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ABSTRACT

The present dissertation entitled “FOURTH ORDER COMPACT SCHEME FOR
NAVIER-STOKES AND CONVECTION-DIFFUSION EQUATIONS” comprises the study
of fourth order compact finite difference schemes under the supervision of Dr. Vivek Sang-
wan, Assistant Professor, School of Mathematics and Computer Applications, Thapar

University, Patiala.

Differential equations arise in the mathematical modelling of many physical, chemical
and biological phenomena and many more areas of science and engineering such as fluid
dynamics, electromagnetism, material science, astrophysics, economy etc. Therefore, it
becomes a necessity to develop methods for solving differential equations. There are
two principle approaches for finding the solutions of differential equations. One is the
asymptotic approach and the other one is numerical approach. In this regard, numerical
approaches have many benefits over asymptotic approaches as these techniques are much
easier to use as compared to asymptotic approaches. Also these require the problem solver
very less information about the problem to be solved. In numerical approaches, one finds

a solution of a differential equation numerically.

The aim of this work is to study the higher order compact finite difference schemes
for solving the differential equations. These schemes enjoys the benefits of higher order
accuracy, high stability, easy to implement and many more. Also, these schemes uses a
compact 9 — point stencil which has the much added advantage in terms of less boundary
conditions requirement while solving the problem numerically and retaining higher order
accuracy. The schemes provide very powerful tool for solving very complicated differen-
tial equations like convection-dominated problems and Navier-Stokes equations with high

Reynolds numbers.

The work presented in this dissertation has been divided into three chapters. The
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first chapter is introductory. In this chapter, we present a brief introduction of differential
equations, solution methodology, finite difference schemes and some of the results which
will be used in the later chapters. Towards the end of this chapter, compact fourth-order

finite difference scheme has been discussed in brief.

In the second chapter, we consider the steady two-dimensional Navier-Stokes (N-S)

equation
2 2

Compact scheme has been derived for this N-S equation with a local truncation error
of fourth order. The scheme allows the use of standard iterative schemes to solve the
resulting systems of numerical equations. The computed solution, obtained using the
compact scheme, of the Navier-Stokes equation has been compared with the exact solution.
Towards the end of this chapter, the Extension of the scheme has been discussed in detail

for the rectangular grids.

In the third chapter, the convection-diffusion equation

Uy + Uyy + P(T, Y)Ue + q(z,y)uy = f(z,Y)

has been considered. A different fourth order compact finite difference scheme has been
presented for the above convection-diffusion equation with variable coefficients. The
scheme has been defined on a single square cell of size 2h over a 9 — point stencil and
has a truncation error of order h*. Few numerical examples have been solved using the
proposed scheme and the computed solutions have been compared with those available in
the literature.

References of different publications have been cited at the end of the dissertation.



Chapter 1

INTRODUCTION

1.1 Differential Equation

In simple words, a differential equation can be described as a relation between dependent
variables, independent variables and the derivatives of the dependent variables with re-
spect to the independent variables. Differential equations arise in many areas of science
and engineering. Many laws governing natural phenomena are relations (equations) in-
volving rates at which things happen. For example: models which describes heat transfer,
chemical process etc.

Differential equations can be categorized in two categories:

(1) Ordinary differential equations

(2) Partial differential equations

An ordinary differential equation (ODE) is a differential equation in which the unknown
function is a function of a single independent variable. A partial differential equation
(PDE) is a differential equation in which the unknown function is a function of more than

one independent variables and their partial derivatives.
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1.2 Solution Methodology

Differential equations are mathematically studied from several different perspectives,
mostly concerned with their solutions, functions that make the equation hold true. For
most of the differential equations with complex or transcendental variable coefficients,
non-linear differential equations, it is very much difficult to find the exact solution. Many
properties of solutions of these differential equations may be determined without finding
their exact form. If a self-contained formula for the solution is not available, the solution
may be numerically approximated. Thus we can say, there are two principle approaches
for finding the solutions of differential equations. One is the asymptotic approach and the

other one is numerical approach.

In the asymptotic approach, one finds a solution of a differential equation by using
the properties and the nature of the problem. These methods require the problem solver
to have some apriori knowledge of the solution expected. Therefore, for nonlinear or
differential equations having complex coefficient or differential equations governing the
real life phenomenon or problems having complex domains, it is very much difficult to
find the solution using asymptotic approach. In this regard, numerical approaches have
benefits over asymptotic approaches. In numerical approach, one finds a solution of a
differential equation numerically. These methods does not require the problem solver
much information of the solution expected. Also, these methods are comparatively very
easy to implement as against to asymptotic methods. Some of the numerical techniques

include Finite Difference Methods, Finite Element Method, Finite Volume Method etc.

1.3 Finite Difference Methods

Finite difference methods are widely used for solving ordinary and partial differential

equations. In finite difference methods, we replace the derivatives appearing in the dif-
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ferential equation by finite differences that approximate them. Applications of the finite
difference methods can easily be seen in computational science and engineering disciplines,

such as thermal engineering, fluid mechanics, etc.

In the present work, a finite difference approach has been used for solving differential
equations.
Let u(z,y) is a function with step size h in z and k in y, then finite difference approxima-
tions for its first and second derivatives by forward difference (FD), backward difference
(BD) and central difference (CD) are as given below:

Using Taylor series expansion, we get

w(z 4 h,y) =u(z,y) + hug(z,y) + Z—Tum(:v, y) + ... (1.3.1)
s, y) =" EERDZUDI) o (FD)

w(x — h,y) =ulz, y) — huy(z, ) + Z—Tu(x Y) + o (1.3.2)
R eIy (BD)

Subtracting (1.3.1) from (1.3.2), we get

u(z + h,y) —u(z — h,y)

usley) = - o) D)
u(x,y + k) =u(x,y) + kuy(z,y) + Z—?uyy(l’, Y) + ... (1.3.3)
() =Y IR B o (FD)
u(z,y — k) =u(x,y) — kuy(z,y) + Z—Tuyy(x, Y) + ... (1.3.4)
(o, 9) =B ZUEVZR o) (D)
Subtracting (1.3.3) from (1.3.4), we get
L e ! (D)

2k
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For second order derivatives, using Taylor series expansion, we get

4 2

2!
w(x + 2h,y) — 2hu,(x,y) — u(x,
um(x,y):( y) 2h2( y) —u(z,y)
u(x + 2h,y) — 2u(z + h,y) + u(x,y
T NG (FD)
4h?
u(zr — 2h,y) =u(x,y) — 2hu,(x,y) + Tum(x, y) + ...
u(x — 2h,y) + 2hu,(x,y) — u(zx,y
o) =2+ 2ite(o) — u(o)
u(x — 2h,y) — 2u(x — h,y) +u(z,y
R A A (BD)
w(x + h,y) — 2u(x,y) +u(z — h,
aal,y) =D Z2UT D FUT D) | oy (D)
/{32
u(a;, Y+ Zk) ZU(SC, y) + Qkuy(xa y) + 7uyy(:c,y) +
u(x,y + 2k) — 2ku, (x,y) —u(x,y
) =0 2) = Ho) (o)
w(x,y + 2k) — 2u(x,y + k) + u(x,y
() =HYEIO 2 Y E D 20 | o (FD)
4K>
u(z,y — 2k) =u(z,y) — 2kuy(z,y) + ?uyy(x, y)+ ...
u(x,y — 2k) + 2ku'(z,y) +u(z,y
) =Y =2 2l ) ¢ )
u(x,y — 2k) — 2u(z,y — k) + u(x,y
() =2 =20 22Uy Z R UEY) | o (BD)
u(z,y + k) —2u(x,y) +ulzr,y — k
) =2 =2 T UGB | ey D)

Now we will explain through example how these differences are used for solving partial
differential equations.

Example: Find the numerical solution of the heat conduction equation

ou  0*u
—_— = 0<z<1, t>0
ot Ox? STsh b

with boundary conditions

and initial condition
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using explicit finite difference method taking Ax = 0.2, At = 0.02 and compute up to

t = 0.24 up to six decimal places.

Solution: We note that the problem is symmetric about x = 0.5 since the initial
temperature u(z,0) is symmetric and the boundary conditions at x = 0 and = 1.0 are
also same. Therefore, the temperature at the subsequent times will remain also symmetric
about x = 0.5.

The domain 0 < 2 < 1.0 is subdivided into five sub-intervals each of width Az = 0.2.
We have z; = 0.2 x 4,7 =0(1)5
Due to symmetry at x = 0.5, for all j

Up,; = Us,5, Ulj = U4y, Uzj = U3

At
= - =0.02/0.04 = 0.5.
r= 1 =002/0.04=05

Putting » = 0.5 in the explicit formulae

Wi 1 =TUim1 + (1= 2r)u; ; + 1
1

:i(uifl,j + ui+1,j>7 i1=1,2

The values for ¢ = 3 and ¢ = 4 can be written by symmetry. Computed values are:

Puti=1,j=0

w11 == (uo0 + u2p)
=14
Put i =27 =0
Ug1 ==(u10 + usp)
=1.6
Puti=3,7=0
1
Uu31 :§(U2,0 + Uy )

=1.6
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Puti=4,j=0

1
Ug1 =§(U370 + us50)

=14

Puti=1,j=1

Puti=2,j=1

Puti=3,j=1

1
U322 :g(uzl + Uy q)

=15

Puti=4,j=1

1.4 Compact Finite Difference Scheme

The Navier-Stokes equations have been used to model fluid dynamics phenomena describ-

ing flows of an incompressible viscous fluid. These equations are highly nonlinear and are
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T — 0 0.2 0.4 0.6 0.8 1.0
t=0.00| 1.0 1.4 1.8 1.8 1.4 1.0
0.02 1.0 1.4 1.6 1.6 1.4 1.0
0.04 1.0 1.3 1.5 1.5 1.3 1.0
0.06 1.0 1.25 1.4 1.4 1.25 1.0
0.08 1.0 1.20 1.325 1.325 1.20 1.0
0.10 1.0 | 1.1625 1.2625 1.2625 1.1625 | 1.0
0.12 1.0 | 1.13125 | 1.21250 | 1.21250 | 1.13125 | 1.0
0.14 1.0 | 1.10625 | 1.171875 | 1.171875 | 1.10625 | 1.0
0.16 1.0 | 1.085938 | 1.139062 | 1.139062 | 1.085938 | 1.0
0.18 1.0 | 1.069531 | 1.112500 | 1.112500 | 1.069531 | 1.0
0.20 1.0 | 1.056250 | 1.091016 | 1.091016 | 1.056250 | 1.0
0.22 1.0 | 1.045508 | 1.073633 | 1.73633 | 1.045508 | 1.0
0.24 1.0 | 1.036816 | 1.059570 | 1.059570 | 1.036816 | 1.0

very difficult to solve, especially when the approximate solutions are required to have a
high accuracy. A Navier-Stokes equation may be linearized in stream function and vortic-
ity formulation [4, 5]. Computing an accurate solution of a convection diffusion equation
thus becomes an issue. To begin with some stable and accurate numerical methods have
been discussed for solving the 2D convection diffusion equation with high Reynolds num-
bers.

