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Abstract

Linear programming problem is one of the important branch of Mathematical pro-

gramming problem. Applications of LP exist in almost all the areas like military,

industry, agriculture, transportation, economics, health systems and even behav-

ioral and social sciences. But in real world all situations may not be deterministic.

There may exists different kinds of uncertainties in social, industrial and economic

systems, such as events may occurs randomly, unavailability of system data and due

to the error in measurements, etc. For dealing with such vagueness and ambiguities

fuzzy decision making methods are used and in this decision making process either

coefficients or variables in the objective function or constraints or both are taken as

fuzzy in nature. In this thesis, fully fuzzy linear programming problems is discussed

in which all the parameters of LPP are fuzzy in nature.

In first chapter of the dissertation, fully fuzzy linear programming problem is

introduced. The brief description of basic concepts, definitions, arithmetics oper-

ations that are used throughout work and detailed literature survey of fully fuzzy

linear programming problem and summary of the thesis has also been discussed in

this chapter. In Chapter 2, an algorithm for ordering the generalized and normal

trapezoidal fuzzy numbers on the basis of their rank, mode, divergence, and spread

are discussed. Numerical examples are also discussed which elaborate the concept of

ordering of fuzzy numbers. Further, in Chapter 3 a method is presented for solving

the fully fuzzy linear problem with equality constraints using the concept of ranking

function in which all the parameters are triangular fuzzy numbers and the numer-

ical examples are shown. In the last chapter, another method known as Mehar’s

method with Yager’s ranking approach have been discussed for solving fully fuzzy

linear programming problem, where all the parameters are unrestricted L-R fuzzy

numbers or L-R flat fuzzy numbers, numerical examples are discussed to elaborate

the algorithm.
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Chapter 1

Introduction

Mathematical programming is regarded as one of the important areas of applied

mathematics with extensive applications in engineering, economics, and natural sci-

ences. A mathematical programming problem has well defined objective function

and set of constraints, the systematic determination of optimal solutions leads to the

development of large family of methods and algorithms. The need for an efficient

and systematic decision-making approach drives the need for optimization strategies

and are used in almost every field like chemical, electrical, biomedical, agricultural,

etc.

The general form of mathematical programming problem is given as below

max /minZ = f(x)

subject to

gi(x) ≤ 0, i = 1, 2, . . . ,m

x ≥ 0

where f(x) and gi(x), i = 1, 2, . . .m are some functions of the vector x ∈ Rn. Thus,

we find a vector x which optimize (maximize or minimize) the objective function

f(x) subject to the constraints gi(x) 6 0, i = 1, 2, . . .m.

Linear programming problem is a special case of mathematical programming

1



2 1. Introduction

program where, the objective functions and all the constraints are linear function. A

solution which satisfies all the constraints is called as feasible solution and a feasible

solution which gives the best value of objective function is termed as optimal feasible

solution.

In the year 1947, Dantzig [14] a member of the US Air force, developed the

simplex method for finding the optimal solution of LPP. It is the most common and

widely used technique to solve LP problems. Since, the optimal value of the objective

of an LPP is attained at one of the vertex of the feasible region, therefore the main

idea behind simplex method is to move from one vertex from another vertex in the

improving direction of the objective function, till one which gives optimal value of

the objective is not found. As the feasible region of an LPP is closed and bounded

and has finite number of vertices, the simplex method gives optimal solution in finite

number of steps.

The general form of linear programming problem is stated as

min z = cTx

subject to

Ax = B

x ≥ 0

where x = (x1, x2, . . . , xn)T , c = (c1, c2, . . . , cn)T , b = (b1, b2, . . . , bn)T and A = {aij}
is an (m× n) matrix.

In many practical situations, the decision makers might not really want to actu-

ally maximize or minimize the objective function but may want to reach desirable

level which is not defined precisely. For example, the actual purpose may be to

improve the profit or cost situation or constraints can also be imprecise in nature.

For example, consider a constraint x ≤ 4, where x is any resource one may say

that x is not exactly ≤ 4 and assumes that the solutions are acceptable even if x

is slightly > 4 while solving LPP small violations make solutions infeasible so their
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is need to relax right hand side of the constraints to get flexible solutions. To deal

with such situations Zadeh [44] in 1965, developed the theory of fuzzy sets which

is more advantageous than crisp sets. In crisp set a element is either a member

of set or not but fuzzy set allows the element to be partially in the set associated

with membership function ranging from 0 to 1. The advantage of fuzzy set theory

is that it provides an way to model vague, ambiguous and imprecise data by using

fuzzy numbers which are generalization of regular real number each of which have

its membership value lying in interval [0,1]. In the recent past, many fuzzy decision

making methods have been developed to make decisions under fuzzy environment.

Zimmermann [45] used this concept of fuzzy set theory into an general LPP and

introduced Fuzzy linear programming.

Many methods are available for solving FLP [24, 40]. In this dissertation, the fully

fuzzy linear programming problem is discussed, where all the parameters i.e. coef-

ficients as well as variables in the objective function and constraints are taken as

fuzzy numbers.

The general form of fully fuzzy linear programming problem is given as

maximize Z̃ = C̃T ⊗ X̃

subject to

ÃX̃ = B̃

X̃ > 0

where C̃T = (c̃j)1×n, X̃ = (x̃j)n×1, Ã = (ãij)m×n, B̃ = (̃bi)m×1 and (ãij), (c̃j), (x̃j),

(̃bi) ∈ F (R), where F (R) is an set of fuzzy numbers defined on set of real numbers.

As in fuzzy decision making process fuzzy numbers are employed but since, fuzzy

numbers have no natural order like real numbers therefore it is difficult to determine

clearly whether one fuzzy number is larger or smaller than the other. Thus, an

efficient approach for ordering the fuzzy numbers is by use of ranking function and

the idea behind this is ordering of the fuzzy numbers by converting them into real

number. Ranking of fuzzy numbers play an important role in risk analysis, decision
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making, optimization, forecasting etc. Fuzzy numbers must be ranked before an

action is taken by a decision maker. In this dissertation, the methods which are

described for solving fully fuzzy linear programming problem are discussed by using

ranking function. A Ranking function is defined as < : F (R)→ R where F (R) is a

set of fuzzy numbers defined on real line, which maps each fuzzy number into the

real line, where a natural order exists.

1.1 Definitions

In this section, some of the fundamental definitions, operations and concepts of fuzzy

set theory initiated by Zadeh[44] are reviewed which are used throughout the work:

Definition 1.1.1 A fuzzy set A in X is characterized by its membership function,

denoted by µÃ : X → [0, 1] and the set Ã = {(x, µÃ(x)); x ∈ X} defined by µÃ(x)

for each x ∈ X is called fuzzy set.

Definition 1.1.2 A α- level set of a fuzzy set Ã is defined as an ordinary set Ãα

for which the degree of membership function exceeds the level α.

Ãα = {x ∈ X : µÃ(x) ≥ α}

Definition 1.1.3 A fuzzy set is convex if and only if

µÃ(λx1 + (1− λ)x2) ≥ min[µx1 , µx2 ]

for alll x1, x2 ∈ X and λ ∈ [0, 1]. Alternatively, a fuzzy set is convex if all α-level

sets are convex.

Definition 1.1.4 A fuzzy set Ã is said to be normal if there exist at least one x ∈ X
such that µÃ(x) = 1.

Definition 1.1.5 A fuzzy number is a convex normalized fuzzy set of the real line

R1 whose membership function is piecewise continuous.
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Definition 1.1.6 The support of fuzzy set Ã is the crisp subset of X and is defined

as

supp(Ã) = {x ∈ X : µÃ(x) > 0}

Definition 1.1.7 A fuzzy number Ã = (a, b, c) is said to be a triangular fuzzy num-

ber if its membership function is given by

µÃ(x)=


x− a
b− a

a ≤ x ≤ b

x− c
b− c

b ≤ x ≤ c

0, otherwise

Definition 1.1.8 A triangular fuzzy number (a, b, c) is said to be non negative fuzzy

number if a ≥ 0.

Definition 1.1.9 A fuzzy number Ã = (a, b, c;w) is said to be a generalized trian-

gular fuzzy number if its membership function is given by

µÃ(x)=


w

(
x− a
b− a

)
a ≤ x ≤ b

w

(
x− c
b− c

)
b ≤ x ≤ c

0, otherwise

Definition 1.1.10 Two triangular fuzzy numbers Ã = (a, b, c) and B̃ = (e, f, g) are

said to be equal if and only if a = e, b = f , c = g.

Definition 1.1.11 A ranking function is a function < : F (R)→ R where F (R) is

a set of fuzzy numbers defined on a set of real numbers, maps each fuzzy number

into the real number, where a natural order exist. For a triangular fuzzy number

A = (a, b, c), the ranking function is defined as <(Ã) =
a+ 2b+ c

4
, see Kaufmann

and Gupta [23].

Let Ã = (a, b, c) and B̃ = (e, f, g) be two triangular fuzzy numbers then

(1) Ã ≥ B̃ if and only if <(Ã) ≥ <(B̃)
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(1) Ã ≤ B̃ if and only if <(Ã) ≤ <(B̃)

(1) Ã ≈ B̃ if and only if <(Ã) = <(B̃)

Definition 1.1.12 Following arithmetic operations are defined for two triangular

fuzzy numbers Ã = (a, b, c) and B̃ = (e, f, g).

(1) Ã⊕ B̃ = (a, b, c)⊕ (e, f, g) = (a+ e, b+ f, c+ g)

(2) -Ã = −(a, b, c) = (−c,−b,−a)

(3) Ã	 B̃ = (a, b, c)	 (e, f, g) = (a− e, b− f, c− g)

(4) Let Ã = (a, b, c) be any triangular fuzzy number and B̃ = (e, f, g) be non-negative

triangular fuzzy number then their multiplication is represented as

Ã× B̃ =


(ax, by, cz) a ≥ 0

(az, by, cz) a < 0, c ≥ 0

(az, by, cx) c < 0

Definition 1.1.13 A fuzzy number Ã = (a, b, c, d) is said to be a trapezoidal fuzzy

number if its membership function is given by

µÃ(x)=



x− a
b− a

a ≤ x ≤ b

1 b ≤ x ≤ c
x− d
c− d

c ≤ x ≤ d

0, otherwise

Definition 1.1.14 A trapezoidal fuzzy number (a, b, c, d) is said to be non negative

fuzzy number if a ≥ 0.

Definition 1.1.15 A fuzzy number Ã = (a, b, c, d;w) is said to be a generalized
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trapezoidal fuzzy number if its membership function is given by

µÃ(x)=



w

(
x− a
b− a

)
a ≤ x ≤ b

w b ≤ x ≤ c

w

(
x− d
c− d

)
, c ≤ x ≤ d

0 otherwise

Definition 1.1.16 A ranking function is a function < : F (R) → R where F (R)

is a set of fuzzy numbers defined on a set of real numbers, which maps each fuzzy

number into the real number, where a natural order exist. For a trapezoidal fuzzy

number A = (a, b, c, d), the ranking function is defined as <(Ã) =
a+ b+ c+ d

4
, see

Kaufmann at.el [23].

Let Ã = (a, b, c, d) and B̃ = (e, f, g, h) be two trapezoidal fuzzy numbers then

(i) Ã ≥ B̃ if and only if <(Ã) ≥ <(B̃)

(ii) Ã ≤ B̃ if and only if <(Ã) ≤ <(B̃)

(iii) Ã ≈ B̃ if and only if <(Ã) = <(B̃)

Definition 1.1.17 Mode of a generalized trapezoidal fuzzy number Ã = (a, b, c, d;w)

is defined as mode(Ã)=w
(b+ c)

2
.

Definition 1.1.18 Divergence of a generalized trapezoidal fuzzy number Ã = (a, b, c, d;w)

is defined as divergence(Ã)=w(d− a).

Definition 1.1.19 Left spread of a generalized trapezoidal fuzzy number Ã = (a, b, c, d;w)

is defined as left spread(Ã)=w(b− a).

Definition 1.1.20 Following arithmetic operations are defined for two generalized

trapezoidal fuzzy numbers Ã = (a, b, c, d;w1) and B̃ = (e, f, g, h;w2).

(i) Ã⊕B̃ = (a, b, c, d;w1)⊕(e, f, g, h;w2) = (a+e, b+f, c+g, d+h;minimum(w1, w2))

(ii) Ã	B̃ = (a, b, c, d;w1)	(e, f, g, h;w2) = (a−e, b−f, c−g, d−h;minimum(w1, w2))
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(iii) Ã⊗B̃ = (a1, b1, c1, d1;minimum(w1, w2)), where a1 = minimum(ae, ah, fd, dh), b1 =

minimum(bf, bg, cf, cg), c1 = maximum(bf, bg, cf, cg), d1 = maximum(ae, ah, fd, dh).

(iv)Scalar multiplication of a generalized trapezoidal fuzzy number Ã = (a, b, c, d;w1)

is defined as

λÃ =

(λa, λb, λc, λd;w1), λ > 0

(λd, λc, λb, λa;w1), λ < 0

Definition 1.1.21 A function L : [0,∞) → [0, 1] (orR : [0,∞) → [0, 1]) is said to

be reference function of fuzzy number if and only if

(i) L(0) = 1 (or R(0) = 1) .

(ii) L(orR) is non-increasing on [0,∞).

Definition 1.1.22 A fuzzy number Ã, which is defined on universal set of real

numbers R, denoted as (m,n, α, β)LR is said to be an LR flat fuzzy number if its

membership function µÃ(x) is given as

µÃ(x)=


L

(
m− x
α

)
, x ≤ m, α > 0,

R

(
x− n
β

)
, x ≥ n, β ≥ 0,

1, m ≤ x ≤ n

Definition 1.1.23 An L-R flat fuzzy number Ã = (m,n, α, β)LR is said to be non-

negative L-R flat fuzzy number if m− α ≥ 0 and is said to be non-positive L-R flat

fuzzy number if n+ β ≤ 0.

Definition 1.1.24 An L-R flat fuzzy number Ã = (m,n, α, β)LR is said to be un-

restricted L-R flat fuzzy number if m− α is unrestricted in sign.

Definition 1.1.25 Let Ã = (m,n, α, β)LR be an L-R flat fuzzy number and λ be a

real number in the interval [0,1] then the crisp set, A = {x ∈ X : µÃ(x) ≥ λ} =

{m− αL−1(λ), n+ βR−1(λ)}, is said to be λ-cut of Ã.
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Definition 1.1.26 let Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR be any

two L-R flat fuzzy numbers then Ã1 = Ã2 iff m1 = m2, n1 = n2, α1 = α2 and β1 =

β2.

