FIXED CHARGE MULTI-OBJECTIVE
TRANSPORTATION PROBLEM

Thesis submitted in partial fulfillment of the requirement for
The award of the degree of
Masters of Science

In

Mathematics and Computing

Submitted by
Manjuli Singla
Roll no. - 301103009
Under

the guidance of
Dr. Mahesh Kumar Sharma

JULY, 2013
School of Mathematics and Computer Applications
Thapar University
Patiala-147004 (PUNJAB)

INDIA



DEDICATED

TO

GOD, MY PARENTS

AND

SUPERVISOR



CERTIFICATE

I hereby certify that the work which is bring presented in the thesis entitled “Fixed Charge
Multi-Objective Transportation Problem” in partial fulfiliment of the requirements for the
award of degree of Master of Science, School of Mathematics and Computer Applications,
Thapar University, Patiala is an authentic record of my own work carried out under the

supervision of Dr. Mahesh Kumar Sharma.

The matter presented in this thesis has not been submitted for the award of any other degree of

(A’Z%}yi Singfz)

Reg.No.301103009

This is to certify that the above statement made by the candidate is correct and true to the best of

this or any other university.

my knowledge.

(Dr. Mahesh r Sh§rma)
Associate Professor
SMCA, Thapar University

Patiala.

Countersigned by:

—
rL\o"J’\wD

3
Dr. Rajesh Kumar Dr.S.K.Moha atﬁ/
(Associate Professor & Head) Dean of Academic Affairs
School of Mathematics & Computer Applications Thapar University

Thapar University, Patiala. Patiala.



ACKNOWLEDGEMENT

The completion of this thesis has involved a lot of people to whom I would like to express my

sincere thanks and gratitude for their help.

For most, I would like to pass my appreciation and gratitude to my honorable supervisor, Dr.
Mahesh Kumar Sharma, Associate Professor, School of Mathematics and Computer
Applications, Thapar University, Patiala. For his constructive suggestions, detailed corrections,
support and encouragement in accomplishing this research work. Moreover, for mentoring me

when I needed it the most. I am fortunate that I got an opportunity to work under his supervision.

I express my regards and gratitude to Dr. Rajesh Kumar, Head of Department, School of
Mathematics and Computer Applications, Thapar University, Patiala, for providing keen

interest, unfailing support, inspiration and necessary research facilities in the school.

I am thankful to Mr. Gourav Gupta( Research Scholar),School of Mathematics and Computer

Applications, Thapar University, Patiala. For his help when it is need to complete thesis.

I would like fo thank my beloved parents for their unconditional support and deep trust in me,

without whom my project would have been a mere dream rather than a reality.

I would also thank all the academic and administrative staff of School of Mathematics and

Computer Applications, Thapar University, Patiala.

Necessary facilities (printing etc..) provided from UGC grant (F.NO.39-49/2010(SR))is highly
acknowledged.

Finally, I am also thankful to all my friends who also contributed a lot in accomplishing this

piece of work.

Mowjule Singla

(MANJULI SINGLA}



ABSTRACT

The fixed charge transportation problem (FCTP) is an extension of the classical transportation
problem in which a fixed cost is incurred, independent of the amount transported along with a
variable cost that is proportional to the amount shipped. The introduction of fixed costs in

addition to variable costs results in the objective function being a step function.

The fixed charge multi-objective transportation (FMOT) has been studied in the present work. In
the FMOT a fixed cost called setup cost is incurred for every origin and the cost of transportation
is directly proportional to the number of units transported, but on account of quantity discounts,
price break etc.

The present thesis contains three Chapters. The Chapter 1 is introductory in nature. In Chapter 2,
the algorithm proposed by Basu et al (1994) is modified in conjunction with the approach given
by Gupta and Gupta (1982) for FMOT problem. In Chapter 3 FMOT problem is extended by
including one more non-linear objective which is conflicting in nature and non dominated

solutions are obtained for the same.
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CHAPTER 1



INTRODUCTION

Transportation is very important since it is considered a determining factor for economic
growth. It facilitates distribution of raw materials and finished products from one point to

another. It also improves time performance and increases productivity.

Transportation is needed because few economic resources—raw materials, fuels, food,
manufactured goods—are located where they are wanted. Each region or place on Earth
produces more than it consumes of some goods and services and less than it consumes of
others. Through transportation, goods are moved from where there are surpluses to where

there are shortages.

1.1 CLASSICAL TRANSPORTATION PROBLEM

One of the well structure problem in operations research is classical transportation problem
and this problem has been extended in different versions in literature by many research
workers. The transportation problem is the subclass of the linear programming problems
and due to its special structure simple and practical computational procedures have been
developed. The transportation problem is amongst the most important special LPP in terms
of the frequency with it appears in the application and also in the simplicity of the
procedure developed for its solution. The classical transportation problem received its
name because it arises naturally in the context of determining optimum shipping pattern.
For example a product may be transported from factories to retail stores. The factories are
the sources and the stores are the destinations. The amount of product that is available is
known and the demands are also known. The problem is that different legs of the network
joining the sources to the destinations have different costs associated with them. The aim is
to find the minimum cost routing of products from the supply point to the destination. The
general transportation problem can be formulated as: A product is available at each of m
origins and it is required that given quantities of the product be shipped to each of n
destinations. The minimum cost of shipping a unit of the product from any origin to any
destination is known. The shipping schedule which minimizes the total cost of shipment is

to be determined.



The problem can be formulated as below:

Minimize Z= izn:cijxij

i=1 j=1

Subject to D> x; <a, a >0

J:

1
2 X; zbj, bj >0
X; 20, fori=12,..m;j=12,.,n.

a; is the quantity of the product available at origin i
bj is the quantity of the product required at destination j
Cij is the cost of shipping one unit from origin i to destination j

The aim is to minimize the objective function satisfying the above mentioned constraints.
the classical transportation problem of linear programming, the traditional objective is one
of minimizing the total cost.

1.2 TIME MINIMIZING TRANSPORTATION PROBLEM

In a time minimizing transportation problem, the time of transporting goods from m
origins to n destinations is minimized, satisfying certain conditions in respect of
availabilities at sources and requirements at the destinations. The time minimizing
transportation problem are of importance when it is required to transport perishable goods
or during war days, it is required to transport food and ornaments in the shortest possible
time and in so many other similar situations. Thus, a time-minimizing transportation
problem can be formulated as:

Minimize  [maxt; / x; > 0]
Subject to > x; =a;, & >0
j=1

Zl:xij >h;, b, >0

X 20, fori=12,..,mj=12,..,n.



Here t jj is the time of transporting goods from the i™ origin, where the availability is a; to
the j™ destination, where the requirement is b;. For any given feasible solution, X =[ xi]
satisfying the above constraints, the time of transportation is the maximum of t;;’s among
the cells in which there are positive allocations, i.e., corresponding to the solution X, the
time of transportation is

Z = [maxt; / x; > 0]

The aim is to minimize this time of transportation. This time of transportation remains
independent of the amount of commaodity sent so long as xi > 0. It is assumed that (i) the
carriers have sufficient capacity to carry goods from an origin to destination in a single trip,
(if) they start simultaneously from there respective origins. Thus, the basic difference
between the cost minimizing transportation problem and the time minimizing problem is that
whereas the cost of transportation changes with variations in the quantity of the commodity,
the time involved remains unchanged, irrespective of the quantities of the commodity
involved in the occupied cells in the time minimizing transportation problem. From a
practical point of view, the cost minimizing transportation problem and the time minimizing
transportation problem cannot be viewed as two independent problems, of one is interested in
obtaining a solution which cost and time simultaneously. If the unit costs of transportation
and the associated duration of transportation are given for each supply demand pair of points,

then the cost-time trade-off solutions are of interest.

1.3 FIXED CHARGE TRANSPORTATION PROBLEM

The fixed charge transportation problem (FCTP) is an extension of classical transportation
problem in which fixed cost is incurred for every origin. The fixed charge transportation
problem was originally formulated by Hirsch and Danzig. Many distribution problems in
practice can only be modeled as FCTPs. For example, rails, roads and trucks have
invariable used freight rates which consist of a fixed cost and a variable cost. The fixed cost
may represent the cost of renting a vehicle, landing fees at airport, set up costs for machines

in manufacturing environment etc.



The problem can be formulated mathematically as:

m n m

Minimize Z= ZZC”X” +z F

i=L j=1 i-1
n
Subject to > x; <a;, & >0

j=1

Z_l:X” =b;, b;>0
X; 20, fori=12,.,m;j=12..,n

where

i=1,2,...,m,are the origins,

j=1,2,...,n, are the destinations,

Xi j= the amount transported from the i™ origin to the j™ destination,

cij = the variable cost per unit amount transported from i™ origin to the j™ destination,
aj = maximum capacity at origin i,

b; = the demand at destination },

F; = the fixed cost associated with origin i.

