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ABSTRACT

The numerical methods are very useful in estimating the approximate solutions of differential equa-
tion’s problems. Among such methods three methods namely Euler’s method, Modified Euler’s
method and Runge-Kutta method are studied and are applied to the real life problems to have

approximated solutions.

Chapter-wise account of this thesis is as follows :

Chapter 1 is preliminary in nature. This consists of the basic terminology regarding differential
equations and it’s system along with real life examples. Secondly it deals with the origin and ap-

plications of differential equations.

Chapter 2 deals with the study of numerical methods and their implementation in the problems of
differential equations and system of differential equations. It consists of illustration of numerical

methods along with examples.

Chapter 3 consists of real life problems where differential equations play an important role and for
those problems the numerical methods studied in chapter 2 are applied. Two problems naming
Pricing policy of goods and Rossler system which involves higher order differential equation
and system of differential equations respectively are taken. Numerical methods are applied to have

approximate solutions. It also consists of matlab implementation for these problems.
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Chapter 1

INTRODUCTION

1.1 INTRODUCTION

Numerical analysis is the branch of mathematics and computer science which deals with the cre-
ation, analyzation and implementation of algorithms for solving the problems numerically of con-
tinuous mathematics. Such problems emerges generally from real-world applications and involve
the variables which vary continuously.

Numerical methods are chosen to approximate solutions of when exact solutions are difficult or
can not be evaluated using algebraic methods. These methods carries successive approximations
converging to exact solution of an equation or of system. Aim of this paper is to examine several
numerical methods which are can be put forward to solve the system of differential equations.
Differential equations have it’s role in every field but all differential equations are not solvable so
numerical methods are helpful in finding some approximations to it’s solutions.

Higher ordered differential equations are convertible to the system of first order equations using
several transformations and solving that system is equivalent of solving that higher order equa-
tion. Three methods namely Euler’s method, Euler’s mid-point method and Runge-Kutta
method (second order and fourth order) are studied and used to solve such system of equations.
Real life examples are taken where differential equations are involved and are converted into sys-
tem of differential equations and their approximate solutions are evaluated. The concept of system
of differential equations and these numerical methods can be viewed in the real life problem of
predator-prey model and Van der Pol oscillator which are then solved numerically. Two problems
are taken one from economics field naming Pricing policy for production of goods in which
second order differential equation is involved which is further converted into the system of two first-
order differential equations and is solved numerically and the results are compared with analytic
solution. Second one is the Rossler system which is three dimensional autonomous system which
is of form Lorenz equations. It is taken from fluid dynamics. Numerical study is applied on this

system to know the behavior of the system.
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1.2 ORIGIN AND APPLICATION OF DIFFERENTIAL EQUA-
TIONS

It is interesting to know Where and How such equations actually originated. Differential equations
happen to take place in connection with various problems that are encountered in the several

branches of science and engineering like:

e The problem dealing with the motion of rockets, projectiles, satellites or planets.

dt_$7
a Y

Where v represents the velocity.

e The problem dealing with determination of charge or current in an electric circuit.

aQ _ v Q

dt R RC’
Where @ is charge, V is potential difference, C is capacitance and R is resistance.
e The problem involving heat conduction in a rod or in a slab uses these equations.

q@ 0T

AT =—.
“ + pc, Ot

Where T' is temperature, ¢ is heat energy, p is mass density, ¢, is specific heat.

e The problem of determining wire’s vibrations or an oscillatory motion.

_dZ:L‘_ 9
a—@——wx.

Where zx is displacement, a is acceleration and w is constant.
e The study of decomposition rate of radioactive substances or growth rate of a population.

dP P
= = kP(1- ).
dt (=77

Where P is population, ¢ is time, k, M are constants.

e The study involving reactions of various chemicals.

d[A]

— o = —k[AP%.

Where A is chemical and k is constant.
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Differential equations follows from the mathematical formulation of such problems. In the situations
under careful inspection in each of above cases the objects involved follows various scientific laws.
These laws consists of some rates of change of one or more quantity with respect to another
quantity which are represented mathematically as derivatives. In mathematical formulation, these
rates of change are referred as derivatives and the scientific laws behaves as mathematical equations

involving derivatives i.e. Differential equations.

1.3 PRELIMINARIES

1.3.1 Differential equation

An equation having derivatives of one or more dependent variables with respect to one or more

independent variables is known as differential equation. For instance:

2 2
&z (dZ> _ o

dz? dx
d>x d%x .
ﬁ =+ 5@ + 3$ = sint.

1.3.2 Order of differential equation

The highest ordered derivative present in a differential equation is called as order of differential

d*y dy\?

equation. For example

is of second order as highest derivative involved is second derivative.

1.3.3 Basic existence and uniqueness theorem

Considering the differential equation
dz

dzx

where f is a continuous function of x and z in some domain D of xz plane and the partial derivative

of

—= is also a continuous function of x and z in D and (zg,9) be a point in D then there exist a

= f(x,z),

z
unique solution ¢ of the differential equation defined in some interval |z — xo| < h, where h is

sufficiently small, satisfying the condition ¢(xg) = zo.
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1.3.4 System of differential equations

The differential equation’s group or set forms a system of differential equation.
For example : System of two first-order differential equations represented in two unknown functions

x and y is of form:

1 (t)% + @(t)% +es(t)r+cau(t)y = Fi(t),
d1(t)cc% + dz(t)% byt +da(tly = Fo(t).

A system of N first-order differential equations in N unknowns along with respective initial condi-
tions in vector form is given as
z = f(t,z), z(a)= 2o,

where z = 2z(t) = (21(t), 22(t), ..., 25(t)) is a vector of N unknown scaler functions,
f(t, z) : RN*1 — R is a vector function of the N + 1 variables t and z = (21, 29, ..., 2n) i.e.

f(t’ Z) = (fl(ta z)7f2(tvz)v "'va(ta Z))

. . . e . !
While zy = (21,0, 22,0, ---, 2N,0) » IS & vector in RN of initial values. The notation z denotes the vector

of the components of z with respect to ¢

1.3.5 Solution of differential equation

By the term solution of the differential equation, it means a vector-valued function z(t) defined
and continuously differentiable in an interval a < t < b, also satisfying the differential equation in

its interval of definition.

1.3.6 Numerical method

A numerical method is a mathematical tool designed to solve numerical problems. The use of a
numerical method with an appropriate convergence check in a programming language is called a

numerical algorithm.
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1.3.7 Convergence of numerical method

We say that a sequence converges if it has a limit.

Let p, be a sequence that converges to p, where p, # p. If constants A, o > 0 exist such that

i | Prt =Pl

n— 0o |pn—p‘0‘

Then it is said that p, converges to p of order @ with a constant .
A numerical method for solving 2" = f(t, z) with z(0) = zy where 0 < t < T, is said to be convergent
if

max | zg+1 — 2k |— 0

as At — 0.

1.4 HIGHER ORDER DIFFERENTIAL EQUATIONS

Many practical real-life problems give rise to the systems of differential equations and sometimes

higher order equations are involved in such problems.

1.4.1 System of first order equations
It is evident that the higher order differential equations can be reduced to system of first order

equations as well. To illustrate this we take a second order equation :

7’

2 =12 +sin(z + 22),

given z(0) = 1, 2 (0) = 0.
Substituting the new function zo = 2. Observe that ZIQ — 2". Therefore the above differential

equation is now re-written as
zp =12 +sin(z + 2), 2(0) =1,z = 0.
On renaming z as z; = z , it is seen that the main equation is now rewritten as the system

2 = 2, 21(0)=1,

!/

2y = t*+sin(z +22), 22=0.

In other words,the differential equation of second order is convertible to the system of two first

order equations.
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In general a gth order equation can be converted to the system of ¢ first order equations.

Taking gth order differential equation
PACI g(t,z,z,,z”, ...,z(q_l)),
with initial conditions

z(a) =co, z (a) =c1, ..., 277%0) = cqun, 2771(0) = cq_1.

Which is equivalent to the system of 21, 29, ..., 24.

2/1 = 2z, z(a)=co,
I
zy = z3, 2(a)=c,
’
Rg—1 = Rg zqfl(a) = Cp-2,
!
Zq = g(t, Z1y Ry eeey Zq—l)a zq(a) = Cg-1-

Where z(t) the component solution of system agrees with solution z(¢) of differential equation.

1.4.2 System of higher order equations

A set of various differential equations of higher order form a higher ordered equation’s system. As
each higher order differential equation is written as system of first order equations, in that very
way a system of differential equations can always be converted to a system of first order equations.

Considering the system of differential equations given as

ro= t+7r +s, r(0)=1, r(0) =2,

s" = s 41 s(0)=-1, §0)=1, s (0)=2.

’

. . / "
We introduce new functions 71 =r, 1o =r, s1 =35, sSo=s and s3 =s . Then above system

can be written as

ry = re, 711(0)=1,

7”/2 = t+r2+s2, 12(0)=2,
sll = s9, 1(0)=-1,

3/2 = s3, $2(0)=1,

sg = resz+ry, s3(0)=2.
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This illustrates the conversion of a higher order equation’s system into a system of first order

equations.

Considering the following examples of system of differential equations:

1.4.3 Predator-prey model

There is a real life application of nonlinear system of differential equations in the field of mathe-
matical biology/ ecology. In this there is a representation of relationship of predator-prey in our
ecosystem.

A system of predator-prey is a simple ecological model which contains two species : the preda-
tors(first species) who feed on the prey(second species). This model is also referred as Lotka-
Volterra model or Competition model (in which one category will depend on other category
for their living). The equations of predator-prey are the pair of non-linear first-order differential
equations depicting the biological system’s dynamics for predator and prey interacting with one
another.

The change in populations with time is given according to the pair of equations:

dr

— = Ar—B

i r— Brf,

df

= = — Drf.
7 Cf+Drf

In this
e 7 represents the number of prey (for example : rabbits).

e f represents the number of predators (for example : foxes).

dr d
pr and d—‘}; represent the rates of growth of two populations with time.

e { represent the time.

A, B,C, D represents the positive real parameters which describes the interaction between
two species:

A - Growth rate of prey.

B - Searching efficiency or attack rate.

C - Predator mortality rate.

D - Growth rate of predator.

Mathematical Formulation :
We initially begin- in the absence of prey( without food resources) what will happen to the preda-

tor’s population? The number of predators is supposed to decline exponentially, given as:

a _

i —Cf.
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This equation carries the product of predator’s number(f) and the predator mortality rate (—C)
to show the rate of decline of the population of predators with respect to time (t).
Nextly in the presence of prey, this decrease is opposed by the birth-rate of predators Dr f, which
is evaluated by the product of predator’s number (f), the prey’s number (r) and the growth rate of
predators (D). When the number of predator and prey (f and r respectively) increases, the chances
of their encounters become more frequent. The equation representing the population dynamics of
predators is as follows:

df

Now going to the prey’s population, initially supposing in the absence of predators, the prey’s
number would increase exponentially. The following equation shows the increase rate of prey’s
population with the time where A is the rate of growth of prey’s population and r is the prey’s
number 0
pri Ar.

Further in the presence of predators, the prey’s population stops increasing exponentially. The
consumption rate (Brf) i.e. the product of attack rate (B), the number of predators (f) and the
number of prey (r), is the prey’s mortality. The equation representing the population dynamics of
prey is as follows:

ﬁ = Ar — Brf.

dt
The product Df represents the predator’s numerical response or the per capita increase as a
function of prey’s number. The whole term Drf depicts the increase in the predator population
is proportional to the product of predator and prey number. The product Bf is called predator’s
functional response or prey capture rate which is function of prey’s number. Here the term Brf
depicts that prey population declines due to predation and is proportional to the product of predator

and prey numbers. Therefore equations

dr

— = Ar—B

i r— Brf,

df

= = — Drf.
7 Cf+Drf

This forms a system describing predator and prey population’s dynamics in one another’s presence

and together these two equations forms the Lotka Volterra predator-prey model.

1.4.4 Van der Pol equation

In the branch of physics(dynamics), differential equations have it’s role in the Van der Pol oscillator
which is a non-conservative oscillator having non-linear damping. It is a model of a non-conservative
system, in which the energy is given and drawn from the system in an autonomous way, which
further yields to a periodic motion known as a limit cycle. A system producing a periodic signal

is known as relaxation oscillator. Examples of relaxation oscillations are the heart beats and the



CHAPTER 1. INTRODUCTION 14

squeaking of fingernails on a blackboard. One of the relaxation oscillator that can be built with
electronic components is the Van der Pol oscillator. It evolves in time according to the second-order
differential equation:

d?z dz

@—M(Z'Q—l)a+z:0.
It is a second order differential equation which is convertible to a system of first order equations as
follows:
Using the following substitution
dz

W=

we get,
% = u(22 - Dw - =

Therefore equivalent system of forced van der Pol equation is given by equations:

’
z = w,

!

w = p(z? - 1w -z

This is an equivalent phase plane system.

1.4.5 Newtonian equations

A mass m moving in a potential force field follows Newtonian equations which are a second order
system of form :

d’a
in which a(t) = (a(t),b(t),c(t))T is mass’ position and F(a) = F(a,b,c) is the potential function.

