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ABSTRACT 

Variable scaling by power-of-two factor is the backbone operation of floating point 

arithmetic. It is commonly used in fixed-point digital signal processing (DSP) system for 

overflow prevention. This operation can be easily performed in binary number system, 

but it is very difficult to perform in Residue Number System (RNS). In this thesis, 2
r
 

variable RNS scalers are designed for important classes of moduli sets that have large 

dynamic range. These important classes of moduli sets include traditional three moduli 

set {2
n
-1, 2

n
, 2

n
+1} and any extended power-of-two moduli sets m4 ({2

n
-1, 2

n
, 2

n
+1, m4}).  

In this approach, scaling is done by combining both Chinese Remainder Theorem (CRT) 

and mixed radix conversion (MRC). Scaling is completely done in RNS domain, no 

reverse conversion or forward conversion required in this approach. Simple, memory less 

VLSI architectures are proposed based on the obtained formulation. In hardware design, 

carry save adders with end around carry (CSA w EAC), carry save adder with 

complementary end around carry (CSA w CEAC), shifters different modulo adders and a 

modulo adder circuits are used. Shifters are used to provide variable scaling in RNS. 

Number of bits shifted in a string are controlled by the value of r. These kind of shifter 

can be implemented with the help of multiplexers.   

These RNS scalers are synthesized and simulated using Xillinx ISE 14.5 targeting 

Spartan 6E FPGA device The relative assessment shows that these architectures provide 

variable power-of-two scaling but, the increment in area leads to increment in cost, also 

there is increase in delay as compared fixed scaling techniques. However, this scaler 

provide wide range of scaling options so that these limitations can be neglected. 
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Chapter-1 

INTRODUCTION

 

Residue Number System (RNS) were invented by Chinese scholar Sun Tzu in third 

century. Sun Tzu was the author of famous book Art of War. Sun Tzu posed a 

mathematical riddle, “Which number will yields the remainders 1, 4 and 6 when 

divide by 3, 5 and 7 respectively?” In modern terminology, 1, 4 and 6 are residues 

and 3, 5 and 7 are moduli. In 1247, another Chinese mathematician, Qin Jiushao, 

generalized this representation of number in an expression, which is now known as 

Chinese Remainder Theorem. 

In the 1950s, RNS were rediscovered by computer scientists, who sought to put them 

to use in the implementation of fast arithmetic and fault tolerant computing. Three 

basic properties make them well suited for these. The first is the absence of carry-

propagation in addition, subtraction and multiplication. This becomes the most 

significant factor for high speed operations. The second is, RNS representation is non-

weighted representation. An error in any digit-position does not affect other digit-

position. And finally the third is, there is no significant ordering of digits. The fault 

digit-position may be discarded with no effect other than reduction in dynamic range. 

There are some disadvantages of RNS representation. A complete arithmetic unit 

which is capable of performing square root, division and comparisons are very 

difficult to implement in RNS. However, RNS is extremely good for many 

applications, such as digital signal processing, communications, computer security 

(cryptography), image processing, speech processing, where high speed and low 

power consumptions is critical. In these applications, major arithmetic operations are 

addition and multiplication. 

The choice of any arbitrary set of moduli leads to hardware consuming design. So, 

instead of choosing arbitrary moduli set, special power-of-two moduli sets such as 

{2
n
-1, 2

n
, 2

n
+1} or extended are preferred. The major advantages of these moduli sets 

are arithmetic operations becomes easier and also it can utilize maximum number of 

bits in particular hardware. The dynamic range of these moduli sets becomes almost 
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equal to binary number systems for particular value of n. All other arithmetic 

operations which are difficult in arbitrary RNS number become easier in these special 

moduli sets. For example, scaling was done in arbitrary RNS by LUTs scheme or 

ROM based designed. But with the emergence of power-of-two moduli sets, scaling 

operation can be performed with the help of simple combinational circuits.  

Residue number system has gained a strong foothold in very large scale integration 

(VLSI) implementation of application specific digital signal processor. Its inherently 

modular, parallel and distributive arithmetic not only speed up the data paths 

dominated by additions, subtractions, and multiplications, but also facilitate to 

conserve power of arithmetic units without compromising their latency. Such sum-of-

products kernels are generally found in DSP algorithms, such as finite impulse 

response (FIR), infinite impulse response (IIR), fast Fourier transform (FFT), discrete 

wavelet transform (DWT), etc. In recent researches, techniques such as multi-modulus 

and multi-functions architectures are suggested to minimize the hardware redundancy 

as well as to multi-threshold voltage and multi-supply voltages for low power design. 

RNS computations are faster than its counterpart binary number system because 

computations are performed in short-word length modulo channel. Also carry 

propagation does not take place from one channel to other channel. But the major 

problem in RNS is to design its converter to interface with the physical world. With 

the emergence of power- of- two modulus set, this problem has been resolved up to 

some extent. 

With the advances in technology, many researchers have tried and are trying to design 

various arithmetic units for different moduli set which offer following design targets: 

high speed, low power, less area and different dynamic range.  

1.1 Objective 

The primary objective of this thesis is to design and implementation of RNS scaler for 

different moduli set. In this work, RNS scalers are proposed for two different moduli 

sets for different dynamic range. Scaling was done by one of its moduli or product of 

two or more moduli [4], [10], [17], [19]. In this report, a variable power-of-two RNS 

scaler is designed for {2
n
-1, 2

n
, 2

n
+1} moduli set [25]. This variable scaler design is 

further explored to extended four- modulus RNS. These designs are fully based on 
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combinational circuits. No memory unit is required to perform scaling in these 

scalers. 

1.2 Thesis Organisation  

Chapter 1: Give the brief history of RNS. Why it is preferred over conventional 

number system? 

Chapter 2: Discusses Literature Review  

Chapter 3: Introduction to RNS representation, basic arithmetic operation, forward 

and reverse conversion, basic properties of RNS. 

Chapter 4: Design of variable RNS scaler for two different moduli set. 

Chapter 5: This chapter is mainly concerned with FPGA and its design flow  

Chapter 6: Shows the simulation and synthesis results for RNS scaler using proposed 

algorithm. 

Chapter 7: Derives the Conclusion and tells about future scope. 
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Chapter-2 

LITERATURE REVIEW 

 

Many papers from the recent researches and developments in the direction of designing 

the RNS scaler more efficient were studied. A brief summary is as follows: 

A.Garica and A. Lloris [2] have proposed an architecture for scaling in the 

RNS, which leads to faster and simpler implementations of this mathematical 

operation. This scheme is better than previously proposed algorithms when the set of 

moduli is not too large. Specifically, this scheme is very suitable for a set of three 

moduli, where one of them is the scaling constant K. Sets of three moduli, with one of 

them as K, can be used in RNS applications which need fast scaling, since this 

operation is performed in two look-up cycles with three look-up tables; this is a better 

solution than the one provided by former algorithms, and can be suitable for FPGA or 

VLSI implementations. On the other hand, this scheme leads to larger memory 

requirements when the number of moduli increases, which is not restrictive when the 

use of larger tables is allowed, but can be unsuitable for integrated circuit 

applications. 