1.4 MULTI-CRITERIA OPTIMIZATON

Multi-criteria optimization (or multi-objective programming), also known as multi-criteria or
multi-attribute optimization, is the process of simultaneously optimizing two or more

conflicting objectives subject to certain constraints.

Multi-criteria optimization problems can be found in various fields: product and process
design, finance, aircraft design, the oil and gas industry, automobile design, or wherever
optimal decisions need to be taken in the presence of trade-offs between two or more
conflicting objectives.

For nontrivial multi-criteria optimization problems, one cannot identify a single solution that
simultaneously minimizes each objective to its fullest. While searching for solution, one
reaches points such that, when attempting to improve an objective further, other objectives
suffer as a result. A solution is called non-dominated if it cannot be eliminated from

consideration because there is at least another solution which improves an objective without

5



worsening another one. Finding such non-dominated solution and quantifying the trade offs
in satisfying the different objectives, is the goal when setting up and solving a multi-criteria

optimization problem.
In general a multi-criteria programming problem can be formulated as:
Optimize f (X)=(f,(x), f,(X),..., f (X))
Subjectto  gj(x) <==>b;j=12,..m
x>0
X = (X, Xz, ...,xn)"

where, f(x) is the objective function to optimize f,(x), f,(x),..., f, (x) are k number of distinct
objective function subject to m constraints, X is a vector consists of decision variable
X1,X2, .., Xn.

1.5 CONCEPT OF OPTIMAL AND EFFICIENT SOLUTIONS:

Optimal Solution

An optimal solution is the classical sense is one which attains the maximum value of all the

objectives simultaneously. The solution X s optimal to the problem defined if and only if

X" €S and fi(x7) = 1,(x) for all land for all X€ S where S is the feasible region.

In general, there is no optimal solution to a multi-objective problem. Therefore, optimality
replaced by the concept of “satisfying” or the best compromise solution, which depends on
the decision makers preferences with respect to object. Optimality is not an illusion only
when the objectives are non-conflicting. Therefore one must be satisfied with obtaining

efficient solutions in multi-objective problems.

Efficient or Non-Dominated Solutions

A set of solutions is said to be efficient if there exists no solutions that is superior to it with
respect to at least one objective function but is not inferior to it with respect to any of the

objective functions.



If x; and x; are two solution, then these can have any of two possibilities- one dominates the
other or non-dominates the other. In a minimization problem, without the loss of generality, a
solution x; dominates X, if the following two conditions are satisfied:

Vie{l2,..,Ng}: fi(x) < fi(x;)
Fjefl2.., Nobj}: fj(xl) < fj(xz)

Where, f (x1) and f(x.) are the objective functions

If any the above conditions are violated, the solution x; does not dominate the solution X,. If
x1 dominates the solution x; is called the non dominated solution with in the set { X1 , x2}. The
solutions that are non-dominated within the entire search space and denoted as pareto-optimal
and constitute the pareto-optimal set or pareto-optimal front. From the entire set of efficient
(non-dominated) solutions the decision maker can select the solution one believed most
attractive.

1.6 LINEAR MULTI-OBJECTIVE TRANSPORTATION PROBLEM

In real world cases transportation problem can be formulated as a multi-objective
transportation problem because the complexity of the social and economic environment
requires the explicit consideration of criteria other than cost. Example of additional concerns
include: average delivery of the commaodities, reliability of transportation, accessibility to the
users, product deterioration, among others.

Multi-objective problem is in which there are more than one objective satisfying a set of
constraints and can be formulated as follows:

n

Minimize  Z =) > cix;; 1=12....k.
i1 j-1

Subject to > x; =a;, & >0
j=1

iZ::xij =b;, b; >0
where x; 20, fori=1,2,...m;j=12,.,n
i=1,2,...,m,are the origins,
j=1,2,...,n, are the destinations,
x; j = the amount transported from the i origin to the j"" destination,

ci,-' = the cost per unit amount transported from i origin to the j™ destination corresponding to
k objectives i.e.[=1,2,...,k.

a;j = capacity at origin i,
b; = the demand at destination j.



1.7 LITERATURE SURVEY

Transportation problems are different types and the simplest of them is now standard in the
literature was first presented by Hitchcock (1941). It usually aims to minimize the total
transportation cost. Other objectives that can be set are a minimization of the total delivery
time, a maximization of profits, etc. from the investigation; the entire existing objectives in
single objective transportation model are represented by quantitative information. This may

cause the negligence of some crucial points which cannot be described by guantitative data.

Later independently, by Koopman(1947), Koopman began to spearhead research on the
potentialities of linear programs for the study of the problems in economics. His historic
paper “optimum utilization of the transportation potations systems” was based on his war
time experience. Because of this and the work done earlier by Hitchcock, the classical case is
often referred as the Hitchcock-Koopman’s transportation problem Kantorovich (1942)
publishes the paper on a continuous version of the problem and later with Gavurin, an applied

study of the capacitated transportation problem (Kantorovich and Gavurin 1949).

The time minimizing transportation problem has been studied by Hammer (1969), Garfinkel
and Rao(1971) and Szwarc(1971). Hammer(1969) and Szwarc(1971) used labeling
techniques to solve the problem. Garfunkel and Rao(1971) solved the problem by introducing
a sufficiently large cost M on certain routes. Sometimes there may exist emergency situations
such as those requiring police services, fire services, ambulance services, etc., when the time
of transportation is of greater importance than cost of transportation. Some methods for
minimizing the time of transportation have been established. Several methods for minimizing
the time of transportation are also developed. Bhatia et al. (1975) developed a technique for
minimizing time in a transportation problem. The procedure involved finite number of
iterations and is based on moving from one basic feasible solution to another till the last
solution is arrived at. The algorithm given by them consists of determination of an initial
basic feasible solution which can be found by the methods applicable in the case of the
common cost minimizing transportation problem and finding an adjacent better basic feasible
solution, the procedure is repeated until no better adjacent basic feasible solution can be
found. This repeated procedure deals with the determination of a cell not in the basis which,
when introduced will either reduce the time of transportation or reduce the allocation in at
least one of the cells € Q, where Q is the set of cell with positive allocations and

corresponding time equal to the time of transportation.



The transportation problem with two-objectives known as the bi-criterion transportation
problem has been studied by many research workers. In this type of problem there are two
objectives- one primary and the other secondary. The primary objective is to minimize the
total cost of transportation problem and the secondary objective is to minimize the duration of

transportation.

Isermann’s (1979) proposed an algorithm to obtain the set of all efficient solutions for a
linear multi-objective transportation problem in different phases. The algorithm starts with an
initial efficient basic feasible solution (Phase 1) and while passing from one efficient solution
to another, to generate the entire set of basic feasible efficient solutions (Phase 2), has to
solve a linear sub problem, at each step, to find which vector should enter the basis. Gupta
and Gupta(1982) developed a multi-criteria simplex method for a linear multi-objective
transportation problem which a direct generalization of the multi-criteria simplex method of
Zeleny (1974) to the linear multi-objective transportation problem ,by which the set of all
non-dominated basic feasible solutions are generated. They also proposed a technique to
check the dominance or non-dominance of the solutions and shown that in some cases there
IS no need to solve the problem completely. However the approach given by Klingman and
Russell (1975) is much and more simplified to check the non-dominance character of the

solution but in that case the problem has to be solved completely.

In a classical transportation problem the cost of transportation is directly proportional to the
number of units of the commodity transported. But in real world situations when a
commodity is transported, a fixed cost is incurred in objective function. The fixed cost may
represent the cost of renting a vehicle, landing fees in an airport, set up costs for machines in
a manufacturing environment etc. such type of situation is formulated into a problem. This
problem with bi-criterion transportation problem is called Fixed charge bi-criterion

transportation problem.

The fixed charge transportation problem was originally formulated by Dantzig and Hirsch
(1954). Then Murty (1968) solved the fixed charge problem by ranking the extreme points.
After that several procedures for solving Fixed charge transportation problems were
developed. Also Basu et.al.(1994) developed an algorithm for the optimum time-cost trade-
off in a fixed charge linear transportation problem giving same priority to cost and time. The
fixed-charge transportation problem (FCTP) is an extension of the classical transportation

problem in which a fixed cost is incurred, independent of the amount transported, along with



a variable cost that is proportional to the amount shipped. The introduction of fixed costs in
addition to variable costs results in the objective function being a step function. Therfore,
fixed-charge problem are usually solved using sophistyicated analytical or computer

software.

