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Abstract

e The aim of this work is to scout or explore the dependence of the

fusion cross-sections on various parameters such as depth of the
potential, radius and the diffusion parameter. The effect of these
parameters is explored at above and below the coulomb barrier by
taking loosely bound nuclei “Li as projectile and isotope of nickel that
is ®*Ni which is a stable mass target.
The CCFULL program is used to determine the fusion cross-section
and mean angular momentum of the compound nucleus, taking into
account the no-Coriolis approximations to reduce the dimensions of
the coupled channel calculations. The program input parameters are
given to the computer code CCFULL and the test shows the fusion
cross-section for the 'Li + ®Ni reaction. In the first case, the projectile
and the target nuclei are assumed to be spherical and measure the
fusion cross-section in the absence of channel coupling. In the next
case, the target is assumed to be deformed which effect the fusion
cross-section. Any variation in the above three parameters affect the
barrier height, the shape and depth of the potential pocket which effect
the fusion cross-section of ‘Li + %Ni reaction.



Chapter 1

1. Introduction

Nuclear reaction is a process or a reaction in which two or more than
two nuclei collide with each other to give the products different from
the reactants. Nuclear reactions are useful as they give us information
about the excited energy levels of the nuclei. A nuclear reaction is in
the form of
atA=b+B
where a is the incoming projectile nucleus and A is the target nucleus
r. b is the outgoing projectile and B is the daughter nucleus. The above
nuclear reaction may also be represented as
A(a,b)B
Examples of nuclear reaction
o decay 2®U— 2%Th + *He
B decay 31— 1B81Xe + %,
v decay Z*Th*— 2%Th +y
In the lab the first nuclear reaction performed was
N*(q, p) OV
Different types of nuclear reactions
I.  Scattering: The incoming projectile and outgoing projectile
are the same in the scattering process. The scattering is said to
be elastic or inelastic depending on the target. The target may
be left in the ground state or excited state.
ii. Elastic scattering: The collision between two nucleon
particles result in the elastic scattering when projectiles are
scattered by the localized force field or there is no loss of

kinetic energy or they are lost to the elastic channel by various



direct or indirect processes but there may be change in the
direction.

atA—atA
where a and A on the R.H.S are the incident projectile and the
target nucleus respectively. a and A on the L.H.S are the
outgoing projectile and the daughter nucleus. In this process
the daughter nucleus has been left in the ground state.
Inelastic scattering: The incoming and outgoing particles in
the inelastic scattering are:

a+A—atA”
where, A" is the daughter nucleus in the excited state. In
inelastic scattering the final kinetic energy will be less than the
initial kinetic energy
Pick up reactions: The projectile picks up nucleons from the
target nucleus in this type of nuclear reactions.
Stripping reactions: In this type of nuclear reaction, the
projectile loses nucleons such that the target nucleus absorbs

part of the projectile.

All the above reactions are different type of nuclear reactions. In

peripheral collision, during brief period of contact between the

colliding particles direct reactions most commonly occur. Direct

reactions are to be contrasted from the compound nuclear reactions. If

the kinetic energy of the projectile 30 MeV, then formation of

compound nucleus takes place with mass number and the charge as

the sum of the charges and masses of the projectile and target nucleus.

During the process of formation of the compound nucleus, the nuclei

which combine to form compound nucleus will lose their identity. If

the compound nucleus is formed in the excited state it decays into

product particle. The decay process does not depend on the mode of
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formation of the compound nucleus. The life span of the compound
nucleus is about 10 s and a compound nucleus can decay into
different number of modes.

1.1 Heavy-ion reactions
In heavy ion reactions the wavelength of projectile is smaller than the
nuclear dimensions, and collisions can be described classically or
semi-classically. There is transfer of large amounts of energy, angular
momentum and nuclear material and if the collision leads to fusion the
product mass will be much different from the mass of the original
particles.
Main types of heavy ion reactions:
The figure 1 below shows the heavy ion reaction mechanism on the
basis of impact parameter. The impact parameter is the perpendicular
offset of the trajectory of the incoming particle and the outgoing

particle emerges at some angle.

Elastic scattering
direct reactions

Peripheral collisions

Grazing collisions e
) Incomplete fusion and

; ;v deep inelastic collisions
Distant collisions

Elastic (Rutherford) scattering
Coulomb excitations

Figure 1. Diagram representation of heavy ion reaction mechanism.
[Ref- Elastic scattering (Hans-Jirgen Wollersheim)]

I.  Elastic scattering and direct reactions: Coulomb force becomes

significant at low and moderate energies and plays a crucial role in
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determining the heavy ion collisions. In heavy ion collision
coulomb repulsion effect the trajectory near the target nucleus.
When the projectile is with large impact parameter, the trajectory
misses the target nucleus and the particle is scattered by the
coulomb field. These collisions are called distant collisions which
results in elastic scattering. Coulomb excitation takes place when
the projectile passes close to the target nucleus due to strong
impulse which leads to the significant amount of inelastic
scattering.
During direct nuclear reactions the projectile grazes the target nucleus
and the particle scatter elastically. This type of collision when the
projectile just reaches the target and direct reactions takes place are
called peripheral collisions. The angular distribution of the outgoing
particle is of bell-shape. If 64 corresponds to the grazing angle, then
for 6< 6y, the reaction probability got reduced as the nuclear surfaces
do not approach closely. For 6> 64 the fusion reaction becomes
predominate due to greater overlapping of nuclei during collision. The
smaller angle gives the large impact parameter.
Fusion: If the projectile collides with the target nucleus with small
impact parameter, the interaction takes place inside the radius of
the target nucleus which results in more complex reactions leading
to the fusion. During fusion of heavy ion, formation of new nuclei
takes place when the large amount of energy and momentum is
transfer to the target nucleus. For example
40C3.20 + 9OZr50 — 130Nd70
In the above reaction, two heavy ions Ca and Zr fuses to produce the
compound nucleus Nd, which is proton rich, therefore when two
heavy ion fuses, the compound nucleus formed is proton rich and is

