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ABSTRACT

Differential equations arise in almost all areas of science and engineering in-
cluding fluid dynamics, fluid mechanics, aerodynamics, medicines, whether
predictions etc. Most of the realistic model problems are defined in terms of
differential equations or system of differential equations. But most of these
model problems or differential equations are not solvable by analytical meth-
ods because of the complexity of the coefficients or nonlinearity or due to
complex domains etc. Therefore, we need to depend on numerical technics
to find the approximate solutions of the differential equations. In the present
study, higher order compact finite difference schemes has been presented for
solving the differential equations. A brief outline of the thesis is as follows:

Chapter 1 includes the basic definitions and concepts related to the dif-
ferential equations. Types of differential equations and solution methodology
has been discussed. Analytical and numerical schemes has been explained
with the help of examples.

In Chapter 2, a fourth order compact scheme has been proposed for a
convection-diffusion differential equation with variable coefficients. In the
derivation of the difference scheme, the solution u(x, y) is first expressed
locally on a mesh element in terms of a linear combination of polynomial
functions. The coefficients p(x, y), q(x, y), and f(x, y) are expended in a
similar manner. A set of linear equations for the unknown coefficients in the
expansion of u(x, y) are obtained by demanding that the governing differen-
tial equation be satisfied locally at each mesh point. Additional equations
are obtained by interpolating the solution over a set of mesh points which lie
on the cell. The difference scheme is defined on a single square cell of size 2h
over a 9-point stencil. Only those mesh points which lie on a single square
cell of side 2h are involved, thereby keeping the bandwidth as small as pos-
sible for the order of the truncation error achieved. The proposed compact
scheme has a truncation error of order h4. The resulting scheme has been
applied to a flow problem in porous media.
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In Chapter 3, a fourth order compact finite difference scheme for a second
order ordinary differential equation has been presented. To formulate the pro-
posed scheme, the second-order differential equation has been supplemented
with fourth order relations between the function value y and the spatial first
and second derivatives, F (= y

′
) and S(= y

′′
), on three adjacent mesh points

and the derivatives F and S has been eliminated from the system. In this
way, a scheme of fourth order, yet based on only three points, is constructed.
A proper combination of fourth order relations with boundary conditions and
the differential equation ensures a fourth order truncation error also at the
boundaries. The scheme is based on a non-equidistant mesh, which makes it
particularly useful in problems involving shard boundary layers.

Bibliography has been presented in the last.
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Chapter 1

Differential equations - An
overview

1.1 Introduction

Differential equations have a remarkable ability to predict the world around
us. They are used in a wide variety of disciplines, from biology, economics,
physics, chemistry and engineering. Differential equation is a mathematical
equation that relates some function with its derivatives. In applications, the
functions usually represent physical quantities, the derivative represent their
rate of change, and the equation defines a relationship between the two. They
can describe exponential growth and decay, the population growth of species
or change in investment return over time.

A differential equation is one which can be written in the form f(x, y, y
′
, y

′′
) =

0, where prime denote the derivative of the dependent variable w.r.t the in-
dependent variable x. Some of the differential equations can be solved simply
by integrating, others require much more complex mathematics.

Differential equations are widely used in science and engineering in differ-
ent forms, such as:

1. In medicine, for modeling cancer growth or the spread of diseases etc.
2. In physics, to describe the motion of waves, pendulums or chaotic systems
etc.
3. In chemistry, for modeling chemical reactions etc.
4. In economics, to find optimum investment strategies etc.
5. In engineering, for describing the movement of electricity etc.
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Differential equations are studied from several different perspectives, mostly
concerned with their solutions – the set of functions that satisfy the equa-
tions, but not all the differential equations are solvable by explicit or prede-
fined methods, however, some properties of the solutions of given differential
equations may be determined without finding the exact form.

In the present study, we are interested in finding the approximate solution
of some differential equations using higher order compact finite difference
scheme. Before proceeding to higher order compact scheme, we present be-
low the definitions of some basic concepts and some finite difference schemes
which are widely used in differential equations.

1.2 Differential equation

A differential equation is a relation which contains one or more terms in-
volving derivatives the dependent variables with respect to the independent
variables.

For example:

dy

dt
= 3y + 6.

∂2u

∂x2
+
∂2u

∂y2
= 0.

Order of a differential equation: The order of a differential equation is
the order of highest differential coefficients occurring in it.

For example:

dy

dt
+ 7x+ 5 = 0, order = 1.

d2y

dx2
+ x

dy

dx
+ 2 = 0, order = 2.

Degree of a differential equation: The degree of a differential equation
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is the degree of the highest differential coefficients, when the equation has
been made free from fractions and radicals.

For example:

d2y

dx2
+ 7

dy

dx
+ 2 = 0, degree = 1.

(
d2y

dx2

)2

+
dy

dx
+ y2 = 0, degree = 2.

Homogeneous linear differential equation: A linear differential equa-
tion is said to be homogeneous provided if y(x) is a solution of the differential
equation, then so is cy(x), where c is any arbitrary constant.

For example:

d4y

dx4
+ x

d2y

dx2
+ y = 0.

x2
d2y

dx2
− 3x

dy

dx
+ 4y = 0.

Non-Homogeneous linear differential equation: A linear differential
equation is said to be non-homogeneous if it is not homogeneous.

For example:

d4y

dx4
+ x

d2y

dx2
+ y = 6x+ 3.

3
∂2z

∂x∂y
+
∂2z

∂y2
− 5

∂z

∂y
= ex+4y.

1.3 Classification of differential equations

Differential equations are classified into two categories:
1. Ordinary differential equations
2. Partial differential equations
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1.4 Ordinary differential equation

An ordinary differential equation is an equation containing a function of one
independent variable and its derivatives.

For example:

dy

dx
+ x+ 1 = 0.

d2y

dx2
+
dy

dx
= x2.

Types of ordinary differential equation can be classified into two types:
(a) Linear ordinary differential equation.
(b) Non–linear ordinary differential equation.

1.4.1 Linear differential equation

A differential equation is said to be linear if the unknown function and all
of its derivatives occurring in the equation occur only in the first degree and
are not multiplied together.

For example:

dy

dx
= sinx.

d2y

dx2
+ y = 0.

1.4.2 Non-linear differential equation

A differential equation which is not linear is called non-linear differential
equation.
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For example:

d2y

dx2
+

(
dy

dx

)2

+ y2 = 0.

y =
√
x

(
dy

dx

)
+

k(
dy

dx

) .

1.5 Partial differential equation

A differential equation which contains one or more partial derivatives of an
unknown function of two or more independent variables is said to be partial
differential equation.

