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Abstract 

 
 

In this thesis the limitations of existing methods for solving fully fuzzy linear system, dual 

fully fuzzy linear system and dual fully fuzzy matrix equation are pointed out. Also, to 

overcome the limitations of the existing methods, new methods are proposed to find the 

solution of fully fuzzy linear system, dual fully fuzzy linear system and dual fully fuzzy 

matrix equation.   

The thesis comprises seven chapters. A brief outline of the chapters is as follows: 

Chapter 1 Introduction 

Chapter 1 is introductory in nature. In this chapter, a brief review of the work done in 

the literature for solving fully fuzzy linear system, dual fully fuzzy linear system and dual 

fully fuzzy matrix equations is presented.  

Chapter 2 Mehar method-I for solving fully fuzzy linear system with 

unrestricted  fuzzy coefficients 

Dehgan et al. [49] pointed that there is no method in the literature to find the solution 

of fully fuzzy linear system and proposed some methods to find the solution of such fully 

fuzzy linear system in which all elements of the coefficient matrix and unknown vector are 

represented by non-negative triangular fuzzy numbers. After that a lot of researchers have 

proposed several direct and iterative methods for solving the same type of fully fuzzy linear 

system.  In this chapter, limitations of these existing methods are pointed out. Also, to 

overcome these limitations, a new method (named as Mehar method-I) is proposed. The 

proposed Mehar method-I is illustrated by numerical examples. 
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Chapter 3 Mehar method-II for solving fully fuzzy linear system with 

unrestricted fuzzy variables 

The methods, proposed in Chapter 2, can be used to find the solution of such fully 

fuzzy linear system in which the elements of the coefficient matrix and right hand side vector 

are represented by unrestricted triangular fuzzy numbers whereas all the elements of the 

unknown vector are represented by non-negative triangular fuzzy numbers. However, the 

method, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear 

system in which elements of coefficient matrix are represented by non-negative triangular 

fuzzy numbers whereas all the elements of unknown vector and right hand side vector are 

represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named 

as Mehar method-II) is proposed to find the solution of same type of fully fuzzy linear 

system. The proposed Mehar method-II is illustrated with the help of some numerical 

examples. 

Chapter 4 Mehar method-III for solving fully fuzzy linear system with 

unrestricted fuzzy coefficients and unrestricted fuzzy variables 

 In the methods, proposed in previous chapters, either the elements of coefficient 

matrix and elements of right hand side vector or elements of unknown vector are assumed as 

non-negative triangular fuzzy numbers. However, in the real life problems there is need to 

find the solution of fully fuzzy linear system without any restriction on these elements. To 

overcome the limitations of the existing methods and the methods proposed in previous 

chapters, in this chapter, a new method (named as Mehar method-III) is proposed to find the 

solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand 

side vector as well as the elements of unknown vector are represented by unrestricted 
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triangular fuzzy numbers. The proposed Mehar method-III is illustrated by numerical 

examples. 

Chapter 5 Mehar method-IV for solving dual fully fuzzy linear system with 

unrestricted fuzzy coefficients and unrestricted fuzzy variables 

In this chapter, limitations of the existing methods for solving dual fully fuzzy linear 

system are pointed out. Also, to overcome these limitations,   a new method (named as Mehar 

method-IV) is proposed to find the solution of such dual fully fuzzy linear system in which 

all the elements of all the matrices and elements of unknown vector are represented by 

unrestricted triangular fuzzy numbers. The proposed Mehar method-IV is illustrated by 

numerical examples. 

Chapter 6 Mehar method-V for solving dual fully fuzzy matrix equation 

with unrestricted fuzzy coefficient and unrestricted fuzzy variables 

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully 

fuzzy matrix equations and proposed a method to find the solution of such fully fuzzy matrix 

equations in which all the elements of unknown matrix are represented by non-negative 

triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix 

are represented by unrestricted triangular fuzzy numbers. On the same direction, in this 

chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix 

equations and a new method (named as Mehar method-V) is proposed to find the solution of 

such dual fully fuzzy matrix equation in which all the elements of all the matrices are 

represented by unrestricted trapezoidal fuzzy numbers. The proposed Mehar method-V is 

illustrated by numerical examples.   
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Chapter 7 Future Scope  

Finally, in this Chapter, based on the presented study future work has been suggested 
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Chapter 1 

Introduction 

 

System of simultaneous linear equations is one of the important field of applied 

mathematics that has many applications in various area of science and engineering. Some of 

the areas in which system of simultaneous linear equations play a major role are operational 

research, physics, statistics, economics, biological sciences, chemical engineering processes, 

power system networks etc. 

In general a system of simultaneous linear equations is represented as     , where 

           is called as coefficient matrix,           is called as unknown vector and 

          is called as right hand side vector. The same system may also be written as 

         
 
   ,                

To find the solution      of the system of linear equations          
 
   ,     

         the values of     and    are either collected from experts or measured through 

experiments. If the values of     and / or    are imprecise and only some vague knowledge 

about these values is available then it is better to represent     and / or    as fuzzy numbers 

[141] instead of real numbers.  

A system of linear equation in which     and    are represented by fuzzy numbers 

whereas     is represented by real number or    and    are represented by fuzzy numbers 

whereas     is represented by a real number is known as fuzzy linear system. While, a system 

of linear equations in which all        and    are represented by fuzzy numbers is known as 

fully fuzzy linear system.  
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Further, a system of linear equation          
 
             

 
   ,     

         in which                 and    are real numbers, can be easily transformed into 

                  
 
   ,            . However it is not possible for the same type of 

fuzzy linear system and fully fuzzy linear system as on subtracting a fuzzy number from itself 

the obtained fuzzy number is not zero fuzzy number. 

A system of linear equation           i.e.,           
 
             

 
   , 

             in which                 and    are all represented by fuzzy numbers are 

known as dual fully fuzzy linear system.  

To find the solution of a fully fuzzy linear system and dual fully fuzzy linear systems, 

firstly it is transformed into crisp system of linear equations and then using the crisp solution 

of transformed crisp system of linear equations, the fuzzy solution of fully fuzzy linear 

system and dual fully fuzzy linear system is obtained. 

The existing methods for solving fully fuzzy linear system and dual fully fuzzy linear 

system on the basis of types of fuzzy numbers and the methods, used for solving the crisp 

system of linear equations obtained from fully fuzzy linear system / dual fully fuzzy linear 

systems, can be classified as follows: 

(1) Existing methods for solving such fully fuzzy linear systems in which all the 

elements of coefficients matrix, unknown vector and right hand vectors are 

represented by non-negative triangular fuzzy numbers / trapezoidal fuzzy numbers 

and direct methods are used to find the solution of transformed crisp system of 

linear equations. 

(2) Existing methods for solving such fully fuzzy linear systems in which all the 

elements of coefficients matrix, unknown vector and right hand vectors are 

represented by non-negative triangular fuzzy numbers / trapezoidal fuzzy numbers 
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and iterative methods are used to find the solution of transformed crisp system of 

linear equations. 

(3) Existing methods for solving such dual fully fuzzy linear systems in which all the 

elements of coefficients matrix, unknown vector and right hand vectors are 

represented by non-negative triangular / trapezoidal fuzzy numbers and direct / 

iterative methods are used to find the solution of transformed crisp system of 

linear equations. 

A good brief review of all these existing methods is recently published by Daud et 

al. [46]. Since, the paper, published by Daud et al. [46] is easily available. So, the same is 

not presented in this thesis. 

After a deep study of the existing methods for solving fully fuzzy linear system and dual 

fully fuzzy linear system, it was found that there was no method in the literature to find the 

solution of following fully fuzzy linear system / dual fully fuzzy linear system. 

(i) Fully fuzzy linear system / dual fully fuzzy linear system in which 

elements of coefficient matrix and right hand side vector are represented 

by unrestricted triangular fuzzy numbers whereas elements of unknown 

vector are represented by non-negative triangular fuzzy numbers and vice- 

versa. 

(ii) Fully fuzzy linear system / dual fully fuzzy linear system in which 

elements of coefficient matrix, right hand side vector and unknown vector  

are represented by unrestricted triangular fuzzy numbers. 

To fill this gap, the research work was started to find the solution of such fully fuzzy 

linear system in which elements of coefficient matrix and right hand side vector are 

represented by unrestricted triangular fuzzy numbers whereas the elements of unknown 

vector are represented by non-negative triangular fuzzy numbers. After successful completion 
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of the same, a new method is proposed to find the solution of such fully fuzzy linear system 

in which elements of the coefficient matrix are represented by non-negative triangular fuzzy 

number where as elements of unknown vector and right hand side vector is represented by 

unrestricted triangular fuzzy number. Finally, new methods are proposed to find the solutions 

of such fully fuzzy linear system / dual fully fuzzy linear system / dual fully fuzzy matrix 

equation in which all the elements of coefficients matrix, right hand side vector and unknown 

vector are represented by unrestricted triangular / trapezoidal fuzzy numbers.  

The Chapter wise summary of the thesis is as follows 

Chapter 2 Mehar method-I for solving fully fuzzy linear system with 

unrestricted  fuzzy coefficients 

Dehgan et al. [49] pointed that there is no method in the literature to find the solution 

of fully fuzzy linear system and proposed some methods to find the solution of such fully 

fuzzy linear system in which all elements of the coefficient matrix and unknown vector are 

represented by non-negative triangular fuzzy numbers. After that a lot of researchers have 

proposed several direct and iterative methods for solving the same type of fully fuzzy linear 

system.  In this chapter, limitations of these existing methods are pointed out. Also, to 

overcome these limitations, a new method (named as Mehar method-I) is proposed. The 

proposed Mehar method-I is illustrated by numerical examples. 

Chapter 3 Mehar method-II for solving fully fuzzy linear system with 

unrestricted fuzzy variables 

The methods, proposed in Chapter 2, can be used to find the solution of such fully 

fuzzy linear system in which the elements of the coefficient matrix and right hand side vector 

are represented by unrestricted triangular fuzzy numbers whereas all the elements of the 
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unknown vector are represented by non-negative triangular fuzzy numbers. However, the 

method, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear 

system in which elements of coefficient matrix are represented by non-negative triangular 

fuzzy numbers whereas all the elements of unknown vector and right hand side vector are 

represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named 

as Mehar method-II) is proposed to find the solution of same type of fully fuzzy linear 

system. The proposed Mehar method-II is illustrated with the help of some numerical 

examples. 

Chapter 4 Mehar method-III for solving fully fuzzy linear system with 

unrestricted fuzzy coefficients and unrestricted fuzzy variables 

 In the methods, proposed in previous chapters, either the elements of coefficient 

matrix and elements of right hand side vector or elements of unknown vector are assumed as 

non-negative triangular fuzzy numbers. However, in the real life problems there is need to 

find the solution of fully fuzzy linear system without any restriction on these elements. To 

overcome the limitations of the existing methods and the methods proposed in previous 

chapters, in this chapter, a new method (named as Mehar method-III) is proposed to find the 

solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand 

side vector as well as the elements of unknown vector are represented by unrestricted 

triangular fuzzy numbers. The proposed Mehar method-III is illustrated by numerical 

examples. 

Chapter 5 Mehar method-IV for solving dual fully fuzzy linear system with 

unrestricted fuzzy coefficients and unrestricted fuzzy variables 
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In this chapter, limitations of the existing methods for solving dual fully fuzzy linear 

system are pointed out. Also, to overcome these limitations,   a new method (named as Mehar 

method-IV) is proposed to find the solution of such dual fully fuzzy linear system in which 

all the elements of all the matrices and elements of unknown vector are represented by 

unrestricted triangular fuzzy numbers. The proposed Mehar method-IV is illustrated by 

numerical examples. 

Chapter 6 Mehar method-V for solving dual fully fuzzy matrix equation 

with unrestricted fuzzy coefficient and unrestricted fuzzy variables 

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully 

fuzzy matrix equations  and proposed a method to find the solution of such fully fuzzy matrix 

equations in which all the elements of unknown matrix are represented by non-negative 

triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix 

are represented by unrestricted triangular fuzzy numbers. On the same direction, in this 

chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix 

equations and a new method (named as Mehar method-V) is proposed to find the solution of 

such dual fully fuzzy matrix equation in which all the elements of all the matrices are 

represented by unrestricted trapezoidal fuzzy numbers. The proposed Mehar method-V is 

illustrated by numerical examples.    