Definition 1.1.27 If m = n then an L-R flat fuzzy number (m,n, α, β)LR is said to

be an L-R fuzzy number is denoted as (m,m,α, β)LR or (n, n, α, β)LR or (m,α, β)LR

or (n, α, β)LR.

Definition 1.1.28 The ranking function for an L-R flat fuzzy numbers is defined

as

where <(m,n, α, β) =
1

2

(∫ 1

0

(m− αL−1(λ))dλ+

∫ 1

0

(n+ βR−1(λ))dλ

)
,

0 6 λ 6 1.

Let Ã1 = (m1, n1, α1, β1)LR, Ã2 = (m2, n2, α2, β2)LR be any two L-R flat fuzzy num-

bers then

(i) Ã � B̃ iff <(Ã) ≥ <(B̃)

(ii) Ã � B̃ iff <(Ã) ≤ <(B̃)

(iii) Ã ≈ B̃ iff <(Ã) = <(B̃).

1.2 Literature Survey

Linear programming is one of most frequently used operation research technique.

Linear programming problems(LPP) was first developed by Kantorovich [22]. Then

in 1947, Dantzig [14] developed a method known as simplex method to solve LPP.

Neumann [38] introduced theory of duality and applied it in game theory since then

it is being used to find the solutions for major problems in mathematics, economics,

engineering and military applications. The first polynomial time algorithm to solve

LPP is introduced by Khachiyan in 1979 for solving LPP which is based on the

concept that a feasible solution is enclosed in an ellipse. Practically, this method is

longer as compared to simplex method. Karmarkar in 1984 proposed an algorithm
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named as interior point method to solve large scale linear programming problems

efiiciently. The beauty of the approach is that it gives polynomial time complexity

of the solution which is an excellent improvement over the simplex method. Linear

programming problem has been applied to large number of areas including trans-

portation, production, inventory management, finance, scheduling, agriculture, and

distribution, etc.

In the crisp environment, all the parameters in LPP are well defined and precise.

But in the real world, Many times the value of all the parameters of LPP is estimated

by the experts. Clearly, assumptions made by experts for all parameters may not

be accurate.

In the year 1965, Bellmann and Zadeh [44] introduced the concept of decision

making in fuzzy environment, in which the process of decision making is discussed

when the goals and the constraints are fuzzy in nature. Many methods have been

developed in which either objective function is considered fuzzy in nature or con-

straints or both are fuzzy in nature. The concept of fuzzy set theory into LPP was

first introduced by Zimmermann [45], now number of algorithms are available in

literature to solve fuzzy LPP [45, 40, 24, 32, 28, 31].

In this dissertation, we have discussed methods for solving Fully fuzzy linear

programming (FLP) problems i.e. coefficients of objective function constraints and

all the variables are fuzzy in nature. The solution methodology is based upon ranking

the objective function of LPP and the first method for ranking was proposed by Jain

[20] in 1976. Yagar [43] proposed four indices which are taken into consideration for

ordering fuzzy quantities in [0,1]. Kaufmann and Gupta [24], presented an approach

for the ranking of fuzzy numbers. Campos and Gonzalez [7] proposed a subjective

approach for ranking fuzzy numbers. Wang and Chen [12] developed an method

which is based on integral value index for ranking of fuzzy numbers. Cheng [8]

presented distance method for ranking the fuzzy numbers. Kwang and Lee [34]

proposed a ranking method by considering the complete possibility distributions of

fuzzy numbers in their evaluations. Modarres et al. [37] proposed a ranking method

which is based on preference function that measures the fuzzy numbers point by



11 1. Introduction

point and the most preferred number is identified at every point.

Chu and tsao [13] proposed a method for ranking the fuzzy numbers with the area

between the centroid point and original point. Deng et al. [15] gives centroid-index

method for ranking the fuzzy numbers. Chen and Chen [9] proposed an method for

ranking of generalized trapezoidal fuzzy numbers. In the year 2008, Wang and Lee

[42] for the development of ranking index of the fuzzy numbers uses the concept of

centroid. Chen and Tang [11] for ranking the p -norm trapezoidal fuzzy numbers

proposed an method. Chen and Wang [12] based on ranking of the fuzzy numbers

study the fuzzy risk analysis. Abbasbandy and Hajarii [1] based on the left and right

spreads at some α−levels of trapezoidal fuzzy numbers proposed an new approach for

ranking these trapezoidal fuzzy numbers. Chen and Chen [10] proposed an method

for fuzzy risk analysis which is based on ranking the generalized fuzzy numbers with

different heights and spreads. Ramli et al. [20] gives the detailed description of

different methods for ranking of fuzzy numbers. Kumar et al. [25] for ranking the

generalized trapezoidal fuzzy numbers introduced RM approach.

In the literature many methods are available for solving FFLP. Bukley and Feur-

ing [6] developed an method for solving FFLP problem with inequality constraints.

The objective function is firstly changed into a multi-objective fuzzy linear program-

ming problem and then fuzzy flexible programming is used to evaluate the whole non

dominated set to the multi-objective fuzzy linear program. Further an evolutionary

algorithm is developed to solve the fuzzy flexible program.

Hashemi et al. [18] proposed two-phase approach to find the optimal solution of

FFLP problems. It is based on mean and standard deviation of the fuzzy numbers.

In this approach, the first phase maximizes the possibilistic mean value of the fuzzy

objective function and obtains a set of feasible solutions. The second phase mini-

mizes the standard deviation of the original fuzzy objective function, and consider

all the basic feasible solutions which are obtained at the end of the first phase. They

also generalized the concept of linear programming duality and extend the duality

as well as the weak duality theory in fuzzy.

Dehghan et al. [16] proposed a fuzzy linear programming approach for finding



12 1. Introduction

the exact solution of fully fuzzy linear system of equations when all the elements of

the coefficient matrix are non-negative fuzzy numbers.

Allahviranloo et al. [2] proposed an defuzzification method to solve the fully

fuzzy linear programming problem. For an approximation of fuzzy numbers in ob-

jective function and coefficient matrix the concept of nearest symmetric triangular

fuzzy number is applied.

Lotfi et al. [35] proposed lexicographic method to find the optimal solution

of FFLP problem when the elements of the coefficient matrix are symmetric fuzzy

numbers. The concept of the symmetric triangular fuzzy number and an approach to

defuzzify a general fuzzy quantity is introduced. First, the fuzzy triangular number

is approximated to its nearest symmetric triangular number, with the assumption

that all decision variables are symmetric triangular then symmetric fuzzy solution

is an optimal solution. Every FLP model converted into two crisp complex linear

problems, first a problem is designed in which the center objective value will be

calculated and since the center of a fuzzy number is preferred to its margin. With

a special ranking on fuzzy numbers, the FFLP transform to multi objective linear

programming (MOLP) where all variables and parameters are crisp.

Kumar et al. [27] proposed a method to find the fuzzy optimal solution of fully

fuzzy linear programming problems with inequality constraints. They introduced

a method for changing the inequality constraints into equality constraints by in-

troducing slack and surplus fuzzy variables. then Kumar et al. [26] introduced a

method for finding the solution of FFLP problem with equality constraints. In this

FFLP problem is converted into crisp LPP and then obtained crisp LPP is solved

to find the optimal solution. This method is applied to solve the FFLS of equations

in which their is no restriction on the elements of the coefficient matrix which are

not necessarily non-negative fuzzy numbers and also to solve the FFLP problems

in which the elements of the coefficient matrix are not symmetric triangular fuzzy

numbers.

Sharma and Dubey [41] proposed Gomorys method to find the fuzzy optimal

solution of fully FLPP with inequality constraints by representing all the parameters
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as trapezoidal fuzzy numbers and Yagers general linear ranking function is used for

solving Fuzzy number.

Jayalakshmi and Pandian [21] introduced bound and decomposition method to

solve FFLP problems. In the proposed method, the given FFLP problem is decom-

posed into three crisp linear programming (CLP) problems with bounded variables

constraints, the three CLP problems are solved separately and by using its optimal

solutions.

Babbar et al. [3] discussed about some new numerical methods which are used to

solve a fully fuzzy linear system with triangular fuzzy numbers of the type (m,α, β).

The main idea behind the Proposed methods is to remove the restrictions that FFLS

restricts the coefficient matrix and the solutions to be nonnegative fuzzy numbers.

Kumar et al. [32] introduced a new general form of FFLP problems as the

existing general form of FFLP problems is valid only if the parameters which are

represented by flat fuzzy numbers are all positive. The proposed general form is

applicable if their is negative sign in any of the flat fuzzy parameter.

Further, Kumar et al. [29] introduced the product of unrestricted L-R flat fuzzy

numbers and then by using the proposed product, a new method named as Mehars

method is developed for solving FFLP problems. In the development of Mehar’s

method Yager’s ranking approach is used and it has been found that all FFLP

problems can be solved with the Mehar’s method which may not be solvable by

several existing methods.

Khan et al. [33] proposed a revised simplex method for solving FFLP without

converting it into the crisp LPP. By using the concept of ranking function together

with Gaussian elimination process the linear programming problems are solved in

fully fuzzy environment and they have also shown that how the dual of FFLP is

written.

Bhradwaj and Kumar [5] improves the existing technique which is proposed in

Khan at.el[33] for solving FFLP problems without converting it into crisp problem

to find the optimal solution of FFLP. Hence to find an efficient algorithm to solve

FFLP without converting it into crisp problem is still an open area of research.
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Hatami [19] adopted Mehars method which was developed by Kumar at.el [28]

for solving FLP problems in which the elements of the coefficient matrix are real

numbers and all the other parameters are fuzzy numbers. Here, the method is used

for solving FFLP problems involving symmetric trapezoidal fuzzy numbers having

both equality and inequality constraints.

1.3 Summary of the thesis

In this thesis, we have discussed LPP under fuzzy environment. Some methods for

solving fully fuzzy linear programming problem using ranking function has been

elaborated.

Since, fuzzy numbers can overlap with each other and it is difficult to determine

clearly whether one fuzzy number is larger or smaller than other. In Chapter 2, an

efficient approach for ordering the fuzzy numbers based on rank, mode, divergence

and spread has been discussed. The main advantage of the proposed approach is

that the it provides the correct ordering of generalized and normal trapezoidal fuzzy

numbers.

In Chapter 3, a method is presented which is used for finding an optimal solution

of the fully fuzzy linear programming problem with equality constraints using the

concept of ranking function where all the parameters of FFLP problem are trian-

gular fuzzy numbers. The presented algorithm finds the exact solution of special

type of fully fuzzy linear system of equations and FFLP problem in which all the

elements of the coefficient matrix are non negative fuzzy numbers and symmetric

fuzzy numbers, respectively. The problem is first converted into its crisp linear pro-

gramming problem and then solution is found.

Mathematically, a fully fuzzy linear programming problem with m fuzzy equality

constraints and n fuzzy variables may be formulated as follows:

maximize Z̃ = C̃T ⊗ X̃



15 1. Introduction

subject to

ÃX̃ = B̃

X̃ > 0

where C̃T =(c̃j)1×n, X̃ = (x̃j)n×1, Ã = (ãij)m×n, B̃ = (̃bi)m×1 and (ãij), (c̃j), (x̃j), (̃bi)

∈ F (R), where F (R) is an set of fuzzy numbers defined on set of real numbers.

In chapter 4, a modified product for unrestricted L-R fuzzy numbers and L-R flat

fuzzy numbers has been discussed and using this product another method named as

Mehar’s method for solving the FFLP problems is discussed. Further, the merits of

Mehar’s method over other existing techniques for solving FFLP is also discussed.

General form of FFLP problem in which all the parameters are unrestricted L-R

fuzzy numbers is

Maximize(or Minimize) Z̃ =
n∑
j=1

(c̃j � x̃j)

subject to

ãij � x̃j = b̃i ∀ i = 1, 2, . . . ,m,

where ãij, b̃i and c̃j are non- negative and non- positive L-R fuzzy number and x̃j is

non negative L-R fuzzy number. By using the product defined for LR fuzzy numbers

and using Yager’s ranking approach [43], this FFLP is converted to a crips linear

programming problem, which can be solved by using simplex method.



Chapter 2

Ranking of Generalized

Trapezoidal Fuzzy Numbers Based

on Rank, Mode, Divergence and

Spread

In this chapter, a new approach is discussed for the ranking of generalized trapezoidal

fuzzy numbers. The proposed approach is based on rank, mode, divergence and

spread. The main advantage of the this approach is that it provides ordering of

generalized and normal trapezoidal fuzzy numbers correctly and more efficiently.

And few of examples are discussed.

2.1 Some important results

In this section, some important results have been discussed which are used in the

proposed ranking approach

Proposition 2.1.1 Let Ã = (a1, b1, c1, d1;w1) and B̃ = (a2, b2, c2, d2;w2) be two

generalized trapezoidal fuzzy numbers such that

(1) <(Ã) = <(B̃), (2) mode(Ã)=mode(B̃), (3) divergence(Ã)=divergence(B̃) then

(i) Left spread(Ã) > Left spread(B̃) iff w1b1 > w2b2

16



17 2. Ranking of Generalized Trapezoidal Fuzzy Numbers Based on Rank, Mode, Divergence and

Spread

(ii) Left spread(Ã) < Left spread(B̃) iff w1b1 < w2b2

(iii) Left spread(Ã)=Left spread(B̃) iff w1b1 = w2b2

Proof:

(1). Suppose the fuzzy numbers Ã and B̃ has same rank i.e. <(Ã) = <(B̃)

⇒ w1
(a1 + b1 + c1 + d1)

4
= w2

(a2 + b2 + c2 + d2)

4

⇒ w1(a1 + b1 + c1 + d1) = w2(a2 + b2 + c2 + d2) (2.1.1)

(2). Now, iff the fuzzy numbers Ã and B̃ has same mode i.e. mode(Ã)=mode(B̃)

⇒ w1
(b1 + c1)

2
= w2

(b2 + c2)

2

⇒ w1(b1 + c1) = w2(b2 + c2) (2.1.2)

(3). If divergence of the fuzzy numbers Ã and B̃ are same i.e.divergence(Ã)=

divergence(B̃),we have

w1(d1 − a1) = w2(d2 − a2) (2.1.3)

by using (2.1.1) we have

w1(a1 + d1) + w1(b1 + c1) = w2(a2 + d2) + w2(b2 + c2)

since, by using (2.1.2) we get,

w1(a1 + d1) + w1(b1 + c1) = w2(a2 + d2) + w2(b1 + c1)

w1(a1 + d1) = w2(a2 + d2) (2.1.4)

adding (2.1.3) and (2.1.4)

w1(a1 + d1) + w1(d1 − a1) = w2(a2 + d2) + w2(d2 − a2)
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we get

w1d1 = w2d2 (2.1.5)

and by putting (2.1.6) in (2.1.3) we get,

w1a1 = w2a2 (2.1.6)

(a) Left spread(Ã) > Left spread(B̃)

iff w1(b1 − a1) > w2(b2 − a2)
iff w1b1 > w2b2 (∵ w1a1 = w2a2)

hence, Left spread(Ã) > Left spread(B̃) iff w1b1 > w2b2.

