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ABSTRACT

Given the widespread use of ordinary Fourier transform in science and engineering, it is
important to recognize this integral transform asthe fractional power of FT. Indeed, it has
been this recognition, which has inspired most of the many recent applications replacing
the ordinary FT with FrFT (which is more general and includes FT as specia case)
adding an additional degree of freedom to problem, represented by the fraction or order
parameter a. This in turn may allow either a more general formulation of the problem or
improvement based on possibility of optimizing over a (as in optimal wiener filter
resulting in smaller mean sgquare error a practically no additional cost). The FrFT has
been found to have several applications in the areas of optics and signal processing and it
also lead to generalization of notion of time (or space) and frequency domains which are
central concepts of signal processing. In every area where FT and frequency domain
concepts are used, there exists the potential for generalization and implementation by

using FrFT.

With the advent of computers and enhanced computational capabilities the
Discrete Fourier Transform (DFT) came into existence in evaluation of FT for real time
processing. Further these capabilities are enhanced by the introduction of DSP processors
and Fast Fourier Transform (FFT) algorithms. On similar lines, so there arises a need for
discretization of FrFT. Furthermore, DFT is having only one basic definition and nearly
200 algorithms are available for fast computation of DFT. But when FrFT is analysed in
discrete domain there are many definitions of Discrete Fractional Fourier Transform
(DFFT). These definitions are broadly classified according to the methodology of

computation adopted.



In the current study the various class of DFFT algorithms are studied and
compared on the basis of computational complexity, deviation factor, properties of FrFT

retained by particular class and constraints on the order or fraction parameter a etc.

Asdiscussed earlier, the FrFT has found a lot of applications in signal processing,
so the DFrFT is used for some of the one-dimensional and two-dimensional applications
in the present work. The one dimensional applications discussed include filtering using
window functions, optimal filtering of faded signals, beamforming for the mobile antenna
and optimal beamforming in faded channels. In the two dimensional applications the

image processing for compression and encryption are discussed.

Window functions have been successfully used in various areas of filtering, beam
forming, signal processing and communication. The role of windows is quite impressive
and economical from the point of view of computational complexity and ease associated
with its application. An attempt has been made to evaluate the window functions in FrFT
domain. The study of side lobe fall of rate (SLFOR), main side lobe level (MSLL) and
half main lobe width (HMLW) for window functions are done for different values of a.

A new FrFT based Minimum Mean Square Error (MMSE) filtering technique is
also suggested and it is also established that the results are much better as compared to
FT. The signals in real life are non-stationary random processes. This may be attributed
to the randomness of signals due to variation in amplitude and phase and associated
Doppler shift, delay spread etc (as in the case of mobile sources and receivers). The
multipath environment of mobile communication also makes the signal non-stationary
due to changing spatial position with time. In these type of applications, where signal and

noise both are non-stationary (time—frequency varying) FrFT is a powerful tool in



designing an optimal filter. The proposed filter is compared with time and frequency
domain filtering. This algorithm is also used as an optimal beamformer for mobile and
wireless communication, as in this is also an example of non-stationary signal and noise.
This beamforming technique also works more efficiently for faded signals.

The FrFT and FrCT are used for image compression and the results are much
better than FT. It is aso shown that in compression the FrFT gives better results than
FrCT. The image encryption is also done using FrCT and phase masking. This technique
gives an advantage of additional keys i.e. order parameter of the transform. The number
of these additional keys can be further enhanced by using repetition the FrCT with
various orders.

The merits of FrFT are that it is not only richer in theory and more flexible in
application but the cost of implementation isalso low asit can be implemented with same
complexity as that of conventional Fast Fourier transform. The FrFT provides additional
degree of freedom to the problem as parameter a gives multidirectional applications in
various areas of optics and signal processing in particular and physics and mathematicsin
general. The most important aspect of the FrFT is its use in time varying signals for

which the FT failsto work.

In past few years researchers are trying to fractionalize every transform so as to
formulate a more general problem. It is obvious this that an era has been opened up for a
generalization of the problems to get better results in every area of engineering by using
Fractional Domains of a Transform opening up anew signal processing technique may be

referred as FRACTIONAL SIGNAL PROCESSING.

Vi



The advances in FrFT are multidimensiona but still it is interesting to note that
the algebra of Fractional Fourier domain is far from complete at present and there are

several unforeseen identities and results to be derived.

Vii
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CHAPTER 1

INTRODUCTION

1.1 PREAMBLE

Fourier analysis, given by Jean-Baptiste-Joseph Fourier (1768-1830), is a frequently used
tool in signal processing and analysis. Fourier Transform (FT) finds applications in many areas of
science and engineering. Optics, physics, acoustics, statistics, heat conduction and diffusion,
electrical engineering, antenna and array processing are some areas where this transform is widely
applicable. It is a linear transform used to solve linear system problems. Impressed by the
capability of this transform Wittaker placed it amongst the three most important mathematical
advances of the last quarter of the 19™ century. However, the FT is unable to solve certain classes
of ordinary and partial differential equations of optics, signal processing and quantum mechanics
[1].

Looking into the applicability of FT the concept of fraction was introduced in the FT inthe
year 1929 [2] and lead to the development of fractional Fourier transform (FrFT). On tracing the
history of fractional concept it is found that in 17" century Bernoulli (1695) formulated a question
about the meaning of a non-integer order derivative. This was the beginning of the fractional

calculus which is the base of the continuous time fractional systems described by the fractional



differential equations. Since then, the concept of fractional calculus has evolved in pure
mathematics and developed by famous mathematicians. Inspite of the progress in pure
mathematics this concept had been applied in applied sciences only in 1920's. Furthermore, it is
only in the last three decades that the applications of fractional calculus have emerged in
engineering field which lead to a significant impact in several areas and attracted the scientific and
technical community to the fractional objects. Presently, the related themes of active research are
Brownian motion, discrete time fractional linear systems, fractional delay filtering, fractional
splines and wavelets.

Also, worth mentioning is the fact that earlier most of the reported applications on FrFT were
in the field of optics. Recently, the FrFT has also made inroad in the digital signal analysis and

processing with filtering, encoding, watermarking, phase retrieval being the key application arenas

[3].

1.2 HISTORICAL PERSPECTIVE OF FrFT

The generalization of FT called FrFT was first introduced in 1980 by Namias [4], apparently
unaware of the previous work done by various researchers which dates back to 1929. All the
authors discussed the FrFT in a broader context and not by the same name, although the idea was
same. Mustard in 1987 [5]-[7] did a lot of work taking Condon [8] and Bargmann [9] as his base
without citing the Namias work. Moreover, FrFT is a special case of linear canonica transform

(LCT) and al the work previously done on LCT covers FrFT in some sense. In some cases FrFT



has not been given any special attention but in other cases the authors have commented on it as a
one-parameter sub-class with the FT as a special case. Many variant, relatives or essentially
equivalent forms of FrFT can be found under different guises but it is practically impossible to
trace al of them [3].

A lot of work is done by Mendlovic, Ozaktas and Lohmann in years 1993 [10]-[13], 1994 [14],
1995 [15]-[16] and they established that various definitions of FrFT are equivalent to each other.
Almedia, in 1993 [17], independently reintroduced the transform as ‘angular’ FT. Pei et al. aso
did a lot of work in 1990's to consolidate FrFT [18]-[27]. Furthermore, a general definition of
FrFT for all classes of signals (one-dimensional and multidimensional, continuous and discrete,
periodic and non-periodic) is given by Cariolario et al. in [28]. With the advent of computers the
discrete Fourier transform (DFT) came into existence to evaluate FT of discrete time signals. This
capability has been further enhanced by the introduction of DSP processors and fast Fourier
transform (FFT) algorithms. On similar lines, there aroused a need for discretization of FrFT. DFT
is having only one basic definition and nearly 200 FFT algorithms are available for fast
computation of DFT. But when FrFT is analyzed in discrete domain there are many definitions of
discrete fractional Fourier transform (DFrFT) [18]-[23], [27], [29]-[35]. It has also been
established that none of these definitions satisfy all the properties of continuous FrFT [24].
Santhanam and McCléllan first reported the work on DFrFT in 1995 [30]. Thereafter, within a
short span of time many definitions of DFrFT came into existence and these definitions are

classified according to the methodology used for calculations in 2000 by Pie et al. [24].



The FrFT has been found to have several applications in the areas of optics [10]-[12], [36]-
[50] and signal processing [51]-[70] and it also leads to generalization of notion of space (or time)
and frequency domains, which are central concepts of signal processing. Applications of FrFT
have been reported in the solution of differential equationg 3], [4], [71], optical beam propagation
and spherical mirror resonators [40], optical diffraction theory [49], quantum mechanics [4],
statistical optics[3], [38], [39], [47], optical system design and optical signal processing [42]-[45],
signal detectors [64], [68], correlation [38], [64] and pattern recognition [52], space or time variant
filtering [54], [56], [59], [63], [67], [70], multiplexing [72], signal and image recovery [51], [57]-
[58], image restoration and enhancement [60], study of space or time—frequency distributions
(TFD’s) [26], [51], [56], etc. Thus, it can be said that the FrFT can replace the FT and related

concepts.

1.3 FRACTIONAL OPERATIONS

Breaking up an entity into fractions represents arelatively major conceptual leap. For example,

the fourth power of 3 can be defined as 3* =3" 3" 3 3, but it is not obvious from this definition

that how 3*° is defined. It must have taken sometime before the common definition

P =32 =37 emerged. Similarly, the first and second derivatives of the function f(x) are

df() g 9FO)_ deédf(u_ d[df (x)/dx] 288192

commonl denoted by: = =
y y dx dx dx& dx Y dx gdx g

f(x),

respectively.
Similarly, higher order derivatives can be defined in the same way. But what is meant by the

2.5™ derivative of a function is not clear from the above definition. Let F(x,) denote the FT of



f(X). The FT of the n" derivative of f(x) [i.e, d df EX)] isgiven by (i2px,)"F(x,), for any
X

positive integer n. The generalized property is obtained by replacing n with the real order a and

d®f (x)

dx?

take it as the a" derivative of f (x) . Thus to find , the a" derivative of f(x), calculate the

inverse Fourier transform of (i2px,)*F(X,).
Above examples deal with the fractions of an operation performed on an entity, rather than

fractions of the entity itself. The 3°° is the square root of the integer 3. The function [ f (x)]%° is

d®°f (X) f(x)o

isthe 0.5" derivative of f(x), with :
dx g

the square root of the function f (x) . But

being the square root of the derivative operator di Bracewell [1] has shown that the fractional
X

derivatives can be used to characterize the discontinuities of certain functions used in optics and
signal processing. During the last two decades, the process of going from the whole of an entity to
fractions of it underlies severa interesting applications such as fractal objects, fuzzy logic and
fractional signal processing. The fractional signal processing leads to a more general formulation
of the problems that were solved by the integral transforms in the early days, because of the
additional degree of freedom available with the designers. This in turn allows better performance
or greater generality based on possibility of optimization over a fractional variable parameter a.
The FrFT founds several applications in signal processing. Particularly, windowing, filtering,
optimal filtering are the key areas in one-dimensional signal processing [59]-[60], [73]. Now,
researchers are trying to get better results using FrFT as a tool. The capability of the FrFT is to

significantly reduce the error as compared to FT for specific nature of degradation and noise



especialy in Doppler shift and chirp signals [55], [67], [72]. A fast algorithm for computation of
FrFT of order (N logz N) is available so that real time implementation can easily be made without
additional cost [24], [29].

One-dimensional fractional signal processing can be further extended to two-dimensional and
multi-dimensional fractional signal processing. Their application includes image compression [74],
image encryption [75], beamforming [55], digital watermarking [76], tomography [56], [62],
image restoration [60] etc. The properties and implementation of two-dimensional FrFT has been
reported by Sahin et al. [36]-[37], [77] and Edren et al. [45], [63]. Sahin et al. have generalized the
two-dimensional FT into the two-dimensional separable FrFT and two-dimensional separable
canonical transform. In another reported work Sahin et al. also generalized it into the two-
dimensional non-separable FrFT with four parameters. Pel and Ding have introduced the two-
dimensional affine generalized FrFT [25].

The FrFT has been used efficiently in image compression with better results in comparison to
FT [74]. The image encryption is also done using FrFT and phase masking [75]. This technique
gives an advantage of additional keys, i.e., order parameter of the transform. The number of
additiona keys can be further enhanced by repetition of the FrFT with various orders which leads
to the multi-dimensional fractional signal processing.

From the implementation point of view discretized version of FrFT known asDFrFT isused in
al of the above mentioned one- and two-dimensional FrFT signal analysis. A good review work
regarding different types of DFrFT is reported by Pei et al. [24]. In this article a new type of

DFFT which is unitary, reversible, flexible and has closed form analytical current DFrFT’ s that



were similar to the continuous FrFT but it puts certain constraints on the signal [24].With this brief
presentation of chronological development of FrFT and its vast application expression was
introduced. But, this DFrFT looses an important property of additivity. They also extended the
DFFT into the discrete affine Fourier transform (DAFT) and derived two types of DFFT and
DAFT. The closed form expression has the lowest complexity among all domain, the problems,

attempted and included, in this study are formulated in the next section.

1.4 PROBLEM FORMULATION

The work in this thesis focuses on following aspects and applications of DFrFT:-

1. Theavailable FrFT definitions are studied and equivalence between them has been verified
with simulation studies. The properties of FrFT are also confirmed and demonstrated
graphicaly.

2. The available classes of DFrFT have been studied and their comparative study has been
carried out.

3. DFrFT has been applied and analysed in one dimensional time-frequency varying signal
applications. Optimal filtering of faded signals, beamforming for the mobile antenna and
optimal beamforming in faded channels have been selected as particular applications.

4. Applicationsof DFrFT in image compression and image encryption are discussed.

5. Two-dimensional signal processing applications using discrete fractional cosine transform

(DFCT) have been attempted and their performance with DFrFT is compared. Also a

comparison has been done with wavelet transform.



1.5 ORGANISATION OF THE THESIS

The first chapter gives the historical perspective of FrFT and an introduction to fractional
operations. The limitation of FT to solve certain classes of ordinary and partial differential
eguations of quantum mechanics, optics and signal processing is discussed. It is also established
that FrFT is a powerful tool for the analysis of time varying signals with applications in one- and
two-dimensional signal processing. In second chapter so far reported definitions of FrFT are
reviewed with their brief introduction. The properties of FrFT are discussed and illustrated using
Riemann function. In third chapter the description of DFrFT and its historical development is
given. The various classes of the DFrFT are discussed and a comparative study is done. It is
established that the eigenfunction of DFrFT is the best one, although it lacks closed form
expression for precise calculations. Characterization of window functions in fractional Fourier
domain is also done in this chapter. Applications of DFrFT in one dimensional signal processing
are discussed in chapter four. Optimal filtering of faded signals, beamforming for the mobile
antenna and optimal beamforming in faded channels are the applications included in this chapter.
The optimal filtering in time and frequency domain becomes a special case of optimal filtering in
the FrFT domain. This method is extremely useful for the signals having Doppler shift because of
moving source or receiver. It has aso been shown that using FrFT domain filtering the mean
square error (MSE) gets reduced in case of moving sources and receivers. Chapter five contains
the two dimensional applications of DFFFT and DFrCT. Compression and encryption of images
are the applications undertaken. The performances of the two transforms for these applications are

compared. Also a comparison with wavelet transform is accomplished. The DFrFT and DR CT



give better results for image compression and image encryption respectively. It has also been
shown that for very high compression ratios, FrFT gives better results for compression than
wavelet transform. The last chapter concludes with critical discussion of results of the
investigations carried out. Important observations are made and useful conclusions are drawn

along with a discussion on future scope of this work.



CHAPTERZ

FRACTIONAL FOURIER TRANSFORM

2.1 INTRODUCTION

The FrFT is a generalization of FT, which is richer in theory, flexible in application, and
implementation cost is at par with FT. With the advent of FrFT and related concept, it is seen that
the properties and applications of the conventional FT are special cases of those of the FrFT.
However, in every area where FT and frequency domain concepts are used, there exists the
potential for generalization and implementation by using FrFT. In this chapter, the basic concept

and properties of FrFT are described.

In 1929, Wiener, discussed a transformation kernel whose eigenfunctions are Hermite-
Gaussian functions and it has eigenvalues which are of more general form than of ordinary FT
eigenvalues [2]. The work by Wiener motivated Weyl to develop the integral transform
relationship for providing a basis of developments in group theory and quantum mechanics. In
1937, Condon, discussed the generalization of FT to a continuous group of Functional
transformation. Kober, in 1939, discussed Fractional Fourier and Hankel transform. He aso
provided general framework for consideration of other transforms in the same manner. In 1956,
Gujnand, worked on the relationship between fractional transform and matrices. Bragmann in 1961
citing the work by Condon, and Bruijn in 1973 referred to Kober, briefly discussed the transform

in a much broader context. Khare, in 1971, gave a generalized transform in a physical context,
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which includes FrFT [3]. All these authors discussed the FrFT in a broader context and not by the
same name, although the idea was same. In 1980, Namias discussed FrFT as the fractional powers
of classical FT and gave severa of its properties [4]. Mustard, in 1987, did a lot of work taking
Condon and Bragmann as his base without citing Namias [5]-[7]. He discussed the relationship of
FrFT to time-frequency distribution (Wigner distribution) and new classes of uncertainty
relationships which are invariant under FrFT. Many variants, relatives or essentially equivalent
forms of FrFT are found under different guises but it is practically impossible to trace all of them.
In 1990’'s a lot of work is done by Mendlovic, Ozaktas, Lohmann, Almedia, Pei, Yeh, and Tseng to

consolidate FrFT [3].

2.2 DEFINITIONSOF FrFT

As discussed earlier, FrFT is defined in many different ways. To have a complete
understanding of the transform all definitions are discussed in detail, and thereafter established that
they are equivalent to each other. All definitions have different physical interpretations which is

very useful in avariety of applications. These definitions of FrFT are discussed below.

2.2.1 Linear Integral Transform

It isthe most concrete and direct form of FrFT and is specified as a linear transform kernel.

The a" order FRFT of a function f(x) is a linear operation defined by the integral [78]
¥

FALEO)]= oK% (% %,) F (X)dx = f7(x,) (2.1) where,
-¥

K2(x,x,) = A, explip (x® cota - 2xx, csca + xa2 cota)] is FrFT kernel that transforms the

function f(x) inadomain x to afunction f?(x,) in another domain x, and a :%. f(x) isa

11



function of independent variable x and f?(x,) isthe function of independent variable x_. F? is
the FrFT operator which acts on f(x) to transform the function from an arbitrary domain to

arbitrary plus a™ domain.

A =+1-icota when at 2j.
K2 (x x,) =d(x- X,) when a=4j and
K2(x x,) =d(x+x,) when a = +2j, wherej isan integer.

In case the arbitrary domainisa =0, i.e. F°[f(X)] = f(x) = f(t), the variable x becomes
t (time variable) and f(x) becomes f(t). In case the arbitrary domain is a = 1,
FIf(X)]=F[f(X)]=f(f),thevariable x becomes f (frequency) and f(x) becomes f(f) i.e.
f(.) isafunction of f frequency.

The a™ order transform is also referred asa™ order transform. The square root is defined so
that the argument of the result lies in the interval (-p/2,p/2). The A, can be written for the
interval 0 <[a|<2 (0<ja|<p )without any ambiguity as[71]

g ipon@)/4-(@/2)]
A = (2.2

sina

where, sgn(.) isthe signum function.
This definition is a one parameter sub-class of LCT. The transform is linear but not shift

invariant (unless a =4j), since the kernel is not the function of (x- x,) only. First of al the cases

are examined when a is an integer. Asj is an arbitrary integer, it is noted that F*' = F*1*?
corresponds to an identity operator and the parity operator, where F? is FrFT operator. The several

cases of varying j are discussed below:

12



i) Whena =0, i.e, a=0, thetransform kernel reducesto identity operation. This is attributed
to the fact that asa approaches O, sin a approaches a and cot a approaches 1/a. Using the

fact that in sense of generalized functions [71]

H 1 -xlie) —
leﬁe( ") =d(x) (2.3)

e®0

so that the (2.1) reducesto

FOLf(X)]= ¥(‘jj(x— x,) f(x)dx = f(x) (2.9)

¥
i) Whena =p/2,i.e,a=1

¥

Ff(x)]= %Zp OF (X) exp(- ixx, )dx (2.5)

i.e., the ordinary FT.
A similar procedure can be applied to case

i) Whena =p i.e.,, a=2and the result turns out to be
¥
F2[f(X)] = O (x+x,) fF()dx = f(- X) (2.6)
-¥

So, for an angle from 0 to 2p, the value of a varies from 0 to 4 and the transform kernel is
periodic with a period equal to 4. Table-2.1 gives the different kernels of FrFT for variation of a

from O to 4. Thus, most of the attention is limited in the interval al (-2,2] (or a1 (-p,p]) and

sometimes al [0,4) (or aT [0,2p))[29].

13



Table-2.1: Various kernelsavailable with FrFT.