The general convection diffusion equation is of the form

0*U(z,y) N 9*U(z,y)

o (e, ) 0,4 2D

e “or Iy (14.1)

- f<x7y)

where p(z,y) and ¢(x,y) are continuous functions of variables z and y. The magnitude of
p and ¢ simulates the Reynolds numbers (denoted by Re) which determines the convection
strength of a flow. €2 is convex 2D domain, and 0f2 is the boundary of w. This equation
appears in many transport problems. Also the equation can be considered as a particular
case of the steady state incompressible Navier-Stokes equations[4].

Suppose equation (1.4.1) is discretized by some finite difference scheme, and a linear

system

Al = 1 (1.4.2)
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is obtained, where A is the uniform grid spacing of the discretized space Q" and u" is the
numerical solution over Q". The linear system (1.4.2) is usually of very large dimension.
For such large sparse linear systems, the use of direct solution methods based on Gaussian
elimination results in engaging a very large memory and CPU cost, and iterative methods
such as Jacobi and SOR are sensitive to the meshsize h, the type of boundary conditions
and other factors. The coefficient matrix A" is nonsymmetric and far from diagonally
dominant if Re is large[15]. This property adds further difficulty to classical iterative
methods.

Equation (1.4.1) may be discretized by the central difference scheme (C'DS); the resulting
linear system (1.4.2) is a five-point formula with a truncation error of order h%. In the
case of C'DS, classical iterative methods for solving the resulting linear system may not
converge when the convective terms dominate and the cell Reynolds number (Re) is
greater than a certain constant. For this reason, the upwind difference scheme (U PS) has

been used for many years despite that it is only first-order accurate.

Due to the importance in practical applications, various attempts have been made
to solve the convection diffusion equation and the incompressible Navier-Stokes equa-
tions with iterative (especially multigrid) methods [6, 12, 5|. For example, de Zeeuw
[26] developed a black-box multigrid solver with some matrix-dependent prolongations
and restrictions for solving convection dominated problems. This and other methods
have demonstrated the efficiency of multigrid techiques in solving convection-dominated

problems discretized by UPS.

Recently, there has been increasing interest in developing fourth-order compact
schemes for solving equation (1.4.1) and the incompressible Navier-Stokes equations with
large Reynolds numbers [4, 17]. There has been numerous work on the construction of
compact schemes for the incompressible Navier-Stokes equations(see example, [5, 15, 31]).

The most noted ones include the work of Gupta [15] and Dennis et al. [5]. Almost all of
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these schemes are geared towards steady flow calculations even though the ideas may, in
principle, be applied to unsteady flows as well. In the case of steady flows, these schemes

have shown a great deal of potential [31].

The main purpose of the present work is to introduce an efficient fourth-order scheme
which overcomes all the above mentioned difficulties and which is easy to implement. For
this purpose, a fourth-order compact finite difference scheme has been presented for a
set of second-order partial differential equations. Compact finite differencing is a mean
of achieving high order discretisations of differential equations without an enlargement of
the bandwidth of the resulting set of discrete equations. For example, for second-order
problems in one space dimension, tridiagonal systems having fourth-order accuracy are
produced. High accuracy coupled with easily solved systems are clearly most desirable

properties of a numerical method.

Ideally these schemes offer two attractive features: high order accuracy and small
stencil. Consequently the number of numerical boundary conditions needed is consider-
ably reduced, compared with standard high order schemes. This is of great importance for
the computation of viscous incompressible flows for which numerical boundary conditions

have always been an issue.

The scheme which has been presented in the next two chapters is essentially compact
and retains all the nice features of compact schemes. The numerical results reported by the
compact schemes have the following advantages over the other above mentioned difference

schemes:

(1) Unconditional stability: Although the coefficient matrices are no longer diag-
onally dominant for large Re, the schemes have been shown numerically stable for large

Reynolds numbers.

(2) High accuracy: It has been shown that these schemes do produce numerical
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solution of fourth-order accuracy for the convection diffusion equation [7, 9] and of high

accuracy for the Navier-Stokes equations with small to medium Re.

(3) Works well for Convection-dominated problems: Since the simultaneous
presence of the convection and viscous terms makes it difficult to construct simple and
efficient compact schemes which fit nicely the structure of both the momentum equation
and the kinematic constraint, it is natural to relax slightly the requirement of compact-
ness(for the convection terms) so long as it does not complicate the treatment of the

boundary conditions.

(4) Easy to implement: The scheme is very simple and easy to implement. The
complexity of the scheme is essentially the same as that of a standard second-order scheme.

The simplicity of this scheme enables us to prove convergence with fourth-order accuracy.

(5) Highly suitable for parallel computation: The simplicity of this method
also makes it very attractive for implementation on parallel machines. The compactness

of the stencil enables one to pass very little information between different processors.

(6) Easy boundary treatment: Since the computational stencil involves only the
nearest nine grid points, the schemes are of compact type and no special formula is needed

for approximating grid points near the boundaries of a regularly structured domain.

However, until recently, computational advantages of these compact schemes have
not been fully investigated. For example, it is not clear if these schemes can be used to
solve incompressible Navier-Stokes equations of very large Re because of the limitations
of available computer power and of the difficulty of solving the resulting linear system

(lack of diagonal dominance) with traditional SOR type iterative methods.

To fully investigate the potential of using the fourth-order compact schemes for

solving Navier-Stokes equations with large Re, nontraditional iterative methods seem
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necessary. One class of promising methods are multigrid techniques which has been suc-
cessfully used with the first and second-order discretization schemes for solving problems
in computational fluid dynamics (including the driven cavity problem)(see for example
[6, 12]). A preliminary investigation on combining the fourth-order compact schemes
with multigrid techniques was made by Altas and Burrage [27] for diffusion-dominated
flow problems. However, multigrid solution and accelerated multigrid solution methods
with the fourth-order compact schemes for solving convection-dominated problems are

relatively new [1, 18].

The papers presented here uses multigrid techniques to evaluate the fourth-order
compact schemes in solving steady state incompressible Navier-Stokes equations for large
Re, exemplified by solving the square driven cavity problem. This follows from Gupta’s
work [15] using SOR iterative method with these schemes to solve a driven cavity problem
for Re < 2000 and Zhang’s work [7] employing the fourth-order compact scheme and
multigrid techniques to compute a high accuracy solution of the convection diffusion

equation with very large Reynolds numbers.

The scheme presented also compares well with spectral methods.
It has the advantage of being simple, robust, efficient and much more stable. It is well
known that if the viscous term is treated explicitly, therefore the compact schemes resolve
boundary layers better than other finite difference methods on uniform grids. On the
other hand, for high Reynolds number flows, it is clear that boundary layer is the most
difficult part to resolve. Aside from that, while fourth-order schemes are in theory less
accurate than spectral methods, the difference can only be seen at a very high level of

accuracy [20].

An exception has been found in the high order finite difference schemes of compact
type that are computationally efficient and stable and yield highly accurate numerical

solutions at least for the linear and quasilinear partial differential equations. Simplest
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version of such compact schemes for the poisson equation

Pu  0%u
—+— = 1.4.3
8.:62 + ayz f($7 y) ( )
which can be discretized at a grid point (z,y) using a nine-point finite difference approx-

imation is given by:
1
Aluy + ug + uz + wa] + us + ug + ur + us — 20ug = §h2[f1 + fot fo+ fa+8f0). (1.4.4)

( See Fig.1 for the computational stencil in the next chaphter.) This approximation was
named Mehrstellenverfahren by Collatz [3]. It has a local truncation error of order h* and
is an approximation of compact type as it involves only the eight nearest neighbors of the
point (z,y). This type of approximations have been obtained for other elliptic equations
by many researchers like the Hodie schemes of Lynch and Rice [23], the OCI schemes
of Berger et al. [1], and the SCHOS schemes of Gupta et al. All reduce to the above
difference approximation when applied to the Poisson equation. Similar compact schemes
of order h% have also been obtained [24].

The compact schemes of Gupta et al. (called SCHOS) which were applied to the convection-
diffusion equations in particular and were found to yield high accuracy, have been applied
to a large number of test problems including problems of convection-dominated flows. In
the papers presented below, these finite difference schemes have been extended to the
Navier-Stokes equations. As a test of this method, the model problem of a lid driven
cavity for small to moderate values of the Reynolds number has been solved and the
numerical solutions have been compared with the highly accurate benchmark solutions

available in the literature.

In the chapters to follow, in the second Chapter, nine-point compact finite differ-
ence discretization scheme has been discussed in detail for solving equation (1.4.1). The
benchmark lid driven square driven cavity problem has been solved using the proposed

forth-order compact scheme. The numerical results for the square driven cavity problem
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have been compared with those obtained by other researchers using other methods. In
the third Chapter, the streamfunction and vorticity formulation of the incompressible
Navier-Stokes equations has been presented. It is almost explicit. For 2D problems, only
two Poisson or Helmholtz equations are solved at each time step. No iteration is required
between the boundary values of vorticity and the interior field variables. The multigrid
solvers for the convection diffusion(and the Poisson) equation and for the incompress-
ible Navier-Stokes equations are also outlined. Furthermore, the Poisson and Helmholtz
equations can be solved using standard fast Poisson solvers designed for second-order

schemes.



Chapter 2

A COMPACT FOURTH-ORDER
FINITE DIFFERENCE SCHEME
FOR THE STEADY
INCOMPRESSIBLE
NAVIER-STOKES EQUATIONS

2.1 Introduction

In this chapter, the steady two-dimensional Navier-stokes (N-S) equations have been
solved by fourth-order compact finite difference scheme. As stated in the first Chapter,
that finite difference methods of obtaining approximate numerical solutions of the steady
incompressible Navier-stokes equations can vary considerably in terms of accuracy and
efficiency. In the area of finite difference methods it has been discovered that although
central difference approximates are locally second-order-accurate, they often suffer from
computational instability and the resulting solutions exhibit non-physical oscillations.
The upwind difference approximations are computationally stable, although they are only
first-order-accurate, and the resulting solution exhibits the effects of artificial viscosity.
The second-order upwind methods are no better than the first-order upwind difference

ones for large values of Re. The higher-order finite difference methods of conventional
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type do not allow direct iterative techniques. An exception has been found in the high-
order finite difference schemes of compact type, which are computationally efficient, highly
stable and yield highly accurate numerical solutions([4, 5, 15]).

The approximation

1 1 4 1 1 1
— 20 4 |¢Yy=——=|1 8 1 |C
2
6h 1 4 1 12 1
to the equation

% 0%
— + == 2.1.1
s Ty T ¢ (2.1.1)

is fourth-order accurate when applied to equation (2.1.1). Gupta et. al. [14], Dennis and
Hudson [5] and Gupta [15] noted that this technique can be generalized also to provide a

fourth-order-accurate nine-point scheme for solutions to the convection-diffusion equation

82 82 0 o
ﬁ * 8736 - Re((p(x>y)a—i +alz, y)a—g) = [(z,y). (2.1.2)

With the choices p(z,y) = vy, q(z,y)=—1, and f(z,y) = 0, the pair of equations
(2.1.1) and (2.1.2) forms the steady two-dimensional Navier-Stokes equations. However,
in this case a problem arises in that the approximations needed to obtain the velocities
p (z,y) and ¢(z,y) to fourth-order accuracy will extend outside the (3 x 3)-point domain
([5, 15]). In the present work, a compact fourth-order finite difference scheme for the
time-independent N — S equations with the novelty of ‘genuine compactness’; i.e. the
compact scheme is strictly within the nine-point stencil, has been derived. It is shown
that the new scheme yields highly accurate numerical solutions while still allowing SO R-
type iterations for low-to-medium Reynolds numbers.

