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ABSTRACT 

 

The fading, which is caused due to multipath propagation in a communication channel, 

challenges the wireless communication engineer who tries to establish a reliable 

communication path between transmitter and receiver. The fading is especially very 

severe when there is no line-of-sight component, which is the most occurring case in 

urban and suburban cities. Generally, the multipath fading amplitude distribution is 

modeled with Rayleigh PDF. But when the fading is very severe, the Rayleigh model 

failed to characterize the exact channel characteristics. So, a powerful model, named 

Nakagami-m model, is used to represent the channel. 

Many techniques like “Pätzold analytical deterministic simulation model, first-order 

hidden markov model” were proposed to model a communication channel with 

Nakagami-m distribution for 0≤m≤1. In this thesis report, a more computationally 

efficient method is introduced which takes the advantage of product of two independent 

random processes, namely, a square root beta process and a complex Gaussian random 

process. First, the square root beta process is realized by a well known technique known 

as inverse PDF. Next, the complex Gaussian random process is realized with the 

technique “rice’s sum of sinusoids”, in which the required parameters are calculated with 

optimal approximation method given by Matthias Pätzold. 

The method has been implemented with the mathematical tool MATLAB. The generated 

complex random process, its magnitude and phase PDF plots were drawn and compared 

with the actual plots. For future scope, a ready to implement simulation procedure has 

been suggested to apply this method to generate the correlated Nakagami-m fading 

channels using the same technique. 

Key words:  Nakagami-m, Statistical, Fading Channels, Square Root Beta Process, 

Wireless Channels, Correlated Channels, HF channels, Flat Fading. 
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CHAPTER 1 

INTRODUCTION 

In this chapter the concept of fading and different types of fading were introduced. 

The objective of thesis report has also been given in this chapter. 

 

1.1 Introduction 

Radio technologies have undergone increasingly rapid evolutionary changes in the 

recent past. As technology progresses to take advantages of more complex channel 

characteristics, the channel modeling required to emulate the radio environment for 

testing becomes both more critical and more complex. For instance, when bandwidths 

are increased (to Support higher data rates) receivers become more susceptible to 

Inter-Symbol Interference (ISI). To ensure that measurements in the lab accurately 

correlate to the Quality of the user‘s experience, channel models must account for all 

the aspects of the practical radio environment. 

Multipath fading occurs in any environment where there is multipath propagation and 

there is some movement of elements, within the radio communications system. This 

may include the radio transmitter or receiver position, or in the elements that give rise 

to the reflections. The multipath fading can often be relatively deep, i.e. the signals 

fade completely away, whereas at other times the fading may not cause the signal to 

fall below a useable strength. 

The fading channel is modeled with Nakagami-m distribution if the fading is severe 

compared to the Rayleigh distribution model. Of course, the Rayleigh distribution is a 

special case of Nakagami-m when m=1. 

In multi path channels, small scale fading is the main issue to concentrate for 

communication engineer. Due to this small scale fading, the signal strength gets rapid 

changes over a small travel distance. 

The type of fading experienced by a signal propagating through a mobile radio 

channel depends on the nature of transmitted signal with respect to characteristics of 

the channel. For HF ionospheric channel, Rayleigh distribution approximates the 

short-term fading statistics. But, if the variations in HF channel are high, then the 

simple Rayleigh model is unfit to characterize the channel, where we should to use 

the Nakagami-m model(0.5≤m<1). 
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1.2 Fading 

The most troublesome and frustrating problem in receiving radio signals is variations 

in signal strength, most commonly known as ‗Fading‘. There are several conditions 

that can produce fading. When a radio wave is refracted by the ionosphere or 

reflected from the Earth's surface, random changes in the polarization of the wave 

may occur. Vertically and horizontally mounted receiving antennas are designed to 

receive vertically and horizontally polarized waves, respectively. Therefore, changes 

in polarization cause changes in the received signal level because of the inability of 

the antenna to receive polarization changes. Fading also results from absorption of the 

RF energy in the ionosphere. Absorption fading occurs for a longer period than other 

types of fading, since absorption takes place slowly. Usually, however, fading on 

ionospheric circuits is mainly a result of multipath propagation. 

1.2.1 Multi path fading 

Multipath fading is a feature that needs to be taken into account when designing or 

developing a radio communications system. In any terrestrial radio communications system, 

the signal will reach the receiver not only via the direct path, but also as a result of reflections 

from objects such as buildings, hills, ground, water, etc that are adjacent to the main path as 

shown below.  

 

Figure 1.1: Multi path fading channel [26] 

The overall signal at the radio receiver is a summation of the variety of signals being 

received. As they all have different path lengths, the signals will add and subtract 

from the total dependent upon their relative phases. 
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At times there will be changes in the relative path lengths. This could result from 

either the radio transmitter or receiver moving, or any of the objects that provides a 

reflective surface moving. This will result in the phases of the signals arriving at the 

receiver changing, and in turn this will result in the signal strength varying as a result 

of the different way in which the signals will sum together. It is this that causes the 

fading that is present on many signals. This can cause problems with phase distortion 

and Inter symbol interference (ISI) when data transmissions are made. As a result, it 

may be necessary to incorporate features within the radio communications system that 

enables the effects of these problems to be minimized. 

1.3 Types of multi path fading  

Propagation models have traditionally focused on predicting the average received 

signal strength at a given distance from the transmitter, as well as the variability of the 

signal strength in close spatial proximity to a particular location. Depends upon it, the 

multi path fading is mainly classified into 2 types. 

A. Large scale fading 

B. Small scale fading 

The fallowing figure shows the complete classification of small scale and large scale 

fading types. 

 

Figure 1.2: Types of multi path fading 
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1.3.1 Large-Scale Fading 

Fading, that concentrates on the mean signal strength for an arbitrary transmitter-

receiver (T-R) separation distance is useful in estimating the radio coverage area of a 

transmitter and is called large scale fading. It is mainly due to the absorption of RF 

energy in the ionosphere and is calculate by keeping the transmitter and receiver in 

the fixed positions. That‘s why; it is also referred to as absorption fading. The 

absorption occurs due to 3 types of mechanisms. They are Reflection, Diffraction and 

Scattering. 

Different fading models are developed to estimate this large scale fading such as 

Longley-rice model, Durkin‘s model, Okumura model, Hata model, Ericsson multiple 

breakpoint models, Walfish and Bertoni model, etc… 

1.3.2 Small - Scale Fading 

Small-scale fading refers to the dramatic changes in signal amplitude and phase that 

can be experienced as a result of small changes (as small as half wavelength) in the 

spatial position between transmitter and receiver. The type of fading experienced by a 

signal propagating through a mobile radio channel depends on the nature of the 

transmitted signal with respect to the characteristics of the channel.  

The fig 1.3 illustrates the relation between small scale and large scale fading. 

 

Figure 1.3: Large scale& small scale fading [5] 
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In fig 1.3(a), Small scale fading is superimposed on large scale fading can be easily 

identified. In fig 1.3(b) large scale fading m(t) has been removed in order to view the 

small scale fading ro(t).  

Depending on the impulse response model of the fading channel, small scale fading 

can be divided into 4 types named as flat fading, frequency selective fading, fast 

fading and slow fading. Out of these, flat fading offers severe fading situation where 

as frequency selective fading causes the signal distortion. The different fading types 

were explained in this report work. 

The small scale fading occurring in the multipath channel statistically obeys the 

different characteristics of different random processes such as Rayleigh, Rice and 

Nakagami-m, etc., these different models were discussed in this report work. 

1.4 Motivation 

In the recent years, radio-engineering requirements have become more stringent and 

necessitate not only more detailed information on median signal intensity, but also 

much more exact knowledge on fading statistics in both ionospheric and tropospheric 

modes of propagation. Such circumstances demanded a large number of experiments 

and number of theoretical investigations to be performed. Field tests in a mobile 

environment are considerably more expensive and may require permission regulatory 

authorities. It is difficult to generate repeatable field test results due to random, 

uncontrollable nature of the mobile communication path. Atmospheric conditions and 

cost also play a key role in field test measurements. These limitations can be 

overcome by means of simulation.  

 

A simulation is an imitation of some real phenomenon, state of affairs, or process. 

The act of simulating generally entails representing certain key characteristics or 

behaviors of a selected physical or abstract system. Simulation is used in many 

contexts, including the modeling of natural systems or human systems in order to gain 

insights into their functioning. Other contexts include simulation of technology for 

performance optimization. Simulation can be used to show eventual real effects of 

alternate conditions and courses of action.  
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Key issues in simulation include acquisition of valid source information about the 

referent, selection of key characteristics and behaviors, the use of simplifying 

approximations and assumptions within the simulation, and the fidelity and validity of 

simulations results.  

The main motive to run simulations can be described  

•     Simulation as a technique: - Investigate the detailed dynamics of a system  

•     Simulation as a heuristic tool: - Develop hypothesis, models and theories.  

•     Simulation as a substitute for an experiment: - Perform numerical experiments  

•     Simulation as pedagogical tool: - Gain understanding of a process.  

Approximations and assumptions are used extensively to simplify the simulation 

model. The most commonly used assumptions and approximations involve time 

invariance (stationarity) and linearization. While most practical systems, when 

observed over a long period of time and over a wide dynamic range of input signal, 

might exhibit time-varying and non-linear behavior. However they can be well 

approximated by linear and time-invariant models over short time intervals and for 

low signal levels [27].  

Mobile radio channel simulators thus, are essential for repeatable systems tests in the 

development, design or test laboratory. The Rayleigh or Nakagami fading simulator 

can be used to test the performance of radios in a mobile environment in the lab, 

without the need to perform measurements whilst actually mobile. The mobile fading 

simulation can also be if required be replicated, and the effects can be varied 

according to the ‗velocity‘ of the mobile receiver. This allows the comparison of the 

performance of different receivers under standardized conditions that would not 

normally be possible in actual mobile testing situations. In case of mobile radio 

channel simulator, important assumption is time invariance. It implies that over the 

simulation interval, system components and properties of signal do not change.  

Network Fading Simulator can also be used for the performance analysis of different 

modulation-demodulation schemes. Typically random binary sequences are generated 

and modulated using the desired modulation schemes (e.g. QPSK, PSK etc). This 

binary sequence is then detected under the presence of additive white Gaussian noise 

and multiplication noise. This multiplicative noise typically has Rayleigh or 

Nakagami distribution and can be generated by network fading simulator. Thus, a plot 

of Bit Error Rate (BER) and signal to noise ratio (S/N) can be obtained. This plot can 

be used to demonstrate well-known effect called flooring. 
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1.5 Thesis objective 

 
In this work, an attempt has done to implement a better method, compared to already 

existing methods like ―Pätzold analytical deterministic simulation model, first-order 

hidden markov model‖, to generate a complex random process that fits a given 

Doppler power spectrum where the amplitude fallows a m-distribution with m<1.The 

research work showed that this complex random process can be expressed as a 

product of a complex Gaussian process w (t) and a square-root-beta process µ (t) i.e., 

Z (t) = µ (t) w (t)                                                     (1.1) 

Further, µ (t) can be realized by a nonlinear transformation of a Gaussian random 

process as given below. 

𝜇 𝑡 = 𝐹−1(∅(𝑦(𝑡)))                                                 (1.2) 

where y (t) is a zero-mean unit-variance Gaussian process. ∅(.) is the CDF of ZMGRP 

transformation applied to y(t). 

When the antenna spacing is inadequate, nonindependent fading among diversity 

branches occurs so that the fading channels used for modeling the diversity channels 

are correlated. So, an attempt is made to extend the work to simulate the correlated 

diversity channels, too. 

 

1.6 Thesis organization 

 
The remaining chapters were organized as follows: 

Chapter 2 introduces basic mechanisms of fading, its types, concept of random 

process, its properties and different types of random processes.  

Chapter 3 introduces the concept of Nakagami-m process, its statistical properties, and 

the techniques available for its generation that are available in literature. 

Chapter 4 explains the different statistical models like Rayleigh, Ricean and 

Nakagami-m. A procedure has been given for the generation of Nakagami-m random 

processes for both correlated and uncorrelated channels. 

Chapter 5 presents the simulation steps to fallow and a thorough analysis on 

simulation results. 

Chapter 6 gives the conclusion and future scope of this report work. 
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CHAPTER 2 

FADING CHANNEL-BASICS 

This chapter introduces the impulse response of the fading channels and its Doppler 

spectrum. Different types of small scale fading are thoroughly discussed in this 

chapter. The concept of stochastic process and important types of processes used to 

model the fading channels were also been introduced. 

2.1 Fading Channel- Impulse Response 

The small variations of a mobile radio signal can be directly related to the impulse 

response of the mobile radio channel. The impulse response is a wideband channel 

characterization and contains all information necessary to simulate or analyze any 

type of radio transmission through the channel. This stems from the fact that a mobile 

radio channel may be modeled as a linear filter with a time varying impulse response, 

where the time variation is due to receiver motion in space. The filtering nature of the 

channel is caused by the summation of amplitudes and delays of the multiple arriving 

waves at any instant of time. The impulse response is a useful characterization of the 

channel, since it may be used to predict and compare the performance of many 

different mobile communication systems and transmission bandwidths for a particular 

mobile channel condition. 

The fallowing figure represents a typical time varying discrete-time impulse response 

model for a multipath radio channel. 

