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Abstract

This thesis entitled “Application of ecosystem models to preserve endangered
species” is a study carried out with the objective of understanding the importance of
environmental fluctuation and movement of species while predicting the dynamics of species

in endanger.

Recently, there has been a growing awareness of the importance of including a spatial as-
pect when developing realistic models of biological systems, with a consequent development
of both approximate and mathematical rigorous methods of analysis. Besides there have
been studies of pattern formation in spatial epidemic models, introduced from the pioneer
work of A.M. Turing. It is well known that the spatial component of ecological interactions
has been identified as an important factor in how ecological communities are functioning
and shaped yet; understanding the role of space is challenging both theoretically and
empirically. Spatial epidemiology with self-diffusion has become a principal scientific dis-
cipline aiming at understanding the causes and consequences of spatial heterogeneity in

prey-predator relationship.

Moreover, significant environmental change can push a population near extinction, but in
some cases, natural selection can intervene and save the population, allowing it to survive.
Population densities of predators, prey, and competitors changes significantly from season

to season or year to year.

Also, unusually rapid rates of infectious illnesses are spreading throughout wildlife pop-
ulations. It is important to look into the assertion that infectious diseases frequently
contribute to species extinction in light of the increased interest in both global species
loss and newly developing infectious diseases. So, in this work we tried and predict the

dynamics for the species that are in danger to extinction due to disease pathogen.

To accomplish the objective choosing a suitable model, fitting the model to the data,
and using the fitted model to estimate the risk of extinction are the processes involved in

conducting a population viability analysis.
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Chapter 1
INTRODUCTION AND LITERATURE

« L

FExtinction s the rule,
. . . )
survival is the expectation.

-Carl Sagan



1.1 Introduction

A sixth global biological extinction may be on the horizon as life on Earth is vanishing at
an unprecedented rate (Dirzo et al. (2014)). Despite being a natural occurrence, extinc-
tion only happens to one to five species on average each year. Scientists calculated that
the current rate of loss is 1,000-10,000 times that of natural loss (Chivian and Bernstein
(2008)). Recent decades have seen a steady reduction in biodiversity status and an in-
crease in extinction rates, which has resulted in a growing international commitment to
conservation (Tittensor et al. (2014)). Although the number of extinct and endangered
species is rising, our knowledge of the dynamics and causes of extinction is still insuffi-
cient. Diamond (1989) suggested four drivers of extinction- habitat loss, species invasion,
killing, and coextinction. Disease, however, is rarely mentioned as a possible contributing
factor to species extinction or endangerment. Many species can go extinct due to disease,
either directly or indirectly. Although it doesn’t seem shocking, this wasn’t established
before today. Significant population losses in wildlife are brought on by infectious illnesses,
for example, canine distemper virus in Serengeti lions (Roelke-Parker et al. (1996)), Ebola
outbreaks in African apes (Leroy et al. (2004)), and multiple pathogens that affect amphib-
ian populations (Daszak and Cunningham (1999); Pounds et al. (2006); Schloegel et al.
(2006)). According to recent studies, viral illnesses are spreading exceptionally quickly in
wildlife populations (Harvell et al. (1999); Harvell et al. (2002); Epstein et al. (2003)).
Emerging infectious illnesses are those brought on by parasites and pathogens that have
lately increased in frequency, number of host species they are infecting, or geographic
reach. They can also be brought on by newly discovered parasites and pathogens, or by
newly developed agents (Shope and Oaks (1992); Daszak et al. (2000)). The diversity
of emerging infectious diseases afflicting wildlife, coupled with the fear that an increased
frequency of outbreaks will occur in the future, have raised concern that infectious disease
may play a strong role in species extinction (Holmes (1996); Daszak et al. (2000); Harvell
et al. (2002)). Despite evidence that diseases can increase extinction risk in wild animals
(Woodroffe (1999); Daszak and Cunningham (1999)), few researchers have investigated
the factors associated with disease-mediated declines or extinctions. Despite the fact that
there are tools and data accessible, there is currently no analytical framework that can be
used to accomplish this, and predictive models are not evaluated against historical evidence

of the interplay between risk predictors and risk change.

Another important factor responsible for extinction is climate change. For natural sys-
tems, the evidence of climate change consequences is strongest and most complete. Recent
decades have shown a demonstrable impact of global temperature change on species dis-
tribution (Walther et al. (2002); Parmesan and Yohe (2003)). Each species has a defense



mechanism, such as immunizations and disease resistance. Some species are losing their
ability to resist disease as a result of the changing temperature and landscape. They are
growing more vulnerable to illnesses and epidemics, which could eventually cause them
to go extinct. The standard compartmental ecological and eco-epidemiological models
are insufficient to adequately understand the spatial spread dynamics of the disease. Fi-
nally, to increase the ability to identify infectious diseases of conservation significance,
current monitoring programs must be upgraded if a greater understanding of the role of
infectious disease in species extinction is to be developed (Aguirre et al. (2002)). By com-
pleting these duties, extinctions should be decreased as a result of an understanding of
the dynamics of infectious diseases that is based on science. Additionally, it is clear that
some species are being over-preyed upon, and invasive mammalian predators are probably
the foreign animal species that have the most negative impact on biodiversity worldwide.
Thirty invasive predator species are responsible for the extinction or threatened extinction
of 738 vertebrate species, accounting for 58% of all bird, mammal, and reptile extinc-
tions. The most extensive consequences come from cats, rodents, dogs, and pigs, and
indigenous island faunas are particularly vulnerable to invasion predators. The fact that
insular species are most severely damaged suggests that controlling invasive predators on
islands should be a top priority for worldwide conservation. For the purpose of slowing
the rate of loss of biodiversity worldwide, it is crucial to comprehend and minimize the
effects of invading mammalian predators (Doherty et al. (2016)). For instance, quokka is a
medium-sized, marsupial who is suffering a significant population decline in south-western
Australia (Kitchener (1995); Hayward (2002)), when the red fox arrived there in the early
1930s (King and Smith (1985)).

1.2 Consequences of extinction

Rise to cascading effect

A “trophic cascade” (also known as a “trophic effect cascade”) occurs when a species loses
its ability to perform a certain role in its ecosystem, which has an influence on both other

species and the ecosystem as a whole.

The effect of wolves in Yellowstone Park, who were hunted to almost extinction by 1930,
is an often used illustration. Without them, the elk and deer they had eaten prospered,
and their grazing damaged the willows and aspens that had protected songbirds from the
elk and deer they had eaten. As a result, the stream banks became more prone to erosion,
and mosquitoes and other insects that the songbirds would have eaten began to proliferate.

In 1995, the wolves were brought back into the park and began to hunt elk once more.



Birds, beavers, fish, and other creatures also returned to the stream banks with the plant
growth. (Note: David Bernhardt, the Department of the Interior’s acting secretary, just
unveiled a plan to remove grey wolves from their endangered designation in the Lower 48

states.)

Kelp forests are another well-known illustration. Because they offer habitat to other
species, shield the coastline from storm surges, and absorb carbon dioxide, they are crucial
to coastal ecosystems. However, kelp forests are being swiftly decimated by an enormous
population of purple sea urchins. Purple sea urchins that feed on giant kelp are eaten
by California sea otters. Due to unrestricted hunting in the 19th century and pollution,
the population of these otters, which formerly numbered in the hundreds of thousands to
millions, has been reduced to about 3,000. Moreover, in 2013 a virus that was probably
made worse by warmer temperatures started killing sunflower starfish, which also consumes
purple sea urchins. The kelp forests decreased by 93% between 2013 and 2018 due to the
purple sea urchins eating on them after the sea otter and sunflower starfish disappeared as
predators. (A recent study discovered that ocean heat waves are now posing a hazard to
kelp forests.) The red urchin population in Northern California, which is prized for sushi,
was severely impacted by the sea urchin explosion, which also seriously harmed the kelp
ecology. Red snapper, rock cod, and other fish that depend on kelp forests for breeding

may also become susceptible in the future.

Another illustration given by Wooddell was how 10 of the 12 native bird species of Guam
went extinct when the invasive brown tree snake was unintentionally introduced to the
island in the 1950s. Normally, birds consume seeds and disperse them over the island, but
she claimed that this was no longer a healthy environment. As a result, there are far fewer
trees and forests. And because there are no birds to consume them, Guam is covered in

spiders.

Disappearing of apex predator - a catastrophic effect

According to one study, humans’ greatest impact on nature may have been the eradication
of the giant predators known as “apex species,” which are at the top of the food chain.
These huge animals are more susceptible because they have smaller populations, live longer,
reproduce more slowly, and require more food, and have a larger habitat. According to
scientists, their extinction has contributed to pandemics, fires, the extinction of desirable
species and the emergence of invasive ones, a decline in ecosystem services, and a decrease

in carbon sequestration.

Elephants are an elite species that, because of tourism, habitat destruction, and ivory

poaching, may become extinct in our lifetimes. Ecosystems in Asia and Africa may un-



dergo significant alteration as a result. Elephants disseminate seeds farther than any other
mammal through ingestion and digestion, promoting the growth of plants and trees that
provide food and shelter for birds, bats, and other species. Elephants also create commu-
nal watering holes and enrich the soil with their rich excrement, which gives other animals

food.

Wildfires may also be impacted by the decline of apex species. In East Africa in the
late 1800s, a contagious virus called rinderpest killed out large numbers of plant-eating
wildebeest and buffalo, but plants recovered quickly after that. This excess of flora caused
an upsurge in wildfires throughout the dry season. Wildebeest and buffalo were reintro-
duced in the 1960s after rinderpest was eradicated by vaccination. Wildfires decreased as
the environment transitioned back from shrubbery to grasslands, reducing the amount of

combustible vegetation.

Disturbs food web

The base of the marine food chain is made up of plankton, which are small plant and animal
species that live in freshwater or the ocean. Due to the fact that they utilize carbon dioxide
as a carbon source and produce oxygen during photosynthesis, phytoplankton is essential
to the health of the seas and the world.

In 2010, scientists discovered that the amount of phytoplankton has fallen by 40% globally
since 1950 and blamed the drop on rising sea surface temperatures. According to the
scientists, the cooler, deeper waters that are rich in the nutrients that phytoplankton
require did not mix well with the warming surface waters. Additionally, zooplankton may
not be able to adapt as low-oxygen areas spread owing to climate change since they are

extremely sensitive to even small changes in the amount of oxygen in the water.

Additionally, the nutrition of other organisms higher on the food chain is impacted by
the quantity and quality of plankton. Sardine and anchovy biomass in the Mediterranean
Sea decreased by one-third in just ten years. Ome scientist hypothesized that this was
caused by the disappearance of the sardines’ and anchovies’ usual plankton, forcing them
to switch to a less calorie-dense form of plankton. Scientists are unsure of the exact reason
why the plankton composition in some areas is changing, but they speculate that changes
in plankton quality could be caused by water temperature changes, pollution, or a shortage
of nutrients. Some claim that if it is caused by pollution and global warming, the problem

might get worse.

However, Sonya Dyhrman, a professor at the Department of Earth and Environmental Sci-

ences at Columbia University who works with the Lamont-Doherty Earth Observatory to



study phytoplankton, is more upbeat about the future. Microorganisms like phytoplankton
have the ability to adapt, acclimate, and evolve, thus Dyhrman said he is more concerned
about how the community composition of phytoplankton will change in the future ocean

than he is about certain lineages of phytoplankton going extinct.

The structure of the food web may shift if the phytoplankton community changes, but
Dyhrman is not very concerned about the fisheries’ complete collapse. But she worries
that “ocean ecosystems may change, and we don’t really know what those changes would
entail. What form will that ecosystem’s architecture take in the future? The issue is that
the ocean is already changing, and we don’t yet fully comprehend the ecosystem’s archi-

tecture to make future predictions.”
Losing nature’s therapeutic riches

More than 25% of prescription drugs include compounds that were found in plants or ani-
mals. The source of penicillin was a fungus. To determine whether one of the components
in some tarantulas’ venom could aid in the treatment of disorders like Parkinson’s, re-
searchers are examining the venom. A single chemical from a rare marine bacterium may

serve as the foundation for novel melanoma therapy.

About 1.7 million distinct types of organisms have been identified by scientists to date,

but it is estimated that there are between 10 and 50 million species on Earth.

1.3 Importance of diversity for humans

The organization, Intergovernmental Science-Policy Platform on Biodiversity and Ecosys-
tem Services (IPBES), was set to evaluate the alterations in human welfare spawned by
alterations in diversity on mother earth. If ecosystems with less biodiversity are less able
to offer the ecosystem services—like carbon sequestration, nitrogen cycling, and drought
resistance—on which humans rely, then biodiversity losses would be detrimental to human
well-being. More recent pieces of evidence suggest that saving wildlife is more self-serving

than kindness. Evidently, there are four principal reasons.
Biodiversity gives livelithood

Biodiversity is a very basic component of sustainable food for humans and livelihood in
the rural and forest sectors. Humans depend on ecosystem services like fresh water, pol-
lination, soil fertility and stability, food, and medicine, whether they live in a village in
the Amazon or a large city like Beijing. Given the demands of a constantly expanding hu-
man population, ecosystems that have suffered from the loss of biodiversity are less likely

to provide those services. The biggest desert lake in the world, Lake Turkana in Kenya



provides food and income for around 300,000 people as well as a habitat for a variety of

species, including birds, Nile crocodiles, and hippos.
Biodiversity and economy

Governments are recognizing the importance of biodiversity not only for conservation but
also for a worthwhile economic future. Almost 40% of the world’s business cycle depends
on Biological resources. There would be a deflation of around US$ 338 billion per year
together in food and forest produced for commercial use, like timber if the pace of biodi-
versity loss remains the same. Insofar as we are aware of the fact that food crops rely on
pollinators, like bees, these are declining at a massive rate which might cause a deflation
of US$ 235 billion in agronomy. Also, Nature-related tourism is also a significant income

generator for many people as well.
Biodiversity regularises climate

Climate change and biodiversity loss are two of the most considerable worldwide perils
to human welfare. Bronson, the natural climate researcher at Conservation International,
affirms that by 2030 climate ruination can only be curbed if nature can reduce emissions
at least by 30 percent or more, and safeguarding biodiversity is of considerable importance

in accomplishing such emission reductions.
Biodiverse ecosystem keep humans healthy

Idea that greater biodiversity can indirectly reduce disease in particular focal hosts is
not new (e.g. Elton (1958)). In recent studies, researchers asserted that multifariousness
shields ecosystems against infectious diseases. Loss of species from the environment can
have dangerous consequences for the spread and incidence of infections, including those

that affect humans.

“A pattern is emerging which shows that biodiversity loss increases disease transmission,”
says Keesing (Keesing et al. (2010)); he explained many mechanisms that perhaps say
that there would obviously be an increase in disease risk with increasing diversity. Sub-
stantiated by few experimental types of research and observations: (a) in some regions
of Western United States and also experimentally proven in Panama, fatal lung infection
(caused by hantaviruses) in humans prevailed as the diversity of small mammals in the area
decreased, (b) again, in some region of United States, researchers observed that areas that
have low bird density were more susceptible to West Nile encephalitis, an arthropod-borne
virus. Researchers still seek an answer to such observations. The reason that has a lack of
conviction is; as infectious diseases are fundamentally ecological systems, involving inter-
actions between at least two or many species, and the loss of species can increase encounter

rates between pathogens and hosts. In support of this reason, an experiment examining



the transmission of S. mansoni(parasite that causes human schistosomiasis and alternately
infects snails via free-living infectious stages) as a result of community structure (Johnson
et al. (2009)) was carried, and it postulated that parasite transmission into snail hosts
lessen as the community diversity increases i.e. the loss of species can increase encounter

rates between pathogens and hosts.

1.4 Mathematical biology

There is a long history of successful collaboration between mathematicians and biologists,
including medical scientists. As a result, it straddles two spheres of study: mathematics
and biology (relatively speaking, population ecology). In the life sciences, sophisticated
mathematical results have been applied and emerged. For instance, stochastic processes
and statistical methods have been developed to solve a variety of population problems
in demography, ecology, genetics, and epidemics, and much of the joint work between
biologists, physicists, chemists, and engineers involves the synthesis and analysis of math-
ematical structures. Despite the success of bio-informatics and its widespread acceptance
in biology, mathematical biology has had a slower pace of acceptance. A number of no-
table exceptions exist - in ecology and epidemiology, mathematical models have long been

used.

1.4.1 Mathematical modeling in population ecology

An ecological model formalizes dynamic and complex interactions within the ecosystem,
which show how organisms interact with one another and with their surroundings. De-
veloping population ecology models is not primarily intended to predict the behavior of
specific populations, but rather to provide an understanding of how biological processes,
often driven by individual behavior, influence population change over time. In recent years
there has been considerable growth and advancements in mathematical tools, which fur-
ther helps ecologists/environmentalists to take sustainable steps in making some important

decisions for mother earth.

History

Despite the use of mathematics for explaining ecological processes since 12th century (Real
and Levin (1991)), there was lack of applicable mathematical approaches in ecology. Math-
ematical modeling has become an integral part of ecological research significantly during the
1970s (EDELSTEIN-KESHET (1988); Hoppensteadt (1982); Jorgensen (1994); Jorgensen
(2002)). Mathematical models have largely come up with a qualitative description of pat-

terns in nature. The traditional approach served mankind lesser as mathematicians and



ecologists use dissimilar symbols, terms, and definitions.

Alfred Lotka (1880-1949) and Vito Volterra(1860-1940), pioneered the work independently
over forming interaction between prey population and predator population. In 1910, Alfred
J. Lotka developed the theory of auto-catalytic chemical reactions, in which he proposed the
prey-predator model. Accelerating in the direction of model development which we know
today, Lotka extended that model to “organic systems” (Lotka (1920)). Further, utilized
the equations to form prey-predator interactions (Lotka (1925)). The pair equations are

stated as follows:

d—N =rN — ANP,
dt

£ =eANP —mP.

dt

where N —density of prey, P—density of predator, r—per capita prey growth rate in the
absence of predators, m—per capita death rate of predator in the absence of prey, A—scale of
predator encounter rate with prey, e—efficiency with which consumed prey are transformed
into new predators. Also, it only worked with a few assumptions like the rate of change
of population is proportional to its size; The prey population has access to plenty of food
at all times; There is no limit to the appetite of predators; There are no changes in the

environment that favor one species and the genetic adaptation is a slow process.

It was later enhanced and modified innumerable times to fit specific contexts. An alter-
native to the Lotka-Volterra predator-prey model emerged in the late 1980s, namely the
Arditi-Ginzburg ratio-dependent model (Arditi and Ginzburg (1989)). But, ecological in-
teraction is way more than just two species involved. Though it is now possible to form a
large number of equations for the interaction of species in an ecosystem, sometimes com-
plexity in the interactions creates difficulty in analyzing. To this, by influencing ecology
Austin biologist and philosopher Ludwig von Bertalanffy developed network structures
that could be formulated and iterated as well. The two contrasting approaches for the eco-
logical model are (1) developing models which support findings (of theoretically inclined
biologists ) but are relatively simple (Johnson et al. (2006)), or simulating complex bio-
logical systems by using dozens of differential equations (Novak and Tyson (2004)); (2)
analytically tractable mathematical models developed by mathematicians who are moti-
vated by biology (Sun and Saker (2005)). In 1995, Kingsland and Kingsland (1995) , wrote
about the history of population ecology. In his book, he stated that by the mid-1960s a
growing number of ecologists have been interested in computer simulations of ecological
interactions traced over several generations and after that computers played a vital role in

simulating population dynamics.
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Even while mathematical ecological models can’t always depict natural processes pre-
cisely, they can still be highly helpful in managing ecosystems, especially if all the guiding
principles and conditions are taken into account throughout their construction and imple-
mentation. They can offer a thorough overview of the environmental issue being studied,
first estimates of how anthropogenic or natural factors affect ecosystem functioning, and
ultimately, they can highlight existing knowledge gaps and direct future study. Today,
we are faced with challenges such as global change and biodiversity loss, in addition to

achieving a sustainable future, are complicated in a whole new way.

1.5 Biological systems

Collections of well organised sets of material objects- either molecules, cells, organs, or-
ganisms or populations - getting through various(or certain) mechanical, topological, and
temporal relations to each other and to their environment, and are associated with activ-
ities like material transformations of the biological objects or with information processed
by the system, such sets are known as biological systems. These systems further expressed
as system of differential or difference equations, which describe how populations change

with time, space, or stage of development.

Definition 1.5.1 (Dynamical system) It is defined as state space V', over time set T,
and a function Q over V-x T, co-domain V', i.e., Q:V xT — V. Q(v,t) gives dynamics
state at time t € T, with nitial state v.

Here, Q) is called the evolution function of the dynamical system, V' is called the state space.

Definition 1.5.2 (Autonomous dynamical system) The system/equation is called au-

tonomous if it is in the form

i.e. if right hand side function is not explicitly dependent on t.

Otherwise, a non-autonomous equation/system.
In everyday life, dynamical systems include:

Mathematical models of an object or scenario comprises of robustness, logical consideration
of connections, least assumptions, and formulas for relations, this will help in understanding

object /scenario without its experimental analysis.
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1.5.1 Various types of mathematical model for ecology and its
significance
1.5.1.1 Model comprises of system of Ordinary Differential Equations-:

In ODE models (Ordinary Differential Equations), functions of only one independent vari-

able with one or more of their derivatives are modelled.

Definition 1.5.3 (System of non-linear ODE) The mathematical representation is given

as follows-
dx
d_tl = fl(taxla'l‘?’"'axn);
dx
d_tz = f2(t7x17x27’”7xn)7
dx,
E = fn(t,l'l,xg,...,l’n). (151)

where t 1s an independent variable and x1, xo,...,x, are the dependent variables.

Example 1.5.1 (Holling Tanner Model)

dn n mnp

i A

dt ru( K) n+ap’

dp hp

— = 1——. 1.5.2
v (1) (15.2)

where n/p: population of the prey/predator species, r: intrinsic growth rate of the prey, K:
environmental carrying capacity of the prey, m: maximal predator per capita comsumption
rate, a: handling time of prey by predator, s: intrinsic growth rate of predator and h:
conversion rate of prey into predator biomass.

Further, Xiao and Ruan (2001) converted the model by introducing dimensionless variables

h
u = n and v = mp and dimensionless parameters o = g, 0= 5t and B = ﬂ Hence,
K rK m m hr
the system becomes:
du uv
b 1— ) —
dt u(l—u) u+av’
dv v
D (s ) L5
= GGl (1.5.3)

Definition 1.5.4 (Lipschitz Continous) The function g(t,y) such that g : R™*" — IR"
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is called Lipschitz continous in y, if g(t,y) satisfies Lipschitz conditions at y i.e. let us

suppose |t —to| <u, y € D CIR" and if y1,y2 € D s.t.

g(t,y1) — g(t, y2)|| < Lilya — yal|

where L 1s called Lipschitz constant.

Definition 1.5.5 (Solution of ODE System) Consider the initial value problem:

dy

%~ glt.y) (1.5.4)

with initial condition y(ty) = yo € R" for some tg € R and g : R x IR® — R". Then

y(t; to, yo) that satisfies the equation and initial condition, is called solution to this problem.

Theorem 1.5.1 (Local Existence and Uniqueness of Solution) For positive constants

u and v such that,
Y1

[t —to)|<uandy=| . | €D :={y:|ly—1°|| <v} CR"

Y2 |

the initial value problem 1.5.4 said to have unique solution for:
, v
[t —to| < min {u, —} where M := sup ||g]],
M H

if the function g(t,y) holds the following hypothesis:
e g(t,y) is continous in H := [ty — u,to+ u| x D,

e g(t,y) is Lipschitz continous in y

1.5.1.2 Model comprising of system of Partial Differential Equations (Reac-

tion Diffusion model)

Spacial heterogeneity

Ecology is a spatial science, according to Tilman et al. (1997). Spatial heterogeneity
is generally defined as the complexity and variability of a system property (e.g., plant
biomass, cover) in space. It also describes the uneven distribution of a characteristic, an

occasion, or a connection throughout a territory (Anselin (2010)). Spatial heterogene-
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ity rather than spatial homogeneity is typically the norm when examining demographic
processes. If we consider a different, larger scale, even homogeneous settings are likely
to be heterogeneous. For instance, there are pockets of low and high fertility, mortality,
and population mobility or migration within the populations that are dispersed across the
landscapes. Possingham et al. (2005), tried to answer the question ‘To what extent does
an understanding of landscape spatial heterogeneity inform conservation decisions?’. The
pioneer work by D.G. Kendall who modified the basic Kermack-McKendrick SIR model to
include the effects of spatial heterogeneity in an epidemic system was the starting point
(Kendall (1957); Kendall (1965)). Allen et al. (2007) suggested a frequency dependent
SIS (susceptible-infected-susceptible) reaction-diffusion model for a population in a con-
tinuous spatial habitat to better understand the effects of geographical heterogeneity of
the environment and individual movement on the persistence and extinction of a disease.
Therefore, it is important to be able to model the distribution, movement, and disper-
sal of species and individuals across a varied and variable landscape (Jgrgensen and Fath

(2011)).

Furthermore, the majority of food chain models frequently downplay or disregard local
spatial dynamics and the spatiotemporal expansion of interdependent species. The main
flaw in these models is that they don’t account for local random mobility, which can have an
impact on species distribution. The reaction-diffusion model is regarded as a key element
in identifying population clustering and concentration. The movement of species out from
crowded areas caused by population pressure brought on by interspecies interference is

referred to as diffusion.

When data are gathered across time and space and have at least one spatial and one

temporal attribute, reaction diffusion models emerge.

Definition 1.5.6 (System of PDE) Suppose the spatial environment is two dimensional,

then the mathematical representation is given as follows-

0
% - hl(l‘b]j?’_,,’l‘n,z,t)+Dx1v2'r17
0
% - hQ(ZL‘l,J,’Q,,.,’ZL'n,Z,t)+Dx2v2$27
ox,,

el Pn(21, 29, ..y Ty, 2, 1) + Dy V21, (1.5.5)
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for z = (z,y) € Q = [0,L] x [0,L], t > 0, V* represents Laplacian operator for 2-D
diffusion and D,,, D,,, ..., D, are diffusion coefficients.

Example 1.5.2 (Holling-Tanner with Spatial Heterogeneity) Inclusion of diffusion
in Holling-Tanner model (1.5.3), assuming animal moves uniformly in all the directions,

the model becomes :

ou uv

— = u(l—u)-— D, V?

ot u(l—u) wtav WV

ov v 9

o = o (ﬁ - E> + D, V2. (1.5.6)

where spatial domain is 2 € R, wth Neumann boundary conditions i.e. u, = v, = 0, for

z € 0¥) and some initial conditions.

1.5.1.3 Model comprising of system of Stochastic Differential Equations (Ran-

dom system)-:

Uncertainties in the applied inputs can be handled using a stochastic model. Stochastic
models include some intrinsic unpredictability; the identical initial conditions and param-

eter values will result in a variety of outputs.
Deterministic vs Stochastic model: A deterministic model enables precise predic-

tion of future events without the use of randomness. In such models, the model’s param-
eters entirely define the values for the system’s dependent variables. Simulation of these
models through parameter and input adjustment can provide important insights into the
quantitative and qualitative features of epidemics (Sattenspiel (2009)). Product suppliers
often employ deterministic models to depict statutory future forecasts of long-term invest-
ments (such as pensions). These estimates can then be used to compare various suppliers,

particularly with regard to costs, assuming the same projection rates are applied.

Stochastic processes in ecology are unpredictably occurring occurrences that have the po-
tential to influence population and community dynamics. When the environment changes
or the population is tiny, many population dynamics seem to be stochastic. Because a
small population is more likely to go extinct due to random fluctuations in population
size, environmental variation that can diminish population size, for instance, can raise the
likelihood of stochastic extinction. Community dynamics can also be influenced by stochas-
tic processes such as chance colonization, random order of immigration/emigration, and
random fluctuations of population size. There are various kind of stochastic processes for

system based on type of dynamical system. They are as in Table 1.1.

To see the pros and cons of deterministic and stochastic systems, refer Table 1.2.
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Table 1.1: Types of stochastic processes.

Stochastic process Time Characteristics Example

Branching discrete population model where colonization of new

process or each individual’s offspring habitat, spread of

continuous number is drawn from new disease

same distribution

Markov chain discrete switches between different nucleotide substitution
states, with probabilities in DNA sequence
depending on previous state evolution

Poisson process continuous events that happen independ- mutations in lineage
ently and with a small of individuals, coalescent
probability per unit of time process

Wiener process continuous random changes in variable movement of individuals

but with mean zero

in space

Table 1.2: Pros and cons of deterministic and stochastic modeling.

Type pros cons

Deterministic easy applicability, as rely fundamentally flawed, as it
on only assumption about doesn’t consider unknown variable
long-term average changes that will affect dynamics
comprehensive, hence user inadequate and potentially
friendly misleading sometimes

Stochastic by considering random immensely complex series of

process various environmental
changes or errors are taken
into account

avoids significant shortfalls
inherent in deterministic
models

using many different estimates

of future conditions, stochastic
models predict a range of possible
future

events with a few parameters

systems can not be solved
analytically so it is difficult to
build an intuitive perspective
sometimes

generated random data claims
to lie under the estimate 95%
confidence interval about 3/4
of the time and hence model
fails occasionally
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Definition 1.5.7 (System of SDE) Consider an ODE system

dy

2 —alty). () =

Here, a(t) is a deterministic parameter.

Now, suppose a(t) is rather a stochastic parameter, given by

aft) = g(t) + h(t)§(t),

where £(t) is a white noise.

Thus, a stochastic differential equation system is formed

ay

—= = 9()Y () + h(B)Y (D8(1).

The differential form of Brownian motion is denoted by, dW (t) = £(t)dt, hence we obtain:
dY (t) = g(t)Y (t)dt + h(t)Y (t)dW (t).
General form is given by
dY (t,w) = g(t,Y (t,w))dt + g(t,Y (t,w))dW (t,w), (1.5.7)

where w represents a random variable Y =Y (t,w) and initial condition Y (0,w) = Yy with

probability 1.

Example 1.5.3 (Holling-Tanner model (with cannibalism) assuming stochasticity)

Basheer et al. (2016) considered the environmental fluctuation in cannibalism (refer to sec-
tion 1.6, eq. (1.6.2)), the SDE model becomes

2 2

uv u u
du = 1 —u) — — —
N (u( Fe—u) utav utd u+d

dv = v <ﬁ - %) dt. (1.5.8)

) dt + oy AW,

where ay as intensity of stochasticity and Wy is standard one-dimensional Browninan mo-
tion.

1.6 Biological preliminaries

Here, we will define some of the basic biological terms that are being used throughout the

formation of thesis.
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Basic Reproduction Number (%)

One of the most important concepts to emerge from the study of demography is the fun-
damental reproductive ratio, or &g, (Sharpe and Lotka (1911); Dublin and Lotka (1925);
Kuczynski (1928)). It was later independently investigated for human infectious diseases
(Kermack and McKendrick (1927); Dietz (1975)) and vector-borne illnesses like malaria
(Ross (1911); Macdonald (1952)). It is acknowledged as the threshold that causes the
behaviour of the traditional epidemic model. The predicted quantity of secondary people
that an individual will create over the course of its lifetime is known as %&y. Understanding
the epidemic and the possible hazard from severe acute respiratory syndrome (SARS) in
epidemiology required the estimation of %, (Choi and Pak (2003); Lipsitch et al. (2003);
Lloyd-Smith et al. (2003); Riley et al. (2003)). %, has been likewise used to characterize
bovine spongiform encephalitis (Woolhouse and Anderson (1997); Ferguson et al. (1999);
De Koeijer et al. (2004)), foot and mouth disease (Ferguson et al. (2001); Matthews et al.
(2003)), novel strains of influenza (Mills et al. (2004); Stegeman et al. (2004)) and West
Nile virus (Wonham et al. (2004)). The incidence and spread of dengue (Luz et al. (2003)),
malaria (Hagmann et al. (2003); Smith et al. (2007)), Ebola (Chowell et al. (2004); Althaus
(2014); Khan et al. (2015)), and scrapie (Gravenor et al. (2004)) have also been assessed
using % in recent literature. Ongoing theoretical work has extended % for a range of com-
plex models, including stochastic and finite systems (Nasell (1995)), models with spatial
structure (Mollison and Denis (1995); Lloyd and May (1996)) or age-structure (Anderson
and May (1992); Diekmann and Heesterbeek (2000); Hyman and Li (2000)), and macropar-
asite models (Anderson and May (1992); Diekmann and Heesterbeek (2000)).Wallinga and
Teunis (2004) original network-based method for calculating the reproductive number was
extended by White et al. (2013) in a novel way. Their expansion enables us to use a

similarity matrix to include spatial and/or demographic data.

However, concept coming from epidemiology, the basic reproduction number ‘%, in popu-
lation dynamics may be thought as the number of predators one predator gives rise during
its life, when introduced in a prey population (Rebelo et al. (2012)- Garrione and Rebelo
(2016)); and under acceptable state, we denote it by ‘Fy’, and (say) predators will go
extinct if Jy < 1 and will persist if 7y > 1.

In autonomus system, J, is computed easily, starting from the coefficients involved in
system. Regardless, in non autonomous models (Wang and Zhao (2008)), threshold is
being defined as the spectral radius of an acceptable operator related to the model. It has
been proved as a comprehensive way, allowing to obtain several persistence results for such

systems.
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Remark 1 (Mathematically) This threshold parameter represents the asymptotic sta-

bility of predator free equilibrium.

The fundamental reproductive number models can be found using one of two ways. Finding
prerequisites for the local stability of the model’s predator-free equilibrium is one approach.
The other strategy is to use a next-generation operator (Diekmann et al. (1990); Diekmann
and Heesterbeek (2000); Van den Driessche and Watmough (2002)), which will be discussed

later in this chapter.

Adequate contact or growth rate/functional responses

In ecological groups, predation is a common interaction (Allan (1995)). The functional
response is crucial to the dynamics of mathematical models depicting predator-prey rela-
tionships (Abrams and Ginzburg (2000); Aldebert et al. (2016)). Few Functional responses
are defined in the Table 1.3.

Allee Effect

Allee effect is a biological association between the size or density of a population and its
growth. A species suffers from it when its population is really sparse, so it is difficult for
them to reproduce or survive. Based on the nature of density at low densities, there are
two types of Allee effect: the strong Allee effect and the weak Allee effect. If an Allee
effect is weak, a population will have a lower per capita growth rate at a lower population
density, but will still exhibit a positive per capita growth rate regardless of population
density or size. Under a strong Allee effect, on the other hand, a population’s growth rate

becomes negative when its population size or density is reached.

Allee (1927) first proposed this phenomenon. In the literature, there are several studies
analyzing this effect in different population models and finding it to be important to system
dynamics (Gonzalez-Olivares et al. (2011); Wang et al. (2011)). These models can reveal
much about its dynamics and can suggest the appearance of a new equilibrium point
that changes the structural stability of the system, in turn altering the stability of other

equilibrium points.
Mathematically, the most general representation of this growth function in single species

is given by

‘fl_f ., (1 _ %) (x — m)z, (1.6.1)

where r: intrinsic growth rate, K: carrying capacity of environment. If m > 0 then it is a
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Table 1.3: Types functional responses

Functional form Name Comments Reference

p=alsP Type I assumes that the rate  Holling (1959)
of consumption will
rise linearly with food
density
al;P

~ 1+ aP Type 11 a predator’s rate of Holling (1959)

prey consumption
climbs as prey density
rises, but eventually
that rate stabilises
regardless of prey
density growth

aT, P*

= 15 abP Type III  happens in predators  Holling (1959)
a

who become more
active in their search
for prey as prey
density rises

wP

= PitPta Type IV when prey numbers Andrews (1968)

p

are high enough,
the predator’s
per-capita rate of
predation declines

(0, A) = T Tppp—{— T Modified  Predators will switch ~ Van Baalen et al. (2001)

Holling to alternative food
when the density of
their preferred prey
is low
p=0b(1— e Ivlev both consistently Ivlev (1975)
functional constrained and
response  monotonically rising
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strong Allee effect and if m < 0 then weak.

