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Abstract

The work being presented in the present thesis is devoted to the study of symmetric and
non-symmetric duality results in multiobjective programming for some dual mathematical
programming problems under generalized convexity assumption.

In the first chapter of the dissertation, nonlinear and multiobjective programming problem
is introduced. The brief description of basic concepts, definitions that are used throughout
work and detailed review of duality in single and multiobjective programming problems and
summary of the thesis has also been discussed in this chapter.

In chapter 2, we have reviewed a pair of second-order Mond-Weir type symmetric duality
in multiobjective programming problem considered by Suneja et al.[29] and established weak
duality and strong duality under the assumption of n-bonvexity and n-pseudobonvexity.

In chapter 3, we have studied a pair of higher order Wolfe and Mond-Weir type multiobjec-
tive symmetric dual programs over arbitrary cones considered by [32]and the duality results
are established under higher order (F) «, p, d)-convexity /pseudo-convexity assumptions.

In chapter 4, motivated by Kim et al. [33] we have discussed Mond-Weir type higher
order multiobjective dual involving the nondifferentiable function and cone constraints, where
every component of the objective function contains a term involving the support function of
a compact convex set and established weak, strong duality theorems under the assumption of

Higher order (F, p, o, d) type-1.
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Chapter 1

Introduction

Mathematical programming is one of the most important branches of modern applied math-
ematics that deals with finding the best element from some set of available alternatives.

Generally, a single objective mathematical programming problem can be defined as

(NLP) Minimize f(z)

subject to reS={reX:g(x) <0},

where X is an open subset of R", the function f: X — R and g : X — R™ are differentiable
on X. The function f is called an objective function, the components of g as the con-
straint functions and the corresponding inequalities as constraints. The set S is called
the feasible set and any point ¥ € S is called a feasible point or simply feasible. If the
objective function or some of the constraints are nonlinear, then the problem is called single
objective nonlinear programming problem. The existence of multiple objectives leads to many
interesting questions, which do not arise in single objective programming problem. Consider
an example of buying a car. Ideally the first and foremost consideration would be the cost
of a car but this need not be the only criteria for taking decisions as one may wish to have
a car, which is powerful and fuel efficient. Then it becomes difficult to decide, when most
powerful car is costly as well as the one with highest fuel assumption. In such solutions one
deals with more than one objective at a time and is looking for compromising solution which

is not unique. A general multiobjective nonlinear programming problem can be expressed in



the form:

(MP) Minimize flz) = (fi(z),..., fr(x))

Subject to reS={reX:g(x) <0},

where X is an open subset of R", the functions f : X — R*¥ and ¢ : X — R™ are
differentiable on X.
If we have more than one objective to deal with, then the motive is to find a solution which
is based on the idea that there is no other alternative that is better in some aspect and not
worse in every aspect of consideration. Based on this idea, efficient and weak efficient are
defined as:

A point 7 € S is said to be a weak efficient solution of the vector minimum problem (MP),

if there exists no z € S such that
f(x) < f(2).

A point Z € S is said to be an efficient solution of the vector minimum problem (MP), if

there exists no x € S such that
f(z) < f(2).

Duality plays an important role in multiobjective programming problem that connects two
programs, one of which is called the primal problem and the other is called the dual problem
in such a way that the existence of optimal solution to one of them guarantees an optimal
solution to the other and the optimal values of the two problems are equal. A pair of dual
problems is called symmetric if the dual of the dual is itself the primal.

Duality has not only used in many theoretical and computational developments but also
used in economics, control theory, business problems and other diverse fields. Mangasarian
[20] introduced the concept of second and higher-order duality for nonlinear problems. The
study of second and higher-order duality is significant due to the computational advantage
over the first-order duality as it provides tighter bounds for the value of the objective function
when approximations are used. Several researchers have studied the duality relations for
different dual problems under various generalized convexity assumptions. There are two dual
models that are widely used namely Wolfe type model and Mond-Weir type model. Wolfe
[31] formulated dual to (NLP) and proved duality theorems assuming f and g to be convex.



Mond and Weir [24] introduced dual to (NLP) and and proved duality relations by weakening
the convexity assumptions of f and ¢ to pseudoconvexity of f and quasiconvexity of u?g.
The present chapter is divided into three sections. The first section gives important
preliminaries. The second section contains a review of various developments in single and
multiobjective mathematical programming which are relevant to the thesis and the last one

presents a summary of the thesis.

1.1 Preliminaries

Notations and definitions

Throughout the thesis the following notations are used. The n-dimensional Euclidean space is
denoted by R™ and a vector z € R" is denoted by x = (z1,29,...,2,), z; € R, i =1,2,...,n.
Each vector z is a column vector and z” denotes row vector where superscript 7' denotes the
transpose of a vector. R is the non-negative orthant of R" and R, the set of nonnegative

real numbers. For z,y € R",

r2yer; 2y, i=1,2,..,n,
r>y<sx=yand x #y,
T>YyS T >y, t=1,2,...n.

x £ y means negation of x < y.

The vector V f(Z) denotes the gradient of a scalar differentiable function f : R* — R at z,

and is defined as

0 0 0 r
Vi) = Er (), 8—962f(i’>7---7%f(f>

If the function f : R™ — R is twice differentiable at z, in addition to the gradient vector there
exists an n x n symmetric matrix V,, f or V2f, called the Hessian matrix of f at Z.
Definition 1.1 [4]. A convex set C' of R" is called a convex cone if for each x € C' and

A20,  \xeC.
Definition 1.2 C* = {z € R": 272 £ 0, for all x € C} is called the polar cone of C.

Definition 1.3 [23,28]. Let B be a compact convex set in R". The support function of B is
defined by



s(z|B) = max{zTy : y € B}.

The support function s(x|B), being convex and everywhere finite, has a subdifferential, that

is, there exists z € R™ such that
s(y|B) = s(z|B) + 2T (y — x) for all y € B.
Equivalently,
2T = s(z|B).
The subdifferential of s(z|B) is given by
0s(z|B) = {2z € B: 212 = s(z|B)}.
For any set S C R", the normal cone to S at a point = € S is defined by
Ns(z)={y e R":yT (2 —z) £ 0 for all z € S}.

It can be easily seen that for a compact convex set B, y is in Ng(x) if and only if s(y|B) = 2Ty,

or equivalently, x is in the subdifferential of s at y.

Convex functions and its generalization
Let X be an open convex subset of R™ and the functions f : X — R. Then at u € X,

(i) f is said to be Convex if for all x € X and for all 0 < X\ < 1, we have
fPx 4+ (1= Nu] = Af(2) + (1 = A)f(u),
or if f is differentiable at u, then we have

fx) = flu) 2 V() (z —u).

The function f is said to be strictly convex if the above conditions hold as strict in-

equalities for z £ u, 0 < A < 1.
(ii) f is said to be Quasiconvex if for all z € X and for all 0 = X\ < 1, we have
@) < flu) = FD 4 (1— Al < f(u),
or if f is differentiable at u, then we have
f(@) £ f(u) = V) (v —u) 0.

4



Every convex function is quasiconvex, but the converse is not true. For example f(z) =

22 is quasiconvex but not convex.

(iii) f is said to be Pseudoconvex if f is differentiable at u and for all x € X, we have
Vi (@ —u) 2 0= f(z) 2 f(u),
or equivalently, if
f(@) < flu) = Vf(u)'(z—u) <0.

For example, f(r) = 2® + x is pseudoconvex.

A new class of generalized convex functions, the so-called invex functions, introduced
by Hanson [15] with the aim of extending the validity of the suffciency of the Karush-
Kuhn-Tucker conditions. It is obvious that the particular case of (differentiable) convex
function is obtained from by choosing n(z,y) = * — u. The term invex was created by

Craven [9].

(iv) fissaid to be invex if there exists a function n : X x X — R" such that for all z,u € X.
(@) = fu) 2 n(z,w)"Vf(u).

(v) f is said to be pseudoinvex if there exists a function 7 : X x X — R™ such that for

all v,u e X
n(z,u)'Viu) 2 0= f(z)2 fu).

(vi) A functional F': X x X x R" — R is sublinear in the third variable, if for all z,u € X

(1) F<x7u;€1 +€2) é F<x7u;€1) + F(%,u;fﬁ, for all 51752 € an

(ii) F(z,u;a) = aF(z,u;a), forall « € Ry, and a € R™.