Value of a=a Kerne Fractional operator Operation on
parameter a p/2 signal
a=0ora=4 a=0or d(x- x,) FO=F*=| | dentity

a=2p operator
a=1 a=pl/2 exp(ixx, ) Fl=F Fourier
operaor

a=2 a=p d(x+x,) F2=P Time inversion
operaor

a=3 a=3p/2 exp(-ixx,) F=FF°=FP=PF =F* Inverse Fourier

operaor

2.2.2 Fractional Powers of Fourier Transform

The a™ order FrFT operation is defined as the fractional power of the FT operation. Let y |

(or y,(x)) denote the Hermite-Gaussian signal (or function) which are eigensignals (or

eigenfunctions) of the ordinary FT operation with respective eigenvalues | ,. These eigenvalues

are known to constitute an orthogonal basis for the space of well-behaved finite-energy signals

(functions). The FrFT operation defined is linear and satisfies [71]

Fo l=1y (0 ="y, 0=e""% (x

This definition completely defines the FrFT by specifying its eigenfunctions and

eigenvalues. It depends on the particular set of eigenfunctions chosen as well as on the particular

way in which the a" power of the eigenvalues are chosen. Several properties of FrFT (like special

cases, index additivity property) are deduced easily from this definition in comparison to the linear

integral transform definition [4], [71].
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The given signal (function) is first expanded as a linear superposition of eigenfunctions of

the FrFT, to calculate the fractional transform of afunction f (x) as:
3
f¥=a Cy (¥ (2.8)
1=0

where, C, = ¢y (X,) f(X,)dx,

By taking the a" order Fourier transform on both sides of (2.8)
Flrl=A e ™ cy, (0= R e ™Y 0y ()T )b, (29
0 =0
Comparing (2.9) with (2.1), yields
KA =& €™ (Y | (x,) 210
I0

The equation (2.10) is known as singular value decomposition (or spectral expansion) of
the kernel of FrFT [3]. It is one of the properties of the Hermite-Gaussian functions. Hence, it can

be said that the Hermite—Gaussian functions are indeed the eigenfunctions of the transform defined
by (2.1) with the eigenvalues given by (2.7). It is also known that y ,(x) and y ,(x) are

eigenfunctions with eigenvalue 1 and exp(-iap /2). Then by using the recurrence relations of

Hermite-Gaussian polynomials[11]

H|+1(X) = 2XH| (X) - 2|H|_1(X), (2.11)
LIS 2H,.,(x) (2.12)
dx

By assuming that the same result holds for (I - 1), | and (I + 1), therefore,

Y 1a()=2V2p %xy (- 2 2+1y ), (2.13)
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d = A 2AV2y, (9 20y, (¥ (2.14)
X A,

where, A =2"4/4/2'I!.
From the above discussion it can be stated that Hermite-Gaussian functions are
eigenfunctions of FrFT as defined in (2.1). It isalso clear that sinusoidal functions are special case

of Hermite-Gaussian functions, as FrFT reducesto ordinary FT, when a=1.

2.2.3 Rotation in the Time-Frequency plane
The FrFT is directly defined as a special case of one-parameter sub-class of LCT. The a™"
order FrFT isdefined by the transform matrix

_€éA BuU, écosa snau
& DL‘I € sna cosa X

(2.15)

where, a =ap /2.

The defining matrix is seen as the two-dimensional rotation matrix in the time-frequency plane.
This correspondsto rotation of the Wigner distribution (WD) of asignal in the clockwise direction

by angle a =ap /2 in the time frequency plane as [13]

Weaf; oy (MM,) © W, (Mcosa - m,sina, msina +m, cosa) (2.16)

F

It is consistent with the operators of Table-2.1. The index additivity property also follows from the

angle additivity of the rotation matrix.

The LCT CM[f(X)] of f(X) is most conveniently defined as [79]
CMF (9] = ¢CM (xx,) f (X)dx (2.17)

where, CV (x,x') = A" exp[ip (xx* - 2bxx, +gx,*)] and A" = /be ™",
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where, x,b andg are real parameters independent of x and x,and C" is a linear canonical

operator.
Comparing equations (2.1) and (2.17),

X =g =cota, and b =csca (2.18)

As this definition used a unit magnitude complex constant, it is slightly weaker than other
definitions of FrFT. This situation is not harmful because the complex constants of unit or non-unit
magnitude commonly have no major consequences, but the discrepancy arises when it is seen in
relation to commonly accepted definition of LCT and FrFT. Hence, the integral differing from the
mathematical definitions by a complex constant is still being LCT or FrFT. This relationship
between FrFT and the LCT with matrix M can be given as[79]

CM =g ®/MFa for-2<a<? (2.19)

or  CM[f(x)]=e**F3[f(x)] (2.20)

The equivalence set of parameters x,b andg isgiven by (2.17). This allows obtaining (2.1) usng
(2.17). Alternatively, from definition of linear integral transform given by (2.1) and using

parameters x,b andg the corresponding matrix coefficients of LCT can be obtained as[79]

1

_eA BU
" & of

with determinant AD - BC =1.

L€ g/b  1bu_é x/b -1buy
e

= 2.21
& b+xg/b x/bll &-xg/b g/b} (221

This is same as (2.15). It is sufficient to establish the equivalence of all these definitions.
The direct relationship between fractional powers of FT definition and rotation in the time-
frequency plane is given by

KM(x,mx_, m)=d(x, - cosax+snam)d(m, - sinax- cosam) (2.22)

using the effect of linear system on the WD.
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2.2.4 Transfor mation of Coordinate M ultiplication and Differ entiation

Operators

Before defining the FrFT in terms of transformation of coordinate multiplication and

differentiation operators the following properties of these operators in the time-frequency domains

arerecalled [79]
UF°[f ()] = tF°[f (t)] (2.23)
DF [f(t)]——p—F [ft)] (2.24)
- UFYf(t ———F f(f 2.25
"t )] Y ()] (2.25)
DFY[f(f)] = R (f)] (2.26)

where, f(t) corresponds to time domain function and f(f) is frequency domain function. U is

coordinate multiplication operator and D isdifferentiation operator.

The two operators U ? (a"domain) and D? (adomain) are defined as

a? u écosa dna uéJu
é .u’e - u (2.27)
gD & sna cosa g

suchthaa U°=U ,U'=D, D°=D and D*=-U.

The fractional Fourier domain representation Fa[f (x)] of asignal f(x) such that it satisfies the

properties [80]
U2F2a[f(x)] = x,F2[f (x)] (2.28)
1 d
D°F [f(x)]‘%d_xf [f(X)] (2.297)
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which are generalizations of (2.23), (2.26) and (2.24), (2.25) respectively. The operator U?

corresponds to multiplication by the coordinate variable and the operator D® corresponds to
differentiation with respect to the coordinate variable in the a™ order fractional Fourier domain

representation. The unitary transformation from the time domain representation f (x) to the

fractional Fourier domain representation F a[f (x)] isthe FrFT operator. This definition can be used

to provide a different perspective as shown below [79]
ulk°x ) =tk x b (2.29)
plk(x, /)] * = t[ki(x, )] (2.30)

The inverse of kernel [Ko(x, t)]’l =d(t- x) of the identity operation I, which is a function
of x, is the eigenfunctions of the coordinate multiplication operator U with eigenvalue t. This is
given by (2.29) and the inverse of the kernel K*(f,x) =exp(-i2pfx) of the FT operator F*, which

is a function of f, is the eigenfunctions of the differentiation operator D with eigenvalue f . The

duals of these equations are given as [79]

- D[k (x )] =$%[}<°(x,t)]'l (2.31)
ulk(x, H)]* = %dif[Kl(x, H* (2.32)

The relationship between the identity operator and the coordinate multiplication operator is
given by (2.29) and (2.30) gives the relation between FT operator and the differentiation operator.
Similarly, the parity operator and the inverse Fourier operator is related to - U and- D

respectively. The transformation from one representation to another representation is simply the
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representation of the members of one basis set to another basis set, viz., K°(x,t) toK*(x, f). The
same is true for inverse kernel. The eigensignals of the operator U and D are the orthonormal
basis set of impulses and harmonic basis sets. From the above discussion it is clear that there is a
relation between the identity operator, the impulse basis, the time domain representation and the
operatorU . Like wise a relationship exists between the conventional FT operator, the harmonic
basis, the frequency domain representation of the signal and the operator D . Using (2.27) it can be
said that the a" order FrFT operator F? is related with D® and U? in the same way the

conventional FT operator with D and U . Thisisgiven as [80]

UekOx x)] " = x [k %)) (2.33)
- D2[KA(x x| :%d%[K(x, x.)|* (2.34)

which is the generalization of the (2.29), (2.30) and (2.31), (2.32), where [K*(x,x,)|" is
interpreted as a function of x. Also Fa[f(x)] is related to f(x) through the relation
F() = (K x)] “F200)dx, or £2(x,) = ¢K*(x,,x) f (X)dX can be written using (2.28) in
time domain as

U ¢lk*(xx)] 2L 0Jax=¢ [K200x)] % F 2 f (9] (2.35)

From (2.32) it isclear that the LHS is nothing but the operator U ® appliedto f(x) and the RHSis

simply the time domain representation of xaFa[f (x)]. (2.29) can also be rewritten in time domain

as
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11 dFa[f(x)]dX

i (2.36)

a

D* 3K * (x, %) *F2LF (0], = 3K *(x,x,)]

a

Integrating the RHS by parts and using the fact that as argument of finite energy signals approaches

infinity the signal approaches zero, the following equation is obtained [80]

1 K2 xox)]

2 - Fa[f(x,)]ox, (2.37)

D glK*(x x,)[ 'F[F O], = ¢

a

It is clear that (2.33) and (2.34) imply (2.35) and (2.37) and conversely (2.35) and (2.37)
implies (2.33) and (2.34). Thus the equivalence of (2.27) with (2.33) and (2.34) is established. For
proving its equivalence with the first definition i.e., of linear integral transform the (2.27) can be

rewritten using (2.33) and (2.34) as

& . 1 dg -1 -1

cosa +sina ——AK*(x,X,)| = %, |K* (X, X, 2.38

: o gl =k (2:39)
® . 1 dg 1 1 d 1

- ¢- Snax+cosa ——AK?*(x,X,)| = — K2(Xx, X, 2.39
g 2 <o = gk o) (2:39)

where, [Ka(x, xa)]'l isafunction of x. The solution of the pair of the differential equation is

[Ka(x, xa)]’l = (constant)[- ip (x* cota - 2xx, csca + xa2 cota)]. (2.40)

The angle additivity of (2.27) translates to index additivity property of the kernel. The
relationship with the definition of rotation in time-frequency plane is clear from (2.27) and it can be

seen that (2.27) is a special case of the coordinate multiplication and differentiation operator of the

LCT given as[80]
aMu_ éA BudJu
oo g UUSJE (2.41)
&' g & Dpeby
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By using above property of LCT the operator U #and D?® can be written as
U?=F2UF® (2.42)

Da :F-aDFa (243)

2.2.5 Differential Equation

In this definition the FrFT, f@(x,) of a function f(x) is defined as the solution of a
guantum mechanics harmonic oscillator differential equation or the equation governing optical
propagation in the graded index medium, with F°[f (X)] as the initial condition. The solution of
this equation is well known and some sources of the solution have written it in the form of an

integral transform whose kernel is sometimes referred to as harmonic Green's oscillator [81]. Now

considering the differential equation

T AU 23FLe 0]

- (2.44)
3 4p X p fla

CDCQ) (N

with the initial condition F°[f(x)]=f(x). The solution F2[f(x)] of (2.44) is the a" order FrFT

of f(x) . By direct substitution the solution of this differential equation is
F2[f (0]= ¢K®(x, %) F°[ f ()]dx (2.45)

withK?(x,x,) given by (2.1). Namias solved (2.44) in two steps by substituting (2.45) in (2.44)

and obtaining the differential equation [4]

12 10 2‘HK (X, X,
L .= K A WV %a)
+px°® 2u (%, 7

2

(2.46)

D:@p D
&
=
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with initial condition K°(x,x,) =d(x- x,) . The kernel obtained by Namias is same as in equation
(2.1) and this satisfies the equivalence of the definitions. Alternatively, the eigensolutions of the
(2.44) is first sought and then the arbitrary solutions as the linear superposition of these
eigensolutions are constructed. Substituting the eigensolution form F2[f(x)] =1 ,F*[f(x)] in

(2.44) gives

d’FO[f()], , »@1 2 d, .0 oo 1_
~ +4p §%+p2| - xéF[f(x)]—O (2.47)

a

Now comparing with

d?f(x) ,a@n+l .0
+ — - x“Zf(x)=0 2.48
v 4p g 2 a (x) (2.48)

which is having Hermite-Gaussian functions as the solution, it is clear that (2.48) is having

Hermite-Gaussian functions as its solutions provided [11]

2+1 1 . i2 d,
=+

> "3 ol d (249)  which
gives

O(']'I; :-ilg%g . (2.50)
yielding

|, =e % (2.51)

Ith

as the eigenvalue related with the Hermite-Gaussian functions. This demonstrates the

equivalence with definition of fractional powers of the FT. If the initial condition Fo[f(x)] is
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y (X), the solution F2[f(x)] is exp(-ialp /2y, (x), which can be expanded in terms of Hermite-

Gaussian functions as
Flf(®]=acy,(» (2.52)
1=0

where C, = ¢y () F [ (x)]ax

As (2.44) islinear, the corresponding solution to the initial condition in (2.52) is obtained as
¥ .
Felf]=a ce™ "y, (253)
1=0

which can be written as

F2[f (0] = ¢K? (%, %,)F°[ f ()]dx (2.54)
whereK *(x,x,) = 5 ey (xy ,(x,) asin(2.10).

Now considering the differential equation of the form

qF [ ()]

HF2[f(x)] =i 1o 12) (2.55)

where, H is a quadratic Hermitian operator in U and D. Since it is known that the Hermitian

conjugate of DU is UD and vice versa, such that an operator may only contain terms proportional

to U2, D? and UD + DU . The solution of this equation is given as [79]
Fa[f(x)]=e ®2HEO[f(x)] (2.56)

whereF°[ f (x)] is theinitial or boundary condition. Specializing this equation toH =p (U2 + D?2)

the following equation is obtained
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F[f (0]

o2 (2.57)

pU2+D?)F2[f(x)]=i

To find the relation between (2.57) and (2.44), the effect of U2+ D? on F2[f(x)] is to be
determined first. If Fa[f (x)] represents different functions of x for different values of a then using

UF2[f (x)] = xF2[f (x)]and DF2[f(x)] = (i2p) *F2[ f (x)]/Tx gives[11]

T el F 1o =i 2T L)

1
1 2.58
L 4p X p Ta (2:58)

CDCQ) D~

The result in (2.58) relates the present definition to that given in section 2.2.4 and indirectly to

definition of rotation of time-frequency plane.

2.2.6 Hyperdifferential Operator

The FrFT can be defined in the hyper differential form by using a hyper differential operator

F2=exp(-i(ap/2H) (2.59)
where, H =p(D,+U,)- 0.5.
To give the equivalence of this definition with that of differential equation form the (2.59) can be

written in time domain as [4]

a s@apoe 1 d? 160
Falf e 1 d° e 1 2.60
[f(x)]= eng ic g o O +px’ 2:u (¥ (2.60)

From (2.54) it is clear that this is closely related to that of differential equation form. Also the

solution of the differential equation HF3[f(x)]=i(2/p)1/TaF?[f(x)] is given by
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F2[f (X)) =exp(-i(ap /2H)F°[f (x)]. Where, F°[f(x)] serves as the initial or boundary
condition. It can be seen that the above definition is simply the solution of the differential equation

(2.44) expressed in hyper differential form.

The equivalence with the definition of fractional powers of the FT, which is based on the

eigenvalue equation [4] is given by
Faly (0]=e™™y () =ey (X (2.61)
where, y | (X) are the Hermite-Gaussian functions satisfying the differential equation

éd? a2l +1
A~ + -
édx2 A 8 2p

x? % (X)=0 (2.62)
a

Now from (2.61) and (2.62) a hyperdifferential representation of F? inthe formof exp(-iaH) can

be calculated by differentiating with respect to a as

exp(-iaH) ,(x) =€y, (X) (2.63)
setting a = 0 the following equation is obtained

Hy (¥ =ly (¥, (2.64)

and comparison with (2.62) leads to
4 -1 . (2.65)
24

By expanding arbitrary f(x) in terms of y ,(X) and by virtue of the linearity of H, the (2.65)

S 22, (2.66)

& 1
becomes Hf(x):g- E ¥ :
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This can be written in abstract operator form as

H =p(D?+U?)-

N =

(2.67)

which precisely corresponds to the present definition and also equivalent to the definition given in

section 2.2.2. To edtablish the equivalence of the present definition to that in section 2.2.4 the

hyperdifferential form of F® isused in (2.42) and (2.42) to obtain expressions for U? and D? as

follows[3]:

: : 2,12
Fa —e iaH —e |a[p (U +D )1/2] (268)
- ip (csca- cota)U? - ip (sina)D? .- ip (csca- cota)U? Lja /2

=€ e e e

The (2.68) is the identity which corresponds to the decomposition of the FrFT into a chirp
multiplication followed by a chirp convolution followed by another chirp multiplication.

Substituting this decomposition in (2.42) and using the commutation relations [U Ne(u, )] =0 and

[U,GD)]=(i/2p)G(D) where G(2) isacomplex variable whose polynomial series is defined as

¥
&2)=§ G,z", and moving U towardsthe left, gives[3]

n=0

Uz =U _+_Sinae—ip(csca—cota)uzDe—ip(csca—cota)u2 (269)
Now using [D,GU)] = (-i/2p)G(D) to move D towardsthe left

us=uU +sina[D- (csca - cota)U]:cosaU +sinaD (2.70)

as in (2.27). Substituting the dual of (2.68) (in which the roles of U and D are exchanged) in

(2.42), it is possible to show that

D? =- snaU +cosaD (2.71)
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asin (2.27). Thusit is shown that the hyperdifferential form of F? implies (2.27) which constitutes
the definition of transformation of coordinate multiplication and differentiation operators. Since the
(2.27) shows that the coordinate multiplication and differentiation operators corresponding to
different values of a are related by the rotation matrix, this derivation also relates the present
definition with that of section 2.1.3. The operators U and D are replaced by classical variables
time or space variable t and frequency variable f, respectively. In such operators context, (2.27)
serves as the complete expression of rotation in time-frequency or space-frequency plane,

corresponding to (2.16) written in terms of WD W (t, f). The effect of Hamiltonian

H :p(D2 +U2)- 1/2 is to rotate the WD. It can be said that the operation represented by the

hyperdifferential form (all differential equation) associated with this Hamiltonian [3],
corresponding to rotation in time-frequency or space-frequency plane, is closely related to the fact
that this Hamiltonian is rotationally invariant. As aresult of (2.27), the rotational invariance simply

means
He=p(p*f +ju*[)- v2=p(D?+U?)- 172=H (2.72)

The index additive property and the special case a =0 follows from the exponential form
exp(-iaH). The special case a=1, which is, F'=exp[- i(p/2)H] is nothing but the
hyperdifferential form of conventional FT. The hyperdifferential form is very useful when very
small order a isconsidered. When a is infinitesimal, the operator F* :exp[- i(pa/2)H] is called
an infinitesimal operator. Such operators are expressed as a first order expansion of the form

F2=1+[-i(pa/2H]. Thisimplies

aap 2

Fa[f(x, )]-f(x)—l(ap/2)Hf(x)—|g—£ O‘Ij— -%%f(x) (2.73)

1
4p
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so that the change in wave amplitude without integration can be determined. The hyper differential

form of FrFT isalso discussed by Mustard [5], [7].

2.2.7 Discussons
The FrFT operator F a[f (x)] is

1. linear

2. verifies FT condition F* =F

3. has additive property F "= F 2F Pfor every choice of a and b.
Given the widespread use of conventional FT in science and engineering, it is important to
recognize this integral transform as the fractional power of FT. Indeed, it has been this recognition,
which has inspired most of the many recent applications replacing the ordinary FT with FrFT
(which is more general and includes FT as a specia case) adding an additional degree of freedom to
the problem, represented by the fraction or order parameter a. This in turn may allow either a more
general formulation of the problem or improvement based on possibility of optimizing over a (asin

optimal Wiener filter resulting in smaller mean square error at practically no additional cost) [59].

2.3 PROPERTIES OF FRFT

In this section, some important properties of FrFT are discussed. The properties of FrFT are
useful not only in deriving the direct and inverse transform of many time varying functions but also
in obtaining several valuable results in signal processing. The properties are sumarised in Table-2.2,
Table-2.3 and Table-2.4. The FrFT of some simple functions are listed in Table-2.5. The properties
listed in Table-2.1 are the most basic one. The mathematical proofs of these properties have been

reported [71]. Here these properties are verified with simulation process and illustrated graphically
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which substantiate the mathematical conclusions. The functions used to verify the established

properties of FrFT are unique and taken for the first time as literature reveals.