 

Figure 2.1: Time varying discrete-time impulse response model [5] 
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From this figure, the impulse response 𝑕𝑏(𝑡, 𝜏) can be found with the equation: 

 

𝑕𝑏 𝑡, 𝜏 =  𝑎𝑖 𝑡, 𝜏 𝑁−1
𝑖=0 𝑒 𝑗 (2𝜋𝑓𝑐𝜏𝑖 𝑡 +∅𝑖(𝑡,𝜏))  𝛿(𝜏 − 𝜏𝑖(𝑡))                    (2.1) 

 

where 𝑎𝑖 𝑡, 𝜏 and 𝜏𝑖 𝑡  are the real amplitudes and excess delays , respectively, of ith 

multi path component at time t. The phase term 2𝜋𝑓𝑐𝜏𝑖 𝑡 + ∅𝑖(𝑡, 𝜏) represents the 

phase shift due to free space propagation of the i th multipath component, plus any 

additional phase shifts which are encountered in the channel. 

For small-scale channel modeling, the power delay profile of the channel found by 

taking the special average |𝑕𝑏 𝑡, 𝜏 |2 over a local area. The received power delay 

profile in a local area is given by 

𝑃 𝜏 = 𝑘|𝑕𝑏 𝑡; 𝜏 |2                                                                      (2.2) 

where the bar represents the average over local area and many snapshots of 

|𝑕𝑏 𝑡; 𝜏 |2 are typically averaged over a local (small-scale) area to provide time- 

invariant multipath power delay profile 𝑃 𝜏  . The gain k relates the transmitted 

power in the probing pulse p(t) to the total power received in a multipath delay 

profile. 

 

2.2 Doppler spectrum 

The shift in received signal frequency due to motion is called the Doppler shift, and is 

directly proportional to the velocity and direction of motion of the mobile with respect 

to the direction of arrival of the received wave.  Consider a mobile moving at a 

constant velocity v, along a path segment having length d between points X and Y, 

while it receives signals from a remote source S, as shown in figure. 

 

Figure 2.2: Illustration of Doppler Effect [5] 
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The difference in path lengths travelled by the wave from source S to the mobile at 

points X and Y is  ∆𝑙 = 𝑑𝑐𝑜𝑠𝜃 = 𝑣∆𝑡𝑐𝑜𝑠𝜃, where Δt is the time required for the 

mobile to travel from the X to Y, and θ is assumed to be the same at points X and Y 

since the source is assumed to be very far away. The phase angle in the received 

signal due to the difference in the path lengths is therefore  

𝛥∅ =
2𝜋𝛥𝑙

𝜆
=

2𝜋𝑣𝛥𝑡

𝜆
𝑐𝑜𝑠𝜃                                                    (2.3) 

and hence the apparent change in frequency, or Doppler shift, is given by fd, where  

fd =
1

2𝜋

𝛥𝜙

𝛥𝑡
=

𝑣

𝜆
cos𝜃                                                    (2.4) 

From the above equation, it is clear that if the mobile is moving towards the direction 

of the arrival of the wave, the Doppler shift is positive (i.e., the apparent received 

frequency is increased), otherwise it is negative. 

In a communication channel, different multipath components arrive towards receiver 

in different directions, which causes individual multipath components can undergo 

different Doppler shifts, results the Doppler spectrum. The PSD for Jakes spectrum is 

a commonly used method of simulating Doppler shift. It assumes that there are equal 

energy signals coming in all directions and as a result for a stationary transmitter and 

a receiver moving at a fixed speed, there will be some energy at all possible Doppler 

shifts from -fd to +fd, with no energy at Doppler shifts outside that. 

 

2.3 Mobile multipath channel parameters 

In order to compare different multipath channels and to develop some design methods 

for mobile communication systems, different parameters which grossly quantify the 

channel are used. We can define these channel parameters with the help of power 

delay profile of the channel. Power delay profiles are generally represented as plots of 

received power as a function of excess delay with respect to a fixed time delay 

reference. The following figure shows the typical power delay profile plot determined 

from a large no. of closely sampled instantaneous profiles. 
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Figure 2.3: Typical power delay profile with parameters [5] 

We can classify the parameters into 2 categories. 

1. Time dispersion parameters  

2. Frequency dispersion parameters 

2.3.1 Time dispersion parameters 

 Mean excess delay 

 Rms delay spread 

 Maximum excess delay 

 Coherence bandwidth 

Out of these, the first 3 parameters are time domain parameters where as the last one 

is the frequency domain parameter. It can be finding with the help of spectral 

response of the channel. 

2.3.1.1 Mean excess delay (𝝉 ): 

The mean excess delay is the first moment of the power delay profile defined as 

𝜏 =  
 𝑎𝑘

2𝜏𝑘𝑘

 𝑎𝑘
2

𝑘
=  

 𝑝(𝜏𝑘)𝜏𝑘𝑘

 𝑝(𝜏𝑘)𝑘
                                        (2.5) 
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2.3.1.2 Rms delay spread (𝝈𝝉): 

It is the square root of the second central moment of the power delay profile 

defined as 

𝜍𝜏 =  𝜏2 − (𝜏 )2                                           (2.6) 

      Where  

                                               𝜏 =  
 𝑎𝑘

2𝜏𝑘
2

𝑘

 𝑎𝑘
2

𝑘
=  

 𝑝(𝜏𝑘)𝜏𝑘
2

𝑘

 𝑝(𝜏𝑘)𝑘
                              (2.7) 

These 2 parameters are measured relative to the first detectable signal arriving at 

the receiver at 𝜏0 = 0. These are defined from a single power delay profile which 

is temporal or spatial average of consecutive impulse response measurements 

collected and averaged over a local area. 

 

2.3.1.3 Maximum excess delay (X dB): 

The maximum excess delay (X dB) of a power delay profile is defined to be the 

time delay during which multipath energy falls to X dB below the maximum. The 

maximum excess delay is defined as 𝜏𝑋 − 𝜏0, where 𝜏𝑋  is the maximum delay at 

which a multipath component is within X dB of the strongest arriving multipath 

signal. The maximum excess delay (X dB) defines the temporal extent of the 

multipath that is above a particular threshold. The value of  𝜏𝑋  is called the excess 

delay spread of a power delay profile. 

These parameters can be measured from the given power delay profile as shown 

in figure 2.3. 

 

2.3.1.4 Coherence bandwidth (𝑩𝒄): 

Coherence bandwidth is the statistical measure of the range of frequencies over 

which the channel can be considered flat. In other words, it is the range of 

frequencies over which two frequency components have a strong potential for 

amplitude correlation. The rms delay spread and coherence bandwidths are 

inversely proportional to each other, mathematically given as 

𝐵𝑐 ∝
1

𝜍𝜏
                                                             (2.8) 
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The exact relationship between these 2 parameters is a function of specific 

channel impulse responses and applied signals. 

 

2.3.2 Frequency dispersion parameters 

 Doppler spread  

 Coherence time 

 

2.3.2.1 Doppler spread (𝑩𝑫): 

It is a measure of the spectral broadening caused by the time rate of change of the 

mobile channel and is defined as the range of frequencies over which the received 

Doppler spectrum is essentially non-zero. When a pure sinusoidal tone of 

frequency fc 

Is transmitted, the received signal spectrum, called the Doppler spectrum, will 

have components in the range fc-fd to fc+fd  , where fd is the Doppler shift. The 

amount of spectral broadening depends on fd which is a function of the relative 

velocity of the mobile, and the angle between the direction of motion of the 

mobile and the direction of the arrival of the scattered waves. 

 

2.3.2.2 Coherence time (𝑻𝒄): 

It is the time duration over which the channel impulse response is essentially 

invariant, and quantifies the channel response at different times. In other words, it 

is the time duration over which 2 received signals have a strong potential for 

amplitude correlation. This is the time domain dual of Doppler spread and is used 

to characterize the time varying nature of the frequency dispersiveness of the 

channel in the time domain. 

The above 2 parameters are inversely proportional to each other given as 

𝑇𝑐  ≈
1

𝑓𝑚
                                                       (2.9) 

where 𝑓𝑚  is the maximum Doppler shift. 
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2.3.3 Spectral shape due to Doppler spread 

The spectral shape of the Doppler spread determines the time domain fading 

waveform and dictates the temporal correlation and fades slope behaviors. The well-

known jakes PSD can be defined as 

𝑆𝐸𝑍  𝑓 =  
1.5

𝜋𝑓𝑚 1− 
𝑓−𝑓𝑐
𝑓𝑚

 
2
                                      (2.10) 

In the above equation, the power spectral density at 𝑓 = 𝑓𝑐 ± 𝑓𝑚  is infinite i.e., 

Doppler components arriving at exactly 0
0
 and 180

0 
have an infinite power spectral 

density.  

The resultant jakes PSD of the unmodulated CW carrier having carrier frequency 𝑓𝑐  is  

shown in the figure 2.4. 

 

Figure 2.4: Doppler power spectrum for an unmodulated carrier [5] 

2.4 Types of small scale fading 

Out of 2 types of fading, the small scale fading, which generally occurs in built-up 

cities, is the main consideration when modeling the communication channel.  The 

most important effects that occur due to this fading are: 

1. Rapid changes in signal strength over a small travel distance or time interval. 

2. Random frequency modulation due to varying Doppler shifts on different 

multi path signals. 

3. Time dispersion (echoes) caused by multi path propagation delays. 
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In urban areas, fading occurs because the height of the mobile antennas is well below 

the height of surrounding antennas, so there is no single line of sight path to the base 

station. Even when light of sight exists, multipath still occurs due to reflections from 

the ground and surrounding structures. The incoming radio waves arrive from 

different directions with different propagation delays. The signal received by the 

mobile at any point in the space may consist of a large number of plane waves having 

randomly distributed amplitudes, phases, and angles of arrival. These multipath 

components combine vectorially at the receiver antenna, and can cause the signal 

received by mobile to distort or fade. Even when a receiver is stationary, the received 

signal may fade due to movement of surrounding objects in the radio channel. 

If objects in the radio channel are static and only receiver is in motion, then fading is 

purely a spatial phenomenon. The spatial variations of the resultant signal are seen as 

temporal variations by the receiver as it moves through the multipath field. So, due to 

the random changes of the properties of communication channel, every 

communication channel is modeled with a random process which fits best for the 

corresponding Doppler frequency spectrum. The Doppler power spectral density of a 

fading channel describes how much spectral broadening it causes. This shows how a 

pure frequency e.g. a pure sinusoid, which is an impulse in the frequency domain, is 

spread out across frequency when it passes through the channel. 

As discussed in chapter 1, small scale fading is the most severe problem in the design 

of mobile communication networks. 

The physical factors those influence small-scale fading are 

 Multi path propagation 

 Speed of the mobile 

 Speed of surrounding objects 

 The transmission bandwidth of the channel 

Due to the relative motion between mobile and base station, each multi path wave 

experiences an apparent shift in frequency which is called the Doppler shift, and it is 

directly proportional to the velocity and direction of motion of the mobile with respect 

to the direction of arrival of the received multipath wave. But due to presence of 

multipath components, Doppler shift experienced by individual components is 

different, leads to random frequency modulation. 



16 
 

If transmitted radio signal bandwidth is greater than the bandwidth of the multi path 

signal, the received signal will be distorted, but the received signal strength will not 

fade much over a local area. If the transmitted signal has a narrowband width as 

compared to the channel, the amplitude of the will change rapidly, but the signal will 

not distorted in time. Thus the statistics of small-scale signal strength and the 

likelihood of signal smearing appearing over small-scale distances are very much 

related to the specific amplitudes and delays of the multi path channel, as well as 

bandwidth of the transmitted signal. 

Depending on the relation between the signal parameters (such as bandwidth, symbol 

period, etc.) and the channel parameters (such as rms delay spread and Doppler 

spread), different transmitted signals will undergo different types of fading. The time 

dispersion and frequency dispersion mechanisms in a mobile radio channel lead to 

four possible distinct effects, which are manifested depending on the nature of the 

transmitted signal, the channel, and the velocity. While multipath delay spread leads 

to time dispersion and frequency selective fading, Doppler spread leads to frequency 

dispersion and time selective fading. The two propagation mechanisms are 

independent of one another. Table 2.1 shows the types of fading.  

 

Table 2.1: Types of small scale fading [5] 
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2.4.1 Fading effects due to time delay spread 

As discussed above, multipath time delay spread can affect radio communications 

channels and it can be classified as 

 Flat fading 

 Frequency selective fading 

2.4.1.1 Flat fading: 

If the mobile radio channel has a constant gain and linear phase response over a 

bandwidth which is greater than the bandwidth of the transmitted signal, then the 

received signal will undergo flat fading. In flat fading, the multipath structure of the 

channel is such that the spectral characteristics of the transmitted signal are preserved 

at the receiver. However the strength of the received signal changes with time, due to 

fluctuations in the gain of the channel caused by multipath.  

It can be seen from Figure 2.5 that if the channel gain changes over time, a change of 

amplitude occurs in the received signal. Over time, the received signal r(t) varies in 

gain, but the spectrum of the transmission is preserved. In a flat fading channel, the 

reciprocal bandwidth of the transmitted signal is much larger than the multipath time 

delay spread of the channel, and hb(tτ)  can be approximated as having no excess delay 

(i.e., a single delta function with τ=0). 

