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ABSTRACT

The objective of this thesis entitled, *“ Symmetries and Exact Solutions of Some Systems of Non-
linear Partial Differential Equations by Lie Classical Methods”, is to obtain the Lie symmetries
and the exact solutions of nonlinear partial differential equations or their systems, which represent
some of the important physical phenomenon. The nonlinear phenomena are encountered in a vari-
ety of situations in physics as well as in other natural applied sciences. Most of these phenomena
are governed by nonlinear partial differential equations. The study of these systems of differential
equations is often regarded as a difficult and confusing endeavour due to various limitations posed
by the intrinsic nonlinearity.

This thesis comprises of five chapters. The brief outline of the research work presented chapter
wise in this thesis is as follows:

In chapter 1, We have described the nonlinear partial differential equations and presented literature
review.

In chapter 2, It contains the various definitions of Lie groups. It also includes the preliminary ma-
terial.

In chapter 3, It presents symmetry reductions and exact solutions of Gardner equation. This chap-
ter deals with the classical Lie method to obtain symmetries and reductions.

In chapter 4, We investigated symmetries and reductions of the Buckmaster equation. Correspond-
ing to each basic vector field, the reductions of the system to ordinary equations are obtained.
These reduced systems are further studied for exact solutions.

In chapter 5, We studied the classical Lie symmetries of the Degasperis-Procesi equation which is
obtained through the Lie group method of the infinitesimal transformations. Secondly using the

classical symmetries of the equation, similarity reduction are obtained.
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Chapter 1

INTRODUCTION

1.1 Introduction

Nonlinear partial differential equations are partial differential equations with nonlinear terms. They
describe many different physical systems, ranging from gravitation to fluid dynamics. They are dif-
ficult to study: there are almost no general techniques that work for all such equations, and usually
each individual equation has to be studied as a separate problem. Various standard strategies are
adopted to get approximate solutions of nonlinear partial differential equations. But these solutions
do not provide much information about the system.

Strategies adopted to drive exact solutions to nonlinear equations are being avoided due to com-
plicated and cumbersome calculations. Modern approaches seek methods applicable to non-linear
partial differential equations as well as linear ones. In this context existence and uniqueness results,
and theorems concerning the regularity of solutions, are more difficult. Since it is unlikely that ex-
plicit solutions can be obtained for any but the most special of problems, methods of solving the
partial differential equation involve analysis within the appropriate function space - for example,
seeking convergence of a sequence of functions which can be shown to approximately solve the
partial differential equation, or describing the sought-for function as a fixed point under a self-map
on the function space, or as the point at which some real-valued function is minimized.
Differential equations play an important role in modeling virtually every physical, technical, or
biological process, from celestial motion, to bridge design, to interactions between neurons. Dif-
ferential equations such as those used to solve real-life problems may not necessarily be directly
solvable. Instead, solutions can be approximated using numerical methods.

A partial differential equation is a differential equation that contains unknown multivariable func-
tions and their partial derivatives. Partial differential equations are used to formulate problems
involving functions of several variables, and are either solved by hand, or used to create a relevant

computer model. Partial differential equation can be used to describe a wide variety of phenomena



such as sound, heat, electrostatics, electrodynamics, fluid flow, elasticity, or quantum mechanics.
The term exact solution is often used for second and higher order nonlinear partial differential
equations to denote a particular solution. The exact solutions are also helpful in designing and test-
ing of numerical algorithms. The proposed work will be devoted to obtaining the exact solutions
of nonlinear partial differential equations or their systems, which represent some of the important
physical systems. Exact solutions for nonlinear equations are rare, and the methods, which can
generate families of them, are not only increasingly popular, but increasingly sought. So far, a
number of methods have been proposed to construct the exact solutions; the group theoretic meth-
ods like Lie’s classical method [1} 5], nonclassical method [2, 3]], Steinberg’s symmetry reduction
method [6]]; direct method [11], modified direct method [24]; truncated Painleve approach [9];
transformation methods [21]; anstze-based methods [10]; hyperbolic functions expansion methods
[LS]]; elliptic functions expansion methods [[14]] and sine-cosine method [335]] etc.
In this thesis applications of Lie Classical method is one of the useful methods in group theoretic
techniques for solving partial differential equation.
In this thesis, three nonlinear partial differential equations are considered for exact solutions which
are as follows:-
1-Gardner Equation-

Uy = 6(u+ 20 )ty — Uy
2-Buckmaster Equation-

Uy = Uy + 10}
3-Degasperis-Procesi Equation-

U — Uy + AUty = Uy lyy + Ullyyy.
All the solutions obtained for these nonlinear partial differential equation are exact analytic solu-

tions. To check the correctness of these solutions, software MAPLE has been used.



1.2 Literature Review

In 1870, Sophus Lie introduced the notion of a continuous group of transformations. He was
motivated by the lectures of his fellow Norwegian, Sylow, on the works of Abel and Galosis on
solving algebraic equations. He developed the theory of “finite and continous groups”. Lie devoted
his mathematical career to the development and application of his monument theory of continous
groups. These groups are now known as “Lie groups”.

Lie groups of transformation are characterized by infinitesimal generators [/]. Lie gave an algo-
rithm to find all infinitesimals generators of point transformations [7/] and, more generally, contact
transformations admitted by a given differential equation. Significantly, for a given differential
equation, the basic applications of Lie groups of transformations only require knowledge of the
admitted infinitesimal generators [7]].

The entire subject lay dormant for nearly half a century until G. Birkhoff (1950) [8]] called attention
to the unexploited application of the Lie group of transformation to differential equations. Ovsian-
nikov [29]] and his coworkers began a systematic program of successfully applying these methods
to wide range of physically important problem.

This was followed by the work of Bluman and Cole [3, 4]. Since then, the theory has witness
a veritable explosion of research both in the application to physical systems and its development
Olver [28]].

Lie’s continuous group theoretic ideas have been classified as direct methods and group theoretic
methods. The direct method consists of separation of variables devised by Miller [26], and dimen-
sional analysis due to Sedov [30]. Group theoretic methods are divided into two categories namely
inspectional methods and deductive methods. Inspectional methods are two fold in the sense that
the first one is due to Birkhoff [8] and the other is due to Hellums and Churchill [[19]]. In the class
of deductive procedures, there are the following techniques proposed by different authors :Non-
classical method (Bluman and Cole [3l4]]), Classical Lie method (Olver [28]]) etc.