(b) Left spread(Ã) < Left spread(B̃)

iff w1(b1 − a1) < w2(b2 − a2)
iff w1b1 < w2b2 (∵ w1a1 = w2a2)

(c) Left spread(Ã)=Left spread(B̃)

iff w1(b1 − a1) = w2(b2 − a2)
iff w1b1 = w2b2 (∵ w1a1 = w2a2)

Proposition 2.1.2 Let Ã = (a1, b1, c1, d1, w1) and B̃ = (a2, b2, c2, d2, w2) be two

generalized trapezoidal fuzzy numbers such that

(1) <(Ã) = <(B̃), (2) mode(Ã)=mode(B̃), (3) divergence(Ã)=divergence(B̃) then

(i) Left spread(Ã) > Left spread(B̃) iff Right spread(Ã) > Right spread(B̃)

(ii) Left spread(Ã) < Left spread(B̃) iff Right spread(Ã) < Right spread(B̃)

(iii) Left spread(Ã)=Left spread(B̃) iff Right spread(Ã)=Right spread(B̃)

Proof : From preposition 1, we have

w1a1 = w2a2

w1d1 = w2d2
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w1(b1 + c1) = w2(b2 + c2)

(a) Left spread(Ã) > Left spread(B̃)

⇔ w1b1 > w2b2 (by preposition 1(i))

⇔ w1c1 < w2c2

⇔ −w1c1 > −w2c2 (adding w1d1 both sides)

⇔ w1d1 − w1c1 > w1d1 − w2c2

⇔ w1d1 − w1c1 > w2d2 − w2c2 (∵ w1d1 = w2d2)

⇔ w1(d1 − c1) > w2(d2 − c2)
⇔ Right spread(Ã) > Right spread(B̃)

(b) Left spread(Ã) < Left spread(B̃)

⇔ w1b1 < w2b2 (by preposition 1(ii))

⇔ w1c1 > w2c2

⇔ −w1c1 < −w2c2 (adding w1d1 both sides)

⇔ w1d1 − w1c1 < w1d1 − w2c2

⇔ w1d1 − w1c1 < w2d2 − w2c2 (∵ w1d1 = w2d2)

⇔ w1(d1 − c1) < w2(d2 − c2)
⇔ Right spread(Ã) < Right spread(B̃)

(c) Left spread(Ã) = Left spread(B̃)

⇔ w1b1 = w2b2 (by preposition 1(iii))

⇔ w1c1 = w2c2

⇔ −w1c1 = −w2c2 (adding w1d1 both sides)

⇔ w1d1 − w1c1 = w1d1 − w2c2

⇔ w1d1 − w1c1 = w2d2 − w2c2 (∵ w1d1 = w2d2)

⇔ w1(d1 − c1) = w2(d2 − c2)
⇔ Right spread(Ã)= Right spread(B̃)



20 2. Ranking of Generalized Trapezoidal Fuzzy Numbers Based on Rank, Mode, Divergence and

Spread

2.2 Algorithm for ranking of generalized trape-

zoidal fuzzy numbers

Let Ã = (a1, b1, c1, d1;w1) and B̃ = (a2, b2, c2, d2;w2) be two generalized trapezoidal

fuzzy numbers.

For comparing the two generalized trapezoidal fuzzy numbers Ã and B̃ the steps

are as follows:

Step 1: Find the rank of the two generalized trapezoidal fuzzy numbers Ã and B̃

i.e. <(Ã) and <(B̃).

Case(1): If <(Ã) > <(B̃) then Ã > B̃

Case(2): If <(Ã) < <(B̃) then Ã < B̃

Case(3): If <(Ã) = <(B̃) then go to step 2,

Step 2: Find the mode of the two generalized trapezoidal fuzzy numbers Ã and B̃

i.e. mode(Ã) and mode(B̃).

Case(1): If mode(Ã) > mode(B̃) then Ã > B̃

Case(2): If mode(Ã) < mode(B̃) then Ã < B̃

Case(3): If mode(Ã)=mode(B̃) then go to step 3,

Step 3: Find the divergence of the two generalized trapezoidal fuzzy numbers Ã

and B̃ i.e. divergence(Ã) and divergence(B̃).

Case(1): If divergence(Ã) > divergence(B̃) then Ã > B̃

Case(2): If divergence(Ã) < divergence(B̃) then Ã < B̃

Case(3): If divergence(Ã)=divergence(B̃) then go to step 4,

Step 4: Find the Left Spread of the two generalized trapezoidal fuzzy numbers Ã

and B̃ i.e. Left Spread(Ã) and Left Spread(B̃).

Case(1): Left spread(Ã) > Left spread(B̃)

i.e. w1b1 > w2b2 then Ã > B̃ from preposition 1(i)

Case(2): Left spread(Ã) < Left spread(B̃)

i.e w1b1 < w2b2 then Ã < B̃ from preposition 1(ii)
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Case(3): Left spread(Ã)=Left spread(B̃)

i.e. w1b1 = w2b2 then go to step 5, from preposition 1(iii)

Step 5: Find w1 and w2

Case(1): If wA > wB then Ã > B̃

Case(2): If wA < wB then Ã < B̃

Case(3): If wA = wB then Ã ∼ B̃

2.3 Numerical examples

In this section, some numericals are explained to elaborate the concept of comparing

the fuzzy numbers on the basis of their rank, mode, divergence and spreads.

Example 1: Let Ã = (0.1, 0.3, 0.4, 0.6; 1) and B̃ = (1, 1, 1, 1; 1) are two generalized

trapezoidal fuzzy numbers.

Solution:

Step 1:Find rank of Ã and B̃.

<(Ã) = 1

(
0.1 + 0.3 + 0.4 + 0.6

4

)
= 0.35 and <(B̃) = 0.7

(
1 + 1 + 1 + 1

4

)
= 1

Since,

<(Ã) = 0.35, and <(B̃) = 1

clearly the <(Ã) < <(B̃)

⇒ Ã < B̃.

as ranks of the fuzzy numbers are not same thus no need to follow the further steps

of algorithm.

Example 2: Let Ã = (1, 1, 1, 1; 1) and B̃ = (0.1, 0.3, 0.4, 0.7; 1) are two generalized

trapezoidal fuzzy numbers.

Solution:

Step 1:Find rank of Ã and B̃.
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<(Ã) = 1

(
1 + 1 + 1 + 1

4

)
= 1 and <(B̃) = 1

(
0.1 + 0.3 + 0.4 + 0.7

4

)
= 0.375

Since,

<(Ã) = 1 and <(B̃) = 0.375

clearly the <(Ã) > <(B̃)

⇒ Ã > B̃.

as ranks of the fuzzy numbers are not same thus no need to follow the further steps

of algorithm.

when the rank of the fuzzy numbers became same then we compare the fuzzy num-

bers on the basis of mode here, an example is shown.

Example 3: Let Ã = (0.2, 0.4, 0.5, 0.9; 0.35) and B̃ = (0.1, 0.2, 0.3, 0.4; 0.7) are two

generalized trapezoidal fuzzy numbers.

Solution:

Step 1:Find rank of Ã and B̃.

<(Ã) = 0.35

(
0.2 + 0.4 + 0.6 + 0.8

4

)
= 0.175 and <(B̃) = 0.7

(
0.1 + 0.2 + 0.3 + 0.4

4

)
=

0.175

clearly, <(Ã) = <(B̃) = 0.175, so go to step 2,

Step 2:Find mode of Ã and B̃.

mode(Ã) = 0.35

(
0.4 + 0.5

2

)
= 0.1575 and mode(B̃) = 0.7

(
0.2 + 0.3

2

)
= 0.175

since,

mode(Ã) = 0.1575 and mode(Ã) = 0.175

clearly, mode(Ã) < mode(B̃)

⇒ Ã < B̃.

if the mode also became same then we compare the generalized trapezoidal fuzzy

numbers on the basis of their divergence and if it also became same then we compare

them by their spreads.
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Example 4: Let Ã = (0.1, 0.2, 0.4, 0.5; 1) and B̃ = (0.1, 0.3, 0.3, 0.5; 1) are two

generalized fuzzy numbers.

Solution:

Step 1: Find rank of Ã and B̃.

<(Ã) = 1

(
0.1 + 0.2 + 0.4 + 0.5

4

)
= 0.3 and <(B̃) = 1

(
0.1 + 0.3 + 0.3 + 0.5

4

)
= 0.3

Since, <(Ã) = <(B̃) = 0.3, so go to step 2,

Step 2: Find mode of Ã and B̃.

mode(Ã) = 1

(
0.2 + 0.4

2

)
= 0.3 and mode(B̃) = 1

(
0.3 + 0.3

2

)
= 0.3

Since, mode(Ã) = mode(B̃) = 0.3, so go to step 3,

Step 3:Find divergence of Ã and B̃.

divergence(Ã) = 1(0.5− 0.1) = 0.4 and divergence(B̃) = 1(0.5− 0.1) = 0.4

Since, divergence(Ã) = divergence(B̃) = 0.4, so go to step 4,

Step 4:Find left spread of Ã and B̃.

Left Spread(Ã) = 1(0.2) = 0.2 and Left Spread(B̃) = 1(0.3) = 0.3

Since, Left Spread(Ã) = 0.2 and Left Spread(B̃) = 0.3,

⇒ Ã < B̃.

here, an example is shown to compare the generalized trapezoidal fuzzy numbers

when the left spreads also became same.

Example 5: Let Ã = (0.2, 0.4, 0.6, 0.8; 0.35) and B̃ = (0.1, 0.2, 0.3, 0.4; 0.7) are two

generalized fuzzy numbers.

Solution:
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Step 1: Find rank of Ã and B̃. <(Ã) = 0.35

(
0.2 + 0.4 + 0.6 + 0.8

4

)
= 0.175 and <(B̃) =

0.7

(
0.1 + 0.2 + 0.3 + 0.4

4

)
= 0.175

Since, <(Ã) = <(B̃) = 0.175, so go to step 2,

Step 2:Find mode of Ã and B̃.

mode(Ã) = 0.35

(
0.4 + 0.6

2

)
= 0.175 and mode(B̃) = 0.7

(
0.2 + 0.3

2

)
= 0.175

Since, mode(Ã) = mode(B̃) = 0.175, so go to step 3,

Step 3:Find divergence of Ã and B̃.

divergence(Ã) = 0.35(0.8− 0.2) = 0.21 and divergence(B̃) = 0.7(0.4− 0.1) = 0.21

Since, divergence(Ã) = divergence(B̃) = 0.21, so go to step 4,

Step 4:Find left spread of Ã and B̃.

Left Spread(Ã) = 0.35(0.4) = 0.14 and Left Spread(B̃) = 0.7(0.2) = 0.14

Since, Left Spread(Ã) = Left Spread(B̃) = 0.07, so go to step 5,

Step 5:Find w1 and w2

w1 = 0.35, w2 = 0.7

clearly, w1 < w2 ⇒ Ã < B̃.

Example is shown to compare three generalized fuzzy numbers on the basis of their

ranks.

Example 6: Let Ã = (0, 0.4, 0.6, 0.8; 1), B̃ = (0.2, 0.5, 0.5, 0.9; 1) and

C̃ = (0.1, 0.6, 0.7, 0.8; 1) are three generalized trapezoidal fuzzy numbers.

Solution:

Step 1:Find rank of Ã, B̃ and C̃.
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<(Ã) = 1

(
0 + 0.4 + 0.6 + 0.8

4

)
= 0.45, <(B̃) = 1

(
(0.2 + 0.5 + 0.5 + 0.9)

4

)
= 0.525

and <(C̃) = 1

(
(0.1 + 0.6 + 0.7 + 0.8)

4

)
= 0.55

Since, <(Ã) = 0.45, <(B̃) = 0.525 and <(C̃) = 0.55

clearly the <(Ã) < <(B̃) and <(B̃) < <(C̃)

⇒ Ã < B̃ < C̃.

2.4 Concluding remark

In this Chapter, for the ranking of generalized trapezoidal fuzzy numbers an simple

approach is shown. The main advantage of the proposed approach is that it provides

the correct ordering of generalized and normal trapezoidal fuzzy numbers and also

the proposed approach is very simple and easy to apply in the real life problems.



Chapter 3

Fully Fuzzy Linear Programming

Problem using Ranking Function

In this chapter, a method is presented for solving the fully fuzzy linear problem

with equality constraints using the concept of ranking function in which all the

parameters are triangular fuzzy numbers and the numerical examples are shown.

3.1 Fully Fuzzy Linear Programming Problem

In crisp Linear programming problem, all the parameters are well defined and pre-

cise. However, in real life problems there may exists uncertainty about the param-

eters. In such a situation the parameters of linear programming problem may be

represented as fuzzy numbers. Fully Fuzzy Linear Programming Problems with m

fuzzy equality constraints and n fuzzy variables may be formulated as follows:

maximize Z̃ = C̃T ⊗ X̃

subject to

ÃX̃ = B̃

X̃ > 0

where C̃T =(c̃j)1×n, X̃ = (x̃j)n×1, Ã = (ãij)m×n, B̃ = (̃bi)m×1 and (ãij), (c̃j), (x̃j), (̃bi)

26
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∈ F (R), where F (R) is an set of fuzzy numbers defined on set of real numbers.

3.2 Algorithm to find the fuzzy optimal solution

of FFLP problems

In this section, various steps for solving fully fuzzy linear programming problem has

been shown:

The formulation for FFLP is given as

(P1) Maximize(or Minimize) Z̃ = C̃T ⊗ X̃

subject to

ÃX̃ = B̃

X̃ > 0

The steps are as follows:

Step 1: Substituting the values of C̃T = (c̃j)1×n, X̃ = (x̃j)n×1, Ã = (ãij)m×n, B̃ =

(̃bi)m×1, then the above FFLP problem is written as,

Maximize (or Minimize) (
n∑
j=1

c̃j ⊗ x̃j)

subject to (
n∑
j=1

ãij ⊗ x̃j = b̃j) ∀ i = 1, 2, . . . ,m

x̃i is a non-negative triangular fuzzy number.

Step 2: If all the parameters c̃j, x̃j, ãij, and b̃i in step 1 are represented by tri-

angular fuzzy numbers (pj, qj, rj), (xj, yj, zj), (aij, bij, cij) and (bi, gi, hi) respectively

then the problem will become
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Maximize (or Minimize) (
n∑
j=1

(pj, qj, rj)⊗ (xj, yj, zj))

subject to (
n∑
j=1

(aij, bij, cij)⊗ (xj, yj, zj) = (bi, gi, hi)) ∀ i = 1, 2, . . . ,m

(xj, yj, zj) is a non-negative triangular fuzzy number.