2.3.1 lllustration of Basic FrFT Properties

The FrFT is evidently linear but not shift invariant. First property of Table-2.2 states that

when a isequal to an integer j, the a" order FrFT is equivalent to the j ™ integer power of the
ordinary FT. It also follows that F? =P (the parity operator), F®=F*=(F)* (the inverse
transform operator), F* = F°% =1 (the identity operator), and F' = F!™* When a is equa to
4j+1, the FrFT kernel becomes FT kernel and when a =4 + 3, the FrFT kernel becomes inverse
FT kernel. When a=4]j, the kernel reduces to d(x- x,) and when a=4j*2, then the kernel
becomes d(x+ x,). Third property associates positive orders with forward transforms and

negative orders with inverse transforms. In terms of kernel this property can be stated as
[Ke(x %) " =K *(x.x,). Property 4 is stated as K *(x,x,)=|K*(x,,%)|", which when

combined with the previous property implies (F*)™ = F 2. Property 5 is expressed in terms of the

K a2+al

kernels as (X Xa1) = (K2 (%, X, ) K™ (X, X )X, . Property 6 follows from property 5.

Property 7 is not special to FrFT and isvalid for all LCT. Property 8 has been discussed in detail in
section 2.2.2. It simply states that the eigenfunctions of the FrFT are Hermite-Gaussian functions.
Property 9 is also discussed in section 2.2.3 and it states that the WD of the FrFT of a function is a
rotated version of the WD of the original function. Last property describes the Parseval theorem.

Energy or norm conservation (En[f 2(x,)] :‘ fa(x')H = ||f(x)||) is a special case. It is noted that a

dlightly more general way of writing this property
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(FH{t (] F2[a)]) = (F=[f (9], F**[g(3)]) when a, - a, =a, - a, which is seen to be true
by noting that F*[f(x)] is the (a,- a,)" transform of F2[f(x)] and F*[g(x)] is the

(a, - a,)" transformof F*?[g(x)].
For verification of the properties of FrFT a simulation study has been carried out. The

Riemann function is used to verify the properties of FrFT. The function is expressed as follows -

f)=—12 |WEi (2.74)

and is shown in Figure 2.1

nar

06

04r

0.2t

Figure-2.1: Riemann function in therangefrom -1 toi1 for i =0.5.
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Table-2.2: Properties of the FrFT, part I.

1. | Integer orders Fl=(F)
2. Inverse (Fa)'le a
3. Unltary (Fa)'l :(Fa)H

4. | Index additivity

FaZFa_’L - Fa2+a1

5. | Commutativity

FaZFa_’L - Fa_’LFaZ

6. | Associativity

FaS(FaZFa_’L): (FaSFaZ)Fal

7. | Linearity

aé° u o} a
Freda, f,(0g=4aa [Ff, (0]
ei u i

8. | Eigenfunctions

F2ly , (] = exp(- ialp /2 | (x)

9. | Wigner distributions

W[4 91 (X, X') =Wy (XCOsa - X'sina, xsina + x'cosa)

10. | Parseval

(F(9,909) =(F2(x),9° (%))

a; aearbitrary complex constraintsand j is an arbitrary integer.

The first property of Table-2.2 for integer order is illustrated by taking the FrFT of the

Riemann function in the integer domainsi.e., a = 0,1,2,3 and 4. Figure-2.2 shows the illustration of

this property.

Because the Riemann function is an even function hence integer property is not clearly

evident from the plots shown in Figure-2.2. In order to have clarity, the function is modified in

such away so that the property can be understood in a better way. After modifying the Reimann

function the FrFT of the integer order isillustrated in Figure-2.3 which clearly showsthat at a=0

and a = 4 the function the ssme and at a =1 and a = 3 theresult isthe FT and inverse FT.
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Figure-2.2: lllustration of integer property using Riemann function.
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Figure-2.3: lllustration of index property by modifying Riemann function.



The inverse property is illustrated in Figure-2.4. First the FrFT of the Riemann function is
taken in 0.7" domain and then its inverse is taken, which is as shown in Figure-2.4(a). In Figure-

2.4(b) the FrFT of the Riemann function in -0.7" domain is shown. It can be seen from these

figures that the (F 07 )’l =F %7,

‘ b
: :
0s| ] 0s|
02| ] 02|
I T T R TR R VR I T R I B
@ [F*TT0IN ™ (b) F*'[f(x)]

Figure-2.4: Illustration of inverse property.

To prove the index additivity the FrFT of the function is taken in 0.2" domain (shown in
Figure-2.5(a)) and then the FrFT of resultant function is taken in 0.6 domain (shown in Figure-
2.5(b)). The FrFT of the Riemann function is taken in 0.8" domain which is shown in Figure
2.5(c). It is clear from these figure that Figure-2.5(b) is equal to Figure-2.5(c), which proves the

index additivity property.
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Figure-2.5: lllustration of index additivity property.

The commutative property has been illustrated by taking FrFT of function with a = 0.4
(Figure-2.6(a)) and then with a = 0.5 (Figure-2.6(b)). This sequence of transform is reversed i.e.,
first FrFT istaken with a = 0.5 (Figure-2.6(c)) and then with a = 0.4 domain and this has also been
established that FrFT of a function with a = 0.9 (Figure-2.6(€)), is equal to Figure-2.6(b) and

Figure-2.6(d).
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Figure-2.6: lllustration of commutativity property.
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For associativity the domains are taken viz 0.15, 0.37 and 0.41 and results are shown in

Figliez.l |
AN
HRE

() {2041[;0371[F0D155[afE:)];; I @ 520.93[:()()1] e T

(e) 62037[1;()()1] ﬂ‘g o | 15 | (f) FD;41[;0.371[f()D:)]] o | 15 2

(@ FPIFU IR (1]

Figure-2.7: Illustration of associativity property.
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The FrFT of the Riemann function is calculated with a = 0.15 (Figure-2.7(a)), then again
transformed with a = 0.37 (Figure-2.7(b)). The FrFT of this resultant function is then taken with a
= 0.41 (Figure-2.7(c)). The Figure-2.7(d) shows the FrFT of the Riemann function with a = 0.93
and is same as Figure-2.7(c).The Figure-2.7(e) shows the FrFT of Riemann function with a = 0.37,
Figure-2.7(f) shows the FrFT of Figure-2.7(e) and Figure-2.7(g) shows the FrFT of the Figure-
2.7(f). The Figure-2.7(c), Figure-2.7(d) and Figure-2.7(g) are similar which proves the

commutativity property.

To prove linearity property, Hanning function has been taken as second function alongwith

Riemann function. The Hanning function is described as
9(x) = cos’E2 |} £i (2.744)
ed g

Firstly the FrFT of expression F%°[2g(x) +3 f (X)]is calculated and shown in Figure-
2.8(d). Subsequently the FrFT with a = 0.3 is evaluated of 2g(x)and 3 f (X) separately which is

shown in Figure-2.8(b) and Figure-2.8(c) and then these two FrFT’s are added together as shown
in Figure-2.8(d). Figure 2.8(a) and Figure-2.8(d) are similar which in itself proves the linearity

property.
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(@) F**[29(x) +3f (x)] (b) F*[2g(X)]
(c) F[3f(x)] (d) F*[2g()]+ F**[3f ()]

Figure-2.8: Illustration of linearity property

The property of WD and Parsevals relation has been established by taking WD of the
Riemann function in various domains as shown in Figure 2.9. This property can be further
illustrated using a cosine function and is shown in Figure 2.10. It is clear from Figure 2.9 and 2.10

that the distribution rotates with an angle a = ap /2 and the total energy remains the same.
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(c) WD ina = 0.5 domain (d) WD ina = 0.25 domain

Figure-2.9: lllustration of WD and Parseval relation property using Riemann
function.
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Figure-2.10: lllustration of WD and Parseval relation property using cosine
function.
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Table-2.3: Properties of the FrFT, part I1.

f(x) f2(x,)

1) f(-x) f2(-x,)

2 |M|'lf(x/M) 1- icota & , cos’a'@l_,.aMx, sina'e
—————expapx,” cotagl- —f'e———+
1-iM “cota é cos'a gy e sSna g

3. f(x-Xx) exp(ipx? sina cosa ) exp(-i2pxsina) f 2(x, - x cosa)

4. exp(iZpxx) f (X) exp(- ipx? sina cosa ) exp(iZpx sina ) f 2(x, - x sina)

S| X" () cosax, - sna(i2p)td/dx,| f2(x,)

li20) s £ (%)

snax, +cosa (i2p) 'd/dx,| f2(x,)

7.] f(x)/x - icsca exp(ipx,” cota) gy f *(x,)exp(- ipx,” cota )dx,
81 9 tx)x, seca exp(ipx,” tana)() T *(x,) exp(- ipx,” tana)dx,

9 ' (% 2]

10 (- x) [f-2¢x)]

11 [f(x) + f(- )]/ 2 [fe(x )+ f2(-x)]/2

12

[f()- f(-x)]/2

[f2(x)- f2(-x)]r2
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Table-2.4: Important propertiesof FrFT.

Sr. Properties Calculus
No.
1 Multiplication Rule Fo[g(x) f (x)] = Qxcosa +|15ma% [ f (0]
2 The Division Rule F (f(x)/x)_(|/sma)exp§e %cota ae+§cota§Fa[f(x)]o|x
a9
1 2
3 Mixed Product Rule | [f(x)]QX——— (sire +ixcos )sira. Fa[f(x)]+x00§2a§ Ff( )] S—F""[f(x)]
dxg
ifferentiation Rul dm 4"
4 Differentiation Rule geif(x)o ¢- ixsina +cosa —9F [f(X)] and Fa ge ixsina +cosa 39 Fe
edx g e dx" & dxg
5 I ntegration Rule . 6 ® ix? 0 @ ix? 0.
F @ f(x)dxa—secxexpg- 7tanaf_:)Qexpg?tana—EF [ f(x)]dx.
6 Shift Rule Fa[f(x+K)] = @(pe |ksna9x+gcosaﬂLjF [F OO0 frrccoma],
7 Similarity Rule Fo[f - x] = Fl®/2-Pl {(x)
8. Convolution Rule

¥
f (X)*a g(x) = exp(- isz) (\)f (t )eibng(x_ t )eib(x-t)?dt
-¥

where b=05c0t0508) and ** denotes convolution in a™ domain




Table-2.5:The FrFT of Simple Functions.

Sr. No. Function f(x) Fractional Fourier transform F?[ f (X)]
1. exp(- x2/2) exp(- x,%/2)
2. H, (x)exp(- x*/2) H, (x)exp(- x,>/2)
3. exp(- X? / 2+ ax ® x? ia’ 9
p(-x ) expé— Xa 18 g gna +ax,e® T
2 2 P
4, d(x) axnl(i i B jx 2 V)
p(ip/4-ial2) € ix, uo
: expse cota
V2p sina %8 O
5. d(x- a) exp(ip/4-ial2) & i 2 o u
expa —cota(x,” +a’) +iax, coseca ;
J2p sina pg 2 ( ) t
6. 1 g ial2 é ix? , u
expat ——tana
+/cosa p@ 2 S
7. gk slal2 éi 2\ L U
expa-tana (k® + x_°) +ikx, seca y,
\Jcosa P82 ( 2 )ik H

Table 2.6 illustrates FrFT Fourier transform of some common functions in a" domains.




Table-2.6: The FrFT of Simple Functions.

Sr.
No.

Function
domain

in a

0

Function in a domain

1

sin(x)

S0 100 150 200

real part of sin(x) at a=0.3

300

350

S0 100 150 200

300

cos(X)

a=07

imaginary part of sin(x) at a=0.3

S0 100 150 =200

300

S0 100 150 200

imaginary part of cos(x) at a=0.7

300
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Sr.

No.

Function
domain

in a

0

Function in a domain

exp(ix)

a=06

o

S0 100 150 200 250 S00

real part of exp(ix) at a= 0.6

350

S50 100 150 200 250 Z00

imaginary part of exp(ix) at a= 0.6

exp(-ix°)

a=09

0.5
o M“W“W-
|

[=u} 100 150 200 250 300

real part of exp(-ix?) at a=0.9

350

S50 100 150 200 250 Z00

imaginary part of exp(-ix®) ata = 0.9

a7




) Function in a = 0| Functioninadomain
No. domain

d () 1

0.s =
06 —
0.4 =
0.2 —
0 o AN/ APl

NE-n

-1

S0 100 150 200 250 300 350

real partof d (x) aa=0.15

1

[=1 —
[ N=1 —
0.4k B
0.2+ —
0 fe AU A ]
0.z -
oal i
osl i

nal

-1

L L L L L '
a0 100 150 200 260 300 350

imaginary part of d (x) at a=0.15

2.4 FRACTIONAL SINE AND COSINE TRANSFORM

Recently fractional sine and cosine transforms have been derived by the researchers [82]. The
fractional sine / cosine transforms are derived by taking the imaginary / real parts of the FrFT
kernel. The real part of FrFT kernel is chosen as the kernel for FrCT as in case of cosine transform
(CT) where real part of FT is chosen as CT kernel and the imaginary part of the FrFT kernel is

chosen as fractional sine transform (FrST).

F[f(x)) = z‘jm[Ka(x, x, )] f (x)dx (2.75)
Fa[f(x)) = z‘j?e[Ka(x, x, )]  (x)dx (2.76)
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These fractional sine / cosine transform have the advantages that the transform results are
real for real input but they do not demonstrate the additivity property and inverse transform

property [82].

25TWO DIMENSIONAL FrFT
The one-dimensional FrFT is useful in the processing one-dimensiona signals such as speech
waveforms. For analysis of two-dimensional signals such as images, a two-dimensional version of
the FrFT is required. The general expression of the two-dimensional FrFT is given in [36], [37],
[82].

F2[a(x,v)] = F**[ f (x,V)]

= QK (X0 Vs X Vi ) T (X Vi, ) OIX, OX, (2.77)

where, K (x,V; X K2 (X, X0 )K > (V, V)

X Vay) =
where, q = uld+ vw anda=a, U+ a, vV, , where U and Vare unit vectors in the u and v
directions.

The effect of a one-dimensional FrFT on a two-dimensiona function is interpreted by
treating the other dimension as a parameter. One-dimensional transform can be represented in two

dimensions as

Fa= Fax))(FaX‘% - Fax"{'Fax% ) (278)

2.6 SUMMARY

The available definitions of FrFT are studied and implemented. The simulation studies for the

determination of FrFT of any given function confirms the theoretical results. The simulation
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studies have been carried out with Mathematica (version 4.2) package. It has also been observed
that all the definitions of FrFT are giving the same transformed function in a particular domain. It
has also emerged during this course of study that linear integral transform definition of FrFT isthe
best candidate for calculation of FrFT. To further strengthen the know how the properties of FrFT
are aso verified by using Riemann and Hanning function. In the available literature the rectangular
and triangular window functions were used by most of the authors to demonstrate their respective
FrFT. In this study the listed properties are verified by using Riemann function for the first time
and their proofs are given with graphical illustrations (with the help of simulation process). This

can be considered as contribution to the available literature in this area of FrFT.

The studies performed during this investigation and reported in the chapter are good

enough for consolidation of background. The next chapter deals with the discrete version of FrFT.
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CHAPTER 3

DISCRETE FRACTIONAL FOURIER TRANSFORM

3.1INTRODUCION

The definitions of FrFT and its properties are reviewed in the previous chapter. Due to the
computational complexity involved in the continuous domain a discrete version of FrFT is required
which can be calculated in an efficient and faster way. In contrast, to the case of DFT where it has
one basic definition and lot of algorithms available for its fast computation, FrFT has many

definitions in discrete domain.

The work on DFrFT was first reported in 1995 by Santhanam and McCledlan [30].
Thereafter within a short span of time many definitions of DFrFT came into existence and these
definitions are classified according to the methodology used for calculations in 2000 by Pie et al.
[24]. The comparison of various DFrFT definitions with continuous FrFT has been done by
various authorg[ 23], [33]-[35]. Different parameters have been used for the performance evaluation
of various classes of DFrFT’s.

The basic problem for the signal processing community is the exactness of DFrFT that can be

used for signal processing applications with least possible error and has the fastest evaluation.

In this chapter various classes of DFrFT are introduced along with a review. The performance

of available DFrFT at a = 1 isaso compared with FFT in order to further consolidate the work on
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DFFT and its usage in signal processing applications. Also DFrFT has been used as atool to carry
out the analysis of window functions in fractional domain, that are having significant utility in

signal processing applications.

3.2DFrFT CLASSES

Various definitions of DFrFT are available in literature but none of them obeys all the

properties of the FrFT. Pie et al. [24] classified these definitions and are given as -

3.2.1. Direct Form of DFrFT

The simplest way to derive the DFrFT is sampling the continuous FrFT and computing it
directly. But when the continuous FrFT is sampled directly, the resultant discrete transform looses
many important properties such as unitary, reversibility, additivity and closed form expression.

Therefore, its domain is confined.

3.2.2. Improved Sampling DFrFT

In this class of DFrFT, the continuous FrFT is properly sampled and it is observed that the
resultant DFrFT has the similar transform results as the continuous FrFT. Although, in this case,
the DFrFT can work very similar to the continuous case with fast computation, but the transform
kernel is not orthogonal and additive. The major constraint in this class is that it is applicable to

only aset of signals[29].
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The FrFT given in (2.1) cannot be evaluated anaytically and therefore, numerical
integration is used to evaluate the integration. Due to the rapid oscillations of the kernel, the
quadratic exponentials requires a very large number of samples if conventional methods are to be
employed. In particular when a isvery closeto 0 or +2, the problem is very severe. This difficulty
can be overcome by assuming that the function and its FT both are confined to a finite interval.
The integral is directly evaluated when al [0.5,1.5] or ai [2.5,3.5] and when al (- 0.5,1.5) or
al (1.5,2.5) the property F* =F'F®! is used. From this it is clear that in later case, the
(a- 2)"transform can be evaluated directly [29].

The FrFT given in (2.1) can aso be evaluated by using the spectral decomposition of the

¥
kernel [72], [10]-[12]. This is equivaent to first expanding the function f(x)as é cy (X)),

n=0
multiplying the expansion coefficients ¢, respectively, with e'*®'?  and summing the
components.

Although both ways of evaluating the DFrFT may be expected to give accurate results, but

they are not considered since they take O(N?)time. It is already discussed that the FrFT is a

member of a more general class of transformations called LCT or quadratic-phase transforms [37].
Members of this class of transformations can be broken down into a succession of simpler
operations, such as chirp multiplication, chirp convolution, scaling and ordinary Fourier
transformation. For the fast computation of the transform there are various ways of decomposing

this class of integrals. One of these algorithm is discussed in detail.
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In this algorithm, the fractional transform is broken down into a chirp multiplication
followed by chirp convolution followed by another chirp multiplication [29]. In this approach, it is

assumed thatal [- 1,1]. The equation (2.1) can be manipulated as

Fo[f (0] = exp|- ipx® tan(f 12)]g" (), (3.2)
g'(¥) = A ), el ipb(x- x,)2Jg(x)dx, (32)
9(x) = exp|- ipx2 tan(f /2)|f (x) (3.3)

where g(x) and g'(x) represent intermediate results, and b =cscf .

In the first step the signal f(x) is multiplied by a chirp function. In second step the
functiong(x), having bandwidth and time-bandwidth product as large as twice that of f (x), is
convolved with the chirp function as given by (3.2). Then it is again multiplied by a chirp function
in (3.3).

It is well known that a function and its FT cannot be both compact. However, in practice
finite time interval and finite bandwidth is considered. This discrepancy between the mathematical
idealization and the real world is usually not a problem for the signas of large time-bandwidth
product. It can be assumed that the time domain signal is approximately confined to [- Dt/ 2,Dt/ 2]
and its frequency domain representation is confined to interval [- Df /2,Df /2]. In other words it
can be stated that large percentage of the signal energy is confined to these intervals. The time-
bandwidth product is defined as N =DtDf . A scaling parameter s with dimensions of time is
used to scale the coordinates as x=t/s and n =fs. The time and frequency domain

representations will be confined to intervals Dt/s and Dfs. The scaling parameter can be



chosens=,/Dt/Df , so that the lengths of both the intervals are equal to a dimensionless
guantity Dx = ,/DfDt . In these newly defined coordinates the function can be represented in both

domainswith N = Dx? samples spaced Dx'* =1/+/N apart. After this dimensional normalization,
the coordinates appearing in the definition of FrFT becomes dimensionless. Thus, the
representation of signal in all domains is assumed to be confined to an interval of length Dx
around the origin, which is equivalent to assuming that the WD is confined within a circle of

diameter Dx . Now, when the time domain representation of the signal f(x) is multiplied by a

chirp functionexpl- ipx tan(f /2)|, where- p /2£f £p /2, the effect will be to shear the WD in

n direction. The instantaneous frequency of this chirp istan(f /2)x. If this chirp is confined to the
interval [- Dx/2, Dx/ 2], the largest instantaneous frequency will beftan(f /2)|Dx/2. If this is taken
approximately equal to the bandwidth of the chirp, then the double-sided bandwidth of chirp
is|tan(f /2)|Dx. Multiplying the function f (x) with chirp will result in the convolution of their FT,
which results in an over all double-sided bandwidth of [1+|tan(f /2)|]Dx. Thus the samples of

g(x) are required at intervals of 1/2Dx, if the samples of f(x) are spaced at1/Dx. Hence the
samplesof f(x) areinterpolated before multiplication with the chirp to obtain the desired samples
of g(x) [29].

