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Abstract

Linear programming problem is one of the important branch of Mathematical pro-
gramming problem. Applications of LP exist in almost all the areas like military,
industry, agriculture, transportation, economics, health systems and even behav-
ioral and social sciences. But in real world all situations may not be deterministic.
There may exists different kinds of uncertainties in social, industrial and economic
systems, such as events may occurs randomly, unavailability of system data and due
to the error in measurements, etc. For dealing with such vagueness and ambiguities
fuzzy decision making methods are used and in this decision making process either
coefficients or variables in the objective function or constraints or both are taken as
fuzzy in nature. In this thesis, fully fuzzy linear programming problems is discussed
in which all the parameters of LPP are fuzzy in nature.

In first chapter of the dissertation, fully fuzzy linear programming problem is
introduced. The brief description of basic concepts, definitions, arithmetics oper-
ations that are used throughout work and detailed literature survey of fully fuzzy
linear programming problem and summary of the thesis has also been discussed in
this chapter. In Chapter 2, an algorithm for ordering the generalized and normal
trapezoidal fuzzy numbers on the basis of their rank, mode, divergence, and spread
are discussed. Numerical examples are also discussed which elaborate the concept of
ordering of fuzzy numbers. Further, in Chapter 3 a method is presented for solving
the fully fuzzy linear problem with equality constraints using the concept of ranking
function in which all the parameters are triangular fuzzy numbers and the numer-
ical examples are shown. In the last chapter, another method known as Mehar’s
method with Yager’s ranking approach have been discussed for solving fully fuzzy
linear programming problem, where all the parameters are unrestricted L-R fuzzy
numbers or L-R flat fuzzy numbers, numerical examples are discussed to elaborate

the algorithm.
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Chapter 1

Introduction

Mathematical programming is regarded as one of the important areas of applied
mathematics with extensive applications in engineering, economics, and natural sci-
ences. A mathematical programming problem has well defined objective function
and set of constraints, the systematic determination of optimal solutions leads to the
development of large family of methods and algorithms. The need for an efficient
and systematic decision-making approach drives the need for optimization strategies
and are used in almost every field like chemical, electrical, biomedical, agricultural,

ete.

The general form of mathematical programming problem is given as below
max /min Z = f(x)

subject to

where f(z) and g;(x), i = 1,2,...m are some functions of the vector z € R™. Thus,
we find a vector x which optimize (maximize or minimize) the objective function
f(z) subject to the constraints g;(x) <0, i =1,2,...m.

Linear programming problem is a special case of mathematical programming
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program where, the objective functions and all the constraints are linear function. A
solution which satisfies all the constraints is called as feasible solution and a feasible
solution which gives the best value of objective function is termed as optimal feasible
solution.

In the year 1947, Dantzig [14] a member of the US Air force, developed the
simplex method for finding the optimal solution of LPP. It is the most common and
widely used technique to solve LP problems. Since, the optimal value of the objective
of an LPP is attained at one of the vertex of the feasible region, therefore the main
idea behind simplex method is to move from one vertex from another vertex in the
improving direction of the objective function, till one which gives optimal value of
the objective is not found. As the feasible region of an LPP is closed and bounded
and has finite number of vertices, the simplex method gives optimal solution in finite

number of steps.

The general form of linear programming problem is stated as

min z =c'z

subject to
Axr =B
x>0
where z = (z1,29,...,2,)7, c = (c1,¢2, ..., )T, b= (b1, b, ..., b,)" and A = {a;;}

is an (m x n) matrix.

In many practical situations, the decision makers might not really want to actu-
ally maximize or minimize the objective function but may want to reach desirable
level which is not defined precisely. For example, the actual purpose may be to
improve the profit or cost situation or constraints can also be imprecise in nature.
For example, consider a constraint x < 4, where x is any resource one may say
that x is not exactly < 4 and assumes that the solutions are acceptable even if x

is slightly > 4 while solving LPP small violations make solutions infeasible so their



3 1. Introduction

is need to relax right hand side of the constraints to get flexible solutions. To deal
with such situations Zadeh [44] in 1965, developed the theory of fuzzy sets which
is more advantageous than crisp sets. In crisp set a element is either a member
of set or not but fuzzy set allows the element to be partially in the set associated
with membership function ranging from 0 to 1. The advantage of fuzzy set theory
is that it provides an way to model vague, ambiguous and imprecise data by using
fuzzy numbers which are generalization of regular real number each of which have
its membership value lying in interval [0,1]. In the recent past, many fuzzy decision
making methods have been developed to make decisions under fuzzy environment.
Zimmermann [45] used this concept of fuzzy set theory into an general LPP and

introduced Fuzzy linear programming.

Many methods are available for solving FLP [24] [40]. In this dissertation, the fully
fuzzy linear programming problem is discussed, where all the parameters i.e. coef-
ficients as well as variables in the objective function and constraints are taken as

fuzzy numbers.

The general form of fully fuzzy linear programming problem is given as
maximize Z = CT @ X

subject to

where C7 = (&) 1n, X = (F)nxt, A = (@ig)mxcns B = Bi)msa and (@), (&), (3),
(b)) € F (R), where F'(R) is an set of fuzzy numbers defined on set of real numbers.

As in fuzzy decision making process fuzzy numbers are employed but since, fuzzy
numbers have no natural order like real numbers therefore it is difficult to determine
clearly whether one fuzzy number is larger or smaller than the other. Thus, an
efficient approach for ordering the fuzzy numbers is by use of ranking function and

the idea behind this is ordering of the fuzzy numbers by converting them into real

number. Ranking of fuzzy numbers play an important role in risk analysis, decision
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making, optimization, forecasting etc. Fuzzy numbers must be ranked before an
action is taken by a decision maker. In this dissertation, the methods which are
described for solving fully fuzzy linear programming problem are discussed by using
ranking function. A Ranking function is defined as ® : F(R) — R where F(R) is a
set of fuzzy numbers defined on real line, which maps each fuzzy number into the

real line, where a natural order exists.

1.1 Definitions

In this section, some of the fundamental definitions, operations and concepts of fuzzy

set theory initiated by Zadeh[44] are reviewed which are used throughout the work:

Definition 1.1.1 A fuzzy set A in X is characterized by its membership function,
denoted by py : X — [0,1] and the set A= {(z,pz(2)); v € X} defined by pz(x)
for each x € X is called fuzzy set.

Definition 1.1.2 A «- level set of a fuzzy set A is defined as an ordinary set A,

for which the degree of membership function exceeds the level c.
ga:{xEX:ug(x)za}
Definition 1.1.3 A fuzzy set is convex if and only if

MK(/\"L‘I + (1 - )‘)x2) > min[:uwl?p“m]
for alll 1,29 € X and X € [0,1]. Alternatively, a fuzzy set is convex if all a-level
sets are convex.

Definition 1.1.4 A fuzzy set A is said to be normal if there exist at least one v € X
such that pz(x) = 1.

Definition 1.1.5 A fuzzy number is a convexr normalized fuzzy set of the real line

R' whose membership function is piecewise continuous.
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Definition 1.1.6 The support of fuzzy set A is the crisp subset of X and is defined

as

supp(A) = {z € X : pz(x) > 0}

Definition 1.1.7 A fuzzy number A= (a,b,c) is said to be a triangular fuzzy num-

ber if its membership function is given by

r—a
a<zxz<b
b—a
r—c
pi(z)= b<z<c
b—c
0, otherwise

Definition 1.1.8 A triangular fuzzy number (a, b, c) is said to be non negative fuzzy

number if a > 0.

Definition 1.1.9 A fuzzy number A= (a,b, c;w) is said to be a generalized trian-

gqular fuzzy number if its membership function is given by

( (z—a

w a<x<b
b—a

pi)=< w x—c) b<z<e
b—c

\O’ otherwise

Definition 1.1.10 Two triangular fuzzy numbers A = (a,b,c) and B= (e, f,q) are
said to be equal if and only ifa=e, b= f, c=g.

Definition 1.1.11 A ranking function is a function R : F(R) — R where F(R) is
a set of fuzzy numbers defined on a set of real numbers, maps each fuzzy number
into the real number, where a natural order exist. For a triangular fuzzy number
A = (a,b,c), the ranking function is defined as R(A) = w, see Kaufmann

4
and Gupta [23)].
Let A= (a,b,c) and B= (e, f,g) be two triangular fuzzy numbers then
(1) A> B if and only if R(A) > R(B)
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(1) A< B if and only if R(A) < R(B)

(1) A~ B if and only if R(A) = R(B)

Definition 1.1.12 Following arithmetic operations are defined for two triangular
fuzzy numbers A = (a,b,c) and B= (e, f,9)

(1) A® B = (a,b,¢)® (e, f.g) = (a+e,b+ f,c+g)

(2) -A=—(a,b,c) = (—c, b, —a)

(3) Ac B = (a,b,c)S (e, f,9)=(a—e,b—f,c—g)

(4) Let A= (a,b, c) be any triangular fuzzy number and B= (e, f,g) be non-negative

triangular fuzzy number then their multiplication is represented as

(ax,by,cz) a>0

Ax B= (az,by,cz) a<0,c>0

(az,by,cx) ¢<0

Definition 1.1.13 A fuzzy number A = (a,b,c,d) is said to be a trapezoidal fuzzy

number if its membership function is given by

(T — a

— a<x<b
1 b<z<e
pi(T)=9 4+ _ 4
c<zxz<d
c—d
0, otherwise

Definition 1.1.14 A trapezoidal fuzzy number (a,b, c,d) is said to be non negative

fuzzy number if a > 0.

Definition 1.1.15 A fuzzy number A = (a,b,c,d;w) is said to be a generalized
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trapezoidal fuzzy number if its membership function is given by

( [(z—a
< ) a<zx<b
b—a
w b<z<c
NK@): r—d
w( ), c<x<d
c—d
\O otherwise

Definition 1.1.16 A ranking function is a function R : F(R) — R where F(R)
s a set of fuzzy numbers defined on a set of real numbers, which maps each fuzzy
number into the real number, where a natural order exist. For a trapezoidal fuzzy
number A = (a, b, c,d), the ranking function is defined as %(Z) = w, see

Kaufmann at.el [23]. !
Let A= (a,b,c,d) and B = (e, f, g, h) be two trapezoidal fuzzy numbers then
(i) A > B if and only if R(A) > R(B)

(ii) A < B if and only if R(A) < R(B)

(iii) A~ B if and only if R(A) = R(B)

Definition 1.1.17 Mode of a generalized trapezoidal fuzzy number A= (a,b,c,d;w)

)
is defined as mode(A):w%.

Definition 1.1.18 Divergence of a generalized trapezoidal fuzzy number A = (a,b,c,d;w)

is defined as divergence(A)=w(d — a).

Definition 1.1.19 Left spread of a generalized trapezoidal fuzzy number A = (a,b,c,d;w)

is defined as left spread(A)=w(b — a).

Definition 1.1.20 Following arithmetic operations are defined for two generalized
trapezoidal fuzzy numbers A= (a,b,c,d;wy) and B= (e, f, g, h;ws).

(i) AGB = (a,b,c,d;w)®(e, f, g, h;wy) = (ate, b+ f, c+g, d+h; minimum(w;, ws))

(”) AV@E = (a7 ba c, d7 wl)@(ea f7 g, h‘v w2) = (a_€7 b_fa c—g, d_h> minimum(wla w?))
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(111) A®B = (ay,b1, 1, dy; minimum(wy, we)), where a; = minimum(ae, ah, fd,dh),b; =

minimum(bf,bg, cf,cqg),c1 = maximum(bf,bg, cf,cq),dy = maximum(ae,ah, fd,dh).
(1v)Scalar multiplication of a generalized trapezoidal fuzzy number A= (a,b,c,d;w)
is defined as

~ (Aa, Ab, Ae, Ad; wy), A>0

M =
(Ad, Ae, Ab, Aa; wy), A<0

Definition 1.1.21 A function L : [0,00) — [0,1] (orR : [0,00) — [0, 1]) is said to
be reference function of fuzzy number if and only if

(1) L(0) =1 (or R(0)=1) .

(i1) L(orR) is non-increasing on [0, 00).

Definition 1.1.22 A fuzzy number Z, which s defined on universal set of real
numbers R, denoted as (m,n,, 8)pr is said to be an LR flat fuzzy number if its

membership function pz(x) is given as

( p—
L(m m), r<m, a>0,

pi(x)= R(x—n), x>n, >0,

\1, m<x<n

Definition 1.1.23 An L-R flat fuzzy number A= (m,n,a, B)Lr is said to be non-
negative L-R flat fuzzy number if m — a > 0 and is said to be non-positive L-R flat
fuzzy number if n+ g < 0.

Definition 1.1.24 An L-R flat fuzzy number A= (m,n,a, B)Lr is said to be un-

restricted L-R flat fuzzy number if m — a is unrestricted in sign.

Definition 1.1.25 Let A = (m,n,a,B)Lr be an L-R flat fuzzy number and X\ be a
real number in the interval [0,1] then the crisp set, A = {x € X : pz(z) > A} =
{m —aL=*(\),n+ BRY(\)}, is said to be A\-cut of A.
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Definition 1.1.26 let A, = (my,n1,00,81)Lr and Ay = (ma, ng, o, B2) L be any
two L-R flat fuzzy numbers then gl = gg iff mi=ma, Ny =ng, ay =asg and B =

Da.

Definition 1.1.27 Ifm = n then an L-R flat fuzzy number (m,n, «, 8) g is said to
be an L-R fuzzy number is denoted as (m, m, o, B)pg or (n,n, o, B)Lg or (m,a, B)Lr

or (n,a, B)Lg.

