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Abstract

In this thesis, the shortcomings and limitations of some existing methods
for solving linear programming problems with fuzzy parameters are pointed out and
new methods are proposed to overcome the shortcomings and limitations of existing
methods.

The chapter wise summary of the thesis is as follows:

In Chapter 1, a brief review of the work done in the area of linear programming

problems with fuzzy parameters is presented.

Chapter 2

Lotfi et al. [80] pointed out that there is no method in the literature for
solving fully fuzzy linear programming problems with equality constraints and pro-
posed a method for the same. In this chapter, the limitations and shortcomings of
the existing method [80] are pointed out and to overcome the limitations as well
as to resolve the shortcomings, a new method is proposed to find the non-negative
fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.

Chapter 3
In this chapter, the limitations of the method, proposed in Chapter 2, are

pointed out and to overcome these limitations, a new method is proposed for solving

iii



v

fully fuzzy linear programming problems with equality constraints. To show the
application of the proposed method a real life problem, which cannot be solved by

using the method, proposed in Chapter 2, is solved by using the proposed method.

Chapter 4

To the best of our knowledge, till now no one have defined the product of
such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative
nor non-positive. Due to non-existence of such product, till now there is no method
in the literature for solving such fully fuzzy linear programming problems in which
some or all the parameters are represented by such LR fuzzy numbers or LR flat
fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the
product of such fuzzy numbers is proposed and also the limitations of the method,
proposed in Chapter 3, are pointed out. To overcome the limitations of the method,
proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.

Chapter 5

In this chapter, limitations of the existing methods for solving fuzzy linear
programming problems and fully fuzzy linear programming problems with inequality
constraints are pointed out. To overcome the limitations of the existing methods, two
new methods are proposed for solving fully fuzzy linear programming problems with
inequality constraints. The advantages of the proposed methods over the existing

methods are also discussed.
Chapter 6
In this chapter, it is shown that the fuzzy optimal value, obtained by using

the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,



it does not conform to the uniqueness property of fuzzy optimal value. To overcome
this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.

Chapter 7

In this chapter, it is pointed out that the existing general from of fully
fuzzy linear programming problems is valid only if there does not exist subtraction
of fuzzy numbers in the fully fuzzy linear programming problems. However, if there
exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems
then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

Chapter 8

Finally, in this chapter, based on the present study, future work has been

suggested.
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Chapter 1

INTRODUCTION

Decision making is the process of identifying and choosing alternatives based
on the values and preferences of the decision maker. Making a decision implies that
there are alternative choices to be considered, and in such a case it is desired not
only to identify as many of these alternatives as possible but to choose the one that
(1) has the highest probability of success or effectiveness and (2) best fits with our
goals, desires, lifestyle, values and so on. Decision making is also the process of suf-
ficiently reducing uncertainty and doubts about alternatives to allow a reasonable
choice to be made from among them.

Optimization is a kind of the decision making in which decisions have to be
taken to optimize one or more objectives under some prescribed set of circumstances.
The problems which often arise as a result of mathematical modeling of many real
life situations are called optimization problems. Optimization problems are fre-
quently encountered in disciplines, such as water resources management, finance,
engineering optimization, manufacturing systems, management, business, physical
sciences and agriculture etc.

The most general form of optimization problems is:

Minimize/Maximize f*(X), X = (z1, %2, ..., Ty)



subject to
g(X) <0 Vji=12 .k

hi(X)=0 Vji=12 ...,m

where f, g1, 9o, ..., gx, h1, ha, ..., h,, are real valued functions defined on R™ and n is
a positive integer. The function f is usually called the objective function. Each
of the constraints g;(X) < 0 is called an inequality constraint, and each of the
constraints h;(X) = 0 is called an equality constraint. Constraints of the type
g;(X) > 0 may be written as —g;(X) < 0 and therefore it is not mentioned sepa-
rately. X = (z1, 29, ..., x,) € R™is called a decision vector and x1, xo, ..., z,, are called
decision variables or unknown variables. If n = 1 and all the functions f"(X), g;(X)
and h;(X) are linear then the problem is called a single-objective linear program-
ming problem.

Over the last several decades optimization models have been primarily de-
veloped in a deterministic, crisp environment. In such models the objectives and
constraints are formulated in a ‘hard’ crisp manner leaving no scope for uncertainty
and vagueness. However, in real life situations there may exist uncertainty. In such
situations it is practical to develop the mathematical models of the realistic problem
in fuzzy environment and the optimization problem under consideration becomes a
fuzzy programming problem.

Any linear programming model representing real world situations involves
a lot of parameters whose values are assigned by experts. However, both experts
and decision maker frequently do not precisely know the value of those parameters.
Therefore, it is useful to consider the knowledge of experts about the parameters as

fuzzy data [143].



1.1 Literature review

Fuzzy linear programming is an application of fuzzy set theory in linear
decision making problems. Fuzzy linear programming problems cannot be uniquely
defined as crisp linear programming, since it will very much dependent upon the type
of fuzziness and its specification as prescribed by the decision maker. Therefore the

class of fuzzy linear programming problems can be broadly classified as:

(i) Linear programming problem with fuzzy inequalities and crisp objective func-

tion.

(ii) Linear programming problems with crisp inequalities and fuzzy objective func-

tion.

(iii) Linear programming problems with fuzzy inequalities and fuzzy objective func-

tion.

(iv) Linear programming problems with fuzzy resources and fuzzy coefficient, also

termed as linear programming problems with fuzzy parameters.

In this section, a brief review of the work done in the area of linear pro-
gramming problems with fuzzy parameters is presented.

Rommelfanger et al. [119] presented a new method for solving linear pro-
gramming problems with fuzzy parameters in the objective function. Nakahara and
Gen [96] proposed an approach for comparing triangular fuzzy numbers and used it
for solving linear programming problems with coefficients as triangular fuzzy num-
bers.

Cadenas and Verdegay [17] studied a linear programming problem in which



all its elements are defined as fuzzy sets. Wang [136] proposed an inexact approach
to solve linear programming problems with fuzzy objective and resources. Fang
et al. [38] presented a method for solving linear programming with fuzzy coeffi-
cients in constraints. Guu and Wu [48] proposed a two phase approach to solve
the fuzzy linear programming problem. Sakawa et al. [121] presented interactive
fuzzy programming for two-level linear fractional programming problems with fuzzy
parameters. Tanaka et al. [127] studied several kinds of possibility distributions of
fuzzy variables in possibilistic linear programming problems to reflect the inherent
fuzziness in fuzzy decision problems.

Buckley and Feuring [16] introduced a method to find the solution of the lin-
ear programming problems with all the parameters and variables as fuzzy numbers
by changing the objective function into a multiobjective fuzzy linear programming
problem. Maleki et al. [91] solved the linear programming problems in which all
decision parameters are fuzzy numbers by the comparison of fuzzy numbers.

Zhang et al. [145] proposed a method for solving fuzzy linear programming
problems which involve fuzzy numbers in coefficients of objective functions. Nehi
et al. [108] defined the concept of optimality for linear programming problem with
fuzzy parameters by transforming fuzzy linear programming problem into multiob-
jective linear programming problem.

Nasseri and Ardil [99] proposed a new method for solving fuzzy variable
linear programming directly using linear ranking. Nasseri et al. [100] presented a
new method for solving fuzzy number linear programming problems. Mahdavi and
Nasseri [86] introduced the dual of fuzzy variable linear programming problem and

then deduced some important duality results.



Ganesan and Veeramani [41] proposed an approach to solve a fuzzy linear
programming problem involving symmetric trapezoidal fuzzy numbers without con-
verting it to crisp linear programming problem. Hashemi et al. [49] proposed a two
phase approach to find the optimal solutions of class of fuzzy linear programming
problems called fully fuzzified linear programming, where all decision parameters
and variables are fuzzy numbers.

Jimenez et al. [58] proposed a method for solving linear programming prob-
lems in which all the coefficients are fuzzy numbers and used a ranking method
to rank the fuzzy objective values and to deal with the inequality relation on con-
straints. Mahdavi and Nasseri [88] established some duality results for linear pro-
gramming problems with treapezoidal fuzzy variables. Cai et al. [18] considered a
class of fuzzy linear programming problems in which the coefficients of the objective
function are characterized by LR fuzzy intervals or LR fuzzy numbers. Allahvi-
ranloo et al. [4] proposed a new method for solving fully fuzzy linear programming
problems by the use of ranking function.

Nasseri [98] proposed a method for solving fuzzy linear programming prob-
lems by solving the classical linear programming. Gani et al. [42] dealt with a kind
of fuzzy linear programming problems where all the parameters and variables are
LR fuzzy numbers. Lotfi et al. [80] pointed out that there is no method in literature
for solving fully fuzzy linear programming problems with equality constraints and
proposed a method for the same. Ebrahimnejad and Nasseri [33] used the comple-
mentary slackness property to solve fuzzy linear programming problem with fuzzy
parameters without the need of a simplex tableau.

Stanojevic and Stanojevic [124] proposed an algorithm for solving fuzzy



linear programming problems with trapezoidal fuzzy numbers. Mahdavi et al. [89]
considered two classes of fuzzy linear programming problems: Fuzzy number linear
programming and linear programming with trapezoidal fuzzy variables problems and
developed fuzzy primal simplex algorithms for solving these problems. Ebrahimne-
jad et al. [35] pointed out that Ganesan and Veeramani’s approach [41] is not efficient
for situations in which some or all variables are restricted to lie within fuzzy lower
and fuzzy upper bounds and proposed a natural extension of their approach to over-
come this shortcoming.

Ebrahimnejad and Nasseri [34] introduced a new method called the bounded
dual simplex method for bounded fuzzy number linear programming problems for
the situations in which some or all variables are restricted to lie within fuzzy lower
and fuzzy upper bounds. Nasseri and Ebrahimnejad [101] proposed a fuzzy dual
algorithm for solving linear programming problems with fuzzy numbers by using
the duality results.

Nasseri and Ebrahimnejad [102] proposed a fuzzy primal simplex algorithm
for solving the flexible linear programming problem and then suggested the fuzzy
primal simplex method to solve the flexible linear programming problems directly
without solving any auxiliary problem. Nasseri et al. [103] introduced the dual of
the linear programming problem with symmetric trapezoidal fuzzy numbers and es-
tablished some duality results.

Nasseri and Khabiri [104] proposed a revised fuzzy simplex algorithm for
solving linear programming problems with fuzzy variables. Nasseri and Khabiri [105]
proposed a revised simplex algorithm for solving fuzzy number linear programming

problems using linear ranking functions. Ebrahimnejad et al. [36] proposed a new



primal-dual algorithm for solving linear programming problems with fuzzy variables
by using duality results. Ebrahimnejad et al. [37] proposed a new method for solving
such linear programming problems with fuzzy cost coefficients in which some or all
variables are restricted to lie within lower and upper bounds.

Ebrahimnejad [32] developed a novel approach namely the primal-dual sim-
plex algorithm to solve fuzzy linear programming problems involving symmetric
trapezoidal fuzzy numbers without converting them to crisp linear programming
problems. Ebrahimnejad [31] proved that in the absence of degeneracy, the method
proposed by Ganesan and Veermani [41] stops in a finite number of iterations and
then proposed a revised kind of their method that is more efficient and robust in
practice.

Darvishi et al. [24] discussed a real life problem of diet formulation and
used linear fuzzy model in formulation of dairy cow ration to control cost in dairy
cattle industries along with carefully planned feed requirements. Baykasoglu and
Gocken [7] proposed a direct solution approach for solving fuzzy mathematical pro-
gramming problems with fuzzy decision variables by using fuzzy ranking procedure
for fuzzy numbers.

After reviewing the literature, it is found that there are some limitations
and shortcomings in the existing methods for solving linear programming problems
with fuzzy parameters. In this thesis, these limitations and shortcomings are pointed
out and to overcome the limitations as well as to resolve the shortcomings of the

existing methods, new methods are proposed.



1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:

Chapter 2

Lotfi et al. [80] pointed out that there is no method in the literature for
solving fully fuzzy linear programming problems with equality constraints and pro-
posed a method for the same. In this chapter, the limitations and shortcomings of
this existing method are pointed out and to overcome the limitations as well as to
resolve the shortcomings, a new method is proposed for solving fully fuzzy linear

programming problems with equality constraints.

Chapter 3

Lotfi et al. [80] pointed out that there is no method in the literature for
solving fully fuzzy linear programming problems with equality constraints and pro-
posed a method for the same. In this chapter, the limitations and shortcomings of
the existing method [80] are pointed out and to overcome the limitations as well
as to resolve the shortcomings, a new method is proposed to find the non-negative
fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.

Chapter 4

To the best of our knowledge, till now no one have defined the product of
such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative
nor non-positive. Due to non-existence of such product, till now there is no method
in the literature for solving such fully fuzzy linear programming problems in which

some or all the parameters are represented by such LR fuzzy numbers or LR flat



fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the
product of such fuzzy numbers is proposed and also the limitations of the method,
proposed in Chapter 3, are pointed out. To overcome the limitations of the method,
proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.

Chapter 5

In this chapter, limitations of the existing methods for solving fuzzy linear
programming problems and fully fuzzy linear programming problems with inequality
constraints are pointed out. To overcome the limitations of the existing methods,
two new methods are proposed for solving fully fuzzy linear programming problems
with inequality constraints. The advantages of the proposed methods over the ex-

isting methods are also discussed.

Chapter 6

In this chapter, it is shown that the fuzzy optimal value, obtained by using
the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,
it does not conform to the uniqueness property of fuzzy optimal value. To overcome
this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.

Chapter 7

In this chapter, it is pointed out that the existing general from of fully
fuzzy linear programming problems is valid only if there does not exist subtraction
of fuzzy numbers in the fully fuzzy linear programming problems. However, if there

exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems
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then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

Chapter 8
Finally, in this chapter, based on the present study, future work has been

suggested.



Chapter 2

A NeEw MEeTHOD To FIND THE
NON-NEGATIVE Fuzzy OPTIMAL
SoLuTiON OF Furry Fuzzy LINEAR
PrROGRAMMING PROBLEMS WITH
EqQuaALiTy CONSTRAINTS

Lotfi et al. [80] pointed out that there is no method in the literature for
solving fully fuzzy linear programming problems with equality constraints and pro-
posed a method for the same. In this chapter, the limitations and shortcoming of
the existing method [80] are pointed out and to overcome the limitations as well
as to resolve the shortcoming, a new method is proposed to find the non-negative
fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.
2.1 Preliminaries

In this section, some basic definitions and arithmetic operations for trape-

zoidal fuzzy numbers are presented [63].

The contents of this chapter are published in Applied Mathematical Modelling 35 (2011) 817-
823.

11
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2.1.1 Basic definitions

In this section, some basic definitions are presented.

Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs
A= {(z,p;(x)) : & € X}, where p; : X — [0,1], is called a fuzzy set in X. The

evaluation function () is called the membership function.

Definition 2.2 Let A be a fuzzy set in X and \ € [0,1] be a real number. Then, a
classical set A* = {x € X : puj(x) > A} is called an A-level set or A-cut or parametric

form of A.

Definition 2.3 A fuzzy set A = {(x,;(z)) : © € X} is called a normalized fuzzy

set if and only if Supremum{yu ;(z)} = 1.

zeX

Definition 2.4 A fuzzy set A is called a convex fuzzy set if and only if u ilax, +
(1 —a)xg) > min{puz(z1), nz(z2)}, V1,20 € X, a €10,1].

Definition 2.5 A convex normalized fuzzy set A = {(z, u;(z)) : x € X} is called a
fuzzy number if and only if 1 4(x) is piecewise continuous in X.

Definition 2.6 A fuzzy number A is said to be a non-negative fuzzy number if and
only if p4(z) =0, Vx < 0.

Definition 2.7 A fuzzy number A defined on the universal set of real numbers R,
denoted as A = (a, b, ¢, d), is said to be a trapezoidal fuzzy number if its membership

function, p5(x), is given by

= a<zx<b

(2) 1 b<zx<e
A=Y -

(—d) c<x<d

0 otherwise
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Definition 2.8 Let A = (a,b, ¢, d) be a trapezoidal fuzzy number. Then, its A-cut
AX is defined as follows:
A =la+b-—a))d—(d—c))\, 0< A< 1

Definition 2.9 A trapezoidal fuzzy number A = (a,b, ¢, d) is said to be symmetric
trapezoidal fuzzy number if and only if b — a = d — ¢, otherwise A is said to be an
asymmetric trapezoidal fuzzy number.

A symmetric trapezoidal fuzzy number A = (a,b, ¢, d) can be denoted as
(b, c, o), where [b, c] is the core and 0 = b—a = d — ¢ is the spread of the symmetric

trapezoidal fuzzy number A.

Definition 2.10 A trapezoidal fuzzy number A = (a,b, ¢, d) is said to be non-
negative trapezoidal fuzzy number if and only if @ > 0 and is said to be non-positive

trapezoidal fuzzy number if and only if a < 0.

Definition 2.11 A trapezoidal fuzzy number A = (a,b,¢,d) is said to be unre-

stricted trapezoidal fuzzy number if and only if a is a real number.

Definition 2.12 Two trapezoidal fuzzy numbers A; = (ay,b1,c1,dy) and Ay =
(ag, by, c2, dy) are said to be equal i.e., Ay = Ay if and only if a1 = ag, by = by, ¢1 = ¢

and d1 = dg.
2.1.2 Arithmetic operations

In this section, the arithmetic operations for trapezoidal fuzzy numbers and
intervals are presented.
2.1.2.1 Arithmetic operations for trapezoidal fuzzy numbers

In this section, some arithmetic operations for two trapezoidal fuzzy num-

bers, defined on universal set of real numbers R , are presented.
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(i) Let A = (ay,b1,¢1,dp) and Ay = (a9, by, ca,d3) be two trapezoidal fuzzy num-

bers. Then, 1211@/12 = (a1+a2,b1 +b2761+027d1 +d2)
(ii) Let A = (ay,b1,¢1,dy) and Ay = (a9, by, ca,dy) be two trapezoidal fuzzy num-
bers. Then, Al S) AQ = (a1 — dg, bl — C9,C1 — bQ, d1 — CLQ).

(iii) Let Ay = (a1,b1,c1,dy) and Ay = (as, by, ¢, ds) be two non-negative trape-

zoidal fuzzy numbers. Then, Al &® 1212 = (alag, blbg, C1Co, d1d2).

(iv) Let A = (a,b,c,d) be any trapezoidal fuzzy number. Then,

A { (7%’757 YEs ’)/d) Y Z 0
A =
(vd,ye,vb,va) v <0

2.1.2.2 Arithmetic operations for intervals

In this section, some arithmetic operations for two intervals are presented.

(i) Let Ay = [a1,b1] and Ay = [ag, by] be two intervals. Then,

Al —|—A2 = [al —|—a2,b1 +b2]

(ii) Let Ay = [a1,b1] and Ay = [ag, by] be two non-negative intervals. Then,

A1A2 = [CLICLQ; b1b2]

Remark 2.1 An interval A = [a,b] is said to be non-negative interval if and only

if a > 0.

Remark 2.2 1f b = ¢ then a trapezoidal fuzzy number (a,b,c,d) is said to be
triangular fuzzy number and is denoted as (a,b,b,d) or (a,c,c,d) or (a,b,d) or

(a,c,d).

Remark 2.3 [80] Let a* = [a()\),a()\)] be a parametric form of an asymmetric
triangular fuzzy number a then its nearest symmetric triangular fuzzy number is

(ap, o), where the core ‘ay’ and the spread ‘o’ of the symmetric triangular fuzzy
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1 1
number can be obtained as ag = 2 [(a(\) —a(N\))(1 = N)dX, o = 1 [(@(\) +a(N))dA.
0 0

Remark 2.4 In the entire thesis ‘minimum’ and ‘maximum’ are represented by

‘min’ and ‘max’ respectively.

2.2 Existing method for solving fully fuzzy lin-
ear programming problems with equality con-
straints

Lotfi et al. [80] pointed out that there is no method in literature for solving
fully fuzzy linear programming problems with equality constraints and proposed the
following method to find the fuzzy optimal solution of fully fuzzy linear program-

ming problems with equality constraints (Ps):
Maximize Zn:l Cj ® T,
iz
subject to (P21)
fjlaij@;aéj b Vi=12 ..m
iz
where ¢;, Z;, a;; and b; are non-negative triangular fuzzy numbers.
Step 1 Assuming & = (pj,q;,75),a4i;; = (aij,bij,ci5),%; = (xj,y;,2;) and b =
(bi, gi, hi) the fully fuzzy linear programming problem (P ;) can be written as:
Maximize jzn:l(pj, q;,75) @ (x5, 95, %)
subject to (P2.2)

(aij, bij, cij) @ (25,95, 25) = (bi, g5, hi) YVi=1,2,..m

-

1

J

where (z;,y;, z;) is a non-negative triangular fuzzy number.
Step 2 Using Definition 2.8 and Definition 2.10, the fully fuzzy linear programming

problem (P, 5) can be converted into problem (P 3):

Maximize ) [p; + (¢; — pj)A ry — (rj — @;) Az + (5 — 2)A, 25 — (25 — y;) Al

n
J=1



subject to (Pa.3)

i[% + (bij — aij) A, cij — (cij — big) N[z + (y; — )N 25 — (25 — y;) Al = [bi + (gi —

—_

J
bi)A\, hi — (hi —gi)A] Vi=1,2,...m

z; >0,y —2; 20,2, —y; >0 Vji=12,..n

Step 3 Using the arithmetic operations of intervals, defined in Section 2.1.2.2, the
problem (P, 3) can be converted into the problem (Ps4):

MalelZG[Z(pﬂﬁ)\(l’jyﬁqj% 2p;x;) + N (q;—p;) (Y5 l‘y))azl(?“jzj—A(%Zj—

,_.
<.
I

iy — 45%) + N — q5) (2 — ;)]

subject to (P2.4)

n

Z lagjz; + Nagy; + by — 2a5525) + N (bij — aig)(y; — x5), cijz; — M2¢i;25 — cijy; —

<.

z; >0,y —2; >0,z —y; >0 Vji=12,..n
Step 4 Using Remark 2.3, the problem (P,4) can be converted into the problem
(P2.5)1
. = 1 1 1 1 -
Maximize (Z( GY5 + 1997 + 1575V T 7% T 12 9T + 13055 + §P5%5)s 21< 4% +
: ‘7:
§73Y5 + §Ti% — 54T — §PYj — §PT5))

subject to (P25)

M:

1 1 1 1 1 1
1( bijy; + 150525 + 15CiV5 + 5657 + 150t + 1305y + §05%5, b5z + ey +

gcijzj — ébijxj a”y] 3aU:EJ) = (ibi + %gi + hl, 2h bi) Vi=1,2,...m

o,
Il

2; >0,y —2; >0,z —y; 20 Vji=12,..n

Step 5 Using Definition 2.12, convert the obtained fully fuzzy linear programming
(Ps5) into the crisp linear programming problem (Ps4) to maximize the core:
Maximize Z( GY; + 13%% T 57+ §7% + 59T+ 5Pyt §piTs)

subject to



17

M:

( leyJ+1zbwzj+12%yJ+ c”zj+12wa]+12az]y]+ ;) = 'b""zgﬂL ihi Vi=

I
—

—_ .

,2,...,m (P2.6)

1 1 3 1 3 _ 1 e
(5bijzj + 5Cijy; + §¢iizj — gbijs — az]yj 0iT;) = hi —3bi Vi=12,..m

-

1

J
Q?j ZO,yj—xj ZO,Zj—yj ZO ijl,Z,...,n

Step 6 If the crisp linear programming problem (P, ) has a unique optimal solution
x%,y; and 2} then the fuzzy optimal solution of (P%.) will be (27,7, 27). If it has
alternative optimal solutions then solve the crisp linear programming problem (P ;)

to minimize spread:

n
CORCINN 1 1 3 1 1 3
Minimize Zl(gqm + §73Y; + §75% — 5T — §PiY — §P5T5)
J:

subject to

M=

(3bigys+ 1501525 + 35 Cia¥s+ 5Cizi+ 1505+ 150095+ 50i%5) = 1hitggitihi Vi =

—_ .
I
—

2,...,m (Pa.r)

'Mz

1 3 1 3 _lp _1p v
1( bijzj + gCijy; + 5Cij%5 — gbijTj — azjyj 504 T5) = hZ 50 Vi=1,2,...,m

<
Il

*

M:

1 1 1 1 1 1
( GY; + 30% + 137595+ 5% T 3G+ 1P + §Pit) = @

<.
Il

z; >0y, —x; >0,z —y; >0 Vji=12,..n
where a* is the optimal value of the crisp linear programming problem (P,g).

Step 7 Let z7, y; and 2} be the optimal solution of crisp linear programming problem

(Ps.7). Then, the fuzzy optimal solution of fully fuzzy linear programming problem

(P2.1) 1S (x;,y;,z]*)

2.3 Limitations and shortcoming of the existing
method

In this section, the limitations and shortcoming of the existing method [80]

are pointed out.
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2.3.1 Limitations of the existing method

In this section, the limitations of the existing method [80] are pointed out.

The existing method [80] can be used to find the non-negative fuzzy optimal

solution of such fully fuzzy linear programming problems with equality constraints in

which all the parameters are represented by non-negative triangular fuzzy numbers.

However, the existing method [80] cannot be used to find the non-negative fuzzy

optimal solution of the following problems:

(1)

Fully fuzzy linear programming problems with equality constraints in which
all the parameters are represented by non-negative trapezoidal fuzzy numbers:
Maximize/Minimize il ¢ ® I
=
subject to (Pyg)
ilaij RF;=0b Yi=12 .m
j=
where ¢;, a;;, b; and Z; are non-negative trapezoidal fuzzy numbers.
Example 2.1 Maximize ((1,2,3,4) ® &1 $ (2,3,4,5) ® 1)
subject to
(0,1,2,3) ® 71 ® (1,2,3,4) ® T = (2,10, 24, 44)

(1,2,3,4) ® & ® (0,1,2,3) @ 5 = (1,8, 21,40)

where 7, and 7, are non-negative trapezoidal fuzzy numbers.

Fully fuzzy linear programming problems with equality constraints in which
some or all the coefficients are either represented by unrestricted triangular or
trapezoidal fuzzy numbers:
n
Maximize/Minimize ) ¢; ® 7;

j=1
subject to (Pao)
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f}laij @F;=b YVi=12...,m
j=
where ¢;, a;;, b; are unrestricted triangular or trapezoidal fuzzy numbers and
Z; is a non-negative triangular or trapezoidal fuzzy number.
Example 2.2 Maximize ((1,6,9,12) ® ; & (2,3,8,9) ® Zo)
subject to
(2,3,4,5) ® &1 & (1,2,3,4) ® T2 = (6, 16, 30,48)

(=1,1,2,3) ® 1 @ (1,3,4,6) ® & = (0,17, 30, 54)

where 77 and Z, are non-negative trapezoidal fuzzy numbers.