The organization of the chapter is as follows[32]. In the next section, the compact fourth-
order finite difference scheme for the Navier-Stokes equations has been introduced. In
Section 3, the new fourth-order scheme for the Navier-Stokes equations which possess an

exact solution has been presented. The model problem of the lid-driven cavity is described
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Figure 1. Computational stencil

in Section 4 with detailed comparisons of the solutions obtained using the proposed com-

pact scheme with the existing solutions in the literature. In Section 5, we have derived in

detail the possible extensions of the present method for non-uniform mesh.

2.2 Numerical Methods

The Navier-Stokes equations representing the two-dimensional steady flow of an incom-

pressible viscous fluid are given in streamfunction-vorticity form as

0%y
0%z
0*C

Pz

O’

aTy — _C7 (2.2.1)
0*¢ _ , O og 9y o¢

02y Re( dy dx  Ox 8y)' (2.22)

Here 9 is the streamfunction, ( is the vorticity and Re is the non-dimensional Reynolds

number. Assuming a uniform grid in both x— and y—directions, we number the grid

points (z,y), (z + h,y), (z,y + h),

(x —h,y),(x,y —h),(x+h,y+h),(x—hy+h),(x—

h,y —h) and (x + h,y — h) as 0,1,2,3,4,5,6,7 and 8 respectively (see Figure 1 ) been

discretized uniformly with grid size h. In writing the finite difference approximations, a
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single subscript 7 denotes the corresponding function value at the grid point numbered j.

For completeness we first reiterate the derivation of the fourth-order compact scheme for

Uy + Uyy = flz,y). (2.2.3)

By using Taylor expansion, we have

2 h,3 h4
U(l‘ + h7 y) = U(l’, y) + hUI(ZE, y) + BY U'x:c($ y) gumx(% y) + qu:mx(z,y) (224)
2 h3 h4

2l

Adding equations (2.2.4) and (2.2.5):

h2 4
uw(x + h,y) +u(x — h,y) =2u(z,y) +2— 5 — U (T, y) + 24, Uprz (T, y) + O(R?)
h2 h4 A
uy +uz —2ug h? 4
u1+u3—2u0 _(52
h2 S
2 h? 4
2
h2
= 62(1 + Eum) L+ oY
(92 L. b2
9 s 2 4
922 0-(1+ 1255,3) + O(h%)

Proceeding in the similar manner as above, its counterpart in the y-direction is given by

82

h?
_21 os2 4
ay 5(+ )t +0(hh

12

Using these values in equation (2.2.3), we get

(1+ U — 63102+ (1 + h” —02) 10 = f(z,y) + O(h°)

127 127
1 2t (L st = (1 )0+ ) )+ 00)
1 Lot (4 )t = (14 1 (824 82) ) + O)

12 121
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Now,

(4 T g2y02 = (14 1 gry s = 20

12°Y 12 h?
_up +ug — 2uy 1 (u5—|—u8—2u1 n Ug + U7 — 2us _2uQ—|—u4—2uo)
B h2 12 h2 h? h2
1
= 12h2(12u1 + 12U3 — 24U0 + us + ug — 2U1 + ug + Uy — 2U3 — 2'LL2 -2
ug + 4dug)
1
= 1o (10uy — 2ug + 10uz — 2uy + us + ug + uy + ug — 20u) (2.2.6)
h2 h U + Uy — 2U0
1+ —)u=(1+—0)—FM——
_ug tug —2up 1 (u5+u6—2u2 . ug + U7 — 2uy _2u3+u1 —2u0)
B h? 12 h? h? h2
1
= 1212 (12%2 + 12U4 - 24U0 + ug + us — 2U2 + ur + ug — QU4 - QU3
— 2uy + 4uy)

1
= 1972 (]_OUQ - 2U1 - 2U3 - —|—10U4 + us + ug + Uy + ug — 20’&0) (227)

Adding equations (2.2.6) and (2.2.7):

h2 2\ 52 h2 2\ £2
(1+ Eéy)drwf(l + Ecim)éyu

(8uy + 8ug + 8ug + 8uy + 2us + 2ug + 2ur + 2ug — 40ug)

T 1212
6h2( (Ul+U2+U3+U4)+U5+U6+U7+U,8—QOUO) (228)
Now,
h2 ) ) h2 52
(1+ﬁ(5m+6y))f0 :f0+ 12 mf0+ﬁ yf(]
iy +h2f1+f3—2fo I fo+ fi—2fo
0T 12 h2 12 h2
1
12(12f0+f1+f3—2f0+f2+f4—2f0)

= St ht ot it ) (2.2.9)
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Using (2.2.8) and (2.2.9), we get

(1+ i 52)52u+(1+h—52)5 = (1+ i (52+52))f
1279 12°°
1
6h2( (u1+u2+u3+u4)+u5+u6+U7—|—ug—20u0) (8f0+f1+f2+f3+f4)

h2
A(uy + ug + uz + ug) + us + ug + ur + ug — 20uy = ?(Sfo + fi+ fo+ fs+ f1) (2.2.10)

Substituting (2.2.10) in equation (2.2.1):

2

4(%+¢2+¢3+¢4)+¢5+¢6+¢7+¢8—20%Z—%(8C0+C1+C2+C3+C4)

(2.2.11)
Now, for solving the equation (2.2.2), assuming that
9(@,y) = ¥y — Yaly,
we can rewrite equation (2.2.2) as
Coz + Gyy = Re(g(z,y)). (2.2.12)

Now using the equation (2.2.3):

1+ Lanc s e aic = a4 a2+ gty + 00)
8(Ci+ Ga+ G+ ) +2(Gs + Go + GrtGs) — 40Go = 12h°Re g(x,y) + h* Re(d59(x, y)+
2o v)) + O(H)
=12h°Re g(z,y) + W' Re(guz + Gyy) + O(R°)

=0 + I, + O(h°) (2.2.13)
Differentiating g(x,y) with respect to « and y, we get

Yo = Vyala + VyCoe — Vaaly — Valye

Gy = VyyCa + VyCay — YayCy — Yalyy
Yoz = VywaCe + 2VyaCos + VyCavs — Vaaaly — 20020Cye — Yalyan
Gyy = VyyyCa + 20yyCay + VyCayy — YayyCy — 20y Cyy — Yalyyy
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Using,

We get

gxx + gyy = CSC (¢xw + wyy)y + ¢y(<:r:a: + ny)x - Cy(w:r:a: + wyy) - wx
(Ca:nyy)y + way(C:ca: - ny) + 2<yx(wyy - wzx>

= Rey, g, — Rey.g, + way(gm - ny) + 2Cya (¢yy — Vga) (2.2.15)

This result implies that g,, + gy, is a combination of first and second derivatives of 1) and
¢, which can be approximated to truncation error of order O(h?) by the 3 x 3 grid points.
That is, I5 in (2.2.13) can be approximated by v;, (;, 0 < j < 8, giving a truncation error

of order O(h®). We now consider the term I;. First note that

g(:r, y) = wny - way

2h3 .
% = 7ﬂ24 = 1#2 - ¢4 = 2h¢x + ?wyyy + O(h )

213 .
% = 77013 = wl - % = 2}“/]:0 + ?szmzx + O(h’ )

The above results, together with similar ones for (, yield

2h3 2h3 2h3
Q/124Cl3 - ¢13€24 = (2h¢y + ?wyyy)(Qth + ?gxz‘l‘) - (2h¢x + ?@Dxxa:)@hgy

2h3
+ ?nyy)

h4
= 4h2 (d)ygx - '@Dny + 2?(¢y<:cm: + 2zbyyygaﬁ - ¢x€yyy - ¢xa¢x€y

+ O(h®)

2h4
= 4h2g + T(”#y(ﬂmr ‘l' wyyyga: - 77D96nyy - wx:cxgy ‘l‘ O(h6) (2216)

This result implies that approximations for h%g (or, equivalently, for I;) involve the use
of Yuzws Yyyy, Cawas Cyyy. However, in order to approximate these third derivatives to

O(h?), extra points outside the (3 x 3) -point domain are required. To avoid this, we
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observe that

¢y€xmz + wyyyCz_d}:vgyyy - ¢mxz<y
= %(Cm + ny)x - %nyx + Ca: W’m + wyy)y - <m¢mxy
- 1/)CC<<33$ + ny)y + 1/}93<$93y - Cy(wzx + 7\/)Z'Jy)ﬂf + Cy1/)yy93

= Revyge — Rengy — ¥yCuye — Coleay + Valoay + Gbyye  (2.2.17)

Combining (2.2.16) and (2.2.17) gives:

12h%g = 3(¥24C1s — r3Caa) — 20" Retbyge — Rebngy — yCyye — Cotbrny
+ VaCaay + Gtlyye + 0(h°)
12h%g + h*(gaa + gyy)
=3(¢24C13 — Y13Cas) — 20" Reyge — Reagy — Vylyye — Collumy + Va
Caay + Cytlyya + 1 (Rethyge — Rethugy + 20my (Coa — Cyy) + 2Cay (Vyy
)
=3¢4C13 — 3¢13Cas + W' (Retagy — Reyge) + 21y Cype + Cotlaay—
YaCazy — CGutbyye + 2Way(Ger — Cyy) + 26ay (Yyy — Vaa)

=3024C13 — 3¢13Caa + W [T + T + Ts] + O(R°), (2.2.18)

where

Ty = Retag, — Retygs
= Re(Vagy — Vy9s)
= Re(Vu(YyyCo + YyCay = YayCy — Valyn) [0y (Vyale + VyCaw — Yaaly — Yalye)
= Re(YutlyyCo + Yoty Coy + YyCytlan + 2000ty Cay — Yulythay — UyCatday — V2Cy,
V2Caa)
Ty = 20y (Cow — Cyy) — 2y (Yyy — V)
Ts = ¥y Cyye — Cohaay + VaCaay + Clype
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It is clear that each term in Ty, Ty and T3 can be approximated up to O(h?) within the

nine-point stencil. Using the difference formulae:

Uy + uz — 2u0

Uyy = 3 +O(h?),
uy = o 4 O,
oy = Us — U64—}|;2U7 — ug n O(hQ)’
gy — Us + ug — Uz —2;;38 — 2(ug — uy) o),
we obtain,
T = 4h4 2 [WraCiatbaon + YoaCanthros + ¢13@/}24(C56 + (rs) — —(?/)13C24 + 124C13) (Y56

+ 1Prg) — %3(204 - %4@103] + O(hz)

L(1?56 + 1h78) (G2 + Caa) —

T = T 2h4 (e + C?S)le +5a) + O(R?),
T3 = —%93%4 + 3%3@4 + 2h4 7 ¥2a(Co6 — Crs) + 2h4 —7613(¥s7 + Ves) — 224 Coa
(Y56 — trs) — ¢13(C57 + Ces) + O(h?).