Chapter 7 Future Scope  

Finally, in this Chapter, based on the presented study future work has been suggested 
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Chapter 2 

Mehar method-I for solving fully fuzzy linear 

system with unrestricted coefficients
1 

Dehgan et al. [49] pointed that there is no method in the literature to find the solution 

of fully fuzzy linear system and proposed some methods to find the solution of such fully 

fuzzy linear system in which all elements of the coefficient matrix and unknown vector are 

represented by non-negative triangular fuzzy numbers. After that a lot of researchers have 

proposed several direct and iterative methods for solving the same type of fully fuzzy linear 

system.  In this chapter, limitations of these existing methods are pointed out. Also, to 

overcome these limitations, a new method (named as Mehar method-I) is proposed. The 

proposed Mehar method-I is illustrated by numerical examples. 

2.1. Preliminaries 

   In this section, some basic definitions related to fuzzy numbers as well as arithmetic 

operations of triangular fuzzy numbers are presented [53]. 

2.1.1. Basic definitions 

In this section, some basic definitions related to fuzzy numbers are presented. 

Definition 2.1. Let   denote a universal set. Then the fuzzy subset    of   is defined by its 

membership function              which assigns a real number        in the interval        

                                                           
1 Some part of this chapter is published in Soft Computing 17 (2013) 69-702 and remaining part is published in 

International Journal of Applied Mathematics and Computation 3 (2011) 232-237. 
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to each element       where the value of          at   shows the grade of membership of   

in    . 

Definition 2.2. A fuzzy set   , defined on the universal set of real number    is said to be a 

fuzzy number if its membership function has the following characteristics: 

(i)    is convex i.e.,                    minimum                                 

       

(ii)    is normal i.e.,        such that            

(iii)     is piecewise continuous. 

Definition 2.3. A fuzzy number            is said to be a triangular fuzzy number if its 

membership function is given by 

        

 
 
 

 
   

   

 
                                     

  
   

 
                                       

                                                                          

  

Definition 2.4. A triangular fuzzy number            is said to be non-negative (positive) 

triangular fuzzy number  i.e.,             if and only if              .  

Definition 2.5. A triangular fuzzy number            is said to be non-positive (negative) 

triangular fuzzy number i.e.,            if and only if               .  

Definition 2.6. A triangular fuzzy number            is said to be zero triangular fuzzy 

number i.e.,      if         and      A zero triangular fuzzy number is denoted by 

(0,0,0). 
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Definition 2.7. A fuzzy number    called a “Near Zero” fuzzy number if it is neither positive, 

nor negative and not even zero i.e., a triangular fuzzy number              is Near 

zero if and only if           . It is denoted by     . 

For example (1,2,1) is a “near zero” fuzzy number as it is neither positive, nor negative and 

not even zero.  

Definition 2.8.  A triangular fuzzy number            is said to be unrestricted triangular 

fuzzy number if and only if     is a real number. 

Definition 2.9. Two fuzzy numbers             and            are said to be equal if 

and only if                 . 

Definition 2.10 A matrix           is called a fully fuzzy matrix, if each element of    is a 

fuzzy number.    will be positive (negative) and denoted by      (      if each element of 

   be positive (negative).    will be non-positive (non-negative) and denoted by      

(      if each element of    is non-positive (non-negative). We may represent     fuzzy 

matrix             , where                    and                

Definition 2.11. Let           and           be two     and     fuzzy matrices. We 

define        which is the     matrix           where 

               

 

   

                         

2.1.2. Arithmetic operations  

In this section, some arithmetic operations between triangular fuzzy numbers are 

presented. For two triangular fuzzy numbers             and              the formula 
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for extended addition, extended subtraction and extended multiplication are summarized as 

follows: 

(i) Addition 

                                     

also 

                                                                                 

(ii) Subtraction   

                                    

(iii) Multiplication  The approximate formulas for the extended multiplication of two   

triangular fuzzy numbers can be summarized as follows: 

                   If      and      and when spreads are negligible then  

                                 

                  If      and      and when spreads are negligible then 

                                 

If      and      and when spreads are not negligible then  

                                       

If      and      and when spreads are not negligible then 

                                       

In general for two triangular fuzzy   ,    the extended multiplication operation is  

defined as follows:  
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            and            as: 

       

                         
                        

                           

  

                                , 

                                 

                                 

                                 

                                 

                                 

           
   

 
   

   

 
 ,            

   

 
   

   

 
 . 

(iv) Scalar multiplication 

           
                            
                        

  

2.2. Limitations of existing methods 

The existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63, 64, 72, 

76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134] can be 

used only to find the solution of fully fuzzy linear system              
 
                

where                                                   are non-negative triangular 

fuzzy numbers.  
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However, none of these existing methods can be used to find the solution of the following 

fully fuzzy linear system. 

Fully fuzzy linear system               
 
              , where                 is 

non-negative triangular fuzzy number and                                   are 

unrestricted triangular fuzzy numbers. For example the following fully fuzzy linear systems, 

chosen in Example 2.1, Example 2.2 cannot be solved by any of the above mentioned 

existing methods.  

Example 2.1.  

                                                   

                                                  

             ,              

Example 2.2.  

                                                  

                                                    

             ,              

2.3. Proposed Mehar method-I 

In this section, to overcome the limitations of the existing methods discussed in Section 

2.2., a new method (named as Mehar method-I) is proposed to find the solution of fully fuzzy 

linear system              
 
               , where      is non-negative triangular fuzzy 

numbers and          are unrestricted triangular fuzzy numbers. 

The steps of the proposed Mehar method-I are as follows: 
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Step 1. Assuming                                    and                 the fully fuzzy 

linear system              
 
                  can be transformed into the following 

fully fuzzy linear system. 

                                    

 

   

              

Step 2. Assuming                                       , the fully fuzzy linear system, 

obtained in Step 1, can be transformed into the following fully fuzzy linear system. 

                         

 

   

              

Step 3. Using arithmetic operations 

           

 

   

     

 

   

    

 

   

    

 

   

   

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully 

fuzzy linear system. 

     

 

   

     

 

   

     

 

   

                          

Step 4. Using the relation                                           the 

fully fuzzy linear system, obtained in Step 3, can be transformed into crisp system of linear 

equations. 
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Step 5. Use any appropriate existing method to find the solution            of the crisp 

system of linear equations obtained in Step 4. 

Step 6. Using the solution             obtained in Step 5, the fuzzy solution of fully fuzzy 

linear system is             

2.4. Solution of chosen fully fuzzy linear systems 

 In Section 2.2, some fully fuzzy linear systems are chosen which cannot be solved by 

the existing methods. In this section, the solution of these chosen fully fuzzy linear system 

are obtained by using the Mehar method-I as proposed in Section 2.3. 

2.4.1. Solution of fully fuzzy linear system chosen in Example 2.1 

Using the Mehar method-I, proposed in Section 2.3., the solution of fully fuzzy linear 

system, chosen in Example 2.1., can be obtained as follows.  

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-

negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system, 

chosen in Example 2.1, can be transformed into the following fully fuzzy linear system. 
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Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
  the fully 

fuzzy linear system, obtained in Step 1, can be transformed into the following fully fuzzy 

linear system. 

           
                

 
   

                

 
   

  
               

 
   

               

 
       

             
               

 
   

               

 
   

                 

           
           

 
   

           

 
   

  
               

 
   

               

 
       

             
            

 
   

            

 
   

  
               

 
   

               

 
       

            

Step 3.  Since                     so fully fuzzy linear system, obtained in Step 2, can be 

transformed into the following fully fuzzy linear system. 
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which can be further written as  

                                                       

                                                    

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully 

fuzzy linear system. 

                                                      

                                                   

Step 5. Using the relation                                         ,  

the fully fuzzy linear system can be transformed into the following crisp system of linear 

equations. 

                    

           

                   

               =18 
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Step 6. The solution of crisp system linear system of equations, obtained in Step 5, is as 

follows. 

                              

Step 7. Putting the values of                   in                                    , 

the fuzzy solution of chosen fully fuzzy linear system is  

                            . 

2.4.2. Solution of fully fuzzy linear system chosen in Example 2.2. 

Using the Mehar method-I, proposed in Section 2.3., the solution of fully fuzzy linear 

system, chosen in Example 2.2., can be obtained as follows.  

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-

negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system, 

chosen in Example 2.3 can be transformed into the following fully fuzzy linear system. 
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Step 2. Using the relation             
   

 
   

   

 
 ,            

   

 
   

   

 
  the 

fully fuzzy linear system, obtained in Step 1, can be transformed into the following fully 

fuzzy linear system. 

           
                

 
   

                

 
   

  
               

 
   

               

 
      

             
            

 
   

            

 
   

  
               

 
   

               

 
       

           

             
                

 
   

                

 
   

  
               

 
   

               

 
       

          

   
                

 
   

                

 
   

  
           

 
   

           

 
                  

Step 3.  Since                     so fully fuzzy linear system, obtained in Step 2, can be 

transformed into the following fully fuzzy linear system. 
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which can be further written as 

                                                     

                                                      

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully 

fuzzy linear system. 

                                                    

                                                    

Step 5. Using the relation                                         , the 

fully fuzzy linear system can be transformed into the following crisp system of linear 

equations. 

          

           

                  

                 

                   

                   

Step 6. The solution of crisp system of linear system of equations obtained in Step 5, is 
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Step 7.  Further, this fully fuzzy linear system has infinite feasible solutions which may be 

represented as follows 

                                                

2.5. Need of linear programming  method  to solve the crisp system of linear equations 

obtained from fully fuzzy linear system  

It obvious from Step 6, of the method proposed in Section 2.3., that the fuzzy solution 

           of the fully fuzzy linear system will be obtained with the help of crisp solution 

           of the crisp system of linear equations obtained in Step 5. 

Since, in the fully fuzzy linear system            is representing a non-negative 

triangular fuzzy number. So, for the solution            of crisp system of linear equations 

obtained in Step 4, the conditions         and           should always be satisfied. 

i.e., there is need to solve the crisp system of linear equations, obtained in Step 4 of the 

proposed method with the restrictions         and          . The only way to solve 

the crisp system of linear equations, obtained in Step 4 of the proposed method with the 

restrictions          and            is linear programming method. 

The solution of the crisp system of linear equations, obtained in Step 4, of the 

proposed method with the restrictions, can be obtained by solving following linear 

programming problem: 

               

 

   

     
 

 

   

     
  

 

   

 

subject to 
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 ,   

                 . 

Remark 2.1. The fully fuzzy linear system will be consistent i.e., solution of fully fuzzy 

linear system will exist if and only if the linear programming problem is consistent. Further, 

the necessary condition for the above linear programming problem to generate a feasible 

solution (if it is consistent) is that the value of the objective function      otherwise the 

solution will be termed as an infeasible solution.  

Remark 2.2. The nature of the solutions of the fully fuzzy linear system depends upon the 

nature of the solutions of the linear programming which may be unique, trivial or infinitely 

many i.e., the fully fuzzy linear system may yield no solution, unique solution or infinitely 

many solutions depending upon the nature of the linear programming problem. 

Example 2.3. Solve the following fully fuzzy linear system by the proposed method  
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where                                                

Solution: Using the proposed method, the solution of fully fuzzy linear system, chosen in 

Example 2.3, can be obtained as follows: 

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-

negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system, 

chosen in Example 2.3 can be transformed into the following fully fuzzy linear system: 
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Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
  the fully 

fuzzy linear system, obtained in Step 1, can be transformed into the following fully fuzzy 

linear system. 
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Step 3.  Since                     so fully fuzzy linear system, obtained in Step 2, can be 

transformed into the following fully fuzzy linear system. 
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Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully 

fuzzy linear system. 

               

                                           

                                           

               

                                           

                                          

                

                                             

                                          

                     

which can be further written as: 
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Step 5. The solution of the system, obtained in Step 4, can be obtained by solving the 

following linear programming problem. 
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On solving the above linear programming problem, the following solution is obtained. 

                             ,               and 

           
    

    
    

     
     

     

Step 6. Putting the values of                   in                                   , 

the fuzzy solution of chosen fully fuzzy linear system is                                  

       . 

2.6. Results and discussion   

The fuzzy solution of fully fuzzy linear systems, chosen in Example 2.1, Example 2.2 

and Example 2.3, are shown in Table 2.1. It is obvious from the results, shown in Table 2.1 

that the fully fuzzy linear system, chosen in Example 2.1-2.3, cannot be solved by the 

existing methods but can be solved by the proposed Mehar method-I.  

