, which can gener-

ate families of them, are not only increasingly popular, but increasingly sought. So far, a
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number of methods have been proposed to construct the exact solutions; the most effective
methods include the classical Lie approach [6, 15, 20, 30, 64, 81, 128], the nonclassical
approach [29, 59, 133, 145], Steinberg’s symmetry reduction method [16, 164], the trun-
cated Painlevé approach [3, 41, 42, 115, 182, 183], the transformation method [97, 111]
the isovector method [35, 8, 167, 168] etc. But, the mathematical techniques which gener-
ate a wide range of solutions and applicable to all type of nonlinear differential equations
are few. The study of the mathematical properties of the Einstein field equations and the
techniques used to solve these equations are important in the context of general relativity.
There are different techniques to solve these equations. The approach, which we have
adopted in this thesis, is the symmetry analysis of differential equations, that was first
formulated by Lie [110].

In the nineteenth century a great advance arose when the Norwegian mathematician
Sophus Lie [109] began to investigate the continuous groups of transformations leaving
differential equations invariant, creating what is now called the symmetry analysis of dif-
ferential equations. The original Lie’s aim was that of setting a general theory for the
integration of ordinary differential equations similar to that developed by E. Galois and
N. Abel for algebraic equations [187]. This theory enables to derive solutions of differen-
tial equations in a completely algorithmic way without appealing to special lucky guesses.
Lie’s approach to differential equations was not exploited for half a century and only the
abstract theory of Lie groups grew. Further developments by E. Cartan [34] established
Lie’s theory as a cornerstone of mathematics and its physical applications. General refer-
ences include [49, 152, 170].

It was in the forties of last century, with the work of G. Birkhoff [24] and I. Sedov
[153] on dimensional analysis, that the theory gave relevant results in concrete applied
problems. Further, L. V. Ovsiannikov [139] began to exploit systematically the methods
of symmetry analysis of differential equations in the explicit construction of solutions of
any sort of problems, even complicated, of mathematical physics. During the last few

decades, there has been a revival of interest in Lies theory and significant progress has
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been made from either a theoretical or an applied point of view. Many monographies
and textbooks are now available [22, 23, 33, 84, 137, 164] and an increasing number of
research papers [79, 80, 88, 141, 151] are published.

Applications of Lie Group theory include integration of ordinary differential equa-
tions, determination of explicit group-invariant (similarity) solutions of partial differen-
tial equations, Noether’s theorems [131] relating symmetries of variational problems and
conservation laws [19, 90], bifurcation theory [61], asymptotics and blow-up [11], and
the design of geometric numerical integration schemes [71]. Its more recent extensions to
general Lie group and Lie pseudo-group actions [138], provides a general mechanism for
construction and classification of differential invariants, with applications to differential
geometry, the calculus of variations, soliton theory, computer vision, classical invariant
theory and numerical methods.

Modern developments in applications of Lie group methods have proceeded in a va-
riety of directions, general theories of infinite-dimensional Lie groups and algebras [89],
and Lie pseudo-groups, arising in relativity, field theory, fluid mechanics, solitons, and
geometry, remain elusive. Higher order or generalized symmetries, in which the infinites-
imal generators also depend upon derivative coordinates, first proposed by Noether [131],
have been used to classify integrable systems. Recursion operators are used to gener-
ate such higher order symmetries and via Noether’s theorem, higher order conservation
laws [137]. Most recursion operators are derived from a pair of compatible Hamiltonian
structures and demonstrate the integrability of bi-Hamiltonian systems. The higher order
symmetries also appear in series expansions of Backlund transformations in the spectral
parameter.

Lie’s classical theory is a source for various generalizations. Among these general-
izations there are the following techniques:

(i) Nonclassical method [21]
(i1) General method of differential constraints [144, 136]

(ii1) Introduction of approximate symmetries [9, 85]
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(iv) Generalized symmetries [137]
(v) Equivalence transformations [111]
(vi) Nonlocal symmetries [23, 107, 137]

The key idea of Lie’s theory of symmetry analysis of differential equations relies
on the invariance of the latter under a transformation of independent and dependent vari-
ables. This transformation forms a local group of point transformations establishing a
diffeomorphism on the space of independent and dependent variables, mapping solutions
of the equations to other solutions. Any transformation of the independent and depen-
dent variables in turn induces a transformation of the derivatives. Some important recent
contributions, in this direction, for obtaining exact solutions of various partial differential
equations with the help of well known Lie classical method are [65, 103, 134, 158, 160].

There also exist alternative methods, which are not based on the applications of group
theory, such as Direct method [40], Backlund transformation [149], Painlevé analysis
[182, 183], Inverse scattering transformation [2]. Recently, a variety of powerful meth-
ods, such as the tanh-sech method [118, 177], extended tanh method [51, 179], sine-cosine
method [14, 176], Hirota method [180, 181], homogeneous balance method [55, 173],
Jacobi elliptic function method [44, 56], F-expansion method [1, 191], homotopy pertur-
bation method [60, 140], variational iteration method [75, 77], non-perturbative method
[76], extended %—expansion method [67], modified %—expansion method [10, 124], gen-
eralized %’-expansion method [174, 192] are developed.

In the following sections, the relevant concepts of the Lie group of transformations
are introduced and then we have provided the algorithmic descriptions of the techniques
which are applied in the later chapters to derive the symmetry group of the systems un-
der investigation. For more details on Lie groups and various theorems, their proofs and
other concepts, we refer our reader to Bluman and Cole [22], Bluman and Kumei [23]

and Olver [137].
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1.2.1 Definitions

In this section, some basic definitions [33] and fundamentals of present work are given.

Definition 1: A kth-order (k > 1) system F of s differential equations is defined by

E°(z,u,uqy, ..., um) =0, 0 =1,2,...,s, (1.2.1)

where u = (u!, u?, ...,u™) is the dependent vector, x = (z', 2%, ..., 2") is the independent

vector and u(y), u(2), -, U(x) are respectively the collection of all first, second, up to kth-

order partial derivatives. In expanded form

uay = {uf'} ue) = {ug b um = {uf, 4t (12.2)

where o = 1,2,3,....mand,j,11,....,75, = 1,2, ..., n.
Definition 2: Symmetry Transformations
A symmetry transformation of the system (1.2.1) is an invertible transformation of the

variables = and u, namely
= fix,u), u*=¢*(z,u), i=1,2,...,n, a=12 .m, (1.2.3)
that leaves (1.2.1) form-invariant in the new variables z and , i.e.,
E°(z,u,uqy, ..., uw)) =0, 0 =1,2,...s, (1.2.4)

whenever (1.2.1) is satisfied.
Definition 3: One-Parameter Lie Group of Transformations

A set GG of transformations
T,:7 = f'(z,u,a), 0% = ¢*(x,u,a), i=1,2,...,n, a=1,2,..,m, (1.2.5)

where a is a real parameter which continuously takes values in a neighbourhood D C R
of a = 0 and f?, ¢* are differentiable functions, is a continuous one-parameter (local) Lie

group of transformations in R™*™ provided the group properties of closure, identity and
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inverses are satisfied, namely:

(i) Closure: If T,,, T, € G and a,b € D' C D, then
T.T, =T. € G,c = ¢(a,b) € D. (1.2.6)
(ii) Identity: There exists Ty € G such that
T, =T,T,=1T,, (1.2.7)

for any a € D’ C D. T} is known as the identity of the group.

(i) Inverses: There exists 7, ! = T,-1,a~! € D such that
T'T, =T,T; ' =Tp. (1.2.8)

forany 7, € G,a € D' C D.

Definition 4: Infinitesimal Generator and Lie’s Equations

Lie’s theory allows the construction of one-parameter group elements from their first order
approximations

T2t 4 all(z,u), = u® 4 an®(x,u), (1.2.9)

Equation (1.2.9) is the first-order Taylor expansion of 7, about a = 0 with the initial
conditions

Fllazo = ', ¢%azo = u™. (1.2.10)

Hence we have

) Oft o
' (w,u) = wlao,na(ayu) - W“O' (12.11)

The vector (£¢,7) is the tangent vector at (x,u) to the curve (7, u) parametrized by a.

The first-order approximations (1.2.9) can be written as

T~ (1+aX)2', a' ~ (14 aX)u?, (1.2.12)
where
X = &(z,u) 0 +n* (2, u) =— (1.2.13)
S W T G e -
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The differential operator (1.2.13) is called the infinitesimal generator or vector field of the
group G.

Lie’s First Fundamental Theorem

For any given infinitesimal transformations (1.2.9), or an infinitesimal generator X, the

corresponding one-parameter group (& is obtained by solution of the Lie equations

dz* . du*
da _f (l’vu)vw =" (JZ,U), (1214)

subject to the initial conditions
T gm0 = 2", U gm0 = u®. (1.2.15)
The solution of Lie equations (1.2.14) involves exponentiating the generator X,
7' = exp(aX)r’, u® = exp(aX)u?, (1.2.16)

where

2
exp(aX) =1+ aX + %XQ b =32 xi (1.2.17)

is known as the Lie series operator.

Definition 5: A point (z,u) € R™ is an invariant point of a group G with generator

: 0
X =& (z,u) I + n“(m,u)%, (1.2.18)
if and only if
'z, u) = n*(z,u) = 0. (1.2.19)
Definition 6: A function F'(z,w) is an invariant of a group G if and only if
F(z,u) = F(x,u),Yx,u,a € D' C D. (1.2.20)

Definition 7: A function F'(z,u) is an invariant of a group G with the generator X if and
only if

X(F)=0. (1.2.21)
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The characteristic system for Eq. (1.2.21) is given by

dx? dx™ du? du™
T . (1.2.22)
' (z,u) §(x,u) 0t u) ™ (2, u)
Thus an arbitrary invariant F'(x, u) of the group G is
F=AU5L(z,u),....Ipin_1(z,u)), (1.2.23)

where [1(z,u), ..., I;nin_1(z,u) is called a basis of invariants of G. The basis is not

unique. One can take, as basic invariants, the left hand side of m + n — 1 first integrals
Li(z,u), ooy L1 (2,4) = Cyn—1- (1.2.24)

Prolongation Formulas

The transformations (1.2.5) form a symmetry group G of the system F if its invariant
form (1.2.4) is satisfied whenever equation (1.2.1) holds. The transformed derivatives in
(1.2.4) are obtained by employing the chain rule, D; = D;(f?)D;, where

D; = o + e +ujk8ug;uj = D;(u®),ufy, = Dj(uy). (1.2.25)

is the total derivative operator with respect to 2%, as is D; for the transformed variables.
Applying D; = D;(f’ )Dj on u* and using the form of u“ from (1.2.5) on the left hand

side of the result, we arrive at
Di(¢%) = Di(f7)D;(a*) = Dy(f7)(u5). (1.2.26)

When one expands, the last equation yields

OF | s0F"\ ju _ 00" 500"
(axi o mﬁ) VT e T g (1227

Now we solve equation (1.2.27) to get w;* = ;" (x,u,un),a). It can be verified that
Yoo = uf and uf = ;% (2, u, u(1), a) is locally solvable for u;) given small a. The
transformations (1.2.3) together with the transformations ) = ¥(x,u,uq),a) form
a one-parameter group, G!, which is the first prolonged group acting on the space

(#,u,u()). In similar fashion higher-order prolonged (extended) groups G up to GI¥!
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can be obtained.
Let the infinitesimal transformations of the extended groups Gl up to G!¥! be given by

(1.2.9) and

uf &~ ug + alf(x, u, uqy),

ug; = u; + all(T, u, uay, u),
(1.2.28)
UG iy, UG Gy i T ACH G ik(I,U,U(1),U(2), s Uy )
Then the functions (’s are given recursively by the prolongation formulae,
(= Di(We) + &ug,
3= D;D;(W*) + &rug,
(1.2.29)
iy = DiDi (W) + & ufy
where
W =n* — &u,”, (1.2.30)

is the so-called Lie characteristic function. Equivalently the formulae (1.2.29) can be

written as
¢t = Di(n®) — uj Di(&),
o= D;(¢) —ugDy(&h),

(1.2.31)

) :le( ) )_ua le(gl)

11,502,005k 111 i1.dg—1l

We now illustrate how to obtain one of the prolongation formulae (1.2.29), say, (;*. Con-
sider D;(¢*) = D;(f7)(u®;). Using the infinitesimal transformations (1.2.9) and @ from
(1.2.28), we obtain

u® + ady + au§ Di(&) = u® + aD;(n®). (1.2.32)
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Therefore we have
(= Dy(We) + &, (1.2.33)

3

where the Einstein summation convention is adopted.

The corresponding prolonged generators of the prolonged groups G!*! up to GI*! are

X = g, u) 5% + 0% (2, u) 3% + G (2,1, ) 32

(1.2.34)

XM = €z, u) % + 0 (2, 1) 5% + G (2,1, u) 52

e 0
+ Clllk (-Tauau(l)a au(k))aul )
e

where X! is the first prolongation of X. The converse is also true in that, given the
prolonged operators (1.2.34) or their corresponding infinitesimal transformations (1.2.9),
we can find the respective one-parameter prolonged groups. This is achieved by using the
exponential map for the prolonged variables.

Definition 8: A differential function, F'(x, u, up), ..., u(y)) for p > 0, is a pth-order dif-

ferential invariant of a group G if

F((E, Uy U (1) eeey u(p)) = F(i‘,ﬂ, U1y - ﬂ(p)). (1.2.35)

that means F is invariant under the prolonged group G'P!, where for p = 0, u() = u and
Gl = .
Definition 9: A differential function, F'(x, u, uq), ..., u(y)) for p > 0, is a pth-order dif-

ferential invariant of a group G if
XP(F) =0, (1.2.36)

where X[, is the pth prolongation of X and for p = 0, X 7 = X. The differential

invariants can be obtained by solving the characteristic equations for Eq. (1.2.36).
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Determining Equations for Lie-Point Symmetries

In this section we introduce Lies algorithm for calculating point symmetries of PDEs:
Definition 10: An invertible transformation acting on the space (x,u) of F is a point
symmetry of F provided every solution h of E is mapped onto another solution & of E.
Definition 11: Let GG be a group of transformations (1.2.5) , admitted by the system E.
Performing the first-order Taylor expansion of (1.2.4) around a = 0, we arrive at the fact
that

XM(E (2, u,u), oy ugy)) = 0,0 =1, ..., 5, (1.2.37)

whenever (1.2.1) is satisfied for every group operator X of G. Then G consists of sym-
metries of the system F. It can be shown that the converse is also true.
Equations (1.2.37) are the so-called determining equations. In general the determining
equations comprise an over-determined system of linear homogeneous PDEs for the un-
known coordinates £ and n® of the symmetry generator X. The solutions of the deter-
mining system form a vector space, that is, any finite linear combination of symmetries is
again a symmetry. This stems from the fact that the determining equations are linear.
Lie Algebra
Definition 12: For an r-parameter Lie group of transformations with infinitesimal gen-
erators X,, o = 1,2,...,r, the commutator (Lie Bracket) of X, and X is a first-order
operator defined by

[Xo, Xp] = X0 X5 — XpXa. (1.2.38)

It immediately follows that

[Xa, X5 = —[X5, Xa. (1.2.39)

Second Fundamental Theorem of Lie
The commutator of any two infinitesimal generators of an r-parameter Lie group of trans-

formations is also an infinitesimal generator. In particular,
[Xo, Xp] =) CLX,. (1.2.40)
y=1
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where the coefficients C’gﬁ are constants called structure constants, o, 3,7 = 1,2, ..., 7.
Definition 13: Equations (1.2.40) are called the commutation relations of the r-parameter
Lie group of transformations. For any three infinitesimal generators X, X3 and X, by

direct computation one can show that Jacobi’sidentity holds:
(Xa, [Xs, X,] + [ X35, [X,, Xa] + [X5, [Xa, Xg] = 0. (1.2.41)

Third Fundamental Theorem of Lie

The structure constants defined by the commutation relations (1.2.40) satisfy the relations

Cly = —Cl,,
r (1.2.42)
p; [C25C8 + Ch CO, + C2,C0] = 0.

In particular, these relations are equivalent to the commutator anti-symmetry property
(1.2.39) and Jacobi’s identity (1.2.41), respectively.

Definition 14: A Lie algebra L is a vector space over R or C with a bilinear bracket
operation (the commutator) satisfying the properties (1.2.39), (1.2.41) and, most impor-
tant, (1.2.40). In particular, the set of infinitesimal generators { X,} a = 1,2, ...r, of an
r-parameter Lie group of transformations forms an r-dimensional Lie algebra over R.
Let G be a Lie group with Lie algebra L. For each vector v € L, the adjoint vector Adv
atw € Lis

advl, = [w,v] = —[v, w]. (1.2.43)

The adjoint representation Ad G of the underlying Lie group can be reconstructed by

summing the Lie series

Ad(exp(ev))wy = 20 %(adv)n(wo)a (1.2.44)

= Wo — E[ano] + 62_2![@7 [vaOH Y
Classification of Subalgebras and Group Invariant Solutions

Classification of subgroups of Lie symmetry groups of differential equations is an es-

sential part in the study of these equations. This is since classification allows for an
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efficient computation of group-invariant solutions, without the possibility of an occur-
rence of equivalent solutions. Classifying subgroups may further lead to the construction
of simple ansatze for the corresponding equivalence classes of reduced differential equa-
tions. Thereby, the classification also provides an important step for further investigations
of properties of these reduced equations. The classification of subgroups of symmetry
groups is usually done by the classification of the associated Lie subalgebras with respect
to the adjoint representation [83, 111] and to compute the adjoint representation, we use

the Lie series
&2
Ad(exp(ev))wy = wy — €[v, wo] + 5[@, [v, wo]] + ... (1.2.45)
The classification of one-dimensional subalgebras of the whole symmetry algebra is done
by an inductive approach [139]. Let V1, V5, ..., V,. are basis of Lie algebra, then we start

with the most general infinitesimal generator,
V=aVi+aVo+asVs+..+a,V,, (1.2.46)

and simplify it as much as possible by means of adjoint actions. Depending on the re-
spective values of the coefficients a;,7 = 1,...,7, we will find the list of inequivalent
one-dimensional subalgebras. On using the inequivalent one-dimensional subalgebras of
the maximal Lie invariance algebra, group invariant reductions can be easily carried out
which corresponds to group invariant solutions of studied equations.

We now provide the brief outlines of Lie classical method above. More emphasis has
been laid on the implementation than on the mathematical intricacies of the techniques,

thereby making the methods algorithmic in nature and thus easy to apply.

1.2.2 Classical Lie Method

Lies algorithm [22]
Below we give a layout of the steps involved in the execution of the procedure for calcu-

lating symmetries of .
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. Let the one-parameter Lie group of point transformations (1.2.5) leaves invariant

the system of PDEs (1.2.1).

. Write the generator of symmetry

0

N 0
%‘i‘ﬁ (ZIJ,U)— (1247)

X :gi(x,u) ouc

and prolong the symmetry generator X to the order which is the same as that of £,

Xk = gi(x,u)a’zi + na(:c,u)% + G%(x, u, u(l))# + ...
0

+C'leka(x7 Uy U(1)y -y u(k)) Fui, i@

(1.2.48)

where the variables (;“ are given by (1.2.31).

[]

. Apply the prolonged generator X'*! on F evaluated on the surface (1.2.1) yielding

the symmetry conditions
XM(E (2, u,u), oy ugy)) = 0,0 =1, ..., 5, (1.2.49)

when

E%(xz,u,uqy, ..., uwy) = 0,0 =1,...,5, (1.2.50)

. From the invariance condition, a system of linear PDEs for £ and 7 that constitutes
a set of determining equations for the infinitesimal generator X admitted by the

given system of PDEs (1.2.1) is obtained.

. The solutions of the determining equations will lead to the explicit forms of £ and

n.

. Construct the corresponding characteristics equations (1.2.22) and obtain « in terms

of (n — 1) new independent variables.

. Rewrite the system (1.2.1) in these new coordinates to get the reduced form of the

system.
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1.2.3 Symmetry Reduction Method

A technique that has found an important place in literature on group theoretic methods
for the determination of the solutions of a single or system of nonlinear partial differen-
tial equations is due to Steinberg [164] and is termed as Symmetry Reduction Method.
Though the technique relies heavily on the theory of sophisticated use of nonlinear oper-
ators yet it has been cast in a form that it is easy to utilize by specialist and non-specialist
alike. The algorithmic representation of the method makes the concepts clear and straight
forward. Further, it bears a close relationship to the method of separation of variables
in the case of linear equations. The technique has earlier been used to obtain the exact
solutions of various nonlinear partial differential equations [15, 69, 157, 164].

The analytical execution of the technique consists of following three steps:[164]
i) Find the symmetries of the differential equations.
ii) Determine the canonical coordinates for symmetry or assume a separable form for the
differential equation.
ii1) Find the reduced problem in terms of the canonical coordinates.

For determining the symmetry operator of a system of differential equations, we
need to proceed as follows: Let us consider a system of k nonlinear partial differential
equations in k dependent variables « = (uy,us, ..., ux) and (n + 1) independent vari-
ables (t,z) = (t,z1,xs, ..., x,). Let us assume that our system can be written in terms of

nonlinear differential operator N = (N1, Na, ..., Ny) as follows:

- . oPu

N(u):w—H(u), (1.2.51)
where @ = @(t,z) and H may depend on ¢, 7, % and any derivative of u as long as the
derivatives of % do not contain more than (p — 1) derivatives of ¢. H can be nonlinear.

Next, we define symmetry operator for the system (1.2.51) called infinitesimal symme-

tries. These symmetries are quasi-linear partial differential operators of first order and
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consequently must have the form

S(u) = A(t, 7, a)@ + Z Bi(t,z,u) gg + C(t,z,u),C = (C,Cs, ..., C). (1.2.52)

i=1
The Fréchet derivative F' = (F, Fy, ..., F) of N(@) = (Ny, Na, ..., N}) in the direction

of v = (vy, v, ..., vy) is given by

_ d|N(u + ev
F(N, a0 < W@+ (1.2.53)
de
The method mainly consists of determining the coefficients A, B;,;i = 1,2,...,n and

C;,j = 1,2,...,k in the symmetry operator S. For this, we first find Fréchet deriva-
tive ' = (F|, Fy, ..., F},) of N(u) = (Ny, Ny, ..., N;) by the equations (1.2.53), then
v = (v, V9, ..., v;) is substituted by S = (S}, S5, ..., Sy) in order to evaluate them in the
direction of the symmetry operator.

_ d[N (i + €5)]

F(N,u,8) = T le=0. (1.2.54)

For invariance of the system (1.2.51), we require that the Fréchet derivative (1.2.54) must
vanish on the solution set of (1.2.51) in the direction of the symmetry operator . That is,
we must have

EF(N,7,8S)|x=0 = O. (1.2.55)

For this we substitute H (u) for % in (1.2.55) . The equations (1.2.55) when expanded,
result in to polynomial expressions in various partial derivatives of u . Equating the
various coefficients of these derivative terms, we will get a set of linear partial differential
equations called "determining equations” for the group infinitesimals A, B;,i = 1,2,....,n
and C},j = 1,2, ..., k. Solve the resulting ”determining equations” for symmetries of the
system (1.2.51).

Once this resulting set of partial differential equations is solved for coefficients of S .

The associated Lie algebra of infinitesimal symmetries of (1.2.51) is then the set of vector

fields of the form

V = A(t, z, a)2 + Z B;(t,z,u) 6’ — Z(Jj(t, z, a)i (1.2.56)



Or, equivalently the one-parameter group of point transformations of (1.2.51) is as fol-

lows:

€2), (1.2.57)

where @* = (uf, u3, ..., u;). Using the infinitesimal generators (1.2.57), one can obtain a
reduction of system (1.2.51) to a system with number of independent variables one less

than the original one. For this, first we solve the characteristic equations

dt  dry  dxg dr,  du; dus _ duy,

= —=—=.. =..= . 1.2.58
A B By B, -C, -0 —C ( )

From these equations, we obtain new canonical coordinates and then change the system

(1.2.51) in these new coordinates to get the reduced form of the problem.

1.2.4 Generalized (%) Expansion Method

During the past few decades, search for exact solutions of nonlinear partial differential
equations by using various different methods is the main goal for many researchers, and
many powerful methods to construct exact solutions of nonlinear partial differential equa-
tions have been established and developed as discussed in earlier sections. More recently,
a new method called Generalized (%) - Expansion method [174, 192] has been proposed
to seek exact solutions of nonlinear partial differential equations. Being concise and
straightforward, this method can be applied to various nonlinear partial differential equa-
tions with variable coefficients. As a result, hyperbolic function solution, trigonometric

function solution and rational solution with various parameters are obtained.

Description of The Generalized (%)-Expansion Method [174]

GI

Now, we have described the ( &

)—expansion method for finding travelling wave solutions

of nonlinear partial differential equations. Suppose that a nonlinear equation with inde-
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pendent variables X = (z,v, z, ..., t) and dependent variable u is given by
F(u, wp, Uy, Wy, Uy o Ugpy Uyt U, Ugt, -..) = 0, (1.2.59)

where u = u(z,y, z, ...t) is an unknown function, F' is a polynomial in v = u(z, y, 2, ...t)

and its various partial derivatives, in which the highest order derivatives and nonlinear

terms are involved. In the following, we give the main steps of the generalized (%)-

expansion method.

Step 1: We suppose that the solution of Eq. (1.2.59) can be expressed by a polynomial in
o

(5) as follows:

u=ag(X) + Z a;(X) (gg)  am(X) £0, (1.2.60)

where ag(X), a;(X), (i = 1,2,...,m) and { = ((X) are all functions of X, to be deter-

mined later and G = G(() satisfies following equation
G"(¢) + AG'(¢) + nG(¢) =0, (1.2.61)

where ¢ = p(t)x + q(t), p(t) and ¢(t) are functions to be determined.

Step 2: In order to determine u explicitly, we firstly find the value of integer m by bal-
ancing the highest order nonlinear term(s) and the highest order partial derivative of w in
Eq. (1.2.59).