Definition 1.1.28 The ranking function for an L-R flat fuzzy numbers is defined

as

where R(m, n, a, ) — %( /0 S — aL Y (0)dA + /0 o+ 531<A)>dA> |

0< A<

Let A, = (ml,nl,al,ﬁl)LR,gg = (Mg, na, g, Ba)Lr be any two L-R flat fuzzy num-
bers then

(i) A< B iff R(A) > R(B)

(i) A= B iff R(A) < R(B)

(iii) A~ B iff R(A) = R(B).

1.2 Literature Survey

Linear programming is one of most frequently used operation research technique.
Linear programming problems(LPP) was first developed by Kantorovich [22]. Then
in 1947, Dantzig [14] developed a method known as simplex method to solve LPP.
Neumann [38] introduced theory of duality and applied it in game theory since then
it is being used to find the solutions for major problems in mathematics, economics,
engineering and military applications. The first polynomial time algorithm to solve
LPP is introduced by Khachiyan in 1979 for solving LPP which is based on the
concept that a feasible solution is enclosed in an ellipse. Practically, this method is

longer as compared to simplex method. Karmarkar in 1984 proposed an algorithm
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named as interior point method to solve large scale linear programming problems
efiiciently. The beauty of the approach is that it gives polynomial time complexity
of the solution which is an excellent improvement over the simplex method. Linear
programming problem has been applied to large number of areas including trans-
portation, production, inventory management, finance, scheduling, agriculture, and
distribution, etc.

In the crisp environment, all the parameters in LPP are well defined and precise.
But in the real world, Many times the value of all the parameters of LPP is estimated
by the experts. Clearly, assumptions made by experts for all parameters may not
be accurate.

In the year 1965, Bellmann and Zadeh [44] introduced the concept of decision
making in fuzzy environment, in which the process of decision making is discussed
when the goals and the constraints are fuzzy in nature. Many methods have been
developed in which either objective function is considered fuzzy in nature or con-
straints or both are fuzzy in nature. The concept of fuzzy set theory into LPP was
first introduced by Zimmermann [45], now number of algorithms are available in
literature to solve fuzzy LPP [45] 140, 24 32} 28, [31].

In this dissertation, we have discussed methods for solving Fully fuzzy linear
programming (FLP) problems i.e. coefficients of objective function constraints and
all the variables are fuzzy in nature. The solution methodology is based upon ranking
the objective function of LPP and the first method for ranking was proposed by Jain
[20] in 1976. Yagar [43] proposed four indices which are taken into consideration for
ordering fuzzy quantities in [0,1]. Kaufmann and Gupta [24], presented an approach
for the ranking of fuzzy numbers. Campos and Gonzalez [7] proposed a subjective
approach for ranking fuzzy numbers. Wang and Chen [12] developed an method
which is based on integral value index for ranking of fuzzy numbers. Cheng [§]
presented distance method for ranking the fuzzy numbers. Kwang and Lee [34]
proposed a ranking method by considering the complete possibility distributions of
fuzzy numbers in their evaluations. Modarres et al. [37] proposed a ranking method

which is based on preference function that measures the fuzzy numbers point by
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point and the most preferred number is identified at every point.

Chu and tsao [13] proposed a method for ranking the fuzzy numbers with the area
between the centroid point and original point. Deng et al. [15] gives centroid-index
method for ranking the fuzzy numbers. Chen and Chen [9] proposed an method for
ranking of generalized trapezoidal fuzzy numbers. In the year 2008, Wang and Lee
[42] for the development of ranking index of the fuzzy numbers uses the concept of
centroid. Chen and Tang [I1] for ranking the p -norm trapezoidal fuzzy numbers
proposed an method. Chen and Wang [12] based on ranking of the fuzzy numbers
study the fuzzy risk analysis. Abbasbandy and Hajarii [1] based on the left and right
spreads at some a—levels of trapezoidal fuzzy numbers proposed an new approach for
ranking these trapezoidal fuzzy numbers. Chen and Chen [I0] proposed an method
for fuzzy risk analysis which is based on ranking the generalized fuzzy numbers with
different heights and spreads. Ramli et al. [20] gives the detailed description of
different methods for ranking of fuzzy numbers. Kumar et al. [25] for ranking the
generalized trapezoidal fuzzy numbers introduced RM approach.

In the literature many methods are available for solving FFLP. Bukley and Feur-
ing [6] developed an method for solving FFLP problem with inequality constraints.
The objective function is firstly changed into a multi-objective fuzzy linear program-
ming problem and then fuzzy flexible programming is used to evaluate the whole non
dominated set to the multi-objective fuzzy linear program. Further an evolutionary
algorithm is developed to solve the fuzzy flexible program.

Hashemi et al. [I8] proposed two-phase approach to find the optimal solution of
FFLP problems. It is based on mean and standard deviation of the fuzzy numbers.
In this approach, the first phase maximizes the possibilistic mean value of the fuzzy
objective function and obtains a set of feasible solutions. The second phase mini-
mizes the standard deviation of the original fuzzy objective function, and consider
all the basic feasible solutions which are obtained at the end of the first phase. They
also generalized the concept of linear programming duality and extend the duality
as well as the weak duality theory in fuzzy.

Dehghan et al. [16] proposed a fuzzy linear programming approach for finding
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the exact solution of fully fuzzy linear system of equations when all the elements of
the coefficient matrix are non-negative fuzzy numbers.

Allahviranloo et al. [2] proposed an defuzzification method to solve the fully
fuzzy linear programming problem. For an approximation of fuzzy numbers in ob-
jective function and coefficient matrix the concept of nearest symmetric triangular
fuzzy number is applied.

Lotfi et al. [35] proposed lexicographic method to find the optimal solution
of FFLP problem when the elements of the coefficient matrix are symmetric fuzzy
numbers. The concept of the symmetric triangular fuzzy number and an approach to
defuzzify a general fuzzy quantity is introduced. First, the fuzzy triangular number
is approximated to its nearest symmetric triangular number, with the assumption
that all decision variables are symmetric triangular then symmetric fuzzy solution
is an optimal solution. Every FLP model converted into two crisp complex linear
problems, first a problem is designed in which the center objective value will be
calculated and since the center of a fuzzy number is preferred to its margin. With
a special ranking on fuzzy numbers, the FFLP transform to multi objective linear
programming (MOLP) where all variables and parameters are crisp.

Kumar et al. [27] proposed a method to find the fuzzy optimal solution of fully
fuzzy linear programming problems with inequality constraints. They introduced
a method for changing the inequality constraints into equality constraints by in-
troducing slack and surplus fuzzy variables. then Kumar et al. [26] introduced a
method for finding the solution of FFLP problem with equality constraints. In this
FFLP problem is converted into crisp LPP and then obtained crisp LPP is solved
to find the optimal solution. This method is applied to solve the FFLS of equations
in which their is no restriction on the elements of the coefficient matrix which are
not necessarily non-negative fuzzy numbers and also to solve the FFLP problems
in which the elements of the coefficient matrix are not symmetric triangular fuzzy
numbers.

Sharma and Dubey [41] proposed Gomorys method to find the fuzzy optimal

solution of fully FLPP with inequality constraints by representing all the parameters
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as trapezoidal fuzzy numbers and Yagers general linear ranking function is used for
solving Fuzzy number.

Jayalakshmi and Pandian [21] introduced bound and decomposition method to
solve FFLP problems. In the proposed method, the given FFLP problem is decom-
posed into three crisp linear programming (CLP) problems with bounded variables
constraints, the three CLP problems are solved separately and by using its optimal
solutions.

Babbar et al. [3] discussed about some new numerical methods which are used to
solve a fully fuzzy linear system with triangular fuzzy numbers of the type (m, «, 3).
The main idea behind the Proposed methods is to remove the restrictions that FFLS
restricts the coefficient matrix and the solutions to be nonnegative fuzzy numbers.

Kumar et al. [32] introduced a new general form of FFLP problems as the
existing general form of FFLP problems is valid only if the parameters which are
represented by flat fuzzy numbers are all positive. The proposed general form is
applicable if their is negative sign in any of the flat fuzzy parameter.

Further, Kumar et al. [29] introduced the product of unrestricted L-R flat fuzzy
numbers and then by using the proposed product, a new method named as Mehars
method is developed for solving FFLP problems. In the development of Mehar’s
method Yager’s ranking approach is used and it has been found that all FFLP
problems can be solved with the Mehar’s method which may not be solvable by
several existing methods.

Khan et al. [33] proposed a revised simplex method for solving FFLP without
converting it into the crisp LPP. By using the concept of ranking function together
with Gaussian elimination process the linear programming problems are solved in
fully fuzzy environment and they have also shown that how the dual of FFLP is
written.

Bhradwaj and Kumar [5] improves the existing technique which is proposed in
Khan at.el[33] for solving FFLP problems without converting it into crisp problem
to find the optimal solution of FFLP. Hence to find an efficient algorithm to solve

FFLP without converting it into crisp problem is still an open area of research.
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Hatami [19] adopted Mehars method which was developed by Kumar at.el [2§]
for solving FLP problems in which the elements of the coefficient matrix are real
numbers and all the other parameters are fuzzy numbers. Here, the method is used
for solving FFLP problems involving symmetric trapezoidal fuzzy numbers having

both equality and inequality constraints.

1.3 Summary of the thesis

In this thesis, we have discussed LPP under fuzzy environment. Some methods for
solving fully fuzzy linear programming problem using ranking function has been

elaborated.

Since, fuzzy numbers can overlap with each other and it is difficult to determine
clearly whether one fuzzy number is larger or smaller than other. In Chapter 2, an
efficient approach for ordering the fuzzy numbers based on rank, mode, divergence
and spread has been discussed. The main advantage of the proposed approach is
that the it provides the correct ordering of generalized and normal trapezoidal fuzzy
numbers.

In Chapter 3, a method is presented which is used for finding an optimal solution
of the fully fuzzy linear programming problem with equality constraints using the
concept of ranking function where all the parameters of FFLP problem are trian-
gular fuzzy numbers. The presented algorithm finds the exact solution of special
type of fully fuzzy linear system of equations and FFLP problem in which all the
elements of the coefficient matrix are non negative fuzzy numbers and symmetric
fuzzy numbers, respectively. The problem is first converted into its crisp linear pro-

gramming problem and then solution is found.

Mathematically, a fully fuzzy linear programming problem with m fuzzy equality

constraints and n fuzzy variables may be formulated as follows:

maximize Z = 6T ® 5(
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subject to

where C7 =(&) 10, X = (F;)nx1, A = (@ij)moens B = ()1 and (@), (), (), (b:)
€ F(R), where F(R) is an set of fuzzy numbers defined on set of real numbers.

In chapter 4, a modified product for unrestricted L-R fuzzy numbers and L-R flat
fuzzy numbers has been discussed and using this product another method named as
Mehar’s method for solving the FFLP problems is discussed. Further, the merits of
Mehar’s method over other existing techniques for solving FFLP is also discussed.
General form of FFLP problem in which all the parameters are unrestricted L-R

fuzzy numbers is

!
I
Y
®
S

Maximize(or Minimize) Z

subject to

a; O =b Yi=12...,m,

where a;;, I;l and c; are non- negative and non- positive L-R fuzzy number and z; is
non negative L-R fuzzy number. By using the product defined for LR fuzzy numbers
and using Yager’s ranking approach [43], this FFLP is converted to a crips linear

programming problem, which can be solved by using simplex method.



Chapter 2

Ranking of (Generalized
Trapezoidal Fuzzy Numbers Based
on Rank, Mode, Divergence and

Spread

In this chapter, a new approach is discussed for the ranking of generalized trapezoidal
fuzzy numbers. The proposed approach is based on rank, mode, divergence and
spread. The main advantage of the this approach is that it provides ordering of
generalized and normal trapezoidal fuzzy numbers correctly and more efficiently.

And few of examples are discussed.

2.1 Some important results

In this section, some important results have been discussed which are used in the

proposed ranking approach

Proposition 2.1.1 Let A = (a1,b1,c1,dy;wy) and B = (ag, by, ca, da;ws) be two

generalized trapezoidal fuzzy numbers such that

(1) R(A) = R(B), (2) mode(A)=mode(B), (3) divergence(A)=divergence(B) then
(i) Left spread(gj > Left spread(é) iff wiby > waby

16
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(ii) Left spread(A) < Left spread(B) iff wiby < wabs
(iii) Left spread(A)=Left spread(B) iff wiby = wabs

Proof:

(1). Suppose the fuzzy numbers A and B has same rank i.e. R(A) = R(B)

b d b d
:>w1(a1+ 1+c+ 1):w2(a2+ 21‘02+ 2)

4
:>w1<a1+b1—|—01+d1) :wg(a2+62+02+d2) (211)

(2). Now, iff the fuzzy numbers A and B has same mode i.e. mode(A)=mode(B)

by +c by + ¢
nlta) o)
= wl(bl + 61) = w2(b2 + Cg) (212)

(8). If divergence of the fuzzy numbers A and B are same i.e.divergence(ﬁ):
divergence(B),we have
wl(dl — CL1) - U)Q(dg — CLQ) (213)

by using we have

wl(al + d1) + w1(b1 + 01) = w2(a2 + dz) + w2(62 + 02)
since, by using we get,

wi(ar + di) +wi(by + 1) = wa(as + da) + wa(by + 1)

wi(ay + dy) = we(ag + da) (2.1.4)

adding @13) and [@214)

wi(ay +di) +wi(dy —ay) = w2(a2 + d2) + w2(d2 — 02)
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we get
w1d1 = w2d2 (215)
and by putting (2.1.6) in (2.1.3)) we get,
wi1a1 = WoA9 (216)

(a) Left spread(A) > Left spread(B)

iﬁwl(bl — CLl) > U)Q(bg — CLQ)
Zﬁ w1b1 > ’wgbz ( wi1a1 = w2a2)

hence, Left spread(ﬁ) > Left spread(é) iff wiby > wabs.
(b) Left spread(A) < Left spread(B)

iff wi(by —ay) < wa(by — ag)

iff wiby < wabsy (" wia; = waas)

