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ABSTRACT 

The recent developments in the field of robotics lead to the replacement of conventional 

machines as well as human beings employed to a specific work. In the last three decades, a 

lot of research has been carried out in all the major domains of robotics like kinematics, 

dynamics and controls. The scope of this thesis is limited to kinematic study only. It has 

been found in the literature that the pioneer work done by Denavit and Hartenberg to 

develop the kinematic model of a serial manipulator, is limited to open-loop manipulators 

only. A couple of other ambiguities are also reported by different researchers in the past. 

The main focus of this work is to develop the kinematic model of a hybrid manipulator, 

which is a combination of open- and closed-loop chains containing planar and spatial links. 

The positional and orientational inconsistencies are observed, when such hybrid 

manipulators are modeled with the D-H parameter method. To overcome these 

inconsistencies, the concept of dummy frames is proposed in the present thesis and 

successfully implemented on the prototype of a hybrid manipulator, which is a 7-DOF 

manipulator being developed for medical/surgical applications at CSIR-CSIO lab, 

Chandigarh. Moreover, the analytical formulation of the spring design for gravity balancing 

of the hybrid manipulator is also presented in the current thesis. 
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Chapter 1 

Introduction 

 

1.1 Robots 

Since last three decades, the field of robotics has widens its range of applications. This is 

because of the fast growing trends of manufacturing, medical surgeries, defense weapons, 

space vehicles, under water-manipulators etc. Out of these applications, except first, all 

manipulators being used in medical, defense, space and under-water are advanced 

applications of robotics. This is because of relatively complex mechanical structure of 

robotic manipulators. Depending upon the configuration robots can be classified to different 

classes. The detailed classification of robots are given in the next section (Section 1.2). 

1.2 Robot Classification 

Based on the kinematic configuration of the robot structure, robots can be broadly classified 

as 

Robots 

 

                                                 

                Robotic Manipulators                 Mobile Robots 

                           (Fixed base)                            (Moving base) 

         

      

 

                                   
                  Serial Manipulators                          Parallel Manipulators 

                                                                                                         

                                                                                         

 

 

       Open-loop         Closed-loop      Hybrid Manipulators 

                                                         (Combination of open-, closed-     

                                                                        loop, planar and spatial links) 
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With reference to the flow chart, robots can be broadly classified as robotic manipulators 

and mobile robots respectively. Now, the main difference between these classifications lies 

in the fact that one of the links, comprising a robotic manipulator, is fixed whereas all links 

of a mobile robot are free to move in Cartesian space. The fixed link is known as base of 

manipulator. In other words, to differentiate them a simple way is to identify that is there is 

any change in position of robot during an operation? If so, it will be characterized as a 

mobile robot. However, if it does not happen in that case it will be termed as a robotic 

manipulator. Figures 1.1-(a) and 1.1-(b), presents the examples of a serial and a mobile 

robot. The brief introduction of further classifications is presented in Section 1.1.1.  

 

 

 

Fig. 1.1-(a): General mechanical structure of a 

robotic manipulator [G1]. 

Fig. 1.1-(b): General mechanical structure of a 

mobile robot [G2]. 

 

1.2.1 Serial Manipulators 

A robotic manipulator is referred to as a serial manipulator, when the links comprising the 

same are connected in a progressive sequence, forming an open- or closed-loop kinematic 
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chain. Now, if there is only one feasible/possible path to track from one end of chain to 

other, it is known as an open-loop serial manipulator, whereas if there are more than one 

feasible paths to reach from one end to other end of chain in that case, it is referred as a 

closed-loop serial manipulator. Also, a closed-loop manipulator contains a closed kinematic 

chain. 

Generally, these manipulators are consist of planar links which leads to their simple 

mechanical structure. Due to this simplicity, their kinematic modeling is easy. The examples 

of the open-loop serial manipulators may include a 4-axis SCARA robot, 5-axis articulated 

arm (Microbot Alpha 2, Rhino XR-3), 6-axis Puma 560 etc. Figure 1.2-(a), shows the 

mechanical structure of an open-loop serial manipulator. While the mechanical structure of 

a closed-loop robot manipulator is shown in Fig. 1.2-(b).  

 
   

 

Fig. 1.2-(a): An open-loop Serial manipulator [G3].  Fig. 1.2-(b): A closed-loop serial manipulator [G4]. 

 

From first figure, it can be observed that the in the first figure links are connected in a 

sequential order. The base of manipulator is fixed and there is only one possible way to 

track from base to end point (known as tool-tip) of manipulator, whereas in second figure, 
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links are also connected in sequence. However, there are two possible ways to track the 

tool-tip with respect to base. 

  

1.2.2 Hybrid Manipulators 

The word hybrid denotes the combination of open- and closed-loop chains containing planar 

and spatial links. Further, depending upon this combination the resultant manipulator can 

be described accordingly. For example, the manipulator studied in this thesis is a 

combination of planer links, spatial links and parallelogram linkage (closed-loop), referred 

as spatial hybrid manipulator. Also, the open serial chains can be combined to form a 

parallel-serial hybrid manipulator. Now, as a hybrid manipulator is a combination of 

reported open- and closed-loop robots, so it can be expected that their mechanical structure 

will be complex as compared to them. Likewise, these manipulators are difficult to model 

kinematically.  

 

 

Fig. 1.3: A parallel-serial hybrid manipulator [G5]. 

In the present thesis, the real-time experience of working on the hybrid manipulator is 

shared, which is being developed in the context of medical/surgical applications.  
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1.3 Motivation 

The main focus of this thesis is to study the hybrid manipulators, which is being used in 

robotic assisted medical surgery. Now, there are some reasons which demands the research 

in the field of hybrid manipulators. These reasons are, first, since a spatial hybrid 

manipulator is a combination of planar and spatial links, an open-loop (s) and a closed-loop 

chain (s). Thus, undoubtedly, their mechanical structure will be more complex as compared 

to open- or closed-loop serial manipulators. Likewise their kinematic formulations will be 

relatively more difficult. Second, limited robot kinematics methodologies are available to 

describe these manipulators. Moreover, design strategies are very limited, if range of 

application of hybrid manipulators need to be extended. This is mainly due to the 

complexity of their kinematic configuration. Also, this is because of author’s interest in the 

domain of robotics. So, all these reasons provides the motivation to do research in the area 

of hybrid manipulators. 

1.4 Application of Work 

The work reported in this thesis is an in-house project, coined as Robotic Assisted Minimal 

Invasive Surgery (RAMIS), of Central Scientific Instruments Organization 

Chandigarh, Ministry of Science & Technology, Govt. of India. The project is in the 

field of medical/surgical robots. The general layout of this project is similar to as presented 

in Fig. 1.1. In RAMIS, generally two types robotic manipulators are employed. One 

manipulator is on surgeon side (Surgeon handle) while the other is on patient side (Robotic 

arm). The manipulator studied in this thesis, referred as Manipulator for Medical 

Applications (MMA), is a surgeon side manipulator. The detailed description of MMA is 

given in Chapter 4. 

Now, in a surgical task, while sitting on surgeon console, as surgeon make some hand 

movements, the same are recorded by the sensors equipped to surgeon handle, which is 

MMA for the present case. Thereafter, recorded motion is transferred to robotic arm through 

master controller, which is a computer. Master controller sends the signals to slave 

controller, which controls the motion of robotic arm. Finally, recorded motion is executed 

by robotic arm, which actually perform the surgical task. A continuous sensory feedback is 
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received by the surgeon about the contact of end-effector to patient’s body, by means of 

force sensors. 

 

Fig. 1.4-(a): Description of application of the MMA. 

 

 

Fig. 1.4-(b): Real-time application of MMA by surgeon [G6]. 

Figure 1.5 describes the real-time application of the master handle. The platform on which 

surgeon sit is known as surgeon console. Here, surgeon sits comfortably while performing 

the surgical task. 



7 
 

1.5 Scope of the Thesis 

In this thesis, the kinematic study of variety of robotic manipulators has been discussed. 

The description of these manipulators is carried, first, starting with kinematically simple 

structures (open-loop serial manipulators), thereafter moving towards the complicated 

mechanisms which includes, closed-loop, tree-like structures and hybrid manipulators. 

Since, it has been reported in literature that dealing with kinematics of a closed-loop 

manipulators may or may not be feasible. So, from this reported work it can be concluded 

that dealing with kinematics of hybrid manipulators is undoubtedly a challenging task and 

this is the main focus of this thesis. Also, presented work, is an application of robotics to 

the medical field. Now, it has been observed from literature that limited design strategies 

are there for medical robots. This is because of the complexity of motions as required by 

the surgeon. So, from both these points, it can be said that research on hybrid manipulators 

should be carried, in order to develop the new design strategies for the same. 

 

Fig. 1.5: Real-time demonstration of “da Vinci surgical system” [G7]. 

Figure 1.6, demonstrates the real-time application of a robotic assisted surgical system 

which is “da Vinci surgical system”. By using this system, most of the surgeries performed 

in conventional manner, can be performed in minimal invasive manner. 
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1.6 Organization of the Thesis 

The organization of the thesis is as given below: 

In Chapter 2, literature on different methodologies, dealing with kinematic study of 

different classes of robotic manipulators, has been reviewed. In this review, the general 

procedures of each method, describing the structure of a manipulator, is presented. Also, an 

attempt has been made to present these methods, in the sense of their development.   

In Chapter 3, the kinematic study of general serial manipulators is presented. The pioneer 

work, referred as Denavit and Hartenberg (D-H) parameter method, is used to describe the 

structure of an open−as well as closed-loop manipulators. Thereafter, suitable examples for 

two variants of D-H parameter method has been presented. Also, Sheth and Uicker method 

presented in Chapter 2, is applied to different classes of industrial manipulators. Finally, 

observations in terms of relative simplicity, with which these methods can be used to deal 

with kinematic problems, are made. 

In Chapter 4, the kinematic study of hybrid manipulators is presented. The method 

described in Chapter 3, that how to deal with kinematics of a closed-loop manipulator is 

referred, to deal with kinematics of a hybrid manipulator. In the present work, a 

recognizable deficiency in D-H parameter method has been observed, for the case of a 

manipulator for medical applications (MMA), which is a hybrid manipulator. However, the 

observed deficiency is eliminated successfully, by introducing the concept of dummy 

frames. Finally, introduction of dummy frame concept can be stated as an extension of D-

H parameter method, is extended to hybrid manipulators. 

In Chapter 5, gravity balancing of robotic manipulators has been discussed. The chapter 

starts with an introduction to gravity balancing and grows with literature review on different 

techniques of gravity balancing. The chapter closes with the analytical development of the 

spring design for the MMA. 

In Chapter 6, the major finding of this thesis are reported. It also highlights of future 

directions of present work.  



9 
 

Chapter 2 

Literature Review 

 

2.1  Introduction  

In this chapter, literature on kinematics of robotic manipulators has been reviewed. A lot of 

researchers in the past have worked in the domain of kinematics, dynamics and control of 

robotic manipulators, since these devices are extensively used in various applications like 

industrial (welding, painting, pick and place etc.), medical/surgical operations, space 

vehicles, unmanned army vehicles used in battle fields etc. The main focus of this review 

is the robot kinematics, its different variations and methodologies used in past. Since, the 

pioneer work by Denavit and Hartenberg in 1955, a lot of robot kinematics methods have 

been evolved. In this chapter, those methods are discussed in detail. 

 

2.2  Different Methods for Describing Robot Kinematics 

Based on the literature review, the robot kinematics can be broadly classified into two main 

categories as given below in the flow chart 

 

Robot Kinematics 

 

 

                                         
      D-H Parameters Based Methods                         Alternate Methods 

          Original D-H parameter method                      Quaternion Theory Based Method 

          Distal Variant                                                 Screw Based Displacement Method           

          Proximal Variant                                                 Lie Algebra                         

          S-U Method                                                               

          A New Geometric Method                                                                   

          A Unified Method 

          A Simple and Systematic Method 
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2.2.1 Denavit and Hartenberg Method (D-H):  

 
In 1955, Jacques Denavit and Richard S. Hartenberg [1] introduced a consistent and concise 

method to assign reference coordinate frames to serial mechanisms. In this method four 

parameters, popularly known as D-H parameters, are defined to provide the geometric 

description to serial mechanisms. Out of the four, two are known as link 

parameters−describes the relative location of two attached axes in space, these are:  1) link 

length (𝑎𝑖) which is measured from 𝑧𝑖 to 𝑧𝑖+1 along 𝑥𝑖+1; 2)  link twist (𝛼𝑖) which is 

measured from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖+1; while remaining two are described as joint 

parameters− describe the connection of any link to its neighboring link [2] these are: 3) 

joint offset (𝑑𝑖) which is measured from 𝑥𝑖 to 𝑥𝑖+1 along 𝑧𝑖; 4) joint angle (𝜃𝑖) which is 

measured from 𝑥𝑖 to 𝑥𝑖+1 about 𝑧𝑖. Figure 2.1, describes the schematic representation of 

original D-H parameters method with the help of two spatial links forming a lower pair 

(surface to surface contact) where link parameters 𝑎1, 𝛼1 are measured along 𝑥2, however 

joint parameters 𝑑1 and 𝜃1were measured along 𝑧1. 

 

 

Fig. 2.1: Schematic representation of original D-H parameter method [3]. 
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Four D-H parameters can be expressed using vector forms which takes account the sign of 

displacements, 

cos 𝛼1 = 𝑧1. 𝑧2, (2.1) 

sin 𝛼1 = 𝑧1 × 𝑧2. 𝑥2, (2.2) 

cos 𝜃1 = 𝑥1. 𝑥2, (2.3) 

sin 𝜃1 = 𝑥1 × 𝑥2. 𝑧1, (2.4) 

𝑎1 = Vec (𝑂1𝑂2). 𝑥2, (2.5) 

𝑑1 = Vec (𝑂1𝑂2). 𝑧1, (2.6) 

 

where Vec (𝑂1𝑂2) represents a vector from 𝑂1 to 𝑂2. 

Frame 1 can be mapped to frame 2 by considering two screw transformations [3]. First, 

about the axis 𝑧1 by distance 𝑑1 and angle 𝜃1 followed by second, about axis 𝑥2 by distance 

𝑎1and an angle of 𝛼1. 

𝑇12 = screw (𝜃1, 𝑑1, 𝑧1) · screw (𝛼1, 𝑎1, 𝑥2), (2.7) 

𝑇12 ≜ 

 

[

1
𝑎1 𝑐𝑜𝑠 𝜃1

𝑎1 𝑠𝑖𝑛 𝜃1

𝑑1

0
𝑐𝑜𝑠 𝜃1

𝑠𝑖𝑛 𝜃1

0

0
−𝑠𝑖𝑛 𝜃1 𝑐𝑜𝑠 𝛼1

𝑐𝑜𝑠 𝜃1 𝑐𝑜𝑠 𝛼1

0

0
𝑠𝑖𝑛 𝜃1 𝑠𝑖𝑛 𝛼1

−𝑐𝑜𝑠 𝜃1 𝑠𝑖𝑛 𝛼1

𝑐𝑜𝑠 𝛼1

], 
(2.8) 

 

where 𝑇12 is 4×1 homogeneous transformation matrix which gives position of frame 2 

relative to frame 1. 

a. Variants of D-H Method: 

Two modifications of this method have been reported in literature − first by Kahn and Roth 

[4] and second by Featherstone [5]. These are as follow: 

 

i. Distal Variant 

First modified method is known as distal variant of D-H parameters method. Objective of 

this modification was to make the parameter identification simpler [6] and is used world 

widely for kinematic description of serial robotic manipulators, as reported by Lipkin [3]. 

The term distal refers to the location of the link-frame relative to manipulator base and 



12 
 

according to this variant, a frame is attached to farther end point of link, when travelling 

from manipulator base towards end effector.  

 

 

Fig. 2.2: Distal variant of original D-H parameter method. 

 

Figure 2.2, describes the schematic representation of distal variant. The coordinate frame 

having components 𝑥1, 𝑦1 and 𝑧1 is attached at father end point of first moving link 𝐿1. 

Later on, this variant was popularized by Paul [7] and Shilling [8] and has been applied to 

different kinds of kinematic problems [6, 9−12]. It differs from original D-H parameter 

method in the sense of parameters measurement. In original D-H method, link parameters, 

𝑎𝑖 and 𝛼𝑖, are measured from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖+1, whereas in this variant, link parameters 

are measured from 𝑧𝑖−1 to 𝑧𝑖 about 𝑥𝑖. Also, joint parameters 𝜃𝑖 and 𝑑𝑖 are measured from 

𝑥𝑖−1 to 𝑥𝑖 about 𝑧𝑖−1 rather than measuring from 𝑥𝑖 to 𝑥𝑖+1 about 𝑧𝑖 as in original D-H 

parameters method. From Figure 2, it can be seen that 𝑎2 and 𝛼2 were measured about 𝑥2, 

whereas 𝑑2 and 𝜃2 were measured about 𝑧1. 

 

Procedure to assign link-frame according to this variant [8]: 

a) First of all, draw the schematic diagram of a given kinematic chain showing the links 

and joints axes. Mark the joint number from 1 to 𝑛, starting with base and proceeding 

towards end-effector. Thereafter, assign 𝑧𝑖 − 𝑎𝑥𝑖𝑠 to (𝑖 + 1)𝑡ℎ joint axis about which 
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motion is taking place, for 𝑖 = 1 to (𝑛 − 1). However, base frame z-axis, 𝑧0-axis is 

always aligned with 1st joint axis. There is no fixed rule to assign 𝑧𝑛 − 𝑎𝑥𝑖𝑠 [15]. For 

convenience, 𝑧𝑛 can be taken along the approach vector.   

b) Locate a point at the intersection of axes 𝑧𝑖−1 and 𝑧𝑖. Mark it as origin (𝑂𝑖) of 𝑖𝑡ℎ frame.  

From this point, draw a common normal to 𝑧𝑖−1 and 𝑧𝑖. Assign 𝑥-axis from 𝑂𝑖 along 

common normal. However, if 𝑧𝑖−1 and 𝑧𝑖 don’t intersect, as in case when two 

consecutive joint axes are parallel to each other, consider the point of intersection 

between 𝑧𝑖 and common normal as origin (𝑂𝑖). The 𝑥-axis, is assigned in the same way 

as before however, away from 𝑧𝑖−1. 

c) Assign 𝑦-axis according to right hand thumb rule. 

d) Finally, calculate the corresponding D-H parameters. 

 

ii. Proximal Variant 

Second modified method is known as proximal variant of D-H parameter method. Again, 

reason behind this modification was same as in case of distal variant i.e to make the 

parameters identification simpler. In this method, the term proximal refers location of 

frame, being rigidly attached to link, relative to manipulator base. According to this variant, 

coordinate frame is placed at that end of the link which is closer to manipulator base or 

which comes first, when travelling from base towards end effector. Later on, this variant, is 

popularized by Craig [2] and followed by [13, 14] in their respective work. It differs from 

original D-H parameter method in the sense that link parameters 𝑎𝑖 and 𝛼𝑖 are measured 

from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖 rather than measuring from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖+1 as in case of 

original method. Also, joint parameters 𝜃𝑖 and 𝑑𝑖 are measured from 𝑥𝑖−1 to 𝑥𝑖 about 

𝑧𝑖 rather than measuring from 𝑥𝑖 to 𝑥𝑖+1 about 𝑧𝑖. With reference to Figure 2.3, it can be 

seen that link coordinate frame having components 𝑥1, 𝑦1 and 𝑧1 is attached at closer end 

point of first moving link 𝐿1 and link parameters 𝑎2 and 𝛼2 were measured about 𝑥2 whereas 

𝑑2 and 𝜃2 were measured about 𝑧2.  

 

 

 

 



14 
 

Procedure to assign link-frame to a kinematic chain, according to this variant [2]: 

 

a) First of all, draw the schematic line diagram of given kinematic chain. Mark the joint 

axes as 𝑧𝑖 − 𝑎𝑥𝑖𝑠, for 𝑖 = 1 to 𝑛. The z-axes, 𝑧0 and 𝑧𝑛+1, of base and end-effector 

frames can be chosen arbitrarily. However, it can be aligned with 1st joint axis for base 

frame and along the approach vector for end-effector frame. 

b) Find the common normal between 𝑖𝑡ℎ and (𝑖 + 1)𝑡ℎ joint axes or point of intersection 

of same axes. Mark this point as origin of 𝑖𝑡ℎ frame. However, if these joint axes does 

not intersect origin can be chosen arbitrarily at the intersection of common normal and 

𝑖𝑡ℎ joint axis, so that joint distance become zero. Assign x-axis along common normal 

from marked origin. 

c) Assign y-axis, following right hand thumb rule, to complete the link frame definition. 

d) Finally, calculate corresponding the D-H parameters. 

 

 

Fig. 2.3: schematic representation of proximal variant of D-H parameters method [3]. 
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b. Comparison between Original D-H parameter method and its variants:  

With reference to above discussion of Original D-H parameters method and its variants, it 

can be observed that parameter identification is easiest in proximal variant than distal and 

original D-H method. This is because the subscript index of axes (𝑥𝑖 and 𝑧𝑖), about which 

link and joint parameters are being measured, are same whereas this is not true in the case 

of original and its distal variant. Which creates a confusion in remembering the definition 

of these parameter measurement. However, distal variant is more widely used as compared 

to original and proximal D-H method. This comparison is summarized in Table 1.1. 

 

Table 2.1: Comparison of original D-H parameter method and its variants in terms of parameter 

representation. 

Parameter (s) 
Original D-H 

method 
Distal variant  Proximal variant 

cos 𝛼1 𝑧1. 𝑧2 𝑧0. 𝑧1 𝑧1. 𝑧2 

sin 𝛼1 𝑧1 × 𝑧2. 𝑥2 𝑧0 × 𝑧1. 𝑥1 𝑧1 × 𝑧2. 𝑥1 

cos 𝜃1 𝑥1. 𝑥2 𝑥0. 𝑥1 𝑥0. 𝑥1 

sin 𝜃1 𝑥1 × 𝑥2. 𝑧1 𝑥0 × 𝑥1. 𝑧0 𝑥0 × 𝑥1. 𝑧1 

𝑎1 𝑣𝑒𝑐(𝑂1𝑂2). 𝑥2 𝑣𝑒𝑐(𝑂0𝑂1). 𝑥1 𝑣𝑒𝑐(𝑂1𝑂2). 𝑥1 

𝑑1 𝑣𝑒𝑐(𝑂1𝑂2). 𝑧1 𝑣𝑒𝑐(𝑂0𝑂1). 𝑧0 𝑣𝑒𝑐(𝑂1𝑂2). 𝑧1 

 

c. Limitations of D-H parameter method:  

1. Two limitations of D-H parameter method has been reported by Sheth and Uicker [18], 

these are: 

i. In case of mechanisms containing links with more than one joint there is a problem, 

known as multi-parameters sets. Now, if there is a binary joint between two links, 

one binary and other ternary, then according to D-H parameters method there will 

be two parameters set for describing this joint with respect to ternary link (previous 

link). This problem arises because D-H parameters for link under consideration not 
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only depends on its shape, rather they are also depend upon the shape of previous 

link in a serial kinematic chain under consideration. 

ii. Evaluating D-H parameters for some spatial linkages become quite cumbersome. 

This is due to the strong requirement of the common perpendicular between two 

skew lines in space. 

2. D-H parameters method is applicable to serial mechanisms only, as pointed by Thomas 

et al. [16] and Khalil and Kleinfinger [29].  

3. D-H parameters method defines only z-axis for base coordinate frame. However, it does 

not give unique representation of direction of x-axis. Also, for tool-tip frame, 𝑛𝑡ℎ in case 

of distal variant and (𝑛 + 1)𝑡ℎ in case of proximal variant, directions of x and z-axes are 

not defined uniquely rather these are chosen arbitrarily as reported by Siciliano et al. 

[15].  

4. Parallel and hybrid manipulators contains joints, like spherical or cardan joints, with 

more than one degree of freedom, describing these joints by using D-H parameter 

method results non-uniqueness representation as reported by Thomas et al. [16]. Also, 

problem of multiple parameters set arises. 