Step 3: Substitute (1.2.60) along with Eq. (1.2.61) into Eq. (1.2.59) and collect all terms
with the same order of (%') together, the left hand side of Eq. (1.2.59) is converted into a
polynomial in (%) Then set each coefficient of this polynomial to zero to derive a set of
over-determined partial differential equations for ag(X), a;(X) and ¢.

Step 4: Solve the system of over-determined partial differential equations obtained in
Step 3 for ap(X), a;(X) and (.

Step 5: Use the results obtained in above steps to derive the solutions of Eq. (1.2.59)
depending on (%), since the solutions of Eq. (1.2.61) have been well known to us de-

pending on the sign of the discriminant A = )\?> — 4, then the exact solutions of Eq.

(1.2.59) are obtained.
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1.2.5 Painlevé Analysis

Previous sections give us an idea of the considerable progress made in familiarizing one
with nonlinear PDEs in terms of symmetries. Another important aspect in relation to the
said dynamical system that deserves special attention is to trace out the progress made in
developing an approach that helps in deciding whether it is integrable or not. In the case
of ordinary differential equations; the singularity structure analysis (also called Painlevé
test) of the solution in the complex plane has played an important role in deciding between
integrable and non-integrable dynamical systems. More specifically, one could classify
an ODE or a system of ODEs in the complex domain to be of Painlevé type if the only
movable singularities of all its solutions are poles. Fundamental contribution connecting
Painlevé property and integrability in the case of ODE has been made by Kovalevskaya
[98], Yoshida [189], Erconlani and Siggia [54].

Weiss, Tabor and Carnevale [182, 183] have introduced Painlevé test for PDEs and
have shown that there exists a close relationship between Painlevé property and integra-
bility. This has been successfully carried over to KdV, KP and Boussinesq equation and
hence leads to Backlund transformation. In this section, the description of so called WTC
technique has been given, with special reference to the main steps for its application to
PDEs and different stages as leading order, resonance analysis and compatibility condi-
tion.

Painlevé Analysis for Partial Differential Equations [182, 183]

While extending the idea of connection between Painlevé property and its integrability in
the case of ODE(s) or PDE(s), Weiss et al. [182, 183] have required that the solutions be
single-valued around movable singularity manifolds. Further, they have pointed out that
the singularity of PDEs are in general not isolated as the solutions are functions of several

complex variable (z1, 2, ..., 2, ), but rather lie on manifolds determined by the condition

d(21, 22, .., 2n) = 0. (1.2.62)
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Consider the evolution equation
ou
—=A 1.2.63
where A is polynomial in » and its spatial derivatives.
Thus, if u = u(z, 29, ..., z,) is a solution of the PDE (1.2.63) then we require that in the

neighbourhood of the manifold, equation (1.2.62) can be expanded into
u=¢"> e, (1.2.64)
j=0

where ug # 0, u; = u;j(2, 22, ..., 2,) and ¢ = ¢(z1, 22, ..., z,) are analytic functions of

z;in a neighbourhood of the manifold (1.2.62) and that « is negative integer.
Implementation of this procedure is direct and follows algorithmically in a manner

similar to that of the ODE(s). There are essentially four steps involved in the Painlevé

analysis of PDE(s) [105].

1. Determine of the leading order behaviors.

2. Identification of the powers at which arbitrary functions can enter into the Laurent

series called resonances.

3. Verifying that at the resonance values sufficient number of arbitrary functions exist

without the introduction of movable critical manifolds.

4. Establishing connections with the solutions and other integrability properties.

The remarkable feature of the Painlevé analysis, particularly for soliton equations, is that
a natural connection exists between Painlevé property and the linearization property, Lax
pairs, Backlund transformations, integrability, etc.

In the following, we outline briefly each of the stages.

1. Leading Order Analysis

As pointed out earlier o occurring in the expansion (1.2.64) has to be so determined
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that « is negative integer so that no movable critical manifolds enter. Consequently,
we start with the determination of all possible value(s) of a and w in the expansion
(1.2.64). For each value of «, the homogeneous terms with the highest degree may
balance each other. These terms are called leading terms (or dominant terms). The
values for uy can be determined by equating the coefficients of the dominant terms

to zero and solving the resulting algebraic equation for u.

. Resonance Analysis

Next, one has to find the “resonance” values, j, that is the power(s) at which the
coefficient u; of the term ¢’ in the expansion (1.2.64) is arbitrary. To find these,
we substitute (1.2.64) into the equation (1.2.63) and obtain appropriate recursion
relation for u; and extract the coefficient Q) = Qi Ju; of the term ¢/ T~ where
N is the order of the PDE. Then ()(j) = 0 is called the resonance equation, for
which —1 is always a root, which corresponds to the arbitrary nature of ¢. In order
to avoid any movable critical singular manifold, we require that these remaining

roots are non-negative integers.

. Arbitrary Functions

Let j, be the highest of the allowed resonance values. On substituting
Js '
w=¢"Y u;p ", (1.2.65)
=0
into equation (1.2.63) and collecting the coefficient of ¢/ T~ we get

Q)+ R; =0, (1.2.66)

where R; is a polynomial in the partial derivatives of ¢ and uy, (k = 0,1, ...,7 —1).
Since ()(j) = 0, for any resonance value j, R; should identically vanish. In this
case u; is arbitrary. In case it is not so, we have to introduce logarithmic term of the
form a; + b;log(¢) in the series. But due to this addition, logarithmic singularities

will appear in the solution manifold. Thus, R; = 0 is a condition to ensure that
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the solution is free from movable critical manifold at a particular resonance value
j. In this way we can check that the general solution is free from movable critical

manifolds.

. Backlund Transformation
Assume that the evolution equations (1.2.63) posses the Painlevé test. Then Backlund

Transformation can be found as follows:

(a) Find the Painlevé expansion (1.2.62),
u=¢"> ;e (1.2.67)
=0
(b) Truncate the series at the constant level term by setting
w=updp "+ ud "+ .+, (1.2.68)

and from the recursion relations for u; an over determined system of equations
for (¢,uj,7 = 0,1,2,...,n) will be obtained, where w,, will satisfy the original
differential equation (1.2.63). This step provides us with an autobacklund transfor-
mation. For further details of the cases that can occur on account of truncation of

the expansion we refer to Newell et al. [130].
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Chapter 2

Einstein-Maxwell Equations for a Static

Axially Symmetric Spacetime !

2.1 Introduction

Weyl [184] had formulated and developed the static, axially symmetric problem in gen-
eral relativity in a very most elegant manner. Weyl showed that the line element could be
expressed in a diagonal form with two functions in vacuum or electrostatic vacuum with
proper choice of coordinates. Using these coordinates, which are known as canonical
coordinates, Weyl completely solved the problem for a pure gravitational field with axial
symmetry and also obtained a particular class of solutions for an axially symmetric elec-
trostatic field and that solutions involved a functional relation between the electrostatic
potential Ay and the component gg, of the metric tensor.

Reissner [148] and Nordstrom[132] has obtained very important results for static solu-
tions of the Einstein-Maxwell equations. It represents the external spherically symmetric

gravitational field of a charged body and belongs to Weyl’s family of static axisymmetric

I'The contents of this chapter has been published in Physica Scripta 87 (2013) 035003 (7pp)
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Einstein-Maxwell fields. The static axially symmetric Einstein-Maxwell equations has
been studied by various authors [166] to find the solutions and its physical properties.
The line element for the static axially symmetric Einstein - Maxwell field case may be

written in the Weyl [184] form
ds® = exp(2u)dt® — exp(—2u)(exp(2k)(dp® + dz*) + p*d¢?), (2.1.1)

where u and k are functions of p and z and p and z are weyl canonical coordinates.

The Einstein - Maxwell equations are

Gij = —81Ey, (2.1.2)

F? =0, (2.1.3)

Fijn+ Fjpi + Frij =0, (2.1.4)

Ei; = i(gle,-iji — igiijlel). (2.1.5)

The electromagnetic potential vector has only two nonvanishing components for this prob-
lem. There are various ways to define the electromagnetic fields in terms of the compo-
nents of the four potential, the most common being F;; = A; ; — A, ;. However, another
definition given below has the advantage of reducing the nontrivial Maxwell equations as
well as the components of the stress tensor (2.1.5) in a symmetrical form with respect to

the components of the potential vector. Thus, we define

1
F3 = ~exp(2u — 2k)As, (2.1.6)
P
.1
F? = ~exp(2u — 2k) Ay, (2.1.7)
p
For = By, (2.1.8)
Fyy = By, (2.1.9)

where A(p, z) and B(p, z) are the magnetic and electric potentials, respectively.

With the above substitutions, Einstein - Maxwell field equations becomes
Upp + % + .. = —exp(—2u)(A2 + A2 4+ B? + B?), (2.1.10)

36



A

A+ 7’) + A, —2(u,A,+u,A,) =0, (2.1.11)
B
B,, + 7” + B.. — 2(u,B, + u.B,) = 0, (2.1.12)
k

Fp = (ul — u?) + exp(—2u)(A2 — A2 + B2 — B?2), (2.1.13)

ks
o 2u,u, + 2 exp(—2u)(A,A, + B,B.,), (2.1.14)
A,B, = A.B,. (2.1.15)

The symmetrical occurrence of the potentials A and B in the equations (2.1.10)-(2.1.15)
suggests a duality rotation A = v cos f and B = vsin 3, where v is a new potential and 3
1s a constant.

Thus Einstein - Maxwell field equations (2.1.10)-(2.1.15) becomes

Uy + % s = — exp(—2u) (v2 + 1), (2.1.16)
Vpp + % + 0., — 2(uyv, + uv,) = 0, (2.1.17)
k
£ = (ui —u?) + exp(—Qu)(vﬁ —v?), (2.1.18)
p

k.
— = 2u,u, + 2exp(—2u)(v,v,). (2.1.19)
p

So, we have four equations (2.1.16)-(2.1.19) for the determination of three unknowns w, v
and £ and one can easily verify that equations constitute a completely determinate system
of partial differential equations. Thus the basic equations are (2.1.16) and (2.1.17), since
k can be obtained trivially from (2.1.18) and (2.1.19), once « and v are known. It may be
pointed out that equations (2.1.16)-(2.1.17) are a set of coupled, second order, nonlinear
partial differential equations in » and v, hence we will concentrate on these two equations.
Due to nonlinearity of exponential order, it is difficult to solve equations (2.1.16)-(2.1.17)
and hence study of symmetries and exact solutions of equations (2.1.16)-(2.1.17) is of
great importance.

By using the transformation ¢ = ¢z, the system (2.1.16)-(2.1.17) represents the Einstein

equations for cylindrical gravitational waves [96] (in which case () = —u + logp and v

37



are metric coefficients) and the Einstein-Maxwell equations for colliding plane gravita-
tional and plane electromagnetic waves [12] (in which case u is a metric coefficient and v
is an electromagnetic potential), where p and ¢ represents the cylindrical radial and time
coordinates respectively. The importance of the equations (2.1.16)-(2.1.17) and the need
to have some exact solutions are the main motive behind the present study. To have an
insight, the explicit analytic solutions of the system (2.1.16)-(2.1.17) may enable one to
better understand the phenomena which it describes. A detailed systematic analysis that
leads to an exact analytic solution for (2.1.16)-(2.1.17) has not been performed and is
therefore desirable.

Our intention is to systematically study of the system (2.1.16)-(2.1.17) and to obtain a
deeper insight into the nature of solutions permitted using the Lie analysis of differential
equations. In section (2.2), the Lie group analysis is used to generate the various symme-
tries of the system of partial differential equations (2.1.16)-(2.1.17), which are then used
to identify the associated basic vector fields of the optimal system. Section (2.3) has been
devoted to the systematically study of group invariant solutions admitted by the system

(2.1.16)-(2.1.17). In section (2.4), some more exact solutions are also furnished.

2.2 Symmetry Analysis

Let us consider the Lie group of point transformations

(2.2.1)

invariant.

The vector field associated with the above group of transformations can be written as
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follows:

0 0 0 0
V= g(pa Z>U7U)a_p + T(pa Z,U,U)% + U(Pa Zv“a“)% + ¢<IO>Z7U7U)%' (2.2.2)

The symmetry group of equations (2.1.16)-(2.1.17), will be generated by the vector field
of the form (2.2.2).

Here, we have obtained the symmetry groups of system (2.1.16)-(2.1.17) by using the Lie
classical method. We found that Lie symmetries (vector fields) under which the system
(2.1.16)-(2.1.17) is invariant can be spanned by the following five linearly independent

infinitesimal generators:

Vi =202 + (—v? +exp(2u)) 2, Vo= ,08% + 22,

(2.2.3)
V=g tvg V=2, Vo= 4,
with the nonzero Lie bracket relationships as follows:

for the given fields. As a result, symmetries (2.2.4) form a five-dimensional Lie algebra.
In general, to each s parameter subgroup H of the full symmetry group G of a system
of differential equations in p > s independent variables, there will correspond a family
of group-invariant solutions. Since there are almost always an infinite number of such
subgroups, it is not usually feasible to list all possible group-invariant solutions to the
system. We need an effective, systematic means of classifying these solutions, leading to
an optimal system of group invariant solutions from which every other such solution can
be derived. Since elements g € G not in the subgroup H will transform an H invariant
solution to some other group-invariant solutions, only those solutions not so related need
be listed in our optimal system.

Let GG be a Lie group. An optimal system of s parameter subgroups is a list of conjugacy
inequivalent s parameter subgroups with the property that any other subgroup is conju-
gate to precisely one subgroup in the list. The problem of finding an optimal system of
subgroups is equivalent to that of finding an optimal system of subalgebras. For one di-

mensional subalgebras, this classification problem is essentially the same as the problem
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of classifying the orbits of the adjoint representation [139] where the adjoint action is

given by the Lie series:

2

Ad(exp(eV))V; =V; — €[V, V] + %[V;, Vi, Vil — ..y (2.2.5)

where [V;, V;] = V;V; — V;V; is the commutator for the Lie algebra, and e is a parameter.
We use the sub algebraic structure of symmetries (2.2.4) of system (2.1.16)-(2.1.17) to
construct an optimal system of one dimensional subgroups. Following [137] we deduce

the following basic fields

(1)Vs,

(#9) Vi + V5,

(111) V3 + pVi,

({0)Ve + s, (2.2.6)
(0)Vi 4 BVa + AV5,

(vi)Va + 6V,

(vit)Vy 4+ oV,

(viti) Vo + vV,

where v, i, a;, 5, A, §, 0 and v are arbitrary constants.

All solutions of the system (2.1.16)-(2.1.17) which are obtained via other combinations
of point symmetries can be transformed by symmetry group transformations into the so-

lutions obtained from the combinations above (2.2.6).

2.3 Group Invariant Solutions

In this section, the primary focus is on the reductions associated with the vector fields in

the optimal system and attempt to furnish exact solutions.

@ Vs
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Corresponding to this vector field, no such invariant solutions of system (2.1.16)-(2.1.17)

exist.
(i) Vi +Vs

For this vector field, the form of the similarity variable and similarity solution are as

follows:

On using these in the system (2.1.16)-(2.1.17), the system of reduced ODE:s:

F'"+ £ 4 exp(—2F)(G” +7%) = 0,G" + & - 2F'G' = 0. (2.3.1)
This can be further reduced as follows:
F(¢) = $In(G'Ck1), G(C) = [ g(¢)dC + ks, (2.3.2)
where ¢(() is the solution of the following differential equation:
kiCg"g = —(gk1g’ — g*kiC +26° + 297°), (2.33)

where k; and k5 are arbitrary constants.

By integrating the eq. (2.3.3) for v = 0, we get

4(() = — (—1+ (ta h <1 Verk (In (¢ )“2)))2) . (2.3.4)

4cq1C c1ky

Therefore, we have solution of system (2.1.16)-(2.1.17), as follows:

-2
09 = 1 (8 o () ).

(2.3.5)
tanh (1 Verki(In(p)+ez) “““”*C?)) + k.

o(p.2) = b

cik1
Using (2.1.18)-(2.1.19), corresponding to these expressions of u(p, z) and v(p, z), we

obtain

11n(p)

2.3.6
4 lel +C37 ( )

k(p,z) =

where k1, ks, c1, co and c3 are arbitrary constants.
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(i) Vs + pVy

Similarity variable and similarity solution are:

¢ = poulp.) = F(Q) + 2. 0(p. 2) = exp(2)G(C).

On using these in system (2.1.16)-(2.1.17), the system of reduced ODEs:

CpPF" + F'p? + Cexp(—2F)(G™p? + G?) = 0,
CG" + G'u? — (G — 2Cu*G'F' = 0.

Let G(¢) = exp(F(O)H(Q). F'(C) = N(Q).

Using these substitutions the system (2.3.7) reduces to

CMZN/+N2N+<M2N2H2+2CH2NHHI+</~L2H/2+<H2:07
Cu?N'H — Cu?>N?H + (u*H" + y>)NH + p?H' — CH = 0.

We arrive at following cases:

Case (iii.1)

H(¢) = 0, that is not a physically interesting case.

Case (iii.2)
H((¢) = +¢, where ¢ represents the complex number iota.

With this, our system (2.3.8) reduced to single equation:
CuPN' = CuPN? + >N — ¢ = 0,

which can be further solved to give solution:

CaYi(y) + Al
CpaYo($) + Jo($)

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)

where ¢; is arbitrary constant and J,(z) and Y, (z) are the standard Bessel functions of

the first and second kinds, respectively. They satisfy the Bessel equation:

2Y" + 2V’ + (2* — )Y =0.
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Using these results we get final solution of system (2.1.16)-(2.1.17):

u(p,z) = ﬁ —In <01Y0 <§> + Jo <ﬁ>> + ¢,
L exp(i) exp(c2)

(2.3.12)
v(p, z) = W’

Using above expressions for u(p, z) and v(p, 2) in (2.1.18)-(2.1.19) and solving, we get
k(p, z) = cs, (2.3.13)

where ¢, ¢ and c3 are arbitrary constants.
(iv) Vo +aVj

Corresponding to this vector field, the form of the similarity variable and similarity solu-
tion is as follows:

¢ = 2,ulp,z) = F(O) + aln(z), v(p, 2) = 2°G(0).

On using these in system (2.1.16)-(2.1.17), the system of reduced ODEs:

F"+ £ 4+ (F" + 2(F — a¢ + exp(—2F)((*G™? + G* — 20(GG' + o*G?) = 0,

CG"+ G+ CG" +2C°G" — o*(G — oG — 2(F'G" = 2C3F'G' + 2aC*GF' = 0.
(2.3.14)

Let G(§) = exp (F(£))H(E) , F'(§) = N(E).

Then our system (2.3.14) becomes
CN'"+ N+ CN +2C3N —al +3N?H? + 2(3NHH' + (3H”? + (N?H? + 2(NHH'
+CH? — 2a®?NH? — 2aC*HH' + o*CH? = 0,
(N'H—(N?H+CH"+NH+ H' +CGNH—(3N?H + CH" +2(?NH + 2¢*H’

—o?CH — alH +2a(*NH = 0.
(2.3.15)

We arrive at following cases:

Case (iv.1)

H(¢) = 0, that is not a physically interesting case.
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Case (iv.2)
H(() = %, where ¢ represents the complex number iota.

With this, our system (2.3.15) reduced to single equation:

(N+N+CN 423N —al — N2 —(N? +20(?N — ¢ = 0.

For the function w(¢) = exp(— [ N(¢)d(), the eq. (2.3.16) reduces to

(1 +C2)w”+ <1+2(1C+ a)CZ)w/+a(1 —I—a)w _ O,

and hence, the solution of equation (2.3.17) is given by

M) = —{25525F (31,5 o+ 3.1 +.0)

H(1—22)¢(1+ ) DF ([2+1,52], [~a+3],1+¢)
2-a)(1—a)¢(1+¢) (3~ —a —a
+Eleg R p ([ 12,50 e+ 14+ ¢)
1
(@ P((§, 552 ot §1.14+C2) +ea(14+¢2) B~ F((52 41,152 [—a+ 31, 14¢2)

X

where F' is hypergeometric function and ¢; and ¢, are arbitrary constants.

Hence, the solution of the system (2.1.16)-(2.1.17) is

u(p,z) = [ N(Q)dC + aln(z),v(p, 2) = £z exp( [ N(¢)dC).

V) Vi+BVa+ AV;

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

Unfortunately, we are not able to reduce the ordinary differential equations corresponding

to this case, this will be taken as future endeavor.

We consider the simplest form of transformation in view of above similarity variables and

similarity functions as follow:
v =rexp(u) and v = —rexp(u).

Using above in the system (2.1.16)-(2.1.17), we get

U
2 P 2
Upp — U, + — + Uy, —u; =0,
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and solution is

1 Jo(c1p)ea—csYo(c1p))?
u(p,z) = —3In (c%p2<—vé<c1(p)§3(c1p>+Y§(c1p/)a))Jo<c1p>)2> Taz
—ln ((02 eXp(Qcéz)*03)2>
2 de1 ’ (2.3.21)
v(p,z) = £21e77 1 1 :

2
1

(Jo(c1p)ea—c3Yp(e1p))? (C 2¢17_, )2
2p2(=Yp(e1p)J1(c1p)+Y1(c1p)Jolerp))? | \20 ~ 7%8)

Using (2.1.18)-(2.1.19), corresponding to these expressions of u(p, z) and v(p, z), we

obtain

k(p, z) = ¢4, (2.3.22)

where ¢, ¢o, c3 and ¢4 are arbitrary constants.
Alternatively, we can also obtained the expressions for u(p, z) as follows:
By letting u(p, z) = In(w(p, z)) and assuming the ansitz w = R(p)Z(z) which leads to

the equations
RR" —2R” + SRR + \R* = 02" — 227 — \Z* = 0. (2.3.23)

Hence by solving the system (2.3.23), the solution of the system (2.1.16)-(2.1.17) is given
by

() =1 VALV (VA0 Yo (VA0 = V=R o (VA Yi (V=)

ue; = c1 sin(\ﬁ\z)—cz cos(x/Xz) ’
; _iLﬁ(—mﬂph(ﬂp)%(ﬂp)—ﬂm(ﬂpm(ﬂp))

’U(.T, ) - c1 sin(ﬁz)fcz cos(ﬁz) ’

(2.3.24)

Making substitutions of these expressions for u(p, z) and v(p, z) in (2.1.18)-(2.1.19) and

solving for k(p, z), we get

Ko, 2) _1 —2cscptan (\/Xp) + 2c369
PyR) = (7~
2 —cy + ¢ tan (\/Xp)

: (2.3.25)

where ¢4, ¢ and c3 are arbitrary constants.

(vi) Vo +0V5
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For this vector field, the similarity variable and the form of the similarity solution are as

follows:

¢ =%, ulp,z) = F(C) v(p,2) = d1n(p) + G(C)-

On using these in the system (2.1.16)-(2.1.17), the system of reduced ODEs is given by
(e—2F<4 + e—2FC2) G?4+2e2F5 G C+ (23 + O F + (P4 (Y F" +e2F52 = 0,

(=C—=C)G"+(2¢+23)F —1-2) G +2F §=0,
(2.3.26)
which is quite difficult to solve, so we consider the case with 6 = 0
GF'+ (3G 4 2F (P 4+ (P +( GPe 2P + I/ =0, (2.327)
(—C—=C)G"+((2¢+23)F —1-2¢%) G =0.
The solution of reduced system of ODEs (2.3.27) are obtained and and reverting back to

the original variables, solution of system (2.1.16)-(2.1.17) is deduced as:

u(p,z) = —1In (01 arctanh (\/#) - 02) :

~1
v(p,z) = £t (01 arctanh ( 11"2) - Cg) :
=

where c; and c; are arbitrary constants.

(2.3.28)

(vii) Vi +0oV}

Corresponding to this vector field, the form of the similarity variable and similarity solu-

tion is as follows:

¢ =p, ulp,z) = =In(F(C) = 577) and v(p, 2) = Frexp(u(p, 2)).

Corresponding to these similarity variables, the reduced ODE is as follows:
CF"+F' =0. (2.3.29)

We can obtain solution of the eq. (2.3.29) and further by back substitution to original

variables, the exact solution of equations (2.1.16)-(2.1.17) is given by:

u(p,z) =—In(c1 + 2 (p) — 5=),

7 (2.3.30)
v(p,z) = %1 (Cl +coIn(p) — ﬁ) )
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where c; and ¢, are arbitrary constants.

(viii) V2> + vV}

The similarity variable and the form of similarity solution are as follows:

C=2 u(p,z) = —In(F(¢) +2veIn(p)), and v(p, z) = £rexp(u(p, 2)).

Substituting these in equations (1.16)-(1.17), the reduced ODE is given by
(C+CHF"+ (1+2¢%)F' = 0. (2.3.31)

Solving equation (2.3.31) and reverting back to the original variables. Thus we get fol-

lowing exact solution of the equations (2.1.16)-(2.1.17):

u(p,z) = —1In (01 + arctanh (ﬁ) co+2wrn (p)) ,
S /) (2.332)
v(p,z) =+ (01 + arctanh ( L ) co+21vIn (p)) :

2
1+25

z

where ¢; and ¢, are arbitrary constants.

2.4 Some More Exact Solutions

In this section, we have found some more exact solutions of the nonlinear system (2.1.16)-
(2.1.19) by assuming u or v depend on one variable p or z, these solutions are in two types
of field : first, that in which the electric field is parallel to the axis of symmetry, called
a longitudinal field; and secondly, that in which there is no component along this axis,
called a radial field. To obtain the solutions corresponding to the longitudinal fields we

have
v(p,z) = v(2).

So, system (2.1.16)-(2.1.17) becomes
Upp + Yo + U, + exp(—2u)v? = 0. (2.4.1)
p
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Vg — 2u,v, = 0. (2.4.2)

By solving equation (2.4.2) we obtain
1
u=g In(v,) + F(p), (2.4.3)

where F'(p) is an arbitrary function of p.

Substituting from (2.4.3) in (2.4.1), we get
20F,, 0% + 2F,0% + v,.,0.p — v2,p + 202 pexp(—2F) = 0. (2.4.4)

since F' is function of p only and v is function of z only, thus from (2.4.4) we evidently
must have that I is constant or v, iS constant.

