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Abstract

The number of automobiles increased as a result of population growth and economic ex-
pansion. The high availability of transportation complicates vehicle interaction, which
may cause the occurrence of traffic congestion. Therefore, the traffic low phenomenon
has become one of the critical complex systems. Mathematical models can be used to
understand and visualize traffic flow in mathematical terms. In this light, the current re-
search puts up models and analyses of several actual traffic features by adopting a lattice
hydrodynamic methodology (approach). The lattice hydrodynamic model has become the
most famous because of its simpler approach. In this approach, space is discretized into
lattice sites. The model comprises continuity and momentum equations that explain the

aggregate behavior of traffic flow at each lattice site.

In this thesis, the effects of predictive effect have been examined on one-lane system when
overtaking is permitted, two-lane system with rule of lane change, two-dimensional system
having junction on road. Further, a new lattice model is developed by considering the
influences of uncertainty of historical information on downstream. Furthermore, the factor
area occupancy is included in lattice model which is related to heterogeneous traffic. All the
models are analyzed theoretically by linear and nonlinear analysis. Theoretical findings
are confirmed by numerical simulations. Additionally, the thesis is presented in seven

chapters:

Based on traffic low theory, Chapter 1 reviews the literature regarding the general traf-
fic system noted by the researchers, the potential hurdles to the transportation system,
and possible solutions. Assumptions and requirements of traffic flow modeling are dis-
cussed. Various modeling approaches, such as microscopic models, macroscopic models,
and lattice hydrodynamic models, are briefly discussed, describing important features of
the traffic phenomenon. In addition, the scope and limitations of the existing models are

presented.

The predictive effect and overtaking (passing) are interrelated in the traffic environment.
When faster-moving vehicles receive prior information regarding the downstream circum-
stances, this information helps them decide whether to accelerate or slow down vehicle
speed and also aids them in overtaking slower-moving vehicles. Therefore, motivated by
the explained phenomenon, the investigation of the passing with predictive effect for a
unidirectional single-lane highway is explored in Chapter 2. Further, the model is ana-
lyzed theoretically by employing stability analysis. The influence of the predictive effect is

examined on traffic stream stability through linear stability analysis when passing is per-

vil



mitted. It is shown that the accurate expected behavior of the vehicles ahead can enhance
the stability of traffic flow for any rate of passing. Using nonlinear stability analysis, we
obtained the critical value of the passing constant for which the kink soliton solution of
the mKdV equation exists. When the passing constant is smaller than a critical value,
the jamming transition occurs between uniform and kink flows. In contrast, for the higher
value of passing constant, the jamming transitions occur from uniform flow to kink density
wave flow through a chaotic phase. Numerical simulations verify the theoretical predic-
tions, which show that traffic congestion can be suppressed efficiently by considering the
predictive effect in a single-lane traffic system when passing is allowed. Finally, the results

are summarized.

Chapter 3 aims to propose a new hydrodynamic lattice model by considering the predic-
tive effect and the optimal current difference effect (OCDE) on a two-lane unidirectional
traffic system. Stability analysis is used to conduct a theoretical investigation of the model.
In a two-lane system with permitted lane changing, the contribution of the predictive ef-
fect, including consideration of OCDE, is examined on traffic stability by linear stability
analysis. The mKdV equation is derived using nonlinear stability analysis, and the density
wave in terms of the kink-antikink wave is obtained around the critical point. It is observed
that the predictive effect plays an important role in enhancing traffic low stability in a
two-lane system. Numerical simulations are performed to validate the theoretical predic-
tions, demonstrating that traffic jams can be alleviated more efficiently by considering the
predictive effect in the vehicular system where lane change is permitted. At the end of the

Chapter, the summary of the outcomes is presented with future scope.

In Chapter 4, a two-dimensional (2D) lattice model by incorporating the predictive effect
with the junction on the road is proposed. According to the situation, drivers can change
their driving behavior while using their skills in advance with the help of prior information,
and they change their path through the turning point on the road. At the junction of the
road, traffic can enter into various downstream lanes from the upstream. The intensity
of downstream traffic may vary depending on the proportion of traffic. To analyze the
proposed model, the stability condition is obtained without and with the control signal
through the control method, which shows that the stable region increases when the control
signal is considered into account. The theoretical findings indicate that the predictive
effect could affect the stability of diverging traffic. Numerical simulations validate the
theoretical findings, showing that the predictive effect for junction roads is beneficial in
enhancing traffic flow stability. In the last section, the conclusion of the results and the

possible future scope are given.

Several real-time feedback tactics have been presented and applied for traffic dynamics,

viii



such as historical density information, historic flux information, etc. Moreover, complex
uncertainties such as equipment malfunctions, network fluctuations, driver personality,
and traffic disruption may affect traffic information. Therefore, Chapter 5 is devoted
to reflecting better the reality of traffic situations in the transportation system by con-
sidering uncertainty about historical information of density (UHDI) based on the lattice
approach. The UHDI effect is probed using linear stability analysis and nonlinear stability
analysis. The instability is found with an increased value of the UHDI coefficient. The
modified Korteweg-de-Vries equation (mKdV) is obtained to describe the characteristics
of traffic congestion. Finally, numerical simulations are implemented to analyze the results
of theoretical findings. The numerical and hypothetical results show that the UHDI factor
significantly affects traffic flow.

Chapter 6 deals with analyzing the impact of the heterogeneous behavior of vehicles on
traffic dynamics. In developing countries, traffic not only consists of a wide range of vehi-
cles, including automobiles, trucks, buses, motorbikes, etc. but is also disordered. Control-
ling and managing increasingly complex transport networks depend heavily on modeling
the mechanics of mixed (heterogeneous) traffic. Vehicles having different speeds and sizes
behave accordingly to their characteristics in traffic flow. Hence, a new lattice model is
designed by considering the area occupancy of different vehicles in a heterogeneous disor-
der traffic system with a variable proportion of slow-moving to fast-moving automobiles.
In addition, stability analysis is done to investigate the ability of a heterogeneous traffic
model. The mixed traffic phase diagrams show a link between traffic stability and the
fraction of vehicles. Moreover, a reduction perturbation approach is used to explore the
behavior of the disordered traffic, and the mKdV equation is achieved near the critical
point. It is demonstrated that larger vehicles cause traffic jams, whereas smaller ones are
apt to ease traffic jams. Furthermore, numerical simulations are performed to verify the
consistency of theoretical analysis. Results portray that a higher fraction of small vehicles

is beneficial for stabilizing the traffic flow.

Further, Chapter 7 summarizes the obtained results from the proposed models. The

future scope is given based on some real traffic characteristics.
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Chapter 1

Introduction

The application of scientific and technological tenets to the planning, functionality, opera-
tion and administration of facilities in a transportation context is known as transportation
engineering; moreover, it plays a vital role in providing convenient, efficient, rapid, safe,
environmentally, and economically compatible movement of goods and people. Moreover,
traffic flow has received significant attention in interdisciplinary sectors, such as mathe-
matics, physics, and informatics. However, traffic networks are multi-component systems
that include drivers, vehicles, road linkages, pedestrians, junctions (intersections), and
their interactions. Traffic flow performance may be influenced by several factors, notably
human behavior, environmental aspects, infrastructure, etc. The increase in population
and economic expansion resulted in an increase in the number of vehicles. The great
enough availability of transportation creates complications for vehicle interaction, leading
to a slow down of traffic or a completely halted traffic, known as traffic congestion. There-
fore, worldwide researchers are searching for solutions to the enduring problems associated
with transportation, such as traffic jams, and improving safety. There are some of the

enumerated negative effects of traffic congestion:
e Slower speeds of vehicles and an increase in vehicular queuing.

e The long queue increases travel time, which may lead to being late for a meeting,
employment, or education, and may cause lost disciplinary action, revenue, or other

losses.

e Frequent stopping or going and tight spacing increase the likelihood of vehicle colli-

sions.
e Traffic jams may hinder emergency vehicles from reaching their destinations.

e Frustrated and stressed drivers encourage road rage and impact mental and physical
health.

e Due to increased acceleration, brakes, and dense traffic, fuel is wasted, which raises

greenhouse gas emissions and air pollution.

Transport engineering study began to take on a practical role from the time when re-



searchers and scientists started solving specific traffic problems. From a statistical me-
chanics and nonlinear dynamics viewpoint [3-7], the principles and various techniques of
physics and mathematics have been applied in order to understand transportation systems
better. A growing field of research called “traffic flow theory” examines the characteristics
of traffic using mathematical and statistical concepts [2,8]. Mathematics developed itself as
a reliable foundation for theoretically investigating transportation phenomena throughout
this extremely dynamic time. Moreover, traffic researchers have applied the principles of
fluid dynamics to investigate the behavior of vehicular flow, as it is same as fluid flow in
a pipe [9,10]. Traffic flow can be described as one-dimensional compressible flow. Later
pointed out by Daganzo [11], there are some dissimilarities between fluid flow and traffic
flow. Firstly, fluid flow is isotropic, i.e., fluid particles respond according to stimulus from
behind and front particles, but the drivers’ reaction is only dependent upon the vehicles in
front of them; therefore, vehicular flow is anisotropic. Secondly, just a few cars are affected
by a traffic shock’s breadth. Finally, in vehicular flow, the driver’s personality is also a

significant aspect that is irrelevant in the modeling of fluid flow.

Traffic flow mathematical models [12,13] are utilized to visualize and interpret vehicular
flow on roadway networks. These models help to know the answers concerning the occur-
rence and intensity of traffic jams, the cause of vehicle queues’ formation, the time taken
to decrease congestion, etc. In addition, vehicles follow lane discipline behavior in many
countries, but this behavior may be influenced due to availability of distinct vehicles with
different speeds and sizes. Therefore, vehicular flow can be classified as either homogeneous

or heterogeneous.

e In the homogeneous traffic flow, vehicles obey lane discipline by maintaining ade-
quate distance. All vehicles are of the same characteristics. Moreover, the governing

equations for all cars in the traffic flow are considered identical.

e The variety of vehicles with distinct features can be seen on roads, which is termed
‘heterogeneity’ in vehicles. These vehicles can be different by size, speed, motorized or
non-motorized, two-wheeler, three-wheeler, etc. Commonly seen in the heterogeneous
vehicular flow, vehicles do not follow the lane discipline. In addition, due to different

sizes, more than one vehicle may move side-by-side on the road.

1.1 Traffic low models

A variety of factors can influence traffic behavior, such as vehicle-vehicle interactions, dis-
tinct characteristics of human drivers (gender, psychology, age, and level of intoxication),

state of infrastructure (roundabout, diversions, intersections, on-off ramps), vehicles’ va-



rieties (small or large, slow or high speed) and effects of environmental (weather). As
a result, the development of clusters and shock waves which propagates forward or/and
backward depends on density. Consequently, mathematical models aid in the alleviation
of traffic jams. For further clarification and understanding of traffic flow modeling, it will

be necessary to explain its main aspects.

1.1.1 Components

The five essential components of traffic flow modeling are observation, principle, model
formulation, discretization, and simulations. These components are explained as follows

[14]:

1. The first stage is the creation of traffic flow models, which rely primarily on obser-

vations.

2. Observations are utilized to develop a conceptual (theoretical) structure in the second
stage. The theoretical structure is a combination of assumptions (mostly related to

behavioral) and statements (primarily qualitative).

3. The third stage involves the creation of traffic models using the theoretical structure.

The collection of (typically continuous) equations constitutes the model.

4. In the fourth stage, discretization is needed since continuous models can’t be im-
plemented in computer simulations directly. Space, time, and/or other continuous
variables are discretized based on the traffic model. Time is often split into discrete

time steps in most simulation setups.

5. Finally, computer programming is used to implement the traffic flow model. Predic-
tions or estimations of traffic state may be achieved using the simulation tool. For
the purpose of validating, simulated results are compared to theoretical predictions

(observations).

1.1.2 Classifications

The traffic flow models, generally according to ‘level of detail” are classified as follows:

1.1.2.1 Microscopic models

In the microscopic approach, the motion of individual vehicles is modeled by incorporating
their interactions with other vehicles within a system with the help of the typical function of
position, velocity, and acceleration. In addition, ordinary differential equations are utilized

to describe vehicular dynamics. The fundamental variables in the microscopic approach



are spacing (s*), headway (h), and speed (u), and; the connection among these variables [2]

can be expressed as s* = hu.

Notations Description

The position and speed of n'* vehicle, respectively, are denoted by z,,(t) and u,(t) at time
t. The covered distance in a unit of time determines the vehicle’s speed (u). Indexes
n — 1 and n + 1, signifies the vehicles immediately behind and in front of n'* vehicle,
respectively, as illustrated in Fig. 1.1. At time ¢, the distance between the bumpers of n*”
and n + 1% vehicles is described by distance headway Az, (t) (A, (t) = Tpy1(t) — z,(1)).
The difference between times (¢,41 and t¢,) of two successive vehicles crossing a specific

location (z) in space is defined by time headway and can be described as At,, (z) (At,(z) =
tnia () = tn(2)).

Car following models

The most popular branch of microscopic models is the car following models (CFMs), which
are developed on the basis of a ‘follow-the-leader’ approach without overtaking on a uni-
directional highway. The assumption is that each vehicle’s motion depends on speed and
distance difference from the front vehicle of it [15]. Newton’s laws of motion are used in
car-following theories [16-18]. In mechanics, acceleration is in terms of response with a
certain sensitivity to the stimulus that the particle obtains in the form of force. This force
occurs in some way due to interaction with other particles of the particle in the system.
In the traffic stream, the driver accelerates or decelerates vehicle speed according to the
surrounding situations. The speed of a vehicle, the distance headway, the speed differences
in the following and leading vehicles (relative speed), etc., act as a stimulus to the road
user. Hence, the stimulus is a function that depends upon more than one variable, which

is represented as

a,(t) = Gys(un(t), Az (t), Aun(t)), (1.1)

where G; depicts the stimulus function gained by the n'* (n = 1,2,3,.....) vehicle. In the
above function, Ax,(t) defines distance headway; Auw,(t) represents relative speed. There
are primarily two categories of theories for regulation. The first type is premised on the
notion that each car must maintain the legally required distance from the vehicle in front
of it, which is dependent upon the relative speeds of two consecutive vehicles [19]. The
alternative regulation concept is that each vehicle has a legal speed that is determined by

distance from the front vehicle of it.

In the sequences, Pipes [20] introduced the first safety distance model for collision avoid-
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Figure 1.1: Illustrations of a simple microscopic approach in a one-dimensional system.

ance, and the formulation of CFM is given as
Tpi1 = Tn + (D + T'uy) + 150 (1.2)

(D + T"u,(t)) is the postulated legal separation between vehicles at position n and n + 1;
l;ﬁhi is length of n + 1*" vehicle. In addition, some models were developed based on the
“stimulus-response” (follow the leader) approach from a different perspective at general

motors research laboratories, which are known as the GHR models [21-25].

Further, the most useful car-following models are the optimal velocity models (OVM)
[26-28]. In these models, the vehicle’s length is neglected for convenience, and traffic is
considered under homogeneous conditions. According to the theory behind this approach,
each driver endeavors to reach an optimal velocity (V) relying on distance to ahead vehicle.
The acceleration of n” vehicle is determined by the discrepancy between optimal velocity
(V) and actual velocity (u,(t)) at time ¢. The formulation of the OV model represented

by Bando et al. [28] with regards to the stimulus-response approach is
a, = a[V(Az,) — u,]. (1.3)

Here, a indicates the sensitivity coefficient of driver. The OV function, having maximum

speed (V) With safety distance (h.), is as

V(Az,) = ”’;” tanh(Az,, — he) + tanh(h,)]. (1.4)

Further, many new car-following models [29-33] for homogeneous traffic were developed
by incorporating realistic traffic features in accordance with the theory of OV model. In
an actual traffic environment, drivers and vehicles can differ due to a variety of factors,
such as differences in gender, age, vehicle type, and so forth. Furthermore, in light of the

heterogeneity in driver and vehicle type, researchers proposed a number of car-following
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Figure 1.2: Illustrations of a simple macroscopic approach in a one-dimensional system [1].

models [34-38]. All the models mentioned above describe the traffic for a lane-based
system, but vehicles do not follow the lane in some countries. Therefore, many extended
microscopic models were proposed based on a non-lane-based system [39-41] to represent

the realistic heterogeneity among the vehicles.

1.1.2.2 Macroscopic models

The observed dense traffic flow from a distance seems to be a fluid stream, where each
vehicle represents a fluid molecule. Traffic is treated as a one-dimensional compressible
fluid; hence, the hydrodynamic theory of fluids is used to develop a macroscopic explanation
of traffic. The illustration of the macroscopic model is displayed in Fig. 1.2. In this theory,
individual vehicle behavior is overlooked to concentrate on vehicles’ aggregate behavior.
The aggregate variables are defined, such as density p(x,t), average speed or velocity
v(z,t), and flow ¢(z,t) [1]. There is a fundamental relationship between micro and macro
variables, which is displayed in Fig. 1.3. It is shown that all macro variables (p,v,q) are
fundamentally related to each other by ¢ = pv [2]. Further, macroscopic models can be

categorized based on first- and second-order models.

First-order continuum model

One of the most popular continuum models is the Lighthill-Whitham-Richard (LWR)
model, introduced by Lighthill, Whitham [42] and Richards [43], also called the ‘sim-
ple continuum model.” Without entrances or exits on the segment of the road, the number
of vehicles remains conserved. Following the conservation law, the continuity equation
is

Oup () + Oy (a(, £)) = 0, (1.5)
where the symbol 0 denotes the partial derivative; 0, = 9/0t and 0, = 0/0x. It was

proposed that the mean velocity is a function that depends on density under equilibrium
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Figure 1.3: Categories of traffic flow models and their connection [2]; { ) denotes the mean
value.

conditions, i.e., v(x,t) = v.(p(x,t)), which leads to

atp(xvt) + ax(p(x,t)ve(p($,t))) = 07 (16)

where v, (.) represents the equilibrium velocity function. Due to the use of an instantaneous
speed density relationship, the simple continuum model was inadequate to describe a few
well-known traffic phenomena, including stop-go waves, hysteresis, and platoon dispersion.
Furthermore, since no stability condition can be obtained from the model, so fails to
demonstrate the amplification of minor disturbances in heavy traffic. Consequently, higher-

order continuum models for non-equilibrium states came into existence.

Higher-order continuum model

In order to address the limitations of the LWR model, a higher-order continuum model,
known as the Payne-Whitham (PW) model, was developed by Payne [44]. The new model
equation (momentum equation) was introduced in addition to the continuity equation.
Various high-order models that fall under the categories of density-gradient (DG) [44-47]
and speed-gradient (SG) [48-51] models were presented.

The DG model can be expressed in general form as below

*(p)
p

.+ Y, (L7)

Ov + V0,0 = —
where, ¢(p) represents sonic speed; 7 denotes reaction time. In Equation 1.7, the left side
denotes acceleration. On the right side, the first term is anticipation term, which indicates
how drivers respond to the traffic situations ahead of them. The term J,p represents
the tendency of drivers. The second term signifies the relaxation of velocity (v) towards

density-dependent equilibrium velocity (ve(p)).



However, as noted by Daganzo [11], the characteristic speed in Payne’s model [44] always
exceeds the macroscopic flow velocity. This implies that the traffic conditions that exist
behind a flow of traffic will have an impact on its future conditions. Vehicles are anisotropic
particles and only respond to their leader, but Payne’s model violated this principle. Af-
ter that, with some improvements over Payne’s model, various models [45,47,52-54] were
presented, but they fail to address the issue related to characteristic speed. Hence, there

was the need to develop a new non-equilibrium model.

To overcome the flaws of previous models, a new SG model [49] was presented as

Ov + v0,v = coOyv + W, (1.8)

where, ¢y is the propagating speed. In the above equation, the anticipation term is the
speed gradient term in lieu of the density gradient term. This replacement fixes the problem
with a characteristic speed that existed in the previous models. As a result, the new model

can accurately reflect the anisotropic feature.

Several modified and extended versions of macroscopic models were developed by taking
into account various traffic scenarios [55-65]. In reality, various kinds of vehicles are
available on the road. These vehicles impact the traffic flow directly or indirectly through
their different characteristics. Afterward, to study the heterogeneous phenomena, some
macroscopic models [66-70] were extended by considering into account the heterogeneity
effect. Moreover, the non-lane-based phenomena occur due to distinct types of vehicles
when vehicles do not move on a particular lane according to lane discipline. Vehicles
adjust their speed to use lateral gaps between theirs and update their position. Therefore,
a new factor, ‘area occupancy,” based on the lateral gap phenomenon, was considered in
Refs. [71,72]. Later on, the second-order macroscopic model [73] was extended using area
occupancy instead of density for traffic concentration. Further, a review of macroscopic

models was also presented [74].