A.Garica and A. Lloris [4] have presented some improvements to the existing 

index calculus RNS multipliers. On the other hand, it proposed a new scheme for 

scaling based on arithmetic modules instead of look-up tables. They have also 

concentrated on the pipelining to reduce the critical path delay, including zero 

multiplication and error detection with a very low additional cost. 

N. Burgess [10].has introduced a method for extracting the core of a residue number 

system (RNS) number within the RNS, this affording a new method for scaling RNS 

numbers. Suppose an RNS comprises a set of co-prime moduli, mi, with Πmi=M. It 

describes a method for approximately scaling such an RNS number by a subset of the 

moduli, ∏      √  with the characteristic that all computations are performed 

using the original moduli and one other non-maintained short word length modulus. 
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P. V. A. Mohan [14] has presented a RNS converter for new three moduli set 

                . In this technique, the converter for first modulus is derived 

using mixed radix conversion (MRC) and for second and third modulus the converters 

are designed using well known Chinese Remainder Theorem. The implementations of 

first and second modulus converter have been done by using fully combinational circuit 

whereas, for third modulus conversion is fully ROM based. The experimental result of 

the proposed architecture has been compared with the recent converters shown in [14]. 

K. Yinan and B. Phillips [17] have presented fast scaling technique. Scaling of 

residues are done by constant k which is co-prime with the relative moduli set. 

Experimental results was compared with look-up-table scaling scheme. Result shows 

reduction in hardware area complexity without affecting time complexity. 

Ramya Muralidharan and Chip-Hong Chang [20] have proposed RNS 

multiplier. The hard multiple is generated using small word-length ripple carry adders 

(RCAs) operating in parallel. The carry-out bits from the adders are not propagated 

but treated as partial product bits to be accumulated in the CSA tree. The effect of the 

RCA word-length k, on the time complexities of each constituent component of the 

multiplier is analysed qualitatively and the multiplier delay is shown to be almost 

linearly dependent on the RCA word-length. Consequently, the delay of modulo 2
n
 -1   

multiplier can be directly controlled by the word-length of the RCAs to equal the 

delay of the critical modulo 2
n
 -1 multiplier of the RNS. By means of modulo 2

n
  -1 

arithmetic properties, we show that the compensation constant that negates the effect 

of the bias introduced in this process can be pre computed and implemented by direct 

hardwiring with no delay overhead for all feasible combinations of k and n. It is 

shown that the proposed multiplier lowers the area and power dissipation of the radix-

4 Booth encoded modulo multiplier under the delay constraints derived from various 

high dynamic range RNS multipliers. 

Jeremy Yung Shern Low and Chip-Hong Chang 2011[21] have 

proposed a novel area-efficient, high-speed and precise RNS scalar for the three-

moduli set RNS {2
n
 -1, 2

n
, 2

n
 +1}. The new scaling algorithm is formulated based on 

the CRT and it uniquely exploits the number theoretic properties of this moduli set 

and the scaling factor of 2
n
 to overcome the complexity associated with the hardware 

implementation of inter modulo operation. The proposed RNS scalar has an area 
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complexity of O(n log2 n) and a time complexity of O( log2 n). The integer scaled 

output in normal binary number representation is also generated as a by-product of 

this new formulation. Hence, the expensive residue-to-binary converter can be saved 

if the result after scaling is also required by a normal binary number system.  

L. Sousa and S. Antao [22] have proposed an algorithm for RNS reverse 

converter for new sets of four moduli                        and     

                     . The dynamic ranges of these moduli-sets are 5n and 6n 

respectively. This algorithm is completely based on MRC. The simulation results are 

performed by targeting Vertex-IV FPGA board. The delay of proposed algorithm has 

been improved up to 18% and 12% for                        and     

                   moduli-sets respectively with respect to conventional RNS 

converter. Experimental results also show reduction in product of area with square of 

delay by 25% and 21% with respect to related conventional moduli-sets for 5n and 6n 

bits. 

Ramya Muralidharan and Chip-Hong Chang [23] have proposed an area 

–power efficient modulo 2
n
-1 and modulo 2

n
+1 multiplier employing radix-8 Booth 

encoding scheme. The hardware cost of hard multiple generator [18] was minimized 

by customizing the parallel-prefix modulo 2
n
-1 and modulo 2

n
+1 adders for the 

efficient computation of hard multiples. The area-delay-power metrics of the proposed 

modulo multipliers were evaluated and compared against radix-4 Booth encoded and 

non-encoded modulo multiplier based on the normalized area model and synthesis 

result from CMOS standard-cell implementation. The RNS multiplies based on these 

modulo lower both implementation of area and total power dissipation by up to 40% . 

Jeremy Yung Shern Low and Chip-Hong Chang [25]   have proposed an 

elegant algorithm to overcome the daunting problem of performing programmable 

power-of-two scaling operation directly in the popular moduli set {2
n
-1, 2

n
, 2

n
+1}. The 

synthesis results are very promising. Exceptional computation speed improvement of 

52.2%, 52.8%, 53.1%and 53.2 % for n=5, 6, 7and 8 respectively, with an average area 

saving of 14.1%, over the hybrid design have been demonstrated. Besides, remarkable 

saving of total power by 44.6%, 51.5%, 37.8%  and leakage power by 22.4%, 20.8%, 

24.4% and 14.6% for n=5.6,7 and 8 respectively, have been achieved. In this 
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programmable power-of-two scalar can efficiently scale an RNS number up to one third 

of the dynamic range. 

T. Tay et al. [26] have presented algorithm for signed RNS for              

   moduli set.  A sign detection circuit is added for negative number scaling. In order 

to correct the wrong scaled negative integer in RNS form, substantial hardware 

overheads have been suffered to detect the range of the residues upon magnitude 

scaling. In brief, an exact, fast and area efficient 2
n
 signed integer RNS scaler for the 

moduli set                 is proposed for complex DSP architectures. 

L. Sousa [27] has proposed a new category of RNS scaler for four moduli set to in. 

In this work, both CRT and MRC technique is used. It performed RNS scaling in two 

stages. In its first stage, it uses CRT to find out intermediate scaling result for special 

three moduli set [21]. In second stage, the intermediate results of [21] and fourth 

modulus are then processed by mixed radix conversion (MRC) technique to find out 

final scaling results. The experimental results are then compared with hybrid RNS 

scaler. In hybrid RNS scaler, firstly RNS reverse converter is used to find out 

equivalent binary number, after that RNS scaling is performed in binary number 

system and then finally RNS forward converter is used to find out final  RNS scaled 

output. The proposed RNS scaler is flexible, cost effective and also suitable for 

energy constrained equipment, specially mobile systems. 

Karthik K. M et al. [29] have proposed a RNS to binary reverse converter. Due 

to its small size and parallel arithmetic operations, Residue Number System (RNS) 

based data is well suitable for implementing various digital signal processing 

functions that are commonly used in many consumer electronic devices nowadays. 

