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Abstract

Regression analysis is statistical model that is concerned with describing and eval-
uating the relationship between a given variable known as dependent variable and

one more other variable known as independent variable.

The present thesis entitled “Regression Analysis and Indicator Variables”.
This exposition comprises four chapters and each chapter is divided into various sub-

sections.

Chapter 1 includes introduction about Bivariate distribution. The main focus is
on knowing the nature and relationship between two these variables. In this chap-
ter there are two techniques used for this, one is correlation analysis and other is

regression analysis.

In Chapter 2, simple linear regression is discussed. The main focus in this chapter
is on least squares-fit to estimate the model parameters. This chapters includes
definition of simple linear regression, examples, properties of least squares estima-
tors and the fitted regression model, estimation of o2, hypothesis testing on model
parameters, use of t-tests, testing significance of regression, analysis of variance and

coefficient of determination.

In Chapter 3, we have discussed multiple linear regression. In this chapter, we have
done least squares-estimation of model parameters as described in Chapter 2. This
chapters includes basic definition of multiple linear regression, examples, properties
of least-square estimators, estimation of o2, testing significance of regression, test on
individual regression coefficients and coefficient of determination- R? and adjusted
R

Chapter 4 contains introduction about indicator variables. This chapter includes
example of indicator variable, an indicator variable with more than two levels, more

than one indicator variable.
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Chapter 1

Introduction

Consider (X,Y’) where X exhibits one variable and Y exhibits second variable. If
we take sample of size n, then it may look like (z1, 1), (z2,%2), ..., (Tn,yn). X and
Y are two members of the population. A population or distribution exhibiting two
variables jointly is called Bivariate distribution. For example, X represents the age
of bride and Y represents the age of bridegroom. Then the distribution of age of

bride and bridegroom jointly will be bivariate distribution.

We are interested to know the nature and strength of relationship between the

two variables X and Y. It is done with the help of two statistical techniques:

1. Correlation Analysis

2. Regression Analysis

1.1 Correlation Analysis

Correlation analysis is concerned with measuring the strength of linear relationship
between two variables and we measure it through the correlation coefficient. One
is interested in the degree of correlation between two variables. Correlation tells us

about the linear relationship between two variables.

When an increase (or decrease) in one variable results in increase (or decrease)

in other variable then the correlation is said to be positive correlation. If an increase



in one variable leads to the decrease in other variable or vice-versa, the correlation
is said to be negative. If an increase or decrease in one variable results in no change
in other variable, then there is zero correlation.

The correlation between two variables X and Y is measured by Karl Pearson

Correlation coefficient or simply correlation coefficient, denoted by r, is defined as
Cov(X,Y)
VVar(X)y/Var(Y)
1
where Cov(X,Y) = oxy Zlﬁ Z(% —Z)(yi — ¥)
Var(X) = of =— > (wi—x)

Var(y) = ob == 3 (5~ 9"

So correlation coefficient » becomes

2w = T)(4i — )

B S o el s e

1.1.1 Properties of correlation coefficient

1. Correlation Coefficient always between -1 and 1ie., —1 <r < 1.

2. correlation coefficient between X and Y is independent of change of origin and

scale.

3. If two variables X and Y are independent, coefficient of correlation between

them will be zero.

4. Coefficient of correlation measures only linear correlation between X and Y.



1.2 Regression Analysis

Regression analysis is used to know the nature of the relationship between two vari-
ables, that is, probable form of mathematical relation between X and Y. Regression
is also used to predict or estimate the nature of one variable (dependent variable)
corresponding to a given value of another variable(independent variable) i.e., to

estimate X when Y is given as y; Or to estimate Y when X is given as z;.

In scatter diagrams, quite often, it is seen that there is a tendency for the point
(x,y) to cluster around some curve, called the curve of regression. If the curve is
straight line, it is called line of regression and it tells there is a linear regression

among variables.



Chapter 2

Simple linear regression

A model that involves a single regressor variable  which has a relationship with a

response y that is a straight line is simple linear regression model. The model is
y=Ppo+ Pixr+e (2.0.1)

where the intercept [y and slope f; are unknown constants and e is random error
disturbance or error. It is assumed that errors have mean zero and unknown variance
o?. Additionally we also assume that the errors are uncorrelated. That is the value

of one error is independent of the value of another error.

It is important to view the regressor x as measured with negligible error and
controlled by the data analyst, while the response y is a random variable. This
means that there will be a probability distribution for y at each value for . The

mean of this distribution is
E(y|z) = By + Bix (2.0.2)

and the variance is

Var(y|z) = Var(By + Bix + ) = o (2.0.3)

Hence, the mean of y is approximately a linear function of x although the variance
of y is independent of the value of z. Furthermore the responses are uncorrelated

because the errors are also uncorrelated.



The parameters 3y and ; are usually known as model regression coefficients. These
coefficients have useful and simple interpretation. The slope 8; may be interpreted
as the change in the mean of the distribution of y for unit change in x. The intercept
Bo is the predicted value of mean of the distribution of response y when z = 0. 3,

has no practical interpretation if the range of x does not include zero.

2.1 Least Squares Estimation of Parameters

The parameters fy and (7 which are unknown coefficients must be estimated with
the help of sample data. Let us assume that we have n pairs of data say (v;, z;), i =
1,2...,n. These data may result either from an observational study, or from a con-
trolled experiment designed specially to collect the data, or from existing historical
records.

We estimate [y and ; using the popular least squares method, that gives the
line which minimizes the sum of the squares of the differences between the straight

line and the observations y;. From equation (2.0.1) we have
Yi=Po+ Priri+e; i=1,2,3.....n (2.1.1)

Equation (2.0.1) can be viewed as a population regression model while equation
(2.1.1) is a sample regression model, which is written in terms of the n pairs of data

(y1, 1), (Y2, x2), ...(Yn, T,). Hence, least squares criterion is

S(Bo, B1) = > _(yi — Bo — Bri)? (2.1.2)
i1

The estimators 3y and [, say Bo and ﬁl, must satisfy

os
dPo

= —2 Z(yl - BO - 31371) =0
i=1

Bo,f1



and

os
o

= Z — fo = Br;)(x;) =0

Bo, b1

Simplifying these equations:-

nﬁo + Bl Z T, = Z Yi
; i=1
ﬁozl’ﬁ‘ﬁl Z( ) = Zyil’i
i=1 i=1

Above equations are called the least-squares normal equations.

The solution to the normal equations is

Z Yi — 61 Z Z;
B — =1 =1
0 n
5 a 7 €T
b= Y 2-aY =

n -
=1 =1
50 = — B (2.1.3)

and

512%2 = Zyixi_BOZIi
i=1 j

612%2 = Zyixi_ = nl:l +B1Z%Z$z
n 2 n n n
(Zx __(Z )) = Zyzxz_%zyzzxz

=1



B = = (2.1.4)

n
where ¥ = % > xiand y = % > y; are the averages of z; and y; respectively. Hence

i=1 i=1
the estimators fy and f; in equation (2.1.3) and (2.1.4) are known as the least-
squares estimators of the intercept By and slope (1, respectively. The fitted simple

linear regression model is then

Above equation gives a point estimate of the mean of y for a particular x.