1.2 Formation of traffic jams

The flow-density empirical results indicate that vehicular traffic exhibit two distinct dy-
namical phases: free flow and congested. Freely flowing traffic is defined as traffic in which
each driver can travel as he desires and is uninfluenced by the presence of other vehicles.
Additionally, when the density rises in this instance, traffic low does too. A congested
phase of traffic is one in which the vehicle’s velocity remains lower than the desired veloc-

ity. Moreover, in a congested state, an increased density results in a reduction in traffic



flow.

Traffic congestion is an annoyance in daily life. Every vehicle tries to move as fast as
it can, which can result in the occurrence of traffic jams. Moreover, an experiment con-
ducted in a lab demonstrated that when average vehicle density rises above a particular
threshold, the emergence of traffic congestion develops spontaneously [75-77]. Throughout
the experiment, the circular road was considered in a homogeneous lane condition. In the
initial stage, all vehicles are considered homogeneous and move at the same speed. For a
while, the free flow was maintained. The small fluctuations appeared in the homogeneous
flow after some time. The disruption of free flow made it impossible for the vehicles to
continue moving uniformly. Then the disturbance started to grow larger, resulting in a jam
cluster that propagated in the backward direction of the moving vehicles. The jam cluster
propagates like a solitary wave, retaining its velocity and size. According to theoretical
and empirical evidence, traffic jams manifest as density waves [76,78,79]. Nonlinear equa-
tions have been proposed to describe traffic jams as density waves. To explain the density
waves, Burger’s as well as the Korteweg-de Vries (KdV), and the modified Korteweg-de
Vries (mKdV) equations are all utilized.

The single-pulse density wave was discovered by Kerner and Konhéuser [80] in computa-
tional solutions of the hydrodynamic model. Linear stability analysis was used to ana-
lyze the traffic model. Later on, nonlinear analysis was carried out to analyze the traf-
fic jam [79]. KdV equation was obtained from the hydrodynamic model by Kurtze and
Hong [79] through nonlinear analysis. The derived KdV equation is a dispersive and non-
linear partial differential equation. It describes the large waves propagating with small
amplitude but finite in a dispersive medium. The well-known KdV equation in simple
form is given by:

OpS +250xS — 0%S = 0. (1.9)

Here S is the function of X and T where the variable X is for space and T is for time.
The temporal evolution of a wave that is propagating in one direction is described by the
term OrS. Moreover, the nonlinear term SOxS depicts the wave’s steepening, and the
term 055 reflects linear dispersion, which describes wave spreading. The solution of the
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KdV equation is called “solitary wave” or “soliton” and is given as [81]:

S(X,T):asech2< %(X—%)), (1.10)

where « denotes the amplitude of a solitary wave. Furthermore, Komatsu and Sasa [82]
obtained the mKdV equation and demonstrated that the traffic jam could be described in



the pattern of the kink-antikink density wave. The mKdV equation is
orS + 0xS® — 955 = 0, (1.11)

and its solution is described as [1,81]:

S(X,T) = \/jitanh (\/g(x - MT)). (1.12)

1.3 Lattice Hydrodynamic (LH) Model

Nagatani [83] pioneered the lattice hydrodynamic approach to traffic dynamics modeling
by combining the concepts of micro and macro models. LH model includes continuity and
evolution equations for the unidirectional homogeneous traffic flow. This approach has the
capability of expressing various phases of traffic conditions. The model results depict traffic
congestion in kink-antikink density waves around the critical point and explain collective
traffic patterns. In this approach, space is subdivided into lattice sites. (see Fig. 1.4). The

governing equations are derived based on continuum models at each lattice site.

Investigating homogeneous characteristics of traffic on one-lane highway, a unidirectional
road of length L is considered without entrance and/or exits. Further, the road is dis-
cretized into N equally spaced lattice sites. The continuity equation analyzes the aggregate
behavior of vehicular flow, and it relates the traffic’s local density p(z,t) to the velocity

v(z,t) is given as
Op(x,t) + O0x(p(x, t)v(z,t)) = 0. (1.13)

The continuity equation specifies the number of vehicles that are constantly conserved. The
velocity v obeys the evolution equation with similarities to the Navier-Stokes equation but
considers some distinct features. The simplified version of continuum model is presented

by Nagatani [83] as
O(p(z,t)v(z,t)) = apeV (p(x + 9,t)) — ap(z, t)v(z, t), (1.14)

where, the local density is represented by p(z+9,t) at position x+0 at time t. The average
density is defined as py. d stands for average headway, which is inversely proportional to
the average density, i.e., d = 1/pg. The notion is that a driver modifies his vehicle velocity
in accordance with front density (p(z+4,t)) or headway (h(z,t)). The headway and ahead

density are interconnected as a relation of p(x+9,t) = 1/h(x,t). a is the coefficient for the
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Figure 1.4: The schematic illustration of lattice hydrodynamic model.

driver’s sensitivity. poV (p(x + 6,1)) signifies the optimal flow and p(z,t)v(z,t) represents
the actual flow. It can be seen that the vehicular flow is evaluated by the local density at

position = as well as at position z + 9.

Further, space variable (x) is taken as dimensionless with consideration of z* = z/6;

hereafter, * is thus denoted by x. Continuity equation is then improved as
Op + pods(pv) =0, (1.15)

as well as the evolution equation is [83]

A(pv) = alpoV (p(x + 1)) — pu]. (1.16)

Here, the Egs. (1.15) and (1.16) are adopted as Model M;. Based on the above two
equations, Nagatani [83] introduced one class of models named as “Lattice Hydrodynamic”
model. In this approach, the continuity and evolution equations are considered in the
lattice version and described at each lattice site. The subscript j is used for the j* site.

The first lattice version model (Model My) is given by Nagatani [83] as

Opj + polpjv; — pj—1vj-1) =0, (1.17)
Oi(pjv;) = alpoV (pj+1) — pjvsl, (1.18)

where, v; and p; on j* site, respectively, denote velocity and local density (also mentioned
in Table 1.1). The evolution equation (Eq. (1.18)) describes the rate of change of flow as
the difference between the optimal and actual flow. V(.) is the optimal velocity function,

having maximum velocity (v,,q4,) With critical density (p.) and adopted the same as given
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Figure 1.5: Diagram of Density (p) versus Optimal velocity (V).

in [28]:

v 1 1 1
V(p;) = =2 [tanh(— - —) +tanh<—>}, (1.19)
T2 pi e pe
where the critical density (p.) is inversely proportional to the safety distance. Moreover,
Fig. 1.5 shows the plot for density versus the optimal velocity, which has two properties
such as (1) monotonically decreasing function as V'(p;) < 0, (2) existing upper bound and

inflection point at p; = pe.

By eliminating velocity (v) from the equations in Model M; and Model My, the achieved

evolution density equations for both models are given by

97 p + adyp + apid.V(p(x + 1)) =0, Model M; } (1.20)

0tpj + adipj + apg(V(pj+1) — V(p;)) = 0. Model M,

The objective is to determine the stability criterion for both models (M; and M), which is
accomplished via a study of linear stability. At first, on each lattice site’s traffic is assumed
to have a constant density pg, resulting in identical optimal velocity V' (pg). This leads to
the hypothesis that the uniform steady-state solution is represented by p;(t) = po and
vj(t) = V(po). A small deviation (y;(t)) is given to constant density, i.e., p;(t) = po+y; (%)
and then; regarding Fourier modes, it is expanded. The phase plane (p,a) is then split

into two stable and unstable zones using the stability criteria.

Further, nonlinear stability analysis is conducted to learn more about the characteristics
of traffic congestion. The modified Korteweg-de Vries (mKdV) equation is obtained near

the critical point using the reductive perturbation method. The traffic jams are described
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Table 1.1: Variables in lattice model

Parameter Unit
sensitivity(a) s7!
velocity (v)  site/s
density (p) veh /site

by the mKdV equation’s solution expressed as perspective of kink antikink solitons. The
phase plane (p,a) is partitioned into metastable, unstable, and stable zones by the coex-

isting curves found using nonlinear analysis.

After that, computer simulations are performed using some numerical techniques, and then
the simulation results are compared to theoretical (analytical) results. The assumptions

are deemed acceptable when numerical findings concur with theoretical ones.

The lattice approach’s primary benefit is that the models are amenable to mathematical
analysis, and density waves can be shown in terms of kink-antikink soliton representing
the phase transitions from free flow to congested phase or vice versa according to traffic
situations. The traffic flow dynamic is a nonlinear and complex phenomenon that instantly
alters when vehicles enter the congestion or exit. Moreover, it is observed that when
congestion occurs downstream, it affects the upstream traffic, resulting in slowing down the
upstream traffic flow. Congestion can be suppressed if an idea about the traffic conditions
ahead receives in advance, which can also help in optimizing the flow. To solve issues
related to congestion, Intelligent Transportation System (ITS) plays a vital role in traffic

circumferences.

1.3.1 Role of ITS

Over the past two decades, traffic low modeling has advanced at a furious speed. In
various applications, the traffic flow models are often integrated with the combination of
measurable data on the present traffic situation and quick computing methods. As a result
of this combination, now it’s possible to generate reliable and helpful short-term forecasts
(predictions or prior information) regarding the traffic situation’s progression [14]. Dur-
ing this time, Intelligent Transportation System (ITS) has become more famous because
of their advanced applications [84]. In vehicular networks system, ITS aims to enhance
transportation efficiency by reducing congestion. It provides users the prior knowledge
regarding traffic conditions, that includes; which routes are suitable, local convenience,
environmental impacts, and so on, which diminishes commuters’ traveling time while im-

proving their comfort and safety. The predictions in actual traffic are especially beneficial
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Figure 1.6: Illustration of receiving information on ahead traffic through ITS.

in unusual cases such as severe weather, traffic accidents, road constructions, etc.

The forecasting regarding the state of traffic flow relying on information technology (IT) is
highly trustworthy. In actual vehicular flow, the response of the driver is impacted by the
traffic ahead in the next moment. Drivers alter their maneuvers after learning about the
conditions downstream. Drivers are able to modify their velocity as a result of the prior
information (predictive effect) of the downstream. In order to explain the importance of the
prior information, a new one-dimensional LH model was proposed [85] and the schematic
diagram of LH model is shown in Fig. 1.6. The continuity equation was unaltered (Eq.

(1.21)) while the new evolution equation was presented (Eq. (1.22)) as

Oepj(t) + polp;i ()i (t) — pj—1(t)vj-1(t)) =0, (1.21)
0u(p;(t)v;(t)) = apoV (pj+1(t) + Blpjai(t +to) — pji (1)) — ap;(t)vs(t). (1.22)

Here, t, is the predictive time, and the predictive density is defined as p;1(t +¢y) at time
t+to on site j + 1. In Eq. (1.22), the term including (p;41(t + to) — pj+1(t)) is known
as the expected density variation or predictive density, representing the density difference
between the next and the present moment on site j + 1. The parameter 5(5 > 0) is the
coefficient of predictive density. The results proved that the traffic flow stability increases

after getting an accurate estimation about downstream traffic conditions.

1.3.2 Extensions of LH model

The lattice hydrodynamic model has gained great popularity for its simplicity. Afterward,

various extensions and improvements based upon lattice model were made. Moreover, LH
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models can be categorized as either homogeneous or heterogeneous.

1.3.2.1 Homogeneous lattice models

In the homogeneous traffic low models, various important factors related to drivers, en-
vironment, vehicles, etc., have been investigated to show actual traffic phenomena. Some
of these factors are listed as optimal current difference effect [86-88], backward-looking
effect [89-92], anticipation effect [93-95], so on [96-100]. In addition, overtaking (passing)
is possible when the following vehicle’s speed is more as compared to the leading vehi-
cle or when leading vehicle decelerates its speed. In this case, the following vehicle may
overtake the ahead vehicle to avoid the collision, which is related to an actual traffic sit-
uation. Considering the effect of passing, many extended versions of lattice models were
presented [101-106].

However, the aforementioned lattice models only represent some traffic phenomena for a
single lane. In an actual traffic environment, multi-lane roads are also accessible and are
proven to be suited. Therefore, Nagatani [107] further extended his original lattice model
for a two-lane system incorporating the lane-changing behavior. Following that, various
essential aspects [108-121] were taken into account in the lattice model for two- or multi-
lane roads having rule of lane change. Moreover, the LH models were expanded for curved
roads [122-126] for one and two-lane traffic dynamics by taking into account the influence
of road design because roads are not always straight and might be curved or have slopes.
Furthermore, Nagatani [127] proposed two dimensional (2D) LH model that considered
into account two different vehicle kinds: eastbound (moves in positive z direction only)
and northbound (moves in positive y direction only). Afterward, the two-dimensional
lattice hydrodynamic models [128-131] were presented with the consideration of realistic

factors.

1.3.2.2 Heterogeneous lattice models

In vehicular dynamics, various categories of vehicles exist, such as motor-two-wheeler,
motor-three-wheeler, car, bus, truck, etc. Every vehicle behaves differently in the same
traffic situations because of their distinct characteristics. Therefore, heterogeneity among
vehicles can be seen. Further, the lattice model was extended from homogeneous to het-
erogeneous [132] to analyze the impact of heterogeneity on traffic dynamics. But the
heterogeneous lattice model was based on a lane-based criterion. However, when there are
varieties of vehicles available on roads, it is obvious that vehicles occupy less or more space
according to their size and utilize the lateral gap between theirs by adjusting their speed,

known as the area occupancy effect. Recently, a new area occupancy lattice model [133]
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has been presented for a disordered traffic system.

1.4 Thesis contribution

The aim of the thesis is to propose new models which help to minimize traffic congestion and
optimize traffic flow. The thesis’ primary contribution is the modification, improvement,
and evaluation of LH model in light of real and existing homogeneous or heterogeneous
traffic phenomena. The affects of the prior information (predictive effect) from different
perspectives have been examined. The extended or new models have been analyzed theo-
retically with the use of linear and nonlinear analysis. Further, to confirm the theoretical
conclusions, numerical simulations are employed. In addition, the contribution of the thesis

is mainly based on the following concepts as

e Predictive effect: Intelligent Transportation Systems (ITS) plays a vital role in
creating efficient operational strategies for the traffic system to address some of the
traffic issues. I'TS provides prior information, which may be widely used in providing
information about ahead traffic conditions and controlling traffic flow. Based on the
concept of prior information (predictive effect) and its effects on traffic dynamics, the
homogeneous lattice hydrodynamic models are proposed for (i) a one-lane system
when overtaking is permitted (Chapter 2), (ii) a two-lane system with the lane
change occurring rule (Chapter 3) and (iii) a two-dimensional road with the junction
(Chapter 4).

e Uncertainty: When uncertainty occurs while receiving information regarding ahead
traffic conditions, there may be a chance of information interruption. Moreover,
historical information based on previous traveling time, previous density, or other
historical sources can also affect driving performance. Therefore, the influence of
uncertainty on downstream historical information is considered while developing a

new lattice model (Chapter 5).

e Heterogeneity: In heterogeneous disordered traffic, every vehicle has a different
size and speed, and the area occupied by vehicles depends on their size. Vehicles use
lateral gaps to occupy an available space on the road by adjusting their speed. More-
over, they may react differently to identical traffic conditions. The said characteristics
may affect the overall movement of vehicular flow. Based on the heterogeneity among
vehicles, a novel lattice model, including the area occupancy effect, is proposed for a

non-lane-based traffic system (Chapter 6).

e Analyses: The models are analyzed through stability analysis as well as numerical
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techniques. The theoretical analysis is used to determine how various factors affect
traffic flow stability. Linear and nonlinear stability analyses are conducted for the
same. Theoretical investigations are then verified via numerical simulations. The re-
sults are shown in terms of phase plots and graphs. For simulations, the programming
is done using MATLAB software.

Finally, Chapter 7 summarizes the results of this thesis. In the present thesis, the lattice
model has been used to examine several issues in the traffic environment. Therefore, in light

of the importance of the lattice technique, the potential future scope is also provided.
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Chapter 2

Influence of predictive effect in overtaking on

traffic dynamics

In the past few decades, traffic jams have become a serious issue with the rapid increase
of vehicles on the road. Traffic jams, especially in developing countries, lead to enormous
delays, increased fuel consumption, and monetary losses, which affect the overall move-
ment of traffic. Somewhere, traffic jam not only increases environmental pollution but also
imposes safety dangers. It becomes necessary to resolve the issues related transportation
system. Therefore, many mathematical models have been proposed to develop an optimal
road network with a maximum traffic flow, provide a safe atmosphere for passengers, and
minimize traffic jams. Broadly, the traffic flow models can be categorized into microscopic
models such as car-following models [28,134-144], and macroscopic models such as contin-
uum models [42,43,49,64,145] based on the level of details. In the microscopic models, the
behavior of each and every vehicle is explored, describing the speed and position of the
vehicle separately. In contrast, macroscopic models are based on the assumption that a
traffic stream on a single lane can be considered a continuum of moving particles in which
the individual vehicles are not detailed; rather, aggregated variables are described for each

road stretch.

Another model class relying on the lattice hydrodynamic method has recently gained pop-
ularity. As discussed in the previous chapter, Nagatani [83] introduced the first simplest
lattice hydrodynamic (LH) model for a single unidirectional highway, which incorporates
the ideas of both car-following and continuum models. This model is used to investi-
gate the jamming transitions in terms of kink density wave. The modified Korteweg-de
Vries (mKdV) equation is derived near the critical point. After that, many extendable
versions of the traditional lattice model have been presented, including a number of essen-
tial traffic features such as the optimal flow difference effect [86,87,98], backward-looking
effect [89-92], multi-phase optimal velocity function’s impacts [100,105,146], traffic jerk
effect [147], etc.

In many countries, the traffic is ordered, i.e., one vehicle follows another vehicle. The speed

The content of this chapter has been published in The European Physical Journal B, 93: 1-10, (2020).
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of the vehicles mainly depends on the vehicles ahead (leading vehicles). Sometimes, the
leading vehicles travel faster than the following vehicles, and the following vehicles may not
decelerate. But in actual traffic, it is impossible that the leading vehicles will achieve their
optimal velocity every time. In many cases, the leading vehicles may decelerate, resulting
in a reduction in the speed of the following vehicles. In this situation, traffic congestion may
occur. Therefore, sometimes overtaking/passing may help reduce congestion and optimize
the traffic flow. To describe this phenomenon, Nagatani [101] extended his basic model by
considering the passing effect. Passing is influenced due to a variety of parameters which
includes the speed difference between overtaking and overtaken vehicles, weather forecast,
road geometry, human factors, etc. In this context, a few researchers [102-106,126] inves-

tigated lattice models describing the passing effect on the traffic system.

In a real traffic environment, the speed of vehicles usually depends upon the speed of
the vehicles ahead in the next moment. Drivers modify their driving skills and adjust their
speed by accelerating or decelerating according to the prior information of downstream
traffic conditions; this prior information is called the predictive effect. In order to explain
the importance of the predictive effect, Wang et al. [85] presented LH model which con-
cluded that the traffic flow stability increases after getting an accurate estimation about
downstream traffic conditions. Overtaking and the predictive effect are interconnected as
the faster-moving vehicles get prior information about the downstream conditions that help
them decide whether to accelerate or decelerate and also help them overtake the slower-
moving vehicles. But the impact of passing with predictive effect has not been explored
yet. However, the togetherness of these effects (the predictive and the passing effects)
can help to reduce traffic jams and enhance traffic flow stability. In light of this, a new
model is developed that takes into consideration the predictive effect with passing, and we

investigate its effect on traffic dynamics theoretically and numerically.

The chapter is structured into five sections: a more realistic lattice model is proposed
by taking the predictive effect with passing in Section 2.1. The theoretical investigation of
the model is carried out in Section 2.2 and Section 2.3 through linear and nonlinear stability
analysis, respectively. In order to validate the theoretical findings, numerical simulations

are performed in Section 2.4, and finally, in Section 2.5, a conclusion is drawn.

2.1 Proposed LH model

The first and most basic (as discussed in Chapter 1) lattice hydrodynamic model was put

out by Nagatani [83] for unidirectional single-lane highway and is
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pj + po(pjvj — pj—1vj-1) =0, (2.1)
A(pjv;) = alpoV (pjs1) — pjvsl, (2.2)

where py stands for the average density; a is the sensitivity of the drivers. v; and p; signifies
the velocity and local density at ji site, respectively. V(.) is called the optimal velocity

function.

In real traffic systems, vehicles are moving at different speeds. Some vehicles accelerate
faster than other vehicles on the road. When there is less space than is safe space between
the faster moving (following vehicles) and slower moving vehicles (leading vehicle), they
always try to avoid collision. Faster-moving vehicles also try to achieve their optimal
velocity by overtaking the slower-moving vehicle. Therefore, overtaking/passing is one of
the important traffic characteristics in the traffic network. By keeping in mind, after that,
Nagatani [101] extended his basic lattice model by considering the effect of passing into
account. Overtaking occurs when the traffic current at j* site exceeds that at j + 1%
site, and it is equivalent to the optimal current differential between sites j and 7 + 1.
Therefore, to explain overtaking phenomenon, the continuity equation remains unaltered
in this model, while the evolution equation is extended to include the passing influence

as

A(pjv;) = alpoV (pj+1) — pjvs] + anpo[V(pjr1) — V(pjra)], (2.3)
where, passing constant is defined by 7.

