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Abstract

To the best of our knowledge, only the existing method [56] is proposed in
the literature for solving time minimizing transportation problems in fuzzy envi-
ronment and no method is proposed in the literature for solving bi-objective ware-
house selection problems in fuzzy environment as well as fully fuzzy multi-objective
transportation problems (multi-objective transportation problems in which each pa-
rameter as well as each decision variable is represented by a fuzzy number). In this
thesis, to resolve the shortcomings of existing method [56], a new method is proposed
for solving time minimizing transportation problems in fuzzy environment and new
methods are proposed for solving bi-objective warehouse selection problems in fuzzy
environment and fully fuzzy multi-objective transportation problems.

The chapter wise summary of the thesis is as follows:

Chapter 1

It is introductory in nature. It briefly reviews the earlier work done in the ar-
eas of warehouse selection problems, time minimizing transportation problems and
multi-objective transportation problems in fuzzy environment.

Chapter 2

Dinagar and Palanivel [56] claimed that there is no method in the literature for

solving time minimizing transportation problems in fuzzy environment and proposed

il
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a method to solve fuzzy time minimizing transportation problems by modifying an
existing method for solving time minimizing transportation problems in crisp en-
vironment. Keeping this in view, in this chapter, bi-objective warehouse selection
problems in fuzzy environment have been considered. The two objectives are to
minimize the total fuzzy cost and fuzzy time of meeting the requirements of all the
ration shops from their assigned warehouses at the selected sites. An iterative al-
gorithm using ranking function is developed to find the set of efficient solutions of
these problems in fuzzy environment.
Chapter 3

In this chapter, the shortcomings of the existing method [56] are pointed out
and a new method is proposed to resolve these shortcomings. Also, an alternative
method is proposed for solving warehouse selection problems in fuzzy environment
and it is shown that it is much easy to apply the proposed method in this chapter
as compared to the method proposed in the previous chapter.
Chapter 4

In this chapter, shortcomings of existing formulation of time minimizing trans-
portation problems in fuzzy environment are pointed out and to resolve these short-
comings, a new formulation is proposed. Also, with the help of proposed formulation
and the existing method [99], a new method is proposed for solving time minimizing
transportation problems in fuzzy environment.
Chapter 5

Gupta et al. [68] pointed out that there is no method in the literature for
solving fully fuzzy multi-objective transportation problems and proposed a method

for its solution. In this chapter, the limitations of this method are pointed out and



to overcome these limitations, a new method is proposed by modifying the existing
method. The advantages of the proposed method over the existing method are dis-
cussed. To illustrate the proposed method some numerical examples are solved.
Chapter 6

There are several methods in the literature for solving transportation problems
where the parameters are fuzzy numbers. Chiang [44] pointed out that it is better
to represent the parameters as level (A, p) interval-valued triangular fuzzy numbers
instead of fuzzy numbers and proposed a method to find the optimal solution of sin-
gle objective transportation problems by representing the availability and demand
as level (), p) interval-valued triangular fuzzy numbers. In this chapter, the limi-
tations of this existing method are pointed out and to overcome these limitations
a new method is proposed. To illustrate the proposed method numerical examples
are solved. The advantages of the proposed method over the existing method are
also discussed.
Chapter 7

This chapter concludes the work herein. Utility and possible future extensions

of the work are indicated.
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Chapter 1

INTRODUCTION

Decision making is the process of identifying and choosing alternatives based
on the values and preferences of the decision maker. Decision making based solely
on a single criterion appears insufficient as soon as the decision-making process
deals with complex organizational environment. It is difficult, if not impossible,
to summarize the complexity of opinions, the motivations and the goals found in
organizations in a single objective. Thus, the need to satisfy several criteria which
often are non-commensurable and are at least partially contradictory led to the de-
velopment of multi-criteria decision making. Optimization is a kind of the decision
making, or more specifically, as one of the major quantitative tools in the machin-
ery of decision making, in which decisions have to be taken to optimize one or more
objectives under some prescribed set of circumstances [145].

In multi-objective optimization problems, objectives are usually non commen-
surable and cannot be combined into single-objective. Moreover, the objectives often
conflict with each other in that any improvement in one objective function can be
achieved only at the expense of other. Accordingly, the aim is to find the compro-
mise or satisficing solution of the decision maker which is also Pareto optimal based

on his/her subjective value judgement [42, 147, 163]. However, when formulating



the single and multi-objective programming problem which closely describes and
represents the real decision situation, various factors of the real system should be
reflected in the description of the objective functions and constraints. Naturally,
these objective functions and constraints involve many parameters whose possible
values may be assigned by the experts. In the conventional approach, such parame-
ters are fixed at some values in an experimental and/or subjective manner through
the expert’s understanding of the nature of the parameters.

In most real-world situations, it may be reasonable to assume that the pos-
sible values of these parameters are often only imprecisely or ambiguously known
to the experts. In this case, it would certainly be more appropriate to interpret
the expert’s understanding of the parameters as fuzzy numerical data which can
be represented by means of fuzzy subsets of the real line known as fuzzy numbers
[58, 161]. The resulting single and multi-objective programming problems involving
fuzzy parameters would be viewed as the more realistic version of the conventional

one [140].

1.1 Literature review

Bellman and Zadeh [17] were the first to consider the application of the fuzzy
set theory in solving optimization problems. Zimmermann [165, 166] applied the
fuzzy set theory to the linear programming and multi-criteria decision making prob-
lems. Leberling [102] presented an application of fuzzy approaches to the linear

vector maximum problems. He used hyperbolic membership function for solution



of multi-objective linear programming problems and deduced that the solutions ob-
tained by using the fuzzy min-operator together with linear as well as special non-
linear membership functions (hyperbolic) are always compromise solutions of the
original multi-criteria problem. Oheigeartaigh [121] proposed an algorithm for solv-
ing transportation problems where the availabilities and demands are represented
by triangular fuzzy numbers. Chanas et al. [39] pointed out that there are grievous
errors in the study of Oheigeartaigh [121] and observed that the final solution ad-
mitted to be optimal is inferior to the intial solution. They presented a fuzzy linear
programming model for fuzzy transportation problems with crisp cost coefficients
and fuzzy supply and demand values and used parametric programming for its so-
lution.

Ringuest and Rinks [133] developed two interactive algorithms for multi-objective
transportation problems and solved two numerical examples to illustrate these al-
gorithms and to demonstrate their viability. The first algorithm proceeds from one
efficient extreme point to the next along the edges of the feasible decision variable
space. The search is continued until a satisfactory solution is obtained. However
second algorithm proceeds by optimizing a function which passes through the [ cur-
rently most preferred nondominated solutions. This procedure is repeated iteratively
until a nondominated solution is repeated or an inferior solution results. Thus, the
algorithm is allowed to move back and forth across the objective function space.

Bit et al. [30] applied fuzzy linear programming technique to solve linear
multi-objective transportation problems with K objectives. The fuzzy program-
ming method gives K non dominated solutions and an optimal compromise solution

in contrast to more than K non dominated and dominated solutions provided by



the interactive algorithms [133]. Bit et al. [31] extended fuzzy linear programming
technique to solve linear multi-objective solid transportation problems. Bit et al.
[32] proposed an additive fuzzy programming model for multi-objective transporta-
tion problems in which weights and priorities for nonequivalent objectives were also
incorporated. This model gives a non dominated solution which is nearer to the best
compromise solution. They pointed out that the algorithms proposed by Ringuest
and Rinks [133] and Bit et al. [30] are not applicable to those multi-objective trans-
portation problems where the relative importance or priority of the objectives are
given.

Gen et al. [66] proposed a genetic algorithm for the solution of bi-criteria solid
transportation problems with fuzzy numbers and pointed out that this algorithm
can be adapted to solve non-linear multi-objective solid transportation problems.
Chanas and Kuchta [40] proposed the concept of the optimal solution of the trans-
portation problem with fuzzy coefficients expressed as interval fuzzy numbers and
developed an algorithm for the same. Tzeng et al. [153] studied the real life problem
of coal allocation planning of Taipower, the official electricity authorithy of Taiwan
and formulated the problem as a fuzzy bi-criteria multi-index transportation prob-
lem. Li et al. [106] improved the genetic algorithm to solve the multi-objective
solid transportation problems with fuzzy numbers. Verma et al. [156] used fuzzy
programming technique to solve multi-objective transportation problems with hy-
berbolic and exponential membership functions and obtained optimal compromise
solution. An algorithm is designed by Chanas and Kuchta [41] for solving the integer
fuzzy transportation problem with fuzzy supply and demand values in the sense of

maximizing the joint satisfaction of the fuzzy goal and constraints and it is pointed



out that there is no need to solve any parametric problem. Moreover, fuzzy numbers
defining the problem need not be trapezoidal fuzzy numbers and they can differ from
each other and be of any type.

Hussien [73] studied the complete set of a-possibly efficient solutions of multi-
objective transportation problems with possibilistic coefficients of the objective func-
tions. Jimenez and Verdegay [82] used the technique of parametric programming to
obtain fuzzy solutions of the fuzzy problem of uncertain solid transportation prob-
lems. Teng and Tzeng [152] proposed the fuzzy multi-objective programming for
the problem of transportation investment project selection. Das et al. [47] proposed
a solution procedure of the interval multi-objective transportation problems, where
the co-efficients of the objective functions, source and destination parameters have
been considered as interval. Three different type of transportation problems were
solved to illustrate the solution methodology. The real life problem of cement trans-
portation planning of Taiwan has been considered by Shih [144] and three types of
fuzzy linear programming models are used to determine the optimal transportation
amount and the capacity of new facilities.

Avineri et al. [11] provided a methodology for the selection and ranking of
transportation projects using fuzzy sets theory. A comparative study of the results
of the proposed method, obtained by a fuzzy expert system and the results ob-
tained by an ordinary crisp process was carried out. Kikuchi [91] represented all
the parameters of transportation problem by triangular fuzzy numbers and used the
fuzzy linear programming approach to find the set of values such that the smallest
membership grade among them is maximized. Li and Lai [107] presented a fuzzy

compromise programming approach to multi-objective transportation problems. A



characteristic feature of the proposed approach is that the various objectives are
synthetically considered with the marginal evaluation for individual objectives and
the global evaluation for all objectives and a compromise programming model is
formulated.

Sakawa et al. [137] dealt with actual problems on production and work force
assignment of a housing material manufacturer. Abd El-Wahed [1] presented a fuzzy
programming approach to determine the optimal compromise solution of multi-
objective transportation problems. This study showed that the fuzzy approach
outperforms the interactive procedure as the number of objectives and constraints
increases. Ahlatcioglu et al. [3] proposed a method which solves the transporta-
tion problem where the demands and supplies are bounded lower and upper tri-
angular fuzzy numbers. Sakawa et al. [139] described the decentralized two-level
transportation problem of a housing material manufacturer with Interactive fuzzy
programming approach. They took into account not only the degree of satisfaction
of housing material manufacturer but also of two of its forwarding agents. Liu [110]
developed a method to calculate the lower and upper bounds of total transporta-
tion cost when the supply and demand quantities are varying. Liu and Kao [112]
developed a procedure to derive the fuzzy objective value of the fuzzy transporta-
tion problem where the cost coefficients, supply and demand quantities were fuzzy
numbers. Their idea was based on the extension principle. A pair of mathematical
programs is formulated to calculate the lower and upper bounds of the fuzzy total
transportation cost at possibility level «.

Ammar and Youness [7] investigated the efficient solutions and stability of

multi-objective transportation problem with fuzzy cost coefficient, fuzzy supply and



fuzzy demand. They introduced the concept of a-fuzzy efficient and a-parametric
efficient solutions. Chiang [44] pointed out that it is better to use interval-valued
fuzzy numbers instead of normal fuzzy numbers and proposed a method to find
the optimal solution of single objective transportation problems with demand and
availability as interval-valued fuzzy numbers. Jana and Roy [79] developed a so-
lution procedure of multi-objective fuzzy linear programming problems with mixed
constraints and the method is further applied to a linear multi-objective solid trans-
portation problems. Gani and Razak [61] used a parametric approach to obtain
fuzzy solution of two stage cost minimizing fuzzy transportation problems in which
supplies and demands are trapezoidal fuzzy numbers. Gani and Razak [62] presented
fuzziness in preemptive goal programming formulation of multi-objective unbalanced
transportation problems with budgetary constraints in which demand and budget
are specified imprecisely. Abd El-Wahed and Lee [2] proposed an interactive fuzzy
goal programming approach to determine the preferred compromise solution for the
multi-objective transportation problem. The proposed approach considers the im-
precise nature of the input data by implementing the minimum operator and also
assumes that each objective function has a fuzzy goal. The approach focuses on
minimizing the worst upper bound to obtain an efficient solution which is close to
the best lower bound of each objective function. The solution procedure controls
the search direction via updating both the membership values and the aspiration
levels.

Gupta and Mehlawat [69] studied a real life problem of selecting a new type



of coal for a steel manufacturing company in India. They used level (), p) interval-
valued fuzzy numbers and developed an algorithm to find the non-dominated solu-
tions. Zangiabadi and Maleki [162] presented a fuzzy goal programming approach
to determine an optimal compromise solution for the multi-objective transportation
problem by assuming that each objective function has a fuzzy goal. They showed
that their proposed method and the fuzzy programming method are equivalent. Li
et al. [105] described a new method based on fuzzy goal programming for solving
transportation problems with fuzzy costs. Maleki and Khodaparasti [119] applied
fuzzy goal programming approach to solve non-linear multi-objective transporta-
tion problems. Pramanik and Roy [128] presented a priority based fuzzy goal pro-
gramming approach for solving a multi-objective transportation problem with fuzzy
coefficients. Jana and Roy [81] presented the solution procedure of fuzzy linear pro-
gramming problems with fuzzy variables and further applied it to fuzzy capacitated
transportation problems. Chakraborty and Chakraborty [36] considered bi-criteria
transportation problem with fuzzy parameters. Fuzzy parametric programming was
used to handle impreciseness and the resulting bi-criteria problem was solved by
prioritized goal programming approach. To illustrate the methodology, a real life
case study was made with inputs from Jharia coalfield in India.

Lohgaonkar and Bajaj [113] used fuzzy programming technique to find the
optimal compromise solution of a multi-objective capacitated transportation prob-
lems with linear and non-linear membership function (hyperbolic, exponential). Lo-
hgaonkar et al. [114] used fuzzy goal programming approach to unbalanced trans-
portation problems with additive multiple fuzzy goals where the goals are considered

to be of equal importance. Sudhakar and Kumar [148] proposed a zero suffix method



to solve multi-objective two stage fuzzy transportation problems. Ammar and Kozae
[6] used parametric programming in vector fuzzy transportation problems with fuzzy
data. Dinagar and Palanivel [56] pointed out that there is no method in literature
to solve fuzzy time minimizing transportation problems and proposed a method
for the same. Kocken and Ahlatcioglu [96] presented a compensatory approach to
solve multi-objective linear transportation problems with fuzzy cost coefficients by
using Werner’s fi,,4 operator which is useful in computational efficiency and always
generates Pareto optimal solutions. Jaikumar et al. [78] proposed a new algorithm
for solving transportation problems and called it Modified Next to Next Minimum
Penalty Method and suggested that their new algorithm is more efficient than Mod-
ified Vogel’s Approximation Method [142].

Although several authors have tried to develop new methods for solving ware-
house selection problems in crisp environment; but to the best of our knowledge,
there is no method in the literature to solve warehouse selection problems in fuzzy
environment. Ignizio and Cavalier [75] formulated and solved the problem of select-
ing upto a fixed number of sites from among a given number of potential sites for
locating warehouses at them and clustering customers to the selected sites in such a
way that each customer is assigned to unique selected site. The problem has a single
objective to minimize the sum of distances from each customer to his/her assigned
site. Praveena et al. [129] extended this problem to bi-objective warehouse selec-
tion problem. The two objectives are to minimize the total cost and the duration
of meeting requirements of all the ration shops from their assigned warehouses to
the selected sites. The problem is solved using a heuristic algorithm consisting of a

combination of add and drop rules. Prakash et al. [124] solved the same problem



10

using heuristic algorithm incorporating tabu search and obtained efficient solutions.
Also, it is shown that incorporation of tabu search results into increasing the num-
ber of efficient solutions than those obtained earlier without its incorporation, thus
leading to better results. A discussion about efficient solutions can be found in
(75, 124, 147].

After reviewing the literature, it can be concluded that there is no method
in the literature for solving warehouse selection problems in fuzzy environment and
there are some shortcomings and limitations in the existing methods for solving
transportation problems in fuzzy environment. In this thesis, new methods for solv-
ing warehouse selection problems in fuzzy environment, time minimizing transporta-
tion problems in fuzzy environment and multi-objective transportation problems in
fuzzy environment are proposed to overcome the limitations and shortcomings of

the existing methods.

1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:
Chapter 2

Dinagar and Palanivel [56] claimed that there is no method in the literature for
solving time minimizing transportation problems in fuzzy environment and proposed
a method to solve fuzzy time minimizing transportation problems by modifying an
existing method for solving time minimizing transportation problems in crisp en-
vironment. Keeping this in view, in this chapter, bi-objective warehouse selection
problems in fuzzy environment have been considered. The two objectives are to

minimize the total fuzzy cost and fuzzy time of meeting the requirements of all the
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ration shops from their assigned warehouses at the selected sites. An iterative al-
gorithm using ranking function is developed to find the set of efficient solutions of
these problems in fuzzy environment.
Chapter 3

In this chapter, the shortcomings of the existing method [56] are pointed out
and a new method is proposed to resolve these shortcomings. Also, an alternative
method is proposed for solving warehouse selection problems in fuzzy environment
and it is shown that it is much easy to apply the proposed method in this chapter
as compared to the method proposed in previous chapter.
Chapter 4

In this chapter, shortcomings of existing formulation of time minimizing trans-
portation problems in fuzzy environment are pointed out and to resolve these short-
comings, a new formulation is proposed. Also, with the help of proposed formulation
and the existing method [99], a new method is proposed for solving time minimizing
transportation problems in fuzzy environment.
Chapter 5

Gupta et al. [68] pointed out that there is no method in the literature for
solving fully fuzzy multi-objective transportation problems and proposed a method
for its solution. In this chapter, the limitations of this method are pointed out and
to overcome these limitations, a new method is proposed by modifying the existing
method. The advantages of the proposed method over the existing method are dis-
cussed. To illustrate the proposed method some numerical examples are solved.

Chapter 6

There are several methods in the literature for solving transportation problems
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where the parameters are fuzzy numbers. Chiang [44] pointed out that it is better
to represent the parameters as level (A, p) interval-valued triangular fuzzy numbers
instead of fuzzy numbers and proposed a method to find the optimal solution of sin-
gle objective transportation problems by representing the availability and demand
as level (), p) interval-valued triangular fuzzy numbers. In this chapter, the limi-
tations of this existing method are pointed out and to overcome these limitations
a new method is proposed. To illustrate the proposed method numerical examples
are solved. The advantages of the proposed method over the existing method are
also discussed.
Chapter 7

This chapter concludes the work herein. Utility and possible future extensions

of the work are indicated.



Chapter 2

OpTiMAL WAY ToO SELECT
WAREHOUSE SITES FOR CLUSTERING
RAatioN SHOPS IN Fuzzy
ENVIRONMENT

Dinagar and Palanivel [56] claimed that there is no method in the literature
for solving time minimizing transportation (TMT) problems in fuzzy environment
and proposed a method to solve fuzzy TMT problems by modifying an existing
method for solving TMT problems in crisp environment. Keeping this in view, in
this chapter, bi-objective warehouse selection problems with two objectives in fuzzy
environment have been considered. The two objectives are to minimize the total
fuzzy cost and fuzzy time of meeting the requirements of all the ration shops from
their assigned warehouses at the selected sites. An iterative algorithm using ranking
function is developed to find the set of efficient solutions of these problems in fuzzy

environment.

The work presented in this chapter is published in the Iranian Journal of Fuzzy Systems 9
(2012) 1-19 (Impact factor: 0.592).

13
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2.1 Preliminaries

In this section, some basic definitions and arithmetic operations of trapezoidal

fuzzy numbers are presented.

2.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 2.1 [86] Let X be a classical set of objects. Then, the set of ordered
pairs A = {(z,pz(x)) : @ € X} is called a fuzzy set in X where pz: X — [0;1] is
called the membership function.
Definition 2.2 [86] Let A be a fuzzy set in X and A € [0,1] be a real number.
Then, the classical set A* = {z € X : pz(z) > A} is called A\-level set or A-cut of A
Definition 2.3 [86] A fuzzy set A = {(z, pi(x)) @ € X} is said to be normalized
fuzzy set if and only if Supremum{pz(z):V 2z e X} =1.
Definition 2.4 [86] A fuzzy set A is called a convex fuzzy set if and only if
pilaxy + (1 — a)zy) > Minimum{pz(z1), pi(e2)}, V 21,20 € X and a € [0, 1].
Definition 2.5 [86] A convex normalized fuzzy set A = {(z, pi(z)) : x € R} onreal
line R is called a fuzzy number if and only if i ;(z) is piecewise continuous in R.
Definition 2.6 [36] A fuzzy number A defined on the universal set of real numbers R
denoted as A = (a,b,c,d) is said to be a trapezoidal fuzzy number if its membership
function p () is given by
(=22), a<z<b

b
1, b<z<e
(=), c<x<d

, otherwise
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Definition 2.7 [86] Let A= (a,b,c,d) be a trapezoidal fuzzy number. Then, its

A-cut A* is defined as follows:
AM=Tla+(b—a)\d—(d—c))], 0 <A< 1.

Definition 2.8 [109] A ranking function R : F(R) — R, where F'(R) set of fuzzy
numbers defined on set of real numbers, maps each fuzzy number into a real number,
where a natural order exists.

Let A = (ay,b1,¢1,dy) and B = (a9, by, ca,dy) be two trapezoidal fuzzy num-

bers. Then,
(i) A < B if and only if R(A) < R(B)
(ii) A < B if and only if R(A) < R(B)
(ili) A~ B if and only if R(A) = R(B)

e b d = b d
Vvhere7 A= W and B = (ag+ 2102+ 2).

Definition 2.9 [56] A trapezoidal fuzzy number A = (a,b, ¢, d) is said to be zero
trapezoidal fuzzy number if and only if R(A) = 0.

Definition 2.10 [56] A trapezoidal fuzzy number A = (a,b, ¢, d) is said to be non-
negative trapezoidal fuzzy number if and only if %(AV) > 0.