Chapter 2

METHODOLOGY

2.1 Preliminaries

Some basis definitions from Bluman and Anco [[7]] that are used in this thesis:-

GROUP

A group G is a set of elements with a law of composition ¢ between elements satisfying the fol-
lowing axioms:
(1) Closure property- For any elements a and b of G, ¢(a,b) is a element of G.

(2) Associative property- For any elements a, b, c of G:

¢(a7¢(bvc)) = q)(q)(a?b)vC)'

(3) Identity element- There exists a unique identity element e of G such that for any element a of
G:

¢(a7e) = (l)(eaa) =a.

(4) Inverse element- For any element a of G there exists a unique inverse element ¢! in G such

that:

ONE-PARAMETER GROUP OF TRANSFORMATION

Let x = (x1,x2,X3, ...... ,Xn) lie in a region D C R".The set of transformations

x* =X (x;€),



defined for each x in D and parameter € in set S C R, with ¢(€,0) defining a law of composition
of parameters € and J in S, forms a one-parameter group of transformations on D if the following
hold:

(1) For each € in S the transformations are one-to-one onto D.

(2) S with the law of composition ¢ forms a group G.

(3) For each x in D, x* = x when € = € corresponds to the identity e, i.e
X (x;€9) = x.
4) If x* = X (x;€), X = X (x*;9), then

X =X(x;0(g,9)).

ONE-PARAMETER LIE GROUP OF TRANSFORMATION

A one-parameter group of transformations defines a one-parameter Lie group of transformations
if, in addition to satisfying the above property (1) to (4), the following hold:

(5) £ is a continuous parameter, i.e., S is an interval in R. Without loss of generality, € = 0 corre-
sponds to the identity element e.

(6) X is infinitely differentiable with respect to x in D and an analytic function of € in S.

(7) 0(€,d) is an analytic function of € and 3, €in S, d in S.

Consider an example

X" =x+E€,
y'=y,e€R
And
d(e,8) =e+3d.

This forms a one-parameter lie group of transformations.

INFINITESIMAL TRANSFORMATIONS

Consider a one-parameter (€) Lie group of transformations
X =X(x;€) (2.1.1)

with the identity € = 0 and law of composition ¢. Expanding (2.1.1) about €=0, in some neighbor-
hood of € = 0, we get

. oX (x;€ 1, 0%°X(x;¢
X :X+£( és )|80)+§£2(%|80)+ ..........................




Let

R

The transformation x + €&(x) is called the infinitesimal transformation of the Lie group of transfor-

mations (2.1.1). The components of &(x) are called the infinitesimals of (2.1.1).

INFINITESIMAL GENERATOR

The infinitesimal generator of the one-parameter Lie group of transformations (2.1.1) is the opera-

tor
X =X() =80V = Y &7

i=1

INVARIANT FUNCTION

An infinitely differentiable function F(x) is an invariant function of Lie group of transformations

(2.1.1) if and only if, for any group of transformation (2.1.1),

If F(x) is invariant function of (2.1.1), then F(x) is called an invariant of (2.1.1) and F(x) is said

to be invariant under (2.1.1).

THEOREM

F(x) is invariant under a lie group of transformations (2.1.1) if and only if

XF(x)=0.



COMMUTATOR

For an r-parameter Lie group of transformation with infinitesimal generators Xy, 0 = 1,2, .....r, the

commutator (Lie Bracket) of Xy and Xp is a first order operator defined by

o 5] =Xy - Xt = 3 | (B0 ) (801005 ) = (8005 ) (Bt )]

i,j=1

n

XOL? XB Z axj

where

n a oilx
)= 3 (w0 B g9 )

It immediately follows that
[XOC?XB] = _[XB7XOC]

ADJOINT VECTOR

Let G be a Lie group with Lie algebra L. For each vector v € L, the adjoint vector ad v at w € L is
ad v|,, = [w,v] = —[v,w]

The adjoint representation Ad G of the underlying Lie group can be reconstructed either by inte-
grating the system of linear ordinary differential equations

dw

%=ad V|w, w(0) = wy,

with solution

w(e) = Ad(exp(ev))wo,

Or, more simply, by summing the Lie series

2

— £ €
Ad(exp(ev)) Z —(adv)" =wo— €[y, wo] + =

#=0 m 7 s woll =

OPTIMAL SYSTEM

We need at present only one solution from each equivalence classes, as the rest may be found by
applying appropriate group symmetries, a complete set of such solutions is referred to as an “op-
timal solution” of group invariant solution. The problem of deriving an optimal system of group
invariant solutions is equivalent to an optimal system of Lie symmetries. The method used here
is given by Olver [28] which basically consists of taking linear combinations of the generator and
reducing them into their simplest equivalent form by applying a carefully chosen adjoint transfor-
mation. 2
ad jlexp(ev;)] = v; —€[vi,vj| + ?[vi[vi,vj]] +...

where [v;,v;] is the usual commutator.



In this thesis, we deal with the methods of group invariant solutions, based on the theory of contin-
uous group of transformations, better known as “Lie groups”, acting on the space of independent
and dependent variables of the system. The method is due to originally to Sophus Lie who unified
and extended the special methods of integrating the differential equations. Through the construc-
tive procedures Lie established that, in the case of ordinary differential equations, invariance under

one-parameter symmetry group implies that the order of the equation can be reduced by one.

2.2 Invariance for the System of Partial Differential Equations

In Lie classical theory, we work with the applications of one parameter Lie group of transfor-
mations to nonlinear partial differential equations. Now, we will follow a procedure to derive
infinitesimals corresponding to each derivative as considered by Bluman and Anco [7], we obtain
the following.

Consider a kth order partial differential equation
Uiy in,...ip = S (2,1, ou,du, ..., aku), (2.2.1)

where f(x,u,du,du, ....,0u), does not depend explicitly on u;, ;,
We first show how to derive the Lie group of infinitesimal transformatlons with infinitesimal

u = U*(x,t,u;€) = u+en(x,t,u) + (&)

X = X*(x,t,uz€) = u+€&(x,t,u) + O(e?)

t* = T*(x,t,u;€) = u+et(x,t,u) + O(e?)
Where 1, & and 7 be the infinitesimal corresponding to u, x and ¢.
On invoking the invariance criterion the following relation from the coefficients of the first order
of € is deduced. Then the symmetry determining is in the form
Wil iy :E_,j%fj-l- g—f—i-njaf ............ +n]j<'1,j2,.,..,,jka—f
where u satisfies (2.2.1)

Now we find the values of n*, 0, ™, N, n**, n* etc.
ox dx or ot
ox*’ o’ ar*” ax*

ox
8_ we understand that u = u(x,7) and that only 7* is held fixed.

