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ABSTRACT

The current work provides a comprehensive and integrated introduction to the principles,
properties and applications of the S-transform (ST) and fractional S-transform (FrST). The ST,
which is a significant tool in signal processing, is a conceptual version of the FT with a Gaussian
window function. It has been observed from the literature study that only linearity, scaling, time-
shifting and convolution theorem of ST were documented. This led to the findings of remaining
properties of ST in order to establish it as a complete transform technique. Along with this, a new
better definition of convolution theorem for ST has also been presented. The FrST is a
generalisation of the classical ST. The FrST has demonstrated to be a valuable technique for an
analysis of a non-stationary signals. The FrST also acts as a time-frequency representation method
with the frequency dependent resolution. Some of the remaining properties of FrST are proposed
in this work so as to establish it as a complete transform technique. The proposed properties are
convolution theorem, Parseval’s theorem, correlation theorem and sampling propositions. It will
provide an appropriate and reasonable model for sampling and restoration of the signal for real
uses. Moreover, two kinds of reconstruction error, namely truncation error and aliasing error arises

due to sampling were also discussed.

Multiresolution analysis (MRA) has recently become important, and even essential, in signal
analysis and image processing. As one of the famous family members of the MRA, the wavelet
transform (WT) demonstrated itself in numerous successful applications in various fields, and
become one of the utmost powerful tools in the fields of signal analysis and image processing. Due
to the fact that only the scale info is supplied in WT, the applications with the help of WT may be
restricted when the totally referenced frequency and phase information are required. The FrST is
a proposed multiresolution transform that supplies the fully referenced frequency and phase
information. In the areas where ST and FrFT are used, the performance can be enhanced through
the use of FrST. In addition, it has a close relationship with other transforms like Fourier transform
(FT), and WT. To expand the applicability of FrST as a mathematical transform tool, MRA is
used. Finally, the applications of proposed convolution theorem are demonstrated on multiplicative
filtering (MF) for electrocardiogram (ECG) signal and linear frequency modulated (LFM) signal
under AWGN channel. The FrST can be applied for other applications of non-stationary signal

analysis, radar signal processing and also in image processing.
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CHAPTER 1

INTRODUCTION

“Science is a powerful way to the systematic study of the structure and behaviour of the physical
and natural world through observation, experimentation and analysis, and Technology is the

applications of scientific knowledge for practical purposes.”

-Anonymous

In the domain of signal processing, the term ‘Transform’ is frequently used. Transform is a
technique to convert one form of signal to another form so that it becomes easy to analyze or
process. Various types of transforms [1-3] and their applications are demonstrated by several
researchers like Fourier transform (FT) [3, 4], fractional FT (FrFT) [5, 7], short-time FT (STFT)
[6], Wavelet transform (WT) [7, 8], fractional WT (FrWT) [9, 10], S-transform (ST) [11, 12] and
fractional ST (FrST) [13]. In the FT technique, a signal is either analyzed in the time or frequency
domain. The time-domain signal exhibits facts about the signal intensities and temporal evolution.
For deterministic signals, analysis is usually based on instantaneous power spectrum or energy
density spectrum. For random signals, the analysis tool depends on the auto-correlation functions

and the power spectrum.

1.1 HISTORICAL DEVELOPMENT OF S-TRANSFORM

The time-domain signal exhibits information about signal intensities and chronological evolution.
For deterministic signal, analysis is usually based on an instantaneous power or energy density
spectrum. For a random signal, the analysis tool depends on the autocorrelation function and the
power spectrum. FT explores the signal at various frequencies and their relative magnitudes.
However in the FT, only frequency resolution occurs but not time resolution. That means FT can
analyse the signal frequency response but cannot produce their arrival time of frequency. To
compensate this drawback, in few decades several transform techniques such as WT [7, 15],
Wigner transform [18], STFT [6] and ST [11], and their fractional form came into existence. Where
the STFT is a classical transform for the time-frequency analysis. In this, the FT of multiplication

of original signal x(t) with window w(t-t) is computed. The FT changes signal domain from

time to frequency by coordinating over time axis. But for non-stationary signal, (i.e., the frequency



components are a function of time) at that point they can't point-out, when a specific frequency
rises. The STFT overcomes this drawback of FT by presenting a window. The short time FrFT
(STFrFT) is improved form of FrFT for analysis of a non-stationary signals. The thought behind
STFrFT was dividing the signals by utilizing a period over narrow window and acting the FrFT
spectrum for every section. As, the FrFT is calculated for every window section of the signal [86,
87], WT cannot be used appropriately because infinite storage is required. In WT, only scale
information can be expected with a modulated phase information [9, 10]. Similar to FT, WT
defines with the extension of a set of basis function. Unlike the FT, WT does not expand in the
trigonometric polynomial forms but expands in wavelet forms. The mother wavelet is observed
that every application using fast FT (FFT) is formulated by wavelet to deliver more confined
temporal and frequency information. In STFT, very small-frequency components cannot be
detected in the spectral because fixed-size window; however, WT overcomes this STFT problem.
WT is considered to strike an equilibrium between frequency (finite bandwidth) and time (finite
length) domain. The wavelet analysis is considered as a complex function and satisfy the following
circumstances [30-36]. The disadvantage of the Wigner transform is cross term, which occurs due
to autocorrelation function [16]. The cross-terms produce noise or distortion in the signal analysis.
However, the fixed window size is disadvantage of STFT for each frequency components [17].
The STFT is usually not invertible in contrast of ST. While the drawback of the Gabor transform
is a trade-off amongst time-frequency resolutions, caused due to the stable width of the windows
[14]. The ST gives a time-frequency representation in contrast with frequency representation by
FT [17, 18]. When the rotating machinery bearing breakdown occurs then the signal obtained by
the sensor is dynamic such as- seismic signal, electrocardiograms (ECG) signal, voice signal, and
genomic signal. Such signals contain time-bounded events and artefacts [19-22]. Since non-
stationary signals have time-varying statistical properties, therefore time-frequency based methods
are used to analyse this type of signal [23, 24]. At low frequency, multiresolution analysis is used
to obtain decent frequency and deficient time resolution and vice-versa at high frequency. The
concept behind the time-frequency representation is to distribute the signals into smaller parts after
that parts are analyse separately. In this way, the analysed signal gives more information about
different frequencies.

A time-frequency representation of FT, WT [15, 19] and ST is shown in Figl.1.The frequency

information is absolutely lost in Fig.1.1 (a), because the time axis is consistently divided. In Fig.1.1



(b) frequency axis is divided uniformly. Hence, the time axis information is entirely lost.
Therefore, the frequencies resolution can be extracted, when integrated along the time axis. Fig.1.1
(c) express the time frequency pot in WT. In the expression of WT the scaling parameter ‘a’
defined is inversely proportional to the frequency. Therefore, at large frequency, small ‘a’ is used
and vice versa. The additional window in ST considers time information and frequency resolution,
which depends on resolution of time or size of the window. At a specific frequency range, it cannot
be zoomed because the box is uniformly located as presented in Fig.1.1 (d). The time-frequency

representation is control by the width of the window in the transformed domain.

() Q) Q) Q)
A A 4 #

>t >t >t >t
(a) Basis 3¢t —t,) (b) Fourier transform  (c) Wavelet transform  (d) S-transform

Fig. 1.1 Time-frequency representation method

The STFT is a classical transform for time-frequency analysis. The ST mainly demonstrate some
particular frequency segments in signal processing. It is a time-frequency restriction procedure
with subordinate frequency resolution and compensates the drawback of STFT [18]. To control
the complex Fourier, signal ST is utilized as a window. However the frequency scales height and
width of the window in a relationship with wavelet [18, 19]. The ST attenuate the high-frequency
signals in contrast to low-frequency signals, and its generalized form is called FrST. The FrST
improves FrFT and ST adaptability of signal analysis and generalized the time-frequency
demonstration to time-fractional frequency [24, 26]. Hence, FrST can deliver more space for time-
frequency analysis of a signal. Next section will demonstrate various transforms with mathematical

expressions.

1.2 S-TRANSFORM
The ST is conceptually a hybrid of WT and STFT in the time-frequency domain. It overcomes the
drawbacks of STFT and lack of phase in WT. The ST utilizes a Gaussian function, whose width

and height is constrained by frequency. The ST gives a signal clarity in contrast to different

3



transforms since it doesn't have cross-terms issues. ST displays frequency invariant amplitude
response in contrast with WT and also analyzed phase and power spectrums. The ST diminishes

high-frequency signals as compared to low-frequency signals. The ST of a signal x(t) is denoted

by X(z.f) and expressed as [25-28]

X(z, f) = j“; x(t) g(t-t, f) exp(< 2 ft) dt (1.1)

Substituting the expression of the Gaussian window, the expression of ST will become
If | (t-r)zf ? :
X(t,f x(t exp(-)2nft)dt 1.2
(@) =] x( i p(-j2nft) (1.2)

where, Gaussian function g(t-t,f) controlled by frequency ‘ f > and time-shift * t°, here frequency
is inversely proportional to the width of the Gaussian function. If X(z,f) is integrated with respect

to ‘1’ then, it gives FT of a signal x(t) is written as

I X(t,f)dr= I (I X(t)g(t-tf)exp(ﬂnft)dt) (1.3)

Using the normalized condition of the Gaussian function is denoted as [26]
2 02
Ifl [t f
t-r,f)dr = - dt=1 1.4
J. g(t-t,f)dr = j «/_ 5 1 (1.4)

Therefore, (1.3) is expressed as

[* X(wf)dr =" x(®exp(2nftydt = X(f) (1.5)

where, Xx(f)is the FT of x(t). The two-dimensional (2-D) ST is defined [12, 28] as

2
X(x,1,, £.5,) =] | x(tl,tz)lflzﬂexp( & T;)f & T22) zjexp(ﬂn(fﬁf t;))dtdt,  (1.6)
-00 o -00 T

The 2-D inverse ST (IST) is expressed as
X(t,t,) = [ ji{ [ X(rl,rz,fl,fz)drldtz} exp(j2n(ft, +£,t,))df df, (1.7)

The 2-D S-transform is a powerful tool and can be used in digital image processing.



1.2.1 DISCRETE S-TRANSFORM

Due to the advent of discrete systems, the discretization of every mathematical tool becomes
necessary to increase the span of its applications. Considering the discrete form of the signal x(t)
as x[kT]where, k = 0,1,2,..., N-1and sampling time interval as T, its discrete FT(DFT) is given by
[29-31]

n|_1gne _ j2mnk
X{m} N Do X[KT] exp( N ) (1.8)

where, n=0,1,2,...,N-1. Using (1.2), the ST of a discrete case x[kT] can be defined [31, 32] as

N N1 | MmEN 2n°m” j2mmi
X[IiT,— |= X| —— | exp| - ex : n=0 1.9
[ NT}ZM[NT} p( nz}p(NJ (19)

For n=0, it is defined as

ol | M
X['T]—NZm:OX[NT} (1.10)

where, i;mandn=0,1,2,..,N-1. Equation (1.10) gives the continuous average of time into the zero

frequency voice, thus promising the invert is same. The inverse discrete ST (IDST) is defined as
1 (1 N1 n j2nnk

x[KT]1= S0 [ =SV X[T,—1 | ex 1.11

KT)= X0 T ] 250 (11)

Subsequently, in literature, other definitions of discrete ST were also reported. Here one such

definition is presented, which was called as discrete orthonormal ST (DOST) [32], which is

defined in terms of ‘N’ unit length basis vector as

v+IS +1

1 % n T Ak . )

X[kT][v,ﬁ,r]:ﬁ Zyexp[JZnEfjexp[—ﬂnﬁfjexp(—ﬂm), k=0,1,2,...,N-1 (1.12)
f=v- 5

On simplification, it results into

exp[-jZa( ZV'ZB'I)]-exp(-jM 2V+25'1))

24/B sina

X[kT][v,B,r] = jexp(-j2nt) (1.13)

k . . . .
where, o = R[N_éj is a center of the temporal window for k™ basis vector. Mathematically, these

basis vectors are orthonormal as



1N «
~ [, XIKT ]y X KT 0K = 8,83 (1.14)
where, 6W={(1); Vllzv is a delta function. The inverse discrete ST (IDST) is defined as
,  else
(1S N J2mnk
X[kT]= > | =D X[iT,—] | ex 1.15
b= &g el 5 )

Now an MRA can be obtained by a set of coefficients with its corresponding frequencies

information at different locations and resolutions is demonstrate in the next section.

1.3 MULTIRESOLUTION ANALYSIS

Resolution is an extensive term with diverse significances when used in various arenas of
knowledge. Resolution is a quantity used to define the clarity and sharpness of a picture and image.
It was needed to augment the quality of the image, and the idea of multiresolution was developed.

It decomposes a single event on different scales and to analysis the event at different scales [33-

36]. Multiresolution analysis (MRA) was first defined by Mallat (1987). It is a method for L*
approximation for a multi-level representation of the signal. MRA means representing or analyzing
of the signals and image at more than one resolution [34, 35]. It is a technique for the estimation
of function with arbitrary precision. MRA gives an estimation on a sufficient scale and can be
obtained by accumulation the details to estimation on a rough scale. It is rooted in the fact that a
signal is denoted as the sum of details and approximations. The approximations does not change

with the next iteration. The spaces U, with a positive value of kare said to be high-resolution

scales or fine scales and have a high estimation, for negative value of k, scales move towards

becoming coarser with low determination scales are shown in Fig.1.2.

Amplitude Amplitude Amplitude
A A &

time . time

r
L
b

Fig. 1.2 A function x(t)and its MRA calculation on the scales U and U,

6



In MRA, the signal processing is initiated from minimum resolution, and then the resolution can
be selectively increased, when necessary. In general, MRA gives the scaling function a most
substantial role in the piecewise estimation of the continuous function and depends on the scaling
index. The MRA is not unique and relies on the selection of the mother wavelet functions. The
selection of the scaling and mother wavelet functions is application dependent [34-36]. A
multiresolution technique attempt to locate a particular frequency at a particular location, which is
the primary deficiency of FT and STFT. However, it isn’t conceivable to locate a particular
frequency at a precise location at the same time. MRA is helpful when the signal contains low
frequency segment for large interval and high frequency segments for short interval. MRA
methods are more viable in picture investigation and worn out the limitation of frequency and
location resolution found in FT and STFT. MRA gives an opportunity to see estimations and

details of a signal and select the appropriate level of detail for further analysis.

1.4 FRACTIONAL S-TRANSFORM
Before defining the fractional ST (FrST), first, define “what is a fractional transform” and “how
can make a transformation to be fractional”. First, a transformation T can be described [37, 38]
as
T{X(t)} =X(’C, V)
where, xand X are two functions with variables t andv, T respectively. Now another transform can
be expressed as
T {x®)}= X, (.v)

where, the parameter o is known as ‘fractional order’. This type of transform is known as
fractional transform [39-41], which fulfil the following conditions, given as

e The fraction operator is linear.

e The 1% order transformi.e. a =1 implies to the conventional transform and the zero™ order

transform i.e. a =0 indicates performing no transform.

e The fractional operator is additive T* TP =T,
To further extend the application areas, a generalized version of ST is defined in a time-frequency
plane to deal with non-stationary behavior of signals. This enables the definition of fractional ST
(FrST). The FrST was first introduced in 2012, as a way to deal with synthetic Ricker wavelet and

seismic data. The FrST is defined as a generalization of the ST with an order .. Mathematically,

7



o order FrST is the o power of ST. With the development of FrST and related concepts, the
conventional ST becomes merely a special case of FrST. Every property and application of the

conventional ST can be a distinct case of the respective property and application of FrST, if its

operator is linear [42-44]. In essence, the o™ order FrST interpolates amongst a function x(t) and

it’s ST. The 0" order transformation is itself, whereas the first order is its ST. The 0.5" order
transformed in between of time and frequency domains. The FrST was introduced by integrating
the concept of fractionalization with ST [1], which actually evolves as a combination of FrFT and
ST. The FrST has more flexibility in signal spectrum analysis. FrST has initiated numerous
applications in signal processing, image processing, bioinformatics, geo-informatics [2] and radar
communication etc. FrST is an illustration of signals in the time-frequency plane as shown in
Fig.1.3.

fa

vesea |

vseco t

Fig.1.3 Hlustration for time-frequency fractional plane

The FrST of a signal x(t) with an angle a is stated [13] as

X, (tv)= [ x()x, (tv)g(t-7v)dt (1.16)

whereas,

B, exp(jn(v’+t*)cota - j2mvt(csca)), o nm
K, (t,v)=18(t-v), , o=2nn (1.17)
o(t+v), , oa=2n-)x

where, ‘v’ is fractional frequency and B, =./1-jcoto., neZ. The Gaussian window function

g(t, v) is scalable with respect to fractional frequency ‘v’ and time “t ’. The Gaussian window

function is defined as [13]



| v(csca) P —t*{v(csca)}**
g(tv)= N exp( 27 j (1.18)

The width and height of the Gaussian window are varying with respect to the fractional frequency.
However, the window function with wide time domain will have lowv whereas, will be narrow

for highv. The shape of the window function can be acquainted by the parameter p and g with
space rotation factor ¢ = a?n_ In the specific case of p=qg =1 anda =1, the FrST convert into ST

written as [13,]

X(t,Vv)= '[O;x(t)%exp[—ﬁjexp(—jzm) (1.19)

Best on the characteristic signal, the window size is altered using v, pandq. By revolving the FrST

frequency, it can progress the fractional time-frequency demonstration. So FrST is improving the
elasticity of time-frequency analysis and energy of signal spectra. Similarly, FrST can efficiently
advance the time-frequency resolution capacity as related to ST. The inverse FrST (IFrST) is stated
as [13]

X(t) = j:{ ["x, (r,v)dr} " (t,v)av (1.20)
where, ‘«’ represents complex conjugate. According to the marginal condition of the FrST, is
further defined as [13, 42]

[* X, (zv)de=X,(v) (1.21)
Hence, the IFrST becomes

X(t) = j:xu(v)K;(t,v)dv (1.22)

where, X_ (V) is the fractional FT of x(t).

1.5 ORGANIZATION OF THE THESIS

The thesis is organized into seven chapters and its chapter-wise summary is given below:
Chapter-1: INTRODUCTION

This chapter demonstrates the historical development of the fractional S-transform (FrST).
Thereafter, some basic facts of the ST, MRA and FrST have been introduced.



Chapter-2: LITERATURE REVIEW

In this chapter, a comprehensive review of related literature with their background is presented. It
includes the preamble of ST, MRA, and FrST along with the motivation and objectives of the
thesis. Basically, it comprises the mathematical definitions and properties of ST, MRA, and FrST.
Finally, based on the literature gaps, objectives and methodology for the current work has been
decided.

Chapter-3: S-TRANSFORM WITH ITS PROPERTIES
This chapter includes the proposed properties of ST with their rigorous proof. Thereafter a

comparative analysis between proposed and existing methods are also presented.

Chapter-4: MULTIRESOLUTION ANALYSIS USING FRACTIONAL S-TRANSFORM
In this chapter, the necessity of MRA for reconstruction of a sampled signal is presented.

Thereafter, the conditions of multiresolution analysis for FrST with its proof are also presented.

