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Abstract

The work being presented in the present thesis is devoted to the study of duality results
for minimax fractional programming problems under exponential (p, r)-invexity assumptions.

The chapterwise summary of the thesis is as follows:

Chapter 1 is introductory in nature. This chapter includes minimax fractional program-
ming problem, definitions, notations that are used throughout the work and detailed review of
minimax fractional programming problems and summary of the thesis has also been discussed.

In Chapter 2, we have studied a minimax fractional programming problem involving ex-
ponential (p, r)-invex functions [16] and weak, strong and strict converse duality theorems are
established under exponential (p,r)—invex assumptions.

In Chapter 3, we have reviewed a mixed-type dual problem with exponential (p, r)-invexity
considered by Lai and Ho [12] and proved the duality theorems related to the primal problem
and the mixed-type dual problem.

In Chapter 4, motivated by Lai and Ho [10], we have established nonparametric necessary
and sufficient optimality conditions for a minimax fractional programming problem with B-
(p,7)-invexity. These optimality conditions are deduced to two parameter-free type dual
models: Mond-Weir type dual and Wolfe type dual problems. On these duality types, we
have established the duality theorems under exponential B-(p,r) invexities including weak

duality, strong duality and strict converse duality theorems.
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Chapter 1

Introduction

Optimization problems occur frequently in day to day life in relation to taking the best possible
decision from the given set of possible alternatives. The decision making situation could be
something like buying a certain product from market, deciding on means of transport to reach
a particular destination etc. In such situations a fundamental question arises in one’s mind
is "What decision should I take now?”. Interestingly, finding an answer to such situations
is equivalent of solving an optimization problem. Mathematically an optimization problem
can be constructed by specifying a constraint set .S, which consist of available decision x and
an objective function f(z) that maps each z € S into a scalar and represents a measure
of understandability of choosing a decision . Hence, the general form of an optimization

problem is defined as:

min f(x)

subject to x € S,

where f: R™ — R and S is a nonempty subset of R™. The aim is to find an x* € S such that
f(z*) < f(z) for all x € S. If either the objective function or at least one of the constraints
of an optimization problem are nonlinear then, the problem is called nonlinear programming
problem. A class of nonlinear programming problem in which the objective function is a ratio
of two numerical functions is called a fractional programming problem. The main reason for
interest in fractional programming stems from the fact that programming models could better
fit the real problems if we consider the maximization of return on investment, maximization of

return /risk, minimization of cost/time etc. An important class of fractional programming is



the class of minimax fractional programming problem. Mathematically a minimax fractional
programming problem is formulated as:

. f(z,y)
(P) wex ey g(x,y)

subject to X ={z € R" | h(z) € —R"}

and Y is a compact subset of R™,

where f(-,-) and ¢(-,-) : R" x R™ — R are continuous functions. These problems have
arisen in multiobjective programming, game theory, economics and minimum risk problem.
Minimax programming problems are in general difficult to study, one possible reason is that
this problem falls in the category of nonsmooth optimization. In the last few years, researchers
have studied minimax fractional programming under convexity, generalized convexity[l, 11],
invexity, generalized invexity[14, 18] etc.

Another important concept related to minimax fractional programming is duality which
means that a problem may be viewed from either of two perspectives, the primal problem or
the dual problem. Since the dual of dual is primal, the solution of a programming problem can
be obtained by solving either the primal or the dual. Duality theory has been well-developed
with extensive applications in economics, control theory, scientific computation etc. Recently,
many authors have established the necessary optimality conditions and proved various duality
results for minimax fractional programming problem under different assumptions. These
optimality conditions were employed to search an optimal solution for minimax programming
problem.

The present chapter is divided into three sections. The first section gives important
preliminaries. The second section contains a review of various developments in minimax
fractional programming which are relevant to the thesis and the last one presents a summary

of the thesis.

1.1 Preliminaries

Notations

We will use the following notations throughout the thesis. We denote by R™ the n-dimensional



Euclidean space, R' = R the set of all real numbers, R = {z € RF : 2; > 0,5 =1,2,...,p}
the non-negative orthant of RP.

A small Latin letter with an integer subscript will denote a component of a vector. For
example, if x € R3, then x5 and z; denote respectively the third and ith components of z.
For any vector v in R", the generalized directional derivative of f at z in the direction v € R"
in Clarke’s sense is defined by

(o) —lim sup SWFEM) = W)

y—xA—07t A

The generalized subdifferential of f at z € S is defined by the set
Of(z) ={£ € R": f(x;v) > (§v) forallve R"}

where <£,v> stands for the dual pair. The vector V f(z) denotes the gradient of a scalar

differentiable function f : R — R at Z, and is defined as

) 0 0 r

VI@) = |5 f @) 5 - f(3) - 5~ 1)

Generalized convex functions

In this section, some basic definitions are discussed. Let X C R™ be a convex set. Then, the

function ¢ : X — R is said to be

(i) Convex if for all z,2* € X
YAz + (1= N)z*) < Mp(x) + (1 — N)p(z*) for all 0 < A < 1.

The function v is said to be strictly convex if the above condition holds as strict in-

equality for = #£ x*, 0 < A < 1.

(ii) Quasiconvex if for all z,2* € X

Y(Ar 4+ (1 — N)a*) < max{y(x),¥(z*)} for all 0 < A < 1.

The function ¢ is said to be strictly quasiconvex if the above condition holds as strict

inequality with f(z) # f(«*) and for all 0 < A < 1.

Every convex function is quasiconvex function but converse is not true eg. f(z) = z° is

quasiconvex but not convex.



(iii) Pseudoconvex if ¢ is differentiable at z* and for all z,2* € X
V(e (z —2*) 2 0 = () = ¥(z"),
or equivalently, if

Y(x) < () = V() (z — 2) <0.

Every pseudoconvex function is quasiconvex function but converse is not true eg. f(z) =
23 is quasiconvex but not pseudoconvex. Also every convex function is pseudoconvex
function under differentiability but converse is not true eg. f(x) = x+2? is pseudoconvex

but not convex.

(iv) Invex if there exists a function 7 : X x X — R™ such that for all z,z* € X

U(x) = (a*) = n(z, ) Vi (a).

(v) (p,r)-invex (strictly) if for all x € X, the following inequalities hold:
Lerv(®) > Lerv(=) [ <Vw( ) (ePn(@z”) 1)>] (> ifx#£a*)forp#£0, r#0,
e @) — V@) > perv@) (Vi (z%), (z, %)) (> ifx#a*) forp=0, r#0,
P(x) —P(x*) 1<V@D ep”“")—l)> (> ifx#a2*) forp#0, r=0,
b(@) — ¥(a") = (Ve(a >,n<x,w*>> (> itz ta) forp=0,r=0,

(vi) Locally Lipschitz if there exists a positive real constant K and a neighbourhood L of
x € X such that
[W(y) — ()| < Klly —z|] forall zye€l,

where ||.|| is an arbitrary norm in R"™.

1.2 Review of the Related Work

In this thesis, we study a minimax fractional programming problem and then prove weak,
strong and strict converse duality theorems for the problem and its dual problem under ex-

ponential (p,r)-invexity assumptions.

Fractional programming problem



Amongst various important applications, one important application of nonlinear program-
ming is to maximize or minimize the ratio of two functions. The mathematical programming
problem in which the objective function is a ratio of two numerical functions is called a frac-
tional programming problem. We can find applications of fractional programming problem
in the articles given by Schaible [22], Schaible and Ibarki [23] and Stancu-Minasian [25]. An
important class of nonlinear programming problems, namely, fractional programming prob-

lems, described as follows

(FP) g(z)

subject to
reS={reR": hx) <0(i=1,...,m)}.

Here S is a non empty compact convex set and f,g: R" — R are continuous functions on S
with g(z) > 0 for all z € S.

If all the functions f, g, h; (i = 1,...,m), involved in problem (FP) are linear functions
then the fractional programming problem is called the linear fractional programming prob-
lem, otherwise it is called nonlinear fractional programming problem.

The (FP) problem can be solved by using the following auxiliary problem with parameter
g€ R

(NFP) Max f(z) — qg(x)

subject to x € S.

