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ABSTRACT

The present dissertation entitled,“On L!-Convergence of Certain Trigono-
metric Sums With Semi-Convex Coefficients” embodies a brief account of in-
vestigations carried out by various authors and by me on L!-convergence of trigono-
metric series under the supervision of Dr. S.S.Bhatia, Professor, School of Mathe-
matics and Computer Applications, Thapar University, Patiala.

The aim of this work is, to study some classes of sequences formed by co-
efficients of real trigonometric series and to obtain results on L!-convergence of
Trigonometric Series with special coefficients.

The work reported in this dissertation has been divided into four chapters .
The first chapter is introductory. In this chapter, apart from setting up the nota-
tions and terminology to be used in sequel, we have presented some known results
interrelated to our results alongwith a brief plan of our results presented in the
subsequent chapters. The purpose of chapter II is to study the L!-convergence of
modified sine sums introduced by Kulwinder Kaur [2003] with semi-convex coeffi-
cients. In chapter III, we have studied the L!-convergence of the sine and cosine
trigonometric sums introduced by Xhevat Z.Krasniqi [2009] with semi-convex class
of coefficient sequences. We have also studied the necessary and sufficient conditions
for the L'-convergence of sine and cosine trigonometric series in this chapter.

In chapter IV, we have obtained the L!'-convergence of the sine and cosine
trigonometric sums given by Ram and Kumari [1989] with semi-convex coefficients.
Further in this chapter, we have also obtained the necessary and sufficient conditions
for the L'-convergence of sine and cosine trigonometric series.

Towards the end, references of various publications cited in the present disser-

tation have been reported.
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CHAPTER 1

INTRODUCTION

1.1 The present dissertation comprises the results associated with the various au-
thors “On L!-Convergence of certain Trigonometric Series with Special Coefficients”.
It is well known that if a trigonometric series converges in L' -metric to a function
f€ LY(T), then it is the Fourier series of the function f. Riesz {[2],Vol.I[,Ch.VIII§22}
gave a counter example to show that in L!-metric, the converse of the above said re-
sult does not hold good. This motivated various authors to study the L!'-convergence

of trigonometric series with special coefficients.

L'-convergence of trigonometric series with special coefficients have been stud-
ied by number of authors. The work on this topic was initiated by Young W.H.[29]

and Kolmogorov A.N.[12] by taking classes of convex sequences (A%a, > 0) and

quasi-convex sequences (Z n|A%a,| < oo) respectively. Teljakovskii S.A.[28] yet
n=1
considered another class S introduced by Sidon[22] for L'-convergence of trigono-

metric series. The results obtained by these authors have further been generalized
and extended by Hardy G.H. and Littlewood J.E.[6], Kano T.[8], Garrett J.W. and
Stanojevic C.V.([4],[5]), Ram B.([16],[18]), Bala R. and Ram B.[1], Kaur K.,Bhatia
S.S. and Ram B.[10], Kaur K.([9], Xhevat Z.Krasniqi([13]) by considering various
generalizations of classes of sequences mentioned above for one-dimensional trigono-

metric series.

During their investigations, some authors introduced modified trigonometric
sums, as these sums approximate their limits better than the classical trigonometric
series in the sense that these sums converge in L!-metric to the sum of trigonometric
series whereas the classical series itself may not. In this concern, various authors
like Rees,C.S. and Stanojevic C.V.[20], Kumari S. and Ram B.[14], Ram B. and
Kumari S.[19], Hooda N., Ram B. and Bhatia S.S[7], Kaur K., Bhatia S.S and Ram
B.[11] have introduced various new modified trigonometric sums and have studied

their L'- convergence under various classes of coefficient sequences. Bhatia S.S and



Ram B.[3] generalized the results of Kumari S. and Ram B.[14] and have obtained

their results as corollary.

In the present dissertation , some of the results of above mentioned authors have

been studied by me.

To provide sufficient background for later chapters, a summary of basic con-

cepts,techniques and a brief chapter wise resume of the results contained in the

dissertation has been given in the introductory chapter. However, some of the defi-

nitions and notations will be repeated occasionally in various chapters for the sake

of convenience.
1.2 DEFINITIONS AND NOTATIONS
Let {a,} be a sequence. Then we write

Ady = ap — apsr

A?a, = A(Aay) = ap — 20511 + Gpya

Abel’s transformation([2], Vol.I, p.1): If ag,a1,a2,.....,00,U1,.....Un ...

real numbers, let us assume that

Then for any values of m and n, we find that

n n—1
Z AV = Z Aaka -+ anVn — ame_1
k=m k=m
(under the condition that if m = 0, V_; = 0).

Convex sequence: A sequence {a,} is said to be convex if A%a, > 0.

are any

Quasi-Convex sequence([2], Vol.II, p.202): A sequence {a,} is said to be

quasi-convex if



o

Z n|A%a,| < oo.

n=1
Semi-convex sequence [8]: A null sequence {a,} is said to be semi-convex if

Zn\AQan_l + A?a,| < oo (ap = 0)

n=1

Generalized semi-convex sequence [10]: A null sequence {a,} is said to be

generalized semi-convex, if

[oe)
Zna|Aa+1an_1 + Aa+1an| < 00 (CLO _ 0)
n=1

For ae = 1, this class reduces to the semi-convex sequence as in [23].

Sequence of bounded variation([2], Vol.I, p.3): A sequence {a,} is said to be

of bounded variation if
Z |Aa,| < oco.
n=1
We denote the class of null-sequences of bounded variation by BV.

Quasi-monotone sequence([21],[26]): A sequence {a,} of non-negative numbers
a

is said to be quasi-monotone if a,+1 < a,(1+ —) for some a > 0 and all n > ng(a).
n

An equivalent definition is that n="a, | 0 for some 3 > 0.

0O-o0 Relations([2]): Using the notation now accepted in mathematical literature

we write
Then U, = o(vy)
If v, >0 (n=0,12,.... )and%—>0asn—>oo
/UTL
Up . .
If — is bounded, we write
Un
U, = O(vy,)

If two positive constants A and B exist for which at sufficiently large n



A< < B,
Un
then we write Up ~ Uy,
and finally Up R Uy,
U
will signify lim = =
n—oo Up

Fourier series: A trigonometric series
a [e.e]
0 .
5T E (@, cosnz +b, sinnz),
n=1

the coefficients a,, and b,, of which are determined by the Fourier formulae

1 ™
a, = —/ f(x)cosnx dx
T J-x

1 ™
b, = —/ f(r)sinnx dx
™ —T

derived from the function f(z), is called the Fourier series of the function f(z). We

then write
flx) ~ %%—;(an cosn +by, sinnx)
Dirichlet kernel([2],Vol.L,p.85):
1
Let D, (z) = 5 T cosx + cos 20 + e, + cosnx
then

2sin %Dn(aj) = sin g + 2sin gcosx F o + 2sin g COS NT

: +1
=sin|{n+-|x
2 )

L (ee):

QSinE
2




This expression is known as Dirichlet’s kernel. Moreover,

D, (z) =sinx + sin 2z + ... + sinnx

T +1
cos— —cos|n+-=)x
B 2 2

QSinE
2

is called the kernel conjugate to the Dirichlet kernel.
If 2 # 0( mod 27), then
, for 0<|z|<m

and

Du(x)| <=, for 0 <o <
X

Also, we shall use the uniform estimate

Fejér kernel ([2], [30]). The Fejér kernel K, (z) is defined as

Kuz) = —— 3 Dy(a)

n+14
7=0
1 isin(j—f—%)x
N n—i—lj:O 2sin§

Using |D,,(z)| < n+ 1, it follows that K, (z) < n+ 1.