Chapter-5: FRACTIONAL S-TRANSFORM
Using the concept of MRA and as an extension of ST, various properties of FrST are derived in

this chapter.

Chapter-6: APPLICATIONS OF FRACTIONAL S-TRANSFORM
This chapter presents the filtering of ECG signal and LFM signal under AWGN. Also, sampling
error estimation for FrST is included here by using the proposed sampling theorem of FrST in the

previous chapter.

Chapter-7: CONCLUSIONS
Finally, the summary of the proposed work and its possible future scope is documented in this last

chapter of the thesis.
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CHAPTER 2

LITERATURE SURVEY

“A significant literature will provide a vital feature of any thesis. An actual survey, summarizing
and fusing what is known while recognizing gaps in the knowledge base, facilitating theory
development, closing areas where enough research already exists, and uncovering areas where
more research is needed.”

J. Webster and R. Watson, 2002

Many properties of ST and FrST have been derived and established in applications of different
areas like signal analysis, image processing and biomedical signal processing.

2.1 AREVIEW OF S-TRANSFORM

In FT technique, the signal is analyzed either in the time domain analysis or frequency domain
analysis. The time-domain signal exhibits data about the signal intensities and temporal evolution.
For deterministic signals, analysis is usually based on instantaneous power spectrum or energy
density spectrum. But for random signals, the analysis tool depends on the auto-correlation
functions and the power spectrum [18, 47]. FT explores the signal at various frequencies and their
relative magnitudes. However, the main drawback of FT is that the time resolution does not occurs,
but frequency resolution occurs. That means FT can analyse the signals frequency response but
cannot predict the arrival time of frequency component. To compensate this drawback, other
transforms techniques such as STFT [7], WT and ST are available in literature [45-47]. These
techniques are represented as a time-frequency plane analysis tool. In WT only scale information
can be expected with a modulated phase information [48, 49]. However, fixed window size is the
main drawback of STFT, hence it is needed to be predefined. The STFT is usually not invertible
[6]. The Stockwell transform, also called as ST, is another time-frequency analysis tool. In recent
years, much work has been documented regarding the utilization of ST in time-frequency analysis.
It covers the different application fields such as climate studies, geophysics [13, 50-52], seismic
and bio-medical signal analysis [48, 59], image analysis [53-55, 71, 72] and speech processing and

in addition broader outcomes of the local spectral analysis [47]. It uses frequency dependent
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variable window so that window width has a relation with frequency introduced in power signal.
Hence, it gives frequency-dependent determination and consequently better signal clarity in time-
frequency plane. It is well-defined as a generalization of the STFT. The S-transform can be defined
in many ways. Definition and closed-form expression of ST was originated by employing a
correction of phase in WT [6, 7].

Two dimensional (2-D) ST is used for the calculation of the local spectrum at each point of images.
It would be more beneficial in the spectral characterization of aperiodic or random patterns [29].
Asymmetry of the Bi-Gaussian presents in subsequent time-frequency plane, with a time resolution
improved in the obverse direction. The Bi-Gaussian ST is superior at determining the sharp
inception of events in time series. The window which has been used in the majority of the S-
transform can be defined in many ways [13]. For the study of multicomponent and non-stationary
signals, traditional approaches are based on either frequency or time-domain analysis. ST gives a
time-frequency representation in contrast with frequency representation by FT and it depends on
Gaussian windows [5]. It has a frequency-dependent determination of time-frequency analysis and
completely refers to neighborhood stage data. The ST is a suitable tool in the area of signal or
image processing, Geo-informatics and bio-medical signal processing because no cross-terms
appear by using ST [13, 14].

Based on the theory of signal processing, ST is extending its space of square-integral functional
on the real-time (R ) [52]. The discrete orthonormal ST (DOST) is an orthogonal version of the
discrete ST (DST). It is used for image compression based on setting the smallest coefficients zero.
DOST is also used in image restoration, filtering, and registration applications [12, 52, 53]. A new
symmetric DOST that still keeps the non-redundant multi-resolution features of the DOST has the
advantage of less memory and smaller computational time [53-55]. The analysis of another
approach called DOST along with discrete cosine transform (DCT) for proficient representation
of the electrocardiograph (ECG) signal in the time-frequency space is given in [60-62].
Subsequently, continuously efforts have been made to formulate the property set of ST. However,
only a few are documented to date like; linearity property, scaling property, time-shifting property,
convolution theorem [51]. This motivates us to formulate the properties like; time-reversal
property, time-derivative property, complex conjugate property, an improved convolution

theorem, correlation theorem and Parseval’s theorems for ST in the presented work.
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In [57], the system of a functions (known as DOST basis) is indeed an orthonormal basis of L2 [0,
1] (the two-dimensional space of functions continuous on [0, 1]), which is time-frequency
localized and present a fast O(N log N) algorithm that computes ST coefficients for the acceptable
window. The issue of coherence and phase synchrony analysis are demonstrated using modified
ST. Where the modified ST (MST) gives the idea about fluctuating cross-spectral analysis. It was
observed that MST is more advantageous than standard ST [28]. Subsequently, a two-dimensional
ST method is used for the analysis of the image and extract phase more correctly [29]. The another
application of ST in the deformed fringe patterns for the demodulation was performed in [58], the
authors have focused on examining the ST spectrum filtering system, as well as the ST edge
strategy and the phase angle calculation technique. The automatic ECG signal enhancement
method to eliminate noise constituents from a noisy ECG signal is obtained by performing filtering

[59] and electroencephalogram (EEG) denoising using ST.

2.2 TYPES AND PROPERTIES OF S-TRANSFORM
In literature, many definitions of ST are available depending on contexts as presented below:
(a) One-dimensional ST

The ST of a given function, x(t) belonging in L'[R]is expressed as [13]

Xty =" x(t)\}_l [ (t_TZ)ZfZ]exp(-jant)dt (2.1)

and inverse ST (IST) is written as [27]

X0 = [ [ X(e.0)defexp(j2ate)ar (2.2)

(b) Two-dimensional ST
The two-dimensional (2-D) ST is expressed as [29]

o \2¢2 L \2¢2
Xt =[xt lex ((tl RSl jexp(-j2n<flt1+fzt2>)dtldt2 (23

And 2-D IST is expressed as [29]

X(ty.t,) = ijZ{ 1 X(tl,tz,fl,fz)drldtz}exp( 2m(ft, +E,t,))dfdf, (2.4)

Next sub-section includes the existing properties defined for ST.
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2.2.1 Existing Properties of S-transform
Based on the literature [50, 51], properties of ST identified are given in Table-2.1.
Table-2.1: Existing properties of ST

Properties Mathematical Equations

1 1 ST
Linearity {ax(t) +by(®)} & a X(x.f) + b Y(r.f)
Scali ST

caling x(kt) < ix(kr,ij

IK| k
Time Shifti ST
'me ShiTing X(t-1y) & exp(-j2nf 1,)X(1-1,,f)
Convolution © ST o )
[ p(t-&) ) dg, < [ P(E-Eo, ) aEo) exp(-i2ngof )dE,

Theorem ” -

2.2.2 Relation with others Transforms
Being another mathematical tool defined in the time-frequency plane, the ST observes relation to

other transform techniques defined in time-frequency plane.

Q) The relation between ST and STFT
The STFT of a signal x(t) expressed as [6]

STFT (1,f)= J.jc x(t) w(t-1) exp(-j2nft) dt (2.5)
where, w(t-t) represent window function.
X(t,f) = _[_w x(t) g(t-1,f) exp(-j2nft)dt (2.6)

where, the Gaussian function, g(t-t, f') is controlled by frequency ‘f’ and time-shift ‘1’. Hence,

after the comparative analysis, it is concluded that ST is a specific instance of the STFT with a

Gaussian window function.

(i) The relation between ST and WT
The WT of a signal x(t)expressed as [8]

W(t,d) = j‘: x(t) m(t-t,d)dt 2.7)
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where, dand t represents, the dilation factors and the spectral localization respectively. The
dilation factor decides the ‘width’ of the wavelet hence, it control the signal resolution. The
W(t,d) represents a scaled copy of the central mother wavelet and must have zero means [2].
Hence, after the comparative analysis, the ST is derived, when WT multiplied by the phase factor,
thus the ST can be stated as

X(t,f) = W(t,d) exp(-j2=nf 1) . (2.8)

where, the mother wavelet is expressed as

m(t,f) = J%exp(' t;fz jexp(-jant) (2.9)

where, dilation factor ‘d’ is inversely proportional to frequency °f’. The ST gives better,

dependent frequency resolution in time-frequency analysis with least noise.

(i)  The relation between FT and ST

The FT of a continuous-time signal x(t) is written as [13]
X(f) = jw X(t) exp(-j2xf t)dt (2.10)
If (2.6) is integrated w.r.t ‘1’ then, results into

I_ZX(I, f)d’t = Ii(jix(t)g(t-r, f)exp(-j27tft)dt)d1: (2.11)

Using the normalized condition of the Gaussian function is expressed as

[“o(tuf)dr=]" %exp[%}dt =1 (2.12)
e AT

Substituting (2.12) into (2.11) then, the result can be written as
[* X(x.f)dr= " x(texp(-j2nf t)dt (2.13)

Therefore,
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[ X, f)de=X(f) (2.14)

where, FT of a signal x(t) is denoted by X(f). In (i), (ii) and (iii) first give the definition of STFT,
WT and FT, and discuss their basis functions. Then proceed for the relationship between these
with ST.

2.3 CONCEPT OF MULTIRESOLUTION ANALYSIS
An MRA contains a sequence of nested spaces, which are traversed by translates of the scaling

function ¢ . The scaling functions have a property that is required for the sampling system to be

introduced. The concept of multiresolution is to decompose a single event on different scales and
to study the event on these different scales.

The MRA for FrST collection of a sequence of subspaces {U;},_, is known as MRA with a scaling

function (t) . An example is used to introduce the basic concept of MRA to scale the coefficient

of FrST at different scales. It is used to achieve the high-resolution signal or data.

Example: Suppose, a square impulse function defined as

(t)_l, 0<t<1 19
¢ 0, else '

This is an orthogonal function itself i.e.,
(0(1), @(t-k)) = 5[K] (2.16)
Based on the orthogonality of this function, it can construct a set of scaling functions @, « () that

span U, . So that any function x(t) belonging in L*[R] can be approximated in this space U, as
X() = 2 2, o (k) (2.17)
k

Substituting, t= 2"t in @, (t—k)=¢(t—k) and normalized by a factorZ% , gives another set of

orthonormal functions

¢, ()= 2t @y (27tK) (2.18)

As p(t)=1V 0<t<l,itgives, ¢, ,(t)= (2"t - k) =1 if its argument satisfies0 < 2"t - k <1, i.e.
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L (2.19)

27 27
Therefore, ¢, , (t) =@(2"t - k) is a square impulse of hight \/2_y and of Width%, which is shifted
by k times. Hence, these functions are also orthonormal and they span space U, .

(0, (®), ¢, ,(t-K)) = 8[k-p] (2.20)

A plot of the given function and its version as a scaling function is presented in Fig. 2.1.

2 ' ' ' ' ' 2
1571 1 15
Tr ] 1
D&t ] 0.5
0 0
0.5 0.5
2 4 0 1 2 3 4 2 4 0 1 2 3 4
(a) (b)
2 2
1.5 1.5
1 1
0.5 0.5
0 0
0.5 0.5
2 1 0 1 2 3 4 2 1 ] 1 2 3 4
(c) (d)
2 2
1.5 15
1 1
0.5 0.5
0 0
02, 1 0 1 2 3 4 "2 i b ! 2 3 4
(e) (f)

Fig.2.1 Square Impulse used as a scaling function
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Fig.2.1 (a) and Fig.2.1 (b) shows the two scaling functions @(t) = @, ,(t) and @,,(t) = ¢(t-1) both
are in spaceU,. The Fig.2.1(c) and Fig.2.1 (d) shows another two different scaling functions
Pyo(t) = 2 o2t)and ¢, (t) = \/E(p(2t- 1)in space U,. Fig.2.1 (e) shows a functionx(t) e U,
denoted as a linear combination of the scaling functions ¢, (t).

X(t) = 0.30,(t) + ;1 (1) - 0.3, 5(t) (2.21)

Finally, Fig.2.1 (f) shows that a scaling functions @, ,(t) inU, . It can also be denoted as a linear

combination of the basis functions ¢, (t) inU, .

Pop(D)=Co 0y 55 (D) ¢, Oy 5,1 (H) (2.22)
=i(p ® N Oy (V) (2.23)
\/5 1, 2k \/E 1, k+1 .

1 : . :
where, ¢, = —= =, . Finally, construct a set of scaling functions ¢, , (t)that span U, , based on the

2

orthogonality of this function. The MRA is needed for the signals which are non-stationary in
nature. Low-resolution signals are suitable for compression, high-resolution signals are suitable
for analysis but have poor compression capabilities [62, 63]. MRA is widely applied to solve
various problems such as biomedical signal processing, noise elimination, data compression and
feature extraction [62, 63]. Using MRA analysis, features of EEG signal were constructed in [60].
The multiresolution WT for evaluation and detection of the QRS complex demonstrated in [61].
Kumar et al. [63] discussed a technique for ECG signal analysis based on MRA and [62] used
MRA approach to detect the R peaks of ECG signal.

2.4 FRACTIONAL S-TRANSFORM AND ITS PROPERTIES

The generalization of the ST in time-frequency plane is known as FrST. It serves as a useful
analysing technique in a time-frequency localization with frequency-dependent resolution. It is
used for the analysis of continuous-time function that introduces the spectrum at every point of the
time axis. In [15], based on the idea of FrFT and ST of a signal, defined the FrST along with the
inverse-FrST. The various properties of FrST were also documented like: linearity, scaling, inverse
fractional ST and time marginal condition. Later on FrST is used extensively in many research

areas. Some are presented below. After that in [45] demonstrate the FrST on space. It was observed
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that, the FrST is a continuous linear map of the space and defined on R , with some properties. It
is useful in the study of time-frequency performance of test function and distributions. Thereafter,
generalized the results of ST on the spaces. The continuity in the results for FrST are obtained on
some specific designed space. In [44], researchers extend the results of ultra-distribution for the
FrST to the Bohemian spaces. Thereafter, [64] demonstrate the diverse seismic signal has various
optimal fractional parameters and it is not favorable to multichannel seismic signal processing.
Hence, using FrST first decomposes the common frequency, after that, it analyzes the minimum
frequency. Thereafter, a combination of blind source separation and FrST is used to get the
autonomous spectra of the numerous geological features. The bottom and top of a limestone
reservoir were clearly identified on the common frequency segment. Hence, improving the vertical
resolution of low-frequency in contrast with classical ST. Its simulation results show that the
independent frequency in the time-fractional frequency plane.

In [65], anew FrST is introduced to omit the physical significance of the fractional time-frequency
plane. This definition of the FrST is based on the concept of time-bandwidth product and time-
frequency rotation property of the FrFT. In this method, normalized second-order central moment
calculation technique was used for finding the optimal order, rather than time-bandwidth product
search algorithms. The normalized second order central moment approach has higher
computational efficiency. These algorithms can achieve single frequency visualization with
improved time-frequency representation, thereby improving the precision of reservoir forecast. In
[66] demonstrate a fractional lower order ST (FLOST) time-frequency illustration method
employing fractional lower order ST and inverse FLOST (IFLOST). The FLOST time-frequency
filtering technique is based on the concept of FLOST time-frequency representation techniques
and IFLOST and its simulated results demonstrate that FLOST time-frequency representation
algorithm is better in compared to existing ST time-frequency representation algorithm under a
stable dissemination noise, that can work better under the Gaussian noise. The FLOST time-
frequency representation technique can efficiently filter out a stable distribution noise and
refurbish the original signal.

Another way of relating FrST and FrFT is given below. Let,

h(t,v,t)=g(t—1,v)x, (t,V) (2.24)
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and, H, (t.v,v") :J”O

—00

h(t,v,7)x (t,v)dt (2.25)

The FrST may be characterized as an activity on the FrFT domain [15] as

v)=[" {j X, ( tv)dv} (t,7,v)dt (2.26)

Interchanging the order of integration and rearranging the term (2.26) converts into
X, (t,v)= J.ixa(v)Ha(r,v,v')dv' (2.27)
where, Xa(r,v) and Xa(v) are the FrST and FrFT of a signal x(t) respectively. Substituting the

FrET of signal x(t)in (2.27) then FrST can also be written as [15]
X, (zv)=" { [ x(t)Ka(t,v)dt}Ha(r,v,v')dv' (2.28)
The discrete-time FrST (DTFrST) of x[n] € I’[Z] is defined as

X, (vm)=5“{x[n]}(v;n) =D > x[n]k,(v,n)H, (n.,v,v') (2.29)

neZneZ

where s“represents the DTFrST and «_(.,.) is a kernel of FrST.
The inverse-DTFrST (IDFrST) is expressed as
x[n] = j J' X, (v (VimH, (nvv)dvdv, 1 =[0, 2msing] (2.30)
11

The fractional convolution theorem of two continuous-time signals x(t) and y(t), which belonging
in L*[R]is defined as [70,105]

J(

x(t) @ y(t) = j X(1) y(t-1) exp(———2 )cot(x dr (2.31)

where ®* denoted as an operator of fractional convolution. Thereafter, the FrST of (2.31) can be

written as [70]
50
X(t) % y(t) < X, (1, v) Y(tsina, vesca) (2.32)
where X_(t, v) represents the FrST of x(t)and Y (zsina, vesca) is the ST of y(t) with its argument
scaled by sinaand csca in time axis and frequency axis.

Similarly, a sequence x(n) belonging in 1°[Z]and continuous signal y(t) belonging in L*[R], the

semi-discrete fractional convolution theorem written as [105]
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X(n) 6. y(©) = 3 x(n) y(tn) exp(ALT)

——~=) cota (2.33)
nez 2
where @, denotes the operator of semi-discrete fractional convolution.

Subsequently, some properties of FrST were also documented, as presented in Table 2.3.

2.4.1 EXISTING PROPERTIES OF FRACTIONAL S-TRANSFORM
Based on the literature, the existing properties of FrST [13] like linearity, scaling, time reversal,
time marginal condition, inverse FrST, convolution theorem, cross-correlation theorem and

Parseval’s theorem are presented in Table 2.2.

Table 2.2. Existing Properties of fractional ST

Properties Mathematical Formulation
Linearity If, z(t)=a x(t)+by(t) then, Z*(t,v)=aX"(t,v)+b Y*(1.,v)
?(1-jcot 2 '
X*(t,v)= M exp(jnvzcotail-ﬁn X (ct,v smf j
. Cc”-jcota cos“a cos“a
Scaling

where, b:@ and B=tan'1(cztana).
7T

Time Reversal X (T.v)=X"(-1,-v)

Time marginal condition J:w X*(zv)dt = f x(t)K, (6v)dt = X*(v)

Inverse FrST X(t) = Jj;( f; NG ('r,V)dT) K, (t,v)dv

2.5 SAMPLING AND INTERPOLATION

Sampling theorem defines the rate at which a constant time signal should be sampled such that all
the data from the signal is captured with no data loss. The concept of this theorem is to rebuild a
continual time signal from the sampled signal [73]. The idea in sampling is the measurement of
the sampling frequencies as availability of spontaneous values of the signal at a predetermined rate
allow the reconstruction of a continuous time signal from the sampled signal [67-70]. The aim is
to rebuild a continuous time or discrete time signal from the sampled signal. The essential idea of

the sampling is as follows; availability of several spontaneous values of some signal at a
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predetermined rate allows the reconstruction of the continuous time signal from the sampled
signals [70-73]. However, for a perfect restoration infinite numbers of samples are required. A
significant issue in sampling is the measurement of the sampling frequencies. The need for limiting
the sampling frequencies is arising to diminish the information measured along, which in turn
reduces the computational complexity in information handling. But choosing a low sampling
frequency has a disadvantage of losing the data contained in the signal. This necessitates the
seeking of the trade-off between these two limits [74-79].

