
A Thesis report on 

Experimental Investigation on the Robustness Analysis of a 

Single-Link Flexible Manipulator towards Parametric 

Uncertainties and Input Disturbance 

Submitted in partial fulfillment of the requirement for the award of degree of 

 

MASTER OF ENGINEERING 

IN 

CAD/CAM 

 

Submitted by 

Amardeep Singh 

(Roll no. 801584003) 

 

 

Under the guidance of 

Dr. Ashish Singla 

Assistant Professor 

Department of Mechanical Engineering 

Thapar University, Patiala 

 

DEPARTMENT OF MECHANICAL ENGINEERING 

Thapar University 

Patiala-147004, India 

July, 2017



ii 

 

Declaration 

I hereby declare that work done in this thesis entitled, “Experimental Investigation on the 

Robustness Analysis of a Single-Link Flexible Manipulator towards Parametric 

Uncertainties and Input Disturbance” submitted towards partial fulfilment of requirement 

for the award of degree of Master of Engineering in CAD/CAM Engineering at Thapar 

University, Patiala, is an authentic record of work carried out by me under the supervision 

of Dr. Ashish Singla (Assistant Professor, Mechanical Engineering Department, Thapar 

University, Patiala.) 

 

 

Date:17-07-2017                                                                            Amardeep Singh 

Roll No. 801584013 

 

 

This is to certify that above declaration made by the student is correct to the best of my 

knowledge and belief. 

 

Dr. Ashish Singla 

Assistant Professor 

Mechanical Engineering Department 

   Thapar University, Patiala 

  



iii 

 

Acknowledgements 

Through this, I would like to thank the almighty God who blessed me with so many grateful 

moments and eminent personalities throughout my life. It’s all started, when I first got 

familiar with one of the distinguished personality, Dr. Ashish Singla, during my Master’s 

course in Thapar University, Patiala. Fortunately, after six months of my Master’s course, I 

got the colossal opportunity to carry out my research work under his supervision. 

I would like to acknowledge my guide Dr. Ashish Singla, (Assistant Professor, Thapar 

University, Patiala), for his benevolent propositions and positive guidance. His way of 

expressing the views on any topic inspires me a lot. They are all his amiable efforts who 

helped me in improving my soft skills along with research work. This work is a small tribute 

to show respect and admiration to him. 

Further, I would like to show my deepest gratitude to Mr. Jyotindra Narayan, Mr. Gaurav 

Garg and Mr. Ishan Chawla, as my lab mates, for sharing quality ideas and having research 

oriented discussions. It was really blissful for being a part of such group having lot of 

diligence and smartness.   

Moreover, I would like to acknowledge, Mrs. Garima Sorahu, Mr. Kamaldeep Sharma, 

Mr. Gaganpreet Singh Hunjan and Mr. Jaspreet Singh, as my colleagues, for their 

valuable advices at numerous choices making moments throughout my master’s course.  

Also, I would like to them for balancing the humour in my tough times. 

Further, I would like to acknowledge my parents, my beloved brothers, Mr. Kuljinder Singh 

and Mr. Jaspreet Singh, and my sister-in-law, Mrs. Gurpreet Kaur for their consistent 

support and motivations throughout my whole life. Finally, I would like to thank my friends, 

Mr. Manu Dev Sharma, Mr. Liakatbir Singh and Ms. Harmandeep Kaur for their noble 

suggestions and sparking stimulations in my life.  

 

 

Amardeep Singh 

  



iv 

 

Abstract 

Over the last few decades, flexible manipulators are extensively used because of their light 

weight and low power consumption. However, reduction in weight of manipulator causes tip 

deflection. Many researchers used different controllers to eliminate tip deflection and 

implemented it on experimental model. Design of controller depends upon mathematical 

model of a system. The unmodeled dynamics of the system e.g. friction, backlash etc. leads to 

parametric uncertainties in the dynamic model, which are addressed in this thesis by 

designing robust controllers. 

 

The first contribution of this thesis is to develop the accurate mathematical model,  which is a 

prerequisite to design a suitable controller. Two approaches are used to develop the model of 

a single-link flexible manipulator: finite element method and lumped parameter method, by 

considering linear and angular tip deflection, respectively. Both the models are derived using 

Euler Lagrange approach. Mathematical models of the flexible manipulator are validated by 

comparing their step response with the step response obtained from Quanser experimental 

setup of single-link flexible manipulator. Linear Quadratic Regulator (LQR) and Integral 

Sliding Mode Controller (ISMC) are designed to control the tip deflection of the flexible 

manipulator. Gain of both the controllers are found by optimizing the weight matrices using 

Genetic Algorithms. Further, in this thesis, the performance of both the controllers are 

investigated on the basis of their robustness towards input disturbances. To investigate the 

effect of parametric uncertainties, different parameters associated with the manipulator such 

as mass, length, flexural rigidity and payload are varied and their effect on the manipulator 

frequency is reported.  Moreover, the simulation results of both the controllers are compared 

with each other and are validated with the corresponding experimental results by applying 

input disturbances. 
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Chapter 1  

Introduction 

1.1. Manipulator 

A manipulator is used to manipulate materials without having direct contact. Primarily, the 

applications made use of robotic arms to deal with radioactive material. Nowadays, they are 

used in variety of applications such as surgery assisted by robots, welding automation and in 

space. It has an arm-like mechanism with segments’ series, usually jointed and sliding (called 

cross slides), that holds and shift the objects through a number of degrees of freedom. In 

industries, a manipulator is used as an assisting device to lift and place the articles that are 

large, heavy or hot. Manipulator tooling helps the lift to roll or spin the parts and 

appropriately place them as well as it has the ability to reach into tight places, for lifting 

purpose. Manipulator can be used for various applications in industries like pick and place, 

assembly, welding, paint etc. A rigid manipulator installed at GNA Axles is shown in Figure 

1.1. It is observed that these manipulators are very bulky in nature, leads power consumption 

in moving the object from one location to other. Moreover, their speed of operation speed is 

reasonably low. To address these two issues, the trend is towards making light-weight 

manipulators. With reduction in mass, tip position instability occurs and this problem is 

solved developing suitable controllers. 

 

Figure 1.1: Rigid manipulator 



2 

 

1.2. Flexible Manipulator 

The reduction in the weight of the manipulator decreases its stiffness, which causes tip 

deflection and makes it flexible in nature. Flexible manipulator stores two types of potential 

energies, due to position of the link and due to stiffness of the link. The potential energy due 

to stiffness causes tip deflection. On other hand, the rigid manipulator has very high stiffness 

and thus it stores the potential energy, mainly due to the position of the link in the 

gravitational field. A single-link flexible manipulator, developed by Quanser (Canada) is 

shown in Figure 1.2. 

 

Figure 1.2: Quanser flexible manipulator 

  

Flexible manipulator has a number of advantages over its rigid counterpart, which are as 

given below: 

 Large work volume 

 Low cost price 

 Large amount of payload to manipulator weight ratio 

 Higher operational speed 

 Low power actuators  

 Easily transportable 

 Lesser energy consumption 

 Reduced inertia leads to safe operations 

However, flexible manipulator has a big disadvantage that the vibrations are more due to low 

stiffness. 
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However, the trajectory and the position control of the flexible manipulator is a very 

challenging task. 

1.3. Applications of Flexible Manipulators 

The flexible manipulators have a variety of applications. Some of the applications are listed 

below: 

 Aerospace Industries: To reduce the launching cost of space missions by minimizing 

the weight of robots as well as by minimizing energy using lower weight 

manipulators[1]–[3]. Space manipulator is shown in Figure 1.3. 

 

Figure 1.3: Flexible manipulator in space [W1] 

 Nuclear Power Plants: Manipulators can be used in higher radiation areas and nuclear 

waste disposal to protect and help the nuclear workers[4]. 

 Medical Surgeries: Flexible manipulators can be used in hospitals to perform 

operation to overcome the present robotic systems that are expensive and bulky. The 

flexible manipulator can be easily used for internal inspection of the body[5]. 

 Military: Flexible manipulators can be used for inspection, diffusion of bombs as they 

can easily reach through the gaps due to their flexibility. Figure 1.4 represent man 

carrying light weight flexible manipulator (Bulle) to inspect military aircrafts.   
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Figure 1.4: Man carrying flexible manipulator in backpack to inspect military aircraft. [W2] 

 Commercial Industries: Flexible manipulators can be used in commercial industries to 

reduce the production cost[6]. 

1.4. Objective of Thesis 

The objectives of the proposed work are listed below: 

 Modeling of the flexible manipulator is done by using finite element method and 

lumped parameter method. 

 Actuator dynamics are augmented with both the models.  

 Genetic Algorithm based linear quadratic regulator is designed to minimize the tip 

deflection. 

 Integral sliding mode controller is also design to compensate input disturbance.  

1.5. Organization of Thesis 

The Present dissertation is organized as follows-Chapter 2 represents the detailed literature 

survey of the flexible manipulator system. The survey starts, with the modeling of the flexible 

manipulator, where different modeling techniques used by researches are discussed. Further, 

the controllers used by researches to address the tip deflection problem of flexible 

manipulator are discussed. 

Chapter 3 deals with mathematical modeling of flexible manipulator. Two methods are used 

to develop dynamic model of flexible manipulator; finite element method by considering 

linear tip deflection and lumped parameter model by considering angular tip deflection. The 
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actuator dynamics is augmented with flexible link manipulator for better accuracy. 

Furthermore, the real time apparatus, Quanser flexible manipulator  

Chapter 4 presents two controller techniques i.e. linear quadratic control and integral sliding 

mode control, to minimize the tip deflection while tracking shaft angle. Further, study of 

these controllers for input disturbance is presented. 

Chapter 5 explains the experimental setup of the flexible manipulator and its components. 

The parameters considered for the experimental setup is presented in this chapter. The 

validation of the mathematical model and controlling technique is performed using this 

apparatus. 

Chapter 6 presents comparative analysis of two mathematical models i.e. finite element 

method and lumped parameter method with real time apparatus. The frequency analysis of 

dynamic system is done on finite element model for length of the link, mass of the link, 

flexural rigidity and payload. Furthermore, weight matrices are optimized by genetic 

algorithm and compared with hit and trial method. 

Chapter 7 presents the major report of the thesis work. Furthermore, future work is also 

suggested in this chapter. 
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Chapter 2  

Literature Review 

2.1. Introduction  

In this Chapter, a literature survey of the modeling and control of flexible robotic 

manipulators is presented. The study on the control of a flexible arm manipulator started as a 

part of the space robotics research. The space manipulator should be as light as possible in 

order to reduce its launching cost. Book [7] had illustrated about the manipulator for space 

application. It is important to consider the link flexibility in the modeling of a manipulator.  

The advantages and shortcomings of different methods applied by the researchers for 

analyzing the flexibility of a link are discussed in this section. Further, modeling and control 

section are classified according to the techniques utilized. An effort has been made to survey 

the works of different researchers in this field. Extensive literature reviews, in the same field, 

are presented by Dwivedy and Eberhard [8] in 2006, by considering different methods of 

modeling and control. In 2013, Kaing et al. [9] had discussed various techniques to control 

the vibrations of a flexible manipulator. The detailed literature survey is categorized as given 

in Figure 2.1. 

