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Abstract

In this thesis the limitations of existing methods for solving fully fuzzy linear system, dual
fully fuzzy linear system and dual fully fuzzy matrix equation are pointed out. Also, to
overcome the limitations of the existing methods, new methods are proposed to find the
solution of fully fuzzy linear system, dual fully fuzzy linear system and dual fully fuzzy
matrix equation.

The thesis comprises seven chapters. A brief outline of the chapters is as follows:
Chapter 1 Introduction

Chapter 1 is introductory in nature. In this chapter, a brief review of the work done in
the literature for solving fully fuzzy linear system, dual fully fuzzy linear system and dual

fully fuzzy matrix equations is presented.

Chapter 2 Mehar method-1 for solving fully fuzzy linear system with

unrestricted fuzzy coefficients

Dehgan et al. [49] pointed that there is no method in the literature to find the solution
of fully fuzzy linear system and proposed some methods to find the solution of such fully
fuzzy linear system in which all elements of the coefficient matrix and unknown vector are
represented by non-negative triangular fuzzy numbers. After that a lot of researchers have
proposed several direct and iterative methods for solving the same type of fully fuzzy linear
system. In this chapter, limitations of these existing methods are pointed out. Also, to
overcome these limitations, a new method (named as Mehar method-1) is proposed. The

proposed Mehar method-1 is illustrated by numerical examples.

Vi



Chapter 3 Mehar method-Il for solving fully fuzzy linear system with

unrestricted fuzzy variables

The methods, proposed in Chapter 2, can be used to find the solution of such fully
fuzzy linear system in which the elements of the coefficient matrix and right hand side vector
are represented by unrestricted triangular fuzzy numbers whereas all the elements of the
unknown vector are represented by non-negative triangular fuzzy numbers. However, the
method, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear
system in which elements of coefficient matrix are represented by non-negative triangular
fuzzy numbers whereas all the elements of unknown vector and right hand side vector are
represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named
as Mehar method-Il) is proposed to find the solution of same type of fully fuzzy linear
system. The proposed Mehar method-II is illustrated with the help of some numerical

examples.

Chapter 4 Mehar method-111 for solving fully fuzzy linear system with

unrestricted fuzzy coefficients and unrestricted fuzzy variables

In the methods, proposed in previous chapters, either the elements of coefficient
matrix and elements of right hand side vector or elements of unknown vector are assumed as
non-negative triangular fuzzy numbers. However, in the real life problems there is need to
find the solution of fully fuzzy linear system without any restriction on these elements. To
overcome the limitations of the existing methods and the methods proposed in previous
chapters, in this chapter, a new method (named as Mehar method-111) is proposed to find the
solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand

side vector as well as the elements of unknown vector are represented by unrestricted

vii



triangular fuzzy numbers. The proposed Mehar method-1I1 is illustrated by numerical

examples.

Chapter 5 Mehar method-1V for solving dual fully fuzzy linear system with

unrestricted fuzzy coefficients and unrestricted fuzzy variables

In this chapter, limitations of the existing methods for solving dual fully fuzzy linear
system are pointed out. Also, to overcome these limitations, a new method (named as Mehar
method-1V) is proposed to find the solution of such dual fully fuzzy linear system in which
all the elements of all the matrices and elements of unknown vector are represented by
unrestricted triangular fuzzy numbers. The proposed Mehar method-1V is illustrated by

numerical examples.

Chapter 6 Mehar method-V for solving dual fully fuzzy matrix equation

with unrestricted fuzzy coefficient and unrestricted fuzzy variables

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully
fuzzy matrix equations and proposed a method to find the solution of such fully fuzzy matrix
equations in which all the elements of unknown matrix are represented by non-negative
triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix
are represented by unrestricted triangular fuzzy numbers. On the same direction, in this
chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix
equations and a new method (named as Mehar method-V) is proposed to find the solution of
such dual fully fuzzy matrix equation in which all the elements of all the matrices are
represented by unrestricted trapezoidal fuzzy numbers. The proposed Mehar method-V is

illustrated by numerical examples.
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Chapter 7 Future Scope

Finally, in this Chapter, based on the presented study future work has been suggested
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Chapter 1

Introduction

System of simultaneous linear equations is one of the important field of applied
mathematics that has many applications in various area of science and engineering. Some of
the areas in which system of simultaneous linear equations play a major role are operational
research, physics, statistics, economics, biological sciences, chemical engineering processes,
power system networks etc.

In general a system of simultaneous linear equations is represented as AX = b, where
A = [a;j]mxn is called as coefficient matrix, X = [x;],x1 is called as unknown vector and
b = [b;]mx1 is called as right hand side vector. The same system may also be written as
Yitiaix; =b;,Vi=12,..,m.

To find the solution {x;} of the system of linear equations i, a;jx; = b;, Vi =
1,2,...,m, the values of a;; and b; are either collected from experts or measured through
experiments. If the values of a;; and / or b; are imprecise and only some vague knowledge
about these values is available then it is better to represent a;; and / or b; as fuzzy numbers
[141] instead of real numbers.

A system of linear equation in which a;; and b; are represented by fuzzy numbers
whereas x; is represented by real number or x; and b; are represented by fuzzy numbers
whereas a;; is represented by a real number is known as fuzzy linear system. While, a system
of linear equations in which all a;;, b; and x; are represented by fuzzy numbers is known as

fully fuzzy linear system.



Further, a system of linear equation }I,a;jx; +b; = X% cijx; +d;, Vi=

1,2,..,m, in which a;;, b;,c;j,d; and x; are real numbers, can be easily transformed into

ij»

izy(ajj—cij)x; = d; — b;, Vi=1,2,..,m. However it is not possible for the same type of
fuzzy linear system and fully fuzzy linear system as on subtracting a fuzzy number from itself
the obtained fuzzy number is not zero fuzzy number.

A system of linear equation AX + b = Cx +d i.e, X a;x; + b; = X%, ;% + d;,
Vi=12,..,m, in which a;;,b;,c;j;,d; and x; are all represented by fuzzy numbers are
known as dual fully fuzzy linear system.

To find the solution of a fully fuzzy linear system and dual fully fuzzy linear systems,
firstly it is transformed into crisp system of linear equations and then using the crisp solution
of transformed crisp system of linear equations, the fuzzy solution of fully fuzzy linear
system and dual fully fuzzy linear system is obtained.

The existing methods for solving fully fuzzy linear system and dual fully fuzzy linear
system on the basis of types of fuzzy numbers and the methods, used for solving the crisp
system of linear equations obtained from fully fuzzy linear system / dual fully fuzzy linear
systems, can be classified as follows:

(1) Existing methods for solving such fully fuzzy linear systems in which all the
elements of coefficients matrix, unknown vector and right hand vectors are
represented by non-negative triangular fuzzy numbers / trapezoidal fuzzy numbers
and direct methods are used to find the solution of transformed crisp system of
linear equations.

(2) Existing methods for solving such fully fuzzy linear systems in which all the
elements of coefficients matrix, unknown vector and right hand vectors are

represented by non-negative triangular fuzzy numbers / trapezoidal fuzzy numbers



and iterative methods are used to find the solution of transformed crisp system of

linear equations.

(3) Existing methods for solving such dual fully fuzzy linear systems in which all the
elements of coefficients matrix, unknown vector and right hand vectors are
represented by non-negative triangular / trapezoidal fuzzy numbers and direct /
iterative methods are used to find the solution of transformed crisp system of
linear equations.

A good brief review of all these existing methods is recently published by Daud et
al. [46]. Since, the paper, published by Daud et al. [46] is easily available. So, the same is
not presented in this thesis.

After a deep study of the existing methods for solving fully fuzzy linear system and dual
fully fuzzy linear system, it was found that there was no method in the literature to find the
solution of following fully fuzzy linear system / dual fully fuzzy linear system.

Q) Fully fuzzy linear system / dual fully fuzzy linear system in which
elements of coefficient matrix and right hand side vector are represented
by unrestricted triangular fuzzy numbers whereas elements of unknown
vector are represented by non-negative triangular fuzzy numbers and vice-
versa.

(i) Fully fuzzy linear system / dual fully fuzzy linear system in which
elements of coefficient matrix, right hand side vector and unknown vector
are represented by unrestricted triangular fuzzy numbers.

To fill this gap, the research work was started to find the solution of such fully fuzzy

linear system in which elements of coefficient matrix and right hand side vector are
represented by unrestricted triangular fuzzy numbers whereas the elements of unknown

vector are represented by non-negative triangular fuzzy numbers. After successful completion



of the same, a new method is proposed to find the solution of such fully fuzzy linear system
in which elements of the coefficient matrix are represented by non-negative triangular fuzzy
number where as elements of unknown vector and right hand side vector is represented by
unrestricted triangular fuzzy number. Finally, new methods are proposed to find the solutions
of such fully fuzzy linear system / dual fully fuzzy linear system / dual fully fuzzy matrix
equation in which all the elements of coefficients matrix, right hand side vector and unknown

vector are represented by unrestricted triangular / trapezoidal fuzzy numbers.

The Chapter wise summary of the thesis is as follows

Chapter 2 Mehar method-1 for solving fully fuzzy linear system with

unrestricted fuzzy coefficients

Dehgan et al. [49] pointed that there is no method in the literature to find the solution
of fully fuzzy linear system and proposed some methods to find the solution of such fully
fuzzy linear system in which all elements of the coefficient matrix and unknown vector are
represented by non-negative triangular fuzzy numbers. After that a lot of researchers have
proposed several direct and iterative methods for solving the same type of fully fuzzy linear
system. In this chapter, limitations of these existing methods are pointed out. Also, to
overcome these limitations, a new method (named as Mehar method-1) is proposed. The

proposed Mehar method-1 is illustrated by numerical examples.

Chapter 3 Mehar method-Il for solving fully fuzzy linear system with

unrestricted fuzzy variables

The methods, proposed in Chapter 2, can be used to find the solution of such fully
fuzzy linear system in which the elements of the coefficient matrix and right hand side vector

are represented by unrestricted triangular fuzzy numbers whereas all the elements of the

4



unknown vector are represented by non-negative triangular fuzzy numbers. However, the
method, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear
system in which elements of coefficient matrix are represented by non-negative triangular
fuzzy numbers whereas all the elements of unknown vector and right hand side vector are
represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named
as Mehar method-11) is proposed to find the solution of same type of fully fuzzy linear
system. The proposed Mehar method-Il is illustrated with the help of some numerical

examples.

Chapter 4 Mehar method-111 for solving fully fuzzy linear system with

unrestricted fuzzy coefficients and unrestricted fuzzy variables

In the methods, proposed in previous chapters, either the elements of coefficient
matrix and elements of right hand side vector or elements of unknown vector are assumed as
non-negative triangular fuzzy numbers. However, in the real life problems there is need to
find the solution of fully fuzzy linear system without any restriction on these elements. To
overcome the limitations of the existing methods and the methods proposed in previous
chapters, in this chapter, a new method (named as Mehar method-I11) is proposed to find the
solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand
side vector as well as the elements of unknown vector are represented by unrestricted
triangular fuzzy numbers. The proposed Mehar method-I1l is illustrated by numerical

examples.

Chapter 5 Mehar method-1V for solving dual fully fuzzy linear system with

unrestricted fuzzy coefficients and unrestricted fuzzy variables



In this chapter, limitations of the existing methods for solving dual fully fuzzy linear
system are pointed out. Also, to overcome these limitations, a new method (named as Mehar
method-1V) is proposed to find the solution of such dual fully fuzzy linear system in which
all the elements of all the matrices and elements of unknown vector are represented by
unrestricted triangular fuzzy numbers. The proposed Mehar method-1V is illustrated by

numerical examples.

Chapter 6 Mehar method-V for solving dual fully fuzzy matrix equation

with unrestricted fuzzy coefficient and unrestricted fuzzy variables

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully
fuzzy matrix equations and proposed a method to find the solution of such fully fuzzy matrix
equations in which all the elements of unknown matrix are represented by non-negative
triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix
are represented by unrestricted triangular fuzzy numbers. On the same direction, in this
chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix
equations and a new method (named as Mehar method-V) is proposed to find the solution of
such dual fully fuzzy matrix equation in which all the elements of all the matrices are
represented by unrestricted trapezoidal fuzzy numbers. The proposed Mehar method-V is

illustrated by numerical examples.
Chapter 7 Future Scope

Finally, in this Chapter, based on the presented study future work has been suggested



Chapter 2

Mehar method-1 for solving fully fuzzy linear

system with unrestricted coefficients®

Dehgan et al. [49] pointed that there is no method in the literature to find the solution
of fully fuzzy linear system and proposed some methods to find the solution of such fully
fuzzy linear system in which all elements of the coefficient matrix and unknown vector are
represented by non-negative triangular fuzzy numbers. After that a lot of researchers have
proposed several direct and iterative methods for solving the same type of fully fuzzy linear
system. In this chapter, limitations of these existing methods are pointed out. Also, to
overcome these limitations, a new method (named as Mehar method-1) is proposed. The

proposed Mehar method-I is illustrated by numerical examples.
2.1. Preliminaries

In this section, some basic definitions related to fuzzy numbers as well as arithmetic

operations of triangular fuzzy numbers are presented [53].
2.1.1. Basic definitions
In this section, some basic definitions related to fuzzy numbers are presented.

Definition 2.1. Let X denote a universal set. Then the fuzzy subset 4 of X is defined by its

membership function uz : X — [0,1] which assigns a real number p;(x) in the interval [0,1],

' Some part of this chapter is published in Soft Computing 17 (2013) 69-702 and remaining part is published in

International Journal of Applied Mathematics and Computation 3 (2011) 232-237.



to each element x € X, where the value of uj; (x) at x shows the grade of membership of x
in A.

Definition 2.2. A fuzzy set 4, defined on the universal set of real number R, is said to be a
fuzzy number if its membership function has the following characteristics:

(i) A is convex i.e., pz(Ax; + (1 — A)xz) = minimum (pz(ey), uz(x2)) V¥ x1x, ERVAE
[0,1].

(i) A is normal i.e., 3 x, € R such that uz(x,) = 1.

(iii) uz is piecewise continuous.

Definition 2.3. A fuzzy number 4 = (m, a, ) is said to be a triangular fuzzy number if its

membership function is given by

( m-—x
| 1-— p m—as<x<m,a>0
_ — xX—m
”A(x)_{l— 5 m<x<m+p,5>0
kO otherwise

Definition 2.4. A triangular fuzzy number M = (m, a, B) is said to be non-negative (positive)

triangular fuzzy number i.e., M >0 (M > 0) ifand only if m —a > 0 (m — a > 0).

Definition 2.5. A triangular fuzzy number M = (m, a, B) is said to be non-positive (negative)

triangular fuzzy number i.e., M < 0(M < 0) ifand only if m + 8 < 0 (m+ B < 0).

Definition 2.6. A triangular fuzzy number M = (m, a, 8) is said to be zero triangular fuzzy

number i.e., M = 0 ifm = 0,a = 0 and 8 = 0. A zero triangular fuzzy number is denoted by

(0,0,0).



Definition 2.7. A fuzzy number M called a “Near Zero” fuzzy number if it is neither positive,
nor negative and not even zero i.e., a triangular fuzzy number M = (m,a,8) = 0 is Near

zero ifand only if m —a < 0 < m + B. It is denoted by M = 0.

For example (1,2,1) is a “near zero” fuzzy number as it is neither positive, nor negative and

not even zero.

Definition 2.8. A triangular fuzzy number M = (m, a, ) is said to be unrestricted triangular

fuzzy number if and only if m — «a is a real number.

Definition 2.9. Two fuzzy numbers M = (m, a,8) and N = (n,y, §) are said to be equal if

andonlyif m=n,a =yand g =6.

Definition 2.10 A matrix 4 = (&;;) is called a fully fuzzy matrix, if each element of 4 is a
fuzzy number. A will be positive (negative) and denoted by 4 > 0 (4 < 0) if each element of
A be positive (negative). A will be non-positive (non-negative) and denoted by 4 <0
(A > 0) if each element of 4 is non-positive (non-negative). We may represent n x m fuzzy

matriXA = (dij)nxm’ where dl] = (aij, bij’ Cij) and aij, bij' Cij € R.

Definition 2.11. Let 4 = (d;;) and B = (b;;) be two m x n and n X p fuzzy matrices. We

define AQ®B which is the mxp matrix C=(¢)  where

n

61']' = Zdl’k ® Ek] Vi= 1,2, ...,m;j = 1,2, e, P
k=1

2.1.2. Arithmetic operations

In this section, some arithmetic operations between triangular fuzzy numbers are

presented. For two triangular fuzzy numbers ¥ = (m,a, ) and N = (n,y,6) the formula



for extended addition, extended subtraction and extended multiplication are summarized as

follows:

(i)  Addition

(ma,pB) & (n,y,6) =(m+na+y,L+9)
also
_M = - (m'a'ﬁ) = (—m,ﬁ,a)

(i)  Subtraction

MOEN=map)O ny,d)=(m-na+dB+Y)

(i) Multiplication The approximate formulas for the extended multiplication of two
triangular fuzzy numbers can be summarized as follows:

If M > 0 and N > 0 and when spreads are negligible then
(ma,B) Q (n,y,6) = (mn,my + na,mé + np)
If M < 0and N > 0 and when spreads are negligible then
(ma,pB)Q (nyd) = (mnna —ms,nf —my)
If M > 0 and N > 0 and when spreads are not negligible then
(ma,B)Q (ny,d) = (mnmy+na—ay,mé+np + B6)
If M < 0 and N > 0 and when spreads are not negligible then
(ma,B) Q (n,y,6) = (mn,na —mé + ad,nf —my — By)

In general for two triangular fuzzy M, N the extended multiplication operation is

defined as follows:

10



M= (m,a,f)and N = (n,y,8) as:

C(mfif) if (maf) =0
M ®N = (mn'f3'f4-) lf (m,a,,[?) <0
(mn,fs,fe) (ma,B)=0

fi = mn—min((m — &)(n —y),(m + ) (n — ),
fo = max((m — a)(n + 8),(m + B)(n + 6)) — mn
fs =mn—min((m—a)(n+6),(m+ p)(n+96))
fa = max((m - a)(n—y),(m+ B)(n—y)) —mn
fs = mn —min((m — a)(n +8),(m+ ) (n—))
fo = max((m — a)(n—y),(m + B)(n + 8)) — mn

pinte ) = (£2) - 2 maxte) = (2) 2]

(iv) Scalar multiplication

_ ((am, Aa,APB), 420
AQ (ma,p) _{(Am’_/lﬁ,_/la), A<0

2.2. Limitations of existing methods

The existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63, 64, 72,
76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134] can be
used only to find the solution of fully fuzzy linear system ¥7_; @;; ® %; = by Vi=1.2,..,n
where a;; = (my;, aij,Bij), % = (x;,¥;,2),b; = (b, gi, h;) are non-negative triangular

fuzzy numbers.

11



However, none of these existing methods can be used to find the solution of the following

fully fuzzy linear system.

Fully fuzzy linear system Y7_,d; ® % =b; Vi=12..,n, where % = (x;,y;,) is
non-negative triangular fuzzy number and a;; = (mij,aij;,gij), b; = (b;, gi, h;) are
unrestricted triangular fuzzy numbers. For example the following fully fuzzy linear systems,

chosen in Example 2.1, Example 2.2 cannot be solved by any of the above mentioned

existing methods.

Example 2.1.
(4,6,1) Q (x1,v1,21) B (4,2,4) Q (x2,V2,2,) = (24,26,21)
(3,21 Q (x1,y1,21) D (23,1) Q (x3,¥2,2,) = (14,18,13)
(xX1,¥1,21) 2 0,(x2,¥2,22) = 0.
Example 2.2.