To perform the convolution, the chirp function can be replaced by its band limited version

without any effect as:
99 =A §,exp- ipb(x- x,)?Jax)dx, = A § h(x- x,)’g(x)dx,  (34)

where, h(x) = exp ¢y H (v) exp(iZov)dv (35)
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L et ep-ipv? /) (3.6)

Jb

is the FT of exp(ipbx®). It is possible to express h(x) explicitly in terms of the Fresndl integral

and H(v) =

[29] as.
p
F(2) = c‘)exp(pz2 /2)dz (3.7
0
Now, (3.2) can be sampled, giving

.. N _ .. ..
EMO_ 4 nZN%EN 0 (3.9)
e2Dxg .-n e 2DX g e2Dxg

This convolution can be evaluated using FFT. Then after multiplying with second chirp
exp|- ipx? tan(f /2)| the samples of f*(x') spaced at 1/2Dx. Since all the transforms of f (x) are
assumed to be band limited to the interval [ Dx/ 2, Dx/ 2] , to obtain samples of f #(x') spaced at

1/ Dx , these samples are decimated by a factor of 2.

Thus, the procedure starts with N samples placed at 1/ Dx , which uniquely characterize the

function f (x), and returns the same for f?(x'). Let fand f* denote column vectors with

N elements containing the samples of f(x)and f #(x,), the overall procedure can be represented

as
fa=F>f, (3.9)
F?=D H, J (3.10)

where, D and J are matrices representing the decimation and interpolation operations [29]. isa

diagonal matrix that corresponds to chirp multiplication, and H,, corresponds to the convolution

operation. It can be noted from here that F® allows obtaining the samples of the a™ transform in

terms of the original function, which isthe basic requirement for a definition of the DFrFT matrix.
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The above algorithm works in the interval from- 1£a£1. If alies outsde this interval,
the properties F*[f(x)]= f(x)and F2[f(x)]= f(- X)can be used to easily obtain the desired

transform.

3.2.3Linear Combination DFrFT

This DFFT is derived by using the linear combination of identity operator, DFT, time
inverse operation and IDFT. In this case, the transform matrix is orthogonal and the additivity
property along with the reversibility property is satisfied. However the main problem is that the
transform results do not match to the continuous FrFT [24], [30].This DFrFT can be interpreted asa
rotation in time-frequency plane and is also referred to as discrete rotational FT or discrete angular

FT with a asthe angle or rotation parameter.

The discrete version of the angular FT which is an angular generalization of the DFT is

discussed in this section. The DFT operator W isdefinedas N° N matrix as

1 e .2p 0
W, =——expg- J—nk=. (3.11)
“IN g N g
The operator Wis a unitary operator with a set of N eigenvectors and four distinct

eigenvalues [l-lj,- j]. The discrete version of the angular FT is obtained by an angular

generalization of these eigenvalues to a continuous angular parameter by using fractional powers
of eigenvalues.

Successive applications of the Fourier transformation F on f (x) yields

F2[f(x)]= f(-x), Ff(x)]=f2(-x,), Ff]=f(x) (312
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Inasimilar fashion, the DFT operator defined in (3.11) when applied to x(n) yields

W2LEM] =X m) ], WALEM]= XKL, WEm]=f(n) (313

These equations lead to interpret the continuous time FT as a 90° rotation operator in the

(x,x,) plane and the DFT as a 90° rotation operator inthe (n, k) space. Application of the operator

twiceis areflection or a 180° rotation; thrice is a reflection of the transform or a 270° rotation; and
four times corresponds to the identity operation or a 360° rotation. The discrete version of this
angular FT defined in equation (2.1) by replacing x with n and x, by k does not produce a
discrete rotational operator because a discrete (n,k) grid does not permit transformations with

non-integer entries instead, the discrete rotational Fourier transform (DRFT) is defined as[30]

2a

A (f)=WP (f) (3.14)
The evaluation of this operator for a =0, 2p gives

A® =W4 =] =W° = A° (3.15)
and for a :E’ it becomes

AP =Wt =W (3.16)
which isthe DFT operator.
For a =p acyclic flip matrix is obtained which is given as
AP =\\2 (3.17)
The equations (3.14) to (3.17) provide the motivation to interpret the operator A" as a

rotation through a in (n, k) plane. A Taylor series expansion of the matrix operator A* followed
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by application of the Cayley-Hamilton theorem, which states that every matrix satisfies its

characteristic equation, suggests that [ 30]

A* =a (@)l +a,(a)W+a,(@)W? +a,@)w? (3.18)
where the coefficients a (a) are obtained on regrouping of terms containing 1, W,W? and W?
from the Taylor series expansion. This equation gives an interesting interpretation of subspace
mixing, where the coefficients a,(a),a (a),a,(a)and a,(a) generate an angular mixture of the
basis matrices | ,W,W? and W* [30].

The operator W defined in (3.11) is a unitary operator and consequently has a set of N

orthonormal eigenvectors \'/I [30]. The operator W has an eigen-decomposition given by

T

5
W :é I i\';ivi = é \';iVi B é \';i\';iH + Jé Vi\';iH B é \';i\';iH I (3.19)
i i Ny i N, i Ny i N, ]
where N, is the set of indices for eigenvectors belongingto | =1L, N, for | =-1 and so on. A*,

being a matrix function of Wis also unitary and has an eigen-decomposition defined by taking a

2a
fractional power of the eigenvalues (|, )p .

A = & exp(jaka) v + § exp(j(4k, +2a)V V"
i Ny i N,

° . rry o . rr, (3.20)
+a exp(j(4k; +Da)vvi™ + g exp(j(4k, - Da)vy,

i Ny i N,
where k;,k,,k;and k, are integers. Because of the ambiguity present in the fractional power
operation, the operator A® defined by (3.14) is not unique. The branch cut k, =0,k, =0,k, =0

and k, =0 is imposed to make the operation unique. A specific ordering on the eigenvalues of

W,I,=11,=-1l,=jand | , =- ] isalso imposed to make the solution unique.
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Computation of the transform directly for an angle a requires an eigen-decomposition on
the operator W to be performed and the new operator A° be computed. This would be an

impractical to do for large orders. Instead, the matrices 1,W,W? and W*are generated for a given
dimension N (where W? isthe circular flip matrix and W? is a circularly flipped version of W).
The transform and its inverse A™® are then computed through the subspace projection equations.
A* =g,@@)l +a,(@)W +a,@)W? +a,(@)w? (3.21)
A® =a@)l +a;@)W +ay@)W? +a; @)W? (3.22)

where the coefficients a,(a),a,(a),a,(a)and a,(a)inthe expansion are given by [30]
a,(@) =%(1+eja )cosa ,
al(a)zé(l- e )sina ,
1 ja
az(a)za(e‘ - 1)cosa and
1 R
ag(a)za(- 1- je )sma (3.23)
The DFrFT of asignal f(n) can also bewritten as

Fef(n)]= glK #(n,k) f (n) (3.24)

n=0

where the kernel of the transformation corresponding to the operator A% is given by

K2(n,k) = a,(a)d(n- k)+ a\i/%) expg? j%pnkg

+a,(@)d[((n+k))y]+

(3.25)

2p

ae(a)e>(pa— kg
e 2}

JN

The signal isrecovered through the IDFrFT relation

n
N
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f(n) = ;‘;ilK'a(n, k) f 2 (k) (3.26)

k=0

3.2.4 Group Theory DFrFT

The concept of group theory isused in deriving this definition of DFrFT as multiplication of
DFT and periodic chirps. The DFrFT determined by this process satisfies the rotational property of
WD, the additivity property and the reversibility property of FrFT. However, this type of DFrFT
can be derived only when the fractional order of the DFrFT equals some specified angles and when

the number of points N is not prime [24], [31].

The concept of rotations in continuous time, continuous frequency is extended to discrete
time, discrete frequency as it applies to the WD. As in the continuous domain, discrete rotations
are defined to be elements of the special orthogonal group over the appropriate (discrete) field. Use
of this definition ensures that discrete rotations will share many of the same mathematical
properties as continuous ones. This algorithm provides a further connection between the DFT and

the discrete WD based on group theory.

The WD satisfies many desirable properties and one of them is the property of maximal
covariance. This property results from the relationship between the WD and the Weyl
correspondence [31]. Applying a change of coordinates to WD of asignal isidentical to computing
the WD of that signal after an appropriate combination of dilations, shearings, and rotations has
been applied to it. These concepts are completely straightforward for the continuous WD. In
particular, the concept of applying a rotation to a continuous time-frequency digtribution is easily

understood. To rotate a distribution by an angleq , smply apply the matrix R(q) , given by
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écosq sSnqu
R@) =g (

_ 7 (3.27)
g Sngq Ccosqy)

to the coordinates of the WD. In the time domain, this is equivalent to applying the appropriate
FrFT. The case of q =- % Is particularly significant, as this corresponds in the time domain to a

FT. Poletti [83] gave a time-frequency interpretation of how this rotation would be decomposed
into a series of chirps in the context of ambiguity function.

For the case of discrete-time discrete-frequency time-frequency distributions, rotations are
more difficult to understand because the time-frequency plane is periodic and has finitely many
points. Until recently, there was not aformulation of the WD in the signal processing literature that
could be related to the discrete Weyl correspondence. In [84] a discrete-time, discrete-frequency
WD is derived that does satisfy the Weyl correspondence for this discrete domain. Since it is clear
that the discrete-time, discrete-frequency domain is different from the continuous-time,
continuous-frequency domain [84], it is not surprising that the interpretation of rotations is
different aswell. The concept of rotations is generalized to discrete-time, discrete-frequency using
an algebraic construction.

In [85], the discrete-time, discrete-frequency WD was shown to satisfy the property of co-
variance made possible by its relationship with the Weyl correspondence. Specifically, the
application of a symplectic transformation, A,to aWD, W, » IS equivalent to first applying a
unitary transformation dependent on AU (A), to both f(x)andg(y), and then computing their
WD, i.e.

Wig00 [AC )] =W (a1 0] umfaeor & F) (3.28)

In other words, if a linear transformation with unit norm is applied to a WD in the time-

frequency plane, there is a corresponding transformation of the signals that yields the same WD.
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While there are three fundamentals types of symplectic transformations (dilation /
compression, shearing, and rotations), the focus here is on rotations. The only rotation explored in
[85] the symplectic transformation A° corresponding to rotation counterclockwise by 90 degrees
and given by

eO 1u

Ag
€1 of

(3.29)

And the corresponding unitary transformation U (A°) for a signal of length N f (n) such

that (3.28) is satisfied and is given by

N-1 i2pnk

U (A7) [f(n)]-f’zae VE [f(n)]—lllzae N OF(K) (3.30)

where, F(k) isthe DFT of f(n). U(A?) is proportional to the inverse DFT. It is clear that

application of the symplectic transformation A° doesresult in arotation by 90 degrees.

In the continuous time-frequency plane, a rotation by q is given by the matrix in (3.27).
The set of such rotation matrices in two dimensions comprise an algebraic group called the special
orthogonal group of dimension 2 over the real numbers, or SO(2,R). The elements R(q) of
0O(2,R) should satisfy the following properties, [ 78]:

1. Zero rotation: R(0) =1

2. Consistency with Fourier transform: Rg- i=F'
2

3. Additivity of rotations. R@@)R(b) =R(a +b)
In discrete-time, discrete-frequency for a p length signal ( p prime), let arotation matrix be
any element in the analogous group of matrices, the special orthogonal group of dimension 2 over

theintegers modulo p, SO(2,Z/ p) . Then every element R of SO(2,Z/ p) hasthe form [31],
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R,(a,b) = g_rab Z§ (3.31)
where, a and b are elements of the integers mod(p, Z/ p) , and the determinant of R, (a,b) isequal
tol,i.e

a®+b* =1mod p (3.32)

Such matrices have a similar form to that given in (3.27). Furthermore, since the identity

matrix and A are both elements of SO(2,Z/ p), this definition satisfies the first two properties

[78]. The third property is satisfied by the fact that SO(2,Z / p) has a generator [31], and so every
element can be expressed as a power of the generator (multiplication of elements is accomplished
by the addition of exponents).

Another consequence is that there are only finitely many rotations possible for any given

p . To obtain the exact number for p>2 (p =2 isatrivia case), first expressing pas p=4| +1.
Then, the number of possible rotations, i.e. number of elements of SO(2,Z/ p) isgiven by [31],

. ip-1 if p=4l+1
Number of rotations ={ )
Tp+l ifp=4-1

(3.33)
These rotations can be computed directly in the time-domain, by expressing a rotation
matrix as a product of shearing and 90 degree rotation matrices, and then applying the

corresponding sequence of time domain transformation, i.e. the product

él 0y, ,61 Oy 6l Ou_éa by

N p N Y\ S = X p (3.34)
é é é
& L &b 1l & 1j &b aj

has the corresponding time domain operator

j2p(2'an®)p  j2p(2'(-b)n’)p j2p(2'an®)p

e ° Fe P Fle P (3.35)

where, a =(a- Db ', F refersto the DFT, and (.), refersto arithmetic modulo p.
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It is possible, albeit more complicated, to generalize the results here to non-prime lengths.
Such complications arise from the fact that Z/n is harder to characterize when nis not prime.
Based on the discussion presented here, there is some justification to consider (3.35) as a definition
for the DFrFT. This differs from definitions given in [29], [30]. Due to the difficulties in
interpreting some of the rotations obtained from (3.35), it would be premature to make any further
claims about its relationship to the DFrFT. This analysis provides insight into why it is difficult to

suitably define this transform.

3.25Impulse Train DFrFT

ThisDFrFT can be viewed as a special case of continuous FrFT in which the input function
is a periodic equally spaced impulse train. If in a period Dy, the number of impulses are N, then N
should be equal to D,2. This DFrFT is a special case of FrFT, which satisfies many properties of
the FrFT and has fast computational algorithms. However, this type of DFrFT has many
constraints and cannot be defined for all fractions [24], [86].

Let, f(x)beasampled periodic signal with aperiodD,:

f= & fa?<——a fa?<D flgx- F+ K O (3.36)

k= N/2 e Ng g

where, N arethe number of samplesin aperiod istaken to be even. For order a the FrFT of f (x)

can be obtained by using (3.36), giving [86]

. ¥ . _N/21 o B L o
Fa[f (0] = ), K*(x,x) f (x)dx = K lefaiW a K g +|\|§DOEI (3.37)
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For the transformed function in (3.37) to be periodic with aperiod D, , F a[f (x)] should be

equal to F3[f(x+ID,)| for all x and I. By little algebraic manipulation the periodicity is
satisfied if and only if

D, cosf = pD, (3.38)

D, sinf = qDﬁ (3.39)

0
where, for integers pand g suchthat pgN iseven, which is satisfied since N is even. The ratio

of (3.39) and (3.38) gives the condition on the transformation order:

tanf = (3.40)

which implies that theF *[f (x)] is periodic for only a set of orders which satisfies (3.40)  and

hence have a cardinality equal to the rational numbers. Since the set of rationals are dense in the

set of real numbers, this set of orders also forms a dense set in the set of all possible orders. The

conditions in (3.38) and (3.39) can be easily interpreted by the identification of Dﬁ as the period

0

of f(x)in the FT domain [87]. The first condition in (3.38) implies that the projection of the

period on the transform domain of order a onto the original domain should be a multiple of the

period in the original domain. Likewise, the second condition in (3.38) implies that the projection
of the period on the transform domain of order a onto the FT domain. By choosing N =D}, the

periods in the original and the FT domain can be made equal to each other, resulting in a square
tiling pattern in the time-frequency domain [29]. In this case, the condition becomes:

D, cosf = pD, (3.41)

D, sinf =qgD, (3.42)
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which are satisfied by tanf =q/p and D, =/ p° +q°D,. It is assumed that f satisfies these

conditions. By using the shift property of the FrFT, (3.37) can be written as[86]:

N/2-1 ¥
Flf]= A fa?<——exp( E) Kag —9b cosf ,nD, 2 (3.43)
k=-N/2 e n=-¥ 9
2 k 0
where, B = jp(}smf cosf a?<—— - 2sinfx N
& N g 5

The inner summation in (3.43) is the shifted fractional Fourier transformation of a uniform

impulse train with period D,, which is denoted by d_a[f (x)] :

a°[f (9] = K (x %) & d(x- nD,) (3.44)

By using the relation between the projections of the WD and the magnitude square of the

FrFT, it can be shown that d_a[f (x)] isaso auniform impulse train with a quadratic phase term:

— 2r? & . 2 nro
d?f(x)|= ex cotf X JdExX- — 3.45
[f (%] A,/qu a plip )dg D= (3.45)

where, ris the greatest common divisor of g and N. If g and N arerelatively prime, then the

following transform relation can be obtained using (3.43) [86]-

2 N/21 ¥ e 0
2r %kD Oexp(z) & dgx i (3.46)
k=—nz€ N g n=-¥ " @
) o)
where, Z = jp&x? cotf - 9 cscf gk O fr.
éN g P

To get (3.46) the fact that %QDO cosf =kp/D, is used. In this form of the transform
eNg

relation it is seen that the transform of the sampled periodic signal is also a sampled and periodic
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signal with a sampling interval of 1/D, . Thisis an important property that allows usto claim that

the DFrFT being the relation between the multitudes of the impulsive sequences in respective

domains. This leads usto the following form for the discrete definition of the FrFT [86]
A N

where, N =D} is used to get the above symmetric form of the transform, and the discrete

\
n

Fa

GIIO

L
'D,

D: D D
Q_)o
~ —|"

Z

transformation kernel T, isgiven by:

6_ [ 2 |
TE B o #li@) (3.48)

.2
&n 0 &k 0

where, Z zgii cotf - ZLLCSCf + cotf +§L¢ cotf
Da 1] Da DO DO 1]

A fast agorithm for the efficient computation of the DFrFT can be obtained by following

the steps:
F2[h(k)] = expG ipeotf - —cscf 229 ek 9 (3.49)
g éD %] 5 Dob
QRN | pﬁp%m%ﬂa{mm] (3:50)
k=-N/2 a—o0 4]
noo
F[f(n)] =ex 2 Feg(n] (3.51)
ald g

where in the first step Fa[h(k)] can be obtained by computing N multiplications, in the second
step the required convolution can be performed by using FFTs with a requirement of

O(Nlog N) multiplications, and inthe final step f?(n) for - N/2£n£ N/2- 1 can be computed
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by using N multiplications. Hence, the total number of multiplications required by the above

algorithm is O(N log N) which are the same as that of FFT [86].

3.2.6 Eigenvectors Decomposition DFrFT

Pie et al. [22] suggested another type of DFrFT by searching the eigenvectors and
eigenvalues of the DFT matrix and computed the fractional power of the DFT matrix. This type of
DFrFT works similarly to the continuous FrFT and also satisfies the properties of orthogonality,
additivity and reversibility. This DFrFT can be further improvised by modifying their eigenvectors
more similarly to the continuous Hermite function (the eigen functions of the FrFT). The
eigenvectors cannot be expressed in closed form and it also lacks the fast computational algorithms

[21], [24].

The development of this DFrFT is based on the eigen decomposition of the DFT kernel,
and many properties of the DFT matrix eigenvalues and eigenvectors have been discussed in [88]

and [89]. The eigenvalues of DFT are {L- j,- 1, j}, and its multiplicities are shown in Table-3.1.

Table-3.1: Multiplicities of the eigenvalues of DFT kernel matrix.

N #(N,0) #(N,) #(N,2) #(N,3)
multiplicity of 1 | multiplicity of -j | Multiplicity of -1 | multiplicity of +j

4m m+1 m m m-1

dm+1 m+1 m m m

4m+2 m+1 m m+1 m

am+3 m+1 m+1 m+1 m
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In Table-3.1, a multiplicity function #(N,k) is defined. This function is used to denote the

DFT eigenvalue multiplicity for N. The parameter kis the index for the DFT eignvalue e /2.

The eigenvectors of the DFT matrix constitute four major eigensubspaces- E,,E ,E,and E,, and

each is corresponding to one of the four eigenvalues — 1, -j, -1 and j respectively. The eigenvalue
multiplicities of DFT matrix indicate the ranks of the DFT subspaces [89], [90].

In [99], a method for computing the DFT eigenvectors has been introduced, but it cannot
obtain the real-valued DFT eigenvectors. In [88], a novel matrix Sis introduced to compute the

real and complete set of DFT eigenvectors very elegantly and is defined as

e 1 0 0L 10
~l 2cosw 1 0 L 0 3

S=& 1 2cos2w 1 L 0 u (3.52)
é a
g ! @) ! G
g o 0 0 L 2cosN- 1wl

where, w =2p /N . The matrix S commutes with the DFT kernel matrix F , and then, it satisfies
the commutative property.

Sk =FS (3.53)

The eigenvectors of matrix S will aso be the eigenvectors of the DFT kernel matrix F,
but they correspond to different eigenvalues.