Since the the numerator of equation(2.1.4) is the corrected sum of cross products
of the x; and y; and the denominator is the corrected sum of squares of the x;, we

can write these quantities in a more compact notation as

n
=1
n > T
Sxy = Zyz [1’1 ~ = :|
=1 n
Sey = D vilzi — 7)
=1

Also



Hence a convenient way to write equation (2.1.4) is

The difference between the observed value and the corresponding fitted value,
that is y; and g; respectively is known as a residual. Mathematically the 4;, residual

is given by
e;=yi— Ui =y — o+ b)), i=12,..n

Residuals plays a vital role in detecting departures from the underlying assumptions

and also in investigating the fitted regression model’s adequacy.

2.2 Alternate form of model parameters

We know that

>
gfz
<

i=1 =1
= - Yili — == Yili — Y
n n n n
i=1 i=1
= Cou(z,y)

A Cov(x,y
g = Gy
Ox
B Cov(z,y) o,
N 0.0y Oy



1 = T
0y
S Cov(z,y)
a 0.0y
Bo = y—piT
n o
fo = y—r—z
Oy

So equation of the regression equation of ¥ on  becomes

y = fo+pir=7— AT+ bz
A o
= y7+ﬁ1(:c—i):§+ra—y(x—i')
Uy ¢

y—9y = Tg—x(x—ff)

This equation used to estimate the value of y when x is given.

Similarly

used to predict x when y is given.

Hence there are two regression lines y on  and = on y.

2.3 Example

A rocket motor is manufactured by an igniter propellant and a sustainer propellent
together inside a metal housing. The shear strength is related to the age in weeks
of the batch of sustainer propellent. Twenty observations on shear strength and the

age of corresponding batch of propellent have been collected and are shown in table.



Table 2.1: Data for Example 2.3
Observation Shear Strength(psi) Age of Propellant(weeks)

1 2158.70 15.50
2 1678.15 23.75
3 2316.00 8.00
4 2061.30 17.00
5 2207.50 5.50
6 1708.30 19.00
7 1784.70 24.00
8 2575.00 2.50
9 2357.90 7.50
10 2256.70 11.00
11 2165.20 13.00
12 2399.55 3.75
13 1779.80 25.00
14 2336.75 9.75
15 1765.30 22.00
16 2053.50 18.00
17 2414.40 6.00
18 2200.50 12.50
19 2654.20 2.00
20 1753.70 21.75

To estimate the model parameters, first calculate

n (30 @i)?
- 71,422.56
2 1=1 )
= 2 — — 4677.69 — ————" — 1106.56
5 le n 20
and
n POR DT
i 267.25)(42, 627.15
Sey = ny SE  59s,490.64 - & )(20’ ) 4111265

Therefore we find out that

. Sy —A41,112.65

— — Y 3715
b S, 1106.56
y—

Bz = 2131.3575 — (—37.15)13.3625 = 2627.82

and ﬁo =

10



Given table shows the Data Fitted values, and residuals for above example:

Table 2.2: Data, Fitted value, and Residuals For example(2.3)

Observed Value, y;

Fitted Value, ;

Residual, e;

2158.70
1678.15
2316.00
2061.30
2207.50
1708.30
1784.70
2575.00
2357.90
2256.70
2165.20
2399.55
1779.80
2336.75
1765.30
2053.50
2414.40
2200.50
2654.20
1753.70

2051.94
1745.42
2330.59
1996.21
2423.48
1921.90
1736.14
2534.94
2349.17
2219.13
2144.83
2488.50
1698.98
2265.58
1810.44
1959.06
2404.90
2163.40
2553.52
1829.02

106.76
-67.27
-14.59
65.09
-215.98
-213.60
48.56
40.06
8.73
37.57
20.37
-88.95
80.82
71.17
-45.14
94.44
9.50
37.10
100.68
-75.32

Sy = 42627.15

S g = 4262715 5. e; = 0.00

The least squares fit is

we may intercept the slope -37.15 as the average weekly decrease in propellent shear
strength due to the age of the propellent. Since the lower limit of the x’s is near
the origin, the intercept 2627.82 represents the shear strength in batch of propellent

immediately following manufacture. Table displays the observed values y;, and the

residuals.

11

y = 2627.82 — 37.15x



2.4 Properties of least squares estimators and the

Fitted Regression Model

The least-squares estimators Bl and 3, have many important properties.
Bl and /éo are linear combinations of the observations v;.

For example,

. Sy n
= = CilYi
b 5. 2y
=1
Tr; — T X
where ¢; = ( 5 ) fori=1,2,...n

Sy = Zyl(ﬂcl — ) and S = Z(mz — :JZ*)2
i=1 =1
1. The least-squares estimators 51 and ﬁo are the unbiased estimators of model

parameters 5y and (3, respectively.
ie E(B) = p and E(f) = fo

To Prove: E(f) =

n n

E(f) = E(;Ci?/i):;@f?(%)

= ZQ(ﬁO + lez) = 60 ZCZ‘ + 51 Zcixi
=1 1

~

s
™= L

|
L)

(i

zZ,
Q
=
i ng
S
I
0=|1
— =
8
|
&
[\
|
(@)

.
Il
a

3
G}
|
&I
e

-
I
A

cilrv;—z) = ——=1 and Zcixi =1
i=1

1
G}
|
I
e

ﬁ
Il
N

12



So, E(f1) = fo(0)+ Bi(1)
= EB) = B (2.4.1)

To Prove E(f) = fo

we know that

y = fo+fix+e
S E(y) = Bo+ bz
y = Bo + 5117 +e
Bo+ P = E(Bo) +xE(S)
= E(f) = B

2. The variance of Bl is found as :-

n n

Var(ﬁ}) = VaT(ZQ‘Z/i) :ZC?VC”"(%’)

i=1 i=1

We know that the observations y; are uncorrelated hence the variance of sum
is just the sum of variances. The variance of each term in the sum is ¢2Var(y;)

and we have already assumed that Var(y;) = o2

n
n 02> (x; — 7)?
i=1

Var(fy) = o? Z = &
i=1 wx
2
N o
Var(f)) = 5

The variance of f is :-

~

Var(fy) = Var(y— pi7)
= Va’r’(g) + 532‘/&7’(51) - 2500”(@7 Bl)

13



Now the variance of g is just Var(y) = %2 and the covariance between Bl and
1y is zero.
Therefore

Var(fo) = Var(g) + 2Var(5)

Var(f) = o <1 Lz ) (2.4.2)

n Spe

The least-squares fit have many useful properties:

1. In any regression model, the sum of residuals which contains an intercept [

is always zero, that is,

Z(?Jz — i) = Zei =0
=1 i=1

This property is followed directly from the first normal equation.

2. The sum of the observed values y; equals the sum of the fitted values ¥; or
D=2
i=1 i=1

3. The line of least-squares always passes through (7,z) which is the point of

Intersection.

4. The sum of residuals weighted by the corresponding value of the regressor

variables always equals zero, that is
n

Z €T;€e; = 0
i=1

5. The sum of residuals weighted by the corresponding fitted value always equals

14



zero, that is,
n
Z vie; =0
i=1

6. In case there is a perfect correlation, both the regression lines coincide. That

is there is only one regression line.

y—y = r—(z—2)
Oy
y—9 _ ix—x
oy Oy
and T iy—y
Oy oy

That is both the regression lines reduces to

y-§ _ ,r-3Z
oy o
~ oy _
S y-7 = +2@-a)
Ux
_ Og _
and -2 = +—(y—7)
o

7. 1 is geometric mean of both the regression coefficients.

r =/ Brvybiyx

where [yyx is slope of regression line of ¥y on x and [Sizy is the slope of

regression line of = on y.