Hence

First we need to calculate the auxiliary functions —

x=x*—eE(x,t,u) + O(e?)

ox 0 dx  JEdu ox )
ox* I-e (axax* +$$ax*) +OE),




aa; (1+e (3‘;’ + g‘;’gﬁ) =1+ 0(&?),

B (B ) o0

Similarly
ox 0§ & du 5
P 8(§+a az)+0(8)’
o ot  Jdtau )
pyes —S(g‘Fag)‘FQ(S ),
o ot Jdtdu ’
o ($+£a)+0(8 )

Hence, we find the following extensions:

First extensions

u*  J 5

P ﬁ(u +8T]()C,l,u))—|—©(8 )a
_ O(u"+en(x,t,u)) ox Ot du )
=T o ara OF)

Substituting (2.2.1) into (2.2.2) we lead to

Let n* and 1’ denote infinitesimals of — and =, respectively. Then

ox* ot

T]x =MNx+ (nu - é’;x)’/‘x — Tl — &Mugzc — TyUxUs.

And similarly
n'=n+ (Mu — T )ty — Gt — Tuut Euttxtty.

Second extensions

du*  du on on dE\du Jtdu IE 2 9toudu )
ax*—a“(a*(a—a)a—ay—a— ) “auanar ) TOE)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

nxx =MNxx + (anu - E_,xx)ux — Tyxlty + (nuu - 2‘%}614)”)2( — 2Ty Uxlly — é;Ltbﬂ/‘ + ( - 2§x)uxx

2
— 2Tty — 3E by — Tyl Uy — 2Ty Uy Uy — Ty U Uy

nﬂ =M + (nxu - Ttx)ut + (ntu - &xt)ux Txuu; (T]uu gxu - Ttu)uxut - &luuyzc - Tuuuzzux

+ &uuu)zc”t — Txllyr + (nu - &x - Tt)uxt - &tuxx AT zau”xuxt — Ty Uy Uyt

- ?;uuxxut-

Tltt =N+ (2ntu - Ttt)ut - gttux + (nuu 2Ttu)ut 2gtuuxut Tuuut é;uu’/‘t Uy + (n

- ZTt)Un - thuxt — 3Ty Uyltyy — 2§uuxuxtut-



Third extensions
N™ =N + (Moxue — Tt )t + (2Nt — Gt )t — Sl Uy — 2Tyl Uy — 2Ty Ucllyrx+
(M — ngzu)uz (2N — G — 2T Uty — Txxuuz 2Txxuuxuz E_,uuzu + (Musau
— 28— Toua ) Ua s — Eupnd s — Tusaty 17+ (2N — G — 2Tt + (Mo — 215
— Taaltys — ATty Uy — 2Tuttyr e + 2 (Muwe — 2800 — T )t + (Muw — 28 — Toue) Ually
— 3ttt — 3Euuully Ul — Tunthortty — 3Eultplty — 2Tuttyy + (Mu — 26 — T )t
— Tyt — 2Tlsgx — Epthey — 3Euhxltye — EUUUGUE — ATl lly — Ty U

XXX

MNaox + (3nxxu - &xxx)ux — Toouxlly — 3Tooxullxlls + 3(nxuu - &xxu)u)zg - 3Txuuutu)2¢ + (nuuu
3&xuu) Tuuu” U — &uuuu — 3Tpcldsy + 3(nxu éxx)uxx + 3(nuu - 3§xu)uxuxx

n

2
— 3Ty — OTuy Ul Uy — 6§uuux”xx 3Tuuuxtu — 3Ty lhxx Uy — 3§u”xx — 3Ty lhxxllsx

3Txutxx + ( 3§x)uxxx 4&u”x”xxx - Tu”xxxut - 3Tuuxxtux~

2.3 Lie Classical Approach: An Algorithmic Overview

This algorithmic overview has been considered from Bluman and Anco [7]. The classical method
essentially consists of finding symmetry reductions of PDEs with the help of determining equa-
tions obtained under the condition of invariance of the system of PDEs. When a given system of
PDE:s is subjected to invariance under one-parameter Lie group of transformations, one arrives at
an over determined linear system of equations for the group infinitesimals. These infinitesimals of
the transformations help us to obtain the reductions of the system. The symmetries and reductions
reported in chapters 3, 4 and 5 are based on the applications of this method.
Consider a system of N PDEs with m dependent variables u = (u!,u?,...,u™) and n independent
variables x = (x1,x2,....,X,), given by
FF(x,u,0u,d’u, ...,0%u) =0,u=1,2,,...,N.
The point wise procedure is as follows:-
1) Let the one-parameter Lie group of point transformations leaves invariant the system of partial
differential equations.
2) Then, apply the prolonged operator X (k) given to each equation of the system and require that
XK FH py_g =0 wv=12 ..N.
The meaning of this condition is that X () vanishes on the solution set of the originally given sys-
tem. This condition assures that u(x) is solution of whatever u*(x*) is one.
3) Following the procedure as mentioned in section, a system of linear partial differential equa-
tions for § and 7 that constitutes a set of determining equations for the infinitesimal generator X
admitted by the given system of partial differential equations is obtained.

4) The solutions of the determining equations will lead to the explicit forms of & and 1.

10



5) Construct the corresponding characteristics equations and obtain u in terms of n-1 new indepen-
dent variables.

6) Rewrite the system in these new coordinates to get the reduced from of the system.

11



Chapter 3

GARDNER EQUATION

3.1 Introduction

The mathematical theory of the nonlinear evolution equations, starting from the Korteweg-de Vries
(KdV) equation and the modified Korteweg-de Vries (mKdV) equation is an area of research for
the past few decades [28] 31} 32, 133]134]. The Korteweg-de Vries equation (KdV) is a well known
model for description of nonlinear long internal waves in the oceans. Its coefficients are defined by
vertical density and currents stratification. In a shelf zone the coefficient of quadratic nonlinearity
may tend to zero, and the nonlinear model should be modified. In particular, The Gardner’s equa-
tion, that is also known as the mixed KdV-mKdV equation. The Gardner equation,which differs
from the KdV by presence of an additional term of cubic nonlinearity may be used as the general-
ized model.

This gardner equation shows up, particularly, in the context of internal gravity waves in a density-
stratified ocean. This is commonly described by the KdV equations and its versions with small
nonlinearity. However, there are situations when waves with strong nonlinearity is experienced,
as in the case of Coastal Ocean Probe Experiment during 1995 in the Oregon Bay, the problem of
creating an adequate theoretical model was deemed necessary. This lead to the study of Gardner

equation [16].

