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Abstract

In this thesis, the shortcomings and limitations of some existing methods

for solving linear programming problems with fuzzy parameters are pointed out and

new methods are proposed to overcome the shortcomings and limitations of existing

methods.

The chapter wise summary of the thesis is as follows:

In Chapter 1, a brief review of the work done in the area of linear programming

problems with fuzzy parameters is presented.

Chapter 2

Lotfi et al. [80] pointed out that there is no method in the literature for

solving fully fuzzy linear programming problems with equality constraints and pro-

posed a method for the same. In this chapter, the limitations and shortcomings of

the existing method [80] are pointed out and to overcome the limitations as well

as to resolve the shortcomings, a new method is proposed to find the non-negative

fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.

Chapter 3

In this chapter, the limitations of the method, proposed in Chapter 2, are

pointed out and to overcome these limitations, a new method is proposed for solving

iii
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fully fuzzy linear programming problems with equality constraints. To show the

application of the proposed method a real life problem, which cannot be solved by

using the method, proposed in Chapter 2, is solved by using the proposed method.

Chapter 4

To the best of our knowledge, till now no one have defined the product of

such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative

nor non-positive. Due to non-existence of such product, till now there is no method

in the literature for solving such fully fuzzy linear programming problems in which

some or all the parameters are represented by such LR fuzzy numbers or LR flat

fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the

product of such fuzzy numbers is proposed and also the limitations of the method,

proposed in Chapter 3, are pointed out. To overcome the limitations of the method,

proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.

Chapter 5

In this chapter, limitations of the existing methods for solving fuzzy linear

programming problems and fully fuzzy linear programming problems with inequality

constraints are pointed out. To overcome the limitations of the existing methods, two

new methods are proposed for solving fully fuzzy linear programming problems with

inequality constraints. The advantages of the proposed methods over the existing

methods are also discussed.

Chapter 6

In this chapter, it is shown that the fuzzy optimal value, obtained by using

the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,
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it does not conform to the uniqueness property of fuzzy optimal value. To overcome

this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.

Chapter 7

In this chapter, it is pointed out that the existing general from of fully

fuzzy linear programming problems is valid only if there does not exist subtraction

of fuzzy numbers in the fully fuzzy linear programming problems. However, if there

exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems

then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

Chapter 8

Finally, in this chapter, based on the present study, future work has been

suggested.
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Chapter 1

INTRODUCTION

Decision making is the process of identifying and choosing alternatives based

on the values and preferences of the decision maker. Making a decision implies that

there are alternative choices to be considered, and in such a case it is desired not

only to identify as many of these alternatives as possible but to choose the one that

(1) has the highest probability of success or effectiveness and (2) best fits with our

goals, desires, lifestyle, values and so on. Decision making is also the process of suf-

ficiently reducing uncertainty and doubts about alternatives to allow a reasonable

choice to be made from among them.

Optimization is a kind of the decision making in which decisions have to be

taken to optimize one or more objectives under some prescribed set of circumstances.

The problems which often arise as a result of mathematical modeling of many real

life situations are called optimization problems. Optimization problems are fre-

quently encountered in disciplines, such as water resources management, finance,

engineering optimization, manufacturing systems, management, business, physical

sciences and agriculture etc.

The most general form of optimization problems is:

Minimize/Maximize fn(X), X = (x1, x2, ..., xn)

1
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subject to

gj(X) ≤ 0 ∀ j = 1, 2, ..., k

hj(X) = 0 ∀ j = 1, 2, ...,m

where f, g1, g2, ..., gk, h1, h2, ..., hm are real valued functions defined on Rn and n is

a positive integer. The function f is usually called the objective function. Each

of the constraints gj(X) ≤ 0 is called an inequality constraint, and each of the

constraints hj(X) = 0 is called an equality constraint. Constraints of the type

gj(X) ≥ 0 may be written as −gj(X) ≤ 0 and therefore it is not mentioned sepa-

rately. X = (x1, x2, ..., xn) ∈ Rn is called a decision vector and x1, x2, ..., xn are called

decision variables or unknown variables. If n = 1 and all the functions fn(X), gj(X)

and hj(X) are linear then the problem is called a single-objective linear program-

ming problem.

Over the last several decades optimization models have been primarily de-

veloped in a deterministic, crisp environment. In such models the objectives and

constraints are formulated in a ‘hard’ crisp manner leaving no scope for uncertainty

and vagueness. However, in real life situations there may exist uncertainty. In such

situations it is practical to develop the mathematical models of the realistic problem

in fuzzy environment and the optimization problem under consideration becomes a

fuzzy programming problem.

Any linear programming model representing real world situations involves

a lot of parameters whose values are assigned by experts. However, both experts

and decision maker frequently do not precisely know the value of those parameters.

Therefore, it is useful to consider the knowledge of experts about the parameters as

fuzzy data [143].
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1.1 Literature review

Fuzzy linear programming is an application of fuzzy set theory in linear

decision making problems. Fuzzy linear programming problems cannot be uniquely

defined as crisp linear programming, since it will very much dependent upon the type

of fuzziness and its specification as prescribed by the decision maker. Therefore the

class of fuzzy linear programming problems can be broadly classified as:

(i) Linear programming problem with fuzzy inequalities and crisp objective func-

tion.

(ii) Linear programming problems with crisp inequalities and fuzzy objective func-

tion.

(iii) Linear programming problems with fuzzy inequalities and fuzzy objective func-

tion.

(iv) Linear programming problems with fuzzy resources and fuzzy coefficient, also

termed as linear programming problems with fuzzy parameters.

In this section, a brief review of the work done in the area of linear pro-

gramming problems with fuzzy parameters is presented.

Rommelfanger et al. [119] presented a new method for solving linear pro-

gramming problems with fuzzy parameters in the objective function. Nakahara and

Gen [96] proposed an approach for comparing triangular fuzzy numbers and used it

for solving linear programming problems with coefficients as triangular fuzzy num-

bers.

Cadenas and Verdegay [17] studied a linear programming problem in which
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all its elements are defined as fuzzy sets. Wang [136] proposed an inexact approach

to solve linear programming problems with fuzzy objective and resources. Fang

et al. [38] presented a method for solving linear programming with fuzzy coeffi-

cients in constraints. Guu and Wu [48] proposed a two phase approach to solve

the fuzzy linear programming problem. Sakawa et al. [121] presented interactive

fuzzy programming for two-level linear fractional programming problems with fuzzy

parameters. Tanaka et al. [127] studied several kinds of possibility distributions of

fuzzy variables in possibilistic linear programming problems to reflect the inherent

fuzziness in fuzzy decision problems.

Buckley and Feuring [16] introduced a method to find the solution of the lin-

ear programming problems with all the parameters and variables as fuzzy numbers

by changing the objective function into a multiobjective fuzzy linear programming

problem. Maleki et al. [91] solved the linear programming problems in which all

decision parameters are fuzzy numbers by the comparison of fuzzy numbers.

Zhang et al. [145] proposed a method for solving fuzzy linear programming

problems which involve fuzzy numbers in coefficients of objective functions. Nehi

et al. [108] defined the concept of optimality for linear programming problem with

fuzzy parameters by transforming fuzzy linear programming problem into multiob-

jective linear programming problem.

Nasseri and Ardil [99] proposed a new method for solving fuzzy variable

linear programming directly using linear ranking. Nasseri et al. [100] presented a

new method for solving fuzzy number linear programming problems. Mahdavi and

Nasseri [86] introduced the dual of fuzzy variable linear programming problem and

then deduced some important duality results.
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Ganesan and Veeramani [41] proposed an approach to solve a fuzzy linear

programming problem involving symmetric trapezoidal fuzzy numbers without con-

verting it to crisp linear programming problem. Hashemi et al. [49] proposed a two

phase approach to find the optimal solutions of class of fuzzy linear programming

problems called fully fuzzified linear programming, where all decision parameters

and variables are fuzzy numbers.

Jimenez et al. [58] proposed a method for solving linear programming prob-

lems in which all the coefficients are fuzzy numbers and used a ranking method

to rank the fuzzy objective values and to deal with the inequality relation on con-

straints. Mahdavi and Nasseri [88] established some duality results for linear pro-

gramming problems with treapezoidal fuzzy variables. Cai et al. [18] considered a

class of fuzzy linear programming problems in which the coefficients of the objective

function are characterized by LR fuzzy intervals or LR fuzzy numbers. Allahvi-

ranloo et al. [4] proposed a new method for solving fully fuzzy linear programming

problems by the use of ranking function.

Nasseri [98] proposed a method for solving fuzzy linear programming prob-

lems by solving the classical linear programming. Gani et al. [42] dealt with a kind

of fuzzy linear programming problems where all the parameters and variables are

LR fuzzy numbers. Lotfi et al. [80] pointed out that there is no method in literature

for solving fully fuzzy linear programming problems with equality constraints and

proposed a method for the same. Ebrahimnejad and Nasseri [33] used the comple-

mentary slackness property to solve fuzzy linear programming problem with fuzzy

parameters without the need of a simplex tableau.

Stanojevic and Stanojevic [124] proposed an algorithm for solving fuzzy
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linear programming problems with trapezoidal fuzzy numbers. Mahdavi et al. [89]

considered two classes of fuzzy linear programming problems: Fuzzy number linear

programming and linear programming with trapezoidal fuzzy variables problems and

developed fuzzy primal simplex algorithms for solving these problems. Ebrahimne-

jad et al. [35] pointed out that Ganesan and Veeramani’s approach [41] is not efficient

for situations in which some or all variables are restricted to lie within fuzzy lower

and fuzzy upper bounds and proposed a natural extension of their approach to over-

come this shortcoming.

Ebrahimnejad and Nasseri [34] introduced a new method called the bounded

dual simplex method for bounded fuzzy number linear programming problems for

the situations in which some or all variables are restricted to lie within fuzzy lower

and fuzzy upper bounds. Nasseri and Ebrahimnejad [101] proposed a fuzzy dual

algorithm for solving linear programming problems with fuzzy numbers by using

the duality results.

Nasseri and Ebrahimnejad [102] proposed a fuzzy primal simplex algorithm

for solving the flexible linear programming problem and then suggested the fuzzy

primal simplex method to solve the flexible linear programming problems directly

without solving any auxiliary problem. Nasseri et al. [103] introduced the dual of

the linear programming problem with symmetric trapezoidal fuzzy numbers and es-

tablished some duality results.

Nasseri and Khabiri [104] proposed a revised fuzzy simplex algorithm for

solving linear programming problems with fuzzy variables. Nasseri and Khabiri [105]

proposed a revised simplex algorithm for solving fuzzy number linear programming

problems using linear ranking functions. Ebrahimnejad et al. [36] proposed a new
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primal-dual algorithm for solving linear programming problems with fuzzy variables

by using duality results. Ebrahimnejad et al. [37] proposed a new method for solving

such linear programming problems with fuzzy cost coefficients in which some or all

variables are restricted to lie within lower and upper bounds.

Ebrahimnejad [32] developed a novel approach namely the primal-dual sim-

plex algorithm to solve fuzzy linear programming problems involving symmetric

trapezoidal fuzzy numbers without converting them to crisp linear programming

problems. Ebrahimnejad [31] proved that in the absence of degeneracy, the method

proposed by Ganesan and Veermani [41] stops in a finite number of iterations and

then proposed a revised kind of their method that is more efficient and robust in

practice.

Darvishi et al. [24] discussed a real life problem of diet formulation and

used linear fuzzy model in formulation of dairy cow ration to control cost in dairy

cattle industries along with carefully planned feed requirements. Baykasoglu and

Gocken [7] proposed a direct solution approach for solving fuzzy mathematical pro-

gramming problems with fuzzy decision variables by using fuzzy ranking procedure

for fuzzy numbers.

After reviewing the literature, it is found that there are some limitations

and shortcomings in the existing methods for solving linear programming problems

with fuzzy parameters. In this thesis, these limitations and shortcomings are pointed

out and to overcome the limitations as well as to resolve the shortcomings of the

existing methods, new methods are proposed.
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1.2 Organization of the thesis

The chapter wise summary of the thesis is as follows:

Chapter 2

Lotfi et al. [80] pointed out that there is no method in the literature for

solving fully fuzzy linear programming problems with equality constraints and pro-

posed a method for the same. In this chapter, the limitations and shortcomings of

this existing method are pointed out and to overcome the limitations as well as to

resolve the shortcomings, a new method is proposed for solving fully fuzzy linear

programming problems with equality constraints.

Chapter 3

Lotfi et al. [80] pointed out that there is no method in the literature for

solving fully fuzzy linear programming problems with equality constraints and pro-

posed a method for the same. In this chapter, the limitations and shortcomings of

the existing method [80] are pointed out and to overcome the limitations as well

as to resolve the shortcomings, a new method is proposed to find the non-negative

fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.

Chapter 4

To the best of our knowledge, till now no one have defined the product of

such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative

nor non-positive. Due to non-existence of such product, till now there is no method

in the literature for solving such fully fuzzy linear programming problems in which

some or all the parameters are represented by such LR fuzzy numbers or LR flat
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fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the

product of such fuzzy numbers is proposed and also the limitations of the method,

proposed in Chapter 3, are pointed out. To overcome the limitations of the method,

proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.

Chapter 5

In this chapter, limitations of the existing methods for solving fuzzy linear

programming problems and fully fuzzy linear programming problems with inequality

constraints are pointed out. To overcome the limitations of the existing methods,

two new methods are proposed for solving fully fuzzy linear programming problems

with inequality constraints. The advantages of the proposed methods over the ex-

isting methods are also discussed.

Chapter 6

In this chapter, it is shown that the fuzzy optimal value, obtained by using

the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,

it does not conform to the uniqueness property of fuzzy optimal value. To overcome

this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.

Chapter 7

In this chapter, it is pointed out that the existing general from of fully

fuzzy linear programming problems is valid only if there does not exist subtraction

of fuzzy numbers in the fully fuzzy linear programming problems. However, if there

exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems
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then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

Chapter 8

Finally, in this chapter, based on the present study, future work has been

suggested.



Chapter 2

A NEW METHOD TO FIND THE

NON-NEGATIVE FUZZY OPTIMAL

SOLUTION OF FULLY FUZZY LINEAR

PROGRAMMING PROBLEMS WITH

EQUALITY CONSTRAINTS

Lotfi et al. [80] pointed out that there is no method in the literature for

solving fully fuzzy linear programming problems with equality constraints and pro-

posed a method for the same. In this chapter, the limitations and shortcoming of

the existing method [80] are pointed out and to overcome the limitations as well

as to resolve the shortcoming, a new method is proposed to find the non-negative

fuzzy optimal solution of fully fuzzy linear programming problems with equality

constraints.

2.1 Preliminaries

In this section, some basic definitions and arithmetic operations for trape-

zoidal fuzzy numbers are presented [63].

The contents of this chapter are published in Applied Mathematical Modelling 35 (2011) 817-
823.
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2.1.1 Basic definitions

In this section, some basic definitions are presented.

Definition 2.1 Let X be a classical set of objects. Then, the set of ordered pairs

Ã = {(x, µÃ(x)) : x ∈ X}, where µÃ : X → [0, 1], is called a fuzzy set in X. The

evaluation function µÃ(x) is called the membership function.

Definition 2.2 Let Ã be a fuzzy set in X and λ ∈ [0, 1] be a real number. Then, a

classical set Aλ = {x ∈ X : µÃ(x) ≥ λ} is called an λ-level set or λ-cut or parametric

form of Ã.

Definition 2.3 A fuzzy set Ã = {(x, µÃ(x)) : x ∈ X} is called a normalized fuzzy

set if and only if Supremum
x∈X

{µÃ(x)} = 1.

Definition 2.4 A fuzzy set Ã is called a convex fuzzy set if and only if µÃ(αx1 +

(1− α)x2) ≥ min{µÃ(x1), µÃ(x2)}, ∀ x1, x2 ∈ X, α ∈ [0, 1].

Definition 2.5 A convex normalized fuzzy set Ã = {(x, µÃ(x)) : x ∈ X} is called a

fuzzy number if and only if µÃ(x) is piecewise continuous in X.

Definition 2.6 A fuzzy number Ã is said to be a non-negative fuzzy number if and

only if µÃ(x) = 0, ∀ x < 0.

Definition 2.7 A fuzzy number Ã defined on the universal set of real numbers R,

denoted as Ã = (a, b, c, d), is said to be a trapezoidal fuzzy number if its membership

function, µÃ(x), is given by

µÃ(x)=



(x−a)
(b−a) a ≤ x < b

1 b ≤ x ≤ c
(x−d)
(c−d) c < x ≤ d

0 otherwise



13

Definition 2.8 Let Ã = (a, b, c, d) be a trapezoidal fuzzy number. Then, its λ-cut

Aλ is defined as follows:

Aλ = [a+ (b− a)λ, d− (d− c)λ], 0 ≤ λ ≤ 1

Definition 2.9 A trapezoidal fuzzy number Ã = (a, b, c, d) is said to be symmetric

trapezoidal fuzzy number if and only if b− a = d− c, otherwise Ã is said to be an

asymmetric trapezoidal fuzzy number.

A symmetric trapezoidal fuzzy number Ã = (a, b, c, d) can be denoted as

(b, c, σ), where [b, c] is the core and σ = b− a = d− c is the spread of the symmetric

trapezoidal fuzzy number Ã.

Definition 2.10 A trapezoidal fuzzy number Ã = (a, b, c, d) is said to be non-

negative trapezoidal fuzzy number if and only if a ≥ 0 and is said to be non-positive

trapezoidal fuzzy number if and only if a ≤ 0.

Definition 2.11 A trapezoidal fuzzy number Ã = (a, b, c, d) is said to be unre-

stricted trapezoidal fuzzy number if and only if a is a real number.

Definition 2.12 Two trapezoidal fuzzy numbers Ã1 = (a1, b1, c1, d1) and Ã2 =

(a2, b2, c2, d2) are said to be equal i.e., Ã1 = Ã2 if and only if a1 = a2, b1 = b2, c1 = c2

and d1 = d2.

2.1.2 Arithmetic operations

In this section, the arithmetic operations for trapezoidal fuzzy numbers and

intervals are presented.

2.1.2.1 Arithmetic operations for trapezoidal fuzzy numbers

In this section, some arithmetic operations for two trapezoidal fuzzy num-

bers, defined on universal set of real numbers R , are presented.
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(i) Let Ã1 = (a1, b1, c1, d1) and Ã2 = (a2, b2, c2, d2) be two trapezoidal fuzzy num-

bers. Then, Ã1 ⊕ Ã2 = (a1 + a2, b1 + b2, c1 + c2, d1 + d2).

(ii) Let Ã1 = (a1, b1, c1, d1) and Ã2 = (a2, b2, c2, d2) be two trapezoidal fuzzy num-

bers. Then, Ã1 	 Ã2 = (a1 − d2, b1 − c2, c1 − b2, d1 − a2).

(iii) Let Ã1 = (a1, b1, c1, d1) and Ã2 = (a2, b2, c2, d2) be two non-negative trape-

zoidal fuzzy numbers. Then, Ã1 ⊗ Ã2 = (a1a2, b1b2, c1c2, d1d2).

(iv) Let Ã = (a, b, c, d) be any trapezoidal fuzzy number. Then,

γÃ =

{
(γa, γb, γc, γd) γ ≥ 0

(γd, γc, γb, γa) γ ≤ 0

2.1.2.2 Arithmetic operations for intervals

In this section, some arithmetic operations for two intervals are presented.

(i) Let A1 = [a1, b1] and A2 = [a2, b2] be two intervals. Then,

A1 + A2 = [a1 + a2, b1 + b2]

(ii) Let A1 = [a1, b1] and A2 = [a2, b2] be two non-negative intervals. Then,

A1A2 = [a1a2, b1b2]

Remark 2.1 An interval A = [a, b] is said to be non-negative interval if and only

if a ≥ 0.

Remark 2.2 If b = c then a trapezoidal fuzzy number (a, b, c, d) is said to be

triangular fuzzy number and is denoted as (a, b, b, d) or (a, c, c, d) or (a, b, d) or

(a, c, d).

Remark 2.3 [80] Let ãλ = [a(λ), a(λ)] be a parametric form of an asymmetric

triangular fuzzy number ã then its nearest symmetric triangular fuzzy number is

(a0, σ), where the core ‘a0’ and the spread ‘σ’ of the symmetric triangular fuzzy
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number can be obtained as a0 = 3
2

1∫
0

(a(λ)−a(λ))(1−λ)dλ, σ = 1
2

1∫
0

(a(λ) +a(λ))dλ.

Remark 2.4 In the entire thesis ‘minimum’ and ‘maximum’ are represented by

‘min’ and ‘max’ respectively.

2.2 Existing method for solving fully fuzzy lin-

ear programming problems with equality con-

straints

Lotfi et al. [80] pointed out that there is no method in literature for solving

fully fuzzy linear programming problems with equality constraints and proposed the

following method to find the fuzzy optimal solution of fully fuzzy linear program-

ming problems with equality constraints (P2.1):

Maximize
n∑
j=1

c̃j ⊗ x̃j

subject to (P2.1)

n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where c̃j, x̃j, ãij and b̃i are non-negative triangular fuzzy numbers.

Step 1 Assuming c̃j = (pj, qj, rj), ãij = (aij, bij, cij), x̃j = (xj, yj, zj) and b̃i =

(bi, gi, hi) the fully fuzzy linear programming problem (P2.1) can be written as:

Maximize
n∑
j=1

(pj, qj, rj)⊗ (xj, yj, zj)

subject to (P2.2)

n∑
j=1

(aij, bij, cij)⊗ (xj, yj, zj) = (bi, gi, hi) ∀ i = 1, 2, ...,m

where (xj, yj, zj) is a non-negative triangular fuzzy number.

Step 2 Using Definition 2.8 and Definition 2.10, the fully fuzzy linear programming

problem (P2.2) can be converted into problem (P2.3):

Maximize
n∑
j=1

[pj + (qj − pj)λ, rj − (rj − qj)λ][xj + (yj − xj)λ, zj − (zj − yj)λ]
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subject to (P2.3)

n∑
j=1

[aij + (bij − aij)λ, cij − (cij − bij)λ][xj + (yj − xj)λ, zj − (zj − yj)λ] = [bi + (gi −

bi)λ, hi − (hi − gi)λ] ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0 ∀ j = 1, 2, ..., n

Step 3 Using the arithmetic operations of intervals, defined in Section 2.1.2.2, the

problem (P2.3) can be converted into the problem (P2.4):

Maximize [
n∑
j=1

(pjxj+λ(pjyj+qjxj−2pjxj)+λ2(qj−pj)(yj−xj)),
n∑
j=1

(rjzj−λ(2rjzj−

rjyj − qjzj) + λ2(rj − qj)(zj − yj))]

subject to (P2.4)

n∑
j=1

[aijxj + λ(aijyj + bijxj − 2aijxj) + λ2(bij − aij)(yj − xj), cijzj − λ(2cijzj − cijyj −

bijzj) + λ2(cij − bij)(zj − yj)] = [bi + λ(gi − bi), hi − λ(hi − gi)] ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0 ∀ j = 1, 2, ..., n

Step 4 Using Remark 2.3, the problem (P2.4) can be converted into the problem

(P2.5):

Maximize (
n∑
j=1

(1
3
qjyj + 1

12
qjzj + 1

12
rjyj + 1

6
rjzj + 1

12
qjxj + 1

12
pjyj + 1

6
pjxj),

n∑
j=1

(1
8
qjzj +

1
8
rjyj + 3

8
rjzj − 1

8
qjxj − 1

8
pjyj − 3

8
pjxj))

subject to (P2.5)

n∑
j=1

(1
3
bijyj + 1

12
bijzj + 1

12
cijyj + 1

6
cijzj + 1

12
bijxj + 1

12
aijyj + 1

6
aijxj,

1
8
bijzj + 1

8
cijyj +

3
8
cijzj − 1

8
bijxj − 1

8
aijyj − 3

8
aijxj) = (1

4
bi + 1

2
gi + 1

4
hi,

1
2
hi − 1

2
bi) ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0 ∀ j = 1, 2, ..., n

Step 5 Using Definition 2.12, convert the obtained fully fuzzy linear programming

(P2.5) into the crisp linear programming problem (P2.6) to maximize the core:

Maximize
n∑
j=1

(1
3
qjyj + 1

12
qjzj + 1

12
rjyj + 1

6
rjzj + 1

12
qjxj + 1

12
pjyj + 1

6
pjxj)

subject to
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n∑
j=1

(1
3
bijyj+

1
12
bijzj+

1
12
cijyj+

1
6
cijzj+

1
12
bijxj+

1
12
aijyj+

1
6
aijxj) = 1

4
bi+

1
2
gi+

1
4
hi ∀ i =

1, 2, ...,m (P2.6)

n∑
j=1

(1
8
bijzj + 1

8
cijyj + 3

8
cijzj − 1

8
bijxj − 1

8
aijyj − 3

8
aijxj) = 1

2
hi − 1

2
bi ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0 ∀ j = 1, 2, ..., n

Step 6 If the crisp linear programming problem (P2.6) has a unique optimal solution

x∗j , y
∗
j and z∗j then the fuzzy optimal solution of (P2.1) will be (x∗j , y

∗
j , z
∗
j ). If it has

alternative optimal solutions then solve the crisp linear programming problem (P2.7)

to minimize spread:

Minimize
n∑
j=1

(1
8
qjzj + 1

8
rjyj + 3

8
rjzj − 1

8
qjxj − 1

8
pjyj − 3

8
pjxj)

subject to

n∑
j=1

(1
3
bijyj+

1
12
bijzj+

1
12
cijyj+

1
6
cijzj+

1
12
bijxj+

1
12
aijyj+

1
6
aijxj) = 1

4
bi+

1
2
gi+

1
4
hi ∀ i =

1, 2, ...,m (P2.7)

n∑
j=1

(1
8
bijzj + 1

8
cijyj + 3

8
cijzj − 1

8
bijxj − 1

8
aijyj − 3

8
aijxj) = 1

2
hi − 1

2
bi ∀ i = 1, 2, ...,m

n∑
j=1

(1
3
qjyj + 1

12
qjzj + 1

12
rjyj + 1

6
rjzj + 1

12
qjxj + 1

12
pjyj + 1

6
pjxj) = a∗

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0 ∀ j = 1, 2, ..., n

where a∗ is the optimal value of the crisp linear programming problem (P2.6).

Step 7 Let x∗j , y
∗
j and z∗j be the optimal solution of crisp linear programming problem

(P2.7). Then, the fuzzy optimal solution of fully fuzzy linear programming problem

(P2.1) is (x∗j , y
∗
j , z
∗
j ).

2.3 Limitations and shortcoming of the existing

method

In this section, the limitations and shortcoming of the existing method [80]

are pointed out.
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2.3.1 Limitations of the existing method

In this section, the limitations of the existing method [80] are pointed out.

The existing method [80] can be used to find the non-negative fuzzy optimal

solution of such fully fuzzy linear programming problems with equality constraints in

which all the parameters are represented by non-negative triangular fuzzy numbers.

However, the existing method [80] cannot be used to find the non-negative fuzzy

optimal solution of the following problems:

(i) Fully fuzzy linear programming problems with equality constraints in which

all the parameters are represented by non-negative trapezoidal fuzzy numbers:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P2.8)

n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where c̃j, ãij, b̃i and x̃j are non-negative trapezoidal fuzzy numbers.

Example 2.1 Maximize ((1, 2, 3, 4)⊗ x̃1 ⊕ (2, 3, 4, 5)⊗ x̃2)

subject to

(0, 1, 2, 3)⊗ x̃1 ⊕ (1, 2, 3, 4)⊗ x̃2 = (2, 10, 24, 44)

(1, 2, 3, 4)⊗ x̃1 ⊕ (0, 1, 2, 3)⊗ x̃2 = (1, 8, 21, 40)

where x̃1 and x̃2 are non-negative trapezoidal fuzzy numbers.

(ii) Fully fuzzy linear programming problems with equality constraints in which

some or all the coefficients are either represented by unrestricted triangular or

trapezoidal fuzzy numbers:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P2.9)
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n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where c̃j, ãij, b̃i are unrestricted triangular or trapezoidal fuzzy numbers and

x̃j is a non-negative triangular or trapezoidal fuzzy number.

Example 2.2 Maximize ((1, 6, 9, 12)⊗ x̃1 ⊕ (2, 3, 8, 9)⊗ x̃2)

subject to

(2, 3, 4, 5)⊗ x̃1 ⊕ (1, 2, 3, 4)⊗ x̃2 = (6, 16, 30, 48)

(−1, 1, 2, 3)⊗ x̃1 ⊕ (1, 3, 4, 6)⊗ x̃2 = (0, 17, 30, 54)

where x̃1 and x̃2 are non-negative trapezoidal fuzzy numbers.

2.3.2 Shortcoming of the existing method

In this section, the shortcoming of the existing method [80] is pointed

out.

