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Abstract

The rapid advancement in wireless communications has led to an increasing demand on the data
rates for applications such as seamless high definition video streaming, video conferencing etc.
As the bandwidth/frequency spectrum available for wireless systems is limited, all the demands
have to be fulfilled within this spectrum only. This entails the development of bandwidth
efficient wireless systems which can deliver higher data rates without requiring additional
bandwidth. A very promising solution to this problem is the use of Multiple-Input Multiple-
Output (MIMO) systems incorporating multiple antennas at the transmitter and receiver. MIMO
systems effectively enable the use of spatial dimension in order to increase the data rate without
imposing any bandwidth penalty on the system. Transmitting different data streams from
different antennas enables the use of same spectrum for transmitting different data, i.e. the
number of antennasis directly proportional to the data rate that can be achieved. This technique
of increasing the data rate is called Spatial Multiplexing (SM) because it exploits the
multiplexing gain. To achieve this, variety of receivers such as Zero Forcing (ZF), Minimum
Mean Squared Error (MMSE), Vertical Bell Labs Layered Space Time (VBLAST) etc. have
been developed for spatial multiplexing. The increase in capacity is true for a channel with rich
scattering and antennas with sufficient spacing amongst them. However, with the size of wireless
devices becoming smaller by the day, it is becoming difficult for the system designers to
incorporate independent multiple antennas on the same device. This leads to correlation between
different antennas, taking away the advantage of spatial dimension. Spatial correlation may
significantly degrade the performance of aMIMO system.

Firstly, the existing spatial multiplexing techniques are studied in detail. The error performance
of these techniques is evaluated in uncorrelated and correlated fading channels. To complete the
study, a brief analysis of computational complexity of various receivers is aso done. Based on

the error rate performance and complexity parameters, the MM SE receiver is selected.

Secondly, a Fractional Fourier Transform (FRFT) based generic MM SE receiver is proposed for
multiple antenna systems. Based on a recently proposed novel method for filtering signals in the

fractional Fourier domains, the proposed receiver gives a lower mean square error (MSE) as



compared to the conventional MM SE receiver. The proposed receiver is generic in the sense that
it can be used with all systems irrespective of the antenna configuration. Since this dissertation is
focused on the receiver side of wireless systems, first a receiver is proposed for Single-Input
Multiple-Output (SIMO) systems as a fractional optimum combining diversity technique. Then a
generalized receiver is proposed for MIMO systems as a fractional MM SE receiver. The bit error
rate performance of the proposed receiver is studied in uncorrelated and correlated fading

channels.

Based on fractional domain filtering, improved channel estimation schemes are proposed for
rapidly fading channels and block fading channels. To estimate a rapidly fading channel, an
interpolation technique is used where pilot symbols are transmitted at equally spaced intervals.
With the channel estimate known at pilot positions, the rest of the channel is estimated using
interpolation. For block fading channels, pilot symbols are prefixed to the transmitted block. The
channel estimated using prefixed pilots remains constant throughout the transmission block. Both
the proposed techniques are shown to give better quality channel estimates than their respective
conventional counterparts.

In the last part of the dissertation, the error rate performance of the proposed fractional MM SE
receiver is considered with Low Density Parity Check Coding (LDPC). Channel coding is often
viewed as a smart way to reduce the errors in transmission and improving the link reliability. The
reason for selecting LDPC codes is that they are powerful channel codes with excellent error
performance but a low decoding complexity. There have been simulations that perform within
0.0045 dB of the Shannon limit using LDPC codes for an Additive White Gaussian Noise
(AWGN) channel. The use of LDPC codes along with fractiona MMSE improves the error
performance of the fractional MM SE considerably.
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Chapter 1
| ntroduction

The past decade has seen a rapid progress in the field of communication. The first electrical
communication system called Telegraphy was proposed by Samuel Morse in 1844. The
information was sent using Morse code in the form of dots and dashes. In 1894, Guglilemo
Marconi demonstrated the first form of wireless communication when he invented the wireless
radio. At the time, no one could predict that Guglilemo Marconi’s invention would have such a
great impact on the society. Today, a century after his invention, life cannot be imagined without
cell phones, radio, satellites, Bluetooth etc. The next generation wireless systems are expected to
offer services like remote internet connectivity, Internet Protocol (IP) telephony, online gaming
services, high-definition mobile Television (TV), seamless video conferencing and three
dimensional (3-D) TV [1-8]. Therefore, the one of the magor goals of the next generation
wireless systems is to increase the data rate and the capacity. This poses a problem for the system
engineers because the available electromagnetic frequency spectrum is limited. Hence, to meet
the higher data rate demands, with the constraint of a limited spectrum, the goa should be to
improve the spectral efficiency. Along with that, most of the challenges in wireless
communication arise from the fact that the signal is transmitted over unconstrained propagation

medium and is subjected to many undesirable phenomena [9-10].

An effective way of increasing the spectral efficiency without imposing any bandwidth penalty is
the use of multiple antennas at the transmitter and receiver. The system employing multiple
antennas at both ends is called a Multiple-Input Multiple-Output (MIMO) system. In, addition to
the traditional wireless systems which exploit the time and frequency dimensions, the MIMO
systems exploit the space dimension which helps in better utilizing the available spectrum
without needing any additiona bandwidth. MIMO systems benefit from the rich scattering in the
fading channel which is otherwise considered to be an obstacle in conventional wireless systems.
A significant advancement in data rates was promised with the studies indicating a linear
increase in capacity with the use of antenna arrays at both transmitter and receiver [11-13].
Before the concept of multiple antennas at the transmitter and/or receiver, the traditional wireless

systems used a single transmit and a single receive antenna, i.e. they were Single-Input Single-
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Output (SISO). When the wireless channel is in a deep fade (channel attenuation is large), the
number of transmission errors in a SISO system is large. To combat multipath fading and the
large number of errors due to it, the concept of receive diversity was proposed [14]. Receive
diversity is achieved by using a Single-Input Multiple-Output (SIMO) system with a single

transmit antenna and multiple antennas at the receiver end.

Tx Y P ( Channel \ <:>Y Rx

Figure 1.1: Single-input single-output (SISO) system
1.1Receive Diversity

Although receive diversity can also be achieved using frequency, time and/or polarization, the
most commonly used diversity is spatial diversity which is achieved with the help of multiple
receive antennas. The advantage of using spatial diversity over other techniques is that it does
not require additional power or bandwidth. Spatial diversity is employed to improve the link
reliability by using multiple antennas at the receiver side and is based on the concept that the
paths between the transmit antenna and different receive antennas cannot be all in a deep fade at
the same time. Unless the channels are correlated (the spacing between antennas is less than
approximately half of the wavelength), the use of spatia diversity improves the Bit Error Rate
(BER) considerably by realization of independent fading paths.

cﬂw\ I
Y

Figure 1.2: Single-input multiple output (SIMO) system
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The signa received on Ng antennas can be combined in several different ways to achieve an
acceptable Signal to Noise Ratio (SNR). A brief description of the commonly used diversity
techniquesis given below [15-16]:



Selection Combining (SC): In this technique, the combiner selects the signa with the highest

instantaneous SNR and sends it to the demodulator. The output from the SC is the signal with the
highest SNR out of all the branches. Since it is hard to find the SNR, the decision can be made
by using the total receiver power (signa + noise power) provided the noise power is same on all

the branches.
Antennal L’ R Select Largest
_ Magnitude

Antenna 2 | Co-pgag ng & (Switching Logic)

) an >

Adjustment K > Output
Antenna Ng | R

i A

Figure 1.3: Selection combing diversity technique

Threshold Combining (TC): In selection combining, there is a need to continuously monitor SNR

on al the branches. For continuously transmitting systems, SC requires a dedicated receiver on
each branch for this purpose. Threshold combining eliminates this requirement by sequentialy
scanning each branch and outputting the first one having SNR above the preset threshold. Once
selected, the branch remains connected to the demodulator for as long as its SNR stays above the
threshold. Therefore, this technique is sometimes referred to as Switch and Stay combining
(SSC).
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Figure 1.4: Threshold combining diversity technique



Maximal Ratio Combining (MRC): In SC and TC, the output of the combiner is connected to

one of the branches, i.e. the output is connected to a single branch. However, in MRC, the output

is a weighted sum of signals on all the branches. The advantage of this technique is that if any
single branch does not have acceptable SNR, then there is more possibility that the weighted sum
of all the branches would result in an acceptable SNR [17]. This technique is the optimal receive
diversity technique and is considered to be a specia case of Maximum Likelihood (ML)

decoding which is discussed in chapter 2.
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Figure 1.5: Maximal ratio combining/Optimum combining

Equal Gain Combining (EGC): Although MRC is considered to be optimal, it requires

knowledge of instantaneous SNR on all the branches. A simpler technique called EGC requires
al the weights in MRC to be set to unity. The disadvantage of this technique is that it aso

requires dedicated receivers on each branch.

Optimum_Combining (OC): Optimum combining technique proposed by Winters based on

Wiener filtering is the best diversity technique [18]. It is similar to MRC but it focuses on
maximizing the Signal to Interference plus Noise Ratio (SINR) rather than SNR. Therefore, in an
interference dominated environment, OC performs better than all other diversity techniques and

in non-interfering environment; OC reduces to MRC [19].

Recently, a novel method of improving the Wiener filtering based on Fractional Fourier

Transform (FRFT) was proposed. In this method, wiener filtering is performed in the optimum



fractional domain rather than time or frequency domain [20-21]. This method has the advantage
of reduced BER due to the signal compactness in the optimum fractional domain. Fractional

domain Wiener filtering method is discussed in detail in chapter 3.
1.2 Transmit Diversity

The transmit diversity is achieved by the use of multiple antennas at the transmitter with a single
antenna at the receiver, known as Multiple Input Single Output (M1SO) system. In such a system
the transmit power is divided amongst the multiple transmit antennas. This technique requires
pre-processing of the signal before transmission. The commonly used techniques with MI1SO are
Space Time Trellis Coding (STTC) proposed by Tarokh et al. [22-25] and Space Time Block
Coding (STBC), initialy proposed by Almouti [26] and finally generalized by Tarokh [27].
MISO systems are particularly useful in systems where the receiver is not sufficiently large to

incorporate multiple antennas, while the transmitter could easily accommodate multiple

T, Y1<:> {;annel) <:>YR
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antennas.

Figure 1.6: Multiple-input single output (MISO) system
1.3 Multiple Input Multiple Output (MIMO)

The use of multiple antennas at the transmitter and receiver enables the use of spatial dimension
to improve the bandwidth efficiency. Rich multipath scattering in the wireless channel, which is
generally considered to be a hindrance in SISO systems, actually aids the MIMO systems by
providing independent channels to different sets of antennas. Theoretically, the capacity of
MIMO increases linearly with the number of min (N1, Ng) antennas. Therefore, without needing
any additional bandwidth or power, MIMO systems provide the solution for the increasing data
rate demands [28-32]. Various spatia multiplexing techniques for MIMO systems are discussed
in detail in chapter 2.



MIMO systems can be used for obtaining variety of gains depending on the way they are set up.
If the same data stream is transmitted from all the transmit antennas, multiple antennas improve
the link reliability because of the spatial diversity. Such schemes are jointly called Space-Time
Coding (STC) schemes. The STTC and STBC schemes initially proposed for MISO systems
were extended for MIMO systems to exploit the diversity gain. However, multiple antennas can
also be used to improve the spectral efficiency by transmitting different data from different
antennas. Assuming the channels between different set of antennas are independent, identically
distributed (i.i.d), the multiple antennas increase the spectral efficiency by exploiting the
multiplexing gain. Schemes have also been formulated for utilizing the combination of spatial
multiplexing and space-time coding; however there is a trade-off relationship limiting the

diversity and multiplexing gains [33-37].
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Figure 1.7: Multiple-input multiple-output system (MIMO) system

Asthe size of all devices tends to decrease, the physical space for system engineers to work with
is decreasing constantly. As the MIMO systems depend on the spatial dimension to extract the
maximum bandwidth efficiency, the decreasing size of wireless devices makes it difficult. As it
is aready known in theory, for the channels between two independent sets of antennas to be

uncorrelated, the antenna spacing should be approximately 0.5A (.38 A to be exact) [15].
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Practically, however, this distance is not always achievable and as a consequence the channels
between different sets of antennas are correlated. The channel correlation has the effect of
decreasing the capacity that can be achieved by using multiple antennas [13, 38].

Different methods for modeling the spatial correlation have been discussed. Two most common
methods are correlation based Intelligent Multi-Element Transmit and Receive Antennas (I-
METRA) channel model and ray based Spatial Channel Model (SCM) [39-45]. The effect of
gpatial correlation on MIMO systems has been studied in detail. The most effective way to deal
with spatial correlation is to use precoding which requires the Channel State Information at the
Transmitter (CSIT) side. In practical situations, it is not aways possible to provide channel state
information on the transmitter side and the spatial correlation degrades the capacity considerably.
The method for modeling spatia correlation for simulationsis described in detail in chapter 2.

1.4 Channel Coding

Along with the advent of multiple antenna schemes, another effective way of improving the
reliability of a communication system is error control coding/error correction coding. In this
method, some redundant bits are added to the information stream. These redundant bits are used
for error detection and correction on the receiver side. Channel coding has increasingly become
one of the most popular methods to increase the link reliability of multi antenna systems. The
ideais to add redundancy to the original signal to make it more immune to channel impairments
such as noise and fading. Channel coding adds redundancy in the discrete domain and can be
thought of as a medium for accommodating desirable system trade-offs such as error
performance vs. bandwidth or power vs. bandwidth. It is possible to get up to 10 dB performance
improvement by the use of channel coding. At the receiver end, the decoder uses these redundant
bits to efficiently extract the originaly transmitted message with lesser number of errors.
Basically channel coding is used to minimize the BER at the receiver. Channel codes are of three

types:

1. Block codes
2. Turbo codes
3. Convolutiona codes



One of the best error correction codes are Low Density Parity Check (LDPC) codes due to their
near Shannon limit performance [46]. For very long block length LDPC codes have been shown
to achieve the Shannon capacity of an Additive White Gaussian Noise (AWGN) channel within
0.0045dB [47].

Turbo codes, proposed by Berrou et. a. in 1993 are another class of powerful error correcting
codes which serve as the main competitors for LDPC codes when being considered for various
wireless standards. For frame lengths greater than 10,000 bits, LDPC codes are shown to
outperform turbo codes [46, 48]. Another advantage of LDPC codes over turbo codes is that they
do not exhibit an error floor. The decoding complexity of LDPC codes is low due to the fact that
their decoding algorithm is highly parallelizable. Due to their advantages over other codes,

LDPC codes have been selected as the error correction codes in various wirel ess standards.

LDPC Codes Applications: In 2003, LDPC codes were selected as the error correcting codes
for the DVB-S2 standard for satellite transmission of digital television after beating six turbo
codes [49]. In 2008, LDPC codes beat convolutional turbo codes for the ITU-T G.hn standard
[50]. LDPC codes are dso a part of the IEEE 802.11 standard in the High Throughput (HT) PHY
specification [51].

1.5 Resear ch Objectives

Keeping in view the tremendous success of MIM O systems, the following research objectives

were proposed:

1. To study some of the existing reception schemes for MIMO systems.

2. To propose an improved reception scheme for MIMO systems.

3. To analyze the performance of the proposed scheme with LDPC coding.
4

. To analyze the effect of channel correlation on the performance of the proposed receiver.

1.6 Research Contributions

Based on the above objectives, the basic aim of this thesis is to propose an improved reception
scheme for multiple antenna systems and anayze it in different wireless environments, i.e.
uncorrelated and correlated fading channels. Also the channels are taken to be Line-Of-Sight



(LOS) and Non Line-Of-Sight (NLOS) for a complete study. Different performance evaluation
parameters such as bit error rate and mean square error have been used to establish the

superiority of the proposed receiver.
Contribution 1: Improved reception scheme of multiple antenna systems

The main contribution of this work is the development of an improved fractional Fourier
transform based generic MM SE receiver for multiple antenna systems. This receiver has been
shown to outperform the existing MMSE receiver. The proposed MM SE receiver is based on
performing the filtering process in the fractional Fourier domain which gives lower MSE as
compared to the ordinary MM SE. The performance evaluation of the propose receiver isdonein:

1. Uncorrelated fading channels with no spatial correlation
2. Correlated fading channels with low, medium and high correlation coefficient

Finally, the simulation results are compared with the analytical results to verify the correctness

of the simulation.
Contribution 2: Improved channel estimation for block and fast fading channels

In this contribution, the proposed receiver has been used for channel estimation of block fading
and fast fading channels. For block fading channel estimation, a separate scheme is devel oped
which uses prefixed training symbols at the start of a transmission block. The receiver proposed
in contribution 1 is used for channel estimation by extracting the training symbols and using
them for obtaining optimum MMSE channel estimates as compared to the ordinary MMSE
estimates.

For fast fading channels, however, the prefix training symbols do not work because the channel
changes rapidly. Therefore, an interpolation based scheme has to be used where pilot symbols
are transmitted at fixed intervals. From the channel response at pilot positions, the rest of the
channel response has to be predicted using interpolation. The proposed receiver is used to obtain
the channel response at pilot positions and then used for interpolation. The optimum MMSE
estimates at pilot positions result in better channel estimation.



Contribution 3: Anaysis of the proposed receiver with LDPC coding

Channel coding has become an integral part of today’s wireless communication systems due to
the development of excellent channel codes. In this contribution, the proposed receiver has been
studied with LDPC coding. Using LDPC codes, the BER of the proposed receiver can be

reduced due the coding gain provided by LDPC codes resulting in lesser number of errors.
1.7 Dissertation Outline

Chapter 2 of this dissertation gives an overview of the existing MIMO receivers. Different
wireless channels used throughout the dissertation have al'so been presented in this chapter. The
gpatial correlation model used to model the correlation between different channels has been
explained. Performance evauation of the reviewed MIMO receivers in different fading channels
in terms of BER has & so been done.

In Chapter 3, an improved fractional Fourier transform based generic MMSE receiver is
developed for multiple antenna systems. Firstly, a short description of the fractional Fourier
transform and the optimum filtering process is presented. Based on that, an improved MMSE
receiver is proposed. Also, the BER of the proposed receiver is analyticaly derived from MSE
using a tight approximation for the Q-function. This MMSE receiver is then simulated in
different wireless environments. The performance evaluation of the proposed receiver in
gpatialy correlated fading channels is done in this chapter. Finally, the analytically derived BER

and the simulated BER are compared to verify the correctness of the simulation results.