By denoting
F(q) = Max{f(z) —qg(z) : v € S} qeR,

we can find the optimal solution of (FP) because we know that z* € S is an optimal solu-
tion of (FP) if and only if 2* is an optimal solution of F'(¢*) with optimal objective value

F(¢*) = 0, where, ¢* = ;g:))

f —qg is a concave function, whereas, i is not a concave function. This makes (NFP) easier
g

. If we observe that f is concave, g is convex and ¢ > 0, then

to solve than (FP).
Duality for a class of minimax programming problem has been a subject of immense
interest for researchers in recent past few years. Duality in fractional programming is an

important class of duality theory, and several contributions have been made in past [1, 3, 4]



for its development. Recently, Liang et al. [17] obtained some duality results for a nonlin-
ear fractional programming problem by defining a new class of generalized convexity, called
(F, a, p, d)-convexity. Bector and Chandra [5] studied the duality for the following fractional
programming problem

Primal Problem
f(z)
h(x)

subject to z € X, g(x) <0.

Minimize

Dual Problem
flx) + 1" g(y)
h(y)

subject to V(f(w) 2—(5;9(?4)) =0,

Maximize

yeX,u=0.

where X is an open subset of R” and f, h: X - R, g: X — R™, and for all z, h(z) > 0
and f(z) > 0 (if h is nonlinear).

Mond [21] considered the following pair of nondifferentiable fractional programming problems:
f(z) — («"Bx)"/?

9(x) + (z7Dx)'/?

subject to h(z) < 0.

Primal Problem Maximize

Dual Problem Minimize G(u,y,v,w,p) =p
subject to VyTh(u) + pVg(u) + Bu + pDw = V f(u),
— f(u) +u" Bv + pg(u) + pu” Dw +y" h(u) > 0,
y,p =0,
vI'Buv <1, w'Dw<1.

and further necessary and sufficient conditions for optimality as well as appropriate duality

theorems are also established.

Minimax fractional programming

Fractional programming problem is an important class of nonlinear programming problem.



The necessary and sufficient conditions for generalized minimax programming were first de-
veloped by Schmitendorf [24]. Tanimoto [26] applied these optimality conditions to define a
dual problem and derived duality theorems. Crouzeix et al. [7] have given a variety of appli-
cations of generalized fractional programming and have shown that the minimax fractional
programming can be solved by solving a minimax parametric program.

Lai et al. [9] established necessary and sufficient optimality conditions for non-differentiable
minimax fractional problem with generalized convexity and applied these optimality condi-
tions to construct a parametric dual model and also discussed duality theorems. Ho and Lai
[16] introduced exponential (p,r)-invexity for Lipschitz function as well as the definition of
differentiable (p,r)-invex function given by Antczak [2]. For the case of convex differentiable
minimax fractional programming, Yadav and Mukherjee [27] formulated two dual models and
derived duality theorems. Chandra and Kumar [6] pointed out certain omissions and inconsis-
tencies in the dual formulation of Yadav and Mukherjee; they constructed two modified dual
problems for fractional minimax programming problem and proved duality results. Liu and
Wu [18, 19] derived the sufficient optimality conditions and duality theorems for the minimax

fractional programming in the framework of invexity and (F, «, p, d)-convex functions.

1.3 Summary of the thesis

The aim of the present thesis is to study the duality for minimax fractional programming
problem using exponential (p, r)-invex assumptions. We discuss a new concept of invexity for
a locally Lipschitz function named as exponential (p,r)-invexity. In this thesis, we consider

the following nonsmooth minimax fractional programming problem

(P) min max f(2,y)
zeX  yey g(x,y)

subject to X ={x € R" | h(z) € =R}

and Y is a compact subset of R™,

where f(-,-) and g(-,-) : R" x R™ — R are continuous functions and for each y € Y,
f(G,y),9(-,y) and h : R™ — RP are locally Lipschitz functions. Without loss of generality, we
may assume that g(z,y) > 0 and f(x,y) is nonnegative for all (z,y) € X x Y. The problem

(P) is equivalent to a nonfractional parametric programming problem (P,):

7



(Py)  v(A) = minsup(f(z,y) — Ag(z,y)) (<0)

zeX yEY

If A = A\* is an optimal value of (P), then (P,) is a minimization problem with objective

function:

Fy(z) = sup [f(z,y) — Ag(z,y)].

yey
with the defined set for (s,t,y) € N x RS x R™,

Ky(z) = {(s,t,y) € NxRimes} t=(t1,...,ts) € R, iti =1, y=(y1,y2,---,Ys), ¥i €
Yi(z), i=1,2,...,s}. -

In this thesis, we discuss the following necessary and sufficient conditions for nonsmooth min-
imax fractional programming problem (P) established by Lai [16]:

Theorem 1.1 (Parametric Necessary Optimality Conditions). Let * be a (P)-optimal so-
lution and the constraint qualification hold at z*. Then there exist (s*,t*,y*) € Ky (z*),

A" € R, and a p-vector Lagrange multiplier * € RY such that
0. 3240, i) + N0 (=g y1)} + (™, (")),
fla,yr) — Mg(a*,yf) =0, i=1,2,...,5

wihi(xz*) =0, j=1,2,...,p,

*

preRL >0, Ytr=1, yreY(*), i=12,...,5",
i=1

Theorem 1.2 (Sufficient Optimality Conditions). Let z* be a feasible solution of (P)
satisfying the necessary conditions. Suppose that A(-) = Sth{f(,y;") — Ng(-,y5)} and
B(-) = (u*, h()), are exponential (p,r)-invex at z* € X W.r.tlztlhe same function 1. Then z*
is an optimal solution of (P).

In Chapter 2, the results obtained in [16] has been discussed. Lai and Ho [16] considered
the following parametric type dual:

Parametric Type Duality Model

(D) max sup A
U (s,ty, A\ u)EK (u)

subject to



0€ Zti<acf(ua yi) + A (—g(u, yi))) + Zﬂjachj(u),

i=1
i=1
> pihi(u) =0, ji=1,2,...,p,
jeJ
and proved that the dual problem has the same optimal value as the primal problem under
some reasonable conditions.
In Chapter 3, we review the results obtained in the paper [12]. Lai and Ho [12] focused on
a nonsmooth minimax fractional programming problem involving exponential (p, r)-invexity
and constructed a mixed-type dual problem:

Mixed-Type Duality Model

jétif(uay0‘+'<<”vh(u)>>ﬁ) B
(MD) mq?x( tm)ag{( : (121 S = F(u; s,t,y))
psty) el 2 tig(u, yi)
subject to
0e ;tig(u, yi) [i)ltﬁcf(u,yi) + (s, a¢h(u)>>J0:|
+ [ijltif(u,yi) + ((ms h(U)>>JO} gtz-é”(—g(u,yi)),
3 tglss) 3 ((m0H(w)),,
S pihiw) =0,  a=12..k

J€Ja
peR, tel yeY(u), i=12...,s,
Section 3.4 contains weak and strong duality results under exponential (p, r)-invexity.

In Chapter 4, we consider a minimax fractional programming problem with exponential
B-(p,r) invexity. We establish a nonparametric necessary and sufficient optimality conditions.
The nonparametric necessary and sufficient optimality conditions deduce to two parameter-
free type dual models: Mond-Weir type dual and Wolfe type dual problems.

Mond-Weir Type Duality Model

(MWD) max  max UCY))
u o (p,s,ty)EK(u) g(uv y)
subject to



0€e gti{g(u, yi)O° f (u, ys) + f(u, 9:)0(=g(w, )} + (p, Oh(w))
%ujhj(u):0, j=1,2,...,p,

peR, tel yeY(u), i=12,...,s,

and

Wolfe Type Duality Model

p
(WD) m%?i( m)a>§(() <
ue un,s,t,y)eKa(u
tig(u, y;
; (u, i)
subject to
0€ 5 tglu)| £ 607w + (10 (w),
i=1 i=1

| £t ) + o), | S 009000
peR, tel yeY(u), i=12...,s,
With these duality models, Lai and Ho [10] established the duality theorems under exponential
(p,7) invexities including weak duality, strong duality and strict converse duality. In this

dissertation, we establish the duality theorems under B-(p,r) invexities in order to relate the

primal and dual problems.

10



Chapter 2

Optimality and Duality for
Nonsmooth Minimax Fractional

Programming

2.1 Introduction

The importance of minimax models and methods is well-known in a great variety of optimal
decision making situations. Recently, optimality conditions and various duality results have
been obtained for minimax fractional programming problems involving the optimization of
several ratios in the objective function. The necessary and sufficient conditions for general-
ized minimax programming were first presented by Schmitendorf [24]. Many authors proved
duality theorems involving in convexity, generalized convexity (cf. [18], [6], [11]) invexity for
mathematical programming problem.

In this chapter, we study a nonsmooth minimax fractional programming problem under the
assumptions of exponential (p, r)-invexity. Section 2.2 contains notations and preliminaries.
In section 2.3, we consider a parametric type dual model and prove appropriate duality

relations using the notion of Exp. (p,r)-invexity assumptions.

