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Abstract

Besides the gravitational and centrifugal forces, coriolis force also plays an important role

while studying the equilibrium structures and the periods of oscillations of rotating stars and

stars in binary system. Kopal (6) introduced a new system of co-ordinates called Roche-

coordinates and imphasized how this system of co-ordinates could be used to study the prob-

lems of vibrations of rotationally and tidally distorted stellar models. Some of his co-workers

(Kitamura(33), Ali(34)) also investigated some mathematical properties of the system of

Roche Coordinates. Since then several authors such as Mohan and Singh (36), Singh(35),

Singh and Gupta(37), Kumar(38) etc. have extensively discussed the system of Roche coor-

dinates of equipotential surfaces and applied these methodologies to analyse the vibrations

of certain types of distorted stars. The expressions for Roche-coordinates of distorted stellar

models developed by them only incorporate the effect of gravitational and centrifugal forces.

However, the contribution of coriolis force on the Roche coordinates has not been taken into

account while formulating Roche equipotential surface.

Pathania (11) modified the expression for Roche equipotentials of rotationally and tidally

distorted stellar models by taking into account of coriolis force. He has studied the equi-

librium structure and periods of oscillations of rotationally and tidally distorted stars under

the influence of gravitational, centrifugal and coriolis forces. But, he has not discussed at all

about its Roche coordinates and its related properties .

In the present thesis an attempt has been made to develop expressions for the Roche-coordinates

and related parameters for Roche equipotential surfaces of stars distorted by rotation and tidal

forces earlier discussed by Pathania (11).

Chapter wise summary of the work presented in the subsequent chapters of this thesis is

as follows:

First chapter is introductory in nautre. A brief literature available on this topic is discussed
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in this chapter. Introduction of general curvilinear coordinate system as well as Roche

coordintes have also been briefly discussed in this chapter.

In chapter 2, we have obtained the explicit expressions of Roche-coordinates for Roche

equipotential surfaces of rotationally and tidally distorted stellar models in which effect of

coriolis force has been taken into account in addition to gravitational and centrifugal force.

We have also discussed in this chapter how the Roche coordinates of earlier authors can be

obtained as a special case who have not considered the effect of force.

Chapter 3 deals with the formulation of metric coefficients h1, h2 and h3 which are asso-

ciated with the Roche coordinates ξ, η and ζ developed in chapter 2. Certain conclusions

based on the present study have finally been drawn in this chapter.
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Chapter 1

INTRODUCTION
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This chapter is introductory in nature. In section 1.1, a brief survey of literature on the

subject is presented. Basics of general curvilinear co-ordinates system is presented in section

1.2. Section 1.3 deals with the concept of Roche equipotentials which plays a vital role in

the present study of Roche coordinates. In section 1.4, the system of Roche coordinates is

introduced. A brief summary of work presented in succeeding chapters is finally presented

in section 1.5.

1.1 BRIEF SURVEY OF THE LITERATURE

The star, supposed to be gaseous sphere in hydrostatic and thermal equilibrium is radi-

ating huge amount of energy generated by thermonuclear reactions. Most of the theoretical

studies about the equilibrium structures of stars have been carried out in literature by as-

suming the star to be an undistorted spherical gaseous sphere. (Extensive literature is now

available on this subject Chandrasekhar (2), Rosseland (17), Schwarzschild (20), Eddington

(3), Mentzel et al.(12) cox and Guili (24), Kippenhahn and Weigert (25), Clement (26), kopal

(6), Abhyankar (1)).

Most of the stars are observed to be rotating about their own axis. This rotation can be a

solid body uniform rotation as well as differential rotation in which different parts of the stars

are rotating with different angular velocities. Equilibrium structure of rotating stars get dis-

torted by tidal effects alone if the star is not rotating and by the combined effects of tidal and

rotational effects if it is a rotating star and stars in binary system. Kippenhahn and Thomas

(27) suggested a practical way of analysing the effects of rotation and tidal distortions on the

equilibrium structures of stars by approximating the actual equipotentials surfaces of the star

by Roche equipotentials.

Mohan and Sexena (15,16) use the Kippenhahn and Thomas (27) averaging technique in

conjuction with Kopal’s results on Roche equipotentials to determine the combined effects of

rotation and tidal distortions on the equilibrium structures and oscillations of the polytropic

model of stars. This approach was presented in Sexena (13) and further used by Mohan and
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Aggarwal(23) to study the effects of rotation and tidal distortions on the structure and pe-

riods of small adiabatic oscillations of prasad and composite model of stars. The technique

was formalized by Mohan et al.(41) and used to study the problems of equilibrium structures

and oscillations of rotationally and tidally distorted main sequence stars. Lal (28) studied

in detail the equilibrium structures and periods of oscillations of differentially rotating stel-

lar models. Later on Singh and Sharma (29) also studied the oscillations of differentially

rotating stars in binary system. Lal et al.(10) applied this technique to study the equilib-

rium structures of differentially rotating and tidally distorted white dwarf model of stars.

Equilibrium structures of these type of white dwarf stars which is assumed to be primary

components of binary system, are being influenced by the combined effects of differential

rotation as well as the gravitational effects of the companion star causing tidal distortions.

Certain comments have generally been made that the approaches which are based on

Roche equipotential for computing the equilibrium structure of stars in binary system, de-

veloped in fixed frame of reference and hence do not account for coriolis force which is

expected to arise in such cases when rotating frame of reference are used. Jain and Sharma

(30) have studied the effect of rotation and tidal distortions on the equilibrium structures of

gaseous spheres in the presence of the coriolis force. Such a study has practical relevance

in astrophysics where it is expected to help in better understanding the problems of stellar

stability and stellar variability of rotating stars as well as stars in binary and multiple system.

Later, Pathania (31), studied the effect of coriolis force besides the centrifugal and gravi-

tational forces. He developed expression for the Roche equipotential of rotating stars in a

binary system in a rotating frame of reference to explicitly include the effect of coriolis force

besides the centrifugal and gravitational forces. The methodology developed is next used

to determine the effects of coriolis force on the shapes of Roche equipotential surfaces and

position of Roche limit for different types of binary stars. Pathania et al. (11) also studied

the effects of coriolis forces on the equilibrium structures of rotationally and tidally distorted

polytropic models of stars.