In actual traffic, after getting information about the estimated behavior of surrounding
vehicles from the information technology, drivers react according to the downstream flow
in the next moment. It is known as the predictive effect. Therefore, to explain the nature of

the predictive effect in the traffic stream, the evolution equation [85] is given as follows

0i(pjvj) = apoV (pjs1(t) + B(pja(t +to) — pj+1(t))) — ap;(t)v;(t). (2.4)

1% site.

Here, t; defines predictive time and p; 1 (t+ty) signifies the predictive density at j +
B is coefficient for density variation. The optimal velocity depends on the density of the
instant downstream site at time ¢ and the predictive density at direct downstream site on
time ¢t +ty. Whenever the density on immediate downstream site at next moment reduces,
traffic conditions on downstream are therefore improved. This results in an increase in

the optimal velocity. In accordance with the optimal velocity function, when downstream
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conditions become better, the upstream driver should speed up his vehicle for smoothness

of traffic flow, which influences future traffic conditions in traffic dynamics.

The important aspect of the predictive effect with passing has yet to be explored. There-
fore, the evolution equation is extended to study the impact of the predictive effect with

passing on traffic dynamics as follows

d(pjv;) = apoV (pj+1(t) + B(pjra(t + to) — pjz1(t))) — ap;(t)v;(t)

+ anpo [V (pjsa(t) + B(pj1(t +to) — pjs1(t)) — V(pjaa(t) + Blpjra(t + to) — pira(t)))].
(2.5)

Using Taylor series expansion to expand the term V (p;41(t) + B(pj41(t +to) — pjz1(t))) of
Eq. (2.5) and ignore the higher order terms, we get

V(pjr(t) + Blpjsa(t +to) = pjsa(t)) = V(pjra(t) + V' (pjsr(t)toB0spjia (). (2:6)

After eliminating the speed v; in Egs. (2.1) and (2.5) by using Eq. (2.6), the density

evolution equation with overtaking effect is obtained as

2p; + apy[V(pj+1) — V()] + atoBpa V' (pj+1)0pie1 — V' (p;)0ep;]
+ Gtoﬁﬁﬂg [QV/(pj—l-l)atpj—i-l - V,(pj+2)atpj+2 - V’(pj)ﬁtpj]
+adyp; + anpg2V (pj1) — V(pje2) = Vip;)] = 0. (2.7)

In the above equation, for n = 0, the model reduces to the one discussed in ref. [85]. In
addition, for § = 0 or ¢y = 0, the model coincides with Nagatani’s model [101]. Further,
for 8 =0 or ¢ty = 0, the proposed model with n = 0 reduces to basic model [83].

The following optimal velocity function is adopted as follows [83]:

Vipj) = UT;M [‘canh(l — l) + tanh(lﬂ, (2.8)

Pj Pe Pe

where v, and p. represent the maximal velocity and critical density, respectively. This
optimal velocity function has an inflection point at p; = p., and it is a monotonically

decreasing function having an upper bound.

2.2 Linear stability analysis

In the case of overtaking permitted with the help of predictive effect, traffic may influence.

Therefore, linear stability analysis is applied to examine the proposed model. Initially, the
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Figure 2.1: Phase diagram in parameter space (p,a) for different values of 5 with ¢ty = 0.1
when (a) n = 0.05, and (b) = 0.3. The solid lines in (a) and (b) show neutral stability curves,
whereas the dashed lines in (a) represent the coexisting stability curves. The coexisting curves
do not exist for n = 0.3 in (b).

uniform-steady state of traffic flow is considered. For this, it is supposed that the vehicles
move with fixed density py and constant optimal velocity V' (po). Thus, the solution for
Eq. (2.7) is

pi(t) = po,  v;(t) = V(po). (2.9)
A small perturbation in terms of y;(¢) to the above uniform density is given, which leads
to

pi(t) = po +y;(t). (2.10)

Through placing the Eq. (2.10) into (2.7), and linearizing it, we obtain

Oy; + ap®V' (po)[yj+1 — yj] + atoBp°V' (po)[0ryj+1 — Ory;] + adyy;

+ atoBnpgV' (po) (2041 — Owyiva — Owy;)] + anpgV' (po) [2yj1 — yjse — y5] = 0.
(2.11)

Further, the perturbation term is assumed as y; = exp (ikj + wt) and put into Eq. (2.11)

which results

w? + altoBpaV' (po)(e* — 1) + 1 + toBnpgV' (po)(2e™ — ¥* — 1)]w
+apo®V'(po) (™ — 1) + anpV'(po) (2™ — e** — 1) = 0. (2.12)
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Figure 2.2: Phase diagram in parameter space (p,a) for different values of ¢y with g = 0.5
when (a) n = 0.05, and (b) n = 0.3. The solid lines in (a) and (b) show neutral stability curves,
whereas the dashed lines in (a) represent the coexisting stability curves. The coexisting curves
do not exist for n = 0.3 in (b).

The linear and quadratic terms of the coefficient (ik), after substituting w = wi(ik) +
wy(ik)?..... into (2.12), are obtained as

w1 = —po” V' (po)- (2.13)
w 2 2vl
wp = pOT(pO) — toBwipo®V"(po) +1po*V' (po)- (2.14)

When ws < 0, the uniform steady-state flow develops into an unstable state. Conversely,
if wy > 0, the homogeneous traffic flow becomes stable against a long wavelength pertur-

bation. Therefore, the neutral stable condition is obtained by

—92 2vl
a= &) ,(pO) . (2.15)
1= 2t6Bp5V"(po) — 21
Hence, the stability criterion for the study state is given
) 2vl

1 —2toBpgV"(po) — 21

Clearly, the result is influenced by the parameters 3, tg, and 7. It is clear from Eq.
(2.16) that the influence parameters 8 and ¢, play an important role in the stability of
traffic low when passing is considered. The neutral stability curves in Fig. 2.1 and Fig.

2.2 are represented by solid lines in the phase space (p,a) for different values of 5 and
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tg, respectively, corresponding to n = 0.05 and n = 0.3. The position of the apex of
these curves lower as  and t; grow means traffic flow stability significantly increases.
Hence, traffic congestion is suppressed efficiently. In an actual traffic network under a jam
situation, the faster moving vehicles try to overtake the slower ones. Moreover, Fig. 2.1
and Fig. 2.2 show that the stable region increases for a smaller value of passing instead of

a higher value of passing.

2.3 Nonlinear stability analysis

The long-wavelength expansion methodology is adopted to look into the effects of over-
taking depending upon the predictive effect on the evolution features of traffic congestion.
Close to the critical point, the mKdV equation is derived. We import the slow variables
X and T for a small positive scaling parameter ¢(0 < € < 1). Let us consider the density
is

pi(t) = pe +€S(X,T); where, X =¢(j+pt), T =¢, (2.17)
here the constant term p needs to be determined. Now, by using Taylor series expansion
in Eq. (2.7) with the help of Eq. (2.17) and after expanding it up to fifth-order of €, we

obtain the following nonlinear equation

62h18Xs + 63h28§(5'+e4(8TS + h38§(5 + h48XS3)
+ 65(h58T8XS + h68§<8 + h78§(53) =0. (218)

The coefficients h;(i = 1,2,...,7) are displayed in Table 2.1, where V' = 8‘(;5)’) ) and

P=Pc
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Figure 2.4: Spatiotemporal evolutions of density waves after time ¢ = 2 x (10*)s when 7 = 0.05,
a=2.0,and tp = 0.1 for (a) 8 =0, (b) 5=0.2, (c) B =0.4, and (d) 5 = 0.6, respectively.
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Table 2.1: The coefficients h; of the model

coefficients values

hy p+ po*V’

ho 2 BV 4 2pte B — 2]

hs @ [1— 61+ 3ptoB(1 — 21)]
hy ol

hs 2 4 toBpEV’

he VI — 14 + dpteS(1 — 61)]
hy Y"1 4 2pto 8 — 20))

Table 2.2: The coefficients b; of the model

coefficients values
by — Y11 — 65 + 3pteB(1 — 21)]
by oV
bs — YN 4 2pto 8 — 21
by AV [1— 14n + 4ptoB(1 — 6n)] + 2 [1 — 2<lof]p,
bs %[1—#2}%05—217] —i—’:[l—m]bz

2
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V" = 8%)&”) . Close to the critical point (p., a.), we define a. = a(1+€*). By comparing
P=Pc
the coefficient of €? in Eq. (2.18), we obtain p = —p?V” and then eliminate the cubic term

of €, Eq. (2.18) becomes:
64(aTS - blag’(S + 628X53) -+ 65(6383(5 + b48§(5’ + b58§(53) = 0, (219)

where, the coefficients b; are given in Table 2.2. In order to convert Eq. (2.19) into standard

mKdV equation, we adopt the following transformation 7" = b;T and S = ,/ Z—;S’ ie.

T = (1 + 3197505(16— 2n) —6n (_pgv')>T, (2.20)
s = (- L 3pt°5(&,,,_ 2n) — 677‘/’)%8’, (2.21)

with b; > 0 will lead to the condition for existence as
1 4 3pto — 6ptonB — 61 > 0. (2.22)

By applying the above transformation in Eq. (2.19), one can get the resulting equation

given as

S — %5 +09xS"® +eM[S'] =0, (2.23)
T

where M[S'] = L[b30%S + b,0%S + %8&3/3]. After ignoring the O(e) from Eq. (2.23),

1
the solution of the standard mKdV equation in terms of kink antikink wave is given as

SHX,T) = \/ﬁtanh(\/g()( - MT’)), (2.24)

where, p is the propagation velocity for the kink antikink solution. To determine the value

of u, the following condition is solved

(Sy, M[S,]) = / h dX S,M[S,] =0 where M[S,] = M[S'], (2.25)

—0o0

and we have
5bybs

" 2byby — 3bibs

Hence, the kink antikink solution is given as

b
pi = pe+t €y /1—“tanh< Box - ublT)>, (2.27)
by 2

o (2.26)
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with €2 = (%—1) and the amplitude (‘denoted by «’) of the derived solution is 4/ %

If condition (2.22) is fulfilled only then the aforementioned kink antikink solution exists

that is as
0<n< f(to, B), (2.28)
where L4 318
o 0

The mKdV equation (2.23) exists only for 0 < n < f(to, 5) and it can not be derived from
the above nonlinear analysis for 7 > f(to, ). The kink antikink soliton solution represents
the coexisting phase, including freely moving as well as jammed phase in the phase space
(p,a) described by p; = p. £ « for n < f(to, B).

Fig. 2.1(a) and Fig. 2.2(a) show the neutral stability curves (solid curves) and the co-
existing curves (dashed curves) obtained from linear and nonlinear stability analysis, re-
spectively, for different values of g and ty at n = 0.05, which splits the phase plane into
metastable, unstable and stable regions. A disturbance won’t affect the traffic flow in the
stable region, while, in other regions, it will lead to congested traffic flow. The coexisting
and the neutral curves both lower down, corresponding to increasing in value of parameter
B, resulting in a higher rate of stability of traffic flow. Moreover, in Fig. 2.1(b) and Fig.
2.2(b), the coexisting curves do not exist at n = 0.3 for any value of 5 and ¢, as the
m is obtained with the help of

linear stability analysis, which represents the phase boundaries between the stable region

condition n < f(to, #) is not satisfied. The curve a =

and kink region for n < f(to, 8) while for n > f(to, 3), it represents the phase boundaries
between the stable region and chaotic region. Fig. 2.3 shows that there exist only two
regions, namely ’stable region and kink region,” in the phase diagram for n < f(tq, 5). But
when the value of the passing constant exceeds its limit, i.e., at n > f(to, 5), the unstable
region is further divided into two regions kink region and the chaotic region. Moreover,
the kink region reduces with an increase in the value of 5. In the unstable region, the line

a= represents the boundary between kink region and chaotic region. When

2
1+2t05—2f(t0,8)
the passing rate is high n > f(to, ), the predictive effect also plays a significant role. The
free flow region has enhanced when [ value rises, while the kink and chaotic regions are

diminished.

2.4 Numerical simulations

To check the capability of the proposed model in describing the influence of the predictive

effect with passing and to test the validity of linear as well as nonlinear stability analysis,

29



0.3 0.3
0.5 0.25¢
2 2
202 2 02 v
0 0
Q Q
0.15r 0.15r
0'10 20 40 60 80 100 0'10 2 40 60 0 100
Cell Number Cell Number
(a) (b)
03 03
0.25 0.25r

Density
=
B2
Density
o
no

f=—1
o
f=]
o
T

0 40 60 0 40 60 80
Cell Number Cell Number

(c) (d)

Figure 2.5: Density profiles at time ¢ = 20000s when 1 = 0.05, a = 2.0, and ¢y = 0.1 for (a)
B=0,(b) =02, (c) B =0.4, and (d) B = 0.6, respectively.

100

30



10 0

oM - p-1)

_2 | | | | _2 | | | |
0.14 0.16 0.18 02 0.22 0.24 0.14 0.16 0.18 02 0.22 0.24
ol ot
(a) (b)
3 4
) x10 o 10

e - p-1)
e - p(-1)

) | | | | K | |
0.14 0.16 0.18 02 022 0.24 0.19% 0.1% 0.19 02 0.202 0.204

olt olt
(c) (d)

Figure 2.6: Plots of density versus density difference at time t = 10* — 2 x 10* at n = 0.05,
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numerical simulations are performed under periodic boundary conditions. Therefore, the

Eq. (2.7) is written in discrete form as

pi(t +2At) = 2p;(t + At) — p;(t) — ap AL [V (pja (8)) = V(p;(1))]
— apyftoAt {V’(pm(t))[pm(t +At) = i ()] = V' (pi(0) o (t + At) — pj(t)]]
— apgn A2V (i1 () — 2V (pj1a(t)) — Vp;(1)] — alt[p;(t + At) — p;(t)]
— apiBton At |2V (o (1) [y (¢ + AL) = pyia (1)
= V' (pjra(t)[pjra(t + AL) — pjia(t)] = V' (p; (1)) [p; (t + AL) — Pj(t)]} , (2.30)

where At is for the forward differences. We are taking At = 0.07 during the simulation.

We define the initial conditions as follows

po; JAEE -1
pi(D)=pj(0) =S po+Ap; j=%—-1 , (2.31)
po—Ap; =4

where M = 100 represents the total number of lattice sites and the remaining parameters

are chosen as py = p. = 0.2, to = 0.1, Ap = 0.05, and v,,,4, = 2.0.

As discussed in the previous section, the kink soliton solution of the mKdV equation exists
only for 0 < n < f(to,3). Therefore, two cases are presented to analyze the effects of

passing and also discuss the results for two different ranges of 1 as follows:
Case 1: When the value of passing constant is smaller i.e., n < f(to, )

Fig. 2.4 shows the temporal and spatial evolution of density waves, which describes the
impact of parameter § representing the influence of predictive effect for a lower rate of
passing = 0.05 after ¢ = 2 x 10* time steps. It is clear from Fig. 2.4(a)-(c) that the kink
antikink soliton solution occurs, which propagates backward direction corresponding to the
small initial disturbance. Due to this, the uniform flow evolves into the congested flow as
the stability condition (2.16) is not satisfied. It is observed that the amplitude of density
waves decreases as 3 increases, but the traffic congestion is not completely disappeared in
Fig. 2.4(a)-(c). In the stable region, the initial disturbance completely disappears, and

traffic flow reaches a uniform state at 5 = 0.6 as shown in Fig. 2.4(d).

Fig. 2.5 is the clear picture of density profiles at time ¢ = 20000s corresponding to the
panel of Fig. 2.4. The free flow region turns wide, and the fluctuation of the density
waves gradually decreases with the increase in 3, which indicates that the predictive effect
enhances the stability of traffic flow. For § = 0.6, the initial disturbance in the traffic
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Figure 2.7: Spatiotemporal evolutions of density waves after time ¢ = 2 x (10%)s when 7 = 0.3
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system will be absorbed, which means the traffic jam disappears, and the homogeneous
traffic flow finally evolves into a stable uniform flow. Numerical results are consistent with
the analytical findings for n < f(to, ). Therefore, it is reasonable to conclude that the

predictive effect improves the stability of traffic flow for a lower rate of passing.

The phase plot is drawn to verify the periodic behavior of traffic flow concerning p(t) —
p(t — 1) versus p(t) in Fig. 2.6 when the value of passing constant is smaller. The results
are shown for t = 10* — 2 x 10* in Fig. 2.6 with the same parameters analogous to Fig.
2.4. The closed loop is the set of spread points in the phase plane. The closed loop pattern
exhibits the periodic nature for all values of . The nonlinear stability analysis is used to
compute the free flow and the jammed state, respectively, described by the left and the
right endpoints in the closed loop. It is found that to increase the value of 3, the area of
the loop significantly reduces and transforms into a solitary point at 8 = 0.6 for a smaller

rate of passing.
Case 2: When the value of passing constant is larger i.e., n > f(to, 5)

Here, we further analyze the impact of the predictive effect on the traffic flow dynamics at
a higher rate of passing n = 0.3. It is clear from the results that the patterns of density
profiles are different for smaller values as compared to the higher values of 8. Fig. 2.7
displays the temporal and spatial evolution of density waves after t = 2 x 10* time steps
for different values of § at a higher rate of passing. It is observed that the fluctuation of
density waves lowers down with the increase in the values of . In Fig. 2.7(a)-(b), the
traffic is in the kink region as a < Wﬂ(toﬁ) and in Fig. 2.7(c)-(d) the traffic remain
in the chaotic region which displays the density waves propagates in a backward direction.
On the phase plane, one can conclude that kink, as well as chaotic region, exist in the

unstable region, which verifies the analytical results shown in Fig. 2.3.

Fig. 2.8 shows the density profiles at time t = 20000s corresponding to the panel of Fig.
2.7. On comparing Fig. 2.8(a)-(b) with Fig. 2.5(a)-(b), it is observed that the profiles
of kink jam for a higher value of passing are different from those obtained for a smaller
value of passing. In Fig. 2.8(a)-(b), the density profile exhibit bando wave till a < a., i.e.,
when the traffic remains in the kink region. After that, when the traffic enters a chaotic
region, the profiles of the density wave become irregular in Fig. 2.8(c)-(d). Noticeably, the
density wave amplitude decreases as [ increases. Moreover, increase in [, the kink region
converts into the chaotic region. It is found that numerical results are consistent with the
analytical results obtained in the section 2.3 if a is less than a. the traffic remains in the

kink region while for a is greater than a., the traffic enters into the chaotic region.

Fig. 2.9 displays the phase plots of density versus density difference for time ¢t = 10*—2x10*
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when the value of the passing constant is larger. For smaller values of 3, the closed loop is
shown in Fig. 2.9(a)-(b) formed by the set of dispersed points, which shows the periodic
behavior of traffic when traffic is in the kink region. In Fig. 2.9(c)-(d), the irregular pattern
exhibits dispersed points around a closed loop for the high value of 5, which corresponds
to the irregular behavior of traffic. The chaotic phase shows the behavioral characteristics
of the disorder.

The results show that the predictive effect plays an important role in enhancing the stability
of traffic flow for all possible values of the passing constant and conclude that when the

value of § is increasing, the loop diminishes in size even at a larger value of passing.

2.5 Conclusion

In the present chapter, a new lattice hydrodynamic model of traffic flow is proposed to
explore the influence of predictive effect when passing is permissible. The predictive effect
is investigated theoretically with the help of linear and nonlinear stability analysis. It is
found that when vehicles are permitted to overtake, in this situation, the predictive effect is
important in enhancing traffic flow stability. Moreover, the phase diagram in the parameter
space (n,a) is presented by using theoretical results, which show the different regions of
flow as stable region, kink region, and chaotic region. The impact of important parameters
(B is the coefficient for predictive effect and 7 is the passing constant) in the form of the
neutral stability lines and the coexisting stability lines are plotted. To describe the traffic
congestion near the critical point, the mKdV equation is derived and obtained condition
for which the kink solution of the mKdV equation exists. Simulations are carried out to
test the reliability of theoretical results and are consistent with the theoretical results.

From the theoretical and numerical results, it is concluded:

e The predictive effect significantly increases traffic flow’s stability; when overtaking

occurs between vehicles.
e Phase boundaries are described for a higher and smaller value of 7 in the plane (1, a).

e For a smaller rate of passing constant, there are only two regions that exist: stable

and kink. In this case, the traffic jam comes out in terms of kink waves.

e For a higher rate of passing, one more region exists, known as the chaotic region,

which shows an irregular pattern of traffic jams.

e Finally, it is concluded that when drivers have prior information about the ahead
traffic situations helps to reduce traffic congestion, no matter whether overtaking

occurs less or more.
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Chapter 3

Two-Lane traffic based on predictive effect

Nowadays, with the increase of vehicles on roads, traffic congestion has become a more
serious topic for scientists and researchers. Energy waste, environmental pollution, and
even traffic accidents are caused by congestion. Many micro-macro traffic low models
[30,49,57,59,62,134,140,148-151], in the context of reducing traffic jams, have been studied

in the last few decades and also explain the collective properties of traffic flow.