2.3.2 Shortcoming of the existing method

In this section, the shortcoming of the existing method [80] is pointed
out.

For solving the fully fuzzy linear programming problems by using the
existing method [80] there is a need to approximate all the coefficients into
its nearest symmetric fuzzy numbers. Due to this conversion, the obtained
solutions are approximate and do not satisfy the constraints exactly e.g., on
solving the fully fuzzy linear programming problem, chosen in Example 2.3,
by using the existing method [80], the obtained fuzzy optimal solution is
Ty = (1.45,1.45,3.31) and T = (0.88,4.32,4.32) which does not satisfy the
constraints exactly.

Example 2.3 Maximize ((0,1,4) ® 1 & (2,4,5) ® Z2)
subject to
(2,3, 7) @31 @ (2,4,5) ® To = (6, 18,46)

(0,2,4) ® 71 @ (3,5,8) ® s = (6,19, 52)
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where T; and T are non-negative triangular fuzzy numbers.

2.4 Proposed product

For solving the fully fuzzy linear programming problems, there is a need to
find the product of fuzzy coefficients and fuzzy variables. Since, in the fully fuzzy
linear programming problems, the fuzzy coefficients are known and the product of
fuzzy numbers depends upon the nature of fuzzy numbers. So, in this section, on the
basis of nature of fuzzy coefficients new product, with the help of existing product
of two fuzzy numbers [63], is proposed.

Let A = (a,b,c,d) be an unrestricted trapezoidal fuzzy number and X =

(x,y, z,w) be a non-negative trapezoidal fuzzy number. Then

(azx,by,cz,dw) a >0

(aw, by, cz,dw) a<0and b >0
(aw, bz, cz,dw) b<0andc>0
(
| (

e

®
S
[

aw, bz, cy,dw) c¢<0andd>0

aw, bz, cy,dr) otherwise.

2.5 Proposed method to find the non-negative fuzzy
optimal solution of fully fuzzy linear program-
ming problems with equality constraints

In this section, to overcome the limitations as well as to resolve the short-
coming of the existing method [80], discussed in Section 2.3, a new method is pro-
posed to find the non-negative fuzzy optimal solution of fully fuzzy linear program-
ming problems with equality constraints (Ps.yg).

The steps of the proposed method are as follows:

Step 1 ASSUHlng 6]' = (pj,Qj,Tj,Sj), Zi‘j = (ZL‘j,yj,Zj,’l,Uj), a = (aij,bij,cz-j,dij) and
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b= (bi, gi, hi, ki) the fully fuzzy linear programming problem (P g) can be converted

into (Pz_l())l
Maximize/Minimize " (p;, ¢;, 75, $;) @ (x4, y;, 2, W;)
j=1

subject to (Pa.10)
Z(aij, bij7 Cij> dl]) & (l‘j, yj» Zj, U)j) = (bl, g, hi, k’l) V Z = 1, 2, M
j=1
where (z;,y;, zj, w;) is a non-negative trapezoidal fuzzy number.

Step 2 Using the product of trapezoidal fuzzy numbers, proposed in Section 2.4

and assuming (aq;, bij, cij, dij) @ (25, Y5, 2, w;) = (ai;, b5, ¢i;, di;), the fully fuzzy lin-

ear programming problem (Ps10) can be converted into (P;11):

n
MaXimize/Minimize Z (pj7 d;, Ty, 3]') ® (:L‘j, Yjy %55 wj)
j=1

subject to (P2.11)

n

Z(a’ b/ C/ d/ ) = (bz,g“h“]{il) Vi= 1,2,...,m

: ©j0 Y130 Ty g
7=1
where (z;,y;, z;, w;) is a non-negative trapezoidal fuzzy number.
Step 3 Using arithmetic operations, defined in Section 2.1.2.1 and Definition 2.12,
the fully fuzzy linear programming problem (P, 11) can be converted into (P 12):
Maximize/Minimize » (p;, ¢5,75, ;) ® (25, y;, 25, w;)
j=1

subject to

Yoy =b Vi=1,2..m
j=1
Zb;j:gi Vi=1,2,...,m (P2.12)
j=1
ZC;j:h’L Vi:1,2,...,m
j=1
Sdy=k Vi=1,2,..,m
j=1
xjZO,yj—ijO,zj—yjZO,wj—szO Vj:]_,Z,...,TL

Step 4 Suppose the fuzzy linear programming problem (Ps15) have ‘I’ basic fea-

sible solutions and {xzf,y!, 25, w!} is the t" basic feasible solution then our aim is
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to find that basic feasible solution out of all ‘I’ basic feasible solutions correspond-
ing to which the value of objective function is maximum (or minimum) i.e., our

aim is to find max (or min){>" (p;, ¢;,7;, 5;) ® (2}, 9%, 25, wh)}. Liou and Wang [78]
1<t<l =1

proposed the concept that if max (or min){R(>_ (p;, ;,75, 55) ® (25, 45, 25, wh))} is
1<t<i j=1
t

n
or min){}_ (pj, ¢5,75, 8;) ® (5, ¥, 2]
t<l Jj=1

), where R(a, b, ¢, d) = $(a+b+c+d),

—~

J

,_.
IN

RO (s 4jr )0 55) @ (25,93, 25, wf)) then max

=1

wf)} will lso be 32 (p), 45, 7,5,)@(a, 4, 2w
=

ST

i.e., according to the existing method [78], the fuzzy optimal solution of (P 12) can
be obtained by solving the crisp linear programming problem (Ps3):

Maximize/Minimize $(

n
J]=

1(pj, 45,75, 85) @ (5, Y5, 25, wy))

subject to

ZCL;J :bz Vi:1,27...,m (Pg.lg)
j=1

YU =g Vi=1,2,..,m

j=1

Y. Ci=h Yi=12,.,m

j=1

Yodi; =k YVi=12,...,m

j=1

IjZO,yj—xjZO,zj—ijO,wj—szO ‘v’j:1,2,...,n

Step 5 Assuming (pj, qj, 7, 8;5) @ (25,5, 25, w;) = (P}, ¢, %, 8;) the crisp linear pro-

gramming problem (P, 3) can be written as (P 14):

n

Maximize/Minimize R()_ (p}, ¢}, 75, s}))
j=1
subject to
Yoay=b Vi=1,2..m
j=1
Zb;]:gl VZ:1,2, , 1 (P2.14)
j=1
Y. CGi=h; Yi=12..m
j=1
Yodiy =k Vi=1,2,...,m

<.
Il
-
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,Tj Z O,yj —l’j 2 O,Zj _yj Z O,wj —Zj 2 0 VJ = 1,2,...,n
Step 6 Using the linearity property R(>. A;) = 3 R(A;), where 4; is a fuzzy num-
j=1 j=1

ber, the crisp linear programming problem (P, 14) can be converted into (P 15):

n
Maximize/Minimize ) R(p}, ¢}, 77}, s)
j=1

377
subject to
Zn:la;]:bi Vi=12 ..m
iz
jzz:lb;]:gi Vi=1,2,...m (Py15)
ilc;]:hi Vi=1,2,...m
iz
Sd =k Vi=12 ..m
j=1

.fL'j Z O,yj —ij Z O,Zj _yj Z O,U)j —Zj Z 0 VJ = 1,2,...,71
Step 7 Using R(a, b, c,d) = ;ll(a + b+ ¢+ d) the crisp linear programming problem

(P».15) can be converted into (Ps16):

Maximize/Minimize . (0} + ¢} + 7 + 5})
=1

subject to
doap=b Vi=1,2,...,m
j=1
Zb;]:gz \VIZ:].,Q, , M (P2.16)
j=1
Y. Ci=hi Yi=12,...m
j=1
Yodiy =k Vi=12..m
j=1

X > O,yj — Xy > O,Z]’—yj > O,U)j — Zj >0 VJ = 1,2,...,”
Step 8 Solve the crisp linear programming problem (P» 1) by using an appropriate
existing method [125] to find the optimal solution {z7},y;, 2}, wj}.

Step 9 Find the fuzzy optimal solution {Z}} of the fully fuzzy linear programming

problem (P,9) by putting the values of z7, 47, 25 and w} in &5 = (273, yj, 25, w}).
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*

7, obtained from

Step 10 Find the fuzzy optimal value by putting the values of
Step 9, in ) & ® T}
=1

J

2.6 Illustrative examples

In this section, the proposed method is illustrated with the help of fully
fuzzy linear programming problems, chosen in Example 2.1 and Example 2.2, which
cannot be solved by using the existing method [80]. Moreover, a fully fuzzy linear
programming problem, which can be solved by using the existing method [80], is

also solved by using the proposed method.

2.6.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems
In this section, fully fuzzy linear programming problems, chosen in Example

2.1, Example 2.2 and Example 2.3, are solved by using the proposed method.

2.6.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,
chosen in Example 2.1, can be obtained by using the following steps:
Step 1 Assuming &1 = (21, y1, 21, w1) and Ty = (X2, Yo, 22, W) the fully fuzzy linear
programming problem, chosen in Example 2.1, can be written as:
Maximize ((1,2,3,4) ® (x1,y1, 21, w1) & (2,3,4,5) ® (22, Y2, 22, w))
subject to
(0,1,2,3) ® (1,91, 21, w1) B (1,2,3,4) @ (22, Yo, 22, we) = (2,10, 24, 44)

(172,3,4) & (Ihyl, zl,wl) ) (0, 1, 2,3) & (ZL’Q,yQ, ZQ,’U)Q) = (1,8, 2174())
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where (z1,y1, 21, w1) and (22, Ys, 22, we) are non-negative trapezoidal fuzzy numbers.

Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:

Maximize ((z1,2y1, 321, 4wy1) B (229, 3ys, 422, Hw,))

subject to

(01, y1, 221, 3wy) @ (22, 2ya, 329, dws) = (2,10, 24,44)

(21, 2y1, 321, 4wq) B (022, Yo, 229, 3ws) = (1, 8,21, 40)
where (x1, Y1, 21, w1 ) and (2, Y2, 22, we) are non-negative trapezoidal fuzzy numbers.
Step 3 Using the arithmetic operations defined in Section 2.1.2.1 and Definition
2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be writ-
ten as:

Maximize (ilj'l —+ 21’2, 2y1 + 3y2, 321 -+ 422, 4’(1)1 —+ 5’(1)2)

subject to
0x1 + 29 =2
r1+0xy =1
Y1+ 2y = 10
21 +y2 =38
221+ 320 =24
321 4+ 229 = 21
3wy + 4wy = 44
4wy + 3wy = 40

120,y —21 20,21 —y1 2 0,wy — 21 20
Ty >0,y — 29> 0,20 —y2 > 0, w2 — 20 >0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming
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problem, obtained in Step 3, can be written as:

Maximize i(xl + 2x9 + 2y1 + 3y2 + 321 + 429 + 4wy + bws)

subject to
Ox1+ 20 =2
1 +0xy =1
y1 + 2y2 = 10
21 +y2 =8
221+ 329 =24
321 + 229 = 21
3wy + 4wy = 44
4wy 4+ 3wy = 40

120y —21 20,21 —y1 2 0,w1 —2 20

Ty 2 0,y2 —w3 > 0,20 —y2 > 0, wg — 29 > 0
Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step 4,isxy =1,y1 = 2,21 =3, wy = 4,20 =2,y = 4,20 = 6 and wy, = 8.
Step 6 Putting the values of z1,y1, 21, w1, T2, Y2, 20 and we in Ty = (x1,y1, 21, W)
and Ty = (9, Y2, 22, ws), the exact fuzzy optimal solution is 7 = (1,2,3,4), %y =
(2,4,6,8).
Step 7 Putting the values of z; and Z5, obtained from Step 6, in the objective
function the fuzzy optimal value of the fully fuzzy linear programming problem is
(5,16, 33, 56).

2.6.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,
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chosen in Example 2.2, can be obtained by using the following steps:
Step 1 Assuming 1 = (21, y1, 21, w1) and Ty = (X2, Yo, 22, wo) the fully fuzzy linear
programming problem, chosen in Example 2.2, can be written as:
Maximize ((1,6,9,12) ® (z1,y1, 21, w1) © (2,3,8,9) ® (22, Yo, 22, w3))
subject to
(2,3,4,5) @ (1,91, 21, w1) B (1,2,3,4) ® (22, Y2, 22, w2) = (6,16, 30,48)
(—1,1,2,3) @ (1,91, 21, w1) B (1,3,4,6) ® (22, Y2, 22, w2) = (0,17, 30,54)
where (x1, Y1, 21, w1 ) and (22, Y2, 22, we) are non-negative trapezoidal fuzzy numbers.
Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:
Maximize ((z1, 6y, 921, 12w) @ (222, 3ys, 829, Jws))
subject to
(221, 3y1, 421, bwy) B (22, 2ys, 322, 4ws) = (6,16, 30, 48)
(—w1,y1, 221, 3wy) & (w2, 3ya, 429, 6wy) = (0,17, 30, 54)
where (z1,y1, 21, w1) and (22, Ys, 22, we) are non-negative trapezoidal fuzzy numbers.
Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition
2.12, the fuzzy linear programming problem, obtained in Step 2, can be written as:
Maximize (21 + 2x9, 6y1 + 3y2, 921 + 822, 12wy + Jws)
subject to
201 + 29 =06
—wy+29=0
3y1 + 2y = 16
Y1+ 3y. =17

421 + 322 =30
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221 + 422 =30
5w1 + 4w2 =48
321 + 629 = 54

1120y —21 20,21 —y1 2 0,w1 —2 20
Ty 2 0,ys —w2 > 0,20 —y2 > 0, wg — 290 > 0
Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Maximize }1(551 + 2x9 + 6y1 + 3y2 + 921 + 822 + 12wy + Jws)
subject to
2r1 +25 =06

—’LU1+1172:O

3y1 + 2y = 16
y1 + 3y = 17
4z 4+ 329 = 30
2z1 +4z9 = 30
Swi + 4wy = 48
321 + 629 = 54

120y —21 20,21 —y1 2 0,w1 —2 20

g 20,2 —w2 20,20 —y2 2 0wy — 220 2 0
Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step 4,isxy =1,y1 = 2,21 =3, wy =4, 20 =4,y = 5,20 =6 and wy, = 7.
Step 6 Putting the values of zy,y1, 21, w1, T2, Yo, 20 and we in Ty = (x1,y1, 21, W)
and Ty = (9, Y2, 22, ws), the exact fuzzy optimal solution is 7 = (1,2,3,4), %y =

(4,5,6,7).
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Step 7 Putting the values of ; and Z,, obtained from Step 6, in the objective
function the fuzzy optimal value of the fully fuzzy linear programming problem is

(9,27,75,111).

2.6.1.3 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.3

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 2.3, can be obtained by using the following steps:

Step 1 Assuming 1 = (z1,y1,21) and Ty = (x2,Ys, 22) the fully fuzzy linear pro-
gramming problem, chosen in Example 2.3, can be written as:
Maximize ((0,1,4) ® (x1, 41, 21) D (2,4,5) ® (2,Y2, 22))
subject to
(2,3,7) @ (z1,y1,21) ® (2,4,5) @ (2, Y2, 22) = (6,18, 46)
(0,2,4) ® (z1,y1,21) D (3,5,8) ® (22, Y2, 22) = (6,19, 52)
where (x1,y1,21) and (22, ye, 22) are non-negative triangular fuzzy numbers.
Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:
Maximize ((0z1,y1,421) @ (229, 4ys, 522))
subject to
(221, 3y1, 721) B (222, 4yo, 522) = (6, 18, 46)
(0x1,2y1,421) @ (322, 5ys, 822) = (6,19, 52)
where (21,1, 21) and (x2, Y2, 29) are non-negative triangular fuzzy numbers.
Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition
2.12, the fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (0z1 + 2x2,y1 + 4y2, 421 + 522)
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subject to
201+ 229 =06
Ox1 4+ 329 =6
3y; + 4y, = 18
2y1 + by = 19
Tz1 + Hzg = 46
4z + 829 = 52

r1 20,11 —21 20,21 —y1 =0

gy > 0,ys —22 > 0,20 —y2 > 0
Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:

Maximize %L(Oxl + 29 + 2y1 + 8y + 421 + 523)

subject to
201 + 229 =06
Or; +329 =06
3y1 + 4y, = 18
2y1 + 5y = 19
Tz1 + bzg = 46
4z + 829 = 52

r1 20,y —21 20,21 —y1 20

Ty 2 0,y0 =22 20,20 —y2 > 0
Step 5 The optimal solution of the crisp linear programming problem, obtained in
Step 4,isxy =1,y1 = 2,21 = 3,29 = 2,y = 3 and 2z, = 5.

Step 6 Putting the values of z1,y1, 21,29,y and 2y in &y = (21,91, 21) and Ty =
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(22, Y2, 22), the exact fuzzy optimal solution is 7 = (1,2,3),Z2 = (2, 3,5).
Step 7 Putting the values of ; and %5, obtained from Step 6, in the objective

function the fuzzy optimal value of the fully fuzzy linear programming problem is

(4,14, 37).
2.7 Advantages of the proposed method

In this section, the advantages of proposed method over the existing method

[80] are discussed.

(i) It is easy to apply the proposed method as compared to the existing method

[80].

(ii) The fuzzy optimal solution, obtained by using the existing method [80], does
not exactly satisfy the constraints of the fully fuzzy linear programming prob-
lems while the fuzzy optimal solution, obtained by using the proposed method,

exactly satisfy the constraints of the fully fuzzy linear programming problems.

(iii) The existing method [80] can be used to find the non-negative fuzzy optimal
solution of fully fuzzy linear programming problems (P, ) but cannot be used
to find the non-negative fuzzy optimal solution of fully fuzzy linear program-
ming problems (Psg) and (P, 9). However, the proposed method can be used
to find the non-negative fuzzy optimal solution of all the fully fuzzy linear

programming problems (Ps1), (Pag) and (Psyg).
2.8 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained

by using the existing method [80] and proposed method, are shown in Table 2.1.
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Table 2.1 Results of the chosen fully fuzzy linear programming problems

Fuzzy optimal value
Example
Existing method [80] Proposed method
2.1 Not Applicable (5,16, 33,56)
2.2 Not Applicable (9,27,75,111)
2.3 (1.76,18.75,34.86) (4,14, 37)

The results, presented in Table 2.1 can be explained as follows:

(1)

In the problems, chosen in Example 2.1 and Example 2.2, all the coefficients
are not non-negative triangular fuzzy numbers. So, due to the limitations of
the existing method [80], discussed in Section 2.3.1, none of these problems can
be solved by using the existing method [80]. However, in the problem, chosen
in Example 2.3, all the coefficients are represented by non-negative triangular
fuzzy numbers. So, as discussed in Section 2.3.1, it can be solved by using the
existing method [80] but due to the shortcoming of the existing method [80],

discussed in Section 2.3.2, the obtained results are not exact.

The proposed method can be used to find the non-negative fuzzy optimal solu-
tion of fully fuzzy linear programming problems with unrestricted coefficients.
So, all the problems, chosen in Example 2.1, Example 2.2 and Example 2.3,
can be solved by using the proposed method. Also, as discussed in Section

2.7, the results obtained by using the proposed method are exact.

2.9 Conclusions

On the basis of presented study, it can be concluded that it is better to use

the proposed method as compared to the existing method [80] for solving fully fuzzy

linear programming problems with equality constraints.



Chapter 3

A NEw MEeTHOD FOR SoLvING FuLLY
Fuzzy LINEAR PROGRAMMING
ProBLEMS WI1TH EQUALITY
CONSTRAINTS

In this chapter, the limitations of the method, proposed in Chapter 2, are
pointed out and to overcome these limitations, a new method is proposed for solving
fully fuzzy linear programming problems with equality constraints. To show the
application of proposed method a real life problem, which cannot be solved by using

the method, proposed in Chapter 2, is solved by using the proposed method.
3.1 Limitations of the previous proposed method

The method, proposed in Chapter 2, can be used to find the exact fuzzy

optimal solution of the following type of problems:

(i) Fully fuzzy linear programming problems with equality constraints having non-

negative fuzzy coefficients and non-negative fuzzy variables.

(ii) Fully fuzzy linear programming problems with equality constraints having un-

restricted fuzzy coefficients and non-negative fuzzy variables.

The contents of this chapter are published in Applied Intelligence 37 (2012) 145-154.
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i.e., the method, proposed in Chapter 2, can be used to find the exact fuzzy optimal
solution of such fully fuzzy linear programming problems with equality constraints
in which all the variables are represented by non-negative fuzzy numbers.

However, the method, proposed in Chapter 2, cannot be used for solving

the following type of problems:

(iii) Fully fuzzy linear programming problems with equality constraints having non-
negative fuzzy coefficients and unrestricted fuzzy variables:
Maximize/Minimize Zn:l ¢ R T;
j=
subject to (Ps.1)
ilaz-j @F;=b Yi=12,...,m
j=
where ¢;,d,; are non-negative trapezoidal fuzzy numbers and b;, #; are unre-
stricted trapezoidal fuzzy numbers.
Example 3.1 Maximize ((1,2,3,4) ® &, & (2,4,6,8) ® 1)
subject to
(0,1,2,3) @ 1 @& (1,3,5,7) ® Ty = (—8,2,27,57)
(2,4,7,9) @ T1 & (2,3,5,6) ® To = (—25,—8, 34,81)

where T; and Ty are unrestricted trapezoidal fuzzy numbers.

(iv) Fully fuzzy linear programming problems with equality constraints having un-
restricted fuzzy coefficients and unrestricted fuzzy variables:
n

Maximize/Minimize ) ¢; ® 7;
j=1

subject to (Ps2)
n ~
Zd” ®i’] :bz Vi= 1,2,,m
j=1
where ¢;, a;j, b; and Z; are unrestricted trapezoidal fuzzy numbers.

Example 3.2 Maximize ((—2,—1,3,6) ® 71 ® (2,4,6,8) ® I»)
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subject to
(—=3,2,5,7)®@ %1 & (—2,—1,5,7) ® Ty = (—42,—17,45,91)
(1,2,3,4) @ 1 & (—4,—-3,-2,—1) ® T = (—48, —27,—4,28)

where 7, and 75 are unrestricted trapezoidal fuzzy numbers.

i.e., the method, proposed in Chapter 2, cannot be used for solving such fully fuzzy
linear programming problems with equality constraints in which all or some of the

variables are represented by unrestricted fuzzy numbers.

3.2 Proposed product

In this section, the product of two unrestricted trapezoidal fuzzy numbers
is proposed.
Let A = (a,b,c,d) and X = (z,v, z,w) be two unrestricted trapezoidal

fuzzy numbers. Then,

p

(min{az, dz},min{by, cy},max{bz, cz},max{aw,dw}) a >0

(min{aw, dz} min{by, cy},max{bz, cz},max{ax,dw}) a <0 and b >0
ARX = (min{aw, dz},min{bz, cy } ,max{by, cz} max{az,dw}) b<0andc>0

(min{aw, dz} min{bz, cz},max{by, cy },max{ax,dw}) ¢ <0 and d>0

(min{aw, dw},min{bz, cz},max{by, cy} max{ax,dr}) otherwise.

3.2.1 Particular cases of the proposed product

In this section, all the particular cases of the product, proposed in Section

3.2, are discussed.

(i) Let A = (a,b,¢,d) be an unrestricted trapezoidal fuzzy number and X =

(z,y,z,w) be a non-negative trapezoidal fuzzy number. Then,
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(az, by, cz,dw) a>0

(aw, by, cz,dw) a<0and b>0
(aw, bz, cz,dw) b<0andc>0
(
(

ey

®
S
I

aw, bz, cy,dw) c¢<0andd>0

aw, bz, cy,dzr) otherwise.
\

(ii) Let A = (a,b,¢,d) be a non-negative trapezoidal fuzzy number and X =
(x,y, z,w) be an unrestricted trapezoidal fuzzy number. Then,

A® X = (min{az, dz},min{by, ey} max{bz, ¢z} max{aw, dw})

(iii) Let A = (a,b,¢,d) and X = (z,y, z,w) be two non-negative trapezoidal fuzzy
number. Then,

A® X = (az, by, cz, dw)

3.3 Proposed method for solving fully fuzzy lin-
ear programming problems with equality con-
straints

In this section, to overcome all the limitations of the method, proposed
in Chapter 2, a new method is proposed to find the exact fuzzy optimal solution
of fully fuzzy linear programming problems (Ps2) in which all the parameters are

represented by unrestricted trapezoidal fuzzy numbers.

The steps of the proposed method are as follows:
Step 1 Assuming ¢&; = (p;, qj,7j,5;), Tj = (2, Yj, 25, w;), @;; = (i, bij, ¢ij, dij) and
b; = (bi, gi, hiy ki) the fully fuzzy linear programming problem (Ps2) can be written

as:

n
Maximize/Minimize Y (p;, g, 7, S5) @ (x4, Y5, zj, Wj)
j=1

subject to (Ps3)
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Z(a”, Z],Clj,d )® (:r;j,yj,zj,wj) = (bl,gz,hz,]ﬁ) V1= 1,2, ., m

where (z;,y;, zj, w;) is an unrestricted trapezoidal fuzzy number.

Step 2 Using the product of trapezoidal fuzzy numbers, proposed in Section 3.2,
the fully fuzzy linear programming problem (Pj3) can be written as:

n
Maximize/Minimize 3 (p;, 4;, 5, 5;) @ (25,5, 2, w;)
j=1

subject to (Ps.4)

Z(mm{am, a;; },min{b;, b7} max{cy;, ¢ pmax{d};, di;}) = (bi, gi, hi, ki) Vi=1,2,

j=1

M
where (z;,y;, zj, w;) is an unrestricted trapezoidal fuzzy number and

"} min{d ., b7} max{c;

(mln{a”, ij YRR 17 zJ}maX{dzﬂd;/]})_

min{aijmj, dijxj},min{bijyj, cijyj},max{bijzj, cijzj},max{aijwj, dijwj} Qi Z 0

mln{aijwj, dijxj},mm{bijyj, cijyj},max{bijzj,cijzj},max{dijwj, aija:j} Qi < 0 and bij Z 0

min{aijwj, dijxj},min{bijzj, cijzj},max{bijyj, cijyj}7max{aijxj,dijwj} Cij < 0 and dij Z 0

( )
( )
(min{a;jw;, d;jz; }min{b;; z;, ¢;;y, }omax{b;;y;, cijz; }max{a;jz;, dijw;})  biy; <0 and ¢;; >0
( )
( )

min{a;jw;, d;jw; },min{b;;z;, ¢;;2; }max{b;;y;, ¢ijy; } max{a;;x;, d;jz;}) otherwise.