Let F'is constant.

We take F' = = In(a).

Then from equation (2.4.4), we have

1—(tanh(Z£2))2
u(p72):: %]n(g__g_zégﬁle_) __%]n(a),

v(p, z) = 5= tanh (%) + cs,

(2.4.5)

2acy

Making substitutions of these expressions for u(p, z) and v(p, z) in (2.1.18)-(2.1.19) and

solving for k(p, z), we get
2

k(p,2) = — 8’2—12 t o, (2.4.6)

where ¢, ¢ and c3 are arbitrary constants.
Now we consider the other possibility that v, = c4, where ¢, is an arbitrary constant.

Equation (2.4.4) becomes
203 F,, + 2¢iF, + 2¢ipexp(—2F) = 0, (2.4.7)

Solving (2.4.7), we obtain

2 2—cq

u(p,2) = §In (Sl

€1¢3

(2.4.8)
v(p, 2) = c4z + o,

Using above expressions for u(p, z) and v(p, z) in (2.1.18)-(2.1.19) and solving, we get

(c1-2)2

k(p.2) = In (cﬁp 22— 03/)“)2) |
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where ¢;, © = 1...6 are arbitrary constants.

To obtain the solutions corresponding to the Radial fields we take

v(p, z) = v(p).
Thus, system (2.1.16)-(2.1.17) reduces as follows:
Upp + Loy U, + exp(—2u)v) = 0. (2.4.9)
p
Yp
Upp + ; — 2u,v, = 0. (2.4.10)
By solving equation (2.4.10) we obtain
1
u=g In(pv,) + F(2), (2.4.11)

where F'(z) is an arbitrary function of z.

Using (2.4.11) in (2.4.9), we get
2pF..0% — pui, 4 VU, + P, + 205 exp(—2F) = 0, (2.4.12)

since [ is function of z only and v is function of p only, thus from (2.4.12) we evidently
must have that F’ is constant or v, = cp and F,, exp(2F) = —c.

Let F' is constant.

We take F' = = In(a).

Then from system (2.1.16)-(2.1.17), we have

(1—(tanh( (1“(92*02))2)
u(p,2) = 3In W) Tl (2.4.13)
v(p, z) = 2(1161 tanh (%) + cs,

By making substitutions of these expressions for u(p, z) and v(p, ) in (2.1.18)-(2.1.19)

and solving for k(p, z), we get

1
po ol o (2.4.14)
4012

where ¢y, ¢9, c3 and ¢4 are arbitrary constants.

Now we consider the other possibility that v, = cp and F, exp(2F) = —c.
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we get the solution of system (2.1.16)-(2.1.17) as follows:

u(p,z) =In (cclpsin (%)) :

(2.4.15)
v(p, z) = Lep® + o,
Using (2.1.18)-(2.1.19), corresponding to these expressions of u(p, z) and v(p, z), we

obtain
155 hz
k(p,z) = 3 h*p*+1n(p) + 2 In | cosh - 1 k|)+D, (2.4.16)

where ¢, ¢; ¢, c3, h, k and D are arbitrary constants.

2.5 Concluding Remarks

From the beginning of theory of general relativity, there has been a sustained search for
the new exact solutions of Einstein equations. We have investigated the symmetries and
invariant solutions of the system of partial differential equations corresponding to Einstein
- Maxwell equations for static axially symmetric spacetime with canonical coordinates.
We have exploited the symmetries of Einstein - Maxwell equation to derive some ansdtz
leading to the reduction of variables, where the analytic solutions are easier to obtain by
considering the optimal system of conjugacy inequivalent subgroups. The exact solutions
in which electromagnetic potential depends upon only one of the two coordinates are also
obtained. The exact solutions, thus obtained, can be studied for its applications and im-

plications in physics and astrophysics.
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Chapter 3

Certain New Exact Solutions of Einstein
Equations for Axisymmetric Rotating

Fields!

3.1 Introduction

Here, we have considered Weyl-Lewis-Papapetrou [142] form for an axisymmetric rotat-

ing field as

ds* = fdt* — 2kdgdt — 1d¢? — exp(u)(dp® + dz*), (3.1.1)

where f, k, [ and y are all functions of p and z and the coordinates p, z and ¢ corresponds
to cylindrical polar coordinates. The external gravitational field is described by the sym-

metric Ricci tensor R, which obeys the exterior Einstein vacuum equations

R,, = 0. (3.1.2)

I'The contents of this chapter are accepted for publication in Chinese Physics B
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By using (3.1.1), (3.1.2) can be written as
2exp()D 'Ry = (D7 f,)p + (D7 fo) + D2 f(folp + fol. + K2+ K2) = 0,

—2exp(u) D Ry = (D7'kp), + (D7'k). + D73k(fol, + fol. + K2+ k2) =0,
—2exp(p) D™ 'Ryg = (D7 '1,), + (D7) + D2U(fol, + fol. + k) 4+ k2) =0,

(3.1.3)
where D? = fl + k2.
From (3.1.3) we get the following equation:
exp(p) D™ (IRy — 2kRys — fRyp) = D,y + D, = 0. (3.1.4)

Therefore we found that the function D is satisfying the two-dimensional Laplace equa-
tion in the variables p and z. It follows that D can be considered as the real part of an

analytic function ¥(p + ¢2) of (p + ¢z). Let F be the imaginary part of 3(p + ¢2), that is,
YX(p+12) = D(p,z) +E(p, 2). (3.1.5)
Now we have considered the transformation from (p, z) to (p, z) given by
p=D(p,z), zZ=EF(p,z) (3.1.6)
The Cauchy-Riemann equations imply that we have
(dp)? + (dz)? = (D2 + D2)(dp” + d=?) (3.1.7)

Equation (3.1.7) shows that the metric (3.1.1) is unaltered by the transformation (3.1.6),

since we can define a new function /i given by
exp(fi) = exp u(D,* + E,)7! (3.1.8)

We can assume that all the functions f, k, [, iz have been expressed in terms of the variables
(p, Z) obtained by substituting for (p, z) after solving for the latter from (3.1.6). Having
expressed all functions in terms of (p, Z), we can drop the bars so that because of (3.1.6)

we are left with the following algebraic relation in f, k and [ as

D? = fl+k* = p*. (3.1.9)
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The above procedure was first used by Weyl (1917) for the axially symmetric static metric
(with k£ = 0) and generalized to the present case by Lewis (1932). We drop the bar from
it as well, so that the rest of the nontrivial Einstein equations (with the use of (3.1.9)) can

be written as follows:

2Rpp = —flpp = oz + 07y + p 2 (fol, + E2) =0,
2R,, = Pt + %P_z(fplz + falp + kakz) =0, (3.1.10)
2Rzz = “Hpp = Hzz — pilﬂp + /072(le2 + kg) =0.

Because of (3.1.9) only two of (3.1.10) are independent. It is more convenient to use the

function u and v instead of f and k respectively defined by u = f~! and v = f~'k. By

eliminating [ and & from (3.1.3), Einstein field equations reduce to the following system

of equations:
u (v 4+ v?)
w(tpp + sz + L) —ul —ul — L= =0, (3.1.11)
P P
w(vpp + Vzp — %) — 2u,v, — 2u,v, =0, (3.1.12)
2 Ly 2 Lo 2
urw, = uu, + 5 p(u, —uz) — (v, — v3), (3.1.13)
2 2p
1
ww, = uu, + PUU; — —VyU. (3.1.14)
p

In order to determine the three unknowns u(p, z), v(p, z) and w(p, z) from the nonlinear
equations (3.1.11)-(3.1.14), we have firstly solved the equations (3.1.11) and (3.1.12) for
obtaining values of u(p, z), and v(p, z). After that, by substituting these values of u(p, z),
and v(p, z) into the equations (3.1.13) and (3.1.14), the values of w(p, z) are furnished.

The Lie classical method is utilized to the further investigation of nonlinear equations
(3.1.11)-(3.1.14), here in this chapter. The method has yielded quite an exhaustive study
and enabled us to recover some important results. Section (3.2) is devoted to generate var-
ious symmetries of nonlinear equations (3.1.11)-(3.1.12) and an optimal system compris-
ing basic vector fields is identified. Section (3.3) contains the study of reduced ordinary
differential equations (ODEs) and thus, new exact solutions of the Einstein vacuum field
equations for axisymmetric rotating fields are furnished. In section (3.4), the extension of

Papapetrou class of solutions is obtained. Some conclusions are drawn in Section (3.5).
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3.2 Lie Symmetries

In this subsection, Lie group method is performed to the nonlinear equations (3.1.11)-
(3.1.12). Firstly, a one parameter Lie group of infinitesimal transformations is considered

as follows:

7)) + O(e2), (3.2.1)

with small parameter ¢ < 1 and where X = (p,2), @ = (u,v), & = (1, 72), which
leaves the equations (3.1.11)-(3.1.12) invariant. The method for determining the sym-
metry group of (3.1.11)-(3.1.12) consists of finding the infinitesimals &;, &, n; and 7o,
which are functions of p, z, v and v.

Assuming that equations (3.1.11)-(3.1.12) are invariant under the transformations (3.2.1),

the infinitesimals &1, &>, 171 and 7, must satisfy the symmetry conditions

v 2 P 20,mZ
M1 (g + e+ 22) +u(nff 45 + 5 — S58) = Qugnf — 2uanf — SRR

'U2 '1)2
251(;:" B) — O,
v 2z i v
M(Vpp + 02z — ) + u(my” +n3* — 7772 + g;f) — 2upnfy — 20,m]—

—2uzn; — 2v.n7 = 0,
(3.2.2)

where 0, 07, n)”, ni%, b, n5, ns” and n3* are extended (prolonged) infinitesimals acting
on an enlarged space (jet space) that includes all derivatives of the dependent variables (for
more details the readers can refer to [23]. Substituting value of n{, 7, n*, ni*, nb, n3, ns*
and 75*, into symmetry conditions (3.2.2), then equating the coefficients of the various
monomials in the first, second and the other order partial derivatives of v and v and their
powers, we can find the determining equations for the symmetry group of the Einstein
field equations for axisymmetric rotating fields. Solving these equations, we get the fol-
lowing forms of infinitesimals:

§i=aip, &G=a1z+ay

T = —ai1u + asu, (3.2.3)

N2 = azv + as + a5(v? + p*u?).
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where a1, as, as, a4 and ay are arbitrary constants.

Hence, the Lie algebra of infinitesimal symmetries of the equations (3.1.11)-(3.1.12)

is spanned by the following five vector fields

Vo= 4 (P PR, gl =l

In general, one may obtain the reduced system of ODEs from any linear combination of
generators V;, 7 = 1,2,...,5. Since there exist infinite possibilities for such combina-
tions, a systematic procedure to classify these reductions is based on the property that
the transformations of the symmetry group will transform solutions of equations (3.1.11)-
(3.1.12) into other solutions. Therefore, we classify the symmetry algebra of system into
conjugacy inequivalent sub algebra under the adjoint action of the symmetry group. We
will work out first an optimal system and then embark upon the various reductions asso-
ciated with generators in the optimal system. We begin by considering a general element
V = a Vi 4+ axVa + a3Vs + a4V, + a5Vs of symmetry algebra and subject it to various
adjoint transformations to simplify it as much as possible [139]. The adjoint action is
given by the Lie series

62

Ad(exp(eV)V; =V — Vi Vil + 51V, Vi, Vi)l = .. (32.5)

where [V;, V;] = V;V; — V}V, is the commutator for the Lie algebra, and € is a parameter.
The commutation relations of Lie algebra (3.2.4) are

Vi, Vo] = =[Va, V1] = =1, [V, V5] = =[V3, V1] = =2V, [V2, V3] = —[V3, V3] =
—Vs, [V, V5] = =[V5;Vi] = =Vs and [V, Vj] = 0, Vi, .

The optimal system of the equations (3.1.11)-(3.1.12) consists of the following basic vec-
tor fields:

(Vs, Vi, Va+AVy, Vo+puVy, Vi+aVz+ BV, (3.2.6)
where A, i1, @ and 3 are arbitrary constants.
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Table 3.1: Adjoint Table

Index Vi Vs Vs Vi Vs
Vi Vi Vo + €eVy | Vs + 2eVs + Vie? Vi Vs
V2 Vi exp(—e€) Vs V3 exp(e) Vi Vi
Vi | Vi —2eVh+ Vae® | Vy — €V Vs Vi Vs
Vi Vi Va Vs Vi Vs exp(e)
Vs Vi Va V3 Vi—€Vs Vs

3.3 Similarity Variables and Similarity Solutions

One of the main purposes for calculating symmetries of a differential equation is to use
them for obtaining symmetry reductions and finding exact solutions. In the preceding
section, we have obtained the vector fields and the optimal system of equations (3.1.11)-
(3.1.12). In this section, the primary focus is on the reductions associated with the vector

fields (3.2.6) and attempt to find some exact solutions.
(1) Vs

Corresponding to this vector field, the form of the similarity variable and similarity solu-
tion is as follows:

¢ = poulp,z) = F(Q), v(p, ) = G(O):

On using these in equations (3.1.11)-(3.1.12), the following system of reduced ODE:s is

obtained :

<F//+£')F_F/2_G_;2:O
¢ ¢ (3.3.1)
(G” - %) F—2F'G =0,

The solution of reduced system of ODEs (3.3.1) are found and then reverting back to the

original variables, solution of system (3.1.11)-(3.1.12) is deduced as:

U’(pa Z) = quQ: U(Pa Z) = Cs, (332)
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and
2

C
u(p, z) = i\/fczcﬁp(cosh(m)
czcg—&-tanh(e‘*\/;T?_ln(P)g/W)\/clTQ (3.3.3)
/U(pa Z) = - = ,

where ¢, ¢o, c3 and ¢4 are arbitrary constants.
By making substitutions of these expressions (3.3.2) and (3.3.3) for u(p, z) and v(p, z) in

(3.1.13)-(3.1.14) and solving for w(p, z), we get

1
w(p, z) = EC% In(p) + 1 In(p) + cs, (3.3.4)
and
1
w(p, z) = —3 In(p) + % In(p) + cs, (3.3.5)

where c; and cg are arbitrary constants.
(iz) Vi

For this vector field, the form of the similarity variable and similarity solution are as

follows:

¢="Lu(p,2) = £, v(p, 2) = G(Q).

Corresponding to these similarity variables, the reduced system of ODEs are as follows:

(Fra+)+ P (L+40) +2F) F— F? = (—FC = F) = G? (4 +1) =0
(6" (1+ )+ G (~1+2€¢)) F = 2F'G' + %G (—F'¢ — F) = 0.
(3.3.6)

We can obtain solution of the system (3.3.6) and further by back substitution to original

variables, the exact solution of equations (3.1.11)-(3.1.12) is given by:

+cor

u(p, 2) = 2=
Vertz (3.3.7)

U(pVZ) =+ \/l%j

where c; and ¢, are arbitrary constants.

Using above expressions for u(p, z) and v(p, z) in (3.1.13)-(3.1.14) and solving, we get
_ 1 2, 2
w(p, z) = 5 In(p® + 2%) + ¢, (3.3.8)
where c3 is arbitrary constant.
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(iii) Vs + AV,

For this vector field, the similarity variable and the form of the similarity solution are as

follows:

¢=2ulp,2) =T v(p, 2) = $In(2) + G(Q).

On using these in equations (3.1.11)-(3.1.12), the system of reduced ODE:s is given by

(F"(l L) F(E 40+ 2F> F—F?_ (—F'¢—F) -G _ (—G’ + %4)2 ~0
(G”(l +P)+ G (= +20) §> F—2FG =2(—(G + %) (-F(-F)=0.

(3.3.9)

=

After solving this system of ODEs (3.3.9), we obtain the solution of equations (3.1.11)-
(3.1.12) as follows:
u(p Z) _ :I:L(arctanh(ﬁ)—cl)\)

’ AW (2 +22) (3.3.10)
v(p,z) = %ln(p) — \/;;;2 + = arctanh( = 2) + ca,

A\/ 02422 0242
where ¢, and ¢, are arbitrary constants.

Consequently, w(p, z) is given by:

e o G A

petz

[(2+/p? + z2p*z(arctanh (@))2 — p*(421/p? + 221 A + 22 + p?)arctanh (\/l@)

+2((2e222 + 1) p? + 22) /2 + 22 + p*ar A (p* + 2%) ) ( — arctanh (\/%) + Cl)\)—Q
p2+z

(p* + 22)_75dz + arctanh (\/ﬁ)f + /P + 2%t — p261>\> (p*+ 22)_1

(— arctanh (—=—=) + 1 \) _de + cs,

where c3 is an arbitrary constant.

(iv) Va+ pVi

The similarity variable and the form of similarity solution are as follows:

L)

¢ =L ulp,z) = F(Q)2"%), v(p, 2) = 24 G(Q).
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The reduced ODE:s in this case is as follows:

_ _ )2 _ N2
(F,,(1+C2) + F’ (% +2¢ — W) +F(1u5) _ F(luﬂ)) F— F2_ (_F/C+F(1Mu)>

_aG? (_G/+ Q)Q =0
w)

(G”(l +)+ @ (—% +2¢ - %) +G (5 - i)) F-2 (—CG’ + %) (—F'g 4 pa-m

—2F'G" = 0.
(3.3.11)
Forp =1
we get final solution of equations (3.1.11)-(3.1.12):
u(p, z) = ¢y arctan = +c
(pr2) =1 ( —p?—z2> ? (3.3.12)

v(p, z) = c1/p? + 22,

where ¢; and ¢, are arbitrary constants.
Making substitutions of these expressions for u(p, z) and v(p, z) in (3.1.13)-(3.1.14) and

solving for w(p, z), we get

w(p, z) = In <arctan (ﬁ) 14 c2> toes, (3.3.13)

where c3 is an arbitrary constant.
(v) Vi+aVz+ BV,

Corresponding to this case, the following form of the similarity variable and similarity

solution is found:

_ L vu(p2) — 1
u(p, z) = +222 u(p, z) = () +nG©O)”

Substituting these in equations (3.1.11)-(3.1.12), the reduced ODE is given by
~G"G(+(G? -GG -GG -20°G'G+G*¢ =0. (3.3.14)

Solving equation (3.3.14) and reverting back to the original variables. Thus we get fol-

lowing exact solution of the equations (3.1.11)-(3.1.14):

_ +1
U(p, Z) N p(Ln(P)Jrczfclarctanh( 2z ))
’ ViR (3.3.15)
_ 1
vip,2) = ~21n(p) - ’
T-‘rm—clarctanh (\/ﬁ)
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and

w(p, z) = 5 In(p) + cs, (3.3.16)

where ¢, ¢, and c3 are arbitrary constants.
Also, by using the transformation v(p, z) = £pu(p, z), in equations (3.1.11)-(3.1.12), we
get

u(up, — “7” +u,,) — 2“/2) —2u? —u? =0. (3.3.17)

Thus, the solution to equations (3.1.11)-(3.1.12) is finally given by

ulp, z) = tks (= J1 (v —ks p) Yo (v —ks p)+Jo(V—ksp) Y1 (v —ksp))

Ps (k1Jo(V/—ksp)—kaYo(V/—ksp)) (k3 Sin(@)—]m COS(\/]€57Z)) (3 3 18)
v(p,z) = £ —tks p(=J1 (v =ks5p) Yo (V=Fs5p)+Jo (v =Fs5p) Y1 (vV=Fs5p)) o
P (k1Jo(vV/—Fksp)—k2Yo (v —ksp)) (k3 sin(vks z)—ka cos(Vks 2)) ’

where ki, ko, k3, k4 and ks are arbitrary constants.
Using (3.1.13)-(3.1.14), corresponding to these expressions of u(p, z) and v(p, ), we

obtain

w(p, z) = —% In(p) + ke, (3.3.19)

where kg is an arbitrary constant.

3.4 Extension of Papapetrou Class of Solutions

Following to the approach given by [86], one can select the function v(p, z) satisfying the
equation

Vpp + Ve — U_pp =0 (341)

as

v(p, 2) = kpo,, (3.4.2)

where k is a constant.

By using (3.4.2), equation (3.4.1) can be written as:

Oppp + Opzz + (P71 0p), = 0. (3.4.3)
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Integrating (3.4.3), we get

oyt Oas + % = 0(2). (3.4.4)

Therefore, we introduced an arbitrary function 6 = 6(z). In case of #(z) = 0 the equation
(3.4.4) becomes Laplace equation, which is similar to expression given in [86]. However,
for A(z) # 0, we have Poisson like equation (3.4.4) for the function 6. By using (3.4.2)

for the v(p, z) and the equation (3.4.1), equation (3.1.12) becomes
—up(0,, —0) +uso,, =0. (3.4.5)

From (3.4.4) and (3.4.5), the general solution for the metric function u takes the following
form
u = u(a), (3.4.6)

ou

where 5 = 0, — [ 0(z)dz and ' = $%.

Therefore, we can rewrite the derivatives of the metric functions « in the following ways
"2

U, = U0y, Uy =u'oy, F U0y, u,=u'(0.—0(2)),

Uy, =u"(0,, —0(2))* +u (0., — 0(2).).

(3.4.7)

Using the equations (3.4.7) and (3.4.4), we get

UPP + Uzz + u_pp = u”<0-3z + (Uzz - 6)2>
uf) +u? = u’z(aﬁz + (0., — 0)?) (3.4.8)
v2 vl = k*p* (00, + (0.2 — 0)?).

Finally, after substituting the derived expressions into (3.1.11), we obtain
uuu o u/2 _ ]{32 — 07 (349)
which gives the extension of Papapetrou class of solutions

u(p, z) = acosh(o, — [ 0(2)dz) + Bsinh(o, — [6(z) (3.4.10)

where the functions 6 and o satisfies the (3.4.4) and k? = o — /3°. Here the parameters o
and 3 have the same meaning as in the Papapetrou solutions. As a particular case, in the

limit f(z) = 0, the solutions (3.4.10) reduces to Papapetrou solutions.

61



In the case of the Papapetrou solutions in the Newtonian limit that is at large arguments

r = +/p?+ 22 — o0, the asymptotics looks like
u(p,2) = a1+ L5+ 00?)), (3.4.11)

and does not contain a term being proportional to r~!. We expect that in general case
when 6 # 0, it would be possible to construct a solution, which gives flat asymptotics
at infinity for massive sources. As an example, one of the possible solutions could be
obtained in the following way. Assume that the function o(p, z) = fi(p)f2(2) could be

taken as a product of two functions f; and f,. Then we got from equation (3.4.4)

folpp+f1f2zz+%flpf2 = 0(z). (3.4.12)

We have considered the function f; in the form fo = f5., = 0(z), with 0(z) = Cy(exp(z)—

exp(—z)), For the function f;, we have the following equation

Giop + g1 + 591, =0, (3.4.13)

where f; = 1 + ¢; and C, is constant.
The last equation (3.4.13) is the Bessel one and f; = 1 + Jy(p), where Jy(p) is zero rank

Bessel function. Finally

o(p,2) = ColL+ Jo(p)) (exp(z) — exp(—2)), (3.4.14)

and hence

a = CoJo(p)(exp(z) + exp(—=2)), (3.4.15)

which takes the simple form ¢ = 2CyJy(p) at the plane z = 0. For the large arguments

p — 00, zero rank Bessel function has the following asymptotic behavior

. 2 T
ph_r)noo Jo(p) = ”ﬂ_p cos(p — Z)’ (3.4.16)

and consequently

2 s 1 s
Ty = 2 —_ — =) =4/= ——) = 3.4.17
T)z=0 Coy/ —” cos(p 4) \/;cos(p 4) , ( )
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where we put, for the simplification Cjy = %\/g . Using asymptotic properties of hyper-

bolic functions one could write

(3.4.18)

Substituting obtained asymptotic expressions (3.4.18) in solution (3.4.10), we can write
the asymptotics of function u(p, z), at the plane z = 0 when p — o0, in the following
form

lim, 00 Ujz=0 = (1 + }Lp_l + %Lp_l sin(2p) + 2—14p_2(cos(p — %))4 +5p7 (cos(p— =
(

cos(p — §))* + O(p™?)).
(3.4.19)

We can see from the asymptotics (3.4.19) that in contrast to the Papapetrou one (3.4.11)
there is a term being proportional to p~! and at the same time we have asymptotically flat

solution at z = 0 plane.

3.5 Discussion and Concluding Remarks

We have analysed the underlying system of nonlinear partial differential equations which
arises in the study of Einstein field equations corresponding to Weyl-Lewis-Papapetrou
form for an axisymmetric rotating field. Our interest in this system lies in discussing new
solutions that can be found by means of Lie point symmetries. Firstly, the Lie classical
method is utilized for the purpose of obtaining the group infinitesimals. The basic fields of
the optimal system lead to reductions that are inequivalent with respect to the symmetry
transformations. Several new families of exact solutions are found explicitly. We also
obtained solution (3.4.10), which is an extension of the well known Papapetrou class
of solutions, which can be applied to the physical systems, presenting rotating bounded
nonzero masses. We have constructed the solution for the particular function #(z), which

in some sense, demonstrates the existence of p~! term in asymptotics.

63






Chapter 4

Symmetries and Exact Solutions of
Einstein Field Equations for Perfect
Fluid Distribution and Pure Radiation

Fields!

4.1 Introduction

The study of exact solutions of Einstein’s field equations is an important part of the the-
ory of general relativity. This importance derives from the growing applications of general
relativity for the explanation of various phenomena. Einstein field equations, which play
a central role in Einstein theory of general relativity, have symmetry consideration as one
of the most important mathematical properties apart from their applications and implica-
tions for astrophysics. The heart of the classification schemes for the solutions of these

equations are the symmetry methods based on the Lie groups. Einstein field equations are

The contents of this chapter has been published in Maejo International Journal of Science and Tech-

nology 7 (2013) 133-144
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studied by various authors to establish exact solutions by using Lie group analysis, some

recent contributions are in [5, 68, 69, 102, 119, 120].