For example:

∂z

∂x
− 5

∂z

∂y
= 2z + sin(x− 2y).

∂2z

∂x2
− ∂2z

∂x∂y
+ 3

(
∂2z

∂y2

)
= 0.

Partial differential equations can be classified into the following types:
(a) Linear partial differential equation
(b) Semi–linear partial differential equation
(c) Quasi–linear partial differential equation
(d) Non–linear partial differential equation.

1.5.1 Linear partial differential equation

A differential equation which can be written in the form

P (x, y)p+Q(x, y)q = R(x, y)z + S(x, y)

is said to be a linear partial differential equation.
For example:

p+ 3q = 5z − tan(3x− y)

(x− α)p+ (y − β)q = z − γ.
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1.5.2 Semi-linear partial differential equation

A differential equation which can be written in the form

P (x, y)p+Q(x, y)q = R(x, y, z)

is said to be a semi-linear partial differential equation.
For example:

x2p+ y2q = x2y2z2.

xy2p− y3q = αxz4.

1.5.3 Quasi-linear partial differential equation

A differential equation which can be written in the form

P (x, y, z)p+Q(x, y, z)q = R(x, y, z)

is said to be a quasi-linear partial differential equation.
For example:

x2(y − z)p+ y2(z − x)q = z2(x− y)

(
1

z
− 1

y

)
p+

(
1

x
− 1

z

)
q =

1

y
− 1

x
.

1.5.4 Non-linear partial differential equation

A differential equation which does not come under the above three types is
said to be a non-linear partial differential equation.
For example:

p2e2y = qe2x.

x(1 + y)p = y(1 + x)q2.

1.6 Solutions of differential equations

1.6.1 General solution

The solution of a differential equation which involves as many arbitrary con-
stants as the order of the differential equation is called the general solution.
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1.6.2 Particular solution

A particular solution of a differential equation is that which contains no arbi-
trary constant and is obtained from the general solution by giving particular
values to the arbitrary constants.

1.6.3 Singular solution

A singular solution of a differential equation is that which contains no arbi-
trary constant and cannot be obtained from the general solution by giving
any particular values to the arbitrary constants.

1.7 Solution methodology

Broadly, we can categorize the solution approaches for differential equations
into two categories:

1. Analytical approach
2. Numerical approach.

1.8 Analytical techniques

Using these techniques, we get exact solution. Some of the analytical tech-
niques include:

1. Variable separable method
2. Method for linear differential equation
3. Method of undetermined coefficients
4. Method of variation of parameters, etc
Now, I will present one of the analytical techniques to find the general solu-
tion of a differential equation.

1.8.1 Variable separable method

Consider a differential equation

x(1 + y2)dx+ y(1 + x2)dy = 0.
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The equation can be written as

y(1 + x2)dy = −x(1 + x2)dx

⇒ y

1 + y2
dy = − x

1 + x2
dx

Integrating, we get

∫
2y

1 + y2
dy = −

∫
2x

1 + x2
dx

⇒ log(1 + y2) = − log(1 + x2) + log c

⇒ log(1 + x2) + log(1 + y2) = log c

⇒ log[(1 + x2)(1 + y2)] = log c

⇒ (1 + x2)(1 + y2) = c

which is the required general solution.

1.9 Numerical techniques

Since most of differential equations cannot be solved using analytical tech-
niques. Therefore, we need to take help of numerical techniques for finding
the approximate solution of differential equations. Using these techniques,
we get approximate solution. Some of the widely used numerical techniques
include:

1. Finite difference methods
2. Finite element methods
3. Finite volume methods etc.

For the present study, I will focus on numerical techniques, in particular,
finite difference method for finding the approximate solutions of differential
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equations.

1.9.1 Finite difference methods

In finite difference methods, we first discretize the domain and construct the
mesh. Then at each nodal point of the mesh, we approximate the differential
coefficients appearing in the differential equation using Taylor’s series expan-
sion. Thus, we get a system of equations in the unknown function values at
the nodal points. Simplifying the system of equations, we get the solution
values at the nodal points of the mesh. Depending on the Taylor’s series
approximations, we get different finite difference schemes.

Finite difference formulae for first order derivative terms:

Forward Difference:

y
′
(xi) =

yi+1 − yi
h

+O(h)

Backward Difference:

y
′
(xi) =

yi − yi−1

h
+O(h)

Central Difference:

y
′
(xi) =

yi+1 − yi−1

2h
+O(h2)

Finite difference formulae for second order derivative terms:

Forward Difference:

y
′′
(xi) =

yi+2 − 2yi+1 + yi
h2

+O(h)

Backward Difference:

y
′′
(xi) =

yi − 2yi−1 + yi−2

h2
+O(h)

Central Difference:

y
′′
(xi) =

yi+1 − 2yi + yi−1

h2
+O(h2).
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Next, we solve heat equation using finite difference method.

Example:
Consider the heat equation

∂u

∂t
=
∂2u

∂x2
, 0 ≤ x ≤ 1, t > 0 (1.9.1)

with boundary conditions u(0, t) = u(1, t) = 1 and initial condition

u(x, 0) =

1 + 2x 0 ≤ x ≤ 1
2

3− 2x
1

2
≤ x ≤ 1.

We will use explicit finite difference method for finding the approximate so-
lution of the differential equation. We will take ∆x = 0.2 and ∆t = 0.02 and
compute the solution upto time interval t = 0.24 correct to six decimal places.

We note that the problem is symmetric about x = 0.5, since the initial
temperature at u(x, 0) is symmetric about x = 0.5 and the boundary condi-
tions at x = 0 and x = 1.0 are also same. Therefore, the temperature at the
subsequent times will remain also symmetric about x = 0.5.

The domain 0 ≤ x ≤ 1.0 is subdivided into five equal sub-intervals each
of width ∆x = 0.2.

Therefore, the nodal points xi are given by
xi = 0.2× i, i = 0(1)5.
Also, ti = △t× i; i=0(1)12.