In components,

d’a B oF
"awr T T oa
d?b oF
Tw T T
e oF
dt? oc’

For instance a planet moving in the sun’s gravitational field follows the Newtonian system of the

gravitational potential
@ «

F(a) = — = — ,
@ =]~ Varrie
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where a depends on the mass and universal gravitational constant. Thus the motion of mass in

such gravitational force field follows the solution to the second order Newtonian system i.e.

2 3
mb2_ yp@ =20 *
dt [ al (a2 + b2 + ¢2)2

The motion of a charged particle in a Coulomb electric force field obeys the same system of ordinary
differential equations where sign of « is positive for attracting opposite charges and negative for

repelling like charges.

Converting the Newton second order equations into a first order system,

set b = &, to be the mass’ velocity vector, with components

_ da
p - dt)
_ b
q - dta
L de
dt’
So we get system of first order equations as :
da _
dt - p7
& _
dt - qa
e _
da
dp 1 0F
P —R%(a,b&),
dq 1 0F
@ = Tmon @b
d 1 0F
L

dt — mac
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NUMERICAL METHODS

2.1 NUMERICAL METHODS FOR SOLVING SYSTEM OF FIRST
ORDER EQUATIONS

Numerical methods for ordinary differential equations and it’s system are the techniques which
are employed to have numerical approximations to the solutions. Analytical solutions are the
exact solutions used to study the nature of system with varying characteristics. But there are
very few practical systems leading to analytical solutions and these are of limited use. For this
reason we carry out numerical approach to have close answer to the practical result. Numerical
methods have the capability of handling large systems of equations having different degrees of
those nonlinearities common in engineering practice. Any complicated physical geometries not
easily solvable by analytic approach are handled by these numerical methods.

Following are the numerical methods used to solve the system of first order differential equations

are discussed:

2.1.1 Euler’s method

It is one of the simplest and easiest numerical technique named after Leonhard Euler, carried out

to approximate the solution of system of first order equations.

Z = f(t,2), z(a) = 2.

Beginning with initial time ¢y we represent successive time points(or sample times) to < t; < t3 <
t3 < ..., continuing until we are at desired final time ¢,, = t*. These points should be chosen in such

a way that these are fairly closely spaced so that the step size is

h =tk —tr >0,

16
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is independent of k and is relatively small. For a uniform step size, k** time point is at ¢, = to+ kh.
Numerical algorithm will iteratively compute the approximations zx ~ z(tx) for k = 0,1,2,3, ...
The simplest approximation of z(t) is given by it’s tangent line or by Taylor polynomial of first

order. Thus, near the time point ¢

dz

7 (te) = 2(tk) + (t — ) f(tr, 2(tk))-

z(t) ~ 2(tk) + (t — tk)
In particular, the solution’s approximate value at the subsequent time point is
2(trr1) = 2(tg) + (b — tr) f (tr, 2(tr))-

This is a basis of Euler’s method.
Since zy is the value of z(t) at ongoing time point, therefore replacing z(tx) by its approximation

zx and putting value of h in preceding formula , we get
Zk+1 = Rk + hf(tk, Zk).

ALGORITHM (Euler’s method).Begin with z* = f(¢t, z) given together with the initial condition
z(a) = zp, taking solution interval [a,b], and the number of steps involved are n. If the following

algorithm is performed

set h = (b—a)/n;

t() = a;
Zk+1 — Rk + hf(tk, Zk);
tiyr = a+ (k+1)h;

for

the value z; will be an approximated value of solution z(¢j) of the differential equation.

For example consider the system with initial conditions

u = wv+cosw, u(0)=ug,
v o= 2—+w, v(0) =,
w = sint—u+v, w(0)=uw,

where u = (u, v, w),
uy = (u(]avOawO)a

and f(t,u) = (f1(t,u), f2(t,u), f3(t,u)).
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Therefore

f(ta u) = (fl(t7u7 an)7 f2(t7u7 an)7 f3(t7u7 an))

= (uv+cosw,2—t2 +w2v,sint—u+v) .
Euler’s method is applied as
Ug41 :uk—i—hf(tk,uk), k=0,1,2,....,.n— 1.

Writting three components explicitly, this becomes:

Uk+1 = Uk + hfl (tkv uk7 vk7 wk) = uk + h(“’kvk + cos wk)a
P = R hfo(ty, uF R W) = oF F (2 — 2 + (wF)RF),
whtl = WP 4 hfs(ty, u®, oF W) = wP 4 h(sint — uF + o).

For k =0,1,...n — 1, with initial values (a,u’,v°,w") given by initial condition i.e. for k = 0

wt = u®+ hfi(a,u’, 00, w’) = u® + h(u0® + cosw),
vl = WP+ hfe(a,u’, 0% w®) =00 4+ h(2 — a® + (w°)?Y),
w' = w+ hfz(a,u’, 00 w®) = 2 + h(sina — u® 4 2°).

1

For k = 1 use these values of u',v!,w' and so on for k upto n — 1.

2.1.2 Improved Euler’s method

Many problems of the Euler method requires very small step size for the producing necessary ac-
curate results, much efforts has been emphasized in creating more efficient methods.

The improved Euler method is also known as the Heun formula or Euler mid-point method.
This method gives more accurate approximation than Euler rule and gives explicit formula for

computing z,4+1. The basic idea is to correct some error of original Euler method.

One of the way of upgrading Euler’s method is hence the estimating each line segment’s slope
in better way. This is carried out via a two-step technique which targets at the estimating the
slope at the midpoint between the two solution points. In continuing from (¢, zx) to (tk+1, 2k+1)
we need to have tangent of solution curve at the midpoint t; + %

The solution is stepped forward from (tx, zx) to (¢ + h, zk+1) in two steps: Firstly solution’s ap-
proximation is computed at the midpoint ¢z + % by using Euler’s method with step length %,

h
Zrr12 = Zk+§f(tk,zk)-
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Further solution is stepped forward to tjy; via straight line from (g, z;) with slope given as
f(tk + h/27 Zk+1/2)7

Zer1 = zp +hf(te +h/2, 2510)2)-

ALGORITHM (Euler’s midpoint method). Begin with z" = f(t, z) given with the initial condition
z(a) = zp, the solution interval taken as [a,b] and the number of steps be n. Euler’s midpoint

method is given as

set h = (b—a)/n;

oy = o
Zpy12 = 2+ hf(tr, 2)/2;
Zer1 =z +hf (b 4+ h/2, 2040 2);
thky1 = a-+ (k-i- 1)h;

for

After performing these steps, the value zj is an approximated value of the solution z(tj) of the
differential equation at ¢y .

For example consider the system with initial conditions

u = ww+cosw, u(0)=1um
v o= 2—2 4w, v(0) =
w = sint—u+v, w(0)=uwo,

where u = (u,v,w),

uy = (uo, vo, wo),

and f(t7 ll) = (fl(t7 u)> f2(t7 u)a f3(t7 u)) .
Therefore

f(t,u) = (filt,u,v,w), fo(t,u,v,w), f3(t,u,v,w))

= (uv+cosw,2 —t* +w?v,sint —u+v).
Method is applied as
h
Ugt1/2 :uk+§f(tk,uk), k=0,1,2,...m — 1,

then
Ug+1 = Ug + h/f(tk + h/2, uk+1/2).
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Writting three components explicitly, this becomes:

“211/2 =+ gfl(tk,uk,vk,wk) = ub + g(ukvk + cosw”),

Uty = U gh(%uk, oF, wh) = oF + 2(2 — 12 + (wh)?0h),

w,’jﬁ/z = w4+ gf?)(tk,uk, oF wk) = wh + g(sint —uF 4 k).
Uﬁﬁ = u" +hfi(ty + h/2, Uiﬁ/g) = u" + hfi(ty + h/2,u" + g(ukvk + coswh)),
I = o Rl /2,08 ) = o Rt /2,0 (2 1 (b)),
wll:ﬁ = W+ hfs(te +h/2, Zlgii/g) = w” + hfs(ty + h/2, w" + g(sint —uF 4 0F)).

For k = 0,1,..n — 1, with the starting values (a,u’,v°,w%) given by initial condition i.e. for

k=0

ulp = uo—i—%fl(a,uo,vo,wo) :u0+g(u0v0+cosw0),

U%/Q _ vo+gf2(a,u0,v0,w0) :vo+g(2—a2+(w0)2v0),

Wy = w0+gf3(a,u0,vo,w0) =w0+g(sina—u0+v0).
ul = u0+hf1(a+h/2,ui/2) :u0+hf1(a+h/2,u0+g(uovo—l-coswo)),
vl = v0+hf2(a—|—h/2,vi/2):v0+hf2(a+h/2,v0+g(2—a2+(w0)2v0)),
wi = w0+hf3(a+h/2,w%/2) :wo—|—hf3(a+h/2,w0+g(sina—uo—i—vo)).

For k£ = 1 use these values of u%, v%, w% and so on for k upto n — 1.

2.1.3 Runge-Kutta method

These methods are generalisation of the midpoint Euler method. These were developed by the
German mathematicians C. Runge and M. W. Kutta in around 1900. Methods make use of several
calculations of f between each and every step in a different manner further yielding in great extent
to accuracy. By so far these methods are said to be most popular and powerful numerical methods
for integrating the ordinary differential equations.

Aim is to achieve higher extent of accuracy by sacrificing the Euler method’s efficiency by re-

evaluating f(t,z) at the points intermediating between (t,,z(t,)) and (tp+1, 2(tn+1)). In general



CHAPTER 2. NUMERICAL METHODS 21
R-stage Runge-Kutta family is defined as

Zp+1 = 2Zn + hf(tna Zn, h),

where
R
f(t,Z,h) = ZCTkT7
=1
ki = f(t’z),
r—1
ke = flt+hanz+h) bk,
s=1
r—1
ayr = Zbr57
s=1
r = 2,.,R

One-stage Runge-Kutta method. For R = 1.Resulting one stage Runge-Kutta method is
simply Euler’s explicit method:
Zn+l = 2Zn + hf(tna Zn)-

Two-stage Runge-Kutta method. For R = 2,
Zn1 = 2n + h(ciky + caka),
where

kl - f(tnvzn)7
ko = f(tn + ash, z, + bzlhkl).

Where c1, co, a2 and by parameters are to be determined. For by = a2, co = 1/(2a2) and ¢; =
1 —1/(2a2), the method is second-order accurate. If ag = 1 formula for Runge-Kutta method of

second order becomes:

Znt1 = zn+ h(k1 + k2)/2,
kl - f(tn, Zn)v
ke = fta+ hyzn + hky).

Fourth order Runge-Kutta method
The formula carries a weighted average of values of f(¢,z) at different points in the interval ¢,, <

t <tpy1. It is given as

(k1 4 2ko + 2ks + k4)
6 b

Zntl1 =2n + h
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where

ki = f(tns2n),

ks = fltn+h/2, 20+ hk1/2),
ks = f(tn+h/2,2, + hka/2),
ki = ftn+ hyzn + hks).

Here the sum (k1 + 2ko + 2k3 + k4)/6 is chosen to be average slope. In which k; denotes slope at
the first end of the interval, ks slope at midpoint evaluated using the Euler formula in going from
t, to t, + h/2, k3 the second approximation to slope at midpoint, and finally k4 slope at t, + h
evaluated via Euler formula and the slope k4 goes from t,, to t, + h.

ALGORITHM (Second order Runge-Kutta method). Begin with z° = f(¢, z) given along with
the initial condition z(a) = zg, solution interval as [a, b] and the number of steps be n. Runge-Kutta

of second order method is given by

set h = (b—a)/n;

to = a;

ki = [f(tn 2n);

ky = f(tn+h, 2z, + hky);
Znt1 = zn+ h(k1 + k2)/2;
thr1 = a+ (k+1)h;

k=0,1,...,n—1.

After these steps the value z is an approximated value of the solution z(t;) of the differential

equation at t.

ALGORITHM (Fourth order Runge-Kutta method). Begin with z° = f(t, z) given along with
the initial condition z(a) = zp, solution interval as [a, b] and the number of steps be n. Runge-Kutta

of fourth order method is given by

set h = (b—a)/n;
ty = a;
ko= f(tn, 2n);

ks = f(tn + h/2,2zp + hka/2);

ky = f(tn+ h, 2z, + hk3);
Znt1 = 2zn + h(k1 + 2ke + 2k3 + kq)/6;
tey1 = a+(k+1)h

(

ky = f(t +h/2 Zn+hk1/2)
(
(
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For
k=0,1,....,.n—1.

After these steps the value zj is an approximated value of solution z(tj) of the differential equation
at 1.

For example consider the system with initial conditions

u = wv+cosw, u(0)=uo,
v o= 2— 4w, v(0) =,
w = sint—u+uv, w(0)=uwp.

Where u = (u, v, w),
ug = (uo, vo,wo),

and £(t,u) = (f1(t, ), fo(t,0), f3(t, ).

Therefore

f(tv U) = (fl(tvuv’U:w)? fQ(t,U,’U,’U}), fg(t,u,v,w))

= (uv+cosw,2—t* +w’y,sint —u+v).

