Numerical Solutions of Some Parabolic Partial

Differential Equations Using Finite Difference Methods

Thesis submitted in partial fulfillment of the requirements
for the award of the degree of
Masters of Science
in
Mathematics and Computing

submitted by
Rishu Singla
Roll No: 301003021
under
the guidance of
Dr. Ram Jiwari

to the

School of Mathematics and Computer Applications
Thapar University

Patiala- 147004 (Punjab)
INDIA



DEDICATED
TO
GOD, MY PARENTS AND MY TEACHERS



CONTENTS

Certificate
Acknowledgement
Abstract
1. Introduction
1.1 Partial Differential Equations
1.2 Numerical Solution of Partial Differential Equationss
1.3 Differential Quadrature Method
1.4 Finite Difference Methods
1.5 Finite Ditfference Methods for Solving Parabolic Equations
1.6 Stability of Explicit Scheme
1.7 Stability of Implicit Scheme
1.8 Organisation of Thesis
2. Weighed Finite Difference Techniques for the Numerical Solution of
Advection-Diffusion Equation
2.1 Introduction
2.2 Mathematical Model of Advection-Diffusion Equation
2.3 Numerical Solution of Advection-Diffusion Equation by Finite Difference
Method
2.4 Numerical Experiments
3. A Numerical Method Based on Crank-Nicolson Scheme for Bugers’ Equation
3.1 Introduction
3.2 Hopf-Cole Transformation
3.3 Difference Scheme
3.4 Stability Analysis
3.5 Numerical Experiments

References



CERTIFICATE

| hereby certify that the worl which is being presented in the thesis entitled
“Numerical Solutions of Some Parabolic Partial Differential Equations Using Finite
Difference Methods” which is being submniitted for the award of degree of master of
Science, School of Mathematics and Computer Applications, Thapar University, Patiala is
an authentic record of my own work carried out under the supervision of Dr. Ram

Jiwari.

The matter presented in the thesis has not been submitted for the award of any other
depree of this or any other university. Ko r
I.::.JJE’L;\’»L i-';b""”‘%m

Rishu Singla

This is to certify that the above statement made by the candidate is correct and true to
the best of my knowledge.

@tp/
(Dr. Ram Jiwari)

SMCA, Thapar University
Patiala

Countersigned by:

-{B}ﬂj L rlg E
Dr.S.S. Bhatia Dr.S. K Mo a"imn-a
(Professor & Head) Dean of Academic Affairs
School of Mathematics & Computer Applications Thapar University, Patiala,

Thapar University, Patiala.






ACKNOWLEDGEMENT

It gives me immense pleasure to acknowledge my sincere gratitude to my academic
supervisor, Dr. Ram Jiwari, School of Mathematics and Computer Applications, Thapar
University, Patiala, for his constant help, encouragement and support throughout the
eourse of this work.

I would like to extend my special thanks to Dr. S, S.Bhatia, Professor and Head,
School of Mathematics and Computer Applications, Thapar University, Patiala, for
providing help and necessary facilities in the department and directly or indirectly
-encouraged me to work harder during the whole course.

I would like to thank my parents for their unconditional support and
gncouragement. | am also very thankful to my friends who contributed a lot in
accomplishing this piece of work to be a successful one and also helped me when | was

indifficulties.

o B s "'.::L
Rughan, S
(Rishu Singla)
Patiala
July, 2012



ABSTRACT

In this thesis an attempt has been made to solwe g@rabolic partial differential equations
by using finite differences methods. The chapteseveummary of the thesis is as follows

In chapter 2, we consider one-dimensional convedliffusion parabolic partial
differential equation:

%*C%:Dg%’ 0<x<L,0<t<T

The convection—diffusion equation is a parabolidiphdifferential equation, which
describes physical phenomena where energy is tnanstl inside a physical system due to
two processes: convection and diffusion. The temnvection means the movement of
molecules within fluids, whereas, diffusion deseslihe spread of particles through random
motion from regions of higher concentration to oeg of lower concentration. In this chapter
we have developed some finite difference schemssdoan weighted average for solving the
one dimensional advection—diffusion equation witimstant coefficients. These techniques
are based on the two-level finite difference appmation. By changing the values of
weighed parametef, we obtained the Forward Time Cantered Space (FT,S@owind
scheme, Lax-Wendroff and Crank-Nicolson schemesortter to check the accuracy of
proposed methods three test examples are consigetiechnalytical solution available in
literature. The examples are solved by all fouresebs and compared each other. It has been
concluded that the Lax-Wendroff scheme is in gogrie@ment with the analytical solution as

compare to the other schemes.

In chapter 3, we consider one-dimensional quasilinparabolic partial differential
equation:

2
@+u@=ia—g, (x,t)0Q
ot 0x Redx

The nonlinear partial differential equation is amugenous quasi-linear parabolic

partial differential equation which encountershe theory of shock waves, mathematical



modelling of turbulent fluid and in continuous dtastic processes. Such type of partial
differential equation is introduced by Bateman [I#]L915 and he proposes the steady-state
solution of the problem. In 1948, Burger [23, 24euthe nonlinear partial differential
equation to capture some features of turbulendl filmia channel caused by the interaction of
the opposite effects of convection and diffusiatett on it is referred as Burgers’ equation.
The structure of Burgers’ equation is similar tattiof Navier-Stoke’s equations due to the
presence of the non-linear convection term andot@irrence of the diffusion term with
viscosity coefficient. The study of the general ggdies of the Burgers’ equation has
attracted attention of scientific community duetsoapplications in the various fields such as

gas dynamics, heat conduction, elasticity, etc

In this chapter, we present a combined numericaerse based on Hopf-Cole
transformation and Crank-Nicolson finite differenoethod for the numerical solutions of
one dimensional Burgers’ equation. The scheme hawrs to be unconditionally stable and
is second order accurate in space and time. Thantalye of the proposed method is that
there is no restriction in choosing mesh sizesuipport of the predicted theory, the two test
examples have been considered and solved numegribgllthe proposed scheme and
compared with the analytical solutions obtainedusyng Hopf-Cole transformation. The

Figures are plotted to show the physical phenomefidime given problem.



Chapter 1

Introduction

1.1Partial Differential Equations

The mathematical formulation of most problems iresce involving rates of change
with respect to two or more independent variahlesally representing time, length or angle,
leads either to a partial differential equatiorimset of such equation.

The general form of linear second-order paditierential equation is

2 2 2
aag+bau+cag+da—u+e%+fu=g (1.1)
0X oxot ot ox ot

Hereu=u(xt)anda, b, c, d, e, f and g are functions ofxand t only-they do not depend

of u.
The first three terms containing the secondvdaves are called the Principal part of the
partial differential equation. They determine thatume of the general solution to the

equation. In fact, the coefficients of the Printipart can be used to classify the PDE as
follows.

The PDE is said to be elliptic ifo?>-4ac< 0. The Laplace equation has
a=1b=0 and c =1is therefore an elliptic PDE.

The PDE is said to be hyperbolic ib°-4ac> .The wave equation has
a=1b=0and c =-1is therefore a hyperbolic PDE.

The PDE is said to be parabolic ib*’-4ac= .The heat equation has
a=1,b=0and c =0is therefore a parabolic PDE.

The simple examples for the parabolic, elliptnc hyperbolic equation are as follows

1.1.1 Parabolic Equation

A parabolic equation in one dimension space mawtitéen as

ou . 0%
—=k— 1.2
ot ox? (1.2)



where k is a constant. The equation (1.2)esgmts conduction of heat in the x-direction
with u denoting temperature at a poixin a homogeneous medium at time t. Besides heat

conduction, equation (1.2) also represents sewthar physical processes, like diffusion of

gas, fluid flow, etc.

A parabolic equation in two space dimensiomslmawritten as

2 2
M OU O ey
ot ox~ oy

whereJ?u=0Ouand 0 = iai+ jai. The operatoif]®is known as Laplacian operator or
X y

simply Laplacian. In case of heat conduction (diifun) the parameter k is called coefficient

of heat conduction (diffusion) and is equalto K where k is conductivity, p the density and
PpC

c is the specific heat of the medium.

As parabolic equation is time-dependent, threykaown as ‘transient problems’.