Cannibalism

The act of killing and consuming one’s conspecifics is referred to as cannibalism. It is
common in predator-prey communities that exist naturally, is present in the majority
of animal species, including fish, and significantly contributes to controlling population
dynamics (Fox (1975)). Because cannibalism is a size-selective form of predation, it affects

both the population’s abundance and size distribution.

Kohlmeier and Ebenhéh (1995) considered the cannibalism (in predator population) for the
first time in the Rosenzweig-McArthur model. Demonstrated that predator cannibalism
can stabilize the model’s interior equilibrium in unexpected ways. Recently, Basheer et.
al. showed how prey cannibalism alters the dynamics of Holling-Tanner-type predator-
prey model. This is how they modified no cannibalism Holling-Tanner model presented in
Example 1.5.1 to cannibalistic Holling-Tanner model.

Prey cannibalism in Holling-Tanner model:

du B <1+ B )_ w u?

a " AT Y u+d

dv )

wo_ s ( ——). 1.6.2
= CA Gl (1.6.2)

As reproduction in the prey population increases, therefore addition of ¢;u term is done
to the prey population. Holling type II, with cannibalism rate ¢ has been used as the
functional response for cannibalistic prey population and ¢; < c.

Predator Cannibalism in Holling-Tanner model:

du uw
— = 1— —

dt u(l—wu) av+u’
dv v

where p is cannibalism rate. In this case, even if the predator becomes a cannibal, its

food intake remains the same, so the assumption is p +v < 1, with v < 1, p < 1, also,

B> 5.

1.7 Mathematical tools of analysis

In this section, the mathematical tools, definitions and theorems which are used analytically

in this thesis, are over-viewed.
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Concepts and tools from dynamical system theory

1.7.1 Phase plane analysis

An abstract space with each of the variables needed to specify the state of a system
representing the orthogonal coordinates (Lakshmanan and Rajaseekar (2012)). For second-

order autonomous system

T = g(:ic,y),
y = h(x,y). (1.7.1)

where x, y are states of the system. Phase plane is the space having state of the corre-
sponding system. Curve which represents the solution of system, as time varies from zero
to infinity, is known as phase plane trajectory and family of such curves is known as phase

portrait of the system.

1.7.2 Equilibrium points

dx
An equilibrium point is sometimes called a fixed point, z*, of the system pri f(z(t)), is

dx
a point such that i x* = f(z*) = 0. Intuitively, z* is a point where the rate of change
of x is zero so, if a system is at this point it will not change. This is exactly what it means
to be at equilibrium, not changing. A fixed point can be a stable node, an unstable node,

a stable focus, an unstable focus, a center, or a saddle point.

e Saddle Point: A saddle point is a fixed position where the trajectory is drawn to it
for a while before it becomes too close, at which point it begins to move away from
the fixed point.

e Stable Node: A stable node is a fixed point where the trajectories are directly at-
tracted to the node.

e Unstable Node: An unstable node is a fixed point where the trajectories are directly

repulsed from the node.

e Stable Focus: The trajectories are drawn to a stable focus, which is a fixed point,

but they spiral there rather than being drawn in directly.

e Unstable Focus: The trajectories are repelled from an unstable focus, which is a fixed

point, but they spiral away from it rather than being ejected from it.

e Center: A centre is a fixed point that the paths simply orbit. They are neither
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attracted to nor repulsed by the fixed point.

Mathematical definitions

Definition 1.7.1 (Local Stability) If under initial conditions near the equilibrium point,
solutions moves closer to the equilibrium point then that equilibrium point is called locally
stable.

Definition 1.7.2 (Global Stability) If under any initial conditions, solutions approaches

an equilibrium point then that equilibrium points called globally stable.

Definition 1.7.3 (Positive Definite) For all y # 0 in D, the function V(x) is defined
as positive/negative definite in D if V(y) > 0(< 0).

Definition 1.7.4 (Positive Semi Definite) For all y # 0 in D, the function V(x) is
defined as positive/negative definite in D if V(y) > 0(< 0).

Definition 1.7.5 Consider the system
yi = gi(tyylvaa "'7yn)7 t 2 tO? reDCR"

then the deriwative Ly of the function V(t,y1,Ys, ..., yn) in the direction of the vector field
g:(t,x) is given by

n

ov oV
LV =— —q; )
tV 8t +; ayigz(tayby% 7yn>

Definition 1.7.6 (ODE Stability)

e Lyapunov Stable- Consider the system

yi = gl(t7 Y, Y2y - yn)7

and if there exist a function V (t,y1, Y2, ..., Yn) in the neighbourhood of y = 0 which
15 positive definite for t >ty and its orbital derivative is negative semi-definite, then

the solution y = 0 is called stable in Lyapunov sense (or Lyapunov stable).

o Asymptotically Stable- Consider the system

yi = gl(t7 Y, Y2, -+ yn)7

and if there exist a function V(t,y1, Y2, ..., yn) in the neighbourhood of y = 0 which
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18 positive definite for t > tg and its orbital derivative is negative definite, then the

solution y = 0 is called asymptotically stable.

1.7.3 Linearisation

Since, the nature of real physical systems is inherently nonlinear. However, we still require
a linear system to continue with some important analysis. To linearise the system near
the equilibrium points and hence, identifying the local phase portraits, the method is as
follows

Consider, the model (1.7.1), suppose it has equilibrium point (zg,yo). Let us define two
variables €(t) — 0, d(t) — 0, called deviation variables, s.t. €(t) = z(t) — xo, 0(t) =
y(t) — wo.

On differentiating both the variables, we get

de dx
pr = g(zo + €,y, + 0),
do dy
w A h(zo + €,y + 6).

By expanding the Taylor series and neglecting higher derivatives

de dg dg
71 = 9o, 90) + €5 oo T 5a—y\(xo,yo>
de oh oh
% = h’(x(]? yO) + 6%‘(107%’0) + 5a_y‘(m0’y0)

As g(xo,y0) =~ h(xo,yo) — 0 and by writing into the matrix form

de 99 9
gll_g | Ox O €
o | | Oh Oh || s
dt or Oy

This how we linearised the non-linear system near equilibrium point (xg, 3o).

1.7.4 Nullclines

Suppose an autonomous system

dx
E - f(x,y),
dy - _ gz, ). (1.7.2)

dt
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Then

e r—nullcline: The collection of phase plane locations where dz/dt = 0. The vectors
at these positions are vertical in geometry (straight up and down). By figuring out

f(z,y) =0, one can locate the z—nullclines.

e y—nullcline: The collection of phase plane locations where dy/dt = 0. The vectors
at these positions are vertical in geometry (straight up and down). By figuring out

g(x,y) = 0, one can locate the y—nullclines.

1.7.5 Phase portraits

After linearisation of the system near equilibrium point, we can analyze the qualitative
feature of phase portraits, resulting in a classification of the various possibilities that may
arise.

Let (xg,yo) be an equilibrium point of system (1.7.1) and the Jacobian matrix/variational

matrix corresponding to (z,yo) be
dg dg

a_ (%0,%0) 0_‘(:1:071/0)
% (xOyyO) a_y (55073/0)

Now, on the basis of eigenvalues of this Jacobian matrix various cases arises. These are as

follows:

1. If both the real eigenvalues are negative: trajectories move directly towards and then
converges at the critical point, making it asymptotically stable (see Fig. 1.1 (a)).

Such type of critical point is also called node.

2. If both the eigenvalues are positive: trajectories move away from the critical point
to infinite distant away, making it unstable (see Fig. 1.1(b)). Such type of critical

point is called node.

3. If one eigen value is positive and other negative: the trajectories corresponding to
the eigenvectors of the positive eigenvalue initially they start at the critical point,
after which they diverge infinitely out and the trajectories corresponding to the
eigenvector of the negative eigenvalue Starts from infinitely far away, move towards
and then convergent at the critical point. So, superimposed result would be that all
the trajectories will start from infinitely far away, move towards but rather converging
to critical point they change their direction and move back to infinite far away. Such

type of unstable critical point is called a saddle point (see Fig. 1.1(c)).
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4. If repeated real eigenvalues:

(a) Two linearly independent eigenvector: the trajectories traces straight lines(either
towards critical point if negative real eigenvalue, or away from critical point if

positive real eigenvalue), thus a star-point or proper node (see Fig. 1.1(d))

(b) Only one linearly independent eigenvector: the trajectories are formed by cross
between a node and a spiral(either towards critical point if negative real eigen-
value, or away from critical point if positive real eigenvalue), thus an improper
node (see Fig. 1.1(e)).

5. If Complex conjugate eigenvalue:

(a) Real part is zero: the trajectories stay in an orbit forming ellipse i.e. neither
approach the critical point nor move to infinity. Such type of critical point is
called a center (see Fig. 1.1(f)).

(b) Real part is nonzero: the trajectories spirally converges to the critical point.

Such type of critical point is called a spiral point (see Fig. 1.1(g))

Example 1.7.1 For a non-linear system.:

dx
—_— = —
dt y?
d
—y:x2~|—y2 2.

The Equilibrium points are (1,1) and (—1,—1).

The Jacobian matrixz corresponding to (1,1) becomes

1 -1
an=[1 7]

The eitgenvalues are A =

3E VT
T\/_Z. Hence, the unstable spiral critical point.

Now, the Jacobian matriz corresponding to (—1,—1) becomes

f(—l,—l): [ ! _1]

-2 =2

—1+17
2

So, the phase portrait formed is shown in Fig. (1.2).

The eitgenvalues are A = . Hence, the unstable saddle critical point.
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(g) Spiral point

Figure 1.1: Phase portraits with different kind of eigenvalues form.

1.7.6 Local bifurcation

Bifurcation can be defined as a sudden qualitative change in the nature of the dynamics
which occur at critical parameter values. Bifurcation often occur in specific ways or routes
as control parameter is varied. There are basically four standard types of bifurcations that

occur in simple low dimensional non-linear systems namely:

e The saddle node: The saddle-node bifurcation is the basic mechanism by which fixed
points are created and destroyed. As parameter is varied, two fixed points move

towards each other, collide, and mutually annihilate.

e The pitchfork: The pitchfork bifurcation is common in dynamical system, that is,
invariant under the transformation T = —T . Fixed points tend to appear and

disappear in symmetrical pairs.
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Figure 1.2: Phase portrait of Example 1.7.1

e The transcritical: In transcritical bifurcation, a fixed point must exist for all values
of a parameter and can never be destroyed. However, such a point may change its
stability when the control parameter passes through the bifurcation point or critical

value.

e The Hopf-bifurcation: In this bifurcation, the real part of pair of complex conjugate
eigenvalues of the least stable equilibrium point increases through zero as control
parameter increases or decreases through a critical value and a time periodic solution
arises. Hopf bifurcation can be supercritical and subcritical. In a supercritical Hopf
bifurcation, the limit cycle is stable above the bifurcation point. In a subcritical Hopf

bifurcation, the bifurcated limit cycle will be unstable.

We mainly got Hopf-bifurcation in our present thesis. Consider the following system

= f(z,p), (1.7.3)

dr, d dzx, :
where © = (%, %, ey %), f=(f1, fo, .., fn)* and p € R is a parameter. We use D f

(x,u) to denote the Jacobian matrix and f,(x, 1) to denote the vector of partial derivatives

of the components of f with respect to parameter p.

Theorem 1.7.1 Consider the system (1.7.3) with an equilibrium point x*. Then, if there
exists a parameter p. € I and I € R and F € C*(R"XR",R) for some o > n with
flz*,u) =0V u € R, so that the necessary and sufficient condition for system (1.7.3) to

have a simple Hopf-bifurcation at p = u. are

o A simple pair of complex eigenvalues of the Jacobian matriz ¥ (x*) of system (1.7.3)
at the equilibrium point x* exists, say A(p) = m(w) £ ine(p) such that they become
purely imaginary at @ = p.; whereas all the other eigenvalues remain real and nega-
tive.
dRe(A(p))

o LMWy
d'u H=Hc
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Now using above theorem, we show simple Hopf bifurcation for n = 3. Consider the

characteristic equation of system (1.7.3) given by
Pg()\) = /\3—|—A1)\2+A2>\—|—A3 (174)

where Ay (1) = —tr(J(+")), As() = M(F (")) and Ag(p) = —det(§ (")) with M(J(a")
represents the sum of the principal minors of order two J(z*). Clearly, the first condition of
theorem holds if and only if A; > 0;¢=1,2 and A = A; Ay — A3 = 0. So, the characteristic

equation at u = ., becomes
N+ AN+ A) =0 (1.7.5)
For all , the roots are generally of the form:
M) = m(p) +in2(p), Ao(p) = m(p) — ina(p), andAs(p) = Ar(p).

Now, we shall prove the transversality condition

dRe(A; (1))

7& 0,7 =12
d/,L H=pc

Substituting A (p) = mi(p) + in2(p) into (1.7.5) and calculating the derivative, we ob-

tain
K ()my (1) = L(w)ny(p) + M(p) = 0,
L()my (1) + K (u)my(p) + N(p) = 0,
where
K(p) = 307 (i) + 2A1 () () + Az (p) — 305 (1),
L(p) = 6mp)ne(p) + 241 (p)ne(p),
M(p) = m(p)A;(p) + Ay()m () + Ag(p) — Ay (p)m3 (),
N(p) = 2m()n2(p) AL (1) + Ay () (p).-
We have
dRe(A; (1)) | L) N(p) + K () M (1) and e —
T | [ K(E+ Ln)? - #0and A3 = —A; # 0.

Hence, the transversality condition is non-zero if and only if LN + KM # 0.
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1.7.7 Next generation operator method

The reproduction number, %, which is defined as the spectral radius of the “next gener-
ation operator” is computed using the next generation operator method (Diekmann et al.
(1990)). For the model system under consideration, the construction of the operator entails
identifying two compartments—infected and non-infected. The procedures for locating the
matrix’s next-generation operator are described in this section. Diekmann and Heesterbeek

(2000) provide a thorough explanation of how the next generation operator is formed.

Assume that there are n compartments of which m are predators. We define the vector
r =ux;, 1 =1,2,..n where x; denotes the number or proportion of individuals in the 7,
compartment and Xg = {x > x;|z; = 0,9 = 1,2,...,m} is defined as the predator-free
states of the model. Suppose, with non-negative initial conditions, can be written in terms

of the following autonomous system:

F:(z) be the rate of appearance of new predator in compartment i, and let ¥;(z) =
Y (z) — V.7 (x) where Y. (x) is the rate of transfer of individuals into compartment 4
by all other means and ;" (z) is the rate of transfer of individuals out compartment i.
The difference %;(x) —¥(x) gives the rate of change of ;. Also, ¥;(x) should include only
infections that are newly arising, but does not include terms which describe the transfer of
infectious individuals from one infected compartment to another. It is assumed that these
functions are at least twice continuously-differentiable in each variable (Van den Driessche
and Watmough (2002)). Assume that &; and "¥; satisfy the axioms outlined by Diekmann

et al. (1990) and Van den Driessche and Watmough (2002) as given below:

Al . Ifx >0, then %, ¥, ¥t >0fori=1,2,...,m.

A2 . x=0,then¥, = 0. In particular, ifz € Xgthen¥,” =0fori =1,2,...,m.
A3 . F=0,ifi>m.

A4 . Ifx € Xg, thenF(z) =0and ¥, (z) =0 fori=1,2,....,m.

A5 . If%F(z)is set to zero, then all eigenvalues of 9@ f(zo) have negative real part.

Now, we can form the next generation matrix (operator) F¥ ' from matrices of partial
derivatives of & and ;. Specifically, & and ¥ are the mXm matrices defined by

(:E)] and Y = sz

0%,
F [ (E)} with1 <4,j <m.
Lj Lj
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where, Z is the disease-free equilibrium. The entries of F¥ ' give the rate at which
infected individuals in z; produce new infections in z;, times the average length of time
an individual spends in a single visit to compartment j. Ry is given by the spectral radius
(dominent eigenvalue) of the matrix F ! Applications of this method are nicely given
in Matthews et al. (1999), Porco and Blower (2000), Castillo-Chavez et al. (2002), and
Wonham et al. (2004).

Theorem 1.7.2 Van den Driessche and Watmough (2002), considered the disease trans-
mission model given by eqn. (1.7.6) with f(x) satisfying azioms (Al)-(A5). If T is a DFE
of the model, then T is LAS if Ro = p(FV ') < 1 (where p is the spectral radius), but
unstable if Ry > 1.

The Next Generation %, may not be unique, which would cause it to fail mathematically.
Second, the Next Generation % is susceptible to biological failure, just like in models
where transmission doesn’t just happen through contact. Finally, when a finite amplitude
disturbance instead of an infinitesimal perturbation is given, the Next Generation %, can

fail to forecast persistence.

1.7.8 PRCC for global sensitivity

When building models, we must simplify things and make assumptions about the parame-
ter’s values as well as how the model will be put together. The impacts of model parameter
values on certain outcome measures are frequently vital to consider because of the ambigu-
ity that may follow selections for parameter values (output). The model’s prediction of the
ensuing dynamics is subject to variability due to uncertainty in the parameter values used.
The magnitude of the induced variability increases as the number of uncertain parameters
increases. In order to evaluate this diversity in the prediction, a sensitivity analysis is

frequently carried out.

An effective technique used frequently in uncertainty analysis is partial rank correlation co-
efficient (PRCC) sensitivity analysis, which allows researchers to examine a full parameter
space of model with the fewest possible computer simulations. The purpose of the PRCC
sensitivity analysis is to determine important factors whose uncertainties contribute to the
imprecision of the prediction and to rank these parameters according to the significance of
this contribution. A statistical method called correlation is used to assess how closely the
parameters in a model are related to the outcome measures. As far as there is hardly any
correlation between the inputs, PRCC is a reliable sensitivity measure for nonlinear but
monotonic interactions between inputs and output. Strongly monotone yet very nonlinear

parameters are thought to respond more sensitively to PRCC than other methods.
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As sensitivity analysis determines what factors (inputs) and initial conditions have the
greatest impact on the model’s outputs. Thus, the researcher will be informed of which
parameters require the greatest numerical attention. A highly sensitive parameter should
be carefully assessed since even a minor change in that parameter can have a significant

impact on the amount of interest in terms of both quantity and quality.

1.7.9 Stability analysis of system

Let h; : R — IR for i = 1,2,3 be a C' function and h(0) = 0 such that the system of

ordinary differential equations becomes

dx

d_tl = h1<t,$1,$2,3§’3),

dx

d_t2 = hg(t,fﬂl,xz,xg),

dx

d_t3 = hg(t,ml,xg,xg). (177)

Consider Q2 C IR? be a bounded domain with smooth boundary and D =diag(D,,, D,, Dy,)

with D,, > 0. Then, reaction diffusion system with Neumann boundary condition be-

comes
0
% = hl(taxlulé)x3) + Dz1v2x1’
0
% = hQ(taxlal‘nyf}) + D$2V2x2,
81’3 2 i
dz;
=0, on 062 x (0, c0),
zi(x,0) = z(x) e

where V? is Laplacian operator and n is the unit outward normal to 9.

1.7.9.1 Stability analysis without diffusion

Here, we will find the condition for linear stability of the steady state E*(z7, 25, %) when
the system is non-spatio temporal by using Routh-Hurwitz criteria and, hence, finding

conditions for which it becomes unstable in presence of diffusion.
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The Jacobian matrix for the system (1.7.7) is given by

bir bz bis
J (@], a3, 33) = bor bz boz |, (1.7.9)

b31 b32 b33

The characteristic equation becomes
A+ AN+ AN+ A = 0. (1.7.10)

Applying Routh-Hurwitz criteria, The steady state E*(x7, 25, %) is locally asymptotically
stable if Al > 0, Ag > 0 and A1A2 — A3 > 0.

1.7.9.2 Stability analysis with diffusion

Let us consider the spatio-temporal system (1.7.8), if the steady state E*(xf,z3,z3%) is
perturbed such that x; = a2} + x1(z,y,t), 2 = 3 + 2x2(z,y,t) and z3 =z} + z3(x, v, 1).

The linearized form of the system is obtained as

ox

8_t1 = by + bias + biswz + Dy, Vi,
ox

8.363 2

where b};s are the Jacobian matrix (1.7.9) entries.

Let us assume that the solution to the above system has the following form:

_ 0 Atti(kpztk
ry(z,y,t) = adertiltherthy)
_ 0 Atti(kpztk
Ig(x,y,t) = g€ ( yy)a
_ 0 Atti(kpztk
zy(w,y,t) = afeM ),

where 29, 2§ and 29 are constants. The function e!k=*%s%) is periodic and bounded

(leik=mthuv)] = 1), k is the wave number, given by k* = k2 4+ k2 and X is wavelength.
Further details concerning linear stability can be found in Segel (1984) and Murray (1993).

Substituting these values in system (1.7.11). The homogeneous equation in z7, x5 and x3
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have solution if determinant of the coeflicient matrix is zero i.e.

—byy + Dy, k? bi2 bi3
b21 —bzg + Dx2k2 bgg - O, (1712)
b31 b3o —bss + Dy, k?
or,
N+ BIA? + Bod + B3 = 0, (1.7.13)
where,

Bi(k*) = k*(Dy, + Dy, + D) + Ay,
By(k*) = k*(DayDyy 4 Doy Dy, + Dy Dyy) — k*(Dy, (bss + bas) + Dy, (b1y + bss)
+ Dy (b11 + b22)) + As,
By(k*) = Kk(Ds,DayDi,) + k* (=D, Daybys — 92D, Dy — 011D, D)
+]<72(Dx1 (b3zbag — bagbsa) + Dy, (b11bss — bigbg1) + Dy, (b11b22 — bi2ba1)) + As,

where A;, Ay and Aj are the coefficients of eqn. (1.7.10). For Re(\) <0, By >0, B3 >0
and B; By — By > 0 by Routh-Hurwitz criteria,
Where, BlBg — Bg = Clk6 + ng4 + Cng + AlAQ — A3,

and,

Cy = (Dg, + Dgy,)(Dyy + Dy )(Dyy + Dyy) > 0,

Co = —bi1(Dyy + Dyy)(Dyy + 2Dy, + Dyy) — boo(Dyy + Dyy)(Dyy + 2Dy, + Dyy)
—b33(Day + Day ) (D, + 2D + Doy,

C3 = (—(baz +b33) A1 + (b11baz — b1abo1) — b31biz + b3zbii) Dy + (—(b11 + b33) Ay
+(b11b22 — b12ba1) — basbsa + b3zbaz) Dy, + (—(b22 + b11) Ay
+(b11 + b22)bsz — ba3bza + b13bz1) Dy,

1.7.10 Turing instability and pattern formation

A brilliant new idea was put out by Turing (1952) in his famous study, “The Chemical Basis
of Morphogenesis.” Turing proposed that a spatial pre-pattern in biochemicals, which he
called morphogens, causes the patterns we see during embryonic development to emerge.
Turing postulated that inhomogeneities in underlying biochemical signalling are what cause
the patterns we observe in nature, such as animal colouring, tree branching, and skeletal

architecture.



34

A spatially uniform population distribution that is stable against spatially uniform per-
turbations (or in the local model without diffusion) can be driven to diffusive instability
against spatially heterogeneous perturbations, e.g., a population wave or local outbreak,
for sufficient differences of diffusivity. Turing bifurcation occurs when the positive steady
state E* of a system is stable as a solution to the reaction system (without diffusion term)
but unstable as a solution of the full reaction-diffusion system. This mechanism, known
as diffusion driven instability, leads to pattern appearance. The positive constant E* is
unstable due to Turing instability provided that at least one eigenvalue of characteristic

equation is positive.
Example 1.7.2 Consider the prey-predator model, Huang et al. (2019) :

0P, aP Py

e V2P
875 1( 1> P1+€1+ b
OP, j23 )

— = P (1- oV-P,.
875 2( P1+62)+ !

where Py and P, represents the densities of prey and predator, respectively, and (x,y) is

the spatial position of species in two dimensional space.

As a varies and other parameters are fized e, = 0.3, e; = 0.2, b= 0.1781, and § = 30. See
Fig. 1.3 for pattern evolution with different value of a.

'} .\ =,
i \E‘:’f e ,{' 10

[avn # 0 NS bk 0 -
i} il b s 101 M a0 & [0 il 4 Wi}

X X X

(a) a = 0.898 (b) a =1.05 (¢)a=1.35

Figure 1.3: For various value of a, we see (a) a homogeneous pattern, (b) stripe pattern, (c)
hot spot pattern; in space 100 x 100 and time ¢ = 10, 000.

1.7.11 Global stability of predator free equilibrium point

In this section, we give a brief description of the method developed by Castillo-Chavez

et al. (2002) for the global stability analysis of the disease-free equilibrium. Now, we state
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two conditions which guarantee the global stability of the predator-free state

dX

d_tl = G(Il,XQ),

dX

d_152 = H(X1,X,), H(X1,0) =0, (1.7.14)

where X; denotes the prey population, and X, denotes the predator population. The
predator-free equilibrium is now denoted by E(X?,0). The following condition (H1) and

(H2) must be met to guarantee a local asymptotic stability:

dX
(H1) For d_tl = G(X1,0), EB(X?,0) is globally asymptotically stable,

(H2) H(X:, X5) = BXy — H(X1, X5), where H(X;, X5) >0, V(X1, X,) € Q,
where B = DzH(X?,0) is an M-matrix if and only if every off-diagonal entry of B is
non-positive and the diagonal entries are all positive and {2 is the region where the model

makes biological sense. Then, the following lemma holds:

Lemma 1.7.3 The fized point E(X?,0) is a globally asymptotic stable equilibrium of sys-
tem (1.7.14) provided that Ry < 1 and that assumptions (H1) and (H2) are satisfied.

1.8 Mathematical tool to solve stochastic differential

equation
Consider a Stochastic Differential Equation
dY (t) = g(t)Y (t)dt + h(t)Y (t)dW (), (1.8.1)
In general,
dY (t,w) = g(t,Y (t,w))dt + h(t, Y (t,w))dW (t,w), (1.8.2)

where dW (t) is defined as differential form of the Brownian motion, and dW (t) = &£(t)dt
and ¢ denotes a white noise process. Here, g(¢,Y (t,w)), h(t,Y(t,w)), W(t,Y(t,w)) € R.

The integral form can be written as

Y(t,w) :Y()—l—/o g(s,Y(s,w))ds+/O h(s,Y (s,w))dW (s,w). (1.8.3)

where a path-wise Riemann integral makes up the first integral, while an Ito integral makes
up the second.

Giving a necessary and sufficient condition for the existence and singularity of strong



36

solutions is challenging. Usually, we are able to provide sufficient conditions.

1.8.1 Existence and uniqueness of the solution to SDE

1.8.1.1 Ito sufficient condition theorem for existence and uniqueness

Theorem 1.8.1 Suppose g : IR — IR and h : R — IR, are uniformly Lipschitz, then
there exist solution of stochastic differential equation (1.8.2). Also, there exists a unique
adapted process called Y (t) = Y (t)Y with continuous paths for any acceptable filtration
F = {%F}i>0, any initial value y(0) € R, and any standard Brownian motion {W (t)}+>o.

This unique process is given by

Y(t) =y(0) + /Otg(Ys)ds + /Ot h(Y5)dW (s)  a.s.

Additionally, the two-parameter process Y (1)Y is simultaneously continuous in t and y(0),

meaning that the solutions rely constantly on the initial data y(0).

Now, a solution to this equation can be computed by using these three major methods
e Analytic Approach-Based on using [to integral.
e Numerical techniques-For computing SDE’s path-wise solutions.

¢ Finding the probability density function of the solution becomes a partial differential

equation to be solved.

Talking about the second approach in this thesis, we will proceed further.

1.8.2 Numerical method: Euler-Maruyama scheme

After the name of Leonhard Euler and Gisiro Maruyama, the method known as Euler-
Maruyama has been developed for the numerical approximation of a stochastic differential
equation (system of stochastic differential equations), which is clearly an extension of the
Euler method, used to approximate an ordinary differential equation.

For equation (1.8.2), with initial condition Y (0) = y(0), the solution of SDE over time
interval [0, 7). The Markov chain X defined below is the Euler-Maruyama approximation

to the true solution Y:
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30 35 40 45 50 55 60 65 70
time (s)

Figure 1.4: Graph showing five runs of Euler-Maruyama method for Ornstein-Uhlenbeck pro-
cess.

e divide the range [0, 7] into N equally sized subranges of width At > 0:
O=7m<m <..<7yand At =T/N,

e declare Xy = yq,

e define X, iteratively for 0 <n < N — 1 by
X1 = Xn + 9( X, 1) At + (X, 7)) AW,
where, AW, =W, ., — W, .

n+1

The independent, identically distributed normal random variables AW,, have an expected

value of zero and a variance of At.

Example 1.8.1 Given Ornstein-Uhlenbeck process
dY, = 0(ju— Y)dt + 0dW,, Y, = Vi,

where 6 > 0 and o > 0 are the parameters and p is a constant. W, denotes the Wiener
process.
Solving it numerically by using Euler-Maruyaama Scheme by forming python code, the

following graph(c.f. Fig. 1.4 ) is obtained.

1.9 Optimal control technique

In order to achieve a given purpose that is optimised over the time horizon under con-
sideration, control theory seeks to construct a time dependent profile of a certain system
parameter, referred to as the control variable. The main driving force behind the creation
of control theory has been to address performance issues with engineering systems, such as
mechanical, electrical, chemical, etc. Ecosystem management issues, for example, present
an exciting opportunity to put some of the most cutting-edge control tactics into practise.
Kolosov (1997), Kolosov and Sharov (1993), Silvert and Smith (1977), population manage-
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ment through harvesting, treatment of water in lakes (Ludwig et al. (2003)), and forest fire
management are a few instances of how control theory is used in ecosystem management
(Richards et al. (1999); Anderson and Bare (1994)). Numerous species are currently going
extinct every day due to the spread of various illnesses and severe competition among
biological species. Because a species never regenerates, this represents a significant loss of
biological resources. In addition to depriving humanity of a natural resource, the extinction
of one species also results in the extinction of other populations via food chains. In order
to safeguard population health and biodiversity while minimising the cost of prevention
and control, setting up an optimal control problem for an ecological model that includes

infection and competition will be beneficial.

The most sophisticated control strategies are those that focus on optimal control. The
best control strategy for the specified objective function is theoretically provided by op-
timal control, which has some advantages above all other advanced control techniques in
that it makes no assumptions about the shape of the control rule and can theoretically
manage any sort of system. The theory includes the Hamilton-Jacobi-Bellman equation
from dynamic programming, the Euler-Lagrange equation from calculus of variation, and
Pontryagin’s maximum principle as three potential methods for determining the best con-
trol law (Kirk (1970); Diwekar (2003)). Pontryagin’s maximal principle has been applied

in this work.

1.9.0.1 Pontryagin’s Maximum Principle

Pontryagin’s Maximum Principle (1961) (translated by Semenovich et al. (1962)) iden-
tifies a precondition that an optimal trajectory must satisfy. This principle works as

follows:

Consider the differential equation system, (called state equations)

y=9(y,u,t), (1.9.1)

where, y(t) € IR'} is the state variable, with initial condition y(ty) = vo, y(T") are final
conditions and vector u(t) € IR™ is the control variable. Let the performance index which

is dependent on time is represented as

J(ty) = / Gly(t), ult), t)dt, (1.9.2)

to

where, function G to be optimised over [ty,T]. Convert this objective function into a
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Hamiltonian as
H(y,u,t) = G(y,u,t) + Ng(y,u,t), (1.9.3)

where, A is the set of adjoint variables in IR". Then, the solution of the set of equations:

State equations:
=g, t=>1o (1.9.4)
Adjoint equations:

. OH 94 . 0G
A=—=-"ZF)\+— t<T 1.9.
oy oy +8y’ - (1.9.5)

Optimality conditions:

OH 0G 0¢g
0=—=—+—"\ 1.9.6

ou ou * ou ( )
It is a boundary value problem with 2n differential equation and m algebraic equation.
At initial time tg, the state variables are known ‘xy’, while at final time T, the adjoint

variables are known (7).

Example 1.9.1 (Optimal control for a prey-predator system) Sadiq (2017), con-

sidered a prey-predator system

diy

i arys (1 —y1) — biyiye,

d

% = —T2lY2 + A2Y1Y>. (1.9.7)

where yy, yo are prey and predator population density, respectively. All parameters ay, by, as, 7o

are constants.

After imposing control variable for creating optimal control problem, system (1.9.7) becomes

d

% = ayi(1— ) — biyaye + (1 —u(t))ye,

d

cflf = —ToYs + axyiy2 — u(t)ye. (1.98)

Here, u(t) is the harvesting amount such that, 0 < u(t) < M < 1, where M is the maximum
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harvesting. The target functional here is given by

J(u(t)) = /0 (cru(t) + cou(t))dt (1.9.9)

where ¢1, ¢y are constants with state equations as (1.9.7) and y,(0) = y1,, y2(0) = yo, are
the initial values.
Objective: To find the function u*(t) such that it minimize the target function J(u(t)).

Procedure: Define the Hamiltonian function H such that

H(t, 1 (1), y2(t),u(t)) = crya(t) + cou®(t) + Mlaryi (8)(1 — ya(t)) — baya (t)ya(t)
(1 = u(t))y2(t)] 4+ Ao () [=r2y2(t) + a2y (£)y2(t) — u(t)ya(t)]

where \y, Ao are adjoint variables, that satisfy

_ OH) _ — X (8)[2a191 () — 3agyi(t) — biya(t)] — Ao (t)azys(t)

dt oy
d/\;t(t) _ _a(l;lyit) = —c1 — M(O)[=biyr (t) + (1 — u(t)] — Ao (t)[—72 + asyr () — u(t)]

M(T) = X(T)=0, (The Transversality conditions)

Then, by using the Pontryagin’s maximum principle the optimal control u*(t) is given by

0 if e <
wi(t) = el e o Quthde oy
: (A1t+Xa)
Mo i M < Qe

As we can see in Fig. 1.5, on introduction with optimal control the prey population increases
while the predator population decreases, which is the main aim while forming Lotka-Voltera

problem.

1.10 Motivation for research

This thesis is important since we are dealing the extinction problem of wildlife species.
Saving endangered species (plants and animals) from becoming extinct and protecting
their wild places is crucial for our health and the future of our children. As species are lost
so too are our options for future discovery and advancement. The impacts of biodiversity
loss include clearly fewer new medicines, greater vulnerability to natural disasters, and

greater effects from global warming. The number of extinction and endangered species
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== With control

Without contral

Prey population

Fredator population

Time Time

(a) Prey population with time (b) Predator population with time

Figure 1.5: Plot with and without control; with parameters a1 = 15, ro = 0.2, a3 = 0.3, by =
0.1, ¢y = 0.5 and ¢y = 0.07.

are growing but our understanding of the causes and dynamics of the extinction is still
incomplete. This study is a small step towards understanding disease-induced extinction
which has rarely been considered. Another important factor responsible for extinction and

being ignored from a modeling point of view is climate change.

1.11 Methodology

1.11.1 Descriptive:

To achieve the objectives, firstly, we identified those species most in need and targeted con-
servation actions towards them. We searched hard for empirical examples of extinctions
due to disease and co-extinctions and document them better when found. Next, we gath-
ered biological, environmental, anthropogenic, and evolutionary information for the same
species, focusing on variables potentially correlated to extinction risk. We then built a ro-
bust model with minimum assumptions and more reality. We have also developed different
analytical and numerical schemes to solve mathematical models more accurately. The pro-
posed work would also aim at devising a few new methods which could help researchers in

mating a realistic choice of the values of parameters used in simulation experiments.