This paper presents the design of the RNS to Binary reverse converter which is 

typically the bottleneck in an RNS based signal processing system. Specifically, it 

describes a pipelined parallel prefix based modular adders which is used to implement 

the reverse converter for the {2
k
-1, 2

k
, 2

k
+1} moduli set based RNS system. 

Piotr Patronik and Stanisław J. Piestrak [31] have presented  a new residue 

number system (RNS) reverse converter for four balanced moduli          

             (n odd). It offers large dynamic ranges with reduction in the width of 

the channel mod       . From the set of basic properties, three versions of a 

http://ieeexplore.ieee.org/search/searchresult.jsp?searchWithin=p_Authors:.QT.Karthik,%20K.M..QT.&newsearch=true
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reverse (residue-to-binary) converter with different performance characteristics can be 

designed for this new RNS. The experimental results obtained in this paper suggest 

that power consumptions, delay and area of this new converter is significantly 

improved compared to the state-of-the-art converters for the 4-moduli set     

                  (n odd). Finally, the other major benefit of this new moduli 

set is that, it should be extended by including other moduli to increase dynamic range, 

reverse converters for these new multi-moduli systems could be made by reusing the 

reverse converters proposed here on the premises of the MRC. 
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Chapter-3 

 RESIDUE NUMBER SYSTEM 

 

A residue number system (RNS) is a representation of number in which large integer 

number can be represented using a set of smaller integers, so that computation may be 

performed more efficiently. The RNS uses positional bases (called moduli) that are 

relatively prime to each other, e.g. 2, 3, 5.  To convert a conventional weighted number 

(X) to residue system, simply take the residue of X with respect to each of positional 

moduli. Example of RNS number shown below. 

To convert the decimal number 208 to {15, 16, 17} RNS 

R5=208mod15=13 

R3=208mod16=0 

R2=208mod17=4 

The decimal number 208 is represented by [13,0,4] in above mentioned RNS. 

The main advantage of RNS is the absence of carries between moduli in addition and 

multiplication. Arithmetic is completely done within each residue position, i.e there is 

no inter-moduli carry propagation in RNS. Therefore it is possible to perform addition 

and multiplication on long numbers at the same speed as on short numbers, since the 

speed is determined by largest modulus position. But, in conventional linear weighted 

number system, an operation on long words is slower due to the carry propagation [12].  

3.1 Arithmetic Operation in RNS 

3.1.1 Addition and Subtraction 

Let two number X and Y having residue x and y respectively with respect to same 

modulus m. That is, if 

X ≡ x (mod m)                           (1)                                   

                       Y ≡ y (mod m)                                                         (2) 

Then, 
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                                     X ± Y ≡ x ± y (mod m)                                                      (3) 

3.1.2 Multiplication 

Let two decimal numbers, represented by X and Y having residue x and y respectively 

with respect to same modulus m. That is, if 

X ≡ x (mod m) 

Y ≡ y (mod m) 

Then, 

X × Y≡ x × y (mod m)                                       (4) 

The properties above mentioned for addition and multiplication have two direct 

extensions. If {x1,x2,........ ,xn} and {y1,y2......... ,yn} are respectively, the residue sets 

(without any restrictions) of  X and Y and are obtained relative to the moduli m1,m2,....... 

, mn, then the residue set of  X+Y is 

{|     |   
 |     |   

   |     |   
}                             

 And that for X×Y is 

          {|      |   
 |       |   

   |      |   
}                                                

3.1.3 Additive Inverse 

The additive inverse, x , of a residue, x, is defines by the equation 

x  x                            (7) 

The additive inverse operation can be applied to individual residues, or to a system as a 

whole, but its main role is in subtraction. The additive inverse does exist for a number 

and unique for any residues. It is similar to 2‟s compliment in binary number system 

representation. It is obtained through a simple operation: 

x    m – x |m                              (8) 

3.1.4 Multiplicative Inverse 

The multiplicative inverse is an analogue of reciprocal in conventional arithmetic and is 

defined as follows. If x is a non-zero integer then x
-1

 is the multiplicative inverse of  x,  

with respect to the modulus m if 
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|x×x
-1

|m=1                 (9) 

where  x and m have no common factor. 

3.1.5 Division 

In residue number systems, there is difficulty in even the seemingly simple matter of 

defining precisely what division means. It might appear possible to define division in a 

residue number system by proceeding as it has done above for addition and 

multiplication that is, define the operation for residues and then extend that to tuples [7] 

of residues, but two complications immediately arise if this attempt occur. The first is 

that residue division and normal division are in concord only when the quotient 

resulting from the division is an integer. And the second follows from the fact that zero 

does not have a multiplicative inverse for zero. 

Conventional division may be represented by the equation 

                                                   
q

y

x


                      (10)

 

which implies that 

                                                           x=y×q                       (11) 

In residue number systems, however, this last equation does not necessarily hold, since 

in these systems the fundamental relationship is congruence and not plain equality. For 

RNS equivalent of preceding equation for residues x and y, the congruence is  

y × q≡ x (mod m)                            (12) 

Multiply both sides by the multiplicative inverse of y
-1

, we get 

q≡x×y
-1

 (mod m)                 (13) 

Unlike the corresponding situation in conventional arithmetic, in RNS multiplication by 

a multiplicative inverse is not always equivalent to division. 

3.2 Chinese Remainder Theorem (CRT) 

Given a set of relatively prime moduli (m1, m2,.......mn) than any number X <M, the set 

of residues {X mod mi| 1<i <n} is unique, where  
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                                           



n

i

imM
1                                               (14)                                      

 

                                                                   | |  
                                                                    

Therefore the integer representation of  X, is given by  

                                           |∑   |  
  |

  
  

 
   |

 
                                               (16) 

where Mi = M/mi and |  
  |

  
 is multiplicative inverse of |  |  

 

3.3 Mixed Radix Conversion (MRC) 

Based on MRC, X can be calculated from its residue by 

        (      (           ))                                  (17) 

where 

      

   |        |  
  |  

|
  

 

   |         |  
  |  

     |  
  |  

|
  

 

3.4 Special Moduli-Sets 

The moduli sets with 2
n 

are special moduli set {2
n
-1, 2

n
, 2

n
+1} is one of them.

 
 The 

special moduli are usually referred to as low cost moduli, since forward conversion and 

reverse conversion from their residue can be realized relatively easily and does not 

require complex operation such as multiplicative inverses, multiplication [1]-[2], [3]-

[7]. 

3.4.1 Modulus  2
n
 

This modulo can be implemented directly by n-LSB bits of X with no additional   

computation. 

3.4.2 Modulus 2
n
-1 

This modulo is quite easy to implement. By using RNS properties, this can be written 

|2
m
|2

n
-1=|2

x
|2

n
-1                                                                            (18) 
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where m= nq + x  and x is remainder [7]. 

3.4.3.  Modulus 2
n
+1 

Similarly  

|2
m
|2

n
+1=2

x
                             if q is even 

                                              =2
n
+2-2

x            
           otherwise                               (19) 

Residues are obtained by nominally dividing X by mi . The residue x2 is easier to 

compute because it is just right shift operation. In order to determine the residue x1 and 

x3, X is broken into three n bit blocks B1, B2, B3. 