1.1.2 Elliptic Equation

With time increasing, all transient problems teonddach steady state, i.e. when there

is no more change in the value of u in spite off@ase in time, which mathematically

meansY =0. The elliptic equation describes steady stategu®es and can be represented

ot
as
2 2

O%u= 0_121 +0_121 =0, (Laplace equation) (1.3)
ox~ oy
d°u . 0°u

0%u =—+—="f(xy), (Poisson equation) (1.4)
ox° oy

Since u may also represent voltage in a cooduat velocity potential of fluids or
gravitational pontential in space, the elliptic agon are generally referred to as potential

problems.
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1.1.3 Hyperbolic Equation

The most common example of a hyperbolic equationne-space dimension is the

wave equation,
—=C"— 1.5
3 (1.5)

where c is constant.

Equation (1.5) represents the motion of a vibgastring stretched between two points
where u denotes the displacement of a point orstitieg at a distance x, at any instance t
while the string vibrates in the u-x plane. Thensfis assumed to be uniform and elastic and

that czzl, where T is the tension in the string and m isnigss per unit length. The
m

equation may also represent the displacement ohgitudinally vibrating bar or of sound

waves in a pipe. In two-space dimension it mayes@nt deflection of a membrane.

1.2 Numerical Solutions of Partial Differential Equations

Partial differential equations (PDEs) form the basi very many mathematical models
of physical, chemical and biological phenomena, lsuade recently their use has spread into
economics, financial forecasting, image processing other fields. The vast majority of
PDEs model cannot be solved analytically. So, t@stigate the predictions of PDE models
of such phenomena it is often necessary to appueeirtneir solution numerically. In most
cases, the approximate solution is representeditgtibnal values at certain discrete points
(grid points or mesh points). There seems a britijereen the derivatives in the PDE and
the functional values at the grid points. The nuoartechnique is such a bridge, and the
corresponding approximate solution is termed thmemcal solution. Currently, there are
many numerical techniques available in the lite&atlAmong them, the finite difference
(FD), finite element (FE), and finite volume (FV)ethods fall under the category of low
order methods, whereas spectral and pseudo spewttiabds are considered global methods.

Sometimes the latter two methods are considersdlasets of the method of weighted.
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1.2.1 Finite Element Method

Finite element method (FEM) represents a powenhd general class of techniques
for the approximate solution of partial differemhtmuations. The basic idea in the FEM is to
find the solution of a complicated problem by repig it by a simpler one. Since the actual
problem is replaced by a simpler one in finding s&ution, we will be able to find only an
approximate solution rather than the exact solutibms method is mostly used for the
accurate solution of complex engineering problemsh vabundant software available
commercially. FEM was first developed in 1956 fdre tanalysis of aircraft structural
problems. Thereafter, within a decade, the potktns of the method for the solution of

different types of applied science and engineepiudplems were recognized.

Over the years, the FEM technique has been so estfiblished that today it is
considered to be one of the best methods for gplainvide variety of practical problems
efficiently. In fact, the method has become oneth@ active research areas for applied
mathematicians. Based on the variational principkesic procedures of the FEM include:
obtaining functional (variational expressions) frarorresponding differential equations,
dividing interested region into small elements, starcting interpolation model for each
element, assembling all elements’ contributiongho global system, and finally solving the
global-matrix problems. The systematic generalitfFBEM makes it possible to construct a
general-purposed computer program for a wide rafigeoblems. In this method, the region
is divided into subregions (elements), which colble different shapes i.e. triangular,

rectangular, curvilinear, ring, or infinite.

Moreover, non uniform unstructured meshes and adapteshing procedures can be
employed to significantly improve the accuracy aefficiency of FEM programs.
Furthermore, FEM scheme can be established notlgntize variational method but also by
the Galerkin method or the least squares method;E9d can still be used even though a
variational principle does not exit or cannot bentified. Boundary conditions can be easily
applied once the mesh generation is done.Howewer, pre-and post-processes of the
computed set up always play an important role fgonad FEM program. Many researchers
have been using finite element method for the smistof PDEs since 1956. Gerisehal.
[14,15] have used high-order linearly implicit twtep peer - finite element methods for time
dependent PDEs successfully.

12



1.2.2 Finite Volume Method

Finite volume methods (FVMs) form a relatively gealeclass of discretizations for
certain types of partial differential equations.e$d methods start from balance equations
over local control volumes, e.g., the conservatbmass in diffusion problems. When these
conservation equations are integrated by parts eaein control volume, certain terms yield
integrals over the boundary of the control volurier example, mass conservation can be
written as a combination of source terms inside dbetrol volume and fluxes across its
boundary. Of course the fluxes between neighbguecontrol volumes are coupled. If this
natural coupling of boundary fluxes is included time discretization, then the local
conservation laws satisfied by the continuous nwbare guaranteed to hold locally also for
the discrete problem. This is an important aspé&\uMs that makes them suitable for the
numerical treatment of, e.g., problems in fluid @yncs. Another valuable property is that
when FVMs are applied to elliptic problems thaisgta boundary maximum principle, they
yield discretizations that satisfy a discrete bamgdmaximum principle even on fairly
general grids. FVMs were proposed originally as @ans of generating finite difference
methods on general grids.

Today, however, while FVMs can be interpreted agdidifference schemes, their
convergence analysis are usually facilitates bydbstruction of a related finite element
method and a study of its convergence properties.flindamental idea of the finite volume
method can be implemented in various ways in tmstroction of the control volumes, in the
localization of the degree of freedom, and in thecrtization of the fluxes through the
boundaries of the control volumes. There are twsidadly two classes of FVM. First, oell-
centred methods each control volume that surrounds a pgoitit has no vertices of the
original triangulation lying on its boundary. Thecend approachyertex-centred methods,

uses vertices of the underlying triangulation asiees of control volumes.

1.2.3 Method of Weighted Residuals

The methods of weighted residuals are the apprdrim&thods which determine the
solution of the differential equation in the forrhfanctions which are closed in some sense

to the exact solution. Consider a differential écpa
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/(u)=0 (1.6)

with initial condition, 1(u)=0, and boundary conditionS(u)=0. The solution of

differential equatiorJ (x) is approximated by a finite series of functiap$x) as follows:

U=U()+ 2,84 )

whereg (x) are the basis or trial functiona, are the coefficients to be determined that
satisfy the differential equation, amd are the number of functions. The form Wf(x) is

chosen to satisfy the boundary and the initial @tk exactly. There is another approach in
which exact solutions of the differential equateme known and these are added together to
satisfy the boundary conditions approximately.sitalso possible to formulate a method in
which the differential equation and the boundanydibons are satisfied approximately.

In general, the approximate solution does radisty the partial differential equation
exactly, and substituting its value results insideal,R,

R(x,a,,a,,....a,) = (U (x)) (1.8)

which in turn is minimized in some sense. &@ivenN the a,'s are chosen by requiring

that an integration of the weighted residual oherdomain is zero. Thus
(W, (x),R) =0. (1.9)

By lettingk =12,...N a system of equations involving ondy's is obtained. For unsteady

partial differential equation this would be a systef ordinary differential equations, for

steady problems a system of algebraic equatiorsir@at. Different choices of, (x) give

rise to the different methods within the class.

1.3 Differential Quadrature Method

The differential quadrature method (DQM) is a higlbeder numerical technique for
solving partial differential equations. In the rnimen century, most of the numerical

simulations of engineering problems can be caraedby the low order FD, FE, and FV
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methods using a large number of grid points. In esgonactical applications, however,
numerical solutions of PDEs are required at onliew specified points in the physical
domain. To achieve an acceptable degree of accueyrder methods still require the use
of a large number of grid points to obtain accursdtutions at these specified points. In
seeking an efficient discretization technique tdéaobaccurate numerical solutions using a
considerably small number of grid points, Richaedl@an and his associates [5] introduced
the method of differential quadrature in the edi®y0s. The DQM, akin to the conventional
integral quadrature method, approximates the patéiavative of a function at any location
by a linear summation of all the function valuesngl a mesh line. The key procedure in the
differential quadrature application lies in the aetetination of the weighting coefficients.
Initially, Bellman and his associates proposed twethods to compute the weighting
coefficients for the first order derivative. Thesti method is based on an ill-conditioned
algebraic equation system. The second method usespde algebraic formulation, but the
coordinates of the grid points are fixed by thetsoaf the shifted Legendre polynomial. In
earlier applications of the DQM, Bellman’s first thed was usually used because it allows
the use of an arbitrary grid point distribution. wyer, since the algebraic equation system
of this method is ill-conditioned, the number oé thrid points usually used is less than 13.