2h#

Substituting the above results into (2.2.18) and using (2.2.13), we obtain the fourth-order

compact scheme for (2.2.2):

8(C1 + Co + (3+G) + 2(C5 + G + 7 + (s) — 40¢o

4h4 [%013(13@0204 + Y24Coat103 + ¢13¢24(C56 + Crs) — —(%013(24 + V24

C13) (W56 + Prs) — Vi3C204 — V34C108] + 2h4 7 (Use + 1/’?8)(@2 + C34)—
2%14(456 + Cr8) (Y12 + 34) — 3C13¢24 + —¢13C24 + 5h %4@56—

() + oh C13(¢57 + es) — h C24(¢56 — trg) — 2h4¢13(C57 + Ces)

+ O(h?), (2.2.19)

where f;;:=f; — f; and fir;:=fi —2fx + f;. The fourth-order compact scheme for theN — S
equations (2.2.1) and (2.2.2) is given by (2.2.11) and (2.2.19).

The fourth-order compact scheme (2.2.11) and (2.2.19) may be solved by pointwise itera-
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tion methods as described in [8] or by Newton’s method with direct solvers at each stage

as described in [6].

2.3 Navier-Stokes Equations with Exact Solution

In this section, numerical solutions of (2.2.1) and (2.2.2) using the new fourth-order com-
pact scheme (2.2.11) and (2.2.19) has been obtained. The test problem used in this section
is chosen such that the analytical solution is available, so that a rigorous comparison can
be made. For test problem, consider the Navier-Stokes equations (2.2.1) and (2.2.2) in

2 =(0,1) x (0,1). The boundary conditions on the stream function are given by

_Y T ey
v Re ¢
—x
0) = — —¢€"
Vw0) = o —e
1—=x
1: _ z+l
vl 1) =
$(0,) = o — ¢
’ Re
y—1 1+
1,y) = — et
Y(1,y) e ©

and the boundary conditions on the vorticity function are given by

¢ = 2"t
((x,0) = 2¢€"

((x,1) = 2e" T

¢(0,y) = 2¢

C(Ly) =2e"

The exact solution for the above problem is given by|[26]:

w_y_x_egﬂ»y’ C:2€x+y.

" Re
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Table 2.1: RMS errors in €2 for the streamfunction and vorticity at Re = 1000

¥ — error, 1 — error, P — error, P — error,
¢ —error ¢ —error ¢ —error ¢ —error
Grid 11 x 11 21 x 21 41 x 41 81 x 81

h2scheme | 1.41(-4),2.71(-4) | 3.35(-5),6.63(-5) | 8.17(-6),1.63(-5) | 2.02(-6),4.01(-6)
hischeme | 4.72(-8),9.45(-8) | 2.80(-9),5.59(-9) | 1.70(-10),3.40(-10) | 1.05(-11),2.10(-11)

We notice that the above solution is smooth in Q:=[0, 1] x [0, 1].

The test problem has been solved for various Reynolds numbers ranging from Re = 5 to 1000,
but since the results appear to be Re-independent, only those for Re = 1000 are shown.
For the sake of comparison the results using a second-order central difference scheme
are also presented. The RMS errors in {2 for the streamfunction and vorticity are
given in Tablel. It is observed that the results for the h? scheme, the central dif-

ference scheme, are in good agreement with those obtained by Brameley and Sloan.

It is also seen that the convergence orders for the h? scheme and the h* scheme, (2.2.11)
and (2.2.19) is of fourth-order accuracy when the solutions of (2.2.1) and (2.2.2) are

smooth.

2.4 Extensions

2.4.1 Extension to rectangular grids

In this Section, the schemes introduced in Section 2 has been extended to rectangular
grids, i.e. the mesh sizes Ax in the z-direction and Ay in the y-direction are different.
We use Taylor expansion in the z- and y- directions separately when discretizing the

differential equations. In invoking equations (2.2.1) and (2.2.2) to eliminate third order
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directional derivatives (as 1 in the equations (2.2.15) and (2.2.17), we use

—%m :¢yy$ + Cx
Cac;tz :Reg;c - nya:
Qﬁyyy = - Cy - lllmy

—Cyyy = — Regy + Coay (2.4.1)

Again consider the differential equation:

Ugg + Uyy :f(l‘, y)

Ay)? A A A
1+ B0 17;) 52)62u+ (1+ ”“") B0 sy52 = (14 5”) (B0 521 4. y) S oY)
Now,
(Ay) 2\ £2 (Ay) 2y U1+ us — 2ug
1
1+ S — 0+ Sk ()
1
= W[mul — 2ug + 10us — 2uy + us + ug + uy + ug — 20uy]
(2.4.2)
(Az)? 5 o (Az)? . us + ug — 2ug
= WDOUZ — 2u1 —+ 1OU4 — 2u3 + us + ug + uy + ug — QOUO]
(2.4.3)
Adding equations (2.4.2) and (2.4.3), we get
A A
(1+ (1—y)52)52 14 L 13“") 52)52u
1
:W[mul - 2U2 + 1OU3 — QU4 + us + Ug + Uy + ug — 20U0]+
WUOUQ — 2161 + 1OU4 — 2U3 + us + ug + w7 + ug — ZOUO]
1
:12(Ax)2 [10(uy + u3) — 2(ug + ug) + us + ug + w7z + ug — 20up)+
2(Ag)? [10(ug + uyg) — 2(uy + ug) + us + ug + uy + ug — 20|
1

=11 -2
12(A$)(Ay) [ 0)\(’&1 -+ Ug) )\(Ug -+ U4) + )\(’U,g, + Ug -+ Uy + us
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_ 201&0)] + m[mv(m + U4) — 27(u1 + Ug) + 7(u5 + Ug

+ w7 + ug — QOUO)]

(10X — 29) (uy + uz) + (107 — 2X)(ug + ug) + (A +7)

~12(Ax)(Ay)
(U5 + ug + Uy + ug — 20’&0)] (2.4.4)
1+ B0 B e,y
—fot W) @)+ B g2 4 B O e,

(Ax)Q(fl + f3—2fo n (Ay)Q(h + fa—2fo
(Ax)? 12 (Ay)?

=12—o—[12fo + fi + fa = 2fo+ fo+ fa = 2]

=AxAy[8fo + fi + fa+ fs+ fi] (2.4.5)

Finally, we can obtain the fourth-order compact scheme on a non-uniform grid for (2.2.1)

¢a:x + @Dyy = _C
= (10X = 29)(t1 + ts) + (107 = 20) (Y + va) + (A +7) (s + v + v + s — 200)
= —AzAy[8G + G + G + (3 + G
¢ 0% . oIl oo
o oty Gy 0~ wdy)
= (100 = 29)(G + Gs) + (10X = 29)(Gs + Ga) + (A +7) (G + Go + G + s = 20Gg

=12AzAy(1 + (Al—:;)zéi)(l + (Ay) ~—02)Reg(x,y)

ZReg(x,y)) + (A12) 52)Reg(z,y)]

=12AzAyReg(z,y) + (Az)*AyReg,.(z,y)) + (Az)(Ay)*) Regy, (z,y)]

=12AzAy[Reg(z,y) (A12)
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Now,

Reg(l’, y) = %Cx—KDxCZ/

2(A
Yy = P13 = V1 — Y3 = 2031, + ( x)

2(A
wy = 7/}24 = ¢2 - 7/}4 = 2Ay¢y + (3‘ ) + O(h5)

¢24C13 - 7vbl3<24

—ag, + 200, eaag + 20 ) - @ary, + X0
Vaas) (2096, + &%yy
—ADaAy,C, + Mwycm PRI ) + HAD BT
YupyCone — AATAYLC, — Mwmgy PRI )+
T
—andy(Ge— i) + ERUE g, 4 2OAE
(CyyyCe — YaCyyy) + O(h°)
—4AzAyReg(z,y) + wwymegz = Cyye) + CY(Wyy + G
4 2R (o iy~ Regytis + 4G
Using the notations A= 2%, y= &2 and f; := f; — f;, fugi=fi — 2fi + f;. we get

= 12AzAyRe g(z,y)
=3024C13 — 3h13Cas — 28y (Az) [V Rege — yCyya) + CYypa + GGyl

— QAZE(Ay)?)[—Cny - w:cxygz - Regyd}ax + 77Z)$<.:vasy
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Now,

12AzAyReg(z, y) + Ay(Az)®Regy, + Azx(Ay)? Reg,,
=394C15 — 313 + Ay(Ax)* (=20 Regy + 2(ypathy — 20yyaly — 26:G,)
+ Re(yrrCe + 20paCor + Caatly — Yarely — 202y — Palyaa) + A
(AY)*[26,Ce + 2nayCe + 2Regythe — 20uCeny) + Re(CyyyCa + 20y Coy+

szywy - %:yy(y - 2¢wy<yy o wayyy)

=3¢24C13 — 3¢13Cos + Ay(Ax)*[(=2¢, Rege + 2Cypathy — 200yy0Cy — 26+
RetyaaCe + 2RetyaCer + Re(Regathy — ¥yCyya) + Re(PyyeCy + Retbag,
= 2ReuaCye — RevuCyan) + Ax(Ay)*[2¢,C2 + 200y Co + 2Regyth, — 2
Vaany) = RECCr — Rty (x4 2ReCuythyy + ReCuyythy — Retbay,Cy — 2
RetuyGyy — Re(Regythy + Coaytl)

=391C13 — 3¢13C + Ay(A2)*[(—thy Regy + Cypatly — Vyyaly — Re G Gt

RetyerCo + 2ReyaCor — 2Re0Cye) — Re(Yuaay + Az (Ay)* [~y ot

@/)mny + Regywm - ¢w§xwy + Rez¢yy§my + R€¢xyycy - Re@cyy¢yy — 2Re

ny 1/)33 Y

12AzAyReg(7,y) + Ay(Ar)* Reg,, + Ax(Ay)® Reg,,
:31/}24613 - 31/}13{24 + Ay(Ax)3[_Re(¢ny¢yx + ¢§Cﬂcaz - ¢y¢azw€y - ¢x€ya:

77%) + nyx¢y - wyymCy - RerCy + Re"vbyngx + QRG'QZ}yxgm: - QRQQ/JJ:xgyz)
(Cs6 + Cr8) V3, Cios o4Cos V103 13124
— Re(¥2Cony 4AxAy * 4(Ay)? (Az)?2 2827z (Az)?2  2Ax2Ay
(Cs6 + Cr8) U13tas (Co6 + Crs) . Yoa (Cs6 — Crs) 220G
4AxAy 2Ax2Ay 4AzAy 2Ay 2(Ay)?Az 4(Ay)PAx
2(24713 Ci3C24 n Ci3(Ys6 — Prs) C13¥ V56 + PreCio3

4(Ay)B3Az  4AzAy 4(AzpPAy  2(Az)3Ay 4(Az)3Ay
~ 24p103(Gse + Crs)  ¥a3(Coe — Crs) n Caa3 V13124
4(Ax)3Ay 4(Ax)3Ay (Azx)3Ay 2Ax2Ay