not much heavier than the projectile or target. Moreover, the
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compound nucleus has excitation energy due to which it evaporate
more neutrons and become more proton rich, and move away from the
stability line. If the projectile fuses with the target nucleus with the
high momentum, then compound nucleus formed will be with very
high momentum.
Deep inelastic reactions and limits to fusion: In deep inelastic
collisions the interacting nuclei stay in contact for long time and
during this time the combined system rotates before separation.
When the collision between the nuclei results in the orbital angular
momentum which exceeds the critical value of the orbital angular
momentum (L.), then combined system splits into two fragments.
As the nuclei approach each other, the kinetic energy gets reduced
due to conversion of kinetic energy into coulomb potential energy.
The period of contact is long, therefore there is dissipation of
Kinetic energy into internal excitation in the form of heat. This
conversion of Kinetic energy into internal excitation takes place
around the region of contact through nucleon-nucleon collision and
mass exchange. There is exchange of particles in both the direction
of the sticking nuclei. As the angular momentum is too high of the
sticking nuclei, the fragments separate with a certain amount of
kinetic energy and fly apart. As they repel each other mutual
coulomb potential energy adds radial Kinetic energy to each
fragment. Nucleon transfer takes place in both direction during
contact and the masses and charges of the product is not much
different from those of the reactants. The time of contact is short,
therefore the interaction is forward focused. Relatively high energy
loss from the kinetic energy to the internal degree of freedom
distinguishes the direct inelastic collisions from the quasi-elastic

scattering.
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Direct inelastic collisions occur when orbital angular momentum |,
lies between the critical angular momentum I, and grazing angular
momentum ly. Quasi elastic scattering takes place when 1>l and fusion
process dominates when I<l.. For the path close to the lg, coulomb
excitations dominate. For large values of | and small interaction time,
Kinetic energy loss increases as the reaction time increases. Through
exchange of nucleons kinetic energy loss into internal energy takes
place and hence this loss can be used to measure the interaction time.
The figure 2 given below illustrates the range of heavy-ion nuclear

reaction mechanism as a function of angular momentum.

partial
oross section geometrical cross section
EL
CE
N

FUSION

Angular momentum(L) _’

*_ Interaction Time
figure 2 probability of heavy-ion reaction mechanism as a function of

orbital angular momentum. Below I fusion process predominates. In
between I; and Iq direct inelastic collisions (DIC) takes place and direct
or quasi elastic collisions takes place when angular momentum |

exceeds lg.
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Distant Collisions
b > R(only coulomb
interaction)

Elastic Scattering and
Colomb Excitation

Peripheral colisions Quasi-Elastic Processes
b ~ R (cold Transfer)
* nucleons are exchanged

* KE damping Is weak

Solid-contact Collisions Deep-nelastic reactions

b < R(Hot Reaction)

+ Exchange of clusters

¢+ K E damping is substantial

* Partial loss of target and
projectile identities

Deeply penetrating Collisions Compound nucleus formation

b << R(very Hot reaction)
¢+ Substantial Loss of Target and
projectile identiies

guawow senbue uids o} eswouw senbue [egui JO LOLBULIOSUEL ‘SW UOIDE3)
uolegauad'iBraus [ewa! 0} UoLRALO0D ADJSUS 08U 1O 3SEILIUI 0 ORI

+ K E damping 1s complete

¢+ Compound Nucleus formation
leading to particle evaporation,

' fission or permanent fusion

Figure 3 classical representation of grazing trajectory of the projectile

and different ways of heavy ion reactions. (modified and redrawn from

[4]).

Factors affecting the reaction mechanism are:

The mass of the projectile.

The kinetic energy of the projectile.

The angular momentum and impact parameter of the projectile.
The Q values of both the projectile and the target.

As shown in figure 2 the reaction time becomes longest for the
fusion in which the compound nucleus lives long to randomize

completely.
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In general, the fusion reaction is the one in which two light nuclei with
Z<20 combine together to form a heavier nucleus with release of large
amount of energy. This energy arises from the binding energy of the

reactants.

Quantum tunnelling also termed as tunnelling is a phenomenon in
which the nuclear particle of one side travels to the other side. Suppose
the energy incident is not large and the system chosen is somehow
heavy, then the reaction is driven by quantum tunnelling through the
coulomb barrier. The term coulomb barrier is similar to the energy
barrier in which two nuclei need to overcome this barrier for a nuclear

reaction to occur.

Classical Mechanics

figure 4. Classical and quantum tunnelling through the

barrier.[wikepedia]

According to Robert Sang “ If you lean on a wall, that wall pushes
back in force so that you don’t go through it.” He further adds that

when you go down to the microscopic level this behave quite
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differently because of the law of physics change from classical to
quantum. As a consequence of this “ a particle in the quantum world
can pass through the wall.