(_1!2!3) ® (xlﬂylle) @ (2:3:2) ® (le }’2,22) = (3'18'17)
(_4!1!10) ® (xl: ylle) @ (_1:1;2) ® (le }’2,22) = (_6'20'33)

(x1,¥1,21) 2 0 ,(X2,¥2,22) = 0.

2.3. Proposed Mehar method-I

In this section, to overcome the limitations of the existing methods discussed in Section
2.2., anew method (named as Mehar method-1) is proposed to find the solution of fully fuzzy
linear system »7_; d;; ® %; = b; Vi=1,2,...,n, where X; is non-negative triangular fuzzy

numbers and a;;, b; are unrestricted triangular fuzzy numbers.

The steps of the proposed Mehar method-1 are as follows:
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Step 1. Assuming d;; = (myj, aij, Bij), % = (x,¥;,2;) and b; = (b;, g;, hy), the fully fuzzy
linear system ¥, d;; ® X; = b; Vi=1,2,..,n, can be transformed into the following
fully fuzzy linear system.

n
Z(mij, aijhgij) ® (xj»Yj»Zj) = (bi'gi' hl) Vi = 1,2, e, L

Jj=1

Step 2. Assuming (m;;, a;;, Bij) ® (%, ¥j.2)) = (fij, pij» 4ij). the fully fuzzy linear system,

obtained in Step 1, can be transformed into the following fully fuzzy linear system.
n
Z(fu,pu, ql]) = (bi'gi' hl) Vi = 1,2, e, N
j=1

Step 3. Using arithmetic operations

Zn:(mj»aj»ﬁj) = Zn: m; Zn: aj riﬁj
=t : : :

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully

fuzzy linear system.

n

n n
Zfij»zpij:Z qij | = (b gihy) Vi=12,..,n
=1 =

Jj=1

Step 4. Using the relation (mq, @y, B1) = (my, a3, By) = My = my, @ = ay, B = B, the
fully fuzzy linear system, obtained in Step 3, can be transformed into crisp system of linear

equations.
n
Zfl] :bi Vi = 1,2, v, n
j=1

13



Step 5. Use any appropriate existing method to find the solution {x;,y;,z;} of the crisp

system of linear equations obtained in Step 4.

Step 6. Using the solution {xj,yj,zj}, obtained in Step 5, the fuzzy solution of fully fuzzy
linear system is (x;, y;, z; ).
2.4. Solution of chosen fully fuzzy linear systems

In Section 2.2, some fully fuzzy linear systems are chosen which cannot be solved by
the existing methods. In this section, the solution of these chosen fully fuzzy linear system

are obtained by using the Mehar method-1 as proposed in Section 2.3.
2.4.1. Solution of fully fuzzy linear system chosen in Example 2.1

Using the Mehar method-I, proposed in Section 2.3., the solution of fully fuzzy linear

system, chosen in Example 2.1., can be obtained as follows.

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-
negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system,

chosen in Example 2.1, can be transformed into the following fully fuzzy linear system.
(4x1,4x1 —mi n(—Z(x1 — y1),—2(x, + zl)),max (S(x1 — ¥1),50 + zl)) - 4x1) @

(4x2,4x2 — min(Z(xz — ¥2),2(x, + zz)),max (8(x2 — ¥5),8(x, + zz)) — 4x2)

= (24,26,21)
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(3x1, 3%, —min((xy — y1), (x1 + 1)), max (4(x; — ¥1),4(x; + 21)) — 3%,) D

(sz; 2x; — min(—l(xz — ¥2),—1(x; + Zz)),max (4(x2 — ¥2),4(x, + Zz)) - 2x2)
= (14,18,13)
2

Step 2. Using the relation min(x,y) = (HTY) -

x=y _ (x+y x=y
T| max(x,y) = ( ) + |T| the fully
fuzzy linear system, obtained in Step 1, can be transformed into the following fully fuzzy

linear system.

—2x1 + 2y, — 2x1 — 274 —2x1 + 2y, +2x1 + 224
o = () -

)
)

2%, — 2y, + 2x, + 2z 2x, — 2y, — 2x, — 2Z
@<4x2,4x2—<< 2 Y2 2 2>_| 2 B 2 2

5x; — 5y; + 5x1 + 574 5x; — 5y; — 5x; — 5z
(=) P

2 2

)

—4x2> = (24,26,21)

X1 —=Y1+tx1+7; X1 —=YV1— X1 — 7,
3x1r3x1_ 2 _| 2 | )

4x; —4y; +4x1 + 42, 4x, — 4y, —4x; — 4274
( : )+| 2

)=

Xt Y, — X —Z X+ Yy, +x,+ 2z
@<2xz,2xz—<( 2T Y2 2 2)_| 2 T Y2 2 2

2 2

)
)=

4x2 - 4y2 + 4-x2 + 4'22 4x2 - 4y2 - 4-x2 - 4'22
()

= (14,18,13)

Step 3. Since x4, y1, 21, X2, V2, 2, = 0 so fully fuzzy linear system, obtained in Step 2, can be

transformed into the following fully fuzzy linear system.
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(4xq, 4%, + 2(x; + 21),50x1 + z1) — 4x1) D (4x5, 4%, — 2(x5 — ¥5),8(x, + z,) — 4x,)

= (24,26,21)

(3x4,3x; — (x; — y1),4(x; + 21) — 3x1) D (2xy, 2x, + 2(xy + 2,),3(x, + 2,) — 2x5)

= (14,18,13)

which can be further written as

(4xq,6x1 + 221, %1 + 521) D (4xy, 2%, + 2y,,4x, + 8 2,) = (24,26,21)

(3x1,2x1 +y1,x1 +42;) @ (2x5,4x, + 225, x, + 32,) = (14,18,13)

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully

fuzzy linear system.

(4x1 + 4‘x2 ) 6x1 + 2Z1 + ZXZ + Zyz, X1 + 521 + 4‘X2 + 8 Zz) = (24,26,21)

(3x1 + 2x2, 2x1 + V1 + 4‘X2 + ZZZ, X1 + 4‘Z1 + Xy + 3Z2) = (14,18,13)

Step 5. Using the relation (mq, a4, B1) = (ny, a3, 2) = my = my, @ = a3, 1 = Ba,

the fully fuzzy linear system can be transformed into the following crisp system of linear

equations.

4x1 + 4x2 = 24‘

3x1 + sz = 14‘

6x1 + 2Z1 + 2x2 + 2y2 =26

le + V1 + 4‘x2 + 2Z2=18

x1+521+4x2+8Z2=21
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x1+421+x2+322=13

Step 6. The solution of crisp system linear system of equations, obtained in Step 5, is as

follows.
xl = 2,y1 ES 1,Z1 ES 1,x2 == 4‘,y2 == Z,Zz == 1

Step 7 Putting the Va|UeS Of xl,yl,Zl,xZ,yz,Zz in fl = (xl,yl,Zl) and fz = (xZ,yz, Zz),

the fuzzy solution of chosen fully fuzzy linear system is
% =(2,1,1)and ¥, = (4,2,1).
2.4.2. Solution of fully fuzzy linear system chosen in Example 2.2.

Using the Mehar method-I, proposed in Section 2.3., the solution of fully fuzzy linear

system, chosen in Example 2.2., can be obtained as follows.

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-
negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system,

chosen in Example 2.3 can be transformed into the following fully fuzzy linear system.
(_xp —X; —mi n(—3(x1 — y1),—3(x; + Z1)) ,max (2(x1 — ¥1),2(x; + Z1)) + X1) S)

(sz, 2x, — min(—l(xz — ¥2),—1(x, + Zz)),max (4(x2 — ¥2),4(x, + ZZ)) — 2x2)

= (3,18,17)

(—4x1, —4x; —mi n(—5(x1 — y1), =50 + Zl)),max (6(x1 — y1),6(x; + zl)) + 4x1)

@

(_xz’ —Xp — min(—Z(xz = ¥2),—2(x; + Zz)) ,max ((xz — ¥2), (xp + Zz)) + xz)

= (—6,20,33)
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Step 2. Using the relation min(x,y) = (%)— |%|,max(x,y) = (“Ty)+ %| the

fully fuzzy linear system, obtained in Step 1, can be transformed into the following fully

fuzzy linear system.

—3x1 + 3y1 - 3x1 - 3Z1 _3x1 + 3y1 + 3x1 + 3Z1
T ( 2 ) B ’ 2

)
)

Xt Y, — Xy —Z Xy + Y+ X+ 2z
€B<2x2,2x2_<( 2T Y2 2 2)_‘ 2 T Y2 2 2

2xqy — 2y + 2x, + 224 2x1 — 2y — 2x1 — 224
=)

2 2

)
)=

)
)+

4x, — 4y, + 4x, + 4z, 4x, — 4y, —4x, — 4z,
e A

= (3,18,17)

—5x; + 5y, —5x; — 574 —5x4 + 5y + 5x; + 524
(B

6x; — 6y, + 6x1 + 624 6x, — 6y, — 6x1 — 624
Al p

@ <—x2, —X2

((—sz + 2y, — 2x, — 222> |—2x2 + 2y, + 2x, + 22,
2 2

)

X, —V, +x,+ 2 Xo = Y2 —Xp—Z
<( 2 }’22 2 2)+| 2 }’22 2 2|>+x2>=(—6,20,33)

Step 3. Since x4, y1, 21, X2, V2, 22 = 0 so fully fuzzy linear system, obtained in Step 2, can be

transformed into the following fully fuzzy linear system.

((_xp —x1 +3(x; +21),2(x; + ;) + x1)) D (2x3,2x, + (X + 23),4(x; + 23) — 2x3)

= (3,18,17)
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((—4x1, —4x; +5(x; +21),6(x; +27) + 4x1))

D (—x5,—x3 +2(x3 + 23), (x3 + 25) + x3) = (—6,20,33)
which can be further written as
(—x1,2x1 + 321, 3x1 + 22¢) @ (2x3,3x, + 25, 2x, + 42z,) = (3,18,17)
(—4xq,x1 + 521,10x; + 621) @ (—x4, x5 + 224, 2%, + 2z,) = (—6,20,33)

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully

fuzzy linear system.
(—x1 + 2x2 B 2x1 + 321 + 3x2 + Zy, 3X1 + 2Z1 + 2x2 + 4‘Z2) = (3,18,17)
(_4x1 - xz,xl + 521 + xz + 222, 10x1 + 621 + 2x2 + Zz) = (_6,20,33)

Step 5. Using the relation (mq, a1, B1) = (my,a,, B,) = my = m,, a; = a,, B = B,, the
fully fuzzy linear system can be transformed into the following crisp system of linear

equations.
—x1 +2x, =3
—4x; —x, = —6
2xq +3x, +3z; + 2z, =18
Xy + x5 + 52, + 22, = 20
3%+ 2x, + 221 + 4z, =17
10x; + 2x, + 621 + z, = 33

Step 6. The solution of crisp system of linear system of equations obtained in Step 5, is
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x;=1,x,=2,andz; =3,z, = 1.

Step 7. Further, this fully fuzzy linear system has infinite feasible solutions which may be

represented as follows
Xx={x=00,a73);%, = (2,8,1)|a€[0,1], e [0,2]}.

2.5. Need of linear programming method to solve the crisp system of linear equations

obtained from fully fuzzy linear system

It obvious from Step 6, of the method proposed in Section 2.3., that the fuzzy solution
(xj,yj,z;) of the fully fuzzy linear system will be obtained with the help of crisp solution

{xj,yj, z;} of the crisp system of linear equations obtained in Step 5.

Since, in the fully fuzzy linear system (xj,yj,zj) is representing a non-negative
triangular fuzzy number. So, for the solution {x;,y;,z;} of crisp system of linear equations
obtained in Step 4, the conditions x; —y; = 0 and y; = 0, z; = 0 should always be satisfied.
i.e., there is need to solve the crisp system of linear equations, obtained in Step 4 of the
proposed method with the restrictions x; —y; > 0 and y; = 0,z; = 0. The only way to solve
the crisp system of linear equations, obtained in Step 4 of the proposed method with the

restrictions x; —y; = 0 and y; = 0,z; = 0, is linear programming method.

The solution of the crisp system of linear equations, obtained in Step 4, of the
proposed method with the restrictions, can be obtained by solving following linear

programming problem:

=1

m m m
Minimize Z = ZZi + ZZ{ + ZZ{’
i=1 i=1

subject to
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n
Zf"f +Z, =b;Vi=12,....m
j=1

n
Zm,- +Zi=giVi=12,..,m
j=1

n
ZQU+Z{’ =h’l Vizlyzy""m
j=i

X —y;20Vj=12,.,m

2,2,z 20Vj=12,..,m.

Remark 2.1. The fully fuzzy linear system will be consistent i.e., solution of fully fuzzy
linear system will exist if and only if the linear programming problem is consistent. Further,
the necessary condition for the above linear programming problem to generate a feasible
solution (if it is consistent) is that the value of the objective function Z = 0 otherwise the

solution will be termed as an infeasible solution.

Remark 2.2. The nature of the solutions of the fully fuzzy linear system depends upon the
nature of the solutions of the linear programming which may be unique, trivial or infinitely
many i.e., the fully fuzzy linear system may yield no solution, unique solution or infinitely

many solutions depending upon the nature of the linear programming problem.
Example 2.3. Solve the following fully fuzzy linear system by the proposed method
(3,51)x, & (5,1,1)x, ® (—4,1,2)%; = (10,20,26)
(2,1,1)x, & (3,1,1)x, @ (2,0,2)%; = (24,9,21)

(-2,1,1)%; & (—4,03)%, ® (4,2,1)%3 = (—4,19,19)
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where X, = (x1,¥1,21), %, = (X2,¥2,22), %3 = (X3,¥3,23) = 0

Solution: Using the proposed method, the solution of fully fuzzy linear system, chosen in

Example 2.3, can be obtained as follows:

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-
negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system,

chosen in Example 2.3 can be transformed into the following fully fuzzy linear system:
(3x1,3x% —min(=2(x; — y1), —2(x1 + 21)),max (4(x; — ¥1),4(x; +21)) — 3%,) D
(5x2, S5x; — min(4(x2 — ¥2),4(0x; + Zz)),max (6(x2 — ¥2),6(x; + Zz)) - 5x2) D

(—4x3, —4x5 — min(—S(x3 — vy3),—5(x; + Z3)) ,max (—2(x3 — y3),—2(x3 + 23))

— 4x3) = (10,20,26)
(le, 2x; —mi n((x1 — y1), (g + Zl)),max (3(x1 — v1),3(x; + zl)) - le) [as)
(3x2, 3x, — min(Z(xZ — y,),2(x, + Zz)) ,max (4(x2 — y,),4(x, + ZZ)) - 3x2) )

(2x3,2x5 — min(2(x3 — ¥3),2(x5 + 23)), max (4(x3 — y3), 4(x3 + z3)) — 2x3)

= (24,9,21)

(—le, —2x — min(—3(x1 — y1),—3(x; + zl)) , max (—1(x1 — y1),—1(x; + zl))

+2x;,) D

(—4x2, —4x, — min(—4(x2 — yy), —4(x, + zz)) , max (—1(x2 — ¥2),—1(x, + zz))

+ 4x2) )

(4x3,4x5 — min(2(x3 — ¥3),2(x35 + 23)), max (5(x3 — y3),5(x3 + z3)) — 4x3)

= (—4,19,19)
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Step 2. Using the relation min(x,y) = (%) — |%| max(x,y) = (%) + |%| the fully

fuzzy linear system, obtained in Step 1, can be transformed into the following fully fuzzy

linear system.

_le + Zyl - 2x1 - 2Z1 _le + 2y1 + 2x1 + 221
3%, 3%, = ( 2 ) N ‘ 2

)
)5
)
)=
)
)+

4‘X1 - 4y1 + 4‘X1 + 4Z1 4‘x1 - 4y1 - 4‘x1 - 4‘21
A

4x, — 4y, + 4x, + 4z, 4x, — 4y, —4x, — 4z,
swa S - (S ) - [

((6x2 — 6y, + 6x, + 6Zz> |6x2 — 6y, — 6x, — 62,
2 2

—5x3 + 5y, — 5x5 — 5z —5x3 + 5y; + 5x3; + 5z
@ (—4x3, 4, — <( 3 J’32 3 3) _ |< 3 }’32 3 3)

((—2x3 + 2y; — 2x3 — 223) |(—2x3 + 2y; + 2x3 + Zz3>
2 2

= (10,20,26)

X1 —Yy1+x,+2
<2x1,2x1—<<1 3’12 1 1>_ >’

3X1_3y1+3X1+321 3x1—3y1—3x1—321
=)=

Xl—y1+X1+ZI
2

) - 2x1> @
)
)=

2x2 - 2y2 + 2x2 + 222 2x2 - 2y2 - 2x2 - ZZZ
3%z, 3% = ( 2 ) B | 2

((4-)62 - 4'y2 + 4x2 + 4Zz> |4-x2 - 4'y2 - 4'x2 - 4Z2
2 2
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ZX3 + 2y3 + ZX3 + 2Z3 2x3 + 2y3 - ZX3 - 2Z3
@ (2u2n - () - )

)
)=

<<4x3 —4ys + 4x; + 423) |<4x3 —4y; — 4x; — 4Z3>
2 2

= (24,9,21)

2 2

<<—x1 + 3’12— Xy~ 21) + > + 2x1> o

—4x, + 4y, —4x, — 4z, —4x, + 4y, + 4x, + 4z,
—4x,, —4x, — ( ) - |

—3x1 + 3y1 - 3x1 - 321 —3x1 + 3y1 + 3x1 + 321
_le,_le - ( >_ ‘ )

Xy —Yy1+x1+2
2

2 2

<(—x2 + yzz— Xy — Zz) _ ) + 4xz)

2X3 — 2Y2 + 2x5: + 22 2Xq — 2V — 2X2 — 2Z
@(4963,4963—(( 3 Y3 3 3>_|< 3 y3 3 3)

)

xz_y2+xZ+Z2
2

2 2

)
=

<(5x3 — 5y; + 5x3 + 523) |<5x3 — 5y; — 5x3 — 523>
2 2

= (—4,19,19)

Step 3. Since x4, ¥4, 21, X2, V2, Z3 = 0 so fully fuzzy linear system, obtained in Step 2, can be

transformed into the following fully fuzzy linear system.

(3x4,3x1 + 2(xq + 21),4(x1 + 21) — 3x1) D (5x5, 5%, — 4(x; — ¥3),6(xy + z3) — 5x5)

@ (_4X3, _4'X3 + S(X3 + Z3), _Z(X3 - y3) - 4'X3) = (10,20,26)
(2x1, 22 — (g — ¥1),3(x1 + 1) — 2x1) © (Bxz, 3x; — 2(x3 — ¥2),4(x; + 22) — 3x,) D

(ZX3, ZX3 - Z(X3 - y3), 4'(X3 + Z3) - 2x3) = (24,9,21)
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(—2x1, —2x1 +3(x; +21),2%; — (xq — yl))
® (_4952, —4x; +4(xy + 23), 4%, — (X — 3’2))

D (4x3,4x3 — 2(x3 — ¥3),5(x3 + z3) — 4x3) = (—4,19,19)

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully

fuzzy linear system.
3x, + 5x, —4x3 =10
3xy +2(xy +2z1) +5x; —4(xy — y,) — 4x3 + 5(x3 + z3) = 20
4(xy +21) —3x1 +6(xy +25) —5x; — 2(x3 — y3) — 4x3 = 26
2x1 + 3x, + 2x3 = 24
2xy — (xp — y1) +3x3 = 2(x3 — ¥2) + 2x3 — 2(x3 — ¥3) =9
3(x1 +2z1) — 2x1 +4(xy + 23) — 3%, + 4(x5 + z3) — 2x53 = 21
—2x, —4x,; +4x3 = —4
—2x1 +3(x; +29) —4x, +4(xy + 25) + 4x3 — 2(x3 — y3) =19
2xy — (g — y1) +4x; — (x2 — ¥2) + 5(x3 + 23) — 4x3 = 19
yi—x; =0 Vi=123.
which can be further written as:
3x, + 5x, —4x3 =10

5x1+221+x2 +y2+X3+5Z3:20

25



X1 +4z, +x, + 62, + 2y; — 2x3 = 26

2x1 + 3x, + 2x3 = 24
X1 +y1+x,+2y, +2y; =9

X1 +3zy +x, +4z, + 2x3 + 223 =21

—2x1 —4x, +4x3 = —4
X1 +3zy + 4z, + 2x3 + 2y; = 19

X1+ Yy, +3x, +y, +x3+ 523 =19

yi—x; =0 Vi=1,23.