11



2.2 Notations and preliminaries

Definition 2.2.1 [16] Let p, r be arbitrary real numbers. A differentiable function f : S C
R™ — R is said to be exponential (p,r)-invex (strictly) at w € S if there exists a function
n:S xS — R"with property n(x,u) = 0 only if u = x in S such that for each x € S, the
following inequalities holds for £ € 9°f(u):

1 1
—erf@) > Zerfw [1 + C<§, (ePn(@w) 1)>} (> ifx#u) for p#0, r#0,
r p

-
e @) — et > perf (¢ n(z,u)) (> ifx#u) for p=0, r#0,
f(@) = f(u) > =(§, (ePn@w) _ 1)) (> ifz#u) for p#0, r=0,

fl@) = flu) = (& nl,u)) (> ifo#u) for p=0,r=0,
where 1 = (1,1,...,1) € R", (@ — 1) stands for the n-vector (ePm@w — 1 epml@u) _

1,..., em@w) _ 1) and <-, > stands for the inner product in R™ throughout the chapter.

In this chapter, we consider the following minimax fractional programming problem:

(P) min max f(z,)
2eX yeY g(z,y)

subject to X ={x € R" | h(z) € =R}

and Y is a compact subset of R™,

where f(-,-) and g¢(-,-) : R® x R™ — R are continuous functions and for each y € Y,
f(,y),9(-,y) and h : R™ — RP are locally Lipschitz functions. Without loss of generality,
we may assume that g(z,y) > 0 and f(z,y) is nonnegative for all (z,y) € X x Y. Then for

xr € X, we denote

J(z)={jeJ|hj(z) =0} where J ={1,2,...,p}, and
Vi) - {yey‘f(x,y) f<x,z>}_

= sup
g(x,y) ey g(x,2)

By the compactness of Y, the continuous function has finite points attended to its maximum
points say s. Thus we can set

K@) = {(s:t,y) € N x R x R™|t = (11, t,) € Ry, Soti=1, y= (51, par- +Us),
y€Y(x), i=1,2,...,s}. =

12



2.3 Parametric type duality model

Denote the set:

K(w) = {(s,t, g, )| £ = (b1 ot) € Ry, b= 1oy = (1,31 0), 01 € Ya(u), i =
1,2,...,s, )\ER+,MER} -

in which p is p-vector multiplier for the constraint vector function h(u) < 0 and A is the
objective parameter of the dual problem which depends on the feasible variable u of problem
(P). We will use the parameter A as the objective of a parametric dual problem (D) [10]
with respect to the primal problem (P) which we constitute a parametric dual problem as
maximization problem as following:

(D) max sup A
U (s,ty, ) EK (u)

subject to
OEZt O°f(u,y;) + A (—g(u,y;)) —i-z,u]@c (2.1)

Zt (w, y;) — Ag(u,y:)) =0, (2.2)

Zujju =0, i=1,2,...,p, (2.3)

jeJ
In order to show that the problem (D) is a dual problem w.r.t. the primal problem (P), we
denote L by the set of all feasible solutions of (D). Moreover, denote by elements satisfying
the necessary optimality conditions of (P) which are defined by projective-like from L into
the feasible solutions of (P):

Ly ={ue X CR" (u;u,s,t,y,\) € L}.

Now we prove the weak duality theorem related to (P) and (D).

Theorem 2.3.1 (Weak Duality). Let « and (u; i, s,t,y, ) be (P)-feasible and (D)-feasible,
respectively. Assume that D(-) = ZS: t{f(yi) —Ag(-,y:)} and E(-) = (u, h(-)), are exponen-
tial (p,r)-invex at u € Ly w.r.t thé_game function 7.

Then

13



Proof. Suppose on the contrary, that

sup f(z,y)

<\
vey 9(2,y)

Then for any y € Y,

This is equivalent to
f(z,y) — Ag(z,y) <0 for all y € Y.

Multiplying the above expression respectively by ¢; > 0,7 = 1,2, ..., s and then summing up,

it would yield

S

M@=§Mﬂ%M—M@%Vw=ZQW%M—MWszmw

i=1
That is

Lerp@ < Lorbt) (2.4)
T r

By the expression (2.1), there exists & € 0°f(u,v;),( € 0°(—g(u,y;)) for all i = 1,2,... s,
and p; € 0°h;(z) for all j € J, such that
(a) = ;ti{& +AGH+ (1, p)p =0,

This implies that the inner product

%Q@Aw@w—m>=o (2.5)
Since D is Exp (p,r)-invex function w.r.t. n at u, we have
1 1
;erD(w) o ;erD(u) Z %erD(u)< Z t (& + >\€z) (epn(:ru _ 1)> (26)

Taking the above inequality together with (2.4), we have

< S t{& + MG (ern@w) — 1)> < 0. (2.7)
From (2.5) and (2.7), we get
(£ o (o <) >0 (2.5)

By the exponential (p, r)-invexity of E(.) at u w.r.t. the same function 1 and the inequality
(2.8), we get
E(x) > E(u). (2.9)

On the other hand, from h;(z) <0, j € J and (2.3), we obtain
E(z) = (1, h(x))p <0 = (n, h(w)), = E(u),
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Which contradicts (2.9). Hence
sup 1 %2Y)
vey 9(7,y)
Theorem 2.3.2 (Strong Duality). Let z* be the optimal solution of problem (P) and the

>\

constraint qualification be satisfied at x*. Then there exists (s*,t*,y*, \*, u*) € K(z*), such
that (x*; p*, s, t*,y*, \*) is a feasible point for (D). If the hypotheses of Theorem 2.3.1 are
fulfilled, then (z*; u*, s*, t*,y*, \*) is an efficient solution to problem (D), and the two prob-
lems (P) and (D) have the same optimal values.

Proof. By assumption, z* is an optimal point of (P) and the constraint qualification holds at
x*. Then by necessary optimality conditions of (P), there exist A\* € Ry, (s*,t*,y*) € Ky (z*),
and a p-vector ?agrange multiplier p* € R such that

0€ SO ) + XD (=gl w0} + (1, 0°R)) .
fla*yr) — Ng(a*,yr) =0, i=1,2,...,s

H}jh](;p*):@j j:1727"'ap7

*

wrER >0, Str=1, yreY(@), i=12,..,s,
=1

Thus, there exists (s*,t*, y*, \*, u*) € K(2*), such that (z*; u*, s*,t*, y*, \*) is a feasible point

for (D). From \* = % and Theorem 2.3.1, we have
g\r*, y;
9(z*,y7) ey 9(z*y) gz, y;)

This shows that min(P)=max(D). The proof is complete.
Theorem 2.3.3 (Strict Converse Duality). Let z* and (u*; u*, s*,t*,y*, \*) be the efficient
solutions of problem (P) and (D), respectively, and the constraint qualification be satisfied
at x*. Assume that A(-) = i t{f(yf) — Nyl yr)} is strictly exponential (p, r)-invex and
B(-) = (u*, h(")), is expone?&al (p,r)-invex at u* € Ly w.r.t n for all optimal vectors z* for
(P), and (u*; p*, s*,t*,y*, \*) for (D), respectively. Then z* = u*, and the optimal values of
problems (P) and (D) are equal.
Proof. Suppose on the contrary that * # «*. Then by (2.1), there exists & € 0°f (u*,y}),(; €
0°(—g(u*,yF)) for all i =12, s*, and p; € 0°h;j(u*) for all j € J, such that

() = S &+ NG+ )y = 0

p
that is, (b) is a zero vector, where (u*, p), = >_ pip; and p = (p1, p2;, - - -, Pp)-
j=1

15



This implies that
%«wwaWﬂ—n>:o. (2.10)
Since z* and (u*; u*, s*, t*, y*, A\*) are optimal solutions of (P) and (D), respectively, we know
B(a") = 3 5y () <0
and
B(u) = jéﬂ;hjw) 0.
This implies that
B(z*) < B(u").

