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PREFACE

Having paid my deep sense of gratitude, | feel myself deserve to present this thesis.
The work being presented in the thesis is devoted to ‘A Study of Fuzzy, Super and Super
Fuzzy Matrix Theory’. It consists of six chapters. In chapters, Tables and figures are
shown not as a sub-section but as different sections and in this way, in contents, list of

tables and figures are shown separately from chapters.

Starting from the first chapter on binary and fuzzy sets, which are further related to
fuzzy matrix theory. Then the determinant and adjoint theories of square fuzzy matrix are
included. Next, the concept of supermatrices is introduced and is further related to fuzzy
supermatrices. Last chapter is ended to recall the summary of the comparative study done
and to conclude the theories based on this work for further advanced study in this field
and its important applications in other related specific areas.

The main body of the thesis is then followed by a list of references which by no means
is a complete bibligraphy of the work, rather the work referred in this thesis has been
included in this literature.
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Chapter 1

BINARY AND FUZZY SET THEORY

1.1 Introduction

The purpose of present chapter is to introduce basic concepts of fuzzy sets for the
further study of fuzzy and super fuzzy matrices. In today’s scientific and socio-
technoligical fields, the classical approaches to decision making have been declining
while innovative concepts based upon the new mathematics such as fuzzy set theory, are

continually emerging.

Advances in science and technology have made our modern society very complex,
and with this, decision processes have become increasingly vague and hard to analyze.
The human brain possesses some special characteristics that enable it to learn and reason
in a vague and fuzzy environment. It has the ability to arrive at decisions based on
imprecise, qualitative data in contrast to formal mathematics and formal logic which
demand precise and quantitative data. Modern binary computers possess capacity but lack
human like ability. Undoubtedly, in many areas of cognition, human intelligence far
excels the computer “intelligence” of today, and the development of fuzzy concepts is a
step forward towards the development of tools capable of handling humanistic types of
problems.

We do have sufficient mathematical tools and computer-based technology for
analyzing and solving problems embedded in deterministic and uncertain (probabilistic)
environment. Here uncertainty may arise from the probabilistic behaviour of certain
physical phenomena in mechanistic systems. We know the important role that vagueness
and inexactitude play in human decision making, but we did not know until 1965 how the
vagueness arising from subjectivity which is inherent in human thought processes can be

modelled and analyzed.

In 1965, Professor Loffi A. Zadeh [15] laid the foundation of fuzzy set theory. In
effect, fuzzy set theory is a body of concepts and techniques that gave a form of

mathematical precision to human cognitive processes that in many ways are imprecise



9and ambiguous by the standards of classical mathematics. Today, these concepts are
gaining a growing acceptability among mathematicians, engineers, scientists and
philosophers. Since its inception, research in the fuzzy set field has faced an increasing
exponential growth. This fuzzy field has blossomed into a many faceted field of inquiry,
drawing on and contributing to a wide spectrum of areas ranging from pure mathematics
to human cognition, preception and judgement. Its influence in science, engineering and

social sciences has been felt already and is certain to grow in the decade to come.

1.2 [7] Examples

Imprecision in characterizing the possible presence or absence of properties in a
concept leads to a fuzzy set. Suppose we consider the character recognition problem of a
faded typescript. We are aware of the character set available on the typewriter. Suppose a
compound symbol such as “O” appears on the typescript. It is easily identifiable as being
made up of characters “L” and “O”. We would then say the compound symbol is
associated with the subset {L,O} of the character set on the typewriter.

Suppose instead a compound symbol such as “Q” appears. On a first glance we think
we recognize a “Q”, but on a closer examination we find it as superimposed “Q”, “G”,
*O” and possible “C”. We are not sure as to the presence or absence of “C” in “Q”. Thus,
if this symbol has to be represented as a subset of the symbols on the typewriter, then we
either assign a “doubtful” label to “C” or decide that may be it is present. How do we

represent a partial presence?

Such examples may be multiplied. How is one to measure the beauty of a snow-clad
mountain? The marks assigned to the student in a course represent the degree to which
his/her teacher measures his/her ability or performance in that subject. These marks may
range from O to 100% or graded from A to F. A fuzzy concept of his/her over-all
performance is obtained by his/her mark list for the term. Thus, instead of treating
presence or absence in a binary manner, as in ordinary set theory, one deals with the

presence in a graded manner, from 0 to 1.

Before we define the theory of fuzzy sets, let us first define the notion of the theory of
binary sets starting from the definition of a set. A set is a collection of objects that are



well specified and possess some common properties. These objects may represent some
abstract concept, or may be a collection of some physical properties. It can be finite or

infinite, enumerable or non-enumerable.
1.3 [5] Binary Set Theory
The representation of a binary set can be made in many ways, the most usual form is,
For a finite set,
E ={a,az,...,an},
and for an infinite enumerable set,
E ={aa...,an,...}.
In a set E, an element a; is called the member of the set.

In the case of an infinite non-enumerable set, real numbers are usually represented by a
symbol like R (real numbers), R* (non-negative real numbers), R} (positive real
numbers), N (natural numbers), Z (integers) etc.

Given a set E,

E ={a,b,c,d,e f}.

A subset is a collection of some members from a set. Then the subset A of E is
A ={a,de}.

Symbolically, we write a subset as

ACE.

By definition, E is also a subset of itself and we can write E c E. A strict inclusion is

represented by c < when a set cannot be a subset of itself.

A set E and its subset A can also be represented in the following way



E= | 1 [ 12 | 1+ [ 1] 1] 1]
a b c d f
A= 1 ] o] o | 1] 1] 0]

The numbers 0 and 1 define the membership of each element of the subset, where 1
means the element belongs to the subset and 0 means the element does not belong to the
subset.

If x € A, we denote the corresponding function as

vV xeE:u,(x)e{0,}

The function ,uA(X) is called the 'characteristic function' or 'membership function'. We

see that a subset is the function of E on {0,1}.

Let us define the 'empty subset' ¢ as
VxeE:ipu,(x)=0
and for the set E itself
vxe E:puc(x) =1
The set of all subsets is called the 'Power Set' and is written as P(E) or {0,1}".

For example, let E = {a,b,c}

Then power set is defined as

P(E) = {¢ {a}.{b}.{c}{ab}.{ac}{b.c}{ab,c}}
1.3.1 [7] Binary Set Operations

In the theory of sets, the main operators are defined as follow:



Intersection:  Hang (X) = KA (X)A Ug(X),
Union:  Hayg (X) = Ha (X)v tg(X),

Complementation: Uz (X)=1— L (X),

where »~ (and) means 'minimum' and s (or) means 'maximum'. These operators are

shown below in a tabular form.

ATOT1 V10 Al0]1
00 0 Al1|0
1101 1111

Intersection (Minimum) Union (Maximum) Complementation
Table 1.1 [7] Table 1.2 [7] Table 1.3 [7]

We shall now illustrate these operators by means of an example.

Let us define a finite referential set E as
E ={a,b,c,def},

and the subsets A and B as

b c el f

A=l 1 [ o[ o | 1] 1 [ o]
and

a b c d f

B=| 1 | 1] o | o | 1] 1|

The intersection, union and complementation on these subsets are given by

a b ¢ d e f
ANB=[ 1 [ o] o [ o] 1] 0]




AUB=] 1 [ 1] o [ 1] 1] 1]
a b d e f
A=l o | 1 | 1 [ o] o 1 |
and
a b d e I
B=| o | o | 12 ] 1] o | o |

1.3.2 [6] Algebraic Properties of Sets
For any subset A,B,C from referential set E, the following properties hold:
(1 Commutativity:

AUB = BUA
ANB =BNA.
(i) Associativity:
(ANB)NC = AN(BNC),
(AUB)UC = AU(BUC).
(i) Idempotence:
ANA=A,
AUA = A.
(iv)  Distributivity:
AN(BUC) = (ANB)U(ANC),
AU(BNC) = (AUB)N(AUC).
(V) Exclusion:
ANA=¢.
(vi)  Non-contradiction:
AUA =,
ANg = ¢,
AUg¢ = A,
ANE = A,



AUE =E.

(vii)  Involution:
(A)=A

(viii) De-Morgan’s theorems:

1
>|
@

ANB U

NB.

> |

AUB =
Then set E is called a '‘Boolean lattice' or a 'Distributive and Complemented lattice".
In the next section, we will review the fuzzy set theory.
1.4 [3] Fuzzy Set Theory

Consider a referential set E with x as its element. The 'Characterstic function' or the

'membership function' of x is
V xe E:u,(x) €[0,1]

where [0,1] is the segment or closed interval from 0 to 1, called fuzzy unit interval. Then

subset A of E given by {(X, 1, (X)); X € E, 1, (X) €[0,1]}, is called a fuzzy set.

Thus a fuzzy set has a membership function with not only values of 0 (does not belong
to) or 1 (belong to), but any number over the interval 0 and 1,

For example; 0.3,0.43,0.99,... .

To be more non-technical a fuzzy set can be defined mathematically by assigning to
each possible individual in the universe of discourse a value representing its grade of
membership in the fuzzy set. For Zadeh [15] introduced a theory whose objects fuzzy sets
are set with boundaries that are not precise. The membership in a fuzzy set is not a matter
of affirmation or denial but rather a matter of a degree. The significance of Zadeh’s

contribution, “Fuzzy Sets as a Basis for Theory of Possibility” [15], was that it



challenged not only probability theory as a sole agent for uncertainty; but the very
foundations upon which the probability theory is based, Aristotelian two-valued logic.
For when A is a fuzzy set and x is a relevant object, the proposition x is a member of A, is
not necessarily either true or false as required by two valued logic, but it may be true
only to some degree the degree to which x is actually a member of A. It is most common,
but not required to express degrees of membership in the fuzzy sets as well as degrees of
truth of the associated propositions by numbers in the closed unit interval [0,1]. The
extreme values in this interval 0 and 1, then represent respectively, the total denial and
affirmation of the membership in a given fuzzy set as well as falsity or truth of the
associated proposition.

The capability of fuzzy sets to express gradual transitions to membership to non-
membership and vice-versa has a broad utility. This not only helps in the representation
of the measurement of uncertainties but also gives a meaningful representation of vague

concepts in a simple natural language.