In chapter 4, an improved channel estimation technique is proposed based on the concept
developed in chapter 3. Two different types of channel estimation techniques are proposed based
on the type of channel, i.e. fast fading or block fading. For block fading channels, a training
symbol is sent at the beginning of the block and then channel is estimated using that training
symbol. However, for afast fading channel, sending training symbols at the start is not sufficient
because the channel changes rapidly. Therefore, for fast fading channels, an interpolation based
technique is proposed in which pilot symbols are time multiplexed with the information at fixed

intervals.
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Chapter 5 deals with the third objective in which the performance analysis of the proposed
reception scheme with LDPC channel coding scheme has been done. Error control coding has
become imperative in today’s wireless communication standards. Low density parity check
codes proposed by Robert Gallager have been proven to be the best error correction codes
reaching within 0.0045 dB of the Shannon limit. The data is first channel coded using a parity
check matrix, mapped according to the chosen signal constellation and transmitted over different
antennas. In this section, the error performance of the proposed receiver is analyzed in different
fading channels. It is observed that the receiver with channel coding gives a substantial coding

gain as compared to the uncoded scheme.

The thesis is concluded in chapter 6 where the main contributions are highlighted and the scope

for further research is described.

11



Chapter 2
Study of Existing MIMO Receivers

2.1 Introduction

MIMO technology is considered to be a breakthrough in wireless communication because it
helps to solve the two major problems of wireless communication: obtaining high capacity from
a limited spectrum and multipath fading. In SISO systems, multipath fading is considered to be
the major performance limiting factor. Multipath fading is characterized by the reception of
multiple replicas of the same signal from different angles and/or at different times. These
replicas are called multipath signals and they cause fading by constructively or destructively
combining at the receiver and cause signal power at the receiver to fluctuate randomly. While the
conventional SISO systems are impaired by multipath fading, MIMO systems actually use it to
their advantage. Along with the time and frequency dimensions, MIMO systems exploit the
gpatial dimension by using multiple antennas at the transmitter and receiver. The additional
spatia dimension can be used to obtain array gain, spatial multiplexing gain and/or diversity
gain. The data rate increase that can be achieved by using spatially multiplexed MIMO systems
is proportional to the number of antennas provided the antennas are uncorrel ated.

2.1.1 Array Gain

Array gain is the average increase in the SNR at the detector that arises from the coherent
combining effect of multiple antennas at the receiver and/or transmitter. For MIMO systems, the
array gain can be obtained if the channel is known perfectly to the transmitter and/or receiver.

Array gain (g,) ischaracterized by shift of SNR which translates into decrease of BER at afixed
transmit power [52].

_ Pout
P

where p, is the output SNR and p is the single branch average SNR. Array gain is

9a (21)

proportional to the number of antennas and improves the power efficiency of wireless systems.
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2.1.2 Diversity Gain

In SISO systems, when the fading is severe, the BER increases. The solution to this problem isto
provide the receiver with multiple copies of the same signa which can be effectively combined
to reduce the impact of fading on BER. This concept is known as diversity and the gain achieved
by this process is called diversity gain. The three dimensions to be exploited in wireless
communication are time, frequency and space, therefore, the concept of diversity can be applied
to any or al these dimensions. MIMO systems, in addition to time and frequency make use of
the spatial dimension, so the diversity gain due to space is caled spatial diversity. Before the
development of MIMO systems, spatial diversity using SIMO systems was seen as a powerful
communication technique and was based on the fact that considerable SNR improvement is
obtained by combining the multiple copies of the same signal received at different uncorrelated
receiver elements. However, in the presence of spatia correlation, the diversity gain advantage is
reduced considerably. In MIMO systems, diversity gain can be obtained by sending replicas of
the same signal from multiple transmitting antennas. Diversity gain results in improving the

quality of communication by increasing the link reliability.

2.1.3 Multiplexing Gain

MIMO systems can also be used to increase the date rate of the wireless system without
imposing additional bandwidth or power penalty. Thisis done by breaking up a high rate signal
into lower rate streams. These lower rate streams are then transmitted separately from multiple
antennas. This datais then recovered at the recelver and combined to produce the original data. If
it is assumed that the channels between different sets of antennas are uncorrelated, the data rate
increases proportionally with the number of antennas.

A very interesting analogy of data flow in MIMO systems to water flow in pipesis presented in
by M. Jankiraman [53]. The pipes are used to transfer water to a tank or reservoir. Obvioudly if
the number of pipes will be more, the water flow will increase. In the case of fluid mechanics,
this hold true no matter what, but, the analogy with MIMO ends here. If the data pipes are
independent, i.e. the fading channel is uncorrelated, the data transferred is independent and the

increase in capacity is proportiona to the increase in the number of data pipes. On the other
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hand, if the data pipes are identical (fully correlated/highly correlated), the data transferred will

be merely replicas of the same signal and there is no/negligible increase in the capacity.
2.2 System Model

We consider a MIMO system with Nt transmit antennas and Ng receive antennas, where Nt<Ngr

as shown in Fig. 2.1. In the figure, the transmitted signal x isa N; x1vector, where x; is the data
transmitted by the i™ antenna. The covariance matrix of transmitted signal is given by

R, = E[xx"]. (2.2)
H is a N x N, matrix characterizing the fading (degradation) process between the transmitter

and receiver. The transmitted signa is taken to be narrowband; therefore, it experiences flat
fading. In this work, two different fading channels, namely, Rayleigh and Rician are considered.

The vector n ( N x1) represents thei.i.d AWGN with zero mean and unit variance (o> =1). The
covariance matrix of noise (Rn,) is given by

R, = E[nn"] (2.3
The noise is considered to be independent of the input signal, i.e. E[xn"]=0. The received
signal denoted by y isa Ny x1 matrix given by

y=Hx+n (2.4)

Hx

N, xN

T

Figure 2.1: System Model

The covariance matrix of the received signal (Ryy) is given by:

R,, = Elyy"] (2.5)
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As dready stated, the signal in this dissertation is taken to be narrowband, therefore the fading
channels are considered to be frequency flat. A brief explanation of the various fading channels

used throughout the course of this dissertation is given below.
2.2.1 Rayleigh Fading

When there is no LOS path between the transmitter and receiver and the number of independent
scatterers is sufficiently large, the fading channel can be modeled as Rayleigh fading. The
envelope of Rayleigh fading follows the Rayleigh distribution. Rayleigh fading for a MIMO

system can be synthesized by constructing a ( N x N, ) matrix with Zero Mean Circularly

Symmetric Complex Gaussian (ZMCSCG) entries with unit variance CN (0, 1). Furthermore, if
the channel is fully uncorrelated, then it is said to be independent and identically distributed and
an i.i.d Rayleigh fading channel is denoted by Hiig. The received signal power in atypical i.i.d
Rayleigh fading channel is shown in Fig. 2.2.

Power (dB)
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Figure 2.2: A typica Rayleigh fading channel
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2.2.2 Rician Fading

In practical situations, the behavior of the fading channel can deviate significantly from Hiig due
to the presence of dominant LOS path between the transmitter and receiver. The envelope of the
fading channel with aLOS path is assumed to be following Rician distribution. Rician fading can
be modeled as the sum of the dominant LOS path (H_os) and the Gaussian distributed matrix
(Hiig) and given as

H.e= %—H Los + ﬁH ids (2.6)
where K is the Rician K-factor given by the ratio of the power in the LOS component to the
power in the fading component. When K=0, Rician fading reduces to Rayleigh fading, i.e.
Hiice=Hiia. When K=o, the channel is assumed to be non-fading. A typical Rician fading channel
with K=10isshownin Fig. 2.3.
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Figure 2.3: A typical Rician fading channel for K-factor=10

As the LOS component of Rician fading becomes stronger, the scattering advantage of the

multipath channel islost and the capacity decreases.
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2.3 Spatial Correlation

The classical i.i.d Rayleigh fading model considers the channels between different sets of
antennas to be independent. In practical situations, thisisrarely the case as the size of all devices
tends to decrease; the physical space for system engineers to work with is decreasing constantly.
As the advantage of increasing the data rates from MIMO comes from the fact that the additional
space dimension in utilized, the decreasing size of wireless devices makes this difficult. As
already know in theory, for the channels between two independent sets of antennas to be
uncorrelated, the antenna spacing should be greater than 0.5A [13]. In real life situations,
however, this distance is not always achievable and as a consequence the channels between
different sets of antennas are correlated. Initialy, the spatial correlation was modeled using the
full correlation model [38] which is given by

R, = E[hh"], (27)
where h =vec(H) , which returns a NiN;x1 vector from a NzxN; matrix. Ry is a
Nz N; x NgN; matrix which gives the correlation of al the fading channel matrix elements.

If h,,=vec(H,,), then the correlated fading channel can be generated by

2.8
H= Rll-/|2Hiid' (28)

However, the use of this model requires a large number of parameters which is undesirable. To,
reduce the large number of parameters, a simpler model caled the Kronecker model was
proposed. This model works on the principle that the transmitter correlation (Rrx) and receiver
correlation (Rgrx) matrices can be modeled separately. The full correlation matrix can be
obtained by the Kronecker product of Rrx and Rgrx as

RH = RTx ® RRX (2-9)

where Rrx=E[H"H] isa N; x N; matrix and Rrx=E[HH"] isa N x N, matrix.
From (2.8) and (2.9), we get:

H= (RTX ® Ry )UzHiid (2.10)
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Eq. (2.10) can be simplified into,
H = RlFé)z(HiidR]'l{)i (2.11)

In this thesis, the correlation matrices Rgx and Rrx have been obtained using the method
suggested by Van Zelst et a. [54-55] in which these matrices are calculated as a function of the
distance between the adjacent antenna elements at the transmitter and receiver. The following

transmitter and receiver correlation matrices are of Toeplitz structure and are given by:

i 4 (Ny-1)2 |
1 x  Ix e Iy T
Frx 1
4 .. 4
Rx = x x 1 : x| (2.12)
: . . . rTx
(N7-1)? 4
" frx  Ix 1]

1 Mg To rFﬁQ‘R‘”Z |
Moy 1 1y :
Rex = T Tex 1 o 13 |, (2.13)
. ‘. . . rRX
FNRY s 1

where ry, is the fading correlation between two adjacent receiver antenna elements.

If it is assumed that the inter element spacing between adjacent antennas is equal at both
transmitter and receiver (as shown in Fig. 2.4), then the model reduces to a single coefficient
correlation model given by

fx =Tex =1 2 &Xp(-23-A%-d?), (2.14)

where'd'is the distance in wavelengths between the antenna elements and Ais the angular
spread. Using the correlation model presented above, the spatial correlation between the antenna

elements can be modeled by a single coefficient ranging from zero correlation case to fully
correlated case.
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Figure 2.4: The mean Angle of Arrival (AoA) and angle spread of an incoming multipath signal

Also, for small r, the higher order terms can be omitted and the resulting correlation matrices are
tridiagonal. The model described in this section has been used to implement the spatial

correlation throughout this dissertation.
24 MIMO Receivers

In the following section, various spatial multiplexing techniques, namely, Zero Forcing (ZF),
Minimum Mean Squared Error (MMSE), Vertical Bell Labs Layered Space Time (VBLAST)
and maximum likelihood are discussed and compared [53, 56-59]. The system model, fading
channels and spatia correlation model discussed in the previous sections are used for simulating
the wireless system. The error rate performance of MIMO receivers is compared in correl ated
and uncorrelated fading channels.

2.4.1 Zero Forcing Receiver

The ZF receiver is a linear MIMO receiver. Linear receiver refers to the receiver using linear
processing techniques. It inverts the channel response H at the receiver in order to suppress the
interference from the other transmitted symbols, i.e. it separates each stream and then decodes it
independently. In this case, perfect Channel State Information at the Receiver (CSIR) is
considered; otherwise some form of channel estimation has to be used to estimate the Channel
State Information (CSI). If it is assumed that the matrix H is invertible, the estimated signal X is
given by:

X,e=H7y (2.15)

19



X,e = H (HX+n) (2.16)
X,e=X+H™n (2.17)
Eq. (2.17) shows that although the ZF receiver removes the spatial interference completely, it has
the drawback of noise enhancement due to the product of noise withH ™. If H matrix is not

square, then itsinverse is obtained by using the pseudo-inverse (H').

H = (H"H)*H" (2.18)
LetW =H'
R, =Wy (2.19)
X, = H'(HXx+n) (2.20)
X, =x+H'n (2.21)
n
Hx y .
X — H >+ X
N, xN._

Figure 2.5: Block diagram of the system model with ZF receiver
2.4.2 Minimum Mean Square Error (MM SE) Recelver

As discussed above, the ZF receiver has the problem of noise enhancement, especialy at low
SNR. MMSE is aso a linear MIMO receiver which maximizes the signal to interference plus
noise ratio (SINR) by finding a weight matrix W which minimizes the Mean Square Error
(MSE).

W =(aly, +H"H) HY, 2.22)
where a =N,/ p and p denotes the SNR. Whena =0, the MMSE solution reduces to ZF

solution.
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)A(MMSE =Wy (2-23)
The MSE is given by

ol =E[ (x=%)" (x-%) ] (2.24)

o7 = E[ (x=Wy)" (x—=Wy) | (2.25)
At low SNR, where the errors are dominated by noise, MM SE receiver acts like a matched filter,

and at high SNR, where the errors are dominated by interference, the MM SE receiver acts like

ZF receiver. Therefore, MM SE receiver is considered to be the optimum linear receiver [56].
2.4.3 Vertical Bell LabsLayered Space-Time (VBLAST) Recelver

VBLAST is a non linear MIMO detection technique in which the interference from already
detected components of X is subtracted out of the received signal vy, therefore, fewer interferers
are present. In VBLAST, Successive Interference Cancellation (SIC) is used along with ordering,
i.e. the detection of the components of x is done according to the optimal detection order. The
full MMSE VBLAST detection algorithm is composed of two phases, an initialization and a
recursive phase [12, 60]. At the initialization stage, the MM SE estimate (G;) is obtai ned.

Initialization:
i<1
G, =(aly, +H"H) H" (2.26)
k =argmin|G, |
]

Recursion:
Wki - (Gi )ki
T
2 =W Yy,
)’Zki = Q(Zki )

=y —X.H,
y|+1 yl k" Tk (227)

H o \= H
Gi=(aly, +HH,) lH,;i

‘2

ki+1 = arg ml nH(Gi+l)j
el i}

i+l
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where G; is the MMSE estimate at the i™ iteration stage, Q()) denotes the quantization

(dlicing) operation depending upon the modulation constellation and H, is a matrix

obtained by zeroing columnsk;,..., k of H.

2.4.4 Maximum Likelihood Receiver

Maximum likelihood receiver is the optimum MIMO receiver. It obtains the maximum
likelihood estimate of the signal by finding the Euclidean distance between the received signd
vector and the product of the al possible transmitted signal vectors with H, selecting the one
with the minimum distance. If M denotes the set of signal constellation symbol points, Maximum
likelihood estimate of x is obtained as

A~ . 2

Xy =argmin|y — Hx| (2.28)
xeMNT

From eqg. (2.28), it is clear that the complexity of the ML receiver increases exponentially with

increase in the signal constellation or number of transmit antennas. For this reason, the ML

receiver israrely used with higher order modulation techniques or large number of antennas.
2.5 Results and Discussion

2.5.1 Simulation Details

The performance of the all receivers discussed above was studied. The details of simulation are
given next. A total number of 100,000 random binary bits are generated and transmitted after
Binary Phase Shift Keying (BPSK) modulation. No channel coding is used unless otherwise
stated. The simulations are performed for two different antenna configurations, i.e. 2x2 and 4x4.
It is assumed that channel state information at the receiver is perfectly known. The simulation is
performed for Rayleigh and Rician fading channels which are described in sections 2.2.1 and
2.2.2 respectively. The Rayleigh fading channel characterizes the fading channel which has rich
scattering and is considered as a Zero Mean Circularly Symmetric Gaussian (ZMCSG) random
variable with CN (0, 1) and no LOS path unlike Rician fading which includes a dominant LOS
component along with the scattering component. The Rician fading is described as the sum of the

specular LOS component and a ZM CSG random variable with (0, 1).
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2.5.2 Performance Comparison

The comparison of BER for different receiversfor 2x2antennas in uncorrelated Rayleigh fading
channel is shown in Fig. 2.6. The ZF receiver has the worst performance whereas the ML

receiver has the best performance. Similar results are observed for a 4x4systemin Fig. 2.7.
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Figure 2.6: BER vs. SNR for Nt=Ng=2 system for aflat uncorrelated Rayleigh fading channel

BER

SNR (dB)

Figure 2.7: BER vs. SNR for Nt=Ngr=4 system in flat uncorrelated Rayleigh fading channel
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Table 2.1: Comparison of SNR of MIMO receivers for Nt=Nr=2 and Nt=Nr=4 to achieve a

BER=10"in uncorrelated Rayleigh fading channel

SNR required (in dB) for BER of 10
ZF MMSE | VBLAST | ML
2x2 16.99 14.09 9.64 9.12
4x4 19.8 12.91 7.88 6.82

No. of Antennas

Table 2.1 shows the comparison of SNR required by the receivers to achieve a BER of 102 It is
seen that ZF and MMSE receivers require higher SNR as compared to VBLAST and ML to
achieve the same BER. Out of the four receivers, ML requires the least SNR.

In line with the previous results, Fig. 2.8 and 2.9 show the BER comparison of the different
receivers in uncorrelated Rician fading channel with a K-factor of 10 for 2x2and4x4antennas
respectively. It is observed that the performance of all the receivers deteriorates due to the
presence of adominant LOS path and loss of scattering in the fading channel.

BER

SNR (dB)

Figure 2.8: BER vs. SNR for Nt=Ng=2 system in flat uncorrelated Rician fading channel with K-
factor=10
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BER

—p— VBLAST
—6—ML

SNR (dB)

Figure 2.9: BER vs. SNR for Nt=Ng=4 system in flat uncorrel ated Rician fading channel with K-
factor=10

Table 2.2: Comparison of SNR of MIMO receivers for Nt=Nr=2 and Nt=Nr=4 to achieve a

BER=107?in uncorrelated Rician fadi ng channel with K-factor=10

No. of SNR required (in dB) for BER of 10
Antennas ZF MMSE | VBLAST | ML

2x2 24.21 21.3 17.64 13.82

4x4 29 22.57 16.57 14.28

From table 2.2, it is seen that in Rician fading with a K-factor=10dB, the performance of ML
receiver deteriorates the least, whereas the performance of other three receiver degrades

significantly.