It has the properties
(i) Kn(z) =0,
1 K
(id) —/ Ko(z)dz = 1.
™ —T

The conjugate Fejér kernel is defined as

0]



We have
K.(z)>0 for 0O<z<m n=123,..

and

~ 1
| K (x)] < oM

The Class S ([22], [28]). Let
% + ; a,cosnr and ; a, sinnx
be the cosine and sine series respectively. A sequence {a,} belongs to class S, if

a, — 0 as n — oo and there exists sequence {4, } such that

(i) A, | 0, n — oc.
(i) ) A, < oo,
n=0

(iii) |Aa,| < A, for all n.

Further, letting A, = Z |A%ay|, we observe that every quasi-convex null

k=n
sequence satisfies the class S.

Singh and Sharma [24] gave a definition of one more class namely S* in the following

manner:

The class S* [24]. A sequence {a,} of numbers is said to belongs to class S*, if

a, — 0 as n — oo and there exists a sequence {A,} such that

(i) {A,} is quasi-monotone,

(ii) Z A, < oo and

n=0

(iii) |Aa,| < A, for all n.

However, Leindler [15] proved that class S and class S* are equivalent.



The class C of Garrett and Stanojevié¢ [5]. A null sequence {a,} belongs to

class C if for every € > 0, there exists a d(¢) > 0, independent of n, and

5
J
The Class R [8]. A null sequence {a,} belongs to the class R, if

>
k=1

such that

dr <e, for all n>0.

> AapDy(x)

k=n+1

2 ()| <o

1.3 The following results about the behavior of cosine and sine series are known:

Theorem I ([2], [12], [29]). If {ax} is a quasi-convex null sequence, then

(1.3.1) flz) = Zak coskz € L'[0, 7).

k=1

Theorem II([2], [27]) . If {ax} is a quasi-convex null sequence, then
(1.3.2) Zak sin kx
k=1

oo
. . . . Qg
is a Fourier series if and only if 5 % < 00
k=1

In 1968, Kano [8] generalized Theorem I and Theorem II in the following form:

Theorem III. If {a;} is a null sequence such that

(1.3.3) ikﬁ ‘N (%)) < o0,

then (1.3.1) and (1.3.2) are the Fourier series, or equivalently they represent inte-

grable functions.

We observe that Theorem I and Theorem III provide just only the sufficient con-

ditions for the integrability of cosine series. Rees and Stanojevi¢ [20] showed that

10



= a
Z Ek < 00 is a necessary and sufficient condition for L'[0, 7] integrability but for
k=1

a different type of cosine sums. They proved the following result:

Theorem IV. Let b, = % 1 0. Then

by .

5 + Zk b; | coskx
j:

exists for z € (0,7] and t € L'[0, 7] if and only if Zbk < o0.
k=1

t(z) = lim Z
k=1

Ram [17] showed that the condition S is sufficient for the integrability of Rees-

Stanojevi¢ sums [20]

n n n

(1.3.4) to(x) = % Z Aay + Z Z(Aaj) cos kx

k=0 k=1 j=k
He proved the following theorem:

Theorem V. Let the sequence {ay} satisfy the condition S. Then ¢(x) = lim t,(z)

n—oo

exists for = € (0, 7], and

/ [t(x)|dx < CZAk.
0 k=0

The above theorem has further been studied by Ram [18], under a condition
where the monotonicity of the sequence in the definition of the class S is replaced

by quasi-monotonicity.

Consider the cosine series
(1.3.5) % —i—;ak cos kx

Let the partial sums of (1.3.5) is denoted by S¢(z) and f(z) = lim S;(x).
Denote the class of sequences of Fourier coefficients {a;} by F. There are subclasses
of F for which a,logn = o(1), n — oo is a necessary and sufficient condition for

155 = fller = o(1), n — oo.

11



A subclass G of F is called a class of L'-convergence if ||S¢ — fl||;1 =

o(1), n — oo if and only if a,logn = o(1), n — oc.

There are three classical examples of classes of L'-convergence. The first one
is due to Young [29], where G is defined to be the class of all convex sequences
{ax}. The second one is the class of all quasi-convex sequences {ay}, introduced by
Kolmogorov [12]. The third example is class S due to Teljakovskii [28]. We have
already pointed out that SC BV. These classical classes have been extended by
various authors. We present now a brief summary of the results obtained by various

authors in this direction.

Concerning the L!-convergence of the cosine series, we have the following clas-

sical result of Kolmogorov [12].

Theorem VI. If a; | 0 and {ax} is convex or even quasi-convex, then for the
convergence of the series (1.3.5) in the metric space L, it is necessary and sufficient
that ailogk = o(1), k — oo.

The case, in which the sequence {ay} is convex, of this theorem was established
by Young [29].

Generalizing the above classical result, Teljakovskii [28] proved the following result:

Theorem VII. If the coefficient sequence {ay} of the cosine series (1.3.5) belongs
to the class S, then a necessary and sufficient condition for L'-convergence of (1.3.5)

is aglogk = o(1), k — oo.

Rees and Stanojevi¢ [20] introduced modified cosine sums (1.3.4) and obtained
an analogue of Theorem VII for these sums. These modified cosine sums approxi-
mate their limits better than the classical cosine series as they converge in L'-metric
to the sum of the cosine series whereas the classical cosine series itself may not. They

proved the following result:

Theorem VIII. Let f be the sum of the cosine series (1.3.5). Then ¢, (x) converges

to f in L'-metric if and only if {a;} belongs to the class C.

12



Ram ([16]) proved the following result on L'-convergence of Rees-Stanojevié
sums (1.3.4).
Theorem IX. If (1.3.5) belongs to class S. Then

| f —tullr = o(1), n — oc.

Theorem VII of Teljakovskii ([28]) follows as corollary of this theorem.

Further, Ram and Kumari ([14], [19]) introduced new modified cosine and sine sums

as
(1.3.6) folz) = %+ZZA (a—J) k cos kx
k=1 j—k J
and
n n a/] .
(1.3.7) gn(z) = A =) ksinkx
k=1 j=k J

and studied their L'-convergence under the condition that the coefficients belong to
the classes R and S. They also deduced the results about L!-convergence of cosine

and sine series. Their results state as below:

Theorem X. Let {a,} belong to the class S. If lim |a,41|logn = 0, then
1f = fallr = o(1) n — oo.

Theorem XI. Let {a,} belong to the class R. If u,(x) represents f,(z) and g, (z),
then

I|f — tn||r = o(1) n — oo.

Singh and Sharma [24] proved the above theorem by replacing the monotonic-
ity of sequence {A,} in the definition of class S by quasi-monotonocity of {A,}.
Their result reads as:

Theorem XII. Let a, € S*, then f,(x) converges to f(z) in L'-metric.

Later, Hooda and Ram [7] have proved the following theorem:

Theorem XIII. Let {a,} belong to the class S*. Then

13



|f — fallzr = o(1), n — occ.

Further, Kaur.K.[9] introduced new modified sine sum K, (x) defined as

I v .
(1.3.8) K,(z) = Seing Z Z(Aaj_l — Aajiq)sinkx
k=1 j=k

and studied their L!-convergence with semi-convex coefficients and deduced the

result state as below:

Theorem XIV. Let {a,} be a semi-convex null sequence, then K, (z) converges

to f(z) in L'-metric.

Theorem XV. Let a, be a semi-convex null sequence,If lim |a,|logn = 0, then

IIf— K,||z! = o(1), n — oc.