Also we write it as

Fpu(a) = F(z,u;a).
(vii) f is said to be F-convex at u if for all x € X,

f(@) = f(u) 2 F(z,u; Vf(u)).



(viii) f is said to be (F, p)-convex at u if there exists d : X x X — R and p € R then for all
reX
F(z,u; V() + pd*(2,u) < f(2) = f(u).

(ix) f is said to be (F,a, p,d)-convex at u € X if there exists a function

a: X xX =R \{0},d: X xX — Rand p € R then for all z € X
flz) = flu) 2 Fz,u; a(x,u)V f(u)) + pd2(a:,u).

Generalization of invex function

Hanson and mond [16] introduced generalization of the class of invex functions called Type I

functions.

Let X be a open subset of R" and n: X x X — R" be a vector function. Then at v € X
with respect to function n(z,u), the objective function f : X — R and constraint function

g: X — R™, are said to be
(i) Type I convex if for all z € X,
fla) = f(u) 2 n(z,w)"V f(u),
and
—g(u) Z n(z,u)" Vg(u).
(ii) Type I pseudoconvex if for all x € X,
n(z,w)'Vfu) 20
= flx) = flu) 20,
and
n(z,u) ' Vg(u) 2 0

= —g(u) 2 0.

(iii) Type I F-convex if for all z € X,

f(@) = f(u) 2 Fz,u; Vf(u)),
and

—g(u) 2 F(z,u; Vg(u)).



(iv) Type I F-pseudoconvex if for all z € X,

and

(v) Type I (F,p)-convex if there exists d : X x X — R and p € R, then for all z € X

f(a) = f(u) 2 F(a,w V[(w) + pd*(z, u),

and

—g(u) = F(z,u; Vg(u)) + pd*(z, u).

(v) Type I (F,p)-pseudoconvex if there exists d : X x X — R and p € R, then for all
reX

and

(v) Type I (F,p,a,d)-convex at u € X if there exists a function o : X x X — R, \ {0},
d: X xX — Rand p € R, then for all x € X

f(@) = f(u) 2 F(z,u;a(z, )V f(u)) + pd*(z,u),
and

—g(u) 2 F(z,u;a(z,u)Vg(u)) + pd*(z,u).



(v) Type I (F,p,«,d)-pseudoconvex at u € X if there exists a function a : X x X —
R \{0},d: X x X — Rand p € R, then for all z € X

F(z,u;a(z,u)Vf(w) = —pd*(x,u)
= flz) = f(u) 20,
and
F(z,u; oz, u)Vg(u)) 2 —pd*(z,u)

= —g(u) 20.

1.2 Review of related work

Symmetric Duality

In mathematical programming, a pair of primal and dual problems is called symmetric if the
dual of the dual is the primal problem. Duality in linear programming is always symmetric
but in non-linear programming duality is not always symmetric.

The notion of symmetric duality in which the dual of the dual is the primal, found its way
in nonlinear programming in the excellent work of Dorn [12]. Dantzig et al.[10] formulated the

following pair of symmetric dual programs and established weakand strong duality theorems

(PS) Minimize — F(z,y) = M(z,y) — y" V,M(z,y)
subject to  V,M(z,y) <0,
x 20,

y 2 0.

(DS) Maximize  G(u,v) = M(u,v) — u’ VM (u,v)
subject to V.M (u,v) 2 0,
u=0,

v = 0.

where M : R™ x R™ — R is a twice differentiable function.



Mond and Weir [25] considered the following pair of symmetric dual programs:

(PM) Minimize M(zx,y)
subject to V,M(z,y) <0,
y' 'V, M(z,y) 20,

x = 0.

(DM) Maximize — M (u,v)
subject to V.M (u,v) 2 0,
u'' VM (u,v) L0,
v = 0.

Symmetric duality was generalized to multiobjective case by Weir and Mond [??] and as well

as by Gulati et al. [13].

Bazaraa and Goode [5] generalized the results in [10] to arbitrary cones. They studied the

Wolfe’s type symmetric dual pair over arbitrary cones :

(PC) Minimize — F(z,y) = M(2,y) — vy V,M(z,y)
subject to  V,M(xz,y) € C3,

(x,y) & Cl X CQ,

(DC) Maximize  G(u,v) = M(u,v) — u’ VM (u,v)
subject to  —V,M(u,v) € C7,

(u,v) € Cy x Cy,
where
(i) C} and Cs are closed convex cones with non-empty interiors in R™ and R™, respectively.
(ii) Fori = 1,2, C! is the polar of C;.

(iii) S; € R™ and Sy C R™ are open sets such that C} x Cy C Sy X Sy and M : S} X Sy — R

is a twice differentiable function.



Chandra and Kumar [6] formulated the following Mond-Weir type symmetric dual pro-

grams over arbitrary cones :

(PMC) Minimize M (z,y)
subject to  V,M(x,y) € C5,
y'VyM(z,y) 20,

.’IJGCl.

(DMC) Maximize — M (u,v)
subject to  —V,M(u,v) € CY,
UTVxM(ua U) é O’

UECQ.

and proved usual duality theorems under pseudoinvexity type assumptions.
Das and Nanda [11] studied symmetric duality in multiobjective programming with cone
constraints. Subsequently, Kim et al. [18] derived symmetric duality results for multiobjec-

tive programs under pseudoinvex/strictly pseudoinvex functions and arbitrary cones.

Second order Duality

The study of second order duality is significant due to the computational advantage over
first order duality as it provides tighter bounds for the value of the objective function when

approximations are used. Mond [26] considered the following second-order symmetric dual

programs:
C 1
Minimize M(z,y) —y"VyM(z,y) = y" Vi M(z,y)p — 50" Vi, M (2, y)p
subject to V,M(z,y) + Vy,M(x,y)p <0,
x 2 0.
1
Maximize M(z,y) — 2"V M(x,y) — 2"V M(z,y)r — ETTVMM(% y)r
subject to VoM (z,y) + VoM (z,y)r 20,
yz0,

10



Ahmad and Husain [1] formulated the following-pair of Wolfe type multiobjective second or-

der symmetric dual programs with cone constraints:

Primal Problem (WP)

LTV T ) @ y)ple

minimize — f(z,y) = [y"V,(\" )z, 9)]e = [y Vi N F)(, y)ple = 5

subject to
VN ) (@, y) + Vi (N )@ y)p € G5,
x € (],
A>0, Me=1.

Dual Problem (WD)

LTV OV F) (s v)gle

maximize fu,v) — [ VoA ) (u,v)]e — [u" Ve (AT £) (1, v)qle — 3

subject to
_VJJ()‘Tf)(ua U) - vxz(/\Tf) (U, U)q € OT?
(S CQ,
A>0, Me=1,

where f(z,y) : S x Sy — R¥(S; C R", Sy C R™), pe€ R™, ¢ € R, A\ € Rfande =
(1,1,...,1)T € R*, and usual duality results are established under second-order in- vexity

assumptions.

Higher order Duality

Higher order duality in nonlinear programming has been studied by many researchers. By
introducing two differentiable functions h : R* x R* — R and k: R" x R® — R™. Mangasar-

ian [20] formulated the following higher order dual:
Primal problem (P5)

Minimize f(x)

subject to g(x) £0.

11



Dual problem (D5)

Maximize f(@) + h(z,p) +y"g(x) + y"k(x, p)
subject to V,h(z,p) + V,y k(z,p) =0,
y 2 0.

where f: R* — R and ¢g : R* — R™, V,h(u,p) denotes the gradient of h with respect to p

and V,(y"k(u, p)) denotes the gradient of y”k with respect to p.

1.3 Summary of the thesis

The aim of the present thesis is to study the symmetric and nonsymmetric duality in multiob-
jective programming for some dual mathematical programming problems under generalized
convexity assumptions.