Flat fading channels are also known as amplitude varying channels and are sometimes 

referred to as narrowband channels, since the bandwidth of the applied signal is 

narrow as compared to the channel flat fading bandwidth. Typical flat fading 

channels cause deep fades, and thus may require 20 or 30 dB more transmitter power 

to achieve low bit error rates during times of deep fades as compared to systems 

operating over non-fading channels. The distribution of the instantaneous gain of flat 

fading channels is important for designing radio links, and the most common 

amplitude distribution is the Rayleigh distribution. The Rayleigh flat fading channel 

model assumes that the channel induces amplitude which varies in time according to 

the Rayleigh distribution. 
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To summarize, a signal undergoes flat fading if 

BS << BC      and   TS >> στ                                           (2.11) 

Where Ts is the reciprocal bandwidth (e.g., symbol period) and Bs is the bandwidth, 

respectively, of the transmitted modulation, and στ and BC are the rms delay spread 

and coherence bandwidth, respectively, of the channel.

 

Figure 2.5: Flat fading channel characteristics [5] 

2.4.1.2 Frequency Selective Fading: 

If the channel possesses a constant-gain and linear phase response over a bandwidth 

that is smaller than the bandwidth of transmitted signal, then the channel creates 

frequency selective fading on the received signal. Under such conditions, the channel 

impulse response has a multipath delay spread which is greater than the reciprocal 

bandwidth of the transmitted message waveform. When this occurs, the received 

signal includes multiple versions of the transmitted waveform which are attenuated 

(faded) and delayed in time, and hence the received signal is distorted. 

Frequency selective fading is due to time dispersion of the transmitted symbols within 

the channel. Thus the channel induces inter symbol interference (ISI). Viewed in the 

frequency domain, certain frequency components in the received signal spectrum 

have greater gains than others. 

Frequency selective fading channels are much more difficult to model than flat fading 

channels since each multipath signal must be modeled and the channel must be 

considered to be a linear filter. It is for this reason that wideband multipath 

measurements are made, and models are developed from these measurements. When 
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analyzing mobile communication systems, statistical impulse response models such as 

the two-ray Rayleigh fading model (which considers the impulse response to be made 

up of two delta functions which independently fade and have sufficient time delay 

between them to induce frequency selective fading upon the applied signal), or 

computer generated or measured impulse responses, are generally used for analyzing 

frequency selective small-scale fading. Figure 2.6 illustrates the characteristics of a 

frequency selective fading channel. 

For frequency selective fading, the spectrum S(f) of the transmitted signal has a 

bandwidth which is greater than the coherence bandwidth Bc of the channel. Viewed 

in the frequency domain, the channel becomes frequency selective, where the gain is 

different for different frequency components. Frequency selective fading is caused by 

multipath delays which approach or exceed the symbol period of the transmitted 

symbol. Frequency selective fading channels are also known as wideband channels 

since the bandwidth of the signal s(t) is wider than the bandwidth of the channel 

impulse response. As time varies, the channel varies in gain and phase across the 

spectrum of s(t), resulting in time varying distortion in the received signal r(t). To 

summarize, a signal undergoes frequency selective fading if 

BS > BC      and   TS < στ .                                                    (2.12) 

 

Figure 2.6: Frequency selective fading channel characteristics [5] 

A common thumb rule is that a channel is flat fading if TS ≥ 10στ and a channel is 

frequency selective if TS < 10στ   although this is dependent on the specific type of 

modulation used.  
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2.4.2 Fading Effects Due to Doppler Spread 

Cellular telecommunications is subject to this type of fading effects. There are a 

variety of reasons for this. The first is that the mobile station or user is likely to be 

moving, and as a result the path lengths of all the signals being received are changing. 

The second is that many objects around may also be moving. Automobiles and even 

people will cause reflections that will have a significant effect on the received signal. 

Accordingly multipath fading due to Doppler spread has a major bearing on cellular 

telecommunications. According to Doppler spread, fading can be classified as 

 Fast fading 

 Slow fading 

2.4.2.1 Fast Fading 

Depending on how rapidly the transmitted baseband signal changes as compared to 

the rate of change of the channel, a channel may be classified either as a fast fading or 

slow fading channel. In a fast fading channel, the channel impulse response changes 

rapidly within the symbol duration. That is, the coherence time of the channel is 

smaller than the symbol period of the transmitted signal. This causes frequency 

dispersion (also called time selective fading) due to Doppler spreading, which leads to 

signal distortion. When viewed in the frequency domain, signal distortion due to fast 

fading increases with increasing Doppler spread relative to the bandwidth of the 

transmitted signal. Therefore, a signal undergoes fast fading if 

TS>TC      and    BS<BD                                                      (2.13) 

It should be noted that when a channel is specified as a fast or slow fading channel, it 

does not specify whether the channel is flat fading or frequency selective in nature. 

Fast fading only deals with the rate of change of the channel due to motion. In the 

case of the flat fading channel, we can approximate the impulse response to be simply 

a delta function (no time delay). Hence, a flat fading, fast fading channel is a channel 

in which the amplitude of the delta function varies faster than the rate of change of the 

transmitted baseband signal. In the case of a frequency selective, fast fading channel, 

the amplitudes, phases, and time delays of any one of the multipath components vary 
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faster than the rate of change of the transmitted signal. In practice, fast fading only 

occurs for very low data rates. 

2.4.2.2 Slow Fading 

In a slow fading channel, the channel impulse response changes at a rate much slower 

than the transmitted baseband signal s(t). In this case, the channel may be assumed to 

be static over one or several reciprocal bandwidth intervals. In the frequency domain, 

this implies that the Doppler spread of the channel is much less than the bandwidth of 

the baseband signals. Therefore, a signal undergoes slow fading if 

TS<<TC      and    BS>>BD                                                   (2.14) 

It should be clear that the velocity of the mobile (or velocity of objects in the channel) 

and the baseband signaling determines whether a signal undergoes fast fading or slow 

fading.  

The relation between the various multipath parameters and the type of fading 

experienced by the signal are summarized in Figure 2.7. It should to note that fast and 

slow fading deal with the relationship between the time rate of change in the channel 

and the transmitted signal, and not with propagation path loss models.                     

 

Figure 2.7 Type of fading experienced by a signal as a function of Ts and Bs [5] 
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2.5 Stochastic processes 

A random process is a function of the elements of a sample space, S, as well as 

another independent variable, t. Given an experiment, E, with sample space, S, the 

random process, X (t), maps each possible outcome, ζ 𝜖 S, to a function of t, x (t, ζ), as 

specified by some rule.  

These random signals play a fundamental role in the fields of communications, signal 

processing, control systems, and many other engineering disciplines. In the study of 

deterministic signals, we often encounter 4 types or classes of signals: 

(1) Continuous time and continuous amplitude signals are a function of a continuous 

independent variable, time. The range of the amplitude of the function is also 

continuous. 

(2) Continuous time and discrete amplitude signals are a function of a continuous 

independent variable, time—but the amplitude is discrete. 

(3) Discrete time and continuous amplitude signals are functions of a quantized or 

discrete independent time variable, while the range of amplitudes is continuous. 

(4) Discrete time and discrete amplitude signals are functions where both the 

independent time variable and the amplitude are discrete. 

 

The fallowing figure explains these different types of random processes: 

 

 

Figure 2.8: Types of Random processes [6] 
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A random variable, X, is a function of the possible outcomes, ζ, of an experiment. 

Now, we would like to extend this concept so that a function of time x (t) (or x[n] in 

the discrete time case) is assigned to every outcome, ζ, of an experiment. The 

function, x (t), may be real or complex and it can be discrete or continuous in 

amplitude. Strictly speaking, the function is really a function of two variables, x(t, ζ ), 

but to keep the notation simple, we typically do not explicitly show the dependence 

on the outcome, just as we have not in the case of random variables. The function x(t) 

may have the same general dependence on time for every outcome of the experiment 

or each outcome could produce a completely different waveform. In general, the 

function x (t) is a member of an ensemble (family, set, collection) of functions. X (t) 

represents the random process, while x (t) is one particular member or realization of 

the random process. 

 

2.5.1 Properties of random processes 

 Samples of X (t) at times t0, t1, . . . , tn are joint random variables defined on the 

underlying probability space. Thus, the joint CDF of samples at times t0, t1,…, tn is 

given by  

𝑃𝑋 𝑡0 𝑋 𝑡1 …𝑋 𝑡𝑛  
 𝑥0, 𝑥1, … 𝑥𝑛 = 𝑝(𝑋(𝑡0) ≤ 𝑥0, 𝑋(𝑡1) ≤ 𝑥1, … , 𝑋(𝑡𝑛) ≤ 𝑥𝑛)    (2.15) 

The random process X (t) is fully characterized by its joint CDF PX(t0)X(t1)...X(tn) (x0, . . . , 

xn) for all possible sets of sample times {t0, t1, . . . , tn}.  

 

 A random process X(t) is stationary if for all T and all sets of sample times {t0, . . . 

, tn}, we have that  

p(X(t0) ≤ x0,X(t1) ≤ x1, . . .,X(tn) ≤ xn) = p(X(t0 + T) ≤ x0,X(t1 + T) ≤ x1, . . . , X(tn + T) ≤ xn).    

(2.16) 

Intuitively, a random process is stationary if time shifts do not affect its probability. 

Stationarity of a process is often difficult to prove since it requires checking the joint 

CDF of all possible sets of samples for all possible time shifts. Stationarity of a 

random process is often inferred from the stationarity of the source generating the 

process. 

 

 The mean of a random process is defined as E[X(t)]. Since the mean of a 

stationary random process is independent of time shifts, it must be constant: 

    E[X(t)] = E[X(t − t)] = E[X(0)] = μX.                                       (2.17) 
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 The autocorrelation (ACF) of a random process is defined as  

AX (t, t + τ) = E[X (t) X (t + τ)].                                            (2.18) 

The autocorrelation of X(t) is also called its second moment. Since the autocorrelation 

of a stationary process is independent of time shifts,  

AX(t, t + τ) = EX(t−t)X(t+τ −t)] =  [X(0)X(τ )] = AX(τ ).                         (2.19) 

So for stationary processes, the autocorrelation depends only on the time difference τ 

between the samples X (t) and X (t+τ) and not on the absolute time t. The 

autocorrelation 

of a process measures the correlation between samples of the process taken at 

different times.  

 

 Two random processes X(t) and Y (t) defined on the same underlying probability 

space have a joint CDF characterized by 

       PX(t0)X(t1)...X(tn)Y (t0)...Y (tm)(x0, . . . , xn, y0, . . . , ym) 

           = P(X (t0) ≤ x0,…, X(tn) ≤ xn, Y (t0) ≤ y0, . . . , Y (tm) ≤ ym)                     (2.20) 

for all possible sets of sample times {t0, t1, . . . , tn} and {t0, t1, . . . , tm}. Two random 

processes X (t) and Y (t) are independent if for all such sets we have that 

 PX(t0)X(t1)...X(tn)Y (t0)...Y (tm)(X(t0) ≤ x0, . . .,X(tn) ≤ xn, Y (t0) ≤ y0, . . . , Y (tm) ≤ym ) 

    = PX(t0)X(t1)...X(tn)(X(t0) ≤ x0, . . . , X(tn) ≤ xn)PY (t0)...Y (tm)(Y (t0) ≤ y0, . . . , Y (tm) ≤ ym) 

(2.21) 

 

 The cross-correlation between two random processes X(t) and Y (t) is defined as  

AXY (t, t + τ) =E[X (t) Y (t +τ)].                                             (2.22) 

The 2 processes are uncorrelated if E[X (t) Y (t + τ)] = E[X (t)] E[Y (t + τ)] for all t 

and τ. As with the autocorrelation, if both X (t) and Y (t) are stationary, the cross-

correlation is only a function of τ:  

AXY (t, t+τ) =E[X (t − t) Y (t + τ − t)] = E[X (0) Y (τ)] =AXY (τ)              (2.23) 

In most analysis of random processes we focus only on the first and second moments. 

 

 Wide-sense stationarity is a notion of stationarity that only depends on the first 

two moments of a process, and it can also be easily verified. Specifically, a process is 

wide-sense stationary (WSS) if it‘s mean is constant, E[X (t)] = μX, and its 

autocorrelation depends only on the time difference of the samples,  



25 
 

                                       AX (t, t + τ) = E[X (t) X (t + τ)] = AX (τ). 

Stationary processes are WSS but in general WSS processes are not necessarily 

stationary. For WSS processes, the autocorrelation is a symmetric function of τ , since 

AX(τ) = E[X(t)X(t + τ )] = E[X(t + τ )X(t)] = AX(−τ ).                  (2.24) 

 Moreover, it can be shown that AX (τ) takes its maximum value at τ = 0, i.e. |AX (τ)| ≤ 

AX (0) = E[X
2
(t)]. As with stationary processes, if two processes X(t) and Y(t) are both 

WSS then their cross-correlation is independent of time shifts, and thus depends only 

on the time difference of the processes: 

AXY (t, t + τ) = E[X (0) Y (τ)] =AXY (τ).                                   (2.25) 

 

 The power spectral density (PSD) of a WSS process is defined as the Fourier 

transform of its autocorrelation function with respect to τ : 

𝑆𝑥 𝑓 =  𝐴𝑥(𝜏)𝑒−𝑗2𝜋𝑓𝜏+∞

−∞
𝑑𝜏                                      (2.26) 

The autocorrelation can be obtained from a PSD through the inverse transform: 

𝐴𝑥 𝜏 =  𝑆𝑥(𝑓)𝑒𝑗2𝜋𝑓𝜏+∞

−∞
𝑑𝑓                                     (2.27) 

The PSD takes its name from the fact that the expected power of a random process 

X(t) is the integral of its PSD: 

𝐸 𝑋2 𝑇  = 𝐴𝑋 0 =  𝑆𝑥 𝑓 𝑑𝑓
+∞

−∞
                                (2.28) 

The symmetry of AX (τ) can be used to show that SX(f) is also symmetric, i.e. SX(f) = 

SX(−f).  