To investigate the Spatio-temporal dynamics of the proposed model system, we solved the
proposed model numerically using the semi-implicit (in time) finite difference method or the
finite element method. Through quantitative and qualitative analysis, sensitivity analysis,
and numeric simulations, mathematical models have given us a good understanding of how
prey-predator dynamics going, and at what rate species depleting, and that hence provides
useful prevention and control strategies and guidance. The dissemination of thesis results

is particularly directed toward conservation scientists and environmental decision-makers,
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to raise awareness of the potential environmental risks associated with alternative policy
decisions. By the end of the thesis, a policy piece will be prepared to discuss the relevance
of the thesis findings for global biodiversity conservation. For methodology used while

forming model and analysing dynamics, see Flow chart Figure 1.6.

1.12 Mathematical software

The numerical simulations in this thesis are done using the following software’s:

A. MATLAB

The software MATLAB, which stands for MATrix LABoratory, is based on vectors and
matrices. A high-performance language for technical computing is called MATLAB. In a
simple-to-use interface, it mixes computation, visualisation, and programming while ex-
pressing issues and solutions using well-known mathematical notation. All branches of
applied mathematics, academic study, and business all make extensive use of MATLAB.
MATLARB offers robust graphic capabilities and can create appealing 2D and 3D images.
We have generated space series, time series, two-dimensional snapshots, spatiotemporal
patterns, chaotic attractors and bifurcation diagrams using MATLAB 8.1.0.

B. Mathematica

The only completely integrated environment for technical computing is Mathematica. It is
a piece of symbolic mathematics-based computational software that is utilised in a variety
of scientific, engineering, mathematical, and computing domains. Mathematica’s program-
ming language is called the Wolfram Language. Today, Mathematica is employed in all
branches of science, including the physical, biological, social, and others, and it enjoys the
passionate support of many of the top researchers in the world. Mathematica is currently a
common development and production tool in engineering, and a large number of the most
significant new products in the world today use it in some capacity during the design phase.
Mathematica has been extensively utilised in many types of general planning and analysis
as well as playing a vital part in the development of sophisticated financial modelling in
commerce. With its language component being widely used as a research, prototyping, and
interaction environment, Mathematica has also become a crucial tool in computer science
and software development. We have done bifurcation analysis and calculated Jacobian

matrix, eigenvalues, Lyapunov sprectrum using Mathematica 7.0.
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1.13 Overview of thesis

This thesis consists of five chapters including an introductory chapter, with a particu-
lar focus on different assumptions and considering different types of modelling, different
species can have. Chapter 2-4 investigate the complexity in designed ecological and eco-

epidemiological systems. In chapter 5, summary and conclusions are presented.

In Chapter 2, We looked into the short-tailed scrub wallaby, an endangered species in
south-western Australia. Quokkas are most at risk of being predated by certain more
harmful species, according to the primary literature on the species (eg.- foxes, dingoes).
As a result, we developed an ODE model for a tri-tropical food chain and mathematically
examined it. After realising that space is crucial in developing dynamics, we upgraded our
first tri-tropic food chain model (ODE) that includes quokka, fox, and dingoes. We then

mathematically analysed these models (analytically and numerically).

We studied the Corroboree Frog, a tiny, brightly coloured species, in Chapter 3 on endan-
gered amphibians that live in New South Wales’ Kosciuszko National Park. We developed
a model in which we discussed how zooplankton predation could lessen the impact of the
fungus Batrachochytrium dendrobatidis, which causes Chytridiomycosis infection in frog
populations. Also, high temperatures significantly reduce the risk of chytridiomycosis,
hence it is important to take environmental stochasticity into account. We use white noise

to account for the impact of a randomly fluctuating environment.

As the medium to large marine fish known as Atlantic cod (Gadus morhua), which lives in
cold water, is thought to pose the greatest danger to biodiversity worldwide. We developed
a model in Chapter 4 that takes into account the Allee effect, cannibalism, and overfishing

as the main variables affecting cod density.

In Chapter 5, summary and conclusions of the thesis are presented. We also discuss some

possible extensions of the present work as future directions.

At the end of the thesis, a detailed bibliography is given with all the references from the

chapters.

It is important to remember that this theory is entirely speculative. These models are
created with no data or explicit biological system in mind. This was done in an effort to
offer general reasons that aid in locating significant and intriguing qualitative results and

pinpointing the crucial variables.
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Finding a real life problem

,? ——»|  Analysis of structure and functions in the system

System Analysis

Input-output analysis of flows in the system

Description of the system dynamics

Conceptual model

L Goals, controls, restriction, and regulations

Model Formulation Choice of interactions and functional responses

Mathematical model

L Construction of mathematical model J

Analysis of the existence of problem solutions

@ ~ L Analytic solution, stability, qualitative analysis }

Data collection, software choice }

Analysis of
the problem

Computational

L{ Showcasing model dynamics
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Ints tation of " . .
e Decision support and policy recommendations

Figure 1.6: Flow chart of methodology adapted.



Chapter 2

UNTANGLING THE ROLE OF
TRI-TROPHIC FOOD CHAIN MODEL IN
SUSTAINING QUOKKA POPULATION

“ The world’s happiest
. . .. 2
wild animal 1s in danger.

Content of this chapter has been published as:

e P. Roy, S. Jain, and M. Maama. Assessing the viability of tri-trophic food chain
model in designing a conservation plan: The case of dwindling quokka population.
Ecological Complexity, 41:100811, 2020, (Roy et al. (2020)).

e S. Jain and P. Roy. Investigating the role of zooplankton in sustaining frog popula-
tion. Mathematical Methods in the Applied Sciences, 45(9):5423-5455, 2022, (Jain
and Roy (2022)).
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2.1 Introduction

The quokka (Setoniz brachyurus) is a vulnerable, macropodid marsupial that is native to
south-western Australia (Hayward (2002); Hayward et al. (2003); Hayward et al. (2004);
Hayward et al. (2005)). On the mainland, quokkas live in smaller colonies. On Rottnest
Island, they live in groups of up to 150 individuals. This species mainly feeds at night
and rest during the day. They are herbivores and their diet comprises plants including
shrubs, succulents, grasses, forbs and sedges. They also eat seeds, berries and other fruit if
available. Quokka has a great economic significance for humans and is often referred to as
“the happiest animal in the world”. Despite the long term knowledge of the decline in the
quokka on the mainland (White (1952)), important ecological research has not proceeded.
The lack of available resources and the difficulty in locating and capturing animals (Sinclair

and Morris (1996)), have hampered research conduction.

According to reports, quokka suffered a dramatic decline in the 1930s, particularly due the
introduction of European red fox (Vulpes vulpes) (King and Smith (1985)). According to
IUCN criteria it is now listed as a vulnerable species (Hayward (2002)). These animals
are also predated by domesticated cats, dogs and dingoes. Historical and recent range
contractions suggests that, factors other than fox predation have also contributed to the
quokka’s decline. The most obvious factors includes; change in the environment, the loss
of habitat, habitat alteration and possibly by some disease (White (1952); Cook (1960);
Hayward (2002)). Habitat loss has been mainly due to timber harvesting, frequent high
intensity fires, changes in fire regimes (Burrows et al. (1995)), and urban development.
These are likely to have negatively affected the distribution and size of quokka populations
(Dickman (1996); Kinnear et al. (2002); May and Norton (1996)).

Mathematical modelling of extinction of wildlife is still a very interesting field of research.
Mathematical modelling is a frequently evolving process. Mathematical analysis carried
out in a planned way can often lead to better understanding of the food-chain model
occurring in nature. In past few years, there has been a steady growth in the designing
and studying of mathematical models of population interactions. In nature, when the
prey population falls below a certain level, the predator searches for alternative prey and
returns only when the prey population rises to the required level. Van Baalen et al.
(2001) showed that switching from one prey species to alternative prey is beneficial for the
persistence of the predator-prey system. The role of alternative food for biological pest
control is examined by many researchers (Gonzélez-Ferndndez et al. (2009);Sabelis et al.
(2008)). Recently, Sahoo (2012) showed that additional food is very important for survival

of consumer species in an ecosystem. In all the above-mentioned work, additional food
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is not dynamic but maintained at a specific constant level either by nature or by some
superficial factor. In this context, we have proposed a food chain model with one specialist
predator and one generalist predator. Exploring in this direction will likely improve our
understanding on the consequences of providing additional food, thereby bringing out an

explicit link between practical biological control and theoretical studies.

The main objective of this chapter is to develop a realistic food chain model between
quokka-fox-dingo and mathematically the system’s dynamical properties and behaviors,
which can be used to describe the extinction dynamics of the quokka population in Aus-
tralia. Moreover, most food chain models tend to ignore or downplay local spatial dynamics
and spatiotemporal spread of interacting species. The major drawback of these models is
that they do not include local random movement, which can also affect the distribution
of species. The reaction-diffusion model is considered an important contributing factor in
detecting population concentration and clustering. The term diffusion describes the mi-
gration of species to avoid crowds produced by the population pressure due to the mutual
interference among themselves. More generally, it implies the movement of individuals
from a higher concentration region to a lower one. The designed model may or may not
be free of all inconsistencies but the analysis of the current model can be expected to
reveal important and nontrivial features of the tri-tropic food chain system consisting of
a specialist and a generalist predator. This research will make a contribution to science,
empowering the development of effective conservation management strategies for securing
the quokkas and for assisting biodiversity managers. Some key questions explored in this

work are as follows:
e [s it necessary to control foxes for the survival of quokka populations?,
e whether the presence of dingoes is beneficial for quokka populations? and,
e what is the effect of external harvesting on quokka population?.

We have also used the concept of reproduction number to derive threshold parameter (%)

in our tri-trophic food chain model, to suggest some recovery plans for quokka.

The outline of the chapter is as follows: In Section 2.2, the model is formulated. Section 2.3
contributes to the analysis of the non spatial model system including the boundedness of
solutions, characteristics of possible equilibria, conditions under which the equilibria exist
and are asymptotically stable. Section 2.4 is devoted to analysis of spatial model systems.
Section 2.5 discusses the diffusion driven instability and pattern formation.In Section 2.6,
threshold for persistence of species is evaluated. In Section 2.7, the numerical results are
reported for both non-spatial and spatial models. In Section 2.8, we interpret our results

in terms of their ecological implications.
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2.2 Model formulation with and without movement

of species

2.2.1 Without prey switching; Without movement of species

Hayward et al. (2007) predicted the occurrence of quokka population control and mainte-
nance of a mosaic at early stage and long unburnt habitat are essential for its conservation.
Schroeder et al. (2015) conducted an experimental behavioral study to examine whether
foxes attempt to avoid areas with a high number of dingoes. They found that dingoes
kill foxes opportunistically rather than through active hunting. Moseby et al. (2012) also
performed a field experiment to investigate the interactions between a dingo and exotic
mesopredators (cat and red fox) and provided evidence that dingoes may suppress foxes.
However, no mathematical model is given so far to model these three species together.
Motivated by these studies, we developed a tri-trophic ecological food-chain model with
three species similar to Hastings and Powell (1991). The food-chain model includes one
prey species (quokka), one mesopredator (red fox), and one apex predator (dingo). The
quokka population (Q) is predated by a red fox (F'), which in turn is predated by din-
goes (D). The quokka population grows logistically. Holling type II responses have been
frequently associated with specialist predation (Andersson and Erlinge (1977); Hansson
and Henttonen (1985); Leeuwen et al. (2007)). In this research, we consider Holling type
IT functional response (Holling (1959)), for both quokka and red fox population. Since
foxes and dingoes can prosper and grow on other factors too, we consider an additional
growth rate which means these species will not completely die in absence of its favourite
food (Coman et al. (1991); Fleming et al. (2012)). Dingoes compete aggressively with
the red fox (Vulpes vulpes), which is invasive in Australia, and help to control red fox
populations where both species overlap. Thus, dingoes may provide refuge areas for small
mammals which are not their preferred food (Moseby et al. (2012)). Although, dingoes
are large carnivores but our model assumes that they does not eat quokka. This assump-
tion is based on the fact that dingoes mainly consume red fox , rabbits and small rodents
(https://www.britannica.com/animal/dingomammal). With the above assumptions, we

describe the following set of autonomous non-linear differential equations:

Q rQ<1_Q>_ bQF

dt K (Q+a)’

dF bQQF wlDF

i . — dyF,

a T Qra) Frog ®

dD wyDF

&~ D+ 2220 4D 2.2.1
a - P Ere @ (22.1)
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Description of parameters are given in Table 2.1 and schematic diagram which explains

the dynamics can be seen in Fig. 2.1.

J

K‘--x% F| ]—% | {logistic growth) d_,_,--’f

. e

Figure 2.1: Schematic diagram for three species food model system (2.2.1).

Theorem 2.2.1 If N(t) = Q(t)+ F(t) 4+ D(t), then N(t) is non negative and continuous.

(r+n)*K

Further, N < {
4rn

} for all t, where n = min{dy — ro,d3 — 13}.

Proof We define a function
N(t) = Q) + D(t) + F(t)
The time derivative of this equation, along with system (2.2.1) becomes:

N _ dQ  dF dD
dt dt dt dt’

< TQ (1—%) +(T2—d2)F+(’I“3—d3)D,

e < (1= 2) val @t @ mF - @0

dt K
2
Pl (i (4 0PK
< _ _ ALV
- K {Q ( 2r K)} + 4r ’
< (r+n)°K

4r
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On integrating, we get

(r+n)*K

(r+mn)?*K
4r '

0 < N
- 4r

+e ™ |N(0) —

(r+n)*K

As t — o0, 0< N <
4r

Hence, the proof.

2.2.2 With prey switching; Without movement of species

Short et al. (2002) reported that the fox invasion in Australia threatened many native
species, further this invasion was controlled by introducing dingoes. This food-chain model
is the extension of model (2.2.1) and is more realistic and appropriate for modeling the
realistic scenario. Here, we consider the quokka population (Q), is predated by both red
fox (F') and dingoes (D), and foxes (F') in turn are predated by dingoes (D). This model
takes up some assumptions for its formulation and is described in the following text. We
considered dingoes as generalist predators who can switch its prey (quokka or fox) while
fox behaves as specialist predator consuming quokka as its favourite food. The quokka
population grows logistically. Functional relationship between predator and prey popula-
tion are the central themes in mathematical ecology. In this model, we consider Holling
type II functional response (Holling (1959)), which is associated with specialist predation
for interaction between quokka and red fox population. However, dingoes are large carni-
vores and can eat quokkas when foxes are unavailable. In population dynamical studies,
switching is usually modeled as a sigmoid i.e. Holling Type III (Holling (1959)), functional
response. Modified Holling type II responses have also been frequently associated with gen-
eralist predation (Andersson and Erlinge (1977); Hansson and Henttonen (1985); Leeuwen

et al. (2007)). We use the functional response given by Van Baalen et al. (2001), that is,

. Q
I+ToQ+pTrF

respectively. This response implies that the densities of prey (@) and

per capita consumption rate of dingoes, with respect to quokka and foxes as

pF
I+ToQ+pTrF

alternative food (F') are scaled with respect to the search rate of the predators. Here, p is

and

the probability with which dingo will consume foxes upon encounter, T is the handling

time of a captured quokka and Ty is the time units for handling of alternative food items
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i.e. foxes. With the above assumptions, the model can be formulated as follows:

dQ Q\ ©hQF e QD

o _ 1— <) = _ = Qm(Q,F,D

dF boQF wipDF

- = - — doF = Fhy(Q, F, D),

dt Q+a 1+ToQ+plpF (@ )

dD esQQD wopDF

= = + — dsD = Dhs(Q, F,D), (2.2.2
dt 1+ ToQ+pTpF 1+ ToQ+pIpF  ° 3(@ ) (222)

with initial conditions Q(0) > 0, F'(0) > 0 and D(0) > 0. The model parameters r, K, b,
a,e1, 1, p, Tr, b, wi,ds, ea,ws,ds are all positive constants. The schematic diagram for
model system (2.2.2) is presented in Fig. 2.2. Also, see Table 2.1 for complete description

of parameter values for the considered food chain model.

0D
1+7,0 + pI; F

Figure 2.2: Schematic diagram for three species food model system (2.2.2).

Theorem 2.2.2 IfU(t) = Q(t) + F(t) + D(t), then U(t) is non negative and continuous.
Further,

(r+7)°K

U<
- 4ry

] for all t, where v = min{ds, ds}.
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Proof As U(T) = Q(T) + F(T) + D(T), taking time derivative we get

dU dQ N dF N dD
dt dt dt dt’

— 0 (1 - 9) by — b)) — ) —EPT

K Q+a 1+ToQ + pTrF
(e~ ea) TQgZ i~ haF — D,
< rQ (1 - %) — doF — d3D. (as by > by, wy > wo, €1 > €3)
Further,
a;—g—l—vU<rQ (1— %) +9Q + (v — d2)F + (v — d3) D,

where, v = min {ds, ds}.

Proceeding as above theorem we obtain,

(r+7)°K

0< U<
- 4ry

] = M,t — co. (2.2.3)

Moreover, for a suitable M independent of the initial conditions, we have lim;_,, sup U(t) <
M. Thus, U(T) = Q(T)+ F(T)+ D(T) < M, hence all the species are uniformly bounded

C e . 3
for any initial value in IR .

For a biologically practical system, all population are required to be constrained by a

bound in time by their environments.

2.2.3 With prey switching; With movement of species

Spatial component of ecological interactions has been identified as an important factor of
how the ecological communities are shaped. Very little attention has been paid so far to
study the spatial three species ecological model. We introduce spatial variations to the
model system (2.2.2) to proceed further. We assume all populations in the food-chain
perform active movement in 2-dimensional space (x and y direction). Animals moves
randomly because of various requirements like, finding food, better opportunity for social

interactions etc. (Okubo and Levin (2001)). If all are confined to a fixed bounded domain
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Q in IR?'_7 we led to consider the following reaction-diffusion system:

% _HQVQQ = Q(Z,t)hl(Q(z7t)aF(Zat)7D(Z’t))>
aa_lj_HFVQF = F(2,0)ha(Q(2.1), F(z,t), D(z,1)),
%_f_Hszp = D(%,0)hs(Q(z,1), F(2,1), D(2,1), (224)

for z = (x,y) € Q@ =[0,L] x [0, L], t > 0, and with boundary conditions:
(n.V)Q = (n.V)F = (n.V)D =0,
and initial conditions:

Q(2,0) = Q(0) >0,
F(2,0) = F(0)>0,
D(z,0) = D(0)> 0.

In system (2.2.4), V? represents Laplacian operator and the functions h;(i = 1,2,3) are
continuous interaction functions, having continuous partial derivatives on IRi. In the
above, the vector n is an outward unit normal vector to the boundary (0€2) of the habitat
(Q2) and the homogeneous Neumann boundary conditions are considered. The homoge-
neous Neumann boundary conditions signify that the system is self-contained and there is

no population flux across the boundary (052).

Lemma 2.2.3 Assume u(z,t) is a solution of the problem

%:dlAu—i—u(a—bu),zEQ,t>0,a>0,b>0
o,
on

u(z,0) = up(2z) > 0,

) a
then tllglou(z,t) =3

dy . .
Lemma 2.2.4 If b, < 173 the solution of system satisfies

limsup max Q(z,t) < K =: Qmaz,

t—o00 2€Q
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, bo I + by Tk
limsup max F'(z,t) < =: Fraz,
o e E ) S (s — o)
K by K + byTo K*?
limsup max D(z,t) < e2K + wap(by :_ 2T K”) =: Dios-
t—o00 2€Q wiWap
Proof From first equation of (2.2.4), we have,
0Q 9 Q
— < H 1-—= 2.2.5
< nevie e (1- ), (2.2.5)

on comparing the solution of problem with above lemma. Hence, for an arbitrary ¢ > 0
there exist T € (0, 00) such that Q(z,t) < K + € for (2,t) € Q x [T, 00).

Now, from second equation of (2.2.4) and using (2.2.5) we have,

or < HpV’F + (02QF = do F)(1 + TQQ + pTr F) — W1PDF,
ot (1+ToQ + pTrF)

< HpVPF + (b,QF — doF)(1 + ToQ + pTe F) — wipDF,

< HpVPF + F(b,Q 4 by ToQ? + pboTrQF — pdyTe F — wipD),

< HpV2F 4 F(by K + byToK? — wipD + pboTr K F — pdy T F),
= HpV?F + F((bo K + byToK? — wipD) — (pdoTr — pbyTrK)F).

Using lemma 2.2.3,

bgK + bQTQKQ - wlpD

= limsupmax F'(z,t) < 2.2.6
e 2€Q) (1) pTr(dy — by K) ( )
Also,
. b K(1+4+ THK)
= limsupmax F'(z,t) < )
t—>oop 2€Q ( ) pTF(dZ - bQK)
Finally, from third equation of (2.2.4) and using (2.2.5) and (2.2.6), we have,
oD
>y < HpV?D + e3QD + wypDF,
bQK -+ bQTQK2 - wlpD
< HpV*D KD D
< HpV®D + ey + wap ( DT (dy — by ,
< HpV?D + D(eyK + wopby K (1 4+ T K) — wiwap® D),
K b K(1+ToK
= limsupmax D(z,t) < e+ wapbp K1+ Tg ) (2.2.7)

tsoo 20 wiwap?
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and hence the proof.

This theorem gives the sufficient conditions for which all the three species are individually
bounded i.e. their count can’t go beyond certain values if some conditions are satis-
fied.

Lemma 2.2.5 The spatio-temporal system persists, if the following conditions hold:

_Dmaacel - blFmax +r Dmaa:el + blFmax —r+ar
> Dmam b Fmaxa < ) K < )
: 61+ ! ¢ r Dmaxel + blFma;t -r
dg(DmmelK + blFmazK — (CL + K)T) < b <& d2 A < €2K(—Dmal«61 — blFma([: -+ 7’)
K(Dmaxel + blFmaz - T) ? K s = 7’(1 + FmaxpTF + KTQ) ’
d S %’ and wy < (b2 — dg)(Dmmel + blFmax)K —+ (—bgK -+ dg(a —+ K))T’
bwr Dmamp(DmaxelK + blFmaxK - (a + K)T)

Proof From (2.2.4), we have

2 () o

Using lemma, we get

K(T - blFmax - 6leax)

. . N O
= hgglf iy Q(z,t) > . Qmin
Also from (2.2.4), we have
aF bQlen WlpD
— > HpV?F — —dy | F
o= " (Qmm Ta T4l E )T
A d 1 Trl") — D b min
> HpV*F + < 2) L+ pTrF) = wp )F, where A:L
1 +pTFF) Qmin +a
(A —dy — wipD) — (dy — NpTpF
> HpV’F F
- FV * ( 1 + pTFFmax ’

provided (A — dy — wipD) > (dy — A)pTpF.

Using lemma, we get

(A — dg — wlpD) .
= llgglf Iznelglll F(z,t) > ( (o= NIy =: Fiyin. (2.2.8)
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Also,

= liminf min F(z,t) >

t—oo  zeQ

(i),

Now, from (2.2.4) and using (2.2.8), we have

aD eQQmin + w2mein )
— > HpV’D + —d3 | D,
ot - b ((1 + TQQmaX + pTFFmaX) ’
minTF — wy — dsTrR) wiwepD
> 92D (€2QminTr —wy — dsTpR) D

where R = (1 + TQQmax + pTFFmaX)

Using lemma, we get

= liminf min D(z,t) > (

t—oo  zeQ

(62QminTF — W2 — d3TFR) (d2 B A>> =D, .

Wwiwap

Remark 2 Biologically, if the given conditions hold true then all the three species survive,

no matter what the initial population are.

2.3 Stability analysis of model system

2.3.1 Without prey switching; Without movement of species

2.3.1.1 Existence of equilibrium points

The Jacobian matrix corresponding to model (2.2.1)

aix aiz as
j(Q7F7D): a21 A2z 0423 (2.3.1)

a31 32 as3

The entries of matrix are:

b FQ WF*  Qr ( Q)
— 1-— T,

aynn =

(@+Q)?2 a+Q K+ K
g, = 0@
12 a + Q?
aiz = 07
__ DFQ | bF

a2 T@+Q2 et @
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Table 2.1: Description of parameter values used in model (2.2.2).

Variables/parameters  Unit Description

Q Quokka per unit area  Density of quokka population

F Red fox per unit area Density of red fox population

D Dingoes per unit area Density of dingo population

r Per day Intrinsic growth rate of quokka
popultion

o Per day Intrinsic growth rate of red fox

r3 Per day Intrinsic growth rate of dingo

K Quokka per unit area Carrying capacity of environment

a/c Per unit area Measures of the extent to which

environment provides refuges to
quokka/red fox population,thus
decreasing the maximum predation

rate
by Per day Contact rate of quokka and fox
by Per day Biomass conversion rate of quokka
to fox
e Per day Contact rate of quokka and dingo
€ Per day Biomass conversion rate of quokka
to dingo
w1 Per day Contact rate of fox and dingo
Wo Per day Biomass conversion rate of fox to dingo
do Per day Death rate of fox
ds Per day Death rate of dingo
T dimensionless Handling time of a captured quokka
by dingo
Tr dimensionless Handing time of foxes by dingo
P dimensionless Probability that dingo will consumes
an alternative food item upon encounter
to quokka
Hq Per unit area Diffusion rate of quokka
Hrp Per unit area Diffusion rate of fox

Hp Per unit area Diffusion rate of dingo
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bQQ Dle le
22 = a+Q+r2+(c+F)2_c+F_d2’
. le
Qg3 = ctL F
azi = 0,
DFCL)Q D(A)Q
Y P PR
azy = 7’3+Ciw;,—d3.

Lemma 2.3.1 The formulated model (2.2.2) has following possible equilibrium points:
o The equilibrium point, E1 = (0, 0, 0), always exists.

o The equilibrium point, Es = (Q2,0,0) = (K,0,0), always ezists.

C(T’g — dg) C(?"Q — dg)(&)g

o The equilibrium E3 = (0, F3, D3) = <O ), exists if dy <
)

’dg—’l“g—w27w1(?"3+WQ—d
ro and r3 < d3 < wy + 13.

_ _ K _
o The equilibrium Ey = (Qq4, Fy,0) = ( aldy = 15) abyr(bsk — (a+ K)(d, 702)),0>,

bg—d2+7’2’ blK(bQ—d@+T2)2
K(by —d
exists if dy — by < 1y < dy and a < (2d 2+T2).
2 — T2

e The equilibrium E5 = (Qs, Fs, Ds)

1
Qs = —<—G+K+

2 7’(7’3 + W9 — dg)
F5 _ C(dg —7"3) ’
T3 4+ Wy — dg
D5 _ WQ<—2(716K(b2 — d2 + TQ)(dg — 7”3) + abg(—(a =+ K)T(dg — T3 — CUQ) — \/g))

leK(dg — 7“3)UJ1 (dg — T3 — WQ)
s = r(4bicK(ds —13)(ds — 13 — wo) + (a + K)*r(rs + wsy — ds)?),

a

exists if a < K, r3 < d3 < wy+ 13, 'by < mv
2Kbyc(ds(dy — 19) + 13(r9 — da))

d
2Kb16(d3 - 7”3) —a an
4b1€K(7’3 — dg) << b1C(7’3 — dg)

(a+ K)?(ds — 13 —w) =~ ald3 —r3 —ws)’

by <

2.3.1.2 Local stability analysis of equilibrium points

Theorem 2.3.2 The equilibrium point E; s always unstable.
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Proof Since, the eigenvalues of Jacobian matrix (3.3.2) corresponding to E; are 7,79 — do
and r3 — d3. Since, one of the eigenvalue (r) is always positive, thus the equilibrium point
F is always unstable. Biologically, it means that system will never settle to species-less

in long run.

Theorem 2.3.3 The equilibrium point Fy is asymptotically stable if r3 < d3, ro < dy and
bg S d2 — Ta.

Proof Since, the eigenvalues of Jacobian matrix (3.3.2) corresponding to Ey are —r, ry —

by K
dy + 2 I and r3 — d3. Hence, the equilibrium is asymptotically stable if r3 < ds3, 79 < d
a
and bQ S dg — T9.

Theorem 2.3.4 The equilibrium point Es3 is unstable always.

Proof Since, the eigenvalues of Jacobian matrix (3.3.2) corresponding to Fj3 are r —
blc(dg — 7“3)

a(T3+CU2 —dg)’
—(d2 — T'Q)(dg — 7'3) + \/(dg — 7"3)(d2 — Tg)((dg — Tg)(dg — 7“3) + 4(7“3 — dS)WQ + 4002)

and
20)2
—(d2 — T'Q)(dg — 7'3) — \/(dg — Tg)(dg — Tz)((dg — T'Q)(dg — 7'3) + 4(7'3 — dg)U.)Q + 4002) Tt can
2LL)2 .

be verified that whenever equilibrium point Fj5 exists, all the eigenvalues cannot be negative

simultaneously. Therefore, the equilibrium point Fj5 is unstable.

Theorem 2.3.5 The equilibrium point E4 is asymptotically stable if
K(by —dy + 1) ca< K(by —dy + 1)

by + dy — 19 dy — 13
4bo K (bo K — (a + K)(dy — 12))(by — da + 12)? and
(dy —12)(a(bs + dy — 12) — K (by — day + 12))?

_bch(bQ — dg —f- 7“2)27"3 —f- CLbQT’((CL + K)(dg — 7”2) — bgK)(T’g + WQ)
abQT((a + K)(dg — 7"2) — bQK) — bch(bQ — dg + T2>2

dy > 19, by > dy — 19,

)

ds >

Proof Since, the eigenvalues of Jacobian matrix (3.3.2) corresponding to E, are
ro absr((a + K)(dy — 13) — by K )wo - E£/q
abar((a + K)(dy — r9) — bo K) — bicK (by — dy + 19)?’ 251
r2)(a(by +dy —r2) = K(b2 —dz +12)), q1 = r(dy —r2)(4bo K (=bo K + (a+ K)(d2 — 12)) (b2 —
dy +19)% + 1(dg — r9)(a(by + dg — 12) — K(by — dy +19))?), 51 = by K (by — da + 13). Hence,

the equilibrium point is asymptotically stable if above conditions are satisfied.

. where, p; = r(dy —

Theorem 2.3.6 The equilibrium point Fs is asymptotically stable if
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Ag >0, Ay >0 and Ay Ay > Ay where

1 2 2
Ay = K(ct Fo)2(a+ Qs)? (Kb F5(2dodsQs(c+ F5)° + a(ds — r3)((c + F5)“(da — 12)
+CD5CU1) — CLF5<C + F5)(d2 — 7“2)&)2) — ’I”(K — 2@5)(@ + Q5)(a(d3 — Tg)((c + F5)2
(dy — r2) 4+ cDsw1) — aF5(dy — r2)ws + Qs ((ds — 73) (cDswy — (¢ + F5)?

(by — do +713)) + F5(c+ F5)(by — da + r2)w2))),

bod 2d b 2b 2 2
A = — 2 d3Qs — dsr + 3Qsr 275 _ 27“@5 — dary + Ty — Q5772
a+ Qs K a+Q; K(a+Qs) K
bg?"’l“g 2@57"7“3 d3LU1D5F5 w1d3D5 rw1d3F5 TW1D5
+7’T3——+7’2T3— B 5
a+ Qs K (c+ F5) c+Fs  (c+ F5) c+ Fy
C2rwQsF5Ds | 2rwnQsDs | rswiDsls rswiDs bowa Q5 F5
<C+F5)2K (C+F5)K (C—|—F5>2 C+F5 (C+F5)(&+Q5)
F 2 F F b F: 2 F.
rwal's rwa@s Fs (D1%%) 5+d2 ds + a0y 52—r+ TQ5_T3_M24
c+Fs (c+F5)K ¢+ F; (a+ Qs) K c+ Fy

+ab1F5(02(d3 — To — T’3) —f- F52(d3 —T9g — T3 — CL)Q))

(c+ F5)%(a+Q5)?
+ab1F5(c(2d3F5 + dwl — F5(2<7'2 + 7’3) + CUQ)))
(c+ F5)*(a+Qs5)° ’
and,
CLb1F5 b2Q5 27’@5 CW1D5 — CL)Q(C + F5)F5
Ay = dy+d - - iy —
2 2 + 3+(CL+Q5)2 0t O- r+ K Ty — T3 + CENAE

Proof Since, the characteristic polynomial of Jacobian matrix (3.3.2), corresponding to
E5 is given by

P(x) = 23 + Agz® + Az + Ay (where Ay, A; and A, are defined above)

Now, by Routh-Hurwitz criteria if Ag > 0, As > 0 and A3 A; > Ap, then all the real parts

of eigenvalues are negative and hence, F5 becomes locally asymptotically stable.

2.3.2 With prey switching; Without movement of species

2.3.2.1 Existence of equilibrium points
The Jacobian matrix corresponding to model (2.2.2) is
aix Qiz2 a3

j(Qv F, D) = 21 G2 (23 (2.3.2)

a31 32 as3
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The entries of matrix are:

a1

Q12

@13

a21

22

@23

a31

32

a33

= —ds +

__ab K e 2Qr Dei(1+ FpTg)
(a+ Q)2 K (14 FpTe+QTq)?
b1 Q N DepQTr

Ca+Q " (1+ FpTe+ QTg)?’

_ e1Q)
1+ FpTe +QTq’
abs DpTqun
(@ror * Tt otar):

by Q Dp(1 + QTq)w
a+Q (14 FpTr+ QTq)*
Fpuw,
14 FpTr + QTq’
D(eg + e FpTy — FpTquws)
(1+ FpTe + QTq)?
Dp(—e2QTr + wy + QTquws)
(14 FpTe +QTq)?

= 0.

Lemma 2.3.7 The formulated model (2.2.2) has following possible equilibrium points:

e The equilibrium point, £y = (0, 0, 0), always exists.

The equilibrium point, Fy = (Q2,0,0) = (K,0,0), always erists.

d —d K — d; KT,
The equilibrium E3 = (Qs3,0, D3) = 3 ,0, ear (Zds + e 32 2) , €T-
€9 — dgTQ €1K (62 — d3TQ>
. . €2 d3
ts if d — and K > —————.
ists if 3<TQan >62—d3TQ
(Idg abg(—adg + bQK — dQK)T’

b2 - d2’ bl(bg — d2)2K

The equilibrium Ey = (Qy, Fy,0) = (

(by — day) K
do

, 0) , exists if

by > dy and a <

To show the existence of equilibrium E* = (Q*, F*, D*) , we will prove two isoclines
(of the system) will intersect in the first quadrant. The first isocline is formed by
finding the value of D from 15 equation of system (2.2.2) and then putting in 2™,

and the second isocline is formed by putting same D in 3" equation of system (2.2.2).
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They are as follows:

9(Q,F) = pQ°rwi + Q(beer K — daer K + aprw; — Kprwy) + b1 F Kpuw,
—adyer K — aKprw, = 0, (2.3.3)
h(Q, F) = Q(Gg - dgTQ) + F(pWQ - dngF) - d3 =0. (234)

Consider, first isocline:

adse; + aprw,
bipwy

Also Q *@ @*%
"\dF ), 0F/ 9Q N,

where, My = by Kpw-,
N1 = <b2 — dg)@lK —I—p(a - K + 2Q)TC¢)1.

It is intersecting F-azis at ( ,O) = (f1,0) (in F-Q plane).

d
Now, (d_g) >0 (ifby > dy and deey K+(—a+K)prw; < bye1 K).
1

Consider, second isocline:

- . . ds ) . .
It is intersecting F-axis at | ————————,0 | = (f2,0) (in F-Q plane); which is

on positive F-axis if wy > d3Tp.