4.2 Einstein Field Equation for Perfect Fluid Distribu-

tion

Einstein [52] firstly pointed the possibility of existence of gravitational waves, propagated
with the speed of light, in the case of weak gravitational field. The usual procedure, in

cartesian co-ordinates, is to start with a field
Gik = nzk+hzk7 Zak - 1a273747 (421)

where 7);;. is the Galilean metric and h;;, describe the modifications due to a weak grav-
itational field. In view of the linearized field equations R;; = 0, coupled with a set of
co ordinates conditions, the h;; satisfy the wave equation. In particular, when h;; de-
pends on ¢ and x only, there exists a coordinate system [13] in which one can take all the

components h;; to vanish, except
hay = —haz # 0, haz = has # 0, (4.2.2)

where the non vanishing components are arbitrary functions of the argument (t—z). Since
general relativity is essentially a non linear theory, its intrinsic consequences cannot be
based on a weak field approximation and there must be certain reservations about the con-
clusions drawn from the linearized field. Bondi, Pirani and Robinson [25] demonstrated
the existence of plane gravitational waves described by exact solution of Einstein field
equations for empty spacetime. Now, we have considered the exact gravitational field
equations

1
on the Riemannian fourfold
ds* = dt* — dz® — (1 — u)dy® — (1 +u)dz* + 2udydz, (4.2.4)

66



where v and v are functions of ¢ and x only.

In the case of line element (4.2.4), the non zero components of the curvature tensor and

the Ricci tensor are given as follows:

_ up—uftvi—of

RyZyZ - 4
R 2Py, —(1—uw)uyuy, — (1+u) v, v+ (uu v +u,vy)

zpzy = 1P
R _ —QPuup+(14+uw)uypuy+(1—uw)vuvy+v(uuvp+uyvy))

L 4P
R _ (2P —(1—w)uuve+(1+u)uyvy —v(uyy —v,v,))

yuzy = iP

_ UtV —UVg

Ryztm == oP e, (425)
R - _ (2P (vupy +ovu )+ (1+u? —v?)uu, +(1—u 402 ) v, v, +2uv (uu vy Husy,))

p = 2P?

_ up—uitvi—of
Ry, +R.. = -
_ P(ugs—ust)—u(v2—02)+v(upve —usvr)
Ryy - Rzz - P
o o P(’Umm—vtt)—v(ui—uf)—i—u(um’ux—utvt)
Ryz = Rzy - 2P ’
— Ou — ou
where 1 and v take the values ¢ and x only and w; = 775, uix = 5557, - etc. and

(', 2% 23, 2%) = (t,y,2,2) and P = (1 — u? — v?).

4.2.1 The Perfect Fluid Distribution

The compatibility of perfect fluid distribution of matter is defined by the field equations

1 .
Ry = =87((p + p)vivs — Sgu(p — p), g% vivg = 1, (4.2.6)

where p and p are the proper pressure and proper density respectively and v; is the flow

vector. In view of (4.2.5) and (4.2.6), we have the following four relations:

1—u) 'Ry =>04u)"R,,=-v"'R,,

(4.2.7)
(L= w) Ry — Ry )((1 = u)Ryw + Ryy) = (1 — u)*RE,.
Two of the relations, contained in the first set of the above equations, give
P(ugy — uy) + u(u? — u?) + v(uyvy — uvy) = 0,
(a2 = ) + (2 = ) + {0, — ) wrs)

P(vge — ve) + v(v2 — 02) + u(uzv, — upvy) = 0.
Since, a perfect fluid distribution of matter is possible if u=v.

Thus these relations are compatible for perfect fluid distribution of matter if v = v and
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the resulting single equation is as follows:

(1 — 2u®) (ugt — Ugy) + 2u(uf —u2) =0, (4.2.9)

4.2.2 Lie Symmetry Analysis

In this section, Lie’s method [110] of infinitesimal transformation groups is applied on
system of Einstein equations for perfect fluids. On considering a one point group transfor-
mations of point-like transformations acting on the space of independent variables (z,t)
and dependent variables u, the associated infinitesimal generator is given by

0
+ 77(377157@_

s,
+7(z, t,u) = 50"

0
X:€<x7t,U,)_ ot

4.2.1
o (4.2.10)

Then, it is required that this transformation leave the set of solutions of PDE (4.2.9)
invariant. This yields an over determined linear system of equations for the infinitesimals
&(x,t,u), 7(x,t,u)and n(x,t,u). After the infinitesimals are determined, the symmetry
variables are found by solving the invariant-surface conditions

() 2

ou
¢:§<$,t,u)— ot

e —n(x,t,u). (4.2.11)

The structure of the determining equations prompts the selection of the following forms

of infinitesimals:
T=F({t+x)+ F(t—1) (4.2.12)
n=0,
where F(t + x) and Fy(t — x) are arbitrary functions. Thus the equation (4.2.9) admits
a set of infinite-dimensional Lie algebra.

For the symmetries described in (4.2.12), the similarity variable ( = ((x,t) and the

corresponding form of w as the function of the new independent variable ¢ are as follows:

(P (t42)+Fo (t—2)) F (t+4a)+ Fb (t—2))
C f 1}_'1 t—fx)ngt xz dz + f Fi(t-l—i)Fg(i r)x) dt’
42.13)

u(z,t) = F(C).
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In the above set of equations (4.2.13), the function F' is a function of { and is deter-
mined by substitution of (4.2.13) into (4.2.9) and solving the resulting nonlinear ordinary

differential equation which is as follows:
2F'(C)*F(¢) + F"(¢) = 2F(O)*F"(¢) = 0, (4.2.14)

where prime () denotes the differentiation with respect to the variable (. Solving this
equation (4.2.14) and reverting back to the original variables, we obtain the following

group-invariant solution of equation (4.2.9):

(a) Solutions in terms of cos() function

. F z)+Fo(t—x) F z)+Fo(t—x
(iJulw, t) = £ cos(er + 2| T pde + [ S Figiziﬁg(i )

.. Fy(t+z)+Fa(t—x)) Fy (t+x)+Fo(t—x)
(i6)u(z, t) = %2 F V2 cos(er + eo [ <(;f(t+;)F2§t de+ [ S5 m%FQé‘ )

F z)+Fa(t—x) F )+ Fo(t—z
(iti)u(z, t) = £ 22 cos(er + eal [ GHG R da e R dt)
DR

F2v/2 cos(er + o ([ (Fi(t+a)+ Fy(t= x) dx + f Fl(t”;;ﬁi txx dt
(4.2.15)

(Fl(t-i-x)FQ t a: F1(t+:c

where ¢; and ¢, are arbitrary constants.

(b) Solutions in terms of sin() function

. F x F x F T F x
(iule, t) = L2 sin(cy + e [ TRESTAED de + [ LB ) 1))

.. Fy (t+x)+F: T Fi (t+x)+F: x
(id)u(r, t) = £52 F V2sin(er + eo [ THEEL AR de + [ 512 iixﬁgé“x)) dt))?

'a x F x —F x F T
(iii)u(z,t) = £32sin(c) + oo [ TR ED dy 4 [ SR Bt gy
)

(F1(t+x)+Fo(t— x)) F1(t+z)+Fo(t— ac))
:|:2\/_Slrl(61 + CQ f Fl(t—l—;r)F;(t x) dx + f (Fi t+a:)F2(?ﬁ z)) dt )
(4.2.16)

where c; and c; are arbitrary constants.

4.3 Einstein Field Equations for Pure Radiation Fields

The Riemann curvature tensor plays the most fundamental role in Einstein theory of grav-

itation. The algebraic and differential properties of this tensor have characterized wave
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fields in general relativity in great detail. The problem of pure radiation fields has been
discussed by several authors [4, 66, 108, 99, 100, 147, 185].

The field equations corresponding to the pure radiation fields are
R} = kwi, (4.3.1)

where x is a scalar. When x = 0 one gets pure gravitational radiation. The more general
waves given by (4.3.1) (k # 0) are distinct from pure gravitational waves. We will derive
some of the exact solutions of the Einstein Rosen [53] cylindrically symmetric space-

times corresponding to pure radiation fields.

4.3.1 The Metric Form and The Field Equations

Consider Einstein Rosen metric [53] in cylindrical polar coordinates r, ¢, z and time ¢ as
ds® = exp(2v — 2u)(dt* — dr?) — r* exp(—2u)d¢® — exp(2u)dz?, (4.3.2)

where u and v are functions of 7 and ¢ only. The non zero components of curvature tensor

obtained from (4.3.2) are
R = exp(2u — 20) (= + vy + Upr — uy — 202 + MTW)
R® = —R* = exp(2u — 20 Upp — U + 2
" ? = exp( ) wt ) 43.3)
Ri = eXp(QU - 2U)(_UTT + Vg + Upp — Ugg + 2“’52 + @)
R;{ = —R; = exp(?u — 21))(2%%5 - %)

Pure radiation fields with null vector w? such that w” = 1, w? = 0, w? = 0, w! = 1 for the

metric (4.3.2), by using (4.3.1), obey the field equations

RI+R=0

RI+RI =0 (4.3.4)
b _ pz_

Ry =R; =0.

Making use of expressions for R! given in (4.3.3), the relations (4.3.4) give the system of
partial differential equations:

Upp + u77 — Uyt = 0
v+ v — r(uy +ug)? =0 (4.3.5)

UTT—U“—FU%—U%:O.
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So we have three equations for the determination of two unknowns « and v and one
can easily verify that these three equations are all consistent. Therefore we drop third
equation in system (4.3.5) and solve the remaining two equations for u and v. Hence we
get a system of partial differential equations

Upp + 2= — Uy =0
ro (4.3.6)
v + v — 7(uy +u)? =0,

Now, we will derive various symmetries of system (4.3.6) by using Lie group method
and an optimal system comprising basic vector fields is identified. Further, the reduced
systems of ordinary differential equations (ODEs) and some of the exact solutions of
equation (4.3.6) are presented.

First of all, by using Lie symmetry analysis method, we obtain the vector field of the
system (4.3.6) as follows:

Xy=2

X, =ul + 202 ,
1 B Ou (4.3.7)

u o’

) )
Xs =rg Tig Xe= g

Xy = ln(r)% + Qu%, X3 = %,

By calculation, we have showed that the symmetries of system (4.3.6) form a six-dimensional
Lie algebra generated by vector fields (4.3.7). To find non equivalent branches of solu-
tions, the one-dimensional optimal system of subalgebras is constructed. The correspond-

ing generators of the optimal system of subalgebras are

(1) X1+ aXs, (1) Xo+ X5, (190) X3+ 0X5, (10) Xy +pXs5, (v)Xs, (vi)Xe,
(4.3.8)
where «, 3, 0 and p are arbitrary constants.
Next, similarity variables and similarity solutions for all six essential vector fields with

optimal system are derived by solving characterstic equations
dv — du _ dov _ dt (4.3.9)

The general solution of these equations involves three constants; one becomes the new
independent variable ¢ and the others, say F' and G, plays the role of new dependent
variables. On substituting these solutions of (4.3.9) in system (4.3.6), one gets the reduced

system of ordinary differential equations.
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4.3.2 Symmetry Reductions and Exact Solutions

Now, reduction of system (4.3.6) into ODEs are obtained corresponds to each vector field
in the optimal system. Some exact solutions of these ODEs and hence the system (4.3.6)

are also obtained.
(i) )(1‘%(1)(5

Corresponding to this vector field, the form of the similarity variable and similarity solu-
tion is as follows:
¢ =foulr 1) = taF(C), v(r,t) = t2G(C).
On using these in system , the reduced system of ODE:s is as follows:
PO~ () + KEQ 4 PO _gp(e)c - £0 4 O — g
(0% 2(1
G'(0) + 249 — (O ¢ ( —CF(Q) +F'(Q)) =0.
The solution of the reduced system of ODEs (4.3.10) is as follows:
F(6) = exhypergeom (|5, 557) . [552] .1 = ¢%)
tea(—1 + €)= hypergeom ([135“, Lol [3a£2] 11— (?) (4.3.11)
G(O) = (f U= FQO-F Qa1+ T Cl) (—1+0)2.

(4.3.10)

«

Hence, the solution of system (4.3.6) is as follows:

u(r,t) = <c1hyperge0m ([2—; a1l [=2e] 1 - :—j)) ta
+ (cg(—l + Qz)(i hypergeom <[1J2“§°‘, l;—aa} , [%} 11— 2)) ta

(ma—2)

o(rt) = (( [ SO QP Qa1 T +Cl) (=140

ISl

2

Qv

(4.3.12)
where c; and ¢, are arbitrary constants and hypergeom stands for hypergeometric func-

tion.

(17) Xo+ BX5

For this vector field, the form of the similarity variable and similarity solution is as fol-

lows:
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n(r))2 n(r)3
¢=tou(rt) =B 4 F(Q),v(r,t) = BOE 4+ 2 m(r) + G(0).

On using these in system (4.3.6), the system of reduced ODEs:

F'(Q)BC(1 = ¢?) = 2BC°F'(C) + BCF'(() +1 =0
BCG'(C) — G'(Q)BC + (F(Q))*¢8 — 2C°B(F"(Q))? + ¢2B(F(())* — 2F(¢) = 0.

(4.3.13)
The solution of the system (4.3.13) is given by:
P 7arctan(\/Tc)\/7\/§T+026\/fl+C2
=/ TN = =T dC+cs (4.3.14)

—(?BF42 F—F2(iB42 3B P72
=/ BCC—1) dC+ 1,

where ¢, co and c3 are arbitrary constants.
Thus, we can get the following solution of system (4.3.6) by using (4.3.14), followed by

reverting back to original variables

u(r.t) = S5+ F(Q)
4.3.15
v(r,t):(?)(ﬁg) 2O ) 4 6(0) (4.3.15)

(iii) X5+ 0Xs

For this vector field, the form of the similarity variable and similarity solution is as fol-
lows:
C=fulrt) = F(Q), v(r.t) = G(¢) + .
Using these substitutions, system (4.3.6) reduces to
F'(Q)(1 = ¢%) = 2(F(Q) + T =0,
G'(Q)(1 =) = C(=CF'(C) + F'(Q)* + 5 =0.

The solution of reduced system of ODEs (4.3.16) are obtained and the solution of system

(4.3.16)

(4.3.6) is as follows:

— t
u(r,t) = arctan ( (r2—t2)) co + ¢,

v(r,t) = =3 In(r) + GIn(r +¢) + s In(r — t) + cs,

(4.3.17)

where ¢y, ¢ and c3 are arbitrary constants.

(iv) X4+ 0Xs
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In this case, the form of the similarity variable and similarity solution is as follows:

(= %’ u(r, t) = F(C) + ln((sr)’ U(T, t) = G(C)

Using these substitutions in system (4.3.6), we get following reduced system of ODEs:

FUO(1 = ) = 2(F/(Q) + 5 + 5 =0

(4.3.18)
G'(O(1 =€) = C(~CF'(Q) + F'(¢) +5) =0.

The solution of reduced ODEs (4.3.18) are obtained and hence the solution of system

(4.3.6) is as follows:

u(r,t) = 2 ¢ arctan ( ! > + ¢y

v/ (r2—t?)
ln(r—t) ln(r) 2c1 arctan(

o(rt) = =5 + S —dln(r) +fn(r +1) - 6ﬁ) ¥,
(4.3.19)

where ¢, ¢, and c3 are arbitrary constants.

(v) Xs

For this vector field, the form of the similarity variable and similarity solution is as fol-

lows:

¢= %’ UJ(T? t) = F(C)? U(T7 t) = G(C)

Using these substitutions, system (4.3.6) reduce to

F(QO(1 =) = 20(F(Q) + £ =0

( ¢ (4.3.20)
G'(Q)(1 = ¢) = C(—=CF'(¢) + F'(¢))* = 0.

The solution of reduced ODEs (4.3.20) are furnished and the solution of system (4.3.6) is

as follows:

,t) = arct L +
v(r,t) = —c2In(r) + ct In(r + t) + cs.

where ¢, ¢, and c3 are arbitrary constants.

(U’L) X6
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Corresponding to this vector field, the form of the similarity variable and similarity solu-
tion is as follows:

¢=r,u(r,t) = F((),v(rt) = G(().

On using these in system (4.3.6), the system of reduced ODEs:

CF"(¢) + F'(¢) =0,

(4.3.22)
G'(¢) = ¢(F(¢))* = 0.

The solution of reduced ODEs (4.3.22) are obtained and the solution of system (4.3.6) is
deduced as:
u(r,t) = c1 + cgIn(r)

(4.3.23)
v(r,t) = ¢y + A 1n(r),

where ¢, ¢, and c3 are arbitrary constants.

Since, after reduction to ODEs, the further attempt to apply Lie group analysis to ODEs
has been made, but no further physically important nontrivial symmetries comes out,
hence the solutions of ODEs are obtained directly. After attaining the reductions and
exact solutions corresponding to essential vector fields of the optimal system, we observed
that in each of physically relevant case, the similarity variable is of the form . Since
reductions can be obtained from any linear combination of basic vector fields (4.3.7),
hence we can consider other linear combinations for physically significant reductions and
exact solutions.

For example, we consider linear combination X; 4+ uXs + A X of vector fields, where p
and )\ are arbitrary constants. For this vector field, the form of the similarity variable and
similarity solution is as follows:

¢ =ru(rt)=exp(5)F(¢) — pn(C)

v(r,t) = =2pexp (3)F(C) + 1 In(C) + G(C) exp(¥).

On using these in system (4.3.6), the reduced system of ODE:s is as follows:

—F"(Q)¢A* + F(Q)¢ — NF'(¢) = 0,

(4.3.24)
=G ()N = 2G(OA + F(C)*)C + 2F(Q)F'(C)CA + F'(¢)*A*¢ = 0.
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The solution of reduced ODE:s are obtained and the solution of system (4.3.6) is deduced

as:

u(r,t) = (c2do (%) + c3Yo (%)) exp (%) — plnr
v(r,t) = (frexp(z—;) (c2J1(%) — esYi(5) 4 cado() — 03J0(§))2 dr + cl)\2>

—2r

exp( X )EXP(%) 21 _ t r Yio(r
—2 5>+ p’In(r) — 2pexp(5)(c2Jo(5) + c3Yo(5)),

(4.3.25)
where .J,(z) and Y, (x) are the modified Bessel functions of the first and second kinds,

respectively. They satisfy the modified Bessel equation:
22Y" 42y’ — (22 +0?)Y =0,

and ¢y, co and c3 are arbitrary constants.

4.4 Summary

In this work, we have studied Einstein field equations for perfect fluid distribution and
the system of partial differential equations corresponding to Einstein Rosen cylindrically
symmetric space time for pure radiation fields by using Lie symmetry analysis method.
Especially, all similarity reductions and exact solutions based on the Lie group method
are obtained by generating the group infinitesimals. The partial differential equations
are reduced to ordinary differential equations, which are further studied with the aim of
deriving certain exact solutions. It is worth to mention here that the authenticity of all
the solutions has been checked with the aid of software Maple. Thus we found new exact

solutions that might prove to be interesting for further applications.
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Chapter 5

Einstein Field Equations with Axial
Symmetry for Empty Space Containing

an Electrostatic Field !

5.1 Introduction

In the theory of general relativity, the field equations for regions containing electromag-
netic fields but no matter are [50] as follows:

G, = -8k,

. 5 (5.1.1)
v __ 14 14 4

El = —F""Fua + 19, F" Fop,

where gz is metric tensor, GG, is the contracted Riemann-Christoffel tensor and F),,, is the
electromagnetic field tensor. This last tensor satisfies Maxwell’s equations if we write

Fuw = R = o (5.12)

S =3,
where k,, is the four-potential, and 3* is the charge and current density which is equal to

zero for the region free of matter.

The contents of this chapter are communicated for publication to Applied Mathematics and Computa-

tion
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Weyl [184] has found a class of solutions of the above equations corresponding to cer-
tain axially symmetric electrostatic fields. In such fields the potential has only one non-
vanishing component 4. Weyl’s solution is for the axially symmetric case where there is

a functional relation between ¢44 and ¢ of the form

gaa = A+ B + ¢7, (5.1.3)

where A and B are arbitrary constants.
The solutions of Equations (5.1.1) and (5.1.2) have been considered by Majumdar [117]
and Papapetrou [142], when no spatial symmetry is assumed, and the general solution has

been given when there is a relationship between g44 and ¢, of the form

gu = (C + ¢)?, (5.1.4)

where C' is a constant. Majumdar has also proved that (5.1.3) is the only possible func-
tional relationship between g4 and ¢, whether or not there is spatial symmetry.

With the above-mentioned exception, the only exact electrostatic solutions reported ap-
pear to be special cases of Weyl’s solution. Among the latter are the following: the well-
known solution for a charged mass-point [50], the axially symmetric solution of Curzon
[43] for several charged mass-points when the relation (5.1.4) exists between g44 and ¢,
the case of an electric field of uniform direction studied by McVittie [122], the solution
of Mukherji [127] for a charged line-mass, and a solution corresponding to a particular
uniform electric field given by Papapetrou [142].

In present study, we have derived certain axially symmetric electrostatic solutions of the
field equations for empty space by using the canonical cylindrical coordinates introduced
by Weyl and obtained complete sets of solutions in these coordinates.

In canonical coordinates, the line element for a field with axial symmetry is
ds* = —exp(\)(dz? + da3) — exp(—p)xadri + exp(p)da?, (5.1.5)

where the origin of coordinates is on the axis of symmetry z;, x5 is a radial coordinate, x3

is an angular coordinate and x, is time-like. )\ and p are functions of x; and x, only. The
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equations (5.1.1) and (5.1.2), with 3* = 0, yield the following set which has previously

been given by [43]:

A
it Aoz pi + F = 2exp(—p)(6] — 65). (5.1.6)
2
A 2
Mt Ao+ p3 — 22— 22— gexp(—p)(¢2 — 62). (5.1.7)
i) i)
A
p1p2 — AL__ 4exp(—p)d1da. (5.1.8)
i) i)
P2 2 2
P11+ p22 + ;2 = 2€Xp(—p)(¢1 + §Z52) (5.1.9)
G11 + P22 + % = (p101 + p202). (5.1.10)
2

where the suffix 1 and 2 after A\, p and ¢ means partial differentiation with respect to z;
and z.

The field equations which determine ), p and ¢ are (5.1.6)-(5.1.10), one can easily verify
that these all are consistent. We will first find the expression for p and ¢ by solving the
equations (5.1.9) and (5.1.10) and then by substitution of these expressions, A can later be
obtained from (5.1.6)-(5.1.8). Rewriting the Equations (5.1.9) and (5.1.10)

pi1 + paz + 2 = 2exp(—p)(47 + 63) 5.1.11)
P11+ P22 + f—; = (p161 + pag2).

In view of the nonlinear character of expression involved, it is difficult to obtain exact
solutions of the system (5.1.11) and the exact solutions of the system (5.1.11) may enable
one to better understand the phenomena which it describes. A detailed systematic analysis
that leads to an exact analytic solution for (5.1.11) has not been performed.

The detail plan of the chapter is as follows: in Section (5.2), Lie classical method is used
to derive the Lie symmetries of the system (5.1.11). The optimal system of non-conjugate
sub-algebras of the full symmetry algebra is identified under the adjoint action of the
symmetry group. Section (5.3) is devoted in finding the reduced system of ODEs using
various Lie ansatze associated with each basic field in the optimal system of sub-algebras.

Further the systems of reduced ODEs are examined for certain exact solutions. Finally, in

the last section we made some concluding remarks.
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5.2 Lie Point Symmetries and Classification of Subalge-

bras

In present section, Lie classical method [23] to the system (5.1.11) is applied by consider-
ing the one-parameter Lie group of infinitesimal transformations in z1, xo, p, ¢, £ (x1, T2)
& (x1, ), n* (21, x2) and n?(zy, xo) . This transformation leaves invariant the following

set
Sa = {p(z1, x2), ¢(z1, 22) : Ai(p, ¢) =0, As(p, ¢) = 0}, (5.2.1)

of solutions of the system (5.1.11), where

Ay = pin+ pa + 2 — 2exp(—p) (4] + ¢3),
Ay =11+ P22 + i—; — (7161 + p292))-
The associated Lie algebra of infinitesimal symmetries is the set of vector fields of the

form

9 9 9 9
r=a? ;29 19 20 22
T T PRI ¥ (52.2)

The set Sx is invariant under the one-parameter transformations provided that
Pr®(T)|a—o = 0, where Pr®(T") is the second prolongation of the vector field I', which
is explicitly given in terms of £, €2, n! and n%. This procedure yields an over determined

system of linear PDEs. Solving this system of PDEs, Lie symmetries of the system are

¢ = a1 + as,

£ = a1,

Nt = 4asg + 2a,

n* = (¢ + exp(p))as + a3¢ + as,

(5.2.3)

where a1, as, as, a4 and ay are arbitrary constants.
After determining the infinitesimals of the system (5.1.11), the similarity variables are

derived by solving invariant surface conditions

q)l = flpﬂn + 52p9€2 - 771 = 07

(5.2.4)
(I)Z = gl(bml + 52(25962 - 772 =0.
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The symmetries under which the system (5.1.11) is invariant can be spanned by the fol-

lowing five linearly independent infinitesimal generators:

Fl :4¢%+(¢2+6Xp(p))%, F2:xlaixl+$28;§27 F3:2%+¢aﬁ¢,

5 5 (5.2.5)
Lys=g55 Ts=g5
with the nonzero Lie bracket relationships
[Fla F3} = _F17 [Fla F5] = _2F37 {F27 F4] = _F47 [F37 F5] = _F5' (526)

As a result, symmetries (5.2.5) form a five-dimensional Lie algebra. We use the sub-
algebraic structure of symmetries (5.2.5) to construct an optimal system [139] of one
dimensional subgroups. Such an optimal system of subgroups is determined by classify-
ing the orbits of the infinitesimal adjoint representation of a Lie group on its Lie algebra
obtained by using its infinitesimal generators.

The optimal system yields only the following symmetry combinations:

(i)]-—‘t—)a (ZZ)F4 + MI-_‘S? (“’Z)FS + 5F47 (ZU)FZ + /Y]-—‘37 (U)Fl + OéFQ + /8F57
(5.2.7)

where y, 0, v, a and [ are arbitrary constants.