This drawback limits the application of the DQM.

The DQM and its applications were rapidly developédr the late 1980s, thanks to the
innovative work in the computation of the weighticgefficients by researchers [6,7,8,30,31
and 48]. As a result, the DQM has emerged as a holwaimerical discretization tool in the
past decade. As compared to the conventional laerdinite difference and finite element
methods, the DQM can obtain very accurate numeresllts using a considerably smaller

number of grid points and hence requiring relajiviglle computational effort.

1.4 Finite Difference Methods

The finite difference techniques are based upon approximations that permit
replacing differential equation by finite differancequation. There finite difference
approximations are algebraic in form, and the smhst are related to grid points. Thus,

a finite difference solution basically involvesékrsteps:-

15



1) Dividing the solution into grids of notes.

2) Approximating the given differential equation byife difference equivalence that
relates the solutions to grid points.

3) Solving the difference equations subject to thes@ibed boundary conditions and/or

initial conditions.

Forward-difference formula

f(xo+ Ax) = f(Xo)
AX

f(x,) O

Backward-difference formula

() 0100 = Flx =80

Central-difference formula

f'(XO) 0 f(Xo+AX)_ f(Xo_AX)
2AX%

The approach used for obtaining above finite déifiee equations is Taylor's series:-

f(x, +AX) = f(x,) + AXF (X,) +%(Ax)2f (%) +%(Ax)3f (%,) +o(Ax)* (1.10)
F (% ~A%) = (%) ~AF (%) +%(Ax)2f %) -%(Ax)sf (%) +0(%)’* 19

whereo(AXx)* is the error introduced by truncating the series.

Subtracting (1.10) from (1.11), we obtain
f(x,+ AX) = f(x, = AX) = 2Ax%f (x,) + 0(AX)°,

which can be re-written as

- f (X, * BX) = T (x, = B) :
f(x,) 0 L +0(AX)

i.e. the central-difference formula. Note that th¢Ax)?* means the truncation error is the

order of (Ax)*for the central-difference.

16



The forward-difference and backward-differenfmgmula could be obtained by re-

arranging (1.10) and (1.11) respectively, and wesha

f(Xo+ 8x%) = f(Xo) , o(ax), forforward difference,
Ax ’

f(x,) O
and

) 01007 106780

for backward difference. We can find the truncatiwrors of their two formulas are of order

Ax . On adding (1.10) and (1.11), we have
f (% +) + f (%, =A%) =2f (x,) +(X)f "(xo) +0(AX)*,

and we have

. + - + -
f(x) O f (x, + AX) 2f(x§) f (x, = AX) + 0(AX)?
(AX)
Higher order finite difference approximations candbtained by taking more terms in Taylor

series expansion.

Our main aim of the present study is to discussesdéimte difference schemes for the
numerical solutions of some parabolic equations. Vi@ are giving some finite difference

schemes for parabolic equations in the followingpthbr.

1.5 Finite Difference Methods for Solving Parabolidequations

We will discuss a few finite difference methodsithmerits and demerits, for solving
one-dimensional parabolic equation (1.2). Genetakyequation is divided by the parameter
k throughout which is absorbed in t. Hence thelteguequation is written in the normalised

form as,

okl 0<x<L,t=0 (1.12)

17



As can be seen, equation (1.12) is definetierspace domaif < x< L . This domain can
also be normalised varying from 0 to 1 by changeafable, if required. Let us suppose
Dirichlet conditions are prescribed at both theserd0 and x=L, (values of u are given) and

an initial condition is prescribed at time t=0 ageg below:

u(o,t) =u, t>0 112(a))
u(L,t) =u, t>0 L12(b))
u(x,0) = f(x) =0 112(c)

The domain of integration of the partial differetequation (1.12) or its solution domain is
D=[0<x< L]x[t=0]

Let us considex-t plane such that x is represented by horizonta amd time t by vertical
axis. A rectangular mesh is formed in domBirby drawing lines parallel to the axes. We
subdivide the interval0<x<L into, say N subintervals each of widthx such that

NAXx = L and mark  the points on the x-axis asx, i=0L..,N

wherex,=0, Xx,=L and x,=iAx.

We draw lines through these points parallgtaais and also draw lines parallel to x-axis

at distances=At =t,, 2At =t,,, jAt =t, etc.

In this way the domain D is subdivided into recfalar meshes. The points of
intersection of these lines are called mesh pogrtd, points and pivotal or nodal points. We
find the solution at these mesh points in a stepstep manner in t-direction. That is, if

u; ;denotes the value of u at the mesh poin), then to start with we compute at

t =t,= At the values o, i=12,...,.N—- 1

Once the values are known tatt, , the process may be repeated to get the values at

t=t,=2At,ieu,,i=12...,N-1In general when the values of  have been computed up
to t=t,= jAt,i.e jthtime level, the values at the next time leygh1)th, are computed to

give u, ;,;, i =12,....,N =1 It may be noted that the values of u at boundatje Oand,

18



Xy =Lare known asu,andu,, by virtue of prescribed boundary conditions ({a)p and
(1.12(b)) respectively and values af, ;on account of initial condition (1.12(c)) as

U= f(x),i = ODN,t=0.

1.5.1 Explicit Scheme for Parabolic Partial Differatial Equation

Consider a simple example of a parabolic (or diffay partial differential equation
with one spatial independent variable

(o)
c
(e7)
N
c

9 (1.13)

(o3}
—
(o3}
>
N

The equivalent finite difference approximatien

u(i, j+1)-u(,j) _u@-1j)-2u(i,j)+ul+1j)
At - (AX)2 '

wherex =iAx, i =123.....n,t = jAt, j =12....,.N-1, we use the forward difference
formula for the derivative with respective to t acehtral difference formula for the with

respect to x. If we let

At (1.14)
k(AX)?

equation (1.13) could be written as

u(i,j+D) =ru(i+21,j)+@-2r)u(,j)+ru(i—-1,j) (1.15)

This explicit formula can be used to computgt +At) explicitly in terms ofu(x,t). Thus the

values ofU along the first time row, tAt, can be calculated in terms of the boundary and
initial conditions, then the values af along the second row,= 2At, are calculated in

terms of the first time row, and so on.
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1.5.2 Crank-Nicolson (C-N) Scheme for Parabolic Pé&al Differential
Equation (Implicit Scheme)

The C-N scheme is also an implicit scheme. Instéadmesh point, the discretization

is made at the midpoint ofthand (j +thlevels, i.e. at(xi,tj+l,2). The time derivative as

well as the space derivative in (1.12), both israpimated by central differences, i.e.

ML 4 o(At?) + o(AX3) (1.16)

Ui iU _1 ui—l,j_zui,j+ui+1,j +ui—1,j+1_2ui,j+l+u
At 2 AX? AX?

It may be noted that since the values of urereavailable at the midpoint, the second

derivative at the point(i,j+1jis replaced by the average values at t{nej) and
2

(i,j +Dpoints. It must also be noted that the truncatiororein the C-N scheme is
o(At?) +o(Ax?).

while it is o(At) +0o(Ax?) in both the methods, namely Explicit and Implidgiiscussed

earlier. Rearranging various terms in (1.11) anitinoy r :%, we get
X

_rl"i+1j+1_rui—1j+1+2(1+ r)ui,j+1: MU+ +2(1_r)ui,j +At[0(At2) +0(AX2)]
Neglecting the error terms, the C-N scheme ineso
MUy U g P2ALH U, =T U U 201U i=12,....,N-1 (1.17)
As may be seen that C-N scheme (1.15) is @fidinscheme. In order to find the value of
u at the(j +Dthlevel, we have to invoke it for i=1(1)N-1 which wiesult in N-1 equation in
N-1 unknowns and their solution will give the valoku at the(j +1)thtime level. It may

also be mentioned that the resulting system of tegusis tridiagonal and can be very easily

solved by Gaussian Elimination or some other stahoeethod.