(c) Left spread(A)=Left spread(B)

iff wi(by — a1) = wa(by — az)

Zﬁ w1b1 = U)ng ( wiay = w2a2)

Proposition 2.1.2 Let A = (a1,b1,¢1,d1,wy) and B = (ag, by, ca, da, ws) be two

generalized trapezoidal fuzzy numbers such that

(1) R(A) = R(B), (2) mode(A)=mode(B), (3) divergence(A)=divergence(B) then

(i) Left spread(g) > Left spread(é) iff Right spread(g) > Right spread(é)
(ii) Left spread(A) < Left spread(B) iff Right spread(A) < Right spread(B)

(iii) Left spread(A)=Left spread(B) iff Right spread(A)=Right spread(B)

Proof : From preposition 1, we have

w11 = Wal2

widy; = wady
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wl(bl + Cl) = wg(bg + 62)

(a) Left spread(A) > Left spread(B)
S wiby > wabsg

= wic1 < WoCs

& —WiCL > —WaC2

S widy — wiep > wid] — wacsy

S widy — wiey > wads — Wocsy

S wi(dy — ¢q) > wy(dy — )

& Right spread(A) > Right spread(B)

(b) Left spread(A) < Left spread(B)
S wiby < wobs

& wiey > Wals

& —wic; < —Wacy

S widy — wiep < widy — wacsy

S widy — wiep < wady — Wacsy

S wi(dy — 1) < wy(dy — )

& Right spread(A) < Right spread(B)

(¢) Left spread(A) = Left spread(B)
S wiby = wobs

S W] = Wals

& —Wwie) = —Waly

S widy — wiep = widy — Wwacsy

S wid; — wiep = wady — Wacsy

S wi(dy — 1) = wa(dy — )

< Right spread(g): Right spread(é)

(by preposition 1(1))

(adding wydy both sides)

( widy = w2d2)

(by preposition 1(ii))

(adding wyd; both sides)

( widy = w2d2)

(by preposition 1(iii))

(adding wyd; both sides)

( w1d1 = U)ng)
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2.2 Algorithm for ranking of generalized trape-

zoidal fuzzy numbers

Let A= (a1,b1,c1,dy;wy) and B = (a9, by, ca, da; ws) be two generalized trapezoidal
fuzzy numbers.

For comparing the two generalized trapezoidal fuzzy numbers A and B the steps
are as follows:

Step 1: Find the rank of the two generalized trapezoidal fuzzy numbers Aand B
i.e. R(A) and R(B).

Case(1): If R(A) > R(B) then A > B

Case(2): If R(A) < R(B) then A < B

Case(3): If R(A) = R(B) then go to step 2,

S 3

Step 2: Find the mode of the two generalized trapezoidal fuzzy numbers A and B

i.e. mode(A) and mode(B).

Case(1): If mode(A) > mode(B) then A > B
Case(2): If mode(A) < mode(B) then A < B

Case(3): If mode(A)=mode(B) then go to step 3,

Step 3: Find the divergence of the two generalized trapezoidal fuzzy numbers A

and B i.e. divergence(A) and divergence(B).

Case(1): If divergence(A) > divergence(B) then A > B

( )
Case(2): If divergence(A) < divergence(B) then A < B
( t

Case(3): If divergence(A)=divergence(B) then go to step 4,

Step 4: Find the Left Spread of the two generalized trapezoidal fuzzy numbers A
and B i.e. Left Spread(A) and Left Spread(B).

Case(1): Left spread(A) > Left spread(B)
i.e. wib, > woby then A > B from preposition 1(i)

Case(2): Left spread(A) < Left spread(B)
i.e wby < wyby then A < B from preposition 1(ii)
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Case(3): Left spread(A)=Left spread(B)

i.e. wiby = wyby then go to step 5, from preposition 1(iii)
Step 5: Find w; and wy
Case(1): If wy > wp then A > B

Case(2): If wy < wp then A < B
Case(3): If wy = wp then A ~ B

2.3 Numerical examples

In this section, some numericals are explained to elaborate the concept of comparing
the fuzzy numbers on the basis of their rank, mode, divergence and spreads.
Example 1: Let A= (0.1,0.3,0.4,0.6; 1) and B= (1,1,1,1;1) are two generalized

trapezoidal fuzzy numbers.
Solution:

Step 1:Find rank of A and B.

~ 1 . 4+0.
%(A):1(0 +O31—0 + 0.6

): 0.35 and R(B) = 0.7(w)= 1

4
Since,
R(A) = 0.35, and R(B) =1
clearly the R(A) < R(B)
- A<B.
as ranks of the fuzzy numbers are not same thus no need to follow the further steps

of algorithm.

Example 2: Let A= (1,1,1,1;1) and B= (0.1,0.3,0.4,0.7; 1) are two generalized

trapezoidal fuzzy numbers.
Solution:

Step 1:Find rank of A and B.
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~ 1+41+4+1+1 ~ NI . 4 .
%(A):1(%>:1and§}?(3):1(0 +0310 +07):0,375

R(A) =1 and R(B) = 0.375

Since,

clearly the R(A) > R(B)
= A>B.
as ranks of the fuzzy numbers are not same thus no need to follow the further steps

of algorithm.

when the rank of the fuzzy numbers became same then we compare the fuzzy num-

bers on the basis of mode here, an example is shown.

Example 3: Let A = (0.2,0.4,0.5,0.9;0.35) and B= (0.1,0.2,0.3,0.4;0.7) are two

generalized trapezoidal fuzzy numbers.
Solution:

Step 1:Find rank of A and B.

%(ﬁ) _ 0.35<0.2 + 0.41—0.6 +0.8

0.175

_ 1402403404
>:O.175and§R(B):O.7(O +0.2+05+0 ):

4

clearly, R(A) = R(B) = 0.175, so go to step 2,
Step 2:Find mode of A and B.

~ A4 : ~ 2 .
mode(A) = 0.35 (%ﬂ): 0.1575 and mode(B) = O.7<02ﬂ): 0.175

since,

mode(A) = 0.1575 and mode(A) = 0.175

clearly, mode(A) < mode(B)
- A< B.
if the mode also became same then we compare the generalized trapezoidal fuzzy

numbers on the basis of their divergence and if it also became same then we compare

them by their spreads.
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Example 4: Let A = (0.1,0.2,0.4,0.5;1) and B = (0.1,0.3,0.3,0.5;1) are two
generalized fuzzy numbers.
Solution:

Step 1: Find rank of A and B.
%(Z) _ 1(0.1 +O.21—0.4+0.5): 0.3 and %(E) _ 1<

Since, R(A) = R(B) = 0.3, so go to step 2,

014+03+03+0.5
i Z i )zO.?)

Step 2: Find mode of A and B.

~ 2404 _ 340
mode(4) =1 (%): 0.3 and mode(B) = 1(@>: 0.3

Since, mode(A) = mode(B) = 0.3, so go to step 3,

Step 3:Find divergence of A and B.

divergence(A) = 1(0.5 — 0.1) = 0.4 and divergence(B) = 1(0.5 — 0.1) = 04

Since, divergence(ﬁ) = divergence(B) = 0.4, so go to step 4,
Step 4:Find left spread of A and B.

Left Spread(A) = 1(0.2) = 0.2 and Left Spread(B) = 1(0.3) = 0.3

Since, Left Spread(A) = 0.2 and Left Spread(B) = 0.3,
= A< B.
here, an example is shown to compare the generalized trapezoidal fuzzy numbers

when the left spreads also became same.

Example 5: Let A = (0.2,0.4,0.6,0.8;0.35) and B= (0.1,0.2,0.3,0.4;0.7) are two

generalized fuzzy numbers.

Solution:
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02+04+06+0.8
4

Step 1: Find rank of A and B. R(A) = 0.35<

140. ) 4
0.7(0 +02+03+0 ):0.175

>: 0.175 and R(B) =

4

Since, R(A) = R(B) = 0.175, so go to step 2,

Step 2:Find mode of A and B.

~ 44+ 0. ~ 240.
mode(A) = 0.35 <w) = 0.175 and mode(B) = 0.7(%> =0.175

Since, mode(A) = mode(B) = 0.175, so go to step 3,

Step 3:Find divergence of A and B.

divergence(A) = 0.35(0.8 — 0.2) = 0.21 and divergence(B) = 0.7(0.4 — 0.1) = 0.21

Since, divergence(A) = divergence(B) = 0.21, so go to step 4,

Step 4:Find left spread of A and B.

Left Spread(A4) = 0.35(0.4) = 0.14 and Left Spread(B) = 0.7(0.2) = 0.14

Since, Left Spread(A) = Left Spread(B) = 0.07, so go to step 5,
Step 5:Find w; and wy

w, = 0.35,11)2 =0.7
clearly, wy < wy = A< B.

Example is shown to compare three generalized fuzzy numbers on the basis of their

ranks.

Example 6: Let A = (0,0.4,0.6,0.8; 1), B= (0.2,0.5,0.5,0.9; 1) and
C = (0.1,0.6,0.7,0.8; 1) are three generalized trapezoidal fuzzy numbers.
Solution:

Step 1:Find rank of ]{7 B and C.
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~ 4 . . ~ .2 . . .
ER(A):l(o-i—() -i—406—i—08):0.457 %(B):l((o +051—05+09)):0.525
~ 1 . . .
and?R(C’)zl((O +06ZO7+08))=O.55

Since, R(A) = 0.45, R(B) = 0.525 and R(C) = 0.55
clearly the R(A) < R(B) and R(B) < R(C)

= A<B<C.

2.4 Concluding remark

In this Chapter, for the ranking of generalized trapezoidal fuzzy numbers an simple
approach is shown. The main advantage of the proposed approach is that it provides
the correct ordering of generalized and normal trapezoidal fuzzy numbers and also

the proposed approach is very simple and easy to apply in the real life problems.



Chapter 3

Fully Fuzzy Linear Programming

Problem using Ranking Function

In this chapter, a method is presented for solving the fully fuzzy linear problem
with equality constraints using the concept of ranking function in which all the

parameters are triangular fuzzy numbers and the numerical examples are shown.

3.1 Fully Fuzzy Linear Programming Problem

In crisp Linear programming problem, all the parameters are well defined and pre-
cise. However, in real life problems there may exists uncertainty about the param-
eters. In such a situation the parameters of linear programming problem may be
represented as fuzzy numbers. Fully Fuzzy Linear Programming Problems with m

fuzzy equality constraints and n fuzzy variables may be formulated as follows:
maximize Z = CT @ X

subject to

where C7 =(&)1xn; X = (F)nx1; A = (@)mxns B = (0)mx1 and (@), (&), (Z5), (5:)

26
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€ F(R), where F(R) is an set of fuzzy numbers defined on set of real numbers.

3.2 Algorithm to find the fuzzy optimal solution
of FFLP problems

In this section, various steps for solving fully fuzzy linear programming problem has

been shown:

The formulation for FFLP is given as
(P1) Maximize(or Minimize) Z = CT @ X

subject to

The steps are as follows:

Step 1: Substituting the values of CT = () ixn, X = (Tj)nx1, A= (Qij)mxn, B=
(gi)mxl, then the above FFLP problem is written as,

Maximize (or Minimize) (Zgj ® ;)

Jj=1

subject to (th\iw@fj :gj) Vi:1,2,...,m

j=1
Z; is a non-negative triangular fuzzy number.

Step 2: If all the parameters ¢;, z;, a;;, and b; in step 1 are represented by tri-
angular fuzzy numbers (p;, ¢;,7;), (25, y;, %), (@ij, bij, ¢ij) and (b, gi, h;) respectively

then the problem will become
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Maximize (or Minimize) (Z(pj, 4,7i) @ (25,95, %))
j=1

SllbjeCt to (Z(aij,bij,cij) ®(xjayjazj) = (bz,gl,h,L)) Vi= 1,2,...,m

j=1

(z;,y;, 2;) is a non-negative triangular fuzzy number.

Step 3: By using the arithmetic operations defined in definition 1.1.12. Assume
(aij, bijacij) X (J:j,yj, Zj) = (mij,nij,oij) the FFLP problem which is obtained in

step 2 is represented as

Maximize (or Minimize) (Z(pj, 4;,75) ® (2,95, %))
j=1
SU.bjeCt to (Z(mij,nij,oij) = (buguhz)) Vi= 1,2,...,771,
j=1

(z;,y;, 2j) is a non-negative triangular fuzzy number.

Step 4: the fuzzy linear programming problem which is given in step 3 is converted

into the following crisp linear programming problem:

n

Maximize (01“ Mlnlmlze) (Z(pja qj, T]') ® (-’Ej, Yj, Z]))

j=1
subject to
Zmij:bi, Vi:1,2,...,m
j=1
Znij:gi, Vi:1,2,...,m
j=1
Zoij:hia VZ':LQ,...,?TL
j=1
yj—ijO,Zj—ijO, Vj:1,2,...,n

Step 5: Find the optimal solution z;, y; and z; by solving the crisp linear program-
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ming problem which is obtained in step 4.

Step 6. Find the fuzzy optimal solution by putting the values of z;, y; and z; in

Ty = (5, Y5, %)
Step 7. Find the fuzzy optimal value by putting z; in (ZEJ ® ;).
j=1

Remark 3.2.1 The Fully Fuzzy Linear Programming Problem will have X as its

fuzzy optimal solution if it satisfies the following characteristics:
(i) X isa non-negative fuzzy number,
(ii) It satisfies the constraints AX = B,

(1) If their exist any other non-negative fuzzy number X' such that it satisfies the

set of constraints of the given problem i.e. AX' = B then

* for mazimization problem, R(CT @ X) > R(CT @ X'),

* for minimization problem, R(CT @ X) < R(CT @ X).