3.2 Symmetries
Consider the Gardner equation
Uy = 6(u+ €2 )ity + thx. (3.2.1)

Let the group of infinitesimal transformations be defined as
w* = u+en(x,t,u)+OE?)
x* = x+ef(x,1,u) +O(e?)

12



t* =t+et(x,t,u) + O(e?)
On invoking the invariance criterion the following relation from these coefficient of the first order
of € is deduced,

N’ — 6un* — 6u,M — 6021*N* — 120U — ™ = (3.2.2)

where ', N*, ™ are infinitesimal generator corresponding to iy, uy, Uyyy.

Substitute the values of i), n*, ™ in above equation we get

on 5 5y OM on ) 5y OT ot dE ot 5 933
5 +6(u+eu )uxau Urers 6(u+eau )uxat +uxxxat By ug 5 (36(u-|—ae u<) ux+uxgx
12(u+€2u? Y uyty ) — 61> &(u—l—s u )+£uxuxxx—6nux—60c2u2 81)2 —60%u ann +602u u)Ca—E"—i-

,0T ot
602 u> % — (6ut, + 6€%u ux—uxxx)+6oc2u2 95 U2 + 602Uy — (6umy + 682Uy — Uyry) — 1200 UMty —

ou " ou

om om d& »,0 ot
6ua —82 uxa—a:—6 §&—|— 6uaa3(6uux+6£ W, — uxxx)+6uuas—+6uuxa (6ut, + 6€%u’u, —
n T
uxxgz— e 353&3 x—}—a 3 83 8 3(6uux+68 W, — uxxx)+§3a o (6;;2—}—68 u? u§3 UXXX) —
LI 2 2 N3 3 ot
3a L +38 28 . <+ 3u 39 o 2(61/!;;4—68 u uxzéuxxx) 88 3 x+3aazza§ +uxa 38§6uux—|—
u
6€2 1% Uy — Uyry) + a§2x+3a 2 xézé S xx;fa 2l a32a 2uxx x+9a > uxxux+3a 0 uxx§(6uux+
T T
6sau Uy — uxxxz)9—|—6a aaux,ux—|—6g§2uxxu2;—§3a Zux;u;+3a 2umux(6uux—i-68 wlu, — u§x>+38 U2+
ot o o 9% % T ot _
Zauuxxuxt+3axuxxt ou uxx+3axuxx+4auuxxxux auuxxx(6uux+68 l/t Uy — uxxx)+3auuxxtux
Now equate the coefficients of uy, uyy, Uy, Uy, cOnstants, etc equal to zero and we obtain
o Jt ot
5_5_3_0 (3.2.3)
m o oo on_
5 —6u - — 60 R 0 (3.2.4)
6(u + o*u?) m_dry 9 o (om_ 95 — 61 — 602> m_ % — 120%um
du ot ot ou Ox ou Ox
(3.2.5)
-3 n —i—a3—<t° 0
ox2ou  ox3
’n
— 38u28x =0 (3.2.6)
ot 0§
_E+3a_o (3.2.7)
’n
53 = 0 (3.2.8)
’n 9%
-3 (axau — W) =0 (3.2.9)

13



— =0 (3.2.10)

From these equations we get
& = h(x1);
T=j(t);
n=flxnu+g(x1);
Put these values of §,T,m in above equations from ((3.2.3)-(3.2.10))

uf; (x,1) + g1 (x,1) — 61> f(x,1) — 6ug,(x,1) — 6020 fr(x,1) — 602U g (x,1) — 1t frooe(x,1)

_gxxx(xat) =0
(3.2.11)

6(u+ 02u®) (f (x,1) — Ji (2) — he(x,1) — 6u(f (x,1) — hy(x,1)) — 6uf(x,1) — 6g(x,1) — 60%u>
(f(x,2) = hy(x,1)) — 120702 £ (x,1) — 1207 ug (x,1) — 3 fur(x,1) + B (x,1) = 0

(3.2.12)
= Ji(t) + 3hx(x,1) =0 (3.2.13)
= 3(fi(x,1) = hax(x,2)) = 0 (3.2.14)
By equating the coefficient of u in equation (3.2.11) and (3.2.12) we get
Ji(x,1) = 6gx(x,1) = frwa(x,1) = 0 (3.2.15)
6(f(x,1) — ji(1) — f(x,0) + he(x,0) — 6 £ (x,1)) — 1202 g(x,1) = O (3.2.16)
By equating the coefficient of #? in equation (3.2.11) we get
—6fi(x,1) —602g,(x,1) =0 (3.2.17)
602 (f(x,1) — ji (t) — fx,0) + he(x,1)) — 1202 f (x,1) = O (3.2.18)
By equating the coefficient of x> in (3.2.11) we get
fx(x,1) =0 (3.2.19)
By equating the coefficient of constants in equation ((3.2.11)-(3.2.14))
81 (x,1) — gune(x,1) =0 (3.2.20)
—hy(x,1) —6g(x,1) — 3 frx(2,8) + e (x,2) =0 (3.2.21)
— Ji(t) +3he(x,1) =0 (3.2.22)
—=3(fu(x,t) = hx(x,2) =0 (3.2.23)
Now we get from equation (3.2.19) and then from (3.2.17)
fx(x,1) =0 (3.2.24)
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gx(x,1) =0

We get g=constant
g=a (say)
By equations (3.2.18) and (3.2.17)
—Je(t) + ha(x,1) = 2 (x,1)

— Ji(t) + hye(x,1) — f(x,8) = 2a2g(x,t)

Then
f=20a.
From equation (3.2.21)
hy(x,t) = —6a
Then
h = —6at + k(x)

Put value of equation (3.2.28) in equations (3.2.26) and (3.2.27), we get

— Ji () + hy(x,1) = 402a

— Ji(t) +3hy(x,2) =0

We get from equation (3.2.31) and (3.2.32)
h=—202ax+n(r)
h=—202ax—6at +b
where a and b are arbitrary constants.
j(t) = —60a

j= —602at + ¢

where a and ¢ are arbitrary constants.

Therefore the value of f, g, h and j is

f=20a,
g=a,
j=—60%at+b,

h = —202ax — 6at +b.