Definition 2.11 [56] A trapezoidal fuzzy number A= (a, b, c,d) is said to be positive

trapezoidal fuzzy number if and only if £(A) > 0.
2.1.2 Arithmetic operations

In this section, some arithmetic operations between two trapezoidal fuzzy num-

bers defined on the universal set of real numbers R are presented.
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Let A; = (ay,b1,c1,dy) and Ay = (ag, by, c2,dy) be two trapezoidal fuzzy num-

bers. Then,
(1) A/l @ ;{2 = (al + asg, bl + an C1 + Co, dl + dQ)
(ii) A6 A= (a1 —da, by — 2,61 — ba, dy — ag)

(ili) A} ® Ay ~ (a,b,c,d)

where

a = Minimum {ajas, a1dy, asdy, dids}, b = Minimum {b1bs, bica, c1ba, c1o},
¢ = Maximum {b1by, bica, c1be, c1¢0}, d = Maximum {ajas, aidy, asdy, dids}

(IV) ’}/A o (7a17751776177d1)7 Y Z 0
L=
(ydy,yer,vbi,var), v <0

Remark 2.1 Let {a; : ¢ = 1,2,...,n} be a set of trapezoidal fuzzy numbers. If
R(ar) < R(a;), Vi then, the fuzzy number ay is the Minimum{a; : i =1,2,...,n}
and if R(ay) > R(a;), ¥V i then, the fuzzy number a is the Mazimum{a; : i =

1,2,...,n}.

2.2 Mathematical formulation and tabular repre-
sentation of balanced time minimizing trans-
portation problem in crisp environment

In TMT problems, the time of transporting a homogenous product from cer-
tain sources to various destinations is minimized. For example, during wars, it is
required to transport armaments in the shortest possible time. Time minimization
is desirable during transportation of perishable goods. The basic difference between
cost minimizing transportation problems and TMT problems is that the cost of

transportation changes with variation in the quantity of product, but the time is



17

independent of quantity of the product transported. This was first studied by Ham-
mer [71, 72]. The objective of TMT problems is to minimize the maximum time of
transporting the product from certain sources to various destinations.

Suppose that there are p sources say S, 5s,...,S, and ¢ destinations say Dy,
Dy, ...,D,. Let a; be the availability at " source S;, b; be the demand at j™"

h

destination D;, x;; be the units of the product transported from i source to j

h

destination and ¢;; be the time of transporting the product from ** source to j™"

p
destination irrespective of the units of the product to be transported, > a; be the
i=1

total availability and Zq:l b; be the total demand of the product. Then, a balanced
=
TMT problem can be formulated into mathematical programming problem (Ps )
and can be represented by Table 2.1.
The objective function which is sought to be minimized is

T = Mazimum{t;; :z;; >0; i=1,2,....p; j=1,2,...,q}

subject to

a
i = a, i=1,2,...,p
i=1

p

Zl’ij:bj, j:1,2,...,q (PQ.I)
z—pl .

doa;= b

i=1 j=1

Table 2.1: Tabular representation of crisp TMT problem

Destinations— | Dy | --- | D; | --- | Dy Availability
Sources]
Sl tll . tlj . th = a1
Si til e tlj . t’iq = a;
Sp tpr | | tpi | | g - = apq
Demand =by |- | =bj |- | =bg | Dai= ) b
i=1 j=1
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p q
Remark 2.2 If " a;, = > b;, then (P»;) is said to be balanced. Otherwise, it is
i=1 j=1

sald to be unbalanced.

2.2.1 Feasible and optimal solutions of time minimizing trans-
portation problem in crisp environment

In this section, the definitions of feasible and optimal solutions of TMT prob-
lem in crisp environment are presented.
Definition 2.12 [143] Any set of non-negative allocations {z;;} which satisfies the
constraints of the problem (P, ;) is said to be a feasible solution.
Definition 2.13 [143] A feasible solution of the problem (P;) is called a basic
feasible solution if the number of non negative allocations are at the most p+ ¢ — 1.
Definition 2.14 [143] A basic feasible solution of the problem (Px ;) which optimizes

the objective function is called optimal basic feasible solution.

2.2.2 Existing method for solving time minimizing trans-
portation problem in crisp environment

Using the existing method [143], based on tabular representation, the optimal
solution of TMT problem in crisp environment can be obtained by using the following

steps:

Step 1 Examine that the chosen problem is balanced or not.

Case (i) If the problem is balanced, then Go to Step 2.

P a p
Case (ii) If the problem is not balanced, then check that > a; < > b; or > a; >
i=1 j=1 i=1

q
> b
j=1

p q
Case (a) If > a; < > bj, then add a dummy source S,; with availability
i=1 j=1

q p
apt1 =y b; — > a; and assume that t(,41); =0, Vj=1,2,...,4q.
j=1 =1

1=
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p q
Case (b) If > a; > > b;, then add a dummy destination D,;; with demand
=1 =1
p q
bgt1 = > a; — > b;j and assume that t;,41) =0, Vi=1,2,... p.
i=1 j=1

Step 2 Find an initial basic feasible solution by using any of classical transportation
methods, say North-West corner rule whose detailed procedure is given below.
Start with the North West corner of Table 2.1 and consider the cell (1,1). In
this cell a; and b; are the availability and demand respectively. Check that

a; > by or ap < by or a; =b

Case (i) If a; > by, then, assign x1; = by in the cell (1,1). Move horizontally to
cell (1,2) in next column. Decrease a; by by until the availability of the

first source is exhausted. Cross out the first column.

Case (ii) If a; < by, then, assign x1; = a; in the cell (1,1). Move vertically below
to cell (2,1) in next row. Decrease b; by a; until the demand of this

destination is satisfied. Cross out the first row.

Case (iii) If a; = by, then, assign a; or by to x1; in the cell (1, 1) and move diagonally
to the cell (2,2) determined by the next column of the next row.

Proceed the process until the South-East corner of the table is reached.

Step 3 Compute T' = Mazimum{t;; 1 x;; >0; i=1,2,...,p; j=1,2,...,q} for the
current basic feasible solution and cross out all the non-basic cells for which

tiy; >T.

Step 4 Construct a closed loop for the basic cells corresponding to 7' in such a way
that when the values at cells are shifted around, the value at the cell containing

T tends towards (not-necessarily) zero and no variable becomes negative. If
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no such closed path is possible, the solution under test is optimal basic feasible

solution, otherwise Go to Step 2.

2.3 Mathematical formulation and tabular repre-
sentation of balanced time minimizing trans-
portation problem in fuzzy environment

Dinagar and Palanivel [56] obtained the mathematical formulation (P,5) and
tabular representation (Table 2.2) of TMT problems in fuzzy environment by re-
placing all the parameters ¢;;, z;;, a; and b; of problem (P 1) and Table 2.1 by fuzzy
parameters %Vij, Zi;,a; and Ej respectively.

The objective function which is sought to be minimized is:

T = Ma:cimum{tNij : Z;; is a positive trapezoidal fuzzy number;i = 1,2,...,p; j =
1,2,...,q}
subject to

q o~
Z‘TU% a;, i:1,2,...,p
j=1
p ~ .
> T~ by, J=1L12,...,q (Pa2)
i=1
P q -
> aim Y b
i=1 j=1

T;; is a non-negative trapezoidal fuzzy number.

where,
@; = (as1, iz, a;3, a;4): the fuzzy availability of the product at i source (.S;).

fl;j = (bj1,bj2,bj3,bja): the fuzzy demand of the product at j destination (D;).

h

tNZ-j = (tij1, tijo. tijs, tija): the fuzzy time of transporting the product from " source

(S;) to j™ destination (D).
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Tij = (@ij1, Tijo, Tijs, Tija): fuzzy decision variable representing the quantity of the

product transported from i" source (S;) to j destination (D;).

p
> a;: total fuzzy availability of the product.
i=1

q
> bt total fuzzy demand of the product.
j=1

Table 2.2: Tabular representation of fuzzy TMT problem

Destinations— | Dy | --- D; |- D, Availability
Sources]
S ti e le . t~1q ~a;
Sz %Vzl Ftvi] %qu ~ az
Sp tp1 tpj tpq A ap
— — — P 7
Demand ARby | e | mb | [ Rb | Y air Y b,
i=1 =1

p q
Remark 2.3 If Y @, = > b;, then (Ps5) is said to be balanced. Otherwise, it is
i=1 j=1

said to be unbalanced.

2.3.1 Feasible and optimal solutions of time minimizing trans-
portation problems in fuzzy environment

In this section, the existing definitions of feasible and optimal solutions of
TMT problems in fuzzy environment are presented.
Definition 2.15 [56] Any set of non negative fuzzy allocations {7;;} which satisfies
the constraints of the problem (P,2) is a fuzzy feasible solution.
Definition 2.16 [56] A fuzzy feasible solution of the problem (Ps5) is a fuzzy basic
feasible solution if the number of non negative allocations are at the most p+¢q — 1.
Definition 2.17 [56] A fuzzy basic feasible solution of the problem (P, 3) which

optimizes the objective function is called optimal fuzzy basic feasible solution.
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2.3.2 Existing method for solving time minimizing trans-
portation problems in fuzzy environment
Dinagar and Palanivel [56] claimed that there is no method in the literature for
solving TMT problems in fuzzy environment and proposed a method for the same
with the help of the existing method, presented in Section 2.2.2 for solving TMT
problems in crisp environment.

The steps of the existing method are as follows [56]:
Step 1 Examine that the chosen problem is balanced or not.

Case (i) If the problem is balanced, then Go to Step 2.

p q p
Case (ii) If the problem is not balanced, then check that > a; < > b; or > a; >
=1 =1 =1

q
> ;.
7=1

b;, then add a dummy source S, with fuzzy availabil-

e

N

p
Case (a) If Y a; <
i=1

J

~ p ~
ity ap41 = Y b; © > a; and assume that t;,41); = (0,0,0,0), V j =
i—1

j=1 1=
1,2,...,q, then Go to Step 2.

p q9 ~
Case (b) If > a; > ) bj, then add a dummy destination Dy, with demand
i=1 j=1

~ p 9 ~ ~
bet1 = »_a; © Y b; and assume that t;,41) = (0,0,0,0), Vi =

=1 7j=1
1,2,...,p, then Go to Step 2.
Step 2 Find an initial fuzzy basic feasible solution using any transportation method in
fuzzy environment, say fuzzy North-West corner rule whose detailed procedure

is given below.

Start with the North West corner of Table 2.2 and consider the cell (1,1). In

this cell (a11, a1z, a13,a14) and (byq, b2, b1, b14) are the fuzzy availability and
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fUZZY demand respectively. Check that (CLH, 12,13, CL14) >~ (blla blg, blg, b14) or

(a11,a12,a137a14) < (b11,b12,b13yb14) or (a11,a12,a13, CL14) ~ (511751275137514)-

Case (1) If (Gna 12, 413, a14) ~ (bn; bia, b3, 514)7 then assign 7;; = (511, bi2, b1, b14)
in the cell (1,1). Move horizontally to cell (1,2) in next column. Decrease
(CLH, aig, 13, a14) by (bn, b12, blg, b14), until the fUZZY avallablhty of the

first source is satisfied. Cross out the first column.

Case (ii) If (a11,a12,a13,a14) = (5117512>b13>b14)7 then assign 71, = (a117a127a13>a14)
in the cell (1,1) and move vertically below to cell (2,1) in the next row.
Decrease (b1, b1z, b13, b14) by (a11, aiz, ais, ai4), until the fuzzy demand of

this destination is satisfied. Cross out the first row.

Case (iii) If (a117a12,a13;a14) ~ (bu,b127b137514), then assign (0117a12>a137a14) or
(b11, b12, b1, bg) to x1; in the cell (1,1) and move diagonally to the cell
(2,2) determined by the next column of the next row.

Proceed the process until the South East corner of the table is reached.

Step 3 Find T = Maximum{aj c 2y - 0; 1 =1,2,...,p; j =1,2,...,q} corre-
sponding to the current fuzzy basic feasible solution and cross out all such non

basic cells for which (¢, tko, trs, tka) = T

Step 4 Construct a closed loop for the basic cells corresponding to T in such a way
that when the values at the cells are shifted around, the value of the cell
containing T tends towards (not-necessarily) zero and no variable becomes
negative. If no such closed path is possible, the solution under test is optimal

fuzzy basic feasible solution, otherwise Go to Step 2.
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2.3.3 Illustrative example

Dinagar and Palanivel [56] solved fuzzy TMT problem, chosen in Example 2.1,

to illustrate their proposed method.

Example 2.1 [56] Solve the fuzzy TMT problem represented by Table 2.3 to find

the optimal fuzzy transportation time.

Table 2.3: Tabular representation of numerical problem

Destinations— D; Do Ds Dy a;
Sources|
S, (7,9,11,13) | (=5,—1,1,5) | (14,18,22,26) | (8,11,12,13) | (12,14,16,18)
S (-2,0,2,4) (5,6,7,10) (7,8,9,12) (14,18,22,26) | (22,24,26,28)
Ss (9,11,13,15) | (11,13,15,17) | (13,15,17,19) | (15,17,19,21) (3,4,5,8)
gj (9,11,13,15) (6,7,9,10) (12,14, 16, 18) (7,9,11,13) (37,42,47,54)
(34, 41,49, 56)

Solution: Using the existing method [56], the fuzzy optimal solution of fuzzy TMT

problem, chosen in Example 2.1, can be obtained as follows:

3 4 3 4
Step 1 Y. a; = (37,42,47,54) and > b; = (34,41,49,56), >.@ ~ >.b;. So, the
- j=1 i=1 j=1

=1

problem is balanced.

Step 2 The initial fuzzy basic feasible solution obtained by using fuzzy North-West

corner rule is shown in Table 2.4.

Table 2.4: Initial fuzzy basic feasible solution

Destinations— Dy D, D3 D,
Sources]
S1 (7,9,11,13) (=5,-1,1,5) | (14,18,22,26) | (8,11,12,13)
(9,11,13,15) (—2,2,4,8)

So (—2,0,2,4) (5,6,7,10) (7,8,9,12) (14, 18,22, 26)
(3,4,5,8) (12,14, 16, 18) (3,4,5,8)

Ss (9,11,13,15) | (11,13,15,17) | (13,15,17,19) | (15,17,19,21)
(3,4,5,8)
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Step 3 For the fuzzy basic feasible solution, shown in Table 2.4, T is (14, 18,22, 26).

So, according to Step 3, the cell (1,3) is crossed out. This is shown in Table

2.9.
Table 2.5: Illustrating Step 3
Destinations— Dy D, Ds Dy
Sources)]
Sh (7,9,11,13) | (-5,-1,1,5) +8;22; (8,11,12,13)
(9,11, 13,15) (—2,2,4,8)

S, (—2,0,2,4) (5,6,7,10) (7,8,9,12) | (14,18,22,26)

(3,4,5,8) (12,14, 16,18) (3,4,5,8)

Ss (9,11,13,15) | (11,13,15,17) | (13,15,17,19) | (15,17,19,21)
(3,4,5,8)

Step 4 According to Step 4, a closed loop is formed starting with basic cell (2,4)
containing T. Tt is clear from closed loop that (za41, T242, Tou3, T244) can be

decreased only by (—2,2,4,8), for otherwise (121, X122, 123, 124) Will become

negative.
Table 2.6: Closed loop starting from cell (2,4)
Destinations— Dy Do D3 Dy
Sources]
S, (7,9,11,13) | (=5,—1,1,5) 18,22 (8,11,12,13)
(9,11,13,15) | (—2,2,4,8)
— \
Sy (-2,0,2,4) | (5,6,7,10) (7,8,9,12) | (14,18,22,26)
(3,4,5,8) | (12,14,16,18) |  (3,4,5,8)
T —
Sy (9,11,13,15) | (11,13,15,17) | (13,15,17,19) | (15,17,19,21)
(3,4,5,8)

Step 5 From Table 2.6, the new fuzzy basic feasible solution is obtained and is shown

in Table 2.7.
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Table 2.7: New fuzzy basic feasible solution

Destinations— Dy D, D3 Dy
Sources].
S1 (7,9,11,13) | (-5,-1,1,5) 48,22 (8,11,12,13)
(9,11,13,15) (=2,2,4,8)
Sa (—2,0,2,4) (5,6,7,10) (7,8,9,12) (14, 18,22, 26)

(1,6,9,16) | (12,14,16,18) | (—5,0,3,10)

S (9,11,13,15) | (11,13,15,17) | (13,15,17,19) | (15,17,19,21)

(3,4,5,8)

Step 6 Similarly, proceeding in the same manner, the optimal fuzzy basic feasible
solution is obtained. Table 2.8 provides the optimal fuzzy basic feasible solu-
tion which is x1; = (=19,1,11,27), 214 = (—4,6,12,26), z9; = (—5,0, 3, 10),
xeg = (1,6,9,16), xo3 = (12,14,16,18), x31 = (3,4,5,8) and optimal fuzzy

transportation time is T = (9,11,13,15).

Table 2.8: Optimal fuzzy basic feasible solution

Destinations— Dy Do D3 D,
Sources|
S (7,9,11,13) (=5,-1,1,5) 48;22; (8,11,12,13)
(—19,1,11,27) (—4,6,12,26)
So (—2,0,2,4) (5,6,7,10) (7,8,9,12) 38:22;

(—=5,0,3,10) | (1,6,9,16) | (12,14,16,18)

53 (9’ lla 13’ 15) y T LIy PR R R

(37 4) 57 8)

2.4 Mathematical formulation and tabular repre-
sentation of warehouse selection problem in
crisp environment

The problem of selecting upto a fixed number of sites from among a given

number of potential warehouse sites for clustering a given number of ration shops to
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them in optimal manner is an important real life problem. Prakash et al. [124] pro-
posed a new method for solving warehouse selection problems in crisp environment.
In this section, the mathematical formulation as well as tabular representation of
the same problem is presented.

Suppose that there are M ration shops, N potential warehouse sites and k is
maximum number of sites which can be selected from among the N potential sites
for locating warehouses at them. The M ration shops are to be clustered upto k
sites in such a way that each shop is assigned to unique site which is selected for the
task. There is no restriction on number of ration shops to be clustered to a selected
site. Let ¢;; and t;; (1 = 1,2,...,M; j =1,2,...,N) units be the cost and time
respectively of meeting requirements of i ration shop from j site. Let b; units
be the setup cost of warehouse at j* site and B units be the budgetary amount
allocated for set up of warehouses. Let x;; be the variable assuming value 0 or 1
according as " ration shop is not assigned or assigned to j site and y; be the
variable assuming the value 0 or 1 according as j site is not selected or selected
for locating a warehouse at it. Let C' and T" denote the total cost and maximum
time respectively of meeting requirements of all the ration shops from their assigned
warehouses. The mathematical formulation is as follows:

The two objective functions which are sought to be minimized are

M N
C=3 > cijw

i=1j=1
T = Mazimum{t;; :z;; =1, i=1,2,...,M; j=1,2,...,N}

subject to

M=

&
IA
=~

.
Il
—

M=
&
\.P—‘

I
\')—‘
}\D
<

<.
Il
—
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ZUZ]_yJS()? 2217277M7j:17277N

bjyj <B (P2.3)

M=

=1

$ij2yj7 j:1,2,...,N

s
I
—

xij,y; =0orl, 1=1,2... . M; j=1,2,...,N

The tabular representation of which is provided in Table 2.9

Table 2.9: Tabular representation of warehouse selection problem

Warehouse sites (j) — 1 e J e N
Ration shops () |

1 e | ey | | an

t11 1, t1n

i Ci1 Cij CiN

ti ti tin
M ean | o | eas | oo | emn
tar tarj MmN

Setup cost (b;) by |- | by |- | b

k B

2.4.1 Efficient solutions of warehouse selection problems in
crisp environment

In this section, the existing definitions of 1%, 2"¢ and subsequent efficient

solutions of warehouse selection problems in crisp environment are presented [124].

(i) A solution (X', Y!) is called the 1 efficient solution if there exists no solution
(X,Y) of the problem given by (P,3) satisfying the conditions (a) C(X) <
C(X*') and (b) T(X) < T(X') with strict inequality holding in at least one of
the conditions out of (a) and (b).

where,
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lth

X! the combination of z;;’s during I"* efficient solution.

Y'!: the combination of y;’s during (" efficient solution.

(i) A solution (X?,Y?) is called the 2" efficient solution if no efficient solution
(X,Y) of the problem exist satisfying the conditions (a) C'(X') < C(X) <

C(X?) and (b) T(X") > T(X) > T(X?).

(iii) 3" and the subsequent efficient solutions are defined in the same way as is

defined for the 2™ efficient solution.

2.4.2 Existing method for warehouse selection problems in
crisp environment

Prakash et al. [124] proposed the following method for solving warehouse

selection problem in crisp environment.

M
Step 1 Find a = Minimum{)_ ¢;; : 7 = 1,2,...,N} and T; = Mazimum{t;; : i =
—1

1,2,...,M} forj=1,2,..., N.
Case (i) If ‘a‘ occurs corresponding to unique value of j, i.e., j = t, where ¢t €

{1,2,..., N}, then t is the first potential site for the first warehouse.

Case (ii) If ‘a‘ occurs corresponding to more than one values of j,i.e., j = p1,p2, ..., Dm,

then find Minimum{T,,,T,,,...,Tp,}.

Case (a) If minimum is unique and it is corresponding to p;, then p; is the first

potential site for the first warehouse.

Case (b) If minimum occurs corresponding to more than one values of j i.e.,

J = Ps1sDsyy -+ -+ Ds,» then choose any j from pg,, ps,, ..., ps, for the

first potential site for the first warehouse.
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Step 2

Step 3

Let the first potential site selected for the first warehouse be ¢; where ¢; €
{1,2,...,N}. Now for selecting the next warehouse site ¢o where ¢ # ¢,

construct Table 2.10 as:

Table 2.10: Tabular representation of crisp warehouse selection problem

Warehouse sites (j) — | (q1,1) | --- (¢1,7) | -+ | (q1,N)
Ration shops () |
1 C%l DRI C%] DY C%N
th ti; tin
i Czil . Czlj . C'}N
tiy ti; tin
Y Ao || ey || e
thy thy thyn
Setup cost (b;) by, +b1 | - | by +b; | oo | by + N
k B

Let the cost and time of (¢,7)" cell, j # ¢ in new table be ¢j; and t}; where

tij if Minimum{c,-ql, Cz’j} = Cjj

L o 1
Cij = Minimum{c;,, , ¢;;} and by = {

tigg if Minimum{ciq,, cij} = Cigy
The newly constructed Table 2.10 is same as Table 2.9 except it has N — 1

columns. Now apply Step 1 and find new combination of warehouses say

(q1,q2) where go € {1,2,..., N} and g2 # ¢1.

Let the pair (¢, g2) represent the two potential sites for the two warehouses.
Similarly, find k-potential sites for k-warehouses by applying Step 2. Let the
combination of k-potential sites for k-warehouses be (¢, qa, ..., qx). Selection
of sites using add rule, in the way explained above, yields the 0*" iterative so-
lution (X3, Yy') for the 1% efficient solution (X', ¥'!) and is also the incumbent
solution for it. The incumbent solution for the 1% efficient solution (X*,Y!)

is the best solution obtained so far. C'(X}) and T'(X;) provides the total cost
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and maximum time of 0™ iterative solution (X¢,Yy).