Remark 3.2.2 [If X is an optimal solution of the fully fuzzy linear programming

problem and let their exist an fuzzy number Y such that it satisfies the following

characteristics:

(i) Y is a non-negative fuzzy number,
(i) AY = B,

(iii) and R(CT @ X) = R(CT @ Y),

then'Y s said to be an alternative fuzzy optimal solution.

3.3 Numerical examples

Example 1. Consider the following FFLS with arbitrary coefficients

305 +2® 5 =21
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17 +305 =14
where 77, T9 are non-negative triangular fuzzy numbers.
solution:

When all the elements of coefficient matrix are not non-negative triangular fuzzy
numbers,

(2,3,4) @7+ (1,2,3) @ 17 = (5,21,43),
(—1,1,2) @ a7 + (1,3,4) @ 17 = (—6, 14, 34),
where 77, T are non-negative triangular fuzzy numbers.

Putting 77 = (21,41, 21) and T3 = (x9, Y2, 29) then FFLS will become
(2, 3, 4) (039 (l’l, Y1, Zl) + (1, 2, 3) & (IQ, Ya, ZQ) = (5, 21, 43),

(_17 17 2) ® (xla Y1, Zl) + (17 37 4) ® (3:27 Y2, 22) = (_67 147 34)7
where (x1,y1, 21), (2, Y2, 22) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations
which are defined in Definition 1.1.12 the above given FFLS problem will become,

Maximize (1z1 + 2x9, 6y; + 3y2, 921 + 822)
subject to
(221 4 22, 3y1 + 2y2, 421 + 329) = (6, 16, 30),
(—121 + T2,Y1 + 3y2, 221 + 422) = (1, 17, 30),

where (x1,y1, 21), (T2, y2, 29) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLS is converted into crisp linear system
of equations

2£L‘1 + Ty = 5,

3y1 + 2y = —6,
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421 + 329 = 21,
—21 + 29 = 14,
Y1 + 3y2 = 43,
221 + 429 = 34,

y1—2120, 21 —y1 20, yo —22 >0, 20—y > 0.

On solving the above CLP using two phase method the optimal solution obtained

iS[E1:27 y1:5, 21:7, IQZ]_, y2:3, 22:5.
Using Step 6, the fuzzy optimal solution is given by 77 = (2,5,7), 72 = (1,3, 5).
Example 2. Consider the following FFLP problem
Maximize (6 ® 71 + 3 ® T3)

subject to

3% +203 =16

14 +305 =17
where 77, T9 are non-negative triangular fuzzy numbers.

solution:

When all the elements of coefficient matrix are not non-negative triangular fuzzy
numbers,

Maximize ((1,6,9) ® 21 + (2,3,8) ® 27)

. subject to

(2,3,4) @ 11 + (1,2,3) @ 77 = (6, 16, 30),
(-1,1,2)®x; + (1,3,4) ® 21 = (1,17, 30),
where (x1,y1, 21), (2, Y2, 22) are non-negative triangular fuzzy numbers.

Putting z7 = (21,31, 21) and x5 = (22, Y2, 22) then FFLP problem will become
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Maximize ((1,6,9) ® (z1,91,21) + (2,3,8) ® (22, Y2, 22))

. subject to
(2,3,4) & <$1,y1721) + (1, 2,3) & (Iz,yz, ZQ) = (6, 16,30),

<_17 17 2) & (zlayla Zl) + (17 374) X (1’2, Y2, ZQ) = (17 177 30)5
where (21,1, 21), (T2, Y2, 22) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations
which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1zy + 2x9, 6y; + 3y2, 921 + 822)
subject to
(221 4 22, 3y1 + 2y2, 421 + 322) = (6, 16, 30),
(—121 + Za, Y1 + 3y2, 221 + 422) = (1, 17, 30),

where (x1,y1, 21), (T2, Y2, 29) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become
. 1
Maximize (Z(ml + 229 + 12y + 6y2 + 921 + 8:@))

subject to
(221 4 2, 3y1 + 2y2, 421 + 322) = (6, 16, 30),
(_121 + T2,Y1 + 39% 2Zl + 422) = (17 17’ 30)7
where (x1,y1, 21), (2, Y2, 22) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-
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gramming problem

1
Maximize (Z(ml + 2x9 + 12y1 + 6ys + 921 + 822))

subject to
2x1 + 19 = 6,
3y1 +2y2 = 1,
4z + 329 = 30,
—21 + 19 = 6,
Y1+ 3y2 = 17,
221 + 429 = 30,

y1—2120, 21 —y1 20, yo —22 >0, 20 —y2 > 0.

The optimal solution of the above CLP problem is 1 =1, y; = 1, 21 = 2, 25 =
4, y2:5, 22:6.

Using Step 6, the fuzzy optimal solution is given by 77 = (1,2,3), 72 = (4,5,6).
putting the values 7 and x5 in the objective function

(1,6,9) ® (1,2,3) + (2,3,8) ® (4,5,6), by using the arithmetic operations defined
in the definition 1.1.11

= (1,12,27)+(8,15,48)=(9,27,75)
Thus, the optimal solution of the given FFLP problem is (9,27,75)

Example 3.Consider the following FLPP

Maximize (2 ® &1 + 3 ® 13)
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subject to
17 +20 3 =10
245 +1@7 =8
where x1, T3 are non-negative triangular fuzzy numbers.
Solution:

When all the elements of coefficient matrix are non-negative triangular fuzzy num-
bers

Maximize ((1,2,3) ® 21 + (2,3,4) @ 71).

subject to

(0,1,2) @ 71 + (1,2,3) @ 71 = (2,10, 24),
(1,2,3) @ x1 + (0,1,2) ® 75 = (1,8, 21),
where (21,1, 21), (%2,¥9, 22) are non-negative triangular fuzzy numbers.

Putting 77 = (21,41, 21) and T3 = (22, Y2, 22) then FFLP problem will become

Maximize ((1,2,3) ® (1,41, 21) + (2,3,4) ® (z9, Y2, 22)).

subject to
(O, 1,2) & (Il,yl,Zl) + (]., 2,3) & (ZL’Q,yQ, Zg) = (2, 10, 24),

(1, 2, 3) & (xl, Y1, Zl) + (O, 1, 2) X (IQ, Y2, 22) = (1, 8, 21),
where (1,1, 21), (T2, Y2, 22) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations
which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1zq + 2x9, 2y; + 3y2, 321 + 42).
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subject to

(01‘1 + X2, 1y1 + 2y27 2Zl + 322) = (27 107 24)a
(121 + OZL’Q, 2y1 + Yo, 321 + 222) = (1, 8, 21),
where (z1,y1,21), (T2, Y2, 22) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become
o 1
Maximize <Z(x1 + 229 + 4y1 + 6ys + 321 + 422)>.

subject to
(0x1 4 9, ly1 + 2y, 221 + 329) = (2,10, 24),
(121 + 0m2, 2y1 + 92, 321 + 220) = (1,8,21),
where (x1,y1, 21), (T2, y2, 22) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-

gramming problem

1
Maximize (Z(xl + 2x9 + 4y + 6ys + 321 + 422))

subject to
Ox1 4+ 20 = 2,
Y + 2y, = 10,
221 + 329 = 24,
14+ 02y =1,
2y1 + 3yo = 24,
321 + 229 = 21,

y1— 21 20,20 —y1 20,2 —w2 > 0,29 —yp > 0.
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The optimal solution of the above CLP problem is z; = 1,y = 1,21 = 2,29 =
4,yo = 5,29 = 0.

Using Step 6, the fuzzy optimal solution is given by 77 = (1,2,3), 25 = (2,4, 6).
putting the values xjandz; in the objective function

(1,2,3) ® (1,2,3) + (2,3,4) ® (2,4,6), by using the arithmetic operations defined
in the definition 1.1.11

= (1,2,9)+(4,6,12)=(5,16,33)

Thus, the optimal solution of the given FFLP problem is (5,16,33)

Example 4.Consider the following FLPP
Maximize (2 ® 71 + 3 ® T3)
subject to
T®T +2® 3 =10
20T +10dH =8
where 77, T9 are non-negative triangular fuzzy numbers.

Solution:

When all the elements of coefficient matrix are non-negative triangular fuzzy num-
bers

Maximize ((1,2,3) ® 1 + (2,3,4) ® x7).

subject to

(0,1,2) ® 71 + (0,2,3) ® 7, = (2,10, 24),
(1,2,3) @ &, + (0,1,2) ® 43 = (1,8,21),

where (x1,y1, 21), (2, Y2, 22) are non-negative triangular fuzzy numbers.
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Putting 77 = (x1, 41, 21)andxs = (22, Ys, 22) then FFLP problem will become
Maximize ((1,2,3) ® (1,91, 21) + (2,3,4) ® (2,Y2, 22))-
subject to
(0,1,2) ® (z1,y1,21) + (0,2,3) @ (22, Yo, 22) = (2,10, 24),

(1, 2, 3) X (LEl, Y1, Zl) + (O, 1, 2) X (.’132, Y2, 22) = (1, 8, 21),
where (1,1, 21), (T2, Y2, 22) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations
which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1zq + 2x9, 2y + 3yz, 321 + 429),
subject to
(OiL‘l + 0.1'2, 1y1 + 2y2, 221 + 322) = (2, 10, 24),
(121 + 0z, 2y1 + y2, 321 + 229) = (1, 8,21),

where (x1,y1, 21), (T2, y2, 29) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become
o 1
Maximize (Z(Il + 219 + 4y + 6y + 321 + 422))

subject to
(0x1 4 0z, 1y1 + 2y2, 221 + 322) = (2,10,24),
(121 + 0x2, 2y + 2,321 + 229) = (1, 8,21),
where (x1, 41, 21), (2, Y2, 22) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-
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gramming problem

1
Maximize (Z(xl + 219 + 4y1 + 6y + 321 + 422)).

subject to
Ox1 4+ 0z = 2,
Y1+ 2y = 10,
221 + 329 = 24,
14+ 02y =1,
2y1 + 3y2 = 24,
321 + 229 = 21,

y1— 21 20,20 —y1 2 0,y2 —w2 > 0,29 —yp > 0.

This type of problem is not solvable since the constraint Oz, + 0zs = 2, is not valid,

therefore the given FFLP is not solvable.

Remark 3.3.1 Since the two fuzzy numbers A and B are equivalent if R(A) = R(B)
thus if we replace the fuzzy number (0,2, 3) with the fuzzy number which is equivalent

to this i.e. having same rank then the above FFLP is solvable.

3.4 Concluding Remarks
In this chapter, it is shown that by using the proposed method in real life situations
it is better to use for solving the FFLP problems than existing methods.

(i) Clearly in the Examples 1 and 2 which are shown above the values of 77 and
To satisfies all the constraints. Also it is not possible to find the any non-negative

triangular fuzzy number x7; and x3 which satisfies the following conditions:
(i) R((1,6,9) ® 1 + (2,3,8) ® 3 > R(9,27,75).

(i) R((1,2,3) @ &7 + (2,3,4) @ 73 > R(5, 16,33).
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(ii) The method shown in [16] can be applied only to find the exact solution of
a special type of FFLS of equations for which all the elements of the coefficient
matrix are non-negative fuzzy numbers. The method is not applicable if elements

of coefficient matrix are not non-negative.

(iii) The existing method [35] can be applied only for solving a special type of FFLP
problems in which all the elements of the coefficient matrix are symmetric fuzzy
numbers. To apply the existing method for solving a FFLP problem in which all
the elements of coefficient matrix are not symmetric fuzzy numbers, firstly it is
required to approximate the fuzzy numbers into nearest symmetric fuzzy numbers

and due to this conversion the obtained solutions are not exact.

Thus, the method discussed in this chapter can be applied to solve these special
type of FFLS and FFLP problems.



Chapter 4

Mehar’s Method for solving FFLP

problem

In this chapter, a method named as Mehar’s method with Yager’s ranking approach
have been discussed for solving fully fuzzy linear programming problem having some
or all the parameters as unrestricted L-R fuzzy numbers and L-R flat fuzzy numbers

and the numerical example is shown.

4.1 Mathematical Formulation

General form of FFLP problem in which all the parameters are unrestricted L-R
fuzzy numbers
(i)

n

Maximize(or Minimize) Z = Z (¢; ©® ;)
j=1
subject to

a; O =b Vi=12,...,m,

where a;;, b; and ¢; are non- negative and non- positive L-R fuzzy number and z; is

non negative L-R fuzzy number.

(ii) Based on the product ® i.e. when the spreads are smaller as compared to their

40



41 4. Mehar’s Method for solving FFELP problem

means.

Maximize(or Minimize) Z Z (c; ® ;)

subject to

;O =b Vi=12,...,m,

where a;;,b; and ¢; are non- negative or non- positive L-R fuzzy numbers and z; is

non negative L-R fuzzy number.

General form of FFLP problem in which some or all the parameters are unrestricted
L-R flat fuzzy numbers

(i)

Maximize(or Minimize) Z = Z (c; ® ;)

j=1
subject to

a; O =b Yi=12...,m,
where a;;, b; and ¢; and z; are L-R flat fuzzy numbers.