Now, in equation (1.9.1) the time derivative
∂u

∂t
is replaced by forward dif-

ference approximation and the space derivative
∂2u

∂x2
by central difference

approximation. In operator form we can write,

1

△t
△tu(xi, tj) +O(△t) = 1

(△x)2
(δ2x)u(xi, tj) +O(△x2), (1.9.2)

where △t and (δ2x) denote forward difference and central difference in the
direction of t and x respectively. The formulation (1.9.2) can be written in
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the terms of the unknown function values at the nodal points as,

u(xi, tj +△t)− u(xi, tj)

△t
=
u(xi −△x, tj)− 2u(xi, tj) + u(xi +△x, tj)

(△x)2

+O(△t) +O(△x2)

u(xi, tj+1)− u(xi, tj)

△t
=
u(xi−1, tj)− 2u(xi, tj) + u(xi+1, tj)

(△x)2

+O(△t) +O(△x2)
(1.9.3)

Here, the term O(△t) + O(△x2) is called truncation error. Denoting the
computed values at the mesh points (i, j) by ui,j etc and neglecting the trun-
cation error, the finite difference approximation scheme can be written as

ui,j+1 = r × ui−1,j + (1− 2× r)× ui,j + r × ui+1,j, (1.9.4)

where r =
△t
△x2

.

Due to symmetry at x = 0.5, for all j, we have

u0,j = u5,j, u1,j = u4,j, u2,j = u3,j.

Also,

r =
∆t

∆x2
=

0.02

0.04
= 0.5.

Putting r = 0.5 in (1.9.4), we get

ui,j+1 =
1

2
(ui−1,j + ui+1,j), i = 1, 2.

The values for i=3 and i=4 can be obtained using symmetry.

11



Computed values are:

x 0 0.2 0.4 0.6 0.8 1.0
t=0.00 1.0 1.4 1.8 1.8 1.4 1.0
0.02 1.0 1.4 1.6 1.6 1.4 1.0
0.04 1.0 1.3 1.5 1.5 1.3 1.0
0.06 1.0 1.25 1.4 1.4 1.25 1.0
0.08 1.0 1.20 1.325 1.325 1.20 1.0
0.10 1.0 1.1625 1.2625 1.2625 1.1625 1.0
0.12 1.0 1.13125 1.21250 1.21250 1.13125 1.0
0.14 1.0 1.10625 1.171875 1.171875 1.10625 1.0
0.16 1.0 1.085938 1.139062 1.139062 1.085938 1.0
0.18 1.0 1.069531 1.12500 1.12500 1.069531 1.0
0.20 1.0 1.056250 1.091016 1.091016 1.056250 1.0
0.22 1.0 1.045508 1.073633 1.073633 1.045508 1.0
0.24 1.0 1.036816 1.059570 1.059570 1.036816 1.0
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Chapter 2

A single cell high order scheme
for convection-diffusion
equation with variable
coefficients (Review)

2.1 Introduction

In this paper [6], a new finite difference scheme for the convection-diffusion
equation with variable coefficients is proposed. The difference scheme is
defined on a single square cell of size 2h over a 9-point stencil and has a
truncation error of order h4. The resulting system of equations has been
solved by iterative methods.

Consider the convection-diffusion equation

Lu ≡ uxx + uyy + p(x, y)ux + q(x, y)uy = f(x, y) (2.1.1)

This equation often appear in the description of transport phenomena. The
magnitudes of p(x, y) and q(x, y) determine the ratio of the convection to
diffusion. In many problems of practical interest, the convective terms dom-
inate the diffusion terms. Numerical simulation of such equations becomes
increasingly difficult as the ratio of the convection to diffusion increases.

When the equation is discretized using central difference, the resulting
scheme, called CDS, has a truncation error of order h2. In the case of CDS,
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iterative method for solving the resulting system of linear equations do not
converge when the convective terms dominate and the cell Reynolds number
is greater than a certain constant. In addition, direct method for solving the
system of linear equations may give erroneous results. If the convective terms
are approximated by suitable forward or backward differences and the diffu-
sion terms by central differences, the resulting scheme is called the upwind
or the upstream scheme or the upwind differencing scheme (UDS). There are
several variations of UDS and also combinations of the CDS and the UDS
schemes. The UDS introduces artificial viscosity and hence the results con-
tain more error when the convection dominates. Both the truncation and
the discretization errors of UDS are of order h and hence a very fine mesh
is needed if accurate results are required. Such a refinement of the mesh is
often uneconomical.

Recently, a new finite difference scheme has been proposed by the Gupta
et al. [5] for the special case of equation (2.1.1) where p and q are constants.
In the present study a generalization of the scheme has been presented to
the case of variable coefficients p(x, y) and q(x, y). The new scheme has a
truncation error of order h4 and the resulting system of linear equation can
be solved by iterative methods even for large absolute values of p(x, y) and
q(x, y).

The truncation error of this scheme is of order h4. The coefficients of the
non-diagonal terms in the difference equation do not have the same sign for
all values of p(x, y) and q(x, y), therefore, it is not possible to predict the
order of the discretization error from that of the truncation error using the
theoretical results. The order of discretization error is defined for the asymp-
totic case when the mesh size h → 0. The numerical estimates of the order
determined from the errors calculated by using two different mesh sizes may
not reach its asymptotic value as long as the derivatives appearing in the
expression for the truncation error vary with the change in the mesh. This is
indeed the case when the transport number is large. A better estimate of the
order of the discretization error is obtained in such cases by refining the mesh.

Gupta et al. [5] have solved several test problems using the present scheme
and also the upwind differencing scheme and the CDS. Such schemes are
more complicated and difficult to implement. The rate at which the error
decreases as the mesh is refined is not as fast as that of the presented scheme,
and hence this scheme gives better results as the mesh is refined.

In the present scheme [6], the coefficients can be computed easily when the

14



grid is uniform. The difference scheme is not obtained explicitly for each
mesh point but is computed as the difference equations are assembled. The
procedure has been generalized to the case of the convection diffusion equa-
tion when the diffusion coefficients are variable, and the resulting scheme has
been applied to some flow problems in porous media.

In the derivation of the difference scheme, the solution u(x, y) is first ex-
pressed locally on a mesh element in terms of a linear combination of func-
tions which are use to be polynomials. The functions p(x, y), q(x, y), and
f(x, y) are expended in a similar manner. A set of linear equations for the
unknown coefficients in the expansion of u(x, y) are obtained by demanding
that the differential equation (2.1.1) be satisfied locally. Additional equations
are obtained by interpolating the solution over a set of mesh points which
lie on the cell. This technique has been used to obtain single cell high or-
der schemes for the Poisson, the Helmholtz, the biharmonic and other linear
equations [10,11].

The difference scheme derived here is a 9-point scheme [6]. Only those mesh
points which lie on a single square cell of side 2h are involved, thereby keep-
ing the bandwidth as small as possible for the order of the truncation error
achieved. No special formulae are needed for points near the boundary. The
new finite difference compact scheme for equation(2.1.1) is presented in the
next section.