The transportation problem considered in the classical transportation problem is generally a
two-dimensional linear transportation problem. After fixed charge bi-criteria transportation
problem Thirwani et al. (1997) review this algorithm and the gives the algorithm on Fixed
charge bi-criteria transportation problem restricted flow is introduced. Fixed charge bi-
criteria transportation problem with restricted flow which is an extension of the fixed charge
bi-criteria transportation problem. In this type of problem, there is a restriction on the total
flow. In the fixed charge bi-criterion transportation problem a fixed cost called the set up cost
is incurred for every origin. In the bi-criterion transportation problem the cost of
transportation is directly proportional to the number of units transported, but on account of
quantity discounts, price breaks etc. in this problem we keep on solving with initial basic
feasible solution to an optimal solution. When we reach to the optimality then we stop the

criteria.
1.8 Present Work

In the present thesis a fixed charge multi-objective transportation problem is considered. An
algorithm which is a modification of algorithm proposed by Basu et. al. (1994) in conjunction
with approach given by Gupta and Gupta (1982). Also this problem is extended by including
one more nonlinear objective with is conflicting in nature and an algorithm is proposed to

find the efficient cost-time trade off pairs to given problem.
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AN ALGORITHM FOR FIXED CHARGE MULTI-OBJECTIVE
TRANSPORTATION PROBLEM

2.1 Introduction

A fixed charge multi-objective transportation problem is an extension of bi-criterion fixed
charge transportation problem. In this problem there are k objectives and a fixed cost is
incurred for every origin. The fixed cost may represent the cost of renting a vehicle, landing

fee, setup costs for machines in manufacturing environment.

Basu et al. (1994) developed an algorithm for fixed charge bi-criterion transportation
problem. In this chapter this approach is modified in conjunction with the approach proposed

by Gupta and Gupta (1982) for a linear multi-objective transportation problem.
2.2 Formulation of Fixed Charge Multi-objective Transportation Problem

Suppose there are m origins and n destinations, the quantities of a uniform product available
at the origins and required at the destinations are given. The total quantity available at the
sources is precisely the same as the total quantity required at the destinations and it is
possible to transport to any destination from any origin. In this problem there are k objectives
which have to be minimize. The formulation of the problem is as follows.

(P) m m
Minimize Z={> > c,/'x;+> F} 1=12,..k
i-1 j-L i1
Subject to Xij < ai
j=L
X, =b,
i=1

X; 20, for i=12,...m; j=12,...,n.

ci,-': the units of cost of transportation of one unit of the product from origin i to destination j
corresponding to k objectives i.e. [=1,2,....k ,
a; = the units of the product available at origin i,

bj = the units of the product required at destination j,

Xij = the number of units of the product transported from origin i to destination j.

12



2.3 SOLUTION PROCEDURE

To solve the fixed charge multi-objective transportation problem a procedure given by Basu
et al (1994) in conjunction with the algorithm proposed by Gupta and Gupta (1982) and

given as below.
For formulation of F; (i =1, 2,..., m), itis assumed that F; (i =1, 2,. . ., m) has p-number of

steps so that p

where
o, =1 if Zn:xij >A,i1=12,..mt=12.,p
=
:O,otr:erwise.
Here
0=Au < A <...<Ap.

A, Az, .., Ap (1=1,2,... m)are constants and Fit (t =1,2,.. .,p; i =1,2,...,m) are fixed
costs. Since fixed cost at each origin is considered, unbalanced transportation problem is to

be taken into account.
So, first we have to balance the problems (P,):

(Pl) m n+l

Minimize 2={> > c/x+> F} 1=12..k
i=1 j=1 )
n+l

Subject to D x =2

i

Zm:xij =b,

i=1
X; >0 for i=12,...m; j=12,...,n,n+1

In problems (P) the cost (variable cost and also fixed cost) with the dummy cells are all zero.

Solving the (P;) means finding the set of all non dominated solution of fixed charge multi

objective transportation problem, in terms of the following definition.

13



Definition [Gupta and Gupta (1982)]: A feasible solution X=X;is said to be a non-

dominated solution of (P,) if there does not exist any other feasible solution )?:Xij of

(P1), such that

:?::i:cu X —-:E::E:C Xu =12,k

i=1 j=1 i=1 j=1

with strict inequality in at least one of the k inequalities.

Definition: A feasible solution X=X; is said to be a non-dominated solution of (P,) if

there does not exist any other feasible solution )?ziij of (P1), such that

m n

D cixg +ZF < ZZC.JIX., +Z|=. =12,

i=1l j=1 i=1l j=1

with strict inequality in at least one of the k inequalities. The algorithm starts with any initial
basic feasible solution and a simplex type iteration proposed by Gupta and Gupta (1994) is
used to generate the set of all non- dominated basic feasible solutions while moving from one
solution to the next, while ensure that new solution so obtained is not dominated by the

previous one.

2.4 ALGORITHM

Step 1: Take p=1, where p is the number of iterations in the algorithm.

Step 2: Find X basic feasible solution of the problem (P,) /=1,2,...,k for each of the sub

problems and denote this current basis with B .

Step 3: Calculate the fixed cost of the current basic feasible solution and denote this by F*

(current) where



F! (current) =

Step 4: Calculate (Cij-uiv}),/=1,2,... .k for all i, j& B and denote it by (M, ) , where u;',y;

are the dual variables associated with k sub problems for i=1,2,. .. ,m; j=1,2,.. .,n, n+1,
Step 5: Find (A;); = (M, x(E;); forall i,jeB

where (AJ- ),1 is the change in cost which occurs for introducing a non-basic cell (i, j) with

value (E; ); into the basis by making reallocation.

Step 6: Calculate Fijl(NB) is the total fixed cost involved for introducing the variable x;; with

values (E; ) forall i, j¢ Binto the current basis to form a new basis.
Fii' (Difference) = F;i'(NB) - F'(Current)

Step 7: Now add F;j* (Difference) and (A;);and denote it by (A;);i.e.
(A;) = Fij* (Difference)+ (A )iforall i, j & B

Step 8: Check for a dominated or non dominated solution as given in Appendix 2.1.

2.5 NUMERICAL EXAMPLE

The above algorithm is explained by considering the following 3x3 fixed-charge linear multi-
objective transportation problem.

Minimize {iicigxiﬁiﬁ} 1=12,3.
i=1l

i=1 j=1
3

Subjectto ) xj<ai, i=123,
=

3
ZXij:bj, j =123,

i=1

xj>0, for i1=123; j=123.

Table 2 gives the values of variable cost C} (i=1, 2, 3; j=1, 2, 3; I=1, 2, 3) . The fixed costs
are:

F11=lOO, F12:50, F13 =50

15



F21:150, F22:501 F23:50

F31:200, F32:50, F33:50

TABLE 2.1
Cj a; C? ci
Lo 9 |10 ] 9 , L1 2 | 4 .4 7 | 2
G4 | 6| 2 |14 G 3 |7 4 %11 58
4 2 | 3 |17 2 9 | 5 9 8 | 1
bi | 5 |12
The above data can be written in one table which is given below.
TABLE 2.2
Destination j—
Origini] 1 2 di
1 5 1 419 2 10 2 9
2 4 3 116 7 2 8 14
3 4 2 9|2 9 3 1 17
b, 5 12

The total cost which is to be minimized is given by

Zslzglcijlxij * 23:F|
i—1

i=1 j=1

3
Fizzéill:il ) =123
=

3
where &, =1if > x, >0,i=123,
i1

=0, otherwise;

3
§,=1if > x,>8i=123,
j=1
=0, otherwise.
S 16
Sup=Lif D x >11,1=123,

j=L
=0, otherwise.




Here F; (i=1,2, 3) has three steps. Introducing a dummy destination j=4 with zero cost in

Table 2.2, we get Table 2.3.