For example; a worker wants to find the moods of his master, he cannot say cent
percent in mood or 0 percent of mood or depending on the person who is going to meet
the boss he can say some 20% in mood or 50% in mood or 1% in mood or 98% in mood.
So even 98% in mood or 50% in mood the worker can meet with some confidence. If 1%
in mood the worker may not meet his boss. 20% in mood may fear while meating him.
Thus we see however that this definition eventually leads us to accept all degrees of
mood of his boss as in mood no matter how gloomy the boss mood is! In order to resolve
this paradox the term mood may introduce vagueness by allowing some sort of gradual
transition from degrees of good mood that are considered to be in mood and those that are
not. This is infant precisely the basic concept of the fuzzy set, a concept that is both
simple and intuitively pleasing and that form is essence, a generalization of the classical
or crisp set. The crisp set is defined in such a way as to dichotomize the individuals in
some given universe of discourse into two groups: members (those that certainly belong
to the set) and non-members (those that certainly do not). Since full membership and full
non-membership in a fuzzy set can still be indicated by the values of 1 and O,
respectively, the function can be generalized such that the values assigned to the elements



of the universal set fall within a specified range and indicate the membership grade of
these elements in the set in the example. Larger values denote higher degrees of set
membership. Such a function is called a membership function and the set defined by it a

fuzzy set. For example:
Let E ={a,b,c,d,e,f} and a subset given by

a b c d e f
A= |o0512] 0230499 | 1 | 0o [o0048]

Then A represents a fuzzy set.
1.4.1 [6] Fuzzy Set operations

The intersection (minimum), union (maximum) and complementation operators

defined earlier can be used also for fuzzy sets. We will show these operators by means of

an example.
Let

7} b c d e f
A= |04 [ 06 | 03 | o [os ] 1 |
and

a b c o e b
B= [ 07 [ 09 ] o5 | 08 | 04 | 0 |

The intersection of A and B is defined as

a b ¢ ad e I
ANB= | 04 | 06 ] 03 | o | 04 | o |

The union of A and B is defined as

c b c d e I
AUB=| 07 | 09 | o5 [ 08 [ 05 | 1 |

The complements of A and B are given by



A= 06 | 04 | 07 | 12 [ o5 | o |
and

a b c d e f
B=] 03 ] 01 ] o5 [ 02 ] o6 | 1 |

1.4.2 [6] Algebraic Properties of Fuzzy Sets

The algebraic properties of fuzzy subsets are the same as for ordinary subsets, except for

the following relations:

ANA = ¢ (not necessarily) and AUA = E (not necessarily).

For example, taking A from the above example we have

a b ¢ d e f
ANA= [o04 04 ] 03 ] 0o Jos] o | +#0

and




Chapter 2

FUZZY MATRIX THEORY

2.1 Introduction

The purpose of present chapter is to introduce the basic concept of fuzzy matrix
theory. Morever, we shall consider the operations defined on these matrices for further
treatment of determinant and adjoint theory of square fuzzy matrices. First of all, we shall
give fuzzy matrix theory and some operations defined on fuzzy matrices. However the
book of Paul Horst, “Matrix Algebra for Social Scientists”, [2] would be a boon to social

scientists who wish to make use of matrix theory in their analysis.
2.2 Fuzzy Matrix Theory
A fuzzy matrix is a matrix which has its elements from [0,1], called fuzzy unit interval.

Definition 2.2.1 [3]: Consider a matrix A= [aij] where a;; €[0,1], 1 <i<m and

1< j < n.Then A s fuzzy matrix.
2.2.1 [3] Types of Fuzzy Matrices

(@) (i) Fuzzy Rectangular Matrix:
Let A= [aij }mxn (m#n) where a;; €[0,1, 1< i <m and 1<j<n

Then A is a fuzzy rectangular matrix.

0 1 02

For example:
0.1 0.5 0.3

} is a 2 x 3 fuzzy rectangular matrix.



(it) Fuzzy Square Matrix

a;;  Qp ajj Ay

8y Ay ) A2n
LetA=| a, a, .. q - Q

Ay Ay e By e Ay, |

where a;; € [0,1],1<1i,j < n.

Then A is a fuzzy square matrix.
(i) Fuzzy Row Matrix:
Let A= [al a, .. an] , ;€ [0,1];j=1,2,...,n.
Then Ais called a 1 % n fuzzy row matrix or fuzzy row vector.
For example: [0.3 0.7 0.05 1]is a 1x4 fuzzy row matrix.

(iv) Fuzzy Column Matrix:

&

Let A= a2

a,

where q; € [0,1]; i=1,2,...,m.
Then A is called a m %1 fuzzy column matrix.

0
For example: | 0.4

0.5

is a 3 x 1 fuzzy column matrix or fuzzy column vector.



(b)

(©)

(v) Fuzzy Diagonal Matrix:

A fuzzy square matrix A= [aijJ is said to be fuzzy diagonal matrix if a;; =0

nxn

when i#j,where q;; € [0,1], 1< i,j < n.

04 0 O
Forexample: | 0 0.3 0 | isa fuzzy diagonal matrix of order 3.
0 0 0.9

This diagonal matrix is also denoted by [0.4,0.3,0.9] :

(vi) Fuzzy Scalar Matrix:

A fuzzy diagonal matrix is said to be fuzzy scalar matrix, if all its diagonal entries

are equal.

Thus, a fuzzy square matrix A= [aij:|nxn is said to be a fuzzy scalar matrix if

a; =0 wheni = j o
~wherex €[0,1], 1< 1i,j] < n.

a;; = a wheni = ]

For example: [0.3] and {0'4 0 } are fuzzy scalar matrices of order 1 and 2
0 0.4

respectively.

Usual identity matrix and zero matrix are fuzzy matrices as their entries are from
the fuzzy crisp set {0,1}.

If the entries in upper triangular matrix and lower triangular matrix are from fuzzy
unit interval [0,1], then these matrices are said to be fuzzy upper triangular and

fuzzy lower triangular matrices respectively.

2.2.2 Equality of Fuzzy Matrices

Two Fuzzy matrices of the same type are said to be equal iff their elements in the

corresponding positions are equal.



2.3 [3] Operations on Fuzzy Matrices

2.3.1 Operations of Maximum and Minimum
We shall define the following three operations on fuzzy matrices:

(@ maximum of matrices
(b)  minimum of a matrix by a scalar

(c) max min of matrices

(a) Operation I Maximum of matrices

If two fuzzy matrices are of the same type, then they are said to be conformable for

addition. But the question arises that when we add two fuzzy matrices, then the

resultant matrix is not a fuzzy matrix. So in case of fuzzy matrices of same type,

max operation is defined.

Definition 2.3.1: Let A= | &; andB=| Db, be two fuzzy matrices.
I Imxn J dmxn

Then their sum, denoted by A+B, is defined as

A+B = max {A,B}

ie,[a;+b | =[max(a; b)] ;fori<i<m,l<j<n

0 03 09 06 07 0
For example: Let A = 04 03 01/ 50qg=(02 05 05
1 08 04 07 1 0
05 0.2 06 06 08 05

Then



max(0,0.6) max(0.3,0.7)  max(0.9,0)
max(0.4,0.9) max(0.3,0.5)  max(0.1,0.5)
max(1,0.7) max(0.8,1) max(0.4,0)
max(0.5,0.6) max(0.2,0.8) max(0.6,0.5)

A+B = max {AB} =

06 0.7 0.9
09 05 05
1 1 04
06 08 0.6

In a similar way, we can define the difference of two fuzzy matrices of same type as the

max operation.
Thus, in case of fuzzy matrices of same type, A—B = max {A,B} = A+B.
(b) Operation Il minimum of a matrix by a scalar

Definition 2.3.2: Let A= [aij] be any fuzzy matrix and k € F, where F = [0,1] is a

m x

fuzzy unit interval. Then scalar multiple of A by k, denoted by kA or Ak is given by

;a; €[0,1],1<i<m,1< j<n.

mxn

kA = Ak =[ka; | =[min(k,a,)]
Thus kA or Ak is the matrix obtained when each entry of A is multiplied by k.

For example: 0.3 {0'4 05 1 }

0.2 0.8 0.6

_ [min(0.3,0.4) min(0.3,0.5) min(0.3,1)
| min(0.3,0.2) min(0.3,0.8) min(0.3,0.6)

_[03 03 03
02 03 0.3

(c) Operation 11 max min of matrices
If we wish to find the product AB of two fuzzy matrices A and B where A and B

are compatible under multiplication i.e., number of columns of A = number of rows

of B ; still we may not have the product AB to be a fuzzy matrix. So in case of



fuzzy matrices compatible under multiplication , max min operation is defined.

Definition 2.3.3 : Let A= |:a'ij :|mxn and B = [bjk]nxp be two fuzzy matrices.

Then their product, denoted by AB, is defined to be the fuzzy matrix [Cik]

mxp’

n
where ¢;;, = Z a;b,, = max{min (a;;, bj); 1<i<m,l<k<p}forj=12.. n
J=i

Remark: If the fuzzy product AB is defind then BA may not be befined.

0 03 07 05
} andB= |04 07 04 1
23 06 03 1 0.1

3x4

03 0.2 05

For example: Let A =
04 0 0.6

Since no. of columns of A = no. of rows in B

Then the product AB is defined and is given by AB = {C“ G2 G C“}
2x4

Chy Cp Ch Cyy
where ¢33 = max{min(0.3,0),min(0.2,0.4),min(0.5,0.6)}
= max{0,0.2,0.5}
=05
c12 = max{min(0.3,0.3),min(0.2,0.7),min(0.5,0.3)}
=max{0.3,0.2,0.3}
=03

13 = max{min(0.3,0.7),min(0.2,0.4),min(0.5,1)}
=max{0.3,0.2,0.5

=05

C14 = max{min(0.3,0.5),min(0.2,1),min(0.5,0.1)}



=max{0.3,0.2,0.1}
=03
C21 = max{min(0.4,0),min(0,0.4),min(0.6,0.6)}
= max{0,0,0.6}
=0.6
C22 = max{min(0.4,0.3),min(0,0.7),min(0.6,0.3)}
=max{0.3,0,0.3}
=03
C23 = max{min(0.4,0.7),min(0,0.4),min(0.6,1)}
= max{0.4,0,0.6}
=0.6
C24 = max{min(0.4,0.5),min(0,1),min(0.6,0.1)}
=max{0.4,0,0.1}

=04

05 03 05 03
Thus AB =
06 03 06 04

But since, no. of columns of B # no. of rows of A.
Thus the product BA is not defined.

Using the max-min fuction, we can find the positive integral powers of a square fuzzy

matrix.

2.3.2 Transpose of fuzzy matrix



Definition 2.3.4: Let A = [aij }mxn be any fuzzy matrx. Then the transpose of A, denoted

by A'or Alor A", is n x m fuzzy matrix obtained from A by interchanging its rows and

columns.
e, A= |:bij:|n><m where b;; =a; € [01]; for1<i< nand1<j<m.

Remarks: 1. The transpose of a fuzzy row matrix is a fuzzy column matrix and vice-
versa.

2. The product AA and A'A of two fuzy matrices are always defined.

0.2
For example: Let A=| 0.6 | be afuzzy column matrix.

07 3x1

Then A=[0.2 0.6 0.7] , isa fuzzy row matrix.

Observe that the products AA" and A'A of two fuzzy matrices A and A‘are defined.

0.2
NowA . A=[0.2 06 0.7] |06

0.7

=max{0.2,0.6,0.7}
=07
Then A" A is a singleton fuzzy matrix.

[0.2
and A.A'=[0.6|[0.2 0.6 0.7]
10.7

[min(0.2,0.2) min(0.2,0.6) min(0.2,0.7)
=1 min(0.6,0.2) min(0.6,0.6) min(0.6,0.7)
| min(0.7,0.2) min(0.7,0.6) min(0.7,0.7)




0.2 02 0.2
=102 06 0.6
0.2 0.6 0.7

Then A.A'is a symmetric fuzzy matrix as the matrix obtained by interchanging its
rows and columns is the matrix itself and the elements of the matrix belong to fuzzy unit
interval [0,1].



Chapter 3

THE DETERMINANT THEORY OF A SQUARE FUZZY MATRIX

3.1 Introduction

The purpose of this chapter is to introduce and investigate some properties of the
determinant of a square fuzzy matrix. Kim [11] defined the determinant of a square fuzzy
matrix and contributed with very research work [8,9,10,11], a lot to the study of
determinant theory of square fuzzy matrices.The properties of a square fuzzy matrix are
somewhere analogous to the crisp case for determinant of a square matrix. We shall
introduce the determinant theory of a square fuzzy matrix and their properties and
investigate the elementary properties of determinant theory for fuzzy matrices in fuzzy
matrix semiring M, (F) [13].