(iv) Based on the product ® i.e. when the spreads are smaller as compared to their

means.
n

Maximize(or Minimize) Z = Z (¢; ® ;)

j=1
subject to

;O =b Yi=12,...,m,

where a3, b; and ¢; and z; are L-R flat fuzzy numbers

4.2 Arithmetic operation of L-R flat fuzzy num-

bers

Following arithmetic operations are defined for two L-R flat fuzzy numbers ZI =

(mhnl,ala@l)LR and A, = (m1,n17041751)LR-
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1. Addition: :4v1 = (my,n1,01,01)LR @;rl = (my,n1, 00, 01)r = (M1 + ma,ny +
ng, a1 + ag, f1 + Ba) L.
2. Substraction: Let 1?1 = (ms,n3, as, B3) g, be any R-L flat fuzzy number.
A = (m1,n1, 01, B1)Lr © A = (m1,ny, 00, B1)Lr = (M1 — m3,ny — ng, oq +
B3, B1 + a3) LR
3. Product: (i) If A; and A, both are non-negative, then
A0 A, = (mama, ning, miag + aymy — aya, 1Pz + Bing + B12)Lr
(ii) If A is non-positive and A, is non-negative, then
A0 Ay = (Mmang, nima, arng — Bamy + a1 Pz, fimy — nia — frow) LR
(iii) If E is non-negative and ITQ is non-positive, then
Ay © Ay = (nymag, ming, nyag — fima + Brag, mifa — arng — a1 o) g
(iv) If A; and A, both are non-positive, then
A0 A; = (n1ng, mimg, —n1 By — Bing — B1Ba, —micg — ayma + 1) LR

(v) Let A be any real number then

(Amq, Ang, Aag, AB1)Lr, A>0
(Ang, Amy, —=AB1, —Aaq) g, A<O0

A =

following is the product for L-R flat fuzzy numbers in which the spreads are smaller

as compared to the mean values.

4 Product: (i) If A, and A, both are non-negative, then
A @A, = (mamag, ning, miag + arma, n1Bs + Bina)Lr
(ii) If A is non-positive and A, is non-negative, then
A @Ay = (mang, nima, aing — Bamy, Bima — niaz) LR

(iii) If E is non-negative and :4v2 is non-positive, then
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Ay ® Ay = (nima, ming, naag — Bima, mifBa — aing)Lr
(iv) If A; and A, both are non-positive, then

Ay ® Ay = (nang, myma, —ny Po — fing, —miae — a1msa) LR

with the above defined product following are the counter examples that are not

solvable

Example 1 Find the fuzzy optimal solution of the FFLP problem.
Maximize (4, 4, O, O)LR © .Clljvl ) (1, 1, 1, 1)LR © .CI?/Q
subject to

(2,5,5,2)r © 1 ® (—1,5,1,2) Lps = (—17,45,25,46) .5

B 193 168
(1,2,1, 1) © 71 @ (3,5,2,2) .ads < (11,39, —
505 LR

where, 1, Z3 are L-R flat fuzzy numbers and L(z) = R(z) = mazimum{0,1 — z}.
Example 2 Find the fuzzy optimal solution of the FFLP problem.

Maximize(l, 1, 1, 1)LR &® 'fl ) (4, 4, O7 O)LR &® @
subject to

(2,3,1, 1) @2, ® (=3, -2,1,1)pds < (=27, —4,21,32)1x

N 193 168
(1,2,1,1) 2 ® T1 & (3,5,2,2) Lr@s < (11,39, —
575 ).,

where, 77, T2 are L-R flat fuzzy numbers and L(x) = R(x) = mazximum{0,1 — x}
Example 3

The fuzzy optimal solution of the FFLP problem given below is solvable by proposed
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method.
Maximize (2,1,2),r © 1 ® (=3,2,1)r © T

subject to

(1,1,2)tr © 21 @ (2,1, 3)Lrz2 < (20,10,5)Lr

(=2,1,1),r ©@ 71 ® (5,2,3)LrT2 = (—1,3,2)1r
where, 1, 3 are L-R fuzzy numbers and L(z) = R(x) = mazimum{0,1 — z}.
Example 4

The fuzzy optimal solution of the FFLP problem given below is solvable by proposed
method.
Maximize (1,1,1),r @ 1 & (2,1,2)r © T2

subject to

(47 17 O)LR & 3’:"1 s> <_27 17 1)LR£/2 j (57 27 3)LR
(=3,1,2),r @71 ® (4,1,2)pr72 < (4,1, 1)1R
where, 1, 23 are L-R fuzzy numbers and L(z) = R(x) = mazimum{0,1 — z}.

thus product has been modified and based on the proposed product all the above

examples are solved in section 4.7

4.3 Modified Product for unrestricted L-R flat

fuzzy numbers

In this section, results for modified product for unrestricted L-R flat fuzzy numbers

are explained.

Theorem 4.3.1 ]f:él: = (my,n1,00,51)Lr and Z; = (ma,ng, e, B2)Lr are two
L-R flat fuzzy numbers such that my — a; < 0 and mqy > 0 then :4: ® :4\; =~
(m}, ny, oy, B Lr where, my = minimum{myma, nyms}, ny = mazimum{ming, nins},

, . .
o = minimum{mims, nyms }—minimum{mins+mi Po—ayns—aq Bz, nymo—nian+
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Bima — Pran}, B = mazimum{mims — mioe — ayms + iz, nang + nq Pz + Ping +

B1P2} — mazimum{ming, nins}.
Proof:

Let 1/4v1 = (m1,n1, 04, B1)Lr and Z; = (ma,n2, a2, B2)Lr be two L-R flat fuzzy num-

bers such that my — oy and m; >0

By using the definition 1.1.22 we get ,

Al)\ = [ml — OélLfl()\), ny + 51R71(>\)] and AQ)\ = [mg — OégLil()\), Mo + ﬁzRil()\)]

since, my — ay < 0 and my >0 so my — oy L7H(A) >0 for A > L<@>
g

my

and my —a L7 (A\) <0 for A < L( ) and ny + BLR(N) > 0 for all A

aq

the cases for finding the product ofﬁz and 21; :

Case 1: If my — g > 0 then my — ao L7 (\) > 0 and ny + B R7H(N\) > OV, thus

the following two subcases occur

(i) If my — oy > 0 then

Aoy = [(m1 — a1 L7 (N))(m2 — asL™H(A)), (1 + SR (A)) (2 + B2R7H(A))]
on putting A = 1 we get,

since L(0) = 1 and R(0)=1

ApAgy = [mlmg,nmg ) (4-3-1)
(ii) If mo — g > 0 then
AnAgy = [(m1 — ar L7HN))(n2 + BaR™HA)), (na + BLR™H(A)) (n2 + BaR™H(N))]

on putting A =0

since L™1(0) =1 and R7*(0) =1
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AnnAax = [(m1 — a1)(ng + B2), (n1 + B1)(n2 + B2)] then,

Ap\Asgy = [mang +myfy — arng — aq B, ning + fing + nyBe + B152] (4.3.2)

Thus by (I4.3.1I) and (I4.3.2|) we get, Ay ® Ay ~ (mY,nf, oy, 8] )Lr

where m{ = mymg,n} = ning,af = mimy — ming — my By + aing + 162, B =
ning + fing + nifz + B182 — nang
Case 2:

If ms — g < 0,mg > 0 then

my — aoL7H(A) > 0 for A < L(E
ng + BoR7H(A) > OVA

),m2 — L' () <0 for A > L(@> and

%) (%)

thus four subcases may arise to find the product of A1y and Asy

since we want to find the product of A1y and Asy corresponding to A =0 and A = 1,

50 we consider only two subcases as follows

(i)If my — a1 L~ (A) < 0 and ms — anL=2(\) < 0 then

AinAzy = [minimum{[(mi—ai L7H(A)) (ne+B2R7HA)), (ni+B1R7H(A)) (na+B2RH ()]
mazimum{(m; — a1 L7 (A))(mz — az L7 (N)), (n1 + 1R (N))(n2 + B2R7H (M) H

since on putting A =0, L7(0) =1 and R7*(0) = 1

A1zAgy = [minimum{(my — aq)(ne + B2), (N1 + B1)(me — ag) }, mazimum{(m, —

ar)(ma — az), (N1 + B1)(n2 + B2)}]
(4.3.3)

AnAgy = [minimum{ming — aing + fami — a1 Ba, mimy — nyag + fimg — Bran},
mazimum{ming +mifs — a1ny — a1 fa, ning + Bing + 1182 + 15 }]

(it)If mi — a1 L7Y(N\) > 0 and my — asL™Y(\) > 0 then

AnAgy = [(my — a1 L7 (A))(ma — 0o LX), (n1 + BiR™H(A)) (n2 + S2R7HA))]

on putting A = 1 we get,
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since L(0) =1 and R(0) =1
AppAgy = [mama, niny) (4.3.4)

now, by using (4.3.3) and (1.3.4) we get , Ay © Ay ~ (m, nfy, o, BY) 1r

where, mly = mymag,ny = ning, oy = mimy — minimum{ming, — ayng + Pomy —
a1 B, nima—nya+Bime—Brazt, By = mazimum{ming+m Sz —aine—ai Bz, ning+
Bing +n1 By + Bif2} — nina.

Case 3:

If ms < 0,n9 >0 then

my — ag L7 (A) <0 and ny + BoR7H(A\) > OVA

thus the following two cases occur:

(i) If my —ar L7Y(\) > 0 and my — ap L7 (X\) < 0 then

ApAay = [(ny + B RTHN)) (ma — a2 L™ (N)), (n1 + BRI (N)) (n2 + B2 R7HN))]

on putting A = 1

since L™'(1) =0 and R7'(1) =0
Al)\Ag)\ = [nlmg,nlng] (435)

(it) If my — ay L7Y(\) <0 and my — ap L7 (\) < 0 then

ApnAoy = [minimum{[(m1 — ar L' (N))(na + BaR™H(N)), (n1 + BiR™'(N))(ma —
as LY (A}, mazimum{(m; — a1 L7Y(X))(my — aoL7Y(N)), (ny + BiR7Y(N))(ng +
BaR™H(N))}]

since on putting A =0, L71(0) =1 and R~*(0) = 1

AnnAgy = [minimum{(my — aq)(ne + B2), (n1 + f1)(ma — ag)}, maximum{(m, —

ar)(mg — ag), (n1 + B1)(n2 + B2)}]

Ay Aoy = [minimum{mins — ayng + Pamy — oy B2, nimy — Ny + S1mg — fran},
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mazximum{ming + m B2 — ayng — aq B2, n1ng + S1ng + nyPa + F152}]

(4.3.6)

by using (4.3.5)) and (4.3.6) we get,

Al ®© AQ = (mga ngu Oég7 g)LR

where mj = nyme,ny = ning, o = nymg — minimum{miny — ayng + Pfamy —
a1 Be, nima—niap+Bimy—Bras}, By = mazimum{mina+mi fo—aing—aifa, ning+
Bing +n1B2 + P15} — ning

Case j:

Ifno < 0,n9 4 B2 > 0 then

Ba
) so four cases occur for finding the product of Aqy

mo — LY (A) < 0V X and ny + BoR7I(A) < 0 for X < R( ) and ny +

RN 2 0 for A > R( B
and Ayy

2

since we want to find the product of A1y and Asgy corresponding to A =0 and A =1

so we consider only the following two cases:

(i) If m; — a1 L7Y(\) > 0 and ny + BoR71(N) < 0 then,

Aoy = [(n1 + BiRTH(N) (m2 — aa L7 (X)), (my — an L7H(A)) (n2 + B2R7H(A))]
on putting A = 1

R'1)=0and L7'(1) =0

AnAgy = [(n1 + B1)(me — aa), (M1 — o) (na + Ba)]

Al)\AQ)\ = [nlmg, m1n2] (437)
(it) If my — oy L71(\) <0 and ny + BoR™1(N) > 0 then,

ApnAgy = [minimum{[(m; — acn L7Y(\))(na + BoR7Y(N)), (n1 + BLR7Y(N))(mg —
as LY}, mazimum{(my — a1 L7Y(\))(mgy — asL™Y(N)), (n1 + BiR7Y(\))(ng +
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B2R7H(N))}]

since on putting A = 0, L71(0) =1 and R~*(0) =1

Ay Ay = [minimum{(my — aq)(ng + B2), (N1 + B1)(me — ae)}, mazimum{(m; —
ar)(ma — az), (n1 + Bi)(na + B2)}]

A\Agy = [minimum{ming — a1ng + Pamy — a1 B2, nime — Ny + frma — 1o},

mazimum{ming +myfBs — ainy — a1 B, ning + Bing + 1By + S15:}]

(4.3.8)
by using (4.3.7)) and (4.3.8)) we get,
;1\1 ® :4\; = (milla nﬁlla OéZ, Z)LR
where M) = nymg, Ny = ming, & = nymy — minimum{mins — ayng + Pomy —

a1 2, nyma—niao+Bimae—pPras}, B = mazimum{miny+mi fr—a1ns—a B, niny+

Bing + 11 PBe + B1Ba} — mang
Case 5: Ifny + [y <0 then

my — as L7 (A\) <0 and ny + BoR71(N) < 0 for all X thus the two subcases occur as

follows:

(i) Ifmy — aiL-(\) > 0 then

ApnAgy = [(n1 + BRI N))(me — aa L7 (N)), (m1 — an L7 (N)) (g + B2 R™H ()]
on putting A = 1

R'1)=0and L7'(1) =0
Al)\AQ)\ = [nlmg, m1n2] (439)

(it)If my — oy L71(N\) > 0 then
AnnAgy = [(n1 + BRI (V) (ma — aa L7 (N)), (m1 — an L7 (A)) (mg — ap L H(N))]

on putting A =0
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R7Y0) =1 and L7Y(0) = 1 by definition 1.1.13

AD\AZA = [(m +51)(m2 - 042), (ml - CY1)(mQ - 042)] A1>\A2)\ = [n1m2 —n10 +51m2 -
Brog, mimse — Mg — a;ms + o]

(4.3.10)

therefore, by d4.3.9|) and (|4.3.10|) we get, :4v1 ® 1/4\; ~ (mZ,n? o, ) Lr

" " " /A
where, mg = nymo,ng = Ming, a5 = NyMy — N + Bime — Pfrag, B = mimg —

mia — pma + o
Thus Combining the results of all the above five cases we get,

]f:él\I = (my,ny, a1, B1)Lr and :472 = (ma, na, g, B2)Lr are two L-R flat fuzzy num-
bers such that m; — oy < 0 and my > 0 then E ® :472 ~ (my,nl, o, B)Lr where,
my = minimum{myms, nyms}, n} = mazimum{ming, nins}, oy = minimum{miyma,
nima} — minimum{mng +mifs — a1ng — oy B2, nimg — nyag + frmg — Prag}, B =

maximumi{myme—miag—aymo+aqag, NNe+n; Po+ 11+ 1 fo } —maximum{ming, niny }.