    

 

 

 

 

 

 

 

 

 

Literature review 

Modeling Control 

Lumped parameter model 

Assume mean method 

Finite element method 

Feed-forward 

Feed-back 

Hybrid 

Figure 2.1: Layout of Literature review 
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2.2. Modeling of Flexible Manipulators 

A literature review of the modeling of the flexible manipulator is carried out in this section. 

Contribution of the different researchers in the modeling category are grouped together as 

assumed mean mode, lumped parameter model, finite element model. 

2.2.1. Assumed Mode Method (AMM) 

In this method, spatial mode eigenfunctions and time-varying mode amplitudes are used to 

represent the flexibility of the link which is truncated into finite model series. Truncation of 

cantilever beam by assumed mode method is shown in Figure 2.2. 

 

Figure 2.2: Series discretization of beam [W3] 

In 1981, Book and Hastings [7] demonstrated assumed mean method to formulate the linear 

dynamic equations of the flexible link and the comparative analysis of model simulation 

measurement was performed with 4 feet long drive arm real model. In 1989 Book et al. [10] 

presented the verification of system model by using assumed mode method. Moreover, 

authors also compared the calculated eigenvalues and eigenvectors by real-time frequency 

and their respective mode shapes.  In 1990, Belleza et al. [11] utilized exact eigenfunction, by 

using pseudo-clamped and pseudo-pined boundary conditions, for the flexible manipulator. 

Thereafter, the author also considered the payload and hub inertia in the modeling of the 

system. Theodore and Ghosal [12] compared the assumed mean mode and the finite element 

method, for modeling the system. Meanwhile, authors concluded few calculations that are 

required to obtain mass and stiffness matrix in finite element method as compared to the 

assumed mean mode method. However, the number of equations of motion that is derived in 

the finite element method is more. It is concluded from literature survey that assumed mean 

method for the uniform cross-section of the flexible link and for the non-uniform cross-

sectional area, finite element method must be used. However, in modeling of more than one 

link manipulator, finite element method is preferred over the assumed mean mode method for 

any cross-section. In 1993, Matsuno et al. [13] discussed the optimal input torque and 

trajectory of the robot with three degrees of freedom, whose last link is flexible in nature to 
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maintain the minimal torque so that vibration of the system is minimum. Karray et al. [14], 

Rakhsha and Goldenberg [15], Barbieri and Ozguner [16] also used assumed mean mode 

method to model the dynamics of the system and implemented a hybrid controller to control 

the vibration of the system. 

2.2.2. Lumped Parameter Method (LPM) 

In the lumped parameter model, which is the simplest one for analysis purpose, the 

manipulator is taken into consideration for modeling as spring and mass system. The lumped 

parameter model does not often yield accurate results, sufficiently. Figure 2.3 shown a 

lumped parameter model. 

 

Figure 2.3: Beam discretization using lumped model [W4] 

Zhu et al.[17] had modeled a system in a very easy manner by considering a massless spring 

of length same as link length and summed up the payload mass and spring equivalent mass at 

the tip of the model. Raboud et al.[18]used the lumped parameter approach to model a 

cantilever beam by varying the payload and different aspect ratio of a cross-section which 

concluded that more than one equilibrium point exists in case of the flexible link. Megahed 

and Hamza [19] considered a lumped parameter model and element near the revolute joint 

that are taken as a rigid body to formulate the problem. By using the numerical simulation, 

they showed that the ignorance of the link rigidity at connection may introduce large error 

and also proposed the consistent mass matrix in order to better approximate the model. 

Popescu et al. [20] in 2008, introduced the lumped parameter model for implementation of 

the hybrid controller to control the vibration quanser flexible beam. Khalil and Gautier[21] 

model mechanical system with lumped elasticity. Nissing [22]optimize value of spring 

constant and damping to obtain fast response of robot. 

2.2.3. Finite Element Method (FEM) 

FEM splits a large problem into smaller and simpler parts called finite elements, as shown in 

Figure 2.4. The simple equations that model these finite elements are then assembled into a 

larger system of equations that models the entire problem. Each element in the system has its 
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own potential and kinetic energy. Then, these elements are combined together to formulate 

the expression for kinetic and potential energy for the whole system.  

 

Figure 2.4: Discretised beam using finite element method [W5] 

In 1986, Usoro et al. [23] utilized the kinetic energy and potential energy of the system to 

calculate the lagrange polynomial and formulated dynamic equation of the system using 

lagrange approach. Theodore and Ghosal [12] had done comparative analysis with the 

assumed mean method and finite element method for modeling the system. In 1997 Tokhi et 

al. [24] made a comparison between the finite difference and finite element approach on the 

basis of accuracy and computational speed. However, it is concluded that the finite element 

model is more complex than finite difference method while better accuracy and performance 

is achieved using the finite element approach. In 1999 Tokhi and Mohamed [25] presented 

the evolution of performance by varying the number of nodes in the dynamic finite element 

modeling of the flexible link. The computational time for the problem increases by increasing 

the number of nodes while the model of accuracy increases. In 2005 Martins et al [26] , three 

different approaches had been presented for modeling by using assumed mean mode with 

linear displacement and quadratic displacement and the third one by using finite element 

method. Complete validations regarding these three models had been done by using time-

domain and frequency-domain. In 2004 Mohamed and Tokhi [27], used finite element model 

of the flexible manipulator for comparison of the input shaping and input filtering technique 

to control the vibrations in the flexible manipulator. Singla et al. [28], [29] had illustrated 

finite element model to control the vibration of the system using a hybrid controller which is 

a combination of feed-forward and feedback techniques. Nagarajan and Turcic [30], Alberts 

et al [31] also works on finite element model to conduct their experiment on flexible link. 

2.3. Control of Flexible Manipulators 

After obtaining the accurate and precise model of the flexible system, furthermore the 

construction of a controller is another challenge. There are several schemes such as feed-

forward, linear quadratic regulator, self-tuning control, adaptive control, PID regulator, to 
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control the vibration of the flexible manipulator. Earlier in late 19
th

-century researchers, the 

main focus was to develop an accurate dynamic model of the flexible manipulator but 

nowadays they prefer more on control strategies rather than modeling. An effort is made to 

group the different control strategies. The advantages and disadvantages of the controller are 

discussed in Table 1.1. 

2.3.1. Feedforward Control 

In feedforward control, the angular position, angular velocity, and angular acceleration are 

given and calculation of required torque is done to obtain the desire motion of an arm. Feed-

forward control is very helpful where the repetitive operation is required. Response to the 

feed-forward control is very fast. In 1993 Mutsuno et al. [13] discussed the optimal torque 

requirement and optimal trajectory following in handling of the flexible beam by two-link 

manipulator. Park [32] optimized the path of two-link flexible manipulator so the residual 

vibration of the link is minimal. Fourier series and polynomial were combined together, with 

a harmonic coefficient of each so that vibrations are minimized. In 2009, Abe [33] expressed 

the joint angle as a cubic spline function and particle swarm technique is used to optimize the 

path trajectory for minimum vibrations. Choi et al. [34] offered a smooth state trajectories 

irrespective of poles and dynamics of the system achieved by equilibrium manifold express 

as an exponential function. Some researchers also attained feed-forward control of a plant 

with command Shaping. Command Shaping is a control method for decreasing vibrations in 

the system. The method works by producing a command signal that scratches its own 

vibration. That is, vibration produced by the first command signal is annulled by vibration 

caused by the second command. The method involves the convolution of the reference input. 

The shaped command that derived from the convolution is then used as the input of the 

system. If the impulses in the shaper are selected properly, then the systems will not vibrate 

to any unshaped command. The amplitudes and time locations of the impulses are obtained 

from the system’s natural frequencies and damping ratios. Rhim and Book [35] presented a 

command shaping method using commuted shaping order technique for both single mode and 

multi-mode system. Mohamed et al. [27] utilized input shaping, low-pass and band-stop 

filtered input techniques to diminish the vibration of flexible manipulator. Figure 2.5 

represents both feedforward and feedback controller. 
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Figure 2.5: Block diagram of feedforward controller and feedback controller [W6] 

2.3.2. Feedback Control 

In feedback control, the signal to be controlled is compared to the desired reference signal 

through the comparator. Thus, the comparator generates the error signal. The error is used to 

compute corrective control action, by the controller on the plant. In 1986, cannon and 

Schmitz [2] made an initial attempt to control the vibrations of system by applying feed-back 

control on the tip position of the flexible manipulator. Shuzhi et al. [17] used the non-linear 

strain based feed-back signal to control the tip position of the flexible link. Karray et al. [14] 

proposed the robust controller technique by using the sliding mode control combined with 

another controller to improve tip tracking of the flexible manipulator. Song et al. [36] had 

worked on the robustness of position based vibration control for single mode as well as 

multimode Vibration suppression. Orszulik and Shan [37] used the recursive least square 

method to drive the adaptive parameter estimator and with help of these parameters, position 

feedback controller is designed. Gurses et al. [38] used PD controller to control the hub angle 

and PZT actuator attached on the surface of flexible link. PZT actuator is used for vibration 

suspension by compensating linear and angular velocity. PD controller is exploited by Zhu et 

al. [39] on a dynamic system modeled by lumped parameter model. Kotnik et al. [40] use 

acceleration feedback to control manipulator. Wang and Li [41] design an integrated of 

sensing and filtering for a single link flexible manipulator.  

2.3.3. Hybrid Control 

Hybrid controller is the amalgamation of both feed-forward and feed-back controller. In 

Hybrid Control, the shortcomings of an existing controller are compensated by using another 

controller in addition to it. Lew and Book [42] build hybrid controller for flexible 

manipulator. Mohamed et al. [43] build a hybrid controller using command shape and PD to 

control the vibrations. In this paper, the gain of the PD controller was optimized using the 

Genetic algorithm. Singla et al [28] modeled a hybrid controller by combining the PD 

controller, reduce order observer and command shaping. Linear Quadratic Regulator is the 
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optimal control that is used to minimize the cost associated with generating control inputs. 

The cost function consists of two matrices, Q and R, that are state weighting matrix and 

control cost matrix. For a linearized plant, the objective of LQR controller is to minimize the 

integration of sum of these two matrices from initial to final time by using a feedback 

regulator. Lee and Lee [44] design a hybrid controller for tracking problem oh two link 

manipulator. Etxebania et al. [45] made a comparison between linear quadratic regulator and 

adaptive sliding mode controller. Mohamed et al.[46] used hybrid controller that is the 

combination of the linear quadratic regulator and another controller. Singla et al [29] 

modeled a hybrid controller by combining the linear quadratic regulator to achieve zero 

stability error, reduce order observer to estimate non-measurable quantities, command 

shaping for lessening the vibration level. 

Table 1.1: Comparison between Different Controllers  

Controller Advantages and Disadvantages 

Feed-forward Advantages 

 Because of no need of sensor, it is economical 

Disadvantages 

 It is impossible to neglect Non-linearity. 

 Small disturbance and change in parameter is 

difficult to handle by the controller 

Feed-back Advantages 

 Adaptable to the system changes 

 In the case of endpoint acceleration as a feed-

back, high-frequency feed-back results in good 

vibration suspension.  

 Grantee stability. 

Disadvantages 

 Difficult to tune for more than one mode of 

vibration. 

 In some cases, high control effort may require. 