+ Az (Ay)*[Re(
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(Cs6 + Cr8) B P Coos + Re P13Ci3 Y103 V13Caa (Vs6 + Y1)

4Az Ay 4(Ax)? (Ay)? 2AY2Az (Ax)?2  2A22Ay  4AzAy
P13 (Gs6 — Crs) | Waa (Css — Crs) 2h24C13 2024413 C13C24

- 2Ax 2(Ax)?Ay * 20y 2(Ay)2Az  4(Ay)3Ax - 4(Ay)3Ax * AAx Ay

n Ci3(Ys6 — Prs) SEC T (V56 + ¥78)C204 B 210204(Cs6 + (78) B
4(Ax)3Ay 2(Az)3Ay 2(Ay)3 Az 4(Ay)3Ay
C24(Cs6 — (78) n G413 ]
4(Ay)3Ax 2(Az)3Ay

12AzAyReg (7, y) + Ay(Ar)* Reg,, + Ax(Ay)® Reg,,

=3124C13 — 3U13C24 — E’Y¢13¢24(C56 +(78) — &77?%4(103 + @7(¢56+

2 2
Yrs) + E’ﬂﬁls%zx(@ﬁ + (7s) + ﬂ((ﬁﬁ + (78) o — Q%Km — %(
Y56 + Yr8Cos + %94%3 - (A:c) Ci3Cos + C13(¢56 — rg) — —C131/124 + 1

2
(V56 + 178)Cr03 — 177/1103(4"56 + () — —¢13(g56 — Crg) + Caath3 " (Ay)

2 2
)\ 2
Gz + QCBW% — 73) — @)\@/}13@4(1/156 + 73) — —>\¢13C204 + —>\¢13

%(§56 - C?S)wl?) - %¢13<24 - %C13¢24 - Zg24('¢)56 - 77ZJ78)

C13%24
9 +

Co4

Y24 (Cs6 + Crs) —
1 1 1 1

5(24%3 - —(¢56 + 1P78)Ca0a + 5%04((56 + (7s) + Z@/J24(C56 — (rs) —
— (M) *¢13¢i3¥103

+

Re
4

2
=BnaCas — Bebson — 5 (aaCis — rstan) — 3 (BraCas — YroCer) — %(wmcm s

2
C24) - &(1#24(13 - %3@4) + E((A?/) ( $)2)C13C24%[¢1(<67 + 3<85) + 1o

(Crs + 3Cs6) + 3(Css + 3Ce7) + 1a(Cse + 3Crs) + 5(Caa + 3C12) + Y6(Car + 3Ca3)+

U7z + 3C3a) + Vs(Cos + 3Cn)] + AQ@[CBWW + 1s) — is(Cor + Cos)] + 72%
[¢24(C56 - C?S) - C24(77Z)56 - 77Z)78)] + R—e(/\@b13(€13¢204 - 1/J13C204) + 7¢24(<24¢103

— aros) + 1

YP13924(Cs6 + Crs) — —( Y24Ci3 + AP13Coa) (V6 + 7s)
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Finally, the fourth-order compact scheme for equation (2.2.2) over the non-uniform grid

is given by:

(10X = 27)(¢1 + G3) + (10X = 29) (G5 + Ca) + (A + ) (G5 + G + (7 + G — 20¢0)

B Re Re Re

7(4 -\ - ’72)(%4@3 — P13Coa) + I(Agf - A$2)C13C24 + I[%

(Co7 + 3(s5) + 102(Crs + 3Cs6) + 3(Ces + 3Ce7) + ¥a(Cs6 + 3Crs) + s
(Caa + 3Ci2) + 6 (Car + 3Ca3) + 7 (Ciz + 3Cza) + Ys(Cos + 3Cu1)] + Ao

%[Cl?)(%? + es) — V13(Cor + Ces)] + 72%[¢24<C56 — (rs) — Coa(ts6

2
— )] + RTQ(/\¢13(C13?/1204 — Y13C204) + Y¥24(C2atP103 — Y24C103)

At 7¢13¢24(C56 + (78) — 3(71/124@3 + M13Caa) (V56 + Yrs)

T

where A= %, = ﬁ—z and again f;; = f; — fj, fij:=fi —2fr + f;. It is easy to verify that
when Ax = Ay, the above scheme is in coincidence with the one given in Section 2. In

order for the above scheme to allow SO R-type iteration, the mesh ratio v is required to

. 1
satisfy v € (\/5\/5)
2.4.2 Extension to more general domains

If a domain can be transformed into a rectangular one by conformal mappings, then the
present compact fourth-order methods can be extended to solve the transformed equations
in the rectangular domain. By using a conformal mapping z = z(0,n) and (o,n), the

resulting Navier-Stokes equations can be written as

wUU + wT]T] = _B<U7 77)(7 (246)
Coo + G = Re(PnCo — ¥oly) (2.4.7)
where (3 (0,7) is a known function. A fourth-order compact scheme for (2.4.6) and (2.4.7)

can be constructed in similar way as discussed above. The only extra steps are add the

term ¢ (B, (-0, (») to the right-hand sides of (2.2.15) and (2.2.17). Since (3, and £,
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are known functions, the extra term can be readily approximated up to O(h?) with the

nine-point stencil.

2.5 Remarks and Conclusions

2.5.1 Non-compact fourth-order schemes

Hou and Wetton [19] employed fourth -order streamfunction methods for the time -
dependent, incompressible N-S equations. Wide schemes which are built using standard
fourth-order difference operators are employed instead of compact ones and the boundary
terms are handled by extrapolating the streamfunction values. Evidence is given this ap-
proach is preferable to using compact differencing for high-Reynolds-number flows. This
property of compact schemes has been well documented in [19]. Indeed, it has been found
that for the driven cavity problem the convergence becomes slow and SOR pointwise it-
eration does not work when Re > 9000. One of the reasons for this is that the truncation
errors for all the compact schemes are of order O(h*Re), while the truncation errors for

convectional fourth-order schemes are of order O(h'Re).

2.5.2 Conclusions

In this work, a compact fourth-order scheme for the time-independent Navier-Stokes equa-
tions with the novelty of ‘genuine compactness’ has been developed. In deriving compact
fourth-order schemes, the main difference between the method proposed and previous
ones is the following. To obtain a compact fourth-order scheme for (2.2.2), previous
researches employ Taylor expansion for (2.2.2) but do not use (2.2.1) which gives the
relation between ¢ and (. However, this procedure also employs equation (2.2.1), so that
the compact scheme for (2.2.2) is strictly with in the nine-point stencil. The key point

with the present scheme is that it allows direct iteration for low-to-medium Re.



Chapter 3

A SINGLE CELL HIGH ORDER
SCHEME FOR THE
CONVECTION-DIFFUSION
EQUATION WITH VARIABLE
COEFFICIENTS

3.1 Introduction

In this chapter, we consider the convection-diffusion equation
LU = gy + uyy + p(x, y)us + q(z, y)uy, = f(z,y) (3.1.1)

This equation often appears in the description of transport phenomena. The magnitudes
of p(z,y) and q(x,y) determine the ratio of the convection to diffusion. In many problems
of practical interest the convective terms dominate the diffusion. Numerical simulation of
(3.1.1) becomes increasingly difficult as the ratio of the convection to diffusion increases.
When the equation (3.1.1) is discretized using central differences(CDS), the resulting
scheme has a truncation error of order h%. In the case of C'DS, iterative methods for
solving the resulting system of linear equations do not converge when the convective terms

dominate and the cell Reynolds number is greater than a certain constant. In addition,
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direct methods for solving the system of linear equations may give erroneous results.
If the convective terms are approximated by suitable forward or backward differences
and the diffusion terms by central differences, the resulting scheme is called the upwind
or the upstream scheme or the UDS. There are several variations of UDS and also
combinations of the C'DS and the U DS schemes. The UDS introduces artificial viscosity
and hence the results are in error when the convection dominates. Both the truncation
and the discretization error of UD.S are of order h and hence a very fine mesh is needed
if accurate results are required. Such a refinement of the mesh is often uneconomical .
Recently, a new finite difference scheme for the special case of equation (3.1.1) where p
and ¢ are constants has been proposed [12]. In this work, a generalization of the scheme
to the case of variable coefficients p(x,y) and ¢(z, y) has been presented. The new scheme
has a truncation error of order h* and the resulting system of linear equations can be
solved by iterative methods even for large absolute values of p(x,y) and ¢(zx,y).

The coefficients of the non-diagonal terms in the difference equation do not have the same
sign for all values of p(x,y) and ¢(x,y), therefore it is not possible to predict the order
of the discretization error from that of the truncation error using the theoretical results
known so far. There are some difference schemes for which the order of the discretization
error is reduced by 1 as the transport number becomes large. However, from the numerical
results of several test problems, it appears that this is not the case for the method proposed
in this chapter[13]. The order of discretization error is defined for the asymptotic case
when the mesh size h — 0. The numerical estimates of the order determined from the
errors calculated by using two different mesh sizes may not reach its asymptotic value
as long as the derivatives appearing in the expression for the truncation error vary with
the change in the mesh. This is indeed the case when the transport number is large. A
better estimate of the order of the discretization error is obtained in such cases by refining
the mesh. Several test problems have been solved using the proposed scheme and also

using the UDS and the C'DS. In almost all cases the proposed scheme produced better
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results for a given mesh size. Only those schemes which are designed on the basis of the
exact solution of a particular problem give better results when the mesh is crude. Such
schemes are a lot more complicated and difficult to implement. The rate at which the
error decreases as the mesh is refined is not as fast as that of the scheme presented here,
and hence the presented scheme gives better results as the mesh is refined. In the scheme
proposed here, the coefficients can be computed easily when the grid is uniform. the
procedure presented in the chapter can be extended to irregular meshes. In such cases,
the difference scheme is not obtained explicitly for each mesh point but is computed as the
difference equations are assembled. The procedure has been generalized to the case of the
diffusion convection equation when the diffusion coefficients are variable, and the resulting
scheme has been applied to some problems of flows in porous media. The preliminary
results of these extensions are quite promising and will be reported in the future. In
this chapter[13], only the equation (3.1.1) on regular meshes has been considered. In the
derivation of the difference scheme, the solution u(zx,y) is first expressed locally on a mesh
element in terms of a linear combination of the basis functions which are chosen to be
polynomials in the present case. The functions p(z,y), ¢(x,y) and f(z,y) are expanded in
a similar manner. A set of linear equations for the unknown coefficients in the expansion
of u(x,y) are obtained by demanding that the differential equation (3.1.1) be satisfied
locally. Additional equations are obtained by interpolating the solution over a set of
mesh points which lie on the cell. This technique has been used to obtain single cell high
order schemes for the Poisson, the Helmholtz, the biharmonic and other linear equations.
The difference scheme derived here is a 9-point scheme. Only those mesh points which
lie on a single square cell of side 2h are involved, thereby keeping the bandwidth as small
as possible for the order of the truncation error achieved. No special formulae are needed
for points near the boundary. The new finite difference scheme for equation (3.1.1) is
presented in the next section. The results of numerical experiments with this scheme are

given in Section 3.
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Figure 1. Labelling of grid points