Theorem 4.3.2 ]f;lvl = (my,n1, 1, 51)Lr and ;4; = (ma, ng, o, B2)Lr are two L-
R flat fuzzy numbers such that m; < 0 and ny > 0 then A0A, & (mb, nb, oy, B5) LR
where, mby = minimum{ming,nims}, nbH = maximum{mime,niny}, o =
minimum{ming, nyme} — minimum{ming + mifBs — ayng — a1 P2, n1mg — Ny +
Bimg — Bras}, B = mazimum{mimy — miay — aymy + ayg, Ny +n1 B2 + Ging +

B1P2} — mazximum{mims, ning}.

proof:

Let :4: = (my,ny1, a1, 51)Lr and Z; = (Mg, ng, g, Bo)Lr be two L-R flat fuzzy num-

bers such that m; — oy and m; > 0

By using the definition 1.1.22 we get ,
Al)\ = [m1 — OélL_1<)\), ny + ﬁlR_1<)\)] and Ag)\ = [m2 — CKQL_I()\), No + ﬁzR_l()\)]

since, my < 0 and ny > 0 so my — oy L7Y(\) < 0 for all X and ny + S1R7Y(\) >
0 for all A

the cases for finding the product of;l: and Ay :
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Case 1: If my — ay > 0 then mo — as L1 (\) > 0 and ny + BoR7Y(N) > OV, thus

the following two subcases occur

(i) If my — a; <0 then

AnAgy = [(m1 — an L7HA))(n2 + BoRTH V), (ma + BLRTH(N)) (n2 + B2R7HA))]
on putting A = 1 we get,

since L(0) =1 and R(0) =1
Al)\Az)\ = [mlng, nlng], (4311)

(’I,’L) Al)\AQ,\ = [(m1 — alL_l()\))(ng + ﬂQR_1<)\)), (m + 51R_1()\))(n2 + 52R_1()\))]
on putting A = 0
R (0)=1 and L7*(0) =1

ApAgy = [(my — aq)(ne + B2), (N1 + B1)(n2 + B2)]
ApAgy = [ming — nyay + Bomy — Baa, ning +n1 B2 + Ping + B1B2]  (4.3.12)

therefore, by (4.3.11)) and (4.3.12) we get, A G Ay~ (mf,nl, oy, B))Lr

where, M = MmNy, Ny = NiNg, &) = MNy — Naay + Pamy — a1 fa, B = nang +n1 B2 +
Bing + P12

Case 2:

If ms — g < 0,mg > 0 then

mo

my — aoL7H(A) > 0 for A < L<
ns + faR71(N) > OVA

),mg — LY () <0 for A > L(@> and

Q9 (8%

thus two subcases may arise to find the product of A1\ and Asy

so we consider the two subcases as follows

(i)If my — a  L7Y(\) <0 and my — apL7H(X) <0 for A < L(@) then

)
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AnnAgy = [(m1 — . L7 (N))(n2 + B2R7H(N)), (n1 4 BLR™H(N)) (2 + B2 RH(N))]
on putting A = 1

since L7(1) =0 and R7*(1) =0

Al)\Ag)\ = [m1 (712, ’fllnz] (4313)

(%)

(i) If m1 — a1 L7Y(\) < 0 and ms — as L~ (\) > 0 for A > L(@) then

AnAoy = [minimum{[(m1 — ar L' (N))(na + BaR™H(N)), (n1 + BLR™H(N))(ma —
as LY (A}, mazimum{(m; — a1 L7Y(X))(my — aoL7Y(N)), (ny + BiR7Y(N))(ng +
BaR™H(N))}]

since on putting A =0, L7(0) =1 and R~*(0) = 1

AnnAgy = [minimum{(my — aq)(ng + B2), (n1 + f1)(ma — ag) }, maximumi{(m, —
a1)(mg — az), (ny + Bi)(ng + B2)}]

AizAgy = [minimum{ming — ar1ng + Boamy — a1 f2, nime — nyag + Bimae — Bras},

mazximum{ming + my B2 — ayng — ay B2, n1ng + Sing + niPe + F152}]

(4.3.14)

now, by using (4.3.13) and (4.3.14) we get , E ® g ~ (m4,ny of, BY)Lr

where, my = ming,nfy = ning, a5 = myng — minimum{mins — ayng + Pamy —
a1 Ba, nima—niap+Bime—Bras}, By = mazimum{mina+mi fr—aing—aifa, ning+
Bing +n1fs + P12} — ning.

Case 3:

If mo < 0,n9 > 0 then

my — aa L7 (A) <0 and ny + BoR7H(N) > OVA

thus the following two cases occur:

(i)If my — a  L7Y(\) <0 and my — a L7 (X) < 0 for all X then
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AppAgy = [minimum{[(m; — an L7 (\))(na + BR7Y(N)), (n1 + BiR7Y(N))(my —
as L))}, mazimum{(m; — a1 L7Y(\))(mg — asL7Y(N)), (n1 + BiR7Y(\))(ng +
BoR7H(N))H

since on putting A = 0, L71(0) =1 and R~*(0) =1

AnnAgy = [minimum{(mq — aq)(ne + B2), (n1 + f1)(ma — ag) }, maximum{(m, —
a1)(mg — az), (ny + Bi)(ne + B2)}]

AinAgy = [minimum{miny — aing + Bamy — a1 e, nimy — nyag + Bimy — fras},

mazimum{ming +my By — ainy — a1 B, ning + Bing + n1 By + S15:}]
(4.3.15)
(it) for A\=1,L7'(1) =0 and R7'(1) =0

AqzAgy = [minimum{ming, nyms}, mazimum{ming, nins}| (4.3.16)

now, by using (4.3.15) and (4.3.16) we get , AL O Ay~ (mj,n4, a8, By LR

where, mj = minimum{ming, n1ms}, n% = mazimum{ming, nins},
ay = minimum{ming, nyma} — minimum{mings — a1ns + Pamy — oy fa, nyMmy —
nias + fime — Brast, B4 = mazimum{ming + my Sy — aang — a1 fa, nang + Ping +

ni B + 5152} - maximum{mlng, n1n2}~
Case j:

If ng < 0,n9 + B > 0 then

ma—ao L H(N) < OV and ny+ L R7H(A) <0 for X < R(_ﬁ—n2
2

) and ng+BR71(A) >

0 for A > R< 3 ) so four cases occur for finding the product of Ayy and Agy

2

(i) If m; — a1 L7Y(\) < 0 and ny + BoR71(N) < 0 then,
AinAay = [(m1 — et L7HN)) (n2 + B2R7H(N)), (M1 — an L7H(A)) (ma2 — aa L7 H(N))]

on putting A =1
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R7Y1) =0 and L7Y(1) = 0 by definition 1.1.13

AnAgy = [(my — a1)(ng + Ba), (M1 — ax)(mg — a)]
Al)\Ag)\ = [mlng, m1m2] (4317)

(it)If my — a1 L7Y(\) <0 and ng + BoR7H(N) > 0 then,

AppAgy = [minimum{[(m; — an L7'(\))(na + BR7Y(N)), (n1 + BiR7Y(N))(my —
as L))}, mazimum{(m; — a1 L7Y(\))(my — asL7Y(N)), (n1 + BiR7Y(\))(ng +
BaR™Y (M)}

since on putting A = 0, L71(0) =1 and R~*(0) =1

AnAgy = [minimum{(mq — aq)(ne + B2), (n1 + f1)(ma — ag)}, maximum{(m, —
a1)(mg — az), (ny + Bi)(ne + B2)}]

AinAgy = [minimum{miny — aing + Bamy — a1 e, nimy — nyag + Bimy — fras},

mazximum{ming + m B2 — ayng — ay B2, n1ng + Sing + niPe + G152}]

(4.3.18)

by using (4.3.17)) and (4.3.18)), we get

Al ® A2 = (mil,a nilla OéZ, A/LI)LR

where, mj = mqng,n| = mima, lf = miny — minimum{miny — ayng + Pomy —
a1 Ba, mima—niaa+Bimy—Bras}, B = mazimum{mina+m, Ba—ainy—ay B2, ning+

Bing + n1fs + B152} — mame.
Case 5: Ifny + [y <0 then

my — as L7 (A\) <0 and ny + BoR7Y(AN) < 0 for all X thus the two subcases occur as

follows:
(i) If m; — a1 L™Y(\) > 0 then

Az = [(n1 + BRI N) (Mo — aeL7H(N)), (M1 — an L1 () (ma2 — aa L7 (N))]
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on putting A = 1

R1(1)=0and L7*(1) =0
Al)\Ag)\ = [nlmg, m1m2] (4319)

(i) Now, for A = 0 then

AnnAgy = [(n1 + BRI (V) (ma — aa L7 (N)), (m1 — an L7 (A)) (mg — ap L (X))
on putting A = 0

RY0) =1 and L-1(0) = 1

AinAgy = [(n1 + B1)(ma — az), (M1 — a1)(my — az)]

Al)\AQ)\ = [n1m2 — N1y + Blmg — ﬂlag, mime — MiQlg — 1My + OélOéQ] (4320)

therefore, by (4.3.19)) and (4.3.20) we get, A0 Ay ~ (mZ,nZ of, B LR

1 " ! 14
where, mg = nimag, Ny = MyMa, O = MMy — N1 + Bime — Brae, By = mymg —

mitie — QMg + Qg — MM

Thus Combining the results of all the above five cases we get,

A~ A~ ’oor Al P

Ay © Ay = (mhy,nh, ob, B5)Lr where, mly = minimum{ming, nyms},

ny = mazimum{mims, nins}, &b = minimum{ming, nyms} — minimum{mins +
ma By — cqng — a1 o, niMma — Ny + Bime — fras}, B = mazimum{mims —myog —

a1my + o, ning + nyfo + Bing + 5162} — mazimum{mima, nins}.

Theorem 4.3.3 [fZI = (my,n1,00,51)Lr and Z; = (ma,ng, e, B2)Lr are two
L-R flat fuzzy numbers such that ny < 0 and ny + p1 > 0 then ?1; ® 1?2 ~
(mb, nf, of, B8 ) Lr where, mf = minimum{myna, nins}, ny = mazimum{n;ma, myms},
oy = minimum{mina, ning } —minimum{mins+mi fo —a1ng — oy fa, nyma—nie+
fima — Pran}, By = mazimum{mims —miae — ayms + e, ning + nyfa + Bing +

B1P2} — mazimum{nims, myma}.
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proof: is similar to that of Theorem 4.3.1 and Theorem 4.3.2.

Theorem 4.3.4 ]f?ﬂ = (my,ny, 00, 51)Lr and :4; = (mg,ng, e, B2)Lr are two
L-R flat fuzzy numbers such that ni + B < 0 then A, ® Ay ~ (mly,nly, o, By Lr
where, mjy = minimum{ming, nins}, nyy = maximum{myms, nims}, o =

minimum{ming, nins} — minimum{ming + myfy — a1ng — 1P, 1Ny + NPy +
Bing + f1B2}, By = mazimum{nims —niag + Bimg — Brag, mimy —mias —aymy +

ajas} — mazimum{mims, nims}.

Proof: is similar to that of Theorem 4.3.1 and Theorem 4.3.2.

Theorem 4.3.5 ]f;lvl = (mqy,n1, 1, 81) L and :4; = (ma, ng, g, B2)Lr are two L-
R flat fuzzy numbers such that my — aq > 0 then Z; ® :4; ~ (mg,ng, ok, BL)Lr
where, mfL = minimum{mima,nyms}, nf = maximum{ming,nins}, af =
manimum{mims, nyms } — minimum{m;ms —mias — ayms + a1, nyMmg—nian+
fimg — fran}, BE = mazimum{ming +mifs — oaang — oy Be, ning — nyfPa — Ping +

B1P2} — mazimum{ming, nins}.

Proof: is similar to that of Theorem 4.3.1 and 4.3.2.

Product to find E & :12

Theorem 4.3.6 ]f]&: = (my,n1, a1, f1)Lr and Z; = (ma, N, ag, B2)Lr are two L-

R flat fuzzy numbers such that mi—aq > 0 then A;® A, ~ (mf,nl,al, B])Lr where,
m} = minimum{mima, nims}, nj = marimum{ming, nins}, o = minimum{myms,
nyms }—minimum{ming+mq Pfo—aqng, nyme—nice+imse}, ] = maximum{mims—
miay — ayma, ning + ny B + Pine} — mazimum{ming, nins}.

Proof:

Case (i) Neglecting the terms oy fs and B1PB2 from the results obtained in case(1)
of Theorem 4.3.1, we get A Aoy = [my, ma,ny,ng| for X = 1 and AnAgy =

[ming + myBs — aing, ning + ny Py + Ping] for A = 0. Combining the both, we get
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" " " 1!
Al)\ ® A2)\ =~ (mlanhala 1)LR

" " " /A
where, m| = mymg,n| = ning,af = mimg — ming + miBy — ayng, B = niny +
n1B2 + Bing — ning.

Case (ii) Neglecting the terms aq5a, frae, aiag and B1Ps from the results obtained

in case (ii) of Theorem 4.3.1, we get

AnAgy = [minimum{ming —ayng+ Pamy, nyme —nyas + fima b, maximum{myns +

myfs — aing, ning + Pine + ny B} forA =0 and A1yAgy = [mama, ning for A = 1.