Step 3 Using arithmetic operations, defined in Section 2.1.2.1 and Definition 2.12,
the fully fuzzy linear programming problem (Ps4) can be written as:

n
Maximize/Minimize ) (p;, q;, 75, 5;5) @ (25, Y, 2j, w;)

j=1
subject to
Zmln{am, Lr=b Vi= ey
me{bm,bfj} =g Vi=1,2,...m (Ps5)
Emax{cw, iy =h Vi= M

Zmax{d di} =k Vi=12..,m

150 i)

yi—x; >0,2 —y; > 0,w; —2;, >0 Vji=12..n

Step 4 As discussed in Step 4 of Section 2.5, the fuzzy optimal solution of (Ps5)
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can be obtained by solving the crisp non-linear programming problem (Ps):

Maximize/Minimize R() (p;, ¢;, 75, 5;) ® (x5, Y5, 2, w;))
j=1

subject to
Zmln{am, nr=b Vi=1,2,.

Zmln{bm,b;’J} =¢; Vi=1,2,...m (Psg)
Zmax{cw, iy =hi Yi=12,.,m

Zmax{d dly =k Vi=12,...m

150 g

yi—x; > 0,2 —y; > 0,w; —2;, >0 Vji=12..n

Step 5 Assuming (p;, ¢;, 75, ) ®(2;, Y5, 2, w;) = (min{p, pj},min{gj, ¢’} max{r;

J’J

max{s}, s7}) the crisp non-linear programming problem (P36) can be written as:

Maximize/Minimize R(_ (min{p, pj},min{q}, ¢j },max{r’, r}}, max{s}, s7}))
j=1

subject to
Emln{au, ur=0b; Vi=1,2,...m

me{bu,bg} =g, Vi=1,2,...m (Ps7)
Zmax{c”, iy =hi Vi=12,....m

Zmax{d iy =k Vi=12..,m

150 g

yi—a; > 0,2 —y; >20,w; —2;, >0 Vji=12..n

Step 6 Using the linearity property R(>_ A;) = 3 R(4;), where A, is a fuzzy num-
7=1

i=1

ber, problem (P37) can be converted into (Psg):
Maximize /Minimize (Z R(min{p}, pj },min{q}, ¢j } max{r}, 7} max{s}, s7}))
=1
subject to
me{a”, ur=b Yi=12,.

Zmln{bz]7bgj} = 0i v Z = 1727 cey, (PS.S)



Emax{cw, iy =hi Vi=12,..

Zmax{d”, dis} =k Vi=12

Yyj— ;20,25 =
Step 7 Using max(a,b) =

can be converted into (Psg):

otb 4 |2t and min(a,b) = 4

7

y ey T
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ijO,wj—szO Vj:1,2,...,n

— |45 b| problem (Psg)

Maximize/MinimizeZlgR(p};p}’_|p;2p;’|7q;+q;'_‘q] qj| r—‘rr] +| //‘ 8+s§’+| |)
]:
subject to
n
S (g Bt = p Y i=1,2,m
j=1
T .
Z( JQJ_ JQJ):gi VZ:LQ,...,?TL (P3.9)
j=1
n c +c B
> (2 U =h; Vi=1,2,...m
j=1
n 1" i
3o (Lt d”):ki Vi=12..m

<
Il
-

yj—ijO,Zj—ijO,wj—ZjZO VJ:1,2, n

Step 8 Using R(a,b,c,d) =

)

2(a+ Db+ c+ d) problem (Psg) can be converted into

sh s

(Ps10):
Maximize/Minimize ; (i(pﬂﬂ% — |p] o |+ qﬁq] - |q9;q;/ |+ r;;r;! + |r;;§/ |+ :
552)))
subject to
fxﬁi%;_ %;%)::@ Vi=1,2,...,m
=1
%:@g?g_ %;%)::% Vi=1,2..m
jz:(céj;cé} S =k Vi= ,m
Z”:(d;j;d;’j n déj;d% )=k Vi=1,2..,m

<
Il
—

yj — ;20,2 —

Step 9 Solve the crisp non-linear programming problem (P339) by using

yj ZO,wj—

2j+

(Ps.10)

>0 V=12 ..n

an
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appropriate existing method [125] to find the optimal solution {7, y7, 25, w}}.
Step 10 Find the fuzzy optimal solution {Z}} of the fully fuzzy linear programming
problem (P32) by putting the values of x7,y7, 2 and w} in ¥} = (2}, 9}, 2, w}).
Step 11 Find the fuzzy optimal value by putting the values of Z}, obtained from

Step 10, in i ¢ ® T3
j=1
3.4 Illustrative examples

In this section, the proposed method is illustrated with the help of fully
fuzzy linear programming problems, chosen in Example 3.1 and Example 3.2, which
cannot be solved by using the method, proposed in Chapter 2. Moreover, the fully
fuzzy linear programming problem, chosen in Example 2.1, which can be solved
by using the method, proposed in Chapter 2, is also solved by using the proposed

method.

3.4.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems

In this section, fully fuzzy linear programming problems, chosen in Example

3.1, Example 3.2 and Example 2.1, are solved by using the proposed method.

3.4.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 3.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,
chosen in Example 3.1, can be obtained by using the following steps:
Step 1 Assuming &1 = (z1,y1, 21, w1) and Ty = (X2, Yo, 22, wo) the fully fuzzy linear
programming problem, chosen in Example 3.1, can be written as:

Maximize ((1,2,3,4) ® (z1,y1, 21, w1) ® (2,4,6,8) ® (2, Y2, 22, w3))
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subject to
(0,1,2,3) ® (z1,y1,21,w1) B (1,3,5,7) ® (w2, ya, 22, we) = (—8,2,27,57)
(2,4,7,9) @ (1,91, 21, w1) B (2,3,5,6) @ (22, Y2, 22, w2) = (—25,—8,34,81)
where (x1,y1, 21, w1) and (xa, Yo, 22, we) are unrestricted fuzzy numbers.
Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:
Maximize ((min{xy,4x;},min{2y;, 3y, },max{2z21, 321 },max{wy, 4w, }) & (min{2z,,
8xs},min{4dys,, 6y, } , max{4zs, 625 },;max{2ws, 8wy }))
subject to
(min{0, 321 },min{y;, 2y; },max{zy, 221 },max{0, 3w, })B(min{xzy, 722}, min{3ys, 5y2 },
max{3zq, 522 },max{wy, Twe}) = (-8, 2,27, 57)
(min{2z1, 921 },min{4y,, Ty },max{4zy, 7z },max{2w;, Yw; }) & (min{2z,, 62 },min{
3y2, by },max{32y, 525}, max{2wy, 6wy }) = (—25, —8, 34, 81)
hh—2120,z21 =41 20,w1 —2 20
Yo— 220,20 =92 2 0w — 2220
Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition
2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written
as:
Maximize (min{zy, 4z }+min{2zy, 8x2 },min{2y;, 3y, +min{4y,, 6ys },max{2z;, 32}
+max{4zy, 629 },max{wy, 4w }+max{2ws, 8wy })
subject to
min{0, 3z; }+min{xzy, 7Ty} = —8
min{y;, 2y; }+min{3ys, Sy2} = 2

max{zy, 2z }+max{3zq, 522} = 27
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max{0, 3w; }+max{ws, Twe} = 57

min{2z1, 91 }+min{2z,, 625} = —25

min{4yy, 7y; }+min{3ys,, by} = —8

max{4zy, 7z }+max{3z9, 520} = 34

max{2wy, 9wy } +max{2w,, 6wy} = 81

hr—2120,21—y1 20,wy —2 >0

Yo — 22 20,20 —y2 2 0,we — 2 20
Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Maximize R(min{x1, 421 }+min{2xs, 85}, min{2y;, 3y; } +min{4ys, 6y, } , max{221,32; }
+max{4zy, 629 },max{wy, 4w }+max{2wq, 8wy })
subject to

min{0, 3z1 }+min{zs, 729} = —8

min{yy, 2y; }+min{3ys, Syz} = 2

max{zy, 221 }+max{3zq, 525} = 27

max{0, 3w; }+max{ws, Twe} = 57

min{2z1, 921 }+min{2z,, 625} = —25

min{4yy, 7y; }+min{3y,, 5y} = —8

max{4zy, 7z }+max{3z2, 52} = 34

max{2wy, 9w, }+max{2ws, 6wy} = 81

hr—21 20,21 —y1 20,wy —2 =20

Yo— 222> 0,20 —y2 > 0,we — 22 > 0
Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in

Step 4, can be converted into the following crisp non-linear programming problem:
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Maximize (321 — 2|1 + 529 — 3|2a| + Sy1 — 3|v1] + 5y2 — 2| + 321 + |21 ] + B2a +
|20] + 2wy + 3w | + Sws + 3|ws])
subject to

So1 — 3| + 4wy — 3|z,| =
SU1— 3yl +4yz — |y2| =2
S214 3lz| + 4z 4 |2 = 27
Swy + 3w | + 4ws + 3lw,| = 57
Yoy — Lo | + 4zy — 2|20 = —

Sy — syl + 4y — |ya| = —

%zl + §|zl| + 429 + | 20| = 34

Hwy 4 Z|wi| 4 4ws + 2|ws| = 81

fr—2120,21—y1 20,w1 —2 20

Yo—2220,20 =92 2 0,wy — 2 20
Step 6 The optimal solution of the crisp non-linear programming problem, obtained
in Step 5,is x; = —3,y; = —2, 2, = g wy =9,y = 1,ys = 2,20 = 12251 and wy = 6.
Step 7 Putting the values of z1,y1, 21, w1, T2, Y2, 20 and we in &1 = (x1,y1, 21, W)
and Ty = (9, y2, 29, W2), the exact fuzzy optimal solution is 7, = (—3, -2, g, 5),%
(1,2, 6).
Step 8 Putting the values of z; and Z,, obtained from Step 7, in the objective
function the fuzzy optimal value is (—10,2, 2L 68).

) 25 9

3.4.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 3.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 3.2, can be obtained by using the following steps:
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Step 1 Assuming 7y = (z1,y1, 21, w1) and To = (T2, Yo, 22, we) the fully fuzzy linear
programming problem, chosen in Example 3.2, can be written as:

Maximize ((—2,—1,3,6) ® (z1,y1, 21, w1) ® (2,4,6,8) ® (2, Y2, 22, w2))

subject to

(=3,2,5,7) ® (1, y1, 21, w1) ® (=2, —1,5,7) ® (22, y2, 22, wa) = (—42,—17,45,91)

(1,2,3,4)®(x1,y1, 21, w1 )B(—4, =3, =2, —=1)R(x2, Y2, 22, W) = (—48, =27, —4,28)
where (z1,y1, 21, w1) and (x9, Yo, 22, wy) are unrestricted trapezoidal fuzzy numbers.
Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:
Maximize ((min{—2wy, 621 },min{—z1, 3y; },max{—y1, 321 },max{—2z1, 6w; })®(min{
29, 8x9 },min{4ys, 6y, max{4zs, 625}, max{2ws, 8wy }))
subject to
(min{—3wy, 7x1 },min{2y;, 5y; },max{2z;, 521 },max{7w,, —3x; } )& (min{ —2w,, Tz, },
min{—zq, 5ys },max{—ys, 5zo }, max{—2z,, Twy }) = (—42, —17,45,91)
(min{zy, 424 },min{ 2y, 3y; },max{2z1, 3z },max{wi, 4w, })®(min{ —4ws, —ws },min{
— 329, =229 },max{ —3yq, —2ys },max{—4xy, —x5}) = (—48, —27, —4,28)

=21 20,21 —y1 20,wy —2 >0
Yo—x2 20,20 =y 2 0,wy — 22 20

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition
2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written
as:
Maximize (min{—2wy, 621 }+min{2xs, 8z, },min{—z1, 3y }-+min{4ys, 6y> } ,max{—y,
321 }+max{4z, 622}, max{—2x1, 6w; }+max{2ws, 8w, })

subject to
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min{—3wy, 721 }+min{ —2wsq, 7o} = —42
min{2yy, 5y; p+min{—z, by} = —17
max{2zy, 5z }+max{—ys, 522} = 45
max{7w, —3x1 }+max{—2z, Twe} = 91
min{zy, 4z, }+min{—4wy, —ws} = —48
min{2yy, 3y; }+min{—3zy, —225} = —27
max{2z1, 321 }+max{—3ys, —2y2} = —4
max{wy, 4wy }+max{—4xe, —xo} = 28
yi—1120,21—y1 20w —2 20
Yo— 220,20 =92 20, w2 =2 20

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize R(min{—2wy, 621 }+min{2zy, 8xs },min{ —2z1, 3y; } +min{4ys, 6y, } , max{—y,

321 }Hmax{4zy, 625 },max{—2z;, 6w; }+max{2ws, 8w, })

subject to
min{—3wy, 721 }+min{ —2ws, Txo} = —42
min{2y;, 5y; +min{—zy, 5yo } = —17
max{2zy, 5z; }+max{—ys, 522} = 45
max{ 7w, —3x1 }+max{—2zs, Tws} = 91
min{zy, 4z, }+min{—4wy, —we} = —48
min{ 2y, 3y; }+min{—3zy, —220} = —27
max{2zy, 3z }+max{—3ys, -2y} = —4
max{wy, 4wy }+max{—4xs, —xy} = 28

y—2120,21—y1 2 0,w; —2, 20
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Yo— 222> 0,20 —y2 > 0,we — 22 > 0
Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in
Step 4, can be converted into the following crisp non-linear programming problem:

Maximize }(—w; 43z — | —w; —3x1|+5x0 — | —322| — 21+ 3y — | — 521 — Sy [+ 5ya —

| — ol =51+ 321 +|— 5y1 — 221 |+ 520+ | — 22| — 21+ 3wy + | — 21 — 3w: |+ 5wy + | — 3wy|)

subject to

_3
2

w1+%x1—|—%Un—%x1|—w2+%x2—|—w2—%x2| = —42
s = slnl =522+ 3y — | — 520 — Sl = 17

I A P

7

§w1—%$1+|%w1+%x1| —902+%w2—|—|—x2—%w2| =91

321 = 3m| — Swy — 3|w,| = —48
2y1— syl — 320 — gzl = —27
2a+ 351z — 2yp 4 3y = —4

2wy + 3w | — 2wy + 3aa| = 28

hr—2120,21—y1 20,wr —2 20

Yo =22 20,20 =92 2 0, w2 — 25 2 0
Step 6 The optimal solution of the crisp non-linear programming problem, obtained
in Step 5,is 1 = —2,y1 = —2,21 =2, w; = 3,29 = —4,ys = 5,29 = 7 and ws, = 10.
Step 7 Putting the values of zy,y1, 21, w1, T2, Y2, 20 and we in Ty = (x1,y1, 21, W)
and Ty = (x9, Yo, 22, Wa), the exact fuzzy optimal solution is T = (—2,—-2,2,3),Z9 =
(—4,5,7,10).
Step 8 Putting the values of z; and 75, obtained from Step 7, in the objective

function the fuzzy optimal value is (—44, 14,48, 98).
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3.4.1.3 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 2.1, can also be obtained by using the following steps:

Step 1 Assuming 1 = (21, Y1, 21, w1) and Ty = (X2, Yo, 22, wo) the fully fuzzy linear
programming problem, chosen in Example 2.1, can be written as:
Maximize ((1,2,3,4) ® (z1,y1, 21, w1) & (2,3,4,5) ® (x2, Y2, 22, W2))
subject to
(0,1,2,3) ® (21,91, 21, w1) D (1,2,3,4) @ (22, Yo, 22, we) = (2, 10,24, 44)
(1,2,3,4) ® (1,41, 21, w1) B (0,1,2,3) @ (22, Yo, 22, ws) = (1, 8,21, 40)
where (z1,y1, 21, w;) and (22, Yo, 22, w2) are non-negative trapezoidal fuzzy numbers.
Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:
Maximize ((min{xy,4z;},min{2y;, 3y; },max{2z1, 321 },max{wy, 4w, }) & (min{2x,,
5o} min{3ys, 4ys } ,max{3zs, 425} ,max{2ws, 5wy }))
subject to
(min{0x1, 3z1 },min{y;, 2y; },max{z, 221 },max{0wy, 3w; } )& (min{xs, 4z, },min{2ys,,
3yo },max{2zy, 329}, max{wy, dws}) = (2,10, 24,44)
(min{zy, 4z },min{2yy, 3y; },max{2z1, 321 },max{wy, 4w, } )®(min{0xs, 3z}, min{y,,
2yo },max{zy, 220 },max{ 0wy, 3w }) = (1,8, 21, 40)
where (21, Y1, 21, w1) and (22, Ys, 22, ws) are non-negative trapezoidal fuzzy numbers.
Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition
2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written

as:
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Maximize (min{zy, 4z }+min{2zy, 529}, min{2y;, 3y; +min{3ys, 4ys } ,max{2z, 32}
+max{32y, 425}, max{wy, 4w, }+max{2ws, Sws })
subject to

min{0z1, 3z, }+min{zs, 429} = 2

min{yy, 2y, +min{2ys,, 3y} = 10

max{zy, 221 }+max{2z9, 320} = 24

max{0w;, 3wy }+max{ws, 4w} = 44

min{zy, 4z }+min{0zy, 322} = 1

min{2y;, 3y; H+min{ys, 2y} = 8

max{2zy, 321 }+max{zg, 229} = 21

max{wi, 4w; } +max{0ws, 3wy} = 40

r120,y1 —21 20,21 =1 20,w1 —2 20
22 0,y2 —22 20,20 —y2 2 0, w2 — 22 2 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Maximize R(min{xy, 421 }+min{2xs, 5z2 },min{2y;, 3y; } +min{3ys, 4y, }, max{2z1, 321 }
+max{3z, 429}, max{w, 4w, }+max{2ws, bws})
subject to

min{ 0z, 3z, }+min{xs, 45} = 2

min{yi, 2y, +min{2ys, 3y2} = 10

max{zy, 221 }+max{2z29,322} = 24

max{ 0wy, 3w; }+max{wy, 4wy} = 44

min{zy, 4z }+min{0zy, 322} = 1

min{2yy, 3y; +min{ys, 2y2} = 8
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max{2z1, 3z1 }+max{zs, 222} = 21
max{wi, 4wy }+max{0ws, 3wy} = 40
r1 20,y —21 20,21 —y1 2 0, w1 — 21 20
T2 > 0,y2 —w2 > 0,20 —y2 > 0, w2 — 20 > 0
Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in
Step 3, can be written as:
Maximize (%58 — | = %]+ T2 — | = 32|+ % — | = B4 T2 — | = 2| 4 2 4| -
FHB -2+ -+ B+ - )
subject to
s | =S+ 50 | = 3 =2
Bl -l -I-%=10

M-+ 2y -2)=24

i B n B a Bl B
ol e n R il Bl w Bl
Bl - =

r1 20,1 —21 20,21 —y1 20, w1 —21 20
Ty 2 0,y0 =22 20,20 —y2 2 0wy — 220 2 0
Step 6 Since, 1 > 0,17 > 0,27 > 0,w; > 0,290 > 0,52 > 0,20 > 0 and wy > 0 so
the problem, obtained in Step 5, can be written as:
Maximize (21 + 222 + 2y1 + 3y2 + 321 + 422 + 4wy + Sws)
subject to

0$1+$2:2
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1+ 02y =1
y1+2y2 =10
21 +y2 =38
221+ 320 =24
321 + 229 =21
3wy + 4wy = 44
4wy + 3wy = 40

120,y —21 20,21 —y1 2 0,wy — 21 >0

Ty > 0,ys —22 > 0,20 —y2 2 0, w9 — 220 > 0
Step 7 The optimal solution of the crisp linear programming problem, obtained in
Step 6,is 1 =1,y1 = 2,21 =3, w1 = 4,20 =2,y = 4,20 = 6 and wy, = 8.
Step 8 Putting the values of xy,y1, 21, w1, T2, Y2, 20 and wy in Ty = (z1,y1, 21, W)
and Ty = (9, Y2, 22, ws), the exact fuzzy optimal solution is 71 = (1,2,3,4), %y =
(2,4,6,8).
Step 9 Putting the values of ; and 75, obtained from Step 8, in the objective

function the fuzzy optimal value is (5, 16, 33, 56).
3.5 Advantages of the proposed method

In this section, the advantages of proposed method over the method, pro-

posed in Chapter 2, are discussed.

(i) The fully fuzzy linear programming problems (P 1) and (Psg) which can be
solved by using the the method, proposed in Chapter 2, can also be solved by

using the method proposed in this chapter and the obtained results are same.
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(ii) The fully fuzzy linear programming problems (Ps;) and (Ps3) which cannot
be solved by using the method, proposed in Chapter 2, can be solved by using

the method proposed in this chapter.
3.6 Real life application of the proposed method

Kaur and Kumar [65] proposed a new method, based on tabular representa-
tion of transportation problems, to find the fuzzy optimal solution of uncapacitated
fully fuzzy transportation problems and solved the real life uncapacitated fully fuzzy
transportation problem, chosen in Section 3.6.1, to show the application of the pro-
posed method.

In the existing method [65], it is assumed that the rank (W%) of fuzzy
variables Z;; = (4, Yij, zij), representing the optimal amount of the product that

" source to j** destination, should be greater than or

should be transported from 7!
equal to zero. For several unrestricted triangular fuzzy numbers, the rank can be
greater than or equal to zero e.g., the rank of unrestricted triangular fuzzy number
(—2,—1,6) is positive. So, to find the fuzzy optimal solution of the chosen real life
problem by using its fuzzy linear programming formulation, there is a need to solve
a fully fuzzy linear programming problem with unrestricted fuzzy variables.

As discussed in Section 3.1, there is no method in the literature to solve
fully fuzzy linear programming problems with unrestricted fuzzy variables. So, the
real life problem, chosen in Section 3.6.1, cannot be solved by any of the existing
methods. Although, the uncapacitated fully fuzzy transportation problem can be

solved by using the tabular method [65]. However, there may exist several problems

which can be solved only by using fuzzy linear programming approach e.g., there is
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no tabular method in the literature to solve the crisp capacitated minimal cost flow
problems which can be extended to propose a new method for solving fully fuzzy
capacitated minimal cost flow problems but such problems can be formulated as a
fuzzy linear programming problem and then can be solved by using the proposed
method.

In this section, to show the application of proposed method, the real life
problem, chosen in Section 3.6.1, is solved by using the proposed method and it is
concluded that the results, obtained by using the existing method [65] and proposed

method are same.

3.6.1 Description of the problem

Dali Company is the leading producer of soft drinks and low-temperature
foods in Taiwan. Currently, Dali plans to develop the South-East Asian market
and broaden the visibility of Dali products in the Chinese market. Notably, fol-
lowing the entry of Taiwan to the World Trade Organization, Dali plans to seek
strategic alliance with prominent international companies and introduced interna-
tional bread to lighten the embedded future impact . In the domestic soft drinks
market, Dali produces tea beverages to meet demand from four distribution centers
in Taichung, Chiayi, Kaohsiung and Taipei, with production being based at three
plants in Changhua, Touliu and Hsinchu. According to the preliminary environ-
mental information, Table 3.1 summarizes the potential supply available from these
three plants, the forecast demand from the four distribution centers and the unit
transportation costs for each route used by Dali for the upcoming season.

The environmental coefficients and related parameters generally are
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imprecise numbers with triangular possibility distributions over the planning horizon
due to incomplete or unobtainable information. For example, the available supply of
the Changhua plant is ($7.2, $8,$8.8) thousand dozen bottles, the forecast demand
of the Taichung distribution center is ($6.2, $7,$7.8) thousand dozen bottles and the
transportation cost per dozen bottles from Changhua to Taichung is ($8, $10, $10.8).
Due to transportation costs being a major expense, the management of Dali is

initiating a study to reduce these costs as much as possible.

Table 3.1 Summarized data in the Dali case (in U.S. dollar)

Source Destination Supply (000
Taichung Chiayi Kaohsiung Taipei dozen bottles)
Changhua | ($8,$10, $10.8) [($20.4, $22, $24)| (38, $10,$10.6) |($18.8,$20,$22)| (7.2,8,8.8)
Touliu | ($14, $15,$16) |($18.2,$20,$22)| ($10,$12,$13) | ($6,$8,$8.8) | (12,14, 16)
Hsinchu  |($18.4, $20, $21)( ($9.6, $12, $13) |($7.8, $10, $10.8)| ($14, $15,$16) |(10.2, 12, 13.8)
Demand(000| 69 7 78y | (8.9,10,11.1) | (65,8,95) | (7.8,9,10.2)
dozen bottles)

Solution : The chosen real life problem [65] can be formulated into the following

fully fuzzy linear programming problem:
Minimize (($8,$10,$10.8) ® Z11 & ($20.4, $22,$24) @ 15 B ($8,$10,$10.6) ® T13 &
($18.8,$20, $22)@714®($14, $15, $16) @72, B($18.2, $20, $22) @T20D($10, $12, $13)®
To3P (86, $8, $8.8)R724P($18.4, $20, $21) @231 B ($9.6, $12, $13) 23,0 ($7.8, $10, $10.8)
® T33 @ (314, $15,%16) ® T34)
subject to

T11 D 12 D T13 D 714 = (7.2,8,8.8)

To1 D Tog B Tog B Tog = (12,14, 16)

T31 @ T3g B Tag B Tag = (10.2,12,13.8)

i'll EB -i’21 EB .i'gl = (62, 7, 78)



o4

T12 @ Too @ T30 = (8.9,10,11.1)

T13 @ To3 @ T33 = (6.5,8,9.5)

T14 B Toy & T34 = (7.8,9,10.2)

;=0 Vi=1,..3,j=1..,4
Tij = 0= Z;; is an unrestricted fuzzy number.

Assuming Z;; = (%5, yij, 2;;) and applying the proposed method, the ob-

$ 20439 $ 7047 $ 45651 )

tained minimum total fuzzy transportation cost is (35557, $55°, $755

Remark 3.1 In all the existing methods [4,16,36,49,80,90,91] and also in the pro-
posed method it is assumed that if a fuzzy number A is the fuzzy optimal solution
of a problem and if there exist any fuzzy number B such that R(A) = R(B) then
B will also be a fuzzy optimal solution of the same problem. Although, the fuzzy
numbers, representing the minimum total fuzzy transportation cost, for the real life
problem, chosen in Section 3.6.1, obtained by using the existing method [65] and
proposed methods are ($22°, $352, $382) and ($20232 §T94T GA5631) yogpectively but

10 7 100 > 20 > 100

R($220,$352, $382) = R($29:32, §70°7 §45051) which implies that there exist alterna-

tive fuzzy optimal solution of the chosen real life problem.
3.7 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained
by using the method, proposed in Chapter 2, and the method proposed in this

chapter, are shown in Table 3.2.