There are many reaction mechanisms possible when two nuclei
interact with each other. In order to comprehend the Couple Channel
equations, let us consider the two nuclei X and Y as bunch of
individual nucleons. Then fold the nucleon-nucleon interactions with
the dispersion or distribution of nucleon inside each of the pair of the
nuclei to estimate the interaction between the two. As a consequence
of this, the dislocation of nucleons within the two nuclei as a function
of distance between them take place. In this way numerous
arrangements may be feasible. Relying on the energy of the
interactions, it is quite believed that many halfway excited states, such
as single particle excited states are produced during the collision
process, or one or two nucleons shifted between the nuclei, or nuclei
join at the closest approach, devising in a compound nucleus. In this
case relative motion will couple to the changes in the state. These
rearrangements are termed as channels, and there may be more than

one internal re-arrangement possible from incident of X on Y.

The program CCFULL solves the couple channel equations in which
CCFULL directly integrates coupled second order differential
equations to culminate fusion cross-sections and angular momenta of
the composite system. It depends on the supposition that the fusion
phenomenon is ruled by quantum tunnelling through the coulomb
barrier as low energy heavy-ion reactions are governed by the
quantum tunnelling through the barrier.

The program CCFULL comprises the couplings to full order but the

size of coupled channel equations is too large and the program makes
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use of no-Coriolis approximation which is sometimes referred to as
rotating frame approximation which in turn reduces the couple
channels to be solved [1,2]. It is a sudden tunnelling approximation
which includes coulomb excitations and uses the arriving wave

boundary pathology inside the coulomb barrier.

1.2 Cross-sections

When collision of particles takes place, cross-section measures the
possibility of the reaction to take place at that particular time. During
the interaction of two particles or particle-particle collisions between
the atoms or molecules, their cross-section is oblique, and they meet
during their relative motion in order to scatter from each other. The
scattering can be elastic and inelastic scattering. Different final states
have its own probability. We can roughly estimate cross section from
the classical and quantum mechanical approach.
Classical estimation
When the cross-section is dependent on some variable, then this type
of cross section is named as differential cross-section. When the cross-
section is integrated over all the angles, it is called as total cross-
section. The total cross-section is separated into two parts elastic
scattering cross-section o5 and reaction cross-section o. Thus,

Ot = Osc + Or
If the nuclei approach each other and the distance between their
centers is less than the interaction radius R, then a nuclear reaction
take place. And if the distance between their centers is greater than the
interaction radius, i.e. r > R, no reaction takes place. The interaction
radius depends upon the interacting nuclei. The figure 5 given below
represents the interaction radii R, as the sum R; + R, of the effective

radii of the two nuclei.
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Figure 5 Representation of the effective nuclei as the sum of R; + R,.
The dotted line represents the cross-section region. Two nuclei

approaching each other undergo nuclear collision if R = R; + Ra.

Both the effective radii and the interaction radius do not have definite
value because of the range of the nuclear force but they are related to
the geometric sizes of the nuclei. From experimental measurements
we can estimate the value of R. The geometric cross-section for the
uncharged particle is

c=n R?
The above cross section can be written in terms of wave number K,
where K =p /h. If L is the total angular momentum quantum number
then

c=n(L/p)?

=n 1 (I + 1) h¥ (hK)?

~m 12/ K2
In classical limit, | >> 1.
If the kinetic energy of the projectile is equal to the coulomb energy,
then at lower energies the cross-section falls to zero because the nuclei

are out of contact with each other. If the initial kinetic is less than the
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coulomb energy, then even the particles are out of range classically
but the cross-section remains finite. Because there is a possibility of
the coulomb barrier penetration and therefore the nuclear reaction
takes place. These are the classical or semiclassical approach for the
estimation of the cross-section.

Quantum mechanical estimation

Classical estimation for cross-section is valid for the de Broglie
wavelength comparable to the nuclear size or interaction radius R. We
consider the quantum mechanical approach when the wavelength is

comparable or greater than R.

Figure 6 Division of interaction region of the approaching projectile

into ring-shaped zone corresponding to the angular momentum 1.

Quantum mechanically the cross-section is given by

o= (21 + 1) = A?(cut)
This cross-section is for the Ith zone. Only integral values of | are
allowed in quantum mechanics and angular momentum | corresponds
to the Ith zone. o) is the partial-wave cross-section. This equation
represents the upper limit to the total cross-section. The reaction cross-

section for the Ith partial-wave is
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or1 > (21 + 1) m A2(cut)
This equation is only applicable for the calculation of reaction cross-
section. If the value of | is above zero, the overlapping of | zone with
the nucleus decreases and effect of nuclear interaction on the partial-
wave becomes negligible. If | = 0, we consider the slow neutron
induced reactions where A (cut) >> R. Some consequences of the

reaction cross-section can be derived in the region where r > R.

In general, fusion cross-section is denoted by sigma(c) and measured
in barns.

Where,
1barn = 10*cm? = 10m?
When the two nuclei, whether they are deformed or spherical interact

with each other the interaction takes place through coulomb and

nuclear potentials. These potentials add up to give rise to a barrier
which must be overcome for the fusion to initiate.

i | Coulomb Barrier

Figure 7 Short range attractive nuclear potential and coulomb barrier.
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Conditions for the nuclear fusion to occur

When the two nuclei interacting with each other have enough kinetic

energy to overcome the coulomb barrier.