Second order Runge-Kutta method is applied as

Up+1 = u, + h(ky + ko)/2,

where
k1 = f(tn,Zn),
k2 = f(tn + h,Zn + hkl)
Therefore
k1 = (k‘l(U),k‘l(’U),k‘l(w)) = (fl(tv U,U,W),fg(t, uvvaw)affi(tv U,U,W))
= (uv—i—cosw,Q — ¢? —i—w%,sint—u—i—v),
kg = (kg(’u,), kg(’u), kg(w)) = f(tn + h, un, + hkl)
= f(tn + h7 u, + h(fl(t,’LL,’U,U)), fQ(tvuavvw)7 f3(tvuavvw)))'
Forn=20
ki = f(to, 110) = (UO’UQ + coswgp, 2 — a’ + w%vo, sina — ug + 1)0) ,

ky = f(t0+h,uo—|—hk1):f(a—i—h,uo+h(uovo+coswo,2—a2—|—wgvo,sina—uo+vo).
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Unp+1 = Up + h(kl (U) + kz(u))/Q,
Vnt = vn + h(k1(0) + ka(v))/2,
Wnt1 = wn + h(k1(w) + k2 (w)) /2.

For n =0 we get

ur = uo+ h(ki(uo) + k2(uo))/2,
v1 = wo+ h(ki(vo) + k2(vo))/2,
wy = wo + h(ki(wo) + k2(wo))/2,

up = up + h[(uovo + coswp) + (a + h, ug + h(ugvo + coswy))]/2,
v = wo+ h[(2—a® 4+ wiv) + (a + h,vo + h(2 — a® + wig))]/2,
wy = wo+ h[(sina — ug + vo) + (a + h, wo + h(sina — ug + vog))] /2.

u; = (u1,v1,w;) this value will be used in next iteration for finding uz and so on.

For similar problem Fourth order Runge-Kutta method is applied as:

Up+1 = u, + h(ky + 2ko + 2ks + ky) /6,

ki = f(ty,u,),

ko = f(t,+ h/2,u, + hki1/2),
ks = f(t,+h/2,u, + hky/2),
ke = f(t,+ h,u, + hk3).

Forn=20
kl = f(t07u0) = f(CL,UO,UO,’lUO)7
k2 = f(to + h/2, ug + hk1/2) = f(a + h/2, (uo, 0, Ujo) =+ hk‘l/2),
ks = f(to+ h/2,ug + hk2/2) = f(a + h/2, (ug, vo,wo) + hka/2),
ki = f(t() + h,ug + hkg) = f(a + h, (u(), V0, ’wo) + hkg).
Therefore
Unt1 = Up+ hlki(z) + 2ka(x) + 2ks(x) + ka(2)]/6,
Un1 = vn+hlki(y) + 2k2(y) + 2k3(y) + ka(y)]/6,

Wnt1 = wp+ hlk1(2) + 2ka(2) + 2k3(2) + ka(2)]/6.
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For n =0 we get

ur = uo + hlki(uo) + 2ka(uo) + 2k3(uo) + ka(uo)]/6,
v = wo+ hlki(vo) + 2k2(vo) + 2k3(vo) + ka(vo)]/6,
wy = wgo+ h[kl(wo) -+ 2k2(w0) + 2k3(wo) + k4(w0)]/6,
where
ki = (upvo + coswp,2 — a’ + w%vo, sina — ug + vp),

ko = f(a+h/2,u0+h(uovo+coswo,2—a2+wgvo,sina—uo+vo)/2),
ks = fla+h/2,u9+ h(f(a+ h/2,ug + h(ugvg + coswg, 2 — a® + wiyo, sina — ug + v9)/2))/2),
ky = fla+ h,ug+ h(f(a+ h/2,ug+ h(f(a + h/2, a9 + h(ugvg + coswp, 2 — a* + wivy, sina — ug + v9)/2))/2))).

u; = (u1,v1,w;) this value will be used in next iteration for finding uz and so on.

2.1.4 Solving Predator-prey model using numerical methods

System is given as:

ro= %:Ar—Brf,
r df__
Here
r = (rf),
T/ = f(t,?"),
o= fh,

f(t,r) = (filt,r, [), falt,r, f) = (Ar — Brf,—Cf + Drf).

The below given set of ordinary differential equations gives the dynamics of a predator-prey sys-

tem.
dr .
il Ar — Brf, r(0) =3 Rabbits (prey)
d
d;]; = Drf—Cf, f(0)=2 Foxes (predator),

where A=2, B=2, C=1, D=1.
We need the evaluation of r(0.1) and f(0.1) starting from the initial position (at ¢ = 0).
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Euler’s method is applied as
Zrs1 = 2k + h(tg, 2x), k=0,1,2,...,n— 1.

Here taking step size h = 0.1,
putting the A, B, C, D in the system we get

dr

% = 2r— 2Tf,
df

a — S

Starting with » = 3 and f = 2 and slopes evaluated at these starting points are

dr
dat 2(3) —2(3)(2) =6 — 12 = —6,
df

With A =0.1

r(0.1) = 7 =ro+hf(to,ro) = ro + h(ry)
= 3+0.1(—6) =24,
F0.0) = fi = fo+hf(to, fo) = fo + h(fo)

= 2+0.1(4) =24

After ist iteration we get r1 = (11, f1) = (2.4,2.4) = (2, 2).

Improved Euler’s method

% = Ar— Brf, r(0)= 3 Rabbits (prey),
Z—]; = Drf—-Cf, f(0)=2 Foxes (predator),

where A=2, B=2, C=1, D=1.
We have calculate 7(0.1) and f(0.1) starting from the initial position (at ¢ = 0 ). Putting A, B,C, D
in the system we get

dr

% = 27” — 2Tf,
d

T ey

dt
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Above method is applied as:

h
Terrje = it 5 f(tTh),
rer1 = T+ hf(t+h/2, 740 2),
Here h = 0.1
dr
2 - _6
dt ’
df
Yooy
dt ’
h, 0.1
T = 7"0—1—5(7"0):3—1—7(—6):2.7,
h . 0.1
fig = fo+§(fo):2+7(4):2-27

ri = 1o+ hf(0.1/2,2.7) = 3+ 0.1(—6.48) = 2.352,
fi = fot+hf(0.1/2,2.2) =2+ 0.1(3.74) = 2.374

After ist iteration we get r; = (r1, f1) = (2.352,2.374) ~ (2, 2).

Runge-Kutta method of second order

dr

— = Ar—B
o r— Brf,
df

- = Drf-—
7 rf—CFf,

inthis A=2,B=2,C=1,D = 1.

r(0) = 3 Rabbits (prey),

f(0) = 2 Foxes (predator),

27

We have evaluate 7(0.1) and f(0.1) starting from the initial position (at t = 0 ). Putting A, B,C, D

in the system we get

dr
dt
af
dt

Method is applied as:

Zn+l =
kw =
ko =

= 2r—2rf,

= rf-f.

zn + h(k1 + k2)/2,
f(tnazn)a
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Here h = 0.1

ka(r) = hf(0.1,r0+ ki1(r)) = hf(0.1,3+ (—6)) = hf(0.1,—-3) = 0.1(30) = 3,
ki(f) = y =4,
ko(f) = Rf(0.1,fo+ki(f)) = hf(0.1,2+4) = hf(0.1,6) = 0.1(—24) = —2.4,

therefore using these values we get

ri = 1o+ h(ki(r) +k2(r))/2=3+0.1(—6+3)/2 =3 — 0.15 = 2.85,
fi = fot+rhlki(f) +ka(f))/2=2+0.1(4—2.4)/2 =2+0.08 = 2.08

After ist iteration we get r1 = (r1, f1) = (2.85,2.08) =~ (3, 2).

Runge-Kutta method of fourth order

% = Ar—Brf, r(0)=3 Rabbits (prey),
% = Drf—Cf, f(0)=2 Foxes (predator),

given A=2 B=2 C=1, D=1
We need to evaluate r(0.1) and f(0.1) starting from the initial position (at ¢ = 0 ). Putting
A, B,C, D in the system we get

% = 2r—2rf,
af
% = T'f — f

Method is applied as:
(k‘l + 2ko + 2k3 + k:4)
6 b

Zn+l = 2n + h

where

ki = f(tns2n),

ks = fltn+h/2, 20+ hk1/2),

ks = f(tn+h/2, 20 + hka/2),
(tn
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Here h = 0.1
dr
-
¥ - *
ki(r) = r =—6,
ki(f) = f =4,
ka(r) = hf(0.1/2,r9+ k1(r)/2) = hf(0.1/2,3 4 (—6)/2) = 0.1f(0.1/2,0) = 0,
ka(f) = hf(0.1/2,y0 + ki1(f)/2) = hf(0.1/2,2 +4/2) = hf(0.1/2,4) = 0.1(~2) = —0.2,
ks(r) = hf(0.1/2,r0 + ka(r)/2) = hf(0.1/2,3 + 0) = hf(0.1/2,3) = 0.1(—5.4) = —0.54,
ks(f) = hf(0.1/2, fo+ka(f)/2) = hf(0.1/2,2 4 (—0.2)/2) = hf(0.1/2,1.9) = 0.1(3.8) = 0.38,
ka(r) = Rf(0.1,70 + ks(r)) = hf(0.1,3 + (—0.54)) = 0.1£(0.1,2.46) = —0.678,
ki(f) = hf(0.1, fo+ ks(f)) = hf(0.1,2 +0.38) = 0.1£(0.1,2.38) = 0.1(3.475) = 0.3475,

therefore we get

r = 19+ %(/{:1 (r) 4 2ka(r) + 2ks(r) + ka(r))
— 34 %(—6 +2(0) + 2(—0.54) + —0.678)

— 9287,
fio= Jot G O(E)+ 2Ra() + 2a() + Ral)

0.1
= 2+ F(4 +2(—0.2) +2(0.38) 4 0.3475)
= 2.078

After ist iteration we get r1 = (r1, f1) = (2.87,2.078) =~ (3, 2).

Implementation in MATLAB

Results are obtained by performing five iterations
Euler’s method

predator.m

1-|h=6.1;

2 - |iter=5;

3 - fox(1)=3; rab(1)=2; t(1)=8;

4 - a=2; b=2; c=1; d=1;

5 - for i=2:iter

6 — dfox = a*fox(i-1) - b*fox(i-1)*rab(i-1);
= drab = -c* r'ah(l 1) + d I"Eh(l 1)y *fox(i-1);

g — rab(i) = r‘ab(l 1) + h*dr‘ab

18 - £(i) = t(i-1) + h;

11

12 - |end

Output
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fox x
EE 1x5 double
1 2 3 4 5
1 3 2.4000 1.7280 1.1280 0.6914
fox rab x
B|E5 1x5 double
1 2 3 4 o
1 2 2.4000 2.7360 2.9352 29728
Modified Euler’s method
impm* = +
1 fphze.l;
2 - iter=5;
3 - fx(1)=3; rb(1)=2; t(1)=8;
4 - |a=2; b=2; c=1; d=1;
5 - for i=2:iter
6 - dfx = a*Fx(i-1) - b*Fx(i-1)*rb(i-1);
7 - drb = -c*rb(i-1) + d*rb(i-1)*fx(i-1);
8 - X(i) = fx(i-1) + (8.5%h)*dfx;
9 - ¥(i) = rb(i-1) + (@.5%h)*drb;
10 - dfx(i) = a*X(1)-b*X(i)*v(i);
1 - drb(i) = -c*Y(i) + d*v(i)*X(i);
12 - Fx(i) = Fx(i-1) + h*dfx(i);
13 - rb(i) = rb(i-1) + h*drb(i);
14 - T(i) = t(i-1) + h;
15 - |end
Output
rb fx x
| FH 1x5 double
1 2 3 4 5
1 3 2.3520 1.7294 1.2286 0.8664
rb x
EE 1x5 double
1 2 3 4 5
1 2 2.3740 2.6348 2.7567 2.7603

Second order Runge-Kutta method

m2m x| +

1 - h=8.1;

2 - iter=5;

3 - fo(1)=3; ra(l)=2; t(1)=0;
4 - a=2; b=2; c=1; d=1;

5 - for i=2:iter

13 - |end
- 1

Output

6 - dfo = a*fo(i-1) - b*fo(i-1)*ra(i-1);

7= dra = -c*ra(i-1) + d*ra(i-1)*fo(i-1);

8 - kifo(i) = h*dfo ; kira(i) = h*dra;

9 - k2fo(i) = h*(a*(fo(i-1) + kifo(i)) - b*(fo(i-1)+kifo(i)}*(ra(i-1)+kira(i)));
10 - k2ra(i) = h*(-c*(ra(i-1)+klra(i)) + d*(fo(i-1)+klfo(i))*(ra(i-1)+kira(i)));
1 - fo(i) = fo(i-1) + (kifo(i) + k2ra(i))*(1/2);

12 - ra(i) = ra(i-1) + (kira(i) + k2ra(i))*(1/2);

30
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fo x
4 1x5 double
1 2 3 4 5
1 3 2.8680 2.6279 2.2838 1.8674
| fo x| ra x
|53 1x5 double
1 2 3 4 5
1 P 2.3680 27414 3.0731 3.3338
Fourth order Runge-Kutta method
El predator.m x‘ imp.m x‘ uz.m x| rud.m x| +
1-|h=6.1;
2 - |iter=5;
- p(L)=3; r(1)=2; t(1)=0;
4 - a=2; b=2; c=1; d=1;
5 - for i=2:iter
6 — dp = a*p(i-1) - b*p{i-1)*r(i-1};
7 - dr = -c*r(i-1) + d*r(i-1)*p(i-1);
8- kip(i) = h*dp ; kir(i) = h*dr;
9 - k2p(i) = h*(a*(p(i-1) + @.5%k1p(i)) - b*(p(i-1)+8.5%kip(1))*(r(i-1)+0.5"kIr(i)));

kan(i) = h*(-c*(r(i-1)+ @.5*kir(i)) + d*(r(i-1) + e.5%k1r(i))*(p(i-1)+0.5* kip(i))};