In Chapter 2, we have reviewed the following pair of second-order Mond-Weir type sym-

metric duality in multiobjective programming problem considered by Suneja et al.[29]:

(P) Minimize F(:E?:%p):(Fl(x7y7p)7F2($ay>p)a'--7Fk(x7yap))7
k
subject to D A(Vyfilwy) + Vi fi(z, y)pi) £ 0,
i=1
TZA Vyfil@,y) + Vi fi(z, y)pi) = 0,
A > 0.
(D) Maximize G(u,v,q) = (Gi(u,v,q),Ga(u,v,q),...,Grlu,v,q)),
k
SubjeCt to Z Az(vxfl<u7 U) + va:xfz(ua U)Q’L) ; 07
i=1

TZ/\ Vafi(u,v) + Vi fi(u,v)g;) <0,

)\>0.

12



where

1
EFi(z,y,p) = fi(x,y) — =p; Vi [i(x,9)ps1

\ € R,

2
1
Gi(u7U7Q) = fi(uuv) - équvxmfz('uw U)Q’L'7
p, € R", ¢ €eR", 1=12,...,k.
,Qk), A= ()‘17 )‘27 R >\k>T

b= (p17p27"'

7pk)7 q= (QI7Q27 s

and studied weak duality and strong duality under the assumption of n-bonvexity and 7-

pseudobonvexity.

In Chapter 3, we have studied the following higher order Wolfe and Mond-Weir type

multiobjective higher-order symmetric dual programs considered by Gupta et al. [32]:

Wolfe type symmetric dual
Primal problem(HWP)

minimize L(x,y, \,p) =

subject to

Dual problem(HWD)

maximize M (u,v, \,r) =

subject to

where

flz,y) + ATh) (2, y,p)ex — p" V,p(ATh)(z, y,p)er,
—y"V, (A ) (2, y)er — y V(A h) (2,9, p)er

V(N )@ y) + V(A ),y 0)} € C5,
)\Tek = 1,

)\>0, 33601

flu,v) + (N g)(u,v,r)er — "V, (X g)(u, v,7)e

—u"' V(AT f)(u,v)er — u' V(A g)(u,v,7)ey,

V(N ) (w,0) + Vo (M g)(u,v,7)} € CF,
/\Tek = 1,

A>0, v e Chy.

(i) S;1 € R™ and Sy C R™ are open sets such that C; x Cy C S x S,

13



(i) f:S1 xSy — RF h:8 xS x R™ — R¥and g:S; x Sy x R* — R* are differentiable

functions, e, = (1,...,1)T € R*, A € R* and
(iii) = and p are vectors in R™ and R™, respectively.

Mond-Weir type symmetric dual
Primal problem (HMP)

minimize F(m YD1y P2s - - pk) = (Fr(@, g, 1), Folx,y,p2), -, Frle, v, pr)
subject to —Z/\ V,filxz,y) + Vp,hi(z,y, pi)] € Cs,
TZA Vo filx,y) + Vphi,y,pi)] Z 0,
A > O, S Cl'

Dual problem (HMD)

maximize H(u,v,1m1,79, ... r%) = (Hi(uw,v,71), Hy(u,v,713), ..., Hp(u,v, 1))
k
subject to Z Ail Ve filu,v) + Vi hi(u, v, 1)) € CF,
i=1

k
u” Z Ai[Va filu,v) + Vi hi(u, v, m5)] < 0,
A >Z_01, v € Cs.
where for i = 1,2,...,k, Fi(z,y,p:) = fi(z,y) + hi(z,y, pi) — pl [V, hi(z, 9, p0)],
Hi(u,v,75) = filu,v)+gi(u, v,75) =1L [V gi(u, v,15)], fi: Sy xS — R, hy : Sy xSy x R™ — R
and h; : 51 X Sy X R — R are differentiable functions, p; € R™ and r; € R".
Weak and strong duality theorems are studied under higher-order (F, a, p, d)- convexity /pseudo-
convexity assumptions.
In chapter 4, we introduce the nondifferentiable higher order multiobjective problem in-
volving cone constraints, where every component of the objective function contains a term
involving the support function of a compact convex set. For this problem, Mond-Weir type

dual is proposed .

14



Mond-Weir type duality (NMMD)

Maximize f(w) +ulw + (N h(u,p))e — p' V(AT h(u, p))e
subject to MV f(u) + Voh(u,p) + w] = Vy g(u) + V,y" k(u, p),
9(w) + k(u, p) — p" V,k(u, p) € C3,

w; € Dy, 1=1,...,1,

y € Oy, A>0, Me=1.
where
(i) f:R"— R'and g : R" — R™ are differentiable functions.

(ii) Cy and Cy are closed convex cones in R™ and R™ with nonempty interiors, respectively.

(iii) e = (1,...,1) is a vector in R".
(iv) w;(i = 1,...,1) is a vector in R™ and D;(i = 1,...,[) is a compact convex set in R",
respectively.

(v) h: R x R" = R' and k : R X R" — R™ are differentiable functions; V,h;(u, p) and

V,yl k(u,p) denote the n x 1 gradient of h; and y”k with respect to p, respectively.

Kim [33] established weak, strong duality theorems for an efficient solution under higher
order generalized invexity conditions. In, this dissertation, we establish weak, strong duality

theorems under the assumption of Higher order (F) p, «, d) type-I.
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Chapter 2

Second order symmetric duality in

multiobjective programming

2.1 Introduction

The study of second order duality is significant due to the computational advantage over
first order duality as it provides tighter bounds for the value of the objective function when
approximations are used. Unlike linear programming, the majority of dual formulations in
nonlinear programming do not possess the symmetry property. Nonlinear programming prob-
lem and its dual are said to be symmetric if the dual of the dual is the original problem. A
pair of symmetric dual programs has been formulated by Dantzig et al. [10] and established
duality results for convex/concave functions by taking non-negative orthant as the cone.
Later, Mishra [21] formulated a pair of multiobjective second-order symmetric dual nonlin-
ear programming problems under second-order pseudo-invexity assumptions on the functions
involved over arbitrary cones and established duality results.

In this chapter, we consider a pair of multiobjective second order symmetric dual problems
of Mond-Weir type. We establish weak duality, strong duality under the assumptions of 7-
bonvexity and n-pseudobonvexity. The Chapter is divided into three sections. Section 2.1 is
introductory, section 2.2 contains notations and definitions and in section 2.3, we consider a

pair of Mond-Weir type second-order multiobjective symmetric dual programs.
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2.2 Notations and definitions

Let f be a twice differentiable real valued function of z and y, where x € R™ and y € R™.
Then V, f and V, f denote gradient vectors with respect to x and y, respectively. V,, f and
V[ are, respectively, the n x n and m x m symmetric Hessian matrices. (0/0y;)(Vy, f)
is the m x m matrix obtained by differentiating the elements of (V,, f) with respect to y;
and (V. f(x,y)q), denotes the matrix whose (7, j)th element is (0/0y;)(Vaa f(2,y)q); , where
q € R™

Consider the multiobjective programming problem

(MP) Minimize f(z)

subject to x € X,

where f is a k-dimensional vector function defined on R™ and X, C R".
Definition 2.1 A real twice differentiable function f defined on X x Y, where X and Y are
open sets in R" and R™, respectively, is said to be n;-bonvex in the first variable at v € X,

if there exists a function 7, : X x X — R" such that forveY, g€ R", v € X,

,0) = () 2 0 () (Faf (0,0) + Vi 1,0)a] = 347 Vi (1, 0)g

and f(x,y) is said to be my-bonvex in the second variable at v € Y, if there exists a function

MY XY — R™ such that forue X, pe R™, yeY,

() = () 2 0 (0, 0V (,0) + Ty 0,0)8] = 557V (0,0

Definition 2.2 A real twice differentiable function f defined on X x Y is said to be n-
pseudobonvex in the first variable at u € X, if there exists a function n; : X x X — R" such

that forveY, ge R", z € X,

0l (z,u)[Vef(u,v) + Ve f(u,0)q] > 0= f(z,v) — flu,v) + %qTme(u, v)g >0

and f(x,y) is said to be ny-pseudobonvex in the second variable at v € Y, if there exists a

function 19 : Y X Y — R™ such that forue X, pe R, y €Y,
1
772T(y> U)[Vyf(u, U) + vyyf(u, U)p] > 0= f<u7 y) - f(u7 U) + EpTvyyf<u7 U)p > 0.
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2.3 Mond-Weir type symmetric duality