For solving the fully fuzzy linear programming problems by using the

existing method [80] there is a need to approximate all the coefficients into

its nearest symmetric fuzzy numbers. Due to this conversion, the obtained

solutions are approximate and do not satisfy the constraints exactly e.g., on

solving the fully fuzzy linear programming problem, chosen in Example 2.3,

by using the existing method [80], the obtained fuzzy optimal solution is

x̃1 = (1.45, 1.45, 3.31) and x̃2 = (0.88, 4.32, 4.32) which does not satisfy the

constraints exactly.

Example 2.3 Maximize ((0, 1, 4)⊗ x̃1 ⊕ (2, 4, 5)⊗ x̃2)

subject to

(2, 3, 7)⊗ x̃1 ⊕ (2, 4, 5)⊗ x̃2 = (6, 18, 46)

(0, 2, 4)⊗ x̃1 ⊕ (3, 5, 8)⊗ x̃2 = (6, 19, 52)
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where x̃1 and x̃2 are non-negative triangular fuzzy numbers.

2.4 Proposed product

For solving the fully fuzzy linear programming problems, there is a need to

find the product of fuzzy coefficients and fuzzy variables. Since, in the fully fuzzy

linear programming problems, the fuzzy coefficients are known and the product of

fuzzy numbers depends upon the nature of fuzzy numbers. So, in this section, on the

basis of nature of fuzzy coefficients new product, with the help of existing product

of two fuzzy numbers [63], is proposed.

Let Ã = (a, b, c, d) be an unrestricted trapezoidal fuzzy number and X̃ =

(x, y, z, w) be a non-negative trapezoidal fuzzy number. Then

Ã⊗ X̃ =



(ax, by, cz, dw) a ≥ 0

(aw, by, cz, dw) a < 0 and b ≥ 0

(aw, bz, cz, dw) b < 0 and c ≥ 0

(aw, bz, cy, dw) c < 0 and d ≥ 0

(aw, bz, cy, dx) otherwise.

2.5 Proposed method to find the non-negative fuzzy

optimal solution of fully fuzzy linear program-

ming problems with equality constraints

In this section, to overcome the limitations as well as to resolve the short-

coming of the existing method [80], discussed in Section 2.3, a new method is pro-

posed to find the non-negative fuzzy optimal solution of fully fuzzy linear program-

ming problems with equality constraints (P2.9).

The steps of the proposed method are as follows:

Step 1 Assuming c̃j = (pj, qj, rj, sj), x̃j = (xj, yj, zj, wj), ã = (aij, bij, cij, dij) and
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b̃ = (bi, gi, hi, ki) the fully fuzzy linear programming problem (P2.9) can be converted

into (P2.10):

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to (P2.10)

n∑
j=1

(aij, bij, cij, dij)⊗ (xj, yj, zj, wj) = (bi, gi, hi, ki) ∀ i = 1, 2, ...,m

where (xj, yj, zj, wj) is a non-negative trapezoidal fuzzy number.

Step 2 Using the product of trapezoidal fuzzy numbers, proposed in Section 2.4

and assuming (aij, bij, cij, dij)⊗ (xj, yj, zj, wj) = (a′ij, b
′
ij, c

′
ij, d

′
ij), the fully fuzzy lin-

ear programming problem (P2.10) can be converted into (P2.11):

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to (P2.11)

n∑
j=1

(a′ij, b
′
ij, c

′
ij, d

′
ij) = (bi, gi, hi, ki) ∀ i = 1, 2, ...,m

where (xj, yj, zj, wj) is a non-negative trapezoidal fuzzy number.

Step 3 Using arithmetic operations, defined in Section 2.1.2.1 and Definition 2.12,

the fully fuzzy linear programming problem (P2.11) can be converted into (P2.12):

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to

n∑
j=1

a′ij = bi ∀ i = 1, 2, ...,m

n∑
j=1

b′ij = gi ∀ i = 1, 2, ...,m (P2.12)

n∑
j=1

c′ij = hi ∀ i = 1, 2, ...,m

n∑
j=1

d′ij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 4 Suppose the fuzzy linear programming problem (P2.12) have ‘l’ basic fea-

sible solutions and {xtj, ytj, ztj, wtj} is the tth basic feasible solution then our aim is
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to find that basic feasible solution out of all ‘l’ basic feasible solutions correspond-

ing to which the value of objective function is maximum (or minimum) i.e., our

aim is to find max (or min)
1≤t≤l

{
n∑
j=1

(pj, qj, rj, sj)⊗ (xtj, y
t
j, z

t
j, w

t
j)}. Liou and Wang [78]

proposed the concept that if max (or min)
1≤t≤l

{<(
n∑
j=1

(pj, qj, rj, sj) ⊗ (xtj, y
t
j, z

t
j, w

t
j))} is

<(
n∑
j=1

(pj, qj, rj, sj)⊗(xθj , y
θ
j , z

θ
j , w

θ
j )) then max (or min)

1≤t≤l
{
n∑
j=1

(pj, qj, rj, sj)⊗(xtj, y
t
j, z

t
j,

wtj)} will also be
n∑
j=1

(pj, qj, rj, sj)⊗(xθj , y
θ
j , z

θ
j , w

θ
j ), where <(a, b, c, d) = 1

4
(a+b+c+d),

i.e., according to the existing method [78], the fuzzy optimal solution of (P2.12) can

be obtained by solving the crisp linear programming problem (P2.13):

Maximize/Minimize <(
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj))

subject to

n∑
j=1

a′ij = bi ∀ i = 1, 2, ...,m (P2.13)

n∑
j=1

b′ij = gi ∀ i = 1, 2, ...,m

n∑
j=1

c′ij = hi ∀ i = 1, 2, ...,m

n∑
j=1

d′ij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 5 Assuming (pj, qj, rj, sj)⊗ (xj, yj, zj, wj) = (p′j, q
′
j, r
′
j, s
′
j) the crisp linear pro-

gramming problem (P2.13) can be written as (P2.14):

Maximize/Minimize <(
n∑
j=1

(p′j, q
′
j, r
′
j, s
′
j))

subject to

n∑
j=1

a′ij = bi ∀ i = 1, 2, ...,m

n∑
j=1

b′ij = gi ∀ i = 1, 2, ...,m (P2.14)

n∑
j=1

c′ij = hi ∀ i = 1, 2, ...,m

n∑
j=1

d′ij = ki ∀ i = 1, 2, ...,m
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xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 6 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, the crisp linear programming problem (P2.14) can be converted into (P2.15):

Maximize/Minimize
n∑
j=1

<(p′j, q
′
j, r
′
j, s
′
j)

subject to

n∑
j=1

a′ij = bi ∀ i = 1, 2, ...,m

n∑
j=1

b′ij = gi ∀ i = 1, 2, ...,m (P2.15)

n∑
j=1

c′ij = hi ∀ i = 1, 2, ...,m

n∑
j=1

d′ij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 7 Using <(a, b, c, d) = 1
4
(a+ b+ c+ d) the crisp linear programming problem

(P2.15) can be converted into (P2.16):

Maximize/Minimize
n∑
j=1

1
4
(p′j + q′j + r′j + s′j)

subject to

n∑
j=1

a′ij = bi ∀ i = 1, 2, ...,m

n∑
j=1

b′ij = gi ∀ i = 1, 2, ...,m (P2.16)

n∑
j=1

c′ij = hi ∀ i = 1, 2, ...,m

n∑
j=1

d′ij = ki ∀ i = 1, 2, ...,m

xj ≥ 0, yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 8 Solve the crisp linear programming problem (P2.16) by using an appropriate

existing method [125] to find the optimal solution {x∗j , y∗j , z∗j , w∗j}.

Step 9 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming

problem (P2.9) by putting the values of x∗j , y
∗
j , z
∗
j and w∗j in x̃∗j = (x∗j , y

∗
j , z
∗
j , w

∗
j ).
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Step 10 Find the fuzzy optimal value by putting the values of x̃∗j , obtained from

Step 9, in
n∑
j=1

c̃j ⊗ x̃∗j .

2.6 Illustrative examples

In this section, the proposed method is illustrated with the help of fully

fuzzy linear programming problems, chosen in Example 2.1 and Example 2.2, which

cannot be solved by using the existing method [80]. Moreover, a fully fuzzy linear

programming problem, which can be solved by using the existing method [80], is

also solved by using the proposed method.

2.6.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems

In this section, fully fuzzy linear programming problems, chosen in Example

2.1, Example 2.2 and Example 2.3, are solved by using the proposed method.

2.6.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 2.1, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, z1, w1) and x̃2 = (x2, y2, z2, w2) the fully fuzzy linear

programming problem, chosen in Example 2.1, can be written as:

Maximize ((1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (2, 3, 4, 5)⊗ (x2, y2, z2, w2))

subject to

(0, 1, 2, 3)⊗ (x1, y1, z1, w1)⊕ (1, 2, 3, 4)⊗ (x2, y2, z2, w2) = (2, 10, 24, 44)

(1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (0, 1, 2, 3)⊗ (x2, y2, z2, w2) = (1, 8, 21, 40)
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where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((x1, 2y1, 3z1, 4w1)⊕ (2x2, 3y2, 4z2, 5w2))

subject to

(0x1, y1, 2z1, 3w1)⊕ (x2, 2y2, 3z2, 4w2) = (2, 10, 24, 44)

(x1, 2y1, 3z1, 4w1)⊕ (0x2, y2, 2z2, 3w2) = (1, 8, 21, 40)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 3 Using the arithmetic operations defined in Section 2.1.2.1 and Definition

2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be writ-

ten as:

Maximize (x1 + 2x2, 2y1 + 3y2, 3z1 + 4z2, 4w1 + 5w2)

subject to

0x1 + x2 = 2

x1 + 0x2 = 1

y1 + 2y2 = 10

2y1 + y2 = 8

2z1 + 3z2 = 24

3z1 + 2z2 = 21

3w1 + 4w2 = 44

4w1 + 3w2 = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming
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problem, obtained in Step 3, can be written as:

Maximize 1
4
(x1 + 2x2 + 2y1 + 3y2 + 3z1 + 4z2 + 4w1 + 5w2)

subject to

0x1 + x2 = 2

x1 + 0x2 = 1

y1 + 2y2 = 10

2y1 + y2 = 8

2z1 + 3z2 = 24

3z1 + 2z2 = 21

3w1 + 4w2 = 44

4w1 + 3w2 = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 5 The optimal solution of the crisp linear programming problem, obtained in

Step 4, is x1 = 1, y1 = 2, z1 = 3, w1 = 4, x2 = 2, y2 = 4, z2 = 6 and w2 = 8.

Step 6 Putting the values of x1, y1, z1, w1, x2, y2, z2 and w2 in x̃1 = (x1, y1, z1, w1)

and x̃2 = (x2, y2, z2, w2), the exact fuzzy optimal solution is x̃1 = (1, 2, 3, 4), x̃2 =

(2, 4, 6, 8).

Step 7 Putting the values of x̃1 and x̃2, obtained from Step 6, in the objective

function the fuzzy optimal value of the fully fuzzy linear programming problem is

(5, 16, 33, 56).

2.6.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,
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chosen in Example 2.2, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, z1, w1) and x̃2 = (x2, y2, z2, w2) the fully fuzzy linear

programming problem, chosen in Example 2.2, can be written as:

Maximize ((1, 6, 9, 12)⊗ (x1, y1, z1, w1)⊕ (2, 3, 8, 9)⊗ (x2, y2, z2, w2))

subject to

(2, 3, 4, 5)⊗ (x1, y1, z1, w1)⊕ (1, 2, 3, 4)⊗ (x2, y2, z2, w2) = (6, 16, 30, 48)

(−1, 1, 2, 3)⊗ (x1, y1, z1, w1)⊕ (1, 3, 4, 6)⊗ (x2, y2, z2, w2) = (0, 17, 30, 54)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((x1, 6y1, 9z1, 12w1)⊕ (2x2, 3y2, 8z2, 9w2))

subject to

(2x1, 3y1, 4z1, 5w1)⊕ (x2, 2y2, 3z2, 4w2) = (6, 16, 30, 48)

(−w1, y1, 2z1, 3w1)⊕ (x2, 3y2, 4z2, 6w2) = (0, 17, 30, 54)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition

2.12, the fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (x1 + 2x2, 6y1 + 3y2, 9z1 + 8z2, 12w1 + 9w2)

subject to

2x1 + x2 = 6

−w1 + x2 = 0

3y1 + 2y2 = 16

y1 + 3y2 = 17

4z1 + 3z2 = 30
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2z1 + 4z2 = 30

5w1 + 4w2 = 48

3z1 + 6z2 = 54

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize 1
4
(x1 + 2x2 + 6y1 + 3y2 + 9z1 + 8z2 + 12w1 + 9w2)

subject to

2x1 + x2 = 6

−w1 + x2 = 0

3y1 + 2y2 = 16

y1 + 3y2 = 17

4z1 + 3z2 = 30

2z1 + 4z2 = 30

5w1 + 4w2 = 48

3z1 + 6z2 = 54

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 5 The optimal solution of the crisp linear programming problem, obtained in

Step 4, is x1 = 1, y1 = 2, z1 = 3, w1 = 4, x2 = 4, y2 = 5, z2 = 6 and w2 = 7.

Step 6 Putting the values of x1, y1, z1, w1, x2, y2, z2 and w2 in x̃1 = (x1, y1, z1, w1)

and x̃2 = (x2, y2, z2, w2), the exact fuzzy optimal solution is x̃1 = (1, 2, 3, 4), x̃2 =

(4, 5, 6, 7).
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Step 7 Putting the values of x̃1 and x̃2, obtained from Step 6, in the objective

function the fuzzy optimal value of the fully fuzzy linear programming problem is

(9, 27, 75, 111).

2.6.1.3 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.3

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 2.3, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2) the fully fuzzy linear pro-

gramming problem, chosen in Example 2.3, can be written as:

Maximize ((0, 1, 4)⊗ (x1, y1, z1)⊕ (2, 4, 5)⊗ (x2, y2, z2))

subject to

(2, 3, 7)⊗ (x1, y1, z1)⊕ (2, 4, 5)⊗ (x2, y2, z2) = (6, 18, 46)

(0, 2, 4)⊗ (x1, y1, z1)⊕ (3, 5, 8)⊗ (x2, y2, z2) = (6, 19, 52)

where (x1, y1, z1) and (x2, y2, z2) are non-negative triangular fuzzy numbers.

Step 2 Using the product, proposed in Section 2.4, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((0x1, y1, 4z1)⊕ (2x2, 4y2, 5z2))

subject to

(2x1, 3y1, 7z1)⊕ (2x2, 4y2, 5z2) = (6, 18, 46)

(0x1, 2y1, 4z1)⊕ (3x2, 5y2, 8z2) = (6, 19, 52)

where (x1, y1, z1) and (x2, y2, z2) are non-negative triangular fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition

2.12, the fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (0x1 + 2x2, y1 + 4y2, 4z1 + 5z2)
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subject to

2x1 + 2x2 = 6

0x1 + 3x2 = 6

3y1 + 4y2 = 18

2y1 + 5y2 = 19

7z1 + 5z2 = 46

4z1 + 8z2 = 52

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize 1
4
(0x1 + 2x2 + 2y1 + 8y2 + 4z1 + 5z2)

subject to

2x1 + 2x2 = 6

0x1 + 3x2 = 6

3y1 + 4y2 = 18

2y1 + 5y2 = 19

7z1 + 5z2 = 46

4z1 + 8z2 = 52

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0

Step 5 The optimal solution of the crisp linear programming problem, obtained in

Step 4, is x1 = 1, y1 = 2, z1 = 3, x2 = 2, y2 = 3 and z2 = 5.

Step 6 Putting the values of x1, y1, z1, x2, y2 and z2 in x̃1 = (x1, y1, z1) and x̃2 =
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(x2, y2, z2), the exact fuzzy optimal solution is x̃1 = (1, 2, 3), x̃2 = (2, 3, 5).

Step 7 Putting the values of x̃1 and x̃2, obtained from Step 6, in the objective

function the fuzzy optimal value of the fully fuzzy linear programming problem is

(4, 14, 37).

2.7 Advantages of the proposed method

In this section, the advantages of proposed method over the existing method

[80] are discussed.

(i) It is easy to apply the proposed method as compared to the existing method

[80].

(ii) The fuzzy optimal solution, obtained by using the existing method [80], does

not exactly satisfy the constraints of the fully fuzzy linear programming prob-

lems while the fuzzy optimal solution, obtained by using the proposed method,

exactly satisfy the constraints of the fully fuzzy linear programming problems.

(iii) The existing method [80] can be used to find the non-negative fuzzy optimal

solution of fully fuzzy linear programming problems (P2.1) but cannot be used

to find the non-negative fuzzy optimal solution of fully fuzzy linear program-

ming problems (P2.8) and (P2.9). However, the proposed method can be used

to find the non-negative fuzzy optimal solution of all the fully fuzzy linear

programming problems (P2.1), (P2.8) and (P2.9).

2.8 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained

by using the existing method [80] and proposed method, are shown in Table 2.1.
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Table 2.1 Results of the chosen fully fuzzy linear programming problems

Example
Fuzzy optimal value

Existing method [80] Proposed method

2.1 Not Applicable (5, 16, 33, 56)

2.2 Not Applicable (9, 27, 75, 111)

2.3 (1.76, 18.75, 34.86) (4, 14, 37)

The results, presented in Table 2.1 can be explained as follows:

(i) In the problems, chosen in Example 2.1 and Example 2.2, all the coefficients

are not non-negative triangular fuzzy numbers. So, due to the limitations of

the existing method [80], discussed in Section 2.3.1, none of these problems can

be solved by using the existing method [80]. However, in the problem, chosen

in Example 2.3, all the coefficients are represented by non-negative triangular

fuzzy numbers. So, as discussed in Section 2.3.1, it can be solved by using the

existing method [80] but due to the shortcoming of the existing method [80],

discussed in Section 2.3.2, the obtained results are not exact.

(ii) The proposed method can be used to find the non-negative fuzzy optimal solu-

tion of fully fuzzy linear programming problems with unrestricted coefficients.

So, all the problems, chosen in Example 2.1, Example 2.2 and Example 2.3,

can be solved by using the proposed method. Also, as discussed in Section

2.7, the results obtained by using the proposed method are exact.

2.9 Conclusions

On the basis of presented study, it can be concluded that it is better to use

the proposed method as compared to the existing method [80] for solving fully fuzzy

linear programming problems with equality constraints.



Chapter 3

A NEW METHOD FOR SOLVING FULLY

FUZZY LINEAR PROGRAMMING

PROBLEMS WITH EQUALITY

CONSTRAINTS

In this chapter, the limitations of the method, proposed in Chapter 2, are

pointed out and to overcome these limitations, a new method is proposed for solving

fully fuzzy linear programming problems with equality constraints. To show the

application of proposed method a real life problem, which cannot be solved by using

the method, proposed in Chapter 2, is solved by using the proposed method.

3.1 Limitations of the previous proposed method

The method, proposed in Chapter 2, can be used to find the exact fuzzy

optimal solution of the following type of problems:

(i) Fully fuzzy linear programming problems with equality constraints having non-

negative fuzzy coefficients and non-negative fuzzy variables.

(ii) Fully fuzzy linear programming problems with equality constraints having un-

restricted fuzzy coefficients and non-negative fuzzy variables.

The contents of this chapter are published in Applied Intelligence 37 (2012) 145-154.
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i.e., the method, proposed in Chapter 2, can be used to find the exact fuzzy optimal

solution of such fully fuzzy linear programming problems with equality constraints

in which all the variables are represented by non-negative fuzzy numbers.

However, the method, proposed in Chapter 2, cannot be used for solving

the following type of problems:

(iii) Fully fuzzy linear programming problems with equality constraints having non-

negative fuzzy coefficients and unrestricted fuzzy variables:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P3.1)

n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where c̃j, ãij are non-negative trapezoidal fuzzy numbers and b̃i, x̃j are unre-

stricted trapezoidal fuzzy numbers.

Example 3.1 Maximize ((1, 2, 3, 4)⊗ x̃1 ⊕ (2, 4, 6, 8)⊗ x̃2)

subject to

(0, 1, 2, 3)⊗ x̃1 ⊕ (1, 3, 5, 7)⊗ x̃2 = (−8, 2, 27, 57)

(2, 4, 7, 9)⊗ x̃1 ⊕ (2, 3, 5, 6)⊗ x̃2 = (−25,−8, 34, 81)

where x̃1 and x̃2 are unrestricted trapezoidal fuzzy numbers.

(iv) Fully fuzzy linear programming problems with equality constraints having un-

restricted fuzzy coefficients and unrestricted fuzzy variables:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P3.2)

n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where c̃j, ãij, b̃i and x̃j are unrestricted trapezoidal fuzzy numbers.

Example 3.2 Maximize ((−2,−1, 3, 6)⊗ x̃1 ⊕ (2, 4, 6, 8)⊗ x̃2)
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subject to

(−3, 2, 5, 7)⊗ x̃1 ⊕ (−2,−1, 5, 7)⊗ x̃2 = (−42,−17, 45, 91)

(1, 2, 3, 4)⊗ x̃1 ⊕ (−4,−3,−2,−1)⊗ x̃2 = (−48,−27,−4, 28)

where x̃1 and x̃2 are unrestricted trapezoidal fuzzy numbers.

i.e., the method, proposed in Chapter 2, cannot be used for solving such fully fuzzy

linear programming problems with equality constraints in which all or some of the

variables are represented by unrestricted fuzzy numbers.

3.2 Proposed product

In this section, the product of two unrestricted trapezoidal fuzzy numbers

is proposed.

Let Ã = (a, b, c, d) and X̃ = (x, y, z, w) be two unrestricted trapezoidal

fuzzy numbers. Then,

Ã⊗X̃ =



(min{ax, dx},min{by, cy},max{bz, cz},max{aw, dw}) a ≥ 0

(min{aw, dx},min{by, cy},max{bz, cz},max{ax, dw}) a < 0 and b ≥ 0

(min{aw, dx},min{bz, cy},max{by, cz},max{ax, dw}) b < 0 and c ≥ 0

(min{aw, dx},min{bz, cz},max{by, cy},max{ax, dw}) c < 0 and d ≥ 0

(min{aw, dw},min{bz, cz},max{by, cy},max{ax, dx}) otherwise.

3.2.1 Particular cases of the proposed product

In this section, all the particular cases of the product, proposed in Section

3.2, are discussed.

(i) Let Ã = (a, b, c, d) be an unrestricted trapezoidal fuzzy number and X̃ =

(x, y, z, w) be a non-negative trapezoidal fuzzy number. Then,
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Ã⊗ X̃ =



(ax, by, cz, dw) a ≥ 0

(aw, by, cz, dw) a < 0 and b ≥ 0

(aw, bz, cz, dw) b < 0 and c ≥ 0

(aw, bz, cy, dw) c < 0 and d ≥ 0

(aw, bz, cy, dx) otherwise.

(ii) Let Ã = (a, b, c, d) be a non-negative trapezoidal fuzzy number and X̃ =

(x, y, z, w) be an unrestricted trapezoidal fuzzy number. Then,

Ã⊗ X̃ = (min{ax, dx},min{by, cy},max{bz, cz},max{aw, dw})

(iii) Let Ã = (a, b, c, d) and X̃ = (x, y, z, w) be two non-negative trapezoidal fuzzy

number. Then,

Ã⊗ X̃ = (ax, by, cz, dw)

3.3 Proposed method for solving fully fuzzy lin-

ear programming problems with equality con-

straints

In this section, to overcome all the limitations of the method, proposed

in Chapter 2, a new method is proposed to find the exact fuzzy optimal solution

of fully fuzzy linear programming problems (P3.2) in which all the parameters are

represented by unrestricted trapezoidal fuzzy numbers.

The steps of the proposed method are as follows:

Step 1 Assuming c̃j = (pj, qj, rj, sj), x̃j = (xj, yj, zj, wj), ãij = (aij, bij, cij, dij) and

b̃i = (bi, gi, hi, ki) the fully fuzzy linear programming problem (P3.2) can be written

as:

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to (P3.3)
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n∑
j=1

(aij, bij, cij, dij)⊗ (xj, yj, zj, wj) = (bi, gi, hi, ki) ∀ i = 1, 2, ...,m

where (xj, yj, zj, wj) is an unrestricted trapezoidal fuzzy number.

Step 2 Using the product of trapezoidal fuzzy numbers, proposed in Section 3.2,

the fully fuzzy linear programming problem (P3.3) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to (P3.4)

n∑
j=1

(min{a′ij, a′′ij},min{b′ij, b′′ij},max{c′ij, c′′ij},max{d′ij, d′′ij}) = (bi, gi, hi, ki) ∀ i = 1, 2,

...,m

where (xj, yj, zj, wj) is an unrestricted trapezoidal fuzzy number and

(min{a′ij , a′′ij},min{b′ij , b′′ij},max{c′ij , c′′ij},max{d′ij , d′′ij}) =

(min{aijxj , dijxj},min{bijyj , cijyj},max{bijzj , cijzj},max{aijwj , dijwj}) aij ≥ 0

(min{aijwj , dijxj},min{bijyj , cijyj},max{bijzj , cijzj},max{dijwj , aijxj}) aij < 0 and bij ≥ 0

(min{aijwj , dijxj},min{bijzj , cijyj},max{bijyj , cijzj},max{aijxj , dijwj}) bij < 0 and cij ≥ 0

(min{aijwj , dijxj},min{bijzj , cijzj},max{bijyj , cijyj},max{aijxj , dijwj}) cij < 0 and dij ≥ 0

(min{aijwj , dijwj},min{bijzj , cijzj},max{bijyj , cijyj},max{aijxj , dijxj}) otherwise.

Step 3 Using arithmetic operations, defined in Section 2.1.2.1 and Definition 2.12,

the fully fuzzy linear programming problem (P3.4) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj)

subject to

n∑
j=1

min{a′ij, a′′ij} = bi ∀ i = 1, 2, ...,m

n∑
j=1

min{b′ij, b′′ij} = gi ∀ i = 1, 2, ...,m (P3.5)

n∑
j=1

max{c′ij, c′′ij} = hi ∀ i = 1, 2, ...,m

n∑
j=1

max{d′ij, d′′ij} = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 4 As discussed in Step 4 of Section 2.5, the fuzzy optimal solution of (P3.5)
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can be obtained by solving the crisp non-linear programming problem (P3.6):

Maximize/Minimize <(
n∑
j=1

(pj, qj, rj, sj)⊗ (xj, yj, zj, wj))

subject to

n∑
j=1

min{a′ij, a′′ij} = bi ∀ i = 1, 2, ...,m

n∑
j=1

min{b′ij, b′′ij} = gi ∀ i = 1, 2, ...,m (P3.6)

n∑
j=1

max{c′ij, c′′ij} = hi ∀ i = 1, 2, ...,m

n∑
j=1

max{d′ij, d′′ij} = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 5 Assuming (pj, qj, rj, sj)⊗(xj, yj, zj, wj) = (min{p′j, p′′j},min{q′j, q′′j },max{r′j, r′′j },

max{s′j, s′′j}) the crisp non-linear programming problem (P3.6) can be written as:

Maximize/Minimize <(
n∑
j=1

(min{p′j, p′′j},min{q′j, q′′j },max{r′j, r′′j },max{s′j, s′′j}))

subject to

n∑
j=1

min{a′ij, a′′ij} = bi ∀ i = 1, 2, ...,m

n∑
j=1

min{b′ij, b′′ij} = gi ∀ i = 1, 2, ...,m (P3.7)

n∑
j=1

max{c′ij, c′′ij} = hi ∀ i = 1, 2, ...,m

n∑
j=1

max{d′ij, d′′ij} = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 6 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, problem (P3.7) can be converted into (P3.8):

Maximize/Minimize (
n∑
j=1

<(min{p′j, p′′j},min{q′j, q′′j },max{r′j, r′′j },max{s′j, s′′j}))

subject to

n∑
j=1

min{a′ij, a′′ij} = bi ∀ i = 1, 2, ...,m

n∑
j=1

min{b′ij, b′′ij} = gi ∀ i = 1, 2, ...,m (P3.8)
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n∑
j=1

max{c′ij, c′′ij} = hi ∀ i = 1, 2, ...,m

n∑
j=1

max{d′ij, d′′ij} = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 7 Using max(a, b) = a+b
2

+ |a−b
2
| and min(a, b) = a+b

2
− |a−b

2
| problem (P3.8)

can be converted into (P3.9):

Maximize/Minimize
n∑
j=1

<(
p′j+p

′′
j

2
−|p

′
j−p′′j
2
|, q

′
j+q

′′
j

2
−| q

′
j−q′′j
2
|, r

′
j+r

′′
j

2
+| r

′
j−r′′j
2
|, s

′
j+s

′′
j

2
+| s

′
j−s′′j
2
|)

subject to

n∑
j=1

(
a′ij+a

′′
ij

2
− |a

′
ij−a′′ij
2
|) = bi ∀ i = 1, 2, ...,m

n∑
j=1

(
b′ij+b

′′
ij

2
− | b

′
ij−b′′ij
2
|) = gi ∀ i = 1, 2, ...,m (P3.9)

n∑
j=1

(
c′ij+c

′′
ij

2
+ | c

′
ij−c′′ij
2
|) = hi ∀ i = 1, 2, ...,m

n∑
j=1

(
d′ij+d

′′
ij

2
+ |d

′
ij−d′′ij
2
|) = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 8 Using <(a, b, c, d) = 1
4
(a + b + c + d) problem (P3.9) can be converted into

(P3.10):

Maximize/Minimize 1
4
(
n∑
j=1

(
p′j+p

′′
j

2
−|p

′
j−p′′j
2
|+ q′j+q

′′
j

2
−| q

′
j−q′′j
2
|+ r′j+r

′′
j

2
+ | r

′
j−r′′j
2
|+ s′j+s

′′
j

2
+

| s
′
j−s′′j
2
|))

subject to

n∑
j=1

(
a′ij+a

′′
ij

2
− |a

′
ij−a′′ij
2
|) = bi ∀ i = 1, 2, ...,m

n∑
j=1

(
b′ij+b

′′
ij

2
− | b

′
ij−b′′ij
2
|) = gi ∀ i = 1, 2, ...,m (P3.10)

n∑
j=1

(
c′ij+c

′′
ij

2
+ | c

′
ij−c′′ij
2
|) = hi ∀ i = 1, 2, ...,m

n∑
j=1

(
d′ij+d

′′
ij

2
+ |d

′
ij−d′′ij
2
|) = ki ∀ i = 1, 2, ...,m

yj − xj ≥ 0, zj − yj ≥ 0, wj − zj ≥ 0 ∀ j = 1, 2, ..., n

Step 9 Solve the crisp non-linear programming problem (P3.10) by using an



40

appropriate existing method [125] to find the optimal solution {x∗j , y∗j , z∗j , w∗j}.