Invoke drop and add rules with tabu search for further improving the solution.
Drop the site which was first selected i.e., ¢;. The site dropped recently is
included in the tabu list for add which will be prohibited from being selected
in the next 1% iterative solution (X],Y}!) and k — 1, the most recently added
warehouses i.e., (¢2,qs, - .., qx) appearing in the order of their selection in the
0" iterative solution are included in the tabu list for drop. Find all the entries
of the column corresponding to combination (gz, gs, . . ., ¢x) using Steps 1 and 2.
Then, add the new site by replacing ¢1 by (o, g3, - - ., qx) in Step 2. Suppose the
new combination of k-potential sites for the k-warehouses are (¢s, g3, - - . , @k, qn)
where g, # q1,q2,...,qx. Selection of sites (g2,¢s, ..., qk, qn) in the way ex-
plained above yields the 1 iterative solution (X1,Y}') for the 1 efficient
solution (X!, Y1). Find the cost C(X7}) and time T(X7}) for (q2,¢3, - - -, Qr, qn)-
If C(X{) < C(X}), then the current iterative solution will be treated as the
incumbent solution for the next iteration, otherwise there will be no change in

incumbent solution.

The 2"¢ iterative solution (X1,Y3!) is obtained in similar manner as explained
in Step 4 by changing the both tabu lists. The tabu list for the drop rule
used for obtaining 2"¢ iterative solution (X3,Y3') will now include the k — 1
most recent selected sites included in the 1% iterative solution (X{,Y{) i.e.,
(g3, - - -, qx, qn) appearing in the order of their selection. Similarly, the tabu list
for the add rule used for obtaining the 2" iterative solution (X3, Y3') will now

include the 1% site selected in the 1% iterative solution (X{,Y}!) i.e., ¢o. If the
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274 jterative solution (X4,Y;') is better than the incumbent solution, then the
current iterative solution will be treated as incumbent solution for the next
iteration otherwise the incumbent solution does not change. The 3" iterative
solution (X1,Y3') and subsequent ones will be obtained in the same way as
done in obtaining the 1% and 2"¢ iterative solutions. Change the incumbent
solution to the current iterative solution if it is better than the incumbent
solution. This process of obtaining newer iterative solutions is terminated
when either an already obtained iterative solution is revisited or there are no
sites left that will serve to improve the solution. When this happens, then the
most recent incumbent solution provides the 1% efficient solution (X!, Y!) of

the formulated problem.

Step 6 To find the 2" efficient solution (X?2,Y?2) of the formulated problem, replace

tij’s > T(X") by an arbitrary large number L and repeat Steps 1 to 5.

2"d officient

Step 7 The incumbent solution at the end of iterative process yields
solution (X2,Y?) of formulated problem. 3™ and the subsequent solutions
are obtained in the same way as is done to obtain the 2"? efficient solution.

The process of obtaining the efficient solutions terminates when it is no longer

possible to obtain a new efficient solution with lesser duration.

2.5 Proposed mathematical formulation and tab-
ular representation of warehouse selection prob-
lem in fuzzy environment

As discussed in Section 2.3, Dinagar and Palanivel [56] obtained the mathemat-

ical formulation and tabular representation of TMT problems in fuzzy environment
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by replacing the crisp parameters t¢;;, z;;, a; and b; of crisp TMT problems with fuzzy

parameters ?ij, Zi;, a; and gj. In the same direction, in this section, the mathemati-

cal formulation and tabular representation of warehouse selection problems in fuzzy

environment is obtained by replacing the crisp parameters c;;,t;;,b; and B of ware-

house selection problems in crisp environment by fuzzy parameters Eij,’ﬂj,gj and B

respectively.

The resultant mathematical formulation in fuzzy environment is as follows:

The objective functions which are sought to be minimized are

-~ M N
C = Z cijxij
1

i=1j=

T = Maximum{aj:xij: L,i=1,2,...,.M; j=1,2,...,N}

subject to
N
> y; <k
j=1
N
Ywy=1 i=12....M
j=1
ziy;—Yy; <0, i=1,2,....M; j=1,2,...,N
N ~
> bjy; = B (P2.4)
j=1
M
injzyjy j:1,2,...,N
i=1
zi,y;=0orl, i=12... M;j=12,...,N
where,
¢ij = (cij1, Cija, Cijs, Cija): fuzzy cost of meeting requirement from 5t site to "

ration shop.

tNij = (tij1, tijo, tij, tija): fuzzy time of meeting requirement from j™ site to it

=

ration shop.

(bj1,bja, bjs, bja): Tuzzy setup cost of setting up of a warehouse at the ;™ site.
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B = (B, By, B3, By): total fuzzy budgetary amount allocated for setting up of

warehouses.
C" total fuzzy cost of meeting requirements.

T: maximum fuzzy time of meeting requirements.

Table 2.11: Tabular representation of fuzzy warehouse selection problem

Warehouse sites (j) — 1 e j e N
Ration shops (i) |,

1 1 || @y || AN

tn b fiv

v Ci1 Cij CiN

tia Ej tin
M G | o | ey | - | G
t~M1 ?Mj t~MN

Setup cost (Ej) by |- Ej .

k B

2.5.1 Proposed efficient solutions of warehouse selection prob-
lems in fuzzy environment

In this section, the definitions of 1%, 2"¢ and subsequent efficient solutions of

warehouse selection problems in fuzzy environment are proposed [124].

(i) A solution (X', Y1) is called the 1° efficient solution in fuzzy environment if
there exists no solution (X,Y") of the problem (Ps4) satisfying the conditions
(a) C(X) = C(X") and (b) T(X) < T(X') with strict inequality holding in

at least one of the conditions out of (a) and (b).

(ii) A solution (X2 Y?) is called the 2" efficient solution in fuzzy environment if
no efficient solution (X,Y") of the problem exists satisfying the conditions (a)

C(XY) < C(X) < C(X?) and (b) T(XY) = T(X) = T(X?).
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(iii) 37 and the subsequent efficient solutions in fuzzy environment are found in

2nd

the same way as is found for the efficient solution.

2.5.2 Proposed method for solving warehouse selection prob-
lems in fuzzy environment

Dinagar and Palanivel [56] claimed that there is no method in the literature
for solving TMT problems in fuzzy environment and proposed a method, with the
help of an existing method for solving TMT problems in crisp environment for the
same. Similarly, to the best of our knowledge, there is no method in the literature
for solving warehouse selection problems in fuzzy environment; So, in the same di-
rection, in this chapter with the help of an existing method for solving warehouse
selection problems in crisp environment, a new method is proposed for solving ware-
house selection problems in fuzzy environment.

The steps of proposed method are as follows:

M ~ -
Step 1 Find a = Minimum{)_ ¢; : j = 1,2,...,N} and T; = Mazimum{t;; : i =
i=1

1,2,...,M} for j=1,2,...,N.

Case (i) If @ occurs corresponding to unique value of j, i.e., j = t where t €

{1,2,..., N}, then t is the first potential site for the first warehouse.

Case (ii) Ifa occurs corresponding to more than one values of j, i.e., j = p1,D2, ..., Pm,

then find M@'mmum{fpl,fm, . ,fpm}.

Case (a) If minimum is unique and it is corresponding to p;, then p; is first

potential site for first warehouse.

Case (b) If minimum occurs corresponding to more than one values of j i.e.,

J = Ds1>Psyy-- -+ Ds,, then choose any j from p,,,ps,, ..., ps, for the
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first potential site for the first warehouse.

Step 2 Let the first potential site selected for the first warehouse be ¢; where ¢; €

{1,2,...,N}. Now for selecting the next warehouse site gz where ¢u # ¢,

construct Table 2.12 as:

Table 2.12: Tabular representation of warehouse selection problem

Warehouse sites (j) — | (q1,1) (q1,7) (¢1,N)
Ration shops (7) |

1 ch a2y N
th t; Hw

i h aij Cin
n i i
251 Lij Lin

M G Chj Cun
i i Nl
tan Uaj LN

k B

Let the fuzzy cost and fuzzy time of (i, j

71 ~ g P o
t;; where ¢;; = Minimum{Cy,, ¢;;} and t;; = {

)th

cell, j # q1 in new table be ¢j; and

Lij,

if Minimum{c,,¢i;} = ¢;

tigy, if Minimum{c,,¢i;j} = Cig

The newly constructed Table 2.12 is same as Table 2.11 except it has N — 1

columns. Now apply Step 1 and find new combination of warehouses say

(q1,q2) where g € {1,2,..., N} and g3 # ¢1.

Step 3 Let the pair (¢, g2) represents the two potential sites for the two warehouses.

Similarly, find k-potential sites for k-warehouses by applying Step 2. Let the

combination of k-potential sites for k-warehouses be (¢1, ¢z, ..., qx). Selection

of sites using add rule, in the way explained above, yields the 0% iterative so-

lution (X3, Yy') for the 1% efficient solution (X', ¥'!) and is also the incumbent

solution for it. The incumbent solution for the 1% efficient solution (X!, Y1) is



Step 4

Step 5

37

the best solution obtained so far. C(X2) and T(X!) provides the total fuzzy

cost and maximum fuzzy time of 0" iterative solution.

Invoke drop and add rules with tabu search for further improving the solution.
Drop the site which was first selected i.e., ¢;. The site dropped recently is
included in the tabu list for add which will be prohibited from being selected
in the next 1% iterative solution (X{,Y}!) and k — 1, the most recently added
warehouses i.e., (2,3, .- ., qx) appearing in the order of their selection in the
0™ iterative solution are included in the tabu list for drop. Find all the en-
tries of the column corresponding to combination (gg,qs, ..., qx) using Steps
1 and 2. Then, add the new site by replacing ¢; by (gs,¢s,...,qx) in Step
2. Suppose the new combination of k-potential sites for the k-warehouses are
(g2,43, - - -, Qr, qn) Where g, # q1,Go, - - -, qr- Selection of sites (ga, 43, - - -, Gk, qn)
in the way explained above yields the 1% iterative solution (X, Y}) for the
15t efficient solution (X!, Y!). Find the total fuzzy cost C(X}) and fuzzy
time T(X1) for (g2, qss- - qrs qn). I C(X}) < C(X}), then the current itera-
tive solution will be treated as the incumbent solution for the next iteration,

otherwise there will be no change in incumbent solution.

The 2" iterative solution (X3,Y3) is obtained in similar manner as explained
in Step 4 by changing the both tabu lists. The tabu list for the drop rule
used for obtaining 2"? iterative solution (X3}, Y3}') will now include the k — 1
most recent selected sites included in the 1 iterative solution (X{,Y{) ie.,
(g3, - -, qk, qn) appearing in the order of their selection. Similarly, the tabu list

for the add rule used for obtaining the 2"¢ iterative solution (X1, Y;}') will now
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Step 6

Step 7

include the 1% site selected in the 1% iterative solution (X{,Y{!) i.e., ¢o. If the
274 jterative solution (X1,Y}') is better than the incumbent solution, then the
current iterative solution will be treated as incumbent solution for the next
iteration otherwise the incumbent solution does not change. The 37 iterative
solution (X3,Y7) and subsequent ones will be obtained in the same way as
done in obtaining the 1** and 2" iterative solutions. Change the incumbent
solution to the current iterative solution if it is better than the incumbent
solution. This process of obtaining newer iterative solutions is terminated
when either an already obtained iterative solution is revisited or there are no
sites left that will serve to improve the solution. When this happens, then the
most recent incumbent solution provides the 1 efficient solution (X*,Y!) of

the formulated problem.

To find the 2" efficient solution (X?2,Y?2) of the formulated problem, replace

?ij = T(X?') by an arbitrary large number fuzzy number (L, L, L, L) and repeat

Steps 1 to 5.

2nd

The incumbent solution at the end of iterative process yields efficient

solution (X2,Y?) of formulated problem. 3¢ and the subsequent solutions

274 officient solution.

are obtained in the same way as is done to obtain the
The process of obtaining the efficient solutions terminates when it is no longer

possible to obtain a new efficient solution with lesser duration.

2.5.3 Illustrative example

In this section, fuzzy warehouse selection problem, chosen in Example 2.2, is

solved to illustrate the proposed method.
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Example 2.2 Solve the fuzzy warehouse selection problem, represented by Table

2.13, to find all the fuzzy efficient solutions.

Table 2.13: Tabular representation of numerical problem

Warehouse
sites (j) — 1 2 3 4 5 6 7
Ration
shops (i) 4
(36,38, (28,29, (44,49, | (117,118, | (175,177, | (165,167, | (143,145,
1 42, 44) 31,32) 53, 54) 121,124) | 183,185) | 169,179) | 155,157)
(5,8, (1,2, (9,10, (3,6, (8,9, (6,8, (5,6,
9,10) 2,3) 11, 14) 7,8) 11,12) 9,13) 8,9)
(68,69, (73,80, | (128,129, | (128,129, | (165,167, | (133,136, | (11,15,
2 70,73) 82,85) | 130,133) | 130,133) | 169,179) | 144,147) | 25,29)
(3,6, (3,6, (6,8, (5,6, (5,8, (8,9, (9,10,
7.8) 7,8) 9,13) 8,9) 9,10) 11,12) 11, 14)
(73,80, (11,15, | (186,190, | (68,69, | (133,136, | (128,129, | (56,58,
3 82, 85) 25,29) | 205,209) | 70,73) | 144,147) | 130,133) | 62,64)
(5,8, (6,8, (3,4, (5,8, (9,10, (9,10, (8,9,
9,10) 9,13) 5,8) 9,10) 11,14) 14,15) 11,12)
(56, 58, (8,9, (68,69, (73,80, (28,29, | (156,159, | (199,203,
4 62,64) | 11,12) 70,73) 82, 85) 31,32) | 160,165) | 217,221)
(9,10, (3,6, (8,12, (9,10, (6,8, (5,8, (3,6,
11, 14) 7,8) 14,18) 11,14) 9,13) 9,10) 7.8)
(81,89, (89,98, (16,18, (56, 58, (36,38, (44,49, | (197,205,
5 03,97) | 104,109) | 22,24) | 62,64) | 42,44) 53,54) | 230,248)
(8,9, (10,12, (5,8, (9,10, (3,6 (2,6, (8,14,
11,12) 13,17) 9,10) 14, 15) 7,8) 7,9) 16,18)
Setup cost | (89,98, | (275,288, | (680,690, | (712,784, | (380,392, | (178,196, | (445,490,
;) 104,109) | 309,328) | 700,730) | 832,872) | 410,418) | 208,218) | 520,545)
k=3 B = (1380, 1390, 1410, 1420)

5

Solution: The total fuzzy cost () ¢;;) and fuzzy time fj, obtained by Step 1, is

shown in Table 2.14.

i=1
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Table 2.14: Total fuzzy cost and fuzzy time for 15t warehouse site

Warehouse

sites (j) — 1 2 3 4 5 6 7

Total fuzzy | (314,334, | (209,231, | (442,455, | (442,454, | (537,547, | (626,640, | (606,626,
5
cost (3. @) | 349,363) | 253,267) | 480,503) | 465,479) | 569,587) | 656,678) | 689,719)

i=1

(9, 10, (10,12, (8,12, (9,10, (9,10, (9, 10, (8,14,
T; 11,14) 13,17) 14, 18) 14, 15) 11,14) 14,15) 16, 18)

Since, the minimum value of total fuzzy cost (@) is corresponding to j = 2; So,
q1 = 2 is first potential site for first warehouse site. Use Step 2 for selecting second

warehouse site. The results are depicted in Table 2.15 below.

Table 2.15: Total fuzzy cost and fuzzy time for two warehouse sites

Warehouse
sites (j) — (2,1) (2,3) (2,4) (2,5) (2,6) (2,7)
Ration
shops (3) |
(28,29, (28,29, (28,29, (28,29, (28,29, (28,29,
1 31,32) 31,32) 31,32) 31,32) 31,32) 31,32)
(1,2, (1,2, (1,2, (1,2, (1,2, (1,2,
2,3) 2,3) 2,3) 2,3) 2,3) 2,3)
(68,69, (73,80, (73,80, (73,80, (73,80, (11,15,
2 70,73) 82,85) 82, 85) 82, 85) 82, 85) 25,29)
(3,6, (3,6, (3,6, (3,6, (3,6, (9, 10,
7,8) 7,8) 7,8) 7,8) 7,8) 11,14)
(11,15, (11,15, (11,15, (11,15, (11,15, (11,15,
3 25, 29) 25, 29) 25, 29) 25, 29) 25, 29) 25, 29)
(6,8, (6,8, (6,8, (6,8, (6,8, (6,8,
9,13) 9,13) 9,13) 9,13) 9,13) 9,13)
(8,9, (8,9, (8,9, (8,9, (8,9, (8,9,
4 11,12) 11,12) 11,12) 11,12) 11,12) 11,12)
(3,6, (3,6, (3,6, (3,6, (3,6, (3,6,
7,8) 7,8) 7,8) 7,8) 7,8) 7,8)
(81,89, (16,18, (56,58, (36,38, (44,49, (89,98
5 93,97) 22, 24) 62, 64) 42, 44) 53,54) | 104,109)
(8,9, (5,8, (9,10, (3,6 (2,6, (10,12,
11,12) 9,10) 14,15) 7,8) 7,9) 13,17)
Total fuzzy | (196,211, | (136,151, | (176,191, | (156,171, | (164,182, | (147,166,
cost (fizzj) 230,243) | 171,182) | 211,222) | 191,202) | 202,212) | 196,211)
i=1
(8,9, (6,8, (9,10, (6,8, (6,8, (10,12,
T; 11,12) 9,13) 14,15) 9,13) 9,13) 13,17)
k=3 B = (1380, 1390, 1410, 1420)
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Since, the minimum value of total fuzzy cost (a) is corresponding to (2,3); So,
the pair (2,3) represents the two potential sites for two warehouse sites. For next

warehouse site, again, apply Step 2 and thus, Table 2.16 is obtained.

Table 2.16: Total fuzzy cost and fuzzy time for three warehouse sites

Warehouse sites (j) — | (2,3,1) (2,3,5) (2,3,6)
Ration shops (i) |
(28,29, | (28,29, | (28,29,
1 31,32) | 31,32) | 31,32)
(1,2, (1,2, (1,2,
2,3) 2,3) 2,3)
(68,69, | (73,80, | (73,80,
2 70,73) | 82,85) | 82,85)
(3,6, (3,6, (3,6,
7,8) 7,8) 7.8)
(11,15, | (11,15, | (11,15,
3 25,29) | 25,29) | 25,29)
(6,8, (6,8, (6,8,
9,13) 9,13) 9,13)
(8,9, (8,9, (8,9,
4 11,12) 11,12) 11,12)
(3,6, (3,6, (3,6,
7,8) 7,8) 7.8)
(16,18, | (16,18, | (16,18,
5 22,24) | 22,24) | 22,24)
(5,8, (5,8, (5,8,
9,10) 9,10) 9,10)
Total fuzzy (131,140, | (136,151, | (136,151,
cost(iéEﬁ) 159,170) | 171,182) | 171,182)
(6,8, (6,8, (6,8,
T 9,13) 9,13) 9,13)
k=3 B = (1380, 1390, 1410, 1420)
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Combination of sites (2,3,4) and (2,3,7) are not chosen in Table 2.16 as they do
N ~

not satisfy the budgetary constraint > b;y; < B. Since the minimum value of total
j=1

fuzzy cost (a) is corresponding to (2,3, 1), so the combination (2,3, 1) represent the

three potential sites for three warehouse sites. Hence the current and incumbent

solutions of 0 iteration are shown in Table 2.17.

Table 2.17: Current and incumbent solutions of 0" iteration for 15¢ efficient solution

Current Solution (Xj,Yy') Incumbent Solution (X, Yy)

Variables C(X}) | T(X}) | Variables C(Xy) | T(X))

at level 1 at level 1

Y2,Y3, Y1, (1317140 (6787 Y2, Y3, Y1, (131, 140 (6a87
T12,Ta1, 32, | 159, 170) 9, 13) T12,Ta1, T32, | 199, 170) 9, 13)

T4, Ts3 T42,T53

Hereafter, use tabu search method to improve the solution with respect to first
objective function.

Iteration No. 1. Since, the combination of sites selected in 0% iterative solution
for setting up of warehouses is (2,3, 1); Thus, the resultant two tabu lists derived

are given in Table 2.18.

Table 2.18: Two tabu lists in 1%¢ iteration for 1°¢ efficient solution

Tabu list for drop | Tabu list for add
{ys, 1} {y2}

Using Step 2, add the new site to the combination of sites (3, 1). Hence the solutions

at this stage are:



Table 2.19: Total fuzzy cost and fuzzy time for 1%t iteration

Warehouse sites (j) — | (3,1,5) (3,1,6) (3,1,7)
Ration shops (i) |

(36,38, | (36,38, | (36,38,

1 42,44) | 42,44) | 42,44)

(5,8, (5,8, (5,8,

9,10) 9,10) 9,10)

(68,69, | (68,69, | (11,15,

2 70,73) 70,73) 25, 29)

(3,6, (3,6, (9, 10,

7,8) 7,8) 11,14)

(73,80, | (73,80, | (56,58,

3 82, 85) 82, 85) 62,64)

(5,8, (5,8, (8,9,

9,10) 9,10) 11,12)

(28,20, | (56,58, | (56,58,

4 31,32) | 62,64) | 62,64)

(6,8, (9, 10, (9, 10,

9,13) 11, 14) 11,14)

(16,18, | (16,18, | (16,18,

5 22,24) | 22,24) | 22,24)

(5,8, (5,8, (5,8,

9,10) 9,10) 9,10)
Total fuzzy (221,234, | (249,263, | (175,187

5
cost (32 @) 247,258) | 278,290) | 213,225)
i=1

(6,8, (9,10, (9,10,

T 9,13) 11,14) 11,14)

k=3 B = (1380, 1390, 1410, 1420)
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Combination of sites (3, 1,4) is not chosen in Table 2.19 as it does not satisfy bud-

N

getary constraint Zgjyj < B. The value of d is corresponding to (3,1,7). The
=1

J

total fuzzy cost of 1% iteration C'(X{) = (175,187,213,225) is greater than total

fuzzy cost C (X3) in incumbent solution. So, the incumbent solution will remain the

same. The current and incumbent solutions are given in Table 2.20.