1.6 Stability of Explicit Scheme

20



In the Explicit scheme the values wat the level of timej +1 are given explicitly in
terms of the values af at the previous levgl, i.e.
U o =ru_y, +(@-2r)u +ru,,, , i=12...,N-1 (1.18)
Let us suppose that the valuesuddt thejthlevel are not the true values and have certain
error in them. We have computerht the (j +1)thlevel using these values which will also
have error in it. Let us denote the true valueuyapproximate (actually computed) value by
u” and the associated errorun by e, so that the computed value can be expressed
U ja=rufag + (- 2r)us ) +ruf (1.19)
Subtracting (1.19) from (1.18), we get
CRWE I +(1—2r)e,’j +re,,; , 1=12,...,N-1 40)

where e ; denotes the error in the exact valuand the computed value” at the (i.])
mesh points. It may be remembered thgt,,=u, and u,,=u, on account of the

boundary conditions and their value are not beimgmuted at any time. Hence there is no

question of error in the values ofat the endpoints so thaf; =g, ; = . @e can now write

(2.20) in matrix form as follows:

€ | [1-2r r 0 0 ... o] [e; |
€ jn r 1-2r r o .. 0| |&;
& | _ 0 r 1-2r ro ... 0| |6 (1.21)
€v-1ja| L ro1-2r] En-1
or e, =Ae (1.22)
where
eT,-+1=(eLj+l € jug weeeees eN_lYM) (1.22a)
eT,-=( GO e eN_Lj) (1.22b)
and
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1-2r r 0 0o ... 0]
r 1-2r r 0o ... 0
0 r 1-2r r . 0
A= (1.22c)
i r 1-2r |

Then according to formula (1.22) these ewir become Ae, at the next step ignoring
the computing error introduced at that step, sb &haAe,. Then at the following step the
contribution ofe will be e, = Ag = A’g,. Proceeding in the same manner, after  k step, the
error g, will contribute to overall error

e =A‘e,, k=12,..... (1.23)
It should be noted that local computationabehas been neglected at each time level. We
observe from (1.23) that is dependent ofA“. If elements of matrix A become smaller and

smaller tending to zero, or remain bounded, asdofes infinitely larger than the scheme

will be stable. On the other hand, if they incredlsen the scheme will be unstable.

Let us suppose that the matri&{(N-1)x(N -1} possesses eigen valug, with
corresponding eigen vectors,s=12....,N - ahd that they are all distinct. They satisfy the
equation,

Av=Av or  Av,=Ayv,, s=12,...N-1 @)2

We can express the error vecgpby a linear combination of these vectors, say

N-1
=) cv (1.25)
eO S°S
s=1
where V's=(v Voo . Vaie) (1.26)

It may be noted that th(JN —1) coefficient, ¢, can be uniquely determined from the system

of equation (1.25). From (1.25) we have,

N-1
A‘e,=AY c Ay, , from (1.25)
s=1

=A“> e Ay, , from (1.24)

N-1
=> c A, 1.27)
s=1
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The termsA"eO on the left side (1.27) denotes the propagatioaradr e, at the kth step
as shown in (1.23). if this error is not to increasdefinitely with k, then we must have
Al<1,s=12..,N-1
or  |Ands1

Thus for the Explicit scheme to be stable,tfaglulus of the largest eigen value of matrix
A, given by (1.22c), should not exceed unity.

1.7 Stability of Implicit Scheme

We see that Crank-Nicolson Scheme (1.17) is limearvalues defined at the mesh

points. Hence the error will also follow the saneeniula. Changing subscripisandj by

p and grespectively, the error formula may be written as

—re,  qnt 2(1+ r)epml €14 =T€p1q * 2(1— r)ep’q +1€,., (1.28)
Writing in matrix form remembering that there is@mor atx=0 and x=L
Pe,.. =Qeg,
or €= P Qe (1.29)
where
20+r) -r 0 .. 0 2-r) r 0 .. 0 ]
-r 2+r) -r ... 0 r 20-r) r ... 0
P= , Q= L
0 0 -r 2(+r)]| 0 0 ro 20-r)
e;]r+1 = (el,q+1 e2,q+1 """" eN —]_,q+l)
&, :(elq €q e eN_lyq)

For stability the eigen values gf™Q should be less than or equal to one in modulus.

Let us define a tridiagonal matrix T as
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Then we can write (1.29) as
€ =(21 +1T) (21 - rT)e,
=Se, where matrix S=(21 +rT)*(21 -rT)

2-

If wis an eigen value of T then the eigen valuef matrix S is given by)l:2+ . For

stabilityl1| <1, so that-1< 2~ A"
2+ i

matrix T, we see that2< —-2<2 or 0<s u< 4Hence, C-N scheme is stable for all values
of r, i.e. unconditionally stable.

<1 which implies thatu > 0. Using Brauer’s theorem on

Alternatively, we can also use the fact that tlgereivalues of matrix T is given by

us=4sin2(25—’NTj, s=12,...N-1

-2 sinz(lS%N)

* 142 sinz(S%N)

Obviously || will always be less than 1 .

Hence, A

1.8 Organisation of Thesis

In this thesis an attempt has been made to solve parabolic equations by using
some finite differences methods. The chapter wisensary of the thesis is as follows.

In chapter 2, we consider one-dimensional convedliffusion parabolic partial

differential equation:

2
%+C%:D6_L;, O<X<L'O<t<T
ot ox 0X
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The convection—diffusion equation is a parabolidiphdifferential equation, which
describes physical phenomena where energy is tnanstl inside a physical system due to
two processes: convection and diffusion. The temnvection means the movement of
molecules within fluids, whereas, diffusion deseslihe spread of particles through random
motion from regions of higher concentration to c&@i of lower concentration. In this chapter
we have developed some finite difference schemssdoan weighted average for solving the
one dimensional advection—diffusion equation witimstant coefficients. These techniques
are based on the two-level finite difference appmation. By changing the values of
weighed parametef, we obtained the Forward Time Cantered Space (FT,S@owind
scheme, Lax-Wendroff and Crank-Nicolson schemesortter to check the accuracy of
proposed methods three test examples are consigetiechnalytical solution available in
literature. The examples are solved by all fouresebs and compared each other. It has been
concluded that the Lax-Wendroff scheme is in gogrie@ment with the analytical solution as

compare to the other schemes.

In chapter 3, we consider one-dimensional quasilinparabolic partial differential
equation:

2
@+u@=ia—g, (x,t)0Q
ot 0x Redx

The nonlinear partial differential equation is amugenous quasi-linear parabolic
partial differential equation which encounters lve ttheory of shock waves, mathematical
modelling of turbulent fluid and in continuous dtastic processes. Such type of partial
differential equation is introduced by Bateman [#1]L1915 and he proposes the steady-state
solution of the problem. In 1948, Burger [23,24]euthe nonlinear partial differential
eqguation to capture some features of turbulendl filmia channel caused by the interaction of
the opposite effects of convection and diffusiatett on it is referred as Burgers’ equation.
The structure of Burgers’ equation is similar tattiof Navier-Stoke’s equations due to the
presence of the non-linear convection term andot@irrence of the diffusion term with
viscosity coefficient. The study of the general ggdies of the Burgers' equation has
attracted attention of scientific community duetsoapplications in the various fields such as

gas dynamics, heat conduction, elasticity, etc
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In this chapter, we present a combined numericaerse based on Hopf-Cole
transformation and Crank-Nicolson finite differenoethod for the numerical solutions of
one dimensional Burgers’ equation. The scheme hawrs to be unconditionally stable and
is second order accurate in space and time. Thantalye of the proposed method is that
there is no restriction in choosing mesh sizesuipport of the predicted theory, the two test
examples have been considered and solved analytimalusing Hopf-Cole transformation.