Interpolation is the approximation of the lost or missing samples of a signal with help of a weighted
average of a number of samples at the neighborhood points. The idea of ideal interpolation of a
band-limited signal is presented and its application of interpolators include conversion of discrete-
time to the continuous-time signal. The condition for the recovery of a band-limited continuous-
time signal from its samples is illustrated by the Nyquist sampling theorem [78-83]. After the
literature survey found that, several properties of FrST have been established earlier [15], like
linearity property, shifting property, scaling property and inverse FrST. However, properties like;
convolution theorem, correlation theorem, Parseval’s theorem and the sampling property of FrST
are still not established. Moreover, the mathematical identities and proof of these properties are
more applicable, due to their vast applications in different areas. In digital signal processing, the
convolution is used for filtering of a signal in fractional domain [86] and also the convolutional
plays an essential role in many algorithms in edge detection and related processes [87]. In signal
processing, the correlation function can provide info about reiterating events like musical beats
however it cannot tell the location, in time, of the beat. The convolution can also be used to assess
the pitch of a musical tone [80]. In radar signal processing, the received echo from a target is
correlated with the transmitted signal to determine the distance, velocity, and acceleration of the
target with respect to the receiver [84]. The correlation function is also used in power spectrum
estimation [85] and in the design of matched filtering used in many communication systems [12].
Parseval’s theorem is used to calculate the energy contented of pulses that are hard to determine in

time-domain. It is also used to estimate the transient energy in a power distribution network [88].

2.6 MOTIVATION
After a comprehensive study of the literature, it can be observed that some research has been
carried out to formulate the properties of ST and FrST. However, there is still scope for an

improvement in the convolution theorem of ST because existing theorem has more computation
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complexity. This motivated to derive the remaining theorems of ST and FrST including a better
convolution theorem.

Subsequently, an interest arises to implement some practical applications of multiplicative filtering
for FrST domain. Based on the literature review and facts, an attempt is made to outline the

research gaps and suggest the statement of the problem for the proposed work.

2.7 GAPS IN THE STUDY

The literature survey reported earlier mainly focused on ST, FrST and their applications. However,

some gaps are observed and presented here as the motivating factor for doing further research.

* In the literature review, some properties of ST are defined, but other important properties are
still undefined.

» Although some properties are documented in the case of ST for FrST, but only few properties
are listed. So an extensive work is required to give closed-form expressions of the properties
like convolution, correlation theorems for FrST.

* The sampling theorem shows a vital role in the discretization of systems. But its definition for
both ST and FrST are not available in the literature.

 Literature survey shows a great potential of ST and FrST in their applicability. But, still, some
area of signal processing can utilize these mathematical tools.

Based on these gaps, the objectives of this thesis are formed.

2.8 OBJECTIVE
After the literature study and motivation gathered by depicting gaps, the following objectives are
considered for research work:

e To propose an improved method to derive the convolution theorem, correlation theorem for S-
transform.

e To propose convolution, correlation and Parseval's theorem the FrST.

e To propose sampling theorem for both ST and FrST and utilize it into the determination of
truncation error and aliasing error.

e To utilize the concepts of FrST in the Multiresolution analysis.
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CHAPTER 3

S-TRANSFORM WITH ITS PROPERTIES

The S-transform (ST) is a time-frequency representation that presents the absolute referenced
frequency and phase information. The ST is obtained as the phase enhancement of the wavelet
transform with the window being Gaussian function. It is established as a scalable localizing

Gaussian window and frequency dependent resolution.

3.1 Proposed properties of S-transform

It has been observed from literature study that only linearity, scaling, time-shifting and convolution
theorem of ST is documented till now. This led to the finding of remaining properties of ST in
order to establish it as a complete transform technique. Along with this, a new and better

description of convolution theorem for ST is also presented.

3.1.1 Convolution theorem
Although a definition of convolution theorem for ST exists, as given in section 2.2, an improved
definition is presented in this section. Thereafter, a related analysis of the current definition with
the existing one is performed.

Definition: If z(t) represents the weighted convolution of two continuous-time functions x(t) and

y(t), is expressed as

2(t) = [ x(©y(t-8) exp((&- % )(E- Y7 de (3.1)
Then the convolution theorem of ST can be well-defined as
2) = [ x(©(t-0) exp((&- T8 )7 ) de. %X( v OY(% ) =201  (32)

Proof: The ST of z(t) can be obtained as

" f (22 .
Z(t,f) = j_wz(t)]/%exp[ (”2) £ jexp(-ﬂnft)dt (3.3)

Substituting (3.1) in (3.3), results into
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Z(x, ) = j‘:{ [ x@y(-g) exp((& V)& V)t )dg}\}l ( (t-1;2)2f2j exp(-j2nft)dt (3.4)

Rearranging the terms in (3.4), results into

j_jx(&){ [ ex ( “”ijzfzj S SACSAS exp(-jant)dt}dé (35)

Substituting, t- &=« and dt =dk in (3.5), results into

f;x(g){j (K)J”_ [(K+§2'T)2f2]exp((g-%)(lc%)fz)exp(-j2nf(1<+§))dl<}d§ (3.6)

Rearranging the terms and operators (3.6) converts into

f {[ (ﬁ)\}i ( (é-yzz) ! Jexp(-jhﬁ)din Y(K)\/|— { e é) ! ]exp (-j2nfic)di } (3.7)

By using the definition of ST, (3.7) converts into

%X(%,f)Y(%,f) (3.8)
Thus, the proposed convolution theorem for ST will be
. N ST
2(0) = [ x@©y(t-5) exp((&- V)t ) )dE < %X(fz,f)v( Y.f) =2, 1)

That means a time-domain weighted convolution of two functions gives the multiplication of these
functions in ST domain.

3.1.1.1 Properties satisfied by convolution theorem
Convolution is a linear operator, and therefore, has a number of important properties like
commutative, associative and distributive properties. The definition and interpretations of these
properties in ST domain are summarized below

I.  Commutative property
The ST of convolution of the functions x(t) and y(t) can be written as

(x®y)(t)<:>\/||_ (%.5)¥(%.f) (3.9)
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where, &® represents convolution of two function. Similarly, the ST of convolution of y(t) and

x(t) can be expressed as

(y®x)(t) ‘{T (y f)x(%,f) (3.10)
Since right hand side (RHS) of (3.9) and (3.10) are equal, therefore,
(x®y)(t) = (y®x)(t) (3.11)

This property states that a system with the input x(t) and response y(t) behaves in exactly the same

way as a scheme with the input y(t)and response x(t) .

Il.  Associative property

The ST of convolution of the continuous functionsw(t), x(t)and y(t) can be stated as

(wex)®y} () bl %W(%,f)x(%,f)v(%,f) (3.12)

If rearranging the functions, then the convolution can be expressed as

ST

(we(xey) < |f2|" W(Af)X(%,f)Y(%,f) (3.13)
Since RHS of (3.12) and (3.13) are equal, therefore,

{(wex)®y}(t) = {we(x®y)}(t) (3.14)
This property states that, if two systems with a response x(t) and y(t) are joined in cascade, a
comparable system is one, that has a unit sample response identical to the convolution of x(t) and
y(®) -
I11.  Distributive properties

Using the definition of the ST, it is written as

(we(x+y)l® bl %w(%,f)sw(%,f) (3.15)
If| -(t-6)*f* . » If] -(t-8)*f? -
|f| J. W(t)\/_exp( 2 Jexp(-jZth)dt'[w(x-Fy)(t)\/ﬁexp[ 5 Jexp(-ﬂnf‘[)dt (3.16)
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\/EJ‘ W(t)\}fLEXp( (t-éz)zfz)exp(-jant)dt{_[ x(t)\}L [ (t-gz)ZfZJeXp(.jznft)dt )
+ | y(t)——exp| — * exp(-j2nft)dt
(230 Lo 2 ooty
SEw(50)x(54.) + ()
(s 0)x(55.0) + (50 (55.1) 619
Therefore,
(W (x+y)lt)= (wex) +(wey) (3.19)

This property states that, if two systems with a response x(t)and y(t)are joined in parallel, a

comparable system is one, that has a unit sample response identical to the sum of x(t) and y(t) .

3.1.1.2 Comparative analysis for convolution theorem of S-transform
The existing definition of convolution theorem of ST is given here [52] for comparative analysis,

ie.

[ x(te) y©rde = [ X(GEf) y©)exp(-2nef)de (3.20)
Here, J y(é) d¢ is the classical convolution integral of two continuous-time functions x(t)
andy(t), and right-hand side (RHS) is the definition of ST convolution of two functions is

expressed asj g&f )y(&)exp( -j2mEf )d& Whereas, in the proposed convolution theorem

definition, ST of two continuous-time functions is expressed as—X(/, f)Y(/, ), RHS of

existing convolution theorem involves integration operator, a time-domain dependent complex

exponential function and multiplication of shifted ST of one function X((-&, f)with another

function equivalent to its expression in time-domainy(t). Basically, this definition of RHS in

existing convolution theorem is not clear, as it is a mix of convolution operation itself with FT.

27



This interrupts the basic requirement of a convolution theorem i.e. transform of convolution should
be multiplication of transformed equivalents.

The proposed definition of convolution theorem of ST involves the multiplication of transformed
equivalents. This confirms that the suggested explanation of convolution theorem for ST is
realizable whereas existing definition lacks it. A block diagram representation of RHS of both
existing and proposed definition is shown below in Fig.3.1.

x() —  S[x(1)] %

$de |—»RHS

y(©

exp(-j2nct)

Fig. 3.1 (a) Existing convolution theorem RHS [52]

x(@®) —»| © x®]

RHS

s — Sly®]

Fig. 3.1 (b) Proposed convolution theorem RHS

where, s[.] represents the ST of related function and 3 represents the delay and invert operation.

Both existing and proposed definitions are compared in terms of their computational complexity
levels. In this approach, the number of complex multipliers and complex additions are calculated
for the realization of RHS of both convolution theorems. Suppose the numbers of samples of
function is N then the computation time for each method is obtained by considering the fact that

for evaluating ST, there are N°* complex multiplications and complex N(N-1) additions. Therefore
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for the existing convolution theorem, a total of N(N°®+2N) complex multiplications and 2N(N-1)

complex additions are required. However, for the proposed convolution theorem, in total 2N3+N

complex multiplications and 2N(N-1) complex addition are needed. These computation

complexities are given in Table 3.1.

Table- 3.1 Approximate computational complexity

Operations Proposed convolution theorem Existing convolution theorem [52]
Complex 2N°+N N(N3+2N)
multiplication
Complex addition 2N(N-1) 2N(N-1)

The information about the complex multiplication and addition required to evaluate the RHS of
both convolution theorems in Table-3.1 establish that the proposed definition has a better

computational complexity to achieve an equivalent convolution in the transformed domain.

3.1.2 Cross-correlation theorem

Definition: If z(t) represent the weighted correlation theorem of two continuous-time functions

X(t) and y(t), expressed as

2(t) = [ X' (&) y(trOexp(-& V) (t4E- )t ) (3.21)
Then, the cross-correlation theorem of ST can be stated as
R T v/ \f2 T \/E T T -
2(t) =[* X' @ y(t+exp (<& VY)HE ) )dE < X U.Y( Y f) = Z(wf)

where ‘*’ represent the complex conjugate.

Proof: The ST of z(t) can be obtained as

» f _(t_ 202
Z(t,f) = LO z(t)% exp[(tr%Jexp(-jZntf)dt (3.22)

Substituting (3.21) in (3.22), results into
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Z(z,f) = ji{j X (é)y(t+&)exp( & Ve )fz)dg}\}f_l ( (t-Tz)Zf2

Rearranging the terms in (3.23) gives

= j x(g){j (t+§)Texp((g / )(tHE- / )fz) ((t TZ)Zfz)exp(-jant)dt}dé (3.24)

}exp(-jant)dt (3.23)

Substituting, t+&=xand dt=dx in (3.24), results into

N (& %)’ (k- U )*f*
:LOX (é){[wy(K) \/l%exp{ é ]exp{%]exp(-j21tfl<)exp(j27tf§)d1<}d§ (3.25)

@{j ‘o {(«‘2-722)1“ Jexp(jznfé)dé}

_ 4 Ve (3.26)
{I y()J"l [(K'/)fz}xp Jzan)d}
By using the definition of ST (3.26) written as
2() < % x*(y,f)v(y,f) (3.27)

That means a time-domain weighted cross-correlation of two functions gives the multiplication of

these function in ST domain.

3.1.3 Parseval’s theorem
Definition: It conveys that energy possessed by a signal does not change when the signal is

converted from time to frequency domain, that is
j_°;|x(t)|2dt = j_i|x<f)|2df
where, X(f)is FT of x(t).
Proof: Considering the expression of IST for the function x(t) obtained as

X(t) = j:o{jixa, f)dt}exp (j2ntf )df (3.28)
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Similarly, taking the complex conjugate of both sides of (3.28) results into

X" (t) = j - ( r" X(x, f)dr)exp(—jZntf)df (3.29)
Now, the LHS of Parseval’s theorem of the ST can be written as

j_“’ x(t) X" (t)dt = j_“’ X(t) j_“’ {j_‘” X' (t, f)dt} exp(<j2nf t)df dt (3.30)
Now, using the property of convergence of ST into FT, once ST is integrated w.r.t. T variable, that
IS
X'(F)= [ X'(x, f)de (3.31)
Substituting (3.31) into (3.30), and rearranging the terms
[“x@x @dt =" X(F)] {x(t)exp(-j2nft)dt}df
= j"; X(F)X"(f )df (3.32)
Therefore, we obtain the following
—0 2 —0 2
[ x@[ de=] "|X()| df (3.33)

Hence, this is validated that energy is preserved even after transformation.

3.1.4 Time reversal property
Definition: If the signal is reversed in time domain then its ST is obtained by taking the conjugate

of ST of the original signal at a negative delay, that is

ST ST .
If Xx({t)< X(t, f); then x(-t) < X (-1, )

Proof: The ST of x(-t) can be expressed by using the definition of the ST written as

oo ML (D)
S[x(-H)] = LOX( t) mexp[ ) jexp( jenft)dt (3.34)
Substituting, -t=t" and dt=-dt' in (3.34), results in
(e -(-t-1)°f* o &0
S[x(-H)] = L X(t) @exp( > ]exp(Jant)dt (3.35)
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After rearranging the terms, (3.35) converts into

S[x(-1)] = I ) x(t)\}L [ (L 2) f jexp(-jZn(-f )t')dt' (3.36)
Therefore,
X(-1) <S_—T> S(-t, ) (3.37)

Therefore, this property gives that if a signal is inverted in time domain then its ST is complex

conjugate with delay.

3.1.5 Time derivatives property
Definition: The effect of taking differentiation in the time domain is multiplication of imaginary

radian frequency to the ST of the original signal.

ST
If, x(@t)< X(t,f) then, dfx ()}©1(2 £)X(t,f)
Proof: Using the definition of IST of the continuous-time x(t) given in (2.6) is written as

X(t)= [ {]” X(u.f)dujexp(j2nft)df (3.38)

Comparing it with the definition of FT (1.5), and then differentiating (3.38) on both sides w.r.t.

time written as

d{x(0} _ H A X@)dr) exp(j2nf 1)df)

dt dt (3.39)
lejiw {X(z,f)dr} {exp(Jant)}df
[ ] {G2nt)X(x, £)dt} exp(jonft)df = jQnf) X(x, f) (3.40)
Therefore,
X} 2 jomt yxcr, 1) (3.41)

dt
That means time-domain differentiation gives, the imaginary radian frequency multiplication in
the time-frequency domain.
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3.1.6 Complex conjugate property

Definition: It proposes that the ST of the complex conjugate in time domain function is also

complex conjugate with negative frequency in the frequency domain.
ST . ST .
If x(t) < X(t,f) then, x (t) & X (t,-f)
where * represent complex conjugate.

Proof: Using the definition of IST of the continuous-time function x(t) given in (2.6) is written

as

X(t) = f’ {f X(z,f)de} exp(j2nft)df (3.42)
Taking complex conjugate of (3.42) results into

X' (t) = ( [74]" X.0)de exp( jznft)df)*

= [ X (@.f)dt} exp(2nft)df (3.43)

Substituting, f=-f then df =-df in (3.43) and rearranging the limits of integration

= [ [ {X (v ")dr} exp(j2ntf’)df (3.44)
Therefore,
X)) & X(x, ) (3.45)

That means time-domain complex conjugate gives complex conjugate with negative frequency in
the time-frequency domain.

3.2 N-dimensional S-Transform and its Properties

The two dimensions (2-D) transforms offer numerous new and rich conceivable outcomes.
Contemporary utilization of the ST is similarly prone to originate from issues in two, three, and
considerably higher dimensions. One of the best applications areas of N-dimensional (N-D)

transform is video processing.
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In vector notations, the higher dimensional case looks like the 1-D. Suppose, R" as an n-tuple, say
spatial variablet ={tt,,...t,}, T={1,,7,....,7, } and n-tuple of frequenciesf ={f,f,,...f,} . The dot
products of a vector R"are expressed as

tf = (tf+t,f,+.. +tf) (3.46)
where, R"is governed by the dot product. Let, real or complex-valued functions h(t) be defined
on R"and inscribed ash(t) orh(t,t,.....t,). The ST of h(t)i.e,H(z f) or s(t,f), can be
expressed as

H(x, £) = jh(t)JL ( (t_T;fZ]exp(—jZTth)dt (3.47)

R"

The N-D Fourier spectrum H(f) of h(t) can be inscribed as

H(f) = j H(x, f)dt (3.48)

R"

On a similar line, N-D ST can be expressed as

21l 21’0’ 21’0’
H(z, f) = | H(o,+f,a,+f,,...,0 +f )< exp L Lexp 2 1,.....exp 2
mjn (o ? ){ ( f? f? f2 (3.49)

exp{j2n(o,f,+o,f,+..+a,f ) do,da,,...do, VF,f,,..f #0

n

The N-D ST can also be defined in terms of ‘N’ 1-D ST in a sequential manner as

H, £) = h{t,typmty, fufypnf, ) (3.50)

” It (t) ’_ (t,- )2f22 K
j_wH(rl,fl)\/Ee [ ) ]exp(ﬂntf)dtj H(t,.f, )\/_ { ) jexp(ﬂn‘tzfz)dt2

- (3.51)

Jm (1,, )\/_| p( (J[“_Tzn)zfz]exp(-jZntnfn)dtn

= I {IiH(tn,f)%ex [ (t, 2) jexp(ﬂnt f,)dt, } (3.52)

\‘Rnfl

The N-D Fourier spectrum is related to N-D ST as

H(f)= H{f,f,,...f.} = [ H(x.f)dt (3.53)

R"

The N-D IST can be defined as
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h(t):j

SRI'I

{ | H(r,f)dt} exp(j2ntf)df (3.54)

SRH
The dot product features of a vectors tandf to extend the definition from 1-D to higher dimensions

(n-D). The integral is overall of %" and as an n-fold multiple integral all t; or f..