8. One of the regression coefficient is greater than unity and then other must be

less than unity:.

Let fiyz > 1 = <1
Pryz
Also < 1 = Byzbioy <1
= fizy < <l=fizy <1

Bryx

15



9. Angle between two regression lines :-

For a bivariate data (z,y) the equations of two regression lines are

y—y = Pyz(z —I) (2.4.3)
and = —Z = [ixy(y — 7) (2.4.4)

Now slope of equation (2.4.3) and equation (2.4.4) is given by

my = Syr and my = Bixy

If 6 is the angle between two regression lines, then

mi—my _ Piyr — By
14+mymo 1+ Byzfiay

oz g
Yy Yy
r4 — %
Ox TOgx

tand =

1++rze2e

Og Og

o.0,(r* —1)
r(o? 4+ O'S)
If r = #41

then tanf = 0
=60 = 0Qorll

In this case, two regression lines either coincides or are parallel to each other

but they are not parallel to each other since they passed through the point
(z,9).

I1
If r=0, tand =00 = 925

If two variables are uncorrelated, then the two regression lines are perpendic-

ular to each other.

16



2.5 Estimation of o2

In addition to estimate 3, and [, an estimate of o2 is also required to construct
interval estimates pertinent to regression model and test hypothesis. Ideally we
would like this estimate not to depend on the adequacy of the fitted model. This is
only possible when there are several observations on y for at least one value of x or
when prior information concerning o? is available. When this approach cannot be

used, the estimate of o2 is obtained from the residuals or error sum of squares,

n

SShes = €7 = (yi — 1)’ (2.5.1)
=1

i=1

A convenient computing formula for SSp.s may be found by substituting 4; = S +
Bla:i into above equation and simplifying, yielding

n

SShes = Z(yz - Bo - glxi>2
i=1

= Z(yl —y+ Blf — 31371')2 = Z[(yz - g) - 51(371 - j)]z

i=1 i=1

SShes = Yy = — BiSuy
=1

n

Y wi—9)? = > yi—ny’ =55
=1

i=1

is just the corrected sum of squares of the response observations, so
SShes = SS7 — 1Sy (2.5.2)

The residuals sum of squares has n — 2 degrees of freedom, because two degrees
of freedom are associated with the estimators 5y and f; involved in obtaining ;.
Unbiased estimator of o2 is

6_2 _ SSRes
n—2

= MShpes (2.5.3)

17



The quantity M Sges is known as the residual mean square. The square root of 62
is sometimes called the standard error of regression, and its units are same as the

response y.

2.6 Example: The Rocket Propellent Data

To estimate o2 for rocket propellant data in example (2.3), first find

n

n 2
SSro= Y yi-ngt =)yl -~
=1 =1

(42,627.15)?

= 02,547,433.45 — = 1,693, 737.60

From equation (2.5.3), the residual sum of squares is

SSRes = SST_Blsxy
= 166,402.65

Hence, the estimate of 02 is computed from equation (2.5.3) as

62 = 55 R“’; — 9244.59

n —

This estimate of o2 is model dependent.

2.7 Hypothesis Testing On 5, and (;

We are mostly interested in testing the hypothesis and constructing the confidence
intervals about the model parameters. Hypothesis testing deals with confidence
intervals. These procedures require that we make an additional assumption that the
model error ¢; are normally distributed. Thus the complete assumptions are that
the errors are normally and independently distributed with mean zero and variance

o2, abbreviated NID(0,0?).

18



2.7.1 Use of t-Tests

Suppose that we want to test the hypothesis that the slope is equal to a constant,
say [10. The appropriate hypothesis are

Hy : 81 = Bio
Hy: B # Bio (2.7.1)

where we have specified a two-sided alternative. Since the errors g; are NID(0, o?),

the observations y; are NID(B3y + fBiz;, 02). since 3, is linear combination of the

. 5 . . . . . 2
observations, so 3, is distributed normally with mean (; and variance ¢—. Hence,
T

the statistic

ZO _ Bl - /310
o2
Sea

is distributed normally with mean zero and variance 1 if the null hypothesis is true.
If 02 was known, we could use Zj to test the hypothesis (2.7.1). Typically o? is
not known. We know that M Sg., is an unbiased estimator of ¢2. By definition of

t-statistic,
B1 — Bio
MSRES
SCB&U

follows a t,,_s distribution if the null hypothesis Hy : £, = (19 is true. The degrees

to = (2.7.2)

of freedom associated with ¢y are the number of degrees of freedom associated with
M Sgres. Hence, the ratio t; is the test statistic used to test Hy : f1 = [19. The test
procedure computes ty and compares the observed value of ¢, from equation(2.7.2)
with the upper § percentage point of the ¢, _» distribution (t% n—2). This procedure
rejects the null hypothesis if

ol 2 s (273)

19



The denominator of the test statistic, o, in Eq(2.7.2) is often called the estimated

standard error, or more simply, the standard error of the slope. That is,

se (5}) - Msifes (2.7.4)

Hence, we mostly see that ¢y is written as

to = b= P (2.7.5)

se(B1)

A similar procedure can be used to test hypothesis about the intercept. To test

Hy : ﬁo = 500
Hy : By # Boo (2.7.6)
We will use the test statistic
30 — oo _ 50 — Boo

to = (2.7.7)

\/MSR53 <% + sxi) se(fo)

where se(8y) = ¢ | M Sges <% + 5—2) is the standard error of the intercept. We reject

the null hypothesis Hy = By = oo if |to| > ta n-2.

2.8 Testing Significance of Regression

A very important special case of the hypothesis in equation(2.7.2) is

ngﬂlz(]
Hy:pi #0

These hypothesis relate to the significance of regression. Failing to reject Hy : 51 = 0

implies that there is no linear relationship between x and y. Note that this may

20



imply either that x is of little value in explaining the variation in y and the best
estimator of y for any z is § = gy or the true relationship between x and y is not
linear. Therefore, failing to reject Hy : 57 = 0 is equivalent to saying that there is

no linear relationship between y and .

Alternatively if Hy : 57 = 0 is rejected, this implies that z is of value in explaining
the variability in y. However rejecting Hy : 1 = 0 could mean either that the
straight line model is adequate or that even though there is a linear effect of x,
better results could be obtained with the addition of higher order polynomial terms

mn x.

The test procedure for Hy : 1 = 0 may be developed from two approaches. The
first approach simply makes use of ¢ statistic in eqn (2.7.4) with 519 = 0; or

~

b
36(31)

0

The hypothesis of significance of regression would be neglected if |tg] > tan—2

2.9 Example: The Rocket Propellent Data

We will test for significance of regression in the rocket propellent regression model
of example (2.3). The estimate of the slope is §; = —37.15 and in example (2.6),
we computed the estimate of 0% to be M Sg.s = 62 = 9244.59. The standard error

of slope is
se(f) = MSifes = 2.89
Hence, the statistic is
to = B{ = —12.85
se(P1)

It we choose a = 0.05, the critical value of t is #2518 = 2.101. Hence, we would

21



reject Hy : B = 0 and conclude that there is a linear relationship between shear

strength and the age of propellent.