3.2 The Determinant Theory of a Square Fuzzy Matrix
This section lays down the foundation for the determinant theory of a square fuzzy

matrix where the elements takes its values from the unit interval [0,1].

Definition 3.2.1 [11]: The determinant |A| of an n x n fuzzy matrix A is defined as

follows:

A= 2 a0 80 ) Buom)

ceS,
n
=2 ITa0q
ce§, i=1

where S, denotes the symmetric group of all permutations of the indices (1,2,...,n). We

may use det(A) instead of |A| .We may call det(A) the permanent of A.

Preliminaries:
1. It may be noted with care that the non-square fuzzy matrices do not have determinants.

2. The elements of the determinant of a fuzzy matrix takes its values from the unit



interval [0,1].
3. Here multiplication and addition takes respectively the meanings of min. and max.
operations as defined usually in fuzzy matrices.

(i) The determinant of a 1x1 fuzzy matrix [a] is denoted by |a| and is defined as a.

b and is defined

a b a
(i) The determinant of a 2x2 fuzzy matrix { d} is denoted by ‘
C C

as ad+bc or max {min{a,d},min{b,c}}.
(iii) The determinant of a 3x3 fuzzy matrix
1 a‘Z a3 al az a3

b, b,|isdenotedby b, b, b,

¢, C G G C G

I.e., a;(bycs + bscy) + ay(bycs + bycy) + as(bycy + bycy)
or a, max{min(b,, c3), min(bs,c,)} + a, max{min(b,, c3) , min(bs,c;)} + as
max{min(b,, c,) , min(b,,c,)}
= g4+ a, pu + azv, where 1= max{min(b,,c3) , min(bs,c,)}
u = max{min(b,,c3) , min(bs,c;)}
v = max{min(b,,c;) , min(b,,c;)}
=min(a,, A) + min(a,, u) + min(as, v)
= max{min(a,, A),min(a,, u),min(as, v)}

We can expand the determinant along any other row or column as the same value of



the determinant can be obtained by expanding along any row or column. It can be easily

verified that expanding along any row or column gives the value of the determinant as
a,b,c3 + a,b;cy + azb;c, + a;bsc, +a,byc3+ asb,cy

Notation 3.2.1: The determinant of a square fuzzy matrix A of order n is defined as

follows:

n
det(A) = |A] :Z ;A1 {1,2,...,n} [Expanding along ith row]
=i

n
:Zaiinja jell,2,...,n} [Expanding along jth column]
i=1

where A;; is the determinant of the fuzzy matrix of order (n—1) obtained from a square

fuzzy matrix A of order n by deleting (striking out) row i and column j.

Explanation: Consider a 3%x3 matrix

Q, d, a5
A=|ay ay ay
y Ay A
a a a a a a
All = 22 23 ,A12 - 21 23 ’A13 - 21 22
a32 33 a3l 33 a3l a32

Then the value of the det(A) is given by

|A| = a11A11 + aiZAlZ + aiSAlS'

We can expand the determinant along any other row or column.

The value of the determinant does not depend on along which row or column it is

expanded.
Thus, we have:

A= a11A11 + a12A12 + a13A13 [Expanding by Ist row]
= a21A21 +a22A22 +323A23 [Expanding by lInd row]

= 8y Ay +85,Ay +35A;; [Expanding by Hird row]



=a,A,, +a,A, +a,A, [Expanding by Ist column]

a, A, +a,A,, +a,A;, [Expanding by lind column]

= A, A5 +a,A;, +a,A,; [Expanding by Illrd column]

Remark: It may be noted with care that the value of the determinant of a square fuzzy
matrix A is one among the elements of A.

Thus 0 < det(A) < 1.
Example 3.2.1: For a square fuzzy matrix

05 0.3 0.8
A=106 02 09
0.0 0.7 0.4

We calculate the determinant |A| as follows:
|Al = a;1A11 + agpAr; + ag3A53

=05 0.2 0.9 +023 0.6 0'9+0.8 0.6 0.2
0.7 04 0.0 0.4 0.0 0.7

=0.5(0.2+0.7) + 0.3 (0.4 + 0.0) + 0.8(0.6 + 0.0)

=0.5(0.7) + 0.3(0.4) + 0.8(0.6)

=05+0.3+0.6

=06 .

It can be easily verified that the same value of the deterninant can be obtained by

expanding along any other row or column.

3.3 Properties of Determinants of Square Fuzzy Matrices

The following properties of determinants are true for determinants of any order.

However we shall show these for determinants of order 3. These properties are used in

order to simplify the determinant before expanding it. Some properties of determinants of

square fuzzy matrices are analogues to the properties of determinants of square matrices



while some other properties differ a lot and a few properties when considered in fuzzy
matrix semiring M, (F) give rise to some new problems and sorting out these problems
establishes some new results in fuzzy matrix semiring M, (F). Before we proceed, it is

worth to note that whatever operation or result is true for rows, is also true for columns.

Property 3.3.1 The value of the determinant remains unaltered by interchanging its rows

and columns.
Proof: Let
a a, g
A=1b b, b
Cl CZ C3

Expanding along first row, we get

b, b,

+a,
¢, C

€, G

= ay(byc3 + b3cy) + az(bycs + bscy) + az(bycy + bycy)

Interchanging the rows and columns of A, then the new determinant is

C

=

a b
A=la, b, ¢

W
O

w
o

w

= ay(byc3 + bscy) + az(bycs + bscy) + az(bycy + bycy)
=A.

Thus we have A'= A



Remark: Interchange of the rows and columns does not change the value of determinant,
i.e., if A is a square fuzzy matrix, then det(A) = det(A") where A’ denotes the transpose of
the square fuzzy matrix A.

Property 3.3.2 The value of the determinant remains unaltered interchanging its any two

rows (or columns).

al a2 a3
Proof: Let A=|b b, b,
Cl CZ C3

Expanding along the first row, we get:

= ay(byc3 + b3cy) + az(bycs + bscy) + az(bycy + bycy)

Interchanging the first and second rows, then the new determinant is

= ay(bycz + b3cy) + az(bycs + bscy) + az(bycy + bycy)
= A
Thus we have A'= A

Property 3.3.3 If all rows (or columns) of a determinant are identical then its values is

minimum element along all elements of the determinant.



Proof: Let A=

L D QD
T T T
O O o

= a(bc+bc) + b(ac+ac) + c(ab+ab)

= a(bc) + b(ac) + c(ab)

=abc + abc + abc

=abc

=min{a,b,c}

= minimum value among all elements of the determinant

Definition 3.3.1 [12]: An m x n fuzzy matrix A is said to be constant if a; = aj, (or

ayx; = ai; ) foralli, jk i.e., its rows (or columns) are equal to each-other.
Note: Thus property 3.3.3 can be stated as:
The determinant of a constant square fuzzy matrix is its minimum element.

Property 3.3.4 If all the elements of a row (or column) are equal to a (say) and all other
rows (or columns) have elements > a then the value of the determinant =
a (which is the minimum element among all elements).

Proof: We know that each term in the determinant contains a factor of each row (or
column) and hence each term contains a factor of that row (or column) in which all
elements are equal to a (say) and all other elements in that term of other rows (or

columns) > a so that each term in the determinant of a square fuzzy matrix is equal to a

and consequently & = a.

a a a
Forexample: LetA=1[0, b, b,
Cl CZ C3



= a(byc3 + bycy) + a(byc3 + bycy) + a(byc, + bycy)
= a(bycz + b3cy + bycs + bycy + bycy, + byoy)

- a - each element > a]

<~ min element =a

Another statement of property 3.3.4[11]

Let A 2(6\4,5\(2,--,6\(”) be the kth row of A. If &,; = aVi e{l,Z,...,l’l}

anda, > avp,qe{l2...,n}

pg —
Then det(A) = a.
Corollary [12]: The value of the determinant containing a zero row (or column) is zero.

Proof: We know that each term in the determinant contains a factor of each row (or
column) and hence contains a factor of zero row (or column) so that each term in the
determinant of a square fuzzy matrix is equal to zero (min. element) and consequently

A=o0.

a‘l a‘Z a‘3
Example: Let A=1|b b, b,
0 0 O

= a,(0+0) + a,(0+0) + a;(0+0)
=a4(0) + a,(0) + a3(0)

=0+0+0

Note: In a square fuzzy matrix, as all the elements of a zero row (or column) are equal to

0 and all other elements > 0. Hence by property 3.3.4, the value of the determinant = 0.



Property 3.3.5 The determinant of a diagonal matrix is the product of its diagonal
elements.

Proof: Let A= [a,] be a diagonal matrix i.e., a;; = 0 for i #j
Take aterm t of|A,

t=a,4h8,0;

““no(n)
Let o(1) # 1, then &, 4y =0and thus t = 0.
This means that each term is zero if o (1) # 1.
Let now o(1) =1but o(2) # 2, then &, =0and thust=0.

This mean each term is zero if a(1) # 1 or o (2) #2.

However in the similar way, we can see that each term for which ¢(1) # 1 or

o (2)#2 ... or g (n) #nmust be zero

=]

Consequently |A] = @118 --- 8,y = | | &;;
i1

= Product of its diagonal elements.
Corollary 1 The determinant of a scalar matrix is the non-zero (diagonal) element.

Proof: Let A be the determinant of a scalar matrix with each of its non-zero
diagonal element equal to k (say).
Since every scalar matrix is a diagonal matrix.
~ By property 3.3.5, A = product of its diagonal elements
=kk. ...k
=k.

Corollary 2 The determinant of an identity matrix is unity.



Proof: Since an identity matrix is a diagonal matrix.

= By property 3.3.5, |I| = products of its diagonal elements

Corollary 3 The determinant of the matrix obtained from an identity matrix by inter-
changing its any two rows (or columns) is unity.
Proof: By property 3.3.2, the value of determinant remains unaltered by inter-

changing its any two rows (or columns).
«|Ey;|=]1,] where Ej is the matrix obtained from identity matrix I, by

interchanging its rows (or columns).
ie., |E;|=1 (by corollary 2)

Remarks: 1. det(I,A) = det(A) = det(Aly,)
2. det(EjjA) = det(A) = det(AEj)
Property 3.3.6 [12] The determinant of a triangular matrix is given by the product of its
diagonal elements.
Proof: Suppose A = | |is triangular from below.
I.e., a;; =0fori<j
Take atermtof A,

t= Ao 1)@245 (2) Qo (n)

Leto(1) #1,so that 1 < o(1) andso @, =0 and thust=0.

This means that each term is zero if 6(1) # 1.

Let now o(1) =1 but ¢(2) #2,then2 < ¢(2) and so a

20(2) — 0

and thus t = 0.



This means that each term is zero if (1) # 1 or o(2) # 2.
However, in a similar manner we can see that each term must be zero if o(1) # 1,

or a(2) #2... or a(n) #n.

n
Consequently A = &8y ...8,, :Haii
i=1

= product of its diagonal elements.
Similar is the case with the determinant triangular from above.

Property 3.3.7 [12] If each element of a row (or column) of a determinant is multiplied
by a constant k € F where F = [0,1] is the fuzzy unit interval of the

real line i.e k € [0,1] then its value gets multiplied by k .