                          X=x3n-1 x3n-2...... x2n x2n-1....... xn xn-1................x0                                                (20) 







13

2

2

1 2
n

nj

njjxB

                                                      (21)

 

                                              






12

2 2
n

nj

njjxB

                                                      (22)

 







1

0

3 2
n

j

jjxB

                                                           (23)

 

Therefore by expanding our results and using RNS properties [13] will give: 

x1=|B1-B2+B3|2
n

+1                                                                                 (24) 

x3=| B1+B2+B3|2
n

+1                                                                               (25) 

The forward conversion and reverse conversions are shown in Fig. 1 and Fig. 2 

respectively. The reverse conversion is based on the CRT in which carry save adder is 

used. 

 

Fig. 1.1: {2
n
-1, 2

n
, 2

n
+1} Forward Conversion [13] 
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3.5 Scaling 

Division in the RNS is difficult. Nevertheless if the divisor is one of the moduli or a 

product of several moduli, but not a multiple of a power of a modulus, then the division 

is much easier and is known as scaling. In conventional binary number system scaling 

is performed by shifting the dividend to the right. Although scaling in RNS is not as 

simple as shifting. Scaling is often used to prevent overflow, since it reduces the 

dynamic range of RNS and thus keeps them within the permissible bounds. 

Scaling in RNS of a number X  by  a positive integer Y can be expressed as[2]: 

                mimi Y

xX

Y

X 










                                   (26) 

 
Fig. 1.2: Reverse Conversion [13] 

 

3.6 Properties of RNS 

Modular arithmetic has so many impressive properties over traditional arithmetic 

operation which makes it special. Some of them discussed below. 

Property 1 [11]: Multiplying n-bit number X by i power of two in modulo 2
n
-1 then X 

circularly shift left by i bits denoted by 

|   |
    

                                                  (27) 

Property 2[24]:  Since |  |    =|      |      ̅ , where  ̅ denotes one‟s 

compliment of X, then  
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|    |
    

       ̅                                          (28) 

Property 3: If        denote the n-LSB of X , then 

                                                   | |                                                           (29)                

Property 4 [16]: Let x be a single bit binary variable, then 

|     |
    

 |   ̅      |
    

                                   (30) 

 Property 5: If k is an integer, then  

|  |    | |                                                    (31) 

Property 6:                         |  |                                                                       (32) 

In the upcoming chapters, it has sown that, how these properties become useful for 

driving expressions and hardware design for RNS scaler.  
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Chapter-4 

 RNS SCALER DESIGN 

 

In this chapter, techniques for variable scaling of RNS are discussed. Previously, RNS 

scalers were designed using LUT or ROM based design, in which delay and area 

required is very large [1]. But in recent studies, RNS scalers are designed using fully 

combinational circuit for power two based RNS moduli sets. These types of RNS 

scalers don‟t require any memory element.  Section 4.1 describes the equations for 

variable power-of-two RNS scaler for special three moduli set {2
n
-1, 2

n
, 2

n
+1}.In 

section 4.2, variable power-of-two RNS scaler is designed for 4-moduli set. In section 

3, hardware description is given for these two RNS scalers. 

4.1 Variable  RNS  Scaler  for  {2
n
-1, 2

n
, 2

n
+1} 

Let X be an integer and (x1, x2, x3) is RNS representation of X with respect to moduli set 

{m1, m2, m3}, where,                            . 

Before deriving scaling equation for this moduli set, it require some multiplicative 

inverse equation and these equations are 

|  
  |  

      

|  
  |  

      

|  
  |  

        

The proof of these multiplicative inverses is given in [21]. 

The fixed precision part of an integer in PFP can be expressed as

 

nn

nXXX

22

2











                        (33) 

From (33), X can be written as follows: 

     
nX

X
X n

n 2
2

2











          (34) 
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The last term of equation (34) corresponds to variable precision part of X and equal to 

the residue x2 of the moduli set RNS {2
n
-1, 2

n
, 2

n
+1}. Therefore 

22
2

x
X

X n

n











                                       (35)

 

Without sacrificing the guaranteed minimum precision, the PFP representation of can 

be scaled by an arbitrary power-of-two factor 2
r
 to prevent overflow. This can be done 

by dividing both sides of (35) by 2
r
 followed by the least integer function, which 

gives 




































r

n

n

r

x
X

X

2

2
2

2

2

                           (36)

 

Note that, this expression is the scaled output of X and represented by Y. Therefore 











r

X
Y

2
                                                        (37) 

Let {y1, y2, y3} are residues of Y. Then, 

   |⌊
 

  
⌋      ⌊

  

  
⌋|

  

                                            

4.1.1. Equation for y1 

 y1 is the representation of | |  
in RNS  w.r.t. modulo  m1 . Therefore 

   ||⌊
 

  ⌋|
  

|    |  
 |⌊

  

  ⌋|
  

|
  

                           (39) 

By substituting |⌊    ⌋|  
 |     |  

from (11) of [21] into (39), it becomes 

1
1

21 2
)2()2( 2

211

m
m

rm

rn

m

rn x
xxy 








 

                   (40) 

The last two terms of (40) can be as follows: 

|            ⌊
  

  
⌋|

    
 |            

   |  |  

  
|
    

            (41) 
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It can be easily shown that the multiplicative inverse of 2
r
 modulo 2

n
-1 is 2

n-r
. 

Therefore 

|                      |  |   |     | |  |       |                 (42) 

   |           |  |       |                                 (43) 

which is further represented as: 

1
211 m

PPy 
                                                       (44)

 

where P1,P2 can be described as: 

):(),(2. 11
12

11 rxCRSrnxCLSxP nn

rn

n






                (45)
 

12
0:122 2..)(






n

rn

rxP
                                       (46)

 

1....10:122 )(
rn

rxP




                                          (47)

 

Where || denotes the concatenation of two binary strings, a and b and CRS is circular 

right shift and CLS is circular left shift operation.  

4.1.2  Equation for y2 

The scaled output y2 can be calculated by using 

   |
⌊
 
  ⌋  

    

  
|

  

                                                     

From first part of (48) using CRT, this can  be written as  

|⌊
 

  
⌋|

  

 ||  |  
  |  

   
    

  

|  
  |  

     |  
  |  

  |
    

|

  

     

|⌊
 

  
⌋|

  

 ||                   

                     |     |                                                                 

Each term present in (50) can be written as follows: 

   |       |                     
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 (           ⏟      
 

                )

 

                               (51) 

   |      |                    

 (                   ⏟    
                            

)

 

                                       (52) 

   |     |              ̅̅ ̅    

 ( ̅      ̅         ̅       ⏟  
                          

)

 

                              (53) 

   |       |                     

 (           ⏟      
 

           )

 

                                    (54) 

   |      |                    

 (                      ⏟    
                            

)

 

                                 (55) 

   |   |      (     ⏟    
   

  ̅      ̅   )

 

                         (56) 

The sum of binary vector L1 and L2 can be merged and written in 2n- bit binary vector 

N1. The remaining four terms can further reduced to three binary vector by reordering 

the bits of different addends at the same position by logic minimization given in [21]. 