Step 10 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming

problem (P3.2) by putting the values of x∗j , y
∗
j , z
∗
j and w∗j in x̃∗j = (x∗j , y

∗
j , z
∗
j , w

∗
j ).

Step 11 Find the fuzzy optimal value by putting the values of x̃∗j , obtained from

Step 10, in
n∑
j=1

c̃j ⊗ x̃∗j .

3.4 Illustrative examples

In this section, the proposed method is illustrated with the help of fully

fuzzy linear programming problems, chosen in Example 3.1 and Example 3.2, which

cannot be solved by using the method, proposed in Chapter 2. Moreover, the fully

fuzzy linear programming problem, chosen in Example 2.1, which can be solved

by using the method, proposed in Chapter 2, is also solved by using the proposed

method.

3.4.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems

In this section, fully fuzzy linear programming problems, chosen in Example

3.1, Example 3.2 and Example 2.1, are solved by using the proposed method.

3.4.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 3.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 3.1, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, z1, w1) and x̃2 = (x2, y2, z2, w2) the fully fuzzy linear

programming problem, chosen in Example 3.1, can be written as:

Maximize ((1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (2, 4, 6, 8)⊗ (x2, y2, z2, w2))
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subject to

(0, 1, 2, 3)⊗ (x1, y1, z1, w1)⊕ (1, 3, 5, 7)⊗ (x2, y2, z2, w2) = (−8, 2, 27, 57)

(2, 4, 7, 9)⊗ (x1, y1, z1, w1)⊕ (2, 3, 5, 6)⊗ (x2, y2, z2, w2) = (−25,−8, 34, 81)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are unrestricted fuzzy numbers.

Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{x1, 4x1},min{2y1, 3y1},max{2z1, 3z1},max{w1, 4w1})⊕ (min{2x2,

8x2},min{4y2, 6y2},max{4z2, 6z2},max{2w2, 8w2}))

subject to

(min{0, 3x1},min{y1, 2y1},max{z1, 2z1},max{0, 3w1})⊕(min{x2, 7x2},min{3y2, 5y2},

max{3z2, 5z2},max{w2, 7w2}) = (−8, 2, 27, 57)

(min{2x1, 9x1},min{4y1, 7y1},max{4z1, 7z1},max{2w1, 9w1})⊕ (min{2x2, 6x2},min{

3y2, 5y2},max{3z2, 5z2},max{2w2, 6w2}) = (−25,−8, 34, 81)

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition

2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written

as:

Maximize (min{x1, 4x1}+min{2x2, 8x2},min{2y1, 3y1}+min{4y2, 6y2},max{2z1, 3z1}

+max{4z2, 6z2},max{w1, 4w1}+max{2w2, 8w2})

subject to

min{0, 3x1}+min{x2, 7x2} = −8

min{y1, 2y1}+min{3y2, 5y2} = 2

max{z1, 2z1}+max{3z2, 5z2} = 27
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max{0, 3w1}+max{w2, 7w2} = 57

min{2x1, 9x1}+min{2x2, 6x2} = −25

min{4y1, 7y1}+min{3y2, 5y2} = −8

max{4z1, 7z1}+max{3z2, 5z2} = 34

max{2w1, 9w1}+max{2w2, 6w2} = 81

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize <(min{x1, 4x1}+min{2x2, 8x2},min{2y1, 3y1}+min{4y2, 6y2},max{2z1, 3z1}

+max{4z2, 6z2},max{w1, 4w1}+max{2w2, 8w2})

subject to

min{0, 3x1}+min{x2, 7x2} = −8

min{y1, 2y1}+min{3y2, 5y2} = 2

max{z1, 2z1}+max{3z2, 5z2} = 27

max{0, 3w1}+max{w2, 7w2} = 57

min{2x1, 9x1}+min{2x2, 6x2} = −25

min{4y1, 7y1}+min{3y2, 5y2} = −8

max{4z1, 7z1}+max{3z2, 5z2} = 34

max{2w1, 9w1}+max{2w2, 6w2} = 81

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in

Step 4, can be converted into the following crisp non-linear programming problem:
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Maximize 1
4
(5
2
x1− 3

2
|x1|+ 5x2− 3|x2|+ 5

2
y1− 1

2
|y1|+ 5y2− |y2|+ 5

2
z1 + 1

2
|z1|+ 5z2 +

|z2|+ 5
2
w1 + 3

2
|w1|+ 5w2 + 3|w2|)

subject to

3
2
x1 − 3

2
|x1|+ 4x2 − 3|x2| = −8

3
2
y1 − 1

2
|y1|+ 4y2 − |y2| = 2

3
2
z1 + 1

2
|z1|+ 4z2 + |z2| = 27

3
2
w1 + 3

2
|w1|+ 4w2 + 3|w2| = 57

11
2
x1 − 7

2
|x1|+ 4x2 − 2|x2| = −25

11
2
y1 − 3

2
|y1|+ 4y2 − |y2| = −8

11
2
z1 + 3

2
|z1|+ 4z2 + |z2| = 34

11
2
w1 + 7

2
|w1|+ 4w2 + 2|w2| = 81

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 6 The optimal solution of the crisp non-linear programming problem, obtained

in Step 5, is x1 = −3, y1 = −2, z1 = 7
5
, w1 = 5, x2 = 1, y2 = 2, z2 = 121

25
and w2 = 6.

Step 7 Putting the values of x1, y1, z1, w1, x2, y2, z2 and w2 in x̃1 = (x1, y1, z1, w1)

and x̃2 = (x2, y2, z2, w2), the exact fuzzy optimal solution is x̃1 = (−3,−2, 7
5
, 5), x̃2 =

(1, 2, 121
25
, 6).

Step 8 Putting the values of x̃1 and x̃2, obtained from Step 7, in the objective

function the fuzzy optimal value is (−10, 2, 831
25
, 68).

3.4.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 3.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 3.2, can be obtained by using the following steps:
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Step 1 Assuming x̃1 = (x1, y1, z1, w1) and x̃2 = (x2, y2, z2, w2) the fully fuzzy linear

programming problem, chosen in Example 3.2, can be written as:

Maximize ((−2,−1, 3, 6)⊗ (x1, y1, z1, w1)⊕ (2, 4, 6, 8)⊗ (x2, y2, z2, w2))

subject to

(−3, 2, 5, 7)⊗ (x1, y1, z1, w1)⊕ (−2,−1, 5, 7)⊗ (x2, y2, z2, w2) = (−42,−17, 45, 91)

(1, 2, 3, 4)⊗(x1, y1, z1, w1)⊕(−4,−3,−2,−1)⊗(x2, y2, z2, w2) = (−48,−27,−4, 28)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are unrestricted trapezoidal fuzzy numbers.

Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{−2w1, 6x1},min{−z1, 3y1},max{−y1, 3z1},max{−2x1, 6w1})⊕(min{

2x2, 8x2},min{4y2, 6y2},max{4z2, 6z2},max{2w2, 8w2}))

subject to

(min{−3w1, 7x1},min{2y1, 5y1},max{2z1, 5z1},max{7w1,−3x1})⊕(min{−2w2, 7x2},

min{−z2, 5y2},max{−y2, 5z2},max{−2x2, 7w2}) = (−42,−17, 45, 91)

(min{x1, 4x1},min{2y1, 3y1},max{2z1, 3z1},max{w1, 4w1})⊕(min{−4w2,−w2},min{

− 3z2,−2z2},max{−3y2,−2y2},max{−4x2,−x2}) = (−48,−27,−4, 28)

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition

2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written

as:

Maximize (min{−2w1, 6x1}+min{2x2, 8x2},min{−z1, 3y1}+min{4y2, 6y2},max{−y1,

3z1}+max{4z2, 6z2},max{−2x1, 6w1}+max{2w2, 8w2})

subject to
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min{−3w1, 7x1}+min{−2w2, 7x2} = −42

min{2y1, 5y1}+min{−z2, 5y2} = −17

max{2z1, 5z1}+max{−y2, 5z2} = 45

max{7w1,−3x1}+max{−2x2, 7w2} = 91

min{x1, 4x1}+min{−4w2,−w2} = −48

min{2y1, 3y1}+min{−3z2,−2z2} = −27

max{2z1, 3z1}+max{−3y2,−2y2} = −4

max{w1, 4w1}+max{−4x2,−x2} = 28

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize <(min{−2w1, 6x1}+min{2x2, 8x2},min{−z1, 3y1}+min{4y2, 6y2},max{−y1,

3z1}+max{4z2, 6z2},max{−2x1, 6w1}+max{2w2, 8w2})

subject to

min{−3w1, 7x1}+min{−2w2, 7x2} = −42

min{2y1, 5y1}+min{−z2, 5y2} = −17

max{2z1, 5z1}+max{−y2, 5z2} = 45

max{7w1,−3x1}+max{−2x2, 7w2} = 91

min{x1, 4x1}+min{−4w2,−w2} = −48

min{2y1, 3y1}+min{−3z2,−2z2} = −27

max{2z1, 3z1}+max{−3y2,−2y2} = −4

max{w1, 4w1}+max{−4x2,−x2} = 28

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0
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y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in

Step 4, can be converted into the following crisp non-linear programming problem:

Maximize 1
4
(−w1+3x1−|−w1−3x1|+5x2−|−3x2|− 1

2
z1+ 3

2
y1−|− 1

2
z1− 3

2
y1|+5y2−

|−y2|− 1
2
y1+ 3

2
z1+|− 1

2
y1− 3

2
z1|+5z2+|−z2|−x1+3w1+|−x1−3w1|+5w2+|−3w2|)

subject to

−3
2
w1 + 7

2
x1−|− 3

2
w1− 7

2
x1|−w2 + 7

2
x2−|−w2− 7

2
x2| = −42

7
2
y1 − 3

2
|y1| − 1

2
z2 + 5

2
y2 − | − 1

2
z2 − 5

2
y2| = −17

7
2
z1 + 3

2
|z1| − 1

2
y2 + 5

2
z2 + | − 1

2
y2 − 5

2
z2| = 45

7
2
w1 − 3

2
x1 + |7

2
w1 + 3

2
x1| − x2 + 7

2
w2 + | − x2 − 7

2
w2| = 91

5
2
x1 − 3

2
|x1| − 5

2
w2 − 3

2
|w2| = −48

5
2
y1 − 1

2
|y1| − 5

2
z2 − 1

2
|z2| = −27

5
2
z1 + 1

2
|z1| − 5

2
y2 + 1

2
|y2| = −4

5
2
w1 + 3

2
|w1| − 5

2
x2 + 3

2
|x2| = 28

y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 6 The optimal solution of the crisp non-linear programming problem, obtained

in Step 5, is x1 = −2, y1 = −2, z1 = 2, w1 = 3, x2 = −4, y2 = 5, z2 = 7 and w2 = 10.

Step 7 Putting the values of x1, y1, z1, w1, x2, y2, z2 and w2 in x̃1 = (x1, y1, z1, w1)

and x̃2 = (x2, y2, z2, w2), the exact fuzzy optimal solution is x̃1 = (−2,−2, 2, 3), x̃2 =

(−4, 5, 7, 10).

Step 8 Putting the values of x̃1 and x̃2, obtained from Step 7, in the objective

function the fuzzy optimal value is (−44, 14, 48, 98).
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3.4.1.3 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 2.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 2.1, can also be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, z1, w1) and x̃2 = (x2, y2, z2, w2) the fully fuzzy linear

programming problem, chosen in Example 2.1, can be written as:

Maximize ((1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (2, 3, 4, 5)⊗ (x2, y2, z2, w2))

subject to

(0, 1, 2, 3)⊗ (x1, y1, z1, w1)⊕ (1, 2, 3, 4)⊗ (x2, y2, z2, w2) = (2, 10, 24, 44)

(1, 2, 3, 4)⊗ (x1, y1, z1, w1)⊕ (0, 1, 2, 3)⊗ (x2, y2, z2, w2) = (1, 8, 21, 40)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 2 Using the product, proposed in Section 3.2, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{x1, 4x1},min{2y1, 3y1},max{2z1, 3z1},max{w1, 4w1})⊕ (min{2x2,

5x2},min{3y2, 4y2},max{3z2, 4z2},max{2w2, 5w2}))

subject to

(min{0x1, 3x1},min{y1, 2y1},max{z1, 2z1},max{0w1, 3w1})⊕(min{x2, 4x2},min{2y2,

3y2},max{2z2, 3z2},max{w2, 4w2}) = (2, 10, 24, 44)

(min{x1, 4x1},min{2y1, 3y1},max{2z1, 3z1},max{w1, 4w1})⊕(min{0x2, 3x2},min{y2,

2y2},max{z2, 2z2},max{0w2, 3w2}) = (1, 8, 21, 40)

where (x1, y1, z1, w1) and (x2, y2, z2, w2) are non-negative trapezoidal fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 2.1.2.1 and Definition

2.12, the fully fuzzy linear programming problem, obtained in Step 2, can be written

as:
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Maximize (min{x1, 4x1}+min{2x2, 5x2},min{2y1, 3y1}+min{3y2, 4y2},max{2z1, 3z1}

+max{3z2, 4z2},max{w1, 4w1}+max{2w2, 5w2})

subject to

min{0x1, 3x1}+min{x2, 4x2} = 2

min{y1, 2y1}+min{2y2, 3y2} = 10

max{z1, 2z1}+max{2z2, 3z2} = 24

max{0w1, 3w1}+max{w2, 4w2} = 44

min{x1, 4x1}+min{0x2, 3x2} = 1

min{2y1, 3y1}+min{y2, 2y2} = 8

max{2z1, 3z1}+max{z2, 2z2} = 21

max{w1, 4w1}+max{0w2, 3w2} = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize <(min{x1, 4x1}+min{2x2, 5x2},min{2y1, 3y1}+min{3y2, 4y2},max{2z1, 3z1}

+max{3z2, 4z2},max{w1, 4w1}+max{2w2, 5w2})

subject to

min{0x1, 3x1}+min{x2, 4x2} = 2

min{y1, 2y1}+min{2y2, 3y2} = 10

max{z1, 2z1}+max{2z2, 3z2} = 24

max{0w1, 3w1}+max{w2, 4w2} = 44

min{x1, 4x1}+min{0x2, 3x2} = 1

min{2y1, 3y1}+min{y2, 2y2} = 8
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max{2z1, 3z1}+max{z2, 2z2} = 21

max{w1, 4w1}+max{0w2, 3w2} = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 5 Using Step 7 and Step 8 of the proposed method, the problem, obtained in

Step 3, can be written as:

Maximize 1
4
(5x1

2
− | − 3x1

2
|+ 7x2

2
− | − 3x2

2
|+ 5y1

2
− | − y1

2
|+ 7y2

2
− | − y2

2
|+ 5z1

2
+ | −

z1
2
|+ 7z2

2
+ | − z2

2
|+ 5w1

2
+ | − 3w1

2
|+ 7z2

2
+ | − 3z2

2
|)

subject to

3x1
2
− | − 3x1

2
|+ 5x2

2
− | − 3x2

2
| = 2

3y1
2
− | − y1

2
|+ 5y2

2
− | − y2

2
| = 10

3z1
2

+ | − z1
2
|+ 5z2

2
+ | − z2

2
| = 24

3w1

2
− | − 3w1

2
|+ 5w2

2
+ | − 3w2

2
| = 44

5x1
2
− | − 3x1

2
|+ 3x2

2
− | − 3x2

2
| = 1

5y1
2
− | − y1

2
|+ 3y2

2
− | − y2

2
| = 8

3z1
2

+ | − z1
2
|+ 3z2

2
+ | − z2

2
| = 21

5w1

2
− | − 3w1

2
|+ 3w2

2
− | − 3w2

2
| = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 6 Since, x1 ≥ 0, y1 ≥ 0, z1 ≥ 0, w1 ≥ 0, x2 ≥ 0, y2 ≥ 0, z2 ≥ 0 and w2 ≥ 0 so

the problem, obtained in Step 5, can be written as:

Maximize 1
4
(x1 + 2x2 + 2y1 + 3y2 + 3z1 + 4z2 + 4w1 + 5w2)

subject to

0x1 + x2 = 2
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x1 + 0x2 = 1

y1 + 2y2 = 10

2y1 + y2 = 8

2z1 + 3z2 = 24

3z1 + 2z2 = 21

3w1 + 4w2 = 44

4w1 + 3w2 = 40

x1 ≥ 0, y1 − x1 ≥ 0, z1 − y1 ≥ 0, w1 − z1 ≥ 0

x2 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0, w2 − z2 ≥ 0

Step 7 The optimal solution of the crisp linear programming problem, obtained in

Step 6, is x1 = 1, y1 = 2, z1 = 3, w1 = 4, x2 = 2, y2 = 4, z2 = 6 and w2 = 8.

Step 8 Putting the values of x1, y1, z1, w1, x2, y2, z2 and w2 in x̃1 = (x1, y1, z1, w1)

and x̃2 = (x2, y2, z2, w2), the exact fuzzy optimal solution is x̃1 = (1, 2, 3, 4), x̃2 =

(2, 4, 6, 8).

Step 9 Putting the values of x̃1 and x̃2, obtained from Step 8, in the objective

function the fuzzy optimal value is (5, 16, 33, 56).

3.5 Advantages of the proposed method

In this section, the advantages of proposed method over the method, pro-

posed in Chapter 2, are discussed.

(i) The fully fuzzy linear programming problems (P2.1) and (P2.9) which can be

solved by using the the method, proposed in Chapter 2, can also be solved by

using the method proposed in this chapter and the obtained results are same.
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(ii) The fully fuzzy linear programming problems (P3.1) and (P3.2) which cannot

be solved by using the method, proposed in Chapter 2, can be solved by using

the method proposed in this chapter.

3.6 Real life application of the proposed method

Kaur and Kumar [65] proposed a new method, based on tabular representa-

tion of transportation problems, to find the fuzzy optimal solution of uncapacitated

fully fuzzy transportation problems and solved the real life uncapacitated fully fuzzy

transportation problem, chosen in Section 3.6.1, to show the application of the pro-

posed method.

In the existing method [65], it is assumed that the rank (
xij+2yij+zij

4
) of fuzzy

variables x̃ij = (xij, yij, zij), representing the optimal amount of the product that

should be transported from ith source to jth destination, should be greater than or

equal to zero. For several unrestricted triangular fuzzy numbers, the rank can be

greater than or equal to zero e.g., the rank of unrestricted triangular fuzzy number

(−2,−1, 6) is positive. So, to find the fuzzy optimal solution of the chosen real life

problem by using its fuzzy linear programming formulation, there is a need to solve

a fully fuzzy linear programming problem with unrestricted fuzzy variables.

As discussed in Section 3.1, there is no method in the literature to solve

fully fuzzy linear programming problems with unrestricted fuzzy variables. So, the

real life problem, chosen in Section 3.6.1, cannot be solved by any of the existing

methods. Although, the uncapacitated fully fuzzy transportation problem can be

solved by using the tabular method [65]. However, there may exist several problems

which can be solved only by using fuzzy linear programming approach e.g., there is
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no tabular method in the literature to solve the crisp capacitated minimal cost flow

problems which can be extended to propose a new method for solving fully fuzzy

capacitated minimal cost flow problems but such problems can be formulated as a

fuzzy linear programming problem and then can be solved by using the proposed

method.

In this section, to show the application of proposed method, the real life

problem, chosen in Section 3.6.1, is solved by using the proposed method and it is

concluded that the results, obtained by using the existing method [65] and proposed

method are same.

3.6.1 Description of the problem

Dali Company is the leading producer of soft drinks and low-temperature

foods in Taiwan. Currently, Dali plans to develop the South-East Asian market

and broaden the visibility of Dali products in the Chinese market. Notably, fol-

lowing the entry of Taiwan to the World Trade Organization, Dali plans to seek

strategic alliance with prominent international companies and introduced interna-

tional bread to lighten the embedded future impact . In the domestic soft drinks

market, Dali produces tea beverages to meet demand from four distribution centers

in Taichung, Chiayi, Kaohsiung and Taipei, with production being based at three

plants in Changhua, Touliu and Hsinchu. According to the preliminary environ-

mental information, Table 3.1 summarizes the potential supply available from these

three plants, the forecast demand from the four distribution centers and the unit

transportation costs for each route used by Dali for the upcoming season.

The environmental coefficients and related parameters generally are
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imprecise numbers with triangular possibility distributions over the planning horizon

due to incomplete or unobtainable information. For example, the available supply of

the Changhua plant is ($7.2, $8, $8.8) thousand dozen bottles, the forecast demand

of the Taichung distribution center is ($6.2, $7, $7.8) thousand dozen bottles and the

transportation cost per dozen bottles from Changhua to Taichung is ($8, $10, $10.8).

Due to transportation costs being a major expense, the management of Dali is

initiating a study to reduce these costs as much as possible.

Table 3.1 Summarized data in the Dali case (in U.S. dollar)

Source
Destination Supply(000

Taichung Chiayi Kaohsiung Taipei dozen bottles)

Changhua ($8, $10, $10.8) ($20.4, $22, $24) ($8, $10, $10.6) ($18.8, $20, $22) (7.2, 8, 8.8)

Touliu ($14, $15, $16) ($18.2, $20, $22) ($10, $12, $13) ($6, $8, $8.8) (12, 14, 16)

Hsinchu ($18.4, $20, $21) ($9.6, $12, $13) ($7.8, $10, $10.8) ($14, $15, $16) (10.2, 12, 13.8)

Demand(000
(6.2, 7, 7.8) (8.9, 10, 11.1) (6.5, 8, 9.5) (7.8, 9, 10.2)

dozen bottles)

Solution : The chosen real life problem [65] can be formulated into the following

fully fuzzy linear programming problem:

Minimize (($8, $10, $10.8) ⊗ x̃11 ⊕ ($20.4, $22, $24) ⊗ x̃12 ⊕ ($8, $10, $10.6) ⊗ x̃13 ⊕

($18.8, $20, $22)⊗x̃14⊕($14, $15, $16)⊗x̃21⊕($18.2, $20, $22)⊗x̃22⊕($10, $12, $13)⊗

x̃23⊕($6, $8, $8.8)⊗x̃24⊕($18.4, $20, $21)⊗x̃31⊕($9.6, $12, $13)⊗x̃32⊕($7.8, $10, $10.8)

⊗ x̃33 ⊕ ($14, $15, $16)⊗ x̃34)

subject to

x̃11 ⊕ x̃12 ⊕ x̃13 ⊕ x̃14 = (7.2, 8, 8.8)

x̃21 ⊕ x̃22 ⊕ x̃23 ⊕ x̃24 = (12, 14, 16)

x̃31 ⊕ x̃32 ⊕ x̃33 ⊕ x̃34 = (10.2, 12, 13.8)

x̃11 ⊕ x̃21 ⊕ x̃31 = (6.2, 7, 7.8)
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x̃12 ⊕ x̃22 ⊕ x̃32 = (8.9, 10, 11.1)

x̃13 ⊕ x̃23 ⊕ x̃33 = (6.5, 8, 9.5)

x̃14 ⊕ x̃24 ⊕ x̃34 = (7.8, 9, 10.2)

x̃ij � 0̃ ∀ i = 1, ..., 3, j = 1, ..., 4

x̃ij � 0̃⇒ x̃ij is an unrestricted fuzzy number.

Assuming x̃ij = (xij, yij, zij) and applying the proposed method, the ob-

tained minimum total fuzzy transportation cost is ($20439
100

, $7047
20
, $45651

100
).

Remark 3.1 In all the existing methods [4,16,36,49,80,90,91] and also in the pro-

posed method it is assumed that if a fuzzy number Ã is the fuzzy optimal solution

of a problem and if there exist any fuzzy number B̃ such that <(Ã) = <(B̃) then

B̃ will also be a fuzzy optimal solution of the same problem. Although, the fuzzy

numbers, representing the minimum total fuzzy transportation cost, for the real life

problem, chosen in Section 3.6.1, obtained by using the existing method [65] and

proposed methods are ($2796
10
, $352, $382) and ($20439

100
, $7047

20
, $45651

100
) respectively but

<($2796
10
, $352, $382) = <($20439

100
, $7047

20
, $45651

100
) which implies that there exist alterna-

tive fuzzy optimal solution of the chosen real life problem.

3.7 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained

by using the method, proposed in Chapter 2, and the method proposed in this

chapter, are shown in Table 3.2.
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Table 3.2 Results of the chosen fully fuzzy linear programming problems

Example
Fuzzy optimal value

Method proposed in Chapter 2 Method proposed in this chapter

2.1 (5, 16, 33, 56) (5, 16, 33, 56)

2.2 (9, 27, 75, 111) (9, 27, 75, 111)

3.1 Not Applicable (−10, 2, 831
25 , 68)

3.2 Not Applicable (−44, 14, 48, 98)
Real life problem Not Applicable ($ 20439

100 , $ 7047
20 , $ 45651

100 )

The results, presented in Table 3.2, can be explained as follows:

(i) In the problems, chosen in Example 2.1 and Example 2.2, all the decision

variables are represented by non-negative trapezoidal fuzzy numbers. While,

in the problems, chosen in Example 3.1, Example 3.2 and existing real life

problem [65] all the decision variables are represented by unrestricted fuzzy

numbers. So, as discussed in Section 3.1, the problems, chosen in Example 2.1

and Example 2.2, can be solved by using the method proposed in Chapter 2

but the problems, chosen in Example 3.1, Example 3.2 and existing real life

problem [65], cannot be solved by using the method proposed in Chapter 2.

(ii) Since, the proposed method can be used to find the fuzzy optimal solution of

fully fuzzy linear programming problems with unrestricted fuzzy parameters.

So, all the chosen problems as well as the existing real life problem [65] can be

solved by using the proposed method.

3.8 Conclusions

On the basis of presented study, it can be concluded that it is better to

use the method, proposed in this chapter, as compared to the method, proposed in

previous chapter, for solving fully fuzzy linear programming problems with equality

constraints.





Chapter 4

AN EFFICIENT METHOD FOR SOLVING

FULLY FUZZY LINEAR PROGRAMMING

PROBLEMS WITH EQUALITY

CONSTRAINTS

In the literature [30] it is pointed out that there may exist several real

life problems in which it is not always possible to represent all the parameters as

triangular or trapezoidal fuzzy numbers and due to the same reason several authors

[30,51,75,112,116] have represented the parameters as LR flat fuzzy numbers instead

of triangular or trapezoidal fuzzy numbers.

To the best of our knowledge, till now no one have defined the product of

such LR fuzzy numbers or LR flat fuzzy numbers which are neither non-negative

nor non-positive. Due to non-existence of such product, till now there is no method

in the literature for solving such fully fuzzy linear programming problems in which

some or all the parameters are represented by such LR fuzzy numbers or LR flat

fuzzy numbers which are neither non-negative nor non-positive. In this chapter, the

product of such fuzzy numbers is proposed and also the limitations of the method,

proposed in Chapter 3, are pointed out. To overcome the limitations of the method,

The contents of this chapter are communicated in Applied Mathematical Modelling.
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proposed in Chapter 3, a new method is proposed to find the fuzzy optimal solution

of fully fuzzy linear programming problems with equality constraints.

4.1 Preliminaries

In this section, some basic definitions and arithmetic operations of LR flat

fuzzy numbers are presented [30].

4.1.1 Basic definitions

In this section, some basic definitions are presented.

Definition 4.1 [30] A function L : [0,∞)→ [0, 1] (or R : [0,∞)→ [0, 1]) is said to

be reference function of fuzzy number if and only if

(i) L(0) = 1 (or R(0) = 1)

(ii) L (or R) is non-increasing on [0,∞).