Proof: By definition of determinant,
n
a= 2 I 2o
GeSn i=1

= Z ala(l)aZG(Z) ....aicr(i)....ancr(n)

GESn

Multiply by k, the elements of the ith row (say) then the new

determinant is

A= Z aia(l)aza(z)---kaia(i)---ana(n)

GESn

=k Z Ao )Q02) Ao iy Gno(n)

GESn

=k > [Ta.o

aeSn i=1

=kA



Remark: In case of matrices kA is the matrix obtained when each entry of A is muliplied
by k € F=10,1].
Thus if A is a square matrix of order n, then

IKA| = k™ |Al =k |Al i.e., det(kA) = k™ det(A) = k det(A).



Chapter 4
THE ADJOINT THEORY OF A SQUARE FUZZY MATRIX

4.1 Introduction

In this chapter the adjoint theory of a square fuzzy matrix will be studied.The adjoint
of a square fuzzy matrix is defined by Thomason [13] and Kim[11]. We state a formula
for the adjoint matrix of a square fuzzy matrix and this formula shall be used anywhere in
this chapter. Then we shall establish the relationship between the adjoints of two fuzzy
matrices. Also we shall find the relationship between the adjoints of two fuzzy matrices
corresponding the relationship between the fuzzy matrices. For a square fuzzy matrix
satisfying some property, we shall verify the same property for its adjoint. In this chapter
we define the symmetric, reflexive, transitive, circular and idempotent fuzzy matrices and
show that some properties of a square fuzzy matrix such as symmetry, reflexivity,
transitivity, circularity and idempotence are carried over to the adjoint matrix and shall
understand the same with the help of illustrations. For a given square fuzzy matrix A,
through the adjoint matrix adj(A), we shall construct a transitive fuzzy matrix A (adj A).
Along with its illustration, we shall prove it before. We establish some results including
that A(adjA)>|A|l and (adjA)A> |A|l where |A| denotes the determinant of a square
fuzzy matrix A and adjA denotes the adjoint matrix of a square fuzzy matrix A.

4.2 The Adjoint Theory of a Square Fuzzy Matrix
Let us first define the notion of adjoint of a sqaure fuzzy matrix.

Definition4.2.1 [11]: The adjoint matrix B = [b;] of a square fuzzy matrix A = [a;] of
order n, is a square fuzzy matrix of same order n, denoted by adjA, is defined as

bij =|A;|; where | A |is the determinant of the square fuzzy matrix of order (n—1)
obtained from a square fuzzy matrix A of order n by deleting row j and column iand B =
[bi] = adjA.

Remark: Note that | A ;| can be obtained from |A by replacing the element a;; of A by 1

and all other row j factors ay , k # 1 by 0.



Example 4.2.1: For a Square fuzzy matrix

0 03 04

A=

0.2 04 05

1 03 0.7

We find adjA as follows:

by = |A11| = 3.4

3

b = |A,| = ‘0.3

0.5
0.7

=0.4+0.3=04

0-4‘ =0.3+0.3=0.3

0.3 0.7
bis = [Ay| = gi 3‘5‘ =0.3+0.4 = 0.4
ba1 = |A,| = Of 8? =0.2+0.5=0.5
bae = |Ay| = S 8;‘ =0+0.4=0.4
bas = |A,| = 0?2 g: =0+0.2=0.2
ba = |Ay| = Oiz g‘; =0.2+0.4=0.4
b= [Age| = |7 8‘7“ = 0+0.4=04
b= [Ags| = | © 82‘ = 0+0.2=0.2

0.4 03 0.4

adjA=1[bj]=|05 04 0.2
04 04 0.2



4.3 Properties of Adjoints of Square Fuzzy Matrices

Notation 4.3.1[12]: We also can rewrite the element b;; of adj A as

by = > 1 awq

e Snjni te n;
where n;= {1,2,....n}\{j}

n; ={1,2,....n}\{i}
and Snjni is the set of all permutations of set n; over the set n;.

Proposition 4.3.1 [12]: Comparison of the adjoints of two fuzzy matrices
For n x n fuzzy matrices A and B,

(0 A<B=adjA< adjB
(i)  adj A+ adj B <adj (A+B)

Proof: Let A= [a, |and B = [by | wherei,j€{12,...,n}.
(i) sinceA<B
= a;j < bl] A |,J € {1.2,...,n}

= Qo) < bo(r) Torevery t £j, o(t) #1i

o 2 [Tawn s 2 Tbwo

UESnjni tenj UESnjni tenj

= adjA <adjB
(ii) sinceA,B<A +B [+ A+ B =max{A B}]
= adjA, adjB < adj(A+B) [+A<B = adjA <adjB]

= adjA + adjB <adj(A+B)



Proposition 4.3.2 [12]: The adjoint of the transpose of a matrix is the transpose of the

adjoint of the matrix. i.e., for a square fuzzy matrix A of order n, adj A" = (adj A) .
Proof: Let A= [aij} be a n x n fuzzy matrix.

LetB=[b; | =adjAand C= [c; | =adjA.

Then b = 2 1120

aeSnjni ten;

and c; = 2 T 2w whichis element by

GeSnjni o(t)en

Hence adj A’ = (adj A)’, which proves the assertion.
Proposition 4.3.3[12]: Let A be a n x n fuzzy matrix. Then

0] A(adj A) > |All,
(i) (adj A)A>|A]ll,

where |, is a unit matrix of order n.

Proof (i): Let A :[aij} . then ith row of A is given by (a;q, aiz, --. , Qin)-

nx|
Suppose B = [b,j Jnxn = adjA
Then by definition of adjA,

the jth column of B = [b” Jnxn = adjA is given by

)

(byjobaj o B)= (|AL]s AL ] AL

LetC= G ] =A(adj A)



Then (i j)th element of C = | ; | = A(adj A) is given by

Yalal,
k=1

n

and where C;; Za.k |A | | |

=1

Thus C = A(adj A) > |A] I, where

Al 0 0 0]
0 |Al 0 0
|A| h=1... .. .. 0
...... 0
0 00 .. |A
(i) LetA=[a]
Then jth column of A'is (ayj, ayj, ... , anj).

LetB= b | =adjA

Then by definition of adj A,

Theithrowof B= | by | =adjAis (b, by ...

LetC=[c;| =(adjA)A

bin) = (|A1i|’|A2i|

)

n
Then (i j)th element of C= | ¢; | = (adjA)Ais Cij:Z‘Aki‘akj >0 and
x k=1

n
where G = Z‘Aki‘aki :‘A
ka1

Thus C =(adjA) A >

|Al 1, where I, is a unit matrix of order n.



Remark: Any diagonal element of the fuzzy matrix A(adj A) is |A|] and non-diagonal
element > 0.

Proposition 4.3.4 [12]: Let A be a square fuzzy matrix, then the following properties
hold:

(1 If A has a zero row then (adjA)A = O (the zero matrix)
(i) If A has a zero column then A(adjA) = O (the zero matrix)

Proof (i): Let C = | C; | = (adjA)A, then ¢;; = Y |A, |a,,
k

If the ith row of A is zero, then a, ;= 0 for every k = i
and for k #1i, Ay; contains a zero row and so |A,; | =0 for k # i
(by corollary of property 3.3.4 of determinants)
Sothaty |A|a,, =0Vi, ]
X
Hence (adjA)A = O (the zero matrix).

(i) LetC=[c; ]| = AadjA)thenc; = > a,, ‘A

k

ik ‘ '
If the jth column of A is zero, then a;;,= 0 for every k = j
and for k #j, Aj, contains a zero column and so ‘Ajk ‘ =0fork#j
(by corollary of property 3.3.4 of determinants)
sothat 3" a, [A ,|=0Vi, j
K

Hence A(adjA) = O (the zero matrix).
Proposition 4.3.5 [12]: Let A be an n x n constant fuzzy matrix, then
(i) (adj A)'is constant.

(i)  C=A(adjA) is constant and c;; = |A| , which is the least element in A.

Proof: Let A be an n % n constant fuzzy matrix where its all rows are equal to each-other



(i)

(ii)

i.e., ajx = ajkV i ,j

Let B = (adj A), then

by = > T2 aa Pik = Z I aww

UESnjni tenj GGSnkni tenk

Since the numbers a(t) of columns cannot be changed in the two expansions of
b;;and by, as A is constant and so b;; = by VijK.
In order that, b;; = by; Vi, j, k, we must have (adj A)' is constant.

Since A is constant i.e., a;, = aj, Vi, j, K.

Then Ay, = Aj, Vijk andso [A| =|A | Vijk.

n n
LetC = [cij] = A(adjA), then G; = Zaik ‘Ajk‘ = Zaik ‘Aik‘
k= k=1

=|Alvi

Thus C = A(adjA) is constant.

now [A= 2. TTawn

O’ESn i=1

= Z aia(l) a2cr(2) "'ancr(n)

GESn
= 81,1) Ayp(z) 8o (n) fOrany o € Sy
(= Alsconstanti.e.,a; = aVi,j, k)

Taking o, the identity permutation i.e., o(i) =1V i,we get

|Al = a1 azy ...an,; Which is the least element in a constant fuzzy matrix A .



Definition 4.3.1 [14]: Let A be a square fuzzy matrix of order n, then following hold:

(1 A is said to be reflexive fuzzy matrix iff A > I, i.e., iff all diagonal elements in
fuzzy matrix A are unity i.e., iffa;= 1V i.

(i) A is said to be symmetric iff A = Ai.e., iff the square fuzzy matrix A remains
unaltered by interchanging its rows and columns i.e., iff a;; = a;; Vi,j €{1,2,...,n}.
(iii)  A'is said to be transitive iff A*> < A i.e., iff the square fuzzy matrix A multiplied
by itself gives the elements less than or equal to the corresponding elements of the
square fuzzy matrix A. i.e., iff a; ay; < a;;forevery k=1,2,...,n.
A square fuzzy matrix is similarity (equivalence relation) iff it is reflexive,
symmetric and transitive.
Let us understand the same with the help of an example.
Example 4.3.1: Let A be a square fuzzy matrix of order 3.

(1 Consider a square fuzzy matrix

1 02 0
A=103 1 04
09 03 1

Since all the diagonal elements in square fuzzy matrix are unity, then A is a

reflexive fuzzy matrix.

(i) Consider a square fuzzy matrix

03 04 05
A=104 06 0.1
05 0.1 1

Then
0.3 04 05

A=|04 06 01|=A.
05 01 1



Thus A is a symmetric fuzzy matrix.

(iii)  Consider a square fuzzy matrix

0.6 0.7 0.6
A=105 06 05
0.6 0.7 0.6

Then

06 07 06][06 07 06
A’=105 06 05| |05 06 05
06 07 06|]06 07 06

06 06 0.6
=105 05 05|<A
06 06 0.6

as the element in A% are < the corresponding elements in A. Thus A is a transitive
fuzzy matrix. Next, consider the square fuzzy matrix.
1 1 0
A=11 1 0
0 0 1
All diagonal elements in A equal to 1 implies that A is reflxive. Further, observe that
A = A so A is symmetric. Also A>=A leads to the conclusion that A is transitive. Hence
A is similarity.
Let us see how the properties of a square fuzzy matrix are carried over to its adjoint.