2.2 Compact finite difference scheme

The finite difference approximation for diffusion and convection terms at a
mesh point (x, y) which is denoted by ‘0’ in Figure 1 involves the other eight
mesh points at(x± h, y), (x, y± h), (x± h, y± h). These points are denoted
either by numbers 1– 8 or by the letters showing their directions with respect
to the point ‘0’ as in Figure 1. The difference formula involves the coefficients
λi,j, µi,j, and ci,j which appear in the expansion of p(x, y), q(x, y) and f(x, y)
along with the nodal values uk = u(xk, yk) for k = 0, 1, 2.... Alternatively,
the coefficients in the expansion of the known functions can be expressed in
terms of their partial derivatives. In practice it is more convenient to use the
nodal values of the known functions rather than their derivatives. Therefore,
an alternative formulation of the difference formula involving the nodal val-
ues of p(x, y), q(x, y) and f(x, y) is also given.
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The differential equation considered is

uxx + uyy + p(x, y)ux + q(x, y)uy = f(x, y). (2.2.1)

We assume that locally, the solution u(x, y) and the function p, q, f can be
expressed by two-dimensional power series:

u(x, y) =
∑

ai,jx
iyj,

f(x, y) =
∑

ci,jx
iyj,

p(x, y) =
∑

λi,jx
iyj,

q(x, y) =
∑

µi,jx
iyj.

(2.2.2)

Substituting (2.3) into (2.2), we get

∑
ci,jx

iyj = i(i− 1)
∑

ai,jx
i−2yj + j(j − 1)

∑
ai,jx

iyj−2

+ i
∑∑

ai,jλi,jx
i−1yj + j

∑∑
ai,jµi,jx

iyj−1

Comparing the coefficients of xiyj on both sides, we get

ci,j = (i+ 1)(i+ 2)ai+2,j + (j + 1)(j + 2)ai,j+2+

+
∑

i≤r,s≤j

[(i− r + 1)λr,sai+1−r,j−s + (j − s+ 1)µr,sai−r,j+1−s] (2.2.3)
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The equation (2.2.3) constitute the constraints, imposed by the differential
equation (2.2.1), on the coefficients ai,j, ci,j, λi,j and µi,j of the expansion
(2.2.2). In particular,

c0,0 = 2(a2,0 + a0,2) + λ0,0a1,0 + µ0,0a0,1

c1,0 = 6a3,0 + 2a1,2 + 2λ0,0a2,0 + λ1,0a1,0 + µ0,0a1,1 + µ1,0a0,1

c0,1 = 2a2,1 + 6a0,3 + λ0,0a1,1 + λ0,1a1,0 + 2µ0,0a0,2 + µ0,1a0,1

c2,0 = 12a4,0 + 2a2,2 + 3λ0,0a3,0 + 2λ1,0a2,0 + λ2,0a1,0 + µ0,0a2,1 + µ1,0a1,1 + µ2,0a0,1

c0,2 = 2a2,2 + 12a0,4 + λ0,0a1,2 + λ0,1a1,1 + λ0,2a1,0 + 3µ0,0a0,3 + 2µ0,1a0,2 + µ0,2a0,1

c1,1 = 6a3,1 + 6a1,3 + 2λ0,0a2,1 + λ1,0a1,1 + λ1,1a1,0 + 2µ0,0a1,2 + µ0,1a1,1 + µ1,1a0,1
(2.2.4)

The above six constraints ensure the satisfaction of the differential equation
(2.2.1) for u = xiyj for i + j ≤ 4. These constraints involve 15 unknown
values of ai,j, 0 ≤ i + j ≤ 4. The remaining nine equations, relating the
values of ai,j are obtained by collocation on the nine points 0−8 of the single
cell of side 2h (see figure 1). In particular,

u0 = a0,0

uE ≡ u1 = a0,0 + a1,0h+ a2,0h
2 + a3,0h

3 + ...

uN ≡ u2 = a0,0 + a0,1h+ a0,2h
2 + a0,3h

3 + a0,4h
4 + ...

uW ≡ u3 = a0,0 + a1,0h+ a2,0h
2 + a3,0h

3 + ...

uS ≡ u4 = a0,0 − a0,1h+ a0,2h
2 − a0,3h

3 + ...

uNE ≡ u5 = a0,0 + (a0,1 + a1,0)h+ (a0,2 + a1,1 + a2,0)h
2 + ...

uNW ≡ u6 = a0,0 + (a0,1 − a1,0)h+ (a0,2 − a1,1 − a2,0)h
2 + ...

uSW ≡ u7 = a0,0 + (−a0,1 − a1,0)h+ (−a0,2 + a1,1 − a2,0)h
2 + ...

uSE ≡ u8 = a0,0 + (a1,0 − a0,1)h+ (a2,0 − a0,2 − a1,1)h
2 + ...

(2.2.5)

We use the notation

⋄u0 = u1 + u2 + u3 + u4

�u0 = u5 + u6 + u7 + u8
(2.2.6)

From (2.2.5), we obtain relation of the form
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/

u1 − u0 = (a0,0 + a1,0h+ a2,0h
2 + a3,0h

3 + ...)− (a0,0)

= a1,0h+ a2,0h
2 + a3,0h

3 + ...

u2 + u4 − 2u0 = (a0,0 + a0,1h+ a0,2h
2 + a0,3h

3 + a0,4h
4 + ...)

+ (a0,0 − a0,1h+ a0,2h
2 − a0,3h

3 + .....)− (a0,0)

= 2a0,2h
2 + 2a0,4h

4 + ...

u5 + u7 − u6 − u8 = (a0,0 + (a0,1 + a1,0)h+ (a0,2 + a1,1 + a2,0)h
2 + ...)

+ (a0,0 + (−a0,1 − a1,0)h+ (−a0,2 + a1,1 − a2,0)h
2 + ...)

− (a0,0 + (a0,1 − a1,0)h+ (a0,2 − a1,1 − a2,0)h
2 + ...)

− (a0,0 + (a1,0 − a0,1)h+ (a2,0 − a0,2 − a1,1)h
2 + ...)

= 4a1,1h
2 +O(h4)

(2.2.7)

Now, from(2.2.4), we get

h2(c0,0) = h2(2(a2,0 + a0,2) + λ0,0a1,0 + µ0,0a0,1)

= 2h2(a2,0 + a0,2) + λ0,0h(a1,0h) + µ0,0h(a0,1h)

= 2h2(a2,0 + a0,2) + λ0,0h(u1 − u0 − a2,0h
2 − a3,0h

3...)+

µ0,0h(u2 − u0 − a0,2h
2 − a0,3h

3...)