The continuous FrFT has a Hermite function with unitary variance as its eigenfunction. The

corresponding eigenfunction property for the DFT would be like [22]

FZa/p [On]:e— jnauf\n (354)
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A

where 0 isthe eigenvector of DFT corresponding to the "™ order discrete Hermite function.

It is known that the eigendecomposition of the DFT kernel matrix is not unique. The DFT
can have the eigenvectors with the similar shapes as the Hermite functions. These DFT

eigenvectors are known as DFT Hermite eigenvectors. DFT Hermite eigenvectors should have the
associated continuous spread variance /(N /2p ils, where, T, is the sampling intervals of signal.

If the Hermite function are sampled in this way, then

Oﬁ (k% /n)
(%]

fo( !

& k
(k)= h, 3.55
) J2 N7 2 NE (359)

where h, () is the n" order Hermite polynomial.

If the sequence f (k) is obtained by sampling interval T =+/2p /N , then it can be shown

that

If N iseven
1 (Néz)-l _

D).k >, =  af,(me!®mN (3.56)
m=- (N-1)/2)

If N isodd
1 (N—ol)/2 _

(- ) L(k) >>\/% af,(me e (3.57)
m=- (N-1)/2)

for sufficiently large N [22].

It is clear that there are two approximation errorsin (3.56). One is the truncation error and
the other is the numerical error. When the value of N approaches infinity, both errors approach

zero. Thus, the larger N is, the better approximation (3.56). Next because the degree of Hermite
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polynomial h (t) is n, the decay rate of the Hermite function h,(t)is proportional to t"e “for
sufficiently large t [22].

Thus larger the order n, the slower is the decay rate of Hermite function. This implies that
the truncation error is larger for high order n. Thus, when order becomes large, the approximation
becomes worse.

The n™ order continuous Hermite function should have n zeroes [91]. However, these
functions are not band limited, and the sampling cannot guarantee that the number of the sign
changes in this sampled n™ order Hermite function are alson. The small aliasing will occur while
n iscloser to N but this will not influence the development of the DFrFT. The sampled Hermite
functions still can be used to construct the DFFT kernel because they have the similar shapes and

good approximations to the continuous Hermite functions.

If the sequence f, (k) defined in the range [0, N - 1] is obtained by shifting Hermite Gauiss

samples, f (k) isobtained in the following way:

If N iseven

() forOEkE%- 1

fak)=i N (3.58)
if (k- N), for ZEKEN-1
|

and if N isodd

(3} forogkg'\'T'1

fok)=i

(3.59)
if (k- N), forNTHEkE N-1
|
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then the DFT of the f (k) can be approximated by (- j)"f (k) i.e,

Qoz

-1 .
R ANGE \/% f o (K)e ™ (3.60)
0

=
I}

for sufficiently largeN .

The normalized vectors for the samplings of Hermite functions are defined as-

- hof,ouf,n-f
" FofoLim-of

(3.61)

Table-3.2: Eigenvaluesassignment rule of DFrFT kernel matrix.

N The eigenvalues

4m e ' k=012L,(4m- 2),4m
4m+1 e k=012L,(4m- 1),4m
am+2 e k=012L,4m,(4m+2)
4m+3 e k=012L,(4m+1),(4m+2)

Because matrix S can have complete real orthogonal DFT eigenvectors, the eigenvectors

can be used as bases for individual DFT eigensubspaces. In addition, the projections of u, in its
DFT eigensubspace can be computed to obtain a Hermite like DFT eigenvector

0= Q<uy >v (3.62)

(n- k) mod 4=0
where k=(nmod4), and v, is the eigenvector of matrix S. u,will be a DFT Hermite

eigenvector. In (3.62), the DFT Hermite eigenvector U, is computed from the eigenvectors of

matrix S inthe same DFT eigensubspace [22].
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The fractional power of matrix can be calculated from its eigen decomposition and the
powers of eigenvalues. Unfortunately, there exist two types of ambiguity in deciding the fractional
power of the DFT kernel matrix.

Ambiguity in deciding the Fractional Powers of the Eigenvalues. The square roots of unity

are 1 and -1 which follows from elementary mathematics. This indicates that there exists

root ambiguity in deciding the fractional power of eigenvalues.

Ambiguity in deciding the Fractional Eigenvectors of the DFT Kernel Matrix: The DFT

eigenvectors constitute four major eigensubspaces; therefore, the choices for the DFT

eigenvectorsto construct the DFrFT kernel are multiple and not unique.

Because of the above ambiguity, there are several DFFT kernel matrices that can obey the

rotation properties. The idea for developing our DFrFT isto find the discrete form for

K2(x, X') = 5 e ™H_(XH, (X) (3.63)

n=0

In order to retain the eigenfunction property in (3.54), the unit variance Hermite functions
are sampled with a period of T, =+/2p /N in the following discussions. In the case of continuous

FrFT, the terms of the Hermite functions are summed up from order zero to infinity. However, for
the discrete case, only  eigenvectors for the DFT Hermite eigenvectors can be added. Table-3.2
shows the eigenvalues assignment rules for the DFrFT. This assignment rule matches the
multiplicities of the eigenvalues of the DFT kernel matrix in Table-3.1. The selections of the DFT
Hermite eigenvectors are from low to high orders as the approximation error for the low Hermite
eigenvectors are small. In addition, it should not be expected that a finite vector can express

oscillating behavior of the very high-order Hermite function very well.
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The transform kernel of the DFrFT can be defined as[22]

YNL
‘3 eaal  forN=4m+1 and 4m+3 (odd)
|a k ™~k
k=0
F=P =0D*" 0T =1\, (3.64)
ige’au; forN = 4m
I k=0
{+e Maay 4m+ 2(even)

where, U:[00|01|L|0N_1], whereas N is odd, and LJA:[OO|01|L‘0N,2|0NJ for Nis even.
0, is the normalized eigenvector corresponding to the k™ order Hermite function, where D is

defined as follows:

For N odd
ée 10 0 u
é i ua
~ e!
é u

D*'P =& @) a (3.65)
é : u
~ - ja(N-2)
é € 1
g 0 g - g

and for N even

ée 10 0 u
é i u
~ e!
é u

D»P =& @) a (3.66)
é . u
~ - ja(N-2)
é e 1
&0 g laNy
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An eigenbased method for computing the DFrFT to have similar continuous results has
been proposed by Pei et al in [18]-[20]. The eigenvectors obtained from matrixS are directly
considered to be the discrete Hermite functions [18]. In addition, the eigenvalue-eigenfunction is

retained in defining the DFrFT. This means that Gis replaced by v, in (3.64). Such a method is

called the Smethod.

Equation (3.62) provides a method for finding DFT Hermite eigenvectors. The role of
matrix Sin(3.62) isjust asatool to find a complete set of real and orthogonal DFT eigenvectors.
However, the DFT Hermite eigenvectors obtained from (3.62) cannot congtitute an orthogonal
basis for DFT eigenspace. It is easy to verify that the angle rotation property of the DFrFT can be
preserved only while the DFT eigenvectors are orthogonal. Therefore, vector orthogonalization is
required for the DFT Hermite eignvectors obtained from (3.62). Two methods for vector
orthogonalization are discussed here. The DFT eigenvectors are orthogonalized for each
eigensubspace. This is because the eigenvectors located in different eignsubspaces will be always
orthogonal.

It is easy to show that the eigenvectors located in different eigensubspaces will be
orthogonal. So the DFT Hermite eigenvectors can be orthogonalized for every eigensubspace
individually to obtain orthogonal eigenvectors in the whole subspace of DFT. The symbol notation

in developing the two agorithms are as follows:

u, continuous Hermite samples vector;
d, nonorthogonalized Hermite eigenvector;
a, orthogonalized Hermite eigenvector;
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The Gram-Schmidt Algorithm (GSA): The Gram-Schmidt method [92] is a well known
orthogonalization approach for vectors. The DFT Hermite eigenvectors in each DFT eignsubspace
can be orthogonalized by the Gram-Schdmidt method.

Algorithm

Calculate the continuous samples of Hermite functions: u,,

Compute the eigenvectors of matrix S:v,

~

Use (3.62) to compute Hermite eigenvectors by projections: u,

For k=0to 3

A

u, =

=]

k

For m=1to#(N,k)- 1

p=4m+Kk
- gt ~
Up =Up - @ <Up,Uguy > Uy
[
a
A =__P
u, = q
p
end

Orthogonal Procrustes Algorithm (OPA): A traditional mathematical problem known as
the Orthogonal Procrustes Algorithm [93] can be used to find the least Frobenius norm for the two
given spaces. The OPA finds the least Frobenius norm between the samples of Hermite functions
and orthogonal DFT Hermite eigenvectors.

For k=012,3

minHUk - Uk”F =min|U, - QV,[. Subjectto Q;Q, =
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where | |_is the Frobenius norm of the matrix,V, :MM+4|L‘Vkﬂ:(Nyk)_WJ,
Uy = [ ued L conigora] - @00 Uy ={04000a Lliequpia] Qi i the  solution. The
minimum Q, can be found by calculating the singular value decomposition (SVD) ofV,'U, .

BecauseV,'V, =1 , the solution U, will also satisfy U;U, =1 .

Algorithm

Calculate the continuous samples of Hermite functions: u,,
Compute the eigenvectorsof S:v,

Using (3.62) compute Hermite eigenvectors by projections: U,
For k=0to3

C, =V'U,

Compute the SVD of C,,C, = A D,B/

Q. =AB;
ij =QV,
end

The GSA minimizes the errors between the samples of Hermite functions and orthogonal DFT
Hermite eigenvectors from low to high orders, and the OPA minimizes the total errors between the

samples of Hermite functions and orthogonal DFT Hermite eigenvectors.
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3.3PERFORMANCE ANALYSISOF VARIOUSCLASSES OF DFrFT

The non-availability of a perfect and proper DFrFT expression in closed form still persists. The
researchers have started the use of available definitions of DFrFT for convolution, filtering and

multiplexing in the fractional Fourier domain [72].

From the above study it is clear that the results obtained from Direct form of DFrFT and Linear
combination type DFrFT are not reversible and additive. They also are not similar to the continuous
FrFT. Both these types of DFrFT lose various important characterisctics of continuous FrFT. The
Direct form of DFrFT lacks a closed form expression also and it has a very limited use. Besides this
the Linear combination type looses the most important property of ‘fractionalisation’ and it is very
hard to filter out chirp noise. This concludes that both these DFrFT’s are not useful for DSP
applications. Therefore, these DFrFT's are discarded and not considered for the present

performance analysis.

The analysis of remaining four classes i.e. improved sampling type, group theory type, impulse
train type and eigenvector decomposition type is taken in the present study. The analysis of these
four classes of DFrFT can be done by taking into consideration the evaluation time, the existence of
closed form expression, complexity involved in computation and whether or not the various
properties of FrFT are satisfied. A comparative analysis of these four DFFT based on these
performance metrics has been reported by Pel et al [24]. In [94] eigenvector decomposition type
has been concluded to provide optimum performance. To substantiate this conclusion a parameter,
namely, deviation factor, has been used in this study to compare the four classes of DFrFTs. A 32
point Hanning window function [95] is taken and is padded with zeros on both sides. The FFT of
this function is calculated and compared with the result obtained using four classes of DFrFTs for a

=1. To provide a quantitative measure deviation factor is used which is defined by (3.67).
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N
[}

a | fft(i) - Drft(i)|

Deviation factor = =X (3.67)

2N +1

where fft(i) = Thei™ sample of FFT of the function.

Dfrft(i) = Thei™ sample of DFrFT of the function for ‘a’=1.

2N+1 = The length of window function after zero padding.

The deviation factor is calculated by varying the length of the function and the results are

shown in Table-3.3 and Table-3.4.

Table-3.3: Deviation factor for various DFrFT’s of radix-2 length.

Deviation factor

No. of points 64 points 128 points 256 points 512 points
Impulse Train | 2.3362 X 10~ 1.7038 X 10°® 2.7286 X 10° | 8.6808 X 10™°
type

Group theory | 2.3362 X 10~ 1.7038 X 10°® 2.7286 X 10 | 2.0760 X 10™°
type

| mproved 2.3362 X 107 1.7039 X 10°® 2.7286 X 107 | 2.0760 X 10
Sampling type

Eigenvector 7.5021 X 10° 1.1238 X 10” 1.2835X 10 ™ | 1.12375 X 10™
decomposition

type

Table-3.4: Deviation factor for various DFrFT’s of arbitrary length.
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Deviation factor

No. of points | 55 points 100 points 200 points 300 points 400 points
Impulse Train | 3.9056 X 107 | 9.9275 X 10® | 1.0501 X 10° | 1.5506 X 10° | 1.4495 X 10”
type

Group theory | 1.4447 X 107 | 4.8310 X 10° | 1.5073 X 107 | 2.6535X 10™ | 2.9607 X 10™°
type

| mproved 1.4444 X 107 | 4.8310 X 10° | 1.5073 X 10° | 2.6535 X 10™ | 2.9607 X 107™°
Sampling type

Eigenvector | 1.4444 X 107 | 4.8301 X 10° | 1.5070 X 10 ° | 2.6535 X 10™ | 2.9604 X 107™°

decomposition
type
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Following conclusions can be drawn from the tabulated values of deviation factors.

)} The deviation factor is very small for eigenvector decomposition type of DFrFT when
the number of points is of the order of radix-2.

i) For the radix-2 case eigenvector type of DFrFT outclasses the other three types of
DFrFT types by awide margin.

i) When the number of points is not of the order of radix-2 the performance of
eigenvector decomposition type is better than the impulse train type and at par with the
other two types.

The Group theory type DFrFT is additive, reversible and rotational but it imposes certain
constraints on the signal. It cannot be calculated for al the orders. The Improved sampling type
DFFT does not satisfies the orthogonality and additivity property. It also puts a lot many
constraints (e.g. band limited) on the input signal. Moreover, it cannot be calculated for all orders.
The impulse train type of DFrFT obeys many properties of continuous FrFT, it can be calculated
for all orders but the deviation factor is large as compared to all other DFrFT’s. It also puts certain
constraints on the signal. The eigenvector decomposition type DFrFT puts least possible
constraints on the signals as compared to any other class of DFrFT. It obeys many properties of
continuous FrFT and it can be calculated for all orders. Although the computational complexity is
higher than any other type it can be calculated in real time because of parallel processing and high
speed available with the DSP processors. Also the deviation factor is smallest. Thus, it can be
concluded from the above discussion that the Eigenvector decomposition type DFrFT provides
optimum performance, and is preferred over others in the following chapters for the computation

of DFrFT.
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3.4 ANALYSISOF WINDOW FUNCTIONSIN DISCRETE

FRACTIONAL DOMAIN

Window functions are real, non-zero, time-limited and even functions. They are basically used

in signal processing for power spectral estimation and FIR filtering applications [96]. A good

classification of window functions is done by Gautam et al. [97]. As per the convention, all the

windows are divided into two main categories. They are—

)

Fixed windows: The window belonging to this category is having all the parameters
congtant or fixed, hence the name. The windows generated either with the help of
standard functions or by some combination of them. Rectangular, Triangular, Cosine,
Hanning, Hamming, Blackman window are some commonly used fixed windows.

Variable windows. The window functions with variable parameters are grouped
together and termed as variable windows. They are parameterized on a single variable.
The variable is chosen as per requirements and/or specifications of a particular
application. For some windows, there are well-established relations to enumerate this
variable, on the basis of the given specifications. Kaiser-Bessel, Dolph-Chebyshev,

Poisson, Gaussian, Tseng window come under variable windows.

The parameters of window function which are generally used for its evaluation are [97]:

)

Maximum Side Lobe Level (MSLL): This is the peak ripple value of the side lobes
and it is evaluated from the lobe magnitude plot of transformed window. This is also
known as Selectivity amplitude ratio (SAR).

Selectivity (S) or Main Lobe Width (MLW): This is the frequency at which the Main
Lobe drops to the peak ripple value of the side lobes. For convenience half main lobe
width (HMLW) or S/2 is computed.
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i) Side Lobe Fall off Rate (SLFOR): This is the asymptotic decay rate of the side lobe
level. Thisis aso called asymptotic attenuation

The definition of the parameters HMLW (S/2), MSLL (SAR) & SLFOR are illustrated
using Kaiser Window as shown in Figure-3.1.

HRLWY = 2.2 hins

T
1 1 [ T I B
1 [ T B B
1 1 [

N L P A e e e e S
1 [ T B B

R
. | ASLFOR =1-56B ] OCTAYE

20 log 10 [W(F) £ W(0)| [dE]

~100L L

MWormalised frequency

Figure-3.1: Log magnitude plot of Kaiser window to illustrate the definition of the
parametersHMLW (S/2), MSLL (SAR) & SLFOR.

Four window functions, Triangular, Hanning, Blackman and Kaiser have been selected for the
analysis in the fractional Fourier domain. The behavior of these windows in fractional domain is
shown in Figure-3.2 to Figure-3.5.



Magnitude in dB

1 0.5 1 1.5 2 25 3 35 4 45 5
frequency in bins

Figure-3.2: Parameters of Triangular window.

Magnitude in dB

0.5 1 1.5 2 25 3 35 4 45 5
frequency in bins

Figure-3.3: Parameters of Hanning window.
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Magnitude in dB

045 1 15 2 25 3 35 4 45 5
frequency in bins

Figure-3.4: Parameters of Blackman window.

Magnitude in dB

045 1 15 2 25 3 35 4 45 5
frequency in bins

Figure-3.5: Parameters of Kaiser window at p=5.44.
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Using these figures variations in MSLL, SLFOR and MSLW with FrFt order a, for the four
windows, have been obtained and the results are shown in Table-3.5, Table-3.6, Table-3.7 and
Table-3.8.

Table-3.5: Parametersof Triangular window.

S No. | a MSLL (dB) SLFOR dB/Octave | HMLW (bins)
1 1.0 -26 -12 1.63
2. 9 -25.7 -12 161
3. 8 -25.6 -12.6 1.57
4. Ve -25.4 -12.8 1.50
S. .6 -25.3 -13.2 1.50
6. i) -25.1 -13.7 141
1. 4 -25 -13.65 1.36
8. 3 -24.6 -13.7 131
9. 2 -24.4 -13.83 1.29
10. A -24.2 -13.81 1.25
Table-3.6 : Parameters of Hanning window.
S No. | a MSLL (dB) SLFOR dB/Octave | HMLW (bins)
1 1.0 -32 -18 1.87
2. 9 -30.7 -18 1.77
3. 8 -30.5 -18.1 1.71
4. Ve -30.5 -18.17 161
S. .6 -30.4 -18.2 151
6. 1) -30.2 -18.3 1.50
1. 4 -29.9 -18.32 144
8. 3 -29.6 -18.35 1.36
9. 2 -40.5 -17.03 1.22
10. 1 -47.2 -17 *

not observable
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Table-3.7 : Parameters of Blackman window.

S.No. | a MSLL (dB) SLFOR dB/Octave | HMLW (bins)
1 1.0 -58 -18 2.82
2. 1.9 -57.5 -18.4 2.65
3. |.8 -57.3 -18.45 2.55
4. | .7 -57.1 -18.49 251
5 |.6 -57 -18.60 2.50
6. |5 -56.8 -18.70 2.25
7. | .4 -56.5 -19 2.24
8 |.3 -56.3 -19.50 221
9. |.2 -56 -19.71 2.19
10. | 1 -55.8 * 215
* not observable
Table-3.8 : Parameters of Kaiser window at p=5.44.
S. No. a MSLL HMLW SLFOR
(dB) (bins) (dB/octave)
1 1.0 -43 191 -6
2 0.9 -42.7 1.85 -6.03
3 0.8 -42.6 1.8 -6.08
4 0.7 -42.3 1.67 -6.09
5 0.6 -41.9 1.66 -6.10
6 0.5 -41.8 1.62 6.11
7 0.4 -41.3 1.60 6.12
8 0.3 -52.4 1.70 6.14
9 0.2 -49.3 1.63 6.20
10 0.1 -44 * 6.21
* not observable
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These results lead to following conclusions —

)} As the DFrFT order is reduced MSLL increases. However, for Kaiser and Hanning
windows the MSLL decreases when a is decreased to a particular value and then again
starts increasing. This is because of the fact that asthe FrFT order is reduced window
response shrinks and gradually the first side lobe merges with the main lobe. Second
side lobe then becomes the first side lobe, which again starts decreasing as the FrFT
order is further reduced.

i) A dlight increase in the SLFOR value is observed as the value of FrFT order is reduced.

i) HMLW of window reduces as FrFT order is reduced.