Aiso. (49 _Oh O _ My
9 \dr),” oF) 9Q ~ Ny

where, My = pwy — dspTr > 0,
N2 = €9 — dgTQ

d .
Now, (%)2 <0 (Zfeg < dgTQ )

The two isoclines will surely intersect in first quadrant if first isocline is increasing

d d
(z’.e. <£)1 > O) , second isocline 1s decreasing (z’.e. <£)2 < O), and f1 < fs,

1.€. Zfbg > dQ, Wo > dgTF, ey < dgTQ,

by — d2)€1

r < ( o , dgwl(b1d3w1+a(d261+prw1)(dgTF—wz)) > 0.
1

Now, by putting above intersecting point (Q*, F™*) in system (2.2.2), we can find the
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value of D* <z’f by < (K= @)(a+Q)r >

F*K
To find number of existing non-trivial equilibrium points, we convert system (2.2.2)

in terms of Q) as:

E(Q) = AQ*+ BQ+C, (2.3.5)
where,
A = —dsprTw + prwiws,
B = —de3€1KTf + dgdgelKTf — blengl — adgprwal + dng’I"wal + bldgKqul

+boe1 Kwy — doei Kwy + aprwiws — Kprwiws,

C = adydses KTy + bidsKwy + ads KprTiw, — adyey Kwy — aKprwws,

then the discriminant of quadratic function becomes:
A = B® —4AC.

— Case 1: If A > 0, two simple real roots.

— Case 2: If A =0, one double real root.

— Case 3: If A <0, two simple complex roots.

Example 2.3.1 If we set the parameters as: r = 4.912, K = 200;a = 35;b; =
2.191,b = 1.07;e; = 1.95e5 = 0.16,w; = 1.09,wy, = 0.781,dy = 0.819,d3
1.093,Tg = 0.27,TF = 0.25,p = 0.45, such that

k(Q) = —1.22334Q* 4 88.8883(Q + 13572.1

then, A = 74314.3 > 0; by Case 1, we have two simple real roots Q)7 = —75.0887
and (5 = 147.749 but as we are interested in only positive equilibrium, we get Q3 =
147.749 and hence Fy = 92.1511 and Dj = 4.81494 (i.e. E* = (147.749,92.1511,
4.81494)).

Hence, the existence of E* is shown.
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2.3.2.2 Local stability analysis of equilibrium points
Theorem 2.3.8 The equilibrium point E is always unstable.

Proof Since, the eigenvalues of Jacobian matrix (2.3.2) corresponding to F; are r, —ds
and —ds. Since, one of the eigenvalue (r) is always positive, thus the equilibrium point F;

is always unstable. Biologically, it means that system will never settle to zero in long run.

Theorem 2.3.9 The equilibrium point Ey is asymptotically stable if do > by and

€2K
ds >
ST 1+ KT,
Proof Since, the eigenvalues of Jacobian matrix (2.3.2) corresponding to Fy are —r, —dy +
bo K K
- _2|_ 7 and —d3 + 1—?—KTQ' Hence, the predator free equilibrium is asymptotically stable
GQK

if dy > by and dy > — 20
=t Al = TR,

Theorem 2.3.10 The equilibrium point Es is asymptotically stable if

> 4€2K(62 — dgTQ)Q(—dg + GQK — dgKTQ) d3

e + dgTQ
5 <K< B E—
d3(€2 - 6QI(CTQ + dgTQ(l + KTQ)) €2 — dBTQ €2TQ — dgTQ

and,

(—aeg + dg(—]_ + (ITQ))(dgelK(—GQ + dgTQ) + p?”(dg — GQK + d3KTQ)w1)

b
2 < d361K(62 - dgTQ)

Proof Since, the eigenvalues of Jacobian matrix (2.3.2) corresponding to Ej are

_Bl + B% - 414101
24,

and M+N,

where, A; = 622K—d362KTQ,
Bl = d362T+d327’TQ—dgegKTTQ+d32KTTQ2,

Cl = d37' (—62 -+ dgTQ) (dg — 62K + d3KTQ) s
bods
d3 + aeg — adgTQ’
pr (dg — €2K + dgKTQ) w1
€1K (62 — dgTQ)

M = —dy+ and

N =

Hence, the equilibrium point is asymptotically stable if above conditions are satisfied.
Theorem 2.3.11 The equilibrium point E, is asymptotically stable if

b K — dy K >%MrwﬁK@K—@m+K»

y T2 5 and
b2 + d2 dg(&(bg + dg) + (—bg -+ dg)K)
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abldg(—bg + d2)€2K -+ abz(—bgK + dg(& -+ K))pTCUQ
abg(—bgK -+ dg(@ + K))pTTF — b1<b2 — dg)K(bQ + dg(—l -+ CLTQ)> ’

d3>

Proof Since, the eigenvalues of Jacobian matrix (2.3.2) corresponding to E, are

bl(bg — dg)K(bgdg — dg(dg + aeg) + CLdegTQ) — abg(—bgK + dg(a + K))pT(dgTF — CUQ)

and
abQ(_bQK + dg(a + K))pT’TF — bl(bg — dQ)K(bQ + dg(—l + GTQ)) t
—By 4+ /B3 — 4A,Cy
2A, ’
Where, A2 = bg(bg — dg)K7
By = dy(—abyr—ador+by Kr—dy K),
Cy = dor(—abydy+ads®+by” K —2bydy K +dy”° K).
Hence, the equilibrium point is asymptotically stable if above conditions are satisfied.
Theorem 2.3.12 The equilibrium point E* is asymptotically stable if
Gy > 0, Gg > O7 and G1G9 — G3 > (. (236)
where G, Go and Gz are defined in the following proof.
Proof The characteristics equation of ¢ (E*) = ¢(Q*, F*, D*) is given by
NGV +GoA+G3 =0, (2.3.7)
where,
(lblF* bQQ* ZQ*T’
Gy = do+ds—r+ — +
! T TR T ar g T K
B (D*e1Q*Tg + D*F*p*Trwy) N (D*eq — e2Q* + D*puwy) (2.3.)
(1 + F*pTr + Q*Tg)? 14+ FpTe + QT ' o
QQ*T(dQ + dg) ng*(T — dg) QbQQ*2T
= d3(dy—71)—rd —
L SR Ty (PR D
i ablF*d2
(a+ Q")

+D*d361 + esQ*r + D*dspw; — D*prwy + F*prws — F*pwads
1+ F*pTr + Q¥
boD*e1Q** T — beD*e F*pQ* T
(a+ Q)1+ F*pTF + Q*Tg)?
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+—D*d3F*p2pr1 + D*F*p*rTrw; — D*dze;Q*Tg — D*ey F*puwy
(14 F*pTr + Q*Ty)?
+d2(D*(el + €1F*pTF) - €2Q*<1 + FpTy + Q*TQ))
(1+ F*pTp + Q*1g)*
(D*?ey F*p*Trw, + D*2e1pQ* Tows)
T+ Folr G To)
2D*pQ*rw; — 2F* pQ*rwy — 2e,Q*%r
K1+ FpTr + QTy)
2D* F*p?Q*r'Tpw;
K+ F*plr + QIg)?
+D*261pw1 — D*eapQ*wi + baea@Q** — byD*e1Q* + by [ pQ*wo
(a4 Q*)(1+ F*pTr + Q*Ty)
1 * * *
Gy Py 5 g T (P e
+a(—exQ*(1 4+ F*pTr + Q*Tg) + ds(1 + F*pTr + Q*Tg)?

+D*p(1 4+ 2Q"Ty)wr — F*p(1 + F*pTr + Q*T)ws))

+bgD*61F*pQ*2TF), (239)
1 1
Gy = D**d — ——————(dy(—ab F*K

+(K —2Q")(a + Q")*r)(1 + F*pTp + Q"To)*(ds — e2Q”

1
+ds F*pTe + dsQ* Ty — F* + — = (d(1 4+ F*pTr + Q*T,
3l PLF 3@ pwz)) K(a+Q)2(( pTr + Q1)

(@®(—p(K —2Q")r(ds — e2Q"* + dsQ*Tg)wy + dyer K (ds + dsF*pTr — F*puws))
+Q (p(i F* K (—e3 + d3Tg) — (K — 2Q%)r(ds — e2Q" + d35Q*Tg))wn

+dye1 K (ds + d3 F"pTp — F'puws)) + a(p(—2(K —2Q")Q"r(ds — e2Q" + d3Q* 1))
+01 F*K(ds — 2e2Q" + 2d35Q™ T ) )wr + 2dae1 KQ* (ds + ds F™*pT'r — F*pu@))))
—W(bg@*(l + F'pTp + Q"'Ty) (a(D*e1 K (ds + 2ds F*pTr — 2F " pws)
—(K =2Q")r(1 4+ F*pTp + Q"Tg)(ds — e2Q" + ds F*pTr + dsQ* Ty — F*pws))
+Q*(D*e1 K (ds + ds F*pTr — Fpws) — (K —2Q")r(1 + F*pTr + Q" Tg)(ds

By Routh-Hurwitz criterion (2.3.7) have all roots with negative real parts if (2.3.6) are
satisfied. Thus, making equilibrium point E* is locally asymptotically stable.

Remark 3 If we take parameters as in Example (2.3.1), G; = 2.58729 > 0, G5 = 0.0837404
> 0 and G1xGy—G5 = 0.280056 > 0, making E* = (Q*, F*, D*) = (147.7490517,92.1510996,
4.8149385) a locally asymptotically stable equilibrium point. Biologically, this means that

for the given parameter values and small perturbation the population will always settle up
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Table 2.2: Selected set of parameters values used for numerical simulation. We mostly took
hypothetical value which are in ecological permissible range due to the lack of knowledge on basic
biological parameters.

Parameters | values | Parameters | values
r 4.912 | wy 1.09
K 200 Wo 0.781
a 35 do .819
by 2.191 | ds 1.093
bs 1.07 To 0.27
€1 1.9 TR 0.25
€ 0.16 P 0.45

Quokka population
Fox population
Dingo population

population

I =)
0 500 1000 1500

time

(a) phase portrait (b) time series

Figure 2.3: Stable attractor for the given parameters.

at EX(Q*, F*,D*) (c.f. Fig. 2.3).

2.4 Stability analysis of model system for movement

in species

2.4.1 Linear stability analysis

Linear stability analysis of corresponding spatio-temporal model is done by perturbing

system with 2-dimensional spatial perturbations of the form:

Q = Q* + &1 GXp()\kt + l(k?x]? + k:yy)) = Q* + €141,
F = F"4eyexp(Mt + ik + kyy)) = F* 4+ eaf1,
D = D*+ezexp(Mt +i(kyr + kyy)) = D* + e3d;. (2.4.1)
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where €1,e9 and e3 are sufficiently small constants, A is wavelength, k, and k, are the

components of the wavenumber k in x and y directions respectively.

Theorem 2.4.1 Assume that the parameters in model system (2.2.4) satisfy conditions
(2.4.8). Then the constant positive steady state E*(Q*, F*, D*) of the spatio temporal

system 1s locally asymptotically stable.

Proof The characteristic equation of the linearized system about the non-trivial equilib-
rium point E*(Q*,F*, D*), is given by

(j*_Hk:2_)‘kj)(qlaf1ad1)T:0> (242)
ai; a2 (13 Hg 0 O
where, $* = | as ag ax |, and H = 0 Hr 0 , (2.4.3)
as1 Az as3 0 0 Hp

where k* = k2 4+ k] and §* is same as given in (2.3.2) . From (2.4.2) and (2.4.3), the

characteristic polynomial becomes

det($* — HE* — X\eI) = Np + Bi(k*)\;, + Ba(k*) Mg + B3(k*) = 0,

where, ((k*) = —tr($*— Hk*) =k*(Hg+ Hr + Hp) + G, (2.4.4)
Bo(k?) = k'(HoHp+ HpHp + HoHp) — k*((Hg(ass + ass)
+Hp(an + as3) + Hp(an + as)) + Ga, (2.4.5)
Bs(k?) = —det(J* — Hk*) = k°(HoHpHp) — k*(HoHpazs + HoHpass
+HpHpay) + k*(Hg(assaz — assass) + Hp(apass — aizaz;)
+Hp(ajia — ajzasn)) + Gs. (2.4.6)

where, Gy, Gy and G5 are defined in (2.3.8)-(2.3.10).
Manipulating algebraically one can find 3; (k?) B2 (k?)— B5(k?) is given by following equation,

Bi(k*)Ba(k?*) — B3(k?) = L1k® + Lok® + Lsk* + G1Go — G, (2.4.7)

Where, L1:(HQ+HF)(HQ+HD)(HF+HD),
Lg = —CLH(HF + HD)(HF + 2HQ + HD) - a22(HQ + HD)(ZHF + HQ + HD>,
L = (—Cl2zGl + a11Q92 — Q12001 — a31a13)HQ + (—allGl + a11G22 — G12G21

— aggase) Hp + (—(ag + a11)G1 — assass + arsas;) Hp.
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An application of the Routh-Hurwith criteria gives, Re(\x) < 0 if and only if we have,
Bi(k?*) > 0,85(k*) >0 and B (k*)B2(k*) — B3(k*) > 0. (2.4.8)
Thus, the constant positive steady state E*(Q*, F*, D*) of the spatio-temporal system is

asymptotically stable.

Remark 4 Biologically, this means that for the given parameter values and small per-
turbation the population will always settle up at E*(Q*, F*, D*) even in the presence of
diffusion.

2.4.2 Global stability analysis of spatial model

The following theorem gives us the sufficient condition for the equilibrium E* to be globally

asymptotically stable even in the presence of diffusion.

Theorem 2.4.2 If the equilibrium E* exists, and assume that the following conditions are

true:

(i) r> K(
(ZZ) bz < dQ,

blF* 1 D*€1TQ
a+Q* 1+ FpTy+QTy)’

the equilibrium E* of model is globally asymptotically stable.

Proof Define a Lyapunov function:

V(Q,F,D) = [Q—Q*—Q*ln(g*)] +%(F—F*)2+k2 {D—D*—D*ln<D)],
24
Q

where k; and ko are positive constants. Also, V(Q, F, D) is non-negative and V(Q, F, D) =
0 at only (Q*, F*, D*). Now,

v (Q—Q*\ dQ dF D — D*\ dD
_( )dt dt ( )
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Further,
av .
o (Q—-Q)
b F erD b F™* e1D*
(2@ -0- 1 — T )
Q+a 1+ ToQ +pTrF  Q*+a 1+TQ* +pTpF

+ki(F — F7)

bQQF wlpDF bQQ*F* wlpD*F* %
(b - ar)

Q+a 1+T5Q+pTrF Q*+a 1+ToQ* + pTpF*

F * F*
+I<:2(D—D*)< e2Q +wopF Q" 4 wyp >,
1+ TQQ + pTFF 1+ TQQ* +pTFF*
b1 F* e loD*
< a2 " 1 4 14@Q )
< @-r(-% @) " T+ TeQ + 5T F)
bok1Q
HE = PP (2 )
baak1 Frnan elpTFD* +wlpk1D*F*)

+(Q—-Q%) (F—F)

(@-@Q9 ( Q +a (1+TQQ*+prF*)

(1 +TQQ + pTRF™)

(P — P ple*1+Q)+pk52W2(1+TQQ*)>.

If we choose,

ko = d k= )
2 es (1 + pTpF) W T P (1 QY
Then ,
dV w12 * * *\2
%S(Q—Q ) (B) +(Q — Q) (F — F7) (Re) + (F — F7")"(Ry),
WhGI‘Q, Rl _ blF ’I“ D* 61TQ

(a+ Q) K 1+ F*pTp + Q*Tg’
bQQkIFma:L’ 6lpTYFD + (J‘lele*-F)'<

R, = > 0,
T (Q +a) (1+ ToQ* + pTpF*)
bk Q"
Ry = G 1o kyds.

By condition (i) and (ii) from theorem statement, we have Ry < 0 and Rz < 0.

dV
Further, if (Q — Q*)(F — F*) < 0, then o < 0 always. But, if (Q — Q*)(F — F*) > 0,then
dv

dt < 0if R2 < 4R;Rs.
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av
Therefore, the sufficient conditions for — < 0 to be negative definite are satisfied and
thus the equilibrium E* of system (2.2.2) is globally asymptotically stable.
For, global stability of a spatial model system (2.2.4) we take Lyapunov function as:

= / V(Q,F,D)dA
Q

where V(Q, F, D) is mentioned in equation (2.4.9). Now,

ds(t) // VoQ  ovor  ovop],
dt a0 ot Tar ot T oD ot |*Y

ov v _,
= //—dA+// {HQ—V Q+ Hp sz VF + Hp sV D} dA,

= 51+ 95,

where, 51:// %d/&,

oV oV
2 2 2
Sy = //{HQ VQ-i—HFaFV F+HD8DV D]dA

By using Green’s first identity in the plane,

fl 3w = 28tes [ o () el
[ () el

Now,
v (V) _PVoQ, #VoQ.
890 ) ~ 002 ax ' 802 ay”’
Hence,
G1% OV | (0Q\? Q
oV _ R N a7 <
[ sgven=- [ 5 ((%) +<ay) =0
Similarly,
[(OF\?  [OF\?
OV 2 _ o - <
[ v = - [[5m |(5) + (5) [#=o

v _, aD\> (9D’
/ op" P4 = ‘/Qam (a_) *(a—y)
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as
From the above analysis we note that if S; < 0, then o < 0. This implies that if in the
absence of diffusion E* is globally asymptotically stable, then in the presence of diffusion

E* will remain globally asymptotically stable.

2.5 Conditions on diffusion driven instability

Turing instability is a phenomenon that causes certain reaction-diffusion systems to sponta-
neously give rise to stationary patterns with a characteristic length scale from an arbitrary
initial configuration. The key factor in inducing the instability is diffusion and this is why,
Turing instability is often called diffusion-driven instability. An unusual feature of Tur-
ing systems as compared to many other instabilities in systems out of equilibrium (Cross
and Hohenberg (1993); 4 Ball (2001)) is that the characteristics of the resulting patterns
are not determined by externally imposed length scales or constraints, but by the chem-
ical reaction and diffusion rates that are intrinsic to the system. In this section, we will
present how Turing instability can be formalized and treated numerically for the given set

of parameters in Table 2.2.

Theorem 2.5.1 The spatial model system (2.2.4) will undergo diffusion-driven instability
at the homogeneous steady state E* provided the following conditions are satisfied

2 2 27 9 ’ 2 3
P1<0 07“(P2<Ocmdp2>3P1P3), and P3+? 3P0—§P1P2P3 <(P2—3P1P3)7
where P!s are coefficient of the equation P(k*) = P3k®+ Pok*+ Py k*+ Py, such that equation
is expressions for B3(k?) and B1(k*)Ba(k?) — Bs(k?). The coefficient Pi(i = 0,1,2,3) for
expression of B3(k?) and By (k?)B2(k?) — B3(k?) are the same as those given in the (2.4.6)-
(2.4.7) .

Proof The proof directly follows from Theorem 4.2 given in Upadhyay et al. (2016) and

hence omitted.

Remark 1. As a consequence of Theorem 2.4.1, under conditions (2.4.8), diffusion cannot
destabilize the constant coexistence steady state E*(Q*, F*, D*) of the system (2.2.4) and
Turing instability cannot occur in the proximity of E*(Q*, F*, D*). However, if condition
of Theorem 2.5.1 are satisfied, £* can loose stability under diffusion, and hence giving rise

to Turing instability.

Example 2: If the parameters are chosen as in Table 2.2, then to get the diffusive in-
stability, any of the conditions in (2.4.8) must fail. For diffusive coefficients Hgy = 0.010,
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Hp =10 and Hp = 0.015, we observe that 83(k?) is negative for the wave number k& (s.t.
0.356235 < k < 1.58218) and is shown in Fig. 2.4. In this case, Turing instability is pos-
sible. Accordingly, the system may eventually go to a non-constant positive steady state
giving rise to pattern formation (c.f. Fig. 2.5-2.7). This means diffusion drives system

(2.2.4) unstable for some of the values of k.

k]

00 03 LD 13 0
kL

k vs ﬁg

Figure 2.4: The occurrence of Turing instability as the coefficient ( 33 ) of the dispersion relation
(2.4.6) becomes negative for some range of wavenumber k.

2.5.1 Turing instability

The most important feature of the Turing models is that they generate the pattern with
respect to the chemical concentration from any arbitrary initial state and the pattern can
be changed from stripes to spots by changing only one parameter of the model. Turing
patterns grow due to diffusion-driven instability as a result of infinitesimal perturbations
around the stationary state of the model and exist only under non-equilibrium condi-

tions.

In this section, we present Turing patterns for the model system (2.2.4) in two dimensions.
These patterns are computed using a finite difference numerical method for the spatial
discretization with explicit time-stepping. The initial conditions for all of our calculations
are based on small random perturbations of the positive uniform steady state £* and ho-
mogeneous Neumann (zero-flux) boundary conditions are imposed. All of the simulations
are carried out on 200 x 200 square domain using a mesh with Az = 0.25, and a time-step
of 1073, Fig. 2.5-2.7 shows the evolution of spatial pattern of all species at iterations 1000,
500000, 1000000.

At time t = 1 day, we observe that quokka and dingoes are randomly distributed except
foxes which are distributed in small clusters.

As time increases to 500 days we observe strip and spot pattern. A close examination tells
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that the number of qoukkas and foxes are lower where dingoes are concentrated. Therefore,
we can say that quokka and foxes try to keep away from dingo population. Our simulation
result is in agreement with the experiment performed by Moseby et al. (2012). They
performed an experiment by introducing dingoes into fox paddock and after 10 months the
majority of foxes were captured outside the paddock.

Finally, when time increases to 1000 days we observe that quokka distributes itself to the
entire domain leaving some small locations where dingoes and foxes are mostly concen-
trated. Fox population also avoids the places where dingoes are present and concentrates
itself at the upper right corner of the domain. Dingoes show very small area clustering.
Moseby et al.(2012), Mitchell and Banks(2005) also supported anecdotal evidence that
dingoes may suppress exotic mesopredators, particularly foxes. O’Neill (2002) observed
that foxes avoid the places where dingo faeces are found, this is in agreement with our
numerical simulation. Thus, we conclude that different patterns can be seen as time evolve
and could provide a plausible way to model the mechanisms of biological growth.

Quokka population density
‘Quokka population density

Quokka population
:

0 100 120 140 50 180 200 20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
(a) dayst =1 (b) days t = 500 (c) days t = 1000

Figure 2.5: Quokka population density when Hgy = 0.5, Hr = 5 and Hp = 0.015 for days
t=1, t =500 and t = 1000.

Fox population density Fox population density

Fox population density

924

-923

922

921

919

918

917

20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200
(a) days t =1 (b) days t = 500 (c) days t = 1000

Figure 2.6: Fox population density when Hg = 0.5, Hr = 5 and Hp = 0.015 for days t =
1, ¢ =500 and ¢ = 1000.
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Dingo population density Dingo population density
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Figure 2.7: Dingo population density when Hgy = 0.5, Hp = 5 and Hp = 0.015 for days
t=1, t =500 and ¢t = 1000.

2.6 Threshold for persistence of species

Following, Garrione and Rebelo (2016); Georgescu and Hsieh (2007); Georgescu et al.
(2010), we calculated a threshold value 7, (say), for different cases of predator extinction
which may be thought as, the number of predators one predator gives rise during its life,
when introduced in a prey population. In food chain model, Ry can serves as a threshold
parameter that predicts whether predator population will uniformly persists or will tend to
extinction. In the situation of surplus predator, we can determine which control measures,
and at what magnitude and in what combinations, would be most effective in reducing %,
below one, providing important guidance for designing a policy measures to save predation

related extinction. Now, we state the following theorem:

2.6.1 Without prey switching; Without movement of species

Theorem 2.6.1 Let TP*F be a threshold parameter. Then,

by K
a) If FPT = & < 1, both the predators for system (2.2.1), will tend to
() f 0 (CL+K)(d2-T2) p f Y ( )
extinction that is, F'(t) — 0,D(t) — 0 for t — +00.

(b) If TPTE > 1, then there is the uniform persistence of F(t) + D(t) for the system.

Proof (a) Following Garrione and Rebelo (2016), we found &, and ¥ for the model system

(2.2.1), as
ba K
0 dy — 0
91: a+ K aHdW1:< 2Or2 )

0 0 d3 — 13
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Then,
bo KK
FV = (a+ K)(dy—12)
0 0

The threshold value for both predator extinction of the system (2.2.1), denoted by %F D —
p(FVY), s given by,

g-F+D: b2K )
0 (CL—I—K)(dQ—TQ)

If 7P < 1, then fox and dingo free equilibrium is asymptotically stable and hence they
extincts in near future.

(b) If QOD 1> 1, this ensures the existence and stability of £*, and hence the persistence

of all the three species in the environment. This completes the proof.

2.6.2 With prey switching; Without movement of species

Theorem 2.6.2 Let 90D+F be a threshold parameter. Then,

bgK €2K
dg(a + K>7 dg(l + KTQ)

(a) IfFPTE = max{ } < 1, both the predators for system (2.2.2),

will tend to extinction that is, F(t) — 0, D(t) — 0 for t — +o0.
(b) If TPTE > 1, then all the three populations of system (2.2.2) persists .

Proof (a) Proceeding same as in Theorem 2.6.1, we have

LK dy 0
(g’rl = ( at+K e K and “1/1 = 2
0 1+KTg 0 ds

bo K 0
— do(a+K
9\’1“‘/11: ( 2(5 ) oK >

d3(1+KTq)

Then,

The threshold value for both predator extinction of the system (2.2.2), denoted by J ™2 =
p(F Vi), is given by.

F+D
To

ma. { bgK €2K }
= X .
da(a+ K) ds(1+ KTg)

If 30[) T < 1, then fox and dingo free equilibrium is asymptotically stable and hence they
extincts in near future.
(b) If JP ™ > 1, this ensures the existence and stability of £*, and hence the persistence

of all the three species in the environment. This completes the proof.
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Theorem 2.6.3

1

(a) IfTL = @ (

b2d3 pT’(dg - €2K + dgKTQ)wl
d3 + aeq — CldgTQ €1K(€2 — dgTQ)

) < 1, the foxes for system

(2.2.2), will tend to extinction that is, F(t) — 0 for t — +oo.
(b) If I > 1, then fox population persists.

Proof (a) Proceeding same as in Theorem 2.6.2, we have

9:2 _ b2d3 p'f’(dg, — €2K + dgKTQ)wl and “VQ _ d2_
d'g, + aeg — adgTQ 61K(62 — dgTQ)
Then,
F or ar—1 1 b2d3 p?“(dg — 62K + dgKTQ)w1
d2 d3 + aey — CLdgTQ 61K(€2 — dgTQ)

If ] < 1, then fox free equilibrium is asymptotically stable and hence foxes extincts in
near future.

(b) If & > 1, then fox population will persist. Hence, the proof.

Theorem 2.6.4

1

(a) FTP = — (a(b1d2(d2 —by)es K + ba(ady — bo K + dy K ) prws)
0o = K)prw
d3

abg(adg — bgK + dQK)pT'TF - b1 (bg — dQ)K)

) < 1, the dingoes for
system (2.2.2), will tend to extinction that is, D(t) — 0 for t — +o0.

(b) If TP > 1, then dingo population persists.

Proof (a) Proceeding same as in Theorem 2.6.2,

. a(bldQ(dg — bg)egK + bg(adg — bgK + dgK)p’f’Wg)

= d V5 = ds.
93 abg(adg — b2K —+ dgK)pTTF — bl (bQ — dg)K) at 3 3
Then,
E’TD _ g; “V_l _ i a(bldg(dg — bg)@gK + bg(adg — bgK + dgK)pTWg)
0 278 d3 (lbg((ldg — bgK + dQK)pTTF — bl(bg — dg)K)

If 7P < 1, then dingo free equilibrium is asymptotically stable and hence dingoes extincts
in near future.

(b) If FP > 1, then dingo population will persist. Hence, the proof of Theorem 4.

Using this we may calculate the threshold for default parameters in Table 2.2: (i) varying
ez = 0.306, we find that J" = 0.197361 < 1, and the fox extinction is observed (c.f.
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Figure 2.8: Fox population extincts for es = Figure 2.9: Dingo population extincts for dy =
0.306, keeping all the other parameters as same 0.89, keeping all the other parameters as same in
in Table 2.2. Table 2.2.

Fig. 2.8); but (ii) if dy = 0.89, and all the other parameters are same as in Table 3,
we find JP = 0.975591 < 1, the dingo population extinct and the other two persists
(c.f. Fig. 2.9), (iii) d3 = 1.3, dy = 1.178 and other parameter same as in (i), we find
FJPHE = maxr{0.773038,0.8559} = 0.8559 < 1, we observe both the predator extinct i.e.
global stability of E; is obtained (c.f. Fig. 2.10). Therefore, we conclude that if foxes act
as specialist predator and only depends on quokka population for its growth and dingoes
consumes both foxes (more preferable) and quokka, the fox population has high extinction
risk while the quokka population has no extinction risk. Hence, the presence of alternative
prey (foxes) for dingoes can prevent quokka from extinction. This simulation result is
in agreement with the observation of Smith and Quin(1996), Hobbs (2001), Daniels and
Corbett (2003), Peterson (1995). They reported that dingo population provide a net
benefit to some threatened wildlife species through decreasing predating rates by the red
fox. These simulation result is observed to be true for other food chain species also, for eg.,
the pine marten (Martes martes) in Scandinavia was found to increase after declination of
the red fox, also removal of grey wolf increased coyote population and removal of coyote

increases bobcat (Lynx rufus).

2.7 Some important numerical simulation

This section concentrates on numerical viability of the analytical results. Local and global
behaviour of both ODE model are performed. Runge-Kutta fourth order method has
been used to solve system (2.2.2) and been plotted by MATLAB taking initial condition as
(10, 15,25). We observe that the dynamics of system (2.2.2) ranges from stable equilibrium,
limit cycle to chaotic dynamics. Set of parameters used for numerical simulation are given
in Table 2.2.
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Figure 2.10: Extinction of fox and dingo pop-
ulation for es = 0.306, dy = 1.178, d3 = 1.3,
keeping all the other parameters as same in Ta-
ble 2.2.
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Figure 2.11: Stable attractor for the parameters given in Table 2.2.

For parameters as given in Table 2.2 we observe stable non-trivial equilibrium (c.f. Fig.
2.11) but as parameter ‘a’ being varied from 35 to 22, a limit cycle is observed (c.f. Fig.
2.12). Further, if we reduce d3 = 0.8162 and keeping all the other parameters same; a
chaotic behaviour has been seen (c.f. Fig. 2.13). The Lyapunov exponent is used to judge
the problem of initial value sensitivity (or chaos phenomenon). If the exponent is positive,
it means that the system is sensitive to the initial value and has chaos phenomenon.
We calculated chaos indicator i.e. the largest Lyapunov exponent (LLE) for this set of
parameters and found that LLE=1.12314. The LLE quantifies the exponential divergence

of initially close state-space trajectories and estimates the amount of chaos in a system.
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Figure 2.12: Limit cycle for a = 22; other parameters are same as in Table 2.2.
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Figure 2.13: Observed chaotic dynamics for a = 25 and ds = 0.8162; other parameters as in

Table 2.2.
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2.7.1 Bifurcation analysis

We have used MATLAB Matcont toolbox for plotting equilibrium manifold of E* and
is presented in Fig. 2.14. The bifurcation diagram is generated by taking a, the extent
to which environment provides refuges to quokka population as bifurcation parameter. A
branch of equilibria E* of system (2.2.2) is presented in Fig. 2.14. Considering other values
of parameters as given in Table 3, and varying ‘a’ our model undergoes Hopf bifurcation
at a = a. = 22.686843 giving rise to a limit cycle. Hopf bifurcation is a point where
the equilibrium changes its stability via a pair of purely imaginary eigenvalues, giving rise
to a limit cycle from an equilibrium. Stable limit cycle are important biologically as it
guarantees that the system oscillates even in absence of external periodic forcing.

When a < a, the unstable branch (not all eigen values has negative real part) is observed,

as a > a., the branch becomes stable as a result of Hopf bifurcation.
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Figure 2.14: A branch of equilibria displaying the occurrence of Hopf bifurcation at a = a, =
22.686843 in (a, Q) plane. H: denote a Hopf point, BP: denotes branch point. Other parameters
are same as in Table 2.2

Remark 5 This analysis shows that maintaining quokkas natural environment can allow

all three species to coexists in a oscillatory way.

2.8 Discussions and conclusions

Protecting biodiversity and nature conservation problem is an increasing public demand.
The quokka population provides an excellent opportunity to improve our understanding
about extinction dynamics in a changing world. The study of food-chain model can act as
important tool for designing conservation policy of endangered species. In this research,
we have proposed and analyzed a three species food-chain model consisting quokka, fox
and dingo populations. The system has five equilibrium points. The non trivial equilib-

rium E* is locally as well as globally asymptotically stable when certain conditions are
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satisfied. Other equilibrium states are also determined and analysed for their stability.
The existence of a Hopf bifurcation is established numerically. The result of computation
and theoretical analysis shows that the model exhibits rich dynamics. We have also stud-
ied the reaction-diffusion model in two-dimensions and investigated its stability as well
as established conditions for diffusion-driven instability. From our study it is clear that
alternative prey source for top predator population can give us a stable predator-prey food
chain model, opposite to the research article by Kumari (2013). From the analysis of this
model we conclude that, if foxes depends only on quokka population for its survival, and
further they are controlled by dingoes, the fox population has high extinction risk while
the quokka population has no extinction risk. Glen et al. (2007) also verified this result
experimentally that if dingoes can limit population of foxes, this might lead to expanded
distribution of vulnerable prey species. Hence, the presence of dingoes can prevent quokka
from extinction. Moreover, if the harvesting rate of quokka is greater than its intrinsic
rate all the species of the food chain will eventually go to extinction. Hence, our study can
open a new window of study in future. Our study shows that the quokka population will

never get extinct, unless the external harvesting factors are too high.

Our numerical simulation suggests that to solve quokka conservation problem, we found
that two predator species (foxes and dingoes) can survive in the same locality. Our nu-
merical simulation for reaction-diffusion model suggest that areas where foxes and dingoes
population are not present could be considered for quokka reintroduction. Human and
spatial variables like hunting Setoniz brachyurus, habitat destruction also plays a signif-
icant role in restricting the quokka number rather than the predation. Climate change
could also be a factor in the decline of quokkas. It is hypothesized that all species range
will be lost by the year 2070 in the most severe climate change scenario. Our main focus
should be in learning how to restore the ecological conditions that allow quokka settlement
and reproduction. We hope that our results will enhance the understanding of spatial
food chain and tackle conservation problem. As the meta population is unlikely to restore
itself given its low population sizes and recruitment rates; we emphasis that necessary
administrative management is required. Clearly for this to occur, all threatening processes
must be identified and removed to the possible extent. A proper surveillance should be
carried out to ensure and detect changes in population size and structure. Our model and
theory of quokka interaction with foxes and dingoes motivates us for long-term monitoring
to show increasing population densities followed by a measure to increase environmental
protection rate of quokka from foxes in order to maintain the oscillatory behaviour of three

species.