18 -
11— kap(i) = h*(a*(p(i-1) + ©.5%k2p(i)) - b*(p(i-1)+8.5%k2p(1))*(r(i-1)+8.5%k2r(1))};
12 - k3r(i) = he(-c*(r(i-1)+ 8.5%kar(i)) + d*(r(i-1) + 8.5%k2r(i))*(p(i-1)+0.5% k2p(i)));

13- kap(1) = h*(a*(p(1-1) + k3p(1)) - b*(p(i-1)+ k3p(1))*(r(i-1)+ k3r(1)));
Kar(i) = h*(-c*(r(i-1)+ k3r(i)) + d*(r(i-1) + k3r(i))*(p(i-1)+ k3p(i)));

l

15 - (i) = p(i-1) + (kip(i) + 2%(k2p(i)+k3p(1)) + kap(1)}*(1/6);
16 - r(ily = r(i-1) + (kir{i) + 2%(k2r{i)+k3r(i)) + kdr(i))*(1/6);
17 - (i) =t(i-1) + h;
18 - |end
Output
l kip ﬂl k1ir Xl k2p Xl K2r XI k3p x| K3r xl kdp xl kdr x| p x
B 1x5 double
1 2 £ 4 5
1 3 2.3645 1.7485 1.2432 0.8717
| Kip x| Kir x| k2p x| k2r x| k3p x| k3r x| kdp x| kar x| p x| r x
(] 1x5 double
1 2 3 4 5
1 2 2.3673 2.6295 2.7601 2.7730

31
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2.1.5 Solving Van der Pol equation using numerical methods

The second order differential equation of forced Van der Pol oscillator is given as:

I
dt?

dz

a2 ) 5 = (),

given with initial conditions as z(0) = z'(0) = 1. Starting with ¢t = 0 and step size h = 0.1,

the above equation is convertible to a system of first order equations as follows:

!

z = w,
w o= p?—1w-—z
For 4 =1 system is:
7= w,
w o= (22— Dw-—z
where
filt,z,w) = w,
fQ(t,Z,’U)) = (22—1)21}—2,
F(tasz) = (fl(tazaw)vf2(tvsz) = ('UJ, (Z2 - 1)111 - Z).

Applying Euler’s method :
Zit1 = 2k + hE (tg, 2k),

(Zk+1awk+1) = <2k7wk) + h(fl(t7 2y w)7 fQ(tv 2, w>7

here z = (z,w). Therefore

21 = Zo+hf1(t,2,w)
= 1401(wp) =1+0.1(1) =1+0.1 = 1.1,
wy = wo+ hfat,z,w)

= 1+4+0.1((22 —Dwo—20) =1+0.1((1 = 1)1 —1) = 0.9

After ist iteration we get z1 = (z1,w;1) = (1.1,0.9).
Applying Improved Euler’s method :

h
Zky1/2 = 2kt §F(tk, 2k)s
Zev1 = 26+ hE(t + h/2, 2141)2),

32



CHAPTER 2. NUMERICAL METHODS
i.e.

(Zk—‘rl/Qa wk—i—l/?) = (Zkawk) + h(fl(tv Z,QU), f2(ta Z,?U),
(zkt1,Wet1) = (2 wi) + hEF (ke + /2, 211 2),

here z = (z,w). Therefore

ziy2 = 20+ hfi(t,z,w) =1+0.1(wp) =1+0.1(1) = 1.1,

Wiy = wo+hfa(t,z,w) =1+0.1((25 — Dwo — 20) = 1+ 0.1(—1) = 0.9,
2 = 20+ hfi(h)2,21)5) = 2+ hfi(0.1/2,1.1) = 1 +0.1(1) = 1.1,
w1 = wo+ hfa(h/2,w2) = wo+ hf2(0.1/2,0.9) =1+ 0.1(=1) = 0.9

After ist iteration we get z1 = (z1,w;1) = (1.1,0.9).

Applying Runge-Kutta method of second order :

Zp+1 = Zp T+ h(kl + k2)/2a
ki = f(tn,2zn),
ky = f(tn + h, Zn + hk‘l),

here z = (z,w).

(Zn+1a wn—l—l) = (Zna wn) + h(kl + k2)/2

ki = (k1(2), k1(w)),

ky = (ka(2), ka(w),
Zn1 = 2+ h(ki(zn) + k2(20))/2,
Wnt1 = W+ h(ki(wn) + k2 (wn))/2.

Therefore

) = fltzw)=w=w =1,
) = Rfi(0.1, 20+ ki(20)) = hf1(0.1,1 + 1) = hfy(0.1,2) = 0.1(1) = 0.1,
ki(wo) = folt,z,w) = (22 — Dwy — 20 = —1,
(wo) = hfa(0.1,wy + k1(wo)) = hfa(0.1,0) = 0.1((u2 — 1)vg — uo) = 0.1(—1) = —0.1,
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using these values we get

21 = Zo—l-h(k}l(ZO)—l-kQ(Zo))/?: 1+0.1(1+0.1)/2: 1+0.1(1.1/2) = 1.055,
wp = wo—i-h(kl(wo)—i-kg(wo))/Q: 1+0.1(—1—0.1)/2=1+0.1(—1.1/2) = 0.945
After ist iteration we get z1 = (z1,w1) = (1.055,0.945).

Runge-Kutta method of fourth order is applied as:

(k‘l + 2ko + 2k3 + k4)
6 b

Zn+l = 2n + h
where

kl - f tn,Zn,
k:2 = f tn+h/2azn+hkl/2)v
ks = f tn+h/2,zn—|—hk2/2),

(
(
(
ki = f(tn+ h, 2, + hks),

here z = (z,w).

h
<2n+17 wn-‘rl) = (Zm wn) + E(kl + 2k2 + 2k3 + k4>7
h
Zntl = Zn+ g(kl(zn) + 2ko(zn) + 2k3(2n) + ka(2n)),

h
Wpt1 = wWp+ g(kl(wn) + 2ka(wy,) + 2ks(wy) + ka(wy)),

where

k1(z0) = fi(t,z,w) =w =wy =1,

ka(z0) = hfi(h/2, 20+ ki(20)/2) = 0.1f1(0.1/2,1 + 1/2) = 0.1£,(0.1/2,1.5) = 0.1(1) = 0.1,

ks(z0) = hfi(h/2, 20+ ka(20)/2) = 0.1f1(0.1/2,1 +0.1/2) = 0.1(1) = 0.1,

ki(z0) = hfi(h, 2o+ ks(z0)) = 0.1f1(0.1,1.1) = 0.1(1) = L.1,

Ei(wo) = folt,z,w) = (22 = Dw — 2z = (28 — Dwy — 20 = —1,

ka(wo) = hfa(h/2,wo + ki(wo)/2) = hf2(0.1/2,1 —1/2) = hf2(0.1/2,0.5) = 0.1(—1) = —0.1,
ks(wo) = hfalh/2,wo + ka(wo)/2) = hf2(0.1/2,1 — 0.1/2) = hfs(0.1/2,1 — 0.05) = 0.1(—1) = —0.1,
ki(wo) = hfa(h,wo + k3(wo)) = hf2(0.1,1 — 0.1) = hf2(0.1,0.9) = 0.1(~1) = —0.1,
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therefore using these values we get

i = %( 1 (20) + 2ka(20) + 2k (20) + ka(20)).
n = @+ %(kl(zg) + 2k (20) + 2k3(20) + ka(z0)
- 1+%<1+2<o 1) 4 2(0.1) 4 0.1)
—— %(1 5) = 1.025,
Wnt1 = %( 1(wo) + 2k (wo) + 2k3(wo) + ka(wo)),
wy = wo+ %(kl(wo) + 2k (wo) + 2k3(wo) + ka(wo))
= 1+ %( 142(=0.1) +2(—0.1) — 0.1)
= 1+ %(—1.5) = 0.975

After ist iteartion we get z; = (z1,w;) = (1.025,0.975).

Implementation in MATLAB

Results are obtained by performing five iterations
Euler’s method

vaneum predatorm

1 - h=0.1;

2 - iter =5;

3 - u(l) = 1; w(1)=1; t(1)=8;

4 — mu=1;

5 - | for i=2:iter
du = v{i-1);
dv = mu*(u(i-1)~2 -1)*v(i-1) -u(i-1);
u(i) = u(i-1) + h*du;
v(i) = v(i-1) + h*dv;
(i) = t(i-1) + h;

end

18
11

Output
v u
H 1x5 double
2 4 5
1 1.1000 1.1900 1.2709 1.3432
v u
H{ 1x5 double
. 4 5
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Modified Euler’s method

vanimp.m * |+

1- h=0.1;

2 - iter =5;

3 - wo(1l) = 1; vo(1)=1; t(1)=0;

4 - mu=1;
5 - for i=2:iter
[ duo = vo(i-1);
7 - dvo = mu*(uo(i-1)~2 -1)*vo(i-1) - wo(i-1);
8 - U(i) = uwo(i-1) + (@.5%*h)*duo;
9 - V(i) = vo(i-1) + (@.5*h)*dvo;
8- duo(i) = U(i);
1- dvo(i) = mu*(U(1)*2 -1)*(i) - u(i);
2 - uo(i)= vo(i-1) + h*duo(i);
5 = vo(i) = vo(i-1) + h*dvo(i);
4 - £(1) = t(di-1) + h;
5 - end
Output

uo x| vo
I[Fg 1x5 double

1 2 4 5
1 1 1.1050 1.2200 1.3461 1.4844

uo Vo x

I H 1x5 double
1 2 B 5
1 1 0.9047 0.8175 0.7372 0.6628

Second order Runge-Kutta method

| vanimp.m ‘ vanu2.m x| ru2.m | +
1-|h=6.1;
2 - |iter =5;
3 - ur(1) = 1; vr(l)=1; t(1)=8;
4 - mu=1;
5 - for i=2:iter
6 - dur = vr(i-1});
7= dyvr = mu*(ur(i-1)*2 -1)*vr{i-1) - ur{i-1);
8 - klur(i) = h*dur ; kivr(i) = h*dvr;
9 - k2ur(i) = h*( vr(i-1) + klvr(i));
19 - k2vr(i) = h*(mu*(ur(i-1)"2 + klur(i) -1)*(vr(i-1) + klvr(i)) - (ur(i-1) + kiur{i)));
1 - ur(i) = ur(i-1) + (klur(i) + k2ur(i))*(1/2);
412 - vr(i) = wr(i-1) + (klve(i) + k2vr(i))*(1/2);
13 - t(1) = t(i-1) + h;
14 - |end
Output
ur x| wr x|
I|Eg 1x5 double
1 2 4 <
1 1 1.0950 1804 1.2567 1.3242
ur VI x
l|Eg 1x5 double
1 2 B 5
1 1 0.8995 0.8061 0.7170 0.6291

36



CHAPTER 2. NUMERICAL METHODS

Fourth order Runge-Kutta method

vanrud.m* x | vanru2 m ru4m +
1 - h=8.1;
2 — iter =5;
3 - uk(1) = 1; vk(1)=1; t(1)-e;
4 — mu=1;
5 - for i=2:iter
6 - duk = wvk(i-1);
7= dvk = mu*(uk(i-1)"2 -1)*vk(i-1) - uk(i-1);
8 - kluk(i) = h*duk; kivk(i) = h*dvk;
9 - k2uk(i) = h*(vk(i-1) + 8.5%kivk(i));
10 - k2vuk(i) = h*(mu*(uk(i-1)"2 -1 + B.5%kluk(i))*(vk(i-1) +8.5%k1vk(i)) -(uk(i-1)+8.5%k1uk(i)});
il = k3uk(i) = h*(vk(i-1) + @.5"k2vk(i));
= k3vk(i) = h*(mu*(uk(i-1)2 -1 + @.5"k2uk(1))*(vk(i-1) +0.5*k2vk(i)) -(uk(i-1)+8.5%k2uk(i)));
B = kauk(i) = h*(vk(i-1) + k3vk(i));
14 - kavk(i) = h*(mu*(uk(i-1)"2 -1 + k3uk(i))*(vk(i-1) +k3vk{i)) -(uk(i-1)+k3uk(i)));
== uk(i) = uk(i-1) + (kluk(i) + 2*(k2uk(i)+k3uk(i)) + kduk(i))*(1/6);
16 - wk(i) = vk(i-1) + (kivk(i) + 2*(k2vk(i)+k3vk(i)) + kdvk(i))*(1/6);
17 - t(1) =t(i-1) + h;
18 - |end
Output
uk x| vk
||E§ 1x5 double
1 2 3 4 5
1 1 1.0950 1.1803 1.2566 1.3240
uk vk
\ x
1EE“ 5 double
| 1 2 3 4 5
0.8065 0.7174 0.6296

‘1 1 0.8997
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Chapter 3

IMPLEMENTING NUMERICAL
METHODS ON REAL LIFE
PROBLEMS

3.1 PROBLEM 1 : PRICING POLICY FOR THE PRODUC-
TION OF GOODS

Differential equations have it’s role in every field and economics is one of them. Pricing policy
for the production of goods is one of the applications of differential equations in economics. This
section deals with how the numerical methods can be helpful in solving the problems of economics
field. Numerical methods can be used as a tool by businessmen to decide various pricing strategies

for their companies.