Linear quadratic 

control 

Advantages 

 Easy to tune 

 Effort requires to control is minimal. 

 Provide zero stability error. 

 It can solve non-linear system. 

Disadvantages 
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 It can applied be only to system using full state 

feed-back 

 

Command 

Shaping 

Advantages 

 It does not use any sensor therefore economical. 

 It cancels the vibration instance immediately 

when it is produced, therefore no vibration can 

be possible. 

 It converges more rapidly. 

Disadvantages 

 A dynamic model of the system should be 

accurate. 

2.4. Conclusions from Literature Review 

Through the literature review in which the works reported by many authors on dynamics 

modeling and control strategies for flexible manipulator, following observations are drawn. 

 The precision of dynamic modeling of the system plays an important role in tackling 

the problem. Most of the authors reported various mathematical model techniques to 

find out the system dynamics formulations of the flexible manipulator. Many authors 

had not considered the actuator dynamics, which can play a vital role in the modeling 

of the flexible manipulator system.   

 Dynamic modeling using assumed mode method requires more computation than finite 

element method. However, assumed mean mode is more precise than finite element 

method for single link manipulator whereas, for the multilink flexible system, finite 

element method provides a more efficient dynamic model. 

 Most of the researchers consider the angular motion of the shaft and linear tip 

deflection while modeling the flexible manipulator. 

 By increasing the number of node in truncation of the system, accuracy of dynamic 

model increases. Moreover, it induces the higher frequency modes and more 

computational time of the system. 

 Validation of the model can be done in two ways. First is frequency-domain validation 

where the comparison of natural frequency for the two different models is performed 

and the second is time-domain validation which is performed by comparing the 

response of the model to singularity functions. Most of the mathematical model 

validations are done by comparing the natural frequency of the model with the natural 
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frequency of the real-time model or natural frequency of model available in the 

literature.   

 In late 19
th 

century and earlier period of the research, researchers focused on the 

dynamic modeling of system and used the simple technique to control the vibrations of 

manipulator. Nowadays many researchers are using the hybrid controller technique 

because basic dynamic model is not so precise. Very few hybrid controllers are 

implemented on the real-time system of a flexible manipulator. 

 In deriving the mathematical model, there are always some factors which are assumed, 

thus there is need of controllers which are not sensitive to the inaccurate mathematical 

model and parameter uncertainties. 

 Few work is also done in the field of intelligent control of flexible manipulator. Many 

researchers optimize the feed-forward control input by using various optimization 

techniques. Moreover, optimization of the feed-back gain of PD controller is also 

shown in few research papers. Although, LQR is an optimization and robust technique 

further there is a room for optimization in the selection of weight matrices. 

 Command shaping is cheaper controlling method than the feed-back controls because it 

does not require a sensor. Controller used in combinations with other controller 

performs better than working on its own. Although, this may lead to increase in the cost 

of control of the system. 

In this thesis, mathematical modeling of the flexible manipulator is performed in two 

different ways. The first one is finite element method by considering the angular motion of 

the shaft and linear tip deflection, whereas the second one is lumped element method by 

taking the angular motion of the shaft and angular tip deflection in consideration. Euler-

Lagrange method is used to compute both the models. Further, actuator dynamics are 

augmented with both the models. To validate these models time-domain analysis of models is 

performed with the real-time model. LQR and ISMC controller are used to minimize the tip 

deflection. Moreover, Genetic algorithm (GA) as an optimization and search tool is used to 

determine the optimum value of weight matrices in LQR controller. Thereafter, both the 

controllers are compared for input uncertainty which is the key consequence of input noises. 
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Chapter 3  

Modeling of Flexible Manipulators 

3.1. Introduction  

Before implementation of control, it is important to derive an accurate mathematical model.  

Many computational software such as SolidWorks, SimMechanics, Simwise 4D, Bond graph 

etc. are available to compute the dynamics of any system. Three different mathematical 

methods to model the flexible link were discussed in Chapter 2. In this section, two 

approaches are used to model the system dynamics i.e. lumped parameter and finite element 

method. Moreover, after discretization using above mention techniques, two approaches are 

typically used to solve the dynamics of the system i.e. Newton-Euler approach based on 

force/moment balance and Euler-Lagrange approach based on the energy balance, for 

calculating the equations of motion. Euler-Lagrange method is comparatively easy to 

compute for complex system and system having a high degree of freedom. Therefore both the 

models are computed using Euler-Lagrange approach.      

3.2. Lumped Parameter Method 

In this method, the flexible link is being considered as a Euler-Bernaulli beam, which is 

modeled as a simple spring-mass system. The flexible link model is shown in Figure 3.1. The 

base of the flexible link is mounted on the actuator system. Whenever the rotation of actuator 

is in the counter-clockwise (CCW) direction, the servo angle, θ, positively rises.  

 

Figure 3.1: Schematic diagram of flexible link for Lumped Parameter Modeling 
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The flexible link has a total length of 𝑙, a mass of  𝑚, and its moment of inertia about the axis 

of rotation is 𝐼𝑙. The link deflection angle is designated as 𝛼 and rises positively, if CCW 

rotation is considered. The input, torque 𝜏, rotates the base of the link. The viscous friction 

coefficient of base is 𝐷𝑏. This is the friction that works against the torque being smeared upon 

the hub or base of link. The friction acting upon the link is represented by the viscous 

damping coefficient 𝐷𝑙. Finally, the flexible link is considered for modeling as a linear spring 

having stiffness 𝑘𝑠.  

Total potential stored in the system is given by Equation (3.1), 

 
𝑃. 𝐸.=

1

2
𝑘𝑠𝛼

2 
(3.1) 

Total kinetic energy regarding the system is sum of kinetic energy of the hub and the link 

which is given by Equation (3.2), 

 
𝐾. 𝐸. =

1

2
𝐼ℎ𝑢𝑏𝜃 ̇2 +

1

2
𝐼𝑙(𝜃 ̇2 + 𝛼 ̇2) 

(3.2) 

Lagrange polynomial of the system is given by the subtraction of kinetic energy and potential 

energy that can be represented as given in Equation (3.3): 

 ℒ = 𝐾. 𝐸.−𝑃. 𝐸. (3.3) 

From Equation (3.1) and (3.2), Lagrange polynomial can be derived as given in Equation 

(3.4), 

 
ℒ =

1

2
𝐼ℎ𝑢𝑏𝜃 ̇2 +

1

2
𝐼𝑙(𝜃̇

2 + 𝛼̇2) −
1

2
𝑘𝑠𝛼

2 
(3.4) 

Heat or damping polynomial H is given by Equation (3.5), 

 
𝐻 =

1

2
𝐷𝑏𝜃 ̇2 +

1

2
𝐷𝑙𝛼 ̇2 

(3.5) 

Due to two generalized coordinates, there are two equations of motion of the system. 

Therefore, Lagrange’s equations of the system can be written as Equation (3.6) and (3.7), 

 𝑑

𝑑𝑡
(
𝜕ℒ

𝜕𝜃̇
) −

𝜕ℒ

𝜕𝜃
+

𝜕𝐻

𝜕𝜃̇
= 𝜏 

(3.6) 
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 𝑑

𝑑𝑡
(
𝜕ℒ

𝜕𝛼̇
) −

𝜕ℒ

𝜕𝛼
+

𝜕𝐻

𝜕𝛼̇
= 0 

(3.7) 

After solving the Equations (3.6) and (3.7), the Equation (3.8) and (3.9) of motion are 

obtained. 

 (𝐼ℎ𝑢𝑏 + 𝐼𝑙)𝜃̈ + 𝐼𝑙𝛼̈ + 𝐷𝑏𝜃̇ = 𝜏 (3.8) 

 𝐼𝑙𝜃̈ + 𝐼𝑙𝛼̈ + 𝐵𝑙𝜃̇ + 𝐾𝑠𝛼 = 0 (3.9) 

By writing the Equations (3.8 and 3.9) of motions in matrix form given by Equation (3.10), 

 
[
𝐼ℎ𝑢𝑏 + 𝐼𝑙 𝐼𝑙

𝐼𝑙 𝐼𝑙
] [

𝜃 ̈
𝛼 ̈

] + [
𝐷𝑏 0
0 𝐷𝑙

] [
𝜃 ̇
𝛼 ̇

] + [
0 0
0 𝑘𝑠

] [
𝜃 
𝛼 

] = [
𝜏
0
] 

(3.10) 

Therefore, 

Matrix of inertia forces, 

 

𝑴𝒍 = [
𝐼ℎ𝑢𝑏 + 𝐼𝑙 𝐼𝑙

𝐼𝑙 𝐼𝑙
] 

 

(3.11) 

Matrix of damping forces, 
𝑵𝒍 = [

𝐷𝑏 0
0 𝐷𝑙

] 
(3.12) 

Matrix of gravitational forces, 
𝑮𝒍 = [

0 0
0 𝑘𝑠

] 
(3.13) 

The dynamic model, given in Equation (3.10) can be represented in the standard state space 

by taking generalized state vector 𝒙(𝒕) = [𝜃 𝛼 𝜃̇ 𝛼 ̇] as in Equation (3.14), 

 𝒙̇(𝒕) = 𝑨𝒍𝒖𝒎𝒙(𝒕) + 𝑩𝒍𝒖𝒎𝒖(𝒕) (3.14) 

where, 
𝑨𝒍𝒖𝒎 = [

𝟎𝒏 𝑰𝒏

−𝑴𝑳
−𝟏𝑮𝑳 −𝑴𝑳

−𝟏𝑵𝑳
] 

and 
𝑩𝒍𝒖𝒎 = [ 

𝟎𝒏

𝑴𝑳
−𝟏] 

(3.15) 

3.3. Finite Element Method (FEM) 

To find the dynamic equation of flexible beam first step is solve the dynamics of a cantilever 

beam by using Euler-Bernoulli theory [47]. After, formulating the equation of motion in case 

of the cantilever beam, in next section, the equation of motion concerning the Flexible Link is 

to be find out.  
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3.3.1. Mass and Stiffness Matrix of Cantilever Beam 

The cantilever beam is truncated into, 𝑛 linear elements having two nodes. 𝑖𝑡ℎ node of the 

beam has two degree of freedom that is transverse displacement (𝑢2𝑖−1) and slope (𝑢2𝑖). 

𝑢𝑝 is the local displacement vector for the element of beam. 