Definition 4.2 [30] A fuzzy number Ã, defined on universal set of real numbers R,

denoted as (m,n, α, β)LR, is said to be an LR flat fuzzy number if its membership

function µÃ(x) is given by

µÃ(x) =


L(m−x

α
) x ≤ m, α > 0

R(x−n
β

) x ≥ n, β > 0

1 m ≤ x ≤ n

Definition 4.3 [30] Let Ã = (m,n, α, β)LR be an LR flat fuzzy number and λ be a

real number in the interval [0, 1]. Then, the crisp set Aλ = {x ∈ X : µÃ(x) ≥ λ} =

[m− αL−1(λ), n+ βR−1(λ)], is said to be λ-cut of Ã.

Definition 4.4 [30] An LR flat fuzzy number Ã = (m,n, α, β)LR is said to be zero

LR flat fuzzy number if and only if m = 0, n = 0, α = 0 and β = 0.

Definition 4.5 [30] Two LR flat fuzzy numbers Ã1 = (m1, n1, α1, β1)LR and Ã2 =
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(m2, n2, α2, β2)LR are said to be equal i.e., Ã1 = Ã2 if and only if m1 = m2, n1 =

n2, α1 = α2 and β1 = β2.

Definition 4.6 [25] An LR flat fuzzy number Ã = (m,n, α, β)LR is said to be non-

negative LR flat fuzzy number if and only if m−α ≥ 0 and is said to be non-positive

LR flat fuzzy number if and only if m− α ≤ 0.

Definition 4.7 An LR flat fuzzy number Ã = (m,n, α, β)LR is said to be unre-

stricted LR flat fuzzy number if and only if m− α is a real number.

Remark 4.1 If m = n then an LR flat fuzzy number (m,n, α, β)LR is said to be an

LR fuzzy number and is denoted as (m,m,α, β)LR or (n, n, α, β)LR or (m,α, β)LR

or (n, α, β)LR.

Remark 4.2 If m = n and L(x) = R(x) = max{0, 1 − x} then an LR flat fuzzy

number (m,n, α, β)LR is said to be a triangular fuzzy number and is denoted as

(a, b, c) where a = m− α, b = m(or n), c = m+ β(or n+ β).

Remark 4.3 If m 6= n and L(x) = R(x) = max{0, 1 − x} then an LR flat fuzzy

number (m,n, α, β)LR is said to be a trapezoidal fuzzy number and is denoted as

(a, b, c, d) where a = m− α, b = m, c = n, d = n+ β.

4.1.2 Arithmetic operations

In this section, the arithmetic operations between LR flat fuzzy numbers

are presented [30].

Let Ã1 = (m1, n1, α1, β1)LR, Ã2 = (m2, n2, α2, β2)LR be any LR flat fuzzy

numbers and Ã3 = (m3, n3, α3, β3)RL be any RL flat fuzzy number. Then,

(i) Ã1 ⊕ Ã2 = (m1 +m2, n1 + n2, α1 + α2, β1 + β2)LR

(ii) Ã1 	 Ã3 = (m1 − n3, n1 −m3, α1 + β3, β1 + α3)LR
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(iii) If Ã1 and Ã2 both are non-negative, then

Ã1 ⊗ Ã2 = (m1m2, n1n2,m1α2 + α1m2 − α1α2, n1β2 + β1n2 + β1β2)LR

(iv) If Ã1 is non-positive and Ã2 is non-negative, then

Ã1 ⊗ Ã2 = (m1n2, n1m2, α1n2 −m1β2 + α1β2, β1m2 − n1α2 − β1α2)LR

(v) If Ã1 is non-negative and Ã2 is non-positive, then

Ã1 ⊗ Ã2 = (n1m2,m1n2, n1α2 − β1m2 + β1α2,m1β2 − α1n2 − α1β2)LR

(vi) If Ã1 and Ã2 both are non-positive, then

Ã1 ⊗ Ã2 = (n1n2,m1m2,−n1β2 − β1n2 − β1β2,−m1α2 − α1m2 + α1α2)LR

(vii) λÃ1 =

{
(λm1, λn1, λα1, λβ1)LR λ ≥ 0

(λn1, λm1,−λβ1,−λα1)RL λ ≤ 0

There also exist another formula [30] for the product of such LR flat fuzzy

numbers in which the spreads α1, α2, β1 and β2 are smaller as compared to the mean

values m1 and m2:

(i) If Ã1 and Ã2 both are non-negative, then

Ã1 � Ã2 = (m1m2, n1n2,m1α2 + α1m2, n1β2 + β1n2)LR

(ii) If Ã1 is non-positive and Ã2 is non-negative, then

Ã1 � Ã2 = (m1n2, n1m2, α1n2 −m1β2, β1m2 − n1α2)LR

(iii) If Ã1 is non-negative and Ã2 is non-positive, then

Ã1 � Ã2 = (n1m2,m1n2, n1α2 − β1m2,m1β2 − α1n2)LR

(iv) If Ã1 and Ã2 both are non-positive, then

Ã1 � Ã2 = (n1n2,m1m2,−n1β2 − β1n2,−m1α2 − α1m2)LR

Remark 4.4 Using Yager’s ranking approach [141], the value of Yager’s ranking in-

dex <(Ã) for any parameter, represented by LR flat fuzzy number Ã = (m,n, α, β)LR

is as follows:
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(i) If L(x) = R(x) = max{0, 1− x} then <(Ã) = 1
2
(m+ n) + 1

4
(β − α)

(ii) If L(x) = max{0, 1− x} and R(x) = max{0, 1− x2} then <(Ã) = 1
2
(m+ n) +

1
3
β − 1

4
α

(iii) If L(x) = max{0, 1− x2} and R(x) = max{0, 1− x} then <(Ã) = 1
2
(m+ n) +

1
4
β − 1

3
α

To find the ranking index for LR fuzzy numbers put m = n in the all of the

above obtained formulas of LR flat fuzzy numbers.

4.2 Proposed product

The existing product rule, presented in Section 4.1.2 can be used to find the

product of such LR fuzzy numbers or LR flat fuzzy numbers which are either non-

negative or non-positive. To the best of our knowledge, till now no one have defined

the product of such LR fuzzy numbers or LR flat fuzzy numbers which are neither

non-negative nor non-positive e.g., if Ã1 = (1, 3, 4, 2)LR and Ã2 = (2, 4, 5, 3)LR are

two LR flat fuzzy numbers then there is no product rule to find the value of Ã1⊗ Ã2

or Ã1 � Ã2. Due to non-existence of such product, till now there is no method in

the literature for solving such fully fuzzy linear programming problems in which

some or all the parameters are represented by such LR fuzzy numbers or LR flat

fuzzy numbers which are neither non-negative nor non-positive. In this section,

corresponding to the existing product rules, presented in Section 4.1.2, new product

rules are introduced.

4.2.1 New product corresponding to the existing product ⊗

In this section, new product corresponding to the existing product ⊗, is

introduced.
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Proposition 4.1 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

LR flat fuzzy numbers such that m1 − α1 < 0 and m1 ≥ 0 then Ã1 ⊗ Ã2 =

(m′1, n
′
1, α

′
1, β

′
1)LR, where m′1 = min{m1m2, n1m2}, n′1 = max{m1n2, n1n2}, α′1 =

min{m1m2, n1m2}−min{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+β1m2−β1α2}, β′1 =

max{m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 +β1n2 +β1β2}−max{m1n2, n1n2}.

Proof: Let Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR be two LR flat

fuzzy numbers such that m1 − α1 < 0 and m1 ≥ 0. Then, using the Definition 4.3,

Aλ1 = [m1 − α1L
−1(λ), n1 + β1R

−1(λ)] and Aλ2 = [m2 − α2L
−1(λ), n2 + β2R

−1(λ)].

Since m1 − α1 < 0 and m1 ≥ 0 so m1 − α1L
−1(λ) ≤ 0 for λ ≥ L(m1

α1
) and

m1 − α1L
−1(λ) ≥ 0 for λ ≤ L(m1

α1
) and n1 + β1R

−1(λ) ≥ 0 for all λ, so to find the

product of Ã1 and Ã2 there is a need to consider the following five cases:

Case (i) If m2 − α2 ≥ 0 then m2 − α2L
−1(λ) ≥ 0 and n2 + β2R

−1(λ) ≥ 0 for all λ

so the following two subcases may arise to find the product of Aλ1 and Aλ2 :

(a) If m1 − α1L
−1(λ) ≥ 0 then

Aλ1A
λ
2 = [(m1−α1L

−1(λ))(m2−α2L
−1(λ)), (n1+β1R

−1(λ))(n2+β2R
−1(λ))]

Putting λ = 1,

Aλ1A
λ
2 = [m1m2, n1n2]. (4.1)

(b) If m1 − α1L
−1(λ) ≤ 0 then

Aλ1A
λ
2 = [(m1−α1L

−1(λ))(n2+β2R
−1(λ)), (n1+β1R

−1(λ))(n2+β2R
−1(λ))]

Putting λ = 0,

Aλ1A
λ
2 = [m1n2+m1β2−α1n2−α1β2, n1n2+n1β2+β1n2+β1β2]. (4.2)

Now combining (4.1) and (4.2):

Ã1 ⊗ Ã2 = (m′′1, n
′′
1, α

′′
1, β

′′
1 )LR

where m′′1 = m1m2, n
′′
1 = n1n2, α

′′
1 = m1m2−m1n2 +m1β2−α1n2−α1β2, β

′′
1 =
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n1n2 + n1β2 + β1n2 + β1β2 − n1n2.

Case (ii) If m2 − α2 < 0,m2 ≥ 0 then m2 − α2L
−1(λ) ≥ 0 for λ ≤ L(m2

α2
),

m2 − α2L
−1(λ) ≤ 0 for λ ≥ L(m2

α2
) and n2 + β2R

−1(λ) ≥ 0 for all λ so, the

four subcases may arise to find the product of Aλ1 and Aλ2 . Since, the aim is

to find the product of Aλ1 and Aλ2 corresponding to λ = 0 and λ = 1 so there

is a need to consider only the following two subcases:

(a) If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≤ 0 then

Aλ1A
λ
2 = [min{(m1 − α1L

−1(λ))(n2 + β2R
−1(λ)), (n1 + β1R

−1(λ))(m2 −

α2L
−1(λ))},max{(m1−α1L

−1(λ))(m2−α2L
−1(λ)), (n1 +β1R

−1(λ))(n2 +

β2R
−1(λ))}]

Putting λ = 0,

Aλ1A
λ
2 = [min{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+β1m2−β1α2},max{

m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 +β1n2 +β1β2}]. (4.3)

(b) If m1 − α1L
−1(λ) ≥ 0 and m2 − α2L

−1(λ) ≥ 0 then

Aλ1A
λ
2 = [(m1−α1L

−1(λ))(m2−α2L
−1(λ)), (n1+β1R

−1(λ))(n2+β2R
−1(λ))]

Putting λ = 1,

Aλ1A
λ
2 = [m1m2, n1n2]. (4.4)

Now combining (4.3) and (4.4):

Ã1 ⊗ Ã2 = (m′′2, n
′′
2, α

′′
2, β

′′
2 )LR

where m′′2 = m1m2, n
′′
2 = n1n2, α

′′
2 = m1m2−min{m1n2 + m1β2 − α1n2 −

α1β2−m1m2, n1m2−n1α2 +β1m2−β1α2}, β′′2 = max{m1m2−m1α2−α1m2 +

α1α2, n1n2 + n1β2 + β1n2 + β1β2} − n1n2.

Case (iii) If m2 < 0, n2 ≥ 0 then m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0 for

all λ so the following two subcases may arise to find the product of Aλ1 and



64

Aλ2 :

(a) If m1 − α1L
−1(λ) ≥ 0 then

Aλ1A
λ
2 = [(n1+β1R

−1(λ))(m2−α2L
−1(λ)), (n1+β1R

−1(λ))(n2+β2R
−1(λ))]

Putting λ = 1,

Aλ1A
λ
2 = [n1m2, n1n2]. (4.5)

(b) If m1 − α1L
−1(λ) ≤ 0 then

Aλ1A
λ
2 = [min{(m1 − α1L

−1(λ))(n2 + β2R
−1(λ)), (n1 + β1R

−1(λ))(m2 −

α2L
−1(λ))},max{(m1−α1L

−1(λ))(m2−α2L
−1(λ)), (n1 +β1R

−1(λ))(n2 +

β2R
−1(λ))}]

Putting λ = 0,

Aλ1A
λ
2 = [min{m1n2+m1β2−α1n2−α1β2, n1m2+β1m2−n1α2−β1α2},max{

m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 +β1n2 +β1β2}]. (4.6)

Now combining (4.5) and (4.6):

Ã1 ⊗ Ã2 = (m′′3, n
′′
3, α

′′
3, β

′′
3 )LR

where m′′3 = n1m2, n
′′
3 = n1n2, α

′′
3 = n1m2−min{m1n2 + m1β2 − α1n2 −

α1β2, n1m2+β1m2−n1α2−β1α2}, β′′3 = max{m1m2−m1α2−α1m2+α1α2, n1n2+

n1β2 + β1n2 + β1β2} − n1n2.

Case (iv) If n2 < 0, n2 + β2 ≥ 0 then m2 − α2L
−1(λ) ≤ 0 for all λ and n2 +

β2R
−1(λ) ≤ 0 for λ ≤ R(−n2

β2
), n2 + β2R

−1(λ) ≥ 0 for λ ≥ R(−n2

β2
) so the four

subcases may arise to find the product of Aλ1 and Aλ2 . Since, the aim is to find

the product of Aλ1 and Aλ1 corresponding to λ = 0 and λ = 1 so there is a need

to consider only the following two subcases:

(a) If m1 − α1L
−1(λ) ≥ 0 and n2 + β2R

−1(λ) ≤ 0 then

Aλ1A
λ
2 = [(n1+β1R

−1(λ))(m2−α2L
−1(λ)), (m1−α1L

−1(λ))(n2+β2R
−1(λ))]
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Putting λ = 1,

Aλ1A
λ
2 = [n1m2,m1n2]. (4.7)

(b) If m1 − α1L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0 then

Aλ1A
λ
2 = [min{(m1 − α1L

−1(λ))(n2 + β2R
−1(λ)), (n1 + β1R

−1(λ))(m2 −

α2L
−1(λ))},max{(m1−α1L

−1(λ))(m2−α2L
−1(λ)), (n1 +β1R

−1(λ))(n2 +

β2R
−1(λ))]

Putting λ = 0,

Aλ1A
λ
2 = [min{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+β1m2−β1α2},max{

m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 +β1n2 +β1β2}]. (4.8)

Now combining (4.7) and (4.8):

Ã1 ⊗ Ã2 = (m′′4, n
′′
4, α

′′
4, β

′′
4 )LR

where m′′4 = n1m2, n
′′
4 = m1n2, α

′′
4 = n1m2−min{m1n2 + m1β2 − α1n2 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′4 = max{m1m2−m1α2−α1m2+α1α2, n1n2+

n1β2 + β1n2 + β1β2} −m1n2.

Case(v) If n2 + β2 < 0 then m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≤ 0 for all λ

so the following two subcases may arise:

(a) If m1 − α1L
−1(λ) ≥ 0 then

Aλ1A
λ
2 = [(n1+β1R

−1(λ))(m2−α2L
−1(λ)), (m1−α1L

−1(λ))(n2+β2R
−1(λ))]

Putting λ = 1,

Aλ1A
λ
2 = [n1m2,m1n2]. (4.9)

(b) If m1 − α1L
−1(λ) ≤ 0 then

Aλ1A
λ
2 = [(n1+β1R

−1(λ))(m2−α2L
−1(λ)), (m1−α1L

−1(λ))(m2−α2L
−1(λ))]

Putting λ = 0,

Aλ1A
λ
2 = [n1m2−n1α2+β1m2−β1α2,m1m2−m1α2−α1m2+α1α2]. (4.10)
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Now combining (4.9) and (4.10):

Ã1 ⊗ Ã2 = (m′′5, n
′′
5, α

′′
5, β

′′
5 )LR

where m′′5 = n1m2, n
′′
5 = m1n2, α

′′
5 = n1m2− n1m2− n1α2 + β1m2− β1α2, β

′′
5 =

m1m2 −m1α2 − α1m2 + α1α2 −m1n2.

Combining the results of all five cases the following result is obtained:

If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR flat fuzzy numbers

such that m1 − α1 < 0,m1 ≥ 0 and Ã2 is any LR flat fuzzy number, then

Ã1 ⊗ Ã2 = (m′1, n
′
1, α

′
1, β

′
1)LR ,

where m′1 = min{m1m2, n1m2}, n′1 = max{m1n2, n1n2}, α′1 = min{m1m2, n1m2} −

min{m1n2 + m1β2 − α1n2 − α1β2, n1m2 − n1α2 + β1m2 − β1α2}, β′1 = ma{m1m2 −

m1α2 − α1m2 + α1α2, n1n2 + n1β2 + β1n2 + β1β2}−max{m1n2, n1n2}.

Proposition 4.2 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that m1 < 0 and n1 ≥ 0 then Ã1 ⊗ Ã2 = (m′2, n
′
2, α

′
2, β

′
2)LR,

where m′2 = min{m1n2, n1m2}, n′2 = max{m1m2, n1n2}, α′2 = min{m1n2, n1m2} −

min{m1n2 +m1β2 − α1n2 − α1β2, n1m2 − n1α2 + β1m2 − β1α2}, β′2 = max{m1m2 −

m1α2 − α1m2 + α1α2, n1n2 + n1β2 + β1n2 + β1β2}−max{m1m2, n1n2}.

Proof: Similar to Proposition 4.1.

Proposition 4.3 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

LR flat fuzzy numbers such that n1 < 0 and n1 + β1 ≥ 0 then Ã1 ⊗ Ã2 =

(m′3, n
′
3, α

′
3, β

′
3)LR, where m′3 = min{m1n2, n1n2}, n′3 = max{n1m2,m1m2}, α′3 =

min{m1n2, n1n2}−min{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+β1m2−β1α2}, β′3 =

max{m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 +β1n2 +β1β2}−max{n1m2,m1m2}.
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Proof: Similar to Proposition 4.1.

Proposition 4.4 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that n1 + β1 < 0 then Ã1 ⊗ Ã2 = (m′4, n
′
4, α

′
4, β

′
4)LR, where

m′4 = min{m1n2, n1n2}, n′4 = max{m1m2, n1m2}, α′4 = min{m1n2, n1n2}−min{m1n2

+m1β2−α1n2−α1β2, n1n2 +n1β2 +β1n2 +β1β2}, β′4 = max{n1m2−n1α2 +β1m2−

β1α2,m1m2 −m1α2 − α1m2 + α1α2}−max{m1m2, n1m2}.

Proof: Similar to Proposition 4.1.

Proposition 4.5 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that m1 − α1 ≥ 0 then Ã1 ⊗ Ã2 = (m′5, n
′
5, α

′
5, β

′
5)LR, where

m′5 = min{m1m2, n1m2}, n′5 = max{m1n2, n1n2}, α′5 = min{m1m2, n1m2}−min{m1m2

− m1α2 − α1m2 + α1α2, n1m2 − n1α2 + β1m2 − β1α2}, β′5 = max{m1n2 + m1β2 −

α1n2 − α1β2, n1n2 + n1β2 + β1n2 + β1β2}−max{m1n2, n1n2}.

Proof: Similar to Proposition 4.1.

4.2.2 New product corresponding to the existing product �

In this section, new product corresponding to the existing product �, is

introduced.

Proposition 4.6 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that m1 − α1 ≥ 0 then Ã1 � Ã2 = (m′1, n
′
1, α

′
1, β

′
1)LR, where

m′1 = min{m1m2, n1m2}, n′1 = max{m1n2, n1n2}, α′1 = min{m1m2, n1m2}−min{m1n2

+m1β2−α1n2, n1m2−n1α2+β1m2}, β′1 = max{m1m2−m1α2−α1m2, n1n2+n1β2+

β1n2}−max{m1n2, n1n2}.

Proof: The proposed results may be obtained by considering the following five

cases:
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Case (i) Neglecting the terms α1β2 and β1β2 from the results obtained in Case

(i) of Proposition 4.1, Aλ1A
λ
2 = [m1m2, n1n2] for λ = 1 and Aλ1A

λ
2 = [m1n2 +

m1β2 − α1n2, n1n2 + n1β2 + β1n2] for λ = 0. Combining the both,

Ã1 � Ã2 = (m′′1, n
′′
1, α

′′
1, β

′′
1 )LR

where m′′1 = m1m2, n
′′
1 = n1n2, α

′′
1 = m1m2 − m1n2 + m1β2 − α1n2, β

′′
1 =

n1n2 + n1β2 + β1n2 − n1n2.

Case (ii) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results obtained

in Case (ii) of Proposition 4.1, Aλ1A
λ
2 = [min{m1n2 + m1β2 − α1n2, n1m2 −

n1α2 + β1m2},max{m1m2−m1α2−α1m2, n1n2 + n1β2 + β1n2}] for λ = 0 and

Aλ1A
λ
2 = [m1m2, n1n2] for λ = 1. Combining the both,

Ã1 � Ã2 = (m′′2, n
′′
2, α

′′
2, β

′′
2 )LR

where m′′2 = m1m2, n
′′
2 = n1n2, α

′′
2 = m1m2−min{m1n2 + m1β2 − α1n2 −

m1m2, n1m2− n1α2 + β1m2}, β′′2 = max{m1m2−m1α2− α1m2, n1n2 + n1β2 +

β1n2} − n1n2.

Case (iii) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results ob-

tained in Case (iii) of Proposition 4.1, Aλ1A
λ
2 = [n1m2, n1n2] for λ = 1 and

Aλ1A
λ
2 = [min{m1n2 +m1β2−α1n2, n1m2 +β1m2−n1α2},max{m1m2−m1α2−

α1m2, n1n2 + n1β2 + β1n2}] for λ = 0. Combining the both,

Ã1 � Ã2 = (m′′3, n
′′
3, α

′′
3, β

′′
3 )LR

where m′′3 = n1m2, n
′′
3 = n1n2, α

′′
3 = n1m2−min{m1n2 + m1β2 − α1n2, n1m2 +

β1m2 − n1α2}, β′′3 = max{m1m2 −m1α2 − α1m2, n1n2 + n1β2 + β1n2} − n1n2.

Case (iv) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results ob-

tained in Case (iv) of Proposition 4.1, Aλ1A
λ
2 = [n1m2,m1n2] for λ = 1 and

Aλ1A
λ
2 = [min{m1n2 +m1β2−α1n2, n1m2−n1α2 +β1m2},max{m1m2−m1α2−
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α1m2, n1n2 + n1β2 + β1n2}] for λ = 0. Combining the both,

Ã1 � Ã2 = (m′′4, n
′′
4, α

′′
4, β

′′
4 )LR

where m′′4 = n1m2, n
′′
4 = m1n2, α

′′
4 = n1m2−min{m1n2 +m1β2 − α1n2, n1m2 −

n1α2 + β1m2}, β′′4 = max{m1m2 −m1α2 − α1m2, n1n2 + n1β2 + β1n2} −m1n2.

Case (v) Neglecting the terms β1α2 and α1α2 from the results obtained in Case

(v) of Proposition 4.1, Aλ1A
λ
2 = [n1m2,m1n2] for λ = 1 and Aλ1A

λ
2 = [n1m2 −

n1α2 + β1m2,m1m2 −m1α2 − α1m2] for λ = 0. Combining the both,

Ã1 � Ã2 = (m′′5, n
′′
5, α

′′
5, β

′′
5 )LR

where m′′5 = n1m2, n
′′
5 = m1n2, α

′′
5 = n1m2−n1m2−n1α2+β1m2, β

′′
5 = m1m2−

m1α2 − α1m2 −m1n2.

Combining the results of all five cases the following result is obtained:

If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR flat fuzzy numbers

such that m1 − α1 < 0,m1 ≥ 0 and Ã2 is any LR flat fuzzy number, then

Ã1 � Ã2 = (m′1, n
′
1, α

′
1, β

′
1)LR

where m′1 = min{m1m2, n1m2}, n′1 = max{m1n2, n1n2}, α′1 = min{m1m2, n1m2} −

min{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2}, β′1 = max{m1m2−m1α2−α1m2, n1n2+

n1β2 + β1n2}−max{m1n2, n1n2}.

Proposition 4.7 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that m1 < 0 and n1 ≥ 0 then Ã1 � Ã2 = (m′2, n
′
2, α

′
2, β

′
2)LR,

where m′2 = min{m1n2, n1m2}, n′2 = max{m1m2, n1n2}, α′2 = min{m1n2, n1m2} −

min{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2}, β′2 = max{m1m2−m1α2−α1m2, n1n2+

n1β2 + β1n2}−max{m1m2, n1n2}.

Proof: Similar to Proposition 4.6.
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Proposition 4.8 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

LR flat fuzzy numbers such that n1 < 0 and n1 + β1 ≥ 0 then Ã1 � Ã2 =

(m′3, n
′
3, α

′
3, β

′
3)LR, where m′3 = min{m1n2, n1n2}, n′3 = max{n1m2,m1m2}, α′3 =

min{m1n2, n1n2}−min{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2}, β′3 = max{m1m2−

m1α2 − α1m2, n1n2 + n1β2 + β1n2}−max{n1m2,m1m2}.

Proof: Similar to Proposition 4.6.

Proposition 4.9 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that n1 + β1 < 0 then Ã1 � Ã2 = (m′4, n
′
4, α

′
4, β

′
4)LR, where

m′4 = min{m1n2, n1n2}, n′4 = max{m1m2, n1m2}, α′4 = min{m1n2, n1n2}−min{m1n2

+m1β2−α1n2, n1n2 +n1β2 +β1n2}, β′4 = max{n1m2−n1α2 +β1m2,m1m2−m1α2−

α1m2}−max{m1m2, n1m2}.

Proof: Similar to Proposition 4.6.

Proposition 4.10 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two LR

flat fuzzy numbers such that m1 − α1 ≥ 0 then Ã1 � Ã2 = (m′5, n
′
5, α

′
5, β

′
5)LR, where

m′5 = min{m1m2, n1m2}, n′5 = max{m1n2, n1n2}, α′5 = min{m1m2, n1m2}−min{m1m2

−m1α2−α1m2, n1m2−n1α2 +β1m2}, β′5 = max{m1n2 +m1β2−α1n2, n1n2 +n1β2 +

β1n2}−max{m1n2, n1n2}.

Proof: Similar to Proposition 4.6.

4.3 Limitations of previous proposed method

The method, proposed in Chapter 3, can be used only for solving such

fully fuzzy linear programming problems with equality constraints in which all the

parameters are either represented by triangular fuzzy numbers or trapezoidal fuzzy
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numbers. However, the same method cannot be used for solving fully fuzzy linear

programming problems (P4.1) and (P4.2) in which the parameters are represented by

LR fuzzy numbers or LR flat fuzzy numbers:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P4.1)

n∑
j=1

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, ...,m

where ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i = (bi, gi, γi, δi)LR and

c̃j = (pj, qj, α
′
j, β
′
j)LR are LR flat fuzzy numbers.

Example 4.1 Maximize ((−1, 3, 1, 3)LR ⊗ x̃1 ⊕ (4, 6, 2, 2)LR ⊗ x̃2)

subject to

(2, 5, 5, 2)LR ⊗ x̃1 ⊕ (−1, 5, 1, 2)LR ⊗ x̃2 = (−17, 45, 25, 46)LR

(2, 3, 1, 1)LR ⊗ x̃1 ⊕ (−3,−2, 1, 1)LR ⊗ x̃2 = (−27,−4, 21, 32)LR

where x̃1, x̃2 are LR flat fuzzy numbers and L(x) = max{0, 1− x}, R(x) =

max{0, 1− x2}.

Maximize/Minimize
n∑
j=1

c̃j � x̃j

subject to (P4.2)

n∑
j=1

ãij � x̃j = b̃i ∀ i = 1, 2, ...,m

where ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i = (bi, gi, γi, δi)LR and

c̃j = (pj, qj, α
′
j, β
′
j)LR are LR flat fuzzy numbers.

Example 4.2 Maximize ((1, 2, 2, 2)LR � x̃1 ⊕ (1, 1, 1, 1)LR � x̃2)

subject to

(2, 4, 6, 2)LR � x̃2 = (2, 8, 10, 4)LR

(2, 3, 1, 1)LR � x̃1 ⊕ (−3,−2, 1, 1)LR � x̃2 = (−2, 7, 6, 7)LR

where x̃1, x̃2 are LR flat fuzzy numbers and L(x) = max{0, 1 − x2}, R(x) =



72

max{0, 1− x}.

4.4 Proposed method for solving fully fuzzy lin-

ear programming problems with equality con-

straints having LR flat fuzzy numbers

In this section, to overcome the limitations of the method, proposed in

Chapter 3, a new method is proposed for solving fully fuzzy linear programming

problems (P4.1) in which all the parameters are represented as LR flat fuzzy num-

bers. The same method can also be used to find the fuzzy optimal solution of the

proposed fully fuzzy linear programming problems (P4.2) by replacing ⊗ by �.