3.2 The Finite Difference Scheme

The finite difference formula for a mesh point (z,y) which is denoted by ‘0" in Figure 1
involves the other eight mesh points at (x £ h,y), (x,y £ h). These points are denoted
either by numbers 1 — 8 or by letters showing their directions with respect to the point
‘0" as in Figure 1. The difference formula involves the coeflicients X, ;, p;; and ¢;;
which appear in the expansions of p(z,y) , q(x,y) and f(z,y) along with the nodal
values up = u(xy, yx) for k = 0,1,2,... Alternatively, the coefficients in the expansion of
the known functions can be expressed in terms of their partial derivatives. In practice
it is more convenient to use the nodal values of the known functions rather than their
derivatives. Therefore, an alternative formulation of the difference formula involving the

nodal values of p(z,y), q(z,y) and f(z,y) is also given.
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The differential equation is given by

Ugy + Uyy + p(x, Y)uy + q(x,y)uy, = f(z,y). (3.2.1)

We assume that, locally, the solution u(x,y) and the functions p, ¢, f can be expressed by

two-dimensional power series:

u(a,y) = aa'y’,  fley) = 'y (3.2.2)
ple,y) =Y Nga'y’,  aley) =) 'y’ (3.2.3)

Substituting equations (3.2.2) and (3.2.3) into equation (3.2.1) and comparing the coeffi-

cients of x'y’, we get
iyl = Z a; ji(i — 1)z' 2y + Z a;;5(j — D'y’ + Z Ay’ Z ia;
=2 J=2 i\ i=1

P Y gty (faggaty T
2,] 7j=1

wylei; = Z(Z +2)(i + agya 2’y + Z(] +2)(j + Dajra'y’ + Z Aij

i=0 i=0 i.j
x'y’ Z(Z + Dairz ™y + Z pije'y’ Z(J + Dag 'y’
i=0 i =0
Cij =(1+1)(i +2)aiso; + (5 +1)(J + 2)aijro + Noo(i + 1)air1; + iAo
ij + Aoo(i — 1)ai—1;+ ... + Apiag ;1 + poo(J + 1)aije1 + poj

aij + po2() — )aij—1 + ..+ p1jaior...

Cij =i+ 1)(i+ 2t + G+ D0 +aijue+ Y [ =71+ 1A,

1<r,s<j

Wimrt1j—s + (= 8+ Dl sQir jy1-s] (3.2.4)

The equations (3.2.4) constitute the constraints imposed by the differential equation

3.2.1) on the coefficients a;;, ¢;;, A\;; and pu;; of the expansions (3.2.2) and (3.2.3).
ir Cijr Aij j
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In particular,

Co0 = 2(az0 + ao2) + Ao,0a1,0 + 10,000,1 (3.2.5)
c10 = 6asp + 2a1,2 + 2X0,0a2,0 + A1,001,0 + fo,001,1 + [1,000,1
o1 = 2a21 + 6ag3 + Aooa11 + Ao1a1,0 + 2p0,000,2 + Ho,1001
Co0 = 12a49 + 2a99 + 3N 0as3,0 + 2X1 0a2,0 + A2001,0 + fL0,002,1+
H1,002,1 + M1,001,1 + H2,000,1
Co2 = 2025 + 12a0.4 + Noo@1,2 + o101, + Ao2a1,0 + 30,0003+
2110,100,2 + flo,200,1
c11 = 6asy + 6a13 + 200021 + A oa11 + Aiiaro + 2p0001 2+

Ho,101,1 + H1,100,1

The above six constraints ensure the satisfaction of the differential equation (3.1.1) for
u = x'y! for i+ j < 4. The constraints involve 15 unknown values of a;;, 0 <i+j < 4.
The remaining nine equations, relating the values of a; ;, are obtained by collocation on

the nine points 0 — 8 of the single cell of side 2h (see Figure 1). In particular,

uy = ug = u(x,y + h)

h? h3
= Uy y + huy(z,y) + Euyy(x, y) + auyyy(x, Y) (3.2.6)

Now,

U= E Ty
Jj=0

Uy = E J@i jTiY5-1
Jj=1

= Z(] + Dai 1wy,

J=0
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uy(070) = CLOl
Uyy = Z] azg iYj—2

= Z J+2)(G + Daijyomiy;
=0

Uyy((), 0) = 2&072
Putting these values of u, and u,, in equation (3.2.6), we get

2 3 4
UnN = Uz = Ap,0 + G/O’lh + a072h + CL073h + (l074h -+

ung = us = u(x + h,y+h)
h? h3
u(z + h,y) + huy(x + h,y) + o Sy tyy (T + hy) + i =y Uyyy (T 4 hy) +

2 h3 h4

h2 ' h3 ‘ h2
hluy (2, y) + hitg, (7, y) + ol umry(x y) + aummy(‘rv y)+ ..+ E[uyy

2
o7 Yyy Uz (z,y) +...]
2 h3
a(uyy + Uy + 2Ugy) + y(uwzz + 3y + Sayy)

h
(z,y) + Py, + o

= U(xa y) + h(uz + uy) +
h4

i
= ago + h(ay + ap1 + hQ(CLzo +apo +aiq) + hg(ag,o +ag1+as)+ h4

—"_ uzaza::v —"_ 4U:v:v:cy + 4uxxuyy>

(a0 + asy + azz)

ug = uy = u(x,y — h)
h? h3
= Uy, — huy(z,y) + o uyy(x y) — 30 —Uyyy (T, y) + ...

= ap,0 — CL071h + &Qgh — a073h3 + a074h4 +
Now, adding uxy and wug , we get

U + Uy = 2&070 -+ 2&072h2 -+ 2&0,4h4 + ...
U + Uy — 2’&0 = 2@072h2 + 2@074h4 + ...

up =uy =u(x+ h,y)

h? h3
_|umc<x7 y) + ?

5 Uz (T, Y) + ... (3.2.7)

= Uy + hu,(z,y) +
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Again

u = Z 4,5 TiY5
i=0
Uy = Z 10, ;T 1Y,
i=1
= (i + a1z
i=0
Ux(07 0) = a0
Ugpye = Z Z(Z — 1)ai7j:ci,2yj

=2

= Z(i +2)(0 + Daio jiy;
i=0
Uz(0,0) = 2az
Putting the values u, and u,, in equation (3.2.7), we have
up = U = ago + ayoh + a2,0h2 + a370h3 + a4,0h4 + ...
u; —ug = hay o+ h2a2,0 + ...

uyw = ug = u(x — h,y + h)

h2 h3
=u(x — h,y) + huy(z — h,y) + auyy(x —h,y)+ guyyy(x —hyy) + ...
2 h3 h4
= U(xa y) - hum(x, y) + Eum<xay) - gumm(%y) + Zumm(%y) + ..
! ) ! . ! )
+ h[uy<x7y) - hux,y(xa y) + au:m:y(xa y) - yuxmmy(x7y) + ] + 5
2
[ty (2, Y) — Pigy, + guyyum(:ﬁ, y) + ...
' h2 3
= u(z,y) — h(uy +uy) + g(uyy + Upy — 2Uyy) — g(umx — BUggy+
4
3u:1:yy) + I(uxxwz - 4uzx:ry + 4u:v:vuyy)

= ag,o — h(ap+ap1 + hz(azo +ap2—aiy) — hg(as,o — Qg1 + a1 )

+ h4(a4,0 —asy + azp)

Now, adding unyg and uyw,

Us+Uug = 2@0,0 + 2h2(a2,0 + a0’2> + 2h3a2,1 + 2h4(a4,0 + CL272) + ... (328)
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Subtracting uyg from wunpy:

Uy — Ug = 2h(a170 —+ ap,1 + 2h20j171 + 2h3(0,370 + 12 + ... (329)
uw = uz = u(xr — h,y)
h? h?
= Uy — huy(x,y) + 5 um(:c y) — 3 — U (T,Y) + ...

4
Uz = ap,0 — CLL()h -+ a270h — Clg,()h + a470h +

Uz — up = —aioh + ag,th - ag,oh?’ -+ a4,0h4 +
Again, adding wur and wuy:
u+uz — 2ug = 2h%agg + 2htago + ...
Subtracting ug from wuy:

Uy — Uz = 2ha170 + 2h3a370 + ...

usw = uy = u(x —h,y — h)

h? h?
=u(r — h,y) — huy(x — h,y) + 51 uyy( —h,y) — 3 uyyy( — h,y) +
h? h3 h?
= u(z,y) — hug(x,y) + 5 um(x y) — 3'ugcm(:c,y) + Zumm(x,y) -
2 ' h3 . h2

h
h[uy(x, y) - hux,y(ma y) + aumcy(xu y) - auxzzy(x’ y) + ] + a[uyy
h2
(T,y) — hugy, + ol uyyum(x y) + ...
h? h?

=u(x,y) — h(uy +uy) + g(uyy + Ugy + 2Uyy) — y(umx + By + 3tgyy)
h4 : .
+ Z(u:txa:x + 4ua:a:xy + 4umzuyy)

U7 = g,0 — h(al,o + Qop,1 + h2(a270 -+ Qo,2 + (11,1) — h3(a370 -+ 21 + &1’2) + h4

(g0 — asy + ag2)
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usp =us =u(x+h,y —h)
h2 h3
= u(r + h,y) — huy(z + h,y) + 5 Sy Uy (€ + hy) — i =y Uyyy (T 4 hy) +
2 3 h4

h

2 h3 h2

uwwy(x y) + _'uxwxy(xv y) + ] + g[uyy

h
h[uy(x y) + hug y(x y) + 3

2!
2

(@, y) + htgy, + Euyyum(x, y) + ...
o B3

= u(z,y) + h(uy —uy) + Uyy + Ugy — 2Ugy) — §(UI$$ — Uy + Usgyy)

h4

+ Z(uzzzm - 4ummxy + 4urzuyy>

BIL

us = apo + h(ao + ao1) + h2(a2’0 +ap2—a1y) + hg(a3,o —ag1 +aig) + h*

(g0 — asy + az2)
Adding ugy and ugg:
ur + ug = 2a90 + 2h*(ag0 + apa) — 2h%as + 2h*(asg + ags) + ... (3.2.10)
Subtracting usy from ugg:
ur — ug = —2h(ar o+ ap + 2h%a1; — 2h*(azg + ara + ... (3.2.11)
Adding (3.2.9) and (3.2.11), we obtain relations of the form
Us — Ug + Uy — Ug = 4h2a1,1 + ...
Adding (3.2.8) and (3.2.10), we obtain relations of the form

Us + Ug + Uy + Ug = 4&0,0 + 4h2(a2,0 + (10,2) + 4h4<(l4,0 + a2’2>
Us + Ug + U7 + U — 4&070 = 4h2((1270 + a072) + 4h4(a4,0 + a2’2)

Us + Ug + Uy + Ug — 4U0 = 4h2(a270 + ao’g) + 4h4(a470 + Clo,4)
Proceeding in the similar manner, we get

Uy + Uy + ug + uy — 4dug = 2h*(azg + ag2) + 2h*(as0 + ag.4)
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We use the notation