Combining the both,we get

A o A oo an

Ay ® Ay & (my, ny, o, By ) Lr

where, my = mims, ny = ning, &y = mymg—minimum{ming —ayng~+ Pamy, nyme—
y My 1M2, Ny M2, Oy 1M 1Mo — Q1Mo+ oMy, MMy

9 o
niog + fima}, B3 = mavimize{ming + mifB2 — a1ng, ning + Bing + nifa} — nine.

Case (iii) Neglecting the terms oy, Bian, aiag and BiPs from the results ob-

tained in case 3 of Theorem 4.3.1, we get

AnnAgy = [naima,ning| for X = 1 and AjpAgy = [minimum{ming + mifs —
a1ng, nimy + Bima — nyag}, mazimum{mymy —myog — ayma, ning +ny Ba + Blng}

for A =0, Combining the both, we get

A o A~ nono QN

A ® Ay~ (m37”3aa3> 3)LR

where, MY = nyma, nY = nine, oy = nyme —minimum{myng +ms e — ayng, nyma +
" -

Bimg — n1062}; 53 = mammum{mlmg — myg — Mg, NNy + Ny B + 51712} —ning

Case (iv) Neglecting the terms oy fa, [ioe, ajae and (15 from the results ob-

tained in case 4 of Theorem 4.3.1, we get

AnAsy = [nime,ming| for X = 1 and A1zAs\ = [minimum{miny + mifBs —
1Ny, NyMo + S1mg — nyag b, mazimum{mims — mias — ayme, nine + ny1Ps + Slng}

for A =0, Combining the both, we get
Al ® A2 ~ (m£1/7 n:llu OCZ, Z)LR

where, mlj = nyma, njj = myng, &) = nyme—minimumi{ming+mi B — ang, nyms +
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fima —nyaa}, B = marimum{mims — myay — agma, ning +ny o + flng} —ming

case (v) Neglecting the terms Pray and aqyag from the results obtained in case 4 of

Theorem 4.3.1, we get

AnAgy = [mimg,ming] for X = 1 and Aj\Asy = [nimy — njag + fima, mymg —
miag — aymg] for A = 0. Combining the both, we get

Al & AZ ~ (m/5/7 n/5/a a/5/7 g)LR

where,my = nyma, Ny = Ming, 0 = NyMao—mniao+51me, 5" = myme—mias—ai;ms.
Combining the results of all five cases the following result is obtained:

where, m} = minimum{myma, nims}, n} = mazimum{ming, nins}, o) =
minimum{mims, nyms }—minimum{ming+my fo—aing, nyme—nie+LH1ms}, B =

mazimum{mims — miag — a;ma, NNy + n1Bs + P1ne} — mazimum{ming, ning}.

Theorem 4.3.7 If Ay = (mq,n1, 04, 1)k and Ay = (Mg, o, i, Bo)Lr are two L-R
flat fuzzy numbers such that my < 0 and ny > 0 then A; ® As = (mh, nl, b, 55 L
r .. /I - R
where, mby = minimum{ming,nyms}, nby = mazimum{mims, nins}, o =
minimum{ming, nyms} — minimum{ming + mfBs — agng, nimy — Ny + Fima},

By = mazimum{mims—mias—aimsg, nyng+n fa+G1ne } —mazimum{mims, ning}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.8 [fz; = (mqy,n1, 1, 51) LR and% = (ma,na, g, B2) L are two L-R
flat fuzzy numbers such that ny < 0 and ny+5, > 0 then E@Z& ~ (mh,nfs, of, BY) LR
where, mfy = minimum{ming, ning}, nf = maximum{nims, mims}, o =

minimum{ming, nins } —minimum{ming+mi Po—ang, nyme—nian+Lims} G5 =

maximum{mimg — mjas — ayma, nne + Ny P + B1na} — mazimum{nimsy, myms}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.9 IfZI = (my,n1,04,51)Lr and :4; = (mg,ng, e, B2)Lr are two
L-R flat fuzzy numbers such that ny + B, < 0 then A} ® Ay ~ (mly,nly, o, BY)Lr

where, mj = minimum{ming,niny}, ny) = maxrimum{mimsy,nims}, o/ =
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minimum{ming, nine } —minimum{ming +mi Sy — aing, nine +n1Pe+ fins}, By =

maximumi{n;ms —niag + S1ma, mymse — myay — cayms y — mazimum{mims, nyms}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.10 If Ay = (my,n1, a1, 51)r and Ay = (Mg, ng, g, Po)rr are two
L-R flat fuzzy numbers such that my — ay > 0 then Ay © Ay =~ (mk,nk, ok, 5L Lr
r .. ! 3 /I
where, mg = minimum{mims, nyms}, nt = maximum{ming, nins}, af =
. o ;L
manimum{mimsg, nyms } —minimum{mmo—miag—ayma, nymao—nian+LGima}, By =

maximum{ming + mifPs — aing, ning — nq By — Pine} — maximum{ming, nins}.

Proof: is similar to that of Theorem 4.3.6.

The product for L-R fuzzy numbers :{I = (my,q, 1) and :4; = (my,aq,f1) is

obtained by putting m; = ny, ms = ny in all the above theorems.

Remark 4.3.11 If m =n and L(x) = R(xz) = maximize(0,1—x) then an L-R flat
fuzzy number (m,n,a, B)pr is said to be a triangular fuzzy number and is denoted

as (m,a, B).

Remark 4.3.12 If m # n and L(x) = R(xz) = maximize(0,1—x) then an L-R flat
fuzzy number (m,n, «, B) g is said to be a trapezoidal fuzzy number and is denoted

as (m,n,a, ).

Therefore, the product of triangular and trapezoidal fuzzy numbers can be found by
putting L(x) = R(z) = maximize(0,1 — x) in the product which is given for L-R

fuzzy numbers or L-R flat fuzzy numbers.

4.4 Yager’s Ranking Approach

For comparing the fuzzy numbers their are many ranking approaches have been
proposed. A relatively simple computational and easily understandable ranking ap-

proach is proposed by Yager[43] and in this chapter, yager’s Ranking is used in the
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Mehar’s method for solving FFLP problems.Yager[43] proposed a procedure for or-
dering fuzzy sets in which a ranking index %(Z) is calculated for an LR flat fuzzy

number. Let A; = (m,n,a, f)Lr be any L-R flat fuzzy number then

1/ /1 1
R(m,n,qa,B) = 5(/ (m — aL_l()\))d/\+/ (n+ 6R_1()\))d/\), 0< AL L
’ ’ (4.4.1)
Lemma 4.4.1 If L(z) = R(z) = mazimize(0, 1—z) then R(A) = (m +n — % + g)

Proof: Since L(x) = R(z) = maximize(0,1 — x), thus L7'(\) = R7'(\) =1 -\
where X € [0, 1].
on substituting the values of L™Y(\) and R7Y(X\) in (4.3.1) we get

R(m,n,a, B) = %(/Ol(m—a(l —A))d)x—i-/ol(n—i—ﬁ(l—)\))d)\) = %(m+n—%+
8
5 )

4.5 Algorithm for Mehar’s Method

The following steps for finding the optimal solution fully fuzzy number:

Step 1: Let us consider C/L\z_]/ = (aij,bij,ozij,ﬁij)LR,@ = (xj,yj,ag.’,ﬁg-’)LR,i); =
(bi, 9i,Vir 0)Lr and ¢; = (pj, 5, @, B;)Lr then the fully fuzzy programming prob-
lem is written as

n

Maximize(or Minimize) $ (15,45, &}, )1k © (25,5, 81)11)
j=1

subject to

n

Z((az‘j,bij,oéij,@j)LR) ® (5,95, 5, B} )Lr) ==, = (bi, 9is Vi 0i) LR,
j=1

i=1,2,...,m and where, (z;,y;,}, 8])Lr is a L-R flat fuzzy number.
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Step 2: now, let us consider (p;, ¢, o, 85) LrO (7, Y5, 5, B ) Lr = (55,5, 5", B} ) Lr
and (aij, bij, Qg 5ij)LR ® (17]', Yy, Cl/;/, B;‘/)LR ~ (mij, Nij, 7£j7 (SZ/-]-)LR then the fully fuzzy

linear programming problem which is obtained in step 1 is written as:

n
Maximize(or Minimize) Z((sj,tj,cz;’", ) LR)
j=1
subject to
n
Z((miﬁnij?%{j’dij)lLR) =,~, = (biy 65,7, 0i) LR
j=1
;i =1,2,...,m and where, (z;,y;,}, 8])Lr is a L-R flat fuzzy number.

Step 3: By using yager’s ranking approach , the fully fuzzy linear programming
problem which is obtained in step 2 is written as:

n

Maximize(or Minimize) %(Z(sj,tj, o, 37" )Lr)

J
J=1

subject to

n

%(Z((mijmzj,%{jafsij)/LR)) =~ = R((bi, 91 i i) Lr),

j=1
i=1,2,...,m and where, z; <y;, o >0, 37 > 0.

Step 4: Now, in the step 3 the crisp linear programming problem which is obtained

" 1

solve it and find the optimal solution x;,y;, a7, 3] and put these values in T; =

(25,95, @5, B])Lr and find the optimal solution.

Step 5: By putting z; in Z(E} ® z;) find the fuzzy optimal value of fully fuzzy
j=1

linear programming problem.
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4.6 Numerical examples

In this section, it has been shown that Mehar’s method can be used for solving FFLP
problems in which some or with all the parameters are represented as unrestricted

L-R fuzzy or L-R flat fuzzy numbers and is shown through examples
Example 1

Find the fuzzy optimal solution of the FFLP problem.
Maximize (4,4,0,0),r © 21 ® (1,1,1,1) g © 22
subject to
(2,5,5,2)r ©@ 21 ® (—1,5,1,2)LrT2 <X (—17,45,25,46)

~ ~ 193 168
(1a 27 17 1)LR ®© ) S (37 57 27 2)LR:E2 j (11a 397 = _)
5 5 Jir
where, 77,2y are L-R flat fuzzy numbers and L(z) = R(x) = mazimum{0,1 — z}.

Solution:Now, solving this FFLP problem by using the algorithm which is defined

in section 4.5.

Step 1: Putting 77 = (21, 41,04, £1) and T = (22, Y2, 2, 52) in the given problem
then the FFLP problem is written as

Maximize (47 47 07 O)LR © (35173/17 061,/81) S (17 17 17 1)LR ® (‘r27 Yo, Qg, 52)
subject to
(2, 5, 5, 2)LR ® (.Il, Y1, 7, ﬂl) (&) <—1, 5, 1, 2)LR ® (.Q?g,yQ, Qo 52) j (—17, 45, 25, 46)LR

193 168
(1,2, 1, 1)Lr®© (w1, y1, a1, B1) D (3,5,2,2) Lr © (72, Y2, 2, f2) = (11,39,?,?>
LR

where, (z1,y1, a1, 51), (T2, Y2, a2, 52) are L-R flat fuzzy numbers and L(x) = R(x) =

maximumi{0,1 — x}
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Step 2: By using the arithmetic operations for L-R flat fuzzy numbers which are
defined in the section 4.3 the fully fuzzy linear programming problem in step 2 will

become.

Maximize (minimum{4xy, 4z}, mazimum{dy,, 4y, }, minimum{4x,, 4x,}—
minimum{4zr; —4as —0— 0,421 — 4oy + 0 — 0}, maximum{4dy, +46; —0—0, 4y, +
461 + 0+ 0} — mazimum{4dy,, 41 })Lr ® (minimum{xy, xa}, mazimumi{ys, y=},
minimum{xs, xo} —minimum{ys — ag — Yo + o, Yo — a2 + Yo — o }, mazimum{ys +
Ba — Y2 — Ba,y2 + Bo + Y2 + Bo} — mazimum{xz, x2}) Lr.

subject to

(minimum{2zy, bx1 }, maximum{2yy, by1 }, minimum{ 2z, 5x } —minimum{ 2y, +
2P1 —5yy — 5B, bxry + 5oy + 221 — 204 }, maximum{ 2z, —2aq —5xy —bay, by + 561 +
2y1 4261 } —mazimum{2y,, 5y1 }) g & (minimum{—xs, 5x2}, maximumi{—ys, 5y2 },
minimum{—=xs, 5xs} — minimum{—ys — B2 — Yo — Po, 5Ty — bay + 2xs — 2009},
mazimum{—a + o — T + o, 5y + 502 + 2ys + 202} — maximum{—y2, 5y2}) Lr =
(—17,45,25,46) L

(minimum{xy, 2z, }, mazimum{y, 2y1 }, minimum{xy, 221 } —minimum{y; + 51 —

y1 — B, 11 — 201 + 71 — o}, mazimum{y, + f1 — 1 — B, 20 + 2601+ + S} —

mazximum{yy, 2y1 })Lr © (minimum{3zs, 5x2}, maximum{3ys, 5y>},
minimum{3zsy, bra} — minimum{3zy + ag — 2xs — 29, 519 — Hag + 29 — 202},

maximumi{3ys + 302 — 2ya — B2, 5Yys + 582 + 2y2 + 202} — maximum{3ys, 5y2})Lr

< (11,80, 198 108
5) 5 Jir

where, (z1,y1, a1, 1), (T2, Y2, a2, 52) are L-R flat fuzzy numbers and L(x) = R(x) =

maximumi{0,1 — x}.
on simplifying, the FFLP problem will become

Maximize (minimum{4xy, 4z}, mazimum{4y,, 4y, }, minimum{4x,, 4x;, }—
minimum{4xr,—4ag, 4x;—4on }, maximumd{ 4y, +4 51, 4y1 +461 f—maximum{4y,, 4y })Lr

@ (minimum{xs, xo}, maximumi{ys, y2}, minimum{xs, xo} — minimumi{0, 2y, —
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2a5}, mazimum{0, 2y + 252} — maximum{xs, x2}) LR
subject to

(minimum{2z1, 5z, }, maximum{2y;, 5y; }, minimum{2x,, 5x1 } —minimum{—3y; —
3P1, Tx1 + Tag}, mazimum{—3x, + 3aq, Ty, + 761} — mazimum{2y,,5y1})Lr ®
(minimum{—ys, bxs}, maximum{—ys, 5ys },minimumi{ —ys, 52 } —minimum{ —2y,—
2[5, Txe — Tan}, maximumi{—2xy — 29, Tys + 702} — maximum{—ysz,5y2})Lr =
(—17,45,25,46) .