3.1.1 What is pricing policy?

The policy/strategy which company plans to determine the wholesale and retail prices for it’s
products or services. Activities involved in finding a product’s optimum price considering each and
every objectives of marketing, consumer’s demands, product properties, pricing of competitors and

market and economic trends all together forms a pricing policy of a product.

3.1.2 Mathematical formulation of pricing policy

Mathematical techniques have an immense role in planning the management’s decision-making,
administration of business and in economics which is being the longest quantified of the social
sciences. The source of motivation for this work is the model of Burghes and wood (1980) on

pricing for optimum inventory level.
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Pricing Policy and Inventory Management

Terms to be used

e Forecasting sales- It is process of estimating future sales.

e Inventory level- It is the current amount of product that firm has in it’s stock.

e optimum level- It is the sufficient amount of product required in firm’s stock.

Inventory management becomes necessary in business management because many producers carry
a some basic stock in their product’s inventory so as to meet an all of sudden demand by customers.
There are various factors that may affect the quantity of the goods to be carried. Some of these
factors include:

(1) The availability of storage facilities.

(2) Storage capacity.

(3) Safety requirements.

Model :

We assume that a Brick Company fixes an optimum level Hy for storing it’s unsold bricks. We also
assume that if the inventory level is above Hj, the price of bricks decline and this lead to increase
in sales and a fall in inventory. If inventory is below Hj, the price goes up, in return discouraging
buyers and raise the inventory. Let the inventory level be H and P(t) be price of brick at any
time ¢, which is calculated in proportion to the difference of the inventory level at time ¢, H(t) and
optimum level Hy. This is mathematically described as:

dP
o = k() - Ho), (3.1)

where k is positive constant of proportionality.
For forecasting sales S (this is given as units of a thousand bricks) the company uses the for-
mula: P
S =600 —62P — 12—.
dt
. : ar . : .
From this we observe that S increases when ’ < 0 and while evaluating production level @ (also

in thousands), company used
Q = 250 — 12P.

Since without any doubt this policy maintains the inventory about it’s optimum level, concern
in the company is that it requires the check on frequent large change in price, causing fear and
confusion that discourage customers in the long term. A more precise examination of the long-run
nature of P(t) with respect to it’s stability is therefore a requirement. This is always correct that
the difference between the quantities of bricks produced and sold is what we call change in inventory
ie.

dH
S =Q - s,
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Differentiating (3.1) we get

d?p dH
o = k() =-k(QF) - 5@))
dpP
= —k(250 — 12P — (600 — 62P — 125))
P
= —k(—350+ 50P + 12d—).
dt
Therefore we get second-order differential equation as
d*P dp
— + 12 k(— kP = k.
o7 + (dt)+ 50 350

3.1.3 Solving numerically second-order differential equation of pricing policy

From the pricing policy model we get the second-order differential equation as

d*P dp
—5 + 12 k(=) + 50 kP = 350 k.
iz " o)™

Here k is positive constant of proportionality, let k¥ = 1. Therefore equation becomes

d*pP dP
— 4+ 12(— 50P = 350.
dt? + 12( dt )+
CONVERSION OF EQUATION TO SYSTEM OF EQUATIONS
Since the differential equation of second order is convertible into 2 first-order differential equations’

system. This is done by following substitution i.e.

_ap
b= dt’
and we get
ﬁ_i(dj)_’
a2 at a’ P

And the differential equation becomes
p + 12p+50 P = 350,

which is equivalent to the system

/ ar
P = _— =
dt p,

p = 350—50P — 12p.
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3.1.4 Numerical methods

Now solving the system using numerical methods.

/ dP
P = _— =
dt b,

p = 350—50P — 12p.

Assuming P(0) =2 and p(0) =2.

Euler’s method

Applying Euler’s method

Zip+1 = Zp+ hf(tk,Zk), k=0,1,2,...

here z = (P,p) and f(ty,zx) = (f1(tk, z1), f2(tk, 21))-
Here h = 0.1 and starting from ¢ = 0.

7n_17

For P ' =p=fi (t, P,p) and p =350 —50P — 12p = fa(t, P,p), we start with

Iteration 1

P = Py+ hfi(to, Po,po)
= 2+0.1(2) =22,
p1 = po+ hfato, Po,po)

= 240.1(350 — 50Py — 12py) = 2 + 0.1(226) = 24.6

Therefore after ist iteration z; = (P1,p1) = (2.2,24.6).

Iteration 2

P, = Pi+hfi(t, Pi,p1)
— 2.2+ 0.1(24.6) = 4.66,
p2 = p1+hfa(ti, Pi,p1)

= 24.6 +0.1(350 — 50P; — 12p;) = 24.6 + 0.1(—55.2) = 19.08

Therefore after 2nd iteration zo = (Ps, p2) = (4.66,19.08).
Continuing in this way we get

z3 — (Pg,pg) = (6.56, 789)

z4 = (Py,py) = (7.35,0.62).

z5 = (Ps,ps) = (7.4, —1.87).

z¢ = (Ps,ps) = (7.22,—1.676).
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z7 = (Pr,p7) = (7.052, —0.766).
zg = (Ps,ps) = (6.97,—0.107).
zg = (Py, pg) = (6.96,0.171).
z10 = (P10, p10) = (6.98,0.1658).
z11 = (P11, p11) = (6.99,0.067).

Therefore we get the approximate solution as P(t) ~ 7.

Improved Euler’s method
Applying Euler’s midpoint method

h
Zi+1/2 = Zk+§f(tk,zk>, k=0,1,2,....n—1
Zp+1 = Zg + hf(tk + h/2, Zk+1/2)7

here z = (Pap) and f(tkazk’) = (fl(tkazk’)a fZ(tkazk’))'
Here h = 0.1 and starting from ¢ = 0.

For P =p=fi (t, P,p) and p =350 —50P —12p = fa(t, P,p) , we start with

Iteration 1

h
Py = Po+§f1(to,P0,po)
0.1 0.1

h
P12 = P0+§f2(750,P0,P0)

= 2+ %[350 —50(2) — 12(2)]

1
= 24 07[226] =13.3,

P = PBy+hfi(to+h/2,Pij2,p1/2)
= 2+40.1f(0.1/2,2.1,13.3) = 2+ 0.1(13.3)
= 2+41.33=3.33,
p1 = po+hfa(to+h/2,Pijo,p1/2)
— o+ 0.1/2(0.1/2,2.1,13.3) = 2 + 0.1[350 — 50(2.1) — 12(13.3)]
— 24 0.1[85.4] = 2 + 8.54 = 10.54

Therefore after ist iteration z; = (P1,p1) = (3.33,10.54).
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Iteration 2

h
Py = P1+§f1(t1,P1,p1)

0.1 0.1
= 333+ - (p1) = 333+ —-(10.54)

— 3.33+0.527 = 3.86,
h
DPiy1/2 = p1+§f2(t1,P1,p1)

h 0.1
= 1054+ 7 [350 — 50(3.33) — 12(10.54)] = 10.54 + —~[57.02]
= 1054+ 2.851 = 13.39,

Py = Pr+hfi(ti+h/2,Piyi/2,p141/2)
— 3334 0.1f;(ty +0.1/2,3.86,13.39)
= 3.33+0.1(13.39) = 4.67,
p2 = p1+hfe(ti+h/2,Piii/2,P141/2)
— 1054+ 0.1fa(t1 +0.1/2,3.86, 13.39) = 10.54 + 0.1[350 — 50(3.86) — 12(13.39)]
= 10.54 4+ 0.1[—3.68] = 10.17

Therefore after 2nd iteration zy = (P, p2) = (4.67,10.17).
Continuing in this way we get

= (P3,p3) = (5.66,7.398).

z4 = (Py,ps) = (6.29,4.68) .
= (P5,p5) = (6.65,2.68).
= (Ps,ps) = (6.84,1.42) .
z7 = (P7,p7) = (6.94,0.71).
= (Ps,ps) = (6.98,0.34).

= (Py, p9) = (6.99,0.17).

Therefore we get the approximate solution as P(t) ~ 7.

Runge-Kutta method
Applying Runge-Kutta method of second-order

Zip1 = zp + (k1 +k2)/2,
kl = hf(tk, Zk),
ko = hf(tk + h,z; + kl),

here z = (P,p) , f(tg,zx) = (f1(tk, zk), fo(tk, zk)).
ki = (ki(P), k1(p)) and kg = (k2(P), k2(p)).
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Here h = 0.1 and starting from ¢ = 0.
For P =p= fi(t, P,p) and p =350 —50P — 12p = fa(t, P,p), we start with

Iteration 1

k1(P) + ka(P)

P = P+ 5 ,
pP1 = po+ W’
here
k1(P) = hfi(to, Po,po) = h(po) = 0.1(2) = 0.2,
ki(p) = hfa(to, Po,po) = h[350 — 50(2) — 12(2)] = 0.1[226] = 22.6,
kao(P) = hfi(to+h, Po+ k1(P),po+ k1(p)) = h(2 + 22.6) = 0.1(24.6) = 2.46,
ka(p) = hfa(to+h, P+ ki(P),po + ki(p)) = h[350 — 50(2 + 0.2) — 12(2 + 22.6)]

= 0.1[350 — 110 — 295.2] = 0.1[—55.2] = —5.52,

therefore we get

0.2 + 2.46

2

2.66
= 2+T_2+133_333

P = 2+

and

22.6 + (—5.52)
+ - =~ 7

2
17.08
= 2+T =24 8.54 =10.54

o= 2

Therefore after ist iteration z; = (Pr,p1) = (3.33,10.54).

Iteration 2

k1 (P) + ko(P)
2 )

k1(p) + k2(p)

—

P = P+

p2 = p1+

k1(P) = hfi(ti, Pi,p1) = h(p1) = 0.1(10.54) = 1.054,

ki(p) = hfa(ty, Pr,p1) = h[350 — 50(3.33) — 12(10.54)] = 0.1[57.02] = 5.702,

ko(P) = hfi(t1+h, PL+ki(P),p1 + ki1(p)) = h(10.54 + 5.702) = 0.1(16.24) = 1.624,

ka(p) = hfa(ty +h, P+ ki(P),p1 + k1(p)) = h[350 — 50(3.33 + 1.054) — 12(10.54 + 5.702)]

= 0.1[350 — 219.2 — 194.88] = 0.1]—64.08] = —6.408,
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therefore we get

1.054 4 1.624

2

2.
= 333+$—333+1339—467

P = 333+

and

5.702 4 (—6.408)
2

—0.706 _ 10.54 — 0.353 = 10.18

ps = 10.54+

= 10.54 +

Therefore after 2nd iteration zy = (P, p2) = (4.67,10.18).
Continuing in this way we get
= (Pg,pg) = (566, 74)

z4 = (P, pa) = (6.29,4.68).
= (P5,ps) = (6.65,2.68).
= (Ps,ps) = (6.85,1.42).
= (P7,p7) = (6.94,0.68).
= (Ps, ps) = (6.98,0.27).

= (Py,pg) = (6.99,0.11).
Therefore we get the approximate solution as P(t) ~ 7.

Applying Runge-Kutta method of fourth-order

(k1 4 2ko + 2ks + ka)
6 )

Zi+1 = Zk +
where

ky = hf(ts, ),

ky = hf(ty +h/2, 25 + k1 /2),
ks = hf(ty + h/2, 24 + k2/2),
ki = hf(ty + h,zg + ks).

Here z = (P,p) , f(tr, zx) = (f1(tg, 2k), fo(tk, 2k))-

ki = (k1(P), k1(p)), k2 = (k2(P), k2(p)), ks = (k3(P), ks(p)), ks = (ka(P), ka(p)).
Here h = 0.1 and starting from ¢ = 0.

For P' = p = fi(t, P, p) and p =350 —50P — 12p = fa(t, P,p), we start with

Iteration 1

k1(P) + 2ka(P) + 2k(P) + ka(P)
G ;
k1(p) + 2ka(p) + 2kp) + ka(p)
5 :

P = P+

pr = po+
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here

ki(P) =
ki(p) =
kao(P) =

ka(p) =

ks(p) =

ko(P) =

ki(p) =

therefore we

and

hfi(to, Po,po) = h(po) = 0.1(2) = 0.2,

hfa(to, Po,po) = R[350 — 50(2) — 12(2)] = 0.1]226] = 22.6,

hfi(to+ /2, P+ k1(P)/2,po + ki1(p)/2) = h(po + k1(p)/2)

0.1(2 + 22.6/2) = 0.1(13.3) = 1.33,

hfa(to + h/2, Po+ k1 (P)/2, po + k1(p)/2) = h[350 — 50(2 + 0.2/2) — 12(2 + 22.6/2)]
0.1[350 — 105 — 159.6] = 0.1[85.4] = 8.54,

hfi(to+h/2, Po+ ka(P)/2,po + k2(p)/2) = h(po + k2(p)/2)

0.1(2 + 8.54/2) = 0.1(6.27) = 0.627,

hfato + /2, Po + ka(P)/2, po + ka(p)/2) = h[350 — 50(2 + 1.33/2) — 12(2 + 8.54/2)]
0.1[350 — 133.25 — 75.24] = 0.1[141.51] = 14.51,

hfi(to + h, Po + k3(P),po + k3(p)) = h(po + k3(p))

0.1(2 + 14.51) = 0.1(16.51) = 1.651,

hfa(to + h, Py + k3(P),po + k3(p)) = h[350 — 50(2 + 0.627) — 12(2 + 1.651)]

0.1[350 — 131.35 — 43.8] = 0.1]174.85] = 17.85,

get
0.2+ 2(1.33) +2(0.627) + 1.651

6
5.765
= 2—1—? =240.96 = 2.96,

P = 2+

22.6 4 2(8.54) + 2(14.51) + 17.85

6
= 2+ g =24 14.425 = 16.425

p1:2+

Therefore after ist iteration z; = (P, p1) = (2.96, 16.425).