Step 3: By using the arithmetic operations defined in definition 1.1.12. Assume

(aij, bij, cij) ⊗ (xj, yj, zj) = (mij, nij, oij) the FFLP problem which is obtained in

step 2 is represented as

Maximize (or Minimize) (
n∑
j=1

(pj, qj, rj)⊗ (xj, yj, zj))

subject to (
n∑
j=1

(mij, nij, oij) = (bi, gi, hi)) ∀ i = 1, 2, . . . ,m

(xj, yj, zj) is a non-negative triangular fuzzy number.

Step 4: the fuzzy linear programming problem which is given in step 3 is converted

into the following crisp linear programming problem:

Maximize (or Minimize) (
n∑
j=1

(pj, qj, rj)⊗ (xj, yj, zj))

subject to
n∑
j=1

mij = bi, ∀ i = 1, 2, . . . ,m

n∑
j=1

nij = gi, ∀ i = 1, 2, . . . ,m

n∑
j=1

oij = hi, ∀ i = 1, 2, . . . ,m

yj − xj ≥ 0, zj − yj ≥ 0, ∀ j = 1, 2, . . . , n

Step 5: Find the optimal solution xj, yj and zj by solving the crisp linear program-
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ming problem which is obtained in step 4.

Step 6. Find the fuzzy optimal solution by putting the values of xj, yj and zj in

x̃i = (xj, yj, zj).

Step 7. Find the fuzzy optimal value by putting x̃i in (
n∑
j=1

c̃j ⊗ x̃j).

Remark 3.2.1 The Fully Fuzzy Linear Programming Problem will have X̃ as its

fuzzy optimal solution if it satisfies the following characteristics:

(i) X̃ is a non-negative fuzzy number,

(ii) It satisfies the constraints ÃX̃ = B̃,

(iii) If their exist any other non-negative fuzzy number X̃ ′ such that it satisfies the

set of constraints of the given problem i.e. ÃX̃ ′ = B̃ then

* for maximization problem, <(C̃T ⊗ X̃) > <(C̃T ⊗ X̃ ′),

* for minimization problem, <(C̃T ⊗ X̃) < <(C̃T ⊗ X̃ ′).

Remark 3.2.2 If X̃ is an optimal solution of the fully fuzzy linear programming

problem and let their exist an fuzzy number Ỹ such that it satisfies the following

characteristics:

(i) Ỹ is a non-negative fuzzy number,

(ii) ÃỸ = B̃,

(iii) and <(C̃T ⊗ X̃) = <(C̃T ⊗ Ỹ ),

then Ỹ is said to be an alternative fuzzy optimal solution.

3.3 Numerical examples

Example 1. Consider the following FFLS with arbitrary coefficients

3̃⊗ x̃1 + 2̃⊗ x̃2 = 2̃1
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1̃⊗ x̃1 + 3̃⊗ x̃2 = 1̃4

where x̃1, x̃2 are non-negative triangular fuzzy numbers.

solution:

When all the elements of coefficient matrix are not non-negative triangular fuzzy

numbers,

(2, 3, 4)⊗ x̃1 + (1, 2, 3)⊗ x̃1 = (5, 21, 43),

(−1, 1, 2)⊗ x̃1 + (1, 3, 4)⊗ x̃1 = (−6, 14, 34),

where x̃1, x̃2 are non-negative triangular fuzzy numbers.

Putting x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2) then FFLS will become

(2, 3, 4)⊗ (x1, y1, z1) + (1, 2, 3)⊗ (x2, y2, z2) = (5, 21, 43),

(−1, 1, 2)⊗ (x1, y1, z1) + (1, 3, 4)⊗ (x2, y2, z2) = (−6, 14, 34),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations

which are defined in Definition 1.1.12 the above given FFLS problem will become,

Maximize (1x1 + 2x2, 6y1 + 3y2, 9z1 + 8z2)

subject to

(2x1 + x2, 3y1 + 2y2, 4z1 + 3z2) = (6, 16, 30),

(−1z1 + x2, y1 + 3y2, 2z1 + 4z2) = (1, 17, 30),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLS is converted into crisp linear system

of equations

2x1 + x2 = 5,

3y1 + 2y2 = −6,
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4z1 + 3z2 = 21,

−z1 + x2 = 14,

y1 + 3y2 = 43,

2z1 + 4z2 = 34,

y1 − x1 ≥ 0, z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.

On solving the above CLP using two phase method the optimal solution obtained

is x1 = 2, y1 = 5, z1 = 7, x2 = 1, y2 = 3, z2 = 5.

Using Step 6, the fuzzy optimal solution is given by x̃1 = (2, 5, 7), x̃2 = (1, 3, 5).

Example 2. Consider the following FFLP problem

Maximize (6̃⊗ x̃1 + 3̃⊗ x̃2)

subject to

3̃⊗ x̃1 + 2̃⊗ x̃2 = 1̃6

1̃⊗ x̃1 + 3̃⊗ x̃2 = 1̃7

where x̃1, x̃2 are non-negative triangular fuzzy numbers.

solution:

When all the elements of coefficient matrix are not non-negative triangular fuzzy

numbers,

Maximize ((1, 6, 9)⊗ x̃1 + (2, 3, 8)⊗ x̃1)

. subject to

(2, 3, 4)⊗ x̃1 + (1, 2, 3)⊗ x̃1 = (6, 16, 30),

(−1, 1, 2)⊗ x̃1 + (1, 3, 4)⊗ x̃1 = (1, 17, 30),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Putting x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2) then FFLP problem will become
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Maximize ((1, 6, 9)⊗ (x1, y1, z1) + (2, 3, 8)⊗ (x2, y2, z2))

. subject to

(2, 3, 4)⊗ (x1, y1, z1) + (1, 2, 3)⊗ (x2, y2, z2) = (6, 16, 30),

(−1, 1, 2)⊗ (x1, y1, z1) + (1, 3, 4)⊗ (x2, y2, z2) = (1, 17, 30),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations

which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1x1 + 2x2, 6y1 + 3y2, 9z1 + 8z2)

subject to

(2x1 + x2, 3y1 + 2y2, 4z1 + 3z2) = (6, 16, 30),

(−1z1 + x2, y1 + 3y2, 2z1 + 4z2) = (1, 17, 30),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become

Maximize

(
1

4
(x1 + 2x2 + 12y1 + 6y2 + 9z1 + 8z2)

)
subject to

(2x1 + x2, 3y1 + 2y2, 4z1 + 3z2) = (6, 16, 30),

(−1z1 + x2, y1 + 3y2, 2z1 + 4z2) = (1, 17, 30),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-
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gramming problem

Maximize

(
1

4
(x1 + 2x2 + 12y1 + 6y2 + 9z1 + 8z2)

)
subject to

2x1 + x2 = 6,

3y1 + 2y2 = 1,

4z1 + 3z2 = 30,

−z1 + x2 = 6,

y1 + 3y2 = 17,

2z1 + 4z2 = 30,

y1 − x1 ≥ 0, z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.

The optimal solution of the above CLP problem is x1 = 1, y1 = 1, z1 = 2, x2 =

4, y2 = 5, z2 = 6.

Using Step 6, the fuzzy optimal solution is given by x̃1 = (1, 2, 3), x̃2 = (4, 5, 6).

putting the values x̃1 and x̃2 in the objective function

(1, 6, 9)⊗ (1, 2, 3) + (2, 3, 8)⊗ (4, 5, 6), by using the arithmetic operations defined

in the definition 1.1.11

= (1,12,27)+(8,15,48)=(9,27,75)

Thus, the optimal solution of the given FFLP problem is (9,27,75)

Example 3.Consider the following FLPP

Maximize (2̃⊗ x̃1 + 3̃⊗ x̃2)
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subject to

1̃⊗ x̃1 + 2̃⊗ x̃2 = 1̃0

2̃⊗ x̃1 + 1̃⊗ x̃2 = 8̃

where x̃1, x̃2 are non-negative triangular fuzzy numbers.

Solution:

When all the elements of coefficient matrix are non-negative triangular fuzzy num-

bers

Maximize ((1, 2, 3)⊗ x̃1 + (2, 3, 4)⊗ x̃1).

subject to

(0, 1, 2)⊗ x̃1 + (1, 2, 3)⊗ x̃1 = (2, 10, 24),

(1, 2, 3)⊗ x̃1 + (0, 1, 2)⊗ x̃2 = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Putting x̃1 = (x1, y1, z1) and x̃2 = (x2, y2, z2) then FFLP problem will become

Maximize ((1, 2, 3)⊗ (x1, y1, z1) + (2, 3, 4)⊗ (x2, y2, z2)).

subject to

(0, 1, 2)⊗ (x1, y1, z1) + (1, 2, 3)⊗ (x2, y2, z2) = (2, 10, 24),

(1, 2, 3)⊗ (x1, y1, z1) + (0, 1, 2)⊗ (x2, y2, z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations

which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1x1 + 2x2, 2y1 + 3y2, 3z1 + 4z2).
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subject to

(0x1 + x2, 1y1 + 2y2, 2z1 + 3z2) = (2, 10, 24),

(1z1 + 0x2, 2y1 + y2, 3z1 + 2z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become

Maximize

(
1

4
(x1 + 2x2 + 4y1 + 6y2 + 3z1 + 4z2)

)
.

subject to

(0x1 + x2, 1y1 + 2y2, 2z1 + 3z2) = (2, 10, 24),

(1z1 + 0x2, 2y1 + y2, 3z1 + 2z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-

gramming problem

Maximize

(
1

4
(x1 + 2x2 + 4y1 + 6y2 + 3z1 + 4z2)

)
subject to

0x1 + x2 = 2,

y1 + 2y2 = 10,

2z1 + 3z2 = 24,

x1 + 0x2 = 1,

2y1 + 3y2 = 24,

3z1 + 2z2 = 21,

y1 − x1 ≥ 0, z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.
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The optimal solution of the above CLP problem is x1 = 1, y1 = 1, z1 = 2, x2 =

4, y2 = 5, z2 = 6.

Using Step 6, the fuzzy optimal solution is given by x̃1 = (1, 2, 3), x̃2 = (2, 4, 6).

putting the values x̃1andx̃2 in the objective function

(1, 2, 3)⊗ (1, 2, 3) + (2, 3, 4)⊗ (2, 4, 6), by using the arithmetic operations defined

in the definition 1.1.11

= (1,2,9)+(4,6,12)=(5,16,33)

Thus, the optimal solution of the given FFLP problem is (5,16,33)

Example 4.Consider the following FLPP

Maximize (2̃⊗ x̃1 + 3̃⊗ x̃2)

subject to

1̃⊗ x̃1 + 2̃⊗ x̃2 = 1̃0

2̃⊗ x̃1 + 1̃⊗ x̃2 = 8̃

where x̃1, x̃2 are non-negative triangular fuzzy numbers.

Solution:

When all the elements of coefficient matrix are non-negative triangular fuzzy num-

bers

Maximize ((1, 2, 3)⊗ x̃1 + (2, 3, 4)⊗ x̃1).

subject to

(0, 1, 2)⊗ x̃1 + (0, 2, 3)⊗ x̃1 = (2, 10, 24),

(1, 2, 3)⊗ x̃1 + (0, 1, 2)⊗ x̃1 = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.
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Putting x̃1 = (x1, y1, z1)andx̃2 = (x2, y2, z2) then FFLP problem will become

Maximize ((1, 2, 3)⊗ (x1, y1, z1) + (2, 3, 4)⊗ (x2, y2, z2)).

subject to

(0, 1, 2)⊗ (x1, y1, z1) + (0, 2, 3)⊗ (x2, y2, z2) = (2, 10, 24),

(1, 2, 3)⊗ (x1, y1, z1) + (0, 1, 2)⊗ (x2, y2, z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

Now, with the help of Step 3 of an algorithm and by using the arithmetic operations

which are defined in Definition 1.1.12 the above given FFLP problem will become,

Maximize (1x1 + 2x2, 2y1 + 3y2, 3z1 + 4z2),

subject to

(0x1 + 0x2, 1y1 + 2y2, 2z1 + 3z2) = (2, 10, 24),

(1z1 + 0x2, 2y1 + y2, 3z1 + 2z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

using the concept of ranking function which is defined in definition 1.1.11, the above

mentioned FFLP problem will become

Maximize

(
1

4
(x1 + 2x2 + 4y1 + 6y2 + 3z1 + 4z2)

)
subject to

(0x1 + 0x2, 1y1 + 2y2, 2z1 + 3z2) = (2, 10, 24),

(1z1 + 0x2, 2y1 + y2, 3z1 + 2z2) = (1, 8, 21),

where (x1, y1, z1), (x2, y2, z2) are non-negative triangular fuzzy numbers.

by using step 4 of an algorithm the given FFLP is converted into crisp linear pro-
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gramming problem

Maximize

(
1

4
(x1 + 2x2 + 4y1 + 6y2 + 3z1 + 4z2)

)
.

subject to

0x1 + 0x2 = 2,

y1 + 2y2 = 10,

2z1 + 3z2 = 24,

x1 + 0x2 = 1,

2y1 + 3y2 = 24,

3z1 + 2z2 = 21,

y1 − x1 ≥ 0, z1 − y1 ≥ 0, y2 − x2 ≥ 0, z2 − y2 ≥ 0.

This type of problem is not solvable since the constraint 0x1 + 0x2 = 2, is not valid,

therefore the given FFLP is not solvable.

Remark 3.3.1 Since the two fuzzy numbers Ã and B̃ are equivalent if <(Ã) = <(B̃)

thus if we replace the fuzzy number (0, 2, 3) with the fuzzy number which is equivalent

to this i.e. having same rank then the above FFLP is solvable.

3.4 Concluding Remarks

In this chapter, it is shown that by using the proposed method in real life situations

it is better to use for solving the FFLP problems than existing methods.

(i) Clearly in the Examples 1 and 2 which are shown above the values of x̃1 and

x̃2 satisfies all the constraints. Also it is not possible to find the any non-negative

triangular fuzzy number x̃1 and x̃2 which satisfies the following conditions:

(i) <((1, 6, 9)⊗ x̃1 + (2, 3, 8)⊗ x̃2 > <(9, 27, 75).

(ii) <((1, 2, 3)⊗ x̃1 + (2, 3, 4)⊗ x̃2 > <(5, 16, 33).
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(ii) The method shown in [16] can be applied only to find the exact solution of

a special type of FFLS of equations for which all the elements of the coefficient

matrix are non-negative fuzzy numbers. The method is not applicable if elements

of coefficient matrix are not non-negative.