Table 2.20: Current and incumbent solutions during 1°¢ iteration for 1%¢ efficient solution

Current Solution (X{,Y}) Incumbent Solution (X¢,Y)
Variables C(X1) | T(X}) | Variables C(x}) | T(xH
at level 1 at level 1
ysynyr | (175,187 | (9,10, | wsrys,o1, | (131,140 | (6,8

Z11,%o7, T3z, | 213,225) | 11,14) | x19,x91,x32, | 159,170) | 9,13)
L41, X53 L42, T53

Iteration No. 2. Since, the combination of sites selected in 1% iterative solution

for setting up of warehouses is (3,1, 7); Thus, the resultant two tabu lists derived

are given in Table 2.21.
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Table 2.21: Two tabu lists in 2"¢ iteration of 15 efficient solution

Tabu list for drop

Tabu list for add

{yL y7}

{93}

Similarly proceeding in the same manner as explained above, we have Table 2.22

showing all the iterative solutions for 1°¢ efficient solution. The iterative solutions

(X3, Yy) and (X],Y3!) are identical i.e., the 6™ iterative solution revisits the 2"?

iterative solution, indicating that the computation for obtaining the 1%¢ efficient

solution should be stopped. Note that (X3,Y3'), being the most recent incumbent

solution and also, is the best solution among all iterative solutions, provides the 1%

efficient solution (X', Y) of the numerical problem.

Table 2.22: The iterative solutions (X}, Y,})(r =0,1,...

,6) for 15! non-dominated solution

Variables
Tterative x;;’s and y;’s | Total fuzzy | Fuzzy time | Tabu list | Tabu list | Incumbent
solutions in the order | cost C(X}) T(X}) for drop | for add solution
of appearance rule rule

(X3, Y9 Z12, %21, T32,

0 iterative T42,T53 (131, 140, (6,8, {y3,y1} {y2} (XL, v8h
solution Y2, Y3, Y1 159,170) 9,13)
(X1, Y1) T11,T27, T37,

15t iterative T41,T53 (175,187, (9,10, {y1,y7} {ys} (X3, vsh
solution Y3, Y1, Y7 213,225) 11,14)
(X3,Y3) T12, Ta7, T32,

274 jterative T42, T51 (139,157, (9,10, {y7,y2} {11} (XL, vsh
solution Y1, Y7, Y2 185,199) 11,14)
(X317Y31) T12, 27, T32,

37 iterative T42, Tss (94,106, (9,10, {y2, 95} {y:} (X3,Y3)
solution Y7, Y2, Ys 134,146) 11,14)
(Xiv Y41) 12,221,132,

4t iterative T42, X5 (151, 160, (6,8, {ys,y1} {y2} (X1 v8h
solution Y2, Us, Y1 179,190) 9,13)
(X3,Y3) T11, Ta7, T37,

5'h iterative T45, Tss (167,178, (9,10, {y1,y7} {ys} (X3,Y3)
solution Yss Y1, Y7 202,213) 11,14)
(X§7 Y61) 12,227,732,

6" iterative T42,T51 (139,157, (9,10, {y7,y2} {11} (X1,v8hH
solution Y1, Y7, Y2 185,199) 11,14)
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2"d efficient solution Since, rank of f(Xl) is 11; So, replace all %vij’s by (L,L, L, L)

(large positive fuzzy number) whose rank is > 11 in Table 2.13.

Table 2.23: Tabular representation of the numerical problem for 2"¢ non-dominated solution

Warehouse
sites (j) — 1 2 3 4 5 6 7
Ration
shops (i) 4
(36, 38, (28,29, (44,49, (117,118, | (175,177, | (165,167, | (143,145,
1 42,44) | 31,32) 53,54) | 121,124) | 183,185) | 169,179) | 153,157)
(5,8, (1,2, (L,L, (3,6, (8,9, (6,8, (5,6,
9,10) 2,3) L, L) 7,8) 11,12) 9,13) 8,9)
(68,69, | (73,80, | (128,129, | (128,129, | (165,167, | (133,136, | (11,15,
2 70,73) 82, 85) 130,133) | 130,133) | 169,179) | 144,147) 25,29)
(3,6, (3,6, (6,8, (5,6, (5,8, (8,9, (L, L,
7.8) 7,8) 9,13) 8,9) 9,10) 11,12) L,L)
(73,80, | (11,15, | (186,190, | (68,69, | (133,136, | (128,129, | (56,58,
3 82, 85) 25,29) | 205,209) | 70,73) | 144,147) | 130,133) | 62,64)
(5,8, (6,8, (3,4, (5,8, (L, L, (L, L, (8,9,
9,10) 9,13) 5,8) 9,10) L,L) L,L) 11,12)
(56,58, (8,9, (68,69, (73,80, (28,29, (156,159, | (199,203,
4 62,64) 11,12) 70,73) 82, 85) 31,32) | 160,165) | 217,221)
(L, L, (3,6, (L, L, (L,L, (6,8, (5,8, (3,6,
L, L) 7,8) L, L) L, L) 9,13) 9,10) 7,8)
(81,89, (89,98, (16,18, (56,58, (36, 38, (44,49, (197, 205,
5 93,97) | 104,109) | 22,24) 62, 64) 42, 44) 53,54) | 230,248)
(8,9, (L,L, (5,8, (L,L, (3,6 (2,6, (L, L,
11,12) L, L) 9,10) L,L) 7,8) 7,9) L,L)
Setup cost | (89,98, | (275,288, | (680,690, | (712,784, | (380,392, | (178,196, | (445,490,
(EJ) 104,109) | 309,328) | 700,730) | 832,872) | 410,418) | 208,218) | 520, 545)

Proceeding in the same manner as in for 1*¢ efficient solution, we will get 27¢ efficient

solution which is shown in Table 2.24.

Table 2.24: 2™? efficient solution of the numerical problem

274 Efficient Variables Total fuzzy cost of Fuzzy time of meeting
solution at level 1 | meeting requirement (C(X?2)) | requirement (T(X2))
Y2,Y3, Y1,
(XQ,YQ) T12,T21,T32, (131, 140, (6,8,
Z42,T53 159,170) 9,13)

Similarly, solve 3™ and subsequent efficient solutions, as solved for 2"¢ efficient

solution. It is found that there is no improvement in fuzzy time with the 5 efficient
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solution. So, the procedure of finding efficient solutions stops here. The four fuzzy
efficient solutions of the numerical example obtained are given in following Table

2.25.

Table 2.25: Efficient solutions of numerical problem

Efficient Variables Total fuzzy cost of Fuzzy time of

solutions at level 1 meeting requirement | meeting requirement
Y7,Y2,Ys,

(XL YY) | 219, 297, 730, (94, 106, (9, 10,
T42, Ts5 134, 146) 11,14)
Y2,Y3, Y1,

(X2,Y?) | 212,221,732, (131, 140, (6,8,
T42, %53 159, 170) 9,13)
Y2,Y3, Y1,

(X3,Y3) | 212,221,731, (193, 205, (5,8,
T42,T53 216,226) 9,10)
Y2,Y5,Y3,

(X4 YY) | 219, 299, 33, (331, 346, (3,6,
T49, %55 371,392) 7,8)

2.6 Conclusion

On the basis of presented study, it can be concluded that there was no method
in the literature for solving warehouse selection problem in fuzzy environment and

in this chapter, a method is proposed for the same.



Chapter 3

ErriciENT METHOD For TIME
MINIMIZING TRANSPORTATION
PRrROBLEMS AND ALTERNATIVE
METHOD FOR W AREHOUSE SELECTION
ProBLEMS IN Fuzzy ENVIRONMENT

In this chapter, the shortcomings of the existing method [56] are pointed out
and a new method is proposed to resolve these shortcomings. Also, an alternative
method is proposed for solving warehouse selection problems in fuzzy environment
and it is shown that it is much easy to apply the proposed method in this chapter

as compared to the method proposed in previous chapter.

3.1 Shortcomings of the existing method

On solving the existing fuzzy TMT problem [56], presented in Example 2.1,
only the unique fuzzy optimal solution z;; = (—19,1,11,27), 714 = (—4,6, 12, 26),
For = (=5,0,3,10), Tos = (1,6,9,16), Ty = (12,14, 16, 18), T3 = (3,4,5,8) is ob-
tained. However, it can be easily verified that all the trapezoidal fuzzy numbers

T11 = (115111733112,93113,55114), T4 = (5U141,$142,93143,£U144), To1 = (517211,55212,93213755214)7

The work presented in this chapter is communicated in the Information Sciences.
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Tog = (962217 T222, X223, $224), Loz = (I2317$232, $233,l’234) and x3; = ($311,$312, T313, I314)

(z111+z1i2+®13+w114) 5 (z1a1+z142+®143+T144) 10
- I - 9

which will satisfy the conditions 1 1

(I211+962121-96213+90214) — 2’ ($221+I222II223+96224) — 8, (96231+362321-1‘233+I234) =15 and

(r311+®312+7313+%314)

= 5 are the fuzzy optimal solutions of the same problem. Thus,
it is obvious that it is not possible to find all the fuzzy optimal solutions of fuzzy

TMT problems by using the existing method [56].

3.2 Proposed method for solving time minimiz-
ing transportation problems in fuzzy environ-
ment

In this section, to overcome the shortcomings of the existing method [56]
pointed out in Section 3.1, a new method is proposed for solving TMT problems in
fuzzy environment.

The steps of proposed method are as follows:

Step 1 Represent the chosen TMT problem in fuzzy environment into tabular form

as shown in Table 2.2.

Step 2 Find the values of R(t;;), R(@;) and 5}?(5]) by using the ranking formula dis-

cussed in Section 2.1.1.

Step 3 Construct a Table 3.1 by replacing the fuzzy parameters %Vij, a; and Bj by %@j)7

R(a;) and R(b;) respectively.
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Table 3.1: Crisp TMT problem

Destinations— D, e D; e D, Availability

Sources].

S1 R(t) | - | Rtiy) | - | Rbg) R(a1)

Si R(ta) | - | R(ty) | - | Rltig) R(a:)

Sp §R(Ftvpl) e §R(%ij) e %(qu) %(517)

~ ~ ~ P =
Demand R(b1) | - | ROby) | -+ | R(bg) R(a;) = R(b)
i=1 j=1

Step 4 Use the existing method, discussed in Section 2.2.2, to find the optimal solution

Step 5

Step 6

and optimal time of transportation of TMT problem in crisp environment.

Let on solving the TMT problem in crisp environment, obtained in Step 4, the

value of (i, 7)™ decision variable z;; in the optimal solution be A. Then, all the

(zt+y+ztw) _
1

trapezoidal fuzzy number (x,y, z,w) which satisfy the condition
A, can be treated as (i, 7)™ fuzzy decision variable T;; of fuzzy optimal solution

of the chosen TMT problem in fuzzy environment.

Let on solving the TMT problem in crisp environment, obtained in Step 4,
the optimal time of transportation be ¢,5. Then, optimal fuzzy time of trans-

portation of chosen TMT problem in fuzzy environment will be fag.

3.3 Proposed alternative method for solving ware-

house selection problem in fuzzy environment

In this section, an alternative method is proposed for solving warehouse selec-

tion problems in fuzzy environment.

Step 1

The steps of proposed method are as follows:

Represent the chosen warehouse selection problem in fuzzy environment into

tabular form as shown in Table 2.11.
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Step 2 Find the values of R(c;;), R(t;;), ?R(EJ) and R(B) by using the ranking formula
discussed in Section 2.1.1.

Step 3 Construct Table 3.2 by replacing the fuzzy parameters ¢;;, Ej, a; and Zj by

R(cij), R(ti;), R(a;) and R(b;) respectively.

Table 3.2: Crisp warehouse selection problem

Warehouse sites (j) — 1 - j - N
Ration shops (i) |
1 R@E) |- | R@Ey) |- | R@Ew)
R(f11) R(t)) R(tin)
R(tin) R(ti;) R(tiw)
M R(can) R(cwm;) R(Cuw)
R(tar) R(tar;) R(tarn)
Setup cost (R(b;)) | R(by) |- | R@B;) |- | R(by)
k R(B)

Step 4 Use the existing method, discussed in Section 2.4.2, to find all the efficient

solutions of warehouse selection problem in crisp environment.

Step 5 Let N be the total number of efficient solutions of warehouse selection prob-
lem in crisp environment. Consider the k' efficient solution (X*, Y*). Let
c(xh = X Gt and T(X*) = Mazimum{t;; : z;; € X*} = t,5 (say)

2 €X
be the tota; cost and time of meeting requirements of all the ration shops

from their assigned warehouse sites. Then t~a5 will be fuzzy time of meeting

requirements of all the ration shops from their assigned warehouse sites for k"
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efficient solution of chosen warehouse selection problem in fuzzy environment
and C (X*¥)y= > @z will be the total fuzzy cost of meeting requirements
l‘ijEXk

of all the ration shops from their assigned warehouses for k" efficient solution

of chosen warehouse selection problem in fuzzy environment.
3.4 Advantages of the proposed methods

The main advantage of the proposed methods over the existing method [56] and
the method proposed in the previous chapter is that these are much easier to apply
as compared to the existing method [56] and the method proposed in the previous
chapter. Moreover, on using the method proposed in this chapter for solving TMT
problems in fuzzy environment, all the shortcomings of the existing method [56],

pointed out in Section 3.1, are resolved.
3.5 Illustrative examples

In this section, to illustrate the proposed methods, the fuzzy TMT problem
and the fuzzy warehouse selection problem, chosen in Example 2.1 and Example 2.2,

are solved.

3.5.1 Optimal solution of chosen fuzzy time minimizing trans-
portation problem

Using the method, proposed in Section 3.2, the fuzzy optimal solution of TMT

problem in fuzzy environment, chosen in Example 2.1, can be obtained as follows:

Step 1 Using Section 2.3.3 of Chapter 2, the chosen TMT problem in fuzzy environ-

ment can be represented by Table 2.3.
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Step 2

Step 3

Step 4

Step 5

Using the ranking formula, discussed in Section 2.1.1, the values of R(t1),
gR(%Jl2)7 %(%13), §R(%114% §]%6(;/21)7 %(%2); %(,{23)7 §R(%124)a %(%\;}1)7 éR(:ESQ)a 8%(%/33),
R(T31), R(@1), R(@), R(as), R(by), R(ba), R(bs) and R(by) are 10, 0, 20, 11, 1,

7,9, 20, 12, 14, 16, 18, 15, 25, 5, 12, 8, 15, 10 respectively.

Using Step 3 of the proposed method, Table 2.3 can be converted into Table

3.3.

Table 3.3: Crisp TMT problem

Destinations— | D; Do Ds Dy a;
Sources]
S1 10 0 20 11 15
Sa 1 7 9 20 | 25
Ss 12 14 16 18 5
b; 12 8 15 10

On solving the crisp TMT problem, obtained in Step 3, by using the existing
method, discussed in Section 2.2.2, the optimal solution is x1; = 5, x14 = 10,

To1 = 2, Too = 8, T93 = 15, x31 = 5 and the obtained optimal time is t3; = 12.

Since the values of x11, T4, T21, T2, 23, 31 are 5, 10, 2, 8, 15 and 5 respec-
tlvely, SO7 all the trapezoidal fU.ZZY numbers 511 = (Z‘Hl, T112, 2113, 1’114), %14 =
(I141,$1427$143,$144); To1 = ($21175E212,$213,$214)7 To2 = ($221,$222,$223,$224),

To3z = ($231,$2327$233,$234) and T3 = ($311,95312,5U3137$314) which will satisfy

(z1114+®112421134+®114) (r1a1+x142+T143+2144) 10
4 — 57 4 - 9

the conditions

($211+$2121—$213+I214) =2, (38221-1-382221-382234-38224) _ 8, (96231-&-962321-96233-&-33234) — 15 and

(z311+312+2313+%314)

7 = 5 can be treated as fuzzy optimal solution of the chosen

problem.

Step 6 Since the optimal time of transportation is tg; = 12; So, {3 = (9,11,13,15) is
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the optimal fuzzy time of transportation.

3.5.2 Optimal solution of chosen fuzzy warehouse selection
problem

Using the method, proposed in Section 3.3 , the optimal solution of fuzzy

warehouse selection problem, chosen in Example 2.2 can be obtained as follows:

Step 1 Using Section 2.5.3 of Chapter 2, the chosen fuzzy warehouse selection problem

can be represented by Table 2.13.

Step 2 Using the ranking formula, discussed in Section 2.1.1, Table 2.13 can be con-

verted into Table 3.4.

Table 3.4: Crisp warehouse selection problem

Warehouse sites (j) — | 1 2 3 4 5 6 7
Ration shops (i) |
1 40 | 30 | 50 | 120 | 180 | 170 | 150
8 2 11 6 10 9 7
2 70 | 80 | 130 | 130 | 170 | 140 | 20
6 6 9 7 8 10 | 11
3 80 | 20 | 200 | 70 | 140 | 130 | 60
8 9 D 8 11 | 12 | 10
4 60 | 10 | 70 | 80 | 30 | 160 | 210
11 6 13 | 11 9 8 6
5 90 | 100 | 20 | 60 | 40 | 50 | 220
10 | 13 8 12 6 6 14
Setup cost (b;) 100 | 300 | 700 | 800 | 400 | 200 | 500
k=3 B = 1400

Step 3 On solving the crisp warehouse selection problem, obtained in Step 2, by using
the existing method, discussed in Section 2.4.2, the obtained efficient solutions

are shown in Table 3.5.
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Table 3.5: Efficient solutions

Efficient Variables Total cost of Time of meeting

solutions | y;’s and z;;’s | meeting requirements (C) | requirements (T')
Y7, Y2, Ys, C12 + Ca7 + C32+

(Xl,Yl) T12,227,T32, C42+C55 = 120 t27: 11
T42,T55
Y2, Y3, Y1, c12 + c21 + c32+

(X2,Y?) | 212,221, %32, c42 + c53 = 150 t32 =9
42,253
Y2, Y3, Y1, €12 + 21 + c31+

(X?’,YS) T12,221,31, C42+C53 :210 t53 :8
T42,T53
Y2, Y5, Y3, ci12 + c22 + C33+

(X1 YY) | 212,222, 233, c42 + c55 = 360 t55 = 6
42, Ts5

Consider the first efficient solution (X!, Y1). Since C' = cj9+cor+c30+Can+55
and T' = ty7 are the total cost and time of meeting requirements of all the ration
shops from their assigned warehouses; So, C = Clo D Coy D C3p D Cao D Cs5 =
(94,106, 134, 146) and 57 = (9,10, 11, 14) are total fuzzy cost and fuzzy time of
meeting all the requirements for 1 efficient solution of chosen fuzzy warehouse
selection problem. The remaining fuzzy efficient solutions can be obtained in

the same manner. All the fuzzy efficient solutions of the chosen problem are

shown in Table 3.6.

Table 3.6: Efficient solutions of chosen fuzzy warehouse selection problem

Efficient Variables Total fuzzy cost of Fuzzy time of meeting

solutions | y;’s and x;;’s | meeting requirements () requirements (T
Y7, Y2, Y5, C12 © Ca7 © C32 © C12® B

(X17 Yl) L12,X27,T32, 555 = (94, 1067 134, 146) tor = (9, 10, 11, 14)
L42, T55
Y2,Y3, Y1, Ci2 B Co1 P C32 D Ca2® N

(X27Y2) 12,221,232, 553 = (131,140, 159, 170) t32 = (6,8,9,13)
L42, L53
Y2, Y3, Y1, C12 © Co1 © C31 © C12® ~

(X37Y3) L12,X21,T31, 553 = (193,205,216,226) t53 = (5,8,9,10)
L42, T53
Y2, Y5, Y3, C12 @ C22 D C33 @ Ca2® B

(X4,Y4) 12,222,233, 555 = (331,346,371,392) t55 = (3,6,7, 8)
L42, L55




3.6 Comparative study

The optimal solution of the problems, chosen in Example 2.1 and Example 2.2,
obtained by using the existing method [56] and the method proposed in previous

chapter, as well as the methods proposed in this chapter are shown in Table 3.7 and

Table 3.8.
Table 3.7: Comparative study for fuzzy TMT problem
Example | Existing method [56] Proposed method
2.1 11 = (—19,1,11,27), T11 = (T111, 112, 113, T114),
Tig = (—4, 6,12, 26)> Ty = ($1417$142; $143>$144)7
T = (—5, 0,3, 10)7 ($211,3321275U213,$214),
Toy = (17 6,9, 16)7 Loy = (I221713222; $223>I224)7
T3 = (12,14,16,18), Tog = (Ta31, T232, 233, T234),
T3 = (3747578)7 T3 = (13311,55312737313,55314)
T = (9,11,13,15) which will satisfy the conditions
(z111+z112+T113+2114) 5
1 =
+a142+T143+
(z141 90142490143 Ti44) _ 10,
(z211+22124+T213+%214) —9
4
(r221+m222+w223+T224) _ 8
4 -
(231 x2524x253 T234) _ 15,
(z311t+@312+2313+T314) _ 5
4
and T = (9, 11,13, 15)
Table 3.8: Comparative study for fuzzy warehouse selection problem
Example Method proposed Method proposed
2.2 in Chapter 2 in this chapter
Y7,Y2,Ys5, L12, T27, L32, T42,T55, | Y7,Y2,Ys5, T12, L27, T32, L42,T55,
(Xt vt C = (94,106, 134,146), C = (94,106,134, 146),
=(9,10,11,14) T =1(9,10,11,14)
Y2,Y3, Y1, T12, T21, T32, T42,T53, | Y2,Y3,Y1, T12, T21, T32, T42,T53,
(X2,Y?) C= £1i’>17 140, 159, 170), C= £131, 140,159, 170),
T=(6,8,9,13) T =(6,8,9,13)
Y2,Y3,Y1, L12, T21, L31, T42,T53, | Y2,Y3,Y1, T12, T21, T31, L42,T53,
(X3,Y3) C = (193,205, 216, 226), C = (193,205, 216, 226),
T=(5,8,9,10) T=(5,8,9,10)
Y2,Y5,Y3, T12, T22, L33, T42,T55, | Y2,Y5,Y3, T12, 22, T33, T42,T55,
(X4 Y% C= (~3317346,371,392)7 C = @31,3467371,392),
T=(3,6,7,8) =(3,6,7,8)
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It is obvious from the results, shown in Table 3.7, that on solving the fuzzy
TMT problem, chosen in Example 2.1, by using the existing method [56] only a
unique fuzzy optimal solution is obtained. While, on solving the same problem
by using the method, proposed in Section 3.2, infinite fuzzy optimal solutions are
obtained and moreover, it is much easy to apply the proposed method as compared
to the existing method [56].

Also, it is obvious from the results, shown in Table 3.8, that on solving the
fuzzy warehouse selection problem, chosen in Example 2.2, by using the method
proposed in Section 2.5.2 as well as the method proposed in Section 3.3, the same
results are obtained. However, it is much easy to apply the method proposed in

Section 3.3, as compared to the method proposed in previous chapter.

3.7 Conclusion

On the basis of presented study, it can be concluded that it is better to use
methods proposed in this chapter as compared to the existing method [56] and the

method proposed in previous chapter.