5. Homogeneous link coordinate transformation matrix (4×4), on which this method is 

based, is highly redundant as it uses twelve parameters to represent six degree of 

freedom as pointed out by Sahu et al. [17]. 

 

2.2.2 Sheth and Uicker Method 

A new method, describing the manipulator kinematics, has been proposed by Sheth and 

Uicker [18]. The proposed method is quite general and has a very wide range of applicability 

to all types of rigid link mechanisms. These mechanisms include open-loop, closed-loop, 

hybrid or tree-like structured robots. Also, the problem of multi-parameters sets, as reported 

in limitations of D-H method, has been successfully solved by this method. Later, based on 

this method, many researchers [19-27] have reported significant contributions.  The general 

purpose mechanism analysis computer program has been modified by Vandervaart and 

Cipra [19], kinematic equations of motion of wheeled mobile robots has been developed by 

Muir and Neuman [20], two methods, first, of kinematic modeling and second, of forward 

kinematics computation has been described. Thereafter, the same has been implemented to 
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a new kinematic modeling software, named as CAD-2-SIM by Bongardt [21], an efficient 

approach to the inverse kinematic analysis of redundant moving base robot has been 

presented by Dutta and Wong [22], a simple radial distance linear transducer has been used 

by Goswami et al. [23] for identification of robot kinematic parameters, method of structural 

synthesis, direct and inverse kinematic modeling has been presented by Baigunchekov et 

al. [24], Megahed− modeled [25] human hand as a tree structure and proposed  a new 

notation [26], [27]. 

In this method, each link of a serial chain has assigned with two coordinate frames. The 

frame which is at proximal end has components u, v and w, whereas the frame at the distal 

end has components as x, y and z. With reference to Figure 2.4, following procedure has 

been given by the authors to apply this method to a spatial mechanism: 

i. First of all, draw the joint axes of infinite length at the points where links form the 

connection. 

ii. Assign 𝑤𝑖 axis to proximal end and 𝑧𝑗 to the distal end of a link.  

iii. For next link, at proximal end assign 𝑤𝑗- axis which should be along the 𝑧𝑗-axis of 

previous link and 𝑧𝑘-axis at distal end along the joint axis. 

iv. Rest of the two coordinate’s u, v for proximal frame and x, y for distal frame can be 

chosen arbitrarily. 

v. Draw the common normal 𝑡𝑗𝑘 from 𝑤𝑗 to 𝑧𝑘 where 𝑧𝑘 is the axis assigned (refer Fig. 

5) to later link w.r.t pair being considered. 

 

Fig. 2.4: Schematic representation of the S-U method. 
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For better understanding of S-U parameters, it is important to first know that for any two 

links, being considered. First link frame has components as 𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖, at proximal end and 

second frame has 𝑥𝑗 , 𝑦𝑗 , 𝑧𝑗 components at its distal end.  Next, second link has two frames 

𝑢𝑗 , 𝑣𝑗 , 𝑤𝑗 and 𝑥𝑘, 𝑦𝑘 , 𝑧𝑘 at respective ends. 

The S-U parameters are defined as follows: 

𝑎𝑗𝑘 = distance measured from 𝑤𝑗 to 𝑧𝑘 along 𝑡𝑗𝑘. 

𝛼𝑗𝑘 = angle measured from  𝑤𝑗 to 𝑧𝑘 about 𝑡𝑗𝑘.  

𝑏𝑗𝑘 = distance measured from 𝑡𝑗𝑘 to 𝑥𝑘 along 𝑧𝑘. 

𝛽𝑗𝑘 = angle measured from  𝑡𝑗𝑘 to 𝑥𝑘 about 𝑧𝑘.  

𝑐𝑗𝑘 = distance measured from 𝑢𝑗  to 𝑡𝑗𝑘 along 𝑤𝑗. 

𝛾𝑗𝑘 = angle measured from  𝑢𝑗  to 𝑡𝑗𝑘 about 𝑤𝑗.  

𝜃𝑗  = angle measured from 𝑢𝑗  to 𝑥𝑗 about common joint axis 𝑧𝑗, 𝑤𝑗. 

Next, in order to perform the coordinate mapping (transformation), the proposed method 

can be used directly with existing matrix method of coordinate transformation. However, to 

reduce the task of data collection, a numerical scheme has been presented by the authors.  

In proposed method, each transformation matrix consists of two parts, which are as follows: 

i) Shape matrix: a constant part specifying the shape of a link by using six parameters. 

The shape of link is specified by relative orientation of a coordinate frame at the 

beginning of link and one which is at following end of link. To determine the 

constant shape parameters for a link, the common perpendicular is found between 

two axes. This common perpendicular is assigned with arbitrarily positive direction.   

ii) Joint matrix: a homogeneous link coordinate transformation matrix which is a 

function of joint variable (revolute or prismatic). Moreover, it is a distinct variable 

part representing the joint motion. 
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a. Advantages of S-U method:  

S-U method has following advantages over the D-H parameter method: 

i. Applicable to all rigid link mechanisms which include open, closed, hybrid and tree 

like structures. 

ii. It solves the problem of multi-parameters sets for the definition of single joint, which 

is encountered in case of a mechanism containing ternary or higher order links in 

addition to binary links, when D-H parameters method is used. 

iii. Two frames one for each link, at the point where two links connect to form a joint, 

can be chosen independently, which provides more flexibility. The same is not true 

in case of D-H parameter method and its counter parts, where a frame is defined with 

respect to common perpendicular between two consecutive joint axes.  

 

b. Limitations of S-U method:  

Though S-U method is quite powerful and generalized method, still have some limitations, 

which are: 

i. It uses non-minimal parameter representation (seven parameters) to kinematically 

describe a link shape and joint motion with respect to previous link, as compared to 

four parameters by D-H. 

ii. Due to the complexity of D-H method, it is more suitable to closed-loop chains only 

[27, 28].  

iii. It involves high degree of complicacy because of more number of coordinate frames, 

as reported by Reichenbach and Kovacic [29].  

 

2.2.3 A New Geometric Method 

The problem of multiple parameter set, encountered when D-H parameter method applied 

to a multi-chain mechanism containing ternary or higher order links in addition to binary 

links, can also be solved by using a new method, which is an extension of well-known D-H 

parameters method, proposed by Khalil and Kleinfinger [30]. The proposed method is 

applicable to an open-loop, closed-loop or tree-like robot structures and uses four 

parameters, in case of links with 2 joints, to describe a link shape and joint motion with 

respect to previous joint. However, these parameters become six, in case if the links contain 
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more than two joints.  The objective of the new method was to easily describe a close-loop 

robot kinematically without any ambiguity.  

Later, this method has been followed by many researchers [31-53]. A virtual reality based 

system for rapid design, prototyping and simulation, known as CINEGEN, has been 

developed by Fluckinger et al. [32, 33], An efficient algorithm [34] for inverse− kinematics 

as well as dynamics control of robots in Cartesian space, a direct method [35] to determine 

the minimum number of inertial parameters of a robot, the closed-form solutions for the 

inverse and direct dynamic model [36] of Gough-Stewart platform, a general method [37] 

to compute the direct and inverse dynamic models of parallel robots, a novel solution [38] 

for kinematic and dynamic modeling of 3-PRS parallel robot,  the experimental 

identification of dynamic parameters of Orthoglide [39], two universal (applicable to open-

loop as well as graph structured robots) numerical methods [40], a comparison study [41] 

on the geometric parameter calibration methods of robots (examples are Puma and Stanford 

manipulators),  to determine the set of base parameters, a symbolic method [42] to find the 

minimum set of inertial parameters of robots containing parallelogram closed-loop, a new 

method [43] for calibration of geometric parameters of links and tool of serial robots, two 

methods [44] to calculate the direct dynamic model of walking robots and a comparison for 

each method, two methods [45] for calibration of geometric parameters of serial robots, 

direct and inverse dynamic modeling, using recursive Newton-Euler formulism, of tree, 

parallel and closed-loop robot structures [46], a new method [47] for calculation of filtered 

dynamic model of robots, human-body is modeled kinematically as a series of revolute 

joints [48], an algorithm based on generalized Newton-Euler models of flexible 

manipulators [49], the general and unified presentation of dynamic modelling and 

identification issues of car [50], an efficient method [51] for the calculation of inverse 

dynamic models of tree structure robots,  four methods for identification of inertial 

parameters of the load of a manipulator [52], dynamic modelling of multi-body systems 

[53], the modeling, simulation and control of high speed machine tools using robotics 

formulism [54], [55], has been presented/carried by Khalil et al. 

The proposed method is based on following assumptions: 

i. The axis of joint (i) will be 𝑧𝑖. 
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ii. The coordinate frame attached to link ‘i’ is fixed with respect to it. 

The parameters which define the frame ‘i’ have subscript as ‘i’. 

a. Demonstration of the Proposed method  

Thereafter, proposed method has been demonstrated for three different cases, two cases has 

been presented here: 

Case-I: Open-loop Robot 

An open-loop mechanism can be considered as consists of (𝑛 + 1) links. Base link and 

terminal link are abbreviated as link (0) and link (𝑛) respectively. Further, joint (𝑖) 

connects link (𝑖 − 1) to link (𝑖). The  𝑥𝑖 is defined along common perpendicular to 𝑧𝑖 

and 𝑧𝑖+1. 

 

Fig. 2.5: Khalil and Kleinfinger method for binary Links. 

Parameters required to define frame ‘i’ w.r.t ‘i-1’ are as follow: 

𝛼𝑖 = angle measured from 𝑧𝑖−1 to zi about 𝑥𝑖−1. 

𝑑𝑖 = distance measured from 𝑂𝑖−1 to zi along 𝑥𝑖−1. 

𝑟𝑖 = distance measured from 𝑂𝑖−1 to 𝑥𝑖−1 along 𝑧𝑖. 

𝜃𝑖 = angle measured from 𝑥𝑖−1 to 𝑥𝑖 about 𝑧𝑖. 
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The proposed method is similar to D-H method. It can be observed from authors reported 

work that parameters of new method 𝜃𝑖, 𝑟𝑖, 𝑑𝑖+1 and 𝛼𝑖+1 are similar to 𝜃𝑖 , 𝑟𝑖, 𝑑𝑖 , 

𝛼𝑖 respectively of D-H parameter method. 

Case-II: Tree-Structure Robot 

A Tree-like structured robot can be considered as consists of (𝑛 + 1) links, (𝑛) joints and 

(𝑚) end effectors as shown in Fig. 2.6. The link and joints are numbered as follows: 

i. Base is considered as link 𝜙. 

ii. As we goes from base towards end effector the number of links and joints are 

increasing at each branch. 

iii. Link ‘i’ is articulated to joint (i) that is joint (i) connects link (a (i)), where ‘a (i)’ is 

the number of link antecedent to the link (i) when traversing from base. 

iv. Frame ‘i’ is defined fixed w.r.t the link (i) and 𝑧𝑖 is the axis of joint (i). 

 

Fig. 2.6: Khalil and Kleinfinger method for tree-like structured robots. 

With reference to the Figure 2.7, it can be observed that links have more than two joints. 

For these cases, frames are defined as follows: 

Draw the common perpendicular to joint axes 𝑧𝑖 and 𝑧𝑗 on the same link, where i = a (j), (j 

= k, l, m…). 
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a) Consider one of the common perpendicular as 𝑥𝑖. It is preferred to consider 𝑥𝑖 as 

that corresponding to the common perpendicular of joint on which is articulated 

longest branch. 

b) All other common perpendiculars are denoted by 𝑥𝑖
′, 𝑥𝑖

′′ …… . Hence, some other 

auxiliary frames 𝑅𝑖
′ will be defined w.r.t fixed link (i). 

Thereafter, transformation matrix defined by using four parameters (𝜃𝑖, 𝑟𝑖, 𝑑𝑖, 𝛼𝑖). Rest of 

the succeeding frames are defined in general as given below: 

 

 

Fig. 2.7: Khalil and Kleinfinger Method for links with more than two joints. 

Parameter for links with more than two joints: 

γj = angle measured from 𝑥𝑖 to 𝑥𝑖
′ about 𝑧𝑖. 

ϵj = distance measured from 𝑂𝑖 to 𝑂𝑖
′ along 𝑧𝑖. 

αj = angle measured from 𝑧𝑖 to 𝑧𝑗 about 𝑥𝑖
′. 

dj = distance measured from 𝑂𝑖
′ to 𝑧𝑗. 
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rj = distance measured from 𝑂𝑗 to 𝑥𝑖
′. 

𝜃𝑗  = angle measured from 𝑥𝑖
′ to 𝑥𝑖 about 𝑧𝑗. 

For this case, the transformation matrix 𝑇𝑗
𝑖  is defined by: 

𝑇𝑗
𝑖  = 𝑇𝑖′

𝑖  𝑇𝑗
𝑖′  (2.9) 

where 𝑇𝑖′
𝑖   = Rot (Z, 𝛾𝑗) Trans (Z, 𝜖𝑗). 

b. Advantages of Khalil and Kleinfinger Method over S-U Method: 

As reported by Fluckinger et al. [31, 32]. 

i. Degree of simplicity is similar to D-H parameter method in case of serial robotic 

manipulators. 

ii. Though the mechanism under consideration is complex, this method uses lesser 

number of parameters to define shape of link and joint motion. 

2.2.4 A Unified Method 

This method, developed by Thomas et al. [16], provides a unique representation of spherical 

or cardan joints involving in a parallel or hybrid manipulator. However, this is not true for 

the case, when D-H parameter method is applied to same joints, as reported earlier in 

limitations of D-H method. This method is based on previous work of Belfirore and 

Benedetto [56]. Belfirore and Benedetto have used graph to represent serial, parallel and 

hybrid redundant kinematic structures where each joint has one degree of freedom. It has 

been reported Thomas et al. that there was a boost in industrial applications of parallel 

manipulators. However, available hardware/software tools related to parallel manipulators 

are limited or in growing stage. To describe such various manipulators, researchers used 

their individual methods according to the type of structure. So, it has been observed by 

Thomas et al.  that there was need to propose a method which describe a parallel robotic 

manipulator, with an unique parameter set, as D-H does in case of serial manipulators. The 

proposed method is unified in the sense that it can be applied to kinematic description of 

serial, parallel, hybrid robotic manipulators or articulated machine tools and it is an 

extension of, most widely used, D-H method. 
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This method is based on following conventions, for uniqueness of extended D-H method: 

i. Link ‘i’ has origin of coordinate system located at joint (𝑖 + 1). 

ii. Axis of joint (𝑖 + 1) will be z-axis. For spherical joint z-axis is assigned to direction 

given by cross product of joint normal vectors of succeeding and preceding joints. 

iii. 𝑥 − 𝑎𝑥𝑖𝑠 of link ‘i’ will be collinear to normal of joint and points toward higher 

indexed joint. 

iv. Right hand thumb rule is applied to obtain y-axis direction. 

v. For one DOF 𝜃𝑖 will be joint variable, if joint has two DOFs 𝜃𝑖, and  𝛽𝑖 are variables, 

whereas if DOF is three in that case 𝜃𝑖, 𝛽𝑖 and 𝛼𝑖 are variables. 

Thereafter, proposed method has been applied to spherical and cardan joints having degree 

of freedom more than one. With this method a spherical joint can be represented by five 

parameters only instead of twelve as in case of conventional D-H method. Following link 

coordinate transformation has been used to map frame ‘i’ to (𝑖 + 1): 

 

𝑇𝑖−1
𝑖  = Rot (𝑧𝑖−1, 𝜃𝑖) Trans (𝑧𝑖−1, 𝑑𝑖) Rot (𝑦𝑖−1, 𝛽𝑖) Trans (𝑥𝑖, 𝑎𝑖) Rot (𝑥𝑖, 𝛼𝑖)        (2.10) 

 

a. Advantages of Unified Method 

i. Proposed method has wide range of applicability. 

ii. It provides unique representation of higher degree-of-freedom joints like spherical 

or cardan joints. 

iii. This method uses only five parameters to represent a spherical joint whereas D-H 

parameter method uses twelve parameters for same. 

b. Limitations of Unified Method: 

i. Very limited applications to kinematic problems as compared to other methods. 

 

2.2.5 A Simple and Systematic Method 

Another method has been proposed by Coke [57] and consists of following two steps: 

1. Moving an imagined right handed coordinate base frame, which can be chosen 

arbitrarily, from manipulator base to end effector executing series of fundamental 
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translations and rotations. This step is also known as walk through. Also, end effector 

coordinate frame can be chosen arbitrarily. 

2. Applying set of algebraic rules to transform these fundamental transformations into 

form that can be factorized as link transform and which can be represented into standard 

or modified D-H form. Transformation rules are as follows: 

i. Push the constant terms as far, towards right, as possible using commutative rule 

which is: 

𝑇1(𝑟1) 𝑇2(𝑟2) = 𝑇2(𝑟2) 𝑇1(𝑟1) (2.11) 

                                  

ii. To transform series of fundamental transformations into standard D-H form, 

rotations about 𝑥 or 𝑦 − 𝑎𝑥𝑖𝑠 are transformed to be about 𝑧 − 𝑎𝑥𝑖𝑠 and translations 

about 𝑦 − 𝑎𝑥𝑖𝑠 are transformed to be about 𝑥 𝑜𝑟 𝑧 𝑎𝑥𝑒𝑠 as per requirement. To do 

it transformation rules are as follow: 

 

𝑅𝑥( 𝑞𝑖) = 𝑅𝑦 𝑅𝑧(𝑞𝑖) 𝑅𝑦
′  (2.12) 

𝑅𝑦( 𝑞𝑖) = 𝑅𝑥
′  𝑅𝑧(𝑞𝑖) 𝑅𝑥 (2.13) 

𝑇𝑥(𝑞𝑖) = 𝑅𝑦   𝑇𝑧(𝑞𝑖) 𝑅𝑦
′  (2.14) 

𝑇𝑦( 𝑞𝑖) = 𝑅𝑥
′   𝑇𝑧(𝑞𝑖) 𝑅𝑥 (2.15) 

 

iii. To eliminate undesirable transformations about 𝑦 − 𝑎𝑥𝑖𝑠 use following: 

𝑅𝑦(𝑞𝑖) ≡ 𝑅𝑧 𝑅𝑥(𝑞𝑖) 𝑅𝑧
′  ≡ 𝑅𝑥

′  𝑅𝑧(𝑞𝑖) 𝑅𝑥.                                                 (2.16) 

𝑇𝑦(𝑞𝑖) ≡ 𝑅𝑧 𝑇𝑧(𝑞𝑖) 𝑅𝑧
′  ≡ 𝑅𝑥

′   𝑇𝑧(𝑞𝑖) 𝑅𝑥.                                                   (2.17) 

iv. Joint angle offset, if required, is introduced automatically to have by the chosen 

zero-angle configuration. 

Thereafter, an algorithm has been presented by the Corke for automatic symbolic 

manipulation. Also, proposed method has been applied to PUMA robot. The proposed 

method is applicable to serial manipulators only. This method has been used by Minas et 

al. [58] to propose a systematic notation to quantify anthropomorphism of robot hands.  
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2.2.6 Quaternion Algebra based Method 

A Quaternion algebra based method, for kinematic representation of link shape and joint 

motion, has been proposed by Sahu et al. [59]. This method is faster because it requires less 

number of parameters, as compared to method based on homogeneous transformation 

matrix, to define six degree of freedom. Also, less complications are there in understanding 

the representations derived with this method. It has been reported by the Sahu et al. that 

quaternion algebra has been used to represent rigid body translations and rotations. 

However, it has not been used yet for practical applications of robotic manipulators. So, 

objective of authors was to develop a novel method, based on quaternion algebra, to 

represent robot kinematics and an algorithm proposed by the authors is given below: 

1. First of all, assign coordinate frame to base and every link. 

2. Find the kinematic parameters for links 1 to ‘n’. 

3. Calculate the unit vector line which is coincident with common normal between 𝑡𝑡ℎ and 

(𝑡 + 1)𝑡ℎ axis and 𝑠𝑡 as unit vector line along z-axis of 𝑡𝑡ℎ joint. 

4. The position vector of end effector is given by: 

                     𝑃𝑛 = ∑(𝑑𝑡𝑠𝑡 + 𝐿𝑡𝑎𝑡,𝑡+1)

𝑛

𝑡−1

 

 

(2.18) 

          

5. The orientation matrix of end effector is given by three vectors given below: 

𝑛𝑛 = 𝑎𝑛,𝑛+1 (2.19) 

𝑜𝑛 = 𝑠𝑛+1 × 𝑎𝑛,   𝑛+1  (2.20) 

𝑎𝑛 = 𝑠 𝑛+1. (2.21) 

where 

 

𝜃𝑡, 𝛼𝑡,𝑡+1,  𝐿𝑡−1and  𝑑𝑡 = kinematic parameters of method, 

𝑠𝑡 = unit line vector which defines the axis of joint ‘𝑡’, 

𝑎𝑡,𝑡+1 = define the common perpendicular to the axes of joints t 

and (𝑡 + 1), 

‘s’ and ‘a’ = unit vectors along  𝑥- and 𝑧 – 𝑎𝑥𝑖𝑠. 
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The direction of 𝑦 − 𝑎𝑥𝑖𝑠 is given by cross product of ‘𝑠’ and ‘a’. 

Applying these steps to any manipulator can be represented kinematically. To illustrate the 

proposed method, an example of 3R manipulator has been presented by Sahu et al. 

Thereafter, a comparison of quaternion and homogeneous matrix method, on the basis of 

calculations required, has been made and it has been reported that quaternion method 

involves quite less multiplications, additions and subtractions as compared to homogeneous 

matrix method. 

2.2.7 Screw Theory Based Displacement Method 

The fundamental transformations (rotation and translation) of a rigid-body can be described 

by a geometric entity, which is a screw. It consists of an axis, about which these 

transformations are defined, and a scalar pitch, which establishes the relationship between 

rotation and translation. According to this method [6], the motion of a link with respect to 

its previous link can be represented by a screw ($𝑖). The position and orientation of a given 

link can be obtained by using homogeneous transformation matrix 𝑨. 

𝑨 = [
𝑹(𝜃) ⃓ 𝒑(𝑡)
− ⃓ −
0 ⃓ 1

] () 

where 

𝑹(𝜃) = [

𝑐𝜃 + 𝑠𝑥
2(1 − 𝑐𝜃) 𝑠𝑦𝑠𝑥(1 − 𝑐𝜃) − 𝑠𝑧𝑠𝜃 𝑠𝑧𝑠𝑥(1 − 𝑐𝜃) − 𝑠𝑦𝑠𝜃

𝑠𝑦𝑠𝑥(1 − 𝑐𝜃) − 𝑠𝑧𝑠𝜃 𝑐𝜃 + 𝑠𝑦
2(1 − 𝑐𝜃) 𝑠𝑦𝑠𝑧(1 − 𝑐𝜃) − 𝑠𝑥𝑠𝜃

𝑠𝑧𝑠𝑥(1 − 𝑐𝜃) − 𝑠𝑦𝑠𝜃 𝑠𝑦𝑠𝑧(1 − 𝑐𝜃) − 𝑠𝑥𝑠𝜃 𝑐𝜃 + 𝑠𝑧
2(1 − 𝑐𝜃)

] () 

𝒑(𝑡) = 𝑡𝒔 + [𝐈 − 𝐑(θ)]𝒔𝟎  

  

 𝒔, 𝒔𝟎, 𝜽 and 𝒕 are the Rodrigues parameters. 

𝒔 is the screw axis and 𝒔𝟎 is the position vector of a point in screw axis. 

The position and orientation of last link of a kinematic chain consisting of 𝑛 links can be 

obtained by pre-multiplication of transformation matrices, given the joints displacements: 

 

𝑨𝑛
0 = 𝑨 1

0 𝑨 𝑨 3
2

2
1 ……………… 𝑨𝑛

𝑛−1 . 