5.3 Solutions of Einstein Field Equations by Symmetry

Reduction

Our main goal is to derive exact solutions of system (5.1.11) as exact solutions are helpful
for mathematical as well as physical description. In this section, we will look for some ex-
act solutions of system (5.1.11) by the reducing it into a system of ODEs using symmetry

variables.

@ Vs
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Corresponding to this vector field, we get only constant solution of the system (5.1.11).
(i) Vi+pVs

For this vector field, the form of the similarity variable and similarity solution are as
follows:
¢ =, u(w1,12) = F((), v(w1,12) = G(() + 721

On using these in the system (5.1.11), the system of reduced ODEs are as follows:

F" 4+ £~ exp(~F)(G? 4 i) = 0

P . (5.3.1)
G'+F -G =0.
This can be further reduced as follows:
F({) =In(G'¢c
(©) = n(G'¢e) 532
G(¢) = [ 9(Q)dC + c2,
where g(() is the solution of the following differential equation:
a1Cg’g = —gerg' + g% + 29° + 29407, (5.3.3)

where ¢; and ¢, are arbitrary constants.
(iii) V3 + 0V,

For this vector field, we obtained the following similarity variable and similarity solution:
¢ = @9, u(z1,72) = F(() + 2%7 v(z1,72) = eXP(%)G(O‘
On using these expressions in system (5.1.11), the following system of reduced ODEs can

be easily obtained:

COF" + F'5% — 2C exp(—F) (G282 + G?) = 0

(5.3.4)
C(2G" + G'6* — (G — (*G'F' = 0.
Let G(C) = exp(3F(Q)H(¢), F'(¢) = N(C).
Using these substitutions the system (5.3.4) reduces to
CO2N' + §°N — %C(SQNQH2 —2(6°NHH' — 2(6*H"™ — 2CH? =0 (5.3.5)

—2C6°N'H + (62N?H — 4C6°H" — 26° NH — 46*H' + 4CH = 0.
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We arrive at following cases:

Case (iii.1)

H(¢) = 0, that is not a physically interesting case.

Case (iii.2)
H(() = +1.

With this, our system (5.3.5) reduced to single equation:
1
C6*N' — 5C52N2 +0°N —2( =0, (5.3.6)

which can be further solve to give solution:

4erYr (= LC) + 2J1(§)

. , 537
S(2ienYo(=5) + Jo(9) 63D

where ¢, is an arbitrary constant and J,(x) and Y, (z) are the modified Bessel functions

of the first and second kinds, respectively and satisfy the modified Bessel equation:

22y +ay — (22 + 0Py = 0.

Using these results we get final solution of system (5.1.11):

) = — 21 2 Yo (=52 +J i
pla1, w2) i?p<< o 0 (75%) + 4 (%)) (5.3.8)
d)(l'l,xZ) (2L01Y0( 2)+J0(172))

Using above expressions for u(x1, z3) and v(xy, 23) in (5.1.6)-(5.1.8) and solving, we get

. 2m — LT T2
Mz, m9) = — . —|—2ln(2/,clYo( 5 )+J0<5)>+02

where ¢, is an arbitrary constant.

(iv) Vo +~V3

Corresponding to this vector field, the form of the similarity variable and similarity solu-

tion are as follows:
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(=2 u(@, 22) = F(C) + 27 In(22), v(z1, 22) = 23G(CQ).
On using these similarity variable and similarity solution in system (5.1.11), the system
of reduced ODEs:

F" + (F' + CPF" — exp(—F)(2G? — 4vGG'¢ + 2C°G™ + 29*G?) = 0

G"+ (G + PG —*G - F'G — CPF'G'+y(F'G =0.
Let G(¢) = exp (3F(§)H(S) . F'(§) = N(¢).

Then our system (5.3.9) reduces to following equations:

(5.3.9)

—N'— (N — 3N’ + IN?H? 1 ONHH' + 2H? + L¢*N*H? + 2> NHH' + 2C*H"”
—2v(NH? — 4y¢HH' + 27*H? = 0

—ON'H + N2H — AH" —2(NH — ACH' — 2C2N'H + (2N2H — 4C2H" + 4+*H
—4y¢NH = 0.

(5.3.10)
Case (iv.1)
H(¢) = 0, that is not a physically interesting case.
Case (iv.2)
H(() = =+1.
With this, our system (5.3.10) reduced to single equation:
1
N'+ (N + N — =N*(1 + )+ 2(yN —29* = 0. (5.3.11)

2

which can be further solve to give solution:

2(ic1 —ic1v)LegendreQ (%,— % +~/,iC)
(61 LegendreQ (— % ,—%—l—fy,i() +LegendreP (— % — %—l—'y,iq) ) (1+¢2)

N(¢) =

i 2(c1¢ LegendreQ (—%,—%+’y,i§)'y+(i—i’y)LegendreP (%,—%—&—7,1‘()—&-( LegendreP (—%,—%—&-'y,iq)ﬂy)
(cl LegendreQ (7 % — % +'y,i§) +LegendreP (7 % ,— % +'y,i() ) (14+¢2) ’
(5.3.12)
where ¢; ia an arbitrary constant and LegendreP (i, A, x) and LegendreQ (u, A, ) are the

Legendre functions of the first and second kinds, respectively and satisfy the Legendre

equation:

(1- x2>y// —2zy + ()\()\ +1)— B ﬁQIQ)) y =0,
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where complex numbers A and . are degree and order of associated Legendre functions
respectively.
Hence, the solution of the system (5.1.11) is
p(z1,22) = 2y 1In(z2) + In (1 + %) y—+In(1l+ %)
—21n (clLegendreQ <—%,7 — %, ’j—;) + LegendreP (—%,7 — %, ’j—;))

1 1

2 2771

a1+ 2L 204
2 292

c1 LegendreQ (—%,y—%,%)—i—LegendreP (—%,’y—%,%)) '

¢(z1,22) = (
(5.3.13)
Consequently, A(x1,x2) is given by:
AMzy,22) = —In (1 + %) Y+ 3 In (1—|— %2) — 27 In (z3)
+2 In (clLegendreQ (—%,7 — %, f—;) + LegendreP (—%,7 — %, f—;)) + ca,

where ¢, is an arbitrary constant.
(V) Vi+aVi+ pBVs

In this case, we are able to obtain the solutions only when 5 = 0. Similarity variable and

similarity solution, for g = 0, are as follows:

-1
2eD 4 m(G()”

By using above substitutions, the system (5.1.11) is reduced to a single ODE:

¢= i—;, u(zy, xe) = 2In(v(zy, 22)), v(x1, T2) =

—aC*G"G + a*G”? — al'G"G — aCPG'G + al'G* + G? = 0. (5.3.14)

Solving the equation (5.3.14) and then reverting back to the original variables, we obtain

the following solution of the system (5.1.11):

B —1
p(xla %2) =2In (ln(c1)+ln(12)_c2arcsmh (%) )

o

(w1, T9) = — )

111(61)4’%702&1"35111}1 (%)

(5.3.15)

where ¢, and ¢, are arbitrary constants.
Making substitutions of these expressions for p(z1,x2) and ¢(z1,x2) in (5.1.6)-(5.1.8)
and solving for A(z1, x2), we get

~1
In(ey) + % — coarcsinh (;—;)

Az, 19) = —21n + s,
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where c3 is an arbitrary constant.

5.4 Conclusion and Outlook

We have investigated the exact solutions of the coupled system of highly nonlinear partial
differential equations of second order which arises in general relativity corresponding to
empty space containing an electrostatic field. The Lie symmetry method is utilized for
the purpose of obtaining the symmetries and invariant solutions of the system (5.1.11).
We completely solved the determining equations for the infinitesimal generators of Lie
groups and obtained all linearly independent vector fields of the system (5.1.11). Using
the adjoint action of the symmetry group an optimal system is identified. The basic fields
of the optimal system lead to reductions that are inequivalent with respect to the symmetry
transformations. For each element in the optimal system, some similarity solutions are
attempted for the system (5.1.11). Thus we found some new exact solutions that might

prove to be interesting for further applications.
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Chapter 6

Similarity Solutions of Field Equations

in General Relativity I

6.1 Introduction

In this chapter, we have worked with the field equations of general relativity with electro-

magnetism
1

Rij — §gin = kﬂj, (611)

with
k= 8rGe™, (6.1.2)

and

1

T = (47T)_1(FilFf 1 szngz‘j)a (6.1.3)

where Fj; is the electromagnetic tensor, g;; is the metric tensor and conventions as to the

metric signature [106].

I'The contents of this chapter are communicated in Communications in Theoretical Physics
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Einstein-Maxwell equations [125] in curved space are

[ijkl) 2k = ),

U 6.1.4)
5o l(—=9)2g"g" F] =0

where [ijkl] = (+1, —1) for (even, odd) permutation of 7, j, k, [ and [ijkl] = 0 if any two
of 7, 7, k, [ are equal.

We assumed that the metric to be diagonal

gij = 51']'6@' eXp(in)a (6.1.5)
with
€y = —1, €1 = €y = €3 = 1. (616)

Although there are various ways to defining potentials. We considered the following form
of potentials

Gij = Aij — Aji, (4,7 =0,1,2), (6.1.7)

and
Gis = eiexp(fi — fj — fr + f3)(Bjx — Bij), (6.1.8)

(1,7,k = 0,1,2) in cyclic order. Here, we introduce a new potential C' as A = C cos «

and B = C'sin «. The metric [73]
—ds® = V2 (exp(26))((—dx®)? + (dz")?) + (z)°V2(da?)’ + V2(d2®)’.  (6.1.9)

With the above substitutions [73], the Einstein-Maxwell field equations become

V; 1

Vir — = Voo = (V= Vg + G5 = CF), (6.1.10)
C 2

C11+x—11—000: v(VlCl_VOCO)a (6.1.11)

& = 20 V2V, — CyCy), (6.1.12)

& =a'VAVG+ VP +CE+CY), (6.1.13)

& — o=V VG =V +CE —CY). (6.1.14)
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where the lower suffix 1, 0 denotes partial differentiation with respect to the correspond-
ing variable x!, 2°. Equation (6.1.14) is derivable from Egs. (6.1.10)-(6.1.13); & as
calculated from Eq. (6.1.12) is identical with that calculated from Eq. (6.1.13), with Egs.
(6.1.10) and (6.1.11) assumed. Thus we can find £ from V' and C, and Eqgs. (6.1.10) and
(6.1.11) are the main equations. They are seen to be quasilinear wave equations for V' and
C. Since, the nonlinear system of partial differential equations (PDEs) (6.1.10)-(6.1.14)
represents mathematically and physically important phenomena for electromagnetic fields
and gravitational fields in the theory of general relativity.

This chapter is structured as follows: In Section 6.2, the generalized symmetry method
is used to derive the Lie symmetries of nonlinear Eqs (6.1.10) and (6.1.11). The optimal
system of non-conjugate sub-algebras of the full symmetry algebra is identified under the
adjoint action of the symmetry group in Section 6.3. Section 6.4 is devoted in finding the
reduced system of ODESs using various Lie ansatze associated with each basic field in the
optimal system of sub-algebras. The systems of reduced ODEs are further solved to find

exact solutions. Finally, in the last section we made some concluding remarks.

6.2 Symmetry Group and Optimal System

In order to determine the Lie group of transformations of Eqgs (6.1.10) and (6.1.11), we
have exploited the generalized symmetry method given by Steinberg [164], which is based
on the Fréchet derivatives of the nonlinear operators.

Let the Eqgs (6.1.10) and (6.1.11) be considered as a manifold M = M, M,,

M(V.C) = Vi + 3 = Voo = (Vi =V + G — ) =0,

(6.2.1)
My(V,C) = Cy + % — Coo — %(‘/101 — Vo) =0,

in the space of variables X = (z!,2°), 1= (V,C).

The one-parameter group of local point transformations that leaves Eq. (6.1.10) and
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(6.1.11) invariant corresponds to the vector fields of the form

_ 0 _ 0 _ 0 0

) gt Vo Voc (022

The group infinitesimals A, B, D and E are to be found under the following conditions:

(6.2.3)

)
=
\C_Q/|
ol

fori =1, 2.
In Eq. (6.2.3), F;(M;,1,S) denotes the Fréchet derivative of M; at j = (V,C) in the

direction of the quasi-linear symmetry operator S = (S;, ;) and is defined by

F(V.7.5) = @+ em)]

)= a—

CQl

e = 0. (6.2.4)

The symmetry operator S = (S}, S5) has the following form:

_ oV _ 8\/
_ . oC - _.ocC _
5:(V) = AX, )55 + BX, )55 + E(X, 1), (6.2.6)

Eq. (6.2.4) is used to find the Fréchet derivative of each of the three nonlinear operators
defined through Eq. (6.2.1), and we arrive at the following expressions:

Fi(My,7,8) = S1(Vin + — Voo) + V([Si]1y + Bl — [Silgo) = 2(Va[S1]; = VolSilo+

C1[S2], — 00[52]0)»
(6.2.7)

Fy(My, 7, 5) = Si(Cui + S — Coo) + V([Salyy + B2 — [Sal o) — 2V4[Sa], + [S1),C1—

VO[S2]0 + [51]000)-
(6.2.8)

In view of conditions (6.2.3), Eqs. (6.2.7) are used to get the determining equations
for the group infinitesimals A, B, D and FE. In other words, Eqs (6.2.7) is expanded
and the temporal derivatives of V (2!, 2°) and C(z?, 2°) are substituted with the help of
Eq. (6.1.10) and (6.1.11). This leads to the polynomial expressions in various partial
derivatives of V (2!, 2°) and C(z', 2") with respect to the spatial variable. On equating

the coefficients of various derivative terms to zero in these expressions, set of determining
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equations for the group infinitesimals A, B, D and E are obtained. Without going into
the details of algebraic calculations, we list here the simplified version of the determining

equations. The set of equations obtained from Eq. (6.2.7) is as follows:

Ay =0, Ac =0, By =0, B =0,

A — By =0, Ay— B; =0,

VDo + Ec =0, VDye + Ey =0,

D+ V2Dyy —VDy =0, 2Dic + E; =0, (6.2.9)
—D —VDy+ V2D +2VEs =0, 2'Dyy — 2 Doy + Dy = 0,

ValAy 4+ 22Dy — Vat Ay — 2Val Dy + VA, =0,

—2(z1)’Dy + 2V (2"’ Dyy — ValBy + VB + V(21)’ By — V By = 0.

Similarly, the equation (6.2.8) brings-in the following additional equations. It is being
mentioned here that these equations have been obtained keeping in view the consequences

on the infinitesimals as affected by the set of equation (6.2.9).

VEw —E =0, —VDgy + Ey=0,

VEyy — Ey =0, 2'Ey; + By — 2'Egy = 0,

—VDy +V2Eyc+D =0, VEcc — By —2Dc =0,

2V ()’ Ere — V(21)° Boo — 2(21)° Dy — V&' By + VB + V(2!)° By = 0,
—D —2VB; — V2Eyc + VDy + 2V Ay — V2Agy, = 0,

2Vl Eye — ValtAg + Val Ay + 22Dy + VA, =0.

(6.2.10)

Now, the two sets of equations (6.2.9) and (6.2.10) are combined, and simplified to the
extent possible for the determination of the infinitesimals A, B, D and E. Without pre-

senting any calculations, we provide the following form of the generalized symmetries:

A= a12° + as,

B =az!,

D = —2(asC — %)V,

E = (-C?+4V?)az + asC + as,

6.2.11)

where a;,j = 1,2,3....5 are arbitrary constants. The symmetries under which the equa-

tion (1.11) is invariant can be spanned by the following five linearly independent infinites-
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imal generators:

Wy =2VCOE + (C? = V)&, W,
W4 - _%7 W5 = ai

20

v
o VBV

The adjoint action is given by the Lie series

62

i)
_Cacv

Ad(exp(eW:))Wy = Wy — W, W] + (W5, (W, W3] = ..

_ 1.0 0_0
Wg—l’ ﬁ"—ﬂf 520 9

(6.2.12)

(6.2.13)

where [W;, WJ] = W;W; — W;W; is the commutator for the Lie algebra, and € is a

parameter. With the help of Lie series (6.2.13), the Commutator table and adjoint table

for Lie algebra (6.2.12) can be easily constructed as shown in Table (6.1) and Table (6.2).

Table 6.1: Commutator Table

Index | Wy | Wy | W3 | Wy | Ws

Wi 0O | =Wy | 0 | =W, 0

Wy | W, 0 0 Wy 0

Wiy 0 0 0 0 —Ws

Wy | Wo| Wy | O 0 0

Ws 0 0 W5 0 0

Table 6.2: Adjoint Table
Index Wy Wy W W,y W

W W Wy + Wy | Wy + 2eWy | Wy + Wy + SW, Wi
W, Wy exp (—e) Wy Ws Wyiexpe W
W5 Wi Wy Ws W,y Wi exp (€)
Wy | Wi — Wy — SW, | Wy — W, W W, Wi
W Wi Wy W3 — eWWs Wy Ws
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We thus deduce the following basic fields which form the following optimal system [139]

for Egs (6.1.10) and (6.1.11):
(6)Ws

(i) Wy + aWs

(131) W3 + BWy (6.2.14)
(i) Wy + yWs

(V)W + OW5 + AWy,

where «, 3,7, 6 and \ are arbitrary constants.

6.3 Reductions and Exact Solutions

In the following we consider, corresponding to each generator in the optimal system of
sub algebras, the reductions of PDEs (6.1.10) and (6.1.11) into ODEs in terms of similar-
ity variable ¢ and the new dependent variables F' and G. Some exact solutions of each

reduced system are then attempted.
(i) Ws

The vector field, W5, in the optimal system defines the similarity variable and similarity
solution as follows:
(=a', V(z'a") = F(Q), C(a',2%) = G(().
Using the similarity variable and the forms of the similarity solution, PDEs (6.1.10) and
(6.1.11) reduces to the following system of ODE:s:

(FF'+FF —(F?+(G”* =0,

—(FG" — FG' + 2(F'G' = 0.
After solving this system of ODEs (6.3.1), we obtain the following solution of equations

(6.3.1)

(6.1.10) and (6.1.11):

1 0\ _ —0203+tanh(_711n(ac1)«/clcg+c47 v26102)\/6102
C(zt, 2 = -
\/—C(QCG’GW—2(G”2+2G/G”)G'2
- :I: CG’G”’—CG”2+G/G” )

)

(6.3.2)
V(xt, 2%)
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where c1, ¢y, c3 and ¢, are arbitrary constants.
(17) Wy + aWs

For this generator, the associated similarity variable and similarity solution are as follows:
(=2l V(a'a%) = F(), Cla',2%) = 5 + G(Q).

The corresponding reduced system of ODEs is given by

Q*CFF" + o*FF' — o?CF? + o*CG'2 — ( =0,

(6.3.3)
(FG"+ FG' —2(F'G"' = 0.
In this case, we are only able to produce the following solution:
F(¢) = cl\/z, G = ié + o, (6.3.4)
and
1 () 2 b
F(¢) = 50103@ ser’cy® 4+ Ceer’)) G(C) = ¢y (6.3.5)
Thus, solution of PDEs (6.1.10)-(6.1.14) can be expressed as follows:
V(a!,a%) = eval, C'af) = +5 + 2 4o,
«o e (6.3.6)

g(xl,xO) — 221'0 + 221 + iln(l'l) + cs,

cia? 3a?
and
1 -1
1y 4 =1 0
Vet ) = gares((2!) =g + (@)'=)), O a®) = 5 + e,
_2
70:2))(71+2a017a2c%)_(71+2ac17a2c%)ln(acl)(acl)o‘cl

1,0y _ acy ac In( () aer 4+ 2
f(il? y L ) - (« 1)%61_'_ 2) + H((CE ) 1 +CS) +C47
ciro( (T C?
’ (6.3.7)

where c1, ¢y, c3 and ¢4 are arbitrary constants.

(idi) Wi+ BV,

For this vector field, the form of the similarity variable and similarity solution is as fol-
lows:

1

(= %’ V(Ilv‘ro) = F(C)’ O(xlaxo) = 51n(w0) + G(C)
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On substituting these in PDEs (6.1.10) and (6.1.11), the reduced system of ODE:s is given
by
CFF// _ C3FF// _ 2§2FF/ + FF/ _ CFQ + CSF/Q + 25C2G/ _ CSG/Z + CG/Q _ BZQ — O,

—(FG" — BCF + (®FG" 4+ 2C2FG' — FG' + 2(F'G + 2BC*F — 2(3F'G! = 0,
(6.3.8)

which is quite difficult to solve. Therefore by taking 3 = 0, ODEs (6.3.8) becomes

CFF”—CgFF”—2C2FF/—|-FF/—CF2—|—C3F12—C3G/2—|—CG/2:O,

(6.3.9)
—(FG" + CFG" 4+ 2C*°FG' — FG' + 2(F'G" = 203 F'G" = 0.
which can be further solve to give following solution
F(C) = Cl\/z<<'u2 - 1)% arlctan(#)eri ’
2¢4/¢2—1c3 (cosh (C VIE;_1> +1>
(6.3.10)

G(C) = f ar](;tan( ; )+c3 dC _|— 047
2¢+/¢2—1c3 (cosh <\C/1chi_l> +1>

where ¢1, ¢y, c3 and ¢4 are arbitrary constants.

Using these results we get final solution of Egs. (6.1.10) and (6.1.11):

V(a!,a%) = e/ (5)(%)? = 1)3 . ;

arctan( )+c3 )
1
\(E5)2-1
2(25)/ (55)2—1¢ (cosh( C;OZ )+1)

C(zt, 2% = [ aim(+)+63 d¢ + cq.
204/¢2—1¢2 [ cosh(—— Y=L )11

c1pco

(6.3.11)
(ZU) W2 + "}/Wg

In this case of vector field in the optimal system, we obtain

1

(=2, V(z!,2% = ()5 F(Q), C(z!,2°) = (1) 5)G(Q).
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For the case under consideration the reduced ODEs are
’}/QFF// o C2'72FF// . 2(72FF/ + V2IZF’ o ’}/2F/2 + (272}71/2 o C272G’2 + —2'yCG’G’+
VG2 + %‘_22 =0,

_IZ_S‘ 4 ’)/2G”F o CQ,YQFG// . 2(’72FG/ + 'YQJZG’ + 2'y§F’ . Q’YQG,F, + 2C2’72F,G/ —0.
(6.3.12)

Solution of this system of ODEs (6.3.12) is as follow:
Let G(¢) = £¢F((). Using these substitutions our system reduce to a following single

equation

C2’72FF//—€4’)/2FF”—2€372FF/+C’}/2FF/—2€272F,2+2§4’Y2F/2+2C’)/FF/—F2 — 07

(6.3.13)

hence we arrive at following solution:
_ (= (=1+a)¢?hypergeom (p,(=¢2+1))+hypergeom (¢, —¢2+1)(a—2))
F(O = e el hypergeom (r,¢? —1)(a=2)a¢ d<)
e 8 n (p.~C241) ¢ n (p.—C241)
(¢=—1 o -2 _ ¢ ypergeom (p,— _ ypergeom (p,—
f(( ¢ )EXP( (a—2) ((a 1) f( 42,1 hypergeom (q,7(2+1) d<)+(1 Oc) f(§2,1 hypergeom (q,7(2+1) dC))))dC
(6.3.14)
where p = [=hi2e =B8] [3a=2] g — (=1 —#a] [a=2] and ¢ and ¢, are arbitrary con-

stants. Making substitutions of these expressions for F'({), the solution of Egs.(6.1.10)

and (6.1.11) are furnished as follows:

(6.3.15)

(iii) Wy + 0Ws + AW,

Unfortunately, we are not able to reduce the ODEs corresponding to this case; this will be
taken up in a future endeavor. We consider the simplest form of transformation in view of
the above similarity variables and similarity functions as follows:

C = texp(V).

Using this in the Egs. (6.1.10) and (6.1.11), we obtain

V'V — 2 ViV + VVL = 22'VE + 22"V = 0. (6.3.16)
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and the solution is

1 .0\ ztc3 (Ji(erzt)Yo(erzt)—Jo(erzt)Yi(erzt))
V(I » L ) o (703]0(011&1)4*64)/0(011)1))(03SiIl(C]_wo)fal cos(c1z9))’ (6 3 17)
C($1 1'0) . zled (J1(crzh)Yo(erz!)—Jo(erz!)Ya(crzh)) -
) (—csJo(c1zt)+caYo(c1zl))(es sin(cizV)—ca cos(c129))

where ¢y, c3 and ¢4 are arbitrary constants and J,(x) and Y, (z) are the modified Bessel
functions of the first and second kinds, respectively. They satisfy the modified Bessel
equation:

2Y" + 2V’ — (22 + 1Y = 0.

Using above expressions for V (2!, z°) and C(z!, 2°) in Egs. (6.1.12)-(6.1.14) and solv-
ing, we get

£(z',2%) = cs, (6.3.18)

where c3 is arbitrary constant.

6.4 Concluding Remarks

In summary, we have utilized the symmetry method based on the Fréchet derivative of
the differential operators to obtain the Lie symmetries admitted by field equations of gen-
eral relativity with an electromagnetic stress tensor as source and Maxwell’s equations in
curved space, in which metric coefficients and electromagnetic fields are restricted to be
the functions of two independent variables only. We completely solved the determining
equations for the infinitesimal generators of Lie groups. Further, the group classification
from the point of view of the optimal system of non-conjugate sub-algebras of the sym-
metry algebra of the nonlinear system has been performed under the adjoint action of the
symmetry group. The various fields in the optimal system have been then used to get
the reductions of PDEs into ODEs. Some exact solutions are attempted for the reduced
systems that might prove to be interesting for further applications. The software package
MAPLE has been used to check the correctness of the various solutions being reported

through this work.
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Chapter 7

Kawahara Equation and Modified
Kawahara Equation with Variable

Coefficients!