Stationarity and WSS are properties of the underlying probability space associated 

with a random process. We are also often interested in time-averages associated with 

random processes, which can be characterized by different notions of ergodicity.  

 

 A random process X(t) is ergodic in the mean if its time-averaged mean, defined 

as 

𝜇𝑥
𝑡𝑎 = lim𝑇→∞

1

2𝑇
  𝑋𝑖(𝑡)𝑑𝑡

𝑇

−𝑇
                                           (2.29) 

is constant for all possible realizations of X(t). In other words, X(t) is ergodic in the 

mean if  lim𝑇→∞
1

2𝑇
  𝑋𝑖(𝑡)𝑑𝑡

𝑇

−𝑇
  equals the same constant 𝜇𝑥

𝑡𝑎  for all possible 

realizations xi(t) of X(t).  

Similarly, a random process X(t) is ergodic in the nth moment if its time-averaged nth 

moment 
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𝜇𝑥𝑛
𝑡𝑎 = limT→∞

1

2𝑇
 𝑋𝑛𝑇

−𝑇
(𝑡)𝑑𝑡                                         (2.30) 

is constant for all possible realizations of X(t). We can also define ergodicity of X(t) 

relative to its time-averaged autocorrelation 

𝐴𝑥
𝑡𝑎 (𝜏) = limT→∞

1

2𝑇
 𝑋
𝑇

−𝑇
(𝑡)𝑋(𝑡 + 𝜏)𝑑𝑡                               (2.31) 

 

 X (t) is ergodic in autocorrelation if limT→∞
1

2𝑇
 𝑥𝑖
𝑇

−𝑇
(𝑡)𝑥𝑖(𝑡 + 𝜏)𝑑𝑡 equals the 

same value 𝐴𝑥
𝑡𝑎  (τ) for all possible realizations xi (t) of X (t). A process that is ergodic 

in all order moments and autocorrelations is called ergodic. Ergodicity of a process 

requires that its time-averaged nth moment and ijth autocorrelation, averaged over all 

time, be constant for all n, i, and j. This implies that the probability associated with an 

ergodic process is independent of time shifts, and thus the process is stationary. In 

other words, an ergodic process must be stationary. However, a stationary process can 

be either ergodic or nonergodic. 

2.6 Different types of random processes 

Even though there are number of random processes which can be useful to model 

different systems, a few of them have much importance in wireless applications. 

These are used to design a reliable communication link between transmitter and 

receiver depends on the time varying statistical behavior of existing channel. The 

most useful random processes which are useful to characterize small-scale fading are 

 Gaussian random process 

 Rayleigh random process 

 Ricean random process 

 Beta random process  

 Gamma process 

 Nakagami –m process 
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2.6.1 Gaussian distribution 

A Gaussian random variable is one whose probability density function can be written 

in the general form 

𝑓𝑋 𝑥 =
1

 2𝜋𝜍2
𝑒
−(𝑥−𝑚)2

2𝜍2        ,−∞ < 𝑥 < +∞                      (2.32) 

The PDF of the Gaussian random variable has two parameters, m and σ, which have 

the interpretation of the mean and standard deviation respectively. The parameter σ
2
 is 

referred to as the variance. In general, the Gaussian PDF is centered about the point x 

= m and has a width that is proportional to σ. 

The CDF is required whenever we want to find the probability that a Gaussian 

random variable lies above or below some threshold or in some interval. The CDF of 

a Gaussian random variable is written as 

𝐹𝑋 𝑥 =  
1

 2𝜋𝜍2
𝑒
−(𝑦−𝑚)

2

2𝜍2  𝑥

−∞
𝑑𝑦                                      (2.33) 

It can be shown that it is impossible to express this integral in closed form. 

Because Gaussian random variables are so commonly used in such a wide variety of 

applications, it is standard practice to introduce a shorthand notation to describe a 

Gaussian random variable, X ~ N(m, σ
2
). This is read ―X is distributed normally (or 

Gaussian) with mean, m, and variance, σ
2
.‖ 

 

The fallowing figure shows the PDF and CDF of a Gaussian random variable X. 

Figure 2.9: PDF and CDF of a Gaussian random variable with m = 3 and σ = 2. [6] 
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2.6.2 Rayleigh distribution 

 A Rayleigh random variable has a one-sided PDF. The functional form of the PDF 

and CDF are given (for any σ > 0) by 

𝑓𝑋(𝑥) =  
𝑥

𝜍2 𝑒𝑥𝑝  −
𝑥2

2𝜍2 𝑢(𝑥)                                        (2.34) 

𝐹𝑋 𝑥 = (1 − 𝑒𝑥𝑝  −
𝑥2

2𝜍2 )𝑢(𝑥)                                      (2.35) 

The fallowing figure shows the PDF and CDF of a Rayleigh random variable X. 

Figure 2.10: PDF and CDF of a Rayleigh random variable, σ2 = 1/2. [6] 

 

The Rayleigh distribution is described by a single parameter, σ
2
, which is related to 

the width of the Rayleigh PDF. In this case, the parameter σ
2
 is not to be interpreted 

as the variance of the Rayleigh random variable. The Rayleigh distribution arises 

when studying the magnitude of a complex number for which real and imaginary 

parts both follow a zero-mean Gaussian distribution. The Rayleigh distribution arises 

often in the study of noncoherent communication systems and also in the study of 

land mobile communication channels, where the phenomenon known as fading is 

often modeled using Rayleigh random variables. 

 

2.6.3 Ricean distribution 

A Rician random variable is closely related to the Rayleigh random variable (in fact, 

the Rayleigh distribution is a special case of the Rician distribution). The functional 

form of the PDF for a Rician random variable is given (for any v > 0 and any σ > 0) 

by 

𝑓𝑋(𝑥) =  
𝑥

𝜍2 𝑒𝑥𝑝  −
𝑥2+𝑣2

2𝜍2  𝐼0(
𝑣𝑥

𝜍2)𝑢(𝑥)                                        (2.36) 

In this expression, the function Io(x) is the modified Bessel function of the first kind 

of order zero, which is defined by 
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𝐼0 𝑥 =
1

2𝜋
 𝑒𝑥𝑐𝑜𝑠𝜃2𝜋

0
𝑑𝜃                                                     (2.37) 

Like the Gaussian random variable, the CDF of a Rician random variable cannot be 

written in closed form. 

 

Figure 2.11: PDF and CDF of a Ricean random variable. [12] 

2.6.4 Beta distribution 

 

Figure 2.12: PDF and CDF of a Beta distribution [12] 

 

The beta distribution is a family of continuous probability distributions defined on 

the interval [0, 1] parameterized by two positive shape parameters, typically denoted 

by α and β. The probability density function of the beta distribution is: 

𝑓𝑋 𝑥 =
𝑥𝛼−1(1−𝑥)𝛽−1

 𝑢𝛼−1(1−𝑢)𝛽−1𝑑𝑢
1

0

                                                   

                                                                     =
𝛤 𝛼+𝛽 

𝛤 𝛼 𝛤 𝛽 
𝑥𝛼−1(1 − 𝑥)𝛽−1 

                                                                   =  
1

𝐵 𝛼,𝛽 
𝑥𝛼−1 1 − 𝑥 𝛽−1                           (2.38) 

http://en.wikipedia.org/wiki/Probability_distribution
http://en.wikipedia.org/wiki/Shape_parameter
http://en.wikipedia.org/wiki/Probability_density_function
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where Γ is the gamma function. The beta function, B, appears as a normalization 

constant to ensure that the total probability integrates to unity. This beta function is 

defined as 

𝐵 𝑎, 𝑏 =
𝛤 𝑎 𝛤 𝑏 

𝛤(𝑎+𝑏)
                                                  (2.39) 

2.6.5  Gamma Distribution 

The probability density function of the gamma distribution can be expressed in terms 

of the gamma function parameterized in terms of a shape parameter k and scale 

parameter θ. Both k and θ will be positive values. The equation defining the PDF and 

CDF of a gamma-distributed random variable X are given as 

𝑓𝑋 𝑥 =
 𝑥 𝜃  

𝑘−1
exp  −𝑥 𝜃  

𝜃𝛤 𝑘 
𝑢 𝑥       𝑓𝑜𝑟 𝑘, 𝜃 > 0                     (2.40) 

𝐹𝑋 𝑥 =
𝑃 𝑘,𝑥 𝜃  

𝛤 𝑘 
𝑢(𝑥)                                                    (2.41) 

In the above equations, the gamma function is a generalization of the factorial 

function defined by  

𝛤 𝛼 =  𝑒−𝑡𝑡𝛼−1∞

0
𝑑𝑡                                                  (2.42) 

And the incomplete gamma function is given by 

𝑃 𝛼, 𝛽 =  𝑒−𝑡𝑡𝛼−1𝑑𝑡
𝛽

0
                                           (2.43) 

The fallowing figure shows the PDF and CDF of Gamma distribution. 

 

Figure 2.13: PDF and CDF of a Gamma distribution [12] 

 

http://en.wikipedia.org/wiki/Gamma_function
http://en.wikipedia.org/wiki/Beta_function
http://en.wikipedia.org/wiki/Probability_density_function
http://en.wikipedia.org/wiki/Gamma_function
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CHAPTER 3 

 LITERATURE SURVEY 

This chapter gives a brief introduction to Nakagami-m process, its statistical 

properties and the methods available in literature to generate these random 

processes. 

3.1 Nakagami-m distribution 

The first work of researching and developing of digital mobile communication system 

is to understand mobile channel characteristics itself. As we have seen in second 

chapter, Rayleigh and Rician fading models have been widely used to simulate small 

scale fading environments over decades. [1] States that Rayleigh fading falls short in 

describing long-distance fading effects with sufficient accuracy. M. Nakagami 

observed this fact and then formulated a parametric gamma function to describe his 

large-scale experiments on rapid fading in high frequency long-distance propagation. 

Although empirical, the formula is rather elegant and has proven useful.  

The Nakagami distribution or the Nakagami-m distribution is a probability 

distribution related to the gamma distribution. It has two parameters: a shape 

parameter μ and a second parameter controlling spread, ω. The Nakagami-m 

distribution having the PDF of the form 

𝑓 𝑥; µ;𝑤 =
2𝜇 𝜇

𝛤(𝜇)𝜔𝜇 𝑥
2𝜇−1𝑒−

𝜇

𝜔
𝑥2

    for x ≥ 0                               (3.1) 

Its CDF is given by 

𝐹 𝑥; µ; 𝑤 = 𝑃(𝜇,
𝜇

𝜔
𝑥2)                                                  (3.2) 

where P is the incomplete gamma function which is defined in (2.43). 

http://en.wikipedia.org/wiki/Probability_distribution
http://en.wikipedia.org/wiki/Probability_distribution
http://en.wikipedia.org/wiki/Probability_distribution
http://en.wikipedia.org/wiki/Gamma_distribution
http://en.wikipedia.org/wiki/Shape_parameter
http://en.wikipedia.org/wiki/Shape_parameter
http://en.wikipedia.org/wiki/Shape_parameter
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The PDF and CDF plots of Nakagami-m distribution are shown below.

 

Figure 3.1: PDF and CDF of a Nakagami-m distribution [12] 

 

In addition to the m-distribution, the following two compact forms of distributions,  

𝑝 𝑅 =
2𝑅

𝜍
𝑒
 −

𝑅2+𝑅0
2

𝜍
 
𝐼0(

2𝑅𝑅0

𝜍
)                                       (3.3) 

 

𝑝 𝑅 =
2𝑅

∝𝛽
𝑒
  −

𝑅2

2
  

1

𝛼
+

1

𝛽
  
𝐼0(

𝑅2

2
(

1

𝛽
−

1

𝛼
))                            (3.4) 

 

are presented by Nakagami (1940) and by Nakagami and Sasaki (1942) respectively. 

The former named ―n-distribution‖ is frequently used in radio engineering and latter, 

named ―q-distribution‖, also appears in communication problems. More recently, 

(Nakagami, Wada, Fujimura, 1953) showed that the m-distribution is a more general 

solution with good approximation to the random vector problem. At the same time it 

was also shown that m-distribution includes in particular manner the two distributions 

stated above. Also, the mutual dependencies among their parameters were fully 

investigated, when m-distribution and the other distributions were fully transformed. 

3.1.1 Statistical properties of Nakagami-m distribution 

The parameters μ and ω are obtained by  

𝜇 =
𝐸2(𝑋2)

𝑉𝑎𝑟 [𝑋2]
                                                          (3.5) 

𝜔 = 𝐸[𝑋2]                                                            (3.6) 
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Values of these parameters are µ∈ [0.5 1) and ω >0. 

The mean and variance of this distribution are  

𝐸 𝑋 =
𝛤 𝜇+

1

2
 

𝛤 𝜇  
 
𝜔

𝜇
 

1

2
                                                   (3.7) 

𝑉𝑎𝑟 𝑋 = 𝜔(1 −
1

𝜇
(
𝛤(𝜇+

1

2
)

𝛤(𝜇)
)2)                                        (3.8) 

3.1.2 Higher Order Statistics of Nakagami-m Distribution  

While Nakagami PDF has many attractive features, there is still no widely accepted 

general and efficient way if simulating a correlated Nakagami fading channel. This is 

partly due to the fact that no temporal correlation was specified when it was proposed. 

Therefore most simulators need to make certain assumptions in order to model 

temporal autocorrelation of a Nakagami fading channel. Some analytical work has 

been carried out with respect to higher order statistics.  