Fig. 2.10 and 2.11 show the effect of increasing the K-factor (dB) of Rician fading on the BER
of different receiversfor a2x2system at afixed SNR of 10dB and 30dB respectively. When the
K-factor is O, there is no dominant LOS path and the BER is less. With the increase in K-factor,
the power of the dominant LOS path increases, the channel scattering decreases and thus the

BER increases.
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Figure 2.10: BER vs. Rician K-factor for Nt=Ngr
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Figure 2.11: BER vs. Rician K-factor for Nt=Ng=2 at afixed SNR of 30dB
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Table 2.3: Comparison of BER of MIMO receivers at afixed SNR and different values of K-
factor in Rician fading channel for a 2x2 system

Nt=Ngr=2 SNR=10dB SNR=30dB

K-factor ZF | MMSE | VBLAST | ML ZF MMSE | VBLAST ML

5 0.0843 | 0.0488 | 0.0183 | 0.0104 | 0.0012 | 0.00064 | 0.0002 -

10 0.1590 | 0.0913 | 0.0504 |0.0337 | 0.0031| 0.0015 | 0.0006 | 2x107°

20 0.3501 | 0.1970 | 0.1610 | 0.1432 | 0.0230 | 0.0116 | 0.0083 | 0.0008

30 0.4484 | 0.2400 | 0.2263 | 0.2099 | 0.1460 | 0.0726 | 0.0645 | 0.0288

The comparison of BER of MIMO receivers for different values of K-factor is shown in table
2.3. With an increase in the K-factor, the dominant LOS path becomes more powerful taking
away the rich scattering advantage away from the fading channel. Due to this, the performance
of all the receivers deteriorates with an increase in the K-factor. Fig. 2.12 and 2.13 show similar
results for varying ‘K’ for a 4x4system. As observed in the previous results, the BER increases
with increase in the K-factor of Rician fading.

10

10T - »

BER

—p—VBLAST| ____ |
——ML ]

Ob-----------%8

10 15 20 25 30 35 40
K-factor (dB)

Figure 2.12: BER vs. Rician K-factor for Ny=Ngr=4 at afixed SNR of 10dB
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Figure 2.13: BER vs. Rician K-factor for Nt=Nr=4 at afixed SNR of 30dB

Table 2.4: Comparison of BER of MIMO receivers at afixed SNR and different values of K-

factor in Rician fading channel for a4x4 system

Nt=Ngr=4 SNR=10dB SNR=30dB

K-factor ZF | MMSE | VBLAST | ML ZF MMSE | VBLAST | ML

5 0.1678 | 0.0640 | 0.0290 |0.0111 | 0.0028 | 0.0006 - -

10 0.2583 | 0.1271 | 0.1036 | 0.0582 | 0.0080 | 0.0016 | 5x10°° -

20 0.4112 | 0.2550 | 0.3070 | 0.2448 | 0.0630 | 0.0167 | 0.0016 | 0.0002

30 0.4710 | 0.2988 | 0.3595 | 0.3346|0.2501 | 0.1218 | 0.1011 | 0.0506

From the previous results, it is clear that the dominant LOS path present in Rician fading hinders
the communication and a higher BER is obtained as compared to NLOS channel. The dramatic
success of MIMO systems is based on the fact that they exploit the additional space dimension
along with time and frequency. However, the utilization of space dimension is based on the
assumption that various channel are independent and uncorrelated. However, if the channels are
correlated, they will fade identically and the advantage of space will be lost. In the following
section, we observe the effects of spatia correlation on MIMO receivers. The single coefficient
correlation model discussed in section 2.3 is used for simulating the correlated fading. The
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results are presented in the form of BER vs. correlation coefficient and show the effect of spatial
correlation from no correlation (r=0) case to fully correlated (r=1) case. For simplicity, it is
assumed that the spatial correlation on both transmitter and receiver is equal; therefore, the

correlation coefficient is denoted as rrx=rrx=r.

Fig. 2.14 and 2.15 show the BER vs. correlation coefficient for 2x2system at afixed SNR of 10
dB and 20 dB respectively. The minimum value of correlation coefficient is taken to be r=0 (no
correlation) and maximum value is taken to r=1 (fully correlated). It is seen that when the
channel is uncorrelated, the BER is lowest and with the increase in spatial correlation, the BER
increases. Due to spatial correlation, the independence of the channels is lost and the space
dimension cannot be exploited resulting in higher BER. Even the ML receiver, which is
considered to be the optimum MIMO receiver (in terms of error rate performance), has a poor
BER at high values of spatial correlation.

0 0.2 0.4 0.6 0.8 1
correlation coefficient (r)

Figure 2.14: BER vs. correlation coefficient (r) for Nt=Nr=2 at a fixed SNR of 10 dB
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Figure 2.15: BER vs. correlation coefficient (r) for Ny=Nr=2 at afixed SNR of 20 dB

Similar results are observed in Fig. 2.16 and 2.17 for adx4system at fixed SNR of 10 dB and 20
dB respectively.
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Figure 2.16: BER vs. correlation coefficient (r) for Ny=Ngr=4 at afixed SNR of 10 dB
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correlation coefficient (r)

Figure 2.17: BER vs. correlation coefficient (r) for Ny=Nr=4 at afixed SNR of 20 dB
It is seen from the results that increase in the spatial correlation can severely degrade the error
performance of al the MIMO receivers. The error rate performance is acceptable up to r=0.5. At
r>0.5, the error performance of all the receivers degrades very severely. Therefore, from the
above results it can be concluded that forr <0.5, the error performance of MIMO receivers is

acceptable.

2.6 Complexity Analysisof MIMO Receivers

To compare the receivers completely, a comparison of the complexity of various receiversis also
done [55]. The complexity is presented in terms of real additions and real multiplications. In this
work, we assume equal number of transmit and receive antennas, therefore Nt=Nr=N. The
complexity analysis has been divided into training phase and data phase.

Zero Forcing Receiver Complexity: For the ZF receiver, the training phase is given by (2.18) and

its complexity is4N®+N?(8N —2)—2N?real additions and12N*real multiplications. The data
phase of ZF receiver is given by (2.15) and its complexity is 2N*+2N(N -1)+ Nlog,(M) real

additions and 4N?real multiplications, where ‘M’ is the size of the modulation constellation.
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MMSE Receiver Complexity: For the MM SE receiver, the training phase is given by (2.22) and

the complexity of its training phase is 4N®+ N?(8N—2)—2N?real additions and 12N° redl
multiplications. The data phase of MMSE receiver is given by (2.23) and its complexity is
2N%+2N(N-1)+ Nlog,(M) rea additions and 4N?rea multiplications.

VBLAST Receiver Complexity: For VLAST, the complexity of training phase is
N(3N? +4N?(1+2N)+3N(1+3N)+N-1)/3 real additions and

N*(N +2)*+8N?*(N+1)(2N +1)/ 6 real multiplications and complexity of the data phase is

2N(4N -1)+ Nlog,(M) real additions and 8N*real multiplications.

ML Receiver Complexity: For ML receiver, if the maximum amount of memory is available, the

MN_l 2 2
1 +2MN° real additions and 4MN°* red

complexity of the training phase is 2M°N

multiplications and the complexity of data phase is 4N(l —1) rea additions and 2Nl real

multiplications.
2.6.1 Simulation Details

To plot the complexity as one rather than separately in terms of additions and multiplications, the
complexity isterms of equivalent additions. It is assumed that the algorithms are implemented by
8-hit operations; therefore, the complexity of an 8-bit multiplication is equal to 10 times the
complexity of an 8-bit addition. All the results are presented in terms of equivalent additions for
comparing the complexity of different receivers. The symbol time of the MIMO vector is
assumed to be 10us. The number of transmit and receive antennas is considered to be equal,
therefore, Nt=Nr=N. The complexity is calculated for BPSK (M=2) modulation technique. The

results are presented in the form of complexity (equivaent ADDSs) vs. N.
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2.6.2 Performance Comparison

The comparison of complexity of different receivers (in equivalent ADDs) vs. number of

transmit/receive antennas (N) for BPSK modulation scheme is shown in Fig. 2.18. The

complexity of ML receiver is the highest whereas the complexity of ZF and MMSE receiversis

the lowest. Although, the MM SE receiver is better than the ZF receiver in terms of error rate

performance, its complexity is equal to the ZF receiver.

Complexity (Equivalent ADDs/s)

10

[EnY
o

[EnY
o

11

(N
o

©

—e—ZF

—— MMSE
—0—ML
—p—VBLAST

4 5 6
No. of Antennas (N)
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Figure 2.18: Complexity comparison of various MIMO receivers for BPSK modulation

Table 2.5: Comparison of Complexity (Eq. ADDs/s) for various MIMO receivers

N7=Ng=N ZF MM SE VBLAST ML
2 1.74x10° 1.74x10’ 35x10° 1.91x10’
4 7.001x10’ 7.001x10’ 1.404x10° 1.535x10°
8 2.800x10° 2.809x10° 5.626x10° 4.915x10°

From the above results, it can be seen that the ZF and MM SE receiver have the same complexity.

The complexity of VBLAST is twice the complexity of ZF and MMSE receivers whereas the

ML receiver has the highest complexity especially for antenna configurations greater than N=2.
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Figure 2.19: Complexity comparison of different receiversfor 16-PSK modulation

Fig. 2.19 shows the complexity of various MIMO receivers with 16-PSK modulation. The
complexity of the ML receiver isvery high for 16-PSK due to the nature of its exhaustive search
algorithm whereas the complexity of ZF, MMSE and VBLAST receivers is comparable to their
complexity for BPSK.

2.7 Conclusions

In this chapter, the performance comparison of various MIMO receivers is done. The two
criteria used for comparison are error performance and complexity. In terms of error
performance, the two non linear receivers (VBLAST and ML) outperform the linear receivers
(ZF and MMSE). ML receiver has the best error rate performance amongst all the receivers due
to its exhaustive search algorithm. However, in terms of complexity, the ML receiver has the
highest capacity which increases exponentially with increase in number of transmit antennas and
modulation constellation. The complexity ZF and MMSE receiver is the same although MMSE
receiver has a better error rate performance. The complexity of VBLAST is twice the complexity
of ZF/IMMSE receivers. Based on the BER and complexity tradeoff, as well as the simplicity of
implementation of linear processing methods, we select the MMSE receiver.
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Chapter 3
| mproved Reception Scheme for M ulti Antenna
Systems

3.1 Introduction

In chapter 2, a comprehensive study of the MIMO receivers was done and it was concluded that
MM SE receiver was preferable due to its linear nature and good error rate performance. With the
increasing importance and application of MIMO systems in wireless communications and ever
increasing demand for data rates, areceiver which gives lower BER performance as compared to
the conventional MM SE receiver at a reasonably low computational complexity is desirable. In
this section, we propose an improved MM SE receiver which gives alower BER than the existing
MMSE receiver. The improved receiver is based on Fractional Fourier Transform (FRFT) and
filtering of the signal in fractiona Fourier domain rather than time or frequency domain. Since,
MM SE detection is based on Wiener filtering, a review of the Wiener filtering process has been
given which serves as the background material for subsequent sections. We start by presenting

the system model.

3.2 System M odel

The transmitted signal which contains the desired information is denoted by x. It passes through
the fading channel which is denoted by H and the additive noise is denoted by n. The received
signal which is corrupted by fading and noise is given by y. Block diagram of the system model
isshownin Fig. 3.1.

X H X y

Figure 3.1: System Model
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y=HX+n (3.1
where X is the transmitted data given by

X=X X, Xg s Xy 1T (3.2
Hisa Ny x N; random matrix that characterizes the degradation processand y is the received

data given by
Y=Y Yo Yoo Va1 (3.3)

and n is the additive noise with zero mean and unit variance, i.e. CN (0, 1). It is assumed that the

auto-correlation function of transmitted data and noise is known.
3.2.1 Wiener Filtering

Using linear processing, the estimate of the transmitted signal X at the receiver can be found by

multiplying it with the weight matrix W

x=W"y, (3.4

where W isthe N; x N, weight matrix given as

W Wi, W3 Win,
Wy, Wo, Wos Won
W= wy, Wa, Wz oo Way, (3.5)
_WNRl WNRZ WNRS WNRNT_

The error vector ‘e’ between the desired and the estimated signal is given by
e=X—X. (3.6)
The M SE covariance matrix E is given by

E=Elef = E|e"e|= E[x-K[", (3.7)
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where E is the error covariance matrix, now inserting the value of X from eqg. (3.4), we get

E=Efx-wry[ 38)
=R, ~W"R,, ~WR +W"R W, (39

where, Ry is the auto correlation matrix of the transmitted signal, Ryy is the auto correlation
matrix of the received signal and Ryy is the cross correlation matrix of the desired signal and the
received signal.

From (3.8), the gradient of the mean square error function with respect to the filter coefficient

matrix is given by

aiWE[ez]:—ZRyx +2WR,,. (3.10)
To obtain the minimum mean square error, the left hand side (L.H.S) of (3.10) is set to zero:
~2R,, +2WR,, =0 (3.11)
Therefore, from (3.11) the optimal weight matrix can be given as

W =R R, (3.12)
R,, =E[yy"]1=HR H" +R (3.13)
R, = E[yx"]=R,H" (3.14)

The autocorrelation of the transmitted signa R is given by
RXX = E[XX*] (315)

and the autocorrelation of noise R, is given by

R, =EnnT] (3.16)

The SINR and M SE are related to each other by [61-62]

SINR = —~——1 (3.17)
M SE

From the above equation, it is clear that by reducing MSE, the value of SINR increases. Once the
MSE is obtained, the SINR can be easily calculated using the above equation. Assuming that
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interference-plus-noise component is Gaussian distributed, the symbol error probability (Pg) can
be analytically expressed as afunction of SINR as

R, =aQ(JASINR)), (3.18)

wherea >1and g <1are real valued parameters that depend on the modulation scheme. In this
work, BPSK is selected to be the digital modulation scheme for whicha = g =1. Q(') is the one
dimensional Q-function defined by

o0 A

Q)= j e 2dr . (3.19)

Since, the conventional Q-function has upper limit up to infinity, it makes it computationally
difficult to evaluate. To approximate the Symbol Error Probability (SEP), a ssmple but accurate
approximation of the one dimensional Q-function as derived in [63] is used.

8x X2

Q(x) =049 e 2, (3.20)

To verify the tightness of the approximation, a comparison of both the Q-function and its

approximation is shown in Fig. 3.2. Using (3.18) and (3.20), P. is given by

8(/A(SNR)) _B(SINR)
P,=04%e B e 2 . (3.21)

The BER can be obtained from SEP by

BER = %, (3.22)

where k=log,M. M isthe constellation size of the modulation scheme.

The BER is bounded by 0 < BER < 0.5, the lower bound cannot be achieved until the channel is
noiseless and the upper bound can easily be achieved by choosing a random bit as the estimated
bit which means no effective communication. The comparison of approximation of one
dimensiona Q-function given in (3.20) and Chernoff upper bound is shown in Fig 3.3. From
(3.17) to (3.22) it is clear that BER, MSE and SINR are all inter related. Writing the expression
for SEP, in terms of MSE, we get:

FL=aQ( ﬁ(ﬁ— H or Pe=aQ( ﬂ(MSE‘l—l))- (3.23)
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Figure 3.3: Comparison of the Q function approximation in (3.20) with Chernoff bound
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Again, using the approximation for the Q-function described above, we get:

8(yAMSE™-1)) p(MsEL-1
P. = 0.49¢«e 13 e 2, (3.24)

By calculating the MSE of the system and putting its value in (3.24), BER can be calculated. To
demonstrate the relation between P, SINR and MSE, P. vs. MSE, P vs. SINR and MSE vs.
SINR are plotted in Fig. 3.4-3.6. From Fig 3.4, it can be seen that BER decreases with a decrease
in MSE. The MSE is taken to be from 0.1 to 0.01 in decreasing order. The x-axis (MSE) is linear
while the y-axis (BER) is logarithmic. From the graph, it is observed that reducing the MSE is
tantamount to reducing the BER of the system. In Fig. 3.5, BER vs. SINR is plotted for
increasing values of SINR from O to 30 dB. As expected, BER decreases with increase in the
SINR.

BER
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Figure 3.4: Analytical BER vs. MSE plotted using (3.24)
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Figure 3.5: Analytical BER vs. SINR plotted using (3.21)
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Figure 3.6: MSE vs. SINR plotted using (3.17)
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It is clear from the above results that as MSE decreases, P. decreases and the SINR increases.
Therefore, now it can be safely said that any technique which decreases the MSE beyond the
MSE of the conventional MM SE receiver will further decrease the BER of the system owing to

lesser number of errors at the same SINR.

A novel method of reducing the M SE of a conventional Wiener filter was proposed in [20-21]. In
this work, the authors proposed and proved that filtering of the signal in optimum fractional
Fourier domain reduces the M SE and BER as compared to the conventional time domain MM SE
receiver. The fractional Fourier transform is a method of transforming a time domain signal into
fractional Fourier domains [64]. Conventiona Fourier transform converts a signal directly to the
frequency domain. FRFT enables the transformation of a signal to domains which lie between
the time and frequency domains, i.e. fractional Fourier domains. The fractional domains are

characterized by a parameter ‘a’ or the angle of rotation ‘a’ as shownin Fig. 3.7.

A
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Figure 3.7: A graphical representation of a" fractional Fourier domain

The angle of rotation ‘a’ and ‘a’ are related to each other by:

a="" (3.25)
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Throughout the thesis, we refer to the fractional domain in terms of ‘a’. The domain ‘a’=0
corresponds to time domain and ‘a’=1 corresponds to frequency domain. The following section

gives abrief explanation of the fractional Fourier transform operator and the filtering process.
3.3 Fractional Fourier Transform

Since, the scope of this dissertation is limited to discrete signals, only discrete fractional Fourier
transform operator is discussed. Fourier analysis is one of the most frequently used tools in
signal processing and many other scientific fields. A while back, a generaization of the Fourier
Transform (FT) called fractional Fourier transform was proposed in mathematics literature.
Since, it is ageneraization of the FT, the FRFT has something to offer in every areain which FT
and related concepts are used [65-68]. The FRFT also leads to generalization of notion of time
(or space) and frequency domains which are central concepts in the signal processing field. In all
the time-frequency representations, a plane with two orthogonal axes corresponding to time and
frequency is used. If a signa x(t) is represented along the time axis and its ordinary Fourier
transform X(f) is represented along the frequency axis, then the Fourier transform operator
(denoted by “F’) can be visualized as a change in the representation of the signal corresponding
to a counter clockwise rotation of the signal by an angle nt/2. Thisis consistent with some of the
observed properties of the Fourier transform. For example, two successive rotations of the signal
through m/2will result in an inversion of the time axis. Moreover, four successive rotations will
leave the signal unaltered.