Procedure to apply the method: 

1. Consider fixed coordinate system with respect to which a screw is to be defined. 
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2. Define the reference configuration of the chain, relative to which screw parameters 𝒔 

and 𝒔𝟎  for each joint to be determined. 

3.  For each joint, identify Rodrigues parameters 𝒔, 𝒔𝟎, 𝜽 and 𝒕 as well as joint variable. 

4. Obtain the homogeneous transformation matrix for each joint. 

5. Finally, obtain the position and orientation of last link of kinematic chain by pre-

multiplication of matrices obtained in step 4. 

 

Advantages: 

1. For kinematic description of robotic manipulators screw based methods uses only two 

frames for entire chain. However, this is not true in the case of methods like D-H 

parameter method, Sheth and Uicker method, Khalil and Kleinfinger method etc. 

2.2.8 Lie Algebra 

The Lie algebra of Lie group of Euclidean motions in 𝐸3 has been explained as the vector 

space by Dekret and Baska [78]. All sub-algebras and 3-dimensional sub-spaces of 𝐴6 has 

been described by them. These reported algebras and spaces are orthogonal as these follows 

the Klein form. Thereafter, kinematic descriptions of these algebras has been presented. The 

Dekret and Baska have prefer the algebra of vector couples to dual number and dual 

quaternion technique, because of cleaner geometrical and mechanical interpretation. 

 

2.3     Summary 

With reference to above discussion, methods like D-H parameter method and its variants, 

S-U method, Khalil and Kleinfinger method, A unified method, Quaternion theory based 

method, screw based displacement methods etc has been found in literature. From this 

review, it has been observed that for the kinematic description of serial manipulators, the 

distal variant of D-H parameter method is used most widely, as compared to original D-H 

parameter method and its proximal variant. However, it leads to ambiguities when applied 

to parallel, closed-loop or tree like structured robots. Later on, these ambiguities has been 

removed by method proposed by Sheth and Uicker (S-U), which is the most generalized 

method, because of its wide range of applicability, for dealing with kinematic problem of 

any rigid link mechanism. Still, because of its complexity (two number of frames per link 

for serial chains and non-minimal parameter representation), it is applied to closed-loop 
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robots only. Thereafter, a new geometric method has been proposed by Khalil and 

Kleinfinger which is also applicable to open, closed-loop or tree like structured robots and 

simple to use as compared to S-U method. In literature review performed in this thesis, it 

has been observed that this method has a wide range of applications. Another method, 

coined as a Unified method for serial, parallel, hybrid manipulators, has been proposed by 

Thomas et al. However, its application to kinematic problems is very limited as compared 

to other methods. The Quaternion theory based method is faster as compared to methods 

based on homogeneous transformations as it requires lesser number of parameters to define 

link shape and joint motion. None of the method discussed above has used the two frames 

for entire chain except screw based method. 
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Chapter 3 

Kinematics of General Serial Manipulators 

 

3.1 Introduction 

Robotic manipulators are essentially motion devices [6]. Almost, every robotic application 

involves the relative motion of links, constituting a robotic manipulator, through the three 

dimensional Cartesian space (ℝ3). For example, during a simple manipulation task, end-

effector of manipulator has to follow a prescribed path in ℝ3.  However, a robotic 

manipulator is served in ‘n’ dimensional space (joint space, ℝ𝑛), where ‘n’ is DOF of 

manipulator. So, there should be a mathematical model, which transforms Cartesian space 

into ‘n’ dimensional space or vice versa. This process of formulating such kind of models 

is referred as kinematic modeling of robotic manipulators. A kinematic model describes 

relation between links and joints of a manipulator [6]. Further, with reference to the 

kinematic analysis of robotic manipulators these models are of two types− i) forward or 

direct kinematics: transformation from joint space to Cartesian space i.e given the joint 

variables (𝒒), find the position (𝒑) and orientation (𝑹) of tool-tip of end-effector; ii) 

inverse or indirect kinematics: transformation from Cartesian space to joint space i.e given 

the position (𝒑) and orientation (𝑹) of tool-tip, find the set of joint variables (𝒒), as shown 

in Fig. 3.1.  

 

 

Fig. 3.1: General description of kinematics of robotic manipulators. 
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In previous chapter, methods describing manipulator kinematics of different classes of 

manipulators, have been reviewed. Whereas, this chapter deals first, with coordinate 

mapping and general description of some of key methods describing manipulator 

kinematics, generally used for forward kinematic modeling. Thereafter, application of 

described methods to different classes of manipulators and finally, compare how they differ 

in terms of relative easiness to apply, number of parameters required to define shape of link 

and joint motion, number of frames required per link and range of applicability. 

3.2    Link Coordinate Transformations 

To know about the relative position and orientation of different links of a manipulator in ℝ3, 

it is required to map the frame attached to an arbitrary point on rigid-link, into base 

coordinate frame. In literature, two such types of transformations are available and are given 

as: 

3.2.1 Point Transformations 

A very usual method of coordinate transformation is the point transformations. These are 

those transformations in which a point in ℝ3 is transformed (translated or rotated or both) 

by a homogeneous transformation matrix (4×4). In general, expression of homogeneous 

coordinate transformation can be written as [60]. 

𝒚− = 𝑨 𝒙 + 𝒃 (3.1) 

 𝒚𝟏 = 𝑨𝟏 𝒙𝟏 (3.2) 

 

Both Eqns. (3.1) and (3.2) represent the transformation of a point in ℝ3.  In Eqn. (3.1), A is 

a fundamental rotation matrix, rotating point ‘x’ about a given axis and b represents a 

column matrix translating the same point along specified axes. Whereas in Eqn. (3.2), 𝑨𝟏 is 

a 4×4 homogeneous coordinate transformation matrix, ether rotating, translating or both 

point 𝒙𝟏 in ℝ3. Homogeneous transformations are discussed in detail in Section 3.3. 

3.2.2      Line Transformations 

Translation, rotation or both of a line about an axis is known as a line transformation. A line 

transformation [61] can be represented by any of three representations: 

i. dual number, −  𝑎 +  𝜖 𝑏. 
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ii. complex number,− 𝑎 + 𝑖𝑏. 

iii. double dual number,,−  𝑎 + 𝑗 𝑏 .  

 

Where 𝑎 and 𝑏 are ordered real numbers and 𝑖2 = −1, 𝜖2 = 0, and 𝑗2 = 1. 

Out of three numbers, dual number has been used by Gu and Luh [60] to describe the 

coordinate transformations in ℝ3. In order to transform end-effector coordinate frame to 

base frame D-H parameters of a given manipulator are needed to be modified, which are as 

follows. 

𝜃𝑘
̅̅ ̅  = 𝜃𝑘 + 𝜖 𝑑𝑘.      (3.3) 

                      𝛼𝑘̅̅ ̅  = 𝛼𝑘 + 𝜖 𝑎𝑘. (3.4) 

where 

 𝜃𝑘
̅̅ ̅  and  𝛼𝑘̅̅ ̅ are known as dual angles. 

𝜃𝑘, 𝑑𝑘, 𝛼𝑘 and  𝑎𝑘 are D-H parameters of a given manipulator. 

 

General procedure for dual transformation consists of mainly two steps: 

a) First, multiplication of all 3 × 3 rotation matrices, which transforms orientation of end-

effector’s frame into base frame: 

 

𝑹(𝜃, 𝑘) ≜ [
1
0
0

0
𝑐𝜃𝑘

𝑠𝜃𝑘

0
−𝑠𝜃𝑘

𝑐𝜃𝑘

] , for 𝑘 = 𝑥. 

 

(3.5) 

𝑹(𝜃, 𝑘) ≜ [

𝑐𝜃𝑘

0
𝑠𝜃𝑘

0
1
0

−𝑠𝜃𝑘

0
𝑐𝜃𝑘

] , for 𝑘 = 𝑦. 

 

(3.6) 

𝑹(𝜃, 𝑘) ≜ [

𝑐𝜃𝑘

𝑠𝜃𝑘

0

−𝑠𝜃𝑘

𝑐𝜃𝑘

0

0
0
1
] , for 𝑘 = 𝑧. 

(3.7) 

 

Thereafter, replace 𝜃𝑘 by  𝜃𝑘
̅̅ ̅ and 𝛼𝑘 by  𝛼𝑘̅̅ ̅ . 

b) Second step is to, separate the real and dual part, the general structure of  final matrix 

will be as given below: 
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𝑀̅0
𝑛 = 𝑅0

𝑛[Real part] + [Dual part].  (3.8) 

 

The real part of final matrix describes the orientation, whereas dual part position of frame 

attached to end-effector. 

3.3  Homogeneous Transformations 

The orientation of coordinate frame attached rigidly to a body can be mapped to another 

coordinate frame by pure rotation matrix (3×3) in ℝ3. However, the position of the same, 

which is changing continuously when the body is in motion cannot be defined in ℝ3 by a 

matrix of order 3×3. Because, after rotation of frame attached to body the position of origin 

remains same as it is before rotation, whereas this is not true for the case of displacement 

of body, resulting into change in position of origin. So, in order to define the position of 

body-attached frame with respect to some other coordinate frame there is a need for another 

type of transformation, which is known as translation and is defined in four dimensional 

space (ℝ4), by means of homogeneous coordinates. Homogeneous coordinates of a point 

(say) p in ℝ3, w.r.t an orthonormal coordinate frame {A} in ℝ3, are denoted as [𝒑]𝐴 and 

are given as [8]: 

[𝒑]𝐴 = 𝜎[𝑝1, 𝑝2, 𝑝3, 1]𝑇 (3.9) 

where 𝑝1, 𝑝2 and 𝑝3 are components of point p. 

Thus, homogeneous coordinates of a point p in ℝ3 can be represented by a vector in ℝ4. 

Where, fourth component 𝜎 is a non-zero scale factor and it can have any value, which 

results in generation of same physical space. Hence, homogeneous coordinates are not 

unique.  

Homogeneous transformation was introduced by Maxwell and are used to describe the 

transformations of point vectors in three dimensional space [13]. These transformations are 

the point transformations. Now, to transform a physical point, defined in its homogeneous 

coordinates in ℝ3, from one coordinate frame to other coordinate frame a 4×4 

homogeneous coordinate transformation matrix is used and is defined as: 

T ≜ [
𝑹 𝒑

𝜼𝑇 𝜎
] 

(3.10) 
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where  

R is a 3×3 matrix representing orientation of frame to be rotated w.r.t frame into 

which it is being rotated. 

p is a 3×1 column vector representing position of frame to be translated w.r.t frame 

into which it is being translated. 

𝜼𝑇 is perspective vector which specify a point of perspective for visual sensing with 

camera. It has non-zero value in case of overhead camera transformations. 

3.3.1    Homogeneous Rotation and Translation 

An elementary rotation or translation can be regarded as a special case of 4×4 homogeneous 

transformation matrix. Consider {A}, {B} are two orthonormal coordinate frames, initially 

coincident, now:  

i. if we rotate frame {B} through an angle 𝜃 about 𝑖𝑡ℎ unit vector of frame {A}, the same 

can be represented in terms of homogeneous coordinates by 4×4 matrix denoted by 

Rot (𝜃, i)  and is pronounced as 𝑖𝑡ℎ elementary homogeneous rotation matrix:  

[𝐑𝐨𝐭 (𝜽, 𝒊) ]𝐵
𝐴  ≜ 

[
 
 
 
1
0
0
−
0

0
[𝑹𝒊(𝜽)]3×3

0
−
0

0
0
1
−
0

⃓
⃓
⃓
−
⃓

0
0
0
−
1]
 
 
 

     1 ≤ i ≤ 3; (3.11) 

 

Where 

[𝑹𝒊(𝜽)]3×3  is the elementary rotation matrix about 𝑖𝑡ℎ unit vector.  

ii. For elementary translation of origin of frame {B} relative to the origin of frame {A}, 

say by amount 𝑡𝑖 along 𝑖𝑡ℎ unit vector of frame {A} following 4×4 homogeneous 

transformation matrix is used: 
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[𝐓𝐫𝐚𝐧𝐬 (𝒒)]𝐵
𝐴  ≜ [

1
0
0
−
0

0
1
0
−
0

0
0
1
−
0

⃓
⃓
⃓
−
⃓

𝑡𝑖
0
0
−
1

] (3.12) 

 

iii. Simultaneous rotation and translation homogeneous transformation matrix can be 

written as: 

[𝐓 ]𝐵
𝐴  ≜ 

[
 
 
 
 
1
0
0
−
0

0
[𝑹𝑖(𝜃)]3×3

0
−
0

0
0
1
−
0

⃓
⃓
⃓
−
⃓

𝑡𝑖
𝑡𝑗
𝑡𝑘
−
1 ]

 
 
 
 

 (3.13) 

 

iv. A point 𝒑 defined in local coordinate frame {A}, can be defined in global coordinate 

frame using homogeneous transformation as: 

                    𝒑−
𝐵  = 𝐓 𝐴

𝐵  𝒑−
𝐴  (3.14) 

 

3.3.2 Limitations of Homogeneous Transformations: 

1. Since, homogeneous transformations are the point transformations [60], therefore it 

cannot represent combination of linear and angular quantities by lines in  ℝ3. 

2. As reported by Nicolas et al. [13] 

i. Homogeneous transformation matrix is highly redundant. Because, it uses twelve 

parameters to represent six degree of freedom. Out of twelve, nine parameters are 

used to describe orientation of body, whereas, remaining three are used to define its 

position in  ℝ3. However, other methods like based on Lie algebra and dual 

quaternion uses three and four parameters respectively, to describe orientation of 

body.  

ii. In case of manipulators with more than three degree of freedom, homogeneous 

transformation takes more computational time as compared to methods based on Lie 

algebra or dual quaternion theory. 

3. Homogeneous transformations are less efficient, compact and elegant as compared to 

method based on quaternion theory, as pointed out by Funda, Taylor and Paul [62]. 
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3.4 Forward Kinematics 

The process of obtaining the tool configuration vector (describing position and orientation) 

of robotic end-effector, when joint variables are given is known as forward or direct 

kinematics. The objective of this formulation is to design and simulate kinematic chains [6]. 

Also, forward kinematics can be defined as the transformation from joint space (ℝ𝑛) to 

three-dimensional task space (ℝ3) [8].The importance of forward kinematics lies in the fact 

that all practical applications of robotic manipulators are based on inverse kinematic models 

i.e knowing the position and orientation of robotic end-effector for a given configuration, 

joint variable are obtained. So, for that purpose formulation of forward kinematic model is 

prerequisite.  

 

 

 

Fig. 3.2: Description of forward kinematics. 

 

Now, to derive forward kinematic model, the most widely used method is the Denavit and 

Hartenberg method [31]. This is because of its minimal parameter representation. Further, 

this method is based on homogeneous transformations, which involves only multiplication 

of transformation matrices to obtain mapping from end-effector to base of the manipulator. 

According to this method first, an algorithm proposed by Denavit and Hartenberg is applied 

to line diagram of a given manipulator. Thereafter, corresponding D-H parameters are 

obtained and finally, ‘n’ multiplications of transformation matrices according to distal 

variant, (𝑛 + 1) multiplications according to proximal variant are performed to transform 

end-effector tip into base coordinates of manipulator. However, it is applicable to serial 

manipulators only. So, for the case of closed-loop, tree like robot structures S-U method 

can be used. Also, other methods discussed in previous chapter can be used for kinematic 

modelling. 
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3.5     Open-loop Robot 

A kinematic chain or robotic manipulator can be stated as an open-loop if, out of its two 

ends, first end is connected to a link (usually fixed link) and second end (attached with an 

end-effector) is free to move in  ℝ3. Under this section, first, general description of open-

loop robots has been presented. Thereafter, kinematic analysis of some standard industrial 

manipulators has been performed by two variants of original D-H parameter method and 

modified D-H parameter method (S-U method). The standard industrial manipulators 

includes 4-axis SCARA robot, 5-axis articulated robot (Microbot Alpha-2, Rhino XR-3) 

and 6-axis PUMA 560 etc. Corresponding schematic representations has been presented, 

describing the geometrical configuration of robotic structures. Also, D-H parameters 

describing the shape of a link and joint motion are calculated according to guidelines of a 

given method and are given in tabular form. 

3.5.1 General Description 

An open-loop robotic manipulator can be imagined as an arrangement of (𝑛 + 1) rigid links, 

as shown in Fig. 3.3. Out of total number of links, 1st one is usually a fixed link whereas 

remaining ′𝑛′ are moving links.  

 

Fig. 3.3 General description of an open-loop robotic manipulator. 
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With reference to Figure 3.3, joint, 𝐽𝑖 connects link 𝐿𝑖  and 𝐿𝑖−1. Thereafter, link-

frame’s 𝑧 − 𝑎𝑥𝑖𝑠 is assigned to different links according to the distal variant of D-H 

parameter method. Thereafter, tool-tip frame is mapped to base frame by using 

homogeneous transformations [15]: 

 

𝐴𝑛
0  (𝑞) = 𝐴𝑖

𝑖−1  (𝑞𝑖) 𝐴 (𝑞𝑖+1)…𝑖+1
𝑖  𝐴𝑛

𝑛−1  (𝑞𝑗+1) (3.15) 

 

3.5.2 Examples 

i. Applications of Distal variant 

a) Four-axis SCARA robot: - The acronym SCARA stands for Selective Compliance 

Assembly Robot Arm [8]. It consists of one fixed link (𝐿0, in red) and four moving links 

(𝐿1, 𝐿2, 𝐿3 and 𝐿4), providing four independent motions in Cartesian space (𝑅3). The 

kinematic configuration of this robot has been described in Fig. 3.4. 

 

 

There are two types of pairs between these links− i) revolute, between 

links (𝐿0, 𝐿1), (𝐿1, 𝐿2) and (𝐿3, 𝐿4); ii) a prismatic pair, between links 𝐿2, 𝐿3. Link-frames 

are assigned using distal variant of D-H parameter method. The corresponding link 

parameters and joint parameters are as shown in Fig. 3.4 and are given in Table 3.1. Major 

 

Fig. 3.4: Description of 4-axis SCARA robot according to distal variant. 
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 application of this robot is pick and place operations. 

Table 3.1: Distal variant D-H parameters of SCARA robot. 

S. 

No. 

Link Length 

(𝑎𝑖−1)  
(mm) 

Link Twist 

(𝛼𝑖−1)  
(deg.) 

Joint offset 

(𝑑𝑖)  

(mm) 

Joint 

angle (𝜃𝑖) 

(deg.) 

Home 

position 

1. 𝑎1 𝛼1 = 180; 𝑑1 𝜃1 0 

2. 𝑎2  𝛼2 = 0; 𝑑2 = 0; 𝜃2 0 

3. 𝑎3 = 0; 𝛼3 = 0; 𝑑3  𝜃3 = fixed d 

4. 𝑎4 = 0; 𝛼4 = 0; 𝑑4  𝜃4 0 

   

b) Five-axis articulated robot: - A manipulator whose kinematic configuration resembles 

very closely to the human arm anatomy, is 5-axis articulated robot. It consists of one 

fixed (marked as 𝐿0) and four moving links (𝐿1, 𝐿2, 𝐿3 and 𝐿4). All joints are of revolute 

type. At last link, usually known as end-effector, two motions (pitch and roll) can be 

observed. Two examples of this robot can be reported, these are− i) Microbot Alpha II; 

ii) Rhino XR-3 [8]. Both of these manipulators has same kinematic configuration.  It 

has been observed while calculating D-H parameters, that these parameters are same for 

both and are given in Table 3.2. 

 

 
Fig. 3.5: Description of 5-axis articulated robot according to distal variant. 
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Table 3.2: Distal variant parameters of 5-axis articulated arm. 

S. 

No. 

Link Length 

(𝑎𝑖−1) 
(mm)  

Link Twist 

(𝛼𝑖−1) 
(deg.) 

Joint 

offset (𝑑𝑖) 

(mm) 

Joint angle 

(𝜃𝑖) 

(deg.)  

Home 

position 

1. 𝑎1 = 0; 𝛼1 = - 90; 𝑑1 𝜃1 0 

2. 𝑎2  𝛼2 = 0; 𝑑2 = 0; 𝜃2 0 

3. 𝑎3 𝛼3 = 0; 𝑑3 = 0; 𝜃3 0 

4. 𝑎4 = 0; 𝛼4 = - 90; 𝑑4 = 0; 𝜃4 + 90 

5. 𝑎5 = 0; 𝛼5 = 0; 𝑑5  𝜃5 0 

 

ii. Applications of Proximal variant 

a) Four-axis SCARA robot: - The kinematic configuration of this robot has been 

described in the previous section, in applications of distal variant. However, the link-

frame assignment and D-H parameters calculation has been carried out in this example 

according to proximal variant, as shown in Fig. 3.6. The calculated D-H parameters are 

given in Table 3.4. 

 
Fig. 3.6:  Description of 4-axis SCARA robot according to proximal variant. 
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b) Five-axis articulated robot: - With reference to Figure 3.7, link diagram of a 5-axis 

articulated arm is as shown in assumed home position. In this case, link frame 

assignment and D-H parameters are described using proximal variant of D-H parameter 

method. The corresponding D-H parameters are given in Table 3.4.   

 

 

 
Fig. 3.7: Description of 5-axis articulated robot according to proximal variant.  

 

 

 

Table 3.3: Proximal variant D-H parameters of SCARA robot. 

S. 

No. 

Link Length 

(𝑎𝑖−1) 
(mm) 

Link Twist 

(𝛼𝑖−1) (deg.) 

Joint offset 

(𝑑𝑖) 

(mm) 

Joint angle 

(𝜃𝑖) 

(deg.) 

Home 

position 

1. 𝑎0 = 0; 𝛼0 = 0; 𝑑1 𝜃1 0 

2. 𝑎1 𝛼1 = 0; 𝑑2 𝜃2 0 

3. 𝑎2 𝛼2 = 0; 𝑑3 = variable 𝜃3 = fixed 0 

4. 𝑎3 = 0; 𝛼3  = 180; 𝑑4 𝜃4 0 

5. 𝑎4 = 0; 𝛼4 = 0; 𝑑5 − − 
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Table 3.4: Proximal variant D-H parameters of articulated arm. 

S. 

No. 

Link Length 

(𝑎𝑖−1) 
(deg.) 

Link Twist 

(𝛼𝑖−1) 
(deg.) 

Joint offset 

(𝑑𝑖) 

(mm) 

Joint 

angle (𝜃𝑖) 

(deg.) 

Home 

position 

1. 𝑎0 = 0; 𝛼0 = 0; 𝑑1 𝜃1 0 

2. 𝑎1 = 0; 𝛼1 = -90; 𝑑2 = 0; 𝜃2 0 

3. 𝑎2 𝛼2 = 0; 𝑑3 = 0; 𝜃3 0 

4. 𝑎3 𝛼3 = 0; 𝑑4 = 0; 𝜃4 + 90 

5. 𝑎4 = 0; 𝛼4 = -90; 𝑑5 = 0; 𝜃5 0 

6. 𝑎5 = 0; 𝛼5 = 0; 𝑑6; − − 

 

c) Six-axis PUMA 560 robot: - The Unimation PUMA 560 is a six DOF robot [2]. It 

consists of one fixed (𝐿0) and four moving links (𝐿1, 𝐿2, 𝐿3 and 𝐿4). All joints are of 

revolute type. The end-effector of this robot has Roll-Pitch-Roll motion. The axes about 

which these motions takes place intersect at a point and three frames one for each, are 

assigned at this point. Fig. 3.8, describes link-frame assignment and marked D-H 

parameters (refer Table 3.6) according to proximal variant. 

 

 

Fig. 3.8: Description of 6-axis Puma 560 robot according to proximal variant.  
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Table 3.5: Proximal variant D-H parameters of PUMA 560 robot. 

S. 

No. 

Link Length 

(𝑎𝑖−1) 
(mm) 

Link Twist 

(𝛼𝑖−1) 
(deg.) 

Joint offset 

(𝑑𝑖) 

(mm) 

Joint angle 

(𝜃𝑖) 

(deg.) 