OUOZU1+U2+U3+U4

Oug = us + ug + u7 + us
Now, from (3.2.5) we have,

h%co0 = 2h* (a0 + aga) + Xooh(aioh) + pooh(ag h)
= 2hy(ag0 + aoz2) + Nooh(uy — ug — h?ag — h’asp) + pooh(us — ug — ag1h
— ao,th - a073h3 — a0,4h4)
= Uy + Uy + uz + uy — 4ug — 2h*(ag0 + aga) + Nooh(ur — ug — hlagy — h®
azo---) + pooh(uz — ug — ag1h — agoh® — agsh® — ag4h®...)
= Qup — 4dug — 2h*(ag0 + aoa) + Xooh(ur — ug — hagg — hlasg...) + pooh

(uy — ug — ag1h — agah® — agsh® — ag4h®...) + O(h?) (3.2.12)
Neglecting terms of order h3, we obtain the upwind difference scheme of order h.
h%coo = Qug — dug + Mooh(ur — ug) + pooh(uz — ug) (3.2.13)
If the terms containing h® are eliminated in (3.2.12), we obtain

hQCO,O = <>U0 — 4UO -+ /\070h(u1 — Uo) + ,Uzo’(]h(’U/Q — UO) — )\0,0h<h2a2’0)

— pooh(h*ag )
Aooh
= <>UO — 4U0 + /\070h(u1 — Uo) + Mo)oh(Ug — UO) — <U1+
h
us — 2U0) — ’u070 (UQ + Ug — 2U0)
Xooh h
= <>u0 — 4’LLO + 0.0 (u1 - U3) + ,uOéO (’LLQ - U4) + O<h4) (3214)

The central difference scheme results when O(h*) terms are neglected in (3.2.14). This
result cannot be improved any further without using more constraints from (3.2.4), (3.2.5).

The two constraints involving c; o, ¢p1 contain as, aps which also appear in the next set
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of constraints for ¢y, coo. Using these constraints and relations in (3.2.6), (3.2.7), we

obtain,
4
6h200,0 + ?(01,0)\0,0 + cotto0) + h4(02,0 + co2)
Xooh h h?
=6[Qug — dug + Oéo (ug — uz) + Moéo (ug — ug)] + ?[(6a370 + 2a; 5

+ 2X0,002,0 + A1,001,0 + H0,001,1 + [1,0001) N0 + (2a21 + 6ap 3 + oo
a1+ Aoaa1,0 + 2p0,0G02 + [o,1G0,1)M00) + h4[(12a470 + 2a92 + 3o 0
as,0 + 2A1,0a2,0 + A2,001,0 + 10,0021 + f11,0021 + H1,001,1 + H2,000,1)+
(2a22 + 12ag.4 + Ao 012 + No1a1.1 + Xo201,0 + k00003 + 2140,1G0 2
+ 140.200.1)]

=6 o — 24ug + 3hoph(ur — us) + 3o oh(us — us) + 2h* (Ao a1z + pop

asq) + az,oh4(A3,0 + 21 0) + ao,zh“(uﬁ,o + 2p10,1) + h4@1,1(>\0,0ﬂ0,0+
/\1,0)\0,0 MO,O/\0,1

No1 + f10) + hlagof 9 + 9 + Aoz + Ao) + B (p2,0 + Ho2
A
O 4 BRR) - dltagy + O(1)
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4
6h2€0,0 + E(Cl,o)\o,o + ¢co,100,0) + h4(02,0 + co2)

hXoo

:6<>U0 — 24160 -+ 3)\0,0h(u1 — U3) + 3#070h(UQ — U4) + 9 : <U5 — Ug

h
— Uy —+ Ug) + l;()’O (U5 -+ Ug — U7 — US) — h[)\o}o(ul — U3)) + u070(u2—

h? h?
+ 5(/\3,0 +2A10) (w1 + us) + 7(#3,0 + 2p0,1) (ug + ug) — B°

h?

()\(2)0 ‘|’Hoo + 2X1 0 + 2p0.1)Uup + — ()\oo,uoo + X1+ f10)(us — ug
3

+ uy — 'LLg) -+ ?(
)\o,oﬁbl,o Ho,0M0,1

2,0 + o2 + 5 + 5 (ug — ug + (us + ug + ur + ug

— 4ug) — 2(uy + ug + uz + uyg — 4uyg)

Uy)]

A h?
fio0 + Hos + 0,02M1,0 i M0,02M0,1 (U1 _ U3) i ?(

hA
:4<>UO + D’U,O — 20U0 =+ 2}1,)\070(11/1 — Ug) —+ 2hﬂ070<U2 — U4) + 2070 ((U5

h,uo,o
2

h?
— ug — ur + ug) + (us + ug — uy — ug) + ?()\g,o + 2>\1,0)(UNL

2

u)+h—
D

2 h3
Z()\o,ouo,o + X+ p10)(us — ug + ur — ug) + 7()\2,0 + N2 +

(16,0 4 20,1) (g + ug) — W2 (N5 o + 15,0 + 2A1.0 + 240,10+

A0,0A1,0
2
A h? A

,u0702 = (ur — ug) + —(p2,0 + fo2 + 0.0H1,0 + L0070, (ug — ug)

2 ( 2 2
+ O(h®)

+

3 1 1
—(A20 4+ Ao2 + S A00 10 + S H00M01)]

2 2 2
R, B3 1

+ uz[4 4 2hpo + ?(Moo + 2p0,1) + ?(Mzo + o2 + 5)\0 0M1,0 + 5 Ho.otto, )]
R e 1 1

+ug[d — 2hXoo + — (/\00 +2X10) — —()\20 + o2 + 2/\00)\1 0+ 5Ho, 0A0,1)]
e ) e 1 1

+ ug[4 — 2hpg o + 5(#0,0 + 2p0,1) — ?(Mz,o + po2 + 5)\0,0,111,0 + 5#0,0#0,1)]

h?
Z&kuk U1[4+2h)\00+ 9 ()\00+2)\1 0)
k=o

2

—(Ao,oto0 + Aog + H10)] +

h
A —
1 ( 0,0 Mo,o)

h
+us[l+ = ()\00 + fop) +
h2

- Z()\oo,uoo + o+ )] +

ug[1 —
h h?
ur[[1 — (Ao,o + poo) + Z(/\O okto,0 + Ao 1+
h h? 59
p1o)] + us[l — 5(/\0,0 + o) — Z(/\O otto,0 + Ao, + f1,0)] + uo[—20 — A7 (A5

+ 1g o + 210 + 2110,1)]
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Neglecting the terms of order h®, we get the fourth order difference scheme given by
equation (3.2.14).

The fourth order difference approximation of equation (3.1.1) is given by

8
h4
Z arur = 60070h2 -+ (0270 + 00,2)h4 + ()\0706170 + MO’OCO’1)57 (3215)
k=o0
where
h3
o = ap =4+ 2h)\070 + h2R3 + ?R(;
h3
Qo = QN =4 + Qh,u(),o + h2R4 + ?R5
h3
a3 = QW =4 — Qh)\()’() + h2R3 - ?RG
h3
ay = Qg =4 — 2h,u0,0 + h2R4 - ?R5
h h?
a5 = ayg =1+ 5()\070 + [/J()’o) + ZRQ (3216)
h h?
ag = anw =1 — 5 (Ao — fo0) — — 2
2 4
h 2
ar = agy =1 — 5(/\0,0 + po,0) + ZR2
h h?
ag = agp =1+ =(Xoo — too) — —Ro
2 4
ap = —20—h2R;.
Here, the following notations have been used:
Ry =3+ 1150 + 2A10 + 2p0,1
Ry =10 + XNo1 + Aooto,o
1
R :§>\§’0 + 1o (3.2.17)
1
Ry 25,“%,0 + 10,1
1 1
Rs =ps0 + po2 + §>\0,0M1,0 + 5#0,0#0,1

1 1
Rs =Xop + Ao2 + 5)\0,())\1,0 + 5#0,0)\0,1-
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Replacing A, j, p;; and ¢;; in terms of the nodal values of the functions p(z,y), ¢(x,y)

and f(z,y), we get an alternative finite difference scheme given by

8
e afetfw—2f) | In+fs—2fe | Bt po(fe— fw)
jzoaju]' —6f0h +h 2h2 + 2h2 +?[—2h
QO(fN—fS)
AT
h? h3
:E[fN-Ffs-i‘fE-i‘fw-i‘Sfo]+Z[p0(fE—fW)+QO(fN—fS)] (3.2.18)
where
_ h* ., (pe —pw), R (pE+pw —2p0) DN+ Ds— 2po
po (pe —pw) . Qo (Pv — ps)
+ 2 2h + 2 2h ]
W, h h h?
:4+2hp0+Ep0+§(pE_pW)+§(pE+pW_4]70 + PN +ps)+§

h2
po(pE — pw) + gQIo(fN - fs)
2

h h
=4 + 1[4]70 +3pe — pw + pn + ps| + §[4p§ + po(pe — pw) + Q@ (pN — Ps)

3
g = ay =4 + 2hqo + %[Q(Q) + QW] + %[(QE - gv;:g 20) | W +2qu =
@(C]E —qw) 4 @(QN - C]S)]
2 2h 2 2h
W2, h
=4 + 2hqo + 5 + E(QN —qs) + —(ge + qw — 490 + qn + qs)
h? h?
+ gpo(QE —qw) + §QO(QN —qs)

2

+

| >

2

h h
=4 + 1[4% +3qn — qs + qe + qw] + §[4q§ + polge — qw) + qogn — qs)
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2

h - h? —2 —2
&SEQW:4_2hp0+?[p(2)+2(pE pw)]__[(pE+pw Po) | PN +Ps —2po

2h 2 2h2 2h2
po (PE —DPwW) o (PN — Ds)
+ 2 2h + 2 2h ]
h? h h h?
=4 — 2hpo + ?pg + §(pE —pw) — §(pE + pw — 4po + pN + ps) — 3P
h2
(PE —pw) - gCIO(pN —ps)
h R,
=4 — 1[4290 — pE + 3pw + DN + ps] + §[4po + po(pE — Pw) — Qo(PN — Ps)
h? (qv —qs);  B® (g +aw —2q0)  qn + qs — 2q0
= g =4 — 2hqo + [ + 2 N —4s)y T
qo (CJE—C]W) qo (C_IN—(IS)
ty o toT o
h? h h h?
=4 — 2hqgo + 5613 + §(QN —qs) — Z(QE +qw — 490+ qn + qs) — gpo(QE
h2
- QW) - g%(QN —qS)
h 2.,
=4 — 1[4(10 —qn +3qs + g + qw] + §[4q0 + po(ge — qw) — qogn — qs)
h h h? (pN—pS de — qw Do (pE—pW) qo
= ang =1+ “po+ 2qo + = Po B
as = ayg =1+ 5po + 560 + 4[]?0610+ T T Sy
(pN _pS)]
2h
h h h?
:1+§<pO+QO>+§(pN_pS+QE_QW>_Z(pOQO)
h h? PN —Ds . qg — qw Po (PE — D q
g = anw :1—§p0+§%— Z[pOQO"‘ ( N2h S E2h W§O< E2h w) +§0
(PN—]?S)]
2h
h h h?
=1- 5(290 —qo) — g(pN —ps+aqp —qw) — Z(po%)
= agw =1 — py — a1 1 + 4
a7 = Qsw = 2290 2610 3 PN —Ps T4 — qQw 4]70610
U S ) L
g = Osp = 2]90 2(10 3 PN —Ps T 4r — qQw 4]?0610
2(pe — pw) N — s
= —(2 h2[p? 24 o P 4ot 12