Table 3.2 Results of the chosen fully fuzzy linear programming problems

Fuzzy optimal value
Example
Method proposed in Chapter 2 | Method proposed in this chapter
2.1 (5,16, 33,56) (5,16, 33,56)
2.2 (9,27,75,111) (9,27,75,111)
3.1 Not Applicable (10,2, 2, 68)
3.2 Not Applicable (—44,14,48,98)
Real life problem Not Applicable ($20239 §TOIT §45851)

95

The

(1)

results, presented in Table 3.2, can be explained as follows:

In the problems, chosen in Example 2.1 and Example 2.2, all the decision
variables are represented by non-negative trapezoidal fuzzy numbers. While,
in the problems, chosen in Example 3.1, Example 3.2 and existing real life
problem [65] all the decision variables are represented by unrestricted fuzzy
numbers. So, as discussed in Section 3.1, the problems, chosen in Example 2.1
and Example 2.2, can be solved by using the method proposed in Chapter 2
but the problems, chosen in Example 3.1, Example 3.2 and existing real life

problem [65], cannot be solved by using the method proposed in Chapter 2.

Since, the proposed method can be used to find the fuzzy optimal solution of
fully fuzzy linear programming problems with unrestricted fuzzy parameters.
So, all the chosen problems as well as the existing real life problem [65] can be

solved by using the proposed method.

3.8 Conclusions

On the basis of presented study, it can be concluded that it is better to

use the method, proposed in this chapter, as compared to the method, proposed in

previous chapter, for solving fully fuzzy linear programming problems with equality

constraints.






Chapter 4

AN ErriciENT METHOD FOR SOLVING
FuLlry Fuzzy LINEAR PROGRAMMING
ProBLEMS Wi1TH EQUALITY
CONSTRAINTS

In the literature [30] it is pointed out that there may exist several real
life problems in which it is not always possible to represent all the parameters as
triangular or trapezoidal fuzzy numbers and due to the same reason several authors
[30,51,75,112,116] have represented the parameters as LR flat fuzzy numbers instead
of triangular or trapezoidal fuzzy numbers.

To the best of our knowledge, till now no one have defined the product of
such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative
nor non-positive. Due to non-existence of such product, till now there is no method
in the literature for solving such fully fuzzy linear programming problems in which
some or all the parameters are represented by such LR fuzzy numbers or LR flat
fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the
product of such fuzzy numbers is proposed and also the limitations of the method,

proposed in Chapter 3, are pointed out. To overcome the limitations of the method,

The contents of this chapter are communicated in Applied Mathematical Modelling.
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proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.
4.1 Preliminaries

In this section, some basic definitions and arithmetic operations of LR flat

fuzzy numbers are presented [30].
4.1.1 Basic definitions

In this section, some basic definitions are presented.
Definition 4.1 [30] A function L : [0,00) — [0,1] (or R : [0,00) — [0, 1]) is said to
be reference function of fuzzy number if and only if
(i) L(0) =1 (or R(0) =1)
(ii) L (or R) is non-increasing on [0, 0o).
Definition 4.2 [30] A fuzzy number A, defined on universal set of real numbers R,
denoted as (m,n, a, ) g, is said to be an LR flat fuzzy number if its membership

function p () is given by

L(™==) x<m, a>0
pilx) = R(%) x>n, >0
1 mIx<n
Definition 4.3 [30] Let A= (m,n,a, B)Lr be an LR flat fuzzy number and A be a
real number in the interval [0, 1]. Then, the crisp set A* = {z € X : pz(z) > A\} =
[m — aL~Y(\),n + BRY()\)], is said to be A-cut of A.
Definition 4.4 [30] An LR flat fuzzy number A = (m,n, o, 8)g is said to be zero

LR flat fuzzy number if and only if m = 0,n =0,a =0 and g = 0.

Definition 4.5 [30] Two LR flat fuzzy numbers A = (my,n1, a4, 1)L and Ay =
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(ma, ng, g, B2) Lr are said to be equal i.e., A, = A, if and only if my = mo,ny =
Ny, a1 = ag and B; = fs.

Definition 4.6 [25] An LR flat fuzzy number A= (m,n, o, B)Lr is said to be non-
negative LR flat fuzzy number if and only if m —«a > 0 and is said to be non-positive

LR flat fuzzy number if and only if m — a < 0.

Definition 4.7 An LR flat fuzzy number A = (m,n,«, ) is said to be unre-

stricted LR flat fuzzy number if and only if m — « is a real number.

Remark 4.1 If m = n then an LR flat fuzzy number (m,n, «, 5) g is said to be an
LR fuzzy number and is denoted as (m,m,«, 8)g or (n,n,«, 8)r or (m,«, B)Lr
or (n,a, B)Lg-

Remark 4.2 If m = n and L(z) = R(x) = max{0,1 — z} then an LR flat fuzzy
number (m,n,«, 3)pg is said to be a triangular fuzzy number and is denoted as

(a,b,c) where a = m — a,b = m(or n),c =m+ B(or n + 3).

Remark 4.3 If m # n and L(z) = R(x) = max{0,1 — z} then an LR flat fuzzy
number (m,n,«, B)pg is said to be a trapezoidal fuzzy number and is denoted as

(a,b,c,d) where a =m — a,b=m,c=n,d=n+ 0.
4.1.2 Arithmetic operations

In this section, the arithmetic operations between LR flat fuzzy numbers
are presented [30].

Let Ay = (m1,n1, a1, B1)rr, A2 = (M2, na, s, Ba)rr be any LR flat fuzzy

numbers and A; = (ms, ng, ag, B3) gy, be any RL flat fuzzy number. Then,
(i) 1211 ® 1212 = (m1 +ma,ny +ng, a1 + a2, B1 + B2) LR

(ii) 1211 S /13 = (my —n3,ny —mg, a1 + B3, b1 + @3)Lr
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(iif) If A; and A, both are non-negative, then

Ay ® Ay = (mama, nina, myag + aymy — anog, 1 Be + Bina + BiBa) Lk
(iv) If A, is non-positive and A, is non-negative, then

1211 ® 212 = (ming, nima, cxng — ma Pz + o1 P, Bimag — niag — fras)rr
(v) If A; is non-negative and A, is non-positive, then

Ay ® Ay = (nyma, mina, myan — Bima + Proa, mife — arny — 1 Ba) Lk
(vi) If A; and Ay both are non-positive, then

A; ® Ay = (ning, mima, —nyPs — Bing — P12, —Micg — ayma + c ) LR

~ (Ama, Ang, Ao, AB1) Lr A>0
()\nl, /\ml, —Aﬁl, —)\ozl)RL A S 0

There also exist another formula [30] for the product of such LR flat fuzzy
numbers in which the spreads aq, as, /1 and (35 are smaller as compared to the mean
values m; and ms:

(i) If A; and A, both are non-negative, then

Ay ® Ay = (mima, nina, myon + arma, niBa + finz) Lr
(i) If A is non-positive and A, is non-negative, then

Ay ® Ay = (ming, mima, arny — myBa, Bima — nyas) g
(i) If A; is non-negative and Aj is non-positive, then

Ay © Ay = (nyma, ming, nias — fima, mifa — aina)Lr
(iv) If A; and A, both are non-positive, then

A1 © Ay = (ning, myma, —n1 Py — fing, —Mica — a1Ma) LR

Remark 4.4 Using Yager’s ranking approach [141], the value of Yager’s ranking in-
dex R(A) for any parameter, represented by LR flat fuzzy number A = (m, n, ., §) g

is as follows:
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(i) If L(z) = R(z) = max{0,1 — 2} then R(A) = {(m +n) + (6 — a)
(if) If L(z) = max{0,1 — 2} and R(z) = max{0,1 — 2} then R(A) = L(m+n) +

«

5_

wl=
N

(iii) If L(z) = max{0,1 — 2} and R(z) = max{0,1 — 2} then R(A) = L(m +n) +

«

5_

=
Wl

To find the ranking index for LR fuzzy numbers put m = n in the all of the

above obtained formulas of LR flat fuzzy numbers.

4.2 Proposed product

The existing product rule, presented in Section 4.1.2 can be used to find the
product of such LR fuzzy numbers or LR flat fuzzy numbers which are either non-
negative or non-positive. To the best of our knowledge, till now no one have defined
the product of such LR fuzzy numbers or LR flat fuzzy numbers which are neither
non-negative nor non-positive e.g., if Ay = (1,3,4,2).5 and A, = (2,4,5,3) .5 are
two LR flat fuzzy numbers then there is no product rule to find the value of A; ® A,
or A; ® Ay. Due to non-existence of such product, till now there is no method in
the literature for solving such fully fuzzy linear programming problems in which
some or all the parameters are represented by such LR fuzzy numbers or LR flat
fuzzy numbers which are neither non-negative nor non-positive. In this section,
corresponding to the existing product rules, presented in Section 4.1.2, new product

rules are introduced.

4.2.1 New product corresponding to the existing product ®

In this section, new product corresponding to the existing product ®, is

introduced.
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Proposition 4.1 If A; = (mq,nq, 04, 81)Lr and Ay = (mg, ng, e, B2)Lr are two
LR flat fuzzy numbers such that m; — a3 < 0 and m; > 0 then fll ® 1212 =
(m},n}, o, B))Lr, where m| = min{m;ms,nimo},n}| = max{ming, nins},a) =
min{myma, nyms }—min{mny+my fo—aing—a1 B2, nymo—nico+Hime—pFras}, B =
max{m;ms — myas — ayMay + 12, N1No + N1 P2 + Ping + F1 P2} —max{ming, nins}.
Proof: Let A, = (mq,n1, 04, 1)Lr and Ay = (mg, ng, o, B2)Lr be two LR flat
fuzzy numbers such that m; — a; < 0 and m; > 0. Then, using the Definition 4.3,
A} = [my — a1 L7Y\),ng + iR (V)] and Ay = [my — ao L7t (N\),ng + B2R7(N)).
Since m; —a; < 0 and m; > 0 so my — oy L7 (\) < 0 for A > L(%) and
my —a L7 (A) >0 for A < L(’Z:—ll) and ny + S R7Y(X) > 0 for all A, so to find the

product of fll and Ag there is a need to consider the following five cases:

Case (i) If mg — g > 0 then my — as L™ (\) > 0 and ny + B2 R71(X) > 0 for all A

so the following two subcases may arise to find the product of A} and Aj:

(a) If my — ay L7(X) > 0 then
AYAS = [(mi—ar L7H(N) (me—a2 L1 (N)), (mA-B1R™H(A)) (na+B2R7H(N))]
Putting A =1,
Ai\A%\ = [mlmg, nan]. (41)
(b) If m; — a; L™*(A\) < 0 then
AP Ay = [(mi—ar L7 (X)) (na+B2R7H(N)), (na+B1R™H(N)) (na+B2R7H(A))]
Putting A = 0,
AfAé\ = [myng+my e —oqung — o B2, nang+ny fo+ Bing + 1 Ba). (4.2)
Now combining (4.1) and (4.2):
Al & 1212 = (m,1/7n,1/7 0/1,7 i/)LR

1 1 1! 1/
where mi = mimg, ni = ning, of = mime —ming +myfBs —aing — a1 B2, B =
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ning + nyfa + Bing + 12 — nina.

Case (ii) If my — ay < 0,m9 > 0 then my — apL71(X) > 0 for A < L(%2),
my — apL7H(X) < 0 for A > L(%2) and ny + BoR71(X) > 0 for all A so, the
four subcases may arise to find the product of A} and A}. Since, the aim is
to find the product of A} and Aj corresponding to A = 0 and A\ = 1 so there

is a need to consider only the following two subcases:

(a) If my — ay L71(A) < 0 and my — ap L7 (A\) < 0 then
AtAy = [min{(mi — a1 L7H(N))(n2 + BoR7H(A)), (1 + BLR™H(N)) (m2 —
as L7H(N)) }max{(my —a; L7Y(N)) (mg — as L7Y(N)), (ny + B1 R (A)) (na +
SR (A)H
Putting A =0,
A A = [min{miny+my Bo—aing—ay Be, nyma—niao+B1me—Bras b max{
MM — M1 — 1My + 1, Nng +nq B+ Bing + G162} (4.3)
(b) If m; — a1 L7Y(\) > 0 and my — ap L™ '(\) > 0 then
AP Ay = [(mi—on L7H(A))(me—az L7 (N)), (na+B1RH(N)) (n2+ 52 R (V)]
Putting A =1,
AYAY = [myma, niny). (4.4)
Now combining (4.3) and (4.4):
Ay @ Ay — (ol )
where m4 = mymo,nY = ning, oy = mymo—min{minyg + myfy — ainy —
a1 B2 —mymag, nyme —niag + Bime — fras}, 5Y = max{mymg —miag — ayms +

a1z, ning + 11 P2 + Ping + B1fa} — nine.

Case (iii) If my < 0,m9 > 0 then my — asL™1(\) < 0 and ny + B R7H(A\) > 0 for

all \ so the following two subcases may arise to find the product of A7} and
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Ay
(a) If my — ay L7(X) > 0 then
AP A3 = [(mAB R (V) (ma—ax L7 (), (m+BLR™H(A)) (na+B2RH(A))]
Putting A =1,
AYAY = [nymag, nins). (4.5)
(b) If my — a; L71(X) < 0 then
A = [min{(my — ax L () (12 + SR N), (1 + BiR~ (A)) (s —
ax L7 (A)) pmax{(m1 — an L7H(A)) (ma — aa L7 (X)), (n1 + B1R7H (M) (n2 +
PR A)H
Putting A = 0,
A} A = [min{miny+my Bo—aing—ay Be, nyma+Frma—nias—Bras b max{
M1Mma — M0y — 1My + g, g +n1 P2 + Bing + B1 P2} (4.6)
Now combining (4.5) and (4.6):
Ay @ Ay = (mln, ol B Lk
where mf4 = nymo,n§ = ning, a4 = nymo—min{ming + mifs — aing —
a1z, nama+fime—niaa—PFras}, 5 = max{mima—mic—aimaton o, ning+

B2 + Bing + B1B2} — ning.

Case (iv) If ny < 0,n9 + B2 > 0 then my — asL™'(\) < 0 for all X\ and ny +

BoR7H(N) <0 for A < R(=%), n2+ BoR7Y(A) > 0 for A > R(—732) so the four
subcases may arise to find the product of A} and A3. Since, the aim is to find
the product of A} and A3 corresponding to A = 0 and A = 1 so there is a need

to consider only the following two subcases:

(a) If my — ay L71(A) > 0 and ng + B2 R71(\) < 0 then

A} Ay = [(m 4B RTI(N)) (ma—aa L7 (X)), (ma—aa L7 (A)) (ne+B2R7H(N))]
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Putting A =1,
AYAY = [nymg, miny). (4.7)
(b) If my —a; L7Y(\) <0 and ng + SR (A\) > 0 then
AYAy = [min{(mi — a1 L7H(N))(n2 + BoR7H(A)), (na + BLR™H(N)) (m2 —
ax L7 () pmax{(my — on L7H(A)) (ma — a L7 (N)), (na + B1R™H(A)) (n2 +
B2 (N))]
Putting A = 0,
AYAY = [min{miny+my Be—aing—ay Be, nyma—nyao+B1me—Bras b max{
MMy — M0y — QMg + i, NNy + 1y Bo + Ping + 51 }]. (4.8)
Now combining (4.7) and (4.8):
A @A = (mij, ny, o, BY ) Lr
where mf] = nymag,nj = ming, o) = nymo—min{ming + myBy — ayny —
a1 B2, nymo—nyag+P1me—pFras}, B = max{mims—mias—a;ms+aiag, ning+

n1 B2 + Bing + B1fa} — ming.

Case(v) If ny + B2 < 0 then my — ap L7 (A) < 0 and ny + B R7H(A) < 0 for all A

so the following two subcases may arise:

(a) If my — a; L='(A) > 0 then
AP A3 = [(m+B R (N) (ma—aa L7H(N)), (ma—an L7H(A)) (na+52R7H ()]
Putting A = 1,
ANAY = [nymg, myny). (4.9)
(b) If my — ay L=(\) < 0 then
AP A3 = [(m+B R (N) (ma—0aa L7 (N)), (ma—an L7H(A)) (ma—aa L7 (V)]
Putting A = 0,

Ai\Ag\ = [nlmg—n1a2+ﬁlm2—ﬁla2,mlmg—m1a2—a1m2—|—a1ag]. (410)
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Now combining (4.9) and (4.10):
1 A /NN TV}
Ay ® Ay = (myg,ng, a5, B5 ) Lr
" " " "
where mg = N1M2, Ny = M1Na, &z = MM — N1y — N1 Q2 + Blmg — 510&2, =

miMmeo — MiQg — 1Mo + Qg — MNo.

Combining the results of all five cases the following result is obtained:

IfA, = (mq,n1, a1, B1)Lr and Ay = (ma, na, g, B2) Lr are two LR flat fuzzy numbers
such that m; — a3 < 0,m; > 0 and 1212 is any LR flat fuzzy number, then

Ay @ Ay = (my, nf, af, B)ir

where m) = min{m;ms, nymo}, n} = max{mins, nins}, &) = min{my;ms, nymy} —
min{ming + mifs — aang — o Ba, niMme — Ny + Pima — frow}, B = ma{mimsy —

miae — My + a1, NNy + Ny P + Fing + B1 P2 f—max{ming, nins}.

Proposition 4.2 If A = (mq,m1, 04, 1) Lr and Ay = (ma, na, g, B2) g are two LR
flat fuzzy numbers such that m; < 0 and n; > 0 then A; ® Ay = (mfy, nhy, o, B5) LR,
where mf, = min{mngy, nyms}, nYy = max{mims, nins}, af = min{miny, nymo} —
min{ming +myBs — ayny — a1 Be, namy — nyag + fimy — fras}, By = max{mimsy —
miy — ayMmy + a10, NNy + 1Py + Bing + B2 f—max{myma, niny}.

Proof: Similar to Proposition 4.1.

Proposition 4.3 If A; = (mq,nq, 04, B1)Lr and Ay = (mg, ng, e, B2)Lr are two
LR flat fuzzy numbers such that n; < 0 and n; + 5 > 0 then 1211 ® 1212 =
(mf, ny, o, B5)Lr, where mj = min{ming, nins},ny = max{nimo, mims},af =
min{ming, niny p—min{ming+mi f2—a1ng — a1 fo, nima —niag+Bimy—Pran}, B =

max{m;ms — My — a1Ma + a102, NNg + N1 B2 + Ping + B1 P2 }—max{nimsg, mims}.
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Proof: Similar to Proposition 4.1.

Proposition 4.4 If A; = (mq,n1, 1, B1)Lr and Ay = (ma, ng, e, B2) g are two LR
flat fuzzy numbers such that ny + 8 < 0 then A; ® Ay = (m}, n)), &}, 5,) g, Where
m) = min{myng, n1ny}, nyy = max{mims, nyms}, &y = min{myng, nyny }—min{mnsy
+my By — anng — a1 fa, ning +n1Ba 4 Bing + B1Ba}, By = max{nime —nias + Bims —
Braa, mymg — Myt — ayMy + aqag }—max{mims, nyms}.

Proof: Similar to Proposition 4.1.

Proposition 4.5 If A; = (mq,n1, 1, B1)Lr and Ay = (ma, ng, e, B2) Lr are two LR
flat fuzzy numbers such that m; — oy > 0 then A; @ Ay = (m%, nk, ar, 5L) Lr, where
my = min{myms, nyms}, nt = max{mins, niny}, oy = min{myms, nyms }—min{mims
— My — My + @102, MMy — N0y + Bimy — fras}, B5 = max{ming + mi By —
Ny — a1 fly, ning + nyfBa 4 Ping + BiBs—max{ming, nins}.

Proof: Similar to Proposition 4.1.

4.2.2 New product corresponding to the existing product ©®

In this section, new product corresponding to the existing product ©, is
introduced.
Proposition 4.6 If A; = (mq,n1, 1, B1) g and Ay = (ma, no, e, B2) g are two LR
flat fuzzy numbers such that m; — a; > 0 then A; ® Ay = (mf,nl, o, B84)Lr, where
m) =min{myms, nyms}, n| = max{ming, niny}, &, = min{myma, nyms }—min{miny
+m1fy — aing, nima —niae + fima}, B = max{mims —miaz —aimsa, ning +n1 82+
Bing }—max{ming, nina}.
Proof: The proposed results may be obtained by considering the following five

cases:



68

Case (i) Neglecting the terms a5 and 515y from the results obtained in Case
(i) of Proposition 4.1, At A3 = [mymg, niny) for A = 1 and A}AY = [miny +
m1fs — g, ning + nyPs + Bing] for A = 0. Combining the both,

Ay © Ay = (mf, 0, of, )1k
where m{ = mymao,n] = ning, af = mimy — ming + myBy — ayng, B =
ning + nifa + Bing — ning.

Case (ii) Neglecting the terms oy 32, f1e, ayas and 182 from the results obtained
in Case (ii) of Proposition 4.1, A}A} = [min{miny + miBs — ayng, nymy —
niag + Bims },max{myms — myas — ayma, ning + nq Py + Pins}| for A = 0 and
A}AY = [mymy, nyny) for A = 1. Combining the both,

Ay © Ay = (m§,nff, 0, B) LR

where mj = mimg,nly = ning,af = myme—min{ming + myFy — ayng —
mima, nime — mag + fime}, By = max{mims — mias — ayma, ning +n1 52 +
51”2} — Nnina.

Case (iii) Neglecting the terms oy s, Siae, ajas and [;fs from the results ob-
tained in Case (iii) of Proposition 4.1, A}Ay = [nymg,ning] for A = 1 and
A} A = [min{myng +mq Bo — ayng, nyms + Bima — nyg b max{mime —myos —
a1ma, ning + ny Py + Ping}] for A = 0. Combining the both,

Av© Ay = (mf, 04, o, ) 1r
where mf% = nymeg, nf = ning, af = nyme—min{myng + mySa — ayng, nyms +
Brimg — 711062}7 ﬁé’ = max{m1m2 — Mg — yMg, Nyng + 1y Py + 51”2} — Nna.

Case (iv) Neglecting the terms ay 52, Si1an, ajay and B, from the results ob-

tained in Case (iv) of Proposition 4.1, A?A) = [nyma, miny| for A = 1 and

A{‘Aﬁ‘ = [min{m1n2 +m B2 — aing, nima —nio +51m2},max{m1m2 —mylig —
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a1ma, NN + nq By + fing}] for A = 0. Combining the both,

1211 © 1212 = (mZa TLZ, 041/7 Z)LR

where m/| = nymg, njj = ming, &) = nymo—min{ming + myfs — ayng, nymy —

nog + fims}, B = max{mims — mias — cyma, ning + 1P + fing} — mins.
Case (v) Neglecting the terms fias and ajas from the results obtained in Case

(v) of Proposition 4.1, A}A3 = [nyma, miny] for X = 1 and AYAY = [nymy —

niag + P1mea, mims — myag — ayms| for A = 0. Combining the both,

Al ® AQ = (m’5’, ng, ag’, g)LR

where m¥ = nyma, nl = ming, & = nyme —nymo—nian~+ Grma, B = myms —

miQg — Q1Mo — M1Ny.

Combining the results of all five cases the following result is obtained:

IfA, = (mq,n1, 1, 81)Lr and Ay = (ma, ng, (o, B2) Lr are two LR flat fuzzy numbers
such that m; —aq < 0,m; > 0 and A, is any LR flat fuzzy number, then

Ay © Ay = (mi, ni, al, 1)k

where m)| = min{m;msq, nyms}, n} = max{ming, nins}, &) = min{myms, nymy} —
min{mins+m fo—aing, nyma—nyias+LG1ms}, 51 = max{mi;ms—mias—aimso, nino+
n1fz + fing}—max{mina, nina}.

Proposition 4.7 If A, = (mq,mn1,0q, 1)Lk and Ay = (mg,na, g, B2)Lr are two LR
flat fuzzy numbers such that m; < 0 and n; > 0 then A; © Ay = (mly, nh, oy, B5) LR,
where m}, = min{ming, nyms}, nYy = max{mims, nins}, &, = min{myny, nymy} —
min{myna+m fa—aing, nyma—nyas+LG1ms}, 55 = max{mms—mias—aimsg, nino+
n1Ps + Bing}—max{mims, nins}.

Proof: Similar to Proposition 4.6.
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Proposition 4.8 If A; = (mq,nq, 04, 81)Lr and Ay = (mg, ng, e, B2)Lr are two
LR flat fuzzy numbers such that n; < 0 and n; + 8 > 0 then /11 ® flg =
(mf, ny, o, B5)Lr, where mf = min{ming, nino},ny = max{nimo, mims},af =
min{ming, nyng }—min{myna+mi fa—aing, nima—niaa+pims}, 55 = max{mymse—
miay — ayma, Ny + nifa + Bing p—max{nima, mims}.

Proof: Similar to Proposition 4.6.

Proposition 4.9 If A; = (mq,n1, 04, 81)Lr and Ay = (ma, ng, g, B2) Lr are two LR
flat fuzzy numbers such that ny + 8 < 0 then A; ® Ay = (m}, n)), &), 8;) g, Where
mly = min{mng, nins}, n); = max{myms, nyms}, &/, = min{mqny, nyns }—min{m ns
+mi By — caing, ning +n1 By + Binat, By = max{nimg —niaz + Bima, mime —myag —
aymg }—max{mims, nyms}.

Proof: Similar to Proposition 4.6.

Proposition 4.10 If A = (mq,mn1, a1, B1)Lr and Ay = (ma,na, g, B2) LR are two LR
flat fuzzy numbers such that m; — ay > 0 then A} ® Ay = (m4, nl, o, B%) Lk, where
mi = min{myma, nyma}, nt = max{ming, nins}, af = min{myms, nymsy }—min{mmq
— M1t — 1y, namy — niag + Bima}, B = max{ming +mi 2 — aang, ning +n1 Bz +
Bing }—max{ming, nins}.