7.1 Introduction

The Kawahara equation [91]

Uy + AUy + DUgry + ClUpzzrs = 0, (7.1.1)

and modified Kawahara equation [83]

Uy + auPuy + byyy + Clgpzzs = 0, (7.1.2)

where a, b and c are arbitrary constants, occurs in the theory of magneto-acoustic waves
in plasma and in theory of shallow water waves with surface tension. Eq. (7.1.1) was first

proposed by Kawahara in 1972, as a model equation describing solitary-wave propagation

The contents of this chapter has been published in Mathematical Methods in the Applied Sciences, 36
(2013) 584-600
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in media [91]. In the literature this equation is also referred as fifth-order KdV equation
or singularly perturbed KdV equation [27]. The dispersive equation (7.1.2) was proposed
by Kawahara as an important dispersive equation that arises in the context of shallow wa-
ter waves. These equations have been the subject of research work in recent publications
[27, 38, 161, 178] for its various important applications in the theory of magneto-acoustic
waves in a plasma and in the theory of shallow water waves with surface tension. The pa-
per [38] is mainly concerned with the local well-posedness of the initial-value problems
for the Kawahara and the modified Kawahara equations in Sobolev spaces.

However, the physical situations in which nonlinear equations arise tend to be
highly idealized due to assumption of constant coefficients. Due to this, much atten-
tion has been paid on study of nonlinear equations with variable coefficients [17, 70, 93,
159, 160]. The exact solutions of these equations are very useful to discuss and exam-
ine the sensitivity of physical phenomena with several important parameters described
by variable coefficients. The exact solutions are also helpful in designing and testing of
numerical algorithm.

In the present chapter, we have studied the variable coefficients version of the Kawahara

equation (VCKE)

g + a(t)uug + B()Uppr + 0 () Ugzzee = 0, (7.1.3)
and the modified Kawahara equation (VCMKE)

uy + a(t)uuy + B(E)Usee + 0(H)Upezze = 0, (7.1.4)

where «(t), 5(t) and o(t) are arbitrary time-dependent coefficients, for exact solutions
with the help of Lie symmetry analysis.

The chapter has been organized as follows: in Section 7.2, Lie classical method is applied
to generate various symmetries of VCKE and VCMKE and all the similarity reductions
and exact solutions to VCKE and VCMKE are derived. In Section 7.3, the power series

solutions to the equations (7.1.3) and (7.1.4) are investigated by means of the power series
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method. In section 7.4, we have applied generalized (%)—expansion method to VCKE

and VCMKE. Finally, the conclusions and remarks are given in Section 7.5.

7.2 Lie Symmetry Analysis

7.2.1 Symmetry Reductions and Exact Solutions of VCKE

In this section, we first determined the Lie point symmetries of (7.1.3) and then use them
to furnish the reduced ordinary differential equations.

A Lie point symmetry of a partial differential equation (PDE) is an invertible transforma-
tion of the dependent and independent variables that leaves the equation unchanged. In
general, determining the symmetries of a partial differential equation is a formidable task.
However, Sophus Lie observed that if we restrict ourself to symmetries that depend con-
tinuously on a small parameter and that form a group (continuous one-parameter group of
transformations), one can linearize the symmetry conditions and end up with an algorithm
for calculating continuous symmetries. Lie symmetry analysis is applied to VCKE (7.1.3)

as follows:

1. Let us first consider the Lie group of point transformations

u* =u+en(x, t,u) + O(e?)
¥ =z + e(z,t,u) + O(e?) (7.2.1)
t* =t +er(z,t,u) + O(?),
which leaves the system (7.1.3) invariant. In other words, the transformations are
such that if « is a solution of system (7.1.3), then u* is also a solution. The method
for determining the symmetry group of (7.1.3) mainly consists of finding the in-

finitesimals 7, £ and 7 which are functions of x, ¢, u.

2. Assuming that the system (7.1.3) is invariant under the transformations (7.2.1), we
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get the following relations from the coefficients of the first order of e:

n' 4 a(t) (nug 4+ un®) + 1o/ (H)uug + BN + 70 () Uge + o0t
+TOJ (t) Ugzzzr = 0,

(7.2.2)

TXT LXLTT

where ', n*, n®** and 7 are extended (prolonged) infinitesimals acting on an

enlarged space that includes all derivatives of the dependent variables u;, ;. , Uzys
and Uz, The infinitesimals are determined from invariance condition (7.2.2), by
setting the coefficients of different differentials equal to zero. The general solution
of this system of linear PDEs provides the following forms for the infinitesimal

elements 7, £ and 7 and admissible forms of various coefficients in Eq. (7.1.3):

n = klu+k’2,

§ = ksx + [ a(t)kodt + ky, (7.2.3)

_ (Bks [ o(t)dt+ks)
T= o(t) ;

and the functions «/(t), 5(t) and o(t) are given by:

(k1 +4k3)

a(t) = keo(t)(5ks [ o(t)dt + ks)™
B(t) = kro(t)(5ks [ o(t)dt + k)3,

(7.2.4)

where ki, ks, ks, k4, ks, ke and k; are arbitrary constants and o(t) is an arbitrary
function of £.
Here, we are not able to consider optimal system, as the expression for & is in
some power of (5k; [ o(t)dt + k5). So we have derived the functional form of
the similarity solution of Eq. (7.1.3), by solving the following set of characteristic
equations:

du _dr _dr

T (7.2.5)

For the choice of the symmetries given in (7.2.3), Eq. (7.2.5) yield the similarity
variable ¢ = ((z,t) and the corresponding form of u as function of new indepen-

dent variable ( as follows:

_ k1—k3
—xk3k12+zk32k1—k4k12+k4k1k3+k6k2k3(5 ks fa(t)dt+k5) 5k3 >

C(xa t) = < 3 —
\/5kk3 Jo(t)dt+ks (k1—ks)ksk (7.2.6)

<—k’2+(5 ks fU(t)dt"rks) ﬁ F(C)’ﬁ)

u(z,t) = T
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Using the similarity variable, the forms of the similarity solution and the coefficient

functions in the Eq. (7.1.3), we arrive at the following ODE:
F"" + kn F" + ke FF' — k3(F' + k F =0, (7.2.7)

where prime (') denotes the differentiation with respect to the variable (. Note that
the reduced equation (7.2.7) is higher-order nonlinear ODE, we will deal with this
equations in the section (7.3).

Moreover, for by = —k3, Eq. (7.2.7) becomes:

B4 /{7F/” + k’(jFF/ _ kgCF/ — k3 = 0. (7.2.8)

Thus, by solving (7.2.8) and reverting back to the original variables, we obtain the

following group-invariant solution of the Kawahara equation (7.1.3) as follows:

2(13]{33 + ]{74)
(5ks [o (t)dt + ks)* kg

u(z,t) = (7.2.9)

7.2.2 Lie Point Symmetries and Group Invariant Solutions of VCMKE

Assuming that the equation (7.1.4) is invariant under the transformations (7.2.1), we get

the following relations from the coefficients of the first order of e:

nt + a(t)(2unu, + u?n®) + 7o/ (t)utu, + BN + 78 () Upee + o (t)n"22r"
+70" (t)Uggrre = 0.

(7.2.10)

After some straightforward, albeit tedious and lengthy calculations, the above system

gives the following infinitesimals:

n=ku
€ =ksx + ks (7.2.11)
= (5k3fcr(t)dt+k4)

o(t) ’

where ki, ko, k3 and k, are arbitrary constants and the functions «(t), 3(t) and o(t) are

governed by following relations:
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2B(8)o(D)ks — 70" (1)B(2) + To(t)B/(t) = 0
4o (ks + 2a(t)o(t)ki + o/ (H)o(t) — Ta(t)o’(t) = 0.

Thus the Lie algebra of infinitesimal symmetries of equations (7.1.4) is spanned by the

(7.2.12)

following four linearly independent infinitesimal generators:

5 [o(t)dt 9
Xy = o(t) 7T Bac
Xy =ul
R (7.2.13)
X,— L &
37 o) ot
Xy =2

It is easy to verify that X, j = 1,2, 3,4 is closed under the Lie bracket.

However, if the two lie algebras are similar, i.e. they are connected to each other by a
transformation from the symmetry group, then their corresponding invariant solutions are
connected to each other by the same transformation. Therefore, it is sufficient to put all
similar subalgebras into one class and select a representative from each class. The set of
all these representatives is called an optimal system [137].

For brevity we omit the details, and just state the result that an optimal system of genera-

tors is
(Z)Xl + MXQ

(ZZ)XQ + )\X3 + V4
(171) Xo + AN X35 — V3

Xo +9X
(0)Xz 47X (7.2.14)
(’U)X?, + X4
(
(

vi) X3
vii) X3
(viit) Xy,

where 11, A and -y are arbitrary constants. Because the discrete symmetry (z,¢,u) —
(—x, t,u) will map (ii),(v) to (iii), (vi) respectively, and therefore, in the optimal system,
we confine ourselves to remaining six essential vector fields of the optimal system, while
neglecting the other two. It seems reasonable now to construct Lie ansatze and to seek
exact solutions of the nonlinear Eq. (7.1.4). With this in mind, consider its Lie symmetry

generated by the basic operators in the optimal system. In Table (7.1), we have listed
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the Lie ansatze for all the essential fields comprising the optimal system and also the

coefficient functions of the Eq. (7.1.4). Using the ansatze mentioned in Table (7.1), we

can reduce the nonlinear equation (7.1.4) to ordinary differential equation (ODE). Having

exact solutions of ODE and using the relevant ansatze one obtains the solutions of the

nonlinear equation (7.1.4).

Now, we deal with the symmetry reductions and exact solutions to Eq. (7.1.4). We will

consider the similarity reductions and group-invariant solutions. From an optimal system

of group-invariant solutions to an Eq. (7.1.4), every other such solution to the equation

can be derived.

Table 7.1: Similarity Variables, Similarity Functions and the Coefficient Functions of

Modified Kawahara Equation

Essential Similarity Similarity Forms Coefficient Functions
Vector Fields Variables
Xi+pXo | a(fod) | ([Jo@d)EFQ) | alt) =o(ks([ot)d) =,
B(t) = o(t)ke( [ o(t)dt) =
Xo+AX5+ Xy | —z+ 5 [o@)dt | exp(5 [o(t)dt)F() | a(t) = o(t)ks exp(52 [(o(t)dt))
B(t) = keo (1)
Xy + X3 T exp(s [o(t)d)F(C) | alt) = o(t)ksexp(Z2 [ o(t)dt)
B(t) = keo(t)
X3+ Xy —z+ [o(t)dt F(Q) a(t) = kso(t), B(t) = keo(t)
X3 x F(¢) a(t) = kso(t), B(t) = keo(t)
Xy t F(¢) a(t) = kso(t), B(t) = keo(t)
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where k5 and kg are arbitrary constants and o () is an arbitrary function of ¢.

Vector Field X; + X5
Subsituting the forms of the similarity solution and the coefficient functions, correspond-

ing to this vector field, Eq. (7.1.4) yields the following ODE:
5E"" 4+ 5kgF" + 5ks F2F' — CF' 4+ uF =0, (7.2.15)

where prime (') denotes the differentiation with respect to the variable .

Vector Field X, + A X35 + X4

For the case under consideration, the reduced ODE is as follows:
A" 4+ kg \F" + ks \F*F' — ' — F = 0. (7.2.16)

Vector Field X, + v.X;
Using the similarity variable, the forms of the similarity solution and the coefficient func-

tions, Eq. (7.1.4) is reduced to the following ODE:
VE"™ 4+ ke yF" + ksyF*F' + F = 0. (7.2.17)

The reduced equations (7.2.15), (7.2.16) and (7.2.17) are higher-order nonlinear ODEs
and the solutions of these equations are not found in terms of elementary or known func-
tions of mathematical physics and so on. Therefore, we apply the power series method to

furnish the solutions of equations (7.2.15), (7.2.16) and (7.2.17) in the next section.

Vector Field X5 + X,
For this vector field, Eq. (7.1.4) is transformed into the following fifth order nonlinear
ODE:

F" + ke F" + ks F?F' — F' = 0. (7.2.18)
Solving this equation (7.2.18) and reverting back to the original variables, we obtain the

following group-invariant solutions of the modified Kawahara equation (7.1.4):
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Solutions in terms of tanh() function

VB k62 +10 (tanh (cl+<%féb)\/@(15 k62-+150) % (fx+fa(t)dt)>>2
+ e

(Du(z,t) =
V6 (= Lk v/15 ko2 +150+2 ko?+20)

* 6v/Fs\/ ke2+10 1

j:% ﬁM(tanh(q—l—(&—&—%Qm(w kg2+150) 1 (—x+fcr(t)dt)>>

2

(10 u(z,t) =

Vks

V(L ko /15 ko?+150+2 kis>+20)
VEsy/ k62410 ’

=

:F

where c¢; is an arbitrary constant.

Solutions in terms of tan() function

. V6 k6?10 (tan (c1+( g — 35¢) V30(15 k62+150)%(_x+fg(t)dt)))2

(Du(z,t) N
V6~ Luko /15 ko?+1502 ks> —20)
- 6v/Es/ k62+10 .
VB k62410 <tan<cl+(%+6—10L)\/%(15 ke2-+150) T (—x-i—fa(t)dt)))

(it)u(w,t) = +3
VB( Ltk \/15 ks> +150-2 ks® —20)

V k5\/k‘62+10

Vks

3

)

where c; is an arbitrary constant.

Solutions in terms of coth() function

V6+/ ks2+10 (coth (Cl-‘r(%—%b) V/30(15 k62+150)i (—ac+fa(t)dt)))2

(Du(z,t) =+ N
V6 (L ko /15 ko?+150+2 kis>+20)
+ 6vEs\/ k62+10 .
VBr\/ k62410 <coth <C1+(6f10+%1,)\/%(15 ke 2-+150) (7m+fa(t)dt)>>

(id)u(z,t) = +3

Vks

\/6(%”?6\/15 kg2 +150+2 k62+20)

vV k‘5\/k’62+10

3

Y

where c¢; is an arbitrary constant.

Solutions in terms of cot()function

. V64/ k62410 cot cﬁ—(i—ib)\/@(lk’)k62+150)%(—x+f0(t)dt) ’
(iyu(a,t) = + V0o (o) 0 )

VB(— Lk \/15 ki +150-2 k® —20)
:F
6vEs\/ k62+10

- VB k62 +10 (cot <c1+(i+%)\/%(15 ke2+150) (—w+fo(t)dt)))2
_ 1 60 ' 60
(i)u(z,t) = £5 N

VB( ke /15 k6241502 ks —20)
VEs\/ kg2 +10

Y

=

q:
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(7.2.19)

(7.2.20)

(7.2.21)

(7.2.22)



where c¢; is an arbitrary constant.

Solutions in terms of cosech() function

. f\/kg +10(cosech (c1+(60 %0 )\/%(15]%2_5_150)%(—x+fa(t)dt)))2
(Z)U(;U, t) 2vks

\/6(—ng6\/15 k6+150—ke?—10)
i 6VFs ko +10 (7.2.23)

. V64/ k62410 ( cosech C1+(L+LL)\/%(15k62+150)71!(7:v+fa(t)dt) ’
(/M/)u(x’ t) — j:% ( < 60 60\/E ))

V6( L ke /15 k624150 —ks? ~10)
VEs\/ k62410 ’

1
+5
where c; is an arbitrary constant.

Solutions in terms of cosec() function

. f ke +10<cosec(c1+(60 %0 )\/7(15]462_1_150)% (—z+[o(t dt)))
(iyu(e, 1) = + 2 il

\/6(—?1@6\/15 F62+150-+k62+10)
:F
6v/ks 1/ k62+10

V6+/ ke2+10( cosec (¢ 141 )/30(15 k 2—&-1502{r —x+ [o(t)dt :
(i, £) — 1 YOV R 10(ooer (o4 (3 Go)wfj *+150)4 (—+[o()d1)) )

5
VB( & ekio \/15 k6 +150+ko?+10)

\/k‘5\/k62+10 ’

(7.2.24)

1
T
where c¢; is an arbitrary constant.

Solutions in terms of sech() function

. \f\/ ke +10(sech <C1+(6076O )\/%(15 k62+150)71£ (7x+fa(t)dt)))2
(Z)u($a t) 2Vks

N \/6(—ng6\/15 k62 +150—kg? —10)
6VFs ks +10 (7.2.25)

B V64/ ke2+10(sech cl+(i+ib)\/%(1sk62+150)%(_x+fa(t)dt) ’
(it)u(w,t) = +3 (seet (e1 o 60\/1? )

5
V6 (L ko /15 ko2 +150—ks—10)
VEs\/ k62410 ’

1
+5
where c¢; is an arbitrary constant.

Solutions in terms of sec() function

. V64/ k62410 sec cl+<i—iL)\/@(15k62+l5O) (—z+ [o(t)dt)
(u(a, 1) = 23 ATl o) )

5
VB(— ko \/15 k6 +150+ks?+10)

VEsV/ke?+10 (7.2.26)

2
(z@)u(aj’t) f\/k@ +10<sec(cl+(60 50 )\/270(15]%24_150)}‘(—x+fa(t)dt)))

V k5
\/é(gmm/m ke +150-+k6?+10)
VEs\/ kg2 +10 ’

[N

:F

:F

=
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where c; is an arbitrary constant.

Solutions in terms of Weierstrass P function () function

(i)u(z, t) = 4 hevel0ks ¢ \;’%p <C3 e (—z+ [o(t)dt), —L L*jo,@) :

180  ca
(7.2.27)
where ¢, c3 and ¢4 are arbitrary constants and g denotes Weierstrass P function.
Vector Field X5
The reduced ODE, for this case, is as follows:
F"" + ke F" + ks F*F' = 0. (7.2.28)

We can easily obtain the solutions of equation (7.2.28) in terms of trigonometric functions,
hyperbolic functions and elliptic functions with the help of any of mathematical software.
But in this case, the similarity variable is x. Hence we get the solutions in terms of
variable x only, which may not really correspond to a physically interesting case. Thus
we omit the details here.

Vector Field X,

Corresponding to this vector field, we get the trivial solution of Eq. (7.1.4) as

u(x,t) = ¢, where c is an arbitrary constant.

7.3 Power Series Solutions

In previous section, we have obtained the reduced ordinary differential equations by using
Lie symmetry reductions. Now, we have examined the nonlinear ODEs (7.2.7), (7.2.15),
(7.2.16) and (7.2.17). In general, we can not get the exact explicit solutions for these non-
linear ODEs by using the elementary functions and integrals. But the power series can be
used to solve ODEs, including many complicated differential equations with nonconstant
coefficients [7, 112, 113, 114]. Now we consider the power series solutions for these re-

duced equations.
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Power Series Solutions to Eq. (7.2.7)

Firstly, we will seek a solution of Eq. (7.2.7) in a power series of the form

[e.9]

F(Q) =) cal™ (7.3.1)

n=0

Substituting (7.3.1) into (7.2.7), we have

12005 + 3 (n+ 1)(n +2)(n + 3)(n + 4)(n + 5)cnssC™ + ks

n=1

ke il(n + 1)+ 2) (0 + 3)ensal” + kg il( é (n+1— k)exenni)C"  (732)
—Cks io(n +1)eniC" + ka i_ojo (" = 0.

From Eq (7.3.2), on comparing coefficients of (", for n = 0, we obtain,

1
Cy = 120( 603]'{37 - Cok’l) (733)
In general, for n > 1, we have
_ 1
Cnt5 = DTS S D (o) ( —kz(n+1)(n+2)(n + 3)cpys + ksne,

n (7.3.4)
ke = k(3 (n 1 k)ckcnﬂ,k)).
=0

From (7.3.3) and (7.3.4), we can get all the coefficients c,, n > 5 of the power series

(7.3.1), as following,

720( 24k704 + Clkg — Clkl kG(QCOCQ -+ C%)) (7 3 5)
60]{3765 + 202]{33 — 62/{51 — 3]{36(0()03 + 0102))

cg =
o7 = g5 (—
and so on.

Thus, for arbitrary chosen constant numbers cy, ¢y, c2, c3 and c4, the other terms of the
sequence {c,}>°, can be determined successively from (7.3.3) and (7.3.4) in a unique
manner. This implies that for Eq. (7.2.7), there exists a power series solution (7.3.1)
with the coefficients given by (7.3.3) and (7.3.4). Furthermore, it is easy to prove the
convergence of the power series (7.3.1) with the coefficients given by (7.3.3) and (7.3.4)
[112, 113, 114]. Therefore, this power series solution (7.3.1) to Eq. (7.2.7) is an power

seriessolution.
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Now we will show the convergence of the power series solution (7.3.1) of Eq. (7.2.7).

From (7.3.4), we have
|Cnrs| < M([Cnps| + [cal + X2 lekllensail),n =1,2,3... (7.3.6)
k=0

where M = max{]kﬂ, ‘kg + ]ﬁl, ‘k@‘}

If we define a power series

= P(O) = ipncn, (13.7)

by po = [col, p1 = le1ls pa = |cal, p3 = les|, pa = |eal, ps =|cs5] and

Pnts = M(Pnys + pn + ]i:opkpwrlk)a n=123..

then it is easily seen that :

len| < pny,n=0,1,2,3...

In other words, the series 1 = P(() = i{) pnC™ is a majorant series of (7.3.1). Next, we

show that this series ;1 = P(() has a positive radius of convergence. Indeed, note that by

formal calculation, we have

P(¢) = po + p1¢ + paC? + psC® + paC* + psC° + len%C”“’
= po + p1C + paC* + p3C® + paC* + psC° + M(len+3Cn+5 + lenfn%

+ Zl > PrPrr1-kC"0)
n=1 k=0

= po + p1C + paC* + p3C® + paC* + psC° + M( — P%(() +p3 + 2pop1C + (p? + 2pop2)C?
+(2pops + 2p1p2) ¢ + (2popa + P53 + 2p1p3) ¢t + (2pops + 2p1pa + 2p3p2)CP

+(pa + 1 + 2pops + 2p1ps + 2paps + p?)@)-
(7.3.8)

Consider now the implicit functional equation

F(¢,p) =p—po—p€ — paC® — p3C® — pal* — psC® — M( — 1 + pg + 2popiC
+(p? + 2pop2)C? + (2pops + 2p1p2)C3 + (2pops + p3 + 2p1ps)C*

+(2pops + 2p1pa + 2p3p2)C° + (pa + p1 + 2pops + 2p1ps + 2paps + pf)&) =0.
(7.3.9)

Since F is analytic in the (¢, p1)-plane and F'(0, po) = 0, F},(0,po) = 1+2poM # 0, by the

implicit function theorem [57, 150], we see that n = P(() is analytic in a neighborhood of
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the point (0, pg) of the plane and with a positive radius. This implies that the power series
(7.3.1) converges in a neighborhood of the point (0, py) of the plane. This completes the
proof.

Hence, the power series solution of Eq. (7.1.3) can be written as following:

k1

u(x t) _ (co+61C+C2C2+C3C3+64C4+7§1 Cnal ) (ks [ o (t)dt-+ks)5F3 ky—ko (7.3.10)
) 1
k1
_ (cote1Cteal?+esCB+ealt+ (a5 (—6eskr—cok1—kecoc1))C) (5ks [ o(t)dt+ks) 53 ky—k
u(x,t)_ 0+cC1 2 3 k4 120 37]:11 6C0C1 3 5 1—k2
1
k1 (5ks [ o(t)dt+ks)5Fs [ 1
+== k1 : (nz::l (n+1)(n+2)(n+3)(n+4)(n+5) (_k7(n + 1)(” + 2)
(n 4 3)cns + ksne, — ke, — k(D (n+1 — kz)ckan,k))C"“)7
k=0
(7.3.11)
where ( is given by
_ (k1—Fk3)
C _ _IkSk% + xkgkl - k’4k% + k3k1k4 + k2k3(5]€3 f O'(t)dt + k?5) 15k33
(ky — kg)kiks(5ks [ o(t)dt + k)5 ’
(7.3.12)

and cg, c1, o, c3 and ¢4 are arbitrary constants, the other coefficients ¢,, n > 5 can be

determined successively from (7.3.3) and (7.3.4).

Power Series Solutions to Eq. (7.2.16)
Now, we seek a solution of Eq. (7.2.16) in a power series of the form (7.3.1). Substituting

(7.3.1) into (7.2.16), and comparing coefficients, we obtain

Cnts = ST wTS) ( —5ke(n+ 1)(n+2)(n + 3)cprs + (n — p)en
n k
=5ks(2- 20+ 1= k)i yearin)),
k=0 75=0

n=0,1,23, ..
(7.3.13)

In view of (7.3.13), we can get all the coefficients c,,n > 1 of the power series (7.3.1),

Cy; = ﬁ(—ﬂCO - 5k35610(2) - 30]{3663)
Co = 55 (—120kgcs — picy + ¢1 — 10ks(coc? + cac?)) (7.3.14)
¢7 = 15655 (—300kgcs + (—p + 2)ca — Bks(3cies + 6eoerea + 1)),
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and so on. Thus, for arbitrary chosen constant numbers cy, c1, c2, c3 and c4, the other
terms of the sequence {c,}>°, can be determined successively from (7.3.13) in a unique
manner. This implies that for Eq. (7.2.15), there exists a power series solution (7.3.1)
with the coefficients given by (7.3.13).

Accordingly, the exact traveling wave solution to Eq. (7.1.4) is given by

u(z,t) = ([ o(t)dt)s (co ez [(e)d)F +co(x [(0()dt)F + es(x [(o(t))dt)T
Jr04( J(o(®)dt)T + gs(—peo — Sksercd — 30kecs)(x [(o(t))dt) ™!
+ Z 5(niD)(ni2 (nl_y.g)(n+4)(n+5) (_5k6(” + 1)(” + 2)(” + 3)Cn+3 + (n - M)Cn

e B)esensennoi)) (@ [ (o(0)d) =5,

k=0 7=0

(7.3.15)
where ¢, ¢1, ¢o, c3 and ¢4 are arbitrary constants, the other coefficients ¢, 5(n = 0,1,2,...)

are given by (7.3.13) successively.