To investigate the traffic characteristics, Nagatani [83] proposed the first simplest hydrody-
namic model with a lattice version to analyze the density waves and the phase transition in
congested traffic flow, as discussed in Chapter 1. Further, various researchers have devel-
oped a series of extended homogeneous lattice models to more precisely reflect real traffic
consisting of different factors and traffic conditions such as density difference effect [96],
driver’s behavior [123], honk effect [152], historic effect [97,98], etc.

However, all the above lattice models are only suited to describe the traffic flow on a
single lane. But in real traffic, most road networks are made up of multi-lane highways,
which are considered more suitable. On the two-lane highway, in the case of a traffic
jam ahead, drivers may change lanes to avoid congestion. To fulfill this requirement,
Nagatani [107] presented a two-lane lattice hydrodynamic model by extending the basic
one-lane lattice model, which reflects the lane-changing rule. Thereafter, many two-lane
lattice models have been presented [108,112-115,153-157] with the lane changing behav-
ior. All the models mentioned above conclude that traffic flow stability enhances if lane
changing is allowed. Later, with the rapid advancement of information technology (IT) and
sensor technology, drivers can obtain an accurate estimation of real-time traffic conditions.
Using such information, drivers take suitable measures to adjust their driving behavior
in advance. Therefore, some lattice hydrodynamic models accounting for the effect of

anticipation from different perspectives have been presented [93-95,109,117,118].

In real vehicular flow on roadways, the driver’s behavior is influenced by the vehicles ahead
in the next moment. After getting information about downstream conditions, drivers mod-

ify their driving skills. Thus, the front vehicles’ prior information (predictive effect) helps

The content of this chapter has been published in Physica A: Statistical Mechanics and its Applica-
tions, 539: 122913, (2020).
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drivers adjust their velocity accordingly. Therefore, the predictive effect plays an important
role in explaining this phenomenon. Based on the mentioned phenomenon, the predictive
effect of expected traffic variation [85] is incorporated in a single-lane lattice model. Fur-
ther, as explained in Chapter 2, Kaur and Sharma [158] explored the behavior of the
predictive effect with passing, and concluded that the predictive effect and passing are
interconnected as whenever fast-speed vehicles obtain the prior information about down-
stream traffic conditions, then this information helps to overtake the slow speed vehicles
according to the situation. Furthermore, the predictive effect has not yet been explored
in a two-lane lattice model. Therefore, we propose a lattice model by incorporating the
predictive and optimal current difference effects (OCDE) for a two-lane traffic system.
We theoretically investigate its effect on traffic dynamics and examine these results by

considering a hypothetical test case.

This Chapter is structured as follows: A new lattice model is proposed in Section 3.1
considering the influence of the predictive effect and OCDE for a two-lane highway. The
theoretical investigation of the proposed model is carried out in Section 3.2 and 3.3. More
specifically, Section 3.2 deals with linear stability analysis, while nonlinear stability analysis
is performed in Section 3.3. Section 3.4 provides numerical simulations to validate the

theoretical findings. Finally, a conclusion with the possible future scope is drawn in Section

3.5.

3.1 Lattice model

In the literature on traffic flow, it is found that multi-lane models are more consistent
instead of one-lane models. In this regret, Nagatani [83] further extended his basic one-
lane lattice model for a two-lane system by incorporating the effect of lane changing in the
continuity equation. Fig. 3.1 represents the schematic model of unidirectional traffic flow
on a two-lane highway with permissible lane changing. The lane change will occur in two

possibilities:

e Firstly, when the density on the second lane at j” site is lower than that at site j — 1
on the first lane, then the lane change will occur from the first lane to the second lane
at the following rate |2V (po)|(p1.j—1(t) — p2.;(t)). 7y is the dimensionless coefficient,

and |2V’ (po)| is a constant that is introduced to ensure that it is dimensionless.

e Secondly, when the density at site j+1 on the first lane is lower than that at j** site on
the second lane, the lane change will occur at the rate as follows: v|p2V" (po)|(pa.;(t) —

p1,j+1(t)) from second lane to first lane.
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Figure 3.1: The schematic lattice model of unidirectional traffic flow on a two-lane highway
with permissible lane changing

Here, p;;(t)(p2,;(t)) represents the density on the first (second) lane. Therefore, the con-

tinuity equation for a two-lane highway was formulated by Nagatani [107] as

Orp;(t) + polpi (t)v; () — pi—1(t)vj—1 () = YIpgV (po)(pj—1(t) — 2p;(t) + pjz1(t)), (3.1)

where p; = ZulP2i g = LLLIT2IR and V(p;) = w. Later, the two-
lane lattice model was extended by Peng [153] to consider the impacts of optimal current
difference effect (OCDE). Then, the continuity equation remains intact, while the evolution

equation is extended as follows

0i(pj(1)v;(t)) = alpoV (pj1(8)) = pi(E)v; ()] + apo AV (pj12(t)) = V(pja (1)), (3:2)

where A represents the reactive coefficient of optimal current difference, and second term
denotes the OCDE.

However, as far as the author’s knowledge is concerned, the predictive effect is not consid-
ered in the two-lane lattice model. Therefore, a more realistic traffic flow model is proposed
to capture the predictive effect consisting of OCDE for a two-lane system. The continuity

equation remains unaltered while the evolution equation is extended as follows

0up;()v; (1)) = alpoV (pj+1(t) + Bl (t + to) — pja(t))) — pi(t)v; ()]
+apoA(V(pjs2(t) = V(pja (1)), (3:3)

where ¢, represents the predictive time and p;i1(t + ty) denotes the predictive density
at site 7+ 1. The parameter S(0 < < 1) is the coefficient of the predictive density

variation.

V(pj41(t) + B(pj+1(t + to) — pj+1(t))) can be approximated by Taylor series expansion,
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containing variable p;1(t + ¢) of Eq. (3.3) and neglecting nonlinear terms, we get

V(pj1(t) + B(pjsa(t +to) — pja(t))) = V(pjsa(t)) + V' (pjs1) Blodepjsa (t). (3.4)

By using Egs. (3.1), (3.3) and (3.4), the density equation is obtained as

9} pit+apyV(pie1) — V(pj)] + apgBto[V' (pjs1)0ipjrr — V' (pj)Oips] + adip;
— ay|p2V (p0)|(pj—1 — 205 + pjs1) + apEA[V (pj42) — 2V (pjs1) + V(py)]
— 03V (90)|(Drpj -1 — 20up; + Depjia) = 0. (3.5)

In addition, the optimal velocity function adopted by Nagatani [107] is used, which is given

as
1 1

Vip;) = “”;‘” [tanh(p—j - E> +tanh<i>}, (3.6)

where v,,., = 2.0 represents the maximal velocity. This function has a turning point at

p; = pe. The proposed model is general and covers the following four existing models.
e A\ =0,y =0, the model reduces to the one discussed in ref. [85].
e 5 =0orty=0, the model coincides with Peng’s model [153].
e f=0orty=0 with A =0, the model reduces to Nagatani’s two-lane model [107].

e S =0o0rty=0with A =0, v =0, the model covers Nagatani’s basic model [83].

3.2 Linear stability analysis

For investigation of predictive effect on the traffic low’s jamming transition, linear stability
analysis is performed. Initially, the traffic is considered to move with a constant density
po, resulting in identical optimal velocity V(pg). Then, the steady-state solution on the
two-lane highway for Eq. (3.5) is

pi(t) = po, v;(t) = Vipo). (3.7)

y;(t) is supposed to be a small fluctuation to the uniform density on site j,
pi(t) = po + y;(t). (3.8)
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Figure 3.2: Phase diagrams with pg = p. = 0.25 in (p, a) space for different values of parameter
B with A =0.2, to = 1.2 for (a) v =0 (b) v =0.1.

Substituting Eq. (3.8) into (3.5), we get

07 y;(t)+apgV' (po)[yj+1(t) — y;(0)] + aBtopsV' (po)[Oryjr1(t) — Dpy; ()] + adey; (t)
— a7]po® V' (po) [y -1(t) — 2y;(t) + Y1 (1)) + aXpo® V' (po) [j42(t) — 2u541(t) + 5 ()]

— pe* V" (po)|[0eyj—1 (t) — 204y, (t) + Dpy;j 11 ()] = 0.
(3.9)

Putting y;(t) = exp (ikj + wt) into Eq. (3.9), we obtain

w? + [aBtopdV" (po) (€™ = 1) + a — Y1po® V' (po)] (€™ — 2+ €™)]w + apo®V" (po) (™ — 1)

— ay]po® V' (po)| (™™ = 2+ €™) + arpgV' (po) (¥ — 2¢™ 1) = 0.
(3.10)

Set w = wi (ik) + wo(ik)?..... into (3.10) and we obtain the long wave expansion of w. By

neglecting higher-order terms, we get the following equations

w1 = —pOQV/(p(]). (311)
w 2 2VI / / !
Wy = —71 - P()T(po) — Btowr (pe*V'(p0)) = Mpo®V'(po)) + v1p0*V" (o). (3.12)

If the inequality we < 0, the steady state flow develops into the unstable state in long wave-

length waves; conversely, it becomes stable if wy > 0. Thus, the stable critical condition is
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obtained by wy = 0.
V)
1= 2BtopgV"(po) +2(A +7)

(3.13)

Hence, the linear stability condition for the homogeneous traffic low can be obtained by

Wy > 0, i.e.,
. —2p0°V"(po)
1 —2BtopgV"(po) +2(A +7)

(3.14)

The result is influenced by the parameters 3, v. Eq. (3.14) clearly shows that as the
parameter [ increases, the unstable region reduces by taking lane-changing parameter ~
on the two-lane highway. Fig. 3.2(a) and 3.2(b) shows the neutral curves (solid black lines)
in the phase space (p,a) for different values of 8 (8 = 0, 0.1, 0.2 and 0.3, respectively)
by taking the values of {5 = 1.2 and A = 0.2 when v = 0 and v = 0.1, respectively. The
position of the apex of the neutral curves decreases due to the increasing values of 3 as well
as lane changing parameter 7, which indicates that the stability of traffic flow significantly
increased. It is found that the stable region becomes larger in a two-lane traffic system as

compared to the one discussed in ref. [85] when lane changing is allowed.

3.3 Nonlinear stability analysis

We investigate the influence of predictive effect to describe the traffic jam around the
critical point (p.,a.) by using the reduced perturbation method. The mKdV equation is
obtained. First of all, the space variable X and time variable T for a small positive scaling

parameter €(0 < € < 1) are defined as follows
X =¢(j+pt), T=:¢e, (3.15)
where p is a constant term that needs to be determined. Let the density is
p;(t) = pe + S(X,T). (3.16)

Substituting (3.15) and (3.16) into Eq. (3.5) and Taylor series expansion is used to expand

(3.5) up to fifth order of €, the following nonlinear equation is obtained

€2h10x S + €3hy0% S + €(0rS + h30% S + hy0xS®) + € (hs0r0x S + hed5 S + h70%S>) = 0.
(3.17)

The coefficients h; are shown in Table 3.1, where V' = 822’7 ) and V" = 8‘%},‘)) )
P=Pc P=Pc
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Table 3.1: The coefficients h; of the model

coefficients values

hy p+ po*V’

hs P + po [1 + 2) + 2pBty + 2]
hs 2oV 4 6 + 3pft + 1]

hy oV

hs % + BtopgV’

hg OV [T 4 14N + 4pBto + 27]

ha V11 4 20 + 2pBt]

Near the critical point (p,, a.), we consider a, = a(1+ €*). By substituting p = —po*V’, the

quadratic and the cubic terms of € are eliminated, then we gain the following equation
64(6TS — b1a§(5 + bgaxsg) + 65(b38§(8 + b48§(5’ + b58§(53) = 0, (318)

where, the coefficients b; are exhibited in Table 3.2. The following transformation is used:
T = éT' and S = Z—;S’ to convert Eq. (3.18) into standard mKdV equation. So, the
resulting Eq. (3.18) can be written as

bibs -y s
008 — S + xS+ = [bgaxs + b0k S + 2205 =0, (3.19)
1 2

b

After ignoring the correction term O(e) in Eq. (3.19), one can get the kink antikink

solution of the standard mKdV equation given as

SHX,T') = \/—tanh(\f (X — uT)) (3.20)

Here, p represents the propagation velocity for the kink antikink density wave and can be
computed by solving the following condition

(S, MS]) = /_ X S, MIS] = 0, (3.21)

[e.9]
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Table 3.2: The coefficients b; of the model

coefficients values

by — A7 1 4 6 + 3pBty + 9]

bs — 287 [1 42X + 2pBty + 27]

by 20V [1+ 14X + dpBto + 29 + 2[1 — 2By,
bs YT [1 42X + 2pfit] — 21 — 2B,

where M[S] = £[b30% S + ba0%S" + B2055™]. By solving (3.21), the suitable choice of

1 is obtained as
5bobs

" 2byby — 3bibs

Hence, the kink-antikink solution is obtained

b
p; = pe+ ey /I—'Utanh(\/E(X _ ublT)>, (3.23)
by 2

where €2 = <%C — 1) and the amplitude « of the derived solution is @/%.

o (3.22)

The kink-antikink soliton solution of Eq. (3.23) represents the coexisting phase, including
both the freely moving phase and the congested phase, which can be described by p; =
pe — o and p; = p. + «, respectively, in the phase space (p,a). Fig. 3.2 shows the neutral
stability curves (solid curves) and the coexisting curves (dotted curves) obtained from the
linear and nonlinear analysis, respectively, split the phase plane into three regions: the
stable region (above the coexisting curves), the metastable region (between the coexisting
and the neutral stability curves) and the unstable region (below the neutral curves). It is
seen that when lane changing is allowed, i.e., with an increased value of v, the neutral and
the coexisting curves both lower down, corresponding to the parameter g, resulting in a

higher rate of stability of traffic flow.
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3.4 Simulation

In the previous two sections, the influence of the predictive effect on the two-lane traffic
stream has been investigated theoretically by linear and nonlinear analysis. In this section,
numerical simulations are performed to examine the theoretical analysis. For numerical

computation, Eq. (3.5) is written in discrete form as

pi(t +2A8) = 2p;(t + At) = p;(t) = app AL [V(pja (1) = V(ps(1)] — alt[p;(t + At) — p;(t)]
— apyStoAt [V,<pj+1(t))[pj+l<t + At) = pja(t)] = V' (p;(t)[p(t + At) — Pj(t)]]
+ aAPARY (p0) (p51(8) — 205(8) + 11 (1)) — ARAPA (pya(8)) — 2V (py11(6) + V(55 (1)
+ ALY |FV (po)l [pj-1(t + At) = 2p;(t + At) + pjya(t+ AL) = (pj1(t) — 2p5(1) + pj4a(t))].
(3.24)

Here, At is the time step, and the value of At is taken as 0.15 during the simulation. The
periodic boundary conditions are applied. A step function describes the initial conditions

for each lattice:

p;(0) =po=025.  je[1,N], (3.25)
£o; ] %7 % —1

pil) =S po+2p; j=5-1 , (3.26)
po—Np; j=5%

where, Ap = 0.05 is the initial disturbance. N defines the total number of sites (N = 100),
and the other parameters are selected as a = 1.0, pg = p. = 0.25, t; = 1.2.

In the following simulation, we change the value of 8 to analyze its influence on the
stability of traffic flow in a two-lane traffic system. Fig. 3.3(a)-(d) displays the temporal
and spatial evolution of density waves after ¢ = 10* time steps for different values of 3
(6 =0, 0.1, 0.2 and 0.3, respectively) when lane changing is not allowed i.e., v = 0.
According to Fig. 3.3(a)-(c), it is found that the kink-antikink soliton solution occurs,
and their amplitude decreases as ( increases. It shows that the traffic congestion has not
completely disappeared. Fig. 3.3(d) depicts that as soon as = 0.3, i.e., the disturbance
completely vanishes, and the traffic flow reaches a uniform state over the whole space. It

indicates that the stable region increases whenever [ increases.

Fig. 3.4(a)-(c) gives the simulation results for different values of 5 (5 = 0, 0.1 and
0.2, respectively) when lane changing is permitted i.e., v = 0.1. It is observed that the

initial disturbance is continuously amplified over time in patterns Fig. 3.4(a)-(b) while
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Figure 3.4: Spatio-temporal evolutions of density waves after t = 10*s when a = 1.0, v = 0.1
for (a) 5 =0, (b) f=0.1, and (c) S = 0.2, respectively.
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Figure 3.5: Profiles of the density wave at time ¢ = 10*s for different values of 8 when (a) v =0
(b) v =0.1.

the disturbance in pattern Fig. 3.4(c) will dissolve quickly with the high value of 5 when
v = 0.1. The traffic flow becomes stable over the entire space. Therefore, one can conclude
that the traffic jam can be suppressed effectively by considering the predictive effect of

two-lane into account.

Fig. 3.5(a) and 3.5(b) is the clear pictures of the density profiles for different values of
at fixed time ¢ = 10%*s analogous to the panels of Fig. 3.3 and Fig. 3.4, respectively. It
shows that the fluctuation of density waves gradually decreases with [ increasing in the
two-lane vehicular system. The disturbance in the traffic system will be absorbed, and the
homogeneous traffic finally evolves into a stable uniform flow for the high value of 5 under
the conditions of lane changing. It is observed that the predictive effect, as well as the
lane-changing effect, improve the stability of traffic flow in a two-lane system. Therefore,
from the analytical analysis and simulation results, we can conclude that traffic jams can
be efficiently suppressed by taking the predictive effect in a two-lane traffic system. Since

the stability condition is satisfied.

3.5 Conclusion and future scope

e In this chapter, a new lattice model is proposed to explore the influence of predictive
effect concerning the OCDE for a two-lane traffic system, which is closely associated

with the actual traffic conditions.
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The predictive effect is investigated analytically in traffic low through linear as well
as nonlinear stability analysis. Through nonlinear stability analysis, we obtained the

mKdV equation to describe the traffic congestion around the critical point.

Besides, the phase diagrams are obtained in the density-sensitivity space to exhibit

the influence of different values of parameter S and v in two-lane system.

It is observed that parameter § plays an important role in stabilizing the traffic flow
on the two-lane highway with the consideration of OCDE when lane changing is
permitted. It is also concluded that the predictive effect can suppress the traffic jam

under the conditions of lane changing.

It can be seen that the high value of parameter 3 is prompt to increase the stability
of traffic flow in the two-lane system when lane changing is allowed. We found
that simulation results are consistent with the analytical results and finally, it can
be concluded that our assumption is reasonable and the predictive effect impact

significantly the traffic dynamics for two-lane traffic network.

Even though the new lattice model is appropriate to explain the influence of the
predictive effect in a two-lane homogeneous vehicular flow yet, it can be further ex-
tended to explore the critical phenomenon lies in actual traffic systems, for example,
honk effect [152], backward-looking effect [89,90], etc.

The newly proposed model can be further utilized to investigate the impacts of crucial

aspects of transportation, such as fuel and energy consumption, etc.
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Chapter 4

Impact of prior information on two-dimensional

vehicular system

A million vehicles exist in transportation systems that interact with one another and in-
fluence the traffic flow, which is causing the nonlinear vehicular flow to become extremely
complex and dense. Various elements, including human behavior, road geometry, envi-
ronmental factors, etc., may slow vehicle movement, which may form traffic congestion.
Moreover, one of the issues to increase congestion may be the design of roads. Improper
geometric configuration can increase the collisions between road users and result in a de-
cline in protection and increase travel time. Traffic jams may be decreased by introducing
an intersection point on a one-way road. The intersection of roads usually involves the
splitting or joining of roads, diverging, etc. Moreover, a lot of attention is being given to
the road’s intersection in the transportation system, where one-way roads are separated

into two-way or more-way roads.

In the vehicular system, the proceeding vehicles follow the leading vehicles and main-
tain their distance to avoid collisions. There are various models to study traffic flow
properties, which help to minimize congestion and maximize road traffic low. There
are various types of roads that exist in real traffic environments, such as one-way roads,
two-way roads, higher dimensional roads, shared lane (junction, roundabout) roads, etc.
Using the lattice approach, Nagatani [83] investigated the homogeneous traffic character-
istics on a one-way (single) unidirectional highway (as mentioned in Chapter 1). Further,
some improvements over Nagatani’s basic model have been made, such as two-lane sys-
tem [155,156,159], driver’s behavior effect [112,120,123,160], the influence of multi-phase
OV function [100,105,146], so on.