Step 5. The solution of the system, obtained in Step 4, can be obtained by solving the

following linear programming problem.

m m m
Minimize 7 = Z Zi+ Z 7L+ Z 7"
i=1 i=1

i=1
3x; +5x, —4x3+Z; =10
5x, +2z;+ x5 +y, +x3+ 523 +Z, =20
X1 +4z, +x, + 62, + 2y; — 2x3 +Z3 = 26
2xy + 3x, + 2x3 + Z; = 24
X1+ V1 +x,+ 2y, +2y;+ 272, =9
X1+ 32y +x, + 42, + 2x53 + 225+ Z5 = 21

_2x1 - 4x2 + 4'x3 + Z:,l, = _4'
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xl + 321 +4ZZ + 2x3 +2y3 +Z£I == 19

X1+y1+3x2+y2+X3+5Z3 +Zé,=19

yi—x; =0 Vi=123.

On solving the above linear programming problem, the following solution is obtained.

x1 == 2,y1 = 1,Z1 == 1,X2 ES 4‘,y2 = O,Zz = 1,x3 == 4‘,y3 == 1,Z3 == Oand

Z1,22,723,21,25, 25, 21,25, Z3 =0

Step 6 Puttlng the Va|ueS Of X1, V1, Z1,X2,Y2,2Z |n .521 = (xl,yl, Zl) and fz = (xZ,yz,Zz),

the fuzzy solution of chosen fully fuzzy linear system is ¥; = (2,1,1),%, = (4,0,1) and %, =

(4,1,0).

2.6. Results and discussion

The fuzzy solution of fully fuzzy linear systems, chosen in Example 2.1, Example 2.2
and Example 2.3, are shown in Table 2.1. It is obvious from the results, shown in Table 2.1

that the fully fuzzy linear system, chosen in Example 2.1-2.3, cannot be solved by the

existing methods but can be solved by the proposed Mehar method-1.

Table 2.1: Comparison of results by using proposed and existing methods

Solution using proposed method | Solution using existing
Examples methods
% =(2,1,1)
Example 2.1 Not applicable
X, = (4,2,1)
= (1,a73) Not applicable
Example 2.2 % =02,61)
where a€ [0,1], B [0,2]
% = (2,2,1) Not applicable
Example 2.3 X, = (4,0,1)
X3 = (4,1,0)
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2.7. Conclusion

On the basis of present study, it can be concluded that the fully fuzzy linear system
which can be solved by existing methods can also be solved by the proposed Mehar method-
I. However, there exist several fully fuzzy linear system whose solution can be obtained by
the proposed Mehar method-I but cannot be obtained by the existing methods Hence, it is

better to use the proposed Mehar method-I as compared to the existing method.
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Chapter 3

Mehar method-I1 for solving fully fuzzy linear

system with unrestricted fuzzy variables

The methods, proposed in Chapter 2, can be used to find the solution of such fully
fuzzy linear system in which the elements of the coefficient matrix and right hand side vector
are represented by unrestricted triangular fuzzy numbers whereas all the elements of the
unknown vector are represented by non-negative triangular fuzzy numbers. However, the
methods, proposed in Chapter 2, cannot be used to find the solution of such fully fuzzy linear
system in which elements of coefficient matrix are represented by non-negative triangular
fuzzy numbers whereas all the elements of unknown vector and right hand side vector are
represented by unrestricted triangular fuzzy numbers. In this chapter, a new method (named
as Mehar method-I1) is proposed to find the solution of same type of fully fuzzy linear
system. The proposed Mehar method-Il is illustrated with the help of some numerical

examples.
3.1. Limitation of existing methods and the methods proposed in previous chapter

Neither the existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63,
64, 72, 76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134]
nor the Mehar method-I1, proposed in previous chapter, can be used to find the solution of
fully fuzzy linear system Y7_,d;; ® &; = b; where X, b; are unrestricted triangular fuzzy
numbers and  d;; is a non-negative triangular fuzzy number. For example it is not possible to
find the solution of following fully fuzzy linear system, chosen in Example 3.1, by using

existing methods or methods proposed in Chapter 2.
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Example 3.1
(5,1,1)®(x1,v1,21) D (6,1,2) ® (x3,¥2,22) = (8,22,12)
(319 (x1,¥1,21) @ (52,1) @ (x2,¥2,2,) = (9,3L,7)
where (xq, v1,21), (x5, y2, 25) are unrestricted triangular fuzzy numbers.
3.2. Proposed Mehar method-11

In this section, to overcome the limitations of the existing methods and the Mehar

method-I as discussed in Section 3.1., a new method (named as Mehar method-11) is proposed
to find the solution of fully fuzzy linear system Y7, d;; ® &; = b; where X, b; are

unrestricted triangular fuzzy numbers and  @;; is non-negative triangular fuzzy numbers.
The steps of the proposed Mehar method-11 are as follows:

Step 1. Assuming &@;; = (myj, a;j, Bi;), % = (x;,¥;,2) and b; = (b;, g;, hy), the fully fuzzy
linear system »7_;d;; ® %; = b; can be transformed into the following fully fuzzy linear
system.
n

(myj, aij, Bij) ® (%7, 95,2) = (b, g h) Vi =12,..,m
=1

J

Step 2. Assuming (my;, a;;, Bij) ® (%, v5,2) = (fij, pij» qij), the fully fuzzy linear system,

obtained in Step 2, can be transformed into the following fully fuzzy linear system.
n
Z(fi,-,pi,-,ql-j) = (bygi b)) Vi=12..,m
j=1

where

(fij» Pip i) = (maj, aij, Bij) @ (1,95, %))
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fij = mijx
pij = fij —min ((mij — ay) (% = ¥;), (myj + Bij) (x; — y,-))

2m; — a;; + Bij
= fij — > (x,-—y,-)+|

a;j + Bij
%| I = ¥l

q;j = max ((mi,- = a;;) (% + ), (ai; + Biy) (% + Zj)) ~ Py

2my; — ay; + Pij
2

(% +2) + |%Tﬁ”‘ | + 7]

=D T+

vVi=12,..mVj=12..,n

Step 3. Using the arithmetic operation

B;

n n n
=1

Z(mj,aj,ﬁj) = me'z @,
< . .

Jj=1 Jj=1 J

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully

fuzzy linear system.

n n n
Zﬁj,zpu,zqu =(bi1gilhi) Vl=1,2 e, m
j=1 j=1 1

j:

Step 4. Using the relation (mq, a4, 81) = (my, a,, B,) = my = m,, @y = ay, 1 = B, the
fully fuzzy linear system, obtained in Step 3, can be transformed into the following crisp

system of non-linear equations.

n
ZE:fb =b;
j=1
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n
Z Pij = i
j=1

n

ZQU =h

j=1

Step 5. Substituting values of f;;,p;;, q;; and assuming x; —y; = L; and x; + z; = R;Vj =
1,2, ...,n.(where x;, yj, z;, w;, L;j, R; € R), the crisp system of non-linear equations, obtained

in Step 4, can be transformed into the following crisp system of non-linear equations.

Fori=1,2..,m

n n
Jj=1 Jj=1

similarly,

n n
Zpij=gi:z ij Zu ﬁ”Lj—<”TBU>|Lj| =b;, —g;
j=1 j=1

n n
2m;; —a;i + a;
zqu Z Y U <l R; +< . 2 Bl]>|Rj| =b; + Iy
j=i j=1
L L; ifL: >0
Step 6. Substituting L, = L. — L and |L;| = L.+ L7, where L’ 2{ ) : and
Y 9 Lj j N | Jl J ] 0 otherwise

L,,_{—Lj if L, < 0
0 otherwise

Similarly, R; = R{ — R;' and |Rj| = R; + R/, the crisp system of non-linear equations,

obtained in Step 5, can be transformed into the following crisp system of linear equations
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n
z ml]xj = bi
j=1

n
2 4 J+ Bij
2t -y - () 1) = -

j=1

n
2 + B;; ij T Dij
Z al] (ZU ,81] (R], . R]ll) + <CZUT'BU> (Rj, + R]”) = bi + hi

j=1

L,L{,R,R =0 Vj=12,..,n

Step 7. The solution of system obtained in Step 5, can be obtained by solving the following

linear programming problem, which is obtained by adding the artificial variable Z;,V i =

1,2,..,m.
m
Minimize Z = ZZ + ZZ{+ ZZ”
i=1
subject to

Zmijxj +Zl :bi Vi = 1,2, v, m
j=1

r

-
1]
[

((mij — )Ly — (my; + ﬁi,-)L}-’) +Z=b—g; Vi=12,..,m

NEE

((mu + Bij)R; — (my; — aij)Rj’) +Z" =b;+h; Vi=12,..,m

-
1]
[

X —Li+L>0V=12.,n

R/ — R/

! —x = 0Vvj=12..,n
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L, L} ,R,,R', 2,2, Z]' 20 Vj=12,..,n

Step 8. Solve the linear programming problem, obtained in Step 7, and substitute the values
of x;,L',L",R’, R" obtained in Step 7 in %; = (xj,xj —Li+L/,Ri —R — xj)Vj =12,..,n

to find the solution of the fully fuzzy linear system.

Remark 3.1. The fully fuzzy linear system will be consistent i.e., it will generate a solution if
and only if the linear programming problem is consistent. Further, the necessary condition for
the above linear programming problem to generate a feasible solution (if it is consistent) is
that the value of the objective function Z = 0 otherwise the solution will be termed as an

infeasible solution. The sufficient condition(s) for the fully fuzzy linear system to have a

feasible (strong) fuzzy solutionare L'.L"" = R".R"" = Z = 0.
3.3. Solution of chosen fully fuzzy linear system

In Section 3.1, a fully fuzzy linear system is chosen which cannot be solved by the
existing methods as well as Mehar method-1. In this section, the solution of the chosen fully

fuzzy linear system is obtained by the Mehar method-II proposed in Section 3.2.
3.3.1. Solution of fully fuzzy linear system chosen in Example 3.1.

Using the method proposed in Section 3.2, the solution of fully fuzzy linear system

chosen in Example 3.1, can be obtained as follow:

Step 1. Using the multiplication of an unrestricted triangular fuzzy number with a non-
negative triangular fuzzy number, defined in Section 2.1.2, the fully fuzzy linear system,

chosen in Example 3.1 can be transformed into the following fully fuzzy linear system:

(le, 5x; — min(4(x1 — v1),6(x; — yl)) ,max (4(x1 +2z,),6(x; + Zl)) - 5x1) ®
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(6x2, 6x, — min(S(xz — ¥5),8(x, — yz)),max (5(x2 +z,),8(x, + 22)) — 6x2)

= (8,22,12)
(3x1, 3x; — min(Z(xl = y1), 7(x1 — Y1)) , max (z(xl +21),7(x; + Zl)) - 3x1) ©®

(5x5,5x, —min(3(x; — ¥5),6(x; — ¥5)), max (3(x; + 2,),6(x; + z,)) — 5%;)

=(9,3L7)

Step 2. Using the relation min(x,y) = (ﬂ) | | max(x,y) = (x+y) +| , the

fully fuzzy linear system, obtained in Step 1, can be transformed into the following fully

fuzzy linear system.

(5x1,5% = 5(¢; — y1) +[(x1 — y)|,=5x; +5(x; + z1) + [(x; + z))]) ®

13 3 13 3
(6952; 6x, — 7(952 - y2) + 5 |(x; — ¥2)|, —6x, + (xz +2z)+ 3 |(x2 + Zz)l)

= (8,22,12)

9 5
(3351» 3x1 — E(x1 y1) +3 |(x1 yol,=3x +3 (x1 +2z1)++3 |(x1 + Zl)l)

9 3 9 3
(5x2,5x2 - E(xz - y2) + EKXZ — y2)|, —=5x, +§(x2 + z) +E|(X2 + Zz)|)

= (9,31,7)

Step 3 SUbStItUtlng X1 —Y1 = Ll,xz — Y, = LZ and X1 + Z1 = Rl,xz + Zy = Rz, |n the
fully fuzzy linear system obtained in Step 2, can be transformed into the following crisp

system of non-linear equations.
(5x1, le - 5L1 + |L1| ) —le + 5R1 + |R1|)

3 13 3
+ E|L2|; _6x2 +_R2 + E |R2|> = (8,22,12)

@ (6x2, 6x2 __L2 2

2
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9 5 9 5
<3X1,3X1 —ELl +§|L1| ;—3x1 +§R1 + +§|R1|>

9 3 9 3
@ (5x2, 5x2 - ELZ + Elel, —5x2 +§(R2) + E |R2|> = (9,31,7)

- L, ifL;
Step 4. Substituting L; = L; — L} and |L;| = L+ L}, where Lj = {é tlh i > 0 and
otherwise

. {—L]- ifL; <0
0

j . Similarly, R; = R; — R;" and |R;| = R; + R}, the crisp system of
g otherwise V. 5 Jo I j p Sy

non-linear equations, obtained in Step 3, can be transformed into the following crisp system

of linear equations.

5x; + 6x, =8

3x; +5x, =9
41y — 6LY + 5L, — 8Ly = —14
2L, — 7L + 3L, — 6Ly = —22
6R; — 4R} + 8R, — 5Ry = 20
7R, — 2R} + 6R, — 3Ry = 16

x,— L+ L] =0

x, — Ly, +L5 =0

Ri—R'—x,=20

R, —R), —x, =20

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following

linear programming problem, which is obtained by adding the artificial variable Z;,V i =

1,2, ...,m.
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Minimize Z = (Z, + Z, + Z1 + Z3 + Z{ + Z3)
subject to
5x;, +6x,+ Z; =8
3x, +5x,+ Z, =9
4L, — 6Ly + 5L, — 8Ly + Z; = —14
2L, — 7L + 3L, — 6Ly + Z5 = =22
6R, — 4R} 4+ 8R, — 5RY + Zi' = 20
7R, — 2R} 4+ 6R, — 3Ry + Z} = 16
x,—Ly+ L] =0
x, — Ly, +L5 >0
RI—R/—x,>0
Ry —Ry —x,>0
Z1,Z5,21,25,2{,Z5 L, Ly, LY, L5,R;,R5,R{,R; = 0

Step 5. On solving the above linear programming problem, the following solution is

obtained:

X, =—-2,x,=3L,=0L =41, =217 =0,R, =0,R/ =1,R, =3,Ry =0,

Step 6. Substituting the values, obtained in Step 5, in % = (x;,x; —L;+L{,Ri — R/ —

xj) Vj=12.Thus,
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% = (=2,2,1) and %, = (3,1,0)
3.4. Results and discussion

The solution of fully fuzzy linear system, chosen in Example 3.1, is shown in Table
3.1. It is obvious from the results, shown in Table 3.1, that the fully fuzzy linear system,
chosen in Example 3.1, can neither be solved by the existing methods nor by the Mehar

method-1, but can be solved by the Mehar method-I1 proposed in this chapter.

Table 3.1: Comparison of results by using proposed and existing methods

Solution using Mehar | Solution using | Solution using Mehar
Examples method-II existing methods method-|
% = (=2,2,1)
Example3.1 %, = (3,1,0) Not applicable Not applicable

3.5. Conclusion

On the basis of present study, it can be concluded that the fully fuzzy linear system
which can be solved by existing methods can also be solved by the proposed Mehar method-
I1. However, there exist several fully fuzzy linear system whose solution can be obtained by
the proposed Mehar method-11 but cannot be obtained by the existing methods. Hence, it is

better to use the proposed Mehar method-11 as compared to the existing methods.
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Chapter 4
Mehar method-111 for solving fully fuzzy linear
system with unrestricted fuzzy coefficients and

unrestricted fuzzy variables

In the methods, proposed in previous chapters, either the elements of coefficient
matrix and elements of right hand side vector or elements of unknown vector are assumed as
non-negative triangular fuzzy numbers. However, in the real life problems there is need to
find the solution of fully fuzzy linear system without any restriction on these elements. To
overcome the limitations of the existing methods and the methods proposed in previous
chapters, in this chapter, a new method (named as Mehar method-I11) is proposed to find the
solution of such fully fuzzy linear system in which elements of coefficient matrix, right hand
side vector as well as the elements of unknown vector are represented by unrestricted
triangular fuzzy numbers. The proposed Mehar method-Il1l is illustrated by numerical

examples.

4.1. Limitations of the existing methods and methods proposed in previous chapters

Neither the existing methods [3, 5, 9, 10, 25-27, 31, 32, 46, 48-50, 52, 54, 57, 61, 63,
64, 72, 76,78,79, 82-85, 89, 100, 101,106, 107, 109, 110, 111, 114, 116-118, 126, 127, 134]
nor the Mehar method-1 and Mehar method -1, proposed in previous chapters, can be used to
find the solution of fully fuzzy linear system when elements of both the coefficient matrix as
well as the elements of solution vector are unrestricted triangular fuzzy numbers.  For
example, the fully fuzzy linear system chosen in Example 4.1 and Example 4.2 can neither be
solved by using the existing method nor by the Mehar method-1 and Mehar method-II,
proposed in previous chapters.
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Example 4.1.
G5 ® (x,¥1,21) B (241) ® (x3,¥2,22) = (8,21,6)
(2,1,0) @ (x1,¥1,21) @ (4,0,1) @ (x3,¥,,2,) = (8,22,6)
where (xq, y4, z1), (X, Y2, Z5) are unrestricted triangular fuzzy numbers.

Example 4.2.

(=211)  (421) (41,0)]|F2Y27) ~10,14,6)

211  (-1,1,0) (3,1,0) (xl'yl'zl)k[ (0,5,8)
(X3,¥3,73) (

where (xy, y4,21), (%2, Y2, Z3) and (x3, y3, z3) are unrestricted triangular fuzzy numbers.
4.2. Proposed Mehar method-I11

To overcome the limitations of the existing methods and the Mehar method-I and

Mehar method-Il, proposed in previous chapters , in this section, a new method (named as
Mehar method-I1l) is proposed to solve the fully fuzzy linear system ¥7_,d;; ® %; = b;

where d; , b; and X; are unrestricted triangular fuzzy numbers.
The steps of the proposed Mehar method-111 are as follows:

Step 1. Assumming al] = (al-j, bl'jfcl'j)'Ei = (bi,gi,hi)and 56"] = (Xj,yj,Zj) the fU”y fuzzy

linear system can be transformed into the following fully fuzzy linear system.