(iii) The existing method [35] can be applied only for solving a special type of FFLP

problems in which all the elements of the coefficient matrix are symmetric fuzzy

numbers. To apply the existing method for solving a FFLP problem in which all

the elements of coefficient matrix are not symmetric fuzzy numbers, firstly it is

required to approximate the fuzzy numbers into nearest symmetric fuzzy numbers

and due to this conversion the obtained solutions are not exact.

Thus, the method discussed in this chapter can be applied to solve these special

type of FFLS and FFLP problems.



Chapter 4

Mehar’s Method for solving FFLP

problem

In this chapter, a method named as Mehar’s method with Yager’s ranking approach

have been discussed for solving fully fuzzy linear programming problem having some

or all the parameters as unrestricted L-R fuzzy numbers and L-R flat fuzzy numbers

and the numerical example is shown.

4.1 Mathematical Formulation

General form of FFLP problem in which all the parameters are unrestricted L-R

fuzzy numbers

(i)

Maximize(or Minimize) Z̃ =
n∑
j=1

(c̃j � x̃j)

subject to

ãij � x̃j = b̃i ∀ i = 1, 2, . . . ,m,

where ãij, b̃i and c̃j are non- negative and non- positive L-R fuzzy number and x̃j is

non negative L-R fuzzy number.

(ii) Based on the product ⊗ i.e. when the spreads are smaller as compared to their

40
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means.

Maximize(or Minimize) Z̃ =
n∑
j=1

(c̃j ⊗ x̃j)

subject to

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, . . . ,m,

where ãij, b̃i and c̃j are non- negative or non- positive L-R fuzzy numbers and x̃j is

non negative L-R fuzzy number.

General form of FFLP problem in which some or all the parameters are unrestricted

L-R flat fuzzy numbers

(iii)

Maximize(or Minimize) Z̃ =
n∑
j=1

(c̃j � x̃j)

subject to

ãij � x̃j = b̃i ∀ i = 1, 2, . . . ,m,

where ãij, b̃i and c̃j and x̃j are L-R flat fuzzy numbers.

(iv) Based on the product ⊗ i.e. when the spreads are smaller as compared to their

means.

Maximize(or Minimize) Z̃ =
n∑
j=1

(c̃j ⊗ x̃j)

subject to

ãij ⊗ x̃j = b̃i ∀ i = 1, 2, . . . ,m,

where ãij, b̃i and c̃j and x̃j are L-R flat fuzzy numbers

4.2 Arithmetic operation of L-R flat fuzzy num-

bers

Following arithmetic operations are defined for two L-R flat fuzzy numbers Ã1 =

(m1, n1, α1, β1)LR and Ã1 = (m1, n1, α1, β1)LR.
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1. Addition: Ã1 = (m1, n1, α1, β1)LR ⊕ Ã1 = (m1, n1, α1, β1)LR = (m1 + m2, n1 +

n2, α1 + α2, β1 + β2)LR.

2. Substraction: Let Ã1 = (m3, n3, α3, β3)RL be any R-L flat fuzzy number.

Ã1 = (m1, n1, α1, β1)LR 	 Ã1 = (m1, n1, α1, β1)LR = (m1 − m3, n1 − n3, α1 +

β3, β1 + α3)LR.

3. Product: (i) If Ã1 and Ã2 both are non-negative, then

Ã1 � Ã2 = (m1m2, n1n2,m1α2 + α1m2 − α1α2, n1β2 + β1n2 + β1β2)LR

(ii) If Ã1 is non-positive and Ã2 is non-negative, then

Ã1 � Ã2 = (m1n2, n1m2, α1n2 − β2m1 + α1β2, β1m2 − n1α2 − β1α2)LR

(iii) If Ã1 is non-negative and Ã2 is non-positive, then

Ã2 � Ã2 = (n1m2,m1n2, n1α2 − β1m2 + β1α2,m1β2 − α1n2 − α1β2)LR

(iv) If Ã1 and Ã2 both are non-positive, then

Ã1 � Ã2 = (n1n2,m1m2,−n1β2 − β1n2 − β1β2,−m1α2 − α1m2 + α1α2)LR

(v) Let λ be any real number then

λÃ =

(λm1, λn1, λα1, λβ1)LR, λ ≥ 0

(λn1, λm1,−λβ1,−λα1)LR, λ < 0

following is the product for L-R flat fuzzy numbers in which the spreads are smaller

as compared to the mean values.

4 Product: (i) If Ã1 and Ã2 both are non-negative, then

Ã1 ⊗ Ã2 = (m1m2, n1n2,m1α2 + α1m2, n1β2 + β1n2)LR

(ii) If Ã1 is non-positive and Ã2 is non-negative, then

Ã1 ⊗ Ã2 = (m1n2, n1m2, α1n2 − β2m1, β1m2 − n1α2)LR

(iii) If Ã1 is non-negative and Ã2 is non-positive, then
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Ã2 ⊗ Ã2 = (n1m2,m1n2, n1α2 − β1m2,m1β2 − α1n2)LR

(iv) If Ã1 and Ã2 both are non-positive, then

Ã1 ⊗ Ã2 = (n1n2,m1m2,−n1β2 − β1n2,−m1α2 − α1m2)LR

with the above defined product following are the counter examples that are not

solvable

Example 1 Find the fuzzy optimal solution of the FFLP problem.

Maximize (4, 4, 0, 0)LR � x̃1 ⊕ (1, 1, 1, 1)LR � x̃2

subject to

(2, 5, 5, 2)LR � x̃1 ⊕ (−1, 5, 1, 2)LRx̃2 � (−17, 45, 25, 46)LR

(1, 2, 1, 1)LR � x̃1 ⊕ (3, 5, 2, 2)LRx̃2 �
(

11, 39,
193

5
,
168

5

)
LR

where, x̃1, x̃2 are L-R flat fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

Example 2 Find the fuzzy optimal solution of the FFLP problem.

Maximize(1, 1, 1, 1)LR ⊗ x̃1 ⊕ (4, 4, 0, 0)LR ⊗ x̃2

subject to

(2, 3, 1, 1)LR ⊗ x̃1 ⊕ (−3,−2, 1, 1)LRx̃2 � (−27,−4, 21, 32)LR

(1, 2, 1, 1)LR ⊗ x̃1 ⊕ (3, 5, 2, 2)LRx̃2 �
(

11, 39,
193

5
,
168

5

)
LR

where, x̃1, x̃2 are L-R flat fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}

Example 3

The fuzzy optimal solution of the FFLP problem given below is solvable by proposed
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method.

Maximize (2, 1, 2)LR � x̃1 ⊕ (−3, 2, 1)LR � x̃2

subject to

(1, 1, 2)LR � x̃1 ⊕ (2, 1, 3)LRx̃2 � (20, 10, 5)LR

(−2, 1, 1)LR � x̃1 ⊕ (5, 2, 3)LRx̃2 � (−1, 3, 2)LR

where, x̃1, x̃2 are L-R fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

Example 4

The fuzzy optimal solution of the FFLP problem given below is solvable by proposed

method.

Maximize (1, 1, 1)LR ⊗ x̃1 ⊕ (2, 1, 2)LR � x̃2

subject to

(4, 1, 0)LR ⊗ x̃1 ⊕ (−2, 1, 1)LRx̃2 � (5, 2, 3)LR

(−3, 1, 2)LR ⊗ x̃1 ⊕ (4, 1, 2)LRx̃2 � (4, 1, 1)LR

where, x̃1, x̃2 are L-R fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

thus product has been modified and based on the proposed product all the above

examples are solved in section 4.7

4.3 Modified Product for unrestricted L-R flat

fuzzy numbers

In this section, results for modified product for unrestricted L-R flat fuzzy numbers

are explained.

Theorem 4.3.1 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

L-R flat fuzzy numbers such that m1 − α1 < 0 and m1 > 0 then Ã1 � Ã2 ≈
(m′1, n

′
1, α

′
1, β

′
1)LR where, m′1 = minimum{m1m2, n1m2}, n′1 = maximum{m1n2, n1n2},

α′1 = minimum{m1m2, n1m2}−minimum{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+
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β1m2− β1α2}, β′1 = maximum{m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 + β1n2 +

β1β2} −maximum{m1n2, n1n2}.

Proof:

Let Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR be two L-R flat fuzzy num-

bers such that m1 − α1 and m1 ≥ 0

By using the definition 1.1.22 we get ,

A1λ = [m1 − α1L
−1(λ), n1 + β1R

−1(λ)] and A2λ = [m2 − α2L
−1(λ), n2 + β2R

−1(λ)]

since, m1 − α1 < 0 and m1 ≥ 0 so m1 − α1L
−1(λ) ≥ 0 for λ ≥ L

(
m1

α1

)
and m1 − α1L

−1(λ) ≤ 0 for λ ≤ L

(
m1

α1

)
and n1 + β1R

−1(λ) ≥ 0 for all λ

the cases for finding the product of Ã1 and Ã2 :

Case 1: If m2 − α2 ≥ 0 then m2 − α2L
−1(λ) ≥ 0 and n2 + β2R

−1(λ) ≥ 0∀λ, thus

the following two subcases occur

(i) If m1 − α1 ≥ 0 then

A1λA2λ = [(m1 − α1L
−1(λ))(m2 − α2L

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1 we get,

since L(0) = 1 and R(0)=1

A1λA2λ = [m1m2, n1n2], (4.3.1)

(ii) If m2 − α2 ≥ 0 then

A1λA2λ = [(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 0

since L−1(0) = 1 and R−1(0) = 1
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A1λA2λ = [(m1 − α1)(n2 + β2), (n1 + β1)(n2 + β2)] then,

A1λA2λ = [m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2] (4.3.2)

Thus by (4.3.1) and (4.3.2) we get, Ã1 � Ã2 ' (m′′1, n
′′
1, α

′′
1, β

′′
1 )LR

where m′′1 = m1m2, n
′′
1 = n1n2, α

′′
1 = m1m2 − m1n2 − m1β2 + α1n2 + α1β2, β

′′
1 =

n1n2 + β1n2 + n1β2 + β1β2 − n1n2

Case 2:

If m2 − α2 < 0,m2 ≥ 0 then

m2 − α2L
−1(λ) ≥ 0 for λ ≤ L

(
m2

α2

)
,m2 − α2L

−1(λ) ≤ 0 for λ ≥ L

(
m2

α2

)
and

n2 + β2R
−1(λ) ≥ 0∀λ

thus four subcases may arise to find the product of A1λ and A2λ

since we want to find the product of A1λ and A2λ corresponding to λ = 0 and λ = 1,

so we consider only two subcases as follows

(i)If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≤ 0 then

A1λA2λ = [minimum{[(m1−α1L
−1(λ))(n2+β2R

−1(λ)), (n1+β1R
−1(λ))(n2+β2R

−1(λ))]},

maximum{(m1 − α1L
−1(λ))(m2 − α2L

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

(4.3.3)

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},
maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(ii)If m1 − α1L
−1(λ) ≥ 0 and m2 − α2L

−1(λ) ≥ 0 then

A1λA2λ = [(m1 − α1L
−1(λ))(m2 − α2L

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1 we get,
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since L(0) = 1 and R(0) = 1

A1λA2λ = [m1m2, n1n2] (4.3.4)

now, by using (4.3.3) and (4.3.4) we get , Ã1 � Ã2 ' (m′′2, n
′′
2, α

′′
2, β

′′
2 )LR

where, m′′2 = m1m2, n
′′
2 = n1n2, α

′′
2 = m1m2 − minimum{m1n2 − α1n2 + β2m1 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′2 = maximum{m1n2+m1β2−α1n2−α1β2, n1n2+

β1n2 + n1β2 + β1β2} − n1n2.

Case 3:

If m2 < 0, n2 ≥ 0 then

m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0∀λ

thus the following two cases occur:

(i) If m1 − α1L
−1(λ) ≥ 0 and m2 − α2L

−1(λ) ≤ 0 then

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1

since L−1(1) = 0 and R−1(1) = 0

A1λA2λ = [n1m2, n1n2] (4.3.5)

(ii) If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≤ 0 then

A1λA2λ = [minimum{[(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(m2 −

α2L
−1(λ))]},maximum{(m1 − α1L

−1(λ))(m2 − α2L
−1(λ)), (n1 + β1R

−1(λ))(n2 +

β2R
−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},
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maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(4.3.6)

by using (4.3.5) and (4.3.6) we get,

Ã1 � Ã2 ' (m′′3, n
′′
3, α

′′
3, β

′′
3 )LR

where m′′3 = n1m2, n
′′
3 = n1n2, α

′′
3 = n1m2 − minimum{m1n2 − α1n2 + β2m1 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′3 = maximum{m1n2+m1β2−α1n2−α1β2, n1n2+

β1n2 + n1β2 + β1β2} − n1n2

Case 4:

If n2 < 0, n2 + β2 ≥ 0 then

m2 − α2L
−1(λ) ≤ 0 ∀ λ and n2 + β2R

−1(λ) ≤ 0 for λ ≤ R

(
−n2

β2

)
and n2 +

β2R
−1(λ) ≥ 0 for λ ≥ R

(
−n2

β2

)
so four cases occur for finding the product of A1λ

and A2λ

since we want to find the product of A1λ and A2λ corresponding to λ = 0 and λ = 1

so we consider only the following two cases:

(i) If m1 − α1L
−1(λ) ≥ 0 and n2 + β2R

−1(λ) ≤ 0 then,

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (m1 − α1L
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1

R−1(1) = 0 and L−1(1) = 0

A1λA2λ = [(n1 + β1)(m2 − α2), (m1 − α1)(n2 + β2)]

A1λA2λ = [n1m2,m1n2] (4.3.7)

(ii) If m1 − α1L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0 then,

A1λA2λ = [minimum{[(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(m2 −

α2L
−1(λ))]},maximum{(m1 − α1L

−1(λ))(m2 − α2L
−1(λ)), (n1 + β1R

−1(λ))(n2 +
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β2R
−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},

maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(4.3.8)

by using (4.3.7) and (4.3.8) we get,

Ã1 � Ã2 ' (m′′4, n
′′
4, α

′′
4, β

′′
4 )LR

where m′′4 = n1m2, n
′′
4 = m1n2, α

′′
4 = n1m2 − minimum{m1n2 − α1n2 + β2m1 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′4 = maximum{m1n2+m1β2−α1n2−α1β2, n1n2+

β1n2 + n1β2 + β1β2} −m1n2

Case 5: If n2 + β2 < 0 then

m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≤ 0 for all λ thus the two subcases occur as

follows:

(i) If m1 − α1L
−1(λ) ≥ 0 then

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (m1 − α1L
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1

R−1(1) = 0 and L−1(1) = 0

A1λA2λ = [n1m2,m1n2] (4.3.9)

(ii)If m1 − α1L
−1(λ) ≥ 0 then

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (m1 − α1L
−1(λ))(m2 − α2L

−1(λ))]

on putting λ = 0
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R−1(0) = 1 and L−1(0) = 1 by definition 1.1.13

A1λA2λ = [(n1 +β1)(m2−α2), (m1−α1)(m2−α2)] A1λA2λ = [n1m2−n1α2 +β1m2−
β1α2,m1m2 −m1α2 − α1m2 + α1α2]

(4.3.10)

therefore, by (4.3.9) and (4.3.10) we get, Ã1 � Ã2 ' (m′′5, n
′′
5, α

′′
5, β

′′
5 )LR

where, m′′5 = n1m2, n
′′
5 = m1n2, α

′′
5 = n1m2 − n1α2 + β1m2 − β1α2, β

′′
5 = m1m2 −

m1α2 − α1m2 + α1α2

Thus Combining the results of all the above five cases we get,

If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-R flat fuzzy num-

bers such that m1 − α1 < 0 and m1 > 0 then Ã1 � Ã2 ≈ (m′1, n
′
1, α

′
1, β

′
1)LR where,

m′1 = minimum{m1m2, n1m2}, n′1 = maximum{m1n2, n1n2}, α′1 = minimum{m1m2,

n1m2}−minimum{m1n2 +m1β2−α1n2−α1β2, n1m2−n1α2 +β1m2−β1α2}, β′1 =

maximum{m1m2−m1α2−α1m2+α1α2, n1n2+n1β2+β1n2+β1β2}−maximum{m1n2, n1n2}.