One-lane or multi-lane roads may be connected with other roads through nodes (junctions).
In that situation, drivers change their path according to their destination using the turning
point. Therefore, to capture the movements from one route to other routes in the traffic
system, Biham et al. [161] presented a new two-dimensional (2D) cellular automaton (CA)

model by considering the two types of cars (East-bound and North-bound). In this model,

The content of this chapter has been published in The European Physical Journal B, 94: 1-12, (2021).
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east-bound cars move in x positive direction, and north-bound cars move in y positive
direction. It was found that transitions occur from the free-moving phase to the congested
phase with an increase in the density of the car. The extendable version of two dimensional
CA model was proposed by Nagatani [162] with consideration of two-level crossing. Later
on, two dimensional CA model was presented by Chung et al. [163] to describe a traffic
jam with faulty traffic lights. Results showed that faulty traffic lights speed up the overall
traffic at the low density of cars. Further, the traditional lattice hydrodynamic model was
extended by Nagatani [127] for a 2D traffic system in which the movement of traffic flows in
the two directions (x and y) was studied. It was found that phase transitions occur among
the freely moving, coexisting, and congested phases below a critical point, depending on
the fraction of traffic currents. After that, optimal current difference effect [128,129], honk
effect [130], driver’s memory effect [131], passing effect [164] and shared lane marking

effect [165] were considered in 2D lattice model.

Moreover, accurate estimates and timely traffic flow information are needed for individual
travelers, government departments, and industry sectors. The prior information (predictive
effect) aids road users in making better transport decisions, reducing traffic congestion,
lower carbon emissions, and improving traffic flow. The objective of the prior information
is to provide maximum traffic flow. It is based on historical and real-time traffic data
gathered from various sensor sources, such as inductive loops, crowdsourcing, social media,
smartphone Global Positioning System (GPS), etc. Drivers change their vehicle’s speed to
optimize the flow after receiving accurate information about traffic conditions ahead. In
this light, a new lattice model is proposed in Chapter 2 based on the connection between
overtaking and the predictive effect. It is concluded that the predictive effect is beneficial
in suppressing traffic jams when passing is allowed. Furthermore, in Chapter 3, Kaur
and Sharma [166] presented a two-lane lattice model with consideration of the predictive
effect in which concluded that the predictive effect could suppress the traffic jam under the
conditions of lane changing. In addition, the prior information can also help drivers choose
the right path for their destination at the junction point in a 2D traffic network, where
one-way roads convert into two-way roads. At the junction on the road, the upstream lane
diverts into many downstream lanes. If the downstream conditions are known based on
the prior information, the flow can maximize in the respective lane. As far as the author’s
knowledge, the prior information has not yet been explored in a 2D lattice model with a
junction road. Therefore, we propose a 2D lattice model to study the impact of the prior

information for the junction road.

This Chapter is organized as follows; In Section 4.1, a 2D lattice hydrodynamic model

is proposed using prior information with junction road. The control method analysis is
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executed to research how the prior information affects the stability of vehicular flow without
and with control signal in Sections 4.2 and 4.3, respectively. In Section 4.4, the numerical
simulation is carried out to validate the findings of theoretical analysis, and a conclusion

is drawn in Section 4.5.

4.1 Two dimensional (2D) lattice model with junction

road

The basic one-dimensional (1D) lattice hydrodynamic (LH) model was introduced by Na-
gatani [83]. Further, the traditional 1D lattice model was expanded into a 2D lattice
model by capturing the movement of traffic flow in two different directions (x and y).

Nagatani [127] developed the first 2D lattice model for traffic systems.

In a traffic network, roads may be connected, and a traffic flow from upstream lanes may
be diverted to various downstream lanes through a junction point. Drivers continuously
analyze the road condition ahead. After receiving information from the intelligent trans-
portation system (ITS) about the estimated behavior of surrounding traffic, they try to
adjust their vehicle’s speed. They also choose their path according to their destination.
Sometimes, drivers can increase their vehicle’s speed, where the traffic flow is maximum, to
achieve the destination, and it is then possible if they have some prior information about
the downstream conditions of traffic. This prior information is called predictive effect [85].
To analyze the physical impacts of the predictive effect with the junction point on the traf-
fic network, we propose a 2D lattice model. As shown in Figure 4.1, the model contains
three road sections that reflect the real traffic characteristics, and they are described as

follows:

Road section 1: For section 1, the continuity equation and the evolution equation of
the proposed model by taking the prior information in the 2D lattice model are given

below

Dvpri () +po(gr;(t) — gr—1,5(t)) =0, (4.1)
O (t) =alpoV (pra1j(t) + B(prsrj(t + to) — pra1j(t)))] — agr;(t), (4.2)
(r = 1,2 3, L—1; j=1).

where, the local density and the local flux are described by p, ;(t) and g, j(t), respectively,
on site (r,j) at time ¢; the variable a is defined as sensitivity of drivers; py stands for the

average density; V/(.) is the optimal velocity function. Here, ¢y is defined as the predictive
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Figure 4.1: The schematic 2D lattice model of unidirectional traffic low with the junction on
the highway.

time. p,41,;(t + to) depicts the predictive density at (r+ 1,j) site at time ¢ + ¢;. The
parameter 5(5 > 0) denotes the coefficient for the predictive density variation. Using
Taylor series approximation and retaining the first-order terms, the simplified version of

the evolution equation (4.2) is

9eqrj(t) =apoV (pri1,5(t)) + aBtopoOiprir s (V' (pry1 () — agr;(t). (4.3)

Road section 2 and road section 3: In our proposed model, after crossing the junction
point, some proportion of traffic from upstream sites may go straight (road section 2) or
may turn left (road section 3). The intensity of traffic flow on road section 2 and 3 can
differ from the intensity of traffic flow on road section 1. The traffic from section 1 will
enter either the positive x-direction (section 2) or the positive y-direction (section 2). In
order to incorporate and explain this phenomenon, let us consider a fraction parameter d,
which signifies the proportion of traffic either in the positive x-direction or in the positive
y-direction. The traffic conditions ahead in the next moment affect vehicular flow. If the
downstream conditions are better in that direction, then the flow will also be maximum.
After getting the prior information from ITS about ahead traffic conditions, drivers adjust

their speed which helps to maximize the flow. To capture the above phenomenon, the
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following model equations are used

Opr; () +dpo(ar;(t) — ¢;_y1 (1)) = 0, (4.4)
Oy ;(t) =adpoV (pri1,4(t)) + adBtopoOipr+1,; (V' (pri14(t)) — agy; (1), (4.5)
(r = L+1, L+2, L+3, ... , M; j=1).
atpg,j(t)_{_(l - d)PO(qu{,j (t) — qs{,jfl(t)) =0, (4.6)
9vqy ;(t) =a(l — d)poV (prj1(t)) + a(l — d) Btopoipr i (t)V (prjs1(t)) — agql;(t), (4.7)
(r=1Lyj =2 3 4 ..., N).

Here, p;(t) (p);(t)) and g7 ;(t) (q,(t)) represent the density and the flux in the z-direction
(y-direction), respectively. Fraction parameter d ((1 — d)) represents the traffic intensity
in z-direction (y-direction). Eqs. (4.4) and (4.5) (Eqgs. (4.6) and (4.7)) represent the con-

tinuity equation and the evolution equation, respectively, for the z-direction (y-direction).

Junction point: There is a linkage among the road section 1, section 2, and section
3. At the link point, the traffic flow will be affected by the flow in z-direction as well as in
y-direction. On the other hand, if the drivers obtain information about the downstream
situations, then it will be easy for them to choose the direction and modify the lane by
going straight or turning left. The following two equations are used to explain the behavior

of traffic at the junction point:

prj(t) + po(gr(t) — gr-1,5(1)) =0, (4.8)
Avqrj(t) = adpoV (pri1,5(t)) + a(l — d)poV (prj41(t)) + adBtopodiprsr i (E)V' (Pri1,5(t))
+ a1 = d)Btopodprs (O (o s (1)) — a0, (1.9

where, the junction point is at (r,j) = (L, 1).

Here, V(.) is used for the optimal velocity function, and it is given as

- l) + tanh(iﬂ, (4.10)

Vipn(t) = =22 [tanh( prj(t) e Pe

2

Umaz Signifies maximal velocity and it is taken as 2.0; p. indicates critical density.
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Figure 4.2: Phase plot in the plane (d, p, a) by taking prior information (8) into account with
consideration of junction point of road through the use of the control method. The plotted
lines represent the stability curves for different values of parameter 8 = 0,0.3,0.6,and 0.9 with
to = 0.5, p. = po = 0.25.

4.2 Linear stability analysis

The stability condition is obtained by analyzing the model through control method. In a
traffic flow system, it is assumed that the desired traffic density and flux have a steady-state

solution, which is given below

[orjs ar3]" = [P0, o) (4.11)

Then, around the steady-state for model equations of road sections 1, 2, and 3, we take
an error system of the traffic flow network. The transforming equations of all road sections

can be rewritten in the following way:

0r0pr11,5(t) + dpo(0¢ri1,4(t) — 6g;75(t)) =0, (4.12)
O0prj1(t) + (1 = d)po(6ar541(t) — 0¢;;(t)) = 0, (4.13)
90y,5(t) =adpodpria () Ari1j + a(l — d)podprjr1 (t) Ay

+ adpofBto0id pri1,j(t)Aryrj + a(l — d)poBtodidpyjr1(t)Arji1 — adgr;(t),
(4.14)

where ¢,;(t) = q7;(t) + q;;(t). Here, 6p,41(t) = pri1,i(t) — pos 6Gr41,5(t) = Gr11,4(t) — qo,

— WV(pri1,;(1) — WVlprit1 () — A =
Arrj = Opry1,;(t) |pr+1,j(t)zpo’ Arji = Opr j+1(t) |Pr,j+1(t):p07 and Apyyj = A= Apjpa.
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Apply the Laplace Transform on Egs. (4.12) to (4.14), we get the following equations

SPr1i(9) + dpo(Qrir s (5) — Q25(s)) =0, (115)
SPrsia(8) + (1= Dpol@ryir(5) — Q2 ()) = 0, (116

$Qr,j(s) =adpoPri1,;(s)A + a(l — d)po Py, j1(s)A + adpoBtosPri j(s)A
+ a(l —d)poPtosPrj1(s)A — a@,;(s). (4.17)

Where L(py41,;(t)) = Pri1,j(s), L(gr11,;(t)) = Qry1,5(8), L(.) represents the Laplace Trans-
formation where s = iw denotes the complex variable.

Abolishing the densities P11 ;(s) and P, ;i1(s) from Egs. (4.15) to (4.17), Eq. (4.18)
appears for the flux:

Qrj(s) = —apoAg(;)r o) [@*Qri14(5) + (1 = d)*Qrjsa(s)], (4.18)

where D(s) = s> +as — apA(1+ Btos)(d? + (1 — d)?) is the characteristic polynomial. The

transfer function matrix is given as follows

—apgA(1 + sPty)
D(s)

G(s) = (@ (1—d)?. (4.19)

According to the control method’s stability rule, a traffic jam can never occur in the traffic

system if the two conditions mentioned below are met:
1. The characteristic polynomial D(s) is stable.
2. The Hy norm of the transfer function G(s) is less than or equal to 1, i.e.,

1G(s)lloc = sup |G(iw)| < 1.

we[0,+00)

Based on the criterion of Hurwitz stability, the first condition is satisfied if D(s) has all
the coefficients of the same sign. It is clear that the characteristics polynomial is stable
according to the Hurwitz stability rule. Now, considering ||G(s)||oc < 1 in order to fulfill

the second condition, that is

|G (iw)]? =[G (iw)G(—iw)]
(apgA)?(1 + 213w (@ + (1 — d)*)?
[W? + apgA(d? + (1 — d)?)]? + [a — apgABto(d? + (1 — d)?)]w?
<1, wel0,+00). (4.20)
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The sufficient condition for stability is rewritten as

ww? 4+ a®(1 — 2p5ABto(d* + (1 — d)?)) + 2apsA(d* + (1 — d)*)] >0, w € [0, +c0).
(4.21)

The following criterion should be fulfilled in order to ensure that Eq. (4.21) holds
a?(1 = 2peABto(d* + (1 — d)?)) + 2apeA(d® + (1 — d)?) > 0. (4.22)

Therefore, the stability condition is achieved with the consideration of predictive effect

with junction point:

—2p2A(d? + (1 — d)?)
“ = U= 202 0Bt (@ + (1 — d)2))

(4.23)

Fig. 4.2 displays the phase plot in the plane (d, p,a), which represents the relationship
between the prior information (f) and the fraction parameter (d). Clearly from Eq. (4.23),
the stability condition is influenced by 3, ty, and d. Here, the predictive time ¢y is con-
sidered constant and is taken as ¢ty = 0.5. The area below the neutral stability curves is
unstable, whereas the area above the neutral stability curves is stable. The prior infor-
mation plays a significant role in the traffic flow stability by taking junction point into
account, as shown in Fig. 4.2. The plotted lines depict the stability curves for distinct
values of § in plane (d, p,a). When d = 0, that means all vehicles turn left at the junction
point, and no vehicles move straight. For d = 0, we get stability curves for distinct values
of B(8 =0, 0.3, 0.6, 0.9). The peak of curves obtained from various values of § decreases
as [ increases. For d # 0 and d # 1, i.e., cars enter downstream lanes in different directions
with different probabilities. It is seen that when the prior information is taken, i.e., with
an increased value of 3, the curves lower down, corresponding to the different values of
d, resulting in a high rate of stability of traffic low. It is found from Fig. 4.2 that the
stable area is enhanced whenever 5 and d increases (0 < d < 0.5), which depicts that the
predictive effect has a positive impact on traffic dynamics with consideration of junction
road in 2D traffic network. The results demonstrate that the prior information is beneficial

to diminish traffic congestion in the 2D lattice model with a junction point.

4.3 Stability analysis with control signal

In this section, the control signal is incorporated into 2D lattice model by considering the

effect of the prior information with junction on the road. Let us apply a control signal
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term to model equations; we get

Otpri1,5(t) + dpo(gryn,j(t) — g ;(t)) = 0, (4.24)

Oiprj41(t) + (1 = d)po(grj41(t) — qg,j (t)) =0, (4.25)

9y, (t) =adpoV (pri1,3(t)) + a(l — d)poV (pr,j+1(t)) + adBtopodipri1,;(H)V' (pri1,5(t))
+a(l = d)Btopo0ipr,jr1 (V' (prjr1(t)) — agr;(t) + Uny(0), (4.26)

where the control signal U, ;(t) represents the flow difference between the target lattice site

and its following lattice site, is

Urj(t) = €d(gri1,5(t) — ¢75(1) + (1 = d)(grj1(t) = ¢;(1))- (4.27)

Here ¢ denotes the feedback gain of the flux difference between (r, j) and (r + 1, j) lattice
sites at time ¢, and k is another feedback gain of the flux difference between (r,j) and
(r,7+ 1) lattice sites at time ¢. It is assumed that the desired traffic density and flux have
a steady state solution which is the same as given in Eq. (4.11). Thus, the traffic dynamics
model can be formulated around a steady state with a control signal defined by Eq. (4.27)

as

010pr11,5(t) + dpo(dgr11,5(t) — dq; (1)) = 0, (4.28)
03prgr (1) -+ (1= Dpo(3asa(t) — 8¢2,(0)) = (129
010y (t) =adpodp,i1,j(t) Ay + a(l — d)podpr 1 (t) Arjr1 + adpoSto0id prir () Aigr;
+ a(1 — d)poBtodidpr,j+1(t)Arji1 — adge ;(t) + £d(0gr+1,5 — 0qy ;)
+ £(1 = d)(0gr 11 — 0q;;)- (4.30)

After applying the Laplace Transform, we obtain

sPr11,j(s) + dpo(Qri1i(s) — Q7 (s)) =0, (4.31)
sPpjt1(s) + (1 = d)po(Qrj11(s) — @7 ;(s)) =0, (4.32)
$Qrj(s) = adpoPri1 j(s)A + a(l — d)po Py j1(s)A + adpoStos Py ;(s)A

+ a(l = d)poBtosPrjr1(s)A — aQy;(s) + Ed(Qryr5(s) — Q7 ;(s))

+ 1(1 = d)(Qrjr1(s) — @7;(s)). (4.33)

Where L(p,41,(t)) = Prt1,(s), L(gr41,(t)) = Qrt1,(s), L(.) denotes the Laplace Trans-
formation where s = iw indicates the complex variable.
After abolishing the densities P, ;(s) and P, j11(s) from Eqgs. (4.31) to (4.33), the fol-
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Figure 4.3: Phase plot in the plane (d, p, a) by taking prior information (8) into account with
consideration of junction point through the use of the control method with a control signal.
The plotted lines represent the stability curves with the control method for different values of
parameter 5 = 0,0.3,0.6,and 0.9, to = 0.5, p. = po = 0.25, £ = 0.3, and x = 0.1.

lowing equation appears for the flux:

Q) =565 = gt + 551N Qr 1)
+ (k(1 — d)s — apgA(1 + sBt) (1 — d)*)Qrj11(5)], (4.34)

where D*(s) = s> +as—apsA(1+ Btos)(d®*+ (1 —d)?) + (Ed+ k(1 —d))s is the characteristic

polynomial. The transfer function matrix is given as follows:

G*(s)

— () [(€ds — apiA(1 + sBto)d?)  (k(1 —d)s — apsA(1 + sBto)(1 — d)?)]. (4.35)

According to the control method’s stability rule, a traffic jam can never occur in the traffic
system if the two conditions are satisfied: (i) The characteristic polynomial D*(s) is stable,
and (i7) The Hy norm of the transfer function G*(s) is less than or equal to 1. Based on
the criterion of Hurwitz stability and known conditions, D*(s) is stable. Then, considering

G*(5)||loc <1 and can be written in the following equation
1G*(s)]] g eq
|G*(iw)|* = |G*(iw)G*(—iw)| <1,  w € [0,+00). (4.36)

The sufficient condition for stability is rewritten as
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Figure 4.4: Density profiles at time ¢ = 10300s with d = 0, a = 0.9 for (a) 5 =0, (b) 8 = 0.3,
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w?w? + a*(1 — 2p5ABto(d® + (1 — d)?)) + 2a(paA(d® + (1 — d)?) + &€d + k(1 — d))]
>0, we]l0,+o0). (4.37)

The following criterion should be fulfilled in order to ensure that Eq. (4.37) holds
a®(1 = 2paABto(d* + (1 — d)?)) + 2a(pgA(d* + (1 — d)*) + &d+ k(1 — d)) > 0. (4.38)

Therefore, the stability condition is achieved with the consideration of predictive effect for

junction in 2D model with control signal is:

o “200A(d + (1 = d)*) = 2(6d + w(1 — d))

a (1 —2p3ABto(d? + (1 — d)?)) (4.39)

Fig. 4.3 depicts the phase plot in the plane (d, p, a) for 2D lattice model with consideration
of the prior information for the junction road by using stability analysis with the control
signal. The prior information plays an important role in the traffic flow stability with the
junction, as shown in Fig. 4.3. The plotted lines show the stability curves for distinct values
of § in plane (d, p,a) with ty = 0.5, £ = 0.3, and k = 0.1. We can see from Fig. 4.3 that
the stability region is less when having less information about the ahead traffic conditions.
But whenever we receive more information, the stable area also increases continuously.
Through direct observation, by comparing Figs. 4.2 and 4.3, it is observed that the stable
region with a control signal is greater than that without a control signal for the same
values of the # and d. It is found from Fig. 4.3 that the stable area is enlarged whenever
[ and d increases (0 < d < 0.5) with the control signal, which depicts that the predictive
effect has a positive impact on traffic dynamics with junction in 2D traffic system. This
demonstrates that both factors are beneficial to minimize the traffic congestion in the 2D

lattice model.

4.4 Results discussion

To check the capability of the proposed lattice model with the consideration of prior
information as well as traffic diversion at junction node, numerical simulation is performed.
The periodic boundary conditions are applied. As shown in Fig. 4.1, there are M = 350
nodes in x direction and N = 200 nodes in y direction. The density at the initial stage
along the connecting roads to the junction point is assumed to be uniformly distributed:
pri(0) = p,;(1) = po = p. = 0.25; At is the unit time step, and it is taken as 0.1. The
traffic flow diversion occurs at the node (r = L,j = 1) with L = 100. The local density

at site (100, 1) is set as 0.35 to analyze a local disruption caused by a particular driver’s
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Figure 4.5: Density profiles at time ¢t = 10300s with d = 1.0, a = 0.9 for (a) 8 =0, (b) 8 =10.3,
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delay in turning at the junction point, i.e., p100,1(0) = pio01(1) = 0.35. In the following
simulations, to validate theoretical findings and to check the influence of the parameters
on the stability of traffic flow in the 2D vehicular system, the variations in the values of

the 8 and d are analyzed.

The variations in the density profiles by taking different values of 3 in positive z-direction
with traffic intensity d (where 7 = 1) and in positive y-direction with traffic intensity (1—d)
(where r = 100) are displayed in Figs. 4.4 - 4.7 without control signal. The parameter
is the coefficient of the prior information. The value of 5 = 0 indicates that there is no
prior information, whereas § > 0 means that estimated information of the ahead traffic

conditions in the next moment receive.