In Chapter II, we have studied the Theorems XIV, XV, for the cosine series
with semi-convex coefficients by using the modified sine sums (1.3.8) of Kaur.K. [9].
Recently, Xhevat Z.Krasniqi ([13]) introduced new modified cosine and sine sums as

(1.3.9) Hy(z) = — 1” 3 Z A[(aj_1 — aj4) cos jz]

281

(1.3.10) Gn(x) = ! Z Z Al(aj—1 — a;4+1) sin jz|

2sinx ,
k=1 j=k

and studied their L!-convergence with semi-convex coefficients and deduced the

result state as below:

Theorem XVI. Let {a,} be a semi-convex null sequence, then H,(z) converges

to g(x) in L'-metric.

Theorem XVII. Let {a,} be a semi-convex null sequence,If lim |a,_1|logn = 0,

then ||g — H,||r' = o(1), n— oo.
In Chapter III, we have studied the Theorems XVI, XVII for the sine series

14



with semi-convex coefficients by using the modified cosine sums (1.3.9) of Xhevat

Z.Krasniqi ([13]).

Theorem XVIII. Let {a,} be a semi-convex null sequence, then f,(x) converges

to f(z) in L'-metric.

Theorem XIX. Let {a,} be a semi-convex null sequence,If lim |a,1|logn = 0,

then ||f— fullz' = o(1), n— oo.

In Chapter IV, we have obtained the Theorem XVIII, XIX, for the cosine series
with semi-convex coefficients by using the modified cosine sums (1.3.6) of Ram and

Kumari ([14],[19]).

15



CHAPTER 11

On L!'-Convergence of Modified Sine sums

2.1 Introduction

Consider the cosine trigonometric series
a o0
0
(2.1.1) 5 + kg_l ay, cos kx

with partial sums defined by
S (x) = % + ;ak cos kx

Let f(x) = lim S} (z)

Concerning the L'-convergence of cosine series (2.1.1) Kolmogorov ([12]) proved the

following theorem.

Theorem A: If {a,} is a quasi-convex null sequence, then for the L!-convergence

of the cosine series (2.1.1), it is necessary and sufficient that lim a,logn = 0.

n—oo

The case in which the sequence {a,} is convex, of this theorem was established
by Young([29]). That is why, sometimes this Theorem A is known as Young-

Kolmogorov Theorem.

Definition([8]): A sequence {a,} is said to be semi-convex if a, — 0 as n — oo,

and
o0

(2.1.2) Zn|A2an,1 + A%a,| < 0o, (ag =0)

n=1

where A%a,, = Aa, — Aa,4

The results reported in this chapter have been taken from : Kulwinder Kaur,

SOLSTICE :Electrical Journal of Mathematics £ Geography, 14(1)(2003),1-6.

16



It may be remarked here that every quasi-convex null sequence is semi-convex.
Bala R. and Ram B.([1]) have proved that Theorem A holds true for the cosine

series with semi-convex null coefficients in the following form.

Theorem B: If {a,} is a semi-convex null sequence, then for the L'-convergence of

the cosine series (2.1.1),it is necessary and sufficient that lim a,_;logn = o(1)
n—oo

Kaur K.(]9]) introduced new modified sine sums as

1 n n '
K,(z) = S ; ;(Aajl — Aajyq)sinkx

The aim of this Chapter is to study the L!'-convergence of this modified sine
sum with semi-convex coefficients and to study the above mentioned result of Bala

R. and Ram B. as a corollary.
2.2 Main Result

Theorem 2.2.1: If {a,} is a semi-convex null sequence, then K,(x) converges to
f(x) in L*-norm.
Proof: We have

S (x) = % + ; ay cos kx

n

1

= 5o Zak@ cos kx sin x)
sin
L $™ gy(sini + 1) — sin(h — 1)2)
= — a(sin x —sin(k — 1)z
2sinx —
1 n n
= — Z ap(sin(k + 1)z — Z ag sin(k — 1)x)
2sinx — —
1 . . . .
= 5a lay sin 2z + ag sin 3z + ... + a,_1 sinnx + a, sin(n + 1)z
sin
—ay sin 0z — agsinx — ... — a, sin(n — 1)x]—a,41 sin ne+a, 4 sinne

17



n

1 _ sin(n + 1)z sin nx
= 1= sin k n——————— n -
2sinx %(ak ! akH) mAT| +a 2sinx “ +1281n1’
1 [ sin(n + 1)z
= = — ink e
2sinx kz_%(ak L O O akﬂ) St x] ta 2sinx
sin nx
+an+1 .
2sinx
1 - sin(n + 1)z sin nx
= Aay + Aag—q) sinkx | +a,—————+a, -
2sinx kz;( k k 1) 2sinx osing

Applying Abel’s transformation, we have

1
"~ 2sinz

ni(AQGk + AQ@kfl)Dk(SC) + (Aa, + Aanl)[)n(:c)]

sin(n + 1)z sin nz

- + Ap1—
2sinx " oginx

B 1
~ 2sinz

i(AQCLk -+ AQCLk,l)Dk(I’) -+ (Aan+1 -+ Aan)[?n(x)]

sin(n + 1)z sin nz
Hap———

. Ap+1 N
2sinx 2sinx

So(a) = —

n 2sinx

S (A%, + Ay 1) Dy(a) + (-~ an+2>Dn<x>]

sin(n + 1)z sin nz

“+a,

(2.2.1)

. +an+1 3
2sinx 2sinx

As {a,} is null sequence, D, (z) is bounded

Therefore second, third and fourth terms tend to zero.

fr) = Jim (@)

1 o0
= A’ay + APaj_1)D
2sinx kZ:O< ai+ Aae1) Di(2)
1 n n .
Now, K,(x) = i 2 jk(Aaj_l — Aajyq)sinkz

18



3

1

K,(z) = — [Aak—1 + Aay, + Aagr1 + Aagyo + ... + Ay
2sinx —
—Aaps1 — Ao — oo — Aa,_1 — Aa, — Aayyq]sinkz
R :
= Sena z_: [Aay_1 + Aay, — Aa,, — Aayyq]sin kz
1 n

" 2sing Z [ak—1 — ak + ar — a1 — An + Qg1 — Qg1 + Appo] sinka

1 n n
= Z(ak—l — Qpyq) sinkx — Z(an — Qpy2) Sin kx]

2sinx
| k=1 k=1

- 1 Z(ak—l — ap1) sinkz — (a, — anH)Dn(m)]

2sinx
| k=1

Applying Abel’s transformation

1 n—1 _ ~ ~
= Ssna (Aag—1 — Aagy1)Di(x) + (an-1 — any1)Dn(z) — (ay, — an+2)Dn($)]
| k=1
1 [ - . -
= 9 sin (Aap—1 — Aagy1) Di(w) + (an — any2) Dn(x) — (@n — ani2) Dp(z)
L k=1

= 1 (Aak_1 - Aak+1)Dk(x)]

b
Il
—

1 - .
= ; (Aak_l — Aak + Aak — Aak+1)Dk($)]
2sinx =
1 - .
2sinx —
Now,
_ 1 = 2 2 - 1 - 2 2 o
flx)—K,(z) = o ;@ ax + A%aj_1) Dy( )] g ;(A ax + A%aj_1) Dy (x)
1 > .
= A? A2%a._)D
2sinx L;ﬂ( G+ 87 d 1) k<x)]