             Table 2.1:  Comparison of results by using proposed and existing methods  

          

     Examples 

Solution using proposed method Solution using  existing 

methods 
 

 

Example 2.1 

             

              

 

Not applicable 

 

 

Example 2.2 

 

             

            

where α        β       

Not applicable 

 

Example 2.3 

 

             

            

            

Not applicable 
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2.7. Conclusion 

On the basis of present study, it can be concluded that the fully fuzzy linear system 

which can be solved by existing methods can also be solved by the proposed Mehar method-

I. However, there exist several fully fuzzy linear system whose solution can be obtained by 

the proposed Mehar method-I but cannot be obtained by the existing methods Hence, it is 

better to use the proposed Mehar method-I as compared to the existing method. 
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Chapter 3 

Mehar method-II for solving fully fuzzy linear 

system with unrestricted fuzzy variables 

The methods, proposed in Chapter 2, can be used to find the solution of such fully 

fuzzy linear system in which the elements of the coefficient matrix and right hand side vector 

are represented by unrestricted triangular fuzzy numbers whereas all the elements of the 

unknown vector are represented by non-negative triangular fuzzy numbers. However, the 

methods, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear 

system in which elements of coefficient matrix are represented by non-negative triangular 

fuzzy numbers whereas all the elements of unknown vector and right hand side vector are 

represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named 

as Mehar method-II) is proposed to find the solution of same type of fully fuzzy linear 

system. The proposed Mehar method-II is illustrated with the help of some numerical 

examples. 

3.1. Limitation of existing methods and the methods proposed in previous chapter 

Neither the existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63, 

64, 72, 76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134]  

nor the Mehar method-II, proposed in previous chapter, can be used to find the solution of 

fully fuzzy linear system              
 
    where    ,     are unrestricted triangular fuzzy 

numbers and        is a non-negative triangular fuzzy number. For example it is not possible to 

find the solution of following fully fuzzy linear system, chosen in Example 3.1, by using 

existing methods or methods proposed in Chapter 2. 
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Example 3.1  

                                                 

                                                

where                       are unrestricted triangular fuzzy numbers.  

3.2. Proposed Mehar method-II 

 In this section, to overcome the limitations of the existing methods and the Mehar 

method-I as discussed in Section 3.1., a new method (named as Mehar method-II) is proposed 

to find the solution of fully fuzzy linear system              
 
    where    ,     are 

unrestricted triangular fuzzy numbers and        is non-negative triangular fuzzy numbers.  

The steps of the proposed Mehar method-II are as follows: 

Step 1. Assuming                                   and                 the fully fuzzy 

linear system              
 
    can be transformed into the following fully fuzzy linear 

system. 

                                    

 

   

           

Step 2. Assuming                                        , the fully fuzzy linear system, 

obtained in Step 2,  can be transformed into the following fully fuzzy linear system. 

                         

 

   

            

where  
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Step 3. Using the arithmetic operation   

            

 

   

    

 

   

    

 

   

    

 

   

  

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully 

fuzzy linear system.  

     

 

   

     

 

   

     

 

   

                        

Step 4.  Using the relation                                         , the 

fully fuzzy linear system, obtained in Step 3, can be transformed into the following crisp 

system of non-linear equations.  
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Step 5. Substituting values of               and assuming           and             

         (where                    ), the  crisp system of non-linear equations, obtained 

in Step 4, can be transformed into the following crisp system of non-linear equations. 

For             

                              

 

   

          

 

   

                                                            

similarly, 

                        

 

     

    
            

 
    

       

 
     

 

   

                  

      

 

   

    
            

 
    

       

 
     

 

   

                               

Step 6. Substituting       
    

   and         
    

  , where   
   

                  

               
  and 

  
    

                 

                 
 .  

Similarly,       
    

                 
    

    the crisp system of non-linear equations, 

obtained in Step 5, can be transformed into the following crisp system of linear equations  
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Step 7.  The solution of system obtained in Step 5, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       .  

               

 

   

     
 

 

   

     
  

 

   

 

subject to 
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 ,   

                  

Step 8. Solve the linear programming problem, obtained in Step 7, and substitute the values 

of     
            obtained in Step 7 in              

    
     

    
                 

to find the solution of the fully fuzzy linear system.   

Remark 3.1. The fully fuzzy linear system will be consistent i.e., it will generate a solution if 

and only if the linear programming problem is consistent. Further, the necessary condition for 

the above linear programming problem to generate a feasible solution (if it is consistent) is 

that the value of the objective function      otherwise the solution will be termed as an 

infeasible solution. The sufficient condition(s) for the fully fuzzy linear system to have a 

feasible (strong) fuzzy solution are                        

3.3. Solution of chosen fully fuzzy linear system 

 In Section 3.1, a fully fuzzy linear system is chosen which cannot be solved by the 

existing methods as well as Mehar method-I. In this section, the solution of the chosen fully 

fuzzy linear system is obtained by the Mehar method-II proposed in Section 3.2. 

3.3.1. Solution of fully fuzzy linear system chosen in Example 3.1. 

Using the method proposed in Section 3.2, the solution of fully fuzzy linear system 

chosen in Example 3.1, can be obtained as follow: 

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-

negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system, 

chosen in Example 3.1 can be transformed into the following fully fuzzy linear system: 
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Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
  , the 

fully fuzzy linear system, obtained in Step 1, can be transformed into the following fully 

fuzzy linear system. 

                                                         

         
  

 
         

 

 
                

  

 
        

 

 
          

           

         
 

 
         

 

 
                 

 

 
         

 

 
            

         
 

 
         

 

 
                

 

 
        

 

 
           

          

Step 3. Substituting                     and                     in the 

fully fuzzy linear system obtained in Step 2, can be transformed into the following crisp 

system of non-linear equations. 
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Step 4.  Substituting       
    

   and         
    

  , where   
   

                  

               
  and 

  
    

                 

                 
 . Similarly,       

    
                 

    
     the crisp system of 

non-linear equations, obtained in Step 3, can be transformed into the following crisp system 

of linear equations. 

          

          

   
     

      
     

       

   
     

      
     

       

   
     

      
     

      

   
     

      
     

      

     
    

      

     
    

     

  
    

        

  
    

        

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       . 
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 Minimize              
     

    
     

    

subject to 

              

              

   
     

      
     

     
      

   
     

      
     

     
      

   
     

      
     

     
      

   
     

      
     

     
      

     
    

      

     
    

     

  
    

        

  
    

        

         
    

    
     

     
    

    
     

     
    

    
     

      

Step 5. On solving the above linear programming problem, the following solution is 

obtained: 

               
      

       
      

       
      

       
      

       

          
     

    
     

     

Step 6. Substituting the values, obtained in Step 5, in              
    

     
    

   

              . Thus, 
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3.4. Results and discussion 

 The solution of fully fuzzy linear system, chosen in Example 3.1, is shown in Table 

3.1. It is obvious from the results, shown in Table 3.1, that the fully fuzzy linear system, 

chosen in Example 3.1, can neither be solved by the existing methods nor by the Mehar 

method-I, but can be solved by the Mehar method-II proposed in this chapter.  

             Table 3.1:  Comparison of results by using proposed and existing methods 

          

     Examples 

Solution using Mehar 

method-II 

Solution using  

existing methods 
 

Solution using Mehar 

method-I 

 

Example3.1 

               

            

 

Not applicable 

 

 

Not applicable 

 

3.5. Conclusion 

On the basis of present study, it can be concluded that the fully fuzzy linear system 

which can be solved by existing methods can also be solved by the proposed Mehar method-

II. However, there exist several fully fuzzy linear system whose solution can be obtained by 

the proposed Mehar method-II but cannot be obtained by the existing methods. Hence, it is 

better to use the proposed Mehar method-II as compared to the existing methods. 
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Chapter 4 

Mehar method-III for solving fully fuzzy linear 

system with unrestricted fuzzy coefficients and 

unrestricted fuzzy variables 

In the methods, proposed in previous chapters, either the elements of coefficient 

matrix and elements of right hand side vector or elements of unknown vector are assumed as 

non-negative triangular fuzzy numbers. However, in the real life problems there is need to 

find the solution of fully fuzzy linear system without any restriction on these elements. To 

overcome the limitations of the existing methods and the methods proposed in previous 

chapters, in this chapter, a new method (named as Mehar method-III) is proposed to find the 

solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand 

side vector as well as the elements of unknown vector are represented by unrestricted 

triangular fuzzy numbers. The proposed Mehar method-III is illustrated by numerical 

examples. 

4.1. Limitations of the existing methods and methods proposed in previous chapters 

Neither the existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63, 

64, 72, 76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134]  

nor the Mehar method-I and Mehar method -II, proposed in previous chapters, can be used to 

find the solution of fully fuzzy linear system when elements of both the coefficient matrix as 

well as the elements of solution vector are unrestricted triangular fuzzy numbers.   For 

example, the fully fuzzy linear system chosen in Example 4.1 and Example 4.2 can neither be 

solved by using the existing method nor by the Mehar method-I and Mehar method-II, 

proposed in previous chapters. 



   40 

 

Example 4.1. 

                                                   

                                                

where                        are unrestricted triangular fuzzy numbers. 

Example 4.2. 

 
                      

                      
  

          

          
          

   
       

          
  

where                        and            are unrestricted triangular fuzzy numbers. 

4.2. Proposed Mehar method-III 

To overcome the limitations of the existing methods and the Mehar method-I and 

Mehar method-II, proposed in previous chapters , in this section, a new method (named as 

Mehar method-III) is proposed to solve the fully fuzzy linear system               
 
    

where          and     are unrestricted triangular fuzzy numbers.  

The steps of the proposed Mehar method-III are as follows: 

Step 1. Assumming                                                     the fully fuzzy 

linear system can be transformed into the following fully fuzzy linear system. 

                                               

 

   

 

Step 2. Substituting                                       , the fully fuzzy linear system 

obtained in Step 1, may be written as 
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where 

                                       

Case 1: If                                

          

                                                 

                                                 

This set of equation can be further reduced as follows. 
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To solve this system we substitute          as the left coefficient and          as the 

right coefficient. This can be further reduced as follows. Define variables   
  and   

   as 

  
   

              

            
  and   

    
               

            
  

Putting       
    

    and          
    

   and similarly       
    

                 
    

   

where   
    

     
    

    , we get: 

          

    
            

 
   

    
     

       

 
    

    
    

    
            

 
   

    
     

       

 
    

    
    

Case 2. if                                

          

                                                 

                                                 

This set of equation can be similarly reduced as follows. 
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Substituting       
    

    and          
    

   and similarly       
    

              

   
    

   where    
    

     
    

    , we get: 

          

    
            

 
   

    
     

       

 
    

    
    

    
            

 
    

    
     

       

 
    

    
    

Case 3. If                                        

          

                                                 

                                                 

This set of equation can be similarly reduced as follows. 
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Substituting       
    

    and          
    

  ,       
    

             
    

  . Also let 

                            
     

    

This implies 

                              
     

  . 

Similarly 

                            
     

     

and therefore 

                               
     

   

where   
    

     
    

      
     

      
     

     

Substituting we get: 

          

    
            

    
                

    
   

 
  

   
     

  

 
  

    
            

    
                

    
   

 
  

   
     

  

 
  

with two additional constraints: 
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Step 3.  Using arithmetic operations  

           

 

   

     

 

   

    

 

   

    

 

   

   

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully 

fuzzy linear system. 

     

 

     

      

 

   

      

 

   

                         

Step 4. Using the relation                                           the 

fully fuzzy linear linear system, obtained in Step 3, can be transformed into the following 

crisp system of linear equations. 

 
 
 
 
 

 
 
 
     

 

     

                                                

    

 

   

                                        

    

 

   

                                        

  

with appropriate constraints obtained from Step 2. 

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       . 
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subject to 

    

 

     

                                        

    

 

   

    
                              

    

 

   

    
                               

     
 ,   

                  

Step 6. Solve the above linear programming problem and put the values of 

  
    

     
    

      obtained in 

             
    

     
    

                   

to find the solution of fully fuzzy linear system. The solution would be termed as (feasible) 

strong fuzzy solution if      
    

     and   
    

       . Otherwise the solution 

would be termed as (infeasible) weak fuzzy solution 

Remark 4.1. The sufficient conditions for the solution to be termed as a strong (feasible) 

solution for                    are: 

     
    

     and   
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4.3. Solution of chosen fully fuzzy linear systems 

 In Section 4.1, some fully fuzzy linear systems are chosen which cannot be solved by 

the existing methods. In this section, the solution of these chosen fully fuzzy linear systems 

are obtained by the Mehar method-III as proposed in Section 4.2. 