In Fig. 4.4, the results are shown for d = 0, which means no vehicles move straight ahead,
and all vehicles turn left at the junction by taking different values of 5 (8 = 0,0.3,0.6,0.9).
The traffic is always stable in z-direction as no vehicles go ahead. So, Fig. 4.4 represents
the results only for y-direction. Similarly, for d = 1, all traffic moves straight ahead
without turning at a junction with the prior information’s consideration. The traffic is not
affected and always stable in the y-direction as there is no disruption in the y-direction.
Therefore, the results are shown only for x-direction in Fig. 4.5. In Fig. 4.4 and Fig.
4.5, the fluctuations occur in the density curves, and it is observed that with an increased
value of 3, the amplitude of these curves decreases, i.e., having more information about

downstream traffic conditions helps maximize traffic flow.

Fig. 4.6 and Fig. 4.7 show the density curves for the values of d = 0.2 and d = 0.8,
respectively, for distinct values of 5. d = 0.2 means 20% traffic travel straight-ahead in -
direction, and the remaining 80% traffic turns left in y-direction from the junction. There
will be a stable situation in the z-direction as only 20% of traffic goes in that direction. So,
the results are displayed only for y-direction, as shown in Fig. 4.6. For d = 0.8, indicating
that 80% traffic moves straight ahead and the turning proportion of the traffic is 20%.
There are fewer vehicles traveling in the y-direction and will almost stable situation in
that direction. So, for d = 0.8 in Fig. 4.7, the results are plotted only for the z-direction.
It is found that the fluctuations of the density curves reduce with a rise in values of [,
indicating that the stability of traffic flow becomes better, especially for a higher value of
£. With a large value of 3, it models the more prior information of the downstream traffic
conditions. For d = 0.5, that means half (50%) traffic goes straight ahead, and half (50%)
traffic turns to the left. For d = 0.5, the traffic will always be stable for all the values of
as the stability condition is satisfied. Therefore, results are not shown for d = 0.5. From
the density profiles (Figs. 4.4 - 4.7), it is found that the stability of traffic flow enhances

whenever ( increases, i.e., the disruption in the straight-ahead direction (z-direction) and
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left-turning direction (y-direction) will decrease if more prior information of downstream

traffic conditions is received.

The phase plots are drawn for density difference (p(t) — p(t — 1)) versus density (p(t))
to ensure the periodic behavior of traffic flow, in the inset of Figs. 4.4 - 4.7, for t =
5000 — 10300s. In the inset of Figs. 4.4 - 4.5, the limit cycle is shown generated by a
set of dispersed points demonstrate the periodic behavior of traffic. The right and the
left end points in the loop describe the jammed state of traffic and the free flow traffic,
respectively. It is observed that with an increase in the value of 3, the area of the loop
begins to diminish. In the inset of Fig. 4.6 and Fig. 4.7, for the smaller values of f3,
the closed loop is formed by the collection of dispersed points that describes the periodic
behavior of traffic. The region of the loop decreases whenever the value of 3 increases,
eventually transforming into a solitary point for a higher value of 3, as displayed in Fig.
4.6(d) and Fig. 4.7(d). It is observed from the results that prior information has a positive

impact on the traffic network.

In Fig. 4.8 and Fig. 4.9, the results are displayed for d = 0 and d = 0.2, respectively, by
considering different values of 5 (5 = 0,0.3,0.6,0.9) when control signal is considered. For
d = 0, the traffic is always stable in z-direction as no vehicles move straight. So, Fig. 4.8
represents the results only for y-direction as all vehicles turn left at the junction. In Fig.
4.8, the fluctuations arise inside the density curves. It is found that with an elevated value
of B, the amplitude of density curves decreases, i.e., the stability of traffic flow improves.
For d = 0.2, there will be a stable situation in the z-direction since 20% of traffic goes in
this direction. So, in Fig. 4.9, the results are drawn only for y-direction since 80% traffic
turns left in this direction from the junction. It is seen that the fluctuations in the density
curves decrease with increasing 3 values, i.e., having a lot of info regarding downstream

traffic conditions helps maximize the traffic flow.

The phase plots are plotted for density difference (p(t) — p(t — 1)) versus density (p(t)), in
the inset of Figs. 4.8 - 4.9, for ¢ = 5000 — 10300s. In the inset of Fig. 4.8, the limit cycle
is shown as generated by a set of dispersed points demonstrating the periodic behavior of
traffic. The right and the left endpoints in the loop describe the jammed state of traffic
and the free-flow traffic, respectively. It is observed that with a rise in the value of 3, the
area of the loop starts decreasing in size. In the inset of Fig. 4.9, for the smaller values of
B, the closed loop is formed by the collection of spread points that describes the periodic
behavior of traffic. The loop area decreases every time the 8 goes up and eventually turns
into a solitary point for a higher 3, as displayed in Fig. 4.9(d). It is seen that prior

information positively affects traffic dynamics.

Here, after observing all the simulation results, we found that they all are in good agreement
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with the theoretical predictions. Thus, we can conclude that traffic flow stability improves
by taking the prior information (predictive effect) into account with the junction point in

the 2D lattice model. It also confirms the features of real traffic situations as well.

4.5 Conclusion

4.5.1 Outcomes:

e A two-dimensional (2D) lattice model is proposed by incorporating the effect of the
prior information (predictive effect) with the junction road to portray the traffic

features on the road network.

e Considering the predictive effect, the behavior of traffic flow is investigated theoret-

ically using the control method for linear stability analysis.

e From the junction, traffic diverges in various directions, which is related to the actual
traffic condition. When drivers receive advanced knowledge of downstream traffic

conditions, the traffic flow stability improves, as seen by the results.

e The stability condition is revised when the control signal is applied in the proposed
lattice model. The parameter § is found to play an important role in traffic flow

stability and to suppress traffic congestion in all directions for 2D traffic dynamics.
e To test the reliability of theoretical findings, numerical simulations are carried out.

e By observing the results of both the theoretical analysis and the numerical simula-
tions, it is found that the prior information is beneficial to transportation networks
with junction roads. The findings in this study can assist readers in better compre-

hending the complex phenomenon of traffic flow.

4.5.2 Future scope:

e Although the proposed model considers the prior information for two diverted lanes
(road section 2 and 3) in a 2D unidirectional traffic system yet various factors influ-
encing the traffic dynamics, such as driver’s behavior [112,120,123,160], anticipation
effect [94,95,118], etc. can be incorporated to make it directly applicable in a real

scenario.

e Moreover, the proposed work can also be extended to incorporate the merging/diverging

of lanes in a multi-lane system.

72



Chapter 5

Effects of uncertainty about historical infor-

mation on traffic dynamics

Traffic congestion is increasingly high in the transportation network. Traffic jams waste
a lot of money and time for the people who travel from one place to another by vehicle.
However, the transportation network is a complex structure. Many factors involved in
traffic dynamics affect traffic flow, including the driver’s psychological tendency, weather
information, road construction, serious road accidents, etc. In addition, if the management
of the transport system will not be improved, congestion will likely worsen over the next
few decades as travel demand continues to increase. Therefore, various traffic flow models
such as car-following and continuum models [49,59,134,140,145] exist to understand the
dynamics of the vehicular network. Moreover, the lattice models [83,86,87,91,92,119] have

become famous in the last few decades because of their simplicity.

However, due to psychological uncertainty and unpredictable features of human behavior,
car-following models have long struggled to precisely and objectively reflect drivers’ be-
havior. Therefore, to better explain the uncertainty effect in car-following models, Zhang
et al. [137] proposed a car-following model to describe the driving system involving the
uncertainty about velocity and proved that the uncertainty of the vehicle’s speed has a
significant impact on traffic flow stability. Further, Wang et al. [167] extended the hetero-
geneous car-following model by considering the drivers’ different psychological headways
and concluded that when the psychological headway is larger, it leads to more stability at
lower traffic densities and more instability at higher traffic densities. In addition, An et
al. [139] proposed a new car-following model that considers driver characteristics on com-
plex roadways, with factors such as experienced attribution, inexperienced attribution, and
driver perception headway error. Moreover, the car-following model was extended by Li et
al. [141] considering two factors, the driver’s desire for smooth driving and self-stabilizing
control with velocity uncertainty, demonstrating that these factors enhanced the stability
of traffic flow.

In the current state of the traffic network, vehicles have interconnected and maintained

The content of this chapter is communicated in the SCI journal.
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adequate distance to avoid a collision. They adjust their speed and position according to
surrounding traffic or based on information about ahead traffic. The information may be
based on previous traveling time, previous density, or other historical sources. This infor-
mation may significantly affect driving performance. Based on this fact, some research has
been done in the lattice model, including historic density difference [97], historic optimal
velocity difference [98], historic flux effect [115], and historical evolution information [99].
It was concluded that historical information plays a paramount role. Driving is an ongoing
process, and the driver behaves as per traffic information during a period of time rather
than a fixed historical time. For that, the historical information in the integral form was
investigated in lattice models as given in References [168-171], and results showed that
this factor impacts the traffic low stability. In this situation, the traffic density or flow
can be affected in two ways, first by the driver’s features like age, gender, psychology, and
degree of intoxication, and secondly, according to the environmental factors. Moreover,
many researchers believe that complex uncertainties such as equipment malfunctions, net-
work fluctuations, and traffic disruption may affect the information that we obtain from
intelligent transportation systems (ITS). In addition, a variety of reasons can cause net-
work quality changes. Consequently, in areas with poor network connectivity, the device’s
network will randomly fluctuate, affecting the quality of traffic information we get through
the internet. However, the factors included in the lattice models mentioned earlier are
limited, and they can still not demonstrate the influence of uncertain traffic situations in
the vehicular network. Inspired by the above viewpoints and filling the research gap, the
author tries to develop a new lattice model considering the effect of uncertainty about

historical density information.

The chapter is arranged in sequence; a new hydrodynamic lattice model allowing for histor-
ical density information with some uncertainties is proposed in Section 5.1. The stability
condition is achieved through linear stability analysis in Section 5.2. The mKdV equation
is derived using nonlinear stability analysis in Section 5.3. In order to confirm the results of
the theoretical study, numerical simulations are performed in Section 5.4, and a conclusion

with a future scope is given in Section 5.5.

5.1 Lattice model

The first hydrodynamic traditional lattice model for unidirectional traffic low was devel-

oped by Nagatani [83]. The model equations (continuity equation and evolution equation)
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are mentioned as follows:

9upi(t) + polp;(t)v;(t) — pj-1(t)vj-1(t)) =0, (5.1)
A (pj(t)v;(t)) = alpoV (pj+1(t)) — pi(t)v;(t)], (5.2)

where, v;(t) and p;(t) are the velocity and local density at time ¢ on lattice site j, respec-
tively; po is the average density; a is the sensitivity of drivers; V(.) is the optimal velocity
function.

On the traffic network roads, drivers show their driving characteristics and skills after
getting the historical information, then dictate their driving status. But, this information
may be affected by factors such as bad network connectivity, equipment impairment, traf-
fic disturbances, etc. The uncertainty in the historical density information may impact
the movement of traffic flow. Investigating the effect of uncertain downstream traffic in-
formation on vehicular dynamics is more practical and more important. Therefore, after
implementing the aforementioned factor, the improved evolution equation is constructed

as

9e(pj(t)v; () = alpoV (pj41(t) + Cpjpa(t — 70))] — ap;(t)v,(t), (5.3)

where, 7 is the historical time; p;i1(t — 79) is the historic density at site j + 1 at time
(t —70); C is a coefficient that reflects uncertainty about the historical density information
of ahead site and a large absolute value of ( represents a higher level of uncertainty; i.e.,
¢ > 0. Here, the optimal velocity function (V(.)) is dependent on the actual density and
uncertain density.

Remark 1: For ¢ = 0, the proposed model is equivalent to Nagatani’s traditional model
83].

Retaining the first order terms from Eq. (5.3) after using Taylor series approximation and
then abolishing the velocity v;(¢) in Egs. (5.1) and (5.3), the Eq. (5.4) appears for the

density is:

0F04(1)+adup; (1) + aph |V (xpia () = V(xpy (1))
= apy(x = 1)70[0pj1 (V' (xpjr (1) — Bips (V' (xps (1)) = 0, (5.4)

where, 1 + ¢ = x to facilitate reading. For xy > 1 defines the more uncertainty of traffic

information. V(.) is taken for the optimal velocity function, which is determined by the
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uncertain density (xp;+1(t)), and it is given as

V(xpisa (£) = 2 [tanh(% el Ly (L)) (5:5)

where v,q. = 2; pe is the critical density; pg = p. = 0.2. As shown in Figure 5.1, when the
value of y = 1, then this optimal velocity function is the same as given in Ref. [83]. With
an increase in the value of x, the curve of optimal velocity function decreases, indicating

the higher effect of the uncertain factors.

5.2 Linear stability analysis

This section investigates the impact of uncertainty about historical density information on
the jamming transition of traffic low using linear stability analysis. In the initial stage,
the traffic is taken to move with a constant density (pg) and resulting in constant optimal
velocity (V(xpo)) for the steady-state solution. Let the small perturbation in the form of
y;j(t) to the steady-state density is

pi(t) = po + y;(1). (5.6)

The replacement version of Eq. (5.4), after substituting Eq. (5.6) into it, is

OFy; (1) +adyy; (t) + axpaV' (xpo) i1 (t) — y; (1))
—a(x — 1)TOP§V/(XP0)[atyj+1(t) — Oy, (t)] = 0. (5.7)
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By expanding y; = exp (ikj + wt) in Eq. (5.7), the transforming equation is as:
w? +all = (x = ropsV" (xpo) (exp(ik) — 1)Jw + axpo’ V' (xpo)(exp(ik) — 1) = 0. (5.8)

Insert w = iw; into the Eq. (5.8), where w; is a real number and makes its real part and

imaginary part equal zero; we get

—wi 4+ apgx V' (xpo)(cos(k) — 1) + apg(x — )70V’ (xpo) sin(k)w; = 0, (5.9)
and,
awy + apix V' (xpo) sin(k) — api(x — )70V’ (xpo)(cos(k) — 1)w; = 0. (5.10)

By solving Eq. (5.10) for w;, we obtain

B — X V' (xpo) sin(k)
= T 20— DnoV (xpo)(eos(h) = 1) (5:11)

w1

Assuming o = 1—p2(x—1)70V"(xpo)(cos(k)—1) and then we achieve the following equation
after keeping the value of wy in Eq. (5.9):

— —pexV"'(xpo)(1 + cos(k))/o?
" 14 p3(x — D10V (xpo)(1 + cos(k)) /o’ (5.12)
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the neutral stability condition is achieved, taking £k — 0, as given below

—2xp0*V"(xpo)

a = . 5.13
1+ 279(x — 1)pgV"' (xpo) (5.13)

Here, the stability is influenced by coefficient y, which reflects the uncertainty about the
historical density. Note that for x = 1, the proposed model coincides with Nagatani’s basic
model [83].

5.3 Nonlinear stability analysis

The mKdV equation is constructed through a nonlinear stability analysis. The slow vari-
ables X for space and T for time are defined, and the assumption about density is also

given below:

X=e€(j+pt), T=6% pit)=p.+eS(X,T); (5.14)
p is an unknown parameter that needs to be found.

Putting Eq. (5.21) into Eq. (5.4) and expanding Eq. (5.4) after using Taylor series

expansion up to the fifth order of €, one obtains:

62h18XS+63(h2(?§(S + h38X52) + 64(87“5 + h48§(8 + h58§(52 + hGGXSS)
+ € (h70r0x S + hgd5 S + ho0y S* + h100%S*) = 0. (5.15)

The h; coefficients are exhibited in Table 5.1; where V' = V'(xp.) = axg_gp)

. By
P=XPc
substituting p = —xpo?V’(p), where p’ = xp. and a. = a(1 + €?) into above equation, we
achieve

64(81“5 — blc?;’(S + b28X53) + 65(b38§(—8 + b48§<5 + b58§(S3) = 0. (516)

Here, the values of coefficients b; are displayed in Table 5.2. T = %T "and S = Z—;S/
are utilized to transform Eq. (5.16) into a conventional mKdV equation, then Eq. (5.16)

turns into following form

! ! ! ! ! b b !
0,08 — %S +0xS +bi[bga§{s L bohS %a_%{s] —0. (5.17)
1 2

After omitting the term O(e), the solution of Eq. (5.17) is as:
So(X,T) = /i tanh (\/g(x - uT)), (5.18)
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Table 5.1: Values of h; coefficients

coefficients values coefficients values
I P +xpo*V' h Ay
he LB mp =DV | ke Z == DV
hy x2p+2v” he ngzv/ B Top(x;‘l)/%V'
ha xp?éV' _ Top(x;l)p?)V/ he Xpr;V" _ Topx(lel)pSV"
hs x2p§V” _ Topx(x;l)p?)V” hio x%gv'" _ TOPX2(XE1)P3VW
Table 5.2: Values of b; coefficients
coefficients values
by _xpéV' 4 Top(x;l)pﬁV'
by x“p?éVm
b — X0 + rop(x — 1)p3V
b B[ — drop(x = D] + [Z + 7ol — D]by
bs oV 9mp(x — 1)] = [2 + 7y — 1)]b
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Figure 5.3: Spatio-temporal evolutions of density waves after t = 9,800s with pg = 0.2, a = 2.1
for different values of x.

where, p is the propagation velocity and can be determined by solving the condition:
(So, M[Sg]) = [, dXSM[Sg] = 0, where M[Sg] = [bs0%S" + bs0y S + 42035
Through the above modifications, the suitable choice of ;1 can be obtained as:

5babs

0008 5.19
N Obyby — 3b1bs (5.19)

Hence, the kink-antikink solution is

*_

by e
p; = pe + atanh <\/g(X — ,ub1T)>, a(amplitude) = 1R 2

€
by ’

(%—4) (5.20)

The kink-antikink solution of Eq. (5.20) denotes the coexisting phase, including freely
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moving and congested phases both, which can be defined by p} = p.—a and pj = p.+a, re-
spectively. Moreover, the stability curves for different values of x(y = 1.0,1.1,1.2,and, 1.3)
are drawn (see Figure 5.2) to explore the implications of the uncertain historical density.
The neutral and the coexisting stability curves are represented by the solid and dotted
curves, respectively, produced from linear and nonlinear stability analyses. In the phase
plot (p,a), the region above the curves is stable and below unstable. The remaining pa-
rameter’s values are taken as py = p. = 0.2 and 79 = 0.1. It can be seen that the apex of
the curves rises gradually with an increase in the value of y > 1, which signifies that the
stability of traffic flow significantly decreased. The phase plot shows that the traffic flow

evolves into a jam situation when uncertainty occurs in vehicular dynamics.

5.4 Numerical simulations

In this section, the constructed density evolution equation (5.4) is used in discrete form

for numerical computations is given below

pi(t +2At) = (2 — aAt)p;(t + At) — (1 — aAt)p;(t) — apg AL [V (xpjs () — V(xp;(t)
+ apy(x — Dot [ (t+ At) — pjaa (B)]V' (xpia1 (£) — [pi (£ + At) — p;(0)]V' (xp;(2)

Here, At = 0.1 is used for the time step. The total number of lattice sites are N (N = 100,
j=1,2,3,...N). The density at the initial stage over space is assumed to be uniformly
distributed: p;(0) = p;(1) = po. The local densities at site j = 50 and j = 51 are set as
p;(0) = p;(1) = po—0.005 and p;(0) = p;(1) = po+0.005, respectively. Periodic boundary
conditions are applied. The other parameters are considered as a = 2.1, 7p = 0.1, and
pe = 0.2. In addition, for numerical computations, the value of y (uncertain coefficient
of historical density (xy > 1)) is changed to investigate the results of theoretical findings
where y = 1, 1.1, 1.2, and 1.3.

The spatiotemporal evolutions are shown in Fig. 5.3 corresponding to the values of y after
time ¢ = 9800s. In these patterns, the visualization of the impact of uncertain factors
can be seen. In Fig. 5.3(a), it is found that for a small value of x (x = 1), the traffic
flow remains uniform as the stability condition is satisfied (Eq. (5.13)). Further, it can
be seen from Fig. 5.3(b)-(d) that for the high value of y, the solution occurs in terms of
kink-antikink soliton waves, and fluctuations increases as the value of x increases, which
leads to the more instability of traffic low. The soliton waves propagate in the backward

direction, which discloses the vehicular flow evolves into a jam situation.