The steps of the proposed method for solving fully fuzzy linear program-

ming problem (P4.1) are as follows:

Step 1 Assuming ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i = (bi, gi, γi, δi)LR

and c̃j = (pj, qj, α
′
j, β
′
j)LR the fully fuzzy linear programming problem (P4.1) can be

written as:

Maximize/Minimize
n∑
j=1

((pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR)

subject to (P4.3)

n∑
j=1

(aij, bij, αij, βij)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR = (bi, gi, γi, δi)LR ∀ i = 1, 2, ...,m

where (xj, yj, α
′′
j , β

′′
j )LR is an LR flat fuzzy number.

Step 2 Using the product, proposed in Section 4.2.1 and assuming (aij, bij, αij, βij)LR

⊗ (xj, yj, α
′′
j , β

′′
j )LR = (mij, nij, γ

′
ij, δ

′
ij)LR the fully fuzzy linear programming prob-

lem (P4.3) can be written as:

Maximize/Minimize
n∑
j=1

((pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR)

subject to (P4.4)



73

n∑
j=1

(mij, nij, γ
′
ij, δ

′
ij)LR = (bi, gi, γi, δi)LR ∀ i = 1, 2, ...,m

where (xj, yj, α
′′
j , β

′′
j )LR is an LR flat fuzzy number.

Step 3 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the

fully fuzzy linear programming problem (P4.4) can be written as:

Maximize/Minimize
n∑
j=1

((pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR)

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m (P4.5)

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 4 Suppose the fuzzy linear programming problem (P4.5) have ‘l’ basic feasible

solutions and {xtj, ytj, α
′′t
j , β

′′t
j } is the tth basic feasible solution then our aim is to

find that basic feasible solution out of all ‘l’ basic feasible solutions corresponding

to which the value of objective function is maximum (or minimum) i.e., our aim is

to find max (or min)
1≤t≤l

{
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xtj, y

t
j, α

′′t
j , β

′′t
j )LR}.

Yager [141] has proposed the concept that if max (or min)
1≤t≤l

{Rank(
n∑
j=1

(pj, qj,

α′j, β
′
j)LR ⊗ (xtj, y

t
j, α

′′t
j , β

′′t
j )LR)} is Rank(

n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xθj , y

θ
j , α

′′θ
j , β

′′θ
j )LR)

then max (or min)
1≤t≤l

{
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR⊗(xtj, y

t
j, α

′′t
j , β

′′t
j )LR} will also be

n∑
j=1

(pj, qj, α
′
j,

β′j)LR ⊗ (xθj , y
θ
j , α

′′θ
j , β

′′θ
j )LR), i.e. according to the existing method [141] the fuzzy

optimal solution of (P4.5) can be obtained by solving the problem (P4.6):

Maximize/Minimize <(
n∑
j=1

((pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR))

subject to
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n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m (P4.6)

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 5 Assuming (pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR = (sj, tj, α

′′′
j , β

′′′
j )LR the prob-

lem (P4.6) can be written as:

Maximize/Minimize <(
n∑
j=1

(sj, tj, α
′′′
j , β

′′′
j )LR)

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m (P4.7)

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 6 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, problem (P4.7) can be converted into (P4.8):

Maximize/Minimize
n∑
j=1

<(sj, tj, α
′′′
j , β

′′′
j )LR

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m (P4.8)

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n
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Step 7 Using the existing formula [141] <(m,n, α, β) = 1
2
(
∫ 1

0
(m − αL−1(λ)) dλ +∫ 1

0
(n+ βR−1(λ)) dλ) problem (P4.8) can be converted into (P4.9):

Maximize/Minimize
n∑
j=1

(1
2
(
∫ 1

0
(sj − α′′′j L−1(λ)) dλ +

∫ 1

0
(tj + β′′′j R

−1(λ)) dλ))

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m (P4.9)

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 8 Solve the crisp non-linear programming problem (P4.9) by using an appro-

priate existing method [125] to find the optimal solution {x∗j , y∗j , α
′′∗
j , β

′′∗
j }.

Step 9 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming

problem (P4.1) by putting the values of x∗j , y
∗
j , α

′′∗
j and β

′′∗
j in x̃∗j = (x∗j , y

∗
j , α

′′∗
j , β

′′∗
j ).

Step 10 Find the fuzzy optimal value of the fully fuzzy linear programming prob-

lems (P4.1) by putting the values of x̃∗j , obtained from Step 9, in
n∑
j=1

c̃j ⊗ x̃∗j .

4.5 Illustrative examples

In this section, the proposed method is illustrated with the help of fully

fuzzy linear programming problems, chosen in Example 4.1 and Example 4.2, which

cannot be solved by using the method, proposed in Chapter 3.

4.5.1 Fuzzy optimal solution of the chosen fully fuzzy linear
programming problems

In this section, fully fuzzy linear programming problems, chosen in Example

4.1 and Example 4.2, are solved by using the proposed method.
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4.5.1.1 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 4.1

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 4.1, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, α1, β1)LR and x̃2 = (x2, y2, α2, β2)LR the fully fuzzy

linear programming problem, chosen in Example 4.1, can be written as:

Maximize ((−1, 3, 1, 3)LR ⊗ (x1, y1, α1, β1)LR ⊕ (4, 6, 2, 2)LR ⊗ (x2, y2, α2, β2)LR)

subject to

(2, 5, 5, 2)LR⊗(x1, y1, α1, β1)LR⊕(−1, 5, 1, 2)LR⊗(x2, y2, α2, β2)LR = (−17, 45, 25, 46)LR

(2, 3, 1, 1)LR⊗(x1, y1, α1, β1)LR⊕(−3,−2, 1, 1)LR⊗(x2, y2, α2, β2)LR = (−27,−4, 21, 32)LR

where (x1, y1, α1, β1)LR, (x2, y2, α2, β2)LR are LR flat fuzzy numbers and L(x) =

max{0, 1− x}, R(x) = max{0, 1− x2}.

Step 2 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{−y1, 3x1},max{−x1, 3y1},min{−y1, 3x1}−min{−2y1 − 2β1, 6x1 −

6α1},max{−2x1+2α1, 6y1+6β1}−max{−x1, 3y1})LR⊕(min{4x2, 6x2},max{4y2, 6y2},

min{4x2, 6x2}−min{2x2−2α2, 8x2−8α2},max{2y2+2β2, 8y2+8β2}−max{4y2, 6y2})LR)

subject to

(min{2x1, 5x1},max{2y1, 5y1},min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1},max{7y1+

7β1,−3x1+3α1}−max{2y1, 5y1})LR⊕(min{−y2, 5x2},max{−x2, 5y2},min{−y2, 5x2}

−min{−2y2 − 2β2, 7x2 − 7α2},max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR =

(−17, 45, 25, 46)LR

(min{2x1, 3x1},max{2y1, 3y1},min{2x1, 3x1}−min{x1−α1, 4x1−4α1},max{y1 +β1,

4y1+4β1}−max{2y1, 3y1})LR⊕(min{−3y2,−2y2},max{−3x2,−2x2},min{−3y2,−2y2}
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−min{−4y2− 4β2,−y2− β2},max{−4x2 + 4α2,−x2 +α2}−max{−3x2,−2x2})LR =

(−27,−4, 21, 32)LR

where (x1, y1, α1, β1)LR and (x2, y2, α2, β2)LR are LR flat fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,

the fully fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (min{−y1, 3x1}+min{4x2, 6x2},max{−x1, 3y1}+max{4y2, 6y2},min{−y1,

3x1}−min{−2y1−2β1, 6x1−6α1}+min{4x2, 6x2}−min{2x2−2α2, 8x2−8α2},max{−2x1

+ 2α1, 6y1 + 6β1}−max{−x1, 3y1}+max{2y2 + 2β2, 8y2 + 8β2}−max{4y2, 6y2})LR

subject to

min{2x1, 5x1}+min{−y2, 5x2} = −17

max{2y1, 5y1}+max{−x2, 5y2} = 45

min{2x1, 3x1}+min{−3y2,−2y2} = −27

max{2y1, 3y1}+max{−3x2,−2x2} = −4

min{2x1, 3x1}−min{x1 − α1, 4x1 − 4α1}+

min{−3y2,−2y2}−min{−4y2 − 4β2,−y2 − β2} = 21

max{y1 + β1, 4y1 + 4β1}−max{2y1, 3y1})LR +

max{−4x2 + 4α2,−x2 + α2}−max{−3x2,−2x2} = 32

min{2x1, 5x1}−min{−3y1 − 3β1, 7x1 − 7α1}+

min{−y2, 5x2}−min{−2y2 − 2β2, 7x2 − 7α2} = 25

max{7y1 + 7β1,−3x1 + 3α1}−max{2y1, 5y1}+

max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR = 46

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:
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Maximize <(min{−y1, 3x1}+min{4x2, 6x2},max{−x1, 3y1}+max{4y2, 6y2},min{−y1,

3x1}−min{−2y1−2β1, 6x1−6α1}+min{4x2, 6x2}−min{2x2−2α2, 8x2−8α2},max{−2x1

+ 2α1, 6y1 + 6β1}−max{−x1, 3y1}+max{2y2 + 2β2, 8y2 + 8β2}−max{4y2, 6y2})LR

subject to

min{2x1, 5x1}+min{−y2, 5x2} = −17

max{2y1, 5y1}+max{−x2, 5y2} = 45

min{2x1, 3x1}+min{−3y2,−2y2} = −27

max{2y1, 3y1}+max{−3x2,−2x2} = −4

min{2x1, 3x1}−min{x1 − α1, 4x1 − 4α1}+

min{−3y2,−2y2}−min{−4y2 − 4β2,−y2 − β2} = 21

max{y1 + β1, 4y1 + 4β1}−max{2y1, 3y1})LR +

max{−4x2 + 4α2,−x2 + α2}−max{−3x2,−2x2} = 32

min{2x1, 5x1}−min{−3y1 − 3β1, 7x1 − 7α1}+

min{−y2, 5x2}−min{−2y2 − 2β2, 7x2 − 7α2} = 25

max{7y1 + 7β1,−3x1 + 3α1}−max{2y1, 5y1}+

max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR = 46

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 5 Using Step 6 and Step 7 of the proposed method, the fuzzy linear program-

ming problem, obtained in Step 4, can be written as:

Maximize (17
24
x1− 5

12
α1+ 5

2
x2− 5

4
α2+ 7

8
y1+ 3

4
β1+ 5

2
y2+ 5

3
β2− 1

8
|y1+3x1|+ 1

12
|x1+3y1|+

1
3
|3y1 + 3β1 +x1−α1|− 1

4
|y1 +β1 + 3x1− 3α1|− 1

4
|x2|+ 1

6
|y2|+ |y2 +β2|− 3

4
|x2−α2|)

subject to

7
2
x1 − 3

2
|x1| − 1

2
y2 + 5

2
x2 − 1

2
|y2 + 5x2| = −17

7
2
y1 + 3

2
|y1| − 1

2
x2 + 5

2
y2 + 1

2
|x2 + 5y2| = 45
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5
2
x1 − 1

2
|x1| − 5

2
y2 − 1

2
|y2| = −27

5
2
y1 + 1

2
|y1| − 5

2
x2 + 1

2
|x2| = −4

−1
2
|x1| − 1

2
|y2|+ 5

2
α1 + 3

2
|x1 − α1|+ 5

2
β2 + 3

2
|y2 + β2| = 21

5
2
β1 + 3

2
|y1 + β1|+ 5

2
α2 + 3

2
|x2 − α2| − 1

2
|y1| − 1

2
|x2| = 32

−3
2
|x1|+ 1

2
y2 − x2 − 1

2
|5x2 + y2|+ 3

2
y1 + 3

2
β1 + 7

2
α1+

1
2
|7x1 + 3y1 − 7α1 + 3β1|+ 7

2
α2 + β2 + |7

2
x2 + y2 − 7

2
α2 + β2| = 25

7
2
β1 − 3

2
x1 + 3

2
α1 + 1

2
|3x1 + 7y1 − 3α1 + 7β1| − 1

2
x2 + α2 + y2+

7
2
β2 + |x2 + 7

2
y2 − α2 + 7

2
β2| − 3

2
|y1| − 1

2
|x2 + 5y2| = 46

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 6 The optimal solution of the crisp non-linear programming problem, obtained

in Step 5, is x1 = −2, y1 = 2, α1 = 0, β1 = 1, x2 = 5, y2 = 7, α2 = 9 and β2 = 3.

Step 7 Putting the values of x1, y1, α1, β1, x2, y2, α2 and β2 in x̃1 = (x1, y1, α1, β1)

and x̃2 = (x2, y2, α2, β2), the exact fuzzy optimal solution is x̃1 = (−2, 2, 0, 1)LR, x̃2 =

(5, 7, 9, 3)LR.

Step 8 Putting the values of x̃1 and x̃2, obtained from Step 7, in the objective

function the fuzzy optimal value is (14, 48, 58, 50)LR.

4.5.1.2 Fuzzy optimal solution of the fully fuzzy linear programming
problem chosen in Example 4.2

The fuzzy optimal solution of the fully fuzzy linear programming problem,

chosen in Example 4.2, can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, α1, β1)LR and x̃2 = (x2, y2, α2, β2)LR the fully fuzzy

linear programming problem, chosen in Example 4.1, can be written as:

Maximize ((1, 2, 2, 2)LR � (x1, y1, α1, β1)⊕ (1, 1, 1, 1)LR � (x2, y2, α2, β2))

subject to
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(2, 4, 6, 2)LR � (x2, y2, α2, β2) = (2, 8, 10, 4)LR

(2, 3, 1, 1)LR � (x1, y1, α1, β1)⊕ (−3,−2, 1, 1)LR � (x2, y2, α2, β2) = (−2, 7, 6, 7)LR

where (x1, y1, α1, β1)LR, (x2, y2, α2, β2)LR are LR flat fuzzy numbers and L(x) =

max{0, 1− x2}, R(x) = max{0, 1− x}.

Step 2 Using the product, proposed in Section 4.2.2, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{x1, 2x1},max{y1, 2y1},min{x1, 2x1}−min{−y1+β1, 4x1−2α1},max{−x1

−α1, 4y1+2β1}−max{y1, 2y1})LR⊕(min{x2, x2},max{y2, y2},min{x2, x2}−min{−α2, 2x2

− α2},max{β2, 2y2 + β2}−max{y2, y2})LR)

subject to

(min{2x2, 4x2},max{2y2, 4y2},min{2x2, 4x2}−min{−4y2+2β2, 6x2−4α2},max{−4x2−

2α2, 6y2 + 4β2}−max{2y2, 4y2})LR = (2, 8, 10, 4)LR

(min{2x1, 3x1},max{2y1, 3y1},min{2x1, 3x1}−min{x1 − 2α1, 4x1 − 3α1},max{y1 +

2β1, 4y1+3β1}−max{2y1, 3y1})LR⊕(min{−3y2,−2y2},max{−3x2,−2x2},min{−3y2,

−2y2}−min{−4y2−3β2,−y2−2β2},max{−4x2+3α2,−x2+2α2}−max{−3x2,−2x2})LR

= (−2, 7, 6, 7)LR

where (x1, y1, α1, β1)LR and (x2, y2, α2, β2)LR are LR flat fuzzy numbers.

Step 3 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,

the fully fuzzy linear programming problem, obtained in Step 2, can be written as:

Maximize (min{x1, 2x1}+min{x2, x2},max{y1, 2y1}+max{y2, y2},min{x1, 2x1} −

min{−y1 + β1, 4x1 − 2α1}+min{x2, x2}−min{−α2, 2x2 − α2},max{−x1 − α1, 4y1

+ 2β1}−max{y1, 2y1}+max{β2, 2y2 + β2}−max{y2, y2})LR

subject to
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min{2x2, 4x2} = 2

max{2y2, 4y2} = 8

min{2x2, 4x2}−min{−4y2 + 2β2, 6x2 − 4α2} = 10

max{−4x2 − 2α2, 6y2 + 4β2}−max{2y2, 4y2} = 4

min{2x1, 3x1}+min{−3y2,−2y2} = −2

max{2y1, 3y1}+max{−3x2,−2x2} = 7

min{2x1, 3x1}−min{x1 − 2α1, 4x1 − 3α1}+

min{−3y2,−2y2}−min{−4y2 − 3β2,−y2 − 2β2} = 6

max{y1 + 2β1, 4y1 + 3β1}−max{2y1, 3y1}+

max{−4x2 + 3α2,−x2 + 2α2}−max{−3x2,−2x2} = 7

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 4 Using Step 4 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 3, can be written as:

Maximize <(min{x1, 2x1}+min{x2, x2},max{y1, 2y1}+max{y2, y2},min{x1, 2x1} −

min{−y1 + β1, 4x1 − 2α1}+min{x2, x2}−min{−α2, 2x2 − α2},max{−x1 − α1, 4y1 +

2β1}−max{y1, 2y1}+max{β2, 2y2 + β2}−max{y2, y2})LR

subject to

min{2x2, 4x2} = 2

max{2y2, 4y2} = 8

min{2x2, 4x2}−min{−4y2 + 2β2, 6x2 − 4α2} = 10

max{−4x2 − 2α2, 6y2 + 4β2}−max{2y2, 4y2} = 4

min{2x1, 3x1}+min{−3y2,−2y2} = −2

max{2y1, 3y1}+max{−3x2,−2x2} = 7

min{2x1, 3x1}−min{x1 − 2α1, 4x1 − 3α1}+
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min{−3y2,−2y2}−min{−4y2 − 3β2,−y2 − 2β2} = 6

max{y1 + 2β1, 4y1 + 3β1}−max{2y1, 3y1}+

max{−4x2 + 3α2,−x2 + 2α2}−max{−3x2,−2x2} = 7

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 5 Using Step 6 and Step 7 of the proposed method, the fuzzy linear program-

ming problem, obtained in Step 4, can be written as:

Maximize (19
24
x1 + 17

24
y1 − 11

24
α1 + 5

12
β1 + 1

2
x2 + 1

2
y2 − 1

3
α2 + 1

4
β2 − 1

12
|x1| + 1

8
|y1| −

1
3
|x2|+ 1

4
|y2|+ 1

4
|2y1 + β1 + 1

2
x1 + 1

2
α1| − 1

3
|2x1 − α1 + 1

2
y1 − 1

2
β1|)

subject to

3x2 − |x2| = 2

3y2 + |y2| = 8

−|x2|+ 2y2 − β2 + 2α2 + |2y2 − β2 + 3x2 − 2α2| = 10

−2x2 − α2 + 2β2 + |3y2 + 2β2 + 2x2 + α2| − |y2| = 4

5
2
x1 − 1

2
|x1| − 5

2
y2 − 1

2
|y2| = −2

5
2
y1 + 1

2
|y1| − 5

2
x2 + 1

2
|x2| = 7

5
2
α1 − 1

2
|x1|+ 1

2
|3x1 − α1| − 1

2
|y2|+ 5

2
β2 + 1

2
|3y2 + β2| = 6

5
2
β1 + 1

2
|3y1 + β1| − 1

2
|y1|+ 5

2
α2 + 1

2
|3x2 − α2| − 1

2
|x2| = 7

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 6 The optimal solution of the crisp non-linear programming problem, obtained

in Step 5, is x1 = 2, y1 = 3, α1 = 1, β1 = 1, x2 = 1, y2 = 2, α2 = 0 and β2 = 0.

Step 7 Putting the values of x1, y1, α1, β1, x2, y2, α2 and β2 in x̃1 = (x1, y1, α1, β1)

and x̃2 = (x2, y2, α2, β2), the exact fuzzy optimal solution is x̃1 = (2, 3, 1, 1)LR, x̃2 =

(1, 2, 0, 0)LR.

Step 8 Putting the values of x̃1 and x̃2, obtained from Step 7, in the objective
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function the fuzzy optimal value is (3, 8, 5, 10)LR.

4.6 Advantages of the proposed method

The main advantage of the proposed method is that all the fully fuzzy linear

programming problems which can be solved by using the methods, proposed in

previous chapters, can also be solved by using the method proposed in this chapter.

However, there exist several fully fuzzy linear programming problems which cannot

be solved by using the methods, proposed in previous chapters, but can be solved

by using the method, proposed in this chapter.

4.7 Comparative study

The results of the chosen fully fuzzy linear programming problems, obtained

by using the method, proposed in Chapter 3 and the method proposed in this

chapter, are shown in Table 4.1.

Table 4.1. Results of the chosen fully fuzzy linear programming problems

Example
Fuzzy optimal value

Method proposed in Chapter 3 Method proposed in this chapter

3.1 (−10, 2, 831
25 , 68) (2, 831

25 , 12, 869
25 )LR

3.2 (−44, 14, 48, 98) (14, 48, 58, 50)LR

4.1 Not Applicable (14, 48, 58, 50)LR

4.2 Not Applicable (3, 8, 5, 10)LR

The results, presented in Table 4.1 can be explained as follows:

(i) In the problems, chosen in Example 3.1 and Example 3.2, all the parameters

are represented by trapezoidal fuzzy numbers while in the problems, chosen

in Example 4.1 and Example 4.2, all the parameters are represented by unre-

stricted LR flat fuzzy numbers. So, as discussed in Section 4.3 the problems,

chosen in Example 3.1 and Example 3.2, can be solved by using the method,
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proposed in Chapter 3. However, the problems, chosen in Example 4.1 and

Example 4.2, cannot be solved by using the method, proposed in Chapter 3.

(ii) Since, the method proposed in this chapter can be used to find the fuzzy

optimal solution of fully fuzzy linear programming problems with unrestricted

LR flat fuzzy parameters. So, all the chosen problems can be solved by using

the method proposed in this chapter.

4.8 Conclusions

On the basis of presented study, it can be concluded that the method,

proposed in this chapter, can be used to solve all the fully fuzzy linear programming

problems with equality constraints. Hence, it is better to use the method, proposed

in this chapter, as compared to the methods, proposed in previous chapters for

solving fully fuzzy linear programming problems with equality constraints.



Chapter 5

NEW METHODS FOR SOLVING FULLY

FUZZY LINEAR PROGRAMMING

PROBLEMS WITH INEQUALITY

CONSTRAINTS

In this chapter, limitations of the existing methods for solving fuzzy linear

programming problems and fully fuzzy linear programming problems with inequality

constraints are pointed out. To overcome the limitations of the existing methods, two

new methods are proposed for solving fully fuzzy linear programming problems with

inequality constraints. The advantages of the proposed methods over the existing

methods are also discussed.

5.1 Existing method for solving fully fuzzy linear

programming problems with inequality con-

straints

Allahviranloo et al. [4] proposed the following method for solving fully fuzzy

linear programming problems (P5.1):

Maximize/Minimize
n∑
j=1

c̃j � x̃j

subject to (P5.1)

The contents of this chapter are communicated in Journal of Intelligent and Fuzzy Systems.
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n∑
j=1

ãij � x̃j �,≈,� b̃i ∀ i = 1, 2, ...,m

where x̃j is a non-negative LR fuzzy number and ãij, b̃i, c̃j are non-negative or

non-positive LR fuzzy numbers.

Step 1 Assuming N1 = {j : 1 ≤ j ≤ n and c̃j is non-negative LR fuzzy number},

N2 = {j : 1 ≤ j ≤ n and c̃j is non-positive LR fuzzy number}, N3 = {j : 1 ≤ j ≤

n and ãij is non-negative LR fuzzy number}, N4 = {j : 1 ≤ j ≤ n and ãij is non-

positive LR fuzzy number} where N1∪N2 = N,N3∪N4 = N,N1∩N2 = φ,N3∩N4 =

φ, the fully fuzzy linear programming problem (P5.1) can be written as:

Maximize/Minimize
∑

j:j∈N1

c̃j � x̃j ⊕
∑

j:j∈N2

c̃j � x̃j

subject to (P5.2)∑
j:j∈N3

ãij � x̃j ⊕
∑

j:j∈N4

ãij � x̃j �,≈,� b̃i ∀ i = 1, 2, ...,m

where x̃j is a non-negative LR fuzzy number.

Step 2 Assuming c̃j = (pj, α
′
j, β
′
j)LR, ãij = (aij, αij, βij)LR, x̃j = (xj, α

′′
j , β

′′
j )LR and

b̃i = (bi, γi, δi)LR the fully fuzzy linear programming problem (P5.2) can be written as:

Maximize/Minimize
∑
j∈N1

(pj, α
′
j, β
′
j)LR�(xj, α

′′
j , β

′′
j )LR⊕

∑
j∈N2

(pj, α
′
j, β
′
j)LR�(xj, α

′′
j , β

′′
j )LR

subject to (P5.3)∑
j∈N3

(aij, αij, βij)LR � (xj, α
′′
j , β

′′
j )LR ⊕

∑
j∈N4

(aij, αij, βij)LR � (xj, α
′′
j , β

′′
j )LR �,≈,�

(bi, γi, δi)LR ∀ i = 1, 2, ...,m

where x̃j is a non-negative LR fuzzy number.

Step 3 Using the arithmetic operations, presented in Section 4.1.2, the fully fuzzy

linear programming problem (P5.3) can be written as:

Maximize/Minimize
∑

j:j∈N1

(pjxj, pjα
′′
j + α′jxj, pjβ

′′
j + β′jxj)LR ⊕

∑
j:j∈N2

(pjxj, α
′
jxj −

pjα
′′
j , β

′
jxj − pjβ′′j )LR
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subject to (P5.4)∑
j:j∈N3

(aijxj, aijα
′′
j+αijxj, aijβ

′′
j +βijxj)LR⊕

∑
j:j∈N4

(aijxj, αijxj−aijα′′j , βijxj−aijβ′′j )LR �

,≈,� (bi, γi, δi)LR ∀ i = 1, 2, ...,m

where x̃j is a non-negative LR fuzzy number.

Step 4 Using the existing ranking approach [141], the fully fuzzy linear program-

ming problem (P5.4) can be written as:

Maximize/Minimize <(
∑

j:j∈N1

(pjxj, pjα
′′
j + α′jxj, pjβ

′′
j + β′jxj)LR ⊕

∑
j:j∈N2

(pjxj, α
′
jxj −

pjα
′′
j , β

′
jxj − pjβ′′j )LR)

subject to (P5.5)

<(
∑

j:j∈N3

(aijxj, aijα
′′
j + αijxj, aijβ

′′
j + βijxj)LR ⊕

∑
j:j∈N4

(aijxj, αijxj − aijα
′′
j , βijxj −

aijβ
′′
j )LR) ≤,=,≥ <(bi, γi, δi)LR ∀ i = 1, 2, ...,m

xj − α′′j ≥ 0, α′′j ≥ 0, β′′j ≥ 0 ∀ j ∈ N

Step 5 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, the fully fuzzy linear programming problem (P5.5) can be written as:

Maximize/Minimize
∑

j:j∈N1

<(pjxj, pjα
′′
j +α′jxj, pjβ

′′
j +β′jxj)LR+

∑
j:j∈N2

<(pjxj, α
′
jxj−

pjα
′′
j , β

′
jxj − pjβ′′j )LR

subject to (P5.6)∑
j:j∈N3

<(aijxj, aijα
′′
j + αijxj, aijβ

′′
j + βijxj)LR +

∑
j:j∈N4

<(aijxj, αijxj − aijα
′′
j , βijxj −

aijβ
′′
j )LR ≤,=,≥ <(bi, γi, δi)LR ∀ i = 1, 2, ...,m

xj − α′′j ≥ 0, α′′j ≥ 0, β′′j ≥ 0 ∀ j ∈ N

Step 6 Solve the crisp linear programming problem (P5.6) to find the optimal solu-

tion {x∗j , α
′′∗
j , β

′′∗
j }.

Step 7 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming
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problem (P5.1) by putting the values of x∗j , α
′′∗
j and β

′′∗
j in x̃∗j = (x∗j , α

′′∗
j , β

′′∗
j ).

Step 8 Find the fuzzy optimal value by putting the values of x̃∗j , obtained from

Step 7, in
n∑
j=1

c̃j � x̃∗j .

5.2 Applicability of the existing methods

In this section, different types of fuzzy linear programming problems and

fully fuzzy linear programming problems, which can be solved by using the existing

methods [4, 41,87,88,91,100], are discussed:

(i) The existing methods [87, 91] can be used for solving the following type of

fuzzy linear programming problems:

Maximize/Minimize
n∑
j=1

c̃jxj

subject to (P5.7)

n∑
j=1

ãijxj �,≈,� b̃i ∀ i = 1, 2, ...,m

xj ≥ 0 ∀ j = 1, 2, ..., n

where ãij, b̃i and c̃j are trapezoidal fuzzy numbers.

Example 5.1 [87, 91] Maximize ((2, 3, 1, 1)x1 ⊕ (3, 4, 1, 2)x2)

subject to

(1, 2, 1, 1)x1 ⊕ (2, 3, 1, 2)x2 � (5, 6, 2, 2)

(2, 3, 1, 3)x1 ⊕ (1, 2, 1, 1)x2 � (4, 6, 2, 1)

x1, x2 ≥ 0

(ii) Nasseri et al. [100] proposed a method for solving the following type of fuzzy

linear programming problems:

Maximize/Minimize
n∑
j=1

c̃jxj

subject to (P5.8)
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n∑
j=1

aijxj ≤,=,≥ bi ∀ i = 1, 2, ...,m

xj ≥ 0 ∀ j = 1, 2, ..., n

where aij, bi are real numbers and c̃j is a trapezoidal fuzzy number.