Thus, we have

T T 0 Dk(l’)
— K, (x)|dx = A? Aqy_ d
/—7r |f($) (x)l ! /—7r ( Z ( e+ a 1) 2 Slnx) o
k=n+1
Now,
Z |A2ak +A2ak 1|/ dx
2smx
k=n+1
1
o0 cos = — cos(k+ =)z
Z |A26Lk +A2ak 1|/ 2 T 2 dz
k—nt1 2sin —sinz
2
k k
—2sin w sin 7:6
Z |A2ak+A Qe 1|/ T dx
k—nt1 2sin —sinx
2
. (B+1) | ka
o0 sin 5 x sin >
Z |A2ak+A Qe 1|/ T dx
JA— sin —sinx
2
( . (k+1) . kx
sin x| |sin —
_ Z |A%a; + A2ay_| / 2 —2 14z (kis odd)
Y sin
k=n+1 sin
\ 2
( kx| . (B+1)x
sin — | [sin —————
Z |A2%a, + A2ay_ 1|/ % _2 dx (k is even)
i sinz
k=n+1 S
\ 2
C(k+1) \* )? ka2
o0 = [ sin x m [ sin —
=0 Z |A%aqy, + APay_,| / —Qx dx / % dx
k=n+1 -m Sin 5 -7 Sin 5

=0 ( > A%+ Azak_1|k) =o(1) using(2.1.2)

k=n+1

Therefore,
[ 1) Ko@)l = o1

This proves the theorem.
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Corollary 2.2.1: If {a,} is a semi-convex null sequence, then for L'-convergence

of the cosine series (2.1.1) it is necessary and sufficient that lim a,logn =0

Proof: We have
155 (@) = f(@)]] = [|Sh(z) — Kn(2) + Kn(z) — flz)]

< [[En(2) = f@)l] + 157(z) = Kn()]]

(using (2.2.1)and (2.2.2))

B D, (z) sin nx sin(n + 1)x
= [|Kn(2)=f(z)||+]||(an — an+2)25m$ a”“Zsinx T osine
D, (z) sin nx sin(n + 1)x|| .
(an = an+2)281nx anHZSinx " 2sinzx = [1n(@) = S (@)
< K (@) = f(@)l|+ 155 (2) = f(z)l]
Now, ap — Gn+2| = Z(Aak - Aak+2)
k=n
=k
= Z E(Aak—l — Aagy1)
k=n-+1
1 [ee]
< — Z ]{Z(Azak,1 -+ AQak)

k=n+1

()
and " Dule) ) O(n)

_x2sinx

Therefore,we have

" Dn(x)
_p2sinw

(an — any2) dz = O ((an — ani2)n)
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Moreover,

sin nx sin(n+ 1)z
2sinx " 2sinz

7T

/—’TI'

T lsinnz = sin(n+ 1)z

o [[ [ s+
_r|2sinx 2sinx

dx

Ap+1

dx

dx

/” sinnz + sin(n + 1)z

. 2sinx

. (n+n+1 —x
s 12s8in | ———— ) xcos | —
2 2
= a, d

o 2sinx

X

~ ay,logn

Since || Kn(x) — f(z)]| = o(1) (By Theorem(3.2.1))
Therefore ||S5(x) — f(z)|| = o(1) if and only if lim a,logn =0

This proves the corollary
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CHAPTER I11

On L'-Convergence of the Sine and Cosine Trigonometric

Sums with Semi-Convex Coefficients

3.1 Introduction

Let
(3.1.1) %—i—z%coskx
k=1
and
(3.1.2) Zak sin kx
k=1

be cosine and sine trigonometric series respectively with their partial sums denoted

by Se(x) = % + Z ay, cos kx
k=1

n

So(x) = Z ag sin kx

k=1
Let f(x) = lim S (x)
o() = lim S5()

For convenience, in the following chapter we shall assume that a_;=aq= 0.
Semi-convex sequence [8]: A null sequence {a,} is said to be semi-convex if
a,—0, n — oo and

oo

(3.1.3) > nlA%a,y + a,| < oo,

n=1

where A%a, = A(Aa,) = a, — 2041 + Qnio

The results have been taken from : Xhevat.Z.Krasniqi, Int.J.Open Problems Com-
put.Sci.Math, Vol.2,No.2,June,(2009).
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Bala R. and Ram B.[1] have proved that for series (3.1.1) with semi-convex null

coefficients the following theorem holds true.

Theorem A: If {a,} is a semi-convex null sequence,then for the convergence of the
cosine series (3.1.1) in the metric L', it is necessary and sufficient that a,_; logn =

o(1), n — oo.

Garrett J.W. and Stanojevic C.V.([4]) have introduced modified cosine sums.

to(z) = %; Aay, + i i Aaj cos kx

k=1 j=k

Garrett and Stanojevié ([5]), Ram ([16]), Singh and Sharma (][24]),and Kaur and
Bhatia ([10]) studied the L'-convergence of this cosine sum under different sets of

conditions on the coefficients a,,.

Kumari and Ram ([14]) introduced new modified cosine and sine sums as

folz) = %—i—i:i:A <a_3) k cos kx

J

k=1 j=k

and have studied their L'-convergence under the condition that the coefficients {a,, }
belong to different classes of sequences. Likewise, they deduced some results about

L'-convergence of cosine and sine series as corollaries.

Later on, Kaur.K ([9]) introduced new modified sine sums as

1 n n ‘
K,(z) = Y ; ;(Aaj_l — Aajiq)sinkx

and studied the L'-convergence of this modified sine sum with semi-convex coeffi-

cients proving the following theorem.
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Theorem B: Let {a,} be a semi-convex null sequence, then K, (z) converges to

f(z) in L'*-norm.

Xhevat.Z.Krasniqi in 2009 introduced new modified cosine and sine sums as

1 n n '
Hafw) = =5 —— >3 Allaj 1 = a01) cos jal

k=0 j=k

Gulw) = 5= 35" Allay 1 — ay) sin ]

2sinx -
k=1 j=k

The main goal of this chapter to study the L'-convergence of these new modified sine

and cosine sums with semi-convex coefficients and deduce Theorem A as a corollary.

As usually with D, (z) and D, (z),we shall denote the Dirichlet and its conjugate

kernels respectively, defined by

3.2 Main Result

Regarding the series (3.1.2), we prove the following result:

Theorem 3.2.1: Let {a,} be a semi-convex null sequence, then H, (z) converges
to g(z) in L'-norm.
Proof: We have

n n

1

Hy(z) = T Ssina 2 ; A[(aj—1 — aj41) cos j]
1 n n - -
- T 9sing ar ; [(aj_1 — ajs1)cos jz — (a; — ajia)cos (j + 1)z]
1 n

(ajo1 — aja) cosjz — » (a; — ajqa)cos (j + 1)x
k=0 Lj=k =k

hE
MS

2sinx
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n

1

= e Z [(ag—1 — agy1) cos kx + (ar, — agy2) cos (k + 1)x+

(ag41 — agy3) cos (b + 2)x + (akt2 — Qrga) cos (k + 3)z+
+ooo+ (ap—1 — apy1) cosne — (ag — agy2) cos (k+ 1)x

—(ags1 — ages) cos (k + 2)x — (ags2 — agsq) cos (k+ 3)x — ...