Home 

position 

1. 𝑎0 = 0; 𝛼0 = 0; 𝑑1 𝜃1 0 

2. 𝑎1 = 0; 𝛼1 = - 90; 𝑑2  𝜃2 0 

3. 𝑎2 𝛼2 = + 90; 𝑑3 = 0; 𝜃3 − 90 

4. 𝑎3 𝛼3 = - 90; 𝑑4  𝜃4 0 

5. 𝑎4 = 0; 𝛼4 = + 90; 𝑑5 = 0; 𝜃5 0 

6. 𝑎5 = 0; 𝛼5 = - 90; 𝑑6 = 0; 𝜃6 0 

7. 𝑎6 = 0 𝛼6 = 0 𝑑7 − − 

 

i. Applications of S-U method 

a) Four-axis SCARA robot: - With reference to Figure 3.9, an example of S-U 

method has been presented. According to Sheth and Uicker, first, link-frames are 

assigned thereafter, S-U parameters are calculated given in Table 3.7. Two frames 

to each link has been assigned first at its proximal and second at distal ends 

respectively. 

 

Fig. 3.9: Description of 4-axis SCARA robot according to S-U method. 
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Table 3.6: S-U parameters of 4-axis SCARA robot. 

S. 

No. 

(𝑎𝑗𝑘) 

(mm) 

(𝛼𝑗𝑘) 

(deg.) 

(𝑏𝑗𝑘) 

(mm) 

(𝛽𝑗𝑘) 

(deg.) 

(𝑐𝑗𝑘) 

(mm) 

(𝛾𝑗𝑘) 

(deg.) 

 (𝜃𝑖) 

(deg.) 

Home 

position 

1. 𝑎12  
𝛼12 = 

180; 

𝑏12 = 

0; 

𝛽12 = 

0; 
𝑐12 

𝛾12 = 

0; 
𝜃1 0 

2. 𝑎23  
𝛼23 = 

0; 

𝑏23 = 

0; 

𝛽23 = 

0; 

𝑐23 = 

0; 

𝛾23 = 

0; 
𝜃2 0 

3. 
𝑎34 = 

0; 

𝛼34 = 

0; 

𝑏34 = 

0; 

𝛽34 = 

0; 
𝑐34  

𝛾34 = 

0; 

𝜃3 = 

fixed 
𝑑 

4. 
𝑎45 = 

0; 

𝛼45 = 

0; 

𝑏45 = 

0; 

𝛽45 = 

0; 
𝑐45  

𝛾45 = 

0; 
𝜃4 0 

 

a) 5-axis articulated robot: - Figure 3.10, represents the application of S-U method to 

five-axis articulated. The link-frame assignment and S-U parameters (given in Table 

3.8) are as shown. 

 

Fig. 3.10: Description of 5-axis articulated robot according to S-U method. 
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Table 3.7: S-U parameters of 5-axis articulated arm. 

S. 

No. 

(𝑎𝑗𝑘) 

(mm) 

(𝛼𝑗𝑘) 

(deg.) 

(𝑏𝑗𝑘) 

(mm) 

(𝛽𝑗𝑘) 

(deg.) 

(𝑐𝑗𝑘) 

(mm) 

(𝛾𝑗𝑘) 

(deg.) 

 (𝜃𝑖) 

(deg.) 

Home 

position 

1. 
𝑎01 = 

0; 
𝛼01 = 0; 𝑏01 = 0; 𝛽01 = 0; 𝑐01 𝛾01 = 0; − − 

2. 𝑎12 = 0; 
𝛼12 = -

90; 
𝑏12 = 0; 𝛽12 = 0; 𝑐12 𝛾12 = 0; 𝜃1 0 

3. 𝑎23  𝛼23 = 0; 𝑏23 = 0; 𝛽23 = 0; 𝑐23 = 0; 𝛾23 = 0; 𝜃2 0 

4. 𝑎34 𝛼34 = 0; 𝑏34 = 0; 𝛽34 = 0; 𝑐34 = 0; 𝛾34 = 0; 𝜃3 0 

5. 
𝑎45 = 

0; 

𝛼45 = -

90; 
𝑏45 = 0; 

𝛽45 = -

90; 
𝑐45 = 0; 

𝛾45 = -

90; 
𝜃4 0 

6. 
𝑎56 = 

0; 
𝛼56 = 0; 𝑏56 = 0; 

𝛽56 = -

90; 
𝑐56  

𝛾56 = 

90; 
𝜃5 0 

 

3.6     Closed-loop Robot 

A robotic manipulator can be stated as a closed-loop manipulator, if links constituting a 

kinematic chain are connected in such a way so as to form closed-loop (s). The total number 

of loops being formed can be calculated, knowing the number of moving links and joints, 

according to expression given below [63]: 

𝐿 = 𝐽 − (𝑁 − 1) (3.16) 

where  

𝐿 = total number of closed-loop (s) formed. 

𝐽 = total number of joints. 

𝑁 = 𝑛 + 1, total number of links. 

3.6.1    General Description 

A closed-loop robotic manipulator may be imagined as an arrangement of (𝑛 + 1) rigid 

links, as shown in Fig. 3.11. Out of total number of links, 1st one is usually a fixed link 

whereas remaining ′𝑛′ are moving links. As observed, in previous chapter (literature review) 

that conventional D-H parameter method leads to ambiguities for the case of closed-loop 

manipulators. However, the same can be extended to closed-loop robots by cutting it at a 

joint which is not actuated.  
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Fig. 3.11: Schematic representation of basic structure of closed-loop robot. 

In other words, a closed kinematic chain may be considered as an open chain by removing 

a joint, one which is not actuated. So, assuming chain is cut or opened at a joint which is 

between links (say) ‘𝑗’ and ‘𝑘’. Now, conventional D-H algorithm can be applied to it. With 

reference to Figure 3.11, link numbering, link-frame description and D-H parameters (refer 

Table) of a closed-loop robot are as shown. For the placement of link-frame, frame ‘𝑖’ is 

placed at joint (𝑖 + 1) according to the D-H parameter method [15]. According to this 

convention frames are marked in Fig. 3.11. Thereafter, homogeneous coordinate 

transformations can be applied to transform tool-tip point (𝑛𝑡ℎ 𝑓𝑟𝑎𝑚𝑒) to base frame 

(0𝑡ℎ  𝑓𝑟𝑎𝑚𝑒) and this process of transformation is as follows [15]: 

i. First of all, transform either frame ‘𝑗’ or ‘𝑘’ to frame (𝑖 − 1). Eqns. (3.17) and (3.18) 

gives transformation of, frame ‘j’ into frame (𝑖 − 1) and frame ‘k’ into frame (𝑖 − 1) 

respectively.  

𝑨(𝒒′)𝑗
𝑖−1  = 𝑨 (𝑞𝑖)𝑖

𝑖−1  𝑨𝑖+1′
𝑖  (𝑞𝑖+1′) 𝑨𝑖+2′

𝑖+1′  (𝑞𝑖+2′)…… 𝑨 (𝑞𝑗)𝑗
𝑗−1

 (3.17) 

𝑨(𝒒′)𝑘
𝑖−1  = 𝑨 (𝑞𝑖)𝑖

𝑖−1  𝑨𝑖+1′′
𝑖  (𝑞𝑖+1′′) 𝑨𝑖+2′

𝑖+1′  (𝑞𝑖+2′′)…… 𝑨 (𝑞𝑘)𝑘
𝑘−1  (3.18) 

ii. Thereafter, transform tool-tip frame (𝑛𝑡ℎ frame) to (𝑖 − 1)𝑡ℎ frame as given below: 

𝑨 (𝒒′)𝑛
𝑖−1  = 𝑨𝑗

𝑖−1  (𝑞′) 𝑨𝑛
𝑗

 (𝑞𝑗+1) (3.19) 
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𝑨 (𝒒′)𝑛
𝑖−1  = 𝑨𝑘

𝑖−1  (𝑞′) 𝑨𝑛
𝑘  (𝑞𝑘+1) (3.20) 

                                                                                                                                                                                       

iii. And finally, transform 𝑛𝑡ℎ frame to base frame: 

. 

𝑨𝑛
𝑏  (𝒒′) = 𝑨𝑖−1

𝑏  (𝑞 = 𝑐) 𝐴𝑛
𝑖−1  (𝒒′) (3.21) 

 

The following position and orientation constraints can be observed on closed-loop robot: 

If joint (𝑗 + 1) between links ‘j’ and ‘k’ is revolute constraints are: 

𝑹𝑖−1
𝑗

 (𝑞′) ( 𝒑 (𝑞′) − 𝒑 (𝑞′′)𝑘
𝑖−1

𝑗
𝑖−1 ) = [0 0 𝑑𝑗𝑘]𝑇 (3.22) 

𝑧𝑗
𝑖−1 (𝒒′) = 𝑧𝑘

𝑖−1 (𝑞′′) (3.23) 

 

 

Fig. 3.12: Transformations between frames ‘j’ and ‘k’. 

 

If joint (𝑗 + 1) between links ‘j’ and ‘k’ is prismatic constraints are: 

[
𝑥𝑗

𝑖−1 (𝑞′)

𝑦𝑗
𝑖−1 (𝑞′)

] (𝒑𝑗
𝑖−1(𝒒′) − 𝒑𝑘

𝑖−1 (𝑞′′)) 
= [

0
0
] (3.24) 

𝑧𝑗
𝑖−1 (𝑞′) = 𝑧𝑘

𝑖−1 (𝑞′′) (3.25) 

𝑥𝑗
(𝑖−1)𝑇 (𝒒′) 𝑥𝑘

(𝑖−1)𝑇 (𝑞′′) = cos 𝑣𝑗𝑘 (3.26) 
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3.6.2    Example 

An example, of a parallelogram linkage, has been presented to demonstrate the application 

of conventional D-H parameter method to a closed-loop robot. Figure 3.13 shows a closed-

loop robot, constitutes of one fixed (𝐿0) and four moving links (𝐿1′, 𝐿2′, 𝐿3′ and 𝐿1′′). A 

closed-loop can be observed between links 𝐿0, 𝐿1′ , 𝐿2′ , 𝐿3′  and 𝐿1′′. In order to apply D-H 

algorithm, chain can be supposed to be opened at joint between links 𝐿3′ and 𝐿1′′. 

Thereafter, link-frames are assigned and corresponding D-H parameters are calculated by 

applying D-H parameter method 

Next, following the transformation Eqn. given above for closed loop robot mapping 

between tool-tip frame and base frame can be derived [15]. 

i. First, transform frame (3′) into frame (0) given as 𝑨3′
0  (𝒒′), where 𝒒′ 

= [𝜃1′ , 𝜃2′ , 𝜃3′]𝑇. 

𝑨3′
0  (𝒒′) = 𝑨1′

0  (𝜃1′) 𝑨2′
1′

 (𝜃2′) 𝑨3′
2′

 (𝜃3′) (3.27) 

 

 

Fig. 3.13: Parallelogram Linkage with assigned link frames and marked D-H parameters. 

 

ii. Thereafter, transform (1′′) into frame (0) given as  
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𝑨1′′
0  (𝜃1′′) = 

[
 
 
 
𝑐1′′

𝑠1′′

0
−
0

−𝑠1′′

𝑐1′′

0
−
0

0
0
1
−
0

⃓
⃓
⃓
−
⃓

𝑎1′′  𝑐1′′

𝑎1′′  𝑠1′′

0
−
1 ]

 
 
 
 

(3.28) 

 

iii. Next, to complete the mapping, transform tool frame (4𝑡ℎ) into frame (3′𝑟𝑑), 

which is a constant transformation as there is no any actuated joint motion at 

connection between links (3′) and (1′′). 

𝑨 (0)4
3′

 = [

1
0
0
−
0

0
1
0
−
0

0
0
1
−
0

⃓
⃓
⃓
−
⃓

𝑎4

0
0
−
1

] (3.29) 

 

iv. Since, joint between links 𝐿3′  and 𝐿1′′ is revolute, therefore position constraints 

are: 

(𝒑3′
0  (𝒒′) − 𝒑1′′

0  (𝑞′′)) = [
0
0
0
] (3.30) 

Here, 𝑑3′1′′ = 0, which is distance along 𝑧1′′  or 𝑧3′ . 

 

v. Orientation constraints can be satisfied independent of 𝑞′ and 𝑞′′. Since, 𝑎1′ =

 𝑎3′′  and 𝑎2′ = 𝑎1′′, so following two independent constraints can be extracted: 

𝑎1′  (𝑐1′ + 𝑐1′2′3′  ) +  𝑎1′′  (𝑐1′2′ − 𝑐1′′) = 0    (3.31) 

𝑎1′  (𝑠1′ + 𝑠1′2′3′) + 𝑎1′′  (𝑠1′2′ − 𝑠1′′) = 0 (3.32) 

 

Now, in order to satisfy above constraints for any value of 𝑎1′ or 𝑎1′′. From Figure. 3.13, it 

can be observed that: 

𝜃2′ = (𝜃1′′ − 𝜃1′) (3.33) 

𝜃3′ = 𝜋 − 𝜃2′ =  𝜋 − 𝜃1′′ + 𝜃1′ (3.34) 

                                                                                                                                                   

From expressions of 𝜃2′ and 𝜃3′, it can be observed that both depends upon 𝜃1′ and 𝜃1′′. 
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Thus, joint vector 𝒒′ = [𝜃1′ 𝜃1′′]. Substituting (17, 18) in 𝑨3′
0  (𝒒′) and deriving final 

transformation matrix 𝐴4
0  (𝑞′): 

𝑨4
0  (𝒒′) = 𝑨3′

0  (𝒒′) 𝑨4
3′

 (0) (3.35) 

 

 

 

 

 

 

 

 

 

3.7     Observations  

The following observations can be drawn from above illustrated schematic diagrams of 

standard manipulators: 

1. Both, proximal and distal variants of D-H parameter method use one frame per link. 

However, S-U method uses two frames per link. 

2. To provide geometric description to a manipulator having n-DOFs the number of 

coordinate frames required according to distal, proximal variants and S-U method are 

n,  𝑛 + 1−𝑎𝑛𝑑 (𝑛 × 2 + 2) respectively.   

3. A contradiction between two statements has been observed in case of distal variant when 

being applied to PUMA 560 manipulator. However, both statements are satisfied in case 

of proximal variant of D-H notation. These statements are as follow [2]: 

i. The point on body whose position needs to be described, can be chosen arbitrarily. 

However, for our convenience, point on body whose position we want to describe 

is chosen as body-attached frame. 

ii. Find the common perpendicular between 𝑖𝑡ℎ and (𝑖 + 1)𝑡ℎ joint axes, or their point 

of intersection. At the point of intersection or at the point where common 

perpendicular meets the 𝑖𝑡ℎ axis, assign the link-frame origin. 

Table 3.8: D-H parameter of parallelogram linkage. 

S. 

No. 

Link Length 

(𝑎𝑖) 

Link Twist 

(𝛼𝑖) (deg.) 

Joint offset 

(𝑑𝑖) 

Joint 

angle 

(𝜃𝑖) 

Home 

(deg.) 

1. 𝑎1′ 𝛼1 = 0; 𝑑1= 0; 𝜃1′ 0 

2. 𝑎2′ 𝛼2 = 0; 𝑑2 = 0; 𝜃2′ -30 

3. 𝑎3′ 𝛼3 = 0; 𝑑3 = 0; 𝜃3′ -60 

4. 𝑎1′′ 𝛼1′′  = 180; 𝑑1′′ = 0; 𝜃1′′ -120 

5. 𝑎4′ 𝛼4′ = 0; 𝑑4′ = 0; − − 
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Table 3.9: Comparison of different robot kinematics methods. 

Parameter (s) 

Method (s) 

Distal 

variant 

Proximal 

variant 
S-U method 

K-K 

method 

[31] 

Screw  

Based 

method 

𝑓 𝑛 (𝑛 + 1) (𝑛 × 2 + 2)  2 

𝑝 4 4 7 4 or 6 7 

𝑟 Serial  Serial  Any Any − 

𝑐 Less Less More Less  

 

In above table, 

𝑓 = Number of frames for given manipulator. 

𝑝 = Number of parameters used by a method to describe a manipulator. 

𝑟 = Range of applicability. 

𝑐 = Complexity of method. 

 

4. Both, proximal and distal variants of D-H parameter method use four parameters to 

describe link-shape and joint motion in three dimensional Cartesian space. However, S-

U method uses seven parameters to describe the same.  

5. Because of more number of parameters used S-U method is more time consuming as 

compared to other methods, that is why used only for closed loop robots. 

  

3.8     Summary 

In this chapter, forward kinematics of open- as well as closed-loop robotic manipulators has 

been presented. First, general description of these manipulators has been given, using two 

variants (distal and proximal) of D-H parameter method and S-U method. Thereafter, 

illustrative examples of both classes of manipulators has been presented. A comparison of 

these methods can be observed in Section 3.7. This discussion will be helpful in describing 
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the kinematics of a hybrid manipulator, which is a combination of open- and closed-loop 

chains. Based on the discussion in this chapter, the complete kinematic model of a hybrid 

manipulator is developed in Chapter 4. 
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Chapter 4  

Kinematic Study of Spatial Hybrid 

Manipulators 

 

4.1 Introduction  

In the last chapter, kinematic analysis of open- as well as closed-loop robotic manipulators 

has been presented. Based on discussion reported in Chapter 3, is it possible to derive the 

forward kinematics of a spatial hybrid manipulator, which is a combination of open and 

closed chains with planar as well as spatial links? In the present chapter, the main focus is 

to answer this question and to develop a forward kinematic model for a spatial hybrid 

manipulator. It has been reported by Siciliano [15] that deriving the forward kinematic 

model of a closed-loop robotic manipulator may or may not be feasible. So, from reported 

information, it can be concluded that dealing with kinematic problem of a spatial hybrid 

manipulator is undoubtedly a challenging task. In the present work, a recognizable 

deficiency in D-H parameter method has been observed and in order to eliminate the same, 

the concept of dummy frames has been proposed. The efficacy of proposed concept is 

demonstrated both analytically as well as physically for the case of Manipulator for Medical 

Applications (MMA).  

 

4.2  Spatial Hybrid Manipulator 

A spatial hybrid manipulator may be considered as a combination of, an open-loop (s), 

closed-loop (s) robotic structure (s) containing planar, spatial or combination of both types 

of links. The geometric structure of a spatial hybrid manipulator is quite complicated as 

compared to an open- as well as a closed-loop robots. Also, the degree of complexity will 

depends upon the type of the links contained by the structure of same. Figure 4.1, represents 

the general structure of a spatial hybrid manipulator, consists of planar 

links 𝐿𝑖, 𝐿𝑖+1′ , 𝐿𝑖+1′′ , 𝐿𝑖+2′ , 𝐿𝑖+2′′ ,  and 𝐿𝑗, spatial links, 𝐿𝑘, 𝐿𝑘+1, … 𝐿𝑘+𝑛 and a closed-loop 

kinematic chain between links 𝐿𝑖+1′ , 𝐿𝑖+2′ , ……… . 𝐿𝑗  and 𝐿𝑖+1′′ , 𝐿𝑖+2′′ , … . 𝐿𝑘 . Since, D-H 
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parameter method is applicable to serial manipulators. However, in the present work, an 

effort has been made to extend its utility to spatial hybrid manipulators. The kinematic 

structure of MMA is described in Section 4.4. 

 

 

Fig. 4.1: General representation of kinematic structure of a spatial hybrid manipulator. 

 

4.3  Manipulator for Medical Applications (MMA)  

Manipulator for medical applications is a spatial hybrid manipulator, intended to serve the 

medical surgical operations. With reference to Figure 4.2, the basic kinematic structure of 

MMA consists of planar links, spatial links and a closed-loop kinematic chain. Further, thes 

closed-loop chain is formed by one spatial and three planar links. The detailed description 

is given is Section 4.4. As reported in Section 4.2 that geometric structure of a spatial hybrid 

manipulator is quite complex, the same can be observed here. 
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Moreover, MMA is a device, being operated by the surgeon during a surgical task. While 

sitting on surgeon console as the surgeon make some hand movements, the same were 

recorded by the sensors equipped to the manipulator. Thereafter, recorded motion is 

transferred to patient side manipulator, which actually performs the surgery. 

 

 

Fig. 4.2: Basic kinematic structure of manipulator for medical applications (MMA). 

 

4.4  Kinematic Study of MMA 

The detailed kinematic analysis of MMA is presented in Figs. 4.3-(a) and 4.3-(b). First, the 

links and frames description is given in Fig. 4.3-(a), thereafter, shape of links and joint 

motions are described in Fig. 4.3-(b), using proximal variant of original D-H parameter 

method. The MMA consists of 1 fixed link (shown in red color), known as base link, and 9 

moving rigid-links, out of which links numbered as 𝐿1, 𝐿2, 𝐿3, 𝐿3𝑎, and 𝐿3𝑏 are planar, 

while  𝐿4, 𝐿5, 𝐿6, and 𝐿7 are spatial links. Kinematic chain contains two types of joints: i) a 

ternary joint between links 𝐿2, 𝐿3 and 𝐿3𝑎. ii) binary joints between rests of links. All joints 

are of revolute type. The DOF of MMA is seven and it provides the surgeon with all of the 

independent motions that a human arm can. In general, to provide the geometric description 
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of a kinematic chain, methods like distal and proximal variants of D-H notation, screw based 

displacement method, simple and systematic method to generate D-H parameters, S-U 

method, modified D-H method etc. are available in the literature. Due to minimal 

parameters representation, proximal variant of D-H notation has been preferred in the 

present work to assign reference coordinates frames to the links of MMA as shown in Fig. 

4.3-(a). Thereafter, corresponding D-H parameters are calculated, as shown in Fig. 4.3-(b) 

and are given in Table 4.1. 

 

 

Fig. 4.3-(a): Line diagram of the MMA in assumed home position with assigned link-frames according to 

proximal variant of D-H parameter method. 
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Fig. 4.3-(b): Line diagram of MMA with marked D-H parameters. 
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Table 4.1: D-H Parameters of MMA in assumed home position. 
 

S.No 

 

Link Length 

(𝑎𝑖−1) 

(mm) 

Joint Distance 

(𝑑𝑖) (mm) 

Link 

Twist  

(𝛼𝑖−1) 

(deg.) 

Joint 

Variable 

(𝜃𝑖) 

(deg.) 