Chapter 4

TIME MINIMIZING TRANSPORTATION
ProBrLEMS IN Fuzzy ENVIRONMENT -
A NovEL FORMULATION

In this chapter, shortcomings of existing formulation of TMT problems in fuzzy
environment are pointed out and to resolve these shortcomings, a new formulation
is proposed. Also, with the help of proposed formulation and the existing method

[99], a new method is proposed for solving TMT problems in fuzzy environment.

4.1 Preliminaries

The definitions of non-negative trapezoidal fuzzy number, zero trapezoidal
fuzzy number, positive trapezoidal fuzzy number and equality of trapezoidal fuzzy
numbers as presented in foregoing chapter depend on ranking function. However,
the same numbers can be defined without the help of any ranking function as de-
scribed in the literature [86].

In this section, the latter definitions are presented [86].

Definition 4.1 A trapezoidal fuzzy number A= (a,b, c,d) is said to be non-negative

trapezoidal fuzzy number if and only if a > 0.

The work presented in this chapter is communicated in the Journal of Intelligent and Fuzzy
Systems.
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Definition 4.2 A trapezoidal fuzzy number A= (a, b, c,d) is said to be zero trape-
zoidal fuzzy number if and only if a =0, b =0, c=0 and d=0.

Definition 4.3 A trapezoidal fuzzy number A = (a,b,c,d) is said to be positive
trapezoidal fuzzy number if and only if a >0, 6> 0, ¢ >0 and d > 0.
Definition 4.4 Two trapezoidal fuzzy numbers Zl = (a1, by,c1,dy) and ZQ =
(a9, by, ca,dy) are said to be equal i.e., A, = A, if and only if a; = ag, by = by, ¢; =

Co and d1 = dg.

4.2 Shortcomings of existing mathematical for-
mulation of time minimizing transportation
problem in fuzzy environment

The existing fuzzy mathematical formulation (P,5) of TMT problem in fuzzy
environment is obtained by replacing the crisp parameters ¢;;, x;;, a; and b; of
mathematical formulation (P, ;) by fuzzy parameters tNij, Z;;, a; and Ej respectively
and the crisp equality by the fuzzy equality. However, it is not genuine to use this
conversion method due to the following reasons:

Since, there is not a unique way for finding minimum and maximum of fuzzy
numbers; So, it is appropriate to use one of the existing method for the same.
Nevertheless, there is a unique way, discussed in Definition 4.4, for conversion of
fuzzy equality into crisp equality. So, it is not genuine to use any other method for
the same. However, in the existing formulation, (P,2), the existing method [109]
is used for converting fuzzy equality into crisp equality as well as for checking that
the problem is balanced or not. Hence, it is not appropriate to use the existing
formulation (P,2) for finding the fuzzy optimal solution of TMT problem in fuzzy

environment.
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4.3 Proposed mathematical formulation and tab-

ular representation of balanced time minimiz-

ing transportation problem in fuzzy environ-

ment

In this section, to resolve the shortcomings of existing formulation (P,5), a

new mathematical formulation and tabular representation of TMT problem in fuzzy

environment is obtained by replacing ~ by = in (Py.5).

The objective function which is sought to be minimized is:

T = Ma:z;imum{?ij : Zj; is a positive trapezoidal fuzzy number, i = 1,2,...,p; j =

1,2,...,q}

subject to

Z;; is a non-negative trapezoidal fuzzy number.

Table 4.1: Tabular representation of fuzzy TMT problem

Destinations— | Dy | --- D; |- D, Availability
Sources]
S1 1 le ﬂq =a;
S; tin | |ty | | tig =q;
Sp tp1 o tpj e tpq - ap
— — — P 7
Demand :bl :bj :bq Z&,:ij
i=1 j=1

p

i=1

(Pr1)

a -
Remark 4.1: If Y @, = ) b;, then (Py,) is said to be balanced; Otherwise, it is
j=1

said to be unbalanced.
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4.4 Proposed method

Kumar and Kaur [99] proposed a method to solve fuzzy cost minimizing trans-

portation problems. In the same direction, in this section, a new method is proposed

for solving TMT problems in fuzzy environment.

The steps of the proposed method are as follows:

P
Step 1 Find the total fuzzy availability > a; and the total fuzzy demand
i=1

q ~
bj. Let
=1

J

P g
Yoa; = (a*,a? a? a*) and Y b; = (b, 0% 0%, b*). Examine whether the prob-
i-1 =1

J

lem is balanced or not.

Case (i) If the problem is balanced, then Go to Step 2.

Case (ii) If the problem is unbalanced, then convert the unbalanced problem into

balanced problem by using the existing method [99] as follows:

Case (a) Ifa' <b',a?—a' <V? —b', a® —a? <0®—b* and a* — a® < bt — 1P,

Case (b)

Case (c)

then introduce a dummy source with fuzzy availability (bl —al,b? —
a’, b® — a3, b* — a4>. Assume fuzzy time of transportation from the
introduced dummy source to all destinations as zero trapezoidal fuzzy
number. Then, Go to Step 2.

If a' > b', a2 —a' > 0% — b, a® —a? > b3 — b? and a* — a® > b* — b3,
then introduce a dummy destination with fuzzy demand (al —bt a?—
b2 a® — b, at — b4>. Assume fuzzy time of transportation from the
introduced dummy destination to all sources as zero trapezoidal fuzzy

number. Then, Go to Step 2.

If neither Case (a) nor Case (b) is satisfied, then introduce a dummy

source with fuzzy availability (M azimumi0,b' —a'}, Mazimum
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{0,b' —a'}+ Maximum {0, (b —b') — (a®> —a')}, Mazimum {0,b' —
a'}+ Maximum {0, (0> —b') — (a® —a') }+ Mazimum {0, (b> —b*) —
(a® —a®)}, Mazimum {0,b* — a'}+ Maximum {0, (b* — b*) — (a® —
a')}+ Mazximum {0, (b —b?) — (a® —a?) }+ Mazimum {0, (b* —b%) —
(a4—a3)}> and a dummy destination with fuzzy demand (M aximum
{0,a* — b'}, Mazimum {0,a' — b'}+ Maximum {0, (a®> — a') —
(b* —b")}, Maximum {0,a* — b'}4+ Mazimum {0, (a* — a') — (b* —
WY1+ Maximum {0, (a® — a?) — (b3 — %)}, Mazimum {0,a' —b'}+
Mazimum {0, (a*> —a') — (b* = b") }+ Mazimum {0, (a* —a*) — (b —
b*)}+ Mazximum {0, (a* — a®) — (b* — b3)}>. Assume fuzzy time of
transportation from the introduced dummy source to all destinations
as zero trapezoidal fuzzy number and from all sources to the intro-
duced dummy destination as zero trapezoidal fuzzy number. Then,

Go to Step 2.

Step 2 Represent the balanced TMT problem in fuzzy environment, obtained from

Step 1, into tabular form as depicted in Table 4.1.

Step 3 Convert the balanced TMT problem in fuzzy environment, represented by
Table 4.1, into four crisp TMT problems as depicted in Table 4.2, Table 4.3,

Table 4.4 and Table 4.5.
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Table 4.2: First crisp TMT problem

Destinations— | Dy | --- | D; | --- | Dy Availability

Sources]

S1 i1 te Mg | Mg a1l

S; T)i1 ce i ce Tiq a;1

Sp "lp1 o Mpg | ot | Mipg ap1

P q
Demand b11 e bjl e bql Z (aﬂ) = Z (bjl)
i=1 j=1

where, 7;; = t”ﬁtmztm””“, i=1,2,...,p and j =1,2,...,¢q
Table 4.3: Second crisp TMT problem
Destinations— D, e D; e D, Availability
Sources|
Sh P11 to P1j T Plq a12 — ail
Si Pi1 e Pij e Piq ai2 — Qi1
Sp Pp1 o Ppj o Ppq Gp2 — Ap1
P q
Demand b12 — b11 s bjg — bjl cee bqg — bql Z (aig — aﬂ) = Z (bjg — bjl)
i=1 =1
where, p;; =2t =19 pand j=1,2,...,q
Table 4.4: Third crisp TMT problem
Destinations— Dy e D; e D, Availability
Sources]
S o1 Ct 51j C 51q a13 — a12
Si di1 e dij e dig a3 — iz
Sp Op1 e Opj "' Opq Gp3 — Ap2
P q
Demand b13 — blg e bj3 — bjg e bqg — bqg (aig - aig) = Z (bjg - bjg)
i=1 j=1
here, §;; = “ettut 5 =1.2 d j=1,2
whnere, ij — 1 , 1= 1,Z2,...,p an J=14,...,q
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Table 4.5: Fourth crisp TMT problem

Destinations— D, e D; e D, Availability
Sources].
S1 §11 flj §1q a14 — a13
S; 51:1 co fij e fz‘q A4 — Q53
Sp Epl o Epj o Epq Gpg — Ap3
P q
Demand bia — b13 s bj4 — bjg ce bq4 - qu Z (ai4 - aiB) = Z (bj4 - bj3)
i=1 j=1

where, &; =% i=1,2,...,pand j=1,2,...,¢q

Step 4 Use any existing method to find the optimal solutions {x;;1 }, {ije—xi1 }, {zijz—
Tijo} and {x;j4 — x;53} of crisp TMT problems represented by Table 4.2, Table

4.3, Table 4.4 and Table 4.5 respectively.

Step 5 Find the values of {z;;;}, {®ij2}, {23} and {x;;4} by solving the equations

obtained in Step 4.

Step 6 Find the fuzzy optimal solution {z;;} by putting the values of z;;1, 2, Tij3

and Tija 1IN Tj5 = (CL’z‘jh Tij2, Tij3, xij4>~

Step 7 Find the optimal fuzzy transportation time by calculating M aximum{ij D Ty

is a positive trapezoidal fuzzy number; i =1,2,...,p; j=1,2,...,q}.
4.5 Advantage of the proposed method

The main advantage of the proposed method over the existing method [56]
is that the fuzzy optimal solution obtained by using the method proposed in this
chapter will satisfy both the existing formulation (P,5) as well as the proposed
formulation (Py1). While, the fuzzy optimal solution obtained by using the existing

method [56] and the method proposed in previous chapter can satisfy the existing
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formulation (P,5), but will not satisfy the proposed formulation (Py ;). To show the

advantage of the proposed method over the method proposed in previous chapter,

the fuzzy TMT problem chosen in Example 2.1, is solved and obtained results are

discussed.

Step 1

Step 2

Step 3

3 4
Total fuzzy availability ) a;, = (37,42,47,54) and total fuzzy demand ) b; =
=1 j=1

(34,41,49,56). Since i?ii =+ il’gj, so it is an unbalanced fuzzy TMT prob-
i= j=

lem. Now, using Step 1, the unbalanced fuzzy TMT problem can be con-

verted into a balanced fuzzy TMT problem by introducing a dummy source

Sy with fuzzy availability (0,2,5,5) and a dummy destination D5 with fuzzy

demand (3,3, 3,3) so that total fuzzy availability = total fuzzy demand i.e.,

(37,42,47,54) @ (0,2,5,5) = (34,41,49,56) @ (3,3, 3,3).

Assuming that the fuzzy time of transportation of the product from dummy
source Sy to all destinations and from all sources to dummy destination Dj
as zero trapezoidal fuzzy number, i.e., ty, = tyo = ta3 = tag = b1z = log =
T (0,0,0,0), the tabular representation of the balanced fuzzy TMT

problem, obtained from Step 1, is shown in Table 4.6 given overleaf.

Using Step 3 of the proposed method, the balanced fuzzy TMT problem rep-
resented by Table 4.6 can be split into four crisp TMT problems as depicted

in Table 4.7, Table 4.8, Table 4.9 and Table 4.10.

Table 4.7: First crisp TMT problem
Dy | Dy | D3 | Dy | D5 | an
Sy 10] 0 | 20 | 11 12
So 1 7 9 | 20 22
Sg | 12 | 14 | 16 | 18
Sy | O 0 0
bj1 | 9 6 12

W oo |Oo O
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(6¢zevrLe) | (c'ee'e) | (eT°TT'6°L) | BTOTFT ) | (0T'6°L°9) | (ST'ET'TT°6) q
(6cz'0) | (0000 | (000 (00°0°0) (000°0) (000°0) S
(8'¢'v'e) | (000°0) | (Te'6T LT CT) | (6T°LTCT €T) | (LT'CT €T TT) | (CT'E€T'TT6) Y

(8292 ‘¥z 'ce) | (0°0°0°0) | (92°Ce QT ¥1) | (21°6°8°L) (or°2'9'¢) | (¥'z'0'c—) 5

(81°91%1°21) | (0°0°0°0) | (€T°GT TT'8) | (92 Gz ‘8T ¥1) | (G T1—'6—) | (ET‘TT°6°L) s

15901N0¢G
D ‘a "a ta ‘a 'a 4—SUOTYRUIISA(]

wopqoxd NI, Azznj peouereq :9'% 9[qR],
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Table 4.8: Second crisp TMT problem

D, D, Ds D, Ds | a2 —an

S 825 1.25 [ 1650 | 9 | 0 2
Ss 1.50 | 5.75 | 7.25 | 16.50 | 0 2
Ss 9.75 | 11.25 | 12.75 | 14.25 | 0 1
Sy 0 0 0 0 |0 2
bio—bj | 2 1 2 2 |0

Table 4.9: Third crisp TMT problem

D, D, Ds D, Ds | a3 —azn

S 6 | 150 | 12 [625| 0 2
Ss 150 | 4.25 | 5.25 | 12 | 0 2
Ss 7 8 | 9 | 100 1
S ol oo | o0 ]oO 3
bis—bi | 2 | 2 | 2 | 2 |0

Table 4.10: Fourth crisp TMT problem

D, D, Ds D, Ds | a4 — a3

Sh 3.25 | 1.25 | 650 | 3.25 | O 2

So 1 2.50 3 6.50 | 0 2

Ss 3.75 | 425|475 | 525 | 0 3

Sy 0 0 0 0 0 0
0

bja—bjs | 2 1| 2 | 2

Step 4 The optimal solution of crisp TMT problems, shown in Tables 4.7 to 4.10,
are Ty = 9, Tyo1 = 0, 131 = 0, Ty = 7, x50 = 0, To11 = 4, Too = 6,
To31 = 12, 2941 = 0, a51 = 0, 2311 = 0, w301 = 0, 2331 = 0, w341 = 0, 2351 = 3,
Ty =0, 2491 = 0, 2431 = 0, 2441 = 0, 2451 = 0, 212 — 111 = 1, T1g2 —T121 = 1,
Tiz2 — 131 = 0, Traz — 2141 = 0, T150 — 151 = 0, To12 — L2113 = 0, Togg — 221 = 0,
T93p — X931 = 2, Togo — Toa1 = 0, Tosa —Xa51 = 0, X312 — X311 = 1, T390 — X321 = 0,
x330 — X331 = 0, Tago — X341 = 0, T350 — X351 = 0, T412 —T411 = 0, Tgo2 — Tg21 = 0,
Ty320— X431 = 0, Tygo —Tga1 = 2, Tyso — X451 = 0, T113 — X112 = 1, X123 — X120 = 1,
Ti33—T132 = 0, Tyy3 — 2142 = 0, X153 — X150 = 0, X213 — X212 = 0, Tz —To2o = 1,

To33—To32 = 1, Toaz — Toap = 0, To53 — Tose = 0, X313 — X312 = 1, T303 — 300 = 0,



Step 5

Step 6

T333 — T332 = 0, T343 — T340 = 0, X353 — T352 = 0, T413 — Ta12 = 0, T423 — Ta22

Ta33—Taz2 = 1, Taa3 — Taao = 2, Ty53 — Tas2 = 0, T4 —T113 = 2, T124 — T123

T34 —T133 = 0, T1aa — T143 = 0, T154 — 153 = 0, Toa — X213 = 0, Ta24 — T223

T34 — Loz = 1, Togq — Toa3 = 0, Tosa — Tosz = 0, X314 — 2313 = 0, T304 — T323

T334 — X333 = 1, Tgaa — T343 = 2, T354 — T353 = 0, Ta14 — Ta13 = 0, T4 — Ta23

Ty34 — Ty33 = 0, Taaa — 2443 = 0 and 2454 — w453 = 0 Tespectively.
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=0,
=0,
=1,
=0,

=0,

On solving the equations, obtained in Step 4, the values of x;;1, x;j2, 753 and

Tija, V1,7 are i1 = 5, Tiog = 0, 2131 = 0, 1141 = 7, 151 = 0, @211 = 4,

Too1 = 6, og1 = 12, k941 = 0, 2951 = 0, 2311 = 0, w321 = 0,

351 = 3

132 = 0, T142 =7, T152 = 0, T212 = 4, Ta2z = 6, X230 = 14,
312 = 1, w300 = 0, w330 = 0, w349 = 0, w350 = 3, w412 = 0,
Tygr = 2, Tysp = 0, 113 = 7, T193 = 2, 7133 = 0, 143 = 7,
Togz = T, Ta33 = 15, woy3 = 0, X253 = 0, 313 = 2, T323 = 0,
T353 = 3, X413 = 0, 403 = 0, w433 = 1, w443 = 4, 1453 = 0,
2134 = 0, 144 = 7, w150 = 0, T214 = 4, To2g = 8, 234 = 16,

314 = 2, T304 = 0, w334 = 1, w344 = 2, w355 = 3, 2414 = 0,

Ty44 = 4 and T454 — 0

Ta11 = 0, w401 = 0, 2431 = 0, w441 = 0, 7451 = 0,

T331 = 0, T3

Ti12 = 6, T122

Toao = 0, Toso =
Taoo = 0, Ty30 =
Ti53 = 0, T213 =

2333 = 0, T3y3 =

Tia =9, T124

Toag = 0, Tosy

Taoq = 0, 2434

Puttlng the values of Tij1, Lij2, Tij3 and Tija 1 T3 = (xijla Tij2, Xij3, xij4)7 the

fuzzy optimal solution is z1; = (5,6,7,9), 712 = (0,1,2,2), 213 = (0,0,0,0),

f14 = (77 77 7a 7)7 §15 = (Oa07070)7 %21 = (4747474)a f22 = (676a 77 8)7 §23 -

(12,14,15,16), Tos = (0,0,0,0), Tos

<0707070)7 %31 = (0717272>7 5532 =

(07 07 07 O)a %33 = (Oa 07 07 1)7 E34 - (07 07 07 2)7 535 = (37 Sa 37 3)) 541 = (07 07 Oa O)7
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Tyo = (0,0,0,0), 43 = (0,0,1,1), T4g = (0,2,4,4) and Z45 = (0,0,0,0).

Step 7 The optimal fuzzy transportation time obtained by solving M amimum{al,

/{127 ,{147 /{215 /{227 /{237 ,{317 ’{337 /7;347 %;)57 /75137 ,{44} iS TV = (157 177 19721)

4.6 Comparative study

The fuzzy optimal solution of the problem, chosen in Example 2.1, obtained
by using the method proposed in previous chapter as well as the method proposed

in this chapter are shown in Table 4.11.

Table 4.11: Comparative study for fuzzy TMT problem

Example Method proposed in Method proposed in
Chapter 3 this chapter
2.1 T11 = (T111, T112, T113, T114), 11 = (5,6,7,9),
Ty = ($141,$142,$143,$144), Tig = (0; L, 2,2)7
($211,$212, $213,$214), Tiy = (77 7,7, 7)7
Top = (T221, Taz2, U203, T224), To1 = (4,4,4,4),
To3 = (117231,915232, 56'233,55234), Toy = (6, 6,7, 8)7
T3 = (33311, T312, X313, 1’314) To3 = (12, 14,15, 16)
which will satisfy the conditions T3 = (3,4,5,8)
Eutsnateustong) _ g and T = (15,17,19,21)
(x141+x1421—x143+x144) — 10,
(x211+x2121rx213+x214) _9
(:2221+:Jc2221rw223+$224) =8,
(m231+m232:x233+x234) — 15,
(x311+:v3121—x313+z314) 5
and T = (9,11,13,15)
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It can be easily verified that the fuzzy optimal solution obtained by using the
method proposed in previous chapter is satisfying the existing formulation (FPz5) but
not the proposed formulation (Py;). While, the fuzzy optimal solution obtained by
using the method proposed in this chapter is satisfying both the existing formulation

(P,2) and the proposed formulation (Py1).

4.7 Conclusion

On the basis of presented study, it can be concluded that it is better to use
method proposed in this chapter as compared to the method proposed in previous

chapter for solving TMT problems in fuzzy environment.






Chapter 5

Fuzzy OprimaAaL SorutioN OfF FuLrLy
Fuzzy MULTI-OBJECTIVE
TRANSPORTATION PROBLEMS WITH
LR Frat Fuzzy NUMBERS

Gupta et al. [68] pointed out that there is no method in the literature for
solving fully fuzzy multi-objective transportation problems and proposed a method
for its solution. In this chapter, the limitations of this method are pointed out and
to overcome these limitations, a generalized method is proposed by modifying the
existing method. The advantages of the proposed method over the existing method
are discussed. To illustrate the proposed method some numerical examples have

been considered.

5.1 Preliminaries

In the literature [58, 168], it is pointed out that the computational efforts
required to solve a fuzzy linear programming problem can be reduced if the decision
maker expresses his data using LR flat fuzzy numbers. All kinds of crisp numbers,

triangular fuzzy numbers and trapezoidal fuzzy numbers are particular types of LR

The work presented in this chapter is communicated in The Asian Journal of Mathematics.
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flat fuzzy numbers. Thus, LR flat fuzzy numbers are frequently used to increase
the computational efficiency without limiting the generality beyond the acceptable
limits and facilitates the ease of acquisition of data to solve real life problems. The
present study comes up with a solution of fully fuzzy multi-objective transportation
problems with LR flat fuzzy numbers.

This section presents some basic definitions and arithmetic operations of LR

flat fuzzy numbers.

5.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 5.1 [58] A function L : [0,00) — [0,1] or (R : [0,00) — [0, 1]) is said to

be reference function of fuzzy number if and only if
(i) L(0) =1 and L(1) =0 (or R(0) =1 and R(1) =0).
(ii) L (or R) is non-increasing on [0, 00).

Definition 5.2 [58] A fuzzy number A, defined on universal set of real numbers R,
denoted as (m,n, «, 5) g, is said to be an LR flat fuzzy number if its membership

function p3(z) is given by

L(m—$)7 T S m
pi(x) = I, m<z<n

R(%5"), z=n

where, o and [ are non-negative real numbers.

The cases a = 0 and/or # = 0 are admissible. It is assumed that L(™5*) = 0 and/or

R(*5") = 0. Thus, any interval [m, n] and any real number m are also LR flat fuzzy

numbers and can be written as (m,n,0,0),r and (m,m,0,0)r respectively.

Definition 5.3 [58] Let A = (m,n,a, 8).z be an LR flat fuzzy number and A be
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a real number in the interval [0, 1]. Then, the classical set Ay = {z € X : pz(x) >
A} = [m — aL Y (\),n + BR™Y(N)] is said to be A—cut of A.