By the exponential function, we get

1 . 1 .
—erBE") _ ZerB() < for any r # 0. (2.11)
r r

Since B(.) is exponential (p,r)—invex w.r.t. n at u*,we get

1 1

P
—rB(x*) _ ~ _rB(u*) 1 _rB(u*) x (z*u*) _
e e > e <jz1 1wip;s, (e’ 1)> (2.12)

From above inequality and (2.11), we have

1 35 ) n)<o (2.13)
Also from (2.10) and (2.13), we have

H{ S+ vk et - 1) 20 (214
Moreover, from the exponential type (p,r)—invexity with respect to the same function 7 at

u* of A(.) and the inequality (2.14), we get

1 . 1 .
—erA@) _ —erAw) > 0 for any 7 # 0.
r r

This implies

A(z*) > A(u®). (2.15)
By Theorem 2.3.2, we see that

sup —f(x Y) = \*.

ey g(7*,y)
and so

flx*,y)

<X forallyeV.
g(z*,y)

This implies that
fl@*y) — ANg(z*,y) <Oforally € Y.
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Multiplying the above expression respectively by t7 > 0,7 = 1,2,...,s* and then summing
up, it would yield
Alz™) = Xt (f(2",y)) — Ng(a™, y7))
i=1

<0= z E(f(,yf) — Mg(ur,yp)) = A(u?).

This contradicts the inequality (2.15). Hence the proof is complete.

17



Chapter 3

Mixed-Type Duality for Nonsmooth

Minimax Fractional Programming

3.1 Introduction

Minimax mathematical programming and deriving the duality theorems for them have been
of much interest in the recent past. The mathematical programming problem in which the
objective function is a ratio of two numerical functions is called a fractional programming
problem. It is used in business and economic situations, mainly in the situations of deficit of
financial resources. Several researchers have made the efforts to study this minimax fractional
programming problem (cf. [1], [5], [8], [10], [13]-[15], [20]).

In this chapter, we consider a nonsmooth minimax fractional programming problem in-
volving exponential (p,r)-invexity. We introduce a new class of Lipschitz functions, namely
exponential (p,r)-invex Lipschitz functions. This chapter is divided into three sections. Sec-
tion 3.2 contains notations and preliminaries. In section 3.3, we consider a nonparametric

mixed type dual model and prove the duality results .

3.2 Notations and preliminaries

Definition 3.2.1 Let p, r be arbitrary real numbers. A differentiable function f : S C

R™ — R is said to be exponential (p,r)-invex (strictly) at u € S if there exists a function

18



n:S xS — R"with property n(x,u) = 0 only if u = x in S such that for each x € S, the
following inequality holds for £ € 0°f(u):

1 1
—erf@ > Zerfw [1 + i<§, (ePnt@w) 1)>} (> ifx#u) for p#0, r#0,
r p

,
e @ _ erftw) > Terf(“)<§, n(z,u)) (> ifx#u) for p=0, r#0,
fl@) = flu) = =(& (™ —1)) (> ifx#u) for p#0, r=0,

flx) = flu) > (& nlz,u) (> ifx#u) for p=0,r=0,

=

where 1 = (1,1,...,1) € R, (e?"@% — 1) stands for the n-vector (ePm(@w) — 1 epn@u) _
1,..., em@w) 1) and <-, > stands for the inner product in R™ throughout the chapter.

If his a function from R™ to RP, then h(x) is a p-vector where h = (hy,...,h,). R"
denotes the n-dimensional Euclidean space, RY, = {x € R : x; > 0, j = 1,2,...,p} the
non-negative orthant of R? and R™ the set of nonnegative real numbers.

In this chapter, we consider the following minimax fractional programming problem:

. f(z,y)
®) X WeV g(a,y)

subject to X ={x € R" | h(z) € =R}

and Y is a compact subset of R™,

where f(-,-) and g(-,-) : R" x R™ — R are continuous functions and for each y € Y,
f(G,y),9(-,y) and h : R™ — RP are locally Lipschitz functions. Without loss of generality,
we may assume that g(z,y) > 0 and f(z,y) is nonnegative for all (z,y) € X x Y. Then for

xr € X, we denote

J(z)={j€J|hj(xr) =0} where J ={1,2,...,p}, and
Y(x):{yey‘f( 5 _ g o3}

X
= sup
g(z,y) ey g(z,2)

By the compactness of Y, the continuous function has finite points attended to its maximum

points say s. Thus we can set

K(z)={(s,t,y) € N X RL X R™|t = (t1,...,t;) € R}, Yt =1, y=(y1, 42, .-, Ys),
i=1

yeY(x), i=1,2,...,s}.
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3.3 Optimality conditions

The necessary and sufficient optimality conditions for problem (P) using exponential (p,)-
invexity are as follows:

Theorem 3.3.1 [10](Parameter-Free Necessary Optimality Conditions). Let z* be a (P)-
optimal solution and the constraint qualification hold at x*. Then there exist (s* t*,y*) €

K(z*) and a p-vector Lagrange multiplier p* € R% such that
0€ S tigle’ )| S0 (e + o ),
i=1 i=1
b St + (), | e -ate ), (31)
i=1 i=1

wihi(z*) =0, j=1,2,...,p, (3.2)
preR, el yreY(xt), i=1,2...,s", (3.3)

where I = {t* € R¥ : t* = (t,t5,...,1%), t; >0, i = 1,2,...,s* with Y. ¢ = 1} and
=1

p
(p, 8°h(x*)>p = Zl,ujﬁohj(x*).
iz
Theorem 3.3.2 [10](Sufficient Optimality Conditions). Let z* be a feasible solution of (P)
and the necessary conditions (3.1) — (3.3) hold. Denote a function C': X — R by

€)= Y tgla"w) [z o o) + (. h<->>,,]

[ 00 + Gu ), | £ st
with C(z*) = 0. Assume that C(.) is Exp (p,r)—invex w.r.t. 1 at * in X. Then x* is an
optimal solution of (P).

Remark 3.3.1 The objective function of problem (P) satisfies

ZS: tif (, y:)
F(x) = sup f@.y) _ sup = for y; € Y ().

yey g(x, y) tel 2 tig(l‘, yi)
i=1

3.4 Mixed type duality model

A mixed-type dual model can be considered as an incomplete Lagrangian duality form and,

employing Remark 3.3.1, we can perform a mixed-type dual form w.r.t. the primal fractional
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programming problem (P) as follows. First, we partition the index set J = {1,2,...,p} of

the constraint function h = (hq,...,h,) : R* — RP of (P) to be Jo, Ji,...,Ji (k < p) with
k

U Jo = J and J,(Js = ¢ if @ # . Then the mixed-type problem is performed as the

a=0

f(;llowing form:

Zi:lt,»f(u, Yi) + <<“7 h<u>>>J0

(MD) max( m)eu;(( : ( . = F(u;u,s,t,y))
u w,s,t,y)EK1(u
tig(u, yi
2 tig(w, 4:)
subject to
0€ ;tig(ua ) {21 t:0° f (u, y:) + ({15 8Ch(u)>>Jo:|

" [z ) + (o h<u>>>J0] S 10 (gl ).

i=1

+ ;tig(u, yi) aXi)l ({p; 0°h(w))) ;. (3.4)

> pihi(u) =0, a=1,2,...k, (3.5)
Jj€Ja
peER tel yeY(u), i=12...,s, (3.6)

Here

(i) <<u,h(u)>>JO = ; pihi(u) and <<,u,8ch(u)>>Ja = > pj0h;(u) for a =0,1,2,... k.

j€Ja

(ii) For u € X, the (P)-feasible solution, we denote
Ki(u) = {(u,s,t,y) € RL. x N x RS x R™| t = (1,...,t,) € R, Zt =1, y=
(Y1, Y2, -+, Ys), ¥i € Y(u), i:1,2,...,s}, -

where elements in K (u) satisfy the expressions (3.1) and (3.2) in the necessary conditions of
(P) in Theorem 3.3.1.
Without loss of generality, we assume that
iiltif(u,yi) + ({, h(u)>>JO >0 and iiltig(u,y,») > 0.

In order to show problem (MD) [12] is surely a dual problem w.r.t. the primal problem (P),
we denote L as the constraint set of (MD). Moreover, we denote by elements satisfying the
necessary optimality conditions of (P), which is defined to be projective-like by the feasible
solutions of problem (P) to be

Li={ueXCR" (u:p,s,ty) €L}
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First, we show the weak duality theorem related to problems (P) and (MD) as following:
Theorem 3.4.1 (Weak Duality). Let x and (u; i, s,t,y) be (P)-feasible and (MD)-feasible,
respectively. Denote a function D : X — R by

D() = ;tig(% Yi) [;tif<'>yi) + ((n, h(')>>J0:|
- |ttt + (unt)), | Sotaten)

with D(u) = 0. Assume that D(-) and ((p, h(~)>>Ja for « =1,2,..., k are exponential (p, r)-
invex at u € L; w.r.t the same function 7.

Then F(x) > F(u; 1, 5,t,7).

Proof. Suppose that F(z) > F(u;u,s,t,y) was not true. Then there would be a feasible

solution, x € X such that
F(x) < Fujp,s,t,y) (3.7)

for any (u; u,s,t,y) € L.