—(ap—1 — apy1)cosne — ... — (ap, — apy2) cos (n + 1)z
LS )cos ke — (6, ay.2) cos (n + 1)
= — " Ag—1 — Aky1) COSKL — Ay — Apy2) COS (N X
2sinx —
1 < cos(n+ 1)x =
iy Z [(ag—1 — ay1) cos kx| + W(an —Qpg2) » 1
k=0 k=0
R cos(n + 1)z
- - -1 = k 1 n — Un = ..
Toin 2 [(ak—1 — ags1) coskx] + (n+1)(an, — ani2) Sy
R cos(n + 1)x
= 9sing ; [(ak-1 — ax + a, — ag41) cos k$]+(”+1)(an—an+2)w
R cos(n + 1)z
=~ Suma ; [(Aag_1 + Aag) coskz] + (n+ 1) (a, — an+2)m

Applying Abel’s transformation, we get

n—1
_ 1 2 2 1 1
N QSiH{E §(A A1 + A ak)(Dk<'r> 2) + (Aan—l + Aan)(Dn(l‘) 2)]
cos(n + 1)z
D(a, — apig) —m—
Hnt1e On2) 2sinx
1 n—1
= —— (A2ak_1 + A2ak)Dk($) —+ (Aan_l + Aan)Dn(J;) +
2sinx p
n—1
! Adpy + Aa cos(n + 1)x
AQ _ AZ Zn—1 T An 1 N cos{n + 1)r
4sinx kZ:O< a1 +A%ag)+ 1sna +(n+1)(an—any2) ez
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1 n
= T 9ding Z(A2ak—1 + A2ak)Dk($) + (Aap + Aapi1) Dy ()| +
k=0
n—1
1 Aa,_1 + Aay, cos(n+ 1)x
A -1+A T i . I)(an—an s
4sinx k:O( ar-1 A ak)+ 4sinx (1) (an—an2) 2sinx
1 n
= - : (Azakfl + AQ@k)Dk(x) + (an - an+2>Dn(x) +
2sinx —
1sing [Aa_1 + Aag + Aay + Aag + ... + Aa,_2 — Aa; — Aay—
Aa,_1 + Aa, 1
o — Nay_o — ANay,_1 — Aan]+a1.—M+(n+l)(an—an+2)w
4sinx 2sinx
1 n
= _QSiH.T Z(AQGk—l + A2ak)Dk(x) + (an - an+2)Dn($>]
Aa,_1 + Aa, Aa,_1+ Aa, cos(n+ 1)z
_ 1 _ bt SO epid
4sinx + 4sinx + (4 Dlan = anss) 2sinx
1 n
k=0
cos(n+ 1)z
On the other side, we have
Si(x) = Z a sin kx
k=1
Divide and multiply by 2sinx
Sp(e) = = 3" ap(2sin kesing)
() = — ar(2sin kx sin x
2sinx —
1 n
= 5o Z a (cos(k — 1)z — cos(k + 1)x)
1 n
= e Z ay (cos(k + 1)z — cos(k — 1)x)
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n n

1
=— Z acos(k + 1)z — » agcos(k — 1)x

2sinx
k=1 k=1

1
= ~5q (aq cos 2z + ag cos 3x + ... + ap_q cosnz + a, cos(n + 1)z
sin

—Q3 COST — a3 CoS 2T — ... — a, cos(n — 1)x)

Adding and Subtracting a1 cos nx

1
= ——— (a3 cos 2z + a cos 3x + ... + a,_1 cosnx + a, cos(n + 1)z
2sinx
—Q3 COST — a3 COS 2T — ... — a, cos(n — 1)x)—a,41 COSNT+a, 41 COSNT
n
1 Z( ) cosk cos na cos(n+ 1)x
= —— (1 — Apy1) COSKT — Qi1 ——— — Qp————————
2sinx “— " 2sinx " 2sinx
n
1 cosnx cos(n+ 1)x
= (@1~ gt ar—ap1) COSkT— 0y o —ay .
2sinx — 2sinx 2sinx
1 «— cosnT cos(n+ 1)z
= —— g (Aag_1 + Aay) coskx) — apy1———— — a, ( - )
2sinx 2sinx 2sinx

Applying Abel’s transformation

n—1
_ 1 2 2 1 1
~ 2sing kz_; {(A ag-1 + A%ag)(Di(@) = 5) + (Aan-1 + Aan) Du(z) = 2)]
COS NI cos(n + 1)x
-+l 2sinx n 2sinx
1 n
B  2sinz Z(A2ak_1 + A2ak)Dk(x) + (Aap—1 + Aan)(Dn<$>]
1 n—1 1
2 2
4sinx g (A k-1 + A ak) + 4sinx(Aa"*1 + Aan)
COS NI cos(n+ 1)x
_anJrl

. - a/n .
2sinx 2sinx
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n

1
B  2sinz Z(A2ak_1 + A2ak)Dk(x) + (an + Gn—2)Dn($)

coS nNT cos(n + 1)x

—Ap41 . n N
2sinx 2sinx

s _ 1 - 2 2 D, ()
Silw) = —5— > (Aap-y + A’ay) Di(x) — (an anz)5
cos nx cos(n + 1)z
—Un . —Qp .
osing 2sinx
Now, |an, — Gpia| = Z(Aak — Aajy2)
k=n
=k
= Z E(Aakfl —A@kﬂ)
k=n+1
1 o
< — Z k(APay_y + A’agyq)
k=n+1
(%)
= 0 —_
n
" Dy (z) _
and B mdw =0(n)

Therefore,we have

" Dy(z)

B QSinxdx =0 ((ap, — ans2)n)

(an - an—i—?)

Since {a,} is semi-convex sequence, then from (3.1.3), we have

Z(Aak — Aay2)

k=n

|(n+ 1) (a, —an_2)| = (n+1)

29
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o0

=(n+1)| ) (Mg — Aagy)

k=n+1

o

= (n + 1) Z (A&k,1 — Aak -+ Aak — AakH)

k=n+1

< Z k[(A%ap—1 + A%ar)| =0(1),n — oo (3.2.4)

k=n+1

Using (3.2.4), when we pass lim as n — oo to (3.2.1) and (3.2.2) we get

g(x) = lim S;(z) = lim H,(x)

n—oo

o0

 2sinx Z (A% + A’ag) Di(x)
k=0
. ) ) 1
Applying Well known inequality Dy (x) < 3 + k, k=12,.

D (Aapy + A%ax) Dy(x)
k=0

25111:(;

| ot~ oo = [

- Z(Azakfl + A2ak)Dk(g;)] — (an — ny2) Dy ()

2sinx

cos(n + 1)z
2sinw

—(n+1)(a, — any2) dx

= [iwamw?akwm]—(a — gy 2nl2)

2sinx
=n+1

cos(n+ 1)x
2sinw

+(n+ 1) (an — anyo) dx

=0 ( > kA% + A%,J) + O (|(n+ 1)(an — anya)|) + o(1)

k=n+1

Making use of (3.2.3) and (3.2.4), we have

=o(l),n — o0
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/ " 9fe) — Ho(2)|dz = o(1)

—T

which proves the theorem.