Chapter 3

INVESTIGATING THE ROLE OF
ZOOPLANKTON IN SUSTAINING FROG
POPULATION

“ What is there to life
of a man cannot hear
the lonely cry of a
whippoorwill or the

arguments of the frogs

around a pond at night.
-Chief Seattle

Content of this chapter has been published as:

e S. Jain and P. Roy. Investigating the role of zooplankton in sustaining frog popula-
tion. Mathematical Methods in the Applied Sciences, 45(9):5423-5455, 2022, (Jain
and Roy (2022)).
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3.1 Introduction

One of the greatest evolution stories in Earth’s history is owned by amphibians. Amphib-
ians were evolved from lobe-finned fish named sarcopterygians around 395 million years
ago. Amphibia is a cold blooded vertebrate species, characterized by four well-developed
limbs for locomotion and are classified into three different clades; salamanders (Urodela),
caecilians (Apoda) and frogs (Anura). Amphibians oxidate themselves both through buc-
cal pumping and cutaneous respiration. Irrespective of their great survival history, an
infectious disease called chytridiomycosis caused by an aquatic fungal pathogen is recently
responsible for declination of several species of amphibian globally (Skerratt et al. (2007)).
In Australia since 1970’s, a sudden demise of amphibian species was observed. It leaded to
the theory that some pathogen is wrecking Australian frogs (Laurance et al. (1996)). Later,
it was found that infection through chytrid fungus effected approximately 6,000 amphibian
species and is linked to devastating population declines and species extinctions (Skerratt
et al. (2007); Berger and Udell (1998); Fisher et al. (2009)). Batrachochytrium dendro-
batidis and Ichthyochytrium vulgare are two species of chytrid fungus known to parasitize
water species (Cervinka et al. (1974); Plehn (1916); Schéperclaus (1992)), but B, appears
to be primarily responsible for amphibian extinction (Berger et al. (1998); Longcore et al.
(1999)). Remarkably just over the past 30 years, B, has caused the catastrophic decline
of at least 200 species of frog. It is now widespread throughout the world leaving only
few countries (Berger et al. (1998, 2009); Longcore et al. (1999); Skerratt et al. (2007)).
The escalation of chytrid fungus in the population is further increased by human activities
(like, the international pet trade), through environment (i.e., like windswept, etc.), direct
contact between infected frogs and tadpoles, and also through exposure to infected water.
Some frog species are not that sensitive to die from chytridiomycosis and may act as carri-
ers (Daszak et al. (2004)). This tosses the idea that the execution of adverted translocation

of infected frogs must be put to end.

In this research, consider Corroboree Frog (Pseudophryne corroboree); a small, vividly-
coloured species that is restricted to Kosciuszko National Park, in the south-east of New
South Wales. Chytridiomycosis has been implicated as reason of disappearance of this
species as well and for that reason it is listed on the IUCN Red List as critically endan-
gered. Because of rapid declination and loss of very important frog species; urgent efforts
are needed to preserve frog species. Just like other amphibians mops water, they also ab-
sorbs various essential electrolytes (sodium, potassium, magnesium and chloride) by way
of their thin, permeable skin. As B, is keratinophilic, infecting the superficial layers of
amphibian dermis containing keratin (Berger et al. (1998)), they have abnormally low level

of these electrolytes in blood (suppresses their reflex); resulting in early death (Voyles et al.
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(2007, 2009)). Also with chytridiomycosis, the infection leads to hyperkeratosis (thickening
of keratinized layer of skin), which leads to scraping of considerable amount skin. Other
amphibians like the lungless salamanders, breathe through the skin and due to chytrid-
iomycosis over the skin obstruct respiration and hence cause suffocation. Its impact on
amphibians has displayed “the most spectacular destruction of vertebrate biodiversity” in

history.

Despite its severity no vaccines are currently available to mitigate the disease from all frog
species. A study found that amphibians can acquire resistance to the fungus and can be
immunised by contact with dead fungi, and can even learn to avoid exposing themselves
to infectious fungi (McMahon et al. (2014)). Their survival is hoped from the vaccination
programs which are still under trial. An experiment (on yellow legged frogs) was per-
formed in University of California at Santa Barbara. The healthy frogs were vaccinated by
spraying the fungus into their habitats and then treating them with anti-fungal before they
die. When they were healthy again, they reinfected them by Batrachochytrium dendro-
batids. Scientists found that all frogs that were immunized survived. Once immunization
is induced, the hoppers are reintroduced to the wild and potentially reduce the spread
of the fungus to the point that it goes locally extinct. Another possibility is to dump
enough vaccine into ponds to induce an acquired immune response in the field. However,
all frogs don’t seem to be able to build immunity to chytrid like the yellow-legged frogs
can. Therefore, there is a need to obtain other feasible cure for curbing the disease in the
wild populations (Stice and Briggs (2010)). In captivity, different treatments have been
attempted to diminish the infection like: rising temperature, making surrounded water
briny (salty), by using various fungicides, and by coating skin with cultured bacteria that
have anti-fungal properties (Garner et al. (2009); Young et al. (2007)). Thermal treatment
is regarded as most functional for captive species (Young et al. (2007)). Chytridiomycosis
can also be successfully treated with antifungal medications and by disinfection of con-
taminated enclosures (Pessier et al. (2010)); like the drug itraconazole has been used to
medicate Bg-infected amphibians, by giving infected amphibians a shallow bath of intra-
conazole (Forzan et al. (2008); Garner et al. (2009); Nichols and Lamirande (2000)), or
by introducing it orally (Young et al. (2007)). Another promising area of research is look-
ing at the possibility of introducing symbiotic bacteria that inhibit the growth of By into
wild amphibian populations (Harris et al. (2009)). Other methodology used for disease

mitigation includes habitat modification and bio-augmentation.

Unfortunately, there are no satisfactory methods for the treatment of wild animals in the
natural environment. It is very difficult or impossible to get enough of the antifungal

medications into the environment to be able to successfully rid infected frogs from Bj.
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Interestingly, researchers also discovered that zooplankton can act as biological control
for this deadly fungus disease which is devastating for amphibian populations around the
world (Buck et al. (2011)). Some evidences have been found that zooplankton can eat the
zoospore, the free-swimming stage of the fungus. This biological control offers the best
option to control this fungal disease. To the best of our knowledge, no one has attempted
to mathematically validate this hypothesis so far. The aim of this chapter is to get a
better understanding on how predation by zooplankton can act as biological control for
the deadly chytrid fungus by developing a realistic mathematical model (deterministic,
stochastic and reaction-diffusion), which can be used to describe the extinction dynamics
of frog population in Australia. This research will make an original contribution to science,
empowering the development of effective conservation management strategies for securing
the frog population and for assisting biodiversity managers. Here we explore three key

factors affecting the ongoing threatening processes of frog:
e How zooplankton can act as biological control?,

e Whether the presence of zooplankton is crucial for maintaining frog populations?,

and
e What is the affect of fluctuating environments on such relationships?

This chapter is organised as follows: In Section 3.2, we formulated our model system.
In Section 3.3, we studied the existence and stability of the equilibrium points for the
formulated model. In Section 3.4, we will show existence and uniqueness of solution for
stochastic model and asymptotic behaviour of our stochastic model around the endemic
equilibrium (By, Fg, F7, Z). In Section 3.5 , we consider a spatially explicit extension of our
model. Section 3.6 evaluates the threshold for persistence of disease in frog population.
Numerical simulation and comparison is provided in Section 3.7. Finally, conclusion is

presented in Section 3.8.

3.2 Model formulation

3.2.1 Model without randomness

To start with, let us consider a simple model with only frog and B, population. Our model
takes up some assumptions for its formulation and is described in the following text. We
considered all population grows logistically. Unlike some authors (Das and Chattopadhyay
(2015)), we assumed infected frogs don’t contribute to reproduction, nor do they compete
with susceptible frogs for resources. This assumption is made on the fact that chytrid is

a deadly disease and kills most frogs. Same assumptions were considered by Nandi et al.
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(2015) and Cojocaru et al. (2020). The disease is transmitted by the contact between By
and susceptible frog (Fs), and contact in between susceptible frog (Fs) and infected frog
(Fr). We considered simple mass action for describing the transmission of disease among
frogs from its population and through B;. With the above assumptions, the model can be

formulated as follows:

dB, B
¢ — r1Bq (1 - ?d) —513(17

dt :

dFs Fy

W = T’QFS (1—E) _)\FIFS_VFSFSBd_th57

dF’

d_tI VFSBdFS + )\F]FS — /vLFIFL (321)

See Table 3.2 for complete description of parameter values.

However, chytrid fungus is not eliminated automatically from the environment. Zooplank-
ton plays a vital role in naturally reducing chytrid fungus. The motive of this research is to
give a safe and effective way to minimize chytrid fungus. Zooplankton can be considered a
biological agent to remove Batrachochytrium dendrobatidis as there are no effective treat-
ments available to reduce chytrid fungus. Itraconazole has proven efficacious in eliminating
the infection, but using this antifungal causes skin depigmentation in tadpoles. Also, the
water-soluble formulation of itraconazole is not widely available. Parker et al. (2002) pro-
posed that treatment with formaldehyde and malachite green might be of use, but its
adoption is questionable since formaldehyde is toxic, especially to tadpoles. Increasing the
environmental temperature to 37° C (Woodhams et al. (2003)), although possibly effec-
tive for clearing infection in some host species, can not be tolerated by many amphibians.
This research proposes safe and effective treatment against chytrid fungus by introducing

zooplankton that does not harm other organisms in the aquatic environment.

To our knowledge no mathematical model has been proposed to validate the hypothesis of
"reducing Batrachochytrium dendrobatidis infection among frog populations through pre-
dation by zooplankton”. However, few experimental work has been done in this direction.
Buck et al. (2011) performed an experiment and showed that B, are consumed by zoo-
plankton and supported his claim that zooplankton can act as potential biological control
in mitigating the disease. Harris et al. (2009) placed frogs into a solution with J. lividum
leading to the successful colonization of the skin. Nichols et al. (2000) performed a series
of three experiments during March—October, 1998, on two species of captive bred poi-
son dart frogs (Dendrobates tinctorius and D. auratus). Their experiments demonstrated
that Batrachochytrium dendrobatidis can be a fatal pathogen in frogs. Woodhams et al.

(2011) gave population level treatments based on three steps: (i) identifying mechanisms
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of disease suppression; (ii) parameterizing epizootiological models of disease and popula-
tion dynamics for testing under semi-natural conditions; and (iii) beginning a process of
adaptive management in field trials with natural populations. They found that recogniz-
ing the opportunistic nature of Bd and combining this knowledge with epizootiological
models, mitigation strategies can be designed to control disease without the need to com-
pletely eliminate the pathogen from the environment. Ackleh et al. (2016) developed a
mathematical model of a frog population infected with chytridiomycosis, to investigate
how the inoculation of Janthinobacterium lividum could reduce the impact of B, disease
on frogs. Motivated by these studies, we extended our model. In the extended model, we
consider the Batrachochytrium dendrobatidis population (By), is predated by zooplankton
(7). Functional relationship between population are the central themes in mathematical
ecology. In this chapter, we consider Holling type II functional response (Holling (1959)),
which is associated with specialist predation for interaction between zooplankton and By
population. Disease transmission occurs via zoospore that invades skin and grows into the

parasitic zoosporangium. With this assumption, the model (3.2.1) becomes:

dBy 5 (1_Ba\_$BaZ
—_— — r —_ J—
dt 17d K, 0+ B,

dF. F,
5 =yl (1 — ?5) — AFyFs — vp FsBy — hi F,

dt 2
dF’
d_tl = vpsByFs + AFiFs — pup, F,
dZ Z PaBaZ
— = 31— — — hoZ. 3.2.2
dt " ( KS) T B, (3:2.2)
Letting b; = i, by = T—z, by = E, we have the following system of differential equa-
' K K, K3
tion,
dBd BleZ
— = B —bi1By) —
dt a(ri=0iBa) = g
dF,
~ = Fs(ra=baFs) = MF1Fs — vp FsBy — hi F,
dF’
d_tl = vpsBaFs + NFFs — pup, Fr,
dz BaByZ
— = Z(rs—b3Z — hoZ. 3.2.3
dt (rs = bs2) + 57 By, (323)

The schematic diagram for model system (3.2.3) is presented in Fig. 3.1. Also see Table

3.2 for complete description of parameter values for the considered model.
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Figure 3.1: Schematic diagram for three species food model system (3.2.3).

3.2.2 Model with randomness

As water bodies are more vulnerable to be affected by environmental change by depleting
the level of dissolved oxygen due to various interaction processes (Misra et al. (2006)),
water temperature rise due to rising global warming, etc.. Here, an additional threat to
the Southern Corroboree Frog is climate change. Chytridiomycosis is strongly mitigated
by high temperatures (Berger et al. (2004); Piotrowski et al. (2004); Skerratt et al. (2007)).
However, reduced precipitation and warmer temperatures ultimately affect breeding pools
and vegetation around them. Drought results in egg and tadpole deaths, and as the fre-
quency of drought increases with climate change, the ability for the Southern Corroboree
Frog to recovery reduces greatly. Therefore, it is relevant and crucial to consider environ-
mental stochasticity, which will have strong effect on the dynamics, and also, such systems
behave in ways that are difficult for its deterministic equivalent to predict (Sharma et al.

(2015)).

To take into account the effect of randomly fluctuating environment, we incorporate white
noise. We assume fluctuations in the growth rate of frog, zooplankton and in contact rate

of infected frogs with susceptible frogs.
r — T+ aldWI(t), A— A+ O'QdWQ(t), r3 — T3+ Ugde(t),

where Wy, Wy, W3 are mutually independent Brownian motions. o1, 05 and o3 represent

the intensities of the white noise. Thus, the deterministic model (3.2.2) take the following
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stochastic form,

b1BaZ
) T Bd dt + aledI/Vl(t),

dFS = (FS(T‘Q—bgps)—)\F[FS—VFSFsBd—ths)dt—UngFdeQ(t),
dF[ = (VFSBdFs—i-)\F]FS—/J,FIF[)dt—i-ngstdWQ(t),

BoByZ
0 + By

dBd = (Bd (7“1 — ble) —

with (B4(0), Fs(0), F1(0), Z(0)) € R%. Here w = {W;(t), Wa(t), Wa(t) : ¢ > 0} represents
the three dimensional standard Brownian motion defined on a complete probability space
{Q, F, P} with a filtration {F;};>( satisfying the usual conditions. All parameters involved

are assumed to be positive throughout this chapter.

3.2.3 Spatial dynamics via Reaction-diffusion model

One factor that makes the ecosystem dynamics spatial is the movement of organisms. In
the marine environment, activity occurs because organisms either are attuned with the
turbulent water flows or possess the ability to self-motion or because of the combined
action of the two mechanisms (Sekerci and Petrovskii (2015)). Correspondingly, for this
study, we consider an idealized reaction-diffusion system. The reaction-diffusion model
describes the emergence of periodic patterns such as spots, stripes, and mazes on the
surface of animal coats through chemical interaction among cells. However, it can also be
used to understand the distribution of the species. To do this, we consider the following

reaction-diffusion system:

0By 2 B1BaZ

— —Hp V°B; = B —bBy) —

ot By d d(h 1 d) 9+Bd’

0Fg 9

W_HFSV FS = FS(TQ_szS)_)\F[FS_VFSFSBd_thS,
or

—p ~HeVEs = vp BaFs + MFiFs =, Fr,

0z B ByZ
2 _HyNV?*Z = Z(ry3—bZ
ZV (7”3 bg ) -+ @ T Bd

= — hyZ. (3.2.5)

for (z,y) € Q=[0,L] x [0, L], t > 0, and with boundary conditions:

(n.V)B; = (n.V)Fs = (n.V)F; = (n.V)Z = 0,
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Table 3.1: Description of parameter values used in model.

Variables/  Unit Description
parameters
By Batrachochytrium dendrobatidis Density of Batrachochytrium
per unit area dendrobatidis population
Fy Susceptible frog per unit area Density of Susceptible frog population
Fy Infected frog per unit area Density of Infected frog population
Z Zooplankton per unit area Density of Zooplankton population
r1 Per day Intrinsic growth rate of By population
o Per day Intrinsic growth rate of frog
population
r3 Per day Intrinsic growth rate of zooplankton
population
K B, per unit area Carrying capacity of environment for
By population
K, Frog per unit area Carrying capacity of environment
for the frog population
K3 Zooplankton per unit area Carrying capacity of environment for
the zooplankton
0 Per unit area Measures of the extent to which
environment provides refuges to
B, population, thus decreasing
the maximum predation rate
A Per day Contact rate of Fis and F}
VFg Per day Contact rate of Fg and By
IE, Per day Death rate of infected frog, including
all factors like natural death,
death due to disease, harvesting etc.
51 Per day Predation rate of Zooplankton
B Per day Biomass conversion rates of By to Z
hi Per day Harvesting rate of frog
hs Per day Harvesting rate of Zooplankton
o1 Per unit area Intensities of the white noise in Bd
09 Per unit area Intensities of the white noise in frog
03 Per unit area Intensities of the white noise in

zooplankton

and initial conditions:
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In system (3.2.5), V? represents Laplacian operator. In the above, the vector n is an
outward unit normal vector to the boundary (0f2) of the habitat (£2) and the homogeneous
Neumann boundary conditions are considered. The homogeneous Neumann boundary
conditions signify that the system is self-contained and there is no population flux across
the boundary (0€2). This model is realistic as animals moves from one place to another in

search of food and mate.

3.3 Stability analysis of model without randomness

3.3.1 Existence of equilibrium points

The Jacobian matrix corresponding to model (3.2.3) is given by:

by 0 0 by
bar baz bz O
bsi bs2 b33 O
by 0 0 by

9(By, Fs, F, Z) = (3.3.1)

where,
0Z
bll = —2ble + r — 51—2,
(Bd + (9)
Baf
by = ———0,
B;+6
b21 = _FSVF57
by = —2byFg—hy — FiA — Bavpg + 19,
b23 = _FS)\7
bsi = Fsvp,,
bss = Fi\+ Byvpg,
bss = FsA— pup,
B202Z
by = ——,
(Bd -+ @)
B
b44 = —hg +7r3+ dﬁQ - 2b32

By+6
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Lemma 3.3.1 The formulated model (2.3.8) has following possible equilibrium points:

e The trivial equilibrium point, Ey = (0,0,0,0), always exists.

—h
o The infection free equilibrium, FE; = (O, 0,0, T?’b—Z), exists if ho < rs.
3

e The By persisting equilibrium, Fo = (%, 0,0, O), always exists.
1
. .. I Tz—hl . .
o Susceptible frogs persisting equilibrium, FE3 = (0, b—,0,0 , exists if hy <.
2
Arg—hiA—b
e Frog persisting equilibrium, F, = (0, %, "2 1)\2 2l ,0), which exists if hy <
Ara—h
ry and by < M
JiFs
ro—hy

o The disease free equilibrium, E5 = (0,

T3.

,0, ra—hs , exists if hy <re and hy <
by b3

pr, Aro—hiA=bopp, T3—hy

o The By free equilibrium, Eg = (() ), which exists if hy <

TN A2 " b
—h
r3, hl < T9 G/I”Ldbg < M
HEy
e The zooplankton free equilibrium, E; = (Bl F& FT.0), exists if hy <ry and b; >

VET1
ro—hi’

T bi(—=hiA + 72X + bapip,) — p

h Bl = —, Fi = !

wnere, d bl 5 S 2b1b2/\ 3

—bl(hl/\ — 7‘2/\ + b2MF1) — 2T1)\VFS +p a
2b1 A2

P = \/bl(bl(hl)\ — 7'2)\ -+ bQILLFI)Q + 4b27“1)\/,LFIVFS).

nd

Ff =

(rQ—hl)/\

Ky

e The zooplankton free equilibrium, Eg = (B3, F5, F?,0), exists if by < and by >

4b27“1)\,UFIVFS
2
(T’QA_hlA_bQMFI)

bi(—ha A+ roX + bopip,) +p
2b1ba A ’

1
7

F§ =
b,

where, BS =
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—bl(hl)\ — 7"2)\ -+ bQ,LLFI) — 27’1)\1/}75 —p
2b1 A2 '

Fp =

o The equilibrium E* = (B}, F§, Fy, Z*), which exist if all of the components are posi-

tive.

3.3.2 Local stability analysis of equilibrium points
Theorem 3.3.2 The equilibrium point Ey is always unstable.

Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are ry, 1o —hy, —pg
and r3 — hy. Thus, the trivial equilibrium is always unstable. Suggesting that, extinction

of infection, frogs and zooplankton, all together is never possible in real world scenario.

—h
Theorem 3.3.3 The Equilibrium point E; = (0,0,0, u), 15 locally asymptotically

bs
stable if

Io (7"3 - h2)

hl > To and b3 <
7“19

. (3.3.2)

Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are —pup,, hs — 13, —hy

Bo—
+7r9 and 7 + W Thus, under (3.3.2) Fj is stable. Biologically it says that, if
3

. . . rs . .
harvesting rate of frog is greater than its growth rate and, b3 = ?3 is less than certain
3

value, then infection and frog population extincts.

Theorem 3.3.4 The Equilibrium point Ey = (%, 0,0, 0) , 18 locally asymptotically stable
1
if
ry < hy and s+ —2 < by, (3.3.3)
ry + b19
Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are —ry, —pp, —hy —
Vrsi +ry and 73+ fars ho. Thus, under (3.3.3) E, is stable. Biologically, it means
bl T1+b10

if growth rate of both frog and zooplankton are less than its harvesting rate respectively

both the population will extinct leaving B, to grow logistically till its carrying capacity.

—h
Theorem 3.3.5 The Equilibrium point E3 = (O, %, 0, 0), 15 always unstable.
2

Proof The corresponding eigenvalues to variational matrix (3.3.1) are r1, hy — ro, —hg+
)\(Tg—hl)

2 Thus, E3 is always unstable. Biologically, it means only
2

ry and —pp +
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susceptible frog cannot survive in the long run.

HE; —h1>\—b2,UFI+>\T2
A7 A2

Theorem 3.3.6 The FEquilibrium point Ey = (O, ,O>, s always

unstable.

Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are ry,

Do, £\ [ A1 N + b g, + Abo Mg, — ANy
2\
Biologically, frog population cannot survive alone in the long run.

and r3 — ho. Thus, E, is unstable.

—h —h
Theorem 3.3.7 The Equilibrium point Es = (0, T‘zb ! , 0, r3b 2) , 18 locally asymptoti-
2 3
cally stable if
—h Alra —h
h2 <73, hl < T9, bg < M and b2 > M (334)
710 HFy

Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are hy — 1y, hg — 13,

o (hz—T:s) )\(TQ—hl)
B AT

means, if we keep harvesting rate lower than the species growth rate, disease free situation

ry+ . Thus, under (3.3.4) Es is stable. Biologically it

may prevail.

—hiA— —h
Theorem 3.3.8 The FEquilibrium point Eg = (0, Ay A= baftr AT 2+r3)} is

A7 A\? T by
locally asymptotically stable if
,81 (—hg + 7“3) 4)\2 (—hl + 7“2)

d < up. 3.
no M Ty ay) S HE (3:35)

ho <13, bgy<

Proof The corresponding eigenvalues to variational matrix (3.3.1) are hy — r3, 1 +

B1(ha—rs3) and —bopur, £/ piF, \/4h1>\2 + bo? i, + 4bo Mg, — 4N

b36 2\
Es is stable.

. Thus, under (3.3.5)

Theorem 3.3.9 The Equilibrium point E; = (BY, FZ, F},0), is locally asymptotically sta-

ble if eigenvalues of variational matriz V; are negative.

Proof The corresponding eigenvalues to Jacobian matrix (3.3.1) are —ry, 73 — hy +
/82T1 and blp(—bg+)\) ‘l‘b%((hl —Tg)(bg —A))\—bg(bQ—i—)\)MFI):l:S

T1+b10 4b%b2)\

S = \/b%(((—bg -+ )\)(p -+ bl(hl — 7'2))\) + b1b2<b2 =+ )\),UFI)2 + 8b2p)\(p + bl(hl)\ — T'2>\ — bZ,LLFI)))

Thus, E; is asymptotically stable if all the eigenvalues are negative.

, where,

Theorem 3.3.10 The Equilibrium point Eg = (B3, F5, F?,0), is locally asymptotically
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stable if eigenvalues of variational matrix are negative.

Proof The corresponding eigenvalues to variational matrix (3.3.1) are —ry, —hy + 13 +
Bori bip(=bz + A) + b1((h1 — 72) (b2 — M)A — ba(b2 + A)pr,) £ ¢
and 5
7‘1+b19 4b1b2)\

, where,

q = \/b%(((bg — )\)(p + bl(—hl + Tg))\) + blbg(bz + )\),UFI)2 + 862p)\(p + bl(—hl)\ + Tz)\ + bz,uFI))).

Thus, Fjy is asymptotically stable if all the eigenvalues are negative.

Theorem 3.3.11 The equilibrium E* = (B}, F§, Ff, Z*), is asymptotically stable if
: Z" Ba* B>
o= < 2boFs* + Fr* By*v, Fg* > —_—
(Z)Tl_(Bd*+0)27T2_ b2 s + I)\+ d v, S)\<,u7 h3_r3+Bd*+07
(ii) A1 Ay Az > A2+ A2A,,

where,

Ayp = —(bi + bog + b33 + bag),

Ay = —Dbagbss + baobss — biabar + (baz + bs3)bag + b11(bao + b3g + baa),

Az = b1a(b + b33)ba1 + b23b3obay — b2obszbag + b11(bagbsy — boobsz — (boy + b33)bas),
Ay = (ba3bsy — byobs3)(b14bar — b11bas).

Proof The characteristic equation corresponding to variational matrix (3.3.1) around
E*(B},F§,Ff,Z") is given by

A4 + A1A3 + A2A2 + A3A + A4 — 0,

By Routh—Hurwitz conditions, E* is locally asymptotically stable if A; > 0, Ay > 0, A3 >
O, A4 > 0 and A1A2A3 — Ag — A%A4 > 0.

For our model, A; > 0, Ay > 0, A3 > 0 and Ay > 0 if conditions (i) of theorem are
satisfied. So, E* is locally asymptotically stable if conditions (i) and (ii) holds true.
Hence, the proof.

Example 3.3.1 If we set the parameter of model (2.2.2) as ry = 2.5,ry = 1.911,r3 =
1.2361, Ky = 350, Ky = 500, K3 = 200, 8; = 2.512, 3, = 1.932,0 = 10,\ = 0.31, up, =
0.891,vp, = 2.291,h; = 0.431,hy = 1.199, we see that the hurwitz conditions are satis-
fied (as Ay = 0.2227 > 0, A; = 1.1088 > 0, A3 = 0.0435 > 0, A, = 0.0627 > 0, and
A1 Ay Az — A3 — A2A; = 0.0057 > 0). Hence, the equilibrium point (B}, F&, Fr, Z*) =
(0.1321,2.2827,3.7693, 10.0799) is locally asymptotically stable, can be seen in Fig. 3.2.
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Figure 3.2: Stable attractor for the parameters given in Table 2.

3.4 Existence and uniqueness of positive solution for

stochastic system

When we analyze deterministic system, we seek the constant equilibrium population and
then investigate its stability. While for stochastic system (3.2.4), there is no positive time
independent equilibrium point as a solution of corresponding equation. In this chapter, we
explore the stability in time average.

Since, (3.2.4) represents a population system, it is necessary to prove that the solution
does not explode at a finite time. To prove the solution is positive and does not explode at
finite time, we use the stochastic comparison theorem. Let X (t) = (By(t), Fs(t), F;(t), Z)T
and R* = {X(t) € R*: 0 < By(t), Fs(t), Fr(t), Z(t), t > 0}.

Theorem 3.4.1 For any given initial value (Bgao, Fso, Fro, Zo) € Ri model (3.2.4) has
unique global positive solution (Bqy(t), Fs(t), Fi(t), Z(t)) fort > 0, that is, (Ba(t), Fs(t),
Fi(t), Z(t)) € R} with probability one fort € [0, 00).

Proof Consider the following system:

eU4 0.2
du; = ((rl N blem(t)) 06_:_ G _ 71) dt + Uldwl(t)a (341)
o2
duy = ( 7y — bpe2 M) — N\ews®) —pp e® ) 4 5 ) dt — 02D dW,(t),(3.4.2)
ul(t 0—%
duz = ( cus(®) + Ae"2® — g — 7) dt + aae"2D AWy (t), (3.4.3)
Boet( o3
du4 — 7”3 — b3e m hg — 7 dt + O'3dW3(t), (344)
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with initial value (u1(0),u2(0), u3(0),u4(0)) = (InBao, InFso,InFro,InZy). Obviously, the
coefficients of system (3.4.1)-(3.4.4) are locally Lipschitz continuous. Thus, there is a
unique maximal local solution (uy (), us(t), ug(t), us(t)) of system (3.4.1)-(3.4.4) for te[0, ),
where 7, denotes the explosion time. Let By(t) = e Fy(t) = e®2®), Fy(t) = e®®, Z(t) =
eu1() Using Ito formula, it follows that (Bgy(t), Fs(t), Fi(t), Z(t)) = (et1®), eu2(®) eus®) eualt))
is the unique positive local solution of system (3.2.4) with initial value (Bgo, Fs0, Fr0, Z0)
fort € [0,7.). Next, we show (uy(t), ua(t), us(t), us(t)) is a global solution of (3.4.1)-(3.4.4),

i.e. 7. = 0o. Since the solution is positive, we have

dBd S Bd(T’1 — ble)dt + O'ledwl (t),

Let

¢1(t) = o2
—
B_"'blfo6 2

d0

then ¢ (t) is the unique solution of the equation

dpi(t) = ¢1(t)(r1 — b1 (t))dt + o161 (t)dW (1),
#(0) = Bao,

and by the comparison theorem for stochastic equations, we have By(t) < ¢1(t),t € [0, ),
a.s.

Now, adding 2nd and 3rd equation of system (3.2.4) and considering, F' = Fg+ F; we have

d(Fs+ Fr) = Fs(ro —boFs) — hFs — pp, Fr,
dFF < F(Tg—bQF).

By the arguments as above,
F(t) < ¢o(t), t€0,7), a.s.

This implies,

o
IN

P2(1), (3.4.5)
bo(t), t€0,7), a.s. (3.4.6)

-
=
IA
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where

T2
by + F(0)rqe—"2t’

Pa(t) =
Now, we have
dZ(t) S Z(?“g — hg — bgz + 62¢1)dt + UgZ(t)de

Similarly, we can get
Z(t) < ¢3(t), tel0,7), a.s.

where

2
g
(r3—h2—73> t+f2 fot o1(s)ds+o3W3(t)
(&

P3(t) =

2
o
T3h2?1> 5482 [y d1(s)ds+o3Wa(s)

Y

1

X
70+b3f06

ds

Now, consider the following

Br¢s
0

dBd Z Bd (Tl — ble — > dt + aledWI(t).
Obviously,

0.2
(,,1_—1> t_é fot ¢3(s)ds+o1 W1 (t)
. 2 0

o2\ B 7
] . (r1—71> 5_?1 Jo ¢3(u)duto1Wi(s)

is the solution of

Bros
0

) = & (rl—blgl—
£(0) = Bal0),

) dt + O'lgldwl (t),

Then, from the comparison theorem of stochastic differential equation, it follows that
By(t) > &1(t) for t € [0, 7). Also,

dFS Z FS (TQ — bgFS — )\qbg — VFSle - hl) dt — O'QFSF]dWQ(t).

Then, from the comparison theorem of stochastic differential equation, it follows that
FS(t) > 62(t) for t € [07 7—6)7
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where
0,2
(T‘zhl?Z) tffot )\¢2(3)*VFS¢1 (S)dS+O'1W1 (t)
(&
&(t) = 2
93
1 . rg—h1—? t—fo (Ap2(u)—vpg ¢1 (u))duto1 Wi (s)
FSO + bz fO (& ds
Similarly,

dF] Z FI ()\fg — F] - ,uFI) dt + O'QFsF[dWQ(t).

Then, from the comparison theorem of stochastic differential equation, it follows that
Fi(t) > &(t) for t € [0, ),

where,
o3 )
—g—upl t—‘,—fo Aa(s)ds+oaWa(t)
e
53(75) = o2
1 . (—%—w,)t+fos(/\§2(U))dU+ff2W2(S)
F_Io + f() (& ds

Similarly,

A > Z (7’3 — ng - hg) dt + UgZde(t)

By argument as above, we get Z(t) > &4(t),

where,

o3
(T3—h2—7> t+o3W3(t)
e
&(t) = o2
1 . (Tghz?’g) s+o3W3(s)
70 + b3 fO € ds

Thus, for ¢ € [0, 7.)
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0 < &) < Z < dult).

Since, (n&;(t) (1 = 1,2,3,4) and Ing,(t) (i = 1,2, 3) exist for every t > 0, it follows that 7, =
0o0. Thus, for any initial value (u;(0),u2(0),u3(0),u4(0)) = (InBao, InFso,InFro,InZy) €
R?*, and (3.4.1)-(3.4.4) has a unique global solution (u;(t), us(t), uz(t), us(t)) on [0, 00) a.s.
Note that the coefficients of (3.4.1)-(3.4.4) are local Lipschitz continuous. Therefore, for
any initial value (Bgo, Fis0, Fr0, Zo) € R}, model has a unique global positive solution
(Bg, Fs, Fy, Z) = (e ® eu2() eus®) cua®)) on [0, 00) a.s. The proof is therefore complete.

The following theorem shows the existence of a By and zooplankton-free equilibrium point
Ey.

2
Theorem 3.4.2 If r; — % < 0,73 — hg + Po < 0, then the system (3.2.4) is globally

asymptotically stable, in the sense that for any initial value Xy € 2, the solution X (t) will
tend to the equilibrium point E, asymptotically with probability one.

Proof We consider the first equation of system (3.2.4). Thus, for By(t), if B4(0) > 0, we
can use the function Vi(t) = In(B,(t)), with By(t) € (0,1). Applying Ito’s formula, one
obtains that

1
dVi(t) = dBd—ia%dt,

A 1
= ((7"1 — 01 Byg) — ﬁl— — —0%) dt + o1dWy(t).

(04 Bg) 2

Then,

/th(t) = /t P OC/ LA d+/t AWy (s)
; 1 = ; T1 154 0+ By) 201 S 001 1(s),

Wi (t
Using the fact that lim;_,, 1—<

2
0, =1 — %. Then one obtains that By(t) < e for all ¢t > 0, a.s. Since, By(t) > 0, for

all t > 0 a.s., we get

~—

1
=0 a.s., one gets lim;_, ;lan(t) =0, <0 a.s., where

lim Bd = O,
t—o0

a.s.

Now, from adding adding 2"¢ and 3" equation of system (3.2.4) and considering F =
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Fg + F7p, it follows that

dF, + dF)
L~ Fylra — boFs) — nFs —
dF
— < Fry—bF).
g = Fle=bh)
Thus,
F(t) =

< )
by + F(0)rger2t

for all £ > 0, a.s. Since, F' > 0, for all t > 0 a.s., we get limy; o F' = %, a.s.

2
Now, we can use the function V3(t) = In(Z(t)), with Z(t) € (0,1). Applying Ito formula,

one obtains that,
L,
dVi(t) = dZ — 503dt,

B 1
= ((Tg—b3Z)+ BZ d —hg——0'2> dt+0’3dW3(t),

(6 + By) 23

then,

/th(t) /t(r bsZ + B2 B h ! 2)ds—i—/t dWs(s)
= — — — hy— —0C o ,
AElE o\ O+B,) 2 2% | 730

S /0('f’g-hg"‘62)ds—|—/0v Ugde(S).

Simplifying and dividing the above inequality by ¢ > 0, it follows that

%V},(t) < %%(0) + %/0 (Tg — ]’LQ + 62) ds —|—/0 Ugde(S),
Lin(Z(1)) < 1In(Z(0) + 7 /D (rs — hs + Ba) ds + /0 oy Wi (s).
Ws(t)

1
Using the fact that lim; = 0 a.s., one gets lim;_, ;an = 03 < 0 a.s., where
03 = r3 — hy + fB2. Then one obtains that Z(t) < e%!, for all t > 0, a.s. Since, Z(t) > 0,

for all £ > 0 a.s., we get lim;_,., Z = 0, a.s. Thus, the proof of the theorem is completed.

Theorem 3.4.3 If hy > ry and by > 12%/0(0 + B})), then for any given initial value the
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solution of model (3.2.4) satisfies

/ot Kbl - %) (Ba— Ba*)* + (1 —12) (Fs — Fs")"

—hy — pp, — by (Fs + Fs*) (Fs — Fs*) (F; — ka)} du <

Proof Define the Lyapunov function as

where

V(Ba, Fs, F1, Z) = Vi(Ba) + Va(Fs, Fy) + (

B
Vi = By— By — By ln—2,
By
1
Vy = §(FS+FI—F5*—FI*)2,

* * Z
Vi = Z-2"=Z"In__.