(al-j,bij,cl-j) ® (Xj,yj,Zj) = (bi'gi'hi) Vi = 1,2, v, m

n
=1

j
Step 2. Substituting (a;;, byj, ¢;;) ® (%, ¥, 2;) = (pij, qij 1), the fully fuzzy linear system

obtained in Step 1, may be written as
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Z(pierij'rij) = (by, gy hy) Vi=12,..,m

j=1

where

(Pij» 4o 1) = (@i, bijs ci) © (%1,5,%)

Case 1: If (aij, bij) Cij) =>0i. e.,q;;

qij = aijxj — min ((aij —

rij = max ((aij —

—b;; 20

bij = QijXj

bij) (%

— ¥ (aij + i) (% — v

bij) (% + 7). (aij + ci) (% + Zj)) — ayX;

This set of equation can be further reduced as follows.

bij = QijXj

4ij = Pij — Wij

wij = min ((aij = bi) (2 — ), (@i + i) (3 — 3’;))
20+ Cii — b + b
_ a;j +§l] ij (Xj _y]) |Cl] l]| |x] y]l

Sij = max ((aij -

Zaij + Cij —b

Tij = Sij — Dij

bij) (% + 2), (aij + i) (% + ZJ'))

Cij +bU

2

2 (XJ + Z]) +

||x] +Z]|
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To solve this system we substitute L; = x; — y; as the left coefficient and R; = x; + z; as the
right coefficient. This can be further reduced as follows. Define variables L; and L;’ as

L’- _ {L] lfL] >0 and L,, _ {—L] lfL] <0

J 0 otherwise J 0 otherwise

Putting L; = L} — L and |L;| = Lj + L} and similarly R; = R/ — R/ and |R;| = Rj + R}’
where Lj, L}, R, R{" > 0, we get:

A IR

bij = @ijXj

2a+c_b , ., C+b , N
Wi = — 2” - (Lj‘Lj)—(%)(Lj"’Lj)
2a;;+cij—bij, cj+by.
Sij = — 2” U(Rj_Rj)+(%)(Rj+RJ')

Case 2. if (a;, bij,¢;;) < Oi.e., a;+c;; <0
bij = QijXj
qij = a;x; —min ((aij —byj) (% + ), (aij + i) (3 + Zj))
Ty = max ((aij = bij) (% — ;). (@i + i) (3 — y,-)) — AijXj
This set of equation can be similarly reduced as follows.
bij = QijXj
qij = Pij = Wij
wyy = min ((ay = by)(x; + 7). (ay + c)) (3 + 7))

_ Zaij +Cij — b;;

ij Cij + byj
. (x +z) — |12

2

% + 7]

42



Tij = Sij — Pij

Sij = max ((aij = byj) (o = ;). (aij + i) (3 — 3’1))

2a;; + ¢;jj — by cij + byj
=—— U(xj—yj)+|uz U||xj—yj|

Substituting L; = L; — L} and |L;| = L} + L} and similarly R; = R — R/’ and |R;| =

R; + R;" where L, L{,R;,R;" = 0, we get:

bij = QijXj

2a;;+c¢ij—by ., Cytby o
2aj +cij— by, N Ciithyl o,
wij = 5 (R = RY') = (=—)(R; + R}")

Case 3. If (a;j, bij,cij) = 0ie.,a;; — by <0 < ajj + ¢y
Pij = Qij%;
qij = aijx; —min ((al-,- —bij) (% + 2;), (@i + i) (% — 3’1))
1y = max ((al-,- —bi) (x5 — ), (@ij + i) (o + Zj)) ~ ajX;
This set of equation can be similarly reduced as follows.
Pij = QijX;
qij = Dij — Wy

wij = min ((al-,- = bij) (% + 7). (@i + i) (% — y]'))
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Tij = Sij — Pij
Sij = max ((aij = biy) (% = ;). (ai; + i) (x; + Zj))

Substituting L; = Lj — L} and |L;| = L +L},R; = R —R/',|R;| = R/ +R}'. Also let

(aij = bipR; = (ay + ciy)Lj = uj; — wj;
This implies

|(ai; — bi)R; — (aij + ci)L;| = u; + ujj.
Similarly

(aij = bij)L; = (ai; + cip)R; = vij —vij
and therefore

|(aij = bij)L; — (aij + ci))R| = vij + vjj
where L;, L}, R}, R, uj;, ui}, vi;, vij = 0

Substituting we get:

bij = QijXj

Wij = 2 “\7T 2

(aij + cij)(R = R) + (ay; = bi)(Lj — L) (vij +vij
U 2 72

with two additional constraints:

n

(aij - bij)R (al] + Cl])L = u'l] ui}
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(aij - bij)L (au + CU)R = vU vl’]'
Step 3. Using arithmetic operations
n n n
z(m]’a]"g] ij'zaj'Zﬁj
j=1 j=1  j=1

the fully fuzzy linear system, obtained in Step 2, can be transformed into the following fully

fuzzy linear system.

n

n n
ZPU ,Zqij ,ZT'U = (bi'gi'hi) Vi=1,2,...,m
j=1 j=1 j=1

Step 4. Using the relation (mq, aq, 1) = (my, ay, B2) = my = my,a; = ay, 1 = B, the
fully fuzzy linear linear system, obtained in Step 3, can be transformed into the following

crisp system of linear equations.

( n

zpil:bl i=12,...m
j=1

n
<Zwi1 b; — g; i=12,..,m
j=1

n

Zsij=hi+bi i=1,2,...,m
\j:i

with appropriate constraints obtained from Step 2.

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following
linear programming problem, which is obtained by adding the artificial variable Z;,V i =

1,2,..,m.
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=1

m m m
Minimize Z = ZZi + ZZ{ + 22{’
i=1 i=1

subject to

n

zpl]+ZL:bl l':1F2F Im
j=1

n

Zwij+ Z; = b; — g; i=12,...,m
j=1

n

ZSU‘ + ZL” = hi bl L= 1,2, , m
j=1

Z,Z,Z' 20 Vi=12,..,m
Step 6. Solve the above linear programming problem and put the values of
L;, L{,R;, R/, x; obtained in

UAS I A e

% = (x,x— L+ L, R =R/ —x;) Vj =12,..,n

to find the solution of fully fuzzy linear system. The solution would be termed as (feasible)

strong fuzzy solution if x; —L; + L/ = 0 and R; — R/ — x; = 0. Otherwise the solution

would be termed as (infeasible) weak fuzzy solution

Remark 4.1. The sufficient conditions for the solution to be termed as a strong (feasible)

solutionfori =1,2,..m,j = 1,2,...,nare:
xj—L;+L{ 20and R; =R/’ —x; = 0

rogrr o 1 "no__ .1 " o_ pl! pll _ 7 _
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4.3. Solution of chosen fully fuzzy linear systems

In Section 4.1, some fully fuzzy linear systems are chosen which cannot be solved by
the existing methods. In this section, the solution of these chosen fully fuzzy linear systems

are obtained by the Mehar method-111 as proposed in Section 4.2.
4.3.1. Solution of fully fuzzy linear system chosen in Example 4.1

Using the Mehar method-I1l, proposed in Section 4.2, the solution of fully fuzzy

linear system chosen in Example 4.1, be obtained as follows:

Step 1. Using the multiplication of an unrestricted triangular fuzzy number, defined in
Section 2.1.2, the fully fuzzy linear system, chosen in Example 4.1, can be transformed into

the following fully fuzzy linear system.
(3x1, 3x; —mi n(—2(x1 + 21),4(x; — J’1)) ,max (—2(x1 — y1),4(x1 + 21)) - 3x1) @D

(2x2, 2x, — min(—Z(xZ +2,),3(x, — yz)),max (—Z(xz - v,),3(x, + 22)) - 2x2)

= (8,21,6)
(le, 2x; —mi n((x1 - v1),2(x; — yl)) ,max ((x1 + z1),2(x; + zl)) - le) [as)

(4x2,4x2 —mi n(4(x2 - v5),5(x, — yz)),max (4(x2 +2,),5(x, + 22)) — 4x2)

= (8,22,6)

which can be further written as
(3x1,3x1 — wyq, 511 — 3x1) D (2x3, 2%, — wyp, 512 — 2x;) = (8,21,6)
(2x1, 221 — Waq, S21 — 2%1) @ (43, 4x; — Wy, So2 — 4x5) = (8,22,6)

where wy, = min(—Z (x1 +29),4(x; — }’1)) »S11 = max(—Z(x1 —¥1),4(x; + Z1))
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Wip = min(—Z(xz +2;3),3 (x; — J’Z));512 = max(—Z(x2 — ¥2),30x; + Zz))
Wp1 = min((x1 — y1),2(x; — J’1));521 = max((xl + 21),2(x; + Zl))

Waz = min(4(x; — ¥2),5(x; —¥2)), 522 = max (4(xz + 23),5(x; + 2,))

x=y
- 1)

Step 2. Using the relation min(x,y) = (ﬂ)—|%|,max(x,y): (ﬂ)+ -

2 2
x;—y;=L; and x; +z =R; as well as L; = L; — L/ and |L;| = Li+Lj,R = R —

R/ ,|R;| = Rj + R/, the fully fuzzy linear system, obtained in Step 1, can be written as:
(3x1, 3x1 — wiq, 511 — 3%1) D (2x3, 2x; — wyp, 512 — 2x,) = (8,21,6)
(2x1, 21 — Waq, S21 — 2x1) D (4%, 4x; — Wyy, Sop — 4x,) = (8,22,6)

where

—2(Ry — Ry) +4(Ly — L7) <u11 + ui&)
Wi1 = -

2 2

4(Ry —R{) —2(L} — L)) Vi, + V1]
S11 = ) + )
with two additional equations:

—2(Ry — Ry) —4(Ly — Ly) = wy; —ugs

—2(Ly — L1) —4(Ry — R{) = vy; —viy

Wiy =

—2(R; —Ry) +3(L3 — L) <UQ2 + ui’z)
2 2

3(R; —R7) —2(Ly —L3)  (vip + 1y
S12 = ) + >

with two additional equations:
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—2(R; = Ry) = 3(Ly = L3) = ugp —ugy

—2(Ly = L7) = 3(R; = R;) = v1; —vpy

Wy, = 1.5(Ly — L) — 0.5(L), + L) = L, — 2L

s;1 = 1.5(R, — R}) + 0.5(R, + R}) = 2R, — R}’

Wy, = 4.5(Ly — L) — 0.5(L, + LY) = 4L, — 5L}

Sy = 4.5(R, — RY) + 0.5(R, + RY) = 5R) — 4R}

Step 3. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
fully fuzzy linear system, obtained in Step 2, and using the relation (a,b,c) = (d,e, f) =
a=d,b=e,c=f,the crisp system of linear equations can be transformed into the

following crisp system of linear equations.

3X1 +2x2 =8

2x1 +4x2 =8

W11+W12=8_21=—13

W21+W22:8_22:_14

511+512:8+6:14

521+522:8+6:14

Step 4. Using Phase 1 of the two-phase method, the following linear programming problem

can be used to find the solution of crisp system of linear equations, obtained in Step 3.

Minimize Z =Z, + Z, + Z1 + Z, + Z{ + Z})

subject to
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31 +2x, +7Z, =8
2xq +4x, +7Z, =8
—R, + R} + 2L, — 2L} — 0.5u}, + 0.5u}, — R} + RY
+1.5L, — 1.5L; — 0.5uy, + 0.5u;, + Z; = —13
L, — 2L} + 4L, — 5LY+ Z}, = —14
2Ry — 2Ry — L} + LY + 0.5v;, + 0.5v;; + 1.5R; — 1.5R7
—L% + L, + 0.5v;, + 0.5v%, + Z) = 14
2R, — RY 4+ 5R}, — 4R} + Z = 14
—2(Ry—R{)—4(L1— L) —uj; +uy; =0
—2(Ly — L) —4(R{ —R{) — vi; +v{; =0
—2(R; —Ry) —4(L; —Ly) —upp +ugy =0
—2(L; —L3) —4(R; —Ry) — v1, + 013 =0
1, LY, Ly, Ly, w1, 01, V11, V11, Ry, Ry, Ry, Ry, up, uss, Vg, V17,

Z1, 25,24, 25, 28 7 > 0

Step 5. On solving the above linear programming problem, we getx; = 2,x, = 1,L; =

1,L; =0,uy; = 0,uy; = 8,v;; =0,v;;, =10,L, =0,L, =3,R; = 2,R, =0,R, = 2,R, =

0,u;, = 5,u,, =0,v;, =0,v,,=0,Z,=0,Z,=0,Z,=0,Z, =0,Z, =0and Z} = 0.

Step 6. Putting the values of L}, L}, R}, R{’, x; obtained from Step 6, in % = (x;, x; — L} +

A IR A B J

ij’ —xj) vVi=12,..,n
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the solution of fully fuzzy linear system is ¥, = (2,1,0) and ¥, = (1,4,1).
4.3.2. Solution of fully fuzzy linear system chosen in Example 4.2.

Using the Mehar method-I1l, proposed in Section 4.2, the solution of fully fuzzy

linear system chosen in Example 4.2, be obtained as follows:

Step 1. Using the multiplication of triangular fuzzy numbers as proposed in Step 2, of the
proposed method the fully fuzzy linear system, chosen in Example 4.2 can be transformed

into the following fully fuzzy linear system.

(le, 2x; —mi n((x1 - v1),3(x; — yl)) ,max ((xl + z;),3(x; + zl)) — le) [an)
(—xz, —Xy — min(—Z(x2 +2z,),—1(x, + zz)),max (—2(x2 - v,),—1(x, — yz)) + xz)
&) (3x3, 3x3 —min (2(x3 — ¥3),3(x5— y3)),max (2(x3 + z3),3(x3 +23)) — 3x3)
= (0,5,8)

(—2x;, =23 —min(=3(x; + 1), —1 (x; + z1)),max (=3Cx; — y1), =10, — y1))

+ 2x1) &)
(4x2,4x2 - min(Z(xZ - v,),3(x, — yz)),max (Z(xz + z,),3(x, + ZZ)) - 2x2) D

(4x3,4x3 - min(3(x3 — y3),4(x5 — yg)),max (3(x3 + z3),4(x3 + 23)) — 4x3)

= (-10,14,6)
which can be further written as
(2%, 2% — Wyq, S11 — 2%1) D (—x3, —x5 — W2, S12 + x3) @ (3x3, 3x3 — Wy3, 513 — 3x3)

= (0,5,8)
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(=21, —2x1 — Wy1, 521 + 2x1) @ (4x5, 4%, — Wy, Sz — 2X3)

@ (4‘X3, 4‘X3 - W23,523 - 4‘x3) = (_10,14‘,6)

where wy; = min((x; — y1),3(; —y1)), 511 = max ((x; + 21),3(x; + 21))
wyp = min(=2(x; + z,), =1 (%3 + 7)), 512 = max (—=2(x; — ¥5), —1(x; — ¥,))
wis = min(2(x; — y3),3(x3 — ¥3)), 513 = max (3(xz + 23),4(x5 + 23))
wyr = min(=30x; +2z1),—1 (x1 + 21)), 521 = max (=30, — y1),—1(x; — 1))
way = min(2(x; — ¥5),3(x; — ¥2)), 522 = max (2(x; + 2,),3(x; + 23))
wys = min(3(xs — ¥3),4(x3 — ¥3)), 523 = max (3(x3 + z3),4(x3 + z3))

2

Step 2. Using the relation min(x,y) = (%)— |%|,max(x,y) = (HTy)‘F

xX-y
’

x;—y;=L; and x; +z =R; as well as L; = L; — L/ and |L;| = Li+L],R; = R —

R/ ,|R;| = Rj + R/, the fully fuzzy linear system obtained in Step 1, can be written as:
(2x1, 21 — W11, 511 — 2%1) @ (=X, —X3 — Wyp, S12 + X2) @D (3x3,3%3 — W3, 13 — 3x3)
= (0,5,8)

(=2x1, —2x; — Wp1, 521 + 2x1) @ (4x3, 4%, — Wyp, Sz — 2X3)

@ (4x3,4x5 — Wy3, Sy3 — 4x3) = (—10,14,6)
where
wyy = Ly —3LY, wi; = —2R; — Rj
wys = 2L5 — 3L%5, 541 = 3R] — R{
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S12 = _LIZ + 2L,2’, S13 = 3Ré - ZRé’

W21 = _3R:Il + R:Il,, WZZ = ZLIZ - SLIZI

Wy3 = 3L,3 - 4‘L’3,, So1 = _L,1 + 3L,1,

SZZZSRé - ZRé,, 823 = 4Ré - 3Ré’

Step 3. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
fully fuzzy linear system, obtained in Step 3, can be transformed into the following fully

fuzzy linear system.

le_xZ+3X3:0

_le + 4x2 + 4X3 == _10

L, — 3L — 2R, — RY + 2L, — 3L = —5

3R, — R/ — L, +2L% + 3R, — 2Ry = 8

—3R} + R} + 2L}, — 5L + 3L} — 4L = —24

—Ly + 3L + 5R) — 2RY + 4R} — 3Ry = —4

Ly, LY, L, L5, Ry, R{,R3,R; =0

Step 4. Using Phase 1 of the two-phase method, the following linear programming problem

can be used to find the solution of crisp system of linear equations, obtained in Step 3

MinimizeZ =Z, + Z, + Z1 + Zy + Z{ + Z3)

subject to
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2x1 —x,+3x3+Z; =0
—2x, +4x, +4x3 +7Z, = —10

Ly —3L] —2R, — Ry} +2L; —3L5 + Z; = =5

3R; — R} — L, + 2L} + 3R, — 2Ry + Z} = 8
—3R| + Ry + 2L, — 5L + 3L — 4L + Z) = —24
—L) + 3Ly + 5R, — 2Ry + 4R, — 3Ry + Z}) = —4
Ly, LY, Ly, Ly, R, Ry, Ry, Ry , 21,25, Z1, 245,21, Z5 =0

On solving the above linear programming problem ,we get

X, =1,%,=—-1,x3=—1L, =1,LY =0,L, =0,L) = 2,1, = 0,1} = 2,R, =2,R} =

0,R,=0,R; =0,R, =0,Ry =1,Z, =0,Z,=0,Z, =0,Z, =0,Z/' =0and Z} = 0.

Step 5. Putting the values of L}, LY, R, R’, x;, obtained from Step 5, in &; = (xj, Xj — L]'- +

L

iR — R —x;) Vj =1,2,3, the solution of fully fuzzy linear system is %, = (1,0,1),%, =

(-1,1,1) and %3 = (—1,1,0)
4.4. Results and discussion

The solution of fully fuzzy linear system, chosen in Example 4.1 and Example 4.2, are
shown in Table 4.1. It is obvious from the results, shown in Table 4.1, that the fully fuzzy
linear systems, chosen in Example 4.1 and Example 4.2 can neither be solved by the existing
methods nor by the Mehar method-1 and Mehar method-I1, proposed in previous chapters but

can be solved by the Mehar method-I11 proposed in this chapter.
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Table 4.1 : Comparison of results by using proposed and existing methods

Example Solution using Mehar | Solution  using  methods
method-111 discussed in previous chapter
as well as existing methods
Example 4 .1 % = (2,1,0) Not applicable
%, = (1,4,1)
Example 4.2 X%, =(1,0,1) Not applicable
% =(-1,1,1)
X; =(—1,1,0)

4.5. Conclusion

On the basis of present study, it can be concluded that the fully fuzzy linear system

which can be solved by existing methods and by using the Mehar method-1, Mehar method-11

proposed in previous chapters, can also be solved by the Mehar method-I11, proposed in this

chapter. However, there exist several fully fuzzy linear systems whose solution can be

obtained by the Mehar method-I11 but can neither be obtained by the existing methods nor by

the Mehar method-1 and Mehar method-11. Hence, it is better to use the Mehar method-IIl, as

compared to the existing methods and the Mehar method-1 and Mehar method-I1.
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Chapter 5

Mehar method-1V for solving dual fully fuzzy
linear system with unrestricted coefficients and

unrestricted fuzzy variables®

In this chapter, limitations of the existing methods for solving dual fully fuzzy linear
system are pointed out. Also, to overcome these limitations, a new method (named as Mehar
method-1V) is proposed to find the solution of such dual fully fuzzy linear system in which
all the elements of all the matrices and elements of unknown vector are represented by
unrestricted triangular fuzzy numbers. The proposed Mehar method-1V is illustrated by

numerical examples.
5.1 Limitations of existing methods

The existing methods [30, 86, 98, 112, 123, 125] can be used only to find the solution
of such dual fully fuzzy linear system AQ ¥ @ b =C ® ¥ @ d where the elements of
triangular fuzzy matrices A and C as well as the elements of triangular fuzzy vectors %, b and

d all are non-negative triangular fuzzy numbers. However, none of these existing methods,

can be used to find the solution of following types of dual fully fuzzy linear system.