The final 2n bit binary vector is given below. 

   (                                                  ) 
             (57) 

   ( ̅       ̅         ̅     ̅      ̅          ̅   ) 
                (58) 

   (                                                  ) 
            (59) 

   ( ̅        ⏟    
 

 ̅    ̅    ̅      ̅   ⏟            
   

)

 

                                     (60) 

Since               if       . Also when                     . the n 

lower bits of N2 become “1”s, and N3 becomes an all-zero string. N1, N2, N4 can be 

summed using 2n-bit CSA w EAC. On the other hand, if       then,         In this 
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case, N4 becomes all-ones string and its modulus with 2
2n

-1 become equal to zero. 

Hence no additional 2n- bit vector is required to sum all the ones of N4.  

Finally to calculate the y2, the n-bits of x2 are concatenated at the LSB of the output of 

the 2n-bit CSA w EAC. It will form a 3n bit vector.. Divisor by 2
r
 is simply a r bit 

shifting of this 3n bit binary vector, which is similar like shifting of P1. The last n-LSB 

of the output of 3n- bit shifter will give us y2. 

4.1.3 Equation for  y3 

 The n bit modulo y3 is expressed as follows: 

3

3
2

m

r

X
y 








                                                                 (61) 

3

2

2
2

2

3

m

r

n

n
x

X

y






























                                                (62) 

Substitute |⌊    ⌋|  
 |         |  

 from (11) of [21] in (62) and use Property 6. 

y3 can be modified as: 

3
3

33 2
2. 2

323

m
m

rm

rn

m

x
xxy 








                                           (63) 

It can be easily found that the multiplicative inverse of 2
r
 modulo 2

n
+1 is -2

n-r
 . Hence, 

first and last term of (63) can be combined and given as: 

|         ⌊
  

  
⌋|

    
 |    |  |  |                                           

By using property 4, it can be further simplified to 

 |         ⌊
  

  ⌋|
    

 |              |                                        

The expression in (65) is an r bit binary number shifted to the left by n-r bits. 

The second term present in (63) can be written as : 

|         |     |         |                                                 

 |                   
       |

    
                         



21 
 

By decomposing the second term present in (63) and applying Property 4 to each 

binary bit variable give: 

|         |     |           
̅̅ ̅̅          

      ∑     

 

   

|

    

                        

The last term of (67) can be modified to 

|∑     

 

   

|

    

 |         |     |      |                       

By substituting equation (65) and (67) into(63),    can be written as 

   |           
̅̅ ̅̅         

                             |
    

    (69) 

When                                   , and equation (69) reduced to. 

   |           
̅̅ ̅̅         

                          |
    

          (70) 

The sum of first two terms of equation (70) give us  rnr
xx :1313 )( 

.  

When                                     , then 

        ⏟    
 

                                                      (71) 

Finally, y3 is divided into three parts i.e. Q1, Q2, Q3.The expression for Q1, Q2, Q3 based 

on [26] are as follows: 

 rnrn xxxQ :131331 )(&)( 
  

             rxCCRSx
nnn :&)(

0:133 
                                (72) 

                                  
rn

rxQ


 1......1)( 0:122                                                    (73) 

                                                        nxQ )( 33                                                               (74) 

where „&’ denotes logical AND of the binary variables. CCRSn(X, r) denotes the 

complementary circular right shift of r-bit binary variable. By feeding Q1, Q2 and Q3 

into a CSA with CEAC, it can be easily shown that: 

12
10:23




nnn CCSy                                                   (75) 
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where S and C denotes the n-bit sum and carry vectors of the CSA with CEAC.  

4.2 Variable RNS Scaler for Extended Four-Moduli Sets 

In section 4.1, scaling equations for moduli set {2
n
-1, 2

n
, 2

n
+1} has been derived. In 

this section, these equations has been explored for extended four moduli-set {2
n
-1, 2

n
, 

2
n
+1, m4} where m4 is any power-of-two modulus. The MRC is applied in this level. 

The equation for y1 and y3 will remain same for this moduli set. So, only equations for 

y2 and y4 has been derived. The equation (50) can be re-written as follows: 

⌊
    

  
⌋  |                   

                     |                                                          

where      might be consider as the intermediate result. To find out      from (76), 

concatenate     at the LSB of the (76). This can be represented as 

     ⌊
    

  
⌋                                                            

From the residues      and   , it reduced our four- moduli set to two moduli set, 

which is                . By applying MRC to this moduli set, X can be written 

as: 

       |          |  
  |  

|
  

                         (78) 

where    
 

  
           . To obtain scaling equation, divide (78) by 2

r
 

followed by least integer function as shown in (79). 

⌊
 

  
⌋  ⌊

    

  
⌋  |          |  

  |  
|
  

 
  

  
                        

By using (79), the equations for y2, y4 can be computed as follow. 

   ||⌊
    

  
⌋|

  
 |          |  

  |  
|
  

           |
  

             

   |⌊
    

  
⌋  |           |  

  |  
|
  

                |
  

           

4.2.1 Case study                         
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The four moduli set                      has been proposed in [31] for 

relatively prime numbers for odd values of n and provide dynamic range     

        The multiplicative inverse |  
  |       is provided in [31] for    . 

|  
  |          

(

 ∑        

   
 

  

   
)

                                        

The proof of correctness of multiplicative inverse is derived in [31]. In this case, 

|     |  
 is always equal to 3 for any odd value of n. 

As an example, consider n=7,                                     . The 

residue representation               of an integer X=425629 is {52,29,58,9}. Scaling 

X by 2,4,8,32 produces 212814,106407,53203,13300 respectively. Table 1 shows the 

scaled value of              . 

Table 4.1 

Scaling of (52, 29, 58, 9) by 2, 4, 8 and 32 in {127, 128, 129, 

65} RNS. 

r i yi 

1 

1 89 

2 78 

3 93 

4 4 

2 

1 108 

2 39 

3 111 

4 2 

3 

1 117 

2 83 

3 55 

4 33 

5 

1 92 

2 116 

3 13 

4 40 
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4.3 Hardware Implementation  

4.3.1 Hardware implementation of variable scaler for {2
n
-1, 2

n
, 2

n
+1} 

Moduli Set. 

The complete block diagram for RNS scaler for {2
n
-1, 2

n
, 2

n
+1} is shown in fig. 4.1.  

4.3.1.1 Generation of P1 

 The scaled residue can be generated by P1 and P2. The P1 can be generated CRS of x1 

by r bits. This can be implemented using multiplexers as shown in fig 4.2. x1 is the 

input to the CRS and r decides maximum number of shifts. 

 

 

Fig. 4.1: Architecture of  RNS Scaler for 3 moduli set 

Shifter 1:  n2log -stage logarithmic cyclic right shifter of an n-bit word by r bits.  

Shifter 2:  )1(log 2 n -stage logarithmic left shifter of an n-bit word by r bits. 

Shifter 3:  )1(log 2 n -stage logarithmic logical right shifter of 3n-bit word by r bits. 