Consider the following pair of second order multiobjective programming problems with k-

objectives:
(P) Minimize F(.T,y,p): (Fl(iv,y,p),Fz(LE,y,p),...,Fk(ﬂf,y,p))
k
subject to Z ANi(Vy fi(z,y) + Vi, fi(@, y)pi) <0, (2.1)
i=1
TZA Vyfi(z,y) + Vy, filx, y)pi) = 0, (2.2)
A > 0,
(D) Maximize G(u,v,q) = (G1(u,v,q),Ga2(u,v,q),...,Gr(u,v,q))
k
SUbjeCt to Az(vl’fz(u7 U) + vxwfz(uv U)QZ) z 07 (23>
i=1
k
u™> NV fi(u,v) + Vaa fi(u,v)g:) <0, (2.4)
i=1
A >0,
where

Fy(z,y,p) = fi(z,y) — §p§rvyyfi(x,y)pi,

1
Gi(uu v, q) = f%(uu U) - §q7,Tv33:Efz(u7U)Q'w

)\iGR, piERm, qiER", Z:1,2,,k}

Also we take b= (p17p27 s 7pk)7 q= <q17 q2, - - - 7Qk>7 A= <)\17 )\27 R )\k)T
In the following theorems, we take n; : X x X — R", 2 : Y XY — R™, where X and Y

are open sets in R” and R™, respectively.
Theorem 2.1 (Weak duality). For feasible solutions (x,y, A, p) of (P) and (u,v, A, q) of (D),
let either of the conditions hold:

(a) For i = 1,2,...,k, f; is m-bonvex in the first variable at u and — f; is no-bonvex in the

second variable at y.

k k
(b) > \ifi is m-pseudobonvex in the first variable at v and — > A; f; is no-pseudobonvex in

i=1 i=1

the second variable at y, and
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m(z,u) +u =0, (2.5)
n2(v,y) +y 2 0. (2.6)
Then
F(z,y,p) £ G(u,v,q).

Proof. Since (u,v, A, q) is feasible for (D), from (2.3) and (2.5), it follows that

k
{771 (.Z’, u) + U]T Z Al(vxfl(ua U) + mefl(ua v)%) > 0.
i=1
Using (2.4), we get
k
i=1
Since (z,y, A, p) is feasible for (P), from (2.1) and (2.6), it follows that
k
[m2(v, y) + 4" Z ANi(Vyfi(z,y) + Vi fi(z, y)pi) < 0.
i=1
Using (2.2), we get
k
m (1,9) Y N(Vyfi(z,y) + Yy file, y)pi) <0. (2.8)
i=1
(a) Since f; is m;-bonvex in the first variable at u, we have for ¢ = 1,2, ..., k,

fi(xvv) - fi<u7v) + %quvmxfz(uv U)Qi > n?(xvu)[vwfl(ua U) + mefl<u7v)%]

As \; >0, i=1,2,...,k, on using (2.7), we get

k
1
> Ailfilwv) = filw,v) + Sa] Vi filu, v)g:) > 0. (2.9)
i=1
Since — f; is me-bonvex in the second variable at y, we have for ¢+ = 1,2, ... k,

_fi(x’ v) + filx, y) - %p?vyyfi(x>y)pi > —U;F(UW)[Vyfi(l",y) + Vyyfi(x7y)pi]-

As \; >0, i=1,2,...,k, on using (2.8), we get

k
=S Nl ) — ) + 5BV il y)p) > 0 (2.10)

=1
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Adding (2.9) and (2.10), we get

k k
Z)\z(fz(xay) 1 Vyyfz X y pz Z fz u, U - _qz Vm:fz(u U)Qz)-
i=1 i=1

Hence
F(x,y,p) £ G(u,v,q).

k
(b)  As >\ f; is m-pseudobonvex in the first variable, from (2.7), we get (2.9).
=1

k
As — >~ A fi is me-pseudobonvex in the second variable, from (2.8), we get (2.10).

i=1
On adding (2.9) and (2.10), we arrive at the result as in part (a).

Theorem 2.2 (Strong duality). Let f be thrice differentiable on R™ x R™. Let (Z,y, A, p) be
a weak minimum of (P); fix A = X in (D) and suppose that

(a) Vy,fi is non-singular for all i = 1,2,...,k,
(b) the set {V,fi + Vy, fip1, Vyfo + Vyyfoba, ..., Vi fr + Vi, fibr}, is linearly independent,

ko _
(c) the matrix > X\;(V,, fiDi)y is positive or negative definite,
i=1

where f; = fi(Z,y), 1 = 1,2,...,k. Then (z,y,\,q = 0) is feasible for (D) and F(z,y,p) =
G(Z,9,q)-

Moreover, if the hypothesis of Theorem 2.1 is satisfied for all feasible solutions of (P) and
(D), then (,7, A, q) is an efficient solution for (D).

Proof. Since (z,y, A, p) is a weak minimum of (P), by Fritz John optimality conditions [7],
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there exist o € R¥, € R™, v € R, § € RF such that

Za |:V fz - yyfzpz)a:pz:| +

=1

i { ol + yyfm] (6 —5) =0,

=1

k
Za’ |: yfz - yyfzpz ypz:| Z |: yyfz yyfipi)y:| (5 _’Yg)

=1 =
k
- Z xl(vyfz + vyyfzﬁz) =0,
=1
(B =~ (Vyfi + Vo fili) — 6 =0, i=1,2.. .k

T
|:<ﬁ - fyg);‘z - azﬁz:| vyyfz’ = 0, 1= 1,2, .. .,]{),
k

gt Z i(Vyfi + Vyy fipi) =0,

=1

V9 Y N(Vyfi+ Vyu fipi) =0,

i=1

STA=0,
(o, B,7,0) 20, (o, B,7,0) #0

=l

As X\ > 0, it follows from (2.17), that § = 0. Therefore from (2.13), we get

(ﬁ - 'Vg)T(vyfi + vyyfi]ji) - 0, 1= 1, 2, e k.

As V,, f; is non-singular for ¢ = 1,2,...,k, from (2.14), it follows that
(B =9\ = aipi, i=1,2,...,k.

From (2.12), we get

k
Z(ai - Vj\z)vyfz + Z szyyfz(ﬁ - ’Yg - 'Yﬁz) +
=1 =1
k

Z<Vyyfmi>y[<ﬁ—w>x Lag] =0

i=1

Using (2.20), it follows that

Z(O‘i - VXl)(vyfz + vyyfzpz Z yyfzpz ﬁ 7y) = 0.

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
(2.18)

(2.19)

(2.20)

(2.21)



Premultiplying by (8 — v7)” and using (2.19), we get

(8- ’nyZA Vo fiDi)y (B — 7) = 0.

k. _
Using the fact that > \;(V,, fiDi), is positive or negative definite, we get
i=1

B=13 (2.22)
Using (2.22) in (2.21), we get
k
D (@i =) (Vyfi+ Vo fii) = 0
i=1
By condition (b), we get
;= Y\, i=1,2,... k. (2.23)

If v =0, from (2.22) and (2.23), it follows that § = 0, @ = 0 which contradicts (2.18). Hence
v > 0. Since \; >0, i =1,2,...,k, from (2.23) we have

a; >0, i =1,2,..., k. Using (2.22) in (2.20), we have ap; = 0, ¢ = 1,2,... k, and hence
pi =0, i=12 ...k Using (2.22) and the fact that p;, = 0, i = 1,2,...,k, in (2.11), it
follows that

k
i=1

which by (2.23) gives

and hence we also have
Q_TT Z j\szfl =0,

Thus it follows that (Z,7, \,g = 0) is a feasible solution of (D) and

F(z,y,p) = G(7,7,4). (2.24)
If (Z,7, \, @) is not efficient for (D) then there exists a feasible solution (u, v, A, q) of (D) such
that

G(2,9,9) < G(u,v,q)
which by (2.24) gives

F(z,9,p) < G(u,v,q)

which is a contradiction to Theorem 2.1.
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Chapter 3

Higher-order (F) «a, p, d)-convexity and
symmetric duality in multiobjective

programming

3.1 Introduction

One practical advantage of higher-order duality is that it provides tighter bounds for the value
of objective function of the primal problem when approximations are used because there are
more parameters involved. Higher-order duality in nonlinear programming has been studied
in the last few years by many researchers [3,2,8,14,20,27]. A class of higher-order dual
problems for nonlinear programming problems first formulated by Mangasarian [20].