Definition 5.4 [58] An LR flat fuzzy number A= (m,n,a, B) g is said to be zero
LR flat fuzzy number if and only if m =0, n =0, «a =0 and g = 0.

Definition 5.5 [58] Two LR flat fuzzy numbers Zl = (mq,n1, a1, f1)Lr and ﬁg =
(ma, ng, g, B2) Lk are said to be equal, i.e., A, = A, if and only if my = mg, ny = na,
a; = ay and 3; = f3s.

Definition 5.6 [49] An LR flat fuzzy number A= (m,n,a, B)rr is said to be non-
negative LR flat fuzzy number if and only if m — a > 0.

Remark 5.1 If m = n then an LR flat fuzzy number (m, n, «, 5) g is said to be an
LR fuzzy number and is denoted as (m,m,«, 8)g or (m,a, B)g or (n,n,«, B)rr
or (n,«, B)Lg-

Remark 5.2 If m = n and L(z) = R(z) = Maximum{0,1 — 2}, then an LR
flat fuzzy number A= (m,n,a, B)rr is said to be triangular fuzzy number and is
denoted as (a,b,c) where, a =m —a, b=m (or n), c=m+ f (or n+ ).
Remark 5.3 If m # n and L(z) = R(z) = Maximum{0,1 — 2}, then an LR
flat fuzzy number A= (m,n,a, B)Lr is said to be trapezoidal fuzzy number and is

denoted as (a,b,c,d) where,a=m —a,b=m,c=nand d=n+ (.

5.1.2 Arithmetic operations

In this section, addition and multiplication operations of LR flat fuzzy numbers

are presented [58].

(i) Let A, = (m1,n1, 04, 51)Lr and Ay = (mg, no, e, B2)Lr be two LR flat fuzzy

numbers. Then, /Nll D Zg = (mq + mg,ny + ng,aq + o, B1 + B2) LR
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(ii) Let A = (m1,n1, 04, 51)Lr and Ay = (mag, ng, e, B2) g be two non-negative
LR flat fuzzy numbers. Then,
Z1®g2 ~ (mima, n1ng, mimg—(mi—aq)(Ma—ag), (n1+51)(n2+B2) —ning) Lr.

5.2 Mathematical formulation of balanced fully
fuzzy multi-objective transportation problem

The mathematical formulation of balanced fully fuzzy multi-objective trans-

portation problem is as follows [68]:

P4
Minimize ZEZ-@%’Z»]», k=1,2,....K
i=1j=1
subject to
q o~ ~
inj:au 2_1727 7p
j=1
p .
lej_bﬁ j:1727 »q (P51)
=1
P q -
Y. a;i= )b
i=1 j=1
Z;; is a non-negative fuzzy number.
where,

p: total number of sources.

q: total number of destinations.

a;: the fuzzy availability of the product at it source (.5;).
gj: the fuzzy demand of the product at j™ destination (D).

E?j: the penalty criteria for k' objective function.

T;;: the fuzzy quantity of the product that should be transported from " source
to 7" destination (or fuzzy decision variable) in order to minimize K objective

functions.
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p
> a;: total fuzzy availability of the product.

=1

a -
b;: total fuzzy demand of the product.

1

<

Efj ® T;: fuzzy value of k™ objective function.
1

NS

q

-
Il

=t
b 9 ~

Remark 5.4 If Y a; = ) b;, then (P;5;) is said to be balanced; Otherwise, it is
i=1 j=1

said to be unbalanced.
5.3 Limitations of the existing method

The existing method [68] can be used for solving such balanced and unbalanced
fully fuzzy multi-objective transportation problems in which all the parameters are
represented by trapezoidal fuzzy numbers. However, this method [68] cannot be
used for solving those balanced and unbalanced fully fuzzy multi-objective trans-
portation problems in which all the parameters are represented by LR flat fuzzy
numbers. The fully fuzzy multi-objective balanced transportation problem, cho-
sen in Example 5.1 and the fully fuzzy multi-objective unbalanced transportation
problem, chosen in Example 5.2, in which all the parameters are represented by
trapezoidal fuzzy numbers can be solved by using the existing method. However,
the fully fuzzy multi-objective balanced and unbalanced transportation problems
chosen in Example 5.3 and Example 5.4 respectively in which all the parameters
are represented by LR flat fuzzy numbers cannot be solved by using the existing
method [68].

Example 5.1 A company has three sources Si, S, S3 and four destinations Dj,
Dy, D3, D,. The fuzzy penalties for supplying a unit quantity of the product from

i'" source to j destination for 1** and 2"¢ objectives are given in Table 5.1 and
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Table 5.2 respectively. The fuzzy availability of the product at sources Si, Ss,
S is (6,7,9,11), (16,17,19,23) and (14,16, 17,21) respectively and the fuzzy de-
mand of the product at destinations Dy, Dy, D3, Dy is (9,10,11,14), (1,2,3,6),
(12,13,14,17) and (14, 15,17,18) respectively. The company wants to determine
the fuzzy quantities of the product to be transported from each source to various

destinations in order to minimize each objective function.

Table 5.1: Fuzzy penalties for 1%¢ objective function

Destination— D, Do Ds Dy
Source]
S1 (0,0.5,1,2.5) | (0,1,2,5) | (4,7,8,9) | (5,6,8,9)
S (0,0.5,1,2.5) | (7,8,9,12) | (1,2,4,5) | (2,3,5,6)
Ss (6,7,8,11) | (7,8,9,12) | (2,3,5,6) | (4,5,6,9)
Table 5.2: Fuzzy penalties for 2" objective function
Destination— D, Do D5 D,
Sourcel

Sh (2,3,5,6) | (1,2,5,8) | (1,2,4,5) (1,2,3,6)

S (3,4,5,8) | (6,7,8,11) | (7,8,9,12) (8,9,10,13)

Ss (4,5,6,9) | (0,1,2,5) | (3,4,5,8) | (0,1,1.25,1.75)

Example 5.2 A company has three sources Sy, S, S3 and four destinations D,

Dy, D3, Dy. The fuzzy penalties for supplying a unit quantity of the product

h

from *" source to j** destination for 1** and 2"? objectives are given in Table 5.3

and Table 5.4 respectively. The fuzzy availability of the product at sources Si,
Sy, Sz is (6,7,8,11), (17,18,19,22) and (14,16, 17,21) respectively and the fuzzy
demand of the product at destinations D, Dy, D3, Dy is (9,10, 11,14), (1,2, 3,6),

(12,13,14,17) and (14, 15,16, 19) respectively. The company wants to determine
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the fuzzy quantities of the product to be transported from each source to various

destinations in order to minimize each objective function.

Table 5.3: Fuzzy penalties for 15¢ objective function

Destination— D, Do Ds D,
Source]
Sy (0,0.5,1,2.5) | (0,1,2,5) | (4,7,8,9) | (5,6,8,9)
S (0,0.5,1,2.5) | (7,8,9,12) | (1,2,4,5) | (2,3,5,6)
Ss (6,7,8,11) | (7,8,9,12) | (2,3,5,6) | (4,5,6,9)
Table 5.4: Fuzzy penalties for 2"¢ objective function
Destination— D, Do D5 D,
Sourcel
Sy (2,3,5,6) | (1,2,5,8) | (1,2,4,5) (1,2,3,6)
Sa (3,4,5,8) | (6,7,8,11) | (7,8,9,12) (8,9,10,13)
Ss (4,5,6,9) | (0,1,2,5) | (3,4,5,8) | (0,1,1.25,1.75)

Example 5.3 A company has two sources S7, Sy and three destinations Dy, D,
Ds. The fuzzy penalties for supplying a unit quantity of the product from i*" source
to j* destination for 1** and 2"¢ objectives are given in Table 5.5 and Table 5.6
respectively. The fuzzy availability of the product at sources Sy, Ss is (90,92, 10, 3) . r
and (60, 88, 10, 28) . g respectively. The fuzzy demand of the product at destinations
Dy, Dy, Dsis (40,50, 5,15) g, (30,40, 6,6) . and (80, 90,9, 10) g respectively where
L(z) = R(z) = Mazimum{0,1 — 2*}. The company wants to determine the fuzzy
quantities of the product to be transported from each source to various destinations

in order to minimize each objective function.
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Table 5.5: Fuzzy penalties for 15¢ objective function

Destination— D, Dy Ds
Source]
S, (14,16,1,3) 15 | (29,31,2,2)15 | (18,19,1,4).5
S, (19,21,3,2) 15 | (14,16,2,2)15 | (15,17,4,3) 15

Table 5.6: Fuzzy penalties for 2" objective function

Destination— D, Do Ds
Sourcel
Sp (15,16,2,4) g | (5,6,2,2)Lp (8,9,3,4) g
Sa (7,8, 1,1)r | (13,14,2,2)r | (11,12,3,6)1r

Example 5.4 A company has two sources S, Sy and three destinations Dy, D,
D3. The fuzzy penalties for supplying a unit quantity of the product from " source
to 7" destination for 1** and 2" objectives are given in Table 5.7 and Table 5.8
respectively. The fuzzy availability of the product at sources Sy, Sy is (90, 92, 10, 3) g
and (60, 70, 10, 5) g respectively. The fuzzy demand of the product at destinations
Dy, Dy, Dy is (40,50, 5,15) g, (30,40, 6,6) .z and (50, 60, 3, 10) g respectively where
L(z) = R(z) = Mazimum{0,1 — z*}. The company wants to determine the fuzzy
quantities of the product to be transported from each source to various destinations

in order to minimize each objective function.

Table 5.7: Fuzzy penalties for 1%¢ objective function

Destination— D, Do D5
Sourcel
Sp (14,16,1,3) g | (29,31,2,2)r | (18,19,1,4)1r
S (19,21,3,2) g | (14,16,2,2)r | (15,17,4,3)1r




79

Table 5.8: Fuzzy penalties for 2"¢ objective function

Destination— D, Do Ds
Source]
Sh (15,16,2,4)r | (5,6,2,2)1r (8,9,3,4)1r
S (7,8, 1,1),r | (13,14,2,2)r | (11,12,3,6)1r

5.4 Proposed method

In this section, to overcome the limitations of existing method [68], discussed
in Section 5.3, a new method is proposed to find the exact fuzzy optimal solution of
fully fuzzy multi-objective transportation problems occurring in real life situations
by representing all the parameters as LR flat fuzzy numbers. The advantages of the
proposed method over the existing method are discussed.

The steps of the proposed method are as follows:

P a -
Step 1 Find the total fuzzy availability ) a; and the total fuzzy demand ) b;. Let
i=1 j=1

P q
Ya; = (m,n,a,B)g and Y b; = (m/,n',a/, f')r. Examine if the problem
i=1 j=1

is balanced or not.

Case (i) If the problem is balanced, then Go to Step 2.

Case (ii) If the problem is unbalanced, then convert the unbalanced problem into

balanced problem as follows.

Case (a) fm—a <m'—d/,a <do',n—m <n'—m’and f < /&, then introduce
a dummy source with fuzzy availability (m’ —m,n —n, o —a, [ —
5) = Assume the fuzzy penalties (¢};) from the introduced dummy
source to all destinations as zero LR flat fuzzy numbers for all the

objectives. Then, Go to Step 2.
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Case (b) f m—a>m'—d,a>d, n—m>n"—m'and § > , then
introduce a dummy destination with fuzzy demand <m —m/,n —

n,a—ao, -0 ) . Assume the fuzzy penalties (¢%;) from all sources

LR "
to the introduced dummy destination as zero LR flat fuzzy numbers

for all the objectives. Then, Go to Step 2.

Case (c) If neither Case (a) nor Case (b) is satisfied, then introduce a dummy
source with fuzzy availability (M azimum{0, (m' —a/) — (m—a)} +
Mazimum{0, (o/—a)}, Maximum{0, (m'—a')—(m—a) }+Maximum
{0, (¢/ =) }+ Maximum{0, (n'—m')—(n—m)}, Maximumi{0, (o/—
a)}, Maximumi{0, (5 — 6)}) i and dummy destination with fuzzy
demand (M@ximum{(), (m—a)—(m'—a') }+ Mazimum{0, (a—a’)},
Mazimum{0,(m —a) — (m' — o)} + Maximum {0, (a — o)} +
Mazimum{0, (n —m) — (n' —m’)}, Mazimum{0, (a — a/)},
Mazximum{0, (3 — 5’)}>LR. Assume the fuzzy penalties (¢};) from
dummy source to all destinations and from all sources to dummy des-
tination as zero LR flat fuzzy numbers for all the objectives. Then,

Go to Step 2.

Step 2 Formulate the balanced fully fuzzy multi-objective transportation problem,
obtained from Step 1, into fully fuzzy multi-objective linear programming

problem (Ps1).

sk (k ok ok gk ~ ~
Step 3 Assuming ¢j; = (mg;, ng;, @i, B ) LR, Tij = (Mg, Nij, qug, Big)Lrs @i = (M, i, s, Bi) LR,

by = (m,n, o

LG, al, By) LR, the fully fuzzy multi-objective linear programming

problem, obtained in Step 2, can be written as:
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Y2
Minimize Z Z ((77113,71”,0427 E) LR (Mg, g, aZJ,BlJ)LR> k=1,2,....K
=1 :

subject to
q
Z((mijanijaaijaﬁij)LR) = (mi,ni,aiaﬁi)LR, 1=1,2,...,p
j=1
P
Z((mzmnzmazgaﬁz])LR) (mjanjaa]aﬁ/)LPw ]: 1a27"'7q
i=1

(mij, nij, 04y, Bij) Lr 1s a non-negative LR flat fuzzy number.

Step 4 Using the arithmetic operations, defined in Section 5.1.2, the fully fuzzy multi-

objective linear programming problem, obtained in Step 3, can be written as:
q

p
Minimize (( >3 mfjmij, Z Z nmn”, Z Z(mwa” + mya Z] afjaw)

i=1j=1 i=1j= i=1j=

P 4
> Z(nwﬂw + i ij + Z’jﬂij))LR>, k=12,....K

i=1j5=1

subject to
q q )
Z mz]; Z nzgy Z alj? Z ﬁzg) (mivnia O‘ivﬁi)LR; 1= 17 27 Ry
7
(35 m 3

(mij, nij, g, Bij)Lr is a non-negative LR flat fuzzy number.

n2j72051]7261]> = (m97n3705;‘7ﬁ;'>LR7 j:1727"'7q
=1 i=1 i=1 LR

P4 P4
Step 5 Assuming (( > > mmg;, 2 on nging;, Z Z(ngam + mgjal; — ofa;),

i=1j=

P q
> 3 (s + gl + B564)) ) = (mb b o, 68 s

@
I
—_
<
I
—
-
I
—_
<
—

and using Definition 5.5 and Definition 5.6, the fully fuzzy multi-objective
linear programming problem, obtained in Step 4, can be converted into the
fuzzy multi-objective linear programming problem (Ps5):

k ok

P k Ak _
Minimize (mg,ng, a8, 85)cr, k=1,2,..., K

subject to

q
Yomyi=my, i=1,2,...,p
j=1

q
Yomnig=mn; i=1,2,...,p
Jj=1

q
Y=, 1=1,2,...p
j=1
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q

Zﬁij :62'7 1= 1,2,---,]9 (P5.2>
j=1

p

Zmij:m;-, j:1,2,...,q
=1

p

27%»:71;», j=1,2,...,q
D

ZOZZ'J':(Y;-, j:1,2,...,q
=1

4
ZBZ]: ;‘7 j:1727"'7q

=1

mij_Qij7nij_mijaija6@‘]’207 Vi=12....,p; j=12,...,q

Step 6 The fuzzy multi-objective linear programming problem, obtained in Step 5,
can be converted into the following crisp multi-objective linear programming
problem:

Minimize %((mlg,nlg,alg,ﬁg)LR>, k=12,....K
subject to same restrictions given in (Ps5).

1
Step 7 Using the existing formula [109], R(m§, nf, of, B5)Lr = = (f(m’gj—o/gL_l()\))d)\—l—
0

2
1
[(ng+ 5§R_1()\))d)\>, the crisp multi-objective linear programming problem,
0

obtained in Step 6 can be converted into following crisp multi-objective linear

programming problem:

1 1
Minimize %(f(m’g — aEL7YA)) A+ [(nk + ﬁgR—l(A))dA>, k=1,2,... K
0 0

subject to same restrictions given in (Ps5).

Step 8 Solve the crisp multi-objective linear programming problem, obtained in Step
7, by using any classical multi-objective linear programming approach to find

the optimal solution {m;, n;;, i;, Bi; }-

Step 9 Find the fuzzy optimal solution {z;;} by putting the values of m;;, n;, i;, Bi;

in 5@ = (mz‘j; Nz, Qi Bij)LR’
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Step 10 Find the minimum value of each objective function by putting the values of
~ . p q ~
Ty in Z(EZ ® Tyj).-
i=1j=1
Remark 5.5 Let A = (mij, nij, g, Bij, )or With L(z) = R(z) = Maximum{0,1 —

LEQ}. Then, §R<A) = %(Bmw + 3nij -+ QB’U — ZOéij).
5.4.1 Advantages of the proposed method

The existing method [68] can be used to find the fuzzy optimal solution of only
those fully fuzzy multi-objective transportation problems wherein all the parameters
are represented by trapezoidal fuzzy numbers; But, it cannot be used for solving
those fully fuzzy multi-objective transportation problems in which the parameters
are either represented by LR fuzzy numbers or LR flat fuzzy numbers. Since,
triangular fuzzy numbers, trapezoidal fuzzy numbers and LR fuzzy numbers are
particular types of LR flat fuzzy numbers; So, the methods, proposed in this chapter,
can be used for solving all such fully fuzzy multi-objective transportation problems in
which all the parameters are represented by triangular fuzzy numbers or trapezoidal

fuzzy numbers or LR fuzzy numbers.

5.5 Illustrative examples

In this section, to illustrate the proposed method, the fully fuzzy multi-objective
transportation problems, chosen in Example 5.3 and Example 5.4, are solved by us-

ing the proposed method.

5.5.1 Fuzzy optimal solution of fully fuzzy multi-objective
transportation problem chosen in Example 5.3

Step 1 Total fuzzy availability = (150, 180, 20, 31) g and total fuzzy demand =

(150, 180, 20, 31)g. Since, total fuzzy availability = total fuzzy demand; So,
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Step 2

Step 3

it is a balanced fully fuzzy multi-objective transportation problem.

The balanced fully fuzzy multi-objective transportation problem, chosen in
Example 5.3, may be formulated into the following fully fuzzy multi-objective
linear programming problem:

Minimize ((14, 16,1,3) L a®T1 B (29,31,2,2) L r®@F12® (18,19, 1,4) L r @ T15 D
(19,21,3,2) 15 @ Ty ® (14,16,2,2) 5 @ T @ (15,17, 4,3) 1y @ g )
Minimize ((15, 16,2,4),r ® T11 @ (5,6,2,2) 5 @ T1o ® (8,9,3,4)1p ® T13 B
(7,8,1,1) L r ® To1 @ (13,14,2,2) . ®@ T & (11,12,3,6),r ® 5523)

subject to

T11 © T12 @ T13 = (90,92,10,3) 1k
To1 ® Tog B Taz = (60, 88,10,28)Lr
T11 @ Toy = (40,50,5,15) 15
T12 ® Too = (30,40,6,6) L
T13 B Tog = (80,90,9,10) 1

T11, T12, T13, T21, T22, To3 are non-negative LR flat fuzzy numbers.

Assuming z;; = (my;, nij, a4, Bij) Lr and using arithmetic operations, defined
in Section 5.1.2, the fully fuzzy multi-objective linear programming problem,
obtained in Step 2, can be converted into the following fully fuzzy linear pro-
gramming problem:

Minimize (14mqy + 29mq9 + 18my3 + 19mogy + 14mas + 15mag, 16n17 + 31nqs +
19013 + 21n9; + 16n92 + 17093, my1 + 1311 + 2mas + 2710 + mys + 1713 +
3mar + 161 + 2mas + 12009 + 4mgs + 1laes, 3nq1 + 19811 + 2n1s + 33612 +

4nyz + 23013 + 2n91 + 23521 + 2n99 + 18P0 + 3naz + 20623) LR
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Minimize (15mqq +5mqa+8mqz+ Tmaog + 13mas + 11meas, 16m11 +6n12+9nq3 +
8no1 + 14n99 + 12193, 211 + 13011 4+ 2miye + 312 + 3mas 4+ s + Moy + 6y +
2o + 11lagy + 3mas + 8z, 4nyy + 20811 + 2np + 8812 + 4nyz + 13813 + ngy +
9821 + 2n92 + 16322 + 6123 + 18523) LR

subject to

3 3 3
<Zm137 anja Za1j7 ZBIJ)LR 90 92 10 3)

Jj=1 j=1 j=1 j=1

3 3 3 3
( > maj, Z Naj, D Q2jy D 52;) (60,88,10,28)1r
j=1 j=1 j=1 LR
2 2 2 2
( Z my1, UZE z azl; le 40 50 5 15)
=1 =1 LR
2 2 2 2
<Zm12azn127za12725z2> 30 40 6 6)
i=1 i=1 i=1 i=1 LR
2 2 2 2
(Zmzi’nzn ’ZQZ?)’ZﬁZB)LR = (80,90, 9, 10)LR
=1 i= =1 i=1

\_/’—‘

(mij, nij, i, Bij)Lr is a non-negative LR flat fuzzy number.

Using Definitions 5.5 and 5.6, the fully fuzzy multi-objective linear program-
ming problem, obtained in Step 3, can be converted into the fully fuzzy multi-
objective linear programming problem (Ps3):

Minimize (14mq1 + 29mqs + 18my3 + 19ma; + 14may + 15mag, 16017 + 31ngs +
19113 + 21ng; + 16n99 + 17093, myy + 1311 + 2mys + 2719 + mys + 17a3 +
3mar + 16001 + 2mgs + 12099 + 4migg + 11aes, 3n11 + 19811 + 2n4e + 33612 +
4nqz + 23P13 + 2n91 + 23P21 + 2n99 + 1852 + 3nog + 20523) LR

Minimize (15mq1 4+ 5mqa+8mayz+ Tmog + 13magg + 11mag, 16m17 + 6110+ 9013+
8no1 + 14n9o + 12093, 2mq + 1311 + 2mio + 3o 4+ 3mas + daqg + Moy + 6 +
2magz + 11ag + 3mag + 8ang, 4nyy + 20511 + 2n1g + 8P12 + 4nis + 13513 + nay +
9621 + 2n92 + 16320 + 6no3 + 1823) L

subject to
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3 3 3 3
> ma; =90, >y =92, > ay; =10, > By =3
j=1 j=1 =1 j=1
3 3 3 3
Z mgj = 60, ngj = 88, an = 10, Z /BQj = 28
j=1 j=1 =1 j=1
2 2 2 2
Z m;; = 40, n; = 950, Z ;i =5, Z @'1 =15 (P5.3)
i=1 i=1 i=1 i=1
2 2 2 2
> mye = 30, > ni =40, > =6, > Bia=06
i=1 i=1 i=1 i=1

2 2 2 2
Z m;z = 80, Z niz = 90, Z a3 =9, Z 51'3 =10
i=1 i=1 i=1 i=1

My — Qij, Nij — My, i, B 20, Vi=1,2 7 =1,2,3.