4.3.1. Solution of fully fuzzy linear system chosen in Example 4.1 

 Using the Mehar method-III, proposed in Section 4.2, the solution of fully fuzzy 

linear system chosen in Example 4.1, be obtained as follows: 

Step 1. Using the multiplication of an unrestricted triangular fuzzy number, defined in 

Section 2.1.2, the fully fuzzy linear system, chosen in Example 4.1, can be transformed into 

the following fully fuzzy linear system. 

                                                                  

                                                                 

          

                                                              

                                                             

          

which can be further written as  

                                                     

                                                     

where                                                          
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  Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
 , 

          and          as well as       
    

    and          
    

  ,       
  

  
             

    
  , the fully fuzzy linear system, obtained in Step 1, can be written as: 

                                                     

                                                     

where 

    
     

    
        

    
   

 
  

   
     

  

 
  

    
    

    
        

    
   

 
  

   
     

  

 
  

with two additional equations: 

     
    

        
    

        
     

    

     
    

        
    

        
     

   

    
     

    
        

    
   

 
  

   
     

  

 
  

    
    

    
        

    
   

 
  

   
     

  

 
  

with two additional equations: 
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Step 3.  Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

fully fuzzy linear system, obtained in Step 2, and using the relation                 

             the crisp system of linear equations can be transformed into the 

following crisp system of linear equations. 

          

           

                 

                 

               

               

Step 4. Using Phase 1 of the two-phase method, the following linear programming problem 

can be used to find the solution of crisp system of linear equations, obtained in Step 3. 

Minimize               
     

    
     

   

subject to  
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Step 5. On solving the above linear programming problem, we get             
  

    
        

       
        

       
        

      
       

      
       

      
   

     
       

        
       

                 
      

      
     and   

    . 

Step 6. Putting the values of   
    

     
    

      obtained from Step 6, in              
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 the solution of fully fuzzy linear system is                              . 

4.3.2. Solution of fully fuzzy linear system chosen in Example 4.2. 

Using the Mehar method-III, proposed in Section 4.2, the solution of fully fuzzy 

linear system chosen in Example 4.2, be obtained as follows: 

Step 1. Using the multiplication of triangular fuzzy numbers as proposed in Step 2, of the 

proposed method the fully fuzzy linear system, chosen in Example 4.2 can be transformed 

into the following fully fuzzy linear system. 

                                                              

                                                                   

                                                                

         

                                                                

       

                                                                

                                                              

            

which can be further written as  
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where                                                        

                                                              

                                                           

                                                              

                                                         

                                                           

Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
 , 

          and          as well as       
    

    and          
    

  ,       
  

  
             

    
  , the fully fuzzy linear system obtained in Step 1, can be written as: 

                                                                 

         

                                             

                                  

where 

      
     

  ,           
    

   

       
     

  ,        
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  ,        
     

   

        
    

  ,        
     

   

       
     

  ,         
     

   

   =5  
     

  ,        
     

   

Step 3.  Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully 

fuzzy linear system. 

             

                 

  
     

      
    

      
     

      

   
    

     
     

      
     

     

    
    

      
     

      
     

       

   
     

      
     

      
     

      

  
    

     
    

     
    

     
    

     

 

Step 4. Using Phase 1 of the two-phase method, the following linear programming problem 

can be used to find the solution of crisp system of linear equations, obtained in Step 3 

Minimize               
     

    
     

   

subject to  
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On solving the above linear programming problem ,we get 

                  
      

       
      

       
      

       
      

   

    
      

       
      

                 
      

      
           

    . 

Step 5. Putting the values of   
    

     
    

       obtained from Step 5, in              
  

  
     

    
                   the solution of fully fuzzy linear system is                    

         and              

4.4. Results and discussion 

 The solution of fully fuzzy linear system, chosen in Example 4.1 and Example 4.2, are 

shown in Table 4.1. It is obvious from the results, shown in Table 4.1, that the fully fuzzy 

linear systems, chosen in Example 4.1 and Example 4.2  can neither be solved by the existing 

methods nor by the Mehar method-I and Mehar method-II , proposed in previous chapters but 

can be solved by the Mehar method-III proposed in this chapter.  
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Table 4.1 : Comparison of results by using proposed and existing methods 

Example Solution using Mehar 

method-III 

Solution using methods 

discussed in previous chapter 

as well as existing methods 

Example 4 .1             

            

Not applicable  

Example 4.2              

             

             

Not applicable  

 

4.5. Conclusion 

On the basis of present study, it can be concluded that the fully fuzzy linear system 

which can be solved by existing methods and by using the Mehar method-I, Mehar method-II 

proposed in previous chapters, can also be solved by the Mehar method-III, proposed in this 

chapter. However, there exist several fully fuzzy linear systems whose solution can be 

obtained by the Mehar method-III but can neither be obtained by the existing methods nor by 

the Mehar method-I and Mehar method-II. Hence, it is better to use the Mehar method-III, as 

compared to the existing methods and the Mehar method-I and Mehar method-II. 
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Chapter 5 

Mehar method-IV for solving dual fully fuzzy 

linear system with unrestricted coefficients and 

unrestricted fuzzy variables
2
  

 

In this chapter, limitations of the existing methods for solving dual fully fuzzy linear 

system are pointed out. Also, to overcome these limitations, a new method (named as Mehar 

method-IV) is proposed to find the solution of such dual fully fuzzy linear system in which 

all the elements of all the matrices and elements of unknown vector are represented by 

unrestricted triangular fuzzy numbers. The proposed Mehar method-IV is illustrated by 

numerical examples. 

5.1 Limitations of existing methods  

 The existing methods [30, 86, 98, 112, 123, 125] can be used only to find the solution 

of such dual fully fuzzy linear system                   where the elements of 

triangular fuzzy matrices    and    as well as the elements of triangular fuzzy vectors    ,    and 

   all are non-negative triangular fuzzy numbers. However, none of these existing methods, 

can be used to find the solution of following types of dual fully fuzzy linear system. 

(1) Dual fully fuzzy linear system                   where the elements of fuzzy 

matrices    and     as well as the elements of fuzzy vectors     and     and the unknown 

vector    all are unrestricted triangular fuzzy numbers. For example 

 

                                                           
2
 A part of this chapter is published in New Mathematics and Natural Computation 9 (2013) 13-26. 
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Example 5.1.    

                                                                    

                                                                  , 

  

                                                                     

                                                                   

 

                                                                      

                                                                  

where,                                  are all unrestricted triangular fuzzy numbers. 

(2) Dual fully fuzzy linear system                   where the elements of fuzzy 

matrices    and     as well as the elements of fuzzy vectors     and     are unrestricted 

triangular fuzzy numbers but elements of unknown vector   , are non-negative 

triangular fuzzy numbers. 

                                                                      

                             , 

                                                 

                                                 

where,                          

5.2. Proposed Mehar method-IV 
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In this section, a new method (named as Mehar method-IV) is proposed to solve a 

dual fully fuzzy linear system                      with no restrictions on the 

parameters.  

The steps of the proposed Mehar method-IV to find the solution of dual fully fuzzy 

linear system are as follows: 

Step 1 Substituting                                                                

          the dual fully fuzzy linear system can be transformed into the following dual fully 

fuzzy linear system.  

         

 

   

               

 

   

                  

Step 2 If all the parameters                           are represented by triangular fuzzy numbers 

    
     

     
                  

     
     

      
    

    
          

    
    

   respectively, then the dual 

fully fuzzy linear system, obtained in Step 1, can be transformed into the following dual fully 

fuzzy linear system. 

     
     

     
                  

    
    

        
     

     
              

 

   

    
    

    
  

 

 

   

 

            

Step 3 Assuming      
     

     
                  

     
     

  ,  

and      
     

     
                  

     
     

   the dual fully fuzzy linear system, obtained in 

Step 2, can be transformed into the following dual fully fuzzy linear system.  
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Using the extended multiplication operation, defined in Section 2.1.2, the following 

cases can be obtained: 

Case 1. if     
     

     
             

      
    

   
     

    

   
     

            
     

              
     

           

   
          

     
              

     
              

    

This set of equation can be further reduced as follows 
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To solve this system we substitute          as the left coefficient and       

   as the right coefficient. This can be further reduced as follows. Define variables   
  and   

   

as    
   

              

            
  and   

    
               

            
  

Putting       
    

    and          
    

   and similarly       
    

              

   
    

   where   
    

     
    

    , we get: 

   
     

    

    
    

     
     

 

 
   

    
     

   
     

 

 
    

    
    

    
    

     
     

 

 
   

    
     

   
     

 

 
    

    
    

Case2.  If     
     

     
             

      
    

   
      

    

   
     

            
     

              
     

           

   
          

     
              

     
              

    

This set of equation can be similarly reduced as follows. 
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Substituting       
    

    and          
    

   and similarly 

      
    

                 
    

   where   
    

     
    

    , we get: 

   
     

    

    
    

     
     

 

 
   

    
     

   
     

 

 
    

    
    

    
    

     
     

 

 
   

    
     

   
     

 

 
    

    
    

Case 3. If     
     

     
             

     
       

     
  

   
     

    

   
     

            
     

              
     

           

   
          

     
              

     
                 

This set of equation can be similarly reduced as follows. 

   
     

    



   63 

 

   
     

      

            
     

              
     

           

   
         

  

            
     

              
     

           

Substiituting       
    

    and          
    

  ,      
    

             
    

  . 

Also let 

    
     

         
     

         
     

    

this implies  

     
     

         
     

          
     

  . 

Similarly, 

    
     

         
     

         
     

     

and therefore 

     
     

         
     

           
     

   

where   
    

     
    

      
     

      
     

     

thus 
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with two additional constraints: 

    
     

         
     

         
     

    

    
     

         
     

         
     

   

 

Step 4. In the same way, we may formulate    
     

      
  as follows. 

Case 1. If     
     

     
             

      
    

   
     

    

   
     

            
     

              
     

           

   
          

     
              

     
              

    

This set of equation can be further reduced as follows. 
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To solve this system we substitute          as the left coefficient and       

   as the right coefficient. This can be further reduced as follows. Define variables   
  and   

   

as    
   

              

            
  and   

    
               

            
  

Putting       
    

    and          
    

   and similarly       
    

             

   
    

    where   
    

     
    

      , we get: 

   
     

    

   
  

    
 

    
     

 

 
   

    
  
   

   
     

 

 
    

    
    

   
  

    
 

    
     

 

 
   

    
  
   

   
     

 

 
    

    
    

Case 2.  if     
     

     
             

      
    

   
     

    

   
     

            
     

              
     

           

   
          

     
              

     
              

    

This set of equation can be similarly reduced as follows 
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Substituting       
    

    and          
    

   and similarly       
    

             

   
    

    where   
    

     
    

     , we get: 

   
     

    

   
  

    
     

     
 

 
   

    
  
   

   
     

 

 
    

    
    

   
  

    
     

     
 

 
   

    
     

   
     

 

 
     

    
    

Case 3. If     
     

     
             

     
       

     
  

   
     

    

   
     

            
     

              
     

           

   
          

     
              

     
                 

This set of equation can be similarly reduced as follows. 
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Substituting       
    

    and          
    

   and similarly       
  

  
                

    
    where   

    
     

    
     , we get: 

    
     

         
     

         
     

    

This implies 

     
     

         
     

          
     

    

Similarly, 

    
     

         
     

         
     

     

     
     

         
     

           
     

   

where   
    

     
    

      
     

       
     

     

Substituting we get: 
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with two additional constraints: 

    
     

         
     

         
     

    

    
     

         
     

         
     

     

Step 5. Thus the dual fully fuzzy linear system , obtained from Step 3 and Step 4, can be 

transformed into the following crisp system of  linear equations: 

 
 
 
 
 

 
 
 
     

 

 

     

   
      

 

 

     

   
                                       

    
 

 

     

   
      

 

 

     

   
                                      

    
 

 

     

   
      

 

 

     

   
                                      

  

with appropriate constraints obtained from Step 3 and  Step 4. 

Step 6. The solution of system obtained in Step 5, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       .   

               

 

   

     
 

 

   

     
  

 

   

 

subject to 
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Step 7. Solve the linear programming problem, obtained from Step 6, and put the values in 

             
    

     
    

                   

to find the solution of fully fuzzy linear system. If the linear programming problem is 

inconsistent and does not yield any solution then the given dual fully fuzzy linear system is 

inconsistent and has no solution. 