TABLE 2.3
Destination j—
Origini] 2 4 a
1 9 2 7 |10 2|10 0 O 9
2 6 7 5 |2 8/ 0 O 0 14
3 2 9 8 |3 110 0 0 17
b, 12 15
A basic feasible solution (using North-West Corner Rule) and the total fixed cost of the
current solution of sub problem is given in Table 2.4.
TABLE 2.4
Destinationj—
Origin i| 1 2 3 4 Fl(current) | uit u?u®| @&
1 1 2 10 4 2|0 O 150 0 0 O
9
5 4
2 3 7 2 4 8|0 O 250 -3 5 -2
14
8 6
3 2 9 3 5110 0 200 -2 6 -9
17
2 15
Vit 5 9 5 2 600
vi? 1 2 -1 -6
v 4 7 10 9

17




Applying Step 4, we getC! —u' —V' values, for all i, j ¢ B which are given in Table 2.5.
pplying i T

TABLE 2.5
ij 13 14 21 24 31 32
1 1 1
Ci —ui -V 5 -2 2 1 1 5
2 2 2
Cj—ur —v; 5 6 -3 1 5 1
Ci-u-v3 8 -9 -1 -7 14 10
Applying Step 5, we get the values of(A”_ )i , which are displayed in Table 2.6.
TABLE 2.6
ij 13 14 21 24 31 32
1
(A 20 8 10 6 2 10
1
(A 20 24 15 6 10 2
1
(A))s 32 36 5 42 28 20
Applying Step 6, we get the following results which are displayed in Table 2.7.
TABLE 2.7
ij 13 14 21 24 31 32
1 150 100 150 150 150 150
2 250 250 250 150 250 250
3 200 200 200 200 200 200
F; (NB) 600 550 600 500 600 600
F; (Difference) 0 -50 0 -100 0 0

Applying Step 7, we get the values of (Aij )i , which are displayed in Table 2. 8.
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TABLE 2.8

ij 13 14 21 24 31 32
(A,); 20 58 10 94 2 10
(A2 20 26 15 94 10 2
(A,)s 32 86 5 142 28 20

From Table 2.4 X*=(5,4,0,0,0,8,6,0,0,0,2,15), for which Z=(727,703,738) . Now, applying

step 8(ii), Since (Aij ) <0,1=1,2,3, the cell (2,4) enter to the basis and the new solution is

given in Table 2.9.

TABLE 2.9
Destinationj— 1 1,23
Origin i 1 2 3 4 F(current) | ui ui® u° | @
5 1 2 10 4 2 0 0 150 0O 0 O 9
1
5 4
4 3 7 2 4 8 0 0 150 -3 5 -2 14
2
8 6
4 2 9 3 51 0 0 200 -3 5 -2
3 17
8 9
vi" 5 9 6 3 500
Vi 1 2 0 5
v 4 7 3 2
b 5 12 8 15
Applying Step 4, we get the following results as shown in Table 2.10.
TABLE 2.10
ij 13 14 21 23 31 32
1 1 1
Gy —u-v, 4 -3 2 -1 2 -4
2 2 2
Cj —u -V, 4 5 -3 -1 -4 2
3 3 3
Gi-u -y 1 -2 -1 7 7 3
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Applying Step 5, we get the values of (A“. )i, which are given in Table 2.11.

TABLE 2.11
ij 13 14 21 23 31 32
(A )
! 16 12 10 6 10 -32
1
(A)): 16 20 15 6 20 16
1
(A, s -4 -8 5 42 35 24

Applying Step 6, we get the following results which are displayed in Table 2.12.

TABLE 2.12

ij 13 14 21 23 31 32

1 150 100 150 150 150 150

2 250 250 150 250 150 0

3 200 200 200 200 300 300

F; (NB) 600 550 500 600 600 450

F; (Difference) 100 50 0 100 100 50

Applying Step 7, we get the values of (Aij )i, which are displayed in Table 2.13.

TABLE 2.13

ij 13 14 21 23 31 32
1

(A, 116 38 10 94 110 -82
1

(A;) 116 70 -15 94 80 -34
1

(A, 96 42 5 142 135 -26

From Table 2.9 X*=(5,4,0,0,0,8,0,6,0,0,8,9), for which Z=(633,609,596) .Now , applying
step 8(ii), Since (Aij ) <0,1=1,2,3, the cell (3,2) enter to the basis and the new solution is

given in Table 2.14.
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TABLE 2.14

Destinationj—
Origin i| 1 2 3 4 Fllcurrent) | ui u? u® | &
1 5 1 4|9 2 7]10 4 2/{0 0 O 150 0 0O
9
o) 4
2 4 3 1|6 7 5|2 4 8|0 0 O 0 1701
14
14
3 4 2 912 9 8|3 5 1|0 0 O 300 -1 701
17
8 8 1
vi' 5 9 10 7 450
Vi 1 2 -2 -7
v 4 7 0 -1
b 5 12 8 15
J

Applying Step 4, we get the following results in Table 2.15.

TABLE 2.15
ij 13 14 21 22 23 31
1 1 1
Cij —U; -V, 0 -7 6 4 -1 6
2 2 2
Cj—ur —v; 6 7 5 2 -1 -6
3 3 3
Ci—u v, 2 1 -4 -3 7 4

Applying Step 5, we get the values of (Au_ )i Which are tabulated in Table 2.16.

TABLE 2.16
ij 13 14 21 22 23 31
1
(A 0 7 30 32 8 30
1
(A 24 7 25 16 8 .30
1
(A))s 8 1 20 24 56 20
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Applying Step 6, we get the following results which are displayed in Table 2.17.

TABLE 2.17

ij 13 14 21 22 23 31

1 150 100 150 150 150 150

2 0 0 150 150 150 0

3 300 300 250 200 200 300

F; (NB) 450 400 550 500 500 450

F; (Difference) 0 -50 100 50 50 0

Applying Step 7, we get the following values of (Aij ) which are tabulated in Table 2.18

TABLE 2.18
ij 13 14 21 22 23 31
1
(AL 0 57 130 82 42 30
1
(A4): 24 43 75 34 42 30
(A, 8 -49 80 26 106 20

From Table 2.14 X°=(5,4,0,0,0,0,0,14,0,8,8,1), for which Z=(551,575,570) .Now, applying
step 8(ii), Since (Aij ) <0,1=1,2,3, the cell (1,4) enter to the basis and the new solution is

given in Table2.19.

TABLE 2.19
Destinationj—
Origini| 1 2 3 4 Fl(current) | uit u? u® | &
1 5 1 2 7|10 4 2 0 O 100 0 0 O
9
5 3 1
2 4 3 7 512 4 8 0 O 0 0 00
14
14
3 4 2 9 8|13 5 1 0 O 300 -1 71
9 8 17
vi' 5 9 10 0 400
vi2 1 2 -2 0
v 4 7 0 0
b;
5 12 8 15
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Applying Step 4, we get the following results in Table 2.20.

TABLE 2.20
ij 13 21 22 23 31 34
1 1 1
Gy —u -V, 0 -1 -3 -8 6 7
2 2 2
Cj —u7 -V, 6 2 5 6 -6 -7
3 3 3
Cj—u v, 2 -3 2 8 4 -1
Applying Step 5, we get the values of (Au_ )i Which are tabulated in Table 2.21.
TABLE 2.21
ij 13 21 22 23 31 34
1
(AL 0 5 9 24 30 7
1
(A)): 18 10 15 18 30 7
1
(A3 6 15 6 24 20 1
Applying Step 6, we get the following results which are displayed in Table 2.22.
TABLE 2.22
ij 13 21 22 23 31 34
1 100 100 100 100 100 150
2 0 150 150 150 0 0
3 300 300 300 300 300 300
F; (NB) 400 550 550 550 400 450
F; (Difference) 0 150 150 150 0 50

Applying Step 7, we get the following values of (Aij )i which are tabulated in Table 2.23.

TABLE 2.23
J 13 21 22 23 31 34

1
(A 0 145 141 126 30 57

3,
i )2 18 160 165 168 30 43

1
(4,); 6 135 144 174 20 49
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From Table 2.19 X*=(5,3,0,1,0,0,0,14,0,9,8,0), for which Z=(494,532,521).

Since there is no cell for which (Aij ) <0 for 1I=1,2,3 with at least one inequality so it is

must to check the character of this solution is dominate or non dominate .

Initially, H™ =I5, 8, = -1, 5, = -1, 83 = -L. As 35, (A, )i
1=1

Is most negative for the cell (3,1), therefore for this cell

10030 30
Ya=|0 10 |-30|=[-30
0 01]|20 20

Since, Y ais not less than zero, hence X*is non dominate solution. Now R= (3,1)

applying step 8(ii), the cell (3,1) enter to the basis and the new solution is given in Table

2.24,
TABLE 2.24
Destinationj—
Origini| 1 2 3 4 Flcurrent) | ui' u?u®| &
1 5 1 2 10 4 0 100 0O 0 O
9
8 1
2 4 3 7 2 4 0 0 0 0 O
14
14
3 4 2 9 3 5 0 300 77 1
5 4 8 17
vi' 11 9 10 0 400
vi2 5 2 -2 0
v 8 7 0 0
5 12 8 15
b

Applying Step 4, we get the following results in Table 2.25.
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TABLE 2.25

ij 11 13 21 22 23 34
Cj —U; -V -6 0 7 -3 8 7
Cj—u; -v; 6 6 8 5 6 7
Ci—u’-v; 4 2 7 2 8 1

Applying Step 5, we get the values of (AIj ) which are tabulated in Table 2.26.