 Level Crossing Rate (LCR): 

Level Crossing Rate is defined as the number of times per unit duration that the 

envelope of a fading channel crosses a given value in the negative direction.  

 Average Duration of fades (ADF): 

Average Duration of fades corresponds to the average length of time the envelope 

remains under the threshold value once it crosses it in the negative direction.  

These quantities reflect correlation properties, and thus the second-order statistics, of 

a fading channel.  

Denoting time derivative the envelope r as R‘ and Level Crossing Rate as R, the LCR 

occurring at a certain level ‗R‘ is defined as   

 

𝑁𝑅 =  𝑟′𝑝(𝑟′ , 𝑟 = 𝑅)𝑑𝑟′
∞

0
                              (3.9) 

Similarly ADF can be defined as 

𝑇𝑅 =
𝑝𝑟𝑜𝑏 (𝑟≤𝑅)

𝑁𝑅
                                         (3.10) 

𝑇𝑅 =
𝐹𝑅 (𝑟)

𝑁𝑅 (𝑟)
                                               (3.11) 

where 𝐹𝑅 𝑟 =  𝑃𝑅 ∝ 𝑑 ∝ 
𝑟

0
is the characteristic function of the channel. 
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The analysis of LCR and ADF enables one to get the statistics of burst errors 

occurring on fading channel. This statistics provides useful information for the design 

of the error-correcting codes, which are complicated by the presence of error bursts. 

Interleaver size can be optimized based on such statistics. Interleaving is an operation 

of spreading burst errors into random errors. Further, LCR and ADF have found a 

variety of applications in the modeling and design of wireless communication 

systems, such as the finite-state Markov modeling of fading channels, the analysis of 

hand-off algorithms and the estimation of packet error rates. 

[24] Provides the exact formula for LCR and ADF for µ=n/2 where n is non-negative 

integer value. But the simulation has shown that results agree with theoretical results 

for any m. Analytical LCR and ADF for diversity techniques have been thoroughly 

considered in [25]. The LCR and ADF expressions are rearranged such that it can be 

expressed as the product of the PDF of received signal and an integral involving the 

conditional derivative of this signal. Depending upon different diversity schemes, first 

term can be found in the literature or can be derived. The conditional PDF in second 

term can found by examining the expression for derivative of received sign.  

3.1.3 Relation to other random variables 

I. As mentioned earlier, the Nakagami distribution is related to the gamma 

distribution. In particular given a random variable Y~ Gamma (k,θ), it is possible 

to obtain a random variable X~ Nakagami (µ,ω), by setting k = μ, θ = ω / μ, and 

taking the square root of Y: 

 𝑋 =  𝑌                                                     (3.12) 

II.  When 2μ is an integer, the Nakagami distribution 𝑓𝑌(𝑦) can be generated from 

the             Chi distribution with parameter k set to 2μ and then following it by the 

scaling transformation  

𝑌 =  (𝜔 2𝜇 )𝑋                                                      (3.13) 

 

 Where X is a Chi-squared (χ
2
) RV having the PDF of the form 

http://en.wikipedia.org/wiki/Gamma_distribution
http://en.wikipedia.org/wiki/Gamma_distribution
http://en.wikipedia.org/wiki/Gamma_distribution
http://en.wikipedia.org/wiki/Chi_distribution
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𝑓𝑋 𝑥 =
𝑥 𝑐−1 exp  −

𝑥

2
 

2𝑐𝛤 𝑐 
𝑢(𝑥), for c ≥ 0                           (3.14) 

III. From the PDF plot of the Nakagami-m distribution, we can easily verify that   

nakagami-m distribution becomes Rayleigh distribution for m=1. 

An interesting point to note that is when m=0.5, for starting values of X values, 

the PDF plot is just opposite to that of Rayleigh PDF plot. Of course, it fallows the 

Rayleigh distribution for next values of X. 

IV. Similarly for higher values of nakagami-m distribution i.e., m≫1, it behaves like 

the Gaussian distribution. 

3.2 Generation of nakagami-m processes 

3.2.1 Generation of Nakagami Signals for m < 1  

In the design of HF communication system, the system designer may want to ensure 

that the performance of the communication system is satisfactory not only in a 

Rayleigh fading environment but also in an environment characterized by more severe 

than Rayleigh fading. The care must be taken while investigating fading phenomenon 

when m<1. This represents more severe fading conditions than Rayleigh fading. To 

simulate Nakagami fading channels for m < 1, one needs to generate complex random 

process that fits a given Doppler spectrum. Although there are many methods 

available to simulate Rayleigh fading channels, techniques for simulating an m-fading 

channel with m < 1 are relatively few. According to [1], complex random processes 

used for simulating an m-fading channel, m< 1, can be expressed as a product of a 

complex Gaussian process and a square root beta process. The square root beta 

process can be realized by a nonlinear transformation of complex Gaussian process. 

Although this method is efficient, the algorithm developed is too complex to realize. 

[22] Offers a simple solution to generate fading samples for m< 1.  
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3.2.2 Generation of Uncorrelated Nakagami Signals  

The generation of independent Nakagami-m random variates is an important problem 

with many practical applications. For example, the generation of independent 

Nakagami-m random variables is required to simulate the performance of channel 

estimators [16]-[18] and diverse systems operating in very slow Nakagami-m fading 

channels. Other techniques are use method of rejection to generate samples of 

Nakagami distribution. Reference [19] gives detailed description and proof of 

rejection method. This is a simple algorithm to generate uncorrelated Nakagami-m 

samples. The acceptance-rejection method is well known. The challenge in this 

method is to find the hat function that is both easy to compute and close enough to 

scaled desired probability density function. The regions 0.5≤m<1 and m≥1 represent 

fundamentally different fading scenarios and should be carefully handled. Suppose we 

need to generate samples of X with Nakagami-m distribution 𝑓𝑋(𝑥). As mentioned 

above we would look for hat function 𝑓𝑤(𝑋), that is easy to generate and which has 

the property that there exists some constant C, such that 

𝐶𝑓𝑤  𝑥 ≥ 𝑓𝑋 𝑥    ∀ 𝑥                                          (3.15) 

Once a suitable 𝑓𝑤 (𝑥) has been found, generating samples of Nakagami fading 

samples is relatively easy. The efficiency of this method is given by 1/C.  

Pätzold et al. [8] have developed a method for realizing a general fading process by 

using Rice's sum of sinusoids. However, selection of amplitude values for sinusoids is 

rather complex except in the special case of m=1, that is, if the channel is a Rayleigh 

fading channel. In this special case, the simulated waveform is a complex Gaussian 

process and amplitude values are easily determined. Using the proposed model here, 

for simulating an m- fading channel, one can avoid the difficult task of determining 

amplitude values for sinusoids. Furthermore, the proposed model requires the 

generation of a complex Gaussian process; simulation using the proposed model can 

therefore take advantage of the efficient technique developed in [8] for the generation 

of this process.  

In [9], a first-order hidden Markov model is used to model a Nakagami- fading 

process. This model can be used to generate a fading process that simulates the 

behavior of the amplitude, say r(t), of an m- fading channel. After generating another 
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random process that simulates the phase, say θ(t), one may generate a complex 

random process 𝑍 𝑡 = 𝑟 𝑡 𝑒𝑗𝜃  𝑡  that simulates an m-fading channel. The difficulty 

in the implementation of this approach is to determine autocorrelation functions of r(t) 

and θ(t) based on a knowledge of the autocorrelation function of z(t), which is usually 

given in  practice.  

3.2.3 Generation of Correlated Nakagami Signals  

It is well known that Nakagami random variable is a square root of a gamma process 

and a gamma process itself can be realized from Gaussian random variable. Ertel and 

Reed [20] designed the method of generating tow correlated Rayleigh fading envelops 

of equal power. The idea used here is to exploit the fact that the envelope of a 

complex Gaussian variable follows Rayleigh distribution. The authors therefore were 

able to correlate the cross-correlation of these Rayleigh envelopes to their counterpart 

for the corresponding complex Gaussian variables. Until this period, there was no 

general technique available to simulate Nakagami fading environment. Reference [25] 

uses a decomposition principle for representing a gamma vector as a direct sum of 

independent vectors. A set of independent vectors itself can be obtained from a set of 

correlated Gaussian vectors. The limitation of this method is all branches assume 

equal fading parameter. This drawback was addressed in reference [21], which offers 

more realistic model that allows arbitrary fading parameters, branch power and 

correlation matrix. The author derived a generic characteristic function of correlated 

Nakagami powered signals allowing all parameters to be arbitrary. [23] Provides a 

new algorithm to generate Nakagami-m random samples for arbitrary values of m, 

whereas the author claims that the previous generation methods are restricted to 

values of m between 0 and 1 and integer and half-integer values of m. Finally, [24] 

proposed a Nakagami-m fading simulator by incorporating pop‘s architecture. They 

also proposed modified version to generate uncorrelated Nakagami-m fading 

waveforms through orthogonal Walsh-Hadmard code words. Original Jake‘s model 

lacks the property of wide sense stationary. WSS can be achieved by inserting random 

phase in low frequency oscillators.  

Theoretically, the most effective technique to mitigate multi-path fading in a wireless 

channel is transmitter power control. If channel conditions as experienced by the 

receiver on one side of the link are known at the transmitter on the other side, the 
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transmitter can pre distort the signal in order to overcome the effect of the channel at 

the receiver. There are two fundamental problems with this approach. The major 

problem is the required transmitter dynamic range. For the transmitter to overcome a 

certain level of fading, it must increase its power by that same level, which in most 

cases is not practical because of radiation power limitations and the size and cost of 

the amplifiers. The second problem is that the transmitter does not have any 

knowledge of the channel experienced by the receiver except in systems where the 

uplink (remote to base) and downlink (base to remote) transmissions are carried over 

the same frequency. Hence, the channel information has to be fed back from the 

receiver to the transmitter, which results in throughput degradation and considerable 

added complexity to both the transmitter and the receiver. Moreover, in some 

applications there may not be a link to feed back the channel information. 

3.2.3.1 Antenna diversity: 

Diversity is a technique which searches for strongest signal from the multi-path radio 

signals. The property of technique increases its demand for digital mobile radio 

services. If one path undergoes very deep fade, other may have strong signal. The 

diversity process selects the path having strong signal. In most scattering 

environments, antenna diversity is a practical, effective and, hence, a widely applied 

technique for reducing the effect of multi-path fading.  

There are 2 approaches to reduce the effect of multi path fading. 

1. Receive diversity 

2. Transmit diversity  

 

 Receive diversity: 

The classical approach is to use multiple antennas at the receiver and perform 

combining or selection and switching in order to improve the quality of the received 

signal. This type of diversity is called receive diversity. The use of multiple antennas 

and radio frequency (RF) chains (or selection and switching circuits) makes the 

remote units larger and more expensive but receives diversity increases the SNR by 

reasonable amount.  
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 Transmit diversity: 

There is also another way to implement diversity in which, diversity techniques are 

applied to base stations to improve their reception quality. This technique is called 

transmit diversity. A base station often serves hundreds to thousands of remote units. 

It is therefore more economical but its performance is not as good as receiving 

diversity. 

The explosive growth of wireless systems coupled with the proliferation of laptop and 

palmtop computers indicate a bright future for wireless networks, both as stand-alone 

systems and as part of the larger networking infrastructure. However, many technical 

challenges remain in designing robust wireless networks that deliver the performance 

necessary to support emerging applications. These challenges transcend all levels of 

the overall system design including hardware, communication link, network and 

application design. One of the toughest challenges faced by wireless engineers and 

system designers is the bottleneck presented by the wireless link layer. Achieving 

high data rates on the wireless channel is a hard problem for several reasons. The 

wireless channel is a harsh time-varying propagation environment. A signal 

transmitted on a wireless channel is subject to: 

 Poor BER due to the range, which causes path loss. 

 Poor BER due to uniformity of coverage, which causes fading. 

 Poor BER due to Frequency reuse which causes co-channel interference. 

 Need more capacity (reuse would affect the BER), which causes co-channel 

interference. 

As mentioned above poor BER is the main problem in wireless communication. Let 

us have a glance on BER. Bit error rate is a parameter which gives an excellent 

indication of the performance of a data link such as radio or fiber optic system. As 

one of the main parameters of interest in any data link is the number of errors that 

occurs so BER is a key parameter.  

When data is transmitted over a data link, there is a possibility of errors being 

introduced into the system. If errors are introduced into the data, then the integrity of 

the system may be compromised. As a result, it is necessary to assess the performance 



40 
 

of the system, and bit error rate, BER, provides an ideal way in which this can be 

achieved. 

Unlike many other forms of assessment, bit error rate, assesses the full end to end 

performance of a system including the transmitter, receiver and the medium between 

the two. In this way, BER enables the actual performance of a system in operation to 

be tested, rather than testing the component parts and hoping that they will operate 

satisfactorily when in place. 

The main reasons for the degradation of a data channel and the corresponding bit error 

rate, BER is noise and changes to the propagation path (where radio signal paths are 

used). Both effects have a random element to them, the noise following a Gaussian 

probability function while the propagation model follows a Rayleigh model. This 

means that analysis of the channel characteristics are normally undertaken using 

statistical analysis techniques. 

Diversity can be classifies into following categories: 

 Polarization diversity 

 Angle diversity 

 Frequency diversity 

 Time diversity 

 Space diversity 

Detailed discussion on these different types of diversity is given in [5]. 
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CHAPTER 4 

FADING CHANNEL - STATISTICAL MODELS 

 

This chapter explains the different fading models like Rayleigh, Ricean fading channels. 