(1)  Dual fully fuzzy linear system A @ ¥ @ b = € @ % @ d where the elements of fuzzy
matrices A and € as well as the elements of fuzzy vectors b and d and the unknown

vector X all are unrestricted triangular fuzzy numbers. For example

2 A part of this chapter is published in New Mathematics and Natural Computation 9 (2013) 13-26.
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Example 5.1.

(31511) ® (x1; ylrzl) @ (511)1) ® (xZI yZ'ZZ) @ (_4,1,2) ® (X3, y3'Z3) @ (18,2,1) =

(5,2,1) ® (x1,y1,21) B (2,0,1) ® (x2,¥2,22) D (2,1,0) ® (x3,¥3,23) D (2,10,12),

(2,1,1) ® (le lezl) @ (3;1;1) ® (x2i }’2'22) @ (2'0'2) ® (X3, 3’3,23) 69 (10720'10) =

(3,1,1) ® (le yl'zl) @ (2;4‘;1) ® (xZ; yZIZZ) @ (3'1'1) ® (X3, y3123) 69 (8'3'14):

(—2,1,1) ® (xll J’1:Z1) @ (_41013) ® (XZ, }’2,22) EB (4:2:1) ® (.'X'3, 3’3’23) @ (24’;24,1) =
(_4:0:3) ® (xlr :)71,21) @ (2'4'1) ® (xZ' yZ'ZZ) EB (3,5,1) ® (X3, y3'23) @ (8,1,6)
where, (x4, V1, 21), (X2, V2, Z5), (X3, 3, 25) are all unrestricted triangular fuzzy numbers.

(2) Dual fully fuzzy linear system A @ ¥ @ b = C @ ¥ @ d where the elements of fuzzy

matrices A and C as well as the elements of fuzzy vectors b and d are unrestricted
triangular fuzzy numbers but elements of unknown vector %, are non-negative
triangular fuzzy numbers.

(2r3r1) ® (xlf Y1:Z1) @ (3:1:1) ® (xZI 3’2»22) @ (3155'0) = (_4'1'1) ® (le lezl) @

(_31311) ® (le }’2»22) @ (45'4713)a

(_31111) ® (xlf J’1,Z1) @ (5’1’1) ® (x2' yZ’ZZ) @ (2’17'0)
= (2,1,1) ® (xl; }’1'21) ea (_2;3;1) ® (xZ' }’2,22) @ (3;4;13)

where, (x4, ¥1,21), (x2,V3,2,) = 0.

5.2. Proposed Mehar method-1V
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In this section, a new method (named as Mehar method-1V) is proposed to solve a
dual fully fuzzy linear system AQ % @b=C Q% @d with no restrictions on the

parameters.

The steps of the proposed Mehar method-IV to find the solution of dual fully fuzzy

linear system are as follows:

Step 1 Substituting A = (@;)mxn ¥ = &ux1,C = €i)mxn, d = (d)mx1 and b =
(b))mx1 the dual fully fuzzy linear system can be transformed into the following dual fully

fuzzy linear system.

LTI
j=1 j=1

Step 2 If all the parameters @, X;, ¢;, b; and d; are represented by triangular fuzzy numbers

Ratl
><z
Q..z
Z
Il
=
N
3

(alj,af,a}y), (x5, 95, 2), (¢, c&. ciy), (b, bE, bY) and (df, d7, d7) respectively, then the dual
fully fuzzy linear system, obtained in Step 1, can be transformed into the following dual fully

fuzzy linear system.

n n

Z all’au'au) ® (x],y],zj) @ (b, b}, b)) = Z(cilj' Cijo u) ® (xJ'yJ'ZJ) ® (di,d?, d?)
j=1 j=t

Vi=1,2,..,m.
Step 3 Assuming (aj;, af;, aj;) ® (x,v),2) = (A}, A%, A3)),

Ljro-iy?

and (cj, ¢ c) ® (x,v5,2) = (€}, €2, C) the dual fully fuzzy linear system, obtained in

Step 2, can be transformed into the following dual fully fuzzy linear system.
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n
Z(A}],Afj,,aﬁ)ea(b bf,b?)_z:(c},,cfjﬁ)@ (!, d?,d?)
=

j=
Vi=12,..,m
(A}])AlzjﬁAg ) (al]) ljl I_]) ® (le yjlzj)

Using the extended multiplication operation, defined in Section 2.1.2, the following

cases can be obtained:

Case 1. If(au, as, U)>01e aU al-szO
Ajj = ajix;
Al = ajjx; mln(( a;) (% — ;). (ailj"'a?j)(xj_yf))

Ajj = max ((a af;) (% + z), (aij + afj) (x; + Z])) ajjx;
This set of equation can be further reduced as follows
Ajj = ajx;

2 1
A% = AL -wy

Wij = min ((a U)(x] Yi), (alj + alj)(x] y]))

al]+a

2

1 3 2
B 2a;; + ajj — ajj B
= x—yj) —

|x] yfl

3 1
Ajj =Sy — Ay

S = max ((a l])(x] + Z]) (al] + al])(xl + Z]))
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1 3 2 3 2
B Zai]-+al-j —as a;; + ajj

2 J (Xj + Zj) +

% + 7]

To solve this system we substitute L; = x; — y; as the left coefficient and R; = x; +

z; as the right coefficient. This can be further reduced as follows. Define variables L; and L;

and L =

s L :{L]- L >0 _{—L]- ifL; <0

0 otherwise 0 otherwise

Putting L; = L; —L; and |L;j| = L; +L; and similarly R; = R; — R/ and |R;| =
R; + R; where L;, L, R;, R; = 0, we get:

1_
A axj

1 3
o 2a;; +a;; —
l_]_ 2

2 3 2
aU B " al] + al] ’ "
(L - L) - (5 + 1)

2af; + aj; —
Sij = 2

2 3 2
as; , ; a:: + as: , .
(R = R)) + ()& +R)

<0

Case2. If (a};, a 5 <

i U, )<01e a + a3

1_
A a}xj

Ajj = ajjx; —min ((a a;) (% + z), (ai; + af;) (% + Zj))

Ajj = max (( af;)(x — vy), (aij + a;) (% — y])) ajjx;
This set of equation can be similarly reduced as follows.
A =a;

ij Xj

Afj = A — Wy
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Wi = min ((ailj —afj)(x +z), (ajj + afj) (x; + Zj))

3 2
aij + al'j

2

2ai; + ai — a?
j T Gij — Qi

% + 7]

Ajj = Sy — Ajj

Sij = max ((ailj —a)(x — y)), (ai; + a;) (% — 3’1‘))

2af; + aj; — af; aj; + af;
= 2 (5 — ;) + > % = ¥jl
Substituting  L; = L; — L; and |L;| = Lj+L; and
R; = R;—R; and |R;| = R; + R/ where L;,L;, R;,R; = 0, we get:
1 _ 1
Ajj = ajjx;

Za.l. + a.3. — a.z. a:.g. + a.z.
Sij = — 2” L -Lf)+ (= > DL+ L)

Zallj + a?j - alzj ’ a?j + alzj ,
Wi = > (Ri = R') = (=R +R})

Case 3. If (a};,af,a};) = 0i.e.,a}; —af; <0 <aj; +a};

Ajj = ajjx;
Afj = ajjx; — min ((ailj —af)(x + ), (ai; + afj) (% - 3’1))
Ajj = max ((ailj —afj)(x — y;), (ai; + a;) (x5 + Zj)) — QyjX;
This set of equation can be similarly reduced as follows.

1 _ 1.
Aj; = a;jx;
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Af = A — Wy
Wi = min ((a afy) (% + z), (ai; + a;) (% — ))
Ajj = Sy — Al

Sij = max (( u)(xj yj)' (ailj + ai3j)(xj + Zj))

Substiituting L; = L; — L7 and |Lj| = Lj+L},R; = R —R/',|R)]|

Also let

this implies

Similarly,

and therefore

]

n

( ij lj)R (al] +au)L = ul] uij

1 2 1 3 —
|(al; — a?)R; — (af; + a}DL;| = uf; +uj).

n

1 2 —
(aij - aij)L (al] + al])R vl] vij

|(al] U)L (allj +al3])R]| = v +v}

144 144 143 143
where L],L] ,R],RJ ,uU,uU,vU,vU >0

thus

1
Aji —a]]

(af; —af)(R; —R/) + (aj; + a])(L — L”) (u{] + u{})

W.. =
Y 2 2
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B (alj +a}) (R — R") + (a}; —a?)(Lj — L} vi; + v
v 2 72

with two additional constraints:

|
e

1 2 1 3
(ai; — aijp)R; — (aj; + ;)L = uj; — uj;

(au l])L (ailj + ai3j)Rj = vjj — vj;

Step 4. In the same way, we may formulate 5, C7, C; as follows.

ijr “ijr
Case 1. If (Cu' Cijy € ) >0i.e. CU cizj >0
Ch = ciixj
¢t = ez —min (el = ) (x; — ;). (cly + &) (5~ )

C’ = max ((c ) (% + z), (el + ) (% +Z])) clixj

This set of equation can be further reduced as follows.
Cli = clix;
CH=Chi—-w;

W{; = min (( u) ( )(Cllj + c;’;) (xj - yj))

1
2¢ + cl-3j —Cjj

64



s = max (¢ - &) + 2,), (e} + ¢§)( + 7))

ij

3 2

1
2ci + ¢ — ¢
- 2

> 4 (x]- + Zj) +

% + 7]

To solve this system we substitute L; = x; — y; as the left coefficient and R; = x; +

z; as the right coefficient. This can be further reduced as follows. Define variables L; and L

as L}- _ {L]- 1ij >.0 andL}’ _ {—Lj 1ij < 0
0 otherwise 0 otherwise

Putting L; = L — L} and |L;| = Lj+ L} and similarly R; = Rj — R and |R;| =

R; + R;" where L}, L/, R{,R;" =0, we get:

Cl—c

ij ]
, 263:] + C3 - CZ ’ " C3 + CZ 1 "
2chi+ci—ck, . N ad aj +aj

Case 2. if (¢}, ¢/, c) <0Oie,cli+ ¢ <0

Cli = clix;
Cl; = cijx; —min ((Cilj — i) (% +2), (cij + ) (o + Zj))
Cj = max (( cii) (g = v;), (eij + i) (x5 — y,-)) — cijX;
This set of equation can be similarly reduced as follows
Ch = clix;

2 _r1 '
CZ = Ck—wy
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W; = min (( ci)(xj+ z;), (cly + ) (x; + Zj))

3 2
Cij + Cij

2

2c +c
2

(x] + z]) — |xj + zj|

3 _ ¢ 1
Cij = Sy — Cjj

s = max((e} =) (=) (el + ) (3 ,)

1 3 2
_Zcij+cl-j—c

i C +C
2 . (x] y])+

2

|xJ yjl

Substituting L; = Lj —Lj and |L;| = L+ L} and similarly R; = R — R}’ and |R;| =

R; + R;" where L}, L/, R, R;" = 0, we get:

Ajj = ajjx;
2C1 + C3 - CZ ’ ” C3 + Cz ! ”
5{}.:%(%_%)4_( l]Z l])(Lj_l_Lj)
, 2C11]+C3—C12] ’ ’ l] l] "
Wiy = =LV (R~ RY) — (LD (R + R))

Case 3. If(cU, Cij U)—Ole ci—cli<0<c} +cj

1 _
Cij cux]

C = cijx; —min (( ci)(xj + 7). (cij + ) (% - ))

Cij = max (( cii) (g = y;), (eij + i) (% + Zj)) — Cij%;
This set of equation can be similarly reduced as follows.

1
Ci; —cl]J
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CZ—C1

Wi = min <( ci)(x+2), (e + Cll) (x B 1)>

3 _ ¢ 1
Cij _SU_CU

Si; = max (( u) ( ) ) (cllj + cf}-)(xj + Zj))

Substituting L; = Lj—L7 and  |L;|= Lj+L/ and similarly R; = R/ —
R/'and |R;| = Rj + R/’ where L}, L},R},R]" = 0, we get:
(cii = cfIR; — (cfi + iDLy = ui; —ujj

ij t

This implies

|(Cllj _Cizj)R (Clj +C )L | - u +ul{}

Similarly,

1, 3vp _
(cii — DL = (ciy + ¢)DR; = vjj — v}

|(c? ¢l — L — (CU+CU)R| = v} + v
where L., LY, R, R, u::,uls,vi;, vi: >0

jr =g S B B B Vi Yij =

Substituting we get:

1 _
C c]x]

! (l] l])(R K )+(c +Cl])(L _L) w; + uy;
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o - (cij + ) (R} — R}') + (cfj — c5)(Lj — L)) <v;,. + vf})
b 2 + 2

with two additional constraints:

( l] l])R (Cl] +Cl])L = u’l] {;

( l] l])L (Cl] +Cl])R = U] vl’J’

Step 5. Thus the dual fully fuzzy linear system , obtained from Step 3 and Step 4, can be

transformed into the following crisp system of linear equations:

ZAl + b= ZC1+d1 ; i=12 .. m
< ZAZ +b? = 2 Ci+d? i=12, ...m
ZA3 + b} = Zc3+d3 : i=12,..,m
\j=1

with appropriate constraints obtained from Step 3 and Step 4.

Step 6. The solution of system obtained in Step 5, can be obtained by solving the following

linear programming problem, which is obtained by adding the artificial variable Z;,V i =

1,2,..,m.
n

n n
Minimize Z = Z Z; + Z Z + Z Z;
i=1 i=1

i=1

subject to

n n
ZAllj_ZCilj-l_Zi:dil_bil ; i=12,..,m
j=1 j=1
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Step 7. Solve the linear programming problem, obtained from Step 6, and put the values in

% = (xp%— L+ L, R — R —x;) Vj=12,..,n

to find the solution of fully fuzzy linear system. If the linear programming problem is
inconsistent and does not yield any solution then the given dual fully fuzzy linear system is

inconsistent and has no solution.
5.3. Solution of chosen fully fuzzy linear systems

In Section 5.1, some dual fully fuzzy linear systems are chosen which cannot be
solved by the existing methods [30, 86, 98, 112, 123, 125]. In this section, the solution of the
chosen dual fully fuzzy linear system are obtained by the Mehar method-1V, proposed in

Section 5.2.
5.3.1. Solution of dual fully fuzzy linear system chosen in Example 5.1

Using the Mehar method-1V, proposed in Section 5.2, the solution of dual fully fuzzy

linear system, chosen in Example 5.1, can be obtained as follows:

Step 1. Using the multiplication of triangular fuzzy numbers as proposed in Step 2, of the
proposed method the dual fully fuzzy linear system, chosen in Example 5.1 can be

transformed into the following dual fully fuzzy linear system.

(3x1, 3x; — min(—Z(x1 + z1),4(x; — yl)),max (—Z(Jc1 — y1),4(x; + zl)) — 3x1) @b
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(5x,,5x;, — min(4(x; — ¥,),6 (x; — ¥5)), max (4(x, + 2,),6(x; + 2,)) — 5x;)

a5} (—4x3, —4x3 —min(=5(x3 + z3), —2(x3 + 2z3)), max (—5(x3 - ¥3),—2(x3 — y3)) +

4x3) @ (18,2,1) =
(5x1, 5x, — mi n(3(x1 — v1),6(x; — yl)) ,max (3(x1 + z,),6(x; + Zl)) — 5x1) &)
(sz, 2x, —mi n(Z(xz —95),3 (x; — yz)),max (Z(xz + 2,),3(x, + Zz)) — 2x2)

@ (2x3,2x3 — min((x3 — 23),3(x3 — y3)), max ((x3 + z3),3(x3 + 23)) — 2x3)

® (2,10,12),

(221,22 — min((x; — y1),3(0x; —¥1)),max (O + 21),30; +21)) — 2x1) D
(3x2, 3x, — mi n(Z(xz —y2), 4 (x, — yz)),max (Z(xz + z,),4(x, + 22)) — 3x2)

&) (2x3, 2x3 — min(Z(x3 — ¥3),4(x3 — y3)),max (2(x3 + 23),4(x3 + 23)) — 2x3)

@® (10,20,10) =
(3x1, 3x, —mi n(2(x1 — v1),4(x; — yl)) ,max (2(x1 + z7),4(x; + Zl)) — 3x1) @
(25,2, —min(=2(x; + 25),3 (x; — ¥5)), max (=2(x; — y2),3(x2 + 2,)) — 2x3)

@D (3x3, 3x5 — min(Z(x3 — v3),4(x; — y3)),max (2(x3 + z3),4(x5 + 23)) - 3x3)
@ (8,3,14)
and
(—2x1, —2X; — min(—S(x1 + z),—1(x; + zl)) ,max (—3(951 —y1),—1(x; — yl))
+ 2x1) ®
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(—4x2, —4x, — min(—4(x2 +2z,),—1(x, + zz)) ,max (—4(x2 - yy),—1(x, — yz))

+ 4x2)

&) (4x3,4x3 - min(Z(xg — ¥3),5(x3 — y3)),max (2(x3 + 23),5(x3 + 23)) — 4x3)

@ (24,24,1) =

(—4x;, —4x; —min(=30x; + 21),—1(x; + 21)),max (—4(x; — y1), =10, — 1))

+ 4x1) ®
(sz, 2x, — min(—Z(x2 + 2,),3 (x — yz)),max (—2(x2 —v5),3(x; + 22)) — 2x2)

@ (3x3,3x3 — min(—2(x; + z3), 4(x3 — ¥3)),max (—2(x3 — y3),4(x3 + 23)) — 3x3)

@ (8,1,6)
which can be further written as

(3x4,3x1 — Wyq, 511 — 3x1) @D (5x5, 5x3 — Wiy, S12 — 5x3)

@ (—4‘X3, _4‘X3 - W13,Sl3 + 4‘X3) @ (18,2,1)

= (5x4,5x1 — Wy, 511 — 5x1) @ (2x,, 2x, — Wy, S1; — 2x3)

D (2x3, 223 — W5, Sls — 2x3) @ (2,10,12)

(2x1,2x1 — Wa1, 831 — 2x1) @ (3x2,3x, — Wy, Spp — 3x2) @ (2x3, 2x3 — W3, Sp3 — 2x3)

@ (10,20,10)

= (3x1,3x1 — Wy, S31 — 3x1) © (2x3, 25 — W5, S35 — 2x3)

@ (3x3,3x3 — Wy3, S33 — 3x3) @ (8,3,14)

and
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(—2xq, —2x; — W531,831 + 2x1) D (—4x,, —4x, — Ws,, S35 + 4x5)

@ (4x3,4x3 — Wi3, S33 — 4x3) @ (24,24,1)

= (—4xq, —4x, — W3’1;S§1 + 4x;) D (2x5, 2x5 — W3’2;S§2 — 2x3)