Shifter 4:  )1(log 2 n -stage logarithmic complementary cyclic right shifter of an n-bit 

word by r bits. 
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4.3.1.2 Generation of P2 

P2 can be generated by shifting the one‟s complement of x2 to the left shift by s=n-r bits 

and padded with “1”. This can be implemented by a n -bit logarithmic left shifter 

(Shifter 2 of block diagram Fig. 4.1). The logarithmic shifter has  )1(log 2 n  stages. 

The implementation is based on multiplexer as shown in fig. 4.3. 

Addition of P1 and P2 in mod 2
n
-1 adder will provide y1 as shown in fig. 4.1. 

4.3.1.3 Generation of y2 

The scaled residue y2 is obtained from the r-th to the (n+r-1)-th bit of the concatenation 

of  nX 2/  and x2. A modulo 2
2n

 -1 adder with 2n-bit CSA with EAC and a -bit shifter, 

as shown in Fig. 4.2., are used to implement y2. As the right shift amount is 

programmable from 0  to n , Shifter 3 is a 3n -bit wide logical right shifter, where the r 

vacant positions are filled in with zeros. 

 

 

Fig. 4.2   8-bit 3 Stage logarithmic CRS for generation of P1  [26] 
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4.3.1.4 Generation of y3 

The scaled residue y3 is produced by a CSA with CEAC followed by a mod 2
n
+1 adder, 

with the input vectors of Q1, Q2, Q3. The complementary circular shift of  x3 by r-bits to 

the right can be implemented by an n-bit  )1(log 2 n -stage logarithmic 

complementary cyclic right shifter (Shifter 4 in Fig. 1.3), as shown in Fig. 3.3  for n=8 . 

The output is gated by nx )( 3 with n two-input AND gates to produce Q1.  

Q2 is similar to x2 of channel except that the input are not inverted. Hence it can be 

implemented by the same type of n -bit logarithmic left shifter shown in fig. 4.3 

without the input inversion. 

 

 

Fig.4.3. 8 bit 4-stage logarithmic left shifter for the generation of P2  [26]  

Fig. 4.4 shows the CSA with CEAC for the addition of Q1, Q2 and Q3. It consists of 

one full adder (FA) and (n-1) half adder (HA) to produce the n-bit sum and carry 

outputs. These two outputs are then summed using modulo 2
n
+1adder to produce the 

scaled residue output y3. 
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Fig.4.4 8 bit 4-stage logarithmic CCRS for generation of Q1[1] 

 

 

Fig.4.5 n-bit CSA with CEAC of modulus 2
n
+1 channel 
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4.3.2 Hardware implementation of variable scaler for {2
n
-1, 2

n
, 2

n
+1, 

m4} Moduli Set. 

Figure 4.6 shows the block diagram of variable RNS scaler for extended 4-moduli set. 

Here, only scaler blocks for y2 and y4 are shown.  y1and y3 can be implemented in 

similar way as shown in section 4.3.1. (80) and (81) both require   |          

|  
  |  

|
  

, which is performed using  highlighted  component in fig. 4.6. Moreover 

on the left hand side of fig. 4.6, a shifter and a n bit CPA are used to produce the final 

result in channel 2
n
 (y2). But on the right hand side of fig. 4.6 a multiplier and a CPA, 

both modulo m4 are used to produce y4. Although these general architectures can be 

tuned to perform optimization of specific moduli-sets , i.e., for particular value of m4. 

This work is primarily focused on general architectures that can be used as a 

framework to develop comprehensive scalers. 

The description of all logic blocks present in block diagram shown in fig. 4.6 is given 

below. Description is given for m4 = 2
n-1

+1. 

 Shifter 1:  n2log -stage logarithmic logical right shifter of an 3n-bit word by r 

bits.  

 Shifter 2:  n2log -stage logarithmic logical right shifter of an ⌈   ⌉-bit word 

by r bits. 

 Shifter 3:  n2log -stage logarithmic logical right shifter of an n-bit word by r 

bits. 

   : Give the two‟s complement of T. 

 |     |  
: One‟s complement. 

 Modulo m4 multiplier is described in [23]. 

 Modulo m4 carry propagate adder (CPA) is described in [30]. 

 Modulo m2 carry propagate adder (CPA) is simple binary adder in which carry 

bit is neglected. 

 |⌊
    

  ⌋|
  

can be generated by modulo m4 converter. 

Rest of block are described in previous section generation of y2. 
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Fig.4.6. Generation of y2 and y4. 
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Chapter-5 

FIELD PROGRAMMABLE GATE ARRAY 

 

In this chapter, FPGA concepts and FPGA synthesis flow is discussed. An FPGA is a 

semiconductor device, in which large numbers of transistors are connected to perform 

logic functions. It can perform simple addition to complex digital logics such as 

digital filtering, error detection and correction. 

5.1 Introduction to FPGA 

A field programmable gate array (FPGA) is a device that can be configured by the 

designer after manufacturing. These devices are truly revolutionary devices that blend 

the benefits of both hardware and software. FPGAs are programmed using source 

code which is described in hardware description language (HDL) to specify how the 

chip will work. It can implement any logic function that Application Specific 

Integrated Circuit could perform. It contains logic blocks and a hierarchy of 

reconfigurable interconnects that allow the logic blocks to be wired together. The 

logic blocks present in FPGA can perform any complex combinational functions. In 

most FPGAs, the logic blocks also include memory elements that can be simple flip 

flops or complete blocks of memory. 

FPGAs blend the benefits of both software and hardware. The implementation of 

circuits just like as hardware performing huge area, power and speed over software. 

Yet, these can be reprogrammed easily and cheaply to implement wide range of task. 

It performs tasks like computer. Such systems can perform task hundred times faster 

than the microprocessor based designs. The major advantage of FPGAs over ASICs is 

that, these can be reprogrammed many times. FPGAs are being incorporated as 

central processing elements in many applications such as consumer electronics, 

automotive, image/video processing military/aerospace, base stations, 

networking/communications, super computing and wireless applications. 

 5.2 FPGA Technology Trends  

 General trend is bigger and faster.  



31 
 

 This is being achieved by increases in device density through even smaller 

fabrication process technology. 

 New generations of FPGAs are geared towards implementing entire systems 

on a single device.  

 Features such as RAM, dedicated arithmetic hardware, clock management and 

transceivers are available in addition to the main programmable logic.  

 FPGAs are also available with the embedded processors (embedded in silicon 

or as cores within the programmable logic fabric).  

5.3FPGA Implementation  

The FPGA that is used for the implementation of the circuit is the Spartan 6E 

(Family), xc6slx45 (Device). The working environment/tool for the design is the 

Xilinx ISE 14.5i is used for FPGA Design flow of Verilog code 

5.3.1 Overview of FPGA Design Flow 

As increase in the complexity of design logic leads to increase in complexity of FPGA 

architecture. So today, most of FPGA vendors provide a fairly complete set of design 

tools that allow automatic synthesis and compilation of design code in hardware 

description languages, such as VHDL and Verilog HDL. The steps for FPGA design 

flow shown in fig 5.1. Design constraints, specification of design and specification of 

the target device are the input to design flow. Design constraints typically include the 

expected operating frequencies of different clocks, the delay bounds of the signal path 

delays from input pads to output pads (I/O delay), from the input pads to registers 

(setup time), and from registers to output pads (clock-to-output delay). In some cases, 

delays between some specific pairs of registers may be constrained. 