TABLE 2.26

1 11 13 21 22 23 34
(A -30 0 35 24 64 7
(A): 30 48 40 40 48 7
(A -20 16 35 16 64 1

Applying Step 6, we get the following results which are displayed in Table 2.27.

TABLE 2.27
ij 11 13 21 22 23 34
1 100 100 100 0 0 150
2 0 0 150 150 150 0
3 300 300 300 300 300 300
F; (NB) 400 400 550 450 450 450
F; (Difference) 0 0 150 50 50 50

Applying Step 7, we get the following values of (Aij )i which are tabulated in Table 2.28.

TABLE 2.28
ij 11 13 21 22 23 34
1
(A, 1 30 0 115 26 14 57
1
(A,): 30 48 190 90 98 43
1
(A,)s 220 16 115 34 114 49

From Table 2.24 X°=(0,8,0,1,0,0,0,14,5,4,8,0), for which Z=(524,502,541) .
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Since there is no cell for which (Aij )i <0 for 1=1,2,3 with at least one inequality so it is

must to check the character of this solution is dominate or non dominate .

Initially, H" =I5, 81 = -1, 5, = -1, 53 =-1. As Zk:s, (Ay)}
1=1

Is most positive for the cell (1,1), therefore for this cell

100||-30 -30
Ya={010 30 | =| 30
0 01f]|-20 -20

Since, the first component is most positive so, g; leaves the basis, hence Ef, =[-1 0 1]

Performing the simplex iteration.
we get, s; =-1,5,=50,53=-1

1 1 0
andH'={0 1/30 0
0 2/3 1

Since, Yais not less than zero, hence X is non dominate solution. Now R= ¢
Thus we terminate, the set of non-dominated solution is given below:
X*=(5,3,0,1,0,0,0,14,0,9,8,0), Z=(494,532,521)

X°=(0,8,0,1,0,0,0,14,5,4,8,0), Z=(524,502,541)
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Appendix 2.1

(i) X will dominate all other solutions X" obtained by introducing the non-basic cell (i, j)
for which (Aij)ll >0 for | = 1,.. k, with at least one inequality strictly positive, and Xij* =

6; <0 . Therefore, such a non-basic cell possibly cannot enter the basis.

(ii) If for a non-basic cell (i, j), (4 ) <0 for | =1,..k with at least one inequality, with a

strictly negative sign, then the solution X" obtained by introducing the cell (i, j) will

dominate X if xj = 6,<0.
(iiii) If there are non-basic cells (i, j) and (h, k) such that 6;(A;); <6, () , 1 =1,2,...k with

strict inequality in at least one of the k inequalities, where xcq = 0., if the cell (c,d) is

introduced into the basis, then the solution obtained by introducing the cell (h, k) is

dominated by the solution resulting from introducing the cell (i, j).

(iv) X is a non-dominated solution if for all non-basic cells (i, j), (A; )i>0 for at least one |

i.e. X isa unique optimal solution for at least one of the k sub-problems (P, 1=1,..., k.
Thus the above observations (ii) and (iv) help one analyzing the character of any basic
feasible solution, but still, they do not cover all the possibilities. We may have the possibility

when for at least one non-basic cell, s (I <s < k) of the k quantities A;, I= 1,..k are

negative, while the remaining k-s are positive, it being assumed that all the k quantities for the

remaining non-basic cells are non-positive.

In this case, to find out whether X is dominated or non-dominated, we concentrate on the

linear programming problem (P2):

K
(R): Minimize -) q
1=1

Subjectto > x; =a ...(2.1)
j=1
2% =bi (22)
i=1
D3 +a Y R <Y e X+ F L 1=12,.,k (2.3)
i=1 j=1 i=1 i=1 j=1 i=1
q >0 I=1 .k o (2.4)

xijzo, for i=12,...m; j=12,...,n
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and

Clearly X is a non-dominated solution if and only if the problem (P;) has optimum and is

dominated otherwise.

Klingman and Russell (1975) have given a technique for finding the optimal solution of

problems of the type (P2) above. But in our case, to check the non-dominance character of X ,
their technique becomes much more simplified due to the special structure of (P,). In some
cases, we need not even solve the problem (P2) completely, but the moment we discover that

some @; becomes positive, we conclude that it is a dominated solution.

Now, consider the dual of the problem (P3) namely,

Maximize iajuwiijj+§SI(§CJ,-§§U+§E)
j i=1

i=1 j=1 =1 =1 j=1

Subject to ui+vj+§k;s.qjl <0
1=1
s,<-1 for I=1,2,....k.

Let (P3) denote the problem (P;) without the additional constraints (2.3) and (2.4). Let (X, qy,
J2...,qk) be any basic feasible solution for (P,) with basis B.As has been remarked in

Klingman and Russell (1975), the basis B can be initially partitioned in the form

: {B BA}
B=
Ce Ca

where B is the basis for (P3), Cg is a kx (m+n-1) matrix containing all those components Cijl
for which(i , j)eB . Also

Ba: (m + n)xk, zero matrix

and

Ca: k x k, identity matrix, if 1,9z, ....g«x

are in the basis, otherwise they contain the appropriate columns.
Let (u ,v}), 7=1,2,....k be determined from the equations

At =0for(i,j) € B, I=1,2,...k; ....(2.5)
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The generalized left inverse Bc of é, Ben Israel and Greville (1974), may be obtained as
explained in Gupta (1977).

In order to find out the vector which enters the basis, consider the following system

connecting the dual variables

U=(),V=(v),S =(s)

B B

ie. (UT,V',ST) { A}:}Q,ET] ...(26)
Cs Cy

where the 1™ component of E' is zero if g is not in the basis and is -1, if i is in the basis

for all 1I=1,... k.

As has been shown in Klingman and Russell (1975), (2.6) can equivalently be expressed in

the form
k

U +Vv;+ > sc, =0 for (ij) € B ..(2.7)
1=1

STH=E4' ...(2.8)

where H is a kx k non-singular matrix, so that H™ is the last k columns of the last k rows of

Be and E4' is a k component row vector such that each component of E4'; is a linear-
combination of the right-hand side of (2.6), where exactly one component of E' is multiplied

by one and others by zero.

So, one can determine the dual variables from (2.7), and (2.8),by first finding s;, 1 =1, ..,k

from (2.8) and then the remaining variables u;’s and v;’s can be found out by setting
k k

u=-> su; andvi=-> su;’ ....(2.9)
1=1 1=1

where u;i' and v;' (I=1, ..,k) are determined from (2.5).
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The u;’s and vi's in (2.9) satisfy (2.7). Therefore, once having known the dual variables, the

non-basic cell (i, j) for WhiCth:s, (A;) Is most positive, may be determined, so that it

1=1

qualifies for entry into the basis.

Let this column be denoted by P =[Py, cy . Interms of B, Ry expressed in the form

CB CA YA Chk
Let BS denote the last k rows of BS. Then

Ya=BS [Pn, Crc] .

As explained in Gupta (1977),

k k k
Yaq Z—Zaql up, _;anVLL _Izllaqlcrlwk :_Izllaq' (U +Vi —Ci)

@=1,2,...k)

where H =(a)), and hence
YAq :[YAl 1YA2 1"'aYAk ]T

is determined completely.

...(2.10)

(211

It can be observed from the nature of the problem (P,) that (X , =0, g, =0,...,

gx= 0) is the initial basic feasible solution, with g1, Qo ...,q« in the basis. Therefore

initially, H = I,= H™, where 1, is the k x k unit matrix,

Eq'=[-1,1,...,-1]andB=B .

Then s;= -1, s, = -1,...,8¢= -1. Using these values, the entering cell may be obtained as

explained above and Y, for this column can be determined from egns. (2.11). It may be

recalled that the only quantities we need to check the non-dominance character of X,

under the non-degeneracy assumption are Y. and H™. It can be observed that if

T A
[YA1 Yoy e Yay ] is non-positive, then Bw when entered into the basis, will lead to a
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solution for which at least one of the k variables qi, qo,....gx will be at positive level.
Therefore X will be a dominated solution. However if at least one of the k, Y, 's is

positive, then the simplex-iteration with one of the rows of H™ as the pivot row, can be
made and at each step, one needs to update H™ and sy, s,,...,5¢ only. Thus proceeding in
the above stated manner, we may encounter any one of the following possibilities:

a. Zero optimum for (P,) is obtained, in which case X is a non-dominated

solution.
b. There exists a column B for which

fs. (ul +Vv, —cl) is most +ve and (Ya) is non-postive, in which case X isa
1=1

dominated solution.
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CHAPTER-3



FIXED CHARGE MULTI-OBJECTIVE TRANSPORTATION PROBLEM WITH
ONE MORE NON-LINEAR OBJECTIVE

3.1 INTRODUCTION

The fixed charge multi-objective transportation problem (FMOTP) problem considered in
chapter 2 has been extended by including one more objective which is conflicting in nature
with other k objectives. In this Chapter it is considered the objective is that the total cost of

first k objectives as well as time of transportation are to be minimized.
3.2 PROBLEM FORMULATION

The mathematical formulation of this problem is as follows.