D (3x3, 3x3 — Wiz, S35 — 3x3) D (8,1,6)
where W;; = mi n(—Z(xl + z1),4(x; — yl)),Sll = max (—Z(x1 — v1), 40 + Zl))
Wi, =mi n(4(x2 —¥2),6 (x; — }’2)) ,S12 = max (4(x; + z,),6(x; + z3))
Wis = min(—S(x3 + z3),—2(x3 + Z3)) ,S13 = max(—S(x3 = ¥3),—2(x3 — }’3))
Wi, = min (3(951 —y1),6(x; — )’1)),5:{1 = max(3(x1 +21),6(x; + Z1))
Wi, = min (Z(xz —¥2),3(x; — 3’2)):512 = max(Z(xZ + z3),3(x; + Zz))
Wis = min((x3 — ¥3),3(x3 — )’3)) ,Si3 = max((x3 + 2z3),3(x3 + 23))
Wy = min((xl — y1),3(x; — )’1)) , 821 = max ((x1 + 21),3(x; + Z1))
Wy, = min(Z(xz =204 (x; — )’2)) ) S22 = max (2(x2 + z3),4(x; + Zz))
Wy3 = min(Z(x3 — ¥3),4(x3 — Y3))'523 = max (2(x3 + 23),4(x3 + 23))
Wy, =mi n(Z(xl = y1),4(x, — 3’1)) ,S21 = max (Z(xl + z1),4(x; + Z1))
Wy, = min(—2(x, + 2,),3 (xz —¥2)), S5z = max (=2(x; — ¥2),3(x2 + 2,))
Wys = min(Z(x3 — ¥3),4(x3 — ys)) ,S23 = max (2(x3 + 23),4(x3 + 23))
W3 = min(—3(x1 + z1),—1(x; + Zl)) ,S31 = max (—3(x1 —y1),—1(x; — Y1))

W3, = min(—4(x2 +23), =1 (x + Zz)) , S35 = max (—4(x2 = ¥2),—1(x; — }’2))
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Wiz = min(2(x3 — y3),5(x3 — ¥3)), S35 = max (2(xs + z3), 5(x3 + 23))
Wiy = min(=30e + z1),—1(xy + 21)), S5 = max (—4(x; — y1), —1(x; — y1))
Wi, = min(—2(x; + z3), 4(x3 — ¥3)), Si, = max (—2(x3 — y3), 4(x3 + 23))
Wiz = min(—2(x; + z3),4(x3 — ¥3)), Sis = max (—2(x3 — y3), 4(x3 + 23))

x-y
2 1

Step 3. Using the relation min(x,y) = (%)— |%|,max(x,y) = (“Ty)+
x;—yi=L; and x; +z =R; as well as L; = L;— L/ and |L;|= Lj+L},R; = R —

R/ ,|R;| = R/ + R/, the fully fuzzy linear system, obtained in Step 2, can be written as:

(3x4,3x1 — Wyq, 511 — 3x1) @ (5x3, 5x5 — Wi, S12 — 5x3)

@D (—4x3, —4x3 — Wi3, 8513 + 4x3) D (18,2,1)

= (5x4,5x1 — Wy, 511 — 5x1) @ (2x,, 2x, — Wy, S15 — 2x3)

@D (2x3,2x3 — Wi3,815 — 2x3) D (2,10,12)

(2x1,2x1 — Wp1, 831 — 2x1) @ (Bx2,3x, — Wy, Spp — 3x2) @ (2x3, 2x3 — Wa3, Sp3 — 2x3)

@ (10,20,10)

= (3x1,3x1 — W31, S31 — 3x1) © (2x3, 25 — W5, S35 — 2x3)

@ (3x3,3%3 — Wis, Shs — 3x3) @ (8,3,14)

and

(—=2xy, —2x1 — W3q,831 + 2x1) D (—4x,, —4x; — W35, 83, + 4x;)

@ (4x3,4x3 — W33, S33 — 4x3) D (24,24,1)
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= (—4xq, —4x, — W3’1;S§1 + 4x;) D (2x5, 2x5 — W3’2;S§2 — 2x3)

@ (Bxs, 3x3 — Wiz, S33 — 3x3) @ (8,1,6)

Where

; —2(R1—Ry)+4(L-LY T
Wi = mtn(—Z(xl + z1),4(x, —3’1)) =Wy = & 1)2 C (ull ull)

$11 = max (—2(x1 — y1),4(x; + Zl)) = 511 =

4R~ RY) — 2(Ly ~ L) (vil + v{&)
2 * 2

with two additional equations:
—2(Ry — Ry) —4(Ly — L7) = uyy —ugy
—2(Ly — L) —4(Ry —RY) = vy —viy
Wi, = min(4(x2 —¥2),6 (x; — }’2)) = Wi, = 5(le - ’2') — (L +L3)

S12 = max (4(x; + 73),6(x; + 25)) = S1,=5(R; — RY) + (R, + RY)
| -7 ,
Wiz = min(=5(x; + 2z3),—2(x3 + z3)) = 7(R3 —RY) - —(R
=7 ! " 3 1 "
Si3 = max(—S(x3 — ¥3),—2(x3 — J’3)) = 7(L3 - L3) + E(L3 + L3)
’ . 9 ! " 3 1 "
Wi, = mln(3(x1 —y1),6(x; — }’1)) = E(Ll - Ll) - E(L1 + L7)
r 9 ! " 3 ’ "
S = max(3(x1 +2),6(x; + Z1)) = E(R1 - R1) + E(R1 + RY)
’ . 5 ! " 1 ! "
Wi, = m1n(2(x2 —¥2),30x; — }’2)) = E(Lz - 2) - E(Lz + 2)

S 1,
Sy, = max(Z(x2 + z,),3(x, + 22)) = > (R2 — R’z’) + 5 (Rz n szf)
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Wi = min((x3 — ¥3),3(x3 — 3’3)) = 2(L3 — L3) — (L3 + L3)
S13 = max((xs + 23),3(x3 + 2z3)) = 2(R; — Ry) + (R; + Ry)
Wy = min((x1 = y1),3(x; — J’1)) = 2(L; — LY) — (Ly + LY)
Sp1 = max ((x1 + 21),3(x1 + 7)) = 2(R; — RY) — (R{ + RY)
Similarly, this can be obtained W,, S;,W,3, S53, W31, 531, W35, S35, W33, S3s3.

Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
dual fully fuzzy linear system, obtained in Step 3, can be transformed into the following dual

fully fuzzy linear system.

(le + 5x2 - 4x3, 3x1 - W11 + 5x2 - W12 - 4‘X3 - W13, 511 - 3x1 + 512 - 5x2 + 513

+4x3) @ (18,2,1)

= (5x1 + 2x, + 2x3,5x; — W{; + 2x, — W/, + 2x3 — W/5,S51; — 5x; + S1, — 2%, + 513

—2x3) @ (2,10,12)

(2x1 + 3xy + 2x3,2x7 — Wy + 3x, — Woy + 2x53 — Wo3, 551 — 2x1 + Sy — 3%, + Sy3

— 2x3) @ (10,20,10)

= (3X1 + ZXZ + 3X3, 3x1 - W2’1 + 2x2 - WZIZ + 3X3 - W2,3,Sél - 3x1 + Séz - sz + Sé3

—3x3) D (8,3,14)
and
(—2x; —4x, + 4x3,—2x; — W3y — 4x, — W3y + 4x5 — W33, 831 + 2x1 + S35 + 4x, + S35

— 4x3) D (24,24,1)
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= (_4x1 + 2x2 + BX3, _4x1 - W3,1 + ZXZ - Wéz + SX3 - W3’3,Sé1 + 4-x1 + Séz - 2x2

+ S33 — 3x3) @D (8,1,6)

Step 5. USII’]g the I’e|atI0n (ml, al,Bl) = (mz, az,ﬁz) = m1 = mz, al = az,ﬁl = ﬁz, the
dual fully fuzzy linear system can be transformed into the following crisp system of linear

equations.
_le + 3x2 - 6x3 + 16 = 0

—2x, +3x, — 6x3 + L] —4L] — 2L, + 3Ly + L3 — 2L3 + Ry — R{ + 5R; — 2R; + 0.5U;,

+0.5U;;,—8=0

2x; —3x, + 6x3 — L) + L7 —4R; + 2R, + 3R, — 2R, — 3L3 — 2R3 + R; + 0.5V}

+0.5V;-11=0
X1 +x,—x3+2=0
—x; +x, + x5+ L) — L] — 0.5L, + 2.5L, — R, + R, — 0.5U;, — 0.5 U;,+17=0
—x;+x, +x3—3R; —R{ +25R, — 0.5R, + L, — L, — 0.5V,; —0.5V,; —4 =0
2x1 —2x, +x3+16 =0

2x; —6x, +x3—3R; + 3R, — Ry — 7L+ 1.5L, — 1.5 L, — 0.5U,; — 0.5 U,; — 0.5U3;

—05U;3+16=0

—2x; + 6x, —x3 — Ly + 3L] + 2L, + 2Ly — 4L3 + 3R; — 1.5R, + 1.5R, — 0.5V,

—0.5V,; —05V;3— 05V, —6=0
—2R;+ 2R, — 4L, +4L; — U, +U{; =0

—2L; +2L; —4R; +R{ — Vi, +V;; =0
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—2R, + 2R, — 3L, + 3L, — Uy + Uy =0
—2L,+ 2L, —3R, + 3R, — Vo, +V,; =0
—2R; + 2R3 — 4Ly + 4L; — Uzz + Uss = 0
—2L3+ 2L — 4Ry +4R; — Va3 + V33 =0

X1, X2, X3 Ry, Ry, Ry, Ry, R3, R, Ly, Ly, Ly, Ly, L, L, Ugq, Ugq, Vi1, Vi1, Uy, Uzq, Va1, Vay, Uss, Uss, Vs, Vg

>0

Step 6. Using Phase 1 of the two-phase method, the following linear programming problem

can be used to find the solution of crisp system of linear equations, obtained in Step 5.
MinimizeZ = Z1+ Z, + Z3+ 21+ Zy+ Z3+ 7] + Z, + Z;
subject to
—2x1+3x, —6x3+16+27Z; =0

—2x; +3x, — 6x3 + L] —4L] — 2L, + 3Ly + L3 — 2L3 + Ry — R{ + 5R; — 2R; + 0.5U;,

+0.5U;;, —8+Z, =0

2x; —3x, + 6x3 — L} + L1 —4R; + 2R + 3R, — 2R, — 3L; — 2R, + R; + 0.5V}

+05V;—11+2Z;=0
—X 4 X, —x3+2+Z; =0
—x; +x, +x3+L; — L7 —05L, + 2.5L, — R, + R, — 0.5U;, — 0.5 U;,+17+Z,=0
—X;+ %, +x3—3R; —R{ +25R, — 0.5R, + L, — L, — 0.5V,;, —0.5V,; —4+Z;=0

2x; —2x, + X3+ 16+ 27, =0
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2x; —6x, +x3 —3R; + 3R, — Ry — 7L +1.5L, — 1.5 L, — 0.5U,; — 0.5 U,; — 0.5U3,

—05Uz3+16+Z, =0

—2x; + 6x, —x3 — Ly +3L] + 2L, + 2Ly — 4L3 + 3R; — 1.5R, + 1.5R, — 0.5V,

—0.5V,; —0.5V;3 — 0.5V, —6+Z5 =0
—2R; + 2R, — 4L, +4L; — Uj; +U{; =0
—2L; +2L] —4R; +R{ — V;; +V;; =0
—2R, + 2R, — 3L, + 3Ly, — Uy + Uy; =0
—2L, + 2Ly —3R, + 3R, — Vyy +V,; =0
—2R3 + 2Ry — 4Ly + 4Ly — Us3 + U3 =0
—2L3 +2L; —4R; + 4Ry — Va3 + Vi3 =0

X1, X2, X3 Ry, Ry, Ry, Ry, R3, Rg, Ly, Ly, Ly, Ly, Ls, Ly, Uy, Uqq, Vi1, Vig, Uy, Uy, Va1, Vay, Uss, Usg, Vs, Vg

>0

On solving the above LPP, x; =2,x, =4,x3=4,L;, =1,L;=0,L, =4,L, =0,L; =
3,L; =0, R, =3,R,=0,R,=5R,=0,R; =4, R, =0, U; =-1,U;; =9,V;; =
—11,V{;, =3, Uyy =6,Uy;; =28, V,y = —6,V,; = 17, Va3 = =8, V33 =18, Z, =

0,Z2;=0,27,=0,72,=0,Z;,=0,Z,=0,Z,=0,Z3 = 0,

Step 7. Putting the values of L}, L, R/, R;’, x; obtained from Step 6, in &; = (%, x; — L +

LR =B =) Vj = 12,..m,

%= (2,1,1),%, = (4,0,1) and %5 = (4,1,0)
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5.4. Solution of dual fully fuzzy linear system with non-negative restriction on elements

of unknown vector

In this section, special case of AQ@ % @b =C Q% @ d has been discussed in
which the elements of coefficient matrix are unrestricted triangular fuzzy numbers whereas

the elements of unknown vector are non-negative triangular fuzzy numbers.

The steps of the proposed method are as follows:

Step 1 SUbSUtU“ng A = (dij)mxn: X = (fi)nxl' C = (6ij)m><n' d~ = (d~i)mx1 and E =

(b))mx1 the m x n dual fully fuzzy linear system may be written as

1§
1§

n n
Zdij® j@Bi:ZEij® jEBdi Vi=12..,m
j=1 j=1

Step 2 If all the parameters @, X;, ¢;, d; and b; are represented by triangular fuzzy numbers
(aij mij,nii), (%, ¥5,21) = 0, (cij pijr qij), (di, e, f) and (b, gy, hy) respectively, then the
dual fully fuzzy linear system, obtained in Step 1, may be written as:

n

n
Z (aij,mipni;) @ (%,55,2) @ (b ginhy) = Z(Cij'pij' 0;) ® (x1,v5,2;) ® (di, ei, ;)
j=1 =1

]:
Vi=1,2,..,m.

Step 3 Assuming (aij,mij,nij) X (xj; Vi Z]) = (Aij’Mij'Nij)’ and (Cij’pij’ qu) ®
(xj,yj, zj) = (Cij, P;j, Qi;) the dual fully fuzzy linear system, obtained in Step 2, may be

written as;

n n
Z(Aij'Mij'Nij) @ (bi, gi, hi) = z(cij,Pij,Qij) @ (die,f;) Vi=12..,m
Jj=1 =1

]
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Using arithmetic operations, defined in Section 3.1,

(Aij Mij, Nij) = (ag;,mijni;) @ (%5, 95, 2;)

Aij = aijx
Mij = Aij — Ry
Nij = Sij — Ayj

Rij = min ((aij —my) (% = ), (@i —my) (% + Zj))
Sij = max ((ai,- +n4;) (x5 — ;). (@i + ny) (% + Zj))
Similarly we obtain C;;, P;;, Q;; as follows:

jr i

Cij = cijxj, Py = Cij = Tijy Qij = Vij = Gy
Ty = min ((Cij = i) (% — ;). (cij — pij) (3 + Zj))

Vij = max ((Cij +qi;) (% — ;). (cij + ai;) (% + Zj))

Step 4 The dual fully fuzzy linear system obtained in Step 3, is transformed into crisp system

of linear equations

rn n
ZAU—I-bL ZZCU-I-dl
j=1 j=1

n n
<ZMU+gl =2Pij+ei
j=1 j=1

n n
ZNij‘l'hi ZZQU"‘fi
=1 =1

This can be further reduced as
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( n n
ZAU +b,_ :ZCU +dl
j=1 j=1

n n
Z(Aij —Rij) +9: = Z(Cij —Tij) +e
j=1 j=1

A

n

which can be further reduced as

n
Z(Sij —Ay) +h = Z(Vij —C)+H],
Kj=1 j=1
( n n
Zaiij +b; = ZCijxj +d;
j=1 =
n n
ZRij _ZTU =(d; —e;) — (b; — g7)
j=1 j=1
n n
kj=1 j=1
R.: = {(Clij - mij)(xj - yj) if a;; —my =0
l .
T Way —mi)(x + 2) if ai; —my; <0

T.. = {(Cij - Pij)(xj —yj) if cij —pi; =0
ij (Cij - pij)(xj + Zj) if Cij — Dij <0

Y (al]+nl])(x]+zj) lf aU+nU =0

) {(Cij +45) (% —¥;) if cij+ 4, <0
ij —

(C] +ql])(x] +ZJ) if cij+qij 20

Step 5. The solution of system obtained in Step 4, can be obtained by solving the following

linear programming problem, which is obtained by adding the artificial variable Z;,V i =
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Minimize

subject to
n n
Zal'lj_zcilj+zi=di_bi ; i=12,..,m
Jj=1 j=1
n n
ZRij—zTi'+Z£=(di—ei)—(bi—gi); i=12,..,m
j=1 j=1
Zsij_zvif-l_zi”:(di"'fi) ; i=12,..,m
j=1 j=1

Vi — X; >0Vi= 1,2,...,m
Step 6. Solve the above linear programming problem and put the above values in
IR

fj = (x]',x]' - L; + L,', R,' - R]” _x]) VJ =12,..,n

to find the solution of dual fully fuzzy linear system. If the linear programming problem is
inconsistent and does not yield any solution then the given dual fully fuzzy linear system is

inconsistent and has no solution.

Remark 5.1. The m x n dual fully fuzzy linear system AQ @b =C @ ¥ @ d is not
equivalent to the fully fuzzy linear system M @ ¥ =fiwhere ¥ =AQ Candi=d © b

because for a fuzzy number say 4, the statement A © B = C does not impliesA = C @ B
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Remark 5.2. The m x n dual fully fuzzy linear system AQ ¥ @ b=C Q ¥ @ d can be
reduced to standard fully fuzzy linear system M ® ¥ = 7i if we take A = M,b=0,C =0

andd = 1.
5.4.1. Solution of dual fully fuzzy linear system chosen in Example 5.2

In this section, the solution of the dual fully fuzzy linear system chosen in Example

5.2, is obtained by the method proposed in Section 5.4.

Using the method proposed in Section 5.4, the solution of dual fully fuzzy linear

system, chosen in Example 5.2, can be obtained as follows:

Step 1. Using the multiplication of unrestricted triangular fuzzy numbers with non-negative
triangular fuzzy numbers, defined in Section 2.1.2, the dual fully fuzzy linear system, chosen

in Example 5.2, can be transformed into the following dual fully fuzzy linear system.
(2x1, 21 — min (=1(xq — ¥1), —1(x; + z1)), max 3(xy — y1),3(x1 +21)) — 2x,) D
(3x4,3x, —min (2(xy — v,),2(x, + z,), max(4(x, — y5),4(x, + z3)) — 3x,) D (3,55,0)

=(—4xy, —4x; —mi n(—5(x1 —¥1),—5(x; + Z1)) ,yma x(—3(x1 —¥1),—3(x; + Z1)) +
4x,) @ (—3xz, —3x; —min (=6(x; — y2), —6(x; + 23), max(—2(x; — y,), —2(x; +

Zz) + 3XZ) @ (4‘5,4‘7,3)
and
(—3xq, —3x; —mi n(—4(x1 —y1), —4(x; + zl)),ma x(—Z(x1 —y1),—2(x; + zl)) + 3x7)

@ (5x2, 5x, — min (4(x; — y3),4(x; + 23), max(6(x; — y,),6(x; + 23)) — 5x3)

® (2,17,0) =

(2x1,2x1 —mi n((xl —y1), (x1 + Z1)) ,ma x(3(x1 —¥1),3(x; + Z1)) —2x1) D
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(=23, —2x; —min (=5(x; — y3), =5(x; + z3), max(—=1(x; — y,), —1(x; + z3) + 2x;)

® (3,4,13).

Step 2. Using the relation min(x,y) = (%) - |%| max(x,y) = (“Ty) 4

ﬂ| the dual
2

fully fuzzy linear system, obtained in Step 1, can be transformed into the following dual fully

fuzzy linear system.