Home 

Position 

1. 𝑎0 = 0 𝑑1 = 137.77 𝛼0 = 0 𝜃1 0 

2. 𝑎1 = 0 𝑑2 = 0 𝛼1 = -90 𝜃2 -90 

3. 𝑎2 = 187.46 𝑑3 = 0 𝛼2 = 0 𝜃3 90 

4. 𝑎3 = 160.76 𝑑4 = 0 𝛼3 = 0 𝜃4 0 

5. 𝑎4 = 0 𝑑5 = 67.82 𝛼4 = 90 𝜃5 0 

6. 𝑎5 = 0 𝑑6 = ˗35.07 𝛼5 = -90 𝜃6 -90 

7. 𝑎6 = 0 𝑑7 = -38.40 𝛼6 =  -90 𝜃7 90 

8. 𝑎7 = 0 𝑑8 = 63.79 𝛼7 =  90 - - 

  

4.5  Development of the Forward Kinematic Model of MMA 

 In this section, forward kinematic model of the manipulator for medical applications has 

been developed using homogeneous coordinate transformations. The matrix, 𝑨𝑖
𝑖−1  represents 

the homogeneous transformation matrix, mapping 𝑖𝑡ℎ frame to (𝑖 − 1)𝑡ℎ frame for 𝑖 =

 1 to 8, as given below: 

 

𝑨𝑖
𝑖−1  = 

[
 
 
 
 

𝑐𝜃𝑖
−𝑠𝜃𝑖

0
𝑠𝜃𝑖

𝑐𝛼𝑖−1
𝑐𝜃𝑖

𝑐𝛼𝑖−1
−𝑠𝛼𝑖−1

𝑠𝜃𝑖
𝑠𝛼𝑖−1

−
0

𝑐𝜃𝑖
𝑠𝛼𝑖−1

−
0

𝑐𝛼𝑖−1

−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎𝑖−1

−𝑠𝛼𝑖−1
𝑑𝑖

𝑐𝛼𝑖−1
𝑑𝑖

−
1 ]

 
 
 
 

 

(4.1) 

 

 

 

By using Eqn. (4.1), the tool-tip of MMA can be transformed to its base, as given below: 

 

𝑨8
0  = 𝑨1

0  𝑨2
1  𝑨3

2  𝑨4
3  𝑨5

4  𝑨6
5  𝑨7

6  𝑨8
7 . (4.2) 

where 
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𝑨1
0  = 

[
 
 
 
𝑐1
𝑠1

0
−
0

−𝑠1
𝑐1

0
−
0

0
0
1
−
0

⃓
⃓
⃓
⃓
⃓

0
0
𝑑1
−
1 ]

 
 
 
 

(4.3) 

    

𝑨2
1  = [

𝑐2

0
−𝑠2
−
0

−𝑠2

0
−𝑐2
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

0
0
0
−
1

] 

(4.4) 

    

𝑨3
2   = [

𝑐3
𝑠3

0
−
0

−𝑠3
𝑐3

0
−
0

0
0
1
−
0

⃓
⃓
⃓
⃓
⃓

𝑎2

0
0
−
1

] 

(4.5) 

    

𝑨4
3  = [

𝑐4
𝑠4

0
−
0

−𝑠4
𝑐4

0
−
0

0
0
1
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3

0
0
−
1

] 

(4.6) 

 

After multiplying these matrices the key result is 𝑨4
0 , which is given as, 

 

𝑨4
0  = 

[
 
 
 
 
𝑐1𝑐234
𝑠1𝑐234
−𝑠234

−
0

−𝑐1𝑠234
−𝑠1𝑠234
−𝑐234

−
0

−𝑠1
𝑐1

0
−
0

⃓
⃓
⃓
⃓
⃓

𝑐1(𝑐2𝑎2 + 𝑐23𝑎3)

𝑠1(𝑐2𝑎2 + 𝑐23𝑎3)

𝑑1−𝑎2𝑠2 − 𝑎3𝑠23
−
1 ]

 
 
 
 

 

(4.7) 

 

Now, the transformation 𝑨8
4 , can be obtained as, 

𝑨8
4  = 𝑨 5

4 𝑨 6
5 𝑨 7

6 𝑨8
7  (4.8) 

where    

𝑨5
4  = 

[
 
 
 
𝑐5

0
𝑠5
−
0

−𝑠5

0
𝑐5
−
0

0
−1
0
−
0

⃓
⃓
⃓
⃓
⃓

0
−𝑑5

0
−
1 ]

 
 
 
 

(4.9) 
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𝑨6
5  = 

[
 
 
 
−

𝑐6

0
𝑠6
−
0

−𝑠6

0
−𝑐6
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

0
−𝑑6

0
−
1 ]

 
 
 
 

(4.10) 

    

𝑨7
6  = 

[
 
 
 

𝑐7

0
−𝑠7
−
0

−𝑠7

0
−𝑐7
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

0
−𝑑7

0
−
1 ]

 
 
 
 

(4.11) 

    

𝑨8
7  = 

[
 
 
 
1
0
0
−
0

0
0
1
−
0

0
−1
0
−
0

⃓
⃓
⃓
⃓
⃓

0
−𝑑8

0
−
1 ]

 
 
 
 

(4.12) 

 

After, multiplying these four matrices the resultant matrix is, 

𝑨8
4  = 

[
 
 
 
 
𝑎̃11 𝑎̃12 𝑎̃13 ⃓ 𝑎̃14

𝑎̃21 𝑎̃22 𝑎̃23 ⃓ 𝑎̃24

𝑎̃31

−
0

𝑎̃32

−
0

𝑎̃33 ⃓ 𝑎̃34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

(4.13) 

where    

 

𝑎̃11 = 𝑐5𝑐6𝑐7 

𝑎̃12 = −𝑐5𝑠6 

𝑎̃13 = 𝑐5𝑐6𝑠7 − 𝑠5𝑐7 

𝑎̃14 = 𝑠5𝑑6 + 𝑐5𝑠6𝑑7 − 𝑑8(𝑠5𝑐7 − 𝑐5𝑐6𝑠7) 

𝑎̃21 = 𝑠6𝑐7 

𝑎̃22 = 𝑐6 

𝑎̃23 = 𝑠6𝑠7 
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𝑎̃24 = −𝑑5 − 𝑐6𝑑7 + 𝑠6𝑠7𝑑8 

𝑎̃31 = 𝑠5𝑐6𝑐7 − 𝑐5𝑠7 

𝑎̃32 = −𝑠5𝑠6 

𝑎̃33 = 𝑠5𝑐6𝑠7 + 𝑐5𝑐7 

𝑎̃34 = −𝑐5𝑑6 + 𝑠5𝑠6𝑑7 + 𝑑8(𝑠5𝑐6𝑠7 + 𝑐5𝑐7) 

 

The transformation matrix which transforms the tool-tip frame into base frame can be 

evaluated by multiplying Eqns. (4.7) and (4.13) as 

 

𝑨8
0 = 𝑨 4

0 𝑨8
4  

 

= 

[
 
 
 
 
 
𝑏̃11 𝑏̃12 𝑏̃13 ⃓ 𝑏̃14

𝑏̃21 𝑏̃22 𝑏̃23 ⃓ 𝑏̃24

𝑏̃31

−
0

𝑏̃32

−
0

𝑏̃33 ⃓ 𝑏̃34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 
 

 

(4.14) 

 

where 

𝑏̃11 = 𝑐7{𝑐6(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) − 𝑐1𝑠234𝑠6} + 𝑠7(𝑐1𝑐234𝑠5 + 𝑠1𝑐5) 

𝑏̃12 = −𝑠6(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) − 𝑐1𝑐6𝑠234 

𝑏̃13 = 𝑠7{𝑐6(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) − 𝑐1𝑠234𝑠6} − 𝑐7(𝑐1𝑐234𝑠5 + 𝑠1𝑐5) 

𝑏̃14 = 𝑑8𝑠7{𝑐6(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) − 𝑐1𝑠234𝑠6} − 𝑑8𝑐7(𝑐1𝑐234𝑠5 + 𝑠1𝑐5) 

+𝑑7𝑠6(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) + 𝑐1𝑠234𝑐6𝑑7 + 𝑑6(𝑐1𝑐234𝑠5 + 𝑠1𝑐5) 

+𝑐1𝑠234𝑑5 + 𝑐1(𝑐23𝑎3 + 𝑐2𝑎2) 

𝑏̃21 = 𝑐7{𝑐6(𝑠1𝑐234𝑐5 + 𝑐1𝑠5) − 𝑠1𝑠234𝑠6} + 𝑠7(𝑠1𝑐234𝑠5 − 𝑐1𝑐5) 

𝑏̃22 = −𝑠6(𝑠1𝑐234𝑐5 + 𝑐1𝑠5) − 𝑠1𝑐6𝑠234 

𝑏̃23 = 𝑠7{𝑐6(𝑠1𝑐234𝑐5 + 𝑐1𝑠5) − 𝑠1𝑠234𝑠6} − 𝑐7(𝑠1𝑐234𝑠5 + 𝑐1𝑐5) 

𝑏̃24 = 𝑑8[𝑠7{𝑐6(𝑠1𝑐234𝑐5 + 𝑐1𝑠5) − 𝑠1𝑠234𝑠6} − 𝑐7(𝑠1𝑐234𝑠5 + 𝑐1𝑐5)] 

+𝑠1(𝑐23𝑎3 + 𝑐2𝑎2) + 𝑠1𝑠234𝑑5 + 𝑑6(𝑐1𝑐234𝑠5 + 𝑠1𝑐5) + 𝑑7{𝑠6 
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(𝑐1𝑐234𝑐5 − 𝑠1𝑠5) + 𝑐1𝑠234𝑐6} 

𝑏̃31 = 𝑐7(−𝑠234𝑐5𝑐6 − 𝑐234𝑠6) − 𝑠234𝑠5𝑠7 

𝑏̃32 = 𝑠234𝑐5𝑠6 − 𝑐234𝑐6 

𝑏̃33 = 𝑠7(−𝑠234𝑐5𝑐6 − 𝑐234𝑠6) + 𝑠234𝑠5𝑐7 

𝑏̃34 = 𝑑8𝑠7(−𝑠234𝑐5𝑐6 − 𝑐234𝑠6) + 𝑠234𝑠5𝑐7𝑑8 − 𝑑7(𝑠234𝑐5𝑠6 − 𝑐234𝑐6) 

−𝑑6𝑠234𝑠5 + 𝑐234𝑑5 − 𝑎2𝑠2 − 𝑎3𝑠23 + 𝑑1 

 

4.6 Ambiguity in D-H Parameter Method 

A forward kinematic model is developed in Section 4.5. The developed model gives the 

position and orientation of the tool-tip, given the joint angles. Thereafter, D-H parameters 

calculated in Section 2 are substituted in the derived model. However, discrepancies has 

been observed in tool-tip position obtained from kinematic model as compared to one 

obtained from physical prototype of MMA. This geometrical inconsistency arises because 

all the segments of spatial links 𝐿4, 𝐿5, 𝐿6, and 𝐿7 does not get accounted for into 

corresponding D-H parameters Table 4.1, as can be seen in Fig. 4.3-(b). This leads to 

recognizable deficiency of D-H notation in case of spatial links, where two consecutive joint 

axes at right angles to each other. A detailed analysis has been made by considering a spatial 

link 𝐿4 taken from Fig. 4.3-(b), separately with two possible joint axes orientations, as can 

be seen in Figs. 4.5-(b) and 4.5-(c). Figure 4.5-(a) shows a solid spatial link to which joint 

axes are assigned with two possibilities− a) parallel to each other, b) at right angles to each 

other. 
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Fig. 4.4: Four-axis SCARA robot with assigned link-frames and marked D-H parameters. 

 

Now, if a mechanism contains a spatial link with parallel joint axes, as in case of four-axis 

SCARA robot (refer Fig. 4.4) [8], D-H notation comes geometrically consistent as both 

segments of spatial link get accounted for into corresponding D-H parameters. However, in 

case of a spatial link with two consecutive joint axes at right angle to each other, all the 

segments of spatial link does not get accounted for into corresponding  D-H parameter table 

(refer Table 4.2). 

 

Fig. 4.5-(a) Geometry of a solid spatial link 𝐿4, Fig. 4.5-(b): Spatial link 𝐿4 with parallel 

joint axes and Fig. 4.5-(c) Spatial link 𝐿4 with perpendicular joint axes describing the 

recognizable deficiency of proximal variant of original D-H parameter method. 
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Table 4.2: D-H parameters of link 𝐿4, shown in fig. 4.5-(c). 
 

S.No 
Link 

Length 

(𝑎𝑖−1) 

Joint 

Distance 

(𝑑𝑖) 

Link 

Twist  

(𝛼𝑖−1) 

(deg.) 

Joint 

Variable 

(𝜃𝑖) 

Home 

Position 

(deg.) 

1. 𝑎4 = 0 𝑑5 -90 𝜃5 0 

  

On the similar basis, if the remaining spatial links of the MMA are observed, geometrical 

inconsistency is found in all of them. This inconsistency can be observed from Table 4.1, 

where the entries 𝑎5, 𝑎6 and 𝑎7 are coming as zero, describing that all the parameters of 

spatial links 𝐿4, 𝐿5, 𝐿6 and 𝐿7 are not accounted for. The geometric validation of this 

inconsistency is given in later section. 

4.7  Improvement in D-H Parameter Method 

4.7.1    Concept of a Virtual-Link 

Now, in order to eliminate the deficiency of D-H notation as reported in Section 3, the 

concept of virtual link has been applied. According to the fundamentals of kinematics that 

motion study does not depend upon shape of link. So, a virtual link is generally assumed by 

joining end points of a spatial link. An attempt is made to use virtual link because both of 

the segments of spatial link get accounted for into corresponding length calculation as s 

=√(𝑎2 + 𝑏2)
2

, according to Pythagoras theorem. 

 

 
Fig. 4.6-(a) A solid spatial link with its corresponding virtual link, and Fig.4.6-(b) Geometric 

description of spatial link. 



66 
 

Taking virtual link in account, the plane of motion of original spatial link got changed, 

which is not desirable in surgical applications. That is why, the concept of virtual link has 

not been applied. 

4.7.2    Concept of a Dummy Frame 

However, the reported deficiency can be successfully eliminated by introducing a new 

concept, which is to the best of authors knowledge, has not been used before in literature. 

The introduced concept is coined as the concept of Dummy Frames.  

 

Fig. 4.7-(a): A Spatial link 𝐿4 considered separately from Fig. 4.3-(b), and Fig. 4.7-(b) A spatial link 𝐿4 

with dummy frame (in red color) assignment. 

   

When this concept is applied to a spatial link, as shown in Fig. 4.7-(b), it accounts for all 

the segments of spatial link into corresponding D-H parameters (refer Table 4.3) and 

eliminates the deficiency of D-H notation. Dummy frame is different from D-H frame in 

the sense that it is placed at a point where there is no motion, whereas a D-H frame is placed 

at a point where motion is taking place. Absence of motion at dummy frame does not imply 

that joint angle corresponding to dummy frame vanishes rather it becomes a constant, whose 

value can be determined (as angle from 𝑥𝑖−1 to 𝑥𝑖  about 𝑧𝑖) according to D-H algorithm. 
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Table 4.3: D-H parameters of spatial link 𝐿4 augmented with dummy frame, shown in fig. 4.7-(b). 
 

S.No  
Link 

Length  

(𝑎𝑖−1) 

Joint 

Distance  

(𝑑𝑖) 

Link 

Twist  

(𝛼𝑖−1) 

(deg.) 

Joint 

Variable     

(𝜃𝑖) (deg.) 

Home 

Position 

(deg.) 

1. 𝑎5 𝑑5 0 𝜃5 -90 

 

Rules to Assign Dummy Frames: 

1. First of all, z-axis is assigned in the appropriate direction. 

2. Next, assign x-axis according to D-H notation. 

3. Use right hand thumb rule to assign y-axis. 

Figure 4.7-(b) shows the demonstration of concept of dummy frame (shown in red color). 

In the present work, four dummy frames are attached to Manipulator for Medical 

Application. Hence, four constants are present in Table 4.4. As there is no motion taking 

place about any of the axis of assigned dummy frame, that is why, they are known as dummy 

frames. 

 

4.8  D-H parameters of MMA Augmented with Dummy Frames 

Figure 4.8-(a) shows the line diagram of Manipulator for Medical Application with assigned 

dummy frames (shown in red) in addition to D-H frames and Fig. 4.8-(b) shows the line 

diagram with marked new D-H parameters, which are given in Table 4.4. At this point, a 

comparison of Figs. 4.3-(b) and 4.8-(b) can be made and it can be observed that segments 

of spatial links 𝐿4, 𝐿5, 𝐿6, and 𝐿7 which are not get accounted for into corresponding D-H 

parameters with conventional D-H notation, are now get accounted into D-H parameters. 

Thereafter, again, a forward kinematic model is developed as developed in Section 4.5, 

however augmented with dummy frames. 

 

Table 4.4: D-H Parameters of MMA with augmented dummy frames. 

 

S.No 
Link Length  

(𝑎𝑖−1) (mm) 

Joint Distance  

(𝑑𝑖) (mm) 

Link Twist  

(𝛼𝑖−1) (deg.) 

Joint Var.     

(𝜃𝑖) 

(deg.) 

Home 

Postn. 

 

1. 𝑎0 = 0 𝑑1 = 137.77 𝛼0 = 0 𝜃1 0 

2. 𝑎1 = 0 𝑑2 = 0 𝛼1 = -90 𝜃2 -90 

3. 𝑎2 = 187.46 𝑑3 = 0 𝛼2 = 0 𝜃3 90 
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4. 𝑎3 = 160.76 𝑑4 = 0 𝛼3 = 0 𝜃4 0 

5. 𝑎4 = 0 𝑑5 = 67.82 𝛼4 = 90 𝜃5 = C -90 

6. 𝑎5 = 20.11 𝑑6 = 0 𝛼5 = 0 𝜃6 90 

7. 𝑎6 = 0 𝑑7 = -35.07 𝛼6 = -90 𝜃7 = C -90 

8. 𝑎7 = 25.24 𝑑8 = 0 𝛼7 = 0 𝜃8 0 

9. 𝑎8 = 0 𝑑9 = -38.40 𝛼8 = -90 𝜃9 = C 90 

10. 𝑎9 = 16.09 𝑑10 = 0 𝛼9 = 0 𝜃10 0 

11. 𝑎10 = 0 𝑑11= 27.29 𝛼9 = 90 𝜃11= C -90 

12 𝑎11 = 118.73 𝑑12 = 36.50 𝛼10 = 90 - - 

 

The tip of the MMA can be transformed to base frame according to, 

 

𝑨12
0  = 𝑨1

0  𝑨2
1  𝑨3

2  𝑨4
3  𝑨5

4  𝑨6
5  𝑨7

6  𝑨8
7  𝑨9

8  𝑨10
9  𝑨11

10  𝑨12
11  (4.15) 

  

Since, even after augmentation of dummy frames, the description of chain remains same 

up-to joint variable 𝜃4. So, the transformation matrix 𝑨4
0 , will be same as given by Eqn. 

(4.5). 

The Eqn. (4.15) can be written as  

𝑨12
0  = 𝑨4

0  𝑨8
4  𝑨12

8  (4.16) 

where    

𝑨4
0  

 

= 

 

[
 
 
 
 
𝑐1𝑐234
𝑠1𝑐234
−𝑠234

−
0

−𝑐1𝑠234
−𝑠1𝑠234
−𝑐234

−
0

−𝑠1
𝑐1

0
−
0

⃓
⃓
⃓
⃓
⃓

𝑐1(𝑐23𝑎3 + 𝑐2𝑎2)

𝑠1(𝑐23𝑎3 + 𝑐2𝑎2)

𝑑1−𝑎2𝑠2 − 𝑎3𝑠23
−
1 ]

 
 
 
 

 

(4.17) 
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Fig. 4.8-(a) Link-frame assignment to MMA augmented with dummy frames. 
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Fig. 4.8-(b) D-H parameters of MMA augmented with dummy frames. 
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𝑨8
4  = 𝑨5

4  𝑨 6
5 𝑨 7

6 𝑨8
7  (4.18) 

and    

𝑨5
4  

 

= 

 [
 
 
 
 

0 1 0
0 0 −1

−1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑5

0
−
1 ]

 
 
 
 

 

 

(4.19) 

𝑨 6
5  

 

= 

 [
 
 
 
 
𝑐6 −𝑠6 0
𝑠6 𝑐6 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎5

0
0
−
1 ]

 
 
 
 

 

 

(4.20) 

                 𝑨 7
6   =    

[
 
 
 
 
0 1 0
0 0 1
1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑7

0
−
1 ]

 
 
 
 

 

                𝑨8
7      =    

[
 
 
 
 
𝑐8 −𝑠8 0
𝑠8 𝑐8 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎7

0
0
−
1 ]

 
 
 
 

                                                                             

(4.21) 

 

 

 

(4.22) 

  

𝑨8
4  = 

[
 
 
 
 

𝑠6𝑠8 𝑠6𝑐8 𝑐6

−𝑐8 𝑠8 0
−𝑐6𝑠8

−
0

−𝑐6𝑐8

−
0

𝑠6

−
0

 

⃓
⃓
⃓
⃓
⃓

 

−𝑐6𝑑7

−𝑑5 − 𝑎7

−𝑎5 − 𝑠6𝑑7

−
1 ]

 
 
 
 

  

(4.23) 

 

Now, 𝑨12
8  is obtained as 

𝑨12
8  = 𝑨9

8  𝑨10
9  𝑨11

10  𝑨12
11  (4.24) 

 

where 
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𝑨9
8  

 
= 
 

[
 
 
 
 

0 −1 0
0 0 1

−1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑9

0
−
1 ]

 
 
 
 

 

 

(4.25) 

𝑨10
9  

 
= 
 

[
 
 
 
 
𝑐10 −𝑠10 0
𝑠10 𝑐10 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎9

0
0
−
1 ]

 
 
 
 

 

 

(4.26) 

𝑨11
10  

 
= 
 

[
 
 
 
 

0 1 0
0 0 −1

−1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑11

0
−
1 ]

 
 
 
 

 

 

(4.27) 

𝑨12
11  

 
= 
 

[
 
 
 
 
1 0 0
0 1 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎11

0
−𝑑12

−
1 ]

 
 
 
 

 

 

(4.28) 

    

Therefore 

𝑨12
8  = 

[
 
 
 
 

0 −𝑠10 𝑐10

−1 0 0
0
−
0

−𝑐10

−
0

−𝑠10

−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑐10(𝑑11 + 𝑑12)
−𝑎11 − 𝑑9

−𝑎9 − 𝑠10(𝑑11 + 𝑑12)
−
1 ]

 
 
 
 

 

 

(4.29) 

Substituting for Eqns. (4.17), (4.23) and (4.29) in Eqn. (4.16), 

𝑨12
0  = 

[
 
 
 
 
𝑐̃11 𝑐̃12 𝑐̃13

𝑐̃21 𝑐̃22 𝑐̃23

𝑐̃31

−
0

𝑐̃32

−
0

𝑐̃33

−
0

 

⃓
⃓
⃓
⃓
⃓

  

𝑐̃14

𝑐̃24

𝑐̃34

−
1 ]

 
 
 
 

 

 

 

(4.30) 

where   

   

𝑐̃11 = 𝑐1𝑠234𝑠8 − 𝑐8(𝑠1𝑐6 + 𝑐1𝑐234𝑠6) 
 

𝑐̃12 = (𝑠1𝑠6 − 𝑐1𝑐234𝑐6) 
 

𝑐̃13 = {𝑐1𝑠234𝑐8 + 𝑠8(𝑠1𝑐6 + 𝑐1𝑐234𝑠6)} 
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𝑐̃14 = 𝑐1(𝑐2𝑎2 + 𝑐23𝑎3) + 𝑠1𝑎5 + 𝑐1𝑠234𝑑5−𝑑7(−𝑠1𝑠6 + 𝑐1𝑐234𝑐6)
+ 𝑎7𝑐1𝑠234 

−𝑑9{−𝑐1𝑠234𝑠8 + 𝑐8(𝑠1𝑐6 + 𝑐1𝑐234𝑠6)} + 𝑎9(𝑠1𝑠6 − 𝑐1𝑐234𝑐6)
+ 𝑑11{𝑐1 

𝑠234𝑐8 + 𝑠8(𝑠1𝑐6 + 𝑐1𝑐234𝑠6)} + 𝑎11{𝑐1𝑠234𝑠8 − 𝑐8(𝑠1𝑐6

+ 𝑐1𝑐234𝑠6)} + 

 𝑑12{𝑐1𝑠234𝑐8 + 𝑠8(𝑠1𝑐6 + 𝑐1𝑐234𝑠6)} 
 

𝑐̃21 = 𝑠1𝑠234𝑠8 − 𝑐8(−𝑐1𝑐6 + 𝑠1𝑐234𝑠6) 
 

𝑐̃22 = (−𝑐1𝑠6 − 𝑠1𝑐234𝑐6) 
 

𝑐̃23 = {𝑠1𝑠234𝑐8 + 𝑠8(−𝑐1𝑐6 + 𝑠1𝑐234𝑠6)} 
 

𝑐̃24 = 𝑠1(𝑐2𝑎2 + 𝑐23𝑎3) − 𝑐1𝑎5+𝑠1𝑠234𝑑5 − 𝑑7(𝑐1𝑠6 + 𝑠1𝑐234𝑐6)
+ 𝑎7𝑠1𝑠234 

−𝑑9{−𝑠1𝑠234𝑠8 + 𝑐8(−𝑐1𝑐6 + 𝑠1𝑐234𝑠6)} + 𝑎9(−𝑐1𝑠6 − 𝑠1𝑐234𝑐6)
+ 𝑑11 

{𝑠1𝑠234𝑐8 + 𝑠8(−𝑐1𝑐6 + 𝑠1𝑐234𝑠6)} 
𝑐̃31 = 𝑐234𝑠8 + 𝑠234𝑠6𝑐8 

 

𝑐̃32 = 𝑠234𝑐6 
 

𝑐̃33 = (𝑐234𝑐8−𝑠6𝑠234𝑠8) 
 

𝑐̃34 =  𝑑1−𝑎2𝑠2 − 𝑎3𝑠23 + 𝑐234𝑑5 + 𝑠234𝑐6𝑑7 + 𝑎7𝑐234 − 𝑑9(−𝑐234𝑠8

− 𝑠234 

𝑠6𝑐8) + 𝑎9𝑠234𝑐6 + 𝑑11(𝑐234𝑐8−𝑠6𝑠234𝑠8) + 𝑎11(𝑐234𝑠8

+ 𝑠234𝑠6𝑐8) + 

𝑑12(𝑐234𝑐8−𝑠6𝑠234𝑠8). 