Just like discrete FT can be obtained from continuous FT, the discrete FRFT can also be obtained
from continuous FRFT [69-71]. Therefore, we begin the discussion with a brief explanation of

continuous FRFT extending it to discrete FRFT later.
3.3.1 Continuous and Discrete Fractional Fourier Transform

The continuous FRFT for a-th order can be defined by using atransformation kernel K, by

(P}t =] K (t.Of @O (3.26)

K, (1) =K, exp( jz(t} cotr — 2t tescar +1° cotar)), (3.27)

where K isthe transformation kernel given by:
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e[ (ﬁ§9”(¢¥ 4-912)] (3.28)
‘sm(¢)‘

The spectral expansion of the transformation kernel is given by [73]

a =

- . TT

AR YASLE BEISVAC (329)
k=0

where y, () represents k™ Hermite-Gaussian function and t, denotes the variable in ath fractional

Fourier domain (FFD). In (3.29), exp(—j %kaj denotes the eigenvalues of the FRFT which are

defined as eigenvalues of FT [exp(—j %kD raised to the power a.
The k™ order Hermite-Gaussian function is defined as:

2]14
== H, (v27t) exp(-nt?), _
Wi N «(V2rt) exp(—rt”) (3.30)
where Hy is the kth Hermite polynomial having k real zeros. The differential equation of Hermite
Gaussiansis defined as:

1O _ 4t =at() (331)

The LHS can be expressed in abstract operator notation as:

(D?+ FD2F-1) f(t)=Af(t) (3.32)
where D is the differentiation operation and F denotes the ordinary FT.

(D*+FD’F*)=S5 (3.33)

S (t)=Af (1)

If it can be proved that if S commutes with F, then there exists an eigenvector set which is
common to both S and F. The same concept can be extended to obtain the discrete FRFT. So, to
find the Discrete Fractional Fourier Transform (DFRFT), we use the Eigen decomposition of the
transform matrix of the discrete Fourier transform. The N-point Discrete Fourier Transform
(DFT) and itsinverse are defined as:
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X (k)= \/_Zx(n)e ?, k=01...,N-1 (3.34)

\/_ZX(k N, n=01...,N-1 (3.35)
1 . N : . .
where W is a normalization factor for making both the DFT and Inverse Discrete Fourier

Transform (IDFT) unitary. The discrete Fourier transform can be written in matrix form as:

1 1 1 1
. _JZWH _j%”z e—i%ﬂ(N—)
.2r 2z 2r
17 e'n° N AN
\/W : : : ) :
_1 e—j%(N—l) e_j%(N_)Z - e—izlf(N—)(N—l)_

It can be seen from (3.36) that Fy is a symmetric matrix and from matrix theory, it is known that
a symmetric matrix is orthogonally diagonalizable. If F is diagonaizable then it can be
decomposed as:

F,=URU", (3.37)
where R is the diagonal matrix consists of eigenvalues of Fy, and U is the orthogonal matrix.
The ordinary DFT has only four distinct eigenvalues given by [71]:

A =exp(-jrk/2)e{L-1,j,~]} (3.39)
The N-point Discrete Fourier Transform can be written as:

X =FX (3.39)
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Since the o™ order FRFT shares the same eigenvector set as FT except that the eigenvalues are
o™ power the eigenvalues of conventional FT, FRFT can be thought of as FT to the power ¢ and
isdefined as [69]:

F=UR“U’ (3.40)
U is again a Hermite-Gaussian function and anal ogous to the continuous case, it can be defined

as the solution of a difference equation as.

f(t+h)—2f(t)+ f(t—h)

D2f () = =

(3.41)

where D?isthe second difference operator which serves an approximation to d?/ dt?.

<, €P-2+e™
R (3.42)

Using (3.33) to calculate S , using finite difference analog of FD?F ~* we first calculate FD?F ™

ho —hD
FﬁzFle[—e 2re }Fl (343)

Now, we replace D? in (3.33) by D 2 to obtain an approximation of S denoted by S by:
2
S= DZ—47rt2+;]—2(D4+167r4t4)+O(h4) (3.44)

Writing the anal ogous difference equation explicitly, we obtain:

S (t)=Af (1), (3.45)

f(t+h)—2f (t)+ f (t—h)+ 2(cos(2rht) —1) f (t) = h2A £ (t). (3.46)

The difference equation can also be written in matrix form:

S =Af. (3.47)
Whenh=1/~/N , the difference eguation has periodic coefficients. Therefore, the solution of
difference equation is also periodic and can be written as the eigenvectors of the following

matrix S;
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2 1 0 0 1
59
1 2cos| — 1 0 0
0 1 2cos(2—”2j 0 0
- N
- : : " (3.48)
0 0 0 2003[2—7[( N - 2)} 1
N
2r
1 0 0 1 2(:05[—( N —1)}
L N i
If weletw=27/N, we get:
2 1 0 0 ]
1 2cosw 1 0
0 1  2cos(2w) -
S= , , _ (3.49)
0O O 0 2cos[(N - 2) @] 1
10 1 2cos[(N-1)m]

Just as in continuous FRFT, it can be shown that the matrix S commutes with DFT matrix F, i.e.

FS=SF, therefore, there exists a common eigenvector between S and F. As, S is areal and

symmetric matrix, its eigenvectors will be real and orthogonal and the eigenvalues of F are

{+1,-1+],— ]}, therefore, eq. (3.40) can be written as:

(1)

., 0
FN:[Ul Uz Us U4]

0

i 0

0 0
(_Iz)a 0

0 (_“3)“

0 0

0 UlT

0 u2T
0o |lY,

i
(jt,)" LY

: (3.50)

where ¢ isthe order of discrete Fractional Fourier Transform and U, are given by
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1. U, isconstructed by the eigenvectors V of matrix S which satisfy FvV =V

2. U, isconstructed by the eigenvectors V of matrix S which satisfy Fv = -V
3. U, isconstructed by the eigenvectors V of matrix S which satisfy FV =—jv
4. U, isconstructed by the eigenvectors V of matrix S which satisfy FV = jv

Finaly, the F{ matrix is obtained which is the DFRFT matrix. The rest of the process for

transforming the signal to the fractional domain is similar to the ordinary DFT process. Since
DFRFT isageneralization of DFT, it can be used in all applications where DFT is used.

3.3.2 Filtering in Fractional Fourier Domains

In the previous section, Wiener filtering process in time domain was discussed and it was
suggested that the performance of Wiener filtering can be improved if this filtering can be
improved by filtering in fractional Fourier domain. In the following section, we discuss the
fractional Wiener filtering and the reason why lower MSE can be obtained by filtering in the
fractional domains. The weight vector given by eq. (3.12) is calculated in the a" domain by:

W, - R R (351)

YaYa YaXa’

where R is the autocorrelation in the a" domain and R,.x, Is the cross correlation in the a

domain.
RYaXa - Fa(RXXH H)F_a - RanaH: (352)
R, =F*(HR,H"+R JF*=HR, HI+R, (3.53)

where F? and F@ are used to describe the a" order fractional Fourier transform and a™ order
Inverse Fractional Fourier Transform (IFRFT) respectively. The estimated signal is obtained
from the received signal y and weight matrix W, by:

X=FW!"F% (3.54)
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The MSE according to the weight vector in the a" domain is given by:

MSE(W,) = E{Hx— FaW"Fy

2} (3.55)

In general, the optimum domain cannot be found analytically. Therefore, to find the optimum
domain, the MSE is calculated for discrete values of ‘a’ between (-1, 1) for agiven step size. The
domain in which the MSE is lowest is considered to be the optimum domain. If a more accurate
fractional domain is required, then we can simply increase the step size to 0.01. However, this
method of increasing the accuracy increases the computational complexity immensely. An
aternate method of improving the accuracy isto find the optimum domain with a step size of 0.1
first and then run the experiment again around the optimum domain with a smaller step size. By
using this method, the accuracy can be improved with a little increase in computational
complexity. However, till date no method has been discovered to find the optimum domain
analyticaly.

To understand why the fractional domain filtering results in lower MSE, let us consider a simple
example. In this example, the Wigner distribution of the desired signal and the distortion is taken
and plotted on the same graph as shown in Fig. 3.8-3.10. Fig. 3.8 shows the time domain (‘a’=0)
filtering process where the filtering is done along the xx’ line. It is clear that after filtering, some
distortion (the one to the left of the xx’ line) still overlaps with the desired signal thereby
resulting in high MSE. Similarly, the case for frequency domain (‘a’=1) filtering is shown in Fig.
3.9 where the filtering is done along yy’ line. In this case also the distortion is not completely
filtered and some of it overlaps with the signal. In the case of optimum domain filtering as shown
in Fig. 3.10, an attempt is made to find the domain in which there is minimum distortion. When
the filtering is done along the zz’ line, the distortion is completely separated from the signal,
therefore, the errors in this domain will be the minimum. This domain is known as the optimum

domain (‘a’=aqpt) and the processis called optimum fractional domain filtering.
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Figure 3.8: Filtering of signal in the time domain

Frequency domain filtering

Figure 3.9: Filtering of signal in the frequency domain
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Optimum domain filtering
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Figure 3.10: Filtering of signal in the optimum domain

3.4 Optimum Linear Receiver for Multiple Antenna Systems

Let us first consider the case when there is one transmit antenna (Nt=1) and multiple receive
antennas (Nr=2, 4, 8). Asdiscussed earlier in chapter 2, receive diversity is achieved when there
isasingle antenna at the transmitter and multiple antennas at the receiver and the fading channel
is uncorrelated. This helps in improving the link reliability because the probability that all the
channels will be in a deep fade at the same time is small. At the receiver, replicas of the
transmitted signal with different distortions are obtained and processed to get the desired
information. This process is known as diversity combining. To obtain the best results, different
diversity techniques to process the distorted replicas of the transmitted signal have been
proposed along the years. All the diversity techniques have been discussed previously in chapter
1. In this work, we consider the reception scheme based on Wiener filtering which when used
with receive diversity acts as an optimum combiner [18]. Optimum combining uses the MSE
criteria for the calculation of weights of the respective received signals on different branches to
maximize the SINR. Shah et a. showed that in an interference dominated environment, this

technique performs better than MRC and is very effective even when the number of interferers
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exceeds the number of receive antennas [75]. Below we present the system model and the
fractional optimum combining technique.

y=hx+n (3.56)
where y is the received signal, h is the fading channel whose envelope is characterized by
Rayleigh distribution.

Ny x1

n

hx y

x —* h wh —— X

Ng x1
Ny x1 IxNg

Figure 3.11: System model for optimum combining technique

Let usrecall the definition of the optimal weight matrix W from eq. (3.5):

Wiy Wi, Wi o Wy T

Wy W, Woz  oon Why T

W= wy, Wa, Wag oo Why o
_WNRl WNRZ WNR3 WNRNT_

Now, the number of transmit antennas in this case is one. Therefore, the optimal weight matrix
reduces to a vector given by:

Wll
W12

w=| W, (3.57)

_mmﬂ_
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To find the optimal weight vector in the optimum fractional domain, we use the autocorrelation

and cross-correlation functions given above:

ryaxa = Fa(RxxH " )F_a = RxaxaH: (358)
R, =F*(HRH"+R JF?=HR, HI+R, . (3.59)
x=F*{w" (F*{y})| (3.60)

Above equations describe the complete combining process at the receiver. First, the received
signal is transformed to the a" domain, then the weights are calculated in that domain and finally
the estimated signal is transformed back to time domain. The minimum mean squared error is

obtained in the optimum domain and is given by:
MMSE(W,,) = E {Hx — [ oomtyH [ opt yHZ} (3.61)
3.4.1 Simulation Details

In this section, the performance of optimum combining diversity technique for Ng=2, Ng=4 and
Nr=8 in time and frequency domains has been compared with the proposed fractional domain
optimum combining technique. The fading is taken to be Rayleigh distributed and it is assumed
that the fading is uncorrelated and comprises of independent and identically distributed Gaussian
random variables with CN (0, 1). The modulation is assumed to be Quadrature Phase Shift
Keying (QPSK). The transmission is done in the form of blocks of bits and the block length is
taken to be 100. The value of the fractional domain parameter ‘a’ is varied from -1 to +1 with a
step size of 0.1. For each value of ‘a’, total number of 10000 independent realizations of faded
signal plus noise are considered. The value of ‘a’ which gives the minimum mean squared error

is considered to be the optimum domain (aopt) for signal processing.
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3.4.2 Results and Discussion

In the previous section, we discussed a method for the fractional implementation of the optimum
combining diversity technique using the fractional Fourier transform. It was stated that this
technique performs better than the conve

In this section, the results are presented in the terms of BER vs. SNR, MSE vs. SNR and block
error rate (BLER) vs. SNR. Fig. 3.12 shows the MSE vs. SNR performance of time domain (red
line), frequency domain (dotted green line) and proposed combiner (dashed blue line) for 2
receive antennas. It can be seen that the proposed combiner gives lowest MSE at all SNRs as
compared to its time domain and frequency domain counterparts. Fig. 3.13 and 3.14 show similar
results for 4 and 8 receive antennas. Again the proposed combiner outperforms the two existing

combinersin terms of M SE.

MSE x 10

Sk----- rTTTT T [ T [ [ e T

1 1 1 1 1 1 1

| | | | | | |

1 1 1 1 1 1 1

4 1 1 1 1 1 1 1
§ 5 5 i — time domain r il
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:‘ v v
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1 1 1
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Figure 3.12: MSE vs. SNR comparison of different combinersin Rayleigh fading for Ng=2
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Figure 3.13: MSE vs. SNR comparison of different combinersin Rayleigh fading for Nr
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Figure 3.14: MSE vs. SNR comparison of different combinersin Rayleigh fading for Nr
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Fig. 3.15 shows the BER vs. SNR performance of the three combiners for 2 receive antennas. It
can be clearly seen that there is a significant improvement in performance of proposed combiner
in optimum domain at all SNRs. For a BER of 107 the proposed combiner gives an improvement
of 7.2 dB and 2.4 dB over time and frequency domain combiners respectively. Fig. 3.16 and 3.17
show the performance of proposed combiner with 4 and 8 receive antennas respectively. Table 1
summarizes the SNR improvement in performance of that the proposed combiner for all the three

cases of 2, 4 and 8 antennas at a BER of 107

10 T T T 1
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Figure 3.15: BER vs. SNR comparison of different combinersin Rayleigh fading for Ng=2
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Table 3.1: SNR improvement of fractional optimum combiner over the time and freg. domain

combiners for a BER of 10

At aBER of 10% SNR improvement of optimum domain
combiner over
N1, Ngr i : : . .
time domain combiner freg. domain combiner
1,2 7.2dB 24dB
14 7.5dB 3.4dB
18 7.3dB 4.3dB

Table 3.1 shows the SNR improvement of the proposed receiver over the time and freq domain
receivers for a fixed BER of 102 and Ng=2, 4 and 8. For 2 receive antennas, the proposed
receiver requires 7.2 dB less SNR than the time domain receiver and 2.4 dB less SNR than the
frequency domain receiver to achieve BER of 102. Similar results are observed for Ng=4 and 8.
It is also clear that as the number of receiver antennas increases, the BER of al the three

receivers decreases due to increase in receive diversity.

The following Fig. 3.18, 3.19 and 3.20 show the BER vs. normalized MSE performance of the
time domain, frequency domain and proposed combiner for 2, 4 and 8 recelve antennas
respectively. The MSE has to be normalized so that the values of al the three receivers are
comparable. For any given value of normalized MSE, the proposed combiner gives the lowest
BER which means that the performance optimum combiner is better even when the normalized
MSE value is same for all the three combiners. Also, it can be seen that with the increase in the
number of receive antennas, the BER at a fixed value of normalized MSE decreases due to

increase in the receive diversity.
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Figure 3.20: BER vs. normalized M SE for different combinersin Rayleigh fading for Ng=8

Table 3.2 shows the performance comparison of BER of the three receivers for a fixed
normalized MSE of 0.5 for 2, 4 and 8 receive antennas. It can be seen that for the same M SE, the

proposed receive has the lowest BER whereas the time domain receiver has the highest BER.

________________

= time domain
= == freq domain

= optimum domain

o
o

Table 3.2: BER performance for anormalized M SE of 0.5

N1, Ngr Timedomain Freg domain Optimum domain
12 0.3324 0.231 0.137
14 0.269 0.161 0.078
18 0.07 0.036 0.004

3.5 Optimum Linear Receiver for MIMO Systemsin Correlated Channels

In line with the previous section, we now consider multiple antennas at both transmitter and
receiver, i.e. the performance of fractiona MMSE receiver in MIMO systems. When there is a
single antenna at the transmitter and multiple antennas at the receiver, the weight matrix reduces

to a vector, however, with multiple antennas on both ends; the weight matrix is given by (3.51)

and the weights are calculated by using the following equation:
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Wa =Ry, Ry,
R =F (R H")F*=R,, H]

R, =F*(HRH"+R JF*=HR, H'+R, .

After calculating the weight matrix in the a" domain, the estimated received signal is given by
x=F2WHF2y

The MSE in the a" domain is cal culated using (3.55) as

2

2

The MSE is calculated for closely spaced discrete values of ‘a’ e (-1, +1) with a step size of 0.1.