5.3. Solution of chosen fully fuzzy linear systems 

 In Section 5.1, some dual fully fuzzy linear systems are chosen which cannot be 

solved by the existing methods [30, 86, 98, 112, 123, 125]. In this section, the solution of the 

chosen dual fully fuzzy linear system are obtained by the Mehar method-IV, proposed in 

Section 5.2. 

5.3.1. Solution of dual fully fuzzy linear system chosen in Example 5.1 

 Using the Mehar method-IV, proposed in Section 5.2, the solution of dual fully fuzzy 

linear system, chosen in Example 5.1, can be obtained as follows:  

Step 1. Using the multiplication of triangular fuzzy numbers as proposed in Step 2, of the 

proposed method the dual fully fuzzy linear system, chosen in Example 5.1 can be 

transformed into the following dual fully fuzzy linear system. 
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and 
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which can be further written as  

                                           

                                  

             
     

                   
     

      

             
     

                 

 

                                                                 

            

             
     

                   
     

      

             
     

                

and  
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where                                                            
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Step 3. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
 , 

          and          as well as       
    

    and          
    

  ,       
  

  
             

    
  , the fully fuzzy linear system, obtained in Step 2, can be written as: 

                                           

                                  

             
     

                   
     

      

             
     

                 

 

                                                                 

            

             
     

                   
     

      

             
     

                

and  
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Where 

                                  
     

    
        

    
   

 
  

   
     

  

 
  

                                  
    

    
        

    
   

 
  

   
     

  

 
  

with two additional equations: 
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Similarly, this can be obtained     
     

    
 ,    

     
     

     
     

     
 ,    

 . 

Step 4.  Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

dual fully fuzzy linear system, obtained in Step 3, can be transformed into the following dual 

fully fuzzy linear system. 

                                                        

               

                      
         

         
     

         
         

 

                

 

                                                        

                 

                     
         

         
     

         
         

 

               

and  
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Step 5. Using the relation                                         , the 

dual fully fuzzy linear system can be transformed into the following crisp system of linear 

equations. 

                  

               
     

       
     

     
      

     
    

      
     

         
 

       
       

              
    

      
     

      
      

      
     

    
         

 

       
        

              

            
     

        
       

     
    

         
         

 +17=0 
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Step 6. Using Phase 1 of the two-phase method, the following linear programming problem 

can be used to find the solution of crisp system of linear equations, obtained in Step 5. 

                         
     

    
    

     
     

   

subject to 

                     

               
     

       
     

     
      

     
    

      
     

         
 

       
            

              
    

      
     

      
      

      
     

    
         

 

       
           

              
    

            
     

        
       

     
    

         
         

 +17+  
 =0 
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On solving the above LPP,                  
      

       
      

       
  

    
          

      
       

      
       

      
        

        
        

  

       
           

       
         

        
         

        
         

         
      

      
      

       
       

        

Step 7. Putting the values of   
    

     
    

      obtained from Step 6, in              
  

  
     

    
                     

                              and             
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5.4. Solution of dual fully fuzzy linear system with non-negative restriction on elements 

of unknown vector 

In this section, special case of                      has been discussed in 

which the elements of coefficient matrix are unrestricted triangular fuzzy numbers whereas 

the elements of unknown vector are non-negative triangular fuzzy numbers. 

The steps of the proposed method are as follows: 

Step 1 Substituting                                                                

          the      dual fully fuzzy linear system may be written as  

         

 

   

               

 

   

                  

Step 2 If all the parameters                           are represented by triangular fuzzy numbers 

                                                                   respectively, then the 

dual fully fuzzy linear system, obtained in Step 1, may be written as: 

                                                               

 

   

           

 

 

   

 

            

Step 3 Assuming                                       , and               

                         the dual fully fuzzy linear system, obtained in Step 2, may be 

written as: 
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Using arithmetic operations, defined in Section 3.1,  

                                       

          

            

            

                                            

                                           

Similarly we obtain             as follows:  

         ,            ,             

                                           

                                           

Step 4 The dual fully fuzzy linear system obtained in Step 3, is transformed into crisp system 

of linear equations 

                                            

 
 
 
 
 

 
 
 
     

 

   

           

 

   

    

 

   

           

 

   

    

 

   

           

 

   

                                          

This can be further reduced as 
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which can be further reduced as 

                             

 
 
 
 
 

 
 
 
       

 

   

             

 

   

    

 

   

     

 

   

                

    

 

   

     

 

   

                

                                                      

where  

     
                              

                              
  

     
                              

                              
  

     
                              

                              
  

     
                              

                              
  

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       . 
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Minimize   

      

 

   

     
 

 

   

     
  

 

   

 

subject to  

    
 

 

     

     
 

 

     

                                              

    

 

   

     

 

   

   
                                            

    

 

   

     

 

   

   
                                               

                    

Step 6. Solve the above linear programming problem and put the above values in 

             
    

     
    

                   

to find the solution of dual fully fuzzy linear system. If the linear programming problem is 

inconsistent and does not yield any solution then the given dual fully fuzzy linear system is 

inconsistent and has no solution. 

Remark 5.1. The      dual fully fuzzy linear system                   is not 

equivalent to the fully fuzzy linear system          where          and          

because for a fuzzy number say   , the statement          does not implies          
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Remark 5.2. The     dual fully fuzzy linear system                   can be 

reduced to standard fully fuzzy linear system          if we take                   

and       .  

5.4.1. Solution of dual fully fuzzy linear system chosen in Example 5.2 

In this section, the solution of the dual fully fuzzy linear system chosen in Example 

5.2, is obtained by the method proposed in Section 5.4. 

 Using the method proposed in Section 5.4, the solution of dual fully fuzzy linear 

system, chosen in Example 5.2, can be obtained as follows:  

Step 1. Using the multiplication of unrestricted triangular fuzzy numbers with non-negative 

triangular fuzzy numbers, defined in Section 2.1.2, the dual fully fuzzy linear system, chosen 

in Example 5.2, can be transformed into the following dual fully fuzzy linear system. 

                                                                 

                                                                     

=                                                             

                                                              

                   

and 
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Step 2. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
  the dual 

fully fuzzy linear system,  obtained in Step 1, can be transformed into the following dual fully 

fuzzy linear system. 
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Step 3.  Since                      so dual fully fuzzy linear system, obtained in Step 2, 

can be transformed into following dual fully fuzzy linear system. 

                                                               

         =                                               

                                  , 

a                                                               

                                                        

                                 



   86 

 

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the 

dual fully fuzzy linear system, obtained in Step 3, and using the relation            

                             , the fully fuzzy linear system can be transformed 

into the following crisp system of linear equations. 

           

           

                       

                   

                      

                  

                  

Step 5. Using Phase 1 of the two-phase method, the following linear programming problem 

can be used to find the solution of crisp system of linear equations, obtained in Step 4, 

Minimize               
     

    
     

    

subject to  
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On solving the above linear programming problem,  

                              and           
    

    
     

     

 Clearly                        Hence the solution is feasible and can be written as  

                               

5.5. Results and discussion 

 The solution of dual fully fuzzy linear system chosen in Example 5.1 and Example 

5.2, are obtained by using the existing methods and the method proposed are shown in Table 

5.1. It is obvious from the result shown in Table 5.1 that the dual fully fuzzy linear systems, 

chosen in Example 5.1 and Example 5.2. cannot be solved by any of the existing methods, 

but can be solved by the Mehar method-IV proposed in this chapter.   

Table 5.1:  Comparison of results by using proposed and existing method  

Examples Solution using proposed 

method 

Solution using  existing 

methods 
 

 

Example 5.1 

 

              

            

            

 

         Not applicable 

 

            

             

            

 

Not applicable 
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5.6. Conclusion 

In this chapter, the solution of dual fully fuzzy linear system               

         is proposed, which is a generalised form of         . The main advantage of this 

method is that the solution of dual fully fuzzy linear system can be obtained without any 

restriction on the coefficient matrix as well as on solution vector. Moreover the methods 

proposed in Chapter 2, 3 and 4 are the special cases of the method proposed in this chapter. 

The method is illustrated with the help of numerical examples. 
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Chapter 6  

Mehar method-V for solving dual fully fuzzy matrix 

equation with unrestricted fuzzy coefficient and 

unrestricted fuzzy variables 
3
 

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully 

fuzzy matrix equations and proposed a method to find the solution of such fully fuzzy matrix 

equations in which all the elements of unknown matrix are represented by non-negative 

triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix 

are represented by unrestricted triangular fuzzy numbers. On the same direction, in this 

chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix 

equations and a new method (named as Mehar method-V) is proposed to find the solution of 

such dual fully fuzzy matrix equation in which all the elements of all the matrices are 

represented by unrestricted trapezoidal fuzzy numbers. The proposed method is illustrated by 

numerical examples.   

6.1 Preliminaries  

 In the previous chapters, triangular fuzzy numbers are used to represent the elements 

of matrices and unknown vector. Further         representation of triangular fuzzy numbers 

have been used in the previous chapters. In this chapter, instead of         representation of 

triangular fuzzy number           ) is used to represent the triangular fuzzy number 

and             ) is used to represent the trapezoidal fuzzy number. In this 

representation the definition, presented in Section 2.1.1 of Chapter 2, and arithmetic 

operations, presented in Section 2.1.2 of Chapter 2, may be defined as follows.  

                                                           
3
 A part of this chapter is published in Journal of Intelligent & Fuzzy Systems 25 (2013) 747-753. 
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6.1.1. Basic definitions  

In this section, some basic definitions related to fuzzy numbers as well as arithmetic 

operations on trapezoidal fuzzy numbers are represented. 

Definition 6.1.  A fuzzy number              is said to be a trapezoidal fuzzy number if 

its membership function is given by 

        

 
  
 

  
 

      

   

   
            

                       
   

   
            

                           

  

where           

Definition 6.2. A trapezoidal fuzzy number              may be non-negative, negative, 

or near zero. 

       is a non-negative trapezoidal fuzzy number  denoted by                 if 

    

       is a negative trapezoidal fuzzy number  denoted by                 if     

       is a near zero trapezoidal fuzzy number  denoted by                 if     

 . Further there may be three categories 

3.1.                  if           

3.2.                  if           

3.3.                  if           

Definition 6.3. A trapezoidal fuzzy number              is said to be zero trapezoidal 

fuzzy number if and only if                   
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Definition 6.4. Two trapezoidal fuzzy number               and               are said 

to be equal i.e.,       if and only if                  

6.1.2. Arithmetic operations on trapezoidal fuzzy numbers  

Let                 and                be two trapezoidal fuzzy numbers. Then, 

(i)                                                

(ii)                                              

(iii) If                 then, 

   

                                                                   

   Similarly if                , then 

                                                                   

where, 

            
   

 
    

   

 
     

            
   

 
    

   

 
     

            
   

 
    

   

 
     

            
   

 
    

   

 
     

Since,             therefore  
   

 
  ,  

   

 
  can be replaced by  

    

 
       

    

 
  

respectively in above set of equations. 

For two trapezoidal fuzzy numbers               and               the 

extended multiplication operation between two fuzzy numbers may be defined as follows 
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6.2. Limitations of the existing methods 

The existing method [113] cannot be used to find the solution of dual fully fuzzy 

matrix equations                      where             and    are fuzzy number 

matrices.  

For example, it is not possible to solve the dual fully fuzzy matrix equations chosen in given 

Example 6.1 and Example 6.2, by using the existing methods due to unrestricted trapezoidal 

fuzzy numbers. 

Example 6.1. 

 
                      

                   
   

        

        
   

                      
                      

      

 
                  

                      
   

        

        
   

                            
                         

  

where                                              ,                             

                  are unrestricted trapezoidal fuzzy numbers.  

Example 6.2. 