A mathematical approach has been given to generate the correlated and uncorrelated 

Nakagami-m channels. 

 

4.1 Different fading models 

The following table shows the different channel characterizations corresponding to the 

different wireless environments.  

ENVIRONMENT 

 

CHANNEL TYPE 

 

Mobile systems with no LOS path between 

transmitter and receiver antenna, propagation of 

reflected and refracted paths through troposphere 

and ionosphere, ship- to- ship radio links. 

 

Rayleigh 

 

Satellite links subject to strong ionospheric 

scintillation 

 

Nakagami-q (Hoyt) (spans range 

from one-sided Gaussian (q=0) to 

Rayleigh (q=1)). 

 

Propagation paths consisting of one strong direct 

LOC component and many random weaker 

components- microcellular urban and suburban land 

mobile, picocellular indoor and factory 

environments. 

 

Nakagami-n (Rice) (spans range 

from Rayleigh (n = 0) to no fading 

(n = • )) 

Land mobile indoor mobile multipath propagation 

as well as ionospheric Nakagami-m (spans range 

from one-sided Gaussian radio links. 

Nakagami-m (spans range from 

one-sided Gaussian radio links. m = 

1/2), Rayleigh(m = 1) to no fading 

(m = • )) 



42 
 

Terrain, buildings, trees -urban land mobile systems, 

land mobile satellite Log-normal shadowing 

Systems. 

Log-normal shadowing 

 

Nakagami-m multipath fading superimposed on log-

normal shadowing. Composite gamma/log-normal. 

Congested downtown areas with slow-moving 

pedestrians and vehicles. 

Also in land mobile systems subject to vegetative 

and/or urban shadowing. 

 

Composite gamma/log-normal 

 

Convex combination of unshadowed multipath and 

a composite multipath/Combined (time-shared) 

shadowed/unshadowed. 

Shadowed fading. Land mobile satellite systems. 

 

Combined (time-shared) shadowed/ 

unshadowed. 

 

Table 4.1: Types of fading models 

 

 

4.1.1 Rayleigh fading model 

In mobile radio channels, the Rayleigh distribution is commonly used to describe the 

statistical time varying nature of the received envelope of a flat fading signal, or the 

envelope of an individual multipath component. We consider this model when there is 

no line-of-sight component between transmitter and receiver. In this, the power is 

exponentially distributed and phase is uniformly distributed and independent from the 

amplitude. The fallowing figure shows a Rayleigh distributed signal envelope as a 

function of time.  
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Figure 4.1 A typical Rayleigh fading envelope at 900 MHz [from [Fun93]©IEEE] 

 

The Rayleigh distribution has a PDF given as  

𝑝 𝑟 =  
𝑟

𝜍2 𝑒
−𝑟2

2𝜍2                             (0 ≤ 𝑟 ≤ ∞)

0                                            (𝑟 < 0)     

                                (4.1) 

 

 

 

Figure 4.2: Rayleigh PDF [5] 

Where σ is the rms value of the received voltage signal before envelope detection, and σ
2 

is the time-average power of the received signal before envelope detection. The 

probability that the envelope of the received signal does not exceed a specified value R is 

given by the corresponding CDF 

𝑃 𝑅 = 𝑃𝑟 𝑟 ≤ 𝑅 =  𝑝 𝑟 𝑑𝑟 = 1 − 𝑒
−𝑟2

2𝜍2
𝑅

0
                             (4.2) 
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The mean value 𝑟𝑚𝑒𝑎𝑛  of the Rayleigh distribution is given by 

𝑟𝑚𝑒𝑎𝑛 = 𝐸 𝑟 =  𝑟𝑝 𝑟 𝑑𝑟 = 𝜍 
𝜋

2

𝑅

0
= 1.2533𝜍                        (4.3) 

And the variance of the Rayleigh distribution is given by𝜍𝑟
2, which represents the ac 

power in the signal envelope 

𝜍𝑟
2 = 𝐸 𝑟2 − 𝐸2 𝑟 =  𝑟2𝑝 𝑟 𝑑𝑟 −

𝜍2𝜋

2

𝑅

0
  = 0.4292𝜍2                 (4.4) 

The rms value of the envelope is the square root of the mean square, or 2𝜍, where σ is 

the SD of the original complex Gaussian signal prior to envelope detection. 

The median value of r is found by solving 

1

2
=  𝑝 𝑟 𝑑𝑟

𝑟𝑚𝑒𝑑𝑖𝑎𝑛

0
                                                      (4.5) 

and is given as 

𝑟𝑚𝑒𝑑𝑖𝑎𝑛 = 1.177𝜍                                                            (4.6) 

Thus, the mean and median differ by only 0.55 dB in a Rayleigh fading signal. By using 

median values instead of mean values, it is easy to compare different fading 

distributions. 

The fallowing diagram shows the phasor representation of the Rayleigh fading 

phenomenon.  

 

Fig4.3 Phasor diagram of Rayleigh fading envelope 
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4.1.2 Ricean fading model 

When there is a dominant stationary (nonfading) signal component present, such as a 

line-of-sight propagation path, the small-scale fading envelope distribution is Ricean. In 

such a situation, random multi path components arriving at different angles are 

superimposed on a stationary dominant signal. At the output of the envelope detector, 

this has the effect of adding a dc component to the random multipath. 

The fallowing figure shows a Ricean distributed signal envelope as a function of time. 

 

Figure 4.4: A typical Ricean fading envelope at 900 MHz [5] 

 

The PDF of this distribution is given as  

𝑝(𝑟) =  
𝑟

𝜍2
 𝑒𝑥𝑝  −

𝑟2+𝐴2

2𝜍2
 𝐼0(

𝐴𝑟

𝜍2)𝑢(𝑟)                                               (4.7) 

 

 

Figure 4.5: PDF of Ricean distributions [5] 

 

The parameter A denotes the peak amplitude of the dominant signal and Io(.) is the 

modified Bessel function of the first kind and zero-order. The Rician distribution is often 
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described in terms of a parameter K which is defined as the ratio between the 

deterministic signal power and the variance of the multipath. It is given by 𝐾 = 𝐴2

2𝜍2  

or, in terms of dB 

𝐾(𝑑𝐵) = 10 log 𝐴
2

2𝜍2  𝑑𝐵                                           (4.8) 

The parameter K is known as the Rician factor and completely specifies the Rician 

distribution. As 𝐴 → 0, 𝑘 → −∞ 𝑑𝐵, and as the dominant path decreases in amplitude, 

the Rician distribution degenerates to a Rayleigh distribution. 

The following diagram shows the Phasor representation of Rician fading phenomenon. 

 

 

Fig 4.6: Phasor diagram of Rician Fading Envelope  

 

4.2 Nakagami-m fading model 

It was originally developed based on the empirical results. The phenomenon of fading 

more severe than Rayleigh fading was observed by Nakagami in a series of channel 

measurements for some long-distance HF communication links. His measurement 

results indicate that the m- distribution with the fading parameter in the range0.5 ≤

𝑚 < 1 is useful for modeling the fading characteristic of an HF channel when the 

fading is more severe than Rayleigh fading. Note that the Rayleigh distribution is a 

special case of the m- distribution when m=1. It is possible to describe both Rayleigh 

and Rician fading with the help of a single model using the Nakagami distribution. 
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The proposed model bypasses generating r(t) and θ(t) separately, so that the difficult 

task of determining their autocorrelation functions is not required.  

To perform computer or hardware simulation of an HF communication link operating 

over an fading channel for , one is required to generate a complex random process that 

fits a given Doppler power spectrum where the amplitude follows an distribution with 

m<1. 

Even though there are some existing techniques to simulate the Nakagami-m fading 

channels as discussed in chapter 3, a better technique is implemented at here which 

yields the results close to desired ones. 

 

4.3 Problem formulation 

4.3.1 Modeling of single channel  

 

Let 𝑍 𝑡 = 𝑟(𝑡)𝑒𝑗𝜃  𝑡  be a wide-sense stationary (WSS) complex random process that 

is characterized by the autocorrelation function 

𝑅𝑧 ∆𝑡 = 𝐸[𝑧(𝑡)𝑧∗(𝑡 + ∆𝑡)]                                     (4.9) 

 and satisfies the following properties. 

1) r (t) is Nakagami-m Distributed with the second moment Ω=Rz(0) and the 

fading parameter m= Ω
2
/E[(r(t)

2
- Ω)

2
] limited in the range m є [0.5, 1). 

      2)   θ (t) is uniformly distributed over [0, 2π). 

      3)   r (t) and θ(t) are mutually independent. 

The PDF of r (t) for an arbitrary time is given by [2] 

𝑝 𝑟 𝑡 = 𝑟 =
2

𝛤 𝑚 
 
𝑚

Ω
 
𝑚

𝑟2𝑚−1𝑒
−𝑚𝑟2

Ω , 𝑟 ≥ 0                            (4.10) 

where Γ(.) is the gamma function and m is in the range 0.5≤  m < 1. Our task is to 

develop a simulation model that can be used to realize z (t). In the development of this 

model, the following lemma is considered. 

  Lemma 1: Let be rz being an m distributed random variable with the second 

moment 𝐸 𝑟𝑧
2 = Ω and the fading parameter m є [0.5, 1). Let rw be a Rayleigh 

distributed random variable with𝐸 𝑟𝑤
2 = Ω

𝑚 . If rz and rw satisfy the functional 

relationship 

𝑟𝑧 =  𝜉𝑟𝑤                                                           (4.11) 
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where  𝜉 is a nonnegative random variable independent of rw, then 𝜉 has a standard 

beta distribution with parameters m and 1-m. The PDF of is given by [12] 

𝑝 𝜉 =  
1

𝐵(𝑚,1−𝑚)
𝜉𝑚−1(1 − 𝜉) 1−𝑚 −1 ,     0 < 𝜉 < 1

0                                                            𝑜𝑡𝑕𝑒𝑟𝑤𝑖𝑠𝑒   

                    (4.12) 

 where 𝐵 𝑎, 𝑏 =
Γ a Γ(b)

Γ(a + b)  is a beta function. 

Let θ be a random variable uniformly distributed over [0, 2π) and independent of rz, rw 

and ξ. It follows that 𝑤 = 𝑟𝑤𝑒
𝑗𝜃  is a zero-mean complex Gaussian random variable 

with uncorrelated real and imaginary parts. Multiplying both sides of (4.11)  ejθ  
by 

gives  

𝑟𝑧𝑒
𝑗𝜃 = 𝜉1/2𝑤.                                                 (4.13) 

This expression implies that z (t) can be represented by 

 

𝑍(𝑡) = 𝜇(𝑡)𝑤(𝑡)                                                 (4.14) 

 

where  

i)  𝜇(𝑡) is a WSS nonnegative random process and 𝜇2 𝑡 follows a standard 

beta distribution with parameters m and 1-m, and  

ii)  w(t), being independent of 𝜇(𝑡),  is a zero-mean WSS complex Gaussian 

process with uncorrelated real and imaginary parts and with an 

autocorrelation function 𝑅𝑤  Δ𝑡 = 𝐸 𝑤 𝑡 𝑤∗ 𝑡 + ∆𝑡   

satisfying 𝑅𝑤 0 = Ω
𝑚 . 

 Notice that 𝑅𝑤 Δ𝑡  and 𝑅𝑧 Δ𝑡  are related by 

𝑅𝑧 Δ𝑡 = 𝑅𝜇  Δ𝑡 𝑅𝑤 Δ𝑡                                           (4.15) 

where 𝑅𝜇  Δ𝑡 = 𝐸 𝜇 𝑡 𝜇 𝑡 + ∆𝑡   and that 𝑅𝜇  0 = 𝑚.  

The representation of Z (t) given by (4.14) is the desired simulation model. One can 

generate Z (t) by generating a complex Gaussian process w (t) and an appropriate 

square-root-beta random process µ (t), followed by substituting w (t) and µ (t) into 

(4.14). The non-Gaussian process µ (t) which is called as square root bet process can 

be generated by a nonlinear transformation of a Gaussian process as discussed in 

section 4.3.3. The complex Gaussian process w (t) can be generated by an established 

technique as discussed in section 4.3.4.  
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4.3.2 Modeling of correlated diversity channels  

 

Antenna diversity is a well-known technique in HF communications for combating 

adverse effects due to fading. So far our discussion has been concentrated on 

simulating an m fading channel by generating a complex random process z(t). This 

approach is useful for simulating a communication system with antenna diversity only 

if the diversity branches are independently faded. When the antenna spacing is 

inadequate, nonindependent fading among diversity branches occurs so that the m 

fading channels used for modeling the diversity channels are correlated. It gives rise 

to the need for simulating correlated diversity channels. In what follows, a method is 

demonstrated to simulate correlated m fading channels for m<1 by a simple extension 

of the model explained in section 4.3.1. 