Moreover, by taking the same values of parameters corresponding to the panels of Fig. 5.3,

81



—_
o
~

[
[J%)

[

no

(&5
T

Density™
o
ro

Density™
=
ro

o

—

o
T

0,1 1 1
0 2 40

60

Lattice site

(c)

80

100

03 T T

Density™
o
o o
ro (&,

o

—

o
T

0,1 1 1
0 2 40

60

Lattice site

80

100

(b)

o
[Fe)

o

[Ne)

(&,
T

0.15F
0‘1 1 1 1 1
0 20 40 60 80 100
Lattice site
d
a 03 ; . . .
0.25F
>
202
[0]
Q
0.15F
0‘1 1 1 1 1
0 20 40 60 80 100

Lattice site

Figure 5.4: Density profiles at time t = 10000s for different values of x corresponding to the

panels of Fig. 5.3.
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the density profiles are plotted in Fig. 5.4 at time ¢ = 10000s. Density profiles display the
clearance of the traffic situations. In Fig. 5.4(a), as the stability condition is fulfilled for
x = 1, so, there is no negative effect of y occurs. Further, with a rise up in the value of
X, the disturbances are created that can be seen in Fig. 5.4(b)-(d). It is observed that the
fluctuations continuously rise over time when the value of x increases. As the higher value
of x, more instability is obtained. The results show that the uncertainty about historical

density significantly impacts the traffic flow stability.

Fig. 5.5 portrays the plots between the instant flow (J;(t)) and density (p;(¢)*) by taking
the parameter values same as in Fig. 5.3. The fundamental theoretical and simulation
results are represented by the solid curve and scattered points, respectively. In Fig. 5.5(a),
for x = 1.0, the scattered points lied on the solid line defining that the traffic flow is
uniform, while in Fig. 5.5(b)-(d), the hysteresis loop is generated around density pg = 0.2
with an increase the value of x. The lower and upper parts of the closed-loop display the
coexisting phase associated with the behavior of traffic dynamics portraying kink-antikink
density wave amplitudes, as illustrated in Fig. 5.3(b)-(d). The scattered points which are
not on solid lines represent the dispersion between the theoretical and simulations results,
i.e., the traffic situation converts from uniform to a congested state corresponding to the
values of x. The numerical results show that uncertainty of historical density information

negatively impacts traffic flow stability, and the results also verify the theoretical findings.

5.5 Conclusion and future scope

The traffic flow may be affected by uncertain factors in the transportation system. Many
drivers try to adjust speed based on past travel experience or driving skills to the smooth
steady. Still, uncertain factors may affect the historic density information. Therefore,
this chapter demonstrates a new lattice model that considers the effect of uncertainty ()
of historical density information. The stability condition of new lattice model is derived
applying linear stability analysis. The mKdV equation is obtained by nonlinear stability
analysis. It is found that the traffic jam occurs by increasing the value of x, which signifies
that traffic flow leads to an unstable situation. Furthermore, numerical simulations of
the new model have been conducted to examine the impact of uncertainty. It is observed
that the variations between fundamental results and simulation results occur with the
higher value of x as the stability condition is not satisfied. Overall results show that
the uncertainty about downstream historical density significantly influences traffic flow
stability.
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Figure 5.5: Instant flow versus Density with a = 2.1 for different values of x corresponding to
the panels of Fig. 5.3.
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Considering the uncertainty effect, the proposed lattice model is only for a one-dimensional
vehicular system. The proposed model can be further modified for two-lane roads or
higher dimensional systems, taking various important factors related to drivers, forecasting,

environmental factors, etc.
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Chapter 6

Lattice hydrodynamic area occupancy model

Traffic networks consisting of traffic control devices, streets, highways, flyovers, bridges,
etc., provide a convenient environment for travelers. Nowadays, in developing countries
like India, traffic management is one of the major issues as the number of automobiles
increases daily. Additionally, the vehicles are not only exceptionally heterogeneous but
also do not follow lane discipline leading to a disordered traffic system. Consequently,
phantom traffic jams frequently occur, resulting in severe problems in terms of traffic
safety, traffic efficiency, energy consumption, etc. In the recent past, a large number
of efforts [6,62,107,127,172] were devoted to analyzing and understanding the complex
nonlinear traffic phenomena such as non-equilibrium phase transition and nonlinear waves,

but a majority of them focus only on the lane-based traffic system.

While modeling the vehicular traffic flow on a network, it is generally assumed that the
vehicles follow the leading vehicles with lane and queue discipline in homogeneous and or-
dered traffic. But the actual traffic flow in developing countries is neither homogeneous nor
ordered. On Indian roadways, various vehicles with varying sizes and operational charac-
teristics are commonly seen. These numerous vehicles are categorized into several classes:
Motorized Two Wheelers (Eg. Bike), Motorized Three-Wheelers (Eg. Auto-Rickshaw),
Light Commercial Vehicles (LCV), Car, and Truck, and so on, which represents “inhomo-
geneity” or “heterogeneity” in the traffic system. An investigation of vehicle interaction
(both lateral and longitudinal) is required to capture such traffic flows. In this context,
firstly, the speed and position of following motorists depend on the vehicles ahead (leading
motorists). Secondly, if traffic is disordered and inhomogeneous, i.e., if there is no lane
discipline, then the same section length of the road may be filled by several vehicles at
the same time based on available space. So, there are two primary issues in modeling:
(i) reflecting the influence of varied vehicle sizes and speeds and (ii) the area occupied by

various vehicles.

The majority of the lattice models [85-87,89-92,100,112,120,123,153,158,166,168,173] pre-

sented in Chapter 1 are lane-based traffic models, which presume that all vehicles travel

The content of this chapter has been published in Physica A: Statistical Mechanics and its Applica-
tions, 607: 128184, (2022).
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on the road with identical characteristics. But in mixed traffic, the high number of over-
sized vehicles quickly leads to congestion and instability because of less sensitivity and
larger size. The larger vehicles have more reaction time as compared to smaller ones. In
this context, to explore the nature of heterogeneity, Kaur and Sharma [132] proposed the
generalization of the lattice model from homogeneous to heterogeneous considering two
types of vehicles having different sensitivities. It is concluded that small vehicles have a
high sensitivity in a mixed traffic stream than larger vehicles, which improves traffic flow
stability.

Moreover, vehicles have different speeds according to their size. For example, Cars and
Bikes have different speed limits on roads. Several kinds of vehicles travel without lane
discipline in disorderly heterogeneous traffic networks. Vehicles adjust their velocity after
seeing the available space ahead and move forward by using some lateral gap between
them to set location according to their size in mixed traffic. However, a single large
vehicle uses more space than a small vehicle in a hybrid traffic system. Whereas at that
time, two-to-three small vehicles may occupy that same space. The size and speed of
diverse vehicles may directly impact traffic flow efficiency. When larger vehicles outnumber
smaller vehicles, larger vehicles can exacerbate the volatility of mixed traffic flow. In
addition, vehicles significantly increase road capacity in heterogeneous traffic compared
to homogeneous traffic. So, we can’t ignore regions covered by vehicles of various sizes
to better comprehend natural heterogeneous traffic occurrences. Therefore, it needs to
consider the area occupied by different vehicles instead of taking only traffic intensity for
heterogeneity traffic situations, where the norm of lane-based traffic is often not strictly
followed. Based on this phenomenon, the concept of area occupancy was introduced in
Refs. [71-73] in which different characteristics corresponding to distinct kinds of vehicles
are explained. To our knowledge, no one has examined the lattice model with the effect
of area occupancy for heterogeneous traffic, despite the fact that it is closely linked to the
actual traffic scenario. Therefore, a new lattice hydrodynamic area occupancy (LHAO)
model has been developed to ensure a better understanding of the vehicles with varying

percentages, sizes, and speeds.

This chapter explores the vehicles’ heterogeneity behavior that is arranged in sequence as
follows; In Section 6.1, basic models and some definitions related to the proposed model
are explained, whereas in Section 6.2, a new lattice model is constructed by incorporating
the effect of area occupancy. The stability analysis is conducted for the proposed model
in Section 6.3 to obtain the stability condition. In Section 6.4, the mKdV equation is
achieved using nonlinear stability analysis. Numerical simulations are done to demonstrate

the theoretical results in Section 6.5. Finally, the chapter concludes with possible research
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outcomes, and a summary is drawn in Section 6.6.

6.1 Lattice Hydrodynamic Traffic Flow Models

6.1.1 Basic Lattice Model

Learning from the optimal velocity model [28] and continuum models [42,43], Nagatani
proposed that the traffic flow can be optimized and an optimal state can be achieved and
developed the first basic lattice hydrodynamic model [83] for a single lane traffic system.
Let p;(t) and v;(t) represent the density and velocity on site-j at time ¢, respectively. The

governing equations are given as follows:

i (1) + polp;(t)v;(t) = pj-1(H)vj1(2)) =0, (6.1)
0i(p; (t)v; (1)) = alpoV (pj1 () = p;s (t)v; (1)) (6.2)

The first equation is the conservation of vehicles representing the rate of change of density
at site -j is proportional to the difference between the inflow (p;_;(t)v;_1(t)) and outflow
(pj(t)v;(t)). The second equation denotes the flow evolution equation, which signifies the
rate of change of flux at any site-j is also affected by the leading lattice site. Here, pq is the
average density, V(.) is the optimal velocity function, and a is the sensitivity coefficient

which measures how strongly drivers behave according to the surrounding situation.

One of the important assumptions in the above basic lattice model is that all the vehicles
are considered homogeneous, which is far from reality. In a traffic environment, vehicles
may differ according to their size on the highway; in that case, drivers behave differently in
the same traffic situations. To include this characteristic, later on, Kaur and Sharma [132]
generalized the lattice model with optimal current difference effect (OCDE) by considering
the heterogeneity in driver’s behavior. The model incorporates different sensitivities cor-
responding to the vehicle’s type and interactions. The governing equations corresponding

to the heterogeneous traffic involving two different vehicle types are given as

9ip1i(t) + polp1j(t)v1;(t) — p1j-1(t)v1;-1(t)) =0,

} small vehicles (6.3)
Oh(pri(t)v1(t) = ar[pocV (pj1(t)) — pri(E)ve;(£)].

Dipa,j(t) + po(p2.j(t)v2,;(t) — paj-1(t)ve;-1(t)) =0,

} large vehicles  (6.4)
Or(p2,j(t)v2,5(t)) = azlpo(1 — )V (pjs1(t)) — pa(t)va;(1)].

Here a; is sensitivity of small vehicles whereas as is the larger ones. The parameter
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Traffic direction ———y

(a) With lane discipline

Traffic direction ee—-

(b) Without lane discipline

Figure 6.1: Distinct vehicles in the heterogeneous transportation system.

0 < ¢ < 1 is the small vehicles fraction while 1 — ¢ denotes the larger vehicles fraction.
Here, the optimal velocity function (V' (p;4+1(¢))) is dependent on the total density at site
-7+ 1 at time t.

In developing countries, the majority of roads are one-lane, on which varieties of vehicles
with different speeds and sizes can be seen. In such a heterogeneous traffic environment
(Figure 6.1), the mixture of distinct vehicles impacts the traffic flow stability due to their
different characteristics. When there is sufficient lateral space available ahead, small vehi-
cles with high sensitivity adjust their speed to utilize this space by reacting immediately as
compared to large vehicles with low sensitivity. Therefore, vehicles do not adhere to lane
discipline in the above phenomenon and frequently depart from their centerline locations,
as illustrated in Figure 6.1(b). The inclusion of various types of vehicles and their vast
range of physical and dynamic features adds to the complexity. Moreover, for homogeneous
traffic, the number of vehicles occupying a unit length of the road is referred to as traffic
density. It is commonly calculated in terms of vehicles per lane per km of road length,
ignoring the vehicle size and speed, and is, therefore, better suited to lane-disciplined ho-
mogenous traffic. But according to the actual traffic environment, we can’t neglect the
distinct features of different vehicles. So, it becomes necessary to incorporate vehicles area
to study the realistic features of heterogeneous traffic, which are explained in the following

part.

6.1.2 Area Occupancy (AO)

In order to account for the heterogeneity of traffic, dimensionless variable occupancy is

used for a new measure of concentration [174]. When dealing with traffic that includes

90



a variety of vehicle kinds, such as motorized two-wheelers, motorized three-wheelers, and
non-motorized vehicles, it’s critical to include the vehicle’s area to depict realistic traffic
dynamics. In these traffic conditions, two or three different sizes of vehicles can travel side
by side on a single lane. Moreover, occupancy is directly quantified by the percentage of
time that the detection zone on the road is covered by all vehicles. Therefore, the length
of the detection zone affects the occupancy detected by detectors. Thus, depending on the
size and type of detectors, the recorded occupancy may change even with identical traffic
for the same spot. As a result, the section length must be considered while measuring. In
addition, occupancy fails to accurately portray heterogeneous traffic when different sizes
of vehicles are available on the road in non-lane discipline situations because it accounts
only for length, whereas the optimization of traffic is also affected by width. Therefore, to
account, for non-lane discipline, the whole width of the road segment must be considered.
Hence, a widely used measure [71] for the concentration of heterogeneous traffic without

lane discipline is:

Area Occupancy(AO) = % (6.5)

Here, i is the vehicle number, t; is for the time during the segment of road is occupied by
the i'" vehicle; A, is for the area occupied by the i** vehicle of the road space during time
t;; Ais for the total area of road segment under consideration; 7" is for the total observation
time period. When the observation time is short for all the vehicles, i.e., t; = T, then Eq.
(6.5) becomes as [73]

2 Ai
AQ = == (6.6)

The aim of this article is to introduce the effects of area occupancy in the lattice hydrody-
namic model. Therefore, for heterogeneous traffic, assume [ = 1, 2, 3,...,m is the vehicle
type on the road, where m is the total number of distinct kinds of vehicles. A; denotes the
area occupied by the vehicle of I type; A = L x W where, L and W be the length and
width of the road segment under consideration, respectively; p;(t) is total density on site
-j at time t. Then Eq. (6.6) changes to

>y GA
A0 = T (6.7)
where ¢; represents the fraction of I type of vehicle. Here j = 1,2,..., N denotes the

lattice site.
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6.2 Lattice Hydrodynamic Area Occupancy (LHAO)
Model

In this section, we propose a new LHAO model incorporating the idea of area occupancy
for heterogeneous disorder unidirectional traffic in a one-lane system without on and off-
ramps. The concept of area occupancy doesn’t influence the conservation of law (continuity
equation), while the evolution equation is improved by considering the effect of different
sensitivities, speeds, and area occupancy for the distinct types of vehicles. Therefore, in

this case, the continuity equations for each type of vehicle are given as follows

3\

I
o o o

Y

9ep1,j(t) + po(prj(t)vr;(t) — prj-1(t)vrj-1(t))
Dip2,j(t) + po(pa,j(t)va;(t) — paj—1(t)va-1(t))
Dips,j(t) + po(psj(t)vs;(t) — paj-1(t)vs;-1(t)) =

Y

, (6.8)

D1Pm.j(t) + Po(Pm,j () Vm i (1) — pmj—1(#)Vm-1(t)) = 0.

Ve

Here, p; j(t) and v ;(t), respectively, are the density and velocity of vehicle type [ on site
-7 at time ¢t. Furthermore, it’s worth noting that all types of vehicles will interact with one
another, and their presence will have an impact on each other. So, this has been integrated
through the optimal velocity function in the evolution equation. The evolution equations
corresponding to each type of vehicle with consideration of area occupancy explaining

traffic heterogeneity are given below

Or(pr(H)vr5(1)) = ar[erpoVi (X012 St pia (1) — prg(B)on i (1)),
Or(p2(t)v2;(t)) = az[capoVa( Y1) Gt pia(t)) — pa(t)va,;(1)],
8t(p3,j (t)U:s,j (t)) =as [C3POV3( Zﬁl CZWAleH(t)) - pS,j<t)US,j (t)], (6-9)

(P (805 (1) = i [enpoVin (321 470541 (1) = Pung (Vg (B)],

where, ¢, is the fraction of " type of vehicle with >." ¢ = 1. The sensitivity of ['"
type of vehicle is defined by a; and inversely proportional to delay time as a; = ‘r% Here,
pi+1(t) = p1j41(t) + p2jr1(t) +- - -+ pm,j+1(t) is the total density at time ¢ on site -j+1. In
the system of Egs. (6.9), the optimal velocity function depends on the total density with
area occupancy of all types of vehicles. Clearly, the small vehicles occupy an area lesser
than the larger vehicles. When vehicles of a small type are high in mixed traffic, the optimal
flow is higher because the area occupancy is high in this case. Moreover, combining each

equation in the system of Eqgs. (6.8) and (6.9) by one-to-one correspondence, we obtain
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the density evolution equations for each type of vehicle as

pri(t+27m) — pri(t+ 1) +anpd( Vi( 0, ClVf/"PgH(t)) -Vi(2XL, C{f;ll) (t)) =0,
paj(t +272) = pa(t +72) + comapd (Vo ( 2oy Gt piaa(8)) — Va (D21 Stps(t)) ) =0,
ps.j(t+273) — psi(t +75) + es7spd (Va( 2oy Gtpia(t) — V(Do %2tpi(1) ) =0,

=

Pmj(t+ 27) = P j(t + Ton) + CnTimp (Vm( >y cg/h pin(t) = Vi (222 cﬁ;‘l p;i(t ))) = 0.
(6.10)

In the above model equations, the properties of distinct types of vehicles are described
through the different equations, whereas the purpose of mixed traffic is to depict traffic
from a global perspective instead of focusing on individual vehicle characteristics. For
simplicity, we assume 7; = k;7; with k; < 1 and k; < k;;1 as time delay corresponding to
the small vehicles is less than that of the larger vehicles; 7 (= 1/a) is reaction time of mixed
traffic. In addition, we adopt the modified version of the optimal velocity function [107]

to incorporate the effect of AO, which is defined as

Vl(i CIWAlpj(t)) :Ul’% [tanh<% - M - i) + tanh(iﬂ

_ p(] pc pc
Vi, maz & cl‘Al
=—3 f(Bip;(t)), where B; = W (6.11)

=1

where V4, represents the maximum free-flow speed of the corresponding vehicle, i.e.,

the speed limit of [*"

vehicle. Fig. 6.2 displays the optimal velocity curves versus density
corresponding to two types of vehicles: small (¢; = ¢) and large (c; = 1 —¢). It can
be seen that both types of vehicles have an impact on one another. When small vehicles
increase, the optimal velocity also increases as the fraction of larger vehicles continuously
decreases, as shown in Fig. 6.2(a). In that case, small vehicles have the capability to
move from one place to another by using the available lateral gap. When the proportion
of small vehicles grows at a low level, the gap between the optimal velocity curve is less
because larger vehicles are available more than small vehicles, which influences the traffic
flow. In addition, when the proportion of small vehicles increases at a high level, the
differences between optimal velocity curves become more, signifying an impact on the
traffic flow. In contrast, from Fig. 6.2(b), it is clear that when the fraction of the larger
vehicles increases, the optimal velocity decreases, and hence larger vehicles dominate the

other ones. Moreover, due to their large size, they do not utilize the lateral space available

ahead of them and do not move freely, resulting in a speed reduction. It can also be seen
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Figure 6.2: Variation of the optimal velocity versus density with py = p. = 0.2 for different
values of fraction parameter corresponding to small (¢;) and large vehicles (c2), where A; =
1.08, Ay = 7.14,v1 saz = 1.0,v2 mae = 2.0,W = 3.75. The optimal velocity curves at intervals of
0.1 for: (a) increasing ¢; from ¢; = 0.1 to ¢; = 1.0 and (b) increasing ¢y from co = 0.1 to ¢ = 1.0.

that when large vehicles increase at a low level, the difference between optimal velocity
curves is more, which means smaller vehicles aid in smoothing traffic flow by utilizing
lateral space at that time. For a high proportion of larger vehicles, the optimal velocity
declines. Overall, Fig. 6.2 shows that small vehicles have a positive impact while large

vehicles have a negative impact on the optimal velocity.

By combining density equations with each other in the system of Egs. (6.10) by using Eq.
(6.11), we get

[p1(E+27) 4+ 27(k1 — 1)) + pa(E + 27) + 27(ka — 1)) + -+ + ppj (¢ +27) + 27 (K, — 1))]
= lpri((t+7) +7(k1 = 1)) + p2((E +7) + 7(k2 = 1)) + -+ + pj((E + 7) + 7(kn — 1))]

C1T1V1,max CoToV2 max CnTmUm,max
pp| Gy SR Ly STt [ F(Bp, (1) — f(Bips(1)] = 0.

(6.12)

As the values of k; increase, the delay time increases, indicating that the vehicles become
less responsive. Thus, by using Taylor series expansion for expression involving k; and
after neglecting the terms of the higher-ordered derivatives, the density evolution equation

for m types of vehicles in mixed traffic is given in a simplified form as
kiU mas
pilt+27) = py(t +7) + 705 Y =S [ (Bupya (1) = F(Bups (D)) = 0. (6.13)
1=1
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Table 6.1: Special cases related to new LHAO model

Sr. no. Cases Explanation Stability condition
1. m =2 two types of vehicles
B =1 without area occupancy a > —3le1kr + cak2]p2 £ (po);
Vlmaz = 2 VI with same maximum speed A =0 [132]

cp=c& co=1—cwith k; =1/¢q; heterogeneous traffic

2. m=1 one type of vehicles
B =1 without area occupancy a>—3p¢f (po) [83]
V.maz = 2 V1 with same maximum speed
cp=1withk; =1 homogeneous traffic

6.3 Linear Stability Analysis (Effect of small ampli-

tude deviation)

In this section, a linear stability analysis is performed to investigate the impact of area
occupancy on the jamming transition of mixed traffic flow. It is a useful technique for
determining how a system reacts to small perturbations. Initially, the traffic is considered
to move with a constant density pg and optimal velocity V' (py). Hence, the uniform steady-

state solution for Eq. (6.13) is given as

pi(t) = po, v;(t) =V(po). (6.14)

Let y;(t) be a small perturbation and is introduced to the uniform density on site -j at
time ¢, which leads to p;(t) = po + y;(t). Inserting this perturbed density term into Eq.