= (u1 + u2 + u3 + u4 − 4u0 − 2a4,0h
4 − 2a0,4h

4) + λ0,0h(u1 − u0

− a2,0h
2) + µ0,0h(u2 − u0 − a0,2h

2) +O(h4)

= (⋄u0 − 4u0 − 2a4,0h
4 − 2a0,4h

4) + λ0,0h(u1 − u0 − a2,0h
2)+

µ0,0h(u2 − u0 − a0,2h
2) +O(h4)

(2.2.8)

Neglecting terms of order h3 and of higher orders, we obtain the well known
upwind difference scheme of order h2 as

h2(c0,0) = ⋄u0 − 4u0 + λ0,0h(u1 − u0) + µ0,0h(u2 − u0) (2.2.9)

If the terms containing h3 are eliminated in (2.2.7), we obtain
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h2(c0,0) = (u1 + u2 + u3 + u4 − 4u0 − 2a4,0h
4 − 2a0,4h

4) + λ0,0h(u1 − u0

− a2,0h
2) + µ0,0h(u2 − u0 − a0,2h

2) +O(h4)− λ0,0h

2
(u1 + u3 − 2u0)

+O(h4)− µ0,0h

2
(u2 + u4 − 2u0) +O(h4)

= ⋄u0 − 4u0 +
λ0,0h

2
(u1 − u3) +

µ0,0h

2
(u2 − u4) +O(h4)

(2.2.10)

The central difference scheme results when O(h4) terms are neglected in
(2.2.10). This result cannot be improved any further without using more
constraints from (2.2.4), (2.2.5). The two constraints involving c1,0, c0,1 con-
tain a3,0, a0,3 which also appear in the next set of constraints for c2,0, c0,2.
Using these constraints and the relations (2.2.7), (2.2.8), (2.2.9), we obtain

6h2c0,0 +
h4

2
(c1,0λ0,0 + c0,1µ0,0) + h4(c2,0 + c0,2) = 6 ⋄ u0 − 24u0

+3hλ0,0(u2 − u4) + 2h4(λ0,0a1,2 + µ0,0a2,1)a2,0h
4(λ20,0 + 2λ1,0)

+a0,2h
4(µ2

0,0 + 2µ0,1) + a1,1h
4(λ0,0µ0,0 + λ0,1 + µ1,0)

+a1,0h
4(λ2,0 + λ0,2 +

1

2
λ0,0λ1,0 +

1

2
µ0,0λ0,1)

+a0,1h
4(µ2,0 + µ0,2 +

1

2
λ0,0µ1,0 +

1

2
µ0,0µ0,1) + 4h4a2,2 +O(h4).

= 4 ⋄ u0 +�u0 − 20u0 + 2hλ0,0(u1 − u3) + 2hµ0,0(u2 − u4)

+λ0,0
h

2
(u5 − u6 − u7 + u8) + µ0,0

h

2
(u5 + u6 − u7 − u8)

+
1

2
h2(λ20,0 + 2λ1,0)(u1 + u3) +

1

2
h2(µ0,0h

2 + 2µ0,1)(u2 + u4)

−h2(λ20,0 + µ2
0,0 + 2λ1,0 + 2µ0,1)u0

+
1

4
h2(λ0,0µ0,0 + λ0,1 + µ1,0)(u5 − u6 + u7 − u8)

+
h3

2
(λ2,0 + λ0,2 +

1

2
λ0,0λ1,0 +

1

2
µ0,0λ0,1)(u1 − u3)

+
h3

2
(µ2,0 + µ0,2 +

1

2
λ0,0µ1,0 +

1

2
µ0,0µ0,1)(u2 − u4) +O(h6) (2.2.11)

Neglecting the term of order h6, we get the forth order difference scheme
given by equation. The scheme can be written as
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∑
akuk = 6h2c0,0 +

h4

2
(c1,0λ0,0 + c0,1µ0,0) + h4(c2,0 + c0,2) (2.2.12)

The truncation error of this scheme is given by 1
6
h4ψ(x, y) where ψ(x, y)

represents the coefficients of O(h6) on the right hand side of (2.2.11). The
function ψ(x, y) is given by

ψ(x, y) = 12(a6,0 + a0,6) + 6(λ0,0a5,0 + µ0,0a0,5) + 4(a4,2 + a2,4)

+ 2λ0,0(a3,2 + a1,4) + 2µ0,0(a4,1 + a3,2) + a4,0(λ
2
0,0 + 2λ1,0)

+ a0,4(µ
2
0,0 + 2µ0,1) + (a3,1 + a1,3)(λ0,0µ0,0 + λ0,1 + µ1,0)

+ (λ2,0 + λ0,2 +
1

2
λ0,0µ1,0 +

1

2
µ0,0λ0,1)a3,0

+ (µ2,0 + µ0,2 +
1

2
λ0,0µ1,0 +

1

2
µ0,0µ0,1)a0,3

(2.2.13)

In above expressions, ai,j, λi,j, and µi,j are defined as follows:

ai,j =
1

i!j!

∂i+1u

∂xi∂yj

λi,j =
1

i!j!

∂i+1p

∂xi∂yj

µi,j =
1

i!j!

∂i+1q

∂xi∂yj

(2.2.14)

Now, from equation (2.2.12), we get
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a1 ≡ aE = 4 + 2hλ0,0 + h2R3 +
h3

2
R6

a2 ≡ aN = 4 + 2hµ0,0 + h2R4 +
h3

2
R5

a3 ≡ aW = 4− 2hλ0,0 + h2R3 −
h3

2
R6

a4 ≡ aS = 4− 2Hµ0,0 + h2R4 −
h3

2
R5

a5 ≡ aNE = 1 +
h

2
(λ0,0 + µ0,0) +

h2

4
R2

a6 ≡ aNW = 1− h

2
(λ0,0 − µ0,0)−

h2

4
R2

a7 ≡ aSW = 1− h

2
(λ0,0 + µ0,0) +

h2

2
R2

a8 ≡ aSE = 1 +
h

2
(λ0,0 − µ0,0)−

h2

4
R2

a0 ≡− 20− h2R1,

(2.2.15)

where

R1 = λ20,0 + µ2
0,0 + 2λ1,0 + 2µ0,1

R2 = µ1,0 + λ0,1 + λ0,0µ0,0

R3 =
1

2
λ20,0 + λ1,0

R4 =
1

2
µ2
0,0 + µ0,1

R5 = µ2,0 + µ0,2 +
1

2
λ0,0µ1,0 +

1

2
µ0,0µ0,1

R6 = λ2,0 + λ0,2 +
1

2
λ0,0λ1,0 +

1

2
µ0,0λ0,1.