@5(t,f) = CS{S(t,f )} = I s(t,f) \}_l [- (t_T;Zfz jexp(-ﬂntf)dt (3.55)

Substituting, f=-f in both sides of (3.55), results in

S(tf)=5{s(x, -f)} = jH(r f)\|/|_ ( (t_r)%]exp(ﬂntf)dt (3.56)

R

H(t, f)=5"(z, f) (3.57)

3.2.1 S-transform be a separable function
In the separable property, a signal is said to be distinct in the event if it can be considered as a

result of the 1-D function with various autonomous factors. This permits figuring the ST as a result

of 1-D ST rather than multi-dimensional ST. Therefore, a function h(t,t,,...t,) of n-variable can

be stated as a product of n function of one variable as
h(t, tyoomty) = MR, (L), 0, () (3.58)
Methods of separation of variables for N-D ST can be a break in terms of 1-D ST by considering

the definition of S (t,f) as

H(t, f)=s{h(tf)} = jh(tf)\yl (#}exp(-jhttf)dt (3.59)

This separation is illustrated by considering an example of N=2, then N-D ST can be written as

S(tut, fuf,) = s{ht,t,, f.f,)} (3.60)
© ew© - -t 2f2+ -t 2f2
= L}OL}C h(tl,tz,fquz) |f12||7:2| exp[ {(Tl Dt 2(Tz )t }Jexp(-j27'1:(tlf1—|-t2f2))dtldt2 (3.61)

LA

= [ h (s A

e 4262 (ot \2f2
p[ (T1 tzl) fl ]eXp[ (Tz tzz) fz )eXp('jzntlfl)eXp('jzmzfz)dtldtz (3'62)
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1A If,]

|
ex X
N Nrha

s{ht, f)}s{ht,.f,)}= 5(t.)s,(t,.f,) (3.64)
Which proves that N-D ST can be defined in terms of 1-D ST.

202 202
:Jj; h(t,.f,) ((Tl't;) f] \]exp(-jzmlfl)dtlj_wh(tz’fz) (_ (Tz'tzz) f; jexp(_jzntzfz)dtz (3.63)

In general, for N-D ST can be defined as
S{ht, bt . ff ) = s{ht.f)ls{h,t,.f)}..s{h, ¢ .f)} (3.65)

3.2.2 ldentities for N-D S-transform
Below properties of N-D ST are defined and proved:
. Linearity Property

Definition: In the linear properties, a function h(t) satisfies the superposition principle i.e.

additivity and homogeneity properties of degree one.

ST ST
If, h,(®)=H,(t,f)and h,(t) < H,(t,f)
ST
then, {a,h,+a,h, }(t.f) < o, {H (t,f)} +a,{H,(t)}
Proof: Using the definition of ST can be stated as

S {wh,to,h, }(t,£) =, {H,(t,H)} + a, {H,(t,0)} (3.66)

. |f| -(t-T)zfz F ® |f| —(t—T)2f2 E 367
J.Ocalhl(t)mexp( 5 Jexp( J2nft)dt+jma2h2(t)\/%exp£ ) Jexp( J2nft)dt ( )

- I ~(t-1)*f? . w If] ~(t-1)°f? .
aljwhl(t)\/ﬂexp[ > jexp(—Jant)dtJrocZJ.mhz(t)mexp( > jexp(—Jant)dt (3.68)

= oy {H,(6)} +a, {H,(61)] (3.69)
In general, for N-D ST can be stated as

S{astays, .t as, H(6F) = o {H )} +o, {H,t)} +..+0, {H (t, )} (3.70)

Il.  Shifting Property
Definition: If a function is a delay in the time domain it parallels to an addition of a linear phase

term in the frequency domain.
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Let, N=2, N-D ST can be defined as
If H {rl,rz,fl,fz} = 5{h(tl,t2,fl,f2)}

then, H {Tli G £, fl’fz} = exp(ij2n(§lfl + CZfZ))(S{h(tlatZ’fl’fZ)}

Proof: Using the definition of 2-D ST can be written as

Lt - \2f2 - \2f2
H{rl,rz,fl,fz}ﬂm I h(t,.t, )|f2”;2| (tn)h ;(tz v) fz))exp(-j2n(t1fl+tzfz))dtldtz

(3.71)
Suppose, h(t) a function is shifted by ¢ then

|f1||f2| '((tl'T1)2f12+(t2'Tz)zfzz))
2 (3.72)

exp(-j2n(t,f,+ t,f,))dt,dt,

exp(

TlaTzo j J. t+C1at +C2

* |f1| (t1'T1)2f1 - A _(t2-12)2f22
j\/g ( 5 jexp(jZRtf)J h(t,+Et, +§2)mexp( : ] 379

exp(-j2nt,f, )dt,dt,

Substituting, t,*{,=y and dt,=dY in (3.73), results in

= |f (t,-t,)°f, £
f Nrh p( = 1jexp(-12ntf)f h(t+6y) -
(3.74)
exp(%}exp( -j2n(y- C,)f, ) dydt,
Substituting, t,+{,=x and dt,=dx in (3.74), results in
= [fy -(x-Gy-t)’f i _ * £ -(y-G,-1,)*f;
_ LO o exp[ > jexp( J27m(Xx Cl)fl)jwh(x,y)\/ﬁexp( > j (3.75)
EXp ( -j2m(y-C,)f, ) dydx
exp( j2n(Cf,+C,1,)) f I_OO h(x.y) \l/fi exp( (xGyT)y ]exp(-j2nxfl)
= o o ? (3.76)

_(\-f _ 202
\|/f22_7|texp[ b CZZTZ) f ] exp(-j2nyf, ) dydx
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f 1+ 17 2f12+( 2+ 2" )2f22
_exp(i2nG i) [ [ Jl—lJ% L{(T 520 — el }J (377)

exp(-j2n(fx+f,y))dydx

= eXp(jZTE(le1+C2f2))H{X,y,fl,fz} (3.78)
Similarly, the shifting property for N-D ST can be defined as
{Tl:l:CpTz:tCzs T i‘:n, 25 :f } CXp(ij2ﬁ(C1f1+czf2+...+(:nfn)) {h(tlatb atn afla 29000 )} (3 79)

I11.  Scaling Property
Definition: It states that, if a signal is horizontally stretch by the factor a in the time domain, then

its ST is squeeze in frequency by the same factor.

sT ST 1 f
If, h(t)<= H(z,f) then, h(at)@nHKar,—j
a a

ie. s{hatf)} = F;H{(ar,g)}

For N=2, N-D ST can be written as

1 f, f
5{h(altl,a2tl, fl'fZ)} = mH{(alrl’azrz’ a_lsa_z)}
111=2 1 2

Proof: Using the definition of 2-D ST can be written as

St - ), - T, )L
Tl”[za J._OOJ._OO |f1||f2| p[ {( 1 1) 1 2( 2 2) 2 }}exp(_jzn(tlfl+t2f2))dtldtz (380)

() B, 1)l
2

oo f,|If .
H{ 1T3,T,, 1) f} j_ijh(altl,aztz)l 12”nzlexp{ Jexp(—]2n(t1f1+t2f2))dtldtz (3.81)

Substitute, a;t,=p,a,t,=q, and dt _ld_p dt —ld—ql in (3.81), results in

a,| 2

: AT Sk f ot
J:th(p q)- 2exp( % - )exp(-jZn(th%dedq (3.82)

|a1||a | 2 a,

H {altl,azrz, ;—1,f—2} (3.83)

laylla,| -
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1 _
= WH {(@1,.a,1,,M )} (3.84)

a, 0
where, M = and detM =a,a, #0.
0 a,

a, O
MT = [ ' } (3.85)
0 a,
Jo O
or, M' = (3.86)
0
).
where T is the transpose of the matrix.
1 -
s{h(at,a,t,, f.f,)} = mH {@.a,1,, M)} (3.87)
Similarly, for N-D ST, it can be defined as
1 L f, f
sih@t at,,..at ff,,..f)=———— a,T,,a,T,,...,a 2 ., 3.88
{ (11 242 )} |al|,|a2|,...,| | {( 111581 To5ee sy Ty a, 8.2 a )} ( )

IV. Complex conjugate property

Definition: If the complex conjugate of time-domain function ST is also conjugate with negative
frequency in other domain.

Let, N=2, N-D ST can be defined as

If 5 (ht,t,)} o H(tutphuf,),

. ST
then & {h"(t,t,)} < H(t,.1,.-f,.f,)

Proof: Using the definition of 2-D ST can be expressed as

sty = [ LO{ [ Heea ,fz)drldrz} exp(j2n(tf+ t,f,))dfdf,  (3.89)
Taking complex conjugate represented as » in both sides of (3.89) results into

st} =7 [ { [ [ H @t ,fz)dtldtz} exp(F2n(tf.+ t,f,))dfdf,  (3.90)
Substituting, f,=-f, and f,=-f, in (3.90), results into
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s*{ht.t)} = ji{ [ [ H@, -fl,-fz)dtldtz} exp(j2n(t,f,+ t,f,))df,df, (3.91)
=5 {H (1, £ (3.92)

Hence, in general, for N-dimensional ST can be defined as

S {htutyt)} = SHH (1,001, £ fy o)) (3.93)
Similar to a 1-D case, if h(t)is an even, thens{H, f)} even and if h(t)is a real and even, then

S{H(t f)} is real and even function.

V. Time reversal property
Definition: It states that, if the continuous-time signal is reversed then its ST is obtained by the

complex conjugate of the original signal with negative delay, that is
Let, N=2, N-D ST can be defined as

ST
If, s{h(t,.t,)} < H(t,1,, f,.£,)
ST .
then S{h(-t,t,)} < H(-1,1,, f,.f,)
Proof: Using the definition of the ST, the function h(-t,,-t,) is expressed as

L (T2 (-t -1, )
S{h(-t,,-t,)} I I (t,.t, |f2|L:Z|eXp[ {( %) 12( 2 %2) 2} exp(-j2n(t,f, +t,f,))dt,dt, (3.94)

Substituting, -t, =u,,-t, = u,anddt, =-du,, dt, = -du, in (3.94) gives

-1 (Ut E (T, )
_L J: ul, |f1||f2| p( {( 1T1) 1 (uz T2) 2} eXp(—j27t(—ulfl—uzfz))dulduz (395)

2
© oo -1 U -T 2f2+ u,-T 2f2
:I j h(ul,u2)|f12||f2| exp[ {( 1= T) 12( 2= Tz) 2} exp(j2n(u,f,+ u,f,))du,du, (3.96)
e T
Therefore,
ST
‘5{h('t1"t2)} < H (1,015, 11,1)) (3.97)

Similarly, for N-D the ST can be defined as
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ST

S {0ttt )} H (T T Ty Fufynnf) (3.98)

VI.  Time derivatives property
It is defined in [13] for N=1. Similarly, for N=2, the ST can be defined as

ST
If, s {h(t,.t,)} < H(t,1,, f.f,)
2

Then,
dt,dt,

ST
5{h(t1’t2)} < j27'[(fl,f2) H(Tlar?_a flafZ)

Proof: Considering the definition of n-dimensional IST [5] of h(t)can be inscribed as

h(tf)= IU H(t,f)dtJ exp(j2ntf)df (3.99)
For N=2, the IST of h(t)can be defined as
h(tl,tz,fl,fz) = J. [ j H (rl,tz,fl,fz)drlderexp(j21t(tl,t2,fl,fz))dfld’f2 (3.100)
‘.RZ ‘.RZ

Comparing (3.100) with the definition of Fourier transform, after differentiating it with respect to

time in both sides as

d? d2 '
dtldt2 {h(tl,tza fl,f2 )} = dtldtz {RJ; [9}[ H(TlaTZ, fl,fz)d’l?ld'fz }XP(JZW(tl,tZ, fl,fz))dfldfz} (3101)
d2
= || [H(zo1, ff, ) drdr, exp(j2n(t,.t,, f,.f,))df,df, (3.102)
R2 \ R? dtldtz
= I {j H(Tl,rz, fl,fz)dtldTZ]{j2n(fl,f2)} exp(j2n(tl,t2, fl,fz))dfldf2 (3.103)
R2\ %?
= j2n(f,f,) H(rl,rz, fl,fz) (3.104)
Therefore,
d2 ST .
dtldtz {h(tl,t21 fl,fz )} <~ JZTE(flafZ)H(Tl,Tz, flafz) (3105)

Similarly, for N-D ST can be defined as
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d" ST |
m{h(tl,tz,...,tn £ f) e 2m(f, e £ )H (1T T ) (3.106)
VII.  Parseval’s theorem

Definition: If a signal is converted from the time to frequency domain then energy process by the
signal does not change.

For N=2, the ST can be defined as
j |h(t,.t,)[dt,dt, = j | H(f, f,)[Pdf df,

R2 %2

Proof: Using the expression of inverse ST for the 2-D function of h(t) [14] as

h(tot, ff,) = | [ [H(zo,, fl,fz)drldrzlexp( j2n(t,.t,, £,,f,))df,df, (3.106)
%2\ ®?
Similarly, taking the complex conjugate of (3.106) gives
h(tt,, f.f,) = | L [H (1,1, fl,fz)drldTZ] exp(-2m(t, t,, f,,f,))df,df, (3.107)
"2\ R

Now, the LHS of Parseval’s theorem of ST is written as
[ h(tuty, ) (tut,, f6 )dtdt, = [ h(ttf.5) [| [ H (11, £, ) drdr,
2 e 72 \ g2 (3.108)
exp(-jZn(tl,tz, fl,fz))dfldfzdtldt2

Now, by the convergence property of ST into FT, once the ST is integrated with respect to (u,,u,)

the variable, that is

H'(f,f,) = [ H (1,1, f,.1, ) drdr, (3.109)

R?

Substituting (3.109) into (3.108), and rearranging the terms
= [H(5) [ {n(tuty, f.F, )exp(-i2n(t, t,, ,.f,)) dt,dt, [df.df,

R? R?

= [ H(f,5,) H(F,.f,)df.df, (3.110)

"2
Therefore, after transformation, the energy is preserved. Hence, it can be written as
[Int,t,) Pdtdt, = [|H(F,f,) Fdfdf, (3.111)

R? R?
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Similarly, for N-D ST can be defined as
[In@t.t,....t,) Pdtdt,...dt, = [|H(,F,....f,) Pdf.df,...df, (3.112)
\Rn

g
3.5 Summary

The main features of this chapter are:

e A convolution theorem for ST is proposed and compared with existing convolution theorem.
Thereafter, the computational complexity of the proposed and existing methods are evaluated.

e After that, some more properties like cross-correlation theorem, Parseval’s theorem, time-
reversal property, time derivatives property, complex conjugate property and sampling
theorem for ST are proposed with their analytical proofs.

e Finally, the definition of N-D ST is presented along with its properties.
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CHAPTER 4

MULTIRESOLUTION ANALYSIS USING FRACTIONAL S-TRANSFORM

The time and frequency resolution complications are consequences of a physical occurrence and
exist nevertheless of the transform being used. It is likely to analyze any signal with an alternative
approach known as multiresolution analysis (MRA). MRA, also called multiscale approximation
(MSA) analyze the signal with varying resolutions. It is intended to find a specific frequency at a
specific location. MRA is a technique for the estimation of function with arbitrary accuracy. It
provides an estimation in fine-scale and can be acquired by addition of details for estimation on a
scratchy scale, thus also known as scaling basis functions. It is applicable on feature detection,
compression and several other areas of signal analysis and image processing [61-63].
Multiresolution technique is beneficial when the signal contains low-frequency constituents for a
large duration and high-frequency component for a small duration. The fundamental element of
MRA is most easily recognized regarding kernel, range of vectors, and matrices. MRA of square

integral function (L2[R]) is derived from a refiller function ¢ , which satisfies the condition

X =Y a() o(2tm) (4.1)

nez

where, a={a(n),., € 1(Z)}is asequence. MRA is an increasing sequence of subspaces {U‘lﬁ}k )

with a positive value of k.

4.1 Time-Frequency Representation

The main drawback of an FT is that it has no time resolution but only frequency resolution. That
means it will only determine the signal frequency but arrival time of that frequency will remain
unknown. To reduce this drawback, in the few past decades several techniques have been
established which are capable to analyze a signal in time-frequency domains [46, 50]. FrST
provides a time-frequency representation in contrast to fractional FT (FrFT). MRA can also be
obtained using the concept of FrST to analyze the signals in a time-frequency plane. The concept
behind the time-frequency representations is to break the signal into numerous fragments and then
analyze these fragments separately. It is clear that analyzing a signal in such a way will give more

information about the different frequency components. The notations used in the derivation of the
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proposed theorem are, Ris set of a real number, Z is set of integer,z*is positive integer set,

L'[0, 2x] is the space of integral function in [0,2x], L?[R] is an space of square integral function in
R, L”[0,2n] is the space of integral function in [0,2z]and 12 [7] iS entire space square summable
sequence in 7. Continuous-Time signals are represented by parentheses, such as x(t),te R and the

discrete signals asc[n], n € Z. The product of two continuous-time signals x(t) and y(t) in L*[R] is

written as(x, y>|_2 = x(t) y* (tyat . Suppose, Hilbert space is represented by J and its complete set of
R

functions is{y, (1)}

nez’
The main component of an MRA is a vector space because every vector space is a set of units of
another vector addition and multiplication which give higher resolution until we get the highest

possible resolution.

4.2 Inner product Space
A vector space with a defined inner product is termed an inner product space. If the inner product

of two vectors is zero, then they are orthogonal to each other [90,106].

4.2.1 Vector Space
A continuous signal is denoted as a time function x(t) , or a discrete signal is represented as a vector

X= {...,x[n],...}T in vector space. A vector space is a set of U with two operations of vector, addition

and scalar multiplication defined for its members referred to as vectors [106]. It can also be a set

containing all continuous functions x(t) defined over a particular interval [a b].

4.2.2 Hilbert space

The Hilbert space consists of vectors (v, ¢), scalars (a, b) [92,106] with the following properties:

o Hilbert space is a linear vector space.
e The scalar products defined in Hilbert space are positive.

e The scalar product of two vectors y and ¢ are equals to the complex conjugate of the scalar

product of the same two vectors in reverse order i.e.,

(v o) =(ow)

e The scalar product of vectors with itself is positive
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(v v) =|v[* >0

The scalar product in Hilbert space is linear with respect to 2" factor,

If y=ay,+by,, then ((P \V) = ((P a\|’1+b\|/2): a(@ y,)+b(e v,

The scalar product in Hilbert space is nonlinear with respect to 1% factor,

If p=a@p,+be,, then ((p \II) = (a(P1+b(Pz \V): a(p, y)+b'(e, W)

where, a'and b'represent nonlinearity in space.