= —[20 + R*[(p5 + @) + h(pE — pw) + han — gs]

Note that both the difference schemes (3.2.14) and (3.2.17) reduce to the scheme given in

[12] when p(z,y) and ¢(z,y) are constants.
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3.3 Numerical Results

Numerical results for several test problems have been obtained by using the two 9 — point
schemes given by (3.2.14) and (3.2.17). The scheme (3.2.14) involves the derivatives of
the functions p(z,y), ¢(x,y) and f(x,y) whereas the scheme (3.2.17) involves only the
nodal values of these functions. The results obtained by these two schemes do not differ
significantly as far as the order of the maximum errors are concerned. Hence the results
obtained by using the scheme (3.2.17), which is more useful in practice, are reported here.
This scheme is called the single cell high order scheme or SCHOS in the sequel. All
test problems given here are solved on a unit square [0, 1] x [0, 1] using a uniform mesh h.
Boundary values of the solutions are assumed to be known. The system of linear equations
is solved by using the successive over-relaxation (SOR) iterative method. Sometimes it
is necessary to use a relaxation parameter less than 1 with the C'DS. The convergence

criterion for the iteration was chosen to be 1076.

3.3.1 Test problem 1

Consider the boundary value problem

—€(Uggptuyy) + uy =0, 0<z,y<l1
u(z,0) =0, u(z,1)=0, 0<z<1
u(0,y) = sinmy, u(l,y) = 2sinwy, 0<y<1 (3.3.1)

Comparison of (3.3.1) and (3.1.1) shows that —p(z,y) = 1 = P (say), ¢(z,y) = 0 and

f(z,y) = 0. The exact solution

pe . [2e7 sinhox + sinho(1 — z)]
u=ez2 sinmTy

sinho

where 02 = 72 + PTQ, shows the presence of a boundary layer near x = 1 whose thickness

is of order 1% for large P. The boundary layer is expected to affect the numerical results
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adversely as P increases.
This problem has been studied by Gartland [10], and a special five point stencil involv-
ing modified Bessel functions was proposed. In Tables 1 — 3, some results have been

presented for this problem.

Table 3.1: Maximum relative errors for problem 1, h = 3% :

P | UDS CDS | SCHOS
10 | 0.9166(-1) | 0.4537(-2) | 0.6011(-4)
20 | 0.1262 | 0.1576(-1) | 0.1399(-3)
40 | 0.1686 | 0.5925(-1) | 0.1511(-2)
100 | 0.2264 0.3002 | 0.3517(-1)

In T'ablel, the maximum relative errors for P = 10, 20,40 and 100 for A = 1/32 show that
the errors due to UDS range between 9 and 23 percent, whereas the C'D.S gives acceptable
results for P < 40 but not for P = 100. The errors for SCHOS remain < 4 percent. As
expected, the maximum relative errors occur near the corners at x = 1 in all cases.

In Table2, the maximum absolute errors for different values of h are given. Numerical
estimates for the order of the discretization errors which are obtained by considering the
errors due to mesh sizes h and 2h are also given. It is clear from the table that the order
of SCHOS is about twice that of C'DS.

In order to compare the obtained results with those given by Gartland, the average relative

Table 3.2: Maximum absolute errors and the estimated orders for problem 1 :

P | At CDS Order SCHQOS | Order
40 8 0.5122 0.1256
16 1.5 0.2009(-1) | 0.1399(-3) | 2.65
32 | 0.6723(-1) 1.78 0.1712(-2 | 3.55
100 | 8 0.9060 0.4249
16 0.5618 0.68 0.1670 1.35
32 0.2872 0.97 0.3365(-1) | 2.31
64 | 0.9493(-1) 1.60 0.3151(-2) | 3.41
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Table 3.3: Average relative errors for probleml1, P = 100:

h=t| CDS | SCHOS | Gartland
8 1.18(1) | 8.13(-2) | 6.81(-3)
16 | 1.46(-1) | 1.25(-2) | 4.94(-3)
32 | 1.61(-2) | 1.26(-3) | 1.90(-3)
64 |2.23(-3) | 1.79(-4) | 5.71(-4)

errors for P = 100 in T'able3 has been presented. Clearly, the special method proposed
by Gartland gives better results when the mesh is crude. However, as the mesh is refined,
the errors due to SCHOS decrease rapidly and for h < 1/32 the errors due to SCHOS
are consistently smaller. The order of the Gartland method is not even as high as that of

the CDS.

3.3.2 Test problem 2

Consider the boundary value problem

Gpz + Qyy =P cos ¢, + Psinb¢,, 0<z,y<l1
¢($,0):0,¢($,1):O, 0<z<1
$(0,y) =dy(1 —y),o(1,y) =0, 0<y<l (3.3.2)

Comparison of (3.1.1) and (3.3.2) shows that p(z,y)= —P cos@ and ¢(z,y) = -Psin 6§ and
f(z,y) = 0. The exact solution is given by

o0
b =e e ptysng) Z B, sinh[o,(1 — z)] sinnmy

n=1

where
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Table 3.4: Maximum absolute errors and the estimated orders for problem1:

h=t| UDS | Order CDS Order | SCHOS | Order
=0\ 8 |0.1227 0.3420 0.8280(-1)

16 | 0.1604 0.1532 1.15 | 0.1323(-1) | 2.65

32 | 0.1256 | 0.35 |0.4449(-1) | 1.78 | 0.1123(-2) | 3.55
0=%| 8 | 0.2886 0.3688 0.6931(-1)

16 | 0.2268 | 0.34 0.1286 1.52 | 0.1019(-1) | 2.77

32 [0.1394 | 0.70 | 0.3484(-1) | 1.88 | 0.8128(-3) | 3.64
0=71 8 |0.2467 0.2833 0.4932(-1)

16 | 0.2035 | 0.28 | 0.8031(-1) | 1.82 | 0.5977(-2) | 3.04

32 [ 0.1218 | 0.74 | 0.1950(-1) | 2.04 | 0.4066(-3) | 3.88

and

1
8 sin
B, = /y(l - y)e_P > sin nwydy
0

sin ho,,

This problem represents the convection of 6 (temperature or concentration) in a fluid
moving with a uniform velocity at an angle 6 towards the z-axis. For § = 0 a boundary
layer develops on = 1 as in the case of problem 1, whereas for §# 0, boundary layers
develop on x = 1 and also on y = 1 for P large. Numerical results obtained by using UDS
are known to be affected adversely when the direction of the flow is not aligned with the
direction of the finite difference grid. This is known as the grid orientation problem. This
problem has been chosen to study whether the numerical solutions obtained by SCHO.S
are affected by the grid orientation. This problem has been studied by Stubley et. al [28]
in which they proposed a special method called Q1.5 which uses a 9 — point stencil.

In Table 4, the absolute maximum errors for P = 40, h = 1/8,1/16 and 1/32 for 6 = 0,
/8 and 7/4 have been presented. Estimates of the order of the method obtained from
the numerical results are also given. Most of the observations made in the case of problem
1 remain valid for this problem as well. It is clearly seen that the results of UDS dete-
riorate as # increases, whereas this is not the case for both the C'D.S and the SCHOS.
The results for § = w/4 appear to be better than those for § = 0, however, this is due to

a decrease in the effective transport number for § = 7/4. In any case the SCHOS is not
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Table 3.5: Maximum absolute errors and the estimated orders for problem3, equation
(3.3.3) :

P ht UDS Order CDS Order | SCHOS | Order
100 8 0.1678 0.6174(-2) 0.3081(-2)
16 | 0.9894(-1) | 0.76 | 0.1633(-2) | 1.92 | 0.2615(-3) | 3.56
32 | 0.5426(-1) | 0.86 | 0.4154(-3) | 1.97 | 0.1775(-4) | 3.88
1000 | 8 0.2017 - 0.9448(-2)
16 0.1238 0.70 - 0.1845(-2) | 2.36
32 | 0.6819(-1) | 0.86 - 0.1864(-3) | 3.31

affected by the grid orientation. As in the case of problem 1, the results obtained by using
special methods such as QIS for this problem are more accurate than those obtained by
SCHOS when the mesh is crude. However, as the mesh is refined, the results obtained
by SCHOS improve rapidly. The maximum error over a coarse 7 x 7 mesh (h = 1/8) for
P = 80 are given in [28]. For h = 1/32 the results given by SCHOS and QIS are com-

parable, whereas for h = 1/8,1/16, QIS results are better.

3.3.3 Test problem 3

In problems 1 and 2 the coefficient functions were constants. In this problem, the coeffi-

cients are considered to be variables; thus in (3.1.1) let

p(x,y) = Pr, q(z,y) = —Py
with the exact solution
u=xy(l —z)(—y)e"t¥ (3.3.3)

Numerical solutions for P = 100 and 1000are given in Table 5. For P = 1000, the C'DS
failed to converge with S.O.R. Instead of considering p(z,y) and ¢(x,y) as first degree

polynomials, we considered another problem with the exact solution same as in equation
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(3.3.3) but p(z,y) = exp(z +y) and q(x,y) = l/exp(x + y). Here, again the results were

similar to those given for (3.3.3). The C'DS did not converge for P > 100.

3.4 Conclusion

Several test problems have been solved using the single cell high order method proposed
here. From the numerical experiments it appears that the scheme gives good results.
Further testing over a wider range of the values of the parameters is necessary before
its usefulness is established. The scheme is simple, easy to implement and the resulting
system of linear equations can be solved by iterative methods. The rate of convergence
of the proposed scheme is twice as that of the central difference scheme and about 3 to
4 times that of the upwind difference scheme. The proposed scheme is not affected by
the grid orientation nor does it introduce artificial viscosity. The method of derivation
carried over to irregular meshes with some modifications.

The difference scheme has been arrived at by approximating the solution locally by means
of polynomials. Therefore, the accuracy of the numerical solutions will be affected for mesh
sizes for which such an approximation is not sufficiently accurate. In particular, when the
convection is large as compared with the diffusion and a boundary layer exists in which
the solution varies exponentially, one could expect a deterioration of the numerical results
if a crude mesh is used. This can be seen in problems 1 and 2 for the values of Ph > 6.
In the derivation of the scheme, it is assumed that the solution of the problem is sufficiently
smooth. If the smoothness condition is not satisfied, the order of the scheme drops and
it may give results no better than the lower order schemes.

The proposed scheme uses a 9-point stencil and hence requires additional computations
as compared to the 5-point schemes. In order to compare methods for a given order of
the error it is necessary to obtain work estimates in terms of arithmetic operations. Of

course, the rate of convergence of the iterative method also plays a decisive role in such
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estimates.
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