Proof: Similar to Proposition 4.6.
4.3 Limitations of previous proposed method

The method, proposed in Chapter 3, can be used only for solving such
fully fuzzy linear programming problems with equality constraints in which all the

parameters are either represented by triangular fuzzy numbers or trapezoidal fuzzy



71

numbers. However, the same method cannot be used for solving fully fuzzy linear
programming problems (P, ;) and (P,2) in which the parameters are represented by
LR fuzzy numbers or LR flat fuzzy numbers:

Maximize/Minimize il ¢ ® T

=

subject to (Pi1)

J

where a;; = (aij, bij, cuj, Bij)Lr, Tj = (2,95, 05, 8])Lr, bi = (bi, 9i,%i,0:)Lr and

dij®jj :i)l Vi= 1,2,...,77?,
=1

¢ = (pj, 45, &, B;)Lr are LR flat fuzzy numbers.
Example 4.1 Maximize ((—1,3,1,3),r @ 1 @ (4,6,2,2)r ® T2)
subject to
(2,5,5,2) 1 @ i1 ® (—1,5,1,2) g @ &2 = (—17,45,25,46) 15
(2,3, 1, 1) p @71 ® (—3,-2,1,1)Lr @ Ty = (=27, —4,21,32) 1
where %1, Ty are LR flat fuzzy numbers and L(z) = max{0,1 — z}, R(z) =

max{0, 1 — 2%}.

Maximize/Minimize Zn:l ¢ O I,
iz
subject to (Py2)
ilaij OF=b Vi=1,2..,m
iz
where a;; = (aij, bij, g, Bij)Lr, Tj = (25,95, 05, 87 ) LR, bi = (b, gi, v 0i)rr and
¢ = (pj, 45, &%, B;)Lr are LR flat fuzzy numbers.
Example 4.2 Maximize ((1,2,2,2),r © 21 @ (1,1,1,1),r © Z2)
subject to
(2,4,6,2)Lr © T2 = (2,8,10,4) g
(2,3, 1, 1) ,g @T1® (—3,-2,1,1)Lr © To = (—2,7,6,7) LR

where 7,7, are LR flat fuzzy numbers and L(z) = max{0,1 — z?}, R(z) =



72

max{0,1 — x}.

4.4 Proposed method for solving fully fuzzy lin-
ear programming problems with equality con-
straints having LR flat fuzzy numbers

In this section, to overcome the limitations of the method, proposed in
Chapter 3, a new method is proposed for solving fully fuzzy linear programming
problems (P 1) in which all the parameters are represented as LR flat fuzzy num-
bers. The same method can also be used to find the fuzzy optimal solution of the
proposed fully fuzzy linear programming problems (P, ) by replacing ® by ©.

The steps of the proposed method for solving fully fuzzy linear program-

ming problem (P, ;) are as follows:

Step 1 Assuming a;; = (asj, bij, aij, Bij)or, T3 = (5,95, &5, B ) Lr, bi = (bi, iy 7is 6i) LR
and ¢; = (pj, qj, &, ;) Lr the fully fuzzy linear programming problem (Py;) can be
written as:
Maximize/Minimize il((pj, 4, &, Bi) LR @ (25,95, %, B ) Lr)
iz

subject to (P13)

n

Z(aij7 ij? Qg4 5ij>LR ® (xja Yj, az(’/B;'/)LR - (bi7gi7 Yis 5i)LR Vi= 17 27 S

Jj=1

where (z;,y;, 5, 8])Lr is an LR flat fuzzy number.

Step 2 Using the product, proposed in Section 4.2.1 and assuming (a,;, bi;, &j, Bij) LR

® (5,5, 5, B] ) Lr = (Mg, Mg, Vij» 03;) Lr the fully fuzzy linear programming prob-

lem (Pj3) can be written as:

Maximize/Minimize _ ((p;, ¢;, 04;75})LR ® (75, Yj, Oé;-/, }l)LR)
j=1

subject to (Pya)
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Z(mijanij77£j7 5£j)LR = (biagiaﬁ)/iaéi)LR Vi= 17 2? ce,
=1

where (7;,y;, a5, 8] )rr is an LR flat fuzzy number.

Step 3 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the
fully fuzzy linear programming problem (Py4) can be written as:

Maximize/Minimize Z((pj,qj,aj,ﬂ’)LR ® (75,95, 5, B} ) LRr)
jf
subject to
Zmij :bl Vi= 1,2,...,777,
j=1

X:Inlj:gl Vi:1,2,...,m (P4.5)
J:

V=% Yi=1,2,...,m
j=1
j=1
r; <y, 20,8/ >0 Viji=12..n
Step 4 Suppose the fuzzy linear programming problem (Pj5) have ‘I’ basic feasible

a;',B;'} is the t Dbasic feasible solution then our aim is to

solutions and {a:],y],
find that basic feasible solution out of all ‘I” basic feasible solutions corresponding

to which the value of objective function is maximum (or minimum) i.e., our aim is

n
to find max (or min){ )" (p;, ¢;, @}, B5)Lr ® (2%, 45, o, B;*) Lr}-
1<t<i j=1

Yager [141] has proposed the concept that if max (or min){Rank(}_ (p;, ¢;,

1<t<i j=1
o), B5)r © (2h, ko)t B ) Lr)} is Raﬂk(zl(pj,%',@}, e © (29,90, 05%, 8% LR)
J:
then max (or mm){Z(p], g5, 05, B e (wh, o, o, B%) L} will also be Z(Z% g, o
1<t<l j=1 j=1

Bi)rr @ (xj,yj,oz;-'e, ;/Q)LR), i.e. according to the existing method [141] the fuzzy

optimal solution of (Py5) can be obtained by solving the problem (Pjg):

Maximize/Minimize R()_ ((p;, ¢, @}, B)Lr @ (25, 5,05, 8])Lr))
j=1

subject to
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Yomy=0b YVi=12..m
j=1

an gi Vi=1,2,...m

j=1

Zpyf:]_r)/z V2:1,2, , M

j=1

SO =6 Vi=1.2..m

j=1

v <yl 20,020 V=12,

" H)LR — (sj,tj,a

Step 5 Assuming (p;, g;, &}, 8;)Lr @ (75, Y5, af, 5]

lem (Pyg) can be written as:

(sjr tj o', B} ) L)

n
=1

Maximize/Minimize R(

J

subject to

,n

T Syﬁa;‘,zoaﬁ;’,zo Vi=12,..

Step 6 Using the linearity property R(>> 4;) = 3
=1 i=

ber, problem (Py7) can be converted into (Pyg):
Maximize/Minimize »_ R(s;,t;, ', 8} )Lr

J=1

subject to

,n

Ty S%&%’ZO,@/ZO Vi=12..

" "

VIRE]

(Pas)

)LR the pl"Ob-

R(A;), where A; is a fuzzy num-
1
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Step 7 Using the existing formula [141] R(m,n, a, 8) = 4( fo —aL7Y(\)) dX\ +
fol(n + BR7Y(\)) d\) problem (P,g) can be converted into (Pjg):
Maximize /Minimize zn:l(%(fol(sj —af'L7H(N)) dX + fol (t; + By R™H(N)) dX))
j=
subject to

Zm”:b, Vizl,Q,...,m

]_

Z n;=¢ Vi=12..m (Pyo)

:II

Z%J—% Vi=1,2,..,m

]_

3

J]=

1 <ypal > 0,8/20 ¥Vj=12..n

=06 Yi=1,2.,m
1

Step 8 Solve the crisp non-linear programming problem (Pjq) by using an appro-
priate existing method [125] to find the optimal solution {z7,y7, oz;»/*, 5;-'*}.

Step 9 Find the fuzzy optimal solution {Z}} of the fully fuzzy linear programming
problem (P,;) by putting the values of z3, 37, a;-'* and ﬁ;’* in 75 = (7}, y;, a;-'*, B;-'*).
Step 10 Find the fuzzy optimal value of the fully fuzzy linear programming prob-

lems (P,1) by putting the values of 77, obtained from Step 9, in ) & ® 7.
j=1

4.5 Illustrative examples

In this section, the proposed method is illustrated with the help of fully
fuzzy linear programming problems, chosen in Example 4.1 and Example 4.2, which

cannot be solved by using the method, proposed in Chapter 3.

4.5.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems

In this section, fully fuzzy linear programming problems, chosen in Example

4.1 and Example 4.2, are solved by using the proposed method.
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4.5.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 4.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 4.1, can be obtained by using the following steps:

Step 1 Assuming 71 = (x1,y1, a1, f1)Lr and T = (X2, Yo, g, fo) g the fully fuzzy
linear programming problem, chosen in Example 4.1, can be written as:

Maximize ((=1,3,1,3)Lr @ (1,1, 1, B1)r ® (4,6,2,2) Lk @ (T2, Y2, 42, B2) LR)
subject to

(2,5,5,2)Lr®(x1, Y1, 01, B1) LrB(—1,5,1,2) Lr® (22, Yo, @2, Bo) Lr = (—17,45,25,46) 1
(2,3, 1, 1) r®(x1, y1, o1, B1) Lr®(—3, =2, 1, 1) Lr®(T2, Y2, 2, o) Lr = (=27, —4,21,32) 1R
where (z1,y1, a1, 51)Lr, (T2, Y2, @2, f2)r are LR flat fuzzy numbers and L(z) =
max{0,1 — z}, R(z) = max{0,1 — z?}.

Step 2 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:

Maximize ((min{—y;,3z1},max{—z1,3y;},min{—y;, 3z }—min{—-2y; — 2,62, —
6aq }ymax{—2x142aq, 6y;+66; } —max{—x1, 3y1 }) Lr®(min{4dxs, 625} max{4ys,, 6ys },
min{4xs, 625} —min{2z,—2a9, 82 —8as },max{2ys+2 5, 8y2+80 } —max{4ys, 6y} ) Lr)
subject to

(min{2x1, 521 },max{2y;, by },min{ 2z, 521 } —min{—3y; —3 5, Tx1— T },max{ 7y, +
761, —3x1+30 f—max{2yy, 5y1 }) Lr® (min{ —ys, 52}, max{—xs, 5y, },min{ —ys, bxs }
—min{—2y, — 20, Ty — Tas},max{—2xs + 2a, Tys + 702} —max{—x2,5y2})Lr =
(—17,45,25,46) L

(min{2x1, 321 },max{2y;, 3y; },min{ 2z, 3z, } —min{x; — ay, 4z, — 4oy },max{y; + 51,

4y 4461 }—max{2y1, 31 }) Lr®(min{ —3ya, —2ys },max{—3xs, —225 },min{—3ys, —2ys }
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—min{—4y, — 402, —yo — B2}, max{—4xs + dag, —x3 + o} —max{—3xy, —222}) g =
(—27,-4,21,32) 1
where (x1,y1, a1, f1)r and (22, Y, e, 52)Lr are LR flat fuzzy numbers.
Step 3 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,
the fully fuzzy linear programming problem, obtained in Step 2, can be written as:
Maximize (min{—y;, 3z }+min{4xy, 622}, max{—x1, 3y; }+max{4ys, 6y },min{—y,
3xq }—min{ —2y; —2f;, 621 —60ay }+min{dz,, 629} —min{2xs—2as, 8xs—8as },max{—2x;
+ 20, 6y; + 651 }—max{—x1, 3y; }+max{2ys + 202, 8y + 802} —max{4ys, 612} ) Lr
subject to

min{2xq, 521 }+min{—ys, bzo} = —17

max{2y;, by; }+max{—xs, bys} = 45

min{2zy, 3z, }+min{—3ys, —2yo} = —27

max{ 2y, 3y; }+max{—3xy, —2x5} = —4

min{2zy, 3z, }—min{x; — oy, 427 — 4oy } +

min{ —3ys, —2yo }—min{—4y, — 455, —yo — B2} = 21

max{y + f1,4yr + 461 }—max{2y1, 3y1 })rr +

max{—4xy + 4oy, —x9 + g} —max{—3xs, =225} = 32

min{ 2z, 521 }—min{—3y; — 35, 7x; — Tay} +

min{ —ye, 5o} —min{—2y, — 20, 729 — Tas} = 25

max{7y; + 7061, —3z1 + 3aq }—max{2y, 5y1 } +

max{—2zy + 2, Tys + 7f } —max{—xs, 5y }) g = 46

T <y,a1 20,81 20,23 Syp,a0 20,8, >0
Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:
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Maximize R(min{—yi, 3z1 }+min{4as, 622}, max{—z1, 3y }+max{4ys, 6ys },min{—y,
3z }—min{—2y; —20;, 621 —60; }+min{4zy, 622} —min{2xs—2ay, 8xs—8an },max{—21,
+ 2011, 6y1 + 661 }—max{—x1, 3y; }+max{2ys + 252, 8y2 + 82 }—max{4ys, 6y2})rr
subject to

min{2xy, 51 }+min{—ys, bzy} = —17

max{2y;, by; }+max{—x, 5ys} = 45

min{2zy, 3z1 }+min{—3ys, —2y,} = —27

max{2yy, 3y; }+max{—3xy, —225} = —4

min{2xq, 3z1 }—min{z; — oy, 4z — 4dag} +

min{—3yz, —2y» }—min{—4ys — 45, —y> — o} = 21

max{y + f1,4y1 + 461 }—max{2y1, 3y1 })Lr +

max{—4xs + 4dag, —xs + o} —max{—3xs, =215} = 32

min{2z1, 51 }—min{—3y; — 351, To1 — Ta1} +

min{ —ys, 5o }—min{—2y, — 20, 7xy — Ty} = 25

max{7y; + 761, —3x1 + 3aq }—max{2y, 5y1 } +

max{—2xy + 20, Tys + 7P }—max{—x2,5y2}) g = 46

1 <y, 20,6 20,03 < yo,0 20,08, >0
Step 5 Using Step 6 and Step 7 of the proposed method, the fuzzy linear program-
ming problem, obtained in Step 4, can be written as:
Maximize (3121 — o+ 32— San+Ly1+ 381+ 2y + 2 B — £ |y1 + 321 [+ 55 |@1 + 3y |+
§I3y1 +381+ 21 —aq| — }1|y1 + 81+ 3z1 — 3| — %|ZE2| + %|y2| +|y2 + Ba| — §1|$2 — Q)
subject to

Ty = 3o | — Ly + 2oy — Lyo + B = —17

sUL+ 5lyil — 30 4 2yo + §lwo + Byo| = 45
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301 = 3la1] = 3ya — 5lya| = —27

%yl + %|y1| - 3902 + %|$2| =—4

_%‘$1| - %’?/2\ + %Oél + %‘331 —ay| + %52 + %|y2 + f2| =21

2814 3yr 4 Bi] + 2o + Sao — ao| — S|yi| — 3|wa| = 32

—3a1| + Lys — o — |5za + y| + Byr + 381 + Lan+

31721+ 3y1 — Tar 4+ 361 4+ foo + fo+ 522 + 4 — Saa + 2| = 25

%51 - %Il + %al + %|3$1 + Ty1 — 3aq + 76| — %$2 + Qg + Yot

%Bz + |z + %ZJQ — g + %52’ — %\yll — %’332 + Byo| = 46

vy <y,a1 20,81 20,23 <o, 20,6, >0
Step 6 The optimal solution of the crisp non-linear programming problem, obtained
in Step 5,is 1 = —2,y1 =2,01 =0,081 =1,29 =5,y = 7,0 = 9 and [y = 3.
Step 7 Putting the values of z1,y1, ay, 51, T2, y2, s and By in Ty = (21,91, 1, 51)
and Ty = (9, Y2, g, B2), the exact fuzzy optimal solution is 1 = (—2,2,0, 1), To =
(5,7,9,3)LR-
Step 8 Putting the values of z; and Z,, obtained from Step 7, in the objective

function the fuzzy optimal value is (14,48, 58,50)r.

4.5.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 4.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,
chosen in Example 4.2, can be obtained by using the following steps:
Step 1 Assuming &7 = (x1, 41,01, 1) g and T = (%9, Y2, s, f2) g the fully fuzzy
linear programming problem, chosen in Example 4.1, can be written as:
Maximize ((1,2,2,2)r © (z1,41,04,61) & (1,1,1,1)Lr © (22, Y2, 2, 52))

subject to
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(2,4,6,2)Lr © (22,Y2, a2, B2) = (2,8,10,4)

(2,3, L, D)rr ® (21, 91,01, 81) @ (=3, =2, 1, 1) 1r © (2, Y2, a2, ) = (=2, 7,6, 7)rr

where (z1,y1, a1, 51)Lr, (T2, Y2, a2, f2)Lr are LR flat fuzzy numbers and L(z) =
max{0,1 — 2%}, R(z) = max{0,1 — z}.

Step 2 Using the product, proposed in Section 4.2.2, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:

Maximize ((min{zy, 2z1 },max{y;, 2y; },min{xy, 221 } —min{—y; + 51, 421 — 20 } ,;max{—z;
—a, 4y +2B1 p—max{y, 2y1 }) LrO(min{za, v2 },max{ys, yo },min{ws, ro f—min{—ay, 27,
— app,max{f2, 2y> + o} —max{y», y2})Lr)

subject to

(min{2zy, 425}, max{2ys, 4ys } ,min{2zy, 45 } —min{ —4y,+25,, 619 —4as } , max{ —4xs—
20, 6ys + 452} —max{2ys, 4yo}) Lr = (2,8,10,4) 1

(min{2x1, 321 },max{2y;, 3y; },min{ 2z, 3x; }—min{x; — 204,42, — 3aq },max{y; +
2031, 4y1 4361 }—max{2y1, 31 }) Lr®(min{ —3ya, —2y2 },max{—3xs, —225 },min{—3ys,,
—2yo }—min{ —4ys—3 s, —y2—20s } ,max{ —4xo+3as, —ro+2cs } —max{—3xs, —222}) LR
=(-2,7,6,7)Lr

where (21, y1, 01, f1)r and (22, Y, s, f2)Lr are LR flat fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,
the fully fuzzy linear programming problem, obtained in Step 2, can be written as:
Maximize (min{zy, 2x; }+min{zs, x2 },max{y;, 2y, }+max{ys, yo },min{zy, 22, } —
min{—y; + 51, 4x1 — 20 }+min{zy, 29} —min{ —ay, 229 — s}, max{—x; — a1, 4y,

+ 261} —max{y1, 2y1 }+max{ By, 2y + fo} —max{ys, y2})Lr

subject to
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min{2xy, 4x9} = 2

max{2y,, 4y, } = 8

min{2xy, 49} —min{—4y, + 25,, 622 — 4z} = 10

max{—4xs — 2, 6y + 40} —max{2ys, 4y, } = 4

min{ 2z, 3z; }+min{—3ys, —2y2} = —2

max{2yi, 3y; }+max{—3zy, —215} =7

min{2zy, 3x; }—min{x; — 2y, 427 — 3y} +

min{ —3ys, —2ys }—min{—4y, — 302, —ya — 202} =6

max{y; + 201, 4y1 + 351} —max{2y;,3y1 } +

max{—4zy + 3ag, —T9 + 209} —max{—3xy, —2x9} =7

Ty <y,0q0 20,61 > 0,29 <y, a0 > 0,6 >0
Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 3, can be written as:
Maximize R(min{x1, 221 }+min{xs, 2}, max{y;, 2y }-+max{ys, yo },min{xy, 221} —
min{—y; + f1,4x1 — 2a1 }+min{xs, v }—min{—as, 225 — an },max{—x; — ay,4y; +
2031 }—max{y1, 2y; } +max{ s, 2y, + Bo} —max{ys, y2})rr
subject to

min{2xy, 429} = 2

max{2ys,dys} = 8

min{2xy, 429} —min{—4y, + 2,, 622 — 4} = 10

max{—4zy — 29, 6ys + 402} —max{2ys, 4y.} = 4

min{2zq, 3z, }+min{—3ys, —2yo} = —2

max{2yi, 3y; }+max{—3zs, —229} =7

min{2zy, 3z1 }—min{z; — 2y, 421 — 31} +
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min{—3ys, —2yo }—min{—4y, — 35, —y» — 262} = 6
max{y; + 201, 4y + 301} —max{2yy, 3y } +
max{—4xs + 3, —9 + 2a9} —max{—3xy, —225} =7
Ty Sy, 20,81 20,29 <yp,0 > 0,6, >0
Step 5 Using Step 6 and Step 7 of the proposed method, the fuzzy linear program-
ming problem, obtained in Step 4, can be written as:
Maximize (%xl + ;—Zyl — %al + %51 + %Iz + %y2 — %042 + iﬁz — ﬁ|$1| + %|yl| -
%|9€2| + i|?/2| + %|2yl + 81+ %$1 + %Oé1| - §|2$1 -+ %?h — %510
subject to
3wy — |zo| =2
3y2 + 2] = 8
—|zo| + 2y2 — P2 + 202 + [2y2 — F2 + 3x2 — 22| = 10
—2w9 — g + 209 + [3ys + 262 + 22 + an| — |y2| =4
%:vl - %|$1‘ - %yz - %|y2! =2
%yl + %|y1! - g@ + %|x2| =7
sa1 — glai] + 1321 — an| = 3lyal + 582 + 5[3y2 + B = 6
261 4 513y1 + Bl — lya| + 20w + §[3x0 — | — 3laa| =7
Ty <y,ar > 0,81 20,22 <yp,a0 > 0,6, >0
Step 6 The optimal solution of the crisp non-linear programming problem, obtained
in Step 5,isx1 =2,y1 =3, a1 =1,0 =1, 20 =1,y = 2,0 = 0 and [ = 0.
Step 7 Putting the values of z1,y1, a1, f1, %2, y2, a2 and 5y in Ty = (21, y1, 1, 1)
and Ty = (79, Y2, o, B2), the exact fuzzy optimal solution is #; = (2,3,1,1)Lr, T2 =

(1,2,0,0) 5.

Step 8 Putting the values of ; and Z5, obtained from Step 7, in the objective
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function the fuzzy optimal value is (3, 8,5, 10) .

4.6 Advantages of the proposed method

The main advantage of the proposed method is that all the fully fuzzy linear
programming problems which can be solved by using the methods, proposed in
previous chapters, can also be solved by using the method proposed in this chapter.
However, there exist several fully fuzzy linear programming problems which cannot
be solved by using the methods, proposed in previous chapters, but can be solved

by using the method, proposed in this chapter.
4.7 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained
by using the method, proposed in Chapter 3 and the method proposed in this
chapter, are shown in Table 4.1.

Table 4.1. Results of the chosen fully fuzzy linear programming problems

Fuzzy optimal value
Example
Method proposed in Chapter 3 | Method proposed in this chapter
3.1 (—10,2, 82 ,68) (2,%4,12,889) 5
3.2 (—44, 14, 48,98) (14,48,58,50) L
4.1 Not Applicable (14,48,58,50) R
4.2 Not Applicable (3,8,5,10)Lr

The results, presented in Table 4.1 can be explained as follows:

(i) In the problems, chosen in Example 3.1 and Example 3.2, all the parameters
are represented by trapezoidal fuzzy numbers while in the problems, chosen
in Example 4.1 and Example 4.2, all the parameters are represented by unre-
stricted LR flat fuzzy numbers. So, as discussed in Section 4.3 the problems,

chosen in Example 3.1 and Example 3.2, can be solved by using the method,
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proposed in Chapter 3. However, the problems, chosen in Example 4.1 and

Example 4.2, cannot be solved by using the method, proposed in Chapter 3.

(ii) Since, the method proposed in this chapter can be used to find the fuzzy
optimal solution of fully fuzzy linear programming problems with unrestricted
LR flat fuzzy parameters. So, all the chosen problems can be solved by using

the method proposed in this chapter.

4.8 Conclusions

On the basis of presented study, it can be concluded that the method,
proposed in this chapter, can be used to solve all the fully fuzzy linear programming
problems with equality constraints. Hence, it is better to use the method, proposed
in this chapter, as compared to the methods, proposed in previous chapters for

solving fully fuzzy linear programming problems with equality constraints.



Chapter 5

NeEw MEeTHODS For SorviNnGg FuLLy
Fuzzy LINEAR PROGRAMMING
ProBLEMS WITH INEQUALITY
CONSTRAINTS

In this chapter, limitations of the existing methods for solving fuzzy linear
programming problems and fully fuzzy linear programming problems with inequality
constraints are pointed out. To overcome the limitations of the existing methods, two
new methods are proposed for solving fully fuzzy linear programming problems with
inequality constraints. The advantages of the proposed methods over the existing

methods are also discussed.

5.1 Existing method for solving fully fuzzy linear
programming problems with inequality con-
straints

Allahviranloo et al. [4] proposed the following method for solving fully fuzzy
linear programming problems (Ps):
Maximize/Minimize il ¢ O T,
=
subject to (Ps.1)

The contents of this chapter are communicated in Journal of Intelligent and Fuzzy Systems.

85
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n ~
YA 0% X, b Vi=1,2,...,m
=1

where Z; is a non-negative LR fuzzy number and a,;, b;, ¢; are non-negative or

non-positive LR fuzzy numbers.

Step 1 Assuming Ny = {j : 1 <j <n and ¢ is non-negative LR fuzzy number},
Ny ={j : 1 <j<nand ¢ is non-positive LR fuzzy number}, N3 ={j : 1 <j <
n and @;; is non-negative LR fuzzy number}, Ny ={j : 1 <j <n and a;; is non-
positive LR fuzzy number} where NyUNy = N, N3UNy = N, NJNNy = ¢, N3sN N, =
¢, the fully fuzzy linear programming problem (Ps;) can be written as:

Maximize/Minimize ) ¢ 0Z;® Y ¢ O,
J:JENL J:JEN2
subject to (Ps.2)
J:JEN3 J:J€Ny

where Z; is a non-negative LR fuzzy number.

Step 2 ASSUIIliIlg Ej = (pj,oz;, ;')LRadz’j = (aij,aij,ﬁij)LR,a?j = (xj,oz;’, ;‘/)LR and

b; = (bi, Vi, 0;) Lr the fully fuzzy linear programming problem (P 5) can be written as:

Maximize/Minimize 3> (5, 8) r® (5, &y B1)1x® X (b 05, 85 LrO 25, B
JENL JEN2

subject to (Ps3)

> (aij, g, Big)r © (5,07, B )ir @ - (aij, ouj, Bij) e © (25,05, B)Lr 2,7, =
JEN3 JEN4

(bi7fy’i7 6i)LR v 1= 1, 2, ,m

where 7; is a non-negative LR fuzzy number.

Step 3 Using the arithmetic operations, presented in Section 4.1.2, the fully fuzzy

linear programming problem (Ps3) can be written as:

Maximize/Minimize ) (p;z;, pjaf + oz, p;B] + Bixj)r © Y (pjxj, jw; —
JijEN: J:jEN2

Pjaz-/, 5;-%' - pjﬁ}/)LR
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subject to (Ps.4)

> (aijzy, aial+aijrg, agBi+ B ) Lr® Y (aizy, ijrj—aial, Bijzi—aii By ) Lr <
J:jEN3 J:jE€N
,%,i (bi,fyi,éi)LR Vi:1,2,...,m

where Z; is a non-negative LR fuzzy number.