3.5SUMMARY

In this chapter various available definitions of DFFT have been discussed. A comparative
study of these definitions of DFrFT has been carried out. A parameter ‘deviation factor’ has been
devised and evaluated for this comparative study. Eigenvector decomposition type DFrFT emerged
as the best one with least constraints and smallest deviation factor. Also analysis of window
functions has been performed in fractional domain using this DFrFT. Characterization of three
window parameters HMLW, SLFOR and MSLL is done in fractional domain. As the eigenvector
type can be calculated for all orders and obeys many properties of continuous FrFT it has been

selected to compute the DFrFT's for the applications discussed in chapter 4 and 5.
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CHAPTER4

APPLICATIONSOF DFrFT IN FILTERING AND
BEAMFORMING

4.1 INTRODUCTION

FrFT has many applications in optics, especialy in wave and beam propagation [39], [40],
wave field recongtruction [50], phase retrieval and phase-space tomography [47], [56], [62]. It has
also been used for study of time- or space-frequency distributions [26], [78]. Its applications in
biometrics for iris verification are also reported [58]. In signal processing applications this
transform is basically used for filtering [55], signal recovery, signal reconstruction, signal
synthesis, beam forming [55], signal detectors [68], correlators [16], image recovery [51], [57],
restoration and enhancement [60], pattern recognition, optimal Wiener filtering [70] and matched
filtering [59]. It can also be used for multisage and multi channel filtering, multiplexing in
fractional Fourier domains [72], fractional joint-transform correlators [64] and adaptive windowed
FrET. In general, the FrFT is likely to have something to offer in every area in which FT and
related concepts are used. In this chapter applications of FrFT for filtering of signals that overlap in
both time and frequency domains is introduced. The concepts of this filtering scheme are then
applied to filtering of such signals with associated fading using FrFT. Studies with stationary as
well as moving sources is carried out. Beamforming is another one dimensional signal processing

application discussed in this chapter. FrFT has been used for beamforming in faded channels and
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its superiority has been established over time and frequency domain beamformers. Also a

performance comparison of two types of DFrFTs in optimal beamforming is carried out.

4.2 OPTIMAL FILTERING IN FRACTIONAL DOMAIN

In most of the signal processing applications, the signal which is to be recovered is degraded
by known distortion, blur and/or noise and the problem is to reduce or eliminate these
degradations. The concept of filtering in fractional Fourier domain is to realize flexible and
efficient, general shift-variant linear filters for a variety of applications. Figure-4.1 shows WD of a
desired signal and noise superimposed in a single plot. It is clear from this figure that signals with
significant overlap in both time and frequency domains may have little or no overlap in fractional
Fourier domain of some order. The solution of such problems depends on the observation model
and the objectives, as well as the prior knowledge available about the desired signal, degradation
process and noise. The problem is then to find the optimal estimation operators with respect to
some design criteria that removes or minimizes these degradations. The most commonly used

observation model is:

g(x) =h(x)* f(x) +h(x) 4.2)

where, h(x) isasystem that degradesthe desired signal f (x), and h(x) is additive noise, possibly

non stationary noise, and g(x) isthesignal at theinput of the filter.

The effect of FrFT on a signal can be seen easily in a time-frequency plane. One of the most
popular time-frequency distributions, the WD that gives the idea about the energy distribution of a
signal in time-frequency can be used to illustrate this effect [51], [78]. The effect of FrFT on the

WD of asignal is simply a clockwise rotation by an angle in time-frequency plane. It is also seen
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from Figure-4.1 (which shows WD of a desired signal and noise superimposed in single plot) that
signals with significant overlap in both time and frequency domains may have little or no overlap

in a particular fractional Fourier domain.

X]_:f

Xa+1
Xa

NOISE

Xo=t

\ SIGNAL

Figure-4.1: Filtering in fractional Fourier domain as observed in time-frequency plane at

a =pla.

The problem now is of the determination of the FrFT order that can provide best filtering
results. The filtering process in this particular domain is termed as optimal filtering. For an
arbitrary degradation model (non stationary processes), the resulting optimal recovery will not be
time invariant and thus cannot be expressed as a convolution and so cannot be realized by filtering
in conventional Fourier domain (multiplying the Fourier transform of a function with their filter
function in that domain). The optimal filtering can be obtained depending upon the criterion of
optimization. The main criterions of optimization are minimum mean squared error (MMSE),

maximum signal to noise ratio (SNR) and minimum variance [99]. Each criterion has its own
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advantages and disadvantages. The problem considered here is to minimize the MSE for arbitrary
degradation model and non-gtationary processes by filtering in fractional Fourier domains. The
MMSE method has been used to obtain the optimum filter. The objective here is to recover the
desired signal free from noise and fading from the received signal, in stationary and moving source
problems. The MM SE, which is obtained in frequency or time domain, can now be optimized over
this parameter a. It has been shown that FrFT filter improves the performance in case of sources
that may be stationary or moving at a constant velocity in additive white Gaussian noise (AWGN)
signals. In above cases it has been shown that the space or frequency domain filtering does not
serve the purpose so it is required to optimize filtering in an appropriate fractional Fourier domain
[59]. The extra degree of freedom given by FrFT as parameter a, improves the performance of a
large class of signal processing applications in space or time variant filtering [59].

Let the filter input be g(x) and the reference signal be f(x). The observation model in
fractional Fourier domain becomes:

g(x) = chy (%, %) f (X, )dx, +h(X). 4.2)
where, h,(x,X,) isthe kernel of the linear system that distorts or blurs the desired signal f (x),
and h (x) isan additive white Gaussian noise term.

The problem is to find an estimation operator represented by kernel  h(x, x,) such that the
estimated signal

fee () = ¢h(X X, ) 9(X,)dx, (4.3)

minimizes the mean square error s 2, as

s2 :<dfﬁ(x)- f(x)|2dx>, (4.4)
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where, the angle brackets denote ensemble average. The estimation or recovery operator
minimizing s 2. is known as optimal Wiener Filter. It is assumed that the h(x,x,) as well as the
correlation function R (X,X,) :<f(x)f*(xa)> and R, (X,X,) :<h(x)h*(xa)> of the random
signals f(x) and h(x) are known. It is further assumed that the noise h(x) is independent of

f(x) and that it has zero mean all the time, i.e., (h(x)) =0. Under these assumptions the cross
correlation function Ry (x%,) =(f(X)g" (%)) and autocorrelation

function R, (X, X,) :<g(x)g*(xa)> can be obtained using (4.2). Restricting the problem to the

class of linear estimators which corresponds to filtering in a single fractional Fourier domain the

estimate can be expressed as [59]
feo =F LW F?a(X) (4.5
where, L, corresponds to operator corresponding to multiplication by the filter function h(x).

According to (4.5), first the a" order FrFT of the observed signal g(x) is taken, then the resultant is

multiplied with the filter h(x) and finally inverse a™ order FrFT of the product is taken.

Sincethe FrFT isunitary, s 2. can be expressed in a" domain as

s2 :<df%ﬂ (x,)- F2(x,)

dea> , (4.6)

where, 2« (Xx,)=h(x)g(x,). If the value of a is assumed to be constant s’ isto be

err

minimized with respect to h(x,). The expression of optimal filter function is then obtained by

2
err?

equating the partial derivative of s 2, , with respect to h(x,), equal to zero as[59]

Rf ags (X, X,)

)= R )

4.7)
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where, the above correlation functions are related to the correlation functions R, (x,x,) and
Ry (X, X,) through

Rfaga(x, X,) = Cﬁ(a(xa,x) K 2(X,, X,) Ry (X X, )dX,dX,

Rgaga (X% x,) = c‘ﬁ(*"(xa,x) K™2(X,, Xy) Ry (X X,y )dx 0. (4.8)
Thus the optimal filter function in the a" fractional Fourier domain is

() = 00K ® (X4, X) K™% (X, Xa1) Ryg (X, X)X, AX 4.9

00K (X4, X) KT3(X,, X ) Ry (X, Xy )dX  dX

which isthe same as (4.7). In (4.9) K ®isthe FrFT kernel given by (2.1).

The optimal fractional Fourier domain is found by finding the minimum of s 2, (a) . Thisis

done by calculating s 2, for various values of a and then taking the value of a for which s 2, is
minimum.

The problem of optimal filtering in fractional Fourier domain for the discrete time signals
and systems is analogous to with the continuous case discussed above. Let an observed signal g be
related to asignal f, which isto be recovered, as

g=Hqf+h (4.10)
where, g, f and h are column vectors with N elements and Hgisan N~ N matrix. It is assumed
that Hg, as well as the coorelation matrix Ry = <ff™> and R, = <hh"> of the random signal f and
the noise h are known. It is further assumed that h has zero mean and is independent of f. Under
these assumptions the cross-correlation matrix Ry = <f g"> and the autocoorelation matrix Ryg =
<g ¢"> can be obtained [59].

The most general linear estimate in form of feg = Hg is an analogy with (4.3), then the

optimal general linear estimator H minimizing the mean square error
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s2 :%<||fﬁ - 1) (4.11)

between the actual signal f and the estimate fes, Satisfies Rig = HRgg
The discussion is restricted to the class of linear estimators which corresponds to filtering

inasingle fractional Fourier domain and the estimate is expressed as
fe =F*A,F°g, (4.12)
where, F? is the a™ order DFTFT matrix, F2 = (F)" and A, is a diagonal matrix whose diagonal

consists of the elements of the vector h. When a = 1 the matrix F? reduces to the DFT matrix and

the overall operation corresponds to conventional Fourier domain filtering.

Since the FrFT isunitary, s 2. can be expressed in a" domain as

s2 =%<Hfﬁa _f, 2> (4.13)

where 7 F*f and feq = Ffes = A, F?g= A,g". Assuming the vaue of a is fixed, the problem

remains that of minimizing s 2, with respect to complex vector h. Writing s 2. explicitly in the

form

e 18 e A
Ser = Na fI - h| g (414)
1=1

where, %, g?and h, = h, + h; are the elements of the vector f*, g* and h where h, and h; are real &

imaginary parts of h. The partial derivates can be evaluated as

TIs :” :%<- ZA[f|ag|a*]+ 2hy

Tsar _ 1
fh, N

<' 2'8‘[f|ag|a*]+2h|r

2>and

a a2
g g >

(4.15)

Setting these to zero the elements of the optimal filter vector are obtained
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h = <f'ag':*>, (4.16)
9’ >

The numerator is simply the (I,))" element of R;., and the denominator is simply the (| D"

element of Rgaga , where
Ry =(f0%) =F'RHIF® (4.17)
Rgaga :<gaga>:Fa(HdefHdH +Rnn)F_a (4-18)

(4.18) isfully analogousto (4.8).

4.2.1 Smulation Resultsfor a Stationary Source

A computer simulation that illustrates the applications and performance of fractional
Fourier domain filtering is presented. The filter configuration discussed in section 4.2 is used for
stationary targets. The harmonic source is in far field emitting frequency 1MHz. The signa is

assumed to be associated with additive white Gaussian noise.
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Figure-4.2: Original signal transmitted by source.
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Figure-4.3: Original signal with additive white Gaussian noise.

The original sinusoidal signal sent by the transmitter is shown in Figure-4.2. Figure-4.3

shows the signal with additive white Gaussian noise. Plots shown in Figure-4.4 and Figure-4.5
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correspond to the filtering of the signal in time and frequency domain respectively. Results for the
filtering of the signal using FrFT are shown in Figure-4.6. These results corresponds to the
recovery of the signal in optimum FrFT domain. The value of a for this simulation example which
resulted in optimum domain filtering is -0.7. The value of SNR is 20 for time, frequency as well as
FrET domain filtering results.

To perform a comparative analysis of time, frequency and FrFT domain filtering
correspondingto a=0, a=1, and a=-0.7 respectively, MSE Vs SNR for the three cases is plotted
in Figure-4.7. Results shown in Figure-4.6 and Figure-4.7 are for a stationary source. From these
plots it is clear that there is a significant improvement in the performance of filter in optimum

FrFT domain as compared to time and frequency domains.

1.5F .
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Figure-4.4: Filtering of received signal in time domain.
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Figure-4.5: Filtering of received signal in frequency domain.
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Figure-4.6: Recovered signal after filtering in optimum domain (a = 0.7).
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Figure-4.7: M SE vs SNR for time, frequency and optimum FrFT domain filter in
case of stationary sour ce.

4.2.2 Simulation Results for a M oving Sour ce

The results for stationary source can be extended to the case when there is a relative notion
between transmitter and receiver with a constant velocity which leads to Doppler shift in the
frequency domain.

The received signal g(t) can be expressed as[100]

o(t) =A{ae ™|

= Acos(w, t +f ) (4.19)
where, w. isthe frequency of unmodulated carrier.

The phase f depends on the path lengths, changing by 2p when the path length changes by
a wavelength. Let the reflected wave with amplitude A and phase f arrive at the receiver at an
angley relative to the direction of motion of the antenna. The Doppler shift of the wave is given

by
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(VAY,

w, = . cosy (4.20)

where, v is the velocity of the mobile, ¢ is the speed of light (3x10® m/s). The received signal

g(x) can now be written as [100]

g(t) = Acos(w t +w,t +f) (4.22)

g(t) = Acos{ (w, +w, )t +f )} (4.22)

From here it is clear that the frequency of the source is added in the frequency of the signal
at the receiver end.

The filtering scheme discussed in section 4.2 and used for the optimal filtering in section

4.2.1isused for the case when the source is moving with a constant velocity.

|:|35 T T T T T T T T T

03¢ — Stationary sources -
.. Moving sources with constant velocity
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R

Mean Sguared Error

0.1

n.0sr

Figure-4.8: Fractional order ‘a’ VsM SE for stationary and moving sourceswith
constant velocity.
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Figure-4.9: SNR Vs M SE for time, frequency and optimum FrFT domain
filter in case of moving sour ces.

Figure-4.8 shows the variation of MSE with a in case of stationary and moving source with
aconstant velocity of 100m/s. In both cases the MSE is smaller in optimum FrFT domain (a = agp)
as compared to space domain (a = 0) and frequency domain (a = 1). For a stationary source the
optimum FrFT domain isa = -0.7 and for moving source the optimum FrFT domainisa =-0.3. In
Figure-4.9 MSE is shown as a function of SNR in case of moving source with a constant velocity
in time, frequency and optimum FrFT domain. From these plots it can be concluded that thereis a
significant improvement in the performance of filter in optimum FrFT domain as compared to time

and frequency domains.
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4.3 SIGNAL FADING IN MOBILE COMMUNICATION

In most of the communication systems, the height of the antenna is much lower than the
surrounding structures, thus, the existence of adirect or line-of-sight path between the transmitter
and the receiver is highly unlikely. In such a case, propagation of the signa is mainly due to
reflection and scattering from the buildings and by diffraction over and/or around them. So, in
practice, the transmitted signal arrives at the receiver via several paths with different time delays
creating a multipath situation and these paths cannot be individually resolved if the difference in
the time delay of the number of paths is less than the reciprocal of the transmission bandwidth.
Moreover, these paths also have random phases and they add up at the receiver according to their
relative strengths and phases. The envelope of the received signal is therefore a random variable
and this random nature of the received signal envelopeis referred to as fading [101].

There are two types of fading which characterize mobile communication: large scale
fading and small scale fading. Large scale fading represents average signal power atenuation or
the path loss due to motion over large areas. This phenomenon is affected by prominent terrain
contours (e.g. hills, forests, clumps of buildings etc.) between transmitter and receiver. The
receiver is often said to be shadowed by such prominences. The statistics of the large scale fading
provides a way of computing an estimate of path loss as a function of distance. This is often
described in terms of mean path loss and a log-normally distributed variation about mean. Small
scale fading refers to the dramatic changes in signal amplitude and phase that can be experienced
as a reault of small changes (as small as half wavelength) in the spatial positioning between
transmitter and receiver. The small scale fading manifests itself in two mechanisms — time
spreading of signal (signal dispersion) and time-variant behavior of the channel. For mobile-radio

applications, the channel is time variant because the relative motion between transmitter and
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receiver results in propagation path changes. The rate of change of these propagation conditions
account for fading rapidity (rate of change of fading impairments). Small scale fading isalso called
Rayleigh fading if there are multiple reflective paths that are large in number and if there is no line
of sight component; the envelope of such received signals is statistically described by Rayleigh
probability density function. A mobile-radio roaming over a large area must process signals that
experience both type of fading. In the present work a mobile radio roaming over a small area is
considered which should be able to process small scale fading that is more prominent in mobile
radios. The Rayleigh faded signals have been successfully filtered in fractional fourier domain to
get the desired signal at the receiver [101].

In the case of an un modulated carrier, the transmitted signal at angular frequency w,

reaches the receiver via a number of paths, the i path having an amplitude A;, and a phase f ;. The

received signal g(x) can be expressed as[101]

d= 4 A cosw,t+f,) (4.23)

i=1 i=1

eJ (Wcit+f i)

gt) =A

where, L isthe number of paths. The phase f; depends on the varying path lengths, changing by
2p when the path length changes by a wavelength. Therefore, the phases are uniformly distributed
over [0,2p]. Let the i reflected wave with amplitude A and phase f; arrive at the receiver at an
angle y; relative to the direction of motion of the antenna. The Doppler shift of this wave is given
by

Wév cosy , (4.24)

Wdi =

where, v is the velocity of the mobile, ¢ is the speed of light (3x10° mV/s), and the yi's are

uniformly distributed over [0,2p]. The received signal g(t) can now be written as
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o(t) = & A costw,t +w,t+f,) (4.25)

i=1
Expressing the signal in terms of its in phase and quadrature form, equation (4.25) can be

written as
g(t) =1 (t)cosw,t - Q(t)sinw,_t (4.26)

where the in phase and quadrature components are respectively given as

1)=& Acostwyt+f,) and  QE)=A Asinwyt+f) (4.27)

i=1 i=1
If | issufficiently large, by virtue of the central limit theorem, the in phase and quadrature

components | (t) and Q(t) will be independent Gaussian processes which can be completely
characterized by their mean and autocorrelation function. In this case, the meansof | (t) and Q(t)
are zero. Furthermore, 1(t) and Q(t) will have equal variances, s, given by the mean-square
value or the mean power. The envelope, r(t), of I(t) and Q(t) isobtained by demodulating the
signal g(t). The received signal envelope is given by [101]

r(t) =4/17(t) + Q%(t) (4.28)
and the phase g is given by

_ a(t) 0
q= arctang oF (4.29)

The probability density function (pdf) of the received signal amplitude (envelope), f(r), can

be shown to be Rayleigh given by [101]

fA(r)=L@<p}- rz g, r:0 (4.30)
S 2 : ZSZZ
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The cumulative distribution function (cdf) for the envelope is given by

re u

. g (4.31)

F(r) = f (r)dr =1- expj-
0 |

The mean and the variance of the Rayleigh distribution are s+/p /2 and (2-p/2)s?,

respectively. The phase q is uniformly distributed over [0,2p]. The instantaneous power is thus
exponential. The Rayleigh distribution is a commonly accepted model for small-scale amplitude
fluctuations in the absence of a direct line-of-sight (LOS) path, due to its simple theoretical and

empirical justifications [101].

4.3.1 Filtering of Rayleigh Faded Signal Using DFrFT

The filter model discussed in Section 4.2 is used for the filtering of Rayleigh faded signals

for stationary as well as the sources moving with constant velocity.

1
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Figure-4.10: M SE Vsa for stationary and moving source for faded signal.
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Figure-4.11: MSE Vs SNR for time, frequency and optimum FrFT domain filter in
case of stationary source for faded channel
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Figure-4.13: MSE Vs SNR for time, frequency and optimum FrFT domain filter in
case of a moving source for faded channel
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Figure-4.10 shows the variation of MSE with a for Rayleigh faded signals in case of
stationary and moving source with a constant velocity of 100m/s. In both cases the MSE is smaller
in optimum FrFT domain (a = au) as compared to space domain (a = 0) and frequency domain (a
= 1). In Figure-4.11and Figure-4.12 MSE is shown as a function of SNR in case of stationary
source and moving source with a constant velocity respectively for Rayleigh faded signals in time,
frequency and optimum FrET domain. For a stationary source the optimum FrFT domainisa = 0.2
and for moving source the optimum FrFT domain isa = 0.6. It is observed that optimum domain is
different from O and 1 in both the cases. From these plots it is clear that there is a significant
improvement in the performance of filter for a Rayleigh faded signa in optimum FrFT domain as
compared to time and frequency domains. The results for stationary and moving source with
constant velocity in Rayleigh faded signals, shown in Figures-4.11 and Figure-4.13 substantiate
this conclusion.

The optimum multiplicative filter function, which minimizes the MSE in optimum
fractional Fourier domain, has been derived for Rayleigh faded time frequency varying signals.
This optimum FrFT domain filter can be used for yielding small errors in case of moving source
problems. This method of obtaining optimum a is based upon frame by frame basis. In practice the
optimum 'a’ that gives minimum MSE requires an efficient on-line procedure for its computation
for which fast computation algorithm DFrFT is required.

As a conclusion, filtering in optimum fractional Fourier domain enables significant

reduction of M SE compared to the ordinary Fourier domain filtering.
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4.4 BEAMFORMING

Beamforming is a very useful tool in sensor array signal processing and is used widely for
direction of arrival estimation, interference suppression and signal enhancement. The FT based
method of beamforming is not in use these days because of its inherent short coming to handle
time varying signals. In the active radar problem where the chirp signals are transmitted or an
accelerating source reflects the sinusoidal signal as a chirp signal FrFT can be applied because of
the ability of FrFT to handle chirp signals better than the FT. Therefore, as discussed earlier, the

replacement of FT with FrFT should improve the performance considerably [55].