Iteration 2

k1(P) + 2ka(P) + 2k(P) + kua(P)
6 b
k1(p) + 2k2(p) + 2k(p) + ka(p)
G ,

P = P+

p2 = p1+
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here

k3(p)

k4(P)

k4(p)

hfi(t1, P1,p1) = h(p1) = 0.1(16.425) = 1.6425,

hfa(t1, P1,p1) = h[350 — 50(2.96) — 12(16.425)] = 0.1[4.9] = 0.49,

hfi(ti +h/2, Py + ki (P)/2,p1 + k1(p)/2) = h(p1 + k1(p)/2)

0.1(16.425 + 0.49/2) = 0.1(16.67) = 1.667,

hfa(ty + h/2, Pr + k1(P)/2,p1 + k1(p)/2) = h[350 — 50(2.96 + 1.6425/2) — 12(16.425 + 0.49/2)]
0.1[350 — 189 — 200.4] = 0.1]—39.04] = —3.9,

hfi(ts + h/2, Pr + ka(P)/2,p1 + k2(p)/2) = h(p1 + k2(p)/2)

0.1(16.425 — 3.9/2) = 0.1(14.475) = 1.447,

hfa(ty + )2, P + ka(P)/2,p1 + ka(p)/2) = R[350 — 50(2.96 + 1.667/2) — 12(16.425 — 3.9/2)]
0.1[350 — 189.5 — 173.7] = 0.1[-13.2] = —1.32,

hfi(ty + h, Py + k3(P),p1 + k3(p)) = h(p1 + k3(p))

0.1(16.425 — 1.32) = 0.1(15.105) = 1.51,

hfa(ty + b, Py + E3(P), p1 + k3(p)) = A[350 — 50(2.96 + 1.447) — 12(16.425 — 1.32)]

0.1[350 — 220.35 — 181.26] = 0.1[~51.61] = —5.161,

therefore we get

and

1.6425 + 2(1.667) + 2(1.447) + 1.51

6
9.3805
= 2.96+ 5 2.96 4+ 1.5634 = 4.52,

P, = 296+

0.49 4 2(—3.9) + 2(—1.32) — 5.161
6

=16.425 — 2.5185 = 13.9

py = 16.425+

—15.111

= 16.425 +

Therefore after 2nd iteration zg = (Ps, p2) = (4.52,13.9).
Continuing in this way we get,

z3 — (Pg,pg) = (5.68,9.26).

Zy — (P4,p4) = (6.4, 5.31).

z5 = (P5,ps) = (6.786,2.613).

z6 = (Ps,ps) = (7.01,0.84).

Therefore we get the approximate solution as P(t) ~ 7.

From all the methods the solution of differential equation of pricing policy model i.e price of brick

P(t) — Tast— oc.
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Implementation in MATLAB

Results are obtained for 12 iterations

Euler’s method
poleum x4+

1 - h=08.1;

2 - |iter = 12;

3 - pk(1) = 2; p_k(1)=2; ©(1) =8;

4 - A =358; B=58; C=12;

5 - for i= 2:iter

6 - dpk = p_k(i-1);

7 - dp_k = A - B*pk(i-1) -12%p_k(i-1);
8 - pk(i) = pk(i-1) + h*dpk;

9 - pk(i) = p k{i-1) + h*dp k;

10 - £(1) =t(i-1) + h;

11 - |end
Output

| p_k > ‘ pk x
(] 1x12 double

1 2 3 - 3 6
2 22000 46600 65680 7.3564 7.4147

p_k x| pk >

(] 1x12 double

10 1" 12
6.9649 69788 6.9936

7 8 9
7.2249 7.0555 6.9769

6
-1.8986

4 5
7.8840 05832

2 3
2| 246000, 19.0800

1

Improved Euler’s method

poleum = | polimpm % +

1 - h=0.1;

2 - iter = 12;

3 - P(1) = 2; p_(1)=2; t(1) =8;

4 - A =25@; B=58; C=12;

5 - for i= 2:iter

dp = p_(i-1);

dp_ = A - B*P(i-1) -C*p_(i-1);
H(1) = P(i-1) + (B.5%h)*dP;
(1) = p_(i-1) + (8.5%h)*dp_;
dP(i) = 3(i);

dp (i) = A - B*H(i) -C*1(i);
P(i) = P(i-1) + h*dP(i);
p_(i) = p_(i-1) + h*dp_(i);]
(1) =t(i-1) +h;

end

Output

12
0.0763

"
0.1476

8 9 10
-0.7855| -0.1202, 0.1395

7
-1.6939

EB 1x12 double
I 1
1 2

5 6

6.2909

4
5.6593

2 £
3.3300 4.6691

x

Pri > \ pri » ‘ p_
HH 1x12 double

7

6.6555 6.8489

12
7.0048

10 1
7.0005 7.0043

8 9
6.9432 6.9848

5
46827

6
26825

"
10.1858

4
7.4120

1 2
2 10.5400

12
-0.0018

7 8 9 10 "
1.4133 0.6837 0.2982 0.1110, 0.0290
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Second order Runge-Kutta method

‘ poleu.m | polimp.m | polruzm = +

1 - h=8.1;

2 - iter =12

3 - Pr(l)=2; pr{l)=2; t(1) =8;
4 - A =358; B=58; C=12;

5 - | for i=2:iter

6 - dPr = pr(i-1);
7= dpr = & - B*Pr(i-1) -C*pr(i-1);
8- k1Pr(i) = h*dPr ; kipr(i) = h@dpr;
9 - k2pr(i) = h*( pr(i-1) + kipr(i));
ie - k2pr(i) = h*(A -B*(Pr(i-1)+ k1Pr(i)) - C*(pr(i-1) + kipr(i)));
b= Pr{i) = Pr{i-1) + (k1Pr(i) + k2Pr(i))*(1/2);
12 - pr(i) = pr(i-1) + (kipr(i) + k2pr(i))*(1/2);
iE) = (i) = t(i-1) +h;
14 - |end
Output
Pr x| pr
HH 1x12 double
1 2 3 4 5 6 f f 8 9 10 1" 12
1 2| 33300, 46691 56593 62909 66555 6.8489 69432 69848 7.0005 7.0043 7.0048
Pr pr x
FH 1x12 double
1 2 3 4 5 6 7i 8 9 10 1" 12
1 2 105400 10.1858 7.4120| 46827 26825 14133 06837 02982 0.1110 0.0290 -0.0018

Fourth order Runge-Kutta method

‘ poleum | polimp.m ‘ polru2.m ‘ polrud.m =+
3 - Pri(1) =2; pri(1)=2; t(1) = @;

4 - A=338; B=h@; C=12;

5 - for i =2:iter

6 - dPri = pri{i-1);
7= dpri = A -B*Pri(i-1) -C*pri(i-1);
8 - KIPPi(i) = h*dPri; klpri(i) = h*dpri;
9 - K2Pri(i) = h*(pri(i-1)+ 8.5%k1pri(i));
18 - k2pri(i) = h*(A - B*(Pri(i-1) + 8.5%k1Pri(i)) - C*(pri(i-1)+ 6.5%kipri(i)));
[q = k3Pri(i) = h*(pri(i-1)+ @.5%k2pri(i));
| P k3pri(i) = h*(A - B*(Pri(i-1) + @.5*k2Pri(i)) - C*(pri(i-1)+ @.5*k2pri(i)));
13 - k4Pri(i) = h*(pri(i-1)+ k3pri(i));
14 - kapri(i) = h*(a - B*(Pri(i-1) + k3Pri(i)) - C*(pri(i-1)+ k3pri(i)));
15 - Pri(i) = Pri(i-1) + (kiPri(i) + 2*(k2Pri(i)+k3Pri(i)) + kaPri(i))*(1/6);
16 - pri(i) = pri(i-1) + (kipri(i) + 2*(k2pri(i)+k3pri(i)) + kdpri(i))*(1/6);
17 - t(1) = t(i-1) +h;
18 - lend
Output
Pri x| pn
FH 1x12 double
1 2 3 4 5 6 7 8 9 10 1" 12
1 2| 29548 43757| 55377, 6.2961 6.7209 6.9265 7.0087 7.0309| 7.0289 7.0202 7.0119
Pri pri x
F 1x12 double
1 2 3 B o 6 7 8 9 10 1" 12
1 2 137443 13.4092 95475 57120 29602 1.3050 04429 00602 -0.0713| -0.0908 -0.0711




CHAPTER 3. IMPLEMENTING NUMERICAL METHODS ON REAL LIFE PROBLEMS 50

3.1.5 Comparison of analytic and numerical solution

Differential equation of pricing policy is given as

d2p dP
4+ 12k(— kP = 350k
T + (dt)+50 350k,

where k is constant of proportionality which is positive in nature.
We find the conditions under which the solution of above second-order differential equation tend to
a limit as ¢t becomes larger. Through inspection P = 7, is particular solution of above differential

equation . To have general solution, we consider characteristic polynomial
A2+ 12K\ + 50k,

which has roots A = —6 4+ v/36k2 — 50k. Since k£ > 0. When 18k > 25 roots are real, distinct and
negative since v/36k% — 50k < 6k. Therefore general solution is

P(t) = AeMt 4+ Be?2®) 1 7,

where A1, A2 < 0. Thus the solution P(t) declines exponentially to fixed level P(t) = 7 and making
the pricing policy is stable.

From the numerical methods we get approximately the same result i.e P(t) — 7 as ¢ — oo which
again makes the pricing policy stable. Results obtained from analytic and numerical method are
almost same. Therefore numerical approach for pricing policy is as helpful as analytic approach as

both yields almost same result.
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3.2 PROBLEM 2 : THE ROSSLER SYSTEM

The Rossler attractor is a attarctor for Rossler system which itself is non-linear ordinary differential
equation’s system containg three equations. This system was studied by Otto Rossler. This system
arose from work in chemical kinetics. The system exhibits continuous-time chaos. In dynamical
system’s terminology, an attractor is a group of numerical values around which the system seems
to evolve with variety of initial conditions. An attractor is a point or it can be a finite set of
points or it can be a curve, or manifold, or even a complicated set along with a fractal structure
is referred as a strange attractor. Chaos theory is a mathematical branch which studying the
dynamical system’s nature which are highly sensitive to initial conditions. An interdisciplinary
theory Chaos says that within the apparent randomness of chaotic complex systems, there is
presence of underlying patterns, constant feedback loops, repetition, self-similarity, fractals, self-
organization and reliance on programming at the initial point known as sensitive dependence on
initial conditions.

Edward N. Lorenz led to an autonomous three-dimensional system which is nonlinear in nature
that is described as

dp

a - J(_p+Q),
da- _ rp—q — ps
a P —4q— DS,
ds - _ —bs +

a Pq.

this is commonly known as Lorenz equations. The variable p in above system is depicts the fluid
motion’s intensity, variables ¢ and s shows temperature variations in the horizontal and vertical
directions. These equations involve three parameters o, r and b all real and positive. The parameters
o and b are dependent of material and geometrical properties of the fluid layer.

The Rossler system defined as

.

dt - q 9

dgq

a p+aq,

d

cT: = b+’f’(p—C),

is a form of Lorenz equations with a, b and c as three positive parameters. It is comparatively
easier system that involves two linear equations and third one as quadratic nonlinear equation.

We have to perform some numerical process on this system, aiming at system’s period-doubling
property(i.e a small change in any of parameter value in the system’s equations resulting the system

to switch to a new behavior with two times the period of the original system.)
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3.2.1 Solving numerically the Rossler system

Considering the Rossler system i.e

b,

a q )

dq

o p+aq,

d

diqta = b+?”(p—C)7

with the parameteres a = 0.25, b = 0.5 and ¢ =1 i.e system is

-

a q )

dq

— = 0.25

dt p+ q,

dr

— = 0.5 —1
dt +r(p )7

with initial points as (1,1,1) and step size as h = 0.1.

Applying the numerical methods on above system to get it’s solution’s approximation.