Example 5.2 [100] Maximize ((5, 8, 2, 5)x1 ⊕ (6, 10, 2, 6)x2)

subject to

2x1 + 3x2 ≤ 6

5x1 + 4x2 ≤ 10

x1, x2 ≥ 0

(iii) In the existing methods [87,91,100] either the cost coefficients are assumed as

crisp numbers or the decision variables are assumed as crisp numbers i.e., in

none of the existing methods [87, 91, 100] cost coefficients as well as decision

variables are assumed as fuzzy numbers. Ganesan and Veeramani [41] pointed

out that for the ranking function (<) neither the property <(c̃⊗x̃) = <(c̃)<(x̃)

nor <(c̃ � x̃) = <(c̃)<(x̃) is satisfied. To overcome this limitation they have

defined a new product (�GV ) for symmetric trapezoidal fuzzy numbers for

which the property <(c̃ �GV x̃) = <(c̃)<(x̃) is satisfied and proposed a new

method for solving the following type of fuzzy linear programming problems:

Maximize/Minimize
n∑
j=1

c̃j �GV x̃j

subject to (P5.9)

n∑
j=1

aijx̃j �,≈,� b̃i ∀ i = 1, 2, ...,m

x̃ij � 0̃ ∀ j = 1, 2, ..., n

where x̃j, c̃j and b̃i are symmetric trapezoidal fuzzy numbers.

Example 5.3 [41]

Maximize ((13, 15, 2, 2)�GV x̃1 ⊕ (12, 14, 3, 3)�GV x̃2 ⊕ (15, 17, 2, 2)�GV x̃3)
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subject to

12x̃1 + 13x̃2 + 12x̃3 � (475, 505, 6, 6)

14x̃1 + 13x̃3 � (460, 480, 8, 8)

12x̃1 + 15x̃2 � (465, 495, 5, 5)

x̃1 � 0̃, x̃2 � 0̃, x̃3 � 0̃

where x̃1, x̃2 and x̃3 are symmetric trapezoidal fuzzy numbers.

(iv) Mahadavi and Nasseri [88] proposed a fuzzy dual simplex method for solving

the following type of fuzzy linear programming problems:

Minimize
n∑
j=1

cjx̃j

subject to (P5.10)

n∑
j=1

aijx̃j � b̃i ∀ i = 1, 2, ...,m

x̃j � 0̃, cj ≥ 0 ∀ j = 1, 2, ..., n

where aij is a real number and x̃j, b̃i are trapezoidal fuzzy numbers.

Example 5.4 [88] Minimize (6x̃1 ⊕ 10x̃2)

subject to

2x̃1 ⊕ 5x̃2 � (5, 8, 2, 5)

3x̃1 ⊕ 4x̃2 � (6, 10, 2, 6)

x̃1 � 0̃, x̃2 � 0̃

where x̃1 and x̃2 are trapezoidal fuzzy numbers.

(v) The existing method [4] can be used for solving the following type of fully

fuzzy linear programming problems:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P5.11)
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n∑
j=1

ãij ⊗ x̃j �,≈,� b̃i ∀ i = 1, 2, ...,m

where x̃j is a non-negative LR fuzzy number and ãij, b̃i, c̃j are non-negative

or non-positive LR fuzzy numbers.

Example 5.5 [4] Minimize ((1, 1, 1)LR ⊗ x̃1 ⊕ (2, 1, 2)LR ⊗ x̃2)

subject to

(4, 1, 0)LR ⊗ x̃1 ⊕ (−3, 2, 1)LR ⊗ x̃2 � (2, 1, 2)LR

(−3, 1, 2)LR ⊗ x̃1 ⊕ (2, 1, 1)LR ⊗ x̃2 � (1, 0, 1)LR

where x̃1, x̃2 are non-negative LR fuzzy numbers and L(x) = R(x) = max{0, 1−

x}.

5.3 Limitations of the existing methods

In this section, on the basis of applicability of existing methods, discussed

in Section 5.2, the limitations of existing methods [4, 41, 87, 88, 91, 100] are pointed

out.

5.3.1 Limitations of the existing methods for solving fuzzy
linear programming problems

In this section, the limitations of the existing methods [41,87,88,91,100] for

solving fuzzy linear programming problems are pointed out.

The existing methods [41,87,88,91,100] can be used only to find the fuzzy

optimal solution of the following type of fuzzy linear programming problems:

(i) The existing methods [87, 91] can be used for solving such fuzzy linear pro-

gramming problems in which the decision variables are represented by crisp

numbers and the remaining parameters are represented by triangular or trape-

zoidal fuzzy numbers.
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(ii) The existing method [100] can be used for solving such fuzzy linear program-

ming problems in which the cost coefficients are represented by triangular or

trapezoidal fuzzy numbers and the remaining parameters are represented by

crisp numbers.

(iii) The existing method [41] can be used for solving such fuzzy linear program-

ming problems in which the coefficients of the constraints are represented by

crisp numbers and the remaining parameters are represented by symmetric

triangular or trapezoidal fuzzy numbers.

(iv) The existing method [88] can be used for solving such fuzzy linear program-

ming problems in which the cost coefficients and the coefficients of the con-

straints are represented by crisp numbers and the remaining parameters are

represented by triangular or trapezoidal fuzzy numbers.

However, the existing methods [41,87,88,91,100] cannot be used to find the

fuzzy optimal solution of the following type of fuzzy linear programming problems:

(i) The fuzzy linear programming problems in which the decision variables are

represented by crisp numbers and the remaining parameters are represented

by LR fuzzy numbers or LR flat fuzzy numbers.

Maximize/Minimize
n∑
j=1

c̃jxj

subject to (P5.12)

n∑
j=1

ãijxj �,≈,� b̃i ∀ i = 1, 2, ...,m

xj ≥ 0 ∀ j = 1, 2, ..., n

where xj is a real number and ãij, b̃i, c̃j are LR flat fuzzy numbers.

Example 5.6 Maximize ((2, 3, 3, 1)LRx1 ⊕ (0, 4, 1, 2)LRx2)
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subject to

(1, 2, 1, 1)LRx1 ⊕ (2, 3, 1, 2)LRx2 � (5, 6, 2, 2)LR

(2, 3, 1, 3)LRx1 ⊕ (1, 2, 1, 1)LRx2 � (4, 6, 2, 1)LR

x1, x2 ≥ 0

where L(x) = R(x) = max{0, 1− x2}.

(ii) The fuzzy linear programming problems in which the cost coefficients are rep-

resented by LR fuzzy numbers or LR flat fuzzy numbers and the remaining

parameters are represented by crisp numbers.

Maximize/Minimize
n∑
j=1

c̃jxj

subject to (P5.13)

n∑
j=1

aijxj ≤,=,≥ bi ∀ i = 1, 2, ...,m

xj ≥ 0 ∀ j = 1, 2, ..., n

where aij, bi, xj are real numbers and c̃j is an LR flat fuzzy number.

Example 5.7 Maximize ((3, 8, 5, 4)LRx1 ⊕ (4, 10, 6, 6)LRx2)

subject to

2x1 + 3x2 ≤ 6

5x1 + 4x2 ≤ 10

x1, x2 ≥ 0

where L(x) = R(x) = max{0, 1− x4}.

(iii) The fuzzy linear programming problems in which the coefficients of the con-

straints are represented by crisp numbers and the remaining are represented

by symmetric LR flat fuzzy numbers.

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j
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subject to (P5.14)

n∑
j=1

(aijx̃j) �,≈,� b̃i ∀ i = 1, 2, ...,m

x̃j � 0̃ ∀ j = 1, 2, ..., n

where x̃j, c̃j and b̃i are symmetric LR flat fuzzy numbers.

Example 5.8 Maximize ((2, 5, 3, 3)LR ⊗ x̃1 ⊕ (3, 4, 4, 4)LR ⊗ x̃2)

subject to

2x̃1 + 3x̃2 � (10, 12, 2, 2)LR

3x̃1 + 4x̃2 � (20, 30, 5, 5)LR

where x̃1, x̃2 are non-negative symmetric trapezoidal fuzzy numbers and L(x) =

R(x) = max{0, 1− x4}.

(iv) The fuzzy linear programming problems in which the cost coefficients and the

coefficients of the constraints are represented by crisp numbers and the re-

maining parameters are represented by LR fuzzy numbers or LR flat fuzzy

numbers.

Minimize
n∑
j=1

cjx̃j

subject to (P5.15)

n∑
j=1

aijx̃j � b̃i ∀ i = 1, 2, ...,m

x̃j � 0̃, cj ≥ 0 ∀ j = 1, 2, ..., n

where aij is a real number and x̃j, b̃i are LR flat fuzzy numbers.

Example 5.9 Minimize (6x̃1 ⊕ 10x̃2)

subject to

2x̃1 ⊕ 5x̃2 � (5, 8, 6, 5)LR

3x̃1 ⊕ 4x̃2 � (6, 10, 2, 6)LR

x̃1 � 0̃, x̃2 � 0̃
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where x̃1, x̃2 are LR flat fuzzy numbers and L(x) = R(x) = max{0, 1− x2}.

5.3.2 Limitations of the existing method for solving fully
fuzzy linear programming problems

In this section, the limitations of the existing method [4] for solving fully

fuzzy linear programming problems with inequality constraints are pointed out:

The existing method [4] can be used for solving such fully fuzzy linear

programming problems with inequality constraints in which all the coefficients are

represented by either non-negative LR fuzzy numbers or non-positive LR fuzzy

numbers and all the decision variables are represented by non-negative LR fuzzy

numbers.

However, the existing method [4] cannot be used to find the fuzzy optimal

solution of such fully fuzzy linear programming problems in which some or all the

parameters are represented by such LR fuzzy numbers or LR flat fuzzy numbers

which are neither non-negative nor non-positive.

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to (P5.16)

n∑
j=1

ãij ⊗ x̃j �,=,� b̃i ∀ i = 1, 2, ...,m

where ãij, x̃j, b̃i and c̃j are LR flat fuzzy numbers.

Example 5.10 Maximize ((4, 4, 0, 0)LR ⊗ x̃1 ⊕ (1, 1, 1, 1)LR ⊗ x̃2)

subject to

(2, 5, 5, 2)LR ⊗ x̃1 ⊕ (−1, 5, 1, 2)LR ⊗ x̃2 � (−17, 45, 25, 46)LR

(1, 2, 1, 1)LR ⊗ x̃1 ⊕ (3, 5, 2, 2)LR ⊗ x̃2 = (7, 24, 6, 24)LR

where x̃1, x̃2 are LR flat fuzzy numbers and L(x) = max{0, 1−x}, R(x) = max{0, 1−

x2}.
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Maximize/Minimize
n∑
j=1

c̃j � x̃j

subject to (P5.17)

n∑
j=1

ãij � x̃j �,=,� b̃i ∀ i = 1, 2, ...,m

where ãij, x̃j, b̃i and c̃j are LR flat fuzzy numbers.

Example 5.11 Maximize ((1, 1, 1, 1)LR � x̃1 ⊕ (4, 4, 0, 0)LR � x̃2)

subject to

(2, 3, 1, 1)LR � x̃1 ⊕ (−3,−2, 1, 1)LR � x̃2 � (−27,−4, 21, 32)LR

(1, 2, 1, 1)LR � x̃1 ⊕ (3, 5, 2, 2)LR � x̃2 = (11, 39, 193
5
, 168

5
)LR

where x̃1, x̃2 are LR flat fuzzy numbers and L(x) = R(x) = max{0, 1− x}.

5.4 Proposed methods for solving fully fuzzy lin-

ear programming problems with inequality con-

straints having LR flat fuzzy numbers

On the basis of the limitations of the existing methods [4,41,87,88,91,100],

discussed in Section 5.3, it can be concluded that till now in literature, there is no

method to find the fuzzy optimal solution of such fuzzy linear programming problems

and fully fuzzy linear programming problems in which some of all the parameters are

represented by such LR fuzzy numbers or LR flat fuzzy numbers which are neither

non-negative nor non-positive.

In this section, to overcome the limitations of the existing methods two

new methods are proposed to find the fuzzy optimal solution of fully fuzzy linear

programming problems with inequality constraints.

5.4.1 Proposed method

In this section, a new method to find the fuzzy optimal solution of fully
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fuzzy linear programming problems of type (P5.16) with inequality constraints, is

proposed. The same method can also be used to find the fuzzy optimal solution of

the proposed fully fuzzy linear programming problems (P5.17) by replacing ⊗ by �

and also other fuzzy linear programming problems (P5.7) to (P5.15) by replacing the

fuzzy parameters by crisp parameters.

The steps of the proposed method for solving fully fuzzy linear program-

ming problems (P5.16) are as follows:

Step 1 Dividing all the constraints into three categories i.e.,
n∑
j=1

ãpj⊗ x̃j � b̃p ∀ p ∈

N1,
n∑
j=1

ãqj ⊗ x̃j � b̃q ∀ q ∈ N2 and
n∑
j=1

ãrj ⊗ x̃j = b̃r ∀ r ∈ N3 the fully fuzzy linear

programming problem (P5.16) can be written as:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to

n∑
j=1

ãpj ⊗ x̃j � b̃p ∀ p ∈ N1

n∑
j=1

ãqj ⊗ x̃j � b̃q ∀ q ∈ N2 (P5.18)

n∑
j=1

ãrj ⊗ x̃j = b̃r ∀ r ∈ N3

where x̃j is an LR flat fuzzy number and N1 = {i : 1 ≤ i ≤ m and
n∑
j=1

ãij⊗x̃j � b̃i},

N2 = {i : 1 ≤ i ≤ m and
n∑
j=1

ãij⊗x̃j � b̃i}, N3 = {i : 1 ≤ i ≤ m and
n∑
j=1

ãij⊗x̃j =

b̃i}.

Step 2 Convert the inequality constraints
n∑
j=1

ãpj ⊗ x̃j � b̃p ∀ p ∈ N1 into equality

constraints by introducing fuzzy variable S̃p to the left side and S̃ ′p to the right side

of the constraint i.e.,

n∑
j=1

ãpj ⊗ x̃j ⊕ S̃p = b̃p ⊕ S̃ ′p ∀ p ∈ N1

where <(S̃p)−<(S̃ ′p) ≥ 0.
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Convert the inequality constraints
n∑
j=1

ãqj ⊗ x̃j � b̃q ∀ q ∈ N2 into equality con-

straints by introducing fuzzy variable S̃q to the left side and S̃ ′q to the right side of

the constraint i.e.,

n∑
j=1

ãqj ⊗ x̃j ⊕ S̃q = b̃q ⊕ S̃ ′q ∀ q ∈ N2

where <(S̃q)−<(S̃ ′q) ≤ 0.

Step 3 The fully fuzzy linear programming problem, obtained from Step 2, can be

written as:

Maximize/Minimize
n∑
j=1

c̃j ⊗ x̃j

subject to

n∑
j=1

ãpj ⊗ x̃j ⊕ S̃p = b̃p ⊕ S̃ ′p ∀ p ∈ N1

n∑
j=1

ãqj ⊗ x̃j ⊕ S̃q = b̃q ⊕ S̃ ′q ∀ q ∈ N2 (P5.19)

n∑
j=1

ãrj ⊗ x̃j = b̃r ∀ r ∈ N3

<(S̃p)−<(S̃ ′p) ≥ 0 ∀ p ∈ N1

<(S̃q)−<(S̃ ′q) ≤ 0 ∀ q ∈ N2

where x̃j, S̃p, S̃ ′p, S̃q and S̃ ′q are LR flat fuzzy number.

Step 4 Assuming ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i = (bi, gi, γi, δi)LR,

c̃j = (pj, qj, α
′
j, β
′
j)LR, S̃i = (si, ti, ηi, ρi)LR and S̃ ′i = (s′i, t

′
i, η
′
i, ρ
′
i)LR the fully fuzzy

linear programming problem (P5.19) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to

n∑
j=1

(apj, bpj, αpj, βpj)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR ⊕ (sp, tp, ηp, ρp)LR = (bp, gp, γp,

δp)LR ⊕ (s′p, t
′
p, η
′
p, ρ
′
p)LR ∀ p ∈ N1

n∑
j=1

(aqj, bqj, αqj, βqj)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR ⊕ (sq, tq, ηq, ρq)LR = (bq, gq, γq,

δq)LR⊕(s′q, t
′
q, η
′
q, ρ
′
q)LR ∀ q ∈ N2 (P5.20)
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n∑
j=1

(arj, brj, αrj, βrj)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR = (br, gr, γr, δr)LR ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

where (xj, yj, α
′′
j , β

′′
j )LR, (sp, tp, ηp, ρp)LR, (s′p, t

′
p, η
′
p, ρ
′
p)LR, (sq, tq, ηq, ρq)LR and (s′q, t

′
q,

η′q, ρ
′
q)LR are LR flat fuzzy number.

Step 5 Using the product, proposed in Section 4.2.1 and assuming (aij, bij, αij, βij)LR

⊗ (xj, yj, α
′′
j , β

′′
j )LR = (mij, nij, γ

′
ij, δ

′
ij)LR the fully fuzzy linear programming prob-

lem (P5.20) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to

n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR ⊕ (sp, tp, ηp, ρp)LR = (bp, gp, γp, δp)LR ⊕ (s′p, t

′
p, η
′
p,

ρ′p)LR ∀ p ∈ N1

n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR ⊕ (sq, tq, ηq, ρq)LR = (bq, gq, γq, δq)LR ⊕ (s′q, t

′
q, η
′
q,

ρ′q)LR ∀ q ∈ N2 (P5.21)

n∑
j=1

(mrj, nrj, γ
′
rj, δ

′
rj)LR = (br, gr, γr, δr)LR ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

where (xj, yj, α
′′
j , β

′′
j )LR, (sp, tp, ηp, ρp)LR, (s′p, t

′
p, η
′
p, ρ
′
p)LR, (sq, tq, ηq, ρq)LR and (s′q, t

′
q,

η′q, ρ
′
q)LR are LR flat fuzzy number.

Step 6 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the

fully fuzzy linear programming problem (P5.21) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to
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n∑
j=1

mpj + sp = bp + s′p ∀ p ∈ N1,
n∑
j=1

npj + tp = gp + t′p ∀ p ∈ N1

n∑
j=1

γ′pj + ηp = γp + η′p ∀ p ∈ N1,
n∑
j=1

δ′pj + ρp = δp + ρ′p ∀ p ∈ N1 (P5.22)

n∑
j=1

mqj + sq = bq + s′q ∀ q ∈ N2,
n∑
j=1

nqj + tq = gq + t′q ∀ q ∈ N2

n∑
j=1

γ′qj + ηq = γq + η′q ∀ q ∈ N2,
n∑
j=1

δ′qj + ρq = δq + ρ′q ∀ q ∈ N2

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0, si ≤ ti, ηi ≥ 0, ρi ≥ 0, s′i ≤ t′i, η

′
i ≥ 0, ρ′i ≥ 0

∀ i = 1, 2, ...,m; j = 1, 2, ..., n

Step 7 As discussed in Step 4 of Section 4.4 the fuzzy optimal solution of (P5.16)

can be obtained by solving the problem (P5.23):

Maximize/Minimize <(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR)

subject to

n∑
j=1

mpj + sp = bp + s′p ∀ p ∈ N1,
n∑
j=1

npj + tp = gp + t′p ∀ p ∈ N1

n∑
j=1

γ′pj + ηp = γp + η′p ∀ p ∈ N1,
n∑
j=1

δ′pj + ρp = δp + ρ′p ∀ p ∈ N1 (P5.23)

n∑
j=1

mqj + sq = bq + s′q ∀ q ∈ N2,
n∑
j=1

nqj + tq = gq + t′q ∀ q ∈ N2

n∑
j=1

γ′qj + ηq = γq + η′q ∀ q ∈ N2,
n∑
j=1

δ′qj + ρq = δq + ρ′q ∀ q ∈ N2

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0, si ≤ ti, ηi ≥ 0, ρi ≥ 0, s′i ≤ t′i, η

′
i ≥ 0, ρ′i ≥ 0
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∀ i = 1, 2, ...,m; j = 1, 2, ..., n

Step 8 Assuming (pj, qj, α
′
j, β
′
j)LR⊗ (xj, yj, α

′′
j , β

′′
j )LR = (p′j, q

′
j, α

′′′
j , β

′′′
j )LR the prob-

lem (P5.23) can be written as:

Maximize/Minimize <(
n∑
j=1

(p′j, q
′
j, α

′′′
j , β

′′′
j )LR)

subject to

n∑
j=1

mpj + sp = bp + s′p ∀ p ∈ N1,
n∑
j=1

npj + tp = gp + t′p ∀ p ∈ N1

n∑
j=1

γ′pj + ηp = γp + η′p ∀ p ∈ N1,
n∑
j=1

δ′pj + ρp = δp + ρ′p ∀ p ∈ N1 (P5.24)

n∑
j=1

mqj + sq = bq + s′q ∀ q ∈ N2,
n∑
j=1

nqj + tq = gq + t′q ∀ q ∈ N2

n∑
j=1

γ′qj + ηq = γq + η′q ∀ q ∈ N2,
n∑
j=1

δ′qj + ρq = δq + ρ′q ∀ q ∈ N2

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0, si ≤ ti, ηi ≥ 0, ρi ≥ 0, s′i ≤ t′i, η

′
i ≥ 0, ρ′i ≥ 0

∀ i = 1, 2, ...,m; j = 1, 2, ..., n

Step 9 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, the problem (P5.24) can be converted into (P5.25):

Maximize/Minimize
n∑
j=1

<(p′j, q
′
j, α

′′′
j , β

′′′
j )LR

subject to

n∑
j=1

mpj + sp = bp + s′p ∀ p ∈ N1,
n∑
j=1

npj + tp = gp + t′p ∀ p ∈ N1

n∑
j=1

γ′pj + ηp = γp + η′p ∀ p ∈ N1,
n∑
j=1

δ′pj + ρp = δp + ρ′p ∀ p ∈ N1 (P5.25)

n∑
j=1

mqj + sq = bq + s′q ∀ q ∈ N2,
n∑
j=1

nqj + tq = gq + t′q ∀ q ∈ N2

n∑
j=1

γ′qj + ηq = γq + η′q ∀ q ∈ N2,
n∑
j=1

δ′qj + ρq = δq + ρ′q ∀ q ∈ N2
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n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

<(sp, tp, ηp, ρp)LR −<(s′p, t
′
p, η
′
p, ρ
′
p)LR ≥ 0 ∀ p ∈ N1

<(sq, tq, ηq, ρq)LR −<(s′q, t
′
q, η
′
q, ρ
′
q)LR ≤ 0 ∀ q ∈ N2

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0, si ≤ ti, ηi ≥ 0, ρi ≥ 0, s′i ≤ t′i, η

′
i ≥ 0, ρ′i ≥ 0

∀ i = 1, 2, ...,m; j = 1, 2, ..., n

Step 10 Using <(m,n, α, β) = 1
2
(
∫ 1

0
(m−αL−1(λ)) dλ +

∫ 1

0
(n+βR−1(λ)) dλ) prob-

lem (P5.25) can be converted into (P5.26):

Maximize/Minimize
n∑
j=1

(1
2
(
∫ 1

0
(p′j − α′′′j L−1(λ)) dλ +

∫ 1

0
(q′j + β′′′j R

−1(λ)) dλ))

subject to

n∑
j=1

mpj + sp = bp + s′p ∀ p ∈ N1,
n∑
j=1

npj + tp = gp + t′p ∀ p ∈ N1

n∑
j=1

γ′pj + ηp = γp + η′p ∀ p ∈ N1,
n∑
j=1

δ′pj + ρp = δp + ρ′p ∀ p ∈ N1 (P5.26)

n∑
j=1

mqj + sq = bq + s′q ∀ q ∈ N2,
n∑
j=1

nqj + tq = gq + t′q ∀ q ∈ N2

n∑
j=1

γ′qj + ηq = γq + η′q ∀ q ∈ N2,
n∑
j=1

δ′qj + ρq = δq + ρ′q ∀ q ∈ N2

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

1
2
(
∫ 1

0
(sp − ηpL

−1(λ)) dλ +
∫ 1

0
(tp + ρpR

−1(λ)) dλ) − 1
2
(
∫ 1

0
(s′p − η′pL

−1(λ)) dλ +∫ 1

0
(t′p + ρ′pR

−1(λ)) dλ) ≥ 0 ∀ p ∈ N1

1
2
(
∫ 1

0
(sq − ηqL

−1(λ)) dλ +
∫ 1

0
(tq + ρqR

−1(λ)) dλ) − 1
2
(
∫ 1

0
(s′q − η′qL

−1(λ)) dλ +∫ 1

0
(t′q + ρ′qR

−1(λ)) dλ) ≤ 0 ∀ p ∈ N2

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0, si ≤ ti, ηi ≥ 0, ρi ≥ 0, s′i ≤ t′i, η

′
i ≥ 0, ρ′i ≥ 0 ∀ i =

1, 2, ...,m; j = 1, 2, ..., n

Step 11 Solve the crisp non-linear programming problem (P5.26) by using an
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appropriate existing method [125] to find the optimal solution {x∗j , y∗j , α
′′∗
j , β

′′∗
j }.

Step 12 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming

problem (P5.16) by putting the values of x∗j , y
∗
j , α

′′∗
j and β

′′∗
j in x̃∗j = (x∗j , y

∗
j , α

′′∗
j , β

′′∗
j ).

Step 13 Find the fuzzy optimal value by putting the values of x̃∗j , obtained from

Step 12, in
n∑
j=1

c̃j ⊗ x̃∗j .

5.4.2 Alternative proposed method

In this section, an alternative method, to find the fuzzy optimal solution of

fully fuzzy linear programming problems of type (P5.16) with inequality constraints,

is proposed. The same method can be used to find the fuzzy optimal solution of the

fully fuzzy linear programming problems and fuzzy linear programming problems

which can be solved by using the method, proposed in Section 5.4.1.

The steps of the proposed method for solving fully fuzzy linear program-

ming problem (P5.16) are as follows:

Step 1 Assuming ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i = (bi, gi, γi, δi)LR

and c̃j = (pj, qj, α
′
j, β
′
j)LR the fully fuzzy linear programming problem (P5.18) can be

written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to

n∑
j=1

(apj, bpj, αpj, βpj)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR � (bp, gp, γp, δp)LR ∀ p ∈ N1

n∑
j=1

(aqj, bqj, αqj, βqj)LR⊗ (xj, yj, α
′′
j , β

′′
j )LR � (bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.27)

n∑
j=1

(arj, brj, αrj, βrj)LR ⊗ (xj, yj, α
′′
j , β

′′
j )LR = (br, gr, γr, δr)LR ∀ r ∈ N3

where (xj, yj, α
′′
j , β

′′
j )LR is an LR flat fuzzy number.

Step 2 Using the product, proposed in Section 4.2.1 and assuming (aij, bij, αij, βij)LR⊗
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(xj, yj, α
′′
j , β

′′
j )LR = (mij, nij, γ

′
ij, δ

′
ij)LR the fully fuzzy linear programming problem

(P5.27) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to

n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR � (bp, gp, γp, δp)LR ∀ p ∈ N1

n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR � (bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.28)

n∑
j=1

(mrj, nrj, γ
′
rj, δ

′
rj)LR = (br, gr, γr, δr)LR ∀ r ∈ N3

where (xj, yj, α
′′
j , β

′′
j )LR is an LR flat fuzzy number.