Step 5 Using Step 6 of the method, proposed in Section 5.4 and Remark 5.5, the
fuzzy optimal solution of the fuzzy multi-objective linear programming prob-
lem (Ps3), can be obtained by solving the following crisp multi-objective linear
programming problem:

Minimize <%(40m11 454N — 26011 -+ 38611 -+ 83m19 + 97115 — Bdarys + 66512+
52mis + 65n13 — 3dans + 46313 + Hlmay + 67ng — 3291 + 46891 + 38magy +
52n2s — 2Acias + 36822 + 3Tmas + 5Tngs — 22005 + 40523))

Minimize (%(Zﬂmll +56m1; — 26011 + 40811 + 11mye + 22115 — 69 + 16512 +
18ma3 + 35n13 — 10aa3 + 26513 + 19ma1 + 26n91 — 12001 + 18521 + 35mas +

A6n — 22023 + 32Baz + 2Tz + 48n23 — 160123 + 36623))

subject to same restrictions given in (Ps3).

Step 6 Using fuzzy programming technique [165], the optimal solution of the crisp
multi-objective linear programming problem, obtained in Step 5, is
my; = 9.30, ny; = 9.30, ap; = 0.30, B11 = 0, mys = 0.70, nyp = 0.70, a1y =
0.70, B12 = 0, my3z = 80, n13 = 82, ayz = 9, B3 = 3, Moy = 30.70, ngy; =
40.70, ag; = 4.70, Po; = 15, mao = 29.30, ngs = 39.30, aee = 5.30, Pag = 6,

Moz = 0, no3 = 8, a3 = 0, foz = 7.
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Step 7 Puttlng the values of mij,nij,ocij,ﬁij in f@'j = (mij,nij,aij,ﬁij)LR, the fuzzy
optimal solution is z1; = (9.30,9.30,0.30,0).z, %12 = (0.70,0.70,0.70,0) 1R,
13 = (80,82,9,3)1r, To1 = (30.70,40.70,4.70, 15) 1 g, Fas = (29.30, 39.30,

5307 6)LR7 f23 = (07 87 07 7)LR'

Step 8 Putting the values of Z11, T12, T13, To1, To9, Loz Iin ((147 16,1,3) L r®x11 (29, 31,
2,2)Lr ®T12 @ (18,19,1,4),r ® T13 D (19,21,3,2)Lr @ To1 B (14,16,2,2) . ®
70 @ (15,17,4,3) . @ g ) and in ((15,16,2,4) 10 @511 8 (5,6,2,2)1n @ 12 @
(8,9,3,4) . n@F13D (7,8, 1, 1) Lp @ T B (13,14, 2, 2) [ @ T ® (11,12, 3,6) o ®
523), the fuzzy optimal values of first and second objective are
(2584, 3348, 556, 1203.30) L g and (1378.80, 1862.80, 486.80, 929.90) 1 g respectively.

5.5.2 Fuzzy optimal solution of fully fuzzy multi-objective
transportation problem chosen in Example 5.4

Step 1 Total fuzzy availability = (150, 162,20, 8)z and total fuzzy demand =
(120,150, 14,31) . Since, total fuzzy availability # total fuzzy demand; So,
it is an unbalanced fully fuzzy transportation problem. So, using Case (c)
of Step 1 of the proposed method, the chosen unbalanced fully fuzzy multi-
objective transportation problem can be converted into a balanced fully fuzzy
multi-objective transportation problem by introducing a dummy source Ss
with fuzzy availability (0, 18,0, 23)r and a dummy destination D, with fuzzy

demand (30,30, 6,0)x.

Step 2 Assuming the fuzzy penalties (Efj) for transporting a unit quantity of the prod-
uct from dummy source S3 to all destinations and from all sources to dummy

L TP R~ R T~ R
destination Dy, as zero LR flat fuzzy numbers, i.e., ¢3; = C39 = C33 = Cjy =
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Step 3

G4 = C34 = (0,0,0,0)pr and &, = 3, = T35 = &1y = &3, = ¢34 = (0,0,0,0) s,
the balanced fully fuzzy multi-objective transportation problem, obtained in
Step 1, can be formulated into the following fully fuzzy multi-objective linear
programming problem:
Minimize ((14, 16,1,3) . r @11 ©(29,31,2,2) 1 r®@F12 (18,19, 1,4) 1 r @ T13 B
(0,0,0,0),r®T14D(19,21,3,2) L p®@T21 D (14,16, 2, 2) L g @T22B (15,17, 4, 3) Lr®
T93®(0,0,0,0)Lr®T24(0,0,0,0) L r®@T31B(0,0,0,0) L r®T32(0,0,0,0) L ®
gy @ (0,0,0,0) 15 @ T
Minimize ((15, 16,2,4) 10 ® T11 @ (5,6,2,2) 10 @ T12 @ (8,9,3,4) 10 @ T13 @
(0,0,0,0),r®@T14D(7,8,1,1) [ r®@To1 D (13,14,2,2) [ g @ T2 B (11,12,3,6) g ®
T23©(0,0,0,0),r®T246(0,0,0,0),r®Z31 ©(0,0,0,0) g ®T32$(0,0,0,0) L g ®
Ty @ (0,0,0,0) 1 @ Ty
subject to

T11 D T12 © T13 D T14 = (90,92,10,3)Lr

To1 @ T D Tag @ Tog = (60,70,10,5) Lk

T31 D T3p ® T33 D Tzq = (0,18,0,23) 1

T11 @ Tog @ T3 = (40,50,5,15) 1

T1o D T ® T3o = (30,40,6,6) Lk

T13 @ Toz @ T33 = (50,60,3,10) .5

T14 @ Tog © T34 = (30,30,6,0)1r
Z11, T12, T13, L14, To1, L22, Tog, Toq, L31, T32, L33, L34 are non-negative LR flat fuzzy

numbers.

Using Step 3 to Step 7, of the method, proposed in Section 5.4 and Remark 5.5,

the fully fuzzy multi-objective linear programming problem, obtained in Step
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2, can be converted into the following crisp multi-objective linear programming
problem:

Minimize (%(4Om11 +54n11 — 2601 4+ 38811 +83mia +9Tn1s — ddays + 66819 +
52ma3 + 65m13 — 3daqz + 46813 + 51mar + 67noy — 32a + 46891 + 38may +
52199 — 24i22 + 36825 + 37mas + 57nas — 22005 + 40523))

Minimize (%(Zﬂmn +56m11 — 2611 + 40811 + 11mys +22n15 — 60 + 16512 +
18mis + 35113 — 10as + 26813 + 19mo; + 26m91 — 120091 + 18821 + 35mag +

46n99 — 22099 + 32090 + 27mo3 + 48n93 — 16193 + 36ﬁ23)>

subject to

4 4 4 4

Z mlj = 90, Z TLlj = 92, Z Oélj = 10, Z ﬁlj =3
j=1 j=1 j=1 j=1

4 4 4 4

Z mgj = 60, Z n2j = 70, Z Oégj = 10, Z ﬁgj =35
j=1 j=1 j=1 j=1

4 4 4 4

Z mgj = 0, Z ngj = 18, Z Oégj = O, z ﬁgj = 23
j=1 j=1 j=1 j=1

3 3 3 3

Z m; = 40, Z n; = 50, Z o1 =9, Z 51‘1 =15
z§1 zzl zzl z§1

> mys = 30, ngo = 40, > =6, Y Bia=6
7,§1 Z§1 7,§1 7,§1

m;z = 50, > n3 = 60, > a3 =3, > Bis =10

7,§1 zzl z§1 z§1

> myy = 30, > ni = 30, > g =6, > Biu=0
i=1 i=1 i=1 i=1

Mij — Quj, Nij — Myj, Quj, By >0, Vi=1,2,3; j=1,2,3,4.

Step 4 Using fuzzy programming technique [165], the optimal solution of the crisp
multi-objective linear programming problem, obtained in Step 3, is:
mi = 7.61, nyy = 7.61, a;; =0, B =0, miz = 2.39, nie = 2.39, aip =
1, Biz2 =0, myz =50, ni3 =52, ayz =3, Big =3, myg = 30, s = 30, g =
6, Bia =0, moy = 32.39, ngy = 42.39, any =5, [a1 =5, Moy = 27.61, ngy =

27.61, agy =5, P2 =0, ma3 =0, noz =0, a3 =0, Bog =0, mag =0, noy =
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Step 5

Step 6

0, ags =0, Boa =0, m31 =0, nzg; =0, az; =0, B3 =10, m3y =0, ngp =
10, ago = 0, P32 =6, maz =0, ng3 =8, azz =0, P33 =7, mga =0, ngy =

0, as =0, B3y = 0.

Putting the values of m;;, n;j, ij, Bi; in Ty = (myj, nij, g, Bij)Lr, the fuzzy
optimal solution is 713 = (7.61,7.61,0,0)Lr, T12 = (2.39,2.39,1,0)r, T13 =
(50,52, 3,3) .k, T1a = (30,30,6,0) 5, Tor = (32.39,42.39,5,5) 1z, Too = (27.61,
27.61,5,0) g, T2z = (0,0,0,0)rr, Tog = (0,0,0,0)rr, T3 = (0,0,0,10)r,

T30 = (0,10,0,6) 1k, T35 = (0,8,0,7) Lk, T34 = (0,0,0,0)r.

Putting the values of Z11, Z12, Z13, T14, T21, T22, T23, T24, T31, T32, £33, L34 IN
((14,16,1,8) L@F1®(29, 31,2, 2) 5@ T120(18,19, 1, 4) 1a@7F133(0, 0,0,0) 2
T14 @ (19,21,3,2) g @ Ty ® (14,16,2,2)r ® Tag B (15,17,4,3)1r ® Tz &
(0,0,0,0),r ® Tog @ (0,0,0,0),r ® T31 & (0,0,0,0),r ® T32 @ (0,0,0,0),p ®
Tas @ (0,0,0,0) 1 @ Ty ) and in ((15,16,2,4) 0 © 511 © (5,6,2,2)10 @ T @
(8,9,3,4) L r®T138(0,0,0,0) rRT14D(7,8,1, 1) L rRTo1 D (13,14, 2,2) [ RRT90D
(11,12,3,6) Lr®Z23®(0,0,0,0) L r®T24®(0, 0, 0,0) L r@T31D(0,0,0,0) LR DT32D
(0,0,0,0),r®Z336(0, 0,0, O)LR®534> , the fuzzy optimal values of first and sec-
ond objective are (2077.80,2515.80, 432.78,559.61) 5 and (1111.76, 1329.76,

360.61,424.83) g respectively.

5.6 Comparative study

To show the advantages of the method proposed in this chapter over the exist-

ing method [68], the results of the existing problems [68] and the problems chosen

in this chapter obtained with the use of the existing method [68] and the method

proposed in this chapter are compared in Table 5.9.
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Table 5.9: Comparison of results obtained by using existing method [68] and proposed method

Example Existing method Proposed method
[68]
5.1 Fuzzy optimal value of 1°¢ objective Fuzzy optimal value of 1%¢ objective
is = (70.99,113.99, 181.99, 325.99) is = (113.99,181.99,43,144) .
Fuzzy optimal value of 2" objective Fuzzy optimal value of 2™ objective
is = (102.01,149.01, 210.01, 369.76) is = (149.01,210.01,47,159.75) L
L(z) = R(z) ={0,1 — z}
5.2 Fuzzy optimal value of 1%¢ objective Fuzzy optimal value of 1°¢ objective
is = (69.35,111.25,167.79, 309.79) is = (111.25,167.79,41.89,142) .
Fuzzy optimal value of 2" objective Fuzzy optimal value of 2"¢ objective
is = (104.75,151.75,200.75, 341) is = (151.75,200.75,47,140.25) L
L(z) = R(z) ={0,1 — z}
5.3 Not applicable Fuzzy optimal value of 1% objective
(2584, 3384, 556, 1203.30) L r
Fuzzy optimal value of 2"? objective
is = (1378.80, 1862.80,486.80,929.90) . r
5.4 Not applicable Fuzzy optimal value of 1%¢ objective
is = (2077.80,2515.80,432.78,559.61) L r
Fuzzy optimal value of 2"¢ objective
is = (1111.76, 1329.76, 360.61,424.83) .

The results, shown in Table 5.9, can be explained as follows:

(1) The existing method [68], can be used only for solving such fully fuzzy multi-

objective transportation problems in which all the parameters are either rep-

resented by triangular fuzzy numbers or trapezoidal fuzzy numbers. Since,

in the fully fuzzy multi-objective transportation problems, chosen in Exam-

ple 5.1 and Example 5.2, all the parameters are represented by trapezoidal

fuzzy numbers; So, these problems can be solved by using the existing method
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[68]. However, in the fully fuzzy multi-objective transportation problems, cho-
sen in Example 5.3 and Example 5.4, all the parameters are represented by
such LR flat fuzzy numbers which are neither triangular fuzzy numbers nor
trapezoidal fuzzy numbers. So, the fully fuzzy multi-objective transportation
problem, chosen in Examples 5.3 and 5.4, can not be solved by using the

existing method [68].

The method, proposed in this chapter, can be used for solving all such fully
fuzzy multi-objective transportation problems in which all the parameters are
represented by LR flat fuzzy numbers. As discussed in Remark 5.3 that the
trapezoidal fuzzy numbers are particular types of LR flat fuzzy numbers; So,
all the fully fuzzy multi-objective transportation problems, chosen in Examples

5.1 to 5.4, can be solved by using the method proposed in this chapter.

It is obvious from the results shown in Table 5.9 that the solutions obtained
by using the existing method [68] and the proposed method for Example 5.1

and Example 5.2 are same.

5.7 Conclusion

On the basis of the presented study, it can be concluded that the problems

which can be solved by using the existing method [68], can also be solved by the

method proposed in this chapter. However, as discussed in Section 5.3, there exist

several problems which can be solved by the method, proposed in this chapter, but

can not be solved by using the existing method [68]. Hence, it is better to use the

method, proposed in this chapter, as compared to the existing method [68].



Chapter 6

OptiMAL SorutioN OfF Fuzzy
MULTI-OBJECTIVE TRANSPORTATION
ProBLEMS WITH PARAMETERS AS
INTERVAL-VALUED LR Frar Fuzzy
NUMBERS

There are several methods in the literature for solving transportation problems
where the parameters are fuzzy numbers. Chiang [44] pointed out that it is better
to represent the parameters as level (A, p) interval-valued triangular fuzzy numbers
instead of fuzzy numbers and proposed a method to find the optimal solution of sin-
gle objective transportation problems by representing the availability and demand
as level (), p) interval-valued triangular fuzzy numbers. In this chapter, the limi-
tations of this existing method are pointed out and to overcome these limitations
a new method is proposed. To illustrate the proposed method numerical examples
have been considered. A comparative study has been given to show the advantages

of the proposed method over the existing method.

A part of this chapter is published in the Applied Mathematical Modelling 36 (2012) 1421-1430
(Impact factor: 1.371) and remaining part of this chapter is communicated in the Optimization
Letters.
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6.1 Preliminaries

In this section, some basic definitions and arithmetic operations of level (), p)

interval-valued LR flat fuzzy numbers are presented [44].

6.1.1 Basic definitions

In this section, some basic definitions are presented.

Definition 6.1 An interval-valued fuzzy set AonRis given by

A =A{(z,[pz(2), pzo(@)]) : @ € R} where puzu(2), pzo(x) € [0,1] and pg(z) <
piv(z) V o € R and is denoted as A = [AL, AV]. This means that the grade
of membership of = belongs to the interval [uz.(x), pjv(z)], the least grade of

membership at « is 5. (2) and greatest grade of membership at x is p1 5 (2)

Let .
AL(™=E), o <m
(2) A, m<z<n
pg (@) =
A AR(E1), & >n
\ 0, otherwise
and
(
pL("5%), z<m
o3 m<x<n
o () = 4

pR(*5"), x=n

\ 0, otherwise

where, a, 8, o and 8’ are non-negative real numbers satisfying 0 < o < o’/ <m, 0 <
f<fand 0< A< p<1.

Then, interval-valued fuzzy set A = {(z, (i (), pau(x)]) : @ € R} is called a level
(A, p) interval-valued LR flat fuzzy number and is denoted as A= [(m,n,a, B;\)Lr,
(m,n, o', B p)Lr].

Definition 6.2 A level (A, p) interval-valued LR flat fuzzy number
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A = [(m,n,a, B;N) g, (m,n, o, 5 p)Lr] is said to be a non-negative level (A, p)
interval-valued LR flat fuzzy number if and only if m — o’ > 0.

Definition 6.3 A level (), p) interval-valued LR flat fuzzy number

A= [(m,n,a, B;N)Lr, (Mm,n, ', B'; p)pr| is said to be a zero level (), p) interval-
valued LR flat fuzzy number if and only if m =0, n =0, a =0, =0, &/ =0 and
B =0.

Definition 6.4 Two level (), p) interval-valued LR flat fuzzy numbers

Ay = [(ma,ny, a1, Bi; N g, (ma, ma, o, B p) ] and Ag = [(ma, n2, a, B2; AL,
(ma, ng, oy, By p)Lr] are said to be equal if and only if m; = mg, Ny = ng, ag = o,
Br = B2, o1 = o and By = f.

Remark 6.1 If m = n, then a level (), p) interval-valued LR flat fuzzy num-
ber A = [(m,n,a, B;N)Lr, (Mm,n, &', 3" p)Lr| is said to be a level (A, p) interval-
valued LR fuzzy number and is denoted as [(m, m, a, B; X)L, (m,m, o', B'; p)Lr| or
[(m, o, B; A)pr, (m, o, B p)pr] or [(n,n, o, B; A)Lr, (n,n, o, B85 p)pr] or [(n, v, B; ) LR,
(n, o, B p)LR]-

Remark 6.2 If m # n and L(z) = R(z) = Mazimum{0,1 — x}, then a level (A, p)
interval-valued LR flat fuzzy number A= [(m,n,a, B;N)Lr, (m,n, o, B p)Lr] is
said to be a level (), p) interval-valued trapezoidal fuzzy number and is denoted as
[(a,b,c,d; N), (p,b,c,r;p)] where, a=m —a,b=m,c=n,d=n+f, p=m—d,
r=n+pf andp<a<b<c<d<r.

Remark 6.3 If m = n and L(z) = R(z) = Mazimum{0,1 — x}, then a level (A, p)
interval-valued LR flat fuzzy number A= [(m,n,a, B;N)Lr, (m,n, o, G5 p)Lr] is
said to be a level (A, p) interval-valued triangular fuzzy number and is denoted as

[(a,b,c; M), (p,b,7; p)] where, a = m —«a (or n—«), b =m (orn), c=m+ [ (or
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n+p8),p=m—a (orn—a),r=m+p (orn+F)andp<a<b<c<r.
Remark 6.4 If o« = o/, § = ' and A = p, then a level (), p) interval-valued LR
flat fuzzy number A = [(m,n,a, B;N)Lr, (m,n, o, B'; p)r| is called a level X LR flat
fuzzy number and is denoted as A= (m,n,a, B; \)Lg-

Remark 6.5 If m = n and a = § = 0, then a level A LR flat fuzzy number A=

(m,n,a, B; ) g is said to be a real number and is denoted as A= (m, m,0,0; \)LR.
6.1.2 Arithmetic operations

In this section, addition and multiplication operations of level (), p) interval-

valued LR flat fuzzy numbers are presented.

(i) Let A = [(m1,n1, a1, B1; N LR, (M1, n1, o, 51 p)Lr] and A, = [(mag, na, g, Po;
A LR, (Mo, na, o, B p)rr] be two level (A, p) interval-valued LR flat fuzzy
numbers. Then,

AL @ Ay = [(my + ma, g + na, ay + o, Br + Bos A g, (M + ma, ny + na, o) +

oy, By + Bh; p)Lr)-

(i) Let A = [(m1,n1, a1, Bi; N, (ma,n1, 04, By p) g and Ay = [(ma, na, s, Bo;
A LR, (Mo, na, o, B; p)rr] be two non-negative level (), p) interval-valued LR
flat fuzzy numbers. Then,

Ay @ Ay = [(myma, nang, mimy — (my — a1)(ma — ag), (n1 + B1)(n2 + ) —

n1na) LR, (Mima, ning, mims—(my—a}) (ma—ab), (n1+8) (ne+85) —nins) Lr)-

(iii) Let A= [(m,n,a, B;N)Lr, (Mm,n, ', B'; p)Lr| be a level (), p) interval-valued

LR flat fuzzy number and k € R be a real number. Then,

kA = [(km, kn, ka, kB; N) g, (km, kn, ko', kS'; p)pr], k>0
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kA = [(kn, km, —kB, —ke: N gr, (kn, km, kB, —ka'; p)ri], k <0

6.1.3 Ranking of level (),p) interval-valued LR flat fuzzy
numbers

Let A = [((m1, n1, a1, B1; N) LR, (M1, na, o4, 515 p)Lr) and Ay = [(ma, na, aa, Ba; A) LR,

(ma, ng, oy, By p)Lr] be two level (A, p) interval-valued LR flat fuzzy numbers. Then,

A; and A, can be compared as [44]:
(i) Ay < Ay if and only if R(A;) < R(A,)
(ii) A, = Ay if and only if R(A;) < R(A,)
(iii) A; ~ A, if and only if R(A;) = R(Ay)

where,

>

<2m1+2n1—oz1L_1 <

|
St~

i (e (e ()

sl (mem=atant () + 57 (5) )]

A

Ry = L / T () 2 () () (2)

oot (B e ()

Remark 6.6 If A = [(m,n,a, B;N)Lr, (Mm,n, ', B'; p)r| is a level (A, p) interval-

valued LR flat fuzzy number and L(x) = R(z) = Maximum{0, /1 — z }, then

R(A) = 1—12 <12m +12n+2(8 — a) + %(6’ &) (TP — 22— 3/\2)>

Remark 6.7 If A = [(m,n,a, B;N)Lr, (Mm,n, o', 8" p)rr| is a level (A, p) interval-

valued trapezoidal fuzzy number, then

RUA) =m ot g[8 -0+ (4= (3 - )
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Remark 6.8 If A = [(m, o, B; N LR, (m, o, 55 p)Lr| is a level (A, p) interval-valued

triangular fuzzy number, then

RUA) = 2m -+ g[(3 = ) + (4= )8 — )

6.2 Applicability of the existing method

The existing method [44] can be used for solving such fuzzy single objective
transportation problems of the type (Ps1) in which the parameters a; and Zj are
represented by level (), p) interval-valued triangular fuzzy numbers.