MSE(W,) = E{Hx— F2W!HFy

The domain in which MSE is minimum is then selected as the optimum domain (aqy). The MSE

]

From the above equations, it is seen that the optimum domain receiver outperforms the time and

in the optimum domain is given as:

MMSE(W,,,) = E{Hx— F2W/ F?y

frequency domain receivers in terms of MSE. It was discussed earlier that as MSE reduces, the
BER reduces too; therefore, reducing the MSE is equivalent to reducing the BER. In the
following sections, the performance assessment of the proposed receiver is done in correlated

and uncorrel ated wirel ess environment.
3.5.1 Simulation Details

Performance of the proposed fractional MMSE receiver is compared with time and frequency
domain MMSE receivers for MIMO systems. A stream of 100,000 random bits (0, 1) is
generated. After generation, the bit stream is modulated using BPSK modulation

(0— -1, 1 +1). Two fading channels are considered for simulations, i.e. Rayleigh and Rician
fading (described previously in sections 2.2.1 and 2.2.2). The noise vector (n) is considered to
have zero mean uncorrelated Gaussian distributed random variables with variance 2. Inadequate

antenna spacing in wireless devices leads to spatial correlation. The process of generating
spatialy correlated fading channels was discussed in section 2.3. For the sake of ssimplicity the
single coefficient correlation model assumes the transmit (rrx) and receive correlation (rgx) to be

equal and represented by r. In this work we consider transmission through four levels of
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correlation, i.e. no correlation(r = 0), low correlation(r = 0.2) , medium correlation(r = 0.5) and
high correlation (r = 0.8) . In practical wireless systems, the inadequate antenna spacing

constraint might be present only at one end (transmitter or receiver), therefore, the case of spatial
correlation at only one end (transmitter/receiver) is also considered. No channel estimation is
used and CSIR is assumed to be perfectly known. All simulations as well as anaytical

calculations have been performed using MATLAB.

3.5.2 Perfor mance Comparison

In this section the error rate performance of the proposed receiver is compared with its time and
frequency domain counterparts in uncorrelated and correlated fading environments. It is already
known from the analysis in literature that spatia correlation degrades the BER of wireless
systems significantly [76-79]. In the following section, the effect of spatial correlation on the
BER of time, frequency and optimum domain MM SE receiversis considered.

Fig. 3.21 shows the comparison of simulated BER vs. SNR for the three receiversin uncorrelated
frequency flat Rayleigh fading for Nt=Nr=2. The solid red line represents the time domain
MMSE, the dotted green line represents the freq domain MMSE and the dashed blue line
represents the fractional MM SE receiver. It can be seen that the proposed receiver (dashed blue
line) has the lowest BER out of all the three receivers. Fig. 3.22-3.24 show similar results as Fig.
3.21 but with spatial correlation coefficient 1, =rgy =r of 0.2, 0.5 and 0.8 respectively. As

discussed earlier, spatial correlation deteriorates the performance of the system by reducing the
advantage of independent propagation paths for signals between different sets of antennas,
thereby reducing the capacity. It can be observed from Fig. (3.22-3.24) that with increase in
gpatia correlation, the BER of al the receivers reduces considerably but the proposed receiver

outperforms the other two in al the three cases.
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Figure 3.21: Comparison of BER of FRFT domain MM SE receiver with time and frequency
domain MM SE receiver for Nt=Ngr=2 in uncorrelated Rayleigh fading channel.
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Figure 3.22: Comparison of BER of FRFT domain MM SE receiver with time and frequency
domain MM SE receiver for Nt=Ng=2 in correlated Rayleigh fading channel with rtx=rrx=0.2
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Table 3.3 summarizes the results shown in Fig. 3.21-24 giving the SNR required to achieve a
fixed BER by all the three receivers for four different levels of spatial correlation. It is clear that
the proposed receiver requires the least SNR to achieve a fixed BER. The table also shows the

amount SNR improvement (in dB) of the proposed receiver over the other two receivers.

Table 3.3: SNR improvement of proposed MM SE receiver over the time and frequency domain
MM SE receivers for afixed BER and Nt=Ng=2

_ Time Freq _ SNR Advantage | SNR Advantage
Spatial ) ) Optimum _
_ domain domain . over Time over Freq
Correlation/BER domain (dB) . .
(dB) (dB) domain MMSE | domain MMSE
0/10°° 20.34 17.872 16.74 3.6dB 1.132 dB
0.2/10° 21.35 18.78 17.48 3.87dB 1.3dB
0.5/10° 23.74 20.5 19.21 4.53dB 1.29dB
0.8/101° 23.14 18.8 17.53 5.61 dB 1.27 dB

In line with the previous simulation results, Fig. 3.25-3.28 show the results for a Nt=Ngr=4
system. According to the theory, the capacity of MIMO systems increases linearly when there is
no spatial correlation. Spatial correlation has the effect of limiting the capacity that can be
achieved by MIMO systems due to nullifying the effect of rich scattering in the channel and
cancelling out independent channels between different sets of antennas. Therefore, in the
following results, the deterioration of BER of a4x4system with increase in spatial correlation is

much more as compared to a 2x 2 system.
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Figure 3.26: Comparison of BER of FRFT domain MM SE receiver with time and frequency
domain MM SE receiver for Nt=Nr=4 in correlated Rayleigh fading channel with rtx
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It is observed from the results that the BER deteriorates very severely with increase in spatial
correlation for Nt=Nr=4 as compared with results for Nt=Nr=2. Table 3.4 summarizes the
results shown in Fig. 3.25-3.28 presenting the SNR improvement (in dB) of the proposed

receiver over the other two receivers at afixed BER for four different levels of correlation.

Table 3.4: SNR improvement of proposed MM SE receiver over the time and frequency domain
MM SE receivers for afixed BER and N1=Ngr=4

_ Time Freq Optimum | SNR Advantage SNR Advantage
Correlation _ _ _ _ _ _
o domain domain domain | over Timedomain | over Freqdomain
Coefficient/BER
(dB) (dB) (dB) MMSE MMSE
0/10° 20.57 16.95 14.70 5.87 dB 2.25dB
0.2/102 22.53 18.36 16.18 6.35dB 2.18dB
0.5/10%7 24.60 19.96 17.35 7.25dB 2.61dB
0.8/10* 25 18.55 16.79 8.21dB 1.76 dB

The previous results show the effect of spatial correlation on the BER performance of the three
receivers. To understand the effect of spatial correlation in greater detail, BER vs. correlation
coefficient is presented for a Nt=Nr=2 for SNR=10 dB in Fig. 3.29 and SNR=20 dB in Fig. 3.30.
The channel is considered to be correlated Rayleigh fading. It can be clearly seen from the
results that the BER deteriorates with increase in the correlation coefficient (r). At high values of
correlation coefficient, the BER of all the three receivers becomes almost equal. Similar results
are observed in Fig. 3.31 and 3.32 for Nt=Ngr=4.
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The results in Fig. 3.29-3.32 are summarized in table 3.5. As evident from previous results, the
performance of all the three receivers deteriorates with increase in the correlation coefficient. It
can be seen that the proposed receiver gives the lowest BER out of the three receivers. It can aso
be observed that at full correlation (r=1), al the receivers have the same BER. It is seen that for
r=0.2 and 0.5, the optimum receiver outperforms the other two receivers whereas for r=0.8, all

receivers have asimilar error rate performance.

Table 3.5: Comparison of BER of proposed receiver with the time and frequency domain
receivers for different correlation coefficients at afixed SNR

Nt=Ngr=2 Nt=Ngr=4
Spatial Correlation Time Freq Optimum Time Freq Optimum
/ SNR domain domain domain domain domain | domain
0.2/10dB 0.1069 0.07252 0.05633 0.1174 0.07011 | 0.04511
0.5/10dB 0.1503 0.1009 0.07952 0.1754 0.1219 | 0.09245
0.8/10dB 0.2069 0.1553 0.1388 0.2451 0.2054 0.1829
0.2/20dB 0.0133 0.0072 0.00519 0.0137 0.0055 0.0034
05/20dB 0.02312 0.01043 0.0079 0.04364 | 0.01623 | 0.0089
0.8/20dB 0.05883 0.02571 0.01805 0.137 0.08256 | 0.06686

In previous simulations, it was assumed that the correlation coefficient (r) was equal at both
transmitter and receiver. However, in practical wireless systems, this might not be the case with
either of the transmitter or receiver being large enough to have adequate spacing between the
elements to avoid spatia correlation. In that case, we would encounter correlation at one end and
uncorrelated system at the other. The effect spatial correlation on transmitter/receiver only on the
BER of the system is plotted below in Fig. 3.33-3.40. It can be seen that the BER deteriorates
with increase in transmit/receive correlation but the deterioration is less even at higher
correlation values as compared to the previous case where spatial correlation was considered at
both ends.

71




434

02 03 04 05 06 07 08 09

0.1

correlation coefficient (rtx)

Figure 3.33: BER vs. transmit correlation (rtx) for Nt=Ng=2 and afixed SNR

10dB (rRx=O) in

2 p .
&8 ../
nhb llllllllllll _l |||||||||| |"-‘ |||||||||||
[@)] I _-’
c 1 1
= | [
w |||||||||||| [ [ i
“— | I
= | _-_
= " | a
o - =3 it |4|-|— |||||||||
- ‘T 1w
g £ "
- . 555l S
.m mm e 1w
— o 5 [
T T e o
|||||||||| <] OS5|---—----F+-24--------4
E Qo 1 -.’
= e O [
|||||||||| . UEDEDENE (LA DR
] 1 L]
- T
| 1
Oo 40 J_o 60
— — — —

434

08 0.9

0.7

02 03 04 05

0.1

correlation coefficient (rtx)

Figure 3.34: BER vs. transmit correlation (rrx) for Nt=Ngr=2 and afixed SNR

20dB (rrx=0) in

flat Rayleigh fading channel
72



correlation coefficient(rtx)

10dB (rRx=O) in

434

nd
=
)
X
=
a ||||||||||||||||||||||||
g
<5 N VO N _/ ............
<
_rm
Z c /
___Im e ------.._. ............
Z c . /
o - N R W S S
Y— oy . /
~c
S v
T [Too S .‘---/ ......
= 3
.WDWW = nm E
1S S 21 IO N, e
T8 EEE \
g S8 L
||||||||| ) B P V-G BRI
S EZE :
S — - .
- 1 |
..I” 1 . _
S | SRy ' : B ' z
S < ~ @
o S S S
L
m
o
™
™
)
S
5
2
i

0.9

0.3 04 05 06 07 0.8
ionc

0.2

0.1

t(rtx)

n

oefficie

at

correl

20dB (rrx=0) in

4 and afixed SNR=

Figure 3.36: BER vs. transmit correlation (rx) for Nt=Ng

flat Rayleigh fading channel

73



The results compare the BER of the three MMSE receivers in the presence of transmit
correlation for 2x2and4x4system. It is seen that the degradation of the error performance of
all the recelversislessin the case of transmit correlation (no receive correlation) as compared to
when correlation is present at both ends. Table 3.6 compares the BER of three receivers for
rrx=0.2, 0.5 and 0.8 at SNR=10 dB and 20 dB.

Table 3.6: Comparison of BER of proposed receiver with the time and frequency domain

receiversfor transmit correlation at afixed SNR

rrx=0 Nt=Nr=2 Nt=Ngr=4

Time Freg | Optimum | Time Freq Optimum
rrx / SNR . . . . . .
domain | domain | domain domain | domain domain
0.2 (10dB) 0.0988 | 0.0638 0.0487 0.1100 0.0595 0.0364
0.5(10dB) 0.1234 | 0.0767 0.0597 0.1396 0.0829 0.0566
0.8 (10dB) 0.1702 | 0.1023 0.0833 0.2048 0.1415 0.1146
0.2 (20dB) 0.0129 | 0.0068 0.0054 0.0109 0.0042 0.0024
0.5 (20 dB) 0.0171 | 0.0076 0.0059 0.0258 0.0076 0.0038

0.8 (20 dB) 0.0343 | 0.0118 | 0.0090 0.0768 | 0.0290 0.0179

In previous results, correlation was only assumed to be on the transmitter side. In the following
results, we consider the effect of receive correlation (rrx) on the error performance of the three
receivers. Transmit correlation (rrx) is assumed to be zero. This is the case when the transmitter
has enough spacing between the antenna elements and the receiver is small in size and has

insufficient spacing between the antennas.
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Table 3.7: Comparison of BER of proposed receiver with the time and frequency domain

receiversfor receive correlation at afixed SNR

rtx=0 Nt=Ngr=2 Nt=Nr=4
Time Freg | Optimum | Time Freq Optimum

r/ SNR . . . . . .
domain | domain | domain domain | domain domain

0.2 (10 dB) 0.0981 | 0.0670 | 0.0509 0.1022 | 0.0604 0.0382
0.5 (10 dB) 0.1166 | 0.0836 | 0.0633 0.1338 | 0.0918 0.0647
0.8 (10 dB) 0.1533 | 0.1122 | 0.0938 0.1837 | 0.1456 0.1213
0.2 (20dB) 0.0109 | 0.0060 | 0.0044 0.0121 | 0.0043 0.0024
0.5 (20 dB) 0.0144 | 0.0084 | 0.0065 0.0192 | 0.0087 0.0048
0.8 (20 dB) 0.0210 | 0.0135 | 0.0101 0.0589 | 0.0301 0.0188

Table 3.7 compares the BER for receive correlation at correlation values of rgx=0.2, 0.5 and 0.8
at fixed SNR of 10 dB and 20 dB. It is observed that the degradation of BER is lesser as

compared to the case of spatial correlation on both the ends.
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Figure 3.41: Output SNR vs. input SNR for Nt=Ngr=2 in uncorrelated Rayleigh fading channel
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Table 3.8: Comparison of output SNR of the time, freq and optimum domain receivers

Nr=Ng=2 Nr=Ng=4

Receiver domain 5dB 15dB 25dB 5dB 15dB 25dB
Time domain 1.464 4.569 8.579 1471 4.350 8.649
Freq domain 1.827 5.443 9.594 1.80 5.8 10.13
Optimum domain 2.188 5.925 10.21 2.25 6.76 11.27

Table 3.8 shows the comparison of output SNR for fixed values of input SNR. It is observed that

the proposed receiver gives the maximum output SNR for the same input SNR as compared to

the time domain and frequency domain receivers. Thisis equivaent to giving lower BER for the

same vaue of input SNR. The comparison of MSE vs. SNR for the three receivers in
uncorrelated Rayleigh fading for Nt=Ng=2 and 4 is shown in Fig.3.43 and 3.44. The optimum
domain MM SE receiver givesthe lowest MSE at all values of SNR.
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Fig. 3.45 and 3.46 show the BER vs. normalized MSE comparison of the three receivers for
Nt=Ngr=2 and 4 in uncorrelated Rayleigh fading. It is seen that the optimum domain receiver has
the lowest BER for the same value of normalized MSE. All the results presented above are for
Rayleigh fading. In the following results, the three receivers are compared when the channel is
considered to be Rician distributed, i.e. having a dominant LOS path. In Fig.3.47 and 3.48, the
BER vs. SNR results over a Rician fading channel with a K-factor of 10 dB are presented for
Nt=Ngr=2 and 4 respectively. It is seen that the proposed optimum domain receiver gives the
lowest BER for both the cases in Rician fading channel.
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Figure 3.47: Comparison of BER of FRFT domain MM SE receiver with time and frequency
domain MM SE receiver for Nt=Ngr=2 in Rician fading channel with K (dB) =10
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Table 3.9: SNR improvement of proposed MM SE receiver over the time and frequency domain
MM SE receivers for aBER=10"2 and Ny=Ng=2 and 4

Time Freg Optimum
o _ ) _ SNR Advantage over | SNR Advantage over
Rician K=10 domain | domain | domain , . _
Timedomain MMSE | Freqdomain MMSE
(dB) (dB) (dB)
Nt=Nr=2 19.32 16.85 15.73 3.59dB 1.12dB
Nt=Nr=4 19.73 16.07 13.91 5.82 dB 2.16 dB

The table 3.9 shows the SNR advantage achieved by the proposed receiver over the existing

receivers to achieve a fixed BER of 107 It is seen that the proposed receiver gives SNR

advantage of 3.59 dB and 1.12 dB over time and frequency domain receivers respectively for
Nt=Ngr=2 and 5.82 dB and 2.16 dB for Nt=Nr=4. MSE vs. SNR comparison for the three
receiversfor NT=NR=2 and 4 in Rician fading (K-factor=10) is shown in Fig. 3.49 and 3.50.
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Figure 3.49: Comparison of MSE of FRFT domain MM SE receiver with time and frequency
domain MM SE receivers for Nt=Ngr=2 in Rician fading for K (dB) =10

T
I
:
I
0.6F-------- dommoooo
I
:
I
T

______ = time domain T
OBLSNG =——optimumdomain| |

§
1
1
1
1
|
E == =.freq domain
1
1
1
1
1
1
1

04k --N-%N-----"- -

MSE

o5 S N S S

I
:
02f-------- T N T e NG S m -
I
I
I
I
I

0 D I ﬁ_-e.;-_-_- =
I

SNR (dB)

Figure 3.50: Comparison of MSE of FRFT domain MM SE receiver with time and frequency
domain MM SE receivers for Nt=Nr=4 in Rician fading for K (dB) =10

83



—
N N e o
o
O RSN N S SR @
o
D S SN RN N S H S (N SRR ~
o
||||||||||||||||||||||||||| ©
o
L 40
-TTaT F=0 N A E A O S N B o
_ £
I
1 [£ £ o
L 1 S ‘© O <
r|EE gt S
1 O 0 5
I T © m
I v o=
. 1 |E®B ' ™
il P =G TN i Rt it o
I - I I I I
1 ' 1 1 1 1
1 ' 1 1 1 1
1 ' 1 1 1 1 ~
e L e e e e :
I I I I I I I ©
I I I I I I I
I I I I I I I
I I I I I I I
! ! ! ! ! ! I —
< ) ™ ) N ) — 0 oo
o @ o N o 1_ o Q
o o o o
d349

normalized MSE

Figure 3.51: BER vs. normalized M SE comparison of time, frequency and FRFT domain MM SE

=10

receiver for Nt=Ng=2 in Rician fading with K (dB)

1
= time domain

freq domain
= optimum domain

T ===

03L----

.6 0.7 0.8 0.9

0

0.5
Normalized MSE

0.4

0.3

0.2

0.1
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The method of calculating BER from MSE and SINR is discussed in the preceding sections.
Now, using this method we obtain the analytical BER and compare it with simulated BER. From
(3.55), the equation for finding the MM SE is given by:

MMSE(W,,) = E {Hx _ [ myy e o yHZ}

Once the MM SE is obtained, the BER can be calculated from it using eqg. (3.24):