 

Figure 3.2: Discretization beam using finite element 

 𝒖𝒑 = [ 𝑢1 𝑢2𝑢3 𝑢4 ]
𝑇 (3.16) 

The displacement within element 𝑦(𝑥, 𝑡)is represented by Equation (3.17), 

 

𝑦(𝑥, 𝑡) = ∑𝜙𝑖(𝑥)𝑢𝑖(𝑡)

4

𝑖=0

 

 

(3.17) 

where, 𝜙𝑖 is the shape function. The prescribe boundary conditions of element are given in 

Equation (3.18), 

At 𝑥 = 0, 𝑦(0, 𝑡) = 𝑢1, 𝜕𝑦(0, 𝑡)

𝜕𝑡  
= 𝑢2 

 

At 𝑥 = 𝑙, 𝑦(0, 𝑡) = 𝑢3, 𝜕𝑦(0, 𝑡)

𝜕𝑡  
= 𝑢4 

(3.18) 

There are four constraints on each element, therefore cubic polynomial with four constant can 

be used as a shape function 𝜙𝑖, given by Equation (3.19), 

 𝜙𝑖 = 𝑎𝑖 + 𝑏𝑖𝑥 + 𝑐𝑖𝑥
2 + 𝑑𝑖𝑥

3  ∀  𝑖 = 1,2,3,4  (3.19) 

Constant can find out by solving the Equation (3.17) against the boundary condition of shape 

function which can be derived from boundary condition of elements  which is also known as 

Hermite-polynomials [47]. 
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𝜙1 = 1 − 3

𝑥2

𝑙2
+ 2

𝑥3

𝑙2
 

 

 
𝜙2 = 𝑥 − 2

𝑥2

𝑙
+

𝑥3

𝑙2
 

 

 
𝜙3 = 3

𝑥2

𝑙2
− 2

𝑥3

𝑙2
 

 

 
𝜙4 = −

𝑥2

𝑙
+

𝑥3

𝑙2
 

(3.20) 

Substituting Equation (3.20) into Equation (3.17), the Equation (3.21) is formulated which 

gives us the transverse deflection of the beam element. 

 
𝑦(𝑥, 𝑡) = (1 − 3

𝑥2

𝑙2
+ 2

𝑥3

𝑙2
)𝑢1 + (𝑥 − 2

𝑥2

𝑙
+

𝑥3

𝑙2
)𝑢2

+ (3
𝑥2

𝑙2
− 2

𝑥3

𝑙2
)𝑢3 + (−

𝑥2

𝑙
+

𝑥3

𝑙2
)𝑢4 

 

 

(3.21) 

Equation (3.22) evaluates the kinetic energy of a single element. 

 
𝐾. 𝐸. =

1

2
∫ 𝜌(𝑥)[𝑦 ̇(𝑥, 𝑡)]2𝑑𝑥

𝑙

0

 

 

(3.22) 

Using Equation (3.17) kinetic energy can be derived as given in Equation (3.23), 

 

𝐾. 𝐸. =
1

2
∫ 𝜌(𝑥) ∗ ∑𝜙𝑖(𝑥)𝑢̇𝑖 (𝑡) ∗  ∑𝜙𝑗(𝑥)𝑢̇𝑗 (𝑡) ∗ 

4

𝑖=0

4

𝑖=0

𝑑𝑥
𝑙

0

 

 

 

    =
1

2
∑∑𝑢̇𝑖  (𝑡)𝑢̇𝑗  (𝑡)

4

𝑗=1

4

𝑖=1

∫ 𝜌(𝑥)𝜙𝑖(𝑥)𝜙𝑗(𝑥)𝑑𝑥
𝑙

0

 

 

(3.23) 

Using Equation (3.23), elemental mass matrix can be evaluated as given in Equation (3.24), 

 
𝑴𝒆 = ∫ 𝜌(𝑥)𝜙𝑖(𝑥)𝜙𝑗(𝑥)𝑑𝑥

𝑙

0
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       =
𝜌𝑙

420
[

156 22𝑙
22𝑙 4𝑙2

54 −13𝑙
13𝑙 −3𝑙2

54 13𝑙
−13𝑙 −3𝑙2

156 −22𝑙
−22𝑙 4𝑙2

] 

 

(3.24) 

 

On the other hand, elemental potential energy can be formulated as the Equation (3.25),    

 
𝐾 =

1

2
∫ 𝐸𝐼(𝑥)[𝑦’’(𝑥, 𝑡)]2𝑑𝑥

𝑙

0

 
(3.25) 

Equation (3.25) can be approximated as Equation (3.26), 

 

𝐾 =
1

2
∫ 𝐸𝐼(𝑥) ∗ ∑𝜙’’𝑖(𝑥)𝑢𝑖 (𝑡) ∗  ∑𝜙’’𝑗(𝑥)𝑢𝑗  (𝑡) ∗ 

4

𝑖=0

4

𝑖=0

𝑑𝑥
𝑙

0

 

 

 

     =
1

2
∑ ∑ 𝑢𝑖  (𝑡)𝑢𝑗  (𝑡)

4

 𝑗=1

4

𝑖=1

∫ 𝐸𝐼(𝑥)𝜙’’𝑖(𝑥)𝜙’’𝑗(𝑥)𝑑𝑥
𝑙

0

 

 

(3.26) 

By using Equation (3.26), elemental stiffness matrix can be computed as given in Equation 

(3.27), 

 
𝑲𝒆 = ∫ 𝐸𝐼(𝑥)𝜙’’𝑖(𝑥)𝜙’’𝑗(𝑥)𝑑𝑥

𝑙

0

 
 

 

      =
𝐸𝐼

𝑙3
[

12 6𝑙
6𝑙 4𝑙2

−12 6𝑙
−6𝑙 2𝑙2

−12 −6𝑙
6𝑙 2𝑙2

12 −6𝑙
−6𝑙 4𝑙2

] 

 

(3.27) 

Fundamental level results are further extended by the amalgamation of singular elements for 

the structure as a whole. The effective modeling of the whole structure by assimilating the 

restraint of geometric compatibility at every element node, i.e. nodal displacements – 

translations and rotations, pooled by several elements should be alike in nature. The applied 

forces must be statically similar to the nodal forces – forces and torques. The common set of 

local displacement coordinates is considered as generalized coordinates of the whole 

structure. With the help of a fixed-free beam of length 𝐿, which is truncated into 𝑛 elements, 

has been illustrated in support of complete assembly procedure as shown in figure. For the 

complete structure, the global displacement vector can be expressed as Equation (3.28), 
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 𝒖𝒈∗ = [ 𝑢1 𝑢2 ……… 𝑢2𝑛+2 ]
𝑇 (3.28) 

With the consideration of continuity of nodal displacements, global stiffness matrix, 𝑲𝒈∗ can 

be represented as the Equation (3.29), 

 

  

𝑲𝒈∗   =
𝐸𝐼

𝑙3

[
 
 
 
 
 
 
𝑲𝟏𝟏 𝑲𝟏𝟐

𝑲𝟏𝟐
𝑻 𝑲𝟐𝟐

𝟎 𝑲𝟏𝟐
𝑻

𝟎 𝟎
𝑲𝟏𝟐 𝟎
𝑲𝟐𝟐 𝑲𝟏𝟐

⋯
𝟎
𝟎
𝟎

𝟎
𝟎
𝟎

⋮ ⋱ ⋮
𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

⋯
𝑲𝟐𝟐 𝑲𝟏𝟐

𝑲𝟏𝟐
𝑻 𝑲𝟑𝟑]

 
 
 
 
 
 

 

 

(3.29) 

 

where, 

𝑲𝟏𝟏 = [
12 6𝑙
6𝑙 4𝑙2

]  , 𝑲𝟏𝟐 = [
−12 6𝑙
−6𝑙 2𝑙2

]  

 𝑲𝟐𝟐 = [
24 0
0 8𝑙2

]  , 𝑲𝟑𝟑 = [
12 −6𝑙
−6𝑙 4𝑙2

] (3.30) 

 

Similarly, global mass matrix, 𝑴𝒈∗ can be represented as the Equation (3.31), 

  

𝑴𝒈∗   =
𝜌

420

[
 
 
 
 
 
 
𝑴𝟏𝟏 𝑴𝟏𝟐

𝑴𝟏𝟐
𝑻 𝑴𝟐𝟐

𝟎 𝑴𝟏𝟐
𝑻

𝟎 𝟎
𝑴𝟏𝟐 𝟎
𝑴𝟐𝟐 𝑴𝟏𝟐

⋯
𝟎
𝟎
𝟎

𝟎
𝟎
𝟎

⋮ ⋱ ⋮
𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

⋯
𝑴𝟐𝟐 𝑴𝟏𝟐

𝑴𝟏𝟐
𝑻 𝑴𝟑𝟑]

 
 
 
 
 
 

 

 

(3.31) 

 

where, 

𝑴𝟏𝟏 = [
156 22𝑙
22𝑙 4𝑙2

]  , 𝑴𝟏𝟐 = [
54 −13𝑙
13𝑙 −3𝑙2

]  

 𝑴𝟐𝟐 = [
312 0
0 8𝑙2

]  , 𝑴𝟑𝟑 = [
156 −22𝑙
−22𝑙 4𝑙2

] (3.32) 
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By eliminating the first two rows and columns of global mass and stiffness matrices, above 

boundary conditions are employed. Moreover, in addition of this, the assumption regarding 

force distribution on the beam is set to be zero. For the complete structure, the improved 

global displacement vector having size of 2𝑛 ×  1, can be expressed as the Equation (3.33), 

 𝒖𝒈 = [ 𝑢3 𝑢4 ……… 𝑢2𝑛+2 ]
𝑇 (3.33) 

 

By considering the boundary conditions (3.18) and canceling the first two row and column 

stiffness matrix, 𝑲𝒈   can be represented as the Equation (3.34), 

  

𝑲𝒈   =
𝑬𝑰

𝒍𝟑

[
 
 
 
 
 
 
𝑲𝟐𝟐 𝑲𝟏𝟐

𝑲𝟏𝟐
𝑻 𝑲𝟐𝟐

𝟎 𝑲𝟏𝟐
𝑻

𝟎 𝟎
𝑲𝟏𝟐 𝟎
𝑲𝟐𝟐 𝑲𝟏𝟐

⋯
𝟎
𝟎
𝟎

𝟎
𝟎
𝟎

⋮ ⋱ ⋮
𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

⋯
𝑲𝟐𝟐 𝑲𝟏𝟐

𝑲𝟏𝟐
𝑻 𝑲𝟑𝟑]

 
 
 
 
 
 

 

 

(3.34) 

 

where, 

𝑲𝟏𝟐 = [
−12 6𝑙
−6𝑙 2𝑙2

]   

 𝑲𝟐𝟐 = [
24 0
0 8𝑙2

]  , 𝑲𝟑𝟑 = [
12 −6𝑙
−6𝑙 4𝑙2

] (3.35) 

Similarly global mass matrix, 𝑴𝒈 can be represented as the Equation (3.36), 

  

𝑴𝒈   =
𝜌

420

[
 
 
 
 
 
 
𝑴𝟏𝟏 𝑴𝟏𝟐

𝑴𝟏𝟐
𝑻 𝑴𝟐𝟐

𝟎 𝑴𝟏𝟐
𝑻

𝟎 𝟎
𝑴𝟏𝟐 𝟎
𝑴𝟐𝟐 𝑴𝟏𝟐

⋯
𝟎
𝟎
𝟎

𝟎
𝟎
𝟎

⋮ ⋱ ⋮
𝟎 𝟎
𝟎 𝟎

𝟎 𝟎
𝟎 𝟎

⋯
𝑴𝟐𝟐 𝑴𝟏𝟐

𝑴𝟏𝟐
𝑻 𝑴𝟑𝟑]

 
 
 
 
 
 

 

 

(3.36) 

 

where, 

𝑴𝟏𝟐 = [
54 −13𝑙
13𝑙 −3𝑙2

]   

 𝑴𝟐𝟐 = [
312 0
0 8𝑙2

]  , 𝑴𝟑𝟑 = [
156 −22𝑙
−22𝑙 4𝑙2

] (3.37) 
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3.3.2. Dynamics Modeling of Single-Link Flexible Manipulator using FEM  

 