By computing, we have

By BsZ\ 1
(1 - Bd ) ((rl — b1 By)By — b1B ) + Z01’By",

Lv;

LV,

LV3

d
(By — By (—bl(Bd — By
B Z*

(= 7+ ) o)

0 + By 2

)_

By (Z — Z¥)

(0 + By)(0+ ByY)
o BiBa(Z—2")(Bs— Bd")

B Z*(Bg — By") )
(0+ By)(0+ By")

(0+ Bg)(0+ By")

(Fs+ Fr — Fs" — F1") (Fs (ry — byFg) — hiFs — pup, Fy)
((Fs — Fs*) + (Fr — F")) ((r2 — 1) (Fs — Fs*) — by (Fs — Fs*) (Fs + Fs")

wr, (Fr— Fr*)),

1 2
— B*
_’_20-1 d >

+ g (Fr — F*)? — (1o
O'IZBd* ﬂle 0'322
2 3,0 2
Ble*)
Vi(2),
5o ) PP

1

2
+ <01 Bd*a

2

(ro — ) (Fs — Fs*)* = pp, (Fr — Fr*)? + (ro — hy — pp,) (Fs — Fs™) (Fr — Fy")
by (Fs + Fs*) (Fs — Fs*) (Fr — Fr™),

B,z 1
52 d — hQZ) + —0'32Z*,

(1-2) (s w0+

0+ By

. . B20(Bg — By")
(Z — 2% (—bg(Z—Z )+ Y EYR
Bo(Ba— By )(Z—-2") 1 .,
0+ B0+ By 27

)

2

1
+ 5032z*’
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We obtain

LV < (—bl + %) (By — By*)? + (ro — hy) (Fg — Fg*)?

— g, (Fr— Fr*)? 4 (ry — hy — pr, — by (Fs+ Fs*)) (Fs — Fs*) (F1 — Fr™)
2B * B * 2Z>»<

+ 01" Dg + 51 d 03 '
5 50 ) 2

Then

b1B;

B2t
ﬁlZ* %\ 2 %\ 2
< ( (b4 22 _VB,-B ) (Fs— F
< ((bl+9<9+3d*> (Bu— BJ')+ (ra — ) (Fs — Fy")
— e, (Fy = Fr")? + (ry — hy — pup, — ba (Fs + Fs*)) (Fs — Fs*) (Fy — Fr")
0123d*+ B1By"\ 03> Z* B1B;
2 50 ) 2 5,0

dV = LVdt+ o\ (By— B)dW(t) + 03(Z — Z%) ( ) AW (1),

)dt + 01(Bg — BY)dW () + 05(Z — Z¥) < > AW ().

Integrating both the sides from 0 to ¢ yields

v -vo) < [ |- (b gt ) Bem BP - = ) (Fs - £
0
— pr (Fr = F)’ + (ra — by — pp, — be (Fs + Fs*)) (Fs — Fs®) (Fy — FrY)
QB * B * /A t
+ 012 ¢ 4 (%2; > “32 ]du—/o [o—l(Bd—B;)
+ 03(Z—2%) (55153) ]dW(u).
Further,

1 t 612* 2 2 2

— R B, — B/* — Fo — Fo* F, — F,*

t/o Kbl 9(0+Bd*))( 4 — Ba*)" 4 (h1 — 1) (Fs — Fs*)" + pp, (F1 — Fr*)
0'12Bd* i (ﬁle*> 0'322*

—(ro — hy — g, — by (Fs + Fs*)) (Fs — Fs*) (Fy — Fr*) } du <

2 50 ) 2
_w _ %/Ot <01(Bd — B +0s(Z - 2") (%)) AW (u).

Following, lemma 3.1 from Zhang et al. (2019), we have

t

lim — <01(Bd ~ B+ 05(Z — Z°) <5IBZ>) AW (u) = 0,
t—oo t 0 526
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implies

/O [ (bl _ %) (Bu— Ba' ) + (b — 12) (Fs — Fs*)? + s (Fr — Fy*)?
ﬁle* 0322*
520 > 2

012By*
—(Tg—hl—,upl—bQ(F5+F5*))(FS—FS*)(F]—F]*):|du§ 12 d +(

* 2 7%
) 5 = 0 as oy — 0 and oz — 0.

This asserts that endemic equilibrium (B}, F&, F}, Z*) of model (3.2.2) is the point where

Remark 6 From above, we can see that ‘”223‘1* + (5

the solution of model (3.2.4) fluctuates. Further, as o3 decreases, the difference in models

also decreases.

3.5 Analysis of reaction-diffusion model

In this section, we will analyze the linear stability of the corresponding spatio-temporal

model by perturbing it with two-dimensional spatial perturbations of a form:

By = Bg" +epexp(Mt + i(kyx + kyy)),
Fs = Fg" +eyexp(Mt + i(kyz + kyy)),
Fr = Fr" +egexp(Mt +i(kyx + kyy)),
Z = Z"+ezexp(Mt +i(kyr + kyy)). (3.5.1)

where €1, €2 and e3 are sufficiently small constants, )\, is wavelength, %k, and k, are the

components of the wavenumber k in x and y directions, respectively.

Theorem 3.5.1 Assume that the parameters of the model (3.2.5) satisfies the conditions
(3.5.5)-(3.5.6). Then, the steady state E* = (B}, F§, Ff, Z*) is locally asymptotically stable

even in the presence of diffusion.

Proof About the nontrivial equilibrium point E* = (B}, F&, Fy, Z*), the characteristic

equation of a linearized system is given as

V — HE*> — \I| =0, (3.5.2)
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bu 0 0 bu Hg, 0 0 0
bo1 bay b 0 0 H 0 0
where, V. = | 2t 7® 7% . and H = Fs . (3.5.3)
bs1 b3z b3z 0 0 0 Hp O
byy 0 0 by 0 0 0 Hy

where k* = k2 + k2 and V' is the variational matrix for E*. Now we write the four degree

characteristic polynomial as

det(V — HE® = M\eD) = Ny + Bu(k*) AL+ Ba (RN} + B3 (k)M + Bu(k?) (3.5.4)

where,

Bi(k*) = —tr(V — Hk?) = k*(Hp, + Hpy + Hp, + Hz) + Ay,

Bo(k*) = k*(Hp,Hp, + Hp,Hp, + Hp,Hp, + Hp,Hz + Hp, Hy + Hp Hy)
—k*(b11(Hp, + Hp, + Hyz) + boo(Hp, + Hp, + Hz) + bys(Hp, + Hp,
+Hz) 4 by(Hp, + Hpg + Hp,)) + Ay

Bs(k*) = k°(Hp,Hp,Hpy + Hr,Hr,Hz + Hp,Hp,Hy + Hp,HryHz)
—k?4(b11(HFst +Hp,Hy + Hp,Hp,) + boo(Hp,Hp, + Hg,Hz + Hp, Hz)
+bs3(Hp,Hpy + Hp,Hz + Hp Hy) + by(Hp,Hp, + Hp,Hp, + Hp, Hr,))
+k2(HBd<bQZb44 + baabss + b33bag — basbsa) + Hp, (b11b33 + b11baa + b33bas
—b14bs1) + Hpy (D110ag + baobag + baobiy — bigbar) + Hz(b11b33 + basbss + baobiy
—basbsz)) + As

Bu(k*) = k¥(Hp,Hp Hp,Hz) — k®(buHp, HrHz + bosHp, Hr Hy + bss Hp, Hp Hy
+byHp,Hp, Hp,) + k?4(bn(b44HFs + booHyz)Hp, + bss(boeHp, + bi1Hpy)Hy
+b44(booHp, + bssHpg ) Hp, — biabyy Hpg Hp, — bysbso Hp, Hz)
+k‘2((HBdb44 + Hzb11)(bagbss — baobss) + (Hp,bao + Hpybss)(bi14bar — b11b44))
+Ay.

where A, Ay, A3 and A, are as defined in Theorem 10.
To prove the stability of the system, we need to show roots of (20) will have negative real

part i.e., Re(\;) < 0. An application of the Routh-Hurwitz criteria says that roots of (20)
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will have negative real parts if and only if,

Bi(k*) >0, Ba(k?) >0, B3(k*) >0, Bs(k*) >0 and (3.5.5)
(B(k?)Ba(k?) — Ba(k?)) B5(k?) — Ba((k*))BF (k) = pik® + pak® + psk™ + pak® + psk?
+pe + A1A2A3 — Ag — A%A4 > 0. (356)

where, p1, p2, p3 and p, are given in Appendix A.

A constant positive steady state E* = (B}, F§, Ff, Z*) of the spatio-temporal system is,
therefore, asymptotically stable. For a given set of parameter values, this means that even
in the presence of diffusion, the population will always settle at E* = (B}, F&, Ff, Z*)

regardless of perturbation.

3.5.1 Turing instability

Turing instability deals with the patchiness in dynamics that occurs due movement of
species. Following Dubey et al. (2009), in which they, formed a simple model of an aquatic
ecosystem with fish, zooplankton, phytoplankton, and nutrient levels that includes an

analytical explanation for the reason why plankton patches appear.

Turing bifurcation occurs when the positive steady state E* = (B}, F&, Ff, Z*) for the
non-spatial system (3.2.2) is stable and it is unstable for the diffusive system (3.2.5). For a
system to be Turing unstable, at least one eigenvalue of the characteristic equation (3.5.4)
must be positive. The condition for steady state E* = (B}, F§, Ff, Z*) of system (3.2.2)
to be stable is discussed in Theorem 10. However, due to diffusion, it will become unstable

if any of the conditions

Bi(k?*) >0, Bu(k*) > 0 and (B (k*)Ba(k?) — B3(k*))B3(k*) — Ba(K*) B7 (k) > 0,  (3.5.7)

are not satisfied.

We will illustrate this by taking appropriate parameter values:

Example 3.5.1 Setting the parameters as in Table 2.2, it can be easily verified that the
non-spatial system (3.2.2) is stable. However, to get the diffusive instability any of the
conditions in (3.5.5)-(3.5.6) must fail. For diffusive coefficients Hg, = 0.00004, Hp, =
0.10, Hr, = 0.03, and Hz = 0.09, we observe that $4(k?) is negative for the wave number k
between 4.6631 < k < 27.7215, as shown in Fig. 3.3. For these values of diffusion Turing

instability is observed. Consequently, the system may eventually reach a non-constant
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positive steady state, giving rise to patterns (c.f. Fig. 3.18-3.21).

By
|

k vs ﬁ4

Figure 3.3: The occurrence of Turing instability as the coefficient ( 34 ) of the dispersion relation
becomes negative for some range of wavenumber k.

3.6 Threshold for persistence of disease

Since we are interested in disease-free state, we now work out the threshold %, for our
eco-epidemic model and is a good measure for local asymptotic stability of E5 as well as
long term prediction of the epidemics. Following the work of Diekmann et al. (1990), we

found matrices .# and ¥ ! as follows,

_ﬁ%%ﬁl 0 1o

— 3 T = 1

# Z/FS (T’g — hg) )\(7"3 — hg) ’ /7/ 0 1
b3 b3 KFy

The spectral radius of .Z ¥ ! is the required basic reproduction number. %, for the model

(3.2.3) is given as follows:

i<ﬁ1(7“3—h2)) 0

_ a~y—1\ __ 1 963
To=p(FV ) =0 L rae b)) A(—hi+ 1)
bary HFrby
1 —h —h
Hence, threshold is given by 7, = max {— (ﬁl (s 2)) ) M= + 1) } :
T b3 [V F by

For the values of parameters as in example 3.3.1, the reproduction number,
Jo = max {0.603156, 134.727} = 134.727 > 1 implying disease will persist in all future.

Now, we set parameters as r; = 2.5,y = 1.911,r3 = 1.2361, K; = 350, Ky = 150, K3 =
322,81 = 2.58, 8, = 1.932,0 = 10,\ = 0.15, up, = 4.9, vp, = 2.291,hy = 1.5, hy = 1.199
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and found that 7y = 0.99758 < 1 and extinction of infected frog By was observed (c.f. Fig.

3.4). This situation is favourable to save the frog population.

60
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20k
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Figure 3.4: Extinction of infected frog and By when K; = 350, Ko = 150, K3 = 322,08, =
258, = 0.15, up, = 4.9,vp, = 2.291,h1 = 1.5, hg = 1.199. Other parameters are same as in
example 1. Observe that, Iy = 0.99758 < 1.

3.6.1 Global sensitivity analysis of 7

In order to figure out how best we can reduce the prevalence of chytridiomycosis disease; it is
necessary to know the comparative importance of the different parameters. In this section,
we calculate the global sensitivity indices of the threshold parameter I, to the parameters
in the model. These indices can direct us how targeting a specific parameter can impact the
accomplishment of a desired goal. Since the association between parameters and output
is not known beforehand; using both Extended Fourier amplitude sensitivity test (eFAST)
and PRCC is ideal. In this work, we use the PRCC method to find parameters that have
foremost influence on ¥, and should be focused for efficient and effective intervention.
We initiated uncertainty analysis by selecting ranges for each parameter value. When
parameter estimation is uncertain, we can treat each parameter as a random variable with
a corresponding probability density function (PDF). In a situation when there is no prior
knowledge, the uniform distribution can be a better choice Marino et al. (2008). Therefore,
a uniform probability distribution function is designated to each parameter (c.f. Table 3.2).
The PRCC sensitivity results for 7 to the eleven different parameters are calculated and
are listed in Table 3.2 and also illustrated using bar charts in Fig. 3.5. The sign of PRCC
indicates the direction of the association between input and output factors. A value of
+1 signifies a perfect positive linear relationship, a value of -1 indicates a perfect negative
linear relationship, and a value near to 0 foreshadows no relationship. From the results

given in Table 3.2, we found that that %, is the increasing function of A\, ry, (1,73 while
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Table 3.2: The PRCC sensitivity indices of the threshold (%) with the distributions and ranges
of input parameters.

Parameters Distribution Ranges PRCC values

1 Uniform 0.1, 2] -0.119662416371917
T9 Uniform 1 ,5] 0.495476127814423
r3 Uniform [1.5,5] 0.058317887170955
by Uniform [0.00001,0.5] -0.687127855253438
b3 Uniform [0.00001,0.2] -0.259828220509122
0 Uniform 1, 50] -0.090120983043229
A Uniform [0.001, 1] 0.698049581653010
51 Uniform [0.01,0.8] 0.138093965573370
ha Uniform [0.01, 1] 0.698049581653010
ha Uniform [0.009, 1.3] -0.017265122559312
L, Uniform [0.001, 1.5] -0.666718988633706

decreasing function of hy, by, pp,, ha, b3, 6. The parameters exerting maximum influence
on Jy is A followed by bs, and 1. The most influential parameter is the rate A. Since, the
sensitivity index of 0.698049, increasing (decreasing) A by 10% increases (or decreases) the
value of J by approximately 6.98%. Since, there is no vaccine till date it is recommended to
establish long term captive assurance colonies. This could ensure the long term survival of
the species. Secondly, we found that increasing the growth rate of frog (1) would be quite
effective in achieving disease free situation. Another parameter with equal importance is
the death rate of infected frogs. Simulation suggests that infected frogs must be detected,
humanely euthanized and discarded in a safe manner or buried.

The identification of these parameters is vital in formulating control strategies effective
for controlling chytridiomycosis. In summary, the result of sensitivity analysis suggests
that a strategy that reduces the contact rate (A) and, the strategy which increases the
growth rate of frog (re) and the death rate of infected frog (ug,) would be quite effective

in restricting the ongoing mitigation.

3.7 Some important numerical simulations

In this section, we focus on numerical viability of the analytical results. Local behaviour

and global behaviour of both ODE and stochastic models are performed.
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Figure 3.5: Partial rank correlation coefficient (PRCC) results for significance of parameters
involved in 9

3.7.1 Numerical simulation for ODE model

Runge-Kutta fourth order has been used to solve ODE system (3.2.1) and (3.2.2) with
initial condition (10, 15,25, 10). Simulating model (3.2.1) we observe that for the param-
eters r; = 1.3; 7o = 1.911; K; = 350; Ky = 500; A = 0.09; vp, = 0.291; 0 = 50; B =
2.12; hy = 0.1; pup, = 0.891, extinction of B, is observed (c.f. Fig. 3.6). If the growth rate
of By is increased to r; = 2.3, extinction of frog populations is observed and is illustrated
in the Fig. 3.7. This model suggests that the only way to save the frog population is
to reduce the growth rate, r{, or increase the removal rate, 3;, of B;. However, chytrid
fungus is not eliminated automatically from the environment. Therefore, it is necessary to
investigate the interaction between B. dendrobatidis and zooplankton i.e model (2.3.8) to

provide a safe and effective way to save frog population.

Now, we perform the simulation experiment for model (3.2.3) considering parameters as
given in Table 3.3, we observe that the eigenvalues of variational matrix V* are negative
as all the Routh-Hurwitz conditions are satisfied as A; = 0.2227 > 0, A4, = 1.1088 >
0, Az = 0.0435 > 0, A; = 0.0627 > 0, and A; Ay Az — A2 — A2A, = 0.0057 > 0 (see theorem
10). Hence, the equilibrium point (B}, F§, FF, Z*) = (0.1321,2.2827,3.7693,10.0799) is
stable (c.f. Fig. 3.8). Limit cycle was also observed by increasing hy = 1.399 (c.f. Fig.
3.9). TIrrespective of the plenteous literature on Chytridiomycosis, knowledge on basic
biological parameters from natural populations are still missing. However, all our numerical

simulations are executed utilizing ecologically acceptable parameter values as reported by
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Figure 3.6: Extinction of By in model (3.2.1) for the parameters r1 = 1.3; ro = 1.911; K; =
350; Ko =500; A =0.09; vpy = 0.291; 0 = 50; 1 =2.12; hy =0.1; ppg = 0.891.
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Figure 3.7: Extinction of frog population in model (3.2.1) for the parameters r = 2.25; r9 =
1.911; K1 = 350; Ko =500; A =0.09; vpy = 0.291; 0 = 50; 51 =2.12; hy = 0.1; ppg = 0.891.

Jorgensen (1995). We have also performed PRCC analysis to take into account these

random parameters and get an overall view on the effect of these parameters.

3.7.1.1 Effect of zooplankton harvesting

We took the parameter as given in Table 3.3 and varied parameter hy, and found that
on decreasing hy from 1.309 where all species coexists (c.f. Fig. 3.10) to 1.099, B, gets
extinct and frog gets better place to survive (c.f. Fig. 3.11). Conversely, when we increase
the harvesting rate of zooplankton to 1.9 we observe the frog population extincts (c.f.

Fig. 3.12). From this section, we conclude that as we increase the value of hy, frog
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Table 3.3: Parameter values used for simulating model (3.2.2)

Parameters Values References

1 2.5 Ackleh et al. (2016)

To 1.911 Tobler et al. (2012)

T3 1.2361 Hopcroft and Roff (1998)
by 2.5/350 Assumed

by 1.911/500  Assumed

b3 1.2361/200 Assumed

0 10 Assumed

A 0.31 Ackleh et al. (2016)

VFg 2.291 Vredenburg et al. (2010)
o3 2.512 Assumed

Ba 1.932 Assumed

hy 0.431 Assumed

ho 1.199 Assumed

L, 0.891 Ackleh et al. (2016)

=
=]

Bd
Fs | 4
Fi

@
=}
=2}
=}
T

Zooplankton
fmad [ G £ o
(=] Qo {=} {=} {=}
'3
- =1}
(=] =

Population density
&

n
=1

[=]
¥

b\’””ft’fi“""“ =

B0 a
60 80 o WL
Infected Frog 0 20 Susceptible Frog 7% 10 200 300 400 500 600 700 800 900 1000
time
(a) phase portrait (b) time series

Figure 3.8: Stable attractor for model (3.2.3) and parameters given in Table 3.3.

extincts permanently after a threshold value. Therefore, for saving the frog from completely
getting extinct it is suggested to control the parameter ho. We also note that presence of
zooplankton can be a measure to control the rapid growth of Chytridiomycosis disease in

frog population and preserving remnant population in Australia.



114

300
Bd
— g
20 Fi [
z
200 -
z
=
L 150 -
250 5
200 - g or
é‘ISD £ f?
5 b 50 i
& 5 LU AR
S & [ LN 1\ i1\ | |
. g AV AV L\ 1\ . |
wl
0
- 50 ' : :
o 40 30 0 50 100 150 200 250 300 350 400 450 500
20 10 0
Infected Frog time
(a) phase portrait (b) time series

Figure 3.9: Limit cycle for model (3.2.3) with A = 1.399; other parameters are same as in Table

3.3.

Figure 3.10:
Table 3.3.
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Co-existence of all three species for ho = 1.309. Other parameters as same as

3.7.2 Bifurcation analysis

In this section, we will focus on detecting the presence of Hopf bifurcation of E*.

Theorem 3.7.1 When hy = ho, i.e. the harvesting rate of zooplankton crosses a critical

value, the system (3.2.8) undergoes Hopf bifurcation around the non-trivial equilibrium

point.

Proof The proof can be followed from Theorem 8 of Roy et al. (2020) and hence omitted.
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Figure 3.12: Extinction of frog population for ho = 1.9. Other parameters as same as Table
3.3.

We now show it numerically using MATLAB Matcont toolbox for plotting equilibrium
manifold of E* and are presented in Fig. 3.13. This bifurcation diagram is generated
by taking hs, the zooplankton harvesting rate as bifurcation parameter. A branch of
equilibria E* of system (3.2.3) is presented in Fig. 3.13. Considering other values of
parameters as given in Table 3.3, and varying ‘hs’ our model undergoes Hopf-bifurcation
at hg = ho, = 1.2232254 giving rise to a limit cycle from the state of stable equilibrium.

Hopf bifurcation is a point where the equilibrium changes its stability via a pair of purely
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imaginary eigenvalues, giving rise to a limit cycle from an equilibrium. Stable limit cycle
are biologically significant as it assures that the system oscillates even in absence of external
periodic forcing. When hy < hg_ the stable branch (all eigenvalues has negative real part)
is observed, as hy > hs,, the branch becomes unstable as a result of Hopf bifurcation.
This analysis shows that maintaining zooplankton in its natural environment with low

harvesting rate (hy < hs_), can permit all three species to coexists in a oscillatory way.
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Figure 3.13: A branch of equilibria displaying the occurrence of Hopf bifurcation at hy = hy, =
1.2232254 in (hg; Z) plane. H: denote a Hopf point, BP: denotes branch point.

3.7.3 Numerical simulation for stochastic model

We used Euler’s Maruyama method (Higham (2001)) to numerically show the effect of
the environmental stochasticity at all trophic level. We took parameters from Table 3.3
for which all population coexists in deterministic case. From Fig. 3.14, we observed that
when the environmental stochasticity experienced by zooplankton is too high, all species
tend to extinction except By. If environmental stochasticity experienced by zooplankton
is low while the frog population experiences too much environmental stochasticity, then
zooplankton and B, will persist but frog itself will tend to extinction (Fig. 3.15). If
environmental stochasticity experienced by both zooplankton and frog are low while By
experience too much environmental stochasticity, then only By will tend to extinction, else
both will persist in mean (Fig. 3.16). These result shows that persistence and extinction

of B; and Z species depends on the demographic impacts of environmental stochasticity
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Table 3.4: Effects of stochasticity on the extinction of the species.

o1 (increase) oo (increase) os(increase)
Batrachochytrium Tends to extinction None None
dendrobatidis
Frog None Tends to extinction Tends to extinction
Zooplankton None None Tends to extinction

on its own population. However, persistence and extinction of frog depends on the demo-
graphic impacts of environmental stochasticity on its own population and of zooplankton.
From the biological point of view this is reasonable, as Zooplankton predates By, and with
increasing of o3, zooplankton are likely to be extinct, hence B; can persist better which
will cause more disease and death of frog population. Similarly, with increasing of oy, the
B, population will decline and hence zooplankton will also decline in mean abundance,

while frog gets a better environment to persist. Table 3.4 recapitulate the results.

We now compare the result of stochastic model and the corresponding deterministic model.
The main results are given as follows: (i) Taking parameter as in Fig. 3.8 and for small
environmental stochasticity o1 = 0.000001, 0o = 0.000001, o3 = 0.000001 we found stable
point in deterministic case does not become chaos in stochastic case rather it fluctuates
randomly around some average value which is trivial (c.f. Fig. 3.17). It is well known that
most of natural phenomena does not strictly follow deterministic laws but rather oscillate
randomly around some average value so that the deterministic equilibrium is no longer
an absolutely fixed state (Arditi and Ginzburg (1989); Bandyopadhyay and Chakrabarti
(2003); Bandyopadhyay and Chattopadhyay (2005)).

3.7.4 Numerical simulation for Reaction-Diffusion model

Here, we present Turing patterns for the two-dimensional spatial system (3.2.5). We com-
pute these patterns by using the finite difference numerical method with explicit time-
stepping. In all of our calculations, we use small random perturbations around the posi-
tive uniform steady state E* as initial conditions and homogeneous Neumann (zero-flux)
boundary conditions as boundary conditions with the system size of [L x L], with L = 200
for Fig. 3.18-3.22. All the parameter values are chosen from Turing space as discussed in
Example 2 (Section 5.2). In the present study, we set Ah = 0.25, At = 0.001.
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Figure 3.14: Time series of model (3.2.4) for the parameters given in Table 3.3 and o1 =
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From Fig. 3.18, we observe that as time increases from t = 1 to ¢ = 10 density of By
decreases. This shows that the spatial system may provide some early warning signals for
the approaching ecological disaster. However, it increases in the long run (¢ = 100) and
spreads out in the entire domain. A closer examination of the susceptible and infected
frog density distribution at ¢ = 100 days shows that susceptible frogs are not present at
places with a high density of B, because the presence of By infects the frog (c.f. Fig.
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Figure 3.17: (a) Phase portrait of model (3.2.4) for parameters as in Fig. 3.8 and ¢; = 0.000001,
o2 = 0.000001, o3 = 0.000001; (b) Time series of model (3.2.4) where x-axis represents time
interval (in days) and y-axis as the population sizes of each species.

3.19-3.20). Hence, they come into the infected frog category. As t increases from 1 to 100,

zooplankton cluster themselves, giving rise to a beautiful pattern formation (c.f. Fig. 3.21).

To decipher the effect of diffusion among species, we have also simulated the reaction-
diffusion model (3.2.5) by increasing the diffusion coefficient of infected frog and zooplank-
ton. We observe that as Hp, increases from 0.001 to 1, the scattered distribution of both
infected and susceptible populations seems to get closer and closer (c.f. Fig. 3.22). How-

ever, they are not localized to a particular region but spread in the entire domain.

As the diffusion coefficient of zooplankton, Hz increases from 0.0001 to 0.1; infected frog
distribution is lowered while density and distribution of susceptible frog increases. This
result strengthens the validation of our hypothesis that ”zooplankton may act as biological
control” to control defaunation among Corroboree frog population due to Batrachochytrium

dendrobatidis (c.f. Fig. 3.22).

3.8 Discussions and conclusion

One of the most dramatic examples of fungal impacts on vertebrate populations is the effect
of the amphibian disease chytridiomycosis, caused by the chytrid fungus Batrachochytrium
dendrobatidis (By). The sudden and dramatic die-offs of frogs have prompted a large-
scale research effort to pinpoint the source of the deadly fungus. Only a little amount of
information is available on the impact of the fungus on individuals. Furthermore, little has

been published on the prevalence of infection among frog populations as a whole, as distinct
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Figure 3.18: By population density when Hp, = 0.00004, Hp, = 0.10, Hr, = 0.03, and
Hz =0.09 for days t =1, ¢t = 10 and ¢ = 100.
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Figure 3.19: Susceptible frog population density distribution when Hp, = 0.00004, Hp, = 0.10,
Hp, =0.03, and Hz = 0.09 for days ¢t =1, ¢t = 10 and ¢ = 100.
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Figure 3.20: Infected frog population density distribution when Hp, = 0.00004, Hr, = 0.10,
Hp, =0.03, and Hz = 0.09 for days ¢t =1, t = 10 and ¢ = 100.

from the prevalence among morbid frogs only. Most of the researchers are not interested
in looking for an infectious disease as the cause of the declines. Despite many gaps in
our understanding of chytridiomycosis, we tried to unravel important elements of this
lethal disease through mathematical modelling and made progression towards amphibian
conservation. Vaccination programs are also under the trial and so it is important to
look for some alternative strategies to halt the extinction. Multiple conservation strategies

have been proposed in this work and if implemented it might help to mitigate the threat
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Figure 3.21: Zooplankton population density distribution when Hp, = 0.00004, Hr; = 0.10,
Hp, =0.03, and Hz = 0.09 for days ¢t =1, ¢t = 10 and ¢ = 100.

of chytridiomycosis. In this research, we examined both stochastic and reaction-diffusion
eco-epidemiological system that demonstrates the interaction between Bg-the susceptible
frog-infected frog-Zooplankton. The model shows spectacular dynamics such as stable
focus and limit cycles. We analytically obtained the parametric condition for existence and
stability of the system equilibria for the ODE model. We have also found the conditions for
the boundedness of the solutions for stochastic models. Modeling the eco-epidemiological
system with stochasticity can help us to grasp the concept of extinction and persistence
of species thoroughly. Our simulation results show that the increasing harvesting rate of
zooplankton (hsy), reduces the frog population with the threat of extinction. It has been

found that B, population density decreases with the increase of zooplankton.

Our study demonstrates the reduction of Batrachochytrium zoospores by the zooplankton
and supports its role as a potential biological control (Woodhams et al. (2011)), in saving
frog population. Briggs et al. (2010) suggested that Batrachochytrium infection is respon-
sible for host mortality, which implies that controlling Batrachochytrium zoospores may
save frog population. We suggest that zooplankton can limit the number of infective Ba-
trachochytrium zoospores in an effective manner and may be a useful means for biological
control of chytridiomycosis. Numerical simulation of reaction diffusion model reveals that
increasing diffusion of zooplankton can lower the infectious frog density. It also interesting
to note that all the population tends to cluster themselves in the long run. These analysis
confirms that the threat of Batrachochytrium to amphibians would be lower in systems

containing dense populations of zooplankton.

The result of global sensitivity analysis shows that increasing the growth rate ro and de-
creasing the contact rate A\ can result in controlling the deadly disease. It is only possible
by captive breeding of frogs and then releasing into the wild to maximise recruitment po-
tential. The government should also focus on eliminating the infected frog population. Our

study also demonstrates that zooplankton availability, type of interaction among species
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Figure 3.22: (a) Susceptible frog distribution; (b) Infectious frog distribution; with diffusion
coefficients Hp, = 0.00004, Hr, = 0.10, Hz = 0.09 and different infectious frog diffusion as
shown in figure, for ¢ = 100 days.

and role of environmental stochasticity plays an important role in designing the future
policy to save the biodiversity loss. Our results shows that if zooplankton is subjected
to harvesting and environmental stochasticity, frog population will be affected adversely.
Current management strategies must focus on (i) zooplankton introduction, (ii) treating
and captivating frogs in a disease free colonies, (iii) improving frog population abundance
via re introductions and translocation, (iv) quarantine, surveillance and moment control of
diseased frogs. However, we further encourage in depth study to find the effects of zooplank-
ton on By populations. A public awareness campaign is essential to control and mitigate
the impact of chitridiomycosis. The feasibility of controlling an outbreak of chytrimiomy-
cosis depends on the nature and location of the outbreak and the management strategy
adopted. To conserve the biodiversity and to minimize the decline of frog population and
their distribution active research is required on this fungal disease. Interventions should be
conducted and the generated reports should contain urgently needed actions for improved

management. Its time to think about bio-security and we utter these results can help in
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securing our future (Banerjee et al. (2020)).

Susceptible frog population density

20 40 60 80 100 120 140 160 180 200

Hp, =1

Infectious frog population density

20 40 60 80 100 120 140 160 180 200

Hp

1

=1



124




Chapter 4

THE ROLE OF ALLEE EFFECT IN CAN-
NIBALISTIC SPECIES:AN ACTION PLAN
TO SUSTAIN DECLINING COD POPULA-
TION

“1 f we wipe out the fish, the oceans are

. : . . »
going to die. If the oceans die, we die.
-Paul Watson

Content of this chapter is under the review as:

e “Role of food chain model in designing an action plan to sustain the declining cod

population” in Journal of Mathematical Methods in the Applied Sciences.
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4.1 Introduction

The world’s biodiversity is deteriorating at an unprecedented rate. The list of declining
species is long. In this list, the Atlantic cod (Gadus morhua) is perceived as the greatest
threat to global biodiversity. The Atlantic cod is a medium to large size marine fish
inhabiting in cold water (0°—15° C'). The habitat requirement of cod is not known clearly.
They inhabit all water overlying the continental shelves of the Northwest and Northeast
Atlantic oceans. Cod are also found in abundance in the Skaggerak and Kattegat and the
southern parts of the Baltic sea (on the Status of Endangered Wildlife in Canada) (2010)).
Cod was once considered as world’s most fertile fish. Since 1990’s this fishing suffered
depletion and has not recovered till now. The major reason for declination is considered
to be a combination of over-fishing, climate change combined with its cannibalistic nature.
The productivity of the stock is much lower than it was in the 1970’s when a similar decline
occurred (Shelton et al. (2006)). The Atlantic cod is an important species in many of
the world’s ocean systems from an economic, ecological and cultural perspective (Akveld
(1974); Garcia et al. (1995); Kurlansky and Davidson (2006); of the United Nations.
Fisheries Department (1999)).

This species is now facing notable changes within the ecosystems in which it resides due
to over-fishing as well as larval and juvenile mortalities due to cannibalism (Brown et al.
(2003); Rosenlund and Halldérsson (2007)). Cannibalism is defined as the act of killing
and consuming its conspecifics. It is prevalent in natural predator-prey communities and
is ubiquitous in the majority of animal groups, including fishes, and has a significant con-
tribution in regulating population dynamics (Fox (1975)). Cannibalism is a size-selective
form of predation and therefore has consequences on both the abundance and size struc-
ture of the entire population. Cannibalism in Atlantic cod is a frequent phenomenon in
both aquaculture and wild fish stocks and if it is not managed properly, the losses can be
devastating (Folkvord (1991); Bogstad et al. (1994)). Due to this, cannibalism in Atlantic
cod has received considerable attention in field and aquaculture studies and is assumed to
significantly affect recruitment of the cod fishery as well as contribute to high economic
losses in the aquaculture industry (Bogstad et al. (1994); Blom and Folkvord (1997)). Past
observations suggest that environmental heterogeneity is beneficial for juveniles because
it reduces the possibility of predation. Thus, to make juvenile survival and production as
much as possible, it is crucial to estimate the possible influences of the size distribution of

juveniles on cannibalism and growth (Folkvord and Ottera (1993)).

Another important factor known as the Allee effect, interpreted as the difficulty in finding
mates at low-density (Stephens et al. (1999)), can influence cod population density. The
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theory underlying Allee effects is well established, and empirical evidence has been detected
in various systems (Kramer et al. (2018); Gregory et al. (2010)). Despite this knowledge,
implications of Allee effects for recovery plans, practical conservation decisions, and har-
vesting strategies have been barely implemented (Stephens and Sutherland (1999)). A
primary reason for this is that it can be difficult to document an Allee effect in popula-
tions that have declined, or for which there are little data. Conservation biologists and
managers are usually more interested in demographic Allee effects because they ultimately
govern extinction or recovery of species at low population. In most of the articles, the
Allee effect is considered to have a negative impact on the population. In this chapter, we
will validate the hypothesis that whether the Allee effect is beneficial for the cannibalistic

population or not.