Theorem 4.3.1[12]: Let A be a square fuzzy matrix of order n, Then we have the
following properties:
() If Alisreflexive, then adj A is reflexive.
(i) If A'is symmetric , then adj A is symmetric.
(i) If A'is transitive, then adj A is transitive.

Proof: (i) Since A= [ a;; | is reflexive, then a; =1V i

LetB=[b; ] =adjA



(ii)

(iii)

Then i' Z Hata(t)

oceSp; in; ten;

and so D;; = Z H Ao (1)

creSn ten

Taking only the identity permutation a(t) = t; we get

b > aj a;y, s Ai-1)(i-1) A36+1)(i+1) - Ann
ie; by >1Vi (va;=1Vi)
andso b; =1V i

Hence adj A is reflexive.

Since A is symmetric, then a;; = a;; Vi, j.

LetB = [ ]—adJA

then b= D> [laww= 2 [awe

creSn n; ten; GeSninj ten;
= bji
Hence adj A is symmetric.

Since A is transitive, then a; ay; < a;;Vi,J.

LetB = [ ]—adJA

=a;Vvi, j]

Let D =A;; , we can determine the elements of D in terms of the elements of A

as follows:

(a,, if h<ik <],
Aha1)k if h>i,k < j,
0=\ 8,y I h<ik>],
Qs IFNZ1K2 .

\



where A;; denotes the (n—1)x (n—1) fuzzy matrix obtained from A by deleting

ith row and jth column.
Now we show that Ay, A< Ay, foreveryt e {1,2,...,n}.
Let R=A,, C=Ap, F= Ay and W = A A,

n-1

Now w;; = Z Fik C;
k=1

=Y aa,<a =fifi<sk<t, j<u,

-1

= Ad iy Saa = fif i<s k<t j=u,

n

k=1
n-1

= Ay <& = fifi<s k>t j<u,
k=1

n1
Zal(k+l)a(k+l)(1+l) <@ = fifi<s k=t j>u,
k=1

_Za(Hl)kakj a(|+1 |f 1> S, k <t J <Uu,

n-1

Za(|+1)(k+1)a(k+1) ;| S8 = fiifizs k=t j<u,

k=1

n-1
=2 A <diaga = i if 128kt j2u
k=1

n-1

Z '+1)kak(l+1)_ I+1)(j+1)_f if i ZS, k<t J>U

~

Thus w;; < fi; inevery case and therefore Ag. A, <Ay, foreveryt € {1,2,..,n}



Since we know that |AB| > |A]|B]; we have ‘AstHAtu‘ < ‘AstAtu‘ < ‘ASU‘.
This means b b, <b, ie, b,b, <b, foreveryte {1,2,..n}
Hence B = adjA is transitive.

Corollary [12]: If a square fuzzy matrix is similarity then adj A is also similarity.
Example 4.3.2: Consider a square fuzzy matrix A

1 0 0.3
(1 LetA=|01 1 0 | be areflexive fuzzy matrix, then
0.4 05 1
1 03 03
adjA=|01 1 0.1
0.4 05 1

Since all the diagonal elements in adjA are unity, then adj A is a reflexive fuzzy

matrix.

02 0 0.6
(i) LetA=| o 1 0.1 be asymmetric fuzzy matrix, then

06 0.1 0.9

09 0.1 06
adjA=1{0.1 06 0.1
06 0.1 0.2

since(adjA) = adjA , then adjA is a symmetric fuzzy matrix.

0.6 0.7 0.6
(i) LetA=|05 0.6 0.5]|be transitive fuzzy matrix,then

06 06 0.6

06 06 0.6
adjA=|05 06 0.5
06 0.7 06

Now



[06 06 06][06 06 06
(adjA)* =05 06 05||05 06 05
06 0.7 06|06 07 0.6

(0.6 0.6 0.6]
=105 06 05
06 0.6 0.6]

<adjA, then adjA is a transitive fuzzy matrix.

Next, consider the similarity fuzzy matrix

o B
==

Then A is reflexive, symmetric and transitive.

Now

adjA =

o b -
o B
==

Then adjA is reflexive, symmetric and transitive.
Hence adjA is similarity fuzzy matrix.

Definition 4.3.2 [12]: A square fuzzy matrix A of order n is called circular fuzzy matrix

iff (A%)' < A or more explicity, ajpay< a;; foreveryk=1,2, ..., n.

Theorem 4.3.2 [12]: If a square fuzzy matrix A of order n is circular, then adjA is

circular.

Proof: Since A= [ a; ]| is circular then aj,ay< a; ¥ ijj

Let B = [b; | = adjA



Let D =A;; , we can determine the elements of D in terms of the elements of A as

follow:
(a, it h<ik<j,
A ifh2ik< ],
0k=Va .,  ifh<ik>],
By T NZIK

where A;; denotes the (n—1)>(n—1) fuzzy matrix of order (n—1) obtained from A

by deleting ith row and jth column.
Now we show that A A, < Ay forevery t €{1,2,...,n}

LetR=A, ,C=A, , F=A, and W=A,A,,.

Now w;; = Z FikCi
k=1

n-1
=Y a,a, <a =f;ifi<sk<t, j<u,
k=1

n-1

Za(,+1)kak. & = i 1<s,k<t, j>u,

k=1

=1
1N

8,40y <8 = fifi<s,k>t, j<u,

=~
1}
[N

=3
|
LN

=D i < &y = fifi<s, k>t j=u,

1

=~
I

n-1
=Y a8 . S8g; = fifi2sk<t, j<u,
k=1

n-1

=2 AR <y = f fizs k2t j<u,

k=1



n-1
= za(j+l)(k+l)a(k+l)(j+l) < a(i+l)(j+l): fij ifi>sk>t, j>u,
k=1

n-1
= D 8By S = fyif 128,k <t j>u.
k=1

Thus wi; < fj in every case and therefore Ag Aw < Ays for everyt € {1,2,..,n}

Since we know that |AB| > |AlIBI; we have |A||A,|<|A.A,[<|A,

This means bb, <h,, ie., b, <h, foreveryte {1,2,..n}

Hence B = adjA is circular.

Theorem 4.3.3 [12]: To construct a transitive fuzzy matrix from a given fuzzy

matrix through adjoint matrix.
For any n xn fuzzy matrix A, the fuzzy matrix A(adjA) is transitive.

Proof: Let C = [¢; | = A(adjA).

n
Then ¢ :Z%k‘pﬁk‘ = ayr ‘Aif ‘ for some f €{1,2,...,n}
=

n
and Cizj = Z CisCsj
s=1

= i iail‘Asl

s=1 1=1

A,

n
22y
t=1

n

- 2 (a \Ash\)(asu

s=1

A,

) , forsome h,ue{1,2,...,n}

= ajh ‘Agh‘ Agu ‘Aju




Saih‘Aju

< aj ‘Ajf‘ = Cij
Thus ¢ < cij
and so (A adjA)? < A (adjA).
Hence A (adjA) is transitive.
Example 4.3.3: For a square fuzzy matrix

(0.5 0.7 0.8]
A=103 06 0.4
109 02 1

(0.6 0.7 0.6]
ThenadjA= |04 08 04

06 0.7 05

05 0.7 0.8][06 0.7 06
Now A (adjA)=| 03 06 0.4| |04 0.8 0.4
09 02 1 |/06 07 05

06 0.7 0.5
=104 06 04
06 0.7 0.6

which is transitive fuzzy matrix as

0.6 07 05][06 07 05
(A(adjA))> =04 06 04|04 06 04
0.6 0.7 06/[06 0.7 06

(0.6 0.6 0.5]
=104 06 0.4
106 0.6 0.6]




<A (adjA)
Hence for any square fuzzy matrix A, A(adjA) is transitive.
Definition 4.3.3 [15]: Ann x n fuzzy matrix A is called idempotent fuzzy matrix iff
A=A

Let us understand by an example to convert reflexive fuzzy matrix into idempotent
fuzzy matrix by taking its adjoint matrix:-

Example 4.3.4: For a reflxive fuzzy matrix

1 0.1 0.2
A=103 1 04
05 06 1

Then
1 02 02
adjA=104 1 04
05 06 1

which is idempotent fuzzy matrix as

1 02 02][1 02 02 1 02 02
(@djA)’={04 1 04|04 1 04|=|04 1 o04]|=adA
05 06 1 ||05 06 1 05 06 1

Hence idempotent fuzzy matrix is formed by taking adjoint of reflexive fuzzy matrix.

Remark[13]: For a reflexive fuzzy matrix A of order n , adjA = A° where A°® is

idempotent and ¢ <n-—1.
Example 4.3.5: For a 3 x 3 reflexive fuzzy matrix

1 0.1 0.2
A=103 1 04
05 06 1



Then

1 0.2 0.2
adjA={04 1 0.4 |isidempotent fuzzy matrix

05 06 1

Now

1 01 02][1 01 02
A*=103 1 04//03 1 04
05 06 1 (/05 06 1

1 02 02]
=104 1 04
05 06 1

= adjA
Then A? is idempotent fuzzy matrix.

Theorem4.3.4 [12]: Let Abea nxn reflexive fuzzy matrix. If A is idempotent then
adjA = A is idempotent.

Proof: We know that for a reflexive fuzzy matrix A of order n, adjA = A€ (c<n-1)
where A€ is idempotent.

But we have also that A is idempotent and so A€ =A.

Thus adjA = A.

Since A is idempotent and hence adjA is idempotent.

Theorem 4.3.5[12]: Let A be an n xn reflexive fuzzy matrix. Then we have the
following properties:

(i) adjA? = (adjA)? = adjA

(ii) adj (adjA) = adjA

(i)  adjA=A

(iv)  A(adjA) = (adjA)A = adjA.

Proof:



0] Since A is reflexive and thus A2 is also reflexive.
. 2\¢ c 2 . ..
Then adjA? = (A ) = (A ) where A°= adjA is idempotent.
~ adjA? = (adjA)?
Since adjA is idempotent and so (adjA)? = adjA
Hence adj4? = (adjA)? = adjA
(i) Since A is reflexive and then adjA is reflexive.
Also for a reflexive fuzzy matrix A, adjA is idempotent.
Hence adj (adjA) = adjA. (by theorem 4.3.4)
(iii)  Since A is reflexive, then a; =1 V i
Let B = [b; | = adjA
hen B = 20 120
aeSnjni ten;

Taking the permutation of set n; over the set n; such that a(h) =h,o(i) =j,h#i

I.e., the permutation

1 2 3 .. i . j—1 j+1 .. n
Q 2 3 .. j . j-1 j+1 .. n)

Thus aq1 a; ass.. A1) (- AG+1)(j+1) ---Qnn is a term of bij so that
bij > @11 @22 @33...8(-1)(-)A(+1)(j+1) ---8nn = &ij (va; =1Vi)
Hence adjA > A.

(iv)  Since A=a, |isreflexive, then a; =1V i
Let B = [b; | = adjA

Let C = [¢; | = A(adjA) and D =[ d; | = (adjA)A.
Then G :kzaik ‘Ajk‘zaii ‘Aji‘ :‘Aji‘ :qj' (& =1vi)
=1

and dij :kzzl:‘Aki‘akj Z‘Aji‘ajj :‘Aji‘ :qj' (. aj; =1vj)

Thus we have A(adjA) > adjA and (adjA)A > adjA.
But adjA = (adjA) (adjA)  [by (i)]



> A(adjA) [by (iii) and using the result A<B = AC <B(]
So that A(adjA) = adjA
Also adjA = (adjA)(adjA) > (adjA) A
[by (i),(iii) and using the result A<B = CA <BA]
So that (adjA)A= adjA
Hence A(adjA) = adjA = (adjA)A.