In this paper, we formulate a pair of higher-order Wolfe type and Mond-Weir type mul-
tiobjective symmetric dual programs over arbitrary cones. Weak and strong theorems are
proved under higher-order (F,a, p, d)- convexity/pseudo-convexity assumptions. The Chap-
ter is divided into four sections. Section 3.1 is introductory, section 3.2 contains notations and
definitions. In section 3.3, we consider a pair of Wolfe type Higher-order multiobjective sym-
metric dual programs and in section 3.4, we consider a pair of Mond-Weir type higher-order

multiobjective symmetric dual programs
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3.2 Notations and Preliminaries
Consider the following multiobjective programming problem:

(P) Minimize o(x)

subject to —g(z) €@, xe€C,

where C C R", ¢ : R* — RF, g: R® — R™, (@ is closed convex cone with non-empty interior
in R™.

Let X°={z € C: —g(x) € Q}, be the set of all feasible solutions of (P).
Let C; and (5 be closed convex cones with non-empty interiors in R™ and R™, respectively.

Definition 3.1 The positive polar cone C; of C; (i = 1,2) is defined as
Cr={zeR":2"220, for all z € C;}.

Now we consider a function ¢ = (¢, ¢a, ..., ) : X — RF differentiable at u € X, p =
(p1,p2s- - pr) € RE and d = (dy,dy, . .., dy) € R
Definition 3.2 A twice differentiable function ¢; over X is said to be higher-order (F o, p;, d;)-
convex at v on X with respect to (; : X x X — R, if for all x € X and ¢ € R", there exist a
real valued function a: X x X — R, \ {0}, a real valued function d;(-,-) : X x X — R and

a real number p; such that

¢i(x) = ¢i(u) = Gi(u, @) + ¢" VGi(u, @) 2 Fo [z, u)(Vodi(u) + ViGi(u, )] + pid (z,u).

Definition 3.3 A twice differentiable function ¢; over X is said to be higher-order (F, o, p;, d;)-
pseudoconvex at v on X with respect to (; : X x X — R, if for all z € X and ¢ € R", there
exist a real valued function o : X x X — R, \ {0}, a real valued function d;(-,-) : X x X —

R and a real number p; such that
— ¢i(x) — ¢i(u) — Giu, @) + q" Voi(u, q) 2 0.

A twice differentiable vector function ¢ : X — R* is said to be higher-order (F,«, p, d)-
convex /pseudoconvex at u, if each of its components ¢; is higher-order (F) «, p;, d;)-convex/pseudoconvex

at u.
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3.3 Wolfe type higher-order symmetric duality

In this section, we consider the following Wolfe type multiobjective higher-order symmetric

dual programs:

Primal problem (HWP)
Minimize L(z,y,\,p) = f(z,y)+ ()\Th)(x, Y,D)ex —pTVp()\Th)(x,y,p)ek

—y"V, (A ) (@, y)er — vy V(A R) (2, y, p)ey,

subject to —{V, M\ )z, y) + V,(\Th)(z,y,p)} € C;,
)\Tek = 1,

A > 0, xe€ Ch.
Dual problem (HWD)
Maximize M (u,v,\,7) = f(u,v)+ M g)(u,v,7)er — TV, (A g)(u, v, 7)ex

—u' V(AT ) (u,v)er — u? V(A g)(u, v, 7)ey

subject to VoA ) (u,v) + V,.(\ g)(u,v,7) € CF,

)\Tek = 1,

where

(i) S;1 € R™ and Sy C R™ are open sets such that C; x Cy C S X So,

(i) f:8, xSy — RE, h:8 xSy x R — RFand g:S; xSy x R* — R are differentiable

functions, e, = (1,...,1)T € R*, X\ € R* and

(iii) r and p are vectors in R™ and R™, respectively.

Theorem 3.1 (Weak duality). Let (z,y, A, p) be feasible for the primal problem (HWP) and

(u, v, \, 1) be feasible for the dual problem (HWD). Let for i =1,2,... k

M 40

(i) fi(.,v) be higher-order (F,ay,p;”’, d;’)-convex at u with respect to g;(u, v, ),
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(ii) —fi(z,.) be higher-order (G, ao, p(2), d?))—convex at y with respect to —h;(z,y,p),

)

k
(iii) either (a) S Aot (dM (2, u))? + P (dP (v, 9))2] = 0 or (b) piY = 0 and p® = 0, for
=1
all 7,

where the sublinear functionals F': R" x R" x R" - Rand G : R x R™ x R™ — R

satisfy the following conditions:
(iv) Fpu(a) +aytaTu 20, for all a € Cf and
(V) Goy(b) +ay'bTy =0, for all b € Cj.

Then
L(z,y, A\, p) £ M(u,v, A, 7). (3.7)

Proof. Assume by contradiction that (3.7) is not true, that is

L(z,y, A\, p) < M(u,v,\, 1), or

f(@,y) + ATh) (2, y, p)er — pT Vo (NTh) (2, y, p)er — y" V(AT f) (2, y)ex
_yTVP()‘Th)(xa yap>€k: < f(u7 'U) + ()‘Tg)(uw v, T)ek - TTVT(/\TQ) (u’ v, r)ek

—uTvm()\Tf)(u, v)eg — uTVT()\Tg)(u, v, T)e.
Since A > Oand A’e = 1,we obtain
A f)(@,y) + (AT h)(@,y,p) — p" V(A h)(2,y,p) — y" V(AT f)(z,y)

—y"V,(A\Th) (2, y,p) < (N f)(w,0) + (N g)(u,v,7) = r"V(Ag)(u,v,7)
—u" V(AT f)(u,v) — u" V(AT g)(u, v, 7). (3.8)

Since (x,y, A, p) is feasible for the primal problem (HWP) and (u, v, A, r) is feasible for the dual
problem (HWD), oy (x, u) > 0, by the dual constraint (3.4), the vector a = oy (z,u) [V (AT f)(u, v)+
V.(ATg)(u,v,7)] € C; and so from the hypothesis (iv), we obtain

F,u(a) +ata’u = 0. (3.9)

Similarly,
Goy(b) + a3 by = 0. (3.10)
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for the vector b = —as(v,y) [V, (N f)(z,y) + V,(ATh)(z,y,p)] € C5.
(1 41
d

By higher-order (F,aq, p; . d; "’ )-convexity of fi(.,v)(1 <i < k) with respect to g;(u,v,r), we

have
fila,v) = filu,0) = gi(u, v, 7) + 1"V, g;(u, v, 7)
2 Fyular(z,u) (Ve fi(u,v) + Viegi(u,v,1))] + pz(»l) (dz(»l)(x, u))2
It follows from A > 0 and sublinearity of F' that
(N (@,v) = (A ) (u,0) = (M g)(u,v,7) + 17V (Ng)(u, v, 7)

> Fylon (,u)(Va (AT F) (u,0) + V(A g) (u,0,7)] + Y Aipt (d§”<x, u)) ,

=1

AT ), 0) = (W), v) = (A g)(u,v,7) + 17 V(A g) (u,v,7)
k 2
— Z )\Z.pl(l) (dl(l)(x,u)> 2 Flau(a). (3.11)
using (3.9) in (3.11), we have

(ATf)(x7 U) - (ATf)(UM U) - (ATg) <u7 U, T) + TTVT(/\T9> (uv U, T)

k 2
- Z )\ipgl) (dl(l)(x, u)) > —a; v’ a. (3.12)
i=1

Similarly, using hypothesis (i) and (v) along with primal constraint (3.1) and inequality
(3.10), A > 0, as(v,y) > 0 and sublinearity of G, we get
A ) y) = N f)(@,0) + (AR (@, y,p) = p" V(A h) (2, y,p)

k 2
= X (dl@ (v, y)) = —a; 'y’ (3.13)

=1

Adding the inequalities (3.12) and (3.13), we obtain

WA (@, y) + (WTh) (2, y,p) = p"Vp(NTh) (2, y,p) + g 'yTb — (AT f) (u, )
(AT ) (u,v,7) + 77V, (M g) (u,v,7) + a7 u’a

k 2 2
2 S [ (0w w) o (0P00) |
=1

27



Further, using hypothesis (7i7) in the above inequality, we get

AT )@, y) + ATh) (2, y,p) — p"Vp(ATR) (2, y,p) + a3 'y"b
> (N H(u,v) + M g)(u,v,7) — TV, (A g)(u,v,7) — a; u’a.