4.2.3 Riesz basis

A group of vectors {Xk} in Hilbert space & is the Riesz basis forJ if it is orthonormal basis

under an invertible linear transform [90, 92]. Let, {xk}be a collection of vectors in Hilbert space

I . It has the following properties

If {X,} is represents the Riesz basis for % , then there is a unique collection{y, }, such that
{Y.} is biorthogonal to {X,} then {y,}is also a Riesz basis.

If {X,} is represents the Riesz basis for J , then there exist the constants A and B, defined
as 0<A<B suchthat Vxed

2 2 2
Al = 2(xxi < Blx|
If {X,} is represents the Riesz basis for % and exist Aand B, such that 0< A < B then for

all finite sequence{a,} ,

2

AZ|ak|2 < Zcxkxk < Bz:|0ck|2
k k k

If {X,} is represents the Riesz basis for % then for each X belonging in J , there is a unique

collection of scalars {a,} i.e.

X=Y 0,x, and > e < oo
k k
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Hilbert space can be applied to any space such as L°[IR]space composed of all square-integrable

functions x(t) defined over the interval [a b].

4.3 Multiresolution analysis with the Fractional S-transform

The concept of an MRA in vector spaces are obtain highest possible resolution for every vector
space of higher resolution. Which implies that every vector space holds all other vector spaces that

have lower resolution and every vector space is a scale function. A MRA for FrST is defined as an

arrangement of the closed subspaces,{U;},_, where, U, cover the entire square-integrable real

space L°[R], with the following properties:
(i) Nested vector spaces: Every vector space holds all others vector spaces that have lower
resolution.
U, c..clU’, clU’ cU; cU cU; c..cU]
That fulfils certain self-similarity relation in time or space and scaled, as well as regularity and

inclusiveness relations as shown in Fig 4.1.

Fig. 4.1 Nested vector spaces

Given, x e L*(R) and approximating it using, x, € UJ.

Multiresolution approximation of L*(R)is US ={x(t) : x(2'"t) € U;
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a a o a a a o
U c ... c U, cU? <cUj < U <« U; < .. c U]

L dense in L*(R)

Uy ={x(®) : x(@2't) e Uy

Tul={x® =Y etk Ya/ <w

=1{0}
where a, constant and ¢, are called basis functions. Therefore, U;__, U7 Di;e L*(R) and
N7_..,U; = {0}. Hence,
(i) U, U = L (R),
Closing all spaces U7 gives a space of finite energy L*(R).
(ii)N,., U2 = {0,
That means no signal approximating function which belonging in to the space for all resolutions.

(iv) There are many sequence space U:, which complies with a condition (i)-(iii),
x e U, thereforex(27") e Us,
All spaces U are scaled variations of spaces U relative to the total displacements.
(V) xe Uy, therefore x(s -k) e Ugforallk e Z.

(vi) Functionp € L*(R), so that U; consists of all linear combinations of {¢(- - k)}, _. .

These properties imply that {(Pv,k}kez are Riesz basis in U7 . The nesting property gives estimations
on a rough scale can be achieved from an approximation on a final scale without expressing the
original function. The property (ii) and (iii) implies that approximation in L°[R]with randomly
small errors by projection on the subspace U7 . With large positive y of the subspace U; are said

to be high-resolution scales or fine scales, and have high approximation quality. For the negative

v, the scales become rough, with low-resolution scales or low approximation quality. The property

(v) and (vi) implies that the scaling function ¢(t) is belonging in L°[R] such that
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jt*-n%)
2

{(po'n‘a(t) = @(t—n) exp( - cota)} can be obtained by a sufficient shifting of the chirp
ne 7z

modulated scaling function ¢(t) forms an orthonormal basis of a subspace U; .
Assume that the set of the scaling function ¢(t) is a Riesz basis of a sequence of a subspace Uj,
whose capacity is asserted as a scaling function of the MRA subspace U; . It can be casual by

expecting that a set of function {(po’nva (t)} , 10 be the Riesz basis of the subspace is expressed as

ne

Uy = {Za[n]%,n,a (t) [a[n]e |2[Z]} (4.2)

nez

Thereafter, the set of modulated function {(po'n'“(t)}nez will be the Riesz basis of subspace U; of
L*[R] and is proved as Theorem 4.1.
Theorem 4.1: A set of the continuous-time modulated function {<p0‘n,a(t)} . is the Riesz basis of

nNe

subspace uz of L’[R], if there exists constant 0 <A< B < o0, such as

A< 5‘[;(1(1, v) <B, Vrt,vel (4.3)
- %
where, VM (AY) :( Z |®(tsina +27k, vesca +2nk)|2j (4.4)
k=—0

and holds the condition

<o (4.5)

K+l

0< ‘ Hy,o (T,V)

‘k < ‘.%q),a(’t,V)

and o(tsina,vesca) be the FrST of the scaling function ¢(t) , where the argument is scaled by sina

and csca. with time axis and frequency axis respectively.
Proof: For any X(t) € U, by (2.31) and (4.2) gives
x(t) = X" aln]eg,, (0 = a[n]@.o(t) , a[n]el’[Z] (4.6)

nez

Taking the FrST of x(t),

X*(t,v) = 2 a [n]o(tsina, vesca) 4.7)
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where, &,[n] and ¢(tsina, vesco) is DTFrST of a[n] and the FrST (with argument scaled with
csca and sina in frequency and time domain) of ¢(t) respectively. Thereafter, by using
Parseval’s formula of FrST

||X(t)||i2 = ||Xa(r,v)||i2 = 27:”|5u[n]|2|(p(rsina,vcsca)|2dvdr (4.8)

Since, the DTFrST has the chirp periodicity with period 2kasino.where, k € Z therefore

||X(t)||i2 =2n Z J. |€1a[v+2k7tsinot]|2 |p(Tsina+2km, VCSCOL+2kTC)|2 dv (4.9

keZ |

Hence, (4.9) is rewrite as

||X('[)||2|_2 = 27t.|-|e~1m[v]|2 I, (Tv)dv (4.10)

The Parseval’s formula of the DTFrST is given as
latnly. = >"[ain]* = [|a, VI dv (4.11)
nezZ 1

and then using (4.3), (4.6), (4.10) and (4.11), results into

= B|a[n]||’ (4.12)

LZ

Allan]l’ <

> alnle,,,, (1)

nez

It follows from (4.12) and the properties of Riesz basis for Hilbert space (as section 4.2.3), that the

modulated function{(poln_a(t)} ) is a Riesz basis of a subspace Ug of L’[R]. It has also produced an

ne

orthonormal basis of the subspace U; spanned by{(po_nya(t)} ) if A=B =1, whichare proved in the

ne

subsequent theorem 4.2.

Theorem-4.2 Suppose that {U,},_, is an MRA of the FrST belonging inL’[R], and modulated

function {(po,,w(t)}neZ is the Riesz basis of U; with bounded as 0 < A<B <oo.

¢(tsina, vesca)
Ky (T, V)

Suppose, O(tsina, vesca) = (4.13)

where, ®(tsina, vesca) IS FrST (with its argument is scaled by sino and csca in time axis and

frequency axis respectively) of the function 6(t) belonging in L°[R]. Then the function

(42 _ A2
000 (t) =0(t-1) exp[— it 2‘” )cotaj forms an orthonormal basis for subspace U; .
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Proof: From the above theorem, if A=B=1, then the modulated function {g,,,(t)| _is an

orthonormal basis function of subspace Ug, therefore 5 ,(t,v)=1. Then applying (4.13) gives
0(t)= o(t) . Hence, {(Ponwx(t)}nez be an orthonormal basis function of subspace U;, if A=B=1.
2

Otherwise, suppose 6(t) belonging in L’[R] Withe(t)exp(-j%cota] € Uy . Thereafter, there

exists sequence {a[n]} _ belonging in 1°[Z] written as

ne

2
G(t)expL—j%cotaj = Za[n](povn’u (t) (4.14)
nez
. 2 sr42 2
9(t)exp{- th)cota] = Za[n] ¢o(t-n) exp(- %cotaj (4.15)
nez

Taking the FrST in both sides of (4.15) results in

2
O(tsina, vesca) = Za[n]exp(j(n?cota - nvesca))D(tsina, vesca) (4.16)

nez

®(tsina, vesca) = N Z(tsina, vesca)D(tsina, vesca) (4.17)

where Z(tsina, vesca) be the DTST (with its argument scaled by sino. and csca with time axis and

frequency axis respectively) of a[n]exp( j(”_zcota)j and it is periodic with 2msina. Then using
2

(4.17) and (4.13), results in

1
E(tsina, vesco) = ———— 4.18
J2n Hoa(T,V) (4.18)
Since Z(tsina, vesca) is periodic with 2asina, then applying (4.17) into (2.32), results in
O(tsina+2km, vesco+2km) = N Z(tsina, vesco)P(tsinat2k, vescot+2km) (4.19)
Thereafter, squaring on both sides (4.21), results in
|®(rsin(x+2kn, VCSCOH‘2kTE)|2 = 2n|E(rsina, VCSCOL|2 |<D(tsin(x+2kn, VCSCOH‘2kTE)|2 (4.20)
Then summing for all k on both sides of (4.20) gives
ﬁ’[ei (t,v) = 2n|E(rsina, VCSCOL|2 I qfu (T,v) (4.21)
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%
where, %, . (x, V):(Z|®(rsina+2kn, Vcscoc+2kn)|2j . Substituting (4.18) into (4.21) vyields,

keZ

Hp, (T, v) = 1. Then, it follows from theorem 4.1, that the modulated function {6,,,(t)} _ formsan

ne

orthonormal basis for subspace U;, which is justified by the theorem 4.2.

4.4. Construction of orthonormal FrST from an MRA

The establishment of an orthonormal FrST from an MRA is basically associated to the FrST.
Defined a basis function for the subspace {Mﬁ}kezwhich is orthogonal component of Uy inUy,,,
defined as

My LU; ; U, =M;®U; (4.22)
where the symbol 1 means ‘orthogonal to’ and @ means ‘orthogonal sum’. Then, using the
definition of MRA, following condition for MRA with FrST will exist.

@  MILIME V=l

b))  L[R]=0,M

o (20)*-t? o
(c) X(t) e My < | x(2t)exp| ] i cota | |[eM,,,, VkeZ

The condition (b) can establish an orthonormal basis for L’[R] by obtaining an orthonormal basis
function for subspace M}, (c) indicates that the task of establishment is abridged to find out the

orthonormal basis for M¢ . So, the main aim is to establish a function o(t) belonging in L*[R] that

j(t*-n’)
2

IS, 0,0 (1) = @(t-n) exp[- cota] forms an orthonormal basis function for M; . For simplicity,

suppose the chirp-modulated form of a function p[n]is expressed as
ifnY
p,[n] = p[n]exp[zw J (4.23)

Since ¢,,,(t) e Uy c U} and {(plyn’a (t)} . be an orthonormal basis function for subspace Uy, then

ne

there exist coefficients{y[n]} _ suchas

ne

Poo. = Z y[n] Pina (t) (4.24)

nezZ
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Therefore, similar to the concept of (4.16) and (4.17), which provides

2 2
(p(t)exp[-j%cotaj = Z ya[n]\/z (p(2t-n)exp[-jt?cotocj (4.25)
nez
Using the FrST on both sides of (4.25) results in
®(tsina,vesca) = A[Vcscajd)[ TSino. , Vcscaj (4.26)
2 2 2
vescol 1
where, A = Jnlexp(-jnvesca 4.27
(2 j\EéYH p( ) (4.27)

Hence, since the FrST function ¢,,,(t) e Mg € U}, there must be coefficients y[n]belonging in

I?[Z] such that

Poou (D =D 2[n],,, (1) (4.28)
nez
Therefore, similar to the concept of (4.16) and (4.17), which gives
t? t?
\p(t)exp(-jzcotaj = Zza[n]x/E(p(2t-n)exp[-jEcotaj (4.29)
nez
Using FrST on both sides in (4.29) gives
Y(tsina, vesca) =T ( VCSCaj(D(rsmoc , VCSCG] (4.30)
2 2 2
vCsCa 1
where, r =— -j 431
( 5 j 7 éza[n]exp( jnvesca) (4.31)

Thereafter, the next aim is to verify whether the A(vcsca)and I'(vesca) are periodic with a

period 2znsina and belonging in L*[1]. Since{(povnya(t)} , Is an orthonormal basis for subspace U,

ne

by Theorem 4.1, it can be expressed as

> |@(rsina+2k, VCSC(X+2kTIZ)|2 =1 (4.32)

keZ

Likewise,

Y |w(tsino+2k, VCSCOH‘2kTE)|2 =1 (4.33)

keZ

Then, substituting (4.26) into (4.32) results in

1=> |o(tsina+2km, VCSC(X+2KTE)|2 (4.34)

keZ
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2

2 .
— Z A( VC;CU. +k1tj‘ ‘(p ( 1751211(1 +kTC, VC;C(X +k7tj

2

2

2 .
Z A[VC;CG +2|nj‘ ‘(p(’CSIIlOL i, VC;C(X +2|7tj

2 2

VCeSsca

+2

leZ

‘A( VC;C(X) (TSII’I(X +2|7T,, VC;C(X +2|7‘Cj

2
. ‘A(vczca +nj

Using (4.34) in (4.37) yields

A(VCZC“ +(2|+1)nj

(p(TS;na +Q2l+1)x, +(2|+1)nj

2 2

Do

leZ

2
vesca

Do

leZ

(“12“% Ql+1)x, +(2|+1)nj

|A(VCSCOL)|2 +|A(VCSCOL+TE)|2 =1
Similarly substituting (4.30) into (4.33), results into

|F(VCSC(I)|2 +|F(Vcsca+7t)|2 =1

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

Moreover, since M; and Ugare an orthogonal basis inU; hence, {v,,,(} _and{g,,, (1)} are

orthogonal function that is
(Pona(®: Woma®),=0; ¥V (n,m)eZ
Subsequently, the FrST of these function can be expressed as

s {(po’n’a(t)} (t,v)= N K, (v,n)@(tsina, vesca)

s {‘I’o,m,a (t)} (t,v) =21 K, (v,m)@p(tsina, vesca)

Then applying (4.39), (4.40), (4.41) and Parseval’s theorem of FrST results into

m? , .
cota] I ¢(tsina, vesca)y (Tsina,vesco)
R

0= <<Po,n,a(t),\vo,m,a(t)>Lz = exp(j i

exp(-j(n-m)vesca)dv csca

(4.40)

(4.41)

(4.42)

(4.43)

Since A(vesca)andI'(vesca) are periodic with 2nsina, inserting (4.25), (4.28) in (4.41), results

into

VCSCa. | _«[ vCSca
o~ IS5
i 2 2

2
exp(-j(n-m)vesca)dv csca

(tsina Vcscaj
2 7 2
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2

exp (-j(n-m)vesca ) dvesca (4.45)

_ e fyesea ) L ((vesca
= Z J' A ®
2 2

I€Z  Almsina

TSina I, vesea
2 2

e Cvesca ) . vesca .
I A 5 r 5 |exp (-i(n-m)vesca)dv csco (4.46)
0

Iexp (-j(n-m)vesca) csco{A ( chca j r ( vesea j +A( VCZC(I +n] r ( chca +nﬂ dvesca  (4.47)
|

2
Therefore, which obtained

A(vesca)I™ (vesea)+A (vescatn) I (vescatn) =0 (4.48)
Hence, A(vesca) and I'(vesca) are periodic with a period 2zsina and belonging inL°[1].

Subsequently, prove that, if y(t) = Zya[n]\/z(p(ﬁ-n) then the set of functions is an orthonormal

nez

basis for M3, if M (vesca) is a unitary matrix.

Theorem-4.3 If y(t) = > y,[nIV2 ¢(2t-n) be the set function {v, (6} , is an orthonormal basis

ne
nez

of functions for the subspace M, if M(vcsca) IS a unitary matrix that is
M (vesca)M¥ (vesea) = | (4.49)

where, 1 and p are represent the identity matrix and conjugate transpose respectively.

M (vesca)=

A(vesca) A(VCSCU,‘HI)} (4.50)

['(vesca) I'(vescatm)
Proof: Since A(vcsca)and A(vesco+r) should not disappear together in a set of non-zero quantity

due to (4.38), (4.48) implicit the existence of a 2nsina periodic function y(tsina, vesca) SO that,

I (vesca) = y(tsina, vesco)A(vesco+ ) (4.51)
where, y(tsina, vesca) = exp(jvesca ) §(2tsina, 2vesca) (4.52)
and y(tsina, vesca) + y(tsina+m, vescatm) =0 (4.53)

where, &( 2tsina, 2vesca) is 2msina. periodic. Then inserting (4.52) into (4.51) gives
I'(vesca) = exp(-jvesca) & (2tsina, 2vesco)A” (VESCorH) (4.54)
Choosing, &(tsino, vesca) = exp(jNvesca), N e Z then (4.54) can be written as

I'(vesea) = exp(-j(2N+1)vesca ) A" (vescartr) (4.55)
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Hence, (4.27), (4.31) and (4.55), gives

y.[nl= (-1)" X [-n+1+2N] (4.56)
With suitably chosen N e Z , (4.56) gives

Yol = (-1)" x;[-n+1] (4.57)
Example: Suppose o(t) = y,,(t) , where the characteristic function [a,b) is represented by Xy () -

In this case, 9, (t,v)=1, which means the modulated function {¢,,,(t)} _are orthonormal,

ne

hence by (4.25) it can be driven as

1 _
X[l = V2 o’ Grmai=y 2" "7 (4.59
R 0, else
Therefore,
1
—_, =0
\/E n
=(-1)" X [-n+1] = % =1 (4.59)
ya[n]—(') X, [-n+1] = ﬁ n=
0] else

Consequently, using (4.29) results in y(t) = X }/)(t)— %y, 1)(t).
A A
4.5 Summary

In this chapter, the time-frequency representation of MRA on the idea of inner product space and

Reisz basis in Hilbert space is described. MRA for FrST is well-defined as an arrangement of the

closed subspaces,{U:},_, Where, U? cover the entire square-integrable real space L’[R], with some

properties.

It is proved that a set of the modulated function {(po_nya(t)} , is the Riesz basis of a subspace U; of

ne

L’[R] an orthonormal basis of the subspace Ug spanned by{(po_n‘u(t)} , if A=B=1.

ne
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CHAPTER 5

PROPERTIES OF FRACTIONAL S-TRANSFORM

The generalization of ST is known as fractional ST (FrST). The FrST exclusively combines the
frequency dependent resolution with absolutely reference phase information, therefore, the time
average of FrST equals to the FrFT spectrum. The FrST is instantaneously estimated the local
amplitude and the local phase spectrum, whereas a fractional wavelet method is only proficient of
providing the local amplitude or power spectrum. It autonomously gives the positive frequency

spectrum and negative frequency spectrum.

5.1 Proposed properties of fractional S-transform

Based on the survey, few properties of FrST have been already documented in the literature [15]
which are given in chapter-2 of the Table-3. However, few properties like, convolution theorem,
correlation theorem, Parseval’s theorem and Sampling theorem for FrST have not been
documented till now. Thereafter, the mathematical identities and proof of these properties are

undertaken in the next sections.