 
                   
                  

   
        

        
   

                    
                      

   =  
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where, 

                                                 ,                       

                           

6.3. Proposed Mehar method-V 

In this section, to overcome the limitations of the existing methods, pointed out in 

Section 6.2, a new method (named as Mehar method-V) is proposed to find solution of dual 

fully fuzzy matrix equation                        

The steps of the proposed Mehar method-V are as follows: 

Step 1. Substituting                                                                    

          the     dual fully fuzzy matrix equation may be written as:  

                                 

 

       

          

 

       

 

Step 2. If all the parameters                   are represented by trapezoidal fuzzy 

numbers     
     

     
     

  ,    
     

     
     

       
      

      
      

   ,     
      

      
      

    and     

                  respectively, then the dual fully fuzzy matrix equation obtained in Step 

1,can be transformed into the following dual fully fuzzy matrix equation 
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Step 3. Assuming     
     

     
     

                         
 
    

 
    

 
    

 
 , and 

    
      

      
      

                           
 
    

 
    

 
    

 
 ,               where each 

                   is an unrestricted trapezoidal fuzzy number, the dual fully fuzzy matrix 

equation, obtained in Step 2, can be transformed into the following dual fully fuzzy matrix 

equation: 

     
 
    

 
    

 
    

 
 

 

       

     
     

     
     

  

      
 
    

 
    

 
    

 
 

 

       

      
      

      
      

                

Case 1. If      
     

     
     

      i.e.,    
    

   
 

        
        

      
    

      
 

 
      

    
       

 

 
       

   
 

        
        

      
   

      
 

 
      

    
      

 

 
       

   
 

        
        

      
   

      
 

 
     

    
      

 

 
       

   
 

        
        

      
    

      
 

 
      

    
       

 

 
       

Case 2. If      
     

     
     

      i.e.,    
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Case 3. If     
     

     
     

               
     

     
       

  

   
 

        
        

      
    

         
    

 
     

    
         

    

 
  

   
 

        
        

      
   

      
 

 
      

    
      

 

 
       

   
 

        
        

      
   

      
 

 
      

    
      

 

 
       

   
 

        
        

      
    

         
    

 
     

    
          

    

 
  

Case 4. If     
     

     
     

               
     

       
     

  

   
 

        
        

      
    

         
    

 
     

    
         

    

 
  

   
 

        
        

      
   

         
    

 
     

   
         

    

 
  

   
 

        
        

      
   

         
    

 
     

   
         

    

 
  

   
 

        
        

      
    

         
    

 
     

    
          

    

 
  

Case 5. If     
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In the same way we can formulate     
 
    

 
    

 
    

 
   

Step 4 Using the arithmetic operations, defined in Section 6.1.2, the dual fully fuzzy matrix 

equation, obtained in Step 3, can be transformed into the following dual fully fuzzy matrix 

equation. 

     
 
 

 

     

      
 

 

   

      
 

 

   

     
 

 

   

      
     

     
     

  

        
 
 

 

     

      
 

 

   

      
 

 

   

     
 

 

   

        
      

      
      

               

Step 5. The dual fully fuzzy matrix equation, obtained in Step 1, can be transformed into the 

following crisp linear system of non-linear equations. 
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 Step 6.  The crisp system of non-linear equations obtained in Step 5, can be directly solved 

by any existing methods or by converting the non-linear system into linear system as 

proposed in Chapter 5.             

Remark 6.1. The     dual fully fuzzy matrix equation                   can be 

reduced to standard FFME            if we take                      . 

6.4. Solution of chosen dual fully fuzzy matrix equations  

In Section 6.2, some dual fully fuzzy matrix equation are chosen which cannot be solved by 

the existing methods [64].  In this section, the solution of the chosen dual fully fuzzy matrix 

equation are obtained by the Mehar method-V proposed in Section 6.3. 

6.4.1. Solution of dual fully fuzzy matrix equation chosen in Example 6.1 
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 Using the methods, proposed in Section 6.3, the solution of dual fully fuzzy matrix 

equation chosen in Example 6.1, can be obtained as follows:  

Step 1.                                                                 

                                                          

and  

                                                             

                                                 

and 

                                                          

                                                 

and 

                                                                          

                                                . 

         ,           ,            

         ,           ,           

         ,          ,           

         ,           ,          

Step 2. Using Step 3, of the proposed method the dual fully fuzzy matrix equation, chosen in 

Example 6.1, can be transformed into the following dual fully fuzzy linear system. 
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         ,           ,            

         ,           ,           

         ,          ,           

         ,           ,          

Step 3. Using the relation            
   

 
   

   

 
 ,            

   

 
   

   

 
  and 

definition 7.4, we get the following system of equations: 
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         ,           ,            

         ,           ,           

         ,          ,           

         ,           ,          

On solving the above system, the obtained optimal solution is                 

       ,                       ,                          

                             

Step 4.  Putting the values of                                                         
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                                                                                     and 

                    the  solution of given dual fully fuzzy matrix equation is 

                                    

                                 

                                     

                                . 

6.5. Solution of dual fully fuzzy matrix equation with non-negative restriction on 

elements of unknown fuzzy matrix 

In this section, special case of dual fully fuzzy matrix equation               

       has been discussed in which non-negative restriction on variable fuzzy matrix has 

been proposed i.e.,        

The steps of the proposed method are as follows: 

Step 1 Substituting                                                                    

          the      dual fully fuzzy matrix equation may be written as:  

                                 

 

       

          

 

       

 

Step 2 If all the parameters                   and     are represented by trapezoidal fuzzy 

numbers     
     

     
     

  ,    
     

     
     

       
      

      
      

   ,     
      

      
      

    and 

                  respectively then the dual obtained in Step 1, may be written as: 
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Step 3 Assuming     
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 ,               where each 

                   is a non-negative trapezoidal number the dual fully fuzzy matrix 

equation, obtained in Step 2, may be written as: 
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Step 4 Using the arithmetic operations, defined in Section 7.1.2, the dual fully fuzzy matrix 

equation, obtained in Step 3, may be written as : 

     
 
 

 

     

      
 

 

   

      
 

 

   

     
 

 

   

      
     

     
     

  

        
 
 

 

     

      
 

 

   

      
 

 

   

     
 

 

   

        
      

      
      

               

Step 5 The dual fully fuzzy matrix equation, obtained in Step 4, may be transformed into the 

following crisp system of matrix equations. 



   105 

 

                     

 
 
 
 
 
 

 
 
 
 
     

 

 

     

    
      

 

 

     

    
                                        

    
 

 

   

    
      

 

 

   

    
                                    

    
 

 

   

    
             

 

 

   

    
                                

    
 

 

   

    
        

 

 

   

    
                                        

                                            

                              

                               

                              

                  

Step 6 The solution of system obtained in Step 5, can be obtained by solving the following 

linear programming problem, which is obtained by adding the artificial variable         

       .  

             Minimize               

subject to 
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Step 7.  Using the solution, obtained in Step 6, find the fuzzy solution of dual fully fuzzy 

matrix equations.  

6.5.1 Solution of dual fully fuzzy linear matrix equation chosen in Example 6.2 

 In Section 6.2, some dual fully fuzzy matrix equation are chosen which cannot be 

solved by the existing methods [123].  In this section, the solution of the dual fully fuzzy 

matrix equation, chosen in Example 6.2, is obtained by the Mehar method-V, proposed in 

Section 6.5. 

 Using the Mehar method-V, proposed in Section 6.5, the solution of dual fully fuzzy 

matrix equation chosen in Example 6.2, can be obtained as follows: 
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Step 1 Using the arithmetic operations, defined in Section 6.1, and using Step 3, 4 of the 

proposed method, the chosen dual fully fuzzy matrix equation may be written as: 

                                                 

                                                   

                                                   

                                                   

                                                    

                                                    

                                                   

                                                    

         ,           ,            

         ,           ,           

         ,          ,           

         ,           ,          

Using Definition 6.4,  the dual fully fuzzy matrix equation, obtained in Step 1, is transformed 

into the following crisp linear system of linear equations 

            =           

            =             

                         

            =              
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i.e.,  

             +       

                     

           ,           ,            

           ,           ,            

         ,           ,            
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         ,           ,            

         

           ,           ,            

         ,          ,          

         ,                       

         ,           ,           

                                                              ,                           

Step 2, The solution of linear system, obtained in Step 1, may be obtained by solving the 

following crisp linear programming problem: 

Minimize                                                        

               ) 

subject to  

             +            

               ,                 

              ,                         
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         ,           ,           

         ,           ,           

         ,           ,           

                                                                  

                                                      

                 

On solving the above linear programming problem , the optimal solution is           

             ,                       ,                       

                            

Step 3 Putting the values of                                                         

                                                                                     and 

                    the exact solution of given fully fuzzy matrix equation is 
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6.6. Results and discussions 

The solution of fully fuzzy matrix equation chosen in Example 6.1 and 6.2 are shown 

in Table 6.1. It is obvious from the results, shown in Table 6.1, that the dual fully fuzzy 

matrix equation, chosen in Example 6.1 and Example 6.2, cannot be solved by the existing 

method [113] but can be solved by the Mehar method-V proposed in this chapter.  

Table 6.1:  Comparison of results by using proposed and existing methods 

         Examples Solution using proposed 

method 

Solution using  existing 

method [123] 
 

 

 

            

 

                  

               

                   

              . 

 

 

 

 

Not Applicable  

 

             

 

                

               

               

               

 

 

Not Applicable  

   

6.7. Conclusion  

On the basis of present study, it can be concluded that the dual fully fuzzy matrix 

equations which can be solved by existing methods can also be solved by the proposed  

Mehar method-V. However, there exist several dual fully fuzzy matrix equations whose 

solution can be obtained by the proposed method but cannot be obtained by the existing 

methods. Hence, it is better to use the proposed Mehar method-V as compared to the existing 

methods. 
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Chapter 7 

Future Scope  

 

The following work may be considered as future research work. 

1. In future the real life applications of Mehar method-I, Mehar method-II, Mehar 

method-III, Mehar method-IV and Mehar method-V may be proposed. 

2. In all the methods, proposed in this thesis the solution of fully fuzzy linear system 

/ dual fully fuzzy linear system / fully fuzzy matrix equations / dual fully fuzzy 

matrix equations obtained by transforming into the equivalent crisp system. In 

future it may be tried to develop the methods to find the solution of this system 

without transforming into crisp system. 
3. To the best of my knowledge till now there is no method in the literature to find 

the solution of such linear system / matrix equation in which elements of the 

matrices are represented by complex fuzzy numbers. In future the methods may be 

proposed to find the solution of such systems. 
4. Since most of real life systems are nonlinear in nature. Therefore, in future there is 

a need to explore methods to find the solution of nonlinear fuzzy systems. 

 

 

 



   114 

 

 

 

 

 

 

 

 

 

 

 



   115 

 

Bibliography 

[1] Abbasbandy S., Alavi M.: A method for solving fuzzy linear systems. Iranian Journal   

of  Fuzzy Systems 2, 37-43 (2005). 

[2] Abbasbandy S., Allahviranloo T., Ezzati R.: A method for solving fuzzy general 

linear systems. Journal Fuzzy Mathematics 15 881–889 (2007). 

[3] Abbasban 

[4] dy S., Allahviranloo T., Moloudzadeh S.: A solution of arbitrary fully fuzzy linear 

systems. World Applied Sciences Journal 19(12), 1731-1745 (2012). 

[5] Abbasbandy S., Ezzati R., Jafarian A.: LU decomposition method for solving fuzzy     

system of linear equations. Applied Mathematics and Computation 172, 633–643 (2006). 

[6] Abbasbandy S., HashemiM. S.: Solving fully fuzzy linear systems by using implicit 

Gauss–Cholesky algorithm. Computational Mathematics and Modeling 23(1), 107-124 

(2012). 

[7] Abbasbandy S., Jafarian A.: Steepest descent method for system of fuzzy linear 

equations. Applied Mathematics and Computation 175, 823–833 (2006). 

[8] Abbasbandy S., Jafarian A., Ezzati R.: Conjugate gradient method for fuzzy 

symmetric positive-definite system of linear equations. Applied Mathematics and 

Computation 171, 1184–1191 (2005). 

[9] Abbasbandy S., Otadi M., Mosleh M.: Minimal solution of general dual fuzzy linear       

systems. Chaos Solitons & Fractals 37, 1113-1124 (2008). 

[10] Abdolmaleki E.,  Edalatpanah S. A.: Fast iterative method (FIM) for solving fully 

fuzzy linear systems. Information Sciences and Computing (1), (2013). 



   116 

 

[11] Abdolmaleki E., Edalatpanah S. A.: Chebyshev semi-iterative method to solve fully 

fuzzy linear systems. Journal of Information and Computing Science 9, 067-074 (2014). 

[12] Ahmad I., Singh D., Dar B. A.: Optimality conditions in multi-objective programming 

problems with interval valued objective functions. Control and Cybernetics 44, 19-45 

(2015). 