The figures are plotted to show the physical phesmon of the given problem.
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Chapter 2

Weighted Finite Difference Techniques for the Numeacal Solutions of

Advection-Diffusion Equation

2.1 Introduction

Problems of environmental pollution (for rivers, asts, groundwater, and the
atmosphere) can be reduced to the solution of &ematical model of diffusion-dispersion.
The mathematical model describing the transport difflision processes is the one-
dimensional advection-diffusion equation (ADE). Metatical modeling of heat transport,
pollutants, and suspended matter in water and isedlves the numerical solution of a
convection-diffusion equation. The convection-dsiitn equation is a parabolic partial
differential equation, which describes physical mireena where energy is transformed
inside a physical system due to two processes:emion and diffusion. The term convection
means the movement of molecules within fluids, whser diffusion describes the spread of
particles through random motion from regions ofhieig concentration to regions of lower
concentration. It is necessary to calculate thesfrart of fluid properties or trace constituent
concentrations within a fluid for applications suah water quality modelling, air pollution,
meteorology, oceanography and other physical seeen#&/hen velocity field is complex,
changing in time and transport process cannot béiagally calculated, and then numerical
approximations to the convection equation are pelisable. Various numerical techniques
have been developed and compared for solving tleedimensional convection-diffusion
equation with constant coefficient [1, 9, 16, 1d d8]. Most of these techniques are based
on the two-level finite difference approximations [32] several different numerical
techniques will be developed and compared for sglihe three-dimensional advection-
diffusion equation with constant coefficient. Thesehniques are based on the two-level
fully explicit and fully implicit finite differenceapproximations.

In [33] new classes of high-order accurate methomlge developed for solving the two-

dimensional unsteady convection-diffusion equabased on the method of lines approach.
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In [34] a new practical scheme designing approashgresented whose application is based
on the modified equivalent partial differential etjon (MEPDE). These methods are second-
order accurate and techniques that are third and&yurth order accurate. In [35] a variety of
explicit and implicit algorithms has been studiedakhg with the solution of the one
dimensional advection equation. These schemesamedbon the weighted finite difference
approximations. In [36] several finite differenaghemes are discussed for solving the two-
dimensional Schrodinger equation with Dirichlet'subdary conditions. In [37] several
different computational LOD procedures were devetbpnd discussed for solving the two-
dimensional transport equation. These schemes asedbon the time-splitting finite
difference approximations in [38] the solution ohu€hy reaction-diffusion problem is
presented by means of variational iteration methidee main object of this study is to
develop a user friendly, economical and stable otethihich can work for higher values of
peclet number for convection-diffusion equation bging redefined cubic B-splines

collocation method.

One of the best tools for solving the ADE isesatsheet. There are many advantages
of spreadsheets such as having numerical and Visedback, fast calculating capabilities.
One of the most advantages of spreadsheet isatthigal interface. The solution obtained
through the spreadsheet can easily be plotteceataine worksheet. Any changes in the input
parameters of the solution domain will be direc#flected to the graphical representation of
the solutions. Spreadsheets are user-friendly eéasgrogrammer Spreadsheets have an
increasing popularity in engineering problems. $alvstudies have been carried out using
spreadsheets for the last 10 years. The applicafitimem is carried out in different fields of
engineering problems such as in the solutions ofigbadifferential equations [39], one-
dimensional transient heat-conduction problems,[54e-surface seepage problems [22],
steady-state groundwater applications [50,40],sieart groundwater applications [19], and
the groundwater parameter estimation[20].

In this chapter, we have proposed a numerical sehbased on weighted finite
difference techniques for the numerical solutiorfs advection-diffusion equation. By
changing only the weighting parameter in the prepgoscheme, we obtained four numerical
schemes explicit, Crank-Nicholson, implicit and Bsendroff. In order to test the accuracy
of the schemes three test problems have been evedidnd a comparison a made between

the proposed schemes.
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2.2 Mathematical Model of Advection-Diffusion Equaton
The mathematical model is given as:

2
du, @:Da_‘: , 0<x<L,0<t<T
ot oX 0X
(2.2)
With initial conditions
ux0)="f(x), 0sx<L (2.2)
and boundary conditions
ulOt)=g(t ), 0<t<T (2.3)
u(L,t)=h(t ), 0<t<T (2.4)

where f, g and h are known functions, wttile function ¢ is unknowa,is the velocity
in x direction and is the dispersion coefficient. Note that ¢ andr® @nsidered to the

positive constant values.

Little progress has been made so far leesihe one-dimensional ADE with analytical
methods when ¢ and D constant. So much effort le@s Iput into developing stable and
accurate numerical solutions of equation (2.1)thie present study, various weighted finite

difference techniques have been simulated usirepgigheets.

2.3 Numerical Solution of Advection-Diffusion Equaion by Finite
Difference Method

The solution of the problem is covebgda mesh of grid-lines
X, =I1AX, i=0%...,.M

t, = nAt, n=01...,N
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and they are parallel to the space and time coateliaxes. The constant spatial and temporal

) ) L T
rid-spacing aréAx = — and At = —
g p g M N

Consider the following approximations of the detiwas in the ADE which incorporate a

weight @ as follows:

@: u@i,n+12) —u(,n)

ot At =)

U c{a[“("“) ~u( ‘1“)} (1-9)[“(‘ +1n) - ‘l”)} (2.6)
ox AX 2Ax

59U _ pu(i=1n)~2u@i,n)+u(i +1,n) 2.7)

ox® (AX)?

Put the value in equation (2.1)

u(i,n+2) -u(,n) +C{9[u(i,n)—u(i —],n)}}+ (1_9){u(i +1,n) —u(i —Ln)}

At AX 2AX
_ Du(i =1n)-2u(,n)+u(i +1,n)
(&x)®
UGN +1) =_CAt{H[u(i,n)—u(i —ln)}r (1_3)[u(i +1,n) = u(i —ln)}}
AX 2AX
+ DUl —ln)—2u(i,r21)+u(i +1,n) ~u(in)
(&X)

cAtéu(i~1n) , c(L-6)Atu(i ~1n) , DA ~Ln) _ cAtdu(i,n) _, DAt(i,n)

=T 20 (Bx)? Ax g
+u(i,n) _ c(l- H)gz;l((l +1,n) + DAt(UA()'(;l. n)

. _At cd-6), D , _2DAt _cAtf
u(|,n+1)—AXu(| ln){c€+—2 +(AX)}+U(|,n){1 ()2 Ax}

Wi+ ln){—c(l— g)At | DAt }

AX (AX)?
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(L+6)cAt , DAt
2AX  (AX)?

2DAt CAtH} .
- > ——— [u(i,n)
(Ax) AX

J{_ c(l-9)At , DAt
AX (AX)?

u(i,n+1):{ }u(i—ln){l

}U(i +1n)

cAt . CAX .
wherecr = ™ is the courant number ar}mb:? Is the peclet number.
X

u(i,n+1) =1HEJ o 6?)cr}u(i “1n) {1—2(1] —crﬁ}u(i,n) +1HEJ —or(d- 6?)}u(i +1n)
2 pe pe 2 pe
2.8)

2.3.1 Upwind Explicit Scheme

Assume thatd =0 in Equation (2.8) and it may be written as thiofeing upwind

explicit-type finite difference formula in solvirge ADE.

u(i,n+1):1 2 & +cr jui—Ln)+|{1-2 Ll u(i,n)+1 a —cr ju(i +1,n)
2| \ pe pe 2| \ pe

2.3.2 The FTCS (Forward Time Cantered Space)-TypecBeme

If assumingd = 1lin Equation (2.8) may be written the following F$@&ype finite

difference formula to solve the ADE.

u@i,n+1) = Hf)_re] + cr}u(i -1n) {1— Z(E_rej —cr}u(i ,N) {(:—reﬂu(i +1,n)

2.3.3 Crank Nicholson Scheme

Assumingé :% in Equation (2.8) yields the following
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nen = o ) e 36 bicim 1o T ) e gm0 L lug
u(|,n+1)—2{2(peJ+zcr}u(l ],n){l Z(pej Zcr}u(l,n)+2{z(pej 2cr}u(w],n)

2.3.4 The Lax-Wendroff Scheme

Putting 6 = cr in Equation (2.8) yields the following

u@i,n+1) =%H%J+cr +(cr)2}u(i ~1n) {1— {%ﬂj—(cr)z}u(i,n)

+1[2(1J -cr+ (cr)z}u(i +1,n)
2 pe

2.4 Numerical Experiments

In order to check the accuracy of the proposedrsekehree test examples have been
considered. The examples are chosen such thatetkaat solutions are known and already
discussed in literature. In each example, absaduters are computed by the following

formulas

Absolute Eroor = ‘ U; —aij‘

where U; andu; denote the exact and numerical solution of thélero.