Let e =1,2,...,s, we have

itif(u, yi) + ((p h(w))

Fu;p, s, t,y) = = - for all y; € Y(u), (3.8)
and
Fz) > g ((z 3 for all y € V. (3.9)
By expressions (3.7), (3.8) and (3.9), it yields
f(x,y) ;tzg<uayz> - g(l’,y) ;tzf(uayz) + <<:U’7 h(u)>>Jo:| <0

foralli=1,2,...,s,and y € Y.

Multiplying the above expression respectively, b}_f t;, 1=1,2,..., s and adding them, it yields
Sotif (i) X tag(u,y) — Do tig(a, ys) | Do tif (u, ) + ((s h(u)>>J0:| <0,
i=1 i=1 i=1 Li=1

that is, )
= gl )| S tuf o) + (G o)),

S

tig(xa yl) [;tlf(u7 y%) + <<'u’ h(u)>>Jo

=1

= D(@) < X tiglw. ) (. h(a))) (3.10)
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Since the relations (3.6), g(u,y;) > 0,i=1,2,...,s, and h;(z) <0, we get

z g () (. h(x))), <0,

0
Therefore, from (3.10), we obtain
D(x) < 0= D(u). (3.11)
Let = and (u;pu,s,t,y) be (P)-feasible and (MD)-feasible, respectively. According to the
expression (3.4), there exist & € 0°f(u,vy;), ¢ € 0°(—g)(u,v:), i = 1,2,...;s, and p; €
0°h;j(u), j € J such that the vector

(@) = 5 tiglun) | (1), + (o)) | + | St + (G ht)), ] 0.),

+ ;tzg(u, vi) aiill ((.p)), =0,
that is, the vector (a) is a zero vector, where
<ta§>s = Zilti&, <t;C>s = iiltigiy <<Map>>Ja = JZPII 5Py
fora=1,2,...,k, £€=(&,...,&), (=(C1,-.-,C), and p= (p1,-.-,pp) -
This implies that
%( <a >, (erm=w) —1)) = 0. (3.12)

since z € X and equality (3.5), we have
{{n, h(x)>>Ja <0=((u, h(u)>>Ja fora=1,2,... k.

Because of the fundamental property of exponential functions, we reduce
]. T x 1 T u
LrCur@)) L)), < for o = 1,2,..., k. (3.13)
r

,
Using the Exp. (p,r)-invexity of <<u, h(m)>>J ,a=1,2 ... katuin L; wr.t. the same 7,

we see that

16r<<u,h<w>>>Ja_ (),

fora=1,2,... k.

(G}, (e~ 1)

1
p
The inequalities together with inequality (3.13), yield

02 H{{jsp)), (7~ 1) or 0 = 1.2,

Multiplying Z tig(u,y;), the above a-inequalities, respectively, and adding them, we have

=

<thg u, i) Z (s p)) 5 (epnon) — 1)> (3.14)
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From equality (3.12) and (3.14), we know
1
—( < a>,(erm) —1)) > 0. (3.15)
p

where < a > denotes the expression as follows
(1 = 5 talon) (0, + (o)) | | £ 6 m) + (b)), (1),

If D is Exp. (p,r)-invex w.r.t. the same 7 at w in L;, we get

L@ _Lonw 5 Loper o g (@mem 1)),
T T p

According to the above relation and (3.15), we have

Lorp@ s L orpw),

r r

By the exponential function, we obtain

D(x) > D(u) =0 for r # 0;

this contradicts inequality (3.11). Hence, the proof is complete.

Theorem 3.4.2 (Strong Duality). Let z* be an optimal solution of (P) satisfying the con-
straint qualification. Then there exists (u*, s*,t*,y*) € K;(z*), such that (z*;pu*, s*, t*, y*)
is a feasible solution for (MD). In addition, if the hypothesis of Theorem 3.4.1 holds for all
(MD)-feasible points (z; u, s,t,y), then (*; u*, s*,t*,y*) is an optimal solution of (MD) and
the two problems (P) and (MD) have the same optimal values.

Proof. By Theorem 3.3.1, there exists (s*,t*,y*) € K(z*), and a p-vector Lagrange multiplier
p* € R such that

0€ S tiale’ )| 0 + (1, 0Ph)),
=1 =1

# | s + (i), | e -ate ),
i=1 i—1
and
M;hj(w*):O’ j:1727"'7p7
where
preR el yreY(xY), i=1,2,...,5,

Then there exists (u*, s*,t*,y*) € Ki(x*) such that (z*; u*, s*,t*,y*) turns to a feasible solu-
tion of (MD). Actually, (z*; u*, s*,t*, y*) is also an efficient solution of (MD).

If (x*; p*, s* t*,y*) were not an efficient solution of (MD), then there must be some feasible
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solution (x; i, s,t,y) of (MD), such that
Stifaty) + (W k(@) X tif @y + (s h(2)))
=1 < i=1 ]

Yo trg(a*,yr) Etig(x,yi)
Z:1 1=

It follows from the above inequality and equality (3.2) that results in a contradiction

F(z*) < F(x; p,5,t,).

Hence, (z*; pu*, s*,t*,y*) is an efficient solution of (MD).

Now, we prove the strict converse duality theorem as follows.

Theorem 3.4.3 (Strict Converse Duality). Let * and (u*; u*, s*,t*, y*) be optimal solutions
of (P) and (MD), respectively, and the constraint qualification be satisfied at z*. Denote a
function £ : X — R by

E(-) = étigw*,y:) [; tF Gy + (o h<->>>JJ

- {étff(U*,yf) + <<u*,h(U*)>>JJ étf(g(-,y;“))

If any one of the following conditions holds:

(i) E(:) is a strictly Exp. (p,r)-invex and {(y*, h()>>J for « =1,2,..., k are Exp. (p,7)-

invex w.r.t. the same n at u* in L;.
(ii) E(-) is an Exp. (p,r)-invex and at least one of <<u*,h(-)>>J for « = 1,2,...,k are

strictly Exp. (p,r)-invex w.r.t. the same n at u* in L.

Then z* = u*; that is, u* solves the problem (P) and
> trf(u,yf) + ((p*, h(u®

fany) S (s h(w)))

sup = :

yev g(u*,y)

> g (ur, yy)

i=1

Proof. Since z* and (u*; u*, s*,t*,y*) are optimal solutions of (P) and (MD), respectively,
we obtain

<</L*7h(g;*)>>h <Ofora=1,2,...k,

and

<<u*,h(u*)>>Ja =0fora=1,2,...,k.

This implies that
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((p, h(x >>Ja<0—<<u h(u >>J fora=1,2,... k.

This inequality together with the property of exponential functions, it yields
L)) - Lr{lerhe)) ) < g gor o = 1,2,..., k. (3.16)
r

r

According to the expression (3.4), there exist & € 0°f(u*,y}), G € 0°%(—g)(u*,y}), i =
1,2,...,s" and p; € O°h;(u*), j € J such that the vector

0= S toter (), (0] + [ S 0030+ (b)),

S tigltu) X (), =0 (3.17)
that is, the vector *(b> is a zero vector, *Where

<ﬁ@yz;ﬁ@<ﬁ0§z§ﬁ@<wwwhzé@m

fora=1,2,...,k &= (&,...,&), (=(C,...,C),and p=(p1,...,pp) -

This implies that
1 * *
—< <b >, (er ) — 1)) = 0. (3.18)

If hypothesis (i) holds, {(u*, h(. >>J for a =1,2,... k are Exp. (p,r)-invex w.r.t. the same

function n at u* € Ly, we obtain

ler<<#*ﬂh<z*>>>h_%6"<<u*’h<“*>>>h ; r{((whiw >>JQ<<<M o)), » (eme ) — 1))

”

fora=1,2,... k.

Taking the above inequality together with inequality (3.16), yield
OZ%«@ﬁ@%JWWWﬂ—lﬁgOﬁma:LZ”wh

Multiplying " tfg(u*,y), the above a-inequalities, respectively, and adding them, we have
i=1
1/ .
21—7<;t* ,yl z_:l<<,u p>> epn(x u)_1)> (3_19)

We want to prove z* = u*.
Suppose x* # u*. This will results in a contradiction.
Actually, it follows from the relations (3.18) and (3.19), we know
%( <b >, (er@ ) — 1)) > 0. (3.20)

where < b > denotes the expression as follows

() = Sttatu ) {06+ ()| + | i) + (b)) [ (#.0),
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If E is strictly Exp. (p,r)-invex w.r.t. the same 7 at u* in L, we get

_QTE(LL‘ ) _ _eTE(u ) > —¢e” E(u” < < b > (61777(55 ut) 1>>
r r D
According to the above relation and (3.20), we have

lerE(a:*) > lerE(u*) ]
T T

By the exponential function, we obtain

E(z*) > E(u*) =0 for r #0; (3.21)

It follows from Theorem 3.4.2, we see that

éﬁmmm+«www»m

flx*,y) =
ver 9@ y) i
Y g ) * %k
ve Ztig(u ayi)

i=1

and so

flz 7y> ;: (v, y7) <<N*>h(U*)>>JO

9l@ ’y) Zt;"g(U*,yz‘)

i=1

forally e Y.