Finally substituting the values of a and b, we have

A, y) + AT R) (@, y.p) = p" V(N h) (2, 5,p) =y V(A f)(2,9)
—y V(N ) (2, y,p) 2 (N ) (w,0) + (N g) (u, 0, 7) = 1" V(N g) (u, v, 7)
—u"' V(AT F)(u,v)e — u' V(A g)(u,v, 7).

which contradicts (3.8). Hence the result.

If the variable \ in the problems (HWP) and (HWD) is fixed to be A, we shall denote
these problems by (HW P)5 and (HW D)s.
Theorem 3.2 (Strong duality). Let f : S; x Sy — RF be twice differentiable function and
let (Z,7,\,p) be a weak efficient solution of (HWP). Suppose that

(i) the matrix V,,(ATh)(z, ¥, p) is non singular,
ii) the vectors V, f1(Z,9),...,V,fx(Z,y) are linearly independent,
y y

(iii) the vector {V,(ATh)(z,7,p) — Vo(ATh)(Z, 7, p) + Vyy AT f)(Z,5)p} ¢
span {vyfl(i‘a g)’ s 7Vyfk(i‘7 g)} \ {O}’

(v) (\Th)(2,9,0) = (\"9)(2,9,0), V.(\"h)(Z,7,0) = V.(\"9)(z,7,0),
V,(ATh)(z,5,0) = 0 and V,(ATh)(Z,7,0) =0

Then 7 = 0, (z,y,7 = 0) is feasible for (HW D)3, and the objective values of (HWP) and
(HW D)j are equal. Furthermore, if the hypotheses of Theorem 3.1 are satisfied for all feasible
solutions of (HWP) and (HW D)5, then (z,y,7 = 0) is an efficient solution for (HW D)j.

Proof. Since (7,7, A, p) is a weak efficient solution of (HWP), by the Fritz John necessary
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optimality conditions [30], there exist @ € R%, 3 € Cy, i € R%, j € R, such that the

following conditions are satisfied at (Z,¥, \, p):

{aTV.f(2,9) + Vo(NTh) (2,5, p) (a7 ex) + Vo (AT F)(2,9)[B — (@ ex)y]
+V,0e AR (Z,7,P)[B — (@Tex) (@ + p)]}(x — ) >0, for all z € C, (3.14)
V,f(@,9)a— (@ e) A + [Vy(NTh)(z,5,p) — V,(ATh)(z,7, p)](a”ex)

+V, (AT (@,9)[8 — (@' er)y]
+V (ATh) (2,5, D)5 — (a"ex) (§ + P)] = 0,
Vo (A'h)(2,5, D)8 — (a"ex)(y + p)] = 0,
Vyf(@,9)[6 — (@ er)y] + h(z,y,p)(@" ex) — i + ey,
+V,h(7,5, D)8 — (@ er) (5 + D)) =0,
BHV,(N (@, 9) + V(A h)(Z,5,p)] =0,

A =0,
A\ e, — 1] =0,
(a, B, i, 1) # 0

Since A > 0 and ji =0, (3.19) yields i = 0.
From (3.16) and nonsingularity of V,,(ATh)(z, ¥, p), we have

B=(a"ex)(7+p)-

If @ = 0, then (3.17) and (3.22) yields 7 = 0 and S = 0, respectively.

(@, B, 1,7) = 0, contradicting (3.21). Hence, @ > 0 or
dTek > 0.
Now, using (3.22) and (3.23) in (3.15), we get

Vy(\"h)(Z, 5, D) — V(A h)(Z,75.,D) + Vyy (N F)(Z, 9)D
- L V@ @ e

&Te

which by hypothesis (ii7) and (iv) implies

il
Il
o

(3.15)
(3.16)

w
—_
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w W
_= =
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w
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Consequently

(3.23)

(3.24)

(3.25)



It follows from hypothesis (7i7) and (3.24) that

V,f(Z,9)[a— (a"ex)A] = 0.

Since the vectors {V, f1(Z,9),...,V,fk(Z,y)} are linearly independent, therefore the above

equation yields

a = (a’ep)\.

From (3.25) in (3.22), we get

B = (ae)y.

Using (3.23) and (3.25)-(3.27) in (3.14), we have

(V. A (Z,9) + V. (ANTh)(Z,9,p)}(x —Z) >0, forall xzec (.

from hypothesis (v), for 7 = 0, the above inequality yields
{Vo (A" )(@,9) + V(A 9)(2,5,7) }(x — ) 2 0.
Let € Cy, Then x + z € C; and so (3.28) implies
(V. N )z, 9) +V,(\g)(z,9,7)}x >0, forall ze C.

Therefore,
{Vo (X' )(,9) + V. (N 9)(2,5,7)} € CF.

Also, from (3.27), we have B
B

C_¥T€k

g: 602

(3.26)

(3.27)

(3.28)

(3.29)

Thus (z,y,7 = 0) satisfies the constraint (3.4)-(3.6) in (HW D)5, and so it is feasible for the

dual problem (HW D)s.
Now, letting 2 = 0 and = = 27 in (3.28), we get

' V. (AT ) (@, 9) + V.(\9)(Z,7,7)] = 0.
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Therefore, using (3.25), (3.30), (3.31) and hypothesis (v), for 7 = 0, we get
F(@,9) + W)@, g, p)ex = V(A D), 9, D)ex — 5" V(N (7, D)e
~7' Vy(A\'h)(2, 7, P)ex = f(7,9) + (N 9)(Z, 7, T)er, — 7 V(A 9)(Z, 7, T)ex
—2' V(N )@, §)ex — 2" V(N g) (3,7, T)ex
that is, the two objective values are equal.
Now, let (z,y,7 = 0) is not an efficient solution of (HW D)5, then there exist (u,v,7 = 0)
feasible for (HW D)5 such that,
F(@,9) + (N ) (@, 7. Pex — 7 Vo (Ng)(3, 7, Pex — 3 Va(ATf)(Z, §)ex —
'V (N g)(@, 5, T)ex < f(@,0) + (N g) (@0, F)ey — 7' Vo (N 9) (@, 0, )ex
—u" V(N ) (@, v)er, — u" V(N g) (@, v, 7)ey.
As [V (M £)(@,9) + Ve (\T9)(2,5,7)] = 0 = 57 [V, (A £)(Z,5) + V,(ATh) (%, 7, p)] and from
hypothesis (v), for 7 = 0, we obtain
F(@,9) + N D) (@, 5, p)es = P V(N h)(@, 9, p)ex =y V(N )@, 9)ex —
g VN, 5, p)er < f(u,0) + (A g) (@, 0, 7)ex — 7 V(A ) (0,0, F)ey
—a' V(AT f)(a,v)er — u' V(A g) (@, 0, T)ey.
which contradicts the weak duality theorem. Hence (Z,y,7 = 0) is an efficient solution of

(HW D);.

3.4 Mond-Weir type higher-order symmetric duality

We now formulate following pair of Mond-Weir type higher-order multiobjective symmetric
dual programs over cones:

Primal problem (HMP)

Minimize F(‘T Yy,p1,P2,--. 7pk:) = (Fl('ray7p1)7F2(m7yap2)v' . aFk(l‘7yap/€))
subject to —Z)\ V,fi(z,y) + Vphi(z,y,p:)] € C3, (3.32)
TZA Vyli(z,y) + Vo hi(z,y,pi)] 2 0, (3.33)
A > 0, x € (. (334)
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Dual problem (HMD)

Maximize H(u,v,1m1,79, ... 1K) = (Hi(uw,v,7m1), Hy(u,v,719), ..., Hp(u,v, 1))
subject to i ANl Ve fi(u,v) +V,,gi(u,v,73)] € CF, (3.35)
. k
u™ > Nl Vafi(u,v) + Vi, gi(u,v,13)] 0, (3.36)
A >Z:Ol, v e Cs. (3.37)

where for i = 1,2,... &k, Fi(z,y,p:) = fi(x,y) + hi(x,y,p:) = 0] [V, (2, 9, p)],

Hi(u,v,7;) = filu,v) + gi(u,v,r;) — rF'[V,,9:(u, v, ;)]

fi i S xSy —= R, hy : Sy xSy x R" — R and ¢g; : S x S3 x R" — R are differentiable
functions, p; € R™ and r; € R".