(2.2.16)

Replacing λi,j, µi,j and ci,j in terms of the nodal values of the functions
p(x, y), q(x, y) and f(x, y), we get the compact finite difference scheme given
by:
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8∑
i=0

ajuj =
h2

2
[fN + fS + fE + fW + 8f0] +

h3

4
[p0(fE − fW )] + q0(fN − fS)]

(2.2.17)

where

a1 ≡ aE = 4 +
h

4
[4p0 + 3pE − pW + pN + pS] +

h2

8
[4p20 + p0(pE − pW ) + q0(pN − pS)]

a2 ≡ aN = 4 +
h

4
[4q0 + 3qN − qS + qE + qW ] +

h2

8
[4q20 + p0(qE − qW ) + q0(qN − qS)]

a3 ≡ aW = 4− h

4
[4p0 − pE − 3pW + pN + pS] +

h2

8
[4p20 + p0(pE − pW ) + q0(qN − pS)]

a4 ≡ aS = 4− h

4
[4q0 − qN − 3qS + qE + qW ] +

h2

8
[4q20 + p0(qE − qW ) + q0(qN − qS)]

a5 ≡ aNE = 1 +
h

2
(p0 + q0) +R7

a6 ≡ aNW = 1− h

2
(p0 − q0)−R7

a7 ≡ aSW = 1− h

2
(p0 + q0) +R7

a8 ≡ aSE = 1 +
h

2
(p0 − q0)−R7

a0 = −[20 + h2(p20 + q20) + h(pE − pW + h(qN − qS)

and where

R7 =
h

8
(qE − qW + pN − pS) +

h2

4
p0q0.
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2.3 Numerical results

As an example, consider the following boundary value problem [6]


−ε (uxx + uyy) + ux = 0, 0 ≤ x, y ≤ 1

ux,0 = 0, ux,1 = 0, 0 ≤ x ≤ 1

u0,y = sinπy, u1,y = 2sinπy, 0 ≤ y ≤ 1

(2.3.1)

Comparison of (2.3.1) and (2.2.1) shows that −p(x, y) =
1

ε
= P (say),

q(x, y) ≡ 0 and f(x, y) ≡ 0. The exact solution

u = epx/2sinπy[2e−p/2 sinhσ + sinhσ(1− x)]/ sinhσ

where σ2 = π2 + P 2/4, shows the presence of a boundary layer near x = 1
whose thickness is of order 1/P for P large. The boundary layer is expected
to affect the numerical results adversely as P increases.
This problem has been studied by Gartland et al. [2], who proposed a special
five point stencil involving modified bessel functions. In table 2.1 − 2.3 we
give some results for this problem.

Table 2.1: Maximum relative error, h=1/32
P UDS CDS SCHOS
10 0.91666(-1) 0.4537(-2) 0.6011(-4)
20 0.1262 0.1576(-1) 0.1399(-3)
40 0.1686 0.5925(-1) 0.1511(-2)
100 0.2264 0.3002 0.3517(-1)

In Table 2.1 the maximum relative errors for P = 10, 20, 40, and 100 for
h = 1/32 show that the error due to UDS range between 9 and 23 per cent,
whereas the CDS gives acceptable results for P ≤ 40 but not for P = 100.
The errors for SCHOS remain ≤ 4 per cent. As expected, the maximum
relative occur near the corners at x = 1 in all cases.

In Table 2.2 the maximum absolute errors for different values of h are given.
Numerical estimates for the order of the discretization errors which are ob-
tained by considering the errors due to mesh sizes h and 2h are also given.
It is clear from the table that the order of SCHOS is about twice that of CDS.
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Table 2.2: Maximum absolute error and the estimated orders
P h−1 CDS Order SCHOS Order
40 8 0.5122 0.1256

16 0.2310 1.15 0.2009(-1) 2.65
32 0.6723(-1) 1.78 0.1712(-2) 3.55

100 8 0.9060 0.4249
16 0.5618 0.68 0.1670 1.35
32 0.2872 0.97 0.3365 2.31
64 0.9493(-1) 1.60 0.3151(-2) 3.41

Table 2.3: Average relative errors
h−1 CDS SCHOS Gartland
8 1.18(-1) 8.13(-2) 6.81(-3)
16 1.46(-1) 1.25(-2) 4.94(-3)
24 1.61(-2) 1.26(-3) 1.90(-3)
32 2.23(-3) 1.79(-4) 5.71(-4)

In order to compare our results with those given by Gartland, we give the
average relative error for P = 100 in Table 2.3. Clearly, the special method
proposed by Gartland gives better results when the mesh is crude. However,
as the mesh is refined, the error due to SCHOS are consistently smaller. The
order of the Gartland method is not even as high as that of the CDS.

Gartland proposed a boundary correction stencil to be used at mesh points
on x = 1 − h. Once this correction is done, the results obtained by CDS,
SCHOS, and the Gartland scheme are comparable for h = 1/8. However, as
the mesh is refined, the results given by SCHOS are better than those given
by the other two methods.
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Chapter 3

A compact finite difference
scheme on a non-equidistant
mesh (Review)

3.1 Introduction

In this chapter a fourth order compact finite difference scheme for a set
of second order ordinary differential equations has been presented [3]. The
scheme is based on a non-equidistant mesh, which makes it particularly useful
in problems involving shard boundary layers. The derivation of the purely
tridiagonal scheme, including boundary conditions, is presented on a one-
dimensional non-equidistant mesh.

Generalization of the scheme in more dimensions, using ADI- type schemes,
is straightforward. For one-dimensional problems such as

c1y
′′
+ c2y

′
+ c3y = d

with coefficients and right-hand sides that are computed with few arithmetic
operations, the fourth-order scheme requires approximately the same com-
putational effort of a second-order scheme for the same accuracy. The coef-
ficients and right hand side are obtained from lengthy calculation and here
the use of fourth-order scheme pays because of the reduction of the required
number of mesh points.
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The basic idea behind compact schemes is that one supplements the second-
order differential equation with fourth order relations between the function
value y and the spatial first and second derivatives, F (= y

′
) and S(= y

′′
),

on three adjacent mesh points. In this way, a scheme of fourth order, yet
based on only three points, is constructed by Ciment et al. [1]. The required
fourth-order relations can be obtained in various ways, e.g., from Taylor’s
expansion which has been shown later in this chapter. A review on compact
methods has been carried out by Hirish [7].