Figure 3.3: Schematic diagram of flexible link 

Lagrange approach is utilized and FEM approach is used for the discretization. Each link is 

thought to be composed of a finite number of elements having equal length. The elements are 

rigid in compression. However, these considerations are not carried out in the case of 

bending. Both structural damping and Actuator dynamics is ignored here. The schematic 

diagram flexible manipulator is shown in Figure 3.3 where 𝑂𝑋𝑌 and 𝑂1𝑋1𝑌1 represent the 

inertial and body-fixed coordinate frame attached to link respectively, where r is the position 

vector of a point on the manipulator w.r.t. inertial (𝑂𝑋𝑌) frame; 𝜃 is the angular 

displacement of hub; 𝐿 , 𝐼 and 𝜌 are total length, moment of inertia and mass density 

(mass/length) of its link respectively; 𝐸 is Young’s modulus; 𝑛 is the number of elements of 

link, the elemental kinetic energy i.e. 𝑇𝑗 for the 𝑗𝑡ℎ element of the link is given by Equation 

(3.38), 

 
𝑇𝑗 =

1

2
∫ ρ [

∂r

∂t
]
T ∂r

∂t
dxj  

l

0

 
(3.38) 

𝑟 can be written in term of 𝑟1 w.r.t. to frame 𝑂1𝑋1𝑌1 

 𝒓 = 𝑻𝟎
𝟏𝒓𝟏  (3.49) 

where, 
𝒓𝟏 = [

(𝒋 − 𝟏)𝒍 + 𝒙𝒋

𝒚𝒋
] 

 

 𝑻𝟎
𝟏 = [

cos 𝜃 − sin 𝜃
sin 𝜃 cos 𝜃

] (3.40) 
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The displacement 𝑦𝑗 can be expressed in forms of shape functions 𝜙𝑘(𝑥) and nodal 

displacements 𝑢(𝑡), which is given in Equation (3.41), 

 

𝑦𝑗(𝑥𝑗 , 𝑡) = ∑𝜙𝑘(𝑥𝑗)𝑢2𝑗−2+𝑘(𝑡)

4

𝑖=0

 

(3.41) 

Using Equation (3.33) and (3.36) element kinetic energy can be obtained as given in Equation 

(3.42), 

 
𝑇𝑗 =

1

2
∫ ρ [

∂r

∂t
]
T ∂r

∂t
dxj =

1

2

l

0

𝑧 ̇𝑇𝑀𝑧 ̇ 
(3.42) 

where, 𝒛 = [ 𝜃 𝑢2𝑗−1    𝑢2𝑗      𝑢2𝑗+1   𝑢2𝑗+2 ]
𝑇  

 
𝑴𝒋 =

1

2
∫ ρ [

∂r

∂z𝑗
]

T
∂r

∂z𝑗
dxj

l

0

 
(3.43) 

As 𝑧𝑗 contains 5 elements, so 𝑀𝑗 will be a 5 × 5 matrix as represented in Equation (3.44), 

 

𝑴𝒋 =

[
 
 
 
 
 
𝑚𝑗(1,1) 𝑚𝑗(1,2) 𝑚𝑗(1,3) 𝑚𝑗(1,4) 𝑚𝑗(1,5)

𝑚𝑗(1,2)

𝑚𝑗(1,3)

𝑚𝑗(1,4)

𝑚𝑗(1,5)

𝑷𝒋

]
 
 
 
 
 

 

 

 

 

(3.44) 

where, 
𝑚𝑗(1,1) =

𝜌𝑙3

3
(3𝑗2 − 3𝑗 + 1) + 𝝍𝒋

𝑻𝑴𝒋𝝍𝒋 

 

 
𝑚𝑗(1,2) =

𝜌𝑙2

20
(10𝑗 − 7) 

 

 
𝑚𝑗(1,3) =

𝜌𝑙2

60
(5𝑗 − 3) 

 

 
𝑚𝑗(1,4) =

𝜌𝑙2

20
(10𝑗 − 3) 

 

 
𝑚𝑗(1,5) = −

𝜌𝑙2

60
(5𝑗 − 2) 
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(3.45) 

and 𝑷𝒋 = 𝐌𝒆
 (3.46) 

 𝝍𝒋 = [𝑢2𝑗−1  𝑢2𝑗   𝑢2𝑗+1  𝑢2𝑗+2 ]
𝑇

 (3.47) 

In the expression (3.45), 𝑷𝒋 denotes the elemental mass matrix of the beam.  

Similarly, total element kinetic energy given by Equation (3.48), 

 
𝑇̅ = ∑𝑇𝑗

𝑛

𝑗=1

=
1

2
𝒒̅ ̇𝒋

𝑻𝑴𝒋𝒒̅ ̇ 
(3.48) 

where, 𝒒̅ = [ 𝜃  𝜓̅𝑇]𝑇  

 𝝍̅ = [𝑢1   𝑢2   𝑢3 ……𝑢2𝑛+2 ]
𝑇 (3.49) 

 

 

𝑴̅ =

[
 
 
 
 

𝑚̅(1,1) 𝑚̅(1,2) 𝑚̅(1,3) … 𝑚̅(1,2𝑛 + 3)

𝑚̅(1,2)
𝑚̅(1,3)

⋮
𝑚̅(1,2𝑛 + 3)

𝑷̅

]
 
 
 
 

 

 

 

 

(3.50) 

where, 
𝑚̅(1,1) =

𝜌𝑙3𝑛3

3
+ 𝝍̅𝑻𝑷̅𝝍̅ 

 

 
𝑚̅(1,2) =

3𝜌𝑙2

20
 

 

 
𝑚̅(1,3) =

𝜌𝑙2

30
 

 

 𝑚̅(1,4) = 𝜌𝑙2  

 
𝑚̅(1,5) =

𝜌𝑙2

15
 

 

 𝑚̅(1,2k) = (k − 1)𝜌𝑙2                                 ∀ 𝑘 = 2,3, …… , 𝑛  
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𝑚̅(1,2k + 1) =

𝜌𝑙2

15
                                      ∀ 𝑘 = 2,3, …… , 𝑛 

 

 
𝑚̅(1,2n + 2) =

𝜌𝑙2

20
(10𝑛 − 3) 

 

 
𝑚̅(1,2n + 3) = −

𝜌𝑙2

60
(5𝑛 − 2) 

 

(3.51) 

And 𝐏̅ = 𝐌𝒈∗
 (3.52) 

In the Equation (3.52), 𝑷̅  denotes the expression of global mass matrix of the beam. 

After, applying boundary condition i.e. 𝑢1 = 𝑢2 = 0 deleting the second and third column 

and row we get mass matrix of a flexible link as represent by Equation (3.55), 

 
𝑇 =

1

2
𝒒 ̇𝒋

𝑻𝑴𝒋𝒒 ̇ 
(3.53) 

where, 𝒒 = [ 𝜃  𝝍𝒕]𝑇  

 𝝍 = [𝑢3   𝑢4   𝑢5 ……𝑢2𝑛+2 ]
𝑇 (3.54) 

 

 

𝑴 =

[
 
 
 
 

𝑚(1,1) 𝑚(1,2) 𝑚(1,3) … 𝑚(1,2𝑛 + 1)

𝑚(1,2)
𝑚(1,3)

⋮
𝑚(1,2𝑛 + 1)

𝑷

]
 
 
 
 

 

 

 

 

(3.55) 

where, 
𝑚(1,1) =

𝜌𝑙3𝑛3

3
+ 𝝍𝑻𝑷𝝍 

 

 𝑚(1,2k − 2) = (k − 1)𝜌𝑙2                          ∀ 𝑘 = 2,3, …… , 𝑛  

 
𝑚(1,2k − 1) =

𝜌𝑙2

15
                                       ∀ 𝑘 = 2,3, …… , 𝑛 
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𝑚(1,2n) =

𝜌𝑙2

20
(10𝑛 − 3) 

 

 
𝑚(1,2n + 1) = −

𝜌𝑙2

60
(5𝑛 − 2) 

 

(3.56) 

And 𝐏 = 𝐌𝒈
 (3.57) 

In the above expression of Equation (3.55), 𝑷  signifies the global mass matrix of the beam. 

Similarly, the total potential energy of the link can be calculated as given in Equation (3.58), 

 𝑃. 𝐸.= 𝑃. 𝐸.𝑔+ 𝑃. 𝐸.𝑒  (3.58) 

where, 𝑃. 𝐸.𝑔 is gravitational potential energy 

            𝑃. 𝐸.𝑒 is element potential energy 

 

 

𝑃. 𝐸.= 𝜌𝑔[0 1]𝑻𝟎
𝟏 [

𝑛𝑙2

2
𝑹𝝍

] +
1

2
𝝍𝑻𝑲𝒔𝝍 

(3.59) 

 
𝑹 = [|𝑙 0| |𝑙 0| |𝑙 0||𝑙 0| |⋯ ⋯| |

𝑙

2
−

𝑙2

12
|]   ∀ 𝑖

= 1,2 

 (3.60) 

 𝑲𝒔 = 𝑲𝒈
 (3.61) 

 

In the above expression, 𝑲𝒔 is calculated by using Equation (3.34). 

Lagrangian, ℒ of the system is given by subtraction of total kinetic energy and total potential 

energy of the system, given as: 

  ℒ = 𝐾. 𝐸.−𝑃. 𝐸. (3.62) 

Heat or damping losses due to friction at shaft of rotation is given by Equation (3.63), 

 
𝐻 =

1

2
𝜃 ̇𝐷𝑏𝜃 ̇ 

(3.63) 
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Using Lagrange Equations (3.6), the dynamic model of the two-link flexible manipulator can 

be written as the Equation (3.69), 

with 𝜕ℒ

𝜕𝒒 ̇ 
= 𝑴𝒒 ̇ 

(3.65) 

 𝜕ℒ

𝜕𝜃
= −𝜌𝑔[0 1]𝑻𝟎

𝟏 [

1

2
𝑛2𝑙2

𝑹𝝍
] 

(3.66) 

 𝜕ℒ

𝜕𝝍
= 𝜃 ̇2𝑷𝝍 − 𝜌𝑔[0 𝑹]𝑻𝟎

𝟏𝑇
[
0
1
] − 𝑲𝒔𝝍 

(3.67) 

 𝜕𝐻

𝜕𝜃 ̇
= 𝐷𝑏𝜃 ̇ 

(3.68) 

Dynamics of the flexible manipulator is given by Equation (3.69) 

 𝑴(𝒒)𝒒 ̈ + 𝒏(𝒒, 𝒒̇) = 𝝉 (3.69) 

where, 𝒒 = [𝜃     𝝍𝑻]𝑇                               , is generalized displacement vector (3.70) 

 𝝉 = [𝜏   𝑓1,3    𝑓1,4  …… . 𝑓1,2𝑛+3]    , is generalized force vector (3.71) 

 𝑴(𝒒) =  𝑹(𝟐𝒏+𝟏)×(𝟐𝒏+𝟏)               

           ,is symmetric positive-definite inertia matrix 

(3.72) 

 
𝐧(𝐪, 𝐪̇) = − [

𝜕ℒ

𝜕𝜃
+

𝜕𝐻

𝜕𝜃 ̇
,
𝜕ℒ

𝜕𝑢3
, … ,

𝜕ℒ

𝑢2𝑛
,

𝜕ℒ

𝑢2𝑛+1
]
𝑇

 

 

(3.73) 

 ,is vector of Coriolis, centripetal, gravitational and elastic forces             

Obtained dynamics of the flexible manipulator is in the form of the non-linear Equation. 