This implies that )
) £ ol ) = oo | £ 6500 + (), | <0

foralli=1,2,...,s" and y € Y.

Byt*EIandyzeY( )2—12 , 8%, we obtain
Zt*( ,yz);tf( ) — Zt*( ,yé‘){;tf( Jy5) 4+ ((us h(u >>JO} <0. (322
that is,

étig(U*,yi){gti (2%, yf) + ((p*s bl >>J:|
- Stigle)| £ st ) + (b)),

= Bla*) < 3 tig(e ) (1 b)) (323
Since the relatlons (3.6), g(u*,yf) >0,i=1,2,...,s" and h;(z*) <0, we get
Zt* (", ) ((u*s (™)
Therefore, from (3.23), we obtain
E(z*) < 0= E(u"). (3.24)

Consequently, expression (3.24) contradicts (3.21). Hence, u* is an optimal solution to (P)
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and F(z*) = E(u*) deduces z* = u*. Thus,
XS + (o b)),

flu*,y)

max =
vey g(u*,y)

s*
Zl trg(u*, yr)
1=

If (ii) holds, it can be shown by the same as in the case (i).
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Chapter 4

Mond Weir and Wolfe Type Duality
for Nonsmooth Minimax Fractional

Programming

4.1 Introduction

Fractional programming can be used in various fields of study. It can be used in engineering
and economics to minimize a ratio of functions between a given period of time and a utilized
resource in order to measure the efficiency or productivity of a system. The necessary and
sufficient conditions for generalized minimax programming were first developed by Schmiten-
dorf [24]. These conditions were employed by Yadav and Mukherjee [27] to construct two
dual problems and derived duality theorems for fractional minimax programming problem.
In this chapter, we study a minimax fractional programming problem with exponential
B-(p, r)-invexity. Section 4.2 contains notations and preliminaries. Section 4.3 contains opti-
mality conditions. In section 4.4, we consider a Mond Weir type dual and prove appropriate
duality relations using the notion of exp. B-(p,r)-invexity assumptions. In section 4.5, we

consider a Wolfe type dual and prove duality results.
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4.2 Notations and preliminaries

Definition 4.2.1 The differentiable function f : S C R™ — R is said to be (strictly) exponen-
tial B-(p,r)-invex with respect to n and b at u € S if there exists a function  : S x .S — R"

and a function b : S x S — R, such that, for all z € S, the following inequalities hold:

1b(x, w)(erV@=1w) _ 1) > 1<£, (epn(@u) _ 1)) (> ifz#u) for p#0, r#0,
r p

Lb(, u) (@) 1) > (€ n(w,w)) (> ifz#£w) for p=0, 7 £0,

”

(&, (=) — 1)) (> ifx #u) for p#£0, =0,
bz, u)(f(z) — f(u) > (& n(z,u)) (> ifx#u) for p=0, r=0.

where 1 = (1,1,...,1) € R, (e?"®® — 1) stands for the n-vector (ePm(®w) — 1 epr@u) _
1,..., em@w) 1) and <-, > stands for the inner product in R™ throughout the chapter.
In this chapter, we consider the following minimax fractional programming problem:

: f(z,y)
®) X eV g(r,y)

subject to X ={z € R" | h(z) € =R}

and Y is a compact subset of R™,

where f(-,-) and g(-,-) : R x R™ — R are continuous functions and for each y € Y,
f(G,y),9(-,y) and h : R™ — RP are locally Lipschitz functions. Without loss of generality,
we may assume that g(x,y) > 0 and f(z,y) is nonnegative for all (x,y) € X x Y. Then for

r € X, we denote

J(x) ={j € J | hj(x) =0} where J = {1,2,...,p}, and
o el )

= sup
Y) ey g(, 2)

By the compactness of Y, the continuous function has finite points attended to its maximum

points say s. Thus we can set

K(x)= {(s,t,y) € N x R}, ><Rm5|t: (t1,...,ts) €RL, Do ti=1, y=(y1,¥2,- -, Ys),
i=1
v € Y(x), i:1,2,...,3}.
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4.3 Optimality conditions

We derive the necessary and sufficient optimality conditions for problem (P) using exponential
B-(p, r)-invexity.

Theorem 4.3.1 (Necessary Optimality Conditions). Let z* be a (P)-optimal solution and
the constraint qualification hold at x*. Then there exist (s*,t*,y*) € K(z*), and a p-vector

Lagrange multiplier ©* € RY such that
0€ > ti{gla™ y))o°f (@, y7) + f (", y7)0°(—g(a™, 7))}
i=1

+ (pr, 0°(2%)) (4.1)
wihi(x*) =0, j=1,2,...,p, (4.2)
preRY, el yreY(xt), i=1,2,...,s", (4.3)

s*

where [ = {t* € R : t* = ({{,t5,...,t%), t: >0, i = 1,2,...,s" with Y ¢ = 1} and
i=1

P
(p, 8°h(:€*)>p = Zl,u;fﬁohj(x*).

iz
Actually the expression (4.1) is the same as

0€ 2. tigl" ui) {;tzac Fa,y) + (e, 8Ch(x*)>p]

#| St + b)) oo i), (14)

The sufficient optimality conditions follow from the converse of the necessary optimality
conditions with extra assumptions. Now, we employ the necessary optimality conditions and
Exp (p, r)-invexity to establish sufficient optimality conditions.
Theorem 4.3.2 (Sufficient Optimality Conditions). Let z* be a feasible solution of (P)
satisfying the necessary conditions (4.1) — (4.3). Let a function A : X — R be

AC) = S 1o ) () = £ g w0)
and B : X — R be

B(:) = {u, h(-)p
with A(2z*) = 0 and B(2*) = 0. Assume that A(-) and B(-) are exponential B-(p,r) invex at
z* € X w.r.t the same function n and b satisfying b(z,z*) > 0 for all z € X. Then z* is an

optimal solution of (P).

Proof. Suppose that z* is not an optimal solution of (P). Then there exists a (P)-feasible
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solution x, such that

f(a®, yi) f(z,y)

> max
glx*,yi) ~ weY g(z,y)

This implies that
flz,y)g(x*, y) — glx,y) f(z*,y;) <0 forally € Y. (4.5)
By relations (4.3) and (4.5), we have

Zt( (ZE yz) ( ayi) _g(xayz)f(x*ayz)) <0

foralli=1,2,...,s.

= S wgla” ) — g ) ) (16)
On the other hand, from h;(z) <0,j € J and p € RY, we obtain
B(z) = {p, h(z))p <0 = (u, h(z"))p = B(z"), (4.7)
This implies that
Ip(z, ") (enB@-BE") — 1) <. (4.8)

By the relation (4.1), there exists & € 0°f(x*,y;),( € 0°(—g(x*,y;)) for all i = 1,2,... s,
and p; € O°h;(z*) for all j € J, such that
(a) = ;ti{g(l‘*ayi)gi + (@, 9:)G} + (1 p)p =0, (4.9)
p
that is, (a) is a zero vector, where (yu, p), = > pip; and p = (p1, p2, .., Pp)-

j=1
It follows the inner product

%<<a), (ePn(@a") — 1)> =0. (4.10)
Since B is Exp B-(p,r) invex function w.r.t. n and b at * in X, we have
Lp(, a%)(erB@-Bw) _ 1) > 1( ZW)] (er@2) 1)),

This mequahty together with equahty (4.8) gives

> Zlujpja (eree) — 1)), (4.11)
iz
From relations (4.10) and (4.11), we have
0< B3 tlglo s + S, )G (e — 1)), (112)
Moreover, since A(.) is an exponential B — (p,r)—invex at z* w.r.t the same function 7, it
reduces
%b(x,x*)(e’”(A( z)—A(z")) 1<Zt {9(z*, y)& + (2%, y;) G}, (ern@a™) — 1)>

According to inequality (4.12) and the above inequality, we obtain
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A(z) = A(z7),

which contradicts (4.6). Hence z* is an optimal solution to (P).
Theorem 4.3.3 (sufficient Optimality Conditions). If z* is a feasible solution of (P) and the
necessary conditions (4.2) — (4.4) hold. Denote a function C': X — R by

C) = Sl )| S 7o) + (ah),
# | S r ) + (o), | 5 6ot
with C(z*) = 0. Assume that C(-) is an Exp B-(p,r)—invex w.r.t. n and b satisfying

b(xz,xz*) > 0 for all z,2* € X. Then 2* is an optimal solution of (P).