The most straightforward method in which one adds two relations to the
differential equation at each inner mesh point and solves the resulting block
tridiagonal system for y, F and S has the disadvantage that it requires a
boundary condition on the second derivative Ciment et al. [1, 7]. In order
to avoid the use of points outside the computational domain, this boundary
condition must be based on only two points, which at best is of third order
as shown by Hirish [7].

A different approach, attributes to Krause and Hirish [7, 9], does not have
this advantage. Here, a system of fourth order relations together with the
differential equation on three adjacent mesh points is formulated such that
the derivatives F and S can be eliminated [3]. Just one equation for the three
function values remains, and one ends up with a purely tridiagonal system.
A proper combination of fourth order relations with boundary conditions
and the differential equation ensures a fourth order truncation error also at
the boundaries. In the present study, the fourth order relations have been
derived which has been used as a supplement to the differential equation.
Also, the reduction of the system to a tridiagonal one has been discussed
and the inclusion of general boundary conditions on the function and its first
derivative has been shown.

3.2 Higher order compact finite difference scheme

Consider the one-dimensional convection-diffusion equation

c1y
′′
+ c2y

′
+ c3y = d. (3.2.1)

We will use the following notations:
F ≡ y

′
, S ≡ y

′′
, superscripts +,0,− indicate points j+1, j and j−1; △+ ≡

x+ − x0,△− ≡ x0 − x−, and △t ≡ △+ +△−.
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The Taylor’s series expansion for the function values of y at points xj+1 and
xj−1 gives

y+ − y0 ≈ △+F
0 +

1

2
△2

+S
0 +

1

6
△3

+y
iii +

1

24
△4

+y
iv +

1

120
△5

+y
v +

1

720
△6

+y
vi,

(3.2.2)

y0 − y− ≈ △−F
0 − 1

2
△2

−S
0 +

1

6
△3

−y
iii +

1

24
△4

−y
iv +

1

120
△5

−y
v +

1

720
△6

−y
vi,

(3.2.3)

⇒ △−y
+ −△ty

0 +△+y
− ≈ 1

2
△+△−△tS

0 +
1

6
△+△−(△2

+ −△2
−)y

iii

+
1

24
△+△−(△3

+ +△3
−)y

iv

+
1

120
△+△−(△4

+ −△4
−)y

v

+
1

720
△+△−(△5

+ +△5
−)y

vi

(3.2.4)

⇒ △2
−y

+ + (△2
+ −△2

−)y
0 −△2

+y
− ≈ △+△−△t + F 01

6
△2

+△2
−△ty

iii

+
1

24
△2

+△2
−(△2

+ −△2
−)y

iv

+
1

120
△2

+△2
−(△3

+ +△3
−)y

v

+
1

720
△2

+△2
−(△4

+ −△4
−)y

vi

(3.2.5)

Equation(3.2.4) and (3.2.5) form the basis for the derivation of fourth order
relations between y+,0,−, F+,0,− and S+,0,−.

Differentiating equation (3.2.4) gives

△−F
+ −△tF

0 +△+F
− ≈ 1

2
△+△−△ty

iii

+
1

6
△+△−(△2

+ −△2
−)y

iv

+
1

24
△+△−(△3

+ +△3
−)y

v

+
1

120
△+△−(△4

+ −△4
−)y

vi.

(3.2.6)
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Similarly, differentiating equation (3.2.5) gives

△−S
+ −△tS

0 +△+S
− ≈ 1

2
△+△−△ty

iv +
1

6
△+△−(△2

+ −△2
−)y

v

+
1

24
△+△−(△3

+ +△3
−)y

vi,
(3.2.7)

Differentiating both these equations once again, we get

△2
−F

+ + (△2
+ −△2

−)F
0 −△2

+F
− ≈ △+△−△tS

0 +
1

6
△2

+△2
−△ty

iv

+
1

24
△2

+△2
−(△2

+ −△2
−)y

v

+
1

120
△2

+△2
−(△3

+ +△3
−)y

vi

(3.2.8)

△2
−S

+ + (△2
+ −△2

−)S
0 −△2

+S
− ≈ △+△−△ty

iii +
1

6
△2

+△2
−△ty

v

+
1

24
△2

+△2
−(△2

+ −△2
−)y

vi
(3.2.9)

Substitution of yiii from (3.2.9) and of yiv from (3.2.7) into Eqs. (3.2.4),
(3.2.5), (3.2.6) and (3.2.8) yeilds

△+△−△ty
iii ≈ △2

−S
+ + (△2

+ −△2
−)S

0 −△2
+S

− − 1

6
△2

+△2
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v
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24
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+△2
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−)y

vi

1

2
△+△−△ty
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0 +△+S
− − 1

6
△+△−(△2

+ −△2
−)y

v

− 1

24
△+△−(△3

+ +△3
−)y

vi

△−y
+ −△ty

0 +△+y
− − △−

12
(△2

+ +△+△− −△2
−)S

+

−△t

12
(△2

+ + 3△+△− +△2
−)S

0 +
△+

12
(△2

+ −△+△− −△2
−)S

−

≈ −△+△−△t

1440

(
4(△+ −△−)(2△2

+ + 5△+△− + 2△2
−)y

v

+ (3△4
+ + 2△3

+△− − 7△2
+△2

− + 2△+△3
− + 3△4

−)y
vi
)
, (3.2.10)
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△−F
+ −△tF

0 +△+F
− − △−

6
(△− + 2△+)S

+

−△t

6
(△+ −△−)S

0 +
△+

6
(△+ + 2△−)S

−

≈ −△+△−△t

720

(
10(△2

+ +△+△− +△2
−)y

v

+(△+ −△−)(4△2
+ + 5△+△− + 4△2

−)y
vi
)
, (3.2.11)

△2
−y

+ + (△2
+ −△2

−)y
0 −△2

+y
− −△+△−△tF

0

− 1

12
△+△2

−△tS
+ − 1

12
△+△−△t(△+ −△−)S

0

+
1

12
△2

+△−△tS
−

≈ −△+△−△t

1440

(
4(2△2

+ + 3△+△− + 2△2
−)y

v

+(△+ −△−)(3△2
+ + 5△+△− + 3△2

−)y
vi
)

(3.2.12)

△2
−F

+ + (△2
+ −△2

−)F
0 −△2

+F
− − 1

3
△+△2

−S
+

−2

3
△+△−△tS

0 − 1

3
△2

+△−S
−

≈ −△+△−△t

360
(5(△+ −△−)y

v

+2(△2
+ −△+△− +△2

−)y
vi
)

(3.2.13)