Linearize Equation of motion about the stable point of flexible manipulator i.e. for any value 

of  𝜃 and 𝜓 = 0 is given by Equation (3.74)  

 𝑴𝒍𝒒̈ + 𝑵𝒍𝒒̇ + 𝑮𝒍𝒒 = 𝝉   (3.74) 
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By writing state vector as 𝒙(𝒕) = [𝒒𝑻, 𝒒 ̇𝑻]𝑻 the state space representation of flexible 

manipulator is given by Equation (3.75),  

 𝒙̇(𝒕) = 𝑨𝒇𝒆𝒎𝒙(𝒕) + 𝑩𝒇𝒆𝒎𝒖(𝒕) (3.75) 

where, 
𝑨𝒇𝒆𝒎 = [

𝟎𝒏 𝑰𝒏

−𝑴𝑳
−𝟏𝑮𝑳 −𝑴𝑳

−𝟏𝑵𝑳
] 

and 
𝑩𝒇𝒆𝒎 = [ 

𝟎𝒏

𝑴𝑳
−𝟏] 

(3.76) 

3.4. Augmentation of the Actuator Dynamics 

Both finite element model and lumped parameter model are, derived for torque, applied at the 

hub of the flexible manipulator. Torque is generated by the DC motor when voltage (𝑉𝑚) is 

applied and given in Equation (3.77). 

 
𝜏 =

𝜂𝑔𝐾𝑔𝜂𝑚𝐾𝑡(𝑉𝑚 − 𝐾𝑔𝐾𝑚𝜃̇)

𝑅𝑚
 

(3.77) 

where, 𝜂𝑔 is gear box efficiency, 𝐾𝑔 is reduction ratio of motor shaft to load shaft, 𝜂𝑚 is 

motor efficiency, 𝑅𝑚 is armature resistance, 𝐾𝑚 is motor torque constant. 

Adding motor dynamics in state-space model, modified element of state-space is represented 

Equation (3.78) and (3.79) 

 𝑨𝒎 (
𝑛0

2
: 𝑛0,

𝑛0

2
)  

 =  𝑨(
𝑛0

2
: 𝑛0,

𝑛0

2
)  −  𝑩(

𝑛0

2
: 𝑛0) ∗  𝜂𝑔 ∗ 𝐾𝑔 ∗ 𝜂𝑚 ∗ 𝑘𝑡 ∗ 𝑘𝑚/𝑅𝑚; (3.78) 

 𝑩𝒎  =  𝜂𝑔𝐾𝑔𝜂𝑚
𝑘𝑡

𝑅𝑚  
𝑩;                (3.79) 

where, 𝑛0 is size of the generalized state vector, 

3.5. Summary 

This chapter has presented two mathematical models of flexible manipulator system. All 

mathematical calculation for obtaining the dynamics of the flexible manipulator is performed 

in MATLAB R2016a environment.  In Chapter 4, these models are used for checking the 

controllability of the model and designing the controller parameters to achieve better 

performance of a flexible manipulator in control theory. The description of corresponding 

SRV02 parameters are discussed in Chapter 5. These parameters are utilized to evaluate 
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mathematical models as per discussions of this chapter and the actuator dynamics is 

augmented with the flexible manipulator’s mathematical model. These two models are 

compared with a real-time model in Chapter 6. Effect of changing the dimensions of link and 

payload on natural frequency is also examined in Chapter 6 by using finite element model. 
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Chapter 4  

Control of Flexible Manipulators 

4.1. Introduction 

In this chapter, controller design is discussed for a single-link flexible manipulator. In 

flexible-link manipulator, the major problem is to control the tip deflection to achieve any 

position of shaft angle (𝜃), which is being addressed in this thesis work. There are several 

controllers available to address the deflection problem of flexible manipulator. The aim of 

this chapter is to design two controllers by using the state-space representation derived by 

lumped parameter method, as discussed in Chapter 3. Linearized mathematical model is 

utilized to design the controllers, thus there is need to develop robust controller for the 

problem. The prime objective of the controller is to minimize the tip deflection while tracking 

the shaft angle and second objective is to achieve robustness to model uncertainty as well as 

input disturbance. To achieve these objectives, two controllers are discussed in this chapter. 

As discussed in Chapter 2, selection of the weight matrices to achieve desire performance of 

system with LQR controller is a time-consuming job. Further, Genetic algorithms are 

proposed for the optimization of weight matrices. Before implementing the controllers, first 

step is to check the controllability of the system. 

4.2. Controllability of the System 

To control any system in the world, first and the foremost requirement is to ensure the 

controllability of the system. Controllability is defined as the property of a system when it is 

possible to take the system from any initial state to any final state in a finite time by means of 

the input vector. Controllability of any system can be checked easily from the state-space 

representation of the system. 

The theorem for controllability state that, “A linear, time-invariant system described by the 

matrix state-equation, 𝒙̇ = 𝑨𝒙 + 𝑩𝒖 is controllable if and only if the controllability test 

matrix is of rank n, the order of the system”. The controllability of the system can also be 

checked from in-built MATLAB function 𝑐𝑡𝑟𝑏(𝑨, 𝑩), which is based on the above theorem. 

The controllability test Matrix is represented by Equation (4.1), 
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 𝑪𝒇 = [𝑩;𝑨𝑩; 𝑨𝟐𝑩;…………… ,𝑨𝒏−𝟏𝑩] (4.1) 

4.3. Linear Quadratic Regulator (LQR) Control 

Linear Quadratic Regulator (LQR) is an optimal control technique, which is used to minimize 

the cost associated with generating control inputs. The cost function consists of two matrices, 

𝑄 and 𝑅, i.e. state weighting matrix and control cost matrix respectively. LQR addresses the 

desired performance of system directly, provided one must know precisely how to translate 

the objective into the cost function. For a linearized plant, the objective of LQR controller is 

to minimize the integration of sum of these two matrices from initial to final time by using a 

feedback regulator. Schematic flow diagram of LQR is as shown in Figure 4.7. For the 

flexible manipulator system with 𝑢 input and 𝑥 variable vector, the feedback is given as: 

 𝒖 =  𝑲(𝒙𝒅 − 𝒙) (4.2) 

 

 

Figure 4.1: Block diagram of LQR 

And cost function i.e. the objective is given as: 

 
𝐽𝑜 = ∫ (𝒙𝑻𝑸𝒙 + 𝒖𝑻𝑹𝒖)𝑑𝑡

∞

0

 
(4.3) 

Where, 𝐾 is the final optimal state feedback control matrix, which is given as 

 𝑲 = 𝑹−𝟏𝑩𝑻𝑷 (4.5) 

Here, P is the following symmetric positive definite solution of the Equation (4.6) 

 𝑷𝑨 + 𝑨𝑻𝑷 − 𝑷𝑩𝑹−𝟏𝑩𝑻𝑷 + 𝑸 = 𝟎 (4.6) 
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It can be seen, matrix depends on 𝑨,𝑩,𝑸, and 𝑹 matrix, 𝑨 and 𝑩, are determined by the 

structure and parameters of the system respectively, so really depends on the weight matrix 𝑸 

and 𝑹. Select 𝑸 and 𝑹 according to expected performance criterion, the matrix 𝑲 can be 

easily obtained by MATLAB command lqr as represented by Equation (4.7). 

 𝑲 = 𝑙𝑞𝑟(𝑨, 𝑩, 𝑸, 𝑹) (4.7) 

Change in the weights of Q matrix will results in different system response. Generally, the 

control weight matrices are taken as 𝑹 =  𝟏, 𝑸 =  𝑪′ × 𝑪. The expected response could also 

be achieved through adjusting the controller by changing nonzero element in matrix 𝑸. 

For the given single-link flexible manipulator, ,, the  state vector is taken as 𝒙 = [𝜃  𝛼  𝜃  ̇ 𝛼̇]
𝑇
. 

Since our system has just one control variable, R will be a scalar quantity. The reference 

signal 𝒙𝒓𝒆𝒇 is set to [𝜃𝑟 0 0 0]𝑇, and therefore control input to the system can be written as, 

 𝒖 = 𝑲(𝒙𝒅 − 𝒙) = 𝑘𝑝,𝜃(𝜃𝑑 − 𝜃) − 𝑘𝑝,𝛼𝛼 − 𝑘𝑑,𝜃̇𝜃̇ − 𝑘𝑑,𝛼̇ 𝛼 ̇ (4.8) 

Selection of Weight Matrices by Genetic Algorithms(GA) 

The schematic diagram of the implementation of GA is as shown in Figure 4.2. LQR deals 

directly with the performance of the system for selected weight matrices. Selection of 𝑸 and 

𝑹 to obtain desired system performance is achieved by trial and error methods. However, GA 

can be utilized as an optimization tool to find out the optimum value of 𝑸 and 𝑹. Error of the 

system to reach steady state is chosen as performance index. Objective fitness functions to 

optimize 𝑸 and 𝑹 is integral absolute error (integration of sum of absolute error in theta and 

alpha), is represented by Equation (4.9), 

 
𝐼𝐴𝐸 =  ∫[|𝑒𝜃(𝑡)| + |𝑒𝛼(𝑡)|]𝑑𝑡

𝑇

0

 
 

(4.9) 

where, 𝑒𝜃 is error in of shaft angle and 𝑒𝛼 is error in tip deflection. 

Genetic algorithms are stochastic search techniques that guide a population of solutions 

towards an optimum value. The set of population of the two variables 𝑸 and 𝑹, selected 

randomly, is initialized by the GA. All members of population are evaluated by the algorithm 

according to the specified performance index. The new set of population is generated by 

using GA operators -  reproduction, crossover and mutation, on the basis performance of 
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members of population. The population’s best member is selected foe next generation. Again 

the best member of this new population is selected by applying GA operations. The new 

population’s best member is compared to previous member’s best member. At last, the best 

member among all is selected. 

 

Figure 4.2: Block diagram represent GA based LQR 

4.4. Integral Sliding Mode Control (ISMC) 

Integral sliding mode ensures the robustness during entire response of the system to model 

parameter uncertainties and input uncertainties [48],[49]. For a flexible manipulator system, 

LQR feedback control is already designed. To tackle the problem of model uncertainties and 

input disturbances, a continuous term is added to the input of LQR system which is based on 

integral sliding mode. This continuous term ensure the desired performance in presence of 

input disturbance. Feedback control law of linearized dynamics of the flexible manipulator is 

given by Equation (4.2). However, this control law is designed for ideal system dynamics of 

flexible manipulator. Dynamic model with input disturbances is represented by Equation 

(4.10), 

 𝒙̇ = 𝑨𝒙 + 𝑩𝒖 + 𝒈(𝒙, 𝒕) (4.10) 

where,  𝒈(𝒙, 𝒕) is the external disturbance represent by Equation (4.11), 

 𝒈(𝒙, 𝒕) = 𝑩𝒖𝒅 (4.11) 

Equation (4.11) represents that input disturbance, 𝒖𝒅 influence all states of the dynamic 

system via input state matrix 𝑩. The boundedness of the input disturbance can be ensure with 

a positive number 𝑀0, which is greater than the maximum magnitude of input disturbance. 
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 𝑀0 > |𝒈(𝒙, 𝒕)| (4.12) 

The system control law is illustrated by Equation (4.13), 

 𝑢𝑠 = 𝑢 + 𝑢0 (4.13) 

where 𝑢0 is the discontinuous control input which is designed to eliminate the external 

disturbance. 