Example 4.3.6: For a reflexive fuzzy matrix

1 05 0.8
A=103 1 04
0.7 06 1
1 05 08][1 05 08 1 06 08
Wehave A>= 03 1 04|/03 1 04|=|04 1 04
07 06 1 |/07 06 1 0.7 06 1
(1 0.6 0.8]
adjA’= 04 1 04
07 06 1
(1 0.6 0.8] 1 06 08
adiA=|04 1 04|>A,@djA’ =04 1 04| =adjadjA)
07 06 1 0.7 06 1
1 05 08][1 06 08] [1 06 0.8]
A@dJA)=|{03 1 04[|04 1 04|=|04 1 04
07 06 1 [|07 06 1| |07 06 1
1 06 08][1 05 08] [1 06 0.8]
(adjA)A=|04 1 04//03 1 04|=]04 1 04
07 06 1 [|07 06 1| |07 06 1

It is clear that this example satisfies all the statements of the above proposition.
Hence adjA? = (adjA)? = adjA = adj(adjA) = A(adjA) = (adjA)A and (adjA) > A.



Chapter 5

SUPER AND SUPER FUZZY MATRIX THEORY

5.1 Introduction

Since now, we are well familiar with basic and fuzzy matrix theory. In this chapter,
our purpose is to compare super and super fuzzy matrix theory. Firstly, we shall study
super matrices and some operations defined on super matrices. Further in this chapter, we
shall study fuzzy supermatrices and some operations defined on fuzzy supermatrices.
However, the concept of supermatrix for social scientists was first introduced by Paul
Horst, “Matrix Algebra for Social Scientist” [15]. Let us first study the concept of

supermatrices.
5.2 Supermatrix Thoery

The general rectangular or square array of numbers are known as matrices whose
elements are just an ordinary number or a letter that stands for a number. In other words,
the elements of a simple matrix are scalars of scalar quantities. Now we define the notion

of a supermatrix.

Definition5.2.1 [4] A matrix whose elements are themselves matrices with elements that

can be either scalars or other matrices is called a supermatrix.

In general the kind of supermatrices we shall deal, the matrix elements which have
any scalar for their elements. Thus a supermatrix is a general rectangular or square array

of matrices.

Let us understand how to construct a supermatrix from the given matrices with the
help of an example. Also we shall understand the same with the help of figure and a
table.

Example 5.2.1 Consider the following matrices

a11=[2 5 0],8.12:[2 0],8.13:[—1 2 5 7]



3 2 6 13 2 36 1
Q1=|7 4 9| @=|5 3|,a83=|3 6 5 3
3 6 8 7 0 6 3 2 9
an=|t 3 4 ap= ap=|t 3 1 ©
6 -5 3 6 6 8 0 5 7
an=|"2 8 6] o =[5 8] 4.=[4 1 7 9
-1 3 3 5 3] 5 3 5 0

Here a;; denotes a matrix and not a scalar of a matrix (1<i<4,1< j<3).

Let

We can write out the supermatrix a in terms of the original (natural) matrix elements i.e.,

2 5 0o 2 0|-1 2 5 7

3 2 6 1 3[2 3 6 1

7 4 9/ 5 3|3 6 5 3

2= |36 8/ 7 0]6 3 2 9
1 -3 4/ 1 4|1 3 1 6

6 -5 3| 6 6|8 0 5 7

-2 8 6|5 8|4 1 7 9
-1 3 3|5 3|5 3 5 0]

Here the elements are divided vertically and horizontally by thin lines. If the lines

were not used, the matrix a would be read as a simple matrix.

A Diagrammatic representation of supermatrix a showing within submatrices a;; along

with their orders, is given by the following figure:



Figure 5.1 [4] A Diagrammatic representation of supermatrix a

Remark: All submatrices within a given row must have the same number of rows.

Likewise all submatrices within a given column must have the same number of columns.

Now let us show the orders of submatrices a;; (1 <i<4, 1 <j < 3) within supermatrix

a, in the tabular form as below:

Column (j) » 1 2 3
Row (i) {
1 1x3 1x2 1x4
2 3%3 3%2 3x4
3 2x3 2%2 2x4
4 2x%3 2x%2 2x4

Table 5.1 An index for the orders of submatrices a;; (1 <i<4,1<j<3)



The Order of a Supermatrix [4] is defined in the same way as that of a simple
matrix. The height of a supermatrix is the number of rows of submatrices in it and the
width of a supermatrix is the number of columns of submatrices in it. Thus we have for
this supermatrix 4 rows and 3 columns and so order of supermatrix is 4 % 3. However
the order of the corresponding simple matrix (considering the matrix without horizontal
and vertical thin lines) is 8 x< 9.

Observations:

1. The order of a supermatrix tells us nothing about the orders of the submatrices which
by general rectangular or square array construct a supermatrix.
2. The order of a supermatrix tells us nothing about the order of the simple matrix which
on dividing the elements by horizontal and vertical thin lines construct a supermatrix.
This process of dividing the elements of a simple matrix by horizontal and vertical
thin lines to construct a supermatrix is called partition [4].

Note: Different supermatrices constructed from a simple matrix by different partitions are
all equal. This we shall discuss later on while dealing with type 11 supervectors.

From a given simple matrix, different supermatrices either of same order or of
different orders can be constructed, each time partitioning between different rows and
columns in any way that happens to suit our purpose.

Example 5.2.2 Consider a 5 x 5 simple matrix

"
D B~ W DN
g o N 00 N
P N P NN
N O B N b
o w N O

This matrix can be partitioned by drawing thin lines in a number of ways to obtain
different supermatrices.

Let us partition between the columns one and two and three and four. Also let us



partition between the rows one and two and three and four.

Then the supermatrix is obtained is

as

1
D AW G DN
g1 oo(N 0|
R NP NN
N Ol NI B>
o wWw|lN O

which is symmetrically partitioned.

By a symmetric partition [4] of a matrix, we mean that the rows and columns are
partitioned in exactly the same way. According to this rule of symmetric partition, only
square simple matrix can be symmetrically partitioned. Now we proceed on to recall the

notion of symmetric partition of a symmetric simple matrix [4].

Example 5.2.3 Consider a fourth order symmetric matrix and partition it between the
second and third rows and also between the second and third columns. Then the second

order supermatrix obtained is

The general expression for a symmetrically partitioned symmetric matrix is given by



&y 8, Qs .. Ay |
aZl a22 a23 aZn

a=|a; 8, 8y . &,

ain a‘Zn a“Sn ann J
The simple rule about the matrix elements of a symmetrically partitioned symmetric

simple matrix are

1. The diagonal submatrices of the supermatrix are all symmetric matrices i.e., af; = aj; .

2. The non-diagonal submatrices are symmetric about symmetric about the diagonal. In
other words the matrix elements below the diagonal are the transposes of the
corresponding elements above the diagonal and vice-versa.

ie.aj; =ajand aj; = a;fori#]j.

The general experssion for a symmetrically partitioned simple diagonal matrix [4]

is given by
D, O 0
D = 0 I:?12 O
0 0 D

0 denote the matrices with zero as all entries and O only represents the order is
reversed or transformed. We can write simply,

D, 0 0
b=|0 D O
0 0 D

which is reffered to as the super diagonal matrix.



Example 5.2.4 Consider a simple partitioned symmetrically diagonal matrix

4 0 0|0 0O
5- 0 5 0/0 O _[p, o
0 0 6|0 0 0 D
0 0 0]7 O 2
0 0 0|0 3
. _ 1 0 o0
The Identity Matrix 1= 3
0o 1, 0
0 0 1
L r

where s, t and r denote the orders of the identity matrices I, Iy and I, respectively, is a
super identity matrix [4].

Example 5.2.5 Consider a super identity matrix

1 0 0 0|0 O]
01 0 0|0 O

| = 0 01 00 O :{h o}
0 0 0 1]0 O o 1,
0 0 0 0|1 O
10 0 0 0/0 1]

Now we define the notion of partial triangular matrix as a supermatrix [4].

2 7 8|3 4 ,
Example5.26 Letu=|0 6 4|3 5 :[Tla}

0 0 8|1 8
where T is a upper triangular submatrix.

Then u is a partial upper triangular matrix partitioned as a supermatrix [4].
Example 5.2.7 Let



m
P Nlw 0 oo N
© o|lFr 0o g o
~N ol O O

o N o O O
1
1
m_|—|
| —|

where T is a lower triangular submatrix.
Then | is a partial lower triangular matrix partitioned as a supermatrix [4].
Now we define the notion of supervectors of type | and type II.
A simple vector is a vector each of whose elements is a scalar. In this way a supervector
is a vector each of whose elements is either a scalar or a vector.
Definition 5.2.2 [4] Type | Column supervector
Vl

v
Let v=| "7

V

n

where each v; (1 <i<n) isa column subvector of the column vector v. Then v is a type |

column supervector.

6

7 V.
Example 5.2.8 Let v = 4l = { l}

3

6

where vy , v, are column subvectors.
Then v is a type | column supervector.
Definition 5.2.3 [4] Type | row supervector

Let v'=[v, v, ... v, | where each v; (L<i<n)isarow subvector of the row vector v.
Then v is a type | row super vector.
Example5.29 Letv'=[2 5 1|5 4 7 5]=[y, v,]

where v, and v, are row subvector of the row vector v'".
Then v’ is a type | row supervector.
Next we recall the definition of type Il supervectors.



Definition 5.2.4 [4] Type Il column and row supervector

The general m x n supermatrix is given by

d;; d, ... 8y,
d,; Qdy a,,
a= .
_aml amZ amn_
If
1
& =[ay a, .. ]
1
a2=[a21 ay, a‘Zn]
1
a'm:[a'ml a‘mZ a‘mn]
Then
-
Ch
a
a=| .
1
_am_n

is defined to be the type Il column supervector. Similarly if

all a12 ain
a
al: a.Zl ;a2: a.22 ’---’an: ?”
_aml_ _amZ_ _amn_
thena=[a' a’ .. a"]| isdefined to be the type Il row supervector.
Clearly
.
Ch
al
I s R P ) n
a=|" =la' a a ]m
1
_am_n

shows the equality of supermatrices [4].



Remark: Different supervectors (supermatrices) constructed by different partitions from
a simple matrix are all equal. In other words, two supermatrices are equal iff their
corresponding simple forms are equal.

Now we define the notion of transpose of a supermatrix [4].

The transpose of the general m x n supermatrix a, denoted by a’is given by

ail a21 aml
U EVE S
_ain a2n amn_

Then a’ isan x m supermatrix obtained by taking the transpose of each element i.e.,
the submatrices of a.
Next we will find the transpose of supermatrix constructed by symmetrically
partitioned symmetric simple matrix.
The transpose of a symmetrically partitioned n < n symmetric simple matrix denotedby

a' is given by
A, (@) (@) . @)

B, & (%) - @,
a':aﬁ alz3 a‘33 (a3n)

T

(1) The diagonal submatrices are all symmetric matrices and so are unaltered by
transposition i.e., a; = a;.