Step 4 Using the existing ranking approach [141], the fully fuzzy linear program-
ming problem (Ps4) can be written as:

Maximize/Minimize R( > (pjz;, p;af + oz, pi B + Bjxi)Lr ® > (pjxy, ajr; —
JiJEN: J:JEN2

pja}/> Bﬁ'j - pjﬁj/-/)LR)

subject to (Ps.5)

RO D (aijzy, aaf + ougwy, aiB) + Bywi)or ® 3 (aya), aijzy — ai;of, fijr; —
J3ENs jiENs

aiiB5)Lr) <, =, > R(bi,vi,0))r Vi=1,2,...,m

rj—af>0,0]>0,8/>0 VjeN

Step 5 Using the linearity property R(>. A;) = 3 R(4;), where 4; is a fuzzy num-
j=1 =1

ber, the fully fuzzy linear programming problem (Ps5) can be written as:

Maximize/Minimize ) R(pjz;, pjof + iz, p;B7 +Bivs)r+ Yo R(pjrj, ojw;—
JiJENL J:JE€N2

piay, B — pif)or

subject to (Fs.6)

> Rlajzj, aijaf + cujwy, ai ) + Bixs)or + 20 Rlayzy, agyry — agaf, Bir; —
J:jE€N3 J:JEN4
aijﬁ;‘/)LR Sv = Z %(blv Vi, 6i)LR Vi= 17 27 cym
a:j—a;-’ZO,a;’ZO,ﬁj’.’ZO VjeN
Step 6 Solve the crisp linear programming problem (Ps¢) to find the optimal solu-

tion {7, a;'*, ,6;/*}

Step 7 Find the fuzzy optimal solution {Z}} of the fully fuzzy linear programming
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problem (P 1) by putting the values of 27, a;* and §,* in T} = (v}, ", B; ).

Step 8 Find the fuzzy optimal value by putting the values of 77, obtained from

Step 7, in ) ¢; © 7.
j=1

5.2 Applicability of the existing methods

In this section, different types of fuzzy linear programming problems and
fully fuzzy linear programming problems, which can be solved by using the existing

methods [4,41,87,88,91,100], are discussed:

(i) The existing methods [87,91] can be used for solving the following type of
fuzzy linear programming problems:
Maximize /Minimize anl G,
j=
subject to (Ps.7)
ilaijxj <2, b Vi=1,2,...m
j=
;>0 Vi=12..,n
where a;;, b; and ¢; are trapezoidal fuzzy numbers.
Example 5.1 [87,91] Maximize ((2,3,1,1)x; & (3,4, 1,2)x2)
subject to
(1,2,1, 1)z @ (2,3,1,2)z9 < (5,6,2,2)
(2,3,1,3)x; @ (1,2,1, 1)1y < (4,6,2,1)

x1,22 >0

(ii) Nasseri et al. [100] proposed a method for solving the following type of fuzzy
linear programming problems:
Maximize/Minimize ) ¢;x;

7=1
subject to (Ps.s)
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n
Qi T g S,:, > bz Vi= 1,2, -~
J=1

;>0 Vji=12 .n
where a;;, b; are real numbers and ¢; is a trapezoidal fuzzy number.
Example 5.2 [100] Maximize ((5,8,2,5)x; @ (6,10,2,6)5)
subject to
2x1 4+ 329 <6
5x1 4+ 4x9 < 10

L1, T2 Z 0

(iii) In the existing methods [87,91,100] either the cost coefficients are assumed as
crisp numbers or the decision variables are assumed as crisp numbers i.e., in
none of the existing methods [87,91,100] cost coefficients as well as decision
variables are assumed as fuzzy numbers. Ganesan and Veeramani [41] pointed
out that for the ranking function (®) neither the property R(¢®z) = R(¢)R(z)
nor (¢ © ) = R(&)N(7) is satisfied. To overcome this limitation they have
defined a new product (®gy) for symmetric trapezoidal fuzzy numbers for
which the property R(¢ ©gy ) = R(¢)R(Z) is satisfied and proposed a new
method for solving the following type of fuzzy linear programming problems:

n

Maximize /Minimize Z ¢; Oqy T;
J=1

subject to (Ps9)

;=0 Vji=1,2..,n
where 7, ¢; and b; are symmetric trapezoidal fuzzy numbers.
Example 5.3 [41]

Maximize ((13,15,2,2) Ogy &1 ® (12,14,3,3) Ogy G2 @ (15,17,2,2) Oy &)
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subject to

127, + 13%, 4 1233 < (475,505, 6,6)
147, + 1333 < (460,480, 8, 8)
122 4 1525 < (465,495, 5,5)

F1>= 0,2 = 0,25 =0

where T, To and I3 are symmetric trapezoidal fuzzy numbers.

(iv) Mahadavi and Nasseri [88] proposed a fuzzy dual simplex method for solving
the following type of fuzzy linear programming problems:
Minimize En:l CjT;
j=
subject to (Ps.10)

J

=020 Vji=12,...,n

n -
CLZ‘]'ZINZ‘]‘ i bz Vi= 1,2, o~
=1

where a;; is a real number and z;, b; are trapezoidal fuzzy numbers.

Example 5.4 [8§] Minimize (62, @ 10Z2)

subject to

27, @ 5Ty = (5,8,2,5)

3z, @ 479 = (6,10,2,6)
i1 = 0,2 = 0

where 7, and 7, are trapezoidal fuzzy numbers.

(v) The existing method [4] can be used for solving the following type of fully

fuzzy linear programming problems:

n
Maximize/Minimize ) ¢; ® T;

j=1
subject to

(Ps.11)
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fjlaij @F; =,,=b Vi=1,2,...m
j=
where Z; is a non-negative LR fuzzy number and a;;, b, ¢; are non-negative
or non-positive LR fuzzy numbers.
Example 5.5 [4] Minimize ((1,1,1),r @ 1 ® (2,1,2) g ® T2)
subject to
(4,1,0),r @31 @& (—3,2,1)Lr @ T2 = (2,1,2) 1R
(=3,1,2),r @71 B (2,1,1)Lr ® T2 = (1,0,1) g

where Z;, To are non-negative LR fuzzy numbers and L(z) = R(z) = max{0, 1—

5.3 Limitations of the existing methods

In this section, on the basis of applicability of existing methods, discussed
in Section 5.2, the limitations of existing methods [4,41,87,88,91,100] are pointed

out.

5.3.1 Limitations of the existing methods for solving fuzzy
linear programming problems

In this section, the limitations of the existing methods [41,87,88,91,100] for
solving fuzzy linear programming problems are pointed out.
The existing methods [41,87,88,91,100] can be used only to find the fuzzy

optimal solution of the following type of fuzzy linear programming problems:

(i) The existing methods [87,91] can be used for solving such fuzzy linear pro-
gramming problems in which the decision variables are represented by crisp
numbers and the remaining parameters are represented by triangular or trape-

zoidal fuzzy numbers.
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(i)

(iii)

The existing method [100] can be used for solving such fuzzy linear program-
ming problems in which the cost coefficients are represented by triangular or
trapezoidal fuzzy numbers and the remaining parameters are represented by

crisp numbers.

The existing method [41] can be used for solving such fuzzy linear program-
ming problems in which the coefficients of the constraints are represented by
crisp numbers and the remaining parameters are represented by symmetric

triangular or trapezoidal fuzzy numbers.

The existing method [88] can be used for solving such fuzzy linear program-
ming problems in which the cost coefficients and the coefficients of the con-
straints are represented by crisp numbers and the remaining parameters are

represented by triangular or trapezoidal fuzzy numbers.

However, the existing methods [41,87,88,91,100] cannot be used to find the

fuzzy optimal solution of the following type of fuzzy linear programming problems:

(i)

The fuzzy linear programming problems in which the decision variables are
represented by crisp numbers and the remaining parameters are represented
by LR fuzzy numbers or LR flat fuzzy numbers.
n
Maximize/Minimize ) ¢;x;

j=1
subject to (Ps.12)

where z; is a real number and a;;, b;, ¢; are LR flat fuzzy numbers.

Example 5.6  Maximize ((2,3,3,1),z21 @ (0,4,1,2)pxs)
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subject to

(1,2,1,1)prr1 @ (2,3,1,2)Lgre < (5,6,2,2) 1R

(2,3,1,3)Lrr1 @& (1,2,1,1) gy = (4,6,2,1) 1R
T1,29 > 0

where L(x) = R(z) = max{0,1 — z%}.

(ii) The fuzzy linear programming problems in which the cost coefficients are rep-
resented by LR fuzzy numbers or LR flat fuzzy numbers and the remaining
parameters are represented by crisp numbers.

Maximize /Minimize Zn: C;x;
j=1
subject to (Ps.13)
Zn:laijxj <,=>b Vi=1,2,...m
j=
z; >0 Vi=12..n
where a;;,b;, z; are real numbers and ¢; is an LR flat fuzzy number.
Example 5.7 Maximize ((3,8,5,4)Lrx1 ® (4,10,6,6)Lrx2)
subject to
2rx1 + 319 < 6
Sx1 + 4z9 < 10
T1,2o > 0

where L(x) = R(z) = max{0,1 — z*}.

(iii) The fuzzy linear programming problems in which the coefficients of the con-
straints are represented by crisp numbers and the remaining are represented

by symmetric LR flat fuzzy numbers.

n
Maximize/Minimize ) ¢ ® Z;
Jj=1
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subject to (Ps.14)

n

> (ay3;) =, =,

]:

Y
o
<C
I
=
N
3

where 7, ¢; and b; are symmetric LR flat fuzzy numbers.
Example 5.8  Maximize ((2,5,3,3),r ® T1 ® (3,4,4,4) g ® T2)
subject to
271 4 3%9 < (10,12,2,2) 15
371 + 479 < (20,30,5,5)Lr
where 71, Zo are non-negative symmetric trapezoidal fuzzy numbers and L(z) =

R(z) = max{0,1 — z'}.

(iv) The fuzzy linear programming problems in which the cost coefficients and the
coefficients of the constraints are represented by crisp numbers and the re-
maining parameters are represented by LR fuzzy numbers or LR flat fuzzy
numbers.

n

Minimize 231 CiT;
‘7:

subject to (Ps.15)

where a;; is a real number and 7;, l~)z are LR flat fuzzy numbers.
Example 5.9 Minimize (62 & 10Z2)

subject to

271 ® 5o = (5,8,6,5) LR

371 ® 4%y = (6,10,2,6) 1R

=0

(@)
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where 71, T9 are LR flat fuzzy numbers and L(x) = R(z) = max{0,1 — z%}.

5.3.2 Limitations of the existing method for solving fully
fuzzy linear programming problems

In this section, the limitations of the existing method [4] for solving fully
fuzzy linear programming problems with inequality constraints are pointed out:

The existing method [4] can be used for solving such fully fuzzy linear
programming problems with inequality constraints in which all the coefficients are
represented by either non-negative LR fuzzy numbers or non-positive LR fuzzy
numbers and all the decision variables are represented by non-negative LR fuzzy
numbers.

However, the existing method [4] cannot be used to find the fuzzy optimal
solution of such fully fuzzy linear programming problems in which some or all the
parameters are represented by such LR fuzzy numbers or LR flat fuzzy numbers
which are neither non-negative nor non-positive.

Maximize /Minimize zn: Cj ® T
j=1
subject to (Ps.16)
f;laij@;aéj <= b Vi=1.2 ..m
j=
where a;;, 7, b; and ¢; are LR flat fuzzy numbers.
Example 5.10 Maximize ((4,4,0,0),r @ 1 © (1,1,1,1) 15 ® Z2)
subject to
(2,5,5,2)Lr @31 ® (—1,5,1,2) g @ T = (—17,45,25,46) 1
(1,2, 1,1)Lr ®@ %1 ©(3,5,2,2)Lr ® T2 = (7,24,6,24) 8

where Z1, T3 are LR flat fuzzy numbers and L(x) = max{0,1—z}, R(z) = max{0,1—

22}
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Maximize/Minimize Zn:l ¢ ©
i=
subject to (Ps.17)
f;laij OF <= b Vi=1,2 ..m
=
where a;;, 7, b; and ¢; are LR flat fuzzy numbers.
Example 5.11 Maximize ((1,1,1,1),r © 71 & (4,4,0,0),r ® @)
subject to
(2,3, 1,1) 00 O &1 ® (—3,—2,1,1) 15 © &y = (—27, —4,21,32) 15
(1,2,1,1)1r © 71 ®(3,5,2,2)Lr © Ty = (11,39, 182, 1)

where 1, I are LR flat fuzzy numbers and L(z) = R(z) = max{0,1 — z}.

5.4 Proposed methods for solving fully fuzzy lin-
ear programming problems with inequality con-
straints having LR flat fuzzy numbers

On the basis of the limitations of the existing methods [4,41,87,88,91,100],
discussed in Section 5.3, it can be concluded that till now in literature, there is no
method to find the fuzzy optimal solution of such fuzzy linear programming problems
and fully fuzzy linear programming problems in which some of all the parameters are
represented by such LR fuzzy numbers or LR flat fuzzy numbers which are neither
non-negative nor non-positive.

In this section, to overcome the limitations of the existing methods two
new methods are proposed to find the fuzzy optimal solution of fully fuzzy linear

programming problems with inequality constraints.

5.4.1 Proposed method

In this section, a new method to find the fuzzy optimal solution of fully
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fuzzy linear programming problems of type (Ps16) with inequality constraints, is
proposed. The same method can also be used to find the fuzzy optimal solution of
the proposed fully fuzzy linear programming problems (Ps7) by replacing ® by ®
and also other fuzzy linear programming problems (Ps7) to (Ps15) by replacing the
fuzzy parameters by crisp parameters.

The steps of the proposed method for solving fully fuzzy linear program-

ming problems (P 14) are as follows:

Step 1 Dividing all the constraints into three categories i.e., 3 a,; ®@&; < b, ¥V p €
j=1

Ny, Yy ®@%;=by Yq€ Nyand 3. a,; @%; =b, V1 € Ns the fully fuzzy linear
j=1 j=1

programming problem (Ps16) can be written as:

n
Maximize/Minimize ) ¢; ® 7;

j=1
subject to
ildpjmzj <b, VpeM
iz
jijl Qg @ ;= by Y q€N, (Ps.15)
zn:l&rj@)fgzgr YV r e Nj
=

where 7, is an LR flat fuzzy number and Ny = {i : 1 <i <m and 3 a;®%; < b},

n -
Step 2 Convert the inequality constraints ) a,; ® &; = b, V p € Ny into equality
j=1

constraints by introducing fuzzy variable Sp to the left side and S’/p to the right side

of the constraint i.e.,

R

Ailapj@)jj@ ngp@g,p Vpe N

J

where R(S,) — R(5",) > 0.
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n ~
Convert the inequality constraints ) a,; ® Z; = b, V ¢ € N, into equality con-
j=1
straints by introducing fuzzy variable Sq to the left side and S*/q to the right side of

the constraint i.e.,

Zaqj®jlj@§q:6q@5’,q VQGNQ
j=1

where R(S,) — R(5",) < 0.

Step 3 The fully fuzzy linear programming problem, obtained from Step 2, can be

written as:

n
Maximize/Minimize ) ¢; ® T;

j=1
subject to
i:lapy®jy@gp—~p@§’p VpeN
j=
jila%mj@éq:z}q@s"q VgeN, (Ps10)
ﬁ:ldrj@)jj—i)r VreNg
j=
R(S,) — R(S,) > 0 VpeM
R(S,) — R(S,) <0 Vgqe N,

where 7;, S,, S',, S, and §, are LR flat fuzzy number.

Step 4 Assuming a;; = (as, bij, aij, Bij)r, T5 = (25,95, &5, B )Lr, bi = (bis Gis Vis 6i) LR

¢ = (pj, 4, %, B;) LR, S = (si,ti,mi, pi)rr and S, = (s}, 5,0, p}) g the fully fuzzy
linear programming problem (Ps19) can be written as:

Maximize/Minimize ) (pj, ¢;, &, 85)Lr @ (25,95, @5, B ) Lr
j=1

subject to

(apj7 bpja Qpj 6pj)LR & (xja Ys, O‘;'la _;',)LR D (Spa tp7 Mp, pp)LR - (bPJ 9py Vp»

-

1

J

6P)LR @ (5;7%777;70;)LR v pE N1
Z<a4j7 bQi’ gy ﬁ(Ij)LR ® (xjv Yj> Oéga ],‘/)LR ® <8q> g Mg pq)LR = (bq7 9q: Vg
J:

1
0g)LRD(Sy, Ly T Py) LR Vg€ N, (Ps.20)
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j:1(arj7 brja arja BTj)LR & (xja yja Oé;'/a ﬁ;',)LR = (bra 9ry Vry 57")LR vVor S NS
§R(8p’ tp’ Tlps pP)LR - %(S;n t;n 7];;’ P;)LR >0 v pE N1
R(sgs L, Mg Po)r — RSty mg Py e <0 Vqge N,

where (LU], Yj, a;/’ ;‘/)LRu (Sp7 tp7 Mps pp)LR; (S;n tlp? 7];;7 p;)LRu (S(I7 tqa Ng> pq)LR and (5;7 t:p

n,, Py)rr are LR flat fuzzy number.

Step 5 Using the product, proposed in Section 4.2.1 and assuming (a;;, b;;, ®ij, Bij) LR
® (5,95, a5, B8] )Lr = (Mij, nij, Vij, 03;) Lr the fully fuzzy linear programming prob-
lem (Ps2) can be written as:

Maximize/Minimize ji:l(pj, qj, %, B5) LR @ (25,95, 5, BY ) Lr

subject to

M=

(mpja npja '7;/3]‘7 611)3‘)LR s> (Spa tpa 77p7 pp)LR = (bpa gpa 'Vpa 5p)LR S (S;;v t;a 77;)7

j=1

p;’ LR V p (- N1

Zl(mqj’ Najs Vojs Ogi ) LR © (Sqs tqs Mgy Pg)Lr = (bg, Gg» Vo Og) LR D (S5 o 1)

‘7:

P; LR Vq € N2 (P5.21)
n

Z(mm‘?nm'?’ﬂjv 5;=j>LR = (bmgr’%ﬂ 6r)LR Vre N3

j=1

éR(SP’ tp’ Mps pP)LR - %(8;7 t;w 77;;7 P;)LR Z 0 Y pE N1

R(sgstq, Mg Po)r — R8sty my Py er <0 Vg e N,

where (Ij7 Yj, a;/) ],‘/)LRJ (Sp7 tp7 Tp, pp)LR; (S;n t;n 7];;7 p;))LRa (Sq7 tq7 Ure Pq)LR and (8;7 tip

n,, Py)rr are LR flat fuzzy number.

Step 6 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the

fully fuzzy linear programming problem (Ps2;) can be written as:

n
Maximize/Minimize ) (p;, q;, &%, 8;)Lr @ (2, Y5, &5, B] ) Lr
j=1

subject to



3
3

> Mpi+ s, =b,+5s, Vpe N, an—l—t =gy +t, VpeN

Jj=1 =1
2t =, VP EN, Ot =00, VPEN  (Pon)
j=1 iz
j;l QJ+SQ b +S:] VQGNQ, J;l q]"’t gq‘i‘t; quNQ
27q3+77q ,YQ_FTI; vgeNQ? 215 _I_pq 5q+pq quNQ
j=1 iz
Zmrj:br \V/TGNg, Z’I’LW Gr VreN;s
J=1 J=1

Vi = Vr vV re Ns, > 0 =0r Vr e Ng
.7:1 7=1

(Spa panpvpp) %<3;9>t;n U}»P})LR >0 Vpe N
§R(Sqatqa Ng> Pq)L §R(Sq7t;7 nqa P;)LR S 0V qc N2

Step 7 As discussed in Step 4 of Section 4.4 the fuzzy optimal solution of (Ps.16)
can be obtained by solving the problem (Ps23):

Maximize/Minimize () (pj, ¢;, &, B5)Lr @ (75,95, 5, 87 ) Lr)
j=1

subject to

3

> mp;+ s, =b,+ s, Vpe N, Sy tty =gy +t, Vpe N

Jj=1 j=1
vaﬁrnp Yp+m, VpE N, 25;j+pp=5p+p; VpeN (Ps.23)
j:
Zl Mgj + sq =bg + 5, ¥V q € Ny, anj-Ft =gy+t, VqgeN;
]:
2 oy H e = Vet Vg E N, Z%erq 0+ P, ¥ g €N
j=1 =1
Z T]_b VTEN37 Zn'rj:gr VTGNg
Jj=1 7=1
Vi = Vr Vr € Ns, 0 = Or Vr e N;
=1 =1

§R(Spa tpa s pp)LR - %(S;ﬁ t;, 7711;7 p;) Z 0V JUES Nl
§R(Smtqa MNgs pq)LR - %(S/q’t:p 771/17 P;)LR <0V qe Ny
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Vi=1,2,...m; j=1,2,...n

Step 8 Assuming (pj7 qj, Oé;-, 6]/')LR ® ('rj7 Yij, a;'lu B;'/)LR = (p;7 qza o ﬁ”/)LR the pI’Ob—
lem (Ps23) can be written as:

n
Maximize/Minimize R(>_ (9}, ¢}, @', 87") Lr)
j=1

subject to

me—irsp—b +s, Vpe N, anj—irtp:gpjtt; Vpe N

J— j=1
271/7]+77p:7p+771/y vaNb 5]+pp=5p+p; VpGNl (P5'24)
= =

Flmqj""sq bq‘{'S; V q € Ny, ];1 Ng; +1tq = gq—'l_t; Vqge N,
2%t =ty Vg€ Noy D0 pg =0y gy Vg €N,

j=1 j=1

Zmrj:b’r VTEN{S, anj gr VT€N3

Jj=1 Jj=1

27;«]':% vV re Ns, 25;]2(2 VreN;

7=1 7j=1

R(sp, tp: My Pp)Lr — (st 1y, P)r >0 Vp e Ny

EFE(Sqatqvlr]qqu)LR - %(S/qat;77]£17p;)LR S 0V qc N2
Vi=12,...m; j=1,2,...n

Step 9 Using the linearity property R(>_ A;) = 3 R(A;), where 4; is a fuzzy num-
j=1

ber, the problem (Ps24) can be converted into (Psos5):
Maximize/Minimize »_ R(p}, ¢}, o', 8} ) Lr

j=1
subject to

Zmpj+sp:bp+5; vV pe N, DMy tt,=gp+t, VpeEN

Jj=1

vaﬁnp Yp+m, VpeE N, .0yt pp=0+p, VpEN (Ps.25)
j=1

VQEN27 Z’I’qu—f—tq:gq—f—t; VQENQ

Jj=

quﬂrnq Yo+ 15 ¥V q € Ny, Z(Sqﬂtpq g+ p Vg N,
‘77

M: I

qj"‘sq:bq"‘sfz

.
3l
-
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Zlmm-:br Vr e Ns, Zln,,j:gr VreN;

= J:

2 fy;j:fyr VTGNg, j;é;jzar VreN;
(Spa ]an?pp) %(S;vt;:n;nP”LR 2 O VP E Nl

R(sq,tqs Mgs P i — (G, 1o Mgy P)Lr <0V g € Ny

3 S Y50 20,8 20,5 <ti,m; = 0,020, 57 <ty > 0,0, >0
Vi=1,2,...m; j=1,2,...n
Step 10 Using R(m,n, o, B) = 5( fo m—aLt(\)) d\ + fol(nJrﬁR*l()\)) d\) prob-
lem (Ps25) can be converted into (Ps.o6):
Maximize /Minimize il(%(fol (0 — 'L~ (X)) dX + fol(q; + B7R7(N)) dN))

iz

subject to

> My + s, =b,+s, Vpe€ N, anj+tp:gp+tlp VpeMN

Jj=1 =

E%’wnp:'wn; Vpe N, 26’ top=06+p, VPEN  (Pra)
j:

1(5j+pq:(5q+p; YV qe N

E’yqj—i_nq 'Yq‘i‘%VQEN%
j_

— iz
Zlmrj:br Vr e Ns, Zlnrj:gr VreN;

j= j=

217,’“]-:7,, Vr e Ns, 215;7':57" VreN;

J= J=

L(Jo (sp = mpL7YN) dX + [ty + ppR7IN)) dA) — L(fy (s, — m,L7E () dX +

Syt +p R N) dA) >0 Vpe N,

L(Jo (sq = ng LM V) dX + [ (tg + peR7HN) dN) — ([ (sh — n,L7H(N) dX +
Jo 4+ PRI (N) dN) <0 Vpe N,

l"<y,O/I>OBH>O Szgtza 1207 iZO,S{St/’, /207/20 Vi =
J J 77 p [3 ) nz pz

1,2,....m; 3=1,2,....n

Step 11 Solve the crisp non-linear programming problem (Ps ) by using an
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appropriate existing method [125] to find the optimal solution {7, 7, oz;f*, B;*}.

Step 12 Find the fuzzy optimal solution {Z}} of the fully fuzzy linear programming

problem (Ps16) by putting the values of 7, y7, a;-/* and 5;/* in 7% = (7}, y;, Oé;/*, B;/*).
Step 13 Find the fuzzy optimal value by putting the values of 77, obtained from

Step 12, in ) & ® 7}.
j=1

5.4.2 Alternative proposed method

In this section, an alternative method, to find the fuzzy optimal solution of
fully fuzzy linear programming problems of type (Ps.16) with inequality constraints,
is proposed. The same method can be used to find the fuzzy optimal solution of the
fully fuzzy linear programming problems and fuzzy linear programming problems
which can be solved by using the method, proposed in Section 5.4.1.

The steps of the proposed method for solving fully fuzzy linear program-
ming problem (P;16) are as follows:

Step 1 Assuming a;; = (i, bij, @uig, Bij)Lr: &5 = (5,95, &4, B 1w, bi = (bi, i %i, 0:) L
and ¢; = (pj, g5, @}, B}) Lr the fully fuzzy linear programming problem (P 15) can be

written as:

" /"

n
Maximize/Minimize Z(pj,qj,oz;- )LR®(xj,y], af, J)LR
=1

subject to

NE

<apj>prvO‘pJ>5pJ)LR ® (x5, v5, ”a ”>LR = (bps Gps Vs Op)Lr VP € Ny

.
Il
—

NE

> (aqjs bgj, tgjs Bej) Lr @ (x5, 45, 05, B ) LR = (bgs G Ve, 0g)Lr ¥V ¢ € Na (P27)

.
I
—_

M=

(ar‘p br]a ar]vﬁr])LR ® (-prp 6§I)LR = (bragT77T7 (5r)LR V T e N3

.
Il
—

//

where (7;,y;, 5, 8] )rr is an LR flat fuzzy number.