Corollary 3.2.1: Let {a,} be a semi-convex null sequence, then the necessary and

sufficient condition for L'-convergence of the series (3.1.2) is a,, logn = o(1),n — oo.
Proof: Necessary condition : Let ||S2(z) — g(z)|| = o(1), n — oo
To Prove : a,logn = o(1),n — oo
We have,
155(x) = g(@)|| = |15 (2) + Hu(x) = Hu(x) = g(2)]]

< [[Sh(2) = Ha(@)[| + [[Hn(z) = g(2)|

1 < D, (z)

n(z)— <||Hp(x)— — A%y + A%a)Dy(z) — (a, — . el

183() (@] < |[Ha(a) g<x>\|+H sy DAk + A% D) — (00— ni2)

cos nx cos(n + 1)x R
e 2sinz fin 2sinx 2sinx Z(A%k_l * AQGk)Dk(w)
k=0
D, (x) cos(n+ 1)x ,

—(an — apy2) Seins (n+1)(an — an+g)W (using (3.2.1)and(3.2.2))

. D, (z) cos(n + 1)z
0= 153D | [0 = ) 322 ][0+ 1) = i)
cos nx cos(n + 1)z

>

Ap+1

Per— (07% ;
2sinx 2sinx

™
zan/
-

cosnz + cos(n + 1)z

cosnz  cos(n+1) p
T

2sinx 2sinx

Now,

cosnr  cos(n+ 1) ’ B

2sinx 2sinx 2sinx

31



(n+ Dacos”
cos\n — ) COS —
2 2

sinx

(n+ = )xcos =
Ccos\n — ) COS —
2 2

5 sin L T
sin — cos —
2 2

IA

Therefore,

I 0) =@ 11530050200 = 000015 cos(n + 1)z

2sinx

(n+ 1)(an — apy2)

:

:an</7; [)n(x)‘dx—/oﬂ

= O(ay, logn)

cot f‘ dx)
2

D, (x) cos(n+ 1)x

2sinx

||Hn<x>—g<x>|r+\|sz<x>—g<x>||—\ \2<an ~ansa) (n -+ 1)(an — anss)

‘

2sinx

> O(ay,logn) (3.2.5)
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Since ||H,(z) — g(x)|| = o(1), By Theorem 3.2.1

152 (x) — g(x)|| = o(1), By assumption of corollary
and third and fourth term at the left side of relation(3.2.5) tend to zero by (3.2.4)
Consequently, a,logn = o(1),n — oo

Now,

Sufficient condition: Let a, logn = o(1),n — oo
To Prove:  |[|S2(x) — g(2)|| = o(1),n — o0
We have  |[S}(z) — g(@)|| = [|S;(2z) — Hu(z) + Hi(z) — g(2)]|

< [[Hn(2) = g(2)[| + [|Hn(2) = 55 ()]

n

1
- ||Hn<x>—g<x>||+‘ S (A + A%y Dy(x)
k=0
D, (z) cosnx cos(n + 1)z
(0 = ani2) 2sinx -+l 2sinx " 2sinx

n

1
So > (Aay_y + A%ay) Dy()
D, (z) cos(n+ 1)x
_ _ _ 1 _ A S i
(an 6L7l+2)2sin:v (n + )(an an+2) 2sinzx
1Ho(2) — gl + ||+ 1)( jeoste £
= n\T) — i n Ay — Ap .
g +2 2sinx
D, (x cosnx cos(n+ 1)z
‘F2(an _'an+2>__fg_l An41 N ___ﬁ_T___Z_
2sinx 2sinx 2sinx

= o()+0 ((n+ 1) [an — apsa]) + O(nlay — ans2|)

cos cos(n+ 1)x

Qp41

i

p (079 B
2sinx 2sinx
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But,

Therefore,

cos nT cos(n + 1)x
n+1 . Ap .
2sinx 2sinx

= 0(1)+‘ a

/’T cos nx cos(n + 1)z
an+1 . n N da:

o 2sinx 2sinx

< b (z) Lot Zd

< a, P z) — 5 cot 5| dw
K - ™ T

= a, (/ Dn(az)‘da:—/ cot—‘da:)
-7 0 2

= O(aylogn) = o(1)............ (Given)

We get  ||S2(z) — g(x)|| = o(1),n — oo.which proves the corollary.

Similarly for the series (3.1.1),we have the following theorems.

Theorem 3.2.2: Let {a,} be a semi-convex null sequence, then G, (z) converges

to f(z) in L'-norm.

Proof: We have

Gn(z)

n n

1 . .
2sinx Z Z Al(aj—1 — ajy1)sin jzl

LSS (a1 — ag1) sinjz — (a5 — agea) sin (j + 1)a]

2sinx

k=1 j=k
1 n n . - n ‘ '
Y (@j—1 — aj4q1)sin jo — Z(aj —ajy2)sin (j+ 1)z
k=1 Lj=k j=k
IR : .
S eins [(ag—1 — apy1)sinkzx + (ag — agy2) sin (k + 1)z+

k=1

(agy1 — agrs) sin (k + 2)z + (agro — arq) sin (k + 3)x+
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+ooo 4+ (a1 — apy1) sinnz — (ag — agy2) sin (k + 1)z

—(ags1 — agy3) sin (k4 2)x — (agr2 — agpq) sin (b + 3)x — ...

—(ap_1 — Gpy1)sinne — ... — (@, — apa2)sin(n + 1)x]
1 < . :
= Semz [(ag—1 — agy1)sinkx — (ap, — apy2)sin (n + 1)z]
k=1
1 u ( ) sin k] sin(n+1)w( ) . ]
- 2sinx Fh=1 = Q1) SULIT 2sinx n = Gnt2
k=1 k=1
SR ( Y sin ] — )sin(n—l—l)x
= ap_1—a sinkx] — n(a, — appo) ———
2sinx — ol il 2 2sinx
1 ( N ) sin k] — n( )sin(n+ 1)z
= r_1— Qi +ap —a sin kx| —n(a, — apyo) ————
2sinz — bl F F P " +2 2sinzx
R sin(n + 1)z
= Aag—1 + Aag) sinkz] — n(an, — anyo) ————
Y [(Aag—_1 + Aag) sinkx] — n(a, — ani2) 5 s

k=1

Applying Abel’s transformation, we get

—_

n—

2sinx

(A2ak,1 + AQCLk)Dk<£L‘) -+ (Aan,1 -+ A&n)[)n(l')]

b
I

1
sin(n + 1)z

_n(an - an+2) 2 Sinx

1
2sinx

Z(A2ak_1 + A%a,) Di(x) 4+ (Aany + Aan)f)n(x)]

sin(n + 1)z

—n(an B an+2) 2sinx

a - Dy (z
AQ - AQ D n ~— Un " -
2( ag—1+ Aay) Dy(z) | + (an —a +2)2$in:1:

~—

sin(n + 1)
2sinx

—n(an — api2) (3.2.6)
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Now,we have

S (x)

%+;akcoskx

1

2sinx

Z ag(2 cos kxsinx)
k=1

n

Z ag(sin(k + 1)z — sin(k — 1)z)

1
2sinx

2si1nx Z ap(sin(k + 1)z — Z ag sin(k — 1):10)]

k=1 k=1
1 ) ) . )
— [ay sin 2x + ag sin 3z + ... + a,_1 sinnzx + a, sin(n + 1)z
2sinx
—ay 8in 0z — agsinx — ... — a, sin(n — 1)x]—a,41 sin ne+a, 1 sinna
[ n . .
1 Z( Vsinkz| + sm(n+1)x+ sin nx
- ap_1 — Apq1) SINKT | + ap——————— + A1 —
2sinx — " 2¢inx " 2ginx
[ n .
1 , sin(n + 1)
- E (ak—1 — ag + ag — agy1) sinkz | + a————
2sinx 2sinx
| k=1
sin nx
+an+1 .
2sinx
1 - . sin(n + 1)x sin nx
- g (Aag + Aag_1) sin kx +an¥ +api1—
2sinx — 2sinx 2sinx

Applying Abel’s transformation, we have

n—1
1 2 9 ~ .
2sinx ;(A ax + A%ay—1) Dy () + (Aa, + Aan—l)Dn(I)]
sin(n + 1)z sin nx
T oans T On1o
ZSIHQJ QSIHQZ
1 n ~ )
2sinx Z:(A%k + A1) Di() + (Aapi + Aan)Dn(x)]
sin(n + 1) sin nx
G Ap+1 ;
2SH1£C QSIHLC
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n

(1) = ——— | S (A20s + A%y 1) Dile) + (a0 — ans2) D)

2sinx

sin(n + 1)z sin nx

: An4+15
" 2¢ingx " oginx

As {a,} is null sequence, D, (z) is bounded
Therefore second, third and fourth terms tend to zero.