Step 3 Using arithmetic operations, defined in Section 4.1.2 and Definition 4.5, the

fully fuzzy linear programming problem (P5.28) can be written as:

Maximize/Minimize
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR

subject to

n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR � (bp, gp, γp, δp)LR ∀ p ∈ N1

n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR � (bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.29)

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 4 As discussed in Step 4 of the Section 4.4 the fuzzy optimal solution of (P5.16)

can be obtained by solving the problem (P5.30):

Maximize/Minimize <(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR)

subject to

<(
n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR) ≤ <(bp, gp, γp, δp)LR ∀ p ∈ N1

<(
n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR) ≥ <(bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.30)
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n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 5 Assuming (pj, qj, α
′
j, β
′
j)LR⊗ (xj, yj, α

′′
j , β

′′
j )LR = (p′j, q

′
j, α

′′′
j , β

′′′
j )LR the prob-

lem (P5.30) can be written as:

Maximize/Minimize <(
n∑
j=1

(p′j, q
′
j, α

′′′
j , β

′′′
j )LR)

subject to

<(
n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR) ≤ <(bp, gp, γp, δp)LR ∀ p ∈ N1

<(
n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR) ≥ <(bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.31)

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 6 Using the linearity property <(
n∑
j=1

Ãi) =
n∑
j=1

<(Ãi), where Ãi is a fuzzy num-

ber, problem (P5.31) can be converted into (P5.32):

Maximize/Minimize
n∑
j=1

<(p′j, q
′
j, α

′′′
j , β

′′′
j )LR

subject to

<(
n∑
j=1

(mpj, npj, γ
′
pj, δ

′
pj)LR) ≤ <(bp, gp, γp, δp)LR ∀ p ∈ N1

<(
n∑
j=1

(mqj, nqj, γ
′
qj, δ

′
qj)LR) ≥ <(bq, gq, γq, δq)LR ∀ q ∈ N2 (P5.32)

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 7 Using <(m,n, α, β) = 1
2
(
∫ 1

0
(m−αL−1(λ)) dλ +

∫ 1

0
(n+ βR−1(λ)) dλ) prob-

lem (P5.32) can be converted into (P5.33):
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Maximize/Minimize
n∑
j=1

(1
2
(
∫ 1

0
(p′j − α′′′j L−1(λ)) dλ +

∫ 1

0
(q′j + β′′′j R

−1(λ)) dλ))

subject to

n∑
j=1

1
2
(
∫ 1

0
(m′pj−γ′pjL−1(λ)) dλ +

∫ 1

0
(npj+δ′pjR

−1(λ)) dλ) ≤ 1
2
(
∫ 1

0
(bp−γpL−1(λ)) dλ +∫ 1

0
(gp+δpR

−1(λ)) dλ) ∀ p ∈ N1 (P5.33)

n∑
j=1

1
2
(
∫ 1

0
(m′qj − γ′qjL−1(λ)) dλ +

∫ 1

0
(nqj + δ′qjR

−1(λ)) dλ) ≥ 1
2
(
∫ 1

0
(bq − γqL−1(λ)) dλ

+
∫ 1

0
(gq + δqR

−1(λ)) dλ) ∀ q ∈ N2

n∑
j=1

mrj = br ∀ r ∈ N3,
n∑
j=1

nrj = gr ∀ r ∈ N3

n∑
j=1

γ′rj = γr ∀ r ∈ N3,
n∑
j=1

δ′rj = δr ∀ r ∈ N3

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Step 8 Solve the crisp non-linear programming problem (P5.33) by using an appro-

priate existing method [125] to find the optimal solution {x∗j , y∗j , α
′′∗
j , β

′′∗
j }.

Step 9 Find the fuzzy optimal solution {x̃∗j} of the fully fuzzy linear programming

problem (P5.16) by putting the values of x∗j , y
∗
j , α

′′∗
j and β

′′∗
j in x̃∗j = (x∗j , y

∗
j , α

′′∗
j , β

′′∗
j ).

Step 10 Find the fuzzy optimal value by putting the values of x̃∗j , obtained from

Step 9, in
n∑
j=1

c̃j ⊗ x̃∗j .

5.4.3 Verification of the proposed methods

In this section, it is depicted that the methods, proposed in Section 5.4.1

and Section 5.4.2, are equivalent and the solution obtained by using any of these

two methods will be same.

If Ã and B̃ are any two fuzzy numbers such that Ã = B̃ then <(Ã) = <(B̃)

so the 1st and 2nd constraints i.e.,
n∑
j=1

ãpj⊗ x̃j⊕ S̃p = b̃p⊕ S̃ ′p and
n∑
j=1

ãqj⊗ x̃j⊕ S̃q =

b̃q ⊕ S̃ ′q of problem (P5.19) can be written as:
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<(
n∑
j=1

ãpj⊗x̃j⊕S̃p) = <(b̃p⊕S̃ ′p) ∀ p ∈ N1 (5.1)

<(
n∑
j=1

ãqj⊗x̃j⊕S̃q) = <(b̃q⊕S̃ ′q) ∀ q ∈ N2 (5.2)

Since, the existing ranking function [141] < satisfies the linearity property, so equa-

tion (5.1) and equation (5.2) can be written as:

<(
n∑
j=1

ãpj⊗x̃j)+<(S̃p) = <(b̃p)+<(S̃ ′p) ∀ p ∈ N1 (5.3)

<(
n∑
j=1

ãqj⊗x̃j)+<(S̃q) = <(b̃q)+<(S̃ ′q) ∀ q ∈ N2 (5.4)

Equation (5.3) and equation (5.4) can be written as:

<(b̃p)−<(
n∑
j=1

ãpj⊗x̃j) = <(S̃p)−<(S̃ ′p) ∀ p ∈ N1 (5.5)

<(b̃q)−<(
n∑
j=1

ãqj⊗x̃j) = <(S̃q)−<(S̃ ′q) ∀ q ∈ N2 (5.6)

Using 4th and 5th constraint of problem (P5.19) i.e., <(S̃p)−<(S̃ ′p) ≥ 0 and <(S̃q)−

<(S̃ ′q) ≤ 0 equation (5.5) and equation (5.6) can be written as:

<(b̃p)−<(
n∑
j=1

ãpj ⊗ x̃j) ≥ 0 ∀ p ∈ N1

<(b̃q)−<(
n∑
j=1

ãqj ⊗ x̃j) ≤ 0 ∀ q ∈ N2

i.e.,

<(
n∑
j=1

ãpj ⊗ x̃j) ≤ <(b̃p) ∀ p ∈ N1

<(
n∑
j=1

ãqj ⊗ x̃j) ≥ <(b̃q) ∀ q ∈ N2

So, the methods, proposed in Section 5.4.1 and Section 5.4.2 are equivalent hence

the solution obtained by using any of these two methods will be same.

5.5 Illustrative Example

In this section, the proposed methods are illustrated with the help of fully

fuzzy linear programming problem, chosen in Example 5.10, which cannot be solved

by using the existing method [4].
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5.5.1 Fuzzy optimal solution of the chosen problem by using
the proposed method

Using the method, proposed in Section 5.4.1, the fuzzy optimal solution

of the fully fuzzy linear programming problem, chosen in Example 5.10, can be

obtained as follows:

Step 1 Using Step 2 of the method, proposed in Section 5.4.1, the fully fuzzy linear

programming problem, chosen in Example 5.10, can be written as:

Maximize ((4, 4, 0, 0)LR ⊗ x̃1 ⊕ (1, 1, 1, 1)LR ⊗ x̃2)

subject to

(2, 5, 5, 2)LR ⊗ x̃1 ⊕ (−1, 5, 1, 2)LR ⊗ x̃2 ⊕ S̃ = (−17, 45, 25, 46)LR ⊕ S̃ ′

(1, 2, 1, 1)LR ⊗ x̃1 ⊕ (3, 5, 2, 2)LR ⊗ x̃2 = (7, 24, 6, 24)LR

where x̃1, x̃2, S̃, S̃
′ are LR flat fuzzy numbers and L(x) = max{0, 1 − x}, R(x) =

max{0, 1− x2}.

Step 2 Assuming x̃1 = (x1, y1, α1, β1)LR, x̃2 = (x2, y2, α2, β2)LR, S̃ = (s, t, η, ρ)LR

and S̃ ′ = (s′, t′, η′, ρ′)LR the fully fuzzy linear programming problem, obtained in

Step 1, can be written as:

Maximize ((4, 4, 0, 0)LR ⊗ (x1, y1, α1, β1)LR ⊕ (1, 1, 1, 1)LR ⊗ (x2, y2, α2, β2)LR)

subject to

(2, 5, 5, 2)LR ⊗ (x1, y1, α1, β1)LR ⊕ (−1, 5, 1, 2)LR ⊗ (x2, y2, α2, β2)LR ⊕ (s, t, η, ρ)LR =

(−17, 45, 25, 46)LR ⊕ (s′, t′, η′, ρ′)LR

(1, 2, 1, 1)LR ⊗ (x1, y1, α1, β1)LR ⊕ (3, 5, 2, 2)LR ⊗ (x2, y2, α2, β2)LR = (7, 24, 6, 24)LR

where (x1, y1, α1, β1)LR, (x2, y2, α2, β2)LR, (s, t, η, ρ)LR and (s′, t′, η′, ρ′)LR are LR flat

fuzzy numbers.

Step 3 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-
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ming problem, obtained in Step 2, can be written as:

Maximize ((min{4x1, 4x1},max{4y1, 4y1},min{4x1, 4x1}−min{4x1−4α1, 4x1−4α1},

max{4y1+4β1, 4y1+4β1}−max{4y1, 4y1})LR⊕(min{x2, x2},max{y2, y2},min{x2, x2}

−min{0, 2x2 − 2α2},max{0, 2y2 + 2β2}−max{y2, y2})LR)

subject to

(min{2x1, 5x1},max{2y1, 5y1},min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1},max{7y1+

7β1,−3x1+3α1}−max{2y1, 5y1})LR⊕(min{−y2, 5x2},max{−x2, 5y2},min{−y2, 5x2}

−min{−2y2 − 2β2, 7x2 − 7α2},max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR ⊕

(s, t, η, ρ)LR = (−17, 45, 25, 46)LR ⊕ (s′, t′, η′, ρ′)LR

(min{x1, 2x1},max{y1, 2y1},min{x1, 2x1}−min{0, 3x1 − 3α1},max{0, 3y1 + 3β1} −

max{y1, 2y1})LR⊕ (min{3x2, 5x2},max{3y2, 5y2},min{3x2, 5x2}−min{x2−α2, 7x2−

7α2},max{y2 + β2, 7y2 + 7β2}−max{3y2, 5y2})LR = (7, 24, 6, 24)LR

where (x1, y1, α1, β1)LR, (x2, y2, α2, β2)LR, (s, t, η, ρ)LR and (s′, t′, η′, ρ′)LR are LR flat

fuzzy numbers.

Step 4 Using the arithmetic operations, defined in Section 4.1.2 and Definition 4.5,

the fully fuzzy linear programming problem, obtained in Step 3, can be written as:

Maximize ((min{4x1, 4x1}+min{x2, x2},max{4y1, 4y1}+max{y2, y2},min{4x1, 4x1}

−min{4x1 − 4α1, 4x1 − 4α1}+min{x2, x2}−min{0, 2x2 − 2α2},max{4y1 + 4β1, 4y1 +

4β1}−max{4y1, 4y1}+max{0, 2y2 + 2β2}−max{y2, y2})LR)

subject to

min{2x1, 5x1}+min{−y2, 5x2}+ s = −17 + s′

max{2y1, 5y1}+max{−x2, 5y2}+ t = 45 + t′

min{x1, 2x1}+min{3x2, 5x2} = 7
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max{y1, 2y1}+max{3y2, 5y2} = 24

min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1}+min{−y2, 5x2}−min{−2y2−2β2, 7x2−

7α2}+ η = 25 + η′

max{7y1+7β1,−3x1+3α1}−max{2y1, 5y1}+max{−2x2+2α2, 7y2+7β2}−max{−x2,

5y2}+ ρ = 46 + ρ′

min{x1, 2x1}−min{0, 3x1 − 3α1}+min{3x2, 5x2}−min{x2 − α2, 7x2 − 7α2} = 6

max{0, 3y1 + 3β1}−max{y1, 2y1}+max{y2 + β2, 7y2 + 7β2}−max{3y2, 5y2} = 24

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

s ≤ t, η ≥ 0, ρ ≥ 0, s′ ≤ t′, η′ ≥ 0, ρ ≥ 0

Step 5 Using Step 7 of the proposed method, the fuzzy linear programming prob-

lem, obtained in Step 4, can be written as:

Maximize <((min{4x1, 4x1}+min{x2, x2},max{4y1, 4y1}+max{y2, y2},min{4x1, 4x1}

−min{4x1 − 4α1, 4x1 − 4α1}+min{x2, x2}−min{0, 2x2 − 2α2},max{4y1 + 4β1, 4y1 +

4β1}−max{4y1, 4y1}+max{0, 2y2 + 2β2}−max{y2, y2})LR)

subject to

min{2x1, 5x1}+min{−y2, 5x2}+ s = −17 + s′

max{2y1, 5y1}+max{−x2, 5y2}+ t = 45 + t′

min{x1, 2x1}+min{3x2, 5x2} = 7

max{y1, 2y1}+max{3y2, 5y2} = 24

min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1}+min{−y2, 5x2}−min{−2y2−2β2, 7x2−

7α2}+ η = 25 + η′

max{7y1+7β1,−3x1+3α1}−max{2y1, 5y1}+max{−2x2+2α2, 7y2+7β2}−max{−x2,

5y2}+ ρ = 46 + ρ′

min{x1, 2x1}−min{0, 3x1 − 3α1}+min{3x2, 5x2}−min{x2 − α2, 7x2 − 7α2} = 6
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max{0, 3y1 + 3β1}−max{y1, 2y1}+max{y2 + β2, 7y2 + 7β2}−max{3y2, 5y2} = 24

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

s ≤ t, η ≥ 0, ρ ≥ 0, s′ ≤ t′, η′ ≥ 0, ρ ≥ 0

Step 6 Using Step 9 and Step 10 of the proposed method, the fuzzy linear program-

ming problem, obtained in Step 5, can be written as:

Maximize 1
3
|y2 + β2| − 1

4
|x2 − α2| − α1 + 2x1 − 1

4
α2 + 1

2
x2 + 2y1 + 4

3
β1 + 1

2
y2 + 1

3
β2

subject to

7
2
x1 − 3

2
|x1| − 1

2
y2 + 5

2
x2 − 1

2
|y2 + 5x2|+ s = −17 + s′

7
2
y1 + 3

2
|y1| − 1

2
x2 + 5

2
y2 + 1

2
|x2 + 5y2|+ t = 45 + t′

3
2
x1 − 1

2
|x1|+ 4x2 − |x2| = 7

3
2
y1 + 1

2
|y1|4y2 + |y2| = 24

−3
2
|x1|+ 3

2
y1 + 3

2
β1 + 7

2
α1 + 1

2
|3y1 + 3β1 + 7x1− 7α1|+ 1

2
y2− x2− 1

2
|y2 + 5x2|+ β2 +

7
2
α2 + 1

2
|2y2 + 2β2 + 7x2 − 7α2|+ η = 25 + η′

7
2
β1 − 3

2
x1 + 3

2
α1 + 1

2
|7y1 + 7β1 + 3x1 − 3α1| − 3

2
|y1| − 1

2
x2 + α2 + y2 + 7

2
β2 + 1

2
|7y2 +

7β2 + 2x2 − 2α2| − 1
2
|x2 + 5y2|+ ρ = 46 + ρ′

−1
2
|x1|+ 3

2
α1 + 3

2
|x1 − α1| − |x2|+ 4α2 + 3|x2 − α2| = 6

3
2
β1 + 3

2
|y1 + β1| − 1

2
|y1|+ 4β2 + 3|y2 + β2| − |y2| = 24

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

s ≤ t, η ≥ 0, ρ ≥ 0, s′ ≤ t′, η′ ≥ 0, ρ ≥ 0

Step 7 The optimal solution of the crisp non-linear programming problem, obtained

in Step 6, is x1 = 4, y1 = 4, α1 = 0, β1 = 51
335
, x2 = 1, y2 = 16

5
, α2 = 0 and β2 = 629

335
.

Step 8 Putting the values of x1, y1, α1, β1, x2, y2, α2 and β2 in x̃1 = (x1, y1, α1, β1)

and x̃2 = (x2, y2, α2, β2), the exact fuzzy optimal solution is x̃1 = (4, 4, 0, 51
335

)LR, x̃2 =
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(1, 16
5
, 0, 629

335
)LR.

Step 9 Putting the values of x̃1 and x̃2, obtained from Step 8, in the objective

function the fuzzy optimal value is (17, 96
5
, 1, 2534

335
)LR.

5.5.2 Fuzzy optimal solution of the chosen problem by using
the alternative proposed method

Using the method, proposed in Section 5.4.2, the fuzzy optimal solution of

the fully fuzzy linear programming problem, chosen in Example 5.10, can be ob-

tained as follows:

Step 1 Assuming x̃1 = (x1, y1, α1, β1)LR and x̃2 = (x2, y2, α2, β2)LR the fully fuzzy

linear programming problem, chosen in Example 5.10, can be written as:

Maximize ((4, 4, 0, 0)LR ⊗ (x1, y1, α1, β1)LR ⊕ (1, 1, 1, 1)LR ⊗ (x2, y2, α2, β2)LR)

subject to

(2, 5, 5, 2)LR⊗(x1, y1, α1, β1)LR⊕(−1, 5, 1, 2)LR⊗(x2, y2, α2, β2)LR � (−17, 45, 25, 46)LR

(1, 2, 1, 1)LR ⊗ (x1, y1, α1, β1)LR ⊕ (3, 5, 2, 2)LR ⊗ (x2, y2, α2, β2)LR = (7, 24, 6, 24)LR

where (x1, y1, α1, β1)LR, (x2, y2, α2, β2)LR are LR flat fuzzy numbers and L(x) =

max{0, 1− x}, R(x) = max{0, 1− x2}.

Step 2 Using the product, proposed in Section 4.2.1, the fully fuzzy linear program-

ming problem, obtained in Step 1, can be written as:

Maximize ((min{4x1, 4x1},max{4y1, 4y1},min{4x1, 4x1}−min{4x1−4α1, 4x1−4α1},

max{4y1+4β1, 4y1+4β1}−max{4y1, 4y1})LR⊕(min{x2, x2},max{y2, y2},min{x2, x2}

−min{0, 2x2 − 2α2},max{0, 2y2 + 2β2}−max{y2, y2})LR)

subject to

(min{2x1, 5x1},max{2y1, 5y1},min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1},max{7y1+
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7β1,−3x1+3α1}−max{2y1, 5y1})LR⊕(min{−y2, 5x2},max{−x2, 5y2},min{−y2, 5x2}

−min{−2y2 − 2β2, 7x2 − 7α2},max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR �

(−17, 45, 25, 46)LR

(min{x1, 2x1},max{y1, 2y1},min{x1, 2x1}−min{0, 3x1 − 3α1},max{0, 3y1 + 3β1} −

max{y1, 2y1})LR⊕ (min{3x2, 5x2},max{3y2, 5y2},min{3x2, 5x2}−min{x2−α2, 7x2−

7α2},max{y2 + β2, 7y2 + 7β2}−max{3y2, 5y2})LR = (7, 24, 6, 24)LR

where (x1, y1, α1, β1)LR and (x2, y2, α2, β2)LR are LR flat fuzzy numbers.

Step 3 Using Step 4 of the proposed method, the fully fuzzy linear programming

problem, obtained in Step 2, can be written as:

Maximize <((min{4x1, 4x1},max{4y1, 4y1},min{4x1, 4x1}−min{4x1−4α1, 4x1−4α1},

max{4y1+4β1, 4y1+4β1}−max{4y1, 4y1})LR⊕(min{x2, x2},max{y2, y2},min{x2, x2}

−min{0, 2x2 − 2α2},max{0, 2y2 + 2β2}−max{y2, y2})LR)

subject to

<((min{2x1, 5x1},max{2y1, 5y1},min{2x1, 5x1}−min{−3y1−3β1, 7x1−7α1},max{7y1+

7β1,−3x1+3α1}−max{2y1, 5y1})LR⊕(min{−y2, 5x2},max{−x2, 5y2},min{−y2, 5x2}

−min{−2y2 − 2β2, 7x2 − 7α2},max{−2x2 + 2α2, 7y2 + 7β2}−max{−x2, 5y2})LR) ≤

<(−17, 45, 25, 46)LR

min{x1, 2x1}+min{3x2, 5x2} = 7

max{y1, 2y1}+max{3y2, 5y2} = 24

min{x1, 2x1}−min{0, 3x1 − 3α1}+min{3x2, 5x2}−min{x2 − α2, 7x2 − 7α2} = 6

max{0, 3y1 + 3β1}−max{y1, 2y1}+max{y2 + β2, 7y2 + 7β2}−max{3y2, 5y2})LR = 24

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 4 Using Step 6 and Step 7 of the proposed method, the fully fuzzy linear
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programming problem, obtained in Step 3, can be written as:

Maximize 1
3
|y2 + β2| − 1

4
|x2 − α2| − α1 + 2x1 − 1

4
α2 + 1

2
x2 + 2y1 + 4

3
β1 + 1

2
y2 + 1

3
β2

subject to

−3
2
|5x2 + y2|+ |x2 + 5y2|− 3

2
|− 7x1 + 7α1− 3y1− 3β1|+ 2|− 3x1 + 3α1− 7y1− 7β1|−

9
2
|x1|+ 3|y1|+ 2|2α2 − 2x2 − 7y2 − 7β2| − 3

2
|7α2 − 7x2 − 2y2 − 2β2|+ 15x1 − 9

2
α1 −

13
2
α2 + 13x2 + 33

2
y1 + 19

2
β1 + 29

2
y2 + 11β2 ≤ 277

3
2
x1 − 1

2
|x1|+ 4x2 − |x2| = 7

3
2
y1 + 1

2
|y1|4y2 + |y2| = 24

−1
2
|x1|+ 3

2
α1 + 3

2
|x1 − α1| − |x2|+ 4α2 + 3|x2 − α2| = 6

3
2
β1 + 3

2
|y1 + β1| − 1

2
|y1|+ 4β2 + 3|y2 + β2| − |y2| = 24

x1 ≤ y1, α1 ≥ 0, β1 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

Step 5 The optimal solution of the crisp non-linear programming problem, obtained

in Step 4, is x1 = 4, y1 = 4, α1 = 0, β1 = 51
335
, x2 = 1, y2 = 16

5
, α2 = 0 and β2 = 629

335
.

Step 6 Putting the values of x1, y1, α1, β1, x2, y2, α2 and β2 in x̃1 = (x1, y1, α1, β1)

and x̃2 = (x2, y2, α2, β2), the exact fuzzy optimal solution is x̃1 = (4, 4, 0, 51
335

)LR, x̃2 =

(1, 16
5
, 0, 629

335
)LR.

Step 7 Putting the values of x̃1 and x̃2, obtained from Step 6, in the objective

function, the fuzzy optimal value is (17, 96
5
, 1, 2534

335
)LR.

5.6 Advantages of the proposed methods

In this section, the advantages of the proposed methods over the existing

methods [4, 41, 87, 88, 91, 100] and the methods, proposed in previous chapters are

discussed.

The main advantage of the methods, proposed in this chapter, is that all the
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fully fuzzy linear programming problems which can be solved by using the existing

methods [4, 41, 87, 88, 91, 100] and the methods proposed in previous chapters can

also be solved by using the methods proposed in this chapter. Furthermore, on

solving these problems by using the existing methods [4,41,87,88,91,100], methods

proposed in previous chapters and the methods proposed in this chapter, same

results are obtained.

However, there exist several problems which cannot be solved by using the

existing methods [4,41,87,88,91,100] and the methods, proposed in previous chapters

but can be solved by using the methods, proposed in this chapter.

5.7 Comparative study

To compare the existing methods [4, 41, 87, 88, 91, 100] and the methods

proposed in this chapter, the results of fuzzy linear programming problems and

fully fuzzy linear programming problems, obtained by using the existing methods

and the methods proposed in this chapter, are shown in Table 5.1.
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It is obvious from the results, shown in Table 5.1, that the fuzzy linear program-

ming problems and fully fuzzy linear programming problems, chosen in Example

5.6 to Example 5.11, cannot be solved by using any of the existing methods but all

these problems can be solved by using proposed methods. Also, all the fuzzy linear

programming problems and fully fuzzy linear programming problems, chosen in Ex-

ample 5.1 to Example 5.5, for which there is a need to apply the different existing

methods can be easily solved by using proposed methods i.e., all the fuzzy linear

programming problems and fully fuzzy linear programming problems which may or

may not be solved by using the existing methods can be solved by using proposed

methods.

Remark 5.1 Let Ã = (m1, α1, β1)LR be a non-positive LR fuzzy number and

B̃ = (m2, α2, β2)LR be a non-negative LR fuzzy number. Then,

(i) According to the existing product [4],

Ã⊗ B̃ = (m1m2, α1m2 −m1α2, β1m2 −m1β2)LR

(ii) According to the existing product [30],

Ã⊗ B̃ = (m1m2, α1m2 −m1β2, β1m2 −m1α2)LR

Using the product (i) Example 5.5 has a fuzzy optimal solution but by using product

(ii) and by using the proposed product Example 5.5 has infeasible solution.

5.8 Conclusions

On the basis of the presented study, it can be concluded that it is better

to use the methods, proposed in this chapter as compared to the existing methods

[4, 41, 87, 88, 91, 100] and methods proposed in previous chapters for solving fully

fuzzy linear programming problems.





Chapter 6

A NEW METHOD TO FIND THE

UNIQUE FUZZY OPTIMAL VALUE OF

FULLY FUZZY LINEAR PROGRAMMING

PROBLEMS WITH EQUALITY

CONSTRAINTS

In this chapter, it is shown that the fuzzy optimal value, obtained by using

the method, proposed in Chapter 4, is not necessarily a unique fuzzy number. So,

it does not conform to the uniqueness property of fuzzy optimal value. To overcome

this limitation of the method, proposed in Chapter 4, a new method is proposed for

solving fully fuzzy linear programming problems with equality constraints.

6.1 Limitations of the previous proposed method

In this section, limitations of the method for solving fully fuzzy linear pro-

gramming problems with equality constraints, proposed in Chapter 4, are pointed

out.

Let {xj} and A be the optimal solution and optimal value of a linear pro-

gramming problem respectively. If there exist any feasible solution {yj} of the same

The contents of this chapter are published in Control and Cybernetics 41 (2012) 171-182
which are the generalization of the contents of the paper accepted for publication in Journal of
Optimization Theory and Applications.
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linear programming problem such that the value of the objective function of the

linear programming problem corresponding to {yj} is also A then {yj} is said to be

an alternative optimal solution of the same linear programming problem i.e. corre-

sponding to all alternative optimal solutions the values of objective function should

be same.

In this section, a fully fuzzy linear programming problem, chosen in Ex-

ample 6.1, is solved to show that the results of the fully fuzzy linear programming

problem, chosen in Example 6.1, obtained by using the method, proposed in Chap-

ter 4, do not conform to the property of alternative optimal solutions.

Example 6.1 Maximize ((2, 2, 2, 2)LR⊗ x̃1⊕ (7, 12, 2, 2)LR⊗ x̃2⊕ (7, 8, 2, 2)LR⊗ x̃3)

subject to

x̃1 ⊕ x̃2 = (1, 1, 0, 0)LR

x̃1 = x̃3

x̃2 ⊕ x̃3 = (1, 1, 0, 0)LR

where x̃1, x̃2, x̃3 are non-negative LR flat fuzzy numbers and L(x) = R(x) =

max{0, 1− x} .

Solution: On solving the chosen fully fuzzy linear programming problem by using

the method, proposed in Chapter 4, it is found that all the fuzzy feasible solu-

tions x̃1 = x̃3 = (a, a, 0, 0)LR and x̃2 = (1 − a, 1 − a, 0, 0)LR, 0 ≤ a ≤ 1 are fuzzy

optimal solutions of the chosen fully fuzzy linear programming problem. Putting

x̃1 = x̃3 = (a, a, 0, 0)LR and x̃2 = (1− a, 1− a, 0, 0)LR in the objective function the

fuzzy optimal value is (7 + 2a, 12 − 2a, 2 + 2a, 2 + 2a)LR. Since, the fuzzy optimal

value is depending upon ‘a’ so for the chosen fully fuzzy linear programming prob-

lem infinite fuzzy numbers, representing the fuzzy optimal values, can be obtained.
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Since, the fuzzy optimal values of the fully fuzzy linear programming prob-

lem, chosen in Example 6.1, corresponding to alternative fuzzy optimal solutions

are not equal i.e., the results obtained by using the method, proposed in Chapter 4,

do not conform to the uniqueness property of fuzzy optimal value of a fully fuzzy

linear programming problem. So, it is not genuine to apply the method, proposed

in Chapter 4, for solving fully fuzzy linear programming problems.

6.2 Proposed method based on RMDS approach

Kumar et al. [66] used four parameters Rank , Mode, Divergence and Left

spread for comparing LR flat fuzzy numbers. It can be easily seen that if Ã and B̃ are

two LR flat fuzzy numbers such that Rank(Ã) = Rank(B̃), Mode(Ã) = Mode(B̃),

Divergence(Ã) = Divergence(B̃) and Left spread(Ã) = Left spread(B̃) then Ã = B̃.

In this section, to overcome the limitations of the method, proposed in

Chapter 4, a new method, based on RMDS approach [66], is proposed for solving

fully fuzzy linear programming problems.

6.2.1 RMDS approach

In this section, the existing ranking approach [66] for comparing LR flat

fuzzy numbers is presented.

Let Ã = (m1, n1, α1, β1)LR and B̃ = (m2, n2, α2, β2)LR be two LR flat fuzzy

numbers then use the following steps to compare Ã and B̃:

Step 1 Find Rank(Ã) = 1
2
[
∫ 1

0
m1dλ−

∫ 1

0
α1L

−1(λ)dλ+
∫ 1

0
n1dλ+

∫ 1

0
β1R

−1(λ)dλ]

and Rank(B̃) = 1
2
[
∫ 1

0
m2dλ−

∫ 1

0
α2L

−1(λ)dλ+
∫ 1

0
n2dλ+

∫ 1

0
β2R

−1(λ)dλ]

Case (i) If Rank(Ã) > Rank(B̃) then Ã � B̃

Case (ii) If Rank(Ã) < Rank(B̃) then Ã ≺ B̃
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Case (iii) If Rank(Ã) = Rank(B̃) then go to Step 2.