 

 

4.9 Validation 

4.9.1    Geometrical Validation 

To ensure the efficacy of the proposed concept (dummy frame), a kinematic model is 

developed in the Matlab environment. D-H parameters augmented with dummy frames are 

substituted to kinematic model, gives position and orientation of the tool-tip. The 

geometrical validation first without dummy frames, thereafter, with dummy frames, is 

presented: 
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i. Geometrical Validation with D-H parameters method: 

To validate the D-H parameter table, the tip coordinates of MMA are geometrically 

calculated, as shown in Fig. 6-(b) and are given as, 

  

Table 4.5: Geometrical validation with D-H parameter method. 
 

Coordinate 

Desirable tip coordinate 

obtained geometrically 

from Fig. 6-(b). 

Position of tip  given 

by forward kinematic 

model 

X 𝑎3 − 𝑑9−𝑎11 𝑎3 − 𝑑7 

Y −(𝑎5 + 𝑑7 + 𝑎9) −𝑑6 

Z 
𝑑1 + 𝑎2 + 𝑑5 + 𝑎7 + 𝑑11

+ 𝑑12 
𝑑1 + 𝑎2 + 𝑑5 + 𝑑8 

 

It can be seen from Figs. 4.3-(b) and 4.8-(b) that 𝑑8 = 𝑑11 + 𝑑12. 

𝑨4
0  

 

 

= 

 

 
[
 
 
 
1
0
0
−
0

0
0

−1
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3

0 
𝑑1 + 𝑎2

−
1 ]

 
 
 
 

 

 

(4.31) 

 

 

𝑨8
0  

 

 

= 

 

 [
 
 
 
 0
−1
0
−
0

1
0
0
−
0

0
0
1
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3 − 𝑑7

−𝑑6

𝑑1 + 𝑎2 + 𝑑5 + 𝑑8
−
1 ]

 
 
 
 

 

 

 

(4.32) 

 

 

 

ii. Geometrical Validation with Concept of Dummy Frames 

 

Table 4.6: Geometrical validation with improved (Dummy frame) D-H parameter method. 

 

Coord. 

Desirable tip coordinate 

obtained geometrically from 

Fig. 6-(b). 

Position of tip given by forward 

kinematic model 

X 𝑎3 − 𝑑9−𝑎11 𝑎3 − 𝑑9−𝑎11 

Y −(𝑎5 + 𝑑7 + 𝑎9) −(𝑎5 + 𝑑7 + 𝑎9) 

Z 
𝑑1 + 𝑎2 + 𝑑5 + 𝑎7 + 𝑑11

+ 𝑑12 
𝑑1 + 𝑎2 + 𝑑5 + 𝑎7 + 𝑑11 + 𝑑12 
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𝑨4
0  

 

 

= 

 

 
[
 
 
 
1
0
0
−
0

0
0

−1
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3

0 
𝑑1 + 𝑎2

−
1 ]

 
 
 
 

 

 

(4.33) 

 

 

𝑨8
0  

 

 

= 

 

 [
 
 
 
0
0
1
−
0

1
0
0
−
0

0
1
0
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3

−𝑎5 − 𝑑7

𝑑1 + 𝑎2 + 𝑑5 + 𝑎7
−
1 ]

 
 
 

 

 

 

(4.34) 

 

 

𝑨12
0  

 

 

= 

 

 
[
 
 
 
 1
0
0
−
0

0
−1
0
−
0

0
0
1
−
0

⃓
⃓
⃓
⃓
⃓

𝑎3 − 𝑑9 − 𝑎11

−𝑎5 − 𝑑7 − 𝑎9

𝑑1 + 𝑎2 + 𝑑5 + 𝑎7 + 𝑑11 + 𝑑12
−
1 ]

 
 
 
 

 

(4.35) 

 

 

Tables 4.5 and 4.6, shows the geometrical validation results with, conventional D-H 

parameter method and D-H parameters method incorporated with dummy frames. From 

Table 4.5 it can be observed that position given by forward kinematic model is inconsistent 

with one obtained from geometric line diagram (Fig. 4.8-(b)). As the all segments are not 

marked in Fig. 4.3-(b), so desirable tip position is obtained from Fig. 4.8-(b). However, 

when concept of dummy frames is implemented, as seen in Fig. 4.8-(a), position given by 

the kinematic model is completely consistent with one obtained from geometric line 

diagram (Fig. 4.8-(b)). 

 

4.9.2 Validation with Physical Prototype 

Also, a physical prototype of Manipulator for Medical Application has been made at CSIR-

CSIO Chandigarh and position and orientation are measured with physical prototype. It has 

been observed that results given by kinematic model and physical prototype, found with 

close agreement with each other. 

The comparison of both the results is given in Table 4.7. The slight variation found in the 

coordinates is due to the human error involved while measuring the MMA coordinates 

manually. It is expected that the above mentioned error will reduce significantly if more 

sensitive measuring techniques were adopted like Coordinate Measuring Machine (CMM) 

or vision-based techniques. Figure 4.9, shows the MMA prototype modeled in SolidWorks 

environment. Because, this manipulator is under patent process that is why physical 
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prototype is not shown in this thesis. However, experimentation has been performed on 

physical prototype. 

 

 

Fig. 4.9: Prototype of MMA modeled in SolidWorks environment. 

 

 

Table 4.7: Comparison of Validations results. 

 

Mapping With Kinematic Model With Physical Prototype 

From To 
X 

(mm) 

Y 

(mm) 

Z 

(mm) 

X 

(mm) 

Y 

(mm) 

Z 

(mm) 

4th 0th 160.7 0 325.2 158.5 0 323.5 

5th 0th 160.7 0 393.1 158.5 0 391.0 

6th 0th 160.7 -20.1 393.1 158.5 -22.9 391.0 

8th 0th 160.7 -55.2 418.3 158.5 -56.6 417.2 
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9th 0th 122.4 -55.2 418.3 124 -56.6 417.5 

12th 0th 3.6 -71.3 482.1 3.6 -72.9 481.5 

 

 

4.10 CASE STUDY: Complete Kinematic Model of MMA 

In this section, complete forward kinematic model of MMA is developed. The development 

of model is presented in four stages. In the first stage (Section 4.10.1), the kinematic 

position constraints imposed by closed-loop part of the spatial hybrid manipulator, are 

developed. In the second stage (Section 4.10.2), an attempt is made to derive the prescribed 

model for the same, using the kinematic analysis made in the previous section. However, 

derivation the model is not feasible using the proximal variant of D-H parameter method. 

This is due to the two reasons. First, D-H parameter method is applicable to serial chains 

only, whereas MMA is a spatial hybrid manipulator. Second, complex kinematic 

configuration of MMA which leads to a strong disagreement/inconsistency between 

orientation of frames assigned to the parallelogram linkage and a spatial link. However, the 

concept of D-H parameter method is extended to model the spatial hybrid manipulators by 

using the concept of dummy frames in Section 4.10.3. Thereafter finally, in Section 4.10.4, 

this extension is successfully implemented on the case study of MMA. 

 

4.10.1    Development of the Closed-loop Constraints 

As already mentioned, the spatial hybrid manipulator contains both open- as well as closed-

loop chains, this section presents the development of kinematic position constraints, 

imposed by the closed-loop part (parallelogram linkage) of the hybrid manipulator. As 

shown in Fig. 4.10, the frame, (𝑓4′′) is attached to proximal end of spatial link 𝐿4 and (𝑓4′′′) 

is attached to the distal end of link 𝐿3. Both these frames represent the same point in 

Cartesian space.  Now, 𝑓4′′ and 𝑓4′′′ can be transformed to base frame (𝑓0) by considering 

serial chains 𝑆𝐶1 and 𝑆𝐶2 respectively. The serial chain 𝑆𝐶1  consists of links 

𝐿0, 𝐿1, 𝐿2, 𝐿3𝑎, 𝐿3𝑏 and 𝐿4 whereas,  𝑆𝐶2 is formed by links 𝐿0, 𝐿1, 𝐿2, 𝐿3 and 𝐿4. Both of 

these possibilities are discussed separately as Case-I and Case-II respectively. 
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Case-I 

In this case, the frame 𝑓4′′ is transformed to frame 𝑓0 by considering the serial chain 𝑆𝐶1. 

The link-frames are assigned using proximal variant of D-H parameter method. Both link-

frame assignment and marked D-H parameters are shown in Fig. 4.10 and these parameters 

are given in Table 4.8. 

 

 

  

Fig. 4.10-(a): Constraint development diagram of parallelogram linkage, and Fig. 4.10-(b) point of 

interest is shown with respect to two chains 𝑆𝐶1 and 𝑆𝐶2.  
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Table 4.8: D-H parameters of serial chain 𝑆𝐶1. 

S.No. 

Link 

length 

(𝑎𝑖−1) 

Link twist 

(𝛼𝑖−1) 

Joint offset 

(𝑑𝑖) 

Joint angle 

(𝜃𝑖) 

Home 

position 

1. 𝑎0 = 0 𝛼0 = 0 𝑑1 𝜃1 0 

2. 𝑎1 = 0 𝛼1 = −90 𝑑2 = 0 𝜃2 −90 

3. 𝑎2 𝛼2 = 0 𝑑3 = 0 𝜃3 𝜃3 

3′′ 𝑎3 𝛼3 = 0 𝑑3′′ = 0 𝜃3′′ 𝜃3′′ 

4′ 𝑎3′′ 𝛼3′′ = 0 𝑑4′ = 0 𝜃4′ 𝜃4′ 

4′′ 𝑎4′ 𝛼4′ = 0 𝑑4′′ = 0 − 0 

 

Now, desired transformation can be obtained as 

𝑨4′′
0  = 𝑨1

0  𝑨2
1  𝑨3

2  𝑨3′′
3  𝑨4′

3′′
 𝑨4′′

4′
 (4.36) 

 

or 

𝑨4′′
0  = 𝑨 3

0 𝑨4′′
3  (4.37) 

where    

𝑨 3
0  = 𝑨1

0  𝑨2
1  𝑨3

2  (4.38) 

𝑨4′′
3  = 𝑨3′′

3  𝑨4′
3′′

 𝑨4′′
4′

 (4.39) 

and    

 

𝑨3′′
3  

 

= 

[
 
 
 
 
𝑐3′′ −𝑠3′′ 0 ⃓ 𝑎3

𝑠3′′ 𝑐3′′ 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

 

(4.40) 
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𝑨4′
3′′

 

 

= 

[
 
 
 
 
𝑐4′ −𝑠4′ 0 ⃓ 𝑎3′′

𝑠4′ 𝑐4′ 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

 

(4.41) 

 

𝑨4′′
4′

 

 

= 

[
 
 
 
 
1 0 0 ⃓ 𝑎4′

0 1 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

 

(4.42) 

Using Eqns. (4.3), (4.4), (4.5), and (4.40), (4.41), (4.42), the transformation matrices are 

calculated as 

 

𝑨 3
0  = 

[
 
 
 
 
𝑐1𝑐23 −𝑐1𝑠23 −𝑠1

𝑠1𝑐23 −𝑠1𝑠23 𝑐1

−𝑠23

−
0

−𝑐23

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 (

𝑐1𝑐2𝑎2

𝑠1𝑐2𝑎2

𝑑1 − 𝑠2𝑎2)
−
1 ]

 
 
 
 

 

(4.43) 

    

𝑨4′′
3  = 

[
 
 
 
 
𝑐3′′4′′ −𝑠3′′4′′ 0
𝑠3′′4′′ 𝑐3′′4′′ 0

0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

(𝑎3+𝑐3′′𝑎3′′ + 𝑎4′𝑐3′′4′)
𝑠3′′𝑎3′′ + 𝑎4′𝑠3′′4′

0
−
1 ]

 
 
 
 

 

(4.44) 

Therefore    

 

𝑨4′′
0  

 

= 

[
 
 
 
 
 
𝑑̌11 𝑑̌12 𝑑̌13 ⃓ 𝑑̌14

𝑑̌21 𝑑̌22 𝑑̌23 ⃓ 𝑑̌24

𝑑̌31

−
0

𝑑̌32

−
0

𝑑̌33 ⃓ 𝑑̌34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 
 

 

(4.45) 

where    

𝑑̌11 = 𝑐1𝑐233′′4′  

𝑑̌12 = −𝑐1𝑠233′′4′  
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𝑑̌13 = −𝑠1  

𝑑̌14 = 𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′)  

𝑑̌21 = 𝑠1𝑐233′′4′  

𝑑̌22 = −𝑠1𝑠233′′4′  

𝑑̌23 = 𝑐1  

𝑑̌24 = 𝑠1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′)  

𝑑̌31 = −𝑠233′′4′  

𝑑̌32 = −𝑐233′′4′  

𝑑̌33 = 0  

𝑑̌34 = (𝑑1 − 𝑠2𝑎2−𝑠23𝑎3 − 𝑠233′′𝑎3′′ − 𝑠233′′4′𝑎4′)  

 

The Eqn. (4.45) gives the position and orientation (pose) of frame  𝑓4′′ relative to 𝑓0. The 

position vector corresponding to this can be written as 

 

[ 𝒑4′′
0 ]

𝑆𝐶1
 = 

[
 
 
 
 

𝑥4′′
0

𝑦4′′
0

𝑧4′′
0

1 ]
 
 
 
 

 = [

𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′)

𝑠1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′)

(𝑑1 − 𝑠2𝑎2−𝑠23𝑎3 − 𝑠233′′𝑎3′′ − 𝑠233′′4′𝑎4′)
1

] 

(4.45-a) 

 

Case-II 

Now, the frame 𝑓4′′′ can be transformed to 𝑓0, when serial chain 𝑆𝐶2 is considered. The 

frame assignment and D-H parameters calculation is done by same method as in Case-I. 

The D-H parameters are given in Table 4.9.  

The desired pose can be obtained as 

𝑨4′′′
0  = 𝑨1

0  𝑨2
1  𝑨3′

2  𝑨4′′′
3′

  (4.46) 

or                                               𝑨4′′′
0  = 𝑨3′

0  𝑨4′′′
3′

 (4.47) 

where                                        𝑨3′
0  = 𝑨1

0  𝑨2
1  𝑨3′

2  (4.48) 
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Table 4.9: D-H parameters of serial chain 𝑆𝐶2. 

S.No. 

Link length 

(𝑎𝑖−1) 

(mm) 

Link twist 

(𝛼𝑖−1) 

(deg.) 

Joint offset 

(𝑑𝑖) (mm) 

Joint angle 

(𝜃𝑖) (deg.) 

Home 

position. 

1. 𝑎0 = 0 𝛼0 = 0 𝑑1 𝜃1 0 

2. 𝑎1 = 0 𝛼1 = −90 𝑑2 = 0 𝜃2 −90 

3′ 𝑎2 𝛼2 = 0 𝑑3′ = 0 𝜃3′ 𝜃3′ 

4′′′ 𝑎3′ 𝛼3′ = 0 𝑑4′′′ = 0 − 90 

 

The transformation matrix, which transform frame 𝑓3′ into 𝑓2 can be written as  

𝑨3′
2  

 

= 

 
[
 
 
 
 
𝑐3′ −𝑠3′ 0 ⃓ 𝑎2

𝑠3′ 𝑐3′ 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

 

(4.49) 

Referring Eqns. (4.3), (4.4) and (4.49) 

𝑨3′
0  = 𝑨1

0  𝑨2
1  𝑨3′

2  = 

[
 
 
 
 
𝑐1𝑐23′ −𝑐1𝑠23′ −𝑠1

𝑠1𝑐23′ −𝑠1𝑠23′ 𝑐1

−𝑠23′

−
0

−𝑐23′

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 (

𝑐1𝑐2𝑎2

𝑠1𝑐2𝑎2

𝑑1 − 𝑠2𝑎2)
−
1 ]

 
 
 
 

 

(4.50) 

Since, the transformation of 𝑓4′′′ into 𝑓3′ is a constant transformation which is given by 

𝑨4′′′
3′

 = 

[
 
 
 
 
𝑐4′′′ −𝑠4′′′ 0 ⃓ 𝑎3′

𝑠4′′′ 𝑐4′′′ 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

(4.51) 

 

𝜃4′′′ = constant 

 

= 

 

90°. 
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𝑨4′′′
3′

 = 

[
 
 
 
 
0 −1    0 ⃓ 𝑎3′

1 0 0 ⃓ 0
0
−
0

0
−
0

1 ⃓ 0
− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

(4.52) 

Therefore, 

𝑨4′′′
0  = 

[
 
 
 
 
−𝑐1𝑠23′ −𝑐1𝑐23′ −𝑠1

−𝑠1𝑠23′ −𝑠1𝑐23′ 𝑐1

−𝑐23′

−
0

𝑠23′

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑐1(𝑐2𝑎2 + 𝑐23′𝑎3′)

𝑠1(𝑐2𝑎2 + 𝑐23′𝑎3′)

(𝑑1 − 𝑠2𝑎2 + 𝑠23′𝑎3′)
−
1 ]

 
 
 
 

 

(4.53) 

 

The Eqn. (4.53), transforms the frame 𝑓4′′′ to base frame 𝑓0. Both,   Eqns. (4.45) and (4.53) 

represents the same point in Cartesian space for the given values of D-H parameters. From 

Eqn. (4.53), the position of the frame 𝑓4′′′ can be written as  

[ 𝒑4′′′
0 ]

𝑆𝐶2
 = 

[
 
 
 
 

𝑥4′′′
0

𝑦4′′′
0

𝑧4′′′
0

1 ]
 
 
 
 

 =

[
 
 
 
 

𝑐1(𝑐2𝑎2 + 𝑐23′𝑎3′)

𝑠1(𝑐2𝑎2 + 𝑐23′𝑎3′)

(𝑑1 − 𝑠2𝑎2 + 𝑠23′𝑎3′)
−
1 ]

 
 
 
 

 

(4.53-a) 

 

Now, as reported by Siciliano [15], for a closed-loop robot having last joint as revolute, the 

position constraints of a parallelogram linkage can be obtained as 

 

([ 𝒑4′′
0 ]

𝑆𝐶1
− [ 𝒑4′′′

0 ]
𝑆𝐶2

) = [
0
0
0
] 

(4.54) 

 

 

Which can be written in expanded form as 

(

 
 

[
 
 
 
 

𝑥4′′
0

𝑦4′′
0

𝑧4′′
0

1 ]
 
 
 
 

− 

[
 
 
 
 

𝑥4′′′
0

𝑦4′′′
0

𝑧4′′′
0

1 ]
 
 
 
 

)

 
 

 = [
0
0
0
] 

(4.55) 

 

Using Eqns. (4.45-a), (4.53-a) and (4.55), the position constraints can be written as 
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(𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′) − 𝑐1(𝑐2𝑎2 + 𝑐23′𝑎3′)) 

 

= 0 

(𝑠1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′ + 𝑐233′′4′𝑎4′) − 𝑠1(𝑐2𝑎2 + 𝑐23′𝑎3′)) 

 

= 0 

((𝑑1 − 𝑠2𝑎2−𝑠23𝑎3 − 𝑠233′′𝑎3′′ − 𝑠233′′4′𝑎4′) − (𝑑1 − 𝑠2𝑎2 + 𝑠23′𝑎3′)) = 0 

 

From the parallelogram linkage (𝐿3, 𝐿3𝑎 , 𝐿3𝑏 , and 𝐿4), it can be found that 

𝑎4′ = 𝑎3 (4.56) 

𝑎3′′ = 𝑎3′ (4.57) 

By simplifying the above equations the constraints are given as 

𝑎3(𝑐23 + 𝑐233′′4′) + 𝑎3′(𝑐233′′ − 𝑐23′) = 0 

 

(4.58) 

𝑎3(𝑐23 + 𝑐233′′4′) + 𝑎3′(𝑐233′′ − 𝑐23′) = 0 

 

(4.59) 

−𝑎3(𝑠23 + 𝑠233′′4′) + 𝑎3′(𝑠23′ − 𝑠233′′) = 0 

 

(4.60) 

The Eqns. (4.58), (4.59) and (4.60), gives the position constraints of the parallelogram 

linkage for the case of manipulator for medical applications. Out of three, two are 

independent, as first two of them are same. It is expected also, as the parallelogram linkage 

is planer in X-Z plane. Thus, the constraint in 𝑦-direction does not exist. 

In order to satisfy these constraints for any choice of 𝑎3 and 𝑎3′, it follows that  

𝜃3′′ = (𝜃3′ − 𝜃3) (4.61) 

𝜃4′ = (𝜋 − (𝜃3′ − 𝜃3)). (4.62) 

Thus, for mapping of the frames 𝑓4′′ and 𝑓4′′′  to frame 𝑓0 the joint vector 𝑞′ =

[𝜃1, 𝜃2, 𝜃3 and 𝜃3′] can be used instead of 𝑞′ = [𝜃1,  𝜃2,  𝜃3, 𝜃3′′ and 𝜃4′′].  

 

4.10.2    Inclusion of Parallelogram Linkage in the Kinematic Model of MMA 

In this section an attempt is made to derive the kinematic model of MMA, using the analysis 

made in Section 4.10.1. 

𝑨4′
0  = 𝑨 3

0 𝑨4′
3  (4.63) 
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where                                    

                                𝑨4′
3  = 𝑨 3′′

3 𝑨4′
3′′

  

 

 From Eqns. (4.40) and (4.41),  

𝑨4′
3  = 

[
 
 
 
 
𝑐3′′4′ −𝑠3′′4′ 0
𝑠3′′4′ 𝑐3′′4′ 0

0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎3 + 𝑐3′′𝑎3′′

𝑠3′′𝑎3′′

0
−
1 ]

 
 
 
 

 

(4.64) 

 

Substituting Eqns. (4.43) and (4.64) in Eqn. (4.63) 
   

𝑨4′
0  = 

[
 
 
 
 
𝑒̃11 𝑒̃12 𝑒̃13 ⃓ 𝑒̃14

𝑒̃21 𝑒̃22 𝑒̃23 ⃓ 𝑒̃24

𝑒̃31

−
0

𝑒̃32

−
0

𝑒̃33 ⃓ 𝑒̃34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

(4.65) 

where    

𝑒̃11 = 𝑐1𝑐233′′4′ 

𝑒̃12 = −𝑐1𝑠233′′4′ 

𝑒̃13 = −𝑠1 

𝑒̃14 = 𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′) 

𝑒̃21 = 𝑠1𝑐233′′4′ 

𝑒̃22 = −𝑠1𝑠233′′4′ 

𝑒̃23 = 𝑐1 

𝑒̃24 = 𝑠1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐233′′𝑎3′′) 

𝑒̃31 = −𝑠233′′4′ 

𝑒̃32 = −𝑐233′′4′ 

𝑒̃33 = 0 

𝑒̃34 = (𝑑1 − 𝑠2𝑎2 − 𝑠23𝑎3 − 𝑠233′′𝑎3′′ − 𝑠233′′4′) 

 

Eliminating 𝜃3′′ and 𝜃4′ using Eqns. (4.61) and (4.62), Eqn. (4.65) can be simplified as 
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𝑨4′
0  = 

[
 
 
 
 
 
𝑓11 𝑓12 𝑓13 ⃓ 𝑓14

𝑓21 𝑓22 𝑓23 ⃓ 𝑓24

𝑓31

−
0

𝑓32

−
0

𝑓33 ⃓ 𝑓34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 
 

 

(4.66) 

where    

𝑓11 = −𝑐1𝑐23  

𝑓12 = 𝑐1𝑠23  

𝑓13 = −𝑠1  

𝑓14 = 𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐23′𝑎3′′)  

𝑓21 = −𝑠1𝑐23  

𝑓22 = 𝑠1𝑠23  

𝑓23 = 𝑐1  

𝑓24 = 𝑠1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐23′𝑎3′′)  

𝑓31 = 𝑠23  

𝑓32 = 𝑐23  

𝑓33 = 0  

𝑓34 = (𝑑1 − 𝑠2𝑎2 − 𝑠23𝑎3 − 𝑠23′𝑎3′′)  

 

From Eqn. (4.66), it can be observed that it contains joint variables as 𝜃1,  𝜃2, 𝜃3 and 𝜃3′ 

only. Whereas Eqn. (4.65), in addition to these variables also contains 𝜃3′′ and 𝜃4′.  At this 

point, parallelogram linkage condition of 2-DOFs system gets embedded into the kinematic 

analysis of MMA. 
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Fig. 4.11: Development of kinematic model using D-H parameter method taking parallelogram 

linkage in account. 