() = Tim S5 ()

_ 1 = 2 2 2
=5 ;m ar + A%ay_1) Dy (z)
Now,
_ 1 - 2 2 . 1 - 2 2 I
f(w)=Gu() = 5 — ;@ ax + A ak_l)Dk(x)] Sa > (Aay + A’ay_1) Dy()

D, i 1
(x) + nfa, — an+2)sm(n + D)z

2sinx

sin(n + 1)z
il = )
Thus, we have
" [ 1 S 2 2 - Dy ()
/w )Gl = /ﬂ 2sinw L_zn;rl(A a4 ak_l)Dk(x)] = (n = ans2) 2sinx
i 1
(g, — amz)sm(n.%— ) I
2sinx
Now,
o] T 15
Z |A2aqy, + A’ay_,| / M dx
_x|2sinx
k=n+1
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x
% ™ |cos 5 = cos(k + 5)95
= Y |A% + A’y / - dz
k=n+1 - 2sin —sinx
2
k k
00 m | —2sin % sin ;
= ) |A%ay + Alayy| / < dx
k=n+1 - 2sin —sinx
2
. (k+1) | kx
o0 ™ |sin——@sin —
= ) |A%ay + Alayy| / - dx
k—nt1 -7 sin — sinx
2
( . (k+1) o kx
o0 ™ |sin x| |sin —
= Z |A%a +A2ak_1|/ 2$ 2 | dy (k is odd)
= —x sin — s @
k=n+1
\ 2
( kx| (B+ 1)z
o0 m |sin — | | sin ————
X Z |A%ay +A2ak_1|/ % _2 dx (k is even)
- —m | sin — ST
k=n+1
\ 2
C(k+1) \* )? Ckx\? )2
o0 = [ sin x 7 [ sin —
=0 Z |A2aqy, + A’ay_,| / —2x dx / % dx
k=n+1 -n Sin 5 -7 Sin E

using(3.1.3)
=0 ( Z |A%ay, + A2ak_1\k:> =o(1) (3.2.8)

k=n-+1
Therefore,
o0 T D
Z |A%ay, —|—A2ak_1\/ M dxr = o(1)
_x|2sinx
k=n+1
Now, |an — Gpya| = Z(Aak — Adjq)
k=n
=k
= Z E(Aak—l — Aagy1)
k=n+1
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1 o
S — Z k‘(A2CLk_1 + A26Lk>
n k=n+1
(5)
= 0 —_
n
" Dn(x)
and 2sz_d =0(n)

Therefore,we have

(an - an+2)

= o(1) (3.2.9)

Since {a,} is semi-convex sequence, then from (3.1.3), we have

o0

Z(Aak — Adg2)

k=n

In(a, —a,_2)| =n

o0

=n Z(Aak — Abpy1 + Aapy — Aagyo)

k=n

o0

=n Z(AQCLk + A2ak+1)

k=n

< Z k| (A% + Alagi1)| =o0(1), n — oo (3.2.10)
k=n

Making use of (3.2.8), (3.2.9) and (3.2.10), we get
/ |f(x) — Gp(x)|dx = o(1),n — oo

This proves the theorem.
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Corollary 3.2.2: Let {a,} be a semi-convex null sequence, then the necessary and

sufficient condition for L'-convergence of the series (3.1.1) is a,, logn = o(1),n — oo.

Proof: We have
155(2) = f(z)]] = [|Sh(z) — Gulz) + Gulz) — fl=)|
< |Gulz) = f@)l] + (|55 (2) — Gul2)]]

(using (3.2.6)and (3.2.7))

— " — AQ A2 — n — Un P
G (@) —f(=)l]+ ;( @+ A1) 5=+ (an = Gnsz) 5o —
sin(n+ 12 o=, o 2 Dy ()
S S A Afay_
2sinx ;( U T 27 1>2$inx
D, (z) sin(n + 1)z

n(a, — any2) = ||Gn(z) = Sy (2)]|

2sinx

sin(n + 1)z sin nx sin(n + 1)z
— o T Ont15 —
2sinx 2sinx

< |G (@) =)+ 1155 (x) = f(z)]]
Since {a,} is semi-convex sequence, then from (3.1.3), we have
[n(an = an—)| = o(1), n — oo

™
Moreover, / a

" g : ]
< Cln/ inpz sm(n'—i- )
2sinx 2sinx

sin nx sin(n + 1)z

dx

n+1 . (07% -
2sinx 2sinx

dx

dx

/” sinnz + sin(n + 1)z
2sinx

. (n+n+1 -
s 12sin| ———— ) xcos | —
2 2
=a, d

r 2sinx

T
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1
- |sin (n + —) x
2
= an/ = dx
= | 2sin (-)
2

~ a,logn

Since ||Gn(x) — f(z)|| = o(1) (By Theorem(3.2.2))
Therefore ||S5(x) — f(z)|| = o(1) if and only if lim a,logn =0

This proves the corollary
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CHAPTER IV

On L'-Convergence of Ram and Kumari Sums with

Semi-Convex Coefficients

4.1 Introduction

Consider the cosine and sine series

(4.1.1) %—FZakCOSkx
k=1
(4.1.2) Zak sin kz
k=1

with partial sums denoted by

Se(x) = % + Zak cos kx
k=1

n

Si(z) = Z a sin kz

k=1

Let flw) = lim S}(z)
g(x) = lim S} (z)

Concerning the L'-convergence of cosine series (4.1.1), Kolmogorov ([12]) proved

the following theorem.

Theorem A: If {a,} is a quasi-convex null sequence, then for the L'-convergence

of the cosine series (4.1.1), it is necessary and sufficient that lim a, logn = 0.

n—oo

The case in which the sequence {a,} is convex, of this theorem was established
by Young([29]). That is why, sometimes this Theorem A is known as Young-

Kolmogorov Theorem.
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Definition([8]): A sequence {a,} is said to be semi-convex if a, — 0 as n — oo,

and

(4.1.3) Zn|A2an_1 + A’a,| < 0o, (ag=0)

n=1

where A%a, = Aa, — Aa,4q

Ram and Kumari ([14], [19]) introduced new modified cosine and sine sums as

fo(z) = %+ii& (C;—]) k cos kx

k=1 j=k

gn(z) = A (a—J) k sin kx
k=1 j=k J
The aim of this Chapter is to obtain the L!-convergence of modified sine sums of

Ram and Kumari with semi-convex coefficients and to obtain the above mentioned

result of Bala R. and Ram B. as a corollary.
4.2 Main Result

Theorem 4.2.1 : If {a,} is a semi-convex null sequence and if lim a,logn = 0,

n—o0

then f,(z) converges to f(z) in L'-norm i.e. ||f(z) — fu(z)||z1 = 0(1),n — oo

Proof: We have
Se(x)=—+ Zak cos kx

1
~ 2sinz

Z ag(2 cos kx sin z)
k=1

_ Zak(sin(k + 1)z —sin(k — 1)z)

2sinx

1 n n

= Z asin(k + 1)z — Z arsin(k — 1)z

2sinx
k=1 k=1
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1
= [ay sin 22 + agsin 3z + ... + a,_ sinnzx + a, sin(n + 1)z