If the interaction energy is smaller than the barrier energy, the nuclear

fusion can take place through quantum tunnelling.

The probability that fusion can take place depends upon the width of
the barrier at that energy and this fusion decreases exponentially when

the width of the barrier increases.

At low energy the coulomb repulsion goes as 1/r that is coulomb

barrier becomes very large that causes the difficulty in fusion to occur.

To cause fusion the energy should be of the order of the MeV.

In order to calculate the fusion cross-section of light nuclei we take
into account the nuclear potential. The nuclear potential taken is in the

form of Woods-Saxon.
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The above figure 8 shows the Woods-Saxon potential for A=50,
a=0.5fmand R =4.6fm
The Woods-Saxon approximately describes the force applied on

nucleons for the structure of the nucleus. It is in the form of:

Vo
1+exp(r—R)/a

V() =

Where,
Vo = potential at center of the nucleus having dimensions of energy
a = constant(~0.5fm) representing the surface thickness of the nucleus

R = nuclear radius (R = r, A%

It takes the form of potential well if atomic number A has higher
values. Some characteristics are:

With distance it increases monotonically.

At higher values of A, it is approximately flat at the center.

As nucleus is made up of nucleons, therefore nucleons that are present
at the surface of the nucleus experience a great amount of force
towards the center.

As r goes to infinity it approaches to zero.
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Comparison of Square-Well and Woods-Saxon Potential

For Square-Well, r,~1.35 fm to 1.6 fm.

For Woods-Saxon with half potential radii, ro~1.25 fm.

For Woods-Saxon when there is decline from 90 to 10%, skin

thickness of the full thickness when r,~2.2 fm.

\J Y
/
VdO)~ —
VA{R)} ™
N
0p—— {/ > r 0 > r
/
Weady-Bound WeakdyBound
Ir Stae Stae
/
V0+VC(O)"--.__// Ir’
Vot V(R /
/
Vo Vor—+~
Proton Neutron

Figure 9 potential energy as a function of distance from the center of
a nucleus for proton and neutron. The solid curve represents the
square-well potentials and the dashed curves Woods-Saxon potentials.
[Modern nuclear chemistry (Walter D. Loveland, David J. Morrissey,
Glenn T. Seaborg)].
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Chapter 2

2.1 Coupled channel calculations for heavy-ion fusion reactions

’Li is a stable isotope of Li, which has a two-body cluster structure of
a + t with breakup threshold at 2.47 MeV and bound excited at 0.478
MeV [4]. The breakup threshold is defined as the energy required to
remove a nucleon from the nucleus. The breakup threshold is called
as o-separation energy. If projectiles are weakly bound, then they give
rise to many new reaction channels or opens many new processes like
sequential complete fusion (SCF) In contrary, if projectiles are
strongly bound then new reaction channels are not usually observed.
In order to measure the complete fusion (CF), we need to measure the
sequential complete fusion and direct complete fusion. We can define
complete fusion as the sum of two (CF = SCF + DCF) [5-10].

If a part of projectile is captured by the target nuclei, then it leads to
incomplete fusion (ICF), which is in contrary to complete fusion. The

sum incomplete fusion and complete fusion is called total fusion (TF).

In above-barrier region CF cross sections are supressed in comparison
to TF, because of some loss of flux in ICF channels. While in below
barrier region there is enhancement of both TF and CF [11-18].

We can perform, model calculations or run a program for coupled-
channel calculations with all order couplings for heavy ion fusion
reactions using CCFULL.

The program solves the coupled-channel equations to calculate the
fusion cross-sections and mean angular momentum of compound
nucleus by applying no-Coriolis approximation or iso-centrifugal
approximation to reduce the dimensions of the channel coupling. No-
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Coriolis approximation is a sudden tunnelling approximation related
with the centrifugal energy and reduces the couple channel
dimensions. Coupling interactions describes the inelastic excitations
and transfer reactions. We perform coupled channels calculations in
order to study the effect of inelastic excitations and transfer reactions
on the fusion rate where the fusion process is governed by quantum
tunnelling over the coulomb barrier.

Calculations has been performed using the modified version of
CCFULL [19] which assumes that channel coupling to the ground
state should be small and multi- nucleon transfer reactions should have
much contribution in comparison to inelastic channels. We use
Woods-Saxon parametrization of the Akyuz-Winther [20] potential
with modified parameters to get rid of excitations at higher energies.
In case of no-coupling it is used as 1DBPM excitation function.
1DBPM prediction reproduce the above-barrier measured value of TF
but it underpredicts the below- barrier region values. When there is
coupling to inelastic channels there is enhancement of fusion cross
section in sub-barrier energies, but this model underpredicts the CF

data in the below -barrier region.