Now, it is desired to define the frame (𝑓5), attached to distal end of link 𝐿4, with respect to 

frame 𝑓4′  (refer Fig. 4.11). However, at this point, an inconsistency in orientation of 𝑥 −

𝑎𝑥𝑖𝑠 (𝑥4′) and 𝑧 − 𝑎𝑥𝑖𝑠 (𝑧5), can be observed. In other words, orientations of 𝑥4′ and 𝑧5 

are completely inconsistent in accordance of D-H parameter method, where according to 

this method, both 𝑥𝑖−1 and 𝑥𝑖 should be in a plane which is perpendicular to joint axis 𝑧𝑖. 

Since, the orientation of 𝑥4′ is fixed according to the parallelogram linkage kinematic 

analysis made in Section 4.10.1. Also, orientation of joint axis 𝑧5 is fixed as required by the 

medical/surgical robot’s motion. Neither 𝑥4′ nor 𝑧5 can be altered.  
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Figs. 4.12-(a) and 4.12-(b): Demonstration of the orientation inconsistency.  

 

With reference to Fig. (4.11), 𝑥 − 𝑎𝑥𝑖𝑠 can be assigned to the distal end of link 𝐿4 in two 

possible ways.  Both are shown in Figs. 4.12-(a) and 4.12-(b). From these figures it can be 

observed that rotation is not possible from 𝑥4′ to 𝑥5, about 𝑧5. Thus, there is a problem of 

orientation inconsistency because of which derivation of kinematic model gets stucked at 

this point. 

Now, from above discussion it can be concluded that D-H parameter method of kinematic 

modeling cannot be applied for the case of MMA, which is a spatial hybrid manipulator. 

However, this problem is successfully solved by incorporating the concept of concept of 

dummy frames (described in Section 4.5.2) to D-H parameter method. The detail of the 

solution to this problem is presented in Section 4.10.3. 

 

4.10.3    Solution Proposed to Resolve the Orientation Inconsistency 

In this section, an effort is made to extend the utility of conventional D-H parameter method 

to spatial hybrid manipulators. The problem reported in Section 4.10.2 is solved 

successfully by using the newly introduced concept in the present work, which is the 

concept of dummy frames. In Fig. 4.13, for the assignment of dummy frame, Fig. 4.12-(b) 

is considered. The frame shown in red color is a dummy frame whose 𝑧-axis can be defined 

in appropriate direction. In other words, there is no fixed rule to define its 𝑧-axis. It can be 
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taken arbitrarily as required. Thereafter, 𝑥-axis is defined in the same way as defined by D-

H parameter method. Finally, right hand thumb rule is applied to assign 𝑦-axis which 

completes the frame definition.  

 

Fig. 4.13: Proposed solution (dummy frame) to achieve orientation consistency. 

 

Now, it can be seen in Fig. 4.13 that orientations of axis 𝑥4′ and 𝑧5 are consistent satisfying 

the condition of application of D-H parameter method, as the axes 𝑥4′ and 𝑥5 form a plane 

which is perpendicular to 𝑧5. Thus, rotation from 𝑥4′ to 𝑥5 about 𝑧5 is possible. Similarly, 

the rotation from 𝑥5 to 𝑥6 about 𝑧6 is also feasible. Hence, it can be concluded that the 

mapping of frame 𝑓5 to 𝑓4, which was not possible due to orientational inconsistency of axis 

𝑥4′ and 𝑧5 (refer Fig. 4.12), is possible now. It can be clearly seen in Fig. 4.13 that the frame 

𝑓6 (originally 𝑓5) is successfully mapped to 𝑓4, with the use of dummy frame 𝑓5. Here, it is 

important to bring in notice that dummy frame does not corresponds to any joint motion. 

The joint parameter corresponding to it remains constant as given by D-H parameter 

method. In the next section D-H parameter method with augmented dummy frames is 

applied to develop the MMA. 
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4.10.4     Development of the Kinematic Model using Dummy frames 

In this section, the extended D-H parameter method is demonstrated for the case of 

manipulator for medical applications. 

 

Fig. 4.14: D-H parameters augmented with dummy frames and taking parallelogram linkage in account. 

 

Figure 4.14 shows the line diagram of MMA with augmented dummy frames in addition to 

D-H frames. Also, the corresponding D-H parameters are marked and are given in Table 

4.10. In this kinematic analysis, four dummy frames (shown in red color) are used, leads to 

four constant joint angle variables. 
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Table 4.10: D-H parameters of MMA augmented with dummy frames taking parallelogram linkage in 

account. 

S.No. 
Link length 

(𝑎𝑖−1) 

Link twist 

(𝛼𝑖−1) 

Joint offset 

(𝑑𝑖) 

Joint angle 

(𝜃𝑖) 

Home 

position 

1. 𝑎0 = 0 𝛼0 = 0 𝑑1 𝜃1 0 

2. 𝑎1 = 0 𝛼1 = −90 𝑑2 = 0 𝜃2 −90 

3. 𝑎2 𝛼2 = 0 𝑑3 = 0 𝜃3 0 

3′′. 𝑎3 𝛼3 = 0 𝑑3′′ = 0 𝜃3′′ 90 

4′. 𝑎3′′ 𝛼3′′ = 0 𝑑4′ = 0 𝜃4′ 90 

5. −𝑎4′ 𝛼4′ = 90 𝑑5 = 0 𝜃5 = C −90 

6. 𝑎5 𝛼5 = 90 𝑑6 = 0 𝜃6 90 

7. 𝑎6 = 0 𝛼6 = −90 −𝑑7 𝜃7 = C −90 

8. 𝑎7 𝛼7 = 0 𝑑8 = 0 𝜃8 0 

9. 𝑎8 = 0 𝛼8 = −90 −𝑑9 𝜃9 = C 90 

10. 𝑎9 𝛼9 = 0 𝑑10 = 0 𝜃10 0 

11. 𝑎10 = 0 𝛼10 = 90 𝑑11 𝜃11 = C −90 

12. 𝑎11 𝛼11 = 0 𝑑12 − 0 

3′. 𝑎2 𝛼2 = 0 𝑑3′ = 0 𝜃3′ 90 

4′′. 𝑎3′ 𝛼3′ = 0 𝑑4′′ = 0 − 90 

 

Now, the complete forward kinematic model of MMA taking parallelogram linkage in 

account, can be derived as 

𝑨12
0  = 𝑨 1

0 𝑨 2
1 𝑨 3

2 𝑨 𝑨 4′
3′′

 3′′
3 𝑨 5

4′
𝑨 6

5 𝑨 7
6 𝑨 8

7 𝑨 9
8 𝑨 10

9 𝑨11
10 𝑨 12

11   
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or                      

 𝑨12
0  

= 𝑨 4′
0 𝑨 8

4′
𝑨 12

8  (4.67) 

where    

𝑨 8
4′

 = 𝑨 5
4′

𝑨 6
5 𝑨 7

6 𝑨 8
7  (4.68) 

𝑨 12
8  = 𝑨 9

8 𝑨 10
9 𝑨11

10 𝑨 12
11  (4.69) 

𝑨 5
4′

 = 

[
 
 
 
 
𝑐5 −𝑠5 0
0 0 −1
𝑠5

−
0

𝑐5

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎4′

0
0
−
1 ]

 
 
 
 

  

(4.70) 

 = 

[
 
 
 
 

0 1 0
0 0 −1

−1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎4′

0
0
−
1 ]

 
 
 
 

 

 

𝑨 6
5  = 

[
 
 
 
 
𝑐6 −𝑠6 0
0 0 −1
𝑠6

−
0

𝑐6

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎5

0
0
−
1 ]

 
 
 
 

 

(4.71) 

𝑨 7
6  = 

[
 
 
 
 

𝑐7 −𝑠7 0
0 0 1

−𝑠7

−
0

−𝑐7

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑7

0
−
1 ]

 
 
 
 

 

(4.72) 

𝑨 8
7  = 

[
 
 
 
 
𝑐8 −𝑠8 0
𝑠8 𝑐8 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎7

0
0
−
1 ]

 
 
 
 

 

(4.73) 

𝑨 9
8  = 

[
 
 
 
 

𝑐9 −𝑠9 0
0 0 1

−𝑠9

−
0

−𝑐9

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑9

0
−
1 ]

 
 
 
 

 

(4.74) 

  

[
 
 
 
 

0 −1 0
0 0 1

−1
−
0

0
−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑9

0
−
1 ]
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𝑨 10
9  = 

[
 
 
 
 
𝑐10 −𝑠10 0
𝑠10 𝑐10 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎9

0
0
−
1 ]

 
 
 
 

 

(4.75) 

𝑨11
10  = 

[
 
 
 
 
𝑐11 −𝑠11 0
0 0 −1

𝑠11

−
0

𝑐11

−
0

0
−
0

 

⃓
⃓
⃓
⃓
⃓

 

0
−𝑑11

0
−
1 ]

 
 
 
 

 

(4.76) 

𝑨 12
11  = 

[
 
 
 
 
𝑐12 −𝑠12 0
𝑠12 𝑐12 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎11

0
𝑑12

−
1 ]

 
 
 
 

 

(4.77) 

  

[
 
 
 
 
1 0 0
0 1 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑎11

0
𝑑12

−
1 ]

 
 
 
 

 

(4.78) 

 

Substituting appropriate matrices in Eqns. (4.68) and (4.69) 

𝑨 8
4′

 = 

[
 
 
 
 

−𝑐8 𝑠8 0
−𝑠6𝑠8 −𝑠6𝑐8 −𝑐6
−𝑐6𝑠8

−
0

−𝑐6𝑐8

−
0

𝑠6

−
0

 

⃓
⃓
⃓
⃓
⃓

 

(−𝑎4′−𝑎7)

𝑐6𝑑7

(−𝑎5 − 𝑠6𝑑7)
−
1 ]

 
 
 
 

 

(4.79) 

𝑨 12
8  = 

[
 
 
 
 

0 −𝑠10 𝑐10

−1 0 0
0
−
0

−𝑐10

−
0

−𝑠10

−
0

 

⃓
⃓
⃓
⃓
⃓

 

𝑐10(𝑑11 + 𝑑12)
−𝑑9 − 𝑎11

−𝑎9 − 𝑠10(𝑑11 + 𝑑12)
−
1 ]

 
 
 
 

 

(4.80) 

 

Therefore, upon substitution for Eqns. (4.66), (4.79) and (4.80) in Eqn. (4.67) 

𝑨 12
0  = 

[
 
 
 
 
𝑔̃11 𝑔̃12 𝑔̃13 ⃓ 𝑔̃14

𝑔̃21 𝑔̃22 𝑔̃23 ⃓ 𝑔̃24

𝑔̃31

−
0

𝑔̃32

−
0

𝑔̃33 ⃓ 𝑔̃34

− ⃓ −
0 ⃓ 1 ]

 
 
 
 

 

(4.81) 

where 

𝑔̃11 = 𝑐1𝑐23𝑠8 − 𝑐8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6) 
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𝑔̃12 = 𝑐10(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) + 𝑠10{−𝑐1𝑐23𝑐8 − 𝑠8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6)} 

𝑔̃13 = 𝑠10(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) − 𝑐10{−𝑐1𝑐23𝑐8 − 𝑠8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6)} 

𝑔̃14 = 𝑐1(𝑐2𝑎2 + 𝑐23𝑎3 + 𝑐23′𝑎3′′ + 𝑐23𝑎4′ + 𝑐23𝑎7)+ 𝑠1𝑎5 +

𝑑7(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) − 𝑑9{−𝑐1𝑐23𝑠8 + 𝑐8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6)} +

𝑎9(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) − 𝑑11{−𝑠10(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) + 𝑐10{−𝑐1 

𝑐23𝑐8 − 𝑠8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6)}}+𝑎11{𝑐1𝑐23𝑠8 − 𝑐8(𝑠1𝑐6 −

𝑐1𝑠23𝑠6)}+𝑑12[𝑠10(𝑠1𝑠6 + 𝑐1𝑠23𝑐6) − 𝑐10{−𝑐1𝑐23𝑐8 −

𝑠8(𝑠1𝑐6 − 𝑐1𝑠23𝑠6)}] 

𝑔̃21 = 𝑠1𝑐23𝑠8 + 𝑐8(𝑐1𝑐6 + 𝑠1𝑠23𝑠6) 

𝑔̃22 = 𝑐10(−𝑐1𝑠6 + 𝑠1𝑠23𝑐6) − 𝑠10{𝑠1𝑐23𝑐8 + 𝑠8(𝑐1𝑐6 + 𝑠1𝑠23𝑠6)} 

𝑔̃23 = 𝑠10(−𝑐1𝑠6 + 𝑠1𝑠23𝑐6) − 𝑐10{−𝑠1𝑐23𝑐8 + 𝑠8(𝑐1𝑐6 + 𝑠1𝑠23𝑠6)} 

𝑔̃24 = 𝑠1(𝑐2𝑎2 + 𝑐23𝑎23 + 𝑐23′𝑎3′′ + 𝑐23𝑎4′ + 𝑐23𝑎7)− 𝑐1𝑎5 −

𝑑7(𝑐1𝑠6 − 𝑠1𝑠23𝑐6) − 𝑑9{−𝑠1𝑐23𝑠8 + 𝑐8(𝑐1𝑐6 − 𝑠1𝑠23𝑠6)} +

𝑎9(−𝑐1𝑠6 + 𝑠1𝑠23𝑐6) − 𝑑11{−𝑠10(−𝑐1𝑠6 + 𝑠1𝑠23𝑐6) + 𝑐10 

{−𝑠1𝑐23𝑐8 + 𝑠8(𝑐1𝑐6 + 𝑠1𝑠23𝑠6)}} +𝑎11{𝑠1𝑐23𝑠8 + 𝑐8 

(𝑐1𝑐6 + 𝑠1𝑠23𝑠6)}+𝑑12[𝑠10(−𝑐1𝑠6 + 𝑠1𝑠23𝑐6) − 𝑐10 

{−𝑠1𝑐23𝑐8 + 𝑠8(𝑐1𝑐6 + 𝑠1𝑠23𝑠6)}] 

𝑔̃31 = −𝑠23𝑠8 + 𝑐23𝑠6𝑐8 

𝑔̃32 = 𝑐10𝑐23𝑐6 + 𝑠10(𝑠23𝑐8 + 𝑐23𝑠6𝑠8) 

𝑔̃33 = 𝑠10𝑐23𝑐6 − 𝑐10(𝑠23𝑐8 + 𝑐23𝑠6𝑠8) 

𝑔̃34 = 𝑑1 − 𝑠2𝑎2 − 𝑠23𝑎3 − 𝑠23′𝑎3′′ − 𝑠23𝑎4′ + 𝑐23𝑐6𝑑7 − 𝑎7𝑠23 

−𝑑9(𝑠23𝑠8 − 𝑐8𝑐23𝑠6) + 𝑐23𝑐6𝑎9 − 𝑑11{−𝑠10𝑐23𝑐6 + 𝑐10 

 (𝑠23𝑐8 + 𝑐23𝑠6𝑠8)}+𝑎11(𝑐23𝑠6𝑐8 − 𝑠23𝑠8)+ 𝑑12[ 𝑠10𝑐23𝑐6 −

𝑐10(𝑠23𝑐8 + 𝑐23𝑠6𝑠8)] 

 

 

Thus, the Eqn. (4.81), provides the complete kinematic model of a spatial hybrid 

manipulator. 
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4.11    Geometrical validation of kinematic Model 

In this section, the model developed in Section 4.10.4, is validated geometrically by 

substituting D-H parameters (refer Table 4.8), corresponding to assumed home position as 

shown in Fig. 4.14, in Eqn. (4.81). The validation result is given by 

𝑨 12
0  = 

[
 
 
 
 
−1 0 0
0 −1 0
0
−
0

0
−
0

1
−
0

 

⃓
⃓
⃓
⃓
⃓

 

(𝑎3′′ − 𝑑9 − 𝑎11)

−(𝑎5 + 𝑑7 + 𝑎9)
(𝑑1 + 𝑎2 + 𝑎3 + 𝑎4′ + 𝑎7 + 𝑑11 + 𝑑12)

−
1 ]

 
 
 
 

 

(4.82) 

Eqn. (4.82). At this point a comparison of this equation with Fig. (4.14), can be made and 

it can be observed that position and orientation given by the developed kinematic model is 

consistent as given by this figure. Also, from Figs. 4.8-(b) and 4.14, it can be observed that  

𝑑5 = (𝑎3 + 𝑎4′). 

 

4.12     Summary  

This chapter deals with kinematic study of spatial hybrid manipulators. First, the general 

introduction of a spatial hybrid manipulator has been presented. Thereafter, an attempt has 

been made to apply D-H parameter method to MMA, which is a spatial hybrid manipulator. 

However, this application leads to two kinds of inconsistencies – positional inconsistency 

and orientational inconsistency, as reported in Sections 4.6 and 4.10, respectively. This is 

due to the reason that D-H parameter method is applicable to serial manipulators only, as 

reported in Chapter 2. Also, an ambiguity in it is observed by Seth and Uicker [9] in the 

case of closed-loop robots. The main focus of this work is to extend the utility of D-H 

parameter method to spatial hybrid manipulators by proposing the concept of dummy 

frames. To the best of authors knowledge, the proposed concept of dummy frames has not 

been used before in the literature. The inconsistencies observed during the development of 

kinematic model of MMA have been completely removed by using the concept of dummy 

frames. The efficacy of the proposed concept has been demonstrated successfully in the 

field of surgical robots, using a MMA prototype, to obtain geometrical as well as physical 

consistency of the kinematic model. To file the patent, the details of MMA prototype has 

been kept confidential by CSIR-CSIO Chandigarh, India. 
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Chapter 5 

Gravity Balancing of Robotic Manipulators 

 

5.1 Introduction 

Gravity Balancing is an important aspect for robotic manipulators, especially for serial 

manipulators. Because, in serial manipulators as the number of links keeps on increasing, 

the gravitational effect due to the weight of succeeding links and joints keeps on increasing 

on preceding joints [64]. This leads to degradation of performance in terms of load carrying 

capacity of manipulator, power requirement to operate manipulator etc. So, in order to 

improve their performance, gravity compensation is provided. Now, question is when the 

manipulator is considered to be gravity balanced? The answer to this question is given in 

Section 5.2. In this chapter, first, fundamental concept of gravity balancing along with its 

broad classifications is described. Thereafter, two different methods of gravity balancing 

are presented and finally, analytic formulation for gravity balancing of MMA hybrid 

manipulator is developed.  

 

5.2 Gravity Balancing 

A robotic manipulator is referred to as gravity balanced, if joint actuator inputs are not 

required to keep the system in static equilibrium at its any configuration. Also, a 

manipulator is said to be statically balanced, if there is no effect of gravity on it and it 

remains in static equilibrium at its any possible configuration. The following mathematical 

conditions can be given to a gravity balanced system [65]: 

1) During motion, centre of mass does not change inertially. 

2) There is no change in potential energy of system as there is a change in its configuration. 

3) The system remains gravity balanced for every configuration because of the presence 

of counterweights. 

The above mathematical conditions can be achieved by: 

a) Attaching the counterweights to each link of the manipulator, used to fix the centre of 

mass of the manipulator. 
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b) Using springs at appropriate places in the manipulator, because the potential energy of 

system and the spring remains invariant with configuration of the manipulator. 

c) Locating the centre of mass using auxiliary parallelograms. 

 

5.3 Literature Review 

The gravity balancing can be broadly classified into two categories as: 

 

 

Gravity Balancing 

  

 

         Active                                                                                     Passive  

 

In active gravity balancing, actuator power is continuously applied to keep the system in 

static equilibrium. To accomplish this, either additional actuators are used, which results in 

increasing the size, mass and complexity of manipulator, or primary actuators are used, 

which degrades the dynamic performance of the manipulator [64]. This method of gravity 

balancing demand large power requirements, because more than half of the available 

actuator power is used in gravity compensation. 

However, the problem of large power requirement in the case of active gravity 

compensation can be successfully solved by using counter weights or springs [66, 67], 

which is termed as passive gravity compensation. In passive gravity compensation, counter 

weights are added to make the perpendicular distance between centre of mass and joint axis 

to be zero. As compared active gravity balancing, the power requirement in this case reduces 

considerably, which leads to significant improvement in the dynamic performance of the 

manipulator. However, addition of weights leads to an increase of inertia, complexity and 

volume of manipulator [67]. So, it is preferable to use the spring elements with or without 

auxiliary links. 
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5.3.1 Passive Gravity Compensation Methods: 

i. With Springs and Auxiliary Links 

A passive mechanical method for gravity balancing of variety of manipulators has been 

proposed by Nathan and Kumar [64]. The proposed method is based on energy approach 

and according to this method, gravitational potential energy of manipulator is equalized to 

strain energy of springs, by using spring elements, cables and cam shaped pullies. The 

proposed method is illustrated for a single joint. With reference to Fig. 5.1, weight 𝑚𝑔 is 

acting at the end point of link having length 𝐿. A pulley is employed at the end point, where 

joint between link and fixed link is formed. 

 

 

Fig. 5.1: Spring-pulley gravity compensation method for a single joint. 

 

In order to balance the torque induced at joint because of gravity and resisting torque 

provided by spring-pulley arrangement, the both needs to be equated as, 

 

                                                      𝜏𝑐𝑜𝑚𝑝 = 𝑚𝑙𝑔 𝑠𝑖𝑛 𝜃                                                  (5.1) 

If 𝑇 is the effective spring force, in that case exact gravity balancing requires: 

 

                                              𝑚𝑙𝑔 𝑠𝑖𝑛 𝜃 = 𝑇𝑟 = −𝑘𝑥𝑟                                                 (5.2) 

where  
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Differentiating Eqn. (5.2) w.r.t 𝜃 

 

𝑚𝑙𝑔 𝑐𝑜𝑠 𝜃 = 
𝑑𝑇

𝑑𝜃
𝑟 + 𝑇

𝑑𝑟

𝑑𝜃
 

                                                  

(5.3) 

  

According to the principle of virtual work and geometry of the system: 

 

𝑟𝑑𝜃 = 𝑑𝑥 (5.4) 

                            

For spring to behave linearly, following condition should be satisfied: 

 

𝑑𝑇 = −𝑟𝑑𝑥                                                             (5.5) 

 

Combing Eqns. (5.4) and (5.5), 

  

𝑑𝑇

𝑑𝜃
 = −𝑘𝑟                                                             (5.6)           

Substituting Eqn. (5.6) into Eqn. (5.3) 

                                       𝑘𝑟3 − 𝑚𝑔𝑙 𝑠𝑖𝑛 𝜃
𝑑𝑟

𝑑𝜃
+ 𝑚𝑔𝑟𝑙 𝑐𝑜𝑠 𝜃 = 0                                 (5.7) 

The above equation leads to the following solution: 

𝑟(𝜃) = √
𝑚𝑔𝑙

𝑘
 𝑠𝑖𝑛

𝜃

2
 

(5.8) 

 

The Eqn. (5.8) gives the effective radius of the pulley for each angular displacement 𝜃. 