[13] Allahviranloo T.: Discussion: a comment on fuzzy linear systems. Fuzzy Sets and 

Systems 140, 559 (2003). 

[14] Allahviranloo T.: Numerical methods for fuzzy system of linear equations. Applied 

Mathematics and Computation 155, 493–502 (2004). 

[15] Allahviranloo T.: Successive over relaxation iterative method for fuzzy system of 

linear equations. Applied Mathematics and Computation 162, 189–196 (2005). 

[16] Allahviranloo T.: The adomian decomposition method for fuzzy system of linear 

equations. Applied Mathematics and Computation 163, 553-563 (2005). 

[17] Allahviranloo T., Ahmady E., Ahmady N., Alketaby S.: Block Jacobi two stage 

method with Gauss Sidel inner iterations for fuzzy systems of linear equations. Applied 

Mathematics and Computation 175, 1217-1228 (2006). 

[18] Allahviranloo T., Ghanbari M.: Solving fuzzy linear system by homotopy 

perturbation method. International Journal of Computational Coginition 8, 24-30 (2010).   

[19] Allahviranloo T., Ghanbari M.: On the algebraic solution of fuzzy linear systems 

based on interval theory, Applied Mathematical Modeling 36, 5360–5379 (2012). 

[20] Allahviranloo T., Ghanbari M.: A new approach to obtain algebraic solution of 

interval linear systems. Soft Computing 16, 121–133 (2012). 



   117 

 

[21] Allahviranloo T., Ghanbari M., Hosseinzadeh A. A., Haghi E., Nuraei R.: A note on 

fuzzy linear systems. Fuzzy Sets and Systems 177,  87–92 (2011). 

[22] Allahviranloo T., Haghi E., Ghanbari M.: The nearest symmetric fuzzy solution for a 

symmetric fuzzy linear system. An St Univ Ovidius Constanta 20, 151–172 (2010). 

[23] Allahviranloo T., Hosseinzadeh A. A., Ghanbari M., Haghi E., Nuraei R.: On the new 

solutions for a fully fuzzy linear system. Soft Computing 18, 95-107 (2014) 

[24] Allahviranloo T., Kermani A. M.: Solution of a fuzzy system of linear equation. 

Applied Mathematics and Computation 175, 519–531 (2006). 

[25] Allahviranloo T., Kermani M. A., Shafiee M.: Revised solution of an overdetermined 

fuzzy linear system of equations. International Journal of Computational Coginition 6, 

66-70 (2008). 

[26] Allahviranloo T., Mikarilvand N.: Fully fuzzy linear system solving using MOLP. 

World Applied Sciences Journal 12, 2268-2273 (2008).  

[27] Allahviranloo T., Mikaeilvand N.: Non zero solutions of the fully fuzzy linear 

systems. International journal of Applied and Computational Mathematics 10, 271-282 

(2011). 

[28] Allahviranloo T., Mikarilvand N., Kiani N. A., Shabestari R H.: Signed 

decomposition of fully fuzzy linear systems.  Application and Applied Mathematics 3, 

77-88 (2008).  

[29] Allahviranloo T., Nuraei R., Ghanbari M., Haghi E., Hosseinzadeh A. A.: 

A new metric for L–R fuzzy numbers and its application 

in fuzzy linear systems. Soft Computing 16, 1743–1754 (2012). 



   118 

 

[30] Allahviranloo T., Salahshour S.: Fuzzy symmetric solutions of fuzzy linear systems. 

Journal of Computational and Applied Mathematics 235, 4545-4553 (2011). 

[31] Allahviranloo T., Salahshour S.: Bounded and symmetric solutions of fully fuzzy 

linear systems in dual form. Procedia Computer Science 3, 1494-1498 (2011). 

[32] Allahviranloo T., Salahshour  S., Homayoun-nejad M., Baleanu D.: General solutions 

of fully fuzzy linear systems. Abstract and Applied Analysis 2013, 1-9 (2013). 

[33] Allahviranloo T., Salahshour S., Khezerloo M.: Maximal and minimal symmetric         

solutions of fully fuzzy linear systems. Journal of Computational and Applied 

Mathematics 235, 4652-4662 (2010). 

[34] Appadoo S. S., Bector C. R., Bhatt S. K.: Possibilistic characterization of      - 

trapezoidal fuzzy numbers with applications. Journal of Interdisciplinary Mathematics 14 

347-372 (2011). 

[35] Araghi M. A. F., Hosseinzadeh M. M.: Solution of general dual fuzzy linears systems       

using ABS algorithm.  Applied Mathematical Sciences 6, 163-171(2012).  

[36] Asady B., Abbasbandy S., Alavi M.: Fuzzy general linear systems. Applied 

Mathematics and Computation 169, 34-40 (2005). 

[37] Barnet S.: Matrix Methods and Applications. Clarendon Press, Oxford, 1990. 

[38] Bector C. R., Chandra S.: Fuzzy mathematical programming and fuzzy matrix games. 

Springer Verlag (2005). 

[39] Behera D., Chakraverty S.: A new method for solving real and complex fuzzy systems 

of linear equations. Computational Mathematics and Modelling 23(4), 507-518 (2012). 

[40] Behera D., Chakraverty S.: Fuzzy centre based solution of fuzzy complex linear 

system of equations. International Journal of Uncertainty, Fuzziness and Knowledge-

Based Systems 21(04), 629-642 (2013). 



   119 

 

[41] Behera D., Chakraverty S.: Solving fuzzy complex system of linear 

equations. Information Sciences 277, 154-162 (2014). 

[42] Behera D. and Chakraverty S.: New approach to solve fully fuzzy system of linear 

equations using single and double parametric form of fuzzy numbers. Sadhana 40, 35-49 

(2015) 

[43] Buckley J. J. : Solving linear and quadratic fuzzy equation. Fuzzy Sets and Systems 

38, 43-59 (1990).  

[44] Buckley J. J.: Solving fuzzy equations. Fuzzy Sets and Systems 50, 1–14 (1992). 

[45] Buckley J. J., Qu Y.: Solving fuzzy equations: a new solution concept. Fuzzy Sets and 

Systems. 39, 291–301 (1991).  

[46] Buckley J. J., Qu Y.: Solving systems of linear fuzzy equations. Fuzzy Sets and 

Systems 43, 33–43 (1991). 

[47] Daud W. S. W., Ahmad N., Aziz K. A. A.: A review on classification methods for 

solving fully fuzzy linear systems. AIP Conference Proceedings 1691, 040005 (2015). 

[48] Dehghan M., Hashemi B.: Iterative solution of fuzzy linear system. Applied 

Mathematics and Computation 175, 645-674 (2006). 

[49] Dehghan M., Hashemi B.: Solution of the fully fuzzy linear system using the     

decomposition  procedure. Applied Mathematics and Computation 182, 1568-1580 

(2006). 

[50] Dehghan M., Hashemi B., Ghatee M.: Computational methods for solving fully fuzzy     

linear systems. Applied Mathematics and Computation 179, 328-343 (2006). 

[51] Dehghan M., Hashemi B., Ghatee M.: Solution of the fully fuzzy linear system using 

iterative techniques. Chaos Solitons & Fractals 34, 316-336 (2007). 



   120 

 

[52] Diwekar U.: Introduction to Applied Optimization, Second edition, Springer-Verlag, 

Cambridge, MA (2008) 

[53] Dookhitram K., Sunhaloo1 M. S., Rambeerich N., Peer A. A. I., Saib A. A. E. F.: 

Preconditioning algorithm for the positive solution of fully fuzzy linear system. Journal of 

Fuzzy Set Valued Analysis 2012, 1-14 (2012). 

[54] Dubois D., Prade H.: Fuzzy sets and systems: Theory and Applications. Academic 

Press, New York (1980). 

[55] Dubois D., Prade H.: Systems of linear fuzzy constraints. Fuzzy Sets and Systems 3, 

37–48 (1980). 

[56] Ezzati R.: Solving fuzzy linear systems. Soft Computing 15, 193-197 (2010). 

[57] Ezzati R., Jafarzadeh Y.: Perturbation analysis of fully fuzzy linear systems. 

Arabian Journal for Science and Engineering  39, 3365-3371 (2014). 

[58] Ezzati R., Khezerloo S., Yousefzadeh A.: Solving fully fuzzy linear system of 

equations in general form. Journal of Fuzzy Set Valued Analysis 2012, 1-11 (2012).  

[59] Feuring T., Buckley J. J., Hayashi Y., Fully fuzzified linear programming: An 

evolutionary algorithm approach, Proceeding IEEE World Congress on Computational 

Intelligence 1, 611- 616 (1998).  

[60] Friedman M., Ming M., Kandel A.: Fuzzy linear systems. Fuzzy Sets and Systems 96, 

201–209 (1998).  

[61] Friedman M., Ming M., Kandel A.: Discussion: Author's reply. Fuzzy Sets and 

Systems 140, 561 (2003). 

http://link.springer.com/journal/13369


   121 

 

[62] Gao J.: A unified iterative scheme for solving fully fuzzy linear system. Global 

Congress on Intelligent Systems 1, 431-435 (2009). 

[63] Garg A., Singh S. R.: Solving fuzzy system of equations using gaussian membership 

function. International Journal of Computational Coginition 4, 25-32 (2009). 

[64] Ghomashi A., Salahshour S., Hakimzadeh A. Approximating solutions of fully fuzzy 

linear systems: a financial case study. Journal of Intelligent & Fuzzy Systems:  

Applications in Engineering and Technology 26(1), 367-378 (2014). 

[65] Gong Z. T., Liu K.: The generalized LR-fuzzy numbers and its application in fully 

fuzzy linear systems. Journal of Computational Analysis and Applications 15(1), 133-141 

(2013). 

[66] Guo X., Shang D.: Approximate solution of fuzzy matrix equations with LR fuzzy 

numbers. Advances in Pure Mathematics 2, 373-378 (2012). 

[67] Gupta S. K., Dangar D.:  Duality in fuzzy quadratic programming with exponential 

membership functions. Fuzzy Information and Engineering 4, 327-336  (2010). 

[68] Gupta A., Kumar A., Kaur A.: Mehar’s method to find exact fuzzy optimal solution of 

unbalanced fully fuzzy multi-objective transportation problems. Optimization Letters 6, 

1737-1751 (2012). 

[69] Gupta A., Mehlawat M. K.: Bector- Chandra type duality in fuzzy linear 

programming with exponenstiol  membership functions. Fuzzy Sets and Systems 160, 

3290-3308 (2009).  

[70] Horcik R.: Solution of system of linear equations with fuzzy numbers. Fuzzy Sets and 

Systems 159, 1788-1810 (2006).  



   122 

 

[71] Jafari H., Saeidy M., Vahidi J.: The homotopy analysis method for soving fuzzy 

system of linear equations. International Journal of Fuzzy Systems 11, 308-313 (2009).   

[72] Jahantigh M. A., Khezerloo S., Hosseinzadeh A. A., Khezerloo M.: Solution of fuzzy 

linear systems using ranking function. International Journal of Applied  Operational 

Research 2, 67-75 (2012). 

[73] Jaikumar K., Sunantha S.: ST decomposition method for solving fully fuzzy linear 

systems. International Journal of Industrial Mathematics 5(4), 275-280 (2013). 

[74] Kauffmann A., Gupta M. M.: Introduction to Fuzzy Arithmetic: Theory and 

Applications, Van Nostrand Reinhold, New York (1985). 

[75] Kauffmann A., Gupta M. M.: Fuzzy mathematical models in engineering and 

management science.  Amsterdam Netherland, Elsevier (1988). 

[76] Klir G. J., Yuan B.: Fuzzy sets and fuzzy logic: theory and applications. Prentice-Hall, 

Inc., New Jercy, USA (1996). 

[77] Kumar A., Kaur J., Singh P.: A new method for solving fully fuzzy linear 

programming problems. Applied Mathematical Modelling 35, 817-823 (2011). 

[78] Lipschutz S.: Shaum’s Outline of Theory and problems of Linear Algebra, 3
rd

 edition, 

McGraw Hill Book Company, New York, (2005). 

[79] Liu H. K.: On the solution of fully fuzzy linear systems. World Academy of Sciences, 

Engineering and Technology I: Mathematical and Computational Science 4, 29-33 

(2010). 

[80] Liu K., Gong Z. T.: Numerical solution of fully fuzzy linear matrix equations. Journal 

of  Computational Analysis & Applications 15, 102-1035 (2013). 