Step 2 Find Mode(Ã) = 1
2

∫ 1

0
(m1 + n1)dλ and Mode(B̃) = 1

2

∫ 1

0
(m2 + n2)dλ

Case (i) If Mode(Ã) > Mode(B̃) then Ã � B̃

Case (ii) If Mode(Ã) < Mode(B̃) then Ã ≺ B̃

Case (iii) If Mode(Ã) = Mode(B̃) then go to Step 3

Step 3 Find Divergence(Ã) =
∫ 1

0
n1dλ+

∫ 1

0
β1R

−1(λ)dλ−
∫ 1

0
m1dλ+

∫ 1

0
α1L

−1(λ)dλ

and Divergence(B̃) =
∫ 1

0
n2dλ+

∫ 1

0
β2R

−1(λ)dλ−
∫ 1

0
m2dλ+

∫ 1

0
α2L

−1(λ)dλ

Case (i) If Divergence(Ã) > Divergence(B̃) then Ã � B̃

Case (ii) If Divergence(Ã) < Divergence(B̃) then Ã ≺ B̃

Case (iii) If Divergence(Ã) = Divergence(B̃) then go to Step 4

Step 4 Find Left spread(Ã) =
∫ 1

0
α1L

−1(λ)dλ and Left spread(B̃) =
∫ 1

0
α2L

−1(λ)dλ

Case (i) If Left spread(Ã) > Left spread(B̃) then Ã � B̃

Case (ii) If Left spread(Ã) < Left spread(B̃) then Ã ≺ B̃

Case (iii) If Left spread(Ã) = Left spread(B̃) then Ã = B̃.

6.2.2 Proposed method

In this section, to overcome the limitations of the method, proposed in

Chapter 4, a new method is proposed for solving fully fuzzy linear programming

problems (P4.1).

Step 1 Use Step 1 to Step 8 of the method, proposed in Chapter 4, and check that

an alternative optimal solution of crisp linear programming problem (P4.9) exist or

not.

Case (i) If an alternative optimal solution does not exist then the fuzzy optimal

solution, obtained by using the method, proposed in Chapter 4, is exact fuzzy
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optimal solution of the fully fuzzy linear programming problem (P4.1).

Case (ii) If alternative optimal solution exist then Go to Step 2.

Step 2 Let the optimal value of the problem (P4.9) be ‘a’ and it occurs corre-

sponding to ‘p’ basic feasible solutions {xkj , ykj , α
′′k
j , β

′′k
j } where k = 1, ..., p. Now,

our aim is to find max (or min)
1≤k≤p

{
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xkj , y

k
j , α

′′k
j , β

′′k
j )LR}. Since,

Rank(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xkj , y

k
j , α

′′k
j , β

′′k
j )LR) = a ∀ k = 1, ..., p so using Step 2 of

the RMDS approach , discussed in Section 6.2.1 if max (or min)
1≤t≤l

{Mode(
n∑
j=1

(pj,

qj, α
′
j, β
′
j)LR⊗(xkj , y

k
j , α

′′k
j , β

′′k
j )LR)} is Mode(

n∑
j=1

(pj, qj, α
′
j, β
′
j)LR⊗(xφj , y

φ
j , α

′′φ
j , β

′′φ
j )LR)

then max (or min)
1≤t≤l

{
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR⊗(xkj , y

k
j , α

′′k
j , β

′′k
j )LR} will also be

n∑
j=1

(pj, qj, α
′
j,

β′j)LR⊗ (xφj , y
φ
j , α

′′φ
j , β

′′φ
j )LR i.e., the fuzzy optimal solution of (P4.1) can be obtained

by solving the problem (P6.1):

Maximize/Minimize (Mode(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR))

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m (P6.1)

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

Rank(
n∑
j=1

c̃j ⊗ x̃j) = a

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

Case (i) If there does not exist any alternative optimal solution then the solution

obtained from problem (P6.1) is the optimal solution. Put the values of x∗j , y
∗
j , α

′′∗
j

and β
′′∗
j in x̃∗j = (x∗j , y

∗
j , α

′′∗
j , β

′′∗
j )LR to find the fuzzy optimal solution {x̃∗j} and find

the fuzzy optimal value
n∑
j=1

(c̃j ⊗ x̃∗j) by putting the values of x̃∗j .
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Case (ii) If alternative solution exist then Go to Step 3.

Step 3 On the same direction, as discussed in Step 2, solve the problem (P6.2) and

check that alternative optimal solution exist or not:

Maximize/Minimize (Divergence(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR))

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m

n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m (P6.2)

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

Rank(
n∑
j=1

c̃j ⊗ x̃j) = a

Mode(
n∑
j=1

c̃j ⊗ x̃j) = b

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

where ‘b’ is the optimal value of the problem (P6.1).

Case (i) If there does not exist any alternative optimal solution then the solution

obtained from problem (P6.2) is the optimal solution. Put the values of x∗j , y
∗
j , α

′′∗
j

and β
′′∗
j in x̃∗j = (x∗j , y

∗
j , α

′′∗
j , β

′′∗
j )LR to find the fuzzy optimal solution {x̃∗j} and find

the fuzzy optimal value
n∑
j=1

(c̃j ⊗ x̃∗j) by putting the values of x̃∗j .

Case (ii) If alternative solution exist then Go to Step 4.

Step 4 On the same direction, as discussed in Step 2, solve the problem (P6.3):

Maximize/Minimize (Left spread(
n∑
j=1

(pj, qj, α
′
j, β
′
j)LR ⊗ (xj, yj, α

′′
j , β

′′
j )LR))

subject to

n∑
j=1

mij = bi ∀ i = 1, 2, ...,m

n∑
j=1

nij = gi ∀ i = 1, 2, ...,m
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n∑
j=1

γ′ij = γi ∀ i = 1, 2, ...,m (P6.3)

n∑
j=1

δ′ij = δi ∀ i = 1, 2, ...,m

Rank(
n∑
j=1

c̃j ⊗ x̃j) = a

Mode(
n∑
j=1

c̃j ⊗ x̃j) = b

Divergence(
n∑
j=1

c̃j ⊗ x̃j) = c

xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0 ∀ j = 1, 2, ..., n

where ‘c’ is the optimal value of the problem (P6.2).

Find the fuzzy optimal solution {x̃∗j} by putting the values of x∗j , y
∗
j , α

′′∗
j and β

′′∗
j in

x̃∗j = (x∗j , y
∗
j , α

′′∗
j , β

′′∗
j )LR and fuzzy optimal value

n∑
j=1

(c̃j ⊗ x̃∗j) by putting the values

of x̃∗j .

6.3 Illustrative example

In this section, to illustrate the proposed method fully fuzzy linear program-

ming problem, chosen in Example 6.1, is solved. The exact fuzzy optimal solution

of the chosen problem can be obtained by using the following steps:

Step 1 Assuming x̃1 = (x1, y1, α1, β1)LR, x̃2 = (x2, y2, α2, β2)LR and x̃3 = (x3, y3, α3, β3)LR

and using Step 1 to Step 8 of the method, proposed in Chapter 4, the fully fuzzy

linear programming problem, chosen in Example 6.1, can be written as:

Maximize 1
4
(2x1 + 6y1 + 4β1 + 12x2 + 26y2− 5α2 + 14β2 + 12x3 + 18y3− 5α3 + 10β3)

subject to

x1 + x2 = 1, y1 + y2 = 1, α1 + α2 = 0, β1 + β2 = 0

x1 = x3, y1 = y3, α1 = α3, β1 = β3

x2 + x3 = 1, y2 + y3 = 1, α2 + α3 = 0, β2 + β3 = 0

x1 ≥ 0, x1 ≤ y1, α1 ≥ 0, β1 ≥ 0



126

x2 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

x3 ≥ 0, x3 ≤ y3, α3 ≥ 0, β3 ≥ 0

Step 2 Since, on solving the crisp linear programming problem, obtained in Step

1, alternative optimal solution is obtained and the optimal value of the crisp linear

programming problem is 19
2

so, using Step 2 of the proposed method the solution of

the chosen problem can be obtained by solving the following crisp linear program-

ming problem:

Maximize (x1 + 7
2
x2 + 7

2
x3 + y1 + 6y2 + 4y3)

subject to

x1 + x2 = 1, y1 + y2 = 1, α1 + α2 = 0, β1 + β2 = 0

x1 = x3, y1 = y3, α1 = α3, β1 = β3

x2 + x3 = 1, y2 + y3 = 1, α2 + α3 = 0, β2 + β3 = 0

2x1 + 6y1 + 4β1 + 12x2 + 26y2 − 5α2 + 14β2

+ 12x3 + 18y3 − 5α3 + 10β3 = 38

x1 ≥ 0, x1 ≤ y1, α1 ≥ 0, β1 ≥ 0

x2 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

x3 ≥ 0, x3 ≤ y3, α3 ≥ 0, β3 ≥ 0

Step 3 Since, on solving the crisp linear programming problem, obtained in Step

2, alternative optimal solution is obtained and the optimal value of the crisp linear

programming problem is 19
2

so, using Step 3 of the proposed method the solution of

the chosen problem can be obtained by solving the following crisp linear program-

ming problem:

Maximize (4y1 + 14y2 + 10y3 + 4β1 + 14β2 + 10β3− 5x2− 5x3 + 5α2 +α3)

subject to
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x1 + x2 = 1, y1 + y2 = 1, α1 + α2 = 0, β1 + β2 = 0

x1 = x3, y1 = y3, α1 = α3, β1 = β3

x2 + x3 = 1, y2 + y3 = 1, α2 + α3 = 0, β2 + β3 = 0

2x1 + 6y1 + 4β1 + 12x2 + 26y2 − 5α2 + 14β2

+ 12x3 + 18y3 − 5α3 + 10β3 = 38

x1 + 7
2
x2 + 7

2
x3 + y1 + 6y2 + 4y3 = 19

2

x1 ≥ 0, x1 ≤ y1, α1 ≥ 0, β1 ≥ 0

x2 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

x3 ≥ 0, x3 ≤ y3, α3 ≥ 0, β3 ≥ 0

Step 4 Since, on solving the crisp linear programming problem, obtained in Step

3, alternative optimal solution is obtained and the optimal value of the crisp linear

programming problem is 9 so, using Step 4 of the proposed method the solution of

the chosen problem can be obtained by solving the following crisp linear program-

ming problem:

Maximize (2x1 + 2x2 + 2x3 + 5α2 + 5α3)

subject to

x1 + x2 = 1, y1 + y2 = 1, α1 + α2 = 0, β1 + β2 = 0

x1 = x3, y1 = y3, α1 = α3, β1 = β3

x2 + x3 = 1, y2 + y3 = 1, α2 + α3 = 0, β2 + β3 = 0

2x1 + 6y1 + 4β1 + 12x2 + 26y2 − 5α2 + 14β2

+ 12x3 + 18y3 − 5α3 + 10β3 = 38

x1 + 7
2
x2 + 7

2
x3 + y1 + 6y2 + 4y3 = 19

2

4y1 + 14y2 + 10y3 + 4β1 + 14β2 + 10β3− 5x2− 5x3 + 5α2 +α3 = 9

x1 ≥ 0, x1 ≤ y1, α1 ≥ 0, β1 ≥ 0
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x2 ≥ 0, x2 ≤ y2, α2 ≥ 0, β2 ≥ 0

x3 ≥ 0, x3 ≤ y3, α3 ≥ 0, β3 ≥ 0

The obtained optimal solution is x1 = 1, y1 = 1, α1 = 0, β1 = 0, x2 = 0, y2 = 0, α2 =

0, β2 = 0, x3 = 1, y3 = 1, α3 = 0 and β3 = 0. Using Step 4 of the proposed method

the fuzzy optimal solution is x̃1 = (1, 1, 0, 0)LR, x̃2 = (0, 0, 0, 0)LR, x̃3 = (1, 1, 0, 0)LR

and the fuzzy optimal value is (9, 10, 4, 4)LR.

6.4 Advantages of the proposed method

As discussed in Section 6.1, by using the method, proposed in Chapter

4, a unique fuzzy number, representing the fuzzy optimal value, is not obtained

which do not conform to the uniqueness property of fuzzy optimal value of fully

fuzzy linear programming problems. While, by using the proposed method always a

unique fuzzy number, representing the fuzzy optimal value, will be obtained i.e., on

solving the fully fuzzy linear programming problems by using the proposed method

the uniqueness property of fuzzy optimal value will always be preserved.

6.5 Comparative study

The results of the fully fuzzy linear programming problems, chosen in Ex-

ample 6.1, Example 4.1 and Example 4.2, obtained by using the method, proposed

in Chapter 4, and the method proposed in this chapter, are shown in Table 6.1.

Table 6.1 Results of the chosen fully fuzzy linear programming problems

Example
Fuzzy optimal value

Method proposed in Chapter 4 Method proposed in this chapter

4.1 (14, 48, 58, 50)LR (14, 48, 58, 50)LR

4.2 (3, 8, 5, 10)LR (3, 8, 5, 10)LR

6.1 (7 + 2a, 12− 2a, 2 + 2a, 2 + 2a)LR, 0 ≤ a ≤ 1 (9, 10, 4, 4)LR
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It is obvious from the results, shown in Table 6.1, that on solving the fully

fuzzy linear programming problems, chosen in Example 4.1 and Example 4.2, by

using the method, proposed in Chapter 4, a unique fuzzy number, representing the

fuzzy optimal value, is obtained. While, on solving the fully fuzzy linear program-

ming problem, chosen in Example 6.1, by using the method, proposed in Chapter 4,

infinite fuzzy numbers, representing the fuzzy optimal value of the same problem,

are obtained which do not conform to the uniqueness property of fuzzy optimal

value of a fully fuzzy linear programming problems. However, on solving all the

chosen fully fuzzy linear programming problems by using the method proposed in

this chapter a unique fuzzy number, representing the fuzzy optimal, is obtained.

6.6 Conclusions

On the basis of presented study, it can be concluded that it is better to

use the method, proposed in this chapter, as compared to the method, proposed

in Chapter 4, for solving fully fuzzy linear programming problems with equality

constraints.





Chapter 7

GENERAL FORM OF FULLY FUZZY

LINEAR PROGRAMMING PROBLEMS

In this chapter, it is pointed out that the existing general from of fully

fuzzy linear programming problems is valid only if there does not exist subtraction

of fuzzy numbers in the fully fuzzy linear programming problems. However, if there

exist subtraction of fuzzy numbers in the fully fuzzy linear programming problems

then either the existing general form of fully fuzzy linear programming problems is

not valid or the obtained fuzzy optimal solution is not genuine.

7.1 Existing general form of fully fuzzy linear pro-

gramming problems

In the existing methods [4,36,87,88,91,98–102,104] it is assumed that any

fully fuzzy linear programming problem is obtained by replacing the crisp parameters

cj, aij, bj and xj by fuzzy parameters c̃j, ãij, b̃j and x̃j respectively. The general

form of crisp linear programming problems is:

Maximize/Minimize (
∑

j:j∈N1

cjxj −
∑

j:j∈N2

cjxj)

subject to (P7.1)

The contents of this chapter are communicated in Journal of Optimization Theory and Ap-
plications.
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∑
j:j∈N3

aijxj −
∑

j:j∈N4

aijxj ≤,=,≥ bi ∀ i = 1, 2, ...,m

where xj, aij, bi, cj are any real numbers and N1 ∪ N2 = {1, 2, ..., n}, N3 ∪ N4 =

{1, 2, ..., n}, N1 ∩N2 = φ,N3 ∩N4 = φ.

If it is assumed that there is a need to represent all the parameters of crisp

linear programming problem (P7.1) by fuzzy parameters then it will be converted

into fully fuzzy linear programming problem:

Maximize/Minimize (
∑

j:j∈N1

c̃j ⊗ x̃j 	
∑

j:j∈N2

c̃j ⊗ x̃j)

subject to (P7.2)∑
j:j∈N3

ãij ⊗ x̃j 	
∑

j:j∈N4

ãij ⊗ x̃j �,=,� b̃i ∀ i = 1, 2, ...,m

where x̃j, ãij, b̃i, c̃j are unrestricted fuzzy numbers and N1 ∪N2 = {1, 2, ..., n}, N3 ∪

N4 = {1, 2, ..., n}, N1 ∩N2 = φ,N3 ∩N4 = φ.

7.2 Shortcomings of existing general form of fully

fuzzy linear programming problems

It is not genuine to use the general form of fully fuzzy linear programming

problem (P7.2) due to the following reasons.

In the literature [30], it is pointed out that only a RL flat fuzzy number Ã2

can be subtracted from an LR flat fuzzy number Ã1 i.e., if Ã1 and Ã2 both are LR

flat fuzzy numbers such that L(·) 6= R(·) then Ã1 	 Ã2 does not exist. So, if all the

parameters of the fully fuzzy linear programming problem (P7.2) are represented by

such LR flat fuzzy numbers for which L(·) 6= R(·) then due to the existence of 	 in∑
j:j∈N1

c̃j ⊗ x̃j 	
∑

j:j∈N2

c̃j ⊗ x̃j and
∑

j:j∈N3

ãij ⊗ x̃j 	
∑

j:j∈N4

ãij ⊗ x̃j, the fully fuzzy linear

programming problem (P7.2) is not valid.

To show the shortcoming of the existing general form of fully fuzzy linear
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programming problems, the problem, chosen in Example 7.1, is formulated into

fully fuzzy linear programming problem and it is shown that the results obtained by

solving the formulated fully fuzzy linear programming problem are not appropriate

according to the real life situations.

Example 7.1 A manufacturer of biscuits is considering four types of gift packs

containing three types of biscuits: orange cream (OC), chocolate cream (CC) and

wafers (W). Market research conducted recently according to preferences of the

consumers shows the following types of assortments of to be in good demand.

Table 7.1 Most preferred assortments of biscuits

Assortments Contents
Fuzzy selling price

per kg. (Rs.)

A Not less than 40% of OC, not more than 20% of CC, any quantity of W (10, 30, 10, 10)LR

B Not less than 20% of OC, not more than 40% of CC, any quantity of W (20, 30, 10, 10)LR

C Not less than 50% of OC, not more than 10% of CC, any quantity of W (22, 22, 12, 12)LR

D No restrictions (10, 14, 2, 2)LR

For the biscuits, the fuzzy manufacturing capacity and fuzzy costs are given below:

Table 7.2 Fuzzy manufacturing capacity and fuzzy costs for biscuits

Biscuit variety OC CC W

Fuzzy plant capacity (kg/day) (150, 250, 50, 50)LR(180, 220, 20, 20)LR(100, 200, 50, 50)LR

Fuzzy manufacturing cost (Rs./kg) (8, 8, 8, 8)LR (9, 10, 4, 2)LR (5, 9, 5, 5)LR

Formulate a fuzzy linear programming model to find the production schedule which

maximizes the fuzzy profit using that there are no market restrictions.

7.2.1 Existing fuzzy linear programming formulation of the
chosen problem

The problem, chosen in Example 7.1, can be formulated into the following

fully fuzzy linear programming problem:

Maximize ((10, 30, 10, 10)LR ⊗ (x̃A1 ⊕ x̃A2 ⊕ x̃A3)⊕ (20, 30, 10, 10)LR ⊗ (x̃B1 ⊕ x̃B2 ⊕
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x̃B3)⊕ (22, 22, 12, 12)LR⊗ (x̃C1⊕ x̃C2⊕ x̃C3)⊕ (10, 14, 2, 2)LR⊗ (x̃D1⊕ x̃D2⊕ x̃D3)	

(8, 8, 8, 8)LR⊗ (x̃A1⊕ x̃B1⊕ x̃C1⊕ x̃D1)	 (9, 10, 4, 2)LR⊗ (x̃A2⊕ x̃B2⊕ x̃C2⊕ x̃D2)	

(5, 9, 5, 5)LR ⊗ (x̃A3 ⊕ x̃B3 ⊕ x̃C3 ⊕ x̃D3))

subject to

x̃A1 � 0.40(x̃A1 ⊕ x̃A2 ⊕ x̃A3)

x̃B1 � 0.20(x̃B1 ⊕ x̃B2 ⊕ x̃B3)

x̃C1 � 0.50(x̃C1⊕ x̃C2⊕ x̃C3) (P7.3)

x̃A2 � 0.20(x̃A1 ⊕ x̃A2 ⊕ x̃A3)

x̃B2 � 0.40(x̃B1 ⊕ x̃B2 ⊕ x̃B3)

x̃C2 � 0.10(x̃C1 ⊕ x̃C2 ⊕ x̃C3)

x̃A1 ⊕ x̃B1 ⊕ x̃C1 ⊕ x̃D1 � (150, 250, 50, 50)LR

x̃A2 ⊕ x̃B2 ⊕ x̃C2 ⊕ x̃D2 � (180, 220, 20, 20)LR

x̃A3 ⊕ x̃B3 ⊕ x̃C3 ⊕ x̃D3 � (100, 200, 50, 50)LR

where x̃ij (i = A,B,C,D; j = 1, 2, 3) is a non-negative LR flat fuzzy number and

(i) x̃A1, x̃A2, x̃A3 denote the fuzzy quantity in kg. of OC, CC and W type of

biscuits for the gift pack A.

(ii) x̃B1, x̃B2, x̃B3 denote the fuzzy quantity in kg. of OC, CC and W type of

biscuits for the gift pack B.

(iii) x̃C1, x̃C2, x̃C3 denote the fuzzy quantity in kg. of OC, CC and W type of

biscuits for the gift pack C.

(iv) x̃D1, x̃D2, x̃D3 denote the fuzzy quantity in kg. of OC, CC and W type of

biscuits for the gift pack D.
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7.2.2 Drawbacks of the obtained optimal value

The fuzzy optimal value, obtained by using the existing method [4] and

method, proposed in Chapter 5, are shown in Table 7.3.

Table 7.3 Results of the chosen problem using existing formulation

Method Optimal value <(Optimal value) L(·)&R(·)
Existing method

Not Applicable Not Applicable
L(x) = max{0, 1− x}

[4] using (P7.3) R(x) = max{0, 1− x2}
Method proposed in

Not Applicable Not Applicable
L(x) = max{0, 1− x}

Chapter 5 using (P7.3) R(x) = max{0, 1− x2}
Existing method

(0, 0, 7700, 22000)LR 3575
L(x) = max{0, 1− x}

[4] using (P7.3) R(x) = max{0, 1− x}
Method proposed in

(0, 0, 7700, 22000)LR 3575
L(x) = max{0, 1− x}

Chapter 5 using (P7.3) R(x) = max{0, 1− x}

In the objective function of fuzzy linear programming problem (P7.3) sub-

traction of two LR flat fuzzy numbers is occurring. So, if L(·) 6= R(·) then the fuzzy

linear programming problem (P7.3) is not valid i.e, it is not possible to find the fuzzy

optimal solution of the chosen problem by using the fuzzy linear programming prob-

lem (P7.3). Although, if L(·) = R(·) then existing fully fuzzy linear programming

problem (P7.3) is valid but it is obvious from the results, shown in Table 7.3, that

on using the existing fully fuzzy linear programming problem (P7.3) the total profit

is not a non-negative fuzzy number which is not genuine according to the real life

situations.

7.3 Proposed general form of fully fuzzy linear

programming problems

In this section, to resolve the shortcomings of existing general form of fully

fuzzy linear programming problems, pointed out in Section 7.2, a new general form
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of the fully fuzzy linear programming problems is proposed.

The general form of crisp linear programming problems (P7.1) can be written

as:

Maximize/Minimize S

subject to (P7.4)∑
j:j∈N1

cjxj = S +
∑

j:j∈N2

cjxj∑
j:j∈N3

aijxj ≤,=,≥ bi +
∑

j:j∈N4

aijxj ∀ i = 1, 2, ...,m

where xj, aij, bi, cj and S are real numbers.

Replacing all the parameters of the crisp linear programming problem (P7.4)

by fuzzy parameters, the general form of the fully fuzzy linear programming problem

(P7.5) is obtained:

Maximize/Minimize S̃

subject to (P7.5)∑
j:j∈N1

c̃j ⊗ x̃j = S̃ ⊕
∑

j:j∈N2

c̃j ⊗ x̃j∑
j:j∈N3

ãij ⊗ x̃j �,=,� b̃i ⊕
∑

j:j∈N4

ãij ⊗ x̃j ∀ i = 1, 2, ...,m

where x̃j, ãij, b̃i, c̃j and S̃ are LR flat fuzzy numbers.

7.4 Advantages of the proposed general form of

fully fuzzy linear programming problems

Since, in the proposed general form, subtraction of LR flat fuzzy numbers

is not occurring so using the proposed general form, the shortcomings of the existing

general form, pointed out in Section 7.2, are resolved.

To show the advantage of the proposed general form (P7.5) over the exist-

ing general form (P7.2) it is shown that if the problem, chosen in Example 7.1, is
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formulated by using proposed general form then all the shortcomings, pointed out

in Section 7.2, are resolved.

Using the proposed general form the problem, chosen in Example 7.1, can

be formulated into fully fuzzy linear programming problem (P7.6):

Maximize P̃

subject to

(10, 30, 10, 10)LR(x̃A1⊕x̃A2⊕x̃A3)⊕(20, 30, 10, 10)LR(x̃B1⊕x̃B2⊕x̃B3)⊕(22, 22, 12, 12)LR

(x̃C1⊕ x̃C2⊕ x̃C3)⊕ (10, 14, 2, 2)LR(x̃D1⊕ x̃D2⊕ x̃D3) = P̃ ⊕ (8, 8, 8, 8)LR(x̃A1⊕ x̃B1⊕

x̃C1⊕x̃D1)⊕(9, 10, 4, 2)LR(x̃A2⊕x̃B2⊕x̃C2⊕x̃D2)⊕(5, 9, 5, 5)LR(x̃A3⊕x̃B3⊕x̃C3⊕x̃D3)

x̃A1 � 0.40(x̃A1 ⊕ x̃A2 ⊕ x̃A3)

x̃B1 � 0.20(x̃B1 ⊕ x̃B2 ⊕ x̃B3)

x̃C1 � 0.50(x̃C1⊕ x̃C2⊕ x̃C3) (P7.6)

x̃A2 � 0.20(x̃A1 ⊕ x̃A2 ⊕ x̃A3)

x̃B2 � 0.40(x̃B1 ⊕ x̃B2 ⊕ x̃B3)

x̃C2 � 0.10(x̃C1 ⊕ x̃C2 ⊕ x̃C3)

x̃A1 ⊕ x̃B1 ⊕ x̃C1 ⊕ x̃D1 � (150, 250, 50, 50)LR

x̃A2 ⊕ x̃B2 ⊕ x̃C2 ⊕ x̃D2 � (180, 220, 20, 20)LR

x̃A3 ⊕ x̃B3 ⊕ x̃C3 ⊕ x̃D3 � (100, 200, 50, 50)LR

where x̃ij (i = A,B,C,D; j = 1, 2, 3) is a non-negative LR flat fuzzy number and P̃

is an LR flat fuzzy number.

Fuzzy optimal values of the formulated problem (P7.6) by the using the

existing method [4] and method, proposed in Chapter 5, are shown in Table 7.4.
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Table 7.4 Results of the chosen problem using proposed formulation

Method Optimal value <(Optimal value) L(·)&R(·)
Existing method

(14555, 14555, 0, 0)LR 14555
L(x) = max{0, 1− x}

[4] using (P7.6) R(x) = max{0, 1− x2}
Method proposed in

(0, 0, 0, 43665)LR 14555
L(x) = max{0, 1− x}

Chapter 5 using (P7.6) R(x) = max{0, 1− x2}
Existing method

(3575, 3575, 0, 0)LR 3575
L(x) = max{0, 1− x}

[4] using (P7.6) R(x) = max{0, 1− x}
Method proposed in

(0, 0, 0, 14300)LR 3575
L(x) = max{0, 1− x}

Chapter 5 using (P7.6) R(x) = max{0, 1− x}

It is obvious from Table 7.4 that if L(·) 6= R(·) then the fully fuzzy linear

programming problem, chosen in Example 7.1, can be solved by using the proposed

general form (P7.6). Also, if L(·) = R(·) then the obtained total profit is a non-

negative fuzzy number. So, it is better to use the proposed general form (P7.5) as

compared to the existing general form (P7.2).

7.5 Conclusions

In this chapter, the shortcomings of the existing general form of fully fuzzy

linear programming problems are pointed out and new general form of fully fuzzy

linear programming problems is proposed. Also, it is shown that it is better to use

the proposed general form of fully fuzzy linear programming problems as compared

to the existing general form of fully fuzzy linear programming problems.



Chapter 8

FUTURE SCOPE

(i) The method proposed in Chapter 6 can be used to find the unique fuzzy opti-

mal value of fully fuzzy linear programming problems with equality constraints.

However, this method cannot be used to find the unique fuzzy optimal value

of fully fuzzy linear programming problems with inequality constraints. In

future, it may be tried to develop a method for the same.

(ii) To find the fuzzy optimal solution of the fully fuzzy linear programming prob-

lems by using the proposed methods, there is a need to convert the fully fuzzy

linear programming problems into crisp linear programming problems. In fu-

ture, it may be tried to develop a method which can be used directly to find the

fuzzy optimal solution of the fully fuzzy linear programming problems without

converting it into crisp linear programming problems.
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