2.10 The Analysis of Variance

We may also use an analysis of variance approach to test significance of regression.
The analysis of variance is based on a partitioning of total variability in the response

variable y. To obtain this partitioning, begin with the identity.

Yi —y = (Ui —y) + (i — Ui) (2.10.1)
Squaring both sides of equation(2.10.1) and summing over all n observations pro-
duces

n n

D=9’ => Hi—-9*+ Z(%‘ —4i)* + 2 Z(ﬁi — 9y — i)

i=1 =1

Note that third term on the right- hand side of this expression can be written as
22(?%‘—?)(%—?%) = 22?%(%—.@) —QZQ(%—.@')
i=1 i=1 i=1

= 22@'62‘ - 2?3261'
i=1 i=1

Because we know that sum of residuals is always zero and the sum of residuals

weighted by the corresponding fitted value g; is also zero. Therefore,

n n n

Z(?/z —9)° = Z(ﬁz — )+ Z(Z/z —4:)? (2.10.2)
i=1 i=1 i=1
The left- hand side of above equation is the corrected sum of squares of the observa-
tions, SS7, which measures the total variability in the observations. The two com-
ponents of S measure respectively, the amount of variability in the observations

y; accounted for by the regression line and the residual variation left unexplained by
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n

the regression line. We recognize SSges = > (y; — ¥;)? as the residual or error sum
i=1
n
of squares. It is customary to call SSges = > (U; — yi)2 the regression or model sum
i=1
of squares.

Equation (2.10.2) is the fundamental analysis of variance identity for a regression

model. Symbolically, we usually write
SSr =SSk + SSRes (2.10.3)
We see that the regression sum of squares may be computed as
SSk = b1y (2.10.4)

The degree-of-freedom breakdown is determined as follows. The total sum of squares,
SSt has dfr = n — 1 degrees of freedom because one degree of freedom is lost as a
result of the constraint Zn:(yz — ) on the deviations (y; — 7). The model or regres-
sion sum of squares, S SiR:lhas dfr = 1 degree of freedom because SSg is completely
determined by one parameter, namely, degrees of freedom because two constraints
are imposed on the deviations (y; —7) as a result of estimating 3, and 3,. Note that

the degrees of freedom have additive property:

dfT = de + dees
n—1=1+(n—2) (2.10.5)

We can use the usual analysis of variance F' test to test the hypothesis Hy : 5 =
0. If the null hypothesis is true, then SSg follows chi- square distribution SSg.s and
SSgk are independent. By the definition of an F statistic:

SSRr SS
o T ]\%SR (2.10.6)
dees n—1 Res
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follows the F ,_o distribution. Expected values of these mean squares are

E(MSpges) = o>
E<MSR€S) = 02 + /B%SHL"

2.11 Example: The Rocket Propellent Data

We will test for significance of regression in the model developed in example(2.3)
for the rocket propellent data. The fitted model is § = 2627.82 — 37.152, S5 =
1,693,737.60 and Sy, = —41,112.65. The regression sum of squares is computed
from equation(2.10.4) as

SSk = £1Ss = (—37.15)(—41,112.65) = 1,527, 334.95

The analysis of variance is summarized in following table. The computed value of
Fy =165.21,

Table 2.3: Analysis of Variance for Testing Significance of Regression

Source of Variation Sum of Squares Degrees of Freedom Mean Square  Fj
Regression SSp = 31 Say 1 MSg A%ifj
Residual SShes = SS7 — P15y n—2 M Spes )
Total S St n—1

Table 2.4: Analysis of Variance Table for Rocket Propellent Regression Model

Source of Variation Sum of Squares Degrees of Freedom Mean Square y P value
Regression 1,527,334.95 1 1,527,334.95 165.21 1.66 x 10710
Residual 166,402.65 18 9,244.59
Total 1,693,737.60 19

2.12 Coefficient of Determination

The quantity
o SSR -1 SSRes

2 - = —
= SSt SSt

(2.12.1)
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is called the coefficient of determination. Since SSt is a measure of the variability
in y without considering the effect of regressor variable x and SSg.s is a measure
of variability in y remaining after x has been considered, R? is often called the
proportion of variation explained by the regressor x.

Because 0 < SSges < SSr, it follows that 0 < R? < 1. Values of R? that are close
to 1 imply that most of the variability in y is explained by the regression model.

For the regression model for the rocket propellant data in example 2.3, we have

SSk 1,527,334.95

R? = =
SSr  1,693,737.60

= 0.9018

that is, 90.18 percentage of the variability in strength is accounted for by the re-

gression model.
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Chapter 3

Multiple linear regression

A regression model with more than one regressor variable is known as multiple re-
gression model. Let us suppose that in a chemical process, the yield in pounds of
conversion depends on the catalyst concentration and temperature. This relation-

ship can be described by following multiple regression model.

y = Bo + frx1 + Poxa +€

where x; denotes the temperature, x, denotes the catalyst concentration and y
denotes the yield. The above model is a multiple linear regression model with two
regressor variables. Here the term linear is used as the above equation is a linear

function of the unknown coefficients 3y, 51 and Ss.

In general, the relationship between response y and £ predictor or regressor

variables is formulated as a linear model

y = Bo+ Bray + oty + . B + € (3.0.1)

The parameters 3;, 7 = 0,1, ..,k are constants referred to as the regression co-
efficients. These coefficients have useful and simple interpretations. The coefficients
B; may be interpreted as the expected change in the response y produced by a unit

change in z; when all of the other regressor variables z;(i # j) are held constant.
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This is the reason that the parameters 5;, j = 1,2, .., k, are mostly known as partial

regression coefficients.

3.1 Least-squares Estimation of the regression co-
efficients

The least squares method is used to estimate the model regression coefficients 3; in

equation (3.0.1), that is we minimize the sum of sqaures of errors. Let us suppose

that there are n > k observations and let x;; be the ith observation or level of

regressor z; and y; be the i observed response. The error term ¢ in the model

assumed to have mean zero and variance 0. Additionally we assume that the errors

are uncorrelated.

We assume that the regressors x1, xs, ...z} are fixed variables, measured without

error. We may write the regression model corresponding to equation (3.0.1) as

Yi = Bo + Brizin + Paxio + ... Brxik + €

k
yi:ﬁo—FZﬁjﬂli]’—i—gi, i:1,2,...,n (311)
i=1
The least-squares function is

S(Bo, By ---Br) = Z e}
=1

n k
2
S(Bo, BrsBr) = Y (i —Bo— D Bjwis) (3.1.2)
i=1 i=1
The function S must be minimized with respect to g , 51 , ..., Bk. The least-squares
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estimators of fy, f1, ...., Br must satisfy

n k
= 2> (4i—fo—>_Bmiy) =0
=1 =1

n k
i=1 i=1

a5
0B | gy 61.....6
a9

a_ﬁj 50,51 4-,Bk

simplifying these equations we obtain least square normal equations
n n n

nBo + f Z T + Pa Z Tig + ... Bk Z Tk
i=1 i=1 i=1

n n n n

. . ) . .