Example 1:

A problem for which the exact solution is knowrcensidered to test the accuracy of
the proposed methods described in above subsediionsolving the advection-diffusion
equation. These techniques are applied to solt9-(2.4) withg(t), h(t), andf(x) known and
u unknown. In this example, we have considered tlveetion-diffusion equation (2.1)-(2.4)

with initial and boundary conditons

f(x) = exg - X0
0.00125
_+\2
g0 = 0.025 exd - 051
/0.000625+ 002 (0.00125+ 004t)
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LD = 0.025 oxd - A5-1)? j
/0.000625+ 002t (0.00125+ 004t)
D=0.01, C=1.0,

The analytical solution to the one-dimensiaa@dection-diffusion in a region bounded by

0< x<1 is taken from Ref. [41] and given as:

_ 0.025 (x+05-1)?
u(x,t) = exp -
,/0.000625+ 002 (0.00125+ 004t)
In this example the values of the various patamse are chosen
D=0.01,m?/s,C=1nys with time stepAt = 0.0001. The problem model has been solved for

the different@ values and the results have been shown in Tahltel Figures 1-8. The Table

show the maximum absolute error of the problem. Hgures compare the exact and
numerical solutions at different time aftl As can be seen in Table 1, the Lax-Wendroff
Scheme gives the best result. It can be seen tenTable that the maximum absolute errors

for the scheme Lax-Wendroff Scheme are smaller thamther.

Example 2:

A problem for which the exact solution is knowrc@ansidered to test the accuracy of
the proposed methods described for solving the amediffusion equation. These
techniques are applied to solve (2.1)-(2.4) with, h(t), andf(x) known andu unknown. The

following initial and boundary conditions are caesied

e _ (x-D)*
f(x)—ex;{ b j

1 _(~b-ct)?
g(o't)_w/4t+1exp{ D(4t+1)J

ex

1 _(@-b-ct)?
96y = Jar+1 D (4t +1) j
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The analytical solution to the one-dimensicadection-diffusion of a Gaussian pulse of

unit height, centred at =1 in a region bounded b§ < x< &s given Noye and Tan [1] is

u(x,t) = ex

1 _(x=b-ct)?
NAt+1 D(4t +1)

where c is the velocity in the x direction,shtlhe center of the initial Gaussian pulse, D is

the diffusion coefficient in the x direction, andstthe time coordinate. The values of the

various parameters used are D=0.6f/s , ¢ =1 m/s and the Gaussian pulse of unit height
centered at x =1. The numerical results of the gtarare given in Table 2 and Figures 9-16.
The Table show the maximum absolute error of tlebdlpm. The Figures compare the exact

and numerical solutions at different time afid

However, when the problem is solved with Lax-Wemdicheme the numerical results are

good in agreement with the analytical solution.

Example 3:

In this example, we have considered the advectiffusibn equation (2.1) — (2.4) with the

following initial and boundary

f(x) = %ex{— 50X—:j

g(0t) = %exp{— 50 (_;)2 j

g@t) = %exl{_ 50 (1—St)2j

The exact solution of the problem is given by

u(x,t)= %ex;{— 50X —St)2 j

The values of the various parameters are D=mt)s, C=1m/s. The grid space and time

step are taken to btx = 0.0101 andAt = 0.00001 respectively. The numerical resultsshav
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been shown in Table 3 in form of maximum absolut@re and in Figures 17-24. The

Figures compare the exact and numerical solutibdgfarent time and5.

However, when the problem is solved with Lax-Wemdicheme the numerical results are

good in agreement with the analytical solution.
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Table 1: Maximum absolute error of Example 1 for differenheme at different tinte

Maximukbsolute error

ff

At t FTCS Upwikdplicit Crank Nicholson  Lax-Wendro
0.0001 0.5 4.460610°  8.1006:10° 4.4000x 107 4.333%10™
0.0001 0.75 5.762710°  1.3106:10°° 7.1000<107° 5.671810™
0.0001 1.0 6.11%40™ 1.7006x10°° 9.3000¢ 107 6.0400<10™
0.0001 2.0 1.52x%10" 2.700x107° 1.4008 107 1.491%10™

Table 2: Maximum absolute error of Example 2 for differenheme at different tinte

Maoum Absolute error

At t FTCS Upwind exjitli Lax Wendroff ~ Crank Nicholson
0.0001 1 1.48407 2.39%107 1.488& 107 1.870x10?
0.0001 2 1.06007° 1.84%107° 1.06% 107 1.44x107
0.0001 4 6.66A0° 1.370x107° 6.600< 107 1.06%107
0.0001 © 477107 1.13%107° 477 107 8.85107°
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Table 3: Maximum absolute error of Example 3 for differenheme at different timte

Maximukbsolute error

At t FTCS wipd explicit Lax Wendroff ~ Crank Niclsan
0.0001 0.5 2.8500010°  4.03006x10°° 2.86000< 10°  3.46000<10°
0.0001 0.75 5.0400010° 6.71006x10°° 5.04000< 10°  5.91000x10°°
0.0001 1.00 4.1300Q10° 5.75000x10°° 4.13000x 10°  4.97000x10°°
0.0001 2.00 5.08A10*  1.0000¢<10°° 5.0914« 10™ 7.5138<10™
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Figure 1. Comparison of exact and numerical sohstiof Example

scheme), N=100, D=0.01, C=t =0.0001 at t=0.5.

0.18

1

0.16 -

0.14

0.12 +

sduion

0.08 -

0.06

0.04

0.02 -

for6 = 0(explicit

Figure 2: Comparison of exact and numerical sohgtiof Example 1 ford = (xplicit
scheme), N=100, D=0.01, Ct =0.0001 at t=1.0
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Figure 3: Comparison of exact and numerical sohstiof Example 1 fof =

Nicholson), N=100, D=0.01, C=At =0.0001 at t=.5
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Figure 4. Comparison of exact and numerical sohgtiof Example 1 faf# =1/2 (Crank-
Nicholson), N=100, D=0.01, C=At =0.0001 at t=1
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Figure 5: Comparison of exact and numerical sohgtiof Example 1 fod = Implicit
scheme), N=100, D=0.01, C =0.0001 at t=.5
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Figure 6: Comparison of exact and numerical sohgtiof Example 1 ford = @mplicit
scheme), N=100, D=0.01, C =0.0001 at t=1
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Figure 7: Comparison of exact and numerical sohgiof Example 1 fof =cr (Lax-
Wendroff), N=100, D=0.01, C=At=0.0001 at t=.5
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Figure 8: Comparison of exact and numerical sohgiof Example 1 fod =cr (Lax —
Wendroff), N=100, D=0.01, C=1At =0.0001 at t=1
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Figure 9: Comparison of exact and numerical sohstiof Example 2 fod = 0(Explicit
scheme), N=100, D=0.01, C=t =0.0001 at t=2
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Figure 10: Comparison of exact and numerical sohstiof Example 2 ford = 0(Explicit
scheme), N=100, D=0.01, C=Af=0.0001 at t=6
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Figure 11: Comparison of exact and numerical sohgtiof Example 2 ford = (Implicit
scheme), N=100, D=0.01, C+£t=0.0001 at t=2.
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Figure 12: Comparison of exact and numerical sohstiof Example 2 ford = XImplicit
scheme), N=100, D=0.01, C1 =0.0001 at t =6.
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Figure 13: Comparison of exact and numerical smistof Example 2 fod = 1/2 (Crank-
Nicholson), N=100, D=0.01, C=At =0.0001 at t =2.