5.1.1 Convolution theorem for fractional S-transform

Definition: If z(t) represents the weighted convolution theorem of two functions x(t) and y(t) ,

written as

(vesca)?
2

2(t) = B, JZ X(E)y(t-&) exp[—(t(t-r)Jrr E-2E(t-E)- %J[ J+ jn{v2-2§(t-§)}c0ta]dz’; (5.1)

where, B, =4/1-jcota . Then the convolution theorem of FrST can be well-defined as

(vesca)?
2

2(t) =B, [ x(©) y(t-&)exp(-{r(t-r)ﬂ a—za(t-&)-%}[ j+ Jn{vz-zéa-é)}codea

56{
= \/% X“(l, VjY“(%, VJ

|vescal 2

(5.2)

where, FrST is denoted by s*.
Proof: The FrST of z(t) may be obtained as
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|VCSC(1| ( ~(t-t)* (vesca)?

Z%(t,v) = Bj (t)\/_ ;

Substituting (5.1) in (5.3) results in

Z'(tv)=B,[ {B [* x@ye g)exp[ {r(t DT E2E(t-E)- —}((VCSZC“)J n{ V2t g)}cotaJdg}

j exp(jn{(v2+t2)cota-2vtcsca})dt; aznn (5.3)

(5.4)
|V\7;_:1| exp ( xta) (;lcsca) ]exp ( jn {(V2 +t? )cota—2vtcscoc} ) dt
Rearranging the terms in (5.4) results into
B, B, |ch@| (i x(a)y(t-g)exp[ {r(t OFTEDE(E)- HMJ n{vE-25(t- &)}cotaj
- S : (5.5)
exp( (t-t)? 2 (VC sca) ]e p( jn{(V2+t2)cota-2vtcsca})d§dt
Substituting, t- &= and dt=dxk in (5.5), gives
] B,B, |Vj%‘| j:{j_ix(a)y(@exp( {r(wg HTE2E(K)- }@ n{v? 2§(K)}cotaj} oo
exp(( K-E)? (vesc “) J xp( jn{(v2+(K+<§)2)cota-2v(1<+§)csca})dzgdK
|vesca p= | pe ﬁ 2. p2 (vesca)?
_ B,B, Ton J._w{j_wx(é)y(K)exp(—{z +K“+E -TK t&}(—z D} -

exp(jn{(V2+K2)cot(x - ZVKCSCOL})GXP( jn{(v2+§2)c0tot - 2V§csca})d§ dx

|vesca pe pe 1:_2 2. (vesca)’ (vesca)’
S ot ol )

exp ( jn {(V2 +i? )cota-ZVKcscoc} ) exp ( jn {(V2 +E? )cota-Zv&CSCa} ) dédk

Rearranging the terms and operators (5.8) results into

|vescal (vesca)? . 2, L2
WBQI X(&)ex ( [2 éj 5 ] xp(]n{(v +& )cota-2v§csca})d§

) 2 5 (5.9)
Bajiy(‘()exp(—(%_](j (VCSZ(:a) JeXP(jn{(V2+K2)COt(1—2VKCSC(X})dK

By using the definition of FrST, (5.9) converts to
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n xa(%,vjw(%,vj (5.10)

- |vesca|
Thus, the proposed convolution theorem for FrST will be

(Vcsca)

> + jr{v-2¢(t- a)}cota] de

6& ,
= 2 X [E,VJYG(E,VJ
|vescal 2 2

That means a time-domain weighted convolution of two functions gives the multiplication of these

2(t) = Bj X(E)y(t- &)eXp(-{T(t-T)ﬂ% -28(t- &)-—}

function in FrST domain.

5.1.2 Cross-correlation theorem for fractional S-transform

Definition: If z(t) represents the weighted correlation theorem of two functions x(t)and y(t),

expressed as

(vesca)?
2

z(t) = Bj X (é’;)y(t+<‘;)exp(-{rt DTER2E(t- &)-—} +jm{v? +2§(t+§)}cotajd<§ (5.11)

Then, the cross-correlation theorem of FrST can be stated as

(vesca)®
2

<;> Von X (E,VJY" (E,vj
|vescal 2 2

where * represent complex conjugate and B, = 4/1- jcota. .

z(t)=B I X (&)y(t+§)exp(-{rt 2TER2E(L-E) - —} {V +2§(t+§)} cotot}défJ

(5.12)

Proof: The FrST of z(t) can be expressed as

|vcsca|

Z'(t,v)=B I z(t) \/7 (( 1) —— (Vcsca) Jexp(jn{(V2+t2)cota-2vtCSCa})dt; a=nr (5.13)

Substituting (5.11) in (5.13), results into

(vesca)®

Z'(x,v)=B,B j j X (g)y(t+§)exp£-{n 2r§+2§(t+§)——} +jm {V2+2§(t+§)}cotaJ

(5.14)

2 2
lvescal exp ( -(t-t) (;’CSC“) j exp ( jr{(v*+t*)cota-2vtesca} ) d&dt

J2n

Substitute, t+ £=wxand dt=d« in (5.14), results into
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\

CSCal| p= o
BB, [ ] x (&)y(@exp(-{r(x-&)ar&z@c-

2 2
%}@nL Jm {V2 +2§1<} cotaj

(5.15)

eXp(-(r-w&); (vesca)?

J exp ( Jr{(v?+(k-E)*)cota - 2v(k-E)csca} ) dédk

Thereafter, it is rewrite, result into

B.B. |V\7?| Jm ro X (&)Y(K)GXP(-{T—ZZ +K2+§2-TK-T§} (Vcs2ca)2 ]exp( jm {V2+2§1<} cota)
= 7T TR0

(5.16)
exp( jm{(vi+i® +&7-21E)cota-2v(k-E)esca} ) dédi

|vesca| p= pe « T 2(Vcscoc)2 T Z(VCSC(I)Z
_ BB (&)y(vc)exp(-{z K} — Jexp( {2 &} 2 ] (5.17)

exp ( jr{(v*+x*)cota-2viesco} ) exp ( Jn{ (V2 +(-&)*)cota-2v(-E)csca ) dédk

Rearranging the terms and operators (5.17) converts into

lvescal =« “( )’ 2 2
Jz—: B.] p'® exp(-{%-&} = JeXp(Jn{(V +(-6)")eota-2v(-E)esca} ) d

(5.18)

BGJ: y(K)CXp(-{%_K} (VCSZCOL)ZJ exp( jm{(v*+x*)cota-2vesca} )i

By using the definition of FrST, (5.18) convert into
= ﬂX“ (3 ,ij“(l,vj (5.19)
|vescal 2 2
Thus, the proposed cross-correlation theorem for FrST is

2
(vesca) 4

> Jn{V2+2§(t+§)}cot(x}d§
; \/E X“[I ,ij“ [%vj

|vesca| 2

2()=8,[" x*(&)y(t+é)expf-{rt-zr a+2é(t-a>-§}

It means a time-domain weighted cross-correlation of two functions gives the multiplication of

these function in FrST domain.
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5.1.3 Parseval’s theorem for fractional S-transform

Definition: It states that energy possessed by the signal does not change once the signal is

transformed from time to frequency domain as
[ x@[ dt=["[X, )| dv

Proof: Considering the expression of IFrST x(t) is expressed as

X(t) :J._O;{ J._Z X(T,V)d’c} k. (t,v)dv
Similarly, taking the complex conjugate on the both sides of (5.21) gives
X'(t) = .[:“_i X' (z,v) dr} k, (t,v)dv
Now, the left-hand sides (LHS) of Parseval’s theorem can articulate as

[" xx ®de= [ x j“;{ J.ix*(r,v)dr} k(6 v)dvd

(5.20)

(5.21)

(5.22)

(5.23)

Now, using the property of convergence of ST into FT, once the ST is integrated w.r.t. ‘T, that is

X (V) = J_w X (t,v)dt
Substituting, (5.24) into (5.23), and rearranging the terms

["xox odt = [ x’;(v){ [ x ka(t,v)dt} dv

[ xx ®dt=]" X ) X,(v)dv
where, X, (v) is denoted by the FrFT of x(t). Thus, it can be also inscribed as
J.i|x(t)|2 dt = ji | X, (v) |2dv
Hence, it is validated that energy is preserved even after transformation.

5.2 Sampling theorem for fractional S-transform

If the highest frequency enclosed in a signal x(t) is v,,

X

(5.24)

(5.25)

(5.26)

and the signal is sampled at a rate

v, >2v. . then x(t) can be exactly improved from its sample values using the interpolation

function. In reconstruction, predetermined rate allows the reconstruction of the continuous-time

signals from the sampled signal. The notations and definitions used in the derivation of the

proposed theorem are, Ris set of a real number, 7 is set of integer, z* is positive integer set,
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L'[0, 2] is the space of integral function in [0,2x], L?[R] is an space of square integral function in R
,L7[0,2n] is the space of integral function in [0,2x]and 1% [Z] is entire space square summable
sequence in 7. Continuous-Time signals are represented by parentheses, such as x(t),teR and

the discrete signals asc[n], n € Z . The product of the two continuous-time signals x(t) and y(t) in

L2[R] is expressed as(x, y)Lz =[x(®) y" (®dt . Similarly the sequences a[n]and b[n], inner product
IR
in 12[z] is expressed 8S(ab)2 = > anlb [n]- Therefore the L*-norm is denoted by
nez

||x||i2:<x, X>L2 and the 1°-norms is denoted by ||a|||22:<a, a>|2. Suppose, Hilbert space is

represented by ¢ and its complete set of function is{\yn(t)} . The set of function is the Riesz basis

nez

for 0<A <B<+oosuch that Allalnll®, <Il 3 aln] vy O, <Bllalnll%,; aln] < 17[2][93-95]. This
L nez L I

equality holds, if basis function is orthonormal, that is, when A=B=1 exist [90-94]. For the
assessable function x(tyon R, suppose, |x(t)[, is the essential Supp | x(t)| and |[x(t)||, the essential
Infim | x(t) | where, Supp and Infim is represented the Supremum and Infimum respectively and

the characteristic function of a subset D c R is expressed as

_J1, xeD
&D(X) ) {0, otherwise (5:27)
The discrete-time FrST (DTFrST) of x[n] € I’[Z] is expressed as
X (v =5° {xn]} (v,n) = 3 > x[nlk, (v,n) H, (n,v,v") (5.28)

neZneZ

where, §¢ represents the DTFrST and X, (.,.) is a kernel of FrST in chapter-2 section-2.4, give the

expression of ,(v,n) and H,(n,v,v') in discrete form. If a =§, the DTFrST reduces to the

DTST. The inverse DTFrST (IDFrST) is expressed as

x[n] = j j X, (v,n) &, (vV,n)H? (m,v,v')dv'dv, 1=[0,2nsina] (5.29)

From the expression of « (V,n) and (4.28), results in
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X, (v,n)exp(-jnv® cotar) = > " a[n]exp(jmn’ cot o) exp(—j2nv'ncsco)H;, (m, v, v') (5.30)

neZneZ

where, a [n] = B_x[n]. Inserting the expression of «_(v,n) into (5.29) gives

a[n]= 1 ”)?a(v,n)exp(—jnv'zcotoc)exp(—jnnzcota+j2nv'ncsc:oc)Ha(n,v,v')dvdv' (5.31)
2nsinao

If )~(a (v,m)is belonging in L?[1], then its multiplication with the chirp function exp(—jnv*cota)

is also belonging in L*[I]. Here (5.30) and (5.31) implies that the function is a set of L?[I] in the
FrST domain.

A multiresolution analysis (MRA) with its properties associated with the FrST is discussed in

chapter-4, and also included the analytical proof of a set of function {(poyn’a(t)} ) is the Riesz basis

ne

of a subspace U, of L[R], if there exist the constants 0 < A < B <+, such that

AS.%@%a(T, V)<B, V vtel (5.32)
where,
- %
Koo (T, V) = (Z | @(tsina+27k, VCSCa+2nk)|2j (5.33)
k=-0

This ensures that following condition exists

<o (5.34)

k+1l

0< Hﬂ’(wgar, V)Hk < Hf}’[(p,a(r, V)

If ®(tsina, vesca) be the FrST of fractional scaling function o(t), where the argument is scaled

by csca and sina. for frequency and time axis respectively. Then ¢, (, v) is periodic with 2zsina
, which is also belongs in L'[1]. The ¢(t) is orthonormal if A=B =1, i.e. 3., v)=1 where,veR
and each U; is called a multiscale subspace of FrST.

A fractional scaling function o(t)is called orthonormal, if {o, . (1)},., forms an orthonormal

basis of U, . Suppose, function ¢(t) is a fractional scaling of the MRA {U‘;‘}keZ then {o,, . (O},
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be the Riesz basis of Uy . Since, {9, ,(1)},., € U; < U7, then exists a sequence g[n] which is

set of 1°[Z] such as

o0

Pooq (D) = z glnle, . (®) (5.35)

n=—o0

For simplicity, define as [106],
k
Bena (D) = 22¢(2kt-n)exp[jn{t2-(%)Z}COwLJ (5.36)

Let, S; = Ug; © Uy be the compliment of Ug inUy, and ¢(t) e L’[R]such as ¢, (t) is set of S;.

Then, exists a sequence p[n] which in the set of 17z} such as

oo ®© = 3 PINg,, (0

If {o, .}, be the Riesz basis of S§ and ¢(t) are a fractional function of MRA{U‘;(‘}

keZ

Hence, for any x(t) e Uy,, =S; @ Uy, there must be b[n] and c[n] is set of 12[z] such as

X(®) = >_bINloy,, (0 + D _clnld,. () (5.37)

nez neZ

where, c[n] is the fractional ST coefficients of x(t)in S, . Subsequently, considering

®(tsina, vesca) = CD( e , vese J A( Ve (5.38)
2 2 2
Y(tsina, vesca) = (D( 1:512n(x , VCZC(X ] F( VC;COL j (5.39)

where, ®(tsina, vesca)and W(tsina, vesca) is the FrST of ¢(t) and ¢(t) respectively, with its
arguments, is scaled by sino. and csca for time axis and frequency axis respectively, and the

function A(vecsca) and I'(vesca) is written as

2
A(vesco) = 1 Z g[n]exp(j2mnvesca)exp| jn D cota (5.40)
\/E nez 2
2
I'(vesca) = 1 > plnjexp(j2mnvesca)exp| ju N cota (5.41)
\/E nez 2
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are defined in L°[1]. For any y e Z* U {0}, iterating (5.38). It results

) {2Y (rsinot,vcsca)} =Y, (v)®(tsina,vesca)

where, Yy(v)b=1and Y (v)= Hz;loA(Tvcsca) for y>1. Itis simple to validate that

Y, (v) =Y, (v+2rsina) € L[1]

and defining E, =sup Y, (v) i.e. supremum of Y (v)gives

-1
E, =[ |supA2'vesca), fory=>1

Y

<

Il
(=}

Since,

sup A(2vesca) = % sup A(vesca)

It can also be rewritten as

v-1
E, = Q%SUDA(VCSCG)
and defined as

o, {2y (tsina, VCSCG)} 2> ®2'sina+2" 'k, 2"vesco+2" k)

keZ

Adding (5.38) and Poisson’s summation formula of the ST results into

d)y {ZY (tsina, Vcsca)} =Y, (V)Z O(tsina+2km, vescot2ka)

keZ

(i)Y {2y (tsina, vcscoc)} =T, (v)®(tsina, vesca)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

where, ®(tsino, vesca) represents the DTST of ¢[n], which is sampled form of o(t) with the

argument is scaled by csca and sina. for frequency and time axis.

The sampling of the sequence in subspace Uj is obtained by using a stable generator function ¢(t)

and Gaussian function g(t,v), defined as a set in L°[R]. Its function space is defined as

X(t) = > xInJo(t —n)g(t, v)exp(~jm{t* - (n)*}cot o)

nez
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where, x[n] is a sequence defined in the setl’[Z], g(t,v) <1 and g(t,v) eRR. x(t) and g(t,v)

belong to L’[R]. The x(t) can be considered as pointwise converges because

| 2 xInlo(t —n)g(t, v)exp(~jn{t* — (n)}eota) [ < (ZI X[n11* )l e(t=n) [ > lg(t,v) Izj (5.51)

Hence, without loss of generality, any continuous function x(t) e U; can be carried for the

sampling. The sampling theorem for FrST is defined in Theorem-5.1.

Theorem 5.1: Suppose a generator function ¢(t) and g(t,v) belong to L’[R], be the fractional

scaling signal of MRA {U, },_, related to FrST and its sampling sequence ¢(n) is an integer of

o(t) belongs in I’[Z] . Then a continuous functions(t), which is in L’[R], can be defined with

2
s(t)exp(—j%cota) e Ug such that

xty=3 x[;] s(2't — m)g(t, v) exp(—jr{t? — (g)z}cot a) (5.52)

meZ
where, vy € Z"U{0}and Vv x(t),g(t,v), are set of Uy . Equation (5.52) holds if

1
\J2rd(tsina, vesco)

Io, (tV) € L[] (5.53)

Also, the interpolation function s(t) in (5.52) contents

d(tsina,vesca)
J2rnd(tsina, vesco)

S(tsina,vesca) = , Vv,teD, (5.54)

where, S(tsina,vcsca)and d(tsina,vesco) represent the ST of s(t)and ¢(t) with argument

scaled by csca and sina. for frequency and time axis respectively.