Kopal (6) introduced a system of coordinates, known as Roche coordinates, to study the

problem of rotating stars in binary system. Further, Kopal and Ali (34) discussed the
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intgerability of Roche coordinates. Kopal (6) also emphasized applicability of Roche

coordinates and explained how the system of Roche coordinates could be used to study the

problems of periods of rotationally and tidally distorted stars. Later, Mohan and Singh (36)

used Roche coordinate system in the problems of small oscillations of rotationally and tidally

distorted stellar models separately. Recently, Kumar (38) discussed the Roche coordinates

and Roche harmonics for stars possessing uniform and differential rotation as well as ro-

tation influenced by tidal forces. While analysing the properties of Roche equipotentials,

Mohan et. al(41) utilized the results of Kopal (6) on Roche coordinates and then developed

series expansion for some of the coordinates instead of closed form mathematical expansion.

Later, Lal et al.(39) investigated the validity of series expansion for certain parameters used

in the system of Roche coordinates.

However, these authors discussed the properties of Roche coordinates, Roche harmonics

and their use by assuming Roche equipotential surfaces which is influenced by the gravita-

tional and centrifugal forces only. The Roche coordinates of the distorted stars in the pres-

ence of coriolis force, in addition to the gravitational and centrifugal forces, has not been

satisfactory tackled in the literature. In the present thesis an attempt has been made to ob-

tain explicit expressions for Roche coordinates of Roche equipotential surfaces experiencing

gravitational, centrifugal and coriolis forces.

1.2 BASICS OF GENERAL CURVILINEAR COORDIN-

ATE SYSTEM

Many operators have particularly simple forms in cartesian coordinate system and are

easy to remember. One can easily evaluate by using cartesian coordinate system. However,

when problems deal with highly symmetric systems it is often helpful to use coordinate

systems which exploit the symmetry. In such a case, it is useful to have a general method

for expressing operators in non-cartesian forms. Curvilinear coordinate system is such a

coordinate system for euclidean space in which the coordinate lines may be curved. The

curvilinear coordinates firstly introduced by the French mathematician Lamé.
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This was developed from the fact that the coordinate surfaces of the curvilinear systems

are curved. These coordinates may be derived from a set of cartesian coordinates by using a

transformation, that is, locally invertible (a one-to-one map) at each point. In fact, one can

convert a point given in a cartesian coordinate system to its curvilinear coordinates and back.

For example, let (x,y,z) and (q1,q2,q3) be cartesian and curvilinear coordinates respectively.

Then the relation between these are given by:

x = x(q1,q2,q3); y = y(q1,q2,q3); z = z(q1,q2,q3) (1.1)

(q1,q2,q3) can be obtained by using of following inverse transformation as:

q1 = q1(x,y,z) q2 = q2(x,y,z) q3 = q3(x,y,z) (1.2)

Taking the differentials of equation(1.2.1), we get,

dx =
∂x
∂q1

dq1 +
∂x
∂q2

dq2 +
∂x
∂q3

dq3 (1.3)

Now, it is useful to know about the measure of distance or metric in a given coordinate

system. In cartesian coordinate system, the distance between two points whose coordinates

differ by dx, dy, dz is ds. ds is also known as arc length which is given by:

ds2 = (dx)2 +(dy)2 +(dz)2 (1.4)

In curvilinear coordinates (shown in fig.1), if we change all three coordinates qi by infinites-

imal quantity dqi (i=1,2,3), then from eqn(1.2.3) we get,

dx = h1e1dq1 +h2e2dq2 +h3e3dq3 (1.5)
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Fig.1.1: Curvilinear coordinate system

6



In the case of orthogonal curvilinear coordinates, suppose any arbitrary point P has posi-

tion r = r(q1,q2,q3). If q1 is increased by a small amount dq1 then r moves consequently to

position (r+dr). The explicit expression for r is given by:

dr =
∂r

∂q1
dq1 ≡ h1e1dq1 (1.6)

where the unit vectors ei and scale vectors hi (i=1,2,3) are defined as:

hi = | ∂r
∂qi

| and ei =
1
hi

∂r
∂qi

The vector ei is always directed in the increasing direction of qi and the scale factor hi gives

the magnitude of dr when qi is increased by small amount dqi. Thus for small change in qi,

we have

|dr|= h1dq1

The Values of h1,h2,h3 for for some standard coordinate system are shown in the following

table:

Coordinate system h1 h2 h3

Cartesian 1 1 1

Cylindrical polar 1 r 1

Spherical polar 1 r rsinθ

Fig 1.2: Values of scale factors (hi; i=1,2,3) for various coordinate systems

1.3 THE CONCEPT OF ROCHE EQUIPOTENTIAL

In order to introduce the concept of Roche-equipotentials, we assume two components

of close binary system which are known as primary and secondry components, in which

primary component is supposed to be more massive than the secondry which acts as a point
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mass causing the tidal effects on the more massive primary component. Both the com-

ponents of binary system are assumed to be rotating about their axis as well as common

center of gravity. Kopal(6) and Mohan and Singh(21), Mohan, Lal and Singh(21) etc. have

extensively studied the Roche equipotentials and their use in distorted stars. Certain results

on Roche-equipotentials which are of practical interest to the present study are summarized

below.

As shown in fig.(1.2), suppose M0 and M1 are the masses of two components of a closed

binary system separted by a distane D. The primary component of this system of mass M0 is

supposed to be much larger then it’s companion star of mass M1 (M0 >M1). Suppose that the

position of the two components is reffered to a rectangular system of cartesian-coordinates

with the origin at the center of gravity of mass M0, the axis along the line joining the center

of masses of two components and z-axis perpendicular o the plane of the orbit of the two

components(see Fig(1.2). Then the total potential ψ of the gravitational and disturbing force

acting at an arbitrary point P(x,y,z) is given by:

ψ =
GM0

r
+

GM1

r1
+

ω2

2
{(x− M1D

M0 +M1
)2 + y2} (1.7)

where r2 = x2 + y2 + z2 and r1
2 = (D− x)2 + y2 + z2 represents the squares of distance of P

from the center of gravity of the two components, ω denotes the angular velocity of rotation

of the system about an axis perpendicular to the xy plane and passing through the center of

gravity of the system and G is the constant of gravitation.