Step 2 Using the product, proposed in Section 4.2.1 and assuming (a;;, b;;, &, Bij) LR®
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(2,5, 05, B8] )Lr = (mij, iz, vij, 0i;)r the fully fuzzy linear programming problem

(Ps.o7) can be written as:
n
Maximize/Minimize }_ (p;. ¢;, &}, ;) Lr ® (5,5, 0, B} ) LR
j=1

subject to

-

(mpjanpja'yzl;jvél/aj)LR j (bpagpana5p)LR v p S Nl

<
Il
—

NE

(Mqjs Ngjs Vgj» Og5) LR = (bgs 9g, Va 0g)Lr ¥ ¢ € No (P5.28)

<.
Il
—

NE

(mTjanij,y;'ja 5;])LR = (bTagTa’YTvcsT)LR V (S N3

.
Il
—

~
<

where (z;,y;, 5, 8})Lr is an LR flat fuzzy number.

70
Step 3 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the

fully fuzzy linear programming problem (Psg) can be written as:
Maximize/Minimize Z(pj, 4, 0, B LR @ (2,95, 0, BY ) LR

j=1

subject to

NE

(mpjanpjyfyzl;jvéégj)LR j (bpagpa'Ypa(sp)LR \V/ p € Nl

.
Il
—

NE

(mqjanqjﬁ;j,f%j)LR = (bqagqa7q75q)LR Vqe N, (Ps.29)

<.
3l
_

Zmrj:br \V/TEN37 Zn’/‘j:.gr VT'GN?,
7=1

j=1
ZI%J:% Ve Ns, _215;]:@ V r e Ns
J= Jj=

vy <y;af 20,8/ >0 Vi=12..n
Step 4 As discussed in Step 4 of the Section 4.4 the fuzzy optimal solution of (Ps.16)

can be obtained by solving the problem (P 30):

Maximize/Minimize $(

J

_1(pj7 dj, O!;, ﬁ;‘)LR ® (xja Yj, O‘;’/a j/'/)LR)

subject to

n

%(Z(mpj7npj7fy;/ya(;}/)])LR) S §R(bpagpa’ypa5p)LR VP € Nl

=1
n

RO (mgj, Mgjr Vaj0 00 Lr) = R(by, 9g, V4, 09)Lr ¥ q € Ny (Ps.30)

=1



105

-

my; =b, Y réeNs, Yongj=¢, YVreN;

<
Il
—

M:

’yrj—’yr YV r e Ns, > 0,;=06 Vreh
j=1

<.
Il

€ Syjaa;/2076;/20 ‘V’jzl,Q,...,n

Step ) Assuming (pj7 qj, Oé;‘a 63/')113 ® (xj7 Yj, O[;'lu B;'/)LR = (p;7 Q;a o ﬁ”/)LR the pI'Ob—
lem (Ps30) can be written as:

n
Maximize/Minimize R(>_ (p}, ¢}, o', B}")Lr)
=1

subject to

™=

éR( (mpwnpw'ypga 5/]')LR) < %(bp7gp77p7 5p)LR Vpe N

I
—_

J

™=

§R( (mq]>nqj>7q]75qj)LR) > %( qagqa’)/qad )LR Vq € NZ (P5.31)

Il
—_

j
> =br V7reNs, anj:gr VreN;

Jj=1 j=1

> =~ Vré&N;s Zlé;jzér Vr e N;

= j:

r; <y;a] 20,8/ >0 Vji=12..n
Step 6 Using the linearity property R(>_ A;) = 3 R(A;), where 4; is a fuzzy num-
j=1 j=1

ber, problem (Ps3;) can be converted into (Ps32):
Maximize/Minimize ) R(p}, ¢}, o', B} ) Lr
j=1

subject to

™=

§R( (mpj7np377pj>(5p]>LR) < §R( pagpa7p75 )LR VpeN

Il
—

J

™M=

éR( (mqmnqw’yq]aqu)LR) > %(bq7gq77qa5 )LR Vq S N2 (P5.32)

Il
—

j
b, Vre Ns, anj:g,n VreN;s
i=1

znjvm—% Vrée Ns, anl(ﬂ,jzér Vre Ns
= =
v <y, 20,7 >0 Vi=1,2,..,n
Step 7 Using R(m, n, a, §) = 5( fo m —aLt()\)) d\ + fol(n+ﬂR_1()\)) d\) prob-

lem (Ps32) can be converted into (Ps33):
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Maximize /Minimize é:l(%(fol () — &'L7H(N)) dX + fol(q;- + BYR7(N)) dN))
subject to
32 By =2 L7 0) Ay 8,87 O0) ) < 35 oy 7)) A+
fo (gp+dp 71 (N)) dN) Vp € Ny (Ps.33)
52 U iy =y O0) AN+ 3 gy + 0, B A) ) 2 3 By = 77 )
+ [ii(gg +0,R7I(N) dXN) Y g€ Ny

.ilm”:b’“ Vrée Ns, iln’“j:g’“ VréeN;

= =

Zn:l%j:% vV r e Ns, i:éij:& VreN;

;< yj,o/’ >0 ﬁ” >0Vji=1,2,..,n

Step 8 Solve the crisp non-linear programming problem (Ps33) by using an appro-
priate existing method [125] to find the optimal solution {z7,y7, a;-'*, 6}'*}.
Step 9 Find the fuzzy optimal solution {77} of the fully fuzzy linear programming
problem (Ps 16) by putting the values of 7, v, a;»/* and B;/* in 77 = (25,9}, a;-/*, B;/*).
Step 10 Find the fuzzy optimal value by putting the values of Z}, obtained from

Step 9, in i Cj @ T3
j=1
5.4.3 Verification of the proposed methods

In this section, it is depicted that the methods, proposed in Section 5.4.1
and Section 5.4.2, are equivalent and the solution obtained by using any of these

two methods will be same.

If A and B are any two fuzzy numbers such that A = B then R(A) = R(B)

so the 1 and 2" constraints i.e., 3. 4, ® %, ® S, = b, ® 5, and 3. d4,; @7, ® S, =
=1 =1

b, ® S', of problem (Ps19) can be written as:
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R(D. 4, 07;®5,) = R(b,®S",) Vp e Ny (5.1)

.7:

sy

g;@7,;®8,) = R(b,DS",) Y q e N, (5.2)

M3

R(

—

]:

Since, the existing ranking function [141] R satisfies the linearity property, so equa-
tion (5.1) and equation (5.2) can be written as:
a 2 @T)+R(S,) = R(b,)+R(S",) Yp € N (5.3)

aqﬂ®x1)+%(§q) = %(Z)q)"'%(glq) Vg€ Ny (5.4)

R, -R(X ap0,) = R(E,)-R(E,) ¥p e My (5.5)
R(b,)~R(Y a0,) = R(S)-R(5,) Vg € Ny (5.6)

Using 4" and 5 constraint of problem (P 19) i.c., R(S,) — R(S",) > 0 and R(S,) —

R(S",) < 0 equation (5.5) and equation (5.6) can be written as:

M:

R(D,) —R(Da,; @3) >0 Vpe N

Il
—

J

M:

R(by) — R(D gy @7,;) <0 Vqge N,

Il
i

J

ie.,

Gy @ 3;) <R(by) VpeN

INSE

R(

1

J

INgE

R( dqy®xj>>§R< 0) V€N

1

J

So, the methods, proposed in Section 5.4.1 and Section 5.4.2 are equivalent hence

the solution obtained by using any of these two methods will be same.
5.5 Illustrative Example

In this section, the proposed methods are illustrated with the help of fully
fuzzy linear programming problem, chosen in Example 5.10, which cannot be solved

by using the existing method [4].
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5.5.1 Fuzzy optimal solution of the chosen problem by using
the proposed method

Using the method, proposed in Section 5.4.1, the fuzzy optimal solution
of the fully fuzzy linear programming problem, chosen in Example 5.10, can be

obtained as follows:

Step 1 Using Step 2 of the method, proposed in Section 5.4.1, the fully fuzzy linear
programming problem, chosen in Example 5.10, can be written as:
Maximize ((4,4,0,0),r @ 21 @ (1,1,1,1) g ® T2)
subject to
(2,5,5,2) 10 ® 31 ® (—1,5,1,2) 10 ® # B S = (—17,45,25,46) 1 & &'
(L2, L, 1)r®@T1 @ (3,5,2,2)Lr ® T2 = (7,24,6,24) R
where iy, &, 5,5 are LR flat fuzzy numbers and L(z) = max{0,1 — z}, R(z) =
max{0, 1 — 2%},
Step 2 Assuming &1 = (1,1, 01, B1)Lr, T2 = (T2, 42,00, B2)r, S = (5,1,1,p)LR
and S’ = (s',t',n',p)Lr the fully fuzzy linear programming problem, obtained in
Step 1, can be written as:
Maximize ((4,4,0,0)r @ (z1,91, 01, B1)r © (1, 1,1, 1) Lr @ (22, Y2, @2, B2) LR)
subject to
(2,5,5,2)Lr ® (21, Y1, 01, B1)Lr @ (—1,5,1,2) Lr @ (T2, Y2, @2, B2)Lr & (8, 1,1, p) LR =
(—17,45,25,46)r & (s, ', 0, p') LR
(1,2,1,1)r ® (z1, 91,21, 81)Lr D (3,5,2,2) Lr @ (T2, Y2, a2, Bo)Lr = (7,24,6,24) R
where (21, y1, a1, 51) LR, (T2, Y2, @2, 52) LR, (S, t,m, p)Lr and (s, ¢/, 7', p')Lr are LR flat

fuzzy numbers.

Step 3 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-
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ming problem, obtained in Step 2, can be written as:

Maximize ((min{4xq,4x; },max{4yy, 4y, },min{dz;, 41 }—min{dxr; — 4oy, 4o, — 4o },
max{4y; +451, 4y1 +451 } —max{4y, 4y1 }) Lr® (min{xy, x5} max{ya, yo } ,min{zs, zo }
—min{0, 2z — 2as},max{0, 2ys + 252} —max{ys, y2})Lr)

subject to

(min{2xy, 521 },max{2y;, by; },min{ 2z, 5x; } —min{—3y, —3/, 721 — T },max{ 7y, +
761, —3x14 31 }—max{2yy, 5y1 }) Lr® (min{ —ys, 5o} max{—xs, bys },min{ —ys, 5z}
—min{—2y, — 208y, Txs — Tan},max{—2xs + 2a, Tys + 752} —max{—x9,5y2}) L &
(s, p)rr = (—17,45,25,46).r @ (5", ', 7, ') L
(min{xq, 221 },max{y;, 2y; },min{z, 221 } —min{0, 327 — 3 },max{0,3y; + 351} —
max{y1, 2v1 })Lr © (min{3xs, 5o}, max{3ys,, 5ys },min{3xs, 5o} —min{rs — an, Txe —
Tag b max{ys + B2, Tys + 752} —max{3ya, 542} ) Lr = (7,24,6,24) 11
where (z1,y1, a1, 51) LR, (T2, Y2, @2, 52) LR, (S, .1, p)r and (s',t', 0, p')Lr are LR flat
fuzzy numbers.
Step 4 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,
the fully fuzzy linear programming problem, obtained in Step 3, can be written as:
Maximize ((min{4z;,4x;}+min{zy, 2o} max{4yy, 4y }+max{ys, yo },min{4dx;, 4z}
—min{4z; — 4o, 4z — 4oy min{zy, xo} —min{0, 225 — 20w },max{4y; + 451, 4y; +
46; }—max{4yy, 4y, }+max{0, 2ys + 252} —max{ys, y2})Lr)
subject to

min{2zy, 51 }4min{—ys, bzo} + s = =17+ &

max{2y1, by1 }+max{—mxa, bya} +t =45 + ¢/

min{zy, 2z }+min{3z,, 5xo} =7
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max{y1, 2y; }+max{3ys, bys } = 24
min{ 2z, 521 }—min{—3y; — 351, Tx1 — Ty }+min{ —ys, 529} —min{—2y, — 255, 7o —
Tagt +n =25+
max{7y;+701, —3x1+3a; } —max{2y, by +max{—2xy+2a9, Ty2+ 702 } —max{—xs,
5y2} + p =46+ o'
min{z1, 221 }—min{0, 3x; — 3y }+min{3xq, 5xe —min{xs — g, Txe — Tan} =6
max{0, 3y; + 30 }—max{y1, 2y1 }+max{ys + Ba, Tys + 752} —max{3ys, Syz} = 24
7y <ya1 >0,8 20,22 <yp,a0>0,68, >0
s<t,n>0,p>0,8<t'.n>0,p>0
Step 5 Using Step 7 of the proposed method, the fuzzy linear programming prob-
lem, obtained in Step 4, can be written as:
Maximize R((min{4z,, 4z, }+min{zs, 2 },max{4y,, 4y }+max{ys, yo },min{4ay, 42 }
—min{4x; — 4oy, 41 — 4o JAmin{zy, xo}—min{0, 229 — 2an }max{4y; + 451, 4y; +
461 }—max{4y:, 4y1 }+max{0, 2y> + 28 }—max{y2, y2})Lr)
subject to

min{2zy, 5z1 }+min{—ys, bza} + s = =17+ &

max{2y, by; }+max{—x9, 5y} +t =45 + ¢/

min{xy, 221 }+min{3xs, bzo} =7

max{y1, 2y; }+max{3ys, bys } = 24
min{2xy, 51 }—min{—3y; — 301, 7x1 — Tay }+min{ —ys, 5o} —min{ —2ys — 23, Txo —
Tas}t +n=25+17
max{7y;+701, —3z1+3a; } —max{2y;, by } +max{—2xe+2ay, Ty2+7 52} —max{—x,
5y2} +p =46+ p'

min{zy, 2z, } —min{0, 3z — 3ay }+min{3xs, 5xe}—min{zy — ag, Txe — Tan} = 6
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max{0, 3y, + 361 } —max{yi, 2y1 }+max{ys + Ba, Ty2 + 7f2} —max{3ys, 5y»} = 24

71 <y,ar >0,8 20,22 <yp,a0 > 0,6, >0
s<t,n>0,p>0,5<t,7>0,p>0

Step 6 Using Step 9 and Step 10 of the proposed method, the fuzzy linear program-
ming problem, obtained in Step 5, can be written as:

Maximize |ys + B2 — 3|2 — aa| — a1 + 221 — fas + 322 + 2y1 + 361 + Y2 + 352
subject to

Ty = 3wy — Jya 4 Swo — Lyo + Do + 5= —17+ ¢
Ty + 3] — s+ Syo + Sao + By +E =454t/
Spy — Slm| + 4wy — |aa| =7
%yl+%|yl|4y2+ |ya| = 24
=3z |+ 3y + 381+ Tan + 3|3y + 361 + Tar — Tan |+ Syo — x2 — 3|yo + Baa| + B +
Tao + 2200 + 285 + Two — Tas| + =25+ 1
%51 - %% + %041 + §I7y1 + 781+ 3w1 — 3aq| — %Iyll - %IEQ +ag+y2 + %52 + §|7y2 +
7By + 229 — 20| — 3|wa + Byo| + p = 46 + o/
—slzi| 4 3an + S|z — au| = |wo] + 4 + 3|z — | =6
3814 3y + Bi] — $lya] + 482 4 3|ya + Bo| — |2 = 24
vy <y,a1 20,81 20,23 Syp,a0 20,820
s<t,n>0,p>0,8 <t >0,p>0
Step 7 The optimal solution of the crisp non-linear programming problem, obtained
in Step 6, is vy =4,y =4, a1 =0,06, = %,@ =1,y = %,ag =0 and [y = %.

Step 8 Putting the values of z1,yy, a1, 51, T2, y2, s and By in Ty = (21,91, 1, 51)

and Ty = (29, Y2, A, B2), the exact fuzzy optimal solution is #; = (4, 4, 0, %)LR, Ty =
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(17 %7 OJ %)LR-

Step 9 Putting the values of ; and 75, obtained from Step 8, in the objective

function the fuzzy optimal value is (17, %, 1, %) LR-

5.5.2 Fuzzy optimal solution of the chosen problem by using
the alternative proposed method

Using the method, proposed in Section 5.4.2, the fuzzy optimal solution of
the fully fuzzy linear programming problem, chosen in Example 5.10, can be ob-

tained as follows:

Step 1 Assuming &7 = (21, 41,04, 81)Lr and Ty = (9, Y2, a2, B2) g the fully fuzzy
linear programming problem, chosen in Example 5.10, can be written as:
Maximize ((4,4,0,0)Lr @ (21,91, 01, 81)Lr © (1, 1,1, 1)Lr @ (22, Y2, 02, B2) LR)
subject to

(2,5,5,2)Lr® (21, Y1, 01, B1) Lr®(—1,5,1,2) L r®(w2, Y2, a2, Bo) Lr = (—17,45,25,46) 15
(1,2, 1, 1) Lr ® (21,91, a1, B1)Lr © (3,5,2,2) Lr ® (T2, Y2, a2, Ba)Lr = (7,24,6,24) 1
where (z1,y1, a1, 81) LR, (T2, Y2, o, B2)r are LR flat fuzzy numbers and L(z) =
max{0,1 — z}, R(z) = max{0,1 — z?}.

Step 2 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-
ming problem, obtained in Step 1, can be written as:

Maximize ((min{4xq, 4z },max{4y;, 4y, },min{4z;, 4z, } —min{dx; — 4oy, 4z, — 4oy },
max {4y +451, 4y1 +461 } —max{dy1, 4y1 }) Lr S (min{zs, 2o} max{ys, y2 },min{ws, x2}
—min{0, 2xo — 2 },max{0, 2y, + 20} —max{ys, y2})Lr)

subject to

(min{2x1, 521 },max{2y;, by },min{ 2z, 521 } —min{—3y; —35;, 721 — Ty },max{ 7Ty, +
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761, —3x1+30 }—max{2y1, 5y1 }) Lr® (min{ —ys, 522}, max{—xs, 5ys },min{ —ys, 522}
—min{—2y; — 253,, Txy — Tap},max{—2xy + 20z, 7y + 7o} —max{—x,5y2})Lr =
(—17,45,25,46) .r
(min{xq, 221 },max{yi, 2y; },min{z, 221 } —min{0, 327 — 3y },max{0,3y; + 351} —
max{y1, 2y1 })Lr © (min{3xs, 55}, max{3ys,, 5ys },min{3xs, 59} —min{rs — a, T2 —
Tag}max{ys + Ba, Tys + 702} —max{3y2, bya} ) r = (7,24,6,24) 1
where (x1,y1, a1, f1)r and (22, ys, g, 52) g are LR flat fuzzy numbers.
Step 3 Using Step 4 of the proposed method, the fully fuzzy linear programming
problem, obtained in Step 2, can be written as:
Maximize R((min{4z,, 4z, },max{4y, 4y, }, min{4x,, 4z, }—min{dx, —4day, 4o, —4a, },
max{4y;, +451, 4y1 +461 } —max{4y1, 4y1 }) Lr® (min{zs, x5}, max{ys, yo },min{xs, o}
—min{0, 2zs — 20 },max{0, 2y + 205} —max{ys, y2})Lr)
subject to
R((min{2x1, 51 },max{2y;, by },min{ 2z, 51 } —min{—3y; -3, To1—Ta; },max{ Ty, +
761, —3x143a; }—max{2yy, 51 }) Lr® (min{ —ys, bzo }max{—xs, 5ys },min{ —ys, 522}
—min{—2y, — 205, Txe — Tag},max{—2xs + 20, Tys + 7P} —max{—xs,5y2})r) <
R(—17,45, 25,46) .5

min{zy, 2z, }+min{3z, bxo} =7

max{yi, 2¢; +max{3ys, Sy2} = 24
min{xy, 221 }—min{0, 3x; — 3 }+min{3xzs, 529} —min{xs — g, T2y — Tan} =6
max{0, 3y1 + 351} —max{yi, 2y }+max{ys + B2, Tya + 7Bz} —max{3ys, 5y2} ) Lr = 24
1 <y, 20,61 20,09 Syo,00 20,8, >0

Step 4 Using Step 6 and Step 7 of the proposed method, the fully fuzzy linear
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programming problem, obtained in Step 3, can be written as:
Maximize 3|y + B2 — §|w2 — aa| — an + 221 — Jas + 322 + 2y1 + 301 + 32 + 352

subject to

—%\5x2+y2\+|$2+5y2 —%|—7:171—1—7041—3341—351\—}—2\—3x1+3a1—7y1—7ﬁl|—
%|$1|+3|yl|+2|2a2—2$2—7y2—7ﬂ2 —%|7Oé2—7$2—2y2—252|+15x1—%Oq—
042—|-13$2—|- 2y1+ 19/61—{— y2—|—1162 <277

%$1—%’$1|+4$2—’£I]2’:7

Syt 31y laye + Jya| = 24

1 Bon 4 3z — an| — Aovs 4 3|20 — ol — 6

2|x1|—|—2a1+2|x1 Oé1| |ZL‘2|+ a9 + |[L’2 Oé2|
3614 2ys + il — 3lya| + 482 + 3ly2 + Bo| — |yo| =24

r1 <y, > 0,81 > 0,290 < ya, 000 > 0,5, >0

Step 5 The optimal solution of the crisp non-linear programming problem, obtained

_ _ 629
335, =1,y = 1y =0and B = 335

in Step 4, is T, = 4,y1 = 4, oy = O,ﬂl
Step 6 Putting the values of z1,y1, a1, f1, %2, y2, a2 and 5y in Ty = (21,y1, 1, 1)

and Ty = (9, Y2, A, B2), the exact fuzzy optimal solution is #; = (4, 4,0, %)LR, Tg =

(17 1567 Oa ggg)LR

Step 7 Putting the values of ; and Z5, obtained from Step 6, in the objective
2534

. . . 96
function, the fuzzy optimal value is (17, 2,1, 352 )R-

5.6 Advantages of the proposed methods

In this section, the advantages of the proposed methods over the existing
methods [4,41,87,88,91,100] and the methods, proposed in previous chapters are
discussed.

The main advantage of the methods, proposed in this chapter, is that all the
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fully fuzzy linear programming problems which can be solved by using the existing
methods [4,41,87,88,91,100] and the methods proposed in previous chapters can
also be solved by using the methods proposed in this chapter. Furthermore, on
solving these problems by using the existing methods [4,41,87,88,91,100], methods
proposed in previous chapters and the methods proposed in this chapter, same
results are obtained.

However, there exist several problems which cannot be solved by using the
existing methods [4,41,87,88,91,100] and the methods, proposed in previous chapters

but can be solved by using the methods, proposed in this chapter.
5.7 Comparative study

To compare the existing methods [4, 41, 87,88, 91, 100] and the methods
proposed in this chapter, the results of fuzzy linear programming problems and
fully fuzzy linear programming problems, obtained by using the existing methods

and the methods proposed in this chapter, are shown in Table 5.1.
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It is obvious from the results, shown in Table 5.1, that the fuzzy linear program-
ming problems and fully fuzzy linear programming problems, chosen in Example
5.6 to Example 5.11, cannot be solved by using any of the existing methods but all
these problems can be solved by using proposed methods. Also, all the fuzzy linear
programming problems and fully fuzzy linear programming problems, chosen in Ex-
ample 5.1 to Example 5.5, for which there is a need to apply the different existing
methods can be easily solved by using proposed methods i.e., all the fuzzy linear
programming problems and fully fuzzy linear programming problems which may or
may not be solved by using the existing methods can be solved by using proposed

methods.

Remark 5.1 Let A = (my, 04, 81)Lr be a non-positive LR fuzzy number and
B = (mg, oz, 32) g be a non-negative LR fuzzy number. Then,
(i) According to the existing product [4],
A® B = (mima, aymy — mya, fima — miBa)Lr
(i) According to the existing product [30],
A® B = (myms, acxmy — myPa, Bima — mias)Lr

Using the product (i) Example 5.5 has a fuzzy optimal solution but by using product

(i) and by using the proposed product Example 5.5 has infeasible solution.
5.8 Conclusions

On the basis of the presented study, it can be concluded that it is better
to use the methods, proposed in this chapter as compared to the existing methods
[4,41,87,88,91,100] and methods proposed in previous chapters for solving fully

fuzzy linear programming problems.






Chapter 6

A NEw MeTHOD To FIND THE
UnNiQuE Fuzzy OpTtiMAL VALUE OF
Furry Fuzzy LINEAR PROGRAMMING
ProBLEMS WI1TH EQUALITY
CONSTRAINTS

In this chapter, it is shown that the fuzzy optimal value, obtained by using
the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,
it does not conform to the uniqueness property of fuzzy optimal value. To overcome
this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.
6.1 Limitations of the previous proposed method

In this section, limitations of the method for solving fully fuzzy linear pro-
gramming problems with equality constraints, proposed in Chapter 4, are pointed
out.

Let {z;} and A be the optimal solution and optimal value of a linear pro-

gramming problem respectively. If there exist any feasible solution {y;} of the same

The contents of this chapter are published in Control and Cybernetics 41 (2012) 171-182
which are the generalization of the contents of the paper accepted for publication in Journal of
Optimization Theory and Applications.
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linear programming problem such that the value of the objective function of the
linear programming problem corresponding to {y;} is also A then {y;} is said to be
an alternative optimal solution of the same linear programming problem i.e. corre-
sponding to all alternative optimal solutions the values of objective function should
be same.

In this section, a fully fuzzy linear programming problem, chosen in Ex-
ample 6.1, is solved to show that the results of the fully fuzzy linear programming
problem, chosen in Example 6.1, obtained by using the method, proposed in Chap-
ter 4, do not conform to the property of alternative optimal solutions.

Example 6.1 Maximize ((2,2,2,2),rg ® %1 D (7,12,2,2)pr @ T2 D (7,8,2,2) L r @ T3)

subject to
1P T =(1,1,0,0)Lr
T1 = T3
To ® T3 =(1,1,0,0)1r
where Z1,%9, T3 are non-negative LR flat fuzzy numbers and L(z) = R(z) =
max{0,1 —xz} .

Solution: On solving the chosen fully fuzzy linear programming problem by using
the method, proposed in Chapter 4, it is found that all the fuzzy feasible solu-
tions 1 = &3 = (a,a,0,0),g and T9 = (1 —a,1 —a,0,0).r, 0 < a < 1 are fuzzy
optimal solutions of the chosen fully fuzzy linear programming problem. Putting
71 =3 = (a,a,0,0) g and T3 = (1 —a,1 — a,0,0) .5 in the objective function the
fuzzy optimal value is (7 + 2a,12 — 2a,2 + 2a,2 + 2a) . Since, the fuzzy optimal
value is depending upon ‘a’ so for the chosen fully fuzzy linear programming prob-

lem infinite fuzzy numbers, representing the fuzzy optimal values, can be obtained.
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Since, the fuzzy optimal values of the fully fuzzy linear programming prob-
lem, chosen in Example 6.1, corresponding to alternative fuzzy optimal solutions
are not equal i.e., the results obtained by using the method, proposed in Chapter 4,
do not conform to the uniqueness property of fuzzy optimal value of a fully fuzzy
linear programming problem. So, it is not genuine to apply the method, proposed

in Chapter 4, for solving fully fuzzy linear programming problems.
6.2 Proposed method based on RMDS approach

Kumar et al. [66] used four parameters Rank , Mode, Divergence and Left
spread for comparing LR flat fuzzy numbers. It can be easily seen that if A and B are
two LR flat fuzzy numbers such that Rank(A) = Rank(B), Mode(A) = Mode(B),
Divergence(A) = Divergence(B) and Left spread(A) = Left spread(B) then A = B.