Proof: Assuming (5.53) to be true, ®(tsina, vesca) =0,V v, tis set of D, . Using (5.29), it can

be assumed that there exists the sequence x[n] such that

1 N . .
= T,V) = a[n]exp(jnn® cota)exp(—j2nv'ncsco)H, (n,v,v') (5.55
\/%d)(rsinoc,VCSC(x)XD"’( ) ZZ% [n]exp(j )exp(—j H;, (n,v,v') (5.55)
belonging in L*[1]. Since ®(tsina,vesca)is periodic with a period 27sin o then (5.55) can be
rewritten as
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J-l d(tsina,vesca) Yo, (0V) Py = ZZ | d(tsino + 2km, vesc o+ 2km) lszv (z.v)dv (5.56)
R

J2nd(tsina, vesca) kezkez \J2nd(tsina, vesca)

Substituting, (5.33) in (5.56), then the above equation can be expressed as

®(tsina, vesca) ) G2, (t,V)
= V) [fdv = — ,Vv)dv (5.57)
,3[' N2nd(tsina, vesca) X, (2V)] '!.| \2nd(tsina, vesc o) |2XD" (V)
Using (5.34) and (5.57), it can be established that
1

d(tsina,vesca
- Lo V)PV < 192,V | %o, (1,V)0V (5.58)
R

N2nd(tsina, vesco) ’ || 2nd(tsina, vesca) |2

ie. q)(fsm(_x’vcsca) %o (1,V) € L’[R] thus, it can be derived as
\J2r ®(tsina,vesca)

S(tsina,vesca) = S{s(t)}(tsina, vesca) (5.59)
- d(tsina,vesca)
Xo, (V) \/ﬁCD(rsin a,VCesca)
where, & is ST operator. Further, it can be rearranged as
d(tsina,vesca) %o, (t,v) =/2n S(tsina, vesca) d(tsina, vesca) (5.61)

Substituting (5.55) into (5.60) gives
S(tsina, vesca) = d(tsin (X,VCSC(X)ZZX[n]eXp(ijZ cot o) exp(—j2nv'nesca)H; (n,v,v') (5.62)

neZnez

Thereafter, evaluating the FrST of the modulated signal in terms of ST [15] i.e.
5°{s(t) exp(—jmt? cot a)}(v, 1) = v/2rA exp(jnv? cot o) S{s(t)}(tsina, vesco)  (5.63)
Substituting, (5.59) and (5.62) into (5.63) the FrST of modulated signal can be stated as

5°{s(t)exp(~jnt? cota)}(t,v) = V2nd(xsina, vesca) > > aln]x, (v,n)

nezZnez

= 21 A_(1,v) ®(xsina, vesca) (5.64)

where, A_(t,V) represent the DTFrST of a[n], as defined in (5.28). Subsequently, taking the

IFrST in both sides of (5.64) the modulated signal can be obtained as

s(t)exp(—jmtcota) = D ¢(t —n) a[n]exp(—jr(t* —n*)cot o) (5.65)

nez
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where s(t)exp(—jnt® cota) belong to Uy |, such that ¢(t—n)exp(-jn(t* —n*)cota) is the Riesz basis
of subspace ug. Now adding (5.61) and (5.44), results into
Y, (V)@(tsina, vese oc)ny (V) =1, (v)\/ﬂ S(zsina, vesca) d(tsin o, VEsca) (5.66)

Then, using (5.42) and (5.48) into (5.66) and scaling by 27 it gives

TSina vesco
o ) (5.67)

D(tsina,vesca) =+/2n ® (tsina,vesca) S(

Now, using the Poisson’s summation formula of the ST from [96-98], (5.67) can be written as

- . n . m
@, (zsina,vesca) =27 o[ -] exp(—12n§v050a) (5.68)

nez

Thereafter, taking the IST on both sides of (5.68) results into

o(t) = zq)[%] S(2't—n) (5.69)

nez
However, if any function x(t) is belonging to U%, then there exists a sequence d [k]defined in 1?[Z]

like as

x(t) = 3" d[k]o(t — k) exp(~j(nt? - k%) cot o) (5.70)

keZ

Substituting (5.69) into (5.70), results in

X(t) = Zd[k]Z(p(%) {2 (t — k) — n}exp(—jn(t? — k) cot c) (5.71)
Assuming, n=2"k+min (5.71), results into
x(t) = > S(2't + m)> d[k] (p[% — K] exp(—j(rt? — tk?)cot o) (5.72)

From (5.70), it may be stated as
x[n] =" d[k] ¢[n — K]exp(—j(mn* — mk*)cota) (5.73)

keZ

Therefore, x[n]will be a function belonging to I?[Z] because it is defined in terms of d[n]and
¢[n] which belongs to 1?[Z] sequences. It satisfies the condition of convergence, i.e.

x[n]—>0 as,|n|—>w (5.74)
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Suppose, A, (r,V) represents the DTFrST of d[k]. Since A_(t,v)and ®(tsina,vescay)is set of
L'[1], therefore,

2nexp(—jnv® cot o) L[] (5.75)
J1- jcoto

A, (t,v) ®(tsina, vesca)
Now, evaluating the Fourier coefficients of the function in (5.75) can be obtained as

csca
27

nexp(—jmv? coto)
J1-jcota

J.Au (t, V)P (tsin a, vesco) 2 exp(jnvcscao)dv (5.76)
|

Substituting the expression of A_(t,Vv) in terms of d[k] in above expression results into

S [ dk(ssina. vesea)x, (vK)exp(-jmv* cotcexp(izmnesea) dv - (5.77)
J1-jcota

| keZ

After substituting the expression of kernel factor «_(v,Kk) in (5.77), it can be solved as

> d[Kle[n — k]exp(jmk® cot o) = X[n]exp(jnn® cot ar) (5.78)

keZ
Substituting, n — % in (5.73), results into

x[%]=2d[k]<p[1 k]exp(—jn{(%)z—kz}cota) (5.79)

- —
keZ 2

However, if (5.79) is substituted into (5.72), it gives results in (5.52). This actually proves the
proposed sampling theorem presented in (5.52). Suppose, s(t)is a set defined in L*[R] with

s(t)exp(—jnt®cota) e Uy such that (5.52) holds in L°[R]. Since @, ,(t) e U; vnez, therefore,
Poo.(Dis set in Ug which results in o(t)exp(—jnt’cota) e Us. Thus, substituting

p(t)exp(—jrt®cota) e UY forx(t) in (5.52) gives

o(t)exp(~jnt’ cotar) = 3 (p[%] S(2't + m) exp(—jrt? cot o) (5.80)

nez
Determining the FrST of (5.80) results into

tSino. vesco
20 2

®(tsina, vesca) =+/2n @, (tsina, vesca) S ( ) (5.81)
This can be modified by using scaling operation as
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®{2'(tsina,vesca) | =2 @, {27 (tsina, vesco) }S(esin o, vesca) (5.82)
Thereafter, using (5.42) and (5.49) into LHS and RHS of (5.82) results in
Y, (V)®(tsina, vesca) = Y, (V)y/2m @, (tsina, vesca) S(tsino, vesco) (5.83)

This proves the expression of interpolation function, as defined in (5.54). But this is valid for all

v,teD,, thus (5.83) can be written as

®(tsina,vesca) 2o (1) (5.84)

S(tsina,vesca) = =
J2rnd(tsino,vesca)

Since, S(tsina,vesca) € L’[R] therefore, using (5.34) the boundaries of the square summable

function of (5.84) can be defined as

Zj-l D(tsina + 27k, vesca + 27K) |,

S(tsina, vesca) |2 dv = —
f!;l ( )| keZ | N 2nd(Tsina, vesca)

- T o (T.V)
_'!.l x/ﬁ&)(rsin a,vesca) Xo, (t,v)dv <o
Hence,
0< Hﬂ’(w,q(r,V)HZJ. < _1 o, (T V)AV <o (5.55)
|| V2nd(tsina, vesca) |
1

The above expression shows that —%o, (t,v) should lie in between zero and

| V2rd(tsina, vesca) |

infinity for all values of a in between [0, 2x], i.e. it actually represents a square integral function.

1

Thus, it can easily construct the condition _
\J2nd(tsina, vesca)

%o, (1,V) € L[1] holds, as L*[1]

represents the space of all square integral function ony. This proves the condition of existence of
sampling theorem for FrST, defined in (5.53). One special class of sampling for bandlimited signal
in FrST domain is presented below, which is also known as an advancement of Shannon’s

sampling theorem.
5.2.1 Extension of the Shannon’s sampling theorem for the FrST

Assume a functionx(t) is A bandlimited with the angleoanda# nn for all integern. Then, by

IFrST in (1.20), results into
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it A 2 2
x(t)zm exp(=jnt cota) I ° X, (t,v)(vesca)exp(— t{vesca) )
J2n = 2

exp(—jnv® cota + j2mvtcsco)dv

(5.86)

t*(vesca)?

Suppose,  y(t) = I_AA X, (t,v)exp(— Yexp(—jmv®cota + j2nvtesca)dv  (5.87)

x(t) = y(t) ,szﬂ exp(—jrt®cota) (5.88)
TT

Sincey(t) is A, csca bandlimited in the conventional sense [17, 95, 96], hence, the Shannon

Therefore,

sampling theorem be used ony(t) [24]. In FrST domain, the generalized Shannon’s sampling

theorem can be expressed as

x(t) = 1+ jeota Y x(v)sinc[(t —nT,)A, csca ] g(t, v) exp(—jn{t® — (nT,)*}cota); T, < nsAin % (5.89)

nez o

When ¢ = g the identities (5.85) is the Shannon sampling theorem for the bandlimited signal. The

(5.90) holds for A_-fractional band-limited signal x(t) with finite energy, i.e. x(t) isin L’[R], those
FrST X, (z,v)has support in [-A ,A ] with A >0. The Paley-Wiener (PW) space of all A_-

fractional band-limited signals is

PW, 2{x(t) e L'[R]|suppX,(t,v) =[-A,, AT} (5.90)
which is a subspace of L?[R]. For non-band limited signals it is not appropriate. But when choose
A, =2“msino. withk e Z. In theorem-5.1,y =0 they give the sampling theorem for FrST for
fractional bandlimited signals with a specific continuity of function (t) that implies sampling
sequence [n] € I’[Z]. By using Poisson’s summation [92-94] i.e. it is obtained by shifting the

function o(t)at a distance nT, where v n ez and combining all this shift of FrST gives

®(tsino,vesca) = Y | @(tsina + 27k + vesc o+ 2nK) | (5.91)

keZ
Then it follows that

1

=lel’ 5.92
J2rd(zsina, vesco) teL1l] (5.92)
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d(tsina,vesca)

— =d(tsina,vesca);ve R (5.93)
\V2rd(tsina, vesc o) (zsinc 0V €

S(tsina,vcesca) =

sin rt

Suppose that,s(t) =sinc(t) where, sinc(t) = so the sampling theorem of FrST for the

fractional bandlimited signal can be established. The computational complexity of DFrST is given

in next section.

5.3 Computational complexity of DFrST and sparse DFrST

In the practical applications, the FrST is more important since the integration is frequency-
dependent and it has degree of freedom. But the fractional-order also includes some considerable
extra computational load. For the reduction of computational complexity, the sparse discrete
fractional ST (SDFrST) is defined which is based on the basic concept of sparse ST (SST) and
sparse discrete FrFT (SDFrFT) [99-101]. The FrST of the signal x(t) is stated in (1.19). To

calculate the computational complexity of FrST, it is represented in terms of FrFT, also given in
(2.27) as

X*(t,v)= f X*(vH, (t,v,v')dv'
where, H, (tv.v) = j“; h(t,T,v) & (t,v')dt (5.94)

Substituting, h(t,t,v) = g(t-t,v) K, (t,v) in (5.94), results in

H, (t,v,v') =exp (Mj i, (t,v) K (t,V) (5.95)
(vesca)

Using (2.27) the FrST can be rewritten as [98]

21 (v-v')°

(vesca)?

X*(1,v)= ji X(v) exp[ JKa(t,V) K () (5.96)

Thereafter, DFrST of (5.96) can be written as
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-2n° (v-v')?

(vesca)®

X (1, v)= NZ-lX(V') exp[ jKa (t,v) K, (t,V') (5.97)

From (5.97), the complexity of DFrST can be obtained by considering the complexity of DFrST
as[zN + glogzNj [98]. Subsequently, by utilizing the fact that X*(t,v) =X"(t,-v), it is

sufficient to calculate the summation from 0 to g Thus the complexity of DFrST will become

N? :
(NZ + TlogzNJ. Due to the inherent property of FrST of unaltered at a lower frequency from

pixel to pixel, a sparse approximation of FrST is used to remove this redundancy. However, as

given in [98], the probability that a particular pixel contains sparse approximation entry is%.

Therefore, the complexity of sparse DFrST (SDFrST) can be obtained % (4 + IogzN).
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Fig. 5.1 Computation complexity between DFrST and SDFrST

As it is clear from Fig. 5.1, the computational complexity required for evaluating sparse-DFrST is
significantly less than the conventional DFrST once the data length is larger than a few samples,
as always is the case. This established the superiority of SDFrST over DFrST.
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5.4 Summary

The main features of this chapter are:
o First the FrST along with its existing properties are presented, thereafter, a new definition
of convolution theorem for FrST is proposed.
e Subsequently, some other important identities for FrST like; cross-correlation theorem,
Parseval’s theorem and sampling theorem are proposed along with their analytical proofs.
o Finally, the computational complexity of DFrST and SDFrST are evaluated and

compared.
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CHAPTER 6
APPLICATIONS OF FRACTIONAL S-TRANSFORM

The S-transform (ST) bridges the gap between STFT and WT, it has larger application areas due
to its superiority over these two transforms. The generalisation of ST is known as FrST, which is
more flexible than ST. It is useful for the analysis of time-frequency response of the test function
and distributions. Foster [106] extends the results of ultra-distribution for the FrST given to the
Bohemian spaces. Since the diverse seismic signal has distinctive ideal fractional parameters
which are not helpful for multichannel seismic data analysis. Therefore utilizing FrST first decay
the basic frequency after that, they analysed the minimum frequency [13]. The FrST depends on
the concept of time-bandwidth product and the time-frequency rotation property of FrFT, and
furthermore, present the standardized second-order pivotal moment calculation technique for
finding the optimal order; in contrast of time-bandwidth product [102]. The reason for establishing
these theorems is due to their vast use in various applications. In digital signal processing,
convolution is used for filtering of a signal in the fractional domain and also the convolutional
plays an essential role in many algorithms in edge detection and related applications. In the field
of probability theory, the sum of two autonomous arbitrary variables probability distribution is the
convolution of their individual distributions. In radar signal processing, the received echo from the
target is correlated with the transmitted signal to determine the distance, velocity, and acceleration
of the target with respect to the receiver. The correlation function is also used in power spectrum
estimation and in the design of matched filtering used in many communication systems. Whereas,
the Parseval’s theorem is used to calculate the energy that are hard to determine in time-domain.
It is also used to compute the transient energy in control distribution network. The FrST are
applicable in the different area of signal analysis, image processing, and Bio-medical signal
processing [102, 103], Radar signal and communication [89, 97,110] and filtering of the signals or
images [107-109].

6.1 Filtering using FrST

Proposed convolution theorem is useful for designing of a multiplicative filter in FrST domain.

Let the test signal x,,(t) be comprises of the noise signal n(t) and preferred signal f(t).s“ (r, v),
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N“(r, V) are the FrST of x, (t)and n(t) respectively. Since FrST is a linear transform having no
cross-terms antiquity, the spectrum of FrST in a region [v,, v,] of signal f(t) and filter impulse

response h(t) are analyzed. Here, H“(t, V) is considered to be unity in the region [v,, v,] and

Zero otherwise, i.e.

1 ve [v,V,]

H“(r, V)Z{ (6.1)

0, ve [v,V,]

Based on (6.1) and its inverse FrST (IFrST), the model of FrST domain MF is shown in Fig.6.1.

Fractional Inverse
X, () — S Transform Fractional ~—x__(t)
S-Transform
H'(z,v)

Fig. 6.1. The FrST domain multiplicative filter
The output signal of the multiplicative filter is expressed as
Xou () = &7(5 {X;, O} H" (z, V) (6.2)

6.1.1 Filtering of ECG signals

The above presented multiplicative filtering process is used to filter the electrocardiogram (ECG)
signal and linear frequency modulated (LFM) signal under the presence of noise. The ECG signal
data is taken from the MIT-BIH arrhythmia database. The FrST of the ECG signal at an angle
a=32° is shown in Fig.6.2. The filter response is chosen based on the FrST of the original ECG
signal. Thereafter, noise is augmented in the ECG signal and its FrST is evaluated. After the FrST,
the transformed noisy signal is multiplied with a mask whose boundaries are chosen based on
FrST of the original signal.
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Fig.6.2 Illustration of the ECG signal in the time-frequency domain

Once masking is done, the output ECG signal is acquired by taking IFrST of the signal. Fig.6.3

displays the original ECG signal, noisy ECG signal and filtered ECG signal at an angle o. = 32°.
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Fig.6.3 ECG signal responses

eafter, the mean square error (MSE) between filtered ECG and the original ECG signal is

schemed by varying the angle parameter (a) associated with FrST, as shown in Fig.6.4.
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Fig.6.4 Error varies with respect to the fractional angle

It clearly shows that MSE is minimum for o. = 32°, which is lesser than MSE fora =90°, i.e. FrST

at o =32° outperforms ST (FrST at a =90° ). Thereafter, the presentation of FrST based filtering

technique is matched with FrFT and WT based filtering methods by plotting the error between

original and filtered signal as shown in Fig.6.5.
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Fig.6.5 Reconstructed error of ECG signal

3500

To highlight the difference between performance of FrST, FrFT and WT base filtering methods, a

portion of MSE waveforms (i.e., the region of interest in ECG signal) is zoomed as shown in

Fig.6.5. Above results validate that FrST based filtering method outperforms the FrFT and WT

based methods.
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6.1.2 Filtering of LFM signal
Proposed convolution theorem is also utilized in the filtering of the LFM signal under AWGN

channel. Here, the LFM signal is considered as [110]
X, =cos(2nf,t+2nkt?)) (6.3)
where, f, =50 MHzand k=0.001 are centre frequency and chirp rate respectively. For the

demonstration purpose, the MSE between LFM signal and filtered signal is compared for the FrST
domain filtering and the WT filtering are shown in Fig.6.6.

2 ' ' ' o ' — % —MSE FrST |
--§-—MSEWT
15¢. .
‘H..“‘
9
B b,
100+ \ 4
by %
- S
¥'\ "lb’rf" ﬁ. - "(},‘M
5 Y . - i
"'\*_...---'*-Hx EI-'! ‘-u.__ﬂ“___..-~$-'-._.‘_‘19.-‘"---"9 ___.;:)
o= “3Te
0 ] i 1 t.‘_l"*""*"‘*“'—f‘" * .
2 4 6 8 10 12 14
SNR (dB)

Fig.6.6 Mean Square Error for FrST and WT filtering

The MSE for FrST domain filtering is smaller than WT based filtering for varying SNR values.
Based upon the proposed convolution theorem in the filtering of ECG signal and LFM signal under
AWGN channel are demonstrated and it is concluded that FrST outperforms FrFT and WT based
methods.

6.2 Reconstruction of signal from sampled version

The sampling formula of the FrST for a bandlimited signal expresses that the Nyquist rate for the
sampling of a chirp modulated signal is quite smaller than the fundamental Fourier theory because
the chirp signal is bandlimited in the FrST domain. The continuous function x(t) may be resulting
in

x(t) = > x[n]sinc(t —n)g(x, v) exp(—jr(t’ — n*)cot o) (6.4)

nez
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Based on Theorem 5.1, (6.4) can also be observed as the special case of (5.52) with the function

o(t) selected as sinc(t) and y=0. The main aim is to select a generator function ¢(t) of y« that

has the faster decay than the standard sinc function.

6.2.1 Reconstruction of the multi-tone signal
For the purpose of demonstration, a continuous signal x(t) is taken as [103,104]

X(t) = (2sin(0.4xt) +5sin(0.5nt) +sin(0.6xt) )exp(-j0.5kt”) (6.5)
where, k =2. This is band-limited in FrST domain with optimum o = cot (k). The maximum

frequency value of the signal is0.6msino. . The sampling rate A, should satisfy A < 1’;3& In
LZTTSIN o

this example, it is taken as A :%. The sampled signal x(t) represented by a dotted line and

corresponding sampling points of the signal are presented in Fig.6.7.
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Fig. 6.7. The sampled and sampling points: (a) Real part (b) Imaginary part (c) Absolute part
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Now, the reconstruction is performed by using the proposed method (5.52) and its presentation is
compared with the reconstruction using sinc function. Fig.6.8, shows the simulated results of

sampled and recovered signals.
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Fig. 6.8. The sampled and recovered signals: (a) Real part (b) Imaginary part (c) Absolute part

The above plot clearly establishes the benefit of using the proposed method to reconstruct the

signal from its sampled version because it resulting in less error.
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6.2.2 Reconstruction of LFM signal

The linear frequency modulated (LFM) signal is an important non-stationary signal that has been
broadly used in sonar, radar and other communication systems. In general, the LFM signal is a
time-limiting and eventually band-limiting signal. In this case, the LFM signal is considered as a
chirp periodic with a bandlimited signal. The reconstruction of this signal from a finite set of
samples is explored with the help of FrST sampling and results obtained are shown in Fig.4. For

the purpose of demonstration, the chirp signal is considered as [109]
y(t) = exp(jr(2f, t + kt?)) (6.6)
where, k and f, denote the chirp rate and centre frequency of the radar respectively. Here, the

parameter value of the radar signal is f, =% MHz, k:2%1 Hz/Sec. Again a similar type of

exercise is performed to obtain the reconstructed signal from the sampled signal by using the

proposed method and sinc interpolation method. The result obtained is displayed in Fig.6.9.
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Fig. 6.9. The sampled and recovered signals: (a) Real part (b) Imaginary part
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For a finite number of samples, the simulated outcomes clearly show that the anticipated sampling
and reconstructed method clearly outperform the sinc interpolation method.