Bo g zi + B g x; + o g Ti1%io + ... P E Ti1Tik
i=1 i=1 i=1 i=1

n n n n
5 5 5 5 2
Bo E Tik + P E TikTin + P2 E TikTio + ... + B E T,
i=1 i=1 i=1 i=1

(3.1.3)

Z Yi
i=1

Z Ti1Ys
i=1

> gyi(3.1.5)
=1

There are p = k + 1 normal equations, one for each of the unknown regression

parameters. The estimators [3;, j = 1,2,..,n are least squares estimators because

they are the solution to the least- squares method. If multiple regression models

are expressed in matrix notation, then it will be more convenient to deal with these

models. This allows a very compact display of the data, model and results. The

model in matrix notation is given by equation (3.1.1) is

y=XB+e

where

n
Yo

Yn
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A
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1 1 r11 T12 ... T1k

€9 1 o1 X222 ... T2k
eE=1¢&1, X =
En 1 Tnl Tp2 ... Tpk

In general, X is an n x p matrix of the levels of the regressor variables, y is an n x 1
vector of the observations, € is an n X 1 vector of random errors and B is a p x 1
vector of the regression coefficients.

we want to find the vector of least-squares estimators, 3, which minimizes

S(B) = _ei=e"e=(y - Xp)"(y - XB)

Note that S(8) may be expressed as

SB) = yy-8"X"y—y"XB+8TX'XB
= y'y—-28"X"y+8"X"Xg

We know that 3TX"y is a 1x 1 matrix, or a scaler, therefore its transpose (37X y)T =

yTX 3 will be the same scaler. The least-squares estimators must satisfy

oS

= = 2XTy +2X"XB =0
0814

which simplifies to
X'Xg3 = X"y (3.1.7)

Above equations are the Least-squares normal equations. These are the matrix

analogue of the scaler presentation .

To solve these normal equations, multiply both sides of (3.1.7) by the inverse of
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X7X. Hence, the least squares estimator of 3 is
B =(X"X)"'XTy (3.1.8)

provided that inverse matrix (X?7X)~! exists. If the regressors are linearly indepen-
dent, this means that if no column of the X matrix is a linear combination of the
other columns then the (X?X)~! matrix will always exist.

It will be more easy to see that the matrix form of the normal equations (3.1.7)

is identical to the scaler form (3.1.5). Writing (3.1.7) in detail, we obtain

n n n n [ n n
n > Ta Do Tig e D Tik > Ui
i=1 i=1 i=1 i=1
n n 9 n n /81 n
Z Ti1 Z T Z Ti1Ti2 - Z Ti1Tik Z Ti1Yi
i=1 i=1 i=1 i=1 i=1

n n n : n ‘
[ i=1 i=1 i=1 i Li=1 i

3.2 Example: The delivery Time Data

A soft drink bottler is analyzing the vending machine service routes in his distribu-
tion system. He is interested in predicting the amount of time required by the route
driver to service the vending machines in an outlet. This service activity includes
stocking the machine with products and minor maintenance or housekeeping. The
industrial engineer responsible for the study suggested that the two most important
variables affecting the delivery time (y) are the number of cases of product stocked
(1) and the distance walked by the route driver (x3). The engineer has collected

25 observations on delivery time. We will fit the multiple linear regression model

y = Po+ Pix1 + Paa + €
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to the delivery time data in following Table.

Table 3.1: Delivery Time Data for Example (3.2)

Observation number Delivery Time (y) Number of cases (x;) Distance(xs)

1 16.68 7 260
2 11.50 3 220
3 12.03 3 340
4 14.88 4 80

5 13.37 6 150
6 18.11 7 330
7 8.00 2 110
8 17.83 7 210
9 79.24 30 1460
10 21.50 3 605
11 40.33 16 688
12 21.00 10 215
13 13.50 4 255
14 19.75 6 462
15 24.00 9 448
16 29.00 10 776
17 15.35 6 200
18 19.00 7 132
19 9.50 3 36

20 35.10 17 770
21 17.90 10 140
22 52.32 26 810
23 18.75 9 450
24 19.83 8 635
25 10.75 4 150
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To fit the multiple regression model we first form the X matrix and y vector

1 7 560 [16.68]
1 3 220 11.50
1 3 340 12.03
1 4 80 14.88
1 6 150 13.75
1 7 330 18.11
1 2 110 8.00
1 7 210 17.83
1 30 1460 79.24
1 5 605 21.50
1 16 688 40.33
1 10 215 21.00
X=1|1 4 255 y = |13.50
1 462 19.75
1 9 448 24.00
1 10 776 29.00
1 200 15.35
1 132 19.00
1 36 9.50
1 17 770 35.10
1 10 140 17.90
1 26 810 52.32
1 9 440 18.75
1 8 635 19.83
1 4 150 | 110.75

The X X matrix is

25 219 10232
XX=1] 219 3055 133899
10232 133899 6725688
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and the X/y vector is

559.60
X'Y = |7375.44
337072

The least-square estimator of 3 is
B=(XX)"'Xy

or

A —

Bo 25 219 10232 559.60
Bl = | 219 3055 133899 7375.44
By (10232 133899 6725688 337072
[2.34123115
= |1.61590712
0.01438483

The least-squares fit(with regression coefficients reported to five decimals) is

U = 2.34123 + 1.61591 4 0.01438z-

3.3 Properties of least-square Estimators

1. The statistical properties of the least-square estimator B may be easily demon-

strated. Consider first bias

EB) = E[(XX)'Xy]=E[XX)"'X (X8 +e¢)]
= E(X'X)"'X'XB+ (X'X) X ¢]
= EP) = B

Since E(e) = 0 and (X' X)'X'X = I. Thus 3 is an unbiased estimator of 3.
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2. The variance property of B is expressed by the covariance matrix
Cov(B) = E{[B — E(B)][8 - E(B)]}

Which is a p x p symmetric matrix whose j** diagonal element is the variance
of Bj and whose ij'" off-diagonal element is the covariance between BZ and Bj.

The covariance matrix of B is
Cov(B) = c*(XTX)!

Therefore, if we let C' = (XTX)~!, the variance of f; is 02C;; and the covari-

ance between 3; and B; is 02C};.

3.4 Estimation of o2

We can develop an estimator of o2 from the residual sum of squares

S'SRes zn:(yz — ij)Q = zn:ef —ee
i=1

i=1

substituting e =y — X3, we have

SSRes = (y_XB>/<y_XB)
= yy-BXy-yXB+BXXg
= yy-28Xy+B8XXp3

Since X X3 = X'y then this last equation becomes
SShes=yy—BXy (3.4.1)

The residual sum of squares has n — p degrees of freedom associated with it since p

34



parameters are estimated in the regression model. The residual mean square is

SSReS
n—p

MSRES =

(3.4.2)
The expected value of M Sg,. is 02, so an unbiased estimator of o2 is given by
6% = M Spes (3.4.3)

This 02 is model independent as noted in simple linear regression.

3.5 Example: The Delivery Time Data

We will estimate the error variance o2 for the multiple regression model fit to the

soft drink delivery time data in example (3.2). Since

25
Yy = > yi=18310.6290

i=1

and AX'y = 18,076.90304

The residual sum of squares is

SSRes = y/y - /é X’y
= 18,310.6290 — 18,076.90304 = 233.7260

Hence, the estimate of o2 is the residual mean square

o, SSpes  233.7260

o? =53 = 10.6239
n—p —
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3.6 Hypothesis Testing in Multiple Linear Regres-
sion

Once we have estimated the parameters in the model, we face two immediate ques-

tions:

1. What is overall adequacy of the model ?

2. Which specific regressors seem important ?

Several hypothesis testing procedures prove useful for addressing these questions.
The formal tests require that our random errors be independent and follow a normal

distribution with mean zero and variance o?2.