—X1+Y1—X1— 7 —X1+y1+x1t2;
221, 2%, = ( 2 )_| 2

)

((3x1 —3y; +3x; + 321) N |3x1 — 3y, —3x; — 374

2 2

)=

2Xy — 2V, + 2x, + 22 2X, — 2y, — 2x, — 2Z
EB<3x2,3x2—<( 2 J’22 2 2)_| 2 yzz 2 2

) — 3x2) @ (3,55,0)
) + 4x1>

4-x2 - 4‘y2 + 4x2 + 4‘Z2 4‘x2 - 4‘y2 — 4‘x2 — 4‘Z2
O e

—5x; + 5y; —5x; — 574 —5x; + 5y, + 5% + 524
(N

—3x; +3y; —3x1 — 37, —3x; +3y; +3x1 + 374
(=)

@ <—3x2, —3x,

<(—6x2 + 6y2 - 6x2 - 6Z2) |_6x2 + 6y2 + 6x2 + 6Z2
2 2

)
o)

—2x2 + 2y2 - 2x2 - 222 _2x2 + 2y2 + 2x2 + 2Z2
( 2 )+] 2

D (45,47,3)
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((—4x1 + 4y, — 4x, — 421) ‘—4x1 + 4y, + 4x; + 42,
2

(_le, _3x1 - 2

)
o)

4x, — 4y, +4x, + 4z 4x, — 4y, —4x, — 4z
@<5x2,5x2—<( 2 J’22 2 2)_’ 2 }’22 2 2

((—le + 2y, — 2x; — 221) N |—2x1 + 2y, + 2x; + 22
2 2

)

) - 5x2> @ (2,17,0)

6x2—6y2+6xz+622 6x2—6y2—6x2—622
=)

+x+2z X — X1 —Z
=<2x1,2x1 yl 1 1)_| 1~ V1 1 1|)’

2

< 3x1 - 3y1 + 3x; + 321) N |3x1 —3y; —3x; — 32,
2

)-2u)e
)

) + 2x2> ® (3,4,13)

( 2X,,—2Xy —

(=

Step 3. Since x4, ¥4, 21, X2, V2, Z, = 0 so dual fully fuzzy linear system, obtained in Step 2,

2

( —5x, + 5y2 — 5x, — 522) | 5x, + 5y, + 5%, + 52,

+yz—x2—z2 —X; +y, +x, + 2,
)+

can be transformed into following dual fully fuzzy linear system.

(2xq, 221 + (x1 +21),3(x1 + 1) — 2x1) D (3x,3x; — 2(x; — ¥2),4(x; + z;) — 3x,) D
(3,55,0) = (—4xqy, —4x1 +5(x; + 2z1), —3(x;y —y1) +4x1) D (—3x,, —3x, +

6(xy + z3), —2(x; — y2) + 3x;) D (45,47,3),

(—3xy, —=3%; + 4(x; + 21), —2(x; — y1) + 3x1) D (5x3, 5% — 4(xz — ¥2), 6(x2 + 75) —
5x2 69 (2,17,0) = (le, le - (x1 - yl)’ 3(x1 + Zl) - Z.Xl) @ (—sz, _2x2 +

5(x, +23), —1(x; — YZ) + 2x, @ (3,4,13).
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Step 4. Using the addition of two triangular fuzzy numbers, defined in Section 2.1.2., the
dual fully fuzzy linear system, obtained in Step 3, and using the relation (mq, a;,B,) =
(m,, ay, By) = My = my, @y = ay, 1 = B, the fully fuzzy linear system can be transformed

into the following crisp system of linear equations.

6x1 + 6x2 == 42

_le + 7x2 = 1

le - 421 - sz - 2y2 - 622 = _8

_3y1 - 2y2 + 321 + 422 == 3

V1 +2x2 _4‘y2 —4‘21 +5Z2 =13

2y, — Yy, — 3z, + 62, =13

yi—x; =0 Vi=12

Step 5. Using Phase 1 of the two-phase method, the following linear programming problem

can be used to find the solution of crisp system of linear equations, obtained in Step 4,

MinimizeZ =Z, + Z, + Z1 + Zy + Z{ + Z}

subject to

6x1 + 6x2 +Z1 = 4’2

_5x1+7.x2+ Zz = 1

2x1 _4‘21 _2x2 _2y2 _622 + Z{ = _8

_3y1 _Zyz + 3Z1 +4‘Zz + Zé =3

V1 + 2x2 - 4‘y2 - 4‘21 + 522 +Z{, =13
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Zyl _yz - 321 + 622 +Z£I == 13

yi—x; =0 Vi=1,2.

71,75, 20,25, 2,78 >0

On solving the above linear programming problem,

X1 = 4‘,y1 = 1,Zl = O,xZ = 3,y2 = 1,Z2 = 2 and ZIFZZ' Z{,Zé,Z{’,Zé’ = 0

Clearly x; —y; = 0,y; = 0 and z; = 0. Hence the solution is feasible and can be written as

% = (41,0) and %, = (3,1,2).

5.5. Results and discussion

The solution of dual fully fuzzy linear system chosen in Example 5.1 and Example
5.2, are obtained by using the existing methods and the method proposed are shown in Table
5.1. It is obvious from the result shown in Table 5.1 that the dual fully fuzzy linear systems,
chosen in Example 5.1 and Example 5.2. cannot be solved by any of the existing methods,

but can be solved by the Mehar method-1V proposed in this chapter.

Table 5.1: Comparison of results by using proposed and existing method

Examples Solution using proposed Solution using existing
method methods
X = (2,1,1)
Example 5.1 %, = (4,0,1) Not applicable
%3 = (4,1,0)
% = (41,0)
Example 5.2 X, = (3,1,2) Not applicable
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5.6. Conclusion

In this chapter, the solution of dual fully fuzzy linear system AQ@ % ®@b=CQ®
% @ d is proposed, which is a generalised form of A ® ¥ = b. The main advantage of this
method is that the solution of dual fully fuzzy linear system can be obtained without any
restriction on the coefficient matrix as well as on solution vector. Moreover the methods
proposed in Chapter 2, 3 and 4 are the special cases of the method proposed in this chapter.

The method is illustrated with the help of numerical examples.
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Chapter 6

Mehar method-V for solving dual fully fuzzy matrix
equation with unrestricted fuzzy coefficient and

unrestricted fuzzy variables *

Otadi and Mosleh [113] extended the concept of fully fuzzy linear system into fully
fuzzy matrix equations and proposed a method to find the solution of such fully fuzzy matrix
equations in which all the elements of unknown matrix are represented by non-negative
triangular fuzzy numbers whereas the elements of coefficient matrix and right hand matrix
are represented by unrestricted triangular fuzzy numbers. On the same direction, in this
chapter, the concept of dual fully fuzzy linear system is extended into dual fully fuzzy matrix
equations and a new method (named as Mehar method-V) is proposed to find the solution of
such dual fully fuzzy matrix equation in which all the elements of all the matrices are
represented by unrestricted trapezoidal fuzzy numbers. The proposed method is illustrated by

numerical examples.

6.1 Preliminaries

In the previous chapters, triangular fuzzy numbers are used to represent the elements
of matrices and unknown vector. Further (m, a, 8) representation of triangular fuzzy numbers
have been used in the previous chapters. In this chapter, instead of (m, a, 8) representation of
triangular fuzzy number (m — a, m, m + ) is used to represent the triangular fuzzy number
and (m—a,mmn,m+ ) is used to represent the trapezoidal fuzzy number. In this
representation the definition, presented in Section 2.1.1 of Chapter 2, and arithmetic

operations, presented in Section 2.1.2 of Chapter 2, may be defined as follows.

® A part of this chapter is published in Journal of Intelligent & Fuzzy Systems 25 (2013) 747-753.
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6.1.1. Basic definitions

In this section, some basic definitions related to fuzzy numbers as well as arithmetic

operations on trapezoidal fuzzy numbers are represented.

Definition 6.1. A fuzzy number M = (a, b, c,d) is said to be a trapezoidal fuzzy number if

its membership function is given by

§
xX—a

, a<x<b,
b—a

wis (x) =< 1, b<x<c,

d—x < x<d

d—c’ c=x
0 otherwise

where a,b,c,d € R

Definition 6.2. A trapezoidal fuzzy number M = (a, b, c,d) may be non-negative, negative,

or near zero.

(1) M is a non-negative trapezoidal fuzzy number denoted by Mp = (a,b,c,d) =20 if

a=0
(2) M is a negative trapezoidal fuzzy number denoted by M,, = (a,b,c,d) < 0ifd <0

(3) M is a near zero trapezoidal fuzzy number denoted by M, = (a,b,c,d) =0ifa <0 <

d. Further there may be three categories

3.1.M,=(abcd)=0,ifa<b<c<0<d
3.2 Mp = (a,b,c,d)=0,ifa<bh<0<c<d
33.M,=(ab,c,d)=0;ifa<0<b<c<d

Definition 6.3. A trapezoidal fuzzy number M = (a,b,c,d) is said to be zero trapezoidal

fuzzy number ifandonly ifa = 0,b =0,c =0,d = 0.
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Definition 6.4. Two trapezoidal fuzzy number M = (a,b,c,d) and N = (e, f, g, h) are said

to be equal i.e., M = N ifandonlyifa =e,b = f,c = g, d = h.

6.1.2. Arithmetic operations on trapezoidal fuzzy numbers

Let M = (a,b,c,d) and N = (e, f, g, h) be two trapezoidal fuzzy numbers. Then,

h,b—g,c—f,d—e)

Q) M@ N= (a,b,c,d)®(e,f,g,h) =(a+e,b+f,c+g,d+h)
(i) MO N =(a,b,c,d) © (e,f,g,h) = (a —
(i) If N= (e, f,g,h) =0 then,

(a,b,c,d) ® (e, f,g,h) = (min(ae, ah), min( bf, bg),max(cf, cg),max(ae, ah))

Similarly if M = (a, b,c,d) > 0, then

(a,b,c,d) ® (e, f,g,h) = (min(ae, de), min( bf

where,
min(ae, de) = (a : d) e —
min(of,cf) = (25 -

b+c
2

o+
>h+

max(bg,cg) = (

a+d
2

max(ah, dh) = (

Since, d = aand ¢ = b therefore |¥| , |%| can be replaced by (d%a) and (C

respectively in above set of equations.

For two trapezoidal fuzzy numbers M = (a,

,¢f),max(bg, cg), max(ah, dh))

a—d
2

[le

b—c
2

171

b—c
2

191

a—d
2

[ 1nd

b,c,d) and N = (e f,g,h) the

extended multiplication operation between two fuzzy numbers may be defined as follows

91



((min(ae, de) ,min( bf,cf),max(bg, cg) ,max(ah,dh)) if M
(min(ah, dh),min( bg,cg) ,max(bf,cf),max(ae,de)) if M =
(min(ah, de) ,min( bg, cg),max(bf,cf), max(ae,dh)) if M = M,x
(min(ah, de) ,min( bf,cg) ,max(bg, cf), max(ae,dh)) if M = 1\7Iﬁ
(min(ah, de) ,min( bf, cf), max(bg, cg), max(ae,dh)) if M = M

|

X
]
[

6.2. Limitations of the existing methods

The existing method [113] cannot be used to find the solution of dual fully fuzzy
matrix equations AQ X @B = CQ® X @® D where 4,B,C,D and X are fuzzy number

matrices.

For example, it is not possible to solve the dual fully fuzzy matrix equations chosen in given
Example 6.1 and Example 6.2, by using the existing methods due to unrestricted trapezoidal

fuzzy numbers.
Example 6.1.

(112;3:4) (_5! _2: _2 1)] [xll le] (_15l _61 _6l5) (0107070)

(-5234) (2344 T X 00,00)  (=4-2,-2,1)
[ (0,0,0,0) (1,3,4,4)] [9711 212] [(—1,8,10,33) (—32,-16,—16,~7)
(_4r _21 _1r _1) (0)0)0)0) i21 f22 (_15' _21111) (_3724;33744)

where %17 = (X11, Y11, Z11, W11), %12 = (X12, Y12, Z12, Wi2), K21 = (X21, Y21, 221, W21), Xpg =

(%22, Y22, Z22, W, ) are unrestricted trapezoidal fuzzy numbers.
Example 6.2.

[( 2,2,4,5) (1,2,3,6)] [211 9?12] [ (2,689 (45,10,11)
(2346) (3457 % %1 %l Y 1(59,12,13) (4,9,13,15)
[(1,2,3,6) (—1,3,4,5)] [;zn xlz] (2,4,611) (2,4,9,13)

(3,456) (4,56,8) Xp1 Xop (1,3,47) (1,2,48)
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where,
%11 = (011, Y110, 21 W11) 2 0, Xip = (K12, V12, Z12, W12) = 0,821 = (X21, V21, Z21, Wa1) =

0, %31 = (X22,¥22, 222, W22) = 0

6.3. Proposed Mehar method-V
In this section, to overcome the limitations of the existing methods, pointed out in
Section 6.2, a new method (named as Mehar method-V) is proposed to find solution of dual

fully fuzzy matrix equation A X @B = C® X @ D.
The steps of the proposed Mehar method-V are as follows:

Step 1. Substituting 4 = (&@;)mxn, ¥ = &)uxk and b = (b;))mxk ,C = (€i)mxn, d =

(dij) mxi the m x k dual fully fuzzy matrix equation may be written as:

52 @D
Z a; ® %ij ® by = Z G ®%;®d;vi=12,..,m

j=1,..n j=1,..n

Step 2. If all the parameters d;j,b;, C;;,d; are represented by trapezoidal fuzzy
numbers (i, Bk Yirr S (bijo Gijo i L )s (@i Bk Vit 81 (bijo 9o i 1) - and - %5 =
(xkj,ykj,zkj, ij) respectively, then the dual fully fuzzy matrix equation obtained in Step

1,can be transformed into the following dual fully fuzzy matrix equation

(al"kjﬁi’kr]/i'k' 51"1() X (xkj,J’kj»ij,ij) D (bi’j'gi’j' héj' léj)

1

n
]:

n
= Z(aikugik'yikfdik) ® (k> Yij» 2icj» wiej) @ (bij» gijo b liy) Vi
=
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Step 3. Assuming (ai’k'ﬁi’k'yi’k'é‘i’k) 03¢ (xkj'ijerj'ij) = ( i{c,p{k, qi]k»"”i{c), and
(ai’;(,ﬁi’;(, yl’;('é\l';c) ® (ij,ykj,ij,ij) = (Fi‘;c'Pi‘l]C’Qi]k'Ri]k , 1< i,j,k <n where each
(xkj,ykj,zkj, ij) is an unrestricted trapezoidal fuzzy number, the dual fully fuzzy matrix

equation, obtained in Step 2, can be transformed into the following dual fully fuzzy matrix

equation:

(&)
Z (fii'pijk’qijk'ri{c) 2] (bi,j'gi,j'hltj' lltj)
=1,...,n

J

@
_ ] ] ] ] " " " " .
= z (Fito P Qi Ri) @ (bijp 9ijp i lig) Vi=12,...,m
j=1,..,n

Case 1. If (i, Bir Vi 6ix) = 0ie., ay =0

. ay + 6 S — @
j _ . ' ' _ ik ik ik ik
fie = min(ay Xy, 8y Xy) = — 5 WT T 5 |k
P o / _ Bik + Vi Yik — Bik
Pix = Min(BucYrj YikVkj) = 5 Yij — 2 |yk1'|
, , , ! + ’y., )/.' — ﬁ.,
i _ ﬁlk ik ik ik
ql, = max(Biczi), Virzij) = — at— 5 — |z
. af + 6.' 6.' — a.,
j _ ' ’ _ ik ik ik ik
1) = max(aywj, SyWj) = — 5 Wt T Wi

Case 2. If (@, By Vi i) < 0ie., 8y =0

’

] _ . ! ' _ Yk ik ik ik
fix = min(ayWwyj, 6y Wij) = — 5 Wkt T 5 |wi; |
Jo_ e ' _ Bt Vik _Vik_.Bikl |
Dix = Min(BiZij, YikZij) = — 5 Zkj — Zyj
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’

Bix + Vik

qi]k = max(ﬁi’kykj»yi’kykj) =T Yij +

Tk = max(aikxkj’ ikxkj) -

' Ay Wiej + Oy X

8 — a;
ik ik
— 2 et

’ ’

Yik — Bik

> |ij|

'

) |xk,-|

Case 3. If (ay, Bir Vit 8ix) = 01 1.,y < By < Vire < 0 < 8

Xig Wij — 5ikxkj

fa. = min(a Wy, Oycxy;) =

2
' .o / Bix + Vik
Pie = min(BuZj, VirZkj) = % Zyj
j ' , Bix + Vi
Qe = max(ﬁikykjryikykj) = % Yij t

ik Xij + 8ixWij

2

Yik — Bix

) |ij|

Yik — Bik

> |3’kj|

Sikwkj — g Xkj

j ’ ’ a
T = max(aikxkj,6ikwkj) =

2

Qi Wij + Xy B

2

Case 4. If (ctiy, Biro Vit Sixc) = 02 e, e < By <0 < yy < 8

Aig Wij — 5ikxkj

J — min(a. ' =
fix = min(aywyj, 6 Xkj) =

2

BucYij + VikZkj

2

BikYkj — YikZkj

P = Min(Bucyij, YinZij) = 2

,Bilkzkj + Yfkykj +

2

.Bikzkj — YirVkj

quk = max(ﬁi’kaj;ngij) = 2

j ik Xij + OiWi;j

2

5ikaj — Ok Xkj

’ ’ a
T = max(aikxkj,6l-kwkj) =

2
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Qi Wij + OieXj | Qi Wij — SiXij

fa = min(ay Wy, 8 Xij) =

2 2
j o , Bix + Vi Vi =Bik
Dy = mln(lgikykj'yikykj) = T)’kj - T 5 |ykj|
j : : Bix + Vik Yie —Bik
i = max('gikzkj’yikzkj) = Tzkf - T |ij|

j _ ’ ! _
1, = max(ayxyj, OyWyj) =

Ui Xij + Wy 4 OikWkj — ik Xij
2

i pi nJ J
In the same way we can formulate (F., P}, @}, R},

Step 4 Using the arithmetic operations, defined in Section 6.1.2, the dual fully fuzzy matrix

equation, obtained in Step 3, can be transformed into the following dual fully fuzzy matrix

equation.

n n n n
] ’ ’ ’ ’
lk 'szk :qu'zrl @(bij'gijrhij:lij)

j=1 Jj=1 j=1 Jj=1

n n n

j " " " " .

Z ik ’ lk ’ Qlk’zRik D (bij,gij,hij;lij) Vi=12,...m

j=1 j=1 j=1

Step 5. The dual fully fuzzy matrix equation, obtained in Step 1, can be transformed into the

following crisp linear system of non-linear equations.
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[ n
Zf‘li-i_bl]:ZFi]k-l_bu ) l:1,2, ,ym
j=1 j=1
n n
zpi’k+9£j =) Pptgy i=12,..,m
) Jj=1 j=1
n n
zqi]k-l_hl] = le]k-I_hl] ) L= 1,2, ,ym
Jj=t j=i
n n
Zrl{(-l_ll’] = ZR;:I](-{_IU ) L= 1,2, ,ym
\ =i j=i

Yij — Xkj =0 Vjik=12..,n

ij—yijO Vj,k=1,2,...,n

Wij — 2 =20 Vji,k=12,..,n

xkj,ykj,ij,ij =0

Step 6. The crisp system of non-linear equations obtained in Step 5, can be directly solved
by any existing methods or by converting the non-linear system into linear system as

proposed in Chapter 5.

Remark 6.1. The m x n dual fully fuzzy matrix equation A @ X @ B =C ® X @ D can be

reduced to standard FFME A ® X = N ifwetake B =0, =0and D = N.

6.4. Solution of chosen dual fully fuzzy matrix equations

In Section 6.2, some dual fully fuzzy matrix equation are chosen which cannot be solved by
the existing methods [64]. In this section, the solution of the chosen dual fully fuzzy matrix

equation are obtained by the Mehar method-V proposed in Section 6.3.