However, it does not tell about the actual shape of pulley. The actual shape of pulley can be 

find out by a radius 𝑟𝑝(𝜃) at an angular displacement 𝜑(𝜃): 

𝑟 = effective radius of pulley, 

𝑘 = effective spring constant, 

𝑥 = linear displacement of cable. 



100 
 

𝑟𝑝(𝜃) = √
𝑚𝑔𝐿

𝑘
[
1

4
𝑐𝑜𝑠2

𝜃

2
+ 𝑠𝑖𝑛2

𝜃

2
] (5.9) 

𝜑(𝜃) = 𝑡𝑎𝑛−1[
1

2
𝑐𝑜𝑡

𝜃

2
] (5.10) 

 

The proposed method has advantages, over gravity balancing with counter weights, like it 

is mechanically simple, lower system inertia, lesser energy input. Moreover, primary 

actuators are not required as in the case of active gravity compensation. Due to this reason, 

the above method is economical to implement and easy to adapt for different types of arm 

designs.  

Another method of gravity balancing has been proposed by Agrawal and Fatteh [65]. The 

proposed method is a two-step approach, which is known as the hybrid strategy. These steps 

are: 

1. First, locate the centre of mass using auxiliary parallelograms, which is based on 

knowledge of geometry and inertia property. For this purpose consider an 𝑛 − 𝑙𝑖𝑛𝑘 serial 

manipulator with revolute joints only, as shown in Fig. 5.2. The location of centre of 

mass (𝐺) from the reference point (𝑂) is given as, 

 

𝒓𝑂𝐶 =  
1

𝑀
∑𝑚𝑖𝒓𝑂𝐶𝑖

𝑛

𝑖=1

 (5.11) 

    where 

                  𝑀 

 

 

= 

 

∑𝑚𝑖

𝑛

𝑖=1

 

 

= 

 
total mass of the manipulator, 

 
 

(5.12) 

  𝑚𝑖 = mass of 𝑖𝑡ℎ link, 
 

  𝒓𝑂𝐶𝑖
 

= 
location of centre of mass (𝐺𝑖) of 

𝑖𝑡ℎ link from origin 𝑂𝑖. 

 

 

Further, 𝒓𝑂𝐶𝑖
 can be written as: 

𝒓𝑂𝐶𝑖
 = 𝒓𝑂𝑂𝑖

+ 𝒓𝑂𝑖𝐶𝑖
 (5.13) 
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Where 𝑂𝑖 is the origin of frame attached to link 𝑖. With reference to Fig. 5.2, 

𝒓𝑂𝑂𝑖
 = ∑(𝑑𝑗𝒛𝑗−1 + 𝑎𝑗𝒙𝑗)

𝑖

𝑗=1

 (5.14) 

 

 

Fig. 5.2: A spatial robotic manipulator with marked D-H parameter. 

 

The location of centre of mass of link ′𝑖′ w.r.t 𝑂𝑖 in its local frame can be written as: 

𝒓𝑂𝑖𝐶𝑖
 = 𝛽𝑖𝑥𝒙𝑖 + 𝛽𝑖𝑦𝒚𝑖 + 𝛽𝑖𝑧𝒛𝑖 (5.15) 

 

Substituting Eqns. (5.14) and (5.15) in Eqn. (5.13), 

𝒓𝑂𝐶 = 

 
1

𝑀
∑𝑚𝑖 [∑(𝑑𝑗𝒛𝑗−1 + 𝑎𝑗𝒙𝑗)

𝑖

𝑗=1

+ 𝛽𝑖𝑥𝒙𝑖 + 𝛽𝑖𝑦𝒚𝑖

𝑛

𝑖=1

+ 𝛽𝑖𝑧𝒛𝑖] 

(5.16) 
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Assuming 𝑑1 = 0 

𝒓𝑂𝐶 =  ∑[𝛾𝑖𝑥𝒙𝑖 + 𝛾𝑖𝑦𝒚𝑖 + 𝛾𝑖𝑧𝒛𝑖]

𝑛

𝑖=1

 (5.17) 

Here, 𝛾𝑖𝑥, 𝛾𝑖𝑦 𝑎𝑛𝑑 𝛾𝑖𝑧 are the factors of geometry and mass distribution of links. Knowing 

the values of these factors, location of system centre of mass (𝐺) can be obtained, by adding 

the appropriate auxiliary links to the system. 

 

 

2. Thereafter, springs are used to make the potential energy invariant with 

configuration of the system. The total potential energy can be obtained as, 

𝑉 = 𝑉𝑒 + 𝑉𝑔 (5.18) 

where,    

𝑉𝑒 = elastic potential energy,  

 = 1

2
𝑘(𝜉1

2 + 𝜉2
2 + 𝜉3

2)𝑑2 +
1

2
𝑘(𝛿1

2 + 𝛿2
2 + 𝛿3

2)

− 𝑘𝑑(𝛿1𝜉1 + 

𝛿2𝜉2 + 𝛿3𝜉3), 

 

𝑉𝑔 = gravitational potential energy,  

 = 𝑀𝑔(𝛿1𝜉1 + 𝛿2𝜉2 + 𝛿3𝜉3).  

 

The combined potential energy can be given as, 

  

𝑉 = (𝑀𝑔 − 𝑘𝑑)𝛿1𝜉1 + (𝑀𝑔 − 𝑘𝑑)𝛿2𝜉2

+ (𝑀𝑔 − 𝑘𝑑)𝛿3𝜉3 

+
1

2
𝑘(𝜉1

2 + 𝜉2
2 + 𝜉3

2)𝑑2 +
1

2
𝑘(𝛿1

2 + 𝛿2
2 + 𝛿3

2) 

(5.19) 
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Now, for potential energy of the system to be constant, the coefficients of configuration 

variable terms should remain zero. Thus, stiffness of spring is obtained as, , 𝑖 = 1, 2, 3 to 

zero. 

𝛿𝑖𝜉𝑖 = 0        for       𝑖 =  1, 2, 3.  

which leads to, 

𝑘 = 
𝑀𝑔

𝑑
 (5.20) 

This method make it possible to locate the centre of mass of the manipulator in real-time 

and join this point to inertially fixed frame by means of springs. The importance of this 

method lies in the fact that there is no effect of the gravitational forces even base of the 

manipulator is rotated. Whereas, the methods proposed for gravity balancing before the 

introduction of this method, are meant for a fixed direction of gravity vector. Thereafter, 

Agrawal and Fatteh has used this method in their work of gravity balancing of class of 

industrial robots with anthropomorphic designs [66].  

ii. With Springs of Zero-Free-Length 

Agrawal and Fatteh [65], Dorsser et al. [68], Nathan [69], Pracht [70], Streit, B.J. Gilmore 

[71], Streit and Shin [72], used the spring of zero-free-length and auxiliary links, for gravity 

balancing of robotic manipulators. A zero-free-length spring [73] can be described as a 

linear spring whose length is zero, when no external load is applied on it. In other words, in 

these springs, spring force [68] is proportional to total length of spring rather than 

elongation. A spring of zero free length can be obtained with suitable combination of normal 

springs.  

However, gravity balancing can also be done by means of springs of zero-free-length only 

without the use of auxiliary links. The same has been done by Deepak and Ananthasuresh, 

to statically balance a general tree structured linkage loaded with linear springs or constant 

forces [73], static balancing of four bar linkage [74] and for perfect static balancing of 

linkages [75]. Lin et al. [76] also uses the zero free length springs to design a gravity 

balanced general spatial serial type manipulator.  
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iii. With Normal Springs 

The perfect gravity balancing can be achieved by using springs of zero-free-length. Now, 

the springs of positive and negative-free-length can be assembled, to produce a spring of 

zero-free-length. However, this arrangement as well as the use of auxiliary links requires 

considerable space to get accommodate. This is not desirable in some of the practical 

applications of mechanisms, as it increases the complexity of mechanism and limits the 

range of motion of links. With reference to this context, Herder [77] described several 

gravity equilibrators providing the perfect static balancing, by making use of normal springs 

instead of springs of zero-free-length. 

 

5.4 Gravity Balancing of MMA 

In Section 5.3, different techniques of gravity balancing available in the literature, have 

been reviewed. These techniques include the gravity balancing by means of springs of zero-

free-length with or without auxiliary links and normal springs.  

 

Fig. 5.3: Assumed pose of MMA for gravity balancing.  
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However, some of the practical applications restricts the use of auxiliary links and zero-

free-length springs. This is because, the use of auxiliary links as well as the arrangement of 

non-zero-free-length of springs, create two problems− i) an increase in complexity of 

mechanism; ii) limits the range of motion of links, which is undesirable in applications 

requiring precise movements. 

In present work, an effort has been made to statically balance the manipulator for medical 

applications (MMA). However, the same problem has been observed when auxiliary links 

are used. In MMA, the use of external links is highly undesirable because, it restricts the 

motion of surgeon’s hand during a surgical task. So, a constraint, of not to use auxiliary 

links, has been imposed over the gravity balancing of MMA. Now, to do the gravity 

balancing of same, normal springs are used. The approach used here is, joint torques are 

equalized to the resisting-torques provided by the attached springs. It is desirable to attach 

a spring between two consecutive links of MMA. In next Section 5.4.1, the design of the 

normal spring for static balancing of MMA is developed. 

For gravity balancing, the MMA is assumed in an appropriate pose, as shown in Fig. 5.3. 

In this figure, the second link (refer Fig. 4.8-(a)) is inclined at an angle of 450 to horizontal. 

The idea behind this pose is that the surgeon can easily reach horizontal as well as vertical 

positions. However, the moments are calculated for a worst configuration i.e where the 

effect of the gravity is most pronounced. One of the worst configurations is shown in Fig. 

5.4. 

5.4.1 Spring Design for Gravity Balancing 

A spring for each pair of links is designed in two steps. In first step, torque induced at a 

joint under consideration is calculated. Thereafter, second step involves the calculation of 

resisting torque provided by the springs.  

1. Calculation of joint torques: - Figure 5.4, shows the MMA in a pose at which joint 

torque is maximum at the joint between links 𝐿1and 𝐿2 (refer Fig. 4.8-(a)). The distance 

between the joint and point of attachment of spring is fixed, which means that the free 

length of spring is fixed. In order to compute the centre of mass (C.G), MMA is modeled 

in SolidWorks environment. Thereafter, aluminium alloy (Alloy 1060) as its material, 
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has been assigned to it. The mass density of assigned material is taken as 2700 kg/𝑚3. 

Thereafter, from the mass-property analysis in the SolidWorks, the centre of gravity of 

MMA is calculated and it is shown by coordinate system in light-pink color. 

 

 

Fig. 5.4: Worst configuration of MMA for 2nd  joint (between links 𝐿1and 𝐿2). 

 

 

Fig. 5.5: Mass properties of MMA in the pose shown in Fig. 5.3. 
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The torque induced at joint between links 𝐿1and 𝐿2 can be calculated by using the mass 

properties (refer Fig. 5.6), for the worst configuration of MMA. It is assumed that the weight 

of all links (except of 𝐿0 and 𝐿1, as it does not contribute any gravity load) acts through 

centre of mass, shown in light-pink color in Fig. 5.4. The parameters of MMA are given in 

Table 5.1. So, the torque (𝜏) at the same joint as reported earlier can be calculated as, 

𝜏 = ∑𝑤𝑖

𝑛

𝑖=2

× 𝑟𝑖 = 𝑤𝑒𝑞 × 𝑟𝑒𝑞 , 
(5.21) 

where,    

𝑤𝑖 = weight of 𝑖𝑡ℎ link, in Fig. 5.3,  

𝑟𝑖 = moment arm of 𝑖𝑡ℎ link w.r.t the joint axis of 𝐿2 in Fig. 

5.3, 

 

𝑤𝑒𝑞 = equivalent weight of all links shown in Fig. 5.4 

(refer Fig. 5.7), 

 

𝑟𝑒𝑞 = equivalent moment arm of MMA shown in Fig.5.4 

(refer Fig. 5.7). 

 

 

 

  Fig. 5.6: Mass properties at worst configuration (Fig. 5.4). 
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Using the above methodology, the joint torques are calculated on the first configuration, 

as shown in Fig. 5.3, is given as,   

𝑤𝑒𝑞 = 307.36 gms.  

𝑟𝑒𝑞 = 343.60× 10−3 m.  

𝜏𝑃𝑜𝑠𝑒1
 = 307.36 × 10−3 × 9.8 ×343.60× 10−3  

𝜏𝑃𝑜𝑠𝑒1
 = 1.0349 Nm. (5.22) 

Similarly, the joint torque at the second assumed configuration, as shown in Fig. 5.4, is 

given as, 

𝜏𝑃𝑜𝑠𝑒2
 = 307.36 × 10−3 × 9.8 × 395.94 × 10−3  

𝜏𝑃𝑜𝑠𝑒2
 = 1.1926 Nm. (5.23) 

Eqn. (5.24) gives the torque acting at the same joint when MMA has a pose as shown in 

Fig. 5.3.  

 

Fig. 5.7-(a): Spring of free-length 𝐿𝑓 = 𝑎, attached at a distance 𝑏 on link 𝐿1 and 𝑐 on 

link 𝐿2, from pivot point 𝑂.  Fig. 5.7-(b): The pose of MMA at which joint torque is 

maximum at point 𝑂′.  
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Table 5.1: Masses of different links of MMA. 

S.No Link (𝑳𝒊) Mass in gms. 

1. 𝐿2 37.73 

2. 𝐿3 25.87 

3. 𝐿3𝑎 7.46 

4. 𝐿3𝑏 25.87 

5. 𝐿4 25.57 

6. 𝐿5 16.93 

7. 𝐿6 12.09 

8. 𝐿7 152.59 

9. Packing 3.25 

 ∑𝑚𝑖 = 310.36 

 

It can be seen from Table 5.1, the mass of the manipulator is found as 310.36 gms, which 

is found in close agreement with the mass reported by Solidworks 3.5.  

2. Now, the torques calculated in previous step must be balanced by the resisting-torque 

provided by the spring, to be designed. Therefore, following relations can be 

formulated: 

𝜏𝑠𝑝1
 = 𝑭𝑠𝑝1

× 𝑟1 (5.24) 

𝜏𝑠𝑝2
 = 𝑭𝑠𝑝1

× 𝑟𝟐 (5.25) 

𝑭𝑠𝑝1
 = 𝑘 × 𝑥1 (5.26) 

𝑭𝑠𝑝2
 = 𝑘 × 𝑥2 (5.27) 

 

Where 𝑭𝑠𝑝1
 and 𝑭𝑠𝑝1

 are the spring forces for posture shown in Figs. 5.3 and 5.4 

respectively. Also, equivalent Figs., Figs. 5.7−(a) and (b), has been made. 𝑟1 and 𝑟2 are the 

perpendicular distances between pivot point and an axis of spring, 𝑘 is the stiffness of spring 

and 𝑥1, 𝑥2 represents the deformations of spring for prescribed posture. The 
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deformation 𝑥1 = 0, as there is deformation of spring in the pose assumed for gravity 

balancing. 

With reference to Fig. 5.7-(a), the free-length of spring can be calculated by applying the 

Sine law to ∆ 𝑂𝐷𝐸. From geometry of triangle (𝑂𝐷𝐸), it can be derived that: 

∠𝐵 = ∠𝐶  

 ∠𝐴 = 1350  

 

⇒  ∠𝐵 = ∠𝐶 = 22.50  

According to Sine law: 

𝑎

𝑠𝑖𝑛𝐴
 = 

𝑏

sin𝐵
 

(5.28) 

𝑎 = 
𝑏 × sin𝐴

sin𝐵
 

 

𝑎 = 28 ×
𝑠𝑖𝑛1350

sin 22.50
 

 

𝑎 = 51.7372 mm. (5.29) 

 

From ∆ 𝑂𝐷𝐹: 

𝑟1 = 𝑂𝐷 × sin 𝐶  

𝑟1 = 28 × sin 22.50  

𝑟1 = 10.7151 mm (5.30) 

 

Also, deformation (𝑥2) of spring, when rotating link 𝐿2 from assumed home position (Fig. 

5.7-(a)) to a position as shown in Fig. 5.7-(b), can be calculated as: 

𝑥2 = (𝑎 − 𝑎′)                                                                        

 

Applying Pythagoras theorem to, ∆ 𝑂′𝐷′𝐸′ for 𝑎′ and ∆ 𝑂′𝐷′𝐹′ for 𝑟2:   
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𝑎′ = 39.5979 mm.  

⟹ 𝑥2 = 12.1392 mm.  

𝑟2 = 19.7989 mm.  

 

The equations of resisting torque can be formulated as: 

𝜏𝑠𝑝1
 = 𝑭𝑠𝑝1

× 𝑟1  

𝜏𝑠𝑝1
 = 𝑘 × 𝑥1 × 𝑟1 (5.31) 

𝜏𝑠𝑝2
 = 𝑭𝑠𝑝2

× 𝑟2  

𝜏𝑠𝑝2
 = 𝑘 × 𝑥2 × 𝑟2 (5.32) 

 

Subtracting Eq. (5.31) from Eq. (5.32) and substituting values of all quantities, 

 

𝜏𝑠𝑝2
− 𝜏𝑠𝑝1

  = 𝑘 × 𝑥2 × 𝑟2 −  𝑘 × 𝑥1 × 𝑟1  

For static balancing    

𝜏𝑃𝑜𝑠𝑒1
 = 𝜏𝑠𝑝1

  

𝜏𝑃𝑜𝑠𝑒2
 = 𝜏𝑠𝑝2

  

0.1577 = 𝑘(12.1392 × 19.7989 − 0 ×  10.5171)

× 10−6 

 

𝑘 = 656.146 N/m. (5.33) 

Assuming factor of safety as,            𝐹𝑠 = 1.15.  

 

Thus required stiffness of spring is: 

𝑘𝑠 = 𝑘 × 𝐹𝑠  

𝑘𝑠 = 656.146× 1.15  

𝑘𝑠 = 754.57 N/m (5.34) 
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Specifications of the designed spring: 

1) Fixed Parameters: -  

 Free-length (𝐿𝑓) = 51.73 mm. 

 Mean coil diameter (D) =  14 mm. 

 Wire diameter (d) = 1.5 mm.   

2) Designed Parameters: - By using the fixed parameters the other design parameters 

of spring are calculated which are given in Table 5.2. 

 

Table 5.2: Spring design parameters. 

S.No Spring Parameter (s) Empirical Relation Designed Value 

1. Number of turns (𝑁) 
𝐺𝑑4

8𝐷3𝑘𝑠
 13 

2. Slenderness ratio 
𝐿𝑓

𝐷
 3.69 

3. Solid length (𝐿𝑆) (𝑛 × 𝑑) 19.50 mm 

4. Spring index (𝐶) 
𝐷

𝑑
 9.33 

6. Pitch (𝑝) 
𝐿𝑓

𝑁 − 1
 4.31 mm 

 

5.5    Summary 

This chapter deals with gravity balancing of robotic manipulators. It starts with general 

introduction to gravity balancing followed by literature review in which its broad 

classifications has been presented. Thereafter, based on these classifications, two different 

methods of gravity compensation has been discussed and finally, analytic formulation of 

spring design for gravity balancing of MMA has been developed. This is achieved by 

modeling the MMA in SolidWorks environment. Also, this formulation corresponds to the 

worst configuration of prescribed manipulator as the joint torque at this configuration is 

maximum. 
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Chapter 6 

Conclusions and Future Directions 

 

6.1 Conclusions 

From the current work, the following conclusions can be drawn: 

 From the thorough literature review, it can be concluded that the most widely used 

method for manipulator kinematics is the, distal variant of D-H parameter method. 

However, it is applicable to open-loop serial manipulators only. Moreover, there are 

couple of ambiguities in it as reported by different researchers. 

 It is also concluded from literature review, that S-U method is most general, 

applicable to any rigid link mechanism. However, due to non-minimal parameter 

representation, this method is limited to closed-loop robots only. 

 From first two observations, it can be concluded that there is no general method 

which can develop the kinematic model of both open- and closed-loop chains. In 

this work, the complete kinematic model of a hybrid manipulator, which is a 

combination of open- and closed-loop chains containing planar and spatial links, has 

been developed successfully. 

 From the work reported in kinematics of general serial manipulators, it can be 

concluded that, for kinematic description of a chain, D-H parameter method requires 

only one frame per link, whereas two frames per link are required in S-U method. 

 An improvement in classical D-H parameter method has been made by introducing 

a new concept, coined as concept of dummy frames. The introduced concept 

removes the two kinds of inconsistencies in D-H parameter method, observed during 

the kinematic study of MMA. Both analytical and physical validations ensure the 

efficacy of proposed concept. This improvement leads to an extension of D-H 

parameter method to spatial hybrid manipulators. 

 Finally, from gravity balancing of robotic manipulator it can be concluded that a 

number of methods has been developed for gravity compensation. However, these 
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methods are limited by the application requirements.  In the present work, the 

analytical formulation for the design of spring for the gravity balancing of MMA. 

6.2 Future Directions 

The work completed in the present thesis, as shown in the Fig. 6.1, can be extended in some 

directions as 

 The work present in this thesis is limited to the kinematic study only, which can be 

extended for the dynamic study of hybrid manipulators. 

 The work is also limited to analytic formulation of spring design for gravity 

balancing of MMA. The work can be extended to design the spring for actual 

prototype. 

 

 

Fig. 6.1: The proposed general Layout of MMA. 

 

 The reported work deals with the MMA, which is a surgeon side manipulator. The 

work can be extended for a set of coordinated robots, where both the surgeon- and 

patient-side manipulators works together. 
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APPENDIX A 

 

Details of proximal variant of D-H notation is given in this appendix which is as follows: 

1. Draw line diagram of an open kinematic chain, identify and draw all the motion axis 

with lines of infinite length. 

2. Mark these motion axis as z-axis. 

3. Next step is to assign x-axis, which is normal at the point of intersection of  𝑧𝑖 and 𝑧𝑖+1. 

In case, if they don’t intersect then x-axis will be drawn such that it is common normal 

to  𝑧𝑖 and 𝑧𝑖+1. 

4. Finally, assign y-axis as given by right hand thumb rule.  

5. Thereafter, calculate D-H parameters which are as follows: 

 Link twist angle (𝛼𝑖): Angle from 𝑧𝑖 to 𝑧𝑖+1 about 𝑥𝑖.  

 Link length (𝑎𝑖): Distance from 𝑧𝑖 to 𝑧𝑖+1 along 𝑥𝑖. 

 Joint distance (𝑑𝑖): Distance from 𝑥𝑖−1 to 𝑥𝑖  along 𝑧𝑖. 

 Joint variable (𝜃𝑖): Angle from 𝑥𝑖−1 to 𝑥𝑖 about 𝑧𝑖. 

 

 
Fig. A1: Geometric Description of D-H parameters [2]. 
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The general homogeneous link coordinate transformation matrix [2] comes directly from 

D-H parameters: 

𝑇 𝑖−1
𝑖  = [

cos 𝜃𝑖 sin 𝜃𝑖 0
sin𝜃𝑖 cos 𝛼𝑖−1 cos 𝜃𝑖 cos 𝛼𝑖−1 −sin𝛼𝑖−1

sin𝜃𝑖 sin 𝛼𝑖−1 cos 𝜃𝑖 sin𝛼𝑖−1 cos 𝛼𝑖−1

0 0 0

|

𝑎𝑖−1

−sin𝛼𝑖−1 𝑑𝑖

cos 𝛼𝑖−1 𝑑𝑖

1

] 

(A1) 
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