Theorem 4.3.2 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-

R flat fuzzy numbers such that m1 < 0 and n1 ≥ 0 then Ã1�Ã2 ≈ (m′2, n
′
2, α

′
2, β

′
2)LR

where, m′2 = minimum{m1n2, n1m2}, n′2 = maximum{m1m2, n1n2}, α′2 =

minimum{m1n2, n1m2} −minimum{m1n2 + m1β2 − α1n2 − α1β2, n1m2 − n1α2 +

β1m2− β1α2}, β′1 = maximum{m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 + β1n2 +

β1β2} −maximum{m1m2, n1n2}.

proof:

Let Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR be two L-R flat fuzzy num-

bers such that m1 − α1 and m1 ≥ 0

By using the definition 1.1.22 we get ,

A1λ = [m1 − α1L
−1(λ), n1 + β1R

−1(λ)] and A2λ = [m2 − α2L
−1(λ), n2 + β2R

−1(λ)]

since, m1 < 0 and n1 ≥ 0 so m1 − α1L
−1(λ) ≤ 0 for all λ and n1 + β1R

−1(λ) ≥
0 for all λ

the cases for finding the product of Ã1 and Ã2 :
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Case 1: If m2 − α2 ≥ 0 then m2 − α2L
−1(λ) ≥ 0 and n2 + β2R

−1(λ) ≥ 0∀λ, thus

the following two subcases occur

(i) If m1 − α1 ≤ 0 then

A1λA2λ = [(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1 we get,

since L(0) = 1 and R(0) = 1

A1λA2λ = [m1n2, n1n2], (4.3.11)

(ii) A1λA2λ = [(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 0

R−1(0) = 1 and L−1(0) = 1

A1λA2λ = [(m1 − α1)(n2 + β2), (n1 + β1)(n2 + β2)]

A1λA2λ = [m1n2 − n1α1 + β2m1 − β2α1, n1n2 + n1β2 + β1n2 + β1β2] (4.3.12)

therefore, by (4.3.11) and (4.3.12) we get, Ã1 � Ã2 ' (m′1, n
′
1, α

′
1, β

′
1)LR

where, m′1 = m1n2, n
′
1 = n1n2, α

′
1 = m1n2−n2α1 +β2m1−α1β2, β

′
1 = n1n2 +n1β2 +

β1n2 + β1β2

Case 2:

If m2 − α2 < 0,m2 ≥ 0 then

m2 − α2L
−1(λ) ≥ 0 for λ ≤ L

(
m2

α2

)
,m2 − α2L

−1(λ) ≤ 0 for λ ≥ L

(
m2

α2

)
and

n2 + β2R
−1(λ) ≥ 0∀λ

thus two subcases may arise to find the product of A1λ and A2λ

so we consider the two subcases as follows

(i)If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≤ 0 for λ ≤ L

(
m2

α2

)
then
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A1λA2λ = [(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(n2 + β2R

−1(λ))]

on putting λ = 1

since L−1(1) = 0 and R−1(1) = 0

A1λA2λ = [m1(n2, n1n2] (4.3.13)

(ii)If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≥ 0 for λ ≥ L

(
m2

α2

)
then

A1λA2λ = [minimum{[(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(m2 −

α2L
−1(λ))]},maximum{(m1 − α1L

−1(λ))(m2 − α2L
−1(λ)), (n1 + β1R

−1(λ))(n2 +

β2R
−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},

maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(4.3.14)

now, by using (4.3.13) and (4.3.14) we get , Ã1 � Ã2 ' (m′′2, n
′′
2, α

′′
2, β

′′
2 )LR

where, m′′2 = m1n2, n
′′
2 = n1n2, α

′′
2 = m1n2 − minimum{m1n2 − α1n2 + β2m1 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′2 = maximum{m1n2+m1β2−α1n2−α1β2, n1n2+

β1n2 + n1β2 + β1β2} − n1n2.

Case 3:

If m2 < 0, n2 ≥ 0 then

m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0∀λ

thus the following two cases occur:

(i)If m1 − α1L
−1(λ) ≤ 0 and m2 − α2L

−1(λ) ≤ 0 for all λ then
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A1λA2λ = [minimum{[(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(m2 −

α2L
−1(λ))]},maximum{(m1 − α1L

−1(λ))(m2 − α2L
−1(λ)), (n1 + β1R

−1(λ))(n2 +

β2R
−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},

maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(4.3.15)

(ii) for λ = 1, L−1(1) = 0 and R−1(1) = 0

A1λA2λ = [minimum{m1n2, n1m2},maximum{m1n2, n1n2}] (4.3.16)

now, by using (4.3.15) and (4.3.16) we get , Ã1 � Ã2 ' (m′′3, n
′′
3, α

′′
3, β

′′
3 )LR

where, m′′3 = minimum{m1n2, n1m2}, n′′3 = maximum{m1n2, n1n2},

α′′3 = minimum{m1n2, n1m2} − minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 −
n1α2 + β1m2 − β1α2}, β′′3 = maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 +

n1β2 + β1β2} −maximum{m1n2, n1n2}.

Case 4:

If n2 < 0, n2 + β2 ≥ 0 then

m2−α2L
−1(λ) ≤ 0∀λ and n2+β2R

−1(λ) ≤ 0 for λ ≤ R

(
−n2

β2

)
and n2+β2R

−1(λ) ≥

0 for λ ≥ R

(
−n2

β2

)
so four cases occur for finding the product of A1λ and A2λ

(i) If m1 − α1L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≤ 0 then,

A1λA2λ = [(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (m1 − α1L
−1(λ))(m2 − α2L

−1(λ))]

on putting λ = 1
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R−1(1) = 0 and L−1(1) = 0 by definition 1.1.13

A1λA2λ = [(m1 − α1)(n2 + β2), (m1 − α1)(m2 − α2)]

A1λA2λ = [m1n2,m1m2] (4.3.17)

(ii)If m1 − α1L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≥ 0 then,

A1λA2λ = [minimum{[(m1 − α1L
−1(λ))(n2 + β2R

−1(λ)), (n1 + β1R
−1(λ))(m2 −

α2L
−1(λ))]},maximum{(m1 − α1L

−1(λ))(m2 − α2L
−1(λ)), (n1 + β1R

−1(λ))(n2 +

β2R
−1(λ))}]

since on putting λ = 0, L−1(0) = 1 and R−1(0) = 1

A1λA2λ = [minimum{(m1 − α1)(n2 + β2), (n1 + β1)(m2 − α2)},maximum{(m1 −
α1)(m2 − α2), (n1 + β1)(n2 + β2)}]

A1λA2λ = [minimum{m1n2 − α1n2 + β2m1 − α1β2, n1m2 − n1α2 + β1m2 − β1α2},

maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 + β1n2 + n1β2 + β1β2}]

(4.3.18)

by using (4.3.17) and (4.3.18), we get

Ã1 � Ã2 ' (m′′4, n
′′
4, α

′′
4, β

′′
4 )LR

where, m′′4 = m1n2, n
′′
4 = m1m2, α

′′
4 = m1n2 − minimum{m1n2 − α1n2 + β2m1 −

α1β2, n1m2−n1α2+β1m2−β1α2}, β′′4 = maximum{m1n2+m1β2−α1n2−α1β2, n1n2+

β1n2 + n1β2 + β1β2} −m1m2.

Case 5: If n2 + β2 < 0 then

m2 − α2L
−1(λ) ≤ 0 and n2 + β2R

−1(λ) ≤ 0 for all λ thus the two subcases occur as

follows:

(i) If m1 − α1L
−1(λ) ≥ 0 then

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (m1 − α1L
−1(λ))(m2 − α2L

−1(λ))]
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on putting λ = 1

R−1(1) = 0 and L−1(1) = 0

A1λA2λ = [n1m2,m1m2] (4.3.19)

(ii)Now, for λ = 0 then

A1λA2λ = [(n1 + β1R
−1(λ))(m2 − α2L

−1(λ)), (m1 − α1L
−1(λ))(m2 − α2L

−1(λ))]

on putting λ = 0

R−1(0) = 1 and L−1(0) = 1

A1λA2λ = [(n1 + β1)(m2 − α2), (m1 − α1)(m2 − α2)]

A1λA2λ = [n1m2 − n1α2 + β1m2 − β1α2,m1m2 −m1α2 − α1m2 + α1α2] (4.3.20)

therefore, by (4.3.19) and (4.3.20) we get, Ã1 � Ã2 ' (m′′5, n
′′
5, α

′′
5, β

′′
5 )LR

where, m′′5 = n1m2, n
′′
5 = m1m2, α

′′
5 = n1m2 − n1α2 + β1m2 − β1α2, β

′′
5 = m1m2 −

m1α2 − α1m2 + α1α2 −m1m2

Thus Combining the results of all the above five cases we get,

Ã1 � Ã2 ≈ (m′2, n
′
2, α

′
2, β

′
2)LR where, m′2 = minimum{m1n2, n1m2},

n′2 = maximum{m1m2, n1n2}, α′2 = minimum{m1n2, n1m2} − minimum{m1n2 +

m1β2−α1n2−α1β2, n1m2−n1α2 +β1m2−β1α2}, β′1 = maximum{m1m2−m1α2−
α1m2 + α1α2, n1n2 + n1β2 + β1n2 + β1β2} −maximum{m1m2, n1n2}.

Theorem 4.3.3 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

L-R flat fuzzy numbers such that n1 < 0 and n1 + β1 ≥ 0 then Ã1 � Ã2 ≈
(m′3, n

′
3, α

′
3,β
′
3)LR where, m′3 = minimum{m1n2, n1n2}, n′3 = maximum{n1m2,m1m2},

α′3 = minimum{m1n2, n1n2}−minimum{m1n2+m1β2−α1n2−α1β2, n1m2−n1α2+

β1m2− β1α2}, β′3 = maximum{m1m2−m1α2−α1m2 +α1α2, n1n2 +n1β2 + β1n2 +

β1β2} −maximum{n1m2,m1m2}.
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proof: is similar to that of Theorem 4.3.1 and Theorem 4.3.2.

Theorem 4.3.4 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

L-R flat fuzzy numbers such that n1 + β1 < 0 then Ã1 � Ã2 ≈ (m′4, n
′
4, α

′
4, β

′
4)LR

where, m′4 = minimum{m1n2, n1n2}, n′4 = maximum{m1m2, n1m2}, α′4 =

minimum{m1n2, n1n2} − minimum{m1n2 + m1β2 − α1n2 − α1β2, n1n2 + n1β2 +

β1n2 +β1β2}, β′4 = maximum{n1m2−n1α2 +β1m2−β1α2,m1m2−m1α2−α1m2 +

α1α2} −maximum{m1m2, n1m2}.

Proof: is similar to that of Theorem 4.3.1 and Theorem 4.3.2.

Theorem 4.3.5 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-

R flat fuzzy numbers such that m1 − α1 ≥ 0 then Ã1 � Ã2 ≈ (m′5, n
′
5, α

′
5, β

′
5)LR

where, m′5 = minimum{m1m2, n1m2}, n′5 = maximum{m1n2, n1n2}, α′5 =

minimum{m1m2, n1m2}−minimum{m1m2−m1α2−α1m2 +α1α2, n1m2−n1α2 +

β1m2 − β1α2}, β′5 = maximum{m1n2 +m1β2 − α1n2 − α1β2, n1n2 − n1β2 − β1n2 +

β1β2} −maximum{m1n2, n1n2}.

Proof: is similar to that of Theorem 4.3.1 and 4.3.2.

Product to find Ã1 ⊗ Ã2

Theorem 4.3.6 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-

R flat fuzzy numbers such that m1−α1 ≥ 0 then Ã1⊗Ã2 ≈ (m′1, n
′
1, α

′
1, β

′
1)LR where,

m′1 = minimum{m1m2, n1m2}, n′1 = maximum{m1n2, n1n2}, α′1 = minimum{m1m2,

n1m2}−minimum{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2}, β′1 = maximum{m1m2−
m1α2 − α1m2, n1n2 + n1β2 + β1n2} −maximum{m1n2, n1n2}.

Proof:

Case (i) Neglecting the terms α1β2 and β1β2 from the results obtained in case(1)

of Theorem 4.3.1, we get Ã1λÃ2λ = [m1,m2, n1, n2] for λ = 1 and Ã1λÃ2λ =

[m1n1 +m1β2 − α1n2, n1n2 + n1β2 + β1n2] for λ = 0. Combining the both, we get
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A1λ ⊗ A2λ ' (m′′1, n
′′
1, α

′′
1, β

′′
1 )LR

where, m′′1 = m1m2, n
′′
1 = n1n2, α

′′
1 = m1m2 − m1n2 + m1β2 − α1n2, β

′′
1 = n1n2 +

n1β2 + β1n2 − n1n2.

Case (ii) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results obtained

in case (ii) of Theorem 4.3.1, we get

A1λA2λ = [minimum{m1n2−α1n2+β2m1, n1m2−n1α2+β1m2},maximum{m1n2+

m1β2 − α1n2, n1n2 + β1n2 + n1β2}]forλ = 0 and A1λA2λ = [m1m2, n1n2] for λ = 1.