Let M be the order of diversity. We assume that the diversity channels have the same 

fading parameter m, second moment Ω, and autocorrelation function 𝑅𝑧 Δ𝑡 . This 

assumption is appropriate for a communication system using antenna diversity. In the 

implementation of simulation, one is given knowledge of the correlation matrix  

𝜌 = [𝜌𝑘,𝑙]𝑘,𝑙=1 
 𝑀 that characterizes the correlation among the M diversity channels, 

where  𝜌𝑘,𝑙  ≤ 1, 𝜌𝑘,𝑙 = 1 and ρ is real symmetric. To simulate M correlated channels, 

it is required to generate M correlated complex processes zk (t), k=1, 2…M, each of 

which has the properties of specified in Section 4.3.1. Note that  

𝜌𝑘,𝑙 =
𝐸[𝑧𝑘 (𝑡)𝑧𝑙

∗(𝑡)]

 𝐸[|𝑧𝑘  𝑡 |2]𝐸[|𝑧𝑙  𝑡 |2]
                                      (4.16) 

and that ρ is nonnegative definite ([14], p. 295). Applying the proposed model (4.14) 

to the situation under consideration, we have 

𝑧𝑘 𝑡 = 𝜇𝑘 𝑡 𝑤𝑘 𝑡 ,          𝑘 = 1,… ,𝑀 

where 

i) 𝜇𝑘 𝑡  is a WSS nonnegative random process and 𝜇𝑘
2 𝑡  has a standard beta 

distribution with parameters m and 1-m 

ii) 𝑤𝑘 𝑡 , being independent of 𝜇𝑘 𝑡 , is a zero-mean WSS complex Gaussian 

process with uncorrelated real and imaginary parts and with a variance given 

by Ω/m.  

We assume that i) any pair of 𝜇𝑘 𝑡 and 𝑤𝑙 𝑡 , k, l = 1, … , M are independent, and ii) 

𝜇𝑘 𝑡 and 𝜇𝑙 𝑡 , k ≠ l are mutually independent. Assumption i) is made because it 
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makes implementation easier and does not affect resultant statistical properties of 

𝑧𝑘 𝑡 's. Assumption ii) leads to conditions that are usually satisfied in practice. 

Substituting 𝑧𝑘 𝑡  into (4.16) yields  

𝜌𝑘,𝑙 =  
𝐾𝑚𝜌𝑘,𝑙

(𝑤)
           𝑘 ≠ 𝑙

𝜌𝑘,𝑙
(𝑤)

                 𝑘 = 𝑙
                                                (4.17) 

  where 

𝜌𝑘,𝑙
(𝑤)

=
𝐸[𝑤𝑘(𝑡)𝑤𝑙

∗(𝑡)]

 𝐸[|𝑤𝑘 𝑡 |2]𝐸[|𝑤 𝑙 𝑡 |2]
                                           (4.18) 

and  

𝐾𝑚 =
𝐸[𝜇𝑘 𝑡 ]×𝐸[𝜇 𝑙(𝑡)]

 𝐸[𝜇𝑘
2 𝑡 ]𝐸[𝜇 𝑙

2 𝑡 ]
=

4

𝜋𝑚
 
𝛤(𝑚+0.5)

𝛤(𝑚)
 

2

                               (4.19) 

With knowledge of 𝜌𝑘,𝑙 , one can determine  𝜌𝑘,𝑙
(𝑤)

 by (4.17). Since Autocorrelation 

functions of zk(t) are assumed the same for all k's and are given by Rz(Δt), for 

convenience in the implementation, we assume that autocorrelation functions of 

𝜇𝑘 𝑡 's and 𝑤𝑘 𝑡 's are given by 𝑅𝜇  Δ𝑡  and 𝑅𝑤 Δ𝑡 , respectively, both of which are 

independent of k. Note that 𝑅𝑧 Δ𝑡 , 𝑅𝜇  Δ𝑡 , and 𝑅𝑤 Δ𝑡  are related by (4.15). 

After𝑅𝜇  Δ𝑡  is determined, one can generate each of 𝜇𝑘 𝑡 , 𝑘 = 1, … ,𝑀, by a 

nonlinear transformation of a Gaussian process dictated in section (4.3.3).  

Generation of w (t) = [𝑤1 𝑡 ,… , 𝑤𝑚 (𝑡)]𝑇 can be accomplished by the following 

method. Let 𝑢𝑘 𝑡 , 𝑘 = 1,… ,𝑀, be mutually independent zero-mean complex 

Gaussian processes, each of which has an autocorrelation function 𝑅𝑤 Δ𝑡  and 

uncorrelated real and imaginary parts. Each of 𝑢𝑘 𝑡 's can be generated by a known 

method. Let u (t) = [𝑢1 𝑡 ,… , 𝑢𝑚 (𝑡)]𝑇  and 𝜌(𝑤) = [𝜌𝑘,𝑙
(𝑤)

]𝑘,𝑙=1 
𝑀 . Then 

𝒘 𝑡 = 𝐂𝒖(𝑡).                                                (4.20) 

where C is a factor of 𝜌(𝑤) such that CC𝑇 = 𝜌(𝑤). 

To generate w (t), the matrix C must exist, which requires that𝜌(𝑤)  is nonnegative 

definite. That is, for any 𝑎1, 𝑎2, … , 𝑎𝑀  with at least one of which is nonzero, the 

condition   𝑎𝑘𝑎𝑙𝜌𝑘,𝑙
(𝑤)

 𝑀
𝑙=1

𝑀
𝑘=1 ≥ 0 needs to be satisfied. Substituting (4.17) into this 

requirement yields 

  𝑎𝑘𝑎𝑙  𝜌𝑘,𝑙 − (1 − 𝐾𝑚 )  𝑎𝑘
2𝑀

𝑘=1
𝑀
𝑙=1

𝑀
𝑘=1 ≥ 0                          (4.21) 

It is known that (4.21) can be satisfied if 1-Km is less than the smallest Eigen value of 

ρ. As a practical example, consider a dual-diversity system (M=2). The smallest Eigen 

value is 1 − 𝜌1,2, so that (4.21) is satisfied if 𝜌1,2 ≤ 𝐾𝑚  . It can be shown that the 
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minimum value of Km over the range 0.5 ≤ 𝑚 < 1 is 0.8106. As the correlation 

between diversity channels seldom exceeds 0.8106 for practical cases of interest, 

(4.21) is usually satisfied. For diversity channels with 1-Km greater than the smallest 

Eigen value of ρ, zk(t)'s can be generated by allowing  𝜇𝑘 𝑡  's to be correlated. 

 

4.3.3. Generation of square root beta process 

The square root beta process 𝜇 𝑡  can be generated by the nonlinear transformation of 

the Gaussian Random process given as [13] 

𝜇 𝑡 = 𝐹−1  𝜙 𝑦 𝑡                                              (4.22) 

where y(t) is a zero-mean unit-variance Gaussian process with an autocorrelation 

function 

𝜌 Δ𝑡 = 𝐸[𝑦(𝑡)𝑦(𝑡 + Δ𝑡)].                                       (4.23) 

Let F(x) be the CDF of a squire root beta random variable with parameters m and 1-m, 

and let 𝜙(x) be the CDF of a standard Normal random variable. It fallows that  

𝐹 𝑥 = 𝐼𝑥2 𝑚, 1 −𝑚 ,      0 ≤ 𝑥 ≤ 1                         (4.24) 

and                                                    ∅ 𝒙 =
1

 2π
 e

−t 2

2
x

−∞
dt                                        (4.25) 

respectively, where 𝐼𝑢 𝑎, 𝑏 =  𝐵 𝑎, 𝑏  
−1

 𝑡𝑎−1𝑢

0
(1 − 𝑡)𝑏−1𝑑𝑡 is the incomplete 

beta function. Note that in the special case of m=0.5, 

 𝐹 𝑥 =
2

𝜋
sin−1 𝑥    for 0 ≤ 𝑥 ≤ 1.                          (4.26) 

It is easy to show that F(x) is strictly increasing function for 0 ≤ 𝑥 ≤ 1 and is 

bounded by 𝐹 𝑥 ∈ [0, 1]. If we specify that 𝐹−1 𝑣 , the inverse of F, gives a value 

within [0, 1] for 0 ≤ 𝑣 ≤ 1, then  𝐹−1 exists and is unique. Let y(t) be a WSS zero-

mean unit-variance Gaussian random process with an autocorrelation function 

𝜌 Δ𝑡 = 𝐸 𝑦 𝑡 𝑦 𝑡 + ∆𝑡  . 

It is known that µ(t) can be generated by the nonlinear transformation [13,Ch. 3.1.1] 

𝜇 𝑡 = 𝑔 𝑦(𝑡)                                             (4.27) 

where 𝑔 𝑥 = 𝐹−1(∅(𝑥)). In addition,𝑅𝜇 (∆𝑡) and 𝜌 Δ𝑡  are related by [13, eq. (3.7)] 
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𝑅𝜇  ∆𝑡 =   𝑔(𝑦1
∞

−∞
)𝑔(𝑦2)

∞

−∞

1

2𝜋 1−𝜌 ∆𝑡 2
.𝑒

 −
𝑦1

2+𝑦2
2−2𝜌  Δ𝑡 𝑦1𝑦2

2 1−𝜌 ∆𝑡 2 
 
𝑑𝑦1𝑑𝑦2 , 𝜌 Δ𝑡 = ±1     

(4.28) 

In special cases of 𝜌 Δ𝑡 = ±1, it is easy to show that 

𝑅𝜇  ∆𝑡 =  
𝑚,                                           𝜌 Δ𝑡 = +1      

  𝐹−1 𝑥  𝐹−1 1 − 𝑥 𝑑𝑥
1

0
,   𝜌 Δ𝑡 = +1.     

         (4.29) 

4.3.4 Generation of WSS complex Gaussian Process 

A zero-mean complex WSS Gaussian process 𝜇 𝑡  can be realized with the 

established technique [8] known as rice‘s sum of sinusoids as explained below. 

To find an analytical model which generates a complex Gaussian Process, firstly we 

should to consider the shape of the Doppler PSD under observation. For mobile 

fading channel models, a typical and often-assumed shape for the Doppler PSD of the 

complex Gaussian noise process 𝜇 𝑡 , 𝑆𝜇𝜇 (𝑓), is given by the Jakes PSD 

𝑆𝜇𝜇  𝑓 =

 
 

 
2𝜍0

2

𝜋𝑓𝑚𝑎𝑥  1− 
𝑓

𝑓𝑚𝑎𝑥
 

2
,                   𝑓 ≤ 𝑓𝑚𝑎𝑥

0,                                                       𝑓 > 𝑓𝑚𝑎𝑥  

              (4.30) 

where 𝑓𝑚𝑎𝑥  is the maximum Doppler frequency. From this equation, the 

corresponding ACF, i.e., the inverse Fourier transform of𝑆𝜇𝜇  𝑓 , is given the 

following relation: 

𝑟𝜇𝜇  𝑡 = 2𝜍0
2𝐽0(2𝜋𝑓𝑚𝑎𝑥 𝑡)                                     (4.31) 

where 𝐽0(. ) denotes the zeroth-order Bessel function of the first kind. 

The resulting structure of the analytical model for complex GRP is shown in the 

fallowing figure. 

 

 

 

 

 

 

Figure 4.7: Analytical models for generation of complex Gaussian process 𝝁 𝒕  

𝜇(𝑡) 

    WGN 

    WGN 

𝐻1(𝑓) 

𝐻2(𝑓) 

𝜇1 (𝑡) 

𝜇2 (𝑡) 
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Instead of generating 𝜇𝑖  𝑡  with the process of passing of a white Gaussian noise 

(WGN) process through a band pass filter having transfer function 𝐻𝑖 𝑓 ,  it can be 

generating from a specified number of sinusoids as explained below. 

Let us proceed by considering the two real zero mean, equal variance functions 𝜇1 (𝑡) 

and 𝜇2 (𝑡), which will be expressed as follows: 

 

𝜇𝑖  𝑡 =  𝑐𝑖 ,𝑛cos 2𝜋𝑓𝑖 ,𝑛𝑡 + 𝜃𝑖 ,𝑛 ,             𝑖 = 1, 2
𝑁𝑖
𝑛=1                (4.32) 

 

where 𝑁𝑖  denotes the number of sinusoids of the function 𝜇𝑖  𝑡  . The quantities 

𝑐𝑖,𝑛 , 𝑓𝑖 ,𝑛  and  𝜃𝑖 ,𝑛  are simulation model parameters, which are adapted to the desired 

Doppler PSD function and are therefore called Doppler coefficients, discrete Doppler 

frequencies, and Doppler phases, respectively. It is worth mentioning that the 

simulation model parameters 𝑐𝑖 ,𝑛 , 𝑓𝑖 ,𝑛  and 𝜃𝑖 ,𝑛   have to be computed during the 

simulation setup phase, e.g., by any one of the fallowing methods. 

 Method of equal distances 

 Mean square-error method 

 Jakes method 

 Optimal solution for the given number of sinusoids 

The parameters are calculated at here according to the optimal solution for the given 

number of sinusoids. 