Sliding surface of the dynamic system is given by Equation (4.14), 

 

𝑠(𝑥, 𝑡) = 𝑮 [𝒙(𝒕) − 𝒙(𝟎) − ∫(𝑨𝒙 + 𝑩𝒖𝟎)𝒅𝝉

𝒕

𝟎

] 

(4.14) 

where, 𝑢0 is input from the controller without disturbance. 𝑮, is the projection matrix. The 

matrix 𝑮 must be chosen such that 𝑮𝑩 is invertible. Therefore, 𝑮  could be pseudo inverse of 

𝑩: represented by Equation (4.15), 

 𝑮 = (𝑩𝑻𝑩)−𝟏𝑩𝑻 (4.15) 

which leads to, 

 𝑮𝑩 = (𝑩𝑻𝑩)−𝟏𝑩𝑻𝑩 = 𝑰 (4.16) 

Therefore, Equation (4.16) suggests that the inverse of 𝐺𝐵 exist. 

Control input 𝑢0 is given by Equation (4.17), 

 𝑢0 = −𝑀0𝑠𝑖𝑔𝑛(𝑠) (4.17) 

Control law represented by Equation (4.16) will lead to chattering to avoid the same use input 

as illustrated in Equation (4.18), 

 𝑢0 = −𝑀0 (
𝑠

|𝑠| + 𝜖
) 

(4.18) 

Where, 𝜖 is very small positive value. 
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4.5. Summary 

In this chapter, two controllers are designed that are linear quadratic regulator and integral 

sliding mode control. Both of these controllers are designed using lumped parameter model 

of flexible manipulator that is derived in Chapter 3. The comparative analysis of both the 

models with each other, and with the real-time model is discussed in Chapter 6. 
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Chapter 5  

Experimental Setup 

5.1. Introduction 

The experimental set-up of single-link flexible manipulator is shown in Figure 5.1, which is 

developed by Quanser, Ontario, Canada. Experimental setup of flexible link manipulator 

consists of a flexible link, a drive unit (SRV 02), a data acquisition board and a power 

amplifier. 

 

Figure 5.1: Quanser flexible manipulator setup. 

5.2. Components of the Flexible Manipulator 

Various components of the flexible manipulator setup are listed below: 

Flexible link: The flexible link shown in Figure 5.2 is a thin stainless steel flexible scale of 

length 𝐿. Strain gauge is mounted on flexible link on the clamp end to detect the tip 

deflection in the form of a analog signal. The flexible link is mounted on the shaft of SRV 02 

(drive unit) to give rotational motion. Material properties and dimensions of the link are 

given in Table 5.1. 

 

Figure 5.2: Flexible link 

Strain gauge 
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These parameters are then put in mathematical model derived in Chapter 3 and controllers are 

design based on that mathematical model. 

Table 5.1: Parameters of the Quanser flexible link [50]. 

S.No. Parameter Units Symbol Value 

1 Length of link m 𝐿 0.419 

2 Width of link  m ℎ 20.73×10
-3 

3 Thickness of link m 𝑏 0.79×10
-3

 

4 Mass per unit length kg/m 𝜌 .155 

5 Area moment of inertia  m
4
 𝐼 8.15×10

-13
 

6 Young’s modulus  N/m
2 𝐸 170×10

9
 

7 Cross-sectional area m
2 𝑎 2.15×10

-5
 

8 Stiffness of link (rotational) Nm/rad 𝐾𝑠 1.3 

 

Drive unit (SRV02): The Quanser SRV02 plant given in Figure 5.3 consists of DC servo 

motor (Faulhaber Coreless DC Motor model 2338S006), which is connected with a internal 

gear box of reduction ratio 1:14. Motor shaft is coupled with the load shaft through gears 

which further reduce the motion by ratio of 1:5. Combining both gear ratio results in a total 

reduction of 1:70.  

 

Figure 5.3: Quanser SRV02 drive unit 
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Load shaft is coupled with an optical encoder offering high resolution of 4096 counts per 

revolution in quadrature mode (1024 line per revolution). Encoder measures the angular 

position of the load shaft. Furthermore, angular position of the shaft can also be measured by 

a continuous potentiometer. Thereafter, a tachometer is coupled with the motor shaft to 

measure its angular velocity. Specification of motor and other component is given in Table 

5.2. 

Table 5.2: Parameters of SRV02 [51] 

S.No. Parameter Units Symbol Value 

1 Armature resistance Ohm 𝑅𝑚 2.6 

2 Motor torque constant Nm/A 𝑘𝑡 7.67×10
-3

 

3 Hub inertia / Equivalent moment of inertia  Nm
2 𝐼ℎ𝑢𝑏 2.087×10

-3
 

4 Damping of load shaft Nm/(rad/sec

) 

𝐷𝑏 .015 

5 Gearbox efficiency - 𝜂𝑔 0.9 

6 Motor efficiency - 𝜂𝑚 0.69 

7 Transmission Ratio - 𝐾𝑔 70 

 

Data acquisition board (Q8-USB): The Q8-USB data acquisition board shown in Figure 5.4. 

Q8-USB is having wide-range for input and output ports. Eight port each for analog inputs 

and analog outputs, eight more ports for encoders i.e. digital inputs. It is easy to connect with 

computer with USB cable. 

 

Figure 5.4: Q8-USB data acquisition board 
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Amplifier (VoltPAQ-X1): The VoltPAQ-X1 is as shown in Figure 5.5. It can power one load. 

The amplifier realizes the power adaptation between the data acquisition board and SRV02 

the drives the flexible manipulator.  

 

Figure 5.5: Power Amplifier (VoltPAQ-X1) 

5.3. Layout of the Flexible Manipulator 

Layout representing flow of signal in flexible manipulator setup is illustrated by Figure 5.2. 

The digital signal from encoder (mounted on rotating shaft) is transferred to data acquisition 

board and also, analog signal from strain gauge (mounted on flexible link) is transferred to 

data acquisition board. Reading from both encoders and strain sensor is transfer to the 

Simulink. Simulink calculates the input for the plant and pass it to data acquisition board. 

Thereafter, signal from data acquisition board is transfer to the plant through amplifier. 

 

Figure 5.6: Layout represent data flow 
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5.4. Summary 

In this chapter, experimental setup of the single-link flexible manipulator is discussed. 

Furthermore, list of the components of flexible manipulator and their features are  illustrated. 

Parameters of both derive unit and flexible link are discussed in Table 5.1 and 5.2 

respectively, which are to be plugged  in while deriving the mathematical model of the 

system, as discussed in the Chapter 3. The control techniques are illustrated in the Chapter 4 

and are implemented on experimental model in the Chapter 6. Finally, comparative analysis 

of both the models is demonstrated in Chapter 6. 
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Chapter 6  

Results and Discussions 

6.1. Introduction 

Two ways of solving the dynamics of system are shown in Chapter 3. The prime objective  in 

this chapter is to validate both the models. After validation, variation of the frequency with  

different parameters of flexible manipulator is discussed.  Furthermore, as per discussions in 

Chapter 4, controllers are implemented and their performance for parametric uncertainty and 

input disturbance is elaborated. The efficacy of the both LQR and integral sliding mode 

controllers is checked in simulation as well in real-time environment.  

6.2. Experimental Validation 

Time-domain validation of both the models in  real-time scenario is done by substituting 

parameters of the plant and motor, as given in Table (5.1) and (5.2). The state-space 

representation for finite element model is given by Equation (6.1) and for lumped parameter 

model is illustrated by Equation (6.2). 

 

𝑨𝒇𝒆𝒎 =

[
 
 
 
 
 
0
0
0
0
0
0

0
0
0

4880.9
5061.9
133250

0
0
0

−1071.3
−1799.6
−40750

1
0
0

−39.384
14.852

−11.815

0
1
0
0
0
0

0
0
1
0
0
0]
 
 
 
 
 

, 𝑩𝒇𝒆𝒎 =

[
 
 
 
 
 

0
0
0

60.232
−22.713
18.070 ]

 
 
 
 
 

 

 

 

 

(6.1) 

    

 

𝑨𝒍𝒖𝒎 = [

0
0
0
0

0
0

622.90
−965.01

1
0

−40.177
40.177

0
1
0
0

], 𝑩𝒍𝒖𝒎 = [

0
0

61.445
−61.445

] 

 

 

(6.2) 

 

Comparative analysis is illustrated by evaluating the shaft angle and tip deflection, as shown 

in Figures 6.1 and 6.2, respectively for the given step input to the motor.  In Figure 6.1, both 

mathematical models track the real-time model exactly during the transient phase. However, 

slight steady-state error is observed among mathematical models and real-time model, which 
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might occur due to the presence of Coulomb friction or deviation in value of viscous 

damping, which are not included in the mathematical model.  

 

Figure 6.1: Comparative analysis of shaft angle to step response for three models. 

  

Figure 6.2: Comparative analysis of tip deflection to step response for three models. 

In Figure 6.2, finite element model overlaps with real-time model for first few oscillations. 

However, both models don’t show the deflection for latter oscillations having low amplitude. 

This may happen due to linear mathematical models, where flexible manipulator is highly 

nonlinear in real practice. It may also occur due to the consideration of less number of 

elements of the flexible link during the mathematical modeling. 

  

6.3. Frequency Analysis of the Flexible Manipulator 

In this section, variation in natural frequency of the single-link flexible manipulator is 

demonstrated by adjusting different parameters of the system. The adjusting parameters are 

length of the link (𝐿), flexural rigidity (𝐸𝐼) and mass of the manipulator (𝑚). Initially, 
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payload and hub inertia is assumed to be zero. Thereafter, the study on the variation of 

payload (𝑚𝑡) with frequency is carried out. In Figure 6.3, flexural rigidity of the flexible 

manipulator is considered within the range of 0-5 Nm
2
. It is observed that natural frequency 

of both the modes increases with increase in flexural rigidity. However, increment in the 

value of second mode is very high in comparison with first mode. In Figure 6.4, it is 

illustrated that frequency is decreasing with increase in mass of the flexible manipulator. In 

Figure 6.5, the variation of frequency with the length of the manipulator, for two different 

types of materials, is illustrated. The flexural rigidity of the two materials is 0.144 Nm
2
 and 

0.288 Nm
2
, respectively. It is observed that with the increase in length, the frequency 

decreases. However, for second mode, material having flexural rigidity 0.288 Nm
2
 differs 

significantly as compared to the  material with flexural rigidity 0.144 Nm
2
. In Figure 6.6, 

payload is considered within the range 0-100 grams and observed that frequency of first 

mode is not getting affected, significantly. However, frequency of second mode has changed 

ominously. 