6.3 Sampling error estimation for FrST

The aim of this section is to compute the sampling error for FrST to approximate the linear band-
limited signal. The error estimation is a technique to ensure the approximation of the assumed
signal with given accuracy and reliability to achieve the actual band-limited signal. The techniques

used for error estimation of the sampling theorem are known as truncation error and aliasing error.

6.3.1 Truncation error
As already depicted, the perfect reconstruction of the signal requires an immeasurable number of
samples of the signal. But due to realization aspect, reconstruction is performed from a finite
number of samples only. However, truncating infinite samples into finite samples results into loss
of information, which is known as truncation error and can be conveyed as
e(t) = Z X[%] s(2't-n)g(x, v)exp(-jn{tz-(%)}cota) (6.7)
Il >N

Where, x(t)which is defined as a set in U; should be estimated prior to determination of (6.1).

This definition of truncation error is used to define the error bounds of it, as given in Theorem-6.1.
Theorem 6.1: Suppose, o(t)is a fractional continuous scaling function in a set of L’[R] and the

fractional scaling functions of MRA { U‘;;}k , associated with the FrST, then the sampling sequence

{o[n]},_, €I’[Z] and L Yo, (V) belonging toL"(R). Then the bounds of

21 O(tsina,vesca)

truncation error is given as follows

-1 n H o (T, V)
e(t)||, <22 X[=1F | |[=—22 , 6.8
” ( )”" ( l%| [2y ] j ®(tsina, vesea) Ao, V) . (68)
Proof: Taking the FrST of (6.8) on both sides, gives
. ) n n .., Tsino vesca
&, (tv) = 5 {e(®)} (tv)=2n2 P (6.9)

Using the Parseval’s theorem of FrST, it follows that
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2

n , N
I Z X[—Y] exp(jn( n 2y)zcot(x)exp(J2nV§cscu|j S

R|In=N 2

2
CSCa

2%

|le®)II’, = dv  (6.10)

2r

E sina; Vcscaj

Suppose, X[n] = x[n]exp(jrn®cota) and substituting v = % , In(6.10). Since, exp(-jZnV%csca)
is periodic with 2zsina then it gives,

[

o Zﬂ Z X[—] exp(-j2mnv'esca) | S(t'sina,v'escor) [*dv' (6.11)

2 keZ% |n| =N

=3[9 X[+ exp(j2mnvesco)  |S(esin+2nk vieseat2uk)fdv' (6.12)

2Y
keZ | Inf>N

eIl =

_csca

j| Z [—] exp(-j2rnv'csca)| Z|S(r sina2mk,viescat2nk)Fdv'  (6.13)

27
In| =N keZ

Then, from (5.84), (5.34) and using the Parseval’s theorem of the DTFrST, (6.13) can be expressed

as
1 1 e N , Hoa V')
eI, = = ||—=— > X[—]exp(-j2nnv'csca) |*csco———22 ' V)dv'
le(O: = - j | T 2 M1 eel dE v m—E A G
%, (v,
<fl-L Y %D explizmnvesca) v S0 TealV)__ e
| =N 27 27 q)(rsmavcscoc)
l ‘%Qa(vl’n) 2
— — ’ V)5, 6.14
- | [ o [l (I)(t'sina,v'csca)ZDy( )il (6.14)

The above equation (6.14) validates that the truncation error is bounded by (6.8). Similarly, the

truncation error for any x(t) € U; where, k belongs Z" with zero, can be stated as

et)= ), x[%] s(2't-n) exp(-jn{tZ-(%)}cotaJ (6.15)

In] >N

is a fractional,

(6.16)

Xtk A (x,
”e(t)”Lz <27 { Z | X[ 2Y+k J |~ -(M(T Y A, (T, v)

| =N |d>(r sina, vcsca)

o0

The equation (6.16) signifies as a bound of the truncation error for any x(t) € U; .
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6.3.2 Aliasing error

The aliasing error obtained from the input signal that is not €2 -band-limited but rather than Q'-
band-limited for Q'> Q. The sampling theorem for aliasing error derived in Theorem 5.1 arises,

where the function x(t) belongs to Uy for rather than Ug for positive k. Such type of error can be

stated as

ea()=x(t)- 3 x[z—”}] $(2't - m)g(t, v)exp(-jn{t’ - (2—”3)2}cot o) (6.17)

meZ.
By calculating the aliasing error, one can choose a fractional scaling with a very little aliasing error

to recreate input signals.
Theorem 6.2. Suppose, o(t) is in the set L’[R] be a fractional scaling function of an MRA U,

such that the sampling sequence ¢[n] is in the set 1*[Z] and

1

- T,v) e L2[1] for somey e Z"| [{O}. Hence, the aliasing error of the
J2rd(tsina, vesca) XD"( ) L] U d

sampling theorem defined in (6.11) is bounded as

y+6y

lea® . <v2r2 2 [S )i {EEsINeFmVESCatT) jor vy escoy r(vesca)y ™
L ~ ®(2tsina, 2vesca) (6.18)

T \

=] VCSCa
‘%w,a (W J W){szl A(

L

where & is the Dirac delta function and d[n] ; n e Zare the FrST coefficients of function x(t) in

W, and W(vcsca) is defined as [19]

(6.19)

Wi(vesca) = {A(vcsc a) A(vesco + n)}

I'(vesca) T'(vesco+ m)

Proof: Suppose that W = U7®U; be the direct complement of Ug inU7*, from (5.52), now it is

needed to verify that (6.18) is satisfied for any x(t) € W;". Let, ¢(t) is in the set W’ being the FrST
coefficients of the MRA{U, }, _, . Because @, (t)={o(t—n) exp(-jn(t’ —n*)cota)},_, form

the Riesz basis of W, and d[n] € I’[Z] such that,

x(t)g(t,v) = > d[n]e(t —n)exp(-jr(t* —n?)cota) (6.20)

nez
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Suppose, X_(t,V) represents the FrST of x(t) and f)a (t,V) represents the DTFrST of the product
of d[n] andg(t,v). Now, by taking FrST on both sides of (6.17) and also using (5.84), gives

X_(1,V)G. (t,v) =21 D_ (v, 1) (7, V) = 27D, (x v)@(rs'”“ VCZC“)r(VCSZ‘C“) (6.21)

Now, taking the FrST on both sides of (6.17) and using (5.84) gives

£, (9.9 =X, 496,049 22 T XL e ( J(VCSC“,’“”“)

neZ 27 2
(rsinoc vcsw)
=X, (8.0 22 S v | L L ) (622
nez "2 \/—q)(rsmoc VCSCa) A Y)

2V
where E, (t,V) represent the FrST of e, (t). By Poisson summation [96, 97], results into

2 YZX[ ]g( VK, ( nj: exp(jnvicota) Y. X, (t+2" nrsina, v + 2" nrsin o)
heZ 2 hez (6.23)

exp(—jn(v + 2" nnsina)’ cot o)

Inserting (6.21) into (6.23), results into

27 X[ y]QJ(LY,V)KQ( ] J2rexp(jnvicota) D D, (t+2! nmsina, v + 2" nasin o)
nez 2 2 2 nez ( 24)

exp(=jn(v + 2" nrsina)® cot o) ¥ (t + nm2'*sina, v + N2 sin o)

Which can be simplified as

o> vzx[_]g( )k, (v, %} =21D,(t,v) > W(sino+nn2', vesca+nn2' ) (6.25)

nez nez

Then inserting (6.21) and (6.25) into (6.22) yields

E . (5,V) =270, (x, v)r(VCSC“) ("'5'2”0‘ VCSC“) V21D, (x,v)
TSinoL vVesca
T ) .y (629
D W (tsino+nm2', vesco + 2’ : Np (=, _)
ner, - tsino. vesco,  Or 27
)
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Case 1: wheny = 0Adding (6.26) and the Parseval’s theorem of the FrFT results into

lea(t) 2= 2x D, (x, v)r(vcsc‘*)d)(“'z”“ VCSC“) B, (x.v)

(6.27)

d(tsina,vese
D W(tsina + 2nm,vesco + 2nm) — (zsina, ) 2 %
— CI)(rsma vesca) -

Then using (5.38) and (6.27), it can be written as

. > W(rsino + 2nm,vesc o + 2nm)
vesca, -, TSina Vescol

llea(t) 17, = 27 ]| D, (x, vI{I( > )O( 5 o )= d(tsina,vesca) (6.28)

tsino vesca, ., VCesca

e )}”Lz

Suppose, 1 =[0,2""rnsina] then

TsSina ok, VCsCa +27‘Ck) |2 | Da( )| |1_,(VCSCOL

lea(®) IF.= 27 [ o

kEZ|

)

> W(tsina+ 2nm, vesco + 2nm) (6.29)
vesca

_ neL E— A( ) dv
®(tsina,vesca) 2

VCSCa

lea(t) 5= 2] |D< V) FIT(—)

Z\P(rsina+2nn,vcsm+2nn) (6.30)
vesco

__ nez _ : A( )|2 dv
d(tsina,vesca) 2

Now, it follows from (5.38) and (5.39), results in

VCSCOL ‘CSIﬂOL VCSCOL

nm)d(

> W(rsina+2mn,vescao +2mn) = T

nez nez

+Nm) (6.31)

VCSC sin VCSC
S r(——=+ )cp(T @ 2% 4 )

keZ 2

Zr(vcsw (2K 1 1))(

keZ

Tsina n(2k +l), VCSCa

+ m(2k +1))

vesco, ~ ,TSinol Vesc ~ 1Sin VCSC VCSC
I( 2“)@(12“, 2“)+c1>(‘2°‘+n, 2“+n)r( ¢

+ ) (6.32)
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and ®(tsina,vesca) =Y d(tsina +2mn, vesco + 2an)

nez

_ &)(TSIZHOL ’ VCSZC(X)A(VCSZC(X)+&)(TSI2I‘1(X + VCZCOL )A(VCSCOL +TE) (6.33)

Then, substituting (6.32) and (6.33) into (6.31) yields

~ 1Sina vesca
o

5 + 1, 5 + )
etZZ:Z%Z——Dv -
lea® I j raGPBEMP | — et
VCSCo VCSCOL VCSCOL VCSCa
{TESINCS = +m) T+ MAC ) dv
~ tSina VCsca
D( + T, + 1)
2 2 vesca
<2n||F: (=,— — detW D_(t,v)| dv
TG oo I j| TV

. ”%( V)|CD('CSIn0L+Tc vcsc:oc+n)detw
2" 2 ®d(2tsina, 2vesca)

(vesca) |2 D IdIn]I*  (6.34)

nezZ

Case I1. When y =1 adding (6.26) and the Parseval’s theorem of the FrST gives

lea(t) %= 2| B, (x v)r(VCSC“>d>(“‘”°‘ D, (1,v)

2 2
O (6.35)
b4 4 / R 3
; (vesco + 4mn) o oI vessa oo vesoar (8 V) I

2 2
Now using (5.39), it gives

e, (t)lle 2n||D, (1,v )r(vcsw)q)(rsina vcsw) e )F(VCSCOL)

2 2
(rsinoc vesca (6.36)
TSina vesco ) .
Z/;CD( > +27n, > +2“n){~(rsi2na chw Ngopr viscan (B V) HIE
nez @ ,
2 2

Using (6.7) and (6.33) results into
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VCSCo TSino vesca VCSc o

llea(t)|F.= 27| D, (z,v)I'( )O( , ) - D,(nvI( )
2 2
(rsinoc VCSC(x) (6.37)
tsino. vesca 2 ' 9 s
CD( 2 ' 2 ){&)(’CSinOt VCSC O NZSuppA(VCSCa)(T’V)}”LZ
2 2
Thereafter, it can be expressed as
~ vVesca ’CSInOL vVesca
llea ()1}, =27 D, (, V)T ( 5 )O( 5 HL—Rygmpawesca (T VM
vesca Tsina vesca
_ZTCKZZJ.lD(T )l |F( )| |CD( an! +2TCk) |2|1_N23uppA(vcscoL)(T’V)|dV
€Ly,
vVesca
—2nj 1B, (e AT ) P 5)|1 N aisearzy (V) | AV
VCSCa

~ \'
<2nf|B, (e V) VI T )36, 0 (G DA Ry asarny (0D I
|

= 4“2' d[n] |2 ” 1—‘(VCSCOL)j(cp,ot(ﬁ[:’V)NR(%upp/\(vcscoc) (T’V) ||020

neZ

Therefore,

lea@I; < 4n |dIn][*|IT(vesca) I, , (v V) I (6.38)

nez

Case Ill. For y > 2 , Using (6.26) and the Parseval’s theorem of FrST gives

~ VCSCOL, vesca, ., tSina vVesco 5 VCSCou
llea(t) I, =2x| D, (t,v)I'( [ [A—S)(—— ——) - D, (t.v)I( )
T2 2 2 2
(D(rsinoc vcsw)
i VCsCa, ~ ,TSinoL VESCa v oy
HA( y )(D( ! 2 2 A, 2" su A(VCSC(X)(T’V)”LZ
> 2 vl vl ~ tSina vesco 712" supp
V=2 D( : )
2! 2!
~ Vesca vVesca rsma vVesca
= 2|, (x,V)I( )H (=)0 JEN e @V (6:39)

Thus it can be written as
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~ VCSCOL, 4~ VCSC o
|IeA(t)|Iiz=2nj|Da(r,V)F( 5 )] TA( > ) [
I, y=2

Z|qn(r‘°‘;°‘+zkn,‘“’;f°‘+zkn) 2l1-x (1,v) | dv

A_ 2" supp A(vescal2)
keZ !

vesca Tsino. vesca
)=

<2nI|D (t, V) [* dv [|T( o

r’

vVesco 5
)HA( 2V )ll_ m’ 2/suppA(vc500L/2)(T V)||°°

=2

V . vesca
2r 2 3| dInFIT(vesea) ., Gy 1>HA( TR

MIZ5 2" supp A(vesca) (T’ V) “00

<2n2' Y| d[n] Fl T(vesca)k, , (5 V)H CorOIE (640

-1 1
neZ 2Y 2Y

All the above three cases are consider as a bound of aliasing error defined in (6.18). For sampling

inUy , the corresponding aliasing error can be expressed as

ea(t) =x() - [ZW 1s(2 t-m)g(t, v)exp(-jrft® - (%)Z}Cm o) (6.41)

meZ

For all elements inUy,, . Similarly to analysing the other case of the sample selection in Uy, the

aliasing error bounded by the condition

y+8, -k jod .
lea®l <v2n2 2 [Sapp 2SSt mYSCURT) oy escay frvesca))
~ ®(2tsina, 2VCSCOL) (6.42)

T VCSCo 1-5,-8,
L

(2y+8 -1 2}/+5 1){1_[1 1 (

Where,{d[n]} are the FrST coefficient of the function x(t)inW, . That suggests that the

nez

aliasing error can be very little as one wishes, if kis large for a fixedy .

6.4 Summary

The main features of this chapter are:
e First the filtering of ECG signal and LFM signal under AWGN noise is performed by

using the multiplicative filtering in FrST domain.
e Thereafter, the proposed technique of filtering for FrST is compared to the existing

filtering techniques based on WT and FrFT.
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Subsequently, the proposed sampling theorem for FrST is used to reconstruct the signal
from its samples. Thereafter, a comparison is made between proposed method of
reconstruction and sinc-interpolation method by evaluating the difference between the
original and reconstructed signal as a parameter.

Finally, the proposed sampling theorem of FrST is used to determine the error bounds of

truncation error and aliasing error.
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CHAPTER 7

CONCLUSIONS AND FUTURE SCOPE

From the analysis and simulated results being performed and reported in the previous chapters,
conclusions have been drawn here. The concluding notes are presented in the following section

along with the future scope of the work.

7.1 CONCLUSION

The fractional S-transform (FrST) has been verified as a better mathematical means for study of
non-stationary signals in the time-frequency plane. Several methods are available in the literature
to evaluate the FrST identities and their applications. The ST is also mentioned because it is

defined as a special case of FrST at an angle o = g . As the generalization of ST, FrST is a useful

mathematical tool for digital signal analysis. Since the tractability of FrST is improved than
compared to conventional ST, many difficulties that may not be overcome by conventional ST are
solved using FrST. In chapter 3, some identities of ST are proposed such as; convolution theorem,
time-reversal, time-derivatives, complex conjugate, correlation theorem and Parseval’s theorem.

The proposed convolution theorem is compared with existing convolution theorem on the basis of

its capability to convert in classical convolution theorem at o = g and computational complexity.

This comparative analysis established the superiority of the proposed definition of convolution
theorem of ST over existing theorem. Also, to further increase the span of application region the
N-dimensional ST with its properties are presented. In chapter 4, the concept of orthogonal MRA
for FrST has been discussed. In chapter 5, the need for defining FrST identities is presented
followed by the definitions and proofs of convolution theorem, correlation theorem, and Parseval’s
theorem. Along with this, the concept of multiresolution analysis with its properties for FrST has
been discussed, which enables the formation of an orthogonal kernel of FrST. The detailed
analytical framework of MRA and the orthogonal kernel of FrST are analyzed. Subsequently, the
computational complexity of DFrST and SDFrST are also documented. It is shown that for data

length larger than six, SDFrST is a better algorithm to compute the FrST. Finally, the truncation
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error and the aliasing error with their bounds are determined for the proposed sampling theorem
of FrST. The proposed methods are utilized in the restoration of the continuous signal from its
sampled version and compared with cubic spline, and sinc function. A comparative analysis to
justify the superiority of the proposed approach over the existing is included in chapter 6. Finally,
ST and FrST is an efficient, more flexible and more powerful tool for applications in non-stationary

signal processing.

7.2 FUTURE SCOPE OF WORK

In the future, more efficient ways for implementing the FrST in different fields of signal processing
can be investigated. Moreover, an effort should also made be to find fresh uses of FrST since some
of the applications include digital signal, image, and biomedical signal processing.

Similar to FrST, the DFrST can be developed for efficient implementation of digital image
processing applications, such as image compression, encryption, enhancement, rotation and

filtering of the image.

The FrST can also be used for other applications of non-stationary signal analysis like bio-medical

and radar signals analysis.
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