The first term on the right hand side of above equation represents the potential arising due

to the mass of primary component of mass M0, the second represents the disturbing potential

of secondry component of mass M1 and the third term denotes the potential arising due to

centrifugal force. In non dimensional form above equation can be represented as:

ψ∗ =
1
r∗

+q{
√

1−2λr∗+ r∗2 −λr∗}+nr∗2(1−ν2) (1.8)
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where ψ∗ = Dψ
GM0

− M2
1

2M0(M0+M1)
is the non-dimensional form of total potential ψ and

r∗ = r
D is the non-dimensional form of r, λ = r cosθsinϕ , µ = r sinθsinϕ and ν = r cosθ,

((r,θ,ϕ) being the spherical coordinates at the point P). Also q = M1
M0

is the non-dimensional

parameter representing the ratio of two masses of the secondry over primary components 2n

represents the square of normalized angular velocity ω.

The surface generated by setting ψ = constant on the left hand side of equation(1.3.2),

are referred to as Roche-equipotential surfaces. The form of the Roche-equipotential surface

depends entirely on the value ψ. If ψ is large then corresponding equipotentials surfaces

will consist of two separate ovals close around each of the two mass points. The right hand

side of equation(1.3.2) can be large only if r or r1 becomes small. Therefore, large value of

ψ corresponds to equipotentials which differ, but little from spheres. With decreasing value

of ψ the ovals defined by equation(1.3.2) become increasingly elongated in the direction of

center of gravity of the system until for a certain critical value of ψ both ovals will unite

in a single point on the x-axis to form a dumbbell like configuration. These limiting value

of ψ are Roche-limits. For certain mass ratio Kopal (6) computed the numerical values of

Roche-limits in the case of synchronous binary stars for a number of q ranging from zero to

one(cf. table, pp. , Kopal(6)).

1.4 THE SYSTEM OF ROCHE-COORDINATES

We introduce a new system of curvilinear coordinates known as Roche Coordinates given

by kopal(6) and some of his co-workers ( kitamura(33), Ali(34) ). In this system, spheres

of constant radius in spherical polars are replaced by the surfaces of constant potential of a

rotating gravitational dipole while the angular coordinates remains orthogonal to the equipo-

tentials. Kopal(6) also studied some of the mathematical properties of the system of Roche

coordinates and indicated that how this system of coordinates could be used to study the

problems of vibrations of rotationally and tidally distorted steller models.

In case of actual stars, greater part of their mass is concentrated very near to the center.
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Therefore, their structure comes much closer to the Roche model (by the Roche model

we mean a model in which whole mass of the star is suuposed to be concentrated at the cen-

ter and this point mass is surrounded by an evanescent envelop in which density is assumed

to vary inversely as some positive power of the distance from the center). On the basis of

some extensive numerical investigations, Chandrasekhar(2) has shown that for stars whose

central density bears to the mean density a ratio of 100 or more, the rotating Roche model

of a rotating configuration represents the actual form of the Roche equipotential surfaces of

a rotating star within an error of less than one percent.

In the system of Roche coordinates the equipotential surface of a distorted Roche model

are chosen to represent the equipotential surfaces of an actual stellar model distorted by ro-

tational and tidal forces. Choosing the equipotential as one coordinate, the other two are

chosen in the form of the triple orthogonal system. The coordinates (ξ,η,ζ) represents the

three equipotential surfaces in the system of Roche coordinates. We take the ξ-coordinate to

be an equipotential surface of the form:

ξ =
1
r
+q[

1√
1−2λr+ r2

−λr]+nr2(1−ν2) = constant

and choose the other two coordinates η and ζ in such a way as to satisfy the conditions of

mutual orthogonality with respect to ξ as well to as to each other.

Kopal(6) has shown that second and third coordinates are given by:

η = cos−1λ− q√
1−λ2

4

∑
j=2

r j+1

j+1
P

′
jλ (1.9)

and

ζ = cos−1 ν√
1−λ2

(1.10)

respectively. In these relations,a prime denotes differentiation with respect to λ.

The research work of kopal and his co-workers shows that it is not possible, in general,

to derive the expressions for η and ζ in closed analytic form.
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Kopal(6) investigated the particular cases of this problem in detail. In the first q is taken

to be zero, and in second case, ω2 is taken to be zero.The first corresponds to the Roche-

coordinates of a star distorted by rotational forces alone and the second corresponds to the

Roche-coordinates of a non-rotating star distorted by the tidal effects of a companion star.

Mohan and singh (22) used the system of Roche-coordinates to obtain the explicit forms

of equations of small radial oscillations of rotationally distorted and tidally distorted stars

assuming Roche-model for the stars and used these to numerically compute certain eigen-

frequencies of oscillations of such distorted models. Their works shows that the system of

Roche-coordinates can be used with advantage to study the problem of small oscillations

of rotating stars as well as tidally distorted stars. The main advantage of the technique of

studying small oscillations of rotating stellar models through the use of Roche coordinates

is that we are able to account for the effects of distortion caused by rotation and tidal effects

automatically while studying the problems of small oscillations of these models in usual

way. One limitation of the present technique, however, is that it must be applied with care

when studying the vibrations of stellar models which have unusually large angular velocities

of rotation. We do not get the expression for the third Roche-coordinates in closed analytical

form and, instead, have to express it as an infinite series in ascending power of the angular

velocity of rotation.

However, it was observed that use of this approach for determining the combined effect of

the rotation and tidal distortions on the equilibrium structure and periods of small oscillations

of binary stars, in which the rotational and tidal effects have to be considered jointly, is

not convenient. Moreover, the method could not be conveniently used when more realistic

models in place of Roche-model are to be used for the inner structure of star.