Theorem 3.3 (Weak Duality). Let (z,y, A, p1,p2,...,pr) be feasible for the primal prob-
lem (HMP) and (u,v,\,71,79,...,7%) be feasible for the dual problem (HMD). Let for i =
1,2,k

(i) fi(.,v) be higher-order (F, Ozl,pz(»l) d(l))—convex at u with respect to g;(u,v,;),

[t}

(ii) —fi(z,.) be higher-order (G, as, p§2) d(Q))—COHVGX at y with respect to —h;(z,y, p;),

» g

k
(iii) either (a) > Aot (d™ (2, u))? + P (dP (v,9))2] = 0 or (b) piY = 0 and p® = 0, for
=1
all 7,

where the sublinear functionals F': R" x R" x R" - Rand G : R x R™ x R™ — R

satisfy the following conditions:
(iv) Fypu(a) +aj;ta’u 20, for all a € Cf and
(V) Guy(b) + a3 'bTy = 0, for all b € Cj.

Then
F(x,y,p1,p2, - o) £ H(u,v,r1,79,...,18).

Proof. Suppose, to the contrary, that

F(x7y7p17p27 cee 7pk’) < H(U,U,Tl,’l"27 cee ,’I“k).
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Since A\ > 0, we obtain

Z )\i[fi(wa y) + hi<x7 yapi) - p?(vpihi<xv y>pi))] <
k
Z Xilfi(w, 0) + gi(u, v,15) = 1] (Ve gi(u, 0,73))] (3.38)

Since (x,y, A, p1, P2, - - -, Pr) is feasible for the primal problem (HMP) and
(u,v,\,r1,79,...,71%) is feasible for the dual problem (HMD), ai(x,u) > 0, by the dual
constraint (3.35), the vector a = al(x,u){zk: N[V fi(u,v) + V,,gi(u,v, )]} € Cf and so
from the hypothesis (iv), we obtain .

Fou(a) = —a;u’a.

Substituting the value of a in the above inequality, we obtain

Fpu (041(957 U){ izk;)\i[vxfi(u, v) + V,,gi(u, v, Tz)]})

k
z —uT Z )\z [vxfz<u7 U) + vn‘gi<u7 v, rl)]

i=1
2 0 [ by dual constraint(3.36)]. (3.39)
By higher-order (F, al,pgl),dgl))—convexity of fi(.,,v)(1 < i < k) with respect to g;(u,v,7;),

we have

fi('rﬂ U) - fZ(U, U) - ,%(U, v, ri) + TiTv'figi(u7 v, Ti)

2
2 Fx,u[al (l’, u)(vxfz(ua U) + Vmgi(ua v, rz))] + pgl) (dgl)(ma U)) .

Using the sublinearity of the functional F' about the third variable, and multiplying each

inequality by \; and summing over i, we obtain

k 2
> [fz-(% 0) = fityv) = gulus 0,13) + 7 (Vrngiat,0,7)) — o (d§”<x, u>) }
2 Fpo <a1<x7u){ i il Ve fi(u, v) + Vngi(%%?“i)]})'
>0 by (339). (3.40)
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Similarly using hypothesis (i7) and (v) along with primal constraint (3.32) and (3.33), as(v,y) >
0 and sublinearity of GG, we get

k 2
Z A {m, y) — filw,0) + hi(z,y,p5) — 0T (Vphi(,y,pi) — p (dg%, y>> } > 0. (3.41)

Adding the inequalities (3.40) and (3.41), we obtain

)

k
)\i[fi(-’ﬂ, y) + hi<$7yapi) - piT(Vpihi<x>yapi)) - fi(ua v) — gi(U, v,7;)
=1

T (Vg5 (u, v,73))] = ZA {pl ( MW (x u)>2 +p? <d§2>(;p,u))2}. (3.42)

Using hypothesis (ii7) in (3.42),we get
k
> {fi(x, y) + hi(z,y,pi) = pi" (Vp h(z, y,pi))}
i=1

> Z i {f,(u, v) + gi(u,v,75) — 17 (V. g5 (u, v, TZ)):| . (3.43)

i=1
which contradicts (3.38). Hence the result.
Theorem 3.4 (Strong duality). Let (Z, %, \, b1, P2, - - -, Px) be an efficient solution of (HMP),
fi + S1 x Sy — R is a thrice differentiable function at (Z,y), h; : S; X S x R™ — R is a
twice differentiable function at (Z, 9, p;), g; : S1 X Sa x R"™ — R is differentiable at (z,y,7;),
1 =1,2,..., k. If the following conditions hold:

(1) hi(jaga 0) = 07 gi(jag7 0) = 07 Vxhz(jaga 0) = v?“igi(jvg7 0)7 Vplhz(i‘yga(n = Oa vyhi(jag7 0) =
0,i=12.. ..k

(i) for alli=1,2,...,k, the Hessian matrix V,,, h;(Z,y, p;) is positive or negative definite,
(iii) the set of vectors {V, fi(Z,y) + V,,hi(Z,9,p:)}, i =1,2,...,k, is linearly independent,

(iv) the set of vectors {V, fi(Z,y)+V,hi(Z,9,0:), Vy [i(Z,9)+Vp,hi(Z,9,0:) }, i =1,2,.. ., K,

is linearly independent,

k
(v) forsomea € RF(a > 0)andp; € R™, p; #0 (i = 1,2,...,k) implies that > c;p;” [V, f:(Z, y)+
i=1
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Then 7, =0 (i = 1,2,...,k), (Z,y,71 =79 =--- =T = 0) is feasible for (HM D)5, and the
two objectives values are equal. Furthermore, if the hypothesis of Theorems 3.3 is satisfied,
then (z,y,71 =7y = --- =7, = 0) is an efficient solution of (HM D)j5.

Proof. It follows on the lines of Theorem 3.2 in [3] on taking K = R* and omitting the

nondifferentiable terms.
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Chapter 4

Nondifferentiable higher order duality
in multiobjective programming

involving cones

4.1 Introduction

In this chapter, we consider the nonlinear programming problem
(P) Minimize f(x)
subject to g(x) 20,

where f and g are twice differentiable functions from R™ into R and R™, respectively.

Higher order duality in nonlinear programming has been studied by many researchers.
Mangasarian [20] introduced higher-order duality in nonlinear programming by introducing
twice differentiable functions b : R" x R* — R and k : R" x R* — R™. Mishra and Rueda [22]
introduced higher order type I functions and established various higher order duality results
involving these functions.

In this chapter, we introduce the nondifferentiable higher order multiobjective problem
involving cone constraints, where every component of the objective function contains a term
involving the support function of a compact convex set. For this problem, Mond-Weir type
dual is proposed. We establish weak, strong duality theorems for an efficient solution un-

der higher order generalized invexity conditions. The Chapter is divided into three sections.
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Section 4.1 is introductory, section 4.2 contains notations and definitions. In section 4.3, we
consider a pair of Mond-Weir type nondifferentiable higher-order multiobjective dual pro-

grams.

4.2 Notations and definitions

Consider the following non-differentiable multiobjective programming problem:

(NMP)  Minimize f(x) + s(z|D) = {fi(x) + s(x[ D), fo(x) + s(2[ Da), ...,
fi(x) + s(x[Dy)}
subject to —g(x) € C3, z e (.

where f : R" = R!, g: R* — R™, C, and O, are closed convex cones with nonempty interiors
in R™ and R™, respectively.

Definition 4.1 Let F' : X x X x R" — R (where X C R") is sublinear functional, « :
XxX—=>R.\{0}, peR", pe Rand d: X x X — R be a metric.

(i) A differentiable function f and the constraint function g are said to be of higher order
(F,a, p,d) type I-Convex at u € X, with respect toh : XxX — Rlandk : X x X — R™,
if for all z € X, the following inequalities hold:
f(@) + 27w — f(u) —uw 2 Flz,u;a(z,w)(Vf(u) + Vyh(u,p) + w)]
+h(u,p) — p' Vph(u,p) + pd*(z,u),

and
—g(u) 2 Flz,usalz,u)(Vg(u) + Vpk(u,p)] + k(u, p) — p" V,k(u, p)
+pd? (z, ).