3.6.1 Test for Significance of Regression

The test for significance of regression is a test to determine if there is a linear
relationship between the response y and any of regressor variables 1, o, ..., x. This
procedure is often thought of as an overall or global test of model adequacy. The

appropriate hypothesis are

ngﬁlzﬁgz...:ﬁk:()
H,y:pj # 0 for at least one j

Rejection of this null hypothesis implies that at least one of regressors xy, zs, ..., Ty

contributes significantly to the model.

The test procedure is a generalization of the analysis of variance used in simple
linear regression. The total sum of squares SSr is partitioned into a sum of squares
due to regression, SSg, and a residual sum of squares, SSges.

Hence,

SST =SSk + SSRes
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If null hypothesis is true, then 2 SR follows a chi- square distribution, which has the
same number of degrees of freedom as number of regressor variables in the model.

Also SSges and SSg are independent. By the definition of F' statistic

SSr

o it MSg
SSRes
k1 MSRes

follows the Fj, ,_r—1 distribution. We have

(MSRes)
A X;Xcﬁ

ko2

E(MSg) =

where 3* = (B4, P, ..., ) and X, is the centered model matrix given by

T11 —.fl 51312—172 ZElk—(L’_k
T21 —.fl ZEQQ—LETQ LCQk—ZLTk
Ti1 —I_l wiz—fg .Cl;ik—l’_k
Tnl — fLTl Tno — LU_Q oo Tk — ka

These expected mean squares indicates that if the observed value of Fj is large, then
it is likely that at least one 3; # 0, then Fy follows a noncentral F' distribution with
k and n — k — 1 degrees of freedom and a non centrality parameter of

B'X X 3"

o2

A:

This non centrality parameter also indicates that if the observed value of Fj is
large, then it is likely that at least one 3; # 0. Therefore, to test the hypothesis
Hy: By =By = ... = B, = 0, compute the test statistic Fj and reject Hy if

FO > 1_7017 k, n—k—1
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The test procedure is usually summarized in an analysis of variance table such as

following table.

A computational formula for SSg is found by starting with
SSres =Yy - BXy (3.6.1)

and since

(B ()
=1

n

Table 3.2: Analysis of Variance for Significance of Regression in Multiple Regression
Source of Variation Sum of Squares Degrees of Freedom Mean Square  Fj

Regression SSr k MSg %
Residual SSRes n—k—1 M Sges
Total SSt n-1

We may write the above equation as

n 2 n 2
(5 e, (59
SSkes = yy— ———t— — [B X'y — —] (3.6.2)
n n
or SSRes = SST — SSR (363)

Therefore, the regression sum of squares is

n 2
oy ( Z ?/z)
SSp = BXy— =L 72 (3.6.4)
n
the residual sum of squares is

SSpes = yy—BXy (365)

and the total sum of squares is
" 2
(5)
S St ~=L 7 (3.6.6)
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3.7 Example The Delivery Time Data

We will test for significance of regression using the delivery using the delivery time
data from Example (3.2). Some of the numerical quantities required are calculated

in Example (3.5). Note that

n 2
()
SSy _Ne=l S

=YYy

n
559.60)>
= 18,310.6290 — (559601 _ 5784 5426
n 2
(5
SSp = BXy-— %
559.60)>
— 18,076.9030 — (559-601° _ 5550.8166

and

SSRes - SST—SSR
— yy—AX'y = 233.7260

The analysis of variance is shown in Table 3.5. To test Hy : /1 = (B2 = 0, we

calculate the statistic

_ MSp  2775.4083
" MSges  10.6239

Since the P value is very small, we conclude that delivery time is related to delivery

= 261.24

Fy

volume and/or distance. However, this does not necessarily imply that the relation-
ship found is an appropriate one for predicting delivery time as a function of volume

and distance. Further tests of model adequacy are required.

39



3.8 R? and Adjusted R?

Two other ways to assess the overall adequacy of the model are R? and the adjusted
R?, denoted Ri‘dj. The R? for the multiple regression model for the delivery time
data as R? = 0.9596. R? always increases when a regressor is added to the model,
regardless of the value of the contribution of that variable. Therefore, it is difficult

to judge whether an increase in R? is really telling us anything important.

Some regression model builders prefer to use an adjusted R? statistic, defined as

SSR@S/(TL - p)

Ruy=1- TP (3.8.1)
Table 3.3: Test for significance of Regression for Example(3.7)
Source Sum of  Degrees of
Variation ~ Squares Freedom  Mean Square Fy P Value
Regression  5550.8166 2 2775.4083  261.24 4.7 x 10716
Residual ~ 233.7260 22 10.6239
Total 5784.5426 24

Since SSges/(n — p) is the residual mean square and SSr/(n — 1) is constant re-
gardless of how many variables are in the model, Ridj will only increase on adding
a variable to the model if the addition of the variable reduces the residual mean

square.

3.9 Tests on Individual Regression Coefficients

Once we have determined that at least one of the regressors is important, a logical
question becomes which one(s). Adding a variable to a regression model always
causes the sum of squares for regression to increase and the residual sum of squares
to decrease. We must decide whether the increase in the regression sum of squares
is sufficient to warrant using the additional regressor in the model. The addition of
a regressor also increases the variance of the fitted value g, so we must be careful to

include only regressors that are of real value in explaining the response. Furthermore,
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adding an unimportant regressor may increase the residual mean square, which may

decrease the usefulness of the model.

The hypothesis for testing the significance of any individual regression coefficient,

such as f3; are

HO : ﬁj =0

If Hy : B; = 0 is not rejected, then this indicates that the regressor z; can be deleted
from the model. The test statistic for this hypothesis is

~ ~

ty = b _ B (3.9.2)

V0205 se(f))

where C}; is the diagonal element of (X'X)~! corresponding to Bj. The null hypoth-
esis Hy : B; = 0is rejected if |t| > taj2n—k—1. Thisis really a partial or marginal test
because the regression coefficient Bj depends on all of the other regressor variable
xj(i # j) that are in the model. Thus, this is a test of the contribution of z; given

the other regressors in the model.

3.10 Example The Delivery Time Data

To illustrate the procedure, consider the delivery time data in Example (3.2). Sup-
pose we wish to assess the value of the regressor variable DISTANCE (z12) given

that the regressor CASES(x;) is in the model. The hypothesis are

H(]:/BQZO
Hliﬁg%o

The main diagonal element of (X’'X)~! corresponding to 35 is Coy = 0.00000123, so
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that ¢ statistic (3.9.2) becomes

3 0.01438
to = B _ = 3.98

V620 /(10.6239)(0.00000123)

Since o025, 22 = 2.074, we reject Hy : B2 = 0 and conclude that the regressor
DISTANCE, or x,, contributes significantly to the model given that CASES, or x4,

is also in the model.

42



Chapter 4

Indicator Variables

Those variables which are usually employed in regression analysis are quantitative
variables, it means, the variables that have a well defined scale of measurement.
Variables such as distance, income, pressure and temperature are the quantitative
variables. Sometimes it becomes important to use categorical or qualitative variables
as predictor variables in regression analysis. Examples of categorical or qualitative
variables are employment status (employed or unemployed), operators, sex (male
or female) and shifts (day, evening, or night). Generally these qualitative variable
have no natural scale of measurement. So, we need to assign a set of levels to
the qualitative variables to account for the effect that the variable may have on
the response. This can be done through the use of indicator variables. Sometimes

indicator variables are also known as dummy variables.