3.2.2 Solving Rossler system with numerical methods
Euler’s method
Applying Euler’s method

Zry1 = 2+ hf(tg,zr), k=0,1,2,...n—1,

dp dq dr
here z = (p,q,r) and f= (f1, fo, f3) = (E’ s a) =(—q¢—7,p+0.25¢,0.5+r(p —1)).
From ¢ = 0 ,we start with
Iteration 1
For k=0
Z1 = Zg+ hf(t(), Z()),

pP1 = po-+ hfl(to,Zo) =1+ 01(—2) =1-0.2=0.8,
g = qO+hf2(t0,Z0) = 1—1—0.1(1—1—0.25) =1+40.125 = 1.125,
T = 79+ hfg(t(), Zo) =14 0.1(0.5 + 0) =14+0.05=1.05

Therefore after ist iteration z; = (p1,q1,71) = (0.8,1.125,1.05).

52
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Iteration 2
For k=1

Zo = 71+ hf(tl, Zl),

p2 = p1+ hf1<t1, Zl) =0.8+ 0.1(—1.125 — 1.05) = (0.5825,
@ = q+hfa(ts,z1) = 1.125 4 0.1(0.8 + 0.25(1.125)) = 1.233,
ry = 11+ hfs(ts,z) = 1.05+ 0.1(0.5 + 1.05(0.8 — 1)) = 1.079

Therefore after 2nd iteration zy = (pa, g2, r2) = (0.5825,1.233,1.079).
Continuing in same manner we get

z3 = (p3,q3,73) = (0.3513,1.322,1.084).

z4 = (p4,qa,r4) = (0.1107,1.39, 1.0636).

z5 = (ps,q5,75) = (—0.134,1.435,1.019) and so on.

Modified Euler’s method

Applying Euler’s midpoint method

h
Zgt1/2 = Zk+§f(tk,zk)7 k=0,1,2,....n — 1,
Zp+1 = Zp+ hf(tk + h/2, Zk+1/2)'
dp dq dr

Here z = (p7Q7r) and f = (f17f27f3) = (
From ¢t = 0, we start with

LTy (g — 254 0. —1).
dt,dt,dt) (—g—r,p+0.25¢,0.5+r(p—1))

Iteration 1

h
Zyp = Zo+§f(tojzo)

h
(P1/2:q1/2:7172) = (Po,qo,70) + 5

0.1
P12 = p0+7( qo — 70)
— 140.05(-1—-1)=1-0.1=0.9,
0.1
Q2 = QO+7(P0+025(]0)
= 1+40.05(14+0.25) =14 0.0625 = 1.0625,
0.1
ri2 = 10+ —-(0.5+7r0(po — 1))

2
= 1+0.05(0.5+1(1 — 1)) = 1+0.025 = 1.025,

(fl(t()ap()?q()’ro) f2(t07p07q07T0)7 f3(t07p07(]077'0))-

93
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therefore

z1 = 2o+ hf(to+ /2,2 )).
pr = po+0.1(=qy2—11/2)
= 1+0.1(—1.0625 — 1.025) = 0.7912,
@1 = qo+0.1(p1y2 +0.25(q1/2))
= 1+0.1(0.9 + 0.25(1.0625)) = 1.117,
i = 10+0.1(0.5+71/2(p1j2 — 1))

= 1+0.1(0.541.025(0.9 — 1)) = 1.039

Therefore after ist iteration z; = (p1,q1,71) = (0.7912,1.117,1.039).
Iteration 2

h
Ziy12 = Z1+§f(t1,Z1)7
h
(p1+1/2,(]1+1/2,7'1+1/2) = (p17QI7T1)+§(f1(t17p17q17741)7fQ(tlaplaq17r1)7f3(t17p1aq17rl))'

0.1

Piyi/2 = p1+ j(—éh —71)

= 0.7912 4+ 0.05(—1.116 — 1.039) = 0.6834,

0.1
GQi+1/2 = qu+ ?(Ih +0.25(q1))

= 1.116 + 0.05(0.6834 + 0.25(1.116)) = 1.1641,

0.1
rsz = 11t 505+ m(pr—1)
= 1.039 + 0.05(0.5 + 1.039(0.7912 — 1)) = 1.053,

therefore

Zo = 71+ hf(tl + h/2, Z1+1/2).

p2 = p1+0.1(=qiy1/2 — T141/2)

= 0.7912 4 0.1(—1.1641 — 1.053) = 0.569;
@2 = q+0.1(p1y1/2 +0.25(q141/2))

= 1.116 + 0.1(0.6834 + 0.25(1.1641)) = 1.213,
T = TN + 01(05 =+ 7’1+1/2(p1+1/2 — 1))

= 1.039+0.1(0.5 + 1.053(0.6834 — 1)) = 1.056
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Therefore after 2nd iteration zg = (p2, g2, 72) = (0.569, 1.213, 1.056).
Continuing in same manner we get

z3 = (ps,q3,r3) = (0.337,1.278,1.048).

24 = (p4, qs,74) = (0.1022,1.332,1.0171).

25 = (s, qs,75) = (—0.1327,1.364,0.966) and so on.

Runge-Kutta method
Applying Runge-Kutta method of second-order

zr1 = 2z + (k1 +k2)/2,
kl = hf(tkv Zk)7
ky = hf(ty + h,zi + k1).

dp dq dr
Here z = (p7 q, 7") and f = (f17f2>f3) = (a’ %7 a) = (_q - T,p—l— 025(]705 + T(p - 1))
From ¢t = 0, we start with
Iteration 1
z1 = zo+ (ki +k2)/2,

kl = hf(t07Z07)
ky = hf(to+ h,zo+ k1).
(Pla%ﬂ"l) - (PO»QO:TO) + (k;l +k2)/27

where k1 = (k1(p), k1(q), k1(r)) and ko = (ka(p), k2(q), k2(r)). Therefore

ki(p) = hfi(to,po,qo,70) = 0.1(=1 —1) = —0.2,

ki(q) = hfa(to,posqo,ro) = 0.1(1 +0.25(1)) = 0.125,

ki(r) = hfs(to,posqo,70) = 0.1(0.5 4+ 1(1 — 1)) = 0.005,

ka(p) = hfi(to+h,po+ki(p), qo + k1(q), 70 + k1(r)) = 0.1(—(1 + 0.125) — (1 + 0.05)) = —0.2175,
ka(q) = hfalto+ h,po + k1(p), qo + k1(q), 7o + k1(r)) = 0.1((1 — 0.2) + 0.25(1 + 0.125)) = 0.108,
ko(r) = hfs(to+ h,po—+ ki(p),qo + k1(q), 70 + ki(r)) = 0.1(0.5 4+ (1 + 0.05)(1 — 0.2 — 1) = 0.029,

k1(p) + k2(p)
2

~0.2 —0.2175
= 1+ =0.7912,

p1 = po+
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k1(q) + k2(q)

2

12 1

k1 (r) + ka(r)
2

0.05 + 0.029
- 14 % = 1.039

a1 = q+

T = T

Therefore after ist iteration z; = (p1,q1,71) = (0.7912,1.116, 1.039).

Continuing in same way we get

z2 = (p2,qa,72) =
z3 = (p3, 3,73
74 = (P4, G4, 74

= (P5, 45,75

(0.568,1.213, 1.056).
0.337,1.278,1.048).

)= (
) = (0.1022,1.332,1.0171).
)= (=

0.1327,1.364,0.966) and so on.

Applying above method

where

Here z = (p,q,r) and f= (f1, f2, f3) = (

(k1 4 2ko + 2ks + ka)
6 )

Ziy1 = Zg +

ke = hf(t, zp),
ky = hE(t,+h/2 2, + k1/2),
ks = hE(t, +h/2, 2, + ka/2),
ki = hf(ty +h,zp + ks).

dp dq dr

Ea av a) = (_q —np+ OZSQ705 +T(p - 1))

From t = 0, we start with

Iteration 1

k1 + 2ko + 2ks + k
Z1=Zo+(1 2 3 4)7

6

where k1 = (k1(p), k1(q), k1(r)), k2 = (ka(p), k2(q), k2(r)), ks = (k3(p), k3(q), ks(r)) and ks =
(ka(p), kalq), ka(r)).

Therefore

ki(p) = hfi(to,po,q0,70) = 0.1(=1 1) = -0.2,
k1(q hfa(to, po, qo, 7o) = 0.1(1 + 0.25(1)) = 0.125,
kl( hf3(t05p07 q0, TO) = 01(05 + ]-(1 - 1)) = 0057

~—

<
SN—
I
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ka(p)

ka(q)

ka(q)

ka(r)

hfi(to + h/2,po + k1(p)/2, qo + k1(q) /2,70 + k1(r)/2) = 0.1(—(1 + 0.125/2) — (1 + 0.05/2))
—0.20875,

hfa(to+ h/2,p0 + ki1(p)/2,q0 + k1(q) /2,70 + k1(r)/2) = 0.1((1 — 0.2/2) + 0.25(1 + 0.125/2))
0.1166,

hfs(to + h/2,po + k1(p)/2, qo + k1(q) /2,70 + k1(r)/2) = 0.1[0.5 + (1 + 0.05/2)((1 — 0.2/2) — 1)]
0.03975,

hfi(to 4+ h/2,po + k2(p) /2, qo + k2(q) /2, m0 + k2(r)/2) = 0.1(—(1 + 0.1166/2) — (1 + 0.03975/2))
—0.2078,

hfa(to + h/2,po + k2 (p)/2, qo + k2(q) /2,70 + ka(r)/2) = 0.1((1 — 0.20875/2) + 0.25(1 + 0.1166/2))
0.116,

hfs(to+ h/2,p0 + k2(p) /2, qo + k2(q) /2, ro + k2(r) /2) = 0.1[0.5 4 (1 + 0.03975/2)(1 — 0.20875/2 — 1)]
0.03935,

hfi(to + h,po + k3(p), qo + k3(q), 0 + k3(r)) = 0.1(—(1 + 0.116) — (1 + 0.03935))

—0.2155,

hfa(to + h, po + k3(p), qo + k3(q), ro + k3(r)) = 0.1((1 — 0.2078) 4 0.25(1 + 0.116))

0.107,

hfs(to + h,po + k3(p), qo + k3(q), ro + ks(r)) = 0.1[0.5 + (1 + 0.03935)(1 — 0.2078 — 1)]

0.0284,

k1(p) + 2ka2(p) + 2ks(p) + ka(p)
~0.2+ 2(—0.208675) +2(—0.2078) — 0.2155
o = g @)+ 2k(9) 221636(61) + ka(g)
. 0125 +2(0.1166) + 2(0.116) + 0.107
k1(r) + 2ko(r) + gk’g(?”) + ky(r)
L 005+ 2(0.039756) +62(0.03935) +0.0284

p1 = po+

= 1+

= 0.7919,

= 1

= 1.116,

T = T

_ — 1.039

Therefore after ist iteration z; = (p1,q1,71) = (0.7919,1.116, 1.039).
Continuing in same way we get

Zy = (pg, q2, 7’2) = (0.57, 1.213, 1.055).

z3 = (p3,q3,r3) = (0.33,1,29,1.04) and so on.
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Implementation in MATLAB

Results are obtained for 20 iterations

Euler’s method

ros.m +
1- h=0.1;
2 - iter=28;
3 - x(1)=1; y(1)=1; z(1)=1; t(1)=6e;
4 - 3=08.25; b=8.5; c=1;
5 - for i=2:iter
6 - dx = -y({i-1) - z(i-1);
7 - dy = x(i-1) + a*y(i-1);
g - dz = b + z(i-1)*(x(i-1) - 1);
9 - x(1) = x(i-1) + h*dx;
a8 - y(i) = y(i-1) + h*dy;
= z(i) = z(i-1) + h*dz;
12 - t(i) = t(i-1) + h;
13
4 - |end
15
Output
! » MATLAB Drive »
iter A_
HH 1x20 double
1 2 3 4 5 6 7 8 9 10 1" 12 13 4 15 16 7 18 19 20
1/ 0.8000 05825 0.3513| 0.1107| -0.1347 -0.6215 -0.8544| -1.0755 -12823 -1.4725 -16446 -1.7975 -1.9302 -2.0420 -2.1324 -2.2006 -2.2460 -2.2682
» MATLAB Drive » -
T
EH 1x20 double
1 2 3 4 5 6 7 8 9 0 12 13 14 15 16 7 18 19 20
1 1 1250, 1.23 222 9 14362 14586 14571 14314 3817 087 2132|  1.0963 0.9592| 08035 06305 04421 02399 0.0258 -0.1981
MATLAB Drive » ~|4
iter ;_‘ y z 1
H 1x20 double
2 4 5 6 7 8 9 10 11 12 13 14 15 16 7 18 19 20
1 1.0500, 1.0790] 1.0840, 1.0636| 1.0190 09534 08718 07805 06857 05934 05080 04324 03680 03151 02728 0.2147| 0.1960/ 0.1824

Improved Euler’s method

ros.m mod.m

1 - h=8.1;

2 - iter=20;

3 - x(1)-1; y(2
4 - 3=@.25; b=6
5 - for i=2:ite
6 - dx = -y
7= dy = x(
&= dz = b
9 - X(1) =
10 - Y(iy =
11 - (i) =
12 - dx(i) =
138 dy(i) =
14 - dz(i) =
15 - ®(i) =
16 - y(i) =
17— z(i) =
18 - (i) -
19
28 - |end