2sinx
—agsine — ... — ay sin(n — 1)z] — ay4q1 sin ne + a1 sinne
[ n . .
1 _ sin(n + 1)z sin nx
= 5= E (ah—1 — gy1) SINKT | + @p—b——— + Apy15—
2sinx — 2sinx 2sinx
[ n .
1 , sin(n + 1)z
= — E (a1 — ap + ax, — ag1) sinkz | + a———
2sinx 2sinx
[ k=0
sin nx
Ant+15
"osing
1 - : sin(n + 1)x sin nx
= — E (Aag + Aay_1)sinkz | + an¥ + Gpg1 =—
2sinx — 2sinw 2sinw

Applying Abel’s transformation, we have

n—1
1 - -
= — Z(AZak + A%aj_1)Dy(7) + (Aa, + Aan_l)Dn(x)]
2sinx |4
sin(n + 1)z sin nx
o e T 0n+
" 2sinz " 2sing
1 " - -
= — Z(A%k + A%ap 1) Dy(x) + (Aanir + Aan)Dn(x)]
2sinz | &=
sin(n + 1)z sin nx
n" o - Ap41
2sinw 2sinw
1 u N N
Snl2) = 5 > (A%ay + A%ay1) Di(x) + (ay — an+2)Dn($)]
sin(n + 1)z sin nx

N Ap+41 .
2sinx 2sinx

As {a,} is a null sequence and D, (z) is bounded

Therefore second,third and fourth terms tend to zero as n — oo and so,

f(z) = lim 55(x)

J— .
T 2sing Z (AQCL’“ + A2ak—1) Dy (z)
k=0
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fu(z) = %—i—iiA (%) k cos kx

k=1 j=k
Qg . ag, Ak41 Ap—1 A,
. A (—) A A A (-) k cos k
2+k1{ 2 + (k+1)+ + <n—1>+ - COS kx
ao - ay, Ap+1 A1 Q12 ap—1 ap  Qn An1
=— — — — -4+ — - k k
2+k:1{k F+l k+1 k+2 a1 n @ w n—l—l} coshe

— ao+ [%—S’:ﬂkcoskx

"on+1
1 = ~ ~ sin(n + 1)z
= A? A?ay,_1)D n— Qn n _—
SYST Z( ag + A%ap_1)Dg(x) + (an, — apy2) (:c)] +a DY
sSinnNT  Gpy1 =~
n - D,n
ta osine n+1 ()
Now,
1 - 1 "
—fu(z) = A’ay, + Aay_1)D - A’ay, + ANay_1)D
f(x)=fu(2) [281111’;( ar + Aay_1) k(f)] LSinxz::( ar + Aay—1) Dy (z)
D, (z) sin nx sin(n + 1)z ni1 =~
n — YUn— . n . . - D/n
Flan—a 2)25111:1: 19 sing 2sinz (n+1) (=)
- > D, () sinnz
k:;“( G+ 27 1>25mx (a ¢ 2)251n:c Hosing
Ca, sin(n.—l— 1)z L G b (x)
2sinx (n+1)
Therefore,

i G Dy.(x) D, () sin nx
—Jn = A2 A2 — . — \Un — Up— i — Unp
/Jﬂm) ful2) /Tr k:zn;—l( B 1)25ina: (an —a 2)QSin:): ¢ osing

_ansin(n—i—l)x 4 D', (z)| dz

2sinz (n+1)
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RS Dy(2) " D, (z)
< A? A2ay,_ d n— Op_o)——"|d
_/_7r Z (A +Aay 1)ZSin:c m—i—/_ﬂ (an —a 2)QSingz: v
k=n+1
+/” sin(n + 1) sin na p +/” i1 g, ()] d
ap————"— +a, - x ———D'",(z)|dx
. 2sinx Hosina .| (n+1)
Now,
o0 T D
Z |A2ak+A2ak_1|/ k(x) dz
_x|2sinx
k=n+1
1
o0 x| cos 2 — cos(k+ =)z
= Z \A2ak+A2ak1|/ 2 T 2 dx
j— ) 2sin —sinz
2
k k
o0 ™ —QSin@sin;
= Z \A2ak+A2ak1|/ T dx
k=n+1 - 2sin —sinx
2
. (B+1) | kx
0 v |sin=——"zsin -
= Z |A2ak+A2ak1|/ T dx
k—nt1 -7 sin —sinx
2
( . (k+1) . kx
0 = [sin x| |sin —
=0 > A%+ A%y / 2 —2 ldz  (kis odd)
. in = sin
k=n+1 m sin
\ 2
( kx| . (E+ 1)z
0 7 |sin — | | sin —————
Z |A2ak+A2ak_1|/ % _2 dx (k is even)
4 | sin = sin
k=n+1
\ 2
2 ; 2 3
. (k+1) . kx
e ™ sin 5 T T SlIl?
=0 Z | A%y + A%y | / — | d= / — | dz
k=n+1 - sin -\ sing

=0 ( Z |A2ay, + A2ak_1|k:> =o0(1) using(4.1.3)

k=n+1
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Now
oo

ap — an+2| = Z(Aak - Aak+2)

k=n

o0

-3

k=n+1

(Aag-1 — Aagy1)

|

1 oo
< = Z k(A%ap_y + A%ay)

k=n+1

()

™ EM
Since ﬂdx =0(n)
_x 2sinz
™ Dp(x) 1
(an — Apyo) B 2sinxdm =0 ((a, — apy2)n) = O (En
- : : 1
Moreover / Qi1 sm' ne ns1n(n'+ )z dx
o 2sinx 2sinx
<a, /’T sin. nz sin(n.—i— 1z s
_r|2sinx 2sinx
. : 1
_ an/ sinnx + s'ln(n + 1)z d
. 2sinx
9gin [ +n+1 -
sin (| ———— | xcos | —
/7r 2 2
. 2sinx

! ( 1)
clsmin+— |z
2
:an/ = dx
| 2n(3)
sin 5

47



—a / Dy (2)|dz

—T

~ ay,logn

Therefore

/ |f(x)— fu(2)|de <O Z k(A%ay + A’ay_1)| +o(1) +ay logn+ ni1 logn

k=n+1 (n + 1)

/_ﬂ |f(z) — fu(z)| = 0(1), as k — .

Corollary 4.2.1: If {a,} is a semi-convex null sequence,then the necessary and suf-

ficient condition for L!-convergence of the cosine series (4.1.1) is lim a, 1, logn =0
Proof : We have,
155 () = f(=)l| = [155(2) = fa(x) = fu(z) = fz)l]

< [[S5(@) = @l + | fulz) = f)l]

= || ful2)—f(z)||+ ;(A%k + Azakl)i’fi + (an — am)%
g o0~ D)~ Y ) T
= @) =T)l1 i@ ) (o ) T
o P g, DTt |

and /: (an, an_g)fsr;flxi dx =o0(1),n — o0
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- : : 1
Moreover, / i1 sm‘ ne anw dx
- 2sinx 2sinx
= an/ | Dy (x)|dx
~ ay,logn
" Up41 7~
d ——D",(z)|d
an /7r = (x)| dx
_ GT1 / ~’n(x)) dz
n —Tr
Qp41
= 1
nt1 8"
C 1 here C !
= C a,41logn where C =
+1108 ntl
~ Ani1 logn
Since || fu(z) = flz)|] = o(1) (By Theorem (4.2.1)
Therefore,
[|S¢(z) — f(z)|| = o(1), and lim ay,41logn =0, as n — oo

which proves the corollary.
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