15

(3.2.25)

(3.2.26)

(3.2.27)

(3.2.28)

(3.2.29)

(3.2.30)

(3.2.31)

(3.2.32)

(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)
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Then the solution of the determining equations is given by

gt

(x,1) = —202ax — 6at + b

A

(x,1) = —602at + ¢

N(x,t) = 20lau+a.

Where a, b, ¢ are arbitrary parameters. Hence the symmetry generators admitted by gardner equa-

tion are 3 3 3 3
2. % 9 2O 2 9
V= 2ocxax 6tax 6octat+(2(xu+1)au

d

sza

)

T ot

Optimal System

The commutators table and adjoint table for Lie algebra can easily be constructed as follows:
The commutator (Lie bracket) of Vi, and V3 is first order operator defined by
[V(x, VB] - V(xVB - VBVOC

Table 3.1 Commutator table

comm Vi 1%) V3

Vi 0 202V, 6(V +a?V3)
Vs —202V; 0 0

V3 —6(Va +a?v3) 0 0

Formula of adjoint table is
2

. €
Ad jlexp(eVi)]V; = Vj —elVi, Vil + S [VilVi, Vill + ...

Table 3.2 Adjoint table

Adj Vi \%} V3
—&
Vi % Va(1— 20%ee 2 ) V3ef6a28 — 68V2€78a28
Vs Vi +2e0?V, Vs V3
V3 V| — 6V, — 602V, %3 Vs

16



We deduce an optimal system of sub algebra with their corresponding generators as follows:-
(HV1

(2)Va +uV3

(3)V3

Where u is arbitrary constant.

3.3 Reduction and Exact Solutions

In this section, corresponding to each generator in the optimal system of sub algebra, the reduc-
tions of PDEs(3.1)into ODEs in terms of similarity variable and the new dependent variables-F,
are obtained using the auxiliary equations.some exact solutions of each reduced system are then

attempted.

Generator (1)
The generator (1) is V;
The corresponding characteristic equations are given by:-

dx B dt B du
—202x— 6t —602t 202u+1

Thus the generator (1) in the optimal system defines the similarity variable and similarity solution

as follows
-2
| —1
u(x,t) = >—(t 3 F(§)—1)

202
Using the similarity variable, the forms of the similarity solution, the system of Partial differential

equation (PDE) (3.2.1) reduces to the followings system of Ordinary differential equation.
602 F" +26F o + 20°F +9F*F' =0

In this case we are able to find only reductions.

Generator (2)
The generator (2) is V, + uVs.

The corresponding characteristic equations are given by:-

di_di _du
I u O

17



Thus the generator (2) in the optimal system defines the similarity variable and similarity solution
as follows:-
§=ux—t
u(x,1) = F(G).

Using the similarity variable, the forms of the similarity solution, the system of Partial differential

equation (PDE) (3.2.1) reduces to the followings system of Ordinary differential equation.
6uFF' +6e*uF?*F' + 1P F" +F =0

By using Maple software, we get some exact solutions of

FE)=c
FI) = 5t~ 5 | V226 + e 1 - 12 JW & )
F@=—£ﬂéi5v§y@w4wmmcl1¢Vrf§?52>
PE) = s o ( V2267 s 1+ L YRVHC2E TG )
F(§)=—2L s (f u(— 282+3u)sech<cl+l\/_\/mé>)

P = 32—z V(26 3 -3 J—mﬁz )2
FE) = —2%2 + %é u(—2€2 +3u)tanh | ¢ — % \/—y(—yzziz +3u)§
F(§) = _2%:2 - %l% u(—2€2+3u)tanh | ¢y + % \/—.U(—yz;f +3u)€
F(§) = —% + %é p(—2€2 + 3u)tanh | ¢) + % \/—,U(—MZ;j +3y)§>
F(§)= —2%2 e \/ (222 — 26+ 3y1) jacobiCN | ca+cxt u(2c§s;z;—c3zgz +3p)

18



The solution of the system is given by

u(x7t) C3
L1 1 v/2/u(— 267 4 31) (e — 1)
Uot) = =3~ e (ﬁ (=262 + 3u)sech ( ! =
bl 1 V2/u(=262 4 3p) (ux — 1)
“o) = 3 2 ue? (ﬁ p(—2€>+ 3u)sech (Cl ~5 e
! 11 1 ﬁ\/m ux —t
u(x,t) = o2 5/*? <\/§ u(—2¢€2 +3u)sech ((31 + 2 ( e )( )
(3.3.1)
! 11 1v2 u(—2e2 4+ 3u) (ux —t
u(x,t) = 22 EE <\/§ u(—2¢€2 +3u)sech <c1 +§ ( e )( )
(3.3.2)
L _11 1 /(26 1 3p) (ux — 1)
u(x,r) = T2 el u(—2€2+3u)tanh | ¢ — > v pr
L1 1 /(=267 + 31) (v — 1)
Ul =3 2 ue? p(=28% +3pjtanh | ¢1 — 5 v e
L 11 1 /(26 1 3p) (ux — 1)
) = 503~ 3 ks (V28 a3 VHEE
L1 |/ —u(=282 4 3u) (ux — 1)
1) = = 2e2 " 2 ue? p(—2€*+3u)tanh | c1 + 5 v e
1o \/1(2ckeud — 262+ 3p)
- _ 2 N
u(x,t) = 22 2’ \/H(20382y3 —2€2+3u) jacobiCN | ¢ +c3(ux —1) e,
(3.3.3)

where €, ¢ and u are constants.



Figure 3.1: Plot of solution (3.3.1) bye =1,u=1,c; = 1,x =—10.....10, = —5...... 5
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Figure 3.3: Plot of solution (3.3.3) by e = .50,u=1,co =1l,c3 =2,x=—-2...2;t =—-2.....2

Generator (3)

The generator (3) is V3.