(minimum{zy, 2z, }, maxzimum{y,, 2y, }, minimum{xz,, 22, } — minimum{0, 3z, —
3aq }, mazimum{0,3y; + 361} — maximum{yy,2y1 })rr © (minimum{3xs, 5za},
maximumi{3ys, 5ya }, minimum{3xs, 5xa} — minimum{xry — ag, Txe — T},

193 168
mazimumi{ys + Ba, Tya + 702} — mazimumi{3ys, 5y2})Lr ~ (11, 39, - ?)
LR

where, (z1,y1, a1, 51), (T2, Y2, a2, 52) are L-R flat fuzzy numbers and L(x) = R(x) =

mazximum{0,1 — z}

Step 3: By using yager’s ranking function which is given as minimum(a,b) =

b —b b —b
a—2k _ 14 5 and mazimum(a,b) = a—2|— + a 5 and by using the step 3 of

Mehar’s method the FFLP problem which is obtained in Step 2 is written as

Maximize (22, — 1 + 241 + B1 + 322 — jao — 3|72 — qol + 3ly2 + ol + 502 + 152)

subject to

11 11 1 9 5 9 5
1+ 261+ —x1 — 201 — =3y + 381+ Txy — Taq| + Zyo + =By + —29 — —9—
2y1+ b1+ 5 ¥1~ 2o 2| y1 + 3061 + Ty a1|+2yg+252+2x2 502

7 7 3 1 3 1 1
—T9 — — — = - = 5 — - Hys| — =1|7 7
|y2+52+2x2 2042| 2|$1| 2|y2+ x2|+2|y1|+2|x2+ Yo 2| Y1+ 7061

7 7
+3z, — 30&1| + |£B2 — Q9 + §y2 + §B2| < 77.
3 3 1 1
3ay — 50— §|x1 — 1| + 8xy — dag — 3| — ] — §|x1| — |@a| + 3y1 + §|y1| + 8y

3 3
+|y2|§51 + §|y1 + B1| + 452 + 3|y2 + Ba| = 95.

Q;‘1<y17 x2<927 062207 Oég)(), ﬁ1>07 /8220

Step 4: Solving the crisp Non-linear programming problem which is obtained in
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tep 3 the optimal solution i 577 S o g

im ion i = = = = 1929 -
PYD @ THE OPUINAT SOTHOM T o™ T gt T o2 T ™!
0,as = 0,81 = 0,61 = 0. Putting these values in z7 = (x1,y1, 1, 51)LR, L1 =

_ 377 377
(x1,y1, a1, f1)Lr the fuzzy optimal solution is 7 = (@’ 590 )LR,and

~ 583 583
X1 = ) ) 07 0
<122 122 )LR

Step 5: Putting the values of 7andzs obtained from Step 4 in (4,4,0,0),r © 1 &
(17 17 17 1>LR ®© -7/;2

377 377
1,1,1,1
2091 2091 583 583>

283 583

4.4
(7 7070)LR 122 122

,0, 0) the fuzzy op-
LR

1227122 71227122
Example 2 Find the fuzzy optimal solution of the FFLP problem

timal value is (

Maximize(1,1,1,1),r ® 1 @ (4,4,0,0),r ® T
subject to
(2,3,1,1) 1 @ T2 ® (=3, —2,1,1) ods < (—27,—4,21,32) 11

N 193 168
(1,2,1,1) 2 ® T, & (3,5,2,2) Lpds < ( 11,39, —
575 ),

where, 1, 23 are L-R flat fuzzy numbers and L(z) = R(z) = mazimum{0,1 — z}

Solution:By using above defined algorithm for solving FFLP problem i.e. Mehar’s
method

Step 1: Putting 27 = (21,1, a1, f1) and T3 = (22, Y2, e, 52) in given problem then
the FFLP problem is written as

Maximize (17 1a ]-7 1)LR & (Ihyla aq, 51) D (47 4a 07 O)LR X ('I27y2a Qg, 62)

subject to

(2,3, 1,1)Lr®(x1, y1, a1, 1) D (=3, =2, 1,1) Lr® (22, Yo, 2, B2) = (—27,—4,21,32) 15
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193 168
(1727 17 1)LR®($1;3/1;041;51)@(375;272>LR®(1’2;ZJ27042;52) j (117397?7?>
LR

where, (x1,y1, a1, £1), (T2, Y2, ag, B2) are L-R flat fuzzy numbers and L(z) = R(z) =

mazximum{0,1 — z}

Step 2: By using the arithmetic operations for L-R flat fuzzy numbers which are
defined in the section 4.3 the fully fuzzy linear programming problem in step 2 will

become.

Maximize (minimum{4xy, 4z}, mazimum{dy,, 4y, }, minimum{4z,, 4z, }
—minimum{4z, — 4oy — 0, 4z1 — 4oy + 0}, mazimum{4y, +46; — 0,4y, + 46, +0} —
maximum{4dy,, 4 })rr © (minimum{xe, xo}, mazimum{ys, yo}, minimum{z,,
Ta} — minimum{ys — a2 — Yo, Y2 — Q2 + Yo}, mazimum{ys + B2 — y2, yo + B2 + Y2} —

mazximum{xs, T2})LR-
subject to

(minimum{2zy, 31}, mazimumi{2y,, 3y, }, minimum{2x,, 3z, }—minimum{2x,—

20 —x1, 3r1—3a1 421}, mazimum{2y1+261—y1, 3y1+361+y1 }—mazimum{2y,, 3y1}) Lr
@ (minimum{—3ys, —2y2}, maximum{—3xs, —2x5}, minimum{—3ys, —2ys } —
minimum{—3ys — 362 — y2, —2ys — 20 + Y2}, maximum{—2xs — 20 + 9, —3x9 —

3ag — xo} — mazimum{—3xy, —2xo})pr 3 (—27,—4,21,32) 11

(minimum{zy, 2z, }, maximum{y;, 2y, }, minimum{xz, 221 } —minimum{y, + 51 —
Y1, T1 — 200 +x1 }, mazimum{y, + f1 —y1, 2y1 + 261 +y1 } —mazimum{y:, 2y1 } ) Lr @
(minimum{3zsy, bz}, maximum{3ys, bys }, minimum{3xsy, bxo } —minimum{3xs+
Qg — 2T, 5Ty — bag + 2o}, maximum{3ys + 302 — 2ys, Sy + 5P + 2y2}—
maximumi{3ys, 5y2})Lr ~ (11, 39, %, %) p

where, (z1,y1, a1, 51), (T2, Y2, a2, 52) are L-R flat fuzzy numbers and L(x) = R(x) =

mazximum{0,1 — z}
on simplifying the FFLP problem will become,

Maximize (minimum{4x,, 4z, }, mazimum{dy,, 4y }, minimum{4z,, 4z, }—minimum
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{421 — 4oy, 421 — 4oy }, mazimum{dy, +451, 4y1 +461 } —maximum{4dy,, 4y1 }) g ©
(minimum{zs, x2}, mazimumi{ys, y2}, minimum{zy, xo} — minimum{—as, 2y, —

ag }, mazimumi fa, 2ys + 262} — maximum{xs, x2}) LR
subject to

(minimum{2zy, 3z, }, maximum{2y,, 3y, }, minimum{2z,, 3x1} — minimum{x, —
21, 421 — 31}, maximum{y; + 201, 4y1 + 361} — maximum{2y1,311})r & (
minimum{—3ya, —22}, marimum{—3xs, —2x5}, minimum{—3ysz, —2ys } —
minimum{—4y, — 3Ps, —y2 — 2P}, maximum{ —xy — 20e, —4x9 — 3an}—

maximumi{—3xs, —2x2})rr = (—27,—4,21,32) 15

(minimum{xy, 221 }, maximum{y,, 2y, }, minimum{z,, 2z, }—minimum{ By, —2a; },
maximum{ fy, 4y + 261} — maximum{yy, 2y ) g & (minimum{3xs, 5z},

mazimum{3ys, bys }, minimum{3xy, 5x2} — minimum{zy + o, Ty — bas},

193 168
maximumi{ys + 3052, Tys + 502} — maximum{3ys, 5y2})Lr ~ (11, 39, - ?)
LR

where, (z1,y1, a1, 1), (T2, Y2, a2, 52) are L-R flat fuzzy numbers and L(x) = R(x) =

maximumi{0,1 — x}

Step 3: By using yager’s ranking function which is given as minimum(a,b) =

a+b |a—b , a+b |a—b
5 |3 and maximum(a,b) = 5 +

Mehar’s method the FFLP problem which is obtained in Step 2 is written as

and by using the step 3 of

1 1 1 1 1 3
Maximize | 2z, — ~ay + 2 ot | =2y — B — | — Syt 2
aximize ( 1 2061 + 2y + B 4042 + 8| Yo — [of 4| Yo| + 23/2 + 852)

subject to

5 5 ) 1 )

5 ) 1 )
ST =S¥t S — 5T | — a1 —§| —y2|+§|y1|+§| —1’2|+1| — @1 ~ M
5

23 : 25 . 2_55 5) 3 5 5 5
_?al - x1|97L §| - y2| - §| —y2| — §ﬁ2 - Zlm - 52| + gﬁl - Z|y1| — 1042 + Z|$2 — Qg

3 3 1 1
3oy — 2~ §|a:1 — aq| + 89 — dag — 3|y — | — §|:1:1| — |za| + 3y1 + §\y1] + 8yo+

3 3
’y2|§ﬁ1 + §|y1 + B1| 4+ 482 + 3|y2 + Pa] = 95.
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1 <Y1, Ta<L Y2, =0, g =0, B =0, B =

Step 4: Solving the crisp Non-linear programming problem which is obtained in
67 628 67 628

o T et T e T
0, s = 0, By =0, 81 = 0. Putting these values in 77 = (z1,y1,04,1)Lr, T2 =
67 67

1_1071_107 9 LR7

step 3 the optimal solution is x; = Q1

(22, Y2, a2, Po) Lr the fuzzy optimal solution is 77 = (
~ 628 628
Lo = <_7 PR 07 0)

110°110" )

Step 5: Putting the values of 7 and x5 obtained from Step 4 in (4,4,0,0),zg @1 D
(17 17 L 1>LR & :E/Q .

67 67
1,1,1,1 4.4
( s Ly Ly )LR® (110 110 0 O>LR®( ) 7070>LR

2579 2579 67 67
110 " 110 1107 110
Mehar’s method can also be used to solve the FFLP problems in which all the pa-

<628 628

the f -
110’ 110’ ,0 O>LR e fuzzy op

timal value is (

rameters are represented by L-R fuzzy numbers.

The fuzzy optimal solution of the FFLP problem given below in example 3 and 4 is
solvable by proposed method.

Example 3
Maximize (2,1,2),r © 21 ® (—3,2,1)1r © T2

subject to

(1,1,2)LR®ZE1 S5 (2,1,3)LRZE2 (20 10 5)
(_27171)LR®x1 D (57273)LRx2 ( 1 3 2)
where, 771,73 are L-R fuzzy numbers and L(z) = R(x) = mazimum{0,1 — z}.

Example 4
Maximize (1,1,1)pr @ 1 ® (2,1,2)Lr © T2

subject to

(4,1,0)Lr @17 @B (—2,1,1)r72 < (5,2,3) LR
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(=3,1,2)rr @71 ® (4,1,2)Lr72 = (4,1,1)1r
where, 1, 23 are L-R fuzzy numbers and L(z) = R(x) = mazimum{0,1 — z}.

the solutions to the above given examples 3 and 4 can be similarly calculated by

following the steps of the algorithm defined for Mehar’s method. Thus the opti-

| solution f o 3 i 192 128 6932
m ion for m is (——, —, —
al solution for example 3 is 31’ 31 03
<1427 956 1427)

LR

167 ' 167’ 167

) and to that of example 4 is
LR

4.7 Concluding Remarks

(i) Due to non-existence of the product of unrestricted L-R fuzzy numbers or L-R
flat fuzzy the it has been observed that the existing method [2] can be used for
solving fully FLP problems of the type (i) and (ii) as shown in example 1 and 2 in
which all the coefficients are represented by either non-negative L-R fuzzy numbers
or non-positive L-R fuzzy numbers and all the decision variables are represented
by non-negative L-R fuzzy numbers. However, the existing method [2] can not be
used to find the fuzzy optimal solution of fully FLP problems (iii) and (iv) that the
problems dissused in example 2 and 3 in which some or all the parameters are rep-

resented by unrestricted L-R fuzzy numbers or unrestricted L-R flat fuzzy numbers.

(i) The existing methods [6 18, 27, B1] can be used only for solving such fully
FLP problems in which some or all the parameters are represented by triangular or
trapezoidal fuzzy numbers. Since, in the fully FLP problems, chosen in examples
mentioned in section 4.6, all the parameters are represented by L-R fuzzy numbers
or L-R flat fuzzy numbers so none of the chosen problems can be solved by the

existing methods [0} [I8, 27, [31].

(iii) The proposed Mehar’s method can be used for solving such fully FLP problems
in which some or all the parameters are represented by unrestricted L-R fuzzy num-
bers or L-R flat fuzzy numbers. So, all the chosen problems in example 1,2,3 and 4

can be solved by the Mehar’s method.
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