1.5 THE PRESENT WORK

Besides the gravitational and centrifugal forces, coriolis force also plays an important role

while studying the equilibrium structures and the periods of oscillations of rotating stars and
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stars in binary system. Kopal (6) introduced a new system of co-ordinates called Roche-

coordinates and imphasized how this system of co-ordinates could be used to study the prob-

lems of vibrations of rotationally and tidally distorted stellar models. Some of his co-workers

(Kitamura(33), Ali(34)) also investigated some mathematical properties of the system of

Roche Coordinates. Since then several authors such as Mohan and Singh (36), Singh(35),

Singh and Gupta(37), Kumar(38) etc. have extensively discussed the system of Roche coor-

dinates of equipotential surfaces and applied these methodologies to analyse the vibrations

of certain types of distorted stars. The expressions for Roche-coordinates of distorted stellar

models developed by them only incorporate the effect of gravitational and centrifugal forces.

However, the contribution of Coriolis force on the Roche coordinates has not been taken into

account while formulating Roche equipotential surface.

Pathania (11) modified the expression for Roche equipotentials of rotationally and tidally

distorted stellar models by taking into account of coriolis force. He has studied the equi-

librium structure and periods of oscillations of rotationally and tidally distorted stars under

the influence of gravitational, centrifugal and coriolis forces. But, he has not discussed at all

about its Roche coordinates and its related properties .

In the present thesis an attempt has been made to develop expressions for the Roche-coordinates

and related parameters for Roche equipotential surfaces of stars distorted by rotation and tidal

forces earlier discussed by Pathania (11).

Chapter wise summary of the work presented in the subsequent chapters of this thesis is

as follows:

First chapter is introductory in nautre. A brief literature available on this topic is discussed

in this chapter. Introduction of general curvilinear coordinate system as well as Roche co-

ordintes have also been briefly discussed in this chapter.
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In chapter 2 , we have obtained the explicit expressions of Roche-co-ordinates for Roche

equipotential surfaces of rotationally and tidally distorted stellar models in which effect of

coriolis force has been taken into account in addition to gravitational and centrifugal force.

We have also discussed in this chapter how the Roche coordinates of earlier authors can be

obtained as a special case who have not considered the effect of force.

Chapter 3 deals with the formulation of metric coefficients h1, h2 and h3 which are asso-

ciated with the Roche coordinates ξ, η and ζ developed in chapter 2. Certain conclusions

based on the present study have finally been drawn in this chapter.
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Chapter 2

ROCHE-COORDINATES FOR ROCHE

EQUIPOTENTIAL SURFACES OF RO-

TATIONALLY AND TIDALLY DISTO-

RTED STELLAR MODELS IN PRESE-

NCE OF CORIOLIS FORCE
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The approaches based on Roche-equipotentials for computing the equilibrium structures

of stars in binary systems carry out in the studies in fixed frame of reference and do not

account for coriolis force which is expected to arise in such cases when rotating frame of

reference is used. Pathania(11) studied the effect of coriolis force besides the centrifugal and

gravitational forces. He developed the expression for the Roche-equipotential of rotating star

in binary system in a rotating frame of reference to explicitly include the effect of coriolis

force besides the centrifugal and gravitational forces. In the present chapter, Roche equipo-

tentials of rotatianally and tidally distorted stellar models in the presence coriolis force is

discussed in section 2.1. In section 2.2, the explicit expression of Roche coordinates for

modified Roche equipotential surfaces distorted by rotational and tidal force is obtained.

Certain conclusions based on the present studies made in section 2.3.

2.1 ROCHE EQUIPOTENTILAS OF ROTATING AND TI-

DALLY DISTORTED STELLAR MODELS IN THE

PRESENCE OF CORIOILS FORCE

Kopal (6) introduced the concept of Roche equipotentials to analyze the problem of

rotating stars and binary stars. then several authors such as kopal (6), Kopal and song(40)

Eggleton(3), Mohan and Singh(22), Mohan and Saxena(16), Mohan et al.(41), Lal et al. (10)

have used this concept to analyze the problem of rotationally and/or tidally distorted stars.

In this approach Roche approximation for the inner structure of a star is used to obtain an ex-

pression for the potential of rotating star and stars in binary system. This approach accounts

for the effect of gravitational and centrifugal forces but does not take into the account the

effect of coriolis force except in case of synchronous binaries. The coriolis force has been

generally neglected as it not only complicates the analysis but it’s effect is also expected to

be small as compared to the effects of other two forces.
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An expression for the Roche-equipotential surface, which incorporates the effect of cori-

olis force in addition to the centrifugal and gravitational force as obtained by Pathania (11),

is summarized below:

According to the classical dynamics for the system described in fig(2.1), the potential at a

point P inside the primary component, which experiences the effect of coriolis force besides

the gravitational and centrifugal forces, is given by:

ψ =
GM0

r1
+

GM1

r2
+

1
2
(Ω× r).(Ω× r)+V.(Ω× r) (2.1)

Here V is the velocity of particle of unit mass at point P(x,y,z) w.r.t a rotating frame of

reference which is rotating with the uniform angular velocity of Ω.

the first two terms in equation(2.1.1) represents the gravitational potential arises due to the

secondry components of binary system and third is potential arises due to centrifugal force.

First three terms are same as earlier obtained by Kopal (6) in his studies on the problems

of Roche-model and it’s applications to close binary system. The fourth term V.(Ω× r)

represents the contribution of the coriolis force to the potential at point P, where V is the

tangential of velocity of this particle in the rotating frame of reference. Points inside the

rotating star will be subjected to coriolis force even when such a point is not having any

external velocity because of the differences in the velocity of the rotation of the primary and

angular velocity of revolution of the non-synchronous binary system.

In the earlier studies carried out on Roche equipotentials by Kopal (6) and Mohan and

Saxena (16), the contribution of this last term V.(Ω× r), which arises on the account of

coriolis force, has been neglected assuming it’s effect to be small compared to the other

forces in the non-synchronous case. But it was observed a contrary results which studying the

effects of rotational and tidal distortion on the equilibrium structures and eigen frequencies

of radial and non radial oscillations of rotating stars and stars in binary system by using

Mohan and Sexena(15,16) and Mohan et. al. (41) approach. The approach which do not

accounts for the effect of coriolis force. It was noticed that the values of eigen frequencies
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of g-modes of non radial oscillations decrease in presence of rotation using this approach

whereas results of other are contrary to it. Keeping in this view Pathania (11) analysed

the effects of coriolis force in addition to the gravitational and centrifugal forces, on the

equilibrium structure and periods of oscillations of rotating stars and stars in the binary

systems using a rotating frame of reference.