8(yB(MSE-1))  pg(MsE1-1)
P, =0.49ae 13 e 2

Therefore, the BER obtained by simulation and the BER obtained analytically can be compared
and the correctness of the simulation results can be verified. In Fig. 3.53 and 3.54, the analytical
BER vs. SNR is plotted for al the three recelvers in 2x2and 4x 4 system respectively. It is
observed that the optimum receiver outperforms the other two receivers. The simulation and
analytical BER results are compared in Fig. 3.55-3.60. Fig. 3.55-3.57 show the comparison of
simulated and analytical BER for time, frequency and optimum domain receivers for Nt=Ngr=2.
Fig. 3.58-3.60 show similar results for a Nt=Ngr=4 system. The anaytical results are in
agreement with the simulation results.
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Figure 3.53: Analytical BER performance comparison of time, frequency and FRFT domain
MM SE receivers for Nt=Ng=2 in uncorrelated Rayleigh fading
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Q-function and its approximation for Nt=Ng=2 in uncorrelated Rayleigh fading
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Figure 3.59: Comparison of analytical BER calculation of frequency domain MM SE using the

exact Q-function and its approximation for Nt=Ng=4 in uncorrelated Rayleigh fading
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Table 3.10: SNR required for achieving a BER of 10 using exact and approximate cases

Analytica Exact (indB) | Approximate (in dB)
Time domain, Nt=Ng=2 20.2 18.9
Freq domain, Nt=Ngr=2 17.86 16.63
Optimum domain, Nt=Ng=2 16.69 155
Time domain, Nt7=Nr=4 20.64 19.41
Freq domain, Nt=Nr=4 16.95 15.81
Optimum domain, Nt=Nr=4 14.76 13.64

From the above results, it is seen that the simulation results match very closely analytical results

for al the three receivers verifying the correctness of the simulation results.
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3.6 Conclusions

In this chapter, we proposed a novel MMSE receiver based on fractional Fourier domain
filtering for multiple antenna systems. From the results it is observed that the proposed FRFT
MMSE receiver outperforms the time and frequency domain MMSE receivers in terms of error
performance. The performance of the proposed receiver is then further analyzed in the presence
of spatial correlation at the transmitter and/or receiver. Finally, analytical BER is derived from
the MSE using a tight approximation of the Q-function and it is seen that the analytical results

agree with the simulation results.
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Chapter 4
Channel Estimation for MIM O Systems

4.1 Introduction

The theory of al the gains available from MIMO system is based on the assumption that the
channel state information is known at the transmitter/receiver or both. The CSI describes how a
signa propagates from the transmitter to the receiver and represents the combined effect of, for
example, scattering, fading, and power decay with distance. Also, the severe amplitude and
phase fluctuations inherent to wireless channels inhibits the use of multilevel Quadrature
Amplitude Modulation (QAM) schemes because the demodulator has to scale the received signal
to normalize the channel gain so that its decision regions correspond to the transmitted signal
constellation. This process is called Automatic Gain Control (AGC) [80-81]. Therefore, training
and channel estimation are key factors in the performance of MIMO systems. Practically, CSl is
never known apriori and some form of channel estimation technique to estimate the CSI has to
be employed with MIMO systems. Based on the same concept as the receiver proposed in
chapter 3, we propose improved channel estimation techniques in this chapter. Generally, we can
classify the wireless channel as fast fading and slow fading. Depending upon the type of wireless
channel, different estimation techniques have to be used. To estimate a rapidly fading channel,
known training symbols are inserted into the data at specific intervals from which the CSI can be
calculated at training symbol positions. The CSI at unknown positions can be estimated using
interpolation techniques and the CSI at pilot positions [82-83]. Although the interpolation
technique would also work for a block fading channel (the channel remains constant for the
entire block length), it would lead to aloss of data rate due to unnecessary overhead. For a block
fading channel, transmitting known training symbols at the start of the transmission block would
suffice [84]. Although, CSI can also be obtained by using blind channel estimation or decision
directed techniques which do not require any form of training symbols, their performance is
inferior to techniques using training symbols [85]. In the following sections, improved channel
estimation techniques for block fading and rapidly fading channels are presented.
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4.2 Channel Estimation for Block Fading Channels

When the channel remains constant for a transmission block and then changes completely and
independently for the next transmission block, it is known as a block fading channel. Due to the
property of the block fading channel, it can be estimated using pilot symbols that are prefixed
with the data. At the receiver, the pilot symbols are obtained and the channel information is
extracted from them. As the channel remains constant throughout the transmission block, after
the channel response is obtained from the prefixed pilots, it does not need to be updated until the
next transmission block. If the length of transmission block is assumed to be L, the received
signa matrix Y isgiven by:

Y =HX +N, (4.1)

where X denotes the L xN; transmit signal matrix. H is the N, xN; channel transfer matrix

and represents the scattering medium. The elements h;; represent the fading coefficient from the
ith transmit antenna to the jth receive antenna. Y isthe L X Ng receive signal matrix where the
column index of this matrix corresponds to the receive antenna and the row index to the time

index [84]. N is the complex Gaussian noise matrix having independent identically distributed

(i.i.d) entries with zero mean and unit variance (o2 =1).

XTiYT Xdin

A
v
A

Lt Lg
The transmit symbol matrix X can be decomposed into
X=X, +X, (4.2)
and the receive symbol matrix Y into
Y=Y, +Yy, 4.3
where X, ,Y;and X, ,Y,are the training symbols and data symbols respectively. The block
length L can be further decomposed into
L=L, +L, (4.9
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where L; is the length of training symbols in a block and L, is the length of data symbolsin a
block. Let us consider normalized matrix X, which contains the training symbols only. The

optimum training symbol design is based on the orthogonality condition, where the training
symbols have to be orthogonal to each other in time and space. The orthogonality condition is
given by

X, Xy =constly_, (4.5)
where const denotes an arbitrary, real, non zero factor. The orthogonality condition minimizes
the variance of estimation error. Once the training symbols are received at the receiver, the CS

can be extracted from them in various methods. Two common techniques used for obtaining
channel estimates are Least-Square (LS) and MM SE estimation.

H Ls = (X: XT)AX:YT (4.6)
Hope = (XIX 001, )XY, (4.7)
where H . is the least squares estimate and H,,. are the channel estimates obtained by MM SE

method. After estimation the channel matrix can be decomposed into:
H= |:| + |:| (4.8)

Since capacity is the measure of the information that can be reliably transmitted, it is an effective
parameter to access the quality of channel estimation. From [84] the channel capacity bound of a

block flat fading channel with variable block length and power alocation is given by

L-L Pui — —
: T Iogda(lNR +NiH.HH]}, (4.9)

T

QZE{

where Cy is the channel capacity and H = H / o, is the normalized channel estimate. The above

equation is based on optimum power alocation where optimum training power and optimum

data power isincorporated into the system through p which isthe effective SNR.

L
Pt = PaPrlr

= 410
N @+ p4) + or Ly ( )
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In communication systems one often does not have the luxury of varying the power during
training and data phases; therefore, in this work we consider the data and training power to be

equal. For equal training and data power, the capacity becomes:

L-L,

2 g gH
C, >E Tlogdet Iy, + p L /N, HH

N )
1+[1+ Lij T
NT
p°L I'N;

where p,, = ———"—L—istheeffective SNRwhen p, = o, = p.
1+ (l+ LTJ Yo,
NT

The transformed received ('Y, ) and transmitted ( X, ) vectors are given by:

(4.12)

Ya=F {Y}}, (4.12)

X, =F¥X}

where F? denotes the a" order FRFT. (4.12) can be written as:

Y=Y, +Y,
o (4.13)

Xa=Xp + Xy

In the training phase we consider X, andY; , and during the information phase we consider X
andY, . The channel estimation in this work is done using the MM SE method given by eq. (4.7).
Channel estimation in the a" domain is given by:

H, = W'Y, (4.14)
where H . I1sthe channel gain estimate in the a" fractional domain. For this process, the optimum

domain is not calculated in the same way as the proposed received in chapter 3. The parameter

‘a’ for the fractional Fourier domain is selected to minimize the following cost function [87]:
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J@) =3 E{XIIX3T

~2Ref{w, I E (X7, LIYH1 ] (4.15)
+ I, Do) E{TY BV
E{[Xr, IIYE 1} @16

TR v v

The domain in which the cost function J is the optimum domain ‘aopt’ and the channel estimate

in the optimum domain can be obtained using eq. (4.15)

E{[Xr WY,

[Wyopt]; = (4.17)
(Y, BT
H aopt — Wa|-(|)pt YTaDpt (4.18)

After obtaining the channel estimate in the optimum fractional Fourier domain according to the

MM SE criteria, it is converted back to time domain by using the inverse FRFT operator (F ).

x —aopt /1] 4.19
Hopt = F (H aopt) ( )

The overall process to obtain the channel estimate in the optimum domain can be summarized as:

1. Find the optimum domain ‘aopt’ using the transmitted and received training symbols by
Inserting them into eq. (4.15).
2. Find the weight matrix in the optimum domain “aopt’ by using eq. (4.17).

3. Calculate the channel estimate H,,, in the ‘aopt’ domain and then transform it back to

the time domain.

HOpeRty (4.20)

aopt

A

H oy = F "W

Now, the capacity using H, is given by:
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L— LT pzl_-l- / NT H opt H '(jpt (421)

L N
1+ 1+ T

T

C >E logdet| I +

To compare the channel estimate obtained in the time domain and optimum domain, the MSE is
calculated between the original channel and the estimated channel.

M SE(time) = E{HH e Hz} (4.22)

opt

MSE(opt) = E{HH A

2} (4.23)

4.2.1 Simulation Details and Per for mance A ssessment

In this section, firstly we study the performance of the proposed scheme in the low SNR regime.
The total number of transmit and receive antennas is taken to be 4. The block length is taken to
be 101 and the total number of blocks is 2000. The training symbols are designed according to
the orthogonality condition. The channel is assumed to obey the block fading law in which the
channel remains constant over the full duration of a transmission block and changes completely
and independently for the next block. The fading is considered to be frequency flat and is
assumed to follow Rayleigh distribution. Both the fading channel and noise are comprised of i.i.d
complex Gaussian random variables CN (0O, 1).The value of ‘a’ is varied from -1 to +1 with a step
size of 0.1 and 0.01. The results have been taken for four different values of SNR in the low SNR
regime, i.e. -15dB, -10dB, -5dB and 0dB. The step size 0.01 gives better performance but higher
computational complexity as compared to step size of 0.1 as step size of 0.01 requires 101
iterations as compared to 0.1 which requires only 21 iterations. The results are presented in the

form of MSE vs. ‘a’.
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Figure 4.1: MSE vs. ‘a’ for a fixed SNR of -15dB
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It is clear from the above results that the channel estimation in the optimum FRFT domain gives
the minimum mean square error and is therefore better than the conventional time domain
channel estimation at ‘a’=0. In this work, we have considered channel estimation in the low SNR
regime. Due to high level of distortion and noise at low SNR, estimation in the fractional domain
effectively helps to reduce the effects of noise. In the optimum domain, the signal appears
compact which is otherwise scattered by the presence of noise. After channel estimation, the
obtained estimates are used for the equalization process, therefore, the quality of equalization
depends on the quality of estimation. Fig. 4.5 shows the BER vs. SNR for 2x2 MIMO system for
MM SE equalization using existing CE method, proposed CE method and perfect CSIR with time
domain equalization. The MM SE equalization has lower BER when the proposed CE method is
used as compared to the existing CE method. BER with perfect CSIR and time domain
equalization is also plotted as areference. Similar results are shown in Fig. 4.6 for a4x4 system.
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Figure 4.5: BER vs. SNR for MM SE equalization with existing and proposed channel estimation
techniques for 2x2 MIM O system in block fading
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Figure 4.6: BER vs. SNR for MM SE equalization with existing and proposed channel estimation

techniques for 4x4 MIMO system in block Rayleigh fading

Table 4.1: Comparison of SNR required by time domain estimation and proposed estimation
techniques post MM SE equalization to achieve a fixed BER of 10

No. of Antennas | Time Domain (dB) FRFT (dB) | SNR Advantage (dB)
Nt=Ng=2 17.55 16.02 1.53
Nt=Ngr=4 16.67 15.07 1.6

Fig. 4.7 shows comparison of MSE between the actual channel and the channel estimated by

existing and proposed CE schemes in block Rayleigh fading for 2x2 MIMO system. It is

observed M SE of the proposed CE schemes is lower than the existing scheme, i.e. the proposed

scheme gives better channel estimates as compared to the existing scheme. Fig. 4.8 shows

similar results for a 4x4 system.
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4.3 Joint Channel Estimation and Equalization in the Fractional Domain

In the previous section, improved channel estimation of block fading channels was proposed.
Due, to the property of fractional filtering, that given the statistics of noise and transmitted
signal, the optimum domain is calculated only once and can be used arbitrary many times until
these statistics change, we propose a Joint Channel Estimation and Equalization process (JCEE).
First, the Conventional Joint Estimation and Equalization (CJEE) process in time domain is

presented and then it is extended for Optimum Joint Estimation and Equalization (OJEE). We
recall the equations from the previous section:

X=Xq +Xy

Y=Y, +Y,

His = (X7 X0 ) XY,

Huwee = (X7 X +0l )XY,

After obtaining the channel estimate H , iItisused for equalization process:

W=R} R, (4.24)
RYde = E[YdeH 1= |:ledxd H" + R (4.25)
Rvdxd = Rxdxd H" (4.26)

where R, =E[NN"]=07.1 and R,, = E[XX"]=0}.1
X, =W"Y, (4.27)

M SE = E{de —Xd‘\} (4.28)

To extend this process for optimum domain filtering, we first obtain the MM SE estimate in the
ath domain:

Ha = (X3 Xy, +oml )71 X2y, (4.29)
W, = R\?zavda RYdaYda (4.30)
RYdaxda = Rxdaxda 92 (4.31)
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A

R\(da\/da = aRXdaXda H + RNdaNda (4.32)

T

A

Xq, =F{WI'Y, } (4.33)

a

MSE(W.) = E{de SFr Wiy )

} (4.34)

Once the optimum value ‘aqy’ is calculated, it can be used for arbitrary many realizations of that
signal and noise statistics. After the initial calculation, ‘a’ in all the equations will be replaced by
“aopt’. The comparison of BER for CJEE, OJEE and MMSE equalization with perfect CSIR for
2x2 and 4x4 system is shown in Fig. 4.9 and 4.10 respectively. The OJEE clearly outperforms
the CJEE technique. The BER of OJEE technique is very close to the JEE with perfect CSIR

which isindicative of the advantages of filtering in the optimum fractional domain.

10° ¢

¥
I
I

- JCEE (existing)
- JCEE (proposed)

= Perfect CSIR

BER

SNR (dB)

Figure 4.9: BER vs. SNR for joint channel estimation and equalization with existing and
proposed techniques for Nt=Ngr=2 in Rayleigh fading
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Figure 4.10: BER vs. SNR for joint channel estimation and equalization with existing and
proposed techniques for Nt=Ngr=4 in Rayleigh fading

Table 4.2: Comparison of SNR of JCEE (existing) and JCEE (proposed) to achieve afixed

BER=10"
No. of Antennas | Time Domain (dB) FRFT (dB) | SNR Advantage (dB)
Nt=Nr=2 17.36 15.03 2.33
Nt=Nr=4 16.64 14 2.64

4.4 Channel Estimation for Fast Fading Channels

In the previous section, channel estimation for block fading channels was considered. Estimation
of block fading requires less training as the fading channel remains constant for a complete
transmission block. However, estimating a channel which is fading rapidly is a more difficult
proposition because it requires constant monitoring. The channel response can be obtained at the
receiver by using Pilot Symbol Assisted Modulation (PSAM), in which the transmitter
periodically inserts pilots (known symbols) into the information stream. These pilot symbols can
be recovered and used at the receiver to obtain an estimate of the channel response. The channel
may have changed from the pilot symbol time instant to the data symbol time instant, therefore,
the channel gain a the data symbol is estimated using multiple pilot symbols and an
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interpolation filter. The interpolation filter helps to construct the channel response at data points
with the help of discrete set of known channel response at the pilot points. The estimates
obtained by interpolation are valid because of the time correlation of the fading channel. In
practice, the channel estimation is never perfect and errors due to noise are always present in the
estimated channel response. If atechnigque can be found to reduce these errors, the overall quality
of the interpolated channel estimates can be improved. The basics of existing PSAM technique

are discussed in the following section.
4.4.1 Pilot Symbol Assisted Modulation (PSAM)

The block diagram of a conventional PSAM system is shown in Fig. 4.11. The symbols are

transmitted in frames of length N. Without loss of generality, assume that, in each frame, the first

symbol is a pilot symbol b(0) , and the remaining N—1 symbols are the data symbols
b(1),b(2)...b(N-1).

Filot
Symbols
B0y B(1)  B(2) b(M)
: 1/ .
MUIUE—.‘ \ A | I L | t o Demultiplex |
:- ' ‘
Data PSAM FRAME [M Symbaols) l Channel
Symbol Estmation
Mapping &

Cormrection

Input

3
Data
Symbol  |e—
Demapping

l

Output

Figure 4.11: Schematic of conventional PSAM System showing the frame structure [83]

The data symbols are modulated by Gray coded 16-QAM; therefore, the data symbol belongs to
the set of 16 possible signals. The pilot symbols have a fixed value b which is known to the

receiver. The transmitted signal has a complex envelope given by:
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X(t) = ng;;o b(K) p(t —KT) (4.35)

where T is the symbol duration, b(k) represents the In-phase or Quadrature components of the
symbols to be transmitted and p(t) is a band limited unit energy signaling pulse, for which we

have:

[” [p)f dt=1 (4.36)
Thereceived signal for a narrowband Rayleigh channel is given by:

y(t) = h(t)x(t) + n(t), (4.37)
where n(t) is AWGN with variance o> = N, / 2and c(t) is the complex channel gain.

h(t) = a(t)e’’®, (4.38)
where a(t) is the Rayleigh fading envelope and 4(t) is the uniformly distributed phase. The
output of the matched filter at sampling instant KT is given by:

Y(K) = h(k).x(k) +n(k) (4.39)

The pilot symbols are inserted at timesi = kN, therefore, the pilot symbols are represented by
y(iN) and the estimated channel response ﬁ(iN) at the pilot positions is calculated by:

h(iN) = y(iN) /b (4.40)
AGN) = hGiN) + ”(iBN) (4.41)
h(iN) = &(iN)e!’™ (4.42)

where(iN) is the estimated fading channel envelope and 9(iN) is the estimated phase. From the

above expression, it is clear that the channel estimate at pilot positionsis affected by noise errors

i.e. n(iN)/b. The channel response at the data symbol positions is obtained by interpolating the
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Sequenceﬁ(iN) . The channel state estimator prepares an estimate of ﬁ(k) using the K nearest
pilot symbols:

{K/ZJ

hk)= > g (i,k)h(N) (4.43)

i={ K/2|

where (i, k) are the interpolation coefficients which explicitly depend on position k within the
frame. The estimation error (k) is given by:

e(k) = h(k) - h(k) (4.44)
From eg. (4.43) we can see that the accurate estimation of ﬁ(k) depends on the quality of ﬁ(iN) .
The noise component in eg. (4.41) contributes a large percentage of the estimation error
especially at low SNR. Hence, any reasonable system that can improve ﬁ(iN) and reduce e(K)
will improveh(k) . One such system is the FRFT based PSAM (FPSAM) in which the received
pilot symbols y(iN) are processed in the fractional Fourier domain before channel estimation is
performed. By processing Y(iN)in the fractional domain, the effect of noise on the pilot symbols
is minimized and therefore the estimation error &(K) is reduced. The motivation behind the

proposed method is the ability of FRFT to reduce the effect of noise on the received symbols. A
detailed description of FPSAM is given in the following section.