Minimize {33 chxi+3 3 chxi+..43 S clixi +3 F}

i-1j=1 i=1j=1 i=1j=1 i=1

Minimize  {max[t;/x; > 0]}

Subject to i Xij < 8
j=1
Z‘ixij =bj
xj >0, for i=12,...m; j=12,...,n.
where
i=1,2, ..,m aretheoriginsand j=1, 2,...,n, are the destinations,

tj = the time of transportation of the product from i" origin to the j" destination which is

independent of the amount of commaodity transported, so long as xi; > 0,

ci' = the variable cost per unit amount transported from i" origin to the j™ destination

corresponding to k objectives i.e. [=1,2,...,k,

Xi j = the amount transported from the i origin to the j™ destination,
aj = maximum capacity at origin i,

b; = the demand at destination j,

F; = the fixed cost associated with origin i.
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The objective in fixed charge multi-objective transportation problem is to minimize the total
cost which includes both the variable cost and fixed cost of first k objectives and the total

time of transportation satisfying the above constraints.
3.3 SOLUTION PROCEDURE

To solve this problem in the algorithm find the total cost of the first k objectives (by using
algorithm 2.4, chapter 2) has been used to optimize the first k objectives and it is assumed
that the first priority is given to cost of first k objectives and then time is minimize with
respect to the minimized total cost of k objectives. A re-optimization procedure Basu et al

(1994) is used to fixed cost-time trade off pairs.
For re-optimization the above problem is separated into two problems (P,) and (S), where

(P+) Minimize the cost function {ZZCqu-I-iZn:CuXu-i- +ZZC.JX.,+ZF.}

i=1j=1 i=1j=1 i=1j=1

Subject to z Xij <a

Zm:Xij =bj

i=1

xj >0, for i=12,...m; j=L12,...,n

and
Minimize T = max[t; / xj > 0]
(S) 1jen

n+1

Subject to D Xi=a
> %i=bj
i=1
xij>0, for i=L12,...m; j=12,..,nn+1l.

Since fixed cost at each origin is considered, unbalanced transportation problem is to be taken
into account. So, first we have to balance the problems (Ps) and (S1) using destinations. Then

we have
Minimize Z= {ZZCux.,+ZZcux.J+ +22cux.,+ZF}
i=1j=1 i=1j=1 i=1j=1
(PS) n+l
Subject to D X =ai

Z Xij =Dj
i=1

xj =0 for 1=12,...m; j=12,...,n,n+1
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(S1) Minimize T =max[t;; / xj > 0]

Subject to D Xi=a

xj >0, for i=12,...m; j=12,..,nn+1.

In problems (P4) and (S;), the cost (variable cost and also fixed cost) and time associated
respectively with the dummy cells are all zero. At first iteration, let Z; be the minimum total
cost of the k sub problems (P;) and T, be the optimal time of the problem (S;) with respect to
Z1, then any schedule which is competed earlier than T; would cost more than Z;. (Z3, Ty) is
called the time-cost trade-off pair at the first iteration.

Using re-optimization procedure (Basu et al. 1994), let after g-th iteration, the solution is

infeasible. Therefore, we get the following complete set of time-cost trade-off pairs:
(Z1, T1), (Z2, T2), .+ .., (Zgy Tg)
where
Zi<Zp<...<Zq and T>T>. . >T,
3.4ALGORITHM

By using the steps 1 to 8 of algorithm 2.4 of Chapter 2 and considering that the first priority
is given to the first k cost objectives, we get an optimal solution.

Step 1: Let Z; be the optimal cost of P; and X" be the solution corresponding to Z;.
Step 2: Calculate T,
T1 =max[t; / x; >0 according to X]
e
Then the corresponding pair (Z1,T;) is called the time-cost trade-off pair at the first iteration.
Step 3: Define (Ci)x =M, if tj;> Ty
= (C)) , ifty<Ty

where M is a sufficiently large positive number. Let (Pp+1) be the fixed charge multi objective

transportation problem with variable cost (C! )« .
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Step 4: Find a basic feasible solution of the problem (Py+1) with respect to the variable costs.
If the total variable cost > M, then go to Step 13; otherwise go to Step 5

Step 5: Find the fixed cost of the current basic feasible solution of problem (Pp+1) and denote

this by F"**(current). where

F! (current) = i“ Fi

i=1
Step 6: Calculate (Ci-uiv}),/=1,2,... k for all i, j& B and denote it by (M) , where u;',v;

are the dual variables associated with k sub problems for i=1,2,. .. ,m; j=1,2,.. .,n, n+1,
Step 7: Find (A)!™ =(M, )P (E,)"* forall i, jeB

where (Aj)lp+1 is the change in cost which occurs for introducing a non-basic cell (i, j) with

value (Eij)lp+1 into the basis by making reallocation.

Step 8: Calculate F*(NB) is the total fixed cost involved for introducing the variable X;;

with values (E; Pforall i, j¢ Binto the current basis to form a new basis.
+1 : — +1 +1
/" (Difference) = K"~ (NB) — F*"*(Current)
Step 9:Now add F;"** (Difference) and (A;)"*and denote it by (A;)/"i.e
(A;) "= FP* (Difference) +(A)f™ forall i, ¢B

Step 10: We check for adominated or non dominated solution as follows:

(i) X will dominate all other solutions X~ obtained by introducing the non-basic cell (i, j)

for which (A, P%>0 for | = 1,. k, with at least one inequality strictly positive, and

x;. = ¢, >0 . Therefore, such a non-basic cell possibly cannot enter the basis.

(ii) If for a non-basic cell (i, ), (A; P <0 forl=1,..k, with at least one inequality, with a

strictly negative sign, then the solution X~ obtained by introducing the cell (i, j) will

dominate X if xj = 6, >0.
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(i) If there are non-basic cells (i, j) and (h, k) such that & (Aij),p+1 <6, (Aij),p+l =12,k
with strict inequality in at least one of the k inequalities, where x.g = @, if the cell (c,d) is

introduced into the basis, then the solution obtained by introducing the cell (h, k) is

dominated by the solution resulting from introducing the cell (i, j).

(iv) X is a non-dominated solution if for all non-basic cells (i, j), (Aij),p*l>0 for at least one |

i.e. X is a unique optimal solution for at least one of the k sub-problems (P'), I = 1,..., k.
Thus the above observations (ii) and (iv) help one analyzing the character of any basic

feasible solution, but still, they do not cover all the possibilities. We may have the possibility
when for at least one non-basic cell, s (I <s < k) of the k quantities (Aij)lp*l, I=1,..k are

negative, while the remaining k-s are positive, it being assumed that all the k quantities for the

remaining non-basic cells are non-positive. For this case to find out whether X is dominated
or non-dominated is given in Appendix 2.1.

Step 11: Let Zp+1 be the optimal cost of problem (Pp+1) and X,+1 be the optimal solution

corresponding to Zp+1.

Step 12: Compute
Toa = max |:tij,Xij >0 according to X *** }

1<i<m
I<j<n+l

Then the trade-off pair (Zy+1, Tp+1) is called the cost-time trade-off pair at the (p+1)-th
iteration. Obviously, Zp+1>Z, Tps1<Tp

Step 13: Set p=p+1, go to Step 3.

Step 14: Suppose after q™ iteration the solution is infeasible i.e. Zg+1> M. Then identify the

complete set of efficient trade-off pairs
(Z21,T1), (Z2,T2), . . ., (Zg,Tq)

where Z;< Z<...<Zy and T1> To>. . >Ty
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3.5 NUMERICAL EXAMPLE

The above algorithm is explained by considering the following 3%3 fixed-charge linear multi-

objective transportation problem where the units of cost and time are taken in one standard
scale. Minimize {33 chx +3 Y chx +3 3 cix; +z F}
i=1 j=1 i=1 j=1 i=1 j=1
Minimize T =max[t;/ x; > 0]

3

Subject to D xj<ai, 1=1,2,3,
=
3
ZXij:bj, j=1,2,3,
i=1

xj=>0, for i1=123; j=123.