Pathania(11) considered the contribution of the last two terms V.(Ω× r) and developed

a modified expression for potential at a point P inside the star. This expression in cartesian

form is given as:

ψ =
GM0

r1
+

GM1

r2
+

Ω2

2
[(x−d1)

2 + y2]+ (ΩΩ1 −Ω2)(x2 + y2 − xd1) (2.2)

Where the symbol M0, M1, r1, r2, d1, Ω, and Ω1 have their usual meanings. The

equation(2.1.1) can be expressed in non-dimensional form as:

ξ=
1
r∗1

+
q√

1−2λr∗1 + r∗2
1

+
Ω•2

2
[r•2

1 (1−ν2)+d•2
1 −2λr1

∗d•
1 ]+(Ω•2

P −Ω•2)[r•2
1 (1−ν2)−λr∗1d•

1 ]

(2.3)

where ξ = Dψ
GM0

; Ω•2 = Ω2D3

GM0
; Ω•2

P = D3(ΩΩ1)
GM0

; and d•
1 = M1

M0+M1

In the above expressions r∗1 =
r1
d is a non-dimensional form of r1, q a non-dimensional pa-

rameter representing the ratio of the mass of the secondary component over primary compo-

nent(assume q << 1) and λ = sinθcosϕ , µ = sinθsinϕ, ν = cosθ.
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Equation(2.1.3) is the most general equation of the potential at point P (inside primary

component of binary system) which incorporates the effect of coriolis force in addition to

centrifugal force and gravitational forces. If we assume that the angular velocity Ω is iden-

tical with the Keplerian angular velocity (ΩK) where Ω2
K = G(M0+M1)

d3 then in terms of the

non-dimensional variables used by us,a relation Ω2 = 2n = (q+1) is obtained. Using this

relation, equation(1.4.9) becomes more simplified as:

ψ• =
1
r∗1

+q[
1√

1−2λr∗1 + r∗2
1

−αλr∗1]+βnr∗2
1 (1−ν2) (2.4)

where α = 2n1
(1+q) , β = (2n1

n −1), and Ω•2
P = 2n1

For binary system rotating synchronously, the angular velocity due to rotation and revo-

lution will be same, that is, Ω1 = Ω and the terms containing coriolis force will not appear

explicitly. Therefore equation(2.1.4) reduces to:

ψ• =
1
r∗1

+q[
1√

1−2λr∗1 + r∗2
1

−λr∗1]+nr∗2
1 (1−ν2) (2.5)

where

ψ• =
Dψ

GM0
−

M2
1

2M0(M0 +M1)

Expression(2.1.5) is same as earlier obtained by Kopal(6).

In pure tidal case there is no coriolis force and therefore for ψ• is identical to it’s earlier

expression obtained by Kopal (6) and can be derived from (2.1.5) by putting n = 0.

In case of pure rotation also, coriolis force is not generated because there is no revolution

on center of the star and therefore no rotating frame of reference. In such case the expression

for Roche-equipotential for a purely rotating star which is not subjected to tidal effects of the

companion star becomes:
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ψ• =
1
r•1

+nr2
1(1−ν2) (2.6)

Thus on explicit inclusion of coriolis force expression for Roche-equipotentials gets modified

from the earlier one obtained by Kopal (6) only in the case of of non-synchronous binaries.

In case of synchronous binaries, purely rotating and purely tidally distorted stars, there is no

change.

Following an approach earlier used by Kopal(6) and Mohan et al (41) Pathania (11) described

e new non-dimensional variable r0 given by the relation

r0 =
1

ψ∗∗−q
(2.7)

Following Kopal (6) ,Pathania(11) developed an explicit expression of relation connecting

the variables (r,θ,ϕ) on the surface of modified Roche-equipotentials (2.1.5). this relation

gives the shape of Roche equipotential surface.

r =r0[1+λqtr2
0 +a0r3

0 +(qP3 +2λ2t2)r4
0 +(qP4 +5a0λqt)r5

0 +(qP5 +3a5
0 +6λq2tP3)r06+

(qP6 +7a0qP3 +7λq2t4P4)r7
0 +(qP7 +8a0qP4 +8λq2tP5 +4q2P2

3 )r
8
0 +(qP8 +9a0qP5+

9λq2tP6 +9q2P3P4)r9
0 +(qP9 +10a0qP6 +10λq2tP7 +5q2P2

4 +2P3P5)....]

(2.8)

where a0 = qP2 +βn(1−ν2) , t = 1−α and Pj = Pj(λ) denote the Legendre polynomial.

As discussed earlier, terms upto second order of smallness in n, n1, and q, and terms upto

r1
00 in r0 are retained in (2.1.8). Relation (2.1.8) incorporates the effect of coriolis force and

can be further used to obtain the shapes of various roche equipotential surfaces ψ∗∗=constant.

Once the explicit expression for total potential ξ and r which includes the effect of grav-

itational, centrifugal and coriolis forces are known we are now ready to study the Roche

coordinates of such distorted stars.

19



2.2 EXPLICIT EXPRESSION OF ROCHE COORDINA-

TES FOR MODIFIED ROCHE EQUIPOTENTIAL SU-

RFACES DISTORTED BY ROTATIONAL AND TIDAL

FORCE

We introduce the system of coordinates ξ, η and ζ in which ξ coordinate is defined

by the Roche equipotential suraface in closed form given by expression(2.1.5) while the

coordinates η and ζ are defined by their that they are orthoganal to ξ as well as with respesct

to each other.