Power Series Solutions to Eq. (7.2.16)
Similarly, we seek a solution of Eq. (7.2.16) in a power series of the form (7.3.1). Substi-

tuting it into (7.2.16), and comparing coefficients, we obtain

Cnts = SIS ( —ke(n+1)(n+2)(n +3)cnrsA + cp + (N4 1)cnta

n k
“RACY Y (1= k)ejonsenir)),
k=0 7=0

(7.3.16)
n=0,1,2 ..
In view of (7.3.16), the power series solution (7.3.1) of Eq. (7.2.16) can be written as

follows:

—b¢ - c2c1+co+te
F(¢) = co + 10 + a0 + 3¢ + eaCt + ( PRt 1) ¢

+ n;l Y ey e e e e ( — kgA(n +1)(n 4 2)(n + 3)cpss + co + (0 + D)cnta

n k
“kACY S (n+ 1= K)ejenjenn 1) (.

k=0 35=0

(7.3.17)
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Therefore, the power series solution of Eq. (7.1.4) is given by
u(z, t) = exp([ 2L dt) (co tea(-z+1[(o dt) +ep(—z + L [(o(t))dt)?
tes(—z+ 1 f £))dt)* + ca(— + 1 f R

(—z+3 [0 dt) + Z )y n+1)(n+2)(n+3)(n+4)(n+5)( keA(n + 1)(n +2)(n + 3)cars

e+ (n+ Dt — kAR z<n+1— Bescijensii)) (=2 +  [(0()dt)™+).
k=0
= (7.3.18)

where ¢y, c1, ¢, c3 and ¢4 are arbitrary constants.

Power Series Solutions to Eq. (7.2.17)
Similarly, we have derived the power series solution of Eq. (7.2.17) and hence, analytic

solution of Eq. (7.1.4) is as follows:

u(z,t) = exp( [ &dt <co + 1 + cox? + c3xd 4 eyt + (7603k67172%5770861760> xd

+ Z S Dtz (n+3)(n+4)(n+5)( kgy(n+1)(n+2)(n+ 3)cnts — cn

n k

—ksy (3 Y- (n+ 1= k)ejermjeninn)a™)),
k=0 35=0

(7.3.19)

where ¢, c1, ¢, c3 and ¢4 are arbitrary constants.

7.4 Application of Generalized (%) Method to VCKE
and VCMKE

In this section, we have applied the generalized (%) -expansion method to VCKE (7.1.3)
and VCMKE (7.1.4). As a result, hyperbolic function solutions, trigonometric function
solutions and rational solutions with parameters are obtained.

The solution of Eq. (7.1.3) can be expressed by a polynomial in (%) as follows:

m (;, 7
o(t) + > ailt) (E) , (7.4.1)
=1
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where G = (G(0) satisfies following equation
G"(0) + A\G'(8) + uG(6) = 0, (7.4.2)

where 6 = p(t)x + q(t), p(t) and ¢(t) are functions to be determined.
By balancing the highest order nonlinear term and the highest order partial derivative term
of u in (7.1.3), we get m = 4. In order to search for explicit solutions, we suppose that

(7.1.3) has the following formal solution:

u = ag(t) + a(t) (%) + an(t) (%)2 + as(t) (%)3 + ay(t) (%)4 (7.4.3)

Substituting (7.4.3) into (7.1.3) and using (7.4.2), collecting all terms with the same or-
der of (%) together, the left-hand side of Eq. (7.1.3) is converted into polynomial in
2’ (%) , (7 = 0,1). Setting each coefficient of this polynomial to zero, we derive a
set of overdetermined differential equations for ag(t), a1 (t), as(t), as(t), as(t), p(t) and
q(t). Solving this set of equations, we have obtained the following results:

Case 1:

pt)=ci, qt)=cs+cy [o(t)dt, B(t) =—13¢1* N0 (t) +52¢1%0 (¢)

o (t) = e (t), () = B0 gy (1) = =002 (1) = 0adn
2(78¢12XA2+156 ¢12 _ 54 532 5,2
g (t) _ _21_8?? c1 ( c1 — c1 N)) o (t) — (_04 36c1°A +28i§él)\ p+1104c1°p ) ’

(7.4.4)
where ¢y, o, c3 and ¢, are arbitrary constants.
Substituting the general solutions of (7.4.2) into (7.4.3) and using (7.4.4), we have three

types of exact solutions of (7.1.3) as follows:
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When \? — 4y > 0, we have obtained hyperbolic function solution in the form

u(z,t) =  ca=36c1504 4288150241104 ¢15u2  1680citap [ V/A?—4p(aisinh(Ar)+az cosh(Ar)) A
) - cact co ag sinh(A1)+aj cosh(A1)
Cc2

ag sinh(A1)4a1 cosh(Aq)

_ 420 ()\2+2 N)C14 ( /N2—4 (a1 sinh(A1)+ao cosh(A1)) o )\) 2

ca az sinh(A1)4a1 cosh(Aq)

3
42000 <\//\2—4u(a1 sinh(A1)+a cosh(A1)) /\)

4
 105¢1% ( v/ A2—4 p(aq sinh(A1)+a2 cosh(A1)) . )\)

c2 a2 sinh(A1)+ay cosh(A1)

(7.4.5)
where A; = VA Ay

3 (01£C+03+C4f0'(t)dt).

When A2 — 4y < 0, we have trigonometric function solution

_ 5)\4 2 5)\2 1104 5,2
u(m,t) _ _ 36 c1 +288 c1 pu+1104c1°p

es0ean /X +Au(—azsin(Az)+ar cos(Aa) A)
cica

co a1 sin(A2)+as cos(Az)

_ 420( X242 )1t ( V =\ +4p(—azsin(Az)+ar cos(Az)) )\>2

co a1 sin(Az)+asz cos(A2)

co a1 sin(A2)+az cos(Az)

3
_420014/\ <\/—)\2+4u(—a2 sin(A2)4a1 cos(Az2)) . )\)

co a1 sin(A2)+as cos(Az)

4
_105¢14 ( vV —A?+4 p(—agsin(Ag)+ay cos(A2)) )\)

(7.4.6)
where Ay = VAn=X

— (az+ s+ fo(t)dt).

When A2 — 4 = 0, we get rational solution as follows:

1 (-507ea—53235¢100)  gu00i 43
u(z,t) = 557 G st

aq A
cieo ca cizteztes [o(t)dt) 2
2 3
2520 c14>\2 ay A)  3360c1%) a4 A
c2 az+as (clx+cg+04 fa(t)dt) 2 c2 a3+a4(clx+63+64 fa(t)dt) 2

_ 1680c1* aq A
() asz+aq (c1m+03+04 fa(t)dt) 2 ’

(7.4.7)
where a4, as, az and a4 are arbitrary constants.

Case 2:
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pt)=c1, q(t)=cs+cs [o(t)dt, a(t)=co(t), o(t)=0o(t),

g (t) = =By (1) = =B009A g (1) =13 (—F + ZivBI) e (dp— Ao (1),

Cc2

490 (12444155 X2440V/Blu—iV/31A2)
(67) (t) =731 o
_ogo @A (1040()er2ut130(t)er 2A2+18 ( G+ Z VBT )er 2 (4 p—A2) o (1))
aq (t) - T3 Y 0) )
ao(t) = _6_12 62 c4 4465 ¢1 521 +22320 ¢ 5 A% 47440 c15u2+0217c326 ic1®p2V/31—528ici O v/31A2—39 ic1 ®v/31N1 :
(7.4.8)
where ¢y, o, c3 and ¢4 are arbitrary constants.
Consequently, we have the following three types of exact solutions of (7.1.3):
If A2 — 4,1 > 0, we obtain the hyperbolic function solution in the form
u(:z:, t) _ _6% 62 c3+465 c1° A1 4+22320 15 A2 147440 c15u2+c217c326ic15u2¢37—528ic15u V31A2—-394c15/31)4

910 1*A (124 5431 \24+44v/31u—iv3IA?) [ \/A2—4 (a1 sinh(A1)+az cosh(A1)) A\
T 31 c2 ag sinh(A1)4ai cosh(A1) -

31 co ag sinh(A1)4a1 cosh(Aq)

3
4200, (x/v—zm(al sinh(A1)+az cosh(A1) )\)

co az sinh(A1)4a1 cosh(Aq)

4
1050 (\/v—w(al sinh(A1)+az cosh(A1) A)

2
105 014(124 u+155 /\2+4i\/31u—z’\/31)\2) ( v/ A2—4 pi(ay sinh(A1)+asz cosh(A1)) )\)

co a2 sinh(A1)+ai cosh(A1)
(7.4.9)
where A; = VX oin

5 (01$+C3+C4f0'(t)dt).

If \2 — 4,1 < 0, we have trigonometric function solution in the following form:

u(:c t) _ 1 62¢;+465c1° A" 422320 ¢1° A2 p+7440 ¢35 242736 ic1 S p? v/31—-528 ey O pu v/31AZ —39 icy ° /312
’ - 62 c1c2

210 a1t (124 p+31A2+4 i\/31,ufi\/31)\2) (« /4 1—X2(—az sin(Az)+a1 cos(Az)) /\)

31 c2 a1 sin(Ag)+az cos(Az)

2
105 14 (124 4155 \244iv3Ip—iv/3IA2) [ /4 u—A2(—az sin(Az)+a1 cos(Az2)) A\
RET c2 a1 sin(A2)+asz cos(Az) -

3
_ 420¢1%) (\/4/1—)\2(—112 sin(A2)4a1 cos(Az2)) . )\)

co a1 sin(A2)4az cos(A2)

4
10504 (\/4M—/\2(—a2 sin(Az)+as cos(Az)) A)

co a1 sin(A2)4az cos(Ag)

(7.4.10)

117



where Ay = —”4’;# (x4 c3+ ey fo(t)dt).

If A2 — 4 = 0, we get rational solution as follows:

ay
as+aq (cl z+c3+tcy fa'(t)dt)

_ ca+105¢150 840 ¢14)\3
u(x,t) = — oo — =2

2>

)

2 3
_2520¢1%)\? ay A _3360c1*)\ a4 A
c2 az+aq (clx+03+04 fa(t)dt) 2 c2 2

a3+a4<clx+03 +c4 fa(t)dt)
4
16801 % )
)

a4
az+aq (clcc—l— cg+tcy fa(t)dt)

>

Cc2

(7.4.11)
where a4, as, az and a4 are arbitrary constants.

Case 3:

pt)=ci, q(t)=cs+cyfo(t)dt, B(t)=13 (=5~ Giv3L)e® dp—N)o(t)

2

alt) = a0 (t), au(t) = — B0 ay(f) = - Ba, o)

c2 o c2

= a(t),

4(—124 1—155 \24+4i+/31u—i/3122 AN (=124 p—31 A2444v/31p—iy/3102
s (1) = 20 (TSN - (p) = a0 A (12 WPt/

) ’

o (t) _ 1 —62c4—465¢1°2*—22320 ¢1 502 u—7440 ¢1 54242736 ic1 2 V/31—528 ic1 O v/31A2 —39ic1 °/310*
0 — 62 c1ca

Y
(7.4.12)
where ¢y, o, c3 and ¢4 are arbitrary constants.

When A\? — 4u > 0, we derived hyperbolic function solution of Eq. (7.1.3) in the fol-

lowing form

u(:c t) 1 —62c4—465c1°21—22320 1522 —7440 ¢1° 242736 ic1 ® u2v/31—528 icq1 ®p v/31A2 -39 ic1 5/31A?
D)

c1C2

910 c1'A (=124 =31 \24+4ivBIpu—iv3IA2) [ \/X\2—4 pu(ay sinh(A1)+az cosh(A1)) A\
+ﬁ c2 ag sinh(A1)4ai cosh(A1) -

c2 ag sinh(A1)4a1 cosh(A1)

2
i 105 1’ (—124 u—155\2+4 i\/3l,u—i\/ﬁ)\2) < v/ A2—4 p(aq sinh(A1)+az cosh(A1)) >\>
31 -
3
_420c14) < v/ A2—4 p(aq sinh(A1)+az cosh(A1)) B )\)

co az sinh(A1)4a1 cosh(A1)

co ag sinh(A1)4a1 cosh(A1)

4
105¢;4 (w/)\z—4u(a1 sinh(A1)+ag cosh(A1)) )\)

(7.4.13)
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where A, = —”AQ;““ (x4 c3+ ey fo(t)dt).

When A2 — 4 < 0, we have trigonometric function solution of Eq. (7.1.3) as follows:

u(x t) 1 —62c4—465c1°2*—22320 ¢15A2u—7440 ¢1 52 +2736 ic1 * 2 v/31—528 icy O v/3IA2—39 icy /31N
) 62 C1C2

210 1\ (=124 p—31 \244iVB1u—ivBIN2) [ \/4p—X2(—az sin(A2)+ai cos(A2)) Y
31 co ay sin(A2)+az COS(AQ)

31 co a1 sin(A2)+az cos(Az)

+@ 014(7124;17155 )\2+4i\/371,u7i\/?j)\2) ( /4 —A2(—asz sin(Az)+ai cos(Az)) B )\) 2
3
42002 (\/4#>\2(a2 sin(Aa)+a1 cos(Az)) A)

co a1 sin(A2)+asz cos(Az)

4
1050, (\/wv(az sin(Aa)+ai cos(Az)) A)

co a1 sin(A2)+asz cos(A2)

(7.4.14)

where Ay = A= (clx +ez+cq [o(t) dt) )

2

When \? — 4 = 0, we get rational solution of Eq. (7.1.3) as follows:

u(z,t) = _cad105¢1501  840¢1%A3 ( as _ A)
! ci1c2 c2 as+aq (clz+03+04 fo(t)dt) 2
2 3
_2520¢14)\? a4 A _3360c14) a4 A
c2 (a3+a4<clx+03+04 fcr(t)dt) 2) c2 <a3+a4 (clx+03+04 fo(t)dt) 2)

4
_1680c1* as _2A
c2 a3+a4(clx+03+04 fa(t)dt) 2 ’

(7.4.15)

where a1, as, az and a4 are arbitrary constants.

Now, we will obtain the new exact solutions of Eq. (7.1.4) involving parameters, ex-
pressed by three types of functions which are hyperbolic, trigonometric and rational func-
tion solutions, by using generalized (%) method. On balancing the highest-order deriva-
tives with the nonlinear terms appearing in (7.1.4), we get m = 2. Substituting (7.4.1)
into (7.1.4) and using (7.4.2), collecting all terms with the various powers of (%) and

(x (%)) together, and equating each coefficient of them to zero, yield a set of equations
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for a(t), an(t), aa(t), p(t) and ¢(t). Solving that set of equations, we get
p(t)=ks a(t)=kso(t), B(t)=ko(t), o(t)=0(t),

q(t) =5 (=120 ks A + 15 ks "M 4+ 240 ks 1 + k1*) [ o () dt + ko,

V10y/~k3 (40 ka? u4-5ka® N2 +k — 2 — 2
a0 (1) = YRRLAGIIITNL g, (1) = SRR, (1) = ST
(7.4.16)

where kq, ko, k3 and k, are arbitrary constants.
Substituting (7.4.16) into (7.4.3) and using the general solutions of (7.4.2), we deduce the
following three types of traveling wave solutions of VCMKE (7.1.4):

If A2 — 4,1 > 0, we obtained hyperbolic function solution

u(z,t) =

VI0V=Fs (40 ka®pu+5ka®N24+k1) | 3 /T0Faka2r [ V/A2—4p(a1 sinh(Az)+az cosh(As3)) A
10ks + k3 ag sinh(A3)4a1 cosh(A3) B

2
i 3v/—10 kgks2 < v/ A2—4 p(aq sinh(Ag)~+as cosh(As)) . )\)

2ks ag sinh(A3)+aj cosh(A3)
(7.4.17)
where Ag = Y2 (ki B (2120 kg 0 A2 + 15 Ey "N + 240 ki + ki%) [ o () dt + k) .

If A2 — 4y < 0, we derived trigonometric function solution

£ — \/10\/—7]63(40k42u+5k42>\2+k‘1) 3v—10ksks2\ [ / —A2+4 p(—azsin(As)+a1 cos(Aa)) A
U(SC, ) - 10ks + ks a1 sin(A4)+az cos(Ag) o

2
| 3/T0Rghs? <\/—>\2+4u(—a2 sin(Ag)+a cos(Ae)) )\)

2ks a1 sin(A4)+az cos(As)
(7.4.18)
where Ay = Y2 (a4 B (2120 kgt X2 + 15 kg NS 4 240 ky* 2 + ki2) [ o (£) dt + k) .

2

If A2 — 4,1 = 0, we have rational function solution in the form

() = V=10ks (15 ka?X2+k1 ) 4 6V=T0Rgky) s o
’ 10k3 k3 agtas(kaw+ [ 15 kao(t)ki2dt+ks) 2
2
+6\/—10k3k42 as A
ks a3+a4(k4m+f%k4a(t)k12dt+k2) 2 ’

(7.4.19)

where a4, as, az and a, are arbitrary constants.
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7.5 Conclusions

In this work, we have considered VCKE and VCMKE by using Lie symmetry analysis.
Especially, all similarity reductions and exact solutions based on the Lie group method are
obtained by generating the group infinitesimals. Then the some power series solutions are
investigated by using the power series method. Further, we successfully obtained exact
and explicit analytic solutions with arbitrary parameters to VCKE (7.1.3) and VCMKE
(7.1.4) via generalized (%)—expansion method. These solutions are expressed in terms
of the hyperbolic functions, trigonometric functions and rational functions. In almost all
the cases, the solutions obtained are such that one can choose the arbitrary function o (t),
along with various other arbitrary parameters, in a suitable manner, to simulate physical
situations governed by the equation (7.1.3) and (7.1.4) and to attain solutions with some
desired features. Thus we found some new exact solutions that might prove to be poten-

tially useful for applications in mathematical physics and applied mathematics.
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Chapter 8

Variable Coefficients

Kuramoto-Sivashinsky Equation1

8.1 Introduction

The Kuramoto-Sivashinsky (KS) equation [42]

U + AUy + OUyy + CUppre = 0, (8.1.1)

where a, b and c are arbitrary constants. Kuramoto-Sivashinsky (KS) equation which is
a canonical nonlinear evolution equation arising in a variety of physical contexts, e.g.
long waves on thin films, long waves on the interface between two viscous fluids [82],
unstable drift waves in plasmas, reaction diffusion systems [104] and flame front insta-
bility [162]. It describes the fluctuations of the position of a flame front, the motion of
a fluid going down a vertical wall, or a spatially uniform oscillating chemical reaction in
a homogeneous medium [42]. This equation was examined as a prototypical example of

spatiotemporal chaos in one space dimension [146].

The contents of this chapter are published International Journal of Nonlinear Sciences, 15 (2013) 139-
149
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Here, we have studied Kuramoto-Sivashinsky (VCKS) equation with time dependent vari-

able coefficients

w + a(t)uug + B() Uy + 0(8)Upgze = 0, (8.1.2)

for exact solutions with the help of Lie symmetry analysis.

In this chapter, power series solutions of variable-coefficients Kuramoto-Sivashinsky (VCKS)
equation are derived. All the physical parameters in the solutions are evaluated as func-
tions of varying coefficients. Moreover, by direct integration, it is difficult to solve the
equations with higher degree nonlinear terms with variable coefficients. Exact solutions of
nonlinear partial differential equations with variable coefficients [70, 103, 115, 157, 158]
are very helpful for understanding the physical behavior of nonlinear phenomena and dy-
namical process modeled by these nonlinear models. Although, nonlinear models may
posses constant or variable dependent coefficients which provide a rich variety of shape
preserving waves and their interesting properties.

In the following sections: Painlevé analysis of Variable Coefficients Kuramoto-Sivashinsky
(VCKS) equation is performed to check the Painlevé property and further auto-Backlund
transformation is presented via the truncated Painlevé expansion in Section (8.2). Sec-
tion (8.3) is devoted to outline of Lie classical method to generate various symmetries of
VCKS equation. Section (8.4) contains the corresponding ordinary differential equations
(ODE?s) and their exact solutions. In Section (8.5), we deal with the power series solutions
by using the power series method and some concluding remarks are given in last section

(8.6).

8.2 Painlevé Analysis for VCKS Equation

Weiss et al. [182, 183] have defined the Painlevé property for PDEs and developed a
method for testing a common particular type of movable singularity, without studying

any similarity reductions. A PDE is said to possess the Painlevé property if the only sin-

124



gularities of the general integral which can live on arbitrary non-characteristic (movable)
hypersurfaces are poles. This Painlevé test has proved to be a useful criterion for the
identification of completely integrable PDE. The leading order of the solution of equation
(8.1.2) is assumed as

u(z,t) = ugg® (8.2.1)

where u = u(z,t) and g = g(x,t) are analytic functions of (z,¢). On substituting equa-
tion (8.2.1) into (8.1.2) and equating the most dominant terms, the following results are
obtained:

p=—3uy = 2l (8.2.2)

where g, denotes the partial differentiation of g(z,¢) with respect to =. For finding the

resonances, the full Laurent series:

u(z,t) = ugg™ ' + Z Uy g 3 (8.2.3)

where u, = w,(z,t), is substituted into (8.1.2) and by equating the coefficients of like
terms, the polynomial equation is derived as
3600 (t) gz (1) gz, t)  upa(t)? + 222rc (t)go(z,t) gz, t) upa(t)?

—o(t) g (2, 1) gz, ) rtua(t)? + 1830 () go (x, ) gz, t)  upa(t)?
—1190 (t) g (x, ) gz, ) r2u,o(t)2.

(8.2.4)
Using equation above, the resonances are found to be
13 V71
r=-1,6—+1— (8.2.5)
2 2
As usual, the resonance at 7 = —1 corresponds to the arbitrariness of the singular man-

ifold g(z,t) = 0. Since, the three resonances are not all located at positive integers,
therefore we may obtain a solution of (8.1.2) depending on two arbitrary functions. In
order to check the nature of resonance located at r = 6, the full Laurent expansion (8.2.3)
is substituted in (8.1.2). After the detailed calculation, we observe that (8.1.2) admits the

arbitrary functions g and wug, thus, it is concluded that (8.1.2) passes the Painlevé -test not
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in strict sense, but in a weak sense.

Backlund transformation is a powerful tool in the study on the solutions to the nonlinear
evolution equations. The Painlevé truncation provides us a straightforward way to obtain
auto-Backlund transformation [163, 182, 183]. To achieve auto-Backlund transforma-
tion, we must work with the general form g(x,t) = 0 of the noncharacteristic singularity
manifold. With leading-order analysis, we obtain the truncated Painlevé expansion at the

constant level term as

u=upg > +urg : +usg "+ us. (8.2.6)

Substituting Eq. (8.2.6) into Eq. (8.1.2) and making the coefficients of like powers of g

vanish with symbolic computation yield,

3600 (t)uggs — 3a(t)udg, = 0.

864000 (1) g3 gze + 4800 (t)urar(t)g, = 0.

19a(t)uy — 606(t)gs — 190 (t) gpwe = 0.

308(t)929ax + 2859, Gawer + 2850 (1)gy, — 5700 (t)gzGaalaae + 19929¢ + 19usgra(t) = 0.
—3610(t) g (t) + 3610 (t)giou(t)?us, + 361c(t)o’ (t) g2 + 54150 (t)*(t) Gawag2g

—180500 (t)*cx(t) guGzze + 75810 (£)*U(t) 93 Graza + 216650 (t)cx(t)* g2 us

+54150 (t)2(t) g2 Gow Grzee + 10830 (£)a(t) g2 gungs + 22800 (1) B(t)a(t) g g2,

+10830 (t)cx(t) g2 gat + 9500 () B(t)x(t) g2 gaaa — 115(t)%x(t) g7 = 0.

14440(t)%0 (t)usgabaes + 10830(t)0 (£) grtgaa — 10830 (8)0 (1) ga s + 1083(t)?0 (1) g gaatise
+1083(t) 0 (£)guGuw + 10830(t)0(t) g Gaat — 90250(t) 0 (£)° G Gawwe — 352(t) GG
+25270(t)0 (t)° G2 Guaawae + T5810(t)0 (1) GonGraes + 1083 (t)’ 0 (t)usg2,

+190(t) B(t)gags + 3610 (t)0 () g1Gawe + 19usa(t)’B(t)g2 + 26600(t) B(1)0 () gurGaaa
+760a(t) 5(t)o () gz Gazaa = 0.

200(t) B(t)0 (t) guwwaw + 190(t)0 (1) Guvwaaws + a(t)B'()ge + a(t)B() gt + 190()0" (t) G
+H190(1)0 (8 gazwr — &' (1) B(1) g2 — 190 ()0 (1) Gaza + U8)B(8)Gur + () B(t) gt
+190(t)?0 () guwatise + us(t)?B(t)gae + 19us0(t)20 (1) gapae = 0.

uze + a(t)uzuze + B(t)usee + 0 () Uszree = 0.

/\,—\

(8.2.7)
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where ug is a solution of Eq. (8.1.2), and g satisfies the overdetermined Eqs. (8.2.7).

Therefore, we obtain an auto-Backlund transformation of Eq. (8.1.2) as follows:

u= 622()’5) (In(9)) g + fgi 8 (In(g)), + us. (8.2.8)

8.3 Invariance and Infinitesimal Characterization

A Lie point symmetry of a differential equation is an invertible transformation of the
dependent and independent variables that leaves the equation unchanged. Determining all
the symmetries of a differential equation is a formidable task. However, the Norwegian
mathematician Sophus Lie (1842-1899) realized that if we restrict ourself to symmetries
that depend continuously on a small parameter and that form a group (continuous one-
parameter group of transformations), one can linearize the symmetry conditions and end
detailed study of Lie group theory the interested reader is referred to the well-known
books [22, 23, 85, 137]. The technique has earlier been used to obtain the exact solutions
of various nonlinear partial differential equations.