Proof. It follows along the lines of the proof of Thoerem 4.3.2.

4.4 Mond-Weir type duality model

The Mond-Weir type duality contains no constraint of problem (P) in the objective fractional

functional of (MWD), as the following form

(MWD) max  max f(u,y)
u (p,s,ty)EK1(u) g(u, y)
subject to
Zujhj(u)zoa J=12,...,p, (414)
jed
peR, tel yeY(u), i=1,2,...,s, (4.15)

where u € X is the (P)-feasible solution and the Kj(u) stand in (MWD) is represented by
the set
Ki(u) = {(u,s,t,y) € R} x N x RS x Rms|t el, y=(y,Y,--,9s), i € Y(u), 1 =
1,2,..., 5},
which means that elements in K (u) satisfy the expression (4.1) and (4.2) in the necessary
optimality conditions of (P) in theorem 4.3.1.

In order to show that (MWD) is the dual problem w.r.t. the primal problem (P), we denote

Ly the constraint set of (MWD). Moreover, denote by the elements satisfying the necessary

optimality conditions of (P) which is defined by a projective-like set as the feasible solutions
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of problem (P) to be
Ly={ueXC R"‘(u;,u, s,t,y) € L}

Now, we show the weak duality theorem related to problems (P) and (MWD), as following.
Theorem 4.4.1 (Weak Duality). Let z and (u; p, s, t,y) be (P)-feasible and (MWD)-feasible,

respectively. Assume that

D() = Z tz{g(ua yl)f(v yl) - f(ua yz)ﬂ(»?/z)} and E() = <1ua h()>p are eXponential B_(pa T)
i=1
invex at u € Ly w.r.t the same function n and b satisfying b(z,u) > 0.
Then
max L&Y 5 Slwy)
veY g(z,y) — g(u,y)
Proof. Suppose on the contrary, that

V

flx,y)  fu,y)

max < .
veY g(x,y)  g(u,y)

Then there is a feasible solution z € X such that
max f(@.y) < f(uw.y) for any (u; p, s, t,y) € L.
veY g(z,y)  g(u,y)

Thus the inequality would reduce to
fley)  flwy) oo yev.
g9z, y) — g(u,y)

This is equivalent to
[ y)g(u,y) = f(u,y)g(z,y) <0 forally €Y.

Multiplying the above expression respectively by ¢; > 0,7 = 1,2, ..., s and then summing up,
it would yield
D(z) =

NE

1ti(f<x’yi)g(uv yz) - g(x7yz)f(ua yz)) <0

1ti(f(u,yi)g(u, Yi) — g(w, yi) f(u, y:)) = D(u). (4.16)

By the expression (4.13), there exists & € 0°f(u,v;), ¢ € 0°(—g(u,y;)) for all i = 1,2,... s,

.
Il

NE

.
Il

and p; € 0°h;(x) for all j € J, such that
(a) = ;ti{g(x>yi)€i + f(@,yi) G+ (s p)p = 0,

p

that is, (a) is a zero vector, where (i1, p), = > p;p; and p = (p1, p2, ..., Pp)-
j=1

This implies that the inner product

%<(a>, (ePn(@w) 1)> = 0. (4.17)
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Since D is Exp B-(p,r)-invex function w.r.t. n and b at u, we have

Lb(a,u) (PP 1) > <2twu%m+meM}www—n> (4.18)
Taking the above inequality together with (4.16), we have

H{ S lo(e06 + )Gl () - 1)) <0 (4.19)
From (4.17) and (4.19), we get
p
H(E i (@~ 1)) >0 (4.20
j=1
By the exponential B-(p,r)-invexity of E(.) at u w.r.t. the same function n and b and the
inequality (4.20), we get
E(z) > E(u). (4.21)
On the other hand, from h;(z) <0, j € J and (4.15) we obtain
E(x) = {u, M)y <0 = (p, h(u))p = E(u),

Which contradicts (4.21). Hence
max L&) S Fwy)
vy g(z,y) — g(u,y)

Theorem 4.4.2 (Strong Duality). Let x* be the efficient solution of problem (P) satisfy-
ing the constraint qualification at z*. Then there exists (u*, s*,t*,y*) € K;i(z*), such that
(x*; p*, s*,t*,y*) is a feasible point for (MWD). If the hypotheses of Theorem 4.4.1 are ful-
filled, then (z*; u*, s*,t*, y*) is an efficient solution to problem (MWD), and the two problems
(P) and (MWD) have the same optimal values.

Proof. By assumption, z* is an efficient point of (P) and the constraint qualification holds
at *. Then by conditions (4.1) — (4.3), we conclude that (z*; u*, s*,t*,y*) is a feasible for
(MWD). Since

G fzy)

= Imax
gl@*,y;)  wey g(a*,y)

then, by using the weak duality theorem (Theorem 4.4.1), we conclude that (x*; u*, s*, t*, y*)

is an efficient solution for (MWD). Consequently, the two problems (P) and (MWD) have the
same optimal values.
Theorem 4.4.3 (Strict Converse Duality). Let a* and (u*; u*, s*,t*,y*) be the efficient so-

lutions of problem (P) and (MWD), respectively, and the constraint qualification be satisfied
at 2. Assume that A() = 3 ti{g(u’, y))S () — f(u?u0)g (o ui)} and BC) = (", h())y
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are exponential B-(p,r) invex at u* € Ly w.r.t n and b satisfying b(z*, u*) > 0 for all optimal
vectors z* for (P), and (u*;p*, s*,t*,y*) for (MWD), respectively. Then z* = u* and the
optimal values of problems (P) and (MWD) are equal.
Proof. Suppose on the contrary that z* # u*. Then by (4.13), there exists & € 0°f(u*, y}), (; €
8‘3(—g(u*,y;‘))*for alli=1,2,...,s" and p; € 0°h;(u*) for all j € J, such that

(b) = :th?{g(U*,yZ‘)éi + W )G+ W) = 0,

p
that is, (b) is a zero vector, where (u*, p), = >_ pip; and p = (p1, p2,- - -, pp)-
j=1
This implies that

]%<<b>, (epni@™u’) 1)> = 0. (4.22)
Since z* and (u*; u*, s*,t*, y*) are optimal solutions of (P) and (MWD), respectively, we know
B(r) = X ihy(a") <0.
and
B(u*) = jilu;hj(u*) 0.
This implies that
B(z*) < B(u*).
By the exponential function, we get

Lp(a*, ur)(enBED=BWD) — 1) <0 for any r # 0. (4.23)

r)—invex w.r.t. n and b at u*,we get

Since B(.) is exponential B — (p,
%Mﬂwwawm4mw—mz§<zummwmu>—n> (4.24)

From above inequality and (4.23), we have
H( £ o (e - 1)) <0 (4.25)
Also from (11.22) and (4.25), we have
(S telot 5006 + £ )G (@) 1)) > . (4.20
Moreover, from the exponential type B-(p,r)—invexity with respect to the same function

and b at u* of A(.) and the inequality (4.26), we get
1p(z*, u*)(enA@)=AMD) — 1) > 0 for any r # 0.

This implies
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A(z*) > Au?). (4.27)

By Theorem (4.4.2), we see that
flary) _ f i)

max = .
vey g(z*y)  g(us,y))

and so
[, y)
g(x*, y)
This implies that

f@y)g(u,yf) — fu*,y)g(a*,y) <O forally €Y.

[, y7)
g(u*,y7)

< forally e Y.

Multiplying the above expression respectively by ¢tf > 0 and y € Y (u*), i =1,2,...,s" and
then summing up, it would yield

Al = z () gt ut) — gl y) Fa, )

< 0= 26U g, u) — 9wt y) flu', yi) = Alw).
This contradicts the inequality (4.27). Hence z* = u* and the optimal values of problems (P)
and (MWD) are equal.