salution

Figure 14: Comparison of exact and numerical sohstiof Example 2 fod = 1/@rank-
Nicholson), N=100, D=0.01, C=At =0.0001 at t =6.
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Figure 15: Comparison of exact and numerical sohstiof Example 2 for6 =cr (Lax-
Wendroff), N=100, D=0.01, C=At =0.0001 at t =2.
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Figure 16: Comparison of exact and numerical sohstiof Example 2 ford =cr (Lax-
Wendroff), N=100, D=0.01, C=At=0.0001 at t =6
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Figure 17: Comparison of exact and numerical sohgtiof Example 3 ford = 0(Implicit
scheme), N=101, D=0.01, C=1At=0.0001,s=6 att = .5
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Figurel8: Comparison of exact and numerical sohstiof Example 3 fo# = @Implicit
scheme), N=101, D=0.01, C=1At =0.0001,s=6 at t = .75.
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Figure 19: Comparison of exact and numerical sohstiof Example 3 fof =1/2 (Crank-
Nicholson), N=101, D=0.01, C=1At=0.0001,s=6 at t =0.5.
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Figure 20: Comparison of exact and numerical sohstiof Example 3 fo = 1/@rank-
Nicholson), N=101, D=0.01, C=1At=0.0001,s=6 at t =.75
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Figure 21: Comparison of exact and numerical smhstof Example 3 fod = (Explicit
scheme), N=101, D=0.01, C=1At =0.0001,s=6 at t =.5.
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Figure 22: Comparison of exact and numerical sohstiof Example 3 fa# =1 (Explicit
scheme), N=101, D=0.01, C=1At =0.0001,s=6 at t =.75.
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Figure 23: Comparison of exact and numerical sohstiof Example 3 fo# = cr (Lax-
Wendroff), N=101, D=0.01, C=1At=0.0001,s=6 at t =.5
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Figure 24: Comparison of exact and numerical sohstiof Example 3 fo6 =cr (Lax-
Wendroff), N=101, D=0.01, C=1At =0.0001,s=6 at t =.75
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Chapter 3

A Numerical Method Based on Crank-Nicoloson Scheméor Burgers’
Equation

3.1 Introduction:

Consider one-dimensional quasi-linear parabolitgdaifferential equation:

ou oJu 1 d%
—+y—=—— x,t)0Qx|[0,T 3.1
ot ox Reox? () [ ) 3.1)

where
Q= (0Dx (O]
with initial condition
u(x,0) = f(x) O0<x<1 (3.2)
and boundary conditions
u(0,t)=g,(t) os<t<T (3.3)
ulLt)=g,(t) O=<t<T (3.4)
where Re is the Reynolds number aridg,and g, are the sufficiently smooth given

functions.

*This Chapter is the part of the research paperK. Kadalbajoo and A. Awasthi, A
numerical method based on Crank-Nicolson scheme Borgers’ equation, Applied
Mathematics and Computation 182 (2006) 1430-1442.
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The nonlinear partial differential equation (3.9 a homogenous quasi-linear
parabolic partial differential equation which enotars in the theory of shock waves,
mathematical modelling of turbulent fluid and imtiauous stochastic processes. Such type
of partial differential equation is introduced bwytBman [21] in 1915 and he proposes the
steady-state solution of the problem. In 1948, Bur®3, 24] use the nonlinear partial
differential equation to capture some featuresudbulent fluid in a channel caused by the
interaction of the opposite effects of convectiord aiffusion, later on it is referred as
Burgers’ equation. The structure of Burgers’ equratis similar to that of Navier-Stoke’s
equations due to the presence of the non-lineavextion term and the occurrence of the
diffusion term with viscosity coefficient. The studf the general properties of the Burgers’
equation has attracted attention of scientific camity due to its applications in the various
fields such as gas dynamics, heat conduction,i@tssetc.

The Burgers equation (3.1) is one of the very fewnlimear partial differential
equations which can be solved exactly for restlicget of initial functions f(x) only. The

transformation

relatesu(x,t)and ¢(x,t) and if ¢is a solution of the linear diffusion equation

2p_ 1 0%

= - 3.6
ot Reox? (3:6)

thenu is a solution of the quasilinear Burgers equaf®d). Conversely, u is a solution of

(3.1) theng from equation (3.5) is a solution of equation J3&part from an arbitrary time-

dependent multiplicative factor which is irrelevamequation (3.5).

The transformation (3.5) appeared first in tecal report by Lagerstrom et al. [43], and
was published by Cole [25]. At about the same fimeas given independently by Hopf [12].
Therefore, the transformation (3.5) is known as fHople transformation [52]. Benton and
Platzman [13] have been given 35 distinct analgtidutions of Burgers equation with
different initial conditions.

Numerically Burgers’ equation has been treabtad many researchers. Event [10]
introduced the group-Explicit method in order tdveoBurgers equation. These methods are
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semi-explicit and shown to be unconditionally stabhd accurate of 0fd©{At+(Ax)2+At)-
AX

It is observed that his methods having sever ctarsty condition, i.e. methods are consistent

if and only if% . OwhenAt - 0,AX - 0 .

Mittal and Singhal [44,45] have been given a spé¢amethod using the finitely
reproducing property of the non-linear operatoromder to solve Burgers’ equation with
different boundary conditions. Kutluay et al. [48s transformed this equation to linear heat
equation with Neumann’s boundary conditions by gshiopf-Cole transformation. The
explicit finite difference and exact explicit fieitdifference methods see [49] are used to
solve the transformed linear heat equation withrgun boundary conditions. The explicit
method and exact explicit methods have the sevabdisy condition and there by small size
of time step to be taken. The study of the soluabBurgers’ equation has been carried out
for last half Century and still it is an active aref research to develop better numerical
schemes to approximate its solution. In 1965, Hopf Cole [53] propose a transformation
known as Hopf-Cole transformation to solve the Burg@quation. Caldwell and Smith [26]
use finite difference and cubic spline finite elenenethods to solve Burgers’ equation.
Evans et al. [11] introduce the group-explicit noethand Kakuda et al. [27] propose a
generalized boundary element approach to solvedsirgquation. Ali et al. [2] use a cubic
B-spline finite element method based on a collocatformulation to solve Burgers’
equation. Gardner et al. [28] apply Petrov-Galenkiethod with quadratic B-spline spatial
finite elements and use a least squares technigjng linear space-time finite elements [29].
In [51], Ozis and Ozdes generate a sequence obxippate solutions based on variational
approach which converges to the exact solutioneR&g various numerical algorithms such
as automatic differentiation method [3], novel nuiced scheme [42], Quartic B-spline
differential quadrature Method [4], modified cubR-splines collocation method [46],
numerical scheme based on differential quadratwethod [47] have used for the numerical

solution of the Burgers’ equation

In the present chapter, we use Crank-Nicolosoitefidifference method on the
transformed linear heat equation with Neumann bagnaonditions. The stability of the
method is analyzed and found to be unconditionsthble. The present method has the
accuracy of second order in space and time. Senanaérical experiments have been carried

out and their results are presented to demondtratefficiency of the proposed method.
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3.2 Hopf-Cole Transformation

Independently, Hopf [25] and Cole [12] noted renadlke result that (3.1) may be reduced to

linear heat equation by the non-linear transforamagjiven by the following Theorem.

Theorem 1.In the context with initial and boundary conditioof (3.1). If ¢(x,t) is any

solution to the heat equation

then the nonlinear transformation[Hopf-Cole]

14
Re ¢

u=-—

is a solution to (3.1)

proof: let u :0_1,0’ Y =y(xt)
0X

put these values in equation (3.1)

au au 16u

at ax Re ax

) oo 5 R o)
ot\ ox 0Xx Jox\ ox Reax 0X

and integrating w.r.t x

[l e 10 o o= )

2 (awjd j(awj(aszdX:i G_Z(G_wjdx
ot \ ox ox \ 0 Re’ ox~\ 0x
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Introduce ¢ = —zRilog¢ , we have
€

Re ) _
of-5%) o

oy

Letu=—"—
o0x

& integratingj'u =y
0
with initial condition
Re;
Ax0) = exr{—7juo(adg‘j . 0<x<1
0

and boundary condition
»,01) =0=¢,@t), t=0 (3.9)

The above theorem shows that Burgers equation ¢aripe reduced to a linear heat

eqguation with Neumann boundary conditions (3.7).

3.3 Difference Scheme

The solution domainQ of equation (3.1) is discretized with uniform medéscribed as

Q ={(xj t):i=00ON,j= O(l)M} .Divide the interval [0,1] into N equal subintersaDivide
the interval [0,T] into M equal subintervals. Lat:% be the mesh width in space and set

x;=ihfori =0L...,N. let k:% be the mesh width in time and get jk for K = 01,...,M

3.3.1 The Crank-Nicolson Finite Difference Method

The Crank-Nicolson finite difference discretizatimnlinearized heat equation with Neumann

boundary conditions is given by
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O_v)‘ ia_ﬂ
ot ij+1/2 Reax2i,j+1/2

0 o 02
a(ﬂ(xi tii2) =C Wﬂxi tii12)

using Central Difference formulae on both sides , we get..