[81] Lodwick W. A., Dubois D.: Interval linear systems as a necessary step in fuzzy linear 

systems. Fuzzy Sets and Systems 281, 227-251 (2015). 



   123 

 

[82] Majumdar S.: Numerical solutions of fuzzy complex system of linear 

equations. German Journal of Advanced Mathematical Sciences 1(1), 20-26 (2013). 

[83] Malkawi G., Ahmad N., Ibrahim H.: Solving fully fuzzy linear system with the 

necessary and sufficient condition to have a positive solution.  Applied Mathematics and 

Information Science 8, 1003-1019 (2014).  

[84] Malkawi G., Ahmad N., Ibrahim H.: On the weakness of linear programming to 

interpret the nature of solution of fully fuzzy linear system. Journal of Uncertainty 

Analysis and Applications 2(1), 1-23 (2014). 

[85] Malkawi G., Ahmad N., Ibrahim H.: An algorithm for a positive solution of arbitrary 

fully fuzzy linear system. Computational Mathematics and Modelling 26, 436-465 

(2015). 

[86] Malkawi G., Ahmad N., Ibrahim H., Albayari D. J.: A note on solving fully fuzzy 

linear systems by using implicit Gauss-Cholesky algorithm. Computational Mathematics 

and Modeling 26(4), 585-592 (2015). 

[87] Mashadi: A new method for dual fully fuzzy linear systems by use LU factorizations 

of the coefficient matrix. Journal of Mathematics and Science 15, 101-106 (2010).  

[88] Matinfar M., Nasseri S. H., Alemi M.: A new method for solving of rectangular fuzzy 

linear system of equations based on Greville’s algorithm. Applied Mathematical Sciences 

3, 75-84 (2009). 

[89] Ming M., Friedman M., Kandel A.: Duality in fuzzy linear systems. Fuzzy Sets and 

Systems 109, 55-58 (2000). 



   124 

 

[90] Mikaeilvand N.,  Allahviranloo T.: Solution of the fully fuzzy linear system. 

Proceeding International Conference on Boundary value Problem: Mathematical Model 

in Engineering, Biology and Medicine 1124, 234-243 (2009). 

[91] Mikaeilvand  N., Noeiaghdam Z.: The general solutions of     fuzzy linear 

systems. Middle- East Journal of Scientific Research 11, 128-133 (2012). 

[92] Ming M., Friedman M., Kandel A.: A new fuzzy arithmetic. Fuzzy Sets and Systems       

108, 83-90 (1999). 

[93] Ming M., Friedman M., Kandel A.: Duality in fuzzy linear systems. Fuzzy Sets and 

Systems 109, 55–58 (2000). 

[94] Mohanty B. K.: A preference structure on  efficient points in a multiple criteria 

decision making problem - a fuzzy approach. The Journal of Fuzzy  Mathematics 18, 903-

912 (2010). 

[95] Moloudzadeh S., Allahviranloo T., Darabi P.: A new method for solving an arbitrary 

fully fuzzy linear system. Soft Computing 17, 1725-1731 (2013). 

[96] Moore R.: Interval Arithmetic. Prentice-Hall, Englewood Cliffs, NJ, USA (1996). 

[97] Moore R. E.: Methods and Applications of Interval Analysis. SIAM Studies 2, 

Society for Industrial and Applied Mathematics, Philadel-phia, 1979. 

[98] Mosleh M.: Evaluation of fully fuzzy matrix equations by fuzzy neural 

network. Applied Mathematical Modelling 37(9), 6364-6376 (2013). 

[99] Mosleh M., Abbasbandy S., Otadi M.: Full fuzzy linear systems of the form    

           . Proceedings First Joint Congress on Fuzzy and Intelligent Systems 

(2007). 

[100] Mosleh M., Otadi M.: Regular splitting method for approximating linear system of      

fuzzy equations. Interntional Journal of Contemporary Mathematical Sciences 5, 263- 274 

(2010). 



   125 

 

[101] Mosleh M., Otadi M., Khanmirzaie A.: Decomposition method for solving fully fuzzy 

linear systems. Iranian Journal of Optimization 1, 188-198 (2009).  

[102] Muruganandam S.,  Razak A. K.: Matrix inversion method for solving fully fuzzy 

linear  systems with triangular fuzzy numbers. International Journal of Computer 

Applications 65, 9-11 (2013). 

[103] Muzzioli S., Reynaerts H.: Fuzzy linear systems of the form                

Fuzzy Sets and Systems 157, 939 – 951 (2006). 

[104] Muzzioli S., Reynaerts H.: Disciplines the solution of fuzzy linear systems by non-

linear programming: a financial application. European Journal of Operational Research 

177, 1218–1231 (2007).  

[105] Najafi H. S., Edalatpanah S. A., Shahabi S.: The mixed type splitting methods for 

solving fuzzy linear systems. Applied Computational Intelligence and Soft Computing          

2014, 1-7 (2014). 

[106] Nasseri S. H., Attari H.: Chebyshev acceleration technique for solving fuzzy linear 

system.  Iranian Journal of Optimization 1, 291-301 (2009). 

[107] Nasseri S. H., Behmanesh E., Sohrabi M.: A new method for system of fully fuzzy 

linear      equations based on a certain decomposition of its coefficient matrix. Annals of 

Fuzzy     Mathematics and Informatics  6, 135-140 (2013). 

[108] Nasseri S. H., Matinfar M., Kheiri Z.: Greville’s method for the fully fuzzy linear 

system of equations. Advances in Fuzzy Sets and Systems 4, 301-311 (2009). 

[109] Nasseri S. H., Sohrabi M.: Gram-Schmidt approach for linear system of equations 

with fuzzy parameters. The Journal of Mathematics and Computer Science 1, 80-89 

(2010). 



   126 

 

[110] Nasseri S. H., Sohrabi M., Ardil E.: Solving fully fuzzy linear systems by use of a        

certain decomposition of the coefficient matrix. International Journal of Computational 

and Mathematical Sciences 2, 140 142 (2008). 

[111] Nasseri S., Taleshian F., Behmanesh E., Sohrabi M., Babolsar I. R. A. N.: A Qr-

decomposition of the mean value matrix of the coefficient matrix for solving the fully 

fuzzy linear system. International Journal of Applied Mathematics 25, 473-480  (2012). 

[112] Nasseri S. H., Zahmatkesh F.: Huang method for solving fully fuzzy linear system of 

equations. The Journal of Mathematics and Computer Science 1, 1-5 (2010). 

[113] Otadi M., Mosleh M.: Simulation and evaluation of dual fully fuzzy linear systems        

by fuzzy neural network. Applied Mathematical Modelling 35, 5026-5039 (2011). 

[114] Otadi M., Mosleh M.: Solving fully fuzzy matrix equations. Applied Mathematical 

Modelling 36, 6114-6121 (2012). 

[115] Otadi M., Mosleh M., Abbasbandy S.: Numerical solution of 

fully fuzzy linear systems by fuzzy neural network. Soft Computing 

15, 1513–1522 (2011). 

[116] Panahi A., Allahviranloo T., Rouhparvar H.: Solving fuzzy linear systems of 

equations. Romai Journal 4, 207-214 (2008).  

[117] Radhakrishnan S., Gajivaradhan P.: A new approach to solve fully fuzzy linear 

system. International Journal of Mathematical Archive 5, 21-29 (2014).  

[118] Radhakrishnan S., Gajivaradhan P.: QR decomposition method for solving fully fuzzy 

linear systems with trapezoidal fuzzy numbers. International Journal of Mathematical 

Archive 4(12), 127-135 (2014). 

[119] Radhakrishnan S., Gajivaradhan P.: Solving fully fuzzy linear systems based on 

decomposition methods. International Journal of Mathematical Archive 5(5), 259-271 

(2014). 



   127 

 

[120] Rahgooy T., Yazdi H. S. and Monsefi R.: Fuzzy complex system of linear equations 

applied to circuit analysis. International Journal of Computer and Electrical Engineering 

1, 1793-8163 (2009). 

[121] Rakhshani R.: A novel method to solve fuzzy linear systems. Applied Mathematical 

Sciences 2, 47-55 (2008). 

[122] Rani D., Gulati T. R.: A new approach to solve unbalanced transportation problems in 

imprecise environment. Journal of Transportation Security 7, 277-287 (2014) 

[123] Rao S. S., Chen L.: Numerical solution of fuzzy linear equations in engineering 

analysis.  International Journal for Numerical Methods in Engineering 42, 829–846 

(1998). 

[124] Salahshour S.: Approximating solution of fully fuzzy linear systems in dual  

form. International Journal of Industrial Mathematics 5(1), 19-23 (2013). 

[125] Sanchez E.: Solutions of fuzzy equations with extended operations. Fuzzy Sets and 

Systems 12, 237-248 (1984). 

[126] Sedaghatfar O., Moloudzadeh S., Baradaran A.: A solution of dual fully fuzzy linear   

system of equations. Communications on Advanced Computational Science with 

Applications 2014, 1-9 (2014). 

[127] Selvaraj C., Shanmugapriyan S.: Solving fully fuzzy linear systems with trapezoidal 

fuzzy number matrices using moore-penrose generalised inverse. Elixir Applied  

Mathematics  55, 12924-12926  (2013). 

[128] Senthlikumar P., Rajendran G.: An algorithmic approach to solve fuzzy linear 

systems. Journal of Information and Computational Science 8, 503-510 (2011). 

http://onlinelibrary.wiley.com/doi/10.1002/(SICI)1097-0207(19981015)43:3%3C%3E1.0.CO;2-4/issuetoc


   128 

 

[129] Senthlikumar P., Rajendran G.: New approach to solve symmetric fully fuzzy linear 

systems. Sadhana 36, 933-940 (2011). 

[130] Singh S. K., Yadav S. P.: Modeling  and optimization of multi objective nonlinear 

programming problem in intuitionistic fuzzy environment. Applied Mathematical 

Modeling 39, 4617-4629 (2015). 

[131] Sun X., Guo S.: Solution to general fuzzy linear system and its necessary and 

sufficient condition. Fuzzy Information and Engineering 3, 317-327 (2009). 

[132] Taha H. A.: Operations Research: An Introduction. Prentice-Hall, New Jersey (2003). 

[133] Verma M., Kumar A., Singh Y., Abraham A.: Application of the weakest t-norm T-

based vague lambda-tau methodology for reliability analysis of gas turbine system. 

Journal of Intelligent and Fuzzy Systems 25, 907-918 (2013). 

[134] Verma A. K., Srividya A., Deka B. C.: Composite system reliability assessment using 

fuzzy linear programming. Electric Power Systems Research 73, 143-149 (2005). 

[135] Vijayalakshmi V., Sattanathan R.: ST decomposition method for solving fully fuzzy        

linear systems using Gauss Jordan for trapezoidal fuzzy matrices. International 

Mathematical Forum 6, 2245-2254 (2011). 

[136] Vroman A., Deschrijver G., Kerre E. E.: A solution for systems of linear fuzzy 

equations in spite of the non-existence of a field of fuzzy numbers. International Journal 

of Uncertainty, Fuzziness and Knowledge-Based Systems 13, 321 – 335 (2005). 

[137] Vroman A., Deschrijver G., Kerre E. E.: Solving systems of linear fuzzy equations by 

parametric functions—an improved algorithm.  Fuzzy Sets and Systems 158, 1515–1534 

(2007). 

[138] Vroman A., Deschrijver G., Kerre E. E.: Solving systems of linear fuzzy equations by 

parametric functions.  IEEE Transactions on Fuzzy Systems 15, 370–384 (2007). 



   129 

 

[139] Wang K. and Zheng B.: In consistent fuzzy linear systems. Applied Mathematics and 

Computation 181, 937-981 (2006). 

[140] Wang X., Zhong Z., Ha M.: Iteration algorithms for solving a system of fuzzy linear 

equations. Fuzzy Sets and Systems 119, 121-128 (2001). 

[141] Yin J. F., Wang K.: Splitting iterative methods for fuzzy system of linear equations.      

Computational Mathematics and Modeling 20, 326– 335 (2009). 

[142] Zadeh L. A.: Fuzzy sets. Information and Control 8, 338–353 (1965). 

[143] Zheng B., Wang K.: General fuzzy linear systems. Applied Mathematics and 

Computation 181, 1276-1286 (2006). 

[144] Zimmermann H. J.: Fuzzy Sets Theory and its Applications. Fourth Edition, Kluwer 

Academic Publisher, Dordrecht, (2001). 

 

 

 