Neglecting the fourth order truncation errors, equations (3.2.10)–(3.2.13)
supplement the differential equation at the three points considered, i.e, the
linear equations

c+3 y
+ + c+2 F

+ + c+1 S
+ = d+ (3.2.14)

c03y
0 + c02F

0 + c01S
0 = d0 (3.2.15)

c−3 y
− + c−2 F

− + c−1 S
− = d− (3.2.16)

form a system of seven equations in nine unknowns. This system is the re-
quired compact relation, the tridiagonal scheme. The algebraic manipulation
has been used to perform the major part of the elimination process.
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Finally, the following compact relation is obtained

F1y
+ + F2y

0 + F3y
− = R, (3.2.17)

where

FK = E1KE24 − E2KE14 (K = 1, 2, 3), (3.2.18)

EK = D1KD35 −D3KD15 (K = 1, 2, 3, 4), (3.2.19)

E2K = D2KD35 −D3KD25 (K = 1, 2, 3, 4), (3.2.20)

R = S1E24 − S2E14 (3.2.21)

S1 = T1D35 − T3D15 (3.2.22)

S2 = T2D35 − T3D25 (3.2.23)

and

D11 = −△3
−
(
2(6△2

+ + 6△+△− +△2
−)c

+
1 +△2

t△2
+c

+
3 + 2△t(2△+ +△−)△+c

+
2

)
,

D12 = −2△3
t

(
(6△2

+ − 3△+△− −△2
−)c

+
1 +△t(△+ −△−)△+c

+
2

)
,

D13 = 2△3
t

(
(6△2

+ + 15△+△− + 8△2
−)c

+
1 +△t(△+ + 2△−)△+c

+
2

)
,

D14 = △3
t△+△−

(
2(3△+ +△−)c

+
1 +△t△+c

+
2

)
,

D15 = △t△3
+△−0

(
2(3△+ + 2△−)c

+
1 +△t△+c

+
2

)
,

T1 = −△3
t△2

+△3
−d

+,

D21 = 2△4
t − c01,

D2 = △2
t

(
−2(3△2

+ − 2△+△− +△2
−)c

0
1 +△2

+△2
−c

0
3

)
,

D23 = 2(3△+ + 4△−)△3
+c

0
1,

D24 = △t△+△−
(
2(2△2

+ +△+△− −△2
−)c

0
1 +△t△+△−c

0
2

)
,

D25 = 2△t△3
+△−c

0
1,

T2 = △2
t△2

+△2
−d

0,

D31 = −2△4
−c

−
1 ,

D32 = −2△3
t (3△+ −△−)c

−
1 ,

D33 = △2
+

(
2(3△2

+ + 6△2
− + 8△+△−)c

−
1 −△2

1△2
−c

−
3

)
,

D34 = 2△3
t△+△−c

−
1 ,

D35 = △t△2
+△−

(
2(2△+ + 3△−)c

−
1 −△−△tc

−
2

)
,

T3 = −△2
t△2

+△2
−d

−.

(3.2.24)
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General boundary conditions

βy + γF = δ (3.2.25)

are easily inserted. We add the linear equation in y and F representing the
boundary condition to the system of seven equations (3.2.10)–(3.2.16) for the
first interior point from the boundary. Thus, we have eight equations in nine
unknowns. Now, processing the elimination procedure not only for F+,0,−

and S+,0,− , but also for y−(right boundary) or y+ (left boundary) yields one
equation in two unknown function values, yN−1 and yN respectively. This
completes the tridiagonal system with fourth-order boundary conditions on
both sides. The coefficients resulting from the elimination procedure at the
boundaries are as follows.
At the left boundary

H3y1 +H2y2 = P, (3.2.26)

with

Hk = F1Gk − FkG1, (k = 1, 2, 3),

P = F1Q−G1R

Gk = γ(D34E2k − E24D3K) (K = 1, 2),

G3 = βE24D35 + γ(D34E23 −D33E24),

Q = δE24D35 + γ(D34S2 − E24T3),

(3.2.27)

where F1, F2, F3, Dij, Eij, R, S2, and T3 are to be taken from the compact
scheme (eqs(3.2.17)− (3.2.24)) at point j = 2.
At the right boundary

L1yN + L2yN−1 =M (3.2.28)

with

Lk = KkF3 −K3Fk (k = 1, 2), (3.2.29)
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M = F3O −K3R,

Kk = E24Hk − E2kH4 (k = 1, 2, 3),

O = E24P −H4S2,

Hk = GkD35 −G5D3k (k = 1, 2, 3, 4),

P = D35Q−G5T3,

G1 = −△3
−△+△tβ − 2△3

−(2△+ +△−)γ,

G2 = −2△3
t (△+ −△−)γ,

G3 = 2△3
+(△+ − 2△−)γ,

G4 = △3
t△+△−γ,

G5 = △3
t△−△tγ,

Q = −△t△+△3
−δ,

(3.2.30)

where F1, F2, F3, Dij, Eij, R, S2, T3, △+, △−, and △t are to be taken from
the compact scheme at point j = N − 1.

3.3 Numerical results

As an example, a simple problem in which a particle source is prescribed as
αxky has been chosen where α is a constant and x is the spatial coordinate,
the particle flux Γ is coupled to the gradient of the density y by a constant
diffusion coefficient D [3]. Thus, in a plane geometry, we have

dΓ

dx
= αxky (3.3.1)

Γ = −Ddy

dx
. (3.3.2)

These equations combine to the second–order ODE

y
′′
+ axky = 0, (3.3.3)

with a=
α

D
. The analytical solution is given by

y(x) = C1

√
xJ1/p

(
2
√
a

p
xp/2

)
+ C2

√
xJ−1/p

(
2
√
a

p
xp/2

)
(3.3.4)
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where J1/p is the Bessel function of fractional order 1/p, p=k+2, and C1,2 are
the integration constants. Insertion of boundary conditions y(1) = yw and
y

′
(0) = 0, the solution can be written in the form of a power series as

y(x) =
yw∑∞
j=0 gj

∞∑
j=0

gjx
(k+2)j (3.3.5)

with

gj =
(−1)j

j!Γ(1 + j − 1/(k + 2))

( √
a

k + 2

)2j−1/(k+2)

(3.3.6)

Figure 2 shows the solution of this model equation for a = 150 and k = 10.

The coefficients a and k allow for tuning of the width of the boundary layer
and of the value of the function at x = 0.
The meshes used for numerically solving the equation (3.3.3) are given by

xj = 1−
(
1− j − 1

N − 1

)m

; m = 1, 2, 3, 4, j = 1, 2, ..., N. (3.3.7)

which enables us to take meshes from equidistant (m=1) to meshes with a
high density of points in the boundary layer.
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