AX, 'tj+1)_qui A ) 1
K " 2Re

( ﬂx ) + ¢X| t]+1)j

ﬂx'ﬂ J)+ﬂxll J) Zﬂx ) ﬂxi+1’tj+1)+¢Xi—l’tj+1)_2ﬂxi’tj+1)
A, 1) = 9, ) = ZR( = + = ]

K

where r=
Reh?

2(¢i,j+1_§0i,j) = r(§0i+1,j+40i—1.j_2§0i,j+40i+1,j+1+¢i—1,j+1_2¢i,j+1)
- r(0i+],j+1_r(0i—l,j+1+2(1+ r.)qoi,jﬂ: r.qoiwtl,j-'-rqoi—l,j-'-z(l_ r.)qoi,j

Dividing by 2 on both sides

-r r .

7¢i+lj+1+(l+r)¢i,j+l ¢|—1]+1 ¢I+l,] 2¢i—1,j+(1_r)¢i,j = 1(1)N -1 (3-10(3))
- r§0i+1,j+1+(1+ r)qoi,jﬂ: r¢i+1,j+(1_ r)(”i,j i=0 (3.10(b))
Pt A+ 0@ =g, AT i=N (3.10(c))

wherer = RKh2 , | =0@M and ¢, ;is the discrete approximation t&x;,t; a} the point (i,j).
€
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The approximate solution of Burgers’ equation (3rl)terms of the approximate

solution of heat (3.10), by using the Hopf-Colengfmrmation equation (3.8) is given by

u. ,:_(iJ P1i™ P :_(iJ Prsi" P
" (Re)| 2hg, Re)| hg,

3.4 Stability Analysis

We analyse the stability of linearized heat equmtiwith Neumann boundary

conditions by using matrix method. Writing equat{8nL0) in matrix form, we have
r _ r
I _EA =1 | +§A @, (3.112)

where A is the matrix of order N+1, given by

-2 2
1 -2 1
A| e
1 -2 1
2 -2

b=

with | as the identity matrix of order N+1 and- %ehz , IS the mesh ratio. write equation

(3.11) in the form

%f(l LzAj[l +L2Aj¢j (3.12)
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we introduce a diagonal matrix

V2

V2
In such a way so that A is similar to a symmetratnx

A=D"'AD

Let B=(I —%Aj_l(l +£2Aj and (3.13)
w1 4 oot
Jo{1-5a] [ 54 (153 [ +42]]

1
but matrices(l —12,51) and(l +%Z\) are symmetric and commute, and so B is symmetric.
Therefore , B is similar to a symmetric matBx Hence , we have

p(B) = p(B)

where p(B )is the spectral radius of B. The necessary anfitmusft condition for stability is

given by
p(B)=<1 (3.14)

The spectral radius of the matrix B is given by

P(B) = maxy|

-1
where (i = 01,...,N )are the eigen values of the matEilx—%Aj (| +%AJ
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The values ofy;'s are given by

M:—{LQ i=012,....N, (3.15)
1_5Ai

where A, (i =0L....,N )are the eigen values of the matrix A.

The condition of stability of the scheme (3.11)htihe help of equation (3.14) and (3.15) is

A0, O

The eigen valued ; of the matrix A are given by
Det(A-A1)=0 (3.16)

and simplification of equation ( 3.16) , we get

((/1 + 2)2 _4bN—1(/1) =0 X3)
where
—2+4) 1
1 —(2+4) 1
o= (3.18)

1 -2+1) 1
1 -(2+A4)

Using equation (3.18) in equation (3.17), we have

N-1

(—1)’“(()1 +2) —4)“ (40052% +/1j =0

A(A +2)ﬁ(4c052%+/1j =0

which gives

A=0,0r A=-2 or

A=—dco2 L. i=012...N.
2N
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Therefore , the method is unconditionally stable.

By using Taylor’'s series one can easily seetti@proposed method has accuracy of order

0(h* + K?) and consistent with the given problem.

3.5 Numerical Experiments

In order to demonstrate the adaptability and theu@cy of the present method, we
consider some test examples. The exact solutidhese examples is obtained by Hopf-Cole
transformation. The numerical solutions generatggptoposed method are compared with

exact solution at the different nodal points.

Examplel: Consider Burger’s equation (3.1) with initial cotnaln

u(x,0)=sin/x 0<x<1 (3.19)
and homogeneous boundary conditions

u(0t)=u(Lt)=0 0<t<T
By Hopf-Cole transformation

u(x,t)= _Rie%x 3.40)

Burgers’ equation is transformed to the followinmgehlr heat equation

dp_ 1 0%
“F= - ¥ 0<x<1t>0 3.21
ot Reox? ! (3-21)
with initial condition
Re
qo(x,O)zexp{—ET[l—cos(m)]} 0<x<1 (3.22)

with boundary conditions[Neumann type]

g (0t)=¢ (1t)=0 Ost<T (3.23)
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The numerical results of the example are presentd@bles 1 and Figure 1-3 for different
values ofRe at different time and. The Table shows that the results are good ineageat

to the exact solutions. The Figures show the physiehaviour of the problem.

Example 2: Consider Burger’s equation (3.1) with initial condlit

u(x0)=4x(1-x) 0<x<1 (3.24)
and boundary condition

u(0,t)=0=u(1t) O0<t<T (3.25)
By Hopf-Cole transformation

u(xt)= -
Re ¢
Burgers’ equation is transformed to the followingehr heat equation

99_1 0%

o Reaxt o X<RtPO

with initial condition
Re
qo(x,o):exp{——[l— cos(nx)]} 0<x<1
2T
with boundary conditions[Neumann type]

0,01)=p (1t)=0 0<t<T

The numerical results of the example are presentdé@bles 2 and Figure 4-6 for different
values ofRe at different time and. The Table shows that the results are good ineageat

to the exact solutions. The Figures show the playbiehaviour of the problem
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Tablel: Comparison of the numerical solution with the éxsaution at different times of
Example 1 forAt=00land Ax=0. 0125

X T Re=10 Re=100
Computed solution  Ex3otution Computed Solution  Exact Solat
025 04 0.30881 0339 0.34229 34191
0.6 0.24069 24074 0.26902 0.26896
1.0 0.16254 16256 0.18817 0.18819
0.50 0.4 0.56955 6963 0.66797 .66D71
0.6 0.44714 A4y 21 0.53211 0.52942
1.0 0.29188 29192 0.37500 0.37442
0.75 0.4 0.62540 2584 0.93680 91m26
0.6 0.48715 48721 0.77724 0.76724
1.0 0.28744 28¥47 0.55833 0.55605
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Table 2: Comparison of the numerical solution with the éxsaaution at different times of
Example 2 forAt=00land Ax=0. 0125

X T Re=10 Re=100
Computed solution  Ex3otution Computed Solution  Exact Solat

025 04 0.31743 31052 0.36273 0.36226
0.6 0.24609 0.24614 0.28212 0.28204
1.0 0.16558 0.16560 0.19467 0.19469
0.50 0.4 0.58446 58454 0.69186 0.68368
0.6 0.45791 0.45798 0.55125 0.54832
1.0 0.29831 0.29834 0.38627 0.38568
0.75 0.4 0.64558 64562 0.94940 0.92050
0.6 0.50261 0.50268 0.79399 0.78299
1.0 0.29582 0.29586 0.57170 0.56932
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0.10 N -
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0.0 0.2 0.4 0.6 0.8 1.0

Figure 1: Numerical Solution of Example 1 at diffet times t and values Be=1 and
At =0.0001.
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Figure 2: Numerical Solution of Example 1 at diffiet times t and values of R&0 and
At =0.0001
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Figure 3: Numerical Solution of Example 1 at diffet times and values oRe=100 and
At =0.0001
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Figure 4: Numerical Solution of Example 2 at diffet times t and values of Re=1 and
At =0.0001
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Figure 5: Numerical Solution of Example 2 at diffet times t and values of Re=10 and
At =0.0001
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Figure 6: Numerical Solution of Example 2 at diffiet times t and values of Re=10 and
At =0.0001
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