Beamforming provides an effective and versatile means of gspatial filtering of signals
arriving at distributed array of sensors. The sensor array collects spatial samples of propagating
waves, which are processed by beamformer. To find the spectral differences a beamformer
performs temporal filtering along with spatial filtering. It is applicable to either reception or
radiation of energy. A beamformer linearly combines the spatially sampled time series from each
sensor to obtain a scalar output time series as in the case of FIR filter. Mathematically a general

beamformer process can be expressed as

M N-1

f()=a Q Wynn(t- nT) (4.32)

m=1n=0
where, y(t) is the beamformer output, x,(t)'s are the signals arriving at the sensors, N-1 is the
number of delays in each of sensor channels, T is the duration of single time delay, M is the

number of sensors, w,,,'s are the weights of the beamformer and the subscript * denotes complex
conjugation. The w,,,'s are chosen to achieve the required cost function. The eguation (4.32) can

be written in the vector form as
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f(t) =w"g(t) (4.33)

where, g(t) = [g,(t), gy (t - T)yesy 3t (N - DT), g5 (1), Gy (t- (N - DT)]

where the subscript "™ denotes transpose and """ denotes Hermitian conjugate.

This beamforming problem can be optimally solved by considering it to be multichannel
filtering in Fractiona Fourier domain [55]. The structure of this multichannel filter in Fractional
Fourier Domain is given in Figure-4.13. The methodology is to transform the signal in an optimal
a™ domain, then process the filtering in this domain and again transforming back into the time
domain. The process requires online determination of the optimum a™ domain that is left as an

open area of research.
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'a’ denotes order of the FRFT

Figure-4.13: Block diagram of optimum FRFT domain filter.
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The output of the filter can be expressed as:

fit)=F2

w (F*{g(®)}) (4.34)

where, F? denotes the a" order FrFT. For FrFT filter the cost function J(w) is minimized and the

optimum weights are given by:
Wy = Ry T (4.35)
where R,.is the covariance of the a™ order FrFT of the signals arriving at sensors and r .. is the

cross-covariance between a™ order FrFT of the desired signal and FrFT of the signal arriving at the

sensor. The R and r,., can be computed using the covariance as follows:

¥ ¥
Rug TRue(XX)=Q, Q, K2 (X, Xy ) K™% (Xgs Xa2) Ryg (Xg» X)Xy X, (4.36)

99

¥ ¥ a _a
[age = Fpaga (x,x,) = 0,0 K (X, Xag) K2 (Xgs Xa0) g (Xags Xa)OXep OX,,  (4.37)

The filter configuration, is as discussed in Figure-4.13, and multipath fading environment is
simulated for stationary sources and sources moving with constant velocity. The harmonic source
isin far field emitting frequency 1IMHz. The signal is assumed to be Rayleigh faded with additive
Gaussian noise.

The optimal beamformer can be obtained depending upon the criteria of optimization. The
main criteria’s of optimization are MM SE, Maximum SNR to Noise Ratio and Minimum Variance.
Each criterion has its own advantages and disadvantages. The MM SE requires the reference signal
and there is no requirement of the information about Direction of Arrival (DOA) of the signal. The
maximum SNR requires direction of arrival of both desired and interfering signals. In this the
weights are chosen so that the SNR at the output of the beamformer is optimized. The Minimum

Variance method does not require knowledge of the angle of arrival of interferences but it requires
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the angle of arrival of desired signal. In this the output power is minimized to ensure the effect of
noise is minimized. The method proposed can be viewed as the generalization of MSE, which

minimizes error between its output and the desired signal.

As FrFT gives rotational effect to time-frequency plane, a chirp signal that is a oblique line in
time-frequency plane transforms into a harmonic which is vertical line in this plane. The WD gives
the idea about the energy distribution of a signal in time-frequency plane and FrFT rotates the WD
in clockwise direction by an angle a in the time frequency plane. Thisway the chirp signal (which
are not compact in either spatial or time domain) is converted to harmonic signal as there exists an
order for which the signal is compact. After this the MSE is calculated for various FrFT domains
froma=-1toa=1. Theoptima domain is searched where the MSE is least. Beamforming in this
optimal domain is seen to be significantly better than in conventional Fourier domain. From
Figure-4.14 it is clear that there is a significant improvement in the performance of beamformer in

optimum FrFT domain as compared to space and frequency domains,
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Figure-4.14: Comparison of M SE with varying SNR for different beam formers.
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Figure 4.15: Comparitive plot for optimum domain beamforming using
improved sampling and eigenvector decomposition type DFrFT.

The method of obtaining optimum a discussed in this work is based on frame by frame
basis. In practice the optimum a that gives minimum MSE require an efficient on-line fast
algorithm for computation of DFFT.

Also in Figure-4.15 performance of eigenvector decomposition type DFrFT is compared
with improved sampling DFrFT for optimum domain beamforming. Eigenvector decomposition
excels over improved sampling type, which once again justifies the usage of eigenvector

decomposition type in our work.
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4.5 SUMMARY

In this chapter one dimensional signal processing applications, namely, filtering and
beamforming have been discussed. Filtering of signals overlapping in both time and frequency
domain using DFrFT is performed. Performance of DFrFT in filtering with a relative motion
between source and receiver is also studied. The results so obtained of proposed filtering clearly
establish the superiority of DFrFT for filtering of such signals. These studies have been then
extended for the filtering of faded signals. Rayleigh faded time-frequency varying signals are
filtered using DFrFT. Filtering in the optimum domain outclasses both time and frequency domain
filtering. Beamforming is another application of DFrFT successfully attempted using FrFT. For
both applications determination of optimum domain is mandatory. The optimum multiplicative
filter function then minimizes the MSE. The method of obtaining optimum a is based upon frame
by frame basis. In practice the optimum a that gives minimum MSE requires an efficient on-line
procedure for its computation.

As a conclusion, filtering in optimum fractional Fourier domain enables significant
reduction of MSE compared with ordinary Fourier domain filtering. This reduction in MSE comes

at no additional cost and computation complexity.
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CHAPTERD

TWO DIMENSIONAL APPLICATIONS

51 INTRODUCTION

One dimensiona applications of DFrFT have been discussed in previous chapter. Image
compression and image encryption are two very important applications in two dimensional signal
processing. In this chapter these two dimensional applications have been successfully discussed
using DFrFT and DFrCT respectively. The performance of these fractional transforms in these two

application areas has also been compared with wavelet transform.

52 IMAGE COMPRESSION

An image is a visua representation of an object or a group of objects. It may aso be

defined as a two-dimensional function, f (X, y), where x and y are spatial coordinates and the
magnitude of f (.) a any pair of coordinates (X,Yy) is called the intensity of the image at that
point. When x,y and the magnitude value of f (.) are al finite discrete quantities, it is called a

digital image. A digital image is composed of a finite number of elements each of which has a
particular location and value. Normally, a digital image is arectangular array of elements (referred

as picture elements, image element, pels or pixels) sometimes called a bitmap. It is represented by
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an array of N rows and M columns and usually N = M. Typically values of N and M are 128, 256,
512 and 1024 etc [102].

Image compression addresses the problem of reducing the amount of data required to
represent a digital image. The underlying basis of the reduction process is the removal of
redundant data. According to mathematical point of view, this amounts to transforming a two-
dimensional pixel array into a statistically uncorrelated data set. The transformation is applied
prior to storage or transmission of the image. At receiver, the compressed image is decompressed
to reconstruct the original image or an approximation to it. The initial focus of research efforts in
this field was on the development of analog methods for reducing video transmission bandwidth, a
process caled bandwidth compression [102]. The advent of digital computer and subsequent
development of advanced integrated circuits, however, caused interest to shift from analog to
digital compression approaches. With the recent adoption of several key international image
compression standards, the field is now poised for significant growth through the practical
application of the theoretical work that began in the 1940s, when C.E. Shannon and others first
formulated the probabilistic view of information and its representation, transmission, and
compression [102].The term data compression refers to reducing amount of data required to
represent a given amount of information. There should be a clear distinction between data and
information. In fact, data are the form of information representation. Thus the same information
may be represented by a completely different data set. If certain information has two

representations differing in size, one of them is said to have data redundancy [103].
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The data redundancy is a quantifiable entity. If n, and n, are the number of information units
in two data sets representing the same information, the relative data redundancy R, of the first data

set (the one characterized by n,) is defined as-
=1- — 51
Ry C (5.1)
where, C, commonly called the compression ratio (CR), is

c,=n (5.2)
n2

For the casen, =n,,C; =1 andR, =0 indicating that (relative to the second data set) the
first representation of the information contains no redundant data. Whenn, <<n,C, andR;,
implying significant compression and highly redundant data. In the final case,n, >>n,C, andR,,
indicating that the second data set contains much more data than the original representation. Thisis
of course, is the normally undesirable case of data expansion. In general C, and R, lie in the open
intervals (0,¥) and (-¥, 1) respectively. A compression ratio 8:1 means that the first data set has 8
information carrying units per every 1 unit in the second or compressed data set. The corresponding
redundancy of 0.875 implies that 87.5 percent of the data in the first data set is redundant [102].

A common characteristic of most images is that the neighboring pixels are correlated and
therefore contain redundant information. The foremost task then is to find less correlated
representation of the image. Two fundamental components of compression are redundancy and
irrelevancy reduction. Redundancy reduction aims at removing duplication from the signal source

(image/video). Irrelevancy reduction omits parts of the signal that will not be noticed by the signal

receiver, namely the Human Visual System.
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In digital image compression, three basic data redundancies can be identified and exploited
[102]:

Coding redundancy: Fewer bitsto represent frequent symbols.

Inter pixel redundancy: Neighboring pixels have similar values.

Psychovisual redundancy: Human visual system cannot simultaneously distinguish all colors.

Data compression is achieved when one or more of these redundancies are reduced or

eliminated.

5.2.1 Image Compression Techniques

Two general techniques for reducing the amount of data required to represent an image are
lossless compression and lossy compression. In both of these techniques one or more redundancies
as discussed in the last sections are removed. In lossless compression, the reconstructed image
after decompression is numerically identical to the original image. In lossy compression scheme,
the reconstructed image contains degradation relative to the original.

In case of video, compression causes some information to be lost, some information at a
detail level is considered not essential for a reasonable reproduction of the scene. This type of
compression is called lossy compression. Audio compression on the other hand, is not lossy, it is
called lossless compression. An important design consideration in an algorithm that causes
permanent loss of information is the impact of this loss in the future use of the stored data. Lossy
technique causes image quality degradation in each compression / decompression step. Careful

consideration of the human visual perception ensures that the degradation is often unrecognizable,
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though this depends on the selected compression ratio. In general, lossy techniques provide far
greater compression ratios than lossless techniques [103].

Following are the some of the lossless and lossy data compression techniques [102]:

a) Losslesscompression techniques
) Run length encoding
i) Huffman encoding
iii) Arithmetic encoding
iv) Entropy encoding

V) Areaencoding

b) Lossy compression techniques
i) Predictive coding

i) Transform coding (FT / DCT / Wavelets)

However, these techniques are also combined to form practical image compression system.
Generally a compression system consists of two distinct structural blocks: an encoder and a decoder.
Aninput image f(x,y) isfed into the encoder, which creates a set of symbols from the input data.
After transmission over the channel, the encoded representation is fed to the decoder, where a

restructured output image g(X,y) is generated. In general g(X,y) may or may not be an exact

replicaof f(x,y) [103].
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5.2.2 Image Compression Characteristics

There are three main characteristics by which one can evaluate an image-compression
algorithm: CR, compression speed, and image quality. These characteristics can be used to
determine the suitability of a given compression algorithm to the various applications. The

following paragraphs discuss each of these attributes in more detail [103].

a) Compression Ratio

The CR is equal to the size of the original image divided by the size of the compressed
image. This ratio gives an indication of how much compression is achieved for a particular image.
The CR achieved usually indicates the picture quality. Generally, the higher the compression ratio,
the poorer the quality of the resulting image. The trade-off between CR and picture quality is an
important one to consider when compressing images. Furthermore, some compression schemes
produce compression ratios that are highly dependent on the image content. This aspect of
compression is called data dependency. Using an algorithm with a high degree of data
dependency, an image of a crowd at afootball game (which contains a lot of detail) may produce a
very smal CR, whereas an image of a blue sky (which consists mostly of constant colors and

intensities) may produce a very high compression ratio.

b) Compression Speed

Compression time and decompression time are defined as the amount of time required to
compress and decompress an image, respectively. Their vaue depends on the following

considerations:
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the complexity of the compression algorithm
the efficiency of the software or hardware implementation of the algorithm

the speed of the utilized processor or auxiliary hardware

Generally, the algorithm performs both compression and decompression in a faster way,
can be considered the better one. Fast compression time increases the speed with which material
can be created. Fast decompression time increases the speed with which the user can display and

interact with images.

¢) Image Quality

I mage quality describes the fidelity with which an image compression scheme recreates the
source image data. Compression schemes can be characterized as being either lossy or lossless.
Lossless schemes preserve all of the original data. Lossy compression does not preserve the data
precisely; image data is lost, and it cannot be recovered after compression. Most lossy schemestry
to compress the data as much as possible, without decreasing the image quality in a noticeable
way. Some schemes may be either lossy or lossless, depending upon the quality level desired by
the user [102].

The quality of compressed image can be measured by many parameters, which are used to
compare different compression techniques. The most commonly used parameters are Mean Square
error (MSE) and Peak Signal to Noise Ratio (PSNR). The PSNR value used to measure the

difference between a decompressed image g(X,y)and its original image f(X,y) is defined as

follows. In general, the larger PSNR value, the better will be the decompressed image quality.
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where, M~ N is the size of the images, g(i,j) and f(i,]) are the matrix elements of the

decompressed and the original images at (i, j) pixel. In order to evaluate the performance of image

compression systems, CR matrix is often employed.

5.3 TRANSFORM CODING

This work focuses on the performance analysis of different transforms for data compression.
The Transform coding first transforms the image from its spatial domain representation to a different
type of representation using some well-known transform and then codes the transformed values
(coefficients). The goal of the transformation process is to decorrelate the pixels of each subimage,
or to pack as much information as possible into the smallest number of transforms coefficients [102].
This method provides greater data compression compared to predictive methods, athough at the
expense of greater computational requirements. The choice of particular transform in a given
application depends on the amount of reconstruction error that can be tolerated and the
computational resources available.

A general model of transform coding system is shown in Figure-5.1 [102]. As shown in
Figure-5.1(a), encoder performs three relatively straightforward operaions i.e. subimage
decomposition, transformation and quantization. The decoder implements the inverse sequence of

steps with the exception of the quantization function of the encoder shown in Figure-5.1(b).
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Figure-5.1: A transform compression system: (a) encoder; (b) decoder.

AnN" N input image is first subdivided into sub images of sizen~ n, which are then
transformed to generat (N/n)®> subimage transform arrays of n ©~ n. The quantization stage
selectively eliminates or more coarsely quantize the coefficient that carry the least information.
These coefficient have the smallest impact on reconstructed subimage quality. Any or all of the
transform coding steps can be adapted in local image content, caled adaptive transform coding, or
fixed for all sub images, caled non-adaptive transform coding. In the proposed implementation
non-adaptive transform coding has been chosen [102].

In transform coding system any kind of transformation can be chosen, such as Karhunen
Loeve (KLT), Discrete Cosine (DCT), Walsh-Hadamard (WHT), Fourier (FT) etc. The choice of a
particular transformation in a given application depends on the amount of reconstruction error that
can be tolerated and the computational resources available [102]. To receive good result the

transform should have the following properties:
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Fast to compute.

Decorrelate transform coefficient to remove redundancies.

Pack energy into only a few transform coefficients.

Preserve energy.

A significant factor affecting transform coding, error and computational complexity is
function of subimage size. In most application images are subdivided so that the correlation
(redundancy) between adjacent subimages is reduced to some acceptable level so that n can be
expressed as an integral power of 2, where n is the subimage dimension. The latter condition
simplifies the computation of the subimage transformation. In general, both the levels of
compression and computational complexity increase as the subimage size increases. The most
popular subimage sizes are 8 x 8 and 16 x 16. Figure-5.2 illustrates graphically the impact of

subimage size on transform coding reconstruction error [102].
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Figure-5.2: Reconstruction (root mean square) error versus subimage size.
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It is clear from Figure-5.2 that the Hadamard and Cosine curves flatten as the size of the
subimage becomes greater than 8 ~ 8, whereas the Fourier reconstruction error decreases more

rapidly in thisregion [102].

5.3.1 Image compression using DFrFT

It has been recently noticed that the DFrFT can be used in the field of image processing [74].
The significant feature of discrete fractional Fourier domain image compression benefits from its
extra degree of freedom that is provided by its fractional orders. The one-dimensional DFrFT is
useful in processing single-dimensional signals such as speech waveforms. For analysis of two-
dimensiona signals such as images, atwo-dimensional version of the DFrFT is needed. For an M
" N matrix, the two-dimensional DFrFT is computed in asimple way: The one-dimensional DFrFT
is applied to each row of matrix and then to each column of the result. Thus, the generalization of
the DFrFT to two-dimension is given by taking the DFrFT of the rows of the matrix i.e. imagein a
fractional domain and then taking the DFrFT of the resultant matrix columnwise. In the case of the
two-dimensional DFrFT two angles of rotation a=ap/2 and b=bp/2 have to be considered. If one
of these angles is zero, the two-dimensional transformation kernel reduces to the one-dimensional

transformation kernel.

By adjusting the cutoff of the transform coefficients, a compromise can be made between
image quality and CR. To exploit this method, an image isfirst partitioned into non-overlapped n
n subimages as shown in Figure-5.3. A two-dimensional DFrFT is applied to each block to convert
the gray levels of pixels in the spatial domain into coefficients in the ath domain. The coefficients

are normalized by different scales according to the cutoff selected. The quantized coefficients are
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rearranged in a zigzag scan order to be further compressed by efficient lossless coding strategies.
At decoder simply inverse process of encoding by using inverse two-dimensional DFrFT is
performed. Because quantization results in an irreversible information loss, a lossy compression

results.

5.3.1.1 DFrFT Compression M odel

In image compression using DFrFT, a compression model encoder performs three
relatively straightforward operations i.e. subimage decomposition, transformation and
guantization. The decoder implements the inverse sequence of steps of encoder. Because
guantization results in irreversible information loss, so inverse quantizer block is not included in

the decoder as shown in Figure-5.3(b). Hence it is alossy compression technique.

Input Image __IConstruct n” n DFrFT Quantizer Compressed
N" N subimages - - | mage
@
Compressed IDFrFT Mergen” n .| Decompressed
Image subimages Image

(b)

Figure-5.3: DFrFT compresson model: (a) encoder; (b) decoder.

An image is first partitioned into non-overlapped n © n subimages as shown in Figure-

5.3(a). The most popular subimage sizes are 8 x 8, 16 x 16. In the proposed implementation
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scheme subimage size chosen is 8x8. As subimage size increases, error decreases but
computational complexity increases. Compression techniques that operate on block of pixels i.e.
subimages are often described as block coding techniques. The transform of a block of pixels may
suffer from discontinuity effects resulting in the presence of blocking artifacts in the image after it

has been decompressed.

In second step, atwo-dimensional DFrFT is applied to each block to convert the gray levels
of pixels in the spatial domain into coefficients in the frequency domain. By using DFrFT a large
amount of information is packed into smaller number of transform coefficients, hence small

amount of compression is achieved at this step.

The final step in compression process is to quantize the transformed coefficients according
to cutoff selected and value of a. By adjusting the cutoff of the transform coefficients, a
compromise can be made between image quality and compression factor. With the DFrFT by
varying its free parameter a, high compression ratio can be achieved even for same cutoff. The
guantized coefficients are then rearranged in a zig-zag scan order to form compressed image which
can be stored or transmitted.

At decoder simply inverse process of encoder is performed by using inverse two-
dimensional DFrFT. The non-overlapped subimages are merged to get decompressed image. As it
is alossy compression technigque so there is some error between decompressed image and original

image which is evaluated using (5.1).
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5.3.1.2 Simulation Results

Numerical simulations have been performed to examine the validity of this image
compression technique. The original images taken are the pictures of Lena, Cameraman, IC,
Barbara and Rice with 256" 256 pixels. These images are compressed for compression ratios of
10%, 20%, 30%, 40%, 50% and 75% for varying values of a. The Figures-5.4 show the
decompressed images with different fractional orders for 30% CR. It is clear that as we increase
the value of ‘a’ image quality degrades. At a = 1 which corresponds to FT image quality is very
poor. By using DFrFT, it is clear that for same CR, it gives better-decompressed image as

compared to FT. For a = 0.91 best results are achieved, with a maximum PSNR of 30.51.

130



Figure-5.4(a): The Original Lena Image. Figure-5.4(b): Lena image after decompression
at a= 0.1.
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Figure-5.4(c): Lenaimage after Figure-5.4(d): Lena image after decompression
decompression at a= 0.2. at a=0.3.

Figure-5.4: Simulation results of the L ena image with 256x256 pixels at varying a using DFrFT. (contd.)
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Figure-5.4(e): Lenaimage after

decompression at a= 0.4, Figure-5.4(f): Lenaimage after

decompression at a= 0.5.
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Figure-5.4(g): Lenaimage after Figure-5.4(h): Lenaimage after
decompression at a= 0.6. decompression at a= 0.7.