The corresponding characteristic equations are given by:-
dx dt du
0 1 0

Thus the generator (3) in the optimal system defines the similarity variable and similarity solution

as follows
& =xu(x,1) = F ().
Using the similarity variable, the forms of the similarity solution, the system of Partial differential

equation (3.2.1) reduces to the followings system of Ordinary differential equation.
6FF' +6e°F*F + F" =0

By using Maple software, we get some exact solutions of

F(§)=cs
20
L \/MJacobiSN <62+C3&%+'33826>
FE)=--5—=
&) =523 ¢

. ] 2 2,6
| . \/mwcoszD (Cz +C3§%%)

FEI="52"3 &
1 1 \/gsech (—cl —1—%@)
FE="22 72 &
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1 1 V6sech (—Cl + %

F(E"):_Z_SZ—'_E 2

1 \/_sech< %\/&’)
F(&):_z_ez D) g2

1 1 V6sech <C1 + %T6§>
FE)=-52+3 e2

1 1\/§tanh< 61+1”f&>
F(€)= g2 2 €2

1 1\/_tanh( Cl+é%>
F(§)= _E—'—z g2

1 1 \/_tanh< % \/5§>

F)=—=
1 1 V/3tanh ( % 83§>
F(&) = 5
Thus, the following solution of the system is obtained

u(x,t) =c3

. | \/mjacoblSN (Cz +c3x5 \/?)
t)=—=5—=
. | \/wmcoszD (Cz +C3X5 C)
u(xat):_z_sz—i_i 82

1 1 V6sech (—Cl + %%)
1 1 \/_sech< V6 )
u(x,t) = 2¢2 ) g2
1 1 V6sech <C1 + %@)
u(x7t):_2_82+§ €2
1 1 \/§tanh( c1+s lfx)

22

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)



1 1 \/§tanh (—C] + %@)
u(x,t) = _2_€2+§ p)

11 V3tanh (Cl%@)
uel) =223 &

1 1\/§tanh (C]‘F%@)
u(x,t) = _2_82+§ 2

where € and ¢ are constants.

Figure 3.4: Plot of solution (3.3.4) by e =.5,co =1,c3 =1.5,x=—10.....10
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.

—=5....5

7'x:

,cr=1

=.5

Figure 3.6: Plot of solution (3.3.6) by €

=-5....5

c1=2,x

Y

=.5

Figure 3.7: Plot of solution (3.3.7) by €
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Chapter 4

BUCKMASTER EQUATION

4.1 Introduction

Partial differential equations from the basis of many mathematical models of physical, chemical

and biological phenomenon, and more recently their use has spread into economics, financial fore-

casting, image processing and other fields . Their are many methods to solve partial differential

equations, such as the collocation method, method of lines etc. In this chapter, the Lie classical

method was used for solving Buckmaster equation. Earlier this Buckmaster equtaion was solved

by Finite Volume Method [37]].

4.2 Vector fields and Optimal Systems

Consider the Buckmaster equation.
= (u*) e+ ().

It becomes:-
Uy = 12u2u)26 + 4u3uxx + 3u2ux.
Let the group of infinitesimal transformations be defined as
w =u+en(x,t,u)+O(e?)
x* = x+eE(x,t,u) + O(e?)
t* =t +et(x,t,u) +O(e?)

The coefficients of first order of € are:
24P + 24P u M + 120Nty + 4°0™ 4 36’0 + 6umu, — ' =0

Where n*, ', N** are infinitesimal generator corresponding to uy, Uy, tyy.

Substitute the values of *, ’, ™ in above equation, also put the value of
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U = 12u2u§ + 4P uy, + 3ulu,.
And

Uy = 24Ut Uy + 24uu + 1202 Uty + 4183 e + 6uu2 + 3uP Uy
We get:-

2dumu? + 24u 3—”ux+24 23" 2 24u23—§u2—24*12 4g—u —96u5(.a;uxuxx 72
u x X
208 3 491 iy w9t > 497 3 2 39" 3 azﬂ
—24u? o u —288u au —96 o — Uy — 12U % u, +12u nuxx+4u 52 + 8u axau
02 E_, 0%t 02 T s0°1 ’n 9%

3 5 2 6 2 5
—4u Pl —48u Pl —16u FL — 1240 o S5 Uy +4u (auz Zaxa )ux—96u
813 681 584:2 ;0% 5 5814 60°T
axau —32u 9 ——— Uyl — 24U axau —4u ﬁu —48u 2 ~—u, — 16u o zuxuxx

ot
I/t4 - M2
X

9%t 0 0 ot
— 120 — u +4u < n_ —E") Upy — 8u3a—(24u2uxuxx + 24uu)3c + 120 Uty + 3 Uy

ou? ou ox

63“5 2 12“581' 2

ou Hex ™ ou *

Uyt — 4810° — o7 uzuxx — 16u

0
+ 6uu2 + 3u2uxx) 12432 o

ou

a‘cz

au ou

U Uy — 961>

0
(24u Uyl + 24uu + 1202 Uty + APt + 6uu +3u? Upy) — 32u6—ruxx(24u2uxuxx

ot
+ 24uu)3c + 12u2uxuxx + 4u3uxxx + 6uu)2C + 3u2uxx) — 2417 —ux(24u2uxuxx + 24uu)3€3 + 1242

Jdu
0 0 0 0
Uty + 45 Uy + 6uu)26 + 3u2uxx) +3u>— N +3u? (_Tl — —E’) u, — 36u* Tuz — 120 =

ox ou oOx ox ~
—9u4g—1ux—3u23§ 2 36u4g—T 3—12u5§T
X u u u

40T 0
Uyllyy — 9u* — Uy +6uuxn——n 12u%u

ou * ot

ou ot ou ot Ju ot ot 0

Uxx

(a_“_%)_M%x <a_“_%> 3utu (a—n—%)—%ux—a—(l44 Ut + 16u0u?

0 0
+9u4u2+96u5u Uy + 240 Uyt + 720 ) 2;12 2 3 — P = & 3u

Now equating the coefficient of u,, u)%, Uy, CONSTANLS, Uyyy, uf‘;, then we get:-

n_n_ %k
du Jdx du
3n+2ug—i—u%—0
6ug—i—3 3—2—67]— 23272'—3 3:—0
—242an+4 3g§ 8u3aazanu+3u2% 3u23: un—%:O
G+l 5l -
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(4.2.4)
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From equation (4.2.4)

We get
1, Jt o&
— o 2 _°
309 o
And differentiate w.r.t. u, we get
on 1,0t _dE
(292>
Ju 3 ( ot ax)
Again differentiate w.r.t. u, we get,
’n
—1_0
ou?
d 0°
Put value of il and on in equation (4.2.5)
ou ou?
From here we get
ot .d§
902>
ot ox
And differentiate w.r.t. x, we get
ot 9% 0
Jtox  oxz
So value of n=~0
Put value of 1 in equation (4.2.5)
Then we get
9§ _ dg
32 =22
Yox T o
And %
20
ox
And %
20
ot
We get
E=k.
Also from equation (4.2.8)
ot
2—=0
ot
So
T= k2

Then the solution of determining equations is given by:-

E(x,t) =kl
T(x,t) =k2
n(x,1) =0

(4.2.8)



Hence the point symmetry generators admitted by the Buckmaster equation are:-

0
V]—a
0

2T o

Optimal System

The commutator table and adjoint table for Lie algebra can easily be constructed as follows:-
The commutator of VgandVy is first order operator defined by:-
[V(x, VB] - V(xVB - VBVa

Table 4.1 Commutator table

comm Vi 1%)
Vi 0 0
\%3 0 0

Formula for adjoint table is:-
. 2
Ad jlexp(eVy)]V; = V; —e[V;, Vi| + 5 [Vi[V;, V)] + ...