Let us suppose that a mechanical engineer wants to relate the effective life of a
cutting tool (y) used on a lathe to the lathe speed in revolutions per minute () and
the type of cutting tool used. The second regressor variable, tool type, is qualitative,
and has two levels (e.g., tool types A and B). We are using an indicator variable

that takes on the values 0 and 1 to identify the classes of the regressor variable ”tool
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type”. Let

0 if the observation is from tool type A
To =
1 if the observation is from tool type B

The choice of 0 and 1 to identify the levels of a qualitative variable is arbitrary. Any

two distinct values for zo would be satisfactory, although 0 and 1 are usually best.

Assuming that a first-order model is appropriate, we have

y = Po+ Biwr + Para + € (4.0.1)

To interpret the parameters in this model, let us suppose first tool type A, for which

2o = 0 then the regression model becomes

y = Bo+ B+ B(0)+¢
= Do+ bz +e (4.0.2)

Hence, the relationship between the tool life and lathe speed for tool type A is a
straight line with intercept 5y and slope ; . For tool type B, we have x5 = 1,

and

y = Bo+ i+ Po(l) +¢
= (Bo+ Bo) + Piw1 + e (4.0.3)

That means, for tool type B the relationship between tool life and lathe speed will
also be a straight line with intercept 5y + B2 and slope [;.

The models (4.0.2) and (4.0.3) describe two parallel regression lines, that is, two
lines with different intercepts but a common slope 3;. Also the variance of errors
is assumed to be the same for both tool types A and B. The parameter (3, expresses
the difference in heights between the two regression lines, that is 35 is a measure

of the difference in mean tool life resulting from changing from tool type A to tool
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type B.

We can generalize this approach to qualitative factors with any number of levels.
For example, suppose that there are three tool types A, B and C of interest. Then
two indicator variables, such as x, and x3, are required to incorporate the three

levels of tool type into the model. The levels of the indicator variables are

T2 T3

0 0 if the observation is from tool type A
1 0 if the observation is from tool type B
0 1 if the observation is from tool type C

and the regression model will be

y = Bo + frx1 + Boxo + Paxs + €

Generally, a qualitative variable with n levels is represented by n — 1 indicator

variables, each taking on the values 0 and 1.

4.1 Example: Tool Life Data

Twenty observations on tool life and lathe speed are presented in table (4.1).

Hence, we will fit the model

y = Bo+ Prx1 + Bawa + €

If the observation is from tool type A then the indicator variable x5 = 0 and if the

observation is from tool type B then z5 = 1.
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Table 4.1: Data, Fitted Values, and Residuals for Example (4.1)

i y;(Hours) a;;(rpm) Tool Type s e;

1 18.73 610 A 20.7552 -2.0252
2 14.52 950 A 11.7087  2.8113
3 17.43 720 A 17.8284 -0.3984
4 14.54 840 A 14.6355 - 0.0955
5 13.44 980 A 10.9105 2.5295
6 24.39 530 A 22.8838  1.5062
7 13.34 680 A 18.8927  -5.5527
8 22.71 540 A 22.6177  0.0923
9 12.68 890 A 13.3052 -0.6252
10 19.32 730 A 17.5623  1.7577
11 30.16 670 B 34.1630 -4.0030
12 27.09 770 B 31.5023 -4.4123
13 25.40 880 B 28.5775 -3.1755
14 26.05 1000 B 25.3826  0.6674
15 33.49 760 B 31.7684 1.7216
16 35.62 590 B 36.2916 -0.6716
17 26.07 910 B 277773 -1.7073
18 36.78 650 B 34.6952  2.0848
19 34.95 810 B 30.4380 4.5120
20 43.67 500 B 38.6862  4.9838

The X matrix and y vector for fitting the model are
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(1 610 0 [18.73]
1 950 0 14.52
1 720 0 17.43
1 840 0 14.54
1 980 0 13.44
1 530 0 94.39
1 680 0 13.34
1 540 0 99.71
1 890 0 12.68
x_ |1 0 0p o (19
1 670 1 30.16
1 770 1 97.09
1 880 1 95.40
1 1000 1 26.05
1 760 1 33.49
1 590 1 35.62
1 910 1 26.07
1 650 1 36.78
1 810 1 34.95
1 500 1] 143.67)

The least squares fit is

7 = 36.986 — 0.027z; + 15.0042,

Because two different regression lines are employed to model the relationship
between tool life and lathe speed, so we could have fit two separate straight line
models initially instead of a single model with an indicator variable. However the
single model approach is preferred because the analyst has only one final equation
to work with instead of two, a much simpler practical result. Furthermore, because

both the straight lines are assumed to have the same slope, it makes sense to combine
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the data from both tool types to produce a single estimate of this common parameter.

2 and more

This approach also gives one estimate of the common error variance o
residual degrees of freedom than would result from fitting two separate regression

lines.

Now consider that we expect the regression lines relating tool life to lathe speed
to differ in both slope and intercept. It is possible to model this situation with a

single regression equation by using indicator variables. The model is

y = Do+ brz1 + Paza + Paz122 + € (4.1.1)

Comparing Eq.(4.1.1) with Eq.(4.0.1), we note that a cross product between lathe
speed z; and the indicator variable denoting tool type x5 has been added to the
model. To interpret the parameters in this models, first suppose tool type A, for

which zo = 0. Model (4.1.1) becomes

y = Bo+ frar + 2(0) + B321(0) + ¢
= bo+fizr+e (4.1.2)

This is a straight line having intercept 5y and slope ;. For tool type B, we have

r9 = 1, and

y = Bo+ oy + Bo(l) + Baxi (1) + €
= (Bo+52) + (b1 + Ps)rr + ¢ (4.1.3)

which is a straight line model with intercept By + (2 and slope (51 + #3. Observe that
eqn (4.1.1) defines the two regression lines having different intercepts and slopes.
Therefore, the parameter (3, indicates the change in the intercept associated with
changing from tool type A to tool type B (the classes 0 and 1 for the indicator
variable ), and (3 reflects the change in the slope associated with changing from

tool type A to tool type B.
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Fitting model (4.1.1) is equivalent to fitting two different regression equations.
With the use of indicator variables, there is an advantage that tests of hypothesis
can be performed directly using the extra-sum-of-squares method. For example, to

test whether or not the two regression models are identical, we would test

Hy:B,=p03=0
Hl:ﬂg#(]and/orﬁg#o

If Hy : B2 = B3 = 0 is not rejected, then it means that a single regression model
can explain the relationship between tool life and lathe speed. To test that the two
regression lines have possibly different intercepts but a common slope, the hypothesis

are

H0:53:0
Hliﬂ?’?éo

With the use of model (4.1.1), both regression lines can be fitted and these tests

performed with one computer run, provided the program producers the sums of

squares SSgr(51]50), SSr(B2|Bo, F1), and SSr(Bs|Bo, Bi, B2).