The declination of the population is expected to continue even in the absence of fishing
unless productivity improves. In this research, we investigate whether cod harvesting or
increasing grey seal abundance are the main factors responsible for cod declination. This
study aims to get a better understanding of how predation of juvenile cod by adult cod can
act as a threat for its population. The annihilation of the cod population in the southern
Gulf of St. Lawrence is so significant, and our proposed model will describe the dynamics.
Hence, an original benefaction to science, uplifting the conservation management strategies
for holding up the cod population and assisting the biodiversity managers. Here we explore

four key factors affecting the ongoing threatening processes of cod:
e To mathematically observe cannibalistic behaviour with Allee effect of cod,
e How restocking and proper management can act as biological control?,

e Whether the absence of grey seal is crucial for maintaining adult cod populations?,

and
e What is the effect of control measures on cod survival?

To the best of our knowledge, no one has attempted to mathematically validate this hy-

pothesis so far.

This chapter is organised as follows: In Section 4.2, we formulated our model system with
and without Allee effect. In Section 4.3, we have shown the existence and stability of
equilibrium points of formulated model without Allee effect. In Section 4.4, we discussed
the threshold for persistence of species in model having Allee effect. In Section 4.5, we
discuss optimal control analysis of our model around the endemic equilibrium (J, A, G).
Numerical simulation and comparison are done in Section 4.6. Finally, the conclusion is

presented in Section 4.7.
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4.2 Model formulation

4.2.1 Model without Allee Effect

Atlantic cod failed to recover since 1990’s mainly due to its cannibalistic nature, a demo-
graphic Allee effect and an emergent effect resulting from increasing grey seal abundance.
We proposed a mathematical model consisting of cod and grey seals. We further divided
the cod population into two classes Juvenile (J-(0-7)y) and Adult cod (A > Ty). We as-
sume that the cod population grows logistically and only juvenile cod is predated by a grey
seal(G) (Chouinard et al. (2005)). We incorporated a Holling type II functional response
(Holling (1959)), for grey seals preying on the 0-7 age-group of Atlantic cod (Neuenhoff
et al. (2019)). The grey seal is a highly mobile species. They forage in waters from Georges
Bank to the northern Gulf of St. Lawrence and eat a varied diet that includes cod as 50%
in their diet. Many researcher detected cannibalism to be the main mortality factor in cod
after metamorphosis (Puvanendran et al. (2008); Blom and Folkvord (1997) ; Folkvord
(1991)). We have also included this fact by incorporating the cannibalism term wyAJ to
our model. Over the last century, humans emerged as a globally dominant predator of wild
marine fish, primarily due to large advances in fishing technology. Therefore, incorporating
harvesting terms h; and hs in adult cod and grey seal populations respectively are also
reasonable in the model formation. The model, with the considered assumption, will be

formulated as:

- _ TIA(1 - K£> Ay =G

dt 1 0+ J
dA

E = pJ + LUQAJ — hlA,

dG G wsGJ

with J(0) = Jo > 0, A(0) = Ay > 0 and G(0) = Gy > 0. All the parameters used in system
(4.2.1) are positive. Fig. 4.1 is the schematic representation of the model system. To see

the description of parameter values of formulated model refer to Table 4.1 .

we shall discuss the positivity and boundedness of the system (4.2.1) to ensure that the

model is well-posed.

Theorem 4.2.1 All solutions of system (4.2.1) starting from IRi’_ remains positive for all
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Figure 4.1: Schematic diagram for three species food model system (4.2.1)

time. Furthermore,

K K
limsup P(t), . < (Tl4 L 7’24 2 -I-’yKl) ,

where, P(t) = J(t) + A(t) + G(t) and v = min{hy, ho}.

Proof As P(t) = J(t) + A(t) + G(t), taking time derivative on both the sides we get

dP _dJ  dA  dG
dt  dt  dt  dt’

Now, from model (4.2.1), we get

dP A GJ G
= T’lA (1 — —> + ((.UQ — wl) AJ"— (CL)4 — wg) + T’QG (1 — ?)
2

dt K, 0+ J
—hA — hoG,
< rA (1 — ﬁ) 1+ 1G <1 — E) — A — hyG,
Kl 2

dP A
— +9P < rlA(l—?)+T2G<1——>+7J—|—(7—h1)A+(7—h2)G,
1
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Table 4.1: Description of parameter values used in model (4.2.1).

Variables/  Unit Description

parameters

J Juvenile cod per unit area Density of juvenile Atlantic cod population

A Adult cod per unit area Density of adult Atlantic cod population

G Grey seal per unit area Density of grey seal population

r1 Per day Intrinsic growth rate of adult cod population

ro Per day Intrinsic growth rate of grey seal population

K Cod per unit area Cod’s carrying capacity

K, Grey seal per unit area Grey seal’s carrying capacity

w1 Per day Rate of cannibalism in cod

Wa Per day Biomass conversion rates of juvenile cod to
adult cod

w3 Per day Predation rate of juvenile cod by grey seal

Wy Per day Biomass conversion rates of juvenile cod to
grey seal

p Per day Conversion rate of juvenile cod to adult cod

0 Per unit area Protection measure,
served by the environment to juvenile cod
thus diminishing the predation rates

hy Per unit area Harvesting rate of adult Atlantic cod

hs Per unit area Harvesting rate of grey seal

since, v = min{hq, ha},

P A G
AEPNY & All-— 1= —=
yy + v < n < Kl)—l—?"QG( K2)+'7J7
A? G*
A VE\  nK G K\ rakKo
—r S St ) I — + Ky,
VK, 2 Z VKo 2 4
K K
7“141 7“242 YK, (A< Kyand G < Ky)
K K K K
0<P(t) < (42220 0K ) 4o (PO) - 2 - 22 g ).
4 4 4 4
Ast — oo,
K K
0<P§(Tl41+r242+7K1).

This theorem indicates that all the populations are within a close bound through out the

time span, which is necessary for system to hold its biological significance.
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4.2.1.1 Dissipative and persistence

Biologically, persistence of a system means long term survival of each component no matter

what the initial populations are. Mathematically, it means strictly positive solutions not

having omega limit points on the boundary of the non-negative cone (Craciun et al. (2013)).

We first state the well known conclusion as Lemma 4.2.2.

Lemma 4.2.2 If m >0, n >0 and y(t) < (>)y(t)(n — my?(t)), where 8 > 0(constant),
<

t >0 and y(0) > 0, then we have y(t) (2)%% [1 + (%ﬂ(o) - 1)6_"”"] .

Theorem 4.2.3 The non-negative solution of system (4.2.1) satisfies

lim J(t) < K,
t—o0
. pKy
lim A(t) < ————
ti)rélo ( ) - hl — WQKI’
K K —
lim G(f) < 2(ry + wa Ky hz)’

thdgKl —hy <0 and ro + wo K1 — hy > 0.

Proof We will show that the solution stays positive. From the system (4.2.1) we can see

that-

J(t) <
dA

— <
dt —
G _
dt —

K, (4.2.2)
,OKI + (w2K1 — hl)A, (423)
G
TgG(l — _) -+ CUQGKl — h2G,
Ko
G
G(TQ + (JJQKl — hg — T2—) (424)
Ky

By integrating (4.2.3) and taking limit ({ — oco) we see that,

lim A(t) <

t—o00

pK1
o hl — (UQKl'

By integrating (4.2.4), taking limit ({ — oo) and using lemma 1 we see that,

KQ(?”Q + WQKl — hQ)

lim G(t) < :

t—o00

)
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Hence, we get the proof.

Biologically, this theorem indicates the sufficient conditions for which all the these species
have their individual bounds i.e. their number can’t surpass some definite value if some

conditions hold. Hence, a dissipative system (Smith and Thieme (2011)).

Theorem 4.2.4 Assume that upper bound conditions hold and in addition ro > hsy, then

the system persists.

Proof From system (4.2.1), we get

dJ > J[ wlpKl _ LU3K2(T’2 + LL}QKl — hg) _ pi|

dt Chy — wo Ky )
K K
gt (1 o 22K1)>’
% > (=Ch)J +Cy
where, C = hlwipci}(ﬁwgf(z(?”z +::2K1 L) +p,
Co=rnip fﬁm (1_ Kl(hlpi{;ﬂ(l))

by integrating, we get

J(t) > & + Csexp (—Cht) {C’g is a constant, and C3 < J(0) — 9}
o c;

taking limit (¢ — o0),
lim J > 2. (4.2.5)

Now, using (2)

A
a4 > (—h)A+ pﬁ {Using eqn (4.2.5)}
dt Ch

By integrating, we get

C
~ G

A(t) > Cp’C};z + Cyexp (—hit) {04 is a constant, and Cy < A(0)
1l

taking limit (¢ — o0),

lim A > (4.2.6)

t—o00 Clhl ’
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Lastly,

—>G’f’2—h2—— .

dG TQG]
dt Ky

Using Lemma 1 and taking limit (¢ — 00),

lim G > K2tz = h) (4.2.7)

t—o0 7’2

From (4.2.5), (4.2.6) and (4.2.7), we say system persists.

Biologically, all the species will survive if the indicated conditions hold true, even we have

the different initial populations.

4.2.2 Model with Allee Effect

Atlantic cod has experienced relatively greater and deeper population depletion than any
other species. Beside from its relevance to marine conservation and fisheries, Atlantic cod
also provides an excellent basis for investigating the influence of Allee effect on population
recovery. A demographic Allee effect has been observed in cods through extensive analyses
of several populations in past literature. In this research, we will investigate whether
the Allee effect has a positive or negative role in the survival of cod populations. The
population growth rate is generally assumed to be relatively faster at low abundance,
because of low competition (i.e., negative density dependence). But population growth
can be limited in small populations as the result of the Allee effect. Now, we investigate
how an Allee effect can influence the dynamics of recovery in cannibalistic species. In
this section, we modify the system (4.2.1) to illustrate the impact of strong Allee effect in
the cod population. With the above assumptions, the model (4.2.1) can be formulated as

follows:

W rlA(l - i)(A _B) Al =G

dt K 0+J
dA

E = pJ + WQAJ - hlA,

G G\  wiGJ

with J(0) = Jy > 0, A(0) = Ag > 0 and G(0) = Gy > 0. Here, the parameter [ represents
a strong Allee effect.
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4.3 Stability analysis of model without Allee Effect

4.3.1 Existence of equilibrium points

The Jacobian matrix corresponding to model (4.2.1) is given by:

€11 C12 (13

J(LAG) =| cu co e (4.3.1)

C31 C32 (33

The entries of matrix are:

GJUJg G(JJg
e — —A —_
u PN T T T
A Ar

Ci2 = (1—?1)7"1—?11—&%
on = _Jws
A
o1 = p+ Aws,
Co2 — —h1+JUJ2,
Co3 — 0
c _ GJCL)4 i GW4
T +02 T+
C32 = OJ

G GTQ J(,U4
a3 R Pty ouay

Lemma 4.3.1 The formulated model (4.2.1) has following possible equilibrium points:

e The equilibrium Ey = (0,0,0), ezists always.
KQ(T’ 2 — h2)

e The cod (juvenile and adult) free equilibrium E; = (0,0,
T2

h2 < Ta.

> , exists if

—-R+P S+P
Q ' T

where, R = h1K1(wy — 2wsy) + r1(p + Kyjws),

P = \/(Tlp + hiKqwi)? — 2K (2hip — rip + ha Kqw))ws + K1%r 2ws2,

Q= 2Kl(wl - wz)a&;

S =—rip—hKw + Kirws,

T = 2rqws.

o The equilibrium FEy = , 0], always exists
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o [or establishing the existence of non-trivial equilibrium, E* = (J*, A*, G*), we form
two isoclines (first one by finding A from (2) and then putting in (1); second one by
putting the same A in (3)) as follows,

f(A, G) = A3(h1T1WQ + 7“10(,«)22)
+A2(h1T1p + h12K1w1 — h1K17"1WQ + 2T19ﬂ&)2 + h1K10w1w2 — K1T19WQ2)
+A(=hi Kyrip + 1100 + h K 10p(w; + wy) — 2K 0pwy + Ghy K waws)

+Gh1K1ﬂO)3 — Kl(rl — h1)9p2 = 0, (432)
h(A, G) = AKQ ((hg — 7”2) (hl + 9(&)2) — h1W4)
+G (A™rg (hy + Ows) + 12p0) + Kopl(ho — 13). (4.3.3)

Case 1: For first isocline,
From (4.5.2) when G — 0,

S + \/47"1K1p(7”1 — h1>CU2 + (—Tlp — thlwl —+ Kl’f’lCUQ)Q

then A — = A1,);
en T ( 1a)
Ay, is positive when hy < T1w2,K1 > L
w1 Wol'1 — h1w1
dA M,
Consider, — = —
onsider, G- N,
where,

M1 = (p+Aw2) thlw:;,
N1 = 31427“1(,«)2(]11 + 9&)2)
—|—2A(h12K1w1 + T1€WQ(2P — K1w2) + hl(rlp — K1T1WQ + Klewlwg))

+hi K1 (—r1p + 0p(w1 + wa) + Guaws) + 110p(p — 2K ws) + R K p.

A
Further, Z_G >0 if Ny >0 (M; >0, already)

Case 2: For second isocline,
Similarly, from (4.5.3) when G — 0,

(—hg + m)@p

then A —
(he — r2)(h1 + Ows) — hywy

(: AZa);

hl(—hg -+ T2 + Cc.)4)
(hz - 7’2)002

Agq is positive when wy > ho—1o, hg > 19 and 0 <
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dA M.
Now, consider prei Fj’

where,

M2 = r2(9p —+ A(hl + 9&)2))7
N2 = (hQKQ + (G — KQ)TQ)(hl + 9(.{}2) — h1K2w4.
dA .
Further, 1 < 0 if Ny <0 (My >0, already)

From case 1 and case 2, we assert that the two isoclines intersect at some point in

first quadrant (both positive)

if I < T1w27K1 > ae ywg > ha—72,hy > 12, and (hu(—ha + 72 + wa))
w1 Wol'1 — hlwl ((hg _ 7"2)602)
ro — ho + W 2P
>0 > W [_Kl(wl_WQ)WQ{5}+(h1K1(w1—2w2)+T1(p+K1w2)) ’

(so that Ay, < Asy). Knowing the intersection point, we find the values of A* and
G*; and hence, the value of J*. This shows the existence of E* .

Now, we reduce system (4.2.1) into an equation in terms of J (by finding A in terms
of J from (2) and finding G in terms of J from (8) and then putting both in (1)),

becomes

k(J) = aJ* +bJ> +cJ* +dJ +e, (4.3.4)
where,
a = Kiropwiwy — Kirapws®,
b = —rrap(p+ Kiws) — Ki(hirop(w — 2ws) 4 wa(re(20p(—wy + wo)
+K2W2W3) + KQWQOJg(—hQ + W4))),
Cc = —h12K1T2p — 27"17’29p(p + Kl(JJg) + KlchQ(TQ(gp(wl — UJQ) + Kg(hg — TQ)WQW:),)

+hy K1 (r1m2p + 1o(—20pwi + 40 pwy + 2 Kowows) + 2Kowows(—hg + wy)),

d = —rrfp(p+ Kiws) + hi K10(rap(2r1 — 0wy + 20ws) + 2Ko(—hg 4 79)waws)
—h? K (r2(20p 4+ Kaws) + Kaws(—hy + wy)),

e = hEK0((—hy +r1)rbp + hiKo(hy — 1r9)ws),

then the discriminant of quartic function becomes
A = 256a3e® — 192a%bde? — 128a%ce? + 144a’cd?e — 27a%d* + 144ab*ce — 6ab*d*e —
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80abcde + 18abed? + 16acte — 4ac3d? — 27b*e? + 18b3cde — 4b3d® — 4b*cPe + b2 d?
Also, T = 8ac—3b%,U = b®+8da® —4abc,V = c? —3bd+12ae, W = 64ae — 16a>c® +
16ab*c — 16a2bd — 3b*.

Now,

— Case 1: If A < 0 then there will be 2 real distinct and 2 complex conjugates roots.

— Case 2: If A > 0 then

x (a) If T <0 and "W < 0 then there will be 4 real and distinct roots.

x (b) IfT > 0 and™W > 0 then there will be 2 pairs of complex conjugate roots.

— Case 3: If A =0 then

x (a) IfT <0 and "W <0 and ™V # 0 then there will be 2 real simple and 1

real double roots.

s (0) If W >0 or T >00W #0 or U # 0) then there will be 1 real double

and a pair of complex conjugate roots.

x (c) IfV =0 and "W # 0 then there will be 1 real triple and 1 real simple

1001S8.

x (d) If W =0 then

- (i) If T < 0 then there will be 2 real double roots.

< (1) If T > 0 and U = 0 then there will be 2 double complex conjugate
700tS.

- (i11) if Y = 0 then there will be 4 equal roots.

Example 4.3.1 Let us setry = 0.49, hy =0.12, ro = 1.2, ho = 0.7, w; = 0.9, wy =
0.25, w3 = 1.1,wy = 0.95,0 = 25,p = 1/(7 % 365), K1 = 1000 and K, = 100 the eqn
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(4.3.4) becomes

k(J) = 0.0763209.J* — 9965.01.J% — 76323.8J% + 80154.2.J — 19787.  (4.3.5)

For these parameters: A = 7.65037X10% > 0, T = —2.97951X10°% < 0 and W =
—2.95916X10' < 0. Hence, from Case 2 (a) there will be 4 real and distinct roots.

Since, we are interested in positive values of all three species (J, A,G), calculating
mathematically we get two positive equilibriums, (i) Ef = (0.479992, 100.154, 43.158)
and (i) E5 = (0.479959, 18.2116, 43.1579).

4.3.2 Local stability analysis of equilibrium points

Theorem 4.3.2 The equilibrium point Eq is locally asymptotically stable if ro < hy and
r < hl.

Proof Since, the eigenvalues of Jacobian matrix (4.3.1) corresponding to Fy are —hy +

o, %(—hl —p+ \/h12 — 2hyp + 4rip + p?). All the eigenvalues are negative if ry < hy and

r1 < hy. Hence, the proof.

Theorem 4.3.3 The Equilibrium point Ey is locally asymptotically stable if

hiKs(—hg + 12)ws

<h 4.3.6

r<in+ r20p (4.3.6)

M+ VN

Proof The corresponding eigenvalues to variational matrix (4.3.1) are hy — 7o, — 7

where, M = —hqr90 — r9lp + ho Kows — Korows,

N = (hiraf + rafp — haKows + Koraws)? — 4r0(hyrabp — ri120p
—hyho Kows + hy Koraws),

L = 2ry0.

Thus, under (4.3.6) F is stable.

Theorem 4.3.4 The Equilibrium point Es is locally asymptotically stable if all the eigen-
values are negative.
(P - R)w4

Proof The corresponding eigenvalues to Jacobian matrix (4.3.1) are —hs +T2+m,

1
ST ( _ KW + v)

where, W = (QT'(hy + p) + Q(P + S)wi + (P — R)Tw,),

V= VET(KW)? = 4Q(T(Q(2r (P + 5) + Ki(hy — r)T)p + K\ (mQ(P + 5)
+(=P + R)Tp)wi) + (Qri(P + S)(2(P+ S) — KiT) + K1 (P — R)T?p)ws)).
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Thus, F5 is locally asymptotically stable if all these eigenvalues are negative.

Theorem 4.3.5 The equilibrium E* = (J*, A*, G*), is asymptotically stable if By >
0,Bs > 0 and B1Bs — B3 > 0 where By, By, Bs are defined in the proof.

Proof The characteristic equation of Jacobian matrix (4.3.1) corresponding to E* becomes-

)\3 +Bl)\2 +BQ>\+Bg - 0,

2G™ry G* J*ws —G*ws + J*wy
hi+ ho — Afw — J* — —
1thy—ra+p+ A'w — Jwa + K, (J-+0) T 0 ;
QG*h1T2

hl(hg —7"2) + K2

—A'rowy + J pwy — (A™ry + J*(he — 19 + p))ws
2(A*(Kor1p + G* K rowy) + A2 Koriws + G*Kira(p — J*ws))
KK,
G*0(—2G*ry + Ko(—hy — ha + ro9 + J*ws))ws
a Ky(J* 4 6)?
+J*K2(J* +0)(h1 + p+ A*w; — J*ws)wy
Ky (J*+0)? ’

-+ p(hl - 7r — 7’2) + hgp + A*h1w1 + A*h2w1

+

1
K Ko (JF +0)?

<2A*2r1(J* + 0)ws( — (haky + 2G*ry — Koro)(J* + 0) + J* Kyw)

+A (T +0)(2p — Kiws) ( — (haKs + 2G 1y — Koro)(J* + 60) + J* Kawy)
+hi K1 (ho Ko (—(J* + 0)%(p + A*w;) — G*ws) + (2G* — K)ra(—(J* + 0)?
(p+ A'wi) — G*Ows) + J Ko (J* 4 0)(p + A'wi)ws)

+ K1 (G* T 0waws (1 + 2G7r2) + ho Ko (—(J* + 60)*p) (=11 + J* (w1 — w2)))
+G*r2( —2(J* +0)?p(—ry + J*wi — J*wy) — J*K29w2w3)

K (J* 4 0)p(—r1 + Jwr — J5ws)(ra(J* + 6) + Jw4))>.

By Routh-hurwitz criterion, we can say that E* is locally asymptotically stable if By >
O,Bg > 0 and BBy — Bg > 0.

Remark 7 Setting the parameters as in Example 4.5.1; we find that

e For Ef = (0.479959,100.154,43.1579), B; = 92.485 > 0, B3 = 0.520667 > 0 and
BBy — B3 = 4500.48 > 0, and
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o For E5 = (0.479959, 18.2116,43.1579), By = 18.7368 > 0, B3 = —0.0946749 # 0 and
B1By — B3 =174.073 > 0

Hence, for this set of parameters positive equilibrium EY is locally asymptotically stable

and E3 s unstable.

4.3.3 Global stability analysis
By rewriting the model (4.2.1) in the autonomous dynamical form:
T = g(x), (4.3.7)

where g: Q; — R, Q; C R® and h € CY(Q), z = (J, A, G)T.

To prove global stability the following conditions must hold:

(Cy) €y is simply connected.

(Cy) there exists a compact absorbing set(K) in the interior of €2,
(C3) E* is the unique equilibrium point of system (4.3.7) in €.
Further, we give some definitions and preliminary notations as follows:

The Lozinskii measure ji(B) (where B is any square matrix), is defined as:

_ . |[I+hB| -1
B)=1 LI
a(B) = lim ——

Let H be a matrix-valued function and H, be matrix with entries of H replaced by its

directional derivative in the direction of g i.e.

(hij(x))g = (Vhij(x).g(z)).

Further, we define B = H,H ' + HYZH~! where ¥ is the second additive matrix of

Jacobian matirx of the system.

Lemma 4.3.6 E* is globally asymptotically stable in 2y if it satisfies stated conditions
(Cy) — (C3) along with condition:

1 t
G2 = limsup sup —/ a(B(z(s,x0)))ds <0,
0

t—oo  xoeEK

where x(t, xo) is the solution of (4.3.7) with xy € K be initial condition at t = 0.
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Theorem 4.3.7 The unique E* is globally asymptotically stable in 2y under assumption
(C1)-(C3) and conditions

(—214*7’1 + Kﬂ”l) G*Tg — KQT’Q -+ KQY
w
J* K, e J* Ky + G* Ko

K| >2A" w < and

—214*7”1 + KlT‘l — J*Klwl + J*chdg (—2G* + J*)wg
K\ —A")+J"

hy > max{
+Kows + G*J*wg},

(where Y is defined in the proof) if there exist a function H(zx) and a Lozinskii measure

@(B) such that ga < 0.

Proof The Jacobian matrix ¢ (E*) corresponding to equilibrium point E* of the model is

given by:
o= At G i (1 - A T ~ g
j(E*) = p—l—A*wg —hl + J*wg 0
G G* . o .
— o + 55 0 —hy+ (1= E)ry — G2 4 24

The second additive matrix ¢2(E*) is given by:

gy = e,
BQl BQQ

G*@wg G*W;J,

where, By = —hy—p+J wo—A*w; — (J 162 J 16

J*ws G*J*wy  Grwug \T
By = (0,-—%2) By = (0 _
12 <7J*+9>7 21 <7(J*+9)2 J*—|—9>’
B —h2 + To —p— A*w1 — 2(1;;27? + _G*gwi}tﬁe()é*-’-e)WAL (1 — %)Tl — A]Z“l — J*w1
BQQ =
p+ A*wsy —h1 —ho + 719+ J*we — 26;:;2 + :]]:_Lté
Choosing
o JJy ., . (. Ga
H—H(J,A,G)—dzag{l,a,a},H —dzag{l,j,j},
. J J . J T L J G J G
Hg:dlag{o,a—@G,a—@G},HgH :dzag{(),j—a,j—a}

By B
Now, B = H,H ' +HYEH = 1 )
BQl BQZ
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where,
GOws  Grwy I . ,
By = —hyj—p—A* J wy— — Bp=1[ 71 ¢ . : Bos.
11 1—p WitJ wo J 107 J 46 22 < 0 §_g + D22
If (a,b,c) be a vector in IR?then norm can be defined as |(a,b,c)| = maz{|al,|b| +

|c|}.Calculating 1 Martin Jr (1974) if g1 = By + |Bi2| and g2 = fi1(Baz) + | Bai,

fi(B) < sup{gi, g}, (4.3.8)

where | Bys|, | Bo1| are matrix norms with respect to the I3 vector norm and fi;(Bss) be the

Lozinskii measure,we get

J*CL)g
B s
Bul = 2
G*QW4
B - "
) G J 2G*r —G*Ows + J*(J* + O)w
. G J 2G*r . J*w
+Aw2,—5—h1—h2+3+r2— K22+Jw2+J*+4€
A* A*Tl "
(=)= T = el
B J G 2G*7“2 J*UJ4 % G*9w3
= j—a—hg— K2 +J*+0+T2+mtm{A (WQ—W1>—W7
* A* A*Tl «
JWQ—hl—f-’(l—Kl)Tl— Kl —le }
Then,
G*ng G*w3 J*UJ3
! S AR E A )
_ i—g—h _ZG*T’2+ J*w4 T+ G*GW4
PTG TR, T rae P Ut
G*Ow A* A*r
—i—max{A*(wg—wl)——(J*+;)2,J*w2—h1—|— )(1— Kl>r1— Kll —J*wl‘}.
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From (4.2.1), we can rewrite g; and g, as,

j TlA A W3G G*QW3
= 22 )+4 —hy — A g — 3
_ G*a}g 4 J*w3
J+0 T+
j ’I“QG OJ4J QG*’I“Q J*W4 G*QOJ4
= — — — A* _
92 J+K2 i 5 +J*+9+(J*+9)2+max{ (wg — wr)
G*9w3 « A* A*'f’l «
_m,JWQ—h1+’(1—K1>T1— Kl —le }

M(B) < sup{gi,ga},

TIA A GW3 G*J*W3
Gy (§ [ A— A+ T
T < K1> h1+w1( )+JCU2+J+9+(J*+9)2

(—QG* + J*)w;g (G — G*)’f‘g J(JJ4 G*W40 J*W4

= ?]—i—max{—

710 Ky J+6 (J+67 T+
. Gws A )
—i—maa:{A (Cdg—wl)—m”] Cdg—h1+‘<1— Kl )Tl—le }},
B J TlA A % « GWg G*J*w;;
—2G* 4+ J* G-G* J G* w40 J*
( + )W:s’( Jra Jwy L _Grwb e +Y},
J*+0 K, J+6  (J+6)2  J+0
G* 0w A* A*r
where, Y = max{A*(wg—wl)—(J*—_i_;)z, J*wQ—h1+‘ (1—Kl>7‘1— Kll —J*wl‘},
and let A* < £7w1 < (—214*7’1 —+ Klrl),hl > —214*7“1 + K1T1 — J*K1w1 —+ J*K1w2
2 J*Kl Kl

such that Y < 0,
then,

(—QG* + J*)W3
J*+0 ’

J
ﬂ(B) < j + maw{ — hl +W1(K1 — A*) + J*CUQ + KQ(Ug -+ G*J*w;g +

Ky — G*r
% + G*waf + J wy +Y},

(—ZG* + J*>CL)3
J*+0

+G*J w3, and Y >

J
< —+W, W<O<lfh1— >W1(K1—A*)—|—J*(JJ2+KQOJ3

J
(KQ — G*)Tg

K2 + G*w48 + J*w4>



144

where,

(—2G* + J*)W3 (K2 — G*)TQ
J*+0 ’ K,

W= max{—h1+w1(K1—A*)+J*w2+K2w3+G*J*w3+

FG W+ Tw +Y | <0,
On integrating and taking limit ¢ — oo,

1 t
lim sup;/ a(B)ds < W < 0.
0

t—o0
By lemma 4.3.6, we say that E* is globally asymptotically stable.

Ecologically this means, the system is capable of returning to its equilibrium state E* =
(J*, A*, G*) after any perturbation, (i) if harvesting rate of cod h; cod population is greater
that a threshold value, (ii) if the cannibalism rate w; is less than some threshold value,
and (iii) if conversion rate of biomass w4 and eventually the predation rate of juvenile cod

by grey seal is less than some threshold value.

4.4 Threshold for persistence of species

Now, since we are interested to explore the effect of Allee in cod survival and extinction
we will now find a threshold Jy'™ (Roy et al. (2020)). For this model, J;y™* repre-
sents threshold parameter that is helpful in predicting whether cod population will persist
uniformly or tend to extinction. In the situation of surplus predators, we can establish
which control measures, at what magnitude, and in what combinations, would be most
effective in increasing 970‘]“‘ greater than 1, which further provides important guidance in
developing policy measures to safeguard cod population. Further, we state the following
theorem:

hiKs(hy — r9)ws

Theorem 4.4.1 Let Jj ™ = 6p(Bri & )
r2Up(PT1 1

be a threshold. Then, if

— 90J+A >1 and ry < hy cod population (juvenile and adult) persists as t — oo.

— JJ < 1, cod population may extinct or persists uniformly.

Proof As by Garrione and Rebelo (2016), we found & and V
(ho Ky — Kary)ws

F = 790 0 and VY = pomb .
0 0 —p

Then the basic reproduction number for cod (juvenile and adult), 90‘””4 is spectral radius
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of matrix F¥ 1 ie.,
hyiKy(hy — 7“2)W3

(
r20p(Br1 + hi)
Example 4.4.1 For ™ = 0497 o = ].2, hl = 012, hg = 11994, W = 09, Wy =
0.25, w5 = 1.1, wy = 0.95, 6 =25, p=0.00039, K, = 1000, Ky = 100, 8 = 1.5, we have

?70J+A = 0.791723 < 1. Here, we observe the existence and stability of two equilibrium

J+A _
Ty T =

points, (i) E1 = (0,0,0.05), extinction equilibrium, which is attained as we set initial con-
dition as [0.001, 0.000001, 0.04] (c.f. Fig. 4.2(a)), and (ii) E* = (0.4799,999.116, 1.5413),
positive equilibrium, which is attained as we set initial condition as [0.1, 10, 0.1] (c.f. Fig.
4.2(b)). Hence the two stable equilibrium can ewist at I3 < 1. This means, survival is
possible for a cannibalistic population even if ?70”‘4 < 1. This analysis is in agreement with
Veprauskas and Cushing (2017). They showed that under strong Allee effect a cannibalistic
population can survive when Ty < 1.

Now, if we take ho = 1.21 > ry and all the parameters as the same as above then we
observe that ?70J+A = 13.1954 > 1. In this case, the equilibrium E; does not exist and E*
1s locally asymptotically stable. Therefore, for any initial condition in basin of attraction
of E* will be attracted to E* and the dynamics goes to non extinction of cod (c.f. Fig.4.3).

This situation is favourable as it quarantees persistence of all species.

Allee effect has tremendous potential on population survival and extinction that remains
unexplored in most marine species. We believe that this limits both our ecological under-
standing and probable success for conserving marine species. This analysis shows that,
both adult and juvenile survival can be benefited by the Allee effect and can provide sur-
vival even when J; ™ < 1. This is due to the fact that as adult cod decline due to Allee
effect, in turn juvenile gets a better place to survive due to less cannibalism and eventually
becomes a fully grown adult. This is an interesting phenomenon which suggests that if
an initial threshold is maintained in a restrictive domain, the population has a chance to

survive indefinitely even if 75" < 1.

4.4.1 Global sensitivity analysis of 7™

In order to determine how best we can reduce Atlantic cod morbidity and mortality due
to cannibalism and Allee effect, it is necessary to know the relative importance of different
parameters responsible for its death. Cod extinction and persistence can be related to the
threshold 970J+A. We calculate the sensitivity indices of the reproductive number, 970‘”‘4,
to the parameters in the model. Here, we use partial rank correlation coefficient (PRCC)

method to find the parameters that have high impact on 50‘”’4, and should be targeted by
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¢ E° =(4799,999.116,1.5413)
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Figure 4.2: (a) Stability of equilibrium E* for /™ < 1 with initial condition [0.1, 10, 0.1].
(b) Stability of equilibrium E; for Jj ™ < 1 with initial condition [0.001, 0.000001, 0.04].
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Figure 4.3: Existence and Stability of equilibrium E* equilibrium for 5’70‘]+A > 1 with any initial

condition.

intervention strategies.

For assessing the monotonicity amongst input and output variables while accounting corre-
lation between input parameters,the PRCC sensitivity technique has been widely utilized
(Crick and Hill (1987); Iman and Helton (1988); Iman and Helton (1991)). Downing
et al. (1985) delineated that the PRCC is more functional for stipulating the sensitivity
of parameters holding nonlinear but monotonic relationship. PRCC as a great mathe-
matical work, comes up with the answers to questions such as how the output acts on if

we increase (or decrease) a certain parameter. Thus,by calculating PRCC we can assert
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that what parameters we can take as basis to get the desired value of output. We begin
the uncertainty inspection by initiating the values of parameters as well as their ranges.
Parameters behave as random variables with corresponding probability density function
(PDF) if the estimation is undetermined . If no prior(or specific) information about the
distribution(of parameters) is given, we proceed by assigning each parameter with some

uniform probability function as(cf. Table 4.2).

The PRCC sensitivity results are calculated for 90‘”’4, they are listed in Table 4.3 and
also illustrated using bar charts in Fig. 4.4. The sign of PRCC indicates the direction of
association between the input and output factors. PRCCs for all the parameters are sig-
nificantly different from zero. A value of +1 indicates a perfect positive linear relationship,
a value of —1 indicates a perfect negative linear relationship and a value of 0 indicates
no relationship. The resulting sensitivity indices of 970‘”‘4 to the 9 different parameters in
the model (see Fig.(4.4)). From the results given in Table 5 we found that for the most
influential parameter for 90J+A is ho followed by r5. The most influential parameter is the
harvesting rate of seals, hy. Since, the sensitivity index of hs is 0.7455, increasing (decreas-
ing) hy by 10% increases (or increases) the value of 3™ by approximately 7.45%. The
most negatively influential parameter is the growth rate of seals, ro. Since, the sensitivity
index of 74 is —0.6999, increasing (decreasing) ro by 10% decreases (or increases) the value

of ?70‘”‘4 by approximately 6.99%. We also found that other parameters are less sensitive

for F5 4.

The identification of these parameters is vital in formulating control strategies effective
for saving the cod population. The result of sensitivity analysis suggest that a strategy
which reduces the grey seal birth rate (r3) and increasing its harvesting rate (hy) would
be quite effective in restricting the declination of cod population in Gulf of St. Lawrence,

Canada.

Table 4.2: Distributions and ranges of the input parameters.