(6.13) and linearizing it, we get the following equation

yi(t+27) — y;(t +7) + BICimpo*lyja (t) — y; ()] (Bipo) = 0, (6.15)

where, C; = >, Clk”’% By applying Taylor expansion to Eq. (6.15) and putting the
deviation as y;(t) = exp (tkj + wt) in the Eq. (6.15), we get

e*T — T + BiICirpo?[e™* — 1] (Bipo) = 0. (6.16)

Inserting w = wy (1k) + wo(ik)?..... into Eq. (6.16), the first and second order terms of the

coefficients (ik) and (ik)? are formulated as

w1 = —BiCipo” f'(Bipo). (6.17)
3 B,C,
Wy = —§Tw12 — l2 lp02f’(Blp0). (6.18)
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Table 6.2: List of parameters

Sr. no. Parameters Representations MTW (¢;) Car (o)

1. A area occupied [72] 1.08 7.14
2. Ul max free flow speed 1.0 2.0
3. ki reaction coefficient 0.7 0.8

If the inequality wy < 0, the uniform steady state flow becomes unstable for long wavelength
waves; on the other side, it becomes stable if wy > 0. Moreover, at ws = 0, the neutral
stability condition is achieved for the steady state of heterogeneous traffic flow, which is
as

oo ! . (6.19)
a 3BiCip5.f"(Bipo)

The stability condition for the heterogeneous traffic flow is given as

a > —3B,Cipsf'(Bipo). (6.20)

The proposed LHAO model is general; therefore, the special cases are discussed in Table
6.1 related to existing lattice models. In addition, the values of parameters are given in

Table 6.2, which are used through results.

6.4 Nonlinear Stability Analysis (Effect of long-wavelength

deviation)

Long-wavelength modes in heterogeneous traffic low on coarse-grained scales are used
to explore the evolution features of traffic congestion at the critical point. Moreover,
to construct the mKdV equation, the reduction perturbation method is used. The slow
variables X for space and T for time are considered with a small positive scaling parameter

€(0 < e < 1), and the assumption about density is also given as below:
X=e(j+pt), T=6 pit)=p.+eS(X,T); (6.21)

p is an unknown parameter that needs to be found.

When Eq. (6.21) is substituted into Eq. (6.13), and then Eq. (6.13) is expanded using

Taylor series expansion to the fifth order of €, the result is

€2h18Xs+63(h28§S + hgaxsz> + 64(8TS + h48§’(5’ + h58§(52 + h68X53)
+ 65(}1737“8)(5 + hg@ﬁS + hg(‘?;’(SQ + h108§(53> =0. (622)
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Figure 6.3: Phase diagrams of (a) Density (p;(t)) versus sensitivity (a) and (b) Density™
(pj(t)* = Bypj(t)) versus sensitivity (a) for different values of fraction parameter ¢ when only two
types of vehicles are considered as ¢y =cand co =1 —c.

The h; coefficients are shown in Table 6.3. By substituting p = —B;Cipo%f (p) where

pi = Bip. and T = 7.(1 + €%) into above equation, we achieve
64(8TS — 618}9’(5 + 628X53) + 65(b3a§(5’ + b48§(5 + b58§(53) =0. (623)

The values of coefficients b;, which are named as in Eq. (6.23), are displayed in Table 6.4.
T = biT "and S = Z—;S' are utilized to transform Eq. (6.23) into a conventional mKdV

1
equation, then Eq. (6.23) turns into following form

008 — %S +9xS® + bi [bgais’ LS +
1

bibs

ag(s’ﬂ —0. (6.24)
by

The kink-antikink solution of the standard mKdV equation is achieved after omitting the
term O(e) as:

So(X,T) = /fi tanh (\/g(x - ;LT)), (6.25)

where, u is the propagation velocity and can be determined by solving the condition:
(So, M[Sg]) = [ dXS,M[S;] = 0, where M[S)] = [bs0%S" + bi0% S + 820357,

Through the above modifications, the suitable choice of ¢ can be obtained as:

5babs

2boby — 30105 (6:26)

Ju

Hence, the kink-antikink solution is
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Table 6.3: Values of h; coefficients

coeflicients values coefficients values
"
2 p! B3Cl,02f
hy p+ BiCipo” f he =
3p? BCipef
ho % + 14;/); hy 3pT
3 B2Cip2f" n 5pdr3 4 BiCipof’
3 2 8 sP 24
"
73,2 BiCingf BiCiro®f
hy GP°Tt+ — hg 12
1
h BECip3f h BECipd
5 4 10 12
able 6.4: Values of b; coefficients
Table 6.4: Val fb h t
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Figure 6.4: Density profiles with a = 2.5 at time ¢ = 25000s for (a) ¢
¢ = 0.3, and (d) ¢ = 0.4, respectively.
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by €2
p; = pe + atanh (\/g(X — ublT)>, a(amplitude) = 1; M, e = (1 — 1). (6.27)
2 Te
In the density-sensitivity (p,a) phase space, the kink-antikink soliton solution (6.27) is
derived from the mKdV equation and describes the coexisting phase comprising of jammed

and freely moving phases, as defined by pj = p. + a.

In a further study, we have considered two types of vehicles (m = 2), i.e., ¢; = ¢ and
co =1 —c. In Fig. 6.3, the phase plots are drawn for different values of ¢. The solid lines
represent the neutral stability curves, and the dotted lines denote the coexisting curves
derived from linear and nonlinear stability analysis, respectively, as displayed in Fig. 6.3.
It is observed that the apex of curves decreases as the value of parameter ¢ increases,
which demonstrates that the traffic system becomes more stable as the fraction of high-
sensitivity vehicles in vehicular systems increases. This is true because, in real-world traffic
jams, smaller vehicles have higher sensitivity than larger vehicles and try to occupy the
available space using lateral gaps to avoid congestion, which helps optimize the traffic
flow, known as the area occupancy effect. In addition, the results show that the greater
proportion of small vehicles is beneficial to diminishing traffic congestion in the vehicular

system.

6.5 Numerical Simulations

To investigate the impact of area occupancy and to confirm the theoretical predictions
(linear and nonlinear stability analysis) for the proposed heterogeneous disorder traffic
flow model, numerical simulations are performed for a closed hypothetical road section.
The initial conditions are chosen as homogeneous except near the central lattice, where a

small perturbation is given as

pi(0)=p;i(1) =S po+2p; j=%¥-1 , (6.28)

|z vz

po—Ap; J=

where Ap = 0.005 is the initial disturbance; N (N = 100) represents the total number of

lattice sites; The value of sensitivity (a) is taken as 2.5 for numerical simulations.

Here, we have considered two types of vehicles with different area occupancy, where ¢; = ¢
and co = 1 — ¢ represent the small and large types of vehicles, respectively. Therefore,

in the numerical simulations, the effect of the fraction parameter (c¢) for heterogeneity is
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analyzed by taking distinct initial densities. The results are shown after a sufficiently long
time, i.e., t = 25000s.

Fig. 6.4(a)-(d) exhibits the density profiles corresponding to different values of ¢ at fixed
time ¢ = 25000s. As shown in Fig. 6.4, the scenario for py = 0.1 falls inside the stability
region’s domain (Region 1), and so no traffic congestion occurs in this case. However, with
an increase in the value of pg, i.e., po = 0.2, the transition from Region 1 to Region 2
occurs. Further, for py = 0.3, traffic situations are in the stable region’s domain (Region
3), and traffic jams don’t occur. Moreover, when a > a., the stability condition is satisfied,
which we can see from our results at the value of pg = 0.1 and py = 0.3. As illustrated
in Fig. 6.4(a)-(c), when a < a. at py = 0.2, the density curves arise in the form of kink—
antikink soliton waves. However, as the value of ¢ increases, the fluctuating amplitude of
the kink-antikink waves substantially minimizes. When ¢ = 0.4 at pg = 0.2, the stability
criterion is fulfilled (Eq. 6.20), and the fluctuations of the density wave approaches zero, as
shown in Fig. 6.4(d), where the initial disturbance dissipates. As a result, it is concluded
that an increase in the small types of vehicles improves traffic flow stability, reduces traffic

jams, and optimizes traffic flow.

Further, the effect of area occupancy by different types of vehicles is shown in Fig. 6.5. The
plots show the profiles of instant current (.J;(¢)) versus density (p;(t)*) by taking different
values of ¢ at time t = 25000s. In Fig. 6.5, the solid curve signifies the heterogeneous
optimal traffic flow, which shows the relation between optimal flow and density. The red
points are achieved from the simulation results. For the domain of the stable region (Region
1 and 3), the simulation results are the same as the theoretical results. In contrast, a group
of dispersed points creates the limit cycle (closed-loop) that demonstrates the instability
of traffic flow (Region 2). In Fig. 6.5(a)-(c), the hysteresis loop is formed around py = 0.2
as the stability condition is not satisfied. The coexisting phase related to the dynamics
of vehicles displaying the kink antikink density wave fluctuations is represented by the
loop’s lower and above-scattered points. The greater size of the closed loop represents the
instability of traffic flow. It is noticed that the hysteresis loop starts to decline inward
with an increase in the value of ¢, eventually convergent to a single point as illustrated in
Fig. 6.5(d), indicating that the traffic flow has stabilized. This reaffirms that an increase

in small vehicles can improve traffic flow stability.

The effect of heterogeneous traffic with area occupancy on the fundamental diagram is
explored. Fig. 6.6 exhibits average flow-density patterns over a suitably long duration of
time, i.e., t = 20,000 — 25,000s. The solid blue lines portray theoretical findings, and the
red dots reflect simulation results. As we can see from Fig. 6.6 that the results achieved

analytically and numerically are well-matched to each other in Regions 1 and 3 (a > a,).
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However, there are some variations between the results in Regions 2 for different values
of c¢. The deviation signifies the traffic jam. It is found from Figure 6.6(a)-(c) that the
variation occurs cause of kink-antikink density waves are generated in Fig. 6.4 as the
stability condition is not satisfied (a < a.). It’s worth noting that when the value of ¢ is
increased, the variation from the theoretical curve diminishes and evolves into the uniform
traffic flow, as displayed by Fig. 6.6(d).

In a disordered heterogeneous traffic environment, small vehicles can utilize the lateral
gaps between the vehicles leading to a higher traffic flow rate [175]. As a result, it is found
that the area occupancy effect plays a significant role in the non-lane-based heterogeneous
traffic system. It is concluded that high numbers of small vehicles aid in optimizing the
traffic flow.

6.6 Conclusion

In an actual traffic environment, vehicles with different characteristics can be seen on road-
ways. Due to heterogeneity behavior, vehicles do not adhere to lane discipline, resulting in
a disordered traffic system. Besides previous studies, we concentrate on the area occupied
by several types of vehicles in heterogeneous traffic. Therefore, the main aim of this chap-
ter is to develop a lattice-based traffic model for a disordered heterogeneous traffic system

prevalent in developing countries like India.

6.6.1 Research outcomes

The mixed traffic behavior is analyzed by taking different vehicles’ fractions, sizes, and
speeds. Moreover, stability analysis in terms of linear and nonlinear analysis and nu-
merical simulations using finite difference schemes have been performed to illustrate the
numerous interactions between various types of vehicles on traffic dynamics. In the traffic
environment, the existence of one type of vehicle impacts the other vehicles’ performance
because of differences between their characteristics, including speed, fraction, and size

as
e cach type of vehicle has a different optimal speed on the road
e an increase in the number of one kind of vehicle affects the traffic efficiency
e diverse vehicles utilize the lateral space according to their size.

Vehicles react according to ahead traffic conditions. When lateral space is available ahead,

small vehicles adjust their speed and position to utilize this space by immediately reacting
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compared to large vehicles. Moreover, as evidenced by the theoretical results, when the
proportion of small vehicles with high sensitivity grows, so does the stable region. The nu-
merical solutions occur in terms of kink-antikink density waves, and the fluctuations can be
seen when the stability condition is not satisfied. It is observed that some deviations arise
between fundamental curves and simulation results. However, when we take the higher
fraction of small vehicles, the variations completely disappear as the stability condition is
satisfied. Numerical simulations confirm the theoretical predictions. It is concluded that
small vehicles have more capability than larger vehicles to optimize the traffic low and
minimize traffic congestion. The theoretical and numerical results show that traffic flow

stability improves whenever the number of small vehicles increases.

6.6.2 Future scope

e In the transportation system, vehicles can overtake each other based on speed and
available road space. One limitation of this work is that it has only considered a
one-lane traffic system without incorporating the effect of overtaking, whereas this

factor may influence heterogeneous traffic efficiency.

e The proposed area occupancy model may be extended by considering the implications
of overtaking [101,105], multi-lane [119,121], and two-dimensional [128,129] traffic

dynamics in the future.
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Chapter 7

Summary and future scope

This last chapter aims to summarize the thesis’s key results and provide an outlook for
future research. The traffic-related problems faced by road users, such as environmental
issues and traffic jams, can be handled by implementing Intelligent Transportation Systems
(ITSs). The present thesis’s context is the modification, improvement, and evaluation of
LH model, including the actual phenomena that exist in transportation with homogeneous

and heterogeneous characteristics of vehicles.

7.1 Summary

The primary objective of mathematical traffic modelers is to represent aspects seen on
roadways using a combination of analytic approaches and cutting-edge simulation. To
understand the traffic flow phenomenon, traffic models are used, which have mainly cate-
gorized as microscopic and macroscopic approaches. Another class of models (the combi-
nation of microscopic and macroscopic models) known as the lattice hydrodynamic (LH)
model has become famous for its simplicity and computational efficiency. The most signif-
icant contribution of the LH model is that the formation of traffic congestion can be shown
in density waves. Moreover, the LH model is theoretically investigated via nonlinear and
linear stability analysis. Additionally, the reduction perturbation technique is employed to
obtain the kink-antikink density solution to the mKdV equation to reflect the congestion
around the critical point. Furthermore, the presented work is motivated by the benefits
of lattice hydrodynamic traffic flow models in representing and evaluating traffic features

more realistically.

In the sequences of thesis contribution, in Chapter 1, an introduction to traffic flow theory
is given. Various modeling techniques representing important characteristics of traffic flow
are briefly detailed. The advantages and limitations of existing traffic models are pre-
sented. Afterward, the lattice model came into existence by incorporating the advantages
of microscopic and macroscopic models and which is discussed. Additionally, the lattice
model is able to comprehensively analyze the micro details of traffic through global vari-

ables, overcoming the limitations of existing models. Further, extensions over the lattice
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model are also discussed by considering actual traffic phenomena.

In vehicular networks, I'TS significantly impacts traffic dynamics. It provides prior infor-
mation about downstream situations of traffic, which helps in the optimization of traffic
flow and suppressing congestion. It was found that the predictive effect needs to be in-
corporated into the lattice hydrodynamic model. Hence, Chapters 2, 3, and 4 deal with
checking the impact of the predictive effect on traffic dynamics by considering different
road networks. In Chapter 2, the influence of predictive effect with passing is examined.
Through theoretical analysis, it is found that the traffic flow stability is increased whenever
more information about traffic conditions has received (an increment in the value of the
predictive effect’s coefficient). The results show that the connection between passing and
predictive effect proves beneficial to suppress congestion. The different phase transitions
occur in the case of the small and high values of the passing coefficient. Moreover, the
influence of the predictive effect has proven positive for any value of the passing coeffi-
cient. Numerical simulations are conducted to check the reliability of theoretical findings

and found consistent with theoretical ones.

In Chapter 3, the lane-changing behavior in a vehicular two-lane network is considered
for investigating the influence of predictive effect with OCDE. Lane change happens when
the upstream density on the first lane is lesser than the downstream density on another.
Further, the phase diagrams are obtained through stability analysis (linear and nonlinear
analysis) to show the importance of predictive effect on vehicular dynamics in both cases:
with lane-changing and without lane-changing. It is observed from the results that the
information about downstream traffic conditions plays an important role in stabilizing the
traffic flow on two-lane highway with the consideration of OCDE when lane changing is
permitted. Simulations are done, and the obtained results are compared with the analytical

results and found consistent.

One-lane or multi-lane roads may be linked with other roads by the nodes (junctions).
According to the situation, drivers can change their driving behavior while using their
skills in advance with the help of prior information. Drivers can alter the route based
on their destination at the junction. Therefore, Chapter 4 is devoted to analyzing the
impact of prior information on a two-dimensional (2D) traffic system with the junction
using a lattice approach. It is assumed that after crossing the junction point, some traffic
from upstream may either go straight or turn left. Through the stability analysis, the
traffic behavior is investigated with and without using a control signal. The results show
that when drivers receive prior information about downstream traffic conditions, the traffic
flow stability is increased in all directions. To test the reliability of theoretical findings,

numerical simulations are carried out. It is concluded that prior knowledge is proven to
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be helpful for two-dimensional traffic systems with junction roads.

Uncertain factors in the transportation system may have an impact on traffic low. Many
drivers attempt to adapt their speed to the smooth-steady depending on previous travel
experience or historical information. Therefore, Chapter 5 demonstrates the effect of un-
certainty about historical density information in the lattice model. The new lattice model
is analyzed by stability analysis. It has been found that when uncertain factors happen
while collecting and receiving traffic information, then traffic flow evolves into an unstable
scenario. Further, numerical simulations of the new model have been performed to examine
the effect of uncertain factors and validate the theoretical findings. Results show that the
traffic flow stability is significantly influenced by uncertain historical density information,

which impacts traffic behavior negatively.

All the proposed models in previous Chapters describe the homogeneous traffic phenomena,
whereas heterogeneity between vehicles also exists. Chapter 6 reflects the heterogeneous
traffic behavior, i.e., a lattice-based area occupancy model is developed for disordered
heterogeneous traffic. Two types of vehicles (small and large) have been considered in
investigating the impact of heterogeneity among vehicles by taking their different charac-
teristics, such as velocity, occupied area, and sensitivity. Larger vehicles are assumed to
have more reaction time than small vehicles. Small vehicles alter their speed and position
to use the available lateral space ahead by reacting immediately because of high sensitivity
compared to large vehicles. Moreover, the results have been displayed by theoretically
taking different proportions of vehicles. The results depict that the traffic flow stability
increases when a proportion of high-sensitivity (small) vehicles grows. Additionally, to
justify the theoretical findings, numerical simulations are performed. It is found that small

vehicles having less size and high sensitivity help enhance traffic stability.

The proposed lattice hydrodynamic models with different aspects have been theoretically
and numerically analyzed under hypothetical test scenarios in this thesis. Moreover, the
special cases related to the new proposed LH model are discussed that may recover the
existing models in the literature. Furthermore, the outcomes from the proposed models
are compared to existing ones. The models provided in this thesis have been proven to be
an improvement over previous research. We anticipate that our work will contribute to a

better understanding of traffic low dynamics.

7.2 Future scope

Possible future research directions are suggested on the basis of the proposed models in
this thesis;
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In a traffic environment, two types of tollgates exist: manual and electronic. In
comparison to manual tollgates, electronic tollgates are quite important. As a result,

the lattice model may be used to evaluate the influences of both kinds.

The predictive effect on a vehicular network is examined by considering limited road
types (Chapter 2. 3 and 4). However, multi-lane, curved, and higher dimensional
roads are also available in traffic phenomena. Therefore, the presented models can

be further extended for mentioned types of roads.

The influence of key aspects of traffic dynamics, such as fuel and energy usage, etc.,
might be examined by utilizing the proposed homogeneous and heterogeneous traffic

lattice models.

Sometimes, the roads are partially blocked due to construction or another reason
which leads to diverted traffic resulting in impacts on the traffic flow. Therefore,
numerous road features, including blockages and bottlenecks, need to investigate.
Additionally, the proposed work may be expanded to include lane merging and di-

verging in a multi-lane traffic network.

The heterogeneity between vehicles has been studied (Chapter 6), whereas different
characteristics of drivers (experienced/inexperienced, timid/aggressive, etc.) also ex-
ist, which play a significant role in the traffic stream. Further, new LH models can be
analyzed for heterogeneity of drivers, heterogeneous lane changing and heterogeneous

passing rates, etc.

Due to the rapidly growing autonomous vehicle sector, the traffic system may soon
become a mixture of the manual (human driving) and autonomous (self-driving)
vehicles. Accident rates that could occur as a result of driver distraction decrease
with the help of autonomous vehicles. Hence, the lattice model may be qualitatively

improved by incorporating the notion of self-driving vehicles.

Finally, experimental investigation can be conducted to verify existing models’ re-

sults.
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