Each FPGA vendor typically provides a large range of FPGA devices, which have 

different operating speed, cost and power trade-offs. Designer can start with small 

devices. But if, the synthesis results fails, the designer have to upgrade to higher 

capacity devices. 

5.3.2 Design Entry 

This is the first step of FPGA Design Flow. With the help of hardware description 

languages, the basic architecture of the system is designed. Sources files are created 
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for representing the given design. The source file can be EDIF file, embedded 

processor file, schematic file or HDL file. 

5.3.3 Behavioral Simulation 

After system design phase, the functionality of the design is checked by performing 

behavioral simulation. Simulation can be performed on HDL test benches, HDL 

source files, HDL test benches. Simulation can be performed either using ModelSim 

simulator or iSIM simulator. This step is performed after synthesizing the design. The 

simulation after place and route is called timing simulation. 

 

Fig 5.1 FPGA Design Flow 
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5.3.4. Design Synthesis 

After successfully compilation of behavioural simulation, the design is then 

synthesized. Xilinx uses XST (Xilinx synthesis technology) synthesizer for 

synthesizing Verilog HDL and VHDL codes. It generates net-list file for given design. 

This file contains logic design data and constraints. The net-list file has an extension 

.NGC and serves as input for the translate process. This file is the result of three steps 

i.e. HDL parsing, HDL synthesis and low level optimization. In HDL parsing, code is 

checked for syntax errors. In HDL synthesis part code is analysed and inferred to 

basic macros like RAM, multiplexers, adders etc. This is done for efficient 

implementation of technology. In HDL synthesis part FSM recognition is also done. 

Synthesizer chooses one of the several FSM encoding algorithms according to the 

optimization goal for efficient implementation. In low level optimization the macros 

are transferred into technology specific components such as carry logic, shift registers, 

clock buffers etc. This step also contains timing optimization, technology mapping 

and register replication. So the NGC file is generated after HDL parsing, HDL 

synthesis and low level optimization. Fig. 5.2 shows the complete steps. 

 

Figure 5.2 Steps in synthesis process 
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Beside this XST also generates RTL schematic, technology schematic and synthesis 

report. 

RTL Schematic: Register transfer level (RTL) is a representation of pre optimized 

design. Basic building blocks, adders, AND gates etc. are used in this representation. 

 Technology schematic: It is the representation of NGC file in terms of LUTs, 

I/O buffers. 

 Synthesis Report: It gives the entire synthesis result like area and times 

estimations. It also give us device utilization summary, partition resource 

summery etc. 

5.3.5 Implementing the design 

In this process, the design is transferred onto desired device. Implementation is done 

in three steps. These are translate, map and route. The complete process flow is shown 

in fig.5.4. 

 

Figure 5.3 Different files generated in implementation process 

 Translate: All the net-lists and design constraints are combined and saved in a 

file called native generic database file. Timing requirement of design are also 

specified in this process. 
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 Mapping: Circuit is divided into sub-blocks in this process. These sub-blocks 

are mad in such a way that they can fit into FPGA sub-blocks. A native circuit 

description file is generated in this process. 

 Place and Route: This process takes input as NCD file. The sub-blocks of map 

process are converted into logic blocks. 

5.3.6 Generating Programming File  

In this process, bit file is generated from NCD file for particular hardware device. The 

generated bit file is used to program hardware. Sometimes this process is also known 

as bit stream generation. 

5.3.7 Analysing design using ChipScope 

The complexity of FPGA designs getting increased day by day. Also, debugging and 

verification takes almost 50% of design time. But the chip scope pro software perform 

faster debugging, almost shrink design by 25%. ChipScope pro uses FPGA resources 

like block RAM for trigger and data storage, slice logic or trigger comparison. It uses 

three types of flows i.e. core generator, core inserter and plan-ahead low. The core 

inserter flow is similar to plan-ahead flow and provided in plan-ahead software. In 

core generator flow the core is instantiated in source HDL, while in core inserter flow 

the core is inserted into generated file after synthesis. Different types of cores are used 

by ChipScope software like ICON core, ILA core, VIO core, IBA core. Some of them 

are explained below: 

 VIO core: It generates virtual inputs and outputs. It is used to apply stimulus 

and read outputs transition on the node we want to select. It has options for 

synchronous and asynchronous inputs and outputs, where each can have width 

of 256 bits. There is also option of clock. It can be system clock or JTAG 

clock The outputs of the implemented design are connected to the input of the 

VIO core and inputs of the design are connected to the output of the VIO core 

therefore the inputs are virtual LEDs and outputs are virtual DIP Switches. 

This core is controlled by the ICON core. VIO core uses FPGA logic not 

RAM. It is only used in core generator flow.  

 ICON core: It is used to control up to 15 capture cores. It acts as interface 

between JTAG interface and capture cores. The main function of this core is to 
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control the other cores. It can be used in both the core generator and core 

inserter flows.  

 ILA core: It is a capture core. It can be used to create custom triggers when 

activated causes data to be stored during circuit operations. Signals can be 

stored depending on the condition specified by used. A design can contain up 

to 15 ILA cores. 
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Chapter-6 

IMPLEMENTATION OF RNS SCALER 

 

This chapter discuss the implementation results of RNS scalers. The implementation 

is done on Xilinx ISE 14.5 software. 

The working environment of design is: 

 Tool version :ISE 14.5 

 Design Strategy : Balanced 

 Family : Spartan 6 

 Device : XC6SLX45 

 Speed : -3 

 Package : CSG324 

 Simulator : iSim 

 Total Slices : 27288 

6.1. Design of RNS Scaler 

Here, 2
r
 variable RNS scalers are designed for three and four moduli sets. The design 

has been coded in Verilog HDL and simulated and synthesized using Xilinx ISE 

design suite 14.5. Design algorithms present in [21] and [31] are also coded in same 

environment. The algorithms, [21] and [31] are also for three and four moduli sets 

respectively but, these are exact scaling algorithms. They have not functionality of 

variable scaling. The algorithms present in section 4.1 and 4.2 are designed for 

variable scaling in RNS and finally results are compared with each other. 

6.2 Results and Discussions 

6.2.1 Simulation Results 

Fig. 6.1 shows the simulation results for algorithm present in [21]. Consider following 

inputs in {127,128,129} RNS representation. 

x1=104 is residue of 429872 w.r.t 127. 
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x2=48 is residue of 429872 w.r.t 128. 

x3=44 is residue of 429872 w.r.t 129. 

The output obtained after scaling with m2 are (y1, y2, y3) = (56, 30, 4), which 

represents 3358 in binary number system. 