Table 4.2 Adjoint table
adj Vi Va
Vi Vi %)
1%} Vi %)

We deduce an optimal system of sub algebra with their corresponding generators as follows:-
( 1)V1 +mV,
(2)V2

Where m is arbitrary constant.

4.3 Reduced ODE’s and Exact Solutions

In this section, corresponding to each generator in the optimal system of sub algebra, the reduc-
tions of PDEs(3.1)into ODE:s in terms of similarity variable and the new dependent variables-F,

are obtained using the auxiliary equations.some exact solutions of each reduced system are then
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attempted.

Generator(1)
The generator(1) is V| +mV;.

The corresponding characteristic equations are given by:-
dx dt du

1 m 0
Thus the generator (1) in the optimal system defines the similarity variable and similarity solution

as follows

E=mx—t

u(x,t) = F(&)

Using the similarity variable, the forms of the similarity solution, the system of Partial differential
equation (PDE) (4.2.1) reduces to the followings system of Ordinary differential equation(ODE)
12m?F2F”? + 4F3m*F" 4+ 3mF*F' + F' = 0.

Using maple we obtain the exact solutions

The solution of the system is given by

where c3 is constant.

Generator(2)

The generator (2) is V5.

The corresponding characteristic equations are given by,
dx dt du
0 1 0

Thus the generator (2) in the optimal system defines the similarity variable and similarity solu-
tion as follows
E=nx
u(x,1) =F(E).
Using the similarity variable, the forms of the similarity solution, the system of Partial differential
equation (PDE) (3.1) reduces to the followings system of Ordinary differential equation(ODE)
12F2F2 +4F3F" +3F?F' = 0.

Using maple we obtain the exact solutions




The solution of the system is given by

Where ¢y, ¢p and c¢3 are constants.
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Chapter 5

DEGASPERIS PROCESI EQUATION

5.1 Introduction

Degasperis-Procesi Equation is a real nonlinear partial differential equation which models prop-
agation of nonlinear dispersive waves and is solvable by the methods of soliton theory. The
Degasperis-Procesi equation was first introduced by an asymptotic integrability within a family
of third order dispersive equations. Then Degasperis [11] proved the exact integrability by con-
structing a Lax pair. Exact solutions play a vital role in the study of nonlinear phenomena as
Degasperis-Procesi equation provide much information n various aspects of the physical phenom-
ena. The classical Lie method is utilized to obtain optimal system of the subalgebras for this

equation [17].

5.2 Lie Symmetries

Consider the Degasperis Processi equation
I/t[ - u_xx[ + 4uux — 3uxu_xx + uuxxx (5.2. 1)

Let the group of infinitesimal transformations be defined as
w = u+en(x,t,u)+O(e?)
x* = x+eE(x,t,u) + O(e?)
t* =t +et(x,t,u) +O(e?)
On invoking the invariance criterion the following relation from these coefficient of the first order

of € is deduced,
N =™ i+ 4™ — 3uom” = 3uN™ — e — ™ =0 (522)

Put the value of %, 0/, ™, ™, ™ in (5.2.2), We get
Ne+ (M — T )1y — & — ‘Cuutz — ittty +AMuy +4umy +4u(ny, — & ) uy — dutou, — 4u§uu)% —Aut, Uy —
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Bt M — 3t (M — &)t + Bty Tty + St Egtt? + St Tyttt — 3uxM e — 3 (2N — G ) 102 + Bttty Ty —
3 (M — 2E) 13 + OTwggte2u + 3ttt — 3 (M — 2E) U + 61y Tty + O uhext? + 3Tybhlhlhy + 6Tl lhlty +
BTttty — U — 1M e — (3M e — Gocar et A Tt~ 3U Tttty — 3 (Mo — G ) U3 + 3T Uty —
(M — 31ttt + Tttty + Sttt} 4 3Tttt — 3 (Mo — Ex Yttt — 3(Muw — 3 Uittt +
T Ul Uy O Ty Ul Uy + 6§Wuxxuu)2€ + 31:Wuxtuu)2c + 3Ty Ut Uy + 3§uu)2cxu + 3Ty U Ut U+ 3T U U —
(Mo — 3&) it + A8 thxtttax + Tyttxtttty + 3Tythxrthxtt — Mooy — (Moo — Towr ) e — (2Mxtue — Goonr ) U —
(Mo = 28t ) 02 = (2M e — G — 2Ttue )ttty ~ Tt~ 2Tttt + &ty — (M — 2E e — T ey +
&uuuu U + Tuuuu u, — M — 28 )ty — (2N — G — 2Tar )y + Taxller + ATulhrty + 2T gty +
3Eruttrttx — 2 (M — 2E — T et — (Muwe — 2.0 — T ) ety ~+ 3Epuubhog U2 + AT Ur Uty + Ty U +
3E uthpttytty + Tuuuxxutz + 3& U lixy + ZTuu)zg + Tyttexttyy — (Mu — 2865 — T )ty + 2Tty + Gt +
3E ittty + Eylhyrtty + 2Tyttt + 2Ty ltgrtty = 0
Put value of uyy = u; + 4uu, — 3u iy, — Uy, in above equation, We get
Mo+ (Mo — Tty — &ty — Tu1t? — Epyety + 401ty +Aum, + 4 (M, — E )iy — 4utouy — 4ulu’ — duty i, —
B My — St (Mu — &)+ St Tty + St Eyute? + 3t Tttty — 3upMx — 3(2M ey — G JuZ + 3ttty T —
3 (N — 28) 13 + 6Twgte21 + 31 — 3 (M — 28) e + 61y Tty + 9y heet + 3Tuthttelty + 6T, (14 +
Aty — 3ttt — Utk ) Uty ~+ 3Tyl Uy — U™ — UM — (3N — G et + Tty U+ STyl clly —
3 (Nuer — S )utez + 3Txurttezrty — Mo — 3 U ~+ Tttty + Sttty + 3Tuxttgtt — 3 (M —
&)Uty — 3 (M — 3E a0 ) Uttty + Ty Utk Uy ~+ OT gyttt Ui+ 68yttt + 3Ty Uy Ut 4 3Tyttt +
3E 12 1+ 3Tttty 4+ 3T (14 Attty — 3ty — Uk ) — (Mg — 3E) Utk 4Gl UHX Ty Uttty -+
3 (uy + 4utty — Bttty — ke ) Uett — Mo — (Mo — Tt )ty — (2Nt — St )1t — (Mrsw — 20 )15 —
(2N — G — 2Tttty + Tty + 2Tttty ~+ Gty — M — 2w — T 13y + Gttty +
Tuuu“ ”t — (Mo — 28 )ttsr — (2N — Eoor — 2%¢ ) thr + Ty + ATlhetty + 2Tyttt + 3Es ety —