The conditions that must be satisfied by any system of orthogonal coordinates are same

as discussed by Kopal (6) which are:

ξxηx +ξyηy +ξzηz = 0 ξxζx +ξyζy +ξzζz = 0 and ηxζx +ηyζy +ηzζz = 0 (2.9)

Differentiating partially equation (2.1.5) with respect to r , λ and ν , we get

ξr =− 1
r2 +q[

(λ− r)
(1−2λr+ r2)3/2 −αλ]+2βnr(1−ν2) (2.10)

ξλ = q[
r

(1−2λr+ r2)3/2 −αr] (2.11)

ξν =−2βnr2ν (2.12)

By simple transformation of coordinates,it follows that

ξx = λξr −
(1−λ2)

r
ξλ −

λν
r

ξν (2.13)

ξy = µξr −
λµ
r

ξλ −
µν
r

ξν (2.14)

ξz = νξr −
λν
r

ξλ −
(1−ν2)

r
ξν (2.15)
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Using (2.2.2 - 2.2.4) into (2.2.5 - 2.2.7), we get

ξx =− λ
r2 +

2qλ2 −qλr−q
(1−2λr+ r2)3/2 −αq(λ+1)+2βnrλ (2.16)

ξy =− µ
r2 −

qµr
(1−2λr+ r2)3/2 +2βnrµ (2.17)

ξz =− ν
r2 −

qνr
(1−2λr+ r2)3/2 +4βnr(1−ν2) (2.18)

Hence, we have

(ξ2
x +ξ2

y +ξ2
z )

−1/2 =r21+λq(2λ2 −αλ−α−1)r2 − [qν−4βnν(1−ν2)−λ(6λ3q−8λq+4βnλ)

+(qµ2 −2βnµ2)]r3 − r4

2
[−30λ5 +λ4q27λ3q2 − 5

2
λ2q2 −3qλ+q2 +6λq

(µ2 +ν2)+6λ6q2]

(2.19)

Following Kopal (6) the differential equations generating the equipotentials surfaces are of

the form :

ξxdx +ξydy +ξzdz = 0 (2.20)

While the equations generating the lines that are ortoganal to the equipotentials are given by:

dx
ξx

=
dy
ξy

=
dz
ξz

(2.21)

and the Roche coordinates η and ζ corresponding to the angular coordinates of spherical

polars will be obtained as the integration constants of above equation(2.2.13). As equation

(2.2.13) is not in a proper form to integrate, we divide them by normal elements ds, we get

(dy/ds)
dx/ds

=
ξy

ξx
and

(dz/ds)
(dx/ds)

=
ξz

ξx
(2.22)

Since by defination the direction cosines of vector normal to the surface ξ=constant, must

satisfy the relation

(dx/ds)2 +(dy/ds)2 +(dz/ds)2 = 1 (2.23)
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Thus, equation(2.2.14 - 2.2.15) can be solved to obtain:

dx
ds

=
−ξx√

ξ2
x +ξ2

y +ξ2
z

(2.24)

dy
ds

=
−ξy√

ξ2
x +ξ2

y +ξ2
z

(2.25)

dz
ds

=
−ξz√

ξ2
x +ξ2

y +ξ2
z

(2.26)

since ξ(x,y,z) is a diminishing function of s, so we have taken the negative sign of the square

root. Using the spherical polar coordinates,

x = rsinθcosϕ y = rsinθsinϕ and z = rcosθ (2.27)

we can obtain

dx
dr

= r
dλ
dr

+λ (2.28)

dy
dr

= r
dµ
dr

+µ (2.29)

dz
dr

= r
dν
dr

+ν (2.30)

Since ds is very small, so it can be replaced by line element dr with our scheme of first order

approximation

dx
dr

=λ+qr2(2λ2 −αλ−α−1)(λ2 −1)+ r3λ[λ2(14q−4βn)−q(4+ν)+2βn(1+ν(1−ν2))

+µ2(q−2βn)]+ r4[15λ6q−3λ7q2 − 9
2

λ5q2 +λ4q(15− 27
2

q)+
13
4

λ3q2 +qλ2(−12+

(µ2 +ν2))− λ
2

q2 +
3
2

q]+ r5[2λ2q2(ν+µ2 +2)−q2(ν2 −µ2)−8λq2]+ r6[−λ7

(30q2 +36)λ5q(
3
2

q+24−12βn)+48q2λ4 +3λ3q2(−1+4µ2 +2ν2 +2ν)−32λ2q2+

λq(
3
2

q−7λqµ2 −3qν2 +2βnµ2)]

(2.31)
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dy
dr

=µ+µλq(2λ2 −αλ−α−1)r2 + r3[(qµ−2βnµ)−µ(qν−4βnν(1−ν2))−λ(6λ3q−8λq

+4βnλ)+(qµ2 −2βnµ2)]+ r4[3λµq− µ
2
(−30λ5q+λ4q2 +27λ3 +2q2 − 5

2
λ2q2 −3qλ

+6λq(µ2 +ν2)+6λ6q2)]+λq[(2λ2 −αλ−α−1)(qµ−2βnµ)]r5 − r6[(qµ−2βnµ)

−µ(qν−4βnν(1−ν2))−λ(6λ3q−8λq+4βnλ)+(qµ2 −2βnµ2)+3q2λ2µ(2λ2 −αλ−α−1)]
(2.32)

dz
dr

=ν+λνq(2λ2 −αλ−α−1)r2 + r3[qν−4βn(1−ν2)−ν(qν−4βnν(1−ν2)−λ(6λ3q

−8λq+4βnλ)+(qµ2 −2βnµ2))]− r4[3qλν+
ν
2
(−30λ5q+λ4q2 +27λ3q2 − 5

2
λ4q2 −3qλ

+q2 +6λq(µ2 +ν2)+6λ6q2)]+ r5λq[qν−4βn(1−ν2)][2λ2 −αλ−α−1]− r6[qν

−4βn(1−ν2)+3q2λ2ν(2λ2 −αλ−α−1)]
(2.33)

Comparing equations(2.2.11 - 2.2.12) and (2.2.14 - 2.2.16),we get

r
dλ
dr

+λ =λ+qr2(2λ2 −αλ−α−1)(λ2 −1)+ r3λ[λ2(14q−4βn)−q(4+ν)+2βn(1+ν(1−ν2))

+µ2(q−2βn)]+ r4[15λ6q−3λ7q2 − 9
2

λ5q2 +λ4q(15− 27
2

q)+
13
4

λ3q2 +qλ2(−12

+(µ2 +ν2))− λ
2

q2 +
3
2

q]+ r5[2λ2q2(ν+µ2 +2)−q2(ν2 −µ2)−8λq2]+ r6[−λ7(30q2 +36)