In fig.6.2 simulation results for variable RNS scaler present in section 4.1, is shown 

for the above given number. Here scaling is done by choosing r=3, which means 

number is scaled by 8. The outputs are (y1, y2, y3) = (13, 102, 70), which represents 

53734 in binary number system.  

Figure 6.3 shows the simulation results for algorithm present in [31], which is for 

extended four moduli set. Considering the following inputs in {127, 128, 129, 65} 

RNS representation. 

x1 =104 is residue of 429872 w.r.t 127. 

x2 =48 is residue of 429872 w.r.t 128. 

x3 =44 is residue of 429872 w.r.t 129. 

x4 =27 is residue of 429872 w.r.t 65. 

The output obtained after scaling with m2 are (y1, y2, y3, y4) = (56, 30, 4, 43), which 

represents 3358 in binary number system. 

In fig.6.4 simulation results for variable RNS scaler present in section 4.2, is shown 

for the above given number in four moduli sets. Here scaling is done by choosing r=3, 

which means number is scaled by 8. The outputs are (y1, y2, y3, y4) = (13, 102, 70, 44), 

which represents 53734 in binary number system. 

 

Fig. 6.1 Simulation result for exact RNS scaler for three moduli set. 
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Fig. 6.2 Simulation result for variable RNS scaler for three moduli set. 

 

Fig. 6.3 Simulation result for exact RNS scaler for extended four moduli set. 

 

Fig. 6.4 Simulation result for variable RNS scaler for extended moduli set. 

6.2.3 Synthesis Results 

The synthesis results for various RNS scalers are shown in tabular form. In table 6.1, 

critical path delay is shown for exact and variable RNS scaler. Percentage increase in 
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delay when we moves from exact to variable scaler is also shown in last column. 

Similarly, in table 6.2 the results for area in terms of LUTs is compared for three 

moduli sets. Table 6.3 and 6.4 describes the results for delay and area respectively for 

extended four moduli sets.  

Table 6.1. Delay of exact and variable 3-modili set RNS scalers. 

Delay ( ns) 

n Moduli set Exact Variable % increase 

5 {31, 32, 33} 13.487 16.444 21.92 

6 {63, 64, 65} 15.811 18.028 14.02 

7 {127, 128, 129} 16.073 19.714 22.65 

8 {255, 256, 257} 20.225 23.348 17.07 

 

Table 6.2. Area of exact and variable 3-modili set RNS scalers. 

Area (LUTs) 

n Moduli set Exact Variable % increase 

5 {31, 32, 33} 48 94 95.83 

6 {63, 64, 65} 62 116 87.10 

7 {127, 128, 129} 78 147 88.46 

8 {255, 256, 257} 94 175 86.17 

 

Table 6.3. Delay of exact and variable 4-modili set RNS scalers. 

Delay ( ns) 

n Moduli set Exact Variable % increase 

5 {31,32,33,17} 17.444 19.225 10.20 

7 {127,128,129,65} 21.989 23.352 6.19 

9 {511,512,513,257} 25.516 26.938 5.57 

11 {2047,2048,2049,1025} 31.744 33.481 5.47 
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Table 6.4. Area of exact and variable 4-modili set RNS scalers. 

Area ( LUTs) 

n Moduli set Exact Variable % increase 

5 {31,32,33,17} 582 1036 78.01 

7 {127,128,129,65} 678 1125 65.92 

9 {511,512,513,257} 1553 2553 64.39 

11 {2047,2048,2049,1025} 2024 3548 75.29 

 

6.2.2 Implementation Through chipScope pro analyser 

The design is verified by chip scope pro tool of Xilinx. Chip scope pro analyzer is the 

in-built verification tool provided in the ISE pack of Xilinx that is used to verify the 

implemented multiplier. Since number of inputs for variable RNS scaler for four 

moduli set and n=7 is 30 and outputs are 27. So, direct implementation using on-board 

inputs outputs is very difficult on FPGA. Therefore chip scope pro analyzer is used.  

The code that is designed in Verilog HDL with necessary cores is instantiated in top 

module. For virtual input output operation and for controlling the generated VIO 

(virtual input/output) core, two IP cores are generated. VIO core is generated for 

providing virtual inputs and outputs. The outputs of the design are connected to the 

input of the VIO core and inputs of the design are connected to the output of the VIO 

core. This core is also provided with clock input to synchronize the operation. This 

same clock is also connected to the design block also. ICON core is generated for 

controlling the VIO core. The main function of the ICON core is to control the other 

cores. After generating the VIO and ICON core a top module is designed which 

instantiates both these cores and the design module. Then synthesis of top module is 

done. The RTL schematic for the top module is shown in figure 6.5. The figure shows 

that the connections are according to our desire. After that the top module is 

implemented on FPGA. The generated bit file is burned on the FPGA. The results can 

be verified by using chip scope analyzer window. The output will be generated on the 

port sync_in when inputs are given on async_out port. Figure 6.6 shows result on 

ChipScope pro for variable RNS scaler for extended four moduli set. 
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Fig. 6.5 RTL schematic for variable RNS scaler for extended moduli set. 

 

Fig. 6.6 Output results on ChipScope pro analyaer. 
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Chapter-7 

CONCLUSION AND FUTURE SCOPE

 

7.1 Conclusion 

In this thesis, 2
r
 variable RNS scalers are implemented for {2

n
-1, 2

n
, 2

n
+1} and 

                      (n odd) moduli sets. These moduli sets have higher 

dynamic ranges. The new adopted approach performs scaling directly in RNS domain 

by operating both hierarchically and individually at channel level and does not require 

reverse and forward conversions. Simple memoryless architectures are designed based 

on the obtained formulation. Here, scaling is performed in two levels. In first level, 

scaler is designed for three moduli sets in which scaling is performed completely by 

using Chinese Remainder Theorem. Then, this design is explored in second level for 

extended four moduli sets using mixed radix conversion technique. The proposed 

designs were evaluated and tested experimentally by synthesizing scalers using FPGA 

technology.  Figure 7.1 and 7.2 show that the synthesis results of delay and area for 

these moduli sets respectively. From this graph, it has been concluded that with 

increase in the value of n critical path delay and area increases. For same value of n, 

the area increases drastically for extended four moduli set as compared to three 

moduli sets while increase in delay is comparable. Also, there is slightly increase in 

critical path delay when 2
r
 variable scaler were designed corresponding to exact scaler 

for same moduli set. The proposed architecture allows not only the design of static 

scalers but also support several augmented and extended moduli sets in FPGAs. A 

final conclusion is drawn from this work is that the proposed scalers are not only 

flexible but also represent a step forward in the design of high performance devices, 

particularly mobile systems. 

7.2 Future Scope 

The present work on the RNS scaler can be extended in various directions. Some 

suggestions are given below: 

1. Scaling techniques can be extended to large number of moduli- set. 
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2. Delay and area can be improved by applying different multiplication 

algorithms for higher number of moduli sets. 

3. Other arithmetic unit can be implement for modular arithmetic e.g. 

comparator. 

 

 

Fig.7.1 Delay (ns) comparison  

 

Fig. 7.2 Area (LUTs) Comparison  
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