Figure-5.4: Simulation results of the L ena image with 256x256 pixels at varying ausing DFrFT. (contd.)
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Figure-5.4(j): Lenaimage after

Figure-5.4(i): Lenaimage after decompression at a= 0.9.

Decompression at a= 0.8.
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Figure-5.4(k): Lenaimage after Figure-5.4(1): Lenaimage after
decompression at a= 0.91. decompression at a= 0.92.

Figure-5.4: Simulation results of the L ena image with 256x256 pixels at varying ausing DFrFT.
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Figure-5.4(m): Lena image after Figure-5.4(n): Lena image after
decompression at a= 0.93. decompression at a= 0.94.

Figure-5.4(0): Lenaimage after Figure-5.4(p): Lena image after
decompression at a= 0.95. decompression at a= 0.96.

Figure-5.4: Simulation results of the L ena image with 256x256 pixels at varying ausing DFrFT. (contd.)
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Figure-5.4(q): Lenaimage after Figure5.4(r_): L enaimage after
decompression at a= 0.97. decompression at a= 0.98.

Figure-5.4(s): Lenaimage after Figure-5.4(t): Lenaimage after
decompression at a= 0.99. decompression at a = 1.

Figure-5.4: Simulation results of the L ena image with 256x256 pixels at varying ausing DFrFT.
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5.3.1.3 Performance Analysisof DFrFT in Image Compression

To illustrate the performance of DFrFT in image compression MSE and PSNR have been
selected as metric parameters. Figure-5.5 and Figure-5.6 respectively show the plots for MSE and
PSNR with respect to ‘a for different CRs. The image selected for these figures is Lena. In
Figure-5.7 to Figure-5.12, comparative plots for five other images between PSNR and ‘a’, for CRs
of 10%, 20%, 30%, 40%, 50% and 75% respectively are shown. It is observed that the optimum
compression performance is achieved for values of ‘a’ varying between 0.91 and 0.97. The

optimum value of ‘@’ is dependent both on the image and the CR.
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— CR 30%
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=
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Figure-5.5: Fractional order a vs M SE of Lenaimage for different CR using DFrFT.
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Figure-5.6: Fractional order a vs PSNR of Lena image for different CR using

DFrFT.
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Figure-5.7: Fractional order a vs PSNR of different imagesat CR of 10% using
DFrFT.
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Figure-5.8: Fractional order a vs PSNR of different imagesat CR of 20% using

DFrFT.
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Figure-5.9: Fractional order a Vs PSNR of different imagesat CR of 30% using
DFrFT.
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Figure-5.10: Fractional order a vs PSNR of different imagesat CR of 40% using

DFrFT.
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Figure-5.11: Fractional order a vs PSNR of different imagesat CR of 50% using
DFrFT.
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Figure-5.12: Fractional order a vs PSNR of different imagesat CR of 75% using
DFrFT.

5.3.2 Image Compression Using DFrCT

Image compression has also been carried out using DFrCT. The procedure is the same as
used for DFrFT. Compression results for a CR of 10% for different values of DFrCT order are

shown in Figure-5.13. The 1image selected for this illustration is Rice
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Figure-5.13(c): Rice image after
decompression at a= 0.3.

Figure-5.13(b): Riceimage after
decompression at a= 0.1.

Figure-5.13(d): Riceimage after
decompression at a= 0.5.

Figure-5.13: Simulation results of the Rice image with 256x256 pixels at varying a
using DFrCT.

(contd.)
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Figure-5.13(e): Riceimage after Figure-5.13(f): Rice image after
decompression at a= 0.7. decompression at a= 0.9.

Figure-5.13(g): Riceimage after Figure-5.13(h): Riceimage after
decompression at a= 0.91. decompression at a= 1.

Figure-5.13: Simulation results of the Rice image with 256x256 pixels at varying a
using DFrCT.
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5.3.2.1 Performance Analysis of DFrCT in Image Compression

Variation in MSE and PSNR with respect to DFrCT order ‘a for different CRs are shown
in Figure-5.14 and Figure-5.15 respectively. In Figure-5.16 to Figure-.21, comparative plots for
five images between PSNR and order ‘a’ for different CRs are shown. Optimum value of ‘a’ isto

be dependent on both the CR and the image type. This optimum value varied between 0.91 and

0.99.
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Figure-5.14: Fractional order a vs M SE of Riceimage for different CR using
DFrCT.
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Figure-5.15: Fractional order a vs PSNR of Riceimage for different CR using
DFrCT.
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Figure-5.16: Fractional order a vs PSNR of different imagesat CR of 10% using
DFrCT.
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Figure-5.17: Fractional order a vs PSNR of different imagesat CR of 20% using
DFrCT.
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Figure-5.18: Fractional order a vs PSNR of different imagesat CR of 30% using
DFrCT.
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Figure-5.19: Fractional order a vs PSNR of different imagesat CR of 40% using
DFrCT.
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Figure-5.20: Fractional order a vs PSNR of different imagesat CR of 50% using
DFrCT.
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Figure-5.21: Fractional order a vs PSNR of different imagesat CR of 75% using
DFrCT.

5.3.3 Compar ative Performance Analysis of DFrFT and DFrCT in

I mage Compression

Lena, Cameraman, |C, Barbara and Rice have been selected to carry out the comparative
performance analysis of DFrFT and DFrCT in image compression. The results are shown in Table-
5.1 and Table-5.2. Using the data of Table-5.1 and Table-5.2 comparative plots between PSNR
and CR using DFrFT and DFCT have been plotted. The values of PSNR corresponding to
optimum a have been used in these plots. These plots clearly reflect the superior performance of

DFrFT over DFrCT.
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Table5.1: MSE and PSNR of variousimages at optimum value of a for different compression ratiosin case of DFrFT.

LENA BARBARA CAMERAMAN RICE IC

ap | MSE PSNR | ap | MSE PSNR | am | MSE PSNR | apm | MSE PSNR | ap | MSE PSNR
CR10% | 095 | 1.3499 | 405469 | 0.94 | 57832 | 36.8319 | 0.97 | 0.0007 | 47.8538 | 0.95 | 6.0657 | 38.4368 | 0.97 | 0.0017 | 44.0418
CR20% | 091 | 55568 | 38.6579 | 0.90 | 335664 | 30.7666 | 0.91 | 1.7324 | 37.6164 | 0.91 | 8.0680 | 37.9580 | 0.95 | 49628 | 40.0849
CR30% | 091 | 282238 | 30.5168 | 0.90 | 100.1614 | 25.7415 | 0.93 | 30.8870 | 304611 | 0.91 | 324011 | 30.8283 | 0.94 | 16.0984 | 34.3545
CR40% | 091 | 26.8032 | 283714 | 0.92 | 103.3568 | 25.3873 | 0.92 | 42.0350 | 28.4819 | 0.91 | 43.0565 | 28.7661 | 0.93 | 7.4426 | 32.8239
CR50% | 092 | 742933 | 27.0405 | 0.91 | 1554567 | 245672 | 0.91 | 99.9315 | 254873 | 0.91 | 54.6284 | 26.9971 | 0.95 | 0.5131 | 31.3103
CR75% | 0.93 | 97.8964 | 25.2155 | 0.91 | 339.7583 | 20.9184 | 0.97 | 180.7375 | 24.4061 | 0.92 | 1222713 | 245787 | 0.94 | 448209 | 26.1115
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Table5.2: MSE and PSNR of variousimages at optimum value of a for different compression ratiosin case of DFrCT.

LENA BARBARA CAMERAMAN RICE IC

am | MSE PSNR | am | MSE PSNR | am | MSE PSNR | am | MSE PSNR | am | MSE PSNR

CR10% | 0.94 | 91.6251 274230 | 0.94 | 98.7028 27.0998 | 0.93 | 98.4593 27.1111 | 0.91 | 43.0990 30.6987 | 0.99 | 156.4357 | 25.1003

CR20% | 0.96 | 153.8577 | 25.1723 | 0.95 | 214.8742 | 23.7214 | 0.94 | 194.4440 | 24.1557 | 0.91 | 62.0642 29.1140 | 0.95 | 210.9510 | 23.8018

CR30% | 0.99 | 197.8928 | 24.0793 | 0.97 | 307.5664 | 22.1641 | 0.99 | 2725142 | 22.6896 | 0.97 | 84.1989 27.7905 | 0.98 | 270.0349 | 22.7293

CR40% | 0.99 | 234.1035 | 23.3495 | 0.98 | 379.4201 | 21.2524 | 0.99 | 331.8652 | 21.8339 | 0.98 | 106.9195 | 26.7528 | 0.99 | 327.2758 | 21.8938

CR50% | 0.99 | 261.9134 | 22.8620 | 0.98 | 432.8660 | 20.6801 | 0.99 | 345.5632 | 21.5674 | 0.91 | 122.8254 | 26.1448 | 0.99 | 383.6817 | 21.2036

CR75% | 094 | 313.8599 | 22.0750 | 0.99 | 543.0482 | 19.6952 | 0.99 | 464.3242 | 20.3753 | 0.92 | 161.5246 | 24.9566 | 0.99 | 512.2650 | 19.9487
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Figure-5.22: CR vs PSNR of Lenaimage for DFrFT and DFrCT.
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Figure-5.23: CR vs PSNR of Cameraman image for DFrFT and DFrCT.
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Figure-5.24: CR vs PSNR of IC image for DFrFT and DFrCT.
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Figure-5.25: CR vs PSNR of Barbaraimage for DFrFT and DFrCT.
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Figure-5.26: CR vs PSNR of Riceimage for DFrFT and DFrCT.

The comparison of DFrFT, DFrCT and discrete wavelet transform (DWT) was also
done for Barbara image using Daubechies wavelet. Figure-5.27 and Figure-5.28 shows PSNR
vs CR and MSE vs CR for Barbara image using these three transforms. It is evident from

here that for higher CR the DFFT gives better PSNR than DWT and DFCT.
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Figure-5.27: PSNR vs CR for Barbaraimage with 256 x 256 pixels.
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Figure-5.28: M SE vs CR for Barbara image with 256 x 256 pixels.
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54 [IMAGE ENCRYPTION

The explosive growth of information storage in computers and transmitting it via e-
mail, as well as arrival of e-commerce, has led to cryptography as an essential feature of
modern communications and data storage. Cryptography is the study of mathematical
techniques related to aspects of information security such as confidentiality, data integrity,
entity authentication and data origin authentication. Encryption is an area of cryptography
involving the transformation of information into some gibberish form, thus ensuring privacy
by keeping the information hidden from anyone for whom it is not intended - one may wish
to encrypt files on a hard disk to prevent an intruder from reading them, or in a multi-user
setting, encryption allows secure communication over an insecure channel. An example of
this: A wishes to send a message to B so that no one else besides B can read it. A encrypts
the message (plaintext) with an encryption key; the encrypted message (cipher text) is sent to
B. B decryptsthe cipher text with the decryption key and reads the message. An attacker, C,
may either try to obtain the secret key or to recover the plaintext without using the secret key.
In a secure cryptosystem, the plaintext cannot be recovered from the cipher text except by
using the decryption key [104].

The most successful image encryption scheme is random phase encoding in fractional
domain. In thisthesis DFrCT with random phase masking is used as basic cryptographic tool.
This double phase encoding scheme encrypts the image into different fractional orders and
random distribution so that the unauthorized person by no means can access the image
without keys. The significant feature of image encryption benefits from its extra degree of
freedom that is provided by fractional orders. The performance of DFCT for image

encryption is compared with the reported results using DFrFT [75].
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5.4.1 Image Encryption Using DFrCT

It has been very recently noticed that fractional transforms can be used in encryption
of images [75]. In this encryption process cascaded multistage DFrCT with random phase
filters have been utilized in between. The n-stage of DFrCT can provide n-dimensional extra
keys indicated by the fractiona orders. In case of two-dimensional DFrCT transform, there
are two different fractional orders along x-axis and y-axis respectively. Such a system can
have n-1 random phase filters, so that the total encryption keys can be increased to as many
as 3n-1. Thus the security strength of the encryption keys may be greatly enhanced. For

simplicity, the order a along x and y direction are taken to be same i.e. a, =a, =a and

three stages of DFrCT are cascaded together. Thus in the intermediate planes two randomly
encoded phase masks are used. Algorithm consists of two parts, encryption to encrypt image
and decryption to retrieve image. The image encryption can be described as follows [75].

Let f(x,Y,), areal vaued two-dimensiona data, denote the image that is to be

encrypted. DFrCT is applied continuously three times to this data with the fractional orders

ai, a, and as, respectively. In the intermediate stages two random phase masks
H, (04, y1) = [- i20f,(x, yi)] and H,(x,.y,) =[- i20f (%, y,)] respectively are used.
where, f,(x,,y,) are randomly generated homogeneously distributed functions.
Thus the resultant transformed function y (x, y) can be written as
y (% ¥)=FY 206, ) H, 06, )] (53)
with

y2(X2’y2):Fcazbl(xliyl)Hl(Xliyl)] (5.4)
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and
Y2 (% y2) = R (xg0 vo)] - (5.5)

The resultant transformed functiony (x,y) can be regarded as the encrypted image.

The decryption process isthe reverse operation with respect to the encryption. Firstly,
we take DFrCT of order -a3 on the encrypted imagey (x, y) and after multiplying the random
phase mask H,(x,,y,). The mid term function y ,(x,,y,) is obtained. Then by performing
DFCT of order -a, on the function y 2(xz,yz)and multiplying it by the random phase
mask H, (x,,y,), function y ,(x,,y,)is recovered. After another DFrCT of order -a; on the
functiony ,(x,,y;), the original image f (x,,Y,)is obtained. Here the random phase masks
H,(x,y,)and  H,(x,y,)ae the complex conjugates of  H,(x,y,)and
H,(x,, y, ), respectively. Encryption and decryption results for Barbara, Cameraman, Lena
and rice images are shown in Figure-5.29 to Figure-5.32  respectively.

To compare the performance of DFrCT with DFrFT for image encryption PSNRs of

the images decrypted using wrong keys is compared. The value of PSNR is smaller for

DFrCT, thus indicating better performance of DFrCT over DFFT.
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Figure-5.29(a): Original Barbaraimage.  Figure-5.29(b): Encrypted Barbara image.

Figure-5.29(c): Decrypted image with Figure-5.29(d): Decrypted Image
right key. with wrong key.

Figure-5.29: Simulation results of encryption for Barbara image using DFrCT.
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Figure-5.30(a): Original Cameraman

image. Figure-5.30(b): Encrypted Cameraman

image.

right key. wrong key.

Figure-5.30: Simulation results of encryption for Cameraman image using DFrCT.
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Figure-5.31(a): Original Lena image. Figure-5.31(b): Encrypted L enaimage.

Figure-5.31(d): Decrypted Image with

Figure531(c): Decrypted image with | ‘oo "y o

right key.

Figure-5.31: Simulation results of encryption for Lena image using DFrCT.
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Figure-5.32(b): Encrypted Riceimage.

Figure-5.32(c): Decrypted image with Figure-5.32(d): Decrypted Image with
right key. wrong key.

Figure-5.32: Simulation results of encryption for Riceimage using DFrCT.
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5.5SUMMARY

In this chapter two fractional transform DFrFT and DFrCT have been examined for
their suitability in image compressions and encryption applications. PSNR and MSE have
been used as parameters to evaluate the performance of these transforms. Five different
images have been selected to obtain the generalized results. Image compression has been
performed for different CRs and the value of optimum a that provided best compression
results for different CRs has been recorded. Performance of DFFT is observed to be better
than DFrCT for image compression whereas DFrCT provided better results than DFrFT for

image encryption.
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CHAPTER©O

CONCLUSIONS AND SCOPE FOR FUTURE WORK

6.1 CONCLUSIONS

FT has got significant applications in signal processing. This transform is used both
for the signal analysis as well as processing. Apart from signal processing this transform has
got multitude of applications in optics, acoustics, heat conduction and diffusion, and
statistics. Looking into its versatility a generalized version of this transform, FrFT, has been
devised. In this work FrFT has been studied thoroughly and is then applied in certain signal
processing applications.

In this study, an effort is made to smplify the complexities associated with the
understanding of FrFT and its evaluation. By way of studying the various definitions of
FrFT, the software routines developed in Mathematica were listed. Simultaneously, their
equivalence, which was established analytically earlier, is also confirmed with the help of
simulation results. Similarly, the agorithms developed in MATLAB for calculation of
DFFT got examined by comparing the performance of six available classes of DFrFT. These
algorithms are again cross examined by analyzing the fixed and variable window functionsin
fractional Fourier domain.

In the available literature, there are six definitions of FrFT, namely - linear integral
transform, fractional powers of FT, rotation in the time-frequency plane, transformation of

coordinate multiplication and differentiation operators, differential equation and hyper
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differential operator. These definitions and their equivalence have been examined and
verified with the help of simulation results. Usage of linear integral transform is given
preference over othersin thiswork, asits closed form expression offers a computational ease.
Properties of FrFT have already been reported along with their analytical proofs. Some very
basic properties of FrFT that include, integer orders, inverse, unitary, index additivity, Eigen
function, Wigner distribution and Parseval have been proved graphically, in this work using
Riemann and Hanning function. This is a contribution to the available literature on FrFT.
These graphical proofs give a better understanding of these properties of FrFT.

Looking into the computational complexity involved in the FrFT a discrete version of
FrFT, i.e.,, DFFT, is required. Apart from fast and efficient computation, exactness of
DFFT, that requires satisfaction of FrFT properties, is mandatory. Six classes of DFrFT,
direct form type, improved sampling type, linear combination type, group theory type,
impulse train type, and eigenvector decomposition type, have been studied. A parameter,
deviation factor, has been introduced and used to compare the performance of these DFrFTs.
The eigenvector decomposition type DFrFT emerged as the best that puts least possible
constraints on the signals, obeys maximum properties of FrFT, can be calculated for all
orders with smallest deviation factor. Window functions have then being analyzed using
eigenvector decomposition type DFrFT and variations in parameters of a window function
like MSLL, SLFOR, and HMLW with DFrFT order a are reported. eigenvector type is thus
selected for solving one and two-dimensional signal processing problems included in this
study.

Optimal filtering and beamforming are the one-dimensional signal processing

applications to which DFrFT has been applied. Application of FrFT for filtering of signals
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that overlap in both time and frequency domains is well established. In mobile radio
applications apart from this overlap fading is also associated with the received signals.
Extending the concepts of optimal filtering, Rayleigh faded signals associated with Gaussian
noise have been successfully filtered using DFrFT. MSE has been used as a parameter to
determine the optimum fractional Fourier domain. A significant reduction in MSE as
compared to the ordinary Fourier domain filtering has been achieved by using the concept of
fractional domain. DFrFT offers this benefit at no additional cost and computational
complexity.

Beamforming is a useful tool in sensor array signal processing. The FT based method
of beamforming is not in use these days because of its inherent shortcoming to handle time
varying signals, This shortcoming has been alleviated by using DFrFT. A significant
improvement in performance of beamformer in optimum FrFT domain as compared to space
and frequency domains has been achieved. The harmonic source used in this work is in far
field emitting a frequency of 1 MHz. And the received signal is a Rayleigh faded with
additive Gaussian noise. The criterion of optimization used is again minimization of M SE.

In two-dimensional category image compression and encryption have been selected to
be accomplished efficiently using fractional transforms. DFrFT provided good results for
image compression and performance of DFrCT proved to be better than DFrFT for image
encryption. The images selected for this study are Lena, Barbara, Cameraman, Rice, and IC.
MSE and PSNR are the parameters used to measure the performance of these transforms.
The fractional order a of these transforms offered an extra degree of freedom in image
compression. High compression ratio has been achieved by varying a. For same CR, DFFT

gives better decompressed image as compared to FT and DFrCT. The optimum value of a is
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observed to be dependent both on the image and the CR. Using simulation results superiority
of DFrFT has been established.

In this work DFCT with random phase masking has been used as a basic
cryptographic tool. This double phase encoding scheme encrypts the image into different
fractional orders and random distribution so that the unauthorized person by no means can
access the image without keys. The image encryption benefits from the extra degree of
freedom provided by fractional orders. To compare the performance of DFrCT with DFrFT
for image encryption, PSNRs of the images decrypted using wrong keys is compared. The
value of PSNR is smaller for DFrCT, thus indicating better performance of DFrCT over
DFrFT.

Finally, FrFT or DFFT is an efficient, more flexible, versatile and powerful tool for

application in one or two-dimensional signal processing.

6.2 FUTURE SCOPE OF WORK

After concluding this work following potential problems of significant relevance to signal
processing community have emerged-
1) A fast and exact algorithm for DFFT to be developed for efficient
implementation of signal processing applications discussed in this work.
i) Characterization of window functions establishing analytical relationship between
FrFT order and window parameters.
i) An analytical relationship that can provide the optimum FrFT order for filtering,

beamforming and image compression applications.
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Solution to these problems shall definitely prove to be beneficial for researchers as

well as for the enhancement of technology.
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