Afterwards, these parameters are known quantities and are kept constant during the 

whole simulation run phase. From the fact that all parameters are known quantities, it 

follows that itself is determined for all time and thus can be considered as a 

deterministic function. We will see that the statistical properties of 𝜇𝑖  𝑡  approximate 

closely the statistical properties of colored Gaussian stochastic processes. In order to 

emphasize that property, we will denote henceforth the deterministic function as a 

deterministic (Gaussian) process. Consequently, the interpretation of 𝜇𝑖  𝑡  as a 

deterministic process (function) allows us to compute an analytical expression for the 

corresponding ACF via the definition  

 

𝑟 𝜇 𝑖𝜇 𝑖
 𝑡 =  lim𝑇→∞

1

2𝑇0
 𝜇𝑖  𝜏 𝜇𝑖  𝑡 + 𝜏 𝑑𝜏  
𝑇0

−𝑇0
                       (4.33) 
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Substituting (4.32) into (4.33) and taking thereupon the Fourier transform, we find the 

following analytical expressions for the ACF 𝑟 𝜇 𝑖𝜇 𝑖
 𝑡  and the corresponding 

PSD 𝑆 𝜇 𝑖𝜇 𝑖
 𝑓 :  

𝑟 𝜇 𝑖𝜇 𝑖
 𝑡 =   

𝑐𝑖,𝑛
2

2
cos 2𝜋𝑓𝑖 ,𝑛 𝑡      

𝑁𝑖
𝑛=1                             (4.34) 

 

𝑆 𝜇 𝑖𝜇 𝑖
 𝑓 =  

𝑐𝑖,𝑛
2

4
[𝛿 𝑓 − 𝑓𝑖 ,𝑛 + 𝛿 𝑓 + 𝑓𝑖 ,𝑛 ]

𝑁𝑖
𝑛=1  for 𝑖 = 1, 2        (4.35) 

Notice that the deterministic processes 𝜇1  𝑡  and 𝜇2  𝑡  are uncorrelated if and only if 

𝑓1,𝑛  ≠  ±𝑓2,𝑛 for all 𝑛 = 1,2,… ,𝑁1 and 𝑚 = 1,2, … , 𝑁2. But if 𝑓1,𝑛  ≠  ±𝑓2,𝑛  is valid 

for some or all n, m, then 𝜇1  𝑡  and 𝜇2  𝑡  are correlated, and the following cross-

correlation function can be derived, where 𝑁 = min 𝑁1, 𝑁2 . 

 

𝑟 𝜇1𝜇2
 𝑡 =  

  
𝑐1,𝑛 𝑐2,𝑚

2
cos 2𝜋𝑓1,𝑛𝑡 − 𝜃1,𝑛 ± 𝜃2,𝑚     𝑖𝑓  𝑓1,𝑛 =  ±𝑓2,𝑚   𝑁

𝑛=1

0,                                                                        𝑖𝑓  𝑓1,𝑛  ≠  ±𝑓2,𝑛

     (4.36) 

 

The next figure shows the resulting general structure of the deterministic simulation 

model for complex Gaussian random process in its continuous-time representation.  

 

 

 

Figure 4.8: Deterministic simulation models for complex GRP with given jakes PSD 

 

 

µ (t) 
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As said before, the parameters Ci,n and fi,n can be  calculated at here according to the 

optimal solution[8] for the given number of sinusoids. Optimal solution means in the 

fallowing 2 senses. 

1) The PDF of the deterministic process is according to the L2 norm, an optimal 

approximation of the ideal (desired) PDF of the stochastic process µi(t). 

2) The ACF of the deterministic process is according to L2 norm, an optimal 

approximation of the ideal (desired) ACF of the stochastic process µ i(t) within a 

distinct time interval. 

The resulting parameters can be calculated from the following formulas. [8] 

            Ci,n = σ0√(2/Ni)        for  Ni  ≥ 7                                             (4.37) 

fi,n = fmax sin(πn/2Ni)  for all n=1,2,….Ni and i =1,2.                           (4.38) 
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CHAPTER5 

SIMULATION AND RESULTS 

In this chapter, the simulation steps to perform simulation of Nakagami-m channel 

using the mathematical tool MATLAB R2007b (7.5) has been given. Simulation 

results are analyzed and compared with the desired values.    

5.1 Simulation Steps 

For the given PSD 𝑆𝑧(𝑓) , it is desired to realize a complex random process z(t) in 

order to simulate a Nakagami-m fading channel for m<1. We know that ACF and PSD 

are Fourier transform pair related as follows: 

𝑆𝑧 𝑓 =   𝑒−𝑗2𝜋𝑓∆𝑡∞

−∞
𝑅𝑧 ∆𝑡 𝑑∆𝑡                                 (5.1) 

The PSD of the most of the practical HF channels are band-limited, so it is sufficient 

to generate a band limited random process Z (t). 

Let 𝑓𝑚𝑎𝑥  be the frequency such that 𝑆𝑧 𝑓 = 0 or negligible for  𝑓 > 𝑓𝑚𝑎 𝑥 . To realize 

samples 𝑍 𝑛𝑇𝑠 ,  𝑇𝑠 = 1
𝛼𝑓𝑚𝑎𝑥
 , and 𝑛 = 0, ±1, ±2,…. where 𝛼 is the oversampling  

factor and 𝛼 ≥ 8 is usually sufficient to generate Z (t) without appreciable loss of 

accuracy. The remaining simulation steps to generate required process are given as 

fallows. 

Step 1:  

Compute 𝑅𝑧 ∆𝑛𝑡𝑠 , ∆𝑛 =  −𝑁,… , 𝑁, where N is sufficiently large integer. This 

sequence of 𝑅𝑧 ∆𝑛𝑡𝑠  is used in generating 𝑍(𝑛𝑇𝑠)′s so that greater value of N 

improves the accuracy of the ACF of the generated 𝑍(𝑛𝑇𝑠)′s. 

Step 2:  

Select an appropriate 𝜌(∆𝑡). From the equation, it is clear that 𝑆𝑧 𝑓  is given by the 

convolution between the PSDs of 𝜇 𝑡  and 𝑤(𝑡), and since Z(t) is band-limited to 

𝑓𝑚𝑎𝑥 , so that 𝜇 𝑡  and 𝑤(𝑡) are also band-limited to at most  𝑓𝑚𝑎𝑥 . As 𝜇 𝑡  is 

generated from y (t , it is also band-limited to at most 𝑓𝑚𝑎𝑥 . Now, choose 𝜌(∆𝑡) such 

that  
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𝑆𝑦  𝑓 =   𝑒−𝑗2𝜋𝑓∆𝑡∞

−∞
𝜌 ∆𝑡 𝑑∆𝑡                                        (5.2) 

vanishes or negligible for  𝑓 > 𝑓𝑚𝑎𝑥 . 

Step 3: 

Compute 𝑅𝜇  ∆𝑛𝑡𝑠  from 𝜌(∆𝑛𝑇𝑠) with the help of table 5.1. Then 

compute 𝑅𝑤 ∆𝑛𝑡𝑠 ‘s as 

𝑅𝑤 ∆𝑛𝑇𝑠 =
𝑅𝑧 (∆𝑛𝑇𝑠)

𝑅𝜇 (∆𝑛𝑇𝑠)
                                                        (5.3) 

To ensure that w (t) can be realized, 𝑅𝑤 ∆𝑡  is required to satisfy that  𝑅𝑤 ∆𝑡  ≤

 𝑅𝑤 0  and 𝑆𝑤  𝑓 ≥ 0  for all 𝑓, where 𝑅𝑤 ∆𝑡  and 𝑆𝑤 𝑓  are Fourier transform pair. 

 If the selected 𝜌(∆𝑡) cannot yield 𝑅𝑤 ∆𝑛𝑇𝑠 ‘s that satisfy  𝑅𝑤 ∆𝑡  ≤ 𝑅𝑤 0 , another 

choice of 𝜌(∆𝑡) should be made, and step (2) should be repeated. From this 𝑅𝑤  ∆𝑛𝑇𝑠 , 

𝑆𝑤 𝑓  can be calculated as  

𝑆𝑤 𝑓 =   
𝑇𝑠 𝑅𝑤 0 + 2 Re[𝑅𝑤 ∆𝑛𝑇𝑠 . 𝑒−𝑗2𝜋𝑓∆𝑛𝑇𝑠]N

∆n=1   ,      𝑓 ≤  1
2𝑇𝑠
 

0,                                                                                     𝑜𝑡𝑕𝑒𝑟 𝑤𝑖𝑠𝑒.     

        (5.4) 

If this computed 𝑆𝑤 𝑓  is negative and not limited to 𝑓𝑚𝑎𝑥 , then it has to modify such that  

𝑆𝑤 𝑓 ≥ 0 &    𝑆𝑤 𝑓 = 0 ∀ 𝑓 > 𝑓𝑚𝑎𝑥  . 

This modified 𝑆𝑤 𝑓  can be used to compute new values of  𝑅𝑤  ∆𝑛𝑇𝑠  . 

Step 4: 

With the selected 𝜌(∆𝑡) or 𝑆𝑦 𝑓 , 𝑦(𝑛𝑇𝑠) can be generated by the method specified in 

the section4.3.4. Next, square root beta process samples 𝜇(𝑛𝑇𝑠) can be generated from 

𝑦(𝑛𝑇𝑠) by the method specified in the section 4.3.2. 

Step 5: 

Generate complex Gaussian distributed samples  𝑤 𝑛𝑇𝑠  based on the modified 𝑆𝑤  𝑓  or the 

new values of 𝑅𝑤  ∆𝑛𝑇𝑠  with the help of the method specified in the section 4.3.4. 

Step 6: 

Compute  𝑧 𝑛𝑇𝑠  as  
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𝑍 𝑛𝑇𝑠 = 𝑤(𝑛𝑇𝑠)𝜇(𝑛𝑇𝑠)                                                                  (5.5) 

 

 

Table 5.1:  𝑹𝝁(∆𝒕)/𝑹𝝁(𝟎) values against 𝝆(∆𝒕) for 0.5 ≤ m < 1. [1] 

 

The flowchart of this simulation method is given below. 
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Figure 5.1: Flow chart of simulation process 

 

5.1.1 Details of parameters, schemes and values used 

 Software used: MATLAB R2007b(7.5) 

 Simulated channel: Nakagami-m for 0.5≤m<1 

 Number of bins: 200 

 Number of frames: 1000 
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5.2 Results and Analysis 

 

Fig 5.2.1: Nakagami-m envelop PDF for m=1, Ω=1 

 

 

Comment: From this figure, as already discussed, the nakagami PDF is just same as 

that of Rayleigh PDF for the case of m=1. The plot also shows that the simulation 

result is exactly matched with the required one. 
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Fig 5.2.2: Nakagami-m envelope PDF for m=0.8, Ω=1 
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Fig: 5.2.3 Nakagami-m envelope PDF for m=0.8, Ω=1 

 

 

 

 

Comment: From this figure, as said earlier, the Nakagami-m PDF fallows the one 

sided Gaussian PDF for the case of m=0.5. The simulated results approximate the 

required results in this case. 
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Fig 5.2.4: Comparison of Nakagami-m envelope PDFs for m=0.5, 0.8 &1, Ω=1 

 

 

 

 

 

Comment: This plot showing how the PDF shape is changing for different values of 

m- parameter. It is clear that for the case of m=0.5, most of the multi path components 

are having zero amplitudes.   
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Fig 5.2.5: Nakagami-m phase PDF for m=1, Ω=1 

 

Fig 5.2.6: Nakagami-m phase PDF for m=0.8, Ω=1 
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Fig 5.2.7: Nakagami-m envelope PDF for m=0.5, Ω=1 

 

 

 

Fig 5.2.8: Comparison of Nakagami-m phase PDFs for m=0.5, 0.8 &1, Ω=1 
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Comment: From the figures 5.2.5-8 for different values of m, we can conclude that 

the phase PDF is uniformly distributed within the interval [0 2π] except for the case of 

m=0.5 (one sided Gaussian). In the case of m=0.5, we can understand that most of the 

multi path components reach the receiver either straight or perpendicular to the 

receiving antenna.  

Fig 5.2.9: Simulated Nakagami-m random process for m=1, Ω=1 

 

Fig 5.2.10: Simulated Nakagami-m random process for m=0.8, Ω=1
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Fig 5.2.11: Simulated Nakagami-m random process for m=0.5, Ω=1 

 

Comment:   Figures 5.2.9-11 shows the simulated nakagami-m processes for different 

values of shaping parameter m. 

Fig 5.2.12: Auto Correlation Function  of the nakagami-m distribution for m=1 

 

Comment: The autocorrelation function is looks like the sampling function due to the 

fact that PSD of the Rayleigh distribution is like a gate function. 
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Fig 5.2.13: Comparison of Nakagami-m envelope PDF s for m=1, Ω=1, 5& 10 

 

 

 

Comment: This figure shows how the Nakagami-m PDF changes its variance with the 

spreading parameter Ω for a single value of shaping parameter-m. 
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CHAPTER6 

CONCLUSION AND FUTURE SCOPE 

 

6.1 Conclusion 

In this thesis report, a technique has been implemented as the multiplication of 2 

stochastic processes to simulate Nakagami-m fading channel.  

 Firstly, complex Gaussian random process was generated with the help of rice‘s sum of 

sinusoids. Next, square root beta process was generated as the non linear transformation 

of the standard Normal random variates. The procedures are dictated to realize those 2 

random processes. 

The technique proposed here to model the nakagami-m fading channel for 0.5≤m<1 

yields better results compared to the existing methods suggested by [8], [9]. In fact, 

the problems encountered in the simulation for generating Nakagami process as 

suggested by [8], [9] are bypassed with a special technique as suggested by [1] in this 

work. 

The simulation results shown that PDF plots of the magnitude and phase are 

approximated the Nakagami-m and uniform distributions respectively. The power 

spectral density is the frequency domain dual of the autocorrelation function which is 

helpful to estimate the total power present in a random process. 

The channel simulated here can be useful for the performance comparison, like bit 

error rate (BER), signal to noise ratio (SNR), of different m-ary modulation schemes 

such as QPSK, PSK, OFDM… under different fading channels. 

 

 

 

 

 



70 
 

6.2 Future scope 

The technique implemented here, successfully, to simulate uncorrelated channels can 

also applicable to generate correlated channels also. The procedure is already given in 

this report itself. 

By using any of the mathematical tools like MATLAB, the correlated channels can be 

readily implement which gives practical applicability of this method for the most 

common situation occurred in mobile communications. 

Depending on the correlation between the channels, it is easy to find a better diversity 

technique which is suitable for mobile receivers.  
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