P 49
Minimize Y > c;jxi;

i=1j=1

subject to

where,
1=1(1,0,0;\) g, (1,0,0; p) ]
a; = [(mi, ag, ai; \) LR, (M4, Q345 Qi p) LR
b; = [(m, Bajs Bojs N Lrs (M, Bsjs Bajs p) L]
L(z) = R(z) = Mazximum{0,1 — x}.

Example 6.1 Solve the fuzzy single objective transportation problem for which the
parameters a; and gj are represented by level (A, p) interval-valued triangular fuzzy

numbers.
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Minimize (21’11 + 4.7312 + 14$13 + 14%’14 + 22621 + 181’22 + 6.7323 + 8I24 + 161’31 + 18$32 +

81’33 + 12l‘34)

subject to
4 ~
Zl'ij]_%zi“ 2—1,2,3
j=1
3 -
Yoxylab;, j=1,2,34
i=1
3 4
> ai= b
i=1 j=1

2; >0, i=1,2,3 j=1,2,34

where the values of a; for i = 1,2,3 and Zj for j =1,2,3,4 are given as:
a, = [(7,1,5;0.6) g, (7,2,8:0.9) 5]

@ = [(20,3,1;0.6) .z, (20,9,2:0.9) 5]

s = [(16,1,5;0.6) .z, (16,2,8;0.9) 5]

by = [(11,1,1:0.6) 5, (11,3,2:0.9) .5]

by =[(3,2,4;0.6) 15, (3,3,7:0.9) 5]

by = [(14,1,1;0.6) 1, (14,3, 3;0.9) . g]

by = [(15,1,5;0.6) .5, (15,4, 6;0.9) 5]

where, L(z) = R(z) = Maximum{0,1 — z}
6.3 Limitations of the existing method
In this section, the limitations of the existing method [44] are pointed out.

(i) The existing method [44] cannot be used for solving fuzzy single objective
transportation problems of the type (Fs2) in which the parameters ¢;;, a; and
gj are represented by level (), p) interval-valued LR flat fuzzy numbers.

P4
Minimize Y > ¢jxij;
i=1;5=1

subject to
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j=1

p ~

szjl’\‘b]a j_172> 4 (PGZ)
=1

p . q

> ai=b;

i=1 j=1

where,

1= [(17 17 07 Oa A)LR? (17 17 07 Oa p)LR]
?:1-]- = [(mija Nij, Auj, AQij; A)LR? (mija Nij, A:m, A4ij; P)LR]

a; = [(mi7 Ny, 014, 024 )\)LR, (mh N4, O34, Olyy P)LR]

bj = [(mgan;aﬂljyﬁ%; A)LR; (m;:n;->53ja54j;/))LR]

The fuzzy single objective transportation problem, chosen in Example 6.2,
cannot be solved by using the existing method [44] as the parameters ¢;;, a;
and gj are represented by level (), p) interval-valued LR flat fuzzy numbers.

Example 6.2 Solve the fuzzy single objective transportation problem where
the parameters ¢;;, a; and Zj are represented by level (), p) interval-valued LR

flat fuzzy numbers.

2 3
Minimize ) > ¢jxi;

i=1j=1

subject to

2 o~ o~

;1’”1 ~ bj, j = 1,2,3

5 N 3

> ai= b

i=1 j=1

r; >0, 1=1,2; 7=1,2,3
The values of ¢;; for i =1,2; 7 =1,2,3 are:

511 = [(147 16, ]_, 3, 0-8)LR7 (14, 16, 2, 4, 1)LR]
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c12 =[(29,31,2,2;0.8) g, (29,31,4,4; 1) . g]

c13 =[(18,19,1,4;0.8) g, (18,19, 3,6; 1) 1. r]

co1 =[(19,21,3,2;0.8) g, (19,21,4,3; 1) g

Cog = [(14,16,2,2;0.8) g, (14,16,4,3; 1) ]

Co3 = [(15,17,4,3;0.8) g, (15,17,5,6; 1) ]
The values of a; for i = 1,2 and Zj for j = 1,2,3 are given as:
a1 = [(90,92,10,4;0.8)Lr, (90,92,20,8; 1) ]
as = [(60, 88,10, 28;0.8)1r, (60, 88,20,42; 1) 5]
by = [(40, 50,8, 4;0.8) g, (40,50, 10,8; 1) . 5]

by = [(30,40,6,12;0.8) ., (30,40, 10, 12; 1) . ]
by = [(80,90, 6, 16;0.8) g, (80,90, 20, 30; 1) 5]

L(z) = R(z) = Mazimum{0,v/1 —z }.

(ii) The existing method [44] cannot be used for solving fuzzy multi-objective
transportation problems of the type (FPs3) where the parameters a; and Ej are
represented by level (), p) interval-valued LR flat fuzzy numbers.

P4
Minimize > > cfjxij, k=1,2,....K

i=1j=1

subject to

ZxZ]’I%bj7j:]-7277q (PG.S)

where,

1= [(17 17 07 Oa )\)LRa (]-7 17 07 Oa p)LR]
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a; = [(mi,ni, A4, Q45 >\)LR7 (miﬂ% 3, (g5 p)LR]

bj = [(m;a”}ﬁu,ﬁzﬁ A)LR; (m;>n9>53j,54j;P)LR]

The fuzzy multi-objective transportation problem, chosen in Example 6.3, can-
not be solved by using the existing method [44] as the parameters a; and Ej
z;; are represented by level (), p) interval-valued LR flat fuzzy numbers.
Example 6.3 Solve the fuzzy multi-objective transportation problem for
which the parameters a; and ’gj are represented by level (), p) interval-valued
LR flat fuzzy numbers.

Minimize (30.91x1; + 60215 + 38.37x13 + 39.54w01 + 29.71w99 + 32.12293)
Minimize (32.49x1; + 11.29215 + 17.46213 + 15.2929; + 27.29299 + 24.37293)

subject to

j=1

2 - o~

Ywyla~b;, j=1,2,3
i=1

2 3

> ai= b

i=1 j=1

vy >0, i=12 j=1,23
The values of a; for i = 1,2 and Ej for j =1,2,3 are given as:
a1 = [(90,92,10,4;0.8)1r, (90,92,20,8;1) 5]
as = [(60, 88,10, 28;0.8) g, (60,88,20,42; 1) 5]
by = [(40, 50, 10, 4; 0.8) .g, (40, 50, 20, 8; 1) . g]
by = [(30,40,4,4;0.8) g, (30,40, 10, 10; 1) . g]
by = (80,90, 6,24;0.8) g, (80,90, 10, 32; 1) .g]

L(z) = R(z) = Maximum{0,v/1 —z }

(iii) The existing method [44] cannot be used for solving fuzzy multi-objective
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transportation problems of the type (Fs4) in which the parameters Ez?j, a; and

b; are represented by level (), p) interval-valued LR flat fuzzy numbers.
P4
Minimize 3 > Ez-“jxij, k=1,2,....K

i=1j=1

subject to

where,

1=1(1,1,0,0;\) g, (1,1,0,0; p)g]

o= [(m

k ook Ak
i ngy A

g0 'Yy —lago

Aézyv )‘)LRa (mfy nfju Al?fijﬁ Aizg) p)LR]

a; = [(mz‘, ng, 0y, Cig;; /\)LRa (miu N, O34, Qg P)LR]

bj = [(m}7n§;51j752j; A)LR; (m;-,n}ﬁ:sj”@@%ﬂ)LR]

The fuzzy multi-objective transportation problem, chosen in Example 6.4, can-

not be solved by using the existing method [44] as the parameters Ez?j, a; and

b; are represented by level (), p) interval-valued LR flat fuzzy numbers.
Example 6.4 Solve the fuzzy multi-objective transportation problem in which

the parameters ¢, @; and gj are represented by level (), p) interval-valued LR

YR

flat fuzzy numbers.

e
. . . ~1
Minimize ) Y ¢wi
i=1j=1
2. 3,
Minimize 3 CiiTij
i=1j=1
subject to
3 ~
Zl’ﬁl%@h 221,2
j=1
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ri; >0, 1=1,2; 7=1,2,3
The values of Czy’ and ¢? Cijp fori=1,2; 7 =1,2,3 are:
¢ty = [(14,16,1,3;0.8) g, (14, 16,2,4; 1) g
Cly = [(29,31,2,2;0.8) g, (29, 31,4, 4; 1) 5]
¢l = [(18,19,1,4;0.8) g, (18,19,3,6;1) g
ey = 1(19,21,3,2;0.8) g, (19, 21,4, 3; 1) g
Chy = [(14,16,2,2;0.8) g, (14, 16,4, 3; 1) x|
Cyg = [(15,17,4,3;0.8) g, (15,17,5,6; 1) g
&, =1[(15,16,2,4;0.8) g, (15,16,4,8; 1) x|
iy = [(5,6,2,2;0.8)1r, (5,6,3,4;1) R
13 =1(8,9,3,4;0.8) 1R, (8,9,5,6;1)R]
3, =1[(7,8,1,1;0.8)1r, (7,8,2,3; 1) ]
2, = [(13,14,2,2;0.8) g, (13,14, 3,4; 1) 5]
3y = [(11,12,3,6;0.8) g, (11,12,5,8; 1) g
The values of a; for i = 1,2 and Zj for j =1,2,3 are given as:
a; = [(90,92,10,4;0.8)1r, (90,92,20,8;1) 5]
as = [(60, 88,10, 28;0.8)1r, (60, 88,20,42; 1) g]
by = [(40, 50,10, 4;0.8) 1.g, (40, 50, 20, 8; 1) . g]
by = [(30,40, 4, 4: 0.8) g, (30, 40, 10, 10; 1) . 5]

by = [(80, 90, 6, 24; 0‘8>LR; (807 90, 10, 32; 1)LR]

L(z) = R(z) = Maximum{0,v/1 —z }
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6.4 Proposed method

In this section, to overcome the limitations of existing method [44], discussed
in Section 6.3, a new method is proposed to find the optimal solution of fuzzy multi-
objective transportation problem (Fg4).

The steps of proposed method are as follows:

Step 1 Convert the fuzzy multi-objective transportation problem (Ps4) into the crisp
multi-objective linear programming problem as:

Minimize R(

p
1=

q
7164;]-.131‘]'), k= 1,27...,K

1j

subject to

q ~
7=1

p ~
%(; iL’Z]l) = éR(bj), j = 1,2, oo, q

ngZO; Z:1727ap7 ]:]—7277(]

Step 2 Solve the crisp multi-objective linear programming problem, obtained in Step
1, by using any classical multi-objective linear programming approach to find

the optimal solution {z;;}.

Step 3 Find the fuzzy optimal value of each objective function by putting the values

~k

p
= 1

. q
of z;; in

=17

6.4.1 Advantages of the proposed method

The existing method [44] can be used only to solve such fuzzy single objective
transportation problems (FPs1) in which the parameters a; and gj are represented
by level (), p) interval valued triangular fuzzy numbers but cannot be used for solv-

ing fuzzy single objective transportation problem (Fs2) and fuzzy multi-objective
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transportation problems (FPs3) and (Ps4) in which the parameters are represented
by level (), p) interval-valued LR flat fuzzy numbers. Since, level (), p) interval
valued triangular fuzzy numbers, level (A, p) interval valued trapezoidal fuzzy num-
bers and level (), p) interval valued LR fuzzy numbers are particular types of level
(A, p) interval valued LR flat fuzzy numbers; So, the method proposed in this chap-
ter can be used for solving all such fuzzy single and multi-objective transportation
problems in which the parameters are represented by level (), p) interval valued tri-
angular fuzzy numbers or level (), p) interval valued trapezoidal fuzzy numbers or

level (A, p) interval valued LR fuzzy numbers.
6.5 Illustrative example

In this section, to illustrate the proposed method, the fuzzy multi-objective
transportation problem, chosen in Example 6.4, is solved by using the proposed

method.

Step 1 Consider the fuzzy linear programming formulation of fuzzy multi-objective
transportation problem, chosen in Example 6.4:
Minimize ([(14, 16,1,3;0.8) g, (14,16, 2, 4; 1) &) 211 & [(29,31,2,2:0.8) 5,
(29,31,4,4;1)Lr| 12B[(18,19,1,4;0.8) 1, (18,19, 3,6; 1) Lr| 136[(19, 21, 3,2;0.8) 1R,
(19,21,4,3; 1) Lr| z21[(14,16,2,2;0.8) g, (14, 16,4, 3; 1) L r| 22B[(15,17,4,3;0.8) g,
(15,17,5,6; 1) 1] 29 )
Minimize ([(15, 16,2,4;0.8) 1R, (15,16,4,8; 1) r] 211 & [(5,6,2,2;0.8) 1R,
(5,6,3,4;1)Lr| x12®[(8,9,3,4;0.8) R, (8,9,5,6;1).g] x13® [(7,8,1,1;0.8) g,
(7,8,2,3; 1) L] 221D[(13,14,2,2;0.8) 1, (13,14, 3,4; 1) L] x22®[(11, 12, 3,6;0.8) 1 g,

(11,12,5,8: 1) 1x] xgg)
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subject to

21,1 ~ (90,92, 10, 4;0.8) &, (90, 92, 20, 8: 1) . ]

M

<
Il
-

29;1 ~ [(60,88, 10, 28;0.8) 1z, (60, 88,20, 42; 1) 1]

M

<
Il
-

zi1 ~ [(40,50,10, 4;0.8) . x, (40, 50, 20, 8: 1) 5]

IR

.
Il
—

Tl ~ [(30,40,4,4;0.8) 15, (30,40, 10,10; 1) 5]

N

-
I
—

l‘ill

Q

(80,90, 6,24; 0.8) &, (80,90, 10, 32; 1) . ]

o8

.
Il
—

T11, T12, L13, Ta1, T22, Taz > 0
Using Step 1 of proposed method, the above problem can be converted into
the following crisp multi-objective linear programming problem:
Minimize (30.91 x17 4+ 60 212 + 38.37 213 + 39.54 291 + 29.71 x99 + 32.12 293)
Minimize (32.49 114+ 11.29 2195+ 17.46 13+ 15.29 91 + 27.29 99 + 24.37 x93)

subject to

11 + T12 + 213 = 88.76
To1 + Tog + To3 = 78.69
T11 + 191 = 42.76
T1o + 99 = 35
213 + 23 = 89.69

T11,T12, T13, T21, T2, Tog => 0

Step 2 Using fuzzy programming technique [165], the optimal solution of the crisp
multi-objective linear programming problem, obtained in Step 1, is:

11 = 697, T2 = 0, r13 = 8179, To1 = 3579, Loy = 35, To3 = 7.90

Step 3 Putting the values of x11, x12, 13, T21, Ta2, Tog In

[(14,16,1,3:0.8).r, (14, 16,2, 4: 1) 5] 211B[(29, 31,2,2;0.8) 1k, (29, 31,4, 4; 1) .r] 212D
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[(18,19,1,4;0.8) 1, (18,19, 3,6; 1) .r] 213D[(19, 21, 3,2;0.8) g, (19,21, 4,3; 1) Lr] 221D
((14,16,2,2;0.8) g, (14,16,4, 3; 1) ) 220®[(15,17,4,3;0.8) L, (15,17,5,6; 1) Lg] 223
and in

[(15,16,2,4;0.8) g, (15,16,4,8; 1) ,r] 21:D[(5,6,2,2;0.8) 1, (5,6, 3,4; 1) r| 12P
((8,9,3,4;0.8) 1, (8,9,5,6; 1) Lr| 213D [(7,8,1,1;0.8) 1, (7,8,2,3; 1) Lr| 221 &
[(13,14,2,2;0.8) g, (13,14, 3,4; 1) L g w22®[(11, 12, 3,6;0.8) g, (11,12,5,8; 1) 1] x23,
the fuzzy optimal values of first and second objectives are
[(2856.79,3109.74,297.49,513.19; 0.8) 1.r, (2856.79, 3109.74, 581.65, 778.15; 1) . g]

and

[(1550.74, 1718.11, 388.72, 508.15; 0.8) ., (1550.74, 1718.11, 652.75, 856.83; 1) 1]
6.6 Comparative study

To show the advantages of the method, proposed in this chapter, over the
existing method [44], the results of the existing problem [44] and the problems chosen
in this chapter, obtained by using the existing method [44] and method proposed in

this chapter, are compared in Table 6.1.
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Table 6.1: Comparison of results obtained by using existing method [44] and proposed method

Example Existing method Method proposed
[44] in this chapter
6.1 x11 = 4.375, x10 = 3.625, 13 = 0, x11 = 4.375, w12 = 3.625, 213 = 0,
T14 = 0, 91 = 6.500, x99 = 0, z14 = 0, 91 = 6.500, 25 = 0,
To3 =0, x94 = 12.500, 31 =0, To3 =0, x94 = 12.500, 31 =0,
Tag =0, 233 =14, 234 =3, T3 =0, 233 =14, 234 =3
Optimal value of objective Optimal value of objective
function is =284.25 function is =284.250
6.2 Not applicable x11 = 44.375, x15 = 0, 13 = 44.385,

291 = 0, 292 = 35.790, x23 = 42.900,
Fuzzy optimal value of objective
function is =
[(2564.700, 2855.300, 331.900, 510.900; 0.8) 1. g,
(2564.700, 2855.300, 579.500, 808.500; 1) 1, 5]
6.3 Not applicable z11 = 6.970, £12 = 0, 13 = 81.970,
291 = 35.790, 29 = 35, x93 = 7.900,
Optimal value of 1%¢ objective

function is = 6062.460

Optimal value of 2" objective
function is = 3349.411

6.4 Not applicable r11 = 6.970, x12 = 0, 13 = 81.790,

21 = 35.790, x99 = 35, x23 = 7.900

Fuzzy optimal value of 15¢

objective function is =
[(2856.790, 3109.740, 297.490, 513.190; 0.8) .,
(2856.790, 3109.740, 581.650, 778.150; 1) 1. g|
Fuzzy optimal value of 2"¢
objective function is =
[(1550.740,1718.110, 388.720, 508.150; 0.8) g,
(1550.740,1718.110, 652.750, 856.830; 1) .|

The results, shown in Table 6.1, can be explained as follows:

(1) The existing method [44], can solve such fuzzy single objective transportation
problems in which the parameters a; and gj are represented by level (A, p)
interval-valued triangular fuzzy numbers. So, the problem chosen in Exam-

ple 6.1 can be solved by using the existing method [44]. However, Example
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6.2 wherein the fuzzy single objective transportation problem having param-
eters ¢;;, a; and gj represented by level (), p) interval-valued LR flat fuzzy
numbers and Example 6.3 and Example 6.4 wherein the fuzzy multi-objective

transportation problems having parameters ¢¥;, @, and Zj represented by level

177
(A, p) interval-valued LR flat fuzzy numbers cannot be solved by the use of

the existing method [44].

The method, proposed in this chapter, can be used for solving all such fuzzy

single and multi-objective transportation problems in which the parameters EZ«,
a; and Zj are represented by level (), p) interval-valued LR flat fuzzy number.
As discussed in Remark 6.1, the level (A, p) interval-valued triangular fuzzy
numbers are special type of level (), p) interval-valued LR flat fuzzy numbers;
So all such fuzzy single and multi-objective transportation problems, chosen

in Examples 6.1 to 6.4, can be solved by using the method, proposed in this

chapter.

It is obvious from the results shown in Table 6.1 that the solution obtained
by using the existing method [44] and proposed method for Example 6.1 are

same.

6.7 Conclusion

On the basis of the presented study, it can be concluded that the problems

which can be solved by using the existing method [44], can also be solved by the

method proposed in this chapter. However, as discussed in Section 6.3, there exist

several problems which can be solved by the method, proposed in this chapter, but

can not be solved by using the existing method [44]. Hence, it is better to use the
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method, proposed in this chapter, as compared to the existing method [44].
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Chapter 7

ConNcLusioN AND FUTURE ScoPE

In this chapter, we have reviewed in brief the work presented in earlier chap-
ters. The limitations and shortcomings of the existing methods for the solution
of time minimizing transportation problems and transportation problems in fuzzy
environment in earlier chapters have been discussed. Advantages of the proposed
methods for these problems have been given.

A real life problem to select the warehouse sites for clustering ration shops
to them has been considered in fuzzy environment in Chapter 2 and a method is
proposed to find the efficient solutions of this problem.

The existing method [56] provides a unique optimal solution to time minimiz-
ing transportation problem. However, it has been shown that the problem contains
infinite optimal solutions. In Chapter 3, a new method is proposed to find all the
optimal solutions. The method is also applicable to the problem considered in Chap-
ter 2 and provides the same efficient solutions.

In Chapter 4, the shortcomings of the existing formulation of fuzzy time mini-
mizing transportation problem is pointed out and to overcome these shortcomings, a
new formulation is suggested. Also on the basis of the proposed formulation, a new
method is proposed for solving time minimizing transportation problem in fuzzy

113
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environment.

In Chapter 5, a new method is proposed for solving fully fuzzy multi-objective
transportation problem with LR flat fuzzy numbers and it is shown that the pro-
posed method is better than existing method [68].

In Chapter 6, a new method is proposed for solving fuzzy multi-objective trans-
portation problem with level (), p) interval-valued LR flat fuzzy numbers and it is
shown that the proposed method is better than existing method [44].

The methods proposed in this thesis can be beneficial in a myriad of business
situations in various ways. The optimal solutions of business models in fuzzy envi-
ronment give the decision maker a wide choice respecting his subjective preferences
and allowing optimal use of the resources at his disposal.

The proposed methods are quite versatile and can be adapted to number of
other situations by varying the constraints and objective functions. With the help of
computer programming, proposed methods can be applied to even large size prob-
lems.

In future, the methods proposed can be further generalized and extended to in-
volve more many types of transportation problems. For example, Chapter 6 provides
optimal solution of fuzzy multi-objective transportation problems with parameters
as (A, p) interval-valued LR flat fuzzy numbers. However, this method may not
be applicable to single objective transportation problem (P;;) and multi-objective
transportation problem (Pr5):

Minimize Zp: i Cij @ Tyj

i=1j=1

subject to

q
Zl’z‘j:&i, Z:1,2,...,p
Jj=1
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p

iijzgj, 7=12...,q (P7.1)

(2

P q -
> ;= b
i=1 j=1

1

T;; is a non-negative level (), p) interval-valued LR flat fuzzy number

P 4q
Minimize ZZEZ@&%, k=1,2,....K

i=1j=1
subject to
q o~ o~
inj:au 221727 P
j=1
p . ~
Exij:bp ]:1727 , q (P7.2)
=1
P a -
> = b;
i=1 j=1

T;; is a non-negative level (), p) interval-valued LR flat fuzzy number
In future, it may be tried to modify this method to find solutions of such above

mentioned fuzzy single and multi-objective transportation problems.
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