2 (M — 2 — 1)ttt — (Muwe — 2800 — Trae) ety + 3 uuhng U3 ~+ AT, g ity + T U1y A 38 tx iy +
Tty ~+ 3ttt + 2013, + Tyttt — (M — 28 — Tp) (1 + Aty — Bttty — Utkye) + 2Tubty +
& oo+ 380 (1t +-Autty — 3ttty — Uttt ~+ oty 4 2T Uy s -+ 2T, (U Attty — Bttythyy — Ul ) Uy =
0
On subsituting the coefficients of different differentials equal to zero lead to number of partial dif-
ferential equations in T, &, and 1 that need to be satisfied. The set of determining equations for
the group of infinitesimals T, £, and 1 , which is obtained from above equation, after equating the

coefficients of various derivative terms to zero, is as follows:

€.,=0 (5.2.3)
Te=7T,=0 (5.2.4)
Nuu = 0 (525)
M — & =0 (5.2.6)
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Mo — 28 =0
uty =& 4+n—u =0
—T+&—M,=0
Mo — 2&x+ 3Ny — 3uMy = 0
e — Nexr + UMy — UM e = 0

uny — 3’/lnxxu + %t - 4n + 3nxx =0

(5.2.7)
(5.2.8)
(5.2.9)
(5.2.10)
(5.2.11)

(5.2.12)

The set of equations (5.2.2-5.2.11) helps us to obtain the infinitesimals &, T and 7, as follows:

E=a
T=—wmt+a

N = aszu.

Where ay, a> and a3 are arbitray constants. The Lie algebra associated with equation (5.2.1) con-

sists of the following three vector fields.

0
Vl_a7
0
V2_§7
0
V3_I/t$—l'a

5.3 Optimal Systems

The commutators table and adjoint table for Lie algebra can easily be constructed as follows:

The commutator (Lie bracket) of Vi, and Vj is first order operator defined by

[Va, VB] - VQVB - VBV(x

Table 5.1 Commutator table

comm Vi V2 V3
Vi 0 0 0

Vs 0 0 2]
Vi3 0 %) 0
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Formula of adjoint table is
2

€
Ad jlexp(eVi)[V; =V —e[Vi, Vi + - [VilVi, Vil + .....

Table 5.2 Adjoint table

Adj Vi V2 Vi
Vi Vi Va V3
1) Vi %) Vi +€V,
V3 i Voe € V3

We deduce an optimal system of sub algebra with their corresponding generators as follows:-
(D Vi+uVvs
2) Vs

Where u is arbitrary constant.

5.4 Reduction and Exact Solutions

In this section, corresponding to each generator in the optimal system of sub algebra, the reduc-
tions of PDEs (5.2.1) into ODEs in terms of similarity variable and the new dependent variables-F,
are obtained using the auxiliary equations.some exact solutions of each reduced system are then

attempted.

Generator (1)
The generator (1) is V| +uVs

The corresponding characteristic equations are given by:-

dx dt du

T
Thus the generator (1) in the optimal system defines the similarity variable and similarity solution
as follows
E=rtet

u(x,1) = ;F (&)
Using the similarity variable, the forms of the similarity solution, the system of Partial differential

equation (PDE) (5.2.1) reduces to the followings system of Ordinary differential equation(ODE)
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—&F'+F+y2§3F”’+2,u2§2F"—4,u§FF’+3,u3§3F/F”—|—3,u3§2(F/)2—|—,u3§3FF'"

In this case we are able to find only reductions.

Generator (2)
The generator (1) is V3

The corresponding characteristic equations are given by:-

dx dt du

0 —t u
Thus the generator (1) in the optimal system defines the similarity variable and similarity solution
as follows
E=x

u(x,1) = ;F (&)
Using the similarity variable, the forms of the similarity solution, the system of Partial differential

equation (PDE) (5.2.1) reduces to the followings system of Ordinary differential equation(ODE)

FF///+3F/F//_4FF/_F”+F:() (5.4.1)

We have considered the series solution here. Let

a a
F(§)= §—§+€1+ao+b1&+bz&2 (5.4.2)
Diff. w.r.t &, we get
! a dai
F'(€) = —2§ = +by +2b5§ (5.4.3)
Again diff. w.r.t §
F"(§) = 652 + 2% +2b (5.4.4)
- g4 &3 2 .

Again diff. w.rtg
a

F"(E) = —242% ~ 6% (5.4.5)

Put value of F(§), F'(§), F"(€), F"'(§) in equation (5.4.1) , we get
Then comparing the coefficients of =3, E=2, E~1, &0 E1 £2 E3 E4 E5 €S, E7, we get

a; =0
a =0
b,=0

1
bl_é_l
apg=0



The solution of the system is given by
u(x,t) = — (5.4.6)
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CONCLUSION

In this thesis we carried out the studies of nonlinear partial differential equation due to their im-
mense use in the study of various fields i.e. in pure mathematics, in applied mathematics and in
various physical phenomena. To derive the exact solution of nonlinear partial differential equa-
tion, Lie Classical Method is used in this thesis via Gardner’s equation, Buckmaster equation,
Degasperis Processi. We refer to Classical Lie approach to determine the admissible symmetries.
After obtaining the point symmetries admitted by a system under investigation, a formal approach
of identifying an optimal system of Lie sub algebras has been opted with the help of the adjoint
action of the Lie algebra. The basic generator contained in the optimal system have been exploited
to achieve the desired reductions of partial differential equations to ordinary differential equations.
Some exact solution of each reduced systems are then attempted. The resulting ordinary differen-
tial equations hav ebeen examined subsequently for various types of exact solutions. Various exact
solutions are obtained in terms of hyperbolic functions, elliptic functions.. Some figures to have an

idea about the nature of the solutions are plotted in the thesis.
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