2.2 Coupled-channel equations

Below-barrier energies and above-barrier energies involve the
strongest coupling effects and so many energies are involved at
energies high above the barrier [21]. Ignoring the transfer reaction, for
simplicity we consider the coupling to inelastic channels. For the

interaction between the nuclei, the Hamiltonian is described as

2
H= _;L_,u, vz +h(§) + %(T) + V;:rm;n('raf)

(1)
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In this above equation h(&) is the internal Hamiltonian for the target
nucleus and & stands for internal dynamical variable. Vcoup(r, &) is the
coupling term which describes the coupling between the relative
motion and internal degree of freedom. Vy(r) is the bare potential
which depends upon distance r. Then the wave function which

depends upon r and & has the form

(—% T2 +h(E) + Vo(r) + Viou(r e:}) V(r,€) = EU(r,€)

(2)
Now in each channel we replace the angular momentum of the
relative motion by the total angular momentum [1,2], then we read

coupled-channel equations as

e od: I+ DR ZpZye*
——t =+ V(1) +

1
20 dr- 2ur- r

F € £i| Vnlr) 4 Z"'r.lun[r“:ffm”]'z{}-

3)
Here p is the reduced mass, r is the radial component of the relative
motion. €, is the excitation energy of the nth channel and E and Vi is
called as the bombarding energy in the center of mass frame and the
matrix elements of the coupling Hamiltonian. Vy @ is the nuclear
potential in the incoming wave channel.
The Woods-Saxon parametrisation for nuclear potential Vi © is

0
1+ exp((r — Ry)/a)’

{0 1/3 1/3
L-'[., ?'[1"1" = Ry=rpl A P + a‘l]. 1,

(4)
By applying the boundary conditions, we can solve the coupled-
channel equations in which the incident channel is composed of
incoming wave at r = rmi, and outgoing wave at infinity except the

entrance channel that is at n = 0, while all other channels consist of
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only outgoing wave. As the imaginary potentials suppress the
coupling therefore it is not suited to study the channel coupling effects
on barrier penetration but by imposing the incoming wave boundary
condition (IWBC) [22] we can remove the strongly absorbing

potential in the coupled equations. The boundary conditions are

Un(r) — Thexp (—?ﬁf kﬂ(’r’)d’r’) T < Tming
— HS ) knr)no + RaHS (or) > Fmaxy
(5)

Here k, is the local wave number for the nth channel which is

expressed as
2 J(J + 1)h? . ZpZrel
k"{r}:‘/—ﬁb(ﬁ—f"——,‘—‘fﬁ{r}— - mr'[r})
h 2pr= r

(6)

When r equals to infinity
kn = kn(r = 00)
H; © and H; ® in the above equation are coulomb functions of the
incoming wave and outgoing wave. As there are only incoming wave
at r = rmin, therefore the program solves the channel equations
outwards from rmyi, by setting [23]

Wn(Fmin) = 1, Win (Fmin) =0 (m # n),

d . a y
E‘Fﬂ[rmm]:_fin{rmm}, drtﬁfm{rm]—ﬂ (m #£n). (7)

In the above equation the first derivative of the wave function has been
determined from Eq. (3) at r = rmin. The wave function at r = rpin + h
can be calculated by RK method. When we determine the wave

function at r = rmin + h, CCFUL then solves the coupled-channel

equations from r = ryin + h to r = rpa by modified Numerov methods
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[24] as CCFUL directly solves the second order coupled-channel
equations ny modified Numerov method. The modified Numerov
method connects the wave functions at ri.1 = rmi, + (i+1) hto ry and r;.

1 aS

it _ (1" ) {(h_zr )2_ }(_ﬁ .‘) f_(_ﬁf—l) i—1:|
n,ir_(l le)[mAJm@ 1112A¢- 112A v,

(8)
Now the equation given below satisfies the boundary condition (5) at

r= rmin.

Ym(r) = Z To Xnm(r).
n (9)

Let Xnm (1) be the wave function of the m™ channel. Now at r = ryax

\nm(?‘} = ( ‘nm ]].ii.-}(ﬂ‘-'mr) 4 DanE’i}(kmr) ' = Tmax-

(10)
Eqg. 9 at r = rpa becomes

?ﬂlm(rmu] = Z Tﬂ xrrm(rnmx\] = z Tu (Canﬂl.-)(kmrrn&x) - D??Tﬂ HET* }(L‘mrmax]) '

(11)
On comparing equation at r > rma and eq. 11, we get
Z T:Crm = .
’ (12)

Where T, is called the transmission coefficient which is obtained by

(13)
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Our interest is only in inclusive process in which the intrinsic degree
of freedom emerges in any final state. Then when we sum over all the

intrinsic states, gives the inclusive penetrability as

k Tmin y
Py(E) = 3 2imel

n

(14)
Then at last fusion cross section and mean angular momentum of the

compound nucleus are calculated by the equations given below

0rus(E) = gaJ{E)=%;(2J+1)R;{E],
(15)

<l> = Y JoyE) Y os(E),
J J
(% ZJ; J(2J + l)P;(E}) /(% gj(w + 1)5[3})

(16)
From equation 16, we conclude that the summation over the partial
wave is truncated at the angular momentum whose contribution to the

cross-section is less than 10 the total cross-section.

2.3 Matrix elements of coupled channel

The program CCFUL treats a vibrational coupling in the harmonic

limit and a rotational coupling with a pure rotor.

Rotational coupling
Consider the rotational coupling in the target nucleus, then by
changing the target nucleus in the nuclear potential (2) to a dynamical

operator
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Ry — Ry + O = Ry + 2Ry Yoo + B4 ReYao.
(17)

Here B, and 4 are the quadrupole and hexadecapole deformations and
radius of the target nucleus is parametrised as reoup AtY? respectively.
Then the nuclear coupling Hamiltonian is

Vo

Va(r,0) = - —
v(r,0) 1 +exp((r— Ry~ 0)/a)

(18)

Vibrational coupling
The all order nuclear couplings for the case where the vibration can be
approximated by the harmonic oscillator is discuss in reference [26].
In some realistic cases the phonon spectra truncated at some level
which results in the deviation of the intrinsic motion from the
harmonic limit even at equally spaced excitation energies [27]. The

nuclear Hamiltonian operator for the vibrational coupling is given by

. 3
0= %fi’t[ul“ + axo),

vir (20)

In the above equation A is the multipolarity of the vibrational mode

and ao'(az0) is the annihilation operator of the phonon.