In this section, to overcome the limitations of the method, proposed in
Chapter 4, a new method, based on RMDS approach [66], is proposed for solving

fully fuzzy linear programming problems.

6.2.1 RMDS approach

In this section, the existing ranking approach [66] for comparing LR flat
fuzzy numbers is presented.
Let A = (mq,nq, 4, 81)Lr and B= (ma, ng, g, B2) Lr be two LR flat fuzzy

numbers then use the following steps to compare A and B:

Step 1 Find Rank(A) = L[[1mid\ — [ ai L7H(A)dA + [} md\ + [} BLR™Y(\)dA]
and Rank(B) = L[ mad\ — [ asL ' (\)dA + [ nad + [} BaR71(A)dA]
Case (i) If Rank(A) > Rank(B) then A =~ B

Case (ii) If Rank(A) < Rank(B) then A < B
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Case (iii) If Rank(A) = Rank(B) then go to Step 2.

Step 2 Find Mode(A4) = %fol(ml + n1)dX and Mode(B) = %fol (ma + na)dA

Case (i) If Mode(A) > Mode(B) then A = B

Case (ii) If Mode(A) < Mode(B) then A < B

Case (iii) If Mode(A) = Mode(B) then go to Step 3

Step 3 Find Divergence(A) = [\ nidA+ [i} SiR™ (\)dA— [} midA+ [, ar L1 (A)d\
and Divergence(B) = [ nad\ + [} Bo2R™ (\)dA — [; madA + [ an L™ (A)dA

Case (i) If Divergence(A) > Divergence(B) then A = B

Case (ii) If Divergence(A) < Divergence(B) then A < B

Case (iii) If Divergence(A) = Divergence(B) then go to Step 4

Step 4 Find Left spread(A) = fol ar L7 (\)dA and Left spread(B) = [ aaL ™" (A\)dA
Case (i) If Left spread(A) > Left spread(B) then A ~ B

Case (ii) If Left spread(A) < Left spread(B) then A < B

Case (iii) If Left spread(A) = Left spread(B) then A = B.

6.2.2 Proposed method

In this section, to overcome the limitations of the method, proposed in
Chapter 4, a new method is proposed for solving fully fuzzy linear programming

problems (Py ).

Step 1 Use Step 1 to Step 8 of the method, proposed in Chapter 4, and check that
an alternative optimal solution of crisp linear programming problem (Pyg) exist or
not.

Case (i) If an alternative optimal solution does not exist then the fuzzy optimal

solution, obtained by using the method, proposed in Chapter 4, is exact fuzzy
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optimal solution of the fully fuzzy linear programming problem (P ).

Case (ii) If alternative optimal solution exist then Go to Step 2.

Step 2 Let the optimal value of the problem (Pyg) be ‘a’ and it occurs corre-

sponding to ‘p’ basic feasible solutions {x?,y;?, ok 6 k} where £ = 1,....,p. Now,

our aim is to find max (or min){i(pj,qj,a;, ir @ (2, Y, o ok ﬂ”k)LR} Since,
1<k<p Jj=1

Rank(i(pj, 5, s, B5)Lr @ (m;?,y;?, o’k B”k)LR) =aVk=1,..,pso using Step 2 of

the RMDS approach , discussed in Section 6.2.1 if max (or mln){Mode(Z(p],

1<t<l g_1

qj,a;'aﬁ;’)LR@)(xé?,y;?’ ok /Bllk)LR)}IS MOde(Z(pjaijajaﬁj/')LR(X)(x?vy?? &, 75 ¢) )

then max (or mln){Z(pg7 a5, ), B;) Lr@(xh, yk, o, B7%) Lr} will also be 3 (p;, ¢;, @]
1<t<l j= j=1

B)Lr ® (J:j , yj ey ,5N¢) LR i.€., the fuzzy optimal solution of (Py;) can be obtained
by solving the problem (Fg1):
Maximize/Minimize (Mode(}_ (p;, 4, @, 8;)Lr ® (5, Y5, &f, B} ) Lr))
j=1

subject to

Yomyj=0b Yi=12..m

7=1

er)/z] Yi VZ:]~727 , M (Pﬁl)
]:

S =6 Vi=1,2...,m

7=1

Rank(z 6j ® :i']) =

<.
Il
—-

X Syj7a;/207/3;/20 V]:l,Q,,n

Case (i) If there does not exist any alternative optimal solution then the solution

//*

obtained from problem (Ps 1) is the optimal solution. Put the values of LT

and ﬁ in 7 = (z3,y;, oz;-'*, ﬁ;*)LR to find the fuzzy optimal solution {7} and find

the fuzzy optimal value ) (¢; ® Z5) by putting the values of 7.
j=1
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Case (ii) If alternative solution exist then Go to Step 3.

Step 3 On the same direction, as discussed in Step 2, solve the problem (Fg2) and
check that alternative optimal solution exist or not:

Maximize/Minimize (Divergence( (py, ¢j, @, Bj)Lr @ (75,5, 05, B )Lr))

J=1

subject to

Zm”:bz Vi:1,2,...,m
j=1

ng=¢g vi=12..m

.
NG
S

M=
=
Y
I
=2
<C
I
\.}—‘
N
3
e
>

<.
Il
-

M=
5d
<
I
gl
<C
-~
I
\.H
IS
3

.
Il
-

r; <vy;af 20,8/ >0 Vi=12..n
where ‘b’ is the optimal value of the problem (P ).

Case (i) If there does not exist any alternative optimal solution then the solution

1

obtained from problem (FPs2) is the optimal solution. Put the values of T3 Y5

*

and 6;-/* in 7} = (23,5, oz;-/*, ﬁ;*) Lr to find the fuzzy optimal solution {7}} and find

n

the fuzzy optimal value ) (¢; ® Z7) by putting the values of 77.
j=1

Case (ii) If alternative solution exist then Go to Step 4.

Step 4 On the same direction, as discussed in Step 2, solve the problem (P 3):

1(293'7 > @, B5)Lr @ (25,95, B ) Lr))

Maximize/Minimize (Left spread(

J
subject to
n
my; :bz Vi= 1,2,...,m
=1

J
Znij = g; Vi= 1,2,...,m
j=1
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231%/]:% VZ*1727 , T (PGS)
]:

Z%—(Z VZ_LZ, ,m

i=1

<
Il
-

r; <yl 20,87 >0 Vi=1,2..n
where ‘¢’ is the optimal value of the problem (F.5).
Find the fuzzy optimal solution {Z}} by putting the values of 7%, y}, ;" and 3,;* in

n

5 = (25,5, a;,’ * 5;*) rr and fuzzy optimal value Zl(éj ® 17) by putting the values
‘7:

6.3 Illustrative example

In this section, to illustrate the proposed method fully fuzzy linear program-
ming problem, chosen in Example 6.1, is solved. The exact fuzzy optimal solution

of the chosen problem can be obtained by using the following steps:

Step 1 Assuming &1 = (21, Y1, o1, B1)Lr, T2 = (T2, Y2, a2, f2)Lr and T3 = (v3,y3, a3, B3)Lr
and using Step 1 to Step 8 of the method, proposed in Chapter 4, the fully fuzzy
linear programming problem, chosen in Example 6.1, can be written as:
Maximize %(le + 6y1 + 451 + 1229 + 26y, — Sag + 1485 + 1223 + 18ys — bag + 1053)
subject to
i+ =1Ly1+yp=1a +a,=0, 6+ 5=0
Ty =13, Y1 = Y3, a1 = g, 1 = P
ratrz3=1,ypt+tys=1,a+az3=0,fa+ 3=0

z1 > 0,20 <y, >0,6 >0
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) ZO,ZCQ §y2704220752 ZO

x3 > 0,23 <ys,a3 > 0,03 >0
Step 2 Since, on solving the crisp linear programming problem, obtained in Step
1, alternative optimal solution is obtained and the optimal value of the crisp linear
programming problem is % so0, using Step 2 of the proposed method the solution of
the chosen problem can be obtained by solving the following crisp linear program-
ming problem:

Maximize (z; + %xz + %xg + y1 + 6y + 4ys3)
subject to

nt+zre=Ly+yp=Lat+ta=00+p5=0

T =23, Y1 = Y3, a1 = a3, f1 = P

Totas=119p+ys=1as+a3=0,3+P3=0

221 + 6y1 + 481 + 1225 + 26y, — Say + 143,

+ 1223 + 18y3 — Saz + 1083 = 38

1 20,21 <yr,0 20,6 >0

Ty 2 0,29 <y, 0 20,0 >0

x3 > 0,23 <ys,a3 20,83 >0
Step 3 Since, on solving the crisp linear programming problem, obtained in Step
2, alternative optimal solution is obtained and the optimal value of the crisp linear
programming problem is % so, using Step 3 of the proposed method the solution of
the chosen problem can be obtained by solving the following crisp linear program-
ming problem:

Maximize (4y1 + 14y2 + 1Oy3 + 4ﬁ1 + 1452 + 1053 - 5.732 - 5.733 + 50&2 + 043)

subject to
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Ti+re=1Ly+yp=1a+a=0, 5+ 62=0

Ty =13, Y1 = Y3, a1 = g, 1 = P

Totas=11p+y3s=1 o +az3=0,5+33=0

2x1 4 6y1 + 451 + 1229 + 26ys — dave + 1455

+ 1223 + 18ys — Saz + 1083 = 38

Ty + Sy + Sxs + y1 4 Oya + dys =

r1 20,21 <yr,0 20,6 20

Ty 2 0,13 < yo 0 20,08 20

x3> 0,23 <ys,a3>0,083 >0
Step 4 Since, on solving the crisp linear programming problem, obtained in Step
3, alternative optimal solution is obtained and the optimal value of the crisp linear
programming problem is 9 so, using Step 4 of the proposed method the solution of
the chosen problem can be obtained by solving the following crisp linear program-
ming problem:

Maximize (2z7 + 2x9 + 223 + bag + bag)
subject to

rit+re=1Lytye=1La+a=0 06+ =0

Ty =13, Y1 = Y3, 01 = g, 1 = P

Tptarz3=1,yt+tys=1,a+a3=0, 0+ 3=0

2x1 + 6y1 + 4081 + 1229 + 26y — bag + 1455

+ 1223 + 18y3 — bag + 1083 = 38

Ty + Sy + Sxs + y1 + Oya + dys = 3

4y + 14ys + 10y3 + 45, + 1455 + 1083 — 529 — b3+ dag + a3 = 9

€ zoaxl Sylaal 20761 20
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Ty > 0,22 <y, 0 20,08 20

x3 > 0,23 <ys,a3 > 0,03 >0
The obtained optimal solution is z1 = 1,117 = 1, a1 = 0,6, = 0,20 = 0,75 = 0,9 =
0,8, =0,23 = 1,y3 = 1,3 = 0 and 3 = 0. Using Step 4 of the proposed method
the fuzzy optimal solution is 7 = (1,1,0,0) g, Z2 = (0,0,0,0)1r, T3 = (1,1,0,0)Lr

and the fuzzy optimal value is (9,10, 4,4) .
6.4 Advantages of the proposed method

As discussed in Section 6.1, by using the method, proposed in Chapter
4, a unique fuzzy number, representing the fuzzy optimal value, is not obtained
which do not conform to the uniqueness property of fuzzy optimal value of fully
fuzzy linear programming problems. While, by using the proposed method always a
unique fuzzy number, representing the fuzzy optimal value, will be obtained i.e., on
solving the fully fuzzy linear programming problems by using the proposed method

the uniqueness property of fuzzy optimal value will always be preserved.
6.5 Comparative study

The results of the fully fuzzy linear programming problems, chosen in Ex-
ample 6.1, Example 4.1 and Example 4.2, obtained by using the method, proposed

in Chapter 4, and the method proposed in this chapter, are shown in Table 6.1.

Table 6.1 Results of the chosen fully fuzzy linear programming problems

Fuzzy optimal value
Example
Method proposed in Chapter 4 Method proposed in this chapter
4.1 (14, 48,58,50) . (14, 48,58,50) g
4.2 (3,8,5,10)L.r (3,8,5,10)Lr
6.1 (7+2a,12 = 2a,2 4 24,2+ 2a) L, 0<a <1 (9,10,4,4)Lr
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It is obvious from the results, shown in Table 6.1, that on solving the fully
fuzzy linear programming problems, chosen in Example 4.1 and Example 4.2, by
using the method, proposed in Chapter 4, a unique fuzzy number, representing the
fuzzy optimal value, is obtained. While, on solving the fully fuzzy linear program-
ming problem, chosen in Example 6.1, by using the method, proposed in Chapter 4,
infinite fuzzy numbers, representing the fuzzy optimal value of the same problem,
are obtained which do not conform to the uniqueness property of fuzzy optimal
value of a fully fuzzy linear programming problems. However, on solving all the
chosen fully fuzzy linear programming problems by using the method proposed in

this chapter a unique fuzzy number, representing the fuzzy optimal, is obtained.

6.6 Conclusions

On the basis of presented study, it can be concluded that it is better to
use the method, proposed in this chapter, as compared to the method, proposed
in Chapter 4, for solving fully fuzzy linear programming problems with equality

constraints.






Chapter 7

GENERAL ForMm OrF Furry Fuzzy
LINEAR PROGRAMMING PROBLEMS

In this chapter, it is pointed out that the existing general from of fully
fuzzy linear programming problems is valid only if there does not exist subtraction
of fuzzy numbers in the fully fuzzy linear programming problems. However, if there
exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems
then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

7.1 Existing general form of fully fuzzy linear pro-
gramming problems

In the existing methods [4,36,87,88,91,98-102,104] it is assumed that any

fully fuzzy linear programming problem is obtained by replacing the crisp parameters

¢;, aij, b; and x; by fuzzy parameters ¢;, a;;, b; and Z; respectively. The general
form of crisp linear programming problems is:

Maximize/Minimize ( ) c;jz; — > c¢xj)

J:jeN1 J:jE€N2

subject to (Pr1)

The contents of this chapter are communicated in Journal of Optimization Theory and Ap-
plications.
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Z A5 5 — Z A5 5 S,:, > bz Vi= 1,2, ..,
J:JEN3 JiJENy

where z;, a;;, b;, ¢; are any real numbers and Ny U Ny = {1,2,....,n}, N3 U N, =
{1, 2, ...,n}, Nl N N2 = ¢, N3 N N4 = ¢

If it is assumed that there is a need to represent all the parameters of crisp
linear programming problem (Pr;) by fuzzy parameters then it will be converted
into fully fuzzy linear programming problem:

Maximize/Minimize ( > & ®%;6 >, ¢ ® )
J:JENL J:J€N2

subject to (Pra2)

Z EL”@CZ’]@ Z d”®£3 j,:,t bz Vi= 1,2,...,m
J:JEN3 J:j€Ng

where Z;, a;;, b;, ¢; are unrestricted fuzzy numbers and Ny UN; = {1,2,...,n}, N3U

N4 = {1,2,...,77,},]\[1 ﬁNg = ¢, N3QN4 = ¢

7.2 Shortcomings of existing general form of fully
fuzzy linear programming problems

It is not genuine to use the general form of fully fuzzy linear programming
problem (Pr5) due to the following reasons.

In the literature [30], it is pointed out that only a RL flat fuzzy number A,
can be subtracted from an LR flat fuzzy number 1211 ie., if 1211 and 1212 both are LR
flat fuzzy numbers such that L(-) # R(-) then A; © A, does not exist. So, if all the
parameters of the fully fuzzy linear programming problem (P 2) are represented by
such LR flat fuzzy numbers for which L(-) # R(-) then due to the existence of & in

Y. EGRT;e Y, ¢®T;jand Y, 4;®T;© Y, a; ®Tj, the fully fuzzy linear
J:jeN: J:jEN2 J:jEN3 JiJE€Ny
programming problem (Ps ) is not valid.

To show the shortcoming of the existing general form of fully fuzzy linear
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programming problems, the problem, chosen in Example 7.1, is formulated into
fully fuzzy linear programming problem and it is shown that the results obtained by
solving the formulated fully fuzzy linear programming problem are not appropriate
according to the real life situations.

Example 7.1 A manufacturer of biscuits is considering four types of gift packs
containing three types of biscuits: orange cream (OC), chocolate cream (CC) and
wafers (W). Market research conducted recently according to preferences of the

consumers shows the following types of assortments of to be in good demand.

Table 7.1 Most preferred assortments of biscuits

Assortments Contents Fuzzy selling pricq
per kg. (Rs.)

A Not less than 40% of OC, not more than 20% of CC, any quantity of W| (10,30, 10,10).r

B Not less than 20% of OC, not more than 40% of CC, any quantity of W| (20, 30, 10,10).r

C Not less than 50% of OC, not more than 10% of CC, any quantity of W| (22,22,12,12).5
D No restrictions (10,14,2,2)r

For the biscuits, the fuzzy manufacturing capacity and fuzzy costs are given below:

Table 7.2 Fuzzy manufacturing capacity and fuzzy costs for biscuits

Biscuit variety oC cC W
Fuzzy plant capacity (kg/day) |(150,250, 50, 50) 1 £(180, 220, 20, 20) 1. £(100, 200, 50, 50) 1.
Fuzzy manufacturing cost (Rs./kg)| (8,8,8,8)Lr (9,10,4,2)Lr (5,9,5,5)Lr

Formulate a fuzzy linear programming model to find the production schedule which

maximizes the fuzzy profit using that there are no market restrictions.

7.2.1 Existing fuzzy linear programming formulation of the
chosen problem

The problem, chosen in Example 7.1, can be formulated into the following
fully fuzzy linear programming problem:

Maximize ((10,30,10,10) .5 ® (Fa1 D Fa2 D Fa3) B (20,30,10,10) 15 @ (51 ® Tps ®
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Tp3) ®(22,22,12,12)r ® (Tc1 B T2 @ Tes) ©(10,14,2,2) g @ (Tp1 B Tpe B Tp3) ©

(8,8,8,8)Lr® (Ta1 DTp1 DTc1 D Tp1) ©(9,10,4,2)r @ (Ta2 D Tpe @ Too @ Tp2) ©

(5,9,5,5)Lr ® (Tas ® Tps B Tes D Tps))

subject to
Tar 7= 0.40(Za1 D Tao D Tas)
Tp1 = 0.20(Zp1 @ T ® Tp3)
To1 = 0.50(Tc1 DTo2 DTcs)
Taz 20.20(Ta1 D Tao D Tas)
Tpy 20.40(Zp1 B T ® Tp3)

Tog 20.10(Zo1 € Toa @ Tes)

T ®Tp ® Ter @ Tpr =X (150,250, 50,50)

T2 ® Tpy @ Too @ Tpe =< (180,220, 20,20) 5

Ta3® Tps @ Tos @ Tps = (100,200, 50,50)

where 7;; (i = A, B,C, D;j =1,2,3) is a non-negative LR flat fuzzy number and

(1) a1, Ta2,Tas denote the fuzzy quantity in kg.

biscuits for the gift pack A.

(ii) Zp1,Tpo, Tps denote the fuzzy quantity in kg.

biscuits for the gift pack B.

(i) Zc1,Te2, Tes denote the fuzzy quantity in kg.

biscuits for the gift pack C.

(iv) Zp1,ZTpe,Tps denote the fuzzy quantity in kg.

biscuits for the gift pack D.

of OC, CC and W type of

of OC, CC and W type of

of OC, CC and W type of

of OC, CC and W type of
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7.2.2 Drawbacks of the obtained optimal value

The fuzzy optimal value, obtained by using the existing method [4] and

method, proposed in Chapter 5, are shown in Table 7.3.

Table 7.3 Results of the chosen problem using existing formulation

Method Optimal value R(Optimal value) L(-)&R(")
Existing method Not Applicable Not Applicable L(z) = max{0,1 -z}
[4] using (Pr.3) R(z) = max{0,1 — 2%}
Method proposed in Not Applicable Not Applicable L(z) = max{0, 1 -z}
Chapter 5 using (Pr.3) R(z) = max{0,1 — 22}
Existing method (0,0, 7700, 22000) . 3575 L(z) = max{0,1 — z}
[4] using (Pr.3) R(z) = max{0,1 — z}
Method proposed in (0,0, 7700, 22000) . 5 3575 L(z) = max{0,1 — z}
Chapter 5 using (Pr.3) R(z) = max{0,1 — z}

In the objective function of fuzzy linear programming problem (Pr3) sub-
traction of two LR flat fuzzy numbers is occurring. So, if L(-) # R(-) then the fuzzy
linear programming problem (P 3) is not valid i.e, it is not possible to find the fuzzy
optimal solution of the chosen problem by using the fuzzy linear programming prob-
lem (P;3). Although, if L(-) = R(-) then existing fully fuzzy linear programming
problem (Ps3) is valid but it is obvious from the results, shown in Table 7.3, that
on using the existing fully fuzzy linear programming problem (Pr3) the total profit
is not a non-negative fuzzy number which is not genuine according to the real life

situations.

7.3 Proposed general form of fully fuzzy linear
programming problems

In this section, to resolve the shortcomings of existing general form of fully

fuzzy linear programming problems, pointed out in Section 7.2, a new general form
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of the fully fuzzy linear programming problems is proposed.

The general form of crisp linear programming problems (P; 1) can be written
as:
Maximize/Minimize S
subject to (Pr4)

Y. gy =S+ Y ¢

J:gEN J:jEN2
Z Q35 5 S,:,Z bz—i- Z Qi 4 Vi= 1,2,...,m
J:jeNs J:jeNa

where z;, a;j, b;, ¢; and S are real numbers.

Replacing all the parameters of the crisp linear programming problem (P 4)
by fuzzy parameters, the general form of the fully fuzzy linear programming problem
(Pr5) is obtained:

Maximize/Minimize S
subject to (Prs)

S EGei=S0 Y &§ei;

JiIEN J:j€N2
Z dlj®.§§']j,:,ibz@ Z CNZ,U@.CEJ Vizl,Z,...,m
J:JEN3 j:jENy

where 7;, a;;, l;z-, ¢; and S are LR flat fuzzy numbers.

7.4 Advantages of the proposed general form of
fully fuzzy linear programming problems

Since, in the proposed general form, subtraction of LR flat fuzzy numbers
is not occurring so using the proposed general form, the shortcomings of the existing
general form, pointed out in Section 7.2, are resolved.

To show the advantage of the proposed general form (Prj5) over the exist-

ing general form (P;2) it is shown that if the problem, chosen in Example 7.1, is
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formulated by using proposed general form then all the shortcomings, pointed out
in Section 7.2, are resolved.
Using the proposed general form the problem, chosen in Example 7.1, can

be formulated into fully fuzzy linear programming problem (P;):

Maximize P
subject to
(10, 30,10,10) Lg(T A1 DT A2DT 43)D(20, 30, 10, 10) L r(T g1 PTpa®TR3)D(22,22,12,12) 11
(Tc1 © T2 B ics) @ (10,14,2,2) pg(Ep1 B Ep2 ®Fps) = P& (8,8,8,8)r(Ga1 ®Tp @
To1®Zp1)D(9,10,4,2)Lr(TA2 BT 2@ T2 PTp2)®(5,9,5,5)Lr(TA3DT 3B T3 DT p3)
Ta1 = 0.40(Za1 ® Taz D Tas)
Tp1 = 0.20(Zp1 © T2 D Th3)
Tor = 0.50(Tc1 ©Tea D Tcs) (Pre)
T2 20.20(Ta1 ® Taz D Tas)
Tpy 20.40(Zp1 © T ® Tp3)
Tor 2 0.10(T01 @ Teo @ Tes)
Ta1 BT DT ® Tpr =< (150,250,50,50) L8
T2 ® Tpy @ Too @ Tpa = (180,220,20,20) 5
Ta3® Tps ® Tos @ Tps =< (100,200, 50,50) 8
where 7;; (i = A, B,C, D;j = 1,2,3) is a non-negative LR flat fuzzy number and P
is an LR flat fuzzy number.
Fuzzy optimal values of the formulated problem (P;g) by the using the

existing method [4] and method, proposed in Chapter 5, are shown in Table 7.4.
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Table 7.4 Results of the chosen problem using proposed formulation

Method

Optimal value

R(Optimal value)

L()&R()

Existing method

L(z) = max{0,1 — z}

Chapter 5 using (Pr¢)

(14555, 14555, 0,0) . 14555

[4] using (Pr.¢) R(z) = max{0,1 — 2%}
Method proposed in (0,0,0,43665) . 1 14555 L(z) = max{0,1 — z}
Chapter 5 using (Pr¢) R(z) = max{0,1 — 2%}
Existing method (3575, 3575,0,0) 1 3575 L(z) = max{0,1 — z}
[4] using (Pr.¢) R(z) = max{0,1 — z}
Method proposed in (0,0,0, 14300) . 1 3575 L(z) = max{0,1 — z}

(x)

It is obvious from Table 7.4 that if L(-) # R(-) then the fully fuzzy linear

programming problem, chosen in Example 7.1, can be solved by using the proposed

general form (Prg). Also, if L(-) = R(-) then the obtained total profit is a non-

negative fuzzy number. So, it is better to use the proposed general form (P;j5) as

compared to the existing general form (Pr,).

7.5 Conclusions

In this chapter, the shortcomings of the existing general form of fully fuzzy

linear programming problems are pointed out and new general form of fully fuzzy

linear programming problems is proposed. Also, it is shown that it is better to use

the proposed general form of fully fuzzy linear programming problems as compared

to the existing general form of fully fuzzy linear programming problems.



Chapter 8

FUTURE SCOPE

(1)

(i)

The method proposed in Chapter 6 can be used to find the unique fuzzy opti-
mal value of fully fuzzy linear programming problems with equality constraints.
However, this method cannot be used to find the unique fuzzy optimal value
of fully fuzzy linear programming problems with inequality constraints. In

future, it may be tried to develop a method for the same.

To find the fuzzy optimal solution of the fully fuzzy linear programming prob-
lems by using the proposed methods, there is a need to convert the fully fuzzy
linear programming problems into crisp linear programming problems. In fu-
ture, it may be tried to develop a method which can be used directly to find the
fuzzy optimal solution of the fully fuzzy linear programming problems without

converting it into crisp linear programming problems.
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