(2) Recall also the transpose of a transpose is the original matrix i.e., (a;) = a;

Thus the transpose of  supermatrix constructed by symmetrically partitioned

symmetric simple matrix a, denoted by a’is given by



ap &y 3 . Ay
aiz Ay Ay e Ay,
a= aia a‘23 Az v B, [=A

ain a2n aSn ann

Hence the transpose of supermatrix constructed by symmetrically partitioned
symmetric simple matrix is the supermatrix itself.

Similarly the transpose of symmetrically partitioned diagonal matrix and identity

matrix are the original supermatrices itself.

Also it can be easily verified that

e The transpose of a partial triangular supermatrix is the partial lower triangular
supermatrix and vice versa.

e The transpose of type | column supervecrtor is a type | row supervector and vice

versa.

e The transpose of type Il column supervector is a type Il row supervector and vice
versa.

Now we proceed on to define the notion of minor and major product of supervectors.

Firstlly we recall the definition of minor and major product of type | supervectors.

Definition 5.2.5[4] Minor product of type | supervectors:

Suppose
o .
3 by
Va Vb
V,=| ?|andV,=| .° | betwo column supervectors of type I.
Vo Vo, |

The minor product is defined as



SV.V, +V. V. 4.4V V
al bl a2 b2 an bn

Example 5.2.10 Consider two type | supervectors

where

and



1 1
=[2 3 1|o|+[4 10 30| +[2 1]{—2}
3 2 .
4
= (2+3) + (4+12) + (=4+1)
= 5+16-3
=18

It can be easily verified that V,v, = V,V,.

Example 5.2.11 We just recall if
1
v=13
4

is a column vector and v, the transpose of v is a row vector then we have

1
vv=[1 3 4]|3
4
— 12 + 32 + 42
= 1+9+16
=26
Thus if
Xl
X%
Vx =] 2| isacolumn vector, then



=xf +x% +...+x2

1

Also [x, X%, .x] 1 =[x+ X+ + X ]

1

and [1 1 .. 1] = [} + %+ X ]

ie, Vi.1=1v, =) x.

Definition 5.2.6[4] Major product of type | supervectors

Ty ] Vv
Vv
a by
Va, Vi,
Suppose v, =| .° |andvp = | .
V,
_Vam ] L bn A

be any two supervectors of type |

The major product is defined as

=<
<
I
NQJ
<
-
NU<
<
:U
1




V.V. V.V R
' Tahy a by
V.V V.V VARYA
_ [T ey 2,
V. V. V.V VARY)
_ambl ay By ambn_

Example 5.2.12 Consider two type | supervectors

; 1
— _[1 —
where Vo = [3]. Vo, = { P Vo, = | 2
- 0
- 3
> 2 1
andvblz 1| V= L} )V, = O,vb:[2]
0
- 6
Yy
Nowvar, = Vo ||V Y, Yy V|
[V
VoV VaVb, VaVa, VaVh,
= Va o VayVo, Vo, Voy Vi,V
_va3vbl Va Vo, Vo Vb, VaVb,




18510 [[E[2 1 |[g[310 6 |32 ]
1] 1 1] 1
510 2 1 31006 2
| HEEx _3}[ | [5]1 ] _3}[1
1] 1 1] 1
2[5 1 0] ||2|[2 1 ||2|[3 10 6] |[2][2]
_0_ _0 _O_ _0
(15 5 0,6 3,9 3 0 18| 6]
5 1 0|2 1131 0 6|2
- 15 3 0|6 319 3 0 18| 6
51 0|2 1|13 10 6| 2
102 01|14 216 2 0 12|14
00 0l00]|0 00 o0fO0]

It can be easily verified that (V,v,) =V,V, .
Next we recall the definition of minor and major product of type Il supervectors.
Definition 5.2.7 [4] Minor and Major Product of Type Il Supervectors

Consider two general supermatrices

ay a, .. &, b11 b12 bls
Ay Ay . Gy, b21 bzz bzs
a=| . . . andb=1 . : .

_aml am2 amn_ _brl br2 brS_

_ _ 1]
all b1
1
ai bz

Thena=| . =[a1 a2 a”} andb= | . :[bl b2 ... bs}

1 1

_am_n —br—S

The minor product of type Il supervectors is given by



= |a'b} +a’by +...+a"; |

ms

and the major product of type Il supervectors is given by

e
CH

ab: : |:bl b2 bs;:|r
a,
‘ajb' ab® .. ab |
ab' ab* .. apb°’
la;b’ ab® .. apb®|

Example 5.2.13 The minor product of type 11 supervectors

al az
1 3 bl
a= |2 ¢ andb:{l 7}1
2 0
1 4 b,
is given by



(1 3
=9 [1 7] + 16 [2 0]
11 4
1 7 6 0
=2 14| *t|12 0
1 7] |8 o0
(7 7
=114 14
9 0

And the major product of type Il supervector

1
| | m—
N [l
D w
e e
— 1l r—
N P e
e |
~
» w
e e
1
o N ©O N
[ [ S




7T 7
=114 14
9 7

It is easily verified that the product of two matrices a and b as a minor product of type Il
supervectors coincides with the major product.

Next, Let us discuss the concept of fuzzy supermatrices.
5.3 Super Fuzzy Matrix Theory

We are well femiliar with fuzzy matrices whose elements belong to [0,1]. In this
section of our dealing, we for the first time introduce the notion of fuzzy supermatrices
and operations on them. Throughout this section we consider matrices with entries only
from the fuzzy interval [0,1]. Thus all matrices in this section unless we make a specific
partition or mention of them will be fuzzy matrices. Now we define the notion of a fuzzy

supermatrix

Definition 5.3.1[4] Let us consider a fuzzy matrix

A11 A12 Aln
A= A21 Azz AZn
Aml AmZ Amn

where Aj; (1<i< mand 1<j <n ) are fuzzy submatrices of A; with entries from [0,1]

such that number of rows in fuzzy submatrices Ai , Aiz, ...,Ain for each i=1,2,...,m are
equal and similarly number of columns in fuzzy submatrices Ayj, A, ...,Anj for each

Jj=1,2,...,n are equal.
Then A is a general super fuzzy matrix or a general fuzzy supermatrix.
Now we define the notion of transpose of a super fuzzy matrix [4].

The transpose of the fuzzy matrix A, denoted by A’ is given by



A Ay A
A= A12 Azz Am2
AL Ay, Ay

where A;j are transpose of Ajj(1<i<mand1<j<n).

Example 5.3.1 Consider a super fuzzy matrix
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where Aj; are fuzzy submatrices of A with entries from [0,1] such that Ai1 , Ain,Aiz
have same number of rows for i =1,2,3,4 and similarily Asj , Azj,Asj,Asj have same

number of columns for j=1, 2, 3.

The transpose of the fuzzy supermatrix A denoted by A’ is given by
n An Ay
2 As
i A Ag

> > >
>



[0 04| 06 05 07|08 0 1
1 01{05 02 01|09 1 |O
04 06|07 07 04]08 03|05
0.7 05/ 04 09 04101 04 |06
=106 04|04 04 01 (03 06 (0.6
02 06/03 01 06 |04 0.1 [0.2
0 071 03 07 (06 04| 1
09 06|03 0 04 (03 02|04
|1 03]04 03 06| 1 03]04]

Next we defne the notion of fuzzy super row matrix, fuzzy super column matrix and

their transpose.

Definition 5.3.2 [4] Fuzzy Super Row Vector (Fuzzy Super Row Matrix)

Let A= [Ar]| Az |.. Aq] orsimply [Ar A .... Ay] (n>1) where each A;, i=1,2,...,n. is a
fuzzy row vector (fuzzy row matrix). Then A is called as the fuzzy super row vector or

fuzzy super row matrix.

Definition 5.3.3 [4] Fuzzy Super Column Vector (Fuzzy Super Column Matrix)

Al
LetA= |Az | (m>1)

A

where each A;(i=1, 2, ..., m) is a fuzzy column matrix (fuzzy column vector).
Then A is called the super fuzzy column matrix or super fuzzy column vector.

Now we define the notion of transpose of super fuzzy row matrix and super fuzzy
column matrix [4].

The transpose of super fuzzy row matrix A , denoted by A’ is a super fuzzy column

matrix is given by



where each A; is fuzzy column matrix.
Similarly the transpose of super fuzzy column matrix A, denoted by A’ is a super fuzzy

row matrix given by A'=[A, A, ..A, ] whereeach A; is a fuzzy row matrix.

Example5.3.2 Let A=[A; Ay As; A4] be a super fuzzy row vector where
A; =[0 0.2 03],A;=[04 02 0 03],As=[1 0],A;=[02 03 02]
ie, A=[0 02 03|04 02 0 03 1| 0 02]0.3 0.2]
The transpose of super fuzzy row vector A is given by
A
A = >
.

A
A
A4

0 0.4 1 0.2
where Ay = | 0.2 |, A, =02 ,A/3=LJ and A, = | 0.3

0.3 0 0.2
0.3

o
o - .
N

Thus A’ =

o
BN b

© o o
N W N

T
L

A, 1
Example 5.3.3 Let A= | A, | be asuper fuzzy column vector, where A;= | 0.3 |,

A, 0.6



0.7

ie, A=

The transpose of super fuzzy column vector A is given by

AN=[A A, A]
where A; =[1 0.3 06],A,=[03 05],A;=[03 04 0.7 0]
ThusA=[1 0.3 06| 03 05| 03 04 07 0]

IS a super fuzzy row matrix.
Next we define the two types of products of these fuzzy super column and row
matrices i.e. A.A" and where A’". A is a fuzzy super row matrix.
Firstly, Let us define A . A" where A is a fuzzy super row matrix.
Definition 5.3.4 Let A=[A1 A .... Ay] be a super fuzzy super row matrix i.e., each A;

is a 1xt; fuzzy row submatrix of A, i=1,2,...,n and A’ be the transpose of A.

( )
max{A.A’}:max{[AlAz....An]. AZ }
n
)

>

I .
\ A,
=max {AL. A}, Av. A, , ..., ALALY

which is known as the minor product of two fuzzy supermatrices.



i.e., max{A. A’ }= max {max min (a, ,a

1 Il), max min (a'z’aig)"“’ max min (a'n’ain)}

1< iy, iy <ty,1<liy,iy<tp,...,1<ipn,ip <t, where

An= [ai’az’---’ad and A, =

Thus max{A. A’} =a €[0,1].

This fuzzy supermatrix operation is the usual operation with product of a; , a; replaced
by minimum of (a , aj) and the sum of the elements a *ota replaced by the
maximum of (a, , ..., a_).

Thus given any fuzzy super row matrix A, its transpose A’ is the fuzzy super column

matrix such that the product A. A’, defined as the product of two fuzzy super row matrix

(vector) and fuzzy super column matrix, is always an element from the fuzzy interval
[0,1].

Example 5.3.4 Let A = [A, A,]be a super fuzzy row matrix.

where A; = [0.1 0.4 0], A;=[0.3]

A= [Ai} is a fuzzy super column matrix, where



0.1
Al=104|and A, = [0.3]
0
Now A. A" =max min{A, A'}
(This is a notational convenience of the product)

= max min [A1 Az]' A}

2
=max {A; . A, Ax. AL}

( 0.1 )
= max{ [0.1 04 0]|0.4|,[0:8][03] }

\ 0 )
= max {min (0.1,0.4),min(0.4,0.4),min(0,0)},max{min(0.3,0.3)}
= max(0.1,0.4,0),max(0.3)
=0.4,0.3
Then max{ A.A'} = max {0.4,0.1}
=04
The way in which max {A.A"}= max {max min{A , A'}} is defined as peculiar which
may be defined as the super pseudo product of the fuzzy supermatrix A and the transpose
of the fuzzy supermatrix A'.
Now how is A’A defined where A" is a n %<1 fuzzy super column vector and A is a
n x1 fuzzy super row vector.
As we have defined A.A’ as the super pseduo product, now we define A".A as a super

fuzzy n x n matrix.