 

Figure 6.3: Variation of natural frequency with flexural rigidity of flexible link 

 

Figure 6.4: Variation of natural frequency with mass of the flexible link 
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Figure 6.5: Variation of natural frequency with length of the flexible link 

 

 

Figure 6.6: Variation of natural frequency with payload on flexible link 

6.4. LQR Controller Without Input Disturbance 

Controllability of the lumped system, given in Equation (6.2) is analysed. With the checking 

of controllability of the system it is found that controllability matrix (𝑪𝒇) is given by 

Equation 6.3, having the rank of 4. This ensures that the system is controllable. 

 

𝑪𝒇 = [

0
0

61.44
−61.44

61.44
−61.44

−2468.70
2468.70

−2468.70
2468.70
60912.00

−39891.00

−60912.00
39891.00

−909510.00
64948.00

] 

 
 

(6.3) 



46 

 

In Figure 6.6, the Simulink diagram of flexible link manipulator with LQR control is 

illustrated. State-space used Simulink model is of lumped parameter model is given by 

Equation (6.2).  

Three cases for weight matrices 𝑸 and 𝑹 are considered for testing and validation of the 

concerned problem. In the first two cases, the values of weight matrices are not optimized 

whereas in the last case, optimization of weight matrices is carried out with the help of 

Genetic Algorithms. In Table 6.1, the comparative analysis of above three cases is tabulated. 

Table 6.1: Value of 𝑄, 𝑅 and 𝐾 three different cases  

 State Weight Matrix, 𝑸 Input Weight Matrix, 𝑹 Gain 𝑲 

Case 1  

(Hit and trial) 
[

150
0
0
0

0
1
0
0

0
0
1
0

0
0
0
3

] 

[1] 

[

12.25
−22.79
1.33

−0.37

]

𝑇

 

Case 2  

(Hit and trial) 
[

125
0
0
0

0
1
0
0

0
0
1
0

0
0
0
3

] 

[1] 

[

11.18
−22.79
1.33

−0.37

]

𝑇

 

Case 3 

(optimize by GA)  
[

136.52
0
0
0

0
40.53

0
0

0
0

1.3
0

0
0
0

0.56

] 

[5] 

[

5.22
−10.3
0.56

−0.25

]

𝑇

 

In Figure 6.6, comparative analysis of three case studies with the desired trajectory for shaft 

angle is presented. The reference trajectory denotes shaft angle is considered as a square 

wave having frequency as 2 rad/sec and amplitude of 30 degrees. The first two cases almost 

behave in a similar fashion with the overshoot of 2.8% and 1.8% respectively. However, the 

third case having optimized weight matrices from GA behave distinctly with no overshoot. 

The settling time for all the three cases is approximately of the same order with the values 

as0.42 sec, 0.46 sec and 0.43 sec, respectively. 

In Figure 6.7, comparative analysis with the same case studies for tip deflection is illustrated. 

The tip deflection should be as minimum as possible. It is inferred from the figure that first 

two cases approximately behave in similar manner with high tip deflection values whereas 

the third case favours the system with low tip deflection values. In first case, the highest 

value of tip deflection is 9.5 degrees and in second case, the highest value is 9.1 degrees.  
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However, in third case, when Genetic Algorithm based weight matrices are used, the tip 

deflection is 7.9 degrees. It is also noticed that first and second case have almost same but 

high settling time of 1.1 seconds. However, in case third, the settling time is 0.57 seconds 

which is quite low than the first two cases. 

It is concluded from Figure 6.6 and Figure 6.7 that the case where weight matrices are 

selected by Genetic Algorithms supports better results than the other two cases. 

In Figure 6.8, comparative study for the shaft angle is done between simulation and 

experimental response with respect to the reference trajectory. The reference trajectory used 

here is square wave having same parameters as stated in Figure 6.9. It is observed that both 

simulation and real-time response show analogous behaviour during the transient phase. As 

the time elapses, real-time response is lagging by 2 degrees in comparison with the 

simulation response. This much delay is expected in the experimental results, as the 

simulation results does not include the effects of unmodeled dynamics like friction and 

backlash.   

In Figure 6.10, comparative study for tip deflection is shown between simulation and and 

real-time response. It is inferred from the figure that both responses behave in approximately 

same manner. 

It is concluded from Figure 6.10 and Figure 6.11 that both real-time and simulation response 

follows one another in approximately similar fashion. Therefore, the LQR controller is robust 

to parametric uncertainties. 

 

 

Figure 6.8: Case study of LQR for shaft angle with time. 
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Figure 6.9: Case study of LQR for tip deflection with time. 

 

 

Figure 6.10: Comparison of experimental vs simulation results of shaft angle variation with time 

using a LQR controller. 

 

 

Figure 6.11: LQR comparison of experimental and simulation results for tip deflection 
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6.5. LQR and Integral Sliding Mode Controller (ISMC) with 

Input Disturbance 

In this section, input disturbance is given to the LQR system with the frequency of 2 Hz and 

amplitude of 0.5 units as a modification in the Simulink diagram shown in Figure 6.7. The 

same disturbance is given to the integral sliding mode system as shown in Simulink diagram 

of Figure 6.12. The gain of ISMC is same as in case 3 of LQR, projection matrix 𝑮 =

[0,0,0.0081373,−0.0081373] and 𝑀0 = 2.5.  Calculated from Equation 4.16. 

Figure 6.13 represents details of sub system integral sliding mode control. Working of 

integral sliding mode control is discussed in Chapter 4. Experimental model is design to 

measure shaft angle and tip deflection only. Angular velocity of the shaft and tip deflection 

velocity is calculated by usage of high gain observer as shown in Figure 6.14. A detail of sub 

system of scopes is illustrated in Figure 6.15. 

In Figure 6.16 and Figure 6.17, the comparative analysis of the simulation response is 

presented for the shaft angle and tip deflection, respectively. In Figure 6.16, comparative 

analysis of the LQR controller and ISMC for the shaft angle is presented with reference 

trajectory. The inference drawn from the figure is that LQR controller provides the variation 

in shaft angle and does not cooperate with input disturbance whereas the integral sliding 

mode controller supports better results by showing fewer deviations for shaft angle values. In 

Figure 6.17, comparative analysis of both the controllers for tip deflection is illustrated. It is 

noticed from the figure, ISMC supports better results by showing lesser variations of tip 

angle values than LQR controller. 

In Figure 6.18 and Figure 6.19, the comparative analysis for shaft angle and tip deflection is 

presented with real-time (RT) model. It is concluded from Figures 6.16 – 6.19 that ISM 

Controller is more robust to input disturbances than LQR controller. 

In Figure 6.20, comparative study for shaft angle with ISMC is presented between simulation 

response and real-time response. It is observed that response of state-space model and real 

time model is very much similar in transient and steady state both. 

In Figure 6.21, comparative study for tip deflection with ISMC is presented between the 

simulation and experimental results. It is observed that response of state-space model and 

real-time model is quite similar in transient and steady state both. However, chattering comes 

into the picture for real-time model, which does not have any significant effect on the results. 
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Figure 6.13: Details of Simulink subsystem of integral sliding mode control 

 

Figure 6.14: Details of Simulink subsystem of high-gain observer 

 

Figure 6.15: Details of Simulink subsystem of scopes 
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Figure 6.16: Comparison of simulation results using LQR and ISMC controllers for the 

variation in the shaft angle to input disturbance. 

  

Figure 6.17: Comparison of simulation results using LQR and ISMC controllers for the variation in 

the tip deflection to input disturbance. 

  

Figure 6.18: Comparison of experimental results using LQR and ISMC controllers for the variation in 

the shaft angle to input disturbance. 
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Figure 6.19: Comparison of experimental results using LQR and ISMC controllers for the variation in 

the tip deflection to input disturbance. 

 

 

 

Figure 6.20: ISM controller based comparison of simulation and experimental responses of the shaft 

angle. 

 

 

Figure 6.21: ISM controller based comparison of simulation and experimental responses of the tip 

deflection. 
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6.6. Summary 

In this chapter, the response of both the mathematical models (finite-element model and 

lumped-parameter model) are compared with the real-time model. It has been observed that 

the response of both of models matches with the response of real-time model in transient 

phase and  slight discrepancies are found in the steady state. It has also been demonstrated 

that the Genetic algorithm based LQR gives better results than conventional LQR. Finally, It 

has been  well demonstrated and concluded that the integral sliding mode control is more 

robust to parametric uncertainties and to input disturbance as compared to the LQR controller 
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Chapter 7  

Conclusions and Future Scopes 

7.1. Conclusions 

From the current work, the following conclusions can be drawn: 

 To develop the dynamic model of flexible manipulators, broadly three type of models 

are used by researchers, i.e. finite element model, lumped parameter model and 

assumed mode model. Most of the researchers have been worked on the linear tip 

deflection using these three models and they had not concentrated on angular tip 

deflection. Limited work in domain of ISMC had been reported by researchers.    

 The precise model of the flexible system plays a vital role in the  controller design. In 

this thesis, two methods have been used for modeling the flexible manipulator i.e. 

finite element method and lumped parameter model. In finite element method, the 

linear tip deflection has been considered and in lumped parameter model angular tip 

deflection has been considered. Modeling of both the methods has been done by using 

Euler-Lagrange approach. Actuator dynamics has been augmented with both the 

models. Validation of mathematical model has been done by comparing the shaft 

angle and tip deflection response to step input with the experimental response of the 

single link flexible link. From comparison, it has been found that both models track 

the experimental flexible link very well during the transient phase while some 

discrepancies are there during  steady-state phase.  

 Later, in this thesis, the frequency variation analysis has been reported by varying the 

different parameters associated with the manipulator such as mass of the manipulator, 

length of the manipulator, flexural rigidity and payload of the manipulator. It has been 

noticed that the frequency increases with increase in flexural rigidity and decrease in 

mass, length and payload of the manipulator.    

 Parameter uncertainties always exist in the mathematical model. So, robust controller 

is required to address the parametric uncertainties. Therefore, in this thesis work, two 

controllers i.e. LQR controller and ISMC have been implemented. Gain of both the 

controllers has been found by optimizing the weight matrices using Genetic 

Algorithms. Furthermore, the comparative analysis has been carried out between LQR 
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and ISMC by applying input disturbances. Moreover, the simulation results in 

different cases have been validated with the corresponding experimental results. From 

this, it has been concluded that ISMC confirms better performance than LQR for 

robustness to parametric uncertainties and input disturbance.      

 

7.2. Future work 

On the basis of literature survey and the work done in this dissertation, work on following areas 

can be done in future: 

 Improvement in mathematical modeling of the flexible manipulator could be achieved by 

considering Coulomb friction at shaft and mass of the wire attached with strain gauge 

connector of the flexible manipulator. Furthermore, lumped parameter model could be 

improved by considering more number of element.. 

 Finite element model could be used to design the controller for flexible link setup with 

the help of a reduce order observer. Kalman filter could also be used for finding the slope 

of flexible link whose sensor is not available and reduce the noises in output. 

Furthermore, Kalman filter can also be used to design controller with finite element 

model. 

 GA based optimization could be explored more by using different performance indexes 

and different fitness functions.  

 Hybrid controller could also be designed for flexible link manipulator by using GA 

based LQR and ISMC with feedback and command shaping with feedforward, for 

better control of tip deflection in flexible manipulator. 

 Controller, illustrated in this study, could also be designed for flexible manipulator 

having more number of degrees of freedom. 

 Results of variation of natural frequency with the properties and dimension of flexible 

link could be validated by the using real-time apparatus or lumped parameter model.  
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