In order to solve the above problem it is presented as two parts as shown below:

Minimize the cost function {i i ch X + 2 Z chxi + i i Cil Xi + Z F}

i=1j=1 i=1j=1 i=1j=1
3
Subject to D xij<a, i=123,

[

> xi=bj, j=123,

i=1

w

xj >0, for 1=123;, j=1,23.
and

Minimize the time function max|[ti; / x;j > 0]

3
Subject to > xj<a, 1=1,2,3,

j=1

3
inj =bj, J =123,

i=1

xj =0, for 1=12,3 j=123.
Table 3.1 gives the values of variable cost Ci,-' (i=1, 2, 3; j=1, 2, 3;1=1,2,3) and Table 3.2
gives the values of time t;; (i=1, 2, 3; j=1, 2, 3). The fixed costs are:
F11:100, F12:50, F13 =50
F,1=150, F22:50, F23=50

F31:200, F32:50, F33:5O
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TABLE 3.1

cj a; cf ci
5 91009 1724 4 [ 772
Gl a6 214 GGl 3714 il 1[5 8
4 | 21317 2 |95 9 [ 8] 1
bi | 5 | 12| 8

TABLE 3.2
Destination j—
Origin i) 1 2 3 a
1 15 7 2 9
2 10 13 11 14
3 6 8 14 17
bj ) 12 8

For solution purpose the above data is written together and given in Table 3.3. The upper

entries of each row represent the cost cl;, | =1,2,3. and south west entry represent t;;.
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TABLE 3.3

Destination j—
Origin i| 1 2 3 a;
5 1 4 19 2 71 10 4 2
1 15 7 2 9
4 3 1|6 7 5| 2 4 8
2 10 13 11 14
4 2 9 |2 9 8|3 5 1
3 8 14 17
bj 5 12 8

The total cost which is to be minimized is given by

2?::?:(:ﬁlxu*’:§:|:

i=1 j=1 i—1

Fi=f§:<idﬁu' =123

1=1

3
Sy=1if > x; >0,i=123,
j=1

where .
=0, otherwise;

3
S,=Lif > x;>8,i=123,

j=1
=0, otherwise.

3
0= Lif Y x >11, =123,

j=1
=0, otherwise.

Since, the two objectives are in consideration, and first objective is the total cost of first k

objectives of problem P;of chapter 2 and can be considered as single objective for which the
optimal solution is given in Table 3.4.

40



TABLE 3.4

Destinationj—
Origini| 1 2 3 4 Fl(current) | u* u? u?| a
1 5 1 9 2 10 4 2({0 O 100 0 0 O
5 3 1 9
15 7 2 0
2 4 3 6 7 2 4 8|0 O 0 0 00
14 14
10 13 11 0
3 4 2 2 9 3 5 1|0 0 300 -1 71
9 8
6 8 14 0 17
vi' 5 9 10 0 400
Vi 1 2 -2 0
v 4 7 0 0
bj
5 12 8 15

From Table 3.4 X°=(0,8,0,1,0,0,0,14,5,4,8,0), for which Z =1547 where Z is the total

cost. Now, from Table 3.3, it can be seen that maximum time corresponding to their to this
cost is 15. So the first trade off (Z1, T1) = (1547, 15). Now, applying Step 3, we modify the

problem Ps to problem Pg and the basic feasible solution of Pg is given below in Table 3.5

TABLE 3.5
Destinationj—
Origini| 1 2 3 4 Fl(current) | ui* u? ud | a
1 MM M 2 10 4 20 0 0 00
150 9
9
2 4 3 6 7 5/2 4 8[/00 3 5 -2
250 14
5 3 6
3 4 2 2 9 8[/35 1[00 26 -9
200 17
2 15
vi' 7 9 5 2
vi? -2 2 -1 -6 600
vi® 3 7 10 9
bj 5 12 8 15
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Applying Step 6, we get (C;;' -u;-v;") values, for all i, j ¢ Bwhich are given in Table 3.6.

TABLE 3.6
ij 11 13 14 24 31 32
Cj—ui -, M-7 5 2 1 1 5
Ci-u'=vi | M+2 5 6 1 2 1
Ci-w-vi | M3 8 9 7 15 10
Applying Step 7, we get the values of (AIj )?, which are displayed in Table 3.7.
TABLE 3.7
ij 11 13 14 24 31 32
(A 5(M-7) 30 12 6 2 -10
(A): 5(M+2) 30 36 6 -4 2
(A3 5(M-3) -48 54 -42 30 20
Applying Step 8, we get the following results which are displayed in Table 3.8.
TABLE 3.8
ij 11 13 14 24 31 32
1 150 150 100 150 150 150
2 250 250 250 150 250 250
3 200 200 200 200 200 200
F; (NB) 600 600 550 500 600 600
F; (Difference) 0 0 -50 -100 0 0

Applying Step 9, we get the values of (Aij )? , which are displayed in Table 3.9
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TABLE 3.9

ij 11 13 14 24 31 32
A, 5(M-7) 30 62 04 P -10
(A,); 5(M+2) 30 14 94 4 2
(4,); 5(M-3) 48 -104 142 30 20

From Table 3.5X%(0,9,0,0,5,36,0,0,2,15),Z =2151.Now, applying step 10(ii), Since,

(Aij)l2 <0, 1=1,2,3, the cell (2,4) enter to the basis and the new solution is given in Table

3.10.
TABLE 3.10
Destinationj—
Origin i} 1 2 3 4 Flcurrent) | uit u?u® | &
1 MMM|[9 2 7[10 4 2[/0 0 O 150 0 0 O
9
9
2 4 3 1|6 7 5[2 4 8/0 0 O 35 -2
150 14
5 3 6
3 4 2 9(2 9 8[35 1[00 0 35 -2
200 17
8 9
Vit 7 9 6 3
vi2 -2 2 0 5 500
vi® 3 7 3 2
by 5 12 8 15
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Applying Step 6, we get the following results as shown in Table 3.11.

TABLE 3.11

ij 11 13 14 23 31 32

Ci—t -V M-7 4 3 1 0 -4
Ci-u =vi | M2 4 5 1 1 2
Co—u’-v; M-3 -1 -2 7 8 3

Applying Step 7, we get the values of (A”. )7, which are given in Table 3.12.

TABLE 3.12

] 11 13 14 23 31 32

(A): 5(M-7) 24 -18 6 0 12
(A): | 5m+2) 24 30 -6 5 5
(A | 5(m-3) -6 12 42 40 9

Applying Step 8, we get the following results which are displayed in Table 3.13.

TABLE 3.13

ij 11 13 14 23 31 32

1 150 150 100 150 150 150

2 150 250 250 250 150 150

3 200 200 200 200 300 250

Fi (NB) 500 600 550 600 600 550

F; (Difference) 0 100 50 100 100 50
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Applying Step 9, we get the values of (Aij )7, which are displayed in Table 3.14.

TABLE 3.14

ij 11 13 14 23 31 32
A | 5me7) 124 32 94 100 38
A | s0v+2) 124 80 94 95 56
A | 5Mm-3) 94 38 142 140 59

From Table 3.10 X?(0,9,0,0,5,3,0,6,0,0,8,9), for which Z = 1821 where Z is the total cost.
Now, applying step 10(i), Since (Aij)l2 >0, 1=1,2,3, the no cell enter to the basis. Now,

from Table 3.3, it can be seen that maximum time corresponding to their to this cost is 14. So
the second trade off (Z,, T2) = (1821, 14). Now, applying Step 3, we modify the problem Pg to
problem P; and the basic feasible solution of Py is given below in Table 3.15.

TABLE 3.15
Destinationj—
Origin i| 1 2 3 4 Fl(current) | ui* u? u?
1 MMM|9 2 7,104 2|0 0 O 0 0 O
150
9
2 4 3 16 7 5(2 4 8,00 O -3 5 -2
200
3 8 3
3 4 2 912 9 8 MM M| 00 O -3 5 -2
200
5 12
vi' 7 9 5 3
vi? -3 2 -1 -5 550
v 11 7 10 2
bj 5 12 8 15
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Applying Step 6, we get (C;;' -u;-v;") values, for all i, j & Bwhich are given in Table 3.16.

TABLE 3.16
ij 11 13 14 21 32 33
Ci-Ui—Vi | M7 5 3 0 4 M-2
Ci-u’=vi | M+3 5 5 1 2 M-4
Ci-u'-vi | M1 8 2 8 3 M-8
Applying Step 7, we get the values of (AU_ )}, which are displayed in Table 3.17.
TABLE 3.17
] 11 13 14 21 32 33
(A 3(M-7) 40 -9 0 -12 8(M-2)
(A): 3(M+3) 40 15 3 6 8(M-4)
(A3 3(M-11) -64 -6 -24 9 8(M-8)
Applying Step 8, we get the following results which are displayed in Table 3.18.
TABLE 3.18
] 11 13 14 21 32 33
1 150 150 100 150 150 150
2 250 200 250 250 150 150
3 200 200 200 200 200 300
Fi (NB) 600 550 550 600 500 600
F; (Difference) 50 0 0 50 -50 50
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Applying Step 9, we get the values of (Aij )}, which are displayed in Table3.19

TABLE 3.19

] 11 13 14 21 32 33
(A,) | 50+3(M-7) 40 9 0 62 50+8(M-2)
(A)); | 5043(M+3) | 4 15 53 44 50+8(M-4)
(A | 50+3(M-11) | g4 6 26 A1 50+8(M-8)

From Table 3.15X'=(0,9,0,0,0,3,8,3,5,0,0,12),for which Z = 2053.Now, applying
step10(ii), Since (Aij )} <0,1=1,2,3, the cell (3,2) enter to the basis and the new solution is

given in Table 3.20.