Transfer coupling
This program includes the transfer-pair coupling between the ground
states and make use of macroscopic factor with coupling strength Fr
which is given by [28]

vy

P}.rmr.\-{r) — ‘Ft
dr

1

(23)
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However, fusion cross-section shows anomalous behaviour in close
vicinity of the coulomb barrier. It is observed that the fusion cross-
section shows much larger value than expected from the 1DPM [29-
35]. This enhancement in the value of fusion cross-section is may be
due to some physical changes taking place in the tunnelling region.
Static deformation coupling to the low-lying excited states and
neutron transfer reactions are responsible for the enhancement of the
magnitude of the sub-barrier fusion cross-section, therefore,
enhancement is more pronounced for the deformed nuclei in the sub-
barrier regions. In quadrupole deformation the barrier height is
lowered in the elongation direction. An enhancement factor is
observed when axis of deformation is parallel to the collision axis and
the reduction factor is observed when the axis of deformation is
perpendicular to the collision axis. The height of the barrier depends

upon the angle of orientation of the deformed nuclei.
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Figure 10 The figure shows the different barriers associated with

different angles of orientation of deformed nuclei. [ ref 33]

Vibrational and rotational excitations modify the tunnelling

probability and dependence of sub-barrier fusion excitation functions.
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When there is deformation in the spherical nuclei due to low lying
surface vibrations, the barrier height decreases and sub-barrier fusion
cross-section increase. For simplicity we use Woods-Saxon potential
with radius, depth and diffuseness as parameters. Now, we will
analyse how these parameters affect our fusion cross-section by

changing their values.
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Chapter 3

3.1 Effect of nuclear potential parameters on fusion cross section

Fusion cross section depends upon nuclear potential around the
barrier. The width of the fusion barrier and the coupling strengths are
affected by the nuclear potential. We use modified Woods-Saxon
form, which is defined by three main parameters: the potential depth,
the diffuseness and the radius. Any change in the values of these three
parameters changes the fusion cross section. In this we change the

value one parameter by keeping the two parameters value constant.

3.1.1 Effect of change in diffuseness parameter on fusion cross

section

Any change in the diffuseness parameter affects the coupling strength
and the width of the barrier [36]. It is denoted by ‘a’ or ‘ap’. The
commonly accepted value of ‘a’ of the Woods-Saxon is equivalent to
0.65 fm. The higher values or lower values of diffuseness parameter
from the commonly accepted value directly affects the width of the
barrier and coupling strengths. The fusion barrier is no longer defined
when we make use of very large values of angular momenta because
in such case the potential pocket becomes shallower and the fusion
barrier disappears and fusion does not take place. But in CCFULL we
apply the incoming wave boundary condition at r = ryin, and that’s why
we need deeper potentials for large values of ‘a’. We can also include

the other parameter along with the above three parameters which is
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energy dependent parameter. But we will take this parameter into
account through diffuseness parameter.

Dependence of diffuseness parameter

Diffuseness parameter depends upon I-values or angular momentum
values. Larger I-value means that the barrier height therefore in such
case fusion process do not contribute.

Secondly, there may be modification in the value of diffuseness
parameter due to effect of friction at higher angular momenta. As there
is conflict between the fusion and dissipative reactions which leads to
reduction in the fusion cross-section and therefore in order to fit the
fusion cross-section large value of the diffuseness parameter is
required [37].

The total potential is the sum of the nuclear potential and the coulomb
potential energies. Fusion takes place when the projectile overcomes

the fusion barrier and enters the potential well.
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Figure 11. The internuclear potential Vi, as a function of r of the
reaction ‘Li with %Ni for angular momentum values of 0 and 20

keeping Voand r fixed at 71.4 MeV and 1.1 fm respectively.
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Figure 11 shows that for large values of angular momentum the
potential pocket becomes shallow and disappears at | > 60.
Calculations are sensitive to ion-ion potential in the interior. When we
compare ap at | =0 and | = 20, potential pocket is deep for large values
of diffuseness parameter and becomes shallower for small diffuseness

parameter.
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Figure 12. Variation of fusion cross-section with diffuseness

parameters

The above graph shows the change in the fusion cross-section by
changing the value of diffuseness parameter in case of spherical
nuclei. Here we have taken the standard value of diffuseness
parameter as 0.66 by keeping the potential fixed at 71.2 and radius at
1.02. From this standard value we increase the parameter by 0.08 units
up to 0.98 and decrease the parameter by 0.08 units up to 0.38.
Therefore, the variation in the diffuseness parameter is from 0.38 to
0.98 by taking the standard value as 0.66. The graph shows that when

we take the value of diffuseness parameter as 0.38, the fusion cross-
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section is lowest and when we increase the value from 0.42, the cross-
section starts increasing and is maximum at 0.98. Therefore, by
increasing the value of diffuseness parameter the fusion cross-section
also increases and by decreasing the value of diffuseness parameter
from the standard value the fusion cross-section decreases. The reason
behind this is that barrier curvature is inversely proportional to the
square of the diffuseness parameter [38-43]. Hence, by decreasing the
value of diffuseness parameter the barrier curvature increases which
decreases the fusion process and hence fusion cross-section decreases.
Similarly, if we increase the value of diffuseness parameter the barrier
curvature decreases which increases the fusion process and hence
fusion cross-section increases.