λ5q(
3
2

q+24−12βn)+48q2λ4 +3λ3q2(−1+4µ2 +2ν2 +2ν)−32λ2q2 +λq(
3
2

q

−7λqµ2 −3qν2 +2βnµ2)]

(2.34)

r
dµ
dr

+µ =µ+µλq(2λ2 −αλ−α−1)r2 + r3[(qµ−2βnµ)−µ(qν−4βnν(1−ν2))−λ(6λ3q−8λq

+4βnλ)+(qµ2 −2βnµ2)]+ r4[3λµq− µ
2
(−30λ5q+λ4q2 +27λ3 +2q2 − 5

2
λ2q2 −3qλ

+6λq(µ2 +ν2)+6λ6q2)]+λq[(2λ2 −αλ−α−1)(qµ−2βnµ)]r5 − r6[(qµ−2βnµ)

−µ(qν−4βnν(1−ν2))−λ(6λ3q−8λq+4βnλ)+(qµ2 −2βnµ2)+3q2λ2µ(2λ2 −αλ−α−1)]
(2.35)

r
dν
dr

+ν =ν+λνq(2λ2 −αλ−α−1)r2 + r3[qν−4βn(1−ν2)−ν(qν−4βnν(1−ν2)−λ(6λ3q−8λq

+4βnλ)+(qµ2 −2βnµ2))]− r4[3qλν+
ν
2
(−30λ5q+λ4q2 +27λ3q2 − 5

2
λ4q2 −3qλ+

q2 +6λq(µ2 +ν2)+6λ6q2)]+ r5λq[qν−4βn(1−ν2)][2λ2 −αλ−α−1]− r6[qν−4βn(1−ν2)

+3q2λ2ν(2λ2 −αλ−α−1)]
(2.36)
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On integrating above set of equations(2.2.21 - 2.2.28) by picard’s method of succesive ap-

proximation up to first order, we get

λ1 ={q
r2

2
(2λ0

2 −αλ0 −α−1)(λ2
0 −1)+

r3

3
λ0[λ2

0(14q−4βn)−q(4+ν0)+2βn(1+ν0(1−ν2
0))

+µ2
0(q−2βn)]+

r4

4
[15λ6

0q−3λ7
0q2 − 9

2
λ5

0q2 +λ4
0q(15− 27

2
q)+

13
4

λ3
0q2 +qλ2

0(−12+(µ2
0 +ν2

0))

− λ0

2
q2 +

3
2

q]+
r5

5
[2λ2

0q2(ν0 +µ2
0 +2)−q2(ν2

0 −µ2
0)−8λ0q2]+

r6

6
][−λ0

7(30q2 +36)λ5
0q

(
3
2

q+24−12βn)+48q2λ0
4 +3λ0

3q2(−1+4µ2
0 +2ν2

0 +2ν0)−32λ0
2q2 +λ0q(

3
2

q

−7λ0qµ0
2 −3qν0

2 +2βnµ0
2)]}+C1

(2.37)

µ1 ={µλ0q(2λ0
2 −αλ0 −α−1)

r2

2
+

r3

3
[(qµ0 −2βnµ0)−µ0(qν0 −4βnν0(1−ν2

0))

−λ0(6λ3
0q−8λ0q+4βnλ0)+(qµ2

0 −2βnµ0
2)]+

r4

4
[3λ0µ0q− µ0

2
(−30λ0

5q+λ4
0q2

+27λ3
0 +2q2 − 5

2
λ2

0q2 −3qλ0 +6λ0q(µ2
0 +ν2

0)+6λ6
0q2)]+λ0q[(2λ0

2 −αλ0 −α−1)(qµ0

−2βnµ0)]
r5

5
− r6

6
[(qµ0 −2βnµ0)−µ0(qν0 −4βnν0(1−ν2

0))−λ0(6λ3
0q−8λ0q+4βnλ0)

+(qµ2
0 −2βnµ0

2)+3q2λ0
2µ0(2λ0

2 −αλ0 −α−1)]}+C2

(2.38)

ν1 ={λ0ν0q(2λ0
2 −αλ0 −α−1)

r2

2
+

r3

3
[qν0 −4βn(1−ν2

0)−ν(qν0 −4βnν0(1−ν2
0)

−λ0(6λ0
3q−8λ0q+4βnλ0)+(qµ2 −2βnµ2

0))]−
r4

4
[3qλ0ν0 +

ν0

2
(−30λ0

5q+λ4
0q2 +27λ0

3q2

− 5
2

λ0
4q2 −3qλ0 +q2 +6λ0q(µ2

0 +ν2
0)+6λ6

0q2)]+
r5

5
λ0q[qν0 −4βn(1−ν2

0)][2λ0
2 −αλ0

−α−1]− r6

6
[qν0 −4βn(1−ν2

0)+3q2λ0
2ν(2λ0

2 −αλ0 −α−1)]}+C3

(2.39)

where C1, C2 and C3 are constants of integration which can be obtained by enforcing the

condition

λ2
1 +µ2

1 +ν2
1 = 1 (2.40)

It follows that C1 = λ0 , C2 = µ0 and C3 = ν0, where zero subscript refers to zeroth order

approximation. In terms of spherical polar coordinates, λ0, µ0 and ν0 are given by:

λ0 = cosθsinϕ µ0 = sinθsinϕ and ν0 = cosθ (2.41)
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with λ2
0 +µ2

0 +ν2
0 = 1 , for zeroth order approximation. So, using dependence of λ0 , µ0

and ν0 on η and ζ , we propose to use the following substitutions in the case of rotational

distortion as

λ1 = cosηsinζ, µ1 = sinηsinζ and ν1 = cosζ (2.42)

Using equation (2.2.20 - 2.2.22) and (2.2.23) , we get

cosη =
λ1√

1−ν2
(2.43)

and

cosζ =ν0 −{λ0ν0q(2λ0
2 −αλ0 −α−1)

r2

2
+

r3

3
[qν0 −4βn(1−ν2

0)−ν(qν0 −4βnν0(1−ν2
0)

−λ0(6λ0
3q−8λ0q+4βnλ0)+(qµ2 −2βnµ2

0))]−
r4

4
[3qλ0ν0 +

ν0

2
(−30λ0

5q

+λ4
0q2 +27λ0

3q2 − 5
2

λ0
4q2 −3qλ0 +q2 +6λ0q(µ2

0 +ν2
0)+6λ6

0q2)]+
r5

5
λ0q[qν0

−4βn(1−ν2
0)][2λ0

2 −αλ0 −α−1]− r6

6
[qν0 −4βn(1−ν2

0)+3q2λ0
2ν(2λ0

2 −αλ0 −α−1)]}
(2.44)

It is important to note that, the expression for η given in equation (2.2.35) is exact, however

the expression of ζ obtained in equation(2.2.36) is correct upto second order terms in n, n1

and q.