4.4.2 Fractional Fourier Transform based PSAM (FPSAM)

Define the length K column vectors y and x as the set of received pilot samples y(iN) and
transmitted pilot samplesx(iN) . Also, define the length K column vector h as the set of channel

coefficients at pilot positions. Fig. 4.12(a) shows the block diagram of FPSAM and Fig. 4.12(b)
shows the internal diagram of the fractional domain processing block.
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Figure 4.12(a): Schematic of FPSAM system showing the frame structure
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Figure 4.12(b): Internal diagram of fractional domain processing block

The transmitted and received pilot symbol vectorsx and y are transformed from time domain to
the fractional Fourier domain by using the transformation operator F*#

Y.=F*{y} (4.45)
X, = F7{x} (4.46)
After y, is obtained, the filtering process is performed using the Wiener filtering technique
aready discussed in chapter 2.

Wo =R Ry (4.47)
whereW, is the weight vector in the a" domain, R,.y, is the auto covariance of the vector yin

the ath domain and RYaXa is the cross covariance of yand x in the a" domain.
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The optimum value of ‘a’ is found by minimizing the MSE for ‘a’ [—1,1]. The MSE is
calculated by:

MSE(W,) = E{Hx -Fw/'F?y

g (4.48)

where E {*} denotes the expectation operator and|«| is the L, norm. After the optimum order is

calculated, the weight vector is calculated in the optimum domain using eg. (4.47). The weight
vector calculated in the optimum domain(a,,, ) is called optimum weight vector (w,,,) .

-1

Wopt = RYaopt Yaopt = Yaopt Xaopt

(4.49)

After Wiener filtering in the optimum domain, the signal is converted back to its original domain

by using inverse FrFT. After optimum domain filtering, the effect of AWGN on yis minimized,

therefore, it is denoted by v, -

Yo = F 7 {wit (F* {})] (4.50)
TheM3E=given by eq. (4.48) is minimum forw, =w,, . As discussed above, the value of ‘a’

which minimizes the MSE is chosen to be optimum. Also, the accuracy of ‘aqy’ depends on the

step size of the discrete values of “a’, e.g. in this study the step size is taken to be 0.1. Aftery,,is

obtained, the CSl at the pilot positions can be calculated for y,, using eg. (4.40).

N (iN) = w (4.51)

WhereﬁOpt (iN) is the optimum CSI at pilot positions. In terms of optimum estimated envelope
(Gope) @nd phase(6,,) , hyy (iN) is given by

A

A (N) = Gy (iIN)e ™ (4.52)

opt

Channel Interpolation: After the estimation of the channel response at the pilot positions, the

channel response at data positions can be obtained by interpolating ﬁopt (iN) using eg. (4.43).

|K/2]

o (K) = 2, 5, 0 (1 KO N) (4.53)
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whereh_ (k) is the optimum estimated channel with estimated envelope o, and phaseéom. In

opt

~

terms of &, andd,, , h,,, (k) is given by

opt !
hge (K) = G (K)E % (4.54)
In eq. (4.53) the term g’ (i, k) denotes the interpolation coefficients. These coefficients explicitly

depend on the position of k within the frame. The interpolation techniques which have been used

in this study to obtain g (i, k) are listed below:

1. Linear Interpolation
2. Spline Interpolation
3. FFT interpolation

4.4.3 Resultsand Discussion
The details of simulation and the performance comparison of the proposed channel estimation

technique with the existing estimation techniques are done in this section.
4.4.3.1 Simulation Details

The number of information bits is taken as 1593. The frame length (N) is 10 and the first symbol
in each frame is a known pilot symbol. The number of pilot symbolsis 177 and the total number
of transmitted symbols (data symbols + pilot symbols) is 1770. The modulation scheme used is
Gray-coded 16-QAM. The channel is considered to be flat Rayleigh faded and noise is modeled
as additive white Gaussian noise. Both the fading channel and noise are comprised of i.i.d
complex Gaussian random variables CNV' (0, 1). The value of FRFT order ‘a’ is varied from—1to
+1 with a step size of 0.1. A total of 21 values of ‘a’ are investigated, selecting the one which
gives the minimum MSE. For finding the BER, the SNR isvaried from 0to 40 dB in astep of 1
dB with 500 iterations done on each value of SNR to give statistically justified results. Three
interpolation techniques, namely, linear, spline and FFT interpolation have been used for
simulations. All the simulations have been done using MATLAB.
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4.4.3.2 Performance Comparison

In this section, a method to improve channel estimation of fast fading channels by filtering the
received pilot symbols in optimum fractional Fourier domain has been presented. In
conventional PSAM, the received pilots are used for channel estimation without any kind of
processing, which results in inaccurate channel estimation. This inaccurate channel estimation is
due to the errors in the pilot signals due to noise in the channel. Hence, if the errors due to noise
can be reduced, the quality of channel estimation can be improved. Fig. 4.13 shows the BER vs.
SNR performance of PSAM and FPSAM for spline interpolation technique. In the figure, the
PSAM technique is indicated by the solid red line and the FPSAM technique is represented by
the dashed blue line. It is seen that the proposed method gives lower BER at all SNRs as
compared to PSAM. Fig. 4.14 and 4.15 show similar results for FFT and linear interpolation

techniques respectively.
SR
s RN O | [=—Psam | .
; LN : || — FPSAM| | ]
! N ! ! ! !
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' | | N | |
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Figure 4.13: BER vs. SNR for PSAM and FPSAM using spline interpolation
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Figure 4.14: BER vs. SNR for PSAM and FPSAM using FFT interpolation
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Figure 4.15: BER vs. SNR for PSAM and FPSAM using linear interpolation
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The results shown in Fig. 4.13, 4.14 and 4.15 are summarized in Tables 4.1, 4.2 and 4.3. Tables
4.1 and 4.2 compare the BER of two techniques for fixed SNRs of 10 and 15 dB. It is seen that
as compared to PSAM, lower BER can be achieved by using FPSAM for same SNR. Also, Table
4.3 compares the SNR for afixed BER of 10 and it is shown that the proposed technique gives
an SNR advantage in all the three cases.

Table 4.1: BER improvement of FPSAM over PSAM for afixed SNR of 10 dB

. Linear FFT Spline
Technique (BER) | (BER) | (BER)
CPSAM 0.1571 | 0.1682 | 0.1642
FPSAM (a=0.3) | 0.1330 | 0.1322 | 0.1312

Table 4.2: BER improvement of FPSAM over PSAM for afixed SNR of 15 dB

. Linear FFT Spline
Technique (BER) | (BER) | (BER)
CPSAM 0.0726 | 0.0796 | 0.0764
FPSAM (a=-02) | 00587 | 0.0581 | 0.0566

Table 4.3: SNR improvement of FPSAM over PSAM for afixed BER of 10

. Linear FFT Spline
Technique (SNR) | (SNR) | (SNR)
CPSAM 2549 | 2573 | 24.79
FPSAM 2432 | 2399 | 22.89

The effect of AWGN and fading on the transmitted signal is shown in Fig. 4.16. The signal
appears to be completely scattered and the information carried by it is unintelligible in this form.
This scattering of the received signal is due to presence of fading and noise. To demodulate this
signal properly, accurate channel estimates at the data positions are required. These estimates are
obtained by interpolating the channel response at pilot positions. The quality of the demodulation
depends on the accuracy of the channel estimation. Fig. 4.17 compares the PSAM demodul ated
signal with the FPSAM demodulated signal. The results in Fig. 4.17 are obtained for linear
interpolation at a fixed SNR of 30 dB. The signal demodulated using the estimates obtained by
FPSAM appears to be compact whereas the signal obtained by using channel estimates obtained
for PSAM appears to be scattered.
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Figure 4.17: Demodulated 16-QAM for PSAM and FPSAM using linear interpolation



4.4.4 Extension of FPSAM to MIMO systems

Since, the PSAM technique is valid due to the temporal correlation of the fading channels; the
proposed technique is valid for both single and multiple antenna systems. For simplicity and loss
of generality, we take an example of a 2x2MIMO system to explain the concept of PSAM. This
can be generalized for any number of transmit or receive antennas. At any timet, the channel H
can be represented as:

(4.55)

H) :[hu(t) hlz(t)}

hy, (1) (1)

Due to fast fading, the elements of H change rapidly and independently. Therefore, it is hard to
predict the elements of H together as a matrix by using interpolation. After receiving the pilot
symbols which are time multiplexed with the data, each element of H has to be estimated
independently as avector by using interpolation. Fig. 16-21 show the actual and estimated values

of vector hi, of H matrix.

h11:[h11(1) h,(2 h,(3 - hn(N)] (4.56)

h12=[hl2(1) h,(2) h,(3) - hlZ(N)] (4.57)

h21:[h21(1) h21(2) h21(3) h21(N)] (4.58)

h22=[h22(1) h22(2) h22(3) hzz(N)] (4.59)

(@ h,@

" {hﬂ(l) hzz(l)} (460
h,(2) h,(2)

H(2) =

@|nity o) (461
hy(N)  h,(N)

H(N) = :

0w o) (402

From the above discussion it is clear that the elements h1, h12, ho; and h,, have to be estimated
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independently as vectors just as if we are estimating a SISO channel. After interpolation, they
can be recombined to form a channel matrix and used for equalization. Therefore, the proposed
FPSAM technique can be easily implemented to any wireless system that uses PSAM and is
valid for both single and multiple antenna systems. To verify the quality of channel estimation,
the estimates obtained by conventiona PSAM (CPSAM) and FPSAM using different
interpolation techniques are compared for a fixed SNR of 20 dB in Fig. 4.18-4.23. From the
resultsit is observed that the fading envel ope estimated by FPSAM is closer to the actual channel
envelope than the envelope estimated by CPSAM. This indicates that the quality of channel
estimates obtained by using the proposed FPSAM technique is better than the quality of channel
estimates obtained by using the existing PSAM technique.
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Figure 4.18: Actua channel vs. estimated channel using FFT interpolation for CPSAM at afixed
SNR of 20 dB
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Figure 4.19: Actual channel vs. estimated channel using FFT interpolation for FPSAM at afixed
SNR of 20 dB
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Figure 4.20: Actual channel vs. estimated channel using linear interpolation for CPSAM at a
fixed SNR of 20 dB
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Figure 4.21: Actual channel vs. estimated channel using linear interpolation for FPSAM at a
fixed SNR of 20 dB
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Figure 4.22: Actual channel vs. estimated channel using spline interpolation for CPSAM at a
fixed SNR of 20 dB
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Figure 4.23: Actual channel vs. estimated channel using spline interpolation for FPSAM at a

fixed SNR of 20 dB

For al the three interpolation techniques, the FPSAM technique gives a closer fading envelope
to the actual channel than the CPSAM technique. Therefore, it can be concluded that for the
estimation of fast fading channels, the FPSAM technique outperforms the CPSAM technique.

45 Conclusions

In this chapter, improved channel estimation techniques are proposed for block and rapidly
fading channels. The improvement in the quality of channel estimates is achieved by filtering the
pilot symbols in the optimum fractional Fourier domain. It is observed that the BER obtained by
using channel estimates obtained in the optimum domain is lower than the BER obtained by

using the channel estimates in time domain.
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Chapter 5
Fractional MM SE Receiver with LDPC Coding

5.1 Introduction

The fractional MMSE receiver proposed in chapter 3 is shown to outperform the time and
frequency domain MM SE receivers. In chapter 3, no error correction coding was used. As the
name suggests, error correction coding increases the reliability of a system by detecting and
correcting errors. For certain applications, if the required BER is lower than what can be
achieved by the proposed receiver, error correction coding can be used with FRFT MMSE. In
this chapter, the error rate performance of proposed MMSE receiver is studied with channel
coding. A basic block diagram of awireless system with channel coding is shownin Fig. 5.1.

Information Source .| Channel .|  Digital
Source Encoder "|  Encoder "|  Modulator
A\ 4
Fading
Channel
Information Source Channel Digital
) «— < <
Sink Decoder Decoder Demodul ator

Figure 5.1: Block diagram of awireless system with channel coding

Since, low density parity check codes have been proven to be the best error correcting codes and
are currently being used in various wireless standards (see chapter 1, section 1.4); we study the
performance of proposed FRFT based MM SE receiver with LDPC coding. A brief introduction

of LDPC encoding/decoding processis presented in the following section.
5.2 Low Density Parity Check (LDPC) Codes

LDPC codes previously called Gallager codes are a class of linear block codes proposed by
Robert Gallager in his PhD dissertation [86]. The name LDPC comes from the characteristic of
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their parity-check matrix which contains only a few 1’s in comparison to the amount of 0’s.
These codes were ignored for along time due to their high computational complexity and lack of
hardware support, especialy if long codes are considered. Nowadays, however, with the
increasing popularity of DSP processors, LDPC codes are one of the most commonly used error
correcting codes [89]. In 1993, C. Berrou et. al. invented the turbo codes and their associated
iterative decoding algorithm [48]. Although these codes were complex to work with they
attracted a lot of attention towards iterative codes. In the year 1995, LDPC codes were
rediscovered by Mackay and Neal [90] and they set up alink between their iterative algorithms
to the Pearl’s belief algorithm [91], from the artificia intelligence community (Bayesian
networks). Gallager’s LDPC codes were not originally described in the language of graphical
theory. R.M Tanner [92], in 1981 introduced a recursive approach to the construction of codes
which generalized the LDPC code construction and suggested that the design of algorithms for
encoding and decoding is amenable to the basic techniques of graph theory. In this work, a
method is described for constructing long error-correcting codes from one or more shorter error-
correcting codes, referred to as sub codes, and a bipartite graph. Also, alot of work was done by
Wiberg [93] in the field of graphical theory of LDPC codes. Hence, LDPC codes are at the
confluence of two maor revolutions in the channel coding community: the graph-based code-
description, and the iterative decoding techniques. LDPC codes are now used in many recent
high-speed communication standards, such as DVB-S2 (Digita video broadcasting), Wi-MAX
(IEEE 802.16e standard for microwave communications), High-Speed Wireless LAN (IEEE
802.11n), 10GBase-T Ethernet (802.3an) and G.hn/G.9960 (ITU-T Standard).

5.3 Encoding
LDPC codes are defined by a sparse parity check matrix. In the example given below for a low

density matrix of dimension nxm for a (6, 3) code, we can define two parameters, w, is the
number of ones in each row and w, is the number of ones in each column. For a matrix to be

caled low density, there are two conditions: w, << mand w, << n. An example matrix is given

below:
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1101101100
0101101011
H,=/1 010110101 (5.1)
1110010011
001101111 0]

In order to meet the two conditions given above, the parity check matrix should be very largein

size; therefore, the matrix given above cannot be truly called alow density matrix.

Tanner introduced an effective graphical representation for LDPC codes. These graphs provide a
complete representation of the code and also help to describe the decoding algorithm. These
graphs called Tanner graphs are bipartite graphs in which the nodes of the graph are separated
into two distinctive sets and edges are only connecting nodes of two different types. The two
types of nodes in a Tanner graph are called variable nodes (v-nodes) and check nodes -nodes).
The graph givesriseto alinear code of block length n and dimension at least n-r in the following

way: The ‘n’ coordinates of the codewords are associated with the n message nodes. The
codewords are those vectors(c, ...c,) such that for all check nodes the sum of the neighboring
positions among the message nodes is zero. Fig. 5.2 is an example for such a Tanner graph and
represents the same code as the matrix in (5.1). The graphica representation is analogous to a
matrix representation by looking at the adjacency matrix of the graph: let H, be a binary r x n
matrix in which the entry (i, j) is 1 if and only if the i check node is connected to the | message

node in the graph. Then the LDPC code defined by the graph is the set of vectors(c ...c,) such

thatH p.CT =0. The matrix H, is called a parity check matrix for the code. The sparseness of the

graph structure is key property that alows for the agorithmic efficiency of LDPC codes. For a
good decoding performance the Tanner graph should be cycle free as in Fig. 5.2. In a Tanner
graph, short cycles shown in Fig. 5.3 should be avoided as they are bad for decoding
performance. The following tanner graph represents the parity check matrix completely.
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Figure 5.3: Tanner graph with a short cycle of length 4

A LDPC codeis called regular if w. is constant for every column and w, =w_.(n/ m) is constant

for every row. According to this criteria, the parity check matrix in the example is regular with

w, =3andw, =6. It is also possible to tell if the matrix is regular or irregular by looking at the

Tanner graph. If the number of incoming edges for all v-nodes are same and number of incoming
edges for all c-nodes are also the same, the matrix is regular, and otherwise it isirregular. If the
number of edges emanating from a variable node is called variable node degree d, and the
number of edges emanating from a check node is called check node degree d., then the rate of
(dy, dc) regular LDPC code is R=1-d\/dc. The number of 1’s in the parity check matrix Hy is N.dy,
while the total number of elements in H, is N°.R., where N is the length of the code. When N

increases linearly, the total number of elements in H, quadratically, therefore, the parity check
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matrix is sparse with large N. The sparse characteristic of the parity check matrix is essential
because the number of 1’s presents the relations between a variable node and a check node. As
the number of 1’s increase, the tanner graph becomes more complex and in turn the decoder
becomes more complex. So the sparseness of the parity check matrix directly controls the
complexity of the decoder.
H,-c"=0 (5.2)
The generator matrix G can be found from the parity check matrix Hy, by:

1. Covert Hp into the form of [PT I ] by using Gaussian elimination method.

2. Gissimply [I  P]
Since the LDPC codes are characterized by the parity check matrix Hp, the receiver uses the

same condition to check for errors.