TABLE 3.20
Destinationj—
Origin i} 1 2 3 4 Flcurrent) | uit u?u® | &
1 MMM|[9 2 7[10 4 2[/0 0 O 150 0 0 O
9
9
2 4 3 1|6 7 5[2 4 8]0 0 O 7 71
150 14
8 6
3 4 2 9(2 9 8]MMM|[0 0 © 7 71
200 17
5 3 9
Vi 11 9 9 7
vi2 5 2 -3 -7 500
vi® 8 7 7 -1
by 5 12 8 15
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Applying Step 6, we get the following results as shown in Table 3.21.

TABLE 3.21
ij 11 13 14 21 22 33
Ci-u-vi | M1 1 7 0 4 M-2
Ci—u =vi | M45 7 7 1 2 M-4
Ci—u'-vi | M8 5 1 8 3 M-8
Applying Step 7, we get the values of(AU_ )}, which are given in Table 3.22.
TABLE 3.22
ij 11 13 14 21 22 33
3
3
(A2 | 5m+5) 56 63 5 -6 8(M-4)
(A) | 50m-8) -40 9 -40 -9 8(M-8)
Applying Step 8, we get the following results which are displayed in Table 3.23.
TABLE 3.23
ij 11 13 14 21 22 33
1 150 150 0 150 150 150
2 150 0 150 250 200 0
3 200 300 300 200 200 300
Fi (NB) 500 450 450 600 550 450
F; (Difference) 0 -50 -50 100 50 -50
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Applying Step 9, we get the values of (Aij )}, which are displayed in Table 3.24.

TABLE 3.24
ij 11 13 14 21 22 33
3
Ak 5m-11) 42 113 100 62 50+8(M-2)
(A )3
i)2 | 5(M+5) 6 13 105 44 50+8(M-4)
3
&) | 50v-g) 90 41 60 M _50+8(M-8)

From Table 3.20 X*=(0,9,0,0,0,0,8,6,5,3,0,9), for which Z =1906.

Since there is no cell for which (Aij ); <0 for I=1, 2, 3 with at least one inequality so it is

must to check the character of this solution is dominate or non dominate .

Initially, H™ =15, 81 = -1, 5, = -1, 83 = -L. As 35, (A, )?

Is most positive for the cell (1,3), therefore for this cell

100
Ya=|0 10
001

—42

6 =

-90

1=1

Since, the first component is most positive. So, g, leaves the basis, hence ET, = [_1 0 _1]

Performing the simplex iteration.

1 7 0

and H'=| 0 1 0
6

0 15 1

1 42 0
[ss s2 s:]=[-1 0 -1]j0 -6 0
0 90

we get, s; =-1,5, =-132,53=-1
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Now, cell (1,4) is negative and Y o is not negative. Therefore X?is a dominated solution.

Now R= {(1,3), (1,4)}

Applying step 10, the cell (1,3) enter to the basis and the new solution is given in Table 3.25.

TABLE 3.25
Destinationj—
Origin i} 1 2 3 4 Flcurrent) | uitui?u® | &
1 MMM|9 2 710 4 2|10 0 O 0 0O
150 9
1 8
2 4 31|/6 7 5|2 4 8|00 0 -1 71
0 14
14
3 4 2 912 9 8 MMM [0 0 O 171
0 17
5 11 1
vi' 11 9 10 7
Vi -5 2 4 -7 450
vi® 8 7 -1
bj 5 12 8 15
Applying Step 6, we get the following results in Table 3.26.
TABLE 3.26
] 11 14 21 22 23 33
1 1 1
G~ -V, M-11 -7 0 4 -1 M-3
2 2 2
Ci—u—-Vvi| Mm+5 7 1 -2 7 M-11
3 3 3
Gy~ -V, M-8 1 -8 -3 5 M-3
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Applying Step 7, we get the values of (A”_ )} which are tabulated in Table 3.27.

TABLE 3.27
] 11 14 21 22 23 33
(A): M-11 -7 0 44 8 8(M-3)
(A): M+5 7 5 -22 56 8(M-11)
(A): M-8 1 -40 -33 40 8(M-3)
Applying Step 8, we get the following results which are displayed in Table 3.28.
TABLE 3.28
J 11 14 21 22 23 33
1 150 100 150 150 150 150
2 0 0 150 200 150 0
3 300 300 250 200 200 300
Fi (NB) 450 400 550 550 500 450
F; (Difference) 0 -50 100 100 50 0

Applying Step 9, we get the following values of (Aij )? which are tabulated in Table 3.29.

TABLE 3.29
ij 11 14 21 22 23 33
3
(A M-11 57 100 144 42 8(M-3)
(A
)2 M+5 43 105 78 6 8(M-11)
3
(A;); M-8 49 60 67 90 8(M-3)
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From Table

3.25 X°*=(0,1,8,0,0,0,0,14,5,11,0,1), for which Z =1780.Now,

applying

step10(ii), Since (Aij ) <0,1=1,2,3, the cell (1,4) enter to the basis and the new solution is

given in Table 3.30.

TABLE 3.30
Destinationj—
Origini| 1 2 3 4 Flcurrent) | uit u? u® | a
1 M M 9 2 104 2|0 0 O 100 0 0 0
9
0 8 1
2 4 3 6 7 2 4 8/0 0 0 0 0 0
0 14
14
3 4 2 2 9 MMMI[0 0 0 7 7 1
300 17
5 12
Vit 11 9 10 0
Vi -5 2 4 0 400
v 8 7 2 0
b 5 12 8 15
Applying Step 6, we get the following results in Table 3.31.
TABLE 3.31
ij 11 21 22 23 33 34
Ci-u-vi | M1 7 3 8 M-3 7
Ci-u=vi | M45 8 5 0 M-11 7
Ci-w-v; | M-8 7 2 6 M-3 1
Applying Step 7, we get the values of (Au_ )} which are tabulated in Table 3.32.
TABLE 3.32
ij 11 21 22 23 33 34
(A 0 0 0 -64 8(M-3) 7
(A): 0 0 0 0 8(M-11) -7
(A 0 0 0 48 8(M-3) 1

52




Applying Step 8, we get the following results which are displayed in Table 3.33

TABLE 3.33

ij 11 21 22 23 33 34

1 100 100 100 0 100 150

2 0 0 0 150 0 0

3 300 300 300 300 300 300

F; (NB) 400 400 400 450 400 450

F;; (Difference) 0 0 0 50 0 50

Applying Step 9, we get the following values of (Aij )} which are tabulated in Table 3.34.

TABLE 3.34
ij 11 21 22 23 33 34
3
(A 0 0 0 14 8(M-3) 57
(A,)2 0 0 0 0 8(M-11) 43
3
(A,); 0 0 0 90 8(M-3) 49

From Table 3.30 X* =(0,0,8,1,0,0,0,14,5,12,0,0), for which Z =1631.

Since there is no cell for which (Aij )i <0 for I=1, 2, 3 with at least one inequality so it is

must to check the character of this solution is dominate or non dominate .

Taking initially, H! =I5, 5, =-1,5, = -1, s3 = -1. As for non basic cell (2,3)Zk:s, (Ay)?
=

is most negative and also fixed charge increase. So, (2,3) cannot enter the basis. Then

all (Aij )|2 >0 (for all i, j ¢ B).Now R=¢ Hence, the third cost-time trade-off pair is

(Zs,T3) = (1631,8). After third iteration, we see that the solution is infeasible.

Then second cost-time trade—off pairs is dominated.Hence we get two cost-time trade-off
pairs as (1547,15) and(1631,8).

The result shows that the minimum cost is 1547 which corresponds to the pair (1547,15) and
the minimum time is 8 which corresponds to the pair (1631,8).
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The fixed charge multi-objective transportation problem is considered with an algorithm
which is a modification of algorithm proposed by Basu et al (1994) in conjunction with
approach given by Gupta and Gupta (1982). Also this problem is extended by including one
more nonlinear objective with is conflicting in nature and a cost-time trade off pairs has been

obtained.
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