6.4.1. Solution of dual fully fuzzy matrix equation chosen in Example 6.1
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Using the methods, proposed in Section 6.3, the solution of dual fully fuzzy matrix

equation chosen in Example 6.1, can be obtained as follows:
Step 1. (1,2,3,4) @ (x11,¥11, 211, W11) @ (=5,-2,-2,-1) @ (x21,¥21, 221, W21) D
(=15,-6,-6,5) = (1,3,4,4) ® (x31, Y21, %21, W21) D (—1,8,10,33)
and
(1,2,3,4) @ (X12) Y12, Z12,W12) @ (=5,-2,-2,-1) ® (x22, Y22, Z22, W22)
= (1,344) ® (x22, Y22, Z22, W22) D (—32,-16,-16,-7),
and
(=52,34) @ (x11,¥11,211,W11) © (2,3,44) @ (%21, Y21, Z21, W21)
=(-4,-2,-1,-1) ® (x11,¥11,Z11,w11) @D (—15,-2,1,11),

and
(=5,2,3/4) ® (%12, Y12, 212, W12) D (2,3,44) @ (x22, Y22, Z22, W22) D (—4,-2,—-2,-1)
=(—4,-2,-1,-1) ® (x12, Y12, Z12,W12) D (—3,24,33,44).

Yi1— %1120, 237 —y11 =20, wy; —2;, 20

Yiz—= %1220, 2 =y12 20, w1, — 21, 20

Y21 = %21 20,231 —¥21 20, Wy — 2, 20

Y22 = X222 0, Zop — Y22 2 0wy — 25, 20

Step 2. Using Step 3, of the proposed method the dual fully fuzzy matrix equation, chosen in

Example 6.1, can be transformed into the following dual fully fuzzy linear system.
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((min(xq4, 4x41) , min(2y11, 3y11), max(2zy1, 3z11) , max(wy,, 4wy,)) D

(min (=5wyq, —Wyq),min (=221, —22,1), max (—2y,,, —2Y,1), max (—5x21,x21))

@ (—15,-6,—-6,5)

= (min (x21,4x21), min (3y,1,4y,1), max (3231, 42,,), max (wyy, 4W21))

@ (-1,8,10,33),
((min(xq2, 4x12) , Min(2y;,, 3y12), max(2z;3, 3z13) , max(wyz, 4wy,)) D
(min (=5wyp, —Wy3), min (—22;;, —223;), max (—2Y,,, —2Y;,), max (—5x;,, xzz))

= (min (x23, 4%32), min (3y2z, 4y22), max (3235, 425,), max (Wyz, 4wy,))

@ (—32,-16,—16,-7),

((min(=5wy, 4x11), min(2y11, 3y11), max(22y4,32,1) ,max(—5x,,,4w;1)) O
(min (2x21, 4%31), Min(3y;1, 4y21) ,max(3zz1,4251) ,max (2wyy, 4W21))

= (min (—4wyq, —wyq), min (=221, —2z11), max (—2y,1, —y11), max (—4xy4, —xll))

@ (_15) _211111))

((min(—5wy3, 4x13) ,min(2y12, 3y12), max (22,2, 3z12) ,max(—5x1,, 4wy,)) D
(min (2x22, 4%3;), min (3y;2, 4Y22), max (3233, 425,), max (2w, 4W22))

@D (—4,-2,-2,-1)
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= (min(—4wy,, —w13), min(—2zy5, —213), max(—2y12, —¥12) , max(—4x13, —x13))

@ (—3,24,33,44).
YVii1—%1120, 211 —¥11 =20, wy; —2;;, =20
Vizg— %1220, 21, =y, 20, w, — 2, 20
Vo1 —X21 20,21 —y21 20, Wy — 25, 20

Yoz — X2 20, 233 — Y5 2 0,Wyy — 25, =20

Step 3. Using the relation min(x,y) = (”Ty)— |x;—y|,max(x,y) = (%)+ |%| and

definition 7.4, we get the following system of equations:

5 3 5 3
Exn - §|x11| — 3wy — 2[wy,| —§x21 +E|x21| —14=0

5 1 7 1
5 Y11~ E|)’11| — 22y 521 +§|3’21| —14=0
5 1 7 1
571 + E|Z11| —2Y21 5% —E|Zz1| —16=0
5 5 3
5 W11 + §|x11| — 2x21 + 3]xp4| —oWa —§|w21| —28=0

5 3 5 3
5 %12~ §|x12| — 3wy, — 2|wy,| 5 %21 +§|x22| +32=0

5 1 7 1
EJ’12 - §|Y12| — 27y, —Eyzz +§|y22| +16 =0

5 1 7 1
5212 + §|Z12| Ay _5222_§|Zzz| +16 =0
5 3 5 3
S Wiz + §|W12| — 3x35 + 2|x2,| 5 W2 _E|W22| +7=0

100



1 3
2x11 — 5 |5wiq1 + 4x14| + 3x31 — |x21] + 5 w1l +15=0

5 1 7 1
53’11 - §|3’11| +§ V21 3 |y21l +§Z11 +§|lel +2=0

5 1 7 1 3 1
5211 +§|Z11| +§ Z21 +§|Zz1| +§)’11 —§|)’11| —-1=0

5 1 5 3
§x11 + 2wy +§|5x11 + 4wy | + 3wy + [wyy| +§x11 —§|x11| —11=0

1 3
2x1, _§|5W12 + 4x15| + 3x5 — [x22] +§|W12| —-1=0

5 1 7 1 3 1
5 V12 —§|3’12| +§3’22 —§|3’22| +§Z12 +§|Z12| —26=0

5 1 1 3 1
7212 +§|Z12| +§Zzz +§|Zzz| +§3’12 —§|3’12| —-35=0

1 3
2w, +§|5x12 + 4wy, | + 3wy + [wy,| —§|x12| —45=0

Vi1 — %11 =20, 211 —y11 =20, wyy —211, =20
Yiz = %1220, 215 = Y12 20, w5 =21, 20
Va1 — %21 20,231 = Y21 20, Wp; — 25, 20
Yoz — X2 =0, Zoy —Vou = 0wy — 25, =0

On solving the above system, the obtained optimal solution is x;; = 1,y;; = 1,24, =
2,wy1 =3,x15 = 1, y12 = 3,215 = 4,wy, =5, Xo1 = —3,¥21 = —2,231 = —2,Wy; =

_1,x22 = 3,y22 = 4,222 = 5,W22 = 6.

Step 4. Putting the values of x4, y11, Z11, W11X12, Y125 Z12, W12, X21, V21, Z12) W12, X21, V21
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Z21, W1, X22, Y22, Z22, Waz 1N (X141, Y11, Z11, Wi1), (K12, V12, Z12, W12) » (X21, V21, Z21, W21), @nd

(%22, V22, Z22, Wo2), the solution of given dual fully fuzzy matrix equation is
%11 = (11, Y11, 21 w11) = (L,1,2,3)
%12 = (X12, Y12, 212, W12) = (1,3,4,5)
Xy1 = (X21, Y21, Z21,Wa21) = (=3,-2,-2,-1)
Xa2 = (%22, Y22, Z22, W22) = (3,4,5,6).

6.5. Solution of dual fully fuzzy matrix equation with non-negative restriction on

elements of unknown fuzzy matrix

In this section, special case of dual fully fuzzy matrix equation AQ X @B = C ®
X @ D has been discussed in which non-negative restriction on variable fuzzy matrix has

been proposed i.e., X > 0.
The steps of the proposed method are as follows:

Step 1 Substituting 4 = (&@;)mxn, ¥ = &)uxk and b = (b;)mxk ,C = (Ei)mxn, d =
(dij)mxk the m X k dual fully fuzzy matrix equation may be written as:

52 @
Z a; ® %ij ® by = Z G ®%;®d;vi=12,..,m

j=1,..n j=1,..n

Step 2 If all the parameters dl-j,Ei, ¢;j,d; and X; are represented by trapezoidal fuzzy
numbers (@i, Birc Vikr S+ (Dijy Gijo hijo i) (@lier Bk Yk Sir ) (B G b i) and

(xkj,ykj, Zij, ij) respectively then the dual obtained in Step 1, may be written as:
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Z (ai’k'ﬁi'kai’k' 6£k) 03¢ (xkj:ykjrzkj: ij) @ (bi,j'gi,j' h’ltj’ lltj)

j=1,...,n

Z (@ijy Bijp Vij» 8i) ® (Xiejs Yiej» 2ijo Wij) @ (b, 9o hij L) Vi

j=1,..n

Step 3 Assuming (@, Bije: Vi Oix) @ (xkj»J’kj,ij'ij) = (fi{c,Pl-]k. qi]k»”'”ifc), and
(@i Bio Vi i) ® (X Yiej» 2ijy wij) = (Fh, Ph, Q) RE), 1<1i,j,k <n where each
(xxj, Yij» Zkjy W) is @ non-negative trapezoidal number the dual fully fuzzy matrix

equation, obtained in Step 2, may be written as:

&
Z (fii’pijk’qijk'ri{c) 2] (bi,j'gi,j'hltj' lltj)
(A

j=1

= Z (Fl]k’[)l;(’ l]k’R])@ (bl];gl], U' U) Vl 2 W, m

where

fj = min(ayxyj, AygWwyj) = lkxk] ifay 2 0
ik = ikXkj» AWk j
lka] ifa;, <0

ﬁlkykj lfﬁlk =0

j . ! '
Pix = min(BiYij» BixZk
lk ( l re ]) ﬁlkzkj lfﬁlk <0

ylkyk] lfylk =0
)/lka] lfylk <0

qlk - max()/lkyk]' ylkzk])

lka] 1f6lk > 0
lkxkj if 6, <0

j
Tik = max(dlkwk]' lkxk])

b
s
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kxk] ifa;, =0

j _ . " "
F = mm(aikxkj,aikwkj) {
lka] ifa;, <0

By if By =
P’—mmﬁ Yicj» BirZk ={ ] o
RO Birzkj if By <O

YieVij iy =0

) = max Vi Z
Ql (VLkJ’kJ Vi kj) {)’lkzkj iy, <0

lkwkj if 6lk =0

R.J = max(6;,w x
W Oikc X
t (Bucwi, i) = SiXyj if 8 < 0

Step 4 Using the arithmetic operations, defined in Section 7.1.2, the dual fully fuzzy matrix

equation, obtained in Step 3, may be written as :

n n n n
J J J J ' o g
Z fix 'Zpik Z qik'zrik ) (bij'gij' hij'lij)
7=1 =1 = =1
n n n n
z Flk ’ Plk ’ Qlk’lek @ (bl]’gl]’ l]' l]) VL 2 MM
j=1 j=1 j=1 j=1

Step 5 The dual fully fuzzy matrix equation, obtained in Step 4, may be transformed into the

following crisp system of matrix equations.
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L+ i = §:£+gg ;
n

Z Qh + hij

ol j .

Tik T U z le + ll] ’

xijO

Vij —

Zj =y 20 Vjik=12,..

ij —

xkj,ykj,ij,ij =0

Mlnlmlze R1 + RZ + + R41’12

1 1 "
fi' = ), i +Ri=bl,

N
.M:

1 1 "
fz(k) - Fl(k) + Ry, = by —

A
.M:
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Vik=12,..

220 Vjik=12,..

i=12,..,m
i=12,..,m

i=12,..,m

i=12,..,m

Step 6 The solution of system obtained in Step 5, can be obtained by solving the following

linear programming problem, which is obtained by adding the artificial variable Z;,V i =

- b11

b2



Jj=1 Jj=1
n n
rmo— > RW 4R, =1, —1,
nk nk 4n?2 — 11 11
k=1 j=1

yk]_kaZO Vj,k=1,2;---'n

ij—yijO Vj,k=1,2,...,n

ij—ijZO Vj,k=1,2,...,n

ij,ykj,ij,ij >0

Step 7. Using the solution, obtained in Step 6, find the fuzzy solution of dual fully fuzzy

matrix equations.
6.5.1 Solution of dual fully fuzzy linear matrix equation chosen in Example 6.2

In Section 6.2, some dual fully fuzzy matrix equation are chosen which cannot be
solved by the existing methods [123]. In this section, the solution of the dual fully fuzzy
matrix equation, chosen in Example 6.2, is obtained by the Mehar method-V, proposed in

Section 6.5.

Using the Mehar method-V, proposed in Section 6.5, the solution of dual fully fuzzy

matrix equation chosen in Example 6.2, can be obtained as follows:
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Step 1 Using the arithmetic operations, defined in Section 6.1, and using Step 3, 4 of the

proposed method, the chosen dual fully fuzzy matrix equation may be written as:

(—2wyq + x91 + 2,3y11 + 2y, + 6,42, + 325, + 8,5w;; + 6w, +9)

= (X110 — Wyq + 2,2y11 + 3y1 + 44,3211 + 4251 + 6,6wy 4 + 5wy, + 11)

= (X123 — Wyp + 2,215 + 3y, + 4,321 + 425, + 9, 6wy, + 5wy, + 13)

= (3xq3 +4x,, + 1,4y,, + 5y,5 + 2,521, + 625, + 4,6w;, + 8w,, + 8)
Yi1—%120, 214 —y11 =20, wy; —23, =20
Yiz = %1220, 215 = Y12 20, w5 =21, 20
Va1 — %21 20,231 = Y21 20, Wp; — 25, 20
Yoz = X22 20, 235 — Y2 2 0wy — 255, 20

Using Definition 6.4, the dual fully fuzzy matrix equation, obtained in Step 1, is transformed

into the following crisp linear system of linear equations
2w+ X1 +F2=x11 — Wy + 2
3y11 +2y21 + 6 =2y, + 3y, +4
4711 + 32, +8 =32, +4z,;, + 6

S5wiq + 6wy + 9 = 6wy + 5wy + 11
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_2W12 +x22 +4 = xlz _W22 +2

3y12 + 2y22 + 5= 2y, + 3y, + 4

4212 + 3222 + 10 = 3212 + 4‘222 + 9

5W12 + 6W22 + 11 = 6W12 + 5W22 + 13

_lel + 3X21 + 5 = 3x11 + 4‘X21 + 1

3y11 +4y21 +9 = 4y;1 + 5y, +3

4‘Z11 + 5Z21 + 12 = 5Z11 + 6Z21 + 4

6W11 + 7W21 + 13 = 6W11 + 8W21 + 7

lez + 3x22 + 4' = 3X12 + 4'x22 + 1

3y12 + 422 +9 = 4y15 + 5y,, + 2

4'212 + 5222 + 13 = 5212 + 6222 + 4

6W12 + 7W22 + 15 = 6W12 + 8W22 + 8

X1 — X113 — 2wt wy; =0

X12 + 2Wip — Wy — Xpp =2

Y21 — Y11 =2, Z31 —Z11 = 2, Wyp — Wy =2

Yoz —=Yi2 =1, Zyp — 215 = 1, wyy —wyy =2

Xo1+ X911 =4, Y11= Y21 =6, 231+ 21, =8

108



Wy, =6

X2 ¥ Xo2 =3, Yo+ Vo2 =7, Z12+ 25, =9
Wy, =7

Yir = %1120, 231 = Y11, 20, wi; —23, 20

Yiz = %12 20,215 = Y12 2 0wy, — 21, 20

Vo1 — %2120, Z31 —¥21 20, wpy — 27, =0

Vo2 —X22 20, Zp = ¥22 2 0, Wy — 75, 20

X1, Y1, Z1, W1, X2, Y2, Z2, W2, X3, Y3, Z3, W3 = 0

Step 2, The solution of linear system, obtained in Step 1, may be obtained by solving the

following crisp linear programming problem:

Minimize (R + R, +R3 + R4 + Rs + R¢ + R; + Rg + Ry + Ryp + Ry1 + Ry + Ry3

+R14 +R1s + Ryg)

subject to
X1 — X171 —2Wyitwy, + Ry =0
Y21 = Y11+ Ry =2, z31 =211 +R3 =2
Wa1 = Wi + Ry =2, X35 + 2Wyp — Wpp — Xp + Rs =2
Y22 = Y12+ Re =1, Z35 — 2z, + R, =1,
Wyy — Wiy + Rg = 2,x1 + X101 + Rg = 4
Y11 = Y21+ Ri9 =6, Z31 + 211+ Ry;; =8
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W21 + R12 = 6,X12 +x22 + R13 == 3

Yiz+ Yoo+ Ry =7, 21 +2Z3;+ Ris =9

W22 + R16 = 7,

Yi1—%11 20,237 —y11 20, wy; —29, =0

Y2 = %1220, 21 —y12 =20, wy5 — 21, =20

Y21 —X21 =0, 231 — Y21 2 0,wy; — 25, =0

Yoz —X22 =0, Zy3 — Y25 2 0, Wy — 255, =0

X11, Y11, Z11, W11X12, Y125 Z12) W12, X21, Y215 Z21) W21, X22, V22, Z22, W2 = 0

RlJRZJR3JR4JR5'R6'R7'R8'R9'R10'R11'R12'R13'

Ris,Ri5,R16 =0

On solving the above linear programming problem , the optimal solution is x;; = 1,y =
2,211 =3,wyy =4x15 =1, Y15 = 3,215 = 4wy =5, X21 = 3,21 = 4,220 =5 Wy =

6,x22 = z,yzz = 4,222 = 5,W22 = 7

Step 3 Putting the values of x4, Y11, Z11, W11X12, Y12, Z12, W12, X21, Y21, Z12, W12, X21, V21

Z21, W1, X22, Y22, Z22, Wa2 1N (X114, Y11, Z11, Wi1), (K12, V12, Z12, W12) » (X21, V21, Z21, W21), and

(%22, V22, Z22, Wo2), the exact solution of given fully fuzzy matrix equation is

X1 = (X101, Y11, 211, w11) = (1,2,3,4)

X1z = (x12;}’12,Z12;W12) = (1,3,4,5)

X1 = (x21;J’21;ZZ1'W21) = (3,4,5,6)
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X2 = (%22, Y22, Z22,W22) = (2,4,5,7)

6.6. Results and discussions

The solution of fully fuzzy matrix equation chosen in Example 6.1 and 6.2 are shown

in Table 6.1. It is obvious from the results, shown in Table 6.1, that the dual fully fuzzy

matrix equation, chosen in Example 6.1 and Example 6.2, cannot be solved by the existing

method [113] but can be solved by the Mehar method-V proposed in this chapter.

Table 6.1: Comparison of results by using proposed and existing methods

Examples Solution using proposed | Solution using existing
method method [123]
X, = (1,1,2,3)
X, = (1,3,4,5)
Example 6.1 X1 =(-3,-2,-2,-1)
X5, = (3,4,5,6). Not Applicable
%, = (1,2,3,4)
Example 6.2 X1, = (1,3,4,5)
%y = (3,4,5,6) Not Applicable
X,, = (2,4,5,7)

6.7. Conclusion

On the basis of present study, it can be concluded that the dual fully fuzzy matrix

equations which can be solved by existing methods can also be solved by the proposed

Mehar method-V. However, there exist several dual fully fuzzy matrix equations whose

solution can be obtained by the proposed method but cannot be obtained by the existing

methods. Hence, it is better to use the proposed Mehar method-V as compared to the existing

methods.
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Chapter 7

Future Scope

The following work may be considered as future research work.

1.

In future the real life applications of Mehar method-1, Mehar method-I1, Mehar
method-I11, Mehar method-I1V and Mehar method-V may be proposed.

In all the methods, proposed in this thesis the solution of fully fuzzy linear system
/ dual fully fuzzy linear system / fully fuzzy matrix equations / dual fully fuzzy
matrix equations obtained by transforming into the equivalent crisp system. In
future it may be tried to develop the methods to find the solution of this system
without transforming into crisp system.

To the best of my knowledge till now there is no method in the literature to find
the solution of such linear system / matrix equation in which elements of the
matrices are represented by complex fuzzy numbers. In future the methods may be
proposed to find the solution of such systems.

Since most of real life systems are nonlinear in nature. Therefore, in future there is

a need to explore methods to find the solution of nonlinear fuzzy systems.
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