So, any change in the diffuseness parameter leads to the variation in

the tunnelling region between the colliding nuclei.

In case of deformed nuclei

The deformation arises because of the way valence nucleons arrange
themselves in an unfilled subshell and the deviation from sphericity is
about 20%.
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Figure 13 Variation in the fusion cross-section in case of deformed
nuclei.

In this case the nucleus is deformed due to vibrational coupling of the
target. The figure 13 shows that if the target is deformed, the fusion
cross-section increases. The quadrupole deformation (f32) and octupole
deformation (B3) and their orientation with the colliding axis affect the
fusion barriers and hence the fusion cross-section. Orientation of the
deformed nuclei effect the barrier height, barrier position, the depth
and shape of nuclear potential well. In case of light nuclei, the effect
of quadratic term in the quadrupole deformation and averaging over
the angle are small as the averaging over the angle also affects the sub
barrier energies and the barrier height. The result of the deformation
is that the fusion cross-section barrier near the barrier energy of
spherical, deformed and nearly spherical is strongly enhanced. The

enhancement factor is denoted by EF and is defined as
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(EF); = —2__ i —TF,CF,CC,1DBPM, ...
T1DEFM

The experimentally calculated enhancement factor for total fusion TF,

complete fusion CF and coupled channel CC is shown in figure 13

below
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Figure 14 The enhancement factor for TF, CF and CC cross sections
relative to 1LDBPM cross-sections plotted as a function of Ec/Veg, Vi
at 1.18 (physical review C 93, 044616)

This graph shows that the enhancement factor for CF is suppressed as
compared to TF and CC enhancement factor. Also, the TF
enhancement is steeper at region below 1 in comparison to CF cross-
section enhancement. But the suppression of (EF)ce in the above
barrier region is not so prominent as compared to the enhancement in
the below barrier energies. The ®Cu and %Cu are the residues of the
reaction. The very small cross-section of ®Cu shows that at sub barrier
energies the one proton stripping does not play significant role and

have no contribution.
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In order to explain the fusion cross-section at energies above the
barrier, the required diffuseness is approx. 1.5 times the commonly
accepted value and at energies below the barrier the fusion cross-
section is found to fall steeply. But when we take the large value of
diffuseness parameter it again become uniform or unvarying.

These observation shows that when we take the large values of
diffuseness parameter it can explain both the above barrier and below

barrier fusion data.

3.1.2 Effect of change in potential parameter on fusion cross-
section

The Woods-Saxon nuclear potential V. is defined as

Vo _ 13, ,1/3
1+“p((r—ﬂﬂ}fa}1 Ro—rﬂ(-ap +AT }r

VO () = -

Here V, is the depth of the potential, ro is the radius and a is the
diffuseness parameter. r is the center-of-mass distance between the
projectile and the target mass number Ap and As. In this case we will
change the potential parameter by keeping the two other parameters:
the diffuseness and the radius fixed and observe how the potential

parameter affect the fusion cross-section.
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Figure 15. The internuclear potential Vi, as a function of r for the
reaction ‘Li with %Ni for angular momentum values of 0 and 20

keeping ap and ro fixed at 0.66 fm and 1.1fm respectively.

The graph in the figure 15 shows that as potential depends upon the
fusion barrier radii, the potential pocket becomes shallower for small
values of potential parameter and for large values of angular
momentum. When we compare V, at | = 0 and | = 20 and the fusion
barrier radii are smaller for small angular momentum. Coulomb term

becomes significant in case of shallow potential pocket.
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Figure 16. Variation in cross-section with variation in potential

parameter.

The above figure 16 shows that when we change the potential from
the standard value, the fusion cross-section also vary. Here we have
taken the standard potential as 71.2 for calculation of fusion cross of
"Li with ®©Ni. This depth has been choosen such that total potentential
Is greater than Q-value of the fusion reaction. The radius r is fixed at
1.02. The observation from the graph shows that when we increase the
depth of the potential (Vo) from the standard value, the fusion cross-
section enhance and if we decrease the potential depth from the
standard value, there is decrement in the fusion cross-section barrier.
The reason behind this is that:

All these observation shows that when we take the deeper potential by
keeping the diffuseness parameter and the radius parameter fixed, the
fusion cross-section increases and energy at deeper potential
decreases. But using the deeper potential hides the physical effects
which causes fusion to occur even when there is absence of attractive

potential pocket.
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3.1.3 Effect of change in radius parameter on fusion cross-
section
The last parameter on which the Woods-Saxon potential depend is on
the radius of the nuclear potential. The change in radius also affects
the fusion-cross section. In this we change the radius parameter by
keeping the other two parameters: the diffuseness and potential fixed
at there standard values (a = 0.70 and Vo = 71.2).
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Figure 17. The internuclear potential Vi, as a function of r for the
reaction of “Li with %Ni for angular momentum values of 0 and 20,
keeping Voand a, fixed at 71.4 MeV and 0.66 fm respectively.

The results in the above graph shows that when we increase the value
of fusion radii r, the potential pocket becomes deeper. When we
compare roat | = 0 and | = 20, the potential pocket becomes more
shallower at higher values of angular momentum which decreases the

fusion cross-section rate.
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The graph 18 below shows the effect on fusion cross-section by

changing the radius parameter.
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Figure 18. Variation in the fusion cross-section by varying radius

parameter.