2.3 CONCLUSIONS

The Roche coordinates ξ, η and ζ given by equations (2.2.5), (2.2.35) and (2.2.36) respec-

tively includes the effect of coriolis force in addition to gravitational and centrifugal force. In

a special cases when α = 1 and β = 1, these reduce to the Roche coordinates of equipotantial

surfaces which does not take into account coriolis force.
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Chapter 3

THE METRIC COEFFICIENTS OF

ROCHE COORDINATES
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In this chapter, we present the explicit expressions of metric coefficients h1, h2 and h3

associated with the Roche coordinates of ξ, η and ζ discussed in chapter 2. This chapter is

organised as follows: In section 3.1 we discuss the general equations of orthogonality. The

metric coefficient of Roche coordinates is determined in section 3.2. Certain conclusions

based on the present studies are finally presented in section 3.3.

3.1 GENERAL EQUATIONS OF ORTHOGONALITY

In the system of coordinates (ξ,η,ζ) if we take ξ=constant then choose η and ζ in such

a way that they will satisfy the conditions of mutual orthogonality with respect to ξ as well

as to each other.

The general equations of orthogonality that must be satisfied by our curvilinear system of

coordinates are the same as discussed in equation(2.2.1).

If we consider in general

x = x(ξ,η,ζ); y = y(ξ,η,ζ) and z = z(ξ,η,ζ) (3.1)

in which the surface ξ=constant, η=constant and ζ=constant are to form an orthogonal set,

the metric coefficients h1, h2 and h3 is three dimensional transformation

(dx)2 +(dy)2 +(dz)2 = h2
1(dξ)2 +h2

2(dη)2 +h2
3(dζ)2,

will be given by the following equations:

h−2
1 = ξ2

x +ξ2
y +ξ2

z (3.2)

h−2
2 = η2

x +η2
y +η2

z (3.3)

h−2
3 = ζ2

x +ζ2
y +ζ2

z (3.4)

where suffixes denote partial differentiation with respect to x,y,z.
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3.2 DETERMINATION OF METRIC COEFFICIENTS

In this section, we present the explicit expressions of metric coefficients h1, h2 and h3

associated with the Roche-coordinates (ξ,η,ζ) for the Roche-equipotentials of rotatianally

and tidally distorted stellar models in the presence of coriolis force. The metric coefficients

h1, h2 and h3 as defined by (3.1.2 - 3.1.4) by take the following form:

h1(ξ,ζ) =r2
0 + r4

0[(2λ0qt)+λ0q(2λ2
0 −αλ0 −α−1)]+ r5

0[2a0 − (qν0 −4βnν0(1−ν2
0)−λ0(6λ3

0q

−8λ0q+4βnλ0)+(qµ2
0 −2βnµ2))]+ r6

0[λ
2
0 +q2t +4λ2

0q2t(2λ0
2 −αλ0 −α−1)

+30λ5
0q−λ4

0q2 −27λ3
0q2 +

5
2

λ2
0q2 +3qλ0 −6µ0q(µ2 +ν2)]+ r7

0[2λqt]+ r8
0[a

2
0 +2λqt

(qP3 +2λ2
0q2t2)+6µ2

0q2ta0(2λ2
0 −αλ0 −α−1)]

(3.5)

Proceeding in the like manner consistent with our scheme of approximation and using (2.2.35)

and (2.2.36), it may be shown that

ηx =− µ
r(1−ν2)

, ηy =
λ

r(1−ν2)
, and ηz = 0 (3.6)

From equation (3.2.2) , it can be shown that

h2 = r
√
(1−ν2) (3.7)

On using the values of µ, ν and r, we get:

h2(ξ,ζ) =r0sin(ζ)[1+λqtr2
0 +a0r3

0 +(qP3 +2λ2t2)r4
0 +(qP4 +5a0λqt)r5

0 +(qP5 +3a5
0 +6λq2tP3)r06

+(qP6 +7a0qP3 +7λq2t4P4)r7
0 +(qP7 +8a0qP4 +8λq2tP5 +4q2P2

3 )r
8
0 +(qP8 +9a0qP5

+9λq2tP6 +9q2P3P4)r9
0 +(qP9 +10a0qP6 +10λq2tP7 +5q2{P2

4 +2P3P5})r1
00+ ......]

(3.8)

And finally explicit expressions for h3 can be obtained by using the following relations:

h3 = (ζ2
x +ζ2

y +ζ2
z )

−1/2 (3.9)
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Thus, equations (3.2.1), (3.2.4) and (3.2.5) represents explicit expressions for metric coeffi-

cients h1, h2 and h3 respectively associated with system of Roche coordinates ξ, η, ζ for the

distorted strars in the presence of coriolis force.

3.3 CONCLUSION

In the present thesis we have developed an explicit expression for Roche coordinates ξ, η

and ζ as well as metric coefficients h1, h2 and h3 which are associated with ξ, η and ζ.

These expressions incorporate the effect of coriolis force in addition to the centrifugal and

gravitational forces. In a special cases these expressions can be reduced to the previous one

where the effects of coriolis force has been neglected.

The Roche coordinates and other related parameters thus developed in this thesis which

can further be used to study the period of oscillations of rotationally and tidally distorted

stars subjected to the coriolis force. We are always interested in such studies where coriolis

force plays significant role in the rotianally and tidally distorted stars. It may be noted that

we have considered the Roche equipotential surfaces by assuming primary component of

binary to be a Roche model of the star. The present methodology can further be extended to

more realistic stars instead of Roche model of star for their inner structure.
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