If H_-y" =0, thereareno errorsin the received signal.
If H,- y' =0, there are errors in the received signal.

Although the H ; matrix is sparse but the P of generator matrix G is dense. To store G,

K(N, —K) = N? (% —1] bits of memory are needed. Therefore, the encoding complexity of LDPC

codesisvery high.

5.4 Decoding Algorithms

The traditional channel codes use ML or MAP detection where the errors are corrected by
comparing the received signal with all the possible combinations given the constellation size of
the modulation scheme. Practically, it is possible only if the number of message bits and the
constellation size is small. With the increase in the number of message bits and/or constellation
size, the computational complexity increases greatly. However, to exploit the sparseness of the
parity check matrix of LDPC codes, Gallager introduced a class of iterative decoding algorithms.
The iterative agorithms to decode LDPC codes are called message passing algorithms since they
can be completely characterized by passing the messages aong the edges of a tanner graph [94].
The nodes in Tanner graph are isolated as in each node only has access to the information

contained in the messages on the edges connected to it. The message passing algorithms are also
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denoted as iterative because the messages are moved a number of times between the two sets of
nodes before the decision is made. Bit-flipping agorithm is a relatively lower complexity
message passing decoding algorithm in which the messages are binary and decisions are hard.
The most commonly used decoding agorithm is the sum product agorithm/belief propagation
decoding agorithm [47, 95] in which the messages are in the form of probabilities which
indicate a level of belief about the value of the codeword bits. Often, the probabilities are
represented as log likelihood ratios and the message passing algorithm is called as sum product
algorithm since the calculations at the variable and check nodes are in the form of sum and

product operations.

5.4.1 Bit Flipping Algorithm

The bit flipping algorithm is a hard decision message passing a gorithm for LDPC codes. It was
proposed by Gallager as a message passing algorithm with hard decision inputs [88, 96]. A
binary (hard) decision is made for each received bit by the detector and passed on to the decoder.
The working of this algorithm is described by the following steps:

Let t, be the binary hard decision vector obtained fromy, i.e.t; =sign(y;), where sign(y) =1, if
y=0 and sign(y) =0 if y<O.

Iterative Decoding Steps:
1. Compute the parity-check sums (syndrome hits)s = tH Tp . If al the parity-check equations
are satisfied, i.e. no errorsin the received bits and s=0, stop the decoding process.
2. If not, then count the number of unsatisfied parity checks for each code bit position given
by: u=sH,
3. Identify the set of bits for which u; islargest and flip the bitsin this set.
4. Go back to step 1 and repeat steps 1 to 3 until al the parity-check equations are satisfied

or the maximum number of predefined iterationsis reached.

5.4.2 Sum Product/Belief Propagation Algorithm

The sum-product algorithm is a soft decision message-passing agorithm. In this algorithm, the
messages representing each decision are in the form of probabilities or log likelihood ratios. The

sum-product algorithm is a soft decision agorithm which accepts the probability of each
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received bit as input. Also, the advantage of using logarithmic probabilities is that the product of
several messages will be converted to sum in the log domain. Implementing this algorithm will
reduce the complexity of the decoding process.

The input probabilities are known to the receiver even before it is operated so they are termed as
apriori probabilities. The log likelihood ratios used to represent for a binary variable by asingle

value are given as.

p(x=0)

L(x) =1
(x) =log o(x=1)

(5.3)

If p(X=0)>p(X=1) then L(x) is positive and greater the difference between P(X=0) and
p(X=1) greater is the positive value of L(x). Similarly, if p(X=1)>p(X=0) then L(x) is
negative and greater the difference between P(X=0) and p(X=1) greater is the negative value of

L(x). Therefore, the sign of L(x) clearly provides a hard decision on x. The LLR’s can be
tranglated back to probabilities as:

—L(x) L(x)

e
p(le) ZW and p(XZO)Zm (54)

If Xx=(X,X,:--X,) is the transmitted codeword after modulation and y =(y,,Y,:-Y,) is the
received codeword, then the system model can be described as:

Yy =hgX, 0y (5.5)
where g=12.. N, ny is the additive Gaussian noise with zero mean and o 2 variance and hg is

the Rayleigh fading channel with zero mean and unit variance. The pdf of the Rayleigh
distribution can be given as:

p(h,) = 2h, exp(-h?) (5.6)
The conditional pdf for uncorrelated Rayleigh fading channel, of the g™ output yq is:

(Y, —ng.hy)
A e exp(—T (57)

As shown in Fig. 5.4, the output message at a given variable node to be passed to the check node

is the summation of the initial message g and the incoming edge LLRs LC ) IH(Xg) for

| =1,2,...d, , aong each of the variable node edges.
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L., .P1(Xg)

CoHV,

I_c—>v,2 p—l(Xg)

I‘v—>c,j p(Xg)

LC—)V,dv—l p—l(X g )

Figure 5.4: Variable node computation
Theincoming LLRs at the variable node x4 are assumed to be zero, i.e.

q(c_)vll)o(Xg)ZO, where | =1,2,...d, -1 (5.8)
As shown in Fig. 5.5, the j™ outgoing LLR of a given variable node Xg @t the p™ iteration is given
as.

dy_
LV%C,J' P(Xg) =Q+ Z |=1l I‘c—>v,| p—l(Xg) (5.9)

The output message given by (5.9) is transferred to the check node c. The i output message at
the check node is given by [96]:

Lo P(Yg) = 2tanh T S tanh(L, . o(Y,)) (5.10)

Lv—>C,1 P (yg)\A
I‘c—>v,| P (yg) < m

/*\U

L\/—)C’dcilp (yg)

Figure 5.5: Check node computation
The message computed at the check node is now transferred to the variables nodes. At the end of

the decoding process each variable node computes an output reliability value as follows:
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dy_

L(Xg) =a+ T Le .y (Xg) (5.11)
Hard decision is obtained as follows:

XM=1 if L(x,)<0

5.12
Xy)=0 if L(x,) <1 (612

5.5 Results and Discussion
In this section, the simulation details are given and the performance comparison of the three

receiversin the presence of LDPC coding is coding. First, we present the simulation details.
5.5.1 Simulation Details

In this chapter, the performance of the fractional MMSE receiver proposed in chapter 3 is
evauated with LDPC coding. The LDPC codes considered in this chapter are irregular with a
mean column weight of 3. The information signal consisting of random 0’s and 1’s is encoded
using the generator matrix and then modulated into -1’s and +1’s using BPSK modulation. The
length of each coded frame is taken to be 256 bits. The number of iterations for each frame has
been taken to be 1000 and the total number of frames is taken to be 100. Two different fading
channels are considered, i.e. Rayleigh and Rician. The noiseis modeled as AWGN. The received
signal that is corrupted by fading and noise is first filtered in the optimum domain by the
proposed receiver. After that, the filtered signa is fed into the LDPC decoder for further error

detection and correction.

Received Fractional MM SE LDPC Source Info.
Signal Receiver "| Decoder "|  Decoder Sink

4
A

Figure 5.6: Block diagram of the receiver side with LDPC and Source decoder
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5.5.2 Perfor mance Comparison

The comparison of BER for uncoded and LDPC coded receiver for a 2x2MIMO system in
uncorrelated Rayleigh fading is shown in Fig. 5.7. It is observed that the LDPC coded system has
fewer errors as compared to the uncoded system. For a BER of 107, the LDPC coded system
gives a SNR advantage of 5.47 dB, i.e. it achieves the same BER at 5.47 dB less than the
uncoded system. Similar results are obtained for a4x4system in Fig. 5.8 with the LDPC coded
system giving a SNR advantage of 4.69 dB. In Fig. 5.9 and 5.10, the BER of the uncoded and
coded system is obtained in Rician fading with K-factor=10 for 2x2 and 4x4 systems
respectively. For a BER of 102, the LDPC coded system gives a SNR advantage of 6.2 dB in the
case of 2x2 antennas and a SNR advantage of 4.4dB in the case of 4x4 antennas. The SNR

advantage obtained by the coded system over the uncoded system for 2x2 and 4x4 systems in

Rayleigh and Rician fading is summarized in tables 5.1 and 5.2 respectively.

10 T T T
1 1 1
1 1 1
E E = Incoded
L | I = |_DPC coded
1
107} SN - L
- 1 1 1
[ 1 1 1
i | . |
1 1 1
- : . 1
B 10%f oo A : i U
[a1] L 1 1 1
L 1 1 I
[ 1 1 1
- | | N
- | | N
0% oo . O L___fﬁx____z
: | | | N
: 1 1 1 \'
. | | | !
. 1 1 1
1 1 1
1 1 1
10—4 ! ! !
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Figure 5.7: BER vs. SNR comparison of the uncoded and LDPC coded FRFT MM SE receiver

SNR (dB)

for a2x 2system in Rayleigh fading
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Figure 5.8: BER vs. SNR comparison of the uncoded and LDPC coded FRFT MM SE receiver
for adx 4 system in Rayleigh fading
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Figure 5.9: BER vs. SNR comparison of the uncoded and LDPC coded FRFT MM SE receiver
for a2x 2system in Rician fading with K-factor=10dB
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Figure 5.10: BER vs. SNR comparison of the uncoded and LDPC coded FRFT MM SE receiver
for adx4system in Rician fading with K-factor=10dB

Table 5.1: SNR improvement of LDPC coded system over the uncoded system for a BER of 102

in Rayleigh fading
No. of antennas | Uncoded | LDPC coded | SNR Advantage (dB)
Nt=Ngr=2 17.27 11.8 5.47
Nt=Nr=4 14.69 10 4.69

Table 5.2: SNR improvement of LDPC coded system over the uncoded system for a BER of 1072

in Rician fading with aK-factor of 10

No. of antennas | Uncoded | LDPC coded | SNR Advantage (dB)
Nt=Ng=2 15.7 9.5 6.2
Nt=Ngr=4 13.8 9.4 44
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5.6 Conclusions

In this chapter, the FRFT MMSE receiver proposed in chapter 3 was considered in the
presence of LDPC coding. Tables 5.1 and 5.2 show the improvement of the BER of FRFT
MMSE with LDPC coding as compared to the uncoded case. The coded system gives a
marked SNR improvement over the uncoded system and in systems where lower BER is
required channel coding can be used with the proposed receiver to achieve the desired

result.
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Chapter 6
Conclusions and Future Scope

With the rapid advancement in wireless communications, there is a demand for higher data rates
to support high speed services such as high definition mobile TV, 3-D television etc. Therefore,
one of the most important goals of next generation systems is to design techniques for achieving
higher data rate. MIMO is seen as the solution to the demand for higher data rates due to its
capability to provide increased data rate without imposing any bandwidth penalty. One of the
factors which influences data rate is the number of errors in the transmission. If a receiver
achieves lower BER for the same value of received SNR, it leads to an increase in the capacity of
a wireless system. In this work, a fractiona MMSE receiver is proposed for multiple antenna
systems which gives an improved error rate performance as compared to the existing time and
frequency domain receivers without much increase in the computational complexity. In section
6.1, the proposed objectives are reviewed and the work done towards the achievement of each
objective is addressed. In section 6.2, several topics are listed which might be of interest for

future research.

6.1 Conclusions

Objective 1. To study some of the existing reception schemes for MIMO systems.

The existing MIMO receivers whose performance is reviewed are: ZF, MMSE, VBLAST and
ML. The fading channels in which the performance of these receivers is smulated are taken to
be both correlated and uncorrelated. Two different fading channels are considered, i.e. Rayleigh
and Rician fading. The results obtained for observing the error performance of these receivers
are in the form of BER vs. SNR, BER vs. K-factor (for Rician fading) and BER vs. correlation
coefficient (r). It is seen that both VBLAST and ML receivers have a superior error performance
as compared to ZF and MM SE receivers. To give the complete picture, a complexity analysis of
al the receivers is done which shows that both the VBLAST and ML receivers are more
computationaly complex than ZF and MMSE. Also, the complexity of the ML receiver
increases considerably with increase in the modulation constellation. It is also observed that

although MM SE has a better error performance than the ZF receiver, both the receivers have the
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same complexity. Therefore, the MMSE receiver is selected as optimum based on its linear

nature, low complexity and good error performance. Below, Table 6.1 shows the comparison of

computational complexity of various receiversin terms of equivalent ADDS/s.

Table 6.1: Comparison of Complexity (Eq. ADDs/s) for various MIMO receivers

N7=Ng=N ZF MM SE VBLAST ML
2 1.74x10’ 1.74x10’ 35x10° 1.91x10’
4 7.001x10’ 7.001x10’ 1.404x10° 1.535x10°
8 2.809x10° 2.809x10° 5.626x10° 4.915x10°

Objective 2: To propose an improved reception scheme for MIMO systems.

Under this objective, an improved reception scheme is proposed for multiple antenna systems.
This improved reception is based on fractiona domain filtering process where the filtering is
done in the optimum fractional domain rather than time or frequency domains. First, an
improved receive diversity technique is proposed for single input multiple output systems. In this
improved diversity scheme, the performance of optimum combining (which is based on Wiener
filtering) is enhanced by fractional domain filtering. Filtering in optimum fractional domain
enables the effective removal of noise and distortion due to signal compactness in the optimum
domain which is not possible in conventional time and frequency domains. It is seen that the
fractional optimum combiner gives lower BER than time and frequency domain optimum
combiners. Table 6.2 shows the SNR advantage achieved by the fractional optimum combiner
over the other two combiners.

Table 6.2: SNR improvement of FOC over the time and freq. domain OCs for a BER of 102

At aBER of 10 SNR improvement of optimum domain
combiner over
N, Ng . . . . .
time domain combiner freq. domain combiner
1,2 7.2dB 2.4dB
14 7.5dB 3.4dB
18 7.3dB 4.3dB

The improved Wiener filtering is then extended for MIMO systems. As the MMSE recelver is
based on Wiener filtering, the proposed fractiona domain Wiener filtering based receiver is
basically a fractional domain MM SE receiver. The results show that the BER of the proposed
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receiver is lower than the time and frequency domain MM SE receivers. Table 6.3 presents the
SNR improvement achieved by the proposed receiver over the other two receivers.
Table 6.3: SNR improvement (in dB) of proposed MM SE receiver over the time and frequency
domain MM SE receivers for afixed BER and Nt=Ng=2

At aBER of 107, SNR improvement of optimum domain
MM SE over
Nr, Nr
time domain MM SE freg. domain MM SE
2,2 3.6dB 1.132dB
44 5.87 dB 2.25dB

Objective 3: To analyze the performance of the proposed scheme with LDPC coding.

The fractiond MMSE receiver proposed under the 2™ objective is considered with LDPC
coding. Since LDPC codes are one of the best error correcting codes, their use has the effect of
substantially decreasing the number of transmission errors, i.e. reducing the BER for the same
value of received SNR. It is seen from the results that in a Rayleigh fading channel, the LDPC
coded optimum fractional domain MMSE receiver gives a coding gain of 5.47 dB for2x2and
4.69dB for 4x4MIMO system. Therefore, when the BER achieved by the proposed MMSE
receiver needs to be reduced further, LDPC codes offer a smart solution with an excellent error

performance but alow decoding complexity.

Objective 4: To analyze the effect of channel correlation on the performance of the proposed
receiver.

The literature revedls that the multipath wireless channel is capable of enormous capacities,
provided that the rich scattering is properly exploited with the use of independent multiple
antennas. However, this is not always practicaly possible due to the size of wireless devices
becoming smaller by the day. Minimum distance between the adjacent antennas for them to be

independent is approximately 0.38\. Therefore, insufficient distance (d < 0.38)) between antenna

elements causes spatial correlation which degrades the capacity of the wireless system. In this
thesis, we model the spatia correlation by using a single coefficient correlation model which
considers equal correlation at the transmitter and receiver. The effect of spatia correlation on the
performance of time, frequency and optimum domain MM SE receivers is considered for MIMO
systems. The results are presented in the form of BER vs. SNR and BER vs. correlation
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coefficient. It is seen that for values of spatial correlation up to 0.6, the optimum domain receiver
has a lower BER than the other two receivers. When the spatial correlation is greater than 0.6,
the BER of all the three receivers degrades severely. Table 6.4 shows the comparison of BER of
proposed MMSE receiver with the other two receivers for different correlation coefficients and
SNR=10dB and 20dB.

Table 6.4: Comparison of BER of proposed receiver with the time and frequency domain

receivers for different correlation coefficients at afixed SNR

Nt=Ngr=2 Nt=Ngr=4
Spatial Correlation Time Freq Optimum Time Freq Optimum
/ SNR domain domain domain domain domain | domain
0.2/10dB 0.1069 0.07252 0.05633 0.1174 0.07011 | 0.04511
0.5/10dB 0.1503 0.1009 0.07952 0.1754 0.1219 | 0.09245
0.8/10dB 0.2069 0.1553 0.1388 0.2451 0.2054 0.1829
0.2/20dB 0.0133 0.0072 0.00519 0.0137 0.0055 0.0034
0.5/20dB 0.02312 0.01043 0.0079 0.04364 0.01623 0.0089
0.8/20dB 0.05883 0.02571 0.01805 0.137 0.08256 | 0.06686

It is adso practical to assume that spatial correlation might be present at one end of the
communication system only. This happens when one end of the communication system is large
enough for incorporating multiple antennas while the other end is not. In that case, the system is
subject to transmit/receive correlation only. Error performance of the three receivers has also

been considered in transmit/receive correlation.

6.2 Future Scope

In this dissertation, a reception technique for multi antenna systems is proposed which is based
on Wiener filtering of the received signal in optimum domain using fractional Fourier transform.
It is seen that the proposed receiver outperforms the existing time and frequency domain
receivers in terms of error rate performance. However, to find the optimum domain, an iterative

approach is used where the MSE is calculated over closely spaced discrete values of ‘&' €(—17).

Once the optimum domain is calcul ated, the iterations do no need to be performed again until the
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statistics of signal and noise change. However, if the optimum domain can be calculated
anaytically without having to perform the iterations, it would make the receiver more suitable
for real time applications. Therefore, finding a method for directly calculating the optimum
domainis still an open areafor further research.

Furthermore, very little work has been done on the hardware implementation of optimum domain
filtering using FRFT. Therefore, the error rate measurements should be performed with
experimental setup of MIMO systems and compared with the simulation results.

In this thesis, all analysis has been performed in frequency flat channels. The analysis can be
extended for frequency selective channels.
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