4.5 Wolfe type duality model

The Wolfe type duality in fractional programming problem can be considered by the objective
of fractional functional of (P) by adding the constraint scalarization with a multiplier & into

the numerator of the fractional functional in (P), precisely the Wolfe type dual is stated as

follows .
> tif (u,y:) + {u, h(u)>p
(WD) mz?)?c( m)a)é(( )z=1 i
ue un,s,t,y)EKa(u
ti Uy Yi
; 9(u, ;)
subject to
0€ Sty {2 40 £ ) + (1 Gch(u)>p}
[ S st + o), | 5 6= (423)
MGRﬁ_,tEI, vy €Y(u), i=1,2,...,s, (4.29)

Here u € X is a (P)-feasible solution, and denote the set
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Ks(u) = {(p,s,t,y) € RT x N x Ry x Rm! tel, y=(y,y2,---,Ys), ¥i € Y(u), i =
1,2, ..., s},

as elements in Ky(u) satisfying the expressions (4.2) and (4.4) which is equivalent to K (u)
for the necessary optimality conditions of (P) in Theorem 4.3.1 taken as the constraint given
in the problem (MWD).

In order to show the problem (WD) being surely a dual problem w.r.t. the primal problem
(P), we denote L3 as the constraint set of (WD). Actually Ls is also defined by projective like
as the feasible solutions of problem (P).

Ly= {u e X C R”’ (u; i, s,t,y) € L4}.
Now we show the duality theorems related to (P) and (WD):

Theorem 4.5.1 (Weak Duality). Let « and (u; u, s,t,y) be (P)-feasible and (WD)-feasible,
respectively. Denote a function D : X — R by

D(-) = ;tig(% Yi) {f(', yi) + <Ma h(')>p]

)+ ), | S tate)
with D(u) = 0. Assume that D(-) is exponential B-(p,r) invex at u € L, w.r.t the same
function n. Then

p

 fay) | Z )

yey g(ajay) N i tzg(uayl)

=1

Proof. Suppose that
max > S

€Y glx, B
vy gl y) > tig(u, )

were not true.

Then there is a feasible solution 2 € X such that

) St () + (s h(w)),
max ) il .

ey g(x, 5
vy glr,y) > tig(u, i)
=1

for any (u; p,s,t,y) € Ls.
This implies that
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= () + (u,h(w),
flz.y) < =l forall y e Y,

g(x,y) itig<u,yi)

i=1

Or equivalently,
o) £ gl ) = 96| 050 + (),
Multiplying the above respectively by ¢; > 0,7 = 1,2, ..., s and summing up, it yields

gtz‘f(x, y) ;tig(u7 ?Jz) - gtig(xa y) {Zszltlf(%%) * <'u’ h(u»p} <0

<0OforallyeV.

it reduces to

= tig(un)| S (o) + (o),

(2

_ i tig(z, yi) Lil tif (u, i) + (s h(“»p}

i=1
= D(@) < X tig(w. 1) 1. h(x)) . (4.30)
Since the relations (4.29), g(u,y;) > 0,i=1,2,...,s, and h;(z) <0, we get
i:iltig(u, yi){u, h(z)), < 0.
Therefore, from (4.30), we obtain
D(xz) < 0= D(u). (4.31)

Let = and (u;pu,s,t,y) be (P)-feasible and (WD)-feasible, respectively. According to the
expression (4.28), there exist & € 0°f(w,v:), G € 0°(—g)(u,y:),i = 1,2,...,s, and p; €
0°hj(u),j € J such that the vector
(0 = 5 tg() [ (1), + (), | + | £ 60 + (), (), =0
that is, the vector (a) is a zero vector, where

(1.6),= >t (60, =566 (n.0), = z o,

= (- 5&), ¢=(C,--. ), and p=(p1,..., pp)-

This implies that

1
]—)< <a>, (e —1)) =0. (4.32)

If Dis an Exp B — (p,r)—invexity w.r.t n at u in L4, we get

1p(z,u)(enP@=PM) — 1) > %< <a>,(ern=) — 1)),

According to the above relation and (4.32), we have
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Lp(z,u)(erP@-PW) _ 1) > 0.

By the exponential function, we obtain
D(x) > D(u) =0 for r # 0,
which contradicts the inequality (4.31). Hence the inequality

max ) > =l

ey g(z,y) — 2
vy gl y) > tig(u, )

is true, and the theorem is proved.

Theorem 4.5.2 (Strong Duality). Let x* be the efficient solution of problem (P) satisfy-
ing the constraint qualification at z*. Then there exists (u*, s*,t*,y*) € Ky(x*), such that
(x*; p*, s*, t*,y*) is a feasible point for (WD). If the hypotheses of Theorem 4.5.1 are fulfilled,
then (x*; u*, s*,t*,y*) is an efficient solution to problem (WD), and the two problems (P) and
(WD) have the same optimal values.

Proof. By assumption, z* is an efficient point of (P) and the constraint qualification holds
at 2*. Then by conditions (4.2) — (4.4), we conclude that (z*; u*, s*,t*,y*) is a feasible for
(WD). Since

. t;f(a*,yp) + (s, h(z”

) _ B0+ )
F T R
’ ;tfg(:v*,y;*)

then, by using the weak duality theorem (Theorem 4.5.1), we conclude that (z*; u*, s*, t*, y*)

p

Y

is an efficient solution for (WD). Consequently, the two problems (P) and (WD) have the
same optimal values.

Theorem 4.5.3 (Strict Converse Duality). Let z* and (z*; u*, s*,t*, y*) be the efficient solu-
tions of problem (P) and (WD), respectively, and the constraint qualification be satisfied at
x*. Denote a function £ : X — R by

B() = L tig( y) [F(oui) + (u%, h()), ]
= ) + G b)), ] 32 (9o w)
with E(u*) = 0. Assume that E(-) is strictly exponential B-(p,r) invex at u* € Ly w.r.t the

same function n for all optimal vectors x* for (P) and (u*;s*,t*,y*) for (WD), respectively.

Then z* = u*, and the efficient values of (P) and (WD) are equal.
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Proof. We want to prove z* = u*.

Suppose on contrary that z* # u*. It will deduce to a contradiction. According to relation
(5.1), there exist & € 0°f(u*,y}),( € 0°(—g)(u*,y}),i =1,2,...,s%, and p; € 0h;(u*),j € J
such that the vector

(@) = 3 90w ) (), + (u'0),

+ [;t;‘f(u*, yi) + <,u*, h(u*)>p] <t*, g>s* =0, (4.33)
that is, the vector (a) is a zero vector, where
s* s* P
<t*7§>s* = th;kém <t*7c>5* = th;kgu <M*7p>p = leu’;kp]u
1= 1= 1=
5 = (51, s 7§8*)’ C: (Cla s 7C8*)7 and P = (pla s 7pp)'
This implies that
1 * *
—{ <a>,(erm= ) —1)) = 0. (4.34)
p
If E is strictly Exp B-(p,r)—invexity w.r.t n at u* in Ly, we get
Lp(az*, ur) (e BE=EWD)) 1) > %< <a >, (em ) — 1)),
From above relation and (4.34), we have
1p(z*, u*)(enPE=EWD) — 1) > 0.
By the exponential function, we obtain
E(z*) > E(u*) =0 for r # 0. (4.35)

From Theorem 4.5.2, we see that

S trf(u,yf) + (', h(u*
f(x*jy)_i; Flus,yp) + (p, h(u®))
max =
vey g(x*,y)

p

> tig(ut, ;)
i=1

and so

[z, y)
g(r*,y)

St f(ut yl) + (u h(u)),
<= forally eV,

2 trg(u*, yr)

Or equivalently,

*

fasy) o tiglut i) —glasy) | S tEf (') + (' h(u?)), | <0forallyey.

»

-
Il

*

Multiplying by ¢ > 0,7 =1,2,...,s" and summing up, it yields
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dotif(a,yl) Yo tig(u*, y))
=1

=1

_ ;t;‘g(x*,y;) {;t;‘f(u*,y;‘) + h(u”‘)>p} <0, (4.36)
it reduces to

:E*ti-‘g( ,yl)r; fla*,y; +<M*’h(l’*>>p]

||Mm

A + (),

*

s

—Zt* T {
s

= E(z* tgu yr ), h(z )>p (4.37)

Since tlr:e relations (4.29) gu*,yf) >0,i=1,2,...,s, and h;(z*) <0, we get
;thfg(U*,yf)@*, h(z*)), < 0.

Therefore, from (4.37), we obtain
E(z*) < 0= E(u").

Consequently, the above expression contradicts the inequality (4.35). Hence u* is an optimal

solution to (P), and F(z*) = E(u*) deduces u* = x*. Therefore

.y oS+ (b)),

maiz( ( *7 ) _ =1 .

ye u*, S . -
ay o trg(u*,yy)

i=1

This proves the optimal values of the dual problem (WD) and the primal problem (P) are

equal.
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