The observation shows that when we increase the value of radius
parameter from the standard value, the fusion cross-section increases
and vice-versa. This is due to the reason that when we increase the
radius of the potential, the potential pocket becomes deeper (shown in
figure 17) which increases the fusion rate, therefore fusion cross-
section increases.

Hence at smaller radii the potential pocket become shallower and the
coulomb term becomes significant.

3.2 Comparison of the fusion cross-section for the deformed and the

spherical nuclei

In order to study nuclear reactions experimentally deformed nuclei are
frequently used. The reactions between deformed nuclei is our topic
of interest. The graph 16 given below shows the fusion cross-section

for the deformed and the spherical nuclei.
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Figure 19. Variation in fusion cross-section in case of deformed and
inert nuclei.

The observation shows that the fusion cross-section for the deformed
nuclei is greater than the fusion cross-section for the spherical nuclei.
The inclusion of the coupling by considering the vibrational
deformations enhances the calculation around and below the coulomb
barrier.

In case of weakly bound system, the fusion barrier data for the weakly
bound projectiles like ®’Li and stable isotope of beryllium show
enhancement in the fusion cross-section but this enhancement is not
so strong. At above barrier energies, when these projectiles collide
with the heavy targets the experimental cross-section is suppressed by
30%. And in case of collision with the medium mass targets this
suppression is smaller and there is no effect in collision with the light
mass targets.

When we study the sub barrier fusion reactions, the value of cross-
section exceeds the prediction of the model of one-dimensional
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tunnelling. In order to explain the enhancement of the fusion cross-
section at sub barrier energies various models and mechanisms were
proposed.

The orientation of the deformed nuclei also affects the barrier height,
shape of the potential well and hence the fusion cross-section. As the
fusion cross-section depends on the barrier height, therefore
orientation effects play a major role in calculating the cross-section
for the deformed nuclei. Hence, we conclude that:

The fusion cross-section for spherical nuclei is smaller than the
deformed nuclei because there is no coupling effect in case of
spherical nuclei. And in case of deformed nuclei the coupling reduces
the barrier height and increases the fusion cross-section.

Any variation in the orientation of the deformed nuclei changes the
barrier height, its position, the depth and shape of the potential well.
In case of lighter nuclei, the quadratic term in quadrupole deformation
and averaging over the angle effects are small. But as we increase the
charge and the mass of the nuclei, averaging over the angle effects the
fusion cross-section at sub barrier energies and also effects the barrier
height.

If the deformation is prolate, it strongly effects both the nuclear
potential and the fusion cross-section for heavy and lighter nuclei. But
if the deformation is oblate, it effects both the nucleus-nucleus

potential and the fusion cross-section in case of heavy nuclei systems.
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Chapter 4

Literature review [Physical Review C 82, 014614 (2010)]

Research purpose

The main purpose of his work is to determine the fusion excitation
function above and below the coulomb barrier. He measured the cross-
section from 1ub up to 500 mb. The data was available on *8Ni + ©Ni
which indicated the influence of vibrational coupling on *®Ni + %*Fe.
He made use of Couple channel calculations (CC) using Woods-Saxon
potential in the measured energy range and including quadrupole and
octupole phonons which give the information about ®Ni + >*Fe. As
there was no good knowledge of multi phonon states specially in case
of heavy and medium mass systems where the multi phonon states
play a major role in enhancement of the fusion cross-section, he used
different potentials. One of them was the ion-ion potential which was
similar to AW potential having potential depth V, at 81.2 MeV,
diffuseness parameter (a) equals to 0.67 fm and radius parameter (ro)
equals to 1.15 fm. The second potential was with the large diffuseness
parameter a = 0.90 fm and potential depth and radius at 107.2 MeV
and 1.05 fm respectively. By taking these two different potentials he
observed that whether Vy is 81.2 MeV or V is 107.2 MeV, both the
potentials produce potential barrier (Vy,) at 94.0 MeV which was 1.3
MeV higher than barrier produced by AW and enables the good fit of
the fusion cross-section at higher energies.

The CC calculations performed by him give the detailed information
about the excitation function above and below the barrier [53]. The
potential similar to AW was used for the calculation of excitation
function of ®®Ni + >*Fe. For a good fit of cross-section above the barrier
energies, he slightly varied the radius and potential. In second
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potential (CC), he used the large diffuseness parameter and kept on
varying the radius and depth of the potential parameter in order to
obtain the same barrier height and kept the diffuseness parameter at
0.67 fm which produced a thicker barrier that lead to decrease of the
excitation function at low energies and hence stimulates the fusion
hinderance. But there was no slope in the region below the barrier
either with a at 0.67 fm or a at 0.90 fm showing the steeper decrease
of the fusion cross-section for large diffuseness below 87 MeV energy.
Conclusion of his work

The standard Woods-Saxon potential was used for coupled channel
calculations which gave us the information of the excitation function
for the cross-section of about 180ub. The fusion cross-section
decreased at lower energies because at lower energies fusion
hindrance plays a major role. This fusion cross-section can be
reproduced by taking into account the large diffuseness parameter
with WS shape of the ion-ion potential. CC calculations start over
estimating the fusion cross-section at threshold energies because at

threshold energy the barrier distribution vanishes.
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