Combining the both,we get

Ã1 ⊗ Ã2 ≈ (m′′2, n
′′
2, α

′′
2, β

′′
2 )LR

where, m′′2 = m1m2, n
′′
2 = n1n2, α

′′
2 = m1m2−minimum{m1n2−α1n2+β2m1, n1m2−

n1α2 + β1m2}, β′′2 = maximize{m1n2 +m1β2 − α1n2, n1n2 + β1n2 + n1β2} − n1n2.

Case (iii) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results ob-

tained in case 3 of Theorem 4.3.1, we get

A1λA2λ = [n1m2, n1n2] for λ = 1 and A1λA2λ = [minimum{m1n2 + m1β2 −
α1n2, n1m2 + β1m2− n1α2},maximum{m1m2−m1α2−α1m2, n1n2 + n1β2 + β1n2}
for λ = 0, Combining the both, we get

Ã1 ⊗ Ã2 ≈ (m′′3, n
′′
3, α

′′
3, β

′′
3 )LR

where, m′′3 = n1m2, n
′′
3 = n1n2, α

′′
3 = n1m2−minimum{m1n2 +m1β2−α1n2, n1m2 +

β1m2 − n1α2}, β′′3 = maximum{m1m2 −m1α2 − α1m2, n1n2 + n1β2 + β1n2} − n1n2

Case (iv) Neglecting the terms α1β2, β1α2, α1α2 and β1β2 from the results ob-

tained in case 4 of Theorem 4.3.1, we get

A1λA2λ = [n1m2,m1n2] for λ = 1 and A1λA2λ = [minimum{m1n2 + m1β2 −
α1n2, n1m2 + β1m2− n1α2},maximum{m1m2−m1α2−α1m2, n1n2 + n1β2 + β1n2}
for λ = 0, Combining the both, we get

Ã1 ⊗ Ã2 ≈ (m′′4, n
′′
4, α

′′
4, β

′′
4 )LR

where, m′′4 = n1m2, n
′′
4 = m1n2, α

′′
4 = n1m2−minimum{m1n2+m1β2−α1n2, n1m2+
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β1m2− n1α2}, β′′4 = maximum{m1m2−m1α2−α1m2, n1n2 + n1β2 + β1n2}−m1n2

case (v) Neglecting the terms β1α2 and α1α2 from the results obtained in case 4 of

Theorem 4.3.1, we get

A1λA2λ = [n1m2,m1n2] for λ = 1 and A1λA2λ = [n1m2 − n1α2 + β1m2,m1m2 −
m1α2 − α1m2] for λ = 0. Combining the both, we get

Ã1 ⊗ Ã2 ≈ (m′′5, n
′′
5, α

′′
5, β

′′
5 )LR

where,m′′5 = n1m2, n
′′
5 = m1n2, α

′′
5 = n1m2−n1α2+β1m2, β5′′ = m1m2−m1α2−α1m2.

Combining the results of all five cases the following result is obtained:

where, m′1 = minimum{m1m2, n1m2}, n′1 = maximum{m1n2, n1n2}, α′1 =

minimum{m1m2, n1m2}−minimum{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2}, β′1 =

maximum{m1m2 −m1α2 − α1m2, n1n2 + n1β2 + β1n2} −maximum{m1n2, n1n2}.

Theorem 4.3.7 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-R

flat fuzzy numbers such that m1 < 0 and n1 ≥ 0 then Ã1⊗ Ã2 ≈ (m′2, n
′
2, α

′
2, β

′
2)LR

where, m′2 = minimum{m1n2, n1m2}, n′2 = maximum{m1m2, n1n2}, α′2 =

minimum{m1n2, n1m2} −minimum{m1n2 + m1β2 − α1n2, n1m2 − n1α2 + β1m2},
β′1 = maximum{m1m2−m1α2−α1m2, n1n2+n1β2+β1n2}−maximum{m1m2, n1n2}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.8 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two L-R

flat fuzzy numbers such that n1 < 0 and n1+β1 ≥ 0 then Ã1⊗Ã2 ≈ (m′3, n
′
3, α

′
3, β

′
3)LR

where, m′3 = minimum{m1n2, n1n2}, n′3 = maximum{n1m2,m1m2}, α′3 =

minimum{m1n2, n1n2}−minimum{m1n2+m1β2−α1n2, n1m2−n1α2+β1m2} ,β′3 =

maximum{m1m2−m1α2− α1m2, n1n2 + n1β2 + β1n2}−maximum{n1m2,m1m2}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.9 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

L-R flat fuzzy numbers such that n1 + β1 < 0 then Ã1 � Ã2 ≈ (m′4, n
′
4, α

′
4, β

′
4)LR

where, m′4 = minimum{m1n2, n1n2}, n′4 = maximum{m1m2, n1m2}, α′4 =
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minimum{m1n2, n1n2}−minimum{m1n2+m1β2−α1n2, n1n2+n1β2+β1n2}, β′4 =

maximum{n1m2−n1α2 +β1m2,m1m2−m1α2−α1m2}−maximum{m1m2, n1m2}.

Proof: is similar to that of Theorem 4.3.6.

Theorem 4.3.10 If Ã1 = (m1, n1, α1, β1)LR and Ã2 = (m2, n2, α2, β2)LR are two

L-R flat fuzzy numbers such that m1 − α1 ≥ 0 then Ã1 � Ã2 ≈ (m′5, n
′
5, α

′
5, β

′
5)LR

where, m′5 = minimum{m1m2, n1m2}, n′5 = maximum{m1n2, n1n2}, α′5 =

minimum{m1m2, n1m2}−minimum{m1m2−m1α2−α1m2, n1m2−n1α2+β1m2}, β′5 =

maximum{m1n2 +m1β2 − α1n2, n1n2 − n1β2 − β1n2} −maximum{m1n2, n1n2}.

Proof: is similar to that of Theorem 4.3.6.

The product for L-R fuzzy numbers Ã1 = (m1, α1, β1) and Ã2 = (m1, α1, β1) is

obtained by putting m1 = n1,m2 = n2 in all the above theorems.

Remark 4.3.11 If m = n and L(x) = R(x) = maximize(0, 1−x) then an L-R flat

fuzzy number (m,n, α, β)LR is said to be a triangular fuzzy number and is denoted

as (m,α, β).

Remark 4.3.12 If m 6= n and L(x) = R(x) = maximize(0, 1−x) then an L-R flat

fuzzy number (m,n, α, β)LR is said to be a trapezoidal fuzzy number and is denoted

as (m,n, α, β).

Therefore, the product of triangular and trapezoidal fuzzy numbers can be found by

putting L(x) = R(x) = maximize(0, 1 − x) in the product which is given for L-R

fuzzy numbers or L-R flat fuzzy numbers.

4.4 Yager’s Ranking Approach

For comparing the fuzzy numbers their are many ranking approaches have been

proposed. A relatively simple computational and easily understandable ranking ap-

proach is proposed by Yager[43] and in this chapter, yager’s Ranking is used in the
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Mehar’s method for solving FFLP problems.Yager[43] proposed a procedure for or-

dering fuzzy sets in which a ranking index <(Ã) is calculated for an LR flat fuzzy

number. Let Ã1 = (m,n, α, β)LR be any L-R flat fuzzy number then

<(m,n, α, β) =
1

2

(∫ 1

0

(m− αL−1(λ))dλ+

∫ 1

0

(n+ βR−1(λ))dλ

)
, 0 6 λ 6 1.

(4.4.1)

Lemma 4.4.1 If L(x) = R(x) = maximize(0, 1−x) then <(Ã) =

(
m+ n− α

2
+
β

2

)
Proof: Since L(x) = R(x) = maximize(0, 1 − x), thus L−1(λ) = R−1(λ) = 1 − λ
where λ ∈ [0, 1].

on substituting the values of L−1(λ) and R−1(λ) in (4.3.1) we get

<(m,n, α, β) = 1
2

(∫ 1

0

(m− α(1− λ))dλ+

∫ 1

0

(n+ β(1− λ))dλ

)
=

1

2

(
m+n− α

2
+

β

2

)
.

4.5 Algorithm for Mehar’s Method

The following steps for finding the optimal solution fully fuzzy number:

Step 1: Let us consider ãij = (aij, bij, αij, βij)LR, x̃j = (xj, yj, α
′′
j , β

′′
j )LR, b̃i =

(bi, gi, γi, δi)LR and c̃j = (pj, qj, α
′
j, β
′
j)LR then the fully fuzzy programming prob-

lem is written as

Maximize(or Minimize)
n∑
j=1

((pj, qj, α
′
j, β
′
j)LR � (xj, yj, α

′′
j , β

′′
j )LR)

subject to

n∑
j=1

((aij, bij, αij, βij)LR)� (xj, yj, α
′′
j , β

′′
j )LR) �,≈,� (bi, gi, γi, δi)LR,

i = 1, 2, . . . ,m and where, (xj, yj, α
′′
j , β

′′
j )LR is a L-R flat fuzzy number.
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Step 2: now, let us consider (pj, qj, α
′
j, β
′
j)LR�(xj, yj, α

′′
j , β

′′
j )LR ' (sj, tj, α

′′′′
j , β

′′′′
j )LR

and (aij, bij, αij, βij)LR� (xj, yj, α
′′
j , β

′′
j )LR ' (mij, nij, γ

′
ij, δ

′
ij)LR then the fully fuzzy

linear programming problem which is obtained in step 1 is written as:

Maximize(or Minimize)
n∑
j=1

((sj, tj, α
′′′′
j , β

′′′′
j )LR)

subject to
n∑
j=1

((mij, nij, γ
′
ij, δij)

′
LR) �,≈,� (bi, gi, γi, δi)LR

, i = 1, 2, . . . ,m and where, (xj, yj, α
′′
j , β

′′
j )LR is a L-R flat fuzzy number.

Step 3: By using yager’s ranking approach , the fully fuzzy linear programming

problem which is obtained in step 2 is written as:

Maximize(or Minimize) <(
n∑
j=1

(sj, tj, α
′′′′
j , β

′′′′
j )LR)

subject to

<(
n∑
j=1

((mij, nij, γ
′
ij, δij)

′
LR)) �,≈,� <((bi, gi, γi, δi)LR),

i = 1, 2, . . . ,m and where, xj ≤ yj, α
′′
j ≥ 0, β′′j ≥ 0.

Step 4: Now, in the step 3 the crisp linear programming problem which is obtained

solve it and find the optimal solution xj, yj, α
′′
j , β

′′
j and put these values in x̃j =

(xj, yj, α
′′
j , β

′′
j )LR and find the optimal solution.

Step 5: By putting x̃j in
n∑
j=1

(c̃j � x̃j) find the fuzzy optimal value of fully fuzzy

linear programming problem.
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4.6 Numerical examples

In this section, it has been shown that Mehar’s method can be used for solving FFLP

problems in which some or with all the parameters are represented as unrestricted

L-R fuzzy or L-R flat fuzzy numbers and is shown through examples

Example 1

Find the fuzzy optimal solution of the FFLP problem.

Maximize (4, 4, 0, 0)LR � x̃1 ⊕ (1, 1, 1, 1)LR � x̃2

subject to

(2, 5, 5, 2)LR � x̃1 ⊕ (−1, 5, 1, 2)LRx̃2 � (−17, 45, 25, 46)LR

(1, 2, 1, 1)LR � x̃1 ⊕ (3, 5, 2, 2)LRx̃2 �
(

11, 39,
193

5
,
168

5

)
LR

where, x̃1, x̃2 are L-R flat fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

Solution:Now, solving this FFLP problem by using the algorithm which is defined

in section 4.5.

Step 1: Putting x̃1 = (x1, y1, α1, β1) and x̃2 = (x2, y2, α2, β2) in the given problem

then the FFLP problem is written as

Maximize (4, 4, 0, 0)LR � (x1, y1, α1, β1)⊕ (1, 1, 1, 1)LR � (x2, y2, α2, β2)

subject to

(2, 5, 5, 2)LR � (x1, y1, α1, β1)⊕ (−1, 5, 1, 2)LR � (x2, y2, α2, β2) � (−17, 45, 25, 46)LR

(1, 2, 1, 1)LR� (x1, y1, α1, β1)⊕ (3, 5, 2, 2)LR� (x2, y2, α2, β2) �
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}
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Step 2: By using the arithmetic operations for L-R flat fuzzy numbers which are

defined in the section 4.3 the fully fuzzy linear programming problem in step 2 will

become.

Maximize (minimum{4x1, 4x1}, maximum{4y1, 4y1}, minimum{4x1, 4x1}−

minimum{4x1− 4α2− 0− 0, 4x1− 4α1 + 0− 0}, maximum{4y1 + 4β1− 0− 0, 4y1 +

4β1 + 0 + 0} −maximum{4y1, 4y1})LR ⊕ (minimum{x2, x2}, maximum{y2, y2},

minimum{x2, x2}−minimum{y2−α2−y2 +α2, y2−α2 +y2−α2}, maximum{y2 +

β2 − y2 − β2, y2 + β2 + y2 + β2} −maximum{x2, x2})LR.

subject to

(minimum{2x1, 5x1}, maximum{2y1, 5y1}, minimum{2x1, 5x1}−minimum{2y1+

2β1−5y1−5β1, 5x1+5α1+2x1−2α1}, maximum{2x1−2α1−5x1−5α1, 5y1+5β1+

2y1+2β1}−maximum{2y1, 5y1})LR ⊕ (minimum{−x2, 5x2}, maximum{−y2, 5y2},
minimum{−x2, 5x2} − minimum{−y2 − β2 − y2 − β2, 5x2 − 5α2 + 2x2 − 2α2},
maximum{−x2 +α2− x2 +α2, 5y2 + 5β2 + 2y2 + 2β2}−maximum{−y2, 5y2})LR �
(−17, 45, 25, 46)LR

(minimum{x1, 2x1}, maximum{y1, 2y1}, minimum{x1, 2x1}−minimum{y1+β1−
y1 − β1, x1 − 2α1 + x1 − α1}, maximum{y1 + β1 − y1 − β1, 2y1 + 2β1 + y1 + β1} −
maximum{y1, 2y1})LR ⊕ (minimum{3x2, 5x2}, maximum{3y2, 5y2},

minimum{3x2, 5x2} −minimum{3x2 + α2 − 2x2 − 2α2, 5x2 − 5α2 + 2x2 − 2α2},

maximum{3y2 + 3β2 − 2y2 − β2, 5y2 + 5β2 + 2y2 + 2β2} −maximum{3y2, 5y2})LR
≈
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}.

on simplifying, the FFLP problem will become

Maximize (minimum{4x1, 4x1}, maximum{4y1, 4y1}, minimum{4x1, 4x1}−

minimum{4x1−4α2, 4x1−4α1},maximum{4y1+4β1, 4y1+4β1}−maximum{4y1, 4y1})LR
⊕ (minimum{x2, x2}, maximum{y2, y2}, minimum{x2, x2} −minimum{0, 2y2 −
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2α2}, maximum{0, 2y2 + 2β2} −maximum{x2, x2})LR.