4.2 Example : The Tool Life Data

we will fit the regression model

y = Po + Bix1 + Baa + Baxi1o + €

to the tool life in table (4.1). The X matrix and y vector for this model are
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(1 610 0 0 ] [18.73]
1 95 0 0 14.52
1 720 0 0 17.43
1 840 0 0 14.54
1 980 0 0 13.44
1 530 0 0 94.39
1 680 0 0 13.34
1 540 0 0 99.71
1 80 0 0 12.68
«_ |1 ™0 0 0 ,_ 1032
1 670 1 670 30.16
1 770 1 770 27.09
1 880 1 880 95.40
1 1000 1 1000 26.05
1 760 1 760 33.49
1 590 1 590 35.62
1 910 1 910 26.07
1 650 1 650 36.78
1 810 1 810 34.95
1 500 1 500 43.67)

The fitted regression model is

To test the hypothesis that the two regression lines are identical (Hy : 53 = 83 = 0),

use the statistic

~ SSr(Ba, BslBr, Bo)/2
N MSRCS

Fy
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Since

SSr(B2, B3|B1, Bo) = SSr(Bi, B2, B3 |Bo) — SSr(B1|Bo)
= 1434.112 — 293.005
= 1141.107

the test statistic is

_ SSk(B, Bs|Br, Bo)/2 _ 1141.107/2

F
0 MSpes 8.811

= 64.75

4.3 Example : An Indicator Variable with More

Than Two Levels

An electric utility is investigating the effect of the size of a single-family house and
the type of air conditioning used in the house on the total electricity consumption
during warm weather months. Let y denote the total electricity consumption (in
kilowatt-hours) during the period June through September and x; be the size of
the house (square feet of floor space). There are four types of air conditioning
systems: (1) no air conditioning, (2)window units, (3) heat pump, and (4) central
air conditioning. The four levels of this factor can be modeled by three indicator

variables, x5, x3, and x4, defined as follow

Type of Air Conditioning x5 x5 x4

No air conditioning 0 0 0
Window units 1 0 0
Heat pump 0 1 0
Central air conditioning 0 0 1

The regression model is

y = Po+ P11 + Pawa + P37z + Baws + € (4.3.1)
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If the house has no air conditioning, Eq. (4.3.1) becomes

y=Po+ Bix1 +¢

If the house has window units, then

y = (Bo+ B2) + Prz1 + ¢

If the house has a heat pump, the regression model is

y = (Bo+ B3) + Brx1 + ¢

while if the house has central air conditioning, then

y:(ﬁo+ﬁ4)+51$1+8

Hence model (4.3.1) assumes that the relationship between warm weather electricity
consumption and the size of house is linear and the slope is independent of the type
of air conditioning system employed. The parameters (5, B3, and [, modify the
height(or intercept) of the regression model for the different types of air conditioning
systems. That is By, (3, and B4 measure the effects of window units, a heat pump,
and a central air conditioning system, respectively, compared to no air conditioning.
Furthermore other effects can be determined by directly comparing the appropriate
regression coefficients. For example, 83 — (4 reflects the relative efficiency of a
heat pump compared to central air conditioning. Note also the assumption that
the variance of energy consumption is independent of the type of air conditioning

system used. This assumption may be inappropriate.

In this problem it would seem unrealistic to assume that the slope of the re-
gression function relating mean electricity consumption to the size of the house is
independent of the type of air conditioning system. For example, we would expect
the mean electricity consumption to increase with the size of the house, but the rate

of increase should be different for a central air conditioning system than for window
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units for larger houses. That is, there should be interaction between the size of the
house and the type of air conditioning system. This can be incorporated into the
model by expanding model (4.3.1) to include interaction terms. The resulting model

1S
y = Bo + Brx1 + Poxg + Baxs + Paxs + Bsxrixe + Pex123 + Praixs +e (4.3.2)

The four regression model corresponding to the four types of air conditioning systems

are a follows:

= fBo+ B+ (no air conditioning)

= (Bo+ B2) + (b1 + Bs)z1 +¢  (window units)

= (Bo+Ps)+ (Bi+ B)z1 +¢  (heat pump)

= (Bo+Ba) + (B + Br)a1 +e (central air conditioning)

S SN S

we must note that the model (4.3.2) implies that each type of air conditioning

system can have a separate regression line with a unique slope and intercept.

4.4 Example: More Than One Indicator Variable

Frequently there are many different qualitative variables which must be incorporated
into the model. To understand, suppose that in Example (4.1) a second qualitative
factor, the type of cutting oil used, must be considered. Suppose that this factor

has two levels, we can define the second indicator variable, x5, as follows:

0 if low- viscosity oil used
T3 =
1 if medium viscosity oil used

A regression model relating tool life (y) to cutting speed (z7), tool life (z3), and
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type of cutting oil (z3) is
y = Do+ Brx1 + Paxa + P3x3 + € (4.4.1)

Clearly the slope (; of regression model relating tool life to cutting speed is inde-
pendent of either the type of tool or the type of cutting oil. The intercept of the

regression line depends on these factors in an additive fashion.

Several types of interaction effects may be added to the model. For example,
assume that we consider interactions between cutting speed and the two qualitative

factors, so that model (4.4.1) becomes

y = Bo + Bix1 + Boxy + Baxs + Paxixe + Bsxiw3 + € (4.4.2)

This implies the following situation

Tool Type Cutting Oil Regression Model
A Low viscosity y= 0o+ frx1 +¢€
B Low viscosity y = (Bo+ P2) + (1 + Ba)x1 + €
A Medium Viscosity y= (8o + B3) + (B1 + Bs)r1 + ¢
B Medium viscosity vy = (8o + B2 + B3+) + (B1 + Ba + B5)11 + €

Note that each combination of tool type and cutting oil results in a different
regression line, having different intercepts and slopes. However, the model is still
additive with respect to the levels of the indicator variables. This means that,
changing from low viscosity to medium viscosity cutting oil changes the the slope

by (5 and intercept by f3 regardless of the type of tool used.

Consider that we add a cross-product term involving the two indicator variables

2o and x3 to the model, resulting in

y = Bo+ Brx1 + Paxe + Baxs + Lax1xs + Psr1xs + Peraxs + Peraxs + € (4.4.3)

We then have the following
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Tool Type Cutting Oil Regression Model

A Low viscosity y= 0o+ f1r1 +¢€

B Low viscosity y = (Bo+ B2) + (B + Ba)wr + €

A Medium Viscosity y= (Bo+ Ps) + (B1+ Bs)x1 + ¢

B Medium viscosity v = (8o + 2+ B3+ Fs) + (B1 + fa+ Bs)x1 + €

The addition of cross-product term [gxoxs in (4.4.3) results in the effect of one
indicator variable on the intercept depending on the level of the other indicator
variable. Meaning that changing from low viscosity cutting oil to medium viscosity
cutting oil changes the intercept by (s if the tool type A is used, but if the tool type
B is used and same changes in cutting oil changes the intercept by (3 4+ f¢. If an
interaction term frrizors were added to the model (4.4.3), then changing from low
to medium viscosity cutting oil would have an effect on both the intercept and the

slope, which depends on the type of tool used.

Unless prior information is available concerning the anticipated effect of tool type
and cutting oil viscosity on tool life, we will have to let the data guide us in selecting
the correct form of the model. This may generally be done by testing hypothesis
about individual regression coefficients using the partial F-test. For example, testing
Hy : Bg = 0 for model (4.4.3) would allow us to discriminate between the two

candidate models (4.4.3) and (4.4.2).
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