In this section, we considered the symmetry groups using the Lie’s classical method. A
vector field

0 0 0

=X—+T— — 3.1
V 8x+ 8t+U8u (8.3.1)

is a generator of point symmetry of equation (8.1.2) if
VIl (uy + a(t)uty + B(t)tge + 0(t)Upgze) = 0, (8.3.2)

whenever

w + a(t)uug + B() Uy + 0(8)Upgze = 0. (8.3.3)

where the operator V®! is the third prolongation of the operator V' defined by

0 0 9, 0 9,
V[S] —V x_ Y t_~ xx tt_~ rrrITT 834
+U o +U o, +U D +U B +...++U P ( )

where U?*, Ut, U** U", ... U**** gre extended (prolonged) infinitesimals acting on an

enlarged space corresponding to u,, Ui, Ugz, Ut ..., Uzzzze reSpectively. The method
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for determining the symmetry group mainly consists of finding the infinitesimals X, Y, U
which are functions of x,t,u. The set of determining equations for the group infinites-
imals X, 7" and U which we get from (8.3.2) after equating the coefficients of various

derivative terms to zero, is as follows:

X, =0, Ty =0T, =0 Uy, =0
—3Xys +4U,, =0,
a(t)uly + Uy + Unyau + B()Usu = 0,
—To'(t) — Tyo(t) + 40X, =0,
28X,0(t) +6(0(t)* Ussn — 4(0(8))? Xpaw — To'(t) B+ TS (t)o(t) = 0,
—To'(t)a(t)u+ T (t)uo(t) — (0(t)* Xawee + 3a(t)uX,o(t) + a(t)o(t)U — o(t) X,
+2B(t)o(t)Usy — B0 Xyz + 4(0(t))? Uy = 0.
(8.3.5)

The general solution of equations of this large system provides following forms for the

infinitesimal elements X, 7" and U and admissible forms of various coefficients in Eq.

(8.1.2);
X = k’lfL’ + kQ
T — (4k’1 f:-((i))dt-l-kg) (836)
U = k‘4u,

where ki, ko, k3 and k, are arbitrary constants.

The functions «/(t), 5(t) and o(t) are governed by the following conditions:

2Bk = To'(t)B(t) + To()F'(t) = 0

(8.3.7)
Ba(t)o(t)ky + a(t)o(t)ks + T/ (t)o(t) — Ta(t)o'(t) = 0.
The vector fields associated with equation (8.1.2) are following :

A=z + (% [o(t)dt)2
Ao =u

o (8.3.8)
Ae = L O

3= o) ot
A= 2

It is easy to check that the vector fields A;, As, A3 and A, are closed under the Lie bracket.
For Eq (812), we have [Al,Aﬂ = ... = [A47A4] = 0, [Al,AQ] = —[AQ,Al] = 0,
Vo, As] = —[A3,Ao] = 0, [Ag, Ay] = —[Ag,Ag] = 0, [A3,A4] = —[Asg,A3] = 0,
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[A1, As] = —[As, A1) = —4As, [A, Ay] = —[Ay, Ay] = —Ay.

As a result, symmetries (8.3.8) form a four-dimensional Lie algebra.

As we know, classification of subgroups of Lie symmetry groups of differential equations
is an essential part in study of equations. This is since classification allows for an effi-
cient computation of group-invariant solutions, without the possibility of an occurence of
equivalent solutions. The classification of subgroups of symmetry groups is usually done
by the classification of the associated Lie subalgebras w.r.t. the adjoint representation.
Following [137] we deduce the following basic fields which form an optimal system for
Eq. (8.1.2)

(1) A1+ phg, (i) Ag + AA3 + Ay, (ii) Ao + AA3 — Ay, (iv) Ao + pAs, (v) Az + Ay,

(vi) As — Ay, (vii) As, (viii)Ay,

where p, A and p are arbitrary constants. The discrete symmetry (¢, z,u) — (¢, —z,u)
will map (ii) and (v) to (ii1) and (vi) respectively, so we will deal only with the (1), (ii),

(iv), (v), (vii) and (viii) cases.

8.4 Reduced ODEs and Exact Solutions

In this section, we have utilized the symmetries calculated in the previous section to de-
duce exact solutions of (8.1.2). One way to obtain exact solutions of (8.1.2) is by reducing
it to ordinary differential equations. This can be achieved with the use of Lie point sym-
metries admitted by (8.1.2). It is well known that the reduction of a partial differential
equation with respect to r-dimensional (solvable) subalgebra of its Lie symmetry algebra
leads to reducing the number of independent variables by r.

In the table (8.1), we now list the the similarity variables and the similarity solutions and
also the coefficient functions of the Eq. (8.1.2), for the six essential vector fields of the

optimal system.
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Table 8.1: Similarity Variables, Similarity Functions and the Coefficient Functions of

Kuramoto-Sivashinsky (VCKS) equation

Essential Similarity Similarity Forms Coefficient Functions
Vector Fields Variables
Aitphy | 2(fodt) ™t | ([od)iFQ) | alt) = o(t)ks(f o(t)d) ™",
B(t) = o(t)ks( [ o(t)dt) =
Ao+ Ms+ Ay | —z 41 [o(t)dt | exp(3 [o(t)dt)F(C) | a(t) = o(t)ksexp(5E [ o(t)dt),
B(t) = keo(t)
Ao+ phs - exp(t [ o) F(Q) | alt) = otk exp(5E [ o(t)db)
B(t) = keo(t)
As + Ay —x+ [o(t)dt F(Q) a(t) = kso(t), B(t) = keo(t)
As x F(¢) a(t) = kso(t), B(t) = keo(t)
Ay t F(Q) a(t) = kso(t), B(t) = keo(t)

where ks and kg are arbitrary constants.

Vector field A + pA,

Using the similarity variable, the forms of the similarity solution and the coefficient func-
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tions, the (8.1.2) is reduced to the following ODE:
AF" + 4kgF" + 4ksFF' — (F' + uF = 0, (8.4.1)

where prime (') denotes the differentiation with respect to the variable .

Now solving equation (8.4.1) and thus, solution of Eq. (8.1.2) can be given as:

(1) = % ( / a(t)dt> " (8.4.2)

NS

Note that the reduced equation (8.4.1) is higher-order nonlinear or nonautonomous ODE,

we will deal with this equations in the next section.

Vector field Ay, + A3 + Ay

Corresponding to vector field, the reduced ODE is as follows:

AF" + kgAF" — Mes FF' + F' + F = 0. (8.4.3)

The solution F'(¢) leads by back substitution to the exact solution of the equation (8.1.2)

of the form, for k¢ = —1, k5 = 0 and A = 1, is as follows:

u(z,t) =exp ([o(t)dt) (exp (— (—z + [o (t)dt)) c1 +exp (a1 (—z + [0 (t)dt)) c2)
+exp ([ o(t)dt) (exp (az (—z + [o (t)dt)) cs + exp (az (—z + [o (t)dt)) ca) ,

(8.4.4)

where

((100+12 v3va3)*? 142 {/100+12 ﬂ\/ﬁ)
@a=- 63/100+12/3v/23

( /100412 \/§\/ﬁ+2> (z /100412 v/3v/23v/3— 3/100+12 v/3/23—2-2 u/ﬁ)
= 123/100+12 3123

( /100412 \/§\/ﬁ+2) (z /100412 v3v23v3+ /100412 v/3v/23—2 i\/§+2)

4= 123/100+12 v3v23

and cy, c9, c3 and ¢4 are arbitrary constants.
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Corresponding to kg = —1, k5 = 0 and A = —1, the solution of (8.1.2) is given by:

((44+12 V69)2/3 _20+42 m)(—z—fv(t)dt)
u (:I:,t) — o~ Jo(t)dt Cle—x—fo(t)dt + e 6 Vadr12 V60

+e~ Jo(t)dt cse 12 ¥/44+12 V69

(14412 v69)*/% ~20-4 Y44+12 69 ) (—o— fo (an) ( (\/5(44+12 VB9)* 20 \/§> (—2—[o(t)dt)
S11

123/44+12/69

te~ Jo(t)dt cqe 12 ¥/44112 V60

)

12}/444+12 V69
(8.4.5)

2/3 3
((aa+12 v59)?/% 204 Y14412 V&) (~a— [ o (1)t < (\/§(44+12 \/@)2/3+20 ﬂ)(—m—fc(t)dt)
Cos

where ¢y, ¢o, c3 and ¢4 are arbitrary constants. Note that we will also deal with this higher

order nonlinear or nonautonomous ODE in the next section.

Vector field A, + pAs
Subsituting the forms of the similarity solution and the coefficient functions, correspond-

ing to this vector field, the (8.1.2) yields the following ODE:
pF"" + kepF" + pksFF' + F = 0. (8.4.6)
Eq. (8.4.6) has the solution

c1+ o€
pkscy

F(¢)=c3— (8.4.7)

where ¢y, co and c3 are arbitrary constants.

Thus, we obtain the solution of Eq. (8.1.2) as follows:

u(z,t) = exp ( / (#) dt) (03 - Clp‘];zzx) . (8.4.8)

Vector field A + Ay

For this vector field, using the similarity variable, the forms of the similarity solution
and the coefficient functions, the (8.1.2) is transformed into the following fourth order
nonlinear ODE:

4 /€6FH _ k‘5FF/ + F' =0. (8.4.9)

Solving this equation (8.4.9) and reverting back to the original variables, we obtain the

following group-invariant solution of the Kuramoto-Sivashinsky (KS) equation (8.1.2):
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Solutions in terms of tanh() function

()u(x,t) = 1?15 — 45kevV—19ks {1}y <c 4 Y= 1Oks(zat[ o(t)dt) )

361ks 38
+15kgﬂ (tanh (Cl i \/T%(—go;+fa(t)dt)>>3
(id)u(z, t) = ki n 135;621;/W tanh( | /2096 ;;f o (t)dt) ) (8.4.10)

By the analysis of solutions obtained here, we conclude that solutions depends upon cer-
tain arbitrary constants and function o (¢). Depending upon these constants and function
of time, we obtain certain different solutions. For k5 = k¢ = 1,¢; = 1l and o(t) = 1,

solution ((8.4.10)(i1)) behaves as periodic waves as shown in Figure (7.1).

1“854 5
X 20

Figure 8.1: Periodic Wave Solution of ((8.4.10)(ii)) for ks = k¢ = 1,¢; = land o(¢) = 1

Solutions in terms of tan() function

<Cl n M(—z+fa(t)dt)>

o

15k2 /19 VI0ks (—a+ [ a()dt) |\ ®
M (tan <C * 3 )) 8.4.11)
(ii)u(z, t) = % _ 1351@%\6/1]620% tan (c L V/Z209%s( 3;:+fa(t)dt)
_165kg\/7€209k:6 (tan( \/ 209%g (— m+f dt)))
61ks5 Y

By the analysis of solutions obtained corresponding to A3+ A4, we conclude that solutions
behaves as periodic solutions for different values of constants k5, kg, c¢; and arbitrary

function o (t) involved.
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Figure 8.2: Periodic Wave Solution of ((8.4.11)(ii)) for ks = k¢ = 1,¢; = land o(t) = 1

Solutions in terms of coth() function

(iu(z,t) = 3= — BRI coth (c SRAR LT ANEAGED )

ks 361ks 38
| 15key/~10kg (coth ( \/ —19ke (—z+ [ o( dt)))
361k 38
(8.4.12)
(ii)u(x,t) _ ki 4 135;612/f oth ( \/m(—a:+fa t)dt))

3
165k2 /209 v/209kg (— :c+ [ o(t)dt)
——3661,% (coth (cl )) ,

The solutions, thus derived, takes the form of periodic solutions as shown in Fig. (7.3)

3

50403020 10 g x
t

Figure 8.3: Periodic Wave Solution of ((8.4.12)(ii)) for ks = k¢ = 1,¢; = land o(t) = 1

Solutions in terms of cot() function

3
(ue,t) = 3 = - feg;lﬁ cot (01 + m(—gfo(t)dw)
—15§§1f <cot <c 4 V1% (= “?+f dt)>>
5

(8.4.13)

(ii)u(z, t) = k i 135kg\6/7€209k6 cot( V/—209%6 3§+f o(t)dt) )
1ks
+165k6\/—209k6 <cot< \/ 200k (— x+f dt)))
361ks 5
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where c¢; is an arbitrary constant.

The solutions obtained in this section behaves as periodic waves for different values of

arbitrary constants and function o (t).

Figure 8.4: Periodic Wave Solution of ((8.4.13)(ii)) for ks = k¢ = 1,¢; = land o(t) = 1

Vector field A;

In this case, the reduced ODE is as follows:
F" + ke F" + ks FF' =0, (8.4.14)

which is a fourth-order nonlinear ODE. Now solving this equation (8.4.14) and reverting

back to the original variables, solutions of Eq. (8.1.2) can be given as:

Solutions in terms of tanh() function

(D)ulz,t) = ke 1% o}y <C1 I @x) _ 15key/—10%kg (tanh (01 N \/Tglm>>3

361ks 361ks 38
2 3
.. k2 . % . 3
) = VI o (o S | RV (1 () )
(8.4.15)

Solutions in terms of tan() function

3 3 3
(i)u(z, ) = _ABkEVI9 <C1 i \/13?;635) _ 15kZ V19 (tan (Cl i \/1?%@633))

361ks 361ks
3
. _ 135kg\/—209kg V/=209ksx 165kg+/—209ks V=209ksx
()u(z,t) = =2HE="1 tan (1 + Y= + e tan (¢ + Y52 )

(8.4.16)
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Solutions in terms of coth() function

(iu(z,t) = 45keV/ 196 (+1) <C1 + @x) _ 15kev/—19kg (Coth <C1 N \/T%ax>>3

361ks 361ks 38
;
(ii)u(x,t) = ——135;“661;/5@ coth <01 + ‘/@“3) + 165;51]1@ (coth <01 + ‘/@x ,
(8.4.17)
Solutions in terms of cot() function
3 3
. 45k2 /19 /10kex 15k2 V19 NN
(u(x,t) = st cot <cl + 50 ) + 6tk (cot (cl + 5% ))
3
. 135ke/—209k V=209ksx 165ke/—200k V=209ksx
(1i)u(x,t) = — e cot <01 + = ) — T — (cot <01 + = >> ,
(8.4.18)

where ¢, is an arbitrary constant.

Vector field A,
Corresponding to this vector field, we get the trivial solution of Eq. (8.1.2) is

u(x,t) = ¢, where c is an arbitrary constant.

8.5 Power Series Solutions

In Section (8.3), we obtained the reduced equations by using Lie symmetry reductions
and further attempted for some exact solutions. In this section, we will find the solutions
of the nonlinear ODEs (8.4.1), (8.4.3) and (8.4.6). In general, we can not get the exact
explicit solutions for the nonlinear ODEs by using the elementary functions and integrals.
But the power series can be used to solve ODE:s, including many complicated differential

equations with nonconstant coefficients [7, 112, 113, 114]. Now we consider the power
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series solutions for the reduced equations.

Analytic solutions to Eq. (8.4.1)

Firstly, we will find a solution of Eq. (8.4.1) in a power series of the form

F(C) =) el™ (8.5.1)
n=0
Substituting (8.5.1) into (8.4.1), we have
96cs +4 > (n+1)(n+2)(n+3)(n+ 4)cnaC™ + 8ok + 4ke > (n+ 1)(n + 2)c,2C"
n=1 n=1
+aks Y (Do (n+1—=Fk)exCnii—1)C" = C Do (n+1)enaC™ +p Y cn™ = 0.
n=1 k=0 n=0 n=0
(8.5.2)
From Eq. (8.5.2), comparing coefficients, for n = 0, we obtain
1
Cqy = —(—862k6 — UCy — 4]{350001). (853)

96

Generally, for n > 1, we have

n

Cn+a = 4(n+1)(n+2§(n+3)(n+4) (—dks(n +1)(n + 2)cny2 — 4165(1;)(” +1— k)ercnir1-)

+(n — p)ey).
(8.5.4)

From (8.5.3) and (8.5.4), we can get all the coefficients c,, n > 1 of the power series

(8.5.1), as following,

Cy = ﬁ(—2463]€6 — MCy +c1 — 4]{35(20002 + C%))

Ceg — ﬁ(_4864k6 — ,LLCQ —|— 202 — 4]{?5(36003 —|— 36102)),

(8.5.5)

and so on.

Thus, for arbitrary chosen constant numbers ¢y, ¢1, co and cs3, the other terms of the se-
quence {c, }°°, can be determined successively from (8.5.3) and (8.5.4) in a unique man-
ner. This implies that for Eq. (8.4.1), there exists a power series solution (8.5.1) with the
coefficients given by (8.5.3) and (8.5.4). Therefore, this power series solution (8.5.1) to

Eq. (8.4.1) is an power series solution.
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Hence, the power series solution of Eq. (8.1.2) can be written as following:

w(z,t) = ([ot)dt)i(co+cr(z [ o(t)dt) T + co(z [ o(t)dt) T + es(x [ o(t)dt) T
+ a5 (—8eakg — puco — 4kscocy ) (x [ o(t)dt) ™!

+ nz::l 4(n+1)(n+2§(n+3)(n+4 (—dks(n +1)(n 4+ 2)cpio — 4ks(D_(n+ 1 — k)cpCnr1—k)

(- pen) (o J o (0t =52, _

—(rt)
(8.5.6)
where ¢;(i = 0,1,2,3) and p are arbitrary constants, the other coefficients ¢,,, n > 4 can
be determined successively from (8.5.3) and (8.5.4).
In physical applications, it will be convenient to write the solution of Eq. (8.1.2) in the
approximate form, in terms of the above computation as follows:
w(z,t) = ([o(t)dt)i(co+cr(z [ o(t)dt) T + co(x [ o(t)dt) T + es(x [ o(t)dt) T
+o5 (—8cakig — puco — 4kscocr ) (x [ o(t)dt) ™
ks (—24esks — per + ¢ — Aks(2c0c2 + ) (x [ (t)dt) T

—1—1440( 48¢4kg — pco + co — 4ks(3cocs + 30102))(mf0(t)dt)_76) + ..
(8.5.7)

power series solutions to Eq. (8.4.3)
Similarly, we seek a solution of Eq. (8.4.3) in a power series of the form (8.5.1). Substi-

tuting it into (8.4.3), and comparing coefficients, we obtain

Cniq = )\(n+1)(n+21)(n+3)(n+4) (—k6)\(n -+ 1)(n —+ 2>Cn+2 + k?5)\ kgo(n + 1-— k)ckcn+1—k

—(TL + 1)Cn+1 - Cn)a
(8.5.8)

n=20,12..

In view of Eq. (8.5.8), we can get all the coefficients c,, n > 4 of the power series (??)

such as
¢1 = 55 (—202kA 4+ Akscoer — ¢ — 1)
¢ = Tagx (—6cske + ksA(2c0c2 + &) — 262 — 1) (8.5.9)
6 = 305 (—12¢4ke X + ksA(3cocs + 3eica) — 3e — ¢2),

and so on.

Thus, for arbitrary chosen constant numbers ¢y, ¢, and cs, the other terms of the sequence

{cn}22, can be determined successively from (8.5.8) in a unique manner. This implies

138



that for Eq. (8.4.3), there exists a power series solution (8.5.1) with the coefficients given
by (8.5.8). The exact solution of Eq. (8.1.2) is given by
u(z,t) = (exp(f(#)dt)(co +ei(—z+ 5 [o(t)dt) + co(—x + + [o(t)dt)?
+63(—LIZ’ + % f O'<t)dt)3 + 24)\< 202]{6)\ + )\k5COC1 — Cy — Cl)( T+ by f O'(t)dt)4
+ n;l >\(n+1)(n+21)(n+3)(n+4)( k6>\(n + 1)(” + 2)Cn+2 + kS)\ Z (n +1- k)ckcn+1—/€

k=0
—(n+1)cpp1 — )=+ 5 f t)dt)" ),

(8.5.10)
and the solution in the approximate form can be written in terms of the above computa-

tion. The details are omitted here.

power series solutions to Eq. (8.4.6)
Similarly, we can derive the power series solution of Eq. (8.4.6) and hence, analytic

solution of Eq. (8.1.2) is:

u(z,t) = exp(/[ #dt)(co + o+ cx? + 03m + (55 ~(—2c2kep — phscocy — o))zt

—6¢c3kgp—ksp(2coc: +c —c
o (esharheprneric)oe ) g5 4 Z SR s (—Rop(n + 1)(n + 2)cnr
—Cp — k5,0<z (n +1-— k)ckcn+1—k)))u
k=0

(8.5.11)

where ¢;,7 = 0, 1, ...3 are arbitrary constants.

8.6 Discussions

We have studied Painlevé property of VCKS equation, which describes many interesting
fluid motions. The equation (8.1.2) passes the Painlevé test in a weak sense and the
auto- Backlund transformation via the truncated Painlevé expansion is given out. We
have investigated the symmetries and similarity reductions of VCKS equation by using
Lie symmetry analysis. The infinitesimals of the group of transformations which leaves
VCKS equation invariant and the admissible forms of the coefficients are furnished. An

optimal system of conjugacy inequivalent subgroups is then identified with the adjoint
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action of the symmetry group and all the group-invariant solutions to the equation are
considered. Then the power series solutions are investigated by using the power series
method. It is also worth mentioning here that the arbitrary physical parameter o(t) in
various solutions plays a crucial role as the remaining coefficients of VCKS equation have
all been expressed in terms of it. In fact, the various other arbitrary constants occurring
in the solutions, along with o (¢), provide further freedom to simulate the desired physical
situations. In almost all the cases the solutions obtained may also help to recover certain

solutions available in literature for the particular models with constant coefficients.
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Summary

Partial differential equations (PDEs) arise frequently in the formulation of fundamental
laws of nature and in the mathematical analysis of a wide variety of problems in physics
as well as in other natural and applied sciences. In the recent decades, there has been
tremendous emphasis on understanding and modeling of nonlinear processes: such pro-
cesses are often governed by non linear partial differential equations. However, exact
solutions to nonlinear PDE(s) play an important role for understanding of qualitative as
well as quantitative features of many phenomena and processes and provide answer to
various scientific problems. Thus the search for exact solutions of such equations is one
of the most important stages for mathematical as well as physical description of nature.
The basic partial differential equations, of general relativity, are Einstein field equa-
tions. In general, these equations are expressed in terms of coupled partial differential
equations describing the matter content of space-time. It is necessary to employ many
different techniques in order to obtain exact solutions of these equations. The theoretical
and practical importance of Einstein equations due to their common occurrence in the
study of various physical phenomena has been the prime reasons for the studies carried
out in this thesis. The exact solutions for Einstein equations play a central role for physical

or numerical investigations and reflect qualitatively on the behaviour of more complicated
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solutions.

Many of mathematical problems involving partial differential equations that arise in
Einstein equations are highly nonlinear and so as to obtain manageable problems it is of-
ten necessary to make assumptions. A frequent way of doing this is to make symmetry
assumptions and hence, find the symmetry class of solutions. Thus by using symme-
try considerations many physical phenomenon are explained. However, it is easy to use
different formulation of Einstein equations to get a qualitative and sometimes even quan-
titative understanding of some consequences of general relativity.

In order to avoid the cumbersome process of solving nonlinear equations, different
solution generation techniques are used to find solution of field equations of interacting
field. This problem is being studied by various authors to establish exact solutions of
Einstein field equations in various spacetimes.

The thesis entitted GROUP THEORETIC TECHNIQUES FOR SOLUTIONS
OF EINSTEIN EQUATIONS is an attempt to obtain symmetries and the exact solutions
of Einstein Maxwell equations and Einstein equations for various fields. Some other phys-
ically relevant systems of nonlinear partial differential equations representing interesting
physical phenomena are also studied for investigating symmetries and to construct exact
solutions. To determine the admissible symmetries, the methods - Lie classical approach
and other based on the Fréchet derivative of the nonlinear operators have been utilized.
Both these techniques consist of steps which can be applied in a very systematic manner.
After obtaining the point symmetries of the system under investigation, a formal approach
of identifying an optimal system of Lie sub algebras has been adopted with help of the
adjoint action of the Lie algebra. The basic generators contained in the optimal system
have been exploited to achieve the desired reduction of PDEs to ODEs. The resulting
ODEs have been examined subsequently for various types of exact solutions via some
techniques which are essentially based on special functions such as Bessel functions, Hy-
perbolic functions etc.

In chapters 2, 3, 4 and 5, Lie symmetry method has been applied to investigate the
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symmetries and invariant solutions of Einstein Maxwell equations and Einstein equations
for various fields. The vector fields of the optimal system lead to reductions of the non-
linear system of PDEs to ODEs and some new exact solutions are derived. Chapter 6 is
devoted to utilize the symmetry method based on the Fréchet derivative of the differential
operators to obtain the Lie symmetries admitted by field equations of general relativity
with an electromagnetic stress tensor as source and Maxwell’s equations in curved space,
in which metric coefficients and electromagnetic fields are restricted to be the functions
of two independent variables only. The symmetries of these equations are exploited to
derive some ansatz leading to the reduction of variables, where the analytic solutions are
easier to obtain by considering the optimal system of conjugacy inequivalent subgroups.

Kawahara equation and Modified Kawahara equation with variable coefficients and
variable coefficients Kuramoto-Sivashinsky equation are studied in chapter 7 and 8. The
admissible forms of coefficients have been derived for which these nonlinear equations
possess the Lie symmetries. Further, we have successfully established exact and explicit
analytic solutions with arbitrary parameters to variable coefficients Kawahara equation
and variable coefficients Modified Kawahara equation via generalized (%)—expansion
method. These solutions are expressed in terms of the hyperbolic functions, trigonomet-
ric functions and rational functions. Most of the solutions obtained involve an arbitrary
coefficient function and it may enable one to control and discuss the behaviour of solution
as governed by the choice of this arbitrary function.

Another important aspect that deserves special attention is to study Painlevé prop-
erty that helps in deciding whether system under investigation is integrable or not. A
differential equation is said to have the Painlevé property if all the movable singulari-
ties of all its solutions are poles. In chapter 8, we have performed Painlevé analysis of
variable coefficients Kuramoto-Sivashinsky equation. We found that variable coefficients
Kuramoto-Sivashinsky equation passes the Painlevé test in a weak sense and the auto-
Backlund transformation via the truncated Painlevé expansion is given out.

Finally, it is worth mentioning that in spite of the focus on the exact solutions, the
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author found it really difficult at times to handle the resulting systems of ODEs for ex-
tracting the solutions. Since, after reduction to ODE:s, the further attempt to apply Lie
group analysis to ODEs has been made, but no further physically important nontrivial

symmetries comes out, hence the solutions of ODEs are obtained directly.
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