(ii) A differentiable function f and the constraint function g are said to be of higher order

(F,a, p,d) type I-pseudoconvex at u € X, with respect to h : X x X — R and
k: X xX — R™, if for all z € X, the following inequalities hold:

Fla,u; oz, u)(Vf(u) + Vyh(u,p) + w)] = —pd*(z, u)

= f(2) + 27w — f(u) —u"w — h(u,p) + p" V,h(u,p) =0,

37



and

Flr,u;a(r,u)(Vg(u) + Vpk(u, p))] = —pd*(x, u)

= —g(u) — k(u,p) + p" V,k(u,p) = 0.

4.3 Mond-Weir type duality

In this section, we propose the following dual problem (NMMD) to (NMP):
(NMMD)

Maximize f(w) +ulw + (A h(u,p))e — p' V,(\Th(u, p))e

subject to ANV f(u) + Vph(u, p) +w] = Vy g(u) + V,y" k(u, p), (4.1)
g9(w) + k(u, p) — p' Vyk(u,p) € C3, (4.2)
w;€D;, i=1,...1, (4.3)
yeCy A>0, Me=1. (4.4)

where
(i) f: R*— R'and g: R® — R™ are differentiable functions.
(ii) Cy and Cy are closed convex cones in R™ and R™ with nonempty interiors, respectively.

(iii) Cf and C§ are polar cones of C and Cy, respectively.

(iv) e=(1,...,1)T is a vector in R
(v) w;(i =1,...,1) is a vector in R" and D;(i = 1,...,1) is a compact convex set in R",
respectively.

(vi) h: R* x R* — R' and k : R" x R" — R™ are differentiable functions; V,h;(u,p), j =
1,2,...,1 and V,y"k(u,p) denote the n x 1 gradient of h; and y*k with respect to p,

respectively.

Now we establish the duality theorems of (NMP) and (NMMD).
Theorem 4.1 (Weak duality). Let = and (u,y, A\, w,p) be feasible solutions of (NMP) and
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(NMMD), respectively. Assume that

M) + ()Tw] is higher order (F, p*, o', d) type-I convex and — y”g(-)

is higher order (F, p?, o2, d) type-I convex with p' > 0 and p* > 0,
Then

f(@) + s(z|D) £ f(u) + ulw + (A h(u, p))e = p" V(A h(u, p))e.
Proof. Assume to the contrary that

fl@) + s(@|D) < f(u) +u'w+ (A"h(u, p))e — p" V(A h(u, p))e.
since A > 0

Nf(x) + s(z|D)] < AT[f (u) + u"w] + ATh(u, p) — p" VA" h(u, p). (4.5)

By the assumption, we have

Mf () + 2Tw] — MT[f(v) + u"w] — ANTh(u, p) + p? VAT h(u, p)

> Flz,u; o' (z,u)(Vf(u) + VA h(u,p) + \Tw)] + p'd?(x, u).

= M[f(2) +a"w] = N[f(u) + u"w] = ATh(u, p) + p" VA h(u, p)
> al(z,u)Flr,u; (Vf(u) + VA h(u, p) + X w)] + ptd* (2, u).
Multiplying both sides by a?(z,u), we get
(@, u{AT[f(2) + 2w] = M [f(w) + u"w] = N h(u, p) +p" VA h(u, p)}

> ol (z,u)a? (z,u) Flz, u; (Vf(u) + VA h(u, p) + MNw)] 4+ o (z, u)p*d? (z, u).

(4.6)
and also

y g(u) +y"k(u, p) — p" Vpy" k(u, p)
> Flz,u; o (z,u)(—(Vy g(u) + Voy k(u, p)))] + p*d* (z,u).

=y g(u) +y"k(u,p) — p" V,y" k(u,p)

2 o (z,u) Flz,u; (—(Vy" g(u) + Vypy k(u,p)))] + p*d? (2, u).
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Multiplying both sides by a!(z,u), we get

o' (z,u){y" g(u) +y"k(u, p) — p" Voy' k(u,p)}

2 o' (z,u)a’ (z,u) Flz, u; (—=(Vy" g(u) + Vyy" k(u, )] + o' (2, u)p*d (2, w). (4.7)
Summing (4.6) and (4.7) and using sublinearity of F(z,u;-), we have

o (z, u{AT[f(z) + 2" w] = N [f(u) +u"w] = N h(u, p) + p" VA h(u, p)}
—at (@, u)[~y" g(u) — y"k(u,p) +p"V,y" k(u, p)]
2 o'z, u)a?(z, u) Flz, u; (V f (u) + VA h(u, p) + Aw) = (VyTg(u) + Vyy"k(u, p))] +
o (@, u)pd(x, u) + o2(z, u)p'd*(z, u).
By using (4.1), we get
= &*(z,u){AT[f(z) + 2" w] = NT[f(u) +u"w] = N A(u, p) + p" VA h(u, p)}
2 o' (z,u)[~y" g(u) — y"k(u,p) +p"Vpy" k(u,p)] +
(., u) [ (2, u)p? + a2(z, u)p!).

Since —y"[g(u) + k(u, p) — p"V,k(u, p)] = 0, we have

= o (a, u){N[f(2) + 2" w] = AT[f(u) +u"w] = N h(u, p) + p" VA h(u,p)}

> P(z, w)a (z,u)p? + o (z, u)p!].

= o(z, w) {A[f(2) + 2"w] = AT[f(u) + u"w] = ATh(u, p) + p" VA h(u, p)} 2 0

= N[f(x) + 2"w) — NT[f(u) + u"w] — NTh(u, p) + p" V,ATh(u, p) 2 0.
Using the fact that s(z|D) = 27w, we get

N f (@) + s(z]D)] = AT [f(u) + u"w] = ATh(u, p) +p" VA h(u,p)} 2 0.

N f (@) + s(z[D)] 2 N[ f(u) + w"w] + N h(u, p) — p" VA h(u, p)}.
which contradicts to (4.5).
Lemma 4.1 if 7 is an efficient solution of (NMP) at which constraint qualification [19] be

satisfied. Then there exists w; € D;(i = 1,...,1), A > 0 and 5 € Cy with (), %) # 0 such that
N(Vf(@) +w) - Vi g@) ) (x —x) 20, forallze Oy,

7' 9(z) =0,
W; GDi, S(ﬁ_lel) :.CZ'T’LU,L', 1= 1,...,[.



Theorem 4.2 (Strong Duality). If Z is an efficient solution of (NMP) at which constraint
qualification [19] be satisfied. Let

h(z,0) =0, k(z,0) =0, V,h(z,0) =V f(z), V,k(z,0) = Vg(z). (4.8)

Then there exists A > 0, ¥ € Cy and w; € D;(i = 1,...,1) such that (Z,9,\,w,p = 0) is
feasible for (NMMD) and the objective values of (NMP) and (NMMD) are equal. If the
assumption of Theorem 4.1 is satisfied, then (Z,7,\,w,p = 0) is an efficient solution of
(NMMD).

Proof. Since 7 is an efficient solution of (NMP), by lemma 4.1, then there exist w; € D;,i =
1,...,1, A>0and y € Cy with (X, ) # 0 such that

N(Vf(z) +w) — g V(@) (z—z) 20, for all z € (1, (4.9)
7 g(Z) =0, (4.10)
s(z|D;) = z1wy, i=1,...,1 (4.11)

Since x € (4, T € C; and (] is a closed convex cone, we have x + z € (7 and thus the

inequality (4.9) implies

MN(VfE)+w) —g"' V@) 'z 20, foralxey,

ie., N'(Vf(z)+w)—Vy g(z)=0.
And (4.10) implies 47 ¢(z) £ 0, then g(z) € Cj;. Clearly, using (4.8) and (4.11), (Z,7, A\, w,p =
0) is feasible for (NMMD) and corresponding values of (NMP) and (NMMD) are equal. If

the assumption of Theorem 4.1 is satisfied , then (Z,9, A, w,p = 0) is an efficient solution of

(NMMD).
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