Definition 5.3.5 [4] Let A= (a1 ,82 ,...,an) = (A|A,]...]A,) be a super fuzzy row matrix
and A’ be the transpose of A
I

)

|

min{A’,A} = min{l [a, &, .a,] I}
| )




min(a,,a,) min(a;,a,) .. min(a,a,)

min{A" A} = min(.a'z,al) min(a,,a,) .. min(a,,a,

min(a,,a,) min(a,,a) .. min(a,,a,)

Now min{A",A} is an x n square fuzzy matrix. It is partitioned as per the divison of
rows and columns of A and A’ respectively. It is important to note min{A",A} is a

symmetric matrix about the diagonal.

‘min(a,,a,) min(a,,a,) .. min(a,,a,)
min{A’ A} = min(.az,aj) min(.az,az) min(a?,an)
| min(a,,a,) min(a,,a) .. min(a,,a,)

where a; = a; for the elements remain as it is while transposing the elements. Clearly
since min(az,a1) = min (a;,a;) , we get min{A’,A} matrix to be a symmetric matrix.
Further if A=(A; Az ... A, with number of elements in A; (i=1,2,...,n) is t;
(1 <t <n), min{A’",A} is a super fuzzy matrix with i < i fuzzy submatrices i = 1,2,...,n.
and min {A’,A}is a n x n fuzzy matrix.
We illustrate this by the following example.

Example 5.3.5 Let A= [0.2 0.3 0]0.3 0.6]0.40.7 0.7 0.5] =[Ai| A, | Aq]

be a fuzzy super row matrix with

Ai=[02 03 0], A,=[03 0.6] and As = [0.4 0.7 0.7 0.5]

A 0.4
1 0.2
. . . . 0.3 . 0.7
and A, =| A, |;where A;=|03]| A, = 0.6 and A; = | =
. . 0.7
A, 0

0.5



[0.2]
0.3
0
03
we find min{A".A} =min {1 0.6 |,[0.2 0.3 0/ 0.3 0.6/ 04 0.7 0.7 05]
0.4
0.
0.7
[ 0.5 J
[min(0.2,0.2) min(0.2,0.3) ... min(0.2,0.7) min(0.2,0.5)
min(0.3,0.2) min(0.3,0.3) ... min(0.3,0.7) min(0.3,0.5)
min{A’, A}= : : : : :
min(0.7,0.2) min(0.7,0.3) : min(0.7,0.7) min(0.7,0.5)
| min(0.5,0.2) min(0.5,0.3) : min(0.5,0.7) min(0.5,0.5)

Here min {A’,A} is a 9 x 9 fuzzy supermatrix partitioned between 3™ and 4" row , 5"

and 6™ row and similarly between 3" and 4™ column, 5™ and 6" column.

02 02 0,02 0202 02 02 02]
02 03 0|03 03 (03 03 03 03
o 0 0o/lo ol|lo 0o 0 O
02 03 0|03 03 (03 03 03 0.3
min{A.A}= 102 03 0]/03 06 |04 06 06 05
02 03 0|03 04 |04 04 04 04
02 03 0|03 06 (04 07 07 05
02 03 0|03 06 |04 07 07 05
02 03 0[03 05 (04 05 05 05
B, B, Bs
= BlZ BZZ BZ3
' B; By Bj




where

B,, =min{A,A}
B, =min{A A}
B, =min{A,, A}
B, =min{A,, A }=min{min(A ,A,)}
B,, =min{A,,A,}
B,, =min{A,,A.}
B, =min{A;,A }=min{min(A,,A,)}
B,, =min{A;,A,}=min{min(A,,A,)}
B, =min{A,,A.}

Thus A".A is a 9 x 9 super fuzzy matrix. Further A’.A under the super pseduo product

iIs a symmetric fuzzy square supermatrix i.e., A".A is a symmetric fuzzy supermatrix.

Next we define the notion of square fuzzy symmetric supermatrix but before, firstly let us

define the notion of square fuzzy supermatrix.

Definition 5.3.6 [4]: Square Fuzzy Supermatrix

Let A is n x n square fuzzy matrix. Then A is called a square fuzzy supermatrix or

super fuzzy square matrix, if A can be partitioned arbitrarily between the columns i; and

i1+1 , iz and iz and i2+1, ..

.irand ir+1 and similarly between the rows i3 and i14+1 , iz and iz

and iz+1, ...,Ir and ir+1 (r+1< n) We illustrate this by a following example:

Example 5.3.6: Let A be a fuzzy square matrix
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The 6 %6 square fuzzy matrix has been partitioned between the columns 2" and 3",

3 and 4™ and also partitioned between the rows 2" and 3" 3 and 4™ . Thus A is a

square fuzzy supermatrix. Now having defined a square fuzzy supermatrix, we next

proceed on to define the notion of symmetric square fuzzy supermatrix.



Definition 5.3.7 [4]: Square Fuzzy Symmetric Supermatrix
Let A be a fuzzy super square matrix or fuzzy square supermatrix. Then A is called as
a symmetyric fuzzy super square matrix or a fuzzy symmetric super square matrix or a

symmetric square super fuzzy matrix , if

A, A, ... A,
A= A.‘Zl A.zz A‘.Zn
A, A, .. A,

is such that A; are square fuzzy matrices and each of these fuzzy square matrices are
symmetric square matrices and diagonal submatrices Aji are symmetric square fuzzy
matrices i.e., Aj; = A; and non diagonal fuzzy submatrices are symmetric about the
diagonal i.e., Aj; = Aji for 1<i, j<n.

We illustrate this by the following example:

(0.3 04 05/03 0|03 0 0.3 0.8]
0.3 06 0.2 05 0.2 04 01 05 0.7
0.4 05 0.1 0.2 0.2| 06 05 0.2 0.6
A=|04 07 01|03 0204 03 04 03
1 02 1|04 04] 01 02 07 0.3
0.2 03 0.1 06 07| O 1 09 04
05 0.6 05| 01 0.2(0.2 01 06 01
0.2 03 04| 08 06|02 03 0.2 04
1 0 03/ 04 03|05 04 0 05

A, A, A,
=1A, A, A,
A, A, A
Clearly A is a square fuzzy supermatrix. For it is 9 x 9 fuzzy matrix partitioned
between the columns 3 and 4™, 5™ and 6" and also partitioned the rows 3 and 4™ ,
5" and 6" . Further the diagonal fuzzy matrices A1, Az, ..., Ass are all symmetric fuzzy
matrices and non-diagonal fuzzy matrices are symmetric about the diagonal i.e.,
A1z = Aa1, Az = At Ays = Ase.
Thus A is symmetric fuzzy supermatrix.



Also we have shown that if A is a fuzzy super row vector and A’, the transpose of A is
a fuzzy super column vector then A’A under the super pseduo product is a symmetric
fuzzy square supermatrix i.e., A'A is symmetric fuzzy supermatrix.

Thus we can say if one wants to construct fuzzy symmetric supermatrices then one
can take a fuzzy super row vector A and find the pseudo product of A" and A. Then A’A

will always be a symmetric fuzzy supermatrix.



Chapter 6
SUMMARY AND CONCLUSION

6.1 Introduction

George Cantor (1845-1918), a renowned German mathematician, was the first to start
the formulation of set theory. The first axiomatic study was attempted by G. Frege in
1879. But in 1902, this theory received a setback. Bertrand Russel, an English
mathematician and Philosopher, showed that Frege’s system was inconsistent by devising
a contradiction, now called Russel’s paradox. In 1908, Zermelo proposed a theory of sets
which was later improved by Fraenkel and Skolem. Most parts of present day
mathematics are based on Zermelo’s set theory.

Considering the important role that vagueness and inexactitude play in human
decision making, Professor Loffi A. Zadeh [15] through a seminal paper in 1965, laid the
foundation of fuzzy set theory which gave a form of mathematical precision to human
cognitive processes that in many ways are imprecise and ambiguous by the standards of

classical mathematics.

The fuzzy set theory is further related to fuzzy matrix in the same way as the set theory
is related to matrix theory. Kim [11] defined the determinant of a square fuzzy matrix.
The adjoint of a square matrix theory. The adjoint of a square fuzzy matrix is defined by
Thomason [13] and Kim [11].

The concept of supermatrix for social scientists was first introduced by Paul Horst,
“Matrix Algebra for social scientists” [2]. This concept was then observed in the light of

fuzzy matrices to introduce fuzzy supermatrices.
6.2 Summary

This section recalls the summary of the work done in the previous five chapters as
follow:



Chapter 1 (Binary And Fuzzy Set Theory) sets the platform for matrix theory by
introducing set theory. The aspects of binary set theory involving set operations and
algebraic properties of sets are explained which in essence, from the prerequisites for the
similar understanding of fuzzy sets. Some examples have also been shared to understand

fuzzy set theory.

Chapter 2 (Fuzzy Matrix Theory) consists of fuzzy matrix theory involving the types
and equality of matrices. Moreover, operations on these matrices including transpose of
these matrices are explained.

Chapter 3 (The Determinant Theory of a Square Fuzzy Matrix) contains the
determinant theory of square fuzzy matrix along with their properties including another
statement, illustration, corollary parts and remarks, wherever observed. Moreover, some

theorems for fuzzy matrices is considered.

Chapter 4 (The Adjoint Theory of a Square Fuzzy Matrix) deals with the adjoint
theory of square fuzzy matrix with their properties including corollary parts and remarks,
wherever observed. Moreover, some special properties of square fuzzy matrices such as
symmetry, reflexivity, transitivity, circularity and idempotence are dealt with and carried
over to the adjoint matrix, which can be easily understand with the help of given

examples.

Chapter 5 (Super and Super Fuzzy Matrix Theory) concerns with supermatrix and
fuzzy supermatrix theory. Moreover operations defined on these matrices including
transpose and then two types of products are also explained. Most of the chapter is tried
to develop and explain with the help of examples for the sake of simplification.

6.3 Conclusion

The work being presented in the thesis is devoted to “The Study of Fuzzy, Super and
Super Fuzzy Matrix Theory’. The study being comparative shows vividly the difference
between fuzzy, super and super fuzzy matrices. Moreover operations defined on fuzzy,
super and super fuzzy matrices are involved which shows the comparative working of

these matrix theories. This comparative study also includes the determinant and adjoint



theory of square fuzzy matrix. Only those operations on super fuzzy matrices are
provided which are essential for developing super fuzzy multi expert models.

The Comparative study done in this illustration is complete in itself but not complete
in all regards. Beyond the thesis work, we can describe simple fuzzy matrix model,
fuzzy cognitive maps, bidirectional associative memories model, fuuzy associative
memories model and comparatively new super fuzzy relational maps model, new super
fuzzy bidirectional and associative memories models can be introduced which will be
highly useful to social scientists who wish to work in future with multi expert models to
analyze their problems. All in all, this will certainly be a boon not only to social scientists
but also to mathematicians, engineers, doctors, researchers and students. Its influence is
certain to grow more in the decade to come.
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