subject to

(minimum{2x1, 5x1},maximum{2y1, 5y1},minimum{2x1, 5x1}−minimum{−3y1−
3β1, 7x1 + 7α1}, maximum{−3x1 + 3α1, 7y1 + 7β1} − maximum{2y1, 5y1})LR ⊕
(minimum{−y2, 5x2}, maximum{−y2, 5y2},minimum{−y2, 5x2}−minimum{−2y2−
2β2, 7x2 − 7α2}, maximum{−2x2 − 2α2, 7y2 + 7β2} − maximum{−y2, 5y2})LR �
(−17, 45, 25, 46)LR

(minimum{x1, 2x1}, maximum{y1, 2y1}, minimum{x1, 2x1} −minimum{0, 3x1 −
3α1}, maximum{0, 3y1 + 3β1} − maximum{y1, 2y1})LR ⊕ (minimum{3x2, 5x2},
maximum{3y2, 5y2}, minimum{3x2, 5x2} −minimum{x2 − α2, 7x2 − 7α2},

maximum{y2 + β2, 7y2 + 7β2} −maximum{3y2, 5y2})LR ≈
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}

Step 3: By using yager’s ranking function which is given as minimum(a, b) =
a+ b

2
−
∣∣∣∣a− b2

∣∣∣∣ and maximum(a, b) =
a+ b

2
+

∣∣∣∣a− b2

∣∣∣∣ and by using the step 3 of

Mehar’s method the FFLP problem which is obtained in Step 2 is written as

Maximize (2xx − α1 + 2y1 + β1 + 1
2
x2 − 1

4
α2 − 1

4
|x2 − α2|+ 1

2
|y2 + β2|+ 1

2
y2 + 1

4
β2)

subject to

11

2
y1 + 2β1 +

11

2
x1 − 2α1 −

1

2
|3y1 + 3β1 + 7x1 − 7α1|+

9

2
y2 +

5

2
β2 +

9

2
x2 −

5

2
α2−

|y2 + β2 +
7

2
x2 −

7

2
α2| −

3

2
|x1| −

1

2
|y2 + 5x2|+

3

2
|y1|+

1

2
|x2 + 5y2| −

1

2
|7y1 + 7β1

+3x1 − 3α1|+ |x2 − α2 +
7

2
y2 +

7

2
β2| 6 77.

3α1 −
3

2
α1 −

3

2
|x1 − α1|+ 8x2 − 4α2 − 3|x2 − α2| −

1

2
|x1| − |x2|+ 3y1 +

1

2
|y1|+ 8y2

+|y2|
3

2
β1 +

3

2
|y1 + β1|+ 4β2 + 3|y2 + β2| = 95.

x1 6 y1, x2 6 y2, α2 > 0, α2 > 0, β1 > 0, β2 > 0.

Step 4: Solving the crisp Non-linear programming problem which is obtained in
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step 3 the optimal solution is x1 =
377

122
, x2 =

583

122
, y1 =

377

122
, y2 =

583

122
, α1 =

0, α2 = 0, β1 = 0, β1 = 0. Putting these values in x̃1 = (x1, y1, α1, β1)LR, x̃1 =

(x1, y1, α1, β1)LR the fuzzy optimal solution is x̃1 =

(
377

122
,
377

122
, 0, 0

)
LR

,and

x̃1 =

(
583

122
,
583

122
, 0, 0

)
LR

Step 5: Putting the values of x̃1andx̃2 obtained from Step 4 in (4, 4, 0, 0)LR � x̃1⊕
(1, 1, 1, 1)LR � x̃2

(4, 4, 0, 0)LR�
(

377

122
,
377

122
, 0, 0

)
LR

⊕ (1, 1, 1, 1)LR�
(

583

122
,
583

122
, 0, 0

)
LR

the fuzzy op-

timal value is

(
2091

122
,
2091

122
,
583

122
,
583

122

)
.

Example 2 Find the fuzzy optimal solution of the FFLP problem

Maximize(1, 1, 1, 1)LR ⊗ x̃1 ⊕ (4, 4, 0, 0)LR ⊗ x̃2

subject to

(2, 3, 1, 1)LR ⊗ x̃1 ⊕ (−3,−2, 1, 1)LRx̃2 � (−27,−4, 21, 32)LR

( 1, 2, 1, 1)LR ⊗ x̃1 ⊕ (3, 5, 2, 2)LRx̃2 �
(

11, 39,
193

5
,
168

5

)
LR

where, x̃1, x̃2 are L-R flat fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}

Solution:By using above defined algorithm for solving FFLP problem i.e. Mehar’s

method

Step 1: Putting x̃1 = (x1, y1, α1, β1) and x̃2 = (x2, y2, α2, β2) in given problem then

the FFLP problem is written as

Maximize (1, 1, 1, 1)LR ⊗ (x1, y1, α1, β1)⊕ (4, 4, 0, 0)LR ⊗ (x2, y2, α2, β2)

subject to

(2, 3, 1, 1)LR⊗(x1, y1, α1, β1)⊕(−3,−2, 1, 1)LR⊗(x2, y2, α2, β2) � (−27,−4, 21, 32)LR
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(1, 2, 1, 1)LR⊗ (x1, y1, α1, β1)⊕ (3, 5, 2, 2)LR⊗ (x2, y2, α2, β2) �
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}

Step 2: By using the arithmetic operations for L-R flat fuzzy numbers which are

defined in the section 4.3 the fully fuzzy linear programming problem in step 2 will

become.

Maximize (minimum{4x1, 4x1}, maximum{4y1, 4y1}, minimum{4x1, 4x1}
−minimum{4x1−4α2−0, 4x1−4α1 +0}, maximum{4y1 +4β1−0, 4y1 +4β1 +0}−
maximum{4y1, 4y1})LR ⊕ (minimum{x2, x2}, maximum{y2, y2}, minimum{x2,
x2}−minimum{y2−α2− y2, y2−α2 + y2}, maximum{y2 +β2− y2, y2 +β2 + y2}−
maximum{x2, x2})LR.

subject to

(minimum{2x1, 3x1}, maximum{2y1, 3y1}, minimum{2x1, 3x1}−minimum{2x1−
2α1−x1, 3x1−3α1+x1}, maximum{2y1+2β1−y1, 3y1+3β1+y1}−maximum{2y1, 3y1})LR
⊕ (minimum{−3y2,−2y2}, maximum{−3x2,−2x2}, minimum{−3y2,−2y2}−
minimum{−3y2− 3β2− y2,−2y2− 2β2 + y2}, maximum{−2x2− 2α2 + x2,−3x2−
3α2 − x2} −maximum{−3x2,−2x2})LR � (−27,−4, 21, 32)LR

(minimum{x1, 2x1}, maximum{y1, 2y1}, minimum{x1, 2x1}−minimum{y1+β1−
y1, x1−2α1+x1}, maximum{y1+β1−y1, 2y1+2β1+y1}−maximum{y1, 2y1})LR ⊕
(minimum{3x2, 5x2}, maximum{3y2, 5y2},minimum{3x2, 5x2}−minimum{3x2+
α2 − 2x2, 5x2 − 5α2 + 2x2}, maximum{3y2 + 3β2 − 2y2, 5y2 + 5β2 + 2y2}−

maximum{3y2, 5y2})LR ≈
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}

on simplifying the FFLP problem will become,

Maximize (minimum{4x1, 4x1}, maximum{4y1, 4y1},minimum{4x1, 4x1}−minimum
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{4x1−4α1, 4x1−4α1}, maximum{4y1+4β1, 4y1+4β1}−maximum{4y1, 4y1})LR ⊕

(minimum{x2, x2}, maximum{y2, y2}, minimum{x2, x2} −minimum{−α2, 2y2 −
α2}, maximum{β2, 2y2 + 2β2} −maximum{x2, x2})LR.

subject to

(minimum{2x1, 3x1}, maximum{2y1, 3y1}, minimum{2x1, 3x1}−minimum{x1−
2α1, 4x1 − 3α1}, maximum{y1 + 2β1, 4y1 + 3β1} − maximum{2y1, 3y1})LR ⊕ (

minimum{−3y2,−22}, maximum{−3x2,−2x2}, minimum{−3y2,−2y2}−
minimum{−4y2 − 3β2,−y2 − 2β2}, maximum{−x2 − 2α2,−4x2 − 3α2}−
maximum{−3x2,−2x2})LR � (−27,−4, 21, 32)LR

(minimum{x1, 2x1},maximum{y1, 2y1},minimum{x1, 2x1}−minimum{β1,−2α1},
maximum{β1, 4y1 + 2β1} −maximum{y1, 2y1})LR ⊕ (minimum{3x2, 5x2},

maximum{3y2, 5y2}, minimum{3x2, 5x2} −minimum{x2 + α2, 7x2 − 5α2},

maximum{y2 + 3β2, 7y2 + 5β2} −maximum{3y2, 5y2})LR ≈
(

11, 39,
193

5
,
168

5

)
LR

where, (x1, y1, α1, β1), (x2, y2, α2, β2) are L-R flat fuzzy numbers and L(x) = R(x) =

maximum{0, 1− x}

Step 3: By using yager’s ranking function which is given as minimum(a, b) =
a+ b

2
−
∣∣∣∣a− b2

∣∣∣∣ and maximum(a, b) =
a+ b

2
+

∣∣∣∣a− b2

∣∣∣∣ and by using the step 3 of

Mehar’s method the FFLP problem which is obtained in Step 2 is written as

Maximize

(
2x1 −

1

2
α1 + 2y1 + β1 −

1

4
α2 +

1

8
| − 2y2 − β2| −

1

4
| − y2|+

1

2
y2 +

3

8
β2

)
subject to

5

2
x1 −

5

2
y2 +

5

2
y1 −

5

2
x2 −

1

2
| − x1| −

5

2
| − y2|+

5

2
|y1|+

5

2
| − x2|+

1

4
| − x1| −

5

2
α1

−3

4
|α1 − x1|+

5

2
| − y2| −

5

2
| − y2| −

5

2
β2 −

3

4
|y2 − β2|+

5

8
β1 −

5

4
|y1| −

5

4
α2 +

5

4
|x2 − α2|

−5

4
|x2| = −

9

2
.

3α1 −
3

2
α1 −

3

2
|x1 − α1|+ 8x2 − 4α2 − 3|x2 − α2| −

1

2
|x1| − |x2|+ 3y1 +

1

2
|y1|+ 8y2+

|y2|
3

2
β1 +

3

2
|y1 + β1|+ 4β2 + 3|y2 + β2| = 95.
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x1 6 y1, x2 6 y2, α2 > 0, α2 > 0, β1 > 0, β2 > 0.

Step 4: Solving the crisp Non-linear programming problem which is obtained in

step 3 the optimal solution is x1 =
67

110
, x2 =

628

110
, y1 =

67

110
, y2 =

628

122
, α1 =

0, α2 = 0, β1 = 0, β1 = 0. Putting these values in x̃1 = (x1, y1, α1, β1)LR, x̃2 =

(x2, y2, α2, β2)LR the fuzzy optimal solution is x̃1 =

(
67

110
,

67

110
, 0, 0

)
LR

,

x̃2 =

(
628

110
,
628

110
, 0, 0

)
LR

Step 5: Putting the values of x̃1 and x̃2 obtained from Step 4 in (4, 4, 0, 0)LR⊗ x̃1⊕
(1, 1, 1, 1)LR ⊗ x̃2 .

(1, 1, 1, 1)LR ⊗
(

67

110
,

67

110
, 0, 0

)
LR

⊕(4, 4, 0, 0)LR ⊗
(

628

110
,
628

110
, 0, 0

)
LR

the fuzzy op-

timal value is

(
2579

110
,
2579

110
,

67

110
,

67

110

)
LR

.

Mehar’s method can also be used to solve the FFLP problems in which all the pa-

rameters are represented by L-R fuzzy numbers.

The fuzzy optimal solution of the FFLP problem given below in example 3 and 4 is

solvable by proposed method.

Example 3

Maximize (2, 1, 2)LR � x̃1 ⊕ (−3, 2, 1)LR � x̃2

subject to

(1, 1, 2)LR � x̃1 ⊕ (2, 1, 3)LRx̃2 � (20, 10, 5)LR

(−2, 1, 1)LR � x̃1 ⊕ (5, 2, 3)LRx̃2 � (−1, 3, 2)LR

where, x̃1, x̃2 are L-R fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

Example 4

Maximize (1, 1, 1)LR ⊗ x̃1 ⊕ (2, 1, 2)LR � x̃2

subject to

(4, 1, 0)LR ⊗ x̃1 ⊕ (−2, 1, 1)LRx̃2 � (5, 2, 3)LR
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(−3, 1, 2)LR ⊗ x̃1 ⊕ (4, 1, 2)LRx̃2 � (4, 1, 1)LR

where, x̃1, x̃2 are L-R fuzzy numbers and L(x) = R(x) = maximum{0, 1− x}.

the solutions to the above given examples 3 and 4 can be similarly calculated by

following the steps of the algorithm defined for Mehar’s method. Thus the opti-

mal solution for example 3 is

(
−192

31
,
128

31
,
6932

93

)
LR

and to that of example 4 is(
1427

167
,
956

167
,
1427

167

)
LR

4.7 Concluding Remarks

(i) Due to non-existence of the product of unrestricted L-R fuzzy numbers or L-R

flat fuzzy the it has been observed that the existing method [2] can be used for

solving fully FLP problems of the type (i) and (ii) as shown in example 1 and 2 in

which all the coefficients are represented by either non-negative L-R fuzzy numbers

or non-positive L-R fuzzy numbers and all the decision variables are represented

by non-negative L-R fuzzy numbers. However, the existing method [2] can not be

used to find the fuzzy optimal solution of fully FLP problems (iii) and (iv) that the

problems dissused in example 2 and 3 in which some or all the parameters are rep-

resented by unrestricted L-R fuzzy numbers or unrestricted L-R flat fuzzy numbers.

(i) The existing methods [6, 18, 27, 31] can be used only for solving such fully

FLP problems in which some or all the parameters are represented by triangular or

trapezoidal fuzzy numbers. Since, in the fully FLP problems, chosen in examples

mentioned in section 4.6, all the parameters are represented by L-R fuzzy numbers

or L-R flat fuzzy numbers so none of the chosen problems can be solved by the

existing methods [6, 18, 27, 31].

(iii) The proposed Mehar’s method can be used for solving such fully FLP problems

in which some or all the parameters are represented by unrestricted L-R fuzzy num-

bers or L-R flat fuzzy numbers. So, all the chosen problems in example 1,2,3 and 4

can be solved by the Mehar’s method.
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