Parameters Distribution Range

hq Uniform [0.001,0.49]

K, Uniform [1,500]

To Uniform [0.01,0.7]

ha Uniform [0.001,0.9]

ws Uniform [0.8,1.2]

7 Uniform [1,40]
Uniform [107°,0.1]

1 Uniform [0.24, 0.5]

I6] Uniform (1075, 2]
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Table 4.3: The PRCC sensitivity indices of the threshold (90‘”‘4), to the system parameters,

pj.
Parameters (p;) PRCC Index
hy 0.0105
Ky 0.1462
T2 -0.6999
ha 0.7455
w3 0.0306
0 -0.1216
-0.0746
T -0.0328
3 20.0402
0.8
0.6
0.4+ -
x02r 1
£ - T g P L B
g "’ h K — | ey
T2t
-0.4 ]
-0.6 | 1
-0.8

1 2 3 4 5 6 T 8 9

Figure 4.4: Graphical representation of PRCC index for 90‘]+A.

4.5 Optimal control analysis

As predicted by few scientists, Atlantic cod will essentially go extinct within 20 years, de-
spite best attempts to manage it (https://www.sciencemag.org/news/2008/11 /no-recovery-
atlantic-cod-population). For this reason, more possible efforts are needed to reduce the
risk of population extinction. Our aim is to minimize the reduction of Atlantic cod, while
keeping the cost of the control strategy implementation low. For this purpose, we in-
j
functions of time appearing as coefficients in the model. An important decision while for-

clude the control function u’s in our model. Control functions for such models are mostly

mulating an optimal control problem is to decide how and where to introduce the control

in the system. A planned strategy is required to reduce the declination of Atlantic cod.
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Therefore, we include controls (i) u;, which represent efforts to increase artificial breeding,
(ii) ug, which represents the effort to isolate juvenile and adult cod population and (iii)
us, which represents the effort to increase grey seal harvesting. The dynamics of the sys-

tem (4.2.8) with control components is governed by the system of differential equations as

follows:
dJ A w3GJ
E = (7"1 + Ul)A(1 - E) (A — 5) - (UQ + wl)AJ — 0+ — pd, (4.5.1)
% = pJ +wAJ — A, (4.5.2)
dG G wsGJ
- = I == - : 4.5.
dt TzG( K2> Ty (et (453)

sujected to the initial conditions J(0) = Jy, A(0) = Ag, G(0) = Gy. Next, by using bounded

measurable control we define our objective function as,
T
f (ul, Ua, U3) = / (01G<t) + CQU% + 03163 + C4U§)dt,
0

subject to the state system (4.5.1)-(4.5.3). To find an optimal solution, the Lagrangian
and Hamiltonian are calculated for the optimal control problem. The Langrangian of the
control problem is given by,

L = (C1G(t) + Cyu? + C3u3 + Cyu3)dt, where the coefficients C1, Cy, C3, Cy represents the
balancing cost factors for grey seals and control strategies respectively. The optimal control
problem involves in finding u}, u}, u} such that the associated state trajectories (J*, A*, G*)
is solution of the controlled system of equation in the interval [0, 7] with the initial condi-
tions and minimizing the cost functional §. ¥ (uy, ug, u3) = ming, u,usea{ F (1, u2, us)|ui,
ug,ug € U}, where A is the set of admissible controls given by A = {(uy,us,u3) €
L0, T]0 € up < 1,0 S upy < 1,0 <wug < 1}t € [0,T]. Pontryagin’s Maximum Principle

converts system into a problem of minimizing a Hamiltonian function (H), defined as

H = ClG + CQU% + Cg’ug + C4u§
A
+/\J<(r1 +uy) A (1 — ?) (A= 0B) — (ug + w1)AJ — pJ —
1
—I—/\A (pJ + CLJQAJ - hlA)

G GJ
g (r2G (1 - ?) + Z’: = (b + u3)G> :

=)

where \j, A4, Ag are adjoint variables. Hence, minimization function becomes:

H (J*7 A*7 G*7 >\J(t)7 )\A(t>7 /\G<t)7 Uy, Uz, Ug) )



150

where J*, A*, G* be optimal state solution.
By corollary 4.1 of Fleming and Rishel (2012), we say that optimal control exists and by
applying Pontryagin’s Maximum Principle (Pontryagin (2018)), we obtain the following

result:

Theorem 4.5.1 For optimal control (uf, ul, uj) and solution J*, A* and G* of state
system (4.5.1)-(4.5.3), adjoint variable [| = (As, Aa, A¢) exists and satisfies,

d\s Go
— = Aus+wi)A\j —weAXs + w3Ay — waAg) +p(As— Aa),
i (2 1) J 2AAA (9+J)2<3J 4(;) P(J A)
d\ 3A2+ BK, —2A(B+ K
e ( FEy G D) (1 +UI)/\J+h1)\A—|—J((U2+W1) Ay —waAa),
dt Ky
d\ 2Gr J
_dtG = —Cy+ (hg —ro+u3) Ag + KZZ)\G + 017 (w3Ay — wida) (4.5.4)

with transversality conditions: \j(T) = 0, A\a(T) = 0, A\a(T") = 0, and, X%, Xy, \s; be the
solution of system (4.5.4).
Further,

us(t) = max{O,mm{l, 2C3J}}’

uj(t) = max {0, min {1, 20;}} . (4.5.5)

Proof The adjoint system can be obtained by

dAs OH dAa OH d\¢  OH

d — oJ dt  0A  dt  0G
For optimality conditions, we differentiate H with respect to optimal controls wq, us, ug
and equate it to 0. On solving, we get (4.5.5) in A = {(uy,uz,u3) € L'[0,T]] 0 < uy <
1,0 <uy <1,0<ug <1}, t€]0,7]. Hence, the proof.

The state system (4.5.1)-(4.5.3), adjoint system (4.5.4) and optimal control (4.5.5) are
simulated using MATLAB program. As in optimality we have initial condition of state
system as J(0), A(0) and G(0) and terminal condition for adjoint variable [[(T) = 0 in
interval [0, 7).

Initially we postulate controls u;, us and wus. Then, we solve the state system by using
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Runge-Kutta method forward in time. After that, we solve adjoint system backward
in time taking terminal conditions and state system solution at time 7" which we just
calculated. Through the ongoing process, u;s,i = 1,2,3 are updated at each iteration
by using (4.5.5). We will continue the above given steps until convergence of successive
iteration is attained. The effect of control in-comparison to the model without control
have been are shown in Fig.4.5. Clearly, we observe that the cod population increases
on implementing control. Thus, if we maintain optimal value of three discussed controls,
(i) efforts to increase artificial breeding, (ii) the effort to isolate juvenile and adult cod
population and (iii) the effort to increase grey seal harvesting, we can effectively decelerate

adult cod death at an unusually high rates.

1000
= = Juvenile cod without control ||
TENCINCD o s o et i i = |= = = Adult cod without control T
= = = Grey seal without control
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Figure 4.5: The evolution and comparison (with and without control measure) of all species.

4.6 Some important numerical simulations

4.6.1 Without Allee effect

Runge-Kutta fourth order has been used to solve ODE system (4.2.1) with non-zero pos-
itive initial condition. We observe that for the following set of parameters given in Table
4.4, stable dynamics is observed (c.f. Fig. 4.6(a)). There is enough literature on Atlantic
cod, despite of that basic biological parameters are still missing. However, all our nu-
merical simulations are executed utilizing parameter values that are taken from literature.

References and ranges are given in Table 4.4.
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4.6.1.1 Dynamical behaviour for the equilibrium points

For the parameter values given in Example 4.3.1, we found the existence of two positive
equilibrium Ef = (0.48, 100.1547, 43.1580) and E} = (0.4799, 18.2116, 43.1579) as shown
previously. Here, we numerically illustrate the local stability of two equilibrium £} and Ej.
For this, we took several initial values I; = (10,80, 10), I = (50,80,50), I3 = (50,150, 5)
and I, = (10,150,60). We observe that all the solution converges to the equilibrium Ej
but not to E5 because of its unstable nature at these parametric values (the eigenvalues of
variational matrix corresponding to E} are —91.9559, —0.519, —0.0109 (all negative) and
Ej are —18.2271,—0.5197,0.0099 (not all negative). The equilibrium points, Fy, E7, and
E, also exists but are not stable (c.f. Fig. 4.7). From this analysis it is clear that even
though many equilibrium point exists for given set of parameter values only E7 is acting
as a point attractor. Simulation results are compatible with the analysis done in previous

section.

4.6.1.2 Persistence and extinction dynamics

We also perform the simulation experiments and demonstrated the global stability of the
model system (4.2.1) about three equilibrium point F;, Es and E*. There is a cod-free
equilibrium point £, which is most undesirable as the juvenile and adult cod population
both are absent. By numerical simulation, we observe that with the parameter values
given in Table 4.4 and with initial condition as [10,8,60], Atlantic cod (juvenile and adult)
population extincts (see Fig. 4.8(a)). While if we just slightly vary r; from 0.49 to 0.6, we
see that cod population persists (see Fig. 4.8(b)). Now, taking the same parameters, while
increasing the cannibalism rate from 0.9 to 1.1 can again lead juvenile cod to extinction.
We illustrated this numerically (see Fig. 4.8(c)). Now, taking the same initial population
and parameters as in Table 4.4, while increasing the culling/harvesting rate hy from 0.4 to
1.22, the grey seal extincts (see Fig.4.8(d)) permanently providing cod a better place to

survive.

From this section, we conclude that increasing the value of r; beyond a threshold value
cod population will persistence forever. Therefore, for saving the cod population from
completely getting extinct it is suggested to increase the parameter ri, by artificial and
captive breeding. On the other hand, it is also noteworthy that harvesting grey seal (hs)
above a threshold value can be a measure to control the rapid decline of cod population

and thus preserving remnant population in Gulf of St. Lawrence.
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Table 4.4: Parameter values used for simulating model .

Parameters values  range references

T 0.49 0.24-0.50 *

T9 1.2 1.1-2.1 ok

hy 12 0.1 —5.479 Chouinard et al. (2000)
ho 0.4 assumed

K, 1000 assumed

K, 100 assumed

3 9 0-1

w1 0.9 assumed

Wy 0.25 < wq

ws 1.1 0.8-1.2 Cook and Trijoulet (2016)
Wy 0.95 < ws

0 25 assumed

p 0.00039 adult age 7Tyear Chouinard et al. (2000)

* - (https://www.sararegistry.gc.ca/virtualsara/ files/cosewic/ sr
_Atlantic%20C0d_0810_el.pdf)

x x — (https : / Jwww.dfo — mpo.gc.ca/species — especes/profiles
— profils/greyseal — phoquesgris — eng.html)

4.6.1.3 Effect of initial condition on persistence

In this section, we used two different initial condition to illustrate the fact that a threshold
number of adult cod are required to main its population forever. Taking parameters as
in Table 4.4 and initial conditions as (i) [10, 150, 60] and (ii) [10, 8, 60]. We see that
with former initial condition cod population persists, while with later initial condition cod

population extincts (see Fig. 4.9).

4.6.2 With Allee Effect

We simulated our model (4.2.8) with same parameter as given in Table 4.4 and then com-
pared our result with simulation of model (4.2.1). Although most of the researcher believes
Allee effect creates a threshold density below which a population cannot survive making
species more extinction prone (Zu and Mimura (2010)). However, our finding shows that
an Allee effect greatly increased the cod population. In Fig. 4.8(a) we observe that, in
absence of the Allee effect the cod population tends to extinction. However, with the same
set of parameters but under the influence of strong Allee effect (c.f. Fig. 4.10) cod species
comes into picture. The tabular comparison have been summarised in Table. 4.5. Param-
eter values are taken as given in Table 4.4 and for Allee parameter [ is set to § = 0.9.
Above simulation agrees with Veprauskas and Cushing (2017). They showed that under

strong Allee effect a cannibalistic population can survive when a non-cannibalistic popu-
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lation cannot.

Table 4.5: Comparison with/without Allee effect

Without Allee effect With Allee effect

J =0 ~ 0.479
A =0 ~ 1000
G =~ 66.6 ~ 68.15

120

Juvenile cod population
Adult cod population

100 T — — — Grey seal population i

80 7

60 [

40 7

20

o 20 40 60 80 100 120 140 160 180 200

Figure 4.6: Time series solution of system (4.2.1) taking parameters given in Table 4.4 and
with initial conditions [10, 8, 60].

4.7 Discussions and conclusion

The demand for safeguarding biodiversity and conserving nature has blown up majorly,
as different species serve nature differently. The Atlantic cod population contributes to
our understanding of extinction in a technologically evolving world. In designing the
conservation policy of an endangered species, a depth study of the food hierarchy model
of that particular species is essential. This research has lodged and inspected a food-chain
model comprised of juvenile cod, adult cod, and grey seal populations. The system without
the Allee effect has four equilibrium points. All the equilibrium states are determined and
analyzed for their local stabilities. Computational and theoretical analysis results manifest

that the model demonstrates rich dynamics. We calculated the value of the reproduction



155

60 —

E‘.lé//f_\l IE
+ |
50 — |
*
+E3
40 —:PEl
M 30 —
=05 A L___%_E__
10 — *p. o |
- 20(
E 150
o :-—-—D_____
0 — 100
IO‘ 7——.______
20 a0 A —— 50
40 50 o A

Figure 4.7: Dynamical behaviour of the solution of system (4.2.1) taking different initial con-
ditions.

number for our proposed food chain model. It is found that cod survival is possible even
when J;/™ < 1. We have also studied and numerically simulated the Optimal Control

model.

From our study, it is clear that cannibalism and grey seals are a significant threat to
Atlantic cod. Hence, the presence of controlled harvesting and captive reproduction can
prevent cod from extinction. Moreover, the ideal possibility for survival of cod species is
when the harvesting rate of the grey seal is more significant than its intrinsic growth rate.
Hence, our study can open a new window of study in the future. Depth examination of
the model demonstrates that the Atlantic cod population will never vanish unless excessive
external harvesting factor. The presence of a strong Allee effect is added to the model to
detect the possibility of population extinction due to it. Our extended models are based
on biological observation and previously published work. Most of the studies reported that
Allee effects make the species extinction prone. However, our investigation suggests that
the Allee effect among the cod population may benefit its long-term survival because of

its cannibalistic nature.

The overall objective should be to reduce the impacts of grey seals on the threatened cod
population and not on the seal’s density. The key point of this study is to provide feedback
on the response of Allee to cod persistence, thereby providing long-term justification for cod
persistence. A plan of action intended towards preventing the introduction and displace-
ment of grey seals in the area resided by Atlantic cod must be implemented. Educating

the public on cod extinction issues, assessing cod population densities and distribution,
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Figure 4.8: (a) Extinction of cod for 7 = 0.49, (b) Persistance of cod for r; = 0.6, (¢) Extinction
of Juvenile at w; = 1.1, and (d) Extinction of greay seal at hy = 1.22. Other parameter are same

as given in Table 4.4

and developing alternatives trap to control grey seals can be other measures to save cod
in St. Lawrence. However, further work should be encouraged to study cannibalism with

the Allee effect exhibited by cod populations.

Some other control measures that can be used to preserve cod population and to promote

recovery of native wildlife species under threat include (i) artificial breeding, (ii) habitat

restoration, (iii) harvesting grey seals, (iv) separating adult and juvenile cod.
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Figure 4.10: Time series solution for the
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Parameters are given Table 4.4
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Chapter 5
RESULTS AND CONCLUSION

“ The study of origins is the art of drawing sufficient

. . . . Wy
conclusions from insufficient evidence.
-Allan Sandage
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According to a study for the U.N., the continued loss of species could cost the world 18
percent of global economic output by 2050. Already, a number of industries have been
economically impacted by species loss. Example like- the collapse of bee populations
has hurt many in the $50 billion-a-year global honey industry. A 2019 United Nations
study found that agriculture has suffered as a result of the rising extinction rate. 20% of
the earth’s vegetated surface has lost productivity since the year 2000. Interdisciplinary
participation is crucial due to the biological sciences’ complexity and the ongoing strength
of mathematics. Mathematicians now have access to an intriguing new world of difficult
problems thanks to the mathematical biology research that has been conducted over the
past several decades. Therefore, this research has merit and, in a mathematical sense, will
be a pioneering effort for some species. Each chapter has its own course of discussion, where

each chapter’s results have put into context. Here, we combine all those results.

For mathematical convenience and tractability of the model, several assumptions are made.
To better understand how non-linearity, complexity interact in spatially extended eco-
epidemiological systems, environmental fluctuation and various biological interactions (like
Allee effect, cannibalism) effects the dynamics of a population, we have conducted this
study. Five chapters make up the thesis. The significance of species variety has been cov-
ered in Chapter 1, along with the definition of mathematical terminologies and the many
mathematical techniques employed. Chapter 2-4 considers different species in danger of
extinction. In Chapter 2, we took into account quokka species, a vulnerable macropodid
marsupial notably as a result of the introduction of the European red fox, experienced a
catastrophic fall in the 1930s. While in Chapter 3, we discussed how chytridiomycosis,
an infectious illness caused by an aquatic fungus infection, kills amphibians. Lastly, we
examined how cannibalism, overfishing, and grey seal predation are all contributing fac-
tors to the atlantic cod population’s rapid decline in Chapter 4. All the three models are
analyzed using different tools of dynamical system theory, namely, Routh-Hurwitz crite-
ria, next-generation operator theory, geometric approach for global stability, persistence
analysis etc. We have studied the reaction-diffusion model in two dimensional case and
investigated its stability conditions. It has been shown that the instability observed in
the model systems is diffusion-driven. The expression for critical wave number has been
obtained. In reaction diffusion systems, two basic types of symmetry-breaking bifurcations
are responsible for emergence of spatiotemporal patterns (i) Hopf bifurcation that breaks
the temporal symmetry and give rise to oscillations that are uniform in space and periodic
in time, (ii) Turing bifurcation that breaks spatial symmetry, leading to the formation of
patterns that are stationary in time and oscillatory in space. Predator free threshold (%),
are calculated for each model. It is observed that in all the systems, the predator-free

equilibrium is locally asymptotically stable if J; is less than unity. We have formulated
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spatial models with different transmission rate such as mass action and asymptotic type.
Functional responses are also selected in accordance with the field observation. Type II
responses are typical of specialist predator. Interaction between By and Zooplankton show
a Type II functional response in frog extinction model. Type III response is associated
with predator switching by generalist consumer. Thus, we have used Holling Type III func-
tional response to model Quokka-Fox-Dingo dynamics. The spatio-temporal patterns were
obtained by computer simulation driven by forces of diffusion. The following summarises

the study’s main findings and contributions:

Although the system dynamics approach is a powerful tool for representing and under-
standing changing behaviours over time, it is insufficient for representing spatial processes.
Modelling tri-tropic food chain for an endangered species “Quokka”, by performing vari-
ous analytic and numeric methodologies we concluded that deduction of an apex predator
leads to ‘release’ of mesopredators, which are otherwise suppressed (competition, direct
killing, fear-induced behavioural changes) by the larger predator. Even if both predators
target the same prey, the total intensity of predation is reduced in the presence of the
apex predator. We have extended to a spatio-temporal food chain model for this situation
that includes one specialist predator and one generalist predator in Chapter 2, we perform
extensive numerical simulations of spatially extended model in two dimensional space. All
our numerical simulations employ non-zero initial conditions and zero-flux boundary con-
ditions with a system size of 200 x 200. Simulations suggest that a stable predator-prey
food chain model may be obtained by using an alternative prey source for the apex preda-
tor population. As suggested by Glen et al. (2007), our study also demonstrates the same
that dingoes may spread more fragile prey species if they can keep fox populations in
check. According to our research, the quokka population won’t go extinct unless external

variables that contribute to harvesting have become too greater.

Management decisions require an improved understanding of the drivers and processes
that influence ecosystem services. Our study contributes to the evolution of terrestrial as
well as marine ecosystem models. Activity occurs in the marine environment either as a
result of organism’s sensitivity to the turbulent water flows, their capacity for self-motion,
or a combination of the two mechanisms. In accordance with this, we take into account
an idealised reaction-diffusion system while studying about the species, like, amphibians
(Chapter 3). From amphibians model, we concluded that increasing zooplankton diffusion
can reduce the density of infectious frogs, according to a numerical simulation of the
response diffusion model. It is also fascinating to note that over time, the entire population
tends to group together. These analysis support the hypothesis that Batrachochytrium

would provide a reduced threat to amphibians in zooplankton-rich settings.
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Further, every year, gigatonnes of carbon are released into the atmosphere by human
activity. Increasing global temperatures, altered regional weather patterns, rising sea levels,
ocean acidification, increased nutrient loads, and altered ocean circulation are only a few of
the direct effects of cumulative post-industrial emissions. These and other physical effects
are having an impact on ecosystem services, human food security, and marine biological
processes ranging from genes to ecosystems and over scales from rock pools to ocean basins.
For studying and analysing the dynamics of marine life as influenced by environmental
factors, stochastic ecology model are used. We developed a stochastic model in Chapters 3
and 4, examined the existence and uniqueness of the solution, and numerically assessed the
dynamics using the Euler-Maruyama method. From Chapter 3 stochastic simulations we
get that as the harvesting rate of zooplankton (hs) increasing, the frog population reduces

with the threat of extinction.

There are still many other evolutionary questions that can be addressed. Finally, it is
important that we maintain the creativity needed to continue to take advantage of tech-
nological advances and integrate advances in other fields if we are devoted to reach at the

highly optimized research in the field of spatial eco-epidemiology.

5.1 Limitation and future extensions

A good model needs to be both sophisticated enough to reflect a system authentically and
basic enough to be mathematically solvable. Simplicity frequently comes at the expense
of realism, and the Lotka-Volterra model suffers from this as a result of its dependence on
unreasonable presumptions. For instance, prey populations are constrained by food avail-

ability as well as predation, and no predator can consume an endless supply of prey.

According to Jorgensen (2008), the many ecological models that are now available can be
divided into the following categories: Bio-geo-chemical and bio-energetic dynamic models,
static models, population dynamics models, population dynamics models, structural dy-
namic models, Fuzzy models, artificial neural networks, individual based models, spatial
models, ecotoxicological models, stochastic models and hybrid models. Talking about this
work, it uses a variety of mathematical techniques to analyse the dynamics of diverse,
consequently, distinctive environmental situations, endangered species. And, population
dynamics models and bio-geo-chemical, bio-energetic models that comes with short com-
ings, like, it considers static population, thus not giving any clue about ecological reactions;
flaws in parameter estimation; an improper portrayal of the true attributes of ecosystems
due to lack of available data and ignorance of the significant randomness, hence this type

of modelling is insufficient for the formulation of chosen species and its behaviour. Conse-
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quently, investigating upon spatial distribution of the state variables while forming spacial
patterns of species allocation, also, considering randomness of forcing processes in popu-

lation dynamic models are the primary goals of this thesis.

As the right ecological model must be chosen based on the type of dataset that is available
and the nature of the problem that needs to be solved, that’s why, it is plausible that a

number of limitations might have influenced the results obtained. For instance:

e In Chapter 2, quokkas are also found to be susceptible to infection like: Toxoplasma
parasites (Gibb et al. (1966)), and Salmonella bacteria (Iveson and Hart (1983); Hart

et al. (1986)), which haven’t been considered in formulating the model.

e In Chapter 3, other multiple causes for the global decline of amphibians includes,
habitat destruction, pollution, increases in ultraviolet light due to ozone depletion,

invasive species and other issues which have not been considered individually.

e Model described in chapter 4 also suffers from certain limitations. It does not show
the effect of diseases such as Vibriosis, Viral hemorrhagic septicemia virus, Infectious
pancreatic necrosis virus, etc., which may also be a significant cause of death in
cod populations (Samuelsen et al. (2006)). Additionally, our model doesn’t include
seasonal effects on cod demography (Castonguay et al. (1999); Hermansen and Dreyer
(2010)). In the interest to relate dynamical models to reality, more mathematical
complications are needed to be implemented. The spatial effect is also not included
while the formulation. Some recent papers investigated complex dynamics in the
reaction-diffusion model with strong Allee effect (Petrovskii et al. (2002)). Our future
work will be intended to address this issue. It can assist us in understanding the
spatial spread of cod population more accurately when the population migrates from

one location to another randomly.

Over and above these, spacial models and stochastic models both have their own limita-
tions for the evaluation of the dynamics. Given that spatial relationships are frequently
extremely complicated, it takes an extensive knowledge to compute them using numerical
method over the residing land. And, in stochastic models we generally use normal distri-
bution of enduring dataset, this is due to our limited understanding of the precise values of
the enforcing functions. Also, they require much computer time and are really complex. In
a stochastic model, the cause and effect relationship are chosen randomly or stochastically.
As a result, stochastic systems are typically not solved analytically, making it challenging

to develop an intuitive perspective in a number of situations.

Also, the population dynamics are affected by various environmental parameters, like-

temperature, fertility season, etc., which are ignored and the mean values of environmental
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elements (such as- growth rate, predation rate and many more) are considered. In many
biological systems, seasonality is a common environmental trait caused by cyclical climate
conditions. The seasonality which is vastly underappreciated and includes not only the
temperature but, rainfall, wind, human activity, etc., should be incorporated in the type

of models we choose.

In recent years, it has become clear that a large number of biological, medical, and other
processes—both natural and artificial—involve temporal delays. To disregard time delays
is to deny reality because they happen so frequently and in practically every circumstance.
According to Kuang (1993), any model of species dynamics without delays is at best an
approximation because animals must wait for a period of time after eating before engaging
in other activities and responding to stimuli. In many biological dynamical systems, time
delay is crucial. This is especially true in ecology, where time delays have been shown
to have a significant effect in determining whether prey densities as a result of predation
are stable or unstable (Nindjin et al. (2006)). Now there is no question that a better
analysis must take into consideration the influence of time-delay caused by the time needed
to transition from the egg stage to the adult stage, gestation period, and other factors.
In epidemiology, the delayed model is more accurate since it considers the lag between
a factor’s release, absorption, and effect (Jackson and Chen-Charpentier (2017)). The
classic volumes by MacDonald (2013), Gopalsamy (2013), and Kuang (1993) contain in-

depth justifications for the necessity and value of time delays in realistic models.

Our results are encouraging and should be validated by a larger sample size. We propose

that further research should be undertaken in the stated areas.
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Appendix

1

P2

P3

(Hp, + Hp,)(Hp, + Hpy)(Hp, + Hp,)(Hp, + Hz)(Hp, + Hz)(Hp, + Hz)(Hp,

+Hp, )(Hp, + Heg)(Hp, + Hrg)(Hp, + Hz)(Hp, + Hz)(Hpg + Hy)

—2A\Hp,Hp, HpgHyz(Hp, + Hp, + Hps + Hz) + (Hp, + Hr, + Hpg + Hy)®
(bauHp,Hp, Hpy + by Hp,Hp, Hy + bssHp,Hr Hy + b1 Hp, Hp Hy)

+(Hp,Hp,Hpy + Hp, Hp Hy + Hp,(Hp, + Hp, )Hz)(2(byoHp,Hp, + byuHp,HF,
+b3sHp, Hpg + buaHp,Hp, + b1 Hp, Hpg + baaHp, Hpy + (boo(Hp, + Hp,)

+b33(Hp, + Hpy) + bii(Hp, + Hpy))Hz) + (—Hp, — Hp, — Hpy — Hy)

(baa(Hp, + Hp, + Hpy) + byo(Hp, + Hp, + Hz) + bss(Hp, + Hpg + Hyz)

+b11(HF1 + Hp, + HZ)) + Al(HFSHZ + Hp, (HFS + HZ) + HBd(HFI + Hp, + HZ)))
—(Hp, + Hp, + Hpy, + Hz)(booHp,HF, + buaHp,Hp, + bssHp,Hp, + biaHp, Hp,
+bi1Hp, Hpy + byyHp, Hpy + (ba2(Hp, + Hp,) + bss(Hp, + Hr,)

+on(Hp, + Heg))Hz)(HpgHy + Hp,(Hpg + Hyz) + Hp,(Hp, + Hpg + Hyz))
—~AiHp,Hp Hp,Hy + (Hp, + Hp, + Hpy + Hz) (2A1b44Hp, Hp, Hp,
+2A:(beoHp, Hp, Hy + bssHp, Hp Hy +bi1Hp, HpgHy) + (HpgHyz + Hp,(Hpy + Hy)
+Hp,(Hp, + Hpy + Hz))(bs3baa Hp, — biabyn Hp, + b11baa Hp, + b11bss Hpy — bi4ba Hpg
+b11b4a Hpg + bsgbasHpy + bi1bssHy — basbso(Hp, + Hz) + bao(bas(Hp, + Hr,)
+bss(Hp, + Z) + b1 (Hp, + HZ)))) — (HBd + Hp, + Hpy + HZ)2(522544HBdHFI
—b33bas Hp, Hpg + biabs Hp, Hpg — b11bas Hp, Hpg + basbso Hp, H 7 — baobss Hp, Hy
—by1boeHp, Hy — bllbggHFSHZ) + (HBdHFIHFS + Hp,HpyHz + Hp,(Hp, + Hp,)Hy)
(A2(Hp, + Hp, + Hpy + Hz) — Ay(baa(Hp, + Hr, + Hpy) + boo(Hp, + Hr, + Hy)
+bs3(Hp, + Hpg + Hz) + by (Hp, + Hpg + Z)) — 2(bssbaaHp, — biabyy Hpy + b11bas H,
+b11b33Hpy — b1abss Hpg + b11baa Hpg + bssbas Hpy + b11bss Hy — basbsa(Hp, + Hz)
+bo2(bas(Hp, + Hp,) + bss(Hp, + Hz) + b1 (Hp, + HZ))) — (byoHp,Hp, + byyHp, Hp,
+bssHp, Hpy + bauHp,Hp, + b11Hp, Hpy + bisHp, Hp, + (bo(Hp, + Hp,)

+bs3(Hp, + Hpg) + bi(Hp, + HFS))HZ)2 + (bQZHBdHFI + by Hp,Hp, + b3sHp, Hp,
+byuHp,Hpy + bi1Hp, Hpy + baaHp, Hpy + (boo(Hp, + Hp,) + bss(Hp, + Hp,)
+bi1(Hp, + Hpg))Hz) (Hp, + Hr, + Hpy + Hz)(baa(Hp, + Hp, + Hp,)

+bog(Hp, + Hp, + Hz) 4 bss(Hp, + Hpy + Hyz) + by (Hp, + Hpy + Hyz))
—A(HpgHyz + Hp,(Hpy + Hz) + Hp,(Hp, + Hpg + Hz)))
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P4 = A%<b44HBdHFIHFS + by Hp,Hr, Hy + bssHp,Hp Hy + b11Hp, Hp Hy)
—24 (HBd + Hp, + Hpy + Z) (HBdHFI<b22b44 — b3sbas) + Hp, Hpy (b14bsy — b11bas)
+Hp,Hyz(bagbsy — baobss) — bi1boe Hp, Hy — bllb33HFsHZ) — (Hp, + Hp, + Hpy + Hy)?
(basHp, (basbsa + baobss) — baa Hp, (brabay + bi1bas) — bsgHpy (b1abar + b11baa)
—b11H 7(bagbsa + 522533)) + (Hp,Hp,Hpy + Hp,HpgHy + Hp,(Hp, + Hpg)Hyz)
(A1A2 — 2A3) — (Hp,Hp,(boa + bas) + Hp,Hp, (bsg + bas) + Hp, Hpy (b11 + baa)
+(b2(Hp, + Hp,) + bss(Hp, + Hrg) + b (Hp, + Hrg))Hy)
(A2(HBd +Hp, + Hpy + Hz) + Ay (bas(Hp, + Hp, + Hpy) + bao(Hp, + Hp, + Hz)
+b33(Hp, + Hpg + Hz) + b (Hp, + Hps + Hyz))
+As(Hp, + Hp, + Hry + Hy)(HpgHz + Hp,(Hpy + Hz) + Hp,(Hr, + Hry + Hz)))
+(bssbaa Hp, — b1absn Hp, + bi1bsaHp, + b11bss Hpy — b1abyn Hpg + b11bsa Hpy + bssbas H g
+b11b33Hy — basbse(Hp, + Hyz) + bao(baa(Hp, + Hr,) + bss(Hp, + Hz)
+b1(Hp, + Hy)))(2+ (—Hp, — Hp, — Hpy — Hyz)(bas(Hp, + Hp, + Hp,)
+boo(Hp, + Hp, + Hz) + bs3(Hp, + Hpg + Hy)
+on(Hp, + Hpg + Hz)) + Av(HpHz + Hp (Hpg + Hz) + Hp,(Hp, + Hpg + HZ)))

pPs = —A% (b44HBd(b22HFI + b33 Hpy) + 011 Hz(bsoHp, + bssHp,) — Hp, Hpg(b14bar — b11b44)
—Hp,Hz(byzbss — 5221733)) —2A,(Hp, + Hp, + Hpg + HZ)(b44HBd(b23b32 + bagbss)
—boo Hp, (biabar + bi1bas) — b3z Hpg (biaba1 + bi1bas) — bin Hz(bagbss + baobss))
—Ay(Hp, + Hp, + Hp, + HZ)2 — A1 As(((bog + baa) Hp, + (bss + baa)Hpy ) Hp,
+Hp, Hpy (b1 + bag) + (bao(Hp, + Hp,) + bss(Hp, + Hpy) + bi1(Hp, + Hp,))Hz)
+2A3((bog + bya)Hp, Hp, + (bsz + baa) Hp,Hpg + (b11 + bas) Hp, Hpg
+(b22(Hp, + Hp,) + bss(Hp, + Hpg) + b1 (Hr, + Hpy))Hz)
—As(Hp, + Hp, + Hpy + Hy)(baua(Hp, + Hp, + Hpy) + boo(Hp, + Hp, + Hy)
+bs3(Hp, + Hps + Z) + biy(Hp, + Hpy + Hz)) + A1As(Hp Hy + Hp,(Hpy + Hyz)
+Hp,(Hr, + Hpg + Hz)) — (bssbaaHp, — b1absy Hp, + b11baa Hp, + bi1bss Hpg
—b14ba1 Hpg + b11baa Hpy + b33biaHpg + b11bss Hy — basbsa(Hp, + Hyz)
+b92(baa(Hp, + Hp,) + bss(Hp, + Hz) + b1 (Hp, + Hz)))
(A2(HBd +Hp, +Hpy + Hz) — Ay (biu(Hp, + Hp, + Hpy) + boo(Hp, + Hr, + Hy)
+b33(Hp, + Hpg + Hz) + b1 (Hp, + Hpg + Hyz)) — (bssbaaHp, — biabass Hp,
+011baa Hp, + b11033 Hpg — biabai Hpg + b110sa Hpg + b3gbaa Hpg + b11b33 H
—bysbao(Hp, + Hz) + byo(bas(Hp, + Hp,) + bss(Hp, + Hz) + b1 (Hp, + HZ)))),
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AsAs(Hp, + Hr, + Hpg + Hz) + bagHp, (b22bss — ba3bsa)

+bo2 Hpy (b11b4g — b1aba1) + b3z Hpg (b11bag — b1abar) + b1y Hz(baobss — bosbsa)
—A1A3(byy(Hp, + Hp, + Hpy) + boo(Hp, + Hp, + Hy) + bss(Hp, + Hp, + Hz)
+b11(Hp, + Hpg + Hz)) + A1 As(bssbaaHp, — biabsi Hp, + b11baaHp, + bi1bss Hy
—b1absn Hpy + b11bsaHpg + bssbas Hpy + b11bss Hy — basbsa(Hp, + Hyz)
+boo(bas(Hp, + Hp,) + bss(Hp, + Hyz) + b1 (Hp, + Hz)))

—2A3(b33baa(Hp, + Hpg) — b1absy (Hp, + Hpg) + bi1bau(Hp, + Hrg)

+b11033(Hpg + Hz) — bagbsa(Hp, + Hz) + baa(bas(Hp, + Hp,) + bss(Hp, + Hy)
+b11(Hr, + Hz))).
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