+

)=1; z(1)=1; t(1)-8;
.5; c=1;

r

(i-1) - z(i-1);

i-1) + a*y(i-1);
+ z(i-1)*(x(i-1) - <);
®(1-1) + (B.5%h)*dx;
y(i-1) + (0.5%h)*dy;
z(i-1) + (8.5%h)*dz;
-Y(i)y - Z(i);
X(1i) + a*v(i);
b+ Z(1)*(X(1 )- €);
x(i-1) + h*dx(1);
y(i-1) + h*dy(i);
z(i-1) + h*dz(i);

+
+
t(i-1) + h;
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Output

{ » MATLAB Drive »
EE X X

HH 1x20 double

1 2 3 4 5 6 7 8 9 10 1" 12 13 14 15 16 17 18 19 20
1 1 0.7913| 05689 03372 0.1009 -0.1356| -0.3682 -0.5931 -0.8074 -1.0085 -1.1945 -1.3639 -15154 -1.6482| -1.7615 -1.8546  -1.9270 -1.9782| -2.0078| -2.0155
» MATLAB Drive »
ZX| X x| xx|yx
H 1x20 double
1 2 3 4 5 6 7 8 9 10 1" 12 13 14 15 16 17 18 19 20
1 1 1.1166] 1.2142) 12911 1.3463) 1.3787 13882 1.3746| 13384 1.2801 12007  1.1013 0.9831) 0.8474 0.6958 05299 0.3514 0.1621 -0.0361 -0.2412
/ » MATLAB Drive »
zZx
EH 120 double
1 2 3 - & 6 7 8 9 10 1 12 13 14 o 16 17 18 19 20
1 1/ 1.0397) 1.0564 1.0487 1.0177| 09663 0.8990 08211 07382 0.6551| 0.5757| 0.5030 04385 0.3829 0.3361 0.2976 0.2664] 0.2418 0.2226 0.2080
Second order Runge-Kutta method
ros.m ><| mod.m ><| w2m x4+
1 - h=0.1;
2 — iter=5;
3 - x(1)=3; y(1)=2; t(1)=8;
4 - |a=2; b=2; c=1; d=1;
5 - |for i=2:iter
@ = dx = a*x(i-1) - b*x(i-1)*y(i-1);
7 - dy = -c*y(i-1) + d¥y(i-1)*x(i-1);
g - klx(i) = h*dx ; kly(i) = h*dy;
Q= k2x(i) = h*{a*(x(i-1) + kix(i)) - b*(x(i-1)+kdx(i))*(y(i-1)+kly(i)));
1@ - k2y(i) = h*(-c*(y(i-1)+k1y(i)) + d*(x(i-1)+kIx(i))*(y(i-1)+kly(i)));
11 — #(1) = x(i-1) + (klx(i) + kax(i))*(1/2);
i3z - v(i) = y(i-1) + (kly(i) + k2y(i))*(1/2);
13 - | end
Output
b / » MATLAB Drive »
= kix x| Kty x| kiz x| kx x| Ky x| k2z x| x x
EH 1x20 double
1 2 3 4 5 6 7 8 9 10 1 12 13 14 15 16 17 18 19 20
] 107913 05689 0.3373] 0.1010, -0.1355 -0.3681 -0.5931 -0.8074| -1.0086 -1.1948 -1.3642 -1.5159 -1.6488 -1.7622| -1.8554 -1.9278 -1.9790 -2.0086 -2.0163
/ » MATLAB Drive »
[ kix x| Kty x| Ktz x| kex x| key x| k2z x| x x| y x
H1x20 double
1 2 3 4 5 6 U 8 9 10 1" 12 | 13 14 15 16 17 18 19 20
I 1 11166 1.2142 1.2911 1.3463 1.3788 1.3882 1.3747 1.3384| 1.2802] 1.2008 1.1013 0.9830, 0.8473 0.6956) 0.5297| 0.3511 0.1617, -0.0366  -0.2419
/ » MATLAB Drive »
[ Kix X[ Kly XI K1z XIIQx xl K2y XI K2z xlx xly x‘ 2 %
3 1x20 double
1 2 3 4 5 6 7 8 9 10 1" 12 13 14 15 16 17 18 19 20
1 1 1.0395 1.0560  1.0483 1.0175 09663 0.8994 08219 07392 0.6564 0.5772 0.5045  0.4399 03842 0.3372 0.2985 02672 0.2424 0.2230 0.2083
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Fourth order Runge-Kutta method

ros.m mod.m ruz.m rud.m rung.m
1 - h=0.1;
2 - iter=28;
3o x(1)=1; y(1)=1; z(1)=1; t(1)=6;
4 - |a=08.25; b=0.5; c=1;
5 - for i=2:iter
6 - dx = -y(i-1) - z(i-1);
7 - dy = x(i-1) + a*y(i-1);
g - dz = b + z(i-1)*(x(i-1) - c);
9 - klx(i) = h*dx ; kly(i) = h®dy; klz(i) =h*dz;
18 - k2x(1) =h=(-(y(1-1) + (8.5%k1ly(1))) -(z(i-1) + (8.5%k1z(1))));
10— k2y(i) = h*(x(i-1)+ (8.5%k1x(i)) + a*(yv(i-1)+ (@.5*kly(i))));
120= k2z(1) = h*(b + (z(i-1)+ (@8.5%k1z(i)))*(x(i-1) + (@.5%klx(1)) -c));
13 - k3x(1) =h*(-(y(i-1) + (@.5%k2y(i))) -(z(i-1) + (8.5%k2z(1))));
14 - K3y (1) = h*(x(i-1)+ (@.5%k2x(1)) + a*(y(i-1)+ (@.5%k2y(i))));
15 - k3z(i) = h*(b + (z(i-1)+ (8.5%k2z(i)))*(x(i-1) + (@.5%k2x(1)) -c)):
16 - kax(i) =h*(-(y(i-1) + k3y(i)) -(z(i-1) + k3z(1)))s|
17 - kdy (1) = h*(x(i-1)+ (k3x(i)) + a*(y(i-1)+ (k3y(i)}));
18 - k4z(1) = b*(b + (z(i-1)+ (k3z(1)))*(x(i-1) + (k3x(1)) -));
19 - ¥(1) = x(i-1) + (kIx(i) + 2*(k2x(i)+k3x(i)) + kax(i))*(1/8);
28 - y(i) = y(i-1) + (kly(i) + 2%(k2y(i)+k3y (1)) + kay(i))*(1/6);
21 - z(1) = z(i-1) + (klz(i) + 2*(k2z(i)+k3z(1)) + kdz(i))*(1/6);
22
23 - |end
Output
3 / » MATLAB Drive »
k1 k1x k1y k1z k2x k2y k2z k3x k3y K3z kdx kdy kdz
FH 1x20 double
K 2 4 1 1 4 15 9
1 0.7919 0.5703| 0.3395 0.1039| -0.1319 -0.3639 0.5885 0.8027 1.0038 1.190( 1.3597 -1.5116 1.6448 7585 1.8521 1.9251 1.9769| -2.0071
/ » MATLAB Drive »
k1 K1x k1y k1z k2x K2y k2z k3x k3y k3z kdx kdy kdz X y
H1x20 double
1 2 3 4 5 6 7 8 E 10 1 2 13 14 15 16 17 18 19
1 1.1162] 12136 12905 1.3457| 13783 13881 13750 1.3393 12817 12030/ 11042 009867 08517 07008 05356 0.3578 0.1691 0.0285
D / » MATLAB Drive »
k1 K1x K1y k1z k2x k2y K2z K3x k3y k3z kax kdy kdz X y z
[ 120 double
1 2 3 4 5 6 7 8 9 11 12 13 14 17 18
1 1.0394 0560 1.0486 018 0.9674 0.9008 08235 0.7409 )6579 05784 ).505 0.4403 0.3842 ).337( 02666 02417 0.2224

For more accurate results more number of iterations would be required. Somehow numerical meth-
ods help in estimating the points for Rossler system. These methods can help in having an idea
about Rossler system where the period-doubling property(i.e small variation in value of any of
parameter in the system’s equations resulting the system to switch to a new nature with double the
period of the original system.) can be achieved. For Rossler system advanced non-linear methods
such as Poincaré maps and bifurcation diagrams are used. Numerical methods with large number

of iterations and high accuracy level give almost same results as those advanced methods.

3.3 Errors in Numerical approximations

The application of numerical approach in problems of initial value raises many questions that

are mandatory to be answered before evaluating the approximate solution that is satisfactory to
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accept. Among these questions one is of convergence i.e. with step size h tending to zero, values
of the numerical approximation z1, 2o, ..., z, does approach the respective values of exact solution?
Further question arises- How small must be step size? Answer to it is step size chosen is supposed
to be small enough to give the accuracy to its best, but should not be too small. An unnecessarily
small step size reduces the speed of calculations and in some cases there is loss of accuracy. The

main causes of errors in numerical approach are
(a) Programming blunder,
(b) Truncation error, i.e. inexact evaluation of mathematical operators,
(c) Roundoff errors, i.e. inexact arithmetic calculations.

In dealing with vectors, matrices and functions, the problem of measuring their exactness to a
certain given quantity is usually done by the concept of norms.

With the assumption that computers are able to run all the computations exactly; i.e. at each
step retaining infinitely many digits. Difference Er, between the initial value problem’s solution

z = ¢(t) and the numerical approximation z, at the point t = ¢, is given as
Er, = ¢(tn) — 2zn.

This error Er, is global truncation error and error at each n'” step is local truncation error
denoted as e,. In actual we must compute approximations to the finite precision arithmetic i.e. at
each step keeping only finite number of digits. Further it results in a round-off error R, defined

as
R, = 2z, — Zp,

where Z,, is value obtained in numerical method. Total absolute value of error in computing ¢(t,,)
is given as

|¢(tn) - Zn| = |¢(tn) —Zn+2Zp — Zn‘

By virtue of triangle’s inequality i.e |a + b| < |a| + |b|, we get

’¢(tn) - Zn’ < "b(tn) - Zn| + |Zn - Zn‘
< |Bra| + [Ral,

this is absolute values’ summation of the global truncation and round-off errors.
Error analysis of Euler’s method

Suppose the z = ¢(t) be solution of corresponding i.v.p with continuous second order derivative in

the interval of choice. Assuming f, f; and f. to be continuous.
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using chain rule,
0" (1) = filt, ()] + L[t 6(1)]¢ (1)
By Taylor’s polynomial along with remainder expanding ¢ about t¢,,, we get

Bt + 1) = 0(ta) + & (ta)h + 56 (ra)2

where 7, is any point in ¢, < 7, < t;, + h. Therefore

Euler formula for calculating approximate value to ¢(t,+1) under the supposition that exact value

for z, at t, is known, z, = ¢(t,). The result is

Zn+1 = QZ)(tn) + hf[tna QZ)(tn)]

The local truncation error i.e. difference of ¢(t,4+1) and z,41 for the (n + 1) step in the Euler

method, denoted as e, 11 and given as

1 1

ent1 = O(tnr1) — 2nt1 = §¢ (7o) 1°.

Therefore for Euler method the local truncation error is directly proportional to the square of it’s

step size h. A uniform bound is well founded on solution’s interval given as
len| < MB?/2,

here M is the maximum value of |¢" (¢)| on the solution interval . Step size (h) should be chosen
in such a way that local truncation error must be not greater than e (tolerance level). Global
truncation error has more importance in comparison with local truncation error. Estimating Er,
is much more difficult than evaluating e,,. It is shown that the global truncation error on a finite

interval is not greater than a constant times h. Thus
\Ery| < K,

for some constant K. The Euler method is of first order due to it’s global truncation error which
is directly proportional to the step size’s first power.
Error analysis of Modified Euler’s method

Considering the initial value problem

/

z = f(t,z), z(to) = =0,

where z = ¢(t) denote its solution. After making some alterations in Euler’s method the Improved
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Euler’s method is formed as

f(tnyzn) + fltn + hy zn + hf (tn, 2n)]
2

Zn+l = Zn + h,

B L8 (UR IR0

Improved Euler formula is a two-stage method i.e. firstly z, + hf, is evaluated using Euler formula

and secondly this same result is carried forward to find z,41. Since the improved Euler formula
improvisation of Euler formula with the local truncation error directly proportional to A% while in
Euler method it is proportional to k2. In improved Euler method the global truncation error is
bounded by a constant times h?, so this method is of second order. It is observed that at the
expense of more computational work,greater accuracy is achieved as it is now required to evaluate
f(t, z) two times in going from ¢, to t,4.

Error analysis of Runge-Kutta method

Considering the initial value problem

!/

z = f(t,z), z(to) = =0,
where z = ¢(t) denote its solution. The Runge-Kutta method of second order behaves same as the
modified Euler’s method, therefore it’s trunaction error and convergence speed is same as that of

modified Euler’s method.

Classical Runge-Kutta method is given as

(kl + 2ko + 2k3 + k4)
6 )

Zntl = 2Zn + h

where

ki = f(wn,2n),

ko = f(zp+h/2,2, + hk1/2),
ks = f(zn+h/2,2, + hke/2),
ky = f(zn+ h, 2z, + hks).

The intermediate slopes k1, ko, k3, k4 are evaluated with use of Euler’s and midpoint Euler’s method.
Therefore the local truncation error is proportional to the h° . And from this it follows that
global truncation error is proportional to constant times h* so this method is of fourth order
which reflects that there are four intermediate stages in calculation. Which in return is more
computationaly expensive as more number of computations are required but accuracy is achieved
to highest.
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